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Preface

Extreme values are extremely interesting. The maximum or minimum of large
number observations when normalized can only converge to three types of extreme
value distributions, Gumbel, Frechet and Weibull. Thus the maximum and minimum
order statistics of n observations when normalized converges to the extreme value
distributions as n tends to infinity. The local maximum or minimum (records) of
a sequence of independent and identically distributed random variables are useful to
estimate the parameters of the extreme value distributions. In Chap. 1 of this book
some distributional properties of the largest and smallest order statistics from some
important distributions are presented. In Chap. 2 some basic properties of record
values and inferences based on the distributional properties are given. In Chap. 3 the
necessary and sufficient conditions of maximum and minimum order statistics to
converge to the extreme value distributions are derived. In Chap. 3 also the nor-
malizing constants of several well-known distributions are derived. In Chap. 4
estimations of parameters of the extreme value distributions are derived. An
extensive reference of papers related to ordered random variables is given. This book
can be used as a textbook or as a consulting book.

In this book there may be some errors escaped our attention. However, I will be
glad to receive any comments from the readers about it. I am grateful to the Atlantis
press for publishing this book.

Lawrenceville, NJ, USA Mohammad Ahsanullah
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Chapter 1
Order Statistics

1.1 Distributional Properties

Let X1, X2, …, Xn be independent and identically distributed (I, I, d) absolutely
continuous random variables. Suppose that F(x) be their cumulative distribution
function (cdf) and f(x) be the corresponding probability density function (pdf). Let
X1,n ≤ X2,n ≤ ��� ≤ Xn,n be the corresponding order statistics. We denote Fk,n(x)
and fk,n(x) as the cdf and pdf respectively of Xk,n, k = 1, 2, …, n. We can write

fk:nðxÞ ¼ n!
ðk � 1Þ!ðn� kÞ! ðF(x)Þ

k�1ð1� F(x)Þn�kf(x);

The joint probability density function of order statistics X1,n, X2,n, …, Xn,n has
the form

f1;2;...;n:n x1;x2; . . .; xn
� � ¼ n!

Yn
k¼1

f xkð Þ;�1\x1\x2\ � � �\xn\1

and

¼ 0; otherwise:

There are some simple formulae for distributions of maxima (Xn,n) and mini-
mum (X1,n) of the n random variables.

© Atlantis Press and the author(s) 2016
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The pdfs of the smallest and largest order statistics are given respectively as

f1;nðxÞ ¼ nð1� FðxÞÞn�1f ðxÞ

and

fn;nðxÞ ¼ nðFðxÞÞn�1f ðxÞ

The joint pdf f1,n,n(x,y) of X1,n and Xn.n is given by

f1;n;nðx; yÞ ¼ nðn� 1ÞðFðyÞ � FðxÞÞn�2f ðxÞf ðyÞ;
�1\x\y\1:

Example 1.1 Exponential distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf F(x) as

FðxÞ ¼ 1� e�x:x� 0.
The pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ ne�nx; x� 0:

and

fn;nðxÞ ¼ n 1� e�xð Þn�1e�x; x� 0:

It can be seen that nX1,n has the exponential; distribution.
The pdfs of X1.n and Xn,n are given respectively in Figs. 1.1 and 1.2 for n = 3, 5

and 10.
The limiting distributions of standardized asymptotic distributions of X1,n and

Xm,m are given in Chap. 3.

Example 1.2 Uniform distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf F(x) as

FðxÞ ¼ x; 0[ x\1 . We have
The pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ nð1� xÞn�1; 0\ x\ 1;

and

f1;nðxÞ ¼ nxn�1; 0\x\1:

The pdfs pf X1.n and Xn,n are given respectively in Figs. 1.3 and 1.4 for n = 2, 5
and 10.
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Fig. 1.2 PDFs f3,3(x)—black, f5,55 (x)—red, f10.19(x)—green
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Fig. 1.1 PDFs f1,3(x)—black, f1,5 (x)—red, f1.10(x)—green
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Fig. 1.3 PDFs f1,3(x)—black, f1,5(x)—red, f1.10(x)—green
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Fig. 1.4 PDFs f3,3(x)—black, f5,5(x)—red, f10.19(x)—green
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The limiting distributions of standardized X1,n and Xm,m are given in Chap. 3.

Example 1.3 Rayleigh distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf

FðxÞ ¼ 1� e�
x2
2 ; x� 0:

We have the pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ nxe�
nx2
2 ; x� 0:;

and

f1;nðxÞ ¼ nxð1� e�
x2
2 ; Þn�1e�

x2
2 ; x� 0:

The pdfs pf X1.n and Xn,n are given respectively in Figs. 1.5 and 1.6 for n = 3, 5
and 10.

Example 1.4 Pareto distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf

FðxÞ ¼ 1� 1
x2 ; x� 1. We have the pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ 2n
x2nþ 1 x� 1;

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

x

PDF

Fig. 1.5 PDFs f3,3(x)—black, f3,5(x)f—red, f1.19(x)—green
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and

fn;nðxÞ ¼ 2n
x3

1� 1
x2

;

� �n�1

; x� 1

The pdfs pf X1.n and Xn,n are given respectively in Figs. 1.7 and 1.8 for n = 3, 5
and 10.

The joint pdf fr,s,n of two order statistics X1,n and Xn,n (1 ≤ r < s < n) is given by

fr;s;nðx; yÞ ¼ cr;s;nðFðxÞÞr�1ðFðyÞ FðxÞÞs�r�1ð1� FðyÞÞn�sf ðxÞ f ðyÞ

where cr;s;n ¼ n!
ðr�1Þ!ðs�r�1Þ!ðn�sÞ! ; 1� r\s� n.

The conditional distribution of Xs,n|Xr,n.
Let fs|r,n be the pdf of Xs,n|Xr,n, then

fs j r;nðy j xÞ ¼
fr;s;nðx;yÞ
Fr;nðxÞ

¼ cr;s;n
cr;n

ðFðyÞ � FðxÞÞs�r�1ð1� FðyÞn�sf ðyÞ
ð1� FðxÞÞn�r ;

where 1\r\s\n; �1\x\y\1 and cr;n ¼ n!
ðr�1Þ!ðn�rÞ!.

The distribution of the difference between two order statistics.
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The using the transformation

U ¼ Xr;n

and

V ¼ Xs;n � Xr;n; s[ r

we can write the pdf fU,V(u, v) of U and V as

fU;V ðu; vÞ ¼ cr;s;nðFðuÞÞr�1ðFðuþ vÞ � FðuÞÞs�r�1ð1� Fðuþ vÞÞn�sf ðuÞf ðuþ vÞ

The pdf fV(v)ov V is given by

fV ðvÞ
Z1
0

cr;s;nðFðuÞÞr�1ðFðuþ vÞ � FðuÞÞs�r�1ð1� Fðuþ vÞÞn�sf ðuÞ f ðuþ vÞdu

For exponential distribution with FðxÞ ¼ 1� e�x; x� 0, the pdf of V is the
same as the distribution of Xs−r,n−r.

1.2 Minimum Variance Linear Unbiased Estimates

Suppose that X has an absolutely continuous distribution function of the form

Fððx� lÞ=rÞ; �1\l\1; r[ 0:

Further assume

E Xr;n
� � ¼ lþ arr; r ¼ 1; 2; . . .; n,

Var Xr;n
� � ¼ Vrrr

2; r ¼ 1; 2; . . .; n,

Cov Xr;n;Xs;n
� � ¼ Cov Xs;n;Xr;n

� � ¼ Vrsr
2; 1� r\s� n:

Let

X0 ¼ X1;n;X2;n; . . .;Xn;n
� �

:

We can write

E(XÞ ¼ l 1þr a

8 1 Order Statistics



where

1 ¼ 1; 1; . . .; 1ð Þ0;
a ¼ ða1; a2; . . .; anÞ0

and

Var(XÞ ¼ r2 R;

where Σ is a matrix with elements Vrs, 1 ≤ r, s ≤ n.
Then the MVLUE’s of the location and scale parameters μ and σ are

l_ ¼ 1
D

a0R�1a10R�1 � a0R�11a0R�1� �
X

and

r̂ ¼ 1
D

10R�11a0R�1 � 10R�1a10R�1� �
X,

where

D ¼ a0R�1a
� �

10R1ð Þ � a0R�11
� �2

:

The variance and the covariance of these estimators are given as

Var(l̂Þ ¼ r2 a0R�1a
� �

D
;

Var(r̂Þ ¼ r2 10R�11
� �

D

and

Covðl_; r_Þ ¼ �r2 a0R�11
� �

D
:

Note that for any symmetric distribution

aj ¼ �an�jþ 1; 10R�1a ¼ a0R�11 ¼ 0

and

D ¼ a0R�1a
� �

10R�11
� �

:

1.2 Minimum Variance Linear Unbiased Estimates 9



Hence the best linear unbiased estimates of μ and σ for the symmetric case are

l_
� ¼ 10R�1X

10R�11
;

r
_� ¼ a0R�1X

a0R�1a

and the corresponding covariance of the estimators is zero and the their variances
are given as

Varðl_�Þ ¼ r2

10R�11

and

Varðr_�Þ ¼ r2

a0R�1a
:

We can use the above formulas to obtain the MVLUEs of the location and scale
parameters for any distribution numerically provided the variances of the order
statistics exist. For some distributions the MVLUEs of the location and scale
parameters can be expressed in simplified form.

The following Lemma (see Garybill 1983, p. 198) will be useful to find the
inverse of the covariance matrix.

Lemma 2.1 Let R ¼ ðrr;sÞ be n × n matrix with elements, which satisfy the
relation

rrs ¼ rsr ¼ crds; 1� r; s� n;

for some positive c1, …, cn and d1 ,…, dn. Then its inverse

R�1 ¼ ðrr;sÞ

has elements given as follows:

r1;1 ¼ c2=c1 c2d1 � c1d2ð Þ;
rn;n ¼ dn�1=dn cndn�1 � cn�1dnð Þ;
rkþ 1;k ¼ rk;kþ 1 ¼ �1= ckþ 1dk � ckdkþ 1ð Þ;
rk;k ¼ ckþ 1dk�1 � ck�1dkþ 1ð Þ= ckdk�1 � ck�1dkð Þ ckþ 1dk � ckdkþ 1ð Þ; k ¼ 2; . . .; n� 1;
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and

ri;j ¼ 0; if i� jj j[ 1:

Example 2.1 Suppose X1, X2,…, Xn are n independent and identically distributed
uniform random variables with pdf f(x) given as follows:

f(x) ¼ 1=r;

if μ −σ/2 ≤ x ≤ μ+σ/2, where −∞ < μ < ∞, σ > 0, and

f(x) ¼ 0; otherwise

We have moments of the uniform order statistics:

E Xr;n
� � ¼ lþ r

r
nþ 1

� 1
2

� �
;

Var Xr;n
� � ¼ r(n� rþ 1Þ

ðnþ 1Þ2ðnþ 2Þr
2; r ¼ 1; 2; . . .; n;

and

Cov Xr;nXs;n
� � ¼ r(n� sþ 1)

(nþ 1)2(nþ 2)
r2; 1� r� s� n:

We can write

Cov Xr;n Xs;n
� � ¼ r2cr ds; 1� r� s� n;

where

cr ¼ r

ðnþ 1Þ2 ; 1� r� n;

and

ds ¼ n� sþ 1
nþ 2

; 1� s� n:

Using Lemma 2.1, we obtain that

rj;j ¼ 2ðnþ 1Þðnþ 2Þ; j ¼ 1; 2; . . .; n;

ri;j ¼ �ðnþ 1Þðnþ 2Þ; j ¼ iþ 1; i ¼ 1; 2; . . .; n� 1;

ri;j ¼ 0; i� jj j[ 1:

1.2 Minimum Variance Linear Unbiased Estimates 11



It can easily be verified that

10R�1 ¼ ððnþ 1Þðnþ 2Þ; 0; 0; . . .; 0; ðnþ 1Þðnþ 2ÞÞ;
10R�11 ¼ 2ðnþ 1Þðnþ 2Þ;
10R�1a ¼ 0;

a0R�1 ¼ �ðnþ 1Þðnþ 2Þ
2

; 0; 0; . . .; 0;
ðnþ 1Þðnþ 2Þ

2

� �

and

a0R�1a ¼ ðn� 1Þðnþ 2Þ
2

:

Thus, the MVLUEs of the location and scale parameters μ and σ are

l_ ¼ 10R�1X

10R�11
¼ X1;n þXn;n

2
and

r_ ¼ a
0
R�1X

a0R�1a
¼ ðnþ 1Þ Xn:n � X1;n

� �
n� 1

:

The corresponding covariance of the estimators is zero and their variances are

Varðl_Þ ¼ r2

10R�11
¼ r2

2ðnþ 1Þðnþ 2Þ

and

Varðr_Þ ¼ r2

a0R�1a
¼ 2r2

ðn� 1Þðnþ 2Þ :

Example 2.2 Suppose that X1, X2, …, Xn are n independent and identically dis-
tributed exponential random variables with the probability density function, given
as

f(x) ¼ ð1=rÞexpð�ðx� lÞ=rÞ; �1\l\x\1; 0\r\1;

and

f(x) ¼ 0; otherwise:
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From lecture 8 we have means, variances and covariances of the exponential
order statistics:

E Xr;n
� � ¼ lþ r

Xr
j¼1

1
n� jþ 1

;

Var Xr;n
� � ¼ r2

Xr
j¼1

1

ðn� jþ 1Þ2; r ¼ 1; 2; . . .; n;

and

Cov Xr;n;Xs;n
� � ¼ r2

Xr
j¼1

1

ðn� jþ 1Þ2; 1� r� s� n:

One can write that

Cov Xr;nXs;n
� � ¼ r2crds; 1� r� s� n;

where

cr ¼
Xr
j¼1

1

ðn� jþ 1Þ2; 1� r� n;

and

ds ¼ 1; 1� s� n:

Using Lemma 2.1, we obtain (see also Example 13.2) that

rj;j ¼ ðn� jÞ2 þðn� jþ 1Þ2; j ¼ 1; 2; . . .; n;

rjþ 1;j ¼ rj;jþ 1 ¼ ðn� jÞ2; j ¼ 1; i; j ¼ 1; 2; . . .; n� 1;

and

ri;j ¼ 0; if i� jj j[ 1; i; j ¼ 1; 2; . . .; n:

It can easily be shown that

10R�1 ¼ n2; 0; 0; . . .; 0
� �

; a0R�1 ¼ ð1; 1; . . .; 1Þ

1.2 Minimum Variance Linear Unbiased Estimates 13



and

D ¼ n2ðn� 1Þ:

The MVLUEs of the location and scale parameters of μ and σ are respectively

l̂ ¼ nX1;n � Xn

n� 1

and

r̂ ¼ n Xn � X1;n
� �

n� 1
:

The corresponding variances and the covariance of the estimators are

Varðl̂Þ ¼ r2

nðn� 1Þ ;

Varðr̂Þ ¼ r2

n� 1

and

Covðl̂; r̂Þ ¼ � r2

nðn� 1Þ :

Exercise 2.1 Suppose that X1, X2, …, Xn are n independent random variables
having power function distribution with the pdf f(x) given as

f(x) ¼ r
r

x� l
r

� 	c�1
; �1\l\x\lþr;

where 0 < σ < ∞ and 0 < γ < ∞, and

f(x) ¼ 0; otherwise:

Find MVLUEs of the parameters of μ and σ.

Example 2.3 Suppose that X1, X2, …, Xn are n independent and identically dis-
tributed Pareto random variables with pdf f(x), which is given as follows:

f(x) ¼ c
r

1þ x� l
r

� 	�1�k
; l\x\1;
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where 0 < σ < ∞ and 0 < γ < ∞, and

f(x) ¼ 0; otherwise:

Show that the MVLUEs of parameters μ and σ have the form

l̂ ¼ X1;n � c1 � 1ð Þr̂

and

r̂ ¼ M2

Xn�1

i¼1

�PiXi;n þ
Xn�1

i¼1

PiXn:n

" #
;

where

M2 ¼ cn
Xn�1

i¼1

Pi �
Xn�1

i¼1

ciPi

 !�1

;

with

P1 ¼ D� ðcþ 1Þd1;
Pj ¼ �ðcþ 1Þdj; j ¼ 2; . . .; n� 1;

Pn ¼ ðc� 1Þdn

and

D ¼ ðcþ 1Þ
Xn�1

i¼1

di � ðc� 1Þdn:

The corresponding variances and the covariance of the estimators are

Var(l̂Þ ¼ Er2;

Varðr_Þ ¼ ðnc� 1Þ2E� 1
� 	

r2

and

Cov(l̂; r̂Þ ¼ � ðnc� 1Þðnc� 2Þ � E
ðnc� 2ÞE r2;
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where

E ¼ nc ðc - 2Þ � ðnc� 2Þ2
nc� 2� D

:

Suppose that X has an absolutely continuous distribution function of the form F
(x/σ), where σ > 0 is an unknown scale parameter. Further assume that

E Xr;n
� � ¼ arr; r ¼ 1; 2; . . .; n,

Var Xr;n
� � ¼ Vrrr

2; r ¼ 1; 2; . . .; n,

Cov Xr;nXs;n
� � ¼ Vrsr

2; 1� r\s� n:

Let

X0 ¼ X1;n;X2;n; . . .;Xn;n
� �

:

Then we can write

E(XÞ ¼ ra

with

a0 ¼ a1; a2; . . .; anð Þ

and

VarðXÞ ¼ r2R;

where Σ is a matrix with elements Vrs, 1 ≤ r ≤ s ≤ n.
Then the MVLUE of the scale parameter σ is given as

r_ ¼ a0R�1X=a0R�1a

Varr_ ¼ r2=a0R�1a:

Example 2.4 Suppose that X1, X2, …, Xn are n independent and identically dis-
tributed exponential random variables with pdf given as

f(x) ¼ ð1=rÞ expð�x=rÞ; x[ 0;

where 0 < σ < ∞, and

f(x) ¼ 0; otherwise:
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We can write that

E Xr;n
� � ¼ r

Xr
j¼1

1
n� jþ 1

;

Var Xr;n
� � ¼ r2

Xr
j¼1

1

ðn� jþ 1Þ2; r ¼ 1; 2; . . .; n;

and

Cov Xr;nXs;n
� � ¼ r2

Xr
j¼1

1

ðn� jþ 1Þ2; 1� r� s� n:

In this situation

Cov Xr;nXs;n
� � ¼ r2crds; 1� r� s� n;

where

cr ¼
Xr
j¼1

1

ðn� jþ 1Þ2; 1� r� n;

and

ds ¼ 1; 1� s� n:

We have

rj;j ¼ ðn� jÞ2 þðn� jþ 1Þ2; j ¼ 1; 2; . . .; n;

rjþ 1;j ¼ rj;jþ 1 ¼ �ðn� jÞ2; j ¼ 1; i; j ¼ 1; 2; . . .; n� 1;

and

ri;j ¼ 0 for i� jj j[ 1; i; j ¼ 1; 2; . . .; n:

We have in this case

a0 ¼ ð1=n; 1=nþ 1=ðn� 1Þ; . . .; 1=nþ � � � þ 1=2þ 1Þ;
a0R�1 ¼ ð1; 1; . . .; 1Þ

and

a0R�1a ¼ n:

1.2 Minimum Variance Linear Unbiased Estimates 17



Thus, the MVLUE of σ is given as

r̂ ¼ X

and

Varðr_Þ ¼ r=n:

Exercise 2.2 Suppose that X1, X2, …, Xn are n independent and identically dis-
tributed uniform random variables with pdf f(x), which is given as follows:

f(x) ¼ 1=r; 0\x\r;

where 0 < σ < ∞, and

f(x) ¼ 0; otherwise:

Show that the MVLUE of σ in this case is given as

r_ ¼ ðnþ 1ÞXn;n

n

and

Var ðr_Þ ¼ r2

nðnþ 2Þ :

Suppose that smallest r1 and largest r2 observations are missing.
We will consider here the minimum variance linear unbiased estimation

(MVLUE) of location and scale parameters. Suppose X has an absolutely contin-
uous distribution function of the form F((x − μ)/σ), −∞ < μ < ∞, σ > 0. Further
assume

E Xr;n
� � ¼ lþ arr;

Var Xr;n
� � ¼ Vrrr

2; r1\r\r2 � n

Cov Xr;nXs;n
� � ¼ Vrsr

2; r1\r\s\r2 � n:

Let X0 ¼ ðXr1;n;Xr1 þ 1;n; . . .;Xr2�1;nÞ. Then we can write

E(X) ¼ l 1þra

where

10 ¼ ð1; 1; . . .; 1Þ0; a0 ¼ a1; a2; . . .; anð Þ
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and

VarðXÞ ¼ r2R;

where Σ is a matrix with elements Vrs, 1 ≤ r1 ≤ rs ≤ r2<n.
Then the MVLUE of the location and scale parameters μ and σ based on the

order statistics X 0 ¼ Xr1;n;Xr1 þ 1;n; . . .;Xr2�1;n are

l̂ ¼ 1
D

a0R�1a10R�1 � a0R�11a0R�1� �
X

and

r̂ ¼ 1
D

10R�11a
0
R�1 � 10R�1a10R�1

n o
X

where

D ¼ a0R�1a
� �

10R1ð Þ � a0R�11
� �2

:

The variance and the covariance of these estimators are given as

Var(l̂Þ ¼ r2 a0R�1a
� �

D
;

Var(r̂Þ ¼ r2 10R�11
� �

D

and

Cov(l̂; r̂Þ ¼ �r2 a0R¼11
� �

D
:

Example 2.4 Consider a uniform distribution with cumulative distribution function
as

FðxÞ ¼ 2x� 2lþ r
2r

; l� r=2\x\lþ r=2;�1\l\1 and r[ 0

Suppose that the smallest r1 and the largest r2 observations are missing, Then
considering these Xr1 þ 1;n;Xr2 þ 2;n; . . .;Xn�r2;n order statistics, it can be shown that
the inverse of the corresponding covariance matrix is
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ðnþ 1Þðnþ 2Þ

r1 þ 2
r1 þ 1 �1 0 0 0 . . . 0
�1 2 �1 0 0 . . . 0
0 �1 2 �1 0 . . . 0
0 0 �1 2 �1 . . . 0
: : : : : : 0
0 0 0 0 0 . . . �1
0 0 0 0 0 . . . n�rþ 2

n�rþ 1

0
BBBBBBBB@

1
CCCCCCCCA
:

The BLUEs of μ and σ are respectively

l̂� ¼ n� 2r2 � 1ð ÞXr1 þ 1;n þ n� 2r1 � 1ð ÞXn�r2 ; n
2 n� ri � r2 � 1ð Þ

and

r̂� ¼ nþ 1
n� r1 � r2 � 1

Xn�r2;n � Xr1 þ 1;n
� �

:

The variances and the covariance of the estimators are

Var l̂�ð Þ ¼ r1 þ 1ð Þ n� 2r2 � 1ð Þþ r2 þ 1ð Þ n� 2r1 � 1ð Þ
4ðnþ 2Þðnþ 1Þ n� r1 � r2 � 1ð Þ r2;

Var r̂�ð Þ ¼ r1 þ r2 þ 2
ðnþ 2Þ n� r1 � r2 � 1ð Þ r

2;

and

Cov l̂�; r̂�ð Þ ¼ 1
2ðnþ 1Þðnþ 2Þ n� 2r1 � 1ð Þ r2 þ 1ð Þ n� r2ð Þ½

� n� 2r2 � 1ð Þ r1 þ 1ð Þ n� r1ð Þ � 2 r2 � r1Þ
� �

r1 þ 1ð Þ r2 þ 1ð Þ
:
Note that If r1 = r2 = r, then l̂� ¼ Xr þXn�r

2 and Cov l̂�; r̂�ð Þ ¼ 0.

