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Preface

Most of the data a statistician uses is categorical in nature. In the realms of bio-
medicine and social sciences, ecology and demography, voting pattern and mar-
keting, to name a few, categorical data dominate. They are the major raw materials
for analysis for testing different hypotheses relating to the populations which
generate such data. Such data are generally obtained from surveys carried under a
complex survey design, generally a stratified multistage design. In analysis of data
collected through sample surveys, standard statistical techniques are often routinely
employed.

We recall the well-recited phrase which we chanted in our undergraduate days:
Let xy,..., x,, be a random sample of size n drawn from a population with probability
density function f{(x) or probability mass function p,,(x), etc. This means that the
sampled units whose observations are xj, X,,..., X,, are drawn by simple random
sampling with replacement (srswr). This also implies that observed variables xj,...,
x,, are independently and identically distributed (IID). In fact, most of the results in
theoretical statistics, including those in usual analysis of categorical data, are based
on these assumptions.

However, survey populations are often complex with different cell probabilities
in different subgroups of the population, and this implies a situation different from
the IID setup. Longitudinal surveys—where sample subjects are observed over two
or more time points—typically lead to dependent observations over time.
Moreover, longitudinal surveys often have complex survey designs that involve
clustering which results in cross-sectional dependence among samples.

In view of these facts, it is, therefore, necessary to modify the usual tests of
goodness of fit, like Pearsonian chi-square, likelihood ratio and Wald statistic to
make them suitable for use in the context of data from complex surveys. A host of
ardent researchers have developed a number of such tests for this purpose over
more than last four decades.

There are already a myriad number of textbooks and research monographs on
analysis of categorical data. Then why is another book in the area required?
My humble answer is that all those treatise provide excellent description of the
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categorical data analysis under the classical setup (usual srswr or IID assumption),
but none addresses the problem when the data are obtained through complex
sample survey designs, which more often than not fail to satisfy the usual
assumptions. The present endeavor tries to fill in the gap in the area.

The idea of writing this book is, therefore, to make a review of some of the ideas
that have blown out in the field of analysis of categorical data from complex
surveys. In doing so, I have tried to systematically arrange the results and provide
relevant examples to illuminate the ideas. This research monograph is a review
of the works already done in the area and does not offer any new investigation. As
such I have unhesitatingly used a host of brilliant publications in this area. A brief
outline of different chapters is indicated as under:

(1) Chapter 1: Basic ideas of sampling; finite population; sampling design; esti-
mator; different sampling strategies; design-based method of making infer-
ence; superpopulation model; model-based inference

(2) Chapter 2: Effects of a true complex design on the variance of an estimator
with reference to a srswr design or an IID-model setup; design effects; mis-
specification effects; multivariate design effect; nonparametric variance
estimation

(3) Chapter 3: Review of classical models of categorial data; tests of hypotheses
for goodness of fit; log-linear model; logistic regression model

(4) Analysis of categorical data from complex surveys under full or saturated
models; different goodness-of-fit tests and their modifications

(5) Analysis of categorical data from complex surveys under log-linear model,;
different goodness-of-fit tests and their modifications

(6) Analysis of categorical data from complex surveys under binomial and
polytomous logistic regression model; different goodness-of-fit tests and their
modifications

(7) Analysis of categorical data from complex surveys when misclassification
errors are present; different goodness-of-fit tests and their modifications

(8) Some procedures for obtaining approximate maximum likelihood estimators;
pseudo-likelihood approach for estimation of finite population parameters;
design-adjusted estimators; mixed model framework; principal component
analysis

(9) Appendix: Asymptotic properties of multinomial distribution; asymptotic
distribution of different goodness-of-fit tests; Neyman’s (1949) and Wald’s
(1943) procedures for testing general hypotheses relating to population
proportions

I gratefully acknowledge my indebtedness to the authorities of PHI Learning,
New Delhi, India, for kindly allowing me to use a part of my book, Theory and
Methods of Survey Sampling, 2nd ed., 2009, in Chap. 2 of the present book. I am
thankful to Mr. Shamin Ahmad, Senior Editor for Mathematical Sciences at
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Chapter 1
Preliminaries

Abstract This chapter reviews some basic concepts in problems of estimating a
finite population parameter through a sample survey, both from a design-based
approach and a model-based approach. After introducing the concepts of finite popu-
lation, sample, sampling design, estimator, and sampling strategy, this chapter makes
a classification of usual sampling designs and takes a cursory view of some estima-
tors. The concept of superpopulation model is introduced and model-based theory of
inference on finite population parameters and model parameters is looked into. The
role of superpopulation model vis-a-vis sampling design for making inference about
a finite population has been outlined. Finally, a plan of the book has been sketched.

Keywords Finite population + Sample + Sampling frame - Sampling design * Inclu-
sion probability « Sampling strategy * Horvitz—Thompson estimator + PPS sampling -
Rao—Hartly—Cochran strategy + Generalized difference estimator + GREG - Multi-
stage sampling + Two-phase sampling - Self-weighting design - Superpopulation
model - Design-predictor pair - BLUP - Purposive sampling design

1.1 Introduction

The book has two foci: one is sample survey and the other is analysis of categorical
data. The book is primarily meant for sample survey statisticians, both theoreticians
and practitioners, but nevertheless is meant for data analysts also. As such, in this
chapter we shall make a brief review of basic notions in sample survey techniques,
while a cursory view of classical models for analysis of categorical data will be
postponed till the third chapter.

Sample survey, finite population sampling, or survey sampling is a method of
drawing inference about the characteristic of a finite population by observing only a
part of the population. Different statistical techniques have been developed to achieve
this end during the past few decades.

In what follows we review some basic results in problems of estimating a finite
population parameter (like, its total or mean, variance) through a sample survey. We
assume throughout most of this chapter that the finite population values are fixed

© Springer Science+Business Media Singapore 2016 1
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2 1 Preliminaries

quantities and are not realizations of random variables. The concepts will be clear
subsequently.

1.2 The Fixed Population Model

First, we consider a few definitions.

Definition 1.2.1 A finite (survey) population P is a collection of a known number
N of identifiable units labeled 1,2,..., N;P = {1,..., N}, where i denotes the
physical unit labeled i. The integer N is called the size of the population.

The following types of populations, therefore, do not satisfy the requirements
of the above definition: batches of industrial products of identical specifications
(e.g., nails, screws) coming out from a production process, as one unit cannot be
distinguished from the other, i.e., the identifiability of the units is lost; population of
animals in a forest, population of fishes in a typical lake, as the population size is
unknown. Collection of households in a given area, factories in an industrial complex,
and agricultural fields in a village are examples of survey populations.

Let ‘y’ be a study variable having value y; oni (= 1, ..., N). As an example,
in an industrial survey ‘y;” may be the value added by manufacture by a factory
i. The quantity y; is assumed to be fixed and not random. Associated with P we
have, therefore, a vector of real numbers y = (yy, ..., yy)". The vector y therefore
constitutes a parameter for the model of a survey population, y € R”, the parameter
space. In a sample survey one is often interested in estimating a parameter function
0(y), e.g., population total T(y) = T or Y(= Z,N: | ¥i), population mean Y ory
(= T/N), population variance S> = 3"V (y; — 7)?/(N — 1). This is done by
choosing a sample (a part of the population, defined below) from P in a suitable
manner and observing the values of y only for those units which are included in the
sample.

Definition 1.2.2 A sample is a part of the population, i.e., a collection of a suitable
number of units selected from the assembly of N units which constitute the survey
population P.

A sample may be selected in a draw-by-draw fashion by replacing a unit selected
at a draw to the original population before making the next draw. This is called
sampling with replacement (wr).

Also, a sample may be selected in a draw-by-draw fashion without replacing a
unit selected at a draw to the original population. This is called sampling without
replacement (wor).

A sample when selected by a with replacement (wr)-sampling procedure may be
written as a sequence:

S=i,....,0n, 1 <i; <N (1.2.1)

where i; denotes the label of the unit selected at the 7th draw and is not necessarily
unequal to iy for t # t'(= 1, ..., n). For a without replacement (wor)-sampling
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procedure, a sample may also written as a sequence S, with i; denoting the label of
the unit selected at the 7th draw. Thus, here,

S={it,....in}, 1 <i, < N,i, #ipfort £t (=1,...,N) (1.2.2)

since, here, repetition of unit in S is not possible.

Arranging the units in the (sequence) sample § in an increasing (decreasing) order
of magnitudes of their labels and considering only the distinct units, a sample may
also be written as a set s. For a wr-sampling by n draws, a sample written as a set is,
therefore,

s= w1 i< <jusp <N (1.2.3)

where v/(S) is the number of distinct units in S.
In a wor-sampling procedure, a sample of n-draws, written as a set, is

S=Goeees s LS ji <o < ju < N. (1.2.4)

As an example, if in a wr-sampling S = {2, 9, 4, 9}, the corresponding s is s =
(2,4,9) with v(S) = 3, since there are only three distinct units. Similarly, if for
a wor sampling procedure, S = {4, 9, 1}, the corresponding s is s = (1, 4, 9) with
v(S) = 3. Clearly, information on the order of selection and repetition of units which
is available in the (sequence) sample S is not available in the (set) sample s.

Definition 1.2.3 Number of distinct units in a sample is its effective sample size.
Number of draws in a sample is its nominal sample size. In (1.2.3), v(S) is the effective
sample size, | < v(S) < n. For a wor-sample of n-draws, v(S) = v(s) = n.

Note that a sample is a sequence or set of some units from the population and it
does not include their y-values. Thus in an agricultural survey if the firms with labels
7, 3, and 11 are included in the sample and if the yields of these field are 231, 38,
and 15 units, respectively, the sample comprised the firms labeled 7, 3, and 11 only;
their yield figures have nothing to do with the sample in this case.

Definition 1.2.4 The sample space is the collection of all possible samples and is
often denoted as S. Thus S = {S} or {s} accordingly as we are interested in S or s.

In a simple random sample with replacement (srswr) of n draws (defied in
Sect. 1.3), S consists of N” samples S. In a simple random sample without replace-
ment (srsowr) (defined in Sect. 1.3), S consists of (N), samples S and (2’ ) samples
s where (a), =a(a—1)...(a—b+1),a > b. If the samples s of all possible sizes
are considered in a wor-sampling procedure, there are 2" samples in S.

Definition 1.2.5 Let A be the minimal o -field over S and p be a probability measure
defined over A such that p(s) [or p(S)] denotes the probability of selecting s [or S],
satisfying

p®)[p($H1=0
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> p(s) [Z p(S)} = 1. (12.5)
S S

In estimating a finite population parameter 6(y) through sample surveys, one of the
main tasks of the survey statistician is to find a suitable p(s) or p(S). The collection
(S, p) is called a sampling design (s.d.), often denoted as D(S, p) or simply p. The
triplet (S, A, p) is the probability space for the model of the finite population.

The expected effective sample size of a s.d. p is, therefore,

N
E{(S)} = D v($)p(S) = D pPlv(S) = p] = v. (1.2.6)

SeS p=1

We shall denote by p, the class of all fixed effective size [FS(v)] designs, i.e.,
pr={p:pl) >0 v =v}.

A s.d. p is said to be noninformative if p(s)[p(S)] does not depend on the y-values.
In this treatise, unless otherwise stated, we shall consider noninformative designs
only.

Basu (1958) and Basu and Ghosh (1967) proved that all the information relevant
to making inference about the population characteristic is contained within the set
sample s and the corresponding y-values. For this reason we shall mostly confine
ourselves to the set sample s.

The quantities
m= > p). =Y ps)

§3i §3i, ]
Tiis = O, P(s) (1.2.8)
XB[] ..... ik
are, respectively, the first order, second order, . . ., kth order inclusion probabilities

of units in a s.d. p. The following lemma states some relations among inclusion
probabilities and expected effective sample size of a s.d.

Lemma 1.2.1 Forany s.d. p,

(i) m +m; —1 < m; < min(m;, 7)),
(i) SN, m=v,
(iii) >\, mp = v —1)+ V().
Ifpepu,
(iv) >N ™ == Dm,

(v) 3o my = v —1).
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Further, for any s.d. p,
01 —-0) <V} <N -v)(v-1) (1.2.9)

where v = [v]+ 0,0 < 0 < 1, 0 being the fractional part of v.
The lower bound in (1.2.9) is attained by a s.d. p for which

Plv(S)=[vll=1—-60andP[v(S) =[v]+ 1] = 0.

Mukhopadhyay (1975) gave a s.d. with fixed nominal sample size n[p(S) > 0 =
n(S) = nVS] such that V{v(S)} = 0(1 — 0)/(n — [v]), which is very close to the
lower bound in (1.2.9).

It is seen, therefore, that a s.d. gives the probability p(s) [or p(S)] of selecting a
sample s (or S), which, of course, belongs to the sample space. In general, it will be
a formidable task to select a sample using only the contents of a s.d., because one
has to enumerate all the possible samples in some order, calculate the cumulative
probabilities of selection, draw a random number in [0, 1], and select the sample
corresponding to the number so selected. It will be, however, of great advantages if
one knows the conditional probabilities of selection of units at different draws.

We shall denote by

pr (i) = probability of selecting i at the rthdraw, r = 1,...,n;

pr(i iy, ..., i,_1) = conditional probability of drawing i, at the rth draw given
thatiy, ..., i, were drawn at the first, ..., (r — 1)th draw, respectively;
p(1,...,i,) = the joint probability that (i1, ...,i,) are selected at the first,

..., rth draw, respectively.
All these probabilities must be nonnegative and we must have

N
zp,(i)zl,r=1,...,n;
i=1

N
zpr(ir|il, “'7ir—l) =1.

i,=1

Definition 1.2.6 A sampling scheme (s.s.) gives the conditional probability of draw-
ing a unit at any particular draw given the results of the earlier draws.

A s.s., therefore, specifies the conditional probabilities p, (i.|iy, ..., i—1), i.e.,
it specifies the values p;(i)(i = 1,..., N), p,G,liy, ... 0p—1), i, = 1,...,N;r =
2,...,0.

The following theorem shows that any sampling design can be attained through
a draw-by-draw mechanism.

Theorem 1.2.1 (Hanurav 1962; Mukhopadhyay 1972) For any given sampling
design, there exists at least one sampling scheme which realizes this design.
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Suppose now that the values x1, ..., xy of a closely related (related to y) aux-
iliary variable x on units 1,2, ..., N, respectively, are available. The quantity
P =x/X,X = lezl Xy is called the size measure of unit i(= 1,..., N) and
is often used in selection of samples. Thus in a survey of large-scale manufacturing
industry, say, jute industry, the number of workers in a factory may be considered
as a measure of size of the factory, on the assumption that a factory employing more
manpower will have larger value of output.

Before proceeding to take a cursory view of different types of sampling designs
we will now introduce some terms useful in this context.

Sampling frame: It is the list of all sampling units in the finite population from
which a sample is selected. Thus in a survey of households in a rural area, the list
of all the households in the area will constitute a frame for the survey. The frame
also includes any auxiliary information like measures of size, which is used for
special sampling techniques, such as stratification and probability proportional-
to-size sample selections, or for special estimation techniques, such as ratio or
regression estimates. All these techniques have been indicated subsequently.
However, a list of all the ultimate study units or ultimate sampling units may not
be always available. Thus in a household survey in an urban area where each
household is the ultimate sampling unit or ultimate study unit we do not generally
have a list of all such households. But we may have a list of census block units
within this area from which a sample of census blocks may be selected at the first
stage. This list is the frame for sampling at the first stage. Each census block again
may consist of several wards. For each selected census block one may prepare a list
of such wards and select samples of wards. These lists are then sampling frames
for sampling at the second stage. Multistage sampling has been discussed in the
next section. Sarndal et al. (1992), among others, have investigated the relationship
between the sampling frame and population.

Analytic and Descriptive Surveys: Descriptive uses of surveys are directed at the
estimation of summary measures of the population such as means, totals, and
frequencies. Such surveys are generally of prime importance to the Government
departments which need an accurate picture of the population in terms of its loca-
tion, personal characteristics, and associated circumstances. The analytic surveys
are more concerned with identifying and understanding the causal mechanisms
which underlie the picture which the descriptive statistics portray and are gener-
ally of interest to research organizations in the area. Naturally, the estimation of
different superpopulation parameters, such as regression coefficients, is of prime
interest in such surveys.

For descriptive uses the objective of the survey is essentially fixed. Target parame-
ters, such as the total and ratio, are the objectives determined even before the data
are collected or analyzed. For analytic uses, such as studying different parameters
of the model used to describe the population, the parameters of interest are not
generally fixed in advance and evolve through an adaptive process as the analysis
progresses. Thus for analytic purposes the process is an evolutionary one where the
final parameters to be estimated and the estimation procedures to be employed are
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chosen in the light of the superpopulation model used to describe the population.
Use of superpopulation model in sampling has been indicated in Sect. 1.5.

Strata: Sometimes, it may be necessary or desirable to divide the population into
several subpopulations or strata to estimate population parameters like population
mean and population total through a sample survey. The necessity of stratification
is often dictated by administrative requirements or convenience. For a statewide
survey, for instance, it is often convenient to draw samples independently from
each county and carry out survey operations for each county separately. In practice,
the population often consists of heterogeneous units (with respect to the character
under study). It is known that by stratifying the population such that the units
which are approximately homogeneous (with respect to ‘y’), a better estimator of
population total, mean, etc. can be achieved.

We shall often denote by yj; the value of y on the ith unit in the hth stra-
tum (i = 1,...,N,;h =1,...,H), Zh N, = N, the population size; 17;, =
SN Y3 /Ny S = 3N (Vi — Yi)?/(Nj, — 1), stratum population mean and
variance, respectively; W, = N, /N, stratum proportion. The population mean is
then Y = Zf:l Whyh.

Cluster: Sometimes, it is not possible to have a list of all the units of study in the
population so that drawing a sample of such study units is not possible. However,
a list of some bigger units each consisting of several smaller units (study units)
may be available from which a sample may be drawn. Thus, for instance, in a
socioeconomic survey, our main interest often lies in the households (which are
now study units or elementary units or units of our ultimate interest). However, a
list of households is not generally available, whereas a list of residential houses
each accommodating a number of households should be available with appropriate
authorities. In such cases, samples of houses may be selected and all the households
in the sampled houses may be studied. Here, ahouse is a ‘cluster.” A cluster consists
of a number of ultimate units or study units. Obviously, the clusters may be of
varying sizes. Generally, all the study units in a cluster are of the same or similar
character. In cluster sampling a sample of clusters is selected by some sampling
procedure and data are collected from all the elementary units belonging to the
selected clusters.

Domain: A domain is a part of the population. In a statewide survey, a district
may be considered as a domain; in the survey of a city a group of blocks may
form a domain, etc. After sampling has been done from the population as a whole
and the field survey has been completed, one may be interested in estimating
the mean or total relating to some part of the population. For instance, after a
survey of industries has been completed, one may be interested in estimating the
characteristic of the units manufacturing cycle tires and tubes. These units in the
population will then form a domain. Clearly, sample size in a domain will be a
random variable. Again, the domain size may or may not be known.
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1.3 Different Types of Sampling Designs

The following types of sampling designs are generally used.

(a) Simple random sampling with replacement (srswr): Under this scheme units
are selected one by one at random in n (a preassigned number) draws from
the list of all available units such that a unit once selected is returned to the
population before the next draw. As stated before, the sample space here consists
of N" sequences S{i, ..., i, } and the probability of selecting any such sequence
(sample) is 1/N".

(b) Simple random sampling without replacement (srswor): Here units are selected
in n draws at random from the list of all available units such that a unit once
selected is removed from the population before the next draw. Here again, as
stated before the sample space consists of (N), sequences S and (IZ) sets s and
the s.d. design allots to each of them equal probability of selection.

(c) Probability proportional to size with replacement (ppswr) sampling: a unit i is
selected with probability p; at the rth draw and a unit once selected is returned
to the population before the next draw (i = 1,...,N;r = 1,2,...,n). The
quantity p; is a measure of size of the unit i. This s.d. is a generalization of srswr
s.d. where p; = 1/NV i.

(d) Probability proportional to size without replacement (ppswor): auniti is selected
at the rth draw with probability proportional to its normed measure of size and
a unit once selected is removed from the population before the next draw. Here,

p1(i1) = p;,
prliv,...,i,—) =pi, /0 —=pi, —--—=pi_ ), r=2,...,n.

For n = 2, for this scheme,

ﬂi:pi[lJrA_lfip}’

N

1 1 Dk
Tij = PiDj ?+1_ ' , where A = T
Pi Pj =1 Pk

This sampling scheme is also known as ‘successive sampling.” The correspond-
ing sampling design may also be attained by an inverse sampling procedure
where units are drawn by ppswr, until for the first time n distinct units occur.
The n distinct units each taken only once constitute the sample.

(e) Rejective sampling: n draws are made with ppswr; if all the units turn out to
be distinct, the selected sequence constitutes the sample; otherwise, the whole
selection is rejected and fresh draws made.
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(f) Unequal probability without replacement (upwor) sampling: A unit i is selected
at the rth draw with probability proportional to pl.(r) and a unit once selected is
removed from the population. Here

pi(@) = p{”
. . Py
prGpliy, ..., 0—1) = o) o) o) Jr=2,...,n. (1.3.1)
1_pi1 Py, TP

The quantities { pi(r)} are generally functions of p; and p-values of the units
already selected. In particular, ppswor sampling scheme described in item (d)
above is a special case of this scheme, where pi(r) = pi,vr = 1,...,n. The
sampling design may also be attained by a inverse sampling procedure where
units are drawn wr, with probability pl.(r) at the rth draw, until for the first time

n distinct units occur. The n distinct units each taken only once constitute the
sample.

(g) Generalized rejective sampling: Draws are made wr and with probability { pi(r)}
at the rth draw. If all the units turn out distinct, the solution is taken as a sample;
otherwise, the whole sample is rejected and fresh draws are made. The scheme
reduces to the scheme at (e) above, if p;r) = p;Vi.

(h) Systematic sampling with varying probability (including unequal probability).

(k) Sampling from groups: The population is divided into L groups either at random
or following some suitable procedure and a sample of size ny, is drawn from the
hth group using any of the above-mentioned sampling designs such that the
desired sample size n = >, ny is attained. Examples are stratified sampling
procedure and Rao—Hartley—Cochran (1962) (RHC) sampling procedure. Thus
in stratified random sampling the population is divided into H strata of sizes
Ny, ..., Ny and a sample of size ny, is selected at random from the Ath stratum
(h = 1,..., H). The quantities n, and n = >_, n; are suitably determined.
RHC procedure has been discussed in the next section.

Based on the above methods, there are many unistage or multistage stratified
sampling procedures. In a multistage procedure sampling is carried out in many
stages. Units in a two-stage population consist of N first-stage units (fsu’s) of sizes
M, ..., My , with the bth second stage unit (ssu) in the ath fsu being denoted ab
fora=1,...,N;b=1,..., M,, with its associated y values being denoted y,;.
For a three-stage population the cth third stage unit (tsu) in the bth ssu in the ath
fsu is labeled abc fora =1,...,.N;b=1,..., M,;c = 1,..., K,. In a three-
stage sampling a sample of n fsu’s is selected out of N fsu’s and from each of the ath
selected fsu’s, a sample of m, ssu’s is selected out of M, fsu’s in the selected fsu (@ =
1, ..., n). At the third stage from each of the selected ab ssu’s, containing K tsu’s
asample of k,p, tsu’sisselected (a = 1,...,n;b=1,...,ms;c=1,...,ky). The
associated y-value is denoted as y,pc, c =1, ..., kyp; b=1,...,mg;a=1,...,n.
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The sampling procedure at each stage may be srswr, srswor, ppswr, upwor, sys-
tematic sampling, Rao—Hartley—Cochran sampling or any other suitable sampling
procedure. The process may be continued to any number of stages. Moreover, the
population may be initially divided into a number H of well-defined strata before
undertaking the stage-wise sampling procedures. For stratified multistage population
the label £ is added to the above notation (2 = 1, ..., H). Thus here the unit in the
hth stratum, ath fsu, bth ssu, and cth tsu is labeled habc and the associated y value
as Yhabe-

As is evident, samples for all the sampling designs may be selected by a whole
sample procedure or mass-draw procedure in which a sample s is selected with
probability p(s).

A ES.(n)-s.d. with 7; proportional to p; = x;/X, where x; is the value of a
closely related (to y) auxiliary variable on uniti and X = Z,ivzl Xy, s often used for
estimating a population total. This is, because an important estimator, the Horvitz—
Thompson estimator (HTE) has very small variance if y; is nearly proportional to p;.
(This fact will be clear in the next section.) Such a design is called a 7wps design or
I P PSS (inclusion probability proportional to size) design. Since m; < 1, itis required
that x; < X/n for such a design.

Many (exceeding seventy) unequal probabilities without replacement sampling
designs have been suggested in the literature, mostly for use along with the HTE.
Many of these designs attain the mps property exactly, some approximately. For
some of these designs, such as the one arising out of Poisson sampling, sample
size is a variable. Again, some of these sampling designs are sequential in nature
(e.g., Chao 1982; Sunter 1977). Mukhopadhyay (1972), Sinha (1973), and Herzel
(1986) considered the problem of realizing a sampling design with preassigned sets
of inclusion probabilities of first two orders.

Again, in a sample survey, all the possible samples are not generally equally
preferable from the point of view of practical advantages. In agricultural surveys,
for example, the investigators tend to avoid grids which are located further away
from the cell camps, which are located in marshy land, inaccessible places, etc.
In such cases, the sampler would like to use only a fraction of the totality of all
possible samples, allotting only a very mall probability to the non-preferred units.
Such sampling designs are called Controlled Sampling Designs.

Chakraborty (1963) used a balanced incomplete block (BIB) design to obtain
a controlled sampling design replacing a srswor design. For unequal probability
sampling BIB designs and ¢ designs have been considered by several authors (e.g.,
Srivastava and Saleh 1985; Rao and Nigam 1990; Mukhopadhyay and Vijayan 1996).

For a review of different unequal probability sampling designs the reader may
refer to Brewer and Hanif (1983), Chaudhuri and Vos (1988), Mukhopadhyay (1996,
1998b), among others.
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1.4 The Estimators

After the sample has been selected, the statistician collects data from the field. Here,
again the data may be collected with respect to a sequence sample or set sample.

Definition 1.4.1 Data collected through a sequence sample S are

d = {(k, y), k € S}. (1.4.1)
For the set sample data are

d = {(k, y), k € s}. (1.4.2)

It is known that data given in (1.4.2) are sufficient for making inference about 6,
whether the sample is a sequence S or a set s (Basu and Ghosh 1967). Data are
said to be unlabeled if after the collection of data its label part is ignored. Unlabeled
data may be represented by a sequence or a set of the observed values without any
reference to the labels.

It may not be possible, however, to collect the data from the sampled units cor-
rectly and completely. If the information is collected from a human population, the
respondent may not be ‘at home’ during the time of collection of data or may refuse
to answer or may give incorrect information, e.g., in stating income, age, etc. The
investigators in the field may also fail to register correct information due to their own
lapses.

We assume throughout that our data are free from such types of errors due to
non-response and errors of measurement and it is possible to collect the information
correctly and completely.

Definition 1.4.2 Anestimator e = e(s, y) ore(S, y) is a function defined on S x RY
such that for a given (s, y) or (S, y), its value depends on y only through those i for
whichi € s (or §).

Clearly, the value of e in a sample survey does not depend on the units not included
in the sample.

An estimator e is unbiased for 7' with respect to a sampling design p if

E,(e(s,y) =T Vy € RV (1.4.3)

ie.,

D e y)ps) =T Vy e RY
seS

where E,, V, denote, respectively, expectation and variance with respect to the
s.d. p. We shall often omit the suffix p when it is clear otherwise. This unbiasedness
will sometimes be referred to as p-unbiasedness.
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The mean square (MSE) of e around 7 with respect to a s.d. p is

M(e) = E(e — T)?

1.4.4
= V(0) + (B(e))? (149
where B(e) denotes the design bias, E(e) — T. If e is unbiased for 7', B(e) vanishes
and (1.4.4) gives the variance of e, V (e).

Definition 1.4.3 A combination (p, e) is called a sampling strategy, often denoted as
H(p, e). This is unbiased for T if (1.4.3) holds and then its varianceis V{H (p, )} =
E(e —T)2.

A unbiased sampling strategy H (p, e) is said to be better than another unbiased
sampling strategy H'(p’, ¢’) in the sense of having smaller variance, if

V{H(p,e)} < V{H'(p,¢)}Vy € RY (1.4.5)

with strict inequality for at least one y.
If the s.d. p is kept fixed, an unbiased estimator e is said to be better than another
unbiased estimator ¢’ in the sense of having smaller variance, if

Vp(g) = Vp(e,) Vye RY (1.4.6)

with strict inequality holding for at least one y.
We shall now consider different types of estimators for y, when the s.d. is srswor,
based on n draws.

(1) Mean per unit estimator: ;_ Vs = D ey i/l
Variance: Var (yg) =1-£)S*/n
§? = Z, i = Y)2/(N —1)
Y = Zi:] YI/N»Af =N/n _

(2) Ratio estimator: yg = (¥ /ZES)X

LL)[S2+ 52— 2RS ],
R=Y/X,82=8%82=3" (- XP/(N-1, X=3"x.
X = X/N Sxy z, 1()’1 - Y)(-xl X)

(3) Difference estlmator yp = y5 + d(X — X,), where d is a known constant.
Variance : Var (yp) = (lnf )(S; +d*S} —2dS,).

(4) Regression estimator: f)z, =y, + b(X — %)
b= Z,ey( — yo)xi — x_é)/ZlEs('xl X )2
Mean square error: MSE (y,) ~ (2 f)Sz(l 0%)
where p is the correlation coefﬁment between x and y.

(5) Mean of the ratios estimator: yM R = XF

r_ZAesrl/n
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Except for the mean per unit estimator and the difference estimator none of the
above estimators is unbiased for y. However, all these estimators are unbiased in
large samples. Different modifications of the ratio estimator, regression estimator,
product estimator, and the estimators obtained by taking convex combinations of
these estimators have been proposed in the literature. Again, ratio estimator, dif-
ference estimator, and regression estimator, each of which depends on an auxiliary
variable x, can be extended to p(> 1) auxiliary variables xi, ..., x,.

In ppswr-sampling an unbiased estimator of population total is the Hansen—
Hurwiz estimator,

Tpps = D —, (1.4.9)
with

~ 1 N 2
V(Tppx) = Z (% - T) Pi
(1.4.10)
1 v Vi Y 2
ZZZZ (P_’z_ﬁ) pipj:Vpps-

An unbiased estimator of V,, is

7 1 Yi s ?
V(Tpps) = =1 > (f - Tpps) = Upps-

ies \Pi

We shall call the combination (ppswr, fpps) a ppswr strategy.

Clearly, different terms of an estimator will involve weights which arise out of
the sampling designs used in estimation. It will therefore be of immense advantages
if in the estimation formula all the units in the sample receive an identical weight.
Before proceeding to further discussion on different types of estimators we therefore
consider the situations when a sampling design can be made self-weighted.

Note 1.4.1 Self-weighting Design: A sample design which provides a single com-
mon weight to all sampled observations in estimating the population mean, total, etc.
is called a self-weighting design and the corresponding estimator a self-weighted
estimator. For example, consider two-stage sampling from a population consisting
of N fsu’s, the ath fsu containing M, ssu’s. A first-stage sample of n fsu’s is selected
by srswor and from the ath selected fsu m, ssu’s are selected also by srswor. It is
known that for such a sampling design,

R N n Mu my N n )
TZ?;ma,;y“bZ?;M"y” (1.4.11)
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where y, = > )| Yap/m, is the sample mean from the ath selected fsu, which is
unbiased for population total 7. This estimator is not generally self-weighted. If
my/M, = X (a constant), i.e., a constant proportion of ssu’s is sampled from each

selected fsu,
R N no mg
T = (a) (Z Zyab)
a=1 b=1

becomes self-weighted. Again,

B 25:1 m, _ Nm

— Zwa=1Ma T (1.4.12)
Zivzl M, Mo

where m = 3" m,/N, so that

n mg

f":Mozzz‘;:l. (1.4.13)

a=1 b=l1

In particular, if M, = MV a, a constant number m of ssu’s must be sampled from
each selected fsu in order to make the estimator (1.4.11) self-weighted.

A design can be made self-weighted at the field stage or at the estimation stage.
If the selection of units is so done as to make all the weights in the estimator equal,
the design is called self-weighted at the field stage. The case considered above is
an example. Another example is the proportional allocation in stratified random
sampling. If self-weighting is achieved using some technique at the estimation stage,
the design is termed self-weighted at the estimation stage.

The procedures of designs self-weighted at the field stage have been considered
by Hansen and Madow (1953) and Lahiri (1954). The technique of making designs
self-weighted at the estimation stage has been considered by Murthy and Sethi (1959,
1961), among others.

1.4.1 A Class of Estimators

We now consider classes of linear estimators which are unbiased with respect to any
s.d. For any s.d. p, consider a nonhomogeneous linear estimator of 7,

er(s,y) = bos + st;yi (1.4.14)

ies

where the constants by, may depend only on s and by; on (s,i)(b;; = 0,i ¢ 5). The
estimator ¢} is unbiased iff
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> bosp(s) =0 (1.4.152)
SES
and
D i D bips) =T Vy e R". (1.4.15b)

53i
Condition (1.4.15a) implies for all practical purposes
bos =0V s : p(s) > 0. (1.4.16a)
Condition (1.4.15b) implies
D bips)=1¥i=1,....N (1.4.16b)
530

Note that only the designs with 7; > 0V i admit an unbiased estimator of 7.
Fattorini (2006) proposed a modification of the Horvitz—Thompson estimator
for complex survey designs by estimating the inclusion probabilities by means of
independent replication of the sampling scheme.
Itis evident that the Horvitz—Thompson estimator (HTE) eyt is the only unbiased
estimator of T in the class of estimators {Zi < biyils

EHT=Zyi/7Ti- (1.4.17)

ies

Its variance is

N N

Vieyy) = > y2lom 43 3 dutumn)
i T
- A " (1.4.18)
= Vhr (say).

If p € py, (1.4.18) can be written as

N ‘ N2
Z (&_y_,) (mimj — mij)
Uy T

i<j=1 !

= Vyg (say). (1.4.19)

The expression V7 is due to Horvitz and Thompson (1952) and Vy is due to Yates
and Grundy (1953). An unbiased estimator of V7 is
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2
Z yi(l—m) z Z iy (mij — mim;)
i > i + i1 Yj\Ulij iy
T T T
ies i i#jes LRI

= VHT. (1420)

An unbiased estimator of Vyg is
2
>y (ﬁ - ﬁ) i) — Ty (1.4.21)
i<jes i T Tij
= VyG-

The estimators vy 7, vyg are valid provided m;; > OVi # j =1,..., N. Both vyr
and vy can take negative values for some samples and this leads to the difficulty in
interpreting the reliability of these estimators.

We consider some further estimators applicable to any sampling design.

(a) Generalized Difference Estimator: Basu (1971) considered an unbiased estima-
torof T,

Vi — 4
e = ALA = i 1.4.22
ap(a) Z —+ Za, (1.4.22)
LES 1
where a = (ay, ..., ay)’ is a set of known quantities. The estimator is unbiased
and has less variance than ey 7 in the neighborhood of the point a.
(b) Generalized Regression Estimator or GREG

ecr =Z%+b(x-2%) (1.4.23)

ies ies

where b is the sample regression coefficient of y on x. The estimator was first
considered by Cassel et al. (1976) and is a generalization of linear regression
estimator N ;,, to any s.d. p.

(¢c) Generalized Ratio Estimator

Dics Vil Ti
Dies Xi/Ti

The estimator was first considered by Ha’jek (1959) and is a generalization of
N;R to any s.d. p.

The estimators egr, ey, are not unbiased for T'. It is obvious that the estimators in
(1.4.23) and (1.4.24) can be further generalized by considering p(> 1) auxiliary
variables x; ..., x, instead of just one auxiliary variable x. Besides all these,
specific estimators have been suggested for specific procedures. An example is
Rao-Hartley—Cochran (1962) estimator briefly discussed below.

epa = X (1.4.24)
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(d) Rao—Hartley—Cochran procedure The population is divided into n groups
Gi...,G, of size Ny, ..., N,, respectively, at random. From the kth group

a sample i is drawn with probability proportional to p;, i.e., with probability
pi/ T where IT;, = ZieGk pi if i € Gy. An unbiased estimator of population

total is
n
Vi
eRHC = Z =T11;,
iz1 Pi

G; denoting the group to which a sampled unit i belongs. It can be shown that

(Z?:l Ni2 — N)

n A

\% = V(T,,s 1.4.25

(ernC) NV =) (Tpps) ( )
and variance estimator

Zr'l—lN‘z_N C (Yi )2

v(e === ;| — —e . 1.4.26

(eruc) N ST A2 ; C T ernc ( )

It has been found that the choice Ny = N, = --- = N, = N/n minimizes
V(eruc). In this case

n — N
Vieruc) = |1 — o1 V(Tpps)- (1.4.27)

We now briefly consider the concept of double sampling. We have seen that a
number of sampling procedures require advanced knowledge about an auxiliary
character. For example, ratio, difference, and regression estimator require a know-
ledge of the population total of x. When such information is lacking it is sometimes
relatively cheaper to take a large preliminary sample in which the auxiliary variable
x alone is measured and which is used for estimating the population characteristic
like mean, total, or frequency distribution of x values. The main sample is often
a subsample of the initial sample but may be chosen independently as well. The
technique is known as double sampling.

All these sampling strategies have been discussed in details in Mukhopadhyay
(1998b), among others.

1.5 Model-Based Approach to Sampling

So far our discussion has been under a fixed population approach. In the fixed popula-
tion or design-based approach to sampling, the values y;, y», ..., yy of the variable of
interest in the population are considered as fixed but unknown constants. Randomness
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or probability enters the problem only through the deliberately imposed design by
which the sample of units to observe is selected. In the design-based approach, with
a design such as simple random sampling, the sample mean is a random variable
only because it varies from sample to sample.

In the stochastic population or model-based approach to sampling, the values
y = (b1, y2,...,yy) are assumed to be a realization of a random vector Y =
(Y1, Ya, ..., Yy), Y;, being the random variable corresponding to y;. The population
model is then given by the joint probability distribution or density function &y =
fO1, y2, ..., yn; 0), indexed by a parameter vector 6 € O, the parameter space.
Looked in this way population total 7 = zl , Yi, population mean, Y =T/N,etc.
are random variables and not fixed quantities. One has, therefore, to predict T, Y,
etc. on the basis of the data and &, i.e., to estimate their model-expected values.
Let ]A} denote a predictor of T or Y based on s and &, V, C denote, respectively,
expectation, variance, and covariance operators with respect to &. Three examples
of such superpopulations are

(i) Yi, ..., Yy are independently and identically distributed (IID) normal random
variables with mean 1 and variance o2.

(i) Yi,..., Yy are IID multinormal random vectors with mean vector g and
covariance matrix X. Here, instead of variable Y; we have considered the p-
variate vector Y; = (Y1, ..., Y;,) .

(iii) Let w = (u, x’)’, where u is a binary-dependent variable taking values 0 and
1 and x is a vector of explanatory variables. Writing W; = (U;, X})’, assume
that Uy, ..., Uy are IID with the logistic conditional distribution:

/
PIU = 1|W, = w] = _SP&XB)
[1+exp(x'B)]
Superpopulation parameters are characteristics of £. In (i) parameters are x and o2,
in (ii) @ and X, and in (iii) 3.

As mentioned before, superpopulation parameters may often be preferred to finite
population parameters as targets for inference in analytic surveys. However, if the
population size is large there is hardly any difference between the two. For example,
in (ii)

Yp=p+0,(N"'), Vp =X+ 0,(N"'7?)

where O, (t) denotes terms of at most order ¢ in probability and the suffix P stands
for the finite population.

We shall briefly review here procedures of model-based inference in finite popu-
lation sampling.
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Definition 1.5.1 The predictor T, is model-unbiased or &-unbiased or m-unbiased
predictor of Y if

E(f}) =EWY) = i(say) V0 € ® and Vs : p(s) > 0 (1.5.1)

where i = 30 ju/N = 30, EX)/N.

Definition 1.5.2 The predictor T, is design-model-unbiased (or p&-unbiased or pm
unbiased) predictor of Y if

EE(T,) =iVl € O. (1.5.2)

Clearly, a m-unbiased predictor is necessarily pm-unbiased.

For a non-informative design where p(s) does not depend on the y-values, order
of operators E and £ can always be interchanged.

Two types of mean square errors (mse’s) of a sampling strategy (p, T,) for pre-
dicting 7" have been proposed:

(@)
EMSE(p,T)=EE(T —T)> = M(p,T) (say);

(b)
EMSE(p, T) = EE(T — p1)* where pp =,y = E(T)

= Mi(p, T) (say).
If T is p-unbiased for 7', M is model-expected p-variance of T.1f T is m-unbiased
for T, M, is p-expected model variance of 7.
The following relation holds:

M(p,T) = EV(T) + E{B(T)Y? + V(T) = 26((T — ) E(T — )} (1.5.3)

where 3(T) = E(f‘ — T) is the model bias in T.
Now, for the given data d = {(k, yx), k € s}, we have

T=2w+ Y= w+U (say (154)

where 5 = P — s. Therefore, in predicting 7 one needs only to predict U, the part
>, Yk being completely known.
A predictor

ﬁ=Z)’k+0s
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will, therefore, be m-unbiased for T if
EWU,) = 5(2 Yk) => =y (say) Ve O, Vs:p(s)>0. (15.5)
5 5

In finding an optimal T fora given p, one has to minimAize M(p, f’) (or My (p, YA“))
in a certain class of predictors. Now, for a m-unbiased T,

M(p,T) = EEWU, — 3 Y2)?
A A (1.5.6)
= E (V@) +V (%) -2 (0. %) |-

If Y;’s are independent, C(ﬁv, ZE Y = O(LAIS being a function of Y, k € s only).
In this case, for a given s, an optimal m-unbiased predictor of 7' (in the minimum
E(T, — T)*-sense) is (Royall 1970)

=> w+0; (1.5.7)

where

EWUH = 5(2 Yk) = L5, (1.5.8a)

and X R
VU <VU) (1.5.8b)

for any U, satisfying (1.5.8a). It is clear that T,, when it exists, does not depend on
the sampling design (unlike, the design-based estimator, e.g., e 7.)

An optimal design-predictor pair (p, T) in the class (p, 7) is, therefore, one for
which

M(p*t, T < M(p, T) (1.5.9)

for any p € p, a class of sampling designs and any T which is an m-unbiased
predictor belonging to 7. After IA‘X+ has been derived by means of (1.5.7)—(1.5.8b),
an optimal sampling design is obtained through (1.5.9). The approach, therefore,
is completely model-dependent, the emphasis being on the correct postulation of a
superpopulation model that will efficiently describe the physical situation at hand
and generating T,. After T, has been specified, one makes a pre-sampling ]udgement
of efficiency of 7, with respect to different sampling designs and obtain p* (if it
exists). The choice of a suitable sampling design is, therefore, relegated to secondary
importance in this prediction-theoretic approach.



1.5 Model-Based Approach to Sampling 21

Note 1.5.1 We have attempted above to find the optimal strategies in the minimum
M ((p, T) sense. The analogy may, similarly, be extended to finding optimality results
in the minimum M, sense.

Example 1.5.1 (Thompson 2012) Suppose that our objective is to estimate the pop-
ulation mean, for example, the mean household expenditure for a given month in
a geographical region. We may know from the economic theory that the amount
a household may spend in a month follows a normal or lognormal distribution. In
this case, the actual amount spent by a household in that given month is just one
realization among many such possible realizations under the assumed distribution.

Considering a very simple population model, we assume that the population vari-
ables Yy, Y», ..., Yy are independently and identically distributed (iid) random vari-
ables from a superpopulation distribution having mean 6, and a variance 2. Thus,
for any unit i, ¥; is a random variable with expected value £(Y;) = 6 and variance
V(Y;) = o, and for any two units i and j, the variables ¥; and Y; are independent.

Suppose now that we have a sample s of n distinct units from this population
and the object is to estimate the parameter # of the distribution from which the finite
population comes. For the given sample s, the sample mean

ies

is arandom variable whether or not the sample is selected at random, because for each
unit 7 in the sample Y; is a random variable. With the assumed model, the expected
value of the sample mean is therefore £ (Y,) = 0 and its variance is V(¥,) = o2 /n.
Thus Y, is a model-unbiased estimator of the parameter 6, since & (Y,) = 0. An
approximate (1 — «)-point confidence interval for the parameter 6, based on the
central limit theorem for the sample mean of independently and identically distributed

random variables, is, therefore, given by
Y, £1S/Vn (1.5.10)

where S is the sample standard deviation and ¢ is the upper «/2 point of the ¢
distribution with n — 1 degrees of freedom. If further the Y;’s are assumed to have a
normal distribution, then the confidence interval (1.5.10) is exact, even with a small
sample size.

In the study of household expenditure the focus of interest may not be, however,
on the superpopulation parameter ¢ of the model, but on the actual average amount
spent by households in the community that month. That is, the object is to estimate
(or predict) the value of the random variable

1 &
Y:Nl;yi.
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To estimate or predict the value of the random variable ¥ from the sample obser-

vations, an intuitively reasonable choice is again the sample mean ¥ = Y, =
>, Yi/n. Both Y and Y, have expected value 6, since the expected value of each
of the Y; is 6. Clearly, Y, is model-unbiased for the population quantity Y.

It can be shown that under the given conditions on the sample (i.e., the sample
consists only of n distinct units), and under the given superpopulation model,

_ _ N —
£V, -7y =" (15.11)
nN

An unbiased estimator or predictor of the mean square prediction error is, therefore,

N —nS?

N n

since £(S?) = o2. )
Therefore, an approximate (1 — «)-point prediction interval for Y is given by

Y 1/ EWY, — Y)2,

where t is the upper a/2 point of the ¢-distribution with n — 1 degrees of freedom. If,
additionally, the distribution of the Y; is assumed to be normal, the confidence level
is exact.

We also note that for the given superpopulation model and for any FES(n) s.d.
(including srswor s.d.), M, (p, Y,) is given by the right-hand side of (1.5.11). In fact
even if the s.d. is such that it only selects a particular sample of » distinct units with
probability unity, these results hold.

Example 1.5.2 Consider a superpopulation model £ such that Y7, ..., Yy are inde-
pendently distributed with

EYilx;) = Bx;
Vi) = olxi, (1.5.12)
where x; is the (known) value of an auxiliary variable x on uniti(=1,..., N). An

optimal m-unbiased predictor of population total T is
i =S e+ 0
N
where

WO = 5(2 Yk) =8> x (15.13)
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and V(I}S*) < V(U;) for all lA]; satisfying (1.5.13). Confining to the class of linear
m-unbiased predictors, the BLUP (best linear (m)-unbiased predictor) of T is

T* =73 v+ D W

- 1.5.14
— o EEY = Ex (4219

where 3, = 3, wi/n, X = 3.5, x and where we have written y; in place of
Yi(k € 5). Again,

2
M(p,T*) = c*E {%—Z"k) + Zxk] . (1.5.15)

The model (1.5.12) roughly states that for fixed values of x, we have an array of values
of the characteristic y such that both the conditional expectation and conditional
variance of Y are each proportional to x. The regression equation of Y on x is therefore
a straight line passing through the origin with conditional variance of Y proportional
to x. In such cases, for any given sample, the ratio estimator would be the BLU
estimator of the population total 7. Again, (1.5.15) shows that a ‘purposive’ design
which selects a combination of n units having the largest x-values with probability
one will be the best s.d. to use the ratio statistic 7 in (1.5.14). We note that in
contrast to the design-based approach where a probability sampling design has its
pride of place, the model-based approach relegates the sampling design to a secondary
consideration.

1.5.1 Uses of Design and Model in Sampling

Since, often very little are known about the nature of the population, design-based
methods, especially srs-based methods, have been being used for a long time. In
such a situation, most researchers find it reassuring to know that the estimation
method used is unbiased no matter what the nature of the population may be. Such a
method is called design-unbiased. The expected value of the estimator, taken over all
samples which might have been selected (but is not all actually selected), is the correct
population value. Here sampling design imposes a randomization which forms the
basis of inference. Design-unbiased estimators of the variance, used for constructing
confidence intervals, are also available for most sampling designs.

In many sampling situations involving auxiliary variables, it seems natural to
postulate a theoretical model for the relationship between the auxiliary variables
and the variable of interest. Thus in an agricultural context it is natural to postulate a
linear regression model between yield of the crop and auxiliary variables like rainfall,
fertilizer used, nature of firm land, etc. In such situations model-based methods
are often (and should be) used in order to utilize the information contained in the
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population in sample selection and estimation. This is not to say that the design-based
methods are not useful in such cases. Sampling designs often provide a protection
against bias in case of model failures. Model-based approaches have, of late, been
very popular in connection with ratio and regression estimation. A model can, of
course, also be assumed for populations without auxiliary variables. For example,
if the N variables Y7, ..., Yy can be assumed to be independent and identically
distributed, many standard statistical results apply without reference to how the
sample is selected. Generally, the models become mathematically complex though
often not suitably realistic. In particular, any model assuming that the Y-values are
independent (or having an exchangeable distribution) ignores the tendency in many
populations for nearby or related units to be correlated.

With some populations, however, it might have been found empirically and very
convincingly that certain types of patterns are typical of the y-values of that type of
population. For example, in spatially distributed geological and ecological popula-
tions, the y-values of nearby units may be positively correlated, with the strength of
the relationship decreasing with the distance. If such tendencies are known to exist,
they can be used in modeling the nature of the population, devising efficient sampling
procedures and obtaining efficient predictors of unknown values of parameters. For
detailed reviews of design-based, model-based, and design-model-based approaches
to sampling interested readers may refer to Sarndal et al. (1992), Mukhopadhyay
(1996, 2000, 2007), among others.

1.6 Plan of the Book

The book rests on two pillars: sample surveys and categorical data analysis. The
first chapter makes a cursory review of the development in the arena of survey sam-
pling. It introduces the notions of sampling designs and sampling schemes, estima-
tors and their properties, various types of sampling designs and sampling strategies,
and design-based methods of making inference about the population parameters in
descriptive surveys. It then introduces the concept of superpopulation models and
model-based methods of prediction of population parameters generally useful in
analytic surveys.

It is known that the classical statistical models are based on the assumptions that
the observations are obtained from samples drawn by simple random sampling with
replacement (srswr) or equivalently the observations are independently and iden-
tically distributed (IID). In practice, in large-scale surveys samples are generally
selected using a complex sampling design, such as a stratified multistage sampling
design and this implies a situation different from a IID setup. Again, in large-scale
sample surveys the finite population is often considered as a sample from a superpop-
ulation. The sampling design may entail the situation that the sample observations
are no longer subject to the same superpopulation model as the complete finite pop-
ulation. Thus, even if the IID assumption may hold for the complete population, the
same generally breaks down for sample observations. After observing that the data
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obtained from a complex survey generally fail to satisfy IID assumption, Chap.2
examines the effect of a true complex design on the variance of an estimator with
respect to srswr design and/or IID-model assumption. It introduces the concepts of
design-effects and misspecification effect of a parameter estimator and its variance
estimator pair. The concepts have been extended to the multiparameter case.

Since estimation of variance of an estimator is one of the main problems encoun-
tered in various applications in this book, the chapter also makes a brief review of
different nonparametric methods of variance estimation, like, linearization proce-
dure, random group method, balanced repeated replication, Jack-knifing, and Boot-
strap technique. Finally, we examine the impact of survey design on inference about
a covariance matrix, and we consider the effect of a complex survey design on a
classical test statistic for testing a hypothesis regarding a covariance matrix.

Chapter 3 makes a brief review of classical models of categorical data and their
analysis. After a glimpse of general theory of fitting of statistical models and testing
of parameters using goodness-of-fit tests, we return to the main distributions of cate-
gorical variables—multinomial distribution, Poisson distribution, and multinomial—
Poisson distribution—and examine the associated test procedures. Subsequently,
log-linear models and logistic regression models, both binomial and multinomial,
are looked into and their roles in offering model parameters emphasized. Finally,
some modifications of classical test procedures for analysis of data from complex
surveys under logistic regression model have been introduced.

Chapter 4 proposes to investigate the effect of complex surveys on the asymp-
totic distributions of Pearson statistic, Wald statistic, log-likelihood ratio statistic for
testing goodness-of-fit (simple hypothesis), independence in two-way contingency
tables, and homogeneity of several populations in a saturated model. In particular,
effects of stratification and clustering on these statistics have been examined. The
model is called full or saturated, as we assume that the ¢ population proportions or
cell-probabilities 7y, . . ., m, do not involve any other set of unknown parameters. In
the next two chapters, the unknown population proportions are considered as gener-
ated out of some models through their dependence on s(< f) of model parameters
01, ...,0s.

The core material of any categorical data analysis book is logistic regression and
log-linear models. Chapter5 considers analysis of categorical data from complex
surveys using log-linear models for cell-probabilities in contingency tables. Noting
that appropriate ML equations for the model parameter # and hence of 7 () are
difficult to obtain for general survey designs, ‘pseudo MLE’s have been used to
estimate the cell-probabilities. The asymptotic distributions of different goodness-
of-fit (G-o0-F) statistics and their modification are considered. Nested models have
also been investigated.

Chapter 6 takes up the analysis of complex surveys categorical data under logistic
regression models, both binomial and polytomous. Empirical logit models have been
converted into general linear models which use generalized least square procedures
for estimation. The model has been extended to accommodate cluster effects and
procedures for testing of hypotheses under the extended model investigated.
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So far we have assumed that there was no error in classifying the units according
to their true categories. In practice, classification errors may be present and in these
situations usual tests of goodness-of-fit, independence, and homogeneity become
untenable. This chapter considers modifications of the usual test procedures under
this context. Again, units in a cluster are likely to be related. Thus in a cluster sampling
design where all the sampled clusters are completely enumerated, Pearson’s usual
statistic of goodness-of-fit seems unsuitable. This chapter considers modification of
this statistic under these circumstances.

Noting that the estimation of model parameters of the distribution of categori-
cal variables from data obtained through complex surveys is based on maximizing
the pseudo-likelihood of the data, as exact likelihoods are rarely amenable to max-
imization, Chap. 8 considers some procedures and applications which are useful in
obtaining approximate maximum likelihood estimates from survey data. Scott et al.
(1990) proposed weighted least squares and quasi-likelihood estimators for categor-
ical data. Maximum likelihood estimation (MLE) from complex surveys requires
additional modeling due to information in the sample selection. This chapter reviews
some of the approaches considered in the literature in this direction. After address-
ing the notion of ignorable sampling designs it considers exact MLE from survey
data, the concept of weighted distributions, and its application in MLE of parameters
from complex surveys. The notion of design-adjusted estimation due to Chambers
(1986), the pseudo-likelihood approach to estimation of finite population parameters
as developed by Binder (1983), Krieger and Pfeffermann (1991), among others, have
also been revisited. Mixed model framework, which is a generalization of design-
model framework, and the effect of sampling designs on the standard principal com-
ponent analysis have also been revisited.

