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Preface

All three authors of the present book have long-standing experience in teach-
ing graduate courses in multivariate analysis (MVA). These experiences have
taught us that aside from distribution theory, projections and the singular
value decomposition (SVD) are the two most important concepts for un-
derstanding the basic mechanism of MVA. The former underlies the least
squares (LS) estimation in regression analysis, which is essentially a projec-
tion of one subspace onto another, and the latter underlies principal compo-
nent analysis (PCA), which seeks to find a subspace that captures the largest
variability in the original space. Other techniques may be considered some
combination of the two.

This book is about projections and SVD. A thorough discussion of gen-
eralized inverse (g-inverse) matrices is also given because it is closely related
to the former. The book provides systematic and in-depth accounts of these
concepts from a unified viewpoint of linear transformations in finite dimen-
sional vector spaces. More specifically, it shows that projection matrices
(projectors) and g-inverse matrices can be defined in various ways so that a
vector space is decomposed into a direct-sum of (disjoint) subspaces. This
book gives analogous decompositions of matrices and discusses their possible
applications.

This book consists of six chapters. Chapter 1 overviews the basic linear
algebra necessary to read this book. Chapter 2 introduces projection ma-
trices. The projection matrices discussed in this book are general oblique
projectors, whereas the more commonly used orthogonal projectors are spe-
cial cases of these. However, many of the properties that hold for orthogonal
projectors also hold for oblique projectors by imposing only modest addi-
tional conditions. This is shown in Chapter 3.

Chapter 3 first defines, for an n by m matrix A, a linear transformation
y = Az that maps an element x in the m-dimensional Euclidean space E™
onto an element y in the n-dimensional Euclidean space E™. Let Sp(A) =
{y|ly = Az} (the range or column space of A) and Ker(A) = {x|Axz = 0}
(the null space of A). Then, there exist an infinite number of the subspaces
V and W that satisfy

E"=Sp(A)®eW and E™ =V @ Ker(A), (1)

where @ indicates a direct-sum of two subspaces. Here, the correspondence
between V' and Sp(A) is one-to-one (the dimensionalities of the two sub-
spaces coincide), and an inverse linear transformation from Sp(A) to V' can
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be uniquely defined. Generalized inverse matrices are simply matrix repre-
sentations of the inverse transformation with the domain extended to E™.
However, there are infinitely many ways in which the generalization can be
made, and thus there are infinitely many corresponding generalized inverses
A~ of A. Among them, an inverse transformation in which W = Sp(A)+
(the ortho-complement subspace of Sp(A)) and V = Ker(A)+ = Sp(A’) (the
ortho-complement subspace of Ker(A)), which transforms any vector in W
to the zero vector in Ker(A), corresponds to the Moore-Penrose inverse.
Chapter 3 also shows a variety of g-inverses that can be formed depending
on the choice of V' and W, and which portion of Ker(A) vectors in W are
mapped into.

Chapter 4 discusses generalized forms of oblique projectors and g-inverse
matrices, and gives their explicit representations when V is expressed in
terms of matrices.

Chapter 5 decomposes Sp(A) and Sp(A’) = Ker(A)* into sums of mu-
tually orthogonal subspaces, namely

Sp(A)=E1 & Ery & - & E,

and . . _
Sp(A)Y=F O FR & - & F,

where @ indicates an orthogonal direct-sum. It will be shown that F; can
be mapped into F; by y = Az and that F; can be mapped into E; by
x = A'y. The singular value decomposition (SVD) is simply the matrix
representation of these transformations.

Chapter 6 demonstrates that the concepts given in the preceding chap-
ters play important roles in applied fields such as numerical computation
and multivariate analysis.

Some of the topics in this book may already have been treated by exist-
ing textbooks in linear algebra, but many others have been developed only
recently, and we believe that the book will be useful for many researchers,
practitioners, and students in applied mathematics, statistics, engineering,
behaviormetrics, and other fields.

This book requires some basic knowledge of linear algebra, a summary
of which is provided in Chapter 1. This, together with some determination
on the part of the reader, should be sufficient to understand the rest of
the book. The book should also serve as a useful reference on projectors,
generalized inverses, and SVD.

In writing this book, we have been heavily influenced by Rao and Mitra’s
(1971) seminal book on generalized inverses. We owe very much to Professor
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C. R. Rao for his many outstanding contributions to the theory of g-inverses
and projectors. This book is based on the original Japanese version of the
book by Yanai and Takeuchi published by Todai-Shuppankai (University of
Tokyo Press) in 1983. This new English edition by the three of us expands
the original version with new material.

January 2011 Haruo Yanai
Kei Takeuchi
Yoshio Takane
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Chapter 1

Fundamentals of Linear
Algebra

In this chapter, we give basic concepts and theorems of linear algebra that
are necessary in subsequent chapters.

1.1 Vectors and Matrices

1.1.1 Vectors

Sets of n real numbers a1, a9, -+, a, and by,by, -, b,, arranged in the fol-
lowing way, are called n-component column vectors:

al b1
a= a:z , b= b:2 . (1.1)
a'n b;1
The real numbers ay, ag, - - -, ay and by, ba, - - -, by, are called elements or com-

ponents of a and b, respectively. These elements arranged horizontally,
a/:(a17a27"'7an)7 b/:(blbe;"'7bn>7

are called n-component row vectors.
We define the length of the n-component vector a to be

lal| = \/a? +ad +--- + a2. (1.2)

H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 1
Statistics for Social and Behavioral Sciences, DOI 10.1007/978-1-4419-9887-3 1,
© Springer Science+Business Media, LLC 2011



2 CHAPTER 1. FUNDAMENTALS OF LINEAR ALGEBRA

This is also called a norm of vector a. We also define an inner product
between two vectors a and b to be

(a, b) = a1by + asby + - - - + a,by,. (1.3)

The inner product has the following properties:
(@) llal* = (a, a),
(i) [la + b|[* = [[a]]” + [[b]|* + 2(a, ),
(iii) (aa,d) = (a,ab) = a(a,b), where a is a scalar,
(iv) ||a]|* = 0 <= a = 0, where <= indicates an equivalence (or “if and
only if”) relationship.

We define the distance between two vectors by

d(a,b) = lla— b|. (1.4)

Clearly, d(a,b) > 0 and
(i) d(a,b) =0 <= a = b,
(i) d(a,b) = d(b,a),
(iii) d(a,b) + d(b,c) > d(a, c).

The three properties above are called the metric (or distance) axioms.

Theorem 1.1 The following properties hold:
(a,b)* < [lal’|[0]]%, (1.5)
lla +b[| < [|a]| + [[b]]. (1.6)
Proof. (1.5): The following inequality holds for any real number ¢:
lla —tb]|* = [la|[* - 2t(a, b) + *||b||* > 0.
This implies
Discriminant = (a, b)? — ||a||?||b||* < 0,

which establishes (1.5).
(1.6): (lall+1[bl])* —[la+bl* = 2{l|al|-||b]| - (@, b)} > 0, which implies
(1.6). Q.E.D.

Inequality (1.5) is called the Cauchy-Schwarz inequality, and (1.6) is called
the triangular inequality.
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For two n-component vectors a (# 0) and b (# 0), the angle between
them can be defined by the following definition.

Definition 1.1 For two vectors a and b, 6 defined by
(a,b)

cosf) = ——————— (1.7)
[lall - [|bl]
1s called the angle between a and b.
1.1.2 Matrices
We call nm real numbers arranged in the following form a matrix:
air a2 - Qi
az1 az2 - A2;m
A= T (1.8)
anl  Ap2 - Oapm

Numbers arranged horizontally are called rows of numbers, while those ar-
ranged vertically are called columns of numbers. The matrix A may be
regarded as consisting of n row vectors or m column vectors and is generally
referred to as an m by m matrix (an n x m matrix). When n = m, the
matrix A is called a square matrix. A square matrix of order n with unit
diagonal elements and zero off-diagonal elements, namely

10 - 0
In: . . . . )
00 - 1

is called an identity matrix.
Define m n-component vectors as

ail ai2 A1m

a1 a22 a2m
a; = , A2 = y i, Ay =

an1 an2 Anm,

We may represent the m vectors collectively by

A=lay,ag, -, an. (1.9)
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The element of A in the ith row and jth column, denoted as a;;, is often
referred to as the (7, j)th element of A. The matrix A is sometimes written
as A = [aj;]. The matrix obtained by interchanging rows and columns of A
is called the transposed matrix of A and denoted as A’.

Let A = [a;] and B = [by;| be n by m and m by p matrices, respectively.
Their product, C' = [¢;;], denoted as

C = AB, (1.10)
is defined by ¢;; = > a;;brj. The matrix C'is of order n by p. Note that
AA=0++= A=0, (1.11)

where O is a zero matrix consisting of all zero elements.

Note An n-component column vector a is an n by 1 matrix. Its transpose a’
is a 1 by » matrix. The inner product between a and b and their norms can be
expressed as

(a,b) = Cl,/b, ||a’||2 = (a,a) = a/aa and Hb||2 =(b,b) = b'b.

Let A = [a;;] be a square matrix of order n. The trace of A is defined
as the sum of its diagonal elements. That is,

tr(A) = a1 +ag + - + anp. (1.12)

Let ¢ and d be any real numbers, and let A and B be square matrices of
the same order. Then the following properties hold:

tr(cA + dB) = ctr(A) + dtr(B) (1.13)

and
tr(AB) = tr(BA). (1.14)

Furthermore, for A (n x m) defined in (1.9),
lla]]? + llaz|* + - + |lan||* = tr(A’A). (1.15)

Clearly,

n m

tr(A’A) => " a). (1.16)

i=1j=1
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Thus,

tr(A’A) =0+ A=0. (1.17)
Also, when AjA;, ALAy, --- Al A, are matrices of the same order, we
have

tr(A1A1 + ASAs + -+ ALA,) =0 A; =0 (j=1,---,m). (1.18)

Let A and B be n by m matrices. Then,

i=1j=1
n m
tr(B'B) =>_ > b},
i—1j—=1
and
n m
tl"(A/B> = Z Z aijbij,
i=1j—=1

and Theorem 1.1 can be extended as follows.

Corollary 1

tr(A'B) < \/tr(A’A)tx(B'B) (1.19)

and

\/tr(A + BY(A + B) < \/tr(A'A) + \/tx(B'B). (1.20)
Inequality (1.19) is a generalized form of the Cauchy-Schwarz inequality.

The definition of a norm in (1.2) can be generalized as follows. Let M
be a nonnegative-definite matrix (refer to the definition of a nonnegative-
definite matrix immediately before Theorem 1.12 in Section 1.4) of order n.
Then,

|a||3; = a’Ma. (1.21)

Furthermore, if the inner product between a and b is defined by
(a,b)y = a’ Mb, (1.22)

the following two corollaries hold.
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Corollary 2

(a,b)ar < [la]|nl[b][ar- (1.23)

Corollary 1 can further be generalized as follows.

Corollary 3

tr(A'MB) < \/tr(A'M A)tx(B'MB) (1.24)

and

Jir{l(A+ BYM(A + B)} < \/tr(A'MA) + \/te(B'MB).  (1.25)

In addition, (1.15) can be generalized as

llarl[3; + a2l + - + llam||3; = tr(A'MA). (1.26)

1.2 Vector Spaces and Subspaces

For m n-component vectors a1, as, -, a,,, the sum of these vectors multi-
plied respectively by constants aq, as, - -, am,

f=aia1 +asas + -+ Gy,

is called a linear combination of these vectors. The equation above can be ex-
pressed as f = Aa, where A is as defined in (1.9), and @’ = (a1, a9, -+, ).
Hence, the norm of the linear combination f is expressed as

IfI1? = (f, f) = f'f = (Aa)'(Aa) = a’ A’ Aa.

The m n-component vectors ai,as,---,a, are said to be linearly de-
pendent if

ajal +asas + -+ apma, =0 (127)

holds for some aq, a9, -, not all of which are equal to zero. A set

of vectors are said to be linearly independent when they are not linearly
dependent; that is, when (1.27) holds, it must also hold that oy = ag =
coo =y, = 0.

When aq,as,---,a, are linearly dependent, a; # 0 for some j. Let
a; # 0. From (1.27),

a; = fay + -+ Bic1ai—1 + Bit1ai+1 + Bmam,
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where Oy = —ax/a; (k = 1,---,m;k # i). Conversely, if the equation
above holds, clearly ai,as,---,a, are linearly dependent. That is, a set
of vectors are linearly dependent if any one of them can be expressed as a
linear combination of the other vectors.

Let a1, as, - -, a,, be linearly independent, and let

W= {d|d = Zaial} :
i=1

where the «;’s are scalars, denote the set of linear combinations of these
vectors. Then W is called a linear subspace of dimensionality m.

Definition 1.2 Let E™ denote the set of all n-component vectors. Suppose
that W C E™ (W is a subset of E™) satisfies the following two conditions:
(1) IfaeW andbe W, thena+be W.

(2) If a € W, then aa € W, where « is a scalar.

Then W is called a linear subspace or simply a subspace of E™.

When there are r linearly independent vectors in W, while any set of
r 4 1 vectors is linearly dependent, the dimensionality of W is said to be r
and is denoted as dim(W) = r.

Let dim(W) = r, and let a1, a9, --,a, denote a set of r linearly in-
dependent vectors in W. These vectors are called basis vectors spanning
(generating) the (sub)space W. This is written as

W = Sp(ai,as,---,a,) = Sp(A), (1.28)

where A = [a1, a2, -, a,]. The maximum number of linearly independent
vectors is called the rank of the matrix A and is denoted as rank(A). The
following property holds:

dim(Sp(A)) = rank(A). (1.29)

The following theorem holds.

Theorem 1.2 Let aq,as,---,a, denote a set of linearly independent vectors
i the r-dimensional subspace W. Then any vector in W can be expressed
uniquely as a linear combination of a1, as, -+, a,.

(Proof omitted.)
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The theorem above indicates that arbitrary vectors in a linear subspace can
be uniquely represented by linear combinations of its basis vectors. In gen-
eral, a set of basis vectors spanning a subspace are not uniquely determined.

If ai,a9,---,a, are basis vectors and are mutually orthogonal, they
constitute an orthogonal basis. Let b; = aj/||a;||. Then, |b;|]| = 1
(j = 1,---,7). The normalized orthogonal basis vectors b; are called an
orthonormal basis. The orthonormality of by, bo, - - -, b, can be expressed as

(bi, bj) = 65,

where ¢;; is called Kronecker’s ¢, defined by

5 — 1 ifi=j
Y10 ifi#y
Let @ be an arbitrary vector in the subspace V' spanned by by, b, - - -, b;,
namely

xeV = Sp(B) = Sp(bthv"' 7b1”) C E"

Then x can be expressed as

T = (:13, b1)b1 + (CC, b2)b2 —+ -+ (w, br)bw. (1.30)
Since by, bo, - - -, b, are orthonormal, the squared norm of  can be expressed
as

|2|* = (x,01)* + (x,b2)* + - + (,b,)%. (1.31)

The formula above is called Parseval’s equality.

Next, we consider relationships between two subspaces. Let V4 = Sp(A)
and Vg = Sp(B) denote the subspaces spanned by two sets of vectors col-
lected in the form of matrices, A = [a1,a2, -, ap] and B = [by, b, - -, by].
The subspace spanned by the set of vectors defined by the sum of vectors in
these subspaces is given by

Vi+ Vg = {CL + b]a eVa,be VB}. (1.32)
The resultant subspace is denoted by
Varp=Va+ Vg =Sp(A, B) (1.33)

and is called the sum space of V4 and Vp. The set of vectors common to
both V4 and Vg, namely

Vanp = {z|x = Aa = Bp for some o and 3}, (1.34)
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also constitutes a linear subspace. Clearly,
Vayrp D Vy (or Vi) D Vynp. (1.35)

The subspace given in (1.34) is called the product space between V4 and
Vp and is written as
Vang =VaNVpg. (1.36)

When V4 NVp = {0} (that is, the product space between V4 and Vp has
only a zero vector), V4 and Vg are said to be disjoint. When this is the
case, V4, p is written as

VA+B =V, Vg (1.37)

and the sum space V4 p is said to be decomposable into the direct-sum of
V4 and V3.
When the n-dimensional Euclidean space E" is expressed by the direct-
sum of V' and W, namely
E'"=VaoWw, (1.38)

W is said to be a complementary subspace of V' (or V' is a complementary
subspace of W) and is written as W = V¢ (respectively, V' = W¢). The
complementary subspace of Sp(A) is written as Sp(A)¢. For a given V =
Sp(A), there are infinitely many possible complementary subspaces, W =
Sp(A)e.

Furthermore, when all vectors in V' and all vectors in W are orthogonal,
W =V! (or V.=W1') is called the ortho-complement subspace, which is

defined by

Vi ={al|(a,b) =0,Ybe V}. (1.39)

The n-dimensional Euclidean space E™ expressed as the direct sum of r
disjoint subspaces W; (j = 1,---,r) is written as

E'"=WioWe@---dW,. (1.40)

In particular, when W; and W; (i # j) are orthogonal, this is especially
written as

E"=W, oWy @ - & W,, (1.41)

where @ indicates an orthogonal direct-sum.
The following properties hold regarding the dimensionality of subspaces.

Theorem 1.3

dim(VA+B) = dim(VA) + dim(VB) - dim(VAmB), (1.42)
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dim(Vy & Vig) = dim(Vi) + dim(Vi), (1.43)
dim(V¢) =n — dim(V). (1.44)
(Proof omitted.)

Suppose that the n-dimensional Euclidean space E™ can be expressed
as the direct-sum of V' = Sp(A) and W = Sp(B), and let Ax + By = 0.
Then, Az = —By € Sp(A) N Sp(B) = {0}, so that Az = By = 0. This
can be extended as follows.

Theorem 1.4 The necessary and sufficient condition for the subspaces
Wy = Sp(A1), Wy = Sp(Az),---, W, = Sp(A,) to be mutually disjoint is

Ajar + Azaz + -+ Ara, =0 = Aja; =0 forall j=1,---,r

(Proof omitted.)

Corollary An arbitrary vector x € W = Wy & --- @ W, can uniquely be
expressed as
T =1+ T2+ -+ Ty,

where x; € W (j=1,---,7).

Note Theorem 1.4 and its corollary indicate that the decomposition of a particu-
lar subspace into the direct-sum of disjoint subspaces is a natural extension of the

notion of linear independence among vectors.

The following theorem holds regarding implication relations between
subspaces.

Theorem 1.5 Let Vi and V5 be subspaces such that Vi C Vo, and let W be
any subspace in E™. Then,

Vi+(VanW)=WV1+W)nVa. (1.45)

Proof. Let y € V1 +(VoNW). Then y can be decomposed into y = y; +ys,
where y; € V1 and y, € VoNW. Since V| C Vo, y; € V3, and since y, C V5,
y=y,+ys € Vo Also,y, e Vi C Vi +W,and y, € W C V; + W, which
together imply y € V1 +W. Hence, y € (Vi+W)NV,. Thus, Vi+(VanNW) C
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WV+W)nVy. Ifx e (Vi +W)N Vs, then x € Vi + W and @ € V. Thus,
x can be decomposed as * = &1 + y, where &1 € V] and y € W. Then y =
x—x1 € VonW =z € Vi+(VanW) = (Vi+W)NVa C Vi+(VanW), es-
tablishing (1.45). Q.E.D.

Corollary~(a) For Vi C Va, there exists a subspace W C Vi such that
Vo=ViaeW.
(b) For Vi C VQ,

Va=Via@ (anVi). (1.46)
Proof. (a): Let W be such that Vi @W D Va, and set W = VoW in (1.45).
(b): Set W = Vj-. Q.E.D.

Note Let V4 C Vi, where V3 = Sp(A). Part (a) in the corollary above indicates
that we can choose B such that W = Sp(B) and Vo = Sp(A) @ Sp(B). Part (b)
indicates that we can choose Sp(A) and Sp(B) to be orthogonal.

In addition, the following relationships hold among the subspaces V', W,
and K in B™:
VoW=W=VnWw,

(
VOW=V+KDW+ K, (where K € E"), (1.48
VAW)t=VE4+ W, vinwt = (V+ W)t (

V+W)NK 2 (VNnK)+ (WnK), (
K+ (VW) C(K+V)n(K+W). (1.51

Note In (1.50) and (1.51), the distributive law in set theory does not hold. For
the conditions for equalities to hold in (1.50) and (1.51), refer to Theorem 2.19.

1.3 Linear Transformations

A function ¢ that relates an m-component vector & to an m-component
vector y (that is, y = ¢(x)) is often called a mapping or transformation.
In this book, we mainly use the latter terminology. When ¢ satisfies the
following properties for any two n-component vectors « and y, and for any
constant a, it is called a linear transformation:

(i) ¢lax) = ad(x), (i) p(x +y) = ¢(x) + ¢(y). (1.52)
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If we combine the two properties above, we obtain
Pl + a2 + -+ + Ap®m) = a1g(x1) + a2d(x2) + - + amd(Tm)

for m n-component vectors, @1, xo, -+, T,,, and m scalars, ai, a9, -, Q.

Theorem 1.6 A linear transformation ¢ that transforms an m-component
vector x into an n-component vector y can be represented by an n by m ma-
triv A = [a1, a2, -, @y that consists of m n-component vectors a1, asz, - - -,
Q. (Proof omitted.)

We now consider the dimensionality of the subspace generated by a linear
transformation of another subspace. Let W = Sp(A) denote the range of
y = Ax when x varies over the entire range of the m-dimensional space
E™. Then, ify €e W, ay = A(ax) € W, and if y;,y, € W, y; + y, € W.
Thus, W constitutes a linear subspace of dimensionality dim (W) = rank(A)
spanned by m vectors, ai,as, -+, Q.

When the domain of  is V, where V. C E™ and V # E™ (that is, «
does not vary over the entire range of E™), the range of y is a subspace of

W defined above. Let
Wy ={yly = Az, x € V}. (1.53)

Then,
dim(Wy) < min{rank(A), dim(W)} < dim(Sp(A)). (1.54)

Note The Wy above is sometimes written as Wy = Spy,(A). Let B represent the
matrix of basis vectors. Then Wy can also be written as Wy = Sp(AB).

We next consider the set of vectors @ that satisfies Ax = 0 for a given
linear transformation A. We write this subspace as

Ker(A) = {z|Az = 0}. (1.55)

Since A(ax) = 0, we have ax € Ker(A). Also, if x,y € Ker(A), we have
x + vy € Ker(A) since A(x + y) = 0. This implies Ker(A) constitutes a
subspace of E™, which represents a set of m-dimensional vectors that are
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mapped into the zero vector by the linear transformation A. It is called an
annihilation space or a kernel. Since BAx = 0, if A = 0, it follows that

Ker(A) C Ker(BA).

The following three theorems hold concerning the dimensionality of sub-
spaces.

Theorem 1.7 Let Ker(A') = {y|A'y = 0} for y € E™. Then
Ker(A') = Sp(A)*, (1.56)
where Sp(A)* indicates the subspace in E™ orthogonal to Sp(A).

Proof. Let y; € Ker(A') and y, = Azs € Sp(A). Then, y\y, = Yy Azs =
(A'y;)xy = 0. Thus, y; € Sp(A)r = Ker(A') C Sp(A)*. Conversely,
let y; € Sp(A)*. Then, because Axs € Sp(A), y)Axs = (A'y,) zy =
0= Ay, = 0 = y; € Ker(A') = Sp(A’)*+ C Ker(A’), establishing

Ker(A’) = Sp(A)*. Q.E.D.
Corollary
Ker(A) = Sp(A’)*, (1.57)
{Ker(A)}*+ = Sp(A). (1.58)
Theorem 1.8
rank(A) = rank(A’). (1.59)

Proof. We use (1.57) to show rank(A’) > rank(A). An arbitrary x € E™
can be expressed as * = x1 + 2, where &1 € Sp(A’) and z2 € Ker(A).
Thus, y = Az = Az, and Sp(A) = Spy,(A), where V = Sp(A’). Hence, it
holds that rank(A) = dim(Sp(A)) = dim(Spy (A)) < dim(V) = rank(A’).
Similarly, we can use (1.56) to show rank(A) > rank(A’). (Refer to (1.53) for
Spy-) Q.E.D.

Theorem 1.9 Let A be an n by m matriz. Then,
dim(Ker(A)) = m — rank(A). (1.60)

Proof. Follows directly from (1.57) and (1.59). Q.E.D.
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Corollary
rank(A) = rank(A’A) = rank(AA’). (1.61)

In addition, the following results hold:

(i) Let A and B be p by n and p by ¢ matrices, respectively, and [A, B]
denote a row block matrix obtained by putting A and B side by side. Then,

rank(A) + rank(B) — rank([A, B])
< rank(A’'B) < min(rank(A), rank(B)), (1.62)
where rank(A) + rank(B) — rank([A, B]) = dim(Sp(A) N Sp(B)).
(ii) Let U and V' be nonsingular matrices (see the next paragraph). Then,

rank(UAV) = rank(A). (1.63)

(iii) Let A and B be matrices of the same order. Then,

rank(A + B) < rank(A) + rank(B). (1.64)

(iv) Let A, B, and C be n by p, p by ¢, and ¢ by r matrices. Then,

rank(ABC') > rank(AB) + rank(BC') — rank(B). (1.65)

(See Marsaglia and Styan (1974) for other important rank formulas.)

Consider a linear transformation matrix A that transforms an n-compo-
nent vector x into another n-component vector y. The matrix A is a square
matrix of order n. A square matrix A of order n is said to be nonsingu-
lar (regular) when rank(A) = n. It is said to be a singular matrix when
rank(A) < n.

Theorem 1.10 FEach of the following three conditions is necessary and suf-
ficient for a square matrixz A to be nonsingular:

(i) There exists an x such that y = Ax for an arbitrary n-dimensional vec-
tor y.

(ii) The dimensionality of the annihilation space of A (Ker(A)) is zero; that
is, Ker(A) = {0}.

(iii) If Az, = Axg, then x; = xs. (Proof omitted.)
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As is clear from the theorem above, a linear transformation ¢ is one-
to-one if a square matrix A representing ¢ is nonsingular. This means
that Az = 0 if and only if @ = 0. The same thing can be expressed as

Ker(A) = {0}.
A square matrix A of order n can be considered as a collection of n n-
component vectors placed side by side, i.e., A = [a1, a2, -, a,]. We define

a function of these vectors by
w(ala az, - - - 7an> - ’A’

When ) is a scalar function that is linear with respect to each a; and such
that its sign is reversed when a; and a; (i # j) are interchanged, it is called
the determinant of a square matrix A and is denoted by |A| or sometimes
by det(A). The following relation holds:

¢(a17"'>aai+ﬁbi7"'aan)
:aw(alv"'aaiv"'aan)+ﬁw(a17"'7bi7"'7an)'

If among the n vectors there exist two identical vectors, then

Y(ay,---,an) =0.

More generally, when aj, as, - - -, a, are linearly dependent, |A| = 0.

Let A and B be square matrices of the same order. Then the determi-
nant of the product of the two matrices can be decomposed into the product
of the determinant of each matrix. That is,

|AB| = [A]-|B|.

According to Theorem 1.10, the x that satisfies y = Ax for a given y
and A is determined uniquely if rank(A) = n. Furthermore, if y = Az,
then ay = A(ax), and if y; = Ax; and y, = Awmo, then y; + y, =
A(x1 + x2). Hence, if we write the transformation that transforms y into «
as € = ¢(y), this is a linear transformation. This transformation is called
the inverse transformation of y = Ax, and its representation by a matrix
is called the inverse matrix of A and is written as A~'. Let y = ¢(x) be
a linear transformation, and let @ = ¢(y) be its inverse transformation.

Then, ¢(¢(x)) = ¢(y) = =, and ¢(p(y)) = ¢(x) = y. The composite
transformations, p(¢) and ¢(p), are both identity transformations. Hence,
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we have AA™! = A1 A = I,,. The inverse matrix can also be defined as
the matrix whose product with A is equal to the identity matrix.
If A is regular (nonsingular), the following relation holds:

A7 = AT
If A and B are nonsingular matrices of the same order, then
(AB)"'=B'A"l

Let A, B, C, and D be n by n, n by m, m by n, and m by m matrices,
respectively. If A and D are nonsingular, then

A Bl _\4A|D-cA'B|-|D||A-BD'C| (1.66)
C D
. . . A B | .
Furthermore, the inverse of a symmetric matrix of the form B C | if
(1.66) is nonzero and A and C' are nonsingular, is given by

A B|' [A'+FE'F -FE!
B C - —E'F’ E-Y |

where E=C — BA™'B and F = A™'B, or

A B H! ~H '@
B Cc| ~|-GH' C'+GH'G | (1.68)

where H = A — BC™'B’ and G =C'B’.

In Chapter 3, we will discuss a generalized inverse of A representing an
inverse transformation @ = (y) of the linear transformation y = Az when
A is not square or when it is square but singular.

1.4 Eigenvalues and Eigenvectors

Definition 1.3 Let A be a square matriz of order n. A scalar A and an
n-component vector x(# 0) that satisfy

Ax = \x (1.69)

are called an eigenvalue (or characteristic value) and an eigenvector (or
characteristic vector) of the matriz A, respectively. The matriz equation
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above determines an n-component vector x whose direction remains un-
changed by the linear transformation A.

The vector x that satisfies (1.69) is in the null space of the matrix A =
A—M\I,, because (A—\I,)x = 0. From Theorem 1.10, for the dimensionality
of this null space to be at least 1, its determinant has to be 0. That is,

|A— \,| = 0.

Let the determinant on the left-hand side of the equation above be denoted
by

ain — A a2 e a1n
ao1 azg — A - a
vaN) =| —_— C (1.70)
anl aAn?2 o Qpp — A

The equation above is clearly a polynomial function of A in which the co-
efficient on the highest-order term is equal to (—1)", and it can be written
as

PAN) = (=1)" A"+ aq (=) Ny, (1.71)

which is called the eigenpolynomial of A. The equation obtained by setting
the eigenpolynomial to zero (that is, 1 4(\) = 0) is called an eigenequation.
The eigenvalues of A are solutions (roots) of this eigenequation.

The following properties hold for the coefficients of the eigenpolynomial
of A. Setting A =0 in (1.71), we obtain

¥a(0) =, = A

In the expansion of |A—A\I,,|, all the terms except the product of the diagonal
elements, (aj1 — A), - (ann, — A), are of order at most n — 2. So aq, the
coefficient on A" ™!, is equal to the coefficient on \»~! in the product of the
diagonal elements (a11—\) - - - (@np—A); that is, (=1)" "1 (a1 +ase+- - -+ann).
Hence, the following equality holds:

a1 = tl"(A) = a1 +a92 + -+ app. (1.72)

Let A be a square matrix of order n not necessarily symmetric. Assume
that A has n distinct eigenvalues, \; (i = 1,---,n). Then u; that satisfies

Aui = )\iui (Z = 1, ce ,n) (173)
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is called a right eigenvector, and v; that satisfies
Alv; = \v; (i=1,---,n) (1.74)
is called a left eigenvector. The following relations hold:
(wi,vj) =0 (i # j), (1.75)
(uj,v;) #0 (i=1,---,n).

We may set u; and v; so that
wv; = 1. (1.76)
Let U and V' be matrices of such u;’s and v;’s, that is,
U=[uj,ug, -, uy,], V=I[v,vg,- -, v,
Then, from (1.75) and (1.76), we have
V'U =1,. (1.77)

Furthermore, it follows that v Au; = 0 (j # 1) and v} Au; = \jviu; = A,
and we have

M 0O - 0
0 X -+ 0

VAU=| . | .| =A. (1.78)
0 0 - M\

Pre- and postmultiplying the equation above by U and V', respectively, and
noting that V'U = I, = UV’ = I,, (note that V' = U™1), we obtain the
following theorem.

Theorem 1.11 Let Ay, Aa, -+, A\, denote the eigenvalues of A, which are
all assumed distinct, and let U = [u1,ua, -, u,| and V = [v1,v2, -+, 0y
denote the matrices of the right and left eigenvectors of A, respectively.
Then the following decompositions hold:
A = UAV' (r A=UAU™)
= ANuv] + dougvh + -+ A\ unvl, (1.79)
and
I, =UV' = u1v] + uovh + - -+, +u,vl,. (1.80)
(Proof omitted.)



1.5. VECTOR AND MATRIX DERIVATIVES 19

If A is symmetric (i.e., A = A’), the right eigenvector u; and the corre-
sponding left eigenvector v; coincide, and since (u;, u;) = 0, we obtain the
following corollary.

Corollary When A = A’ and \; are distinct, the following decompositions
hold:

A = UAU’
= )\1U1’u,/1 + )\QUQU/Q + -+ )\nunu% (1.81)
and
I, = wiu) + uguy + - + upul,. (1.82)

Decomposition (1.81) is called the spectral decomposition of the symmetric
matriz A.

When all the eigenvalues of a symmetric matrix A are positive, A is reg-
ular (nonsingular) and is called a positive-definite (pd) matrix. When they
are all nonnegative, A is said to be a nonnegative-definite (nnd) matrix.
The following theorem holds for an nnd matrix.

Theorem 1.12 The necessary and sufficient condition for a square matrix
A to be an nnd matriz is that there exists a matriz B such that

A=BB. (1.83)

(Proof omitted.)

1.5 Vector and Matrix Derivatives

In multivariate analysis, we often need to find an extremum (a maximum
or minimum) of a scalar function of vectors and matrices. A necessary
condition for an extremum of a function is that its derivatives vanish at
a point corresponding to the extremum of the function. For this we need
derivatives of a function with respect to the vector or matrix argument.
Let f(x) denote a scalar function of the p-component vector . Then the
derivative of f(a) with respect to x is defined by

fa(x) = 0f(x)/0x = (Of (x)/0z1,0f(x)/Oxa, -, 0f (x)/0xp) . (1.84)
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Similarly, let f(X) denote a scalar function of the n by p matrix X. Then
its derivative with respect to X is defined as

o Xy o Xy o arXD) T
0x11 3112 allp
af(X)  9f(X) of(X)
af(X) oz oz oz
X = 7 = 21 22 2p . 185
JaX) = =55 5 L (1.85)

f(X) o X) . arX)

L Ozn1 0xn2 O0xnp J

Below we give functions often used in multivariate analysis and their corre-
sponding derivatives.

Theorem 1.13 Let a be a constant vector, and let A and B be constant
matrices. Then,

) f@)=da-dz fux)=a
(i) f(z)=o'Ax filx) =(A+ Az (=24zif A’ = A),
(i) F(X)=t(X'A)  fuX)= A

(v) F(X)=u(AX)  fa(X)= A

(v) f(X)=tr(X'AX) fa(X)=(A+A)X (=2AXif A" = A),
(vi) f(X)=tr(X'AXB) f4X)=AXB+ A'XB,

(i) FX) =log(X)  fa(X) = X x|

Let f(x) and g(x) denote two scalar functions of . Then the following
relations hold, as in the case in which « is a scalar:

6(f(:n29;r 9@) _ Ja(@) + ga(z), (1.86)
8(f(zlg<w)) = fa(@)g(x) + f(x)ga(x), (1.87)
and
Of(x)/g(x)) _ fa(x)g(z) — f(x)ga(x)
ow g(x)? ' e

The relations above still hold when the vector « is replaced by a matrix X.

Let y = X b+ e denote a linear regression model where y is the vector of
observations on the criterion variable, X the matrix of predictor variables,
and b the vector of regression coefficients. The least squares (LS) estimate
of b that minimizes

F(6) = lly — Xb||? (1.89)
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is obtained by taking the first derivative of (1.89) with respect to b and
setting the result to zero. This derivative is

%(bb) = -2X'y+2X'Xb=-2X'(y — Xb), (1.90)
obtained by expanding f(b) and using (1.86). Similarly, let f(B) = ||Y —
X B||%. Then,

0f(B) _ /
S5 = 2X/(Y - XB). (1.91)
L
. B x' Az
h(z) =)\ = e (1.92)

where A is a symmetric matrix. Then,

22 _ 2(Ax — \x) (1.93)
ox x'x
using (1.88). Setting this to zero, we obtain Ax = Az, which is the
eigenequation involving A to be solved. Maximizing (1.92) with respect
to @ is equivalent to maximizing ' Az under the constraint that @’z = 1.
Using the Lagrange multiplier method to impose this restriction, we maxi-
mize

g(x) =2 Az — \(z'z - 1), (1.94)

where A is the Lagrange multiplier. By differentiating (1.94) with respect
to x and A, respectively, and setting the results to zero, we obtain

Ax — )z =0 (1.95)

and
'z —1=0, (1.96)

from which we obtain a normalized eigenvector x. From (1.95) and (1.96),
we have A = o’ Az, implying that x is the (normalized) eigenvector corre-
sponding to the largest eigenvalue of A.

Let f(b) be as defined in (1.89). This f(b) can be rewritten as a compos-
ite function f(g(b)) = g(b)'g(b), where g(b) =y — Xb is a vector function
of the vector b. The following chain rule holds for the derivative of f(g(b))
with respect to b:

df(g(b)) 0dg(b) 9f(g(b))
b ob  og(b) (1.97)
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Applying this formula to f(b) defined in (1.89), we obtain

0f() _
5 = X 2y~ Xb), (1.98)

where ») ( )
0g(b dy— Xb ,
= =-X' 1.99
ob ob (1.99)
(This is like replacing @’ in (i) of Theorem 1.13 with —X.) Formula (1.98)
is essentially the same as (1.91), as it should be.
See Magnus and Neudecker (1988) for a more comprehensive account of

vector and matrix derivatives.

1.6 Exercises for Chapter 1

1. (a) Let A and C be square nonsingular matrices of orders n and m, respectively,
and let B be an n by m matrix. Show that

(A+BCB)'=A'-A"'B(BA'B+C )"'B'A™". (1.100)
(b) Let ¢ be an n-component vector. Using the result above, show the following:

(A+ecd)t=A"1"—A"edA™ ' /(1+ A e).

1 2 3 =2
2. Let A= 2 1 ] and B=|1 3 ] . Obtain Sp(A) N Sp(B).
3 3 2 5

3. Let M be a pd matrix. Show
{tr(A’'B)}? < tr(A’M A)tx(B'M ' B).
4. Let E™ =V @& W. Answer true or false to the following statements:

a) En =V+itgowt.
b)xgV=xcW.
c)

5. Let E" =V, & Wy = Vo @& Wy, Show that
dim(V; + V2) + dim(V; N Va) + dim(Wy + Wa) + dim(Wy N Wa) = 2n.  (1.101)

6. (a) Let A be an n by m matrix, and let B be an m by p matrix. Show the
following:
Ker(AB) = Ker(B) <= Sp(B) NKer(A) = {0}.
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(b) Let A be a square matrix. Show the following:
Ker(A) NSp(A) = {0} < Ker(A) = Ker(A").

7. Let A, B, and C be m by n, n by m, and r by m matrices, respectively.

A AB

(a) Show that rank ([ CA O

(b) Show that

D = rank(A) + rank(C AB).

rank(A — ABA) = rank(A)+rank(l,, — BA)—n
= rank(A) +rank(I,, — AB) —m,

8. Let A be an n by m matrix, and let B be an m by r matrix. Answer the
following questions:

(a) Let Wi = {x|Ax = 0 for all € Sp(B)} and Wy = {Az|x € Sp(B)}. Show
that dim(W;) 4+ dim(Ws) = rank(B).

(b) Use (a) to show that rank(AB) = rank(A) — dim(Sp(A’) N Sp(B)~).

9. (a) Assume that the absolute values of the eigenvalues of A are all smaller than
unity. Show the following:

(I, — A =TI,+A+A*+....

1 1 1 1 1
01 1 11
(b) Obtain B™*, where B=| 0 0 1 1 1
0 0 0 1 1
00 0 01
01 0 0 O
0 01 0O
(Hint: Set A= | 0 0 0 1 0 |, and use the formula in part (a).)
0 0 0 01
0 0 0 0O

10. Let A be an m by n matrix. If rank(A) = r, A can be expressed as A = M N,
where M is an m by r matrix and IN is an 7 by n matrix. (This is called a rank
decomposition of A.)

11. Let U and U be matrices of basis vectors of E™, and let V and V be the same
for E™. Then the following relations hold: U = UT} for some T, and V = VT,
for some T'5. Let A be the representation matrix with respect to U and V. Show
that the representation matrix with respect to U and V is given by

A=T7 AT,
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12. Consider a multiple regression equation y = X3 + e, where y is the vector of
observations on the criterion variable, X the matrix of predictor variables, 3 the
vector of regression coefficients, and e the vector of disturbance terms. Show that
it can be assumed without loss of generality that 3 € Sp(X’).



Chapter 2

Projection Matrices

2.1 Definition

Definition 2.1 Letx € E" =V & W. Then x can be uniquely decomposed
imto

T =x + x3 (wherexy € V and xy € W).
The transformation that maps x into x1 is called the projection matriz (or
simply projector) onto V' along W and is denoted as ¢. This is a linear
transformation; that is,

Pla1yy + a2ys) = a16(yy) + a20(y») (2.1)

for any y,, yo € E™. This implies that it can be represented by a matriz.
This matriz is called a projection matriz and is denoted by Py .yw. The vec-
tor transformed by Py.yw (that is, 1 = Py.wx) is called the projection (or
the projection vector) of  onto V' along W.

Theorem 2.1 The necessary and sufficient condition for a square matrix
P of order n to be the projection matriz onto V- = Sp(P) along W = Ker(P)
18 given by

pP?=P. (2.2)

We need the following lemma to prove the theorem above.

Lemma 2.1 Let P be a square matriz of order n, and assume that (2.2)
holds. Then
E"™ = Sp(P) ® Ker(P) (2.3)

H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 25
Statistics for Social and Behavioral Sciences, DOI 10.1007/978-1-4419-9887-3 2,
© Springer Science+Business Media, LLC 2011
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and
Ker(P) = Sp(I,, — P). (2.4)
Proof of Lemma 2.1. (2.3): Let € Sp(P) and y € Ker(P). From
x = Pa, we have Px = P?a = Pa = x and Py = 0. Hence, from
x+y = 0= Px+Py = 0, we obtain Px = x = 0 = y = 0. Thus, Sp(P)N
Ker(P) = {0}. On the other hand, from dim(Sp(P)) + dim(Ker(P)) =
rank(P) 4 (n — rank(P)) = n, we have E"™ = Sp(P) @ Ker(P).
(2.4): We have Pz =0 = « = (I,, — P)x = Ker(P) C Sp(I,, — P) on
the one hand and P(I,, — P) = Sp(I,, — P) C Ker(P) on the other. Thus,
Ker(P) = Sp(I,—P). Q.E.D.

Note When (2.4) holds, P(I,, — P) = O = P? = P. Thus, (2.2) is the necessary
and sufficient condition for (2.4).

Proof of Theorem 2.1. (Necessity) For Vo € E", y = Px € V. Noting
that y = y + 0, we obtain

P(Px)= Py=y = Px — P’z = Px — P>=P.

(Sufficiency) Let V = {yly = Pz, € E"} and W = {yly = (I, —
P)x,z € E"}. From Lemma 2.1, V and W are disjoint. Then, an arbitrary
x € E" can be uniquely decomposed into & = Px + (I, — P)x = x1 + @2
(where &1 € V and &2 € W). From Definition 2.1, P is the projection matrix
onto V = Sp(P) along W = Ker(P). Q.E.D.

Let E" =V @ W, and let * = x| + 2, where x1 € V and @2 € W. Let
Py denote the projector that transforms « into @o. Then,
Pywx+ Py.yx = (PV-W + Pw.v)m. (2.5)
Because the equation above has to hold for any « € E™, it must hold that
I, =Pyw+ Py.y.
Let a square matrix P be the projection matrix onto V' along W. Then,
Q = I, — P satisfies Q> = (I, - P> =1,-2P+P?>=1,-P = Q,
indicating that @ is the projection matrix onto W along V. We also have

PQ=P(I,-P)=P-P?=0, (2.6)



2.1. DEFINITION 27

implying that Sp(Q) constitutes the null space of P (i.e., Sp(Q) = Ker(P)).
Similarly, QP = O, implying that Sp(P) constitutes the null space of Q

(i.e., Sp(P) = Ker(Q)).

Theorem 2.2 Let E" =V & W. The necessary and sufficient conditions
for a square matriz P of order n to be the projection matrix onto V along

W are:
(i) Pr =« for Ve €V, (ii) Px=0 for V& € W. (2.7)

Proof. (Sufficiency) Let Py.; and Py denote the projection matrices
onto V along W and onto W along V', respectively. Premultiplying (2.5) by
P, we obtain P(Py.wx) = Py.wx, where PPy .yx = 0 because of (i) and
(ii) above, and Py.wax € V and Py.yx € W. Since Px = Py.yx holds
for any @, it must hold that P = Py ..

(Necessity) For any « € V, we have x = +0. Thus, Px = x. Similarly,
for any y € W, we have y = 0+, so that Py = 0. Q.E.D.

Example 2.1 In Figure 2.1, O_A indicates the projection of z onto Sp(x)
along Sp(y) (that is, OA= Pgyx).5py) %), where Pg,z).sp(y) indicates the

projection matrix onto Sp(x) along Sp(y). Clearly, O—é: (I2=Pgpy).spx))
X Z.

Sp(y) = {y}

Sp(z) = {x}

Figure 2.1: Projection onto Sp(x) = {x} along Sp(y) = {y}.

Example 2.2 In Figure 2.2, OA indicates the projection of z onto V =

{z|z = a1@1+agz2} along Sp(y) (that is, OA= Py g,y 2), where Py gy
indicates the projection matrix onto V' along Sp(y).
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Sp(y) = {y}

’ H V = {qul + Oégwg}

Figure 2.2: Projection onto a two-dimensional space V' along Sp(y) = {y}.

Theorem 2.3 The necessary and sufficient condition for a square matrix
P of order n to be a projector onto V' of dimensionality v (dim(V') = r) is
given by

P=TAT (2.8)

where T is a square nonsingular matriz of order n and

1T -~ 00 --- 0
0 10 0
Ar= 0 0 0 0
0 - 00 --- 0]

(There are r unities on the leading diagonals, 1 < r <n.)

Proof. (Necessity) Let E" = V @ W, and let A = [a1,a2, -, a,| and
B = [by, by, - - - b,,—,| be matrices of linearly independent basis vectors span-
ning V and W, respectively. Let T' = [A, B]. Then T is nonsingular,
since rank(A) + rank(B) = rank(T"). Hence, V& € V and Yy € W can be

expressed as
a a
az-Aa-[A,B]( 0 ) —T< 0 >,

y:Aa:[A,B]<g>:T<Ig>.
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Thus, we obtain

px:x:pT(g):T@):m(g),
py=o—rr(§)=(8)-ra(5)

Adding the two equations above, we obtain

pr(5)-ra(5)

Since is an arbitrary vector in the n-dimensional space E", it follows

(07
B8
that

PT=TA, — P=TA, T "

Furthermore, T' can be an arbitrary nonsingular matrix since V' = Sp(A)
and W = Sp(B) such that £ =V @ W can be chosen arbitrarily.
(Sufficiency) P is a projection matrix, since P? = P, and rank(P) = r
from Theorem 2.1. (Theorem 2.2 can also be used to prove the theorem
above.) Q.E.D.

Lemma 2.2 Let P be a projection matrix. Then,
rank(P) = tr(P). (2.9)

Proof. rank(P) = rank(TA,T~!) = rank(A,) = tr(TAT 1) = tr(P).
Q.ED.

The following theorem holds.

Theorem 2.4 Let P be a square matriz of order n. Then the following
three statements are equivalent.

pP2=p, (2.10)
rank(P) 4 rank(I, — P) =n, (2.11)
E™ =Sp(P)® Sp(I, — P). (2.12)

Proof. (2.10) — (2.11): It is clear from rank(P) = tr(P).
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(2.11) — (2.12): Let V = Sp(P) and W = Sp(I,, — P). Then, dim(V +
W) = dim(V) + dim(W) — dim(V N W). Since * = Px + (I,, — P)x
for an arbitrary m-component vector &, we have K" = V 4+ W. Hence,
dim(VNW)=0= VNW = {0}, establishing (2.12).

(2.12) — (2.10): Postmultiplying I, = P + (I,, — P) by P, we obtain
P = P%4 (I, — P)P, which implies P(I,, — P) = (I,,— P)P. On the other
hand, we have P(I,,—P) = O and (I,,—P)P = O because Sp(P(I,,—P)) C
Sp(P) and Sp((I,, — P)P) C Sp(I,, — P). Q.E.D.

