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Preface

Motivated by the fact that adding one or more parameters to a distribution function
makes it richer and more flexible to analyzing data, this book is an attempt to collect
results, using such distributions, that are useful in theory and practice. Furthermore,
the book is devoted to explore some properties of exponentiated distributions (EDs)
and their use in statistical inference. New results are obtained that may be added to
the existing results.

There are several ways of adding one or more parameters to a distribution
function. The simplest way is probably by exponentiating a cumulative distribution
function G by a positive real number a.

The ED Ga is quite different from the baseline distribution G and needs special
investigation. Exponentiating a distribution function by a positive parameter goes
back to Gompertz (1825) and Verhulst (1838, 1845, 1847). In many cases, while G
accommodates for only monotone hazard rate functions, the ED Ga accommodates
for both monotone and non-monotone hazard rate functions. Special attention is
paid to applications in reliability and life testing.

Chapter 1 is an introductory chapter which includes a historical note and pre-
view, generalized order statistics, the uses of asymmetric loss functions, MCMC,
Bayes prediction, and mixtures of EDs.

Inferences (estimations and predictions) and their properties using a general ED
Ga are discussed in Chap. 2.

In Chap. 3, G is specified to be Weibull, so that the properties and inference of
the exponentiated Weibull (EW) distribution are presented. In this chapter, related
distributions to the EW distribution and applications are also provided.

In Chap. 4, G is specified to be exponential, so that the properties and inference
of the exponentiated exponential (EE) distribution are presented. In this chapter,
characterization of the EE distribution is given.

In Chap. 5, G is specified to be Burr type XII, so that the properties and inference
of the exponentiated Burr XII (EBXII) distribution are presented. In this chapter,
applications, related distributions, and beta-Burr XII distribution are introduced.
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Chapter 6 discusses the properties and inference of finite mixtures of exponen-
tiated distributions. Particular emphasis is made when the components are EE
distributions.

We wish to express our gratitude to Professor Chris Tsokos for his valuable
suggestions and comments about the manuscript which improved the quality and
presentation of the book. We thank Zager Karssen and Keith Jones of Atlantis Press
for the interesting discussions about the publication of the book.

Summer Research Grant and Sabbatical Leave from Rider University enabled
the second author to complete his part of the work.
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1.1 Historical Note and Preview

There are several ways of adding one or more parameters to a distribution function.
Such an addition of parameters makes the resulting distribution richer and more
flexible for modeling data. A positive parameter was added to a general survival
function (SF) by Marshall and Olkin (1997). In their consideration of a countable
mixture of Pascal(r, p) mixing proportion and positive integer powers of SF, a SF
with two extra parameters was obtained in AL-Hussaini and Ghitany (2005). A new
family of distributions as a countable mixture with Poisson added parameter was
obtained by AL-Hussaini and Gharib (2009).

Adding a parameter by exponentiation goes back to Gompertz (1825), Verhulst
(1838, 1845, 1847). Gompertz suggested the use of a cumulative distribution
function (CDF)

F1ðtÞ ¼ expð�ae�t=rÞ; �1\t\1; ð1:1:1Þ

which is an exponentiated extreme value distribution expð�e�t=rÞ by a to graduate
mortality tables.

Verhulst (1838) raised his logistic CDF ð1þ qe�t=rÞ�1 to a positive power a and
used

© Atlantis Press and the authors 2015
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F2ðtÞ ¼ ð1þ qe�t=rÞ�a; �1\t\1; ð1:1:2Þ

in Verhulst (1845) and the exponentiated exponential CDF

F3ðtÞ ¼ ð1� qe�t=rÞa; t[ r ln q; ð1:1:3Þ

in Verhulst (1847) to represent population growth.

If in (1.1.3), x ¼ t=r; q ¼ 1; b ¼ 1=r and F ¼ F3 then

FðxÞ ¼ ð1� e�bxÞa; x[ 0: ð1:1:4Þ

This is the form that will be used throughout the book. For details on the
exponentiated Gompetrz-Verhulst family, see Ahuja and Nash (1967).

Ahuja and Nash (1967) and several other authors, call such distributions ‘gen-
eralized’ distributions. The word exponentiated rather than generalized may be
more expressive since the latter word could be confused with other generalized
concepts. On the other hand, it is not clear why an addition of a parameter or more
should ‘generalize’ a distribution although the resulting distribution belongs to the
same family with different parameter space.

The exponentiated distribution (ED) Ga is flexible enough to accommodate, in
many cases, for both monotone as well as non-monotone hazard rates. In fact, EDs
Ga are quite different from G and need special investigation. For example, if G is
exponential such that GðxÞ ¼ 1� expð�bxÞ, then its corresponding PDF gðxÞ ¼
b expð�bxÞ is monotone decreasing on the positive half of the real line. However,
HðxÞ ¼ ½1� expð�bxÞ�a has PDF hðxÞ ¼ ab expð�bxÞ½1� expð�bxÞ�a�1, which
is unimodal on ½0;1Þ with mode at ðln xÞ=b. Furthermore, while the exponential
distribution G has constant hazard rate b, it can be shown that the exponentiated
exponential (EE) H has increasing hazard rate (IHR), if a[ 1, constant hazard rate
(CHR), if a ¼ 1, and decreasing hazard rate (DHR) if a\1.

The function

HðxÞ � HðxjhÞ ¼ ½GðxjbÞ�a ¼ ½GðxÞ�a; ð1:1:5Þ

where GðxÞ is a CDF and a is a positive real number, h ¼ ða; bÞ 2 X; b is a (vector)
of parameters of G and X is a parameter space, is known as exponentiated distri-
bution, since G is exponentiated by a. It is also known as proportional reversed
hazard rate model (PRHRM). Notice that the reversed hazard rate function of H is
defined by

k�HðxÞ ¼
d
dx

½lnHðxÞ� ¼ hðxÞ
HðxÞ :

Hence, k�HðxÞ ¼ a½GðxÞ�a�1gðxÞ
½GðxÞ�a ¼ ak�GðxÞ.

2 1 Class of Exponentiated Distributions Introduction



So that the PRHRF of H is proportional to the PRHRF of G with proportionality
parameter a.

If the power a is a positive integer, the ED is also known as Lehmann alter-
natives, due to Lehmann (1953), who defined the model as a non-parametric class
of alternatives. See Gupta and Gupta (2007).

Remarks

1. If, in (1.1.5), a ¼ 1, then HðxÞ ¼ GðxÞ, the non-exponentiated distribution,
which is also known as baseline distribution.

2. If a ¼ N, a positive integer, N ¼ 1; 2; . . ., then HðxÞ ¼ ½GðxÞ�N is the CDF of
the maximum of a random sample of size N drawn from a population whose
CDF is G.

3. Any CDF H can be written in terms of its hazard rate function (HRF), denoted
by kðxÞ and its PRHRF k�ðxÞ as follows

HðxÞ ¼ kðxÞ
kðxÞ þ k�ðxÞ :

So that the SF and PDF are given by

RðxÞ ¼ k�ðxÞ
kðxÞ þ k�ðxÞ and hðxÞ ¼ kðxÞRðxÞ ¼ kðxÞk�ðxÞ

kðxÞ þ k�ðxÞ :

4. AL-Hussaini (2011), constructed a new class of distributions by compounding
the PDF corresponding to the exponentiated SF, given by

RHðxÞ ¼ ½RGðxÞ�a with the gamma PDF, given by pðaÞ ¼ b
b1
2

Cðb1Þ a
b1�1e�b2a. The

resulting PDF takes the form

h�ðxÞ ¼
Z1
0

hðx aj ÞpðaÞda

¼
Z1
0

fa½RGðxÞ�a�1gðxÞg bb12
Cðb1Þ fa

b1�1e�b2agda

¼ bb12
Cðb1Þ

gðxÞ
RGðxÞ

Z1
0

ab1e�½b2�lnRGðxÞ�ada

¼ b1
b2

kGðxÞ 1� lnRGðxÞ
b2

� ��b1�1

;

where kGðxÞ ¼ gðxÞ
RGðxÞ :
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An extension to the multivariate case was given by the following theorem:

Theorem [AL-Hussaini (2011)] A multivariate PDF of the random vector X ¼
ðX1; . . .;XnÞ can be constructed by compounding L with p , where

Lða; xÞ ¼
Yn
i¼1

hXijaðxijaÞ;

hXijaðxijaÞ ¼ hia½RGðxiÞ�hia�1gðxiÞ; i ¼ 1; . . .; n

and pðaÞ is the gamma PDF as given before, so that

Lða; xÞ ¼ an½
Yn
i¼1

hikGðxiÞ� exp½a
Xn
i¼1

hi lnRGðxiÞ�:

Therefore

h�ðx1; . . .; xnÞ ¼
Z1
0

Lða; xÞpðaÞda

¼ ½
Yn
i¼1

hikGðxiÞ� bb12
Cðb1Þ

Z1
0

anþb1�1 exp½�afb2 �
Xn
i¼1

hi lnRGðxiÞg�da

¼ Cðb1 þ nÞ
Cðb1Þ ½

Yn
i¼1

cikGðxiÞ�½1�
Xn
i¼1

ci lnRGðxiÞ��b1�n; xi [ 0;

where ci ¼ hi=b2; kGðxiÞ ¼ gðxiÞ=RGðxiÞ:

1.2 Generalized Order Statistics

Kamps (1995a, b) suggested a unification of several important concepts that were
used separately in statistical literature such as ordinary order statistics (OOS), upper
ordinary record values, kth records, Pfeifer records, sequential order statistics and
progressive type II censored order statistics. He called this unification generalized
order statistics (GOS). For details and survey, see Kamps (1995a, b), Cramer and
Kamps (2001), Ahsanullah and Nevzorov (2001), Cramer (2002), AL-Hussaini
(2004).

The PDF of the first r GOSs X�
1 ; . . .;X

�
r in a random sample of size n drown from

a population whose CDF, SF and PDF are Hð:Þ;RHð:Þ and hð:Þ, is given by
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fX�
1 ;...;X

�
r
ðx1; . . .; xrÞ ¼ Cr�1

Yr�1

i¼1

½RH xið Þ�mihðxiÞ
" #

RHðxrÞ½ �cr�1hðxrÞ;

H�1ð0Þ\x1\ � � �\xr\H�1ð1Þ:

where X�
r � Xðr; n; k; ~mÞ, Cr�1 ¼

Qr
i¼1 ci; r ¼ 1; . . .; n� 1; ci ¼ k þ n� iþMi;

Mi ¼
Pn�1

j¼i mj; ~m ¼ ðm1; . . .;mn�1Þ; n� 2, 1� i� n� 1; k and mj are real
numbers such that k� 1:

An important special case is that in which m1;¼ . . . ¼ mn�1 ¼ m. Cramer
(2002) calls this case m-GOS. In this case, the PDF of X�

r � Xðr; n; k;mÞ, the rth
m-GOS, can be shown to be

fX�
r
ðxÞ ¼ Cr�1

ðr � 1Þ! ½RðxÞ�
cr�1hðxÞ½nmðHðxÞ�r�1; x 2 A; ð1:2:1Þ

cr ¼ k þ ðmþ 1Þðn� rÞ, A is the set on which fX�
r
ðxÞ is positive and

nmðHðxÞÞ ¼ f1� ½RðxÞ�mþ1g=ðmþ 1Þ; m 6¼ �1;
� ln½RðxÞ�; m ¼ �1:

�

A special case is that of OOS, in which k = 1 and m ¼ 0. So that Cr�1 ¼ n!
ðn�rÞ!.

The PDF of the rth OOS, denoted by Xr:n, is then given by

fXr:nðxÞ ¼
1

Bðr; n� r þ 1Þ ½RðxÞ�
n�rhðxÞð1� ½RðxÞ�Þr�1: ð1:2:2Þ

Another special case is that of the ordinary upper record value (OURV), in
which k = 1 and m ¼ �1. In this case, cr ¼ 1 and Cr ¼ 1, for all r. So that the PDF
of X�

r is then given by

fX�
r
ðxÞ ¼ 1

ðr � 1Þ! hðxÞ½� lnRðxÞ�r�1: ð1:2:3Þ

More on GOSs can be found in Kamps (1995a). On ordered random variables,
see Ahsanullah and Nevzorov (2001), Ahsanullah and Raqab (2007).

1.3 Why Use Asymmetric Loss Functions?

Before answering this question, it should be remarked that Bayes analysis and
statistical decisions are so strongly related that it would be “somewhat unnatural to
learn one without the other” Berger (1985).

1.2 Generalized Order Statistics 5



Several books, and articles, have been published in Bayes (and empirical Bayes)
theory using different loss functions. Examples of such books are Savage (1954),
Jefferys (1961), Lindley (1965), De Groot (1970), Martz and Waller (1982), Maritz
and Lwin (1989), Bernardo and Smith (1994), Press (2003) and many other ref-
erences (articles and books).

A recent book on Bayes statistics has been written by Savchuk and Tsokos
(2013). The book answers general questions on Bayes theory and discusses para-
metric, quasiparametric and nonparametric Bayes estimation and applied some of
the results in reliability.

The square error loss (SEL) function is given by

fðDÞ ¼ dD2 ¼ d½ûðhÞ � uðhÞ�2;

where d is a positive constant, usually taken to be 1, D ¼ ûðhÞ � uðhÞ, uðhÞ is the
function of h to be estimated and ûðhÞ is the SEL estimate of uðhÞ. In this case, it is
well known that the Bayes estimate of uðhÞ, based on SEL function, is the posterior
mean, given by

ûSELðhÞ ¼ E½uðhÞjx� ¼
Z

. . .

Z
uðhÞpðhjxÞdh1. . .dhm; ð1:3:1Þ

where the integrals are taken over the m-dimensional parameter space, pðhjxÞ is the
posterior PDF of the vector of parameters given the vector of observations. For
given prior PDF pðhÞ, the posterior PDF pðhjxÞ is given by

pðhjxÞ / Lðh; xÞpðhÞ ð1:3:2Þ

where Lðh; xÞ is a likelihood function (LF).
The SEL function has probably been the most popular loss function used in

literature. The symmetric nature of the SEL function gives equal weight to over-
and under-estimation of the parameters under consideration. However, in life
testing, over estimation may be more serious than under estimation or vice versa.
The 1986 disaster of the space shuttle Challenger, which was participated by the
overestimation of the reliability of key space shuttle components, serves as a dra-
matic example, Feynman (1988), Dalal et al. (1989).

Research has been directed towards asymmetric loss functions. Varian (1975)
suggested the use of linear-exponential (LINEX) loss function to be of the form

fðDÞ ¼ b½ejD � jD� 1�; ð1:3:3Þ

where jj j 6¼ 0; b[ 0 and D is as before, in which ûðhÞ is the LINEX estimate of
uðhÞ.

Notice that for D ¼ ûðhÞ � uðhÞ ¼ 0, fðDÞ ¼ 0. For a > 0, the loss declines
almost exponentially for D ¼ ûðhÞ � uðhÞ[ 0 and rises approximately linearly
when D ¼ ûðhÞ � uðhÞ\0. For j\0, the reverse is true. By expanding ejD, fðDÞ
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can be approximated to the SEL function when D ¼ ûðhÞ � uðhÞ is small. Without
loss of generality, b may be taken to be equal to 1.

Using LINEX loss function, the Bayes estimate of uðhÞ is given by

ûLNXðhÞ ¼ � 1
j
lnE½e�juðhÞ��x� ¼ � 1

j
ln½

Z
. . .

Z
e�juðhÞpðhjxÞdh1. . .dhm�: ð1:3:4Þ

Thompson and Basu (1996) generalized the LINEX loss function to the squared-
exponential (SQUAREX) loss function of the form

fðDÞ ¼ b½ejD þ cD2 � jD� 1�; ð1:3:5Þ

where c 6¼ 0; j; b and D are as before. The SQUAREX loss function reduces to the
LINEX loss function if c = 0. If j ¼ 0, the SQUAREX loss function reduces to the
SEL function, given by (1.3.3).

The Bayes estimate of uðhÞ, based on SQUAREX loss function is given by

ûSQðhÞ ¼ ûLINðhÞ þ 1
j
ln½1þ 2c

j
fûSELðhÞ � ûSQðhÞg�: ð1:3:6Þ

Other asymmetric loss functions were suggested. Among which is that of Zellner
(1994) who introduced the notion of a balanced squared error loss function in the
context of a general linear model to reflect both goodness of fit and precision of
estimation.

1.4 Markov Chain Monte Carlo (MCMC) Method

To use the MCMC method in computing Bayes estimates of a;Rðx0Þ; kðx0Þ, at
specific value of x0, we first notice that the general problem is in evaluating the
integral Ep½/ðhÞ� ¼

R
/ðhÞpðh xÞj dh, assuming that

R
/ðhÞj jpðh xÞj dh\1, where

pðhjxÞ is the posterior PDF of h given data. The vector h could be of high
dimension. This leads to difficulties in the computation of the integral. The high
dimensionality of the vector h remained a problem even with the approximation
forms for the computation of the integral, that were suggested, for example, by
Lindley (1980), Tierney and Kadane (1986). High dimensionality of the vector is
clearly obtained when the distribution considered is finite mixture. On Markov
chain for exploring posteriors, see Tierney (1994).

Markov chain Monte Carlo (MCMC) algorithms such as Metropolis-Hastings
algorithms (and Gibbs sampler as a special case) have become extremely popular in
statistics. The Metropolis-Hastings algorithm was named after Metropolis et al.
(1953), Hastings (1970). Its application in statistics started with the early nineties.

MCMC approaches are so named because one uses the previous values to
randomly generate the next sample value, generating a Markov chain (as the

1.3 Why Use Asymmetric Loss Functions? 7



transition probabilities between sample values are only a function of the most recent
sample values).

If we can draw samples hð1Þ; . . .; hðNÞ from pðh xÞj , then Monte Carlo integration
allows us to estimate this expectation by the average: /̂N ¼ 1

N
PN

i¼1 /ðhðiÞÞ. If we
generate samples using a Markov chain (aperiodic, irreducible and has a stationary
distribution with PDF pðh xÞj ), then by the ergodic theorem /̂N ! Ep½/ðhÞ�, as
N ! 1. The estimate /̂N is called an argodic average. Also for such chains, if the
variance of /ðhÞ is finite, the central limit theorem holds and convergence occurs
geometrically. Early iterations hð1Þ; . . .; hðMÞ, reflect starting value hð0Þ. These iter-
ations are called burn-in. After the burn-in, we say that the chain has ‘converged’.
The burn-in are omitted from the ergodic averages to end up with

/̂ ¼ 1
N�M

XN
i¼Mþ1

/ðhðiÞÞ: ð1:4:1Þ

Methods for determining M are called convergence diagnostics. For details on
the MCMC, see Cowles and Carlin (1996), Gelman and Rubin (1992), Roberts
et al. (1997), Gamerman and Lopes (2006).

Associated Bayesian methods based on MCMC tools and novel model diag-
nostic tools to perform inference based on fully specified models are discussed in
Sinha et al. (2008).

The data set is analyzed by applying the provided Gibbs sampler and Metrop-
olis-Hesting algorithm using: WinBUGS1.4.

(http://www.mrc-bsu.cam.ac.uk/bugs/winbugs/shtml), which can be downloaded.

1.5 Bayes Prediction

The general problem of prediction may be described as that of inferring the values
of unknown observables (future observations), known as future sample, or func-
tions of such variables, from current available observations, known as informative
sample. According to Geisser (1993), inferring about realizable values not observed
based on values that were observed, is the primary purpose of statistical endeavor.
The problem of prediction can be solved fully within Bayes framework (Geisser
1993). Bernardo and Smith (1994) stated that: “inference about parameters is thus
seen to be a limiting form of predictive inference about observables”.

Different sampling schemes are used in prediction. For example, Dunsmore
(1974) suggested the one-sample scheme to be such that the first r order statistics in
a random sample of size n drawn from a population whose CDF H (.), is considered
to be the informative sample. The future sample is the set of the remaining order
statistics.
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In the two-sample scheme, two independent samples are assumed to be drawn
from the same population, each is ordered and one of the two samples is considered
as the informative sample and the other sample as the future sample.

Lingappaiah (1979) suggested an extension to a series of M + 1 independent
samples. The aim is to predict a statistic in a future sample based on earlier samples
(or stages).

Prediction has its uses in a variety of disciplines such as medicine (medical
prognoses, antibiotic assays and preoperative medical diagnosis), engineering
(machine tool replacement, quality control and maximization of the yield of an
industrial process) and business (determining the difference in future mean per-
formance of competing products and the provision of warranty limits for the future
performance of a specified number of systems). For details on the history of sta-
tistical prediction, analysis and examples, see Aicheson and Dunsmore (1975),
Geisser (1993).

Prediction was reviewed by Patel (1989), Nagaraja (1995), Kaminsky and
Nelson (1998), AL-Hussaini (2000).

1.6 Mixtures of Exponentiated Distribution Functions

The study of homogeneous populations with ‘single component’ distributions was
the main concern of statisticians along history. However, Newcomb (1886), Pear-
son (1894) were two pioneers who approached heterogeneous populations which
can be represented by a ‘finite mixture’ of distributions.

Suppose that FðxjhÞ is a CDF of x given h and QðhÞ is a CDF of h. The function
HðxÞ, defined by

HðxÞ ¼
Z1
�1

FðxjhÞdQðhÞ; ð1:6:1Þ

was called by Fisher (1936) compound distribution of F and Q. Teicher (1960)
called H a mixture of F and Q. The function FðxjhÞ is known as kernel and QðhÞ as
mixing distribution. If the entire mass of the corresponding measure of Q is con-
fined to only a finite number of points h1; . . .; hk, then (1.6.1) becomes a finite
mixture of k components whose CDF is defined by

HðxÞ ¼
Xk
j¼1

FðxjhjÞGðhjÞ: ð1:6:2Þ

To simplify notation, write FjðxÞ � FðxjhjÞ and pj � GðhjÞ, so that (1.6.2)
becomes
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HðxÞ ¼
Xk
j¼1

pjFjðxÞ; ð1:6:3Þ

where pj � 0 and
Pk

j¼1 pj ¼ 1.
In (1.6.3), pj is known as the jth mixing proportion and FjðxÞ the jth component.
If FjðxÞ is absolutely continuous for all j, so that fjðxÞ is the corresponding PDF,

then the PDF hðxÞ of a finite mixture of k components, is given by

hðxÞ ¼
Xk
j¼1

pj fjðxÞ: ð1:6:4Þ

If RjðxÞ is the jth SF, then the SF R(x) of the mixture is given by

RðxÞ ¼
Xk
j¼1

pjRjðxÞ: ð1:6:5Þ

It can be shown that the HRF λH(x) of the mixture H can be written, in terms of
the HRFs of the components kjðxÞ; j ¼ 1; . . .; k as follows

kHðxÞ ¼
Xk
j¼1

xjðxÞkjðxÞ; ð1:6:6Þ

where

xjðxÞ ¼ pjRjðxÞ
RðxÞ ; j ¼ 1; . . .; k: ð1:6:7Þ

Notice that
Pk

j¼1 xjðxÞ ¼ 1:
If the components are exponentiated distributions, then (1.6.3) and (1.6.4)

become, respectively

HðxÞ ¼
Xk
j¼1

pjFjðxÞ ¼
Xk
j¼1

pj½GjðxÞ�a;

hðxÞ ¼
Xk
j¼1

pj fjðxÞ ¼ a
Xk
j¼1

pj½GjðxÞ�a�1gjðxÞ

where GjðxÞ is the jth baseline CDF and gjðxÞ is its PDF.
The SF and HRF are the same as given by (1.6.5) and (1.6.6) in which the jth SF

and HRF are given by RjðxÞ ¼ 1� ½GjðxÞ�a and kjðxÞ ¼ aGjðxÞ�a�1gjðxÞ
1� ½GjðxÞ�a . Also xjðxÞ is

given by
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xjðxÞ ¼ pjf1� ½GjðxÞ�agPk
i¼1 pif1� ½GiðxÞ�ag

; j ¼ 1; 2; . . .; k:

Details and applications of finite mixtures can be found in Everitt and Hand
(1981), Titterington et al. (1985), McLachlan and Basford (1988), McLachlan and
Peel (2000).
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2.1 Introduction

The class of distributions = ¼ H:HðxÞ ¼ GðxÞ½ �af g, where H is defined by (1.1.5),
shall be called class of exponentiated distributions. The PDF and SF, corresponding
to H, are given, respectively, by

hðxÞ ¼ a½GðxÞ�a�1gðxÞ; ð2:1:1Þ

where g(x) is the PDF corresponding to G(x) and

RHðxÞ ¼ 1� ½GðxÞ�a: ð2:1:2Þ
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In terms of survival functions (SFs) RHðxÞ ¼ 1� HðxÞ and RGðxÞ ¼ 1� GðxÞ,
corresponding to H(x) and G(x), we could either have

RHðxÞ ¼ 1� ½1� RGðxÞ�a; ð2:1:3Þ

or simply write

RHðxÞ ¼ ½RGðxÞ�a: ð2:1:4Þ

Notice that SF (2.1.3) corresponds to CDF (1.1.5) whereas SF RHðxÞ, in (2.1.4),
is obtained by exponentiating SF RGðxÞ by a. If, in (2.1.3), a ¼ N, a positive
integer, the SF of the minimum of N independently, identically distributed (iid)
random variables from G is obtained.

Cramer and Kamps (1996) were concerned with obtaining and studying the
properties of the model parameters in a sequential k-out-of-n structure based on the
exponentiated SF (2.1.4) after indexing the parameter a by i; i ¼ 1; . . .; n and
writing (2.1.4) in terms of the CDF’s. That is

HiðxÞ ¼ 1� ½1� GðxÞ�ai ; i ¼ 1; . . .; n: ð2:1:5Þ

The specific choice of CDF’s, as given by (2.1.5), in the definition of sequential
order statistics with CDF G and positive real numbers a1; . . . ; an leads to the
following important cases [see Cramer and Kamps (1996)]:

(i) a1 ¼ � � � ¼ ai ) ordinary order statistics.
(ii) ai ¼ ci=ðn� iþ 1Þ ) generalized order statistics.
(iii) ai ¼ k=ðn� iþ 1Þ ) kth record values.
(iv) ai ¼ ðN þ 1� i�Pi�1

‘¼1 R‘Þ=ðn� iþ 1Þ ) progressive type II censoring,
where ai ¼ ci=ðn� iþ 1Þ and N ¼ nþPn

‘¼1 R‘; ðR1; . . . ;RnÞ is the cen-
soring scheme at the beginning of the experiment.

Nagaraja and Hoffman (2001) used (1.1.5) as a record model and described the
exact as well as the asymptotic distributions of the inter-arrival times of upper
record values from the Ga record model when fXn; n� 1g is a sequence of inde-
pendent random variables such that Xn �Ga. Hoffman and Nagaraja (2000) studied
the model in which Xi �Gai ; i� 1, are independent random variables assuming that
the number of observations is random and independent of the observations and that
the a0is are positive constants. They called this model a random Ga model. Hoffman
and Nagaraja (2002) introduced the random power record model where for every
n� 1, the joint CDF of X1; . . .;Xn of a sequence fXn; n� 1g of random variables,
not necessarily independent nor identically distributed, is given by

Hnðx1; . . . ; xnÞ ¼ E Ga1ðx1Þ; . . . ;GanðxnÞf g; xi 2 R; i ¼ 1; . . .; n;
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where the expectation is taken with respect to the a0s which are assumed to be
almost sure finite positive random variables. They established a hierarchical rela-
tionship between several previously studied record models and showed that this
model incorporates all of them.

2.2 Properties of the Exponentiated Class of Distributions

Motivated by the fact that any (absolutely continuous) SF RGðxÞ can be written in
the form

RGðxÞ � RGðx; bÞ ¼ exp½�uðx; bÞ� � exp½�uðxÞ�; 0� a\x\b�1; ð2:2:1Þ

where uðxÞ ¼ � lnRGðxÞ, is such that RGðxÞ is a SF, so that uðxÞ is a continuous,
monotone increasing, differentiable function of x such that uðxÞ ! 0 as x ! aþ and
uðxÞ ! 1 as x ! b�, in which a and b are real numbers that may assume the
values 0 and ∞, respectively. We shall use (2.2.1), sometimes, instead of the direct
use of G(x).

Remarks

1. The expression for RGðxÞ, given by (2.2.1), holds true for any distribution
defined over the whole real line if a is allowed to assume the value �1.
However, we shall restrict the domain to the positive half of the real line, or
subset of it, as given in (2.2.1), which is more appropriate for x to be used as
time variable.

2. Class (2.2.1) includes all SF’s with positive support (or subset of it). In par-
ticular, it includes among others, the Weibull (exponential and Rayleigh as
special cases), compound Weibull (or Burr type XII), (compound exponential
(or Lomax) and compound Rayleigh as special cases), beta, Pareto I, Gomperz
and compound Gompertz SF’s.

3. Although (2.1.3) and (2.1.4) are both exponentiated models, they are not quite
the same. Substituting (2.2.1) in (2.1.3) and (2.1.4), we obtain, for x[ 0,

RHðxÞ ¼ 1� f1� exp½�uðxÞ�ga ð2:2:2Þ

and

RHðxÞ ¼ exp½�auðxÞ�: ð2:2:3Þ

Notice that SF (2.2.3) is of the same form as that given by (2.1.4) with, say,
u	ðxÞ ¼ auðxÞ. So, we shall concentrate on the class of SFs (2.2.2).

4. It is easy to see that if Z ¼ � lnGðXÞ, where X has CDF HðxÞ ¼ ½GðxÞ�a then Z
has the exponential distribution with HRF a.
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5. Suppose that HðxÞ ¼ ½GðxÞ�a. Gupta et al. (1998) showed that:
if a[ 1 and G admits increasing HRF, then F admits increasing HRF and
if a\1 and G admits decreasing HRF, then F admits decreasing HRF.

2.2.1 Moments

The CDF and PDF corresponding to SF (2.2.2) are given, for x[ 0, by

HðxÞ ¼ 1� exp½�uðxÞ�ð Þa; ð2:2:4Þ

and

hðxÞ ¼ au0ðxÞ exp½�uðxÞ�f1� exp½�uðxÞ�ga�1: ð2:2:5Þ

It can be shown that the ‘th moment of a random variable X following CDF
(2.2.4) is given by

EðX‘Þ ¼ ‘
Xm
j¼1

cjIjð‘Þ; ð2:2:6Þ

where

m ¼ a ¼ 1; 2; 3; . . .

1; a is a positive non�integral value;

�
ð2:2:7Þ

cj ¼ ð�1Þj�1aða� 1Þ . . . ða� jþ 1Þ=j!;

Ijð‘Þ ¼
Z1
0

x‘�1 exp½�juðxÞ�dx: ð2:2:8Þ

In the non-exponentiated case (a ¼ N ¼ 1), the ‘th moment of HðxÞ ¼ 1� exp
½�uðxÞ� is

EðX‘Þ ¼ ‘I1ð‘Þ ¼ ‘

Z1
0

x‘�1 exp½�uðxÞ�dx:

Result (2.2.6) can be shown by observing that integration by parts yields

EðX‘Þ ¼ ‘

Z1
0

x‘�1RHðxÞdx;
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where, from (2.2.2), RHðxÞ ¼
PN

j¼1 cj exp½�juðxÞ�, cj is given by (2.2.8) when a ¼
N is an integer ≥1 and RHðxÞ ¼

P1
j¼1 cj exp½�juðxÞ�, cj is given by (2.2.8) when a

takes positive non-integral values. Substituting RHðxÞ in the integral of EðX‘Þ, we
obtain (2.2.6).