Since multinomial distribution is one of the main backbones of the analysis of
categorical data collected from complex surveys, the Appendix makes a review of the
asymptotic properties of the multinomial distribution and asymptotic distribution of
Pearson chi-square statistic X f, for goodness-of-fit based on this distribution. Gen-
eral theory of multinomial estimation and testing in case the population proportions
71, ..., m—1 depend on several parameters 6, ..., 0,(s < t — 1), also unknown,
is then introduced. Different minimum-distance methods of estimation, like, X %,,
likelihood ratio statistic G2, Freeman—Tukey (1950) statistic (F T)2, and Neyman’s
(1949) statistic X 12v have been defined and their asymptotic distribution studied under
the full model as well as nested models in the light of, among others, Birch’s (1964)
illuminating results. Finally, Neyman’s (1949) and Wald’s (1943) procedures for
testing general hypotheses relating to population proportions have been revisited.
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Chapter 2
The Design Effects and Misspecification

Effects

Abstract It is known that the classical statistical models are based on the assump-
tions that the observations are obtained from samples drawn by simple random
sampling with replacement (srswr) or equivalently the observations are indepen-
dently and identically distributed (IID). As such the conventional formulae for stan-
dard statistical packages which implement these procedures are also based on IID
assumptions. In practice, in large-scale surveys samples are generally selected using
a complex sampling design, such as a stratified multistage sampling design and this
implies a situation different from an IID setup. Again, in large-scale sample surveys
the finite population is often considered as a sample from a superpopulation. Survey
data are commonly used for analytic inference about model parameters such as mean,
regression coefficients, cell probabilities, etc. The sampling design may entail the
situation that the sample observations are no longer subject to the same superpop-
ulation model as the complete finite population. Thus, even if the IID assumption
may hold for the complete population, the same generally breaks down for sample
observations. The inadequacy of IID assumption is well known in the sample survey
literature. It has been known for a long time, for example, that the homogeneity which
the population clusters generally exhibit tend to increase the variance of the sample
estimator over that of the estimator under srswr assumption, and further estimates of
this variance wrongly based on IID assumptions are generally biased downwards. In
view of all these observations it is required to examine the effects of a true complex
design on the variance of an estimator with reference to a srswr design or an IID model
setup. Section2.2 examines these effects, design effect, and misspecification effect
of a complex design for estimation of a single parameter 6. The effect of a complex
design on the confidence interval of 6 is considered in the next section. Section2.4
extends the concepts in Sect. 2.2 to multiparameter case and thus defines multivariate
design effect. Since estimation of variance of estimator of 6, 0 (covariance matrix
when 6 is a vector of parameters) is of major interest in this chapter we consider
different methods of estimation of variance of estimators, particularly nonlinear esti-
mators in the subsequent section. The estimation procedures are very general; they
do not depend on any distributional assumption and are therefore nonparametric in
nature. Section 2.5.1 considers in detail a simple method of estimation of variance of
a linear statistic. In Sects.2.5.2-2.5.7 we consider Taylor series linearization proce-
dure, random group (RG) method, balanced repeated replication (BRR), jackknife
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(JK) procedure, JK repeated replication, and bootstrap (BS) techniques of variance
estimation. Lastly, we consider the effect of a complex survey design on a classical
test statistic for testing a hypothesis regarding a covariance matrix.

Keywords IID - Design effect - Misspecification effect + Design factor + Effective
sample size - Multivariate design effect - Generalized design effect - Variance esti-
mation - Linearization method + Random group - Balanced repeated replication *
Jackknife (JK) procedure - JK repeated replication + Bootstrap -+ Wald statistic

2.1 Introduction

In analysis of data collected through sample surveys standard statistical techniques
are generally routinely employed. However, the probabilistic assumptions underly-
ing these techniques do not always reflect the complexity usually exhibited by the
survey population. For example, in the classical setup, the log-linear models are usu-
ally based upon distributional assumptions, like Poisson, multinomial, or product-
multinomial. The observations are also assumed to be independently and identically
distributed (IID). On the other hand, survey populations are often complex with dif-
ferent cell probabilities in different subgroups of the population and this implies
a situation different from the IID setup. A cross-tabulation of the unemployment
data, for example, by age-group and level of education would not support the IID
assumption of sample observations but would exhibit a situation far more complex
in distributional terms. However, the conventional formulae for standard errors and
test procedures, as implemented in standard statistical packages such as SPSS X or
SAS are based on assumptions of IID observations or equivalently, that samples are
selected by simple random sampling with replacement, and these assumptions are
almost never valid for complex survey data.

Longitudinal surveys where sample subjects are observed over two or more time
points typically lead to dependent observations over time. Moreover, longitudinal
surveys often have complex survey designs that involve clustering which results in
cross-sectional dependence among samples.

The inadequacy of IID assumption is well known in the sample survey literature.
It has been known for a long time, for example, that the homogeneity which the
population clusters generally exhibit tends to increase the variance of the sample
estimator over that of the estimator under srswr assumption, and further estimates
of this variance wrongly based on IID assumptions are generally biased downwards
(Example 2.2.1). Hence consequences of wrong use of IID assumptions for cluster
data are: estimated standard errors of the estimators would be too small and con-
fidence intervals too narrow. For analytic purposes test statistic would be based on
downwardly biased estimates of variance and the results would, therefore, appear to
be more significant than was really the case. Hence such tests are therefore conser-
vative in nature.
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Again, in large-scale sample surveys the finite population is usually considered as
a sample from a superpopulation. Survey data are commonly used for analytic infer-
ence about model parameters such as mean, regression coefficients, cell probabilities,
etc. The sampling design may entail the situation that the sample observations are no
longer subject to the same superpopulation model as the complete finite population.
To illustrate the problem suppose that with each unit i of a finite population P is a
vector (Y;, Z;) of measurements. Assume that (Y;, Z;)’ are independent draws from
a bivariate normal distribution with mean g’ = (uy, pz) and variance—covariance
matrix X. The values (y;, z;) are observed for a sample of n units selected by a prob-
ability sampling scheme. It is desirable to estimate mean py and variance o3 of the
marginal distribution of Y. We consider the following two cases.

(A) The sample is selected by srswr and only the values {(y;, z;), i € s} are known.
This is the case of IID observations. Here, the maximum likelihood estimators
(MLE’s) of the parameters are

fy =3o= D wi/m 67 =D (i—3)/n. .11

ies i€s

Clearly, £(fty) = py and E[néy/(n — 1)] = 012, where £(.) defines expectation
with respect to the bivariate normal model. Thus, standard survey estimators
are identical with the classical estimators in this case.

(B) The sample is selected with probability proportional to Z; with replacement
such that at each draw i = 1,...,n, P; = Prob. (i € 5s) = Z;/ Zf]:] Z;. The
data known to the statistician are {(y;,z;),i € $;z;,j ¢ s}. Suppose that the
correlation coefficient py z > 0. This implies that Prob.(Y; > uyli € s) > 1/2
since the sampling scheme tends to select units with larger values of Z and hence
large values of Y. Clearly, the distribution of the sample Y values, in this case,
is different from the distribution in the population and the estimators defined in
(2.1.1) are no longer MLE.

Recently, researchers in the social science and health sciences are increasingly show-
ing interest in using data from complex surveys to conduct same sorts of analyses
that they traditionally conduct with more straightforward data. Medical researchers
are also increasingly aware of the advantages of well-designated subsamples when
measuring novel, expensive variables on an existing cohort. Until recent times they
would be analyzing the data using softwares based on the assumption that the data
are IID.

In the very recent years, however, there have been some changes in the situation.
All major statistical packages, like, STATA, SUDAAN, now include at least some
survey analysis components and some of the mathematical techniques of survey
analysis have been incorporated in widely used statistical methods for missing data
and causal inference. The excellent book by Lumley (2010) provides a practical
guide to analyzing complex surveys using R.

The above discussions strongly indicate that the standard procedures are required
to be modified to be suitable for analysis of data obtained through sample surveys.
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In Sects.2.2-2.4 we consider the effects of survey designs on standard errors of
estimators, confidence intervals of the parameters, tests of significance as well as the
multivariate generalizations of these design effects.

Since the estimation of variance of an estimator under complex survey designs
is one of the main subjects of interest in this chapter and in subsequent discussions
we make a brief review of different nonparametric methods of estimation of vari-
ance in Sect.2.5. Section2.5.1 considers in detail a simple method of estimation of
variance of a linear statistic. In Sects. 2.5.2-2.5.6 we consider Taylor series lineariza-
tion procedure, random group method, balanced repeated replication, jackknife, and
bootstrap techniques of variance estimation. All these procedures (except the boot-
strap resampling) have been considered in detail in Wolter (1985). In this treatise we
do not consider estimation of superpopulation-based variance of estimators. Interest
readers may refer to Mukhopadhyay (1996) for a review in this area.

2.2 Effect of a Complex Design on the Variance
of an Estimator

Let § be an estimator of a finite population _parameter 0 induced by a complex
survey demgn of sample size n with Var,m(ﬁ) as the actual design variance of 0.
Let Varggs (9) be the variance of f calculated under a hypothetical simple random
sampling with replacement (srswr) (also, stated here as SRS) design of the same
sample size (number of draws) n. The effect of the complex design on the variance
of (relative to the srswr design) is given by the design effect (deff) developed by
Kish (1965),

A Vv rue é
deff (0)kisn = ar’—() (2.2.1)

Varsgs(0)

Clearly, if deff (é) kish < 1, the true complex design is a better design than a corre-
sponding srswr design with respect to 0, the estimator of 6 under the true design.
Note that Kish’s deff (2.2.1) is completely a design-based measure.

At the analysis stage one is, however, more interested in the effect of the design
on the estimator of the variance. Let vy = VarSRS (é) = Var,,D(é) be an estimator
of VarSRS(é) which is derived under the SRS assumption or under the equivalent
IID assumption, that is E(vy|SRS) = E(vo|lID) = VarSRs(é). Clearly, vyp may be a
design-based estimator or a model-based estimator. The effect of the true design on
the estimator pair (é, Vo) is given by the bias of vy,

Etrue(v()) - Vartrue(é)a (222)

where expectation in (2.2.2) is with respect to the actual complex design. However,
for the sake of comparability with (2.2.1) we define the misspecification effect (meff)
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of (é, vg) as .
Varyue(0)

meff (é, U()) = E—(‘UO)
true

(2.2.3)

This measure is given by Skinner (1989).

Note 2.2.1 Kish’s design effect (2.2.1) is a design-based measure, while Skinner’s
misspecification effect may be defined either as a design-based measure or a as a
model-based measure. When taken as a model-based measure, the quantities E;,,,, and
Vary,e in (2.2.3) should be based on the true model distribution. Thus the measure
(2.2.3) can also be used to study the effect of the assumed model on the variance of
the estimator relative to the IID assumption. Clearly, under model-based approach
meff(é, vo) depends only on the model relationship between the units in the actual
sample selected and not on how the sample was selected. (]

It has been found that in large-scale sample surveys using stratified multistage sam-
pling design with moderate sample sizes, E;..(vy) ~ Varsgs(6). Hence, for such
designs, the values of measures (2.2.1) and (2.2.3) are often very close. Also,

et () ~ meff (8, vy) = — (2.2.4)
Vo

where v is a consistent estimator of Var,,,. (é) under the true sampling design. Thus,
even though the values of (2.2.1) and (2.2.3) may be unequal, the estimated values
of deffxisn and meff are often equal.

We shall henceforth, unless stated otherwise, assume that all the effects on the
variance are due to sampling designs only. The misspecification effect may now be
called a design effect. Following Skinner (1989) we shall now define the design effect
(deff) of (é, vg) as

Varyye (é)

deff (9, vo) = meff (0, v) = ——22"2
¢ ( vO) me ( UO) Etrue(UO)

(2.2.5)

Note that measures in (2.2.5) may be based on both models and designs.
We can generalize (2.2.1) to define the general design effect (deff) of an estimator

0 as R
Var.(0)

deff () = -
Var,(6)

(2.2.6)

where Var, () is the variance of § under some benchmark design representing IID
situations.

Example 2.2.1 In this example we shall clarify the distinction between design-based
deff of Kish and model-based misspecification effect of Skinner.

Consider an infinite population of clusters of size 2 (elementary units) with mean 6
(per elementary unit), variance o> (per elementary unit), and intracluster correlation
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(correlation between two units in a cluster) 7. Suppose that a sample of one cluster is
selected for estimating 6 and observations y;, y, on the units in the cluster are noted.

An estimator of 6 under this cluster sampling design is 6 = (1 + y2)/2. The true
variance of 6 is

S |= 5+,

2
Vartrue(e) =V |:y1 +y2] 0-7

Under the hypothetical assumption that the two elementary units have been drawn
by srswr (or under the model assumption that y;, y, are IID with mean and variance
as above) from the population of elementary units in the hypothetical population,

yi+n) o’
5

Varsgs(0) = Varggs (

Again, an estimator of VarSRS(é) = VarHD(é), also based on a srswr design, is
vo = 3[0n — 0)* + (2 — 0)*]

1=’
==

Also,

01 _y2)2] =O_21_T

Etrue(UO) = Etme [ 4

Therefore, by (2.2.1), Kish’s design effect is

Varime(0) _

deff (é) Kish — ~
Varsgs(0)

14+ 7.

Also, at the analysis stage, by (2.2.3),

Vie @) 147

ff (0, vo) = = :
e ( UO) Ezrue(v()) l—7

Thus, if 7 = 0.8, deff (é)mh = 1.8, meff Ski,,,,e,(é, vg) = 9. This means that the
true design variance is 80 % higher than the SRS-based variance under the design-
based approach; but its true-model-based variance is 800 % higher than the average
value of the IID-based variance estimator vy. O

Example 2.2.2 Consider the problem of estimating the population mean 6 by a sim-
ple random sample without replacement (srswor)-sample of size n. Here § = y; =
> ics Yi/n, the sample mean with

Vary) = (N —n)o?/{n(N — 1)}, Vargs(d) = o>/n,
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vy = \7ar5Rs(é) = estimator of Vggs(y) under srswr = 52 /n,
Ennie(vo) = No? /{(N — Dn},
where 02 = 3V (Y; = V)2/N, s> = 3 ,.,(vi — $)?/(n — 1). Hence

Vartrue(j’) _ N-—n
Varsgs(3) N —1

deff (0) =

Varlrue()_)) _ N—n
Etrue(v()) N

deff (y, vo) =

’

which is the finite population correction factor.

Example 2.2.3 Suppose we want to estimate § = ¥ = > W Y, by stratified ran-
dom sampling of size n with proportional allocation, where W), = N; /N, etc. Here
0 = ys =y, the sample mean and the true variance,

_ N—n 2
Vary(y) = N Z WSy,

where S7 is the population variance of the hth stratum. If we assume that the sample
has been drawn by srswor, an unbiased estimator of V arsgs(¥), also calculated under
srswor, 18

N—n

2
§7 = Vp.
nN

USRS =

Note that srswor is the benchmark design here. Its expectation under the true design
is
_N-n_, N-n s = =0
Eipue(vo) ~ $?=— Zhj WilSi + (T — 1))

nN

where §? = (N — 1)7! D> iomi — Y)? is the finite population variance. Hence the
design effect is
2 WhSﬁ

deff (y, = = —.
MO0 = S 182+ (7= )]

The deff is always less than or equal to one and can be further reduced by the use of
an appropriate allocation rule.

Example 2.2.4 Consider the cluster sampling design in which n clusters are selected
by srswor from a population of N clusters each of size M. An unbiased estimator of
population mean (per element) = >~ >y, /(MN) is
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n

M
y= Z Z Yer/(nM). (2.2.7)

Hence,

M

_ N—n

Virue y) = mab where 0 = — z Ge — 0%, yo = E Vel
=1

Now,
2

1 N M
o? = %{1 (M =17}, 0 = M—NZZ(M —0)>

c=1 I=1

where 7 is the intraclass correlation among units belonging to the same cluster (vide,
Mukhopadhyay 2009). Hence,

Varzrue()’) n(N 1) M{l + (M - 1)7—}

= (l — ‘) W 1)M{1+(M— DT}
Also,

E(ycl_e) (ycm —0)

T =
E(ya—0)?

(2.2.8)

= - 1)MNO'2 Z > Z Oet — O Yem — 0).

=1 I#m=1
In srswor of nM elements from the population of MN elements,

—n
o’
nNM

wor (y)

An estimator of V,,,,(y) based on without replacement sampling is

n M
vor® = (1= %) D 0a = DYIMMN = D), 229)

c=1 [=1

(assuming MN ~ MN — 1). Again,

o n o2 N —n{1+ WM — 1)7)}
Etrue[vwor(y)] - (1 - ]v) (nM _ 1) [1 - Mm(N - 1) ] .

(2.2.10)
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Hence,

Variue )

detf (v, Vuor) = 7 Tove ]

(2.2.11)
_ NmM—-D){1+M—1)7}
— nM(N-D{1-[(N—n)/(mN)(N=D][14+M-1)7]} *

If n is large, this gives approximately,
deff (v, vyor) =14+ (M — DT

The above derivation of deff is based on the randomization due to sampling design.
We now consider the corresponding result in a model-based setup. Consider the
one-way random effect superpopulation model

yao=0+a.+€,c=1,...,N; I=1,....M, (2.2.12)
where 0 is a constant overall effect, o is a random effect due to cluster, and ¢
is a random error effect. We assume that o, €, are mutually independent random
variables with zero means and

Viae) =70}, Vieq) = (1 —T1)0d.

The quantity 7 can be interpreted as the intraclass correlation coefficient among the
units belonging to the same cluster.

Here, § = y, the mean of the nM sampled elements. Under model (2.2.12),

Vargue(y) =V (ﬁ ZZ:I zjl‘il ycl)

= As[nMod + X0 -y Cov (et yer)]

(2.2.13)
= 3 [Mno§ + nM(M — 1)703]
_ ogll+M—1)7]
- nM :
On the contrary, the IID model is
Yo =0+ e (2.2.14)

where e,; are independently distributed random variables with mean 0 and variance
2. Hence

_ o}
Vip(y) = Y
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An unbiased estimator of Vyp(y) under the IID assumption is

vp(y) = m Z Z(ycl -2 (2.2.15)

=1 =1

n

_ 1 & o
Enelvun®)] = o DD ENGHT = 250w)

c=1 =1

2 —
(nM—l)nMZZ<9+ + 21+ M - 1)7]

1 I=1

_0
nM
+92_2(_+(M—1)7'O' )]

nM
2
%0
=——— M —-1—- M — 1)1}
nM(nM — 1)
2
%0
A~ —L 2.2.16
M ( )
if n is large. Hence,
deff 3, vip) * 1 + (M — DT
as in the case of design-based approach.
Example 2.2.5 Consider the linear regression model
EXYX=x)=a+xj (2.2.17)
where Y is the main variable of interest, X = (X1, ..., X;)’, a set of k auxiliary vari-

ables. The ordinary least square (OLS) estimator of 3 which is best linear unbiased
estimator (BLUE) when V (Y |X) is a constant (model A) is

Bors = 3 = ViV, (2.2.18)
where
Va=n"D> x-0&-% Vy=n"> x-Xy, x=n"> x,
ies ies ies
n being the size of the sample s, X; = (x;1, ..., xix), ¥; being observations on unit
i€s.

It is known that

vors(B) = {n(n — k)}~! (Z e%) v (2.2.19)

ies
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where e; = y; — y — (X; — i)’ﬁA, Y = 2 ;e Yi/n, has expectation

E{vors(B)1A} = V(3IA). (2.2.20)

Now, if heteroscedasticity is present ie., if V(¥;|X = x;) = 02(x;) (model B), then
VoLs (ﬂ) may be inconsistent for V(ﬂ |B) even under simple random sampling and

Elvors(B)|B] ~ {n(n — k)}™' [Zoz(x»} Ve (2.2.21)

ies

Hence, in the multivariate case,

meff (3, vors(3)) = (E{vors(3)1B) "'V (BIB). (2.2.22)
Fork =1,
. A V(3|B
meff (3, vors(3)) = & ~ 1+ pC,Cy (2.2.23)

E(vors(8)|B)

where C, is the coefficient of variation (cv) of o%(x;), Cy is the cv of (x; —X)2, and p
is the mutual correlation between x and y. This misspecification effect is due to the

inconsistency of UOLs(ﬁA) under heteroscedastic model B. This inconsistency occurs
even under simple random sampling and hence it is not proper to call Eq.(2.2.23) a
design effect.

Now, under simple random sampling with replacement, a linearization estimator
which is unbiased for V (|B) in large samples is

vp(B) = n 2V D (xi — R)el (x; — X'V (2.2.24)

ies

Therefore, in large samples,

meff (B, vg(3)) = {E{vs(B)B)}'V(3IB) = (VBB 'V(BIB) = L. (2.2.25)

Hence, there is no inconsistency under simple random sampling in this case.

2.3 Effect of a Complex Design on Confidence Interval for 0

Let § be an unbiased estimator of 6 under the hypothetical SRS design (IID model
assumption) and vy an estimate of Varsgs(6). Then
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6—0
= 2.3.1
o _l)() ( )

is approximately distributed as a N (0, 1) variable and 95 % confidence interval for
0 under the IID assumption is

Co=1{0:10—6] <1.96,/vy}. (2.3.2)
Our aim is to study the properties of Cy under the effect of true complex design.

Under the true design 6 may be assumed to be normal with mean ¢ and variance
Vary,.(6). Again, in large samples, vy & E,.(vo) so that, from (2.3.1),

0—0 6—6 / V aryme (9)
Z‘O ~ = .
\/Etme(vo) \/Vdrtme (é) Erye(vo)

Hence the distribution of £y under the true design would be approximately

V rue é e
to ~ume N[ 0. L ®) et @.vo) ). (2.3.3)
Etrue(UO)

Therefore, under the complex design, true 95 %-confidence interval for 6 is

6+ 1.96\/ deff (6, vo) - Eye (Vo). (2.3.4)

Hence, the actual coverage probability of a confidence interval obtained from the IID
assumption would be different from its nominal value depending on the deff (é, v)-
If an estimated deff (é, vo) is available then an adjusted confidence interval for 0
with approximately 95 % coverage is

0+ 1.96\/ vy - deff . (2.3.5)

Thus the deff(é, vo) measures the inflation or deflation of IID-based pivotal statistic
due to the use of true design. Table2.1 adopted from Skinner et al. (1989) shows
some such values.

We note that if deff = 1, Cy has the same coverage probability as its nominal
value. If deff > (<)1, Cy has coverage less (more) than its nominal value and hence
its significance level is more (less) than the nominal significance level.

Suppose we want to test the null hypothesis Hy : 6 = 6, using data collected
through a sampling design whose design effect is 1.5 and we shall use tests with
nominal level 95 %. If we assume srswr or IID assumption, ignoring the true complex
design we will use the confidence interval Cy whose true coverage probability is
89 %, much below the nominal 95 % value. Therefore, in many cases Hy will be
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Table 2.1 Coverage of Design effect | Nominal level 95 % | Nominal level 99 %
IID-based confidence
intervals Co 0.9 96 99.3

1.0 95 99

1.5 89 96

2.0 83 93

2.5 78 90

3.0 74 86

rejected though we should have accepted the same in those cases. Test based on IID
assumption is therefore conservative.

In practice, it is generally considered more desirable to have a conservative test
(actual coverage probability less than the nominal coverage probability), than to use a
liberal test. Therefore when using data from a complex survey, one should be careful
of the large design effect. Even a design effect of 1.5 can make the actual significance
level more than double its nominal value.

We now consider two definitions.

Definition 2.3.1 The design factor (deft) of a survey design is defined as
deft = «/deff. (2.3.6)

This is the appropriate inflation factor for standard errors and confidence intervals.

Definition 2.3.2 The IID-effective sample size or simply, effective sample size is
defined as

n

_ 2.3.7
deff ( )

ne =
and has the property that the SRS formula given by (2.3.2) becomes correct for the
true design if n is replaced by n,.. (This definition is not to be confused with the
Definition 1.2.3 which is concerned with the with-replacement sampling.)
Say
A
Vo = —.
n

Then, if we replace n by n,, vy becomes

. A (A
v0=—=( )(deff).

ne \n
Therefore, if we use v, in place of vy in (2.3.1), and use the modified statistic

=0 —0)/vy"
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the adjusted confidence interval (6 — 1.96,/v), 6 + 1.96,/v}) obtained from (2.3.2)
has approximately the correct coverage probability.

2.4 Multivariate Design Effects

Suppose now that 8 is a p x 1 vector, 6 an estimator of 6 under the true design,
and Vj a p x p matrix of estimators of covariance matrix of 6 derived under the
IID assumption or equivalently under the simple random sampling with replacement
(SRS) assumption. The estimator Vj, is also derived under the IID assumption. We
may define the multivariate design effects matrix (in Skinner’s sense) of the estimator-
pair 6 and V, as

deff (8, Vo) = (Euue(V0)) ™ Covipe (6). (2.4.1)

The eigenvalues of this matrix §; > d, > --- >, are called the generalized design
effects (in Skinner’s sense) and has the property that §;, J, denote the bounds for the

univariate design effects of any linear combination ¢'6 of elements of 6,

51 = max deff.(c'0, ¢'Vye),
2.4.2)
0, = min deff.(c'@, ¢'Voe).

In the special case when the deff (9, Vo) is a p x p identity matrix, 0y = --- = §, = 1
so that the univariate design effects of all linear combinations of elements of 8 are
unity.

Note 2.4.1 The calculation of the design effect involves variance estimation and
hence requires second-order inclusion probabilities. It also depends on how aux-
iliary information is used, and needs to be estimated one at a time for different
scenarios. Wu et al. (2010) present bootstrap procedures (discussed in Sect.2.5.7)
for constructing pseudo empirical likelihood ratio confidence intervals for finite pop-
ulation parameters. The proposed method bypasses the need for design effects and
is valid under general single-stage unequal probability sampling designs with small
sampling fractions. Different scenarios in using auxiliary information are handled
by simply including the same type of benchmark constraints with the bootstrap pro-
cedures. A .

Since estimation of variance of 6 (covariance matrix of 6, when 6 is a vector
parameter) is of major interest in this context we shall in the next section consider
different methods of estimation of variance of estimators, particularly for nonlinear
estimators. The estimation procedures are very general, they do not depend on any
distributional assumption and are, therefore, nonparametric in nature.
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2.5 Nonparametric Methods of Variance Estimation

Modern complex surveys often involve estimation of nonlinear functions, like pop-
ulation ratio, difference of ratios, regression coefficient, correlation coefficient, etc.
Therefore, the usual formulae for unbiased estimation of sampling variance of simple
(linear) estimators of, say, totals and means are inadequate for such surveys. There
are two approaches to the estimation of variance of a nonlinear estimator. One is
linearization, in which the nonlinear estimator is approximated by a linear one for
the purpose of variance estimation. The second is replication in which several esti-
mators of the population parameter are derived from different comparable parts of
the original sample. The variability of these estimators is then used to estimate the
variance of the parameter estimator.

We review these results in this chapter. Section?2.5.1 considers in detail a simple
method of estimation of variance of a linear statistic. In Sects. 2.5.2-2.5.7 we consider
Taylor series linearization procedure, random group (RG) method, balanced repeated
replication (BRR), jackknife (JK) procedure, JK repeated replication, and bootstrap
(BS) techniques of variance estimation. All these procedures (except the bootstrap
resampling) have been considered in detail in Wolter (1985). Sarndal et al. (1992)
have also considered in detail the problem of variance estimation in their wonderful
book. We do not consider estimation of superpopulation-based variance, the topic
being outside the scope of this book. Interested readers may refer to Mukhopadhyay
(1996) for a review in this area. We review these results in this section.

2.5.1 A Simple Method of Estimation of Variance of a Linear
Statistic

In a stratified three-stage sampling consider a linear statistic of the form

Ny Mha Knap

H
=33 tpan (2.5.1)

h=1 a=1 b=l c=1

where . 1S the value associated with the cth unit (ultimate-stage unit) belonging
to the bth sampled ssu (second-stage unit) in the ath sampled fsu (first-stage unit)
belonging to the Ath stratum. For example, 0 may be the estimator of a population
mean of a variable ‘y’, when

Yhabe
N T habe

(2.5.2)

Unabe =

where N is the number of ultimate units and 7., is the inclusion probability of the
unit (habc).
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A simple unbiased estimator of the design variance of 6 can be obtained under
the following assumptions:

(1) Samples are selected independently from one stratum to the other.

(2) The ny, sampled psu’s within stratum 4 are selected with replacement (wr). (At
each of the n;, draws there is a finite probability pj, of selecting the ath psu,
ZaNi] Pra = 1, where N, is the total number of psu’s in the Ath stratum.)

3) np > 2.
We may rewrite Eq.(2.5.1) as

H
0=>>">" (2.5.3)

h=1 a=1
where
Mha  Knab
Uha = D D Unabe- (2.5.4)
b=1 c=1
By assumption (2), the variables uy, . .., usy,, are identically and independently dis-

tributed (IID) random variables within stratum % and therefore, by virtue of assump-
tion (1),

H
Var (0) = > ny Var (upa). (2.5.5)
h=1

Therefore, by (1) and (3), an unbiased estimator of Var (é) is

np

H
A 1 _
0(9) = E np _1 E (tha — uh)za (2.5.6)
h=1 a=1

Iy

where i, = D" | upa/np.

The estimator v(é) can be readily computed from the aggregate quantities up,
formed from the ultimate units. If the psu’s are selected with replacement, one need
not care about in how many subsequent stages sampling is carried out and/or if the
sampling at the ultimate stage is by systematic sampling or any other procedure.

For the special case where n;, = 2V h,

H

@) =D (1 — up)*. 2.5.7)

h=1

Even in surveys with n; > 2, the ultimate sampled units can often be grouped in
two groups (on the basis of some criteria), the assumptions (1) and (2) made and
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the formula (2.5.7) applied. The groups are often called Keyfitz groups after Keyfitz
(1957). The grouping of clusters, however, lead to some loss of efficiency.

The assumption (1) is often valid. In case n; = 1 for some strata, such strata are
often collapsed to form the new strata for which n; > 2. Defining v(é) with respect
to the new strata then gives a conservative variance estimator.

Assumption (2) is almost always violated since the n;, psu’s are generally selected
by some without replacement procedure. In this case an unbiased variance estimator
of 6 often involves complex formula with components for each stage of sampling.
Some simplified procedures for the case n, = 2 have been proposed by Durbin
(1967) and Rao and Lanke (1984). One approximation is based on the assumption
that the n;, psu’s within stratum # are selected by srswor (A = 1, ..., H). In this case
an estimator of Var(é) is

H
Uwur(é) = Z (1 - _) Ty — 1 Z(Mha — Mh . (258)
h=1

obtained by inserting a finite population correction factor in (2.5.6). Often the sam-
pling fraction n;,/N), is small and the difference between v(é) and vwor(é) is negli-
gible. In any case, v(é) is often a conservative estimator.

In analytic surveys, where the parameter of interest is often a superpopulation
model parameter, the finite population correction ny, /N, is inappropriate and v(é) is
to be used. .

We shall now show that under a measurement error model, the estimator v(f) is
a better estimator of the total variance rather than v, (é). Consider the model

tpg = Upa + €pa (2.5.9)

where Uy, are the true values and ¢, are random variables distributed independently
with mean O and variance oﬁ. The errors €, arise, for example, from interviewers’
errors and other non-sampling errors. Now, by (2.5.3),

H n H ny
V0 =V, (Z > U,m) +V, (Z > e,m) (2.5.10)

h=1 a=1 h=1 a=1

where V), means variance due to joint randomization of sampling design and mea-
surement error distribution. Now, if the psu’s are selected by srswosr,

n(X3 ) -3 (%)

h=1 a=1 h=1
H n,
= 1—-2)s? 2.5.11
znh( Nh) ! ( )
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where
N Nh
Sp= W= D7D Uha = O, Uy =D Usa/Np-
a=1 a=1
Also

(2.5.12)

where V(.) denotes variance wrt error distribution and orfl denotes the fixed variance
of ¢;,,. Hence,

H

V,0) = z [( )sh + ah} (2.5.13)

Here, from (2.5.6)

H
Ev() = ny (S} + 7). (2.5.14)
From (2.5.8)
A A ny
Evyor(0) = hZ:]:nh (1 - F,) (i +07). (2.5.15)
Therefore,
E[vuor ()] < V, () < Ew(d)). (2.5.16)

The estimator v () is preferred, since it is a conservative estimator.
In the multivariate case, where 8 = (61, ..., 0),)’, we can write 6 as

0= Z]:zzb:zuhm (2.5.17)

where w4 is a vector of values associated with the unit ‘habc’. Corresponding to
v(0) in (2.5.6) in the univariate case, we have the covariance matrix estimator

v(0) = Z

np

Z(uha — ) (W — W) (25.18)
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where

Clearly, assumptions (1) and (2) above are of vital importance and the procedure
can be applied to any sampling design based on sampling at any arbitrary number
of stages. The above results are derived following Wolter (1985) and Skinner et al
(1989).

2.5.2 Linearization Method for Variance Estimation
of a Nonlinear Estimator

We now consider the problem of estimation of variance of a nonlinear estimator,
like ratio estimator, regression estimator. In the estimation of variance of a nonlinear
estimator we adopt the method based on Taylor series expansion. The method is also
known as linearization method.

LetY = (Y, ..., Y,) where Y; is a population total (or mean) of the jth variable
andletY = ()A/l, f/z, cel, f/,,)/ where f/j is a linear estimator of ¥;. We consider a finite
population parameter # = f(Y) with a consistent estimator f Y). A simple example
is a population subgroup ratio, § = Y;/Y, with =Y 1/ f’z, Y1, Y, are population
totals for groups 1 and 2.

Suppose that continuous second-order derivatives exist for the function f(Y).
Now,

Herm+Sd_nd
FO) =f( )+;(1— oy
of o
+ZZ(Y Y) (Vi — Vi) = f f (2.5.19)

0Y; 8Y

J.k=1

Thus using only the linear terms of the Taylor series expansion, we have an approx-
imate expression
P
=20~

J=1

4‘<>
v
<

(2.5.20)

o)
<

Using the linearized equation (2.5.20), an approximate expression for variance of
6 is

5 (O
2 ~ —
E@-07=VvH)~> (81/,) V) + E (aY,)(aYk) Cov (¥}, 1.

Jj=1 JF#Fk=1
(2.5.21)
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We have thus reduced the variance of a nonlinear estimator to the function of
the variance and covariance of p linear estimators f/] A variance estimator v(é)
is obtained from (2.5.21) by substituting the variance and covariance estimators
v(f/j, Yy) for the corresponding parameters V(f’j, Y. The resulting variance esti-
mator is a first-order Taylor series approximation. The justification for ignoring the
remaining higher order terms has to be sought from practical experience derived
from various complex surveys in which sample sizes are sufficiently large. Krewski
and Rao (1981) have shown that the linearization estimators are consistent.

Basic principles of the linearization method for the variance estimation of a non-
linear estimator under complex sampling designs are due to Keyfitz (1957) and other.
A criticism against the method is about the convergence of the Taylor series used
to develop (2.5.20). For ratio estimator Koop (1972) gave a simple example where
the convergence condition is violated. Again, for complex estimators, the analytic
partial differentiation needed to derive the linear substitute has been found to be
intractable. Woodruff and Causey (1976) describes a solution to this problem that
uses a numerical procedure to obtain the necessary partial derivative. Binder (1983)
provides a general approach to the analytic derivation of variance estimators for lin-
ear Taylor series approximations for a wide class of estimators. Empirical evidences
have shown, however, that the linearization variance estimators are generally of ade-
quate accuracy, particularly, when the sample size is large. The approximation may
be unreliable in the case of highly skewed population.

Example 2.5.1 Ratio Estimator: Let

A

) Y, « D ¢
Y=(Y1,Y2),9=f(Y)=71,9=f(Y)=A—1,
2 Yz
UFY) _ 1 YY) _ Y FMHNY) _ n
oy Y, 9, Y oy, oY, Y
Hence,
~ V(F Y2V (Y, 2Y .
vy = Y0 V) 2o g g
Y; Y, Y;
. . . (2.5.22)
YR V() | V(Y 2Cov (Y}, Y))
| Y} Y1Ys

Example 2.5.2 Combined and Separate Ratio Estimator in Stratified Two-Stage
Sampling: The population consists of H strata, the hth stratum containing N, clusters
(which consist of M}, elements, ZhH:I M, = M). A first-stage sample of n,(> 2)
clusters is drawn from the Ath stratum and a second-stage sample of m;, elements
is drawn from the n;, sampled clusters, m = >_, my,. The quantity my, is a random
variable.
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We assume that the sampling design is self-weighing, i.e., inclusion probability of
each of M elements in the population is a constant over the strata and adjustments
for nonresponse is not necessary. Let

my, = number of elements in the ath cluster in the Ath stratum in the sample;

Vha = ZZH Yna» = sum of the response variable y over the my,, elements in the ath
cluster belonging to the Ath stratum in the sample (a =1, ..., n;h=1,..., H).

Let Y4, My, denote the respective population totals. A combined ratio estimator
of population ratio (mean per element)

;= Zthl Zizv& Yha _ 1

= = (2.5.23)
221:1 ZaNil Mpq M

is

H np H
;'com — Zh:l za:lyha _ Zh:lyh — Z (2524)

H = oH
Dt Dot Mha Dy M

where y = Zf: | Yhs Vi = D_ut| Yha is the sample sum of the response variable for
the hth stratum and m = Zthl my, and my, the number of sample elements in the
hth stratum. For a binary 0—1 variable, r = P = M, /M, the population proportion
where M| is the count of elements each having value 1. In estimator (2.5.24) not only
the quantities yj,, vary, but also the quantities m,, and m in the denominator. Hence,
Feom = I 1s a nonlinear estimator.

A separate ratio estimator is a weighted sum of stratum sample ratios, 7, =
yr/my, which themselves are ratio estimators of the population stratum ratios, r, =
SN Yia/ N My, Thus,

H
Fep = D Warh (2.5.25)
h=1

with W), = M, /M. A linearized variance for the combined ratio estimator 7, =
7 = y/x in (2.5.24) is, according to (2.5.22),

1% 1% 2 Cov (y,
V) = [ (Zy) + (’2") _2Cv o m)} . (2.5.26)
y m ym
Hence, an estimator of V (7) can be written as
Vaes = PPy 2V () +m ™2V (m) — 2m~ 'y~ Cov(y, m)] (2.5.27)

as the design-based variance estimator of 7 is based on the linearization method. The
estimators Vs depend on the sampling design.

The variance estimator (2.5.27) is a large-sample approximation in that good
performance can be expected if not only the number of sampled elements is large,
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but also the number of sampled clusters is so. In case of a small number of sampled
clusters the variance estimator can be unstable.

The variance estimator v, is consistent if \7()1), V(m), V(m, y) are consistent
estimators. The cluster sample sizes should not vary too much for the reliable per-
formance of the approximate variance estimator (2.5.27). The method can be safely
used if the coefficient of variation of my, is less than 0.2. If the cluster sample
sizes my, are all equal, V(m) = 0, V(y, m) = 0, and V(#) = V (y)/m?. For a 0-1
binary response variable and for sampling under IID conditions, 7 = p = m;/m,
sample proportion, where m; is the number of elements in the sample each hav-
ing value 1 and m is the number of elements in the sample. Assuming m is a fixed
quantity, the variance estimator (2.5.27) reduces to the binomial variance estimator
Udes(p) = vbin(la) =P(1 —P)/n

Assuming that n;, (> 2) clusters are selected by srswr from each stratum we obtain
relatively simple variance and covariance estimators in (2.5.27). We have

V(y) = Znhsih, \A/(m) = Znhsfnh,
h h

V. m) =D mst
h

where

S}z,h =y — D7 e — )2,

2.5.28

Simh = (np— D7 30 ke — Yn) (Mg — 1), ( )
Yh = D, Yha/my, and sfnh, my, have similar meanings. Note that by assuming srswr
of clusters we only estimate the between-cluster components of variances and do
not account for the within-cluster variances. As such the variance estimator (2.5.27)
obtained using (2.5.28) will be an underestimate of the true variance. This bias is
negligible if the first-stage sampling fraction n;/N}, in each stratum is small. This
happens if N, is large in each stratum.

2.5.3 Random Group Method

The random group (RG) method was first developed at the US Bureau of Census.
Here, an original sample and other k(>2) samples, also called random groups, are
drawn from the population, usually using the same sampling design. The task of these
last £k random samples or random groups is to provide an estimate for the variance
of an estimator of population parameter of interest based on the original sample. We
shall distinguish two cases:

(a) Samples or Random Groups are mutually independent: Let 0, él, ey ék be the
estimators obtained from the original sample and k random groups respectively, all
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the estimators using the same estimatinAg procedure. Here oy, ..., HAkA are mutually
independent. We want to estimate Var(#), variance of the estimator 6 based on the
original sample. B B
The RG estimate of 6 is § = Zi 6Ai Jk. If 0 is linear, 0 = . Now an estimate of
Var (9) is
k

= _ 1 5 = )
v(0) = k=1 ;(9, 0)°. (2.5.29)

Note that for the above formula to hold it is neither required to assume that all é,-’s
have the same variance nor to assume that éi are independent. It is sufficient to assume
that all éi’s have finite variances and that they are pairwise uncorrelated.

Now, by Cauchy—Schwarz inequality

_ 2 _
0< [\/ Var®) —/ Var(é)] < Var[d — 0] (2.5.30)

and Var(@ — é) is generally small relative to both Var(@) and Var(é). Thus, the two
variances are usually of similar magnitude.

To estimate Var (é) one may use either v, (é) = v(@) or

k

LI SRR
v, (0) = =D Z(e, 0)2. (2.5.31)

i=1

Note that v, (é) does not depend on 6. When the estimator of 6 is linear v (é) and
v, () are identical. For nonlinear estimators we have,

k k _ _
>0 -0 =0 — 0)* + k(d - 0)*. (2.5.32)
i=1 i=1
Thus,
vi(0) < v(0). (2.5.33)

If a conservative estimator of Var (é) is desired, vz(é) is, therefore, preferable to
vl(é). However, as noted above, Var(@ — é) =F (@ — 9)2 will be unimportant in
many complex surveys and there should be little difference between v; and v,. It has
been shown that the bias of v; as an estimator of Var(é) is less than or equal to the
bias of v,.

Inferences about parameter 6 are usually based on normal theory or Student’s ¢
distribution. The results are stated in the following theorem.
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Theorem 2.5.1 Let él, e, ék be independently and identically distributed (iid)
N (8, 6%) variables. Then
(i) @ is distributed as a N(0,1) variable. (Obvious modification will follow if

é ’s have different but known variances.)
( ) f(@ 0 -
NG

If Var (9) = 02 /k is known, or k is large, 100(1 — a) % confidence interval for @ is

is distributed as a t_1y variable.

5:]:7',1/20/\/;

where 7,> is the upper 100(c/2) percentage point of the N (0, 1) distribution. When
Var éi is not known or k is not large 100(1 — «) % confidence interval for 6 is

éitkfl;a/Z\/ ()

where #;_1./2 is the upper 100(c/2) percentage point of the #_1y distribution.

(b) Random groups are not independent: In practical sample surveys, samples are
often selected as a whole using some form of without replacement sampling instead
of in the form of a series of independent random groups. Random groups are now
formed by randomly dividing the parent sample into k£ groups. The random group
estimators éi’s are no longer uncorrelated because sampling is performed without

replacement. Theorem 2.5.1 is no longer valid. Here also @ vy (é), vy (é) as defined
above are used for the respective purposes. However, because the random group

estimators are not independent, v, (5) = v(@) is not an unbiased estimator of Var (9).

The following theorem describes some properties of v(é).

Theorem 2.5.2 IfE0) = (i =1, ..., k),

EQu@) = Var ) + ——— k(k Z(ul 23S Cont )
i<j=1

(2.5.34)

Proof 1t is obvious that

Again,
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Now, _ _
E[0*] = Var®) + ji2
and . L
E[0;0;] = Cov (0;, 6)) + pip.
Therefore, the result follows. O

Theorem 2.5.2 gives the bias of v(f) as an estimator of Var (9). For large popula-
tions and small sampling fractions, the term 2> >"._. Cov (6;, 6;) will tend to be a
relatively small negative quantity. The quantity

i<j

1 k
— > ( — 1)*

will also be relatively small if y; = (i = 1, ..., k). Thus the bias of v(@) will be
unimportant in many large-scale sample surveys and will tend to be slightly positive.

Work by Frankel (1971) suggests that the bias of v(@) is often small and decreases as
the size of the groups increase (or equivalently as the number of groups decreases).

The RG procedure was initiated by Mahalanobis (1946) and Deming (1956).
Mahalanobis called the various samples as Interpenetrating samples, Deming pro-
posed the term replicated samples. They selected k independent samples using the
same sampling design and used the estimator of the type (2.5.29) to estimate the
variance of the overall estimator. In RG method, the major difference is that the
replicates are not necessarily formed independently.

It has been found that if Ly o vvs ék are independently and identically di_stributed

random variables, then coefficient of variation (cv) of the RG estimator v(@), which
measures its stability is

colv@®)] = [Varfv@® 2/ Var®)

_ {64(@1)—(k—3)/(k—l)}1/2
= [2@-t/an |7

The cv is thus an increasing function of kurtosis 64(91) of the distribution of él
and a decreasing function of k for a wide range of complex surveys (when N, n are
large and n/N ~ 0, the result holds even for nonindependent RG’s). As a result,
the larger the number (k) of groups, the higher the precision, though computational
cost will increase at the same time. The optimum value of k is a trade-off between
cost and precision. The RG method is suitable for surveys using a large number of
primary-stage units (psu’s) where many psu’s are selected per stratum.
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2.5.4 Balanced Repeated Replications

The method of balanced half-sample repeated replications (BRR) has proved very
useful for surveys in which two primary-stage units (psu’s) are selected per stratum.
Following Plackett and Burman (1946), McCarthy (1966, 1969a, b) introduced the
concept of BRR, also known as balanced half-samples, balanced fractional samples,
and pseudoreplication.

Suppose that two units are selected by srswr from each of H strata for estimating
Y = > Wa Y, where W,, = N, /N, Nj(ny) is the stratum population (sample) size,
Y, = Zf\ll Y,i/Ny, Yy, being the value of ‘y’ on the ith unit in stratum A.

By selecting one unit from the sampled units in each stratum at random we can
form 2% sets of two half-samples (HS’s) each such that each set forms a complete
replicate.

In a set a denote the two HS’s as S, S, with the corresponding estimates y;; , =
Zh Wiynt.o and yg o = Zh Wiyn.- (A more complicated notation is given below).
The customary estimator is

)_/st(a) = )

The ath replicate estimate of V (yy,) is

va@st) = %[@st,a - 5’5[(01))2 + (yst,a’ - yst(a))z]

_ - (2.5.35)
= %(}Gt,a - yst,a/)z-
The estimator v, is unbiased for V (y;) (Exercise 2.2).
Now,
Vsta = Z Whyn = Z WilYn10na + Ynodn2a} (2.5.36)

h h

wherein we denote the values of y on the two units selected from the Ath stratum as
Y1, Yo, respectively, in some well-defined manner. The term Y, becomes yj,; if the
corresponding unit goes to S,,. Also,

Op1a = 1(0) if the unit (k, 1) € S, (otherwise)

2.5.37
5h2a =1- 6h1(1- ( )

Now,

1 .
Yst,ao = Yst = 5 Zh: W/,(Sh dy (2.5.38)
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where
5}@ = 20p10 — 1
dy = Yn — Yn2. (2.5.39)
Hence,
2
Vo = % (z Wh(S}?dh)
" (2.5.40)
=1 [Z Wid; +23 3 WhWh"s;:(S;:rdhdh’iI .
n h<h’
It follows that
1 & 1 &
2_HZ)_)SI,(1 ZS)SZ’ 2_1'121}(! = U()_]s[)« (2.5.41)
a=1 a=1

When H is large, computation of v(y,) as the average of v, over 27 HS’s becomes
formidable. However, if we choose a set 17 of K HS’s such that

Sonsn=0h<h =1 H, (2.5.42)
a€en
then
Vk) = Z Vo /K = v(yy). (2.5.43)
aEn

Plackett and Burman (1946) developed a method for constructing m x m orthogonal
matrices with entries 41, —1 where m is a multiple of 4. These can be used directly
to obtain values of ;' satisfying (2.5.42). The orthogonal matrix of size K where
K is a multiple of 4, between H and H + 3, can be used dropping the last K — H
columns. The entries in the matrix can be substituted as dj,, each column standing
for a stratum. McCarthy referred to the set ) as balanced. If, further, the condition

> o=0h=1,...H (2.5.44)

aen

is satisfied, then y5; o/K = ys. The set of replicates satisfying (2.5.42) and (2.5.44)
is set to be in full orthogonal balance.

For designs with wor sampling of psu’s, v, is positively biased. In this case, a
separate adjustment is necessary to account for this bias, though the bias is generally
negligible.
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In the nonlinear case, in which the BRR is most useful, let é, 9;, éa/ be the esti-
mates of 6 based on the whole sample, S, and S, respectively. Let 9@ = (éa,—l—é(,r) /2.
We note that even for a balanced set of HS’s, > éa /K = 0. # 0 in general.

aen
Empirical studies by Kish and Frankel (1970), among others, however, show that 95,
is very close to # in general. Writing

I @) = X (B — 0)?/K
~ asn ~ 2.5.45
l_)(K) (9) = Z (0(1’ - G)Z/K’ ( )

aEn

we have the following alternative variance estimators:

@ 9 )

Qi) g, (0)

(i) [Tk (9) + 3, ()1/2 = D (9) (2.5.46)
(V) X (00 — 0)?/(4K) = 03, (D).

aen

The estimators (i), (ii), (iii) are sometimes regarded as estimators of mse(é), while
(iv) is regarded as estimator of Var (é).

Since (iii) is the average of (i) and (ii), it is at least as precise as the others and
equally biased. However, (iii) is comparatively costlier than (i) (and (ii)) and perhaps,
significantly so, when many estimators are produced.

Another set of variance estimators can be attained by replacing 9 by 6 = > O, /K
ory ., éar /K in (i), (ii), and (iii) of (2.5.46). Such estimators are unbiased for linear 6
only if the number of HS’s is T > H. If H is a multiple of 4, T(= H 4+ 4) HS’s must
be used to maintain the unbiasedness (Lemeshow and Epp 1977). The estimators

using 0 are generally not preferred to those using 0, since they give smaller and less
conservative estimates of mse, as they do not include the components for bias of 0.
Empirical works of McCarthy (1969a, b), Kish and Frankel (1970), Levy (1971),
Frankel (1971) and others show that BRR provides satisfactory estimates of the true
variance.

All the above-mentioned BRR estimators become identical in the linear case.

Two modifications of BRR has been proposed, that require fewer replicates but
the corresponding estimates are less precise and equally biased as the full BRR
estimate. In one modification strata are combined into groups, not necessarily of the
same size. For each replicate all strata into a group g are assigned the same value
03 The constraints (2.5.42) are imposed for pairs 4, /' of strata which are not in the
same group g. Thus if G groups are formed, the number of replicates required is the
multiple of 4, which lies in the range G to G + 3. The Plackett and Burman matrices
of size K may then be used to derive the values of d;'.
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The second procedure for reducing the number of replicates, discussed by
McCarthy (1966) and developed by Lee (1972, 1973) is the method of partially
balanced repeated replications (PBRR). Here the strata are divided into groups and
full balancing are applied to the strata within each group. If T replicates are required
for H strata, G = H /T groups are formed with 7 strata in each. A T x T orthogonal
matrix is then used to ensure a full balance within each group. Lee (1972, 1973),
Rust (1984) suggested methods of implementing PBIB that would minimize the loss
in precision over fully balanced BRR.

Rust (1984, 1986) shows that the method of PBRR and combined strata are equiv-
alent. However, the combined strata method has a greater flexibility in the sense that
the number of strata per group varies.

For general designs in which strata sample sizes vary, BRR can be implemented
by dividing the psu’s in each stratum into two groups of equal sizes (assuming n;, =
2my,, my, an integer), and then using these groups as units (Kish and Frankel 1970).
In this case the BRR variance estimator is somewhat less precise than the customary
variance estimator. Valliant (1987) considers the large-sample prediction properties
of the BRR separate ratio and regression estimator under a superpopulation model
when n, is large and compares these with jackknife and linearization procedure.

Example 2.5.3 Let us consider BRR for estimation of population ratio R = Y /X. A
ratio estimator of R based on the set S, is

o 2 2 (Ynidnia + Yialn2a)

o = = ,a=1,...,2%
: Zh Xn1 Zh(Xhla(;hla + Xh2a5/12(1)

Consider variance estimator for the mean of a-HS estimators

2H
= A nH
To = Z 7a/27.
a=1
The parent estimator of population ratio R is

> uOn + yi2)
> n Gt 4 xn2)

P =
Estimator of V (7) is
2H

(i) 07 = X (Fa —P)?/21,
a=1

oH
(i) V(F) = X (For —1)?/27,
o'=1

(iii) v(F) = [0(F) + V' (M)]/2,

(2.5.47)

2H
(iv) YR = X (Fa — Fa)? /142251
a=1
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Three other estimators are obtained by replacing in (i), (ii), and (iii) of (2.5.47) 7

by 7(= >, Fa/2% or Y, For/2). Since these estimators are nonlinear, they are not
identical. For example,

2H
0(F) =R + D (Fa — PP/

a=1
where 7y = (7o + For)/2 and hence
GEMGE

One problem that occasionally arises in BRR is that one or more replicate estimates
will remain undefined due to division by zero. This happens particularly often when
ratio estimator has been used with very small cell sizes. Fay suggested a solution to
this problem: Instead of increasing the weight of one HS by 100 % and decreasing
the weight of the other HS to zero, he recommended perturbing the weights by
+/— 50 %. Judkins (1990) evaluated Fay’s techniques through simulation and also
discusses further modification to the techniques that are used for variance estimation
when only one psu is selected per stratum.

2.5.5 The Jackknife Procedures

Quenouille (1949, 1956) originally introduced jackknife (JK) as a method of reducing
the bias of an estimator. Tukey (1958) suggested the use of this technique for variance
estimation. Durbin (1953) first considered its use in finite population. Extensive
discussion of JK method is given in Miller (1964, 1974), Gray and Schucany (1972)
and in a monograph by Efron (1982).

Let 0 be the parameter to be estimated. An estimator d is obtained from the full
sample. Assuming n = mk(m, k integers), we partition the sample into k groups of
m original observations each. Let é(a) be the estimator of # computed from the whole
sample except the ath group. Define pseudo-values 0, as

00 = kO — (k — 1)0q). (2.5.48)

Quenouille’s estimator is

k
. > 0,. (2.5.49)
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Tukey suggested that éa are approximately independently and identically distributed.
The JK estimator of variance is

~ 1 k ~ =
v1(0) = m Z(aa - 9)2

“Zl (2.5.50)
kk—1) <~ 4 R
=% Z(e(a) —00)°

a=1

where é(,) = ZZ:I é(a) /k. In practice, v, (9) is used not only to estimate the variance

of 6, but also of 6. Alternatively, one may use

A 1 ~ ~
v2(0) = m(ea —0)? (2.5.51)

which is always at least as large as v (é).

