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Preface

In the past decades, parallel mechanisms (PMs) have attracted a lot of attention

from the academic and industrial communities. Compared with the more commonly

used serial robots, the parallel one has attractive advantages in accuracy, rigidity,

capacity, and load-to-weight ratio. The PMs have been and are being used in a wide

variety of applications such as motion simulators, parallel manipulators, nano-

manipulators, and micro-manipulators. In recent years, the research and application

have evolved from general six-DOF PMs to lower-mobility PMs. The essential

reason is that lower-mobility PMs have similar applications to general six-DOF

PMs, while they are much simpler in structure and cheaper in cost. The research of

lower-mobility PMs has become new hot point. A great deal of research on lower-

mobility PM has been carried out all over the world, and a large number of new

mechanisms, such as Delta, Tricept, and medical robots, have been built for various

applications.

This book introduces our original research efforts on PMs for the 30 years. The

contents include mechanism analyses and syntheses.

In mechanism analysis, the unified mobility methodology is first systematically

presented. The search for a general and valid mobility methodology has been

ongoing for about 150 years. Our methodology is proposed based on the screw

theory, whose generality and validity have only been recently proven. This is a very

important progress. The principle of the kinematic influence coefficient and

its new development are described. This principle fits the kinematic analysis of

various parallel manipulators including both 6-DOF and lower-mobility ones.

The singularities are classified from a new point of view, and new progresses in

singularity are introduced. The concept of the over-determinate input is researched,

and in practice, there are many machines that work with over-determinate input,

i.e., their input number is much bigger than their mobility number. To set the

inputs to be accordance and optimum distribute and to obtain the expectant motion

acceleration is introduced here. A new method of force analysis of PMs is

presented. This method based on screw theory can remarkably reduce the number

of unknowns and keep the number of simultaneous equilibrium equations not

more than six on every occasion. In mechanism synthesis, the synthesis of spatial
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symmetrical PMs is discussed. The synthesis method of difficult four- and five-

DOF symmetrical mechanisms, which has first been put forward by our group in

2002, is emphatically introduced. The three-order screw system and its space

distribution of kinematic screws for infinite possible motions of lower-mobility

mechanisms are also analyzed. In the last chapter, a new theory for the topological

structure analysis and synthesis of kinematic chains is represented. Based on the

array representation of loops in topological graphs of kinematic chains, the basic

loop operation algebra and a unique representation are introduced. Addressing the

problem of isomorphism identification by finding a unique representation of graphs

is presented. This process makes isomorphism identification very easy and remains

efficient even when the kinematic chain links increase up to the thirties. The unique

numerical atlas database is established and developed for use in the numerical

synthesis of mechanisms.

Given that many of the abovementioned research are based on the screw theory,

the basic screw theory is first introduced in the beginning of this book.

Using the screw theory to analyze some issues on spatial mechanisms is quite

facile and convenient. This theory is also a good one for various mathematical

instruments. A pair of spatial vectors or dual vectors can be used to construct a

screw. The screw can then be applied to express the following: (1) position and

orientation of a spatial straight line in geometry, (2) line and angular velocities of a

rigid body in kinematics, (3) force and moment in statics, (4) constraint force and

couple, and (5) rotational and translational mobilities in freedom analysis. The

concept of a screw with six scalars is then easily used in kinematics and dynamic

analysis. The screw can be facilely transformed into various mathematic forms,

such as for vector, matrix, algebraic, and geometrical analyses. The screw has a

clear geometrical concept, an explicit physical meaning, a simple expressing form,

and convenient algebraic calculation. For these reasons, the screw concept is widely

applied in mechanisms, especially recently, to resolve numerous difficult foreland

issues. Students, engineers, and practically anyone who has studied linear algebra

can easily understand the theory.

The authors gratefully acknowledge the continuous financial support of the

National Natural Science Foundation of China for more than 20 years. This book

can be a textbook for postgraduate students and general scientific technique per-

sonnel. Some more profound chapters can be suitable for doctoral students in the

field of mechanical engineering.

Yanshan University Zhen Huang

Qinhuangdao beachfront
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Chapter 1

Basics of Screw Theory

1.1 Introduction

Screw theory is a powerful mathematical tool for the analysis of spatial mechanisms.

A screw consists of two three-dimensional vectors. A screw can be used to denote

the position and orientation of a spatial vector, the linear velocity and angular

velocity of a rigid body, or a force and a couple, respectively. Therefore, the concept

of a screw is convenient in kinematics and dynamics, while the transformation

between the screw-based method and vector and matrix methods is straightforward.

When applied in mechanism analysis, screw theory has the advantages of clear

geometrical concepts, explicit physical meaning, simple expression and convenient

algebraic calculation. It is worth noting that the preliminary requirements for screw

theory are only linear algebra and basic dynamics in undergraduate level. Thus,

screw theory has been widely applied and researchers have used screw theory to

make great contribution to many frontier problems in mechanism theory.

Screw theory was established in the nineteenth century. First, Chasles (1830)

proposed the concept of twist motion of a rigid body, which was further developed

by Poinsot (1848). Then Pl€ucker gave his research and proposed his screw expres-

sion [1]. Then, in his classic book Screw theory (1875), Ball discussed the kinematics

and dynamics of a rigid body under complex constraints using screw theory [2]. In the

last 60 years, many researchers, such as Dimentberg [3], Yang and Freudenstein [4],

Waldron [5], Roth [6], Hunt [7], Phillips [8], Duffy [9] and Angeles [10] etc, have

made important contributions to screw theory.

This chapter first addresses the expression of a straight line and its Pl€ucker line
coordinates in three-dimensional space. The line vector and screw as well as their

characteristics and the screw algebra are introduced. In the last part, this chapter

Z. Huang et al., Theory of Parallel Mechanisms, Mechanisms and Machine Science 6,
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also introduces the expression for the instantaneous motion of a rigid body and the

statics of the body using screw theory.1

1.2 Equation of a Line

Two distinct points Aðx1; y1; z1Þ and Bðx2; y2; z2Þ determine a line, as shown in

Fig. 1.1. The vector S denoting the direction of the line can be expressed as

S ¼ ðx2 � x1Þiþ ðy2 � y1Þj þ ðz2 � z1Þk; (1.1)

where i, j, and k are unit vectors corresponding to each coordinate axis.

If we let

x2 � x1 ¼ L

y2 � y1 ¼ M

z2 � z1 ¼ N; ð1:2Þ

then substituting Eq. (1.2) into Eq. (1.1), we have

S ¼ LiþMj þ Nk; (1.3)

where L, M, and N are direction ratios.

The distance between the two points is given by

jSj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 þM2 þ N2

p
: (1.4)

Let

l ¼ L=jSj
m ¼ M=jSj
n ¼ N=jSj; ð1:5Þ

where l, m and n are direction cosines of the line. Then Eq. (1.4) reduces to

l2 þ m2 þ n2 ¼ 1: (1.6)

1 The content of screw theory in this book is based on the teaching material presented by Dr. Duffy

at Florida University in 1982. At that time, the first author of this book listened attentively to the

lectures and was deeply inspired by the course content. The author wishes to express here once

again his acknowledgments to Dr. Duffy.
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Note that a line can be determined by its direction and a point on it. We can

write the vector equation of the line as

ðr � r1Þ � S ¼ 0: (1.7)

Equation (1.7) can also be expressed as

r � S ¼ S0; (1.8)

where

S0 ¼ r1 � S (1.9)

is the moment of the line about the origin O.

The vectors ðS; S0Þ are called the Pl€ucker coordinates of the line and satisfy the

orthogonality condition

S � S0 ¼ 0: (1.10)

Note that ðS; S0Þ is homogeneous, since multiplying both sides of Eq. (1.8) by a

scalar l yields the same line.

Expanding Eq. (1.9) leads to

S0 ¼
i j k
x1 y1 z1
L M N

������

������
: (1.11)

Equation (1.11) can be expressed in the form

S0 ¼ Piþ Qj þ Rk; (1.12)

where

P ¼ y1N � z1M

R ¼ x1M � y1L: (1.13)

Z

X

r1

Y

B

r 2

r

O

A

S

Fig. 1.1 Pl€ucker Coordinates
of a line
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Expanding Eq. (1.8) and considering Eq. (1.12), we have

yN � zM � P ¼ 0

zL� xN � Q ¼ 0

xM � yL� R ¼ 0: ð1:14Þ

From Eqs. (1.3), (1.12) and (1.10), the orthogonality condition can be written as

LPþMQþ NR ¼ 0: (1.15)

The six Pl€ucker coordinates of the line ðL;M;N;P;Q;RÞ are illustrated in

Fig. 1.2.

ðL;M;NÞ consists of the direction ratios of the line and ðP;Q;RÞ are the x, y and z
components of the moment of the line about the origin. The coordinates ðS; S0Þ are
related by Eqs. (1.6) and (1.11). Therefore only four of the six scalars ðL;M;N;P;

Q;RÞ are independent, and there are 14 lines in space.

The distance of the line from the origin is determined by the length of a vector P
from O and perpendicular to the line. From Eq. (1.8), we have P� S ¼ S0 , and
therefore

S� ðP� SÞ ¼ S� S0:

Expanding the left side of the above equation, we have

S� ðP� SÞ ¼ ðS � SÞP� ðS � PÞS ¼ ðS � SÞP;

and so solving equation for P gives

P ¼ S� S0
S � S : (1.16)

Z

L
M

S

N

R

P

Q

O

P Y
X

Fig. 1.2 Distance between

the line and origin
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This can be expressed in the form

P ¼ jSjjS0j
jSjjSj e ¼

jS0j
jSj e; (1.17)

where e is a unit vector perpendicular to S� S0. Therefore

jPj ¼ jS0j
jSj : (1.18)

When S0 ¼ 0, the line passes through the origin and the Pl€ucker line coordinates
are ðS; 0Þ or ðl m n; 0 0 0Þ. When S ¼ 0, the line lies in a plane at infinity

and the Pl€ucker coordinates are ð0; S0Þ or ð0 0 0; l m nÞ.

1.3 Mutual Moment of Two Lines

The vector equations of two skew lines separated by a perpendicular distance of a12
and a twist angle of a12 (see Fig. 1.3) are given by

r1 � S1 ¼ S01 (1.19)

r2 � S2 ¼ S02: (1.20)

The projection of the moment vector a12a12 � S2 on the line S1 is given by a12
a12 � S2 � S1 and is called the moment of S2 about the line S1. This scalar quantity is
usually called the mutual moment of the two lines and can also be obtained by

projecting the moment vector � a12a12 � S1 on the line S2, namely,

Mm ¼ a12a12 � S2 � S1 ¼ a12a21 � S1 � S2: (1.21)

a12

r1

r2

S2

S1

Z

A

Y
X

O

B

a12

a12

Fig. 1.3 Mutual moment

of two lines
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Expanding the scalar triple product and considering r2 � r1 ¼ a12a12, we have

ðr2 � r1Þ � S2 � S1 ¼ r2 � S2 � S1 þ r1 � S1 � S2: (1.22)

Substituting Eqs. (1.19) and (1.20) into Eq. (1.22) yields

Mm ¼ S1 � S02 þ S2 � S01: (1.23)

Since both S1 and S2 are unit vectors, S1 � S1 ¼ S2 � S2 ¼ 1, and so

S2 � S1 ¼ �a12 sin a12: (1.24)

The mutual moment of the two lines is then given by

Mm ¼ ðr2 � r1Þ � S2 � S1 ¼ �a12 sin a12: (1.25)

From this expression, it is clear that the mutual moment of two lines is

independent of the coordinate-frame.

Alternatively, Eq. (1.23) can be written as

Mm ¼ l1p2 þ m1q2 þ n1r2 þ p1l2 þ q1m2 þ r1n2: (1.26)

If the lines are parallel or intersect at infinity, we have a12 ¼ 0 and their mutual

moment is zero. If the two lines intersect, which means the perpendicular distance

between the two lines is zero, we have a12 ¼ 0. Therefore, when two lines are

coplanar, the mutual moment of the two lines is always zero:

S1 � S02 þ S2 � S01 ¼ 0: (1.27)

1.4 Line Vectors and Screws

1.4.1 The Line Vector

This section will introduce two important concepts. One is the line vector and the

other is the screw. Recall that in Sect. 1.2 we established the equation of a line:

r � S ¼ S0: (1.28)

The dual vector ðS; S0Þ, which denotes a straight line in space, is also called a

line vector. When jSj ¼ 1 , S is a unit vector and ðS; S0Þ is a unit line vector.

However,S0 is in general not a unit vector. The two vectorsS andS0 are orthogonal,
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so that S � S0 ¼ 0. The unit line vectors ðS; S0Þ stand in one-to-one correspondence

with the 14 lines in space.

The vector S is not origin-dependent. The vector S0, which remains constant as S
is being moved along the line, is the moment of S about the origin O. Clearly, S0 is
origin-dependent, and if the origin is shifted from point O to point A, then the

moment of S about A can be written as (Fig. 1.4)

SA ¼ rA � S ¼ ðABþ rBÞ � S: (1.29)

Substituting SB ¼ rB � S into Eq. (1.29), we have

SA ¼ SB þ AB� S: (1.30)

When the line vectors are in different positions in space, the Pl€ucker coordinates
are different. In particular, when the line vector is located in certain special positions

with respect to the coordinate system, many of the components are zero, as shown in

Fig. 1.5. This is convenient for screw analysis.

S

A

AB

rB

rA

B

Fig. 1.4 Line moment is not origin-dependent

(abc;def )

(abc;de0 )

Skew
Parallel to coordinate axis
Parallel to coordinate plane

(ab0 ;def)
(ab0 ;de0 )

(abc;000 )
(100;0ab )(100;010 )

(100;000 )
(ab0;00c )

Z

Y

X

Fig. 1.5 Various forms of line vector
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1.4.2 The Screw

When the two vectors of a dual vector do not satisfy the orthogonality condition

S � S0 6¼ 0,2 which is the more general case, the dual vector is called a screw and is

denoted by

$ ¼ ðS; S0Þ; S � S0 6¼ 0: (1.31)

When jSj ¼ 1, $ is a unit screw.

The vector S of a screw is also not origin-dependent. The vector S0 is

origin-dependent and if the origin is shifted from point O to point A, the moment

of S about A can be obtained as

SA ¼ S0 þ AO� S: (1.32)

Multiplying both sides of this equation by S, we have

S � SA ¼ S � S0: (1.33)

Equation (1.33) shows thatS � S0 is not origin-dependent. IfS 6¼ 0, we can obtain

the origin-independent variable

h ¼ S � S0
S � S ¼ lpþ mqþ nr

l2 þ m2 þ n2
; (1.34)

which is called the pitch of a screw. The line vector is a special screw with a zero

pitch. A screw with an infinite pitch is called a couple and is denoted by (0; S).
The number of the unit screws in 3D space is 15, and the number of screws

in 3D space is 16.

A line vector corresponds to a straight line in space, and a screw also has its axis

line. To determine the axis line that the screw lies on, S0 is decomposed into two

parts, which are parallel and perpendicular to S, respectively, as shown in Fig. 1.6:

ðS; S0Þ ¼ ðS; S0 � hSþ hSÞ: (1.35)

Obviously, S0 � hS is normal to S, and S0 � hS ¼ S0. The equation of the axis of
the screw is given by

r � S ¼ S0 � hS: (1.36)

2 For the convenience of readers, to distinguish between line vector and screw, the dual component

of screw is expressed as S0.
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The Pl€ucker coordinates of the line are ðS; S0 � hSÞ. From Eq. (1.25), a screw

can be expressed as

$ ¼ ðS; S0Þ ¼ ðS;S0 � hSÞ þ ð0; hSÞ; (1.37)

or

$ ¼ ðS; S0Þ ¼ ðS; r � Sþ hSÞ ¼ ðS; S0 þ hSÞ ¼ ðS; S0Þ þ ð0; hSÞ: (1.38)

This indicates that a line vector and a couple can combine to form a screw,

or that any screw with non-zero finite pitch can be considered the summation of a

line vector and a couple. There are four factors that determine a screw: position and

direction of the axis, and the magnitude and pitch of the screw.

Screw: ðS; S0Þ : S 6¼ 0; S � S0 6¼ 0; 1 6¼ h 6¼ 0

Line vector: ðS; S0Þ : S 6¼ 0; S � S0 ¼ 0; h ¼ 0

Couple: ð0; SÞ : S 6¼ 0; h ¼ 1

Example 1.1. l m n; hl hm hnð Þ is a screw with pitch h and passing through

the origin.

Example 1.2. 1 0 0; 1 0 0ð Þ is a screw with pitch h ¼ 1 and passing through the

origin, since

h ¼ ðS � S0Þ=ðS � SÞ ¼ 1;

r � S ¼ S0 � hS ¼ 0:

Example 1.3. 1 1 1; 1 1 1ð Þ= ffiffiffi
3

p
is also a unit screw with pitch h ¼ 1 that passes

through the origin and points in the direction 1 1 1ð Þ.
Example 1.4. Identify $ ¼ ðS; S0Þ ¼ 1 1 0; 1 0 0ð Þ and determine its axis.

Solution. The pitch of the screw is h ¼ ðS � S0Þ=ðS � SÞ ¼ 1=2. Considering that

S0 ¼ S0 þ hS ¼ r � Sþ hS, the equation of the axis is r � S ¼ S0 � hS.

S0

S

hS

S0−hS

Fig. 1.6 Axis of a screw
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Thus we have

r � S ¼ 1=2� 1=2 0ð ÞT:

1.5 Screw Algebra

Screws obey the following algebraic operations [11], and these operations have

special meanings.

1.5.1 Screw Sum

The sum of two screws $1 ¼ S1; S
0
1

� �
, and $2 ¼ S2; S

0
2

� �
is defined as follows

$1 þ $2 ¼ S1 þ S2; S
0
1 þ S02

� �
(1.39)

Equation (1.39) shows that the sum of two screws is still a screw.

Theorem 1.1. The sum of two line vectors is a line vector only if their axes are
coplanar and the sum of their first vectors is non-zero, namely S1 þ S2 6¼ 0.

Proof. If $1 and $2 are two line vectors, then S1 � S01 ¼ 0 and S2 � S02 ¼ 0. If the

two line vectors are coplanar, then their mutual moment is equal to zero. That is,

S01 � S2 þ S02 � S1 ¼ 0. Therefore, we obtain

ðS1 þ S2Þ � ðS01 þ S02Þ ¼ 0: (1.40)

Equation (1.40) shows that the sum of two line vectors is still a line vector and its

pitch is zero.

Theorem 1.2. If two line vectors intersect, their sum is a line vector passing the
intersection point.

Proof. Since the sum of two line vectors is still a line vector, it can be expressed as

r � ðS1 þ S2Þ ¼ S01 þ S02: (1.41)

If r1 denotes the position vector of the intersection point, r1 lies on both of the

lines and satisfies the equations of both lines:

r1 � S1 ¼ S01; r1 � S2 ¼ S02: (1.42)

Thus we have

r1 � ðS1 þ S2Þ ¼ S01 þ S02: (1.43)

10 1 Basics of Screw Theory



Equation (1.43) shows that the point r1 lies on the line determined by the sum of

the two line vectors.

Note that when two lines are not coplanar, the sum of the two line vectors is a

screw with non-zero pitch instead of a line vector. Further, the sum of a line vector

and a couple is not a line vector.

Theorem 1.3. The sum of two couples, if not zero, is another couple.

1.5.2 Product of a Scalar and a Screw

The product of a scalar l and a screw $ is defined by

l$ ¼ ðlS; lS0Þ: (1.44)

1.5.3 Reciprocal Product

The reciprocal product of two screws, say $1 ¼ S1; S
0
1

� �
, $2 ¼ S2; S

0
2

� �
, is defined by

$1 � $2 ¼ S1 � S02 þ S2 � S01 (1.45)

where the symbol ○ denotes the reciprocal product of two screws.

When the origin of the coordinate system shifts from point O to point A, the two
screws $1 and $2 become

$A1 ¼ S1; S
A
1

� � ¼ S1; S
0
1 þ AO� S1

� �
;

$A2 ¼ S2; S
A
2

� � ¼ S2; S
0
2 þ AO� S2

� �
: (1.46)

The reciprocal product of the two new screws is

$A1 � $A2 ¼ S1 � S02 þ AO� S2
� �þ S2 � S01 þ AO� S1

� � ¼ $1 � $2: (1.47)

This result indicates that the reciprocal product of two screws is not origin-

dependent.

The reciprocal product of two screws represents the work produced by a wrench

acting on a rigid body undergoing an infinitesimal twist.

1.6 Instantaneous Kinematics of a Rigid Body

The most general motion in three-dimensional space is screw motion, which means

simultaneous translational and rotational motion. Pure translation and pure rotation

are special cases of screw motion. In this section, we will discuss pure rotation,

1.6 Instantaneous Kinematics of a Rigid Body 11



translation, and screw motion, including how to determine the Pl€ucker coordinates,
pitch, and the equation of axis.

1.6.1 Instantaneous Rotation

In Fig. 1.7, the rigid body labeled by 2 is rotating about another rigid body labeled

by 1. The axis of rotation is S. Such a rotation can be described by the angular

velocity line vector

o$ ¼ oðS; S0Þ ¼ ðoS;oS0Þ; (1.48)

whereo is the amplitude of the rotation andS is the unit vector in the direction of the
line.

The equation of the axis of rotation is given by

r � S ¼ S0: (1.49)

The second component of Eq. (1.48) is

oS0 ¼ or � S ¼ r �v ¼ v0; (1.50)

which is the velocity of a point coincident with the origin, or the tangent velocity of

the point coincident with the origin. Equation (1.48) can also be rewritten as

follows:

o$ ¼ ðv; v0Þ: (1.51)

Therefore, the dual vectors denoting the rotation of a rigid body include the

angular velocity, v, and the linear velocity, v0 , of the point coincident with the

origin. The Pl€ucker coordinates of a rotating rigid body are oðS; S0Þ or ðv; v0Þ.
When the rotational axis passes through the origin, the Pl€ucker coordinates of the
rotational axis are o$ ¼ ðv; 0Þ or ðv; 0Þ.

Z

X

Y

2

1

r

v0 Sw

O

$

Fig. 1.7 Instantaneous

rotation of a body
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1.6.2 Instantaneous Translation

An instantaneous translation of one rigid body relative to another one can be

conveniently modeled by connecting the two bodies by a prismatic or sliding pair

(as illustrated in Fig. 1.7). The translational velocity n can be expressed as a scalar

multiple of the instantaneous linear displacement n and a unit vectorS parallel to the
direction of motion. The vector S is for convenience drawn through the center line

of the joint. However, all points in the moving body have the same linear velocity

v ¼ vS, and a self-parallel displacement of the vector S does not affect the motion.