Remark

1. If j� 1 ¼ i, then (2.2.6) becomes EðX‘Þ ¼ ‘
Pm�1

i¼0 ciIið‘Þ;
where

ci ¼ ð�1Þiaða� 1Þ . . . ða� iÞ=ðiþ 1Þ! ¼ a
iþ 1

c	i ;

c	i ¼ ð�1Þiða� 1Þ . . . ða� iÞ=i!;

Iið‘Þ ¼
Z1
0

x‘�1e�ðiþ1ÞuðxÞdx

Therefore EðX‘Þ ¼ ‘a
Pm�1

i¼0
c	i
iþ1 Iið‘Þ.

For example, if uðxÞ ¼ bx (the exponential baseline distribution) and m ¼ a is a
positive integer, then

EðX‘Þ ¼ ‘!a

b‘
Xa�1

i¼0

ð�1Þi a� 1
i

� �
1

iþ 1

� �‘þ1

:

This result agrees with that given in Gradshteln and Ryshlik (1980), p. 1077.
Table (2.1) gives the ‘th moment EðX‘Þ for some members of class =; where, for

j ¼ 1; . . . ; m, cj is given by (2.2.8) and m by (2.2.7). The letter E preceding the name
of the distribution stands for exponentiated. The letter C for compound, W for
Weibull, Ray for Rayliegh, Par 1 for Pareto type1 and Gomp for Gompertz.

2.2.2 Quantiles

The quantile xq of the absolutely continuous distribution (2.2.4) is given by

xq ¼ u�1½� lnð1� q1=aÞ�; ð2:2:9Þ

where u�1ð:Þ is the inverse function of uð:Þ. This is true since the quantile is the
value of xq satisfying q ¼ HðxqÞ ¼ f1� exp½�uðxqÞ�ga. Table (2.2) displays the
medians of some members of the exponentiated class =. It may be observed that in
the non-exponentiated case ða ¼ 1Þ the median reduces to median ¼ u�1ðln 2Þ.
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2.2.3 Mode

The logarithm of PDF (2.2.5) is given by

ln hðxÞ ¼ ln aþ ln u0ðxÞ � uðxÞ þ ða� 1Þ ln ½1� e�uðxÞ�:

So that

h0ðxÞ
hðxÞ ¼ u00ðxÞ

u0ðxÞ � u0ðxÞ þ ða� 1Þ u0ðxÞe�uðxÞ

1� e�uðxÞ

� �
)

0 ¼ u00ðxÞð1� e�uðxÞÞ � ½u0ðxÞ�2½1� ða� 1Þe�uðxÞ�

The value of x which satisfies this equation is a mode of the PDF, given by
(2.2.5).

Table 2.1 ‘th moments of some members of the exponentiated class =
Distribution u(x) ‘th moment

EWða; b1; b2Þ b1 x
b2 C ð1þ‘=b2Þ

b
‘=b2
1

Pm
j¼1

cj
j‘=b2

� �
EEða;bÞ bx Cð1þ‘Þ

b‘
Pm

j¼1
cj
j‘

� �
ERayða;bÞ bx2 C ð1þ‘=2Þ

b‘=2
Pm

j¼1
cj
j‘=2

� �
ECWðBurr XII)

ða;b1; b2; dÞ
b2 lnð1þ dxb1 Þ Cð1þ‘=b1Þ

d‘=b1

Pm
j¼1

cjCðjb2�‘=b1
Cðjb2Þ

� �

ECEðELomaxÞ
ða;b; dÞ

b lnð1þ dxÞ Cð1þ‘Þ
d‘

Pm
j¼1

cjCðjb2�‘Þ
Cðjb2Þ

� �

ECRayða;b; dÞ b lnð1þ d x2Þ C ð1þ‘=2Þ
d‘=2

Pm
j¼1

cj C ðjb2�‘=2Þ
C ðj b2Þ

� �
EPar Iða;b1;b2Þ � lnðx=b1Þb2 ; ðx[b1=b21 Þ ‘bb2þ‘=b2

1

Pm
j¼1

cj
ðjb2�‘Þb j

1

� �
EBetaða;bÞ � lnð1� xbÞ; 0\x\1

Cð1þ ‘=bÞPm
j¼1

cjCð1þjÞ
Cð1þjþ‘=bÞ

 !

EGompða; b1; b2Þ b1 expðb2xÞ 1
b‘2

Pm
j¼1 cjIjð‘Þa

ECGompða;b1;b2; dÞ d ln 1þ eb2x�1
b1b2

h i
‘
Pm

j¼1 cjI
	
j ð‘Þb

a Ijð‘Þ ¼
R1
0

lnð1þ z
jb1

h i‘
e�zdz; z ¼ jb1ðeb2x � 1Þ:

b I	j ð‘Þ ¼
R1
0

x‘�1

ðb1d�1Þþe�b2x½ �j‘ dx:
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2.2.4 Hazard Rate Function

The hazard rate function (HRF) corresponding to the exponentiated CDF (1.1.5) is
given, for x[ 0; by

kHðxÞ ¼ hðxÞ
RHðxÞ ¼

a½GðxÞ�a�1gðxÞ
1� ½GðxÞ�a ¼ a½1� 2a ðxÞ�kGðxÞ; ð2:2:10Þ

where kGðxÞ ¼ gðxÞ=RGðxÞ and 2a ðxÞ ¼ 1�Ga�1ðxÞ
1�GaðxÞ :

Notice that, since GðxÞ is a CDF on ½0;1Þ, then
If 0\a\1, then �1\ 2a ðxÞ� 1 ) 1� 2a ðxÞ� 1

a ) kHðxÞ� kGðxÞ.
If a� 1, then a�1

a � 2a ðxÞ� 1 ) 0� a½1� 2a ðxÞ� � 1 ) 0� kHðxÞ� kGðxÞ.
2a ð0Þ ¼ 1 and 2a ð1Þ ¼ limx!1

1�Ga�1ðxÞ
1�GaðxÞ

h i
¼ a�1

a . So that, a�1
a � 2a ðxÞ� 1, for

all x 2 ½0;1Þ: Hence, 0� a½1� 2a ðxÞ�� 1:
By differentiating kHðxÞ, given by (2.2.10) with respect to x and simplifying, it

can be shown that, provided that GðxÞg0ðxÞ\ g2ðxÞ,
H has an increasing hazard rate (IHR), if:

GaðxÞ[ 1� a
1� fGðxÞg0ðxÞ=g2ðxÞg : ð2:2:11Þ

H has a decreasing hazard rate (DHR), if:

GaðxÞ\1� a
1� fGðxÞg0ðxÞ=g2ðxÞg : ð2:2:12Þ

Table 2.2 Medians of some members of the exponentiated class =
Distribution u(x) u�1ðyÞ Median

EWða; b1 ; b2Þ b1x
b2 ðy=b1Þ1=b2 ln 1� 2�1=a

	 
�1=b1
h i1=b2

EEða; bÞ bx y=b ln 1� 2�1=a
	 
�1=b

ERayða; bÞ bx2 ðy=bÞ1=2 ln 1� 2�1=a
	 
�1=b

h i1=2
ECWðBurr XIIÞða; b1 ; b2 ; dÞ b2 lnð1þ dxb1 Þ ½1d ðey=b2 � 1Þ�1=b1 1� 2�1=a

	 
�1=b2�1
n o

=d
h i1=b1

ECEðELomaxÞða; b; dÞ b lnð1þ dxÞ 1
d ðey=b � 1Þ 1� 2�1=a

	 
�1=b�1
n o

=d

ECRayða; b; dÞ b lnð1þ dx2Þ ½ðey=b � 1Þ�1=2 1� 2�1=a
	 
�1=b�1
n o

=d
h i1=2

EPar Iða; b1 ; b2Þ � lnðx=b1Þb2 ; x[b1=b21 b1=b21 ey=b2 b1=b21 1� 2�1=a
� ��1=b2

EBetaða; bÞ � lnð1� xbÞ; ð0\x\1Þ ð1� e�yÞ1=b 2�1=ðabÞ

EGompða; b1 ; b2Þ b1e
b2 x ½lnð1þ y=b1Þ�=b2 ln 1� ln 1� 2�1=a

	 
1=b1h i1=b2
ECGompða; b1; b2 ; dÞ d ln 1þ eb2 x�1

b1b2

h i ½lnf1þ b1b2ðex=b2 � 1Þg�=b2 ln 1þ b1b2 1� 2�1=a
	 
�1=d�1
n oh i1=b2
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If equality holds, then critical points at which extrema for H(x) may be obtained
and so other shapes for the HRF of H(x) are expected to take place.

2.2.5 Proportional Reversed Hazard Rate Function

The proportional reversed hazard rate function (PRHRF) of H, denoted by k	HðxÞ is
defined by

k	HðxÞ ¼
d
dx

½lnHðxÞ� ¼ hðxÞ
HðxÞ :

It may be noticed, from (2.2.10), that the HRF kHðxÞ of H(x) is not proportional
to the HRF kGðxÞ of G(x). However, the PRHRF k	HðxÞ of H(x) can be seen to be
proportional to the PRHRF k	GðxÞ of G(x). In fact,

k	HðxÞ ¼
hðxÞ
HðxÞ ¼

a½GðxÞ�a�1gðxÞ
½GðxÞ�a ¼ ak	GðxÞ: ð2:2:13Þ

This is why the exponentiated model is equivalently called PRHRM.
It may also be noted that k	HðxÞ dx provides the probability of failing in (x - dx, x),

when a unit is found failed at time x. In general, the PRHRF has been found to be
useful in estimating the SF for left censored data.

It can be seen that the CDF HðxÞ can be written, in terms of the HRF kHðxÞ and
PRHRM k	HðxÞ of H as follows

HðxÞ ¼ kHðxÞ
kHðxÞ þ k	HðxÞ

ð2:2:14Þ

From which, the SF and PDF are given, respectively, by

RðxÞ ¼ k	HðxÞ
kHðxÞ þ k	HðxÞ

and hðxÞ ¼ kHðxÞRðxÞ ¼ k	HðxÞkHðxÞ
kHðxÞ þ k	HðxÞ

:

2.2.6 Density Function of the rth m-Generalized
Order Statistic

The PDF of the rth m-GOS based on an absolutely continuous CDF HðxÞ, whose
SF is RHðxÞ and PDF is hðxÞ, and positive numbers c1; . . . ; cr is given by (1.2.1).

The following theorem gives an expression for the PDF of the rth m-GOS based
on an exponentiated distribution.
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Theorem 2.1 The PDF of the rth m-GOS based on an exponentiated distribution,
whose CDF HðxÞ ¼ ½1� e�uðxÞ�a and SF RHðxÞ ¼ 1� ½1� e�uðxÞ�a, is given from
(1.2.1) in case (m 6¼ �1), by

fX	
r
ðxÞ ¼ Cr�1

ðr � 1Þ!ðmþ 1Þr�1 1� ½1� e�uðxÞ�a
� �cr�1

au0ðxÞe�uðxÞ½1� e�uðxÞ�a�1

1� ½1� e�uðxÞ�ðmþ1Þa
� �r�1

:

ð2:2:15Þ

where Cr�1; cr are as given in Chap. 1.
In the case m ¼ �1; ci ¼ k;Cr�1 ¼ kr, the PDF of the rth OURV is given by

fX	
r
ðxÞ ¼ kr

ðr � 1Þ! ½1� ð1� e�uðxÞÞa�k�1au0ðxÞe�uðxÞð1� e�uðxÞÞa�1

½� lnf1� ð1� e�uðxÞÞag�r�1:

ð2:2:16Þ

The PDF of the rth ordinary order statistic (OOS) is obtained by setting k ¼
1 and m ¼ 0 in (2.2.15), or equivalently by the direct use of (1.2.2), to get

fXr:nðxÞ ¼
1

Bðr; n� r þ 1Þ 1� ½1� e�uðxÞ�a
� �n�r

au0ðxÞe�uðxÞ½1� e�uðxÞ�a�1ð1� e�uðxÞÞaðr�1Þ:

¼
Xn�r

j¼0

ð�1Þ j n� r

j

� �
1

Bðr; n� r þ 1Þ ð1� e�uðxÞÞaðjþrÞ�1au0ðxÞe�uðxÞ;

¼
Xn�r

j¼0

xjh
	
j ðxÞ;

ð2:2:17Þ

where

xj ¼ ð�1Þ jn!
ðn� r � jÞ!ðr � 1Þ!j!ðr þ jÞ ð2:2:18Þ

and

h	j ðxÞ ¼ aðr þ jÞu0ðxÞe�uðxÞð1� e�uðxÞÞaðrþjÞ�1: ð2:2:19Þ

Also, from (2.2.16), the PDF of OURV is obtained by setting k ¼ 1 and m ¼ �1
to get

fX	
r
ðxÞ ¼ 1

ðr � 1Þ! au
0ðxÞe�uðxÞð1� e�uðxÞÞa�1½� lnf1� ð1� e�uðxÞÞag�r�1: ð2:2:20Þ
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(i) An s-out-of-n structure functions if at least s of its components function, or
equivalently, that the life of the s-out-of-n structure is the (n - s + 1) largest
of the component lifetimes. So, if r is replaced by n - s + 1 in the PDF of the
rth order statistic (2.2.18), we obtain the PDF of life of an s-out-of-n
structure.

fn�sþ1:nðxÞ ¼
n

n� sþ 1

� �
n� sþ 1ð Þau0ðxÞe�uðxÞ

1� e�uðxÞ
h iaðn�sþ1Þ�1

1� 1� e�uðxÞ
� �ah is�1

:

ð2:2:21Þ

(ii) The PDFs of a series (n-out-of-n) and parallel (1-out of n) structures are
obtained, for x[ 0; from (2.2.21), respectively, as follows:

f1:nðxÞ ¼ nau0ðxÞe�uðxÞð1� e�uðxÞÞa�1 1� ð1� e�uðxÞÞa
h in�1

: ð2:2:22Þ

fn:nðxÞ ¼ nau0ðxÞe�uðxÞð1� e�uðxÞÞna�1: ð2:2:23Þ

Notice that in the non-exponentiated case ða ¼ 1Þ, f1:nðxÞ ¼ nu0ðxÞe�nuðxÞ and
fn:nðxÞ ¼ nu0ðxÞe�uðxÞð1� e�uðxÞÞn�1; which agree with the PDFs of the
minimum and maximum order statistics based on a population with CDF
1� e�uðxÞ:

(iii) Expression (2.2.17) agrees with the expression obtained by Sarabia and
Castillo (2005), for the PDF of the rth order statistic, with the appropriate
parameters. This expression makes it easy to obtain the corresponding CDF,
SF and moments.

(iv) Mudholkar and Hutson (1996) obtained asymptotic distributions of the
extreme order statistics X1:n andXn:n and the extreme spacings X2:n � X1:n and
Xn::n � Xn�1:n.

2.3 Estimation of a;Rðx0Þ; kðx0Þ (All Parameters
of G are Known)

2.3.1 Maximum Likelihood Estimation
of a;Rðx0Þ; kðx0Þ

In this section, the parameter a, SF Rðx0Þ and HRF kðx0Þ, at x0, are estimated using
the maximum likelihood (ML) and Bayes methods.
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Suppose that a is the only unknown parameter (that is all of the parameters of
G are known). We are going to show that an unbiased estimator â of a which is also
consistent and asymptotically efficient, is given by

â ¼ ðn� 1Þ=
Xn
i¼1

Zi: ð2:3:1Þ

It may be noticed that the transformation Z ¼ � lnGðXÞ, where X is distributed
as HðXÞ ¼ ½GðXÞ�a, transforms X to an exponential random variable Zwith HRF a,
denoted by Exp (a). In fact

FZðzÞ ¼ P½Z � z� ¼ P½� lnGðXÞ� z� ¼ P½X[G�1ðe�zÞ� ¼ 1� HX ½G�1ðe�zÞ�
¼ 1� e�az; z[ 0

Suppose that X1;\ � � �\Xr are the first r order statistics in a random sample of
size n drawn from a population whose CDF is given by HðXÞ ¼ ½GðXÞ�a (type II
censoring). Let Zi ¼ � lnGðXiÞ, then Z1:n [ � � � [ Zr:n where Zj:n is the jth order
statistic of a random sample Z1; . . .;Zn of size n from Exp (a). It then follows that
the LF is given by

Lða; zÞ / ½
Yr
i¼1

hðziÞ�½HðzrÞ�n�r

/ ½
Yr
i¼1

ae�azi �½1� e�azr �n�r

/ are�aT ½1� e�azr �n�r;

ð2:3:2Þ

where z ¼ ðz1; . . . ; zrÞ and

T ¼
Xr
i¼1

Zi ¼ �
Xr
i¼1

lnGðXiÞ: ð2:3:3Þ

The log-likelihood function is given, from (2.3.2), by

‘ða; xÞ � ln Lða; xÞ / r ln a� aT þ ðn� rÞ lnð1� e�azr Þ:

Differentiating both sides with respect to a and then equating to zero, we obtain

r
a
� T � ðn� rÞzre�azr

1� e�azr
¼ 0: ð2:3:4Þ

The solution of (2.3.4) is the MLE ~aML of a. Such solution could not be obtained
analytically and numerical solution may be necessary.

2.3 Estimation of a;Rðx0Þ; kðx0Þ (All Parameters of G are Known) 25



In the complete sample case (r ¼ n), it follows, from (2.3.4), that

~aML ¼ n=T : ð2:3:5Þ

where Zi ¼ � ln GðXiÞ½ � are independently, identically distributed random variables
from the exponential distribution with parameter a. It then follows that T ¼Pn

i¼1 Zi
has a gamma ðn; aÞ distribution. Therefore,

E ~aMLð Þ ¼ E n=Tð Þ ¼
Z1
0

n
t

an

CðnÞ t
n�1e�atdt ¼ n

n� 1
a

So that, from (2.3.5),

âML ¼ n� 1
n

~a ¼ n� 1
T

; ð2:3:6Þ

is unbiased for a. Furthermore, it can be shown that the distribution (1.1.5) belongs
to the exponential class, so that

Pn
i¼1 ln GðxiÞ½ � is sufficient and complete for a. The

efficiency of the estimator [see, for example, Hogg et al. (2005), p. 324] is given by
e ¼ RCLB

VðâÞ ¼ 1� 2
n ! 1; as n ! 1: Notice that Rao-Cramer lower bound (RCLB) is

the reciprocal of n times Fisher information IðaÞ, given by the variance of the score
function. That is, RCLB ¼ 1

nIðaÞ ¼ 1
nVðo ln h=oaÞ ¼ a2

n and it can be shown that the

variance of â is given by VðâÞ ¼ a2
n�2 : The estimator â is unbiased, consistent

estimator for a. It then follows that
ffiffiffi
n

p ðâ� aÞ !D Nð0; a2Þ:
Remarks

1. If all of the parameters are unknown, the MLE’s of the unknown parameters of
G are obtained (by solving the likelihood equations involved) and then substi-
tuted in G to get Zi ¼ � ln GðXiÞ½ � and hence âML.

2. The invariance principle of MLEs can be used in estimating the SF and HRF by
replacing the parameters by their estimates.

3. The above estimators of a;Rðx0Þ; kðx0Þ, may be of use when GðxÞ is in ‘standard
form’ or can be transformed to standard form, where all of its parameters are
known and interest is in estimating a.

4. In the complete sample case, the MLE ~aML ¼ �n=
Pn

i¼1 lnGðXiÞ agrees with
the result obtained by Gupta and Gupta (2007).

2.3.2 Bayes Estimation of a;Rðx0Þ; kðx0Þ

Assuming that the prior belief of the experimenter about a is gamma (b1; b2) with
PDF
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pðaÞ / ab1�1e�b2a; a[ 0; ðb1; b2 [ 0Þ: ð2:3:7Þ

The posterior PDF is given, from (2.3.2) and (2.3.7) by

pðajzÞ / Lða; zÞpðaÞ ¼ Aarþb1�1e�ðb2þTÞa½1� e�azr �n�r

) pðajzÞ ¼ A
Xn�r

j1¼0
Cj1a

rþb1�1 exp½�T0j1a�;
ð2:3:8Þ

where

T0j1 ¼ b2 þ j1zr þ
Xr
i¼1

zi ð2:3:9Þ

and A is a normalizing constant, which can be shown to be given by

A ¼ 1
Cðr þ b1ÞS0 ; ð2:3:10Þ

S0 ¼
Xn�r

j1¼0

Cj1

Trþb1
0j1

 !
;Cj1 ¼ ð�1Þj1 n� r

j1

� �
ð2:3:11Þ

and T0j1 is given by (2.3.9).
Based on squared error loss function, the Bayes estimators of a;Rðx0Þ; kðx0Þ

were obtained in AL-Hussaini (2010a), using (1.3.1), as follows

âSEL ¼ EðajzÞ ¼ ðr þ b1ÞS1
S0

;

R̂SELðz0Þ ¼ E½Rðz0Þjz� ¼ 1� S2
S0

;

k̂SELðz0Þ ¼ E½kðz0Þjz� ¼ ðr þ b1Þk	Gðz0ÞS3
S0

9>>>>>>>=
>>>>>>>;

ð2:3:12Þ

where S0 and Cj1 are given by (2.3.11) and k	Gðz0Þ ¼ gðz0Þ
Gðz0Þ,

S1 ¼
Xn�r

j1¼0

Cj1

Trþb1þ1
0j1

 !
; S2 ¼

Xn�r

j1¼0

Cj1

Trþb1
1j1

 !
; S3 ¼

Xn�r

j1¼0

X1
j2¼0

Cj1

Trþb1þ1
j1;j2

 !
; ð2:3:13Þ

T1j1 ¼ T0j1 � lnGðz0Þ; ð2:3:14Þ

Tj1;j2 ¼ T0j1 � ðj2 þ 1Þ lnGðz0Þ: ð2:3:15Þ

For proof, see AL-Hussaini (2010a). This development shall be called ‘standard
Bayes method’ (SBM).
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Remarks

1. In the complete sample case, the Bayes estimator âSEL ¼ nþb1
b2�
Pn

i¼1
lnGðXiÞ

, based

on the SEL function, agrees with the result obtained by AL-Hussaini (2010b).
2. In the complete sample case, âML and âSEL coincide for non-informative prior of

a (the case in which b1 ¼ b2 ¼ 0).
3. It may be observed that ~aSEL ! ~aML as n ! 1, indicating that ~aSEL has the

same properties as ~aML for large values of n.

The following theorem gives the Bayes estimates under the LINEX loss func-
tion, using standard Bayes method (SBM).

Theorem 2.2 Based on LINEX loss function, the Bayes estimators of
a;Rðx0Þ; kðx0Þ are given, using (1.3.4), by the following:

âLNX ¼ � 1
j
ln
Z1
0

e�ajpðajzÞda ¼ � 1
j
ln

S	1
S0

� �
; ð2:3:16Þ

R̂LNXðx0Þ ¼ � 1
j
ln
Z1
0

e�Rðx0ÞjpðajzÞda ¼ � 1
j
ln

S	2
S0

� �
; ð2:3:17Þ

k̂LNXðx0Þ ¼ � 1
j
ln
Z1
0

e�kðx0ÞjpðajzÞda ¼ � 1
j
ln

S	3
S0

� �
; ð2:3:18Þ

where S0 is given by (2.3.11),

S	1 ¼
Xn�r

j1¼0

Cj1

ðjþ T0j1Þrþb1
; ð2:3:19Þ

S	2 ¼
Xn�r

j1¼0

X1
j2¼0

e�j j
j2

j2!
Cj1

½T0j1 � j2 lnGðz0Þ�rþb1
; ð2:3:20Þ

S	3 ¼
X

C
½k	Gðz0Þ�j2Cðr þ b1 þ j2Þ

Cðr þ b1Þ½T0j1 � ðj2 þ j3Þ lnGðz0Þ�rþb1þj2

 !
; ð2:3:21Þ

where T0j1 is given by (2.3.9),

X
¼
Xn�r

j1¼0

X1
j2¼0

X1
j3¼0

and C ¼ Cj1Cj2Cj3 ð2:3:22Þ
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Cj1 is given by (2.3.11),

Cj2 ¼
ð�1Þj2jj2

j2!
; Cj3 ¼

j2 þ j3 � 1

j3

 !
: ð2:3:23Þ

Proof Such estimators can be seen to be obtained, by using (1.3.4) and the
posterior PDF (2.3.8), as follows:

âLNX ¼ � 1
j
ln
Z1
0

e�ajpðajzÞda

¼ � 1
j
lnA

Xn�r

j1¼0

Cj1

Z1
0

arþb1�1e�a½T0j1þj�da

¼ � 1
j
ln

S	1
S0

� �
;

where A is given by (2.3.10), S0 by (2.3.11) and S	1 by (2.3.19).

R̂LNXðz0Þ ¼ � 1
j
ln
Z1
0

e�RHðz0ÞjpðajzÞda;

¼ � 1
j
ln
Z1
0

e�½1�fGðz0Þga�jpðajzÞda;

¼ � 1
j
ln
X1
j2¼0

e�j j
j2

j2!

Z1
0

ej2a lnGðz0ÞpðajzÞda;

¼ � 1
j
ln
X1
j2¼0

e�j j
j2

j2!

Z1
0

ej2a lnGðz0ÞA
Xn�r

j1¼0

Cj1a
rþb1�1e�T0j1ada;

¼ � 1
j
lnA

Xn�r

j1¼0

Cj1

X1
j2¼0

e�j j
j2

j2!

Z1
0

arþb1�1e�ðT0j1�j2 lnGðz0Þada;

¼ � 1
j
ln

S	2
S0

� �
;

where S0 is given by (2.3.11) and S	2 by (2.3.20).
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Finally, the LINEX estimator of kHðx0Þ is given by

k̂LNXðz0Þ ¼ � 1
j
ln
Z1
0

e�kðz0ÞjpðajzÞda

¼ �1
j
ln
Z1
0

X1
j2¼0

½�kðz0Þj�j2
j2!

pðajzÞda

¼ �1
j
ln
Z1
0

X1
j2¼0

ð�jÞj2
j2!

a½Gðz0Þ�a�1gðz0Þ
1� ½Gðz0Þ�a

" #j2
pðajzÞda

¼ � 1
j
ln
X1
j2¼0

½k	Gðz0Þ�j2
ð�jÞj2
j2!

Z1
0

aj2 ½Gðz0Þ�j2af1� ½Gðz0Þ�ag�j2pðajzÞda

¼ � 1
j
ln
X1
j2¼0

½k	Gðz0Þ�j2
ð�jÞj2
j2!

X1
j3¼0

Cj3

Z1
0

aj2 ½Gðz0Þ�ðj2þj3ÞapðajzÞda

where k	Gðz0Þ ¼ gðz0Þ=½Gðz0Þ� and Cj3 is given by (2.3.23).
So that

k̂LNXðz0Þ ¼ � 1
j
ln
X1
j2¼0

X1
j3¼0

Cj3 ½k	Gðz0Þ�j2
ð�jÞj2
j2!

A
Xn�r

j1¼0

Cj1

Z1
0

arþb1þj2�1e�½T0j1�ðj2þj3Þ lnGðz0Þ�ada

k̂LNXðx0Þ ¼ � 1
j
lnA

X
C½k	Gðx0Þ�j2 :

Cðr þ b1 þ j2Þ
½T0j1 � ðj2 þ j3Þ lnGðx0Þ�rþb1þj2

:

Therefore

k̂LINðx0Þ ¼ � 1
j
ln

S	3
S0

� �
;

where S	3 is given by (2.3.21),
P

and C by (2.3.22). h
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2.4 Estimation of (a; b1; . . .; bkÞ; RHðx0Þ and kHðx0Þ
(All Parameters of H are Unknown)

This section is devoted to the estimation of the vector of parameters (a; bÞ; RHðx0Þ
and kHðx0Þ, where b ¼ ðb1; . . . ; bkÞ using the ML and Bayes methods.

2.4.1 Maximum Likelihood Estimation
of (a; b1; . . . ; bkÞ;RHðx0Þ; kHðx0Þ

In this section, G is assumed to depend on k-dimensional vector b ¼ ðb1; . . . ; bkÞ
of unknown parameters. So that H will depend on the ðk þ 1Þ-dimensional vector
of unknown parameters (a; b). All parameters are assumed to be positive. In this
case, the LF is given by

Lðh; xÞ / ½
Yr
i¼1

hðxijhÞ�½RHðxrjhÞ�n�r

/ ½
Yr
i¼1

afGðxijbÞga�1gðxijbÞ�½1� fGðxrjbÞga�n�r;

ð2:4:1Þ

where x ¼ ðx1; . . . ; xrÞ are the first r order statistics, h ¼ ða; bÞ, b ¼ ðb1; . . . ;bkÞ,
So that the LLF, denoted by ‘ðh; xÞ is given by

‘ðh; xÞ � ln Lðh; xÞ ¼ r ln aþ ða� 1Þ
Xr
i¼1

lnGðxijbÞ þ
Xr
i¼1

ln gðxijbÞ

þ ðn� rÞ ln½1� fGðxrjbÞga�
ð2:4:2Þ

The likelihood equations (LEs) are then given by

o‘
oa

: 0 ¼ r
a
þ
Xr
i¼1

lnGðxijbÞ � ðn� rÞfGðxrjbÞga lnGðxrjbÞ
1� fGðxrjbÞga ð2:4:3Þ

and for j ¼ 1; . . . ; k,

o‘
obj

: 0 ¼ ða� 1Þ
Xr
i¼1

1
GðxijbÞ

oGðxijbÞ
obj

þ
Xr
i¼1

1
gðxijbÞ

ogðxijbÞ
obj

� ðn� rÞafGðxrjbÞga�1

1� fGðxrjbÞga
oGðxrjbÞ

obj

ð2:4:4Þ

2.4 Estimation of (a; b1; . . .;bkÞ; RHðx0Þ … 31



By solving this system of equations, we obtain the MLEs of a; b1; . . . ; bk. The
invariance property of MLEs can then be applied to obtain the MLEs of RHðx0Þ and
kHðx0Þ, for some x0, by replacing the parameters by their MLEs.

2.4.2 Bayes Estimation of (a; b1; . . . ; bkÞ;RHðx0Þ; kHðx0Þ

AL-Hussaini (2010a) gave expressions for the Bayes estimators of the parameters,
SF and HRF of H, under the SEL function. In what follows, such estimators are
obtained under LINEX loss function.

Theorem 2.3 Suppose that the CDF G depends on an unknown k-dimensional
vector of parameters b ¼ ðb1; . . . ; bkÞ, so that H depends on the (k þ 1) unknown
parameters (a; b).