Exercise 2.1 Consider an exponential distribution with cumulative distribution

F(x) ¼ 1� expð�ðx� lÞ=rÞ;�1\l\x\1; 0\r\1;

We have

E Xr;n
� � ¼ lþ r

Xr
j¼1

1
n� jþ 1

;Var Xr;n
� � ¼ r2

Xr
j¼1

1

ðn� kþ 1Þ2; r ¼ 1; 2; . . .; n;
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and

Cov Xr;nXs;n
� � ¼ r2

Xr
j¼1

1

ðn� jþ 1Þ2; 1� r� s:� n� n:

We can write Cov Xr;n Xs;n
� � ¼ r2crds; cr ¼

Pr
j¼1

1
ðn�jþ 1Þ2; ds ¼ 1; 1� r� s� n.

We have rj;j ¼ ðn� jÞ2 þðn� j� 1Þ2; j ¼ 1; 2; . . .; n,

rjþ 1;j ¼ rj;jþ 1 ¼ ðn� jÞ2; j ¼ 1; i; j ¼ 1; 2; . . .; n;

and

rj;j ¼ 0 for i� jj j [ 1; i; j ¼ 1; 2; . . .; n:

The BLUEs of the location and scale parameter of μ and σ are respectively

l̂ ¼ nX1;n � Xn

n� 1

and

r̂ ¼ n Xn � X1;n
� �

n� 1
:

The corresponding variances and the covariance of the estimators are

Varðl̂Þ ¼ r2

nðn� 1Þ ;

Varðr̂Þ ¼ r2

n� 1

and

Covðl̂; r̂Þ ¼ � r2

nðn� 1Þ :

Suppose X1, X2, …, Xn are n independent and identically distributed as power
function distribution with

F(x) ¼ e�ðx�qÞ=r; �1\l\x\1; 0\r\1:
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Further assume that the smallest r1 and the largest r2 observations are missing,
Then considering the order statistics Xr1 þ 1;n;Xr1 þ 2;n; . . .;Xn�r2;n, it can be shown
that the corresponding BLUEs of μ and σ are

l̂� ¼ Xr1 þ 1;n � ar1 þ 1r̂
�; ar1 þ 1 ¼ 1

r
E Xr1 þ 1;n � l
� � ¼ Xr1 þ 1

i¼1

1
n� iþ 1

and

r̂� ¼ 1
n� r2 � r1 � 1

Xn�r2

i¼ r1 þ 1

Xi;n � n� r1ð ÞXr1 þ 1;n þ r2Xn�r2;n

( )
:

The variances and the covariance of the estimators are

Var l̂�ð Þ ¼ r2
a2r1

n� r2 � r1 � 1
þ
Xr1 þ 1

i¼1

1

ðn� iþ 1Þ2
" #

;

Var r̂�ð Þ ¼ r2

n� r1 � r2 � 1

and

Cov l̂�; r̂�ð Þ ¼ � arr2

n� r2 � r1 � 1
:

Sarhan and Greenberg (1957) have prepared tables of the coefficients of the
BLUEs and the variances and covariances of l̂� and r̂� for n ≤ 10.
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Chapter 2
Record Statistics

In this chapter some of the basic concepts and properties of the record values are
presented. For simplicity the descriptions are confined here to the sequence of
independent and identically distributed continuous random variables.

2.1 Introduction and Examples of Record Values

Suppose we consider the weighing of objects on a scale missing its spring. An
object is placed on the scale and its weight is measured. The ‘needle’ indicated the
correct weight but does not return to zero when the object is removed. If various
objects are placed on the scale, only the weights greater than the previous ones can
be recorded. These recorded weights are the upper record value sequence. If Xij be
the height water level of a river on the jth day of the i-th location. If one is interested
to study at each location the local maximum values of Xij, then the local maxima are
the upper record values.

Let us consider a sequence of products that may fail under stress. We are
interested to determine the minimum failure stress of the products sequentially. We
test the first product until it fails with stress less than X1 then we record its failure
stress, otherwise we consider the next product. In general we will record stress Xm

of the mth product if Xm < min (X1, …, Xm−1), m > 2. The recorded failure
stresses are the lower record values. One can go from lower records to upper
records by replacing the original sequence of random variables {Xj} by {−Xj,
j > 1} or if P(Xj > 0) = 1 by { 1/Xi, i > 1}.

Chandler (1952) introduced the record values, record times and inter record
times. He proved the interesting result that for any given distribution of the random
variables the expected value of the inter record time is infinite. Feller (1952) gave
some examples of record values with respect to gambling problems.
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2.1.1 Definition of Record Values and Record Times

Suppose that X1, X2, is a sequence of independent and identically distributed
random variables with cumulative distribution function F(x). Let Yn = max
(min) {X1, X2, …, Xn} for n > 2. We say Yj is an upper (lower) record value of
{Xn, n > 1}, if Yj > (<) Yj−1, j > 2. By definition X1 is an upper as well as a lower
record value. One can transform the upper records to lower records by replacing the
original sequence of {Xj} by {−Xj, j > 1} or (if P(Xi > 0) = 1 for all i) by {1/Xi,
i > 1}; the lower record values of this sequence will correspond to the upper record
values of the original sequence.

The indices at which the upper record values occur are given by the record times
{U(n)}, n > 0, where U(n) = min{j|j > U(n−1), Xj > XU(n−1), n > 1} and U(1) = 2.
The record times of the sequence {Xn n > 1} are the same as those for the sequence
{F(Xn), n > 1}. Since F(X) has a uniform distribution, it follows that the distribution
of U(n), n > 1 does not depend on F. We will denote L(n) as the indices where the
lower record values occur. By our assumption U(1) = L(1) = 2. The distribution of
L(n) also does not depend on F.

2.2 The Exact Distribution of Record Values

Many properties of the record value sequence can be expressed in terms of the
function R(x), where R(x) = −ln �FðxÞ,

0 < �FðxÞ < 1 and �FðxÞ = 1 − F(x). Here ‘ln’ is used for the natural logarithm. If
we define Fn(x) as the distribution function of XU(n) for

n > 1, then we have

F1(x) ¼ P XUð1Þ � x
� � ¼ F(x) ð2:2:1Þ

F2ðxÞ ¼ P XUð2Þ � x
� �

¼
Zx
�1

Zy
�1

X1
i¼1

ðFðuÞÞi�1dFðuÞdFðyÞ:

¼
Zx
�1

Zy
�1

dFðuÞ
1� FðuÞ dFðyÞ

¼
Zx
�1

RðyÞdFðyÞ

ð2:2:2Þ
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If F(x) has a density f(x), then the probability density function (pdf) of XU(2) is

f2(x) ¼ R(x)f(xÞ ð2:2:3Þ

The distribution function

F3ðxÞ ¼ PðXUð3Þ\xÞ

¼
Zx
�1

Zy
�1

X1
i¼0

ðFðuÞÞiRðuÞdFðuÞdFðyÞ

¼
Zx
�1

Z y

�1

RðuÞ
1� FðuÞ dFðuÞdFðyÞ

¼
Zx
�1

ðRðuÞÞ2
2!

dFðuÞ

ð2:2:4Þ

The pdf f3(x) of XU(3) is

f3(x) ¼ (R(x))2

2!
f(x); �1\x\1 ð2:2:5Þ

It can similarly be shown that the pdf Fn(x) of XU(n) is

Fn(x) ¼ P(XUðnÞ\x)

¼
Zx
�1

f(un)dun

Zun
�1

f(un�1)
1� F(un�1)

dun�1

Zu2
�1

f(u1)
1� F(u1)

du1:

¼
Zx
�1

Rn�1(u)
(n� 1)!

dF(u); �1\x\1

This can be expressed as

Fn(x) ¼
ZRðxÞ
�1

un�1

(n� 1)!
e�udu; �1\x\1

�Fn(x) ¼ 1� Fn(x) ¼ �F(x)
Xn�1

j¼0

(R(x)) j

j!

¼ e�RðxÞXn�1

j¼0

(R(x)) j

j!

ð2:2:6Þ
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The pdf fn(x) of XU(n) is

fn(x) ¼ Rn�1(x)
(n� 1)!

f(x); �1\x\1. ð2:2:7Þ

The joint pdf f(x1, x2,…, xn) of the n record values (XU(1), XU(2),…, XU(n)) is given
by

f (x1; x2; . . .:; xn) ¼ r(x1)r(x2). . .r(xn�1)f(xn)

for �1\x1\x2\. . .\xn�1\xn\1;

where r(x) ¼ d
dx

R(x) ¼ f(x)
1� F(x)

; 0\F(x)\1:

ð2:2:8Þ

The function r(x) is known as hazard rate.
The joint pdf of XU(i) and XU(j) is

f(xi; xj) ¼ (R(xi))i�1

(i� 1)!
r(xi)

(R(xj)� R(xi))j�i�1

(j� i� 1)!
f(xj)

for �1\xi\xj\1:

ð2:2:9Þ

In particular for i = 1 and j = n we have

f (x1; xn) ¼ r(x1)
(R(xn)� R(x1))n�2

(n� 2)!
f(xn)

for �1\x1\xn\1.

Suppose we use the transformation Y1 = R(XU(i)) and Y2 = R(XU(i))/R(XU(j)), i < j,
then using (2.2.9), it can be shown that the pdf f2

*(y) of Y2 is as follows:

f�2(y) ¼
C(j)
Cði) �

1
C(j� i)

� yi�1(1� y)j�i�1; 0\y\1. ð2:2:10Þ

Thus Y2 is distributed as Beta distribution with parameters i and j (i.e. B(i, j−i)).
The mean and variance of Y2 are E(Y2Þ ¼ i

j and Var(Y2Þ ¼ ij
(jþ 1)j2.

If we use the transformation Vi = R(XU(i)), then the joint pdf of Vi, i = 1,2, …,
n, is

f (v1; v2; . . .; vn) ¼ e�vn ; 0\v1\v2\. . .\vn\1: ð2:2:11Þ

The joint distribution of Vm and Vr, r > m, is
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f ðvm; vr) ¼ 1
C(mÞ �

ðvr � vm)r�m�1

Cðr � m)
� e�vr 0\vm\vr\1

¼ 0; otherwise:

EðVl
kÞ ¼

Z1
0

tl
1

CðkÞ t
k�1e�tdt ¼ Cðkþ lÞ

CðkÞ :

Thus E(Vk) = k and Var (Vk) = k. The conditional pdf of

XUðjÞjXUðiÞ ¼ xi if xjjXUðiÞ ¼ xi
� � ¼ f ij(xi; xj)

f i(xi)

¼ (R(xj)� R(xi))j�i�1

(j� i� 1)!
f(xj)

1� F(xi)

for �1\xi\xj\1.

ð2:2:12Þ

For j = i + 1

f xiþ 1jXUðiÞ ¼ xi
� � ¼ f(xiþ 1)

1� F(xi)
for �1\xi\xiþ 1\1.

ð2:2:13Þ

For i > 0, 1 < k < m, the joint conditional pdf of XU(i+k) and XU(i+m) | XU(i) is

f iþ k;iþm x; yjXUðiÞ ¼ z
� � ¼ 1

Cðm� k)
� 1
Cðk) � R(y)� R(x)½ �m�k�1 R(x)� R(z)½ �k�1f(y)r(x)

�F(z)

for �1\z\x\y\1.

The marginal pdf of the nth lower record value can be derived by using the same
procedure as that of the nth upper record value. Let

H(u) = −ln F(u), 0 < F(u) < 1 and h(u) ¼ � d
du H(u), then

P(XLðnÞ � x) ¼
Zx
�1

fH(uÞgn�1

(n� 1)!
dF(u) ð2:2:14Þ

and the corresponding the pdf f(n) can be written as

fðnÞ(x) ¼
(H(x))n�1

(n� 1)!
f(x). ð2:2:15Þ

The joint pdf of XL(1), XL(2), …, XL(m) can be written as
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fð1Þ;ð2Þ;...;ðmÞ(x1; x2; . . .; xm) ¼ h(x1)h(x2). . .h(xm�1)f(xm)

�1\xm\xm�1\. . .\x1\1
¼ 0; otherwise.

ð2:2:16Þ

The joint pdf of XL(r) and XL(s) is

fðrÞ;ðsÞ(x; y) ¼ (H(x))r�1

(r � 1)!
H(y)� H(x)½ �s�r�1

(s� r � 1)!
h(x)f(y)

for s[ r and �1\y\x\1:

ð2:2:17Þ

Using the transformations U = H(y) and W = H(x)/H(y) in (2.2.17), it can be
shown easily that W is distributed as B(r, s−r).

Proceeding as in the case of upper record values, we can obtain the conditional
pdfs of the lower record values.

Example 2.2.1 Let us consider the exponential distribution with pdf f(x) as

f(x) = e�x; 0� x\1

and the cumulative distribution function (cdf) F(x) as

F(x) ¼ 1� e�x; 0� x\1.

Then R(x) = x and

fn(x) ¼ xn�1

CðnÞ e
�x; x� 0

¼ 0; otherwise

The joint pdf of XU(m) and XU(n), n > m is

fm;nðx; y) ¼ xm�1

C(m)C(n� m)
(y� x)n�m�1e�y

0� x\y\1
= 0, otherwise:

The conditional pdf of XU(n) | XU(m) = x) is

f yjXU mð Þ ¼ x
� � ¼ ðy� xÞn�m�1

Cðn� mÞ e�ðy�xÞ

0� x\y\1
¼ 0; otherwise:

28 2 Record Statistics



Thus the conditional distribution of XU(n) − XU(m) given XU(m) is the same as the
unconditional distribution of XU(n−m) for n > m.

Example 2.2.2 Suppose that the random variable X has the Gumbel distribution
with pdf f(x) ¼ e�xe�e�x

;�1\x\1. Let F(n) and f(n) be the cdf and pdf of XL(n).
It is easy to see that

FðnÞ(x) ¼
Zx
�1

e�nu

C(n)
e�e�u

du

and

fðnÞ(x) ¼ e�nx

C(n)
e�e�x

; �1\x\1.

Let f(m, n) (x, y) be the joint pdf of XL(m) and XL(n), m < n. Using (2.2.16), we
get for the Gumbel distribution

fðm;nÞ(x; y) ¼ e�y � e�xð Þn�m�1

C(n� m)
e�mx

C(m)
e�ye�e�y

;

�1\y\x\1

Thus the conditional pdf f(n|m) (y|x) of XL(n) | XL(m) = x is given by

f(njm)(yjx) ¼ (e�y � e�xÞn�m�1

Cðn� mÞ e�ye�ðe�y�e�xÞ;

�1\y\x\1

2.3 Moments of Record Values

Let lrn and l
r
ðnÞ be the rth moment of XU(n) and XL(n) respectively, then

lrn ¼
R1

�1
xr (R(x))

n�1

C(n) f(x)dx and

lrðnÞ ¼
R1

�1
xr (H(x))

n�1

C(n) f(x)dx

Var(XU(n)) = l2n � (l1n)
2 and Var (XL(n)) = l2ðnÞ � (l1ðnÞ)

2. We will denote

lr;sm;n ¼ E Xr
UðmÞX

s
UðnÞ

� �
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and

lr;sðmÞ;ðnÞ ¼ E Xr
LðmÞX

s
LðnÞ

� �

Cov XUðmÞ;XUðnÞ
� � ¼ l1;1m;n � l1m l1n

and

Cov XLðmÞ;XLðnÞ
� � ¼ l1;1ðmÞ;ðnÞ � l1ðmÞ l

1
ðnÞ

If we take Vk = R(XU(k)), k = 1, 2, .., then

E(VmVr) ¼
Z1
0

Zy
0

xy
xm�1

C(mÞ
(y� xÞr�m�1

C(r � mÞ e�ydxdy

Using the transformation t = yx and w = y, we get on simplification

E(VmVr) ¼ C(mþ 1)
C(m)

C(r � m)
C(rþ 1)

C(rþ 2)
C(r � m)

¼ m(rþ 1);m\r:

Cov(VmVrÞ ¼ m(rþ 1Þ �m r ¼ m ¼ Var(VmÞ;m\r:

If qm;n = the correlation coefficient between Vm and Vn, m < n, is

qm;n ¼
ffiffiffiffiffiffiffiffiffi
m=n

p

Example 2.3.1 For the exponential distribution with f(x) ¼ e�x; 0� x\1.

lrn ¼
Z1
0

xr
xn�1

(n� 1)!
e�xdx ¼ (nþ r � 1)!

(n� 1)!