The same motion is obtained when the joint is reconnected parallel to its original

attachment and the body is given the same instantaneous translational displacement

v. For this reason,S is called a free vector and the motion can be quantified by taking

a scalar multiple of the free vector vð0; SÞ or ð0; nÞ. Some readers may prefer to

consider instantaneous translation to be an instantaneous rotation about an axis that

is orthogonal to S and that lies in the plane at infinity. The Pl€ucker coordinates of
this axis are ð0; SÞ, and the instantaneous rotation about this axis can be expressed as
the scalar multiple vð0; SÞ.

1.6.3 Instantaneous Screw Motion

When the motion of one body 2 relative to another includes rotation about the axis

S1 and translation in the direction S1, the situation is more complex, as shown in

Fig. 1.8. The body rotates about the axis S1, with the instantaneous wrench o1ðS1
; S01Þ, where ðS1; S01Þ is unit screw. The body also translates with screw v2ð0;S1Þ
along the axisS1 at the same time. The absolute motion of the body is the sum of the

two parts.

Si

r i× w i

O

w i

vi  = hiw iSi

w iSi
0  = vi

0

vi

Fig. 1.8 Twist motion

of a body
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That is,

oi $i ¼ ðo1S1;o1S01Þ þ ð0; v1S1Þ ¼ ðo1S1;o1S01 þ ho1S1Þ
¼ o1 S1; S

0
1

� �
; (1.52)

or

oi $i ¼ o1 S1; S
0
1

� � ¼ ðv1; v
0Þ; (1.53)

where v1 is the angular velocity of the body and v0 is the velocity of a point in the

body coincident with the origin. Note that the directions of v0 andv1 are different in

general, unless the axis of the screw passes the origin. The pitch is

h ¼ S1 � S01
S1 � S1 ¼

v1 � v0
v1 �v1

: (1.54)

1.7 Statics of a Rigid Body

1.7.1 A Force Acting on a Body

Analogous to instantaneous rotation, unit line vectors can be used to express the

action of a force on a body, as shown in Fig. 1.9. A force f can be expressed as a

scalar multiple fS of the unit vector S bound to the line. The moment of the force C0

about a reference point O can be expressed as a scalar multiple fS0 of the moment

vector S0 ¼ r � S . The action of the force upon the body can thus be elegantly

expressed as a scalar multiple f$ of the unit line vector

Z

Y
X

O
r

f

Fig. 1.9 Force acting

on a body
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f$ ¼ ðf ; fS0Þ ¼ ðf ;C0Þ; (1.55)

where $ is unit line vector, S � S ¼ 1 and S � S0 ¼ 0. The line vector can be used to

express the magnitude, direction and the acting line in space.

The Pl€ucker coordinates of the force line vector are f ðS; S0Þ, ðfS; fS0Þ or ðf ;C0Þ,
where C0 is the moment of force f about the origin, that is, C0 ¼ fS0 ¼ f r � S0.
When the force f passes through the origin, the moment vanishes (C0 ¼ 0), and the

Pl€ucker coordinates of the force are ðf ; 0Þ.

1.7.2 A Couple Acting on a Body

Figure 1.10 illustrates a rigid body subjected to two equal and opposite forces f 1
and f 2. These two forces constitute a couple, the moment of which is given by

C ¼ ðr2 � r1Þ � f 2 ¼ ðr1 � r2Þ � f 1 (1.56)

The vector C is clearly normal to the plane containing the forces, and C can

thus be expressed as a scalar multiple CS of any unit vector normal to the plane.

The vector S is therefore a free vector and the couple vector C can be given a self-

parallel displacement without altering the statics of the body.

The couple C can thus be expressed as a scalar multiple C(0; SÞ of the free vector
ð0; SÞ . Alternatively, the couple can be considered a force acting upon the body

along a line that is orthogonal to S and that lies in the plane at infinity. The Pl€ucker
coordinates of this line are ð0; SÞ, and the force acting upon the body can be

expressed as the scalar multiple C(0;SÞ.

1.7.3 A Twist Acting on a Body

A general system of forces and couples acting upon a rigid body can be reduced to a

single force f1 Si; S
0
i

� �
and a single couple C(0;SÞ. This force couple combination

Z

O

X

Y

S

f1

f2

r 1

r2

Fig. 1.10 A couple acting

on a body
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was called a dyname by Pl€ucker and Hunt. The above mentioned force screw f1
Si;S

0
i

� �
can be expressed as the sum of a force f1 Si; S

0
i

� �
and a couple C(0; SÞ with

the same direction as the force. When the origin is located on the axis S1, this force
screw can be expressed as

f1 S1; S
0
1

� � ¼ ðf 1;C0Þ: (1.57)

When the origin does not lie on the axis S1, the force screw is

f1 S1; S
0
1

� � ¼ ðf 1;C0Þ; (1.58)

where C0 is the moment about the origin.
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Chapter 2

Dependency and Reciprocity of Screws

This chapter introduces the concept of a screw system and focuses on second-order

and third-order screw systems, especially their various special forms. The linear

dependency of screws is discussed. The principle of Grassmann line geometry and

screw dependency for different geometrical spaces are also introduced. Near the

end of the chapter, the concept and analysis of the reciprocal screw and constraint

motion are presented.

2.1 Concept of Screw Systems

The concept of a screw system is deduced from kinematics. For an open chain or a

serial robot, the motion of the end-effector can be expressed as the summation of

the motions of all links. When the motions of all the links of the serial chain

are expressed as screws, the motion of the end-effector is the linear combination

of all screws. All the screws which determine the motions of all the links of a

serial chain form a screw system. More generally, when all the kinematic pairs of a

mechanism are expressed as screws, all the screws in themechanism construct a screw

system [1, 2], which is denoted as $̂.
On the basis of the number of linearly independent screws, screw systems can

be classified into six categories. The first is called the first-order screw system

or one-screw system, which contains only one screw. The second is called the

second-order screw system or two-screw system or two-system, which contains

two linearly independent screws. The third category is called the third-order screw

system or three-screw system comprising three linearly independent screws. The

fourth category is called the fourth-order screw system or four-screw system, which

contains four linearly independent screws. The fifth category contains five linearly

independent screws and is called the fifth-order screw system or five-screw system.
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Finally, the sixth category is called the sixth-order screw system or six-screw system,

which contains six linearly independent screws.

Example 2.1. Screw system of a serial robot

For a serial robot, when all the kinematic pairs are associated with screws, the

motion of the end-effector is the linear combination of all the screws. These screws

construct a typical screw system.

A serial kinematic chain is composed of links successively connected by kine-

matic pairs. The mobility of the chain is only the number of the kinematic pairs

when all kinematic pairs are single-DOF types. Generally, an n-DOF serial robot

consists of n+1 links connected by n kinematic pairs, Fig. 2.1.

The relative motion between any two neighboring links can be expressed as

a product of a relative scalar angular speed and a unit screw, o$ . If the serial

chain consists of n kinematic pairs, the corresponding screw system is expressed

as follows

$i ¼ ½$1; $2; � � � ; $n� (2.1)

When all the relative motions between any two neighboring links are expressed

aso1$1,o2$2, . . .,on$n, the motion of the end-effector can be expressed as follows

oi$i ¼ o1$1 þ o2$2 þ � � � þ on$n ¼
X

oj$j ð j ¼ 1; 2; . . . ; nÞ (2.2)

where

oi$i ¼ oiðSi; S0i Þ ¼ ðoi; n0i Þ
oj$j ¼ ojðSj; S0jÞ

(2.3)
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a67
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Fig. 2.1 Serial robot
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2.2 Second-Order Screw System

A second-order screw system contains all the linear combinations of two linearly

independent screws. A third-order screw system comprises all the linear combinations

of three linearly independent screws. The second-order and third-order screw systems

are fundamentals and are introduced in this chapter.

2.2.1 Linear Combination of Two Screws

Consider two screws, $A ¼ ðSA; SA0Þ and $B ¼ ðSB; S0BÞ. Their common normal is

aAB. The Z-axis is assumed to be aligned along the common normal of axes $A and
$B, and then$A and $B intersect at ZA and ZB. The angles from the X-axis to$A and $B
are yA and yB, Fig. 2.2.

The sum screw after the linear combination of the two screws is given by

li$i ¼ liðSi; S0i Þ; i ¼ 1; 2 (2.4)

where

liSi ¼ SA þ lSB (2.5)

liS0i ¼ S0A þ lS0B (2.6)

The pitch of the sum screw is

h ¼ Si � S0i
Si � Si (2.7)

$A
$i

$B

Y

X

X

qA

qB
qi

wi$i

w2$2

w1$1

Z

ZB

O

aAB

ZA

Zi

S2

S1

a12

Y Z

A

O

Fig. 2.2 Summation of two screws
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The Pl€ucker coordinate of the axis of the sum screw is Si; S
0
i � hSi

� �
and its axis

equation is

ri � Si ¼ S0i � hSi (2.8)

When l is given, the sum screw is determined, and when l is associated with

different values, the sum screws are also different. Thus, there are infinite sum

screws in a three-dimensional (3-D) space for a two-screw system.

References [1] and [3] show the surface of a two-screw system (Fig. 2.3).

The surface in Fig. 2.3a was discovered in 1870 and is called cylindroid by Ball[1].

The illustration in Fig. 2.3b was suggested by Phillips [3], and this illustration is easier

to understand and is analyzed in the following paragraph.

The linear-combination screws of any two linearly independent screws with

different pitches constitute a special closed ruled surface, the cylindroid. Each radial

from the center axis of the cylindroid denotes a screw axis, which is also normal to

the center line. The mid-section of the cylindroid is the XY plane. The X- and Y-axes
correspond to two orthogonal screws with the extremum pitches ha and hb of the

two-screw system. The two screws, which are aligned with the X- and Y-axes, are
the two principal screws of the two-screw system. The coordinate frame coincident

with two principal screws is called a principal coordinate system. The ruled surface is

closed and has a determinate length. When the pitches ha and hb of the two principal
screws are unequal and non-zero, the cylindroid is in a general form.When the pitches

a

b Z

Y

X

2L

O Conjugate
screw

Principal
screw End screw

End screw

Conjugate
screw

Principal
screw

Fig. 2.3 Cylindroid

(a) cylindroid given by Ball

(b) cylindroid given by

Phillips
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of the two principal screws are equal or have infinite values, they make up the special

two-screw system. The general two-screw system is discussed below.

1. Principal screw The two-screw system has two principal screws, whose pitches

have the extremum in the system. The angle between these screws is y ¼ 90�.
2. End screw The end screw is located at the end of the cylindroid, and a

cylindroid has two end screws.

3. Conjugate screw Two screws with identical pitches are called conjugate

screws. Any screw in a cylindroid has its own conjugate except the principal

screws. Conjugate screws are located on different sides of the XY plane at the

same distances.

4. Zero-pitch screw In the infinite screws of a two-screw system, there are only

two screws with zero pitch, and that is only when the signs of two principal

screws are opposite. The two screws with zero pitch are always located on the

two sides of the XY plane of the principal coordinate system.

From the analysis above, we can deduce that the linear combination of any

two screws may yield infinite screws with different pitches, which form a

cylindroid in space. In the infinite screws, there are at most two line vectors with

zero pitch.

2.2.2 Special Two-Screw System

In the principal coordinate frame, the two principal screws are expressed as follows

$a ¼ ð1 0 0; ha 0 0Þ
$b ¼ ð0 1 0; 0 hb 0Þ (2.9)

1. When ha ¼ hb ¼ h, it is the first special two-screw system1.

In this case, the pitches of both screws are equal. The two principal screws can be

expressed as

$a ¼ ð1 0 0; h 0 0Þ
$b ¼ ð0 1 0; 0 h 0Þ (2.10)

The linear combination of the two principal screws is

$S ¼ $a þ l$b ¼ ð1 l 0; h lh 0Þ

1 The definition is provided by Hunt.
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where l is a constant and the pitch of the sum screw is expressed as

hS ¼ S � S0
S � S ¼ h (2.11)

Since S0 ¼ hS, and r � S ¼ 0, it indicates that the sum screw also passes the

origin. As shown in Fig. 2.4a, all the sum screws with identical pitch h pass the

origin, and the cylindroid degenerates into a coplanar and concurrent flat pencil.

2. When ha is finite, and hb ¼ 1, $a? $b, z ¼ 90� (the second special two-screw
system). z is the angle between vectors a and b.
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Fig. 2.4 Special two-screw systems (a) first special two-system (b) second special two-system

(The bi-directional arrow denotes the screw with infinite pitch (i.e., a couple).) (c) third special

two-system (d) fourth special two-system (e) fifth special two-system
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The two principal screws are expressed as

$a ¼ ð1 0 0; ha 0 0Þ
$b ¼ ð0 0 0; 0 1 0Þ (2.12)

The linear combination of the two principal screws yields

$S ¼ $a þ l$b ¼ ð1 0 0; ha l 0Þ (2.13)

The pitch of the sum screw is hS ¼ ha and the equation of its axis is

r � S ¼ S0 � hSS ¼ ð0 l 0Þ (2.14)

The result indicates that the sum screw lies in the ZX plane and is parallel to

the X-axis, Fig. 2.4b.
3. When ha is finite, hb ¼ 1 and 0<z<90� (the fourth special two-screw system).

The two principal screws are

$a ¼ ð1 0 0; ha 0 0Þ
$b ¼ ð0 0 0; cz sz 0Þ (2.15)

where cz and sz denote the sine and cosine of angle z, respectively. The linear
combination of the two principal screws yields

$S ¼ $a þ l$b ¼ ð1 0 0; ha þ lcz lsz 0Þ (2.16)

The result shows that the direction of the sum screw is identical to that of

screw $a, and the pitch of the sum screw is hS ¼ ha þ lczwith the axis equation
written as

r � S ¼ S0 � hSS ¼ ð0 lsz 0Þ (2.17)

The sum screw intersects at the Z-axis at ð0; 0; zÞ; z ¼ lscz, Hence, the pitch
of the sum screw is

hS ¼ ha þ zcz=sz (2.18)

The gradient of the pitch with respect to Z is

dhS
dz

¼ dh

dz
¼ ctgz (2.19)

Therefore, all the sum screws are parallel to X-axis and intersect at Z-axis,
as shown in Fig. 2.4d.
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4. When ha is finite and hb ¼ 1 and z ¼ 0� , the system is the fifth special

two-screw system.

The two principal screws are

$a ¼ ð1 0 0; ha 0 0Þ
$b ¼ ð0 0 0; 1 0 0Þ (2.20)

The sum screw is in the form

$S ¼ $a þ l$b ¼ ð1 0 0; ha þ l 0 0Þ; hS ¼ ha þ l (2.21)

As shown in Fig. 2.4e, all the sum screws are in the X direction and their

pitches can be of any value.

5. When ha ¼ hb ¼ 1, the directions of two screws are perpendicular (the third
special two-screw system)

In this system, the two principal screws are

$a ¼ ð0 0 0; 1 0 0Þ
$b ¼ ð0 0 0; 0 1 0Þ (2.22)

Their arbitrary linear combination is

$S ¼ $a þ l$b ¼ ð0 0 0 ; 1 l 0Þ (2.23)

The sum screw also indicates a couple being parallel to the same plane,

Fig. 2.4c

2.3 Third-Order Screw System

All screws produced by the linear combination of three linearly independent screws

form a third-order screw system or three-screw system. A three-screw system has

12 screws. Generally, a three-screw system comprises three special screws, which

are orthogonal and perpendicular to each other and are called three principal

screws. The three principal screws are unique. Any screw in a three-screw system

is a linear combination of the three principal screws. In addition, two pitches of the

three principal screws are extremum and the pitches of all other screws lie between

the maximum and minimum pitches. The principal screw is important in screw

analysis. Tsai and Lee [4] and Zhang and Xu [5] proposed methods to solve the

principal screw using three given screws. Huang and Wang [6] proposed a method

based on quadric degenerating theory to solve the principal screws of a three-screw

system; the application of this theory is favorable for mechanism analysis.
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2.3.1 Principal Screws

The pitches of the three principal screws of a three-screw system are denoted as ha,
hb , and hg. Without losing generality, we assume ha � hb � hg . The axes of the

three principal screws are vectors a , b , and g , which are mutually orthogonal.

As previously mentioned, when the axes of the three principal screws a, b, and g are
selected as coordinate axes X, Y, and Z, the coordinate frame is called the principal

coordinate system. Generally, all the axes of the three-screw system with the same

pitch lie on a hyperboloid of one sheet. In 1900, Ball [1] provided the equation for

the hyperboloid of one sheet in the principal coordinate system as follows

ðha � hÞx2 þ ðhb � hÞy2 þ ðhg � hÞz2 þ ðha � hÞðhb � hÞðhg � hÞ ¼ 0 (2.24)

From the analysis above, we know that

1. When four screws with the same pitch are linearly dependent, the four screws lie

on the same hyperboloid of one sheet;

2. The screws obtained by the linear combination of three linearly independent

screws lie on the hyperboloid formed by the three screws;

3. When one of the four screws with the same pitch does not lie on the hyperboloid

determined by the other three, the four screws are linearly independent.

In the principal coordinate system, the Pl€ucker coordinates of the three principal
screws can be expressed as follows

$a ¼ ð1 0 0; ha 0 0Þ
$b ¼ ð0 1 0; 0 hb 0Þ
$g ¼ ð0 0 1; 0 0 hgÞ

(2.25)

The distribution of screws in a three-screw system in 3-D space has the follow-

ing characteristics [2]:

1. When h ¼ ha , the hyperboloid degenerates as a straight line, i.e., the screw

expression is ða; haaÞ, and its pitch is ha and axis vector is a.
2. When ha>h>hb, each h between ha and hb corresponds to1 screws and these1

screws with the same pitch form a hyperboloid. Since there are screws with

infinite different pitches betweenha andhb, infinite hyperboloids are also formed.

Infinite hyperboloids have the same center axis a.
3. When h ¼ hb , the hyperboloid degenerates as a straight line, i.e., the screw

expression is b; hbb
� �

, and its pitch is hb and axis is vector b.
4. When hb>h>hg, each h inside hb and hg corresponds to1 screws also and these

1 screws with the same pitch form a hyperboloid. Because there are screws with

infinite different pitches between hb and hg, there are infinite hyperboloids with
the same centre axis g.

5. When h ¼ hg , the hyperboloid degenerates as a straight line, i.e., the screw

expression is g; hbg
� �

.
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2.3.2 Special Three-Screw Systems

Hunt [2] provided ten kinds of special three-screw systems according to their

different pitches. In the present study, several kinds of special three-screw systems

are introduced.

General three-screw system When the pitches of the three principal screws satisfy

ha>hb>hg, they make up a general three-screw system and the axes of all the screws

in this system lie on infinite hyperboloids, Fig. 2.5.

Only three special three-screw systems are introduced as follows.

1. First special three-screw system
For the first special three-screw system, the pitches of the three principal screws

satisfyha 6¼ hb ¼ hg orha ¼ hb 6¼ hg. In the first situation (i.e.,ha 6¼ hb ¼ hg), the
three principal screws are expressed as follows

$a ¼ ð1 0 0; ha 0 0Þ
$b ¼ ð0 1 0; 0 h 0Þ
$g ¼ ð0 0 1; 0 0 hÞ

(2.26)

The linear combination of the three principal screws yields

$S ¼ $a þ l1$b þ l2$g ¼ f1 l1 l2; ha l1h l2hg (2.27)

In addition, the pitch of the resulted screw is expressed as

hS ¼ ha þ l21hþ l22h

ð1þ l1 þ l2Þ2
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Fig. 2.5 General three-screw system
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All the axes of this three-screw system form infinite hyperboloids with the same

center axes, Fig. 2.6.

2. Second special three-screw system
In the second special three-screw system, the pitches satisfy ha ¼ hb ¼ hg ¼ h
and the three principal screws are

$a ¼ ð1 0 0; h 0 0Þ
$b ¼ ð0 1 0; 0 h 0Þ
$g ¼ ð0 0 1; 0 0 hÞ

(2.28)

The screw obtained by the linear combination of the three principal screws is

$S ¼ $a þ l1$b þ l2$g ¼ f1 l1 l2; h hl1 hl2g (2.29)

Screw $S can be expressed as $S ¼ ðS; hSÞ, and its axis equation is r � S ¼ 0,

indicating that the pitches of all the screws are h and their axes pass the origin, as

shown in Fig. 2.7.

3. Seventh special three-screw system
In this system, the pitches of the three principle screws satisfyha ¼ 1;hb andhg are
finite; Sg?Sb; and 0<z<90�. The three principal screws are expressed as follows

$a ¼ð0 0 0; 0 0 1Þ
$b ¼ðcos z 0 sin z; hb cos z 0 hb sin zÞ
$g ¼ð0 1 0; 0 hg 0Þ

(2.30)
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Fig. 2.6 The first special three-screw system
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The linear combination of the three screws is

$S ¼ $a þ l1$b þ l2$g ¼ ðl1 cos z l2 l1 sin z; hbl1 cos z l2hghbl1 sin zÞ
(2.31)

Since the direction of the common perpendicular of the two principal screws $b
and $g is

Sb � Sg ¼ ð� sin z 0 cos zÞ (2.32)

and the direction of screw$S isSSðl1 cos z l2 l1 sin zÞ. Considering vectorsSS
andSb � Sg are orthogonal, all the screws of the seventh special three-screw system

are parallel to a plane determined by two axes b and g. Geometrically, three skew

lines parallel to a plane determine a hyperbolic paraboloid, as shown in Fig. 2.8.

2.4 Grassmann Line Geometry

A straight line in space can be expressed by two vectors S and S0 in screw theory.

Their dual combination is called a line vector. The geometrical arrangement of joint

axes in a mechanism influences the mobility of the mechanism, and each joint axis

O

Fig. 2.7 Second special three-screw system

Fig. 2.8 Seventh special three-screw system
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can be associated with a line vector. Hence, the calculation of the ranks of screws

under different geometrical conditions is a useful approach for mobility analysis.

Varieties of lines have been studied by H. Grassmann (1809–1877). The geometri-

cal characteristics of each variety were determined. In 1989, the Grassmann line

geometry was introduced into mechanism analysis by Merlet [7]. The method can

be used to evaluate the rank or linear dependency of line vectors. The Grassmann

line geometry is briefly introduced here.

A line vectors in 3-D space is ranked 1. The line vectors associated with either a

pair of skew lines in 3-D space or a flat pencil of lines are ranked 2. The line vectors

that are ranked 3 have four types of lines, Fig. 2.9

1. a regulus (3a);

2. the union of two flat pencils having a common line, but lying in distinct planes

and with distinct centers (3b);

3. all lines through a point (3c); and

4. all lines in a plane (3d).

When the line vectors are ranked 4, they are called linear congruences and can be

classified into four types, Fig. 2.9:

1. a linear spread generated by four skew lines (4a);

4b 4c 4d

5a 5b

4a

rank

3

2

1

a b

c d

Fig. 2.9 Grassmann line

geometry
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2. all the lines concurrent with two skew lines (4b);

3. a one-parameter family of flat pencils having one line in common and forming

a variety (4c); and

4. all the lines in a plane or passing through one point in that plane (4d).