Given by

pðhÞ � pða; bÞ ¼ p1ðaÞp2ðbÞ; ð2:4:5Þ

where

p1ðaÞ / ab1�1 expð�b2aÞ; ð2:4:6Þ

and p2ðbÞ is a k-variate PDF. Then

1. The LINEX estimators of the parameters are

âLNX ¼ � 1
j
ln S		1 =S		0
	 


; ð2:4:7Þ

b̂v;LNX ¼ � 1
j
ln S		v =S		0
	 


; v ¼ 2; . . . ; k: ð2:4:8Þ

2. The LINEX estimators of the SF RHðx0Þ and HRF kHðx0Þ are given, for some x0,
by

R̂LNXðx0Þ ¼ � 1
j
ln S		kþ2=S

		
0

	 

; ð2:4:9Þ

k̂LNXðx0Þ ¼ � 1
j
ln S		kþ3=S

		
0

	 

; ð2:4:10Þ
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where

S		0 ¼
Xn�r

j1¼0

Cj1 I0; I0 ¼
Z
b

wðb; xÞp2ðbÞ
½T0j1ðxr; bÞ�rþb1

db; ð2:4:11Þ

S		1 ¼
Xn�r

j1¼0

Cj1 I1; I1;¼
Z
b

e�T0ðbÞp2ðbÞ
½jþ T0j1ðbÞ�rþb1

db; ð2:4:12Þ

S		v ¼
Xn�r

j1¼0

Cj1 Iv; Iv ¼
Z
b

e�T0ðbÞ�jbvp2ðbÞ
½T0j1ðbÞ�rþb1

db; v ¼ 2; . . . ; k þ 1; ð2:4:13Þ

S		kþ2 ¼ e�j
Xn�r

j1¼0

X1
j2¼0

Cj1

j2!
Ikþ2; Ikþ2 ¼

Z
b

e�T0ðbÞp2ðbÞ
½Tj1;j2ðbÞ�rþb1

db; ð2:4:14Þ

S		kþ3 ¼
Xn�r

j1¼0

X1
j2¼0

X1
j3¼0

Cj1ð�jÞj2Cðr þ b1 þ j2Þ
j2!Cðr þ b1Þ Ikþ3;

Ikþ3 ¼
Z
b

e�T0ðbÞp2ðbÞ½k	ðx0Þ�j2
½Tj1;j2;j3ðbÞ�rþb1þj2

db:
ð2:4:15Þ

T0ðbÞ ¼
Xr
i¼1

lnGðxijbÞ þ
Xr
i¼1

ln gðxijbÞ; ð2:4:16Þ

T0j1ðbÞ ¼ b2 þ Tj1ðbÞ; ð2:4:17Þ

Tj1ðbÞ ¼ �
Xr
i¼1

lnGðxijbÞ þ j1 lnGðxrjbÞ
" #

; ð2:4:18Þ

Tj1; j2ðbÞ ¼ T0j1 � ðj2 þ 1Þ lnGðx0jbÞ; ð2:4:19Þ

Tj1; j2; j3ðbÞ ¼ T0j1ðbÞ � ðj2 þ j3Þ lnGðx0jbÞ: ð2:4:20Þ

Proof The LF (2.4.1) can be written as

Lðh; xÞ / wðbÞ
Xn�r

j1¼0

Cj1a
r exp½�aTj1ðbÞ�; ð2:4:21Þ

where h ¼ ða; b1; . . . ; bkÞ;wðbÞ ¼
Qr

i¼1 k
	
Gðxi; bÞ ¼

Qr
i¼1

gðxi;bÞ
Gðxi;bÞ and Tj1ðbÞ is given

by (2.4.18).
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The posterior PDF is given, from (2.4.5) and (2.4.21), by

pðhjxÞ / Lðh; xÞpðhÞ ¼ AwðbÞp2ðbÞ
Xn�r

j1¼0

Cj1a
rþb1�1 exp½�aT0j1ðbÞ�; ð2:4:22Þ

where A is a normalizing constant, given by

A ¼ 1
Cðr þ b1ÞS		0

;

S		0 ¼
Xn�r

j1¼0

Cj1 I0; I0 ¼
Z1
0

wðbÞp2ðbÞ
½T0j1ðbÞ�rþb1

db;
ð2:4:23Þ

T0j1ðbÞ is given by (2.4.17) and Tj1ðbÞ by (2.4.18).
It then follows, from (1.3.2), that

âLNX ¼ � 1
j
ln
Z
b

Z1
0

e�japða; bjxÞdadb

¼ � 1
j
ln
Z
b

Z1
0

e�ja AwðbÞp2ðbÞ
Xn�r

j1¼0

Cj1a
rþb1�1 exp½�aT0j1ðbÞ�

 !2
64

3
75dadb

¼ � 1
j
ln A

Xn�r

j1¼0

Cj1

Z
b

wðbÞp2ðbÞ
Z1
0

arþb1�1 exp½�afjþ T0j1ðbÞg� dadb

2
64

3
75

¼ � 1
j
ln ACðr þ b1ÞS		1
� �

¼ � 1
j
ln S		1 =S		0
� �

where S		0 is given by (2.4.23),

S		1 ¼
Xn�r

j1¼0

Cj1 I1; I1 ¼
Z
b

wðbÞp2ðbÞ
½jþ T0j1ðbÞ�rþb1

db
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For v ¼ 1; . . . ; k, the LINEX Bayes estimator of bv is given by

b̂v;LNX ¼ � 1
j
ln
Z
b

Z1
0

e�jbvpða; bjxÞdadb

¼ � 1
j
ln
Z
b

Z1
0

e�jbv AwðbÞp2ðbÞ
Xn�r

j1¼0

Cj1a
rþb1�1 exp½�aT0j1ðbÞ�

 !2
64

3
75dadb

¼ � 1
j
ln A

Xn�r

j1¼0

Cj1

Z
b

e�jbvwðbÞp2ðbÞ
Z1
0

arþb1�1 exp½�aT0j1ðbÞ�dadb

2
64

3
75

¼ � 1
j
ln ACðr þ b1ÞS		i
� �

¼ � 1
j
ln S		i =S		0
� �

where, for i ¼ 2; . . . ; k þ 1,

S		i ¼
Xn�r

j1¼0

Cj1 Ii; Ii ¼
Z
b

e�jbiwðbÞp2ðbÞ
½T0j1ðbÞ�rþb1

db

The Bayes estimator of RHðx0Þ, at some x0, is given by

R̂LNXðx0Þ ¼ � 1
j
ln
Z
b

Z1
0

e�Rðx0Þjpða; bjxÞ dbda

Since Rðx0Þ ¼ 1� ½Gðx0Þ�a, then

e�jRðx0Þ ¼ e�jf1�½Gðx0Þ�ag ¼ e�j
X1
j2¼0

jj2 ½Gðx0Þ�aj2
j2!

¼ e�j
X1
j2¼0

jj2eaj2 ln½Gðx0Þ�

j2!
:
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Therefore,

R̂LNXðx0Þ ¼ � 1
j
ln
Z
b

Z1
0

AwðbÞp2ðbÞ
Xn�r

j1¼0

Cj1a
rþb1�1 exp½�aT0j1ðbÞ�

 !

e�j
X1
j2¼0

jj2eaj2 ln½Gðx0Þ�

j2!
dadb

¼ � 1
j
lnAe�j

Xn�r

j1¼0

X1
j2¼0

jj2Cj1

j2!

Z
b

wðbÞp2ðbÞ

Z1
0

arþb1�1e�a½T0j1 ðbÞ�j2 lnGðx0Þ�dadb

¼ � 1
j
lnAe�j

Xn�r

j1¼0

X1
j2¼0

jj2Cj1

j2!

Z
b

wðbÞp2ðbÞ Cðr þ b1Þ
½Tj1;j2ðbÞ�rþb1

dadb

¼ � 1
j
ln

S		kþ2

S		0

� �

where
Tj1;j2ðbÞ is given by (2.4.19) and S		0 by (2.4.23).

The Bayes estimator of kHðx0Þ, at some x0, is given by k̂LNXðx0Þ ¼
� 1

j ln
R
b

R1
0
e�jkðx0Þpða; bj xÞdbda.

Since

kH ðx0Þ ¼ h ðx0Þ
RHðx0Þ ¼

a½Gðx0Þ�a�1 gðx0Þ
1� ½Gðx0Þ�a ¼ a k	ðx0Þ½Gðx0Þ�a f1� ½Gðx0Þ�ag�1;

where k	ðx0Þ ¼ gðx0Þ
Gðx0Þ, then

e�j kH ðx0Þ ¼
X1
j2 ¼0

½�jkHðx0Þ�j2
j2!

¼
X1
j2¼0

ð�jÞj2aj2 ½k	ðx0Þ�j2 ½Gðx0Þ�a j2
j2!

X1
j3¼0

Cj3 ½Gðx0Þ�aj3

¼
X1
j2¼0

X1
j3¼0

Cj2Cj3 ½k	ðx0Þ�j2aj2 eðj2þj3Þa lnGðx0Þ

Cj2 ¼
ð�jÞj2
j2!

; Cj3 ¼ ð�1Þj3 j2 þ j3 � 1

j3

� �
; k	ðx0Þ ¼ gðx0Þ

Gðx0Þ
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Therefore,

k̂LNXðx0Þ ¼ � 1
j
ln
Z
b

Z1
0

AwðbÞp2ðbÞ
Xn�r

j1¼0

Cj1a
rþb1�1 exp½�aT0j1ðbÞ�

 !

X1
j2¼0

X1
j3¼0

Cj2Cj3 ½k	ðx0Þ�j2 aj2eðj2þj3Þa ln Gðx0Þdadb;

¼ � 1
j
ln A

Xn�r

j1¼0

X1
j2¼0

X1
j3¼0

Cj1Cj2Cj3

Z
b

wðbÞp2ðbÞ½k	ðx0Þ�j2 IðbÞdb

I ðbÞ ¼
Z1
0

arþb1þj2�1 e�a½T0j1 ðbÞ�ðj2þj3Þ ln Gðx0Þ�da

¼ Cðr þ b1 þ j2Þ
½Tj1;j2;j3ðbÞ�rþb1þj2

:

So that

k̂LNXðx0Þ ¼ � 1
j
lnA

X
C
Z
b

wðx0Þp2ðbÞ½k	ðx0Þ�j2

Cðr þ b1 þ j2Þ
½Tj1;j2;j3ðbÞ�rþb1þj2

db

¼ � 1
j
ln

S		kþ3

S		0

� �
:

where, for k ¼ 0; 1; 2; . . .;

S		kþ3 ¼
X

CIkþ3; Ikþ3 ¼ Cðr þ b1 þ j2Þ
Cðr þ b1Þ

Z
b

wðx0Þ p2ðbÞ½k	ðx0Þ�j2
½Tj1;j2;j3ðbÞ�rþb1þj2

db;

and Tj1;j2;j3ðbÞ is given by (2.4.20) and S		0 by (2.4.23). h
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2.5 Bayes One-Sample Prediction of Future Observables
(All Parameters of H are Unknown)

2.5.1 One-Sample Scheme

AL-Hussaini (2010a) obtained 100 ð1� sÞ % predictive intervals based on the two-
sample scheme. In the one-sample scheme, the informative sample consists of the
first r order statistics X1\ � � �\Xr of a random sample of size n drawn from a
population whose CDF is H ðxÞ. The future sample consists of the remaining order
statistics Xrþ1\ � � �\Xn. Let Ys ¼ Xrþs; s ¼ 1; . . . ; n� r. Write frðys jhÞ to denote
the PDF of the sth unit to fail, given that the rth unit had already failed. Then

frðysjhÞ / ½HðysjhÞ � HðxrjhÞ�s�1½1� HðysjhÞ�n�r�s

½RðxrjhÞ��ðn�rÞhðysjhÞ

The binomial expansion of each of the first two terms on the right-hand side then
yields

frðysjhÞ /
Xs�1

j1¼0

Xn�r�s

j2¼0

Dj1Dj2 ½HðysjhÞ�s�1�ðj1�j2Þ½HðxrjhÞ�j1

½RHðxrjhÞ��ðn�rÞhðysjhÞ;

where
h ¼ ða; bÞ; b ¼ ðb1; . . . ; bkÞ;Dj1 and Dj2 are given by

Dj1 ¼ ð�1Þj1 s� 1
j1

� �
; Dj2 ¼ ð�1Þj2 n� r � s

j2

� �
: ð2:5:1Þ

Substitution of Hð: jhÞ ¼ ½Gð:j bÞ�a) and h ð: jhÞ ¼ aGð: jbÞ�a�1 gð: jbÞ then
yields

frðysjhÞ /
Xs�1

j1¼0

Xn�r�s

j2¼0

Dj1Dj2 ½GðysjbÞ�a½s�1�j1þj2Þ�

½GðxrjbÞ�a j1faGðysjbÞ�a�1gðysjbÞg½RHðxr hj Þ��ðn�rÞ

/ k	ðys bj Þ
Xs�1

j1¼0

Xn�r�s

j2¼0

Dj1Dj2ae
a½s�j1þj2Þ� ln Gðys bj Þþj1 ln Gðxr bj Þ�

½RHðxr hj Þ��ðn�rÞ;

ð2:5:2Þ

where k	ðys bj Þ ¼ gðys bj Þ
Gðys bj Þ�.
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The posterior PDF is given, from (2.4.1) and (2.4.3), by

pðh xÞj / Lðh; xÞpðhÞ / ½
Yr
i¼1

hðxijhÞ�½RHðxrjhÞ�n�rab1�1 expð�b2aÞp2ðbÞ

¼ f
Yr
i¼1

a½GðxijbÞ�a�1gðxijbÞgab1�1 expð�b2aÞp2ðbÞ½RHðxrjhÞ�n�r

¼ ½
Yr
i¼1

k	ðxijbÞ�½
Yr
i¼1

½GðxijbÞ�a�arþb1�1 expð�b2aÞp2ðbÞ½RHðxrjhÞ�n�r

¼ wðb; xÞp2ðbÞarþb1�1 expf�½b2 �
Xr
i¼1

lnGðxi bj Þ�ag½RHðxrjhÞ�n�r;

ð2:5:3Þ

where wðb; xÞ ¼ Qr
i¼1 k

	ðxijbÞ�.
It follows, from (2.5.2) and (2.5.3), that the predictive density function of Ys is

given by

f 	ðysjxÞ ¼
Z
H

f ðysjhÞpðhjxÞdh

¼ A
Xs�1

j1¼0

Xn�r�s

j2¼0

Dj1Dj2

Z
b

wðb; xÞk	ðys bj Þp2ðbÞ
Z1
0

arþb1e�aT	
j1 j2

ðbÞdadb

¼ ACðr þ b1 þ 1Þ
Xs�1

j1¼0

Xn�r�s

j2¼0

Dj1Dj2

Z
b

wðb; xÞk	ðys bj Þp2ðbÞ
T	
j1j2ðbÞ�rþb1þ1 db;

ð2:5:4Þ

where k	ðz bÞj ¼ gðz bÞj
Gðz bÞj and T0j1ðbÞ is given by (2.4.12) and

T	
j1j2ðbÞ ¼ T0j1 � ½s� ðj1 � j2Þ� lnGðys bÞj ; ð2:5:5Þ

The predictive SF is then given by

P½Ys [ mjx� ¼
Z1
m

f 	ðysjxÞdys

¼ ACðr þ b1 þ 1Þ
Xs�1

j1¼0

Xn�r�s

j2¼0

Dj1Dj2 I
	ðmÞ;

¼ ACðr þ b1 þ 1ÞS			ðmÞ; m[ xr;

ð2:5:6Þ
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where

S			ðmÞ ¼
Xs�1

j1¼0

Xn�r�s

j2¼0

Dj1Dj2 I
	ðmÞ; ð2:5:7Þ

I	ðmÞ ¼
Z
b

wðb; xÞp2ðbÞ
Z1
m

k	ðys bj Þ
½T	

j1j2ðbÞ�rþb1þ1 dysdb:

The inner integral of I	ðmÞ is given by

Z1
m

k	ðys bj Þ
½T	

j1j2ðbÞ�rþb1þ1 dys ¼
Z1
m

k	ðys bj Þ
½T0j1ðbÞ � fs� ðj1 � j2Þg lnGðys bÞj �rþb1þ1 dys

By applying the transformation z ¼ T0j1ðbÞ � fs� ðj1 � j2Þg lnGðys bÞj ;
dz ¼ �fs� j1 þ j2gk	ðys bj Þdys and ðm;1Þ ! ðz1; z2Þ, where z1 ¼ T0j1ðbÞ �

ðs� j1 þ j2Þ lnGðmjbÞ and z2 ¼ T0j1ðbÞ
Therefore

Z1
m

k	ðys bj Þ
½T	

j1j2ðbÞ�rþb1þ1 dys ¼
�1

s� j1 þ j2

Zz2
z1

z�r�b1�1dz

¼ 1
ðr þ b1Þðs� j1 þ j2Þ z

�r�b1

����
z2

z1

¼ 1
ðr þ b1Þðs� j1 þ j2Þ ½z

�r�b1
2 � z�r�b1

1 �

¼ ½T0j1ðbÞ��r�b1 � ½T0j1ðbÞ � fs� j1 þ j2g lnGðmjbÞ��r�b1

ðr þ b1Þðs� j1 þ j2Þ :

So that

I	ðmÞ ¼
Z
b

wðb; xÞp2ðbÞ ½T0j1ðbÞ��r�b1 � ½T0j1ðbÞ � fs� j1 þ j2g lnGðmjbÞ��r�b1

ðr þ b1Þðs� j1 þ j2Þ

 !
db

ð2:5:8Þ

Since, from (2.5.6),
1 ¼ P½Ys [ xrjx� ¼ ACðr þ b1 þ 1ÞS			ðxrÞ, then A ¼ 1

Cðrþb1þ1ÞS			ðxrÞ.
where S			ðmÞ is given by (2.5.7).
It then follows, from (2.5.6), that
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P½Ys [ mjx� ¼ S			ðmÞ
S			ðxrÞ ; m[ xr: ð2:5:9Þ

A 100 (1 - sÞ % two-sided predictive interval for the sth future order statistic Ys
has lower and upper bounds L and U, given by

1� ðs=2Þ ¼ P½Ys [ Ljx� ¼ S			ðLÞ
S			ðxrÞ and s=2 ¼ P½Ys [Ujx� ¼ S			ðUÞ

S			ðxrÞ :

Equivalently, L and U are given by the solution of the following equations

S			ðLÞ � ½1� ðs=2Þ�S			ðxrÞ ¼ 0;

S			ðUÞ � ðs=2ÞS			ðxrÞ ¼ 0:

)
ð2:5:10Þ

where S			ðmÞ is given by (2.5.7).

Remarks

1. The one-sided predictive interval of the form Ys \ L is such that

0 ¼ S			ðLÞ � ð1� sÞS			ðxrÞ

and of the form Ys [U is such that

0 ¼ S			ðUÞ � sS			ðxrÞ:

2. Two-sample scheme

In the case of two-sample scheme, we have two independent samples of sizes n and
m. The informative sample consists of the first r order statistics X1\ � � �\Xr of a
random sample of size n. The future sample is assumed to consist of the order
statistics Y‘; ‘ ¼ 1; . . . ;m. It is also assumed that all observations are drawn from
the same population whose CDF is H ðxÞ ¼ ½GðxÞ�a. Derivations of the estimators
and predictive interval of the future observable Y‘ ; ‘ ¼ 1; . . . ;m are the same as in
the one-sample case, by replacing frðys hÞj , given by (2.5.2) by

f ðy‘ hÞj / ½Hðy‘jhÞ�‘�1½1� Hðy‘jhÞ�m�‘hðy‘jhÞ:

Proceeding as in the one-sample case, we finally obtain the estimators of
a; bi; ði ¼ 1; . . . ; kÞ; Rðx0Þ and k ðx0Þ are given by
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â ¼ ðr þ b1ÞS	1
S	0

; bi ¼
S	iþ1

S	0
; ði ¼ 1; . . . ; kÞ;

R ðx0Þ ¼ 1� S	kþ2

S	0
; kðx0Þ ¼

ðr þ b1ÞS	kþ3

S	0

ð2:5:11Þ

The predictive SF of the future observable Y‘; ‘ ¼ 1; . . . ; k, is given by

P½Y‘ [ mjx� ¼ S	kþ5ðmÞ
S02

; ð2:5:12Þ

where, for i ¼ 0; 1; . . . ; k þ 2,

S	i ¼
Xn�r

j1¼0

Cj1 Ii j1 and S	kþ3 ¼
Xn�r

j1¼0

X1
j2¼0

Cj1 Ikþ3;j1;j2 ; ð2:5:13Þ

I0j1 ¼
Z
b

e�T0ðbÞp2ðbÞ=Trþb1
0j1 ðbÞdb;

I1j1 ¼
Z
b

e�T0ðbÞp2ðbÞ=Trþb1þ1
0j1 ðbÞdb;

Iiþ1;j1 ¼
Z
b

bie
�T0ðbÞp2ðbÞ=Trþb1þ1

0j1 ðbÞdb; i ¼ 1; . . . ; k;

Ikþ2;j1 ¼
Z
b

e�T0ðbÞp2ðbÞ=Trþb1
0j1 ðbÞdb;

Ikþ3;j1;j2 ¼
Z
b

gðx0jbÞe�T0ðbÞp2ðbÞ
Gðx0jbÞTrþb1þ1

j1;j2 ðbÞ db;

Ikþ4;j1;j2 ¼
Z
b

gðy‘jbÞe�T0ðbÞp2ðbÞ
Gðy‘jbÞTrþb1þ1

j1;j2 ðbÞ db;

Ikþ5;j1;j3ðmÞ ¼
Z
b

fT0j1ðbÞg�ðrþb1Þ � fT0j1ðbÞ � ð‘þ j3Þ lnGðmjbÞg�ðrþb1Þ
h i

ð2:5:14Þ

e�T0ðbÞp2ðbÞdb: ð2:5:15Þ

T0ðbÞ and T0j1ðbÞ are given by (2.4.11) and (2.4.12) and Tj1;j2ðbÞ by (2.4.14).
So that the lower and upper bounds L and U of the ð1� sÞ % predictive interval

of Y‘; ‘ ¼ 1; . . . ;m are given by the solution of the equations
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S	kþ5ðLÞ � ð1� ðs=2ÞÞS02 ¼ 0;

S	kþ5ðUÞ � ðs=2ÞS02 ¼ 0;

)
ð2:5:16Þ

where

S02 ¼
Xn�r

j1¼0

Xm�‘

j3¼0

Cj1Cj3

‘þ j3

� �
I0j1 and S	kþ5ðmÞ ¼

Xn�r

j1¼0

Xm�‘

j3¼0

Cj1Cj3

‘þ j3

� �
Ikþ5;j1;j3 ð2:5:17Þ

Cj1 ¼ ð�1Þj1 n� r
j1

� �
;Cj3 ¼ ð�1Þj3 m� ‘

j3

� �
; ð2:5:18Þ

I0j1 and Ikþ5;j1;j3 are given by (2.5.14) and (2.5.15).
For details, See AL-Hussaini (2010a).

2.6 Numerical Computations Applied to Three Examples

Three examples are given: in one of which the base distribution G is in standard
form (with no parameters involved), the second depends on one parameter b and, in
the third, G depends on two parameters ðb1; b2Þ. The computations using Bayes
method in the three examples are based on the square error loss function.

1. GðxÞ ¼ 1� e�x: the base distribution G does not depend on any unknown
parameters.

2. GðxÞ ¼ 1� e�bx: the base distribution G depends on one parameter. In this case,
the exponentiated distribution depends on the two parameters ða; bÞ.

3. GðxÞ ¼ 1� e�b1 x
b2 : the base distribution depends on two parameters. In this

case, the exponentiated distribution depends on the three parameters ða; b1; b2Þ.

Example 2.1 GðxÞ ¼ 1� e�x; x[ 0, so that HðxÞ ¼ ð1� e�xÞa, where a is
unknown.

• Maximum likelihood estimation

To compute the MLEs of a;Rðx0Þ;Hðx0Þ at some x0,

(i) Generate n ¼ 20 uniform (0, 1) random numbers u1; . . . ; u20.

(ii) Compute the corresponding x1; . . . ; x20, where xi ¼ � lnð1� u1=ai Þ, where
Ui is uniform on the interval (0, 1). Choose a ¼ 2:5.

(iii) Order the x0s and censor at r (r = 20, 18, 15).
(iv) Use (2.3.4), with GðxÞ ¼ 1� e�x, to compute âML. The MLEs

â; R̂ðx0Þ; Ĥðx0Þ and their MSEs are displayed in Table 2.3a–c.
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The following Bayes methods are based on SEL.

• Standard Bayes Method (SBM)

Given b1; b2 and x0, the Bayes estimates â; R̂ðx0Þ; Ĥðx0Þ are computed by using the
expressions in (2.3.11). Based on 1,000 samples, each of size n ¼ 20, censored at
r = 20, 18, 15, when b1 ¼ 3; b2 ¼ 0:6; x0 ¼ 0:2, the average values of the estimates
and their mean square errors (MSEs) over the 1,000 samples are given in
Table 2.3a–c. We mean by the MSE, in the Bayes case, the overall risk function.

• MCMC

The data set is analyzed by applying Gibbs sampler and Metropolis-Hastings
algorithm using WinBUGS 1.4 (http://www.nrc-bsu.cam.ac.uk/bugs/winbugs/
contents.smtm1) which can be downloaded and used.

Step 0: Take some initial guess of að0Þ.
Step 1: From i ¼ 1 to N, generate aðiÞ from the posterior PDF p ðaj zÞ, given by

(2.3.8).
Step 2: Calculate the Bayes estimator of a by: â ¼ 1

N�M

PN
i¼Mþ1 a

ðiÞ, where M is
the burn-in period.

Step 3: For a given time x0, the Bayes estimators of the SF and HRF are given,
respectively, by

R̂ðx0Þ ¼ 1
N �M

XN
i¼Mþ1

½1� ð1� e�x0ÞaðiÞ �

Table 2.3 n ¼ 20; b1 ¼ 3; b2 ¼ 0:6; x0 ¼ 0:2 and 1,000 repetitions

Parameters SBM MCMC MLE Actual values

Bayes MSE Bayes MSE ML MSE

(a) r = 20 (complete sample case)

α 2.5890 0.0091 2.5780 0.0091 2.5920 0.0092 2.5

R(x0) 0.9855 8.17 × 10−5 0.9855 8.17 × 10−5 0.9855 8.17 × 10−5 0.986

λ(x0) 0.165 0.006 0.165 0.006 0.166 0.006 0.16

(b) r = 18

α 2.678 0.0943 2.678 0.0943 2.6820 0.0950 2.5

R(x0) 0.988 0.0001 0.9850 0.0001 0.9850 0.0001 0.986

λ(x0) 0.165 0.0008 0.165 0.0008 0.166 0.0008 0.16

(c) r = 15

α 2.7095 0.165 2.7096 0.1652 2.7125 0.169 2.5

R(x0) 0.9980 0.0001 0.9833 0.0001 0.9840 0.0001 0.986

λ(x0) 0.1663 0.0042 0.1662 0.0042 0.1680 0.0050 0.16
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and

k̂ðx0Þ ¼ 1
N �M

XN
i¼Mþ1

aðiÞð1� e�x0ÞaðiÞ�1

e�x0

1� ð1� e�x0ÞaðiÞ
 !

;

where M is the burn-in period.
The estimates and their MSEs, obtained by the MCMC method, are reported in

Table 2.3a–c. The same parameter, and hyper-parameter values, used in SBM, are
used here and computations are based on 1,000 samples.

• Bayes prediction (two-sample scheme)

The 95 % predictive intervals ðs ¼ 0:05Þ; n ¼ 20; r ¼ 20; 18; 15 when b1 ¼ 3; b2 ¼
0:6 for the first future observable Y1 in a sample of size m ¼ 10 future observables,
are obtained by solving the two equations, given by (2.5.11). The intervals are
found to be:

0:0821\Y1\1:00845; length ¼ 1:0024; ðr ¼ 20Þ
0:0854\Y1\1:0921; length ¼ 1:0067; ðr ¼ 18Þ
0:0862\Y1\1:0949; length ¼ 1:0087; ðr ¼ 15Þ

where the lower bound of each interval is the average of the lower bounds
L computed to satisfy the first equation of (2.5.16) for each one of the 1,000
samples, respectively and similarly for the upper bounds.

Example 2.2 GðxÞ ¼ 1� e�bx; x[ 0, ðb[ 0), the base distribution G depends on
a single parameter b:

• Maximum likelihood estimation

With k ¼ 1, Eqs. (2.4.3) and (2.4.4) reduce to only two equations and we write b
for b1. The solution of the two equations, using some iteration scheme, such as
Newton-Raphson, yields MLEs âML and b̂ML of a and b. The MLEs of R̂MLðx0Þ and
k̂MLðx0Þ are obtained by applying the invariance property of MLEs. The average
values of the estimates and their mean square errors (MSEs) over the 1,000 samples
are given in Table 2.4a–c.

• Standard Bayes method

Suppose that a and b are independent and that a is distributed as gamma ðb1; b2Þ
whose PDF is given by (2.3.7) and b is distributed as gamma ðb3; b4Þ whose PDF is
given by

p2ðbÞ / bb3�1 expð�b4bÞ; b[ 0; ðb3; b4 [ 0Þ: ð2:6:1Þ
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Accordingly, the Bayes estimators of a; b;Rðx0Þ; kðx0) are given by

â ¼ ðr þ b1ÞS	1
S	0

; b̂ ¼ S	2
S	0

; R̂ðx0Þ ¼ 1� S	3
S	0

; k̂ðx0Þ ¼ ðr þ b1ÞS	4
S	0

: ð2:6:2Þ

The predictive PDF and SF of the future ‘ th observable Y‘; ‘ ¼ 1; . . . ; k, are
given by

f 	ðy‘jxÞ ¼ ðr þ b1ÞS	5
S02

andP½Y‘ [ mjx� ¼ S	6ðmÞ
S02

;

where, for m ¼ 0; 1; 2; 3, S	m and S	4 � S	6ð:Þ are given by (2.5.17) with k ¼ 1.
The integrals involved are given as follows, from (2.5.17), when k ¼ 1 and

p2ðbÞ is given by (2.6.1). So that

I0j1 ¼
Z1
0

½bb3�1e�T	ðbÞ=Trþb1
0j1

ðbÞ�db;

T	ðbÞ ¼ b4bþ T0ðbÞ; T0ðbÞ
is given by (2.4.11)

Table 2.4 n ¼ 20; b1 ¼ 3; b2 ¼ 0:6; b3 ¼ 2; b4 ¼ 3; x0 ¼ 0:2 and 1,000 repetitions

Parameters SBM MCMC MLE Actual values

Bayes MSE Bayes MSE ML MSE

(a) r = 20 (complete sample case)

α 2.5480 0.0254 2.5261 0.0071 2.5920 0.0092 2.5

β 1.523 0.0006 1.519 0.0004 1.574 0.0013 1.5

R(x0) 0.9855 8.17 × 10−5 0.9855 8.17 × 10−5 0.9855 8.17 × 10−5 0.9658

λ(x0) 0.3776 0.0006 0.3771 0.0006 0.3702 0.0022 0.3795

(b) r = 18

α 2.6078 0.1325 2.5628 0.0442 2.6640 0.5821 2.5

β 1.4523 0.0154 1.4569 0.0152 1.4491 0.0283 1.5

R(x0) 0.9618 1.2 × 10−4 0.9618 1.2 × 10−4 0.9608 1.5 × 10−4 0.9658

λ(x0) 0.3761 0.0092 0.3755 0.0092 0.3681 0.0191 0.3795

(c) r = 15

α 2.6875 0.5960 2.6940 0.5573 2.7930 0.6956 2.5

β 1.4375 0.0687 1.4436 0.0638 1.4017 0.0854 1.5

R(x0) 0.9580 0.0004 0.9583 0.0004 0.9574 5.88 × 10−4 0.9658

λ(x0) 0.3758 0.0130 0.3750 0.0130 0.3651 0.0282 0.3795
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I1j1 ¼
Z1
0

½bb3�1e�T	ðbÞ=Trþb1þ1
0j1

ðbÞ�db;

I2j1 ¼
Z1
0

½bb3e�T	ðbÞ=Trþb1
0j1

ðbÞ�db;

I3j1 ¼
Z1
0

½bb3�1e�T	ðbÞ=Trþb1
1j1

ðbÞ�db;

I4j1j2 ¼
Z1
0

gðx0jbÞbb3�1e�T	ðbÞ

Gðx0jbÞTrþb1þ1
j1j2 ðbÞ db;

I5j1j2 ¼
Z1
0

gðy‘jbÞbb3�1e�T	ðbÞ

Gðy‘jbÞTrþb1þ1
j1j2 ðbÞ db;

I6j1j2 ¼
Z1
0

1

fT0j1ðbÞgrþb1
� 1

fT0j1ðbÞ � ð‘þ j3Þ lnGðmjbÞgrþb1

" #
bb3�1e�T	ðbÞdb

Computations are carried out in the same manner as in Example 2.1, with the
obvious changes in which HðxÞ ¼ ½GðxÞ�a;GðxÞ ¼ 1� e�bx, with n ¼ 20, censored

at r = 20, 18, 15, when b1 ¼ 3; b2 ¼ 0:6. So that xi ¼ � 1
b lnð1� u1=ai Þ; i ¼

1; . . .; 20, where a and b are chosen to be a ¼ 2:5 and b ¼ 1:5. Computations are
also based on chosen values of x0 ¼ 0:2; b1 ¼ 3; b2 ¼ 0:6; b3 ¼ 2; b4 ¼ 3.