¼ nðrÞ; where x kð Þ ¼ x(xþ 1)(xþ 2). . .(xþ k � 1); k[ 0;

¼ xðkÞ ¼ 1 if k ¼ 0

Thus E(XU(n)) = n, Var(XU(n)) = n(n + 1) − n2 = n.
For m < n,

lr;sm;n ¼
Z1
0

Z1
x

xrys
xm�1

C(m)C(n� m)
(y� x)n�m�1e�ydx dy

¼
Xs
k¼0

C(mþ rþ s� k)
C(m)

C(n� mþ k)
C(n� m)
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and Cov(XUðmÞ;XUðnÞÞ ¼ l1;1m;n � l1ml
1
n ¼ nmþm� nm ¼ m ¼ Var(XUðmÞÞ: Let

ρm,n be the correlation between XU(n) and XU(m), then

qm;n ¼
ffiffiffiffi
m
n

r
:

It can easily be shown that E[ XUðnÞ � XUðmÞ�r ¼ ðn�mÞðrÞ.
Example 2.3.2 For the Gumbel distribution with f(x) ¼ e�xe�e�x

;�1\x\1,

E(XLðrÞÞ ¼
R1

�1
x e

�rx

C(r) e
�e�x

dx ¼ � d
dr lnC(r) ¼ �w(r), where ψ(r) is the Psi

(Digamma) function. Thus

E(XLðrÞÞ ¼ t�r
t�1 ¼ t

t�j ¼ t�j�1 � (j� 1)�1; j� 2:

Here υ is the Euler’s constant. Let f(m),(n) (x, y) be the joint pdf of XL(m) and
XL(n), m < n. Using (2.2.17), we get for the Gumbel distribution

fðmÞ;ðnÞ(x; y) ¼ e�y � e�xð Þn�m�1

C(n� m)
e�x

C(m)
e�mye�e�y

�1\y\x\1:

Thus the conditional pdf f(n|m) (y|x) of XL(n)| XL(m) = x is given by

fðnjmÞ(yjx) ¼ e�y � e�xð Þn�m�1

C(n� m)
e�ye �e�y�e�xð Þ;�1\y\x\1

E(XLðmÞXLðnÞÞ ¼
Z 1

�1

Z 1

y
xy fðmÞ;ðnÞ(x; y)dx dy

¼
Z 1

�1

Z 1

y
x y

e�y � e�xð Þn�m�1

C(n� m)
e�mx

C(m)
e�ye�e�y

dx dy:

Substituting y−x = t, we get on simplification

Z1
�1

Z1
y

x y
e�y � e�xð Þn�m�1

C(n� m)
e�mx

C(m)
e�ye�e�y

dx dy

¼ E X2
LðnÞ

� �
þE(T)E XLðnÞ

� �
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where E(T) ¼ R1
0
CðnÞðCðmÞCðn�m� 1ÞÞ�1ð1� e�tÞn�m�1e�mt dt

Similarly it can be shown that

E(XLðmÞÞ ¼ E(XLðnÞÞ þE(T)

Thus Cov XLðmÞXLðnÞ
� � ¼ Var(XLðnÞÞ and

Var(XLðrÞÞ ¼
Z1
�1

x2fðrÞ(x)dx
Z 1

0
xfðrÞ(x)dx

	 
2

¼ d
dr

w(r)

¼ p2

6
�
Xr�1

k¼1

1
k2
; k[ 1

and

¼ p2

6
for k ¼ 2:

Let Var(XLðrÞÞ ¼ V�
r;r, r = 1, 2, …, then

V�
1;1 ¼

p2

6
V�
j;j ¼ V�

j�1;j�1 � (j� 1)�2; j� 2

Further

E(XLðmÞÞ ¼ E(XLðnÞÞ þ
Xn�1

p¼m

1
p

Var(XLðn�1ÞÞ � Var(XLðnÞÞ ¼ (n� 1)�2

Let ρ(m,n) be the correlation coefficient between XL(m) and XL(n), then

q(m; n) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var(XðnÞÞ
Var(XðmÞÞ

s
:

Example 2.3.3 A random variable is said to have generalized Pareto distribution if
its probability density function is of the following form:
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f0(x; l; r; b) ¼ 1
r

1þ b
x� l
r

� �� ��ð1þ b�1Þ

x� l; for b[ 0;

l\x� l� r b�1; for b\0

¼ 1
r
e�ðx�lÞr�1

; x� l; for b ¼ 0

¼ 0; otherwise:

It can be shown that for b 6¼ 0

XUðnÞ ¼d l� r
b
þ r

b

Yn
i¼1

Ui

where U1;U2; . . .;Un are independently and identically distributed with

P(Ui � x) ¼ 1� (x)�b�1

; x� 1; b[ 0;

¼ (x)�b�1

; b\0; 0\x\1:

For b ¼ 0, we have

XUðnÞ ¼d lþ r
Xn
i¼1

Zi

where Z1, Z2, ….., Zn are independently and identically distributed with P

(Zi < z) = 1 − e−z, z > 0, here ¼d denotes the equality in distribution.
For b 6¼ 0, we have

E(XUðnÞÞ ¼ lþ r
b

(1� b)�n � 1f g; b\1

Var(XUðnÞÞ ¼ r2b�2 (1� 2b)�n � (1� b)�2n� �
; b\

1
2

Cov(XUðmÞ;XUðnÞÞ ¼ r2 b�2(1� b)m�n (1� 2b)�m � (1� b)�2m
� �

Let ρm,n be the
correlation coefficient between XU(m) and XU(n), then

qm;n ¼ (1� b)m�n (1� 2b)�m � (1� b)�2m

(1� 2b)�n � (1� b)�2n

 �1
2

; b\1=2:

¼ (tm � 1)=(tn � 1)f g1=2; where t ¼ (1� b)2

1� 2b
and b\1=2:
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As β → 0, ρm,n → √ (m/n) which is the correlation coefficient between XU(m) and
XU(n) when β = 0 i.e. for the exponential distribution.

Example 2.3.4 A random variable is said to have Type II extreme value distribution
if its cumulative distribution function is of the following form:

F(x) ¼ e�
x�l
rð Þ�d

; x[ l; r[ 0; d[ 0:

Suppose XL(1), XL(2) …. be the sequence of lower record values and f(n)(x) is the
pdf of XL(n), n = 1, 2, …We can write

fðnÞ(x) ¼ (H(x))n�1

C(n)
f(x)

¼ dn x�l
r

� �� n dþ 1ð Þ

rC(n)
e�

x�l
rð Þ�d

Here H(x) ¼ �ln F(x) ¼ e�x. We can write XLðnÞ�l
r ¼d W1 þW2 þ . . .. . .þWnð Þ�1

d,
where W1;W2; . . .;Wn are independent and identically distributed as exponential
with unit mean.

Let YLðnÞ ¼ XLðnÞ�l
r , and Un ¼ W1 þW2 þ � � � þWn, then

E(YLðnÞÞ ¼ E (Un)� 1=dð Þ

¼
Z 1

0

u�
1
dun�1e�u

C(n)
du ¼ C n� 1

d

� �
C(n)

E(YL nð ÞÞ2 ¼ E (Un)� 2=dð Þ:

¼
Z 1

0

u�
2
dun�1e�x

C(n)
du ¼ C n� 2

d

� �
C(n)

Thus

E(XLðnÞÞ ¼ lþ r
C n� 1

d

� �
C(n)

;

Var(XLðnÞÞ ¼ r2
C n� 2

d

� �
C(n)

� C n� 1
d

� �
C(n)

	 
2
" #
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For m < n,

E(YLðmÞ:YLðnÞÞ ¼
Z1
0

Z1
0

u�
1
d uþ vð Þ�1

d

C(m)C(n� m)
e�uum�1e�vvn�m�1dudv

Substituting

y1 ¼ u

y2 ¼ u
uþ v

we get on simplification,

E(YLðmÞ:YLðnÞÞ ¼
Z1
0

Z1
0

(y1)n�1�2
de�y1 1� y2ð Þn�m�1

C(m)C(n� m)
y2ð Þm�1�1

ddy1dy2

¼ C n� 2
d

� �
C m� 1

d

� �
C(m)C n� 1

d

� �
Thus

Cov XLðmÞXLðnÞ
� �

= r2
C m� 1

d

� �
C(m)

C n� 2
d

� �
C n� 1

d

� �� C n� 1
d

� �
C(n)

" #( )

We rewrite the covariance expression as Cov XLðmÞXLðnÞ
� � ¼ r2ambn, where

am ¼ C m� 1
d

� �
C(m)

and bn ¼
C n� 2

d

� �
C n� 1

d

� �� C n� 1
d

� �
C(n)

; 1�m� n:

Corr(XLðmÞXLðnÞÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
am
an

:
bn
bn

r

The following theorem gives the condition for the existence of the moments of the
nth record value.

Theorem 2.3.1 If
R1

�1
xj jrþ ddF(x)\1; for some δ > 0, then E(XU(n))

ris finite for

all n > 2.

Proof We define the inverse function R�1ðyÞ ¼ inffx : R(x) � yg
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E XUðnÞ
�� ��r� � ¼ Z1

�1

1
Cðn) xj j

rþ d(R(x))n�1dF(x)\1; for d[ 0;

¼ 1
Cðn)

Z 1

0
R�1y
�� ��ryn�1e�ydy

¼ 1
Cðn)

Z1
0

R�1y
�� ��r pe�ydy

0
@

1
A

1=p Z1
0

yn qe�ydy

0
@

1
A

1=q

by Holder’s inequality, where 1
p þ 1

q ¼ 1; p[ 1; q[ 1,

¼ 1
C(n)

Z1
0

R�1(y)
�� ��rþ d

e�ydy

0
@

1
A

1=p Z1
0

yn qe�ydy

0
@

1
A

1=q

;

where p ¼ rþ d
r

;

¼ 1
C(n)

E xj jð Þrþ d
� �1=p Z1

0

yn qe�ydy

0
@

1
A

1=q

\1:

Theorem 2.3.2 If E(X) = 0 and Var(X) = 1, then E(XUðnþ 1Þ)
�� ��� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n
n

� �� 1
q

.

Proof Let

F�1(u) ¼ Sup x: F(x)� uf g; 0\u\1;

F�1(1) ¼ Sup F�1(u); u\1
� �

0 ¼ E(X) ¼
Z1
0

x f(x)dx ¼
Z1
0

�F�1tdt:

1 ¼ E(X2) ¼
Z1
0

x2f(x)dx ¼
Z1
0

�F�1(t)
n o2

dt:

E(XUðnþ 1Þ) ¼
Z1
�1

x
�ln �F(x)f gn
Cðnþ 1Þ f(x)dx

¼
Z1
0

�F�1(t)
�ln(1� t)f gn
Cðnþ 1Þ dt

¼
Z1
0

�F�1(t)
�ln(1� t)f gn
Cðnþ 1Þ � k

 �
dt:

36 2 Record Statistics



Using Cauchy and Schwarz inequality, we get

E(XUðnþ 1Þ)
�� ��� Z1

0

�F�1(t)
h i2

dt

8<
:

9=
;

1
2 Z 1

0

�ln(1� t)ð Þn
Cðnþ 1Þ � k

	 
2

dt

( )1
2

:

Now

Z1
0

�F�1(t)
� �2

dt ¼ 1;

and

Z1
0

(� ln(1� t))n

C(nþ 1)
� k

	 
2

dt ¼ 2n
n

� �þ k2 � 2k

Since the minimum value of λ2−2λ is −1, we get

E(XUðnÞ)j �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n
n

� �� 1
q

� 22nffiffiffiffiffiffi
np

p ; for large n: ð2:3:1Þ

For symmetric distribution the upper bound of | E(XU(n)) | is smaller. The bound of
the symmetric distribution is given in the following theorem.

Theorem 2.3.3 Suppose the random variable X is symmetric about zero and has

variance 1, then E(XUðnþ 1Þ)\ 1ffiffi
2

p 2n
n

� �� 1
C(nþ 1)½ �2

R1
0 ln(1� u)ln u½ �ndu

� �1
2

:

Proof

E(XUðnþ 1Þ) ¼
Z1
�1

x
�ln~F(x)
� �n
C(nþ 1)

f(x)dx

¼
Z1
0

x
�lnF

*

(x)
n on

C(nþ 1)
f(x)dx�

Z1
0

x
�lnF(x)f gn
C(nþ 1)

f(x)dx

¼ 1
2C(nþ 1)

Z1
0

F�1(u) �ln(1� u)f gn� �ln uf gn½ �du:
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Now

Z1
0

F�1(u)
� �2

du ¼ 1

and

Z1
0

�ln(1� u)f gn� �ln uf gn½ �2du

¼ 2C(2nþ 1)� 2
Z1
0

ln(1� u)ln u½ �ndu

Hence using the Cauchy and Schwarz inequality, we get

E XUðnþ 1Þ
�� ��� 1ffiffiffi

2
p 2n

n

� �� 1

C(nþ 1)½ �2
Z1
0

ln(1� u)ln u½ �ndu
8<
:

9=
;

1
2

: ð2:3:2Þ

The following table gives the upper bounds of the inequalities given by (2.3.1)
and (2.3.2). For large n, the ratio of the bounds as given by (2.3.2) and (2.3.1) is
approximately √2.

Let

h(n) ¼ 1ffiffiffi
2

p 2n
n

� �� 1

C(nþ 1)½ �2
Z1
0

ln(1� u)ln u½ �ndu
8<
:

9=
;

1
2

;

g(n) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n
n

	 

� 1

s
and b(n) ¼ g(n)

h(n)
:

Thus g(n) is the upper bound of |E(XU(n)| and h(n) is the upper bound of E(XU(n)),
when the distribution of Xi, i = 1, 2, … is symmetric (Table 2.1).

Nevzerov (1992) gave an interesting upper bounds of the correlation coefficient
between any two upper record values. The result is given in the following theorem.

Theorem 2.3.4 Let { Xi, i = 1, 2, …} be a sequence of independent and identically
distributed random variables and suppose that for 1 < m < n,
E(X2

1 ln(1� F(X1))ð Þj�1\1; for j = n. Then
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q(XUðmÞ, XUðnÞ)�
ffiffiffiffi
m
n

r
;

where ρ(X, Y) is the correlation between X and Y. The equality holds if and only if
X1 has an

Theorem 2.3.5 Let {Xn, n > 1} be a sequence of independent and identically
distributed random variables with distribution function F(x) and the corresponding
density function f(x). If E(Xn), n > 1 is finite and F belongs to the class C1, then E
{XU(m+1)− XU(m)} < (>) E(Xn), for any fixed m and n according as F is NBU
(NWU).

Proof From Eq. (2.2.4), we can write the E XUðmþ 1Þ � XUðmÞ
� �

as

E XUðmþ 1Þ � XUðmÞ
� � ¼

Z1
0

Z1
0

1
C(n)

(R(u))n�1f(u)
�F(uþ z)
�F(u)

dudz

� (� )
Z1
0

Z1
0

1
C(n)

(R(u))n�1f(u)�F(z)dudz,

according as �F(xþ y)� (� )�F(x)�F(y). Hence E XUðmþ 1Þ � XUðmÞ
� ��ð� ÞEðXnÞ

according as F is NBU(NWU).

If F(x) has the density f(x), the ratio r(x) ¼ f(x)
�Fðx), for

�Fðx)[ 0 is called the failure

(hazard) rate hazard rate, we will say F belongs to the class C2 if the failure rate,
r(x), is either monotone increasing (IFR) or monotone decreasing (DFR).

Theorem 2.3.6 Let {Xi, i = 1, 2,…} be ac sequence of i.i.d. continuous non-negative
rv’s with common cdf F(x) and pdf f(x). Suppose that XU(1), XU(2), … are the upper
record values of this sequence and Zn+1, n =XU(n+1) − XU(n), n = 1, 2, …

Table 2.1 Values of h(n),
g(n) and b(n)

N h(n) g(n) b(n)

1 0.906896 1 2.102662

2 2.726929 2.236068 2.294824

3 3.162147 4.358899 2.378462

4 5.916078 8.306624 2.404076

5 12.224972 15.84298 2.411405

6 22.494185 30.380915 2.413448

7 42.424630 58.574739 2.414008

8 80.218452 113.441615 2.414159

9 155.916644 220.497166 2.41419

10 303.937494 429.831362 2.414210
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with XU(0) = 0. If E(Dn+1) exists and F belongs to class C2, then E(Zn+1) > (<) E(Zn)
according as F is IFR or DFR.

Proof For n = 1, 2, …, the joint pdf of XU(n) and XU(n+1) is given by

fn;nþ 1(x; y) ¼ (R(x))n�1

(n� 1)!
r(x)f(y)

for �1\x\y\1:

The joint pdf of XU(n) and Zn+1,n is

fn;z(x; z) ¼ (R(x))n�1

n� 1ð Þ! r(x)f(zþ x)

for 0\x; z\1:

Now

E(Znþ 1;n) ¼
Z1
0

Z1
0

z
(R(x))n�1Þ

(n� 1)!
r(x)f(z + x)dxdz:

Since
R1
0
zf(zþ x)dz ¼ R1

0

~F(zþ x)dz, we obtain

E(Znþ 1;n) ¼
Z1
0

Z1
0

(R(x))n�1Þ

(n� 1)!
r(x)~F(zþ x)dxdz:

On integrating by parts and using the relation R’(x) = r(x), we get

E(Znþ 1;n) ¼
Z1
0

Z1
0

(R(x))n

n!
f (zþ x)dxdz

¼
Z1
0

Z1
0

(R(x))n

n!
r(zþ x)�F(zþ x)dxdz

� (� )
Z1
0

Z1
0

(R(x))n

n!
r(z)�F(zþ x)dxdz

according as r(x) is IFR or DFR

¼ E Znþ 2;nþ 1
� �

::
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2.4 Entropies of Record Values

Let X be a continuous random variable with the pdf f(x), then the entropy H(x) of X
is defined as

H(x) ¼ �
Z1
�1

f(x)ln f(x)dx

where f(x) ln f(x) is integrable.
For a discrete random variable X taking values on x1, x2,…, with h probabilities

p1, p2,… the entropy H(x) is defined as

H(X) ¼
X1
i¼1

pixi

provided the summation is finite.
In the case of discrete distribution the transformation

Y ¼ aþ bX;�1\a\1; b[ 0;

Does not change the probabilities p1, p2, … and we have

H(Y) ¼ H(X)

In the case of continuous random variable the Y = a+bX will change the entropy
of Y as

H(Y) ¼ �
Z1
�1

1
b
f

x� a
b

� �
ln f

x� a
b

� �
dx

¼ �
Z1
�1

f (x)ln
1
b
f (x)

	 

dx

¼ ln bþH(x)

The concept of entropy has recently been used in statistical inference. Shannon was
the first to compute the entropies of the normal, exponential and uniform distri-
bution. We will discuss here the entropies of upper record values. The entropies of
lower record values are similar.
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Let Hn(x) be the entropy of XU(n) for a continuous random variable, then

�Hn(x) ¼
Z1
�1

fn(x)ln fn(x)dx

¼ �lnC(n)þ (n� 1)
Z1
�1

ln R(xÞ (R(xÞ)
n�1

C(n)
f(x)dx

þ
Z1
�1

ln f(x)
(R(x))n�1

C(n)
f(x)dx

¼ �lnC(n)þ (n� 1)
Z1
0

tn�1

C(n)
e�tln t dtþ I;

¼ �lnC(n)þ (n� 1)w(n)þ I

where

I ¼
Z1
�1

ln f(x)
(R(x))n�1

C(n)
f(x)dx ¼

Z1
�1

fn(x)ln f(x)dx;

and ψ(n) is the digamma function i.e. w(n) ¼ d
dn ¼ lnC(n) ¼ C0(n)

C(n) .

Example 2.4.1 Suppose the sequence of independent and identically distributed
random variables Xn, n > 1, has the Rayleigh distribution with pdf f(x), where

f(x) ¼ x
b2

e�x2= 2b2ð Þ; 0\x\1; then

I ¼
Z1
0

fn(x)ln f(x)dx

¼ �2ln bþ
Z1
0

ln x fn(x)dx�
Z1
0

x2

2b2
fn(x)dx

¼ �2 ln bþ 1
2
w(n)þ 1

2
ln 2þ ln b

¼ 1
2
ln 2� ln bþ 1

2
lnw(n)� n:
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Hence

HnðxÞ ¼ lnCðnÞ � ðn� 1=2ÞwðnÞþ ln b� 1=2 ln 2þ n

Example 2.4.2 Suppose that the sequence of i.i.d. random variables Xn has the
Weibull pdf, f(x) where

f(x) ¼ c
a
xc�1x�xc=a; 0\x; a; c\1.

In this case, we have

I ¼
Z1
0

fn(x)ln f(x)dx

¼ ln
c
a
þ (c� 1)

Z1
0

ln xfn(x)dx�
Z1
0

xc

a
fn(x)dx

¼ ln
c
a
þ (c� 1) ln aþw(n)ð Þ � n

¼ ln c� 1
c
ln aþ c� 1

c
w(n)� n:

Hence

Hn(x) ¼ lnC(n)� n� 1
c

	 

w(n)� ln cþ 1

c
ln aþ n:

2.5 Estimation of Parameters and Predictions of Records

2.5.1 Exponential Distribution

We will consider here the two parameter exponential distribution with pdf f(x) as
given by

f (x) ¼ r�1exp �r�1(x� l)
� �

; x� l

¼ 0; otherwise.
ð2:5:1Þ
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2.5.1.1 Minimum Variance Linear Unbiased Estimates (MVLUE)
of μ and σ

Suppose that Xð1Þ;Xð2Þ; . . .;XðmÞ are the m (upper) record values from E l; rð Þ
with pdf as given in (2.5.1).
Let

Yi ¼ r�1ðXðiÞ � lÞ; i ¼ 1; 2; . . .;m; then

EðYiÞ ¼ i ¼ VarðYiÞ; i;¼ 1; 2; . . .;m;

and Cov(Yi; Yj) ¼ min(i; j):
Let

X ¼ ðXð1Þ;Xð2Þ; . . .;XðmÞÞ; then
EðXÞ ¼ lLþ rd

VarðXÞ ¼ r2V ;

where

L0 ¼ (1; 1; . . .; 1)0; d0 ¼ (1; 2; . . .m)0

V ¼ (Vij);Vij ¼ min(i; j); i; j ¼ 1; 2; . . .;m:

The inverse V�1( ¼ Vij) can be expressed as

2 if i ¼ j ¼ 12; . . .m� 1
Vij ¼ 1 if i ¼ j ¼ m

�1 if i� jj j ¼ 1; i; j ¼ 1; 2. . .;m
0 otherwise:

The minimum variance linear unbiased estimates (MVLUE) l̂; r̂ of μ and σ
respectively are

l̂ ¼ �d0V�1 Ld0 � dL0ð ÞV�1X=D

r̂ ¼ L0V�1 Ld0 � dL0ð ÞV�1X=D;

where

D ¼ (L0V�1L)(d0V�1d)� (L0V�1d)2

and

Var(l̂) ¼ r2L0V�1d=D

Var(r̂) ¼ r2L0V�1L=D

Cov(l̂; r̂) ¼ �r2L0V�1d=D:
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It can be shown that

L0V�1 ¼ (1; 0; 0; . . .; 0); d0V�1 ¼ (0; 0; 0; . . .; 1); d
0
V�1d ¼ m and

D ¼ m� 1:

On simplification, we get

l̂ ¼ (m(Xð1Þ)� (XðmÞ))=(m� 1)

r̂ ¼ (X(m)� X(1))=(m� 1)

with

Var(l̂) ¼ m r2=(m� 1);Var(r̂) ¼ r2=(m� 1) and

Cov(l̂; r̂) ¼ �r2=(m� 1):

Exercise 2.5.1.1 If l ¼ 0, then the MVLUE r̂0 of r0 is

r̂0 ¼ X(m)
m

2.5.1.2 Best Linear Invariant Estimators (BLIE) of μ and σ Are

The best linear invariant (in the sense of minimum mean squared error and
invariance with respect to the location parameter μ) estimators (BLIE) ~l ~r of μ and
σ are

~l ¼ l̂� r̂
E12

1þE22

	 


and

~r ¼ r̂=(1þE22);

where l̂ and r̂ are MVLUE of l and r and

Var(l̂) Cov(l̂; r̂)
Cov(l̂; r̂) Var(r̂Þ

	 