The line vectors ranked 5 are also called linear congruences and can be classified

into two types, Fig. 2.9:

1. non-singular (or general): generated by five independent skew lines (5a); and

2. singular (or special): all the lines meeting a given line (5b).

2.5 Screw Dependency in Different Geometrical Spaces

In mechanism analysis, a problem often encountered is the evaluation of the depen-

dency of some screws, including line vectors and couples in different geometrical

spaces. This section discusses this issue.

2.5.1 Basic Concepts

Definition 2.1. Screw dependency: When n screws

$i ¼ ðSi; Soi Þ i ¼ 1; 2 � � � n

are linearly dependent, a set of non-zero numbersoi; i ¼ 1; 2; . . . ; n, can be found to
derive the following summation and hold

X

n

oi$i ¼ 0 (2.33)

When n screws satisfy Eq. (2.33), these screws are linearly dependent on the

basis of the principle of screw sum, we have

X

n

oiSi ¼ 0 and
X

n

oiS
0
i ¼ 0 (2.34)

Theorem 2.1. Screw dependency is coordinate free.
Proof: In coordinate system O, there are n screws $Oi ¼ ðSi; Soi Þ, i ¼ 1; 2; . . . ; n,

which are linearly dependent.When the coordinate systemmoves fromO toA, one of
the above-mentioned screws becomes $Ai ¼ ðSi; SAi Þ, where

SAi ¼ Soi þ AO� S (2.35)
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The linear combination of screws in coordinate A is given by

X

n

oi$
A
i ¼

X

n

oiSiþ 2
X

n

oiS
A
i

¼
X

n

oitSiþ 2
X

n

oiS
o
i þ AO�

X

n

oiSi

" #

(2.36)

Substituting Eq. (2.34) into Eq. (2.36) yields

X

n

oi$
A
i ¼ 0 (2.37)

Equation (2.37) indicates that the linear dependency of screws is coordinate free.

Using this theorem as basis, choosing a proper coordinate system is important in

making the Pl€ucker coordinate of a screw as simple as possible and facilitating the

analysis of screw dependency.When an appropriate coordinate system is selected, the

Pl€ucker coordinates of a screw will have many zero elements, as shown in Fig. 1.5.

The Pl€ucker coordinates with many zero elements easily determine the dependency

or reciprocity of a screw system.

When the Pl€ucker coordinates of a screw are written as (L, M, N; P, Q, R), the
dependency of n screws can be determined by analyzing the rank of the Jacobian

matrix below.

J ¼
L1 M1 N1 P1 Q1 R1

L2 M2 N2 P2 Q2 R2

..

. ..
. ..

. ..
. ..

. ..
.

Ln Mn Nn Pn Qn Rn

2

6664

3

7775
(2.38)

Because the Pl€ucker coordinates of a screw have six components, the maximum

number of linearly independent screws in 3-D space is six. A line vector also has six

components, and the maximum number of linearly independent line vectors in 3-D

space is also six.

2.5.2 Different Geometrical Spaces

The following section discusses the number of linearly independent line vectors and

screws in different geometrical spaces, Table 2.1.

1. Coaxial screws Any two coaxial line vectors are always linearly dependent.

The maximum number of linearly independent coaxial screws with different

pitches ð1 6¼ hi 6¼ 0; i ¼ 1; 2Þ is two.
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2. Coplanar and parallel When n screws with different pitches are coplanar and
parallel, a coordinate frame O-XYZ can be established so that all the screws are

on XY plane and parallel to X-axis. Thus, the screws have the form

$i ¼ ð1 0 0; pi 0 riÞ; i ¼ 1; 2; . . . ; n (2.39)

Table 2.1 Screw dependency in different geometrical spaces

No. Geometrical condition Figure

Line vectors

h ¼ 0

Couples

h ¼ 1
1. Coaxial 1 1

2. Coplanar and parallel 2 1

3. Coplanar and concurrent 2 2

4. Parallel in space 3 1

5. Coplanar 3 2

6. Concurrent in space 3 3

7. Hyperboloid of one sheet 3 -

8. (a) Normally intersecting at a

common line

4 -

(b) Have a common line 5 -

(c) Have 2 common lines 4 -

(d) Have 3 common lines 3 -

9. Parallel a plane and no common

normal

5 -

10. Stewart platform rotates 90� 5 -

11. 3-D space 6 3

12. Two parallel lines and a normal

couple

2 -

13. Three lines in a plane and a

normal couple

3 -

14. Three parallel lines and a normal

couple

3 -
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where the fifth element is zero because the screw axis intersects at the Y-axis.
The fourth element is non-zero because its pitch is non-zero, h 6¼ 0. Since p and
r can be any real number, the maximum number of linearly independent screws

is three. However, the maximum number of linearly independent line vectors is

two because the pitch of a line vector is zero, p ¼ 0.

3. Coplanar and concurrent When n screws with different pitches are coplanar
and intersect at a common point, a coordinate frame O-XYZ can be established

so that all the screws are in the XY plane and the origin is the intersecting point.

Thus, all the screws have the following form

$ ¼ ðli mi 0; hili himi 0Þ; i ¼ 1; 2; � � � n (2.40)

There are two zero elements; thus, the maximum number of linearly indepen-

dent screws with different pitches is four. Conversely, the maximum number

of linearly independent screws with identical pitch is only two. For line vectors

being coplanar and concurrent under the above-mentioned coordinate system,

all three rear elements in the Pl€ucker coordinates are zero. Therefore, the maxi-

mum number of linearly independent line vectors is two.

4. Parallel in space When all n screws are parallel, (e.g., to the X-axis in space),
all the second and third elements in the Pl€ucker coordinates of the n screws

are zero:

$ ¼ ð1 0 0; hi qi riÞ; i ¼ 1; 2; � � � n (2.41)

In the expression there are two elements are zero, it is ranked 4. For line vectors,

the fourth element in the Pl€ucker coordinates is also zero. Thus, the line vector is
ranked 3. The presence of three common constraints for all the planar mechan-

isms is attributed to the aforementioned factors.

5. Coplanar screws When n screws with different pitches lie on the same plane

(e.g., on the XY plane) and their third element of the Pl€ucker coordinates is zero,
J is ranked 5. For the same coordinate system, the maximum number of linearly

independent line vectors is three.

6. Concurrent in space The maximum number of linearly independent screws is

six when all the screws are concurrent in space. Any screw with arbitrary pitch in

space can be obtained by the linear combination of six linearly independent screws.

When the concurrent point is selected as the origin, all the line vectors assume

the following form

$i ¼ ðli mi ni; 0 0 0Þ (2.42)

The maximum number of linearly independent line vectors in 3-D space is three.

When there are two sets of concurrent line vectors in 3-D space, the system is

ranked 5 because two concurrent points can be connected by a line. Hence, n
lines simultaneously meet a line.
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7. Line vectors lying on a hyperboloid As analyzed in Sect. 2.3, the maximum

number of linearly independent line vectors lying on the hyperboloid of one

sheet is three.

8. All the lines intersecting at a common line Linear dependency is evaluated

when all the screw axes intersect at one line. When two line vectors intersect,

they are definitely reciprocal. The following conclusions can be derived on the

basis of the theorem 2.3:

(a) If all the lines are perpendicular to and intersect at a line (e.g., the Z-axis),
their Pl€ucker coordinates are as follows

$i ¼ ðli mi 0; pi qi 0Þ; i ¼ 1; 2; � � � n (2.43)

where the third and sixth components are zero. The maximum number of

linearly independent screws is four.

(b) When all the line vectors simultaneously intersect at a line, the maximum

number of linearly independent screws is five.

(c) When all the line vectors simultaneously intersect at two lines, the maxi-

mum number of linearly independent screws is four.

(d) When all the line vectors simultaneously intersect at three lines, the

maximum number of linearly independent screws is three.

9. All lines parallel to a plane and without a common normal When all

the screw axes are located on different parallel planes and have no common

normal, one of the planes can be selected as the XY plane and the normal of

those planes can be chosen as the Z-axis. The third elements of the Pl€ucker
coordinate of all screws are zero. The maximum number of linearly indepen-

dent screws is five.

10. 3/6 or 6/6-Stewart mechanisms2 rotate 90� about Z-axis In this case, the

mechanism is singular and six lines associated with six legs are linearly depen-

dent. The six lines are ranked 5 [8].

11. Couples only For couples, the situation is simpler. Three independent couples

are in 3-D space and two couples on the plane. There is only one independent

couple when couples have an identical direction.

12. Two parallel line vectors and a normal couple There are three screws $1, $2,
and$3. The first two are line vectors and the third is a couple, which is normal to

the plane determined by the first two axes, Fig. 2.10. The coordinate system is

shown in the Fig. 2.10. The three screws can be expressed as

$1 ¼ ð0 1 0; 0 0 0Þ
$2 ¼ ð0 1 0; p 0 0Þ
$3 ¼ ð0 0 0; 1 0 0Þ

(2.44)

2 3/6-Stewart mechanism means its upper platform is a triangle and its lower one is a hexagon;

similar for “6/6-” , the upper platform is also a hexagon.
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The screw system shows that they are linearly dependent and only two of them

are linearly independent.

13. Three coplanar line vectors and a normal couple There are four screws $1,
$2, $3, and $4. The first three line vectors are coplanar, whereas the fourth is a

couple normal to the plane determined by the first three lines, Fig. 2.11. The

four screws are expressed as follows

$1 ¼ ðli mi 0; 0 0 r1Þ
$2 ¼ ðl2 m2 0; p 0 r2Þ
$3 ¼ ðl3 m3 0; 0 0 r3Þ
$4 ¼ ð0 0 0; 0 0 1Þ (2.45)

The four screws are linearly dependent and are ranked 3.

14. Three parallel line vectors and a normal couple There are four screws $1, $2,
$3, and $4. The first three are parallel line vectors in space, whereas the fourth is a
couple normal to the first three lines, Fig. 2.12. The screws are expressed as follows

$1 ¼ ð1 0 0; 0 0 0Þ
$2 ¼ ð1 0 0; 0 q2 r2Þ
$3 ¼ ð1 0 0; 0 q3 r3Þ
$4 ¼ ð0 0 0; 0 1 0Þ (2.46)

The line vectors are linearly dependent and are ranked 3.

On the basis of the analysis above, we can determine the dependency of line

vectors and couples for different geometrical spaces, Table 2.1.
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Fig. 2.10 Two parallel line

vectors and a normal couple
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Fig. 2.11 Three coplanar

line vectors and a normal

couple
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2.6 Reciprocal Screws

2.6.1 Concept of a Reciprocal Screw

Given a rigid body constrained by a revolute pair, the motion of the rigid body can

be described by a screw

v$1 ¼ vð$1; $01Þ ¼ ðv; v0Þ (2.47)

whereo is the angular velocity and v0 denotes the velocity of a point coincident with
the origin. Let us assume that the rigid body is subjected to a force screw

f $2 ¼ f ð$2; $02Þ ¼ ðf ;C0Þ (2.48)

where f is the force and C0 represents the moment to the origin.

The instantaneous work of force f ð$2; $02Þacting on the rigid body is equal to the
sum of the work done by force f and couple C0

P ¼ f � v0 þv � C0 (2.49)

On the other hand, from the reciprocal product of force and couple in Eq. (1.45),

the following equation is derived:

o$1 � f$2 ¼ f � v0 þv � C0 (2.50)

By comparing Eqs. (2.49) and (2.50), the physical meaning of the reciprocal

product of two screws is known as the instantaneous work of the force to the motion

of the body. This physical meaning is important and useful in practice.

When the reciprocal product of the two screws is zero, we have

o$1 � f$2 ¼ 0 (2.51)

Equation (2.51) indicates that the force has imposed no work on the motion of

the rigid body. Hence, regardless of how large the amplitude of the force is, no work

is imposed on the body and the motion of the body cannot be modified by the force.

Z

Y

X

Fig. 2.12 Three parallel line

vectors and a normal couple
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Definition 2.2. Reciprocal screwWhen the reciprocal product of two screws$1 and
$2 is zero

$1 � $2 ¼ 0 (2.52)

the two screws are mutually reciprocal. $2 is the reciprocal screw of $1 and $1 is the
reciprocal screw of $2. Generally, the reciprocal screw is denoted as $r.

When two screws are reciprocal, one of them denotes the motion of a rigid

body and the other denotes the constraint of the mechanical system acting on the

rigid body. When one screw represents the constraint force, its reciprocal screw is

the motion permitted by the mechanical system. From another point of view, if the

reciprocal product of two screws is non-zero, non-zero work is indicated. Thus, the

screw denoting the force is active and imposing work on the rigid motion.

Therefore, the reciprocal screw is an important and useful concept and tool for

analyzing a mechanical system. Furthermore, when a screw system reflects the

various motions of a body, its reciprocal screw system denotes the constraint screw

system corresponding to limited motions and vice versa.

The expression of the reciprocal product of two screws being zero is in the form

$1 � $2 ¼ 0 (2.53)

The reciprocal product can also be expressed as

l1p2 þ m1q2 þ n1r2 þ p1l2 þ q1m2 þ r1n2 ¼ 0: (2.54)

When the pitches of two screws are non-zero, the reciprocal product can be

expressed as [1]

ðh1 þ h2Þ cos a12 � a12 sin a12 ¼ 0 (2.55)

where h1 and h2 are the pitches of the two screws, a12 is the perpendicular distance
between the two screws, and a12 denotes the twist angle between the two screws.

From Eq. (2.55), the following theorem is formulated:

Theorem 2.2. The reciprocity of two screws is coordinate free.
According to Eq. (2.55), two line vectors h1 ¼ h2 ¼ 0ð Þ are reciprocal when they

are coplanar. Two screws with any pitch values are reciprocal if they are perpendi-

cular because a12 ¼ 90� and cos a12 ¼ 0. Table 2.2 enumerates the conditions of two

reciprocal screws.

Table 2.2 Reciprocity conditions of two screws

No. Reciprocity conditions of two screws

1. The necessary and sufficient condition for the reciprocity of two line vectors is they should be

coplanar

2. Two couples are always reciprocal

3. Line vector and couple are reciprocal only when they are perpendicular
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2.6.2 Dualism in the Physical Meaning of Reciprocal Screws

In terms of physical meaning, reciprocal screws have dual physical connotations.

First, reciprocal screws can be interpreted as constrained displacements or the

mobility of a rigid body.

Example 2.2. Figure 2.13a illustrates a slider inside a slideway. The motion of the

slider can be expressed as a screw

$1 ¼ ð0 0 0; 1 0 0Þ (2.56)

The screw has five reciprocal screws

$r1 ¼ ð0 1 0; 0 0 0Þ
$r2 ¼ ð0 0 1; 0 0 0Þ
$r3 ¼ ð0 0 0; 1 0 0Þ
$r4 ¼ ð0 0 0; 0 1 0Þ
$r5 ¼ ð0 0 0; 0 0 1Þ

(2.57)

The five reciprocal screws have various physical meanings. First, the five recipro-

cal screws indicate that the mechanical system exerts five constraints or limiting

conditions to the slider. The first two constraint forces limit two translations along Y-,
and Z-axes of the rigid body. The last three reciprocal screws with infinite pitches

limit three rotations about X-, Y- and Z-axes, where the red arrow indicates the

reciprocal force acting on the slider and the bi-directional arrow denotes the con-

straint couple, Fig. 2.13. Thus, the five reciprocal screws represent the limited

motions of the rigid body. In addition, the screws cannot be linearly combined

because each reciprocal screw has its own special meaning and is not a real force.

Second, each reciprocal screw can express a constraint force if its pitch is zero or a

constraint couple if its pitch is infinite. The five reciprocal screws indicate that three

constraint couples and two constraint forces act on the slider. In practice, however,

real constraint forces acting on the slider depend completely on the force equilibrium

X

$1

Y

$1

R

E

X

Y

five reciprocal screws   

a b

equivalent forces

Fig. 2.13 Reciprocal screws acting on a slider (a) Five reciprocal screws (b) Equivalent forces
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of the slider. All simultaneous external forces should be considered. For instance, if

there is an external force E acting on the slider, Fig. 2.13b, only one reaction force R
exists, which is only one of the five reciprocal screws. If no external force acts on

the slider and the deadweight is disregarded, no real reactions occur despite the

presence of the five reciprocal screws. Therefore, the reciprocal screw may be used to

express the reactions applied to the rigid body, and the real forces depend completely

on the force equilibrium of that body. Reciprocal forces can therefore be combined

and decomposed.

For the convenient analysis of screws and their reciprocal screws, the symbols in

Table 2.3 are used.

2.7 Reciprocal Screw System

A screw pair $1 connects a rigid body to the frame, and the rigid body has one

degree of freedom, Fig. 2.14. As the rigid body is constrained, it can only twist

about $1 . If the angular velocity is o1 , the moving screw is expressed as o$1 .
Another force screw f$r acts on the body with Pl€ucker coordinates of ðLr;Mr;Nr;
Pr;Qr;RrÞ. If the force screw is also the reciprocal screw of moving screwo$1, the
following expression is obtained:

LrP
r þM1Q

r þ N1R
r þ P1L

r þ Q1M
r þ R1N

r ¼ 0 (2.58)

When moving screw o$1 is known, the reciprocal force screw can be solved by

this equation.

There are six elements in the Pl€ucker coordinate; thus, there are 15 reciprocal

screws to a moving screw in 3-D space. However, this study is focuses only on

linearly independent solutions. When some unit screw $r is one of the solutions, all
screws l$r become solutions, where l can be of any value. Because they are linearly
dependent, there are 14 unit reciprocal screws.

Table 2.3 Symbols for kinematic screws and constraint screws

Arrows

Moving

screw

Constraint

force

Constraint

couple

Rotation

axis

Translation

direction

Screw

motion

Expression Black

arrow

Red arrow Red bi-

directional

arrow

Red hollow

arrow

Red hollow bi-

directional

arrow

Red double

arrow

Symbol
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From linear algebra theory, a set of homogeneous equations has n unknowns

and the rank of the coefficient matrix is r. When r¼n, the equation has a unique

zero solution. When r<n, the equation has infinite solutions. In the infinite solutions,

the maximum linearly dependent number is n-r. The n-r linearly independent screws

form the basic solution system. Hence, the summation of the ranks of a screw system

and its reciprocal screw system is six.

Theorem 2.3. The summation of the ranks of the screw system and its reciprocal

screw system is six.

Consider a linear equation for a single kinematic screwo$1 as shown in Eq. (2.58).
The linear equation is ranked 1 and the number of unknowns is six. Thus, the basic

solution system of the equation should contain five screws, indicating that five screws

are reciprocal to screw o$1.

Example 2.3. Rotational body

In Fig. 2.15, a rigid body 2 is connected to a rigid body 1 by a revolute pair $1.
The $ can be expressed as

$ ¼ ð0 1 0; 0 0 0Þ: (2.59)

Using Eq. (2.58), five linearly independent reciprocal screws can be found:

$r1 ¼ ð1 0 0; 0 0 0Þ
$r2 ¼ ð0 1 0; 0 0 0Þ
$r3 ¼ ð0 0 1; 0 0 0Þ
$r4 ¼ ð0 0 0; 1 0 0Þ
$r5 ¼ ð0 0 0; 0 0 1Þ

(2.60)

The five reciprocal screws are linearly independent and any other reciprocal screw

is the linear combination of the five screws. The first three screws $r1 , $
r
2 , and$

r
2

are constraint forces with zero pitch along the X-, Y-, and Z-axes, respectively. They
denote that the mechanical system constrains the translation of the rigid body along

X-, Y-, and Z-axes. The rigid body loses three translational freedoms. The last two

$ r

X

Z

Y

O

w$1

Fig. 2.14 Reciprocal screw
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reciprocal screws $4 and $r5 with infinite pitch constrain two rotational motions of

the rigid body about X- and Z-axes, and the body loses two rotational freedoms.

The five screws indicate that the rigid body is allowed to rotate only about Y-axis and
has only one freedom.

2.8 Reciprocal Screw and Constrained Motion

For a motion screw system, a reciprocal screw system exist and constrains the

motions of the body while the body retains some remaining and permitting freedoms.

This section discusses the relationship between the reciprocal screw and permitting

freedoms.

Example 2.4. A ball rolls on a plane

When a ball rolls on a plane, the plane exerts a zero-pitch constraint force $r1 to
the ball, Fig. 2.16

$r1 ¼ ð0 0 1; 0 0 0Þ (2.61)

The ball clearly loses a translational mobility along the Z-axis because after

translation along this axis, the kinematic pair is broken and prohibited.

The ball still has two translational and three rotational freedoms (i.e., translations

along X- and Y-axes and rotations about X-, Y-, and Z-axes). Translation along any

direction in the plane is permitted. For example, a permitted motion screw exists in

the form

$m1 ¼ ð0 0 0; d1 e1 0Þ (2.62)

because it satisfies the condition

$m1 � $r1 ¼ 0; (2.63)

where the elements d2 and e1 can be of any value.

Z

Y

X

O

1
2

$

w

Fig. 2.15 Rotational body
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Although the ball has three rotational freedoms, the rotational axis cannot be

arbitrarily selected and should strictly satisfy the relationship $m2 � $r1 ¼ 0.

$r2 ¼ ða2 b2 c2; d2 e2 0Þ (2.64)

where the five parameters a2, b2, c2, d2, and e2 can be arbitrarily selected. However,
they need to satisfy the line vector condition. The elements a2, b2, and c2, cannot be
zero simultaneously, and d2 and e2 should satisfy the zero-pitch condition. That is,

a2 þ b2 þ c2 6¼ 0; a2d2 þ b2d2 ¼ 0 (2.65)

From the geometrical point of view, the possible line vectors denoting the

permitted rotational axes should intersect at reciprocal screw $r1 . Otherwise, no
line vectors function as the rotational axes.

If two reciprocal forces with zero pitch act on a rigid body, all the axes of

the rotational screws of the rigid body should simultaneously intersect at the two

reciprocal screws. Similarly, if three reciprocal screws act on a body, the permitted

rotational axes have to simultaneously cross the three reciprocal screw axes. Can a

line be found intersecting at three lines? This is the general case for a rigid body

subjected to three constraint forces. This case is discussed further.

2.8.1 Three Skew Lines in Space

Consider a rigid body subjected to three reciprocal screw forces $r1 , $
r
2 and $r3 .

That is, the rigid body is subjected to three physical constraints from the mechanical

system and loses three freedoms. The three constraints are distributed differently in

3-D space; thus, they have different effects on the rigid body. If the three constraint

forces are linearly independent, the three translational freedoms are constrained and

the rigid body has only three rotational freedoms.

As previously mentioned, the constraint force not only limits translational freedom

but also influences rotational freedom given that the rotational axis has to pass the

axis of the constraint force. Hence, the rotational axes have to be coplanar with each

$1
r

X

Z

Y

Fig. 2.16 A ball rolls on a

plane
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constraint force. When three constraint forces act on the rigid body, the only possible

rotational axes are the lines simultaneously intersecting at the three forces.