• MCMC

In this case, samples are generated from the posterior distributions. Bayes estimates
of a and b and their functions are computed according to the following steps:

Step 0: Take some initial guess of a and b, say að0Þ and bð0Þ.
Step 1: Generate að1Þ and bð1Þ from the posterior PDFs, given by

pðajb; xÞ ¼ pða; bjxÞR1
0 p ða; bjxÞda ¼ arþb1�1Pn�r

j1¼0 Cj1e
�a T0j1 ðbÞ

C ðr þ b1Þ
Pn�r

j1¼0 Cj1=½T0j1ðbÞ�rþb1
;

pðbja; xÞ ¼ pða; bjxÞR1
0 p ða; bjxÞdb ¼

Pn�r
j1¼0 Cj1b

b3�1e�a T0j1 ðbÞ�T	ðbÞPn�r
j1¼0 Cj1

R1
0 bb3�1e�a T0j1 ðbÞ�T	ðbÞdb

;

where Cj1 and T0j1ðbÞ are given by (2.4.12), T	ðbÞ ¼ b4bþ T0ðbÞ, T0ðbÞ is given
by (2.4.11).
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Step 2: From i ¼ 1 to N � 1, generate aðiþ1Þ and bðiþ1Þ from p ðaj bðiþ1Þ; xÞ and
p ðbj aðiþ1Þ; xÞ, respectively.

Step 3: Calculate the Bayes estimates of a and b from â ¼ 1
N�M

PN
i¼Mþ1 a

ðiÞ and

b̂ ¼ 1
N�M

PN
i¼Mþ1 b

ðiÞ, respectively.

For a given x0, calculate the Bayes estimates of the SF and HRF from:

R̂ ðx0Þ ¼ 1
N �M

XN
i¼Mþ1

½1� ð1� e�bðiÞ x0ÞaðiÞ �

and

k̂ðx0Þ ¼ 1
N �M

XN
i¼Mþ1

aðiÞbðiÞð1� e�bðiÞx0ÞaðiÞ�1

e�bðiÞx0

1� ð1� e�bðiÞx0ÞaðiÞ
 !

:

It may be noted that in Kundu and Gupta (Kundu and Gupta 2008), the Bayes
estimates of the parameters a and b (a and k in their notation) were developed in the
complete sample case, assuming that a and b are independent and each has a
gamma prior.

The estimates using the ML method, SBM, MCMC are displayed in
Table 2.4a–c.

• Bayes prediction (two-sample scheme)

The 95 % predictive interval ðs ¼ 0:05Þ; n ¼ 20; r ¼ 20; 18; 15 when b1 ¼ 3; b2 ¼
0:6; b3 ¼ 2; b4 ¼ 3, for the first future observable Y1, in a sample of size m ¼ 10
future observables are found to be

0:0321\Y1\0:6542; length ¼ 0:6221; ðr ¼ 20Þ
0:0412\Y1\0:7320; length ¼ 0:6908; ðr ¼ 18Þ
0:0447\Y1\0:7397; length ¼ 0:6950; ðr ¼ 15Þ

where the lower bound of each interval is the average of the lower bounds L
computed to satisfy the first equation of (2.5.16) for each one of the 1,000 samples,
respectively. Similarly for the upper bounds.

Example 2.3 GðxÞ ¼ 1� e�b1 x
b2 ; x[ 0, ðb1; b2 [ 0), the base (Weibull) distribu-

tion depends on two unknown parameters b1; b2.

• Maximum likelihood estimation

With k ¼ 2, the system of LEs (2.4.3) and (2.4.4) reduce to three equations in the
three unknowns a; b1; b2. By solving such equations, using some iteration method
we obtain the MLEs of these parameters. The MLEs of Rðx0Þ and kðx0Þ are
computed by applying the invariance property of MLEs.
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• Standard Bayes method

Suppose that a and b ¼ ðb1; b2Þ are independent and that a is distributed as gamma
ðb1; b2Þ whose PDF is given by (2.3.7) and b is such that

p2ðbÞ ¼ p3ðb2jb1Þpðb1Þ
/ ½bb4�1

2 e�b1b2 �½bb3�1
1 e�b5b1 �;

b1; b2 [ 0; ðb3; b4; b5 [ 0Þ
/ bb3�1

1 bb4�1
2 e�b1ðb5þb2Þ:

ð2:6:3Þ

So that the prior PDF of h, is given, from (2.3.7) and (2.5.17), by

pðhÞ ¼ p1ðaÞp2ðbÞ / ab1�1 bb3�1
1 bb4�1

2 e�b2 a�b1ðb5þb2Þ: ð2:6:4Þ

According to Theorem 2.3, the Bayes estimators of a; b1; b2;Rðx0Þ; k ðx0) are
given by

â ¼ ðr þ b1Þ S	1
S	0

; b̂1 ¼
S	2
S	0

; b̂2 ¼
S	3
S	0

; R̂ðx0Þ ¼ 1� S	4
S	0

; k̂ðx0Þ ¼ ðr þ b1ÞS	5
S	0

ð2:6:5Þ

where, for ‘ ¼ 0; 1; . . . ; 5, S	‘ is given by (2.5.13), in which

I0j1 ¼
Z1
0

Z1
0

bb3�1
1 bb4�1

2 e�T	ðb1;b2Þ

Trþb1
0j1

db1db2;

T	ðb1; b2Þ ¼ T0ðb1; b2Þ þ b1ðb5 þ b2Þ;

I1j1 ¼
Z1
0

Z1
0

bb3�1
1 bb4�1

2 e�T	ðb1;b2Þ

Trþb1þ1
0j1

db1db2;

I2j1 ¼
Z1
0

Z1
0

bb31 b
b4�1
2 e�T	ðb1;b2Þ

Trþb1
0j1

db1db2;

I3j1 ¼
Z1
0

Z1
0

bb3�1
1 bb42 e

�T	ðb1;b2Þ

Trþb1
0j1

db1db2;

I4j1 ¼
Z1
0

Z1
0

bb3�1
1 bb4�1

2 e�T	ðb1;b2Þ

Trþb1
1j1

db1db2;

I5j1j2 ¼
Z1
0

Z1
0

gðx0jb1; b2Þbb3�1
1 bb4�1

2 e�T	ðb1;b2Þ

Gðx0j b1; b2ÞTrþb1þ1
j1j2 ðb1; b2Þ

db1db2;

In this example, GðxÞ ¼ 1� e�b1 x
b2 , so that Xi ¼ ½� 1

b1
ln ð1� U1=a

i Þ�1=b2 .
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• MCMC

Bayes estimates of a, b1; b2 and their functions are computed according to the
following steps:

Step 0: Take some initial guess of a, b1; b2, say að0Þ; bð0Þ1 ; bð0Þ2 .

Step 1: Generate að1Þ; bð1Þ1 ; bð1Þ2 from the posterior PDFs, given, respectively, by

pðajb1; b2; xÞ ¼
pða;b1; b2jxÞR1

0 pða; b1; b2jxÞda

¼ arþb1�1Pn�r
j1¼0 Cj1e

�a T0j1 ðb1;b2Þ

C ðr þ b1Þ
Pn�r

j1¼0 Cj1=½T0j1ðb1; b2Þ�rþb1

pðb1ja; b2; xÞ ¼
pða; b1; b2jxÞR1

0 pða; b1; b2jxÞdb1

¼
Pn�r

j1¼0 Cj1b
b3�1
1 e�a T0j1 ðb1;b2Þ�T	ðb1;b2ÞPn�r

j1¼0 Cj1

R1
0 bb3�1

1 e�a T0j1 ðb1;b2Þ�T	ðb1;b2Þdb1
;

pðb2ja; b1; xÞ ¼
pða; b1; b2jxÞR1

0 pða; b1; b2jxÞdb2

¼
Pn�r

j1¼0 Cj1b
b4�1
2 e�a T0j1 ðb1;b2Þ�T	ðb1;b2ÞPn�r

j1¼0 Cj1

R1
0 bb4�1

2 e�a T0j1 ðb1;b2Þ�T	ðb1;b2Þdb2
:

where Cj1 is given by (2.3.11), T0j1ðbÞ by (2.4.17) and T	ðb1; b2Þ ¼ b4bþ T0ðbÞ,
T0ðbÞ is given by (2.4.16).

Step 2: From i ¼ 1 to N � 1, generate aðiþ1Þ; bðiþ1Þ
1 and b

ðiþ1Þ
2 from pðajbðiÞ1 ; b

ðiÞ
2 ; xÞ,

pðb1jaðiÞ; bðiÞ2 ; xÞ and pðb2jaðiÞ; bðiÞ1 ; xÞ, respectively.
Step 3: Calculate the Bayes estimates of a,b1 and b2 from â ¼ 1

N�M

PN
i¼Mþ1 a

ðiÞ,

b̂1 ¼ 1
N�M

PN
i¼Mþ1 b

ðiÞ
1 and b̂2 ¼ 1

N�M

PN
i¼Mþ1 b

ðiÞ
2 , respectively.

For a given x0, calculate the Bayes estimates of the SF and HRF from:

R̂ðx0Þ ¼ 1
N �M

XN
i¼Mþ1

½1� ð1� e�bðiÞ1 x
b
ðiÞ
2

0 ÞaðiÞ �

and

k̂ðx0Þ ¼ 1
N �M

XN
i¼Mþ1

aðiÞbðiÞ1 bðiÞ2 x
bðiÞ2 �1
0 1� e�bðiÞ1 x

b
ðiÞ
2

0

� �aðiÞ�1

e�bðiÞ1 x
b
ðiÞ
2

0

1� 1� e�bðiÞ1 x
b
ðiÞ
2

0

� �aðiÞ
0
BBBB@

1
CCCCA
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where M is the burn-in period.
Computations are carried out as before for n ¼ 20; r ¼ 20; 18; 15; a ¼ 2:5; b1 ¼

1:5; b2 ¼ 0:5; b1 ¼ 3; b2 ¼ 0:6; b3 ¼ 2; b4 ¼ 3; b5 ¼ 0:8; x0 ¼ 0:2. The estimates
obtained by the above methods and their MSEs are displayed in Table 2.5.

• Bayes prediction (two-sample scheme)

The 95 % predctive intervals, for the first future observable Y1 in a sample of size
m ¼ 10 future observables, when n ¼ 20; r ¼ 20; 18; 15; a ¼ 2:5; b1 ¼
1:5; b2 ¼ 0:5; b1 ¼ 3; b2 ¼ 0:6; b3 ¼ 2; b4 ¼ 3; b5 ¼ 0:8; x0 ¼ 0:2. are obtained by
solving the two equations, given by (2.5.16). The intervals are found to be:

0:00193\Y1\0:54554; length ¼ 0:54361; ðr ¼ 20Þ
0:00215\Y1\0:57045; length ¼ 0:56830; ðr ¼ 18Þ
0:00309\Y1\0:58464; length ¼ 0:58155; ðr ¼ 15Þ

where the lower bound of each interval is the average of the lower bounds L
computed to satisfy the first equation of (2.5.16) for each one of the 1,000 samples,
respectively and similarly for the upper bounds, where

Table 2.5 n ¼ 20; b1 ¼ 3; b2 ¼ 0:6; b3 ¼ 2; b4 ¼ 3; b5 ¼ 0:8; x0 ¼ 0:2 and 1,000 repetitions

Parameters SBM MCMC MLE Actual
valuesBayes MSE Bayes MSE ML MSE

(a) r = 20 (complete sample case)

α 2.4012 0.0054 2.4865 0.0005 2.3122 0.0731 2.5

β1 1.3942 0.0121 1.4572 0.0013 1.2647 0.0596 1.5

β2 0.6012 0.0143 0.5231 0.0018 0.6412 0.0596 0.5

R(x0) 0.8341 0.0002 0.8333 0.0001 0.8631 0.0012 0.833

λ(x0) 0.8371 0.0082 0.8568 0.0023 0.8134 0.0121 0.8792

(b) r = 18

α 2.2143 0.1251 2.4431 0.0851 2.0122 0.2845 2.5

β1 1.2491 0.0649 1.4025 0.0056 1.1831 0.1314 1.5

β2 0.6582 0.0423 0.6021 0.0214 0.7342 0.0921 0.5

R(x0) 0.8352 0.0009 0.8.339 0.0002 0.8921 0.0116 0.833

λ(x0) 0.8021 0.0142 0.8352 0.0092 0.7985 0.0163 0.8792

(c) r = 15

α 2.0051 0.3325 2.4258 0.1369 1.9683 0.3452 2.5

β1 1.1638 0.1272 1.3253 0.0509 1.1276 0.2134 1.5

β2 0.7420 0.0883 0.6807 0.0655 0.8535 0.1049 0.5

R(x0) 0.8374 0.0015 0.8344 0.0016 0.9840 0.0145 0.833

λ(x0) 0.7786 0.0295 0.8081 0.0270 0.7621 0.0352 0.8792
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I6j1j2 ¼
Z1
0

Z1
0

gðx‘jb1; b2Þbb3�1
1 bb4�1

2 e�T	ðb1;b2Þ

Gðx‘jb1; b2ÞTrþb1þ1
j1j2 ðb1; b2Þ

db1db2

I7j1j03 ¼
Z1
0

Z1
0

fT0j1ðb1; b2Þg�ðrþb1Þ � fT0j1ðb1; b2Þ � ð‘þ j3Þ lnGðmjb1; b2Þg�ðrþb1Þ
h i


 bb3�1
1 bb4�1

2 e�T	ðb1;b2Þdb1db2:

Remarks

1. It may be noticed, in the three examples, that the Bayes estimates, using the
MCMC, performs best in most cases, in the sense of having smallest MSEs then
comes the estimates using SBM and finally those based on MLEs.

2. Even with censored samples (r = 15), the estimates are still reasonable.
3. Indeed, predictive intervals for Y‘; ‘ ¼ 2; . . . ; k, can be obtained as that com-

puted for Y1, by following the same steps.
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3.1 Introduction

A handbook, by Rinne (2009), covers the Weibull distribution in many of its
aspects. The study of the family of exponentiated Weibull (EW) distributions and
their applications attracted the interest of researchers in the nineties. Such interest is
growing since then.

If the baseline distribution is Weibull ðb1; b2Þ, with CDF

GðxÞ ¼ 1� exp½�b1x
b2 �; x[ 0 ; ðb1; b2 [ 0Þ; ð3:1:1Þ

then the family of exponentiated Weibull (EW) distributions has CDF

HðxÞ ¼ 1� exp½�b1x
b2 �� � a

: ð3:1:2Þ

© Atlantis Press and the authors 2015
E.K. AL-Hussaini and M. Ahsanullah, Exponentiated Distributions,
Atlantis Studies in Probability and Statistics 5,
DOI 10.2991/978-94-6239-079-9_3
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We shall write X�EWða; b1; b2Þ to mean that the random variable X follows the
exponentiated Weibull distribution with parameters a; b1; b2: The family of distri-
butions (3.1.2) includes the following important distributions, as special cases,

(i) b2 ¼ 1 ) HðxÞ ¼ 1� exp½�b1x�ð Þ a) X �EEða; b1Þ;
(ii) b2 ¼ 2 ) HðxÞ ¼ 1� exp½�b1x

2�ð Þ a) X�ERayða; b1Þ;
(iii) a ¼ 1 ) HðxÞ ¼ 1� exp½�b1x

b2 � ) X �Wðb1; b2Þ;
(iv) a ¼ 1; b2 ¼ 1 ) HðxÞ ¼ 1� exp½�b1x� ) X�Expðb1Þ;
(v) a ¼ 1; b2 ¼ 2 ) HðxÞ ¼ 1� exp½�b1x

2� ) X �Rayðb1Þ
where, W, Exp, Ray, EE and ERay stand for Weibull, Exponential, Rayleigh,
Exponentiated Exponential and Exponentiated Rayleigh, respectively.

The SF and PDF corresponding to (3.1.2) are given, respectively by

RHðxÞ ¼ 1� 1� exp½�b1x
b2 �� � a

; ð3:1:3Þ

hðxÞ ¼ ab1b2x
b2�1 exp½�b1x

b2 � 1� exp½�b1x
b2 �� �a�1

: ð3:1:4Þ

It then follows, from (3.1.3) and (3.1.4), that the corresponding HRF is given by

kHðxÞ ¼ hðxÞ
RHðxÞ ¼

a 1� exp½�b1x
b2 �� �a�1

b1b2x
b2�1 exp½�b1x

b2 �
1� 1� exp½�b1xb2 �ð Þ a : ð3:1:5Þ

As mentioned before, an ED differs substantially from its baseline distribution.
For example, while the Weibull ðb1; b2Þ distribution allows three shapes for the

HRF which are: DHR, if b2\1, CHR, if b2 ¼ 1, IHR, if b2 [ 1, the EWða; b1; b2Þ
allows two additional shapes for the HRF: BTHR and UBTHR. In fact, Modholkar
et al. (1995) showed that the EWða; b1; b2Þ distribution with HRF, given by (3.1.5)
(when b1 ¼ 1) has the following shapes

(i) CHR ¼ b1, if and only if a ¼ b2 ¼ 1:
(ii) DHR, if b2 � 1 and ab2 � 1:
(iii) IHR, if b2 � 1 and ab2 � 1.
(iv) Bathtub hazard rate (BTHR), if b2 [ 1 and ab2\1:
(v) Upside down bathtub hazard rate (UBTHR), if b2\1 and ab2 [ 1:

So, while the Weibull ðb1; b2Þ distribution allows for three shapes for the hazard
rate function: DHR if b2\1, CHR if b2 ¼ 1 and IHR if b2 [ 1, the EWða; b1; b2Þ
allows two additional shapes for the HRF: the BTHR and UBTHR. The figures on
p. 63 show cases (ii)–(v), for different parameter values.
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Remarks

1. The EW distribution has a natural physical interpretation, that if the lifetimes of
n units in a system, connected in parallel, are iid as EW, then the system’s
lifetime is also EW.

3.2 Properties of the Exponentiated Weibull Family

3.2.1 Moments

The CDF, SF and PDF of EWða; b1; b2Þ distribution are given by (3.1.2), (3.1.3)
and (3.1.4), respectively. The ‘th moment of an ED is given, for ‘ ¼ 1; 2; . . . by
(2.2.6), where

Ijð‘Þ ¼
Z1
0

x‘�1 exp½�juðxÞ�dx:

In the EWða; b1; b2Þ case, uðxÞ ¼ b1x
b2 , so that

Ijð‘Þ ¼
Z1
0

x‘�1 exp½�jb1x
b2 �dx:

By applying the transformation z ¼ xb2 , the integral then becomes

Ijð‘Þ ¼ 1
b2

Z1
0

zð‘=b2Þ�1 exp½�jb1z�dz:

It then follows, from (2.2.6), that

EðX‘Þ ¼ ‘
Xm
j¼ 1

cjIjð‘Þ ¼ C½1þ ð‘=b2Þ�
b‘=b21

Xm
j¼1

cj
j‘=b2

; ð3:2:1Þ

where cj and m are given by (2.2.7).
This is the result given in Table 2.1, for the EWða; b1; b2Þ distribution.
It may be remarked that if j� 1 ¼ i, then

EðX‘Þ ¼ aC½1þ ð‘=b2Þ�
b‘=b21

Xm
i¼ 0

ci

ðiþ 1Þ‘=b2
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and if a is a positive integer, then

EðX‘Þ ¼ aC½1þ ð‘=b2Þ�
b‘=b21

Xa�1

i¼ 0

ð�1Þ a� 1
i

� �
1

ðiþ 1Þ‘=b2
:

This expression agrees with that given in Eq. 5 by Nadarajah et al. (2013) after

renaming the parameters ðk ¼ b1=c1 ; c ¼ b2; k ¼ ‘Þ:
The mean, variance, skewness and kurtosis can be computed by using the

appropriate values of ‘. For details, see Mudholkar and Hutson (1996), Eissa
(2005). Other forms, rather than (3.2.1) were considered by some authors. For
example, Gupta and Kundu (2009) noticed that one can express the ‘th moment as
follows

EðX‘Þ ¼ a
Z1
0

H� 1
0 ðzÞ� �‘

za�1dz;

where H�1
0 ðzÞ is the quantile function of a two-parameter Weibull distribution with

parameters ðb1; b2Þ.
More forms for EðX‘Þ can be found in Nadarajah et al. (2013).

3.2.2 Mean Residual Life (MRL) Function

In addition to the important concept of HRF, used in life-testing and reliability,
another important concept is the MRL function mðxÞ, which is defined by

mðxÞ ¼ E½T � xjT [ x�; ð3:2:2Þ

where T is a positive r.v. with PDF hðtÞ and CDF HðtÞ. If RðtÞ ¼ 1� HðtÞ is the
corresponding SF, then mðxÞ is given by

mðxÞ ¼
Z1
x

ðt � xÞhðtÞdt=RðxÞ:

Integrating by parts, it can be seen that an alternative definition of mðxÞ is given
by

mðxÞ ¼
R1
x RðtÞdt
RðxÞ : ð3:2:3Þ
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If HðxÞ ¼ ½GðxÞ� a, then RðxÞ ¼ 1� ½GðxÞ�a, so that (3.2.3) becomes

mðxÞ ¼
R1
x f1� ½GðtÞ�agdt

1� ½GðxÞ�a : ð3:2:4Þ

The MRL of the EWða; b1; b2Þ is obtained by substituting the baseline distri-
bution GðtÞ ¼ 1� expð�b1t

b2Þ in (3.2.4). In this case

mðxÞ ¼
R1
x f1� ½1� expð�b1t

b2Þ� agdt
RðxÞ : ð3:2:5Þ

It can be shown that the MRL of EWða; b1; b2Þ distribution is given by

mðxÞ ¼
Pm

j¼1
cj

b2ðjb1Þ1=b2
Cð1=b2Þ � Cð1=b2; jz0Þf g

1� ½1� expð�b1xb2Þ�a
; ð3:2:6Þ

where cj is given by (2.2.8), m by (2.2.7), z0 ¼ b1x
b2 ; Cð1=b2Þ and Cð1=b2; jz0Þ are

the gamma and incomplete gamma functions, as defined by

CðaÞ ¼ R1
0
za�1 expð�zÞdz;

Cða;w0Þ ¼
Rw0

0
wa�1 expð�wÞdw:

9>>=
>>; ð3:2:7Þ

In fact, the numerator of mðxÞ, in (3.2.5), is given by

Z1
x

f1� ½1� expð�b1t
b2Þ�agdt ¼

Xm
j¼1

cjIj; ð3:2:8Þ

where cj is given by (2.2.8), m by (2.2.7) and

Ij ¼
Z1
x

exp½�jb1t
b2 �dt:

Let z ¼ b1t
b2 , then t ¼ z

b1

� 	1=b2
, ðx;1Þ ! ðz0;1Þ, z0 ¼ b1x

b2 and

dt ¼ z1=b2�1

b
1=b2
1 b2

dz.
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So that

Ij ¼
Z1
z0

exp½�jz� z
1=b2�1

b1=b21 b2
dz

¼ 1

b2b
1=b2
1

Z1
z0

z1=b2�1 exp½�jz�dz

¼ 1

b2b
1=b2
1

Z1
0

z1=b2�1 exp½�jz�dz�
Zz0
0

z1=b2�1 exp½�jz� �dz
8<
:

9=
;

¼ 1

b2b
1=b2
1

Cð1=b2Þ
j1=b2

� Cð1=b2; jz0Þ
j1=b2


 �

¼ 1

b2ðjb1Þ1=b2
Cð1=b2Þ � Cð1=b2; jz0Þf g

where CðaÞ and Cða; jw0Þ are given by (3.2.7) .
Therefore, from (3.2.8) and (3.2.5),

mðxÞ ¼ 1
RðxÞ

Xm
j¼1

cj

b2ðjb1Þ1=b2
Cð1=b2Þ � Cð1=b2; jz0Þf g; z0 ¼ b1x

b2 : ð3:2:9Þ

If a is a positive integer, then

mðxÞ ¼ 1
RðxÞ

Xa
j¼1

ð�1Þj�1 a

j

 !
Cð1=b2Þ � Cð1=b2; jz0Þf g

b2ðjb1Þ1=b2
; z0 ¼ b1x

b2 :

It may be observed that, if a ¼ 1, then (3.2.9) reduces to the form

mðxÞ ¼ Cð1=b2Þ � Cð1=b2; z0Þf g
b2b

1=b2
1 expð�b1xb2Þ

; z0 ¼ b1x
b2 ;

which is the MRL of the Wðb1; b2Þ distribution.
For the case a is a positive integer, Nassar and Eissa (2003) obtained an

expression for the MRL function using the form HðxÞ ¼ ½1� expf�ðxkÞcg� a.
By following similar steps, it can be shown that

E½XnjX[ x� ¼ xn

þ
n
Pm

j¼1
cj

jðnþ1Þ=b2 Cfðnþ 1Þ=b2g � Cfðnþ 1Þ=b2; jz0g½ �
bðnþ1Þ=b2
1 b2½1� f1� expð�b1xb2Þga�

;
ð3:2:10Þ
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where cj is given by (2.2.8), m by (2.2.7), z0 ¼ b1x
b2 and CðaÞ, Cða; jz0Þ are given

by (3.2.6). To see this,

E½XnjX[ x� ¼ 1
RðxÞ

Z1
x

ynhðyÞdy:

Integrating by parts, we then have

E½XnjX[ x� ¼ 1
RðxÞ ½x

nRðxÞ þ nInðxÞ� ¼ xn þ nInðxÞ
RðxÞ ; ð3:2:11Þ

where

InðxÞ ¼
Z1
x

yn�1RðyÞdy

¼
Z1
x

yn�1½1� f1� expð�b1 y
b2Þga�dy

¼
Xm
j¼1

cj

Z1
x

yn�1 expð�jb1y
b2Þdy

Let z ¼ b1y
b2 , then y ¼ z

b1

� 	1=b2
, ðx;1Þ ! ðz0;1Þ, z0 ¼ b1x

b2 and

dy ¼ z1=b2�1

b
1=b2
1 b2

� dz. So that

InðxÞ ¼
Xm
j¼1

cj

Z1
z0

z
b1

� �n=b2

expð�jzÞ z
1=b2�1

b1=b21 b2
dz

¼ 1

bðnþ1Þ=b2
1 b2

Xm
j¼1

cj

Z1
z0

zðnþ1Þ=b2�1 expð�jzÞdz

¼ 1

bðnþ1Þ=b2
1 b2

Xm
j¼1

cj
Cfðnþ 1Þ=b2g

jðnþ1Þ=b2 � Cfðnþ 1Þ=b2; jz0g
jðnþ1Þ=b2

� 


¼ 1

bðnþ1Þ=b2
1 b2

Xm
j¼1

cj
jðnþ1Þ=b2 Cfðnþ 1Þ=b2g � Cfðnþ 1Þ=b2; jz0g½ �;

where m is given by (2.2.7), cj by (2.2.8) and, CðaÞ,Cða; bÞ are as defined by (3.2.6).
So that, if InðxÞ is substituted in (2.2.11), we then have
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E½XnjX[ x� ¼ xn þ nInðxÞ
RðxÞ ;

¼ xn þ
n
Pm

j¼1
cj

jðnþ1Þ=b2 Cfðnþ 1Þ=b2g � Cfðnþ 1Þ=b2; jz0g½ �
bðnþ1Þ=b2
1 b2½1� f1� expð�b1xb2Þga�

:

Remarks

1. The MRL function, as well as the HRF are important since each of them could
be used to determine a unique corresponding lifetime distribution.

2. As in HRFs, lifetime distributions could exhibit increasing MRL (IMRL),
decreasing MRL (DMRL), decreasing-increasing MRL(bathtub BMRL),
increasing-decreasing MRL (upside down MRL (UMRL) or other shapes such
as decreasing-increasing-decreasing (DIDMRL) or increasing-decreasing-
increasing (IDIMRL) .

3. The MRL and HRF are connected by a relation, given by

kðxÞ ¼ 1þ m0ðxÞ
mðxÞ ; ð3:2:12Þ

where kðxÞ is the HRF, mðxÞ is the MRLF and m0ðxÞ is the first derivative of
mðxÞ with respect to x . This follows by observing that, since

mðxÞ ¼
R1
x RðtÞdt
RðxÞ ; then m0ðxÞ ¼ �1�

R1
x RðtÞdtR0ðxÞ

½RðxÞ�2

) m0ðxÞ þ 1 ¼ mðxÞkðxÞ and (3.2.18) follows.
4. The relationship between the shapes of the MRL and HRF of a distribution were

studied by Shanbhag (1970), Park (1985), Mi (1995), Ghitany (1998), and Tang
et al. (1999), among others. Some of their results are summarized in the fol-
lowing theorem.

Theorem [Eissa (2005)] For a non-negative continuous r.v. X, with PDF hðxÞ,
finite mean l and differentiable HRF, the MRL is

(i) Constant = μ, if X is the exponential distribution.
(ii) DMRL (IMRL), if kðxÞ is increasing (decreasing).
(iii) UMRL (BMRL) with a unique change point xm if kðxÞ is bathtub (upside

down bathtub) shape with a unique change point xr, 0\xm\xr\1 and
f ð0Þl[ 1 ð\1Þ.
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It can be shown that if X �EWða; b1; b2Þ, then the MRL is given by

1. mðxÞ ¼ b1; if a ¼ b2 ¼ 1;
2. mðxÞ is DMRL, if b2 � 1; ab2 � 1;
3. mðxÞ is IMRL, if b2\1; ab2\1;
4. mðxÞ is BMRL with a unique change point xm if b2\1 and ab2 [ 1,
5. mðxÞ is UBMRL with a unique change point xm if b2 [ 1 and ab2\1.

3.2.3 Quantiles

The quantile xq of the absolutely continuous distribution (2.2.4) is given, from (2.2.9)
by

xq ¼ u�1½� lnð1� q1=aÞ�;

where u�1ð:Þ is the inverse function of uð:Þ.
This is true since the quantile is the value of xq satisfying

q ¼ HðxqÞ ¼ f1� exp½�uðxqÞ�ga:

In particular, the median m of a distribution with CDF Hð:Þ is given by

m ¼ x1=2 ¼ u�1½� lnð1� 2�1=aÞ�:

It may be observed that in the non-exponentiated case ða ¼ 1Þ, the median
reduces to

m ¼ u�1ðln 2Þ:

For the EWða; b1; b2Þ distribution, uðxÞ ¼ b1x
b2 ) u�1ðyÞ ¼ y

b1

� 	1=b2
. Substi-

tution in (3.2.6) then yields the qth quantile to be given by

xq ¼ ln 1� q1=a
� 	�1=b1

� 
1=b2
: ð3:2:13Þ

The median of the EWða; b1; b2Þ distribution is given by

x1=2 ¼ ln 1� 2�1=a
� 	�1=b1

� 
1=b2
; ð3:2:14Þ

which is the corresponding value obtained in Table 2.2.
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The EW quantile can be useful for fitting the distribution to frequency data using
the method of probability plotting.