¼ r2

E11 E12

E12 E22
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The mean squared errors of these estimators are

MSEð~lÞ ¼ r2 E11 � E2
12ð! + E22Þ�1

� �
and

MSEð~rÞ ¼ r2E22 1þE22ð Þ�1

We have

E(~l� l)(~r� r) ¼ r2E12(1þE22)�1:

Using the values of E11, E12 and E22 from (2.3.2), we obtain

l̂ ¼ (mþ 1)X(1)� X(m)ð Þ=m;
r̂ ¼ X(m)� X(1)ð Þ=m

Var(~l) ¼ mþ 1
m

r2 and Var(r̂) ¼ m� 1
m2 r2

2.5.1.3 Maximum Likelihood Estimate. of μ and σ Are

The log likelihood equation based on the m upper records X(1), X(2), …, X(m) can
be written as

ln L ¼ �mln r� 1
r

X(m)� lð Þ; l\X(1)\X(2). . .\X(m)\1

The maximum likelihood estimate l̂ml and r̂ml of l and r are respectively

l̂ml ¼ X(1)

and

r̂ml ¼ 1
m
(X(m)� X(1))

E(l̂ml) ¼ lþ r;Var(l̂ml) ¼ r2;

E(r̂ml) ¼ (m� 1)r
m

;Var(r̂ml) ¼ (m� 1)r2

m2

and Cov(l̂mlr̂mj) ¼ 0

Exercise 2.5.1.3 Show that in the case of one parameter exponential with
F(x) ¼ 1� e¼x=r, x > 0, r > 0. The maximum likelihood estimate r�ml of r based
on m upper records X(1), X(3), …, X(m) is
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r�ml ¼
x(m)
m

with E r�ml
� � ¼ rþ l

m
andVar r�ml

� � ¼ r2

m
:

2.5.1.4 Prediction of Record Values

We will predict the sth upper record value based on the first m record values for
s > m. Let W

0 ¼ W1;W2,. . .,Wmð Þ, where

r2WijCov X(i);X(j)ð Þ; i ¼ 1; . . .;m and a� ¼ r�1E X(i)� lð Þ:

The best linear unbiased predictor of X(s) is X̂(s) where

X̂(s) ¼ l̂þ r̂a� þW
0
V�1 X � l̂ L� r̂dð Þ, X̂UðsÞ,

l̂; r̂ are the MVLUE of l;r respectively. It can be shown that
W

0
V�1 X � l̂L� r̂dð Þ ¼ 0:

X̂(s) ¼ (s� 1)X(m)þ (m� s)X(1)ð Þ=(m� 1)

E(X̂(s)) ¼ lþ sr

Var(X̂(s)) ¼ r2 mþ s2 � 2s
� �

=(m� 1):

Let ~X(s) be the best linear invariant predictor of X(s): Then it can be shown that

~X(s) ¼ X̂(s)� C12(1þE22)�1r̂;

where

C12r
2 ¼ Cov r̂; (L�W

0
V�1L)l̂þ (a� �W

0
V�1d)r̂

� �

and r2E22 ¼ Var(r̂): On simplification we get

~X(s) ¼ m� s
m

X(1)þ s
m
X(m)

E(~X(s)) ¼ lþ msþm� s
m

� �
r

Var(~X(s)) ¼ r2 m2 þms2 � s2
� �

=m2:
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It is well known that the best (unrestricted) least squares predictor ~�X of X(s) is

�̂X(s) ¼ E X(s)jX(1); . . .;X(m)ð Þ
¼ X(m)þ (s� m)r. . .

But �̂XUðsÞ depends on the unknown parameter σ. If we substitute the minimum

variance linear unbiased estimate r̂ for r; then �̂Xðs)
becomes equal to X̂ðs). Now

E �̂XðsÞ
� �

¼ lþ s r ¼ E XðsÞð Þ

Var �̂XðsÞ
� �

¼ mr2

2.5.2 Generalized Pareto Distribution

We will consider the generalized Pareto distribution with the following pdf f(x)

f(x) ¼ 1
r

1þ b
x� l
r

� �� ��1ð1þbÞ�1

x� l; for b[ 0;

l\x\l� r=b; for b\0;

¼ 1
r
e�1ðx�lÞr�1

, x� l for b ¼ 0; forr[ 0:

¼ 0, otherwise,

ð2:5:2Þ

2.5.2.1 Minimum Variance Linear Unbiased Estimator
of μ and σ When β Is Known

Theorem 2.5.2.1 The minimum variance linear unbiased estimators l̂ and r̂ of μ
and σ based on the observed upper record values X(1), X(2), …, X(m)

l̂ ¼ X(1)1 � (1� b)�1r̂:

r̂ ¼ (1� b)(b� D)�1(1� 2b)3X(1)þD�1b(1� b)
Xm�1

i¼2

(1� 2b)iþ 1X(i)

þD�1(1� b)2(!� 2b)mþ 1X(m)
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where

D =
Xm
I¼2

(1� 2b)iþ 1and b\1=2

Proof We assume GP(μ, σ, β) with β ≠ 0 and with finite variance. Let R be the
m × 1 vector corresponding to X(i), i = 1,2, …, m, then we can write

E(R) ¼ lLþrd

where

R0 ¼ (X(1),X(2),. . .,X(m))

L0 ¼ (1; 1; . . .; 1Þ; d0 ¼ ða1; a1; a1; . . .; am)
ai ¼ b�1(1� bÞ�i,

and

ai ¼ b�1 1� bð Þ�i; i ¼ 1; 2; . . .;m:

We can write VðRÞ ¼ r2V;V ¼ ðVi;jÞ;Vi;j ¼ b�2aibj; 1\i\j\m and Vi,j = Vj,i.
The inverse V�1ð¼ Vi;jÞ can be expressed as

Viþ 1;i ¼ Vi;iþ 1 ¼ � 1
aiþ 1bi � aibiþ 1

¼ �(1� 2b)iþ 1(1� b); i ¼ 1; 2; . . .;m� 1;

Vi;i ¼ aiþ 1bi�1 � ai�1biþ 1

aibi�1 � ai�1bið Þ aiþ 1bi � aibiþ 1ð Þ ; i ¼ 1; 2; . . .; n;Vi;j ¼ 0; for i� jj j[ 1;

where ao ¼ 0 ¼ bnþ 1 and bo ¼ 1 ¼ anþ 1.

On simplification, we obtain

Vi;i ¼ (1� 2b)i 2� 4bþ b2
� �

; i ¼ 1; 2; . . .;m� 1

and

Vm;m ¼ (1� 2bÞm(1� bÞ:

The minimum variance linear unbiased estimators (MVLUE) l̂; r̂ of μ and σ are
respectively based on the upper record values are
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l̂ ¼ �d
0
V�1(Ld

0 � dL
0
)V�1R=D;

and

r̂ ¼ L0V�1(Ld0 � dL0ÞV�1R=D;

where

D ¼ (L0V�1L)(d0V�1dÞ � (L0V�1dÞ2:

On substituting the values for δ and V−1 and subsequent simplification, it can be
shown that

l̂ ¼ X(1)� r̂(1� b)�1 and

r̂ ¼ (1� b) b� D�1(1� 2b)3X(1)r1
� �þD�1b(1� b)

Xm
i¼2

(1� 2b)X(i)i

where

D ¼
Xm
i¼2

(1� 2b)iþ 1:

The corresponding variances and the covariance of the estimates are

Var(l̂) ¼ r2
T
D

Var(r̂) ¼ r2
bT � (1� 2b)

D

Cov(l̂; r̂) ¼ r2
(1� 2b)2 þ b2T
� �

D

and

T ¼
Xm
i¼2

(1� 2b)i:

Exercise 2.5.2.1 Find the MVLUE l̂ and r̂ of l and r based on n upper record
values X(1), X(2), …, X(n) of the Pareto Type II (Lomax) distribution with pdf f(x)

as f (x) ¼ m
r 1þ x�l

r

� ��ðmþ 1Þ
; x[ l:r[ 0 and m[ 0,
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2.5.2.2 Best Linear Invariant Estimators (BLIE)

Theorem 2.5.2.2 The best linear invariant (in the sense of minimum mean squared
error and invariance with respect to the location parameter μ) estimators ~l; ~r of μ
and σ are respectively

~l ¼ l̂� bT � 1� 2bð Þ
T(1� b)2

r̂ and

~r ¼ D

T(1� b)2
r̂;where

D =
Xm
i¼2

(1�2b)iþ 1,T ¼
Xm
i¼1

(1�2b)i:

and l̂ and r̂ are MVLUE of μ and σ.

Proof The BLIE ~l and ~r can be written as

l̂ ¼ l̂� E12

1þE22
r̂:

and

~r ¼ 1
1þE22

~r;

where

Var(l̂) Cov(l̂; r̂)
Cov(l̂; r̂) Var(r̂)

	 

¼ r2

E11 E12

E12 E22

	 

:

The mean squared errors of ~l and ~r are

MSE(~l) ¼ r2 E11 � E2
12

1þE22

	 

;

MSE(~r) ¼ r2
E22

1þE22

	 

:

Substituting the values of E11, E12 and E22 in terms of β, T and D, we get the
result.
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2.5.2.3 Estimator of β for Known μ and σ

A Moment Estimator of β. We have seen that for μ = 0 and σ = 1. E(XU(m)) = β−1
{(1− β)−m − 1}. Thus

E(�X) ¼ E X(1)þX(2)þ . . .. . .þX(m)ðf g=mg ¼ 1

mb2
(1� b)�m � 1f g � 1

b

¼ X(m)� m
mb

Thus we can take ~b as an estimator of β where

~b ¼ X(m)� m
X(1)þX(2)þ . . .þX(m)

, for rx(1)þX(2)þ . . .þX(m) 6¼ 0

2.5.3 Power Function Distribution

We will consider the following pdf f(x) of power function distribution

f (x; a; b; c) ¼ c b�c(aþ b� x)c�1, for a\x\aþ b; b[ 0; c[ 0,

¼ 0, otherwise:
ð2:5:3Þ

We will say a rv X 2 PF(α, β, γ) if its pdf is given by (5.0.1). This is a Pearson’s
Type I distribution. If γ = 1, then f(x, α, β, γ) as given by (5.3.3) coincides with the
uniform distribution in the interval (α, α + β). If we take Y = (α+β)γ, the Y has the
uniform distribution in (0, 1). If γ is an integer, then the pdf of X as given in (5.0.1)
can be consider as the pdf of ξ, where ξ = max (X1, X2,…, Xγ).

2.5.3.1 The Minimum Variance Linear Unbiased Estimate
of α and β When γ Is Known and γ ≠ 0

We will consider the following pdf f(x) for X.

f (x; a; b; c) ¼ c b�c(aþ b� x)c�1; for a\x\aþ b; b[ 0; c[ 0;

¼ 0; otherwise:

We will say a rv X 2 PF(α, β, γ) if its pdf is given by (5.0.1). This is a Pearson’s
Type I distribution. If γ = 1, then f(x, α, β, γ) as given by (5.0.1) coincides with the
uniform distribution in the interval (α, α + β). If we take Y = (α+β)γ, the Y has the
uniform distribution in (0, 1). If γ is an integer, then the pdf of X as given in (5.0.1)
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can be consider as the pdf of ξ, where ξ = max (X1, X2,…, Xγ). Let X(1), X(2),…,
X(m) be the first m upper records from this distribution. Let

Wk ¼ ck(X(k)� c
cþ 1

X k � 1))ð ; k ¼ 1; 2; ::;m

with X(0) = 0, and ck ¼ (cþ 1) cþ2
c

� �k=2
; k ¼ 1; 2; . . .;m:

Now

E(W1) ¼ cþ 2
c

	 
1=2

(cþ 1)aþ bf g;

E(Wk) ¼ cþ 2
c

	 
k=2

(aþ k); k ¼ 1; 2; . . .;m:

Var(WkÞ ¼ b2; k ¼ 1; 2; . . .;m

Cov(WiWjÞ ¼ 0; i 6¼ j; 1� i; j�m:

Let W0 = (W1,W2, � � � ,WnÞ, then EðWÞ ¼ Xh, where

X ¼
(cþ 2=c)1=2 cþ 1ð Þ (cþ 2=c)1=2

� �
(cþ 2)=c (cþ 2)=c

: :
(cþ 2=c)n=2
� �

(cþ 2=c)n=2
� �

2
664

3
775, h ¼ a

b

 �

We can write X’X as

XX 0 ¼ (c + 2)2 þ T c + 2þ T

c + 2þ T T

 !

T ¼
Xm
k¼1

cþ 2
c

	 
k

X0Xð Þ�1 ¼ D�1
0

T �(cþ 2þ T)

�(cþ 2þ T) (cþ 2)2 þ T

	 

D0 ¼ (cþ 2)(cT � c� 2)

X 0W ¼ V1

V2

	 

V1 ¼ (c(cþ 2))1=2W1 þV2

V2 ¼
Xm
k¼1

cþ 2
c

	 
k=2

Wk
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Theorem 2.5.3.1 The minimum variance unbiased estimates of α and β respec-
tively based on Y1, …, Yn(assuming γ as known) are

â
b̂

 �
¼ (X 0X)�1X 0W

On simplification, we get

â ¼ 1
D0

(c(cþ 2)1=2)W1 �
Xn
k¼2

(cþ 2)=cð Þk=2Wk

" #

b̂ ¼ 1
D0

�(Tþ cþ 2)(c(cþ 2))1=2W1 þ (cþ 2)(cþ 1)
Xn
k¼1

(cþ 2)=cð Þk=2Wk

" #

The variances and covariance of are given by

Var(â) ¼ b2TD�1
0 ;

Var(b̂) ¼ b2((cþ 2)2 þ T)D�1
0

and

Cov(â; b̂) ¼ �b2(cþ 2þ T)D�1
0

2.5.3.2 Minimum Variance Invariance Estimators

Theorem 2.5.3.2 The best linear invariant (in the sense of minimum mean squared
error and invariance with respect to the location parameter α) estimators
~a and ~b of a and b are respectively

~a ¼ â� cþ 2þ T
(cþ 1) (cþ 1)T � (cþ 2)f g b̂

and ~b ¼ D0

(cþ 1) (cþ 1)T � (cþ 2)f g b̂

where

D0 ¼ (cþ 2) cT � (cþ 2)f g; T ¼
Xm
i¼1

cþ 2
c

	 
i

:

and â and b̂ are MVLUEs of α and β.
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Proof The BLIE ~a and ~b of a and b can be written as

â = â� E12

1þE22
b̂:

and

~b ¼ 1
1þE22

b̂;

where

Var(â) Cov(â; b̂)
Cov(â; b̂) Var(b̂)

	 

¼ c2

E11 E12

E12 E22

	 

:

The mean squared errors of ~a and ~b of a and b are

MSE(~a) ¼ c2 E11 � E2
12

1þE22

	 

;

MSE(b̂) ¼ c2
E22

1þE22

	 

:

Substituting the values of E11, E12 and E22 in terms of γ, we get the results.

2.5.3.3 Maximum Estimator of β for Known μ and σ

Without any loss of generality we will assume μ = 0 and σ = 1. The log likelihood
function can be written as

ln L ¼ m ln c�
Xm
i¼1

1
1� x(i)

þ c ln(1� x(m))

Differentiating with respect γ and equating to zero, we get c
^ as the maximum

likelihood estimator of γ as

c
^ ¼ m

ln(1� x(m))

A moment Estimator of γ. Taking α = 0 and β = 1, we get E(X(i)) = c
kþ 1

� �i
�1 and
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E(X(1)þX(2)þ . . .þX(m)) ¼ c
c

cþ 2

	 
m

�1
� �

� m:

Thus we can have a moment estimator based on the m record values X(1), X(2),…,
X(m) is

€k ¼ Xð1Þþ . . .þX(m)þm
x(m)

:

2.5.4 Rayleigh Distribution

Let {Xn, n > 1} be a sequence of i.i.d random variables from standard Rayleigh
distribution with pdf

f(x) ¼ xe�x2=2; x[ 0 ð2:5:4Þ

and cdf

F(x) ¼ 1� e�x2=2; x[ 0

We say X€ RH(0,1) if the pdf of X is given by (2.5.6.1)

Theorem 2.5.4.1 Let

ln ¼ E(XUðnÞÞ;Vn;n ¼ VarðXUðnÞÞ and Vm;n ¼ Cov(XUðmÞXUðnÞÞ;

then

ln ¼
ffiffiffi
2

p C nþ 1
2

� �
C(n)

;Vn;n ¼ 2 n� C(nþ 1=2)
C(n)

	 
2
" #

and

Vm;n ¼ 2
C(mþ 1=2)

C(m)

 �
C(nþ 1)

C(nþ 1=2)
� C(nþ 1=2)

C(n)

 � �
; for 1�m� n:

Proof

ln ¼
1

C(n)

Z1
0

x �ln(1� F(x))f gn�1f (x)dx

¼ 1
C(n)

Z1
0

x
x2

2

	 
n�1

e�x2=2xdx

¼ 1
CðnÞ

ffiffiffi
2

p Z1
0

u1=2un�1e�udu

¼
ffiffiffi
2

p C(nþ 1=2)
C(n)

:
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Similarly it can be shown that

l2n ¼ E X2
UðnÞ

� �
¼ 2

C(nþ 1)
C(n)

¼ 2n

lm;n ¼
1

C(m)C(n� m)

Z1
0

Zy
0

xy
x2

2

	 
m�1

x
y2

2
þ x2

2

	 
n�m�1

ye�y2=2dxdy

¼ 1
C(m)C(n� m)

2
2m�1

Z1
0

y
y2

2

	 
n�m�1

ye�y2=2Iy dy;

where

IY ¼
Zy
0

(x2)m 1� x2

y2

	 
n�m�1

dx

¼ 1
2
y2mþ !B(mþ 1=2; n� m);

with

B(a; b) ¼ C(a)C(b)
C(aþ b)

:

On simplification we get

Vn;n ¼ 2 n� C(nþ 1=2)
C(n)

	 
2
" #

and

Vm;n ¼ C(mþ 1=2)
C(m)

 �
C(nþ 1)
C(nþ 1/2)

� C nþ 1=2ð Þ
C(n)

 �
; for 1�m� n:

¼ C(mþ 1=2)
C(m)

 �
C(n)

C(nþ 1=2)

 �
Vn;n

We will consider the estimation of μ and σ based on the observed record values
X(1), X(2), …, X(m) of the two parameter Rayleigh distribution with the pdf

f(x; l;r) ¼ x� l
r

e
ðx�lÞ2
2r2 ; l\x\1; r[ 0
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2.5.4.1 Minimum Variance Linear Unbiased Estimators of μ and σ

Theorem 2.5.4.2 The minimum variance linear unbiased estimators l̂ and r̂ of μ
and σ based on the X(1), X(2),…, X(m) are

l̂ ¼
Xm
k¼1

ckX(k); and r̂
Xm
k¼1

dkX(k);

where

c1 ¼ 3
2
ambm
D

; ci ¼ 2
2i
ambm
D

; i ¼ 2; 3; . . .;m� 1;

cm ¼ 1� ambm
2D

3þ
Xm�1

i¼2

1
i

" #
; d1 ¼ 3

2
bm
D

; di ¼ 2
2i
bm
D

; i ¼ 2; 3; . . .;m� 1;

dm ¼ 1
2
bm
D

3þ
Xm�1

i¼2

1
i

( )
;

where

D ¼ ambmT�1;T =
3
2
þ
Xm�1

i¼2

1
2i
þð2m� 1Þ bm�1

bm
� 1

	 
" #

ak ¼
ffiffiffi
2

p C kþ 1
2

� �
C kð Þ ¼ ak and bk ¼

ffiffiffi
2

p Cðkþ 1Þ
C kþ 1

2

� �� C kþ 1
2

� �
CðkÞ

( )
;

k¼1; 2; . . .;m:

Proof Let R be the m × 1 vector corresponding to X(k), ki = 1, 2, …, m, then we
have

E(R) ¼ lL + rd

where

R0 ¼ X(1),X(2),. . .,X(m)ð Þ
L0 ¼ 1,1,. . .,1ð Þ; d0 ¼ a1; a1,. . .; am,ð Þ

ai ¼
ffiffiffi
2

p C(iþ 1=2)
C(i)

, i = 1,2,. . .,m.
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We can write

V(R) ¼ r2V;V ¼ (Vi;j),Vi;j ¼ aibj,1\i\j\m and Vi;j ¼ Vj;i:

The inverse V−1 (= Vi,j) can be expressed as

Viþ 1;i ¼ Vi;iþ 1 ¼ � 1
aiþ 1bi � aibiþ 1

¼ �(2iþ 1),i ¼ 1,2,. . .,m� 1,

Vi;i ¼ aiþ 1bi�1 � ai�1biþ 1

aibi�1 � ai�1bið Þ aiþ 1bi � aibiþ 1ð Þ ,i ¼ 1,2,. . .,n,

Vi;j ¼ 0; for i� jj j[ 1,

where a0 ¼ 0 ¼ bnþ 1 and b0 ¼ 1 ¼ anþ 1:
On simplification, we obtain

Vi;i ¼ 8i2 þ 1
2i

,i ¼ 1; 2,. . .,m� 1,

and

Vm;m ¼ (2m� 1)
bm�1

bm
:

The minimum variance linear unbiased estimates (MVLUE) l̂; r̂ of μ and σ
respectively are

l̂ ¼ �d
0
V�1(Ld

0 � dL
0
)V�1X=D

r̂ ¼ L
0
V�1(Ld

0 � dL
0
)V�1X=D;

where

D ¼ (L
0
V�1L)(d

0
V�1d)� (L

0
V�1d)2

and

Var(l̂) ¼ r2L
0
V�1d=D;

Var(r̂) ¼ r2L
0
V�1L=D

Cov(l̂; r̂) ¼ �r2L
0
V�1d=D.