Infinite lines are to be able to intersect at the three forces in space. Two methods

can be used to solve this problem.

When three line vectors are expressed as ðS1; S01Þ,ðS2; S02Þ, and ðS3; S03Þ, the line
intersecting at the three line vectors is ðS; S0Þ and satisfies

$ � $ri ¼ 0 i ¼ 1; 2; 3 (2.66)

The unknown screw can be simultaneous solved by three equations and there are

infinite solutions.

From a geometrical perspective, Fig. 2.17, a line intersecting at three skew lines

is easily found.

Consider three skew lines in space, Fig. 2.17. The origin is selected on the

first line $1ðS; 0Þ and a point A is selected from the third line. Point A and two lines

$1 ðS1; S01Þ and $2 ðS2; S02Þ form two planes. Evidently, the intersecting line of

the two planes has to meet the third line; that is, the intersecting line passes three

lines $r1, $
r
2 and $r3. The intersecting line is only the reciprocal screw of the three

screws. Point A is arbitrarily selected in $1ðS1; 0Þ and different selected points

correspond to different reciprocal screw. Thus, infinite reciprocal screws are

obtained. Generally, the three reciprocal screw axes are skewed in space. Hence,

the three translational freedoms are constrained and the body has only three

rotational freedoms. However, any rotational axis has to meet the three lines.

All the lines that can intersect at three given lines$r1,$
r
2 and$

r
3 form a hyperboloid

of one sheet, Fig. 2.18, where two reguluses cover the entire surface of the

hyperboloid of one sheet, and the two reguluses are mutually reciprocal. One line

in a regulus has to intersect at all the lines in the other regulus, and vice versa.

2.8.2 Three Lines Parallel to a Plane Without a Common Normal

When three lines lie on three parallel planes, they constrain two translations

along two directions in the parallel plane. Meanwhile, the linear combination of

$r

$3

$2

$1

r2

r3r1
A

Fig. 2.17 Screw reciprocal

three screws
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three constraint forces forms a unique constraint couple [9, 10], and constrains

a rotational freedom. In this case, the rigid body has three freedoms including a

translation along the normal of the planes and two rotational freedoms, whose

rotational axes have to intersect at all the three force axes.

2.8.3 Three Non-concurrent Coplanar Lines

Three non-concurrent coplanar lines limit two translational freedoms that are parallel

to the plane, and a rotational freedom along the normal of the plane. They permit the

body to translate along the normal of the plane and rotate about any axis in the plane.

2.8.4 Three Coplanar and Concurrent Line Vectors

The three line vectors are linearly dependent and belong to rank 2. Thus, two trans-

lational freedoms with directional lines on the plane are constrained and the rigid

body has four degrees of freedom, including the translation along the normal of the

plane and three rotational freedoms whose axes pass the intersecting point of the

three forces.

2.8.5 Three Line Vectors Concurrent in Space

The body loses three translational freedoms and gains three rotational freedoms.

However, any axis has to pass the intersecting point of the three forces.

Fig. 2.18 Regulus in a

hyperboloid
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2.8.6 Three Line Vectors Parallel in Space

The body loses a translational freedom and two rotational freedoms. Translation

can occur along two directions normal to the forces and rotate about the axes parallel

to the constraint forces.
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Chapter 3

Mobility Analysis Part-1

One of the most basic topics in the field of mechanism is to obtain the number

of degrees of freedom (DOF), namely, the mobility of a mechanism. The most

well-known formula for mobility analysis is the Gr€ubler–Kutzbach criterion (G-K

criterion). This criterion is based on simple arithmetic and can be successfully

used in analyzing almost all planar and some spatial mechanisms. Hence, it became

very popular and is currently used by a great number of engineers. However, the

G-K criterion fails to analyze many over-constrained mechanisms. Recently, lower-

mobility parallel manipulators with various merits have attracted many researchers.

Given that most of these mechanisms are over-constrained, the G-K criterion fails

to analyze them. Hence, mobility analysis becomes a critical issue. Looking for

a unified mobility formula has been one of the hot points in mechanical engineering

for about 150 years, and is an open issue up to the present. In the current and sub-

sequent Chapters, a mobility principle based on the screw theory and modified G-K

formulas is introduced. Many classical and modern PMs are analyzed by the mobility

principle. All the works indicate that the mobility principle is really unified.

3.1 The Concept and Definition of Mobility

Degree of freedom, also known as mobility, is defined by the IFToMM (International

Federation for the Promotion of Mechanism and Machine Science) in Terminology
for the Theory of Machines and Mechanisms in 1991 (MMT 1991, 26(5): 450) and

in 2003 (MMT 1991, 26(5): 450) as1:

Degree of freedom [mobility] of a kinematic chain or a mechanism: Number of independent

coordinates needed to define the configuration of a kinematic chain or mechanism.

1 The first edition of the IFToMM standard terminology was published in MMT, 18(6) in 1983.

Z. Huang et al., Theory of Parallel Mechanisms, Mechanisms and Machine Science 6,

DOI 10.1007/978-94-007-4201-7_3, # Springer Science+Business Media Dordrecht 2013
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Mechanical engineering developed rapidly over the past half century after

World War II. The mechanism evolved from planar to spatial, single-degree to

multi-freedom, single-loop to multi-loop, serial-robot to parallel-robot, lower speed

to high speed, and rigid to flexible. New challenges and opportunities require the

mechanism theory to keep pace with the times. For instance, a great number of

multi-DOF over-constrained new mechanisms have appeared. To use these mec-

hanisms, engineers must first know their mobility, including the number of degrees

of freedom and properties such as rotation, translation, or a combination of both.

However, the traditional definition of mobility given by IFToMM only involves

the number of DOF, which is inadequate in practice. In view of this, we believe that

the definition of mobility should be revised into a more comprehensive and inte-

grated concept.

Definition 3.1. Degree of Freedom or Mobility: The stably independent motion

capability of a mechanism or kinematic chain is defined as its degree of freedom or

mobility. This capacity includes the following three aspects:

1. In magnitude, this capacity represents the number of independent coordinates

needed to define the configuration of a kinematic chain or mechanism;

2. In property, this capacity represents the mobility to be rotational or translational;

to be full and continuous airspace or to be discrete; with determined or undeter-

mined rotational axes; (the last one will be explained later); and

3. The mobility in space-time is instantaneous or full-cycle.

The “stably” in the definition means that the magnitude and property all have

a stably finite motion area and that the area is not infinite or discrete. In this case,

the mobility is full-cycle. The mobility, which only exists on an infinitesimal area,

is not the mobility of mechanism that we recognize.

In this chapter, the second and third items are proposed for spatial multi-mobility

mechanisms and parallel mechanisms. Different mobility mechanisms have different

applications. For example, some printer localizers need to use a planar two-dimension

translation mechanism only; the space localizer needs a three-dimension translation

mechanism; a Robot SCARA needs three-D translation and one-D rotation space

mechanism; a weld robot needs three-translational and two-rotational kinematic

capacities, etc.

The parallel mechanisms can be classified by its mobility property. For example,

the two-DOF PMs can be classified into three categories: RR, TT, and RT, where R

denotes rotational freedom and T denotes translational freedom. This means that the

output link of the two-DOF PM may have two rotational freedoms, two translational

freedoms or one rotational, and one translational freedom, respectively.

For spatial mechanisms, there are 12 kinds of freedom by mobility property, as

shown in Table 3.1.

In practice, the mobility property can be divided into a more detailed manner.

For instance, based on the axis direction of rotation about and translation along

when a mechanism has two freedoms including one rotation and one translation,

the mobility can be divided into two different cases: the two axes are coincident

or perpendicular. But the text does not discuss these further.
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3.2 Mobility Open Issue

3.2.1 Gr€ubler-Kutzbach Criterion

Obtaining the number of degrees of freedom (DOF), also known as mobility for a

mechanism, is one of the most basic topics in the field of mechanism.

To analyze the mobility of mechanisms, the Gr€ubler–Kutzbach Criterion (G–K

formula), which was proposed initially by Gr€ubler and developed by Kutzbach, is

used. This criterion, which is based on a simple arithmetic, is successful in analy-

zing almost all of the planar mechanisms and some spatial mechanisms. Hence, the

criterion has become very popular, and a great number of engineers use it in practice.

For planar mechanisms, the G–K formula is in the form of

M ¼ 3ðn� 1Þ � 2pL � PH

or

M ¼ 3ðn� g� 1Þ þ
X

f i (3.1)

For spatial mechanisms, it is

M ¼ 6ðn� g� 1Þ þ
X

f i (3.2)

However, the G–K Criterion failed to analyze a number of over-constrained

mechanisms. For example, in 1978, Suh and Radcliffe wrote in their book [1],

“In certain cases the answers obtained using the G–K Criterion can be misleading.”
The authors particularly illustrated this assertion using the Bennettmechanism, aswell

as the Goldberg, Bricard, Sarrus, and Franke mechanisms. Thus, these mechanisms

were called “Maverick mechanisms” or “Paradoxical mechanisms.” In 1999, Tsai

emphasized, “It should be noted that there are mechanisms that do not obey the

Gr€ubler criterion. Those mechanisms that require special link lengths to achieve

mobility are called over-constrained mechanisms.” In 2000, Merlet [2] contended,

“The use of this strictly combinational formula can sometimes lead to mistakes

because it does not take the geometric relations between the joints into consideration.”

Table 3.1 Classification of mobility

No. Number of mobility Mobility property

1 2 RR, TT, RT

2 3 RRR, TTT, RRT, TTR

3 4 RRRT, TTTR, RRTT

4 5 RRRTT, TTTRR

The mobility property includes the screw motion, but it is not considered here

R denotes rotational mobility, T denotes translational mobility
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The most famous counter-examples are Cardan’s joint, and Bennett and Goldberg’s

mechanisms. In 2004,Waldron analyzedmobility and pointed out that [3] “there is no

way to derive information about the linkage without performing a complete position

analysis.”

Much important progress concerning mobility analysis has been made by many

researchers, including Chebychev (1854) [4], Gr€ubler (1883) [5], and Hochman [6]

in the nineteenth century. In the twentieth century, among the researchers who

attained such progress were Gr€ubler [7]; Kutzbach (1929) [8]; Dobrovolski [9];

Artobolevski [10]; Hunt and Phillips (1965) [11]; Hunt [12]; Hervé [13]; Waldron

(1966) [14]; Bagci (1971) [15]; Freudenstein and Alizade (1975) [16]; Hunt (1978)

[17]; Hervé (1978) [18]; Baker (1980) [19]; Davies (1983) [20]; Zhang (1984) [21];

Angeles and Gosselin (1988) [22]; Alizade (1988) [23]; Huang (1991, 1997)

[24, 25]; Tsai (1999) [26]; and McCarthy (2000) [27].

Recently, the parallel manipulators, especially the lower-mobility parallel

mechanisms, gain a lot of merits and have attracted many researchers. Hunt [12]

proposed a 3-DOF 3-RPS manipulator. Gosselin and Angeles [28] studied the 3-DOF

spherical parallel manipulator. Pierrot et al. (1999) [29] studed H4 mechanism,

Wenger and Chablat (2000) [30] proposed Orthoglide-type mechanisms. Kim and

Tsai [31] proposed a 3-DOF translational cartesian parallel manipulator. Hervé and

Sparacino [32] proposed a 3-DOF 3-RRC translational manipulator. Clavel inven-

ted the famous Delta robot [33]. Kong and Gosselin [34] analyzed the mobility by

screw theory. In 2000, Zhao and Huang [35] proposed the first symmetrical 4-DOF

4-URU manipulator. In 2001, Huang and Li [36] invented two symmetrical 5-DOF

parallel manipulators. Carricato and Parenti-Castelli [37] also proposed a new mech-

anism. Since most of these mechanisms are over-constrained, the G-K criterion

still fails to analyze them. To determine the mobility of these mechanisms, many

researchers adopted different methods, aside from a unified formula. Sometimes a

prototypemechanism should be built to checkwhether the design is right or not, which

is time-consuming and costly. Therefore, it would be of great significance to establish

a valid and unified mobility criterion for all mechanisms.

3.2.2 Mobility Open Issue

In 2005, reference [38] systematically enumerated a great number of so-called puzzle

and paradoxical mechanisms, which were divided into classical mechanisms and

modern parallel mechanisms, as shown below.

Classical mechanisms:Altman [39], Baker [40, 41], Bennett [42], Bricard [43],

Delassus [44–46], Eckhardt [47], Goldberg [48], Hervé [49, 50], Mabie [51],

Myard [52], Myszka [53], Norton [54], Phillips [55, 56], Roberval [57], Sarrus [58],

Waldron [59]

Modern parallel mechanisms: Carricato, CPM [60], Delta [61], H4, Kong and

Gosselin [62], Orthoglide [63], Star [64], Gogu [65], etc.
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These mechanisms are all over-constraint and hence cannot be solved by a

unified formula, including the G-K formula. Thus, many formulas have been pro-

posed but none of these are recognized to be universal by this community and the

engineering community. This is the most significant problem our community faces

until now, in the beginning of the twenty-first century. Therefore,

1. It is very important to find a general and universal mobility formula that can suit

any mechanism, including planar and spatial, serial and parallel, single-loop and

multi-loop, normal and over-constraint, etc., or at least suit all the classical and

modern parallel mechanisms enumerated above [38].

2. The mobility analysis should also be able to estimate the mobility properties.

3. In the meantime, it is considered that the mobility analysis is a very practical tech-

nique in engineering, and that it is the basic and the first step operation in every

mechanical design that all engineers face frequently. Thus, the mobility principle

should be simple and easy to understand for engineers.

From the analysis above, this event can be called a “mobility open issue” (MOI).

Recently, many researchers made great efforts and have been continuously pro-

posing a number of novel mobility methods. For example, Rico et al. (2003) [66]

discussed this topic using group theory and Lie algebra. Kong and Gosselin [67]

presented a mobility method. Zhao (2004) [68] discussed mobility also using the

screw theory. Alizade and Bayram (2004) [69] proposed a new method. Gogu [70]

suggested using the method of linear transformations. Shukla and Whitney [71]

also proposed a new method for mobility analysis; Wampler and Larson (2007) [72]

proposed amethod. In 2007Rico et al. [73] aswell asM€uller (2009) [74], Yang (2008)
[75], and Zhang (2010) [76] discussed mobility. Almost all of these authors claimed

that their formulas are universal.

The real validity and significance of any mobility formula can only be recognized

after the formula is applied successfully to all MOI’s paradoxical mechanism as a

unified formula and generates correct results. The paradoxical mechanisms include

the modern parallel manipulators and the classical mechanisms, including the three

mechanisms pointed out by Merlet [3] in 2000. Merlet wrote, “The most famous

counter-examples are Cardan’s joint, and Bennett and Goldberg’s mechanisms.”

More mechanisms could be explained or forecasted using a mobility criterion,

which proves to be reasonable under the current cognitive level. Nevertheless, to

our knowledge, no other methods have been used to approach this aim up to now.

3.3 Mobility Principle Based on Reciprocal Screw

3.3.1 Mechanism Can Be Expressed as a Screw System

Spatial mechanism consists of links and kinematic pairs. All kinematic pairs can

be expressed as different screws, as follows: the revolute pair can be denoted by a

screw with zero-pitch, h ¼ 0, also known as a line vector; the prismatic pair is a

3.3 Mobility Principle Based on Reciprocal Screw 53



screw with infinite-pitch, h ¼ 1 , also known as a couple; the screw pair has a

non-zero finite pitch; the cylindrical pair is equal to the combination of a revolute

pair and a translational pair; and the spherical pair is the combination of three rotation

pairs. Therefore, a kinematic chain and mechanism can be expressed as a screw

system, and their kinematics can be analyzed using screw theory. All kinematic

pairs are expressed in the following table 3.2.

3.3.2 Development of Our Unified Mobility Principle

In 1991, using screw theory, Huang [24] first defined the common constraint of

a mechanism as a screw reciprocal to the screw system spanned by unit screws

associated with all kinematic pairs in the mechanism. Then, he defined the “order”

of a mechanism as the number of independent screws reciprocal to the common

constraint screw. These definitions are conveniently applicable to single-loop mec-

hanism and closed-loop mechanism. In fact, in Huang’s book [24], the mobility of

a four-bar linkage and the freedoms of output links of some mechanisms were

discussed. The mobility of many single-loop spatial mechanisms can be directly

solved using these two concepts. The main feature of Huang’s definition is the

application of reciprocal screw, which is also the principal difference with other

methods based on screw theory. Then, in 1996 [79, 80], the mobility of some

parallel mechanisms was discussed using reciprocal screw theory, wherein Hunt’s

3-RPS parallel mechanism was also used as an example to show this method.

In 1997, Huang et al. [25] further redefined the concept of “redundant con-

straint,” which appeared frequently in parallel mechanisms. The above investiga-

tion then led to “the mobility principle based on constraint screws,” wherein the

mobility of an over-constrained 3-RRRH parallel mechanism was obtained correctly.

Subsequently, a “Modified Gr€ubler–Kutzbach criterion” (Modified G–K criterion),

Equation (26) in ref. [25], was given as

M ¼
Xg

i¼1

f i � dlþ I (3.3)

where d is the order of the mechanism, and d ¼ 6� l where l is the common

constraint of that mechanism, and I is the virtual constraint after deducting the

common constraint.

In 2003, the Modified Gr€ubler–Kutzbach criterion, Eq. (3.5), ([81] Eq. (4)), was

proposed by Huang and Li. This can be derived directly from Eq. (3.3) and is identical

to Eq. (3.3). The aim of transferring Eq. (3.3) to Eq. (3.5) is that people are more

familiar with the latter form.

In 2006, Dai, Huang, and Lipkin [80] further demonstrated theoretically the

mobility method based on screw theory. In [79, 81–85], many modern parallel

mechanisms in MOI are analyzed, including DELTA, CPM, H4, 3-CRR, Orthoglide,
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Star, Carricato, and Cardan. In [86], for the first time, a breakthrough to obtain the

mobility of the most difficult Bennett mechanism by our mobility formula using

reciprocal screw was achieved. Regretfully, in that article [86], the full-cycle mobility

was not demonstrated. Therefore, a complement article [87], published in 2006,

demonstrated the reason for the full-cycle mobility of Bennett mechanism, although

only one sentence was added. In the same year, based on the analysis of Bennett,

another difficult mechanism, Goldberg, was discussed in [88].

Until 2009, almost all of the MOI’s classical mechanisms were solved; in 2011,

a book entitled About the mobility of mechanisms was published. This book sum-

marizes our mobility principle and the procedures to solve all of the MOI’s classical

mechanisms as well as modern parallel mechanisms [89].

As mentioned above, we have dealt with this 150-year MOI for about 20 years
since 1991. The basic principle of mobility analysis based on reciprocal screw
theory was proposed at 1997. Throughout history, some methods are based on

screw theory; however, our method is based on reciprocal screw, and some techni-

cal operations are used to facilitate our method.

In this chapter, the Modified G-K Criterion is regarded as a methodology instead

of only a single formula. It consists of the Modified G-K formula and some other

key techniques, including the identification of redundant-constraint, the choice of

reference frame, the judgment of the instantaneous or full-cycle mobility, and the

disposal of the closed-loop chain in limb for a complex mechanism, etc.

It should be noted that many methods for mobility analysis are based on a simple

idea, i.e., the mobility of a mechanism equals the total number of degrees-of-freedom

of links minus the sum of constraints produced by all kinematic pairs, and then

plus the number of redundant constraints. Therefore, these formulas have no essential

differences although they appear in different forms, and most of them can even be

transformed easily from one to another. However, the big and essential difference

among them is the process of identifying the redundant constraints.

3.3.3 The Modified G-K Formulas

1. Considering a lot of scholars and engineers are familiar with the G-K criterion,

in the beginning of the new century, for the convenience of readers, the Modified

G-K formula was rewritten in this form

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ m (3.4)

where M is the mobility of a mechanism, n is the number of links including

frame, g is the number of kinematic pairs, f i is the freedom of the ith kinematic

pair, and m is the total number of the over-constraints of the mechanism.
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2. Another form of the Modified G-K formula, considering the common

constraint, is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n (3.5)

where d is the order of a mechanism and related to common constraint, and d ¼ 6

�l, where l is the number of common constraint, and n is the parallel constraint,
which is also called virtual constraint, for a single-loop mechanism n ¼ 0. The

result of Eq. (3.5) is the mobility of the output platform of the parallel mechanism.

In the meantime, we can transform Eq. (3.5) into

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n

¼ ð6� lÞðn� g� 1Þ þ
X

f i þ n

¼ 6ðn� g� 1Þ þ
X

f þ m

where m ¼ nþ ll. After substituting the Euler formula, l ¼ g� nþ 1, Eq. (3.5)

is identical to Eq. (3.4). Both formulas consider common constraint.

Comparing Eqs. (3.4) and (3.5), it can be seen that they are based on two

different ideas. For classical and parallel mechanisms, Eq. (3.5) is recommended.

It has not only pointed out the order of the analyzed mechanism but it is also

convenient for applications on planar and spherical mechanisms withd ¼ 3.When

the mechanisms are more complicated, Eq. (3.4) is more suitable, as shown in

Sects. 4.4 and 4.5.

Readers may find that many different mobility formulas have similar forms

and that these can be transformed between each other. Certainly, the key

questions are as follows: What principle and technique is the method dependent

on? How can over-constraint be dealt with using these different methods? The

difference is prodigious and even makes the result incorrectness.

3. As we know, different links have different freedoms in a mechanism. In mecha-

nism analysis, we often need to find the freedom of some pointed links in a

mechanism, and there are two methods to deal with this.

We can assume the pointed link as the output link of some parallel mecha-

nism with some limbs. The mobility of the imaginary parallel mechanism is just

the freedom of this pointed link. The first method directly uses Eq. (3.5) to

calculate the mobility of the imaginary parallel mechanism.

The other method adopts the formula as follows

MG ¼ 6� s (3.6)

where MG is the freedom of the rigid body, and s is the number of independent

reciprocal screws acting on the rigid body.
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There needs to consider another case, i.e. relative freedom issue. The relative

freedom in a mechanism is the mobility of a pointed body respective to another

moving body in the mechanism. For this case, the second one can be dealt with

as an imaginary frame. The freedom can be obtained by analyzing the freedom

of the first one relative the imaginary frame.

4. The nominal mobility

When there is local mobility in a mechanism, its real mobility or the mobility

people know is different from that of the results from Eqs. (3.4) and (3.5).

For instance, if we apply Eq. (3.5) to the 6-SPS Stewart platform, the result

is 12. However, people have known that its mobility is only six. The reason

is that in each SPS limb, the S-S chain can independently rotate about its axis.

This motion does not affect the output motion of its platform, and is called local

freedom, passive freedom, or idle freedom. The output of six freedoms is the

“nominal mobility” of the Stewart platform. Thus, the nominal mobility of a

mechanism is given by

MN ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v� B (3.7)

where MN is the nominal mobility, and B is the number of local freedoms in the

mechanism.