Corollary
P? = P < Ker(P) = Sp(I, — P). (2.13)

Proof. (=): It is clear from Lemma 2.1.
(«<): Ker(P) = Sp(I,—P) < P(I,-P)=0 = P?>=P. Q.E.D.

2.2 Orthogonal Projection Matrices

Suppose we specify a subspace V' in E”. There are in general infinitely many
ways to choose its complement subspace V¢ = W. We will discuss some of
them in Chapter 4. In this section, we consider the case in which V' and W
are orthogonal, that is, W = V.

Let ¢,y € E™, and let  and y be decomposed as * = x; + 2 and
Y =Y, +Y,, where x1,y; € V and x2,y, € W. Let P denote the projection
matrix onto V' along V+. Then, ; = Px and y; = Py. Since (z2, Py) =
(yq, Px) = 0, it must hold that

(z,Py) = (Px+ z2, Py)= (Px, Py)
= (Pw7Py+y2) = (P:I},y) = (ag,P/y)

for any x and y, implying
P =P. (2.14)

Theorem 2.5 The necessary and sufficient condition for a square matrix
P of order n to be an orthogonal projection matriz (an orthogonal projector)
18 given by

(i) P> =P and (ii) P' = P.

Proof. (Necessity) That P? = P is clear from the definition of a projection
matrix. That P’ = P is as shown above.

(Sufficiency) Let & = Pa € Sp(P). Then, Px = P’a = Pa = x. Let
y € Sp(P)t. Then, Py = 0 since (Px,y) = ' P'y = ' Py = 0 must
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hold for an arbitrary . From Theorem 2.2, P is the projection matrix
onto Sp(P) along Sp(P)*; that is, the orthogonal projection matrix onto
Sp(P). Q.ED.

Definition 2.2 A projection matriz P such that P?> = P and P' = P is
called an orthogonal projection matriz (projector). Furthermore, the vector
Px is called the orthogonal projection of x. The orthogonal projector P
is in fact the projection matriz onto Sp(P) along Sp(P)*, but it is usually
referred to as the orthogonal projector onto Sp(P). See Figure 2.3.

Qy (where Q =1 — P)
Y

Py

Figure 2.3: Orthogonal projection.

Note A projection matrix that does not satisfy P’ = P is called an oblique pro-
jector as opposed to an orthogonal projector.

Theorem 2.6 Let A = [a1,az, -, ay]|, where ay,as, -+, a,, are linearly
independent. Then the orthogonal projector onto V.= Sp(A) spanned by
ai,as, -, Q. is given by

P=A(A'A)A (2.15)

Proof. Let ¢; € Sp(A). From z; = Aa, we obtain Pz; = x; = Aa =
A(A’A)"'A’'z;. On the other hand, let 25 € Sp(A)+. Then, A'xy = 0 =
A(A’A)"'A'zy = 0. Let © = x; + x2. From Pxy = 0, we obtain Pz =
A(A’A)7tA'z, and (2.15) follows because x is arbitrary.
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Let Q = I,, — P. Then Q is the orthogonal projector onto Sp(A)=*, the
ortho-complement subspace of Sp(A).

Example 2.3 Let 1,, = (1,1,---,1) (the vector with n ones). Let Py
denote the orthogonal projector onto V3 = Sp(1,). Then,

3=
3=

Py =1,1,1,)" ", = | : - | (2.16)
1

n

S

The orthogonal projector onto Vi; = Sp(1,,)+, the ortho-complement sub-
space of Sp(1,), is given by

1 1 1
=5 - n
-1 41 1
I, — Py = " " " (2.17)
1 1 11
n n n
Let
Qy =1n— P (2.18)
Clearly, Pys and Q,; are both symmetric, and the following relation holds:
P?\/[:PMv Q?\/[:QMa and Py Qy = Qy Py = O. (2.19)
Note The matrix Q,, in (2.18) is sometimes written as P7;.
Example 2.4 Let
€1 xr1 — T
Hp) To— T _ 1 &
TR = .= : , where m—Eij.
7=1
Tn Tn — T
Then,
= Qyzr, (2.20)
and so

n

> (zj—2)* = |lz|]* = &'z = 2R Q k.
j=1

The proof is omitted.
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2.3 Subspaces and Projection Matrices

In this section, we consider the relationships between subspaces and projec-
tors when the n-dimensional space E” is decomposed into the sum of several
subspaces.

2.3.1 Decomposition into a direct-sum of disjoint subspaces

Lemma 2.3 When there exist two distinct ways of decomposing E™,
E"=VieW, =V, ® Wy, (2.21)
and if Vi C Wo or Vo C Wy, the following relation holds:
E" = (Vi@ Vo) & (Wi N Wa,). (2.22)
Proof. When Vi C W5, Theorem 1.5 leads to the following relation:
Vi+(WinWy)=WVi+Wi)NWy=E"NWy =W,

Also from Vi N (W NWa) = (Vin W) N Wy = {0}, we have Wy = V; @
(W1 N Ws). Hence the following relation holds:

E'=VaaWo=Voa Vi@ (WiNWs) = (Vi & Va)® (W NW,).

When Vo C Wa, the same result follows by using W; = Vo @ (W1 N
Wa). Q.E.D.

Corollary When Vi C Vo or Wy C W,
E" = (Vi @ Wa) @ (VaN W), (2.23)

Proof. In the proof of Lemma 2.3, exchange the roles of Wy and V5.  Q.E.D.

Theorem 2.7 Let P1 and Py denote the projection matrices onto V along
W1 and onto Vy along Wy, respectively. Then the following three statements
are equivalent:

(i) Py + P32 is the projector onto Vi @ Va along Wi N Wa.

(i) PPy = PyP1 = O.

(iii) Vi € Wy and Vo C Wy. (In this case, Vi and Vo are disjoint spaces.)
Proof. (i) — (ii): From (P1+P3)? = P1+ Py, P? = Py, and P3 = Py, we
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have P1 Py, = —P5P;. Pre- and postmutiplying both sides by P, we obtain
PPy, = —P,P,P; and P,PyP, = —P,P;, respectively, which imply
P1P2 = P2P1. This and P1P2 = —P2P1 lead to P1P2 = P2P1 = 0.

(ii) — (iii): For an arbitrary vector & € Vi, P1x = x because Pix € ;.
Hence, PoPix = Pyx = 0, which implies € W5, and so V; € Ws. On
the other hand, when x € V5, it follows that Pex € V5, and so P1Pox =
Pix =0, implying * € Ws. We thus have V5, C Wh.

(iii) — (ii): For @ € E™, Pyx € Vi, which implies (I,, — P2)P1x = Pz,
which holds for any x. Thus, (I,, — P2)P; = Py, implying P1 Py = O.
We also have © € E" = Pox € Vo = (I,, — P1)Pyx = Psx, which again
holds for any @, which implies (I,, — P1)Ps = Py = PPy = O. Similarly,
PP, =0.

(ii) — (i): An arbitrary vector € (Vi @ Va) can be decomposed into
x = x1 + x9, where &1 € V] and xo € V5. From Pixy = P1Pox = 0
and Poxy = PoPix = 0, we have (Pl + Pg)x = (Pl + Pg)(wl + 032) =
Pix| + Pyxo = 1 + 2 = . On the other hand, by noting that P, =
P(I, — P3) and Py = Py(I,, — P;) for any € (W1 N W;), we have
(P1+ Py)x = Py(I, — Py)x + Py(I,, — P1)x = 0. Since Vi C Wy and
Vo € W, the decomposition on the right-hand side of (2.22) holds. Hence,
we know P + Ps is the projector onto Vi @ V5 along W1 N W5 by Theorem
2.2. Q.E.D.

Note In the theorem above, PPy = O in (ii) does not imply PoP; = O.
P, Py = O corresponds with V5 C Wy, and Po Py = O with Vi € W in (iii). Tt
should be clear that V; C Wy <= V5 C W; does not hold.

Theorem 2.8 Given the decompositions of E™ in (2.21), the following three
statements are equivalent:

(i) Py — Pj is the projector onto Vo N W1 along Vi & Wa.

(ii) PPy = PyPy = P;.

(iii) V1 C Vo and Wy C Wh.

Proof. (i) — (ii): (Py — P1)? = Py — P implies 2P = P1P5 + Py P;.
Pre- and postmultiplying both sides by Ps, we obtain PoP; = PoP 1Py
and PPy = P9 P, P, respectively, which imply PPy = P2 P, = P;.

(ii) — (iii): For V& € E™, P1x € Vi, which implies P1x = PoPx € V5,
which in turn implies V1 C Va. Let Q; = I, — P; (j = 1,2). Then,
P,P; = P implies Q,Q5 = Q,, and so Q,x € Wy, which implies Qo2 =
Q,Q-5x € Wy, which in turn implies Wy C Wj.
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(iii) — (ii): From Vj C V3, for Vo € E", Pix € V] C Vo = Py(Pix) =
Pix = P3P = P;y. On the other hand, from Wy C Wy, Qx € Wo C W)

for Ve € E" = Q1Qyx = Qyx = Q1Q:Q = (In — P1)(I, — P2) =
(In—PQ) = PPy = P;.

(ii) — (i): For € (Vo N W), it holds that (Py — P1)x = Q,Px =
Q,x = x. On the other hand, let * = y + z, where y € V] and z € Wj.
Then, (Py — P1)x = (Py — P1)y + (P2 — P1)z = P2Qy + Q, P2z = 0.
Hence, Po— P is the projector onto VoNW; along V1 &Was. Q.E.D.

Note As in Theorem 2.7, P1 Py = P, does not necessarily imply P, P, = P;.
Note that PPy, =P, <:>W2CW1,andP2P1:P1<:>V1 C V.

Theorem 2.9 When the decompositions in (2.21) and (2.22) hold, and if
P,Py; = PyP;, (2.24)

then P1 Py (or PyP1) is the projector onto Vi N Va along Wy + Wh.

Proof. P;Py = P3P implies (P1P3)?> = P, PyP1 Py = P?P3 = PP,
indicating that P1Ps is a projection matrix. On the other hand, let €
Vi N Va. Then, Pi(Pox) = Pyx = x. Furthermore, let € W + W,
and * = x; + ®o, where ®; € Wy and s € Wy, Then, P Pyx =
P{Pyxi+P{Pyxy = PyPix1+0 = 0. Since E" = (VlﬁVQ)@(Wl@WQ) by
the corollary to Lemma 2.3, we know that P P> is the projector onto V3 NVs
along W1 &Ws. Q.E.D.

Note Using the theorem above, (ii) — (i) in Theorem 2.7 can also be proved as
follows: From PPy = O

Q.Q;=In—Py)(I, — Py) =I, - P1 — P, = Q,Q,.
Hence, Q,Q, is the projector onto W1NWy along V1@ Va, and P1+Py = 1,—Q,Q,

is the projector onto Vi @ V5 along Wy N Ws.

If we take Wi = Vi~ and Wy = V5" in the theorem above, P; and Ps
become orthogonal projectors.
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Theorem 2.10 Let Py and Ps be the orthogonal projectors onto Vi and
Va, respectively. Then the following three statements are equivalent:

(i) Py + Py is the orthogonal projector onto Vi ® Va.
(i) P1 Py = PoPy = O.

(iii) V4 and Vs are orthogonal.

Theorem 2.11 The following three statements are equivalent:
(i) Py — Py is the orthogonal projector onto Vo N Vi-.

(ii) PPy = PyPy = P;.

(iii) V1 C Va.

The two theorems above can be proved by setting Wi = Vi and W, =
V3~ in Theorems 2.7 and 2.8.

Theorem 2.12 The necessary and sufficient condition for P1Ps to be the
orthogonal projector onto Vi N Vy is (2.24).

Proof. Sufficiency is clear from Theorem 2.9. Necessity follows from PP,
= (P1P3)’, which implies P; Py = P3P since P1P5 is an orthogonal pro-
jector. Q.E.D.

We next present a theorem concerning projection matrices when E™ is
expressed as a direct-sum of m subspaces, namely
E'=ViaVe® -V, (2.25)
Theorem 2.13 Let P; (i=1,---,m) be square matrices that satisfy
Pi+Py+--+ P, =1,. (2.26)
Then the following three statements are equivalent:
P;P; =0 (i#}). (2.27)

P?=P;, (i=1,---m). (2.28)

(2

rank(P1) + rank(P3) + - - - + rank(P,,) = n. (2.29)
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Proof. (i) — (ii): Multiply (2.26) by P;.
(ii) — (iii): Use rank(P;) = tr(P;) when P? = P;. Then,

irank(Pi) = i =tr (Z P; ) =tr(I,) =n.
i=1 i=1

(iii) — (i), (ii): Let V; = Sp(P;). From rank(P;) = dim(V;), we obtain
dim(V1) + dim(V2) + - - - dim(V;,,) = n; that is, E™ is decomposed into the
sum of m disjoint subspaces as in (2.26). By postmultiplying (2.26) by P;,
we obtain

PP, +PyP;+ -+ Py(P;—I,)+-+ P,P;=0.
Since Sp(P1),Sp(P2),---,Sp(Pm) are disjoint, (2.27) and (2.28) hold from
Theorem 1.4. Q.E.D.

Note P, in Theorem 2.13 is a projection matrix. Let E" =V} & --- @ V,., and let
Viy=Vi&--aViaoViad - aV. (2.30)

Then, E™ = V;®V(;). Let P;.(;) denote the projector onto V; along V(;). This matrix
coincides with the P; that satisfies the four equations given in (2.26) through (2.29).

The following relations hold.
Corollary 1

Pyay+ Pa)+ -+ Py = In, (2.31)
Pi@Pj G =0 (i 7)) (2.33)

Corollary 2 Let P;).; denote the projector onto Vi;) along V;. Then the
following relation holds:

Pi.i=Pray+ -+ P11+ Pi1r) -+ Pogm)- (2.34)

Proof. The proof is straightforward by noting P;.;;+P;).; = In.  Q.E.D.
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Note The projection matrix P;.;y onto V; along V{;) is uniquely determined. As-
sume that there are two possible representations, P;.(;y and P?_(i). Then,

Py + Po@)+ -+ Py = Pl + Paoy+ -+ P
from which
(P11 — Pi.y) + (P22 = Pag) + -+ (Puim) — Prymy) = O.

Each term in the equation above belongs to one of the respective subspaces Vi, Vs,
-+, Vin, which are mutually disjoint. Hence, from Theorem 1.4, we obtain P;.;) =
P; ;). This indicates that when a direct-sum of E™ is given, an identity matrix I,,
of order n is decomposed accordingly, and the projection matrices that constitute
the decomposition are uniquely determined.

The following theorem due to Khatri (1968) generalizes Theorem 2.13.

Theorem 2.14 Let P; denote a square matriz of order n such that
P=P+Py+---+ P, (2.35)

Consider the following four propositions:

) PP=P; (i=1,---m),

(ii) P;P; =0 (i#j), and rank(P?) = rank(P;),

(iii) P? = P,

(iv) rank(P) = rank(Py) + - - - + rank(P,,).

All other propositions can be derived from any two of (i), (ii), and (iii), and
(i) and (ii) can be derived from (iii) and (iv).

Proof. That (i) and (ii) imply (iii) is obvious. To show that (ii) and (iii)
imply (iv), we may use

P?=P} 4+ P3+ .-+ P2 and P?=P,

which follow from (2.35).

(i), (iii) — (i): Postmultiplying (2.35) by P;, we obtain PP; = PZ, from
which it follows that P? = P?. On the other hand, rank(P?) = rank(P;)
implies that there exists W such that P?W,; = P;. Hence, P} = P? =
P}W, = P?W, = P,(PW,) = PW = P?=P,.
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(i), (iv) — (i), (ii): We have Sp(P) @ Sp(I,, — P) = E" from P? = P.
Hence, by postmultiplying the identity

P ,+Py+---+P,+(I,—P)=1,

by P, we obtain P? = P;, and P;P; = O (i # j). Q.E.D.

Next we consider the case in which subspaces have inclusion relationships
like the following.

Theorem 2.15 Let
EnZVkDVk_lD"-DVQDVl:{O},

and let W; denote a complement subspace of V;. Let P; be the orthogonal
projector onto V; along W;, and let P; = P; — P;_y, where Py = O and
Py =1,. Then the following relations hold:

(i) In=Pi+P3+---+ Pj.

(ii) (P})? = P;.

(iii) Py P; = P;P; = O (i # j).

(iv) P; is the projector onto V; N W;_1 along V;—1 & W;.

Proof. (i): Obvious. (ii): Use P;P;—y = P;_1P; = P;_;. (iii): It
follows from (P})? = P§ that rank(P}) = tr(P}) = tr(P; — P;_1) =
tr(P;) — tr(P;_1). Hence, 3-8  rank(P}) = tr(P}) — tr(Pg) = n, from
which PP = O follows by Theorem 2.13. (iv): Clear from Theorem
2.8(i). Q.E.D.

Note The theorem above does not presuppose that P; is an orthogonal projec-
tor. However, if W; = V-, P; and P} are orthogonal projectors. The latter, in
particular, is the orthogonal projector onto V; N V.

2.3.2 Decomposition into nondisjoint subspaces

In this section, we present several theorems indicating how projectors are
decomposed when the corresponding subspaces are not necessarily disjoint.
We elucidate their meaning in connection with the commutativity of pro-
jectors.
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We first consider the case in which there are two direct-sum decomposi-
tions of K™, namely
E"=Vio W, =V, @ W,

as given in (2.21). Let Vi3 = V3 N V4 denote the product space between V;
and V5, and let V3 denote a complement subspace to Vi + V5 in E™. Fur-
thermore, let P19 denote the projection matrix onto V1o = Vi + V5 along
V3, and let P; (j = 1,2) represent the projection matrix onto V; (j = 1,2)
along W; (j = 1,2). Then the following theorem holds.

Theorem 2.16 (i) The necessary and sufficient condition for P19 = P1+
Py, — PP is
(V1+2 N Wg) C (V1 D ‘/3) (2.36)

(ii) The necessary and sufficient condition for Pi19 = P1 + Py — P9 P is
(Viga NW7) C (Vo @ V3). (2.37)

Proof. (i): Since Vi4o D Vi and Vi4o D Vi, Piyo — Py is the projector
onto Viyo N Wj along Vi & V3 by Theorem 2.8. Hence, P12P; = P; and
Py, 9Py = Psy. Similarly, P19 — P5 is the projector onto Vi49 N W5 along
Vo @ V3. Hence, by Theorem 2.8,

P1+2—P1—P2+P1P2:0<:>(P1+2—P1)(P1+2—P2):0.
Furthermore,
(P1y2 — P1)(P1y2 — P3) = O <= (Vi;2NWa) C (V1 @ V3).

(11) Similarly, Pi,o— P, —Py+ PP, = 0O — (P1+2 —P2)(P1+2 —
P,)=0 <= (Vip2nW) C (Vad V). Q.E.D.

Corollary Assume that the decomposition (2.21) holds. The necessary and
sufficient condition for P1 Py = Py P is that both (2.36) and (2.37) hold.

The following theorem can readily be derived from the theorem above.

Theorem 2.17 Let E" = (Vi+V2)@® V3, Vi = Vi1® Vi, and Vo = Vas @ V1o,
where Vig = Vi NV, Let Py 5 denote the projection matriz onto Vi + Va
along Vs, and let P} and P35 denote the projectors onto Vi along Vi & Vag
and onto Vo along Vs @ Vi1, respectively. Then,

PP}, = P,P" (2.38)
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and
142 =P+ P;— PP (2.39)

Proof. Since V11 C Vi and Voy C Vs, we obtain
VH_QQWQ =Vi1 C (Vl@v?,> andV1+2ﬂW1 = Voo C (VQ@Vg)

by setting W1 = Voo @ V3 and Wy = Vi1 @ V3 in Theorem 2.16.

Another proof. Let y = y; +ys + yp +y3 € E", where y; € Vi,
Yo € Vaa, Y19 € Vig, and y3 € V3. Then it suffices to show that (P1P3)y =
(P3PY)y. Q.E.D.

Let P; (j = 1,2) denote the projection matrix onto V; along W;. As-
sume that E" =VieW e Vs =Vo@Wod Vzand V1 + Vo = V11 & Var & Vio
hold. However, Wi = Vb may not hold, even if Vi = Vi1 @ Vio. That is,
(2.38) and (2.39) hold only when we set W1 = Va5 and Wy = V5.

Theorem 2.18 Let Py and P2 be the orthogonal projectors onto Vi and
Va, respectively, and let P19 denote the orthogonal projector onto Viio.
Let Vio = Vi N Va. Then the following three statements are equivalent:

(i) P1Py = PyP;.
(ii) P1yo = P1 + Py — P, Ps.
(iii) Vi1 = Vi N V5 and Vag = Vo N Vi5 are orthogonal.
Proof. (i) — (ii): Obvious from Theorem 2.16.
(ii) — (iii): P9 =P+ P, — PPy = (P1+2 — P1)(P1+2 — PQ) =
(P1y2 — P3)(P142 — P1) = O = Vi1 and Vay are orthogonal.

(iii) — (i): Set V3 = (V1 +V4)* in Theorem 2.17. Since Vi1 and Vag, and
V1 and Vag, are orthogonal, the result follows. Q.E.D.

When P, P5, and P12 are orthogonal projectors, the following corol-
lary holds.

Corollary P1+2 =P, +Py— PPy <— PPy, = P>P,;.

2.3.3 Commutative projectors

In this section, we focus on orthogonal projectors and discuss the meaning
of Theorem 2.18 and its corollary. We also generalize the results to the case
in which there are three or more subspaces.
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Theorem 2.19 Let P; denote the orthogonal projector onto V;. If P1 Py =
PsP,, PP3s = P3P, and PyP3 = P3P>, the following relations hold:

Vi+(VanVs) = (Vi+Ve)Nn(Vi+Vs), (2.40)
Vot (VinV3) = (Vi +V2) N (Vo + V3), (2.41)
Vs+(VinVa) = (Vi +Va) N (Va+ V3). (2.42)

Proof. Let Pj(yn3) denote the orthogonal projector onto Vi + (Vo N V3).
Then the orthogonal projector onto V5N V3 is given by P9 P3 (or by P3Ps).
Since PPy = PoP1 = P1Py,P3 = PyP3Pq, we obtain

Py (3n3) = P1+ P2P3 — P1PyP3

by Theorem 2.18. On the other hand, from P;Py = PoP; and P{P3 =
P3P, the orthogonal projectors onto Vi + V5 and Vi + V3 are given by

P9 =P+ Py— PiPyand P13 =P, + P3— P, Ps,

respectively, and so P112P14+3 = P143P71492 holds. Hence, the orthogonal
projector onto (Vi + Vo) N (V5 + V3) is given by

(Py+ Py — PP5)(P,+ P3s— P,P3) = P, + P,P3 — P, P,Ps,

which implies Py (9n3) = P1+2P143. Since there is a one-to-one correspon-
dence between projectors and subspaces, (2.40) holds.
Relations (2.41) and (2.42) can be similarly proven by noting that (P +
P, — PP,)(Py+ P3— PyP3) = Py+ P, P3 — P, PyP3 and (P + P3 —
P1P3)(P2 + P3 — P2P3) = P3 + PPy — PP, P3, respectively.
Q.E.D.

The three identities from (2.40) to (2.42) indicate the distributive law of
subspaces, which holds only if the commutativity of orthogonal projectors
holds.

We now present a theorem on the decomposition of the orthogonal pro-
jectors defined on the sum space Vi + Vo + V3 of Vi, Vs, and V.

Theorem 2.20 Let Pyio4y3 denote the orthogonal projector onto Vi + Vo +
Vs, and let Py, Ps, and Ps denote the orthogonal projectors onto Vi, Va,
and Vs, respectively. Then a sufficient condition for the decomposition

P1+2+3 =P+ Py+ P3— PPy — PyP3— P3P, + P{Py;P3 (2.43)
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to hold is
PPy, = P,P,, PyP3= P3Ps, and P,P3 = P3P;. (2.44)

Proof. P1P2 == PQPl = P1+2 = Pl +P2 —P1P2 and P2P3 = P3P2 =
P33 = Py + P3— PyP3. We therefore have P, 9Poy3 = Py,3P1,5. We
also have P11243 = P(149)4(143), from which it follows that

Piiors = Payoyiats) = P2+ Pigs — PiyaPigs
(P14 Py — P Py) + (Py+ P3s — P, P3)
—(PyP3+ Py — P, P,Ps3)
= P, +Py+P3— PPy~ PyP3— PP3+ PPyP3.

An alternative proof. From P, Py,3 = Py, 3P, we have P1,93 = P1+
Ps3—P1Pyy3. If we substitute Po 3 = Po+ Ps— Py P35 into this equation,
we obtain (2.43). Q.E.D.

Assume that (2.44) holds, and let
P;=P,—-P,Py,— P\P3;+ P,P,Ps,

P; = Py — P,P3 — PPy + P P,Ps3,
P;=P3 — P1P3 — P,P3+ P,P,yPs3,
P53 = P1Py — PPy P3,
P30y = P1P3 — P1PyPs3,
Py31y = PoP3 — PPy P3,

and
P33 = P1P>Ps3.

Then,
P1+2+3 = Pi + PQ + Pg + P12(3) + P13(2) + P23(1) + P123' (245)

Additionally, all matrices on the right-hand side of (2.45) are orthogonal
projectors, which are also all mutually orthogonal.

Note Since Pi = Pl(In - P2+3), PQ = PQ(In — P1+3), Pg = Pg(I— P1+2),
Pyy3) = P1Py(I,,—P3), Pi35) = P1P3(I,— P3), and Py3(1) = PoP3(I,—Py),
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the decomposition of the projector Py oy3 corresponds with the decomposition of
the subspace Vi + V5 + V3

Vi+ Vot Va=V; @ V5@ Vs ® Viges) ® Vi) ® Vasa) @ Vizs, (2.46)

where Vi = Vin (Vo + Va)t, V3 = Von (Vi + V3)4, V3 = Van (Vi + Vo),
Visa) = Vi NVa N Vi, Vigey = Vi nVa- N Vs, Vagy = V- N VN Vs, and
Viss=ViNnVanVs.

Theorem 2.20 can be generalized as follows.

Corollary LetV =Vi+Vo+---+V; (s > 2). Let Py denote the orthogonal
projector onto V', and let P; denote the orthogonal projector onto V;. A
sufficient condition for

S
PV:ZPJ‘*ZPiPJ’+ Z P;P;Py+ -+ (-1)""'P1PyP3--- P,
=1 i<j i<j<k
(2.47)

to hold is
PiPj=P;P; (i #j). (2.48)

2.3.4 Noncommutative projectors

We now consider the case in which two subspaces V; and V5 and the cor-
responding projectors P; and Ps are given but PPy = P3P does not
necessarily hold. Let Q; = I,, — P; (j = 1,2). Then the following lemma
holds.

Lemma 2.4

Vi+Va = Sp(P1)@Sp(Q,P2) (2.49)
= Sp(Q,P1) & Sp(P2). (2.50)

Proof. [P1,Q,Ps] and [Q,P1, Ps3] can be expressed as

[P1,Q, P3| = [P, Po] [ Ion _IP2 ] = [Py, P5)S
and
Qo P1, Po] = [Py, Py [ _I{;l ? 1 = [Py, Po]T
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Since S and T are nonsingular, we have
rank(Py, P9) = rank(P1, Q; P3) = rank(Q,P1, P1),
which implies
Vi + V2 = Sp(P1, @, P3) = Sp(Qy Py, P2).

Furthermore, let Pix + Q, P2y = 0. Premultiplying both sides by P,
we obtain Pix = 0 (since P1Q; = O), which implies Q, P2y = 0. Hence,
Sp(P1) and Sp(Q,P2) give a direct-sum decomposition of V; + Vs, and so
do Sp(Q,P1) and Sp(P2). Q.E.D.

The following theorem follows from Lemma 2.4.

Theorem 2.21 Let E™ = (V} + Va) @ W. Furthermore, let

Vopy = {z|x = Qy,y € Va} (2.51)
and
V1[2] = {QZ’:B = Q2y,’y S Vl} (252)

Let Q; = I, — Pj (j = 1,2), where P; is the orthogonal projector onto
Vi, and let P*, P, P35, Py, and Py denote the projectors onto Vi + Va
along W, onto Vi along Va;;) @ W, onto Va along Vg @ W, onto Vi along
Vo @& W, and onto Vo1) along Vi & W, respectively. Then,

P* = P} + Py, (2.53)

or

holds.

Note When W = (V; + Vo)+, P7 is the orthogonal projector onto Vj, while Pj;
is the orthogonal projector onto V;[i].

Corollary Let P denote the orthogonal projector onto V.= Vi & Vs, and
let P; (j = 1,2) be the orthogonal projectors onto Vj. If Vi and V; are
orthogonal, the following equation holds:
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2.4 Norm of Projection Vectors

We now present theorems concerning the norm of the projection vector Px
(x € E™) obtained by projecting x onto Sp(P) along Ker(P) by P.

Lemma 2.5 P' = P and P> =P < P'P = P.
(The proof is trivial and hence omitted.)

Theorem 2.22 Let P denote a projection matriz (i.e., P> = P). The
necessary and sufficient condition to have

[Pz < ||| (2.56)

for an arbitrary vector x is

P =P. (2.57)

Proof. (Sufficiency) Let  be decomposed as = Px + (I,, — P)x. We
have (Pz)'(I,, — P)x = 2/(P' — P'P)x = 0 because P' = P = P'P = P’

from Lemma 2.5. Hence,
2| |* = || Pz|]” + ||(In — P)z|[* > || Pz|.

(Necessity) By assumption, we have &/(I,, — P’ P)x > 0, which implies
I,,— P'P is nnd with all nonnegative eigenvalues. Let A1, \a, - -+, A\, denote
the eigenvalues of P’P. Then, 1 —X; > 0or 0> X\; >1(j =1,---,n).
Hence, >7% )\32‘ < >°j—1 Aj, which implies tr(P'P)? < tr(P'P).

On the other hand, we have

(tr(P'P))? = (tr(PP'P))* < tr(P'P)tr(P'P)*

from the generalized Schwarz inequality (set A’ = P and B = P'P in
(1.19)) and P? = P. Hence, tr(P'P) < tr(P'P)? = tr(P'P) = tr(P'P)?,
from which it follows that tr{(P — P'P)'(P — P'P)} = tr{P'P — P'P —
P'P + (P'P)?} = tr{P'/P - (P'P)?}) =0. Thus, P = PP = P =
P. Q.E.D.

Corollary Let M be a symmetric pd matriz, and define the (squared) norm
of © by
l|z||3; = ¢’ M. (2.58)
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The necessary and sufficient condition for a projection matrixz P (satisfying
P? = P) to satisfy
2 2
[Py < [|2|[3 (2.59)

for an arbitrary n-component vector x is given by
(MP) = MP. (2.60)

Proof. Let M = UA?U’ be the spectral decomposition of M, and let
M'? = AU’. Then, M~'/?> = UA~!. Define y = M2z, and let P =
M'Y2PM~'2. Then, P’ = P, and (2.58) can be rewritten as ||Pyl|?> <
lly||?. By Theorem 2.22, the necessary and sufficient condition for (2.59) to
hold is given by

P’ = P — (M'2PM~?) = M\2PM~/2, (2.61)

leading to (2.60). Q.E.D.

Note The theorem above implies that with an oblique projector P (P2 = P, but
P’ +# P) it is possible to have ||Pz|| > ||z||. For example, let

o[y 4] men(1)

Then, ||Pz|| =2 and ||z|| = V2.

Theorem 2.23 Let Py and Ps denote the orthogonal projectors onto Vi
and Vo, respectively. Then, for an arbitrary x € E™, the following relations
hold:

|1PyPrz|| < |[Prx|] < ||| (2.62)

and, if Vo C V7,
||Poz|| < [|P1]|. (2.63)

Proof. (2.62): Replace by Pix in Theorem 2.22.
(2.63): By Theorem 2.11, we have PPy = Py, from which (2.63) fol-
lows immediately.

Let x1,x2, -, x, represent p n-component vectors in E", and define

X = [x1, 22, -+, xp]. From (1.15) and P = P'P, the following identity
holds:

||[Pxq||* + || Pz2|]* + - - + || Pxy||* = tr( X' PX). (2.64)
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The above identity and Theorem 2.23 lead to the following corollary.

Corollary
() If Vo C V1, tr( X' Py X) < tr(X'P1X) < tr( X' X).

(ii) Let P denote an orthogonal projector onto an arbitrary subspace in E™.
If Vl D) Vv2,

tI‘(Plp) Z tr(PQP).

Proof. (i): Obvious from Theorem 2.23. (ii): We have tr(P;P) = tr(P;P?)
=tr(PP;P) (j = 1,2), and (Py — P3)?> = Py — Py, so that

tr(PP,P) — tr(PPyP) = tr(SS’) > 0,

where S = (P — P2)P. It follows that tr(P;P) > tr(PyP).
Q.ED.

We next present a theorem on the trace of two orthogonal projectors.

Theorem 2.24 Let Py and Psy be orthogonal projectors of order n. Then
the following relations hold:

tl“(Plpg) == tI‘(P2P1) § min(tr(Pl), tl”(Pz)). (265)

Proof. We have tI‘(Pl) - tI‘(P1P2) = tI‘(Pl(In — PQ)) = tI‘(PlQZ) =

tr(P1QyP1) = tr(S’S) > 0, where S = Q,P1, establishing tr(Py) >

tr(P1P3). Similarly, (2.65) follows from tr(Ps2) > tr(P1P3) = tr(P2Pq).
Q.E.D.

Note From (1.19), we obtain

tr(Png) S \/tr(Pl)tr(Pg). (266)

However, (2.65) is more general than (2.66) because /tr(P7)tr(Ps) > min(tr(P),
tr(P2)).
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2.5 Matrix Norm and Projection Matrices

Let A = [a;;] be an n by p matrix. We define its Euclidean norm (also called
the Frobenius norm) by

1A]] = {tr(A" A} = ZZ% (2.67)
i=17=1

Then the following four relations hold.

Lemma 2.6

||Al| > 0. (2.68)
ICA[[ < [IC]] - |A]l, (2.69)

Let both A and B be n by p matrices. Then,
1A+ B|[ < [|A]| + || BJ|. (2.70)

Let U and V' be orthogonal matrices of orders n and p, respectively. Then
IUAV|| = [|A]|. (2.71)

Proof. Relations (2.68) and (2.69) are trivial. Relation (2.70) follows im-
mediately from (1.20). Relation (2.71) is obvious from

tr(V'AU'UAV) = tr(A’AVV') = tr(A'A).
Q.E.D.

Note Let M be a symmetric nnd matrix of order n. Then the norm defined in
(2.67) can be generalized as

||A]|ar = {tr(A'M A)}/2, (2.72)
This is called the norm of A with respect to M (sometimes called a metric matrix).
Properties analogous to those given in Lemma 2.6 hold for this generalized norm.

There are other possible definitions of the norm of A. For example,

(1) [[A][x = max; 377, |aij],
(ii) || A]|2 = 1 (A), where pq(A) is the largest singular value of A (see Chapter 5),
and
(i) [[Alls = max; >25_; [ai;]-
All of these norms satisfy (2.68), (2.69), and (2.70). (However, only || A]|2 satisfies
(2.71).)
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Lemma 2.7 Let P and P denote orthogonal projectors of orders n and p,
respectively. Then,
IPA[| < [[A] (2.73)

(the equality holds if and only if PA = A) and
|AP|| < [|A]| (2.74)
(the equality holds if and only if AP = A).

Proof. (2.73): Square both sides and subtract the right-hand side from the
left. Then,

tr(A’A) —tr(A'PA) = tr{A'(I,, — P)A}
=tr(A'QA) = tr(QA)(QA) > 0 (where Q =1I,, — P).

The equality holds when QA = O <— PA = A.

(2.74): This can be proven similarly by noting that |AP||? —tr(PA’AP)
= tr(APA’) |[PA'||%. The equality holds when QA =0 — PA =
A — AP = A, whereQ = I,,—P. Q.E.D.

The two lemmas above lead to the following theorem.

Theorem 2.25 Let A be an n by p matriz, B andY n by r matrices, and
C and X r by p matrices. Then,

1A = BX]|| = [|(I, — Pg)Al|, (2.75)

where Pp is the orthogonal projector onto Sp(B). The equality holds if and
only if BX = PgA. We also have

1A =YC|| = ||A(L, - Por)l], (2.76)

where Pcr is the orthogonal projector onto Sp(C'). The equality holds if
and only if YC = AP¢c. We also have

|A—BX -YC|| = ||(In — Pp)A(I, — Pcr)||. (2.77)
The equality holds if and only if

P3(A-YC)=BX and (I, — P)AP¢ = (I, — Pg)YC  (2.78)
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or
(A— BX)P¢ =YC and PgA(I, — Po/) = BX (I, — Per).  (2.79)

Proof. (2.75): We have (I,, — Pp)(A — BX) = A— BX — PgpA +
BX = (I,, — Pp)A. Since I,, — Pp is an orthogonal projector, we have
|A=BX]|| > |[(In—~Pp)(A—-BX)|| = [|(I,— Pp)A|| by (2.73) in Lemma
2.7. The equality holds when (I,, — Pp)(A — BX) = A — BX, namely
PpA=BX.

(2.76): It suffices to use (A—YC)(I,— Pcr) = A(I,— P¢r) and (2.74)
in Lemma 2.7. The equality holds when (A —-YC)(I, — Pc/) = A-YC
holds, which implies YC = AP¢v.

(277): || A~BX ~YC|| > (I~ P5)(A-YC)|| > (I, ~ Pp)A(L, -
Po)| or || A= BX Y C|| 2 (A= BX)(I,~ Por)| = |[(I,~ Ps) A(T,~
Pei)||. The first equality condition (2.78) follows from the first relation
above, and the second equality condition (2.79) follows from the second rela-
tion above. Q.E.D.

Note Relations (2.75), (2.76), and (2.77) can also be shown by the least squares
method. Here we show this only for (2.77). We have

|IA-BX -YC|*=tr{(A-BX -YC)(A-BX -YC)}
=tr(A-YC)(A-YC) - 2tr(BX)(A-YC) +tr(BX)'(BX)

to be minimized. Differentiating the criterion above by X and setting the re-
sult to zero, we obtain B'(A — YC) = B'BX. Premultiplying this equation by
B(B'B)~!, we obtain Pg(A — YC) = BX. Furthermore, we may expand the
criterion above as

tr(A — BX)' (A — BX) - 2t:(YC(A — BX)') + t2(YC)(Y C)'.

Differentiating this criterion with respect to Y and setting the result equal to zero,
we obtain C(A — BX) = CC'Y’ or (A — BX)C' = YCC'. Postmultiplying
the latter by (CC’)~1C’, we obtain (A — BX )P = Y C. Substituting this into
Pp(A-YC) = BX, we obtain PgA(I, — Pc) = BX (I, — P¢) after some
simplification. If, on the other hand, BX = Pp(A — Y C) is substituted into
(A—- BX)Po = YC, we obtain (I,, — Pg)AP¢c = (I,, — Pp)YC. (In the
derivation above, the regular inverses can be replaced by the respective generalized
inverses. See the next chapter.)
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2.6 General Form of Projection Matrices

The projectors we have been discussing so far are based on Definition 2.1,
namely square matrices that satisfy P? = P (idempotency). In this section,
we introduce a generalized form of projection matrices that do not neces-
sarily satisfy P2 = P, based on Rao (1974) and Rao and Yanai (1979).

Definition 2.3 Let V. C E™ (but V # E") be decomposed as a direct-sum
of m subspaces, namely V.=V @ Vo @ --- © V;. A square matriz P; of
order n that maps an arbitrary vector y in V' into V; is called the projection
matriz onto Vj along Vij)y =Vi @ @ V;1 @ Vi1 @ @ Vi if and only if

Pix=x VYxeV; (j=1,---,m) (2.80)

and

Pix=0 Ve eV (j=1,--,m). (2.81)

Let ; € V;. Then any x € V can be expressed as
r=xz1+x2+ -+ xy =(P]+P5+--- P )x.
Premultiplying the equation above by P}, we obtain
PPz =0 (i #j) and (P})’z =Pz (i=1,---,m) (2.82)

since Sp(P1),Sp(P32),---,Sp(Py,) are mutually disjoint. However, V' does
not cover the entire E" (& € V # E™), so (2.82) does not imply (P})? = P}
or PIP; =0 (i # j).

Let V7 and V3 € E? denote the subspaces spanned by e; = (0,0, 1)’ and
ez = (0,1,0)', respectively. Suppose

P =

o o
o O O
= o O

Then, P*e; = e; and P*ey = 0, so that P* is the projector onto V4 along V5
according to Definition 2.3. However, (P*)? # P* except when a = b = 0,
or a =1 and ¢ = 0. That is, when V does not cover the entire space E",
the projector P}'f in the sense of Definition 2.3 is not idempotent. However,
by specifying a complement subspace of V', we can construct an idempotent
matrix from P} as follows.
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Theorem 2.26 Let P; (j=1,---,m) denote the projector in the sense of
Definition 2.3, and let P denote the projector onto V' along V11, where
V=WVe&Ved- - @&V, is a subspace in E™ and where V11 is a complement
subspace to V. Then,

P;=P;P (j=1,---m) and Py =1,— P (2.83)

are projectors (in the sense of Definition 2.1) onto V; (j = 1,---,m +1)
along Viy =Vi@ -0V 1 ® Vi1 @ -+ O Vin @ Vingr.

Proof. Let x € V. If x € V; (j = 1,---,m), we have P;Px = Pjx = x.
On the other hand, if x € V; (i # j, i = 1,---,m), we have P;Px = Pix =
0. Furthermore, if * € V41, we have PPz =0 (j = 1,---,m). On the
other hand, if x € V, we have P,y = (I, — P)x = x —x = 0, and if
x € Vi1, Py = (I, — P)x = x — 0 = x. Hence, by Theorem 2.2, P;
(j=1,---,m+1) is the projector onto V; along Vi) Q.E.D.

2.7 Exercises for Chapter 2
A1 (0 Al
o A, A,

2. Let P4 and Pp denote the orthogonal projectors onto Sp(A) and Sp(B), re-
spectively. Show that the necessary and sufficient condition for Sp(A) = {Sp(A) N

Sp(B)} @ {Sp(A) NSp(B)*} is PPy = PP,

1. Let A= [ ] and A = [ ] Show that P ;P4 = P 4.

3. Let P be a square matrix of order n such that P? = P, and suppose
|Px|| = [[x|]

for any n-component vector . Show the following:
(i) When z € (Ker(P))*, Px = z.
(ii) P' = P.

4. Let Sp(A) = Sp(A1) & --- & Sp(Ay,), and let P; (j = 1,---,m) denote the
projector onto Sp(A;). For Vo € E™:
(i) Show that

l2]|* > [|Pr|* + || Pox||* + - + || P |*. (2.84)

(Also, show that the equality holds if and only if Sp(A) = E™.)

(ii) Show that Sp(A;) and Sp(A;) (i # j) are orthogonal if Sp(A) = Sp(A;) &
Sp(Asz) & -+ @ Sp(A,,) and the inequality in (i) above holds.

(iii) Let Pm =P+ Py +"'+Pj. Show that

[Pzl 2 [|Pp—yl| > - > ||Pz|| > || Pzl
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5 Let B" =V, @ W, = Vo & Wy = V3 ® W3, and let P; denote the projector onto
Vi (j =1,2,3) along W;. Show the following:

(i) Let P;P; = O for i # j. Then, P+ P5+ Pj3 is the projector onto Vi + V2 + V3
along W1 N W2 N W3.

(11) Let P1P2 = .P21317 P1P3 = P3P1, and P2P3 = P3P2. Then P1P2P3 is
the projector onto Vi3 NV, N V3 along Wy + Wo + Wi,

(iii) Suppose that the three identities in (ii) hold, and let Pqyoy3 denote the pro-
jection matrix onto V; + Vo + V3 along W7 N Wy N W3. Show that

Py y3=P,+Py+P3— PP, — PyP3— P,P3+ P, P,P3.

6. Show that
Q[A,B] - QAQQABa

where Q4 ), Q4, and Q, p are the orthogonal projectors onto the null space of
[A, B], onto the null space of A, and onto the null space of Q 4, B, respectively.

7. (a) Show that

Px =Pxa+ Pxxx)-1B;
where Px, Pxa, and Px(x/x)-1p are the orthogonal projectors onto Sp(X),
Sp(X A), and Sp(X (X' X )~ B), respectively, and A and B are such that Ker(A’)
= Sp(B).
(b) Use the decomposition above to show that

Pix, x,) = Px, + Pgy, x,,

where X = [X1, X3], Pqy, x, is the orthogonal projector onto Sp(Q y, X3), and
Qyx, =1- X, (X[ X)X,

8. Let E" =V ® W, = Vo ® Ws, and let Py = PV1-W1 and Py = 13\/2.1/[/2 be two
projectors (not necessarily orthogonal) of the same size. Show the following:

(a) The necessary and sufficient condition for P; P2 to be a projector is Vio C
Vo @ (W1 N Wa), where Vis = Sp(P1P3) (Brown and Page, 1970).

(b) The condition in (a) is equivalent to Vo C Vi & (W7 NVa) @ (W1 NWs) (Werner,
1992).

9. Let A and B be n by a (n > a) and n by b (n > b) matrices, respectively. Let
P, and Pp be the orthogonal projectors defined by A and B, and let Q4 and
Q@ be their orthogonal complements. Show that the following six statements are
equivalent: (1) P4Pg = PpPa, (2) AB = A'PgP 4B, (3) (PAPp)? = P4Pgp,
(4) P[A,B] = Pao+ P — PsPpg, (5) A/QBQAB = O, and (6) rank(Q 4,B) =
rank(B) — rank(A’'B).



Chapter 3

Generalized Inverse Matrices

3.1 Definition through Linear Transformations

Let A be a square matrix of order n. If it is nonsingular, then Ker(A) = {0}
and, as mentioned earlier, the solution vector @ in the equation y = Ax is
determined uniquely as & = A~ y. Here, A~! is called the inverse (matrix)
of A defining the inverse transformation from y € E™ to & € E™, whereas
the matrix A represents a transformation from @ to y. When A is n by m,
Az = y has a solution if and only if y € Sp(A). Even then, if Ker(A) # {0},
there are many solutions to the equation Ax = y due to the existence of xg
(# 0) such that Axy = 0, so that A(x +x) =y. If y & Sp(A), there is no
solution vector to the equation Ax = y.

Assume that y € Sp(A). Consider a linear transformation G such that
x = Gy is a solution to the (linear) equation Az = y. The existence of such
a transformation can be verified as follows. Let rank(A) = dim(Sp(A)) = r,
and let yq,---,y, represent the basis vectors for Sp(A). Then there exists
an x; such that Ax; =y, (i =1,---,r). Let an arbitrary vector y € Sp(A)
be represented as y = c1y; + - - - + ¢;Y,., and consider the transformation of
y into @ = cyx1 + - - - + ¢,x,-. This is a linear transformation and satisfies

Axr = Az + -+ Az, =y, +- -+ ¢y, =v.

Definition 3.1 Let A be an n by m matriz, and assume that y € Sp(A).
If a solution to the linear equation Ax = y can be expressed as x = A™y,
an m by n matriz A~ is called a generalized inverse (g-inverse) matriz of A.

H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 55
Statistics for Social and Behavioral Sciences, DOI 10.1007/978-1-4419-9887-3 3,
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Theorem 3.1 The necessary and sufficient condition for an m by n matrix
A" to be a generalized inverse matriz of A is given by

AA A=A, (3.1)

Proof. (Necessity) Let * = A~y denote a solution to Az = y. Since
y € Sp(A) can be expressed as y = A« for some a, Ax = AA y =
AA  Aa = Aa = y, which implies AA™ A = A.

(Sufficiency) AA"A = A= AA Ao = Aa. Define y = Aa. Then,
AA™ y =y, from which a solution vector x = A~y is obtained. Q.E.D.

Property (3.1) was presented by Rao (1962) as the most comprehensive
property of a generalized inverse matrix and is often used as its definition.
Clearly, when A is square and nonsingular, the regular inverse A~! of A
satisfies the property (3.1). This means that the regular inverse is a special
case of a generalized inverse. As is clear from the definition, generalized
inverse matrices can be defined even if A is not square.

Note Let a denote an arbitrary real number. A b that satisfies
aba = a

is given by b = a~! when a # 0 and by b = k when a = 0, where k is any real
number. The equation above is a special case of (3.1), and a b that satisfies this
equation might be called a generalized reciprocal.