On simplification, we obtain the MVLUE l̂; r̂ of μ and σ.
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The corresponding variances and the covariance of the estimates are

Var(l̂) ¼ r2
anbn
D

Var(r̂) ¼ r2
b2nT
D

Cov(l̂; r̂) ¼ �r2
bn
D
.

2.5.4.2 Best Linear Invariant Estimators (BLIEs) of μ and σ

Theorem 2.5.4.3 The best linear invariant (in the sense of minimum mean squared
error and invariance with respect to the location parameter μ) estimators (BLIEs)
~l ~r of μ and σ are

~l ¼ l̂� r̂
E12

1þE22

	 


and

~r ¼ r̂=(1þE22),

l̂ and r̂ are MVLUE of l and r and

Var(l̂) Cov(l̂; r̂)
Cov(l̂; r̂) Var(r̂)

	 

¼ r2

E11 E12

E12 E22

	 

:

The mean squared errors of these estimators are

MSEð~lÞ ¼ r2 E11 � E2
12ð!1þE22Þ�1

� �

and

MSEð~rÞ ¼ r2E22ð1þE22Þ�1

Using the values of E11, E12 and E22 from (2.3.4), we obtain

~l ¼ l̂þ r̂
bm

Dþ b2mT
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and

~r ¼ r̂
D

Dþ b2mT
:

Exercise 2.5.4.1 Show that if μ = 0, then MVLUE of r based on X(1), X(2), …,
X(m) is

r̂ ¼ cX(m)

where

c ¼ r
E(X(m))

¼ 1ffiffiffi
2

p Cðm)
C mþ 1

c

� �
Exercise 2.5.4.2 Show that the minimum varaiance linear unbiased predictor X̂(s)
of X(s) based on X(1), X(2), …, X(m), s > m is X̂(s) ¼ l̂þ asr̂. Where l̂ and r
are the MVLUEs of μ and σ, Respectively.

2.5.5 Two Parameter Uniform Distribution

Let {Xn, n > 1} be a sequence of i.i.d. random variables from a uniform distribution
with the following pdf

f(x) ¼ 1
h1 � h2

; h1\x\h2 ð2:5:5Þ

and cdf

F(x) ¼ x� h1
h2 � h1

; h1\x\h2:

We will say X2 U(θ1, θ2) if the pdf of X is as given in Eq (2.5.5).The pdf fn(x) of
X(n) can be written as

fn(x) ¼ 1
C(n)

1
h2 � h1

ln
h2 � h1
h2 � x

� �n�1

; h1\x\h2

E(X(m)) ¼ 2�nh1 þ (1� 2�n)h2

Var(X(m)) ¼ (3�n � 4�n)(h2 � h1)2:
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The joint pdf of X(m) and X(n) is

fm;n(x,y) ¼ 1
C(m)

1
C(n� m)

1
h2 � h1

1
h2 � x

ln
h2 � h1
h2 � x

� �m�1

ln
h2 � h1
h2 � y

� �n�m�1

;

for h1\x \y \h2

We have

E X(n)jjX(m) ¼ ymð Þ ¼ 2m�nym þ (1� 2m�nÞh2:

and

Cov(X(m)X(n)) ¼ 2m�nVar XUðmÞ
� �

:

2.5.6 Minimum Variance Linear Unbiased Estimate
of θ1 and θ2

We will consider here the estimation of θ1 and θ2 based on the observed m upper
record values X(1), X(2), …, X(m).Consider the following transformation

W1 ¼ XUð1Þ

Wi ¼ (3)ði�1Þ=2 XUðiÞ �
1
2
XUði�1Þ

	 

, i ¼ 2,3,. . .. . .,m

ð2:5:6Þ

It can easily be verified that

E(W1Þ ¼
h1 þ h2

2
;

EðWkÞ ¼ 3
i�1
2

2
h2, k ¼ 2,3,. . .,m:

EðWiÞ ¼ 3i�1

2
h2, i ¼ 2,3,. . .,m

Var(WiÞ ¼ r2

12
, i ¼ 2,3,. . .,m

and

Cov(Wi,WjÞ ¼ 0, i 6¼ j:

Let W′ = (W1, W2, …., Wm), then E(W) = Η θ, where
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H =

1
2

1
2

0
1
2

3
i�1
2

� �
� � �

0
1
2
(3)ðm�1Þ

2
6666664

3
7777775
; h ¼ h1

h2

 �
:

We have

(H0H)�1 ¼ 32
3(3m�1 � !)

3m�1
8 � 1

4� 1
4

1
4

 �

Thus, expressing W’s in terms of the X(1), X(2), …, X(m) we obtain

ĥ1 ¼ 2X(1)� ĥ2

and

ĥ1 ¼ 4
3(3m�1 � 1)

3m�1X(m)� 3m�2

2
x(m� 1)� . . .� 3

2
X(2)� 3

2
X(1)

	 


The variances covariance of these estimates are

Var(ĥ) ¼ 1
9

3m � 1
3m�1 � 1

(h2 � h1)2,

Var(ĥ2) ¼ 2
9

1
3n�1 � 1

(h2 � h1)2

and

Cov(ĥ1; ĥ2) ¼ 2
9

1
3m�1 � 1

(h2 � h1)2:

The generalized variance
P̂ P̂ ¼ varh1:varh2 � (cov(h1h2Þ)2
� �

is

2
27

:
1

3n�1 � 1
h1 � h2ð Þ2:

Exercise 2.5.6.1 Suppose X(1), X(2), …, X(m) are m upper record values from a
one parameter uniform distribution with pdf fU(u) as fU(u) ¼ 1

h , 0\x\h,h[ 0:

Then the MVLUE ĥ of h is
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ĥ ¼ 2
3n � 1

2:3n�1X(n)� 3n�2X(n� 1)� 3n�3X(n� 2)� . . .� X(1)
� �

Proof Let X″ = (X(1), X(2), …, X(m)); We have E(X′) = dh
and Var(X) ¼ h2V . V + (Vij)
where d0 ¼ d1,d2,. . .,dmð Þ, di ¼ 1� 1

2i ; i ¼ 1; 2; . . .m
Vii = 1

3i � 1
4i ; i ¼ 1; 2; . . .;m and

Let V = (Vij), then), then

Vii ¼ 1
3i
� 1
4i
; i ¼ 1; 2; . . .;m

Vij ¼ 2i�j 1
3i
� 1
4i

	 

; i\j\m:

Let V�1 � Vijð Þ; then Vii ¼ 73i; i = 1,2, .., m–1.
Vmm ¼ 4:3m, Vi iþ 1 ¼ �2; 3iþ 1: ¼ Viþ 1i and Vij ¼ 0 for |i−j|.
The MVLUE r̂ of r is

r̂ ¼ d=V�1X

d=V�1d

¼ 2
3m � 1

2:3m�1X(m)� 3m�2X(m� 1):,,,,��X(1)
� �

Var(r̂) ¼ 2r2

3(3n � 1)
:

2.5.7 One Parameter Uniform Distribution

Suppose γ = 1 and α = 0, i.e. when X is distributed uniformly in the interval (0, β),
We have in this case the pdf fn(x) of X(n) as

fnðxÞ ¼ 1
CðnÞ ln

b
x

 �n�1

; 0\x \b: ð2:5:7Þ

Using (2.5.2.1), we obtain

E(X(n)) ¼ ð1� 2�nÞb:
Var(X(n)) ¼ ð3�n � 4�nÞb2

The joint pdf of X(m) and X(n), n > m is
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fm;nðx; yÞ ¼ 1
CðmÞ

1
Cðn� mÞ

1
b

1
b� x

ln
b

b� x

 �m�1

ln
b

b� y

 �n�m�1

;

n[m[ 0; 0\x\y\b.

It follows from (2.2.6) that

E(X(n)jXðmÞ ¼ xmÞ ¼ 2m�nxm þð1� 2m�nÞb:

and

Cov(X(n)X(m)) ¼ 2m�nVarðXðmÞÞ;m\n; 1\m\n

The correlation coefficient ρm,n of X(m) and X(n)–s

qm;n ¼
4
3

	 
m

�1
	 
1

2 4
3

	 
n

�1
	 
1

2

;m\n

2.5.7.1 Minimum Variance Unbiased Estimator of β

Using the following transformation

W1 ¼ X(1)

Wi ¼ 3
i�1
2 XðiÞ � 1

2
ðX � iÞ

	 

; i ¼ 2; . . .; n

E(WiÞ ¼ ð1=2Þð3Þði�1Þ=2b

VarðWiÞ ¼ b2

12
;

CovðWi;WjÞ ¼ 0; i 6¼ j; i; j ¼ 1; 2; . . .; n:

Let

X0 ¼ 1
2
;
1
2
ð3Þ1=2; 1

2
ð3Þ; . . .; 1

2
ð3Þn�1
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and

W0 ¼ ðW1;W2; . . .;WnÞ;

then minimum variance linear unbiased estimator b̂ of β based on the first n record
values is

b̂ ¼ ðX0XÞ � 1X0W

¼ 4
3n � 1

Xn
i¼1

ð3Þ i�1ð Þ=2Wi

 !

¼ 4
3n � 1

3n�1X nð Þ � 3n�2

2
Xðn� 1Þ � 3n�3

2
Xðn� 2Þ � . . .� 1

2
Xð1Þ

	 


Since X0X ¼ 3n � 1
8

and Var(WiÞ ¼
b2

12
; we have

varðb̂Þ ¼ ðX 0XÞ�1 b
2

12

¼ 2b2

3ð3n � 1Þ

2.5.7.2 Minimum Mean Square Estimate of β

If we drop the condition of unbiasedness, then the estimator ~b, where

~b ¼ 3ð3n � 1Þ
3nþ 1 � 1

b̂

has minimum mean squared error.

Bias of ~b ¼ Eð~bÞ � b ¼ 2
3nþ 1 � 1

b

and

MSE(b̂Þ ¼ 2b2

3nþ 1 � 1

Exercise 2.5.7.1 Find the maximum likelihood estimate of β.
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2.5.8 Prediction of Record Values

Writing

Ynþ s ¼ Ynþ s

� 1
2
Ynþ s�1 þ 1

2
(Ynþ s�2)þ � � � þ 1

2nþ s�2 Y2 � 1
2
Y1

	 

þ 1

2nþ s�1 Y1,

it can be shown that

Cov( Ynþ s;WiÞ ¼ , i ¼ 1,2,. . .,n:

It can be shown that the best linear unbiased predictor (BLUP) of Yn+s is Ŷnþ s,
where

Ŷnþ s ¼ 1� 1
2nþ s

	 

bþ c0V�1 W � Xb̂

� �

where

c0 ¼ (c1,c2,. . .,cn),V�1 ¼ (X0X)�1 and ciVar(WiÞ ¼ Cov( Ynþ s;WiÞ, s[ 1:

Thus

Ŷnþ s ¼ 1� 1
2nþ s

	 

b̂þ 8

3n � 1

Xn
i¼1

� 1
2nþ s�i

:
W

3ði�1Þ=2 �
b̂
2s

1� 1
2n

	 
" #

The best linear (unrestricted) least square predictor of Yn+s is eYrþ s, where

Y
$
rþ s ¼ E Ynþ sjY1,Y2, � � � Ynð Þ

¼ yn
2s

þ 1� 1
2s

	 

b,

Substituting b̂ for β, we get the best linear least squares predictor as

yn
2s

þ 1� 1
2s

	 

:

4
3n � 1

3n�1yn � 1
3
(3)n�2yn�1 � . . .� 1

2
y1

	 

:

2.5 Estimation of Parameters and Predictions of Records 67



2.6 Weibull Distribution

Let {Xn, n > 1} be a sequence of i.i.d random variables from standard Weibull
distribution with pdf

f(x) ¼ xc�1e�x
c

, x[ 0, c[ 0, ð2:6:1Þ

and cdf

F(x) ¼ 1� e�
1
cx

c

, x[ 0, g[ 0,

Let μn = E(X(n), Vn,n = Var(X(n)) and Vmn = Cov(X(m)X(n)), m < n, then

ln ¼ c1=c
C nþ 1

c

� �
C(n)

,Vn;n ¼ c2=c
C nþ 2

c

� �
C nþ 1

c

� ��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2

� �q
ffiffiffiffi
(n

p
)

0
@

1
A

28><
>:

9>=
>;:

and

Vm;n ¼
C mþ 1

c

� �
C(m)

c2=c
C nþ 2

c

� �
C nþ 1

c

� �� C nþ 1
c

� �
C(n)

8<
:

9=
;,for 1 \m \n:

We will consider the following pdf f x; l; rð Þ, for Weibull distribution,

f (x; l; r) ¼ (x� l)c�1

rc
e�

1
c

x�l
rð Þc �1\l\x\1; r[ 0:

2.6.1 Minimum Variance Linear Unbiased Estimators
of μ and σ

Theorem 2.6.1 The minimum variance linear unbiased estimators l̂ and r̂ of μ and
σ based on the record values X(1),X(2,,..,X(n)are

l̂ ¼
Xm
k¼1

ckX(k); and r̂ ¼
Xm
k¼1

dkX(k);
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where

c1 ¼ ambm
D

(cþ 1)c�2=c

C 1þ 1
c

� � ; ci ¼ ambm
D

c�2=c c� !ð Þ C(i)

C iþ 2
c

� � ; i ¼ 2; 3; . . .;m� 1;

cm ¼ 1� ambm
D

c�2=c cþ 1

C 1þ 2
c

� � þ c� 1ð Þ
Xm�1

i¼2

C(i)

C iþ 2
c

� �
2
4

3
5;

d1 ¼ � bm(cþ 1)c�2=c

D
;

di ¼ � bm
D

(c� 1)c�2=c C(i)

C iþ 2
c

� � ; i ¼ 2; 3; . . .;m� 1;

dm ¼ bm
D

c�
2
c

cþ 1

C 1þ 2
c

� � þ (c� 1)
Xm�1

i¼2

C(i)

C iþ 2
c

� �
2
4

3
5;

where

D ¼ ambmT� 1,

T¼c�2=c cþ 1

C 1þ 2
c

� � þ c� 1ð Þ
Xm�1

i¼2

C ið Þ
C iþ 2

c

� � þ C(m)

C mþ 2
c

� � mc� c� 1ð Þ mc� cþ 2ð Þ bm�1

bm
� 1

	 
2
4

3
5

am ¼ c1=c
mþ 1

c

� �
(m)

and bm ¼ c1=c
nþ 2

c

� �
nþ 1

c

� �� nþ 1
c

� �
C(n)

8<
:

9=
;

We can write

V(R) ¼ r2V,V ¼ (Vi;j),Vi;j ¼ aibj,1\i\j\m and Vi;j ¼ Vj;i:

The inverse V−1 (= Vi,j) can be expressed as

Viþ 1;i ¼ Vi;iþ 1 ¼ � 1
aiþ 1bi � aibiþ 1

¼ �(2iþ 1), i ¼ 1,2,. . .,m� 1,

Vi;i ¼ aiþ 1bi�1 � ai�1biþ 1

aibi�1 � ai�1bið Þ aiþ 1bi � aibiþ 1ð Þ , i ¼ 1,2,. . .,n,

Vi;j ¼ 0; for i� jj j[ 1,

where a0 ¼ 0 ¼ bnþ 1 and b0 ¼ 1 ¼ anþ 1. On simplification, we obtain
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Vi;i ¼ c�2=c C(i)

C iþ 1
c

� � c2(2i2 � 2iþ 1)þ c(4iþ 2)þ 1
� �

, i ¼ 1,2,. . .,m� 1,

Vm;m ¼ c�2=c C(n)

C nþ 2
c

� � bn�1

bn
(nc� cþ 1)(nc� cþ 2)½ �:

The minimum variance linear unbiased estimates (MVLUE) l̂; r̂ of μ and σ
respectively are

l̂ ¼ �d
0
V�1(Ld

0 � dL
0
)V�1X=D

r̂ ¼ L
0
V�1(Ld

0 � dL
0
)V�1X=D;

where

D ¼ (L
0
V�1L)(d

0
V�1d)� (L

0
V�1d)2,

X0 ¼ X(1),X(2),. . ..X(n)ð Þ

and

Var(l̂) ¼ r2L
0
V�1d=D;

Var(r̂) ¼ r2L
0
V�1L=D

Cov(l̂,r̂) ¼ �r2L
0
V�1d=D.

On simplification, we obtain the MVLUEs l̂; r̂ of μ and σ. The corresponding
variances and the covariance of the estimates are

Var(l̂) ¼ r2
anbn
D

Var(r̂) ¼ r2
b2nT
D

Cov(l̂; r̂) ¼ �r2
bn
D
.

Best Linear Invariant Estimators (BLIEs) of μ and σ.

Theorem 2.6.2 The best linear invariant (in the sense of minimum mean squared
error and invariance with respect to the location parameter μ) estimators (BLIEs)
~l; ~r of μ and σ are

~l ¼ l̂� r̂
E12

1þE22
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and

~r ¼ r̂=(1þE22),

where l̂ and r̂ are MVLUE of l and r and

Var(l̂) Cov(l̂; r̂)
Cov(l̂; r̂) Var(r̂Þ

	 

¼ r2

E11 E12

E12 E22

	 


The mean squared errors of these estimators are

MSEð~l) ¼ r2 E11 � E2
12(1þE22)�1� �

and

MSE(~rÞ ¼ r2E22(1þE22)�1:

Using the values of E11, E12 and E22 from (2.62.4), we obtain

~l ¼ l̂þ r̂
bm

Dþ b2mT

	 


and

~r ¼ r̂
D

Dþ b2mT
:

Exercise 2.6.2 Show that if μ = 0, then MVLUE estimator of σ based on the record
values X(1),X(2),…,X(m) for known v is

�r ¼ c0X(m),
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Chapter 3
Extreme Value Distributions

3.1 Introduction

In this chapter some distributional properties of extreme value distributions will be
presented.

Extreme value distributions arise in probability theory as limit distributions of
maximum or minimum of n independent and identically distributed random vari-
ables with r some normalizing constants. For example if X1, X2, …, Xn are n
independent and identically distributed random variables. Then the largest order
statistic Xn,n, if it has a non degenerate limiting distribution, then with some nor-
malizing constants its distribution will tend to one of the following three types of
limiting extreme value distributions as n ! ∞.

(1) Type 1: (Gumbel) F(x) = exp(−e−x), for all x,
(2) Type 2: (Frechet) F(x) = exp(−x−d), x > 0, d > 0
(3) Type 3: (Weibull) F(x) = exp(-(-x)d ), x < 0, d > 0,

Since the smallest order statistic X1,n = Yn,n, where Y = −X, X1,n with some
appropriate normalizing constants will also converse to one of the above three
limiting distributions if we change to −X in (1), (2) and (3). Gumbel (1958) has
given various applications of these distributions.

Suppose X1, X2, … Xn be i.i.d random variable having the distribution function
F(X) with F(x) = 1 − e−x. Then with normalizing constant an = ln n and bn = 1, P
(Xn.n < an + bnx) = P(Xn,n < ln n + x) ¼ ð1� e�ðln nþ xÞÞn ¼ ð1� e�x

n Þn ! e�e
�x

as n!1. Thus the limiting distribution of Xn,n when X’s are distributed as ex-
ponential with unit mean is Type 1 extreme value distribution as given above. It can
be shown that Type 1 (Gumbel distribution) is the limiting distribution of Xn,n when
F(x) is normal, log normal, logistic, gamma etc. The type 2 and type 3 distributions
can be transformed to Type 1 distribution by the transformations ln X and—ln X
respectively. We will denote the Type 1 distribution as T10 and Type 2 and Type 3
distribution as T2d and T3d respectively. If the Xn,n of n independent random

© Atlantis Press and the author(s) 2016
M. Ahsanullah, Extreme Value Distributions, Atlantis Studies
in Probability and Statistics 8, DOI 10.2991/978-94-6239-222-9_3

73



variables from a distribution F has the limiting distribution T, then we will say that
F belongs to the domain of attraction of T and write F 2 D(T).

The extreme value distributions were originally introduced by Fisher and Tippet
(1928). These distributions have been used in the analysis of data concerning
floods, extreme sea levels and air pollution problems; for details see Gumbel
(1958), Horwitz (1980), Jenkinson (1955) and Roberts (1979).

3.2 The Pdfs of the Extreme Values Distributions

3.2.1 Type 1 Extreme Value for Xn,n

The cumulative distribution function of type 1 extreme value distribution (T10) is
given in Fig. 3.1.