As pointed out earlier, the local mobility does not affect the output mobility of

the mechanism. The local mobility can be determined by checking the linear

dependency of a screw system. In practice, the dependency of a screw system

can be obtained frequently using the geometrical method, as shown in Table 2.1.

It should be noted that the common key step of the above-mentioned four

Modified G-K formulas is the constraint analysis using reciprocal screw.

3.4 Constraint Analysis Based on Reciprocal Screw

For mobility analysis, two important factors need to be determined, namely, common

constraint and parallel constraint. Essentially, the core of problem of mobility analy-

sis is how to determine the redundant constraints or over-constraints, including the

common constraint l and the parallel constraint n.

3.4.1 The Common Constraint

When all kinematic pairs are associated with screws, all the screws form a screw

system called kinematic screw system, $̂m. When all the kinematic pairs in a limb of

a parallel mechanism are associated with screws, all the screws form a screw system

called limb screw system, $̂ib . A new definition for common constraints is then

given.
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Definition 3.2. Common Constraint: If there exists a reciprocal screw $r that is
reciprocal to all the screws in $m, the screw $r is defined as a common constraint of
the mechanism.

All linearly independent reciprocal screws of the screw system $̂m determine the

number of the common constraints, which explains whyd ¼ 6� l. All the common

constraint screws form a common constraint screw system, $c , and the rank of a

common constraint screw system is the number of common constraints. This can be

expressed in the following form:

l ¼ Rankð$̂cÞ ¼ Rank f$rj$r � $m ¼ 0; 8$m 2 $̂
mg

� �
(3.8)

For a serial kinematic chain where the freedom of the end-effector is dðd<6Þ,
it indicates that all links in the serial chain are subjected to 6� d constraints, and

that it has 6� d common constraints.

For a parallel mechanism, the situation is more complex. The common constraints

can be obtained directly using Eq. (3.8). However, it may be more convenient when

the following theorem is followed.

Theorem 3.1. For a parallel mechanism, a common constraint exists if
and only if

1. Every limb constraint system can provide an identical constraint screw acting on

the moving platform.

2. If these identical screws are constraint forces, they must be coaxial; if these

identical screws are couples, they must be parallel.

Clearly the common constraint satisfying Theorem 3.1 is consequentially satisfying

Eq. (3.8). Using Theorem 3.1, one can find the common constraint for a parallel

mechanism. Essentially, Theorem 3.1 is an interpretation of geometrical condition for

a common constraint.

3.4.2 Parallel Constraint

Aside from common constraints, there are still redundant constraints that exist

when some limbs connect to the upper and lower platforms simultaneously. That

is the reason why it is called parallel constraint. It also needs to consider the parallel

constraint when analyzing parallel mechanisms.

Let qi be the number of constraint screws of the ith limb constraint system and

p as the limb number of a parallel mechanism. The platform constraint system

consists of
PP

1 qi screws. After the screws forming the common constraints are

removed from the platform constraint system, the remaining screws lead to a new

screw system spanned by
PP

1 qi � l � p constraint screws. Let k be the dimension of

the new screw system. The number of parallel constraints is given by

n ¼
Xp

1

qi � l � p� k (3.9)
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3.4.3 Over-Constraint

The over-constraint or redundant constraint is the core issue for mobility analysis,

which leads to the following questions: why and where does the over-constraint

appear? References [14, 21] introduced that when the end-link of a serial chain was

connected with the fixed frame to form a closed loop, the over-constraint appeared.

The end-link may completely and rigidly be connected with the frame, or be con-

nected with the frame by another kinematic pair.

When the end-link of a serial chain is connected with the frame, it is said to be

rigidly closed. Note that the numbers of kinematic pairs before and after connections

are constant. If the serial chain has d, ðd < 6Þ mobility and it is rigidly closed, the

end-link is completely fixed and the freedoms of end-link are constrained. In this case,

6� d constraints are repeated in the new closed mechanism. For instance, when an

arbitrary spatial five-pair serial chain is rigidly closed to forma closed-loop linkage the

number of over-constraint is one. Hence, the over-constraint of a closed-loop mecha-

nism is given by

m ¼ 6� d (3.10)

When the end-link of a serial chain is connected with the frame by a kinematic

pair, it is said to be moving closed. In this case, the number of kinematic pairs of the

closed-loop is one more than that before it is closed. Assume that the screw system

of the serial chain is $̂dm and the additional kinematic pair is $R. If there exists $R

2 $̂
dm

, the number of over-constraint is also 6� d , as shown in Eq. (3.10).

Otherwise, when $R =2 $̂dm , the number of common constraint of the single-loop

chain is less than one compared to the serial chain. We will then have

m ¼ 5� d (3.11)

This is called the closing-constraint method. Theoretically, this principle of

determining over-constraint is reasonable and has been proven in practice. How-

ever, it is not applicable to some mechanisms, such as the Bennett and Goldberg

mechanisms, etc.

3.4.4 The Generalized Kinematic Pair

In practice, there are a great number of mechanisms with a sub-closed-loop � inside
another closed-loop e, as shown in Fig. 3.1a, making the mechanism more complex.

To simplify the mobility analysis, this sub-loop of the mechanism can be dealt with

as a generalized kinematic pair with mobility m, and the sub-loop chain can be

replaced by a serial chain with the same number and characters of mobility of the
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sub-loop �. The complex mechanism then becomes a single loop chain, as shown in

Fig. 3.1b, and the mobility analysis can proceed.

3.5 Mobility Property Analyses

As mentioned before, in practice, it is not enough to only calculate the number of

mobility, because we also need to know the mobility characteristics. For example,

it should be known if the mechanism can realize the translation along a given

direction, if it can rotate about a determined axis, whether the rotation is with or

without parasitic motion, and whether the mobility is instantaneous or full-cycle.

All of these issues should be addressed.

3.5.1 Translation and Rotation

Theoretically, the maximum number of linearly independent screws in 3-D space is

six, and they form a six-system. Any six-system screw can be expressed as a linear

combination of the following six unit screws:

$1 ¼ 1 0 0; 0 0 0ð Þ
$2 ¼ 0 1 0; 0 0 0ð Þ
$3 ¼ 0 0 1; 0 0 0ð Þ
$4 ¼ 0 0 0; 1 0 0ð Þ
$5 ¼ 0 0 0; 0 1 0ð Þ
$5 ¼ 0 0 0; 0 0 1ð Þ

(3.12)

The six-system screws can be expressed as three screws with zero-pitch and

three screws with infinite-pitch. This means that three of them are line vectors and

the other three are couples. Thus, the physical meaning is evident. When it denotes

a

bB
A

ε

c

a

d

e

b

A
Bη

Complex chain Replaced by a serial chain

ba

Fig. 3.1 Generalized kinematic pair (a) complex chain (b) replaced by a serial chain
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a moving screw, the first three in Eq. (3.12) express rotational motions and the other

three correspond to translational motions. On the other hand, when the screws denote

forces, the first three express constraint forces and the other three are constraint

couples. When they denote freedom, the first three denote rotation freedoms and the

other three denote translational freedoms. The screw abounding in expressions

and all those important concepts of screws are easily transferred with each other.

This plays many important roles and has so many applications in spatial mechanisms.

Example 3.1. A 3-DOF planar robot

A 3-DOF planar robot with three revolute pairs is shown in Fig. 3.2. To analyze its

mobility, we need to set the screw system of the three revolute pairs in these forms:

$1 ¼ 1 0 0; 0 0 0ð Þ
$2 ¼ 1 0 0; 0 e2 f 2ð Þ
$3 ¼ 1 0 0; 0 e2 f 3ð Þ

(3.13)

Their reciprocal screws are

$r1 ¼ $c1 ¼ 1 0 0; 0 0 0ð Þ
$r2 ¼ $c2 ¼ 0 0 0; 0 1 0ð Þ
$r3 ¼ $c3 ¼ 0 0 0; 0 0 1ð Þ

(3.14)

which are constraint screws, including a constraint force and two constraint couples.

Based on the reciprocal screw system, the motion of the end-effector of the robot can

be obtained by further analyzing the constraints. However, we can directly take the

second-time reciprocal screw of Eq. (3.14) to obtain the motion-screw system of the

end-link. Solving the screws reciprocal to Eq. (3.14) yields

$rr1 ¼ $m1 ¼ 1 0 0; 0 0 0ð Þ
$rr2 ¼ $m2 ¼ 0 0 0; 0 1 0ð Þ
$rr3 ¼ $m3 ¼ 0 0 0; 0 0 1ð Þ

(3.15)

From Eq. (3.15), it is clear that the first motion-screw indicates a rotational

freedom about the axes parallel to the X axis, and the last two indicate two trans-

lational freedoms along the Y and Z axes, respectively. Figure 3.2 shows the three

Z

Y

O

X

$1

Fig. 3.2 A 3-DOF

serial robot
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possible motions, where the red hollow arrow denotes the rotational motion and the

bi-directional hollow arrow indicates the translational motion. It should be noted

that the three revolute pairs correspond to three screws with zero-pitch. However, in

the second-time reciprocal screw, the three pitches are not the same and are differ-

entiated as zero-pitch and non-zero pitch, which indicates the mobility properties to

be rotational or translational or others. Therefore, solving the second-time recipro-

cal screw is a very good method for obtaining the motion property of a rigid body.

3.5.2 Rotational Axis

One important question is that when a rigid body has rotational freedom and even 3D

rotational freedom, could it consequentially rotate about any axis? The answer is not

always. One must consider if the rigid body is subjected to some constraint forces.

If so, the rotational axes should intersect all the axes of the constraint forces [77]. In

other words, when a rigid body is subjected to a constraint force, it still has rotational

freedom about some direction, but the rotational freedom is incomplete. It cannot

rotate about some axis being skewed to the direction of the constraint force, and it can

only rotate about the axes intersecting the axis of constraint force.

For instance, a roller rolls on a plane, as shown in Fig. 3.3a. It is acted upon by a

reactional force from the base. The roller still has five freedoms, including three

rotational freedoms. However, its rotational axis cannot pass point B and parallel

to Z-axis. If so, the kinematic pair will separate and be broken. Thus, many points

in the roller cannot be chosen as the rotating center. All the points in the center

line can be the rotating center, and all the rotational freedoms are instantaneous

except point A, about which the rigid body can continuously rotate. Rotation about

point O is a roll without any slide. The second example, as shown in Fig. 3.3b, is a

wheel fixed in a point. It is clear that the rotational axis must pass the center. Thus,

the rotational freedom is incomplete. The third example, as shown in Fig. 3.3c, is a

four-bar linkage. The link CD has one freedom, but it can only rotate about point E

at this moment.

X

Y

A B

C

O

a b c

Fig. 3.3 Incomplete rotational freedom (a) wheel (b) roller (c) four-bar linkage
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The three examples are very simple and clear. However, for multi-mobility

mechanisms, such as the parallel mechanisms, the problem becomes complex and

requires careful analysis.

3.5.3 Instantaneous Mobility and Full-Cycle Mobility

The IFToMMmobility definition did not clearly consider the mobility characteristics

whether it is instantaneous or full-cycle. However, the mobility of a mechanism

should be full-cycle and unchangeable in different configurations. Otherwise, the

mechanism cannot work normally. For modern multi-freedom mechanisms, distin-

guishing the two mobility concepts, instantaneous and full-cycle, is necessary.

Definition 3.3. Full-cycle Mobility: The mobility, including the number and

property, is not dependent on configuration.

Our three modified G-K criterions, as shown in Eqs. (3.4), (3.5), and (3.6), are

based on the screw theory, and the results are dependent on the configuration or the

geometrical condition of that configuration. In other words, the obtained mobility is

instantaneous, not full-cycle. From this viewpoint, the checkout of the full-cycle for

each mobility analysis is necessary and indispensable. Otherwise, it does not accord

with the IFToMM definition. Nevertheless, the checkout of the full-cycle mobility

using the screw theory is not difficult. All of these can be found in the examples below.

In this study, we found that the instantaneous characteristics of screw theory are

very useful for mechanism analysis because it can deeply recognize the mechanism.

It can help us to not only find the instantaneous mechanism, but also find the singula-

rity ofmechanisms aswell as theirmotion screw at singularity. It can also be applied to

mechanisms with changeable mobility and changeable topology.

3.5.4 Full-Field Mobility

A 2UPU-UU mechanism, as shown in Fig. 3.4, has three limbs where the first two

are UPU chains and the third one is a UU chain. The first kinematic pair of each

limb is fixed on the base platform and lies flatly on it. The first pairs of the first

two limbs are parallel with each other and are normal to A1A2, and the first pair of

the third limb is parallel to A1A2. The axes of the second rotational pair of the three

limbs are aligned with the corresponding link AiBi and the last pair of each limb is

fixed on the moving platform. The last pair axes of the first two limbs are collinear,

and the pair of the third limb is parallel to B1B2.

In the initial configuration, as shown in Fig. 3.4a, from Table 2.2, the first two

limbs with five rotational pairs both exert two parallel constraint forces, $r1 and $r2,
to the moving platform. The constraint forces pass the centers of the two cross-heads

and are parallel to the base, respectively. The third limb has four rotational pairs and it
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also exerts two constraint forces,$r3 and$
r
4, to the platform. One is along the link itself

and the other one is parallel to the axis of the first pair counted from the base and

passes the center of the upper cross-head. In the original configuration, the platform is

constrained by four linearly independent constraint forces and loses four freedoms.

Thus, it only has two freedoms. The two freedoms are rotational, and all rotational

axes of the two freedoms lie on the plane of the platform and passing point B3, as

shown in Fig. 3.4a.

To analyze the mobility characteristics, some different configurations should

be taken into consideration, such as the configuration shown in Fig. 3.4b where

the first two limbs are extended. Based on the structure, quadrilateral A1A2B2B1

remains perpendicular to the base, and the upper two cross-heads are parallel to

the base. In the meantime, the third limb is no longer normal to the base. The four

constraint forces are shown in Fig. 3.4b. The first two reciprocal forces produced by

the first two legs are still parallel to each other and parallel to the base. One of the

two forces of the third limb is still along the link and the other one is parallel to the

axis of the first pair of the limb and passes the upper cross-head. The upper platform

acted four independent constraints also has two degrees of freedom.

All the possible moving screws of the platform in this configuration must intersect

the four forces simultaneously, as mentioned above. However, there are only two

straight lines satisfying the condition, which are $m1 and $
m
2 in Fig. 3.4b. One of them,

$m1 , passes the upper cross-head and is parallel to $r1. The other one, $
m
2 , is parallel

to the first pair of the third limb and passes the intersection point E of $r3 and the

plane formed by $r1 and $
r
2. In this case, only two line vectors are able to satisfy the

reciprocal condition. There are no other line vectors that can satisfy the condition

except these two lines. Although the mechanism in this configuration has two

degrees of freedom, the two freedoms only correspond to two revolute axis lines.

The two lines do not intersect and they are isolated and discrete. Generally, a

mechanism like this is useless, and we call this mobility a non-full-field mobility.

When designing mechanisms, this case should be avoided.
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Fig. 3.4 Non-full-field mobility (a) in the beginning (b) the same extension of two limbs
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3.5.5 Parasitic Motion

A strange phenomenon often appears in some parallel mechanisms. For instance,

the well-known 3-RPSmechanism has three freedoms with one translation along the

z-axis and two rotations about the x and y axes in the upper plane. However, people
found out that when its platform rotates about the x-axis, its center point also has an
unwanted displacement along the x direction, which was called parasitic motion.

In reality, this phenomenon is not strange in kinematics. The simplest example is a

roller rolling on the ground, as shown in Fig. 3.5. Is it translational?No. Is it rotational?

Not yet. It is not similar to normal rotation. It rolls forward along a surface by revol-

ving on an instant axis or by repeatedly turning over. This motion should belong to the

category of rotation, a special rotation. Theoretically, this special rotation is that a

moving axodes rolls along a fixed axodes without sliding. Every point in the rolling

body forms a different locus. From this point of view, the so-called “parasitic motion”

of platform of 3-RPS is not an independent motion but this motion mentioned above.

3.5.6 Self-motion

Several links in a mechanism may continuously move while all inputs are locked,

and this phenomenon is called self-motion and can be explained easily by the screw

theory. When all inputs are locked, the constraint-screw system becomes linearly

dependent and self-motion occurs. There are some freedoms that are not const-

rained, and their linear dependency is unchangeable for continuous configurations,

wherein the self-motion becomes full-cycle. This issue will be discussed further in

another chapter.
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Chapter 4

Mobility Analysis Part-2

In this chapter we will introduce the mobility analysis by using our mobility principle

based on reciprocal screw theory. First, we discuss some simple mechanisms, and

then focus on the mobility-open-issue mechanisms including the classical mecha-

nisms and modern parallel mechanisms with interesting characteristics. Besides,

more complex mechanisms, such as the Multi-loop-coupling mechanisms, are also

discussed.

4.1 Mobility Analysis of Simple Mechanisms

4.1.1 Open Chain Linkage

The open-chain linkage is a serial kinematic chain, when nþ 1 links are connect by

n kinematic pairs. Their first link is fixed as a frame and the last link is the hand of a

robot manipulator. Figure 4.1 shows a robot with 6 links and 5 kinematic pairs.

All its axes are parallel to each other and it is a planar robot.

For analyzing the mobility of the planar serial chain using the Modified G-K

formula by screw theory, we need firstly to set the screw Pl€ucker coordinates of the
mechanism. The coordinate system is shown in the figure, and then we have

$1 ¼ ð1 0 0; 0 0 0Þ
$2 ¼ ð1 0 0; 0 e2 f 2Þ
$3 ¼ ð1 0 0; 0 e3 f 3Þ
$4 ¼ ð1 0 0; 0 e4 f 4Þ
$5 ¼ ð1 0 0; 0 e5 f 5Þ

(4.1)

Z. Huang et al., Theory of Parallel Mechanisms, Mechanisms and Machine Science 6,
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where ei and fi depend on the structure parameters and moving parameters of the

mechanism. To solve those elements are quite complex and never necessary, since

the mobility analysis is often in the beginning for a new mechanical design, and

many different mechanism schemes are continuously proposed for comparing

and selecting. In this moment their parameters are not determined yet. For this

difficulty, in practice, there need not solve out any above-mentioned parameters and

the reciprocal screw can be completely correctly obtained without those

parameters. That is because based on the Pl€ucker coordinate expression of screws

shown in Chap. 1, there are many zero-elements and the reciprocal screws can be

written directly. For this example, consider the fact that the 2nd, 3rd, and 4th

elements in the above five screws are all zeros, the reciprocal screws are in the form

$r1 ¼ ð0 0 0; 0 1 0Þ
$r2 ¼ ð0 0 0; 0 0 1Þ
$r3 ¼ ð1 0 0; 0 0 0Þ

(4.2)

The correction can be easily testified by Eq. (2.52), $i � $j ¼ 0. The three screws

satisfy the screw reciprocal condition. In Eq. (4.2), there are many zero-elements

and they give clear physical meaning. $r1 and $r2 are constraint couples with 1-

pitches about Y and Z axes, and $r3 is a constraint force along X-axis direction. They
constrain the end-link rotation about Y and Z axes and translation along X axis, and

the end link has only three freedoms. The three reciprocal screws also correspond to

three common constraints, l ¼ 3 then d ¼ 6� l ¼ 3 , since it is not a parallel

mechanism, n ¼ 0 . The mobility of the mechanism is obtained by using the

modified G-K formula (3.5) as follows

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 3 ð6� 5� 1Þ þ 5þ 0 ¼ 5 (4.3)

Readers may ask there are five screws in Eq. (4.1) why Eq. (4.2) contains three

reciprocal screws? That is because the five screws in Eq. (4.1) are linearly depen-

dent and only three of them are independent, as shown in Table 2.1. In other words,

X
$1

O

Z

Y

Fig. 4.1 A serial robot
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the mobility of the serial chain with five parallel rotation pairs is 5, but the freedom

of the end-link is only 3. The other two are local freedoms inside the kinematic

chain and do not affect the mobility of the end-link.

From above analysis, we know that the mobility of serial chain is equal to the
number of the kinematic pairs of the serial chain.

Other three screws reciprocal to the three reciprocal screws in Eq. (4.2), are

obtained

$rr1 ¼ $m1 ¼ ð1 0 0; 0 0 0Þ
$rr2 ¼ $m2 ¼ ð0 0 0; 0 1 0Þ
$rr3 ¼ $m3 ¼ ð0 0 0; 0 0 1Þ

(4.4)

The screw which is obtained by taking reciprocal procedure once more for a

screw $r is called second-time reciprocal screw and denoted as $rr. The second-time
reciprocal screw indicates the motion of the link. These three second-time recip-

rocal screws in Eq. (4.4) just denote the motions of the end-link including

the rotation about X axis and two translations along Y and Z axes, respectively.

It is found that all the pitches of screws in Eq. (4.1) are zeros as they are rotational

pairs. However, after taking reciprocal procedure two times the pitches become

as zero or infinite and they denote rotation or translation. So, to calculate the
second-time reciprocal for a motion screw of a link is a shortcut for obtaining
its mobility property.

Since all the axis directions of the kinematic pairs of the serial robot in

any configuration are parallel to X axis and unchangeable, as shown in Fig. 4.1,

and the screw expressions are also unchangeable and the common constraints

unchangeable as well, the mobility of the mechanism is unchangeable. Then the

mobility is full-cycle.

The common constraint of the planar robot is three and l ¼ 3, then d ¼ 6� l
¼ 3 , that is because all its axes are parallel. Actually, all axes of planar
mechanisms are parallel and their screw expressions also have three zero-
elements no matter what kinematic pairs, rotational or prismatic. They all has
three common constraints, l ¼ 3 and d ¼ 3 . That is why when calculate the

mobility of planar mechanisms the readers are told to substitute 3 into G-K

Criterion. The same reason d ¼ 3 is for spherical mechanisms. This is why all

textbooks tell students to take 3 for planar and spherical mechanisms [1].

4.1.2 Roberval Mechanism

Figure 4.2 shows the Roberval mechanism [2]. It is a planar five-bar linkage.

In practice, it is often illustrated in many textbooks as a typical over-constraint

mechanism, such as introduced by Nordon [3] and Mabie and Reinholtz[4].

However, the Roberval mechanism is much different with those shown in
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textbooks, as it has different frame selected. The mobility analysis of Roberval

mechanism is more difficult than Norton’s one. The sketch of the Roberval mecha-

nism is shown in Fig. 4.2b. The mechanism may be considered as a typical parallel

mechanism. Firstly a parallelogram linkage is taken to analyze.