The defining property of a generalized inverse matrix given in (3.1) in-
dicates that, when y € Sp(A), a linear transformation from y to @ € E™
is given by A~. However, even when y ¢ Sp(A), A~ can be defined as a
transformation from y to @ as follows.

Let V = Sp(A), and let W = Ker(A) denote the null space of A.
Furthermore, let W and V denote complement subspaces of V and W, re-
spectively. Then,

E'=VaoW and E"=VaoW. (3.2)

Let y = y; + y, be a decomposition of an arbitrary vector y € E™, where
y; € Vand yy € W, and let © = &1 + o2 be a decomposition of ¢ € E™,
where 1 € V and @y € W. The transformation that maps y to x by
mapping y; to 1 and y, to @9 is a linear transformation from E™ to E™.
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We have Ax = A(x1+x2) = Ax; =y, € V = Sp(A). This transformation
from V to V is one-to-one, and so is the inverse transformation from V to V.
Hence, this inverse transformation from V to V is uniquely determined. Let
this inverse transformation be denoted by @1 = ¢, (y;). We then arbitrarily
choose a linear transformation from W to W in such a way that s =
®2s(y2). We define a transformation ¢~ that maps y € E” to © € E™ by

r =y (y,) + oy (y2) = ¢ () (3.3)

We define the matrix representation of this linear transformation ¢—, namely
A~ as a generalized inverse matrix of A. As is clear from this definition,
there is some arbitrariness in the choice of A~ due to the arbitrariness in
the choice of W, V, and ®;,. (See Figure 3.1.)

W = Ker(A) w

Figure 3.1: Geometric representation of a generalized inverse A~. V and
W are determined uniquely by A, but W and V are arbitrary except that
they satisfy (3.2). There is also some arbitrariness in the choice of ¢,;.
Lemma 3.1 Ify, €V andy, € W,

¢y (y1) = A7y, and @y,(yy) = A™y,. (3.4)

Proof. Substitute y; = y;+0 and y, = 0+y, in (3.3). Q.E.D.

Conversely, the following statement holds.

Theorem 3.2 Let A™ be a generalized inverse of A, and let V = Sp(A)
and W = Ker(A). Then there exist decompositions E™ = V & W and
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Em =V &W. Lety € E" be decomposed as y = Yy + Yy, wherey, € V
and y, € W. Furthermore, let

x=Ay=ux +x2 (where x; € f/, T € W) (3.5)

Then,
)1 =AYy, andxy = A" y,. (3.6)

Proof. Let E™ = V @& W be an arbitrary direct-sum decomposition of
E"™. Let Sp(Ay) = V denote the image of V by ¢,.. Since y € Sp(A)
for any y such that y = y; + y,, where y; € V and y, € W, we have
A"y, =x; € V and Az = y,. Also, if y, # 0, then y, = Ax; # 0,
and so ¢, & Wor VAW = {0}. Furthermore, if x; and &; € V but
x, # &1, then &y — & ¢ W, so that A(z; — 1) # 0, which implies
Axq # Axq. Hence, the correspondence between V' and V is one-to-one. Be-
cause dim(V) = dim(V') implies dim(W) = m—rank(A), we obtain VaW =
E™, Q.E.D.

Theorem 3.3 Let E* =V @& W and E™ =V & W, where V = Sp(A) and
W =Ker(A). Let an arbitrary vector y € E™ be decomposed asy = y; + vy,
where Yy, € V and yo € W. Suppose

ATy=A"y,+ A"y, =x1 + a2 (3.7)
holds, where ©, € V and o € W. Then the following three statements are
equivalent:

(i) A™ is a generalized inverse of A.
(ii) AA™ is the projector onto V along W.
(iii) A~ A is the projector onto V along W.

Proof. (i) — (ii): Since A~ is a generalized inverse of A, we have A"y, =
x1 and A”yy = x2 by Theorem 3.2. Premultiplying (3.7) by A and taking
(3.6) into account, we obtain

AA—yl = Aml =Y, and AA_y2 = Ach — 0,

establishing (ii) by Theorem 2.2.

(ii) — (iii): Az1 =y; = A~ Az = A" y; = z1. On the other hand, for
xo € W, we have Axyg = 0 = A~ Axy = 0, establishing (iii) by Theorem
2.2.
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(iii) — (i): Decompose y = y; + Yo, where y; € V and y, € W. Then,
Ay=A"y + Ay, =x1 + o2,

where £; € V and x5 € W. Hence, ATAx) = 1 = A"y, = x; and
so A"y, = xa. From the properties of a generalized inverse matrix shown
in Lemma 3.1 and Theorem 3.2, it is clear that A~ is a generalized inverse of
A. Q.E.D.

3.2 General Properties

We examine various properties of a generalized inverse matrix A~ that sat-
isfies (3.1).

3.2.1 Properties of generalized inverse matrices

Theorem 3.4 Let H = AA™, and let F = A~ A. Then the following
relations hold:

H?=Hand F?> = F, (3.8)
rank(H ) = rank(F') = rank(A), (3.9)
rank(A™) > rank(A), (3.10)
rank(A~AA™) =rank(A). (3.11)

Proof. (3.8): Clear from the definition of generalized inverses.

(3.9): rank(A) > rank(AA™) = rank(H ), and rank(A) = rank(AA~ A)
= rank(H A) < rank(H), from which it follows that rank(A) = rank(H).
rank(F') = rank(A) can be similarly proven.

(3.10): rank(A) = rank(AA~A) <rank(AA™) <rank(A7).

(3.11): rank(A~AA) < rank(A~A). We also have rank(A~AA™) >
rank(A”AA~A) = rank(A~ A), so that rank(A~AA™) = rank(A~A) =
rank(A). Q.E.D.

Example 3.1 Find a generalized inverse of A = l 1 1 ]

c d

el

Solution. Let A~ = l a b ] From
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we must have a + b+ ¢+ d = 1. Hence,

_ a b
A _[c 1—a—b—c]’

where a, b, and ¢ are arbitrary.

Note As is clear from the example above, the generalized inverse A~ of A is in
general not uniquely determined. When A~ is not unique, the set of generalized

inverses of A is sometimes denoted as {A~}. For example, let A = [ b }

1 1
Alzl

We next derive several basic theorems regarding A™.

],and AQZ |: 7? 7} :|.rI‘h€Il7 Al,AQE{A_}.

NN T
= =

Theorem 3.5 The following relations hold for a generalized inverse A~ of

A:

{(A7)={A)"}, (3.12)
A(A'A)"A'A = A, (3.13)
(A(A’A)-A') = A(A'A)- A (3.14)

Proof. (3.12): AA A = A = A'(A7)A’ = A'. Hence, {(A7)'} C
{(A’)~7}. On the other hand, A’(A")~" A’ = A’ and so ((A")") € {A"} =
{(A) "} C{(A7)}. Thus, {(A7)'} ={(A")"}.
(3.13): Let G = (I, — A(A'A)-A)A = A(I, — (A'A)~ A’A). Then,
G'G = (I, — (AA)A'A)(A'A— AA(A'A)"A'A) = O.

Hence, G = O, leading to (3.13).

(3.14): Let G denote a generalized inverse of A’A. Then G’ is also a
generalized inverse of A’A, and S = (G + G’)/2 is a symmetric generalized
inverse of A’A. Let H = ASA’ — A(A’A)~ A’. Then, using (3.13), we
obtain

HH = (ASA' - A(AA)”"A)(ASA — A(A'A)” A')
= (AS—-—A(A'A)")(A'ASA' - AA(AA)A)=0.
Hence, H = O, leading to (3.14). Q.E.D.
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Corollary Let
Py=AA'A)" A (3.15)

and
Py = A’(AA’)_A. (3.16)

Then P4 and P 4 are the orthogonal projectors onto Sp(A) and Sp(A').

Note If Sp(A) = Sp(A), then P4 = P ;. This implies that P4 only depends
on Sp(A) but not the basis vectors spanning Sp(A). Hence, P4 would have been
more accurately denoted as Pg,,(4). However, to avoid notational clutter, we retain
the notation P 4.

3.2.2 Representation of subspaces by generalized inverses

We start with the following lemma.

Lemma 3.2 Let A~ denote an arbitrary generalized inverse of A. Then,
V =Sp(A) =Sp(AA"). (3.17)

Proof. That Sp(A) D Sp(AA™) is clear. On the other hand, from rank(A
x A7) > rank(AA~ A) = rank(A), we have Sp(AA~) D Sp(A) = Sp(A) =
Sp(AA-). Q.E.D.

Theorem 3.6 Using a generalized inverse A of A™, we can express any
complement subspace W of V = Sp(A) as

W = Sp(I, — AA™). (3.18)

Proof. (Sufficiency) Let AA™x + (I,, - AA™ )y = 0. Premultiplying both
sides by AA™, we obtain AA~x = 0, which implies (I,, — AA™ )y = 0.
On the other hand, let P = AA~. Then, P> = P, and so rank(AA~) +
rank(I,, — AA™) =n. Hence, E" =V ¢ W.

(Necessity) Let P = AA~. Then P? = P. From Lemma 2.1, the null
(annihilation) space of P is given by Sp(I, — P). Hence, Sp(P) N Sp(I,, —
P) = {0}, and Sp(I,, — P) gives a general expression for a complement sub-
space of Sp(P), establishing (3.18). Q.E.D.
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Like Lemma 2.1, the following theorem is extremely useful in under-
standing generalized inverses in relation to linear transformations.

Lemma 3.3
Ker(A) = Ker(A™ A), (3.19)

Ker(A) =Sp(I, — A™ A), (3.20)
and a complement space of W = Ker(A) is given by

V = Sp(A~A), (3.21)

where A~ is a generalized inverse of A.

Proof. (3.19): Az = 0= A" Ax = 0 = Ker(A) C Ker(A~A). On the
other hand, A"Ax = 0 = AA  Ax = Az = 0 = Ker(A™A) C Ker(A).
Hence, Ker(A) = Ker(AA™).

(3.20): Use (3.19) and (2.4) in Lemma 2.1.

(3.21): Note that (I, — A~ A)?> =1I,, — A~ A. From Theorem 3.6, we
obtain {Ker(A)}¢ = Sp(I,,—(I,,—A  A)) =Sp(A~ A). Q.E.D.

From Theorem 3.6 and Lemma 3.3, we obtain the following theorem.

Theorem 3.7 Let A be an m by n matriz. Then,

Sp(AA™) @ Sp(I, — AA™) = E", (3.22)
Sp(A~A)® Sp(I,, —A"A) =E™. (3.23)
Proof. Clear from Ker(AA™) = Sp(I,,— AA™) and Ker(A~A) = Sp(I,, —
A A). Q.E.D.

Note Equation (3.22) corresponds to E™ = V @& W, and (3.23) corresponds to
E™ =V @&W. A complement subspace W = Sp(I,, — AA™) of V = Sp(A) =
Sp(AA™) in E™ is not uniquely determined. However, the null space (kernel) of A,
W =Sp(I,,— A~ A) =Sp(I,,— A (AA)~ A) = Sp(A’)*, is uniquely determined,
although a complement subspace of W, namely V = Sp(A~ A), is not uniquely
determined. (See Example 3.2.)

Note Equation (3.23) means
rank(A~ A) +rank(l,, — A~ A)=m
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and that (1.55) in Theorem 1.9 holds from rank(A~A) = rank(A) and rank(I,, —
A~ A) =dim(Sp(I,, — A~ A)) = dim(Ker(A)).

11
11

Sp(Iy — A~ A), and (iii) V = Sp(A~A).

Example 3.2 Let A = l ] Find (i) W = Sp(Iy — AA™), (i) W =

Solution (i): From Example 3.1,

Hence,

, 0 11 a b
I,-AA" = 1]‘[1 1Hc 1—a—b—c]

0 a+c l1—a—c ]
1

a+c 1l—a—b—c

T 1T 1
S = S =

B [ 1-a-—c —(1—a—c)
N —(a+c) a+c ’

Let x =1— (a+c¢). Then W = Sp(Iy — AA™) is the unidimensional space
spanned by vector (z,2 — 1)’. (Since x can take any value, Sp(Is — AA™)

is not uniquely determined.)
(ii): We have

I—A-A — [_1—a—b —(a+0b)

(1—a—0b) a+bd
B 1 —1][1-a=b o0
-1 1 0 a+b

Hence, W = Sp(Iy — A~ A) is the unidimensional space ¥ = —X spanned

by (1,—1)", which is uniquely determined.
(iii): We have

_ a b 1 1
A4 = [c l—a—b—clll 11

B l a+b a+b 1

l—-a—-b 1—a—2»>
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Let a +b = x. Then Sp(A~A) is generated by the two-component vector
(z,1—x). Since x can take any value, it is not uniquely determined.

Note Sp(A) is spanned by (1,1)’, and so it is represented by a line Y = X pass-
ing through the origin. Its complement subspace is a line connecting (0,0) and an
arbitrary point P (X, X —1) on Y = X — 1 (Figure 3.2).

Note Since W = Ker(A) = {(1,-1)'}, V = Sp(A~ A) is represented by a line
connecting the origin and an arbitrary point P»(X,1 — X) on the line Y =1- X
(Figure 3.3).

Y Y =1-X Y
Y =-X
y—x ¥Y=X-1
V = Sp(A)
\ \
1(X, X — 1)
W =Sp(Iy — AA™) x V =Sp(ATA) : x
0 1 0
Py(X,1— X)

W = Ker(A)

Figure 3.2:  Representation of  Figure 3.3:  Representation of
E? =V @ W by a line. E? =V @ W by a line.

3.2.3 Generalized inverses and linear equations

We use theorems in the previous section to represent solutions to linear
equations in terms of generalized inverse matrices.

Theorem 3.8 Let Ax = b, and suppose b € Sp(A). Then,
r=A"b+ (I, —A Az, (3.24)

where z 18 an arbitrary m-component vector.

Proof. Let b € Sp(A) and 1 = A™b. Then, Ax; = b. On the other hand,
from (3.20), a solution to Axzy = 0 is given by o = (I,,— A~ A)z. Equation



3.2. GENERAL PROPERTIES 65

(3.24) is obtained by = x; +x(. Conversely, it is clear that (3.24) satisfies
Az = b. Q.ED.

Corollary The necessary and sufficient condition for Ax = b to have a
solution 1is
AA b=0b. (3.25)

Proof. The sufficiency is obvious. The necessity can be shown by substitut-
ing Az = binto AA” Ax = Ax. Q.E.D.

The corollary above can be generalized as follows.

Theorem 3.9 The necessary and sufficient condition for
AXB=C (3.26)

to have a solution is
AACB B=C. (3.27)

Proof. The sufficiency can be shown by setting X = A“CB™ in (3.26).
The necessity can be shown by pre- and postmultiplying AXB = C by
AA™ and B~ B, respectively, to obtain AATAXBB B = AXB =
AACB™ B. Q.E.D.

Note Let A, B, and C be n by p, ¢ by r, and n by r matrices, respectively.
Then X is a p by ¢ matrix. When ¢ = r, and B is the identity matrix of order
q, the necessary and sufficient condition for AX = C to have a general solution
X=AC+(I,— A A)Z, where Z is an arbitrary square matrix of order p, is
given by AA-C = C. When, on the other hand, n = p, and A is the identity
matrix of order p, the necessary and sufficient condition for X B = C to have a
general solution X = CB™ +Z(I,— BB ), where Z is an arbitrary square matrix
of order ¢, is given by CB™ B = C.

Clearly,
X=ACB" (3.28)

is a solution to (3.26). In addition,

X=ACB +(I,- A A)Z + Zy(I,— BB™) (3.29)
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also satisfies (3.26), which can be derived from
X1 ={U,—-AA)Z,and X, = Zy(I,— BB"),
which satisfy AX, = O and XoB = O, respectively. Furthermore,
X=ACB +Z-AAZBB~ (3.30)

also satisfies (3.26), which is obtained by setting Zy = A" AZ and Z, = Z
in (3.29). If we use A for both B and C' in the equation above, we obtain
the following theorem.

Theorem 3.10 Let A~ denote a generalized inverse of an n by m matrix
A. Then,
G=A +Z-A AZAA™ (3.31)

and

G=A +2Z(I,—AA )+ (I, — A" A)Z, (3.32)

are both generalized inverses of A, where Z, Z1, and Zo are arbitrary m by
n matrices. (Proof omitted.)

We give a fundamental theorem on inclusion relations between subspaces
and the corresponding generalized inverses.

Theorem 3.11
Sp(A) D Sp(B) = AA"B=B (3.33)

and

Sp(A’) > Sp(B') = BA A = B. (3.34)

Proof. (3.33): Sp(A) D Sp(B) implies that there exists a W such that
B = AW . Hence, AA"B=AA" AW = AW = B.

(3.34): We have A’(A’)” B’ = B’ from (3.33). Transposing both sides,
we obtain B = B((A’)7)' A, from which we obtain B = BA~ A because
(A")~™ = (A7) from (3.12) in Theorem 3.5. Q.E.D.

Theorem 3.12 When Sp(A + B) D Sp(B) and Sp(A’+ B’) D Sp(B’), the
following statements hold (Rao and Mitra, 1971):

A(A+B) B=B(A+B) A, (3.35)
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A" +B €{(A(A+B) B) }, (3.36)
and
Sp(A) N Sp(B) = Sp(A(A+ B)™ B). (3.37)
Proof. (3.35): This is clear from the following relation:

A(A+B)B = (A+B-B)(A+B) B
— (A+B)(A+B) " B—B(A+B) (A+B)
+B(A+B) A
= B-B+B(A+B) A=B(A+ B) A.

(3.36): Clear from

A(A+B) B(A-+B )A(A+B) B
— (B(A+B)"AA~ + A(A+ B BB")A(A + B)™B
=B(A+B) " A(A+B) B+ A(A+B) B(A+B) A
=B(A+B) A(A+B) B+ A(A+B) A(A+B) B
=(A+B)(A+B) A(A+B) B=A(A+B) B.
(3.37): That Sp(A(A + B)"B) C Sp(A) N Sp(B) is clear from A(A +
B)"B = B(A+ B)~ A. On the other hand, let Sp(A) N Sp(B) = Sp(AX|

AX = BY), where X = (A+B) " BandY = (A+B)~ A. Then, Sp(A)N
Sp(B) C Sp(AX)NSp(BY) = Sp(A(A+B)" B). Q.ED.

Statement (3.35) is called the parallel sum of matrices A and B.

3.2.4 Generalized inverses of partitioned square matrices

In Section 1.4, we showed that the (regular) inverse of a symmetric nonsin-
gular matrix

(3.38)

w32

B C
is given by (1.71) or (1.72). In this section, we consider a generalized inverse
of M that may be singular.

Lemma 3.4 Let A be symmetric and such that Sp(A) D Sp(B). Then the
following propositions hold:

AA B =B, (3.39)
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B'A"A=HB, (3.40)
and
(BBA™B) = B'A™B (B'A™ B is symmetric). (3.41)
Proof. Propositions (3.39) and (3.40) are clear from Theorem 3.11.
(3.41): Let B = AW. Then, BA B = W A'A~AW = W/ AA~ AW
= W'AW  which is symmetric. Q.E.D.

Theorem 3.13 Let

XY
Hzly, Z] (3.42)

represent a symmetric generalized inverse of M defined in (3.38). If Sp(A)
D Sp(B), X, Y, and Z satisfy

A=AXA+BY'A+ AYB' + BZB', (3.43)
(AY + BZ)D = O, where D=C — B'A™ B, (3.44)

and
Z=D =(C-BA B, (3.45)

and if Sp(C) D Sp(B'), they satisfy

C=(B'X+CY)B+ (BY +CZ)C, (3.46)
(AX + BY')E = O, where E=A—- BC™ B/, (3.47)

and
X=E =(A-BC B)". (3.48)

Proof. From M HM = M, we obtain

(AX + BY')A+ (AY + BZ)B' = A, (3.49)

(AX + BY')B+ (AY + BZ)C = B, (3.50)
and

(BPX +CY')B+ (B'Y +CZ)C =C. (3.51)

Postmultiply (3.49) by A~ B and subtract it from (3.50). Then, by noting
AA™B = B, we obtain (AY + BZ)(C — B'A” B) = O, which implies
(AY + BZ)D = O, so that

AYD = -BZD. (3.52)
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Premultiply (3.50) by B’A~ and subtract it from (3.51). We obtain
D(Y'B+ZC—1,)=0 (3.53)

by noting BA~A = B, D' = D ((3.40) in Lemma 3.4), C = C’, and
Z = Z'. Hence, we have D = CZD + B'YD = CZ'D + B'A- AY D.
We substitute (3.52) into this to obtain D = CZD — B'A"BZD = (C —
B'A"B)ZD = DZD, implying Z = D™, from which (3.43), (3.44), and
(3.45) follow. Equations (3.46), (3.47), and (3.48) follow similarly by deriv-
ing equations analogous to (3.52) and (3.53) by (3.50) — BC~ x (3.51), and
(3.49) — (3.50) xC~ B/ Q.E.D.

Corollary 1 H defined in (3.42) can be expressed as

[ A-+ A" BD B'A~ —-A BD |
~D B'A” D~ ’ (3.54)
where D = C — B'A™ B, or by
[ E ~E BC~ ]
_C"BE C +C BE BC | (3.55)

where E = A — BC™B'.

Proof. It is clear from AYD = —BZD and AA™B = B that ¥ =
—A"BZ is a solution. Hence, AYB' = ~AA"BZB' = —BZB’, and
BY'A = B(AY) = B(-AA BZ) = —BZB'. Substituting these into
(3.43) yields

A=AXA-BZB'=AXA-BD B.

The equation above shows that X = A~ + A" BD ™ B’ A~ satisfies (3.43),
indicating that (3.54) gives an expression for H. Equation (3.55) can be de-
rived similarly using (3.46) through (3.48). Q.E.D.

Corollary 2 Let

1 Cr Oy
F = [ C, —Cy ] (3.56)
be a generalized inverse of
A B
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When Sp(A) D Sp(B), we have
C, = A--A B(BA B) B'A",
C, = AB(B'AB)", (3.57)
C; = (BAB).

We omit the case in which Sp(A) D Sp(B) does not necessarily hold in
Theorem 3.13. (This is a little complicated but is left as an exercise for the

reader.) Let ) )
P [ €1 C2 1
C, —Cs
be a generalized inverse of IN defined above. Then,

C, = T"-T B(BT B) BT,
C, = T B(B'T B), (3.58)
Cs = -U+ (BT B),

where T'= A + BUB’, and U is an arbitrary matrix such that Sp(T) D
Sp(A) and Sp(T') D Sp(B) (Rao, 1973).

3.3 A Variety of Generalized Inverse Matrices

As is clear from (3.46) in Theorem 3.13, a generalized inverse A~ of a given
matrix A is not uniquely determined. The definition of the generalized in-
verse given in Theorem 3.2 allows arbitrariness in

(i) the choice of the complement space W of V,
(ii) the choice of the complement space V of W, and

(iii) the choice of the subspace W, of W, including the choice of its dimen-
sionality 7,

despite the fact that W = Ker(A) is uniquely determined for V' = Sp(A).
Let W in (i) and V in (ii) above be chosen so that E" = V @& W and

E™ =V @& W, respectively. Then AA™ is the projector onto V' along W,
and A~ A is the projector onto V' along W. That is,

AA” =Pyyw (3.59)

and
A A= PV-W' (360)
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3.3.1 Reflexive generalized inverse matrices

By the method presented in the previous section, we know AA™ is the
projector onto V along W (i.e., Py.yy), and A~ A is the projector onto 1%
along W (i.e., Py ). However, ¢~ (y), an inverse transformation of an
arbitrary n-component vector y € E", is not uniquely determined because
there is some arbitrariness in the choice of ¢,,(yy) = A"y, € Ker(A),
where y, is such that

Y=Yty

y, € V, and y, € W. Hence, an A~ that satisfies Py.ywv = AA™ and
Py v = A™ A is not uniquely determined. We therefore consider the condi-
tion under which A~ is uniquely determined for a given A and that satisfies
the conditions above.

For an arbitrary y € E™, we have y; = AA"y € Sp(A) and y, =
(I, — AA )y € Sp(A)°. Let A~ be an arbitrary generalized inverse of A.
From Theorem 3.2, we have

x = ATAy=A"y,+ Ay,
— A (AAy)+ A (I, - AA )y
= (A AA y+I,— A AA y=ux +x, (3.61)

where &, € V = Sp(A~A) and x5 € W = Ker(A) = Sp(I,, — AA™). On
the other hand,

W, =Sp((I,, —A"A)A™) C Sp(I,, — A~ A) = Ker(A). (3.62)

Hence, A~ transforms y; € Sp(A) into x; € Sp(A~A), and y, € Sp(I,, —
AA7) into ¢y € W = Ker(A). However, the latter mapping is not surjec-
tive. This allows an arbitrary choice of the dimensionality r in W, ¢ W =
Ker(A). Let 7 = 0, namely W, = {0}. Then, (I,, — A"A)A~ = O, and it
follows that

ATAAT =A". (3.63)

Definition 3.2 A generalized inverse A~ that satisfies both (3.1) and (3.63)
is called a reflexive g-inverse matriz of A and is denoted as A, .

As is clear from the proof of Theorem 3.3, A~ that satisfies

To=A"y,=0 (3.64)
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is a reflexive g-inverse of A, which transforms y € V = Sp(A) into x; €
V = Sp(A~A) since A"y = A"y, + A"y, = A"y, = x;. Furthermore,
A is uniquely determined only if W such that E" =V & W and V such
that E™ = V @ W are simultaneously determined. In general, A; is not

uniquely determined because of the arbitrariness in the choice of W and V.

Note That A~ y=0< A~ AA™ = A~ can be shown as follows. From Theorem
3.2, we have AA"y, =y, = A" AA y, = A y,. Furthermore, since AA™y, =
0= A AA y, =0, we have A~ AA™ (y; +y5) = A y,, the left-hand side of
which is equal to A~ AA™y. If we add A™ y, to the right-hand side, we obtain
Ay, + Ay, = A y,and so A" AA "y = A™ y. Since this has to hold for any
y, it must hold that A—AA™ = A~

Conversely, from Lemma 3.2, we have y, = (I,, — AA™ )y. Thus, A" AA™ =
A=Ay, =A(I,—AA )y=0.

Theorem 3.14 The following relation holds for a generalized inverse A~
that satisfies (3.1):

ATAA” = A" < rank(A) =rank(A"). (3.65)

Proof. (=): Clear from (3.11).

(«<): Decompose A~ as A~ = (I, — AA)A™ + A~ AA~. Since
Sp(I,, — A"A) N Sp(A~A) = {0}, we have rank(A~) = rank((I,, —
ATA)A7) + rank(A”AA™). From rank(A”AA”) = rank(A), we ob-
tain rank((I,, - A" A)A") =0 = (I, - A" A)A™ = O, which implies
ATAAT =A". Q.E.D.

Example 3.3 Let

A App
A= ,
[ Ay Ag ]

where Aq; is of order r and nonsingular. Let the rank of A be r. Then,

_|Aft o
o= o]

is a reflexive g-inverse of A because rank(G) = rank(A) = r, and

Ay Aj
AGA = H ,
[ Ay Ay Al Ap,
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where A21A1_11A12 = Ay, and so AGA = A, since [ 311 ] W = [
21

and so A11W = Ao and AW = Agsy. For example,

Ajo
A |

A=

—= N W
N NN

1
2
3

is a symmetric matrix of rank 2. One expression of a reflexive g-inverse A,
of A is given by

-1

32 0 1 -1 0
2 2 0 |=|-1 20
00 0 0 00

11
AA A = A implies a + b+ c+d = 1. An additional condition may be

derived from
a b 11 a b| |a b
c d 11 c d| |c df
It may also be derived from rank(A) = 1, which implies rank(A, ) = 1. It

follows that det(A, ) = ad—bc = 0. A set of a, b, ¢, and d that satisfies both
a+b+c+d=1and ad — bc = 0 defines a 2 by 2 square matrix A, .

Example 3.4 Obtain a reflexive g-inverse A of A = [ bl 1

3.3.2 Minimum norm generalized inverse matrices

Let E™ be decomposed as E™ = Vew, ‘where [/T/ = Ker(A), in Definition
3.3. If we choose V' = W+ (that is, when V and W are orthogonal), A~ A =
P ir becomes an orthogonal projector, and it holds that

(A"A) = A" A. (3.66)

Since V = Sp(A~A) and W = Sp(I,,, — A~ A) from Lemmas 3.1 and 3.2,
(3.66) can also be derived from

(AA) (I, — A"A) =0 < (A~A) = A" A. (3.67)

Let Ax = y be a linear equation, where y € Sp(A). Since y; = Ax €
Sp(A) implies y = y; + ¥y, = y; + 0 = y;, we obtain

rT=A"y=A"y, =A Ax. (3.68)
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Let P = A~ A be a projection matrix, and let P* denote an orthogonal
projector that satisfies P’ = P. From Theorem 2.22, we have

P'= P« ||z|| = ||Pz|| < |||, (3.69)

which indicates that the norm of = takes a minimum value ||z|| = ||[P*yl
when P’ = P. That is, although infinitely many solutions exist for « in the
linear equation Ax = y, where y € Sp(A) and A is an n by m matrix of
rank(A) < m, x = A™y gives a solution associated with the minimum sum
of squares of elements when A~ satisfies (3.66).

Definition 3.3 An A~ that satisfies both AA~ A=A and (A"A) = A" A
is called a minimum norm g-inverse of A, and is denoted by A, (Rao and
Mitra, 1971).

The following theorem holds for a minimum norm g-inverse A, .

Theorem 3.15 The following three conditions are equivalent:

A A= (A, ,A) and AA, A=A, (3.70)
A AA = A (3.71)
A-A=A(AA)” A. (3.72)

Proof. (3.70) = (3.71): (AA,,A) =A'= (A, A)A' = A" = A AA =
A
(3.71) = (3.72): Postmultiply both sides of A,, AA" = A" by (AA")” A.
(3.72) = (3.70): Use A’(AA")"AA'= A’ and (A'(AA")"A) = A'(A
x A’)” A obtained by replacing A by A’ in Theorem 3.5. Q.E.D.

Note Since (A,,A)' (I, — A, A) =0, A, A = A'(AA")" A is the orthogonal
projector onto Sp(A").

When either one of the conditions in Theorem 3.15 holds, V and W are
ortho-complementary subspaces of each other in the direct-sum decompo-
sition E™ = VNW. In this case, V = Sp(A;, A) = Sp(A’) holds from (3.72).
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Note By Theorem 3.15, one expression for A is given by A’'(AA’)~. In this
case, rank( A, ) = rank(A) holds. Let Z be an arbitrary m by n matrix. Then the
following relation holds:

A, = A (AA)" + Z[I, — AA'(AA))7). (3.73)

Let x = A, b be a solution to Az =b. Then, AA'(AA")"b= AA'(AA")" Az =
Ax = b. Hence, we obtain
x=A(AA)"b. (3.74)

The first term in (3.73) belongs to V = Sp(A’) and the second term to W = V', and
we have in general Sp(A, ) D Sp(A’), or rank(A, ) > rank(A’). A minimum norm
g-inverse that satisfies rank(A,,) = rank(A) is called a minimum norm reflexive
g-inverse and is denoted by

A = A'(AA))". (3.75)

Note Equation (3.74) can also be obtained directly by finding  that minimizes '«
under Az = b. Let A = (A1, A2,---, )" denote a vector of Lagrange multipliers,
and define

flz,A) = %m'm — (Az —b)' X

Differentiating f with respect to (the elements of) @ and setting the results to zero,
we obtain £ = A’X. Substituting this into Az = b, we obtain b = AA’\, from
which A = (AA")"b+ [I,, — (AA")"(AA")]z is derived, where z is an arbitrary
m-component vector. Hence, we obtain x = A’(AA")~b.

The solution above amounts to obtaining = that satisfies both £ = A’
and Ax = b, that is, to solving the simultaneous equation

I, A x | |0
A O -A| | b
T
for the unknown vector l A ]
I, A| |[Ci O,
A O 1 Cy, Cs |

From Sp(I,,) D Sp(A) and the corollary of Theorem 3.13, we obtain (3.74)
because Cy = A'(AA").

Let
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Example 3.5 Solving a simultaneous equation in three unknowns,
r4+y—2z2=2, x—-2y+z=-1, 2z+y+z=-1,

we obtain
r=k+1, y=k+1, and z = k.

We therefore have

2P+ = (k+1)2+(k+1)2+ K

2\2 2 2
3k> +4k+2=3(k+ = 2>z
+ 4k + (+3) +3_3

Hence, the solution obtained by setting k = —% (that is, x = %, Yy = %, and
z = —%) minimizes 22 + 3% + 2%
Let us derive the solution above via a minimum norm g-inverse. Let

Ax = y denote the simultaneous equation above in three unknowns. Then,

1 1 =2 x 2
A= 1 -2 1|, z=|y |[,andb=| —1
-2 1 1 z -1

A minimum norm reflexive g-inverse of A, on the other hand, is, according
to (3.75), given by

A, = A(AA) =3

=
|
[ N
o O O

Hence,

!/
o= A b= (55.3)
33 3
(Verify that the A, . above satisfies AA, A=A, (A,, A=A, A, and
A, AA,, = A,

3.3.3 Least squares generalized inverse matrices

As has already been mentioned, the necessary and sufficient condition for
the simultaneous equation Az = y to have a solution is y € Sp(A). When,
on the other hand, y ¢ Sp(A), no solution vector x exists. We therefore
consider obtaining x* that satisfies

ly — Az"|[* = min |ly - A (3.76)
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Let y = yy + y;, where y € E", y, € V = Sp(A), and y; € W =
Sp(I, — AA7). Then a solution vector to Ax = y, can be expressed as
x = Ay, using an arbitrary g-inverse A~. Since y, = y — y;, we have
r=A"y = A (y—vy,) = Ay — A y,. Furthermore, since y, =
(I, — AA™ )y, we have

Ar =AA y—AA (I,— AA )y=AA"vy.
Let P4 denote the orthogonal projector onto Sp(A). From

Az —y[|* =
1(In — AAT)y|* > |I(In — Pa)(In — AAT)yl* = |[(I — Pa)ylP,

A~ that minimizes ||Ax — y|| satisfies AA™ = P 4. That is,
(AA7) = AA~. (3.77)
In this case, V and W are orthogonal, and the projector onto V along W,

Py.w = Py 1 = AA™, becomes an orthogonal projector.

Definition 3.4 A generalized inverse A~ that satisfies both AA”A = A
and (AA’) = AA™ is called a least squares g-inverse matrix of A and is
denoted as A, (Rao and Mitra, 1971).

The following theorem holds for a least squares g-inverse.

Theorem 3.16 The following three conditions are equivalent:

AA; A= Aand (AA;) = AA;, (3.78)
A'AA; = A, (3.79)
AA; = A(A'A)" A’ (3.80)

P]/roof. (3.78) = (3.79): (AA;A) = A" = A(AA;) =A" = AAA; =
A

(3.79) = (3.80): Premultiply both sides of A’AA,; = A" by A(A'A),
and use the result in Theorem 3.5.

(3.80) = (3.78): Similarly, clear from Theorem 3.5. Q.E.D.
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-, a general form of a least

Similarly to a minimum norm g-inverse A
squares g-inverse is given by

A; = (A'A) A +[I,,— (A'A)"A'A]Z, (3.81)

where Z is an arbitrary m by n matrix. In this case, we generally have
rank(A, ) > rank(A). A least squares reflexive g-inverse that satisfies
rank(A, ) = rank(A) is given by

A, = (AA) A (3.82)

We next prove a theorem that shows the relationship between a least
squares g-inverse and a minimum norm g-inverse.

Theorem 3.17
{(A),.} ={(4;)}. (3.8

Proof. AA;A = A = A'(A;))A" = A'. Furthermore, (AA;)
AA; = (A))A" = ((A;)A"). Hence, from Theorem 3.15, (A, )
)/

w
~—

€
{(A");,}. On the other hand, from A'(A’),, A’ = A’ and ((4'),,A") =
(A" A’ we have
A((A),) = (A((A),))-
Hence,
((A),) e {A;} = (A), € {(A;)'},
resulting in (3.83). Q.E.D.

Example 3.6 The simultaneous equations = +y = 2, x — 2y = 1, and
—2z 4+ y = 0 obviously have no solution. Let

1 1 2
A= 1 -2 ,z:[x],andb: 1
2 1 y 0

The z that minimizes ||b — Az||? is given by
z=A;b=(A'A)Ab.

In this case, we have
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Hence,

1
z=|" :1 2 , Az = 0
Y 31 1
The minimum is given by ||b— Az||? = (2—1)2+(1-0)2+(0—(-1))? = 3.

3.3.4 The Moore-Penrose generalized inverse matrix

The kinds of generalized inverses discussed so far, reflexive g-inverses, min-
imum norm g-inverses, and least squares g-inverses, are not uniquely deter-
mined for a given matrix A. However, A~ that satisfies (3.59) and (3.60)
is determinable under the direct-sum decompositions £ = V & W and
E™ =V @ W, so that if A~ is a reflexive g-inverse (ie., ATAA™ = A7),
it can be uniquely determined. If in addition W = V+ and V = W+, then
clearly (3.66) and (3.77) hold, and the following definition can be given.

Definition 3.5 Matriz A" that satisfies all of the following conditions
is called the Moore-Penrose g-inverse matriz of A (Moore, 1920; Penrose,
1955), hereafter called merely the Moore-Penrose inverse:

AATA=A, (3.84)
ATAAT = AT, (3.85)
(AAT) = AAT, (3.86)
(ATA) = ATA. (3.87)

From the properties given in (3.86) and (3.87), we have (AAT) (I,—AA™) =
O and (AT A)(I,, — AT A) = O, and so

Py=AA" and Py, =ATA (3.88)

are the orthogonal projectors onto Sp(A) and Sp(A™), respectively. (Note
that (AT)T = A.) This means that the Moore-Penrose inverse can also be
defined through (3.88). The definition using (3.84) through (3.87) was given
by Penrose (1955), and the one using (3.88) was given by Moore (1920). If
the reflexivity does not hold (i.e., ATAAT # AT) Py = AT A is the
orthogonal projector onto Sp(A’) but not necessarily onto Sp(A™). This
may be summarized in the following theorem.
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Theorem 3.18 Let Pa, P/, and Pg be the orthogonal projectors onto
Sp(A), Sp(A’), and Sp(G), respectively. Then,

(i) AG =Py, GA= P <— AGA = A, GAG = G,
(AG) = AG, (GA) = GA.
(i) AG=P4, GA=Py <— AGA = A, (AG) = AG, (GA) = GA.
(Proof omitted.)

Theorem 3.19 The necessary and sufficient condition for A~ inx = A~ b
to minimize ||Ax — b|| is A~ = AT,

Proof. (Sufficiency) The x that minimizes ||Ax — b|| can be expressed as
x=A"b+ (I, —ATA)z, (3.89)

where z is an arbitrary m-component vector.

Furthermore, from (3.20) we have Sp(I,, — AT A) = Ker(A), and from
the fact that AT is a reflexive g-inverse, we have Sp(A") = Sp(A*tA).
From the fact that A" is also a minimum norm g-inverse, we have E™ =
Sp(A*) @ Sp(I,, — At A), which together imply that the two vectors in
(3.89), ATb and (I, — AT A)b, are mutually orthogonal. We thus obtain

]| = [|ATB| + || (L — AT A)z[|* > [|ATB]P, (3.90)

indicating that ||A"b||> does not exceed ||z||%.
(Necessity) Assume that ATb gives the minimum norm ||z|| among all
possible &’s. Then AT that satisfies

|ATB|)? < [Jz|* = [|[ATb + (I,, — AT A)z||?
also satisfies
(A+)’(Im — A*A) =0 < (A+)’A+A = (A*)’.

Hence, by pre- and postmultiplying both sides of (AT)ATA = (A™)" by
(AAT —1,)" and AT, respectively, we obtain (ATAAT — AT)(ATAAT —
AT) = O after some manipulation. Furthermore, by premultiplying both
sides of (AT)’ AT A = (A™)" by A’, we obtain (AT A) = AT A. The remain-
ing two conditions, AATA = A and (A’AT)" = AA™, can be derived from
the fact that AT is also a least squares g-inverse. Q.E.D.



3.3. A VARIETY OF GENERALIZED INVERSE MATRICES 81

We next introduce a theorem that shows the uniqueness of the Moore-
Penrose inverse.

Theorem 3.20 The Moore-Penrose inverse of A that satisfies the four con-
ditions (3.84) through (3.87) in Definition 3.5 is uniquely determined.

Proof. Let X and Y represent the Moore-Penrose inverses of A. Then,
X = XAX = (XA)/X = AX'X = AYAX'X = A Y XAX =
AY'X =YAX =YAYAX = YY'AX'A =YY'A =YAY =Y.
(This proof is due to Kalman (1976).) Q.E.D.

We now consider expressions of the Moore-Penrose inverse.

Theorem 3.21 The Moore-Penrose inverse of A can be expressed as
AT =A'A(AAA'A) A (3.91)

Proof. Since = ATb minimizes ||b — Ax||, it satisfies the normal equa-
tion A’Az = A’b. To minimize ||z||?> under this condition, we consider
f(®,A) = 'z — 2N (AA — A'b), where A = (A, A, -+, \n) is a vector
of Lagrangean multipliers. We differentiate f with respect to x, set the re-
sult to zero, and obtain € = A’AX = A’AX = A"b. Premultiplying both
sides of this equation by A’A(A’AA’A)~ A’ A, we obtain A’AAT = A’ and
A'A(AAA’A)"A'AA" = A’ leading to A’AN = A/A(A’AA’A)"A'b =
x, thereby establishing (3.91). Q.E.D.

Note Since Ax = AA'D implies A’Ax = A’AATDY = A/blit is also possible to
minimize ’x subject to the condition that A’ Az = A’b. Let A = (A1, Aa, -+, Am)'s
and define f(x,\) = 2’z — 2X' (A’ Az — A’b). Differentiating f with respect to x
and X, and setting the results to zero, we obtain € = A’AX and A’ Az = b.

o . ) 1, A'A x| [ O
Combining these two equations, we obtain [ AA O } { N } = { A'b ]

Solving this equation using the corollary of Theorem 3.13, we also obtain (3.91).

Corollary

AT = A'(AA)"AA'A)" A (3.92)
Proof. We use the fact that (A’A)~ A’"(AA")" A(A’A)™ is a g-inverse of
A’AA’ A, which can be seen from

AAAA(AA)"A'(AA)"A(A'A)"A'AA'A
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= A/AA'(AA)"A(A'A)"A'AA'A
— AA(A'A)"A'AA'A = A'AAA.

Q.E.D.

Example 3.7 Find A,, A, and At for A = [ 1 1 ]

_ a b
Let A —lc d

least squares g-inverse A, is given by

_ a b
PRI

11 a b |
11 c d|
is symmetric, which implies a+c = b+d. This, combined with a+b+c+d = 1,
yieldsc:%—aandd:%—b.
Similarly, a minimum norm g-inverse A, is given by

]. From AATA=A, weobtaina+b+c+d=1. A

This is because

at+c b+d
at+c b+d

This derives from the fact that

a b
c d
is symmetric, which implies a+b = c+d. This, combined with a+b+c+d = 1,
yields b = % —aand d = % — ¢. A reflexive g-inverse has to satisfy ad = bc
from Example 3.4.
The Moore-Penrose inverse should satisfy all of the conditions above,

and it is given by

The Moore-Penrose inverse AT can also be calculated as follows instead
of using (3.91) and (3.92). Let x = A™b for Vb € E". From (3.91), = €

11
11

a+b a+b
c+d c+d

A+:[

PN
s =
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Sp(A’), and so there exists « such that & = A’z for some z. Hence, A’'b =
A’z. Premultiplying both sides of this equation by A’ A, we obtain A'b =
A’ Ax from A’AAT = A’. Thus, by canceling out z from

A'Ax = A'b and = = A'z,

we obtain € = A™Tbh.

Example 3.8 Find A" for A = l 213 ]
4 2 6
20 10 30
Let @ = (z1,22,23) and b = (b1,bs). Because A/A=| 10 5 15 |,
30 15 45
we obtain
101 + 5xo + 1523 = by + 2bo (3.93)

from A’Ax = A’b. Furthermore, from & = A’z, we have x1 = 221 + 429,
To = z1 + 229, and x3 = 321 + 622. Hence,

xIr = 2.%2, r3 — 3372. (3.94)
Substituting (3.94) into (3.93), we obtain
L (b1 + 2bs) (3.95)
€T = — . .
2= 75\ 2

Hence, we have

2 3
T 70( 1+2b2), x3 70( 1+ 2by),
and so
T 1 2 4 bl
T2 = % 1 2 b s
T3 3 6 2
leading to
1 2 4
AT = = 1 2
3 6

We now show how to obtain the Moore-Penrose inverse of A using (3.92)
when an n by m matrix A admits a rank decomposition A = BC, where
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rank(B) = rank(C) = r = rank(A). Substituting A = BC into (3.92), we
obtain
At =C'B'(BCC'B')"BC(C'B'BC) C'B'.

Note that B’B and CC’ are nonsingular matrices of order r and that
B'(BB')"B and C(C’'C)~C’ are both identity matrices. We thus have

(BB')"B(CC')"B'(BB')” € {(BCC'B')"}

and
(C'C)~C'(B'B)~C(C'C)~ € {(C'B'BC)"},
so that
AT =cC'(cc"Y(B'B)"'B, (3.96)
where A = BC.

The following theorem is derived from the fact that A(A’A)" A" = I,
if rank(A) = n(<m) and A'(AA")” A = I, if rank(A) = m(< n).
Theorem 3.22 If rank(A) =n < m,
AT = A(AA) = A, (3.97)
and if rank(A) = m < n,
AT =(A'A)TA= A4, (3.98)

(Proof omitted.)

Note Another expression of the Moore-Penrose inverse is given by
AT =A, AA, = A AA,. (3.99)
This can be derived from the decomposition:

A™ = [A;A+ (I, - A;A))A[AA; + (I, — AA;)
= A AA; + (I, - A, A)A (I, — AA;).

(It is left as an exercise for the reader to verify that the formula above satisfies the
four conditions given in Definition 3.5.)



3.4. EXERCISES FOR CHAPTER 3 85

3.4 Exercises for Chapter 3

. — 1 2 3

1. (a) Find A, when A = [ 9 3 1 }
1 2

(b) Find A, when A= | 2 1 |.
11

2 -1 -1

(c) Find AT when A= | -1 2 -1

-1 -1 2

2. Show that the necessary and sufficient condition for (Ker(P))¢ = Ker(I — P) to
hold is P? = P.

3. Let A be an n by m matrix. Show that B is an m by n g-inverse of A if any
one of the following conditions holds:

(i) rank(I,, — BA) = m — rank(A).

(ii) rank(BA) = rank(A) and (BA)? = BA.

(iii) rank(AB) = rank(A) and (AB)? = AB.

4. Show the following:
(i) rank(AB) = rank(A) <= B(AB) € {A™ }.
(ii) rank(CAD) = rank(A) <= D(CAD) C € {A™ }.

5. (i) Show that the necessary and sufficient condition for B~ A~ to be a general-
ized inverse of ABis (A“ABB™ )= A" ABB".

(ii) Show that {(AB),,} = {B,,A,,} when A, ABB' is symmetric.

(iii) Show that (Q4B)(Q4B), = Pp — PoAPp when PyP = PP, where
P,=A(AA)-A, Py =B(BB)"B,Q,=I-P4, and Qs =I — Pp.

6. Show that the following three conditions are equivalent:

()Aecia )
(ii) A% = A" and rank(A) = rank(A?).
(iii) A° = A.

7. Show the following:
(i) [A.B][A,B]" A= A.
(ii) (AA"+ BB')(AA'+ BB')"A = A.

8. Show that A~ — A U(I+ VA U) VA" is a generalized inverse of A+ UV
when V= WA and U = AW, for some W and Ws.

9. Let A be an n by m matrix of rank r, and let B and C be nonsingular ma-
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I, O

trices of orders n and m, respectively, such that BAC = [ O O

IO } B is a generalized inverse of A with rank(G) = r + rank(E).

} . Show that

G:C{O o

10. Let A be an n by m matrix. Show that the minimum of ||z — Q4 «|?
with respect to « is equal to @' P 4@, where z € E™, P4 = A'(AA’)~ A, and
QA’ - I - PAI.