The number of groups k is determined from the point of view of computational
cost and the precision of the resulting estimator. The precision is maximized when
each dropout group is of size one and each unit is dropped only once. Rao (1965),
Rao and Webster (1966), Chakraborty and Rao (1968), Rao and Rao (1971) in their
studies on ratio estimator based on superpopulation models showed that both bias

and variance of § are maximized for the choice k = n.

Brillinger (1966) showed that both v; and v, give plausible estimates of the asymp-
totic variance. Shao and Wu (1989), Shao (1989) considered the efficiency and con-
sistency of JK variance estimators. For nonlinear statistic 6 that can be expressed
as functions of estimated means of p variables, such as ratio, regression, correlation
coefficient, Krewski and Rao (1981) established the asymptotic consistency of vari-
ance estimators from JK, the linearization, and BRR methods. In the case of two
samples psu’s per stratum, Rao and Wu (1985) showed that the linearization and
JK variance estimators are asymptotically efficient. In case of item nonresponse in
sample surveys, Rao and Shao (1999) considered jackknife variance estimation for
stratified multistage surveys which is obtained by first adjusting the hot deck imputed
values for each pseudoreplicate and then applying the standard jackknife formulae.
Rao and Tausi (2004) considered variance estimation for the generalized regression
estimator (GREG) of a total based on p auxiliary variables under stratified multistage
sampling. Customary resampling procedures, like jackknife, balanced repeated repli-
cation, and bootstrap (Sect.2.5.7) for estimating the variance of a GREG estimator
requires the inversion of a p x p matrix for each subsample. This may result in illcon-
ditioned matrices for some subsamples. The authors applied the estimating function
resampling methods to obtain variance estimators using jackknife resampling.
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2.5.6 The Jackknife Repeated Replication (JRR)

This is a combination of JK and BRR techniques. We assume as in the case of BRR,
that two clusters are selected with replacement from each of H strata. We construct
the pseudo-samples following the method suggested by Frankel (1971).

For the first pseudo-sample, we exclude the cluster (1, 1) (i.e., the cluster 1in
stratum 1), weigh the second cluster (1, 2) by 2 and leave the sampled clusters in the
remaining H — 1 strata unchanged. By repeating the procedure for all the strata we
get a total of H pseudo-samples. These are

First Pseudo-sample : {(2y12); (21, ¥22), (¥31,¥32)s - .- VH1, YH2) ),
Second Pseudo-Sample : {(y11, y12), (2y22), (y31,¥32), .-+, OVH1, YH2)},

Hth Pseudo-Sample : {(yi1, ¥12), (v21.¥22), 31, ¥32), - - -, Cym2)}.

Changing the order of excluded clusters we get another set of H pseudo-samples.
The JRR variance estimators are derived using these two sets of pseudo-samples.
We illustrate this by the example of finding the variance estimator of combined ratio
estimator 7.
For this, we first construct ratio estimator for each pseudo-sample. The estimator
of population ratio r based on the ith pseudo-sample in the first set is

H 2
“ 2y + § Y (£h)=1 2:(}:1 Yo
p

h = H 2 bl
200 + 2 (zhy=1 2oz Xa

h=1,...,H. (2.5.52)

Similarly, the estimator of the population ratio based on the hth pseudo-sample of
the second set is

H 2
fe 2Zym + th(¢h)=1 2 a1 Vi

= h=1,...,H. (2.5.53)
h H 2 ’ ) ’
2x01 + 2 hy=1 Doami X
Using the pseudo-sample estimators P, ?ﬁ ,h=1,..., Hwe get different JRR esti-
mators of variance of 7. These are
1z
V() = - > = )%, (25.54)
h=1
| &
v () = ;(?z — M2, (2.5.55)

. 1
v3,jrr(r) = E(Ul,jrr + U2,jrr)- (2556)
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Another set of variance estimators can be obtained by using the estimator 7 first
corrected for its bias using pseudo-values as in the JK procedure. The pseudo-value
of 7, is, following (2.5.52),

=2F—", h=1,...,H. (2.5.57)

A bias-corrected estimator of r is, therefore,
_ 1 &
p_ 1 A
"= I E rZ (2.5.58)

Similarly, the pseudo-value of 7f is

?ZC=2?—?Z, h=1,...,H. (2.5.59)
A bias-corrected estimator based on f’Z (h=1, ..., H) is, therefore,
_ 1 &
e = = hz_; e (2.5.60)

Following (2.5.54)—(2.5.56) we, therefore, get the following variance estimators
of 7:

H
Vg () = D (% — )7 /{H(H — 1)}, 2.5.61)
h=1
H -
Vs i (F) = D (3¢ — #°)2/{H(H — 1)}, (2.5.62)
h=1
Ve jrr (7)) = (V4 jr + Vs jir) /2. (2.5.63)

Finally, from all the 2H pseudo-samples we obtain
H
V7, (F) = Z(;h — 72 /4. (2.5.64)
h=1

For a nonlinear estimator, the bias-corrected JRR estimators and the parent estimator
coincide. In practice all the JRR variance estimators should give closely related
results.

The method can be extended to a more general case where more than two clusters
are selected from each stratum without replacement (see Wolter 1985, Sect.4.6).
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2.5.7 The Bootstrap

The bootstrap (BS) method is the most recent technique of variance estimation for
complex sample surveys. The technique uses a highly computer-intensive resampling
procedure to mimic the theoretical distribution from which the sample is derived.
The method does not need any prior assumption about the distribution of observa-
tions or the estimators. It provides estimates of bias and standards errors and other
distributional properties of the estimators, however complex it may be.

The naive BS technique was suggested by Efron (1979) who indicated that the
method may be better than its competitors. The BS method for finite population sam-
pling was introduced and discussed by Gross (1980), Bickel and Freedman (1984),
Chao and Lo (1985), McCarthy and Snowdon (1985), Booth et al. (1991), among
others. Rao and Wu (1988) showed the application of the BS in design-based survey
sampling under different sampling designs including stratified cluster sampling with
replacement, stratified simple random sampling without replacement, unequal prob-
ability random sampling without replacement, and two-stage cluster sampling with
equal probabilities and without replacement. Rao (2006) showed that BS method pro-
vides an alternative option to the analysis of complex surveys for taking account of
the design effects and weight adjustments. We consider here the elements of variance
estimation by BS.

Suppose we have p variables yi, ..., y, with Y5;(bu;), Y;, Yy, i as the value
of y; on the ith unit in the Ath stratum in the population (sample), population mean,
stratum population mean, stratum sample mean of y;, respectively (h = 1,..., H; j =
L.y =3, WiV, Vi = 3N Yii /Nu, iy = D ics, Yhij/ s Ny, ny, being,
respectively, the size of sample s;, and population in stratum /). Suppose we want to
estimate 6 = g()_/l, e, )_/,,) = g(ﬁ_(), a nonlinear function of Y = (1_/], A 1_/,,)/. This
includes population ratio, regression, correlation coefficient, etc. A natural estimator
of 6, whenever n,(> 2) psu’s are selected with replacement from each stratum

is g(Y) = g(y) wherey = (31, ...,yp)/,y,» = Zh Wyypi. We denote by y, =
Onts - v Ymp)-

In this case, the random vector yu = (Vnit, - - -, Yuip), i = 1, ..., ny are iid with
Eyw) =Yr= Y, ..., I_/h,,)/. The vectors yy;, ywr(h # h') are independently but
not necessarily identically distributed. The BS sampling procedure is as follows:
(a) Draw a random sample wr {y;,,i = 1,...,n,} of size n, from the given

sample {yp;,i = 1, ..., n,} independently from each stratum. Calculate y; =

> Vil ¥ = 3, Wi and 0 = g(5%).
(b) Repeat step (a) a large number of times, say B times and calculate the corre-
sponding estimates 6*', ..., 6*B of 6.
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(c) Calculate the Monte Carlo estimate of V(é),

B
vp(a) = Z(é*b —0*)?/B-1) (2.5.65)

b=1
N B pxb
where 0% =3, _, 6*°/B.
The estimator vy (a) is a fair approximation to the BS variance estimator of é,

vy = vary(0*) = E.(0* — E.(6%))* (2.5.66)

where E, denotes expectation with respect to BS sampling. The BS estimator E, (é*)
of 6 is approximated by 6*.
In the linear case withp = 1,0 =Y, 6* = >, Wiyi = y* and vy, reduces to

var,(5*) = Z W2a? /ny, (2.5.67)
h

where O’i = Z:i VO — )2 /1. Comparing (2.5.67) with the customary esti-
mator v(yy) = >, W2si/n, where s7 = > (v — yn)*/(n, — 1), it follows that
var,(y*)/v(ys) does not converge in probability to 1 when n;, is bounded. Hence,
var,(y*) is not a consistent estimator of V (y) unless n;, and f;, = ny/N; are con-
stants for all 4. Moreover, v, in (2.5.66) is not a consistent estimator of the variance
of a general nonlinear estimator.

Recognizing this problem Efron (1982) suggested to draw BS sample of size
n, — 1 with srswr sampling design instead of n;, independently from each stratum.
The rest of the procedure is the same as before.

To getrid of this difficulty, Rao and Wu (1988) suggested the following resampling
procedure.

(i) Draw a random sample {y};,i = 1, ..., m;} with replacement (m;, > 1) from the
original sample {y,;, i = 1, ..., n,}. Calculate

yhl —yh+ F(yhl )_}h)
o= 3 Fuifmn = u + Jnjl(yh Vi) (2.5.68)
=3 Widn, 0=g@).
h

(ii) Repeat the step (i) B times independently and calculate the corresponding esti-
mates 0, ..., 7. The BS estimator E, () of § is approximated by f- = 3", 6°/B.
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(iii) The BS variance estimator of é,
U = E.(0 — E.(0))°
is approximated by the Monte Carlo estimator
B
By(a) = D (0" —6)*/B—1).
b=1

In the linear case of @ = Y withp = 1, 7, reduces to the customary unbiased variance
estimator v(yy,) for any choice of my, because,

U = E.(5 =3 = 2 Wi - 225 E (5, — )’
h
_ 2 my w=Dsp 285 _ o5
- % Wh T Zh: Wh o U(y”)'

Thus, Rao and Wu (1988) applied the previously stated algorithm of a naive BS
procedure with a general sample size m;, not necessarily equal to n;,, but rescaled the
resampled values appropriately so that the resulting variance estimator is the same
as the usual unbiased variance estimator in the linear case.

In the nonlinear case it has been shown that under certain conditions

T, = v, + 0(n7?)

where vy, is the customary linearization variance estimator,

ve= ) Z 9P (¥) Z _Sh]kv

J.k=1

where fort = (11, ..., 1)/ g;(8) = %, sux = Xic, Oy — i) ik — I)- Since vy

is a consistent estimator of the variance of 0 vy 18 con51stent for Var (9)

It has also been found that the estimate of bias of 0, B(9) =F (0) — 0, based on
the suggested BS procedure, which is B(G) =E, (9) —0 =6 — 9 is consistent,
while the same based on the naive BS procedure is not consistent.

The choice my, = nj, — 1 gives y,; = y;;(i = 1, ..., m;,) and the method reduces
to the naive BS. For n;, = 2 and m;, = 1, the method reduces to the well-known
random half-sample replication. For nj, > 5, m;, = n;, — 3 Rao and Wu made some
empirical studies on the choice of m;,.

The method can be easily extended to simple random sampling within stratum by
changing yy; in (2.5.68) to
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- _ N2 % _
;= 4+ =" .1 - , — 2.5.69
Yhi = Yn 1 V1= fuQp — yn) ( )
where f, = n, /Ny, h = 1, ..., H. Here, even by choosing m;, = n, — 1, we do not

get ¥ = y;,;- Hence, the naive BS using y;; will still give a wrong scale.

The method has been extended to any unbiased sampling strategy including Rao—
Hartley—Cochran sampling procedure.

Apart from these with replacement procedures, a without replacement BS tech-
nique was proposed by Gross (1980) in the case of a single stratum. His method
assumes that N = Rn for some integer R and creates a pseudopopulation of size N
by replicating the data R times. However, the method does not yield the usual unbiased
estimate of variance in the linear case. The difficulty was corrected by Bickel and
Freedman (1984) who proposed a randomization between two pseudopopulations
and also allowed an extension of the method for H > 1. Sitter (1992) developed a
BS procedure which retains the desirable properties of both with replacement BS and
without replacement BS techniques but extends to more complex without replace-
ment sampling designs.

Hall (1989) considered three efficient bootstrap algorithms: these are balanced
bootstrap and the linear approximation method proposed by Davison et al. (1986)
and a centering method proposed by Efron (1982) in the context of bias estimation.
He compares the asymptotic performance of these methods and show that they are
asymptotically equivalent. Hall prove that the variances and mean square errors of
all these three algorithms are asymptotic to the same constant multiple of (Bn?)~!,
where B denotes the number of bootstrap resamples and # is the size of the original
sample. The convergence rate (Bn”>)~! represents a significant improvement on that
for the more usual, unbalanced bootstrap algorithm, which has mean square error of
only (Bn)~!. These results apply to smooth functions of means.

Ahmad (1997) suggested a new bootstrap variance estimation technique, rescal-
ing bootstrap without replacement technique and also proposed an optimum choice
of bootstrap sample size for his proposed procedure. Canty and Davison (1999) con-
sidered labor force surveys to demonstrate the advantages of resampling methods
in estimation of variance. Labor force surveys are conducted to estimate, among
others, quantities such as unemployment rate and the number of people at work.
Interest focusses typically both in estimates at a given time and in changes between
two successive time points. Calibration of the sample to ensure agreement with
the known population margins results in random weights being assigned to each
response, but the usual method of variance estimation do not account for this. The
authors describe how resampling methods, such as jackknife, jackknife linearisation,
balanced repeated replication and bootstrap can be used to do so. Robert et al. (2004)
suggested a design-based bootstrapping method for the estimation of variance of an
estimator in longitudinal surveys.

Multiple imputation is a method of estimating the variance of estimators that are
constructed with some imputed data. Kim et al. (2006) give an expression for the
bias of the multiple imputation variance estimator for data that are collected with a
complex survey design. A bias-adjusted variance estimator is also suggested.
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2.6 Effect of Survey Design on Inference About Covariance
Matrix

In this section we shall look into the effect of sampling design on a classical test
statistic for testing a hypothesis regarding a covariance matrix.

Let V = ((v;)) be a consistent estimator of a p x p covariance matrix X under
the IID assumption. For example, for a self-weighing design, V may be the usual
sample covariance matrix. Let

@ = Vech(V) = (vi1, Va1, V2, V31, V32, U33, - . ., Upp)' (2.6.1)

be the u x 1 vector of distinct elements of V where u = p(p 4+ 1)/2. Suppose we
may write @ as

n

where w; is a vector of sample square and cross-product terms, each term centered
around the corresponding sample mean, and also possibly weighted, say, for unequal
selection probabilities and n is the sample size. Thus, for equal selection probability
sampling,

wik € 5) = (O =) - +s Ok = )%, Oie — 1) Gk — $2),

ey (fol,k - )_}pfl)(yp,k - )_}p))/

where yj; denotes the value of y; on the unit k in the sample. Then & is consistent
for VechX = p (say).

Under IID assumptions, @ will generally be asymptotically normally distributed
with mean p and the linearization asymptotic covariance matrix estimator of @,
Var(w) may be expressed as the u X u matrix

e L Ve — O
V* = pr— %;(w, D) (w; — o). (2.6.3)

Consider a linear hypothesis about X which may be expressed as, say, Ay = 0 where
A is a given g x u matrix of rank g. An IID procedure for testing Hj is the Wald
statistic

X2 = (AQ@)[AV*A'] ' (AG), (2.6.4)

which follows the central chi-square distribution, x%q) in large sample. (Wald statistic
has been introduced in Chap. 4).
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Under a complex design this procedure may be modified by replacing V* by the
linearization estimator V; of Var(w) which accommodates the sampling design.
This gives a modified Wald statistic X3,, (Pervaiz 1986). This approach which also
assumes near normality of @ is constrained by the fact that the d.f. v of V. (&) may
be low compared to u, particularly if p is moderate to large, in which case V(&) may
become very unstable and even singular. As a result X3, may deviate considerably
from X%q)' It is therefore suggested to correct X%V for its first moment, that is, to refer

o (@DX5,
W™ 1 [(AVFA)~TAV, (&)A']

(2.6.5)

as x(,) (Layard 1972).

Note 2.6.1 Graubard and Korn (1993) considered the problem of testing the null
hypotheses Hy : # = 0, where the p-dimensional parameter § = g(\) and A is a r-
dimensional vector of means. The authors used replicated estimates of the variances
that take into account the complex survey design. The Wald statistic can be used
to test Hy, but inference for § may have very poor power. They used an alternative
procedure based on classical quadratic test statistic. Another reference in the area is
due to Korn and Graubard (1990).

2.7 Exercises and Complements

2.1 Suppose that y,, is the value of the cth sampled unit belonging to the bth second-
stage unit sampled from the ath sampled first-stage unit in a three-stage sample
(a=1,....,m;b=1,...,m;c=1,...,k.) Consider the superpopulation model

Yabe = 0+ Qg + ﬂb + €abe
where oy, Oy, €ape are independent random variables with mean zero and

05 if (a,b,c) = (d,b,c)
7'208 if (a,b) =(d -bV),c #¢
710(2) ifa=d,b#0b,c#c
0 ifa£d,b#£b,c#c

Cov (YahCa ya’h’c’) =

Here 7, is the inter-second-stage-unit correlation, 7; is the inter-first-stage-unit cor-
relation. Then show that

n m k
Vartme()_)) - Vartrue I:Z Z z yabc/nmki|
a=1b=1c=1
= B[1 4 (m— Dkr + (k — D,
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For the IID model
Yabe = 0 + eape

with e, independently distributed with zero mean and variance o3, show that (using
the notations of Example 2.2.4)

a3
Eiryelvip(y)] = ,
nmk
if n is large. Hence, deduce that
deff (y, vyp) = 1 + (m — k1 + (k — D7y

(Skinner 1989)
2.2: Show that the estimator v, given in (2.5.35) is unbiased for V (y).



Chapter 3
Some Classical Models in Categorical
Data Analysis

Abstract This chapter makes a brief review of classical models of categorical
data and their analysis. After a glimpse of general theory of fitting of statistical
models and testing of parameters using goodness-of-fit tests, Wald’s maximum like-
lihood statistic, Rao’s statistic, likelihood ratio statistic, we return to the main dis-
tributions of categorical variables—multinomial distribution, Poisson distribution,
and multinomial-Poisson distribution and examine the associated test procedures.
Subsequently, log-linear models and logistic regression models, both binomial and
multinomial, are looked into and their roles in offering model parameters empha-
sized. Lastly, some modifications of classical test procedures for analysis of data
from complex surveys under logistic regression model have been introduced.

Keywords Categorical random variable + Full model - Nested model - Information
matrix + Goodness-of-fit statistics + Wald’s maximum likelihood statistic - Rao’s
statistic -+ Likelihood ratio statistic + Multinomial model - Poisson model - Log-
linear models - Binomial logistic regression models + Polytomous logistic regression
models

3.1 Introduction

In this chapter, we will make a brief review of the classical theory of categorical data
analysis which is based on the assumption that the variables are independently and
identically (IID) distributed. Equivalently, the samples are assumed to be drawn by
simple random sampling with replacement.

The purpose of most investigations is to assess relationships among a set of vari-
ables. The choice of an appropriate technique for that purpose depends on the type
of variables under investigation. Suppose we have a set of numerical values for a
variable.

(1) If each element of this set may lie only at a few isolated points, we have a
discrete or categorical data set. In other words, a categorical variable is one for
which measurement scale consists of a set of categories. Examples are: race,
sex, age-group, etc.
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(ii) If each element of this set may theoretically lie anywhere in this numerical
scale, we have a continuous data set. Examples are blood pressure, blood sugar,
cholesterol level, etc.

Here we shall consider analysis of categorical data under classical setup.

A categorical random variable X is a random variable that takes values in one of
k categories. The entire probabilistic behavior of X is summarized by its probability
distribution

PX=i)=m,i=1,...k

where the 7; are (usually unknown) parameters that add up to unity. There are thus
really only £ — 1 of these fundamental parameters. For two categorical variables
X1, X5, we introduce the notation

P(Xlzi,XZZj):Wij, i:l,...r; ]:1,,1

so that the marginal probability P(X| =1i) = m;p = le=1 mij, etc. A two-way table
of categorical data is called a contingency table.

3.2 Statistical Models

We are concerned here with categorical data and so we shall take the data to be a set
of counts Y1, ..., Y, of k different categories of events. A statistical model is a set of
assumptions about the joint distribution of the data. This set of assumptions usually
has two components.

The first component of a statistical model is an assumption that the distribution
of the data, commonly called the error distribution comes from a specific set, often
a parametric family of distributions. The error distribution describes the random
variation of the data about any systematic features or patterns. For categorical data, the
most common error distributions are Poisson and Multinomial. The error distribution
describes the random variation of the data Y; about their mean values E(Y;) = e;.

The second component of a statistical model, called the systemic component, is
a statement about the underlying pattern of the data. Commonly, this is a statement
about the mean value of the Y;, called a regression function. For instance we might
assume E(Y;) is a linear function of x;, the value of a covariate x on units in the
ith category. One goal of statistical analysis is to discover such simple regression
functions which summarize the main pattern of the data reasonably well. (We note
that the expectation used above is in the superpopulation-sense (Chap.1) and we
shall use the same notations E, V, etc., when there is no ambiguity.)

A statistical model with as many parameters as the data values are called a full or
saturated model. Though this model is rarely of intrinsic interest in itself, we compare
more refined models with it in goodness-of-fit tests. A model is intermediate if it
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neither specifies all the fundamental parameters nor leaves them entirely unrestricted,
i.e., it is neither a full model nor a simple model.

We say that one model is a sub-model of another if it is a special case of the other
model. A sequence of models M|, M,, M3, ... where each model is a sub-model of
the previous one is said to be nested. Nested models have also been defined in the
Appendix (Sect. A.6).

3.2.1 Fitting Statistical Models

The general problem is that we have a set of data Yj, ..., ¥; and a model which
specifies the distributions of these random variables in terms of a set of p unknown
parameters § = (01, ..., 0,). The aim is to estimate 6.

The mean value of ¥; depends on 6 and once @ is estimated we can estimate this
mean value. We use the notation

ei(0) = E(Yi;0), & =e ),

where the ¢;’s are called fitted values. If one imagines the data as being made up
of a systematic component or trend with random error added, then the best-fitted
values estimate the trend as closely as possible. They are a smoothed version of the
data. Throughout this section, we shall only consider the maximum likelihood (ML)
method of estimation of 6.

3.2.2 Large Sample Estimation Theory

Let X = (Xy,..., X,,) be a set of independent random variables with distribution
depending on a vector of parameters 6§ = (0, ...,0,) € ©. We emphasize that in
this case the sample is drawn by simple random sampling with replacement so that
the above assumption is satisfied. The variables X1, ..., X, are therefore IID and all
the results in this chapter therefore hold under these assumptions only. These results
do not necessarily hold if the sample is drawn by some complex design, say stratified
multistage cluster sampling design.

It is convenient to work with the logarithm of the likelihood function rather than
the likelihood function itself. The log-likelihood function

L(0) =log L(6) = D log pi(X;i:0), 0e®© (3.2.1)
i=1

where p; is the probability function of the ith random variable X;. The derivative of
L with respect to ¢; is denoted by
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n
dlog p;(X;; 0)
U = —_— j=1,..., 322
J Z 00, J p ( )
i=1
and its mean is zero almost in all cases. The p-dimensional derivative vector
U = (Ui, ..., Up) is called the score function. The likelihood is maximized by
simultaneously equating all elements of the score function to their zero expectation.
This system of equations is known as the likelihood equations.
We now introduce the concept of information about a parameter 6. The observed
information matrix is a symmetric matrix J(#) with the (j, k)th element

oU; PL
Ti=— gt = ~ 5050 = (X:0). (3.2.3)

Since f is a maximum of the log-likelihood function, J (é) is also nonnegative definite
when evaluated at 6. The expected information matrix is given by I whose (j, k)th

element is ou,
I, =—FE 24
Jjk = ( aek ) (3 )
It can be shown that
ouU; (0
Cov W), U0)) = —E 229
00,

so that I may be viewed as the variance-covariance matrix of U.

3.2.3 Asymptotic Properties of ML Estimates

It follows that U is asymptotically distributed as
N,(0, 1(0)). (3.2.5)

Now, by Taylor expansion

U = U(9)+Z ’()(ek O) + -+ . (3.2.6)

Since U; (é) = 0V, where 0 is the mle of 0, we have

U®) ~ JO)O —0) ~ 1O)@ — 0).
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Isolating 6 and noting that U () is asymptotically normal with variance 7 (6), we get
two variations of a central limit theorem for 6. These are

0 — N, @0, 17" 0)),

and .
0 —* N, J0)), (3.2.7)

where the inverse of either the expected or observed information may be used as
the asymptotic variance of #. One may also estimate 6 by # in these information
matrices.

3.2.4 Testing of Parameters

Suppose we want to test an hypothesis Hy which specifies exactly r < p restrictions

on the parameters 6, ..., 0,. Consider a function g(f) = w from R? to R" such
the for the hypothesized value of 8, g(f) = wy. Therefore, such an hypothesis can
be written as Hy : g(f) = w = wy. The components of w, namely, wy, ..., w, are

now the parameters of interest and the null hypothesis specifies the values of these
parameters. We are interested in testing the H, against the bothsided alternative
hypothesis H : w # wp. Let © = g(é) be the ml estimate of w with jth component
;. We can certainly test each w; separately using @;, but we want to test them
simultaneously.

Goodness-of-Fit Statistics: Goodness-of-fit statistics assess the distance between
the observed distribution and the distribution that a model proposes. Under the null
hypothesis, this distance is only randomly higher than zero. Using a significance
test, researchers estimate the probability that the observed frequencies or frequencies
with even larger distances from those estimated based on the model under the null
hypothesis occurs. This probability or P-value is termed the size of the test. The
P-value can indeed be used to make a formal test of size o by simply rejecting Hy
if and only if it is smaller than a.

Many tests have been proposed for the evaluation of model parameters. Some of
these tests are exact, others are asymptotic. In the context of categorical data, most
software packages offer exact tests only for small contingency tables, such as 2 x 2
tables and asymptotic tests for log-linear modeling, logistic regression modeling. We
shall therefore consider here some asymptotic tests.

Wald’d Maximum Likelihood Statistic

We shall write the parameter vector 6 as § = (w, ¥) where 1 represents all the other
p — r parameters besides the interest parameter w. Let 1[)0 denote the restricted m/
estimator of 1 assuming w = wy and let éo = (wo, 12)0).

As we have seen, the ml estimator 6 has an approximately multivariate normal
distribution N, (0, I ~1(0)). Let V(w, v) denote the r x r sub-matrix in the upper
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left-hand corner. Then the ml estimator of w, € is approximately r-variate normal
with mean w and variance-covariance matrix V (w, ¥). Under Hy we may estimate
this variance by Vy = V (6p). The quadratic form

W = (€2 — wo)' Vy 1 (Q — wp) (3.2.8)

is called the Wald statistic and was proposed by Wald (1941). Under the null hypoth-
esis, W follows approximately a X%r) distribution. In the simple case, where w is a
scalar, testing H is a test of a single parameter, and W is the square of the usual
z-statistic where z = (fZ - wo)/s.e(ﬁ).

Rao’s Score Statistic

The score unction U () is a vector of length p. We have seen that under mild restric-
tions, U (#) has mean zero and variance equal to the expected information matrix and
that further the distribution is approximately multivariate normal. The score statistic,
proposed by Rao (1947) is the standardized quadratic form

S =U00)Iy'U @)

where fo =1 (éo) is the information matrix with éo substituted for 6. .

The score statistic judges the hypothesis Hy by assessing how far U (6) is away
from its full mean zero. The null distribution of S is approximately X%,,) and it tends
to be larger when Hj is false. A computational advantage of § is that only the model
H,j needs to be fitted.

The Likelihood Ratio Statistic

The likelihood function L(#) assesses the likelihood of a particular value of 6 in the
light of the given data. Under the hypothesis Hy, the likelihood function takes its
maximum value L(90) Under the more general hypothesis H}, the maximum value
of the likelihood is L(6‘) where 0 is the mle of 6 under H;. Clearly, L(H) > L(Ho)
because H; imposes less severe restrictions on 6 than Hy. The ratio L(G) / L(Go) mea-
sures how much more probable are the data under H; than under Hy. A sufficiently
large ratio casts doubt on the tenability of Hj itself. The statistic

R = —2(L(0y) — L(O)) (3.2.9)

is often called the generalized likelihood ratio statistic or simply likelihood ratio
statistic as it generalizes the simple likelihood ratio for testing two simple hypotheses
as proposed by Neyman and Pearson. The null distribution of LR in large samples is
again X(zr) and it tends to be larger when Hj is false. A computational disadvantage of
the LR statistic is that both the null and alternative models must be fitted to compute
the LR statistic.

Pearson’s Goodness-of-Fit Statistic holds only for categorical data and we shall
introduce it after a glimpse of a multinomial or Pearson formulated categorical data
model.
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3.2.5 Transformation of the Central Limit Theorem

It can be shown that if § has an approximate normal distribution, then any reasonable
function € = g(0) of A has also an approximate normal distribution (vide, e.g., Lloyd
1999).
Suppose that g(#) is differentiable in 6 and let G(6) be the Jacobian, G = %.
Then,
Var(2) = GVG’

where V is the covariance matrix of 6. It follows that

Q >4 N, (w, GVG). (3.2.10)

3.3 Distribution Theory for Count Data

We shall now outline the basic distribution theory of multinomial and Poisson models
for a single categorical data set, and subsequently give the specific form of the
statistical data set associated with one of these models.

3.3.1 Multinomial Models

If X is multinomially distributed and if the probability parameters in w = (7, ...,
7) are fully known, we can make precise statements about the future behavior of
X, which are subject only to the unavoidable natural random effects.

In practice, the probability parameters in 7r are at least partially unknown and to
infer their values we need data. A random sample is a single sample of n independent
observations on X. These n observations form simply a list of n responses on the
k categories. Denoting by Y; the number of responses in category i, the statistics
Yi,..., Y, (O Yk = n) are jointly sufficient for 7. Hence, by sufficiency principle,
the data may be summarized by these counts. The joint distribution of the sufficient
statistics Yi, ..., Y is given by the probability mass function

Py, oy k) = —————m'my L, Zyi =n (3.3.1)

which is called the multinomial distribution with parameters n, k, 7 ..., T and is
here denoted by M (n, k, 7). Usually, k and n are known and it is the probability ;
that are unknown. These fundamental parameters will usually be related or restricted
in some way by the statistical model assumed. Thus 7;’s may depend on a smaller
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number p < k — 1 of model parameters, or basic parameters denoted by 6 =
(@1, ...,0,). The joint distribution of the data under the model is then Eq.(3.3.1)
with the expressions m; (f) substituted for ;. Hence the log-likelihood function is

k
Ly(0;y) =log Py, ..., ya) = ¢+ > yilogmi(6) (33.2)
i=1

where c is a constant, independent of 6. We denote derivatives of 7; with respect to
components of 6 by superscripts. For instance, 7}? is the mixed derivative of 73(6)
with respect to #; and 6,. Hence the score function whose jth component is

8,CM k 71(9)
Uj@) = 20 ="y, 12 3.3.3
M/( ) 89]’ i y .(0) ( )

Itis readily seen that E(Uy;;) = 0. In most regular cases equating the score function
to zero, one gets a unique solution which maximizes the likelihood. The MLE 0
determines the fitted value ¢; = nm;(6). The maximized log-likelihood is therefore

k
L) =c+ D yilogé) —nlog(n). (3.3.4)

i=I

Again, the (I, m)th component of the observed information matrix is

0Ly 7r lm—7r m
Jim = ~ 20,00, Zyl . (3.3.5)

Using the fact that the ﬂf’” sum to zero and E (Y;) = nm;, we find that

0Ly ‘ i
In=E (- - I 3.3.6
’ ( aozaem) "2 B30

-
i=1 !

This can also be obtained by finding the covariance of U; and U,, using Var (Y;) =
nm (1 —m) and Cov(Y;, Y,,) = —nmm,.
In the full model, the fundamental parameters are also the basic parameters and
we take them to be
0= (7T],...,Tl'k_1)

without loss of generality, though their values are unknown. Thus

m@) =1—m —--m
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and m;(0) = m; fori =1,...,k — 1 and so
7r,{=—1, 7rij=5,~j,i <k, 7rf'"=0

where the Kronecker delta 6;; equals 1 when i = j and zero otherwise. Substituting
this into (3.3.4) gives

_9Lu(m _yi

Uyi
/ on; T Tk

j=1 ..., k=1 (3.3.7)

and so the estimates of the 7; are proportional to the y;. Thus, 71; = y;/n, the sample
proportion. The fitted values are ¢; = n7m; = y;, i.e., the data value themselves.
Therefore, from Eq. (3.3.4) the maximized log-likelihood is

k
L@) =c+ Y yilogy —nlogn. (3.3.8)
i=1

Substitution into Egs. (3.3.5) and (3.3.6) for the observed and expected information
functions gives

1 Otm
SR NN (— + ’—) . (3.3.9)

T ™ Tk i

The inverse of the expected information matrix has entries 7;(1 — 7;)/n on the
diagonal and entries —m;m,, /n off the diagonal. According to asymptotic theory,
these are the approximate variances and covariances of the estimates 7;. In fact, they
are actually the exact variance covariances of the estimated parameters which follow
easily from the known covariances of the Yi.

When the fundamental parameters 7 = (7, . .., 7) have known values

mo = (710, T205 - - - » Tk0)

everything about the behavior of the categorical variable X and the counts Y; is
known and summarized in the known multinomial distribution Eq. (3.3.1). Here all
the parameters are specified and therefore no parameter to estimate; such a model
is called a simple model. Since there is no parameter to estimate, there is no score
function or information matrices. The estimates of the 7; are the known values 7.
The fitted values will be ¢; = nm;o, which will generally disagree with the data
values. The log-likelihood function at these “estimates” equals

k
I(mo) = ¢ — D yilogmio.

i=1
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3.3.2 Poisson Models

The most common distribution for modeling counts in time (space) is the Poisson
distribution. Since the values of a Poisson variables are nonnegative integers, the
distribution is generally used to describe experiments in which the observed variable
is a count. The Poisson distribution may also be used to to describe number of events
occurring randomly and independently in time (space), e.g., number of a-particles
emitted by a radioactive substance reaching a given portion of space during a given
period of time.

Suppose events of k different types occur singly and independently during a
sampling interval [0, T']. The probability of an event of type i occurring during time
interval [z, t + ] is supposed to be [3;9 for small 4. Let ¥; denote the total number
of events of type i that occur. Then it can be shown that Y7, ..., Y} are sufficient
for the parameters [, ..., Or and so by sufficiency principle we may ignore the
precise time of events and simply analyze the total counts. The distribution of each
Y; will be Poisson with mean y; = ;T and since the Y;’s are independent their joint
distribution is

M}’l . N}’k
Po(y1, ...y v ko o) :e—ﬂl'—k'. (3.3.10)
YVieeoo Yk
Here, unlike Multinomial distribution, the k fundamental parameters iy, .. .,
are functionally independent. These parameters will usually be restricted or related
somehow by p < k basic parameters, 0 = (01, ..., 8,). The statistical model for
the data Yy, ..., Y; comprises the independent Poisson distribution Eq. (3.3.10) with
i (0) substituted for p;, i =1,..., p.
From (3.3.10) the log-likelihood function
k k
Lp®;y)=c— D w(0)+ D yilogu(6) (33.11)
i=1 i=1
where 6 = (0,...,0,) are now the main parameters of interest. As before, we

denote the derivative of ;(f) wrt components of 6 by superscripts. Thus, p* is the
mixed derivative of u; wrt 6; and 6. Unlike the multinomial model, the y; are not
constrained in their total and so the sums of these derivatives need not equal zero.
Taking the derivative of Eq.(3.3.11) wrt §; we get the jth component of the score
function,

ALp & i A
. - _ ot J
Un® =g, = 2. (u;(ﬂ) 1] i

It is readily seen that E(Up;) = 0. Equating the score function to zero, one gets
a unique solution which maximizes the likelihood. The ML estimate 6 determines
fitted values ¢; = p; (f). The maximized log-likelihood is then
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k k
Lp@) =c+ Y yilogé) — D é (3.3.12)

i=1 i=1

Expressions for the information follow upon further differentiating U;. The (/, m)th
component of the observed information matrix is

k l,,m
M 1 m [ Vi
= S i (2 -1) (313
i=1 l

1

and on taking expectation the expected information matrix has (/, m)th entry
k l,,m k [ Qm
Hi 4 BiB3;
Iy, = L =T L. (3.3.14)
25 &

The information thus increases proportionately with the sampling time 7" which, for
Poisson sampling, is analogous to the sample size.

In the full Poisson model, the fundamental parameters p;, ..., u; are also the
basic parameters, thus p; = 0;,i = 1,...,k, though their values are unknown.
Hence, ;L{ = 0; ; and the score function for §; is

oLp Yj
Upj(0) = — = — — (3.3.15)

with solution 1; = y; and so the fitted values are the observed data values. The
maximized log-likelihood is

k k
Lp@) =c+ D yilogyi— D . (3.3.16)
i=1

i=1

If, however, the y; are assumed to have known values ;o then everything about the
distribution of the data is known and the model is simple. The fitted values are the
assumed model parameter values p;o and so the log-likelihood is

k k
Lp(uo) =+ D vilogpio — D uio-

i=1 i=1

An intermediate model will neither assume values for all the fundamental parameters
(as in a simple model) nor leave them entirely unrestricted (as in a full model), but
will impose some r restrictions among the y;’s where 0 < r < k. The maximized
likelihood will then be less than the maximized likelihood for the full model and
the difference between the two forms the basis of a goodness-of-fit test discussed in
Sect.3.4.
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3.3.3 The Multinomial-Poisson Connection

Suppose we observe a sample of k independent Poisson variables Y; each with mean
pi. The total number of observed counts N = Y; + --- + Y; will therefore be
considered as a random variable whose mean value is p; + --- + p and whose
observed value is n. However, if N is fixed at n, the ¥;’s would no longer be Poisson,
since there would be a restriction on maximum value of each Y; (< n) and they would
not be independent, since a larger value of ¥; would imply a smaller value for the
other Y;. Now,

PYi=yi,....Yk=ycand D, y; =n)

PYi=yi,.... Yk =wIN =n) P Y, =n)
[

o Mem /!
em 2 (3, i) /n!

|
—
—
<
=
3
=

where m; = p; /(3. ; #7)- This probability function is, of course, the multinomial
probability function (3.3.1). Thus Poisson sampling conditional on the total sample
size is therefore equivalent to the multinomial sampling.

3.4 Goodness-of-Fit

A model once fitted, forms the basis for statements about parameters of interest, their
structural relations and for predictions of future behavior. A goodness-of-fit test of
model M is a test of

Hy : M is true against H, : full model.
Goodness-of-fit tests are based on comparing the observed number of observations
falling in each cell to the number that would have been expected if the hypothesized
model was true. If the observed and the expected numbers differ greatly, it is evi-

denced that the hypothesized model is not correct, that is, it does not fit well. We
now consider different tests for goodness-of-fit.

3.4.1 Likelihood Ratio Statistic

The likelihood ratio (LR) test statistic is

LR =2(Ly — Lo)
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where £ is the maximized log-likelihood under the more general hypothesis H, and
Ly is the maximized log-likelihood under the restrictive hypothesis Hy. Clearly, £
is necessarily less than £,. For multinomial model we have from (3.3.2) and (3.3.8)

the LR statistic .
Vi
LRy =2 i 1 =1, 3.4.1
m =2 ylog (e[) (34.1)

i=1

where the e; are the fitted value nm; (éo) under the null hypothesis. This statistic
may be used to test the goodness-of-fit of any multinomial model. If the number
of parameters in the model is p (and the number of parameters in the full model is
k — 1) then the degrees of freedom of the approximating chi-square distribution will
ber=k—1-—p.

For Poisson models, Eqgs. (3.3.12) and (3.3.16) give the LR statistic

k k
LRp = 22)’1‘ log (&) 2> (yi—eé) (3.4.2)
€ i=1

i=1

where ¢; are the fitted values y; (éo) under the null hypothesis. This statistic may be
used to test the hypothesis of goodness-of-fit of any Poisson model. If the number
of parameters in the model is p (and the number of parameters in the full model is
k), then the degrees of freedom of the approximating chi-square distribution will be
k—p.

The LR goodness-of-fit statistic is a measure of how close the vector of expected
values is to the vector of observed values, and it will equal zero if, and only if, the
two vectors agree exactly. Naturally, there are many other ways of measuring the
agreement of two vectors giving alternative statistics (vide Sect. A.4). However, only
the LR statistic measures the relative likelihood of the observed data under the two
hypotheses.

3.4.2 Pearson’s Goodness-of-Fit Statistic

For either a multinomial model or Poisson formulated categorical data model, the
Pearsonian goodness-of-fit statistic is

K (v — 6:)2
Xp=> Oi—é) (3.4.3)

where y; is the frequency in the class i and &; = ¢; (é) = E(Y;; é) under the given
model. The distribution of (3.4.3) is approximately x(zr) where r is the difference in
the number of free parameters under the model to be tested and under the full model.
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The approximation applies as n increases for fixed k, or more accurately, as the
smallest of the fitted values ¢; grows unbounded.

The large sample properties of both G? and X? in the classical situation, that is,
when the independent samples are drawn from an identical population, have been
stated explicitly in the Appendix.

Both LR statistic G?> and Person’s statistic X % are special cases of a general
class of statistics called the power divergence statistics, defined by Cressie and Read
(1984) and Read and Cressie (1988). The statistic takes the form

k

_ 2 Yi A
I(A)—mZ)’i[<é—i> —1:|, —00 < A < 00, (3.4.4)

i=l1

which measures the distance of the vector of fitted values e; from the vector of
observed y; values. While (3.4.4) is undefined for A = 0 or —1, these forms can be
defined as the limits of (3.4.4) as A — 0 and A — —1, respectively. When A = 1,
(3.4.4) is Pearson’s X%, statistic. When A — 0, I(\) converges to the LR G?. As
A — —1, I converges to Kullback’s minimum discrimination information statistic

GM, .
GM = 22& log (ﬁ) ;

Yi

when \ = 1/2, it is the Freeman-Turkey (1950) statistic (FT)?,
2
(17 =43 (Vi - Va)

when A = —2, it is the Neyman or modified Pearson statistic X 12\,, as proposed by

Neyman (1949),
(yi — &)?
X3 = -
=2

The statistic with A\ = 2/3 has some commendable properties when ¢; values are
all greater than one and n > 10. All members of the power divergence family are
asymptotically X%k—l) under the null hypothesis and under some regularity conditions
when n — oo.

Besides, there exist a number of other goodness-of-fit tests, like the Kolmogorov—
Smirnoff test, the Cramer—von Mises test, run tests. We shall however mostly con-
centrate on X f, and G? tests, as these are of frequent use.
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3.5 Binomial Data

‘We will now have a relook at the models for binomial data as it explores the potential-
ity of modeling the probability of an event, so-called 7 or p as a regression function
on some auxiliary variable x. This concept will be taken up in Sect. 3.7. For the time
being, we consider the form of binomial data.

3.5.1 Binomial Data and the Log-Likelihood Ratio

We assume that the data Yy, ..., Y, are independent binomial variables, ¥; ~
B(n;, m;) with respective parameters (n;, 7;), The likelihood for k independent bino-
mial random variables Yi, ..., Y} is then the product of the individual binomial

probability functions, i.e.,

n; )i n—y:
Pg(V1seees Vi3 Ty evn, ) = Hf.‘zl(y')w;"(l — )t (3.5.1)

L
The MLE of 7; from this likelihood is the observed proportion Y;/n;.
One is often interested in models that restrict the 7;’s in some way. For example,

a common null hypothesis of interest is that the 7; have equal value 7. The above
probability distribution then reduces to

R Ll L (") (3.5.2)

Yi
wheren =) . n;,t => . y;. The MLE of mis 7 = T'/n and T is the sample total.
The statistic 7 is sufficient for = with B(n, ) distribution. The fitted values for this
model are ¢; = n;7® = n;(¢t/n). For a hypothetical model H, with fitted values ¢;,
and for the saturated or full model, where 7r; = y;/n;, the LR statistic

k
LR=2 ’yi log (i—) + (n; — y;) log (" :y)] : (3.5.3)

n é;
i—=1 i i

is used for testing fit of Hj to the data. When y; = 0 or n;, we define 0log0 as 0.
It is often advantageous to transform the probabilities 7; to

logit m; = log (%) = v; (say), (3.5.4)
YUy

—

which is also called as the logistic, logit, or log-odds transformation. Note that while
7; necessarily takes values in [0, 1], its transformation v; can take any value between
—00 to +00. Also,

logit (1 — 7) = — logit (7) = —v;.
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Again, we can write
m; = exp{ri}/(1 + exp{vi}). (3.5.5)

In terms of the parameters vy, v, . . ., 14, the log-likelihood function (3.5.1) becomes

k
Ly, ...,1nn) = Z{yi logm; + (n; — yi) log(1 — m;)}

i=

(3.5.6)
k
= > {yivi — nilog(l + ")}
i=i

In Sect. 3.7, we will consider different forms of v functions.

In considering models for categorical data we noted that the distribution of count
data Yy, ..., Y depend on k or k — 1 cell- probabilities, which themselves depend on
p parameters 0 = (01, ..., 0,), p < k (or < k). Therefore in the likelihood function,
we replaced m; by m;(6). We considered estimation of # and hence of 7; as ; (é).
We have not considered any special form of 6 so far. Of course, the form of 6 will
depend on the choice of model. In Sects. 3.6 and 3.7, we shall consider two special
forms of # and hence two special types of models.

3.6 Log-Linear Models

3.6.1 Log-Linear Models for Two-Way Tables

In the log-linear models, natural logarithm of cell-probabilities is expressed in a
linear model analogous to the analysis of variance (ANOVA) models.
For a 2 x 2 contingency table with 7;; denoting the probability of an element
belonging to the (i, j)th cell, we write the model as
11'17Tij =u -+ Ui + Uz + U123ij), l,] = 1, 2, (361)
where u is the general mean effect, u + u;(; is the mean of the logarithms of prob-

abilities at level i of the first variable, u + uy(;) is the mean of the logarithm of
probabilities at level j of the second variable. Thus,

u = %ZZIHWU,
i

1
u+uy = E(lnﬂn +1Inmp), i=1,2, (3.6.2)

1
U+ Uy = E(lnmj +1H7T2j), j=172.
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Since u(;y and uy(;) represent deviations from the grand mean u,
uiy +uie =0,
Uy + uz) = 0.
Similarly, u 5, represents deviation from u + u¢)y + 2}y, so that
upan +unay =0, upen +uney =0,
upan +unen =0, unan + uney =0.

The general log-linear model for a 2 x 2 x 2 table can be written as

In7ijp = u +uigy + uajy + uzgy + w123 + U3y + 23k + U123k
i,j, k=12, (3.6.3)

where u ;) means the effect of factor 1 atlevel i, u15(j, the interaction between level
i of factor 1 and level j of factor 2, u123(;;x), the three-factor interaction among level
i of factor 1, level j of factor 2, level k of factor 3, all the effects being expressed in
terms of log-probabilities. We need

2 2 2
D =0, D sy =0, D usg =0,
k=1

i=1 j=1

Z uinij =0, Z uir =0, etc..

j#)=1.2 k(#i)=1.2

Suppose now there is a multinomial sample of size n over the M = I x J cells of
an I x J contingency table; the first factor has I levels represented by rows and the
second factor has J levels represented by columns. The cell-probabilities 7;; for that
multinomial distribution form the joint distribution of the two categorical variables.
If we define

prij = logmij,

then we can write
Hij = u+ w16y + Uz + Ui2e))
by an analog with the ANOVA model. In this formulation,

(i) The first term, u is the grand mean of the logs of the probabilities,

oo
U= —
1J
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where the zero sign (0) denotes the total when summing across levels over the
corresponding factor.
(i1) u 4 u;() is the mean of the logs of the probabilities of the first factor when it
is at level 7,
2 log(mi) o

J J

so that u ;) the deviation from the grand mean u:

Hio Hoo
o=

Thus, it satisfies

Zum) =0.

There are (I — 1) such terms. These terms are often of no intrinsic interest, and

represent only the main effects of that factor. Similarly, the main effects of the

other factor are represented by u5(jy, and there are (J — 1) of these terms.
(iii)) The remaining component,

UGy =MHij —— — —5 T 57

can be regarded as measures of departures from the independence of two factors.
Since
> unap =D una =0.
i J

there are (I — 1)(J — 1) of these interaction terms. The number is called the
degrees of freedom in testing for the null hypothesis of independence.

In the case of a general two-way table, numerical values of these 15 ;) terms indicate
at which level i of factor 1 and level j of factor 2 the interaction is strong; the
negative or positive sign of u;) is not important, it reflects only the arbitrary
coding. The results may seem trivial because one can reach the same conclusion by
simply inspecting the cell-probabilities. However, when we generalize the models
for use with higher dimensional tables, this result may be extremely useful.

3.6.2 Log-Linear Models for Three-Way Tables

In atypical study, even if we are interested only in the relationship between a response
and an explanatory variable, we still have to control for at least one confounder
variable that can influence the relationship under investigation. For example, while
studying the relationship between incidence of cancer and smoking habit, we may
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also have to consider the nature of job of the subjects, as it may affect both the
variables. Therefore, we generally end up studying at least three factors simultane-
ously. Of course, the relationship among the three factors is far more complicated
than in the case of two factors. In the log-linear modeling approach, we model the
cell-probabilities or, equivalently, cell counts or frequencies in a contingency table
in terms of association among the variables. Suppose there is a multinomial sample
of size n over the M = I JK contingency table (I, J,and K are the number of cate-
gories for the factors X, X, X3, respectively.). Then the log-linear model (3.6.1) for
the two-way table can be generalized and expressed for three-way tables as follows.

Mijk = U+ Uiy + oy + Uy + wizaj) + Uisar + Ury + Ui, (3.6.4)

subject to similar constraints (i.e., summing across indices to zero), where p;j; =
In 7;j«. The full or saturated model decomposes the observed frequency 7; ., because
the expected cell frequency can be expressed as m;jx = nm;jx. The model (3.6.4)
consists of:

(i) A constant u.

(ii) Terms representing main effects u ), u2(jy, u3x). There are (I — 1), (J — 1),
and (K — 1) of these main effects terms for the three factors, respectively; these
terms are only influenced by the marginal distributions of these three factors
and, are often of no intrinsic interests.

(iii) Terms representing two-factor interactions, w1y, #13Gx), and uz3(jr); such
terms are (I — 1)(J —1),(I — 1)(K — 1), and (J — 1)(K — 1) in number,
respectively.

(iv) Terms used as measures of three-factor interactions, u123(;jx). There are (I —
1)(J — 1)(K — 1) of these three-factor interaction terms.

If the terms in the last group are not zero, i.e., three-factor interaction is present, the
presence or absence of a factor would modify the relationship between the other two
factors.

The models of independence

We may want to see if:
(i) The three factors are mutually independent: That is, whether
P(Xi1=i,Xo=j,X3=k) =PXi=0)P(X2=j)P(X3=k)
or if
(i1) One factor, say Xs, is jointly independent of the other two factors. That is,
whether

PXi=i,Xo=j,X3=k)=PX1 =i, X, =]))P(X3=k)

or if
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(iii)) Two factors, say X and X, are conditionally independent given the third factor.
That is, whether

P(X1=i,X2=j,X3=k)=PX,=ilX3=kP(Xy = jlX3=k).

The last item, the concept of conditional independence, is very important and is often
the major aim of an epidemiological study.

Starting with the saturated model (3.6.4), we can translate a null hypothesis of
independence into a log-linear model by setting certain of the above u-terms equal
to zero. The various concepts of independence for three-way tables can be grouped
as follows:

Types of Independence |Symbol Log-linear model
Mutual Independence (X1, X2, X3) u—+uy+uy+us
Joint Independence (X1, X2X3) u—+uy+ur+uz + ux
from two factors (X2, X1X3) u—+uy+ur+usz+us
(X3, X1X2) u—+uy+ux+us+up
Conditional (X1X3, X2X3) u+uy+uy+usz+uiz+uy
Independence (X1X2, X2X3) Uu—+uy+uy+uz+up + uxp
(X1X2, X1X3) u+uy +uy+uz+up+u
No Three-Factor (X1X2, X1X3, X0X3) |u+uy+ur+u3+upp+uiz+uy

(subscripted factor-levels are dropped for simplicity, e.g., u; is used for u;(;).) We
now consider relationship between terms of a log-linear model and hierarchy of
models.

Relationships between terms and hierarchy of models

A log-linear model term u 4 is a lower order term relative of term u g if A is a subset
of B. For example, u, is a lower order term relative of u»3 and u, is a lower order
term relative of u»3. If 1,4 is a lower order relative of u g, then up is a higher order
relative of u 4. For example, u, is a lower order relative of u,3, and u 23 is a higher
order relative of uy3. A log-linear model is a hierarchical model under the following
conditions:

(i) If a u-term is zero, then all of its higher order relatives are zero; and
(i1) if a u-term is not zero, then all of its lower order relatives are not zero.

For example, all eight models of independence for three-way tables given in the
above table are hierarchical. However, the model

H:uA4u +ur+us+ups

is a non-hierarchical model.
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Testing a specific model

Given the data in a three-way table, we have two different types of statistical infer-
ences:

(1) To testa specific model, for example, we may want to know whether two specific
factors are conditionally independent given the third factor.

(ii) To search for a model that can best explain the relationship(s) found in the
observed data.

We shall consider the first issue here, as the log-linear model under investigation is
generally the result of an enquiry concerning a relationship between factors, which
leads to testing a null hypothesis.

Expected Frequencies

Expected frequencies are cell counts obtained under the null hypothesis. Given the
null hypothesis, these expected frequencies can be easily determined for the hierar-
chical model. For example, if we consider the model of conditional independence
between X and X, given X3, i.e., independence between (X X3, X, X3), or

P(Xi=1i,Xo=jlXzs=k) = P(X, =i|X3 =k)P(Xy = j|X3 =k),

then it can be shown that expected frequency

where the x’s are observed cell counts and the zero sign indicates a summation across
the index. However, in practice these tedious jobs are generally left to computer
packaged programs, such as SAS.