(1) A parallelogram linkage

Figure 4.3a shows a parallelogram linkage, and the coordinate system is given in

the figure. It is also a parallel mechanism with two limbs. The screw system of limb

AD is as follows

$A ¼ ð1 0 0; 0 0 0Þ
$D ¼ ð1 0 0; 0 e� f Þ (4.5)

A BC

D F E

G HI L MN

P Q

Y

XA B C

D E

F

a b

Fig. 4.2 Roberval mechanism (a) Roberval mechanism (b) sketch

Z

D C

A B Y

X

Z

D C

BA
X Y

F E

a b

Fig. 4.3 Roberval analysis (a) parallelogram (b) double parallelogram
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For the two screws their reciprocal screws are in the form

$r1 ¼ ð1 0 0; 0 0 0Þ
$r2 ¼ ð0 f e; 0 0 0Þ
$r3 ¼ ð0 0 0; 0 1 0Þ
$r4 ¼ ð0 0 0; 0 0 1Þ

(4.6)

The first two reciprocal screws denote two constraint forces along X and AD
directions, respectively. The other two are constraint couples about Y and Z axes,

respectively. Note that, although the two forces both pass the origin, as shown in

the figure, in practice, they act on the moving link CD anyway.

Consider the two limbs are the same and their reciprocal screw systems are also

the same. In this case, the end-link CD is subjected to eight constraints including

four constraint forces and four couples, as shown in Fig. 4.3a. Analyzing the

dependency, four constraint couples coming from the two limbs are either parallel

to each other or collinear. They are linearly dependent, and only two of them are

independent, which are parallel to Y or Z axes, respectively. For those two parallel

forces and a couple normal to the two forces they are also linearly dependent, as

shown in Table 2.1. Then, two of the three are independent. The dependent forces

are drawn with a small red circle in Fig. 4.3. For the eight reciprocal screws three

constraints are dependent in total and five are independent, which constrain five

freedoms of link CD. That is three rotational freedoms and two translational motion

along X and AD directions. Therefore, link CD has only one freedom and can only

translate along a line normal to AD, red bi-directional arrow, and link AD can only

rotate about point A.

(2) Roberval Mechanism

To obtain this Roberval mechanism, we add a link FE parallel to AB to the

parallelogram, as shown in Fig. 4.3b. What constraint is applied to the parallelo-

gram by adding link EF? The coordinate system can be set the same as before, and

the constraints acting to link BC by link EF are similar to Eq. (4.6), i.e. two

constraint forces and two constraint couples. The two forces are parallel to X and

Y axes, and two couples are about Y and Z axes, respectively.

Comparing with the constraints of the previous parallelogram, the actions of two

couples are repetitive being virtual constraints; the force parallel to X direction is

also not independent or virtual; and that constraint force along EF limits the displa-

cement unchangeable between points E and F and it is also a virtual one as it is

well-known that the distance between the two corresponding points of a parallelo-

gram is unchangeable. Therefore, the four constraints arising by adding the linkEF all

are virtual and the link BC does not subject any new constraint and keeps its motion

unchangeable. The whole mechanism has 3 + 4 ¼ 7 virtual constraints. We have

M ¼ dðn� g� 1Þ þ
X

f i þ m ¼ 6 ð5� 6� 1Þ þ 6þ ð3þ 4Þ ¼ 1 (4.7)
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As considering the screw system is unchangeable for any new configuration,

common constraints are the same and the resulted mobility is also the same.

Mobility is full-cycle.

4.1.3 RUPUR Mechanism

As Merlet pointed out that the Cardan joint is one of the difficul test problems [5].

Figure 4.4 shows the mechanism with double Cardan joints and a slide pair in the

middle. This mechanism is often applied as a transmission axis in a car. Besides it

has a revolute mobility which allows a relative displacement between the two

middle axes connecting the rear wheel and the engine.

For mobility analysis the coordinate system B-XYZ is shown in the Fig. 4.4.

The seven kinematic pairs are denoted as seven screws

$1 ¼ ða1 b1 c1; 0 0 0Þ
$2 ¼ ðc1 0�a1; 0 0 0Þ
$3 ¼ ð0 1 0; 0 0 0Þ
$4 ¼ ð0 0 0; 0 0 1Þ
$5 ¼ ð0 1 0; d4 0 0Þ
$6 ¼ ða5 0 c5; 0 e5 0Þ
$7 ¼ ðc5 b6 �a5; d6 e6 0Þ

(4.8)

The rank of the seven screws is 6 and the mobility of the mechanism is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6 ð7� 7� 1Þ þ 7þ 0 ¼ 1 (4.9)

A
$1

$2

$3

Y

B

$5

$6

$7

D

C
Z

$4

Fig. 4.4 RUPUR serial chain
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When another rotational pair is added to the right end of the kinematic chain

and normal to that end axis of $6, as shown in Fig. 4.4, the end can both rotate and

translate up and down. In this case, the mechanism has eight pairs in total. They can

be expressed as a screw system in the form

$1 ¼ ða1 b1 c1; 0 0 0Þ
$2 ¼ ðc1 0�a1; 0 0 0Þ
$3 ¼ ð0 1 0; 0 0 0Þ
$4 ¼ ð0 0 0; 0 0 1Þ
$5 ¼ ð0 1 0; d4 0 0Þ
$6 ¼ ða5 0 c5; 0 e5 0Þ
$7 ¼ ðc5 b6 �a5; d6 e6 0Þ
$8 ¼ ð0 0 0; 1 1 c5 þ b6=a5Þ

(4.10)

Since the rank of the screw system is still six, by the Modified G-K formula

we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6 ð8� 8� 1Þ þ 8þ 0 ¼ 2 (4.11)

It indicates the mechanism has two DOF. One aspect it still can transfer the

rotation from one end to another, and the two end axes can move relatively up and

down. This mechanism is often applied for power transmission for a car.

4.1.4 Hervé Six-Bar Mechanism

Figure 4.5 shows a 2R4H mechanism proposed by Hervé [6]. It has six kinematic

pairs, including two rotational pairs and four screw pairs with different pitches.

All the axes are parallel. The screw system of the mechanism is in the form

$1 ¼ ð0 0 1; 0 0 h1Þ
$2 ¼ ð0 0 1; d2 e2 h2Þ
$3 ¼ ð0 0 1; d2 e2 h3Þ
$4 ¼ ð0 0 1; d4 e4 h4Þ
$5 ¼ ð0 0 1; d4 e4 0Þ
$6 ¼ ð0 0 1; d6 0 0Þ

(4.12)

4.1 Mobility Analysis of Simple Mechanisms 77



Their reciprocal screws are in the form

$r1 ¼ ð0 0 0; 1 0 0Þ
$r2 ¼ ð0 0 0; 0 1 0Þ (4.13)

They are two constraint couples. The mobility of this mechanism is obtained

by using the modified G-K formula as follows

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 4 ð6� 6� 1Þ þ 6 ¼ 2 (4.14)

That means the mobility is two. For any different configuration, above analysis

is unchangeable and the freedom is full-cycle.

When all the pitches of the four screws become zero,h1 ¼ h2 ¼ h3 ¼ h4 ¼ 0, the

sixth component of each screw is also zero. Then, the number of the common

constraint is more than one. Then we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 3 ð6� 6� 1Þ þ 6 ¼ 3 (4.15)

In this case, the mobility is 3 and also it is full-cycle.

4.1.5 Spatial 4P Mechanism

The spatial 4Pmechanismwas proposed byDelassus in 1900 [7], as shown in Fig. 4.6.

$2 $1

$3

$4

$5$6
1

2

3

4

Z

Y

5

6

Fig. 4.5 Hervé six-bar

linkage
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Its four directions of slider are in four different directions in space and can be

expressed as

$i ¼ 0 0 0; ai bi cið Þ i ¼ 1; 2; 3; 4 (4.16)

They are four couples in space, and they have only three reciprocal screws

$r1 ¼ ð0 0 0; 1 0 0Þ
$r2 ¼ ð0 0 0; 0 1 0Þ
$r3 ¼ ð0 0 0; 0 0 1Þ

(4.17)

That means the mechanism has three common constraints, l ¼ 3, n ¼ 0. Then its

mobility is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼ 3 ð4� 4� 1Þ þ 4þ 0 ¼ 1 (4.18)

Evidently, its mobility is fully-cycle.

4.1.6 Delassus H-H-H-H Mechanism

The Delassus H-H-H-H mechanism has five different types [7], here only one of

them is discussed here, Fig. 4.7. Its four axes are parallel and four pitches keep

h1 þ h3 ¼ h2 þ h4 . Assume that the lengths of the two sides are a and b, respec-
tively. The angle between the two sides is a. Then we have

$4

$1

$3

$2

A

B

C

D

Fig. 4.6 Spatial 4P linkage
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$A ¼ 0 0 1; 0 0 h1ð Þ
$B ¼ 0 0 1; 0 �a h2ð Þ
$C ¼ 0 0 1; b sin a � a� b cos a h3ð Þ
$D ¼ 0 0 1; b sin a � b cos a h4ð Þ

(4.19)

It has three reciprocal screws as follows

$r1 ¼ ð0 0 0; 1 0 0Þ
$r2 ¼ ð0 0 0; 0 1 0Þ

$r3 ¼
h2 � h1
ab sin a

ðaþ b cos aÞ þ h1 � h3
b sin a

h2 � h1
a

1; 0 0� h1

� �
(4.20)

They are two constraint couples about X and Y directions and a kinematic screw

with finite pitch, which is expressed in Fig. 4.7 as the double arrow. Then l ¼ 3,

d ¼ 3, n ¼ 0, we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 3 ð4� 4� 1Þ þ 4 ¼ 1 (4.21)

The mobility is full-cycle.

4.1.7 Hervé ’s CCC Mechanism

Figure 4.8 illustrates the CCC mechanism proposed by Hervé in 1978 [8]. It is a

single-loop mechanism consisting of three cylindrical pairs. Corresponding to the

coordinate system the six screws are as follows

Z

X

Fig. 4.7 Delassus H-H-H-H-
linkage
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$1 ¼ ða1 b1 0; 0 0 0Þ
$2 ¼ ð0 0 0; a1 b1 0Þ
$3 ¼ ða3 b3 0; 0 0 f 3Þ
$4 ¼ ð0 0 0; a3 b3 0Þ
$5 ¼ ð1 0 0; 0 0 0Þ
$6 ¼ ð0 0 0; 1 0 0Þ

(4.22)

Since the third components in the six screws all are zero and their reciprocal

screw is

$r ¼ ð0 0 0; 0 0 1Þ (4.23)

It is a constraint couple and limits the rotation about Z axis. From the geometri-

cal point of view, as shown in Table 2.1, since all the six screws are coplanar, only

five of them are independent. Then there is a common constraint and we havel ¼ 1,

d ¼ 5, n ¼ 0. Based on the modified mobility formula the mobility is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼ 5 ð3� 3� 1Þ þ 6þ 0 ¼ 1 (4.24)

Under any different configurations, the geometry keeps invariable and the

mobility is full-cycle.

4.2 Mobility Analysis of Classical Mechanisms

4.2.1 Bennett Mechanism

The Bennett mechanism [9] is the unique spatial mechanism with the highest

order in single-loop linkages, as shown in Fig. 4.9. Its mobility analysis is widely

1
2

3

A

B

C1

Y

X

2
3

Fig. 4.8 Hervé CCC mechanism
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known as the most difficult and has never been succeeded by using any unified
mobility formula before.

A Bennett mechanism is a spatial four-bar linkage with four revolute axes with

different directions in 3-D space. Each hinge axis is perpendicular to its two

adjacent sides. For the mechanism, AB ¼ CD and BC ¼ AD. a and b denote two

relative twist angles. The Bennett linkage has a pair of links of length a, and twist

angle a, and another pair of links of length d and twist angle d. It keeps the

following conditions

AB ¼ CD and BC ¼ AD

a

sin a
¼ d

sin d

(4.25)

The Bennett mechanism is like a spatial tetrahedron. Its four joint points are four

vertices of the tetrahedron. Let diagonals AC ¼ 2l and BD ¼ 2m. The angle

between AC and BD is b. The midpoints of AC and BD are E and F, respectively.
EF ¼ n. It can be found that DABD ffi DBCD, then ∠ABD ¼ ∠BDC and DABF
ffi DCDF, thus AF ¼ CF. With the same reason, BE ¼ DE. Then both DAFC
and DBED are of isosceles triangle, and EF is normal to both AC and BD.
The coordinate system is shown in the Figure. E is the origin point; X-axis is

along the common normal EF, Y-axis along EA; Z-axis is in accordance with the

right-hand rule.

The coordinates of the four vertices are then:

Að0 l 0Þ; Bðn; m cos b; �m sin bÞ;
Cð0 �l 0Þ; Dðn; �m cos b; m sin bÞ

The directions of the four revolute pairs are as follows

SA ¼ BA� AD; SB ¼ CB� BA; SC ¼ DC� CB; SD ¼ AD� DC (4.26)

B X

F C

D

E
Y

A

ba

Fig. 4.9 The Bennett mechanism (a) the Bennett (b) the hyperboloid
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Then we have

SA ¼ ðl sin b; n sin b; n cos bÞ
SB ¼ ðm sin b; 0; nÞ
SC ¼ ð�l sin b; n sinb; n cos bÞ
SD ¼ ð�m sin b; 0; nÞ

(4.27)

When the four axes of revolute pairs are expressed as screws, ðS; S0Þ where S
denotes direction of the joint axis and, S0 ¼ r � S. The four screws are as follows

$A ¼ ðl sin b; n sin b; n cos b; ln cos b; 0; �l2 sin bÞ
$B ¼ ðm sin b; 0; n; mn cos b; �m2sin2b� n2; �m2 sinb cos bÞ
$C ¼ ð�l sin b; n sin b; n cos b; � ln cos b; 0; �l2 sinbÞ
$D ¼ ð�m sin b; 0; n; �mn cos b; �m2sin2b� n2; �m2 sin b cos bÞ

(4.28)

From Eq. (4.28), the following quite important expression could be rapidly

directed out

m � ð$A � $BÞ ¼ l � ð$B � $DÞ (4.29)

It means that the four screws are linearly dependent, and their rank is only three.

It is because that any three skew straight lines in space are definitely linearly

independent, as shown in Table 2.1, and lie on a hyperboloid of one sheet. Then

the four skew hinge axes being linearly dependent simultaneously lie on the same

hyperboloid, Fig. 4.9b. Their reciprocal screw system also contains three screws

with zero-pitches lying on the same hyperboloid but in the other regulus. For a

hyperboloid of one sheet there are two sets of straight lines corresponding two

reguli. The Bennett mechanism has three common constraints, l ¼ 3 . For the

single-loop mechanism, n ¼ 0 and z ¼ 0 . Using the Modified G-K Criterion,

Eq. (3.5), we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼ 3 ð4� 4� 1Þ þ 4þ 0 ¼ 1 (4.30)

Therefore, Bennett mechanism has one DOF, and its four axes all lie on a

hyperboloid. Note that, in the same regulus of a hyperboloid, any four lines being

able to be taken as the axes for four revolute pairs compose a four-bar linkage with

one DOF, since the four line vectors are linearly dependent. And there are infinite

four-bar linkages with one DOF in the same regulus. Using constraint screws, we

will prove that the Bennett mechanism is a unique full-cycle four-bar linkage

among all other infinite four-bar linkages without the geometrical conditions like
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the Bennett mechanism. The four axes of any other linkage no longer lie on a

hyperboloid after any possible small motion of that linkage, therefore their

motilities all are instantaneous.

Evidently, it is a difficult issue to prove the mobility of Bennett mechanism

being full-cycle by a same unified mobility principle, i.e. to prove that the four

axes of the Bennett mechanism still lying on a hyperboloid after any finite motion

used be difficult by a unified mobility formula.

Based on our mobility principle, from Eq. (4.28), we find that when the mecha-

nism moves, parameters, l, m, n and b are variables, and their values are dependent

on the different configurations of the mechanism. However, for any chosen config-

uration Eq. (4.29) always holds and unchangeable, which means the four screws are

certainly linearly dependent, and the mobility of the Bennett mechanism always

keeps invariable. Whereas for the skew four-bar linkage without the geometrical

condition like Bennett mechanism, it has no such relations described by Eq. (4.25)

and (4.28), then the mobility of the four-bar linkage is not full-cycle.

Clearly the mobility analysis and full-cycle analysis of Bennett mechanism

using the Modified G-K Criterion is also quite simple. In our limited knowledge,
we do not find the mobility and its full-cycle analysis of Bennett mechanism has
also been succeeded by any other unified formula till now.

4.2.2 Five-Bar Goldberg Linkage

The Goldberg five-bar mechanism [10], ABCGH, is a special spatial five-bar

linkage shown in Fig. 4.10a, whose mobility analysis is also one of the well-

known difficult issues. The Goldberg five-bar mechanism consists of two Bennett

mechanisms, ABCD and EFGH, as shown in Fig. 4.10b, which have a link in

common. One Bennett linkage has a pair of links of length a, and twist angle a,
and another pair of links of length b and twist angle b. The other Bennett linkage
has a pair of links of length a, and twist angle a, and another pair of links of length c
and twist angle g. The two Bennett linkages satisfy the condition [10].

sin a
a

¼ sin b
b

¼ sin g
c

(4.31)

and when the two Bennett mechanisms are combined, the following relations are

remained

$C ¼ $F; $D ¼ $E (4.32)

Since the four screws of Bennett mechanism ABCD are linearly dependent,

which is proven in Eq. (4.29), the four line vectors lie on one hyperboloid.

Considering that both the linearly dependency and reciprocity of screws are not
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origin dependent, the coordinate system for the two Bennetts can be built, and two

linear equations are as follows

a$A þ b$B þ c$C þ d$D ¼ 0 (4.33)

e$E þ f$F þ g$G þ h$H ¼ 0 (4.34)

where a, b, c, d, e, f, g and h are coefficients.

Multiplying Eq. (4.33) by e and Eq. (4.34) by d, subtracting the two new

equations, we get

ae$A þ be$B þ ce$C þ de$D � ed$E � fd$F � gd$G � hd$H ¼ 0 (4.35)

Substituting Eq. (4.32) into the above equation yields

ae$A þ be$B þ ðce� fdÞ$F � gd$G � hd$H ¼ 0 (4.36)

Equation (4.36) indicates that the five screws, $A; $B; $F; $G; $H , are linearly

dependent, and their rank is less than five. Since the four screws, $A; $B; $C; $D ,
belonging to the first Bennett mechanism all lie on the first hyperboloid, points A
and D locate on the hyperboloid as well. Since point H locates on the extending line

of AD, the axis passing point H no longer lies on that hyperboloid ABCD, and in

other words, it is outside the hyperboloid. That means the four line vectors, $A; $B;
$C; $H , are linearly independent and the rank of the five screws, $A; $B; $F; $G; $H ,
is four.

This conclusion can also be obtained from another point of view. Considering

$C ¼ $F, it means their two axes are coincident. We may imagine that angle ffBCG
in Fig. 4.10a depends on a relative rotation of link CD about the axis of $C
from direction CD to CG. That means screw $G cannot lie on the same

hyperboloid formed by the four screws $A; $B; $C; $D. Therefore the four screws $A;
$B; $F; $G are also linearly independent. From the above analysis, the five screws,

G

H

B

A

C(F)

D(E) A

B
C

D E H

GF

a b

Fig. 4.10 Five-bar Goldberg (a) five-bar Goldberg (b) two Bennett linkages
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$A; $B; $C; $G; $H , have two reciprocal screws, l ¼ 2 and n ¼ 0. Substituting them

into Eq. (3.5) yields

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼ 4 ð5� 5� 1Þ þ 5þ 0 ¼ 1 (4.37)

Hence, the mobility of the five-bar Goldberg mechanism is one. For any possible

motion of the mechanism the previous analysis is also correct, and there also exists

l ¼ 2 and v ¼ 0, then Eq. (4.36) keeps correct and the mobility is not instantaneous.

4.2.3 Six-Bar Goldberg Linkage

The Goldberg six-bar mechanism [10] is also composed of two Bennett mecha-

nisms, ABCF and CDEF, as shown in Fig. 4.11. The screw equations of the two

Bennett mechanisms can be expressed as

k11$1 þ k12$2 þ k13$3 þ k16$6 ¼ 0 (4.38)

k23$3 þ k24$4 þ k25$5 þ k26$6 ¼ 0 (4.39)

Let “ð4:38Þ þ ð4:39Þ” the screw equation for linkage ABCDEF can be obtained

as follows

t1$1 þ t2$2 þ t3$3 þ t4$4 þ t5$5 þ t6$6 ¼ 0 (4.40)

where

t1 ¼ k11; t2 ¼ k12; t3 ¼ k13 þ k23;

t4 ¼ k24; t5 ¼ k25; t6 ¼ k16 þ k26
(4.41)

D
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Fig. 4.11 6R Goldberg
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From Eq (4.40), the screw system of linkage ABCDEF is linearly dependent and

then d < 6. In addition, the four screws,$1,$2,$3 and$4 is linearly independent, then
d � 4. Therefore, the order of the mechanism d is in the range [4, 6), that means the

possible value is d ¼ 4 or d ¼ 5.

If d ¼ 4, any five screws for ABCDEF are linearly dependent. The six screws

($1, $2, $3, $4, $5, $6), include six sub-system with five screws, Table 4.1

Now let’s to estimate the dependency of the sub-system:

1. Let k26 � ð4:38Þ � k16 � ð4:39Þ to exclude $6 , and find the sub-system SS1.

Clearly, it is linearly dependent.

2. AS SS2 and SS3 both contain four screws $1, $2, $3, $6, which belong to the 1st

Bannett and are linearly dependent. Thus, the SS2 and SS3 are linearly

dependent;

3. By k23 � ð4:38Þ � k13 � ð4:39Þ to exclude $3, the SS4 is linearly dependent;

4. As SS5 and SS6 both contain four screws $3, $4, $5, $6, which belong to the 2nd

Bannett and are linearly dependent. Thus, the SS5 and SS6 are linearly

dependent;

Based on above analysis, the order of the mechanism is d ¼ 4. No matter what

configuration, mechanisms, ABCF and CDEF both are Bennett form and the order

of the six-bar linkage always keeps the unique value, d ¼ 4. From the Modified G-

K formula, Eq. (3.5), we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼4ð6� 6� 1Þ þ 6þ 0 ¼ 2 (4.42)

The mobility of the 2-bar Goldberg is 2 and full-cycle.

4.2.4 Myard Linkage with Symmetrical Plane

Figure 4.12 shows the ABCDE Myard linkage with a symmetrical plane, and it is a

five-bar linkage [11]. It consists of two Bennetts, ABCF and AEDF and by

concealing a couple of superposition kinematic pairs in point F. In the mean time

the angles between $2 and $3 as will as $4 and $5 both are p/2 [12].