The type I extreme value is unimodal with mode at 0 and the points of inflection
are at ±ln ð3þ ffiffiffi

5
p Þ=2� �

. The pth percentile gp, (0 < p < 1) of the curve can be
calculated by the relation gp ¼ � lnð� ln pÞ. The median of X is � ln ln 2. The
moment generating function M10(t), of the distribution for some t, 0 < |t| < d, is

-5 -4 -3 -2 -1 0 1 2 3 4 5

0.1

0.2
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0.8

0.9

x

CDF

Fig. 3.1 CDF of T10
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M10(t) =
R1
�1 etxe�xe�e

�x
dx ¼ etCð1� tÞ. The mean = c, the Euler’s constant

and the variance = p2=6:

3.2.2 Type 2 Extreme Value Distribution for Xn,n

The cumulative distribution function of T2,3, T2,5 and T2.10 are given in Fig. 3.2.
The mode of T21 is at x = 1/2. For T2d the mode is at 1/(d + 1), for d > 1,

EðXÞ ¼ Cð1� 1
dÞ and for d[ 2;Var(X) ¼ Cð1� 2

dÞ � ðCð1� 1
dÞÞ2:

3.2.3 Type 3 Extreme Value Distribution for Xn,n

The cumulative distribution function of r type 3 for d = 3, 5 and 10 are given in
Fig. 3.3. Note for d = 1 T31 is the reverse exponential distribution.

The mode of the type 3 distribution is at d�1
d

� �1
d. For type 3 distribution,

E(XÞ ¼ C 1þ 1
dð Þ and Var(XÞ ¼ Cð1þ 2

dÞ � C 1þ 1
dð Þð Þ2.

Table 3.1 gives the percentile points of T10, T21, T31 and T32 for some selected
values of p.

0 1 2 3 4 5
0 .0 

0 .5 

1 .0 

1 .5 

2 .0 

x

CDF

Fig. 3.2 CDFs T2,3—Black, T2,5—Red, T2,10—Green
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3.3 Domain of Attraction

In this section we will study the domain of attraction of various distributions. The
maximum order statistics Xn,n of n independent and identically distributed random
variable will considered first. We will say that Xn,n will belong to the domain of
attraction of T(x) if the lim

n!1PðXnn� anþ bnxÞ ¼ T(xÞ for some sequence of nor-

malizing constants an and bn
For example consider the uniform distribution with pdf f(x) = 1, 0 < x < 1.

Then for t < 0, P(Xnn < 1 + t/n) = (1 + t/n)n ! et. Thus Xnn from the uniform
distribution belong to the domain of attraction of T(x), T(x) = ex, −∞ < x < 0.

- 2 . 0 - 1 .8 -1 .6 - 1 .4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0 . 0 
0 . 0 

0 . 1 

0 . 2 

0 . 3 

0 . 4 

0 . 5 

0 . 6 

0 . 7 

0 . 8 

0 . 9 

1 . 0 

x

CDF

Fig. 3.3 CDFs T3,3—Black, T3,5—Red, T3,10—Green

Table 3.1 Percentile points
of T10, T21, T31 and T32

P T10 T21 T31 T32

0.1 −0.83403 0.43429 −2.30259 −1.51743

0.2 −0.47589 0.62133 −1.60844 −1.26864

−0.3 −0.18563 0.83058 −1.20397 −1.09726

0.4 0.08742 1.09136 −0.91629 −0.95723

−0.5 0.36651 1.44270 −0.69315 −0.83255

−0.6 0.67173 1.95762 −0.51083 −0.71472

0.7 1.03093 2.80367 −0.35667 −9.59722

0.8 1.49994 4.48142 −0.22314 −0.47239

0.9 2.2504 9.49122 −0.10536 −0.324598
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The following lemma will be helpful in proving the theorems of the domain of
attraction.

Lemma 3.3.1 Let {Xn, n > 1} be a sequence of independent and identically dis-
tributed random variables with distribution function F. Consider a sequence {en,
n > 1} of real numbers. Then for any n, 0 < n < ∞, the following two statements
are equivalent

(i) lim
n!1 nðFðenÞÞ ¼ n

(ii) lim
n!1P Xn;n� en

� � ¼ e�n.

Proof Suppose (i) is true, then

lim
n!1PðXn;n� enÞ ¼ lim

n!1FnðenÞ ¼ lim
n!1ð1� FðenÞÞn

¼ lim
n!1ð1� n=nþ o(1ÞÞn ¼ e�n:

Suppose (ii) is true, then

e�n ¼ lim
n!1PðXn;n� enÞ ¼ lim

n!1FnðenÞ ¼ lim
n!1ð1� FðenÞÞn

Taking the logarithm of the above expression, we get

lim
n!1 n lnð1� FðenÞÞ ¼ �n:nFðenÞð1þ oð1ÞÞ ! n

Note: The above theorem is true if n = ∞.

3.3.1 Domain of Attraction of Type I Extreme Value
Distribution for Xn,n

The following theorem is due to Gnedenko (1943).

Theorem 3.3.1 Let X1, X2, … be a sequence of i.i.d random variables with dis-
tribution function F and b(F) = sup{x: F(x) < 1}. Then F 2 T10 if there exists a
positive function g(t) such that

lim
t!eðFÞ

F̂ðtþ xgðtÞÞ
F̂ðtÞ ¼ e�x;F

 ¼ 1� F for all real x:

3.3 Domain of Attraction 77



Proof We choose the normalarizing constants an and bn of Xn,n such that

an ¼ inf x:FðxÞ� 1
n

� �
bn ¼ gðanÞ. an ! bðFÞ as n!1: Suppose lim

t!eðFÞ
F̂ðtþ xgðtÞÞ

F̂ðtÞ

¼ e�x;F
 ¼ 1� F, then lim

n!1 nFðanþ bnxÞ ¼ lim
n!1 n�FðanÞ Fðan þ bnxÞ

FðanÞ

� �
¼ e�x lim

n!1
nFðanÞ ¼ e�x. By Lemma 3.3.1. we have PðXn;n� anþ bnxÞ ¼ e�e

�x
.

Suppose PðXn;n� anþ bnxÞ ¼ e�e
�x

we have by Lemma 2.1.1,
lim
n!1 nFðanþ bnxÞ ¼ e�x.

e�x ¼ lim
n!1 n�Fðanþ bnxÞ ¼ lim

n!1 n�FðanÞðFðanþ bnxÞ
FðanÞ

Þ ¼ lim
n!1ð

Fðanþ bnxÞ
FðanÞ

Þ

¼ lim
t!eðFÞ

F̂ðtþ xgðtÞÞ
F̂ðtÞ

The following Lemma (see Von Mises 1936) gives a sufficient condition for the
domain of attraction of Type 1 extreme value distribution for Xn,n.

Lemma 3.3.2 Suppose the distribution function F has a derivative on [c0, b(F)] for

some c0, 0 < c0 < b(F), then if lim
x"bðFÞ

f ðxÞ
�FðxÞ ¼ c; c[ 0, then F 2 D(T10).

Example 3.3.1 The exponential distribution F(x) = 1 − e−x satisfies the sufficient

condition, since lim
x!1

f ðxÞ
�FðxÞ ¼ 1. For the logistic distribution FðxÞ ¼ 1

1þe�x ;

lim
x!1

f ðxÞ
�FðxÞ ¼ lim

x!1
1

1þe�x ¼ 1. Thus the logistic distribution satisfies the sufficient

condition.

Example 3.3.2 For the standard normal distribution with x > 0, (see Abramowitz
and Stegun 1968, p. 932)

Fðx) ¼ e�x22
x
ffiffiffiffi
2p
p hðxÞ, where hðxÞ ¼ 1� 1

x2 þ 1:3
x4 þ � � � þ ð�1Þ

n1:3...ð2n�1Þ
x2n þRn and

Rn ¼ ð�1Þnþ 11:3. . .ð2nþ 1Þ R1x e�1
2u2ffiffiffiffi

2p
p

u2nþ 2 du which is less in absolute value than the

first neglected term.

It can be shown that g(t) = 1/t + 0(t3). Thus lim
t!1

Fðt + xg(t))
Fðt)

¼

lim
t!1

tet
2
2

t + xg(t)ð Þe1
2ðtþ xgðtÞÞ2

hðtþ xgðtÞÞ
hðtÞ ¼ lim

t!1
e�xmðt;xÞ
tþ xgðtÞ ; where m t; xð Þ ¼ gðtÞ ðtþ 1

2 xg(tÞ.

Since as t ! ∞, m(t, x) ! 1, we lim
t!1

Fðt + xg(t))
Fðt)

¼ e�x. Thus normal distribu-

tion belong to the domain of attraction of Type I distribution.

Since lim
x!1

e�x2
2ffiffiffiffi

2p
p

xFðx)
¼ lim

x!1 hðxÞ ¼ 1, the standard normal distribution does not

satisfy the Von Mises sufficient condition for the domain of attraction of the type I
distribution.
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We can take an ¼ 1
bn
� bn

2 ðln ln nþ 4pÞ and bn ¼ ð2 ln ln nÞ�1=2. However this
choice of an and bn is not unique. The rate of convergence of PðXn;n � anþ bnxÞ to
T10(x) depends on the choices of an and bn.

3.3.2 Domain of Attraction of Type 2 Extreme Value
Distribution for Xn,n

Theorem 3.3.2 Let X1, X2, … be a sequence of i.i.d random variables with dis-
tribution function F and e(F) = sup{x: F(x) < 1}. If b(F) = ∞, then F 2 T2d if

lim
t!1

Fðtx)
Fðt)
¼ x�d for x > 0 and some constant d > 0.

Proof Let an ¼ inf x: Fðx)� 1
n

� �
, then an !1 as n!1: Thus

lim
n!1 n(FðanxÞÞ ¼ lim

n!1 n(FðanÞÞ FðanxÞ
FðanÞ

¼ x�d lim
n!1 nFðanÞ:

It is easy to show that lim
n!1 nFðanÞ ¼ 1: Thus lim

n!1 n(FðanxÞÞ ¼ x�d and the proof

of the Theorem follows from Lemma 2.1.1.

Example 3.3.3 For the Pareto distribution with Fðx) ¼ 1
xd ; d[ 0; 0\x\1

lim
t!1

Fðtx)
Fðt)
¼ 1

xd. Thus the Pareto distribution belongs to T2d.

The following Theorem gives a necessary and sufficient condition for the
domain of attraction of Type 2 distribution for Xn,n when e(F) < ∞.

Theorem 3.3.3 Let X1, X2, … be a sequence of i.i.d random variables with dis-
tribution function F and b(F) = sup{x: F(x) < 1}. If b(F) < ∞, then F 2 T2d if

lim
t!1

FðeðFÞ�1
txÞ

Fðe(F)�1
tÞ
¼ x�d for x > 0 and some constant d > 0.

Proof Similar to Theorem 3.3.2.

Example 3.3.4 The truncated Pareto distribution fðxÞ ¼ d
xdþ 1 � 1

1�bd, 1 < x < b,

b > 1, lim
t!1

FðeðFÞ�1
txÞ

Fðe(F)�1
tÞ
¼ lim

t!1
Fðb�1

txÞ
Fðb�1

tÞ
¼ lim

t!1
b� 1

tx

� ��d
�b�d

b�1
t

� ��d
�b�d

¼ x�1. Thus the truncated

Pareto distribution belongs to the domain of attraction of Type T21 distribution.
The following Lemma (see Von Mises 1936) gives a sufficient condition for the

domain of attraction of Type 2 extreme value distribution for Xn,n.

Lemma 3.3.3 Suppose the distribution function F is absolutely continuous in [c0, e

(F)] for some c0, 0 < c0 < e(F), then if lim
x"eðFÞ

xf ðxÞ
�FðxÞ ¼ d; d[ 0, then F 2 D(T2d).
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Proof Let qðxÞ ¼ xf ðxÞ
�FðxÞ, then qðx) ¼ �x d

dx ln Fðx)� �
: Thus Fðx) ¼ ke�

R x

caa

qðuÞ
u du,

where k is a positive constant and c0 < a < e(F).

Now lim
t!1

Fðtx)
Fðt)
¼ lim

t!1 e�
R ttx qðuÞ

u du ¼ lim
t!1 e�

R xx

1

qðtuÞ
u du ¼ e�d ln x ¼ x�d

Example 3.3.5 The truncated Pareto distribution fðxÞ ¼ d
xdþ 1 � 1

1�b�d, 1 < x < b,

b > 1, lim
x!1

xf(x)
Fðx)

¼ lim
x!b

dx�d
x�d�b�d ¼ 1. Thus the truncated Pareto distribution does

not satisfy the Von Mises sufficient condition. However it belongs to the domain of

attraction of the type 2 extreme value distribution, because lim
t!1

FðeðFÞ�1
txÞ

Fðe(F)�1
tÞ
¼ x�d for

x > 0 and some constant d>.

3.3.3 Domain of Attraction of Type 3 Extreme Value
Distribution for Xn,n

The following theorem gives a necessary and sufficient condition for the domain of
attraction of type 3 distribution for Xn,n.

Theorem 3.3.4 Let X1, X2, … be a sequence of i.i.d random variables with dis-
tribution function F and e(F) = sup{x: F(x) < 1}. If e(F) < ∞, then F 2 T3d

if lim
t!0þ

FðeðFÞþ txÞ
Fðe(F) �tÞ

¼ ð�x)d for x < 0 and some constant d > 0.

Proof Similar to Theorem 3.3.3.

Suppose X is a negative exponential distribution truncated at x = b > 0. The pdf

of X is f(x) ¼ e�x
F(b), then for x < 0, PðXnn� bþ xðeb�1Þ

n Þ ¼
1�e�ðbþ xðeb�1Þ

n Þ
1�e�b

	 
n

! ex as n!1:

Thus the truncated exponential distribution belongs to T31.

Since lim
t!0þ

FðeðFÞþ txÞ
Fðe(F)�tÞ

¼ lim
t!0þ

e�ðbþ txÞ�e�b
e�ðb�tÞ�e�b ¼ �x, the truncated exponential distri-

bution satisfies the necessary and sufficient condition for the domain of attraction of
type 3 distribution for maximum.

The following Lemma gives Von Mises sufficient condition for the domain of
attraction of type 3 distribution for Xn,n.

Lemma 3.3.4 Suppose the distribution function F is absolutely continuous in [c0, e

(F)] for some c0, 0 < c0 < e(F) < ∞, then if lim
x"eðFÞ

ðeðFÞ�xÞf ðxÞ
FðxÞ ¼ d; d[ 0:, then

F 2 D(T3d).
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Proof Similar to Lemma 2.1.3.

Example 3.3.6 Suppose X is a negative exponential distribution truncated at x =

b > 0, then the pdf of X is f(x) ¼ e�x
F(b). Now lim

x"eðFÞ
ðeðFÞ�xÞf ðxÞ

FðxÞ ¼ lim
x"b
ðb�xÞe�x
e�x�e�b ¼ 1.

Thus the truncated exponential distribution satisfies the Von Mises sufficient con-
dition for the domain of attraction to type 3 distribution.

A distribution that belongs to the domain of attraction of Type 2 distribution
cannot have finite e(F). A distribution that belongs to the domain of attraction of
Type 3 distribution must have finite e(F). The normalizing constants of Xn,n are not
unique for any distribution. From the table it is evident that two different distri-
butions (exponential and logistic) belong to he domain of attraction of the same
distribution and have the same normalizing constants. The normalizing constants
depends on F and the limiting distribution. It may happen that Xn,n with any
normalizing constants may not converge in distribution to a non degenerate limiting
distribution but Wnn where W = u(X), a function of X, may with some normalizing
constants may converge in distribution to one of the three limiting distribution. We
can easily verify that the rv X whose pdf, fðxÞ ¼ 1

xðln xÞ2 ; x� e does not satisfy the

necessary and sufficient conditions for the convergence in distribution of Xn,n to any
of the extreme value distributions. Suppose W ¼ ln X , then FW(x) = 1 − 1/x for
y > 1. Thus with as an ¼ 0 and bn = 1/n, P(Wn,n < x) ! T31 as n ! ∞.

Following Pickands (1975), the following theorem gives a necessary and suffi-
cient condition for the domain of attraction of Xn,n from a continuous distribution.

Theorem 3.3.5 For a continuous random variable the necessary and sufficient
condition for Xn,n to belong to the domain of attraction of the extreme value
distribution of the maximum is

lim
c!0

F�1ð1� cÞ � F�1ð1� 2cÞ
F�1ð1� 2cÞ � F�1ð1� 4cÞ ¼ 1 if F 2 T10;

lim
c!0

F�1ð1� cÞ � F�1ð1� 2cÞ
F�1ð1� 2cÞ � F�1ð1� 4cÞ ¼ 21=d if F 2 T2d

and

lim
c!0

F�1ð1� cÞ � F�1ð1� 2cÞ
F�1ð1� 2cÞ � F�1ð1� 4cÞ ¼ 2�1=d if F 2 T3d

Example 3.3.7 For the exponential distribution, E(0, r), with pdf

fðxÞ ¼ r�1e�r
�1 x; x[ 0, F�1ðxÞ ¼ �r�1 lnð1� xÞ and lim

c!0

F�1ð1�cÞ�F�1ð1�2cÞ
F�1ð1�2cÞ�F�1ð1�4cÞ ¼

lim
c!0

� lnf1�ð1�cÞgþ lnf1�ð1�2cÞg
� lnf1�ð1�2cÞgþ lnf1�ð1�4cÞg ¼ 1. Thus the domain of attraction of Xnn from the

exponential distribution, E(0, r), is T10.
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For the Pareto distribution, P(0, 0, a) with pdf fðxÞ ¼ a x�ðaþ 1Þ; x[ 1; a[ 0,

F�1ðxÞ ¼ ð1� xÞ�1=a and lim
c!0

F�1ð1�cÞ�F�1ð1�2cÞ
F�1ð1�2cÞ�F�1ð1�4cÞ ¼ lim

c!0

c�1=a�ð2cÞ�1=a
ð2cÞ�1=a�ð4cÞ¼1=a ¼ 21=a. Hence

the domain of attraction of Xnn from the Pareto distribution, P(0, 0, a) is T2a.
For the uniform distribution, U(−1/2, 1/2), with pdf fðxÞ ¼ 1

2, � 1
2\x\ 1

2,

F�1ðxÞ ¼ 2x� 1. We have lim
c!0

F�1ð1�cÞ�F�1ð1�2cÞ
F�1ð1�2cÞ�F�1ð1�4cÞ ¼ lim

c!0

2ð1�cÞ�1�2ð1�2cÞþ 1
2ð1�2cÞ�1�2ð1�4cÞþ 1 ¼ 2�1.

Consequently the domain of attraction of Xnn from the uniform distribution, U
(−1/2, 1/2) is T31.

It may happen that Xnn from a continuous distribution does not belong to the
domain of attraction of any one of the distribution. In that case Xn,n has a degen-
erate limiting distribution. Suppose the rv X has the pdf f(x), where
fðxÞ ¼ 1

xðln xÞ2 ; x� e. F�1ðxÞ ¼ e
1

1�x; 0\x\1.

Then

lim
c!0

F�1ð1� cÞ � F�1ð1� 2cÞ
F�1ð1� 2cÞ � F�1ð1� 4cÞ ¼ lim

c!0

e
1
c � e

1
2c

e
1
2c � e

1
4c

¼ lim
c!0

e
1
c � 1

1� e
1
2c

¼ lim
c!0

2e
1
c

e
1
2c

¼ lim
c!0

2e
1
2c ¼ 1

Thus the limit does not exit. Hence the rv X does not satisfy the necessary and
sufficient condition given in Theorem 2.1.4.

Theorems 3.3.1–3.3.5 are also true for discrete distributions. If Xn,n is from
discrete random variable with finite number of points of support, then Xn,n can not
converge to one of the extreme value distributions. Thus Xn,n from binomial and
discrete uniform distribution will converge to degenerate distributions. The fol-
lowing Lemma (Galambos 1987, p. 85) is useful to determine whether Xn,n from a
discrete distribution will have degenerate distribution.

Lemma 3.3.5 Suppose X is a discrete random variable with infinite number points
in its support and taking values on non negative integers with P(X = k) = pk. Then
a necessary condition for the convergence of P(Xnn� anþ bn x) for a suitable
sequence of an and bn to one of the three extreme value distributions is
lim
k!1

pk
PðX � kÞ ¼ 0.

For the geometric distribution, P(X = k) = p(1 − p)k−1, k > 1, 0 < p < 1,
pk

PðX� kÞ ¼ p. Thus Xnn from the geometric distribution will have degenerate distri-

bution as limiting distribution of Xnn.
Consider the distribution: P X ¼ kð Þ ¼ 1

kðkþ 1Þ, k = 1, 2, …, then PðX[ kÞ ¼ 1
k

and lim
k!1

pk
PðX � kÞ ¼ lim

k!1
1

kþ 1 ¼ 0. But lim
t!1

Fðtx)
Fðt)
¼ x�1. Thus X belongs to the

domain of attraction of T21. The normalizing constants are an ¼ 0 and bn ¼ n.
However the condition lim

k!1
pk

PðX � kÞ ¼ 0 is necessary but not sufficient.
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Consider the discrete probability distribution whose P X ¼ kð Þ ¼ c
kðlnðkþ 1ÞÞ6,

k = 1, 2, … where 1=c ¼P1
k¼1

1
kðlnðkþ 1ÞÞ6 ffi 9:3781:

Since 1�Pn
k¼1

1
kðlnðkþ 1ÞÞ6 / 1

ðln nÞ5 ;
PðX¼nÞ

1�
Pn¼1

k¼1 PðX¼kÞ
! 0 as n!1. But this

probability distribution does not satisfy the necessary and sufficient conditions for
the convergence of Xn,n the extreme value distributions.

We can use the following lemma to calculate the normalizing constants for
various distributions belonging to the domain of attractions of T(x).