Test Statistic
When measuring goodness-of-fit in two-way tables, we often rely on the Pearson’s
chi-square statistic:

)2
ZM (3.6.5)

However, for a technical reason, we compare the frequencies and the expected fre-
quencies in higher dimensional tables using the likelihood ratio chi-square statistic:

G’ = ZZx[jk log

i,j.k

Xijk

. (3.6.6)
mijy

The degrees of freedom for the above likelihood ratio chi-square statistic is equal
to the number of u-term which are set equal to zero in the model being tested. For
example, if we want to test the model of conditional independence between X; and
X,
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Hy:u+uwuy +us+uz +upiz+uss,
for which we set u |, and u,3 equal to zero, the degrees of freedom is
df =UI-1DJ-D+UT-DJ = 1)K -1).
Similarly, if we want to test for the model of no three-factor interaction,
Hy:u+uy +uy +us+up+upis+ us,
the degrees of freedom is
d.f.=U-1){J —-1(K —1).

Searching for the best model

We first define when a log-linear model is said to be nested. A log-linear model H, is
nested in model H, if every nonzero term u in H, is also contained in H;(H, < H)).
For example, if we denote

H =u+u +uy+us+up+upiz+us+ups
Hy=u+4uy+uy+us+upn+us+ux
Hy =u+uy +us +uz +up + u,

then

(i) Hz < H,, and
(11) H2 < Hl.

In this nested hierarchy of models, it can be shown that if
H; < H, < Hy,
then the likelihood ratio chi-square statistics satisfy the reversed inequality
X*(Hp) < X*(H) < X (Hy).

For Pearson goodness-of-fit statistic X2, this property does not necessarily hold for
every set of nested models. Furthermore, it can be shown that if a model H, is nested
in a model H;, then

X =X (Hy) — X (H)
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is distributed as chi-square with
df =df(Hy) —df(H).

This property also does not hold good for Person’s chi-squares.

3.7 Logistic Regression Analysis

The purpose of most research projects is to assess relationships among a set of vari-
ables and regression techniques which are often suitable instruments for the statistical
analysis of such relationships. Research designs may be classified as experimental
or observational. Regression analysis is applicable to both types. In most cases, one
variable is usually taken to be the response or dependent variable, that is, a variable
to be predicted from or explained by other variables. The other variables are called
predictors, or explanatory or independent variables. Choosing an appropriate model
and analytical technique depends on the type of the dependent variable under investi-
gation. In a variety of applications, the dependent variable of interest may have only
two possible outcomes, and therefore can be represented by an indicator variable
taking on values 0 and 1. Consider a study designed to investigate risk factors for
cancer. Attributes of people are recorded, including age, gender, smoking pattern,
and so on. The target variable is whether or not the person has lung cancer (a 0/1)
variable, with O for no lung cancer and 1 for the presence of lung cancer. The above
example and others show a wide range of applications in which the dependent vari-
able is dichotomous, and hence may be represented by a variable taking the value 1
with probability 7 and the value o with probability 1 — 7. Such a variable is a bino-
mial variable and the model often used to express the probability 7 as a function of
potential independent variables under investigation is the logistic regression model.

3.7.1 The Logistic Regression Model

The goal of usual regression analysis is to describe the ‘mean’ of a dependent variable
Y given the value (s) of the independent variable (s). This quantity is called the
conditional mean and will be denoted as E(Y|x), where Y denotes the outcome
variable and x a value of the independent variable. In linear regression, we assume
that this mean may be expressed as a linear equation in x, such as E(Y|x) = By+ 3 x.

In logistic regression, we use the quantity 7(x) to represent the conditional mean
of Y given x. We use the following specific form of 7 (x),

ePotbix
m(x) =
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A transformation of 7(x) that is central to our study is the logit transformation

m(x)

v(x) = logit {w(x)} = In | 1 —m(x)

] = Bo + Bix. (3.7.2)

The function v(x) has many of the desirable properties of a linear regression model.
The logit v(x) is linear in 8’s and may range from —oo to 0o, depending on the range
of x.

As noted before, the other important difference between the linear and logistic
regression model concerns the conditional distribution of ¥ given x. In linear regres-
sion model, we assume that the conditional value of the outcome variable may be
expressed as y = E (Y |x) + € where the error ¢ ~ N (0, o) generally. It then follows
that the conditional distribution of Y will be normal with mean E (Y |x) and a constant
variance. In case of a dichotomous outcome variable, the situation is completely dif-
ferent. In this situation, we may express the conditional value of the outcome variable
as y = m(x) + ¢, where the error € can take only two possible values. If y = 1, then €
takes the value 1 — 7 (x) with probability 7 (x); if y = 0, then ¢ takes the value —7(x)
with probability 1 — 7(x). Thus the conditional distribution of ¥ follows a binomial
distribution with mean 7(x). Such a random variable is called a point-binomial or
Bernoulli variable and it has the simple discrete probability distribution

PY=y)=m0-m"" y=0,1.

3.7.2 Fitting the Logistic Regression Model

Suppose we have a sample of n independent observations of the pair (x;, y;),i =
1, ..., n, where y; denotes the value of a dichotomous outcome variable and x; is
the value of the independent variable for the ith subject. We also assume that the
outcome variable has been coded as O or 1, representing the absence or presence of
the characteristic, respectively. To fit the logistic regression model in Eq.(3.7.1) to a
set of data, we have to estimate the values of 3, and 3;, the unknown parameters.

Inlinear regression, we generally use the method of least squares for estimating the
unknown parameters, Jy and ;. Under the usual assumptions for linear regression,
the method of least squares yields estimators with a number of desirable statistical
properties. Unfortunately, when the method of least squares is applied to a model
with a dichotomous outcome, the estimators no longer have these properties.

The general method of estimation that leads to the least square function under
the linear regression model (when the error terms are normally distributed) is the
maximum likelihood method. We shall use the same method for estimation in the
logistic regression model. Under the above simple logistic regression model, the
likelihood function is given by
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L(B) =M;_,PY; =)
=Ty (1 —y)' " (3.7.3)
=7 m(x) " [1 - 7(x)]'"™ v =0, 1,

from which we can obtain ‘maximum likelihood estimates’ of the parameters (3, and
(1. However, it is easer mathematically to work with the log of Eq. (3.7.3). Therefore,
we have

L(B) = In[L(B)] = D_{yilnlw(x)] + (1 — y)in[l — 7(x;)]}. (3.74)

i=1

To find the MLE of 3 we differentiate L(3) wrt 5y and (3| and set the resulting
expressions to zero. The likelihood equations are:

D Iy —7(x)]1 =0, (3.7.5)

and

D iy = wi)] = 0. (3.7.6)

The expressions in Egs.(3.7.5) and (3.7.6) are nonlinear in 3, and (3, and thus
requires special methods for their solution. These methods are iterative in nature and
have been programmed into available logistic regression software. The interested
reader may see the text by McCullagh and Nelder (1989) for a general discussion
of the methods used by most programs. In particular, they show that the solution to
Egs.(3.7.5) and (3.7.6) may be obtained using an iterative weighted least squares
procedure.

3.7.3 The Multiple Logistic Regression Model

Suppose we have a vector of p independent variables X = (x1, x, ..., x,,)". For the
time being, we shall assume that each of these variables is a continuous variable in
its own range. The response variable Y is a two-value categorical variable, value 1
for presence and value O for absence of certain characteristic. Of course, the value
of Y depends on the values of the quantitative and continuous variables x. Let the
conditional probability that the outcome is present be denoted by P(Y = 1|x) =
7(x). Therefore P(Y = 0|x) = 1 — w(x). In the multiple logistic regression model,
we assume that the logit (7(x)) is give by the equation

(m(x))

logit(m(x)) = v(x) = log — m(x)

= Bo + Bix +"‘+ﬂpxp’ (3.7.7)
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and the logistic regression model is

ze)

m(X) = (3.7.8)

If some of the independent variables are discrete, nominal scale variables such as
race, sex, age-groups, and so on, they should not be included in the model as if they
were interval-scale—variables. In this situation, the method is to use a collection of
design variables (or dummy variables). Suppose, for example, that one of the inde-
pendent variables is marital status, which has three categories: unmarried, married,
and widowed. In this case, two design variables are necessary. One possible coding
strategy is that when the respondent is “unmarried”, the two design variables D; and
D, would both be set equal to zero; when the respondent is “married,” D; would
be set equal to 1 while D, would still equal 0; when the status of the respondent is
“widowed”, we would use Dy = 0 and D, = 1.

In general, if a nominal scaled variable has k possible values, then k — 1 design
variables will be needed. As an illustration of using the notation for these design
variables, suppose that the jth independent variable x; is a categorical variable
having k; categories. These k; — 1 design variables will be denoted as D;, and the
coefficients for these design variables will be denoted as 3, r =1,2,...,k; — 1.
Thus, the logit for a model with p auxiliary variables of which the jth variable is
discrete would be

k-1
v(x) = Po+Bixi+- -+ Bj—1xj—1 + z BirDjr+Bjs1Xjr1+- -+ Bpx,. (3.7.9)

r=1

3.7.4 Fitting the Multiple Logistic Regression Model

Suppose that we have a sample of » independent observations (x;, y;),i =1, ..., n.
As in the univariate case, for fitting the model we have to obtain estimates of the vector
B =B, B, ..., Bp), for which we will use the maximum likelihood method as in
the univariate case. The likelihood function will be almost identical to that given in
Eq.(3.7.4), with the only difference that 7w (x) is now defined as in Eq. (3.7.8). There
will be p + 1 likelihood equations. These are obtained by differentiating the log-
likelihood function with respect to the p 4 1 coefficients 3y, ..., 3,. The resulting
likelihood equations may be expressed as follows:

n

Dy —wx)]=0 (3.7.10)

i=1
and

> xijlyi = m(x)1 =0 (3.7.11)
i=1
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for j = 1,2,..., p. Here again, the solution of the likelihood equations requires
special software which is available in most statistical packages. Let B denote the
solution to these equations. Thus, the fitted values for the multiple logistic regression
model are 7(x;), the value of the expression in Eq. (3.7.8) computed using B and x;.

The variance—covariance matrix of @ is estimated following the theory of max-
imum likelihood equation (see, for example, Rao 1947). According to this theory,
the estimators are obtained from the matrix of second-order partial derivatives of the
log-likelihood function. Now,

8255(12.6) _ ,-: 2l — ) (3.7.12)
and 5 n

Zﬁf((?[;? T Z‘xijxilﬂi(l — ) G713
for j,l =0, 1, ..., pwhere w; denotes 7 (X;). The observed information matrix J (3)

isthe (p + 1) x (p + 1) matrix whose terms are the negative of the terms in (3.7.12)
and (3.7.13). Then, dispersion matrix of ﬁ is Var(ﬁ) = J~'(8). It is not possible to
write down an explicit expression for the elements in the matrix, except for special
cases.
A formulation of the information matrix which will be very useful in discussing
model-fitting is
J(B3) =X'VX (3.7.14)

where X is an n x (p+ 1) matrix containing the data for each subject (the first column
is 1,) and V is an n x n diagonal matrix with general diagonal element 7; (1 — 7;).

Writing V:zr(ﬂA ;) as the estimated Var (B ;) the univariate Wald test statistics for
testing the significance of 3; is

W; = B;/\/ Var(B)). (3.7.15)
The multivariate Wald test for the significance of 3 is
Al ~ A A
W=g[Var(®1'B
— B (X'VX)3, (3.7.16)

which will be distributed as X%p 1) under the null hypothesis Hy(38 = 0).
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3.7.5 Polytomous Logistic Regression

The logistic regression models stated above apply only to binary data where Y can
take only two values O and 1, i.e., ithas only two levels. We now consider the situations
where Y has J(>2) levels.

Consider the situation when there is no natural ordering to the levels of the target
variable Y. Multinomial (or polytomous) logistic regression models or more simply,
multinomial logit models are derived in the following way. Let 7;, j = 1,..., J be
the probability that a unit falls in the jth level of a multinomial target variable Y. Our
goal is to construct a model for 7; as a function of the set of values of the predictor
variables X = (x1, ..., xp)’, Zj m; = 1. The model is again based on logits, but the
difficulty here is that there is no single ‘success’ (or ‘failure’) on which the model
has to be based. We can however construct all of the logits relative to one of the
levels, which we shall term baseline level. If one of the target levels is seen to be
of different type than the other levels, it is natural to choose this level as ‘baseline’
level. For instance, in a clinical trial the level corresponding to the control group may
be taken as baseline.

Suppose the Jth category is the baseline category. The logistic regression model
is then

o .
log (ﬁ—j) = Boj + Brjxi + -+ Bpixp, j=1,...,J = 1. (3.7.17)

Thus there are J — 1 separate regression equations, each of which is based on distinct
set of parameters 3; = (5o, B1;, - - -, 3y;)". The choice of the baseline is arbitrary.
Thus, if the category [ is taken to be the baseline category, then from (3.7.17),

oe () =102 (77)
= log (ﬂ) ~log (ﬂ) (3.7.18)
- - 7.
= (Boj — Bor) + (Bij — Binxi + -+ (Bpj — Bp1)xp

We note that there is nothing in this derivation which requires category I to be a
baseline category. Thus the choice of a baseline category is arbitrary.

Model (3.7.17) implies a single functional form for these probabilities. The form
is a logistic relationship

_ exp(Bo; + Bijxi + -+ 4 Bpjxpj)
> expBox + Buxi + - + Bixp)

j (3.7.19)

The estimators (3, ..., 3;_;) are obtained using maximum likelihood, where the
log-likelihood is
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J
L= logmu, (3.7.20)
j=1yi=j

where the second summation is over all observations i whose response level is j and
;) is the probability (3.7.19) with values of the predictors corresponding to the ith
observation substituted.

3.8 Fitting the Logistic Regression Models to Data
from Complex Surveys

Of late, there have been some developments in logistic regression statistical software
by including routines to perform analysis with data obtained from complex sample
surveys. These routines may be found in STATA, SUDAAN (1997), and other less
well-known special purpose packages. In this section, we shall try to provide a brief
introduction to these methods. For more details, the reader may refer to Korn and
Graubard (1990), Skinner et al. (1989), Roberts et al. (1987), and Thomas and Rao
(1987). Recently, Lumley (2010) has given a comprehensive description of fitting a
logistic regression model using R.

The central idea in fitting Eq. (3.7.8) to data from complex surveys is to set up a
function that approximates the likelihood function in the finite sampled population
with a likelihood function formed with the observed sample and known sampling
weights. Suppose that the population is divided into H strata, the Ath strata containing
Ny, primary sampling units (psu) ha,a = 1, ..., N, and the hath psu containing M,
second stage units (ssu) hab,b =1, ..., M}, in the population. Suppose again that
from the hth stratum n; psu’s are sampled from the N, psu’s in the population
and from the hath sampled psu, m, ssu’s are sampled. Denote the total number
of sampled ssu’s as m = 2}1:121 > mp,. For the habth observation denote the
known sampling weight as wy,;, the vector of covariates as X;,,;, and the dichotomous
outcome as yy,p. The approximate log-likelihood function is then

H ny mp,

Zzz[wlmb X Yhab] X In[7(Xpap)] + [Whap X (1 = ypap)] x In[1 — 7 (Xnap)].
h=1 a=1 b=I (381)

(Compare it with the log-likelihood function (3.7.4).) Differentiating this equation
with respect to the unknown regression coefficients 3, we get the (p + 1) x 1 vector
of score equations

X'W(y —m) =0, (3.8.2)

where X is the m x (p + 1) matrix of covariates, W is an m x m diagonal matrix
containing the weights wy;, y is the m x 1 vector of observed outcomes and 7w =
(m(X111), « -, T(Xpnymy,)) 18 the m x 1 vector of logistic probabilities.
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In theory, any logistic regression package that allows weights could be used to
obtain the solutions to Eq.(3.8.2). However, the problem comes in obtaining the
correct estimator of Var(,@). Naive use of a standard logistic regression package with
weight matrix W would yield instead estimates of the matrix (X'DX)~! where D =
WYV is an m x m diagonal matrix with general element wyqp X (T (Xpap) 111 — 7 (Xpap) ]
The correct estimator is

Var(B) = (X'DX)"'SX'DX)"!, (3.8.3)

where S is a pooled within-stratum estimator of the covariance matrix of the left-hand
side of Eq.(3.8.2).

We denote a general element in the vector in (3.8.2) as z, , = X, ,, Whap Vhap —
T (Xpap)), the sum over the mj, sampled units in the ath primary sampling unit
in the Ath stratum as z,, = 2221 Znqp and their stratum-specific mean as z, =
Zzh: | Zha /Ny The within-stratum estimator for the ith stratum is

np

Sy =

N

D @ha — ) @ — 7).
ny — 1 P
The pooled estimator is S = Zle(l — fu)Sp. The quantity (1 — f3) is called the
finite population correction factor where f;, = nj/Nj, is the ratio of the number of
observed primary sampling units to the total number of primary sampling units in
stratum h. In settings where Nj, is unknown, it is common practice to assume it is
large enough that f;, is quite small and the correction factor is equal to one.

We note that the likelihood function (3.8.1) is only an approximation to the true
likelihood. Thus, one would expect that inferences about model parameters should
be based on univariable and multivariable Wald statistics as in (3.7.15) and (3.7.16),
computed from specific elements of (3.8.3). However, simulation studies in Korn
and Graubard (1990) as well as Thomas and Rao (1987) show that when data come
from a complex survey from a finite population, use of a modified Wald statistic
which follows an F-distribution under null hypothesis (details in Chap.4) provide
tests with better adherence to the stated type I error. Results from these modified
Wald tests are reported in STATA and SUDAAN. For further details, the reader may
refer to Hosmer and Lemeshow (2000).

The readers interested in classical theory of analysis of categorical data may also
refer to Bishop et al. (1975), Lloyd (1999), Le (1998), Von and Mun (2013), among
many others.
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Chapter 4
Analysis of Categorical Data
Under a Full Model

Abstract Nowadays, large-scale sample surveys are often conducted to collect data
to test different hypotheses in natural and social sciences. Such surveys often use strat-
ified multistage cluster design. Data obtained through such complex survey designs
are not generally independently distributed and as a result multinomial models do
not hold in such cases. Thus, the classical Pearson statistic and the related usually
used test statistic would not be valid tools for testing different hypotheses in these cir-
cumstances. Here we propose to investigate the effect of stratification and clustering
on the asymptotic distribution of Pearson statistic, log-likelihood ratio statistic for
testing goodness-of-fit (simple hypothesis), independence in two-way contingency
tables, and homogeneity of several populations.

Keywords Pearson’s statistic (X %) - Log-likelihood ratio statistic + Design-based
Wald statistic - Goodness-of-fit tests * Tests of homogeneity + Tests of independence *
Rao—Scott corrections to X 12[, - Fay’s jackknifed statistic

4.1 Introduction

The classical analysis of categorical data assumes that the data are obtained through
multinomial sampling. In testing for goodness-of-fit, homogeneity of several popu-
lations, independence in two-way contingency tables Pearson chi-square test statistic
is often used. The log-likelihood ratio and the Wald statistic which are asymptotically
equivalent to Pearson statistic (see Appendix), are also used.

Nowadays, large-scale sample surveys are often conducted to collect data to test
different hypotheses in natural and social sciences. Such surveys often use strati-
fied multistage cluster design. Data obtained through such complex survey designs
are not generally independently distributed and as a result multinomial models do
not hold in such cases. Thus the classical Pearson statistic and the related usually
used test statistic would not be valid tools for testing different hypotheses in these
circumstances.

Here we propose to investigate the effect of stratification and clustering on the
asymptotic distribution of Pearson statistic, log-likelihood ratio statistic for testing
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goodness-of-fit (simple hypothesis), independence in two-way contingency tables
and homogeneity of several populations. The model is called a full model, as we
assume that the population proportions do not involve any other set of unknown
parameters.

Section4.2 considers test statistics for goodness-of-fit hypothesis and their asymp-
totic distribution. The concepts of generalized design effects (in Kish’s sense) have
been introduced and the classical test statistics have been modified for better control
of the type I error. Section 4.3 considers the tests for homogeneity of several popula-
tions with respect to the vector of population proportions. The next section examines
the effects of survey designs on classical tests of general linear hypotheses, and sub-
sequently tests of independence in a two-way table. This chapter draws mainly from
Rao and Scott (1981), Scott and Rao (1981), and Holt et al. (1980).

4.2 Tests of Goodness-of-Fit

While testing a simple hypothesis that the population proportions of different cate-
gories, in which elements in a finite population are divided, are equal to some specific
values, we shall consider four statistics: (i) Pearson chi-square statistic; (ii) design-
based Wald statistic; (iii) Neyman’s (1949) statistic; and (iv) likelihood ratio statistic.
These are introduced below.

4.2.1 Pearsonian Chi-Square Statistic

Consider a finite population of size N whose members are divided into ¢ classes
with unknown proportions 7y, ..., T (Z;;]Wk = 1), mx = Ni¢/N, N being the
unknown number of units in the population in class k. A sample of size n is drawn
from this population following a sampling design p(s); for example, a stratified
multistage design. Let ny, ..., n; (ank = n) denote the observed cell frequencies
in the sample.

Under these circumstances, the conventional Pearson chi-squared statistic for

testing the simple hypothesis Hy : my = my, k = 1, ..., t is given by
72— Zt: (nx — nmo)?
=1 nTko
o= 2
_ n 1 (Px — o) @2.1)
Tko
where py = ng/n(k =1, ..., 1). Under srs X* will be distributed asymptotically as

X%F 1ys @ central chi-square with (r+ — 1) degrees of freedom (d.f.).
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Now for general non-srs design, p; is not a consistent estimator of 7, unless
the design is self-weighting (i.e., has equal sample weights). For general sampling
designs, we therefore consider a more general statistic

t A
(o — To)?
Xi=n)» 2 (4.2.2)
i kZ::‘ ko

where 7 is an unbiased (or consistent) estimator of 7, under p(s)(> 7 = 1). If
n, = ny, the statistic Xf, in (4.2.2) reduces to X% in (4.2.1). From now on we shall
consider X3 rather than X?2. We shall write /1, as the adjusted (sample) cell frequen-
cies after adjusting for non-response, if any, and unequal inclusion probabilities, such
that >, i, = n. In case, no adjustment is required 71, = ny. The 7, are usually ratio
estimators if # is not fixed in advance.

Here, we have assumed that 7y, . . ., T are given quantities and there is nothing
unknown about them.

4.2.2 Design-Based Wald Statistic

The design-based Wald statistic for testing Hy : m = mg where 7 = (wy, ..., m—1),
o = (71'10, ey 7T'r,10)/ is given by

X% = n(# — 1) V' (7 — mo) (4.2.3)
where 7 = (71, ..., m—1) and V/ n denotes a consistent estimator of the actual

design-covariance matrix V/n of 7. An estimator V can be obtained by the lineariza-
tion method, balance repeated replication, sample-reuse methods, such as jackknife
or any other non-parametric method of variance-estimation.

The statistic X ‘24, is unique for any choice of (r — 1) classes and is distributed
approximately as a X(zt_]) random variable under H, if n is sufficiently large (vide
Sect.4.2.5). The statistic X%, provides an asymptotically exact size a test when
applied to X(Zt_l)(a). This approach has been well illustrated by Koch et al. (1975),

though one of its major disadvantages is that we need to calculate V and this may be
difficult if the design is complex.

Fay (1985) has shown that if the degrees of freedom (d.f.) for V is not large
relative to the d.f. of Xz’ X %v is often unreliable due to instability in the estimated
covariance matrix. Monte Carlo results (Thomas and Rao 1984) also indicate that the
Wald statistics although asymptotically valid, does not control the type I error satis-
factorily under the above situation unlike the Satterthwaite adjusted X2 (discussed
in Sect.4.2.7) or the jackknife chi-square of Fay (1985) (Sect.4.2.8).
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In practice, X %V can be expected to work reasonably well, if the number of sample
clusters m in a stratified multistage sampling design with H strata, is large and 7 is
relatively small, because in that case one can expect V to be stable.

If the number of sample clusters m is small, the number of degrees of freedom
available to calculate V,m — H = f (say) becomes small and consequently \%
becomes unstable. To overcome this problem, a d.f.-correction to Wald statistic is
applied. Two alternative F-corrected Wald statistic are:

() Fi(X3) = 558 X5, ~ Fuor pori;

.. X2
(i) F(X3) = ~ Fooi,p).

Thomas and Rao (1987) made a comparative study of the performance of various
test statistics of a simple goodness-of-fit hypothesis under the situation of instability.
Their simulation study indicated that in cases when instability is not too severe,
the F-corrected Wald statistic F; (X %V) behaves relatively well in comparison to its
competitors.

Now, X %, can be written as

X2 = n(f — m)' Py (& — mp) (4.2.4)
where Py is the value of P = D, — 7wn’ for 7 = mp, D, = Diag. (my, ..., m,—1)" and
P/nisthe (t—1) x (t—1) covariance matrix of p = :71 for multinomial sampling where
n = (ny,...,n,_1) . Incase of multinomial sampling 7, = ny/n, k=1,...,¢t—1,

the result (4.2.4) can be seen as follows. We have
Py = D,, — oy,
Using the relation L
A7 'uv'A~
A+uy)y'=A"" - TovaTu

where Ais p x p,uis p x 1,v'is 1 x p, we get
Pyl =D+ (1/mo) 1,11,

Now

t—1

X3 =n D (i —mo)’ /mo + n(F — m0)* /o
k=1

= n(# — m0)'D | (& — m)
+n(t — 770)/1#11;,1(1/771)(7? — o)
=n(7 — m) (Po) ' (& — mp). 4.2.5)

Comparing with (4.2.3) it is seen that X f, is a special case of X %V
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4.2.3 Neyman’s (Multinomial Wald) Statistic

An alternative to Pearson statistic X2 is Neyman’s statistic

1

11— A
X2 =n (7k - Tko)?
k=1 Tk
= n(7 —m) (P) "' (F — mo) (4.2.6)
where P = Diag. (1) — 77’ and 13/ n is the estimated (empirical) multinomial

covariance matrix. Under multinomial sampling, X% ~ X%zq) asymptotically; but
for more complex designs, the statistic needs adjustment similar to those used for
Pearson statistic (vide Sect. A.4.1).

4.2.4 Log-Likelihood Ratio Statistic

The log-likelihood ratio statistic for testing Hy is given by

G’ = —210g[.n5<_1(77k0)ﬁk }

I} ()

t A
— 21> #ylog (ﬂ) : 4.2.7)
k=1

TkO

provided iy = n7mi, k = 1,...,t. Under multinomial sampling, it is well known
that both X %, and G? are distributed asymptotically as X(Zz_w when Hj holds.

4.2.5 Asymptotic Distribution of X%, and X?,

Consider any ¢ — 1 categories, labeled, without any loss of generality,as 1, ..., 7 —1.
Assume that with each unit i in the population, there is a (f — 1)-dimensional vector
Z; = (z},7%,...,Z7"Y such that Z*¥ = 1(0) if the unit i belongs to category
k (otherwise). Now >N ZF = Ny, m = Ny/N (k = 1,...,t — 1) and N, =
N — z,t;ll Ne,mp=1-— z,t;ll 7, an estimate of 7, would be a weighted function
of Zf‘, i € s. Hence, a design-based estimator of 7, is

=D wi(s)Zf (4.2.8)

ies
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for some weight w; (s) which may depend upon both the sample s and the unit-label
i in the population. Note that we are considering here any arbitrary sampling design
p(s). An estimator of a linear function a’w, where a = (ay, ..., a,_1)’ is a vector of
constants, is

= Zak Z w; (s)Zk

ies

= Z w; (s) Zakzk
= Z wi(s)y: (say). (4.2.9)

ies

If the sampling design is such that it is amenable to a central limit theorem (CLT)
then the statistic a’7, for any a, is approximately normally distributed with mean a’x
and variance a'Va/n, where V = ((v;;)) and cov.(7;, w;) = v;;/n, for sufficiently
large n. Hence (7 — ) is asymptotically (+ — 1) variate normal N;_ (0, V/n) for
large n.

The sample survey literature is replete with examples where sampling design
accommodates some CLT; see for example, Madow (1948) and Ha’jek (1960) for
srswor; Scott and Wu (1981) for results on expansion, ratio and regression estimators
for srs; Isaki and Fuller (1982), Francisco and Fuller (1991) for asymptotic normality
of the Horvitz—Thompson estimator (HTE) in unequal-probability sampling designs;
Krewski and Rao (1981), Rao and Wu (1985) for asymptotic normality of the estima-
tors of means and totals when the number of strata approaches infinity in multistage
sampling design with two primary units in the sample per stratum.

If V is a consistent estimator V, the generahzed Wald statistic X3, given in (4.2.3)
will be asymptotically distributed as X, 1y~ This result follows from the general
result on the distribution of quadratic forms in the multivariate normal distribution
(also see Corollary 4.2.2.2).

The asymptotic distribution of X% under any general sampling design has been
givenin Theorem 4.2.2. This theorem follows from the form (4.2.4) of X2, asymptotic
multivariate normality of 7 (which holds under a class of sampling designs, as noted
above) and the standard results on quadratic forms of multivariate normal vector, as
noted in Lemma A.3.2. The same lemma is stated below in a slightly different form.

Theorem 4.2.1 (Jhonson and Kotz 1970) Let the random vectorZ = (Z,, ..., Z,)’
have a multivariate normal distribution N,,(0,U). Then the distribution of the
quadratic form Q(Z) = Z'AZ = XL, >" ai;Z;Z; is the same as that of
Z;”zl /\i7'i2, where the variables T; are independent N (0, 1) variables and the numbers
Al > Ay > - > N\, are the eigenvalues of AU.

Ifwe take m =t — 1,Z = /n(7 — ), then for certain sampling designs as
stated before, . ~ N;_1(0, Vo) under Hy where Vy is the value of V for m = m.
Also from (4.2.5), X % = Z'PyZ. Hence, we have the following theorem.
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Theorem 4.2.2 Under Hy : ™ = T, X%, given in (4.2.2) is approximately distrib-
uted as

-1
X3~ D datp (4.2.10)
k=1
where 11, ..., T,_1 are independent N (0, 1) variables and A\ ’s are the eigenvalues

of Dg =Py 1Vo with Ao1 > Xo2 = -+ Aor—1 = 0 and Vy/n denoting the covariance
matrix of T for T = my.

Corollary 4.2.2.1 11 follows from (4.2.10) that X%/ o1 < >4_\72 where > i~ 72
is distributed asymptotically as x%l_l) under H,.

Therefore, if it is known that A\ < \*, we can obtain an asymptotic conservative
test for Hy by treating X %, /\*asa X%,f 1y variable.

Corollary 4.2.2.2 Asymptotic distribution of X %V =7 Va 17 given in (4.2.3) is
,t;ll )\Okaz, where Ao ’s are the eigenvalues of \Afg 'Vo ~ I,_;. Clearly \oy.’s should
be all close to unity. Hence, asymptotic distribution of X %V under Hy is X%tfl)'

Corollary 4.2.2.3 [If for any sampling design V = AP for some constant X\ for any
o, then X % JA~ X%tfl) asymptotically. It can be shown that the above condition is
also necessary.

Examples4.2.1 (a) and 4.2.2 show some situations where this condition is fulfilled.

Note 4.2.1 If \o; < 1, X%, < 22;117}2 = X(zf_l), then the Pearson chi-square test
will be asymptotically conservative. For some examples of this situation see Exercises
4.3 and 4.4.

Note 4.2.2 Solomon and Stephens (1977) considered distribution of quadratic forms
Or = Z’;zlc 7(X; +a;)?, where the X ;’s are independently and identically distrib-
uted standard normal variables and c¢; and a; are nonnegative constants. Exact sig-
nificance points for Qy for selected values of ¢; and all a; = 0 have been published
for k = 2(1)6(2)10. They also proposed two new approximations to Qy: (i) fitting a
Pearson curve with the same first four moments as Qy; (ii) Fitting Oy = Aw’, where
w has the X%p) distribution and a, r, and p are determined by the first three moments
of Qk.

For any given values of \’s, we can use their approximations to evaluate the correct
percentage points of the distribution of X%.

Example 4.2.1 (a) srswor: If the sampling is by simple random sampling without
replacement, V = (1 — n/N)P where N is the finite population size. Hence, by
Corollary4.2.2.3, X3 ~ (1 —n/N)x(,_,, as both N and n — oo in such a way that
(N —n) — oo. Here \y = Aoy = 1 — n/N for any 7y and

(1—n/N)"'X5 ~ x{_y)- 4.2.11)
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Thus the Pearson statistic will be conservative in this case. An asymptotically valid
test can be obtained for this sampling scheme by referring to X f) /(1 =) to X%,_l).

(b) Stratified Random Sampling with Proportional Allocation: Suppose that a
population of size N is divided into H strata, the Ath stratum being of size Nj, and a
stratified sample s = (s, ..., sy), where s;, is a sample of size n;, drawn from the
hth stratum by srswr, is selected (3_,n, = n). Let W, = N, /N, pu, the population
proportion in the kth category and n;, the observed cell frequency in the kth category
in the hth stratum, h = 1, ..., H. Then py = m = 2, Wapik, Puk = nnk/ny and
P = T = >, Winue/ny. Under proportional allocation where nj, = nWj, pr = g
reduces to my/n where m; =, np.

Under stratified random sampling design with large n;, 7 is approximately dis-
tributed as a (¢ — 1)-variate normal variable with mean 7 and covariance matrix V/n
where

H
V=P-> Wip, —m(p, — 7
h=1
= P — L (say), 4.2.12)
where p, = (pn1s -+ pre—1)’. Now
/ / _ 2
S oVe _ 2Wlee = mF (4.2.13)
cPC c¢'Pc

Therefore, the first eigenvalue of Dy = Py IVo, Ao1 < 1 for any m and hence

X3 <D R~ Xy (4.2.14)

Hence in case of stratified random sampling with proportional allocation, Pearson
chi-square statistic X% is always asymptotically conservative.

However, for this sampling design, V can be easily calculated if the primary data
onnpy(h=1,...,H; k=1, ...,t) sampled units are available. Therefore, in this
case, one should use Wald’s statistic in lieu of Pearson’s statistic.

If H > t and all elements in the same stratum belong to the same category so that
the stratification is perfect, value of X % is zero.

Let us now consider the case H < t. Now the rank of L in (4.2.12) is at most
(H—1). Also, all the eigenvalues of I, _; equal one. Hence, atleast (t — H) eigenvalues

of P~'V must be each equal to one. Therefore, X% > Z;;’li = X%tf 1)~ Therefore,

X3 is asymptotically well-approximated by x¢,_,, if (t — H) & (t — 1) orif 7 is
large and H relatively small.
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When H =2,
D=PV
=1-W Wszl(m — m)(m —m)
—1— A (say), (4.2.15)

where W, = 1 — W,. Since A is of rank one, (+ — 2) eigenvalues of A are each zero
and the only nonzero eigenvalue of A is tr (A) = W, szz_:ll (p1x — pou)?/mx =

0* (say),0 < 6* < 1. Therefore, \y = --- = A\, = land N\, = 1 — §*.
Therefore,
-2
Xp=2 i+ U=,
k=1
=xXip + (1= X0 (4.2.16)

where d; is the value of ¢* for 1 = m. Thus, if ¢ is not small, X % can be well-
approximated by X%rq) in this case.

(¢) Two-Stage Sampling: Suppose we have N primary stage units (psu’s) with M,
second stage units (ssu’s) in the ath psuin the population (@ = 1, ..., N; Zivzl M, =
M). A sample of n psu’s is selected with probability proportional to size with replace-
ment (ppswr), size being M,, and subsamples each of size m ssu’s are selected by
srswr from each selected psu (mn = q).

Let m,; be the observed cell frequency in the kth category in the sampled psu,
a. Then 7, = estimate of the population proportion 7, = My /M, in the ath psu,
where M, is the number of ssu’s in the kth category in the ath psu, is mg/m, k =
1,...,t—1.Let

pAa = (ﬁal’ ) 7,T\-atfl)/
T o= (T, ..., To1),

where 1, = Zfl\lleaWak/M, e = >on_1Mak/q, G = D> Mak. Therefore, 7 =
q/q where q = (g1, ..., q—1)". Also E(qx) = qmy.

It follows that 7 follows approximately (¢t — 1)-variate normal distribution with
mean vector 7 and covariance matrix V/n where

N
V=P+m—1 Walpg —m(py =1

a=1

=P+ (m — DA, (say) (4.2.17)

where W, = M,/M and p, = (Ta1, ..., Ta—1) . Let &g = & > -+ > &_1(= 0)
denote the eigenvalues of P~'A ;. Then \; = 1 + (m — 1)& and
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t—1

X3 =D {1+ (m — Déu}} 4.2.18)
k=1

where &y is the value of & for m = 7. Also

¢ S Walpe =m(pa —m'e _ ¢Are _
¢/(Diag.(m) — nn’)e cPec —

1 (4.2.19)

so that {gr < 1V k and we get

t—1 t—1
D R+ m— Db} D 7
k=1 k=1

< X}
t—1
<{l4+0m—D& D7
k=1
t—1

<m» 77, (4.2.20)

»
Il

since & > 0 Vk. Thus X% /m ~ X%t—l) approximately asymptotically and this gives
an approximate conservative test for the hypothesis Hy : m = my. The &’s may be
called the generalized measures of homogeneity.

As in the case of stratified random sapling, the computation of V and X %V can
be done in a straightforward manner if the primary data on m,; sampled units are

available (a =1,...,n;b =1, ..., m). Here
V=mD (pa=m(pa—m'/(n=1). (4.2.21)
a=1

Example 4.2.2 (Brier’s 1980 model) There are N clusters in the population from
each of which a sample of n units is selected by multinomial sampling. Let YO =
o®, ..., Y,(’))’ be the vector of observed cell counts for the ith cluster, Y ;’) being

the number of units in the ith cluster that falls in category j, Z’].:lY;i) =nVi=
1,....,N.Let p@ = (p\”, ..., pY be the vector of cell-probabilities for the ith
cluster.

We assume that the vectors p’(i = 1, ..., N) are independently and identically
distributed with a Dirichlet distribution defined by the density

N0 N

fplm, k) = m Y (4.2.22)
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where p and 7 = (7, ..., ) lie in the (¢ — 1)-dimensional space § = {p =
(p1,...,p):pj >0, ijj = 1} and k is a parameter of the distribution.
. Hence, the unconditional distribution of Y = (Y, ..., Y;) where ¥; = Z,N= lY;i)
is
n y k) krj—1
f(y|7r,k)=/.../( )I'I’A p——T1'_,p."”
& Vi) Y Htj:lr(kﬁj) =t
" L) '_ T(y; +kr;)  (42.23)
= i i T 2.
Vis oo y) T+ _ Ty 4= 5

where y/n € &. This distribution is referred to as Dirichlet multinomial distribution,
DM, (n, m, k). Mosimann (1962) showed that that the mean of the distribution of
p = y/n is 7 and its covariance matrix is n ' C(D,, — 7n7’) where C = (n +k)/(1 +
k). Here, k is the structural parameter representing the cluster effects; if p is the
intracluster correlation coefficient, then p = 1/(1 4 k).

Since the covariance matrix of p is C times that of a multinomial distribution, the
design effect (deff) (vide Sect.4.2.6) will be a constant, C (or zero). For testing the
hypothesis of goodness-of-fit Hy : m = mo, the asymptotic distribution of X% will
therefore be C X%tq ) Since C > 1, Pearson’s statistic will be liberal in this case.

Since a constant deff may not be realistic in many practical situations, Thomas
and Rao (1987) extended Brier’s model to generate non-constant design effects, as
considered in Sect.5.5.

4.2.6 Generalized Design Effect of ™

We have already explained in Sect. 2.4, the concept of multivariate design effect of a
pair of parameter estimator and covariance matrix estimator (in Skinner’s sense) in
the context of quantitative variables. Here we extend the concept of design effect (of
an estimator) in Kish’s sense to the case of categorical variables. From Theorem4.2.2,
we may coin the following definition.

Definition 4.2.1 Generalized Design Effect of 7r: The matrix D = P~!V where
V/n is the covariance matrix under the sampling design p(s) of 7, estimator of 7
under p(s) and P/n, as defined in (4.2.4) is the covariance matrix of the estimator of
m under multinomial sampling design, may be called the multivariate design effect
matrix or generalized design effect matrix of .

For t =2, D = P!V reduces to the ordinary design effect (deff) of m,

Ve
deff(m) = % (4.2.24)

where V (71) is the variance of 7; under the sampling design p(s).
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Now, A, the largest eigenvalue of D = P 'Vis

¢Ve
Al = sup . oPc

v =1
= sup, ar(z’jﬂcm) : (4.2.25)
Varmns (Zkzlcknk/n)

where Var,,,; denotes the variance operator under multinomial sampling. The 7;’s in
(4.2.10) are special linear combinations of the estimated cell proportions and \; may
be called the deff of ;. Thus \; is the largest possible deff taken over all individual
7 ’s and over all possible linear combinations of the 7 ’s; A, is the largest deff among
all linear combinations of 7 ’s, that are orthogonal to 7. The other \;’s also represent
deff’s for special linear combinations of 7;’s. Thus the \;’s may be termed as the
generalized design effects in Kish’s sense. (Thus, there are two types of generalized
design effects, one in Skinner’s sense (Sect.2.4) and other in Kish’s sense. Their
actual meaning will be clear from the context.)

The Eq. (4.2.10) states that one should use the distribution of X %, as 22;11 )\krkz
and not as X%,_l). However, in practice, one assumes the results for multinomial
sampling always and uses x%l_l). This distorts the significance level of the test. The
effect of the sampling design on the change in the significance level depends on the
size of the \’s and the degrees of freedom (d.f.).

Table4.1 adopted from Fellegi (1980) shows the actual size of the X %, test when
the significance level of the usually used X(Z,_U test of Pearson chi-square is 5 % for
M =MNk=1,...,t — 1. Clearly, X3 ~ /\X%r—l) in this case. A quick perusal of
the table indicates that the use of standard chi-square as a test of goodness-of-fit (or
test of independence, etc. in contingency tables) can be misleading. Even with a deff
of only 1.5, not a large value, the significance tests are practically useless. The null
hypothesis will be rejected with a probability of 0.19 if the d.f. are only five, the
probability of rejection rising to 0.6 or more with larger values of deff and/or larger
d.f.

: 2
Table.4.1 A(ftual size of X Deff (\) =3 =6 =10
test with nominal 5 %
significance level 1 5 5 5
M=MNk=1,..., t—1) 1.2 8 10 12
1.5 14 19 27

3.0 37 59 81
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. . 2
4.2.7 Modification to X%

Both the Wald procedure and Fay procedure (discussed in Sect. 4.2.8) require detailed
survey information from which the covariance matrix V can be estimated. Such
detailed information is not generally available. In secondary analysis from published
results, the best one can hope for is the information on deffs for cells of the table
and in case of contingency tables (discussed in subsequent sections) perhaps some
information on deffs of marginal totals. Thus one important endeavor has been to find
methods that can effectively use this limited information and yet provide acceptable
tests. With this aim in view various authors, Rao and Scott (1979, 1981, 1987), Fellegi
(1980), among others, proposed corrections to Pearson statistic.

The basic idea is to impose a correction on X% such that the first moment of the
corrected X% is the same as that of X%tfl)’ namely, t — 1. A simple approximation to

the asymptotic distribution of X2 that uses very limited information about V would
be preferred.
The following adjustments to X %, have been proposed.
(a) Mean deff adjustment to X%, due to Fellegi (1980) and Holt, et al. (1980): This
is based on the estimated design effect (deff) of ;. We have
g= Y _ VW (4.2.26)
Vons () Tl =) /n

where \7(ﬁk) is the estimated true design variance of 7; and |/ (71) is the estimated
design variance of 7 under multinomial sampling. Now, taking X3 ~ 31—\ Aoy ~

2;1, diy, where dy isthe deff, d, = E (c?k), and v, ’s are independent X%l) variables,

t—1 t—1
E (Z Akwk) ~ de, since E () = 1.
k=1

k=1

Therefore, definingd = >"\_\di/(t — 1),

t—1 t—1
E(X%/d)~ E (Z N /&) ~ > dijd=1-1. (4.2.27)
k=1 k=1
Taking an estimate of d as

t—1
do =" d/(t — 1), (4.2.28)
k=1
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the mean deff corrected Pearson statistic is

N X2
X3 (dy) = =&
0

(4.2.29)

which is asymptotically distributed as X%zq)- A positive intraclass correlation among

the variate-values gives amean d greater than one and so the value of X %, (30) becomes
smaller than X% and this tends to remove the liberality in X?.
The mean deff adjustment can also be executed by calculating the effective sample
size n, = n/cf and using n, in place of n in the formula for )(12D (vide also (2.3.7)).
(b) Rao—Scott (1979, 1981) first-order adjustment. The mean deff adjustment
to X %, is only approximate, because A;’s are approximated by d;’s. Since, under
Ho, ECCZ Mb) = STt M, so that ECCA N /Ao) = ¢ — 1 where Ag =
11;11 :\k /(t — 1), Rao and Scott proposed the first-order adjustment to X 129 as

X2, = X300 = X3/ (4.2.30)

which is distributed asymptotically as a X(Z,_l) random variable under H,. Here :\k’s
are the eigenvalues of D=P'VandP = Diag. (p) — pp’, p =n/n.

We note that )y depends only on theAestimated cell variances 0y /n (or equiva-
lently, the estimated cell deff’s d,, ..., d,—;), since

5 tr(P~1V)

t—1
-1
= 7Tk(t -1
L —apd
- # (4.2.31)
= =D
where d; = g /[ (1 — )] and g /n = V(ﬁk). Some knowledge about dy

for ultimate cells in a goodness-of-fit problem is often available. Thus X%,(C) can
be calculated from the knowledge of cell variances alone and no information on
covariance terms are required at all.

Alternatively, Ao can be obtained from the estimated generalized design effect
matrix, D=P"'V by the equation )\0 = tr(D)/(t —1).

Provided that the variation among Ax is small, X2 P() is asymptotically distributed

as X([_l). The statistic X %(C) is more exact than X% (do).
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Similar correction applies to the likelihood ratio test statistic,

N G?
G2 =G*(\o) = ~
0

(4.2.32)

(c) Rao—Scott second-order correction: The first-order Rao—Scott adjustment
stated above aims at correcting X f, so that the asymptotic expectation of the cor-
rected X 121, is equal to its d.f. r — 1. If the variation in Ae’s is large, a correction
to X3 for this variance is also required. This is achieved by a second-order Rao—
Scott adjustment based on Satterthwaite (1946) method. The second-order adjusted
Pearson statistic is given by

. X%
X%’(cc) = X3 (\g, %) = ﬁ (4.2.33)

where an estimator of the squared coefficient of variation a of the unknown eigen-
values \;’s is

—1,3 1 \2
M= A
o2 = 2=tk = A0 (4.2.34)
(t— 1N
It is found that
X3 (Xo,d») ~ X2, (4.2.35)

asymptotically, where v = (¢t — 1)/(1 + a?).
‘We note that

Z = 1r(D?) = Z Z e (4.2.36)

7T7T/
-1 k=1 k=1 K"k

so that a? and v can be readily calculated from V.
Similar correction holds for the likelihood ratio test,

G*(Mo)

= i3 (4.2.37)

G2 =G>\, d%)

Thomas and Rao (1987) showed that when a is small, that is, when j\k’s and hence
Ar’s are of similar size, the first-order correction (4.2.30) provides good control of
the level of the test. In fact, for a = 0, when the \;’s are all equal, the first-order
corrections are asymptotically exact. However, when the variations among the \;’s
becomes appreciable, first-order corrections tend to become somewhat liberal. In
this case, the second-order corrected tests provide good control of test level as well
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as good power-performance. On the basis of a Monte Carlo study, Thomas and
Rao (1987) recommended using Satterthwaite procedure when the full matrix V is
available.

Note 4.2.3 In unstable situations, that is, when the number of sampled clusters m
is small, an F'-correction to the Rao—Scott (first-order) adjustment (4.2.30) may be
helpful. It is given by

2

X
F(X3 )= _r© 4.2.38
o) = =5 (4.2.38)

which is now treated as a F-variable with d.f. (+ — 1) and v(¢r — 1), respectively,
where v is the d.f. available to estimate V. This statistic is better than the uncorrected
first-order adjusted X 120(0) in unstable conditions in terms of Type I error performance
(Thomas and Rao 1987). Similar corrections can be made to X %,(CC) obtaining

2

X
F(X%, )= 29 4.2.39
i) = 255 (4.2.39)
Similarly, one obtains
G2
F(G*) = —«<_. 4.2.40
G =5 (4.2.40)

Note 4.2.4 For Neyman (multinomial Wald) statistic Xlz\, in (4.2.6), we have a
mean deff adjusted statistic X3 (do) = X2 /do, a first-order Rao—Scott adjusted
statisAtic XIZV(C) = XIZ\, /5\0, a second-order Rao—Scott adjusted statistic ijv(cc) =
X% (Ao, @%) = Xlz\,(c) /(1 4+ a*) and an F-corrected first-order Rao—Scott adjusted
statistic F(X%.,) = X3 (Ao)/(t — 1).

4.2.8 Fay’s Jackknifed Statistic

Fay (1979, 1984, 1985) discusses the adjustment of Pearson and likelihood ratio
chi-squared statistics for testing the fit of a model to a cross-classified table of counts
through a jackknifing approach. The jackknifed tests, denoted as Xp; and G; are
related to the Rao—Scott corrected tests and can be regarded as an alternative method
of removing or at least reducing the distortion in the complex survey distribution
of X% and G? as characterized by the eigenvalues \;(i = 1,...,¢ — 1). Fay’s
method, though computationally intensive than the other methods, is remarkable for
its simplicity. The technique may generally be applied whenever a standard repli-
cation method, such as the jackknife, bootstrap, or repeated half-samples, provide a
consistent estimate of the covariance matrix of the sample estimates. Softwares for
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implementing the jackknife approach is available and simulation studies by Thomas
and Rao (1987), Rao and Thomas (2003) have shown that the jackknifed tests are
competitive from the point of view of control of type I error and of power.

In the general case, suppose Y represents an observed cross-classification, possi-
bly in the form of estimated population totals for a finite population derived from a
complex sample survey. Fay considered a class of replication methods to be based
on (pseudo) replicates Y + WD i = 1,...,I;j = 1,..., J; typically based on
the same data as Y. The asymptotic theory for the jackknifed tests requires that

> Wi =0 (4.2.41)
J

for each i. An estimate, cov*(Y), of the covariance of Y should be given by

COV*(Y) — Zbl Zw(ivj)w(ivj)/’ (4242)
i j

where b; are a fixed set of constants appropriate for the problem.

The standard jackknife may be applied when Y can be represented as the sum of
iid random variables Z”. The standard leave-one-out replicates are Y/ = Y—Z(),
This may be weighted by the factor n/(n — 1) to get the same expected total as Y
and written as

nYhH Y — nZW)
=Y+ —. (4.2.43)
n—1 n—1

The second term on the right of (4.2.43) defines W) and satisfies (4.2.41). (Here
the subscript i is fixed at 1.) The value (n — 1)/n represents the usual choice for b;.

For calculating the jackknifed values of the test statistics, we have to refit the given
model to the replicates, Y + W/ and recompute the test statistics, X (Y + W)
or G*(Y + W@7), for these new tables. Using the b; introduced in (4.2.42), the
jackknifed test statistic X p; is defined by

XA — (K1)
P TV /BXA (YY)} 2

, (4.2.44)

where

P = X5(Y + W&y — X24(Y), (4.2.45)

K=>"b> P (4.2.46)
i J
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V=>b> P (4.2.47)
i J

and K takes the value K for positive K and zero otherwise.
The jackknifed version of G2, denoted as G% is defined in an analogous manner.
Both Xp(J) and G are asymptotically distributed as

\/z[(X%tfl))l/z —(t— 1)1/2] (4.2.48)

and the test is to reject Hy if the observed value of Xp; (or G ) exceeds the upper
100(av) % critical value derived from (4.2.48).

Consider now a two-stage cluster sampling in which a ¢-category sample of
m units is drawn independently from each of r sampled clusters. Let m; =

(mi1, mia, ..., m;,;—1) be the vector of counts in the first # — 1 categories in the
ith sample cluster i = 1,...,r) and m = Z::lmi = (my,ms, ..., m;_) be the
corresponding vector for the whole sample, i.e., m; = Zlem,«,k, k=1,...,t—1.

The total number of observations in the sample is n = > ;m;. Let 7 be a design-
unbiased (or design-consistent estimator) of 7 with variance, V () = V/n, V being
a suitable (r — 1) x (¢t — 1) matrix. Here, 7 = >"/_,>""_ m;, sum of r iid random
vectors. Our aim is to test the null hypothesis Hy : m = my. Then Rao and Thomas
(1987) has shown that Fay’s jackknifed statistics takes the following forms. Let

(=) = 5@ — 51,

0 (—i) = Z{ﬁk(—i) — o}/ ko,

k=1
PG) = n(er(—i) - 07, (4.2.49)
K, ==L> PO,
i=1
i=1

where Q% = X% /n, 7ty = 1 — (&1 + - - - + #,_1). The Jackknife X2 is

(X3 — (K"

2 —
D=y

(4.2.50)

Residual analysis Whenever H, is rejected, residual analysis can provide an insight
into the nature of the deviations from Hy. Standardized residual can be defined as

7?"k —TkO

e = Vo /n

_ _/n(—=m)

- N (1=7)
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It is assumed that r;’s are approximately independent N (0, 1) variables. Cells that
deviate from H, will be indicated by large values of |ry|.

4.3 Testing for Homogeneity

In this section, we test if the given populations share the same vector of population
proportions. The results are presented following Holt et al. (1980).

Suppose we have independent samples of sizes n; and n, from two populations.
Let m; = (i1, ™2, .. ., Ti,—1) be the population proportions for the ith population,
i = 1, 2. The null hypotheses is

Hy:m =m =m. “4.3.1)

Suppose that the estimates 7; = (71, ..., T;;—1y) (i = 1, 2) are calculated from the
sample data obtained under an arbitrary sampling design p(s) and

Vni(Fi =) ~ N (0, V) (0 = 1,2), (4.3.2)

as sample size n; — 0.
If we have consistent estimators V; and V; of V; and V,, respectively, then we
can use a generalized Wald statistic

N —1
X%VH = (T — ) |:n_ + —:| (T — ™) 4.3.3)

which is asymptotically distributed as X%r_]) under Hy. This approach is due to Koch
et al. (1975).

In practice, an estimate of V; is often not available. This is specially true in
secondary analysis of data that have been collected for other purposes. In such cases,
practitioners often resort to the ordinary Pearson statistic for testing homogeneity,
using the observed cell counts n;; (number of observations in the jth category from
population i) in the case of self-weighting design or, more generally, the estimated
cell counts 7;; = n;7;;, that is, they use the statistic,

2 t A A N2
ni(mij — ;)
Xou=2.>, % (43.4)
i=1 j=1 J

where 71; = (n171j +nafaj)/(n1 +ny), an estimator of 7;; under Hy(i = 1,2). The
statistic X %,  follows x%l_l) under multinomial sampling.
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Now, X%, can be written as

ninj
ny+n,

Xpy = (7 — )P () — ), (4.3.5)

where P = Diag.(#) — #7’. Thus X 2 is equivalent to the modified Wald statistic,
X %V  1n the multinomial case, since then V| = V, = P under H.