3.2.4 Modes

It follows, from (3.1.4), that

ln hðxÞ ¼ lnðab1b2Þ þ ða� 1Þ ln 1� exp½�b1x
b2 �� �þ ðb2 � 1Þ ln x� b1x

b2 :

Differentiating both sides with respect to x, we obtain

h0ðxÞ
hðxÞ ¼ ða� 1Þb1b2xb2�1 exp½�b1x

b2 �
1� exp½�b1xb2 �ð Þ þ ðb2 � 1Þx�1 � b1b2x

b2�1

) 0 ¼ ða� 1Þb1b2xb2�1 exp½b1xb2 � � 1
� ��1þðb2 � 1Þx�1 � b1b2x

b2�1:

ð3:2:15Þ

The value of x which satisfies this equation is the mode of the EWða; b1;b2Þ
distribution. The following cases are particularly important

1. a ¼ 1 [the case of Wðb1; b2Þ]
In this case, (3.2.15) reduces to

0 ¼ ðb2 � 1Þx�1 � b1b2x
b2�1

) mode ¼ b2 � 1
b1b2

� �1=b2

; b2 [ 1;
ð3:2:16Þ

which agrees with the mode of the Wðb1; b2Þ.
It may be noticed that for b2\1 and ab2 [ 1, the mode of the EWða;b1; b2Þ is
the same as in (3.2.16). The case b2\1; ab2 � 1 corresponds to a monotone
decreasing PDF and that of b2 [ 1; ab2 � 1 corresponds to a bathtub shape. See
Fig. 3.1.

2. b2 ¼ 1; a[ 1 (the case of EEða; b1Þ).
In this case, ab2 [ 1 and (3.2.15) reduces to

ða� 1Þ exp½b1x� � 1ð Þ�1¼ 1 ) x ¼ 1
b1

ln a:
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Since

ln a ¼ 2
b1

a� 1
aþ 1

þ 1
3

a� 1
aþ 1

� �3

þ 1
5

a� 1
aþ 1

� �5

þ � � �
" #

;

see Abramowitz and Stegun (1970), p. 67, then

x ¼ 1
b1

ln a ¼ 2
b1

a� 1
aþ 1

þ 1
3

a� 1
aþ 1

� �3

þ 1
5

a� 1
aþ 1

� �5

þ � � �
" #

A first approximation for the mode is obtained by neglecting the powers greater
than one to obtain
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Fig. 3.1 HRFs of EW(ða;b1;b2Þ, for different parameter values
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x ¼ 2
b1

a� 1
aþ 1

� 

: ð3:2:17Þ

This is the mode of the EEða; b1Þ, when a[ 1. If a� 1, so that ab2 � 1, the
density function is monotone decreasing on the positive half of the real line.

3. 0\b2\1; a[ 1, such that ab2 [ 1

In this case, the density function is unimodal with mode given by

M1 ¼
2ðab2�1Þ
b1b2ðaþ1Þ
h i1=b2

; ab2 [ 1;

0; ab2 � 1:

(
ð3:2:18Þ

This mode is obtained by observing that

z
ez � 1

¼ 1� z
2
þ
X1
k¼ 1

c2k
ð2kÞ! z

2 k; z\2p ð3:2:19Þ

where, c2 ¼ 1
6 ; c4 ¼ � 1

30 ; c6 ¼ 1
42 ; c8 ¼ � 1

30 ; . . .

The c’s are Bernoulli’s numbers.
From (3.2.15),

0 ¼ ðb2 � 1Þ � b1b2x
b2 þ ða� 1Þb2b1xb2

exp½b1xb2 � � 1ð Þ :

By writing z ¼ b1x
b2 and using the first approximation in expansion (3.2.15),

then

0 ¼ ðb2 � 1Þ � b2zþ ða� 1Þb2½1� ðz=2Þ� ) z ¼ 2ðab2 � 1Þ
ðaþ 1Þb2

) M1 ¼ 2ðab2 � 1Þ
ðaþ 1Þb1b2

� 
1=b2
; ab2 [ 1:

It may be noticed that the modeM1 and median are equal when there exist values
of b2 [ 1 and a[ 1 such that

b2½2aþ ðaþ 1Þ lnð1� 2�1=aÞ� � 2 ¼ 0:

For ab2 � 1, the PDF of the EWða; b1; b2Þ is monotone decreasing. The case
0\b2\1; a\1 also leads to a monotone decreasing PDF.

Mudholkar and Hutson (1996) have derived another approximate formula for the
mode, say M2, in the case ab2 [ 1.
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The mode M2, for b1 ¼ 1, is given by

M2 ¼ � ln
3
2
þ 1
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2ðb2 � 8aþ 2ab2 þ 9a2b2Þ

p
2ab2

 !" #1=b2
:

Eissa (2005) made an extensive computational comparison between M1 with M2.
Their differences were computed and their decrease (or increase) was observed, by
fixing some of the parameters and changing others. For details, see Eissa (2005) or
Nassar and Eissa (2003).

Using expression (3.2.15), the mode of the EW and EE distributions are given by
(3.2.16) and (2.3.17), respectively. The mode of ERay ða; b2Þ distribution, can be

obtained by taking b2 ¼ 2, in (3.2.18), to get the mode = 2a�1
b1ðaþ1Þ
h i1=2

, 2a[ 1.

3.2.5 Hazard Rate Function

The hazard rate function (HRF) corresponding to the exponentiated CDF (1.1.5) is
given, for x[ 0; by

kHðxÞ ¼ hðxÞ
RHðxÞ ¼

a½GðxÞ�a�1gðxÞ
1� ½GðxÞ�a ¼ a½1� 2a ðxÞ�kGðxÞ; ð3:2:20Þ

where kGðxÞ ¼ gðxÞ=RGðxÞ and 2a ðxÞ ¼ 1�Ga�1ðxÞ
1�GaðxÞ :

If 0\a\1, then �1\ 2a ðxÞ� 1 ) 1� 2a ðxÞ� 1
a ) kHðxÞ� kGðxÞ.

If a� 1, then a�1
a � 2a ðxÞ� 1 ) 0� a½1� 2a ðxÞ� � 1 ) 0� kHðxÞ� kGðxÞ.

Notice that, since GðxÞ is a CDF on ½0;1Þ, then 2a ð0Þ ¼ 1 and

2a ð1Þ ¼ lim
x!1

1�Ga�1ðxÞ
1�GaðxÞ

� 

¼ a�1

a . So that, a�1
a � 2a ðxÞ� 1, for all x 2 ½0;1Þ:

Hence, 0� a½1� 2a ðxÞ� � 1:
By differentiating kHðxÞ, given by (3.2.16) with respect to x and simplifying, it

can be shown that, provided that GðxÞg0ðxÞ\g2ðxÞ,
H has an increasing hazard rate (IHR), if:

GaðxÞ[ 1� a
1� fGðxÞg0ðxÞ=g2ðxÞg : ð3:2:21Þ

H has a decreasing hazard rate (DHR), if:

GaðxÞ\1� a
1� fGðxÞg0ðxÞ=g2ðxÞg : ð3:2:22Þ
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If equality holds, then critical points at which extrema for HðxÞ may be obtained
and so other shapes for the HRF of HðxÞ are expected to take place.

It can be shown that if X �EWða; b1; b2Þ, then the HRF kHðxÞ is:
(i) CHR ¼ b1, if and only if a ¼ b2 ¼ 1:
(ii) DHR, if b2 � 1 and ab2 � 1:
(iii) IHR, if b2 � 1 and ab2 � 1.
(iv) Bathtub hazard rate (BTHR), if b2 [ 1 and ab2\1:
(v) Upside down bathtub hazard rate (UBTHR), if b2\1 and ab2 [ 1:

3.2.6 Proportional Reversed Hazard Rate Function

The proportional reversed hazard rate function (PRHRF) of H, denoted by k�HðxÞ is
defined by

k�HðxÞ ¼
d
dx

½lnHðxÞ� ¼ hðxÞ
HðxÞ :

It may be noticed, from (3.2.20), that the HRF kHðxÞ of H(x) is not proportional
to the kGðxÞ of G(x). However, the PRHRF k�HðxÞ of H(x) can be seen to be
proportional to the PRHRF k�GðxÞ of G(x). In fact,

k�HðxÞ ¼
hðxÞ
HðxÞ ¼

a½GðxÞ�a�1gðxÞ
½GðxÞ�a ¼ ak�GðxÞ ð3:2:23Þ

This is why the exponentiated model is equivalently called PRHRM.
It may also be noted that k�HðxÞ dx provides the probability of failing in (x-d x, x),

when a unit is found failed at time x. In general, the PRHRF has been found to be
useful in estimating the SF for left censored data.

It can be seen that the CDF HðxÞ can be written, in terms of the HRF kHðxÞ and
PRHRM k�HðxÞ of H as follows

HðxÞ ¼ kHðxÞ
kHðxÞ þ k�HðxÞ

: ð3:2:24Þ

So that the SF and PDF are given, respective by

RHðxÞ ¼ k�HðxÞ
kHðxÞ þ k�HðxÞ

and hðxÞ ¼ RHðxÞ kHðxÞ ¼ k�HðxÞ kHðxÞ
kHðxÞ þ k�HðxÞ

:
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3.2.7 Density Function of the rth m-Generalized
Order Statistic

If uðxÞ ¼ b1x
b2 , then (2.2.17) becomes, when m 6¼ �1,

fX�
r
ðxÞ ¼ Cr�1

ðr � 1Þ!ðmþ 1Þr�1 1� ½1� expð�b1x
b2Þ� a� �cr�1

ab1b2x
b2�1 expð�b1x

b2Þ½1� expð�b1x
b2Þ� a�1

1� 1� expð�b1x
b2Þ� �ðmþ1Þah ir�1

:

ð3:2:25Þ

From (2.2.17), the PDF of the rth OOS is given by fXr:nðxÞ ¼
Pn�r

j¼1 xjh�j ðxÞ,
where xj is given by (2.2.18) and

h�ðxÞ ¼ aðr þ jÞb1b2xb2�1 expð�b1x
b2Þ½1� expð�b1x

b2Þ�aðrþjÞ�1: ð3:2:26Þ

Also, if m ¼ �1, it follows from (2.2.20 ), that the PDF of OURV is given by

fX�
r
ðxÞ ¼ 1

ðr � 1Þ! ab1b2x
b2�1e�b1x

b2 ð1� e�b1x
b2 Þa�1

½� lnf1� ð1� e�b1x
b2 Þag� r�1:

ð3:2:27Þ

• The PDF of the s-out-of-n structure is given, from (2.2.6), by

fn�sþ1 : nðxÞ ¼
n

n� sþ 1

� �
n� sþ 1ð Þab1b2xb2�1e�b1x

b2

1� e�b1x
b2

h iaðn�sþ1Þ�1
1� 1� e�b1x

b2
� 	ah is�1

:

ð3:2:28Þ

• The PDFs of a series (n-out-of-n) and parallel (1-out-of-n) structures are
obtained, for x[ 0; from (3.2.4), respectively, as follows:

f1:nðxÞ ¼ nab1b2x
b2�1e�b1x

b2 ð1� e�b1x
b2 Þa�1 1� ð1� e�b1x

b2 Þa
h in�1

: ð3:2:29Þ

fn:nðxÞ ¼ nab1b2x
b2�1e�b1x

b2 ð1� e�b1x
b2 Þna�1: ð3:2:30Þ

Notice that in the non-exponentiated case ða ¼ 1Þ,
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f1:nðxÞ ¼ nb1b2x
b2�1e�b1x

b2
;

fn:nðxÞ ¼ nb1b2x
b2�1e�b1x

b2 ð1� e�b1x
b2 Þn�1;

which agree with the PDFs of the minimum and maximum order statistics based on
a population with CDF 1� e�b1x

b2 :

1. Expression (3.2.1) agrees with the expression obtained by Sarabia and Castillo
(2005), for the PDF of the rth ordinary order statistic, from EWða; b1; b2Þ. This
expression makes it easy to obtain the corresponding CDF, SF, moments and
product moments.

2. Mudholkar and Hutson (1996) obtained asymptotic distributions of the extreme
order statistics X1 : n and Xn : n and the extreme spacings X2: n � X1: n and
Xn: : n � Xn�1 : n. They showed that n1=ðab2ÞX1:n approaches in distribution Z1=ðab2Þ,
where Z is a standard exponential random variable. Also,

n1=ðab2Þ½X2 : n � X1 : n� ! Z1=ðab2Þ � X1=ðab2Þ

and

ðln nÞ1�1=b2 ½Xn : n � Xn�1 : n� ! 1
b2

½ln Z � lnX�;

where ðZ;XÞ has the joint PDF

f ðz; xÞ ¼ expð�zÞ; 0\x\z
0; otherwise



:

Furthermore,

X2 : n � X1 : n ¼ Op n1=ðab2Þ
� 	

and Xn : n � Xn�1 : n ¼ Op ðln nÞ1=b2�1
� 	

:

Explicit expressions for single and product moments of order statistics from the
ERay (or, Burr type X) which is ½EWða; b1 ¼ 1; b2 ¼ 2Þ� distribution were
obtained by Raqab (1998). He also obtained expressions for percentiles and sug-
gested an estimate for a that is based on order statistics. Ahmad (2001) gave
recurrence relations for single and product moments of order statistics from doubly
truncated EW distribution. Ahmad and Al-Matrafi (2006) derived recurrence rela-
tions for moments and conditional moments of generalized order statistics from the
EW distribution. Khan et al. (2008) established recurrence relations for single and
product moments of dual generalized order statistics from the EW distribution.
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3.3 Estimation of a; b1; b2; RHðx0Þ and kHðx0Þ,
(Allparameters are Unknown)

The case in which a is the only unknown parameter of H shall not be discussed here
and we shall be satisfied with the discussion given in Chap. 2. In this section, all of
the parameters a; b1; b2; of H are assumed to be unknown.

3.3.1 Maximum Likelihood Estimation

The three LEs, are given, from (2.4.3) and (2.4.4) (when k ¼ 2) by

o‘
oa

: 0 ¼ r
a
þ
Xr
i¼1

lnGðxijbÞ � ðn� rÞfGðxrjbÞga lnGðxrjbÞ
1� fGðxrjbÞga ð3:3:1Þ

and for j ¼ 1; 2,

o‘
obj

: 0 ¼ ða� 1Þ
Xr
i¼1

1
GðxijbÞ

oGðxijbÞ
obj

þ
Xr
i¼1

1
gðxijbÞ

ogðxijbÞ
obj

� ðn� rÞafGðxrjbÞga�1

1� fGðxrjbÞga
oGðxrjbÞ

obj
;

ð3:3:2Þ

where ‘ is the log-likelihood function, given by (2.4.2). The base distribution G is
given by GðxjbÞ ¼ 1� expð�b1x

b2Þ; b ¼ ðb1; b2Þ and gðxjbÞ is the corresponding
PDF of G, given by

gðxjbÞ ¼ b1b2x
b2�1 expð�b1x

b2Þ:

Substitution of G and g and their derivatives with respect to b1 and b2, in the
above three LEs, and solving such system, we obtain the MLEs âML; b̂1;ML; b̂2;ML

The MLEs R̂MLðx0Þ and k̂MLðx0Þ can be computed by applying the invariance
property of MLEs. This system of equations can be solved by using Matlab,
Mathematica or IMSL routine.

In the complete sample case, the three equations reduce to

0 ¼ n
a
þ
Xn
i¼ 1

lnGðxijbÞ;
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and, for j ¼ 1; 2;

o‘
obj

: 0 ¼ ða� 1Þ
Xr
i¼1

1
GðxijbÞ

oGðxijbÞ
obj

þ
Xr
i¼1

1
gðxijbÞ

ogðxijbÞ
obj

;

where GðxijbÞ ¼ 1� expð�b1x
b2
i Þ and gðxijbÞ ¼ b1b2x

b2�1
i expð�b1x

b2
i Þ. For

interval estimation and testing hypotheses, it is useful to have explicit expressions
for the elements of Fisher information matrix. Asymptotic normality of MLEs
implies that the distribution of the vector:

ffiffiffi
n

p ðâ� a; b̂1 � b1; b̂2 � b2Þ tends to the
distribution of a trivariate random vector with mean zero and variance-covariance
matrix I�1, where I is Fisher information matrix. So that, 100(1−τ)% confidence
intervals for a; b1; b2 are given, respectively, by

â� zs=2r̂ðâÞ=
ffiffiffi
n

p
\a\âþ zs=2r̂ðâÞ=

ffiffiffi
n

p
;

where r̂ðâÞ is the estimated standard deviation of â. Variance â, is the diagonal
element in the variance-covariance matrix I�1, that corresponds to a and zs=2 is the
s=2 quantile under the standard normal curve.

3.3.2 Fisher Information Matrix

Qian (2011) obtained the 3 × 3 Fisher information matrix I for 3-parameter EW
distribution under type II censoring. He used F instead of H and the base distri-
bution G is given by

GðxÞ ¼ 1� expðx=rÞb; ð3:3:3Þ

So that the parameters b; r are related to b1 and b2 (used in this book) by the

relations b1 ¼ ð1=rÞb; b2 ¼ b or r ¼ b�1=b2
1 ; b ¼ b2.

Using FðxÞ ¼ ½1� expðx=rÞb�a, Qian (2011) obtained the elements of Fisher
information matrix in the following theorem.

Theorem Qian (2011) Let r
n ! p ¼ Fðap; hÞ 2 ð0; 1Þ, where ap is the 100 p per-

centile of Fðx; hÞ.
For EW family with parameters h ¼ ða; b; rÞT under type II censoring, we have

70 3 Family of Exponentiated Weibull Distributions



I11p ðhÞ ¼ 1
a2

Zp
0

1þ ln x
1� x

� �
dx;

I22p ðhÞ ¼ a

b2

Zp1=a
0

f1þ ln½� lnð1� xÞ�wðx; aÞg2dx;

I33p ðhÞ ¼ a
b
a

� �2Zp1=a
0

w2ðx; aÞxa�1dx;

I12p ðhÞ ¼ I21p ðhÞ ¼ a
b

Zp1=a
0

1
a
þ ln x
1� xa

� �
f1þ ln½� lnð1� xÞ�wðx; aÞgxa�1dx

I13p ðhÞ ¼ I31p ðhÞ ¼ ab
r

Zp1=a
0

1
a
þ ln x
1� xa

� �
wðx; aÞxa�1dx;

I23p ðhÞ ¼ I23p ðhÞ ¼ � a
r

Zp1=a
0

f1þ ln½� lnð1� xÞ�wðx; aÞgwðx; aÞxa�1dx;

where

wðx; aÞ ¼ 1� x
r

� 	b
þða� 1Þxf ðx; hÞ

abFðx; hÞ þ xf ðx; hÞ
bð1� Fðx; hÞ :

For proof, see Qian (2011).
In the complete sample case ðr ¼ nÞ, p ¼ 1. So that the upper limits of all of the

above integrals will be 1.

3.3.3 Bayes Estimation of a; b1; b2;RHðx0Þ; kHðx0Þ

• SBM

By using the prior, given by (2.5.18), the Bayes estimators, based on the LINEX
loss function, are given by (2.4.7)–(2.4.10).

Nassar and Eissa (2004) considered Bayes estimation of the two-parameter EW
distribution whose CDF is given by
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FðxÞ ¼ ½1� expð�xaÞ�h: ð3:3:4Þ

This is a special case of the three-parameter EWða; b1; b2Þ distribution in which
b1 ¼ 1; b2 ¼ a; a ¼ h. They estimated the parameters, SF and HRF, based on SEL
and LINEX loss functions for type II censoring and used a subjective prior of the
form:

pða; hÞ ¼ p1ðaÞp2ðhjaÞ;

where p2ðhjaÞ is gamma and p1ðaÞ is exponential. In their computations, they used
an approximation form due to Lindely(1980).

Singh et al. (2005) considered Bayes estimation of the three-parameter EW
distribution whose CDF takes the form

FðxÞ ¼ ½1� expðx=rÞb�a; ð3:3:5Þ

where the parameters a; b;r are all positive. They estimated the three parameters
based on SEL and LINEX loss functions for type II censoring and used an
objective, non-informative prior, assuming independence of a; b; r. In their com-
putations, they suggested the use of 16-points Gauss quadrature formula.

• MCMC

Example 3 in Chap. 2 describes the steps to be followed to obtain Bayes estimators,
based on the LINEX loss function, using the MCMC algorithm.

3.4 Bayes Prediction of Future Observables

A 100ð1� sÞ% Bayes prediction interval, for the sth future observable (based on
the one-sample scheme), has bounds L and U, given by the solution of (2.5.10). In
the two-sample case, the bounds can be obtained by the solution of (2.5.16). In both
cases, the EW distribution is assumed to be the underlying base line distribution.

In the two-sample case the sample size m of the future sample was assumed to be
fixed.

3.5 Related Distributions to the EW Family

Before discussing relations between the EW and other distributions, we shall first
show how to get the so called beta-G distribution.
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Beta-G Distributions

Given two absolutely continuous CDFs F and G, so that f and g are their
corresponding PDFs, one can obtain a new distribution H by composing

ðiÞ F with G; so that HðxÞ ¼ F½GðxÞ is a CDF; ð3:5:1Þ

(ii) F with �gðxÞ ¼ � lnRGðxÞ, so that HðxÞ ¼ F½�gðxÞ� is a CDF, or

F with gðxÞ ¼ � lnGðxÞ; so that RHðxÞ ¼ F½gðxÞ� is a SF

Eugene et al. (2002), suggested the use of a PDF, given by

hðxÞ ¼ 1
Bða; bÞ ½GðxÞ�

a�1ð1� GðxÞ�b�1gðxÞ; ð3:5:2Þ

where a and b are positive real numbers, Bða; bÞ is the beta function and GðxÞ is a
normal CDF.

With GðxÞ being a baseline distribution, Eugene et al. (2002) defined a
generalized class of distributions as follows:

FðxÞ ¼ 1
Bða; bÞ

ZGðxÞ
0

ya�1ð1� yÞb�1dy ð3:5:3Þ

in which GðxÞ was chosen to be normal.
Differentiating both sides with respect to x, we obtain the PDF hðxÞ, given by

(3.5.2). The CDF FðxÞ is known as the beta-G distribution. For example, if G is
Weibull, then HðxÞ is beta-Weibull distribution and so on.

Distributions obtained by composition of this kind, such as the beta-normal,
beta-Fréchet, beta-Gumble, beta-exponential, beta-exponentiated exponential, beta-
Burr type XII, beta-power function, were studied by Eugene et al. (2002),
Nadarajah and Gupta (2005), Nadarajah and Kotz (2006), Barreto-Souza et al.
(2010), Paranoíba et al. (2011) and Cordeiro and Brito (2012).

Two important special cases result from the beta-G distribution:

1. When b ¼ 1 in (3.5.4), then
FðxÞ ¼ ½ðGðxÞ�a, the CDF of the exponentiated-G distribution.

2. When a ¼ 1 in (3.5.2), then

HðxÞ ¼ 1� ½1� GðxÞ�b , RHðxÞ ¼ ½RGðxÞ�b:
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That is, the SF of H is the exponentiated SF of G.
Relations of the EW distribution to other distributions are given by the

following:
It was indicated, in Sect. 3.1, that the EWða; b1; b2Þ distribution includes as

special cases, EEða; b1Þ, when b2 ¼ 1, ERay ða; b1Þ, when b2 ¼ 2, Wei-
bullðb1; b2Þ,when a ¼ 1, Exp ðb1Þ,when a ¼ 1; b2 ¼ 1 and Ray ðb1Þ when
a ¼ 1; b2 ¼ 2.

Chapter 4 is devoted to cover the EE distribution.
The ERay (or, equivalently, Burr Type X) distribution, was considered by

several researchers, among whom are Sartawy and Abu-Salih (1991), Raqab
(1998), Ahmad (2001), Ahmad and Al-Matrafi (2006), Alshunnar et al. (2010) and
Montazer and Shayib (2010).

The following distributions are related to the EW distribution:

1. Carrasco et al. (2008) introduced a generalized modified Weibull distribution

HðxÞ ¼ ½1� expf�axcekxg�b; x[ 0; ð3:5:4Þ

where all of the four parameters a; b; c; k are positive.
Important distributions result as special cases, for example:

(i) If k ¼ 0, we get HðxÞ ¼ ½1� expf�axcg�b, which is the CDF of the
EWða; b; cÞ distribution.

(ii) If b ¼ 1; c ¼ 0, we get HðxÞ ¼ 1� exp½�aekx�, which is the CDF of
extreme value distribution with parameters ða; kÞ.

(iii) If b ¼ 1, we get HðxÞ ¼ 1� expf�axcekxg, which is the CDF of the
modified Weibull MW ða; c; kÞ distribution. See Lai et al. (2003).

(iv) The beta integrated distribution, see Lai et al. (2003), has a CDF of the
form

HðxÞ ¼ exp �axbð1� dxÞc� �
; 0\x\1 l d:

If d ¼ 1=n; c ¼ nk, then 1� x
n

� ��nk! expðkxÞ, as n ! 1. This yields

HðxÞ ¼ exp½�axbekx�;

which is the CDF of the MWða; b; kÞ.
2. Famoye et al. (2005) introduced the beta-Weibull distribution, whose PDF is

given, from (3.5.4), by

hðxÞ ¼ b1b2
Bða; bÞ x

b2�1 expð�bb1x
b2Þ½1� expð�b1x

b2Þ�a�1; x[ 0; ð3:5:5Þ

If b ¼ 1, PDF (3.5.5) reduces to the EWða; b1; b2Þ.
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Famoye et al. (2005), Lee et al. (2007), Wahed et al. (2009) and Cordeiro et al.
(2008, 2011a, b) studied the distribution which allows for DHR, IHR, BTHR
and UBTHR functions.

3. Cordeiro et al. (2008) introduced the 4-parameter Kumarswamy-Weibull dis-
tribution whose PDF is given by

hðxÞ ¼ acb1b2x
b2�1 expð�b1x

b2Þ½1� expð�b1x
b2Þ�a�1

½1� f1� expð�b1xb2Þga�1�c ; x[ 0; ð3:5:6Þ

where all 4 parameters are positive. Such PDF includes, among others, the
EWða; b1; b2Þ, when c ¼ 1. This distribution allows for DHR, IHR, BTHR and
UBTHR functions.

4. Silva et al. (2010), introduced the five-parameter beta-modified Weibull distri-
bution, whose PDF is given, from (3.5.4), by

hðxÞ ¼ abdxc�1ðcþ kxÞ expðkxÞ expf�bdxc expðkxÞg�
Bða; bÞ½1� expf�bdxc expðkxÞg�1�a ; x[ 0; ð3:5:7Þ

where all of the five parameters are positive.
It includes some distributions, among which is the EWða; c; dÞ, that is obtained
by taking b ¼ 1; k ¼ 0.

5. Alexander et al. (2012) introduced a class of ‘generalized beta-generated dis-
tributions’ whose PDF is obtained, from (3.5.4), as

hðxÞ ¼ 1
Bða; bÞ ½G

cðxÞ�a�1½1� GcðxÞ�b�1½cGc�1ðxÞgðxÞ�;

¼ c
Bða; bÞ ½GðxÞ�

ca�1½1� GcðxÞ�b�1gðxÞ;
ð3:5:8Þ

by taking the base distribution to be ½GðxÞ�c, where all of the parameters are
positive, GðxÞ is an absolutely continuous CDF and gðxÞ is the corresponding
PDF.

If c = 1, the PDF reduces to the beta generated PDF.
If a = 1, the PDF reduces to the Kumuraswamy generated PDF.
If b = 1, the PDF reduces to a family of PDFs, among which it includes the
EW PDF (when GðxÞ is Weibull).

6. Cordeiro and de Castro (2011) introduced a family of Kumuraswamy generated
distribution whose CDF is given by

HðxÞ ¼ 1� ½1� GaðxÞ�b; x[ 0; ð3:5:9Þ

where a; b[ 0 and Gð:Þ is a CDF.
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The EW CDF is obtained from (3.5.10) by taking b ¼ 1 and Gð:Þ to be Weibull.
Lemonte et al. (2011) introduced the family of exponentiated Kumuraswamy
distributions, generalizing (3.5.10), whose CDF is given by

HðxÞ ¼ 1� ½1� GaðxÞ�b
� 	c

; x[ 0; ð3:5:10Þ

If c ¼ b ¼ 1 and Gð:Þ is Weibull, the distribution reduces to the EW CDF.
7. Cardeiro et al. (2011c) introduced the family of beta extended Weibull distri-

butions with PDF

hðxÞ ¼ ckðxÞ
Bða; bÞ ½1� expð�cKðxÞÞ�a�1

expð�bcKðxÞÞ; x[ 0; ð3:5:11Þ

where all parameters are positive, KðxÞ� 0 and kðxÞ ¼ dKðxÞ
dx .

This PDF can be obtained by applying (3.5.4), in which GðxÞ ¼ 1�
expð�cKðxÞÞ.
If KðxÞ ¼ xb and b ¼ 1, then

hðxÞ ¼ acbxb�1 expð�cxbÞ½1� expð�cxbÞ�a�1; x[ 0;

which is the PDF of EWða; c; bÞ.
Other families of distributions can also be obtained from (3.5.12). It allows for
DHR, IHR, BTHR and UBTHR functions.

8. Zaindin and Sarhan (2011) introduced a generalized Weibull distribution whose
CDF is given by

HðxÞ ¼ ½1� expð�ax� bxcÞ�k; x[ 0; ð3:5:12Þ

This specializes to the EW distribution when a ¼ 0. It allows for DHR, IHR,
BTHR functions.
Some other relations and generalizations are given in Nadarajah et al. (2013).

3.6 Applications

Applications of the EW model have been widespread. For example: modeling of
extreme value data using floods, statistically optimal accelerated life test plans,
modeling for carbon fibrous composites, modeling tree diameters, modeling firm-
ware system failure, modeling the SF pattern of test subjects after a treatment is
administered to them, modeling of distributions for excess-of-loss insurance data,
software reliability modeling, models for reliability prediction, models for future
toughness, modeling Markovian migration in finance and medicine, estimating the
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number of ozone peaks, modeling bus-motor failure data and mean residual life
computation of (n - k + 1)-out-of-n systems.

In particular the EW family was applied in analyzing bathtub failure data by
Modholkar and Srivastava (1993). This family was also applied to the bus-motor-
failure data in Davis (1952) and to head-and-neck clinical data in Efron (1988), see
modeling extreme value data to analyze the flood of the Floyd River at James, Iowa.

Bokhari et al. (2000) suggested statistically optimal life test plans for items
whose lifetime follows the EW distribution under periodic inspection and type I
censoring.

As a failure model, the EW distribution was used in accelerated life tests
applications, see Ahmad et al. (2006).

Ahmad et al. (2008) studied the EW software reliability growth model with
various testing efforts and optimal released efforts and optimal released policy: a
performance analysis.

Jiang (2010) compared between the fitted EW bus-motor-failure data with
competing risk model with parameters being functions of the number of successive
failures.
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4.1 Introduction

As was mentioned, in Chap. 1, that Gompertz (1825) raised the extreme value
distribution to a positive parameter. Verhulst (1847) introduced the following CDF
of a random variable X

F xð Þ ¼ ð1� qe�bxÞa ; . . . x[ ln q;

for q; b and a are positive real parameters. Verhulst (1838, 1845, 1847) used this and
the exponentiated logistic distributions in mortality tables to represent population
growth. Gupta and Kundu (1999) used this distribution with q ¼ 1 and called it
“generalized exponential” distribution. Unfortunately Gupta and Kundu did not refer
to the works of Gompertz and Verhulst. In this chapter we will discuss some
inferences of Verhulst distribution and will call this distribution exponentiated
exponential distribution. An absolutely continuous (with respect to Lebesgue mea-
sure) random variable is said to have the exponentiated exponential distribution EED
if the PDF and the corresponding CDF are given, for x > 0, respectively, by

© Atlantis Press and the authors 2015
E.K. AL-Hussaini and M. Ahsanullah, Exponentiated Distributions,
Atlantis Studies in Probability and Statistics 5,
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f xð Þ ¼ abe�bx 1� e�bx
� �a�1

; ð4:1:1Þ

FðxÞ ¼ ð1� e�bxÞa; ð4:1:2Þ

where b and α are positive parameters.
Many authors studied various properties of the EED. See, for example, Abdel-

Hamid and AL-Hussaini (2009), Ahsanullah et al. (2013), AL-Hussaini (2010,
2011), AL-Hussaini and Hussein (2011), Ellah (2009), Escalante-Sandolva (2007),
Kundu and Pradham (2009), Gupta and Kundu (1999, 2001, 2007), Madi and
Raqab (2007, 2009), Nadarajah and Kotz (2006), Raqab (2002), Raqab and
Ahsanullah (2001), Raqab et al. (2008), Sarhan (2007), Tripathi (2007), and Zheng
(2002), among others. Nadarajah (2011) surveyed the EE distribution.