Lemma 3.3.6 Suppose PðXn;n\anþ bnxÞ ! TðxÞ as n!1, then

(i) an = F�1ð1� 1
nÞ; bn ¼ F�1ð1� 1

neÞ � F�1ð1� 1
nÞ if T(x) = T10(x),

(ii) an ¼ 0; bn ¼ F�1ð1� 1
nÞ if T(x) = T2d(x),

(iii) an ¼ F�1ð1Þ; bn ¼ F�1ð1Þ � F�1ð1� 1
nÞ if T(x) = T3d(x).

We have seen that the normalizing constants are not unique. However we can
use the following Lemma to select simpler normalizing constants.

Lemma 3.3.7 Suppose an and bn is a sequence of normalizing constants for Xnn

for the convergence to the domain of attraction of any one of the extreme value

distributions. If a�n and b�n is another sequence such that lim
n!1

an�b�n
bn
¼ 0 and

lim
n!1

b�n
bn
¼ 0, then a�n and b�n can be substituted for as the normalizing constants

an and bn for Xn,n.

Example 3.3.8 We have seen that for the Cauchy distribution with pdf f(xÞ ¼
1

pð1þ x2Þ ;�1\x\1 the normalizing constants as an ¼ 0 and bn ¼ cotðp=nÞ.
However we can take a�n ¼ 0 and b�n ¼ n

p.
Table 3.2 gives the normalizing constants for some well known distributions

belonging to the domain of attraction of the extreme value distributions.
Pdfs of Extreme Value distributions for X1,n.
Let us consider X1,n of n i.i.d random variables. Suppose P(X1n < cn + dn

x) ! H(x) as n ! ∞, then the following three types of distributions are possible
for H(x).

Type 1 distribution H10ðxÞ¼ 1� e�e
x
;�1\x\1.

Type 2 distribution H2dðxÞ ¼ 1� e�ð�xÞ
�d
; x\0; d[ 0.

Type 3 distribution H3dðxÞ ¼ 1� e�x
d
; x[ 0; d[ 0:

It may happen that Xn,n and X1n may belong to different types of extreme value
distributions. For example consider the exponential distribution, f(x) = e−x, x > 0.
The Xnn belongs to the domain of attraction of the type 1 distribution of the
maximum, T10. Since P(X1n > n−1x) = e−x, X1n belongs to the domain of attraction
of Type 2 distribution of the minimum, H21. It may happen that Xn,n does not
belong to any one of the three limiting distributions of the maximum but X1n belong
to the domain of attraction of one of the limiting distribution of the minimum.
Consider the rv X whose pdf, fðxÞ ¼ 1

xðln xÞ2 ; x� e. We have seen that F does not
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satisfy the necessary and sufficient conditions for the convergence in distribution of
Xn,n to any of the extreme value distributions. However it can be shown that P(X1,

n > an + bnx) ! e−x as n ! ∞ for an = e and bn ¼ e�
n�1
n � e. Thus the X1n

belongs to the domain of attraction of H21.
If X is a symmetric random variable and Xn,n belongs to the domain of attraction

of Ti(x), then X1n will belong to the domain of attraction of the corresponding
Hi(x), i = 1, 2, 3.

3.4 Domain of Attraction for X1,n

The following Lemma is needed to prove the necessary and sufficient conditions for
the convergence of X1n to one of the limiting distributions H(x).

Lemma 3.4.1 Let {Xn, n > 1} be a sequence of independent and identically dis-
tributed random variables with distribution function F. Consider a sequence (en,
n > 1} of real numbers. Then for any n, 0 < n < ∞, the following two statements
are equivalent

ðiiiÞ lim
n!1 nðFðenÞÞ ¼ n

(iv) lim
n!1P Xn;n [ en

� � ¼ e�n.

Proof The proof of the Lemma follows from Lemma 2.1.1 by considering the fact
PðX1n [ enÞ ¼ ð1� FðenÞÞn.

3.4.1 Domain of Attraction for Type 1 Extreme Value
Distribution for X1,n

The following theorem gives a necessary and sufficient condition for the conver-
gence of X1n to H10(x).

Theorem 3.4.1 Let X1, X2, … be a sequence of i.i.d random variables with dis-
tribution function F. Assume further that E(X|X < t) is finite for some t[ aðFÞ and
h(t) = E(t − X|X < t). Then F 2 H10 if lim

t!aðFÞ
Fðtþ xhðtÞÞ

FðtÞ ¼ ex for all real x.

Proof Similar to Theorem 3.3.1.

Example 3.4.1 Suppose the logistic distribution with FðxÞ ¼ 1
1þe�x, −∞ < x < ∞.

Now hðtÞ ¼ Eðt � xjX � tÞ ¼ t � ð1þ e�tÞ R t
�@

xe�x
ð1þe�xÞ2 dx ¼ ð1þ e�tÞ lnð1þ etÞ.
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It can easily be shown that h(t) ! 1 as t ! −∞. We have lim
t!aðFÞ

Fðtþ xhðtÞÞ
FðtÞ ¼

lim
t!�1

1þe�t
1þe�ðtþ xhðtÞÞ ¼ lim

t!�1
etþ xhðtÞ þexhðtÞ

1þetþ xhðtÞ ¼ ex: Thus X1n from logistic distribution

belongs to the domain of H10.

3.4.2 Domain of Attraction of Type 2 Distribution for X1,n

Theorem 3.4.2 Let X1, X2, … be a sequence of i.i.d random variables with dis-

tribution function F then F 2 H2d if aðFÞ ¼ �1 and lim
t! aðFÞ

FðtxÞ
FðtÞ ¼ xd for all x > 0.

Proof Suppose H2dðxÞ ¼ 1� e�ð�xÞ
�d
; x\0; d[ 0, then we have

lim
t! aðFÞ

FðtxÞ
FðtÞ ¼ lim

t!�1
1� e�ð�txÞ

�d

1� e�ð�tÞ
¼d ¼ lim

t!�1
dxð�txÞ�ðdþ 1Þe�ð�txÞ

�d

dð�tÞ�ðdþ 1Þe�ð�tÞ
¼d ¼ x�d; d[ 0:

Let lim
t! aðFÞ

FðtxÞ
FðtÞ ¼ x�d; d[ 0: We can write Let an ¼ inf x: Fðx)� 1

n
� �

, then

an ! �1 as n!1:

Thus lim
n!�1 n(F(anxÞÞ ¼ lim

n!�1 n(F(anÞÞ F(anxÞF(anÞ ¼ x�d lim
n!�1 nF(anÞ:

It is easy to show that lim
n!�1 nF(anÞ ¼ 1: Thus lim

n!�1 n(F(anxÞÞ ¼ x�d and the

proof of the follows.

Example 3.4.2 For the Cauchy distribution FðxÞ ¼ 1
2 þ tan�1ðxÞ. Thus

lim
t! aðFÞ

FðtxÞ
FðtÞ ¼ lim

t!�1

1
2 þ 1

p tan
�1ðtxÞ

1
2 þ � 1

p tan
�1ðiÞ ¼ lim

t!�1
xð1þ t2Þ
1þðtxÞ2 ¼ x�1:

Thus F belongs to the domain of attraction of H21.

3.4.3 Domain of Attraction of Type 3 Extreme Value
Distribution

Theorem 3.4.3 Let X1, X2, … be a sequence of i.i.d random variables with dis-

tribution function F then F 2 H3d if aðFÞ is finite and lim
t!0

FðaðFÞþ txÞ
FðaðFÞþ tÞ ¼ xd; d[ 0 and

for all x > 0.

Proof The proof is similar to Theorem 3.4.2.
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Example 3.4.3 Suppose X has the uniform distribution with F(x) = x, 0 < x < 1.

Then lim
t)0

FðtxÞ
FðtÞ ¼ x. Thus then F 2 H31.

Following Pickands (1975), the following theorem gives a necessary and suffi-
cient condition for the domain of attraction of X1n from a continuous distribution.

Theorem 3.4.4 For a continuous random variable the necessary and sufficient
condition for X1n to belong to the domain of attraction of the extreme value dis-
tribution of the minimums

lim
c!0

F�1ðcÞ � F�1ð2cÞ
F�1ð2cÞ � F�1ð4cÞ ¼ 1 if F 2 H10;

lim
c!0

F�1ðcÞ � F�1ð2cÞ
F�1ð2cÞ � F�1ð4cÞ ¼ 21=d if F 2 H2d

and

lim
c!0

F�1ðcÞ � F�1ð2cÞ
F�1ð2cÞ � F�1ð4cÞ ¼ 2�1=d if F 2 H3d

Example 3.4.4 For the logistic distribution with Fðx) ¼ 1
1þe�x ;F

�1ðxÞ ¼ ln x�
lnð1� xÞ lim

c!0

F�1ðcÞ�F�1ð2cÞ
F�1ð2cÞ�F�1ð4cÞ ¼ lim

c!0

ln c�lnð1�cÞ�ln 2cþ lnð1�2cÞ
ln 2c�lnð1�2cÞ�ln 4cþ lnð1�4cÞ ¼ 1: Thus the domain

of attraction of X1n from the logistic distribution is T10.
For the Cauchy distribution with FðxÞ ¼ 1

2 þ tan�1ðxÞ. We have

F�1ðxÞ ¼ tan pðx� 1
2Þ ¼ � 1

px = for small x. Thus lim
c!0

F�1ðcÞ�F�1ð2cÞ
F�1ð2cÞ�F�1ð4cÞ ¼

1
2pc� 1

pc
1

4pc� 1
2pc
¼ 2.

Thus the domain of attraction of X1n from the Cauchy distribution is T21.
For the exponential distribution, E(0, r), with pdf fðxÞ ¼ r�1e�r

�1x; x[ 0,

F�1ðxÞ ¼ �r�1 lnð1� xÞ and lim
c!0

F�1ðcÞ�F�1ð2cÞ
F�1ð2cÞ�F�1ð4cÞ ¼ lim

c!0

� lnf1�cÞþ lnf1�2cÞ
� lnf1�2cÞþ lnf1�4cÞ ¼ 2�1.

Thus the domain of attraction of X1n from the exponential distribution, E(0, r), is
T31.

We can use the following lemma to calculate the normalizing constants for
various distributions belonging to the domain of attractions of H(x).

Lemma 3.4.2 Suppose PðX1n\cnþ dnxÞ ! HðxÞ as n!1, then

(i) cn ¼ F�1ð1nÞ; dn ¼ F�1ð1nÞ � F�1ð 1neÞ if HðxÞ ¼ H10ðxÞ;
(ii) cn ¼ 0; bn ¼ jF�1ð1nÞj if HðxÞ ¼ H2dðxÞ;
(iii) cn ¼ aðFÞ; bn ¼ F�1ð1nÞ � aðFÞ if HðxÞ ¼ H3dðxÞ.
We have seen (Lemma 2.1.6) that the normalizing constants are not unique for

Xn,n. The same is also true for the X1n.
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Example 3.4.3 For the logistic distribution with Fðx) ¼ 1
1þe�x ;X1;n when nor-

malized converge in distribution to Type 1 (H10) distribution. The normalizing

constants are cn ¼ F�1ð1nÞ ¼ ln 1=n
1�ð1=nÞ

� �
ffi � ln n and dn ¼ F�1ð1nÞ � F�1ð 1neÞ ¼ 1.

For Cauchy distribution with F(xÞ 12 þ 1
p tan

�1ðxÞ;X1n when normalized con-
verge in distribution to Type 2 (H21) distribution. The normalizing constants are
cn ¼ 0 and dn ¼ jF�1ð1nÞj ¼ tan pð12� 1

nÞ; n[ 2 (Table 3.3).
For the uniform distribution with F(x) = x, X1n when normalized converge in

distribution to Type 3 (H31) distribution. The normalizing constants are
cn ¼ 0; bn ¼ F�1ð1nÞ ¼ 1

n.
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Chapter 4
Inferences of Extreme Value Distributions

In this chapter some inferences of extreme value distributions will be given. Some
characterizations of the extreme value distributions are presented.

4.1 Type 1 Extreme Value (Gumbel) Distribution

Estimation of Parameters.

We will consider the following cdf f(x) of the type I extreme value distribution.

FðxÞ � expð� expðx� l
r

ÞÞ; r[ 0;

�1\x� l\1; l is any real number:

The Type 1 (Gumbel distribution) is the limiting distribution of Xn,n when F(x)
is normal, log normal, logistic, gamma etc.

Estimation of parameters of Type I extreme values based on lower record values
are in closed form. We will consider the estimation of the parameters based on the
lower record values.

For a given set of n observations, let X1,n < …. < Xn,n be the associated order
statistics. Suppose that P{an (Xn,n − bn) < x} ! G(x) as n ! ∞ for some suitable
constants an and bn. Then it is known (see Leadbetter et al. 1983, p. 33) that

PfanðXn�m;n � bnÞ� xg�!d GðxÞ
Xm�1

s¼0

½� lnGðxÞ�s
s!

ð4:1:1Þ

We have already seen that the right hand side of the above expression is the cdf
of the mth lower record value from the distribution function G(x).

© Atlantis Press and the author(s) 2016
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Thus the limiting distribution of the (n − m + 1)th order statistic (m finite) as
n ! ∞ from the generalized extreme value distribution is the same as the mth
lower record value from the generalized extreme value distribution. In this chapter
we will study the lower record values of GEV (l, r, c).

The pdf F(x) satisfies the following condition.
It is known (see Ahsanullah 1995) that if XL(m) is mth lower record from the cdf

as given in (4.1.1), then

XL mð ÞdX � rðW1 þ W2

2
þ � � � þ Wm�1

m� 1
Þ; c ¼ 0; ð4:1:2Þ

where X is the cdf as given in (4.1.2) and W1, W2, Wm are independent and
identically distributed with cdf F(x) = 1 − exp(x), x � 0.

Thus

Var XL mð Þ
� � ¼ r2V�

r;r; r ¼ 1; 2; . . .

Cov XL rð Þ;XL mð Þ
� � ¼ Var XL mð Þ

� �
; r\m;

with

t�1 ¼ t

t�j ¼ t�j�1 � ðj� 1Þ�1; j� 2;

V�
1; 1 ¼

p2

6
;

. . .

V�
j; j ¼ V�

j�1;j�1 � ðj� 1Þ�2; j� 2

Vm;n ¼ ðn� 1Þðn�mÞ

ðn� 1þ cÞðn�mÞ Vn;n:

Here

rð�iÞ ¼ rðr � 1Þ. . .ðr � iþ 1Þ for i ¼ 1; 2; . . .
¼ 0 for i = 0:

4.1.1 Minimum Variance Linear Unbiased Estimates
(MVLUE)

The Theorem follows by putting these relations in l̂ and r̂o and in their variances
and covariance.
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Theorem 4.1.1 The MVLUE l̂ and r̂ of l and r respectively based on the
observed record values r1, r2, …, rm are:

l̂ ¼ rm � v�mr̂

r̂ ¼ ðm� 1Þ�1
Xm�1

i¼1

ri � rm

Their corresponding variances and covariance are

Varðl̂Þ ¼ r2fðt�mÞ2ðm� 1Þ�1 þV�
mmg

Varðr̂Þ ¼ r2=ðm� 1Þ; and
Covðl̂; r̂Þ ¼ r2 t�m=ðm� 1Þ;

where

v�m ¼ EðXLðmÞÞ and v�mm ¼ Var XL mð Þð Þ:
Proof For c = 0, we have

EðXL rð ÞÞ ¼ lþ t�rr

Var XL mð Þ
� � ¼ r2V�

r;r; r ¼ 1; 2; . . .

Cov XL rð Þ;XL mð Þ
� � ¼ Var XL mð Þ

� �
; r\m;

with

t�1 ¼ t

t�j ¼ t�j�1 � ðj� 1Þ�1; j� 2;

V�
1;1 ¼

p2

6
;

. . .

V�
j;j ¼ V�

j�1;j�1 � ðj� 1Þ�2; j� 2

Here t is the Euler’s constant.
Let X ¼ V�1 ¼ ðVijÞ, then
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Vii ¼ i2 þ i� 1ð Þ2; i ¼ 1; 2; . . .;m� 1

Vij ¼ min i2; j2
� �

; i6¼j; i� jj j ¼ 1

¼ 0; if i� jj j[ 1

Vmm ¼ m� 1ð Þ2 þ 1=V�
mm:

10V�1 ¼ ð0; 0; . . .; 1=V�
mmÞ

a0V�1 ¼ ð1; 1; . . .; am=V�
mm � m� 1ð Þ

a0V�11 ¼ am=V
�
mm; a0V�1a ¼ amð Þ2=V�

mm þm� 1

and

D ¼ m� 1ð Þ=V�
mm:

Substituting these values in the expression of l̂ and r̂, where

l̂ ¼ �a0V�1f1a0 � a10gV�1r=D

r̂ ¼ 10V�1f1a0 � a10gV�1r=D

the results follow. For example for m = 6, the MVLUE of l and r for the type I
extreme value distribution is given by

r̂ ¼ 0:2ðr1 þ r2 þ r3 þ r4 þ r5Þ � r6

and

l̂ ¼ 0:3412ðr1 þ r2 þ r3 þ r4 þ r5Þ � 0:7061r6

Varðl̂Þ ¼ 0:7635r2;

Varðr̂Þ ¼ 0:2000r2; and

Covðl̂; r̂Þ ¼ �0:3412r2:

4.1.2 Best Invariant Estimates (BLIE)

Theorem 4.1.2 The BLIE ~l and ~r of l and r are:

~l ¼ l̂� t�mr̂=m
~r ¼ r̂ðm� 1Þ=m

MSEð~lÞ ¼ r2½V�
mm þðt�mÞ2=m�
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and

MSEð~rÞ ¼ r2=m:

where ~l and ~r are the MVLUE of l and r when c ¼ 0.

Proof We know

Varðl̂Þ ¼ r2fðt�mÞ2ðm� 1Þ�1 þV�
mmg

Varðr̂Þ ¼ r2=ðm� 1Þ; and

Covðl̂; r̂Þ ¼ r2t�m=ðm� 1Þ;

Since 1þE22 ¼ m
m�1, on simplification, we get the results. For m = 6,

r̂ ¼ 1
6
ðr1 þ r2 þ r3 þ r4 þ r5Þ � 5

6
r6;

l̂ ¼ 0:3981ðr1 þ r2 þ r3 þ r4 þ r5Þ � 0:9904r6

MSEð~lÞ ¼ 0:6665r2

and

MSEð~rÞ ¼ 0:1667r2:

4.2 Maximum Likelihood Estimates (MLE)

The solutions of the equations as given in (4.2.1) will give the MLE of l and r as

r_
�

‘ ¼ �r � rm

l_
�

‘ ¼ rm þ r_
�

‘ lnm
ð4:2:1Þ

where

�r ¼ ðr1 þ � � � þ rmÞ=m:

It can easily be shown that

Eðr_
�

‘Þ ¼
m

m� 1
r:

The bias in r_
�

‘ is � r2
m�1. The variance of r_

�

‘ is
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Varðr_�
‘Þ ¼

m
m� 1

� �2r2
m

:

Eðl_
�

‘Þ ¼ lþ rðv�m þ m� 1
m

ðlnmÞÞ:

Since v�m ¼ t� 1� 1
2 � 1

3 � � � � � 1
m�1, the bias in Eðl_

�

‘Þ is slight. We obtain on
simplification,

Varðl_
�

‘Þ ¼ r2½vr;r þðm� 1
m

Þ2 ðlnmÞ
2

m
�:

4.2.1 Characterization

We have that for the type I extreme value distribution, S(m) = m(XL(m) – XL(m+1)),
m = 1, 2, … as identically distributed negative exponential. Random variables.
Arnold and Villasenor (1997) raised the question whether the identical distribution
of S1 and 2S2 are i.i.d. negative exponential with unit mean can characterize the
Gumbel distribution. Al-Zaid and Ahsanullah (2003) proved the following theorem.

Theorem 4.2.1 Let {Xj, j = 1,….} be a sequence of independent and identically
distributed random variables with absolutely continuous (with respect to Lebesgue
measure) distribution function F(x). Then the following two statements are
identical.

(a) F xð Þ ¼ e�e�x
;�1\x\1;

(b) for a fixed m > 1, the condition XLðmÞ dXLðmþ 1Þ þ W
m ; where W is independent

of XL(n)and XL(n+1)and XL(n+1)and is distributed as exponential mean unity.

Proof It is easy to show that (a) ) (b),
We will prove here that (b) ) (a).
Suppose that for a fixed m > 1, XLðmÞ dXLðmþ 1Þ þ W

m ; then

FðmÞðxÞ ¼
Z x

�1
PðW �mðx� yÞfðmþ 1Þ ðyÞdy

¼
Z x

�1
½1� e�mðx�yÞfðmþ 1Þ ðyÞdy

¼ Fðmþ 1Þ xð Þ �
Z x

�1
e�mðx�yÞ fðmþ 1ÞðyÞdy:
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Thus

emx½Fðmþ 1ÞðxÞ � FðmÞðxÞ� ¼
Z x

�1
emyfðmþ 1ÞðyÞdy

Using the relation (1.1.7), we obtain

emx
FðxÞHmðxÞ
Cðmþ 1Þ ¼

Zx
�1

emyfðmþ 1ÞðyÞdy

Taking the derivatives of both sides we obtain

d
dx

emx
HmðxÞ

Cðmþ 1ÞFðxÞ
� �

¼ emxfðnþ 1ÞðxÞ

This implies that

d
dx

emx
HmðxÞ

Cðmþ 1Þ
� �

FðxÞ ¼ 0:

Thus

d
dx

emx
HmðxÞ

Cðmþ 1Þ
� �

¼ 0:

Hence

H xð Þ ¼ ce�x;�1\x\1

Thus

F xð Þ ¼ e�ce�x
;�1\x\1:

Since F(x) is a distribution, assuming F(0) = e−1, we obtain

F xð Þ ¼ e�e�x
; �1\x\1:

Corollary 4.2.4.1 If for some fixed m > 1, XUðmþ 1ÞdXUðmÞ þ W
m ; then we get a

characterization of the Gumbel distribution with F xð Þ ¼ 1� e�ex , −∞ < x < ∞.