11. Show that B = A", where B = A, AA, .

12. Let P; and P5 be the orthogonal projectors onto V; € E™ and V5 € E™,
respectively, and let P~ be the orthogonal projectors onto V4 N V,. Show the
following (Ben-Israel and Greville, 1974):

Py = 2P(P1+ P3)" Py
— 2P,(P, + Py)* Py

13. Let G (a transformation matrix from W to V) be a g-inverse of a transfor-
mation matrix A from V to W that satisfies the equation AGA = A. Define
N =G—-GAG, M =Sp(G— N), and L = Ker(G — N). Show that the following
propositions hold:

(i) AN=NA=0.

(ii) M NKer(A) = {0} and M @ Ker(A) = V.

(iii) LN Sp(A) = {0} and L ® Sp(A) = W.

14. Let A, M, and L be matrices of orders n x m, n x ¢, and m X r, respectively,
such that rank(M'AL) = rank(A). Show that the following three statements are
equivalent:

(i) rank(M'A) = rank(A).

(ii) HA = A, where H = A(M'A)" M.

(iii) Sp(A) @ Ker(H) = E™.



Chapter 4

Explicit Representations

In this chapter, we present explicit representations of the projection matrix
Py .y and generalized inverse (g-inverse) matrices given in Chapters 2 and
3, respectively, when basis vectors are given that generate V' = Sp(A) and
W = Sp(B), where E" =V & W.

4.1 Projection Matrices

We begin with the following lemma.

Lemma 4.1 The following equalities hold if Sp(A) N Sp(B) = {0}, where
Sp(A) and Sp(B) are subspaces of E™:

rank(A) = rank(QpA) = rank(A'QRA), (4.1)
where Qp = I, — Py,
rank(B) = rank(Q 4 B) = rank(B'Q4B), (4.2)
where Q4 = I, — P4, and
A(A'QpA)"A'QzA=A and B(BQ,B)"BQ,B=B. (43)

Proof. (4.1) and (4.2): Let A and B be n by p and n by ¢ matrices,
respectively, and let

[QBA)B} = [A_B(B/B)iB/AvB]
I o
ABl _pBypa 1,|” AB
H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 87
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Then T is a square matrix of order p+¢, and det|T'| # 0. Hence, Sp[Q A, B]
= Sp[A, B]. On the other hand, QgAx = By = 0 = PpQpAx =
PpBy = By = 0= QgAx = 0, which implies that Sp(B) and Sp(QrA)
are disjoint. Since Sp(A) and Sp(B) are also disjoint, we obtain rank(A) =
rank(QpA). That rank(QpA) = rank((QpA) QpA) is clear from Theorem
1.8. Equality (4.2) can be proven similarly.

(4.3): From (4.1), Sp(A’) = Sp(A’QpA) implies that there exists a W
such that A’ = A'Qz AW. Hence, we have

W' A'QrA(A'QpA)” AQpA=W'A'QpA = A.

The second half of (4.3) can be proven similarly. Q.E.D.

Corollary Let C denote a matrixz having the same number of columns m
as A, and let Sp(C") N Sp(A’) = {0}. Then the following relations hold:

rank(A) = rank(AQ ) = rank(AQ - A) (4.4)

and
AQC/A/(AQC/A/)iA - .147 (45)
where Qe = I, — C'(CC")~C. (Proof omitted.)

Theorem 4.1 Let E™ DV @ W, where V. = Sp(A) and W = Sp(B). A
general form of the projector P% .5 onto V along W is given by

Pip=AQpA) Qs+ Z(I, - QpA(QEA)")QE, (4.6)

where Qi = I,, — BB~ (with B~ being an arbitrary g-inverse of B) and
Z is an arbitrary square matriz of order n. Equation (4.6) can alternatively
be expressed as

Pip=AAQpA) " A'Qp+Z(I, - QpA(A'QpA)"A"Qp, (4.7)

where Qg = I,, — Pp and Ppg is the orthogonal projector onto Sp(B).

Proof. P7 p satisfies P} A = A and P% 3B = O. The latter implies
W.pB = KQF% for some K, a square matrix of order n. Substituting this
into the former, we obtain KQp3A = A. Hence,

K =A(QzA)” +Z[I,, — (QzA)(QzA)7],
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from which (4.6) follows. To derive (4.7) from (4.6), we use the fact that
(A'QpA)~ A’ is a g-inverse of QA when QF = Qp. (This can be shown
by the relation given in (4.3).) Q.E.D.

Corollary 1 When E™ = Sp(A) @ Sp(B), the projector P 4.5 onto Sp(A)
along Sp(B) can be expressed as
Pap=A(QpA) Qp, (4.8)

where Qp =1, — BB~

Pap=A(A'QpA)” A'Qp, (4.9)
where Qg = 1,, — Pp, or

P,p=AA(AA + BB (4.10)
Proof. (4.8): Let the second term in (4.7) be denoted by T'. Then it is

clear that TA = O and TB = O imply T = O.
(4.9): Let T denote the same as above. We have TB = O, and

= Z(QpA-QpA(A'QpA)” A'QpA)
= Z(QpA—-QpA)=0.
(Use (4.3).) We obtain (4.9) since T[A, B] = O implies T = O.
(4.10): By the definition of a projection matrix (Theorem 2.2), P4.pA =
A and Py.pB = O, which imply P,.sAA’ = AA' and P,.3BB’' = O.

Hence,
P,p(AA' + BB') = AA'.

On the other hand, we have

rank(AA’ + BB’) = rank ([A,B] l gi 1) =n

since rank[A, B] = rank(A) +rank(B) = n. This means AA’+ BB’ is non-
singular, so that its regular inverse exists, and (4.10) follows. Q.E.D.

Corollary 2 Let E™ = Sp(A’)®Sp(C’). The projector P ar.cr onto Sp(A’)
along Sp(C") is given by

PA/.C/ - A/(AQC/AI)iAQC/, (411)
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where Qo = I, — C'(CC")~C, or
Py.cr = A/A(A/A + C/C>_1. (412)
Note Let [A, B] be a square matrix. Then, it holds that rank[A, B] = rank(A) +

rank(B), which implies that the regular inverse exists for [A, B]. In this case, we
have

P,p=[A0]A, B! and P4 =[0.B|[A,B]™". (4.13)
1 4 0
Example 4.1 Let A = | 2 1 | and B = | 0 |. Then, [A,B]"! =
2 1 1
1 -4 0
—1| -2 1 0 |. It follows from (4.13) that
o 7 -7
1 40 1 -4 0 100
Pap=——12 10 -2 1 0Ol=10120
210 0 T =7 010
and
1 0 0 0 1 -4 0 0 00
Ppa=—2[0 00/ -2 1 0|=/0 00
0 0 1 0o 7 -7 0 -1 1

(Verify that P4 5 = Pa.p, P54 = Ppa, Pyp+ Ppa =13 and Pyp
X PB-A = PB~APA-B = O)

(1 o0] 1oo]" [1 0o
Let A=|0 1 |.From | 0 1 0 0 1 0 [, weobtain
01 01 1 0 -1 1
100 1 00 1 00
P;p,=1010 0 1 0|=|010
010 0 -1 1 010
On the other hand, since
1 4 10
21| =fonfly ]
2 1 01
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and so Sp(A) = Sp(A), we have

E" =Sp(A) & Sp(B) = Sp(A) & Sp(B), (4.14)

so that P4.p = P ; . (See the note preceding Theorem 2.14.)

Corollary 2 Let E" = Sp(A) @ Sp(B), and let Sp(A) = Sp(A) and
Sp(B) = Sp(B). Then,
Pis=Pas. (4.15)

It is clear that

P,=A(A'A)"A' = A(A'A)"A' = P;
follows as a special case of (4.15) when Sp(B) = Sp(A)*. The P4 above
can also be expressed as

Pi=Pyy=AA(AAAA) AA (4.16)

since Sp(A) = Sp(AA").

Note As is clear from (4.15), P4.p is not a function of the column vectors in A
and B themselves but rather depends on the subspaces Sp(A) and Sp(B) spanned
by the column vectors of A and B. Hence, logically P 4.p should be denoted as
Pgya), sp(p)- However, as for P4 and Pp, we keep using the notation P 4.5 in-
stead of Pgya), sp(p) for simplicity.

Note Since

A/
[A, B| { B } = AA' + BB/,
we obtain, using (4.16),
P..z = (AA +BB')(AA +BB'); (4.17)

AA'(AA'+ BB'); + BB'(AA'+ BB'),,

where A, indicates a least squares g-inverse of A.
If Sp(A) and Sp(B) are disjoint and cover the entire space of E™, we have
(AA'+ BB'); = (AA"+ BB')™! and, from (4.17), we obtain

P,p=AA(AA + BB)™' and P, = BB'(AA' + BB ).
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Theorem 4.2 Let P, p) denote the orthogonal projector onto Sp[A, B] =
Sp(A) + Sp(B), namely

A'A A'B ]‘ [ Al 1 (4.18)

P[A,B] = [A7B] [ BIA B/B Bl

IfSp(A) and Sp(B) are disjoint and cover the entire space E™, the following
decomposition holds:

Piyp =Pap+Ppas=A(A'QzA)"A'Qp+B(B'Q,B) B'Q,. (4.19)

Proof. The decomposition of P4 p) follows from Theorem 2.13, while the
representations of P 4.5 and Pp.4 follow from Corollary 1 of Theorem 4.1.
Q.E.D.

Corollary 1 Let E™ = Sp(A) @ Sp(B). Then,
I, = A(NQA) AQy + B(BQB) BQ,.  (4.20)

(Proof omitted.)
Corollary 2 Let E" = Sp(A) @ Sp(B). Then,

Qi =Q4B(B'Q,B) B'Q,4 (4.21)
and

Qp =QpA(A'QpA)"A'Qp. (4.22)
Proof. Formula (4.21) can be derived by premultiplying (4.20) by Q 4, and
(4.22) can be obtained by premultiplying it by Q 5. Q.E.D.

Corollary 3 Let E™ = Sp(A’) @ Sp(C"). Then,

QA’ — QA/C/(CQA/C/)icQA/ (423)
and

QC/ — QC’A/(AQC/A/)_AQC” (424)
Proof. The proof is similar to that of Corollary 2. Q.E.D.

Theorem 4.1 can be generalized as follows:
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Theorem 4.3 Let V C E™ and
V=vieVhad - - oV, (4.25)

where V; = Sp(A;). Let P, denote a projector onto V; along V{; =
Vie---aVio1@ Vi1 @---@V,. Then, the equation

j-6) = Ai(A4;Q() A7) 4;Q;,
+Z[I, - (Q(;)A))(A)Q;)A))” Aj]Q (4.26)
holds, where Q;y = I, — P(;), P is the orthogonal projector onto V(;y,

and Z is an arbitrary square matrix of order n. (Proof omitted.)

Note If V@ Vo @ - @V, = £, the second term in (4.26) will be null. Let P;.(;
denote the projector onto V; along V(). Then,

P = A;(A;QA;)” AjQ ;). (4.27)
Let A =[A,As, -+, A;] be a nonsingular matrix of order n. Then,
Py =A;A(AlA + -+ A A (4.28)
can be derived in a manner similar to (4.10).
Let us again consider the case in which V =V Vo d--- 0V, C E™.

Let Py denote the orthogonal projector onto V.=V, @& Vo @®---dV, =
Sp(A1) ® Sp(A2) @ --- @ Sp(A,). Then,

PPy = Aj(AjQ()A))” A5Q) = Pj)- (4.29)
If (4.25) holds, Pyy € V for Vy € E™, so that
Since y is an arbitrary vector, the following theorem can be derived from

(4.29).

Theorem 4.4 Assume that (4.25) holds, and let P;.(; denote the projector
onto Vj along V) o VL. Then,

Py =P+ Py +-+ P, (4.30)
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where Py = Aj(A;Q;A;j)” AjQj)- (Proof omitted.)

Note An alternative way of deriving (4.30 is as follows. Consider
En:V1®V2€B"'@Vr@VJ_, (431)

where V. =V, @ - @ V,.. Let V; = Sp(A;) and VL = Sp(B). Then the projector
onto V; along V1®~~@Vj_1@vj+1@~~®VT@VL is given by

Pjyes = Aj(A5Q) 18 A5)” A5Q) 1> (4.32)

where Q(j)+B =1, — P;p and P;)p is the orthogonal projector onto V{;) @
VL. Since V; = Sp(A;) (j = 1,---7) and V' = Sp(B) are orthogonal, we have
A’B = 0O and A’(j)B = O, so that

AiQiyis = AjIn—Pyyip)=Aj(I, - P — Pp)
= Ai(I, - P;) = AjQ (4.33)
and
Pjy+B= Aj(A;'Q(j)Aj)_A;Q(j) =Pjy). (4.34)

Hence, when V4 =V, & Vo & --- @V, and Vg are orthogonal, from now on we call
the projector P;.(jy4p onto V; along V{(;y @ Vi merely the projector onto V; along
Vi;)- However, when V4 = Sp(A) = Sp(A1) @ --- ® Sp(A,) and Vp = Sp(B) are
not orthogonal, we obtain the decomposition

Pap=Pirayip+Parop+ -+ Prpts (4.35)

from P4.p + Pp.a = I, where Pj. ;) p is as given in (4.34).
Additionally, let A" = [A], A}, -, Al] and V; = Sp(A)), and let

E"=VioV®--- &V,

y denote the projector onto ‘77 along V(;). Then,

P = Aj(A;Q;)A) " A;Q ), (4.36)
where Q(j) =1, — 15(]») and P(j) is the orthogonal projector onto ‘7(j) = Sp(A)})®
<@ Sp(A] )& Sp(A} ;)5 HSp(AL), and Ay — [A]. -+ Ay, AL, Al
4.2 Decompositions of Projection Matrices

Let V4 = Sp(A) and Vg = Sp(B) be two nondisjoint subspaces, and let the
corresponding projectors P 4 and Pp be noncommutative. Then the space
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V = V4 + VB can be decomposed in two ways, as shown in Lemma 2.4.
Here we first consider a decomposition of the orthogonal projector Paup
onto Sp[A, B]. Let P4 and Pp denote the orthogonal projectors onto V4
and Vp, and let Q4 = I,,— P4 and Qg = I,, — Pp denote their orthogonal
complements. From Lemma 2.4, the following theorem can be derived.

Theorem 4.5

P[A,B} = PA+PB[A] (4.37)
= Pp+ Pyp, (4.38)

where

Pap = QpAQpA), = QpA(A'QpA)"A'Qp
and

Ppia=Q4B(Q,B), =Q,B(B'Q,B) B'Q,.
Proof. (Q4B)A =B'Q4A =0 and (QgA)B = A'QpB = O. Hence,
Vi = Sp(A) and Vppy = Sp(QpA) are orthogonal, Vp = Sp(B) and
VaiB) = Sp(Q 4 B) are orthogonal, and (4.37) and (4.38) follow. The expres-
sions for P 45 and P () are clear from (3.78). Q.E.D.

Note P ,p) and Ppy; are often denoted as P4 and Pq , g, respectively.

Note Decompositions (4.37) and (4.38) can also be derived by direct computation.
Let

A'A A'B
M= [ B'A B'B }

A generalized inverse of M is then given by
(A'/A)- + (A'/A)"ABD B'A(A’A)- —(A’A)-"A'BD~
~-D B'A(A’A)~ D~ ’
where D = B'B — B'A(A’A)~ A'B, using (3.44), since Sp(A'B) C Sp(A’A) C
Sp(A’). Let P4y = A(A’A)~ A’. Then,

Pp = P,+P,BD B P,-P,BD B —-BD B'P,+BD B’
= PA—|—(I,,,—PA)BD7B/(I”—PA)
= Pa+QuB(B'Q,B)"B'Q,=Pa+ Ppu.
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Corollary Let A and B be matrices with m columns, and let Vi = Sp(A)
and Vo = Sp(B’). Then the orthogonal projector onto Vi+ Vs is given by

I

AA AB' | | A
P[A',Bq:[A"B][BA' BB’] [B

which s decomposed as

Plyp) = Pa+ Ppiay (4.39)
— Py + P, (4.40)
where
Ppia=(QuaB)(QaB'), =QuB'(BQ,yB')"BQyu
and

Pyip = (QpA)QpA), =QpA(AQpA)”AQy,

and Q pr = I, — Py and Qg = I, — Pp/, where P 4 and Pp: are orthog-
onal projectors onto Sp(A’) and Sp(B’), respectively.
(Proof omitted.)

Note The following equations can be derived from (3.72).

Al [ A
rwr=5],1 5]

Ppia)=(BQa ), (BQy),
and

P,ipy=(AQp ), (AQpg).

Theorem 4.6 Let E" = (V4 + Vp) & Vi, where Vo = Sp(C), and let
P p).c denote the projector onto Va+ Vi along Vo. Then Pg p.c can be
decomposed as follows:

Pap.c = Pac+ Ppuc (4.41)
= Ppc+Papc, (4.42)

where
Puc=A(AQ-A)"A'Q.,
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Ppc=B(B'Q:B) B'Q,

Ppia.c = Pg,pc=QuB(B'Q,QcQ4B)" B'Q,Qc,
and

Papr.c = Poyac = QpA(A'QpQcQpA)” A'QpQc.

Proof. From Lemma 2.4, we have

Va+ Vi = Sp(A) @ Sp(Q4B) = Sp(B) & Sp(QA).

We then use Theorem 2.21. Q.E.D.

Note As has been stated in Theorem 2.18, when P4,Pgp = PPy, we have
QpP4s = PAQp, so that QpAA;QpA = QpPAQzA = QuPAA = QA
and QpAA, = P, — P,Pp = (QgAA,). Hence, A, € {(QpA), }, and so
Q,B(Q,B), =P, — P4Pg, leading to

PAPB:PBPA<:>P[A7B]:PAJFPB*PAPB. (4.43)

Corollary 1 P, g = P4 <= Sp(B) C Sp(A).
Proof. («): From Sp(B) C Sp(A), B = AW for some W. In (4.37),
QB=(I—-PyB=(I—-PyAW = O. From OO, O = O, we obtain
(=): From (4.37), (Q4B)(QB), = O. Postmultiplying by Q 4B,
we obtain Q4B = O, which implies Q4 Pp = O, which in turn implies
P4Pp = Pp. By Theorem 2.11, we have Sp(B) C Sp(A).
Q.ED.

Corollary 2 When Sp(B) C Sp(A),
Pup = QpA(A'QpA)”"A'Qp = P, — Pp. (4.44)

(Proof omitted.)

Let Vi = Sp(A1),---,V, = Sp(A,) be r subspaces that are not necessar-
ily disjoint. Then Theorem 4.5 can be generalized as follows.
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Theorem 4.7 Let P denote the orthogonal projector onto V.= Vi + V5 +
<o« + V.. Then,

P =P+ Py + Py + -+ Py, (4.45)

where Pjj;_q) indicates the orthogonal projector onto the space Vi _q =
{zlz = Qj_yy,y € E"}, Q|j_1) = I, — P[;_y), and P;_y) is the orthogo-
nal projector onto Sp(A1) + Sp(Az) + -+ + Sp(A4;_1).

(Proof omitted.)

Note The terms in the decomposition given in (4.45) correspond with Sp(A;), Sp
(As),---,Sp(A,) in that order. Rearranging these subspaces, we obtain 7! different
decompositions of P.

4.3 The Method of Least Squares

Explicit representations of projectors associated with subspaces given in
Section 4.1 can also be derived by the method of least squares (LS).

Let A represent an n by m matrix, and let b € E™ be a vector that does
not necessarily belong to Sp(A). Then « that minimizes ||b — Az||?> should
satisfy the normal equation A’Ax = A’b. Premultiplying both sides of this
equation by A(A’A)~, we obtain

Ax = P b,

where Py = A(A’A)”" A" = AA,. The following lemma can be immedi-
ately derived from the equation above.

Lemma 4.2
mxin||b—Aa:|]2 = ||b — P b||*. (4.46)

(Proof omitted.)

Let
|z||3; = ¢’ M (4.47)

denote a pseudo-norm, where M is an nnd matrix such that

rank(A’M A) = rank(A) = rank(A'M). (4.48)
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Then the following theorem holds.

Theorem 4.8 min, ||b— Az|[3; = [|b— P 4/bl[3,, where
Py =AAMA)"A'M. (4.49)
Proof. Since M is nnd, there exists an IN such that M = NN’. Hence,
Ib— P a/urbl|3; = (b— Az) N'N (b — Az) = ||[Nb — N Az||>.
By Lemma 4.2,  that minimizes the criterion above satisfies
N'(NA)x = N'NA(A'N'NA)"A'N'Nb,

that is, MAx = MA(A'MA)~ A’Mb. Premultiplying both sides of this
equation by A(A'M A)~ A’, we obtain

Az =P b

since A(A’MA)"A'MA = A by (4.48).

An alternative proof. Differentiating f(x) = (b — Az) M (b — Az) with
respect to « and setting the results equal to zero, we obtain

Lof = A MAx — A'Mb=0.
20x
Premultiplying both sides by A(A’M A)~, we obtain the desired result.

Q.E.D.

Corollary Let Sp(A) and Sp(B) be disjoint, and let Qg = I,, — Pp. Then
mxin||b—Am||2QB =||b— PApbl5, (4.50)

or
min|[b — Az[[3), = |[b— Pagbl5,. (4.51)

where Pap = A(A'QA)"A'Qp and P o = QA(A'QpA)"A'Qys.

Proof. (4.50): Clear from rank(A'QpA) = rank(A).
(4.51): Clear from QpPa.p = P 4p. Q.E.D.

Hence, P 4.5, the projector onto Sp(A) along Sp(B), can be regarded as the
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orthogonal projector onto Sp(A) associated with the pseudo-norm ||x||g,.
(See Figure 4.1.) Furthermore, since A'Q 4 = O,

Pop=A(AQpA) AQy=AAQ"A) A'Q",
where Q* = Q4 + Qp, and so rank(Q*) = n. Hence, P 4.5 is also con-

sidered as the orthogonal projector onto Sp(A) associated with the norm
||z||g- characterized by the pd matrix Q*. (See Figure 4.1.)

Theorem 4.9 Consider P 4y as defined in (4.49). Then (4.52) and (4.53)
hold, or (4.54) holds:

P% ) = Pajurs (4.52)
(MPyp) = MP 4y, (4.53)
Py MP = MP =Py M. (4.54)

(Proof omitted.)

Definition 4.1 When M satisfies (4.47), a square matriz P 4,y that sat-
isfies (4.52) and (4.53), or (4.54) is called the orthogonal projector onto
Sp(A) with respect to the pseudo-norm ||z||y = (' Mx)/?.

It is clear from the definition above that I,, — P 4.p is the orthogonal
projector onto Sp(A)* with respect to the pseudo-norm ||z|||ps.

Note When M does not satisfy (4.48), we generally have Sp(P4,5;) C Sp(A),
and consequently P 4,y is not a mapping onto the entire space of A. In this case,
P 4 ) is said to be a projector into Sp(A).

We next consider minimizing ||b — Az||?> with respect to & under the
constraint that Cx = d, where C and d # b are a given matrix and a
vector. The following lemma holds.

Lemma 4.3

énigiHb—Aa:H :mxing—AC'_d—AQC/zH, (4.55)
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Figure 4.1: Geometric representation of the projection vector P 4.pb.

where Q¢ is the orthogonal projector onto Sp(C')* and z is an arbitrary
m-component vector.

Proof. Use the fact that Cx = d implies x = C~"d+ Q= Q.E.D.

The following theorem can be derived from the lemma above and Theo-
rem 2.25.

Theorem 4.10 When
min [[b— Az|| = |[(I — Pag,,)(b— AC™d)|
holds,
x=C d+ Qq(QA'AQ) QA (b— AC~d), (4.56)

where P aq,, is the orthogonal projector onto Sp(AQc).
(Proof omitted.)

4.4 Extended Definitions

Let
E'"=VaoW=SpA)a (I,—AA")

and ) .
E"=VaW =Sp(A"A)®Sp(I,, — A" A).
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A reflexive g-inverse A, , a minimum norm g-inverse A, , and a least squares
g-inverse A, discussed in Chapter 3, as shown in Figure 4.2, correspond to:
() YVyeW, A y=0— A,

(i) V and W are orthogonal — A,

(iii) V and W are orthogonal — A, |

and furthermore the Moore-Penrose g-inverse A1 follows when all of the
conditions above are satisfied. In this section, we consider the situations in
which V and W, and V and W, are not necessarily orthogonal, and define
generalized forms of g-inverses, which include A, A, , and AT as their
special cases.

\% 4 A

(1) A reflexive g-inverse (2) A minimum norm g-inverse
(W is arbitrary)

(3) A least squares g-inverse

(V is arbitrary) (4) The Moore-Penrose inverse

Figure 4.2: Geometric representation of the projection vector P 4.pb.

For convenience, we start with a generalized form of least squares g-
inverse, followed by minimum norm g-inverse and Moore-Penrose inverse.
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4.4.1 A generalized form of least squares g-inverse

We consider the case in which a complement subspace of V' = Sp(A) € E"
is given as W = Sp(B). Let us obtain & that minimizes ||b — Aac||2QB when
b ¢ Sp(A). According to Theorem 4.8 and its corollary, such an a should
satisfy

Az = Papb=A(A'QpA)" A'Qpb. (4.57)
Let A~ be an arbitrary g-inverse of A, and substitute & = A~ b into (4.57).
We obtain

AA b=A(AQrA) " A'Qpb.

This has to hold for any b € E™, and so
AA™ = A(A'QpA) A'Qp (4.58)

must hold. Premultiplying the equation above by A'Q g, we further obtain,
by (4.2),

Let an A~ that satisfies (4.58) or (4.59) be written as Ayp)- Then the
following theorem holds.

Theorem 4.11 The following three conditions concerning A;( pB) are equiv-
alent:

AA; A= Aand (QpAAy L) = QpAA ). (4.60)
A'QpAA, ;) = AQp, (4.61)

AA,p = A(A'QpA)” A'Qp. (4.62)

Proof. (4.60) — (4.61): AApA=A= QpAA, A =QpA. Trans-

posing both sides, we obtain A’(QBAAZ(B))’ = A'Qp, the left-hand side of
which is equal to A,QBAZ(B) due to the second equation in (4.60).
(4.61) — (4.62): Premultiply both sides by A(A'QpA)~ and use (4.3).
(4.62) — (4.60): Premultiplying both sides by A, we obtain AAypA=
A. That QpAA, ) is symmetric is clear from (4.21) and (4.22). .

The three conditions in Theorem 4.11 indicate that AAZ( B) is the pro-
jector onto Sp(A) along Sp(B) when E™ = Sp(A) @ Sp(B).
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Definition 4.2 A g-inverse AZ(B) that satisfies either one of the three con-

ditions in Theorem 4.11 is called a B-constrained least squares g-inverse (a
generalized form of the least squares g-inverse) of A.

A general expression of AZ( B) is, from Theorem 4.11, given by
wp) = (A'QpA)”"A'Qp + I, — (A'QpA) (A'QpA)|Z,  (4.63)

where Z is an arbitrary m by n matrix. Let AZT( B) denote an AZ( B) that
satisfies the condition for reflexivity, namely AK_T( B)AAZT( B = A(Z_r( B) Or
rank(A;r(B)) = rank(A). Then,

A g = (AQpA)A'Qp. (4.64)

Note When B is such that Sp(B) = Sp(A)*, A, reduces to A, and A,
reduces to A, .

Note When M is a pd matrix of order n,

A-

won = (A'MA)"A'M (4.65)

is a g-inverse of A that satisfies AA, ;A = A, and (MAA;(M))’ =MAA,,,.
This g-inverse is defined such that it minimizes || Az — b||3,. If M is not pd, AL
is not necessarily a g-inverse of A.

Let A =[A4, Ay, -, Ay such that the A;’s are disjoint, namely

Sp(A) = Sp(A1) ® Sp(A2) @ --- @ Sp(As), (4.66)

and let
Ay =1[A1,-, Aj1,Aj, -, AglL

Then an A(j)-constrained g-inverse of A is given by
Ajj) = (A5Q()A;)” AjQq) + [Ty — (A;Q( Aj) (AjQ(;)A))1Z, (4.67)

where Q ;) = I, — P(;) and Py;) is the orthogonal projector onto Sp(A(j)).
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The existence of the A;(j) above is guaranteed by the following theorem.

Theorem 4.12 A necessary and sufficient condition for A = [A1, Ag,---,
A to satisfy (4.66) is that a g-inverse Y of A satisfies

where Y = Y, Y5, - Y]

Proof. (Necessity) Substituting A = [A;, Ag,---, Ag] and Y' = [Y, Y},
-+, Y'] into AY A = A and expanding, we obtain, for an arbitrary i =
17 Ty S,

AlYlAz’ —+ AQYQAZ‘ + -+ AzYzAz + -+ ASYSAZ‘ = Ai,
that is,

Since Sp(A;) N Sp(A;) = {0}, (4.68) holds by Theorem 1.4.

(Sufficiency) Premultiplying Ajx1+ Asxo+- -+ Asxs = 0 by A;Y; that
satisfies (4.68), we obtain A;x; = 0. Hence, Sp(A1),Sp(A2),---,Sp(As) are
disjoint, and Sp(A) is a direct-sum of these subspaces.

Q.E.D.

Let
Ay =[A1,- Aj1, Aj, o A

as in Theorem 4.12. Then, Sp(A(;)) ©® Sp(A;) = Sp(A), and so there exists
A; such that

A;(j) is an A;)-constrained g-inverse of A;.
Let E™ = Sp(A) @ Sp(B). There exist X and Y such that

AXA=A, AXB-=0,
BYB =B, BYA=0.

«B)’ and Y is identical to B,

However, X is identical to A 0(A)"
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Al
5
Corollary A necessary and sufficient condition for A’ = . to satisfy
A
Sp(A’) = Sp(A}) © Sp(Aj3) @ - - @ Sp(AY)
is that a g-inverse Z = [Z1,Z,--+,Zs] of A satisfy

Proof. AZA= A= A'Z'A' = A'. By Theorem 4.12, A]Z A} = A} and
ALZ' A, = O (j #i). Transposing these equations, we obtain (4.70).
Q.ED.

4.4.2 A generalized form of minimum norm g-inverse

When s = 2 and Sp(A’) = E™, namely E™ = V@®W where V = Sp(A}) and

W = Sp(A)), let a g-inverse of A = [A], AL be denoted by Z = [Z;, Z5]
as in the corollary to Theorem 4.12. The existence of Z| and Z5 that satisfy

AlZlAl = Al, A1Z2A2 = O, A2Z2A2 = AQ, and A2Z1A1 =0
(4.71)
is assured. Let A and C denote m by n; and m by ny (n1+nge > n) matrices
such that
AA T A=Aand CA A =0. (4.72)

Assume that A'W, + C'Wy = O. Then, (AA~A)YW, + (CA~AYW, —
O, and so AW = O, which implies C'W3 = O. That is, Sp(A’) and
Sp(C’) are disjoint, and so we may assume E™ = Sp(A’) & Sp(C’). Taking
the transpose of (4.72), we obtain

A(A™YA = A and A'(A7)C’' = 0. (4.73)

Hence,

A,(A_), - PA/.C/ - A/(AQC’AI)_AQC’7 (474)
where Qo = I,,, — C'(CC’")~C, is the projector onto Sp(A’) along Sp(C”).
Since {((AQA")")'} = {(AQA’)~}, this leads to

AiA - QC/A/(AQC/A/)iA. (475)
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Let A;L(C) denote an A~ that satisfies (4.74) or (4.75). Then,

A 0) = QoA (AQeA)™ + Z[I, — (AQu A')(AQc A') 7,
where Z is an arbitrary m by n matrix. Furthermore, let A;w(c) denote
an A;(C) that satisfies the reflexivity, namely A;W(C)AA;W(C) = A;W(C).

Then,
A;LT(C) — QC/A,(AQC/A/)_‘ (476)

By Corollary 2 of Theorem 4.1, the following theorem can be derived.

Theorem 4.13 The following three conditions are equivalent:

A;(C)AQC'AI =Qu A, (4.78)
AL yA= QoA (AQ-A')” A. (4.79)

Proof. The proof is similar to that of Theorem 4.9. (Use Corollary 2 of The-
orem 4.1 and Corollary 3 of Theorem 4.2.) Q.E.D.

Definition 4.3 A g-inverse A;(C) that satisfies one of the conditions in
Theorem 4.13 is called a C-constrained minimum norm g-inverse of A.

Note A is a generalized form of A, and when Sp(C”) = Sp(A’)+, it reduces
to A.

Lemma 4.4 Let E™ = Sp(A’) @ Sp(C’). Then,

E™ = Sp(Qcr) © Sp(Q ). (4.80)

Proof. Let Qo + Q 4y = 0. Premultiplying both sides by Q- A'(AQ
x A')T A, we obtain Qo = QA (AQA")"AQ( from (4.24), which
implies Qx = 0 and Q 4y = 0. That is, Sp(Qc/) and Sp(Q /) are dis-
joint. On the other hand, rank(Q /) + rank(Q 4/) = (m — rank(C)) + (m —
rank(A)) = 2m—m = m, leading to (4.80). Q.E.D.
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Theorem 4.14 When (4.80) holds, A;(C)A is the projector onto V =
Sp(Q) = Ker(C") along W = Sp(Q 4/) = Ker(A').

Proof. When A;L(C)A is the projector onto Sp(Qr) along Sp(Q4/), we
have, from the definition of a projector in (4.9),

Po.qu=Qc(QuPaQc) QeiPy. (4.81)
From
Poy(PaQoPa) PrQo(QoPaQc)” € {(QuPaQcr)”}
and (4.20), we have
Qo (QoPaQc) QuPa+Qu(QuPcQu) QuPcer =T, (4.82)
Premultiplying the equation above by P 4/, we obtain
PyQc/(QePaQc) QerPa =P,

which implies

Po.,g, = QuPa(PyQePa) PaQu(QePaQc) QevPa
- QC/PA/(PAIQC/PA/)i.PA/ :QC/A/(AQC/AI)iA
- AL oA (4.83)
establishing Theorem 4.14. Q.E.D.
Corollary
(PQC,.QA,)' =Pycr. (4.84)

(Proof omitted.)

Note From Theorem 4.14, we have A_ A = Py 5 when (4.80) holds. This
means that A_ - is constrained by Sp(C’) (not C' itself), so that it should have
been written as A:n(‘}). Hence, if E™ = V & W, where V. = Sp(A~A) and
W =Sp(I,, — A~ A) =Sp(I,, — Pa) = Sp(Q ), we have

V =Sp(Qc) (4.85)

by choosing C’ such that Sp(A’) @ Sp(C’) = E™.
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Note One reason that A;l(c,) is a generalized form of a minimum norm g-inverse
A, is that ® = A_ b is obtained as a solution that minimizes 1Po.-q, |

under the constraint Ax = b.

Note Let NN be a pd matrix of order m. Then,

A, vy = NA(ANA)” (4.86)

is a g-inverse that satisfies AA_ WA = A and (A )AN) =A_  AN. This
g-inverse can be derived as the one minimizing ||z||% subject to the constraint that
b= Ax.

We now give a generalization of Theorem 3.17.

Theorem 4.15

(A} = (g} (4.87)
Proof. From Theorem 4.11, AA; ) A = A implies A’(AZ_(B))’A' =A'. On
the other hand, we have

(QpAA ) = QpAA, 5 = (Ayp) A'Qp = [(Ay ) A'Qp].

Hence, from Theorem 4.13, A ) € {(A');L(B,)}. From Theorems 4.11 and
4.13, (A');L(B,) € {A;(B))’}, leading to (4.87). Q.E.D.

) 1 1 1 _
Example 4.2 (i) When A = [ 11 ] and B = ( 9 >a find Ay gy and

Ap -

11

(ii) When A = [ 11

] and C = (1,2), find A;(C) and A;W(C).

Solution. (i): Since E™ = Sp(A) @ Sp(B), AA ) is the projector onto
Sp(A) along Sp(B), so we obtain P4.p by (4.10). We have

-1
/ n—-t_ | 3 4 _1 6 —4
(AA"+ BB') —l46] —2[_4 3],

from which we obtain

Pan-axan s nE) =[] 1]
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- _|a b
“B) " | ¢ d |

F]rom[1 1]la b]:lQ _1],Wehavea+c:2andb—|—d:—1.

Let

11 c d 2 -1

—_— a b
«B) " | 2—a —1—0b |

Furthermore, from rank(Ae_T(B)) = rank(A), we have a(—1 — b) = b(2 — a),
from which it follows that b = —%a and

_ a —%a
A (B) — 1|
" 2—a —-1+3a

(ii): Note that Sp(A’) @ Sp(C’) = E?. By (4.50), (4.51), and (4.10),

Hence,

Ay A= (Pyc) =(AA+CC)AA

and
AMNA+O®4:%l§1l
Let
4o~ |5 1]
From

we obtain e + f = % and g+ h = % Hence,
2

e £—e
A= 3

e [9 %—9]

Furthermore,
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4.4.3 A generalized form of the Moore-Penrose inverse

Let
E"=V & W =Sp(A) ® Sp(B) (4.88)

and . B
E™ =V & W =Sp(Qc) & Sp(Qu), (4.89)

where the complement subspace W = Sp(B) of V' = Sp(A) and the comple-
ment subspace V' = Sp(Q¢v) of W = Ker(A) = Sp(Q /) are prescribed. Let
AF - denote a transformation matrix from y € E™ to ¢ € V = Sp(Q¢).
(This matrix should ideally be written as AIJ/FVV') Since A} . is a reflexive
g-inverse of A, it holds that

AAE,CA =A (4.90)
and
A} AAf — Af (w01

Furthermore, from Theorem 3.3, AAE-C is clearly the projector onto V =
Sp(A) along W = Sp(B), and A} A is the projector onto V = Sp(Q»)
along W = Ker(A) = Sp(Q /). Hence, from Theorems 4.11 and 4.13, the
following relations hold:

(QpAALC) = QpAAL (4.92)
and
(Af.cAQe) = AL cAQe. (4.93)

Additionally, from the four equations above,
CAf.,=0Oand A, B=0 (4.94)

hold.
When W = V1L and V = W, the four equations (4.90) through (4.93)
reduce to the four conditions for the Moore-Penrose inverse of A.

Definition 4.4 A g-inverse A} . that satisfies the four equations (4.90)
through (4.93) is called the B, C-constrained Moore-Penrose inverse of A.
(See Figure 4.3.)

Theorem 4.16 Let an m by n matriz A be given, and let the subspaces
W = Sp(B) and W = Sp(Qc) be given such that E™ = Sp(A) & Sp(B) and
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W = Ker(A) = Sp(Q /) W = Sp(B)

Figure 4.3: Spatial representation of the Moore-Penrose inverse.

™ =Sp(Qa) ®Sp(Qcr). Then A% o is uniquely determined by B and C
that generate W and W .

Proof. By (4.94), it holds that

QC’ABC’_A CandABCQB_ BC

Hence, the four equations (4.90) through (4.93) can be rewritten as
(QAQ)AL(QpAQc) = QpAQey,

AL (QpAQu)AL . = Af ., (4.95)
(QpAQc)AL ) = (QpAQu) AL ¢,
and
(AE.C(QBAQC’))/ = AE.C(QBAQC’)’

This indicates that AE ¢ is the Moore-Penrose inverse of Ag.c = Q BAQC/
Since Qg and QC/ are the orthogonal projectors onto Sp(B )+ and Sp(C’)*,

respectively, A 5. is uniquely determined by arbitrary B and C such that
Sp(B) = Sp(B) and Sp(C’) = Sp(C ). This indicates that Ap.c is unique.

AE,C is also unique, since the Moore-Penrose inverse is uniquely determined.
Q.E.D.

Note It should be clear from the description above that A% 5.c that satisfies The-
orem 4.16 generalizes the Moore-Penrose inverse given in Chapter 3. The Moore-
Penrose inverse A" corresponds with a linear transformation from E™ to V when
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E"=V @& W and E™ =V & W. It is sort of an “orthogonalized” g-inverse, while
A7 . is an “oblique” g-inverse in the sense that W = Sp(B) and V = Sp(Q) are
not orthogonal to V' and W, respectively.

We now consider a representation of the generalized form of the Moore-
Penrose inverse AEC.

Lemma 4.5

AAf . =Pap (4.96)
and
AL A=Pg .0, =(Pac). (4.97)
Proof. (4.96): Clear from Theorem 4.1.
(4.97): Use Theorem 4.14 and (4.81). Q.E.D.

Theorem 4.17 AEC can be expressed as

AL o= Qu(AQL) A(QRA) QF, (4.98)
where Q% = I, — C'(C")~ and Q5 = I,, — BB,
AL =QuA (AQuA) A(AQpA)”A'Qp, (4.99)
and
AL =(AA+C'C)"A'AA(AA' + BB') ™. (4.100)

Proof. From Lemma 4.5, it holds that AE-CAAE-C = AE.CPA-B =
(Pyr.cr) AE.C = AE,C. Apply Theorem 4.1 and its corollary.

Q.E.D.
Corollary (i) When Sp(B) = Sp(A)*,
AE-C - QC/AI(AQC/A/)iA(A/A)iAI (4101)
= (AA+Co)'A. (4.102)
(The Af . above is denoted as A;(C).)
(ii) When Sp(C’) = Sp(A’)*,
Afc = A(AA) A(A'QA)"A'Qy (4.103)

A'(AA' + BB')™. (4.104)
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(The A} . above is denoted as AX(B).)

(iii) When Sp(B) = Sp(A)* and Sp(C’) = Sp(A’)*,
AL =A(AA)"AA'A)"A' = A" (4.105)
(Proof omitted.)
Note When rank(A) = n, Ajn(c) = A;r(())’ and when rank(A) = m, A;(B) =

AZ«( B’ but they do not hold generally. However, A" in (4.105) always coincides
with AT in (3.92).

Theorem 4.18 The vector @ that minimizes ||Pq,,.q , ®||* among those
that minimize ||Ax — bHéB is given by x = A} ob.

Proof. Since  minimizes ||Ax — bHéB, it satisfies the normal equation
To minimize the norm ||Pg_,.q ,,2||* subject to (4.106), we define

flz, ) = %w’f?/f?a: ~N(A'QpAz — A'Qpb),

where X is a vector of Lagrangean multipliers and P = Pg., q, - Differen-
tiating f with respect to @ and setting the results to zero, we obtain

P'Px=A'QzAX (4.107)

Putting together (4.106) and (4.107) in one equation, we obtain
PP AQAl|(x)\_[ o
A'QzA o A A'Qpb |
Hence,
. -1
z\_| PP AQzA 0
A A'QzpkA O A'Qpb

IR KeilNe 0
o, —os |\ AQub )
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Since P'P = A'(AQqA")~ A and PQ_. is the projector onto Sp(A’) along
Sp(C’), we have Sp(P,Pch) = Sp(A), which implies Sp(]ND,}N’) = Sp(A’) =
Sp(A'QpA). Hence, by (3.57), we obtain

x = CA'Qpb
= (P'P)"A'QA(A'QzA(P'P)"A'QpA)” A'Qpb.

We then use

/

Qo A(AQe A AQy € {(A'(AQeA)~A)} = {(P'P))
to establish
r=QuA'QpA(A'QpAQA'QpA)”A'Qpb. (4.108)
Furthermore, by noting that
(A'QpA)" A(AQuA) A(AQpA)™ € {(AQAQuA'QpA) ),
we obtain

r = QuA(AQuA')"A(A'QpA)”A'Qpb
= AL.b. (4.109)

Q.E.D.
From the result above, Theorem 4.4 can be generalized as follows.

Theorem 4.19 Let Sp(A) = Sp(A;1) @ --- @ Sp(A,). If there exists a
matriz C; such that Sp(A}) & Sp(C%) = E¥, where k; is the number of
columns in A;, then

Py = Al(Al)X(D.Cl +oet AT(AT)X<T),CT, (4.110)
where A(]) = [Al, tey Ajfl, Aj+1, s ,AT].

Proof. Clear from Theorem 4.4 and Aj(Aj)JAf(j),Cj = Pj.j. (See (4.27).)
' Q.E.D.

Example 4.3 Find AEC when A = l 1 1 ], B = ( ; ),andC: (1,2).

Solution. Since Sp(A) & Sp(B) = E? and Sp(A’) & Sp(C’) = E?, A}
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can be defined. To find AE,C, we set e in A;w(C) and a in AE;(B

each other in Example 4.2. Then A;W(C) = A;T(B) and a = e =
to

114 =2
+ ==
sie-1[4 2

An alternative solution. We calculate AE.C directly using (4.100).

2
/ i~ | 11 1 oy _ 3 0
AA+CC—[1 1] +<_2>(1, 2)—[0 6]’
(1 3 4
+(2><1,2>:[4 6].
Hence, we obtain

-1 3 ~1
30 11 3 4] 1[4 -2
0 6 11 4 6 3|2 -1
(Verify that the AL . above satisfies the four conditions (4.90) through
(4.93).)

and

11

/ ’_
AA—i—BB—[1 1

Note To be able to define A% ~, A should be n by m of rank r(< min(n,m)), B
should be n by s of rank n — r(< s), and C should be t by m of rank m — r(< t).

Theorem 4.20 Let Sp(A’)®Sp(C’) = E™. Ifd =0, (4.56) reduces to the
equation
=A% b (4.111)

where A;;(C) is as gwen in (4.101) and (4.102).

Proof. Since A'(AQA")"AQA' = A, we have

(QerA'AQc/)A/(AQA') " A(A’A)” A/(A'QrA)” A(QeA'AQ)
- QC/AIA(A/A)iA/(AQC/Al)iAQC/AIAQC/ - QC/A/AQC/,

which indicates that

G=A(AQuA) A(AA)"A(AQ.A')"A
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is a g-inverse of Q- A’ AQ.. Hence, we have

r = QC’GQC/A,b
- QCIA/(AQC/Al)7A(.A/A)7A/(AQC/A/)7AQC/Alb
- QC/A/(AQC/Al)7A<A/A)7A/b.

This leads to (4.111) by noting (4.101). Q.E.D.

Example 4.3 Let b and two items, each consisting of three categories, be
given as follows:

72
48
40
48
28
48
40
28

_ o o= OO0 oo
— O Ok OO oo
OO OO+ OO

O = OO = O = =

O OO O = OO
OO = O O = =

Subtracting column means from the elements, we obtain

[—2 -3 5 4 -2 —2]
—2 5 =3 4 -2 =2
6 -3 -3 —4 -2 6
A:QMA:% 73 72 2 71 62; 7; :[a17a2>"'7a6]7
-2 5 -3 —4 -2 6
6 —3 -3 4 -2 =2
-2 =3 5 —4 6 —2

where @, = Is — $11’. Note that rank(A) = rank(A) — 2. Since a =
(061, a9, Oég)l and B = (1, P, ﬁg)/ that minimize

|b— a1a1 — asas — azaz — fras — Baas — Fzag||*

cannot be determined uniquely, we add the condition that C ( g ) =0

and obtain
&

< ﬁ ) — (AA+C'C) A
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We vary the elements of C' in three ways and obtain solutions:

- - ~1.67 1.83
(a) C = (1) (1) (1) (1’ (1) (1) —a=| —067 |, B=| —-3.67
I | 2.33 1.83
- . —1.24 2.19
(b) C = g (1) (1) ? g g —a=| -024 |, B=| —-3.29
I ] 2.74 2.19

1.33 ~1.16

(c)C = L NP R , B=| —6.67

-t b= -l 5.33 ~1.16

Note The method above is equivalent to the method of obtaining weight coeffi-
cients called Quantification Method I (Hayashi, 1952). Note that different solutions
are obtained depending on the constraints imposed on a and 3.

Theorem 4.21 Let Sp(A) @ Sp(B) = E™ and Sp(A’) ®Sp(B’) = E™. The
vector x that minimizes ||y — Ax| |22B subject to the constraint that Cx = 0
18 given by

x =A%y, (4.112)

where A}, o is given by (4.98) through (4.100).

Proof. From the corollary of Theorem 4.8, we have min, ||y — A:BHQQB =
||PA.BY| |223. Using the fact that P4.5 = AA} ., we obtain Az = AA} ~y.
Premultiplying both sides of this by AEC, we obtain (AE.CA)QC/ = Qc,
leading to x = Ag_cy. Q.E.D.

4.4.4 Optimal g-inverses

The generalized form of the Moore-Penrose inverse AEC discussed in the
previous subsection minimizes HccHéC/ among all «’s that minimize ||Ax —

bH%B. In this subsection, we obtain & that minimizes

Az — bl + [[2]13,,
= (Az —b)Qp(Axz —b) + 2'Qpx
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Differentiating the criterion above with respect to & and setting the results
to zero gives

(A'QpA + Qu)x = A'Qpb. (4.114)
Assuming that the regular inverse exists for A’/QpA + Q.+, we obtain
_ At
T = A5 pso)b (4.115)
where
Abpeqe) = (A'QpA+Qc) T A'Qp. (4.116)

Let G denote AZS( B)&0(C) above. Then the following theorem holds.