Table 4.1 Six sub-screw

systems
Item Screw system

SS1 $1, $2, $3, $4, $5
SS2 $1, $2, $3, $4, $6
SS3 $1, $2, $3, $5, $6
SS4 $1, $2, $4, $5, $6
SS5 $1, $3, $4, $5, $6
SS6 $2, $3, $4, $5, $6
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Since ABCF and AEDF both are Bennetts, in respective limb systems we have

a1$1 þ a2$2 þ a3$3 þ a6$6 ¼ 0 (4.43)

a1$1 þ a5$5 þ a4$4 þ a6$6 ¼ 0 (4.44)

It is easily to eliminate $6 from the two equations, and yield

a1$1 þ a2$2 þ a3$3 þ a4$4 þ a5$5 ¼ 0 (4.45)

That means the order of the mechanism is less 5, d<5. Considering $1, $2, $3 and
$4 being linearly independent as they are not in an identical Bennettt, d � 4. So that,

for this mechanism it should be d ¼ 4. From the Modified G-K formula, we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼ 4ð5� 5� 1Þ þ 5þ 0 ¼ 1 (4.46)

And evidently, the mechanism is full-cycle.

4.2.5 Bricard with Symmetrical Plane

The Bricard mechanism to be analyzed here is the general form of Bricard shown in

Fig. 4.13 [13]. Baker also provides the following D-H geometrical parameters for

the mechanism in [13].
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a12 ¼ a61; a23 ¼ a56; a34 ¼ a45

a12 þ a61 ¼ p; a23 þ a56 ¼ p; a34 þ a45 ¼ p

R1 ¼ R4 ¼ 0; R2 ¼ R6; R3 ¼ R5

y2 þ y6 ¼ 2p; y3 þ y5 ¼ 2p

(4.47)

Based on the geometrical conditions, it is not difficult to prove that the linkage

can always keep having a symmetrical plane. Coordinate system O0-X0Y0Z0 is

established as shown in the Figure. X0-axis is along the axis of joint 1 and Y0-axis
passing through points O and J. Here, J is the midpoint of the line AI.

Using those relations in Eq. (4.47) and after some coordinates transform, we can

get all the coordinates of the points including from A to I in the reference frame O0-

X0Y0Z0. The results are not given here for limited space. Then, the following

relations can be obtained

XA ¼ XI XB ¼ XH XC ¼ XG XD ¼ XF

YA ¼ YI YB ¼ YH YC ¼ YG YD ¼ YF

ZA ¼ �ZI ZB ¼ �ZH ZC ¼ �ZG ZD ¼ �ZF ZA ¼ 0

(4.48)

Furthermore, we have

S1 ¼OA� OI ¼ �2YAZA 2XAZA 0ð Þ
S4 ¼ED� EF ¼ �2ðYD � YEÞZD 2ðXD � XEÞZD 0ð Þ (4.49)

Using Eqs. (4.48) and (4.49), we know that the axes of joints 1 and 4 both lie on

the plane X0O0Y0. From above analysis, we can conclude that the linkage is

symmetrical about plane X0O0Y0.
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Fig. 4.13 Bricard with

symmetrical plane
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Angle ’ between Y-axis and O0A is a variable, but the Eqs. (4.48) and (4.49) are

independent of the angle ’. So we can further consider there always has a plane

about which the linkage is symmetrical no matter what the configuration of this

mechanism is. This symmetrical plane is composed of the axis of joint 1 and the line

passing through the points O and J.
Since the whole linkage is symmetrical about a plane, the intersection points O1

and O2 both lie on the symmetrical plane. Here, O1 is the intersection point of axes

2 and 6, and O2 is the intersection point of axes 3 and 5. Then a new coordinate

system O1-X1Y1Z1 is established in Fig. 4.13, where O1Z1 is perpendicular to

the symmetrical plane and O1X1 passes through the point O2. Plane X1O1Y1 is just
the symmetrical plane of the mechanism.

So the six screws of this linkage can be expressed as follows

$1 ¼ a1 b1 0; 0 0 f 1ð Þ
$2 ¼ a2 b2 c2; 0 0 0ð Þ
$3 ¼ a3 b3 c3; 0 e3 f 3ð Þ
$4 ¼ a4 b4 0; 0 0 f 4ð Þ
$5 ¼ a3 b3 �c3; 0 e3 �f 3ð Þ
$6 ¼ a2 b2 �c2; 0 0 0ð Þ

(4.50)

where the elements, ai, bi, ci, ei, and fi, are variables and depended on the poses of

the screw axes, but their values do not affect to get the reciprocal screws yet.

In addition, the 1st and the 4th axes lie on plane X1O1Y1, and the 2nd and 6th axes

pass through the origin point, and the 3rd and 5th axes intersect X-axis. Clearly the

fourth elements in all screw expressions are zero. Based on the simplified method

mentioned in Table 2.2, their reciprocal screw is

$r1 ¼ 1 0 0; 0 0 0ð Þ (4.51)

Consequently, we have l ¼ 1, d ¼ 5, and n ¼ 0. Based on the “Modified

Gr€ubler-Kutzbach Criterion”, Eq. (3.5), the mobility of the linkage is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 5ð6� 6� 1Þ þ 6þ 0 ¼ 1 (4.52)

After any possible movement of this linkage, there always exists a plane about

which the linkage is symmetrical and the kinematic and reciprocal screw systems

can always be expressed as the Eqs. (4.50) and (4.51). The mechanism always has

one common constraint and the order is five, so the mobility is not instantaneous.

From another point of view, from Table 2.2, it is easy to find that there is a line

which intersect the six screws, $1, $2, $3 . . .. $6, simultaneously. That line is just the

X1 axis and the constraint reciprocal force is aligned on the line, as shown

in Fig. 4.13.
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4.2.6 Altmann Abb.34 Mechanism

Figure 4.14 shows the Altmann Abb.34 mechanism [14]. It can be considered as his

most complex mechanisms. The mechanism structure is symmetrical, as shown in

Fig. 4.14a, and its input and output axes are aligned. Crank 1 connects a cylinder 3

with a slideway. The left and right cylinders 3 and 5 are connected by a slide pair C

as well as connected to upper and lower two half-moon cylinders, 4 and 7 by four

“cylinder-plane pair”, shown in four points, F, G, H and I. The upper and lower

half-moon cylinders can revolute about a common center point locating on the

center line AE. The half-moon cylinders cannot translate along the line normal to

the paper as a pin fixed on the frame, as shown in Fig. 4.14a.

(1) ABCDE closed-loop sub-chain

Firstly, the links 1, 2, 3, 5, 6 constitute a single-loop subchain, as shown in

Fig. 4.15, and in coordinate system C-xyz, y axis is along line AE, z axis is along

the center line of the mechanism. The screw system is in the form

$1 ¼ 0 1 0; 0 0 0ð Þ
$2 ¼ 0 1 0; d2 0 f 2ð Þ
$3 ¼ 0 0 0; 0 0 1ð Þ
$4 ¼ 0 1 0; d4 0 f 4ð Þ
$5 ¼ 0 1 0; 0 0 0ð Þ

(4.53)

As all the 1st, 3rd and 5th components in screws are zero, it indicates the rank of

the screw system is 3 and it has three common constraints, d¼3, i.e. it has three

over-constraints, m¼3. Using the modified G-K formula Eq. (3.5), the mobility is as

follows

M ¼ dðn� g� 1Þ þ
X

f i þ n ¼ 3ð5� 5� 1Þ þ 5þ 0 ¼ 2 (4.54)
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Fig. 4.14 Altmann Abb. 34 mechanism (a) Altmann Abb. 34 (b) sketch of the mechanism
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The mobility of the mechanism is 2. This result can also be obtained by

using Eq. (3.4)

M ¼ 6ðn� g� 1Þ þ
X

f i þ m ¼ 6ð5� 5� 1Þ þ 5þ 3 ¼ 2 (4.55)

(2) The motion of cylinder 3

The different link in the mechanism with 2-DOF has different freedom, however.

Here it is necessary to analyze the freedom of link 3. In order to do this, kinematic

chain in Fig. 4.15 can be regarded as a parallel mechanism with two limbs and link

3 is its out-put link. The left limb has two revolute pair RR

$11 ¼ 0 1 0; 0 0 0ð Þ
$12 ¼ 0 1 0; d2 0 f 2ð Þ (4.56)

Their reciprocal screws are

$r11 ¼ 0 0 0; 1 0 0ð Þ
$r12 ¼ 0 0 0; 0 0 1ð Þ
$r13 ¼ 0 1 0; 0 0 0ð Þ
$r14 ¼ f 2 0 �d2; 0 0 1ð Þ

(4.57)

The screw system for right chain including corresponding to two revolute and

one prismatic pairs is

$21 ¼ 0 1 0; 0 0 0ð Þ
$22 ¼ 0 1 0; d3 0 f 3ð Þ
$23 ¼ 0 0 0; 0 0 1ð Þ

(4.58)
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Their reciprocal screws are

$r21 ¼ 0 0 0; 1 0 0ð Þ
$r22 ¼ 0 0 0; 0 0 1ð Þ
$r23 ¼ 0 1 0; 0 0 0ð Þ

(4.59)

Comparing Eq. (4.57) with (4.59), the independent reciprocal screws among the

seven screws is 4, s ¼ 4, then from Eq. (3.6) the freedom of the cylinder 3 is

MG ¼ 6� s ¼ 6� 4 ¼ 2 (4.60)

Similarly cylinder 5 also has two freedoms. They can rotate about y axis and

translate along two different directions parallel plane XY.
(3) The whole mechanism

For the whole mechanism, it is comprised of above-mentioned closed-loop

subchain and two half-moon cylinders. Let us analyze what constraints will appear

when two half-moon cylinders are inserted into those two small opening.

Considering the cylinder-plane pair (C-P pair) in point F, the C-P pair has four

freedoms including two rotational and two translational ones. They can be

expressed as four screws

$11 ¼ 1 0 0; 0 e1 f 1ð Þ
$12 ¼ 0 0 1; d2 0 0ð Þ
$13 ¼ 0 0 0; 1 0 0ð Þ
$14 ¼ 0 0 0; 0 1 0ð Þ

(4.61)

Their two reciprocal screws are as follows

$r11 ¼ 0 0 0; 0 1 0ð Þ
$r12 ¼ 0 0 1; �f 1 0 0ð Þ (4.62)

One of them is a constraint couple limiting the link 3 rotations about y axis, and
the other one is a constraint force limiting the separation of two parts of the pair

along its normal.

For the whole mechanism, the four C-P pairs of the upper and lower two

half-moon cylinders exert eight constraints to the mechanism, four of them are

constraint couples and the other four are constraint forces. It is clear, as shown in

Fig. 4.16, that the half-moon cylinders limits rotationmotion of the link 3 about y axis.
As the cylinder 3 cannot rotate about any axis parallel to line FG, and also

clearly, as the left and right cylinders, 3 and 5, connected by a slide pair C, the

cylinder 5 also cannot revolute about any axis parallel to line FG similarly. From

this analysis three of the four couples are virtual constraint. On the other hand, in

idealization manufacture with enough precision, in order to keep 4 points, F, G, H
and I, not separate, only 2 of the 4 constraint conditions are necessary. That means
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when left cylinder 3 can contact with the upper and lower two half-moon cylinders

simultaneously at points F and I, and the right cylinder 5 can also touch the same

two half-moon cylinders at points G and H. There appear two more virtual
constraints. In a word, two half-moon cylinders bring five virtual constraints.

For the whole mechanism, there are 7 links, 11 kinematic pairs, where 4 of them

are 4-DOF pairs. Besides, there are eight virtual constraints in total. Then from the

Modified G-K formula (3.4), we have

M ¼ dðn� g� 1Þ þ
X

f i þ m ¼ 6ð7� 11� 1Þ þ ð7� 1þ 4� 4Þ þ 8 ¼ 1

(4.63)

From above analysis, when left crank rotates, two links, 3 and 5, with slider do

not rotate and can only translate forward and backward, as well as the right crank

rotates in opposite direction.

When the crank rotates the configuration changes, above analysis is unchange-

able and the mobility is full-cycle.

4.2.7 Altmann Six-Bar Linkage

Figure 4.17 shows an Altmann six-bar single-loop RURU linkage [15]. Its D-H

parameters are as follows

a12 ¼ a45 ¼ 0; a23 ¼ a56 ¼ b; a34 ¼ a61 ¼ a

a12 ¼ a23 ¼ a45 ¼ a61 ¼ p
2
; a34 ¼ a56 ¼ 3p

2

Si ¼ 0 ði ¼ 1; 2; . . . ; 6Þ
y1 ¼ y4; y2 ¼ y5; y3 þ y6 ¼ 2p

(4.64)
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From which we can set the screw system as

$1 ¼ ð1; 0; 0; 0; 0; 0Þ
$2 ¼ ð0; 1; 0; 0: 0; 0Þ
$3 ¼ ð�cy2; 0; sy2; 0; �b; 0Þ

$4 ¼ ð�sy2sy3; cy3;
cy2sy2ðaþ bcy3Þ

a
; �cy2ðaþ bcy3Þ; 0; sy2ðaþ bcy3ÞÞ

$5 ¼ ðcy2; sy1sy3;
cy1sy2ðacy3 þ bÞ

b
; 0; �cy1ðacy3 þ bÞ; sy1ðacy3 þ bÞÞ

$6 ¼ ð0; �cy1; sy1; �a; 0; 0Þ

(4.65)

Its reciprocal screw is

$r ¼ bsy1 asy2 0; 0 0 abð Þ (4.66)

Then l ¼ 1, d ¼ 5, and we have

M ¼ dðn� g� 1Þ þ
X

f i þ n ¼ 5ð6� 6� 1Þ þ 6þ 0 ¼ 1 (4.67)

From the geometrical point of view, it is easier to determine. From Fig. 4.17

four screws of those six screws lie on the same XY plane. The line connects two

point E and F, which locate on the 3rd and 6th screws, respectively. This line can

intersect those six screws and is collinear with their reciprocal screw. There is a

reciprocal screw, as shown in Table 2.2, and the l ¼ 1, d ¼ 5, the result is the same.

4.2.8 Waldron Six-Bar Linkage

In 1999 Waldron proposed a quite special six-bar mechanism consisting also of two

Bennett linkages [16], ABCG and GDEF, Fig. 4.18.
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In order to analyze its mobility, it can set the screw equation for each Bennett

linkage and then eliminate $7, we have

q1$1 þ q2$2 þ q3$3 þ q4$4 þ q5$5 þ q6$6 ¼ 0 (4.68)

where qi (i ¼ 1, 2,. . ., 6) are the coefficients of the equation. Evidently, the six

screws are linearly dependent and the mobility of the mechanism is not zero.

Since the four screws, $1, $2, $3 and $4 are not in a same Bennett and also not lie

on the identical hyperboloid, then they are linearly independent. So the possible

rank of the six screws is 4 or 5. Let us firstly suppose the rank of those six screws

be 4. If so, any five screws of those six screws are certainly linearly dependent.

Considering any screw in the four screw, $4, $5, $6 and $7, can be expressed by the
linear combination of the four screws, $1, $2, $3 and $4; and also considering that

the four screws, $4, $5, $6 and $7 belong to a same Bennett and they lie the same

hyperboloid. They are linearly dependent

a4$4 þ a5$5 þ a6$6 þ a7$7 ¼ 0 (4.69)

When screws, $5, $6 and $7 all are substituted by $1, $2, $3 and $4, then Eq. (4.69)
becomes a homogeneous linear equation consisting of four screws,$1, $2, $3 and $4.
This result is contradiction with above-mentioned supposition. Then the only

possible value of the rank of the mechanism is 5. Then, d ¼ 5 and

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼ 5ð6� 6� 1Þ þ 6þ 0 ¼ 1 (4.70)

The mobility of the mechanism is full-cycle, clearly.
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4.3 Mobility Analysis of Modern Parallel Mechanisms

4.3.1 4-DOF 4-URU Mechanism

The mechanism proposed in 2000 [17], as shown in Fig. 4.19, is the first 4-DOF

structure symmetrical parallel mechanism in the world with identical four limbs.

Each limb consists of two U pairs and one R pair, where U denotes a universal joint

and is equivalent to two revolute pairs. Therefore, each limb contains equivalent

five single-DOF revolute pairs. Note that, the three axes, the 2nd, 3rd and the 4th, in

each limb are parallel. For every limb the axes of the first pair fixed on the base and

the 5th axis fixed on the platform are normal to the base and the moving platform,

respectively. Thus, the four axes fixed on the base and four axes fixed on the

platform are parallel. In addition, the direction of the second pair in each limb is

parallel to the base. And the second pairs of the four limbs are in two different

directions at least.

Let us consider the 1st limb. The local coordinate system is shown in Fig. 4.19.

Its Z1-axis is along the 1st revolute pair upward and Y1-axis along the 2nd pair

parallel to the base. The origin point of the limb system locates the center of the

crosshead. Then the five screws with above mentioned geometrical conditions are

given by

$11 ¼ ð0 0 1; 0 0 0Þ
$12 ¼ ð0 1 0; 0 0 0Þ
$13 ¼ ð0 1 0; d3 0 f 3Þ
$14 ¼ ð0 1 0; d4 0 f 4Þ
$15 ¼ ð0 0 1; 0 e5 0Þ

(4.71)

where di, ei and fi depend on the mechanism configuration and kinematic

parameters. Values of these elements are not important since they do not affect to

obtain reciprocal screws. Clearly the first element in every screw expression is zero.

Based on the simplified geometrical method, Table 2.2, their reciprocal screw is

$r ¼ ð0 0 0; 1 0 0Þ (4.72)

It is a constraint couple acting on the moving platform with its direction being

along the local X1-axis, in other words, parallel to the base. For other three limbs

they are identical with the 1st one and from the “logical ratiocination”, they each

also has a constraint couple.

For the whole mechanism, the four identical limbs impose four constraint

couples upon the platform in total; they are all parallel to the base but in two

different directions at least. Among the four constraint couples only two of them are

independent, from Table 2.1. It has no any common constraint, l ¼ 0 and d ¼ 6,
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and n ¼ 2. There is no any passive freedom. Then using Eq. (3.5), we can obtain the

mobility of the 4-UPU parallel mechanism as follows

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð10� 12� 1Þ þ 20þ 2 ¼ 4 (4.73)

There exist two independent constraint couples, and the mechanism loses two

rotational freedoms and has three translational and one rotational degree of free-

dom. This mechanism is like the famous SCARA robot with the same mobility,

Sch€onflies motions.

After any possible platform motion, including the translation and rotation, the

screw systems, in Eqs. (4.71) and (4.72), are invariable. Therefore, the mobility is

full-cycle.

Based on the analysis of this parallel mechanism here we want make an expla-

nation on this method to show how easy and why easy the mobility method are.

From the example it is clear that for this limb coordinate system to set those
screw expressions with many zero-elements is possible and easy to find their
reciprocal screws. Whereas, if we choose any global coordinate system for all

limbs, it would be very difficult and even impossible to establish Pl€ucker
coordinates of screws with different directions and positions in 3D space, and

then impossible to quickly get the reciprocal screws as well as mechanism mobility.

That is not only because we even do not know any dimension of the mechanism at

the mobility analysis phase, but also in this case the elements in screw expressions

would not be zero any more. In this case, to obtain the reciprocal screw is almost

impossible and so for the mobility. In addition, after obtaining Eq. (4.72), we use

the words “parallel to the base” to depict the direction of the constraint screw apart

from the local system (such as parallel X1-axis, etc.), then we may easily discuss the

constraints for other limbs. This is the “logical ratiocination”. A great number of

mechanisms are in the similar case, and it has to choose appropriate local system

and logical ratiocination. This is the shortcut for mobility analysis.

Z1

Z1

Y1
X1

1

4
3

2

Fig.4.19 The 4-DOF 4-URU mechanism

98 4 Mobility Analysis Part-2

http://dx.doi.org/10.1007/978-94-007-4201-7_3


Moreover, it is also easy to find the mobility’s change using the method, say, to

find the singularity. For example, if the three successive revolute pairs, the 2nd, 3rd

and the 4th in a limb were coplanar, the three screws would be consequentially

linearly dependent from Table 2.1, and the number of their reciprocal screws would

change, and then mobility changes also. The mechanism would be singular.

On the mobility analysis of parallel mechanisms, the basic idea is that
analyzing the constraint of each limb firstly, and then considering all the
constraints acting on platform to get the mechanism mobility by using ‘limb
coordinate system’ and ‘logical ratiocination’. Take the Stewart platform as a

example, as each limb is a 6-DOF kinematic chain and no any constraint acting on

the platform, the manipulator mobility is six undoubtedly.

4.3.2 3-CRR Mechanism

Figure 4.20 shows the 3-CRR mechanism with three translational freedoms pro-

posed by Kong and Gosselin [18] in 2002. The similar 3-D translational mechanism

CPM was proposed by Kim and Tsai in 2002 [19]. Actually, the same mechanism

had been proposed in 2001 [20]. The 3-CRR mechanism has three identical limbs.

Each limb consists of three parallel kinematic pairs including one cylinder pair and

two revolute pairs. The coordinate system is selected as shown in Fig. 4.20. The 1st

limb is taken to analyze. Then the screw system of the limb is

$1 ¼ ð0 0 0; 1 0 0Þ
S2 ¼ ð1 0 0; 0 0 0Þ
$3 ¼ ð1 0 0; 0 e3 f 3Þ
$4 ¼ ð1 0 0; 0 e4 f 4Þ

(4.74)

Evidently, its reciprocal screw system is

$r1 ¼ ð0 0 0; 0 1 0Þ
$r2 ¼ ð0 0 0; 0 0 1Þ (4.75)
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R1

C1

z

y
O

x

Fig. 4.20 Sketch of 3-CRR

mechanism
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They are two constraint couples parallel with y- and z-axes, respectively. In other
words, they are normal to the 1st revolute pair of that limb.

Similarly, two constraint couples for the 2nd or 3rd limbs can directly be

obtained only by simple logical ratiocination: because the structures of the 2nd or

3rd limbs are identical with the 1st limb, the corresponding two constraint couples

of the 2nd or 3rd limb are also normal to their 1st revolute axis, respectively.

Therefore, for the whole mechanism there are six constraint couples normal to three

different axes acting on the moving platform. Based on the Table 2.1, there are three

redundant constraints and no any common constraint, that is n ¼ 3 and l ¼ 0.

From the Modified Gr€ubler-Kutzbach Criterion, the mobility is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ v ¼ 6ð11� 12� 1Þ þ 12þ 3 ¼ 3 (4.76)

After any finite translation of the mechanism, Eqs. (4.74), (4.75) and (4.76) are

invariable and the mobility is also not instantaneous.

4.3.3 Zlatanov and Gosselin’s Mechanism

In 2001 Zlatanov and Gosselin proposed a 4-DOF parallel mechanism [21], as

shown in Fig. 4.21. It consists of three (RRR)RR kinematic chains. The axes of the

first three intersect at a common centre point and the last two are parallel to each

other and parallel to the upper platform. Three limbs of the mechanism are fixed to

the basic plane symmetrically and three centre points are coincident.