Corollary 4.2.4.2 If m = 1, then relation XUð2Þ dXUð1Þ þW ; will give a charac-
terization of the negative exponential distribution.
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Remark 4.2.1 The condition that any one of the statistics m(XL(m) − XL(m+1)), m
(XU(m+1) − XU(m)), (XL(m) − XL(m+1)) or (XU(m+1) − XU(m)) is distributed as neg-
ative exponential do not characterize any distribution.

4.2.2 Applications

Example 4.2.1 Table 4.1 shows the one hour mean concentration of S02 from Long
Beach, California (taken from Roberts 1979) from 1979 to 1974. Roberts (1979)
fitted the Gumbel distribution F(x) = exp(−e−a(x−b)) to the annual maxima of the
hourly concentration of S02. He obtained by using complete data with a variant of
the least squared method, the estimates â; b̂ of a and b as â ¼ 0:081 and b̂ ¼ 31:5.
In terms of our notation r = 1/a and l = b. From the annual maxima of the hourly
concentration of S02, we obtain 47, 41, 32, 27, 20 and 18 as lower records values.

For the estimations of the location and scale parameters, we will use the first six
lower records i.e. m = 6. The minimum variance linear unbiased estimators of l
and r are

r̂ ¼ 0:2 47þ 41þ 32þ 27þ 20ð Þ � 18 ¼ 15:4

l̂ ¼ 0:3412 47þ 41þ 32þ 27þ 20ð Þ � 0:7061 18ð Þ ¼ 44:3

Table 4.1 Sulfur dioxide, 1-h average concentration (p phm). Monthly and annual maxima

Year Jan Feb Mar Apr May June July Aug Sep Oct Nov Dec Max

1956 47 31 44 12 13 3 14 21 33 33 40 32 47

1957 22 19 20 32 20 23 18 16 13 14 41 25 41

1958 15 13 30 12 24 13 37 20 32 27 27 68 68

1959 20 32 20 15 3 6 8 15 17 15 29 20 32

1960 22 18 23 20 8 13 14 9 13 16 27 20 27

1981 25 20 20 16 10 10 8 10 12 16 14 43 43

1962 20 13 15 18 10 1 10 10 11 11 14 7 20

1963 12 16 27 21 2 7 4 4 15 19 18 18 27

1964 16 10 3 3 19 9 16 25 4 14 18 21 25

1965 16 18 9 14 8 10 18 18 14 12 12 14 18

1966 27 33 25 10 17 30 13 18 22 15 25 23 32

1967 30 40 32 10 8 7 8 26 10 40 18 17 40

1968 51 30 18 22 10 19 22 25 26 29 50 40 51

1969 37 13 55 14 9 10 13 17 33 13 15 44 55

1970 23 18 19 11 15 12 25 40 25 20 12 8 40

1971 22 26 20 28 10 15 20 55 38 41 26 25 55

1972 30 32 18 27 37 13 23 19 21 31 25 13 37

1973 10 8 8 12 11 16 25 16 11 28 10 23 28

1974 8 9 9 13 8 34 9 9 25 11 19 15 34
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The best linear invariance estimators of l and r are

~l ¼ l̂� t�mr̂=m ¼ 48:7

~r ¼ r̂ðm� 1Þ=m ¼ 12:8

The maximum likelihood estimators of l and r are

r_
�

‘ ¼ �r � rm ¼ 12:8

l_
�

‘ ¼ rm þ r_
�

‘ lnm ¼ 51:7

4.3 Type II and Type II Distributions

The three types of extreme value distributions can be combined in one distribution
known as generalized order statistics.

A random variable X is said to have the generalized extreme value distribution if
its cumulative distribution function is of the following form:

FðXÞ ¼ exp½�f1� cr�1ðx� lÞg1=c�

where r > 0, c 6¼ 0 and

x\lþrc�1; for c[ 0

x[ lþrc�1; for c[ 0:

If c = 0 then

F xð Þ ¼ exp½�expf�ðx� lÞ=rg�; r[ 0;�1\x\1:

We will write X 2 GEV(l, r, c) if X has the cdf as given in (4.0.1).
Since

lim
c!0

f1� cr�1ðx� lÞg1=c ¼ expf�r�1ðx� lÞg; we can take

lim
c!0

GEVðl;r; cÞ ¼ GEVðl;r; 0Þ:

The density function of GEV(l, r, c) is

fðxÞ ¼ r�1f1� cr�1 ðx� lÞg1�c
c exp½�f1� cr�1ðx� lÞg1=c�; c 6¼ 0

x\1=c; for c[ 0;

x[ 1=c; for c\0;
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and

fðxÞ ¼ e�x expð�e�xÞ; for c ¼ 0; for all x:

Since we have already discussed about type I distribution c ¼ 0, we will con-
sider here the generalized extreme value c 6¼ 0, Further the estimation of location
and scale parameters can be estimated in closed form using record values, we will
restrict ourselves to record values of the generalized order statistics for c 6¼ 0.

4.3.1 Distributional Properties

It is known (see Leadbetter et al. 1980) that normalized Xn−k+1,n converges to kth
lower records. We will consider here the distributional properties of lower records
of the type 2 and type 3 distribution as part of generalized extreme value distri-
bution. If X 2 GEV(l, r, c), then we can write for c 6¼ 0, the pdf f(m) of the mth
lower record value as

f mð Þ xð Þ ¼ f1� cr�1ðx� lÞgðm�1Þ=cf �mðxÞ

where

f �mðxÞ ¼
f1� cr�1ðx� lÞgð1�cÞ=c

rðm� 1Þ! expf�ð1� cr�1ðx� lÞÞg1=c

From (4.1.1) and (4.1.2) it can be shown that

XL mð Þdlþrc�1f1� ðW1 þ � � � þWmÞcg; c 6¼ 0;

where W1, W2, Wm are independently distributed as exponential random variables
with mean unity.

E XL mð Þ
� � ¼ lþrc�1:f1� Cðmþ cÞ=C mð Þg:

Var XL mð Þ
� � ¼ r2c�2 E W1 þ � � � þWmð Þ2m� E W1 þ � � � þWmð Þf g2

h i
¼ r2c�2 Cðmþ 2cÞ

CðmÞ � fCðmþ cÞ
CðmÞ g2

� �
:

102 4 Inferences of Extreme Value Distributions



For r < m

c2r�2Cov XL rð Þ;XL mð Þ
� � ¼ f (

Xr
j¼1

WjÞcð
Xm
j¼1

WjÞc � E(
Xr
j¼1

WjÞcE(
Xm
j¼1

WjÞc

¼
Z 1

0

Z 1

0
ucðuþ vÞc e

�uur�1

CðrÞ
e�vvm�r�1

Cðm� rÞ dudv

¼ Cðrþ cÞCðrþ 2cÞ
CðrÞCðrþ cÞ � Cðrþ cÞCðmþ cÞ

CðrÞCðmÞ ;

since u and v are independent. Thus

Cov XL rð Þ;XL mð Þ
� 	 ¼ r20arbm; r\m

where

ar ¼ Cðrþ cÞ
CðrÞ ; bm ¼ Cðmþ 2cÞ

Cðmþ cÞ � Cðmþ cÞ
CðmÞ and r2

o ¼
r2

c2
:

Tables 4.2 and 4.3 give the values of E(XL(n)) and Var(XL(n)) for some selected
values of n and c.

4.3.2 Estimation of Parameters

Estimation of l and r for known c.

Table 4.2 Expected values
of XL(n)

n\c 0.5 1.0 1.5

5 −2.3619 −4.0000 −7.3301

10 −4.2460 −9.0000 −21.1944

15 5.6817 −14.0000 −39.0221

20 −6.8886 −19.0000 −60.0718

25 −7.9501 −24.0000 −84.9094

30 −8.9089 −29.0000 −110.2405

Table 4.3 Variances of XL(n) n\c c = 0.5 c = 1.0 c = 1.5

5 0.9738 5.0000 29.3843

10 0.9872 10.0000 108.7898

15 0.9915 15.0000 238.1350

20 0.9937 20.0000 417.5101

25 0.9950 25.0000 646.8852

30 0.9958 30.0000 926.2602
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4.3.2.1 Minimum Variance Linear Unbiased Estimates (MVLUE)

Theorem 4.3.2.1 Then the MVLUE l̂ and r̂o of l and ro respectively, based on
the observed m record values r1; r2; . . .; rm are:

l̂ ¼ D�1frmð10V�1aÞ � am10V�1rg
r̂o ¼ �D�1frmf10V�11Þ � 10V�1rg

where

D ¼ Cðmþ kÞf1
0V�11
CðmÞ � 1

bm
g; V ¼ fVijg;

V11 ¼ ð1þ cÞ2
c2

� 1
Cð1þ 2cÞ ; Vmm ¼ bm�1

bm

m� 1þ c
c2

� CðmÞ
Cðm� 1þ cÞ

Vii ¼ CðiÞ
Cðiþ 2cÞ �

1
c2

ffiþ cÞ2 þði� 1Þði� 1þ 2cÞg; i ¼ 2; . . .;m� 1;

Vij ¼ Vj i ¼ � iþ c
c2

Cðiþ 1Þ
Cðiþ 2cÞ ; j ¼ iþ 1; i ¼ 1; . . .;m� 1

Vij ¼ 0; if i� jj j[ 1;

10 ¼ 1; . . .; 1ð Þ; r0 ¼ ðr1; . . .; rmÞ; a0 ¼ ða1; . . .; amÞ;

ai ¼ 1� Cðiþ cÞ
CðiÞ ; i ¼ 1; 2; . . .;m;

Varðl̂Þ ¼ r2ofbmð10V�11Þ � 2þ Cðmþ cÞ
CðmÞ g=D

Varðr̂oÞ ¼ r2obmf10V�11g=D

and

Covðl̂; r̂oÞ ¼ �r2o fbmð10V�11� 1g=D:
Proof Let R = (XL(1), …, XL(m)). Then we can write

E Rð Þ ¼ l1þ r0a

Var Rð Þ ¼ r20V;

where

a0 ¼ ða1; . . .; amÞ; ai ¼ 1� Cðiþ cÞ
CðiÞ ; 10 ¼ 1; . . .; 1ð Þ; V ¼ Vij

� 	
; Vij ¼ aibj;

1\i; j\m; ai ¼
Cðiþ cÞ
CðiÞ ; bi ¼ Cðiþ 2cÞ

Cðiþ cÞ � Cðiþ cÞ
CðiÞ and r20 ¼

r2

c2
:
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Let V−1 = {Vij}. Then

V11 ¼ a2
a1ða2b1 � a1b2Þ ¼

1
c2

ð1þ cÞ2
Cð1þ 2cÞ

Vi i ¼ aiþ 1bi�1 � ai�1biþ 1

ðaibi�1 � ai�1biÞðaiþ 1bi � aibiþ 1Þ
¼ CðiÞ

Cðiþ 2cÞ
1
c2

fðiþ cÞ2 þði� 1Þði� 1þ 2cÞg; i ¼ 2; . . .;m� 1

Vmm ¼ bm�1

bm

1
ambm�1 � am�1bm

¼ bm�1

bm

mþ 1� c
c2

CðmÞ
Cðm� 1þ cÞ ;

Vij ¼ Vji ¼ � 1
aiþ 1bi � aibiþ 1

¼ � iþ c
c2

Cðiþ 1Þ
Cðiþ 2cÞ

j ¼ iþ 1; i ¼ 1; 2; . . .;m� 1;

Vij ¼ 0; if i� jj j[ 1:

It follows from the method of Lloyd (1952) that the MVLUE of l and ro based
on the observed value r of R are, respectively,

l̂ ¼ �a0V�1f1a0 � a10gV�1r=D

r̂o ¼ 10V�1f1a0 � a10gV�1r=D

where

D ¼ 10V�11
� 	fa0V�1ag � f10V�1ag2

and

Varðl̂Þ ¼ r2oða0V�1aÞ=D
Varðr̂oÞ ¼ r2oð10V�11Þ=D
Covðl̂; r̂oÞ ¼ r2oð10V�1aÞ=D:

It can be shown that, upon simplification,

10V� 1a ¼ 10V�11� 1=bm

a0V�1a ¼ 10V�11� 1=bm þ am=bm

a0V�1r ¼ 10V�1r � rm=bm;
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and

D ¼ Cðmþ cÞf 1
0V�11

bmCðmÞg �
1
b2m

:

4.3.2.2 Minimum Mean Squared Invariance Estimator (MMSIE)x

Theorem 4.3.2.2 The best linear invariant (best in the sense of minimum mean
squared error and invariant with respect to the location parameter l) estimators
~l and ~ro of l and ro are respectively

~l ¼ l̂� c1r̂o;

~r ¼ c2r̂o

where

c1 ¼ bmfð10V�1Þbm � 1g
fCðmþ 2cÞ=Cðmþ cÞfbmð10V�11Þ � 1g

and

c2 ¼ D
Dþ bmð10V�11Þ :

Proof The BLIE ~l and ~ro of l and r0 are:

~l ¼ l̂� r̂ofE12ð1þE22Þ�1g;

and

~ro ¼ r̂oð1þE2 2Þ�1;

where

r2o
E11 E12

E12 E22


 �
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defines the covariance matrix of the MVLUEs of ~l and ~ro. The mean squares
errors (MSE) of ~l and ~ro are:

MSEð~lÞ ¼ r2ofE11 � E2
12ð1þE22Þ�1g;

MSEð~roÞ ¼ r2oE22ð1þE22Þ�1;

Eð~l� lÞð~ro � rÞ ¼ r2oE12ð1þE22Þ�1

Substituting the values of E11, E12 and E22, the results follow on simplification.

4.3.2.3 Maximum Likelihood Estimates (MLE)

We can write the log likelihood function L based on the observed record values
r1; r2; . . .; rm are:

lnL ¼
Xm�1

i¼1

lnf f ðriÞ
FðriÞgþ ln f ðrmÞ: ð4:3:1Þ

Differentiating (4.3.1) with respect to l and equating to zero, we get

ð�1þ c�1Þ
Xm
i¼1

ðc; r�1Þf1þ cr�1ðri � lÞg�1

� r�1f1þ cr�1ðrm � lÞg�1þ c�1 ¼ 0

ð4:3:2Þ

Differentiating (4.3.1) with respect to r and equating to zero, we get

� mr�1 � ð1þ c�1Þ
Xm
i¼1

cðri � lÞr�2f1þ cr�1ðri � lÞg

� cr�2ðrm � lÞf1þ cr�1ðrm � lÞg�1þ c�1 ¼ 0:

From the above equations we obtain the maximum likelihood estimators
l_‘ and r_‘ of l and r assuming c as known are the solutions of the following
equations.

l_‘ ¼ rm � r
c
ð1� mcÞ

Xm�1

i¼1

1
mc � cðri � rmÞ=r ¼ m1�c

1� c
� m�c
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A closed form solution can be found if m = 2:

r_‘ ¼ ð1þ cÞðr1 � r2Þ
2cþ 1

l_‘ ¼ r2 � r_‘

c
ð1� 2cÞ

A closed form solution can also be found if c = 0. In this case:
The solutions of the equations as given in (4.4.4.6) will give the MLE of l and r

as

r
�
‘ ¼ �r � rm

l
�
‘ ¼ rm þ r

�
‘ lnm

ð4:3:3Þ

where

�r ¼ ðr1 þ � � � þ rmÞ=m:

It can easily be shown that

Eðr_
�

‘Þ ¼
m

m� 1
r:

The bias in r_
�

‘ is � r2
m�1. The variance of r_

�

‘ is

Varðr_�
‘Þ ¼

m
m� 1

� �2r2
m

:

Eðl_
�

‘Þ ¼ lþ rðv�m þ m� 1
m

ðlnmÞÞ:

Since v�m ¼ t� 1� 1
2 � 1

3 � � � � � 1
m�1, the bias in Eðl_

�

‘Þ is slight. We obtain on

simplification, Varðl_
�

‘Þ ¼ r2½vr;r þðm�1
m Þ2 ðlnmÞ2

m �:

4.3.2.4 Estimation of c for Known l and r

We will assume without any loss of generality that l = 0 and r = 1.
Using the following two identities:

E
Xm�1

i¼1

Yi

 !
¼ m� 1� cE

Xm�1

i¼1

Yi

 !
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where

Yi ¼ i XL ið Þ � XL iþ 1ð Þ
� �

and

ðiþ cÞE XL ið Þ
� � ¼ 1þ iE XL iþ 1ð Þ

� �
; i ¼ 1; 2; . . .;m� 1;

we can consider two moment estimators of c as:

c
�
1 ¼

1� �y
�r

;

where �y ¼Pm�1
i¼1 yi=ðm� 1Þ; yi ¼ iðri � riþ 1Þ, yi is the corresponding observed

value of Yi, i = 1, 2, …, m and

c
�
2 ¼

ðm� 1Þðrm þ 1ÞPm�1
i¼1 ri

� 1

Picands (1975) proposed the following estimate ĉp of ce as

ĉp ¼
1
ln 2

ln
Xn�kþ 1;n � Xn¼2kþ 1;n

Xn�2kþ 1;n � Xn¼4kþ 1;n

And showed that this estimate is consistent if k ! 1; n ! 1 and k
n ! 0.

Dekkers and de Hann (1980) showed that this estimator is strongly consistent if
k ln ln n ! 1. Hill (1975) gave the following estimator ĉh for c

ĉh ¼
1
k

Xk
i¼1

ðXn�iþ 1 � lnXn�kþ 1;nÞ:

4.4 Characterizations

Here we give a characterization of the type II distribution based on records. The
characterization of type III distribution is similar.

Theorem 4.4.1 Let (Xi, i = 1, 2, …} be a sequence of i.i.d. absolutely continuous
random variables with cdf F(x), pdf f(x) and varðX�d

i Þ ¼ 1; d[ 0:
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Then the following two statements are equivalent.

(a) FðxÞ � e�x�d
; x� 0; d[ 0;

(b) VarðX�d
LðnÞ � X�d

Lðn�1ÞjX�d
Lðn�1Þ ¼ xÞ ¼ b; n� 2;

where b is a constant independent of X.

Proof It is easy to prove that (a) ) (b).
We will that (b) ) (a).
Let Y � X�d; then VarðX�d

LðnÞ � X�d
Lðn�1ÞjX�d

Lðn�1Þ ¼ xÞ ¼ b is equivalent to

VarðYUðnÞ � YUðn�1ÞjjYUðn�1Þ ¼ xÞ ¼ b.

Using the transformation
Zn = YU(n) − YU(n−1), we have

b ¼ EðZ2
n jYUðn�1Þ ¼ yÞ � ðEðZnjYUðn�1Þ ¼ yÞÞ2

EðZ2
n jYUðn�1Þ ¼ yÞ �

Z1
0

z2
gðzþ yÞ
1� GðyÞ dz

¼ �
Z1
0

2z
1� Gðzþ yÞ
1� GðyÞ dz

EðZnjYUðn�1Þ ¼ yÞ �
Z1
0

z
gðzþ yÞ
1� GðyÞ dz

¼
Z1
0

1� Gðzþ yÞ
1� GðyÞ dz

where G(y) and g(y) are the cdf and pdf of Y respectively. We have

Z1
0

2z
Gðzþ yÞ
1� GðyÞ dz� ð

Z 1

0

1� Gðzþ yÞ
1� GðyÞ dzÞ2 ¼ b:

Let H yð Þ ¼ R1
0
zð1� Gðzþ yÞÞdz, then

H0 yð Þ ¼ dHðyÞ
dy

¼
Z1
0

ð1� Gðzþ yÞdz ;Hð2ÞðyÞ ¼ d2HðyÞ
dy2

¼ 1� GðyÞ
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and

Hð3ÞðyÞ � d3HðyÞ
dy3

¼ �gðyÞ

Thus we have

2HðyÞ
Hð2ÞðyÞ � ðH

ð1ÞðyÞ
Hð2ÞðyÞÞ

2 ¼ b

Differentiating both sides of the above equation with respect to y, we obtain

2Hð1ÞðyÞ
Hð2ÞðyÞ � 2HðyÞHð3ÞðyÞ

ðHð2ÞðyÞÞ2 � 2Hð1ÞðyÞ
Hð2ÞðyÞ þ 2ðHð1ÞðyÞÞ2Hð3ÞðyÞ

ðHð2ÞðyÞÞ3 ¼ 0

Since Hð3ÞðyÞ 6¼ 0 for any y. we must have

ðHð1ÞðyÞÞ2 � HðyÞHð2ÞðyÞ ¼ 0 ¼ 0:

We can write the above equation as

d
dy

ðHðyÞðHð1ÞðyÞÞ ¼ 0

The solution of the above equation is HðyÞ � aecy, where a and c are constant.
Since 1� GðxÞ ¼ Hð2ÞðxÞ ¼ ac2ecx

Since G(x) is a cdf with F(0) = 0, Fð1Þ ¼ 1 and E(Y) = 1, we must have

G xð Þ ¼ 1� e�x; x� 0:

Now

PðX � xÞ ¼ PðXd � x�dÞ; d[ 0

¼ PðY � x�dÞ
¼ e�x�d

:

Note: The characterization of type III distribution follows similarly.
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