Theorem 4.22

rank(G) = rank(A), (4.117)

(QeGA) = QuGA, (4.118)
and

(QpAG) = QRAG. (4.119)

Proof. (4.117): Since Sp(A) and Sp(B) are disjoint, we have rank(G) =
rank(AQpg) = rank(A’) = rank(A).
4.118): We have
QoGA = Qu(AQrA+Qy)tAQzA
= (Qo +A'QpA — A'QpA)
x(A'QpA+Qc) 'A'QpA
= A'QpA-AQpA(A'QpA+ Q) A'QpA.
Since Qg and Q. are symmetric, the equation above is also symmetric.
(4.119): QgAG = QrA(A'QRA) + Q) LA'Qyp is clearly symmetric.
Q.E.D.

Corollary Sp(Q-GA) =Sp(Qq)NSp(A’'QpA).

Proof. This is clear from (3.37) and the fact that Q- (A'QpA+ Q) 1A’
X QpA is a parallel sum of Q. and A'QpA. Q.E.D.

Note Since A—AGA = A(A'QA+Qy ) 'Qc, G is not a g-inverse of A. The
three properties in Theorem 3.22 are, however, very similar to those for the general
form of the Moore-Penrose inverse A} . Mitra (1975) called

Al oy =(AMA+N)'A'M (4.120)
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an optimal inverse (instead of (4.116)), where M and N are pd matrices of orders
n and p, respectively. Note that x = AL@ b minimizes

1Az — bl[3, + [[]}- (4.121)

If (4.120) is denoted by G, (4.118) becomes (NG A)" = NG A and (4.119) becomes
(MAG) = M AG. Additionally, it holds that

(A)Ran = Al-ign-1- (4.122)

Note If weset M = I,, and N = A\, in (4.120), where A is a small positive scalar
called a ridge parameter, we obtain

Al o = (AA+ ) A, (4.123)

which is often called the Tikhonov regularized inverse (Tikhonov and Arsenin,
1977). Using (4.123), Takane and Yanai (2008) defined a ridge operator Rx ()
by

Rx(\) = AA} o = A(AA+I,) 1A (4.124)

which has many properties similar to an orthogonal projector. Let
Mx(\) =1, +XXX")". (4.125)

(This is called a ridge metric matrix.) Then A’ A+ A\, can be rewritten as A’ A +
M, = A'M x()\)A, so that the ridge operator defined above can be rewritten as

Rx(\)=AA'Mx(\A)'A (4.126)

Takane and Yanai (2008) considered a variety of decompositions of ridge operators
analogous to those for orthogonal projectors such as those given in Theorems 2.10,
2.16, 4.2, and 4.5.

4.5 Exercises for Chapter 4

3

. — 1 2
1. Find A, ) when A = [ 9 3 1 ] and C = (1,1,1).

1 2
2. Let A= 2 1
11

(i) Find Ay (py when B = | 1
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1
(ii) Find A;r(];’) when B = Z , and verify that A;r(];’) = A" /r when a = —3
and b= 1.
2 -1 -1
3. Let A= | —1 2 -1 |,B=(1,2,1), and C = (2,1,1). Then, Sp(A) &
-1 -1 2

Sp(B) = E? and Sp(A’) @ Sp(C’) = E3. Obtain A} .

4. Let Sp(A) @ Sp(B), and let P4 and P g denote the orthogonal projectors onto
Sp(A) and Sp(B).

(i) Show that I,, — P4 Pp is nonsingular.

(i) Show that (I, — PAPp) 'Ps= Ps(I, — PpP4)".

(iii) Show that (I,, — PaPg) 'Ps(I,, — PAPg)~! is the projector onto Sp(A)
along Sp(B).

5. Let Sp(A") @ Sp(C’) C E™. Show that  that minimizes ||Az — b||> under the
constraint that Cx = 0 is given by

x=(AA+C'C+D'D)'A'b,
where D is an arbitrary matrix that satisfies Sp(D’) = (Sp(A’) @ Sp(C”))°.

6. Let A be an n by m matrix, and let G be an nnd matrix of order n such that
E™ = Sp(A) ® Sp(GZ), where Sp(Z) = Sp(A)+. Show that the relation

Paorz =Pypa

holds, where the right-hand side is the projector defined by the pseudo-norm
||| = /T ' given in (4.49). Furthermore, T is given by T = G + AU A/,
where U is an arbitrary matrix of order m satisfying Sp(T') = Sp(G) + Sp(A).

7. Let A be an n by m matrix, and let M be an nnd matrix of order n such that
rank(A’M A) = rank(A). Show the following:

(i) E™ = Sp(A) & Sp(A'M).

(ii) Pa/pr = A(A'MA)~ A'M is the projector onto Sp(A) along Ker(A'M).

(iii) Let M = Qpg. Show that Ker(A'M) = Sp(B) and Py, = Pap =
A(A'QpA)~A'Qp, when E™ = Sp(A) & Sp(B).

8. Let E™ = Sp(A) @ Sp(B) = Sp(A) @ Sp(B) and E™ = Sp(A’) ® Sp(C”). Show
that

AJE;'CAAEC = AL ..
9. Let M be a symmetric pd matrix of order n, and let A and B be n by r and n
by n — 7 matrices having full column rank such that Ker(A’) = Sp(B). Show that

M '=M'AAM1'A)'AM '+ BB MB) 'B. (4.127)
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(The formula above is often called Khatri’s (1966) lemma. See also Khatri (1990).)

10. Let A be an n by m matrix, and let V' C E™ and W C E™ be two subspaces.
Consider the following four conditions:

(a) G maps an arbitrary vector in E™ to V.

) G’ maps an arbitrary vector in E™ to W.

) GA is an identity transformation when its domain is restricted to V.

) (AG)’ is an identity transformation when its domain is restricted to W.

(b
(c
(d
(i) Let V = Sp(H) and
rank(AH) = rank(H) = rank(A), (4.128)
and let G satisfy conditions (a) and (c¢) above. Show that
G = H(AH)~ (4.129)

is a g-inverse of A.
(ii) Let W = Sp(F’) and

rank(F'A) = rank(F') = rank(A), (4.130)
and let G satisfy conditions (b) and (d) above. Show that
G=(FA)F (4.131)

is a g-inverse of A.
(iii) Let V = Sp(H) and W = Sp(F"), and

rank(FAH) = rank(H ) = rank(F') = rank(A), (4.132)
and let G satisfy all of the conditions (a) through (d). Show that
G=H(FAH) F (4.133)

is a g-inverse of A.
(The g-inverses defined this way are called constrained g-inverses (Rao and Mitra,
1971).)
(iv) Show the following:
In (i), let E™ = Sp(A’) & Sp(C’) and H = I, — C'(CC’)~C. Then (4.128)
and
G=A_. 0 (4.134)

hold.
In (ii), let E™ = Sp(A) ®Sp(B) and F = I,, — B(B'B)~ B’. Then (4.130) and

G=A,p (4.135)

hold.
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In (iii), let E™ = Sp(A")&Sp(C'), E" = Sp(A)&Sp(B), H = 1,—C'(CC’)~C,
and F = I,, — B(B'B)” B’. Then (4.132) and

G=A}. (4.136)

hold.
(v) Assume that FAH is square and nonsingular. Show that

rank(A — AH(FAH) 'FA)
= rank(A) — rank(AH(FAH) 'FA) (4.137)
=rank(A) — rank(FAH). (4.138)

This rank formula is often called the Wedderburn-Guttman theorem (Guttman,
1944, 1952, 1957; see also Takane and Yanai, 2005).

11. Show the following;:

(i) P%/p = PraPa, where Py = A(A'MA)"A'M, Pya = MA(A'M?A)~
A'M,and P, = A(A’A)~ A’

(ii) (MP ajp)T = PrraM ™ Py, where Sp(A) C Sp(M), which may be assumed
without loss of generality.

(iii) Q% = QaQuas where Quypy =T~ Pajnr, Qu =1~ Py, and Qpu =
I—Pya.

(iv) (MQ 4/0)" = QAM™Q 4, where Sp(A) C Sp(M) = Sp(M ™), which may be
assumed without loss of generality.

12. Show that minimizing
¢(B) =Y — XB||* + || B||?
with respect to B leads to
B=(X'X +\)'X'Y,

where (X'X + M)71X’ is the Tikhonov regularized inverse defined in (4.123).
(Regression analysis that involves a minimization of the criterion above is called
ridge regression (Hoerl and Kennard, 1970).)

13. Show that:

(i) Rx(A)M x(AN)Rx(A\) = Rx(\) (ie., Mx(\) € {Rx(\)"}), where Rx(\) and
M x (X) are as defined in (4.124) (and rewritten as in (4.126) and (4.125), respec-
tively.

(ii) Rx(A\)" = M x()).



Chapter 5

Singular Value
Decomposition (SVD)

5.1 Definition through Linear Transformations

In the previous section, we utilized the orthogonal direct-sum decomposi-
tions

E'"=V,@W; and E" =V, & Wy, (5.1)

where V; = Sp(A), Wi = Vi+, Ws = Ker(A), and Vo = W3-, to define the
Moore-Penrose inverse A" of the n by m matrix A in y = Az, a linear
transformation from E™ to E™. Let A’ be a matrix that represents a linear
transformation £ = A’y from E" to E™. Then the following theorem holds.

Theorem 5.1
(i) V2 = Sp(A') = Sp(A'A).

(ii) The transformation y = Ax from Vo to Vi and the transformation x =
A’y from Vi to Va are one-to-one.

(iii) Let f(x) = A’ Az be a transformation from Vo to Vo, and let
Spy, (A’A) = {f(x) = A’ Ax|x € Va} (5.2)
denote the image space of f(x) when x moves around within Vy. Then,
Spy; (A'4) = Vs, (5.3)

and the transformation from Va to Vo is one-to-one.

H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 125
Statistics for Social and Behavioral Sciences, DOI 10.1007/978-1-4419-9887-3 5,
© Springer Science+Business Media, LLC 2011
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Note Since Vo = Sp(A’), Spy, (A’ A) is often written as Sp 4, (A’A). We may also
use the matrix and the subspace interchangeably as in Spy, (V2) or Sp4(V2), and
o on.

Proof of Theorem 5.1 (i): Clear from the corollary of Theorem 1.9 and
Lemma 3.1.

(ii): From rank(A’A) = rank(A), we have dim(V;) = dim(V%), from
which it follows that the transformations y = Az from Vo to V; and ¢ = A’y
from V] to V4 are both one-to-one.

(iii): For an arbitrary & € E™, let @ = x1 + x2, where x; € V5 and
xy € Wo. Then, z = A’Ax = A’ Az, € Spy,(A’A). Hence, Spy,(A’A) =
Sp(A’A) = Sp(A’) = Vu. Also, A'Azy = AAxy = A'A(zy — x1) =
0= xy —x; € Ker(A’A) = Ker(A) = W,. Hence, 1 = xo if &1, 22 €
Va. Q.E.D.

Let y = T'x be an arbitrary linear transformation from E™ to E™ (i.e.,
T is a square matrix of order n), and let V' = {T'z|x € V'} be a subspace of
E™ (V C E™). Then V is said to be invariant over T'. Hence, V5 = Sp(A’) is
invariant over A’A. Let y = T'x be a linear transformation from E™ to E™,
and let its conjugate transpose © = T"y be a linear transformation from E"
to E™. When the two subspaces V; C E™ and Vo C E™ satisfy

Vi={yly=Tx,xz €V} (5.4)
and
Vo ={z|lx =T'y,y € V1}, (5.5)

V1 and V4 are said to be bi-invariant. (Clearly, V; and V5 defined above are
bi-invariant with respect to A and A’, where A is an n by m matrix.)

Let us now consider making Vi1 and Va1, which are subspaces of V; and
V5, respectively, bi-invariant. That is,

Spy, (Va1) = Vi1 and Spy, (V1) = Var. (5.6)

Since dim(V31) = dim(V31), let us consider the case of minimum dimension-
ality, namely dim(V7;) = dim(Va;) = 1. This means that we are looking
for

Az =cjy and A'y = o, (5.7)

where x € E™, y € E™, and ¢; and ¢y are nonzero constants. One possible
pair of such vectors,  and y, can be obtained as follows.
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Lemma 5.1

max () = max =\ (A'A), (5.8)

where A1 (A’ A) is the largest eigenvalue of A’ A.

Proof. Since ¢(x) is continuous with respect to (each element of) = and is
bounded, it takes its maximum and minimum values on the surface of the
sphere ¢ = {z|||z|| = 1}. Maximizing ¢(x) with respect to x is equivalent
to maximizing its numerator 2’ A’ Az subject to the constraint that ||z||?> =
'z = 1, which may be done via the Lagrange multiplier method. Define

fz,\) =2’ A Az — \(z'xz — 1),
where X is a Lagrange multiplier. Differentiating f with respect to (each
element of) x and setting the result to zero, we obtain
10f
20x

Premultiplying the equation above by x’, we obtain

=A'Az — \z = 0.

A Ax = o’z = )\

This shows that the maximum of ¢(x) corresponds with the largest eigen-
value \; of A’A (often denoted as \1(A’A)). Q.E.D.

Let x1 denote a vector that maximizes ||Az||?/||x||?, and let y, = Ax.
Then,

Ay, = A'Azx) = \jxq, (5.9)
which indicates that @ and y, constitute a solution that satisfies (5.7). Let
Vi1 = {cy,} and Va; = {dx1}, where c and d are arbitrary real numbers. Let
V4 and V5 denote the sets of vectors orthogonal to y, and x; in V; and Va,
respectively. Then, Ax* € V}| if &* € V5 since yj Az* = \jxjz* = 0. Also,
Aly* € V3 if y* € Vi, since 2} A'y* = y'y* = 0. Hence, Spy(V5y) C Vi
and Sp 4 (Vi) C V5, which implies Vi; @ Vi = Vi and Vo @ V5 = Va.
Hence, we have Sp4(V2) = Vi and Spy/ (V1) = Va, and so Spy(Var) = Viy
and Sp 4/ (V11) = Va1. We now let

A=A —yx). (5.10)
Thel’l, if x* S V2*1,

Ajz* = Az* — y,z)x* = Az*
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and
Ayzy = Az —y 2121 =y, — Y, =0,
which indicate that A; defines the same transformation as A from V5 to

Vi and that V5 is the subspace of the null space of A; (i.e., Ker(Aj)).
Similarly, since

y*GVﬂ:>Ally*=A/y*—£L'1y/1y*=A/y*
and
y1 € Vi1 = Aly; = Ay, — 211y, = Az — A1 =0,
A| defines the same transformation as A" from Vji to V5. The null space

of Ay is given by Vi1 ® Wy, whose dimensionality is equal to dim(W7) + 1.
Hence rank(A;) = rank(A) — 1.

Similarly, let 23 denote a vector that maximizes ||A1z||?/||z||?, and let
Ajxy = Axy = y,. Then, A'y, = \y,, where o is the second largest
eigenvalue of A’A. Define

Vag = {cxa} and Viz = {dy,},

where ¢ and d are arbitrary real numbers. Then, Spy(Vas) = Vig and
Spa(Viz) = Vag, implying that Vas and Vie are bi-invariant with respect
to A as well. We also have xy € V5| and y, € V{i, so that jxs = 0 and
Y1y, = 0. Let us next define

Ay = Ay —yoxy = A —y ) — Yoy, (5.11)

Then, rank(Ay) = rank(A) — 2.
Applying the same operation repeatedly, we obtain a matrix with all
elements being zero, namely a zero matrix, O. That is,

Ayl oy, =0
or

A=y @)+ -ty (5.12)
Here, x1, x2, - -, x, and Yy, y,, - - - y,. constitute orthogonal basis vectors for

Vo = Sp(A’) and Vi = Sp(A), respectively, and it holds that
Azj=y; and A'y; =Xx; (j=1,---,7), (5.13)

where A\; > Ay > -+ >\, > 0 are nonzero eigenvalues of A’A (or of AA’).

Since
17

ly;lI° = vy, = y;ij = /\ja:}a:j =); >0,



5.1. DEFINITION THROUGH LINEAR TRANSFORMATIONS 129

there exists p; = \/\; such that A? = pj (1 > 0). Let y = y;/p;. Then,
Axj = y; = 1y (5.14)

and
Ay = N/ = pje. (5.15)

Hence, from (5.12), we obtain

A= myix) + -, fuyixl.

Let uj=y; (j=1,---,r) and v; =x; (j =1,---,7), meaning
Vi = [vi,v2,- -, 0] and Uy = [ug, ug, -, url, (5.16)
and let
g 0 - 0
A, = ? M:Q ? (5.17)
00 o

Then the following theorem can be derived.

Theorem 5.2 An n by m matriz A of rank r can be decomposed as

A = puiv] + pousvh + -+ ppuvl (5.18)
= U[T]ATV/[T], (5.19)
where \; = u? (j =1,--+,r) are nonzero eigenvalues of A’ A. (It is assumed

that there are no identical eigenvalues.)

Corollary 1 Vectorsvj andu; (j =1,---,r) that satisfy (5.18) also satisfy
the equations

Avj = pju; and A'u; = pjv;, (5.20)
A'Avj = \jv; and Avj = pju;, (5.21)

and
AA/’le = )\juj and A/uj = H;Vy. (522)

Proof. (5.20): Postmultiplying (5.18) by v;, we obtain Av; = pju;, and
by postmultiplying the transpose A’ of (5.18) by v;, we obtain A'u; =
MU Q.E.D.
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Corollary 2 When A’A = AA’, matriz A is called a normal matriz. A
normal matrix can be decomposed as

A = pugu) + pousul + - - + prusul.
Proof. It is clear from (5.21) and (5.22) that u; = v; when A’A = AA’.
QED.

Definition 5.1 Decomposition (5.18) (and (5.19)) is called the singular
value decomposition (SVD) of the matriz A, where p; indicates the jth
largest singular value of A and is often denoted as pj = p;(A).

Note that Uy, and V) are columnwise orthogonal, that is,

Furthermore, we can add Uyg) = [tuy41, -, un| to U}y, where Uy is an
n by n — r columnwise orthogonal matrix (U’[O]U[O] = I,_,) that is also

orthogonal to Uy, (U ’[T]U o] = O). The resultant matrix U = [U,},U[g]
is fully orthogonal (U'U = UU’ = I,). Similarly, we can add an m by
m —r columnwise orthogonal matrix Vg = [Vpg1,, Um] tO V|, to form a
fully orthogonal matrix V' = [V}, Vg)]. A complete form of singular value
decomposition (SVD) may thus be expressed as

A=UAV’, (5.24)
where
UU=UU =1, and V'V=VV'=1,, (5.25)
and
A, O
a-[5 9] -

where A, is as given in (5.17). (In contrast, (5.19) is called the compact (or
incomplete) form of SVD.) Premultiplying (5.24) by U’, we obtain

UA=AV' or AU = VA,
and by postmultiplying (5.24) by V', we obtain

AV =UA.
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Pre- and postmultiplying (5.24) by U’ and V, respectively, we obtain
U'AV = A. (5.27)

When all nonzero (positive) singular values of A (or nonzero eigenvalues
of A’A) are distinct, U, and V,) are determined uniquely. However, V'
and Ujy consist of orthonormal basis vectors in Ker(A) and Sp(A)*+ =
Ker(A’), respectively, and consequently they are not uniquely determined.
Let us now consider the linear transformation y = Az. From (5.24) and
(5.25), we have
y=UAV'z or Uy =AV'x.

Let y = U'y and £ = V'x. Then,
7= Ad. (5.28)

This indicates that the linear transformation y = Ax can be viewed, from
the perspective of singular value decomposition, as three successive linear
transformations,
x v, x N 7 v, Y,

an orthogonal transformation (V') from x to &, followed by a diagonal trans-
formation (A) that only multiplies the elements of & by some constants to
obtain g, which is further orthogonally transformed (by U) to obtain y.
Note that (5.28) indicates that the transformation matrix corresponding to
A is given by A when the basis vectors spanning E™ and E™ are chosen to
be U and V, respectively.

Example 5.1 Find the singular value decomposition of

—2 1 1
1 -2 1
A= 1 1 -2
—2 1 1
10 -5 -5
Solution. From A/A=| =5 7 —2 |, we obtain
-5 =2 7

d(N) = |M3 — A’A] = (A — 15)(A — 9)A = 0.
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Hence, the eigenvalues of A’A are given by A\ = 15, Ao = 9, and \3 = 0,
and so the singular values of the matrix A are given by puy = /15, uo = 3,
and p3 = 0. We thus obtain

- \/g 0 -
-2
_ 1_10 \/75 V6
1 1
U[g] = and V[Q] = 75 —75
—\/1—10 —@ 1 1
V6 V2
BRVER
Thus the SVD of A is given by
2 0
1 V2
2 1 1 5= 1 1
PRl FEE TR T B PR
S} VANV ARG 2 V22
2 0
5
[ 2 L L
V15 V15 V15 0 0 0
B S 1 1
V15 2v/15 2v/15 0 -3 3
= V5| P N e
V15 215 215 2 2
2 1 L 0 0 0
L V15 V15 V15

Example 5.2 We apply the SVD to 10 by 10 data matrices below (the two
matrices together show the Chinese characters for “matrix”).
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Data matrix A Data matrix B
0001011111 1 11 1101001
001 00O0O0OO0DO0OTO 01 00O0O0DT1O0O0T1
01 01 00O0O0TUO0TUO 0111101001
1 01 001 1 111 01 0010 T1O0O01
01 100O0O0T1TTUO0OO0, 01 00101O0O0T1.
101 00O0O0T1TUO0OFPO 0111101001
001 0O0O0O0OT1TO0OO0 01 0010O0O0O0T1
001 0O0O0O0OT1ITTO0OO0 000O0OT1O0O0OTO0TGO0OT1
001 0O0O0O0OT1TOO0 000O0OT1O0T1TO0TUO0OT1
001 0O0O0O0OT1TTO0OO0 0111101111

We display

Aj(and Bj) = puivy + pouavy + - - - + piuv)

in Figure 5.1. (Elements of A; larger than .8 are indicated by “*”, those
between .6 and .8 are indicated by “+”, and those below .6 are left blank.) In
the figure, p; is the jth largest singular value and S; indicates the cumulative
contribution up to the jth term defined by

Sj= A+ X+ X))/ (A + Az + - 4 Aag) x 100(%).

With the coding scheme above, A can be “perfectly” recovered by the first
five terms, while B is “almost perfectly” recovered except that in four places
“*7 s replaced by “+”. This result indicates that by analyzing the pattern
of data using SVD, a more economical transmission of information is possi-
ble than with the original data.

* * + kk+kok * kok+kok *  kk+kk * kokokkok
+ + + +
* ok kX k%
* * + k4 kkkkxk + % kK Xk 3k k k% kK sk k * X kK Xk sk k
+ * % * +x * +3% + *k *
* * % * % * + X% % * X *
+ + % * % * * % * *
+ + % * * * % % % *
+ + % % * * % % * *
+ + * * * * * * * *

pp =4.24 o = 2.62 us3 = 1.69 pg =111 ws = 0.77
S1 = 60.06 Sy = 82.96 S3 = 92.47 Sy =196.59 S5 =98.57

Figure 5.1: Data matrices A and B and their SVDs. (The p; is the singular
value and S; is the cumulative percentage of contribution.)
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(6) B1 (7) B2 (8) B3 (9) A4 (10) A5
X++% X * kkokk ok * kokkxk Xk * +Xxkkk X * kkkkk Xk *
+ ++ + + + + % * *x  + % *x 4 * *x
X++% X * kkkk Xk X kokkx Xk * kkkk Xk X kkkx Xk *
X X % * * ollo! X * X % * X ollo! X * X % *
X X % * * X % X * X % * X X X * * X % *
X++% X * kkkk Xk X kokkxk Xk * kkkk ok X kokkXk Xk *
+ '+ + + +7 7%+ % +7 7% + % +7 7% + % + 7% + %

+ + X * * X X *
+ ++ + +. 0% + % +. .x + Xk +. 0% +. % +. 0% +. %

X++% x * kkkk ok * kkkxk >k * kokokk  kkkk kokokk  kkokok
M1 = 6.07 Mo = 2.06 M3 = 1.30 M4 = 1.25 H5 = 1.00
S1 =280.13 Sy = 88.97 S3 = 92.66 Sy =096.06 S5 =098.23

Figure 5.1: (Continued.)

5.2 SVD and Projectors

In this section, we discuss principles underlying the SVD in more detail.

Lemma 5.2 Let
P; = uwul, P; = v, and Q; = uvl. (5.29)

Then the following relations hold:

P} =P;, P;P;j=0 (i #j), (5.30)
P; =P, P;P;=0 (i#]), (5.31)
QiQ; =0 (i #j), QiQ;=0 (i ), (5.33)
and )
PQ;=Q; P.Q;=Q; (5.34)

(Proof omitted.)

As is clear from the results above, P; and Pj are both orthogonal pro-
jectors of rank 1. When r < min(n, m), neither Py + Py +---+ P, = I,
nor Py + Py +---+ P, = I, holds. Instead, the following lemma holds.
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Lemma 5.3 Let Vi = Sp(A), Vo = Sp(A’), Vi; = Sp(uj), and Va; =
Sp(v;), and let P1j and Pyj be the orthogonal projectors onto Vi and Vay,
respectively. Then the following relations hold:

Vi = Vi@ Vi@ @ Vi,
Vo = Vo1 @ Vo @+ @ Vi, (5.35)

and

Py = Py +Pip+---+ Py,
Py = Py + Py + -+ Poy,. (5.36)

(Proof omitted.)

Theorem 5.3 Matriz A can be decomposed as follows using P, Pj, and
Q; that satisfy (5.50) through (5.34):

A= (P +Py+---+P.)A, (5.37)
A = (P +Py+---+P)A, (5.38)
A=mQy + p2Qy + - + Q. (5.39)

Proof. (5.37) and (5.38): Clear from Lemma 5.3 and the fact that A =
PAA and Al = PA/A/.

(5.39): Note that A = (Py 4+ Py +---+ P,)A(P, + Py + --- 4+ P,)
and that PjAPZ- = uj(u;»Avi)vg = uiuj(u;w)vg = 0ijpi (where 0;; is the
Kronecker delta that takes the value of unity when ¢ = j and zero otherwise).
Hence, we have

A = P,AP,+ PyAPs+---+ P, AP,
= uy(u)Av)v)| + us(uhbAvy)vh + - + u,(ul Av, v,
= Ui + potavy + -+ ),
= mQy+ Qs+ -+ 1Q,.

Q.E.D.
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Let F' and G be matrices of orthonormal basis vectors for V; = Sp(A)
and V5 = Sp(A’), respectively. Since F'F = I, and G'G = I,

Py,=Ppr=FFF)'F =FF and Py = Pc = G(G'G)"'G' = GG

Hence,
A=PrAPq; = F(F’AG)G’. (5.40)

If we choose F and G in such a way that F' AG is diagonal, we obtain the
SVD of A.

Corollary (i) When o € Sp(A),
= (ur,x)u; + (w2, x)uz + - - + (u,, ¢)u,

and
||* = (u1, @) + (ug, )* + -+ + (ur, ). (5.41)

(ii) When y € Sp(A’),
y = (v, y)v1 + (vo, Y)v2 + - + (v, y)vr

and
Yyl = (v1,9)* + (v2,9)* + -+ + (v, y)*. (5.42)
(A proof is omitted.)

Equations (5.41) and (5.42) correspond with Parseval’s equality.
We now present a theorem concerning decompositions of symmetric ma-

trices A’A and AA’.

Theorem 5.4 Using the decompositions given in (5.30) through (5.34),
AA and A’ A can be decomposed as

AA/:)\1P1+)\2P2+"'+)\TPT (5.43)

and
A'A=\ P+ \Py+ -+ \P,, (5.44)
where \j = ,u]2~ is the jth largest eigenvalue of A’A (or AA’).

Proof. Use (5.37) and (5.38), and the fact that Q;Q’ = P;, G'G; = Py,
QQ; =0 (i #j), and G,G, = O (i # j). Q.E.D.



5.2. SVD AND PROJECTORS 137

Decompositions (5.43) and (5.44) above are called the spectral decom-
positions of A’A and AA’, respectively. Theorem 5.4 can further be gener-
alized as follows.

Theorem 5.5 Let f denote an arbitrary polynomial function of the matrix
B = A'A, and let A1, N2, - -, A\, denote nonzero (positive) eigenvalues of B.
Then,

Ff(B) = f(M)P1+ f(A2)Py+ -+ f(\) Py (5.45)

Proof. Let s be an arbitrary natural number. From Lemma 5.2 and the
fact that IN-"Z2 = P; and P;P; = O (i # j), it follows that

B° = (MPy+XPy+---4)\P)*
= )\fpl+)\§132+"'+)\f,pr.

Let s1 and so be two distinct natural numbers. Then,

vB® 4+ wB* = Z(W\jl + wAjQ)IBj,
j=1

establishing (5.45). Q.E.D.
Corollary Let A be an n by m matriz (n > m). If f(B) = f(A’A) is
nonsingular,

(fFB) = f) 'Pr+ f) ' Pat -+ f(N) TP, (5.46)
Proof. Since A’A is nonsingular,
P+ Pyt P, =1,

assuming that the m eigenvalues A1, Ao, -+, A\, are all distinct. Then,

(FO)P1+ fA2)Pa+ -+ f(\)Py)
(FO) TP+ f(N) ' Pot -+ f(N) T Py) = L,

leading to (5.46). Q.E.D.
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Note If the matrix A’ A has identical roots, let A1, Aa, - -, As (s < 7) denote distinct
eigenvalues with their multiplicities indicated by ni,na, -+, ns (n1 +ng+---+ngs =
r). Let U; denote the matrix of n; eigenvectors corresponding to ;. (The Sp(U;)
constitutes the eigenspace corresponding to A;.) Furthermore, let

P, =UU, P;=V,V, andQ, =U,;V/,

analogous to (5.29). Then Lemma 5.3 and Theorems 5.3, 5.4, and 5.5 hold as
stated. Note that P; and P; are orthogonal projectors of rank n;, however.

5.3 SVD and Generalized Inverse Matrices

We consider how generalized inverses of the matrix A can be expressed in
terms of its SVD given in (5.25).

Lemma 5.4 Let the SVD of an n by m matriz A be given by (5.25), and
let S1, Sa, and S5 be arbitrary r byn—r, m—r byr, andm—1r byn—r
matrices, respectively. Then a generalized inverse of A is given by

A==V [ Ar 51 1 U’ (5.47)

Proof. Substituting A = UAV”' into AA~A = A, we obtain UAV'A~U
AV'=UAV'. Let VAU = A*. Then, AA*A = A, namely A* = A~
and so A~ = VA U’. Let

_ Al App
AT = ,
[ Az A ]

where A1y is 7 by r, Ajsisr by n—r, Agj is m—r by r, and Agy is m —1r
by n — r. Then, since A is as given in (5.26), we have

. A 0]
AA A_[O O]_A.

Hence, we have A, A1 A, = A,.. Since A, is a nonsingular matrix of order
r, A=A, ! and the remaining submatrices can be arbitrary. Q.E.D.

The following theorem is readily derived from Lemma 5.4.
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Theorem 5.6 We have

- Ar_l S1 /
AT—V[ S5 Sg]U’ (5.48)

where S5 = SoA,.S1 and S1 and Sy are arbitrary r by n —r and m —r by
r matrices, respectively;

- A;l Tl !
Am_vl o TZ]U, (5.49)

where T'1 and Ty are arbitrary v by n —r and m — r by n — r matrices,
respectively;

_ Al O ,
A, _Vl W, Wz]U’ (5.50)

where W1 and Wy are arbitrary m —r by r and m —r by n — r matrices,
respectively, and

Al O
+ r /
A _V[ o O]U (5.51)
or
P T B 1,
AT = —vu] + —vouy + - + —vru,. (5.52)
M1 2 Hr

Proof. (5.48): rank(A, ) = rank(A). Since U and V are nonsingular,

ATl S

Afl
rank(A, ) = rank [ , ] = rank [ ; 1 = rank(A,).

By Example 3.3, we must have S3 = S5A,.S.
(5.49): Since A, A is symmetric, we have

Al s ], , a5 ][a o],
V[S2 Sg]UUAV = |4, s o ol

- 1. O /
[ gl

To make the matrix above symmetric, it must be that Sy = O.

(5.50): Since AA, is symmetric,

-1
AAZ:U[AT SIAT‘|U/7

O 0

and so it must be that §; = O.
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(5.51): Since A" should satisfy (5.48), (5.49), and (5.50), it holds that
S3 =0. Q.E.D.

5.4 Some Properties of Singular Values

As is clear from the argument given in Section 5.1, the following two lemmas
hold concerning the singular value 11;(A) of an n by m matrix A and the
eigenvalue \;(A’A) of A’A (or AA").

Lemma 5.5

||Az]]
max = ui(A). (5.53)
v ]
Proof. Clear from Lemma 5.1. Q.E.D.
Lemma 5.6 Let V| = [v1,v2, - -,vs] (s < 1) represent the matriz of
eigenvectors of A’ A corresponding to the s largest eigenvalues. Then,
' A'Ax
— = A'A 5.54
- s+1(A'A) (5.54)
" | Aa
T
= A). 5.55
Vr'flmaixo HwH /“LS+1( ) ( )

Proof. (5.54): From Vz = 0, we can express x as x = (I, — (V)" V))z,
where z is an arbitrary m-component vector. On the other hand, V|V =
I, which implies V|V 1V} = V/, which in turn implies V; € {(V))"}.
That is, x = (I, — V1V)z. Let Vo = [vsi1, -+, v,],

M O - 0 A1 0 - 0

A2 0 X --- 0 1 Az 0 Mgz -+ O
1= . . . , an = . . . .
0 0 - A\ 0 0 - A

From A’A = VA2V + VA2V, we obtain
T’ A'Ax = 2V ASViz = A\gpqa2, + -+ + \a?

and

/ ! / 2 2
rx=2zVoVoz=a,,+ - +a,

where 2’V = (asy1,- -, ar).
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When a1, a9, ---,a, are all positive and by > by > --- > b, > 0, it holds
that

arby + azbs + - - - + a,b,

by > > by, 5.56
T A tat e, (5:56)
which implies
' A'Ax iest1 Adllag|?
A > _ J=s+1 7 J117] > A 1.
’ 'z Z§=S+1 HajH2 ’

(5.55): This is clear from the proof above by noting that M? = )\; and
i > 0. Q.E.D.

An alternative proof. Using the SVD of the matrix A, we can give a
more direct proof. Since & € Sp(V'y), it can be expressed as

T = Qg41Vs] + -+ QpUp = Voay,

where a4, -, a, are appropriate weights. Using the SVD of A in (5.18),
we obtain

Ax = Qgq1fls1Us1 + o+ Qg flp Uy

On the other hand, since (u;, u;) =0 and (v;,v;) =0 (i # j), we have

HAa:HQ _ O‘§+1N§+1 + o+ az,u%
||]|2 af 44 a2

)

and so

el _ o Az
ez = foer 7 =

2
Hy <

by noting fis41 > fs+2 > - -+ > uy and using (5.56). Q.E.D.
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Corollary If we replace V1 by an arbitrary n by s matriz B in (5.55),
A _

ps+1(A) < max p1(A). (5.57)

< B Tl
Proof. The second inequality is obvious. The first inequality can be shown
as follows. Since B'x = 0, x can be expressed as ¢ = (I,,, — (B')"B')z =

(I,, — Pp)z for an arbitrary m-component vector z. Let B’ = [vy, -+, vg].
Use

:IZIA/A.’I,‘ == ZI(I — PB/)A/A(I — PB’)Z

T
= 2/ Z Ajvv5)z.
j=s+1

Q.E.D.

The following theorem can be derived from the lemma and the corollary
above.

Theorem 5.7 Let

Ci1 Cia
C = ,
lcm Co ]

where C11 and Cay are square matrices of orders k and m — k, respectively,
and C1o and Co1 are k by m — k and m — k by k matrices, respectively.
Then,

Proof. Let e; denote an m-component vector with the jth element being
unity and all other elements being zero, and let B = [€j41, ", €m]. Then

B’z =0 impliesz =0 (k+1 < j < m). Let 0 denote the m — k-component
zero vector, and let y = (2/,0")". Then,
z'Cx y'Cy 2Z/Ciz

= max .

max ——— = max —, ;
B'z=0 x'x v yy z z'z

Let V; denote the matrix of eigenvectors corresponding to the j largest
eigenvalues of C, and let Vi (k < j) denote the matrix of eigenvectors of
C corresponding to the k largest eigenvalues. Then,

z'Cx z'Cx 2Z'Ci12
Aj+1(C) = max —— > max — = max —,
Viz=0 x'T V/z=0,B'z=0 T'T Viz=0 2’z

> Aj+1(Cnr).

Q.E.D.
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Corollary Let

C— Cu Ci| | AlA AlA
| Cay Co | | ALA) ALAy |

Then,
15 (C) = pj(A1) and p;(C) = p;(As)

forg=1,--- k.

Proof. Use the fact that A\;(C) > \;(C11) = A\j(A] A1) and that \;(C) >
Aj(C22) = Aj(A5A»). Q.E.D.

Lemma 5.7 Let A be an n by m matriz, and let B be an m by n matriz.
Then the following relation holds for nonzero eigenvalues of AB and BA:

A\i(AB) = \j(BA). (5.59)
(Proof omitted.)
The following corollary is derived from Lemma 5.7.

Corollary Let T denote an orthogonal matriz of order m (i.e., T'T =
TT =1,,). Then,

N(T'A'AT) = \j(A'A) (j=1,---,m). (5.60)
Proof. \;(T'A’AT) = \;(A’ATT') = )\;(A’A). Q.ED.

Let T, be a columnwise orthogonal matrix (i.e., T.T, = I,). The fol-
lowing inequality holds.
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Lemma 5.8 \;(T, A’AT,) < X\;(A’A) forj=1,---,r.

Proof. Let T, be such that T = [T, T,] is fully orthogonal (i.e., T'T =
TT' =1,). Then,

T A'AT, T,AAT,
T' A'AT, T.A'AT, |

T A'AT =
Hence, from Theorem 5.7 and Lemma 5.6, we obtain
Ni(A'A) = N\, (T'A'AT) > )\;(T, A'AT,).
Q.E.D.

Let V|, denote the matrix of eigenvectors of A’ A corresponding to the r
largest eigenvalues, and let T’ = V') in the lemma above. Then,

M O - 0
0 X --- 0

2 2
MVAIVV]) = AL = SN
0 0 - A\

That is, the equality holds in the lemma above when )‘j(A[2r]) = )\;j(A'A)
forj=1,---,r.

Let V(,y denote the matrix of eigenvectors of A’ A corresponding to the
r smallest eigenvalues. We have

Am—rt1 0 o0

0 An—r c.. 0

Vi ZVAIV'V () = A7, = . A
0 0 e Am

Hence, )‘j(A%r)) = AMn—rt;(A’A), and the following theorem holds.

Theorem 5.8 Let A be an n by m matriz, and let T, be an m by r column-
wise orthogonal matrixz. Then,

Am—rij(A'A) < \(TLA'AT,) < \;(A'A). (5.61)

(Proof omitted.)
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The inequalities above hold even if we replace A’A by any symmetric
matrix, as is clear from the proof above. (Theorem 5.8 is called the Poincaré
Separation Theorem.)

The following result can be derived from the theorem above (Rao, 1979).

Corollary Let A be an n by m matriz, and let B and C denote n by r
and m by k matrices, respectively, such that B'B = I, and C'C = I.
Furthermore, let 1j(A) represent the jth largest singular value of A. Then,

wheret =m+n —r — k.

Proof. The second inequality holds because 5 (B'AC) = \j(B'ACC'A’'B)
< N(ACC'A’) = N(C'A’AC) < \j(A'A) = p3(A). The first inequal-
ity holds because u3(B'AC) = \j(B'’ACC'A'B) > \j iy (ACC'A") =
Njimr(C'ATAC) > Ny j(A'A) = 112, (A). QE.D.

The following theorem is derived from the result above.

Theorem 5.9 (i) Let P denote an orthogonal projector of order m and
rank k. Then,

Am_iii(A'A) < N\ (A'PA) < N (A'A), j=1,--- k. (5.63)

(ii) Let Py denote an orthogonal projector of order n and rank r, and let Py
denote an orthogonal projector of order m and rank k. Then,

ti+t(A) < pj(P1AP2) < pij(A), j=1,--- min(k,7), (5.64)
where t =m —r +n — k.

Proof. (i): Decompose P as P = T,T), where T} Ty = Iy. Since
P? = P, we obtain \;(A'PA) = \;(PAA'P) = \;(T\T,AA'T,T}) =
N (TLAA'T, T Ty) = \j(T,AA'Ty) < )\ (AA') = \(A'A).

(ii): Let Py = T,T,, where T T, = I,, and let Py = T\T),, where
T, Ty = Ij. Therest is similar to (i). Q.E.D.

The following result is derived from the theorem above (Rao, 1980).
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Corollary If A’A - B'B > O,
pi(A) > pij(B) for j=1,---,r; r = min(rank(A), rank(B)).
Proof. Let AAA— B'B = C'C. Then,

A'A=B'B+C'C = [B,C [ (B; 1
I O B
> / / _ ! .
> [B,C][O O] [C] BB
. I O |. — .
Since o o |Ba orthogonal projection matrix, the theorem above ap-
plies and p1;(A) > p;(B) follows. Q.E.D.

Example 5.3 Let X i denote a data matrix of raw scores, and let X denote
a matrix of mean deviation scores. From (2.18), we have X = Q,;X g, and

Xr=PuyXr+QuXr=PuyXr+X.
Since X3 X r = XRPuXr+X'X, we obtain \j(X3Xr) > \;(X'X) (or
i (X R) > pj(X)). Let

[0 1 2 3 47
211 20
0 21 0 2
Xe=\y 1 2 21
31 2 0 3
14 3 3 2 7 |
Then,
[ —-1.5 —0.5 1/6 1.5 7/6
0.5 —0.5 —5/6 0.5 —17/6
X — —-1.5 0.5 —5/6 —1.5 —5/6
| =15 —0.5 1/6 0.5 —11/6
1.5 —-0.5 1/6 —1.5 1/6
2.5 1.5 7/6 0.5 25/6 |
and
M1 XR :4813, M1 X)= .936,
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The following theorem is derived from Theorem 5.9 and its corollary.

Theorem 5.10 Let A denote an n by m matriz of rank r, and let B
denote a matriz of the same size but of rank k (k < r). Furthermore,
let A =UA,V' denote the SVD of A, where U = [uy,us, -, u,|, V =
[v1,v9, -, v,], and A, = diag(p, p2, -+, ). Then,

1A= B) > puy(A), if j+k<r, (5.65)
0, if j+k>r,

AV

where the equality in (5.65) holds when

B = pug v + pougvlh + - -+ g vy, (5.66)
Proof. (5.65): Let Pp denote the orthogonal projector onto Sp(B). Then,
(A—B)'(I,—Pg)(A—B) = A'(I,,— Pg)A, and we obtain, using Theorem
5.9,

p5(A—B) = )[(A-B)(A-B)] > )[A' (I, - Pp)A]
Njk(A'A) = 13, (A), (5.67)

v

when k475 <r.

(5.65): The first inequality in (5.67) can be replaced by an equality when
A - B = (I, — Pp)A, which implies B = PgA. Let I,, — Pg =TT,
where T is an n by r — k matrix such that T'T = I,_;. Using the fact that
T = [ug41,- -, ur] = U,_j holds when the second equality in (5.67) holds,
we obtain

B = PyA=(I,-U, . U._,)A
I, olla, o
= Up [ O O ‘| [ (;] A(r—k) ] v
= UyApViy. (5.68)

Q.E.D.
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Theorem 5.10 implies

Nl(A=B)(A—B)| > XNtk (A'A) for j+k>r. (5.69)

Let A and B be n by m matrices of ranks r and k (< r), respectively. Then,

tr(A— B)(A—B) > A1 (A’A) +-- -+ ). (A'A) (5.70)

holds. The equality holds in the inequality above when B is given by (5.68).

5.5 Exercises for Chapter 5

1 -2
1. Apply the SVDto A= | —2 1 [, and obtain AT,
1 1
2. Show that the maximum value of (' Ay)? under the condition ||z|| = ||y|| =1

is equal to the square of the largest singular value of A.

3. Show that A\;(A+ A’) < 2u;(A) for an arbitrary square matrix A, where \;(A)
and pj(A) are the jth largest eigenvalue and singular value of A, respectively.

4. Let A = UAV' denote the SVD of an arbitrary n by m matrix A, and let S
and T be orthogonal matrices of orders n and m, respectively. Show that the SVD

of A= SAT is given by A = f]AV/, where U = SU and V =TV.

5. Let
A=\Pi+ NP5+ ---+\,P,

denote the spectral decomposition of A, where P? = P; and P,P; = O (i # j).

Define
1

3
A

1
eA:I+A—|—§A2+

Show that
et = e/\lPl + e)‘QPQ + .- ~7—|—e’\“Pn.

6. Show that the necessary and sufficient condition for all the singular values of A
to be unity is A’ € {A7}.

7. Let A, B, C, X, and Y be as defined in Theorem 2.25. Show the following:
(i) nj(A = BX) > p;((I, — Pp)A).

(ii) (A=Y C) > p;i(A(I, — Pcr)).

(it}) (A — BX = YC) = 1[I, — Pp)A(L, — Pc»)).
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8. Let B denote an orthogonal projector of rank r. Show that
Z An—it1 < tr(AB) < Z i
i=1 i=1

where A is a symmetric matrix of order n having eigenvalues \; > Ao > -+- > \,,.

9. Using the SVD of A, show that, among the x’s that minimize ||y — Az||?, the
x that minimizes ||z||? is given by = A'y.

10. Let A be a given n by p matrix whose SVD is given by A = UAV’, and let
#(B) = ||A — B||?>. Show that B that minimizes ¢(B) subject to rank(B) = k
(< p) is obtained by

B =U,A,V),

where Uy, Ay, and Vi are portions of U, A, and V pertaining to the k largest
singular values of A.

11. Let A and B be two matrices of the same size. Show that the orthogonal
matrix T of order p that minimizes ¢(T') = ||B — AT||? is obtained by

T=UV,

where A'B = UAV” is the SVD of A’B. (This problem is called the orthogonal
Procrustes rotation problem (Schénemann, 1966). The matrix B is called a target
matrix, and A is the matrix to be rotated into a best match with B.)



Chapter 6

Various Applications

6.1 Linear Regression Analysis

6.1.1 The method of least squares and multiple regression
analysis

Linear regression analysis represents the criterion variable y by the sum of a
linear combination of p predictor variables 1,2, -+, z, and an error term
67

yj =a+ By + -+ Bpap t €5 (G=1,---,n), (6.1)

where j indexes cases (observation units, subjects, etc.) and n indicates
the total number of cases, and where a and ; (i = 1,---,p) are regres-
sion coefficients (parameters) to be estimated. Assume first that the error
terms €1, €2, - - - , €, are mutually independent with an equal variance o2. We
may obtain the estimates a, by, - - -, b, of the regression coefficients using the
method of least squares (LS) that minimizes

(y; — a1 — bawyj — -+ — byay;)>. (6.2)
1

J

n

Differentiating (6.2) with respect to a and setting the results to zero, we
obtain

a=9y—b1T1 — - —byTp. (6.3)

Substituting this into (6.2), we may rewrite (6.2) as
ly — bry — baay — -+ = by || = ||y — Xb||%, (6.4)

H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 151
Statistics for Social and Behavioral Sciences, DOI 10.1007/978-1-4419-9887-3_6,
© Springer Science+Business Media, LLC 2011
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where X = [x1, 22, -, ;] and x; is the vector of mean deviation scores.
The b = (b1, b2, -+, bp) that minimizes the criterion above is obtained by
solving

Pxy = Xb, (6.5)

where Py is the orthogonal projector onto Sp(X) and
b=X,y+ I, - X, X)z,

where z is an arbitrary p-component vector. Assume that @1, 2, -, x, are
linearly independent. From (4.30), we get

Px = Piq)+ P+ + Ppp,

where P;.(;) is the projector onto Sp(z;) along Sp(X (;)) @ Sp(X)*, where
Sp(X (;)) = Sp([®1,- -+, ®j—1,Tj41, -, Tp]). From (4.27), we obtain

bjz; = Pj(jy = 2;(@iQa;) " Q)Y (6.6)

where Q; is the orthogonal projector onto Sp(X (j))L and the estimate b;
of the parameter (3; is given by

by = (®Qjz;) ' TiQuyy = (mj)Z(X(j))ya (6.7)

where (acj)z( X)) is a X (j)-constrained (least squares) g-inverse of x;. Let

Z; = Q(jyz;. The formula above can be rewritten as

bj = (Z5,y)/l12;. (6.8)

This indicates that b; represents the regression coefficient when the effects of
X () are eliminated from x;; that is, it can be considered as the regression
coefficient for Z; as the explanatory variable. In this sense, it is called the
partial regression coefficient. It is interesting to note that b; is obtained by
minimizing

ly — bzl = (¥ — bjz;) Q) (y — bjz;)- (6.9)

(See Figure 6.1.)