It was Verhulst (1847), who introduced a distribution with CDF F(x) as

FðxÞ ¼ ð1� qe�bxÞa; x[
1
b
ln q; ð4:1:3Þ

where q; b and a are real, positive parameters.
Verhulst (1838, 1845, 1847) also presented some distributional results of the

above exponentiated distribution. Gupta and Kundu (1999) gave several distribu-
tional properties of (4.1.3) when q ¼ 1 they called this distribution generalized
exponential distribution. Figure 4.1 gives the PDF of EEDða; bÞ for α = 0.5, β = 1
(Blue), α = 2, β = 3 (red) and α = 3 and β = 5 (Blue).
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Fig. 4.1 PDF of EED
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Figure 4.2 shows the HRF for different values of α when β = 1.

k5;3ðxÞ � Red; k5;2ðxÞ � Black; k0:2;2ðxÞ � Blue

The PRHRF k�ðxÞ is given as

k�ðxÞ ¼ f ðxÞ
FðxÞ ¼

abe�bx

1� e�bx :

The HRF ka;bðxÞ is given by

ka;bðxÞ ¼ f ðxÞ
1� FðxÞ ¼

abe�bxð1� e�bxÞa�1

1� ð1� e�bxÞa

If a ¼ 1, then ka;bðxÞ ¼ b (the hazard rate of exponential distribution) and if
α < 1, then ka;bðxÞ decreases from ∞ to β as x goes from 0 to ∞. If α > 1, then
ka;bðxÞ increases from zero to β as x goes from 0 to ∞.

4.2 Stress-Strength Reliability

Let the strength (or demand) X1 and stress (or supply) X2 be independent and
distributed as EEDðb1; a1Þ and EEDðb2; a2Þ respectively. The reliability R = P
(X2 < X1) is known as stress-strength reliability. So that [see Raqab et al. (2008)]

0 2 4 6 8 10 12 14
0

1

2

3

x

Hazard Rate

Fig. 4.2 Hazard Rate
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R ¼ PðX2\X1Þ ¼
ZZ
y\x

fX1;X2ðx; yÞdxdy

¼
Z1
0

Zx
0

fX1ðxÞfX2ðzÞdzdx

¼
Z1
0

FX2ðxÞfX1ðxÞdx

¼
Z1
0

a1b1e
�b1xð1� e

�b1xÞa1�1ð1� e
�b2xÞa2dx; u ¼ e�b1x

¼ a1

Z1
0

ð1� uÞa1�1ð1� ub2=b1Þa2du:

If b2=b1 ¼ d, then

R ¼ a1

Z1
0

Xv
j¼0

Cju
jdð1� uÞa1�1du

¼ a1
Xv
j¼0

CjBða1; 1þ jdÞ;

where

v ¼ a2 ¼ 0; 1; 2; . . .
1; a2 is a positive fraction

�
; ð4:2:1Þ

Cj ¼ ð�1Þ ja2ða2 � 1Þ . . . ða2 � jþ 1Þ: ð4:2:2Þ

If d ¼ 1, then

R ¼ a1

Z1
0

ð1� uÞa1þa2�1du ¼ a1
a1 þ a2

If d ¼ 2, then

R ¼ a1

Z1
0

ð1� uÞa1þa2�1ð1þ uÞa2du

¼ 1
a1 þ a2

2 F1ð1� a2; 2þ a1 þ a2:� 1Þ;
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where 2F1ða1; a2; b1 : xÞ is a hypergeometric function given by

2F1ða1; a2; b1 : xÞ ¼
X1
j¼0

ða1Þjða2Þj
ðb1Þj

xj and ðcÞj ¼ cðcþ 1Þ . . . ðcþ j� 1Þ:

4.3 Entropy

In information theory, entropy is a measure of uncertainty in a random variable. We
will consider here Renyi’s and Shannon entropies.

Renyi’s entropy (Renyi 1961), denoted by ERðcÞ, is defined by

ERðcÞ ¼ 1
1� c

ln

(Z1
0

f cðxÞdx
)
;

where c[ 0 and c 6¼ 1.
Using the PDF, given in (4.1.1), we have

Z1
0

f cðxÞdx ¼ ðabÞc
Z1
0

e�cbxð1� e�bxÞcða�1Þdx:

By using the transformation u ¼ e�bx, we obtain

Z1
0

f cðxÞdx ¼ acbc�1
Z1
0

uc�1ð1� uÞcða�1Þdu

¼ acbc�1Bðc; ca� cþ 1Þ:

So that

ERðcÞ ¼ �lnðabÞ þ ln aþ lnBðc; ca� cþ 1Þ
1� c

: ð4:3:1Þ

If α = 1, then

ERðcÞ ¼ c ln b� lnðcbÞ
1� c

;
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which is the Renyi’s entropy of the exponential distribution.
Shannon’s entropy ES (1951) is defined by

ES ¼ Eð� ln f ðxÞÞ
¼ � lnðabÞ þ bEðXÞ � ða� 1ÞE½lnð1 ¼ e�bXÞ�

EðXÞ ¼ 1
b
fwðaþ 1Þ � wð1Þg;

where wðzÞ ¼ d
dz lnCðzÞ ¼ C0ðzÞ

CðzÞ , is the digamma function.

E½lnð1� e�bxÞ� ¼ ab
Z1
0

lnð1� e�bxÞe�bxð1� e�bxÞa�1dx

Let u ¼ e�bx, then

E½lnð1� e�bxÞ� ¼ a
Z1
0

lnð1� uÞð1� uÞa�1du

¼ �1
a

:

Thus

ES ¼ � lnðabÞ þ wðaþ1Þ � wð1Þ þ a� 1
a

: ð4:3:2Þ

Shannon’s entropy (4.3.2) is a special case of Reni’s entropy (4.3.1) as c " 1.

4.4 Moments and Cumulants

Suppose that X has EEDða; bÞ distribution. Let M(t) be its moment generating
function (MGF). Then

MðtÞ ¼ ab
Z1
0

eð1�bÞx½1� e�bx�a�1dx:

Using u ¼ e�bx, then

M tð Þ ¼ a
Z1
0

u�t=b 1� uð Þa�1du

¼ aB 1� t
b
; a

� �
; 0\ t\ b;

ð4:4:1Þ
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where

Bðp; qÞ ¼
Z1
0

xp�1ð1� xÞq�1dx:

Gupta and Kundu (2001, 2007) gave expressions for the mean, variance, third
and fourth central moments of X when X has EED (α, β). Using (4.4.1), we obtain

EðXÞ ¼ 1
b
fwðaþ 1Þ � wð1Þg

VarðXÞ ¼ 1

b2
ðw0ð1Þ � w0ðaþ 1ÞÞ

EðXnÞ ¼ aCðnþ 1Þ
bn

X1
i¼0

ð�1Þi pða; iÞ
ðiþ 1Þn

where

wðxÞ ¼ d
dx

lnCðxÞ ¼ CðxÞ
CðxÞ ;w

0ðxÞ ¼ d
dx

wðxÞ;

Pða; iÞ ¼ ða� 1Þ . . . ða� iÞ
i!

;Pða; 0Þ ¼ 1:

The variance, third central moment, skewness, fourth central moment and kur-
tosis are, respectively

Var(X) ¼ fp2 � 6w0ðaþ 1Þg�f6b2g:
This expression is the same as that given before, since w0ð1Þ ¼ p2=6 implies that

VarðXÞ ¼ 1
b2
ðw0ð1Þ � w0ðaþ 1ÞÞ. Also

E X � EðXÞf g3
h i

¼ 2gð3Þ þ w00ðaþ 1Þf g=b3;

Skewness ¼ ½6
ffiffiffi
6

p
2gð3Þ þ w00ðaþ 1Þf g�= p2 � 6w0ðaþ 1Þ	 
3=2

;

E X � EðXÞf g4
h i

¼ ½3p4 þ 60 w0ðaþ 1Þf g2�20p2w0ðaþ 1Þ0

� 20w000ðaþ 1Þ�= 20b4
� �

;

where gðxÞ ¼P1
i¼1

1
ix and

Kurtosis ¼ 9½3p4 þ 60fw0ðaþ 1Þg2 � 20p2w0ðaþ 1Þ � 20w000ðaþ 1Þ�
½5fp2 � 6w0ðaþ 1Þg2� :
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Note that the skewness and kurtosis measures depend only on a. Both
EðXÞ andVar Xð Þ increase monotonically with a:

We have VarðX �EðXÞ for all a� 1 andVarðXÞ�EðXÞ for all a� 1: Both
skewness and kurtosis measure decrease monotonically with a: The skewness is
always less than the kurtosis measure for all a:

The cumulant generating function KðtÞ is defined as

KðtÞ ¼ lnMðtÞ
It follows, from Eq. (4.4.1), that

KðtÞ ¼ ln Cðaþ 1Þ þ ln Cð1� t
b
Þ � ln Cð1þ a� t

b
Þ: ð4:4:2Þ

The mth cumulant can be easily obtained from (4.4.2).
For example

j1 ¼ 1
b
½wð1þ aÞ � wð1Þ�

j2 ¼ 1

b2
½w0ð1þ aÞ � w0ð1Þ�;

j3 ¼ 1

b3
½wð2Þð1þ aÞ � wð2Þð1Þ�;

j4 ¼ 1

b4
½wð3Þð1þ aÞ � wð3Þð1Þ�

where wðzÞ ¼ d
dz ½lnCðzÞ;wrðzÞ ¼ dr

dxr wðzÞ� ¼ drþ1

dxrþ1 ½lnCðzÞ�; r ¼ 1; 2; 3; . . . is the
poly-gamma function. For example, w0ðzÞ is known as the tri-gamma function,
wð2ÞðzÞ the tetra- gamma function and so on. For details, on the poly-gamma
function, see Abramowitz and Stegun (1970).

4.5 Generalized Order Statistics

The PDF of the rth m-generalized order statistics (m-gos) [see Kamps (1995)] based
on EED is given by (4.5.1) in case m 6¼ �1 and by (4.5.2), in case m ¼ �1, in
which uðxÞ ¼ bx. So that,

Form 6¼ �1;

fX� ðxÞ ¼ Cr�1

ðr � 1Þ!ðmþ 1Þr�1 ½1� ð1� e�bxÞa�cr�1abe�bxð1� e�bxÞa�1

� ½1� f1� ð1� e�bxÞðmþ1Þag�r�1:

ð4:5:1Þ

where Cr�1 ¼ c1c2:::cr and cj ¼ k þ ðn� rÞðmþ 1Þ J ¼ 1; 2; :::; n
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For m ¼ �1,

fX�
r
ðxÞ ¼ kr

ðr � 1Þ! ½1� ð1� e�bxÞa�k�1abe�bxð1� e�bxÞa�1

� ½� lnf1� ð1� e�bxÞag�r�1:

ð4:5:2Þ

Several important special cases can be obtained from the PDFs of (4.5.1) and
(4.5.2). Among others, the PDFs of ordinary order statistics (ORS) and upper record
value (URV) can be seen to be of the respective forms:

(i) The PDF fr:n xð Þ of the rth OOS Xr:n is given by

fr:nðxÞ ¼ n!
ðr � 1Þ!ðn� rÞ! abe

�bxð1� e�bxÞar�1 1� ð1� e�bxÞa� �n�r
:

ð4:5:3Þ

(ii) The PDF fX�
r
ðxÞ of the rth OURV X�

r is given by

fX�
r
ðxÞ ¼ ab

ðr � 1Þ! e
�bxð1� e�bxÞa�1½� lnf1� ð1� e�bxÞag�r�1: ð4:5:4Þ

By expanding the last term in (4.5.3), the PDF of the rth OOS can be written in
the form

fr:nðxÞ ¼
Xn�r

j¼0

xjh
�
j ðxÞ; ð4:5:5Þ

where xj ¼ n
r

� �
n� r

n� r � jj

� �
rð�1Þ j
r þ j

and

h�j ðxÞ ¼ aðr þ jÞbe�bxð1� e�bxÞaðrþjÞ�1; ð4:5:6Þ

which is the PDF of EED½aðr þ jÞ; b�. So that the PDF of the rth order statistic is a
linear combination of EE densities.

An s-out-of-n structure functions if at least s of its components function.
Equivalently the life of an s-out-of-n structure is the ðn� sþ 1Þ largest of the
component lifetime.

It follows, from (4.5.3), that the PDF of an s-out-of-n structure is given by

fn�sþ1:nðxÞ ¼ n!
ðn� sÞ!ðs� 1Þ! abe

�bx 1� e�bx
� �aðn�sþ1Þ

1� ð1� e�bxÞa� �s�1
:

ð4:5:7Þ
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From (4.5.7), the PDF of n-out-of-n structure (series system) is given by

f1:nðxÞ ¼ nabe�bx 1� e�bx
� �a�1Þ

1� ð1� e�bxÞa� �n�1
: ð4:5:8Þ

The corresponding CDF is given by

F1:nðxÞ ¼ 1� ½1� ð1� e�bxÞa�n: ð4:5:9Þ

Notice that this is the CDF of the minimum of a random sample of size n from
EED with CDF GðxÞ ¼ ð1� e�bxÞa. Equivalently, (4.5.9) can be written as
R1:nðxÞ ¼ ½RðxÞ�a. That is, the SF of the minimum is the SF of EEDða;bÞ.

Also, we have the PDF of 1-out-of-n structure (parallel system), given by

fn:nðxÞ ¼ nabe�bxð1� e�bxÞa�1: ð4:5:10Þ

The corresponding CDF is given by

Fn:nðxÞ ¼ ð1� e�bxÞna; ð4:5:11Þ

which is EEDðna; bÞ. This is the CDF of the maximum of a random sample of size n
from EED with CDF GðxÞ ¼ ð1� e�bxÞa.

Without loss of generality, we assume β = 1. The moment generating function
(MGF) of the order statistic Xr:n is given by

Mr:nðtÞ ¼
Z1
0

etxfr:nðx) dx;

where

fr:nðxÞ ¼ n!
ðr � 1Þ!ðn� rÞ! ½FðxÞ�

r�1½1� FðxÞ�n�rf ðxÞ:

Substituting FðxÞ ¼ ð1� e�bxÞa and f ðxÞ ¼ abe�bxð1� e�bxÞa�1 and then
integrating we obtain

Mr:nðt) ¼ n!a
ðr � nÞ!ðn� rÞ!

Xn�r

j¼0

Dj
C½aðr þ jÞ�Cð1� tÞ
C½aðr þ jÞ � t þ 1� ; ð4:5:12Þ

where t < 1 and

Dj ¼ ð�1Þ j n� r
j

� �
: ð4:5:13Þ
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Differentiating (4.5.12) with respect to t and then putting t = 0, we obtain

EðXr:nÞ ¼ n!
ðr � nÞ!ðn� r � 1Þ!

Xn�r

j¼0

Dj

r þ j
½wfðr þ jÞag � wð1Þ�

EðX2
r:nÞ ¼

n!
ðr � nÞ!ðn� r � 1Þ!

Xn�r

j¼0

Dj

r þ j
½wfðr þ jÞag � wð1Þ�2

� ½w0 ðr þ jÞa� w
0 ð1Þ�:

Similarly we can obtain higher moments of the rth order statistic from (4.5.12).
As a special case of (4.5.3),

fn:nðxÞ ¼ n a b e�b xð1� e�b xÞn a� 1

) Xn:n �EEDðna; bÞ. The corresponding CDF is given by Fn:nðxÞ ¼ ð1� e�bxÞna.
The inverse function of the exponentiated CDF F, given by (4.1.2), is

F�1ðxÞ ¼ � 1
b
ln 1� u1=a
� �

:

So that

limn!1
F�1 1� 1

n

� �� F�1 1� 2
n

� �
F�1 1� 2

n

� �� F�1 1� 4
n

� �
( )

¼ 1

Thus by Theorem 2.1.5 of Ahsanullah and Nevzorov (2001), see also Leadbetter
(1987), it follows that with suitable normalizing constants an; bn

P Xn:n � an þ bnxð Þ ! e�e�x
; �1\x\1;

where

an ¼ F�1 1� 1
n

� �
¼ � 1

b
ln 1� j1� 1

n

� �1=a
! ln na

bn ¼ � 1
b
ln 1� 1� 1

n

� �1=a !
þ 1
b
ln 1� 1� 1

ne

� �1=a !
! 1

Furthermore,

limn!1
F�1 1

n

� �� F�1 2
n

� �
F�1 2

n

� �� F�1 4
n

� �
( )

¼ 2�1=a
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Thus by Theorem 2.1.5 of Ahsanullah and Nevzorov (2001), it follows that with
proper normalizing constants

P½Xn:1 �Cn þ dnx� ¼ 1� e�xa ; 0\x\1;

where

Cn ¼ 0 and dn ¼ F�1 1
n

� �
ffi n�1=a

Assuming that b ¼ 1, the joint PDF of any two order statistics Xr:n and
Xs:nð1� r \s� nÞ can be written, for 0� x\y\1, as

fr;s:nðx; yÞ ¼ cr;s:na
2
Xn�s

i¼0

Xs�r�1

j¼0

Dijð1� e�xÞðrþiÞa�1ð1� e�yÞðs�r�jþ1Þa�1e�ðxþyÞ

Cr;s:n ¼ n!
ðr � 1Þ!ðs� r � 1Þ!ðn� sÞ! and Dij ¼ ð�1Þiþj s� r � 1

j

� �
n� s
i

� �
:

For details, see Raqab and Ahsanullah (2001).
The joint moment generating function Mr,s,: n(t1,t2) is given by

Mr;s:nðt1t2Þ ¼ cr;s:na
Xn�s

i¼0

Xs�r�j

j¼0

Dij

r þ j
Bððsþ rÞa; 1� t2Þ

� 3F2ððsþ iÞa; ðr þ jÞa; t1; ðr þ jÞaþ 1; ðsþ iÞa� t2 þ 1; 1Þ;
t2\t1 � 2;

ð4:5:14Þ

where

pFqðe1 ; . . . ; ap; b1 ; . . . ; bq; uÞ ¼
X1
j¼0

ða1Þj. . .ðapÞju j

ðb1Þj. . .ðbqÞjj!

and ðaÞ ¼ aðaþ 1Þ. . .ðaþ j1Þ ¼ Cðaþ jÞ=IðaÞ; j ¼ 1; 2; . . .:

Using (4.5.14) it can be shown that, for 1� r\s\n,

EðXr:nXs:nÞ ¼ cr;s:na
2
X1
k¼1

Xn�s

i¼0

Xs�r�1

j¼0

Dij
wððsþ iÞaþ k þ 1� wð1Þ
k½ðsþ iÞaþ k�½ðr þ jÞaþ k�:

(For details see Raqab and Ahsanullah 2001).
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4.6 Distributions of Sums S2

Suppose X1 and X2 are independent and distributed as EED a1; b1ð Þ and
EEDða2; b2Þ. Let S2 = X1 + X2, then the PDF of the function of S2 is given by

fs2ðxÞ ¼
Zx
0

fx1ðuÞfx2ðx� uÞ du

¼
Zx
0

a2b2e
�b2ðx�uÞð1� e�b2ðx�uÞÞ�a2�1a1b2e

�b1uð1� e�b1uÞ�a1�1du

¼ a1a2b1b2e
�b2x

Zx
0

Xv
j¼0

cje�jb2ðx�uÞeb2ue�b1uð1� e�b1uÞa1�1du;

where v ¼ a2 � 1 ¼ 0; 1; 2; . . .
1; otherwise

�
and

cj ¼ ð�1Þ jða2 � 1Þ . . . ða2 � jÞ:

fs2ðxÞ ¼ a1a2b2e
�b2x

Xv
j¼0

cje�b1jxBd a1; 1� b2ðjþ 1Þ
b1

;

� �

where d ¼ 1� e�b1x and Bdðp; qÞ ¼
R d
0 u

p�1ð1� uÞdu, is the incomplete beta
function.

The corresponding CDF is

FS2ðxÞ ¼ a1
Xm
j¼0

cje�jb1x Bd a1; 1� jb2
b1

� �

If b1 ¼ b2 ¼ b and a1 ¼ a2 ¼ a, then

fs2ðxÞ ¼ a2be�bx
Xv
j¼0

cje�jbxBdða;�jÞ;

The corresponding CDF Fs2ðxÞ is given by

Fs2ðxÞ ¼ abe�bx
Xv
j¼0

e�jbxBdða1 � jÞ;

If α = 1, then
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fs2ðxÞ ¼ b2xe�bx

and the corresponding CDF is

Fs2ðxÞ ¼ 1� e�bx � bxe�bx; x� 0; b[ 0:

This is the distribution of two identical[y distributed exponential distribution.

4.6.1 Distribution of the Sum Sn

Let X ¼ X1 þ X2 þ 
 
 
 þ Xn

We assume without loss of generality β = 1. Let Ui ¼ e�X1 ; where X1 is
EEDða; 1Þ. Then Ui is distributed as B 1; að Þ and the PDF fU1ðuÞ is given by

Uie�Xi andU ¼
Yn
i¼1

Ui ¼ exp½�
Xn
i¼1

Xi� ¼ e�X

We can write Uie�Xi andU ¼ Qn
i¼1 U ¼ exp½�Pn

i¼1 Xi� ¼ e�X

The Mellin transformation of Yi is

MYiðtÞ ¼
Z1
0

axtð1� xÞa�1dx

¼ Cð1þ tÞCð1þ aÞ
Cð1þ t þ aÞ

The Mellin transformation of MYðtÞ for Y ¼ Qn
i¼1 Yi is

MðtÞ ¼ Cð1þ tÞCð1þ aÞ
Cð1þ t þ aÞ


 �n

Using the inverse of the Mellin transformation we can obtain the PDF fUðuÞ of Y
[see for details Gupta and Kundu (1999)] as

fUðuÞ ¼
X1
j¼0

CjfBðu : a� þ jÞ;

where a� ¼ a1 þ 
 
 
 þ an;C0 ¼
Qn

j¼1
Cðajþ1Þ

Cða�þ1Þ ;Cj ¼ C0a�
ða�þjÞC

n
j ,C

2
j ¼

ða1Þjða2Þj
j!ða1 þ a2Þj

;

Ck
j ¼

ða1þ 


 þak�1Þj
ða1þ 


 þakÞj

P j
i¼0

ðakÞj
j! C

ðk�1Þ
j�1 ; k ¼ 3; . . . j ¼ 1; 2; . . . n ¼ 2; 3; . . .
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ðaÞj ¼
Cðaþ jÞ
CðaÞ and fBðu : 1; aÞ ¼ að1� uÞa�1:

Using the transformation X ¼ � ln u, we obtain the PDF fXðxÞ of X as

fXðxÞ ¼
X1
j¼0

Cjða� þ jÞe�xð1� e�xÞa�þj�1; x[ 0:

4.7 Distribution of the Product and the Ratio

Let P2 = X1X2 where X1 and X2 are independent and distributed as EEDða1; b1Þ
and EEDða1; b1Þ respectively. Then the PDF of S2 is given by

fP2ðxÞ ¼ a1a2b1b2

Z1
0

1
u
e�b1x=uð1� e�b2x=uÞa2�1e�b1uð1� e�b1uÞa1�1du

¼ a1a2b1b2
X1
i¼0

X1
j¼0

a1 � 1

i

� �
a2 � 1

j

� �
ð�1Þiþj

Z1
0

1
u
exp½�b2ðiþ 1Þx

u
� b1ðjþ 1Þu�du

¼ a1a2b1b2
X1
i¼0

X1
j¼0

a1 � 1

i

� �
a2 � 1

j

� �
ð�1ÞiþjB2ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðiþ 1Þjb1b2x

p
Þ

where B2(x) is the modified Bessel function of the second kind and B2(x) is given
by

B0ðxÞ ¼
Z1
0

cos txffiffiffiffiffiffiffiffiffiffiffiffi
1þ t2

p dt

If b1 ¼ b2 ¼ b and a1 ¼ a2 ¼ a then the pdf of S2 reduces to

fP2ðxÞ ¼ a2b2
X1
i¼0

X1
j¼0

a1 � 1
i

� �
a2 � 1

j

� �
ð�1ÞiþjB2ð2a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðiþ 1Þðjþ 1Þx

p
Þ;

VarðXÞ ¼ fp2 � 6w0ðaþ 1Þg�f6b2g;
Let R2 ¼ X1

X2
where X1 and X2 are independent and are distributed as EED(a1; b1Þ

and EED(a1; b1Þ respectively. Then the pdf of R2 is given by
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fR2ðxÞ ¼ a1a2b1b2

Z1
0

ue�b1xuð1� e�b1xuÞa2�1e�b1uð1� e�b1xuÞa1�1du

¼ a1a2b1b2
X1
j¼0

a2 � 1

j

� �
ð�1Þ j

Z1
0

ue�½b1ðjþ1Þþb1x�uð1� eb1xuÞa‘2�1du

a1a2b2
b1x2 2

X1
j¼0

a2 � 1
j

� �
ð�1Þ jBða1; b2ðjþ 1Þ

b1x
þ 1Þ½wb2ðjþ 1Þ

b1x
þ 1 ¼ wðb2ðjþ 1Þ

b1x
þ a1Þ�

The corresponding CDF is

FR2ðxÞ ¼
a1b3
b1x 2

X1
j¼0

a2 � 1
j

� �
ð�1Þ jBða1 þ 1;

b2ðjþ 1Þ
b1x

Þ:

If b1 ¼ b2 ¼ b and a1 ¼ a2 ¼ a, then the pdf of R2 reduces to

fR2ðxÞ ¼
a2

x2
X1
j¼0

ða�1
j Þð�1Þ jBðaþ 1;

jþ 1
x

Þ

and the corresponding CDF

FR2ðxÞ ¼
a2

x2
X1
j¼0

a� 1
j

� �
ð�1Þ jBðaþ 1;

jþ 1
x

Þ:

4.8 Maximum Likelihood Estimation

Let X1 ; . . . ;Xn be a random sample of EEDða; bÞ. The log likelihood function can
be written as

lða; bÞ ¼ nlnaþ nlnb� b
Xn
i¼1

xi þ ðaþ 1Þ
Xn
i¼1

lnð1� e�bxiÞ ð4:8:1Þ

Differentiating the above equation with respect to a and b and equating to zero,

d
a
lða; bÞ ¼ n

a
þ
Xn
i¼1

lnð1� e�bxÞ ¼ 0 ð4:8:2Þ
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d
b
lða;bÞ ¼ n

b
þ ðaþ 1Þ

Xn
i¼1

xie�bxi

1� e�bxi

� �
�
Xn
i¼1

xi ¼ 0: ð4:8:3Þ

From (4.8.2) we get maximum likelihood estimate (MLE) â of α as a function of
b as

âðbÞ ¼ n=
Xn
i¼1

lnð1� e�bxiÞ: ð4:8:4Þ

If β is known, then MLE of α can be obtained from (4.8.2). If both parameters
are unknown, then we can obtain first the estimate of b by maximizing the equation

nðbÞ ¼ lðâðbÞ; bÞ ¼ C � n ln b� n lnð�
Xn
i¼1

lnð1� e�bxiÞ

�
Xn
i¼1

lnð1� e�bxiÞ � b
Xn
i¼1

xi;

where C is a constant, independent of β. Once the estimate of β is obtained, we can
use Eq. (4.8.4) to obtain the MLE of α.

Raqab and Ahsanullah (2001) studied the estimates of location and scale
parameters of the EED distribution with the following PDF

f ðxÞ ¼ ae�ðx�lÞ=rð1� e�ðx�lÞ=rÞa�1; �1\l\x;a; r[ 0: ð4:8:5Þ

Using (4.5.3) we can calculate the variances and covariance’s of Xr:n and Xs:n.
They gave the best linear estimates (BLUEs) of μ and r based on order statistics of
n independent observations having the PDF as given in (4.8.5). They provided
tables for BLUEs of l and r for various values of a.

4.9 Characterization

We will give here a characterization of EED(a; bÞ. The PDF of EED(a; bÞ is
f ðxÞ ¼ abe�bxð1� e�bxÞa�1; x[ 0, α and β are positive real numbers.

Theorem 4.9.1 Suppose that a random variable X is absolutely continuous (with
respect to Lebesgue measure) with CDF F(x) and PDF f(x). We assume that EðXÞ
and f 0ðxÞ exist, for x 2 ðc; dÞ, c ¼ inf x : F xð Þ[ 0f g and d ¼ sup x : F xð Þ\1f g:
Then EðXjX � xÞ ¼ gðxÞgðxÞ, where

k�ðxÞ ¼ f ðxÞ
FðxÞ ; x[ 0;
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and

gðxÞ ¼ xðebx � 1Þ
ab

þ ð1� e�bxÞ1
ab

¼
X1
j¼1

ð1� e�bxÞ j
aþ j

;

α and b if and only if

f ðxÞ ¼ abe�bxð1� e�bxÞa�1:

To prove the theorem, we need the following Lemma 4.9.1.

Lemma 4.9.1 Suppose that X is an absolutely continuous (with respect to
Lebesgue measure) random variable with CDF F(x) and PDF f(x). We assume
c = inf xjFðxÞ[ 0f g; d ¼ sup xjF xð Þ\1f g; EðXÞ and f xð Þ exist for all x 2 ðc; dÞ.
If EðXjX � xÞ ¼ gðxÞk�ðxÞ, where g(x) is a differentiable function, and k�ðxÞ ¼ f ðxÞ

FðxÞ
for all x[ 0, then we have

f ðxÞ ¼ A exp½
Zx
c

u� g0ðuÞ
gðuÞ du�

where A is determined by taking
R d
c f xð Þdx ¼ 1.

Proof of Lemma 4.9.1 We have

Zx
c

uf ðuÞdu=FðxÞ ¼ gðxÞf ðxÞ=FðxÞ:

Thus

Zx
c

uf ðuÞdu ¼ gðxÞf ðxÞ:

h

Differentiating both sides of the above equation with respect to x, we obtain

xf ðxÞ ¼ g0ðxÞf ðxÞ þ gðxÞf 0ðxÞ:
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Simplification, we get

f 0ðxÞ=f ðxÞ ¼ ½x� g0ðxÞ�=gðxÞ:

Integrating the above equation, we obtain

f ðxÞ ¼ c exp
Zx
c

u� g0ðuÞ
gðuÞ

� �
du

2
64

3
75

where c is determined such that
R d
c f ðxÞdx ¼ 1.

Proof of Theorem 4.9.1 Suppose

f ðxÞ ¼ abe�bxð1� e�bxÞa�1; x[ 0:

Then

gðxÞ ¼
Zx
0

uf ðuÞdu=f ðxÞ

¼
R x
0 abue

�buð1� e�buÞa�1du

abe�bxð1� e�bxÞa�1

¼ xðebx � 1Þ
ab

� ebx

abð1� ebxÞ
Xv
j¼1

cj
ð1� ej�bjxÞjþ2

bj
;

where m ¼ a ¼ 1; 2; 3; . . .
1; otherwise

�
and cj ¼ ð�1Þ jaða� 1Þ . . . ða� jþ 1Þ.