It follows, therefore, from Theorem4.2.1, that under a general sampling design
p(s) (and under Hy)

t—1

Xpy~ D Nt (4.3.6)
k=1
where 7, ..., 7, are independent N (0, 1) random variables and the );’s are the

eigenvalues of

D, — p-! (n2Vl +n1V2)
H ny+n,

_ mDy+n D

4.3.7
P (4.3.7)

where D; = P~!V; is the design effect matrix for the ith population. As in Sect.4.2.6,
\; may be regarded as the deff of 7; under Hj.

Since X %, 18 not asymptotically X%t—l) under Hj for general sampling designs, it
is important to find out whether testing X %, y as X(zt_]) can be seriously misleading,
and if so, whether it is possible to modify the statistic in a simple way to give better
results.

Scott and Rao (1981) in a numerical study have shown that that the naive use of
the Pearson chi-squared statistic with a multistage design can give very misleading
results.

For any given set of \;’s, we can use the approximations given for linear com-
binations of x? random variables in Solomon and Stephens (1977) to evaluate the
correct percentage points of the distribution of X%, and hence study the effect of
using the percentage points of X%rq) in their place.

It follows that
A+ 11
Args—1 < DAl T r+s<t)), (4.3.8)
ny+ny
where A\;; > A;» > - .. are the ordered eigenvalues of D; (i = 1, 2) and );’s are as

given in (4.3.6). In particular, with the proportionally allocated stratified sampling
Aij < 1Vi, jsothat \; < 1 and the Pearson X3, test becomes conservative.
Again, let
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tr(DH) _ I’lztr(Dl) +n|tr(D2)
t—=1 — (n+n)—1)
n25\1 +n15\2

== "= 439
Pa—— (4.3.9)

Ao =

where S\i = th_:ll Aij/(t —1), (i =1,2) and ) is the overall average eigenvalue.

As has been shown (Rao and Scott 1979), tr(D;) = ;(_:llni\/ikk/ﬂk(l — )
where Vi is the variance of 7;; under arbitrary sampling design p(s); hence, if only
the cell variances var (7;;) of the two populations are known, /_\1 and 5\2 and hence
Ao can be calculated.

Alternatively, as has been shown by Scott and Rao (1981)

2 -1

(t—=DXo=7 D > (I —m)di/ni

i=1 k=1

where R
n;Var(my)

dix =
(1 — )

is the design effect for the (i, k)th cell and n = (nyny)/(n; + ny). Thus, g is a
weighted average of the individual cell design effects.

As before, a modified X7, statistic is X3, = Xp /Ao which is distributed
asymptotically as X%;q) under Hy. Rao and Scott (1979), Holt et al. (1980) have
shown that treating X% He 882 X%zq) random variable under Hy gives a very good
approximation. Note that If one sample is much smaller in size than the other, then
Ao will be essentially equivalent to the estimated average deff of the smaller sample.

Another possible approximation due to Scott and Rao (1981) is as follows. Let

nf = n; /5\1, where )\; = r(D;) /(t — 1). n} can be regarded as the approximate
sample size that is needed to get the same average accuracy as the actual design
for all the ¢ classes. Replacing in X%, the cell counts #;; by nj; = nim; we
get another modified Pearson statistic X%%,. It can be shown that X%%, has the same
asymptotic distribution as X f, H(c)- Note that in this case, we are implicitly estimating
Tk by (ni71x + ni7or)/(n] + n%) which may be preferable to 7 in small samples
k=1,...,1).

We can directly extend these results to the problem of testing of homogeneity
of r populations. Suppose there are r populations and an independent sample of
size n; is selected from the ith population by an arbitrary sampling design p(s).
Let 7; = (@1, ..., T—1) denote the vector of estimated proportions from the ith
sample and suppose that

V(@ —m) =" N0, V), (4.3.10)

asn; > o00,i=1,...,randm = (mq,...,m_1).
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The usual chi-square test of homogeneity is

foH_ZZ” (”” ) 4.3.11)

i=1 j=I1

where T; = > ,n;7;;/ > ;n;, an estimate of ; under Hy. With independent multino-
mial sampling in each population, X7, in (4.3.11) has asymptotically a X, _;,_1),
distribution. We now study the behavior of X%, under a more general sampling
design.

Theorem 4.3.1 Under any sampling design p(s), the asymptotic distribution of
X % s

r=D(@-1)

Xou~ D, AT (4.3.12)
where Ty, T2, . . . are independent N (0, 1) random variables and \;’s are the nonzero
eigenvalues of the matrix

I-/D —fiDy ... —fiD
A= —£D1 (= f)Dy... —foD, 4.3.13)

where f; =lim*, n = > " .n; and D; = PV, is the design effect matrix for the ith
population (i = 1 ces ).

Proof Suppose that the sample sizes n; and n increase simultaneously in such a way

thathm”‘ =fi,0< fi<l1@=1,...,r).

Let 7y be the (t — D)r x 1 vector, 79 = (7}, @, ..., 7). Let us define my =
(', 7', ..., @) where m = (my,...,m—_1)". It follows by the assumption (4.3.10)
that

n(ry —m) =L N0, Vy) asn — oo (4.3.14)

wheren = > ".n; and Vo = @}_, (V;/f;) and the symbol @ denote the block-diagonal
matrix.
It can be shown that X3, in (4.3.11) has the same asymptotic distribution as

Xoy = ZZ o (77” m)° (4.3.15)

i=1 j=1
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under the assumption (4.3.10). We can write X%, as
X2, = n(fo — m0)B(Fo — m0) (4.3.16)
where
B=F®P! P=Diag (7r) —nn’,F = Diag.(f) — ff’, (4.3.17)
and f = (f1, f2,..., f+)" and the symbol ® denotes the direct product. Note that

rank (B) =rank (F) x rank (P) = (r — 1)(t — 1).
It follows from Theorem4.2.1 that

t—D(@r—-1)

Xpu~ D N7} (4.3.18)

k=1
where 7y, 7, ... are asymptotically independent N (0O, 1) random variables and
A1, A2, ... are eigenvalues of BV = A. Hence the proof. O

Note 4.3.1 As usual, the Pearson test X3, is conservative with proportionally allo-
cated stratified sampling. B
The modified chi-square statistic X7, = X3 /Ao Where

(r =D — DX = tr(A) = Z(l — fitr(Dy), (4.3.19)
i=1
that is,

R = i (1 = f)Xio

r—1
i=1

_ ZZ (1- fi)(l - Wk)di,k7 (4.3.20)
i=1 k=1 r=D@—1

where d;  is the deff of the (i, k)th cell and S\iO is the average design effect for the
ith population. Therefore, Ay can be calculated from the information about the cell
variances for each population. The corrected statistic X2 H(e 18 again treated as a
x2 variable with (r — 1)(t — 1) d.f. under Hy. It may be noted that as r becomes
large, Ao will tend toward the unweighted average of the )\;o’s provided no single n;
dominates the others. ) is simply a weighted average of population design effects
and should stay relatively stable as r increases.

Like the goodness-of-fit case, a second-order correction Xfo Heo) = Xf, H©) /
(1 4 @?) can be obtained when a° is given by (4.2.34) and making the appropri-

ate changes. Corresponding modifications to G* can be similarly defined.
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Residual analysis: Standardized residuals which have an approximately standard
normal distribution under Hy are given by

fijz(frij_frj)/ V;zr(frij—frj),i=1,...,r;j=1,...,t (4321)

where

A A | . n(n —2n;) - AN
Var(fij — 7)) = — (71 =) | ———dij + > md (4.3.22)
! =1

4.3.1 A Simple Method for Binary Data
Jrom Cluster Sampling

Suppose there are I populations of clusters each receiving a treatment. From the ith
population m; clusters are selected at random and suppose that among the n;; units
in jth cluster so selected x;; units are affected by the treatment and the remaining
(n;; — x;;) units are not affected. Let 7; be the unknown proportion of affected units
in the ith population and 7 be the unknown overall proportion of affected units in

this set-up.
For the ith population a natural estimator of 7; is m; = X;/i; where X; =
Z.'I’-’;,x,-j/m,' and 1; = Z_’;’;,nij/mi. Since 7; is the ratio of two means, an esti-

mator of variance of 7; for large m; is

n; i 2
el > (4.3.23)

ioj=1

where r;; = x;; — n;;@; (Cochran 1977). Under mild regularity conditions on the
population variances of n;;’s and ;;s, it follows that (7; —71;) /\/v; is asymptotically
N(0, 1) as m; — o0. Also, v; is a consistent estimator of V (7) in the sense that
m;[v; — V(7;)] — 0asm; — oo. Dividing v; by the estimated binomial variance,
we get the design effect (deff) of 7;,

d; = (njvy)/[m: (1 — 7). (4.3.24)

Again, n; = n; /d; is the effective sample size. Let x; = x;/d;.

We transform the data from (x;, n;) to (X;, n;) and treat X; as a binomial variate
with parameters (7;, 7;). Now the estimated binomial variance of 7; = X;/n; = 7;
is given by 7;(1 — 7;)/n; = v; which is the same as the estimated variance of
#; and since (7; — m)/[7:(1 — 7)) /)" = (& — m;)//vi, it is asymptotically
N (0, 1). Therefore, tests based on (X;, 72;) leads to the asymptotically (as m; — 00)
correct results. Now (/n (71 — m1), ..., /n; (7 — 1))’ tends to be distributed as
N;-1(0, X) where X is the diagonal matrix with 7; (1 — 71;) in its ith diagonal. Rao
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and Scott (1992) therefore conclude that replacing (x;, n;) by (x;, ;) or equivalently
replacing (n;, ;) by (7;, 7;) in any binomial-based procedure gives asymptotically
correct results.

Testing homogeneity: The hypothesis of homogeneity is givenby Hy : 71} = - - - =
;. The asymptotic distribution of the standard chi-square statistic

1
X3 = Z(xi — ;7)1 = 7)) (4.3.25)

i=1

with 7 = > .x; /> .n;, will be a weighted sum of (I — 1) independent X(21) random
variables with weights depending on the population deff D; = n; V (7;)/[7; (1 — ;)]
This weights will be larger than 1 because of positive intraclass correlation among
the units within the same cluster so that the actual type I error rate would be larger
than the nominal level. Replacing (x;, n;) by (X;, 7;) in (4.3.25), we get the adjusted
chi-square statistic

1
XP =& — m®)?/liw(1 — 7). (4.3.26)

i=I

Under Hy, X E is asymptotically distributed as a x%,_l) random variable. In the special
case when D; = D V i, we may use X; = x;/d and n; = n;/d where d is pooled
estimator given by

4 (1 — #)
(I-1d Z(l ) S0 7) d;, (4.3.27)
fi=n;/nandn = n;. In this case X p'2 reduces to X%/d.

Earlier Donner (1989) suggested a modified chi-square under acommon intraclass
correlation model.

We now consider tests of independence in a two-way contingency table. However,
since this hypothesis involves a number of hypotheses relating to linear functions of
s, we shall first consider tests of general linear hypotheses and effects of survey
designs on these tests.

4.4 Effect of Survey Design on Classical Tests of General
Linear Hypotheses

Suppose that the hypothesis of interest is
Hy:hi(m)=0,i=1,...,b. 4.4.1)

We assume the following regularity conditions on A; (7).
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@) ‘)(’;T(”) is a continuous function in the neighborhood of true 7 V i, j;
J
(ii) The matrix H(7) = ((M))bx(,_l) has rank b.

on;

Now, by Taylor-series expansion,
h(7) ~ h(m) + H(r) (7 — ), (4.4.2)

retaining only the terms up to first-order derivative. Here h(w) = (hy(7), ..., hp(m))’
and h(7) = (h(7), ..., hp(m)).

As in Sect.4.2.5, we assume that \/n(7 — m) ~ N;_1(0, V) where V/n is the
covariance matrix of 7 under a general sampling design p(s).

Hence, it follows that /n(h(7) — h(x)) is asymptotically b-variate normal
Np(0, HVH'). Therefore, if a consistent estimator V of Vis available, we can use
the corresponding generalized Wald statistic

X%, (h) = nh(z) AVH")"'h(7) (4.4.3)

where H = H(#), which is distributed asymptotically as X(Zb) under Hy.

However, no estimate of V or HVH' is generally available and the researcher
assumes the multinomial sampling and uses the multinomial covariance matrix P =
D, — «7’ in place of V. The test statistic is then

X2 (h) = nh(#) (HoPoHo) 'h(#) (4.4.4)

where I:IOpQI:I(/) is any consistent estimator of HoPoHj, under the general sampling
design when H is true. The asymptotic distribution of X f, (h) follows directly from
Theorem4.2.1.

Theorem 4.4.1 Under the null hypothesis Hy : h(m) = 0, X% (h) = Zleéokwk
where the &;’s are the eigenvalues of HPH)'(HVH'); 6, > 6, > --- > §, >
0; Y1, ..., U are independent x%l) random variables and Sy, is the value of 0y
under Hy.

IfHVH' or HPH' are not known, their estimates are to be used throughout. [

As before the d;’s can be interpreted as the design effects of linear combinations Ly
of the components of H#. Obviously, A\ > & > \,_; fork =1, ..., b, where \’s
are the eigenvalues of P~!V, since the L;’s are particular linear combinations of the
Tk ’S.

As before, X% (h)/ & with § > &y provides an asymptotically conservative test,
when we can provide such an upper bound 4. For stratified random sampling with
proportional allocation d; < 1V k and the conventional test X2 (h) is asymptotically
conservative.

Following Sect.4.3, we obtain a good approximation test by treating X% (h)/ do

as a X%b) random variable, where 30 = Zle& /b and Sk is a consistent estimate of

0x under Hy. However, in general, 30 requires the knowledge of full matrix V. Tests
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based on X %,(h)/ dy have been suggested by Fellegi (1980) and others, where dy is
the estimated average cell deff.

4.5 Tests of Independence in a Two-Way Table

Suppose a contingency table has r rows and ¢ columns and let 7 = (71, 72, . . .,
Tre—1) denote the vector of cell-probabilities ;;, ZLle’:l”t ;= L Letmy =
Z j=1Tijs Moj = Z?:NTI ;- As usual, we assume that we have estimated probabilities
T = (7T11, T2y vy 7’%”,1)/ and that

V@ —m) =L N1 (0, V), 4.5.1)
The hypothesis of interest is
H()I]’l,'j(ﬂ') = Tij — TioT0j =O, i = 1,...,}’— 1; ]= 1,...,C— 1. (452)

The usual Pearson statistic for testing Hy is

_ )2
X2, =n Z Z Ry = Fiofo)” 4.5.3)

T 07T
i=1 j=1 (lOOJ

Here 7;; is the estimate of 7;; in the unrestricted case and 7;; = 7;07o; is the estimate
of m;; under the null hypothesis. Now, (4.5.3) can be written as

Xp; =nh(®)' (B @ PLHh(H). (4.5.4)

Here the symbol ® denotes the direct product operator, h(7) = (hy(7),...,
ho—1ye—1 (M), P, = value of P, = Diag. (7,) — w7, for m, = 7, = (10, ...,
#r-10); P, = value of P, = Diag. (w.) — m.m, for 7, = 7. = (@o1, . .., Toe) -

The generalized Wald statistic for testing Hj is given by

X%, = nh(7)'V; h(7) (4.5.5)

where V), /n is the estimate of the covariance matrix V,/n = HVH/n of h(7). The
statistic X3,, is approximately distributed as X%b) under Hj for sufficiently large n,

where b = (r — 1)(c — 1). The estimator Vh /n, if the sampling design does not
permit a direct estimate, can be obtained by the familiar linearization method, the
balanced repeated replication method, jackknife method, or any other sample-reuse
method.

The hypothesis (4.5.2) is a special case of (4.4.1) witht = rcand b = (r —1)(c —
1). It is straightforward to show that when H, is true and the sampling distribution
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is multinomial, HPH' reduces to P, ® P.. Thus X % ; is of the form X % (h) given by
(4.4.4) and hence by Theorem4.2.1, X %, I Zf’:, doiy; under Hy where the ¢;’s are
the eigenvalues of the generalized deff matrix

(P! P,HY(HVH) = (P;' @ P;")V,, =D, (say) (4.5.6)

and Jy; is the value of §; under Hy and 1’s are independent X%n variables. Again, the
0;’s can be interpreted as the design effects of the components of H7. As usual, this
means that the ordinary Pearson chi-square test is conservative for proportionally
allocated stratified sampling.

A first-order correction to the Pearson statistic can be obtained by dividing X %, I

by b9, the mean of the estimated eigenvalues of the generalized deff matrix D; and
the first-order corrected statistic is

X2
Xp1o = =22 (4.5.7)
do

where

b = Z z v;; (h) /(bTtioTo;)

i=1 j=1

=" (1 = 7o) — 7)1/ (4.5.8)

i=1 j=1

v;;(h)/n is the estimator of variance of £;; () and 5 ; is the estimated deff of h;; (7);
that is,

0ij = By () /[iofho; (1 = Fio) (1 = o). (4.5.9)
Hence, X 12D 1(e) Tequires only the knowledge of the deff’s of 4;; (7)’s, which may not

be generally available. Information on V, is never available with published data. We
can only hope to have information on the diagonal elements of V at best.
Scott and Rao (1981) have stated that if the design effects of 7;; are not too

variable, the 30 might be expected to be close to
Moo= "> vy/lre — D]
i=1 j=1

= > > A =#&ydij/(re—1) (4.5.10)

i=1 j=1
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where v;; = V(frij) and dAij is the estimated deff of the individual cell-estimators 7;;.
However, if b is large, even v;;’s would be difficult to come by.

Estimates of 30, the mean of the eigenvalues of D,, which depend only on the
partial information on V has been given by Rao and Scott (1982, 1984), Bedrick
(1983) and Gross (1984). This is given by

o 1 UL G — Fii) r ) c .
00 = C——Ldij — D (1 = Rio)da) — D (1 = #oj)dp(
(r="Dc-1 ;‘; Fioro; ; 0)dai = 2 J)4B()

j=1
4.5.11)
where
dij = V(Fijn/ai, (1 — 7)) (4.5.12)
is the (i, j)th cell deff and
daiy = V(Fio)n/Rio(1 — Aio)
(4.5.13)

dp(jy = V (Foj)n/ (Foj(1 — 7))

are the deffs of the ith row and jth column totals, respectively. The first-order cor-
rected test now consists of referring X%, ., = X%, /00 to X2 _,._p,(@).

A second-order corrected statistic is given by X% Teoy = X 2 1o/ + a*) where
a is given by (4.2.34) with & replaced by (4.5.11), 362 replaced by

(r—=1D(c—1) r—1 c—1

D =D b/ Fioko)) Fioop), (45.14)
k=1

i

and (r —1) replaced by (r—1)(c—1), when ¥y, ;; ;- is the element of Vh corresponding
to the covariance of 7; ; and T j. The second-order procedure refers to X 129 I(co) 1O X;%
where v = (r — D)(c — 1)/(1 + a?).

Similarly an F-based version of the Wald test given in (4.5.5) is given by

(4.5.15)

F1(X%V,):(f_(r_l)(c_l)+1X2 )

fr=De-1 M
to an F-distribution on (r — 1)(c — 1) and (f — (r — 1)(c — 1) + 1) degrees of
freedom.

Residual Analysis Standardized residuals that have approximate standard normal
distributions under Hy are given by

Fij = rij/\dn.ij (4.5.16)
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where the
rij = hij /{fiofro; (1 = o) (1 — 7o)} /2 (4.5.17)

are the standardized residuals defined under the assumption that the sampling design
is srswr and

dnij = Onij/{in"Fiofo; (1 — 7o) (1700,)} /2 (4.5.18)

are the estimated deffs of the residuals ﬁ,- ; under Hy.

Note 4.5.1 Inthe case of multinomial sampling, it is well-known that the test statistic
for independence and homogeneity are identical; but this property does not carry over
to more complex sampling designs and the effect on the asymptotic distribution of
Pearson statistic can be very different in the two situations (Holt et al. 1980).

Note 4.5.2 Bedrick (1983) considered an asymptotic mean correction to X%, and
the corresponding G% under a log-linear model. The log-linear model has been con-
sidered in detail in Sect.5.2.

Consider the problem of testing for independence in a two-way cross-classification
of variables R and C having r and c levels, respectively. The model of interest is
mij =momo; i =1,...,7r; j=1,...,c). The corresponding log-linear model is

logmij =u+upe +ucyy =1,...,r;j=1,...,0). (4.5.19)

Let 7;; and 7;; = 7o, denote the estimate of the cell-proportion 7;; in the unre-
stricted case and under null hypothesis, respectively. The Pearson statistic for testing
independence is given by X%, in (4.5.3). The log-likelihood ratio statistic G? is

G7 =2n Z Z i log(;—Z)

i=1 j=I

roc r
=2n E E fr,»jlogfr,-j— E ﬁiologﬁ'io
i=1

i=1 j=1

> ;i log o | - (4.5.20)
j=1

The asymptotic mean of X ?, ; and G% can be calculated by calculating the asymptotic
mean of the first nonzero term in a Taylor-series expansion of G%(fr) about G2 ().
Assuming that the model of independence is correct and Zi, jfri j = 1, it can be
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shown that the constant and linear terms are zero. It follows that the quadratic terms
reduce to

(Fij — mij)? (Frio — Ti0)? (fo; — m0;)*
DT ST ST T e
i ; ij i i0 ] 0j

Therefore,

. Var(/n;j) Var(y/nio) Var(y/nfo;)
EIGi () = 3~ - 3 e S :

ey
ij i F 0j

= (r — D(c — DX (say). (4.5.22)

iJ

Letdgc(i, j), dr(i) and d¢ (j) denote the (i, j)th cell design effect, the ith cell design
effect for the row variable R, and the jth cell design effect for the column variable
C, respectively. Then

E{GT(®)} =D (1 = mipdrc (i, j) = D (1 = mig)dr(i) — D_ (1 = mo;)dc (j)
i,j i J

= (r¢c — Ddgre — (r = Ddg — (¢ = Ddc¢ (4.5.23)
where

dre = 2 (1 =mpdre (i, j)/(re = 1),
L]
dp = 2.1 =mio)dr(i)/(r — 1), (4.5.24)

de =1 —mopdc(j)/(c—1)

J

are weighted averages of cell and marginal cell design effects. If as in Rao and Scott
(1981) we need first moment adjustment to X 120 ; (or G%), consistent estimates of
these design effects are required. If r = ¢ = 2, X3,/A (or G1/A) ~ X7,

Note: Nandram et al. (2013) considered a Bayesian approach to the study of inde-
pendence in a two-way contingency table which is obtained from a two-stage cluster
sampling design. If a procedure based on single-stage simple random sampling is
used to test for independence, the resulting p-value may be too small, thus inflating
the type I error of the test. In such situations Rao—Scott corrections to the standard
chi-square or likelihood ratio tests provide appropriate inference. For smaller sur-
veys, however, Rao—Scott corrections may not be accurate, mainly due to the fact
that the chi-square tests are inaccurate in such cases. The authors use a hierarchi-
cal Bayesian model to convert the observed cluster sample into a simple random
sample. This procedure provides surrogate samples which can be used to derive the
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distribution of the Bayes factor. The authors demonstrate their procedure using an
example and also provide a simulation study to establish that their methodology is
a viable alternative to the Rao—Scott approximation for relatively small two-stage
cluster sampling.

4.6 Some Evaluation of Tests Under Cluster Sampling

Thomas et al. (1996) made a comparative study of different tests of indepen-
dence on two-way tables under cluster sampling. Let 7 = (71, ..., Te1), TR =
(105 - - - » Tr—10)'s T = (o1, - - -, Toe—1)'-

The independence hypothesis can be expressed in two equivalent forms:

(i)H()Zhij=7Tij—7Ti07T0j=O,i=1,...,(r—1);j=1,...,(6‘—1);

(ii) the log-linear form: Hy : In(7;;) = po+ piy + oy, i =1, ..., r = 1); j =
I,...,(c—1).

The different formulations give rise to different statistics for testing of indepen-
dence hypothesis. We consider three different sets of generalized design effects.

1) Arw,k = 1,...,(r — 1), the eigenvalues of the design-effect matrix Dg =
PEIV r arising from the test of goodness-of-fit on the row-marginals 7. Here
Vr denotes the covariance matrix of a consistent estimate of wg, P denotes
the corresponding multinomial covariance matrix. The mean of the Az, s will
be denoted by \g.

(ii)) Acw), k =1, ..., c—1 the eigenvalues of the design-effect matrix arising from
the test of goodness-of-fit on column marginals 7¢. The mean of the Ac)’s
will be denoted as S\C.

(iii) &,k =1,..., (r —1)(c — 1), the eigenvalues of the generalized design-effects
matrix D; corresponding to the test of independence. D; may be expressed in
the form

D; =n(C'D;'C)~(C'D;'VD_'C) (4.6.1)

where n is the sample size, C is the completion of the design matrix X for
the logarithmic form of the independence hypothesis (expressed in the matrix
form), V is the covariance matrix of a consistent estimate of 7, D, is a diagonal
matrix with elements m;; = m;om; on its diagonal. The mean of the J;’s will
be denoted by 4. A measure of variation among &;’s will be denoted as a(§) =
[Z;’:léiz/l/gz — 112 where v = (r — 1)(c — 1). (For a proof of (4.6.1), see
(5.3.3).)

Several models of two-stage cluster sampling were considered, including Brier’s
(1980) Dirichlet multinomial model and its extensions (Thomas and Rao 1987; Scott
and Rao 1981). A new model, based on a ‘modified logistic normal’ distribution was
developed for use in the study.
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In their Monte Carlo study Thomas et al. (1996) considered, among others, the
following statistics for row-column independence.

(i) The Pearson X %, and the log-likelihood G? tests;
(ii) First-order Rao—Scott correction to X3 and G?, denoted by X3, (vide
(4.2.30)) and G2 (vide (4.2.32));
(iii) F-corrected Rao-Scott statistic X3, and G7, denoted as F(X3,) (vide
(4.2.38)) and F(G?).
(iv) The second-order Rao—Scott corrected statistics X %(C 0 (vide (4.2.33))and G fc
(vide (4.2.37)).
(v) F-corrected tests F'(X %,(CC)) and F (ch)Z
(vi) Fellegi-corrected X %, denoted as X %, (c?o) (vide (4.2.29));
(vii) Fay jackknifed procedures applied to X% and G2, denoted as X3 and G7,
respectively (Fay 1985);
(viii) Two Wald procedures based, respectively, on the residual and log-linear form
of the independence hypothesis;
(ix) F-corrected versions of the above two Wald procedures (vide Sect.4.2.2).

Thomas and Rao (1987) in their Monte Carlo study compared the performances of
X3, G* Xy, Fi(X3)), X3 F(X30)), X3(do), F(G2), X3)» Gleeyr Xp(J) and
63 with respect to control of Type I error and the power of the test. The mod-
ified statistic F'(X 12[,(6,)) performs better than X fg(c) in respect of control of type I
error. Since both the statistics require the same amount of information, namely the
estimated cell deff’s, one may use F'(X %,( «) 1n preference to X %( o

Among the statistics X %, ©> X 3 and F; (X %V) which require detailed information,
both X %J (@ and X 3 perform better than F;(X %V). Their Monte Carlo study clearly
shows that the F-version of the Wald statistic F; (X %V) is much better than the original
statistic X3,. The performance of X3 and X %(Cc) are similar, although X %,(CC) seems
to have a slight advantage in the case of varying deff.

As is well known by now, analysis of categorical data from complex surveys,
using classical statistical methods without taking into account the complex nature of
the data may lead to asymptotically invalid statistical inferences. The methods that
have been developed to account for the survey design require additional informa-
tion such as survey weights, design effects or cluster identification. Benhim and Rao
(2004) developed alternative approaches that undo the complex data structures using
repeated inverse sampling so that standard methods can be applied to the general-
ized inverse sampling data. The authors proposed a combined estimating equation
approach to analyze such data in the context of categorical survey data. For simplicity,
they focussed on the goodness-of-fit statistic under cluster sampling.
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4.7 Exercises and Complements

4.1 Let 1 = (my,..., ;) and define P and V accordingly. Prove the following
results.
@) I'r=17=1;
(i) D1 =, D;lﬂ =1;
(iii)) V1 =0=VD_ L7 since V is a singular matrix. In particular, show that P1 =
PD'7 =0;
(iv) Observe that

PD_'V =D, —77)D'V=V — 77DV
=V 71V
=V-7(Vl) =V.

Similarly, note that VD 'P = V; in particular, PD_'P = P so that D! is a
generalized inverse of P.

4.2 Show that in the case of stratified random sampling,

t

1
2 2
E(XP)—[—I— E _n ] Eh np(mpe — m)° #E 1 — 1

k=1

where nj; and 7y, are, respectively, the sample size and the proportion of units in

category k within stratum % and 7 is the population proportion in category k. Hence,

show that the asymptotic distribution of X3 as x%,_l) does not hold in this case.
(Fellegi 1980)

4.3 Prove the relation (4.2.12).
4.4 Prove the relation (4.2.15).
4.5 Prove the relation (4.2.17).
4.6 Prove the relation (4.2.31).
4.7 Prove the relation (4.3.19).

4.8 Suppose that the survey population consists of R psu’s (clusters) with M; sec-
ondaries in the ith psu ( = 1,..., R; > M; = N). Let Z;»x = 1(0) if the Ath
population unit in the ith psu is in category k (otherwise), A = 1,..., M;;i =
I,...,Rk=1,...,¢t.

Following Altham (1976) assume that the random variable Z;);’s in different
clusters are independent and
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E(Zin) = Tk

EZixk —m) Ziyw — ) = by, X F

where £ denotes expectation with respect to model.

A two-stage sample s is denoted by (s1, ..., s,) where s; is a subsample of size
m; from the /th sampled psu and r is the number of sampled psu’s (3)_,m; = n).
Show that the sample cell frequencies can be written as

zzzlhk = Zmlk (i)
I=1 h=1

Then show the following results:
e(ny/n) = m; for every s, i.e., the estimator 7 = ny/n is model-unbiased for 7.

Also, the model-covariance matrix of n = (ny, ..., n,_1) for a given s is
Vi =A+ (mg; — 1)B (iii)
where A = Diag. (7)—7nn', B = (b)), 7 = (71, ..., m—1) andmg; = Zesmlz/n.

A general hypothesis on model parameters 7 is given by
Hy:hi(m)y=0,i=1,...,b (iv)

and the chi-square test is similar to (4.4.4). Since the my; observations s in different
clusters are independent, it follows that \/n (7 — ) ~ N (0, V) for large r and hence
J/nh(7)—h(r)) ~ N0, HV;H) where H = H(7). Hence, show by Theorem4.2.1
that X2(h) ~ 37 §oihi where &; = 1 + (mo; — 1)p;(h) and j;(h)’s are the
eigenvalues of (HAH)~'(HBH'). It follows that HAH' — HBH' is nonnegative
definite so that p;(h) < 1 Vi = 1,...,b. Hence, obtain a conservative test by
treating x2(h) /mo, as a X%b) variable under Hj.

(Rao and Scott 1981)

4.9 Consider the usual chi-squared statistic for testing independence in a r x c table,

X%;I —n ZZ (7Tt] 7"-1077-0/ (l)

TioMo;
where the notations have the usual meanings. Assume that

V(@ —7m) =L N@©,V) (i)
where T = (1, 712, ..., Tre) and T = (7qy, W12, ..., Tre) arethe rc x 1 vectors of

cell proportions and their estimates. Here V is a positive semi-definite matrix of rank
rc — 1 with each row and column summing to zero. Show that X %, ; can be written as
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X, = nh(#)'(Diag. (7)), (iif)
where h(7) and 7; are the rc x 1 vectors whose co-ordinates are given by
hij(m) = T — oo, s (iv)
(m1)ij = miomo,- (v)
If H = Oh(7) /0w is the rc x rc matrix of partial derivatives, show that
Vn(h(#) —h(r)) =L N©, HVH). (vi)
From (iii) and (vi) show that
(r=1(c—=1)

X%IN Z (5i7'l-2 (vii)

where the 7;’s are asymptotically independent N (0, 1) variables and the 9;’s are the
nonzero eigenvalues of
D; = (Diag. (7;)) '"HVH'. (viii)

Show that D has rank (r — 1)(c — 1). Holt et al. (1980) suggested a modified test

X3 .
Xb1o = % (ix)

where § = >:0i/(r—1)(c—1). Holt et al. suggested that to calculate dan expression
in terms of variances of proportional estimates only will be desirable. Show that

L 1 - - .
S=d, = = l)d’ —eo 1)d" (ix)

where

3 Vijij
%=GTDe=n 1><c D Z Z T0To0; )

and d,, d, are the average design effects for the rows and column proportions and
are given by
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K

R

(c

)
> Vikil Vi = > Vkjij -
k.l k.l
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(Gross 1984)



Chapter 5
Analysis of Categorical Data Under
Log-Linear Models

Abstract This chapter considers analysis of categorical data from complex surveys
using log-linear models for cell probabilities 7 in contingency tables. Noting that
appropriate ML equations for the model parameter # and hence of 7 (6) are difficult
to obtain for general survey designs, ‘pseudo-MLE’s have been used to estimate the
cell probabilities. The asymptotic distributions of goodness-of-fit (G-o-F) statistic
X %,, and likelihood ratio (LR) statistic G> have been derived and these test statistics
have been modified using Rao-Scott (J Amer Stat Assoc 76: 221-230, 1981, Ann
Stat 12: 46-60, 1984) first- and second-order corrections, F'-based corrections, and
Fellegi’s (J Amer Stat Assoc 75: 261-268, 1980) correction. Wald’s test statistic
has been looked into. All these modified statistics have been examined in G-o-F
tests, homogeneity tests, and independence tests. Fay’s Jackknifed versions to these
statistics have been considered. Brier’s model has also been looked into. Lastly,
nested models have been considered and all the above results have been examined
in its light.

Keywords Log-linear models - Pseudo-MLE - Goodness-of-fit tests - Homogeneity
tests + Independence tests + Rao-Scott corrections « F-based corrections * Fay’s
Jackknifed version - Wald test - Brier’s model - Nested model

5.1 Introduction

In general, the cell probabilities 7y, ..., 7 will involve some unknown parameters
01, ..., 6. In this chapter (and the next chapter) we will consider testing of different
hypotheses under this setup, for which we will have to generally take recourse to the
theory developed in Sects. A.4 and A.5 of the Appendix.

This chapter considers analysis of categorical data under log-linear models. Text-
books in the analysis of categorical data through log-linear models, such as Bishop
et al. (1975), Goodman (1978), and Fienberg (1980), discuss these models in terms
of classical sampling distributions, namely the Poisson, multinomial, and product-
multinomial (with occasional use of hypergeometric distribution). In this context,
the Pearson, the likelihood ratio, the Freeman—Tukey chi-squared tests, and Wald
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statistic are often used. Fineberg (1979) reviewed the literature and properties of
these statistics under these models.

However, as is well known at present that these simple test statistics may give
extremely erroneous results when applied to data arising from a complex survey
design.

5.2 Log-Linear Models in Contingency Tables

We have already introduced log-linear models in Sect. 3.6. In the log-linear models,
natural logarithm of cell probabilities is expressed in a linear model analogous to the
analysis-of-variance models.

Thus for a2 x 2 contingency table with 7r;; denoting the probability of an element
belonging to the (7, j)th cell, we write the model as

11’17'(',‘]‘ =u—+u;) + Uz + Uij, i,j= 1,2, (5.2.1)

where u is the general mean effect, u 4 u, ;) is the mean of the logarithms of prob-
abilities at level i of the first variable, u + u5(;) is the mean of the logarithm of
probabilities at level j of the second variable. Here

u :%ZZ]HWU,
i

u~+ug = %(lnﬂil +Inmp), i =1,2, 522)

u—+uy; = 1(nm; +1Inm;), j=1,2.
Since u1(;y and u, () represent deviations from the grand mean u,

uiay +uie =0,
uxy + uz0) = 0.

Similarly, u 15 ;) represents deviation from u + u ;) + u2j), so that

upan +unay =0, upen +uney =0,

upany +uen =0, unan +une =0.
The general log-linear model for a 2 x 2 x 2 table can be written as

Inm;jn = utuig) +usy +use) +ui2aj) +Uuizan +usr +ui23ie. L. k=1,2,

(5.2.3)
where u ;) means the effect of factor 1 atlevel i, 115 ), the interaction between level
i of factor 1 and level j of factor 2, u123;jx), the three-factor interaction among level
i of factor 1, level j of factor 2, level k of factor 3, all the effects being expressed in
terms of log probabilities. We need


http://dx.doi.org/10.1007/978-981-10-0871-9_3

5.2 Log-Linear Models in Contingency Tables 137

2

2 2
D e =00 D uagy =0, D usw =0,
j=1 k=1

i=1

Z Up@j) = 0, Z Ui3ik) = 0, etc..

J(Fi)=1.2 k(#i)=1,2

The parameters involved in Inm = p = (p111, fe112, 121, 1225 H2115 H212,5 4221,
222)" where (15 = In7;ji, are therefore u’s. Therefore

0= (ul(l)» U1y, U3(1), U12(11), U13(11), U23(11), M123(111))/~

Bishop et al. (1975), (p. 33) have given expressions for j; terms in terms of these
parameters in their sign table of u terms of fully saturated mode for three dichotomous
variables. Consider therefore X an 8 x 7 matrix consisting of 1’s and —1’s such that
each column of X add to zero, that is, X'1 = 0.

If p is as stated above, then the last column of Xis (1, —1, —1, 1, =1, 1, 1, —1).
Under Hy : w311y = 0, the last column of X will be deleted and X becomes an
8 x 6 matrix.

In general, a log-linear model can be written as

In 7 x;0
In 7, x50
1
= +1 1 5.2.4
1 exp(x}0) +exp(x50) + ... + exp(x;6) ] r )
In T X/Te
where
¥
)
X=1.
X7

is a known T x r matrix of +1’s and —1’s and is of full rank (< T — 1) and
0 = (61, 0,,...,0,) is a r-vector of unknown parameters. Writing In 7y, = ., pt =
(tt1, - .., pr) and

1 ~
" [eXP(X’IH) +.+ exp(x’TQ)] =In {m] =u(0) (5.2.5)

the log-linear model (5.2.4) can be written as

w=u(0)1r +X0, (5.2.6)
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where @ is the normalizing factor which ensures that > m;(0) = 1. If r = T — 1,
we get the general or saturated log-linear model. Under multinomial sampling the
likelihood equations for 7 are given by

X'% = X'(n/n) (5.2.7)

where n = (ny,...,n7) is the T-vector of observed frequencies, Zk n;y = n and
T = fr(é) is the maximum likelihood estimate (MLE) of 7w under the model (5.2.4).
The MLE 7 is easily obtained under such hierarchical models. The method of iterative
proportional fitting (IPF) gives the fitted proportions 7(f) from Eq. (5.2.7) without
estimating MLE 6 of 6 (Bishop et al. 1975, p. 83). The Newton—Raphson method is
often used as an alternative since 6 is then obtained and the iteration has quadratic
convergence unlike the IPF method.

For general survey design, appropriate likelihood equations for 7 ’s are difficult
to obtain. Hence we use a ‘pseudo-MLE’ 7 obtainable from the modified Eq. (5.2.7)
by replacing (n/n) by p = (p1, ..., pr)’, a design-consistent estimate of 7. Under
standard regularity conditions the consistency of p follows from the consistency of 7.

It may be noted that for any survey design a consistent estimate of 7; is N; / N where
N represents a consistent estimate of population cell count N; and N = Z . We

shall denote (N, ..., Ny) as N.

5.3 Tests for Goodness of Fit

The general Pearson statistic for testing goodness of fit of the model (5.2.6) with
r < T — 1is given by

’ ( Di — i (9))
=ny ~——*. (5.3.1)
izl mi(0)
Similarly, the log-likelihood ratio statistic may be written as
T 5
G*=2n pilog [ - } . (5.3.2)
Z‘ m(0)

Rao and Scott (1984) have shown that X %,(or G?) is distributed asymptotically as a
weighted sum ZT -1 0;¢; of T —r — 1 independent X%n variables 1); (§; > §, >

- > 6r_r—1 > 0). The weights ;s are the eigenvalues of a complex design effects
matrix given by

A =(CD'O)"'(C'D'VD'C) (5.3.3)
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where V = Var(#) under the actual sampling design p(s) (or true model) and C is
any T x (T — r — 1) matrix of full rank such that C’X = 0 and C'1y = 0. (For a
proof see Note 5.6.1). In particular, under the standard parametrization of a log-linear
model, C may be chosen as the matrix complement of X to form a model matrix in
the saturated case.

The §;’s may again be interpreted as generalized design effects (deff’s), J; being
the largest possible deff taken over all linear combinations of the elements of the
vector C’In p.

In the case of multinomial sampling, the deff §; = 1V i and hence the standard X%
or G is distributed asymptotically as X%T*V*l) variable which follows as a special
case.

As in Chap.4 (vide Examples4.2.1 (a), (b); 4.2.2) the following results hold for
special designs.

(i) All§; = 1 —  for srswor;
(i) All§; < 1 for stratified random sampling with proportional allocation;

(iii) 6; = d(> 1) V i under Brier’s model for two-stage sampling. For a proof see
Theorem5.5.1.

5.3.1 Other Standard Tests and Their
First- and Second-Order Corrections

First-order Rao-Scott procedure: The first-order Rao-Scott (1979, 1981, 1984) strat-
egy is based on the observations that X2 /8y, G>/dy (where dy is the mean of the
generalized design effects §;) have the same first moment as X%T—r—l)’ the asymp-
totic distribution of Pearson statistic under multinomial sampling. Thus a first-order
correction to X% or G? is obtained by referring to

R X2 R G2
X%(d0) = SP or G*(&y) = 3 (5.3.4)
0 0

as x%T_r_]) random variable, where & is a consistent estimate of 8 given by

T—r—1

(T —r — 1)dy = Z 5 = tr(A). (5.3.5)

i=l

The tests based on X % (8p) and G2(8y) are asymptotically correct when the individual
design effects are nearly equal as has been confirmed by many simulation studies
including the one discussed in Rao and Thomas (2003). The second-order correction
indicated below is designed for cases when the variation among the design effects is
expected to be appreciable.

As indicated before, one of the main advantages of the first-order procedures is
that knowledge of the full estimate V of the covariance matrix is not always required.
The trace function in Eq. (5.3.5) can often be expressed in closed form as a function
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of the estimated design effects of the specific cells and marginal probabilities which
may be available from published data. In fact, for most of the special cases described
below, it is not necessary to have the full matrix \A7 but only variance estimates (or
equivalently deffs) for individual cell estimates, that is, the diagonal estimates of the
V and for certain marginals.

(a) Simple goodness of fit: Here Hy : m = 7wy = (w0, ..., Tro) and
T 5
(T = Ddo = D~ (1 = pd (5.3.6)
i=1 "'
where
PRNA0)
pi(1 = pi)

and Var (pi) is the estimated variance of a design-consistent estimator p; of 7; under
the true design p(s).
(b) Test of independence in a r x c table: Here

2 (7Tl] _771()71'0]
Xp=n E E

7T7T
i=1 j=1 i07t0j

and the formula (5.3.5) reduces to Rao and Scott (1984), Bedrick (1983), Gross
(1984)

(r=1)(c—1)dg = ZZ (1 Z(l Ri0)Aio(1)— Z(l Ro;)R0;(2)

7T 07T()
(5.3.7)
where

A n\A/ar(fr,-j)
ij= = <
i (1 —7;)

is the estimated design effect of 7;; = m;; (é) and cf[(l), d /(2) are the estimated
deffs of row and column marginals 7;o and 7,;, respectively. The corrected statistics
X%, (30) or Gz(go) is related to x? variable with ( — 1)(c — 1) d.f. under H.

Some alternative corrections to X% due to Fellegi (1980) are

R X2
X2(doo) = =-
00

i (5.3.8)
. X
X3 (dy) = =F

m
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where dyy = PPN dAl‘j/rCiS the average deffand d,, = min .(¥, di(1)/r. 3 ; d;(2)/c).

The corrected statistic X% (dy) is particularly useful, when only marginal deffs are
published.
(c) Test of homogeneity: Denoting by ;; the population proportion of the jth category

in the i th population (i = 1,...,r;j =1,...,c), we want to test Hy(7; = 7 V i)
where ; = (71, ..., m) and ™ = (7q, ..., 7.)
The general Pearson statistic can be written as
r c A~ A~ 2
2 (mij — 7))
Xp=> >y T (5.3.9)
i=1  j=1 J

with @; = >°7_| n;fi;;/n, n; being the sample size for the ith population, ", n; = n.
The formula (5.3.5) reduces to Rao and Scott (1981)

R r c A N
— Dc—1)8, = (1= 4 (1——’)d,~ 53.10
(r = D(e = Déo ;;ﬁj( i) (1=, (5:3.10)
where R
5 niVar(fri_j)
Y (=)

The corrected statistic X% (30) can therefore be implemented from published tables
which report only the estimates 7;; and their associated deffs, d; j. The corrected
statistic is again treated as a X%rq)(cq) random variable.

Rao and Scott (1984) derived similar results for three-way tables.

Second-order Rao-Scott procedures: When an estimate V of the full covariance
matrix V is available, a more accurate correction to X %, or G? can be obtained
by ensuring that the first two moments of the weighted sum Zl-Tz_lr_l 0;1; are the
same as those of x%T_r_l). Unlike the first-order correction, the second-order correc-
tion which is based on Satterthwate (1946) method takes into account the variations
among the generalized design effects d;. For goodness-of-fit test, it is implemented

by referring

c o X300
X%’CCZX%’((SOvaz): 1:_&2
or
G2 = G*(8y, a%) = G2() (5.3.11)
cc — (D) - 1 +a2 R

to the upper 100 ()% point of a x%V) random variable where v = (T —r—1)/(14+a?%)
and a is a measure of the variation among design effects, given by
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T—r—1

a’= D (0 —00)*/((T —r — 1%} (5.3.12)
i=1

The simulation results of Thomas and Rao (1987) for simple goodness of fit con-
firm that the second-order corrected tests are more effective for controlling Type I
error then the first-order corrected tests when the variation among design effects is
appreciable.

Similar corrections can be applied to tests for independence and tests for homo-
geneity.

F-based corrections to Rao-Scott procedures For a simple goodness-of-fit test
Thomas and Rao (1987) gave a heuristic large-sample argument to justify refer-
ring F-based version of the first- and second-order Rao-Scott tests to F distribution.
Extension of their argument for log-linear model gives the following results.

For goodness-of-fit test an F-corrected X %, (30) is

X2 (o)

2.8 —
FOXGG0) = 722

(5.3.13)

which follows an F distribution with (7' —r — 1) and (T — r — 1)v, degrees of
freedom under Hy where v, is the d.f. for estimating V. For test of independence

X3 (50))
r—Dc—-D
which follows a F distribution with (r — 1)(c — 1) and v.(r — 1)(c — 1) d.f. The

statistic F(G2(8y)) is defined similarly.
Similar corrections can be made to X %,( coy 1O obtain the second-order F'-corrected

F(X% (b)) = (5.3.14)

estimator F (X % ()
Wald Statistic

Whenever an estimate of the full covariance matrix of 7 under the true design p(s)
is available, a Wald test of goodness of fit of the log-linear model can also be con-
structed. Consider the saturated model corresponding to (5.2.6), written in the form

In(m) = u(0)1 + X0 + COc (5.3.15)

where O¢ is a (T — r — 1) x 1 vector of parameters. The test of goodness of fit of
model (5.2.6) is thus equivalent to

Ho(l) . QC =0.
Again, since C satisfies C'1 = 0 and C'X = 0, Hél) is equivalent to

Héz) :Cln(m)=¢p=0
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where ¢ isa (T —r — 1) x 1 vector. A Wald statistic for testing H, is then obtained
by referring

X3, = D@ o
(5.3.16)
= (C'In#)[C'D;'VD;'C]"(C' In7)

as X%Tfrf n (see Theorem 5.6.2), where dA), the estimate of ¢ under the saturated model

is given by C’In(7) and ﬁ(c}) is the estimated covariance matrix of qAb Here, D4
is the diagonal matrix having elements 7;, (i = 1, ..., T) on the diagonal. Clearly,
the Wald statistics (5.3.16) requires that all estimated cell probabilities 7; must be
nonzero. The Wald statistic X ‘24, is invariant to the choice of C.

The test may lead to inflated type I error rates in finite samples, as the d.f. v, for
estimating V decreases and the number of cells increases, as shown by Thomas and
Rao (1987) on the basis of a goodness-of-fit Monte Carlo study. The statistic is not
definedifv, < T —r — 1.

If the d.f. for estimating V are not large enough relative to 7 — r — 1, an improved
test statistic can be obtained by treating

We—T+r+2)

Fy=-—4 — “x? 5.3.17
Y == Y 6317

as an F random variable with T —r — 1 and v, — T +r 42 d.f. The Monte Carlo study

of Thomas and Rao (1987) has shown that Fy gives a better control of Type I error
rate than X %v’ although it also tends to perform poorly as v, approaches T —r — 1.

5.3.2 Fay’s Jackknifed Tests

Fay (1979, 1984, 1985) proposed and developed jackknifed versions of X %, and G2,
which we shall denote as X p; and G, respectively. We have seen that consistent
estimators of 7" finite population proportions in a general cross-tabulation can be
obtained as (N) IN where N = > N,, N = (Nl, .. NT)/ and N; is the ith cell
population count (i = 1,...,T). Fay ( 1985) c0n51dered the class of replication
methods based on (pseudo ) rephcates N4+ WD i =1,...,T; j=1....J,
typically based on the same data as N. The asymptotic theory for the jackknifed tests
requires that

ZWW =0 (5.3.18)
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for each i. An estimate, cov* (N), of the covariance of N should be given by

cov (N) = D b > WD @ W), (5.3.19)
i J

where W) @ W/ represents the outer product of W /) with itself (the standard
cross-product matrix) and the b; are a fixed set of constants appropriate for the
problem.

A number of replication schemes can be represented in this way. In case of strat-
ified cluster sampling suppose the population is divided into I = T strata and n;
samples are selected independently from each stratum. In this setup N may be rep-
resented as

N=> ">z, (5.3.20)
i

where the Z*7, for fixed i, are the n; iid random variables within stratum i. (These
variables are not, however, assumed to be identically distributed across strata.) For
each stratum 7,

N+ WD =N+ [ D20 ) —n20P | J(n; — 1), (5.3.21)
K

has the same expected value as N and defines W), satisfying (5.3.17). The corre-
sponding choice for b; is (n; — 1)/n;.

For calculating the jackknifed values of the test statistics we have to refit the
given log-linear model to the replicates, N + W/ and recompute the test statistics,
X3 (N + WD) or GE(N + W), for these new tables. Using the b; introduced in
(5.3.19), the jackknifed test statistic X p is defined by

LX) — (K
VX))

Py (5.3.22)

where

Py =X3(N+ WD) — X3 (N), (5.3.23)

K=>"b> P (5.3.24)
i J

V=>"b> Pl (5.3.25)
i J
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and K takes the value K for positive K and zero otherwise. The jackknifed version
of G2, denoted as G, is obtained by replacing X%, by G? in Egs. (5.3.22)—(5.3.25).
It has been shown by Fay (1985) that both X p; and G ; are asymptotically dis-
tributed as a function of weighted sums of 7 — r — 1 independent X%l) variables,
the weights being functions of the eigenvalues J;’s of the design matrix A in (5.3.3).
When the §;’s are all equal, the asymptotic distribution of both X p; and G is

220 ) = (T —r = D', (5:326)

Numerical investigations have shown that (5.3.26) is a good approximation to the
jackknifed statistics even when 9;’s are not all equal. In practice, therefore, the test
procedure consists in rejecting the null hypothesis when Xp; (or G ;) exceeds the
upper 100(«)% critical point obtained from (5.3.26).

5.4 Asymptotic Covariance Matrix of the Pseudo-MLE 7

To derive the asymptotic covariance matrix of 7 we need some of the results of Birch
(1964) stated in the Appendix for multinomial sampling.

Lemma 5.4.1 Under the regularity conditions of Sect. A.4.2,

-0 ~XPX)"'X'(p—m)

. N 5.4.1)
T —m ~ PX(0—0)

where P = D, — ', Note that 7 is the pseudo-MLE of  as explained above, while
P is a consistent estimate of m under the sampling design p(s). (Here, asymptotic
covariance matrix of p is V/n.)

Proof From Egs.(A.4.10) and (A.4.13),
0—0~ AATAD P —7) (5.4.2)
and
#—m~DY2A@ —0) (5.4.3)

where A is the 7 x r matrix whose (i, j)th element is 7, Y 2(67rl~ /00;). Under the
log-linear model (5.2.4), A = D;I/zPX. Also,

A’A = XP'D;'PX
X'(I — 71)PX = X'PX,
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because 1'P = 0. Similarly,

AD;'(p—m) =XA-71)P - )
=X'(p — ),

because 1'(p — 7) = 0.
Hence the proof. (]

Since by assumption, the asymptotic covariance matrix of p is V/n, we have from
(5.4.1), the asymptotic covariance matrix of 6 as

D) = n ' (X'PX)" ' (X'VX)(X'PX) . (5.4.4)
Hence the asymptotic covariance matrix of 7 is
D(7) = PXD(®X'P. (5.4.5)
In the case of multin(A)mial sampling, we have V = P and (5.4.4) reduces to the
well-known result D(8) = (X'PX)~!/n.

The asymptotic covariance matrix of the residual p — 7 is obtained by noting that

p— 7~ [1—PXXPX)"'XPD;'|(p—7)

(5.4.6)
(I — PXX'PX)"'X'](p — 7)]
since X'P'D-!(p — m) = X/'(p — ) so that
D —7) =n~'[I - PXX'PX)"'XIV[I - X(X'PX)"'X'P]. (5.4.7)

If V=P, (5.4.7) reduces to

n~ '[P — PX(X'PX)"'X'P].

5.4.1 Residual Analysis

If a test rejects the hypothesis of goodness of fit of a log-linear model of the form
(5.2.6), residual analysis provides an understanding of the nature of deviations from
the hypothesis. The standardized residual is

pi —mi(9)

e (5.4.8)
s.e{pi —m(0)}

ri =
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to detect deviations from the hypothesis, using the fact that r;’s are approximately
N (0, 1) variables under the hypothesis.

In the case of test of homogeneity of proportions across r regions, the standardized
residualsr;;(i =1,...,7; j =1,..., ¢) may be expressed in terms of the estimated

population proportions 7;; and the associated deffs. d; ; 1s as follows:

_ pij — 7,
T Y ar(h — 2 n2
{(Var(pij — 7))}

(5.4.9)

where

N . N on . o nmn—mn;) . . A
Var(p,-j—ﬂ'j)zn Zﬂj(l—ﬂj){Tﬂ'ij-anidij},
! i=1

~

d;; being given in (5.3.10).