When the vectors in X = [z, 2, -, ;| are not linearly independent,
we may choose X1, X9, -+, X, in such a way that Sp(X) is a direct-sum
of the m subspaces Sp(X ;). That is,

Sp(X) = Sp(X1) @ Sp(X2) &+ & Sp(X ) (m < p). (6.10)
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|y —bjx; HQ(;‘)

Figure 6.1: Geometric representation of a partial correlation coefficient.

Let b; denote the vector of partial regression coefficients corresponding to
X;. Then, ijj = PXj-X(j); that is,

Xjbj = X;(XQ ;1 X;)” X;Q v, (6.11)

where Q) is the orthogonal projector onto Sp(X1) & --- & Sp(X,;-1) &
Sp(Xj—l—l) DD Sp(Xm)
If X' X ; is nonsingular,

bj = (X;'Q(j)Xj)ilX;'Q(j)y = (Xj)g_&(j))’yy (6.12)

where (X j);&(j)) is the X (;)-constrained least squares g-inverse of X ;. If,

on the other hand, X ;X j is singular, b; is not uniquely determined. In this
case, b; may be constrained to satisfy

Cjbj =0« bj = chz, (6.13)

where z is arbitrary and Cj is such that E% = Sp(X)) @ Sp(C’) and
kj = rank(X ;) + rank(C};). From (4.97), we obtain

Premultiplying the equation above by (X ;)% L)y We obtain

)

= (X[X;+CiCH) ' XX X (X X 4+ X ;) X{;) " 'y. (6.15)
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6.1.2 Multiple correlation coefficients and their partitions

The correlation between the criterion variable y and its estimate § obtained
as described above (this is the same as the correlation between yr and gg,
where r indicates raw scores) is given by

ryg = (y,9)/(lyll - [19l) = (v, Xb)/([lyl] - [[XB]])
(y, Pxy)/(llyll - [ Pxyl])
1Pxyll/[lyll (6.16)

since y = Xb = Pxy. It is clear from (2.56) that r,; does not exceed 1.
It is equal to 1 only when P,y = y, that is, when y € Sp(X). The 7y
is often denoted as Rx.,, which is called the multiple correlation coefficient
in predicting the criterion variable y from the set of predictor variables
X = [x1,x2, -, xp]. Its square, R‘%(‘y, is often called the coefficient of
determination, and can be expanded as

Ry, = yX(X'X)" X'y/y'y
- 2
= C,XyCXXch/Sy
/ —
Txy Ry xTxy,
where cx, and r x, are the covariance and the correlation vectors between X

and y, respectively, Cxx and Rxx are covariance and correlation matrices
of X, respectively, and 5321 is the variance of y. When p = 2, Rg(,y is expressed

as
2 _ 1 Tzixo Tyzy
RX‘y = (Tyxnrym) 1 .
Twomy Tyao

If ro ey # 1, R%Cy can further be expressed as

2 2
R%{ o Tyxl + Ty:l?z - 2rm1x2TyI1Ty12
Y _ 2 '
=720,

The multiple regression coefficient Ry., satisfies the following relation.

Theorem 6.1 If Sp(X) D Sp(X1),

Rx.y > Rx, 4. (6.17)
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Proof. Use (6.16) and (2.63). Q.E.D.

Theorem 6.2 Let X = [X 1, X3], that is, Sp(X) = Sp(X1) + Sp(X2).
Then,
R?X'y - Rg(l.y + R%(Q[Xl]'y’ (618)

where R%Q[Xl],y indicates the coefficient of determination (or the square of
the multiple correlation coefficient) in predicting the criterion variable y
from the predictor variables Qx, X2, where Qx, = I, — Px,.

Proof. Use the decomposition given in (4.37); that is, Px = Px,ux, =
PX1+PX2[X1}- Q.E.D.

2
Xo[X1)y-

Sp(X1)*, and Py x, the orthogonal projector onto Sp(Qx, X2). Then,

Let us expand R Let Qx, denote the orthogonal projector onto

R, ix1y = Y'Pox, x:.9/Y'y
=y Qx, X2(X5Qx, X2)” X5Qx,y/y'y
= (co2 — €c01CT c12)(Ca2 — C21CTC12)~
X (€20 — Cglc'l_lclo)/si7 (6.19)

where ¢jp (cio = ¢;) is the vector of covariances between X; and y, and
C; is the matrix of covariances between X; and X ;. The formula above
can also be stated in terms of correlation vectors and matrices:

R%,x,y = (rog — To1 R 712) (Ra2 — Rt Ry Rua) ™ (rao — Ro Ry 7o)

The R? _is sometimes called a partial coefficient of determination.
Xo[Xa]y

When R%Q[Xl].y =0,y Px,x, )y =0 Px,ix,)y = 0 & X5Qyy =
0 & ¢y = 0210;1610 & Ty = R21RI1T10. This means that the partial
correlation coefficients between y and X9 eliminating the effects of X are
Z€ero.

Let X =[xy, @) and Y =y. If 2, #1,

2 2
R2 _ Ty + Tyzy — 2T11962Ty$1ry$2

T1T2°Y 1— r?cwz

2
2 + (Tym — Tyl’lrﬂhm)
yxy 1— 7.2 :
xr1T2

=7
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Hence, R?Em,y = rszl when 7y, = Tyg Tzi2.; that is, when the partial
correlation between y and x5 eliminating the effect of x; is zero.
Let X be partitioned into m subsets, namely Sp(X) = Sp(X ) +--- +

Sp(X ). Then the following decomposition holds:

R%{,y = Rg(l'y + R§(2[X1]-y + Rgfs[Xlxz]-y +oe Tt R?Xm[XIXQ“'Xm—I]'y' (6'20)

The decomposition of the form above exists in m! different ways depend-
ing on how the m subsets of variables are ordered. The forward inclusion
method for variable selection in multiple regression analysis selects the vari-
ab21e sets X j1, Xjo, and X ;3 in such a way that Rgfﬂ,y, RXjQ[leyya and
R X3 [Xj1X ]y ATC successively maximized.

Note When X; = z; in (6.20), Ry, [2,05...2;_,].y 1S the correlation between x; and
y eliminating the effects of X;_y) = [x1, %2, -, 2;_1] from the former. This is
called the part correlation, and is different from the partial correlation between x;
and y eliminating the effects of X[;_1; from both, which is equal to the correlation

between Qy _ #; and Qx Y.
6.1.3 The Gauss-Markov model

In the previous subsection, we described the method of estimating parame-
ters in linear regression analysis from a geometric point of view, while in this
subsection we treat n variables y; (i = 1,---,n) as random variables from a
certain population. In this context, it is not necessary to relate explanatory
variables x1,- -+, x, to the matrix Ry x of correlation coefficients or regard
1, -, T, as vectors having zero means. We may consequently deal with

y=pz1+ -+ Gpxy +e= XB +e, (6.21)

derived from (6.1) by setting v = 0. We assume that the error term e;
(j =1,---,n) in the regression equation has zero expectation, namely

E(e) = 0, (6.22)
and the covariance matrix Cov(e;, €;) = 02g;j. Let G = [g;;]. Then,
V(e) = E(e€) = 0*G, (6.23)
where GG is a pd matrix of order n. It follows that

E(y) = X3 (6.24)
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and
V(y) =E(y - XB)(y — XB) =*G. (6.25)

The random vector y that satisfies the conditions above is generally said to
follow the Gauss-Markov model (y, X3, 0°G).

Assume that rank(X) = p and that G is nonsingular. Then there exists
a nonsingular matrix T of order n such that G = TT'. Let § = T 'y,
X =T7'X, and é = T~ 'e. Then, (6.21) can be rewritten as

g=XB+e (6.26)

and
V(&) = V(T te) =T V(e)(T™Y = 0%I,.
Hence, the least squares estimate of 3 is given by

B=X'X)"'Xyg=(X'G'X)'X'Gy. (6.27)

(See the previous section for the least squares method.) The estimate of 3
can also be obtained more directly by minimizing

ly — XB)|&- = (y — XB)G (y — XB). (6.28)

The 3 obtained by minimizing (6.28) (identical to the one given in (6.27))
is called the generalized least squares estimate of 3. We obtain as the
prediction vector

XB=X(X'G'X)'X'G 'y =Px/51y. (6.29)

Lemma 6.1 For (3 given in (6.27), it holds that

E(B) =8 (6.30)

and
V(B) = 2(X'G1 X)L (6.31)

Proof. (6.30): Since 8 = (X'G™'X)"'X'G™ 'y = (X'G'X)'X'G™!
X (XB+e€) =08+ (X'G'X) ' X'G e, and E(e) = 0, we get E(3) = 8.

(6.31): From 3 — 3 = (X'G"'X) ' X'G "¢, we have V(3) = E(3 —
B)B-B) =(X'G'X) ' X'G 'E(ee\G'X(X'G'X) ! =2(X'G™!
X) ' X'G'GGT'X(X'GT' X)) =2 X'GT X)L Q.E.D.
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Theorem 6.3 Let ﬁ* denote an arbitrary linear unbiased estimator of 3.

A

Then V(B ) — V(B) is an nnd matriz.

Proof. Let S be a p by n matrix such that ,@* = Sy. Then, 8 = E(,[:}*) =
SE(y) = SXB = SX =1,. Let Py = X(X'G'X)"'X'G™" and
QX/G*l =1I,— Px/g-1. From

E(Px/q-1(y — XB)(y — XB)'Qx/g-1) = Px/a-1V(¥)Qx /g1
= X(X'¢'xX)'xX'¢c'G(I, -G ' X(X'G'X)"'X") =0,

we obtain

Ak

V(B) = V(Sy)=SV(y)S' =SV(Px,c1y+Qx/c-1y)S
= SV(Px/6-19)S + SV(Qx/c1y)S'-

Since the first term in the equation above is equal to

SV(PX/Gfly)S,
= (SX(X'G'X)'X'¢'GG' X'(X'G' X)) X'S)o?
= (X'GT' X)) = V(B),

and since the second term is nnd, V(,[:}*)—V(,[:}) is also nnd. Q.E.D.

This indicates that the generalized least squares estimator B given in
(6.27) is unbiased and has a minimum variance. Among linear unbiased
estimators, the one having the minimum variance is called the best linear
unbiased estimator (BLUE), and Theorem 6.3 is called the Gauss-Markov
Theorem.

Lemma 6.2 Let
dy=diy +doys + -+ dpyn

represent a linear combination of n random variables iny = (y1,vy2, -, Yn)’ -
Then the following four conditions are equivalent:

d'y is an unbiased estimator of '3, (6.32)
c € Sp(X), (6.33)

X X=/, (6.34)
J(X'X)X'X =¢. (6.35)
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Proof. (6.32) — (6.33): Since E(d'y) = d'E(y) = d' X3 = ¢/8 has to hold
for any 3, it must hold that d' X = ¢ = ¢ = X'd = ¢ € Sp(X').

(6.33) — (6.34): Since ¢ € Sp(X'’), and an arbitrary projector onto
Sp(X'’) can be expressed as X'(X')™, we have X'(X')"c = ¢. Note that
(X7) € {(X')"} since XX X =X = X (X)X’ = X', from which it
follows that X' (X')"c=c= X'(X " )ec=c= =X X.

(6.34) — (6.35): Use the fact that (X'X)~ X" € {X "} since X(X'X)~
X'X = X by (3.13).

(6.35) — (6.33): This is trivial. (Transpose both sides.)

(6.33) — (6.32): Set ¢ = X'd. Q.E.D.

When any one of the four conditions in Lemma 6.2 is satisfied, a linear
combination ¢/3 of B is said to be unbiased-estimable or snnply estimable.
Clearly, X is estimable, and so if 3 is the BLUE of 3, X3 is the BLUE

of X 3.
Let us now derive the BLUE X3 of X3 when the covariance matrix G
of the error terms € = (€1, €2, -, €,)  is not necessarily nonsingular.

Theorem 6.4 When G in the Gauss-Markov model is not necessarily non-
singular, the BLUE of X3 can be expressed as

X3 = Py, (6.36)
where P is a square matrix that satisfies
PX =X (6.37)

and
PGZ =0, (6.38)

where Z is such that Sp(Z) = Sp(X)*.

Proof. First, let Py denote an unbiased estimator of X 3. Then, E(Py) =
PE(y) = PXpB=XpB= PX = X. On the other hand, since

V(Py) = E(Py-— Xp)(Py— XpB) =E(Pee'P')
= PV(e)P' =o*PGP/,

the sum of the variances of the elements of Py is equal to o%tr(PGP’). To
minimize tr(PGP’) subject to PX = X, we define

F(P,L) = %tr(PGP’) —tr((PX — X)L),
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where L is a matrix of Lagrangean multipliers. We differentiate f with
respect to P and set the results equal to zero,

GP =XL=Z'GP' =Z'XL=0= PGZ =0,

showing that the BLUE of X 3 can be expressed as Py using P satisfying
(6.37) and (6.38). Q.E.D.

Lemma 6.3 The following relations hold:
Sp([X,G]) =Sp(X) & Sp(GZ), (6.39)
where Z is such that Sp(Z) = Sp(X)*, and
y € Sp([X, G]) with probability 1. (6.40)

Proof. (6.39): Xa+ GZb=0 = Z'Xa+ Z'GZb = Z'GZb = 0 =
GZb =0, and, by Theorem 1.4, Sp(X) and Sp(GZ) are disjoint.

(6.40): There exists a vector w that satisfies w'G = 0’ and w'X = 0.
Let w € Sp([X,G)). Then, E(w'y) = 0 and V(w'y) = o*w'Gw = 0, im-
plying that w’y = 0 with probability 1. Q.E.D.

The lemma above indicates that Sp(X) and Sp(GZ) are disjoint. Let
Px.cz denote the projector onto Sp(X) along Sp(GZ) when Sp(X) @
Sp(GZ) = E". Then,

Pxgz=X(X'(I, - Pgz)X) " X'(I,, — Pgz). (6.41)
On the other hand, let Z = I,, — Px. We have

Pgyx = GZ(ZG(In—Px)GZ)_ZG(In—Px)
= GZ(ZGZGZ) ZGZ.

Since Sp(X) @ Sp(GZ) = E™, it holds that dim(Sp(GZ)) = dim(Sp(Z)) =
rank(GZ) = rank(Z), and so Z(ZGZ)"ZGZ = Z. This indicates that
(ZGZ)"Z(ZGZ)™ is a g-inverse of the symmetric matrix ZGZGZ, and

so we obtain
Poyx=GZ(ZGZ) Z. (6.42)

Let T be
T=XUX'+G, (6.43)
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where U is an arbitrary matrix such that rank(T) = rank([X, G]). Then,
Px.a;GZ =0 = Px.Gz(G—I—XUX/)Z =Px.qz;TZ =0 = Px.c;T =
KX = Px.qz = KX'T7!. Substituting this into Px.czX = X, we
obtain KX'T™'X = X = K = X(X'T"'X)~, and so

Pxgz =X X'T'X)"X'T!, (6.44)

where T is as defined in (6.43). The following theorem can be derived.

Theorem 6.5 Let Sp([X,G|) = E", and let B denote the BLUE of 3.
Then, y = X3 is given by one of the following expressions:

() X(X'QazX)” X'Qqzy,
(i) (I, - GZ(ZGZ) Z)y,
(i) X(X'T' X))~ X'T y.
(Proof omitted.)

Corollary Let A be an arbitrary square matriz of order n. When Sp(X) @
Sp(G) does not cover the entire space of E™, a generalized projection onto
Sp(X) along Sp(GZ) is given by

Q) I, — GZ(ZGZ)~Z + A(I, — ZGZ(ZGZ)")Z,
(i) X(X'T~X)"X'T~ + A(I, — TT").
(Proof omitted.)

6.2 Analysis of Variance

6.2.1 One-way design

In the regression models discussed in the previous section, the criterion vari-
able y and the explanatory variables x1, x2, - - -, ,, both are usually continu-
ous. In this section, we consider the situation in which one of the m predictor
variables takes the value of one and the remaining m — 1 variables are all
zeroes. That is, when the subject (the case) k belongs to group j,

rpj=1and 2, =0 (I #ji=1,---,mk=1,---,n). (6.45)
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Such variables are called dummy variables. Let n; subjects belong to group
Jj (and 3774 nj = n). Define

xr1 Ty - T
1 0 --- 0]
1 0
1 0
G = 01 .. 0l (6.46)
00 - 1|

(There are ones in the first n; rows in the first column, in the next ng rows
in the second column, and so on, and in the last n,,, rows in the last column.)
A matrix of the form above is called a matrix of dummy variables.

The G above indicates which one of m groups (corresponding to columns)
each of n subjects (corresponding to rows) belongs to. A subject (row)
belongs to the group indicated by one in a column. Consequently, the row
sums are equal to one, that is,

G1,, =1,. (6.47)

Let y;; (i = 1,---,m;j = 1,---,n;) denote an observation in a survey
obtained from one of n subjects belonging to one of m groups. In accor-
dance with the assumption made in (6.45), a one-way analysis of variance
(ANOVA) model can be written as

Yij = P+ o + €5, (6.48)

where 1 is the population mean, «; is the main effect of the ith level (ith
group) of the factor, and ¢;; is the error (disturbance) term. We estimate
by the sample mean Z, and so if each y;; has been “centered” in such a way
that its mean is equal to 0, we may write (6.48) as

Yij = o + €. (6.49)

Estimating the parameter vector e = (a1, g, -+, iy, )’ by the least squares
(LS) method, we obtain

min[ly — Gal|® = ||(I - Pa)ylP, (6.50)



6.2. ANALYSIS OF VARIANCE 163

where P¢ denotes the orthogonal projector onto Sp(G). Let & denote the
a that satisfies the equation above. Then,

Pcy = Gé. (6.51)

Premultiplying both sides of the equation above by (G'G)™'G’, we obtain

a=(G'G)'qly. (6.52)
Noting that
L 09 ...00 Sy
ni 7 74
0o L ... 0 o
(G,G)_lz 7 . . |, and G'y= Zj.yQJ )
O 5 Ymj
we obtain
(1
) Y2
a = )
Ym

Let yp denote the vector of raw observations that may not have zero mean.
Then, by y = QY pr, where Q,; = I, — (1/n)1,1],, we have

Y1 —y
Y2 — Y

& = _ (6.53)
gm - g

The vector of observations y is decomposed as
y=Pgy+ (In - Pg)y,

and because Pg(I, — Pg) = O, the total variation in y is decomposed
into the sum of between-group (the first term on the right-hand side of the
equation below) and within-group (the second term) variations according to

yy=vy'Pcy+y' (I, — Pga)y. (6.54)
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6.2.2 Two-way design

Consider the situation in which subjects are classified by two factors such as
gender and age group. The model in such cases is called a two-way ANOVA
model. Let us assume that there are mi and msy levels in the two factors,
and define matrices of dummy variables G; and G5 of size n by mq and n
by ms, respectively. Clearly, it holds that

Giln, = Goly, = 1, (6.55)

Let V; = Sp(Gj) (j =1,2). Let P14 denote the orthogonal projector onto
Vi+Va, and let P; (j = 1,2) denote the orthogonal projector onto V. Then,
if PyPy= P3Py,

P,y = (P, — PPs)+ (Py— P Py)+ PP, (6.56)

by Theorem 2.18. Here, PP, = P5P; is the orthogonal projector onto
VinVz = Sp(G1)NSp(G2) and Sp(G1)NSp(G2) = Sp(1,). Let Py = 1,15, /n
denote the orthogonal projector onto Sp(1,,). Then,

1
/ / /
PPy = P() = G1G2 = E(GllnlnG2)7 (6.57)
where
nii ni2 e N1mo
, n21 N2t N2m
G1G2 = : : - : '
Nmi1l Mmy2 " Mmyme
ni. n.1
/ n2. / n.2
Gl 171 == . 5 and Gzln =
N, mgy

Here n; = Zj Nij, Nj = »_; Nij, and n;; is the number of subjects in the ith
level of factor 1 and in the jth level of factor 2. (In the standard ANOVA ter-
minology, n;; indicates the cell size of the (7, j)th cell.) The (7, j)th element
of (6.57) can be written as
1
nig=—ning, (i=1--,myj=1---,ma). (6.58)
n

Let y denote the vector of observations on the criterion variable in mean
deviation form, and let y, denote the vector of raw scores. Then Pyy =
PyQyp = Po(I, — Py)yrp =0, and so

y=Piy+ Pyy+ (I, — P;— Py)y.
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Hence, the total variation can be decomposed into
/ / / /
Yy=yPy+y'Py+y (I, P1— Py (6.59)
When (6.58) does not hold, we have from Theorem 4.5

Pii2 = Pi+ Py

= Py+ Py,
where Py = QG (G2Q1G2) G5Q;, P = Q,G1(G1Q,G1) G1Qy,
and Q; = I — P; (j = 1,2). In this case, the total variation is decomposed
as
/ / / /

Yy=y'Piy+y Py +y (In— Pii2)y (6.60)
or

y'y =y Poy +y' Py + ' (I, — P112)y. (6.61)

The first term in (6.60), y’ Py, represents the main effect of factor 1 under
the assumption that there is no main effect of factor 2, and is called the
unadjusted sum of squares, while the second term, v’ Pyy1y, represents the
main effect of factor 2 after the main effect of factor 1 is eliminated, and is
called the adjusted sum of squares. The third term is the residual sum of
squares. From (6.60) and (6.61), it follows that

y' Ponyy = y' Pay +y' Py — y' Pry.

Let us now introduce a matrix of dummy variables G'12 having factorial
combinations of all levels of factor 1 and factor 2. There are mims levels
represented in this matrix, where mq and mo are the number of levels of the
two factors. Let Py denote the orthogonal projector onto Sp(Giz). Since
Sp(G12) D Sp(G1) and Sp(G12) D Sp(G2), we have

P12P1 = P1 and P12P2 = PQ. (662)

Note Suppose that there are two and three levels in factors 1 and 2, respectively.
Assume further that factor 1 represents gender and factor 2 represents level of
education. Let m and f stand for male and female, and let e, j, and s stand for
elementary, junior high, and senior high schools, respectively. Then G;, G2, and
G'12 might look like
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mmm f f f
m f e j s e j s e j s
(1 0] (1 0 0] 1 0 0 0 0 0]
1 0 1 0 0 1 0 00 0 O
1 0 0 1 0 01 0 0 0 O
1 0 0 1 0 01 0 0 0 O
1 0 0 0 1 00 1 0 0 O
1 0 0 0 1 00 1 0 0 O
Gi=lo 1| @ =1 00™G2=170901 00
0 1 1 0 0 00 0 1 0 O
0 1 0 1 0 00 0 0 1 0
0 1 0 1 0 00 0 0 1 0
0 1 0 0 1 00 0 0 0 1
0 1| 0 0 1| 0000 0 1]
It is clear that Sp(G12) D Sp(G1) and Sp(Gi2) D Sp(G2).
From Theorem 2.18, we have
P13 = (P12 — P1y2) + (P42 — Po) + Po. (6.63)

The three terms on the right-hand side of the equation above are mutually
orthogonal. Let
Pigo = P1y — P12 (6.64)

and
Pigo = P19 — Py (6.65)

denote the first two terms in (6.63). Then (6.64) represents interaction
effects between factors 1 and 2 and (6.65) the main effects of the two factors.

6.2.3 Three-way design

Let us now consider the three-way ANOVA model in which there is a third
factor with mgs levels in addition to factors 1 and 2 with m; and mo levels.
Let G35 denote the matrix of dummy variables corresponding to the third
factor. Let P3 denote the orthogonal projector onto V3 = Sp(G3), and let
P53 denote the orthogonal projector onto Vi 4 Vo + V3. Then, under the
condition that

PPy = PyP,, P\P3= P3Py, and PyP3 = P3P,
the decomposition in (2.43) holds. Let
Sp(G1) NSp(G2) = Sp(G1) N Sp(G3) = Sp(G2) N Sp(G3) = Sp(1n).
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Then,
PPy, = PyP3; = PP35= Py, (6.66)

where Py = 11,1/ . Hence, (2.43) reduces to
Piior3 = (P1— Po) + (P2 — Po) + (P3 — Po) + Po. (6.67)
Thus, the total variation in y is decomposed as
vy =9y Py +y'Poy+yPsy+y' (I, P1—Py—P3)y. (6.68)

Equation (6.66) means

1
nij. = —ning (i=1,---,myj=1---,ma), (6.69)
n
1 .
Nik = —Nq. N |, (Z: 17"'7m1;k: 17"'7m3)7 (670)
n
1 .
njk = ﬁn'j'n”k’ (j=1,---,mok=1,---,m3), (6.71)

where n;j;, is the number of replicated observations in the (4, j, k)th cell,
Nij. = 2ok Mijks Mik = 2.5 Nijks Mgk = 2o Mijks Ti. = Djk Nigk, Mg =
2oik Nighs and n_g =37, i Njjk.

When (6.69) through (6.71) do not hold, the decomposition

Yy =y Piy+y Py +y Py +y (I, — Pri2i3)y (6.72)

holds, where 7, j, and k can take any one of the values 1, 2, and 3 (so there
will be six different decompositions, depending on which indices take which
values) and where Pj; and Py;; are orthogonal projectors onto Sp(Q,;G/)
and Sp(Q;.;Gr).

Following the note just before (6.63), construct matrices of dummy vari-
ables, G2, G13, and Ga3, and their respective orthogonal projectors, P1s,
P53, and Py3. Assume further that

Sp(G12) NSp(Gas) = Sp(G2), Sp(Giz) NSp(Gas) = Sp(Gs),

and

Sp(G12) N Sp(Glg) = Sp(Gl)

Then,
P12P13:P1, P12P23:P2, and P13P23:P3. (673)
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Let P[;ﬂ = Pj24134+23 denote the orthogonal projector onto Sp(Gia2) +
Sp(G13) + Sp(Ga3). By Theorem 2.20 and (2.43), it holds under (6.73)
that

Pz = Pig2 + Pags + Pigs + P; + P5 + P35+ Py, (6.74)

where Pi@j = Pz’j — P, — Pj + Py and P; = P; — Py. Hence, the total
variation in y is decomposed as

Y'y = y' Piogoy + y' Pagsy
+ 9y Pigsy +y' Pry +y'Psy +y' Pyy +y' (I, — Pjg)y.

Equation (6.73) corresponds with
1 1 1

Nijk = —MNij.Nik = —Nij. N jk = — N4 kN jk, (6.75)
but since .
Mijk = —5Mi. 15Tk (6.76)

follows from (6.69) through (6.71), the necessary and sufficient condition for
the decomposition in (6.74) to hold is that (6.69) through (6.71) and (6.76)
hold simultaneously.

6.2.4 Cochran’s theorem

Let us assume that each element of an n-component random vector of crite-
rion variables y = (y1,¥2, -+, yn) has zero mean and unit variance, and is
distributed independently of the others; that is, y follows the multivariate
normal distribution A(0,I,) with E(y) = 0 and V(y) = I,,. It is well
known that

lyll> =9i +95+-- + v

follows the chi-square distribution with n degrees of freedom (df).

Lemma 6.4 Let y ~ N(0,I) (that is, the n-component vector y = (y1, ya,
< yn) follows the multivariate normal distribution with mean 0 and vari-
ance I), and let A be symmetric (i.e., A’ = A). Then, the necessary and
sufficient condition for

Q=Y ayyy; =y Ay
(]
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to follow the chi-square distribution with k = rank(A) degrees of freedom is
A2 =A. (6.77)
Proof. (Necessity) The moment generating function for y’ Ay is given by

1 1
/' : / W exp {(y’Ay)t - 5’!/14} dyy -+ - dyn
= |I, —2tA|7Y2 = T](1 - 2tn) 72,

i=1

o(t) = E(e'?)

where )\; is the ith largest eigenvalue of A. From A? = A and rank(A) = k,
we have \{ = Ao = -+ = Ay = 1l and A\yy1 = -+ = A, = 0. Hence,
o(t) = (1 — 2t)_%k, which indicates that ¢(¢) is the moment generating
function of the chi-square distribution with k degrees of freedom.
(Sufficiency) ¢(t) = (1 — 2t)7*2 = [T_,(1 = 20t) Y2 = N\ =1 (i =
1,---,k), \i =0 (i = k+1,---,n), which implies A? = A. Q.E.D.

Let us now consider the case in which y ~ N (0,0%G). Let rank(G) = r.
Then there exists an n by r matrix T such that G = TT’. Define z so
that y = Tz. Then, z ~ N(0,0°I,). Hence, the necessary and sufficient
condition for

Q=9 Ay =2 (T'AT)z

to follow the chi-square distribution is (T"AT)? = T’ AT from Lemma 6.4.
Pre- and postmultiplying both sides of this equation by T" and T’, respec-
tively, we obtain

GAGAG = GAG = (GA)® = (GA)~.
We also have
rank(T'AT) = tr(T'AT) = tr(ATT') = tr(AG),
from which the following lemma can be derived.
Lemma 6.5 Let y ~ N(0,02G). The necessary and sufficient condition
for Q =y’ Ay to follow the chi-square distribution with k = tr(AG) degrees

of freedom is

GAGAG = GAG (6.78)
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or

(GA)® = (GA). (6.79)
(A proof is omitted.)

Lemma 6.6 Let A and B be square matrices. The necessary and sufficient
condition for y' Ay and y' By to be mutually independent is

AB =0, if y~N(0,6%I,), (6.80)

or
GAGBG = 0, if y ~N(0,0°G). (6.81)

Proof. (6.80): Let Q1 = y'Ay and Q2 = y'By. Their joint moment
generating function is given by ¢(A, B) = |I,, — 2At, — 2Bt,|~ /2, while
their marginal moment functions are given by ¢(A) = |I,, — 2At;|~'/? and
$(B) = |I,, — 2Bt5| /2, so that ¢(A, B) = $(A)p(B), which is equivalent
to AB = O.

(6.81): Let G = TT', and introduce z such that y = Tz and z ~
N(0,02%I,). The necessary and sufficient condition for y’ Ay = 2/T' ATz
and y'By = 2"T" BTz to be independent is given, from (6.80), by

T'ATT' BT = O & GAGBG = 0.

Q.E.D.

From these lemmas and Theorem 2.13, the following theorem, called
Cochran’s Theorem, can be derived.

Theorem 6.7 Let y ~ N(0,0°1,), and let P; (j =1,---,k) be a square
matriz of order n such that

P, +Py+---+Pp=1,.

The necessary and sufficient condition for the quadratic forms y' P1y,y Ps
Xy, -,y Pry to be independently distributed according to the chi-square
distribution with degrees of freedom equal tony = tr(P1),ng = tr(Pg), -, ng
= tr(Py), respectively, is that one of the following conditions holds:

P.P;=0, (i#]), (6.82)

p? = P;, (6.83)
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rank(P7) + rank(P3) + - - - 4+ rank(Py) = n. (6.84)
(Proof omitted.)

Corollary Let y ~ N(0,0°G), and let Pj (j =1,---,k) be such that
P +Py+- -+ Pp=1,.

The necessary and sufficient condition for the quadratic form y'Pjy (j =
1,--+, k) to be independently distributed according to the chi-square distribu-
tion with k; = tr(GP;G) degrees of freedom is that one of the three condi-
tions (6.85) through (6.87) plus the fourth condition (6.88) simultaneously
hold:

GP,GP;,G =0, (i#}j),

(GP))° = (GP;)*,
rank(GP1G) + - - - + rank(GP},G) = rank(G?),
G’ =G

6.85
6.86
6.87

(
(
(
(6.88

)
)
)
)

Proof. Transform
Yy=y'Piy+y'Puy+ - +y Py
by y = Tz, where T is such that G = TT' and z ~ N(0,0%1I,). Then, use
2ZT'Tz=2T P Tz+ 2T PyTz+-- -+ 2T P;,Tz.

Q.E.D.

Note When the population mean of y is not zero, namely y ~ N (p,0%1,,), The-
orem 6.7 can be modified by replacing the “condition that y’' P,y follows the in-
dependent chi-square” with the “condition that y'P;y follows the independent
noncentral chi-square with the noncentrality parameter p'P,u,” and everything
else holds the same. A similar modification can be made for y ~ N (i, 0G) in the
corollary to Theorem 6.7.

6.3 Multivariate Analysis

Utilizing the notion of projection matrices, relationships among various tech-
niques of multivariate analysis, methods for variable selection, and so on can
be systematically investigated.
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6.3.1 Canonical correlation analysis

Let X = [x1,%2,- -,y and Y = [y;,¥s, -, y,] denote matrices of obser-
vations on two sets of variables. It is not necessarily assumed that vectors
in those matrices are linearly independent, although it is assumed that they
are columnwise centered. We consider forming two sets of linear composite
scores,

f:alzc1+a2:n2+~-+apazp:Xa

and
g="by; +boys +---+by, =Yb,

in such a way that their correlation

reg = (£,9)/UIF1 - llgll)
= (Xa,Yb)/(||Xall-[[Y]])

is maximized. This is equivalent to maximizing a’ X'Y b subject to the
constraints that

dX'Xa=bY'Yb=1. (6.89)
We define
f(a7 b’ )\17)\2)
Iy A1 ! v/ A2 /v !
=a'X'Yb— T (X' Xa~1) - ZOHY'Yb-1),

differentiate it with respect to @ and b, and set the result equal to zero.
Then the following two equations can be derived:

X'Yb=MX'XaandY'Xa = \Y'Yb. (6.90)

Premultiplying the equations above by a’ and b, respectively, we obtain
A1 = A2 by (6.89). We may let A\ = \g = VA. Furthermore, by premulti-
plying (6.90) by X (X’'X)™ and Y (YY), respectively, we get

PxYb=+vV)Xaand PyXa=VA\YD, (6.91)

where Px = X(X'X)" X' and Py = Y(Y'Y) Y’ are the orthogonal

projectors onto Sp(X) and Sp(Y'), respectively. The linear composites that

are to be obtained should satisfy the relationships depicted in Figure 6.2.
Substituting one equation into the other in (6.91), we obtain

(PXPy)Xa =Xa (692)
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Figure 6.2: Vector representation of canonical correlation analysis. (The

vectors 0H' and 0H are, respectively, Py Xa and PxYb, and the angle
between the two vectors is designated as 6.)

or

(PyPx)Yb=\Yb. (6.93)

Theorem 6.8 No eigenvalues of Px Py are larger than 1.

Proof. Since Py is an orthogonal projector, its eigenvalues are either 1 or
0. Let A\;(A) denote the jth eigenvalue of A. From Theorem 5.9, we have

1> X(Px)=X(PxPx) > \j(PxPyPx)=\j(PxPy).

Q.E.D.

Let A1, A2, -+, A denote all the positive eigenvalues that satisfy (6.93).
Then
tI‘(P)(Py) :tl“(PyP)() =AM+t + A<

Furthermore, from @’ X'Y'b = v/, the canonical correlation coefficient de-
fined as the largest correlation between f = Xa and g = Y'b is equal to
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the square root of the largest eigenvalue of (6.92) or (6.93) (that is, V),
which is also the largest singular value of PxPy. When a and b are the
eigenvectors that satisfy (6.92) or (6.93), f = Xa and g = Y'b are called
canonical variates. Let Zx and Zy denote matrices of standardized scores
corresponding to X and Y. Then, Sp(X) = Sp(Zx) and Sp(Y') = Sp(Zy ),
so that tr(Px Py ) = tr(Pz, Pz, ), and the sum of squares of canonical cor-
relations is equal to

R%.y =tr(PxPy) =tr(Pz, Pz, ) = tr(RyxRyyRxyRyy), (6.94)

where Rxx, Rxy, and Ryy are correlation matrices for X, between X
and Y, and for Y, respectively.
The following theorem is derived from Theorem 2.24.

Theorem 6.9 Let r = min(rank(X), rank(Y")). Then,
D%y =tr(PxPy) <, (6.95)

where D%y is called the generalized coefficient of determination and indi-
cates the overall strength of the relationship between X and'Y .
(Proof omitted.)

When Y consists of a single variable y,
Dy = tr(PxP,) =y Pxy/y'y = R,
coincides with the coefficient of determination, which is equal to the squared
multiple correlation coefficient in multiple regression analysis in which X

contains the explanatory variables and y is the criterion variable. When X
also consists of a single variable «,

Dy = tr(PaPy) = (,9)*/(||=[]*|ly[I*) = 13,; (6.96)

that is, D%y is equal to the square of the correlation coefficient between x
and y.

Note The tr(P,P,) above gives the most general expression of the squared cor-
relation coefficient when both  and y are mean centered. When the variance of
either @ or y is zero, or both variances are zero, we have & and/or y = 0, and a
g-inverse of zero can be an arbitrary number, so

r2, = (PP, =tr(z(z'z) 2'y(y'y) " y)
= k(z'y)*=0,

where k is arbitrary. That is, 7, = 0.
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Assume that there are r positive eigenvalues that satisfy (6.92), and let
XA=[Xa,Xay, -, Xa,JandYB =[Yb,Ybs, -, Yb,]

denote the corresponding r pairs of canonical variates. Then the following
two properties hold (Yanai, 1981).

Theorem 6.10

Pxa = (PxPy)(PxPy), (6.97)
and

Pyp = (PyPx)(PyPx),. (6.98)

Proof. From (6.92), Sp(XA) D Sp(PxPy). On the other hand, from
rank(PxPy) = rank(X A) = r, we have Sp(X A) = Sp(PxPy). By the
note given after the corollary to Theorem 2.13, (6.97) holds; (6.98) is similar.

Q.E.D.
The theorem above leads to the following.
Theorem 6.11
Px Py = PxPy, (6.99)
PxPyp = PxPy, (6.100)
and
Px,Pyp = PxPy. (6.101)

Proof. (6.99): From Sp(XA) C Sp(X), PxaPx = Pxa, from which
it follows that PxaPy = PxasPxPy = (PXpy)(PXpy)ZP)(PY =
PxPy.
(6100) Noting that A/AAE_ = A’,weobtain PxPyp = PxPyPyp
= (Pypx),(PyP)()(Pypx)Z = (PyPX), = PxPy.
(6.101): PxaPyp =PxsPyPyp =PxPyPyp=PxPyp =PxPy.
Q.E.D.

Corollary 1

(PX — PXA)PY =0 and (Py — PYB)PX = O,

and
(PX — PXA)(PY — PYB) = 0.

(Proof omitted.)
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The corollary above indicates that Vx4 and Vy, Vx and Vy |y pj, and
Vxixa) and Vy(yp are mutually orthogonal, where V(x4 = Sp(X) N
Sp(X A)* and Vyy 5 = Sp(Y)NSp(Y B)*. However, Sp(X A) and Sp(Y B)
are not orthogonal, and their degree of relationship is indicated by the size
of the canonical correlation coefficients (p.). (See Figure 6.3(c).)

Vy = Sp(XA) Vx =5Sp(X) Vy =Sp(Y) Vx =Sp(YB)

(a) PXA:PY (b) PX:PYB
(Sp(X) > Sp(Y)) (Sp(Y') D Sp(X))
Vy v B Vx(x 4] Ve pPe=0  Vxixa

0<pe <1 Sp(XA) =Sp(YB
Sp(YB) Sp(X A) DX =5(¥E)
(¢c) PxaPyp = PxPy (d) Pxa = Pyp

Figure 6.3: Geometric representation of canonical correlation analysis.

Corollary 2

PXAIPYB@PXpy:PyP)(, (6.102)
PXA:Py<:>PXpy:Py, (6.103)

and
Px =Pyp< PxPy = Px. (6.104)
Proof. A proof is straightforward using (6.97) and (6.98), and (6.99)
through (6.101). (It is left as an exercise.) Q.E.D.

In all of the three cases above, all the canonical correlations (p.) between
X and Y are equal to one. In the case of (6.102), however, zero canonical
correlations may exist. These should be clear from Figures 6.3(d), (a), and
(b), depicting the situations corresponding to (6.102), (6.103), and (6.104),
respectively.
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We next show a theorem concerning a decomposition of canonical corre-
lation coefficients.

Theorem 6.12 Let X and Y both be decomposed into two subsets, namely
X =[X1,X9] and Y = [Y3,Y4]. Then, the sum of squares of canonical
correlations between X and Y, namely R% y = tr(PxPy), is decomposed
as

tr(PxPy) = Ri3 + Rypy5 + Rigz + Rop.am), (6.105)

where
Ri; = tr(P1P3)=tr(RRi3R;;R31),
Ry = tr(PopP3)
= tr[(Rs2 — R31 Ryj Rio)(Ro2 — Ro1 Ry Rio)™
X (Ra3 — Ro1 Ry Ri3) R,
R%-4[3} = tr(P1Pyp)
= tr[(Ri4 — Ri3R33R34)(Rys — RisR33R34)”
X (R4 — RisRy3Ry1) Ry,
R = tr(PopPag)
= tr[(Ro — Ro1 Ry R12)” S(Rys — RysR33R34)” '],
where S = Ray — Ryt Ry, Ryy — Ros Ry Rau + Roy Ry, Ris Ry, Ra.
Proof. From (4.33), we have

tr(Px Py) = tr((P1 + Papy))(P3 + Pyp))),

from which Theorem 6.12 follows immediately. To obtain an explicit expres-
sion of the right-hand side of (6.105), note that

Py = Qx, X2(X5Qx, X2)” X5Qx,
and
Py = Qy,Y4(YQy, Y1) YQy,.
Q.ED.

Corollary Let X =[xy, 2] and Y = [ys,y4). If 13, #1 and v}, # 1,
then
tr(PxPy) =ris+ 7”%[1}.3 + 7’%-4[3] + 7”%[1]4[3]7 (6.106)
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where
Tagys = TwiaeTwyys
To[1].3 = ; (6.107)
\ 1 - T%1x2
Terys — TeiyzTysya
1 4[3] == y (6108)
2
\V 1= Ty3ya
and
rapiags = Teoys — TwiwoTeiys — TaaysTysya + TerzaTysyaTerys (6.109)
V=120 -2,

(Proof omitted.)

Note Coefficients (6.107) and (6.108) are called part correlation coefficients, and
(6.109) is called a bipartial correlation coefficient. Furthermore, Rg[ll-f% and R% 4[3]
in (6.105) correspond with squared part canonical correlations, and R%M a[3] with
a bipartial canonical correlation.

To perform the forward variable selection in canonical correlation analy-
sis using (6.105), let R[Qj 1) 1] denote the sum of squared canonical corre-
lation coefficients between X ;1) = [zj+1, X[;)] and Y1) = [Yrs1, Yl
where X ;) = [z1, T2, -+, x;] and Y i) = [y1,Ys, -+, y,]. We decompose

2

Rjj 1) (k1) 38
R2 = R% .+ R2, 0, + R2 + R% .. (6.110)
[+1]-[k+1] [i]-1%] J+1[]k J-k+1[k] J+1[5]-k+1[K] '

) . 2 2
and choose x; 1 and y, | so as to maximize Rme.k and Rj-k+1[k]'

Example 6.1 We have applied canonical correlation analysis to X =
[®1,x2, -, x10] and Y = [y, Yq, -, Y;0]- We present ten canonical corre-
lation coefficients in Table 6.1, the corresponding weight vectors to derive
canonical variates in Table 6.2, and the results obtained by the forward se-
lection procedure above in Table 6.3. The A, B, and C in Table 6.3 indicate
R?H[j}k’ R?.k+1[k], and R?+1[j]~k+1[k] (Yanai, 1980), respectively.

6.3.2 Canonical discriminant analysis

Let us now replace one of the two sets of variables in canonical correlation
analysis, say Y, by an n by m matrix of dummy variables defined in (1.54).
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Table 6.1: Canonical correlations.

1 2 3 4 5
Coeft. | 0.831 0.671 0.545 0.470 0.249
Cum. | 0.831 1.501 2.046 2.516 2.765

6 7 8 9 10

Coeff. | 0.119 0.090 0.052 0.030 0.002
Cum. | 2.884 2974 3.025 3.056 3.058

Define the centering operator Q,; = I,, — Pjs (defined earlier in (2.18)),
where Py = %lnlg with 1,, being the n-component vector of ones. The
Q@ is the orthogonal projector onto the null space of 1,,, and let

G =Q,G. (6.111)

Let P denote the orthogonal projector onto Sp(G@). From Sp(G) D Sp(1,),
we have
P.=Pg— Py

by Theorem 2.11. Let X r denote a data matrix of raw scores (not column-

wise centered, and consequently column means are not necessarily zero).
From (2.20), we have

Applying canonical correlation analysis to X and é, we obtain
(PXPG)Xa: AXa (6.112)

by (6.92). Since PG - PM = PG - PGpM = PgQM, we have P@Xa =
PcQ, QX ra=PgXa, so that (6.112) can be rewritten as

(Png)Xa = Xa.
Premultiplying both sides of the equation above by X', we obtain
(X'PgX)a=)X'Xa. (6.113)

Since X'PcX = X3Q 1 PcQuyXr=XR(Pcg—Pry)Xpg, Cy=X'PeX
/n represents the between-group covariance matrix. Let Cxxy = X'X/n
denote the total covariance matrix. Then, (6.113) can be further rewritten
as

CAa = )\CXXa. (6.114)
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Table 6.2: Weight vectors corresponding to the first eight canonical variates.

1 2 3 4 ) 6 7 8
r1 | —.272 144 —.068 —.508 —.196  —.243 .036 218
T2 .155 249 —.007 —.020 702 —.416 335 453
T3 .105 .681 464 218 —.390 .097 258 —.309
T4 460 —.353 —.638 086 —.434  —.048 .652 .021

Ts5 169 —.358 915 .063 —.091 —.549 279 576
re | —.139 385 =172 —365 —.499 351 —.043 .851
T7 483 —.074 .00 —.598 .259 .016 149 —.T11

rg | —419 —.175 —.356 .282 .b26 872 362 —.224
T9 | —.368 225 .259 138 280 —.360 —.147 —.571
10 .254 .102 .006 .353 498 146 —.338 .668

y1 | —.071 A74 0 —.140 .054 .253 135 —.045 .612
Y2 .348 262 —.250 125 203 —1.225 —-.082 —.215
Y3 177 .364 231 201 —.469 —-.111 —-.607 .668

ya | —.036 052 —.111 —-.152 —-.036  —.057 .186 228
Us .156 377 —.038  —.428 073 =311 015 —.491
Y6 024  —.259 238 .041  —.052 .085 037 403

yr | —.425 —.564 383 —.121 047 =213 —.099 .603
yg | —095 —.019 .058 .009 .083 056 —.022 —.289
Yo | —.358 —.232 105 205 —.007 bH13 1.426 —.284
Y10 .249 .050 074 —.066 328 .560 190 —.426

This is called canonical discriminant analysis. In general, (6.114) has
rank(C 4) = m — 1 positive eigenvalues as solutions. The eigenvalue A in
(6.114) is equal to S?A/s% = ||PgXal|*/|| Xal|?, where S%A = d/Cua is
the between-group variance of the composite variable f = Xa and sfc =
|| Xal|l?/n =a'(X'X /n)a = a'Cxxa is the total variance of f. ) is clearly
smaller than 1 (see (2.56)).

Let Cxx = QA%Q’ denote the spectral decomposition of C'x x. Substi-
tuting this into (6.114) and premultiplying both sides by A™'Q’, and since
Q'Q =QQ' = I,, we obtain

(A7'Q'CAQAT)AQ'a = \AQa,

from which it can be seen that X is an eigenvalue of A7'Q'C4QA ™! and
that its square root is a singular value of P X QA ™.



6.3. MULTIVARIATE ANALYSIS 181

Table 6.3: Forward variable selection in canonical correlation analysis.