Suppose that

gðxÞ ¼ xðebx � 1Þ
ab

� ebx

abð1� ebxÞ
Xv
j¼1

cj
ð1� ej�bjxÞjþ2

bj
:

then

g0ðxÞ ¼ xþ ebxð1� e�bxÞ
ab

� x
ebxð1� e�bxÞ

ab
HðxÞ � ebxð1� e�bxÞ

ab

þ 1

abe�bxð1� e�bxÞa�1

Xv
j¼1

cj
ð1� e�bjxÞjþ2

bj
HðxÞ;

where HðxÞ ¼ �bþ ða�1Þbe�bx

1�e�bx :
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Thus

g0ðxÞ ¼ x� gðxÞHðxÞ;

and

f 0ðxÞ=f ðxÞ ¼ ½x� gðxÞ�=gðxÞ ¼ HðxÞ ¼ �bþ ða� 1Þbe�bx

1� e�bx
:

Integrating the above equation, we have

f ðxÞ ¼ A exp


 Zx
0

HðuÞdu
�
:

Now

Zx
0

HðuÞdu ¼
Zx
0



� bþ ða� 1Þbe�bx

1� e�bx

�
du

¼ �bxþ ða� 1Þ lnð1� e�buÞ:

Thus

f ðxÞ ¼ Ae�bxð1� e�bxÞa�1;

where 1
A ¼

R x
0 e

�buð1� e�buÞa�1du ¼ 1
ab : This completes the proof of Theorem

4.9.1. h

For a ¼ 1, EED(1, bÞ is an exponential distribution with, x > 0 and b[ 0. There
are many characterizations of the exponential distribution, see for example
Ahsanullah and Hamedani (2010, Chaps. 5 and 6).
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Chapter 5
Family of Exponentiated Burr Type XII
Distributions
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5.1 Introduction

Analogous to the Pearson system of distributions, Burr (1942) introduced a system
that includes twelve types of CDFs which yield a variety of density shapes. This
system is obtained by considering CDFs satisfying a differential equation which has
a solution, given by

GðxÞ ¼ ½1þ expf�
Z

gðxÞdxg��1;

where gðxÞ is chosen such that GðxÞ is a CDF on the real line. Twelve choices for
gðxÞ made by Burr, resulted in twelve distributions from which types III, X and XII
have been frequently used. The flexibilities of Burr XII distribution were
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investigated by Hatke (1949), Burr and Cislak (1968), Rodrigues (1977),
Tadikamalla (1980). In a different direction, it was Takahasi (1965) who first
noticed that the 3-parameter Burr XII PDF can be obtained by compounding a
Weibull PDF with a gamma PDF. That is, if Xjh� Weibull ðh; b1Þ and h� gamma
ðb2; dÞ; then the compound PDF, is given by

gðx; b1; b2; dÞ ¼
Z1
0

½hb1xb1�1e�hxb1 � 1

Cðb2Þdb2
hb2�1e�h=d

" #
dh

¼ db1b2x
b1�1ð1þ dxb1Þ�b2�1; x[ 0;

ð5:1:1Þ

The CDF, SF and HRF of the 3-parameter Burr XII ðb1; b2; dÞ are given, for
x[ 0; respectively, by

GðxÞ � Gðx; b1; b2; dÞ ¼ 1� ð1þ dxb1Þ�b2 ; ð5:1:2Þ

RGðxÞ � RGðx; b1; b2Þ ¼ 1� Gðx; b1; b2; dÞ ¼ ð1þ dxb1Þ�b2 ; ð5:1:3Þ

kGðxÞ � kGðx; b1; b2; dÞ ¼
gðx; b1; b2; dÞ
RGðx; b1; b2; dÞ

¼ db1b2x
b1�1

1þ xb1
: ð5:1:4Þ

The PDF (5.1.1) of the Burr XII ðb1; b2; dÞ distribution is monotone decreasing

if b1 � 1 and unimodal with mode x� ¼ b1�1
dðb1b2þ1Þ

� �1=b1
if b1 [ 1:

It can be seen that the HRF (5.1.4) of the Burr XII ðb1; b2; dÞ distribution is
decreasing if b1 � 1 and has an UBT shape if b1 [ 1: It attains its maximum at
b1�1
d

h i1=b1
:

The Burr XII and its reciprocal Burr III distributions have been used in many
applications such as actuarial science (Embrechts et al. 1977; Klugman 1986),
quantal bio-assay (Drane et al. 1978), economics (McDonald and Richards 1978;
Morrison and Schmittlin 1980; McDonald 1984) forestry (Lindsay et al. 1996),
exotoxicology (Shao 2000), life testing and reliability (Dubey 1972, 1973; Papad-
opoulos 1978; Lewis 1981; Evans and Ragab 1983; Lingappaiah 1983; Jaheen 1990;
AL-Hussaini et al. 1997; Shah and Gokhale 1993; AL-Hussaini and Jaheen 1992,
1994; Moore and Papadopoulos 2000), among others. Khan and Khan (1987), AL-
Hussaini (1991) characterized the Burr XII distribution. Lewis (1981) proposed the
use of the Burr XII distribution as a model in accelerated life test data representing
times to break down of an insulated fluid. Constant partially accelerated life tests for
Burr XII distribution with progressive type two censoring was investigated by
Abdel-Hamid (2009). Prediction of future observables from the Burr XII distribution
was studied by Nigm (1988), AL-Hussaini and Jaheen (1995, 1996), AL-Hussaini
(2003), AL-Hussaini and Ahmad (2003), among others. The extended 3-parameter
Burr XII distribution was applied in flood frequency analysis by Shao et al. (2004).
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5.2 Properties of the Exponentiated Burr XII Distributions

5.2.1 Moments

The ‘th moment, ‘ ¼ 1; 2; . . .; is given by

EðX‘Þ ¼ Cð1þ ‘=b1Þ
d‘=b1

Xv

j¼1

cjC½jb2 � ð‘=b1Þ�
Cðjb2Þ

; jb1b2 [ ‘; ð5:2:1Þ

where ν and cj are given by (2.2.7) and (2.2.8).
This can be shown as follows:

EðX‘Þ ¼ ‘

Z1
0

x‘�1RHðxÞdx;

where

RHðxÞ ¼ 1� HðxÞ ¼ 1� ½1� RGðxÞ�a ¼
Xv

j¼1

cj½RGðxÞ� j ¼
Xv

j¼1

cjð1þ dxb1Þ�b2

) Eðx‘Þ ¼ ‘
Xm

j¼1

cjIjð‘Þ;

where ν and cj are given by (2.2.7) and (2.2.8) and

Ijð‘Þ ¼
Z1
0

x‘�1ð1þ dxb1Þ�jb2dx:

By using the transformation z ¼ ð1þ dxb1Þ�1; we obtain

Ijð‘Þ ¼ 1

b1d
‘=b1

Z1

0

zjb2�ð‘=b1Þ�1ð1� zÞð‘=b1Þ�1dz;

¼ 1

b1d
‘=b1

C½jb2 � ð‘=b1Þ�Cð‘=b1Þ
ðCjb2Þ

;

provided that jb1b2 [ ‘. So that

Eðx‘Þ ¼ Cð1þ ‘=b1Þ
d‘=b1

Xv

j¼1

cjC½jb2 � ð‘=b1Þ�
Cðjb2Þ

; ð5:2:2Þ
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which is the same as that obtained in Table 2.1 for the ‘th moment of the EBurr XII
ða; b1; b2; dÞ distribution.

Special Cases

1. If b1 ¼ 1; then

Eðx‘Þ ¼ Cð1þ ‘Þ
d‘

Xv

j¼1

cjC½jb2 � ‘�
Cðjb2Þ

; jb2 [ ‘; ð5:2:3Þ

which is the ‘th moment of the EED ða; b2Þ. See Table 2.1.
2. If b1 ¼ 2; then

Eðx‘Þ ¼ Cð1þ ‘=2Þ
b‘=2

Xv

j¼1

cjC½jb2 � ‘=2�
Cðjb2Þ

; 2jb2 [ ‘; ð5:2:4Þ

which is the ‘th moment of the ERay ða; b2Þ. See Table 2.1.
3. If d ¼ 1; then

Eðx‘Þ ¼ Cð1þ ‘=b1Þ
Xv

j¼1

cjC½jb2 � ‘=b2�
Cðjb2Þ

; jb1b2 [ ‘ ð5:2:5Þ

which is the ‘th moment of the EBurrXII ða; d; b2Þ in which the Burr XII
distribution has only two parameters ða; b2Þ: See Table 2.1.

4. If a ¼ 1; d ¼ 1; then

EðX‘Þ ¼ ‘

b1
Bðb2 � ‘=b1; ‘=b1Þ; b1b2 [ ‘; ð5:2:6Þ

which is the ‘th moment of the two-parameter EBurr XII ðb1;b2Þ distribution,
see Table 2.1.

5.2.2 Mean Residual Life Function

The MRL m(x) is given by

mðxÞ ¼
Z1
x

RHðtÞdt=RHðxÞ;
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where the SF RH(x) is given by

RH ðxÞ ¼ 1� HðxÞ ¼ 1� ½1� RGðxÞ�a ¼
Xv

j¼1

cj½RGðxÞ� j ¼
Xv

j¼1

cj½1þ dxb1 ��jb2

Therefore

Z1
x

RHðtÞdt ¼
Xv

j¼1

cjIjðtÞdt;

where

IjðxÞ ¼
Z1
x

½1þ dtb1 ��jb2dt:

Applying the transformation z ¼ ½1þ dtb1 ��1; then ðx;1Þ ! ðz0; 0Þ; where

z0 ¼ ½1þ dxb1 ��1; t ¼ 1
d

1
z � 1

� �h i1=b1
;

dt ¼ 1
d

� �1=b1 1
b1

� �
1
z
� 1

� �1=b1�1

� dz
z2

� �
¼ � 1

b1d
1=b1

ð1� zÞ1=b1�1

z1=b1þ1
dz:

IjðxÞ ¼ 1

b1d
1=b1

Zz0
0

zjb2�1=b1�1ð1� zÞ1=b1�1dz

¼ Bz0ðjb2 � 1=b1; 1=b1Þ
b1d

1=b1
; jb1b2 [ 1;

where Bzða; bÞ ¼
R z
0 t

a�1ð1� tÞb�1du; is the incomplete beta function.
Therefore, the MRLF is given by

mðxÞ ¼ 1

b1d
1=b1

Xv

j¼0

cjBz0ðjb2 � 1=b1; 1=b1Þ; jb1b2 [ 1;

where v, cj are given by (2.2.7) and (2.2.8), Bz0ðjb2 � 1=b1; 1=bÞ is the incomplete
beta function and z0 ¼ ð1þ xb1Þ�1.
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5.2.3 Quantiles

From (2.2.9), where uðxÞ ¼ b2 lnð1þ dxb1Þ;

u�1ðyÞ ¼ ½ð1=dÞ expðy=b2Þ � 1�1=b1 ;

so that the qth quartile is given by

xq ¼ ½ð1=dÞfð1� q1=aÞ�1=b2 � 1g�1=b1 : ð5:2:7Þ

) Median ¼ x1=2 ¼ ½ð1=dÞfð1� 2�1=aÞ�1=b2 � 1g�1=b1 ; ð5:2:8Þ

which is the same median value obtained for EBurr XII ða; b1; b2; dÞ in Table 2.2
with d ¼ 1:

5.2.4 Mode

The mode M of the PDF hðxÞ ¼ a½GðxÞ�a�1gðxÞ is the value of x which maximizes
hðxÞ: This is equivalent to maximizing ln hðxÞ ¼ ln aþ ðaþ 1Þ lnGðxÞ þ ln gðxÞ:

Differentiating both sides with respect to x and then equating to zero, we get

0 ¼ h0ðxÞ
hðxÞ ¼ ða� 1Þ gðxÞ

GðxÞ þ
g0ðxÞ
gðxÞ : ð5:2:9Þ

GðxÞ ¼ 1� ð1þ xb1Þ�b2 ) gðxÞ ¼ b2b1x
b1�1ð1þ xb1Þ�b2�1

) g0ðxÞ
gðxÞ ¼ b1 � 1� ðb1b2 þ 1Þxb1

xð1þ xb1Þ :

So that, from (5.2.9), the mode is the value of x which satisfies

0 ¼ b1 � 1� ðb1b2 þ 1Þxb1
xð1þ xb1Þ þ ða� 1Þ b2b1x

b1�1ð1þ xb1Þ�b2�1

1� ð1þ xb1Þ�b2
ð5:2:10Þ

) ð1þ xb1Þ�b2 ¼ b1 � 1� ðb1b2 þ 1Þxb1
b1 � 1� ðab1b2 þ 1Þxb1 : ð5:2:11Þ

A numerical iterative procedure is required to solve this non-linear equation.
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Remarks

1. If a ¼ 1 Eq. (5.2.10) reduces to the equation

0 ¼ b1 � 1� ðb1b2 þ 1Þxb1 )

M ¼ b1 � 1
b1b2 þ 1

� �1=b1
;

which is the mode of the two-parameter Burr XII ðb1; b2Þ distribution when
b1 [ 1:

2. If b1 ¼ 1; a[ 1; then

M ¼ ab2 þ 1
b2 þ 1

� �1=b2
�1;

which is the mode of the ELomaxða; b2Þ or ECompEða; b2Þ distribution.
3. If b2 ¼ 2; a[ 1; then

M ¼ b1 � 1
b1 þ 1

� �1=b1
;

which is the mode of the ECompRayða; b2Þ distribution.
4. If b2 ¼ 1; ab1 [ 1; then

M ¼ ab1 � 1
b1 þ 1

� �1=b2
; ab1 [ 1;

5. If ab1 � 1; the PDF is monotone decreasing on ð0;1Þ:

5.2.5 HRF

The hazard rate function (HRF) corresponding to the exponentiated CDF (1.1.5) is
given, for x[ 0 by

kHðxÞ ¼ hðxÞ
RHðxÞ

¼ ab2b1x
b1�1ð1þ xb1Þ�b2�1½1� ð1þ xb1Þ�b2 �a�1

1� ½1� ð1þ xb1Þ�b2 �a
:

ð5:2:12Þ

The PDFs and their corresponding HRFs are plotted for different values of the
parameters. See Figs. 5.1 and 5.2.
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Fig. 5.1 The PDF of EBurrða;b; cÞ distributions

Fig. 5.2 The HRF of EBurrða;b; cÞ distribution
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It may be noticed that corresponding to decreasing and unimodal lEBurr XII
PDFs, one can obtain DHRF, UBTHRF, DIDHRF.

5.2.6 Proportional Reversed Hazard Rate Function

The PRHRF corresponding to Burr XII distribution is given, from (2.2.13), by

k�HðxÞ ¼ akGðxÞ ¼ agðxÞ
GðxÞ ¼ ab2b1x

b1�1ð1þ xb1Þ�b2�1

1� ð1þ xb1Þ�b2
: ð5:2:13Þ

5.2.7 Density Function of the rth m-Generalized Order
Statistic

Substitution of uðxÞ ¼ b2 lnð1þ dxb1Þ; u0ðxÞ ¼ db1b2x
b1�1

1þdxb1
in (2.2.15) and (2.2.16)

yields the PDFs of the rth m-GOS when m 6¼ �1 and m ¼ �1, respectively, given
by

m 6¼ �1 )

fX�
r
ðxÞ ¼ Cr�1

ðr � 1Þ!ðmþ 1Þr�1 1� ½1� ð1þ dxb1Þ�b2 �a
� �cr�1adb1b2x

b1�1

1þ dxb1

ð1þ dxb1Þ�b2 ½1� ð1þ dxb1Þ�b2 �a�1 1� ½1� ð1þ dxb1Þ�b2 �ðmþ1Þa
� �r�1

:

ð5:2:14Þ

m ¼ �1 )

fX�
r
ðxÞ ¼ kr

ðr � 1Þ! 1� ½1� ð1þ dxb1Þ�b2 �a
� �k�1adb1b2x

b1�1

1þ dxb1

1� ð1þ dxb1Þ�b2
� �a�1

� lnf1� ð1� ð1þ dxb1Þ�b2Þag
h ir�1

:

ð5:2:15Þ

where Cr�1; cr; k are as defined in Chap. 2.
The PDF of the rth OOS [k ¼ 1;m ¼ 0 in (5.2.14)] is given by

fXr:nðxÞ ¼
Pn�r

j¼1 xjh�j ðxÞ, where xj is given by (2.2.18) and

h�j ðxÞ ¼ aðr þ jÞ db1b2x
b1�1

1þ dxb1
ð1þ dxb1Þ�b2

½1� ð1þ dxb1Þ�b2 �aðrþjÞ�1:

ð5:2:16Þ
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Also, from (2.2.20), the PDF of OURV is given by

fX�
r
ðxÞ ¼ 1

ðr � 1Þ!
adb1b2x

b1�1

1þ dxb1
ð1þ dxb1Þ�b2

1� ð1þ dxb1Þ�b2
h ia�1

� lnf1� ð1� ð1þ dxb1Þ�b2Þag
h ir�1

:

ð5:2:17Þ

(i) The PDF of life of an s-out-of-n structure is given by

fn�sþ1:nðxÞ ¼
n

n� sþ 1

� �
ðn� sþ 1Þ adb1b2x

b1�1

1þ dxb1
ð1þ dxb1Þ�b2

1� ð1þ dxb1Þ�b2
h iaðn�sþ1Þ�1

1� ð1� ð1þ dxb1Þ�b2Þa
h is�1

:

ð5:2:18Þ

(ii) The PDFs of a series (n-out-of-n) and parallel (1-out-of-n) structures are
obtained, for x > 0 from (2.2.21), respectively, as follows:

f1:nðxÞ ¼ nadb1b2x
b1�1

1þ dxb1
ð1þ dxb1Þ�b2f1� ð1þ dxb1Þ�b2ga�1;

1� 1� ð1þ dxb1Þ�b2
n oah is�1

ð5:2:19Þ

fn:nðxÞ ¼ nadb1b2x
b1�1

1þ dxb1
ð1þ dxb1Þ�b2f1� ð1þ dxb1Þ�b2gna�1: ð5:2:20Þ

5.3 Estimation: All Parameters of H are Unknown

5.3.1 Maximum Likelihood Estimation
of ða; b1; b2Þ;RHðx0Þ; kHðx0Þ

Assuming that ðk ¼ 2; d ¼ 1Þ; h ¼ ða; bÞ;b ¼ ðb1;b2Þ so that the LEs, are given
from (2.4.3) and (2.4.4) by

0 ¼ r
a
þ
Xr

i¼1

lnGðxijbÞ � ðn� rÞfGðxrjbÞga lnGðxrjbÞ
1� fGðxrjbÞga ; ð5:3:1Þ
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0 ¼ ða� 1Þ
Xr

i¼1

Aib1ðbÞ þ
Xr

i¼1

Bib1ðbÞ � KrðhÞ ð5:3:2Þ

0 ¼ ða� 1Þ
Xr

i¼1

Aib2ðbÞ þ
Xr

i¼1

Bib2ðbÞ � KrðhÞ; ð5:3:3Þ

where

Aib1ðbÞ ¼
1

Gðxi; bÞ
oGðxi; bÞ

ob1
=
oGðxr; bÞ

ob1

Aib2ðbÞ ¼
1

Gðxi; bÞ
oGðxi; bÞ

ob2
=
oGðxr; bÞ

ob2

Bib1ðbÞ ¼
1

gðxi; bÞ
ogðxi; bÞ
ob1

=
oGðxr; bÞ

ob1

Bib2ðbÞ ¼
1

gðxi; bÞ
ogðxi; bÞ
ob1

=
oGðxr; bÞ

ob1

KrðhÞ ¼ ðn� rÞa½Gðxr; bÞ�a�1

1� ½Gðxr; bÞ�a :

The baseline distribution G is given by

GðxjbÞ ¼ 1� ð1þ xb1Þ�b2 ; b ¼ ðb1; b2Þ

and gðxjbÞ is the corresponding PDF of G, given by

gðxjbÞ ¼ b1b2x
b1�1ð1þ xb1Þ�b2�1:

Substitution of G and g and their derivatives with respect to b1 and b2, in the
above three LEs, and solving such system, we obtain the MLEs âML; b̂1;ML; b̂2;ML.

The MLE â of a can be written in the from

âML ¼ 1�
Pr

i¼1 ½Bi;b1ðbÞ � Bi;b2ðbÞ�Pr
i¼1 ½Ai;b1ðbÞ � Ai;b2ðbÞ�

: ð5:3:4Þ

Once the MLEs b̂1;ML; b̂2;ML are obtained (by maximizing the log-LF with
respect to b1; b2), the MLEs R̂Hðx0Þ; k̂Hðx0Þ of RHðx0Þ; kHðx0Þ at time x0 are
computed by applying the invariance property of MLEs.
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5.3.2 Bayes Estimation of ða; b1; b2Þ;RHðx0Þ; kHðx0Þ

Following the same steps of Example 3 in Chap. 2, the Bayes estimates of the para-
meters, SF and HRF for the EBurr XII ða; b; cÞ distribution, based on SEL or
LINEX loss functions were developed by AL-Hussaini and Hussein (2011). This
was done using SBM and MCMC methods, as explained in Example 3 of Chap. 2.

Simulation comparisons of various estimation methods are made when n = 20
and censored data (r = 15, 18, 20).

Example 5.1 (Simulation) A random sample of size n = 20 is drawn from EBurr
XII with parameters ða ¼ 2:5; b1 ¼ 1:5; b2 ¼ 2Þ according to the expression

X ¼ 1� U1=a
� 	�1=b2�1
h i1=b1

;U� uniformð0; 1Þ
An ordered set of data (n = 20) is given by:

0.3163, 0.3703, 0.4688, 0.5366, 0.5440, 0.6469, 0.6626, 0.8013, 0.8207, 0.8495
0.9015, 1.0728, 1.2344, 1.2932, 1.3510, 1.7918, 1.8123, 2.6583, 2.7362, 5.0043

This is a typical sample used. Generating 1,000 of such samples are used in
estimating the parameters, SF and HRF. Suppose that the prior belief of the
experimenter is measured by the PDF given by (2.5.18) with hyper-parameters:
b1 = 0.6, b2 = 0.6, b3 = 2, b4 = 2, b5 = 3. The averages of the estimates over the
1,000 samples are reported in Table 5.1a, b, c.

The Bayes estimates are, generally, better than the MLEs against the prior used,
in the sense of having smaller MSEs, whether using SE or LINEX loss function.
Naturally, by increasing r, the estimates should improve, till the complete sample
case is reached, where the estimates are better than any censored case.

Example 5.2 (Real Life Data) The breaking strength of 64 (=n) single carbon fibers
of length 10 (Lawless 1983, p. 573) are:

1.901, 2.132, 2.203, 2.228, 2.257, 2.350, 2.361, 2.396, 2.397, 2.445, 2.454,
2.454, 2.474, 2.518, 2.522, 2.525, 2.532, 2.575, 2.614, 2,616, 2,618, 2.624,
2.650, 2.675, 2.738, 2.740, 2.856, 2.917, 2.928, 2.937, 2 937, 2.977, 2.996,
3.030, 3.125, 3.139, 3.145, 3.220, 3.223, 3.235, 3.243, 3.264, 3.272, 3.294,
3.332, 3.346, 3.377, 3.408, 3.435, 3.493, 3,501, 3.537, 3.554, 3.562, 3.628,
3.852, 3.871, 3.886, 3.971, 4.024, 4.027, 4.225, 4.395, 5.020.

In the complete sample case (n = r), the estimates of the parameters, SF, HRF at
x0 = 3 and the corresponding p-values of KS goodness of fit tests are presented in
Table 5.2a. The Bayes estimates (SBM and MCMC) are calculated for the hyper-
parameters b1 = 180, b2 = 0.6, b3 = 2, b4 = 3, b5 = 2. We have used the same values
for b2, b3, b4, b5 as in the simulation study. To give a value for b1, we have noticed
that the MLE of a is quite large. In the Bayes case, the mean of the gamma (b1, b2)
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prior depends on b1, b2. For fixed b2 at 0.6, this mean is large if b1 is large. After
some fitting trials, we found that b1 = 180 gives a good fit. See Fig. 5.3.

Suppose that the test is terminated after the first 55 (=r) observations. The
estimates of the parameters, SF and HRF at x0 = 3 and the corresponding p-values
of KS goodness of fit tests are presented in Table 5.2.

5.4 Prediction of Future Observables

A 100 (1 − τ)% Bayes prediction interval, for the ‘th future observable (based on
the one sample scheme), has bounds L and U, given by the solution of (2.5.10).

In the two-sample case, the bounds can be obtained by the solution of (2.5.16).
In both cases the EBurr XII distribution is used.

5.4.1 Random Sample Size

In the two-sample case, the size m of the future sample was assumed to be fixed. If,
however, m is random, Gupta and Gupta (1984) suggested the use of the predictive
PDF of Y‘ to be given in the form

f ��ðy‘jxÞ ¼ 1
Pðm� ‘Þ

X1
m¼‘

pðmÞf �ðy‘jxÞ; ð5:4:1Þ

where p(m) is the probability mass function (PMF) of the random variable m and
f �ðy‘jxÞ is the predictive PDF of Y‘ when m is fixed.

Fig. 5.3 Empirical CDF, fitted to the complete and censored data of Example 2
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AL-Hussaini and Hussein (2011) considered the case when m has truncated
Poisson mass function with parameter l; given by

pðmÞ ¼ e�llm

m!ð1� e�lÞ ; m ¼ 1; 2; 3. . . ð5:4:2Þ

They showed that, in this case, the lower and upper bounds L and U of a 100
(1 − τ)% predictive interval, for the future order statistic Y‘ are given by the solution
of the two equations

0 ¼ P1
m¼‘

pðmÞ½SðLÞ=S02� � ½1� ðs=2Þ� P1
m¼‘

pðmÞ

0 ¼ P1
m¼‘

pðmÞ½SðUÞ=S02� � ðs=2Þ P1
m¼‘

pðmÞ

9>>=
>>;; ð5:4:3Þ

where p(m) is given by (5.4.2), S02 and SðmÞ (which are functions of m) are given by

S02 ¼
Zn�r

j1¼0

Zm�‘

j2¼0

Cj1Cj2

‘þ j2

� �
I0j1 ; I0j1 ¼

Z1
0

Z1
0

bb3þb4�1
1

bb3�1
2 e�T0

½T0j1 �rþb1
db1db2

SðmÞ ¼
Xn�r

j1¼0

Xm�‘

j2¼0

Cj1Cj2

‘þ j2

� �
Ij1;j2ðmÞ;

Ij1;j2ðmÞ ¼
Z1
0

Z1
0

1

½T0j1 �rþb1
� 1

½T0j1 � ð‘þ j2Þ lnGðmÞ�rþb1

" #

	 bb3þb4�1
1 bb3�1

2 e�T0db1db2;

where

Cj1 ¼ ð�1Þj1 n� r
j1

� �
and Cj2 ¼ ð�1Þj2 m� ‘

j2

� �
;

Tj1j2 � Tj1j2ðb1; b2Þ ¼ T0j1ðb1; b2Þ � ð‘þ j2Þ lnGðxrjb1; b2Þ;

T0j1 � T0j1ðb1; b2Þ ¼ b2 �
Xr

i¼1

lnGðxijb1; b2Þ þ j1 lnGðxrjb1; b2Þ
" #

;

T0 � T0ðb1; b2Þ ¼
Xr

i¼1

lnGðxijb1; b2Þ �
Xr

i¼1

ln gðxijb1; b2Þ
" #

For details, see AL-Hussaini (2010).
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Using the same generated sets of data obtained in estimation, the lower and
upper bounds of 95 % predictive intervals of Xrþ1 ¼ Y1;Xrþ2 ¼ Y2;Xn ¼ Yn�r

based on one- and two-sample schemes are reported in Table 5.3. In the two-sample
case, the bounds are computed for three of the future observables: Y1, Y2, Y10, when
m is fixed (m = 10) and when m has truncated Poisson distribution with parameter
l ¼ 10.

The real life data affirm the simulation results, in that whether one- or two-
sample scheme is used and whether m is fixed or random, the lengths of intervals
increase as the index of future observables increase. Comparing the lengths of
predictive intervals when m is fixed and when m is random Table 5.4 shows that the
predictive intervals, using fixed m have shorter lengths than when m is random.

5.5 On Beta—Burr XII Distribution

Adding one or more parameters to a distribution makes it more flexible to analyzing
data. This might have been a motivation for Paraníaba et al. (2011) to study the
beta-Burr XII distribution which has two more parameters than the Burr XII
distribution.

The beta-G distribution has been briefly discussed in Sect. 3.5. The CDF of this
distribution is given by (3.5.5). If G(x) is the CDF of the Burr XII, then the CDF of
the beta-Burr XII distribution is given, for x[ 0, by

Table 5.3 One- and two-sample predictive intervals based on simulated data and 1,000
repetitions: ðn ¼ 20; r ¼ 15; a ¼ 2:5;b1 ¼ 1:5;b2 ¼ 2Þ for some future observable

One-sample Two-sample

m-fixed m-random

Y1 Y2 Y10 Y1 Y2 Y10 Y1 Y2 Y10
L 1.56 1.62 1.88 0.13 0.25 0.37 0.14 0.29 0.30

U 2.59 3.18 6.99 0.82 0.94 1.64 0.89 1.24 1.87

Length 1.03 1.56 5.11 0.69 0.69 1.27 0.75 0.95 1.57

Table 5.4 One-sample predictive intervals (n = 64, r = 55) based on real life data and two-sample
predictive intervals (m = 10 is fixed and m * truncated Poisson) for some future observables

One-sample Two-sample

m-fixed m-random

Y1 Y2 Y10 Y1 Y2 Y10 Y1 Y2 Y10
L 3.63 3.66 4.41 0.69 1.38 1.72 0.57 1.06 1.20

U 4.14 4.20 5.03 2.32 3.12 3.52 2.41 2.98 3.18

Length 0.51 0.54 0.62 1.63 1.74 1.80 1.84 1.92 1.98
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HðxÞ ¼ 1
Bða; bÞ

Z1�½1þðx=sÞc�

0

ya�1ð1� yÞb�1dy:

The corresponding PDF is given by

hðxÞ ¼ ckxc�1

scBða; bÞ 1þ x
s

� �ch i�ðkbþ1Þ
1� 1þ x

s

� �ch i�k

 �a�1

:

The five-parameter distribution was investigated and its properties studied. The
distribution was compared with other distributions such as the Burr XII, Weibull,
EW, beta-W and log-logistic distributions. One application of the beta-Burr XII on
life-time data shows that it could provide a better fit than the above mentioned
models used in lifetime data analysis. Paranaíba et al. (2011) derived the moment
generating function (MGF) of the beta-Burr XII distribution and, as a special case,
the MGF of the Burr XII distribution. They provided expressions for the moments,
mean deviations, two representations for the moments of order statistics, Bonferroni
and Lorenz curves and the stress-strength reliability and estimated the model
parameters by using the ML method. For interval estimation of the model param-
eters, they computed the 5 × 5 observed information matrix, I and used the fact that
the asymptotic distribution of

ffiffiffi
n

p ðĥ� hÞ is N5ð0; I�1Þ:
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Chapter 6
Finite Mixture of Exponentiated
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6.1 Introduction

The study of homogeneous populations was the main concern of statisticians along
history. However, Newcomb (1886) and Pearson (1894) were two pioneers who
approached heterogeneous populations with ‘finite mixture’ distributions.

With the advent of computing facilities, the study of heterogeneous populations
which is the case with many real world populations (see Titterington et al. 1985),
attracted the interest of several researchers in the last sixty years. Monographs and
books by Everitt and Hand (1981), Titterington et al. (1985), MacLachlan and
Basford (1988), Lindsay (1995) and MacLachlan and Peel (2000), collected and
organized the research done up to the year 2000, analyzed data and gave examples
of possible practical applications in different domains. Reliability and hazard based
on finite mixtures were surveyed by AL-Hussaini and Sultan (2001).