5.5 Brier’s Model

We now consider a case where ¢;’s, the eigenvalues of A in Eq.(5.3.3) are either
ZEeros or a constant.
Consider Brier’s model in Sect.4.2.5. Suppose we are interested in testing the
hypothesis
Hy:m=ft) e®CR) (5.5.1)

versus the alternative Hy : m € &7 (&7 defined in Eq. (A.4.1)). Under both Hy and
Hy, YO(@i =1,..., N) are independently distributed as DM (n, 7, k). We assume
that the relation w = f(0) satisfies the regularity conditions in Sect. A.4.3 given by
Birch (1964). These conditions are not very restrictive, and in particular, all hierar-
chical log-linear models considered by Bishop et al. (1975) satisfy these conditions.
Let U = ZlN: 1 Y; be the vector of cell counts. Two statistics that are frequently

used are .

A V)2
X2 = Z w (5.5.2)
o M7 ;(9)

and

T
U.
G*=2>U; 1og(Mﬁ_) (5.5.3)
j=1 i
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where M = nN and 7; = y;/n is the MLE of 7; assuming that U is multinomially
distributed. It has been noted in Sect. A.4.1 that under Hj, both X %, and G? have
distributions that are asymptotically X%T—r—l) if U has multinomial distribution.

We now consider the null distribution of X% and G*> when the sample is a cluster
sample and therefore, y follows DMy (n, 7, k) distribution.

Theorem 5.5.1 Let YV, ..., Y™ be independently and identically distributed as
DMy (n, w, k). Under Hy : m = £(0), if the regularity conditions of Sect. 3.4.2 are
satisfied, then X %, and G? are distributed asymptotically as C X%T—r—l) as N — oo,

where X% and G* are defined in (5.5.2) and (5.5.3), respectively, and C = %

Proof Let p = U/M be the vector of observed cell proportions and let 7y and 6y
be the true values of 7 and 6, respectively. Applying the central limit theorem to
(YD, ..., Y)Y, we have

VN —m) =" N@©, V)
where V = (%)(DmJ — mom,). Note that this implies

p—mo=0,(N""?). (5.5.4)

Define

_12 [0 (0)
_ W ) 12| 22/
A= ((al])) = {mi(0)o} [ 39j :|99 .

From Birch’s result (A.4.11)

0 =0y + (A'A)'AD (P — mp) + 0, (N2 (5.5.5)
where @ is the MLE of 6 assuming U is multinomially distributed. This result still
holds in our case since the result is based upon the regularity conditions of f(#) and
(5.5.4). Using (5.5.4) we have

# =m0+ D, ?AAA)TAD (P — ) + 0, (NT) (5.5.6)
by the delta method. It follows therefore that
VN((, 7) — (0, T0)} = N (0, T) (5.5.7)
where

I'=(L)VAL) and L =D_'AA'A)"'A'D}/>.
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It follows from Theorem A.5.3 that the asymptotic distribution of X% is > 8,
where );’s are independent X%]) variables and ¢;’s are the eigenvalues of C{I —
Vv — AA'A)7'AY), where /T = (7, ..., /7p). It can be verified that
T —r — 1 of the §;’s are C and the remaining ;s are zero. This completes the proof
for X%. This together with Theorem A.5.1 establishes the result for G2, ]

5.6 Nested Models

We denote the model (5.2.6) as M. Let X = (X{(T x s), Xo(T x u)) and 6/ =
@71 x 5),05(1 x u)) where s + u = r. As before we need X|1r = 0, X, 17 = 0.
Given the unconstrained model M|, we are interested in testing the null hypothesis
Hyjy : 6, = 0 so that under H,); we get the reduced model M, as

_[o
,u=u|:01:| 17 + X,6;. (5.6.1)

Clearly, M, is nested within M; (vide Sect. A.6).

Example 5.6.1 As in (5.2.1), consider the saturated log-linear model applicable for
two-way cross-classified data according to two categorical variables A and B having
r and c categories, respectively. Let m;; be the probability that a unit belongs to the
category i of A and category j of B. We want to test the hypothesis of independence

Hy :mij = momo; Vi, j

where w0 = Zj Tij, Toj = Zi Tij-
The model is

Inmij = pij = u + ui6 + uzy + i)

where the parameters u;; and uy(;) are constrained by > . uj; = O,
.Zj urjy = 0,2 ug) = 0V jand zj i) = 0 V.i anq uis a normgliz-
ing factor to ensure that >, >, m;; = 1. In matrix notation this may be written
as

pn=ul+X,0; + X560,

with XX =0, X1 = 0and X531 = 0 where g = (11, -« filry oo frls oo fire)s O
is the (r 4+ ¢ — 2) vector of parameters uyy, ..., Uic—1), U2(1), - - - » U2(c—1) With
associated model matrix X; consisting of +1°s,0’s, and —1’s; 6, is the (r — 1)(c — 1)
vector of parameters U1y, - -« U12(1,e—1)s - - > U12(—=1,1)5 + + = » U12((r—1),(c—1)) with

associated model matrix X,. The hypothesis of independence may be expressed as
H() . 92 =0. O
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Let 91 and 7 = w(@l) denote the ‘pseudo-MLE’ of 6, and 7, respectively, under M,
as obtained from the likelihood equations

X, 7w(0) = X,p (5.6.2)

where P is a design-consistent estimator of 7. The consistency of p ensures the
consistency of 7 under M,.

5.6.1 Pearsonian Chi-Square and the Likelihood Ratio
Statistic

The Pearson chi-square statistic for testing Hy|; : 8, = 0 given the model M|, i.e.,
for testing Hy|; : 6, = 0 under the nested model M, is given by

r . =z
X3l =n Y G2
= (5.6.3)

—n(f — 2D F — 7).

where we denote the estimate of 7 under the models M, as ™ = W(é).
Again, writing the likelihood ratio statistic under model M; as Giz, the likelihood
ratio statistic for testing Hp); is

G22I = G3 - G}
- s ~ 5, 5.6.4)
=2n> 7 ln(;—f) —2n> pi 111(%) (

The likelihood ratio statistic G>(2|1) is usually preferred to X %, (2]1) due to its addi-
tive properties:

G*(2|1) + G*(1) = G*(2)
where
GX(1) =2n Y piIn[ L]
) (5.6.5)
G*(2) = 2n 2. bi 1n[%],

i é)

since p &~ 7. However, as in the case of multinomial sampling, when the null hypoth-
esis Hyj is true, both the statistic X% (2|1) and G*(2|1) are approximately equivalent
(vide Theorem A.5.1).
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For multinomial sampling, X7 (2|1) or G*(2|1) follow approximately x7,, (vide
Theorem A.6.1). The same asymptotic null distribution holds under a product-
multinomial sampling scheme which arises with stratified simple random sampling
when the strata correspond to levels of one dimension of the contingency table and
the samples are drawn independently from different strata covering all the categories
of the other variable. This result, however, does not hold with more complex survey
designs involving clustering or stratification based on variables different from those
corresponding to the contingency tables.

We shall now derive the asymptotic null distribution of X 129 2|1) or G*(2|1) for
any survey design p(s).

Theorem 5.6.1 (Rao and Scott 1984) Ler 6' = (0}, 6,). Under Hy, asymptotic
distribution of Pearson chi-square X f, (211) in (5.6.2) is given by

X22|1) ~ nfy(X,PX5)0, (5.6.6)
where
X, = I - X;(X,PX)) " 'X/P)X,. (5.6.7)
Moreover, under Hy,
XpQID) = 6@l (5.6.8)

i=1

where 1);’s are independent X(21) variables and §(2|1);’s (all >0) are the eigenvalues
of the matrix A2|1) = (XoPX,) ' (X, VX)).

Proof We have from (5.4.1), 7 — 7 ~ PX(H — ). Analogously,
A om~PXi(0 - 6)). (5.6.9)
Hence,
For=(GF-m-—G-m
~PX(@ —0) — PXl(él —0)
= P[Xi0; + Xo0, — X160, — Xa6, — X1§1 +X61]

= P[X,(0) — 0)) + Xo0, — X, (0, — 01)], (5.6.10)

since under Hy;, 6, = 0. Also, from (5.4.1), 6—0~ X'PX)~'X'(p — 7). Analo-
gously,
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0, — 0, ~ X\ PX)) "X (p — ). (5.6.11)

Now, X'PX can be expressed as the partitioned matrix

PX — |:X’1PX1 X/IPXZ} .

X,PX,; X,PX,

Using the standard formula for the inverse of a partitioned matrix (see, e.g.,

Mukhopadhyay 2008, p. 464) and thereby calculating 0, — 6y, it can be shown
from (5.4.1) and (5.6.11) that

0, — 6, ~ ) — 0)) + X, PX,) "' (X, PX,)0s. (5.6.12)
Hence, from (5.6.9),

7 — 7 ~PIX (0, — 0)) + X0, — X, (B) — ) — X, (X, PX,) " (X[ PX)0,]
= P[X, — X; (X, PX)) "' (X! PX)10
— PX, . (5.6.13)

Therefore,
X321 = n(& — 2D (7 — 7) ~ nfyX,PXy)0,, (5.6.14)

since PD'P = P and PD;'P ~ PD_'P.
Also, it follows from (5.4.4) and the formula for the inverse of a partitioned matrix
that the covariance matrix of 65 is

D(0) = n~' (X,PXy) (X, VX)) (X4PX,) 7. (5.6.15)

Therefore, under Hyj, éz ~ N,(0, D(ég)). Normality and zero mean of ég follow
from Eq.(5.4.2) and Theorem A.4.2 in the appendix. Using Theorem4.2.1, we see
that Xf, (2|1) ~ 3¢, 8(2|1);1); where the §(2|1);’s are the eigenvalues of

nD(0) (X5PX5) = (X4PXo) ™! (X, VX).

O

The §(2|1);’s may be interpreted as the generalized deft’s, with J(2] 1), as the largest
possible deff taken over all linear combinations of the elements of X/ p.

Corollary 5.6.1.1 For multinomial sampling, V = P and hence 6(2|1); = 1V i =
1, ..., u and we get the standard result X%, 211) ~ X(zu) under Hy);. O

Note that the asymptotic distribution of X %, (2]1) or G*(2|1) depends on V through
the eigenvalues 9;’s.
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5.6.2 A Wald Statistic

If a consistent estimator V /n of V/n, the covariance matrix of p is available, we can
construct Wald statistic, X %V for testing Hy; : 6, = 0.

Let C be a T x u matrix of rank u, such that C'X; = 0, C'1; = 0 and C'X,, is
nonsingular. If X|X, = 0, a convenient choice for C is X,.

Now from model (5.2.4),

1 = X0 + constant = X0, + X,6, + constant.
Hence, under Hy;,
C//L = ¢ (say) = C/Xlel + C/X26‘2 =0.

Therefore, the hypothesis H|; is equivalent to the hypothesis H, : ¢ = 0. Hence, a
Wald statistic for testing Hy is

X2,2(1) = 4] 'd (5.6.16)

where (;AS = C'[t and lA)(é) is the estimated covariance matrix of (ﬁ
Now,

i — i =Inm —Inm ~ (7 —m M]
Qi — 1 7 ™A (F =) T N (5.6.17)
= (7}1 - ﬂ-l)%a
by delta method. Hence,
fi—p~D (R —T) (5.6.18)
where D, = Diag.(my, ..., 7r). Therefore,
D($) = C'D(4)C = C'D.'D(H)D;'C = X, (say), (5.6.19)

using (5.6.17), where D(7) is the asymptotic covariance matrix of 7. The expression
for D(é) is obtained from (5.4.4) and (5.4.5). The estimator ﬁ(fr) is obtained by
replacing 7 by 7 and V by V. The Wald statistic (5.6.16) is independent of the choice
of C.

If a consistent estimator V of V is not available, the effect of survey design
is sometimes ignored. In this case V/n is replaced by the multinomial covariance
matrix P/n in D(qAS) when D(qg) reduces to

2 =n 'CXXPX)"'X'C (5.6.20)
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since PD;IC = (D, — 77)D'C = C, since C'1 = 0. This gives a test statistic
alternative to Xf, (2|1) or G*(2]1):

X2,211) = nd/ [CXXPX)~'X'C] 1. (5.6.21)

As in the case of X%(2|1) or G?(2|1), the true asymptotic null distribution of
X%V (2]1) is a weighted sum of independent X(21) variables, Z?:l v(2|1);4;, where
y2|Dy, ..., v(2|1), are eigenvalues of 2512@.

Note 5.6.1 In case of saturated model s +u = T — 1. Here # = p = n/n and
hence D(p) = P/n. Therefore, £y = n~'C'D;'PD'C = n~'C'D; ' C. Therefore,
0(2]1);’s are eigenvalues of Eo_l ¥, = (C'D-!C)~1(C'D'VD'C).

Theorem 5.6.2 below shows that X3,(2|1) is, in fact, asymptotically equivalent to
X%(2|1) under Hy;, which implies that X3,(2|1) ~ >/, 6;4; asymptotically and
[02]1)y, ..., d(2|1),] is asymptotically identical to [y(2|1)1, ..., v(2|1),].

Theorem 5.6.2 Under Hy; : 0, = 0, X3,(2|1) ~ X%(2|1).

Proof Under Hy;,wehave ¢ = ¢—¢ = C'(fi—p) ~ C'D- (7 —7) (by (5.6.18)) ~
C'D-'PX(A—0) (by (5.4.1)). Now, C'DZ'PX = C'X = (C'’X;, C'Xy) = (0, C'X;).
Hence,

b= (0@ xs,CXau x )@ —0)
= C'X,0, (5.6.22)

under Hy;. Also,
CXX'PX)"'X'C = C'X,(X,PX,) X, C (5.6.23)

using the formula for the inverse of the partitioned matrix X’PX. Hence, from
(5.6.21),

X2,2[1) = nd)X,CIC'X,(X,PX,) "X, Cl ' C'X,6,
= l’lez(ilzpf(z)_léz
= X3(2|1), (5.6.24)

since C'X,(u x u) is nonsingular.

5.6.3 Modifications to Test Statistics

A primary modification to X3 (2|1) (or G2(2|1)) is to treat X3 (21) /8y or G*(2|1) /8¢
under Hy, where §y may be written as
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us(2|1)o = o (X,PXy) (X, VXy)]
tr[(X'PX) ' (X'VX)] — tr.[(X|PX}) (X VX))]

= (s +u)ho —sAo (say). (5.6.25)

We note that (X’PX) ! (X"VX) is the design effect matrix for the contrast vector X'p
so that ) is the average generalized deff of X'p. Similarly, (X|PX;)~'(X| VX)) is
the deff matrix for the contrast vector X p and A is the average generalized deff of
X/p.

In the special case of saturated model, s +u = T — 1 and ud(2|1)( reduces to

(T — s — 1321 = (T — Do — sAio (5.6.26)
where
(T — Do = Zu:(l —m)d; (vide (4.2.29)) (5.6.27)
Py
and
d; = ﬁ (5.6.28)

is the (cell) deff of p; and V = ((v;;)).

If T is much larger than s, then §(2|1)y & A9 and we might expect X%(2| 1)/5\0
to perform well in large tables if s is fairly small. Note that unlike §(2|1)g, Ag is
independent of Hy;.

Another approximation X2 (2|1)/dy (Fellegi 1980), where dy = > di/T is
the average estimated cell deff., is also independent of Hy;.

Empirical result reported in Holt et al. (1980) and Hidiroglou and Rao (1987)
for testing independence in a two-way table indicates that both X %,(2|1) / :\o and
X %, 2|1)/ dy tend to be conservative, that is, their asymptotic significance level is less
than o and sometimes very conservative, whereas if the coefficient of variations of
3(2| 1);’s is small, X%, (2] 1)/3(2| 1)¢ works fairly well. The Pearson statistic Xf, 2|D)
often leads to unacceptably high values of significance level of .

Fay’s (1979, 1984, 1985) jackknifed methods can also be applied to the X %, 2|1
and G?(2|1) statistics. The jackknifed version X p; (2|1) for testing the nested hypoth-
esis Hy; is obtained by replacing X% in Eqs.5.3.21 through 5.3.24 by X%, (2|1). The
jackknifed version G (2]1) can be obtained in an analogous manner.

5.6.4 Effects of Survey Design on X %, 2|1

The asymptotic null distribution of X %, (2|1) may be approximated to a x? variable,
following Satterthwaite (1946):
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X3l

2 _
X2 = (1+aI1)®52|1)

(5.6.29)

is treated as a X%y) variable, where v = u/(1 4+ a(2|1)%), u6(2|1)y = > 621,
and a(2[1)? = D' (52|1); — 6(2|1)0)?/[ud(2|1)3] is the coefficient of variations
of §(2|1);’s and §(2|1);’s are the eigenvalues of Theorem 5.6.1

The effect of survey design may be studied by computing the asymptotic signifi-
cance level (SL) of X % (2]1) for a desired nominal level «, that is,

SLIGG@IN = P | 301D = (@] =PI, = 0
P P = Au) v = (1+a(2|1)2)§0

i| (5.6.30)

is compared with «. In practice, SL[X 12[, (2|1)] is estimated using V for V and
7 (or 7) for 7.

Further references in this area are due to Holt et al. (1980) and Hidiroglou and Rao
(1987). Rao and Thomas (1988) illustrated all the results in this chapter and previous
chapter using survey data from Canadian Class Structure (1983) and Canadian Health
Survey (1978-79).

Ballin et al. (2010) considered applications of a set of graphical models known as
Probabilistic Expert Systems (PES) to define two classes of estimators of a multiway
contingency table where a sample is drawn according to a stratified sampling design.
Two classes are characterized by the different roles of the sampling design. In the
first, the sampling design is treated as an additional variable and in the second it is
used only for estimation purposes by means of sampling weights.



Chapter 6
Analysis of Categorical Data Under Logistic
Regression Model

Abstract This chapter considers analysis of categorical data under logistic regres-
sion models when the data are generated from complex surveys. Section 6.2 addresses
binary logistic regression model due to Roberts et al. (Biometrika 74:1-12, 1987),
and finds the pseudo ML estimators of the population parameter along with its asymp-
totic covariance matrix. The goodness-of-fit statistics Xg and G2, and a Wald statistic
have been considered and their asymptotic distributions derived. The modifications
of these statistics using Rao-Scott corrections and F ratio have been examined. All the
above problems have been considered in the light of nested models. We also consid-
ered problem of choosing appropriate cell-sample-sizes for running logistic regres-
sion program in a standard computer package. Following Morel (Surv Methodol
15:203-223, 1989) polytomous logistic regression has been considered in Sect. 6.5.
Finally, using empirical logits the model has been converted into general linear model
which uses generalized least square procedures for estimation. The model has been
extended to accommodate cluster effects and procedures for testing of hypotheses
under the extended model investigated.

Keywords Pseudo-likelihood - Empirical logit - Binary logistic regression * Poly-
tomous logistic regression * Generalized least square estimator + Nested models *
Cluster effects

6.1 Introduction

In Sect. 3.7, we introduced briefly Logistic regression models, for both binary and
polytomous data and hinted on their method of analysis under IID assumptions.
Some modifications in the classical methods of analyzing data under binary logistic
regression model when such data are generated from complex sample surveys were
also discussed. Here, we consider the analysis under these models when the data are
obtained from complex surveys and hence do not generally respect IID assumptions.

In Sect.6.2, we consider binary logistic regression model due to Roberts et al.
(1987), and find the pseudo ML estimators of the population parameter along with
its asymptotic covariance matrix. Standard Pearson X3, likelihood ratio G test
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statistics and a Wald statistic have been considered and their asymptotic distribu-
tions derived. These statistics have been adjusted on the basis of certain generalized
design effects. All the above problems have also been considered in the light of nested
models. In Sect. 6.4, we considered problem of choosing appropriate cell-sample-
sizes for running logistic regression program in a standard computer package. In the
next section following Morel (1989) analysis of complex survey data under poly-
tomous logistic regression has been addressed. Finally, using empirical logits the
model has been converted into general linear models which use generalized least
square procedures for estimation. The model has been extended to accommodate
cluster effects and procedures for testing of hypotheses under the extended model
investigated.

6.2 Binary Logistic Regression

Roberts et al. (1987) considered the following binary logistic regression model. The
population is divided into I cells or domains or strata. A binary (0, 1)-response
variable Y is defined on each of the N; population units in the ith cell such that its

value ¥; = 1 if the unit possesses a specific characteristic, 0 otherwise (i = 1, ..., I).
Let N denote the survey estimate of ; and N,1 the survey estimate of N;, the ith
N

domain total of the binary response variable. Then, p; = N‘ isadesign-based estimate

of the population proportion 7; = % of units in the ith domain.

Binomial samples are drawn indépendently from each stratum, sample size from
the ith domain being »; and the variable total n;;. The n;’s may be fixed or random
depending on the sampling design adopted.

Suppose we have access to the values of p auxiliary variables X = (xi, ..., x,)’
for each domain, X; = (x;1, ..., Xj,)’ being the value of x on the ith domain. Note
that the value of x remains the same, namely, x;, for all the units in the ith domain
(i=1,...,1).

The logistic regression model for 7;, the population proportion in the ith domain, is

’
o= _OPED) 6.2.1)
1 4 exp(x;3)
where 3 = (81, ..., 8,) is a vector of unknown regression coefficients. Hence,
mi(X;) ,
o) exp(x;(3)
or

log I mi(X;)

1= m(x) ] = logit (m(x;)) = x;3. (6.2.2)
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Letting mj(x;) = m = fi(B), 7 = (w1, ..., 7)., £(B) = (i(B), ....fi(B)), (6.2.2)

can be written as

. fi(B) -
v; = logit (m;) = log [— =x3,i=1,...1,
1 —f:(B)
or
v =X3 (6.2.3)
where X = (X1, X2, ..., X;)" is the I x p matrix of observations xji=1,...,1;j=
I,...,pandis of full tank p and v = (vy, ..., ;).
Note that the I parameters 7y, ..., 7/, here, depend on the p parameters in 3 and

therefore, the theory in Sect. A.4 has to be applied for estimation.

6.2.1 Pseudo-MLE of ™

Now, the joint distribution of n; = (ny1, ..., np1)’, g(ny) is proportional to the prod-
uct of I binomial functions

gy, ..., m, X) o Ty m (%)™ [1 — 7 (%) )"~

_ ! mex) 1™ ! ARV
o |:£11 { 1_7”("1)} :| |:,'l:[1{] mi(xi)} ] (6.2.4)

= |:eXP [Z”zl log 17T'T(x(/x) H |:i1=£11{1 - 7Tz'(Xi)}""] .

i=1

Again,

log

: —=xf= Zﬁ,xu,

and 1

P
l—m=|14exp Zﬂjx,-j
j=1



160 6 Analysis of Categorical Data Under Logistic Regression Model

Hence, from (6.2.4), the log-likelihood of 3 is
p
L(BIny, X) =log g(m|m. ..., 7, X) = Constant + »_f; (Z n,»lxij)
j=1 i
1 r
- Zni log | 1 +exp Zﬁfxif (6.2.5)
i=1 j=1

which depends on the binomial counts n;; (i = 1, ..., I) only through Zi ni1xij,
j=1,...,p. Now,

ILB) _ lenilx,-j ~ ZI:" xipexp (3 i)

i ,j=1...,p.
8@ i=1 i=1 1 +exp (Zk ﬁkxik)
Hence, the likelihood equations for finding the MLE B of 3 are
I
Z”ilxij - Znixijfi =0,j=1,...,p. (6.2.6)
i=1 i

Let D(n) = Diag. (ny,...,n),q = (q1,--.,qr) where g; = ','1—‘ Then, Eq. (6.2.6)
can be written as

X'Dm)f = X'D(n)q. (6.2.7)

For general sampling designs, appropriate likelihood functions are difficult to obtain
and maximum likelihood estimates are hard to get by. Hence, it is a common practice
to obtain pseudo maximum likelihood equations by replacing in (6.2.7), n;/n by w;,
an estimate of the domain relative size W; = N;/N and g; = n;;/n; by p;, a design-
based estimate of m; = N;;/N;, (i = 1,...,I). The pseudo-MLE’s B of (3 is then
obtained by solving the equations

X'D(w)f = X'D(w)p (6.2.8)
where D(w) = Diag. (wy, ..., w;) andp = (p1,...,pr) and f is the pseudo-MLE
of f.

6.2.2 Asymptotic Covariance Matrix of the Estimators

Instead of considering D(w)f we shall consider D(W)f as a function of 3, where
D(W) = Diag. (Wy, ..., Wp), since w; — W; = 0,(1),i =1, ...,1. We will now



6.2 Binary Logistic Regression 161
use Birch’s result (A.4.10). Let us write
b =b(B) = DW)f = (Wifi, ..., wif1),

Bb(ﬁ))

— Db -2
B = D(b) ( 35

where D(b) = Diag. (by, ..., b;). Now,

D2 = w D — w1 s,
Therefore,
where

A = Diag. (Wifi(1 —f),i=1,...,1). (6.2.9)
Hence,

B = D(b)"'/2AX. (6.2.10)

Therefore, from (A.4.10),

f— 5~ BB)'BDD)"*@— b)) (6.2.11)
where a = (ay, ..., a;), a; = W;p,. Hence, (6.2.11) reduces to

V(3 — 3) ~ /n(B'B)~'X'AD(b) " 'D(W)(p — f)
= /n(X'AD(b) ' AX)"'X’AD(Db) 'D(W)(p — f)
= V/nX'AX)"'X'D(W)(p — ). (6.2.12)

Assuming
V@ —£) =" 0,V), (6.2.12))

the asymptotic covariance matrix of B is

V; ="' (X'AX) T {X'D(W)VD(W)X}(X'AX) . (6.2.13)



162 6 Analysis of Categorical Data Under Logistic Regression Model

Replacing the parameters in (6.2.13) by their estimates, we get the estimated
asymptotic covariance matrix

V5 = n ' (X'AX) T {(X'D(w) VD(W)X} (X' AX) ™! (6.2.14)

where A = Diag. {wifi(1 — )}
Again, by (A.4.14),

Vab(B) —b(B)} ~ n(2%) (B - )
) (6.2.15)
= JnAX(3 - B).

Therefore, by (6.2.12) and (6.2.14), the asymptotic covariance matrix of the fitted
cell-frequencies f is

Vi = D(W)'AXV;X'AD(W) . (6.2.16)
Hence, the estimated covariance matrix is
Vi = D(w) ' AXV X'AD(w) . (6.2.17)
The residual error vector
r=p—f=p-H-F-1 (6.2.18)
Again,
f—f=DW) 'AXX'AX)"'X'D(W)(p — ) (6.2.19)
by (6.2.15) and (6.2.12). Therefore, from (6.2.18),
Vir = /n(p — ) ~ [I - DW) 'AXX'AX) "' X'D(W)]/n(p —£).  (6.2.20)
Its estimated asymptotic covariance matrix is
V. =n 'AVA’ (6.2.21)
where

A=1-DwW) 'AXXAX) 'X'D(w). (6.2.22)
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6.2.3 Goodness-of-Fit Tests

The usual goodness-of-fit tests are:

1
(i —f)° —
X:=n § (6.2.23)
- T

and

—2nl§w, [pzlog( )+(1—p,)10g(1] [f,/)] (6.2.24)

= Z G? (say),
i=1

where f, is any estimator of f; including the pseudo-MLE.

If p; = 0, G = —2nw;log(1 — f); if pi = 1, G* = —2nw; logf;.

Under independent binomial sampling, both X3 and G? are asymptotically dis-
tributed as a X%Fp) variable, when the model (6.2.3) holds. However, this result is
not valid for general sampling design.

For a general sampling design, X3 and G2 are asymptotically distributed as a
weighted sum le;f d;1; of independent X%l) variables v);. Here, the weights 9;’s are
the eigenvalues of the matrix

T Zs (6.2.25)
where
Y5 =n"'CAT'D(W)VD(W)A~!C (6.2.26)
and
o, =n'CA™'C (6.2.27)

and C is any I x (I — p) matrix of rank (/ — p) such that C'X = 0. For proof, see
Corollary 6.3.1.2.

The eigenvalues are independent of the choice of C. The matrix X4 and 6;’s
are, as before, termed a ‘generalized design effect matrix’ and ‘generalized design
effects’, respectively.

A Wald statistic:
Testing fit of the model (6.2.3) is equivalent to testing C'v = ¢ (say) = C'X5 =10
and hence, as shown by Roberts et al. (1987), a Wald statistic is

A

=<%V '$='CVICD (6.2.28)
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where © is the vector of estimated logits ; = {p;/(1 — p;)} and V o 1s the estimated
true-design-covariance matrix of qAb The statistic X‘ZV is invariant to the choice of C
and is asymptotically distributed as X%,_ ) When the model (6.2.3) holds. The statistic
X%V however, is not defined if p; = 0 or 1 for some i and may be very unstable if any

pi is close to 1 or when the number of degrees of freedom for estimating \% P is not
large in comparison to I — p (Fay 1985).

6.2.4 Modifications of Tests

As in (4.2.30), Rao-Scott adjustment to X7 or G is obtained by treating Xp ., =
X2 /80 or G* = G%/d as a X(r_p) random variable, where

I=pbo=D bi=n> V—w (6.2.29)

where \A/,-,‘,, is the ith diagonal element of the estimated covariance matrix of the
residualr = p — f given in (6.2.20). This adjustment is satisfactory if the c.v. among
0;’s is small.

A better approximation, based on Satterthwaite approximation, is given by
X3y = Xpio/(1 + @) or G2, = G7/(1 4 a*) where

I=p
& = (67 = 80> /{1 = p)dg) (6.2.30)
i=1
and >, 312 is given by
[—p 11 5 ' ‘
2o ) (6.2.31)

o =S A -fa -5

where \A/,j,, is the (i, j)th element of \7,.

6.3 Nested Model

Asin Sect. 5.6, we call the full model (6.2.3) asmodel M. Let X = (X (I xr), Xo(I x
u)) where r 4+ u = p. The model (6.2.3) can then be written as

v=XB=X,5V +X,3? (6.3.1)
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where 5 = (3" (1 xr), P (1 xu))'. We are interested in testing the null hypothesis
Hyp ﬁ@ = 0, given that the unconstrained model is M1, so that under Hy;, we get
the reduced model M, as

v=X,5P. (6.3.2)
The pseudo-MLE 3% of 31 under M, can be obtained from the equations

X’]D(w)f =X |D(w)p (6.3.3)
. . . : = (1) . .
by iterative calculations, where f = f(0 ). The standard Pearson and likelihood
ratio tests for Hy; are then given by

1

,.,' _ :l P
X221 = nzwu (6.3.4)
i f(—=f)
and
, By y
G2(2|1)=2n2|:ﬁ-10g];+(1 —f)log l_f } (6.3.5)
i=1 L 1—f

We shall now derive the asymptotic null distribution of Xf, 2]1) or G2(2| 1) for any
survey design p(s).

Theorem 6.3.1 Under Hy1, asymptotic distribution of X3(2|1) given in (6.3.4) is
given by

X22|1) ~ nf? (X,AXy)3? (6.3.6)
where
X, =X, — X;(X|AX) " (X[ AX>) (6.3.7)

and A is given in (6.2.9). Moreover, under Hy);,
XZ2I1) =D 521 (6.3.8)
i=1

where ;s are independent X%l) variables and S,-(2| 1)’s (all >0) are the eigenvalues
of the matrix

A1) = (X,AX,) H{X,D(W) VD (W)X, ). (6.3.9)
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Proof From (6.3.4),
X221 ~ n — H’DW)A ' DW)(F - 1) (6.3.10)
where
A = Diag. (Wifi(1 —f),i=1,...,1). 6.3.11)

Following (6.2.12) and (6.2.19)

JnE 1) = D(wrlAXl{\/ﬁ(ém — B}, (6.3.12)
where

~ (1)
Va3 — M) ~ X[AX) X DW){/n(p — )}, (6.3.13)

as in (6.2.12). Hence, from (6.2.15) and (6.3.11),

S =) ~ DOW) T AVRX (3D — BD) + X5 — X, (é(l) )
(6.3.14)

under Hy.

Again X"AX can be expressed as the partitioned matrix

TAX — [XQAX1 X/ sz} _

X,AX; X,AX,

Asin (5.6.12), using the standard formula for the inverse of a partitioned matrix and

= (D)
thereby calculating (3 — B(1), it can be shown from (6.2.12) and (6.3.12) that
= (D) - ~
V@ =)~ Vn(BY = 40) + X AX) T X AXDVRAY. (6315
Substitution of (6.3.14) into (6.3.13) gives

aE — 1) ~ JIDW) ' AX, 37 (6.3.16)
i = 1) ~ /aD(W) "' AX, 3
Hence, from (6.3.6) and (6.3.13),

X22|1) ~ nf® (X, AX,) 5, (6.3.17)

assuming A ~ A.
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It follows from the formula for V E givenin (6.2.13) and the formula for the inverse
of a partitioned matrix that the estimated asymptotic covariance matrix of 3@ is

Vie =17 (XAX) T XDW) VD (W)X (X AX,) ™! (6.3.18)

so that B(Z) is approximately N, (0, V;.) under Hy);.

Hence, by Theorem4.2.1, X,z, (2|1) is asymptotically distributed as >, 3,~(2| 1)
where 1);’s are independent x%,) variables and Si(2|1)’s are the eigenvalues of the
matrix A(2|1) givenin (6.3.8). As stated before (see Eq. (6.2.12'), V is the asymptotic
estimated design covariance matrix of /zp.

The Si(2|1)’s may be interpreted as the generalized deff’s, with 31 (2[1) as the
largest possible deff taken over all linear combinations of the elements of X/p.

Corollary 6.3.1.1 For independent binomial sampling in each domain, V reduces
to D(w)"'AD(w)~! and hence 6;(2|]1) = 1V i = 1,...,u and we get the result
X}%(ZII) ~ X%u) under Hyy. It is well-known that G?*Q2|1) and X129(2|1) have the
same asymptotic distribution.

Note that the asymptotic distribution of X%(2|1) or G*(2|1) depend on V only
through the eigenvalues 6;(2]1)’s.

Corollary 6.3.1.2 The asymptotic distribution of X3 and G* under the full model
My, i.e., under model (6.2.3) can be obtained as a special case of the above result. For
this, let X| = X and X, be any I x (I —p) matrix of rank [ —p so that (X1, Xo)(I x 1) is
of rank I. Let C = AX, so that rank of C = rank X, = I —pand C'X = f(’zAX =0.
Hence,

X, A%) 1 ZDW)VDwW)Xy) = (CA™'C) H(C'A™ ' D(w)VD(w)AC).

Therefore, in the saturated case, Xf, or G?* is asymptotically distributed as Y, 6;;
where the weights §;’s are the eigenvalues of

(C'A'C)"H(C'A'TD(W)VD(W)A~'C). (6.3.19)

It can be easily seen that d;’s are invariant to the choice of C.

6.3.1 A Wald Statistic

Let Cbe al x u matrix of rank u, such that C'X; = 0, C'1; = 0, C'X; is non-singular,
where X, X, have been defined in (6.3.1). From model (6.2.3),

Cv=¢ (say) =CX;3V+CX,6% =0
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under Hy|; : 6(2) = 0. Hence, Hy; is equivalent to the hypothesis Hy : ¢ = 0.
Therefore, an alternative test statistic is Wald statistic,

Al A A
X5@n=¢V;'d
(6.3.20)
=P C(IC'V,C)1C'D

where V, is the estimated covariance matrix of & under the true sampling design
p(s). A

If a consistent estimator V;, is not available, the effect of survey design is some-
times ignored. In this case, V,is replaced by the covariance matrix under independent
binomial sampling, which is asymptotically,

AT =V, (say) . (6.3.21)

As in the case of X}% (2|1) or G*(2|1), the true asymptotic null distribution of X‘Z)V 2|1
is a weighted sum of independent X%n variables > | 7i(2|1)1);, where ~;(2[1)’s are

the eigenvalues of V;{; \% o \% 30 being defined similarly. It can shown that X %V (2|1) is

invariant to the choice of C subject to the above conditions. Under H,|;, the statistic
X‘%V (2|1) is asymptotically distributed as a X%u) random variable. Also, X%V 2]1) is
well-defined even if p; is 0 or 1 for some i, unlike Xﬁ, in (6.2.26).

6.3.2 Modifications to Tests

An adjustment to X%,(2|1) or G2(2|1) is obtained by treating X,%(2|1)/30(2|1) or
G*(2|11)/0p(2]1) as a X%u) random variable under H,|;, where

I =
Vi rw;

wbp2I) =D QI =ny —2— (6.3.22)
; izl:{fi(l_fi)}

where \:/,',-,, is the ith diagonal element of estimated covariance matrix of the residual
t = — T obtainable from (6.3.15) and (6.3.17) and is given by

V: = n~'D(w) ' AX,AX, AD(w) !, (6.3.23)
where

A = A% (XDW) VD(W)Xo} (X,AK,) . (6.3.24)
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As in (6.2.30), a better adjustment based on Sarrerthwaite approximation can be

obtained, using the elements of \7r
Another adjustment is to treat

G /u

= m (6.3.25)

as a I, ) variable under Hy|;. Rao and Scott (1987) have studied the behavior of
this test. This test does not require the knowledge of any design effect.

6.4 Choosing Appropriate Cell-Sample Sizes for Running
Logistic Regression Program in a Standard Computer
Package

If we have an estimate V of V, covariance matrix of p, a design-based estimate of
the population cell-proportions 7, we can obtain a generalized least square estimate
of 3 based on the empirical logits, 2; = log[f;/(1 — f;)] and the model (6.2.3).
It follows from the assumption (6.2.12") and the standard asymptotic theory that
V@ —v) - Ny(0,V;) where

V, =F 'VF! (6.4.1)
with F = Diag. (f;(1 — f;)). The generalized least square estimate of 3 is
Bs = XV;'X)7IXV; D (6.4.2)

with estimated covariance matrix (X’\Alfjl X)~!. Asymptotic tests for linear hypothe-
ses about 3 can then be produced immediately (Koch et al. 1975).

All these results hold if a good estimate of V, the covariance matrix of p is
available. Such estimates are, however, rarely available. Even if an estimate V is
available, it will usually be available using a random group method or a sampling
design with a small number of primary stage units per stratum. In any case, the degrees
of freedom of the estimate will be relatively low and V;l will be rather unstable. For
these reasons, investigators often simply run their data through the logistic regression
program in a standard computer package. Typically these packages produce the MLE
of 3 along with its estimated covariance matrix and the likelihood ratio test statistic
for the hypothesis Hy|; : B® = 0 in the model (6.3.1) under the assumption of an
independent binomial sample of n; observations in the ithcell ( =1, ..., ).

Scott (1989) examined the consequences of using pseudo-cell-sample sizes in
a standard logistic regression computer program. Let 3 be the pseudo mle of 3
obtained by running the observed vector of proportions, together with a vector of
pseudo-sample sizes n = (7, ..., ny)" through a standard package. As depicted
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above asymptotic properties of B with 7n; = n; = nw; where w; = n;/n, an estimator
of the cell relative size W; = N;/N have been developed by Roberts et al. (1987)
using the methods in Rao and Scott (1984) for general log-linear models. As stated
by Scott (1989), the same method holds for more general choices of 7; so long as
n;/n — w; with0 < w; < 1 as n — oo. Writing

D(W) = Diag. (11)1, ey 1]}1),
~ . - 6.4.3
A = Diag. (w;f;(1 —f3)) ( )
the asymptotic covariance matrix of 3 is now,
D(B) = X'AX)"X'D(W)VDW)X}(X'AX) ' /n. (6.4.4)

The last factor in (6.4.4) is the asymptotic covariance matrix of 3 under the standard
assumptions with 7n; = nw;. Hence the product of the first two factors is the adjust-
ment needed to be applied to the output from a standard package to make room for
the complexity of the sampling design.

The choice of 72; may considerably affect the properties of the resulting estimator.
Common choices are actual sample sizes n; or if these are not known, na; where
7; is some consistent estimator of ;. If the covariance structure of p is known it
is possible to improve the performance. For example if the estimated cell variances
v; are known one can take n; = f;(1 — f;)/v; in which case diagonal elements of
D(w)VD(w) will be identical to those of A. Scott (1989) reported that this choice of
n; have worked well in many situations making modifications in standard computer
output almost unnecessary.

Similar results also hold for testing the hypothesis Hy|; : B? = 0 under the
model M, nested within model M; as depicted in Egs. (6.3.1) and (6.3.2).

6.5 Model in the Polytomous Case

Morel (1989) considered the case where the dependent variable has more than two
categories.

Consider first-stage cluster sampling where n clusters or first stage units are
selected with known probabilities with replacement from a finite population or with-
out replacement from a very large population.

Let m; be the number of units sampled from the ith clusterand y; (k = 1, ..., m;),
the (d + 1)-dimensional classification vector. The vector y}, consists entirely of zeros
except for position r which will contain a 1 if the kth unit from the ith cluster falls in
the rth category, i.e., yy, = 1if t = r; =0 otherwise (r = 1,2,...,d + 1). Let also
Xit = (Xik1, - .., Xip)' be a p-dimensional vector of values of explanatory variables
X = (x1, ..., x,) associated with the kth unit in the ith cluster. Note that unlike the
model (6.2.3), here different units in the ith cluster may have different values of x.
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Consider the following logistic regression model.
Tike = ikt (Xik) = Plyire = 1|Xix }
exp(x;/3)) -1 d

143 exp(x 30 © T

1= mus, t=d+1.

(6.5.1)

Note that for each category , there is associated a regression vector 0(t = 1, ..., d).
Let

ﬁo = (ﬁO,a cees Bd/)g/)dxl (6.5.2)

Since, yixg+1 = 1 — Zf:] Yiks» the contribution to the log-likelihood, log I:,, 8 by
subject in the (i, k) is

log[ T g (%) ]

d d d
> Vita log mixs (xix) + (1 -> yikt) log (1 - > T (x,-k))

t=1 t=1 t=1

d d
Tike (Xit)
=D i log : : + log |:1 - Zﬂ'ikz(xik)] . (6.5.3)
=1 1= 201 ks (Xi) pr
Now,
d d -1
- Zm(xik) = [1 + ZeXp(xl‘kﬁ?)} . (6.5.4)
=1 =1
Hence,

Tike (Xik)
1 - Zle Tiks (Xik)

Substituting from (6.5.4) and (6.5.5), (6.5.3) reduces to

log =x,8, t=1,...,d. (6.5.5)

d d
> i (x4 37) — log [ 1+> exp(X§kﬂ?)} : (6.5.6)
=1

t=1
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Writing 3 = (B, ..., Bp), X 30 = D, xag 3y Log-likelihood is therefore,

1k=1 | t=1

d p
— log {1 + > exp (Z xikjﬂzj)]:|
=1 Jj=1

~ nom; d )4
log L, (3%) = 22 |:Z Vike Z;xikjﬁrj
= J=

(6.5.7)
d V4 n m;
=22 Byj (Z > xikj)’ikz)
=1 | j=1 =1 k=
- Z Z IOg {1 + Z eXp (thk]ﬂlj)]:|
i=1 k=1
The author considered the pseudo-likelihood as
oc T T (T g ()™ ) (6.5.8)

where w; is the sample weight attached to the ith cluster. Therefore pseudo-log-
pseudo likelihood

noom d+1
log L,(3%) o< D" > [Z Wik logm,)] (65.9)

i=1 k=1
Writing log(},) = (log mi1, . . ., 10g Tixa41)', (6.5.9) reduces to

noom;

> > willogm) v (6.5.10)

i=1 k=1

The function can be viewed as the weighted likelihood function, where the y;, are
distributed as multinomial random variables. If the sampling weights w; are all one,
then (6.5.10) becomes the likelihood function under the assumption that y;, are
independently multinomially distributed. For further details, the reader may refer to
Morel (1989).

6.6 Analysis Under Generalized Least Square Approach

Consider first the model (6.2.3). Suppose, therefore, there are / domains, the ith
domain being characterized by the value x; = (x;1, ..., x;)" of a auxiliary random
vector X = (xq, ..., x,)".

Suppose first that the dependent variable Y is dichotomous, taking values O or 1.
Hence, there are 27 cells. We assume
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P{Y: 1|X=Xl'}=71'i

(6.6.1)

PY=0x=x;}=1—m;.

We have already defined the logistic regression model,

v; = log i =x3, i=1,...,1
1— T
Hence, the model is

v =X (6.6.2)
where X is a [ x p matrix of values of x and 5 = (f3, ..., (3,) is the vector of logistic

regression parameters.

Now, v cannot be observed and we replace it by a vector of empirical logits L =
(ly, ..., ;) where [; = log{7;/(1 — 7;)}. If there are n; observations in the domain
i, of which m; observations belong to category 1 of Y, then I; = log{m;,/(n; — m;)}.
Hence, corresponding to (6.6.2), we have the empirical logistic regression model

L=X3+u (6.6.3)

where u is a random vector with mean 0. To find its variance, we first find Var(l;).
Setting m;/n; = r;, we have E(r;) = ;. Again, [; = h(r;) where h(.) denotes a
function of (.). Provided that the variations in r; is relatively small, we can write

h(r;) = h(m;) + (ri — m)h' (r;) (6.6.4)

from which it can be shown that A(r;) is approximately normally distributed with
mean h(m;) and variance {h’(r,-)}z] Var(r;). For the present case, Var(l;)) =

(mimi(1 — m;))~'. Also, sampling being independent from domain to domain, Cov
(l;, ;) = 0, i # j. Therefore

Var(u) = Diag. [l (l + 1 ),i: 1, ...,I] = X;u (say). (6.6.5)

n; \\7; 1—71',‘

Suppose now the dependent variable Y is polytomous with d + 1 categories

{0,1,...,d} and let [ be empirical logit corresponding to the baseline logit
v = log 2% (6.6.6)
0
where

mx = P{Y belongs to category k |x=x;},i=1,...,Lk=1,...,d (6.6.7)
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and mjp =1 — Zle ;s being defined similarly. The model is therefore,
Ly =x6% dug,i=1,....Lk=1,...,d. (6.6.8)
Writing
L=, ....ha b, has oo i oo lia) g

B =8V, 5%, ..., 89,

U= 11, ..., Uldy Udls e ooy Uy ey ULy« - ULg)
(u11 1d> U21 2 1 1d) (6.6.9)
1d®X/1
X — 1d®X/2
/
L ® X |y (apy

where A ® B denotes direct product between matrices A and B, we have the model
L=XB+U (6.6.10)

with
Cov (U) =@, T, =X (say), (6.6.11)

Y, being the Cov (I;),1; = (L1, ..., lix)'. Here, ®{_,A; denotes the block-diagonal
matrix whose diagonal-elements are A;. The model (6.6.10) is in the general linear
form and X is a function of the unknown cell-probabilities 7y, i = 1,...,I; k =
1,...,d only. For estimation purposes, an iterative form of the generalized least
squares is, therefore, needed. The usual procedure is to choose an initial set of values
of the elements of the covariance matrix, estimate the logistic regression parameters,
subsequently refine the variance matrix and iteratively estimate the 3’s.

We now assume that the above-mentioned sampling is done for m different clus-
ters, so that the empirical logits may now accommodate a cluster effect. Suppose,
therefore, that the observations from the cth cluster contains a random cluster effect
term 7). with E(n.) = 0, Var(n.) = w? and Cov(ne, ne) =0,c # ¢’ =1, ..., m.

If the empirical logits are calculated for each cluster separately, then for the
dichotomous case, the model is

| lexpﬁpxl + Winx1 + My - (6612)
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Here X is made up of m identical (I x p) subvectors described in Eq. (6.6.2), L and
u defined suitably and

n' = iy, 1y, .. nal). (6.6.13)

Note that the cluster effect 7. does not depend on the domain within cluster c.

For the polytomous case, let 1. denote the cluster effect of category k of ¥ in
cluster c¢. Again, in this set-up, the cluster effect does not depend on the domain
i(=1,....,01). Now, n(mld x 1) = (9},...,7.,...,n,) where n.(ID x 1) =
(M., 7Ly ..., 77.), that is in n,, 7. is repeated I times, 77.(d X 1) = (Mics - - s Nac)'-
Thus

n'=0;® 01, ..., Nd1)s -« 1;® i - - Ndc)s - - - » 1,® im. - -, Ndm)) 1 x (mld)-
(6.6.14)

The models (6.6.13) and (6.6.14) are constant cluster effect model. It has been
assumed here that Var(y,) or Var(7,) is a constant for all c. Also, it has been assumed
that the logits in the same cluster are affected in the same way for all domains by
a common cluster effect 7, (or 7n.). These assumptions may not always hold in
practice.

A more flexible approach will be to allow 7;. in place of 7. for binary case
and 7. for n. for polytomous case. Thus, for the dichotomous case, we assume
n = m,....n.,....n,) where . = (e, ..., ) With Cov (e, Nie) =
wiir, Cov (Mie, i) = 0 forall i, i, c(#)c’. Here

Var (u) = X =Q_, @™, 0ic/nic
(6.6.15)
Var ('r,) =W= ®T:1WC(I x I)

where n;. is the number of observations in the ith domain of cluster ¢. The case
of polytomous response variable can be treated similarly. In general, the model is,
therefore,
L=XB+n+U,
Var(n) =W, Var(U) =X, Var(L) = W4+ X =Q (6.6.16)

where L, B, 17 and U are column vectors of suitable lengths and X is suitably defined
as in (6.6.10). To test hypothesis Hy : CB = r, the test statistic is

X2 = (CB - r)/[CX'® 'X)"'CT(CB - 1) (6.6.17)

which follows central chi-square with appropriate d.f. under null hypothesis.
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A practical problem is that in many situations, there will be some domains in
some clusters for which n;, = 0 or a very small quantity. In such circumstances, one
calculates empirical logits by collapsing across clusters,

Z nicﬁikc
Iy =1 = . 6.6.18

CTE [zc nie(l = #0c) (019
For further details in this area, the reader may refer to Holt and Ewings (1989).

Note 6.6.1 Inmany sample surveys, there are items that require individuals in differ-
ent strata to make at least one of a number of choices. Within each strata, we assume
that each individual has made all his/her choices, and the number of individuals with
none of these choices is not reported. The analysis of such survey data are complex,
and the categorical table with mutually exclusive categories can be sparse. Nandram
(2009) used a simple Bayesian product multinomial-Dirichlet model to fit the count
data both within and across the strata. Using the Bayes factor, the author shows how
to test that the proportion of individuals with each choice are the same over the strata.

6.7 Exercises and Complements

6.1: Prove the relation (6.2.27).
6.2: Prove the relation (6.2.29).

6.3 Suppose we write the empirical logits in the multiresponse case of Sect. 6.6 in
the following form. Let

Liva = (Uw) =My, - .-, 1py]

B,a =[50, ..., 3], (i)

Ura = [uqy, ..., u@]
where u;;’s are the random error terms. Then the model is

L=XB+U. (if)
We assume that the rows w;(i = 1, ..., I)’s of U are uncorrelated and E(u;) = 0 and
Cov (u;) = X;. Find the least square estimate of B.
Again, writing
LY = (121), e ll([));dxl

BY = BV .. Y (iii)

vV _
U’ = (“21)» e u’(l))}dxl
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show that the model in (ii) reduces to
LY =X*B+U" (iv)

where
X" = Lixa ® Xlxp’

® denoting the direct product operator. Then
E@UY) =0, Cov (UY) = @_ %; = @ (say) (v)

where @ denotes the block diagonal matrix.
Show that the generalized least square estimator of B is
ﬁV — (X*’Szflx*)fl(x*’ﬂflLV)
(i)
=[I;, ® X’X)"'X']L".
(Holt and Ewings 1989)
6.4: Find out the expression for X; and of X in (6.6.11).



Chapter 7
Analysis in the Presence
of Classification Errors

Abstract So far we have assumed that there was no error in classifying the units
according to their true categories. In practice, classification errors may be present
and in these situations usual tests of goodness-of-fit, independence, and homogeneity
become untenable. This chapter considers modifications of the usual test procedures
under this context. Again, units in a cluster are likely to be related. Thus in a cluster
sampling design where all the sampled clusters are completely enumerated, Pearson’s
usual statistic of goodness-of-fit seems unsuitable. This chapter considers modifica-
tion of X %, statistic under these circumstances.

Keywords Classification error - Misclassification probabilities - Double sampling -
Weighted cluster sampling design + Models of association

7.1 Introduction

In the previous chapters we have tried to deal extensively with methods for analyzing
categorical data generated from field surveys under complex survey designs, but did
not assume the presence of any error in classifying the units in different categories.
However, in practice data items themselves may be subject to classification errors
and these may bias the estimated cell-probabilities and distort the properties of rele-
vant test statistics. Rao and Thomas (1991), Heo (2002), and others considered this
problem and suggested modification to usual tests of goodness-of-fit, independence,
and homogeneity carried out when there is no misclassification.

Also, in cluster sampling, where each selected cluster is enumerated completely,
units belonging to the same (sampled) cluster are likely to be related to each other.
If the units are again grouped in different categories, their category membership is
also likely to be related. Thus in cluster sampling conventional Pearson statistic of
goodness-of-fit may not be suitable. For these situations Cohen (1976) and others
suggested some modified procedures. In this chapter we make a brief review of these
results.
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7.2 Tests for Goodness-of-Fit Under Misclassification

Consider a finite population of size N whose members are divided into 7' classes
with unknown proportions 7y, ..., 7r (ZL'T=1 mr = 1), m = N;/N, N; being the
unknown number of units in the population in class i. A sample of size n is drawn
from this population following a sampling design p(s), for example, a stratified

multistage design. Letny, ..., nr (3, ny = n) denote the observed cell frequencies
in the sample.
We want to test the hypothesis Hy : m; = 70,1 = 1,..., T where the 7; are the

hypothesized proportions. This is the usual goodness-of-fit hypothesis which has
been extensively dealt within Chap.4.

Suppose now that there are errors in classification so that a unit which actually
belongs to the category j is erroneously assigned to category k.

Letm = (7, ..., m7) be the unknown true cell-probabilities and p = (py, ..., pr)’
be the observed proportions (probabilities) in different cells. Let also A = ((a;x)) be
the T x T matrix of classification probabilities whose (j, k)th element a; ; denotes
the probability that an observation which belongs truly to the category j is erro-
neously assigned to the category k. It is readily seen that

p=An (7.2.1)

We are to test the null hypothesis Hy : ™ = 7y which by virtue of (7.2.1) is equivalent
to the hypothesis

Hj:p =po

where pp = A'my.

7.2.1 Methods for Considering Misclassification Under SRS

We now consider tests for goodness-of-fit when the units are selected by srswr.
Case (i): A known: In this situation Mote and Anderson (1965) ignored the effects
of misclassification and considered the usual Pearson statistics

T
X3 =" (ni — nmo)?/(nmio) (7.2.2)

i=1

and showed that X% in general leads to the inflated type I error. They proposed an
alternative test statistic

T
X3 =" (ni = npio)*/(npio) (72.3)

i=1
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as a X(2T—1) variable. They showed that this test is asymptotically correct, but its

asymptotic power under misclassification is less than the asymptotic power of X2
with no misclassification.