Step | X Y A B C  Cum. sum
1 I5 yr - - - 0.312
2 To  ys | 190 .059 .220 0.781
3 r10 ys | 160 .149 .047 1.137
4 s Y9 | 126 .162 .029 1.454
5 7 oy | 143 .084 .000 1.681
6 x4 Y10 | 139 .153 .038 2.012
7 ro ys | .089 .296 .027 2.423
8 1 ys | 148 152 .064 2.786
9 re ys | 134 .038 .000 2.957
10 | w9 g2 | .080 .200 .000 3.057

When the number of groups to be discriminated is 2 in (6.114) (that is,
when m = 2), C 4 becomes a matrix of rank 1, and its nonzero eigenvalue
is given by

ning , _

A= (ml — QQ)IC;(X(Q_H — 5_82), (6115)

n2
where &1 and &5 are mean vectors of p variables in groups 1 and 2, respec-
tively. See Takeuchi, Yanai, and Mukherjee (1982, pp. 162-165).
Let both X and Y in canonical correlation analysis be matrices of
dummy variables. (Denote them by G and G3.) Let

G, =Q,;G1and Gy = Q,G>
denote the columnwise centered matrices corresponding to G and Gs.
Then, since Pé1 =Pg,—Py = Pg,Q, and Pé2 = Pg,— Py = P, Qyy,
the sum of squared canonical correlation coefficients is given by

s = tr(Pé1Pé2) =tr(Pe, Q) P, Q) = tr(SS'), (6.116)

where S = (G|G1)"2G,Q ;G2 (GLGo) /2.
Let S = [si;], G1G2 = [ng], ni. = > nij, and nj = >, ny;. Since

1
Mij — NN

Vi

Sij =
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we obtain

(nz’j — nj)2 1
- = EXZ' (6.117)

RPN E P

ALY

This indicates that (6.116) is equal to 1/n times the chi-square statistic
often used in tests for contingency tables. Let u1(.S), u2(S),--- denote the
singular values of S. From (6.116), we obtain

> =nd_ pi(S). (6.118)
j

6.3.3 Principal component analysis

In this subsection, we describe the relationship between principal component
analysis (PCA) and singular value decomposition (SVD), and extend the
former in several ways using projectors.

Let A = [a1, a2, -, a,|, where Sp(A) C E". Let Py denote the orthog-
onal projector onto Sp(f), where f is a linear combination of the columns
of A,

f=way +weag + - - + wpay = Aw, (6119)

and let Pa; denote the projection of a; onto Sp(f). The sum of squared
norms of the latter is given by

p

p
s = Z HPfajHQ = Z a;-Pfaj = tr(A’PfA)
=i =1

= t(A'f(f )7 fA) = fAAS/FF = AFIP/IIFIP.

Lemma 5.1 indicates that f maximizing the equation above is obtained
by solving
AA' f = )\f. (6.120)

This implies that the maximum value of s is given by the maximum eigen-
value of AA’ (or of A’A). Substituting f = Aw into the equation above,
and premultiplying both sides by A’, we obtain

(A'A)Pw = A(A'A)w. (6.121)
If A’A is nonsingular, we further obtain

(A'A)w = \w. (6.122)
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If we substitute f = Aw into the equation above, we obtain
A'f = \w. (6.123)

Let p1 > p2 > --+ > p, denote the singular values of A. (It is assumed
that they are distinct.) Let Ay > Xg > --- >\, (\j = u?) denote the eigen-
values of A’A, and let wy,ws, -+, w, denote the corresponding normalized
eigenvectors of A’A. Then the p linear combinations

f1 = Aw; =wna) +wpeaz + - +wipa,
fa = Aws =woa1 +wxpas + - +wya,
fp = Awp,=wpar +wpar + -+ wppay

are respectively called the first principal component, the second principal
component, and so on.
The norm of each vector is given by

which is equal to the corresponding singular value. The sum of squares of

1511 s
1F2lP A+ 1 FolP + -+ £l =M+ do 4+ 4 = tr(A'A).

Let }’j = f;/I|f;l|.- Then fj is a vector of length one, and the SVD of A is,
by (5.18) and (5.19), given by

A= pifiw) +M2J~°2w,2+"'+ﬂpfpw; (6.125)

from the viewpoint of PCA. Noting that f, = ,uj}'j (j = 1,---,p), the
equation above can be rewritten as

A = fiw) + fowy + -+ fLw,. (6.126)

Let
b=A'f=AAw,

where A’A is assumed singular. From (6.121), we have

(A’A)b = Ab.
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If we normalize the principal component vector f;, the SVD of A is given
by
A = f1b) + foby + -+ f,b], (6.127)

where r = rank(A), and b; = A’ f; since ||b]| =/ fAAf = VX = p.

Note The method presented above concerns a general theory of PCA. In practice,
we take A = [a1,a9,---,ap] as the matrix of mean centered scores. We then
calculate the covariance matrix § = A’A/n between p variables and solve the
eigenequation

Sw = \w. (6.128)

Hence, the variance (33(‘]) of principal component scores f; is equal to the eigenvalue
Aj, and the standard deviation (sy,) is equal to the singular value j;. If the scores
are standardized, the variance-covariance matrix S is replaced by the correlation
matrix R.

Note Equations (6.119) and (6.123) can be rewritten as
pif; = Aw; and A'f; = pw;.

They correspond to the basic equations of the SVD of A in (5.18) (or (5.19))
and (5.24), and are derived from maximizing (f, Aw) subject to ||f||*> = 1 and
w2 = 1.

Let A denote an n by m matrix whose element a;; indicates the joint frequency
of category ¢ and category j of two categorical variables, X and Y. Let z; and y;
denote the weights assigned to the categories. The correlation between X and Y
can be expressed as

D020 4ijTiY; — NIy
V2w —nx?y /305 ayF — ny?

where z =, a;, z;/nand § = Ej a ;y;/n are the means of X and Y. Let us obtain
x = (21,29, -, x,) and y = (y1,y2, -, ym)" that maximize ryy subject to the
constraints that the means are = §y = 0 and the variances are ), a; 27 /n = 1
and Zj a,jyjz/n = 1. Define the diagonal matrices D x and Dy of orders n and m,
respectively, as

rxy =
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where a; = Zj ajj and a; = ZZ ai;. The problem reduces to that of maximizing
x’' Ay subject to the constraints

z'Dxx =y Dyy = 1.
Differentiating
fla.y) = a'Ay - >@Dxz 1)~ Ly/Dyy 1)
with respect to & and y and setting the results equal to zero, we obtain
Ay = \Dxz and A’z = uDvyy. (6.129)

(It can be easily verified that A\ = u, so p is used for \ hereafter.) Let

1/ar 0 0 T
ppro| U E
0 0 e 1)yar |
and ;
1/Jai 0 - 0
Dy'? = " 1/\./@ !
0 0 e Lyam
Let

A=Dy/?ADy'?,
and let @ and y be such that = D;(l/z:i and y = D;l/QQ. Then, (6.129) can be
rewritten as ~ .,
Ay =px and A T = puy, (6.130)

and the SVD of A can be written as
A = 1Y)+ poZafh + -+ ey, (6.131)

where r = min(n, m) and where 1 = 1, 1 = 1, and y; = 1,,.
The method described above is a multivariate data analysis technique called
optimal scaling or dual scaling (Nishisato, 1980).

Let us obtain F' = [fy, fo, -+, f,], where r = rank(A), that maximizes

p
s=> ||Praj|?, (6.132)
j=1
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where Pp is the orthogonal projector onto Sp(F') and a; is the jth column
vector of A = [a1,as,---,ap]. The criterion above can be rewritten as

s=tr(A'PrA) =tr{(F'F)"'F'AA'F},

and so, for maximizing this under the restriction that F'F = I,, we intro-
duce
f(F,L)=tr(FFAA'F) — tr{(F'F — 1,)L},

where L is a symmetric matrix of Lagrangean multipliers. Differentiating
f(F, L) with respect to F' and setting the results equal to zero, we obtain

AA'F = FL. (6.133)

Since L is symmetric, it can be decomposed as L = VA%V’ , where r =
rank(A’A), by spectral decomposition. Substituting this into (6.133), we
obtain

AA'F =FVA?V' = AA(FV) = (FV)AZ

Since F'V is columnwise orthogonal, we let F = FV. F is the matrix
of eigenvectors of AA’ corresponding to the r largest eigenvalues, so the
maximum of s is given by

tr(F'AA'F) = tr(F'AA'FVV')
=tr(V'FFAAFV) = tr(V'F'FV A?)
=tr(V'VAY) = tr(A2) = A\ + Ao+ + A\ (6.134)

Hence, the r principal component vectors F' = FV’ are not the set of
eigenvectors corresponding to the r largest eigenvalues of the symmetric
matrix AA’ but a linear combination of those eigenvectors. That is, Sp(F')
is the subspace spanned by the r principal components.

In practice, it is advisable to compute F' by solving

A'AA'F) = (AF)A2, (6.135)

obtained by pre- and postmultiplying (6.133) by A’ and V| respectively.

Note that s in (6.132) is equal to the sum of squared norms of the
projection of a; onto Sp(F'), as depicted in Figure 6.4(a). The sum of
squared lengths of the perpendicular line from the head of the vector a; to
its projection onto Sp(F),

p
s = Z ||QFG’]‘|2’
j=1
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Qrai
1

a, Qraz

a

Sp(F)

(a) General case
by (6.135)

Figure 6.4: Three methods of PCA.

where Q; = I, — Pp, is equal to

5§ = tr(AQpA)=tr(A—-PprA)'(A—-PrA)
= tr(A—FF'A))(A—FF'A)=tr(A’A) — s,

where s is as given in (6.134), due to the constraint that F'F = I,.. Hence,
maximizing s in (6.132) is equivalent to minimizing §, and the minimum of
sis given by A1 + A2 + -+ Ap.

Let us now extend the PCA in two ways. First of all, suppose that Sp(B)
is given, which is not necessarily orthogonal to Sp(A) but disjoint with it,
as illustrated in Figure 6.4(b). We express the projection of a; onto Sp(F')
(Sp(F') C Sp(A)) as Pp.paj, where

PF.B — F(F/QBF)_F,QB
is the projector onto Sp(F') along Sp(B) (see (4.9)). The residual vector is

obtained by a; — Pr.pa; = Qr.ga;. (This is the vector connecting the tip
of the vector Pp.ga; to the tip of the vector a;.) Since

p
Y RQrsaillp, = tr(AQpQrpQrQpA)
=1

= tI‘(A/QBA)—tI'(A/PF[B]A), (6136)

we obtain F' that maximizes

52 = tr(A,PF[B}A) = tr(A/QBF<F/QBF)7F/QBA)
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under the restriction that F'QgF = I,.. Maximizing 8o = tr(A'QzFF'Qp
A) =tr(F'QpAA'QpF) under the same restriction reduces to solving the
eigenequation B B

(QpAA'Qp)F = FAZ,
where F' = FV (V is an orthogonal matrix of order r), or

(A'QA)A'QF) = (AQuF)AZ, (6.137)

obtained by premultiplying the eigenequation above by A'Q . The derived
F represents the principal components of A eliminating the effects of B.

Let W = A'QpF. Let the normalized vectors of W and F' be denoted
by w1, ws, -, w, and fl, fQ, e fT, and let the diagonal elements of A2
be denoted by p2 p3, -+, p2. Then,

QpA = i fiwh + pafowh + -+ + pp fLwl, (6.138)
where p; (j =1,---,r) is the positive square root of MJQ'-
The other method involves the projection of vectors C = [¢1, ¢a, - - -, ¢4

in Sp(C), not necessarily contained in Sp(A), onto Sp(F')(C Sp(A)) spanned
by the principal components. We minimize

S2 = Z 1Qrci|? = tr(C'QpC) = tx(C'C) — tr(C'PrC)  (6.139)
j=1

with respect to F', but minimizing the criterion above is obviously equivalent
to maximizing
5y = tr(C'PpC) = tr(C'F(F'F)"'F'C). (6.140)
Let F = AW, where W is an n by r matrix of weights. Then, (6.140) can
be rewritten as
5 = tr(C'AW (W'A'AW)"'W'A'C)
= tr(WA'CC'AW (WA AW)™ 1),
which is to be maximized with respect to W subject to the restriction that
W'A’AW = I,. This leads to the following generalized eigenequation to

be solved.
(AACCAWT = A AWTA?Z

Premultiplying both sides of the equation above by C'A(A’A)~, we can
reduce the generalized eigenproblem to an ordinary one:

(C'P,C)(C'AWT) = (C'AWT)AZ. (6.141)
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The eigenvectors C'AWT of C'P4C are equal to the product of C’ and
the principal components FF = AWT. The PCA by (6.137) and (6.140)
is sometimes called redundancy analysis (RA; Van den Wollenberg, 1977)
or PCA of instrumental variables (Rao, 1964). Takane and his collabora-
tors (Takane and Shibayama, 1991; Takane and Hunter, 2001) developed a
comprehensive method called CPCA (constrained PCA), which subsumes
a number of representative techniques in multivariate analysis discussed in
this book, including RA as a special case.

6.3.4 Distance and projection matrices

In this subsection, we represent distances in the n-dimensional Euclidean
space from a variety of angles using projection matrices.

Lemma 6.7 Let e; denote an n-component vector in which only the jth
element is unity and all other elements are zero. Then,

> (ei—ej)(ei—e) = Q. (6.142)

Proof.

n n n n !
:nZeie;+nZeje;—2Zei Zej
i=1 j=1 j=1
1
=2nI, — 21n1;1 =2n (In — Eln%) =2nQ ;.

Q.E.D.

Example 6.2 That %Ziq(% —z;)? = X" (zi — ) can be shown as
follows using the result given above.

Let xr = (z1, 22, -+, 2,)". Then, z; = (xR, e;), and so
> (i) = —ZZmR —ej)(ei —ej)zr
1<J

= 3 (z S (e ;)i - ej>') #r = Qe
i g
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= nx'z =nl|z|]* = nZ(ajz —z)%

We next consider the situation in which a matrix of raw scores on p
variables is given:

Ti1 T2 ot Ty
Tol Ty o Ty
Xgr=
Tnl Tp2 - Tnp
Let
e _— . . . /
zj = (1,252, Tjp)

denote the p-component vector pertaining to the jth subject’s scores. Then,
xz; = X're,. (6.143)

Hence, the squared Euclidean distance between subjects i and j can be
expressed as

P
Ay, (e e;) = Y (zip — zj1)°
|ii — ij||2 = (ei — ej)'XRX;g(ei — ej). (6.144)

Let X = Q ;X R represent the transformation that turns the matrix of
raw scores X g into the matrix X of mean deviation scores. We have

(ei—e;)'X =(ei —e;)QyXpr = (e;—ej)Xpg,
and so
X, (eiej) = di (ei e)) = (e — €)' X X'(e; — €)), (6.145)

from which the following theorem can be derived.

Theorem 6.13
n n
ZZ %, (€, e5) = ntr(X'X). (6.146)
=1 :



6.3. MULTIVARIATE ANALYSIS 191

Proof. Use the fact that

anzn:d_%(R(%ej)

i=1j=1

{ xXXx’ ZZ e; —e;)( —ej)’}
— nte(XX'Q,y) = ntr(QMXX ) = nte(X X').

Q.E.D.

Corollary Let f = xia1 + 202 + - - + zpa, = Xa. Then,

> di(ei,e;) = ntr(ff') = ntr(a’ X'Xa). (6.147)

i<j
(Proof omitted.)
Let D® = [dfj], where d?j = d%(R(ei,ej) as defined in (6.145). Then,
e, X X'e; represents the ith diagonal element of the matrix X X’ and e; X X’
X e; represents its (i, j)th element. Hence,
D® = diag(X X")1,1/, — 2X X' + 1,1/ diag(X X"), (6.148)

where diag(A) indicates the diagonal matrix with the diagonal elements of
A as its diagonal entries. Pre- and postmultiplying the formula above by
Qy = I, — 21,1, we obtain

:——QMD )Qy=XX'>0 (6.149)

since Qjs1, = 0. (6.149) indicates that S is nnd.

Note Let D®?) = [d7;] and S = [s;]. Then,
oo o o o
Sij = *i(dij —d; —d+d7),
where (173.— 12] m’ = lzl ”,and J'Q.—nz Z” i

The transformatlon (6.149) that turns D® into S is called the Young-House-
holder transformation. It indicates that the n points corresponding to the n rows
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and columus of S can be embedded in a Euclidean space of dimensionality rank(.S),
which is equal to the number of positive eigenvalues of S. This method of embed-
ding points in a Euclidean space is called metric multidimensional scaling (MDS)
(Torgerson, 1958).

We now consider the situation in which n subjects are classified into m
groups. Each group has n; subjects with >°;n; = n. Denote the matrix of
dummy variables defined in (6.46) by

G= [917927”'7gm]) (6150)

where g; is an n-component vector of ones and zeroes. Assume that

llg;||* = n; and (g;,g,) =0 (i # j).

Let

hj = gj(g;‘gj)il'

Then the vector of group means of the jth group,
m; = (Tj1, Tj2,+ Tjp) s
on p variables can be expressed as
m; = X'9;(959,)"" = Xyh;. (6.151)

Thus, the squared Euclidean distance between means of groups 7 and j is
given by
% (g;.9;) = (hi — h;) X X'(h; — h;). (6.152)

Hence, the following lemma is obtained.

Lemma 6.8
1
5 >_minj(hi = hj)(hi — hj)' = Pg = P, (6.153)
Z?]
where Pg is the orthogonal projector onto Sp(G).

Proof. Use the definition of the vector hj;, n; = g;-gj, and the fact that
Pg=Py +Py, +---+Py,. Q.E.D.
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Theorem 6.14

1
- > ninid(g;, g;) = tr(X'PgX). (6.154)
1<j

(Proof omitted.)

Note Dividing (6.146) by n, we obtain the trace of the variance-covariance ma-
trix C', which is equal to the sum of variances of the p variables, and by dividing
(6.154) by n, we obtain the trace of the between-group covariance matrix C 4, which
is equal to the sum of the between-group variances of the p variables.

In general, even if X is columnwise standardized, correlations among the
p variables in X have a grave impact on distances among the n subjects.
To adjust for the effects of correlations, it is often useful to introduce a
generalized distance between subjects ¢ and j defined by

CPX(GZ', ej) = (ei — ej)'PX(eZ- — ej) (6.155)

(Takeuchi, Yanai, and Mukherjee, 1982, pp. 389-391). Note that the p
columns of X are not necessarily linearly independent. By Lemma 6.7, we
have )
EZd_%((ei,ej) =tr(Px). (6.156)
1<j
Furthermore, from (6.153), the generalized distance between the means of
groups ¢ and j, namely

1 B
= ﬁ(mi —m;) Cx x(m; —my),

satisfies
> dx(g,.9;) = tr(PxPg) = tr(Cx xCa).
1<j
Let A = [a1, a2, -, an,—1] denote the matrix of eigenvectors correspond-

ing to the positive eigenvalues in the matrix equation (6.113) for canonical
discriminant analysis. We assume that a;X'Xa; = 1 and a,X'Xa; = 0
(j # 1), that is, A’X'X A = I,,,_1. Then the following relation holds.
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Lemma 6.9
Px sPs=PxPqg. (6.157)

Proof. Since canonical discriminant analysis is equivalent to canonical
correlation analysis between G = Q G and X, it follows from Theo-
rem 6.11 that PxsPs = PxPg. It also holds that Pz = Q,,Pg, and
X'Q, = (QyX) = X', from which the proposition in the lemma follows
immediately. Q.E.D.

The following theorem can be derived from the result given above (Yanai,
1981).

Theorem 6.15
(X'X)AA (m; —m;) =m; —m;, (6.158)
where m; is the group mean vector, as defined in (6.151).

Proof. Postmultiplying both sides of PxsPg = PxPg by h; — hj, we
obtain PxsPg(h;—hj) = PxPg(h;—h;). Since Sp(G) D Sp(g;), Pacg; =
g; implies Pgh; = h;, which in turn implies

PXA(hi — hj) = Px(hi — hj).

Premultiplying the equation above by X', we obtain (6.158) by noting that
A'X'XA =1I,and (6.151). Q.E.D.

Corollary
(mi — mj)'AA’(m,' — mj) = (ml — mj)'(X'X)_(m,; — mj). (6.159)

Proof. Premultiply (6.158) by (h; —h;) X (X'X)™ = (m; —m;)(X'X)".
Q.ED.

The left-hand side of (6.159) is equal to d% 4(g;,g;), and the right-hand
side is equal to d%(g;, g;)- Hence, in general, it holds that

d%(A(giagj) = dg((givgj)'

That is, between-group distances defined on the canonical variates X A ob-
tained by canonical discriminant analysis coincide with generalized distances
based on the matrix X of mean deviation scores.
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Assume that the second set of variables exists in the form of Z. Let
X1 =QzX,where Q, = I,—Z(Z'Z)~ Z', denote the matrix of predictor
variables from which the effects of Z are eliminated. Let X A denote the
matrix of discriminant scores obtained, using X . as the predictor variables.
The relations o

(X'QzX)AA (m; —m;) =m; —m;
and
- - - - - . -
(m; —my) AA (m; —my) = (m; —m;) (X'Q, X))~ (my —my)

hold, where m; = m;.x — X'Z(Z'Z)"m,.; (m;.x and m,.z are vectors of
group means of X and Z, respectively).

6.4 Linear Simultaneous Equations

As a method to obtain the solution vector « for a linear simultaneous equa-
tion Az = b or for a normal equation A’Ax = A’b derived in the context of
multiple regression analysis, a sweep-out method called the Gauss-Doolittle
method is well known. In this section, we discuss other methods for solving
linear simultaneous equations based on the QR decomposition of A.

6.4.1 QR decomposition by the Gram-Schmidt
orthogonalization method

Assume that m linearly independent vectors, a1, as, - - -, @, in E™ are given
(these vectors are collected to form a matrix A), and let P[; denote the
orthogonal projector onto Sp([ai,as,---,a;]) = Sp(a1) ® Sp(az) & --- &
Sp(a;). Construct a sequence of vectors as follows:

ti = ai/|lall
to = (a2 — Ppjaz)/[laz — Ppjas|
ts = (a3 — Ppas)/|las — Ppas||
(6.160)
tj = (a;— P[jfl}aj)/Haj - P[jfl]ajH
tm = (am - P[mfl}am)/Ham - P[mfl]amH‘

This way of generating orthonormal basis vectors is called the Gram-Schmidt
orthogonalization method.
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Let ¢ > j. From Theorem 2.11, it holds that Pp;P;; = P;. Hence, we
have

(ti,t;) = (ai— Ppy_ya;)(a; — Pjj_ya;)
= ajaj — a; Py qja; - aiPyja; + aiPy o Ppya;
= aja; —aja; =0.
Furthermore, it is clear that ||t;|| = 1, so we obtain a set of orthonormal

basis vectors.
Let Py, denote the orthogonal projector onto Sp(t;). Since Sp(A) =

Sp([a1, @z, -, am]) = Sp(t1) & Sp(ta) & -+ & Sp(tm),
Py =Py + Py, + -+ Py, = tit) +taty + - + 5t
Substituting this into (6.160), we obtain
tj = (a; — (aj, t1)t1 — (aj, t2)to — -~ — (aj,t;1)t;1)/Rj;,  (6.161)

where Rjj = ||a,j — (a,j,tl)tl — (aj,tQ)tQ — e — (aj,tjfl)tjle. Let Rjz’ =
(ai, t;). Then,

aj = Rijt) + Rojta + -+ Rj_1tj—1 + Rjjt;

f()rj:]_,w-ﬂ’ﬂ,. Let Q = [t17t27"'7tm] and

Ri1 Ri2 -+ Rim
0 Ry -+ Rop
0 0 - Ry

Then Q is an n by m matrix such that Q'Q = I,,, R is an upper triangular
matrix of order m, and A is decomposed as

A=lai, a2, -,an] = QR. (6.162)

The factorization above is called the (compact) QR decomposition by the
Gram-Schmidt orthogonalization. It follows that

At =R1Q. (6.163)
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6.4.2 QR decomposition by the Householder transformation

Lemma 6.10 Let t; be a vector of unit length. Then, Q, = (I,, — 2t1t}) is
an orthogonal matriz.

Proof. Q% = (I,—2t1t})? = I,,—2t1t| — 21t + 4t t\t,t) = I,,. Since Q, is
symmetric, Q1Q; = Q? = I,,. Q.E.D.

Let .
Q2 - In—l - 2t2t/27

where t9 is an (n — 1)-component vector of unit length. It follows that the

1 0
Q2:l0 Q2]

is orthogonal (i.e., Q3 = Q4Q, = I,,). More generally, define

Q; = In—j1 — 2t5t},

square matrix of order n

where t; is an (n — j 4 1)-component vector of unit length. Then the square
matrix of order n defined by

_| L O . _
QJ - [ (0] Q] ]7 J = 27 , 1y
is an orthogonal matrix. Hence, it holds that
Q,IQIQ T Q;—1Q;Qpr71 - QeQy = I (6.164)
Let
A;=Q.Q; 1 Q,Q A, (6.165)
and determine t1,%o,---,t; in such a way that
arig) “20) 0 950G MGG T m()
0 apai) 0 GniG)  G2511G) T %2m()
Aj=1 O 0 o ai5G)  Ggng) T %mG)
0 0 - 0 gipinG) 0 %GtimG)
. 0 0 0 Anj+1(j)  ~°° %nm(j)
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First, let A = [a1,az, -+, ap| and Ay =Q1A=[a 1), a1), > Q1))
Let us determine @, so that a;(;) = Qlal has a nonzero element only in
the first element. (All other elements are zero.) Let by = ay(;). We have

Qlal = b1 = (In — 2t1t,1)0,1 = bl.

Hence, a; — by = 2t1ky, where k1 = t{a;. Since Q; is orthogonal, ||a1|| =
|[b1]|. Hence, by = (a1.1(1),0,0,---,0)’, where ay.;(1) = ||a1]| (assuming that
apqy > 0). Also, since [[ay — bi]|* = 4k7|[t1||* = 4k{, it follows that

k1= y/llaall(lar]] — ara(1))/2, and so

t1 = (a1 — [lai1]], az1, - -+, an1)'/(2k1). (6.166)

To obtain t]’ for ] > 2, let a(j) = (aj.j(j_l),aj+1.j(j_1), s ,an.j(j_l)’ be
the (n — j + 1)-component vector obtained by eliminating the first j — 1
elements from the jth column vector a;(;_y) in the n by m matrix Ag;_y).
Using a similar procedure to obtain ¢; in (6.166), we obtain

tj = (aj5G-1 = 16l 541561 Cnj-1)'/ (2K9), (6.167)
where k; = \llagy [lagy ]| = a555-)/2
Construct QJ and Q; using t1,ta,- - -, t,,, and obtain Q = Q1Q5 - Q,,.

Then Q' A is an upper triangular matrix R. Premultiplying by Q, we obtain
A = QR, which is the QR decomposition of A.

Note Let a and b be two n-component vectors having the same norm, and let
t=(b—a)/||lb—all

and
S=1I,—2tt. (6.168)

It can be easily shown that the symmetric matrix S satisfies

Sa =band Sb = a. (6.169)

This type of transformation is called the Householder transformation (or reflection).

Example 6.3 Apply the QR decomposition to the matrix

1 1 1 1
1 -3 2 4
A= 1 -2 -3 7
1 -2 —4 10
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Since a1 = (1,1,1,1)’, we have t; = (—1,1,1,1)’/2, and it follows that
1 1 1 1 2 -3 =2 11
171 1 -1 -1 0 1 5 —6
Q=31 1 1 | ™MAA=)y 5 ¢ 3
1 -1 -1 -1 0 2 1 0

Next, since a () = (1,2,2)’, we obtain t; = (-1, 1, 1)’ /+/3. Hence,

) X 1 9T (1) 0 0 0
Q2 = — 2 1 -2 and Qg = ~ )
312 2 1 0 Q,
- 0
and so )
2 -3 -2 11
0 3 1 4
Q2Q1A - 0 0 4 -5
0 0 3 =2

Next, since a3y = (4,3)’, we obtain t3 = (—1,3)’/v/10. Hence,

~ 114 3 ~ 4 =5 5 —5.2
Q3_5l3 —4] andQ?’[:& —zl_lo —1.4]'
Putting this all together, we obtain

15 25 7 -1
1115 —-15 21 -3
Q_QlQQQ?’_% 15 -5 —11 23
15 -5 —17 —19
and
2 -3 -2 11
0 3 1 4
0 0 5 —52
0 0 0 —14

It can be confirmed that A = QR, and @ is orthogonal.

R =

Note To get the inverse of A, we obtain

5 5 1/10 —2.129
0 1/3 —1/20  0.705
0 0 1/5 0.743
0 0 0 0714

R '=
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Since A™' = R7'Q’, we obtain

0.619 —0.143 1.762 —1.228
0.286 —0.143 —0.571 0.429
0.071 0.214 —0.643 0.357
0.024 0.071 —0.548 0.452

ATl =

Note The description above assumed that A is square and nonsingular. When A
is a tall matrix, the QR decomposition takes the form of

A=[Q QOJ[ISFQ*R*:QR

where Q* = [ Q Q |, R* = { g ], and Q, is the matrix of orthogonal basis

vectors spanning Ker(A’). (The matrix Q, usually is not unique.) The Q*R*
is called sometimes the complete QR decomposition of A, and QR is called the
compact (or incomplete) QR decomposition. When A is singular, R is truncated
at the bottom to form an upper echelon matrix.

6.4.3 Decomposition by projectors

A simultaneous linear equation Ax = b, where A is an n by m matrix,
has a solution if b € Sp(A). If we decompose A using QR decomposition
described in the previous subsection, we obtain

QRx=b=x =R 'Q'b.

The QR decomposition can be interpreted geometrically as obtaining a
set of basis vectors Q = [q;,9s," ", q,,] in the subspace Sp(A) in such a
way that the coefficient matrix R is upper triangular. However, this is not
an absolute requirement for solving the equation. It is possible to define a
set of arbitrary orthonormal basis vectors, f; = Awq, fo = Aws, -+, f,, =
Aw,y,, directly on Sp(A). Since these vectors are orthogonal, the orthogonal
projector P4 onto Sp(A) can be expressed as

PA:Pf1+Pf2+"'+me. (6.170)

Pre- and postmultiplying the equation above by A’ and Az = b, respec-
tively, we obtain

14/14.w:A/(Pf1 +Pf2 —i—-"—i—me)b
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since A’/P4 = A'. If A’A is nonsingular, the equation above can be rewrit-
ten as

x = wi (L) F1brwa(fofs) " fab+ ot wn(frf ) Fiub (6.171)
The equation above can further be rewritten as
x=wi fib+wafob+ - +w,f,b=WEFb, (6.172)

where F' = [fy, fo, ", fin), since fif, =1 (i = 1,---,m), assuming that
the f;’s constitute a set of orthonormal basis vectors.

One way of obtaining f, fo,- - -, f,, is by the Gram-Schmidt method as
described above. In this case, F = AW = A = FW ™! so that F = Q
and W~ = R in (6.172).

Another way of obtaining a set of orthonormal basis vectors is via sin-
gular value decomposition (SVD). Let pg, po, -+, iy denote the positive
singular values of A, where the SVD of A is obtained by (5.18). Then,
wj = pjv; and f; = wuy, so that the solution vector in (6.171) can be
expressed as

Lo L 1 /
x = —viu b+ —voush + - - - + —vnu,,b. (6.173)
1 H2 Hm

Let A = QR be the QR decomposition of A, and let B = A’A. We

have

B=RQQR=RR
This is called the Cholesky decomposition of B. Let B = [b;;] and R = [ryj].
Since b;; = 22:1 TkiTkj, We have

rno= Vb, 1y =bi/r, (5=2,---,m),

i 1/2

Ti; = b]]—z’f']%] ) (j:27"'am)7
k=1
j—1

rij = | bij— Z?”kirkj /i, (i < j).

k=1

6.5 Exercises for Chapter 6

1. Show that R%., = R} if Sp(X) = Sp(X).
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2. Show that 1 — R%. 4= 1= 2 )1 = ruype ) (1 =12 ), where

x1y TpylriTe-Tp_1
Taylzrzs-—z;_, 18 the correlation between z; and y eliminating the effects due to

L1, L2, 3 Tj—1-

3. Show that the necessary and sufficient condition for Ly to be the BLUE of
E(L'y) in the Gauss-Markov model (y, X 3,0%G) is

GL € Sp(X).

4. Show that the BLUE of €’3 in the Gauss-Markov model (y, X3, 0%QG) is e'B,
where 3 is an unbiased estimator of 3.

5. Show that, in the Gauss-Markov model above, an estimator for fo?, where
f =rank(X,G) — rank(X), is given by one of the following:

() ¥'2(2GZ)" Zy
(ii) y'T~ (I, — Px/r-)y, where T = G + XU X' and rank(T) = rank([G, X]).

6. For G = (91,95, -, 9,,) given in (6.46):
(i) Show that Q,,G(G'Q,G) " G'Q, = Q,,G(G'Q,,G)*GQ,,, where G is a

matrix obtained by eliminating an arbitrary column from G.

(ii) Show that min, ||y — G*«al|* = ¥/'(I,, — G(G QG 16/):’/, where G* =
[G,1,], a is an (m + 1)-component vector of weights, and y is an n-component
vector with zero mean.

7. Define the projectors
P, = Qox(x' Qo) '2' Q.

and
PDI[G] = QGDw(D;QGDI)_lD;QG
T zxz 0 --- O U1
T2 0 o - 0 Y2
using x = . , D, = . . . , Y = . , and the matrix

of dummy variables G given in (6.46). Assume that x; and y; have the same size
n;. Show that the following relations hold:

) Pui)Pp,ic) = Paja)-

ii) P.Pp,ig) = PsPya)-

iii) miny, ||y — bwl\QG =ly = Poayylle, -

iv) miny |ly — D;bl[3,, = lly — Pp,| yIIQG~

(v) Show that ﬂlazz = Pp, [y and ﬁ:ci = P,iq1y, where 3 = () = () = = Bm
in the least squares estimation in the linear model y;; = o + Bixij + €5, where
1>¢>mand1>j>n,.

(i
(
(
(
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8. Let X = UXAXV/X and Y = UyAyV/Y represent the SVDs of X and Y.
Show that the singular values of the matrix S = A}l UXC'XyU’YA{,1 are equal
to the canonical correlations between X and Y.

9. Let QX A and Q,Y B denote the canonical variates corresponding to Q , X
and Q,Y . Show that (Yanai, 1980):

(i) Pxaz = (Px.zPy.z)(Px.zPy.z)y -

(ii) Pyp.z = (PY-ZPXAZ)(PY-ZPXZ)Z(ZY

(ili) Pxa.zPyB.z = Pxa.zPy.z = Px.zPyp.z = Px.zPy.z.

10. Let X and Y be n by p and n by ¢ matrices, respectively, and let

RXX RXY — 511 512
R= d RR = .
[ Ryx Ryy ] o { S21 Sao }

Show the following:

(i) Sp(I, - RR") = Ker([X, Y]).

(ll) (Ip - Sll)X/QY = 07 and (Iq - SQQ)Y/QX =0.

(iii) If Sp(X) and Sp(Y) are disjoint, $1; X' = X', §1,Y’ = O, §5; X' = O, and
SypY' =Y.

11. Let Z = [21, 22, - -, 2] denote the matrix of columnwise standardized scores,
and let F = [fy, fo, -+, f,] denote the matrix of common factors in the factor
analysis model (r < p). Show the following;:

(i) 2||Ppz;]|* = h?, where h3 is called the communality of the variable j.

(11) tI‘(PF_Pz) S .

(iti) b3 > [Pz, 2;||%, where Z ;) = [z1,- -, zj—1, Zj11,- -, 2.

12. Show that limy o (PxPy)* = Pz if Sp(X) N Sp(Y) = Sp(Z).

13. Consider the perturbations Az and Ab of X and b in the linear equation
Ax = b, that is, A(x + Ax) = b+ Ab. Show that

where Cond(A) indicates the ratio of the largest singular value jimax(A) of A to
the smallest singular value fimin (A) of A and is called the condition number.



Chapter 7

Answers to Exercises

7.1 Chapter 1

1. (a) Premultiplying the right-hand side by A + BCB’, we obtain

(A+ BCB)[A™' —A"'B(B'A™'B+C")"'B'A™|
=I-BB'A'B+C ) 'BA'+BCBA™!
~-BCB'A'B(B'A'B+Cc )'B'A™!
=I+B[C-(I+CBA'B)B'A'B+Cc ) 1BA™!
=I+B[C-C(C'+BA'B(BA'B+Cc ) |BA™!
=1

(b) In (a) above, set C = I and B = c.
2. To obtain &1 = (21, 22)" and &3 = (v3,24) that satisfy Axy = By, we solve

Ty + 229 — 3x3 + 224 = O,
21’1 + X2 —.’L’3—3$4 = 07
31’1 + 3562 — 2I3 — 5564 = 0.

Then, 1 = 2x4, 9 = x4, and x5 = 2x4. Hence, Axy = Bxy = (4dxy, 524,924)" =
24(4,5,9)". Let d = (4,5,9)". We have Sp(A) N Sp(B) = {z|x = ad}, where « is
an arbitrary nonzero real number.

3. Since M is a pd matrix, we have M = TA*T' = (TA)(TA) = SS’, where S
is a nonsingular matrix. Let A = S’A and B = S~'B. From (1.19),

[tr(A'B))? < tr(A' A)tr(B'B).

On the other hand, A’'B = A’'SS™'B = A’'B, A'A = A'SS'A = A/ MA, and
B'B=RB'(S)"'S"'B=B'(SS)"'B=B M B, leading to the given formula.
4. (a) Correct.

(b) Incorrect. Let @ € E™. Then « can be decomposed as @ = x1 + x5, where

H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 205
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x1 € V and &2 € W. That is, « is necessarily contained in neither V' nor W. Even
ifx &V, x €W is not necessarily true. In general, x € V & W. Try, for example,

AR (7

(¢) Incorrect. Even if @ € V', it is possible that = 1 + x5, where x; € V and
xo € W, and E" =V & W is an arbitrary decomposition of E™.

(d) Incorrect. V N Ker(A) = {0} is equivalent to rank(A) = rank(A?). For
example, for A = [ 8 (1) } Sp(A) = Ker(A) = Sp {( (1) )}

dim(Ws) — dim(W; N W2). On the other hand, dim(V}) 4+ dim(W;) = dim(Vs) +
dim(W3) = n, from which (1.87) follows.

6. (a) (=): Let y € Ker(A) and Bx = y = 0. From ABx = Ay = 0, we obtain
Ay = 0, which implies ABx = 0. On the other hand, from Ker(AB) = Ker(B),
we have ABx = 0, which implies Bx = 0. Hence, we have Sp(B) NKer(A) = {0}
by Theorem 1.4.

(«<): ABz = 0 implies Bx € Ker(A). On the other hand, Bz = 0 from
Sp(B) NKer(A) = {0}. Thus, Ker(AB) C Ker(B). Clearly, Ker(AB) D Ker(B),
so that Ker(AB) = Ker(B).

(b) Setting B = A in (a) above, we obtain

Ker(A) NSp(A) = {0} & Ker(A) = Ker(A?).

On the other hand, we must have rank(A) = rank(A?) from dim(Ker(A)) = n —

rank(A), from which the given formula follows.
. . I, O A AB I, -B

7. (a) The given equation follows from [ C 1, } { CA O ] [ o I, }
1A o
| O -CAB
(b) Let E = { {X In _OBA } From (a) above, it follows that

I, O E I, -(I,-BA)| | 1I, o

-A I, 0] I, | O —-A(I,—BA) |

Thus, rank(E) = n + rank(A — ABA).
On the other hand,

rank(E) = rank{[{; f,f”fi In_oBAH_I}Ln Z”

O I,-BA

= rank{ A o

} = rank(A) + rank(I,, — BA).
Hence, rank(A — ABA) = rank(A) 4 rank(I,, — BA) —n is established. The other

formula can be derived similarly. This method of proof is called the matrix rank
method, which was used by Guttman (1944) and Khatri (1961), but it was later



7.1. CHAPTER 1 207

greatly amplified by Tian and his collaborators (e.g., Tian, 1998, 2002; Tian and
Styan, 2009).

8. (a) Assume that the basis vectors [e1, -, ey, €pt1,- -, €] for Sp(B) are ob-
tained by expanding the basis vectors [eq,- -, e,] for W7. We are to prove that
[Aepi1,- -, Aegy| are basis vectors for Wy = Sp(AB).

For y € W5, there exists © € Sp(B) such that y = Ax. Let © = c1e1+- - -+cqeq.
Since Ae; =0 fori=1,---,p, we have y = Ax = ¢, 1Aep1 + -~ +c4Aey. That
is, an arbitrary y € W5 can be expressed as a sum of Ae; (i =p+1,---,¢). On the
other hand, let ¢,11Aept1 + - +cgAey = 0. Then A(cpri€prr + - +cqeq) =0
implies ¢py1€pi1+---cqeq € Wi, Hence, biey+- - -+bpep+cpr1€pp1+- - -+cqeq = 0.
Since ey, - - - €4 are linearly independent, we must have by = --- = b, = cpp1 =+ =
cq = 0. That is, cpr1Aepi1 + -+ + cqAey = 0 implies ¢p—1 = -+ = ¢4, which in
turn implies that [Ae,i1,- -, Aey| constitutes basis vectors for Sp(AB).

(b) From (a) above, rank(AB) = rank(B) — dim[Sp(B) N Ker(A)], and so

rank(AB) = rank(B'A’) =rank(A’) — dim{Sp(A’) N Ker(B')}
= rank(A) — dim{Sp(A’) N Sp(B)*}.

9. I-AT+A+A*>+...+ A" =T- A" Since Ax = \x does not have
A =1 as a solution, I — A is nonsingular, from which it follows that

(I-A) ' T-A")=T+A+A* ...+ A" "

Let A = T1 AT be the spectral decomposition of A, where Ty and T’y are orthog-
onal matrices and A is a diagonal matrix with A; (0 < A; < 1) as the jth diagonal
element. Then, A" = T; A"T%, which goes to O as n — oo, from which the given
formula follows immediately.

01 000 00100
00100 00010
(b)Let A=] 0 0 0 1 0 | . Then,A>={0 0 0 0 1 |,
00001 00000
00000 00000
00010 0000 1
00001 00000
A*=100 0 0 0[,A*=|0 0 0 0 0 |, and A’ = O. That is, the
00000 00000
00000 00000

eigenvalues of A are all zero, and so
B=I;+A+A*+ A+ A" 1 A° = (I, - A~

Hence,

Bl=I1-A=

o OO O -
eNeNel
OO = = O
I
O~ =) OO
_= -0 O O
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Note that if we let @ = (z1, 22, ¥3, 24, x5)’, then

T1+ T2+ 23+ 24+ T5 T — T2
To + X3+ T4+ T To — X3
Bx = T3+ x4 + x5 and B~z = T3 — Xy
T4+ T5 T4 — T
Zs Zs

This indicates that Bz is analogous to integration (summation) and B~ 'x is anal-
ogous to differentiation (taking differences).

10. Choose M as constituting a set of basis vectors for Sp(A).

11. From UAV' = UT;'A(T; ")V’ we obtain A = T A(T; ).

12. Assume 3 ¢ Sp(X’). Then 3 can be decomposed into 8 = B, + 3;, where
B, € Ker(X) and B, € Sp(X'). Hence, X8 = X8, + XB; = X3,. We may set
B = B, without loss of generality.

7.2 Chapter 2

1. Sp(A) =Sp[é1 22} = Sp{gl} P Sp{gz} D Sp{i; } Hence
P,P,=P,.

2. (Sufficiency) PyPp = PP 4 implies P4(I — Pp) = (I — Pp)P,4. Hence,
P,Pp and P4(I — Pp) are the orthogonal projectors onto Sp(A) N Sp(B) and
Sp(A) N Sp(B)*, respectively. Furthermore, since PAPpPA(I — Pg) = PA(I —
Pg)P,Pg = O, the distributive law between subspaces holds, and

(Sp(A) NSp(B)) & (Sp(A) N Sp(B)*) = Sp(A) N (Sp(B) & Sp(B)") = Sp(A),

(Necessity) P4 = PoaPp + P4s(I — Pp), and note that PAPp = PP, is
the necessary and sufficient condition for P4 Pp to be the orthogonal projector
onto Sp(A) N Sp(B) and for P4(I — Ppg) to be the orthogonal projector onto
Sp(A) NSp(B)*.

3. (i) Let = € (Ker(P))t. Then z is decomposed as * = Pz + (I — P)x = x; + 2,
where x4 € Ker(P). Since Px =« — (I — P)x and (x, (I — P)x) = 0, we obtain

|| > [|[Px|]* = [Jx|* + ||(T — P)|* > [|[*.
Hence, ||Pz||? = ||z||* = (z — Pz) (x — Pz) = 0= z = Pz.
(ii) From (i) above, Ker(P)+ C Sp(P). On the other hand, let z € Sp(P),
and let = 1 + x2, where ; € Ker(P)* and x5 € Ker(P). Then, z = Pz =
Px, + Pxy = Pxy = x,. Hence,

Sp(P) C Ker(P)* = Sp(P) = Ker(P)* = Sp(P)* = Ker(P).
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That is, P is the projector onto Sp(P) along Sp(P), and so P’ = P. (This proof
follows Yoshida (1981, p. 84).)

4. (i)

lzl|* = ||[Paz + (I = Pa)z|]® > [|[Paz|]® = |[Piz+- -+ Ppa|?
= [P+ + || Pml*.

The equality holds when I — P4, = O = P4 = I, i.e., when Sp(A) = E".

(ii) Let ; € Sp(A;). Then, Pjz; = z;. From (2.84), ||Piz||* + - +
1Pj—12;|” + [|Pjaam;|” + - + [Pyl | = 0 = ||[Pja;]| = 0 = Pjz; = 0 =
(Pj) x; = 0 for i # j, which implies that Sp(A;) and Sp(A;) are orthogonal.

(ili) From P;(Py + Py + ---P;_1) = 0, we have ||[Pjz|]> = [|[P;_1z +
Pjz|]> = ||P;_nz|* + ||P;jz|[?, which implies ||[P x| > ||P_nz|| for j =
2, m.

5. (i) By Theorem 2.8, Py + Pj is the projector onto V; + V5 along W7 N Ws. On
the other hand, since P3(P; + P2) = O and (P; + P2)P3 = O, (Py + P3) + Ps
is the projector onto Vi 4+ Vo 4 V3 along Wy N Wy N W3, again by Theorem 2.8.

(ii) P1P5 is the projector onto Vi NV, along W7 + Wa. On the other hand,
since (P1P3)P3 = P3(P1P3y), P1PyPj3 is the projector onto V4 N V2 N V3 along
W1 + W2 + Wg. (Note, hOWQVGI‘, that P1P2 = P2P1, P1P3 = P3P1, or P2P3 =
P3P, may not hold even if PPy P3 is a projector.)

(iii) I — Pyy243 is the projector onto Wi NWy N W3 along Vi + Vo + V3. On the
other hand, since I — P; (j = 1,2, 3) is the projector onto W; along V;, we obtain
I—Piio.3=(I—P;1)(I— Psy)(I— Ps3)from (ii) above, leading to the equation
to be shown.

6. Qup =1-Pas—Pq,=Q4—Po,=Q4—QaPq,5=Q,Q,p

7. (a) It is clear that X A and X (X'X)~!B are orthogonal to each other (i.e.,
A'X'X(X'X)~'B = O) and that they jointly span Sp(X). (Note that when X'X
is singular, (X'X)~! can be replaced by a generalized inverse of X' X, provided
that B € Sp(X'). See Takane and Yanai (1999) for more details.)

(b) Set A and B equal to selection matrices such that XA = X; and XB =
X,. Then, X(X'X)"'B = Qy, X
8. (a) Note first that (i) (P1P2)? = PP, is equivalent to (ii) P1Q,P1Py =
O, (iii) P1Q,Q,P> = O, and (iv) P1P2Q,P> = O, where Q, = I — P; and
Q, = I — P,. The (ii) indicates that (PyP3)? = P;P, holds if and only if
Sp(Q2P1P2) Cc WinWs.

(<:) That Vi, € Vo & (W1 N Wz) implies Sp(Q2P1P2) € Wy N Wy is trivial.
(Obviously, it is not in V5.)

(=) Conversely, assume that Sp(Q,P1P2) € Wi NWa, and let y € Vi5. Then,
y = P1Pyy = PyP Py + QyP1Pyy = Poy + Q,P1Pyy € Vo & (W NWay).
(See Grof and Trenkler (1998).)