The CDF of a finite mixture of k components is defined by

HðxÞ ¼
Xk
j¼1

pjHjðxÞ; ð6:1:1Þ
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where, for j ¼ 1; . . .; k, the mixing proportions pj are non-negative and their sum
adds up to 1. That is, pj � 0 and

Pk
j¼1 pj ¼ 1. The CDF Hj(x) is known as the jth

component.
In this chapter, concentration will be on the study of a finite mixture of two

exponentiated exponential components. Due to the exponentiation of each com-
ponent by a positive integer, the model is so flexible that it shows different shapes
of HRFs. The CDF, PDF and SF of a mixture of two EEcomponents are given,
respectively, for q = 1 − p by

HðxÞ ¼ pH1ðxÞ þ qH2ðxÞ; where for j ¼ 1; 2;

HjðxÞ ¼ ð1� e�bjxÞaj ; ð6:1:2Þ

hðxÞ ¼ ph1ðxÞ þ qh2ðxÞ; where for j ¼ 1; 2;

hjðxÞ ¼ ajbje
�bjxð1� e�bjxÞaj ; ð6:1:3Þ

RðxÞ ¼ pR1ðxÞ þ qR2ðxÞ;where for j ¼ 1; 2; RjðxÞ ¼ 1� ð1� e�bjxÞaj ; ð6:1:4Þ

so that the HRF of the mixture is given by

kðxÞ ¼ BðxÞ k1ðxÞ þ ½1� BðxÞ�k2ðxÞ; ð6:1:5Þ

where

BðxÞ ¼ p R1ðxÞ
RðxÞ and for j ¼ 1; 2

kjðxÞ ¼ hjðxÞ
RjðxÞ ¼

ajbje
�bj

xð1� e
�bj

x

Þaj
1� ð1� e

�bj
x Þaj

: ð6:1:6Þ

6.2 Properties of Finite Mixtures

6.2.1 Moments

The ‘th moment of a finite mixture of k components is given by

l‘ ¼ E ðX‘Þ ¼
Z

x‘hðxÞdx ¼
Xk
j¼1

pj

Z
x‘hjðxÞdx ¼

Xk
j¼1

pj lj‘; ð6:2:1Þ

where lj‘ ¼
R
x‘hjðxÞ dx is the ‘th moment of the jth component. So that the ‘th

moment of a finite mixture of k components is given by the finite mixture of the ‘th
moments of the k components.
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For a finite mixture of k EEðaj; bjÞ, it follows, from (6.2.1) and Table 2.1, that

l‘ ¼
Xk
j¼1

pjlj‘ ¼ Cð1þ ‘Þ
Xk
j¼1

pj
b‘j

Xvj
i¼1

cij
i‘

� �
; ð6:2:2Þ

where

vj ¼ aj ¼ 1; 2; . . .
otherwise

�
; ci j ¼ ð�1Þi�1ajðaj � 1Þ � � � ðaj � iþ 1Þ=i!: ð6:2:3Þ

The ‘th moment of a finite mixture of two EEðaj; bjÞ components, j = 1, 2 is
given by

l‘ ¼ Cð1þ ‘Þ p

b‘1

Xv1
i¼1

ci1
i‘

� �
þ q

b‘2

Xv2
i¼1

ci2
i‘

� �" #
; ð6:2:4Þ

where, for i ¼ 1; . . .; vj and j ¼ 1; 2; ci j, and vj are given by (6.2.3).

6.2.2 MRLF

The MRLF m(x) of a finite mixture with k components, in terms of the MRLFs of
the components, is given by

mðxÞ ¼
Xk
j¼1

BjðxÞmjðxÞ; ð6:2:5Þ

where Bj(x) is given by

BjðxÞ ¼ pjRjðxÞ
RðxÞ ; j ¼ 1; . . .; k; ð6:2:6Þ

and mj(x) is the MRLF of the jth component.

This follows by observing that
Pk

j¼1 BjðxÞ ¼
Pk

j¼1
pjRjðxÞ
RðxÞ ¼ 1; so that the MRLF

of a finite mixture is a finite mixture of the MRLFs of the components, with mixing
proportions Bj(x).
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6.2.3 HRF

The HRF of a finite mixture of k components, is a finite mixture of the HRFs of the
components with mixing proportions BjðxÞ; j ¼ 1; . . .; k. This is so true, since

kðxÞ ¼ hðxÞ
RðxÞ ¼

Pk
j¼1 pjhjðxÞ
RðxÞ ¼

Xk
j¼1

BjðxÞkjðxÞ; ð6:2:7Þ

where for j ¼ 1; . . .; k; kjðxÞ ¼ hjðxÞ
RjðxÞ ; hjðxÞ andRjðxÞ are the HRE, PDF and SF of the

jth component and Bj(x) is given by BjðxÞ ¼ pjRjðxÞ
RðxÞ , so that

Pk
j¼1 BjðxÞ ¼ 1:

In the particular case, k = 2, the HRF of a mixture of two components, in terms
of the HRFs of the components, is given by

kðxÞ ¼ hðxÞ
RðxÞ ¼ B1ðxÞ k1ðxÞ þ B2ðxÞ k2ðxÞ;

B1ðxÞ ¼ pR1ðxÞ
RðxÞ ; B2ðxÞ ¼ 1� B1ðxÞ ¼ qR2ðxÞ

RðxÞ ; q ¼ 1� p:
ð6:2:8Þ

If

kjðxÞ ¼ hjðxÞ
RjðxÞ ¼

ajbje
�bjxð1� e�bjxÞaj

1� ð1� e�bjxÞaj ; ð6:2:9Þ

R1(x) and R(x) are given by (6.1.4), then (6.2.8) represents the HRF of a mixture
of two EE components.

It is well known that the exponential distribution has a constant HRF on the
positive half of the real line and that a finite mixture of two exponential distribu-
tions has a decreasing HRF on the same domain. If each of the exponential com-
ponents is exponentiated by a positive parameter, more flexible model is obtained in
that several shapes of the HRF of the mixture are obtained. Figure 6.1 shows six
different shapes of CDFs and their corresponding HRFs of the given vector of
parameters of a mixture of two EEs. Examples of such shapes are:

DHR: ðp ¼ 0:9; a1 ¼ 0:5; a2 ¼ 1:5; b1 ¼ 2; b2 ¼ 3Þ
IHR: ðp ¼ 0:1; a1 ¼ 1:5; a2 ¼ 3; b1 ¼ 2; b2 ¼ 2Þ
BHR: ðp¼ 0:1; a1 ¼ 0:5; a2 ¼ 3; b1 ¼ 3; b2 ¼ 0:5Þ

UBHR: ðP ¼ 0:1; a1 ¼ 0:5; a2 ¼ 1:5; b1 ¼ 2; b2 ¼ 3Þ
DIDHR: ðp ¼ 0:25; a1 ¼ 0:5; a2 ¼ 3; b1 ¼ 0:5; b2 ¼ 1:5Þ
IDIHR: ðp ¼ 0:1; a1 ¼ 2; a2 ¼ 3; b1 ¼ 3; b2 ¼ 0:5Þ
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So, a finite mixture of two exponentiated components allows for monotone as
well as non-monotone HRFs.

6.2.4 PRHRF

An expression, similar to that given by (6.2.7) can be obtained for PRHRF as
follows
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Fig. 6.1 Different shapes of PDFs and their corresponding HRFs D decreasing, I increasing,
B bathtub, UB upside down bathtub, DID decreasing-increasing-decreasing, IDI increasing-
decreasing-increasing

6.2 Properties of Finite Mixtures 127



k�ðxÞ ¼
Xk
j¼1

B�
j ðxÞ k�j ðxÞ; ð6:2:8Þ

where for j ¼ 1; . . .; k; k�j ðxÞ ¼ hjðxÞ
HjðxÞ ; k

�
j ðxÞ; hjðxÞ and HjðxÞ are the PRHRF, PDF

and CDF of the jth component and B�
j ðxÞ is given by B�

‘ðxÞ ¼ pjHjðxÞ
HðxÞ , so thatPk

j¼1
B�
j ðxÞ ¼ 1. This is because

k�ðxÞ ¼ hðxÞ
HðxÞ ¼

Pk
j¼1 pjhjðxÞ
HðxÞ ¼

Xk
‘¼1

pjHjðxÞ
HðxÞ k�j ðxÞ ¼

Xk
j¼1

B�
j ðxÞ k�j ðxÞ:
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Fig. 6.1 (continued)
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In the particular case, k = 2, the PRHRF of a mixture of two components, in
terms of the PRHRFs of the components, is given by

k�ðxÞ ¼ hðxÞ
HðxÞ ¼ B�

1ðxÞk�1ðxÞ þ B�
2ðxÞk�2ðxÞ;

B�
1ðxÞ ¼

pH1ðxÞ
HðxÞ ; B�

2ðxÞ ¼ 1� B�
1ðxÞ:

ð6:2:9Þ

If R1(x) and R(x) are given by (6.1.4), then (6.2.9) represents the PRHRF of two
EE components.

6.3 Point Estimation Based on Balanced Square Error
Loss Function

MLE and Bayes estimates using SEL function are obtained and used in finding
Bayes estimates of the parameters, SF and HRF based on an asymmetric loss
function, known as balanced square error loss function (BSEL).

Ahmadi et al. (2009), suggested the use of the so called balanced square error
loss (BSEL) function, which was originated by Zellner (1994), to be of the form

L�ðh; dÞ ¼ xq ðd0; dÞ þ ð1� xÞ qðh; dÞ; ð6:3:1Þ

where qðh; dÞ is an arbitrary loss function, d0 is a chosen “target” estimator of d and
the weight x 2 ½0; 1�. The balanced square error loss function (6.3.1) specializes to
various choices of loss functions, such as the absolute error loss, LINEX and
generalizes SEL functions.

If qðh; dÞ ¼ ðd� hÞ2 is substituted in (6.3.1), we obtain the BSEL function,
given by

L�ðh; dÞ ¼ x ðd� d0Þ2 þ ð1� xÞðd� hÞ2;

The estimator ûBSEL of a function uðhÞ, using BSEL, is given by

ûBSEL ¼ xûML þ ð1� xÞûSEL; ð6:3:2Þ

where ûML and ûSEL are the ML and Bayes estimates of u, based on SEL.
Notice that if x ¼ 0 then ûBSEL ¼ ûML and if x ¼ 1 then ûBSEL ¼ ûSEL.
The estimator of a function, using BSEL is actually a mixture of the MLE of the

function and the BE, using SEL. Other estimators, such as the least squares esti-
mator may replace the MLE. Also, a LINEX or QUADREX loss function could be
used for qðh; dÞ. Having obtained the MLE and BE based on SEL, the estimators
based on BSEL function are given, from (6.3.2), by
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p̂BSEL ¼ xp̂ML þ ð1� xÞp̂SEL;
â1BSEL ¼ xâ1ML þ ð1� xÞâ1SEL;
â2BSEL ¼ xâ2ML þ ð1� xÞâ2SEL;
b̂1BSEL ¼ xb̂1ML þ ð1� xÞb̂1SEL
b̂2BSEL ¼ xb̂2ML þ ð1� xÞb̂2SEL;

R̂BSELðx0Þ ¼ xR̂MLðx0Þ þ ð1� xÞR̂SELðx0Þ;
k̂BSELðx0Þ ¼ xk̂MLðx0Þ þ ð1� xÞk̂SELðx0Þ:

6.3.1 Maximum Likelihood Estimation

Suppose that r units have failed during the interval (0, xr): r1 units from the first
sub-population and r2 units from the second such that r1 + r2 = r and n-r units,
which cannot be identified as to sub-population, are still functioning. Let, for
‘ ¼ 1; 2 and i ¼ 1; . . .; r‘, x‘i denote the failure time of the ith unit belonging to the
‘th sub-population and that x‘i � x0. The likelihood function (LF) is given by
Mendenhall and Hader (1958), as

Lðh; xÞ /
Yr1
i¼1

ph1ðx1iÞ
Yr2
i¼1

ph2ðx2iÞ½RðxrÞ�n�r; ð6:3:3Þ

where h is the vector of parameters involved and x ¼ ðx11; . . .; x1r1 ; x21; . . .;
x2r2Þ; x‘i � x0.

By substituting (6.1.3) and (6.1.4) in (6.3.3), we obtain

Lðh; xÞ / pr1qr2ar11 b
r1
1 a

r2
2 b

r2
2 exp �b1

Xr1
i¼1

x1i � b2
Xr2
i¼1

x2i

" #

Yr1
i¼1

ð1� e�b1x1iÞa1�1
Yr2
i¼1

ð1� e�b2x2iÞ
a2�1

½RðxrÞ�n�r: ð6:3:4Þ

The log-LF is given by

‘�ðh; xÞ ¼ In Lðh; xÞ / r1 In pþ r2 In q + r1 Ina1 þ r1 Inb1 þ r2 Ina2 þ r2 In b2

� b1
Xr1
i¼1

x1i � b2
Xr2
i¼1

x2i þ ða1 � 1Þ
Xr1
i¼1

Inð1� e�b1x1i )

þða2 � 1)
Pr2
i¼1

Inð1� e�b2x2i )þ ðn� rÞIn[R(xrÞ�: ð6:3:5Þ

The MLEs p̂ML; â1ML; â2ML; b̂1ML; b̂2ML; of the five parameters are obtained by
solving the following system of likelihood equations
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0 ¼ o‘�

op
¼ r1

p
� r2

q
� n� r
RðxrÞ ð1� e�b1xr Þa1 � ð1� e�b2xrÞa2� �

;

0 ¼ o‘�

oa1
¼ r1

a1
þ
Xr1
i¼1

In(1� e�b1x1iÞ � ðn� rÞp
RðxrÞ ð1� e�b1xrÞa1 In(1� e�b1xr Þ;

0 ¼ o‘�

oa2
¼ r2

a2
þ
Xr2
i¼1

In(1� e�b2x2iÞ � ðn� rÞq
RðxrÞ ð1� e�b2xrÞa2 Inð1� e�b2xr Þ;

0 ¼ o‘�

ob1
¼ r1

b1
þ
Xr1
i¼1

x1i þða1 � 1Þ
Xr1
i¼1

x1ie�b1x1i

1� e�b1x1i
�ðn� rÞpa1xr

RðxrÞ e�b1xr ð1� e�b1xr Þa1�1;

0 ¼ o‘�

ob2
¼ r2

b2
þ
Xr2
i¼1

x2i þða2 � 1Þ
Xr2
i¼1

x2ie�b2x2i

1� e�b2x2i
�ðn� rÞpa2xr

RðxrÞ e�b2xr ð1� e�b2xr Þa2�1;

where

RðxrÞ ¼ 1� ½pð1� e�b1xrÞa1 þ qð1� e�b2xrÞa2 �:

The invariance property of MLEs enables us to obtain the MLEs R̂MLðx0Þ and
k̂MLðx0Þ by replacing the parameters by their MLEs in Rðx0Þ and kðx0Þ.
Remarks

1. If n = r (complete sample case), then

p̂ML ¼ r1
n
;

â1ML ¼ r1Pr2
i¼1 In 1� e�b̂1x1i

� ��1 ;

â2ML ¼ r2Pr1
i¼1 In 1� e�b̂2x2i

� ��1 ;

b̂1ML ¼ r1Pr1
i¼1 x1i 1� ðâ1ML � 1Þ e�b̂1x1i=ð1� e�b̂1x1iÞ

h in o ;

b̂2ML ¼ r2Pr2
i¼1 x2i 1� ðâ2ML � 1Þ e�b̂2x2i=ð1� e�b̂2x2iÞ

h in o ;

2. It can be numerically shown that the vector of parameters h ¼ ðp; a1; a2; b1; b2Þ
actually maximizes LF (6.3.3). This is done by applying Theorem (7–9) on
p. 153 of Apostol (1957).

3. The parameters of the components are assumed to be distinct, so that the mixture
is identifiable. For the concept of identifiability and examples, see Titterington
et al. (1985), Yokowitz and Spragins (1968), AL-Hussaini and Ahmad (1981)
and Ahmad and AL-Hussaini (1982).
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6.3.1.1 Approximate Confidence Intervals

Let h ¼ ðh1 ¼ p; h2 ¼ a1; h3 ¼ a2; h5 ¼ b1; h5 ¼ b2Þ: The observed Fisher infor-
mation matrix (see Nelson 1990), for the MLEs of the parameters is the 5 × 5
symmetric matrix I of the negative second partial derivatives of log-LF (6.3.4) with
respect to the parameters. That is

I ¼ � o2‘�

ohi ohj

� �
; ð6:3:6Þ

evaluated at the vector of MLEs ĥ. The inverse of I is the local estimate of the
asymptotic variance-covariance matrix V of the vector

ðĥ1 ¼ p̂ML; ĥ2 ¼ â1ML; ĥ3 ¼ â2ML; ĥ5 ¼ b̂1ML; ĥ5 ¼ b̂2MLÞ:

That is

V ¼ I�1 ¼ ðr̂i jÞ; ð6:3:7Þ

where r̂i j is the estimated Covðĥi; ĥjÞ; i; j ¼ 1; . . .; 5.
The observed Fisher information matrix enables us to construct approximate

confidence intervals for the parameters based on the limiting normal distribution.
Following the general asymptotic theory of MLEs, the sampling distribution of
ðĥi � hiÞ=

ffiffiffiffiffi
r̂ii

p
; i ¼ 1; . . .; 5, can be approximated by a standard normal

distribution.
An approximate two-sided 100 (1 − τ) % confidence interval for hi, is given by

ĥi � z1 � ðs=2Þ
ffiffiffiffiffi
r̂ii

p
\hi\ĥi þ z1�ðs=2Þ

ffiffiffiffiffi
r̂ii

p
; i ¼ 1 ; . . . ; 5; ð6:3:8Þ

where z1−c is the percentile of the standard normal distribution with right-tale
probability of c.

6.3.2 Bayes Estimation

Suppose that an objective, non-informative prior is used, in which p; a1; a2; b1; b2
are independent and that p * uniform on the interval (0,1), so that the prior PDF is
given by

pðhÞ / 1
a1b1a2b2

: ð6:3:9Þ

The following theorem gives expressions for the Bayes estimators, using SEL.
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Theorem 6.1 The Bayes estimators of the parameters, SF and HRF, assuming the
prior given by (6.3.9) and using SEL function are given by:

p̂SEL ¼ S1
S2

; â1SEL ¼ r1S2
S0

; â2SEL ¼ r2S3
S0

; b1SEL ¼ S4
S0

; b2SEL
S5
S0

; ð6:3:10Þ

R̂SEL ¼ 1� S6
S0

; k̂SEL ¼ S7
S0

: ð6:3:11Þ

where

S0 ¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2Bðjj2 ; jj1j2ÞI0

S1 ¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2Bðjj2 þ 1; jj1j2ÞI0

S2 ¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2Bðkj2 ; kj1j2ÞI1

S3 ¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2Bðkj2 ; kj1j2ÞI2

S4 ¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2Bðkj2 ; kj1j2ÞI3

S5 ¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2Bðkj2 ; kj1j2ÞI4

S6 ¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2 ½Bðkj2 þ 1; kj1j2ÞI5 þ Bðkj2 ; kj1j2 þ 1Þ�I6;

S7 ¼
Xn�r

j1¼0

Xj1
j2¼0

X1
j3¼0

Xj3
j4¼0

Cj1j2j3j4 ½r1Bðkj2j4 þ 1; kj1j2j3j4ÞI7 þ r2Bðkj2j4 ; kj1j2j3j4 þ 1Þ�I8;

ð6:3:12Þ

Cj1j2 ¼ ð�1Þj1 n� r
j1

� �
j1
j2

� �
; Cj1j2j3j4 ¼ Cj1j2Cj3j4 ;Cj3j4 ¼ j3

j4

� �
; ð6:3:13Þ

kj2 ¼ r1 þ j2 þ 1; kj1j2 ¼ r2 þ j1 � j2 þ 1; kj2j4 ¼ r1 þ j2 þ j4;

kj1j2j3j4 ¼ r2 þ j1 � j2 þ j3 � j4:
ð6:3:14Þ

and B(a, b) is the beta function. The integrals involved are given by
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I0 ¼
Z1
0

Z1
0

br1�1
1 br2�1

2 e�T0

Tr1
j2 T

r2
j1j2

db1db2

I1 ¼
Z1
0

Z1
0

br1�1
1 br2�1

2 e�T0

Tr1þ1
j2 Tr2

j1j2

db1db2

I2 ¼
Z1
0

Z1
0

br1�1
1 br2�1

2 e�T0

Tr1
j2 T

r2þ1
j1j2

db1db2

I3 ¼
Z1
0

Z1
0

br11 b
r2�1
2 e�T0

Tr1
j2 T

r2
j1j2

db1db2

I4 ¼
Z1
0

Z1
0

br1�1
1 br22 e

�T0

Tr1
j2 T

r2
j1j2

db1db2

I5 ¼
Z1
0

Z1
0

br1�1
1 br2�1

2 e�T0

½Tj2 � lnð1� e�b1x0Þ�r1Tr2
j1j2

db1db2

I6 ¼
Z1
0

Z1
0

br1�1
1 br2�1

2 e�T0

Tr1
j2 ½Tj1j2 � lnð1� e�b2x0Þ�r2 db1db2

I7 ¼
Z1
0

Z1
0

br11 b
r2�1
2 e�T3

Tr1þ1
1 Tr2

2

db1db2

I8 ¼
Z1
0

Z1
0

br1�1
1 br22 e

�T6

Tr1
4 T

r2þ1
5

db1db2;

ð6:3:15Þ

T0 ¼
Xr1
i¼1

½b1x1i þ lnð1� e�b1x1iÞ� þ
Xr2
i¼1

½b2x2i þ lnð1� e�b2x1iÞ�;

Tj2 ¼ b1 � j2 lnð1� e�b1xr Þ þ
Xr1
i¼1

lnð1� e�b1x1iÞ
" #

;

Tj1j2 ¼ b2 � ðj1 � j2Þ lnð1� e�b1xr Þ þ
Xr1
i¼1

lnð1� e�b1x1iÞ
" #

;

T1 ¼ Tj2 � ðj4 þ 1Þ In ð1� e�b1x0Þ;
T2 ¼ Tj1j2 � ðj3 � j4Þ In ð1� e�b2x0Þ
T3 ¼ T0 þ b1x0 þ In ð1� e�b1x0Þ;
T4 ¼ Tj2 � j4 In ð1� e�b1x0Þ;
T5 ¼ Tj1j2 � ðj3 � j4 þ 1Þ In ð1� e�b2x0Þ:

ð6:3:16Þ
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Proof By expanding the last term in LF (6.3.4), using the binomial expansion, it
follows that

RðxrÞ½ �n�r ¼ 1� p 1� e�b1xr

 �a1þq 1� e�b1xr


 �a2n oh in�r

¼
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2p
j2qj1�j2 exp½a1j2 In ð1� e�b1xrÞ þ a2ðj1 � j2ÞInð1� e�b2xr Þ�

where Cj1j2 is given by (6.3.13). So that

Lðh; xÞ /
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2p
r1þj2qr2þj1�j2ar11 b

r1
1 a

r2
2 b

r2
2

� exp½�a1Tj2 � a2Tj1j2 � T0�

where T0; Tj2 ; Tj1j2 are given by (6.3.16).

Suppose that the prior PDF is as given by (6.3.9). The posterior is then given by

pðhjxÞ / Lðh; xÞpðhÞ
) pðhjxÞ

¼ A
Xn�r

j1¼0

Xj1
j2¼0

Cj1j2p
jj2�1qjj1 j2�1ar1�1

1 ar2�1
2 br1�1

1 br2�1
2 e�a1Tj2�a2Tj1 j2�T0 ;

ð6:3:17Þ

where jj2 ; jj1j2 are given by (6.3.14) and A is a normalizing constant, given by

A�1 ¼ Z
pðhjxÞdh ¼

Xn�r

j1¼0

Xj1
j2¼0

Cj1j2Bðjj2 ; jj1j2Þ
Z1
0

Z1
0

Cðr1ÞCðr2Þ
T�r1
j2 T�r2

j1j2

� br1�1
1 br2�1

2 e�T0db1db2
¼ Cðr1ÞCðr2ÞS0;

where S0 is given by (6.3.12) and I0 by (6.3.15). It then follows that the Bayes
estimates using SEL function are given by

p̂SEL ¼ EðpjxÞ ¼ S1
S0

; â1SEL ¼ Eða1jxÞ ¼ r1
S2
S0

; â2SEL ¼ Eða2jxÞ ¼ r2
S3
S0

;

b̂1SEL ¼ Eðb1jxÞ ¼
S4
S0

; b̂2SEL ¼ Eðb2jxÞ ¼
S5
S0

;

R̂SELðx0Þ ¼ E½Rðx0Þ� ¼ 1�
Z

½pea1In ð1�e�b1x0 Þ þ qea1In ð1�e�b1x0 Þ� pðhjxÞdh

¼ 1� S6
S0

:
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k̂SELðx0Þ ¼ E½kðx0Þjx� ¼ hðx0Þ
Rðx0Þ ¼ ½phðx0Þ þ qhðx0Þ�½1� pH1ðx0Þ þ qH2ðx0Þf g��1

Since

½1� pH1ðx0Þ þ qH2ðx0Þf g��1 ¼
X1
j3¼0

pH1ðx0Þ þ qH2ðx0Þf gj3

¼
X1
j3¼3

Xj3
j4¼0

Cj3j4p
j3qj3�j4 ½H1ðx0Þ�j3 ½H2ðx0Þ�j3�j4 ;

then

kðx0Þ ¼
X1
j3¼0

Xj3
j4¼0

Cj3j4p
j3qj3�j4 ½H1ðx0Þ�j3 ½H2ðx0Þ�j3�j4 pH1ðx0Þ þ qH2ðx0Þf g ð6:3:18Þ

It then follows that

k̂SELðx0Þ ¼ E½kðx0Þjx� ¼
Z

kðx0ÞpðhjxÞdh: ð6:3:19Þ

Substitution of (6.3.17) and (6.3.18) in (6.3.19), then finally yields k̂SELðx0Þ,
where S0; . . .; S7 are given by (6.3.11).

6.4 Numerical Example

6.4.1 Point Estimation of the Parameters, SF and HRF

A sample is generated from the mixture in such a way that x‘i\x0; ‘ ¼ 1; 2; i ¼
1; . . .; r‘:We generate 100 samples of size n = 50 each, from a finite mixture of two
exponentiated exponential components, whose PDF is given by (6.1.3), as follows:

1. Generate u1 and u2 from Uniform (0,1) distribution.
2. For given values of p; a1; a2;b1; b2; generate x according to the expression:

x ¼ � 1
b1
ln ð1�u1=a11 Þ; u1 � p;

� 1
b2
ln ð1�u1=a21 Þ; u1 � p:

(

An observation xji belongs to sub-population 1, if uji � p and to sub-population
2, if uji � p; where the sample is generated from the mixture in such a way that
xji\x0; j ¼ 1; 2; i ¼ 1; . . .; rj:
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3. Repeat until you get a sample of size n. The observations are ordered and only
the first r = 45 (90 % of n) out of the n = 50 observations are assumed to be
known. Now we have r1 observations from the first component of the mixture
and r2 observations from the second component (r = r1 + r2 = 45).

The value x0 is chosen to be equal to 1.
The estimates of p; a1; a2; b1; b2;RHðx0Þ; kHðx0Þ and absolute biases are com-

puted by using the ML and Bayes methods. The Bayes estimates are obtained under
SEL function. An estimator of a function, using BSEL, is actually a mixture
(ω = 0.2, 0.4, 0.6, 0.8) of the MLE of the function and the BE, using SEL.

The MLEs are computed using the built-in MATLAB® function “ga” to find the
maximum of the log-LF (6.3.5) using the genetic algorithm. This is better than
solving the system of five likelihood equations in the five unknowns, by using some
iteration scheme (Table 6.1).

Nevertheless, the system of equations is needed for the computation of the
asymptotic variance-covariance matrix.

The (arbitrarily) chosen actual population values are p ¼ 0:4; a1 ¼ 2; a2 ¼
3; b1 ¼ 2 and b2 ¼ 3. For x0 ¼ 1 the actual values for Rðx0Þ and kðx0Þ are given,
respectively, by 0.1862 and 2.3096.

The estimates of the parameters, SF and HRF under the BSEL function are given
in Table 5.1, for different weights x. It may be noticed that when x ¼ 1, we obtain
the MLEs while the case x ¼ 0, yields the Bayes estimates under SEL function.

Table 6.1 Estimates of the parameters, SF and BSEL function and absolute biases

Estimate x ¼ 0 “SEL” x ¼ 0:2 x ¼ 0:4 x ¼ 0:6 x ¼ 0:8 x ¼ 1 “MLE”

p̂ 0.416229 0.416139 0.416049 0.415959 0.415869 0.415779

0.016229 0.016139 0.016049 0.015959 0.015869 0.015779

â1 2.380074 2.432918 2.485761 2.538598 2.591441 2.644284

0.380074 0.432918 0.485761 0.538598 0.591441 0.644284

â2 2.712658 2.840706 2.968753 3.096802 3.224850 3.352898

0.287342 0.159294 0.031247 0.096802 0.224850 0.352898

b̂1 2.371177 2.407887 2.444589 2.481294 2.517997 2.554707

0.371177 0.407887 0.444589 0.481294 0.517997 0.554707

b̂2 2.586853 2.705871 2.824898 2.943908 3.062934 3.181952

0.413147 0.294129 0.175102 0.056092 0.062934 0.181952

Rðx0Þ 0.253611 0.236527 0.219444 0.202361 0.185277 0.168194

0.067411 0.050327 0.033244 0.016161 0.000923 0.018006

k̂ðx0Þ 2.106139 2.190786 2.27544 2.360092 2.444747 2.529393

0.203461 0.118814 0.03416 0.050492 0.135147 0.219793
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6.4.2 Interval Estimation of the Parameters

By inverting Fisher information matrix (by computing the second partial derivatives
of the log-likelihood function), given by (6.3.5), evaluated at the vector of MLEs
p̂ML ¼ 0:4158; â1ML ¼ 2:6443; â2ML ¼ 3:3588; b̂1ML ¼ 2:5547; b̂2ML ¼ 3:1819
(x ¼ 1 in Table 5.2). The variance-covariance matrix (6.3.6) is found to be

V ¼

0:00546 �0:0106 0:00941 0:01345 0:01097
1:1651 �0:3266 0:66019 �0:23199

1:0099 �0:23629 0:54097
0:68764 �0:21231

0:49433

0
BBBB@

1
CCCCA

So that the asymptotic variances of the estimators of the parameters are given by:

Vðp̂Þ ¼ 0:00546; Vðâ1Þ ¼ 1:1651; Vðâ2Þ ¼ 1:0099; Vðb̂1Þ ¼ 0:68764;

Vðb̂2Þ ¼ 0:49433

It then follows that approximate 95 % confidence intervals of the parameters are
given, based on 1,000 samples, by

0:2710\p\0:5610; 0:5287\a1\4:7599; 0:9294\b1\4:1800

1:3832\a2\5:3226; 1:8039\b2\4:5600:

In this chapter, point estimation of the five parameters, SF and HRF are obtained
when the underlying population is a finite mixture of two exponentiated exponential
components based on the balanced squared error loss function which is a weighted
average of two loss functions: one of which reflects precision of estimation and the
other reflects goodness-of-fit. This asymmetric loss function may be considered as a
compromise between Bayes and non-Bayes estimates.

We have also estimated the parameters of the mixture by obtaining the
asymptotic variance-covariance matrix and hence the approximate confidence
intervals.
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