Case (ii): A unknown: In this case Mote and Anderson (1965) proposed two different
models depicting relation between 7r and p : (a) the misclassification rate is same
for all the classes; (b) misclassification occurs only in adjacent categories and at a
constant rate. For model (a) they considered the relation

pio = o + 0(1 — Tmo) (7.2.4)

where 6 is an unknown parameter (0 < 6 < 1/T) and T > 3. They also assumed
that at least two of the 7;( are not equal to 1/ 7". For model (b) they considered similar
relations between p;¢ and 7;¢’s, all involving an unknown parameter 6. These are

pio = mio(l — 0) + m00
pio = Ti—100 + mio(1 = 20) + mip100, i =2,...,T —1
pro = mr—i08 + mro(l — ),

where 6 is an unknown parameter.
They showed that for model (a), the ml equations for 6 is

/

Z[ i }:0 (7.2.5)

0 — qio

where g;o = mio/(Tmio — 1), Tio # 7! and the summation in (7.2.5) is over those
i’s for which ;o # T~
For model (b), the ml equation is also given by

T

Z[ i } =0 (7.2.6)

el 0 — gio

where
q10 = mo/(T0 — T20)

qio = mio/2mio — Mi—1,0 — Tit1,0), 1 =2,...T =1 (7.2.7)
qro = Tro/(TT0 — TT-1,0)-

For both the models they obtained é, mle’s for 6 and thus obtained the estimates
Pio = pio(#). An asymptotically correct test of Hy is obtained by treating

AL

T
X3 =D (0 = npio)*/(npio) (7.2.8)
i=1

as a x{y_,, variable.



182 7 Analysis in the Presence of Classification Errors

7.2.2 Methods for General Sampling Designs

Rao and Thomas (1991) considered the effects of survey designs on goodness-of-fit
tests when misclassification is present and the sampling design is arbitrary.

Case (i): A known: They considered
T
X3 =nY_(# — pi)’/pio (7.2.9)
i=1

which is obtained from (7.2.3) by substituting the survey estimates 7; for n; /n. In
this case the survey estimate 7t is a consistent estimate of the category probabilities
p under misclassification. Under some regularity conditions = (71, .o, 1)
is asymptotically distributed as NT,I(p(() ), V) under Hy where V is the (T — 1) x
(T — 1) covariance matrix of 7" and p'" is defined similarly. Therefore, it readily

follows from Rao and Scott (1981) that their first-order corrected test statistic
X3 =X3/5 (7.2.10)
isa X%T_]) variable with 36, mean of the estimated eigenvalues Sl’ ’s is given by

T 4
T

~ 1 A
0y = —— 1 —7;)d; 7.2.11
b= 2, (7.2.11)
where c?,- is the deff of 7; (compare with (4.2.31)). X E(C) has a remarkable advantage
for secondary data analysis in which it depends only on the estimated cell proportions
;0 and the cell deffs d;, which are often available from published tables.
Similarly, the second-order corrected test statistic is

) .
o Xp  Xp

=% = — (7.2.12)
PO S +ary  1+a?

as x¢,, where a%is givenasin (4.2.34) and v = (T — 1)/(1 +a?).

Case (ii): A unknown: For general sampling designs it is difficult to find m/ equations

for 8 for both models (a) and (b). Rao and Thomas (1991), therefore, found a ‘pseudo’

mle of f obtained from (7.2.6) and (7.2.7) by replacing n; / n with the survey estimates

#;. The asymptotic consistency of 7 ensures that of 6 and hence that of p;(6).
The uncorrected test is given by

) T
Xp=n (& — pi)’/ pio- (7.2.13)
i=1
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A first-order corrected statistic is given by

2'2 22 o
Xpey=Xp/d (7.2.14)

Al
where the correction factor ¢, is the mean of the nonzero eigenvalues of the gener-
alized design matrix and is given by

Al

T .
2 1 i N i0 A
0y = T_12 |:§ Zr (1 —7)d; — deff ( E Hﬂi):| (7.2.15)

im Pio pio

where deff (> %fri) depends on the estimated full covariance matrix V of
272

(71, ..., r—1)'. The test that treats X p, as X%sz) therefore requires the knowledge

of V. Omitting the deff terms in (7.2. 15)Aand calling it as () we get a conservative

test that depends only on the cell deffs d;’s. This is

22 22,
XP(C)(O[) = Xp/do(c).

Similarly, a second-order corrected test can be obtained.

7.2.3 A Model-Free Approach

Double sampling method can be used to test the hypothesis of goodness-of-fit with-
out invoking any model of misclassification. In double- or two-phase sampling the
error-prone measurements are done on a large first-phase sample of size m selected
according to some sampling design and more expensive error-free measurements are
then made on a smaller subsample of size n, also selected according to a specific
design.

(a) SRS design at both phase: Let m; be the number of units in category k in the
first-phase sample and suppose of these units 7 j; are found to actually belong to
true category j in the second-phase sampling. Then the mle’s of the 7; and the
misclassification probabilities a . are

T
EDI (M) (7.2.16)
k=1

ok

and

aj = (&) (M) (7.2.17)
T nok



184 7 Analysis in the Presence of Classification Errors

where nog = > ik and py = my/m. Tenenbein (1972) derived the estimated

covariance matrix V* = ((v},)) of the mle’s 7V = (%1, ..., #7_1). These are
T A2 A2 T A2
N 11. . asy Tk asy
v’f:V(w»)z—[m—w?Z / }+4[Z4—1 (7.2.18)
Ji j j j . =
n =1 Pi moo T
and

T A A A A [T A o4
A A A I, . ajrag T ajrdk .
v¥, = Cov(R;, 7)) = — =77y AL — — 1|, j#L
7 ! n’ ; Pk m ; Pk
(7.2.19)
Consider now the simple chi-square statistic
T
X3 =ny G —mo)/mo= & —m )T @D —w”) (7220
i=1
where 1'[(()1) = Diag. (10, ...7r_10) — ®* D7D (see (4.2.4)), for testing Hy : m; =

mio, 1 = 1,..., T. Its asymptotic distribution under Hy is not X(ZT_l)’ since the

covariance matrix of 7" is not H(()l). Assuming that 71 s approximately nor-

mal Nr_ (7", V*) for sufficiently large subsamples we have Rao-Scott (1981)
first-order corrected test statistics

X2, = X35 (7.2.21)

asa X(ZT_I) variable where 33 is the mean of the eigenvalues of the generalized design
effect matrix Hél)_lV*. We note that

T *
~ v,
(T —1)o; =n z Ry (7.2.22)
— 70
j=1 J

A second-order corrected test is
Xipieoy = X/ +a™) (7.2.23)
which follows x2. under Hy where

a” =07 = ) /T — D) (7.2.24)

and v* = (T — 1)/(1 + a*?).
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(b) Sampling design is not SRS at at least one of the phases: Suppose that the sampling
design is other than srs in at least one of the phases. Let #W represent a consistent
estimator of (1) in the present survey design. Let V, be a consistent estimator
of covariance matrix of 7", Then a first-order corrected test is given by X 2 o=

X ’132 / So which follows asymptotically a X(zr_n variable, where 30 is the mean of the

eigenvalues of Hél)_l\?l. It can be seen that

T T A
N R T A
(T—1)50:n E vljj/TrjOZ E —j(l—ﬂ'j)dj (7225)
j=1

j=1 70

where v j; = \7(7?/) and ﬁj = 0y;n/[7;(1 — 7;)]is the deff of the jth cell. Hence,
the first-order corrected test depends only on the estimated proportions and their
standard errors under the specified two-phase design. Similarly, a second-order cor-
rection can be made.

7.3 Tests of Independence Under Misclassification

Suppose we have two-way cross-classified data according to two variables A and B,
having r and c categories, respectively. Let 7, be the probability that a unit truly
belongs tothe (j, k)thecell (j =1,...,r;k=1,...,¢). Alsomj = Zk Tk, Tok =
> ; Tjk are the row and column marginal probabilities, respectively. The hypothesis
of independence of the variable A and B can be stated as

H()ITij:ﬂ'j()ﬂ'ij:l,...,r;k:l,...,C. (731)

We assume, however, that there are errors in classification. Thus, when a unit actually
belonging to the row u is erroneously assigned row j, similarly, a unit which actually
belongs to column v is by mistake allotted to column k. Again the observations may
be obtained by sampling from the population according to some specific designs
including srs.

Let a, ;v be the probability that an observation which truly belongs to the (u, v)
cell is erroneously assigned to the (j, k)th cell. Let pj;; be the probability that an
observation is found in the (j, k)th cell when misclassification is present and let 7,
be the probability that a unit truly belongs to the (u, v)th cell. Therefore,

Pjk = Zzﬂ-uuaujvk' (732)

u=1 v=1

In matrix notation (7.3.2) can be written as

p=An (7.3.3)
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wherep = (P11, .-+ Pler+ s Pris - -+ » Pre), ™ defined in a similar manner and A =
((aujur)) is the (rc) x (rc) matrix of probabilities. The rows of A are indexed by
the subscripts (u, v) listed in lexicographic order and the columns of A are similarly
indexed by the subscripts (j, k), also listed in lexicographic order.

7.3.1 Methods for Considering Misclassification Under SRS

Case (i): A known and classification errors are independent. The usual Pearson
statistics, without considering misclassification, is

r

Xp = Z Z(”J’k — njonox)’/Injonox/n] (7.3.4)

j=1 k=1

wheren j; is the number of observed unitsinthe (j, k)thcellandn ;o = >, njk, nox =
> ; njk are, respectively, the row and column totals. If the way in which error of
classification occurs in rows is independent of the way errors in classification occurs
in columns, i.e., if a,j,x = byjew, then it has been shown that Hj is equivalent to
Hj: pjx = pjopokY J, k. As aresult the usual chi-square test (7.3.4) which treats
X3 as X(Zr—l)(c—l) will be asymptotically correct, but its asymptotic power under
misclassification will be less than its power with no misclassification (Mote and
Anderson 1965).

Case (ii): A known, but classification errors are not independent: In this case, Pearson
statistics X f, in (7.3.4) though asymptotically correct leads to inflated type I error.

From Example 5.6.1 we note that the hypothesis Hj in (7.3.1) may be expressed
as Hy|; : 6, = 0 in the log-linear model (5.2.6) (read with (5.6.1)), and therefore
find a ‘pseudo’ mle of i, 6 and hence of 7 following an iterative scheme involving
weighted least squares method of Scott et al. (1990). Denoting the mle of p by p an
asymptotically correct test of H is

Xp=>"> (njx—npp)/(npjr) (73.5)

j=1 k=1

which follows X%r—l) (e—1) distribution under Hy.

Case (iii): A unknown: A double sampling method must be used to obtain the appro-
priate test of independence.

7.3.2 Methods for Arbitrary Survey Designs

Case (i): A known and classification errors are independent: Consider the test statistic
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Xp=nY > (Fp— Fofo)/ (Fioko;)- (73.6)

j=1 k=1

which is used for testing hypothesis of independence when classification errors are
absent. It readily follows that the first-order corrected test X fu(c) and the second-order

corrected test X 12[, (cc) €an be used without any modification.

Case (ii): A known but classification errors are not independent: we consider the test
statistic

:/2 r c . A
Xp=nD > (= pi)/bn (7.3.7)

j=1 k=1

which is obtained from (7.3.5) by substituting the survey estimates 7 for n jx /n and
using the ‘pseudo’ mle for p. The true probabilities 7 are estimated by A'~'p.
22
Rao and Thomas (1991) have shown that X, is asymptotically distributed as
ZE:IU(C*U 0! W; where each ¢; is independent X%l) variable and d’s are the eigenval-
ues of the deff matrix

I = n(X,PAD;'A’PX;) " (X,PAD;' VD' A'PX;) (7.3.8)
with

X, = [I - X;(X|PAD;'A'PX,) "' X, PAD;'A’P]X;, (7.3.9)
Dy = Diag. (74, ..., 7c) and 7, = 7jomog.

A first-order corrected test is
22 2’2
Xpey = X p/ (7.3.10)

which follows X%r— Die—1) under Hy where 3(’) is the mean of the estimated eigenvalues.
Similarly, a second-order correction can be implemented.

In this case, however, 36 cannot be expressed simply in terms of estimated cell
deffs and marginal row and column deffs, unlike in case of no-misclassification error.

A unknown: Here again, a double sampling design has to be used. As before the
first-phase sample size is m and the second-phase sample size is n. Let @ repre-
sent a consistent estimator of 7 under the specific two-phase design and V be a
consistent estimator of covariance matrix of 7. A Pearsonian chi-square for testing
independence is given by (7.3.4). Standard corrections can also be applied.
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7.4 Test of Homogeneity

Following Rao and Thomas (1991), Heo (2002) considered test of homogeneity
when errors of misclassification are present. Suppose there are two independent
populations U; and U, and independent samples of sizes n; and n,, respectively, are
selected from these two populations. Suppose also that there is a categorical variable
with T mutually exclusive and exhaustive classes with 7; = (m;1, ..., m7) and
pi+ = (pi1, ..., pir) as the vectors of true and observed proportions, respectively,
for the ith population (i = 1, 2). The hypothesis of homogeneity is given by

Hy: ™ =m=m

where 7m; = (m;1 ..., mir—1) (i = 1,2) and 7 is defined accordingly.

Let X be a predictor which predicts the category Z of a unit in population U;
when the unit actually belongs to category Y. We shall denote the probability of such
a misclassification by

P(Z=kKkY =j,X =x). (7.4.1)

When misclassification errors exist, it may be important to determine the extent to
which the misclassification probabilities are homogeneous within specific groups.
We shall say that misclassification probabilities are homogeneous within population
U; if the expression (7.4.1) does not depend on x. In such a situation we shall also
say that the misclassification errors of U; are homogeneous.

When the misclassification probabilities are homogeneous, customary design-
based estimators of the proportions of reported classification will converge to

pir =ATiy (7.4.2)

where A; = ((a; 1)) is a T x T matrix with (j, k)th element a;. ;. The (j, k)th
element of matrix A; is the probability, P;(Z = k|Y = j) of a unit being classified
into the kth class when its true class is j.

Suppose now that there are categorical explanatory variables and the intersection
of all the explanatory variables partition the population U; into C groups, U;.(c =
1,...,C) and the vectors analogous to 7; is 7. = (Ticl, . .., Tier—1)" and pjc is
defined similarly. Here 7;.; denotes the true proportion in category j of elements in
group ¢ of population U;(j =1,..., T —l;¢c=1,...,C;i =1, 2). In this case,
as in Eq.(7.4.2) we have

Pict = A} Ticy (7.4.3)

where A;. = ((a;c; jx)) is the associated misclassification matrix with the (j, k)th
element a;.. jx = P;.(Z = k|Y = j) for members of the subpopulation Uj.
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The vector p;.+ is defined as
-1
Pict = M, erl,u~, ler
teUj, teUi,

where M;, is the size of U;. and I,; = 1(0) if the person gives answer j, and 0
(otherwise). Similarly, the vector 7r;. is

!/

SRVEY DI TN

teU;,. teU;.

where d,; = 1(0) if a person’s true category is j (otherwise). The vector of the overall
observed proportions for population U; is, therefore,

C c
Piv = DO Ricbicr = D RicAl ics (7.4.4)
c=1 c=1

where R;. = MflMiC and M; = Zle M; ., the number of units in U;. When A;, =
A; V¢, (7.4.4) reduces to

Pi+ = Al D> RicTict

teUj, teUj,

:A?ZM{I(Z Oty oevs 2, 56T)

= A;Mll(z (5[1, ey Z 5[T)

1eU; 1€U;
— A/
Al

Assume now that all A;, are non-singular matrices and are not all equal. Let B;. =
(Dic;jx)) = (A;C)‘l. Then from expressions (7.4.3) and (7.4.4),

Ty = Z RicTict
¢
= Z RiBicPic+- (7.4.5)
c=1

When all A, are equal, expression (7.4.5) simplifies to
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-1
iy = A D RicPict
c

/
:A;‘M;‘(z Li,....> ItT)

teU; teU;
= (AD " 'piy-

Point Estimation: Consider now the following sampling design D;. Suppose that
population U; has been stratified into H strata with N, clusters in the hth stra-
tum. From the Ath stratum n;, > 2 clusters are selected independently with unequal
probability p,, (for the ath cluster) and with replacement across the strata (a =
1,...,ny;h =1,... H). Within the ath first stage unit in the Ath stratum n;, > 1
ultimate units or elements are selected according to some sampling method with
selection probability pj,, (for the bth element) from Ny, units, b = 1, ..., 15450 =
1,...,np;h=1,..., H. The total number of ultimate units in the population is
N=3/ >N N, andin the sampleisn = 31 3" np,.

Replacing the triple subscript (hab) by the single subscript ¢ for convenience, we
have the estimates

Ric = M ' M. (7.4.6)

where A;Iiv = Ztem wy;, Mi = Ztes’ wy, w, is the unit-level sample survey weight,
s;¢ 1s the set of sample in U, and s; is the set of sample units in U;. Also,

’
Pier = M (Z wily, ... Y w,I,T) . (7.4.7)

1E€Sic 1ES;c

Then from expressions (7.4.6) and (7.4.7),

!/

Ricbies = M [ D wilis o D il | =&, (say). (7.4.8)

1E€Sic tES,

Note that &;. is a vector of sample ratios. Moreover, from expression (7.4.5)
c
ip = D Bickie (7.4.9)
c=1

where we have assumed B;.’s are known. The jth element of 7; is 7;j = > .,
Bicj()éic where B;cjo = (bic,j1, - - -, bic,jr) is the jth row of the T x T matrix B;o.
The authors used a logistic regression model to estimate the misclassification prob-

abilities a;c. ji.
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Estimation of Variance of 7t;;: Assume that the matrices A;. and B;. are known.
Define the CT x 1 vector €0 = (€, ..., €&.). We note that the vector &, is a
vector of sample ratios. Again, the expression (7.4.9) can be written as

c
i = > Bic&
c=1
(o
(o
(7.4.10)
=[Bi1 Bi2 ... Bic] | .
£ic
= Bioo0€io

where Bjoo is a T x (CT) matrix with jth row equal to a 1 x CT vector B;pjo =
(Bi1jo, - - -, Bicjo). Thus an estimate of the variance of the approximate distribution
of ;. is

V(#i4) = BioooV(@i0)B)on0 (7.4.11)

with jth diagonal element ‘7(7?,-]-) = Biojo\A/(é,-o)Bgojo.

Asymptotic properties of 7;: We have from (7.4.10) 7;; = B;p00€;0. Thus 7;; is a
linear function of €;y and €;¢ is a vector of sample ratios (vide (7.4.8)). Therefore, if
under certain conditions €;¢ is a consistent estimator of the corresponding population
quantities with its asymptotic distribution normal then under the same conditions
;4 is a consistent estimator of 7r;; and ,/n; (r; — ;) converges in distribution to
a (T — 1) variate normal distribution N7_;(0, V).

For the design D; Shao (1996) gave conditions for consistency and asymptotic
normality of design-based estimators of nonlinear functions, like ratios of population
total. Along with these conditions Heo and Eltinge (2003) assumed the condition
(Cy): V(ﬁ') is a consistent estimator of V,; where V(fr) is the upper (T — 1) x
(T — 1) sub-matrix of V(#;4) in (7.4.11).

Thus under design D, and some regularity conditions including the condition
C1, the Wald test statistic for homogeneity is

X () = (71 — 72) V7 (71 — 72) (7.4.12)

where V = V| 4+ V, is asymptotically distributed as xfol) under Hy. The authors
evaluated the power of the test (7.4.12) and applied their proposed methods to the
data from the Dual Frame National Health Interview Survey (NHIS)/Random-Digit-
Dialing (RDD) Methodology and Field Test Project.
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7.5 Analysis Under Weighted Cluster Sample Design

A weighted cluster sample survey design is frequently used in large demographic
surveys. As is well known, in such surveys each selected cluster, generally a house-
hold, is completely enumerated. Sociodemographic and health characteristic of each
member of the selected household is recorded and is multiplied by a weight which is
roughly proportional to the inverse of the probability of the individual being included
in the sample on the basis of post-stratified geographic and demographic status of
the individual. This type of weighting is necessary to estimate certain characteristics
of the target population at reasonable cost in large sample survey situations.

Say a sample of n clusters is drawn by simple random sampling with replacement
from a population of N clusters, the sth cluster containing M, elementary units
or units. The population size is therefore My = Zf’:l M, and sample size is m =
> i M,. As we know, in cluster sampling all the M, units in the selected sth cluster
are completely enumerated.

Suppose that each member of a cluster is classified according to two characteristics
in a two-way contingency table: once by a characteristic represented by r rows and
once by a different characteristic represented by ¢ columns, » x ¢ = q. Let a; denote
the sample count of members that fall in category i and A; the population count of
members in the same category,i = 1,...,g sothat > .a; =m, > ; A; = My. Also
let 7; be the probability that a unit (member of a cluster) belongs to the category
i . Z?:l = 1.

We denote by P;; ; the probability that the first member of a cluster falls in
category i, the second member in category j, ..., and the last member in category
t,@, j,....,.t=1,...,9).

When M; = 2 for each s, Cohen (1976) suggested the following model of asso-
ciation between members of the same cluster:

P = [cwri + (1 - 04)7rl.2 i=j (7.5.1)

(A —a)mm; (0 # J)

with P;; > 0,> Pj=1,0<a<1.If a =0, Pj = mm;, the two members are
totally independent; if o« = 1, P;; = m;(i = j) and 0(i # j), the two members are
completely dependent. The other degree of association between members of the
same cluster is thus reflected in the value of o between these two extremes. Cohen
considered clusters each containing only two siblings.

Altham (1976) extended Cohen’s model to the case, M; = 3Vs:

am; + (1 —oz)7rl.3(i =j=k)

Pi./'k = (1— a)mﬂ'jwk (otherwise)

(7.5.2)

where P;j; > 0, > P it = 1and 0 < o < 1. Some other models have been presented
by Altham (1976), Plackett and Paul (1978), and Fienberg (1979).
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Chi-square test of a simple hypothesis: Usual Pearson statistic for testing goodness-
of-fit hypothesis Hy : m; = m0,i = 1,...,q is

g . )2
Xi:Zﬁﬂ—T@l. (7.5.3)

However, in a complex survey situation in which the elementary units are dependent
variables (because of the relations like (7.5.1) and (7.5.2)) and weighted (as intro-
duced in the beginning of this section and elaborated subsequently), the statistic X f,
is not appropriate.

When the data consist of a random sample of n clusters, each containing two
members, Cohen (1976) showed that a valid test statistic for goodness-of-fit is

2

X2(C) = 0<a<l, (7.5.4)

1+a

where X2 (C) has a limiting X%qq) distribution as n — oo. Altham (1976) extended
Cohen’s result to the case My = M V s. In this case the test statistic is

2

Xﬁm:-——&L—ﬂ 0O<ac<l. (7.5.5)
l+aM-1) -

which also converges in distribution to qufl) asn — 00.

When the members in the clusters are totally independent, i.e.,a = 0, X %, (A)=0
and the conventional test X% in (7.5.3) can be used as if there is no clustering.
When they are totally dependent, i.e., « = 1, then X %, A)=X %/ M. Here though
the observed sample size is n M, the effective sample size is n.

Choi (1980) considered the following weighting scheme for the weighted cluster
sample survey. Let wy, be the statistical weight for the 7th member of the sth cluster
t=1,...,M;;s =1,...,n), and these are assumed to be known from some pre-
vious data collection procedures. We have 1 < w,; < M, and unweighted data are
obtained as a special case by setting w;, = 1. We can obtain the overall weighted
counts My = > Z; | Wy Defining the indicator function

5o = 1 if the (s, t) member falls in ith category
o 0 otherwise

the sample count of members falling in the ith category is a; = > »_, ZM Oist-
Denoting by A; the weighted count of the population members that fall in the ith
category, we have A; = =>", Zt | Wyt Oigr and My = Z, | A;.
In both weighted and unweighted cases, the cell count is the sum over independent

clusters, each including M,-dependent variables that may or may not fall in the ith
region.
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The problem of interest is to investigate the goodness-of-fit of ;¢ to the weighted
cell counts arising from the weighted cluster sampling. The conventional test statistic
is

T A — M 2
(A; — Momio)
XpWy=>" — (7.5.6)
i—1 07i0

Because of the possible dependence between the members of the same cluster as is
reflected through the weighting of the individual members, the joint distribution of
A,, i =1,...,q’sisnot a multinomial distribution and hence X> »(W)in (7.5. 6) will
not provide an appropriate test statistic. Under model (7.5.1), Y =(A,,... Ay—1)
has the finite mean vector Mmro and covariance matrix G(D,y — 7r07ro/) where
7o = (710, ..., Tg—10)’, Dx, is the diagonal matrix based on 7 and G is a positive
number defined below. If Hj is true, the correct test statistic under model (7.5.1) is

X%(T) (MO/G)X (W) (7.5.7)

with
n  M;

n My
G:ZZw§z+O‘ZZ z Wy, 0<a<l1
s=1

=1 t=I s=1 t#t'=1

Note that G measures the combination of effects of clustering and weighting in the
weighted cluster sampling scheme. Also, My is the weighted sample count. Thus
0< MO/G < 1. We note that G — oo if the weight become large and o > 0. Thus
the conventional test statistic X %, (W) can be corrected by multiplying it by the scale
factor (M, / G) and the statistic so corrected can be used for testing of null hypothesis.
The statistic X% (7)) is asymptotically distributed as X%q—l) under Hy as n — oo.



Chapter 8
Approximate MLE from Survey Data

Abstract Since under many situations from complex sample surveys, exact
likelihoods are difficult to obtain and pseudo-likelihoods are used instead, we shall,
in this chapter, consider some procedures and applications which are useful in obtain-
ing approximate maximum likelihood estimates from survey data. After addressing
the notion of ignorable sampling designs Sect. 8.2 considers exact MLE from survey
data. The concept of weighted distributions due to Rao (Classical and contagious
discrete distributions, pp 320-332, 1965b), Patil and Rao (Biometrics 34:179-189,
1978) and its application in maximum likelihood estimation of parameters from com-
plex surveys have been dealt with in the next section. Subsequently, the notion of
design-adjusted estimation due to Chambers (J R Stat Soc A 149:161-173, 1986)
has been reviewed. We review in Sect. 8.5 the pseudo-likelihood approach to estima-
tion of finite population parameters as developed by Binder (Stat Rev 51:279-292,
1983), Krieger and Pfeffermann (Proceedings of the symposium in honor of Prof.
V.P. Godambe, 1991), among others. The following section addresses the mixed
model framework which is a generalization of design-model framework considered
by Sarndal et al. (Model assisted survey sampling, 1992) and others. Lastly, we con-
sider the effect of sample selection on the standard principal component analysis and
the use of alternative maximum likelihood and probability weighted estimators in
this case.

Keywords Ignorable sampling design - Exact MLE - Weighted distributions -
Design-adjusted estimators - Pseudo-likelihood - Mixed model framework - Princi-
pal component

8.1 Introduction

We have already seen that the estimation of model parameters of the distribution of
categorical variables from data obtained through complex surveys are based on max-
imizing the pseudo-likelihood of the data, as exact likelihoods are rarely amenable
to maximization. We shall, therefore, consider in this chapter some procedures and
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applications which are useful in obtaining approximate maximum likelihood esti-
mates from survey data.

Scottetal. (1990) proposed weighted least squares and quasi-likelihood estimators
for categorical data. Maximum likelihood estimation (MLE) from complex surveys
requires additional modeling due to information in the sample selection. This chapter
reviews some of the approaches considered in the literature in this direction. After
addressing the notion of ignorable sampling designs Sect. 8.2 considers exact MLE
from survey data. The next section deals with the concept of weighted distributions
due to Rao (1965), Patil and Rao (1978) and its application in MLE of parameters
from complex surveys. The notion of design-adjusted estimation due to Chambers
(1986) has been reviewed in the next section. We review in Sect. 8.5 the pseudo-
likelihood approach to estimation of finite population parameters as developed by
Binder (1983), Krieger and Pfeffermann (1991), among others. They utilized the sam-
ple selection probabilities to estimate the census likelihood equations. The estimated
likelihood is then maximized with respect to the parameters of interest. Starting from
a family of exponential distributions and the corresponding generalized linear mod-
els Binder (1983) obtained likelihood equations for a set of regression parameters.
Taking cue from these equations, he obtained a set of estimating equations for the
corresponding finite population parameters. By using Taylor series expansion, the
author inverts these equations to obtain estimate of these finite population parame-
ters and subsequently derives expressions for its variance and variance-estimators.
We review these works in this section. The following section addresses the mixed
model framework which is a generalization of design-model framework considered
by Sarndal et al. (1992) and others. Lastly, we consider the effect of sample selection
on the standard principal component analysis and the use of alternative maximum
likelihood and probability weighted estimators in this case.

Intrested readers may refer to Chambers et al. (2012) for further discussion on
MLE from survey data.

8.2 Exact MLE from Survey Data

We review in this section the MLE from survey data. To understand the complexity
of the problem we first discuss the notion of ignorable sampling designs.

8.2.1 Ignorable Sampling Designs

Let Z = (Z,...,Z;) be a set of design variables and Y = (Y1, ...,Y,) a set of
study variables taking value z; = (z;1, ..., za) and y; = (yi1, - . ., Yip)’ respectively
on unit i = (1,..., N) in the finite population from which a sample s is selected
by the sampling design p(s). Letz = [z; ..., zy]' = ((z;j)) be the N x k matrix and
y=I[yi,...,yn]' = () bethe N x p matrix of the respective values. Without any
loss of generality we write y = [y,, y,]' where y, = [y;;i € s] and y, = [y;; i € 5].
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LetI = (I, ..., Iy)’, be a vector of sample inclusion indicator variables, I; = 1(0) if
i € (¢)s.Thusp(s) = P(|Y, Z; p) where pis a parameter involved in the distribution
of I. In general, the probability of observing a unit may also depend on Y as in
retrospective sampling.

The basic problem of MLE from survey data is that unlike in simple random
sampling the likelihood function cannot be derived directly from the distribution of
Y in the population. This problem can often be resolved by modeling the joint dis-
tribution of Y and Z. Our notation is that big case letters Y;, Z; will denote variables
corresponding to the ith unit and small-case letters y;, z; their realized values.

Suppose that the values of Z are known for each unit in the population and Y is
observed only for sample units. If we regard the design variable Z as random, the
joint pdf of all the available data is

Fs. LZ; 0,0, p) = /f(ys,YrIZ; O0Plys, Y, Z; p1)g(Z; $)dY,.  (8.2.1)

Ignoring the sample selection in the inference process implies that inference is based
on the joint distribution of Y, and Z, that is, the probability P(I|ys, Y,, Z; p;) on the
right side of (8.2.1) is ignored. Hence, the inference is based on

J(¥5.2; 0, 0) = /f(ys,YrIZ; 00 g(Z; P)dY,. (8.2.2)

The sample selection is said to be ignorable when inference based on (8.2.1) is equiv-
alent to inference based on (8.2.2). This is clearly the case for sampling designs that
depend only on the design variables Z, since in this case P(I|Y, Z; p;) = P(|Z; py).

The complications in MLE from complex survey data based on (8.2.1) or (8.2.2)
are now clear. All the design variables must be identified and known at the population
level. Sample selection should be ignorable in the above sense or alternatively, the
probabilities P(I|Y, Z; p;) be modeled and included in the likelihood. Finally, the use
of MLE requires the specification of the joint pdf f (Y, Z; 0, ¢) = f(Y|Z; 0,)g(Z; ¢).

The above definition is due to Rubin (1976). Little (1982) extended Rubin’s work
to the case where data associated with the sample units is missing due to nonresponse.

Note 8.2.1 Forster and Smith (1998) considered nonresponse models for a single
categorical response variable with categorical covariates whose values are always
observed. They presented Bayesian methods for ignorable models and a particular
nonignorable model and argued that the standard methods of model comparison are
inappropriate for comparing ignorable and nonignorable models.

8.2.2 Exact MLE

Suppose that the sample selection is ignorable so that inference can be based on the
joint distribution
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Fs Z:0,¢) = f(y|Z:; 00)9(Z; ).

The likelihood of (0, ¢) can then be factorized as
L0, ¢:ys. Z) = L(01; ¥s|Z)L(¢; Z). (8.2.3)

Assuming that the parameters 6; and ¢ are distinct in the sense of Rubin (1976),
MLE of 6; and ¢ can be calculated independently from the two components.

Example 8.2.1 1f (Y;, Z;) are independent multivariate normal, the MLE for py =
E(Y)and Xy = V(Y) are

oy =%+ 0Z-2); (8.2.4)
Xyy = syy + B(Szz — s22) 8

where (3. Z) = X, (vin 2)/n. Z = 30, 2/N, Szz = 3L (2 — L)@ — )N,
Szz = Zies(zi - is)(zi - is)//n and ﬂ = Zies(yi - ys)(zi - is)/sgzl/n and n is the
sample size (Anderson 1957).

8.3 MLE’s Derived from Weighted Distributions

Let X be a random variable with pdf f(x). The weighted pdf of a random variable
X" is defined as

) =wk)f(x)/w (8.3.1)

where w = f w@)f (x)dx = E[w(X)] is the normalizing factor to make the total
probability unity. Weighted distributions occur when realizations x of a random
variable X with probability density f(x) are observed and recorded with differential
probability w(x). Then f* (x) is the pdf of the resulting random variable X* and w is
the probability of recording an observation. The concept of weighting distributions
was introduced by Rao (1965) and has been studied by Cox (1969), Patil and Rao
(1978), among others.

Krieger and Pfeffermann (1991) considered the application of concept of weighted
distributions in inference from complex surveys. Consider, a finite population of
size N with a random measurement X (i) = x; = (y;, z}) generated independently
from a common pdf A(x;; §) = f(yilzi; 01)g(z;; ¢) on the unit i (using the notation
of Sect.8.2). Suppose the unit i has been included in the sample with probability
w(x;; o). We denote by X} the measurement recorded for unit i € s. The pdf of X}
is then
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Pli € s|X (i) = x;]h(x;; §)
PG eys)

h" (xi: ., 0) = f(xili € 5) =

_ w(x; a)h(x;; 0)
[ wxi; a)h(xi; O)dx;

(8.3.2)

This is the sampling distribution of the variable X" after sampling. The concept has
earlier been used by several authors including Quesenberg and Jewell (1986).
In analytic surveys interest often focuses on the vector parameter ¢ or functions

thereof. Suppose a sample S = {1, ..., n} is selected with replacement such that at
any draw k(= 1,...,n),P(j € s) = w(x;; ),j =1, ..., N. Then, the joint proba-
bility of the random variables {X",i = 1,...,n;i € S} is IT}_,; 1" (X;; v, §) so that

the likelihood function of § is

I h(x;; 9)

L@ : X, $) = Const. - [ w(x; a)h(x; d)dx]"

(8.3.3)

where X; = {x1, ..., X,}.

Example 8.3.1 Assume X = (Y}, Z') are iid multivariate normal variables with
mean /), = (y, (i) and covariance matrix

PPSWR selection: Let T; = o} Y; 4+ o, Z; define a design-variable and suppose that
a sample of n draws is selected by probability proportional to size (T') with replace-
ment such that ateachdraw k =1, ...,n, PG € s) = tj/NT where T = Z;V:Itj/N.
We assume that N is large enough so that E(T) = ur ~ T. Suppose that the only
information available is sample values X; = (y/, z}), i € s and the selection probabil-
ities w(x;; a) = ti/NT where o = (a1, ay). Replacing T by ur, and using (8.3.3),
the likelihood function of {uy, Xxx} is

M, @'x)¢&;; pix, Lxx)

L(px, Xxx; Xs, S) =
(o) pry+d )"

(8.3.4)

where ¢(X : puy, Xxx) is the normal pdf with mean py, and dispersion matrix yy.
The likelihood in (8.3.4) also involves the unknown vector coefficients .. However,
the values of a can generally be found up to a constant by regressing the sample
selection probabilities w(x;; o) against a.

Stratified random sampling with T as stratification variable: Suppose the population
is divided into L strata, the stratum U), being of size Nj, from which a srswor s, of size
ny, is drawn and the strata being defined by 0 < t) <@ < ... <t~ < 0o, Let
Py, = ny/Ny. By (8.3.2), the weighted pdf of X, the measurement for unit i € § is,
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Pih(x;; (5)/11) if; < i)

Poh(x;; 6)/w if tD < f; < @

h(x;; «, 0) =f(x;i € 8) = (8.3.5)

Prh(x;; 5)/11) if f &= <t
For Nj, sufficiently large the probability w can be approximated by

4D L-1 M0)

w=P(ies) =P ¢(tydt + D Py o(1)dt + Py, / o@)dt  (8.3.6)
= £h=1) HL-1)

—00

where ¢(¢) denotes the normal pdf of 7" with mean o'y and variance o Xxxa. Let
@ (1) denote the distribution function of 7.

Suppose that the strata are large so that the sampling may be considered as being
done with replacement within stratum. For given strata boundaries {t"} and the
vector coefficients «, the likelihood function of § can then be written from (8.3.3) as

_ Miesh(x;; O)TTL_ P}
P (D) + SEI P (™) — D (-D)] + P[] — d(C-D)]
(8.3.7)

L(9; X, )

Often strata-boundaries are unknown and have to be estimated from sample data.
If the values #;, i € s are known, the vector o can be estimated from the regression
of #; on x;. Furthermore, if (1) < - - < #(,) are the ordered values of #;’s, the strata-
boundaries can be estimated as tV = (t,,, + t,,11)/2, ..., tEV = (te +1011)/2,
where n* = ZZ‘; 11 ny,. Substituting these estimators in (8.3.7) we get an approximate
likelihood which can then be maximized with respect to delta. For further details the
reader may refer to Krieger and Pfeffermann (1991).

8.4 Design-Adjusted Maximum Likelihood Estimation

Chambers (1986) considered parameter-estimation which is adjusted for sampling
design. Let as usual Y; = (¥j1, ..., Yjp) beap x 1 vector representing the values of
the response variables yq, ..., y, on the unit i in the population (i = 1,...,N), Y =
((Y;)). We are interested in estimating the parameter ¢ in the joint distribution
Fy(.;0)of Y, 0 € ©. For this we proceed as follows.

Consider, a loss function Ly (6) = Ly (6, Y) for estimating 6. For given Y, a gen-
eral approach to optimal estimation is to find an estimator 6y such that

Ly(By) = min[Ly(0), Y; 6 € O]. (8.4.1)

The loss function may be chosen suitably. For example, if the joint distribution
Fn(.; 0)iscompletely specified except 8, then Ly (6, Y) may correspond to the inverse
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of the likelihood function for 6 given Y. Estimator obtained in this way will corre-
spond to the maximum likelihood estimator of 6. If F (.; 0) is specified only up to
its second moment, then minimization of Ly (6, Y) may be made to correspond to
least square method of estimation.

In practice, only y; = {Y;(i € 5)} are observed, s being a sample of size n selected
suitably. Let for given y,, L, (6, y;) = L,(; y,) be the loss function defined ony x ©.
An optimal estimator based on y; is then 6, such that

L,(0,) = min[L,(0); 0 € O]. (8.4.2)
Now, a sample design can be characterized by an N x g matrix Z = ((Z;;)) of known
population values of variables zi, ..., z,. For example, in stratified sampling z;’s
may correspond to strata-indicator variables. Thus, Z; = (Z;, . .., Ziq)' denotes the

vector of g-strata indicators for the ith unit in the population. However, the actual
process of sample selection or sample selection mechanism generally depends on
factors other than in Z.

Let Gy (.; |Z; )\) denote the conditional distribution of Y given Z. Here, \ is a
parameter vector in this design model Gy. (Note that a design model is the super-
population distribution of Y given the design-variable values Z. Thus, a model of
regression of Y on Z is a design model.) It is not the same as parameter vector 0
involved in the joint distribution Fy of Y. Let G,, denote the corresponding marginal
conditional distribution of y given Z. G,, is obtained from Gy by integrating out the
nonobserved values Y, = {Y;,i ¢ s}.

If the parameter A is the same in both Gy and G,, then the form of the design
model G, for the sample data does not depend on the sample selection mechanism.
In this case, the sample selection mechanism is said to be ignorable (Rubin 1976).
A sufficient condition for an ignorable sample selection mechanism is that sample
selection process depends only on Z. In this case, an optimal estimator of A can be
obtained by using the sample data, Z and G,, only. Note that in G, (.|Z) we examine
the distribution of y, given Z.

In general, however, the sample selection mechanism may not be ignorable. In that
case to draw inference about A using the survey data we have to specify the design
model for the whole population using the joint conditional distribution of y and y,
given Z. This distribution is not the same as Gy and may be written as Hy (; |Z; A, ¢)
which may involve a nuisance parameter ¢.

In practice, it may be very difficult to specify Hy and hence H,,, while same is not
the case with Gy and G,,.. One therefore attempts to ensure that an ignorable selection
mechanism is used whenever possible.

We shall henceforth assume in this section that the selection mechanism is ignor-
able. The problem is how to use the sample data, Z and G, to produce a design-
adjusted estimator of 6.

Let Gy (.|y, Z; A\) = Gy(.]y) denote the conditional distribution of Y given Z and
the sample datay and Ey[.|y] the expectation with respect to Gy (|y). Here, following
the argument underlying the EM (expectation minimization)-algorithm of Dempster
et al. (1977), instead of minimizing Ly (#), we minimize Ey[Ly (6)]. An appropriate
design-adjusted estimator of 6 is the value 6yp such that
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En[Ly(Onp)|y]l = min[Ex{Ly(0)]y}; 0 € O] (8.4.3)

We shall try to provide some examples.

Example 8.4.1 Let the vector variable on the ith unit, Y; be iid p-variate normal
N,(u, X),i=1,...,N. Given the sample data y,, we are required to find design-

adjusted estimators of (u, X). Let Y=(,..., )_’,,)/ denote the vector of population
means of the variables, )_’J = Zf]: 1Yii/N; S = ((Sjx)) the finite population covariance
matrix of Y1, ..., Y,; S = Zi'V=1(Yzj/‘ — f/j)(Yik —Y)/(N —1).Let T~! = ((T/)).

Taking the loss function as proportional to the logarithm of the inverse of the
likelihood functions of (i, X),

Ly (. %) = Z(Y W'ZN (Y, — ) — Nlog |27

P P
=D D TS+ N — i) (Ve — )]l = Nlog |71, (8.4.4)
ji=1 k=1

~

The corresponding design-adjusted loss function is obtained by taking expectation of
(8.4.4) with respect to the conditional distribution of Y given Z and y, with unknown
parameters in the model being replaced by estimates from the survey data.

It is shown that the value of p and ¥ minimizing Ex[L,(u, X)|y,] are given by

pnp = En(Ylys)
ap = N U vyl + X En(YSYIy0)] — innit- (8.4.5)

ies i¢s

Example 8.4.2 Stratified Random Sampling: Here the design variables zy, . . ., z, are
stratum-indicator variables and Z is the matrix of their values; Ny, ny,, s, will have
their usual meanings. It is assumed that the study variables Yy, ..., Yy, within
stratum h are iid N, (1, Xj). Also such variables are assumed to be independent
from stratum to stratum.

Itis known that given the sample data y;,, the MLE’s of j1;, and X, are respectively,
Y1, the vector of sample means and s;,, the matrix of sample covariance matrix for the
hth stratum. It then follows by (8.4.5) that the design-adjusted MLE of 1 and X are

UND = N_lthh)_’h (8.4.6)
v =N"'Y, ( ) 25, (Yi = pnp) (Yi — pinp)'. o
It is seen that both uyp and Xyp are design-based estimates of o and ¥ when
the sample is selected randomly within the stratum. Under proportional alloca-
tion of sample size, both the estimators reduce to the conventional (unadjusted)
estimators.
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Example 8.4.3 Sampling with auxiliary information: Let ¢ = 1 and assume that the
design variable z which is a measure of size of a unit is linearly related to each of the
p study variablesyy, ..., y,. Assume that conditional on Z, Y; are independently dis-
tributed as N, (1;, £) where 1, = oo+ 5Z;; e = (i, ..., ) = (B1, ..., 5p).

Let y denote the vector of sample means of p study variables, z and s, the sample
mean and sample variance of z. The MLE of «, 3 and X are

oy = }_’ - ﬁnz’
RS | .V . — 7
B, =n %(Y, N(Zi =2/, (8.4.7)

Zn = n_l Z(Yz — Oy — ﬁnZi)(Yi — oy — /BnZi)/-

ies
From (8.4.5), the design-adjusted MLE of . = N_IZ?]:IM is then
v =¥+ (Z =2, (8.4.8)

where Z is the population mean. It is seen that (8.4.8) is the regression estimator of
the population mean vector Y.

Let S,., s.. be respectively the population variance and sample variance of z and
S,y the covariance matrix of yy, ..., y, based on the sample data. Then from (8.4.5)
it follows that

Ynp = Syy + 5n5;1(szz — 5z). (8.4.9)

Clearly, if the sampling design is balanced on z up to the second order, thatis, if 7 = Z
and s,; = S;;, then both the design-adjusted estimators (8.4.8) and (8.4.9) reduce to
the respective conventional estimators.

Example 8.4.4 Design-adjusted estimation of regression coefficient: Let Y denote a
N-vector of population values of the study variable y and X the N x p matrix of the
population values of the independent variables xi, ..., x,. Consider, the regression
model

E(Y|X) = X8, Var(Y|X) = oA (8.4.10)

where [ is the p x 1 vector of regression coefficients, ¢ > 0 is a unknown scale
parameter and A is a diagonal matrix with strictly positive diagonal terms.

Let y, x, a denote the sample components of Y, X, A, respectively. The corre-
sponding nonsampled components are Y,, X, and A,. If the model (8.4.10) applies
even if the population values are replaced by their sample components, then § can
be estimated in a straightforward manner using the sample data only. In practice, the
model does not often remain valid for the sample data, due to the effect of sampling
design (vide, for example, Holt et al. 1980).
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Let Z be the N x ¢ matrix of values of the variables used in the sampling design.
LetX| denote the N x 1 column vector of values x;; taken by the independent variable
x; on the population units (j =1,...,p;i =1, ..., N). We consider the following
design model, linking the superpopulation model (8.4.10) with the design-variable
values Z. We assume that

E(Y|Z) = ZXo. EX)|Z) = Z),

Var(Y|Z) = xooln, Var(X;|Z) = x;ly,

Cov(Y, X;|1Z) = voly. Cov(X;, X¢|Z) = XLy
Gk=0.1,....p).

(8.4.11)

Here \;(j =0, 1, ..., p) are unknown g x 1 vectors and x(j, k =0,1,...,p) are
unknown scalar parameters.

Given (8.4.10), the standard loss function for the estimation of [ is the quadratic
loss function,

Ly(3) = (Y = XB)YA™ (Y = X). (8.4.12)

The corresponding design-adjusted loss function is obtained by taking expectation of
(8.4.12) with respect to the conditional distribution of Y given Z and y with unknown
parameters in the model being replaced by estimates from the survey data. Thus,

Ey[Ly(B)ly, x] = y'a~'y + Ey(Y;A; 'Y |y, x) —26'xay
—20'Ey(X;A; X, |y, %) + f'x'a”'x0
+ 0 En XA X, ly, x)3 (8.4.13)

where a is the diagonal submatrix of A corresponding to s. Therefore, design-adjusted
estimator of (3 is

Ovp = [Xa™'x + Ey(XA; X |y, x] 7' [X'a ™'y + Ex(XA 'Y, ly, )] (8:4.14)

provided the inverse above exists.

Special cases:

(a) Stratified sampling design: Suppose p = 2 and X; = 1y. We will denote by X,

the second column of the design matrix (X;, X5)nx2. It is assumed that A = I.
Lety = (§1,...,¥,) andX = (Xy, ..., X,;)’ denote the vectors of stratum sample

means of y, x respectively. These are the best linear unbiased estimators of Ay, \»

in (8.4.11). Let sy, j, k = 0,2 denote the usual unbiased estimates of the scale-

parameters ;. in (8.4.11). Thus,

1 q
Sop = n—q Z Z(Ym — Vi) Xin — Xp)

h=1 iESh
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where Yy, Xj, are the values of Y, X respectively for the ith sample element in stratum
h. Let ﬂND = (BND] y ﬁNDz),. Substituting in (8.4.14),

q
Bypt = N~1 > NuGn — BpaXn) = pinpy — Bupzpinnx
h=1
(8.4.15)
(N — @)s02 + 21—y NuGn — pvpy) (K — pvpx)
(N = @)s22 + 205y NuGin — pinvpx)?

BNDZ =

where UNDY = N_lzzleh)_]h and pypy = N_lzzleh)_Ch'

8.4.1 Design-Adjusted Regression Estimation
with Selectivity Bias

Chambers (1988) developed a method of design-adjusted regression when there is
nonresponse in the observed sample data.

Let Y; represent the value of the study variable 'y’ and X; = (X0, Xi1, ..., Xjp)'» a
vector of values of the (p + 1) auxiliary variables X = (xo, x1, ..., x,), x;p = 1 for
unit i(= 1, ..., N) in the population. The problem of interest is the estimation of
(p + 1)-regressor-vector /3 defined by the model

Y=X3+U (8.4.16)

whereY = (Y1,..., Yn), X = ((Xj)), U = (Ui, ..., Uy) . Itisassumed that E(U) =
0, Cov (U) = o1y.

It is also assumed that with each unit 7, there is a censoring variable V; with a
threshold value C; such that if i is selected in the sample s of size n, response Y; is
available if only V; < C;. If V; > C;, the value Y; is censored (that is, some imputed
value is substituted as its value) if i € s. Neither V; nor C; is observable.

We denote by yi, Xi, vy, ¢; the vector of ¥; values, n; x (p 4+ 1) matrix of x-
values, the vector of V;’s and C;’s for the uncensored sample units; the corresponding
quantities for the n, censored sample units are y,, Xz, V2, €2; 1] + ny = n. After s is
selected, yi, X1, X, are observed. Let Y,, X, denote the nonsample components of
Y and X, respectively. For estimating ( consider a unweighted square error loss
function

Lv(B:Y,X) = (Y = XB) (Y — XB). (8.4.17)

Let E,(.) denote expectation conditional on the observed sample and with respect
to a model for the joint distribution of y and x which also accommodates the effect
of censoring mechanism described above. The design-based estimator of 3 is then
obtained by minimizing E[Ly(0 : Y, X)] with unknown parameters replaced by
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their estimators. From (8.4.16) and (8.4.17), the design-adjusted estimator of 3 is
B=A""B (8.4.18)

where

A =xX(X; + X)X + E‘Y(X’,X,),
(8.4.19)
B = x\yi + x3E(y2) + E«(XY,).

Censoring model without design adjustment
Suppose the population corresponds to the sample so that Y,, X, are nonexistent.
Hence, from (8.4.18),

3= xx)7x)y1 + X5Es(y2)]. (8.4.20)

We assume that the censoring model is such that (U;, V;) are iid bivariate normal
N»(0,0; 0%, 1,cov =w),i=1,...,N.Tt then follows that

U =wVi+e (8.4.21)

where the random variable e; is distributed independently of V; with E(e;) = 0,
V(e;) = 0> — w?. This implies

Y, =X+ U =Xp+wV,+e (8.4.22)
and therefore,
EYiX;, Vi > C) =X+ wE(V; > C)). (8.4.23)
Define
ky = E(v2|va > ¢). (8.4.24)

Then E(y;|X2, v2) = X3 4+ wk,. Hence, from (8.4.20),
B =% Xjy1 + X (%0 + &)1 (8.4.25)

Given ¢;, k, can be calculated if V;’s are normally distributed. In this case, the
components of k; are K; where

K =f(CHll — F(CH]™!

and f, F are respectively density function and distribution function of a N(0, 1)
variable. In practice, ¢, is not known.
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If it can be assumed that C; = W\ where W; is a known vector, then probability
V; < C;is F(W;)) and standard probit analysis can be used to estimate A. An estimate
of ¢,, and hence of k, then follows.
To estimate w, we note that if the censoring variables V; were observed, w would be
estimated by n='>",_ (¥; — X/3) Vi. An estimate of w would then be
O = Ef{n™ D (¥ = XiB)Vilyr. x}. (8.4.26)

ies
Now, for a censored sample unit,
E(Y; = X[B)Y; = wE(V?) = w[l 4+ Cf (CH{1 = F(C)} 1. (8.4.27)

This leads to the equation

G =n""0lm+ D CK} = > (Y - XD H)] (8.4.28)
2 1

where ), >, denote summation over the noncensored and censored sample units
respectively, K; = f(Cy)[1 —f(CH17" and H; = f(C;)/F(C;). Given estimated val-
ues of C; from an initial probit analysis, equations (8.4.25) and (8.4.28) can be used
to define an iterative scheme to estimate 3 and w.

Censoring model with design adjustment
Consider a sample drawn by stratified sampling design with sample data subject
to censoring as above. Let X = (1, Z)" with the ith row X| = (1 Z) where Z; =
(X145 . - ., Xpi)". Assume that within each stratum £, (Y;, Z;) are iid and (U;, V;)" are
also iid N, (0, 0; 02, 1, w) where, of course, o2, w are allowed to vary across strata.
Now, . . . .

B =I[xx+ EX,X)] [X{y1 + XE(y2) + E«(X)Y,)]

where E; denotes conditional expectation under stratified model and the censoring
process. Let wy, denote estimate of w in stratum £, obtained as in equation (8.4.26).
For a censored sample unit in stratum £, Ey(Y;) = X5 + @&, K;. Also

=/

E(X/X,) = Zh;(Nh ) [Zlh o ng} (8.4.29)
where z;, S;,.;, Ny, nj, denote respectively the vector of sample means, sample covari-
ance matrix of z-values, population size, and sample size of stratum A.

In calculation of E, (X'Y,), the sample-based estimator of the stratified superpop-
ulation model parameters need to be adjusted for the bias induced by censoring. Let
¥n1 denote the mean of the Y; values for the noncensored sample units and l;hz the
mean of the ny, values of K; for the censored sample units in stratum #. It is then
shown that
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EXY,) = >~ (Ny — mp)[EsG){Es(snvz) + 2nEs i)Y T (8.4.30)
h

where

EGr) = n,  [ndm + nhz{iﬁ,zﬁ + Ok}l
(8.4.31)
Eysn) = [ S Y% — 2 + X0 X8 + 0k (% — 7).

Again, in estimating C; using the model C; = W), the marginal distribution of W;
will vary across strata, as also the censoring probability. Consequently, estimation
of censoring model parameter A must also be made design-adjusted.

8.5 The Pseudo-Likelihood Approach to MLE
from Complex Surveys

Binder (1983), Chambless and Boyle (1985), Krieger and Pfeffermann (1991), among
others, utilized the sample-selection probabilities to estimate the census likelihood
equations. The estimated likelihoods are then maximized with respect to the vector
parameter of interest.