(b) Let y € V. Then, Pyy =y and y = Py + P2Q,y + Q,Q,y = P1y +
PyQ Py + Q,Q,Pyy. However, Piy € V1, P2Q,Pyy € Wi NV, because of
(iv) in (a), and Q,Q, P2y € W1 N Wy because of (iii) in (a), implying that V5 €
Viae (WrNnVa) e (W N Ws).
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Conversely, let y € E™. Then, Poy € Va. Let Py = y, + y, + y5, where
Yy, € V1, y, € WiNVs, and y; € Wi N Ws. We have (P P2P1)Psy = P1Poy, =
P, Ps(y, +y,+ys3) = P1Poy, implying (i) in (a). (See Takane and Yanai (1999).)
9. (1) — (2): Pre- and postmultiplying both sides of (1) by A and B, respectively,
yields (2).

(2) — (3): Pre- and postmultiplying both sides of (2) by A(A’A)~ and (B'B)~
x B', respectively, yields (3).

(3) — (2): Pre- and postmultiplying both sides of (3) by A" and B, respectively,
yields (2).

(1) — (4): Observe that (1) implies that P4 Pp is the orthogonal projector
onto Sp(A)NSp(B), and Q,Qp = (I —P4s)(I—Pp)=I1—-P4,—Pp+P,Pp =
I-P4— P+ PgPs = QzQ, is the orthogonal projector onto Sp(A)‘ N
Sp(B)* = (Sp(A) U Sp(B))*, showing that I — P4 5 = (I — P4)(I — Pp) =
I—-Py— Pp+ PsPg, from which (4) follows immediately.

(4) — (1): Since P4, Pp, and P, p) are all symmetric, (1) follows immedi-
ately.

(3) — (5): Pre- and postmultiplying (3) by B’ and B, respectively, yields
B'P,B = B'P,PpP,B. Substituting P4 = I — Q4 and Pg = I — Qg into
this yields B'Q ,Q5Q 4B = O, which implies QzQ 4B = O, which in turn implies
A'QpQ,B = 0.

(5) — (6): 0 = rank(A'QpQ4B) = rank(QzQ ,B) = rank(QzP4B) =
rank([B, P 4 B])—rank(B) = rank(P 4 B)+rank(Qp, pB)—rank(B) = rank(A'B)
+ rank(Q 4 B) — rank(B), establishing (6). Note that we used rank([X,Y]) =
rank(X)+rank(Q yY') to establish the fourth and fifth equalities, and that we used
Qp,sB=I—-Pp,p)B=B—-P,B(B'P,B)" B'P,B = QB to establish the
sixth equality.

(6) — (1): We first note that (6) is equivalent to rank(A’B) = rank(A) +
rank(B) — rank([A, B]), which implies 0 = rank(A’B) — rank(A) — rank(B) +
rank([A, B]), which in turn implies (5). (The second equality is due to Bak-
salary and Styan (1990).) Furthermore, (5) implies (2) since O = A'QzQ 4B =
A'PpP 4B — A’B. Combined with the previous result that (2) implies (3), we
know that (5) also implies (3). That is, P4Pp and PP 4 are both idempotent.
Now consider tr((PaPp — PgPa) (PaPp — P4Pp)), which is equal to 0, thus
implying PAPB = PBPA.

There are many other equivalent conditions for the commutativity of two or-
thogonal projectors. See Baksalary (1987) for some of them.

7.3 Chapter 3
] (Use A, = (AA")"A)

1 4
1 =2
S } (Use A7 = (A’A)~A")
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2 -1 -1
(AT =1 -1 2 -1
-1 -1 2

2. («): From P? = P, we have E" = Sp(P) @ Sp(I — P). We also have Ker(P) =
Sp(I — P) and Ker(I — P) = Sp(P). Hence, E™ = Ker(P) @ Ker(I — P).

(=): Let rank(P) = r. Then, dim(Ker(P)) = n—r, and dim(Ker(I — P)) =
Let € Ker(I —P). Then, (I-P)x =0 = « = Px. Hence, Sp(P) D Ker(I — )
Also, dim(Sp(P)) = dim(Ker(I — P)) = r, which implies Sp(P) = Ker(I — P),
and so (I — P)P =0 = P> = P.

3. (i) Since (I,, — BA)(I,, —A"A)=1,,— A A, Ker(A) =Sp(I,,, —A™A) =
Sp{( —BA)(I,,— A" A)}. Also, since m = rank(A) +dim(Ker(A)), rank(I,, —

BA) = dlm(Ker(A)) = rank(I,,— A~ A). Hence, from Sp(I,,—A~ A) = Sp{(I;n,—

BA)(I,,— A" A)} c Sp(I,, — BA), we have Sp(I,, — BA) =Sp(I,, — A" A) =
I,,—BA = (I,,— A" A)W. Premultiplying both sides by A, we obtain A —
ABA =0 = A= ABA, which indicates that B = A™.

(Another proof) rank(BA) < rank(A) = rank(I,, — BA) < m —rank(BA).
Also, rank(I,, — BA) + rank(BA) > m = rank(Il,, — BA) 4+ rank(BA) = m =
rank(BA) = rank(A) (BA)? = BA. We then use (ii) below.

(ii) From rank(BA) = rank(A), we have Sp(A’) = Sp(A’B’). Hence, for some
K we have A = KBA. Premultiplying (BA)? = BABA = BA by K, we obtain
KBABA = KBA, from which it follows that ABA = A.

(iii) From rank(AB) = rank(A), we have Sp(AB) = Sp(A). Hence, for some
L, A = ABL. Postmultiplying both sides of (AB)?> = AB by L, we obtain
ABABL = ABL, from which we obtain ABA = A.

4. (i) (=): From rank(AB) = rank(A), A = ABK for some K. Hence,
AB(AB)~A = AB(AB)- ABK = ABK = A, which shows B(AB)~ € {A™}.

(«<): From B(AB)” € {A™}, AB(AB) A=A, and rank(AB(AB) A) <
rank(AB). On the other hand, rank(AB(AB)~A) > rank(AB(AB)  AB) =
rank(AB). Thus, rank(AB(AB)~ A) = rank(AB).

(ii) (=): rank(A) = rank(CAD) = rank{(CAD)(CAD)"} = rank(AD(CA
x D)~C'). Hence, AD(CAD) C = AK for some K, and so AD(CAD)"CAD
x (CAD)"C = AD(CAD) CAK = AD(CAD) C, from which it follows
that D(CAD) C € {A™}. Finally, the given equation is obtained by noting
(CAD)(CAD) C = C = CAK = C.

(«<): rank(AA™) = rank(AD(CAD) C) =rank(A). Let H = AD(CAD)~
C. Then, H> = AD(CAD)~CAD(CAD)~C = AD(CAD)C = H, which
implies rank(H) = tr(H). Hence, rank(AD(CAD)~C) = tr(AD(CAD) C) =
tr(CAD(CAD)™) = rank(CAD(CAD)™) = rank(CAD), that is, rank(A) =
rank(CAD).

5. (i) (Necessity) AB(B~ A”)AB = AB. Premultiplying and postmultiplying
both sides by A~ and B, respectively, leads to (A"ABB~)? = A" ABB".

(Sufficiency) Pre- and postmultiply both sides of ATABB- A" ABB~ =
A ABB™ by A and B, respectively.

(i) (A, ABB'Y = BB'A,,A= A, ABB’. Thatis, A,, A and BB’ are com-
mutative. Hence, ABB,, A, AB = ABB, A, ABB, B = ABB, A, ABB’x
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(B,,) = ABB,,BB'A, A(B,,)) = ABB'A,,A(B,,) = AA, ABB'(B,,) =
AB, and so (1) B, A, € {(AB)~}. Next, (B,,A,AB) = B'A_ A(B,,) =
B, BB'A, A(B,) =B, A, ABB'(B,,) =B, A, AB(B, B) = B, A AB
B, B =B, A, AB, so that (2) B, A, AB is symmetric. Combining (1) and (2)
and considering the definition of a minimum norm g-inverse, we have {B, A} =
{(AB),.}.

(iii) When PP = PP, QP = PpQ ,. In this case, (Q,B)'Q BB,
=B'Q,Pp=BPpQ,=B'Q,, andso B, € {(Q,B), }. Hence, (Q,B)(Q 4 x
B), =Q,Pp=Pp—P,Pg.

6. (i) — (ii) From A? = AA~, we have rank(A?) = rank(AA~) = rank(A).
Furthermore, A> = AA™ = A* = (AA")?2 = AA™ = A%

(ii) — (iii) From rank(A) = rank(A?), we have A = A?D for some D. Hence,
A=A’D=A'D = A%(A’D) = A>.

(iii) — (i) From AAA = A, A € {A™}. (The matrix A having this property
is called a tripotent matrix, whose eigenvalues are either —1, 0, or 1. See Rao and
Mitra (1971) for details.)

7. (i) Since A — [A, B] [ : } |A, B|[A, B]- A — [A, B|[A, B]~[A, B] [ : } -
A.
(i) AA'+ BB’ = FF' where F = [A, B]. Furthermore, since A = [A, B] x
I _ I ’ / / N— A _ / N — I _
[o] - F{O}, (AA' + BB')(AA' + BB')"A = FF/(FF) F{O] -
I
F[ B } —A
8 From V. = WA, we have V. = VA A and from U = AW, we have
U=AAU. It then follows that
(A+UV){A"—~A UI+VA U VA HA+UV)
—(A+UV)A (A+UV)— (AA U +UVAU)I+VATU)
(VATA+VAUYV)
=A+2UV+UVA UV -UI+VA UV
=A+UV.
1| I O ~1 1| Iy O ~1 I. O
9. A=B [O O}C ,and AGA =B {O O}C C{O E]Bx

O O O O

rank(G) = r + rank(FE).

10. Let Q4 a denote an arbitrary vector in Sp(Q,/) = Sp(A’)*. The vector
Q 4 a that minimizes ||z — Q4 a||? is given by the orthogonal projection of x
onto Sp(A’)*, namely Q4. In this case, the minimum attained is given by
|z — Qaz||> = ||(I — Qu)x||? = ||Paz|> = 2’ Pyx. (This is equivalent to
obtaining the minimum of x’x subject to Ax = b, that is, obtaining a minimum
norm g-inverse as a least squares g-inverse of @ 4,.)

B! { I, O ]01 _ B! { I, O ]Cl_ Hence, G € {A™}. Tt is clear that
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1. (i) ABA=AA_AA, A=A,
(i) BAB= A, AA, AA wAA;, =A AA, =B.
(i) (BA) = (A AA A)Y =(A,A) =A A=BA.
(iv) (AB) = (AA,, AA ) =(AA,) = AAZ = AB.
y (i) through (iv), B = A,, AAZ is the Moore-Penrose inverse of A.
12 Let P15 denote the orthogonal projector onto Vi 4+ V5. Since Vi + V5 D Vo,

(1) PiyoPy =Py =PyPy .
+
P, P,
Ontheotherhand, P1+2:[P1,P2} [P17P2] :(P1+P2)(P1

P, Py
+ Poy)*.

Similarly, we obtain
Py = (P + Py)" (P + Py),
and so, by substituting this into (1),
(Py+ Py)(Py + Py)" Py = Py = Py(Py + Py)" (P + Py),

by which we have 2P1(Py + P3)T Py = 2P5(P; + P3)*T Py (which is set to H).
Clearly, Sp(H) C V4 N Va. Hence,

H=P~nH = Pm2(P1(P1+P2)+P2+P2(P1+P2)+P1)
Pio(Py + Py)Y(Py + P3) = P1oP1is = Pio.

Therefore,
Py =2P1(Pq + Py)t Py = 2P5(P; + P3y) T Py.

(This proof is due to Ben-Israel and Greville (1974).)
13. (i): Trivial.

(ii): Let v € V belong to both M and Ker(A). It follows that Az = 0,
and * = (G — N)y for some y. Then, A(G — N)y = AGAGy = AGy =
0. Premultiplying both sides by G’, we obtain 0 = GAGy = (G — N)y = =,
indicating M NKer(A) = {0}. Let « € V. It follows that * = GAz + (I - GA)z,
where (I — GA)x € Ker(A), since A(I — GA)xr = 0 and GAz = (G — A)x €
Sp(G — N). Hence, M @ Ker(A) =V.

(iii): This can be proven in a manner similar to (2). Note that G satisfying
(1) N=G—-GAG, (2) M =Sp(G — N), and (3) L = Ker(G — N) exists and is
called the LMN-inverse or the Rao-Yanai inverse (Rao and Yanai, 1985).

The proofs given above are due to Rao and Rao (1998).

14. We first show a lemma by Mitra (1968; Theorem 2.1).

Lemma Let A, M, and B be as introduced in Question 14. Then the following
two statements are equivalent:
(i) AGA = A, where G = L(M'AL)~ M’
(i) rank(M'AL) = rank(A).



214 CHAPTER 7. ANSWERS TO EXERCISES

Proof. (i) = (ii): A= AGA = AGAGA. Hence, rank(A) = rank(AGAGA) =
rank(AL(M'AL)"M'AL(M'AL)~M'A), which implies rank(M’AL) > rank
(A). Trivially, rank(A) > rank(M'AL), and so rank(A) = rank(M'AL).

(i) = (i): Condition (ii) implies that rank(A) = rank(M’A) = rank(AL) =
rank(M’AL). This in turn implies that A can be expressed as A = BM'A =
ALC for some B and C. Thus, AL(M'AL)"M'A = BM'AL(M'AL)"M'AL
xC = BM'ALC = A. Q.E.D.

We now prove the equivalence of the three conditions in Question 14.

(i) < (ii): This follows from Mitra’s lemma above by setting L = I.

(ii) = (iii): Let @ € Sp(A) @ Ker(H). Then, Hx = 0 and « = Az for some
z. Hence, 0 = HAz = Az = x, which implies Sp(A) and Ker(H) are disjoint.
Condition (iii) immediately follows since rank(H ) = rank(A).

(iif) = (ii): It can be readily verified that H*A = HA. This implies H (I —
H)A = O, which in turn implies Sp((I — H)A) C Ker(H). Since (I — H)A =
A(I - L(M'AL)"M'A), Sp((I — H)A is also a subset of Sp(A). Since Ker(H)
and Sp(A) are disjoint, this implies (I — H)A = O, namely HA = A.

The propositions in this question are given as Theorem 2.1 in Yanai (1990).
See also Theorems 3.1, 3.2, and 3.3 in the same article.

7.4 Chapter 4

1 2 -1 -1
1. We use (4.77). WehaveQC/:Igf% 1 (1,1,1):% -1 2 -1,
1 -1 -1 2
2 -1 —-17[1 2 -3 0
QoA =1 -1 2 -1 2 3| =3 0 3|, and
-1 -1 2] [31 3 -3
- -3 0
noa[1 23 a6 3] [ 2 1
A<QC/A)_3[2 3 1 0 31=3] 3 6|71 2
3 -3
Hence,
Aoy = QoA (AQuA)™
| 30 o 117 1] 73 U e g
3 -3 | 3 -3
o 1]
= 1 1 2
S -1

2. We use (4.65).
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111 2 -1 -1

() Qp=Is—Pp=I3—3|1 11 :%[1 2 -1 |, and
111 -1 -1 2
2 -1 -1 12

A’QBA—é{é ? ” -1 2 -1 2 1| =1 _i _H
-1 -1 2 11 :

Thus,

2 -1 -1

—1 -
_ _ 2 -1 11 -1 2 -1
Ay = (A'QpA)'AQy = 3 { } 3 ]

_ o 1r21 -1 2 —1
o301 2 2 -1 -1
_ 0 1 -1
a 1 0 -1
(ii) We have
1 1 a b
Qp=1s—Pz = I5— 5 | @ a® ab
14+a?2+0b b oab b2
1 a2+ —a —b
2
= 5 5 a 1+ —ab |,
1+a®+b —b —ab 14 a?
from which the equation
1 i fa
AQsA=———
@5 1+a2+b2[f2 I3

can be derived, where f; = 2a® + 5b®> — 4ab — 4a — 2b+ 5, fo = 3a® + 4b> — 3ab —
5a — 3b+ 3, and f3 = 5a® + 5b®> — 2ab — 4a — 4b + 2. Hence,

1 1 a
1
QB:I;g*PB = Igf—z 1 1 a
2+a a a a?
1 1+ a? —1 —a
= 52 -1 1+a? —a |,
ta —a —a 2

:2—|—a2 €2 24+a%2| g2 91 93

where e; = 5a? —6a+3, e3 =4a®> —6a+1, g1 =a®> —a—1, go = 2a®> —a+ 1, and
gs = 2 — 3a. Hence, when a # %,

1 1
A'QzA [ o } and A'Qp = { g1 92 93 ]
1

A, = (AQzA)71AQ;,
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€1 —€2 g1 92 93

3a—2)2 | —e2 e 92 91 93
hi ha hs

3a—2)2 | ha hi hy |

(24 a?)

1
(
1

(2 4 a?)(

where hy = —3a* + 5a% — 8a® + 10a — 4, hy = 6a* — 7a® + 14a® — 14a + 4, and
hs = (2 — 3a)(a? + 2). Furthermore, when @ = —3 in the equation above,

. 1[-4 71
Azr@)—ﬁ{ 7 -4 1}'

Hence, by letting E = A we have AEA = A and (AE) = AE, and so

B B (B)’
A&»(B) =4,
3. We use (4.101). We have
;[ 45 19 19 ]
(A’A+C’C)*1:E 19 69 21 |,
| 19 21 69 |
and ) )
1 69 9 21
(AA'+ BB')™! == 2 B9
2121 9 69
Furthermore,
2 -1 -1
A'AA =9 | —1 2 -1 |,
-1 -1 2
so that
AL, = (AA+C'C)'A'AA'(AA’ + BB')!

1275 =825 =75
—11.25 24.75 —4.5
—14.25 —-8.25 19.5

(The Moore-Penrose inverse of Question 1(c¢) in Chapter 3 can also be calculated
using the same formula.)
4. (i) (I = PaPp)a = 0 implies a = PoPpa. On the other hand, from ||a|* =
||PAPgal|* < ||Pgall* < ||a||?, we have ||Ppal||? = ||a||?, which implies a’a =
a'P sa. Hence, ||a— Pgal|*> =a’a—a’Pga—a'Pga+a' Ppa=a'a—a'Pga =
0 — a = Ppa. That is, a = Pga = Paa, and so a € Sp(A) N Sp(B) = {0} =
a = 0. Hence, I — P, Py is nonsingular.

(11) Clear from PA(I - PBPA) = (I - PAPB)PA.

(ili) I—PsPp) 'Py(I-P4Pp)Py = (I-PAoPp) '(I-P4Pp)P, =P,
and (I-PoPg) 'Po(I-PsPgR)Pg = O. Hence, (I-P4Pp) 'Ps(I-PAPp)
is the projector onto Sp(A) = Sp(P 4) along Sp(B) = Sp(Pp).
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5. Sp(A")@Sp(C")@Sp(D’) = E™. Let E be such that Sp(E’) = Sp(C’)@®Sp(D").
Then, E = IC)
to Ex = 0 is obtained by

. From Theorem 4.20, the = that minimizes ||Ax — b||? subject

x=(AA+EE)'Ab=(AA+C'C+D'D)'A'b.

This = can take various values depending on the choice of Sp(D’).
6. Let Py/p- = A(A'T~A)~ AT~ be denoted by P*. Since T is symmetric,

(P)YT " A=T AAT A AT A=T A

7. (i) Let y € Ker(A'M). Then, Az +y = 0 = AAMAz + AAMy = 0 =
A'MAzx = 0 = A(AMA)"AMAz = Az = 0 = y = 0. Hence, Sp(A)
and Ker(A'M) are disjoint. On the other hand, dim(Ker(A'M)) = rank(I,, —
(AM)~ AM) = n — m, showing that E" = Sp(A) @& Ker(A'M).

(ii) Clear from P/ A = A and P4y (I, — (A’ M)~ A'M) = O.

(iii) Let M = Qp. Then, Ker(A'Qg) = Sp(I, — (A'Qp)~A'Qp). Since
A(A'QpA)" € {(A'Qp)}, Ker(A'Qp) = Sp(L, — A(A'Q,A)-A'Q,) = Sp(B
x (B'Q,B)"B'Q,) = Sp(B). Thus, Ker(A'Qg) = Sp(B) and T P*A =
T A=TT P"A=TT A. On the other hand,

Sp(T) = Sp(G) 4+ Sp(A) = Sp(T) D Sp(A) =TT P*"A=TT A,

which implies

P*A=A. (7.1)
Also, (P*YT~ = T"A(AT"A)~A'T™ = T"P* = TP'T" = TT P* =
P" = TP'T  =TZ = P'TZ = P°GZ and T(P"))T " TZ = T(P")Z =
TT A(A'T~A)~ A’'Z = O, which implies

P*TZ = 0. (7.2)

Combining (7.1) and (7.2) above and the definition of a projection matrix (Theorem
2.2), we have P* = Pa.7yz.
By the symmetry of A,

NmaX(A) = (>‘maX(AIA))1/2 = ()‘maX(AQ))l/2 = /\maX(A)~

Similarly, fimin(A) = Amin(A), fimax(A) = 2.005, and pmin(A) = 4.9987 x 102,
Thus, we have cond(A) = fimax/fmin = 4002, indicating that A is nearly singular.
(See Question 13 in Chapter 6 for more details on cond(A).)
8. Lety = y,+y,, wherey € E", y, € Sp(A) and y, € Sp(B). Then, AAL (y, =
y, and AAL -y, = 0. Hence, ABCAAE_Cy = A;_g_cy1 = x1, where z; €
Sp(Qcv)-

On the other hand, since AE_Cy = x1, we have AE_CAAE_Cy = AE_Cyl,
leading to the given equation.
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(An alternative proof.)
AE,CAAEC

= QoA (AQA ) A(A'QzA)"A'QAQ A/ (AQ A')™
A(A'QprA)"A'Qp
= QuA(AQnA' ) A(A'QzA)"A'Qp = A .

9. Let K'/? denote the symmetric square root factor of K (i.e., K'?’K'? = K
and K~YV2K~Y2 = Kﬁl). Similarly, let S; and S2 be symmetric square root
factors of A’K ' A and B'K B, respectively. Define C' = [K_1/2AS1_1/27 K'?’B
X S;l/z]. Then C is square and C'C = I, and so CC' = K~Y?AS§1A'K~1/? 4
K'l/QBSQ_lB’I{U2 = I. Pre- and postmultiplying both sides, we obtain Khatri’s
lemma.

10. (i) Let W = Sp(F’) and V = Sp(H). From (a), we have Gz € Sp(H),
which implies Sp(G) C Sp(H), so that G = HX for some X. From (c), we have
GAH = H = HXAH = H = AHXAH = AH, from which it follows that
X =(AH)” and G = H(AH)". Thus, AGA = AH(AH)™ A. On the other
hand, from rank(A) = rank(AH), we have A = AHW for some W. Hence,
AGA =AH(AH)"AHW = AHW = A, which implies that G = H(AH)~ is
a g-inverse of A.

(ii) Sp(G’) C Sp(F') = G' = F'X' = G = XF. Hence, (AG)'F' = F' =
FAG = F = FAXF = F = FAXFA =FA = X = (FA)~. This and
(4.126) lead to (4.127), similarly to (i).

(iii) The G that satisfies (a) and (d) should be expressed as G = HX. By
(AG)F'=F = FAHX = F,

(1) G=H(FAH) F+H(I - (FAH) FAH)Z,.

The G that satisfies (b) and (c) can be expressed as G = XF. By GAH = H =
XFAH = H,

(2) G=H(FAH) F + Z,(I - FAH(FAH)")F.

(Z, and Z5 are arbitrary square matrices of orders n and m, respectively.) From
rank(FAH) = rank(H), the second term in (1) is null, and from rank(F) =
rank(F AH), the second term in (2) is null. In this case, clearly AH(FAH) FA=
A, and G in (4.129) is a g-inverse of A.

(iv) (4.130): Since I,,, — C'(CC")~C = Q¢», we have G = Q- (AQ/)~. In
this case, rank(AQ..) = rank(A), so that AQ- (AQy )~ A = A. Furthermore,
CQ-(AQq)~ A= 0. Since A™ A that satisfies (4.73) also satisfies (4.75), GA =
A ()A- On the other hand, since rank(G) = rank(A), G = A .

(4.131): Let G = (FA) " F = (QpA) Qp. Then, AGA = A and AGB = O,
from which AG = AA, ,,. Furthermore, rank(G) = rank(A), which leads to

¢(B)
G = A} 5
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(4.132): G = Q(QpAQy) Qp, from which AGA = AQ (QpAQ-) Qp
x A. Let G* = A'(AQ- A )" A(A'QzA)~A’. Then, QgAQ G QpAQ. =
QpAQ., indicating that G* € {(QzAQ.,)”}. Hence, AQ-GQrA = AQ, A’
(AQ-A)"A(A'QzA)"A'QpA = A. Hence, AGA = A. The relation GAG =
G can be similarly proven.

Next,

QpAG = QpAQ.(QpAQy) Qp

= QpAQcA(AQ.A')"A(A'QzA)"A'Qp
QpA(A'QpA)"A'Qp
Similarly, GAQ. = Qo A'(AQ-A)~AQ. = P 4cn. That is, both QpAG
and GAQ., are symmetric. Hence, by Definition 4.4, G coincides with the B—,
C-constrained Moore-Penrose inverse A} .

(v) We use the matrix rank method to show (4.138). (See the answer to Ques-
tion 7 in Chapter 1 for a brief introduction to the matrix rank method.) Define

FAH FA s I o
M = AH 4 | Pre- and postmultiplying M by { _AH(FAH)"' I }
I —(FAH)'FA . . FAH O -
and [ 0 It }, respectively, we obtain { 0 A, ]7 where A, =
A— AH(FAH) 'FA, indicating that
rank(M) = rank(FAH ) + rank(A,). (7.3)

On the other hand, pre- and postmultiplying M by [ é 7IF } and [ —IPI ? ],

respectively, we obtain [ g Z ], indicating that rank(M) = rank(A) Combining

this result with (7.3), we obtain (4.138). That rank(FAH) = rank(AH(FAH)™!
x FA) is trivial.

11. It is straightforward to verify that these Moore-Penrose inverses satisfy the
four Penrose conditions in Definition 3.5. The following relations are useful in
this process: (1) Pa/yyPa = Py and PAP s/ = Pyypy (or, more generally,
P4/mPay/n = Py, where N is nnd and such that rank(INA) = rank(A)), (2)

Qa/mQa=Qaynand Q4 Q 4 /1y = Q 4 (or, more generally, Q 4/ Qa/n = Qa/nr
where IV is as introduced in (1)), (3) Pa/yPua = Pajy and PyaPyyy =

Pra, and (4) Qa/nQnra = Qpra and QpraQajns = Qaynr-

12. Differentiating ¢(B) with respect to the elements of B and setting the result
to zero, we obtain
196(B)
2 0B
from which the result follows immediately.

=-X(Y-XB)+\B=0,



220 CHAPTER 7. ANSWERS TO EXERCISES

13. (i) Rx(MAMx(MRx(A) = X(X'Mx(N)X) ' X' Mx (M) X (X' Mx(\)X)™!
X' = Rx(\).

(ii) The (i) above indicates that M x () is a g-inverse of Rx(A). That M x (\)
satisfies the three other Penrose conditions can be readily verified.

7.5 Chapter 5

6
-3
singular values of A are 3 and /3. The normalized elgenvectors corresponding to
the eigenvalues 9 and 3 are, respectively, u; = (i —i) and uy = (‘/75, ‘/75),
Hence,

1. Since A’A = [ 72 } its eigenvalues are 9 and 3. Consequently, the

and

The SVD of A is thus given by

1 -2
A = -2 1
1

—_

2

o
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|
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According to (5.52), the Moore-Penrose inverse of A is given by

(358050849
NG 27 2 V3 \ £ 6 63

0 -1 1
-1 0 17

At - 1
3
1
3
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(An alternative solution) From rank(A) = 2, A’'(AA)"A = I,. Using A" =
(A’A)"* A" in (3.98),

2 1 1 -2 1

1 2 -2 11

b 6 371 2 1] _

1 -3 6 2 11| ~
0 -1 1
-1 0 1]

2. Differentiating f(z,y) = (2’ Ay)? — M (z’z — 1) — X2(y'y — 1) with respect to
x and y, and setting the results equal to zero, we obtain

Wl O+~

(' Ay)Ay = hix (7.4)

and
(' Ay)A'z = \ay. (7.5)

Premultiplying (7.4) and (7.5) by @’ and y’, respectively, we obtain (z'Ay)? =
A1 = A since [|z|]? = ||ly]|*> = 1. Let Ay = Ay = p?. Then (1) and (2) become
Ay = px and A’z = py, respectively. Since p? = (x’Ay)?, the maximum of
(x' Ay)? is equal to the square of the largest singular value u(A) of A.

3. (A+A)2 = (A+AY(A+A) = (AA + A'A)+ A>+(A')? and (A— A" (A—
A)=AA + A'A— A% — (A")2 Hence,

AA + AA={(A+AY(A +A)+(A—A)(A- A

N |

Noting that A\;(AA") = X;(A’A) by Corollary 1 of Theorem 5.9, \;(A’A) >
IN(A+A)? = 4p3(A) > N (A+AY) = 2u(A) > N(A+ A).

4. A'A = T'A'S'SAT = T'A’AT. Since \;(T'A’AT) = \;(A’A) from the
corollary to Lemma 5.7, 1;(A) = p;(A). Hence, by substituting A = UAV” into
A = SAT, we obtain A = SUA(T'V)', where (SU)'(SU) =U'S'SU =U'U =
I, and (T'V)/(T'V) = V'TT'V = V'V = I,,,. Setting U = SV and V = T'V,
we have A = UAV.

5. Let k be an integer. Then,

AR = NEPE 4 MSPE - 4 AEPE = NIP 4+ AP -+ AR P,

Since I = Py + Py +---+ P,

1 1
et = I+A+§A2+6A3+---
" 1.5 1.4 & by
= Z 1+>\j+§)\j+g)\j+"' Pj :Ze Pj'
j=1 j=1

6. (Necessity) Let A" € {A”}. Then AA’ is a projector whose eigenvalues are
either 1 or 0. That is, nonzero eigenvalues of A are 1.
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(Sufficiency) Let A = UA, V' denote the SVD of A, where A, is a diagonal
matrix of order r (where r = rank(A)) with unit diagonal elements (i.e., A, = I,.).
Hence, AAA=UA,V'VAUUA, V' =UA>V' =UA,V' = A.

7. (i) Use Theorem 5.9 and the fact that (I,, — Pp)(A — BX) = (A—- BX) —
PpA+BX = (I, — Pp)A.

(ii) Use Theorem 5.9 and the fact that (I,— Pc/)A'C'Y' = (I,,— Pc/)A’, that
13 (AT, — Pcr) = 1;(I, — Pen)A), and that ji;(A — Y C) = iy (C'Y' — A),

(01s(A=BX=YC) > o1 (I=Pp) (A=Y O)) > s{(I-P5) A=Y €I
Po)).

8. Use tr(AB) < tr(A) on the right-hand side and Theorem 5.9 on the left-hand
side.
9. Let A =UAYV’ denote the SVD of an n by m (n > m) matrix A. Then,

ly — Az|]* = [|[U'y ~-U'UAV z|?

= Uy - AV'2)|P = 1§ - A&|* =Y (5 - &)+ Y @
j=1 j=m+1
A0 0 ]
0 A 0
where we used the fact that A =] 0 0 --- A, [. Hence, if rank(A) = m,
0 0 0
L0 0 -~ 0

the equation above takes a minimum Q = >7_, ., g2 when &; = %1 (1<j<m).
J
If, on the other hand, rank(A) = r < m, it takes the minimum value @ when

z; = %L 1<j<r)yand &; = 2z (r+1 < j < m), where z; is an arbitrary
J
constant. Since & = V'z and © = Vz, so that ||z||> = 2V'Vz = ||Z]?, ||=|?

takes a minimum value when z; = 0 (r +1 < j < m). The « obtained this way
coincides with & = A"y, where A" is the Moore-Penrose inverse of A.
10. We follow Eckart and Young’s (1936) original proof, which is quite intriguing.
However, it requires somewhat advanced knowledge in linear algebra:

(1) For a full orthogonal matrix U, an infinitesimal change in U can be repre-
sented as KU for some skew-symmetric matrix K.

(2) Let K be a skew-symmetric matrix. Then, tr(SK) =0<+<= S = §'.

(3) In this problem, both BA’ and A’ B are symmetric.

(4) Both BA" and A'B are symmetric if and only if both A and B are diago-
nalizable by the same pair of orthogonals, i.e., A=UA4V' and B=UARV".

(5) ¢(B) = ||A4 — Ap||?, where Ap is a diagonal matrix of rank k.

Let us now elaborate on the above:

(1) Since U is fully orthogonal, we have UU’ = I. Let an infinitesimal change in
U be denoted as dU. Then, dUU’ +UdU’ = O, which implies dUU’ = K, where
K is skew-symmetric. Postmultiplying both sides by U, we obtain dU = KU.
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(2) Let S be a symmetric matrix. Then, tr(SK) = —tr(SK), which implies
tr(SK) = 0. Conversely, if tr(SK) = 0, then tr((S — S")K) = 0. Since S — §" is
skew-symmetric as well as K, the only way this can hold is for § — §' = O.

(3) ¢(B) can be expanded as ¢(B) = ||A||>—2tr(A'B)+||B||*>. Let B=UAgV"’
be the SVD of B. Then, ¢(B) = ||A||? — 2tr(A'UAV’) + ||Ag||>. The change
in ¢(B) as a result of an infinitesimal change in U has to be 0 at a minimum
of ¢. This implies that tr(A’"dUAV’) = tr(A'KUABV') = tr(UABV'A'K) =
tr(BA'K) = 0, i.e., BA' must be symmetric. By a similar line of argument for V,
A’ B must also be symmetric.

(4) If A and B are diagonalizable by the same pair of orthonormals (i.e., if
A=UA,V'and B=UARV’), then we have BA' = UAV'VA,U = UDU’
(symmetric) and A'B = VAU UARV' = VDV’ (symmetric). Conversely, let
both BA’ and A’B be symmetric. Then, BA' = UD,U’, and A’'B = VDV’
for some orthogonal matrices U and V and diagonal matrices D; and Ds. We
have UD?U’ = (BA')? = B(A'B)A’ = BVD,V'A’. Pre- and postmultiplying
both sides by U’ and U, respectively, we obtain D? = (U'BV)Dy(V'A'U). This
implies that both U'BV and V'A'U are diagonal, or A = UAV' and B =
UAgV’ for some diagonal matrices A4 and Ap.

(5) Let the columns of U or V' be permuted and reflected so that the diagonal
elements of A4 are all positive and in descending order of magnitude. Then,
#(B) = ||Aas — Apl||?, where Ap is a diagonal matrix of rank k. Hence, ¢(B)
is minimized when Ap is a diagonal matrix with the leading k diagonal elements
equal to those in A4 and the rest equal to zero. See ten Berge (1993) for an
alternative proof.

11. We use the Lagrangean multiplier method to impose the orthogonality con-
straint on T (i.e., T'T = TT' = I). To minimize ¢(T,S) = ||B — AT||> +
tr(S(T'T 1)), where S is a symmetric matrix of Lagrangean multipliers, we differ-

entiate ¢ with respect to T and set the result to zero. We obtain %% =-A'(B-

AT)+TS = O. Premultiplying both sides by T”, we obtain T'A’AT+S = T' A'B.
This indicates that T" A’ B is symmetric since the left-hand side is obviously sym-
metric. That is, T"A'B = B’AT or A’'B = TB'AT. Let the SVD of A’'B be
denoted as A’'B = UAV’. Then, UAV' = TVAU'T, from which T = UV’
follows immediately.

7.6 Chapter 6

1. From Sp(X) = Sp(X), it follows that Px = Pg. Hence, Rg(,y = % =
YPey _ po
vy Ty
2. We first prove the case in which X = [z, x3]. We have
_Yy—y'Pxy (y’y - y’Pm1y> <y’y — y’mey>

y'y y'y Yy -y Py
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2

The first factor on the right-hand side is equal to 1 —r and the second factor is

r1Y?
equal to
1— y/lewQ(wéQquQ)_lw/Qley —1— ||Qw1m2”2 —1— ’)"2
Y'Q..Y 1Q., yI*1Q,, z2|? raules
since Py, g, = Py + Q, @2 (xhQ, x2) txhQ,, .
Let
Xjp1 =[x, @2, 5, @] = [ X, 0]

_ / 1,
Then, Px, , = Px; + Qx,Tj+1(21Qx,Tj+1) )1 Qx,, and so

(Qx,zj+1,Qx,Y)
1-R% ., = (1-R% ,)(1- ; ]
Xy ( Xjy ||QX],CBj+1HHQijH
2 2
= (1 - RXj'y)(]' - r1j+1y|flm2“'z1)’

leading to the given equation.

3. (=) Let K'y denote an unbiased estimator of E(L'y) = L' XB3. Then, E(K'y) =
K'XB =L'Xp for V3 € EP. Hence, (K — L)X = O, and (K — L) = P'(I —
XX )= K =L'"+P(I-XX7), where P is arbitrary. V(K'y) = 0c?K'GK =
o?||L+ (I - XX™) P||%. Since V(L'y) < V(K'y) holds for arbitrary P, we have
(I = XX )GL = O, which implies GL € Sp(X).

(<) It suffices to show the reverse of the above. Let K'y denote an unbiased
estimator of E(L'y). Then, 5 V(K'y) = ||[L+(I-XX ") P||% = tr(L'GL+P(I-
XX )YG(I-XX")P+2P'(I-XX )GL). When GL € Sp(X), the third term
in the trace is a zero matrix and the second term is nnd. Hence, V(L'y) < V(K'y).
4. Let £'y denote the BLUE of an estimable function €’3. Then, E(£'y) = £ X3 =
e'B for VB € EP, which implies that X'¢ = e, and V(£'y) = 02€'GL = o?||£||% is

a minimum. Hence, £ = (X/);(G)e. Let Y/ = (Xl>;z(G)' Then,
XY'X =Xx' XyXxX =X
GY'X' = (XY)G XYG = G(XY) °

where G(XY) = PxG(XY ) and Py is the orthogonal projector onto Sp(X).
Transposing both sides, we obtain XY G = XYGPx = XYGQ y = O. Hence,
Z = Qx Z for Z such that Sp(Z) = Sp(X)+, and so

XYGZ =0.

The above shows that Y is a GZ-constrained g-inverse of X, denoted as X ;(GZ).
That is, £'y = 'Yy = €' X, Y.
5. Choose Z = Qx = I,, — Px, which is symmetric. Then,
() B(y'Z'(2GZ)" Zy) - B{t(Z(2GZ) Zyy))}
~ {Z(2GZ)" ZE(yy')}
=tr{Z(ZGZ)"Z(XBB' X' +0*G)}
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=o*1(Z(ZGZ)"ZG) (since ZX = O)
=c*tr{(ZG)(ZG)"}
= o%tr(Pgz).
On the other hand, tr(Pgz) = rank([X, G]) — rank(X) = f since Sp(X) @
Sp(G) = Sp(X) @ Sp(G Z), establishing the proposition.
(ii) From y € Sp([X, G]), it suffices to show the equivalence between TZ(ZG
x Z)"ZT and TT (I — Py /7 )T. Let T = XW, + (GZ)W 5. Then,

TZ(ZGZ) ZT = TZ(ZGZ) Z(XW, + GZW,)
= TZ(ZGZ) ZGZW,
GZ(ZGZ) ZGZWy = GZW,,

where we used T = G + XU X' to derive the second-to-last equality.
Furthermore, from the result of Exercise 6 in Chapter 4, TT™ (I — Px/p- )T =

TT Pgyz.xT, and the last equality follows from T'= XW; + (GZ)W 5.

6. (i) Let G* = [G,1,,]. Since Sp(1,) C Sp(G),

P = Pg =Py +QuGG'Q,,G) G'Q,,. (7.6)

On the other hand, let G = [g,,g4, -, g,,_1)- Then, Sp([G,1,]) = Sp(G). There-
fore, P¢ = Pg; = Py + QuG(G'QyG) GQy,.

(ii) min, ||y — G*a||* = ||y — Pg-y||?, and Pg- = Pg. Let yg be a vector of
raw scores. Then, y = Q,,y, so using (7.6) we obtain

ly — Pcyl|?

~ o~ ~ ~/
ly — Puy — QuG(G QG) G Qyyl)
= y(I-G(GQyG)'G)y.

ly = Po-yll*

Note that Py = 0 and Q,,y = vy, since y is a vector of deviation scores from the
means.
7. (i) Clear from Sp(QsD.) D Sp(Qsx).
(i) P.Pp, ¢ = a(@'s)'2'QuD.(D.QuD,) "' D,Qq
— w(@'z)"11,D,QuD,(D,QcD.) ' DLQe
— o(2'z)'1,D.Qq = P.Qq.
Noting that P,P,q = z(z'z) 'a'Qqz(2'Qsx) 'a'Qq = P,Q leads to the
given equation.
(iii) and (iv) Use (4.47b) in the corollary to Theorem 4.8.
(v) Let a; and b; denote the estimates of parameters a; and f; in the model
Yij = o + Bixij + €;5. Let

m  n;

flai,b;) = ZZ(@/U — a; — bizij)?.

i=1 j=1
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To minimize f defined above, we differentiate f with respect to a; and set the result
equal to zero. We obtain a; = y; — b;z;. Using the result in (iv), we obtain

m  n;

=3 Ay —9) = bilws; — )Y = [ly — Dubllg, > |ly — Po, a1yl
1=1j5=1

Let b denote the estimate of (; under the restriction that 8; = 8 (i = 1,---,m).
Then,

m.o MNg

=D Ay —5:) = by — 7)Y = lly —belld,, > [ly — Paiorylld

=1 j=1

leading to the given equation.
8. From

SSs’

AV UxCxyUY AUy Cy x Uy AV
AV UxCxyCyi CyxUyAL

we have (S8")a = (AY'UxCxyCyyCyxU'x AV )AxUxa = MAxU xa, where
a= U’XA;(la. Premultiplying both sides by U’XAX, we obtain CXyC;i,CYXd
= ACxxa. The ) is an eigenvalue of S§§’, and the equation above is the eigenequa-
tion for canonical correlation analysis, so that the singular values of S correspond
to the canonical correlation coefficients between X and Y.

9. Let X A and Y B denote the matrices of canonical variates corresponding to X
and Y, respectively. Furthermore, let p1, po,-- -, p. represent r canonical correla-
tions when rank(X A) = rank(Y B) = r. In this case, if dim(Sp(Z)) =m (m <r),
m canonical correlations are 1. Let X A; and Y B; denote the canonical variates
corresponding to the unit canonical correlations, and let X A, and Y Bs be the
canonical variates corresponding to the canonical correlations less than 1. Then,
by Theorem 6.11, we have

PxPy =Px Pyp=Pxa, Pyp, + Pxa,Pys,.
From Sp(X A;) = Sp(Y B;), we have
Pxa, = Pyp, = Py,
where Z is such that Sp(Z) = Sp(X)NSp(Y'). Hence, PxPy = Pz+Px,Pyp,.
Since A, X' XAy = ByY'YBy =1,_,,, we also have Px 4, Pyp, = X Ay(AL,X'
% YB)B,Y' = (Pxa,Pyg,)" = XAs(A,X'Y Bo)*B,Y". Since
Pm+1 0 0
, 0 Pm+2 0
AXYBy=| . " :

0 0 ce Py
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where 0 < p; < 1 (j =m+1,---,7), we obtain limy_, oo (Px 4, Py p,)* = O, leading
to the given equation.
10. (i) From
X'X XY X’ x 17 x' 7
E b IR e F A E
X' X' |
RR = { v } { v ] . From (3.12), {(RR™)'} = {[X,Y] [X,Y]}, and so

Sp{(Zp+q — RR™)'} = Sp{(Ip+q — [X, Y] [X, Y]}

/ / - / / / /!

i mon |y || o] 3] = [ ] omm 3] = 3]
follows that S1: X’ 4+ S12Y’ = X' = S12Y’ = (I,, — S11)X’. Premultiply both
sides by Q.

(111) From (ll)7 (Ip — Sll)X/ = 312Y/ = X(Ip — 511)/ = YSI12 Slmllarly,
(I,—82)Y'=8,X"=Y(I,— S2»)=XS,,. Use Theorem 1.4.

11. (i) Define the factor analysis model as

zj=ajnfi+apfot - +apf, +u; (G=1,---,p),

where z; is a vector of standardized scores, f, is a vector of common factor scores,
aj; is the factor loading of the jth variable on the ith common factor, v; is the
vector of unique factors, and u; is the unique factor loading for variable j. The
model above can be rewritten as

Z=FA +VU

1 1 Al
—z;F (—F’F) (—F’zj>
n n

—(F'z;)(F'z;) = alja; = Zaﬂ =

using matrix notation. Hence,

1
E||PFZj||2

1
n

(ii) tr(PpPz) < min(rank(F),rank(Z)) = rank(F) = r.

(i) H, = [F. 2] = By, . = 2Pzl = LI(Pr+ Py r2]P. On
the other hand, from %Z’(j)Qsz =1 /(j)zj - sz)Psz) =r; — Aa; =0,
R%,j,zj = h?. From Py, = Pz, + PF[ZU)], R%Ij,zj = RQZ(_”_ZJ_ + S, where S > O.
Hence, RQZ(j)_Zj < hj. (See Takeuchi, Yanai, and Mukherjee (1982, p. 288) for more
details.)

12. (i) Use the fact that Sp(Px.zPy.z) = Sp(XA) from (Px.zPy.z) XA =
XAA.
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(ii) Use the fact that Sp(Py.zPx.z) = Sp(YB) from (Py.zPx.z)YB =
Y BA.

(iii) PxazPx.z = XA(A'X'Q,XA)"A'X'Q,X(X'Q,X)"XQ,

=XAAX'Q,XA)"AX'Q,=Pxaz.

Hence, PxA.zPy.z = Pxa.zPx.zPy.z = Px.zPy.z.

We next show that Px.z Pyp.z = Px.zPy.z. Similar to the proof of Px .z
Py.Z = Px.ZPy.Z above, we have PYB~ZPX-Z = Py.ZP)(.Z. Premultiplying
both sides by @, we get

Py piz1Px(z1 = Py z21P x|z,
and, by transposition, we obtain
Px71Py(z1 = Py z1Px[z]

Premultiplying both sides by X (X'Q,X)~ X', we obtain Px.zPy.; = Px.z X
Py .7, from which it follows that

PxszPypyz = PxazPx.zPypz=PxazPx.zPy.z
= PxazPy.z =Px.zPy.z.

13.
Az = b= [|Al[[]| = [b]|. (7.7)

From A(x + Ax) = b+ Ab,
AAx = Ab — Az = A7'Ab = ||Az|| < ||A7Y|||Ab]|. (7.8)

From (7.7) and (7.8),
1Az]| _ [lAllllA~[][|AB]]
lzl| — [1b]]

Let ||A|| and ||A™Y|| be represented by the largest singular values of A and A™*,
respectively, that is, ||A|| = pmax(A) and [|A™|| = (ftmin(A)) ™, from which the
assertion follows immediately.

Note Let
11 4
A= [ 1 1.001 } and b= ( 4.002 )

The solution to Az = b is x = (2,2)". Let Ab = (0,0.001)". Then the solution to
A(x + Az) =b+ Abis ¢ + Az = (1,3)". Notably, Az is much larger than Ab.
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Cholesky decomposition, 204
Cochran’s Theorem, 168
coefficient of determination, 154
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linear transformation, 12

matrix rank method, 206, 219
metric (or distance) axioms, 2
multidimensional scaling (MDS), 192
multivariate normal distribution, 168

nonnegative-definite (nnd) matrix,
19

nonsingular matrices, 14

optimal scaling, 185
ortho-complement subspace, 9
orthogonal basis, 8

orthogonal projection matrix, 30
orthogonal projector, 30

parallel sum, 67

Parseval’s equality, 8

part correlation coefficients, 178

partial correlation coefficients, 155

partial regression coefficient, 152

Poincaré Separation Theorem, 145

positive-definite (pd) matrix, 19

principal component analysis (PCA),
182

projection matrix, 25

projector, 25
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QR decomposition, 195, 197
rank decomposition, 23

singular matrix, 14

singular value, 130

singular value decomposition (SVD),
130, 182

square matrix, 19

transformation, 11
transposed matrix, 4

unadjusted sum of squares, 165
unbiased-estimable function, 159

Young-Householder transformation,
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