Suppose that the population values Y; are independent draws from a common
distribution f(Y; @) and let Iy(6;Y) = Zf]: 1 logf(Y;; 0) define the census log-
likelihood function. Under some regularity conditions, the MLE 0 solves the likeli-
hood equations

A OB Y) =
U = P00 3wy =0 851
i=1

where u(0; y;) = (0logf(Y;; 6))/(90). The pseud-MLE of 0 is defined as the solu-
tion of the equations 6(0) = 0, where ﬁ(@) is a design-consistent estimate of U(f) in
the sense that p lim,Hoo,N%oo[fJ(Q) —U(#)] =0V 0 € ©. The commonly used esti-
mator of U(0) is the Horvitz—Thompson (1952) estimator so that the pseudo-MLE
of @ is the solution of

U@O) =D wui(6;y) =0 (8.5.2)
ies
where w;” ! = 7, is the inclusion probability of unit i in the sample s.
For the multivariate normal model with parameters py and Xy, pseudo-MLE’s
obtained by using (8.5.2) are
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By = D e WiYi/ D Wi
< - - (8.5.3)
Xy = > wilyi — ) (yi — fry)'/ D wi.

ies ies

Properties of the pseudo-MLE

Suppose the score function u is such that Ey[u(6;y;)] =0 where Ej denotes
expectation with respect to model M. Then under some regularity conditions, the
pseudo-likelihood equations (8.5.2) are closest to the census likelihood equations
(8.5.1) in the mean-square-error (MSE) sense, among all design-unbiased estimat-
ing equations. The MSE is taken, here, both with respect to randomization distri-
bution of sample-selection and the model. This result follows by the property of
Horvitz—Thompson estimator.

Another property of the use of probability-weighted statistics (8.5.2) instead of
the simple unweighted statistics is that the resulting estimators are in general design-
consistent for the estimators obtained by solving the census likelihood equations,
irrespective of whether the model is correct and/or the sampling design depends on
the y-values or not (Pfeffermann 1992).

Various models under the pseudo-likelihood approach have been studied by Binder
(1983), Chambles and Boyle (1985), Roberts et al. (1987), Skinner et al. (1989),
among others. We shall consider here the results due to Binder (1983).

8.5.1 Analysis Based on Generalized Linear Model

Defining Finite Population Parameters

The generalized linear models described by Nelder and Wedderburn (1972) is defined
as follows. Suppose the observation y;, is arandom sample from an exponential family
of distributions with parameters 6; and ¢:

POk Ok, @) = expla(d) bk — g(Ok) + h(y)} + (¢, y)l. k=1,2,..., (8.5.4)

where a(¢) > 0. For this distribution E(y;) = ¢’ (6x) = p(6y) and V (yr) = i/ (6r)/
a(¢). 0y is called the natural parameter of the distribution.

We assume that for each k we have access to the value X; = (Xx1, ..., Xgp)" of
a vector of auxiliary variables x = (x, ..., x,)". Let 6, = f(x;.8) where f(.) is a
known differentiable function and 5 = (53, ..., 3,)" a set of unknown parameters.
For observations (yy, x,/(), k=1,...,N the log-likelihood function of 3 is

L(Bly, X) = logp(y; 0, ¢)

N
= a(p) kz k0 — 9(O) + h()} + 07 (@, yi),
=1
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where Y= (yl, PR yN)/, 0= (91, ey 9}\/)/ and Xpr = ((xki)). Now 8(9](/86, =
f'(x;.8)x;;. Hence, the likelihood equations are

oL X /oL 96,
a—ﬁ,-:;(a—ek)‘(a—@)

N
= a(®) D_{y — g O X B)xii

k=1

N
= a(¢) D Iy — plf LN (B = 0,i =1, p. (85.5)

k=1

If 11(.) and f'(.) are strictly monotonic functions, then the solution to Eq.(8.5.5) is
unique, provided the matrix X is of full rank.

In the finite population context we assume that for the kth unit, we observe the data
Ye, Xt - -+, Xip) = (Yi, X). We define the population vector B = (B, ..., B,) as
the solution of the equations

N
D — pf B (X B) X =0 (i =1,....p). (8.5.6)
k=1

Expression (8.5.6) can be more generally written as

N
> u¥. Xi:B) =0 (8.5.7)
k=1

where u is a p-dimensional vector-valued function of the data (Y, X;) and the para-
meter B.

We now introduce a slight change of notation. Let us write Zy = (Z1, ..., Zy;)'
as the data vector for the kth unit, Z = ((Z;)) as the N x g matrix of data values
for all the units in the population. Instead of B we shall write the finite population
parameters as ¥ = (11, ..., ¢,)". Following (8.5.7) the finite population parameters
are now defined by the expression of the form

N
Wy () = D u(Z; 1) —v(ih) =0 (8.5.8)

k=1

where v (1)) is completely known for a given ¢, but u(Zy; ) is known only for those
units which occur in the sample.

We now estimate 1), derive asymptotic variance of 1& by Taylor series expansion
and find an estimator of this asymptotic variance.



8.5 The Pseudo-Likelihood Approach to MLE from Complex Surveys 211

Estimation of v

The term Zgzlu(Zk; 1) = U(¥) (say) is the population total of functions u(Zy; ).
We represent the sample-based estimator of this total as ﬁ(d)). Assume that f](z/)) is
asymptotically normally distributed with mean U(%)) and variance Xy (v)). Let

W) = U@) — v@). (8.5.9)

(Chambless and Boyle (1985) derived asymptotic normality of ﬁ('«/}) using an
approach due to Fuller (1975).) Following (8.5.8), the estimator v is defined by
the solution of the estimating equation

W) = U@) — v(h) = 0. (8.5.10)

Example 8.5.1 In the linear regression case, we have the estimator of parameter
regression coefficient 3 given by the solution of the equations

Suf =S, (8.5.11)
where S, and S, are respectively estimates of X'X and X'Y. Considering that S, —
SuB = 20 0% — X, Dxi we setu(ye, xi: #) = (o — x(B)xand v, =0. O
Variance of 1:[)

To obtain the variance of 1/3, we take a Taylor-series expansion of W(z/?) around
1h = 1)y, the true value of ). We obtain

.. ) OW -
0 = W) ~ W) + [ aﬁ)} (W — o)
Vo
so that )
. oW ~
W) ~ — [ aff’)} @,

Calculating the variance of both sides, we obtain in the limit,

3WN(¢0)} V) [3WN(¢0)]

8.5.12
B%0 i ®85.12)

Tythy) = |:

since,

OW @) _ 9(0Wo) — V(o)) _ OWn (o)
Oy I oy

From (8.5.12), it follows that

. OW - OW Nt
V@) = [#] Zu (o) I[aN—w(oW} ] (85.13)
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provided the matrix d“;” W) is of full rank. An estimate of V(w) is
A 1
A oW OW
V) = [ (f/’)} £y [ [ (‘”)} } . (8.5.14)
o o

8.5.2 Estimation for Linear Models

We shall now apply the above-mentioned results to different models.
Generalized Linear Model

We shall now consider, the estimation of parameters of the general linear models
described in (8.5.4) and their variances. We concentrate on the following important
case. Suppose f () = r. Then 6, = x; 5 = Zlexkjﬂj. The parameter of interest is
B = (Bi, ..., B,) where B; is the finite population parameter corresponding to the
superpopulation parameter 3; and is thus defined by (vide equations (8.5.6))

N p
DUv—n(D Bxy| | Xu=0G=1.....p). (8.5.15)

k=1 j=1
Therefore, from (8.5.8),

N

WyB) = > [Yi — p(X;B)] X = 0. (8.5.16)
k=1

If G is an estimate of > Y X and R(B) is an estimate of ZkN:l n(X;B)Xy, then
the estimate of B is given by the solution of the equation

R®B) =G. (8.5.17)
Here,
OWyB) o ,
g =~ LM XBXX, = —XABX

k=1

where A(B) = Diag.(¢/(X|B), ..., 1/(XyB)). Therefore, we obtain from (8.5.13),
V(ﬁ) = [X’A(B)XrlE(B)[X'A(B)XT1 (8.5.18)

where X (B) is the variance of the estimator of the total Zszl [V — n(X,B)]X; based
on the values {e;, X;}, i € sample and ¢; = ¥; — 1(X/B).
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Let X (113) be a consistent estimqtor of X (B), based on observations {¢;, x;}, ¢; =

Y; — n(XB), i € sample. Also, let J(B) be a consistent estimator of X' A (B)X. From
(8.5.14), we have

VB) = [J7'B)IZ®B)I ' B)]. (8.5.19)

Again, fArom (8.5.17), ﬁ(ﬁ) ~G=0.1f B is the true value of B, expanding ﬁ(ﬁ)
around R(By), we have

Hence,

« —1
N OR(B N N
B =B, —( ( ‘”) [R(By) — G1.
Thus, if B is solved from (8.5.17), by Newton—Raphson method,

A A -1
. . (OR®BY AP
BWﬂzBW—(i%al) [RBY) — G]

where B® is the value of B at the rth iteration. Again, (OR(B))/(9B) = J(B). Hence,

BUTD — RO _ j*l(ﬁ(/))[ﬁ(ﬁ(i)) _ G]

Classical Linear Model

Here f(1) =t and p(0) = 6. Thus, 6 = x5, E(Yi) = 6. Therefore, Wy(B) =
ZQ’ZI Ve — X;BIX; = X'Y — X'XB. Again, (OWy(B))/(0B) = —X'X. Hence,
VB) = (Su) 'ZB)(Sw) ', where S, is an estimate of X'X (assuming that the
observations on X in the population are centered against the population mean vec-
tor), fl(f}) is an estimate of the variance of an estimator of total 22\;1 (Y — X(B)

based on observations (&, Xi), éx = Yx — X,’(IA}, k € sample.
Coefficient of multiple determination
Consider the multiple regression model

YN x1)=XB8+UW x 1) (@)

where X = (1y,X;) is Nx (r+1) and 8= (8o, 51, ..., 0) = (6o, B"). The
model (i) can be written as } 3 3
Y=XB+U (ii)
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where Y =Y — 147, Y = 1,)Y/N, X = X; — 1%, ¥ = 1,X;/N,U = U — 1yi,
it = 1) U/N. Let

The simple correlation between Y and Y = XB is called the coefficient of multiple
determination of y on X and is given by

2 _ SuSSy

R’ =R
- Syy
) (iii)
Yy
vy
The estimating equations for the finite population parameters, ¥, B, and R? is
Y'1-NY 0
Wy = _ X'Y -X'XB =10]. (8.5.20)
YY-NY>)(R*-1)+YY-YXB 0
Here .
—1 N~ 0 0
[8_8—“]2 = 0 —-XxXx)! 0
(Y,B,R%) 27 (1-R?) B _
SSY —sr  (55Y) :

where SSY = Y'Y. Hence, expression of V(zﬁ) can be written by (8.5.14). Here )A:U
is the estimate of E:ovariance matrix of Wy (?)) in (8.5.20). To write Wy (1)) in the
form Zgzlu(Zk; Y,B,R% = Zﬁcv:lck (sayA), where ¢; = (Ckl’; e Ckr+2): we note
that cp1 = Yi, (Cras - - - Cors1) = (Yi — x;B)x¢ and ¢ = (R?Y, — X[ B) Y.

Logistic Regression for Binary Response Variable

Here the dependent variable y is dichotomous, taking values 0 and 1. The functions
g(0) =log(1 + €’) and f () = t. Thus,

xp(X,B)

pXiB) = oim

1 (X(B) = p(XB)(1 — (X} B)).
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Logistic Regression for Polytomous Response Variable

Suppose that each member of the population belongs to exactly one of the g distinct
categories with proportion 7;((3) for the ith category, We assume that associated

with category i, there is a vector X; = (x;1, ..., X;;)" of values of auxiliary variables
= (x1, ..., x;) so that approximately
exp(x;3)
(B = ——
> exp(x;f3)
s=1

proportion of individuals falls in the ith category. Let w(8) = (w1 (), ..., m,(3))
and N = (Vy, ..., N,)’ where N; denotes the number of units in category i in the
population. If N is obtained by a multinomial model, the log-likelihood is

q
logL = Constant + ZNi log{m;(3)}.
i=1

Now

s=1

o,
a;} = m(B) [xl, sz,m(ﬁ)}

Hence

alogL OdlogL Om;
Z “om CIp;

(8.5.21)

-

:Z:lej ZN vajﬂ—v(ﬁ) J_l

i=1 i=1 s=1

Therefore, the maximum likelihood equations for the finite population parameters
= (By,...,B) is

WyB) =X'N—-X'7(B)[I'N] =0 (8.5.22)
where X is the g x r matrix of x;; values. An estimator B of B therefore satisfies
W(B) = X'N - X'7(B)[I'N] = 0 (8.5.23)

where N is a consistent asymptotically normal estimator of N with covariance matrix
V(N). Let D.(B) = Diag. (mi(B), ..., 7,(B)), H;(B)=D.(B)—7B)r(B)"
Then

8W(B)

B —I'N)X'H(B)X.
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Again,

2y (B) = VIWB)} = VX[, — 7'IN}
(8.5.24)
= X'[I - 71'lVA)[I — 71']X.

Therefore, by (8.5.13),
VB) = I'N)2XHX)"'X[I- 71'lVA)[I - 17 1XX'HX)"'.  (8.5.25)

The author illustrates the application of the techniques with respect to the data from
Canada Health Survey, 1978-1979.

8.6 A Mixed (Design-Model) Framework

In the traditional p¢ (design-model) framework inference is based on P(s)&(Y) dis-
tribution where P(s) is the probability of selecting a sample s and £(Y) is the super-
population model distribution of the response variable vector Y = (Yy, ..., Yy), Y¥;
being the response from unit i (Sarndal et al. 1992; Mukhopadhyay 1996, 2007).
In the mixed framework proposed by Rizzo (1992) inference is based on the joint
distribution P(I, Y) where I is an indicator random vector with its value I; = 1(0)
according as unit i € s (otherwise). The distribution of I may be based on the covari-
ates that are related to Y so the joint distribution P(I, Y) does not necessarily factor
into the product of marginal distributions. This framework which uses predictive
regression estimators as functions of the probability of selection as covariates pro-
vide an alternative to classical p-weighted estimators for finite population parameters
in complex surveys.

Let X be a set of covariates correlated with the response variable Y and let Z
be a set of variables contained in X. The survey design is based on Z. Let [T, =
{{m;} U {m;} U {mu}t U. ..} where m;, 7, etc. are the first order, second order, etc.
inclusion probabilities. Clearly, I1, is random since Z is so. We focuss on inference
about population mean ¥ = N _IZ?’: ,Y; or some other aspect of the distribution of
Y. The relationship between X and Y, for example, is not of our direct interest.

After the unit i is selected, observation on variable Y; is made. Thus, the sample
of Y; is drawn from the distribution P(Y;|I; = 1). From this, we have to go back to
the original superpopulation model distribution of ¥; which is P(Y;).

Earlier authors considered P(Y|X, I)(= P(Y|X)) or P(Y|Z,I). Instead of the
whole distribution, Chambers (1986), Pfeffermann (1988), among others, considered
E(XY|Z).

Rizzo considers the specification of P(Y;|I1, I) or P(Y;|I1), since given [, I
is ignorable (because distribution of I depends on 1., alone). This approach is stated
to be more precise and simple than P(Y;|X)-approach.



8.6 A Mixed (Design-Model) Framework 217

If I is sufficiently complex, then even this specification may be difficult. Denot-
ing by y; the value of Y; on the uniti € s, we make the following simplifying assump-
tions.

1) EYilly) = E(Y;|m;);, i.e., the expectation of y; is related only to the 7; asso-
ciated with it, rather than the other 7;’s and with joint probabilities;
(i) Var(Yi|ll) = Var(Yi|m);
(iii) Cov(Y;, Y1) = Cov(Y;, Yj|m;, mj, Ay) where Ay = m; — ;.

If the assumption (i) is reasonable, then it may be assumed in most cases that
EYilm) = My (8.6.1)

where I1; = (fi (7)), ..., fi (7)), a row vector of known functions of 7; and ~y is a
k x 1 vector of regression coefficients, i.e., conditional expectation of Y; is a linear
combination of ;.

Similarly, we assume

VaV(Y,'|7T[) = Pip)/m (862)

where P, = (pi(m;), ..., pn(m;)), arow vector and «y,, am x 1 vector of parameters.
Assuming that Aj; is noninformative (i.e., it does not depend on y’s), assumption
(iii) may be modified as (iii)’ : Cov(Y;, Y;|I1s) = Cov(Y;, Y;|m;, 7;). Further, assum-
ing that in the original superpopulation model Y;’s are independently distributed, it
may be reasonable to assume that this covariance, given [, is zero.
Consider the following estimators:
(a) The Horvitz—Thompson estimator (HTE) YHT =3 Z ;

zes 7',

(b) An adjusted version of HTE, Yra = o & Dics . Where dr = >
(¢) The simple predictive regression estimator:

ies 7r‘

~

Yp = zi¢sé(Yi|7T) + Ziesyi] (8.6.3)

Zi¢sni:¥ + Ziesyi]

where 4 is the least square estimator (LSE) of 4. Thus from (8.6.1),

L
N
L
N

¥ = (ITLs) "' My,

where Iy = (I1;; i € §) k-

f’p is Royall’s (1970) predictor using the conditional expectation £ (Y;|m;). Royall
used £(Y;|x;) where X' = (xq, ..., Xy).
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(d) An estimator with lower variance than Yp is

~ 1 »
Vo= 2 M+ v (8.6.4)
i¢s ies
where ~ ~
=LV, 'm) vty
where

V, = Diag. (P;7,, 1 i € 5),

Am = P.P) (Plel?),

P, = (P;ics)ande® = (&%;i € 5), &2 = (y; — I1;4)>. We have assumed here that
Pi:j’m > 0.

We now consider the moment properties of these estimators. Suppose, the overall
superpopulation model for Y is: Yy, ..., Yy are independently distributed with

Yi=fxi, B+ € (8.6.5)

where €’s are independently distributed and ¢; is independent of x; and f is some
function of x;, possibly nonlinear and/or nonadditive. A general model of this form
can be accommodated, because we have to only specify P(Y|I1) in this approach.
For finding the estimator we have to only specify £(Y;|I14) and under assumption
), EXilmy).

From (8.6.1) we can write

where £(e;|m;) = 0. From assumptions (i), (i), (iii)’, (8.6.1), (8.6.2) and the fact that
E(Y |, I) = E(Y|I1) the following results follow.

Eleilmi, I = 1) =E(elmi, I; =0) =0

Var(ei|7r[, I, = 1) = Var(e[|7ri) = P[’Ym (867)
COV(@,’, €j|71'l', Ty 1,' = 1, Ij = 1) = Cov(e,-, ej|7r,-, 7Tj) =0.

The prediction error of Yp can be written as

= Y, 1 1 / —1 1 /
Yp—Y = N[% (T ™ (e — %ei] (8.6.8)
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where e; = {¢; : i € s}. It immediately follows that
E(¥p— VM, ) = 0.

Thus Ic/ » is conditionally and hence unconditionally unbiased predictor of Y.
Under some regularity conditions Y is asymptotically unbiased. When the vari-

ance ratios Var(Y;|m;)/ Var(Yj|m;) = P;,,/P;7,, are known, Y will be exactly
unbiased both conditionally and hence unconditionally.
It can be easily checked that

N —1) = Hn[— 1= > M+ Ze, Se.

ies ies ies i¢s

(8.6.9)

Its conditional expectation given I, I gives zero for the last two terms, but the first
two terms have nonzero expectation. The bias tends to be small and is unconditionally
zero when expectation is taken over all samples with d,; constant.

Let w; be the ith element of the 1 x n row vector > H,-[(%)H;Hx]’1 [(%)Hx].
Then

i€s
% (?—?)—iz 2[p, ]+iZP- (8.6.10)
ar{tp - N2 — Wi LY m N o iYm- Ve

A consistent variance estimator can be obtained by replacing «,, by 7,,. It is shown
that under some conditions,

Var(f/G—Y):( ZH)( mv; 111) ( ZH) 22P,'y,,,+0(n ).
i¢s igs i¢s
(8.6.11)

Superpopulation variables for the sample are ¢;’s. In the case of cluster sampling we
have therefore to look into covariances among e;’s. Now,

Cov(e;, ¢j|Tl) = /Var(ei|Tso)/Var(ej|[Tlo)corr(e;, €;|Tlog)

= /Py /Prymcorr(ei, ¢ Too).

We now make the simplifying assumption

corr(e;, ej|Il) = corr(e;, ej|m;, mj, Ay). (8.6.12)
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Let ay;; be an indicator function whose value is 1(0) according as (7, j) € s (otherwise).
Therefore, «;; is a function of Z rather that of IT,,. Assume that

corr(e;, ej|m;, W, Ay, i) = corr(e;, ejlag) = pay; (8.6.13)

where p > 0. With these assumptions V = Var(e|Il) can be given as (a) V; =0
if i, j are in different clusters; (b) V;; = /Pi,,/Pjv,,p if i, j are in same cluster; (c)
Vij = P;7y,, if i = j. With this specification one can recalculate the estimators and
their variances.

8.7 Effect of Survey Design on Multivariate Analysis
of Principal Components

Sknner et al. (1986) examined the effects of sample selection on standard principal
component analysis and the use of alternative maximum likelihood and probability-
weighted estimators.

Associated with each unit i in the population there is ap x 1 vector y; of unknown
values, some of which are to be measured in the survey. Also, thereisag x 1 vector z;
of values of auxiliary variables, assumed to be known for each unit in the population.

Let

y:(yls"'vyN)pXNs ZZ(ZI,...,ZN)[]XN, (8'7'1)

s = (i1, ...,Iy), a sample of n distinct units. The data consist of (yy, s, z) where
Ys = Vigs - -5 Yin)-

We assume that (y;, z)’ is a realization of a random matrix (Y}, Z;)" where Y; =
(Yir, ..., Yp) and Z; = (Z;1, ..., Z;)". Also assume that the vector (Y}, Z) is a
random sample from a multivariate normal distribution

Y; ~ Hy Xy Xy, .
|:Zl] NP‘H] [[ﬂzi| ) |:Ezy Zzz , L= 17 ey N (872)

where X, is assumed to be positive definite. First, we shall try to estimate the
covariance matrix X, .

Let 6 be the vector of parameters involved in the distribution in (8.7.2). Then, the
likelihood function may be written as

L(Olys. 5, 2,) o f(s|2)f (yslz: 0)f (z; 0). (8.7.3)

The sample selection mechanism f (s|z) does not depend on 6, and hence, it can be
ignored in likelihood inference about 6.
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Let 7;(z) be the inclusion probability of the unit i in the sample, given z and

ﬂyz = Zyzzz_zl’ w; = (Nwi(z))il,
w(s) = DiesWis Hyirw = 2ie,Widis
X; =y, 2z)', Xy = n‘IZiGSXt = (¥, 2y
)‘( — N*lzg\lzlxi — (y/’ i/)/
Syys S _ _
e = Sxxs = (}’l - 1)712565(& - Xs) (Xi - Xs),
Szys Szzs
L (8.7.4)
Svys Syzs —1
S =n""(n—1s
by = S)’ZSSZ_ZSI
N
[Sw Sﬂ] = Su =N Y- D — ).
Szy Szz i=1
We shall consider, the following three point estimators of X ,:
(i)iyy:srs = Syys;
(ii)iyy:ML = 5yys + byzs(szz - §zzs)b;m;
Dy = D wi¥a¥; = W)™ Ay By (8.7.5)

The first estimator is the conventional estimator applicable to simple random sam-
pling. The second estimator is obtained by maximizing the likelihood in (8.7.3)
(Anderson 1957). The third estimator is the w-weighted estimator of X, and is
approximately design unbiased.

Hence, the first estimator ignores the sampling design and prior information. The
second estimator takes account of the multivariate normal model in (8.7.2). The third
estimator takes account of the sampling design through w;’s.

To examine the properties of the estimators we consider the conditional model
expectation of the estimators given the sample s and prior information z. Now,

A

E(Zyy:srs|sv z) = Zyy + ﬂyz(szzs - ZZZ)B/vZ

E(iyy:MLls’ Z) = OéEyy + ﬁyz(szz - OKZZZ) ! (876)

vz
E(i_vy:ww|sv Z) = Zyy + ﬂyz(izz:ww - awzzz)ﬂ;z
where

a =[n—q— 1+ trace (S_s_))/n,

ay = wls) — 2w /w(s), (8.7.7)

7 !
Yovmw = D, WikiZy — W(S) D Wiki D WL
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Since the samples are generally selected using the variable z, the estimators are not in
general unbiased, even asymptotically. Hence, X, ;, may in general have a bias of

0(1) and be unconditionally inconsistent for X, . In contrast )y vy,u1 has a conditional
bias of 0(1), assuming that « = 1 + 0,(n""), and is generally so unconditionally for

%,,. The m-weighted estimator %, ., has a conditional bias of 0,(n~'/?), but is
unconditionally consistent for X,,.

8.7.1 Estimation of Principal Components

Assuming that the eigenvalues A\; > A\, > --- > ), of X,, are distinct, the corre-
sponding normalized eigenvectors 7y, ..., y, are uniquely defined by

XyYi= A, i=1,....p
(8.7.8)
Yy = 1(i = k); = 0 (otherwise) .

The principal components of Y then consist of the linear combinations x; = 'yj/.Y(j =
1, ..., p). Here, we are interested in estimating the \;’s and 'yj’s. For these we use the

eigenvalues and the eigenvectors of the three estimators ﬁyy given above. To evaluate
the properties of these estimators, we use the linear Taylor series expansion about X ..

IfA > > :\p are the eigenvalues of flyy and 4y, ..., %, are the corresponding
eigenvectors, then it follows from Girshick (1939) that

N~ + 'Y;‘(iyy = Xy
(8.7.9)
Vi A+ ZZ(¢;)=1wik'7k’

where wi = v/(Zyy — )7/ i — Ao).

The authors consider the conditional model expectation of A;.. and 'ij;m given
s, z. They also justify the validity of approximations in (8.7.9) through simulation
studies.



Appendix A
Asymptotic Properties of Multinomial
Distribution

Abstract Since multinomial distribution is one of the main pillars on which the
models for analysis of categorical data collected from complex surveys thrive,
the Appendix makes a review of the asymptotic properties of the multinomial
distribution and asymptotic distribution of Parson chi-square statistic X %, for
goodness-of-fit based on this distribution. General theory of multinomial
estimation and testing in case the population proportions i, ..., m;—; depend on
several parameters 6y, ..., 6;(s < t — 1), alsounknown, is then introduced. Different
minimum-distance methods of estimation, like, X%, likelihood ratio statistic G2,
Freeman-Tukey (Ann Math Stat 21:607-611, 1950) statistic (FT)? and Neyman’s
(Contribution to the theory of x? tests, pp 239-273, 1949) statistic X 12\, have been
defined and their asymptotic distribution studied under the full model as well as
nested models in the light of, among others, Birch’s (Ann Math Stat 35:817-824,
1964) illuminating results. Finally, Neyman’s (Contribution to the theory of x tests,
pp 239-273, 1949) and Wald’s (Trans Am Math Soc 54:429-482, 1943) procedures
for testing general hypotheses relating to population proportions have been revisited.

Keywords Multinomial distribution - Pearson’s statistic X %, - Likelihood ratio -
Freeman-Tukey statistic - Neyman’s statistic - Wald statistic - Nested models

A.1 Introduction

This chapter reviews asymptotic properties of the multinomial distribution and asso-
ciated tests of goodness-of-fit. Sections A.2 and A.3 deal respectively with asymptotic
normality of the multinomial distribution and the asymptotic distribution of Pear-
sonian goodness-of-fit statistic X % based on observations in a multinomial sampling.
The following section addresses the general theory of multinomial estimation and
testing and considers all the four goodness-of-fit statistics, X 2 Wilk’s likelihood ratio
statistic G2, Freeman-Tukey statistic F' 2 and Neyman’s statistic X ]2\, This section
also considers Birch’s (1964) result on expansion of maximum likelihood estimators
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(MLE’s) of the parameters around their true values. Asymptotic distribution of all
these four statistics is considered in the next section. The subsequent sections con-
sider nested models and procedures for testing general hypotheses.

A.2 Multinomial Distribution

LetX, = (Xu1, - - -, X,y) have the multinomial distribution M (n, ) with parameter
(n, ) where w = (1, ..., 1), >4 i = l,ie.,

Xni

777
t 1
P[an = Xply ooy Xnt = xnl] = n!nizl X

ni-

Then it is known,

E (Xn) =nn

Cov (X,) = n(D, — 77 (A2.1)

where D, = Diag. (7, ..., m,).
Let p = n~'X,, be the vector of sample proportions and U, = /n(p — 7).
Then

E(U,) =0

Cov (U,) =D, —nn'. (A-22)

It is known that p is the maximum likelihood estimator (MLE) of 7= and p converges
in probability to .

A.2.1 Asymptotic Normality

We have the following theorem.

Theorem A.2.1 For large n, U, converges in law to U(i.e. L(U,) — L(U)) where
U has the multivariate normal distribution with mean 0 and covariance matrix D,, —

.

Proof Proof follows by the moment generating function and the continuity theorem.

Note A.2.1 The covariance matrix in (A.2.1) (and in (A.2.2)) is singular, because p
satisfies the linear constraint ZEZI pi = 1.
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A.2.2  Asymptotic Normality When &t = n° + pn=1/?

The model is useful in the testing of goodness-of-fit hypothesis Hy : 7 = 7, when
the model being tested is wrong, but not very wrong. Here, 7% and ut are t x 1 vector
of constants.

In this case,

EX,) =na"+nu

Cov (X,) = n(Dyo — 7°7%) + /n(D,, — 27°1") + pp'. (A-2.3)

Since 31, w0 = >, 7 = 1, we must have >i_, u; = 0. Setting U, = /n(p —
%) we have

EU,) =n
Cov (U,) = n~! Cov (X,) (A2.4)
=D, — JTOTFO, 4 n—l/Z(DM _ 27TOM/) + n"u,u/

Theorem A.2.2 The variable U, converges in distribution to U where U has the
multivariate normal (., Do — 77 distribution.

Proof Proof follows by the moment generating function and the continuity theorem.
A.3 Distribution of Pearson Chi-Square Under a Simple
Hypothesis

For testing the hypothesis of goodness-of-fit Hy : 7 = 7 (a known vector), the
Pearson chi-square statistic is

d 042
2 (X — nm; )

X2 = ; e (A3.1)
where (X1, ..., Xn) have a multinomial distribution (r, 7°) under Hy. Now X %;
can be written as

X2 =U,(Dy)"'U, (A.32)

where
U, =Vnp—-=%, p=n"'X,.

We now recall the following lemma.
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Lemma A.3.1 Let L(X,,) — L(X) and let g(.) be a continuous function. Then
L{gXn)} — L{gX)}

For a proof, see Rao (1965), p. 104.

Since L(U,) — L(U), where U has a multivariate normal distribution with para-
meters (0, D0 — 7%7%) and since x'(D,0)~'x is a continuous function of x, by
using Lemma A.3.1, £(X%) = L(U, (Dy0)~'U,) — L(U'(D,0)~'U). The problem
then reduces to the problem of finding the distribution of the quadratic form of a
multivariate normal random vector. To this effect, we have the following result.

Lemma A.3.2 If X = (Xy,...,X7) has the multivariate normal distribution
N, X) and Y = X'AX, where A is a symmetric matrix, then Y is distributed in
large sample as ZiT=1 Ai Zl.2 where Z1, ..., Zr are independent N (0, 1) variables

and Ay, ..., At are the eigenvalues of (A/2)' X(A)!/2,

For a proof, see Rao (1965), p. 149.
By Lemma A 3.2 it follows that U'D_, U is distributed as >_!_; A; Z? where the
A;’s are eigenvalues of

B=D_ (D0 —72°7")D_)"> =1 Va'/z0 (A.3.3)

where /70 = (,/7?, ..., /n0) . Itis easy to verify that B is a symmetric idempotent
matrix. Hence, its eigenvalues are either 0 or 1. Also, the number of eigenvalues of
B is equal to the trace of B. Now

tr. B) = tr. (I) — tr. (W70/7?)

=tr—1
Hence, t — 1 of the eigenvalues each equal 1 and one eigenvalue is 0. Therefore,

LIUD,,U] = LY 72 = X(—1)- Therefore, under the null hypothesis, asymp-
totic distribution of X2 is X(2,71)~

Distribution of X %, under an alternative hypothesis
We want to find the distribution of Pearson chi-square X%, in (A.3.1) when 7w =
7% +n"12p.

It can be shown that
L(X}) — LIUD U] (A3.4)
where U has the multivariate normal distribution with parameters (i, Do — 7%7%).

It can be shown that Y = U’D;OIU has a noncentral chi-square distribution with# — 1
degrees of freedom (d.f.) and non-centrality parameter (ncp)
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Y’ =D .

If we write u as

= nm—n°
then the result is sometimes stated with the ncp given as

y? =n(r — %D, (m — x°).

A.4 General Theory for Multinomial Estimation

and Testing
In general, the cell probabilities 7y (0), ..., ,(8) will involve unknown parameters
0 = (61,...,6s),s <t — 1. We shall consider the problem of estimation of 7;’s in

this situation. (In Sect. A.2 we assumed that 7;’s are known quantities, namely nio’s.)

Let S, be the set of all 7-dimensional probability vectors

t
S,:{p:piZOand Zpizll. (A4.1)

i=1

We shall denote by p a generic point in S, and by 7 the special point in S, denoting
the true cell probabilities.

In S;, the multinomial random vector is the vector of sample cell proportions p,
rather than the vector of cell-counts X,, = (X,,1, ..., X,;;)’. Clearly, the point p also
lies in ;.

Let w = £(0), thatis, r; = f1(0), ..., 7, = f;(0), where 6 = (6, ...,6;),s <
t — 1is a set of unknown parameters. We are required to estimate 6’s and hence 7;’s.
The relation w = £(0) is the assumed model under this multinomial sampling.

The vector 6 is a vector of parameters and we assume that 8 € ©, a subset of the
s-dimensional Euclidean space R°. As 6 ranges over ®, f(6) ranges over a subset
M of §;. Any model of categorical data structure can therefore be defined by the
assumption 7 € M or by the pair (f(0), ®). If the model is correct, there exists a
parameter-value ¢ € © such that 7 = f(¢) and & € M. If the model is not correct
there does not exist any such ¢ and = ¢ M.
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A.4.1 Estimation

We shall write 7, 6 as generic symbols for estimators of m, 6 respectively. Usually,
we require 77 to be close to P, a design-based consistent estimator of 7. Under
multinomial sampling p = p = X,,/n. Alternatively, we choose a suitable estimator
6(e ©) of § and find 7 = £(0).

Minimum distance method of estimation

The observed point p is a natural estimator of 7, when we do not restrict that 7 € M.
Usually, we shall require 77 to be close to p and that 7 € M, to reflect that the model
is true.

We consider a suitable distance function K (x, y) where x and y are two points in
S;. The function should have the following properties:
1) Kx,y) =0;
(i) K(x,y) =0iffx=y;
(iii) If ||x — y]|| is increased sufficiently, then K (X, y) is also increased.

We find that valug of 6,0 (say) in © for which the distance K (p, f (é)) is minimum
and take 7 = 7 (0) as the miAnimum K -distance estimate of . Thus, the minimum
K -distance estimate of ¢ is 6 where

K (p,£(9)) = min sco K (p, £(9)), (A42)

7 is obtained by putting 6 = 6 in the function 7 (). Some regularity conditions are
required on f and ® to ensure that such a vector of functions f exists (vide Sect. A.4.3).

Some distance measures between two points X, y in S, are

()
t . 2
Xy y) = > BN (A4.3a)
i=1 t
(i)
Gh(x.y) =2 xilog (;C—) : (A.4.3b)
i=1 :
(iif)
Fj =4 (V% — V)% (A4.30)
i=1
(iv)

— (i — )’
X3p=> x—y (A.4.3d)

i=1 i
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These distance functions give, respectively, the following four test statistics, based on
the distance between p, vector of sample proportions (or any design-based consistent
estimator of 7) and 7 = 7 (0):

(a)
. .2 — (p; — (D))
X3 =nXh(p, @) =n ; pﬂ#; (A.4.4)
(b)
G2 = nG%(p, w(h)) =2 : 1 ( ’3’;); A4S
nGh(p. m(9)) ngjp (5 (A4.5)
(©)
A t A 2
(FT)* =nFj(p,m(©0) =4n (ﬂ @) ; (A.4.6)
i=1
(d
t A ) A 2
X} =nXppoa@) =n> w. (A47)
i=1 !

In all these functions, 6 is that value of 6 in © for which the corresponding distance
function has the minimum value. However, other methods of estimation of 6, and
hence of 7, such as maximum likelihood method and method of moments may be
used.

When 7 = 7(9) is the fitted value found by maximum likelihood method or by
minimum chi-square method, X? is the Pearson chi-square statistic X?.

When 7 is the fitted value by maximum likelihood method, G? is the Wilk’s
likelihood ratio statistic. In this case, minimum G? statistic is the same as the MLE
of 7 (proof given in Eq. (A.4.8)).

The statistic (FT)? is called the Freeman-Tukey (1950) goodness-of-fit statistic,
when 7 is the fitted value found by the maximum likelihood method. Fienberg (1979)
reviewed the literature and properties of these statistics.

The statistic X7 is the modified chi-square statistic and was suggested by Neyman
(1949). In this section, we shall not deal with X 12v any more.
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A.4.2 Asymptotic Distribution of MLE of 0

If the model = = £ () is correct, the likelihood function is

L) = ( ) )Hle{ﬁ(G)}x’-

Iy evey Ar

Therefore,

t
—2log L(]x) = —2log (. " ) —2> xilogm;

X1seees Xt :
i=1

(A.4.8)

.....

Hence, maximizing the likelihood function L(6[x) is equivalent to minimizing the
distance function G*(p, £(8)). We shall denote by 6 and 7 = 7 (6) the MLE of 0
and 7 respectively.

Expansion of the MLE 6 around the true value ¢
Let ¢ be the true value of 6 when the model is correct. We now consider the asymptotic

expansion of the MLE, 0, around the true value ¢ when the model is correct. This
important result is due to Birth (1964). Assume thats < ¢ — 1. All these results hold
under some regularity conditions listed in Sect. A.4.3.

Theorem A.4.1 Assume that m = f(¢) and that f(¢) lies in M. Let A be the t x s
matrix whose (i, j)th element is

1 (@
“if_ﬁ(—aej ) (A4.9)

Then, under regularity conditions of Sect. A.4.3, as p — 7,

0=0¢+AANTAD 2P —m)+0,(n""?). (A.4.10)

An important consequence of Theorem A.4.1 is the asymptotic distribution of 6 under
the hypothesis that the model is correct.

Theorem A.4.2 Under the conditions of Theorem A.4. 1, the asymptotic distribution

of /(6 — ¢) is

N, (A'A)7). (A4.11)

An estimate of the covariance matrix of 0 is
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D@) =n""(A'OAB) . (A4.12)

Using Theorem A.4.2, we can obtain the asymptotic distribution of the fitted values
f(0) = 7 under the assumption that the model is correct. Now, by Taylor expansion
up to the first order term,

£0) = () + (%) @ —¢)+0,mn "% (A4.13)

()= ((57)

where

Hence, we have

~ of\ -
V() —£(¢) = /n (£) (0 =) +0,(1). (A.4.14)

It therefore, follows by (A.4.10) and (A.4.11) that

i af af)’
LIVAE@) ~ £@)] = LIVaGE —m)] = N (0’ (@) A (%) ) ‘

(A4.15)

A.4.3 Regularity Conditions

Clearly, 6 is a function of p, 0 = 6(p) € ©. The problem is that there may be more
than one value of 6 (p) for some value of p. This ambiguity vanishes if p is sufficiently
close to M and the following regularity conditions hold.

These conditions are due to Birch (1964) and are generally satisfied. Assume that
the model is correct so that 7 = f(¢). Also, assume s < ¢ — 1.

(1) The point ¢ is an interior point of ® so that ¢ is not on the boundary of ® and
there is a s-dimensional neighborhood of ¢ that is entirely contained in ®.

(2) mi = fi(¢) >0Vi=1,...,¢t. Thus, 7; is an interior point of S, and does not
lie on the boundary of S,.

(3) The mapping f : ® — &, is totally differentiable at ¢, so that the partial deriva-
tive of f; with respect to 6; exists at ¢ and £(6) has a linear approximation at ¢
given by

) 8 :
£i®) = f:@) + D6, — ¢j>% +0(16 — ¢l)
J

j=1

as 6 — ¢.
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(4) The Jacobian matrix (%) is of full rank, i.e., of rank s. Thus, f(6) maps a small
neighborhood of ¢ (in ®) into a small 7-dimensional neighborhood of f(¢) in
M.

(5) The inverse mapping f~' : M — @ is continuous at f(¢) = 7. In particular,
for every € > 0, there exists a § > 0, such that if |6 — ¢|| > €, then ||f(6) —

f(@)ll = 4.
(6) The mapping f : ® — &, is continuous at every point 6 in ©.

A.5 Asymptotic Distribution of the Goodness-of-Fit
Statistics

When x and y are close together, the values of the three distance functions (A.4.3a)—
(A.4.3c) are nearly identical. As a result, if the model is correct and 7 is estimated
in a reasonable way (not necessarily by the maximum likelihood method), the three
goodness-of-fit statistics (A.4.4)—(A.4.6) will have the same limiting distribution.
When the model is not correct, the three goodness-of-fit statistics do not have the
same limiting distribution and may yield very different results.

We state below two relevant theorems without proof, for which the interested
readers may refer to Bishop et al. (1975).

Theorem A.5.1 Let & be any estimate of w (not necessarily MLE), 7t; > OV i such
that p and & have asymptotically a joint normal distribution

£{ﬁﬁ£:ZH—+Nm2)

X X
Y = .
[221 Z22]

Then nX%, (P, 7), nG% (P, 7), nFlz) (P, 7) all have the same limiting distribution.

for some dispersion matrix

Theorem A.5.2 Under the assumption of TheoremA.5.1, L[n X% (P, 7)] — Z;;} ©Z?
where the Zi2 s are independent chi-square variables with one d.f. and the )\;’s are
the eigenvalues of

D, [} — Ty — Ty + TnlD; A (A.5.1)

T

This result follows from Theorem A.5.1 and Lemma A.3.2.
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A.5.1 Limiting Distribution of X %, When wt is Estimated
by the Maximum Likelihood Method

We shall now find the asymptotic distribution of the Pearson chi-square statistic X%
under the assumption that the model is correct, i.e., 7 € M and 7 is estimated by
the maximum likelihood method.

Theorem A.5.3 Assume that the regularity conditions (1)~(6) of Sect.A.4.3 hold
andthatw € M. If @ = £(0) where 6 is the MLE of 6 and if X% = nX% (P, 7), then

LIX3] = XG—s_1)- (A.5.2)
Proof We first find the joint distribution of 7 and p. From Theorem A .4.1,
0—¢=AATAD (B —71)+0,0n").

From regularity condition (3), f has the following expansion as 8 — ¢,

of
£0) —f(¢) = (@) 0 — ) + 016 — &1).

It then follows that

7—n=(2)AATAD B —1) + 0,0

(A.5.3)
=Lp-n)+ Op(nfl/z)
where
L — D;I/ZA(A/A)_IA/D;I/Z
since
M\ _piea.
00 T
Therefore,
p—nm|_|T|, —12
B -
Hence
Jn [71: :’:{] — N0, %) (A54)

where
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s _ |: D, —nx’" O, —nax)L/ :| (A5.5)

LD, —nx’) LD, —7wxa)L' |’
The relevant matrix whose eigenvalues we are required to find by Theorem A.5.2 is
B=D;"?[Z); -~ Zpp — Ty + ZnD; "2
which simplifies to
B=1-7v7' —AWAA)'A (A.5.6)

where /7 = (J71, ..., /7). It is easy to find that tr B =1¢ —s — 1, when the
result follows.

Note A.5.1 The only property of 6 used in the theorem is the expansion (A.4.10).
This property is satisfied by a host of estimators including minimum chi-square
estimator. Estimators satisfying this property are called best asymptotically normal
(BAN) estimators.

A.6 Nested Models

When we consider several models, such as, log-linear model, logit model for m,
we may need to consider G> or some other goodness-of-fit statistics for several
subclasses of these models. We may enquire if any relationship exists among these
statistics for several models. In general, there is no simple relationship between the
values of G2 for two different models in S; except in the case of nested models.

Two models M, M, are said to be nested or more precisely, M, is said to be
nested within M, if M, is completely contained in M, when they are viewed
as subsets of S,. Usually, the situation arises when the parameter vector of M, is
partitioned into two sets of components, say, (6, ¥) and M, is obtained by putting the
value of i equal to a fixed value, say, 0. Thus, the parameter vector of M5 is (6, 0).
Let MLE of (8, ¥) be denoted as (5 , 1/}) and the corresponding value 7 = n(é , 1/~/).

For M,, we denote the MLE of 6 as 6 and the corresponding value of f(6, 0) by 7.
Thus we get

GA(M)) = nGH (P, 7)., G* (M) = nGp(p. 7) (A6.1)
where G2(M;) is the Gz-goodness-of-ﬁt statistics for the model M;,i = 1, 2. Since
M, is contained in M,

G* (M) > G*(M,),

because G>(M,) is minimized over a bigger parameter set. We have the following
theorem.
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Theorem A.6.1 If the regularity conditions (1)—(6) hold and if the true value of &
ist =1(¢,0), then

LIGH (M) — GEMD] — 1,

—55)>

where s1 is the dimension of (0, V) and s, is the dimension of (0).

A.7 Testing General Hypotheses

In this section, we shall consider the problem of testing general hypotheses relating
to the cell probabilities. There are two approaches to the problem, one given by
Neyman (1949) and the other is due to Wald (1943).

(a) Neyman’s Approach: Suppose that each of the S populations is divided into R
categories. A simple random sample of size ng; is drawn from the jth population, j =
1,...,S.Letn;; be the observed frequency in the ith category of the jth population
with m;; as the cell probability, >, 7;; = 1V j. Let

I/ll‘j noj
qij == rj=—F2 N =2 ngy
J an’ J N’ - >

7= (71, .., TER=1),15++ s 01y « +«» 7T(R—1),S)),-
Suppose we want to test the hypotheses
Hy: Fi(m)=0,k=1,...,T(T <(R-1)S) (A.7.1)

where the Fy’s are T independent functions of 7;;’s.

It is assumed that F;’s possess continuous partial derivatives up to the second
order with respect to 7’s and that the 7 x {(R — 1)S} matrix ((%)) is of full rank
T. Let 77;; be any best asymptotically normal (BAN) estimator of ;; satisfying the
conditions (A.7.1). The minimum chi-square estimator, the modified minimum chi-
square estimator (that is, the one minimizing X% given below) and the MLE’s are
all BAN estimators (Neyman 1949). It is then well-known that Hy may be tested by
using X%, X 12\, or the likelihood ratio statistic
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2 S (nij—no;7i;)?
X2 — 1 —10j i
P j=1 ; no;jTij
S R (njj—no; 7 )2
X3 = > (A7.2)

njj

j=li=1

S R
G2 =2 Z Znij[lnn,-j —lnn()jﬁ[j].
j=li=1

Neyman has shown that if there is at least one solution of (A.7.1) such that m;; >
0V i, j, then each of the statistics (A.7.2), using any system of BAN estimators, has
asymptotically a X(ZT) distribution under Hy as N — oo with r;’s fixed. Also, these
tests are asymptotically equivalent.

In general, equations giving these estimates are difficult to solve and iterative
methods have to be used. However, if the constraints (A.7.1) are linear in 7’s, the
minimum X3, estimate can be calculated fairly easily by solving only the linear
equations. If the functions F}’s are not linear, the minimum X %, can still be obtained
by solving linear equations using linearized constraints

S R-1 9F
Fi(r) = Fk(q)—}—ZZ(#) (i —qij) =0, k=1,...,T. (A73)
ij

j=1i=I

These estimates are also the BAN estimates.

(b) Wald’s Approach: Wald (1943) considered the following general problem. Let
Y(Xi,...,Xy; 01, ...,6,) be the joint probability distribution of N independently
and identically distributed (iid) random variables X,,,m =1, ..., N, involving
unknown parameters 60y, ..., 0,, where 6 = (0y,...,6,) € ® C R". It is assumed
that v possesses continuous partial derivatives up to the second order with respect
to 6’s and the square matrix

B 1 9%logy _
B®) = ((_NEO 96,90, )) ,a,B=1,...,u (A.7.4)

is positive definite V 6 in ®. The hypothesis to be tested is H,, : 6 belongs to a subset
w of ® where w is defined by T independent constraints

F@)=0,k=1,...,T(Zu). (A.7.5)

It is assumed that F}’s possess continuous partial derivatives up to second order with
respect to 6’s. Let
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h©) = (F1(0)...., Fr©))

H(e)z((M)) k=1,....T;a=1,...,u). (A.7.6)

ET
For testing H,,, assuming some regularity conditions, Wald proposed the statistic
W = Nh@)'[H@O)B ' @)H )] 'h®H) (A7.7)

where 6 is the MLE of 6. The statistic W has a limiting X(2T) distribution under H,,,.
The test has been shown to be asymptotically power-equivalent to the likelihood ratio
test in the sense that if Wy and Ly are the respective critical regions,

Jim {P(Wnl0) — P(Ln|0)} =0

uniformly in 6 € ©.

Bhapkar (1966) has pointed out that X 12\, statistic in the linear and nonlinear case
(using linearized constraints) is equivalent to Wald’s statistic W, as adopted to the
categorical data arising from a single multinomial population, as well as for the
general case of independent random samples from several populations.

‘We shall now apply Wald’s statistic W to the categorical data problem stated at the
beginning of this section. Consider independent samples drawn from S populations.
Let

xO _ 1 if the mth observation in the jth sample belongs to category i
mj 0 otherwise,i =1,...,Rim=1,...,n0;;j=1,...,8S.

Let )
_ (eY] (R)
Xmj = (xmj,...,xmj) .

The probability distribution of X’s is given by

Y X1y s Xy ) = T TR ) (A.7.8)

i=17Tij

since >, x,(,i_; = n;;. Taking 0 = 7 withu = (R — 1)§, it is easy to verify that

noy(D;' + 7' L) 0 0
B(]T):l 0 npM;' + 7 L) ... 0
N : . PPN .

0 0 —.nos(Dy' + mpgL)

(A.7.9)

WhereDj = Dlag (7'[1]', eay n(R_l)j)andL = I(R_l)X(R_l).ThenB*I(n) = NG(]T)
where
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nall(Dl _7-[17-[1/) 1 0 0
— _ /
o = 0 ngy Dy — moms) ... 0 (A.7.10)
0 0 oo ngg (Dg — 7sy)
where 77; = (71, ..., T(r-1);)"-

Wald’s statistic (A.7.7) for testing the hypotheses (A.7.5) takes the form
[h(q)]'H(Q)G(q)H' ()] 'h(q) (A7.11)

since the MLE of 7 is q = (¢q11, . . ., GR—D1s+++sq1Ss -5 Q(Rfl)s)/. Let

()  =agi=1.. . R-lj=1...5S
T=q

i
Akj = (ak1j, Ak2js - - s Ar(R—1);) (A.7.12)
E = (ay, a},, ..., a,) .
Then
H'(q) = (aj, a, ..., a7). (A7.13)

By (A.7.10), the (k, k')th term of H(q)G(q)H'(q) is
a,G(Qay = | Y nyla,;(Q; — q;q)ay;
J

where
/

Q; = Diag. (g1, ..., 9kr-1;). 4 = (q1j, > qR-1)])

Example A.7.1 A population is divided into L strata and within each stratum is clas-
sified by double classification rule into R x C cells. Let w3 (i =1,...,R; j =
1,...,C;k=1,...,L) be the cell-probabilities with marginal probabilities as
Tioo = quk Tijk, Tijo = D 4 Tijk, etc. Assume that 7w, = moor = Zi’j 7;jx are known.

The hypothesis of general independence is
H() L TTij0 = 100700 (l = 1, . R; ] = 1, ey C) (A714)

The hypothesis of independence within strata is
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Hél?T,‘jk = TT0kT00 jk (l = 1,...,R;j= 1,...,C;k= 1,...,L). (A715)

The two hypotheses are not generally equivalent. In many cases, the stratification
variable is not of primary interest, but only a technical device used in the designing
of the survey. The hypothesis of interest is then overall independence of the two
characteristics without regard to stratification. It can be shown that the necessary and
sufficient condition for the equivalence of these two hypotheses is
i = OO0 s g (A7.16)
TT007T0,j07T00k

Let a sample of size ny be selected from the kth population by srswor, D, ny = n.
Let n;j; be the cell frequencies. Assuming that the sampling fraction in each stratum
is small, the distribution of {n;;} will be the product of L multinomial distributions

I ! 7

SUHnij i}l = Tk [

For testing Hy, Bhapkar (1961, 1966) has proposed minimization of Neyman statistic

ny (Rije — 7ij)?
oy oy y G Az
X Tk i & T[l]k

Nijk

with respect to 7;jx, where i ik = ( o

)7y, subject to linearization of (A.7.14). Let
' = (mi1, ..., Trer)

7 = (M1t -5 TrCL)

h(z) = (hiu(@), ..., hg—ic—n @)

hij(mw) = mijo — TiooToj0 (A.7.19)

Bor) =3 (= (7))
() n T \omdmy e ) ) J((RC—1D)Lyx ((RC=DL}

H(r) = ((_E’jj;(”)

)){(R—l)(C—l)}x{(RC—l)L} '

Bhapkar has shown that the minimization of (A.7.18) subject to a linearization of
(A.7.15) is given by

W = n[h(z)][H@)B~ (#)H (7)]" ' [h(7)]. (A.7.20)
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Nathan (1969) obtained approximate MLE ;. by iteration procedure under Hy and
suggested the log-likelihood ratio statistic

G = Zln [M} (A.7.21)

7
ik ijk

and similar Pearson chi-square and Neyman chi-square statistic. All these statistics
and (A.7.20) are asymptotically distributed as a X(2R—1) (c—1) random variable under
H,. Nathan (1972) has shown that under alternative hypothesis they have noncentral
distribution with (R — 1)(C — 1) d.f. and non-centrality parameter

A = n[h()HG) B (m)H (7)]"'[h(7)]. (A.7.22)
If proportional allocation is used so that ny = nmy, ;0 = "‘n—’o is an unbiased esti-

mator of 7;;0. In this case, Wilk’s likelihood ratio test, based on overall frequency
reduces to

G*=2 znijo In(n;j0) — ZniOO In(n;00) — Znoj'o In(ngj0) + nIn(n)
i i ;

(A.7.23)

Pearson’s chi-square test reduces to

(nijo — nioonojo/n)*
X% = ! / . A.7.24
F Z (nigonojo/n) ¢ )

iJj
In the case of proportional allocation, Nathan (1975) has shown that the asymptotic
power of the overall tests defined in (A.7.23) and (A.7.24) is never greater than that
of the detailed tests based on all the frequencies defined in (A.7.18) and (A.7.21).
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