To analyze the mechanism one of the limb is taken to show the coordinate

system, as shown in Fig. 4.21b. The limb screw system is as follows

$1 ¼ ð1 0 0; 0 0 0Þ
$2 ¼ ða2 b2 c2; 0 0 0Þ
$3 ¼ ða3 b3 c3; 0 0 0Þ
$4 ¼ ða4 b4 0; d4 e4 f 4Þ
$5 ¼ ða4 b4 0; d5 e5 f 5Þ

(4.77)

Let us take one point ðx4; y4; z4Þ in axis 4 and a point ðx5; y5; z5Þ in axis 5, we have

d4 ¼ �b4z4; e4 ¼ a4z4

d5 ¼ �b4z5; e5 ¼ a4z5

To solve the reciprocal screw the following equations are used

$r � $i ¼ 0 i ¼ 1; 2; 3; . . . ; 5
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For the five screw equations a reciprocal screw is obtained as

$r ¼ ða4 b4 0; 0 0 0Þ (4.78)

It is a constraint force passing through the origin point and parallel to the 5th

screw axis and also parallel to the moving platform. Three limbs have three

constraint forces all parallel to moving platform. Therefore they are coplanar and

intersect at a common point and linearly dependent as well, Table 2.1. l ¼ 0,

d ¼ 6, v ¼ 1. So that

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð14� 15� 1Þ þ 15þ 1 ¼ 4 (4.79)

Since there two independent constraint forces exist and two translational

motions are limited. The mechanism has 4 DOF including three rotational and

one translational freedoms.

4.3.4 Carricato’s Mechanism

Figure 4.22 shows the Carricato’s mechanism [22]. It has four limbs and three of

them are identical 4-DOF PRPR kinematic chain and the other one is a 7-DOF
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Fig. 4.21 Zlatanov and Gosselin mechanism (a) 3-(RRR)RR mechanism (b) a limb
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RUPUR chain located in the middle of both the lower and upper platforms. The

upper end of the 4th limb is attached on the moving platform and follows the motion

of moving platform. The three slide-ways in the base platform and three revolute

axes in the moving platform of three PRPR chains are perpendicular to each other,

respectively. The middle chain RUPUR connects with the fixed and the moving

platforms by two revolute pairs, as shown in Fig. 4.22b, and something like that in

Sect. 4.1.3 Fig. 4.4. The robot hand is just the end-link of the RUPUR chain and can

rotate about the axis of the last rotational pair R of RUPUR chain, which is

connected to the moving platform. Set the coordinate system o-xyz, as shown in

Fig. 4.22, where x, y and z axes are parallel to the three slider-ways, respectively.

Firstly, let’s analyze the 1st PRPR limb. The axis of the last pair of the limb is

aligning with the x axis. The four screws are expressed as follows

$11 ¼ ð0 0 0; 1 0 0Þ
$12 ¼ ð1 0 0; 0 e2 f 2Þ
$13 ¼ ð0 0 0; 0 e3 f 3Þ
$14 ¼ ð1 0 0; 0 0 0Þ

(4.80)

Their reciprocal screw system is

$r11 ¼ ð0 0 0; 0 1 0Þ
$r12 ¼ ð0 0 0; 0 0 1Þ (4.81)

Z
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R

O
P

limb1

R

P

Fig. 4.22 Carricato mechanism
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They have two constraint couples both normal to the axis of the rotational pair

of the limb.

The other two identical limbs have similar results. For the 4th chain, it has seven

screws, which are linearly dependent and six of them are independent, and it does

not impose any constraint to the platform.

That means the four limbs act six constraint couples to the upper platform in

total, only three of them are independent and the platform is subjected three

constraint couples and loses three rotational freedoms. That means the platform

has three translational freedoms. For the whole mechanism n ¼ 3 and the mobility

of the mechanism is

Mp ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð15� 17� 1Þ þ 19þ 3 ¼ 4 (4.82)

For Carricato’s mechanism, the mobility is the sum of that of the parallel

mechanism and the serial one, i.e. the mobility is four.

Note that, for this mechanism no matter what displacement occurs, the screw

systems are unchangeable and the mobility is full-cycle.

For more clear here an explanation is given. As the seven screws of the

7-freedom RUPUR branch are linearly dependent, their rank is 6. The end-link of

this branch is moveably attached on the moving platform and follows any motion

of the platform. Meanwhile, as its seven screws are linearly dependent, there

appears a “local freedom”, which does not affect to the motion of the platform on

the one hand, but that local freedom is used for the rotation of the robot effector

on the other hand.

4.3.5 Delta Mechanism

The mobility analysis of the Delta robot [23], Fig. 4.23, is also not difficult by using

the method. Here the constraint screw principle and generalized pair are used in

analysis. The mechanism has a four-spherical-joint closed-loop chain in each limb.

The closed-loop can be considered as a generalized kinematic pair and replaced by

an equivalent serial chain with the same mobility for mobility analysis.

In Fig. 4.24a, A, B, C and D are four spherical pairs. There are two cases for the

closed-loop: AD and BC are parallel, AD//BC; and AD and BC are not parallel.

(1) 4S loop coplanar

When AD and BC are parallel, the 4S loop is coplanar. To analyze the mobility of

the output link CD, it can be considered as a parallel mechanism with two limbs and

each limb is a SS kinematic chain. For its 1st limb, the SS chain has six equivalent

single-DOF kinematic pairs which can be written as follows
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$11 ¼ ð1 0 0; 0 0 0Þ
$12 ¼ ð0 1 0; 0 0 0Þ
$13 ¼ ð0 0 1; 0 0 0Þ
$14 ¼ ð1 0 0; 0 e4 0Þ
$15 ¼ ð0 1 0; d5 0 0Þ
$16 ¼ ð0 0 1; 0 0 0Þ

(4.83)

Evidently, they are linearly dependent and there is a reciprocal screw

$r1 ¼ ð0 0 1; 0 0 0Þ (4.84)

It is a constraint force along the direction of link AD.
For the 2nd limb, similarly, there is a constraint force along BC

$r2 ¼ ð0 0 1; d2 0 0Þ (4.85)

Fixed platform

R

4S loop

Moving
platform

Fig. 4.23 Sketch of Delta

robot
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a bFig. 4.24 The 4S loop and

equivalent serial chain (a) the

4S closed-loop (b) the serial

chain
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For the whole 4S planar single-loop chain each imposes a constraint force

along the link to the CD. The end-link CD of the closed loop is constrained by

two forces along AD and BC, respectively, and then the link CD loses two freedoms,

including a translational freedom along direction AD and a rotational freedom

about the normal of plane ABCD. The mobility, Eq. (3.7), of the link CD is

MN ¼ dðn� g� 1Þ þ
Xg

i�1

f i þ n� z ¼ 6ð4� 4� 1Þ þ 12þ 0� 2 ¼ 4 (4.86)

Therefore the mobility of link CD of the 4S loop is four. In order to determine

the characteristics of the mobility it can take the second-time reciprocal screw of

Eqs. (4.84) and (4.85) as follows

$m1 ¼ ð0 1 0; 0 0 0Þ
$m2 ¼ ð0 0 1; 0 0 0Þ
$m3 ¼ ð0 0 0; 1 0 0Þ
$m4 ¼ ð0 0 0; 0 1 0Þ

(4.87)

Then the generalized pair has four freedoms, which can be expressed as those

four kinematic screws. The link CD can rotate about Y- and Z-axes and translate

along X- and Y-axes, respectively. By the way, if the 4S loop is not a rectangle but a

parallelogram the result is the same.

Each limb of Delta consists of a 4S closed-loop and a revolute pair connected to

the upper platform, the frame. Then the equivalent limb of the Delta has five

kinematic pairs including three revolute pairs and two prismatic pairs, RRRPP.

In this Delta limb, the Y-axis of the limb coordinate system is still along the axis of

AB of the 4S loop, and X-axis along the normal of the 4S loop. Therefore, the

equivalent limb of Delta consists of five serial kinematic pairs, and the limb screws

are as follows

$m0 ¼ ð0 1 0; d 0 f Þ
$m1 ¼ ð0 1 0; 0 0 0Þ
$m2 ¼ ð0 0 1; 0 0 0Þ
$m3 ¼ ð0 0 0; 1 0 0Þ
$m4 ¼ ð0 0 0; 0 1 0Þ

(4.88)

The reciprocal screw is

$ri ¼ ð0 0 0; 1 0 0Þ (4.89)

That indicates each limb acts a constraint couple about X-axis to the moving

platform, i.e. normal to the plane of 4S plane.
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Considering the whole mechanism three identical limbs will exert three

constraint couples in total on the moving platform about three different inclined
lines. They are linearly independent and constrain three rotational motions. There-

fore, the mechanism has three translational freedoms. In the meantime there is no

any common constraint and redundant constraint, l ¼ n ¼ 0. For the mechanism

with three generalized pairs using the Modified G -K Criterion, we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð14� 15� 1Þ þ 15þ 0 ¼ 3 (4.90)

The result also shows that the mechanism has three freedoms.

The reader may ask since the mobility of Delta before using the Modified G-K

criterion has been derived as above-mentioned by reciprocal screw analysis, and

the analysis using the Modified G-K Criterion seems not necessary. For the Delta

parallel mechanisms the result may be obtained not directly using the modified G-K

criterion, however the two methods can be proved mutually. In addition, the

Modified G-K Criterion is often indispensable to mobility analysis of many

single-loop mechanisms. That is to say, the Modified G-K Criterion is universally

applicable to all mechanisms.

The above analysis is based on generalized pairs and the equivalent mechanism.

However, we can analyze the mobility directly by using Eq. (3.5), as all the virtual

constraints have been obtained from above-analysis procedure. The whole mecha-

nism has 11 links and 15 kinematic pairs. From above analysis we also know that

not only there is no any virtual constraint inside the 4S loop, but also no virtual

constraint for three limbs connecting two upper and lower platforms. Then applying

Eq. (3.5), yields

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð11� 15� 1Þ þ 39þ 0 ¼ 9

Considering that there are six local freedoms for six SS chains corresponding to

three 4S loops, the mobility of the Delta is also 3. The two results are identical. This

analysis also proves the Delta mechanism is not an over-constrained one.

(2) 4S Loop non-coplanar

For the second case, when the closed loop cannot keep a parallelogram, which

means links AD and BC are not parallel any more, as shown in Fig. 4.25a. The two

reciprocal screws are as follows

$r1 ¼ ð0 0 1; 0 0 0Þ
$r2 ¼ ða b c; c 0 � aÞ (4.91)

In this case, the output link CD of the closed loop will be subjected to two

constraint forces as follows
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$r1 ¼ ð0 0 1; 0 0 0Þ
$r2 ¼ ða b c; c 0 � aÞ (4.92)

Those two forces limit two translation freedoms and allow four freedoms as

follows

$m1 ¼ ð0 1 0; 0 0 0Þ
$m2 ¼ ð0 0 1; 1 0 0Þ
$m3 ¼ ða b c; 0 0 0Þ
$m4 ¼ ð0 0 0; �b a 0Þ

(4.93)

The 1st one is rotation freedom about Y-axis. The 2nd one is also a rotation freedom
about Z-axis. The 3rd one is also a rotation freedom about a direction ð a b c Þ, and
the 4th one is a translational freedom along direction �b a 0ð Þ. Then, the 4S loop
is still a 4-DOF one but 3R1T.

Also considering that there is another revolute pair fixed on the fixed platform,

the limb screw system containing five screws is as follows

$m0 ¼ ð0 1 0; d 0 f Þ
$m1 ¼ ð0 1 0; 0 0 0Þ
$m2 ¼ ð0 0 1; 1 0 0Þ
$m3 ¼ ða b c; 0 0 0Þ
$m4 ¼ ð0 0 0; �b a 0Þ

(4.94)

The reciprocal screw can be obtained by solving the following equations

$r � $i ¼ 0 i ¼ 1; 2; . . . ; 5

The reciprocal screw is

$rðaf bf � ad; cf 0 � af Þ (4.95)

From the result it is known that the pitch of the screw is non-zero limited value,

as $r � $r0 6¼ 0. That means that the pitch of the reciprocal screw is neither zero nor

infinite.

This can also be explained by using geometrical method. As shown in Fig. 4.25b,

above five moving screws are denoted by five red hollow arrows. The rotation pair

$m0 fixed on frame is parallel to Y-axis. $m1 is along Y-axis, and $m2 passes point 4 and

parallel to Z-axis, and$m3 passes origin and parallel link 3–4, and finally, $m4 normal

to $r1 and $
r
2. Plane P is determined by Z-axis and $m3 and parallel to $m2 . All lines in

plane P intersect $m4 orthogonally.

4.3 Mobility Analysis of Modern Parallel Mechanisms 107



If a line can intersect all constraint forces and normal to constraint couple, it can

be a constraint force screw with pitch zero, Table 2.2. This is impossible, if draw a

line passes pointQ and parallel to$m2 , the line is impossible to pass pointO any more

and meet $m1 . That indicates there the constraint force does not exist. Does there a
constraint couple exist? It is also impossible to find a vector normal to all different-

direction four screws with zero-pitch, Fig. 4.25b. From the above analysis, the

possible pitch of constraint screw is non-zero limited value.

Suppose that one of the limbs of the Delta mechanism is in the 2nd cases. The

limb exerts a constraint screw with pitch non-zero limited value to the moving

platform. In this case, the mechanism is not a 3D translational mechanism. From the

analysis we know that, for a Delta mechanism it has to keep every closed-loop

being a planar parallelogram after being assembled.

4.3.6 H4 Manipulator

H4 is a complex parallel manipulator proposed by Pierrot and Company [24], as

shown in Fig. 4.26. The mechanism consists of four limbs. All four limbs connect

the fixed frame and centre moving “H”, which is a three-bar movable platform.

From another point of view, link EF can also be selected as the centre moving

platform of H4 mechanism and then the mechanism has only two limbs. In this case,

each limb of the mechanism is a double-layer closed loop: the inner-loop being a 4S

parallelogram, as shown in Fig. 4.27a, and the outer-loop is GHBAIJ, as shown in

Fig. 4.27b. We take the second view for mobility analysis.
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Fig. 4.25 4S closed loop (a) two constraint forces (b) reciprocal screws
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(1) The inner-loop parallelogram

The inner-loop PQRS, Fig. 4.27a, corresponding parallelogram BH, Fig. 4.26b,
consists of four spherical pairs and can be treated as a generalized kinematic pair

similar to that for Delta mechanism. There are two cases for the closed-loop of the

parallelogram also.

1. PQ is parallel to RS;

2. PQ is not parallel to RS;

Similar to Delta mechanism, for the first case, PQ//RS, the generalized pair,

parallelogram PQRS, can be replaced by a four-pair kinematic chain containing two

revolute pairs and two prismatic pairs, RRPP. For the system P-X0Y0Z0 the four-pair
chain is as follows

$1 ¼ ð1 0 0; 0 0 0Þ
$2 ¼ ð0 0 1; 0 0 0Þ
$3 ¼ ð0 0 0; 1 0 0Þ
$4 ¼ ð0 0 0; 0 1 0Þ

(4.96)
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Fig. 4.27 The two loops of the mechanism (a) PQRS subchain (b) the outer loop
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(2) The outer-loop

The outer-loop, GHBAIJ, Fig. 4.27b, can be treated as another generalized kine-

matic pair with the output link AB. It has two identical limbs and each limb consists

of five kinematic pairs: besides the 4-DOF equivalent RRPP serial chain, as shown

in Eq. (4.96), the fifth rotational pair is at point G or J, respectively. The screw of

kinematic pair G which is parallel to X0-axis and fixed on the base with respect to

system P-X0Y0Z0 (Y0-axis is normal to parallelogram) is as follows

$5 ¼ ð1 0 0; 0 e5 f 5Þ (4.97)

For the equivalent limb with five screws, Eqs. (4.96) and (4.97), a reciprocal

screw is obtained as follows

$r ¼ ð0 0 0; 0 1 0Þ (4.98)

It is a constraint couple about the direction normal to the parallelogram PQRS,

and constrains a rotation freedom of link AB about that normal.

For the whole out-loop GHBAIJ, its two limbs exert two constraint couples on

link AB, which are screws with infinity-pitch and their axes are perpendicular to
two parallelograms, respectively. The coordinate system E-XYZ is shown in

Fig. 4.27b, then the first constraint screw lies in plane E-XY, and the other in

plane E-XZ. The two constraint couples can be rewritten as

$r1 ¼ ð0 0 0; d1 e1 0Þ
$r2 ¼ ð0 0 0; d2 0 f 2Þ

(4.99)

Then the generalized pair corresponding to the outer loop, GHBAIJ, has four

relative degrees of freedom and can be replaced by a 4-DOF serial chain with

four screws, which are reciprocal to$r1 and$
r
2 in Eq. (4.99), simultaneously. The four

freedoms include one rotational and three translational freedoms. The rotation axis

is perpendicular to both $r1 and $r2 . The four-screw equivalent serial chain of the

outer-loop is

$1 ¼ ð0 0 0; 1 0 0Þ
$2 ¼ ð0 0 0; 0 1 0Þ
$3 ¼ ð0 0 0; 0 0 1Þ
$4 ¼ ðe1f 2 � d1f 2 � e1d2; 0 0 0Þ

(4.100)

Note that, for the outer-loop sub-chain the four passive freedoms, appearing in S-

S chain, are already ignored here.

(3) The whole H4 mechanism

When analyzing mobility of the whole H4 mechanism, the two outer-loop closed-

chains, GHBEAIJ and KLDFCMN, of the original H4 mechanism can be replaced
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by two equivalent serial kinematic chains, P1P2P3R1RE and P4P5P6R2RF, Fig. 4.28.

The mobility of the whole H4 is equivalent to a single-loop mechanism with two

limbs. Let us firstly consider the serial chain, P1P2P3R1RE. For the same coordinate

system E-XYZ, there are five kinematic pairs. Besides the four in Eq. (4.100) the

other one is a revolute pair at point E, Fig. 4.26b, along Z-axis and passes the origin
point E of the coordinate system E-XYZ, then it is

$5 ¼ 0 0 1; 0 0 0ð Þ (4.101)

The reciprocal screw of the five screws including Eqs. (4.100) and (4.101) is

$r1 ¼ 0 0 0; d1 e1 0ð Þ (4.102)

The screw with 1-pitch is a constraint couple lying in plane E-XY. In other

words, the first limb exerts a couple normal to Z-axis upon the output link EF.
The similar result is obtained for the other outer-loop, KLDFCMN. The 2nd limb

P4P5P6R2RF, also exerts a couple upon EF normal to Z-axis and with the similar

form of Eq. (4.102)

$r2 ¼ 0 0 0; dr2 er2 0ð Þ (4.103)

Generally, d1 6¼ dr2 and e1 6¼ er2, then $r1 6¼ $r2. Thus, there are two independent

constraint couples acting on EF and lying in the same plane E-XY with different
directions and constraining two rotational freedoms. They can be considered as

equivalent couples along X- and Y-axis, respectively. The mechanism has four

degrees of freedom including one rotational and three translational freedoms.

The rotational freedom is about Z-axis. Meanwhile, we know that for the equivalent

mechanism, l ¼ n ¼ 0, and using the Modified G-K Criterion, Eq. (3.7), for the

equivalent mechanism in Fig. 4.28, the nominal mobility of H4 is

MN ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n� z ¼ 6ð10� 10� 1Þ þ 10 ¼ 4 (4.104)

Therefore, the nominal mobility of H4 mechanism is four. In fact, H4 mecha-

nism has eight passive freedoms. Here we take z ¼ 0 because these passive

P1

P2

P3

P4

P5

P6

R1R2 ABCD

EF

Fig. 4.28 The equivalent

mechanism
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freedoms have been ignored in the middle analysis procedure. In addition, after

any possible finite displacement of the mechanism, the mobility evidently keeps

invariable. From above analysis it also indicates that the mechanism is not an

over-constraint one.

4.3.7 Yang’s Mechanism

Figure 4.29 shows a mechanism with 10 links and 12 kinematic pairs proposed by

Yang in 2005 [25]. The mechanism keeps some special geometrical characteristics,

as C1//C3//R2//R4//R6, R7//R8. In the mean time, the six axes: C1, C3, R2, R4, R7 and

R8, are not coplanar.

In order to analyze the mobility of the mechanism, it can be considered as a

parallel mechanism with three limbs. Its 4th link is a centre moving platform. Its 1st

limb includes two kinematic pairs: cylindrical pair C1 and rotational pair R2. The

2nd limb contents helical pair H5 parallel to C1, rotational pair R4 and cylinder pair

C3. The 3rd limb consists of a special 4-slider loop, P9, P10, P11 and P12 as well as

two rotational pairs, R6 and R7.

For the 1st limb, let the x1-axis of the coordinate system be along the common

perpendicular line of C1 and R2, and y1 along R2. Then the screw system of the 1st

limb is as follows

$11 ¼ 0 1 0; 0 0 f 11ð Þ
$12 ¼ 0 0 0; 0 1 0ð Þ
$2 ¼ 0 1 0; 0 0 0ð Þ

(4.105)

C1

R2

C34

H5

R6 R7

R8

P9

P10
P11

P12

1

2
R4

3

Y3
Fig. 4.29 Yang linkage
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Their reciprocal screws are

$r11 ¼ 0 0 0; 1 0 0ð Þ
$r12 ¼ 0 0 0; 0 0 1ð Þ
$r13 ¼ 1 0 0; 0 0 0ð Þ

(4.106)

The three reciprocal screws are expressed as red arrow and red bi-directional arrow

in Fig. 4.29, respectively. They are two constraint couples and one constraint force.

For the 2nd limb, let x2 axis along the common perpendicular line of axes C3 and

R4, and y2 along R4 axis. Then four single-DOF kinematic pairs of the 2nd limb are

expressed as

$5 ¼ 0 1 0; 0 h 0ð Þ
$4 ¼ 0 1 0; 0 0 0ð Þ
$31 ¼ 0 1 0; 0 0 f 31ð Þ
$32 ¼ 0 0 0; 0 1 0ð Þ

(4.107)

As they are linearly dependent, and only three of them are independent. They

have three reciprocal screws as

$r21 ¼ 0 0 0; 1 0 0ð Þ
$r22 ¼ 0 0 0; 0 0 1ð Þ
$r23 ¼ 1 0 0; 0 0 0ð Þ

(4.108)

The three reciprocal screws include two constraint couples and one constraint

force also.

For the 3rd limb, firstly consider the four-slider loop in that limb, from Sect. 4.1.5

we know it is a one-DOF closed-loop and can be considered as a generalized

prismatic pair here and denoted as PG. In this case, the 4th limb becomes a kinematic

chain contained pairs PG, R8, R7 and R6. Let the intersecting point of the axes R6 and

R7 be the origin point of the coordinate system, and the plane determined by two axes

R7 and R8 be the coordinate system xy plane as well as the direction of y-axis be
normal to the direction of the slide of the PG pair (in a plane it always can find a line

be normal to a direction in space).1 Then, screw system of the 3rd limb including a

generalized pair is as follows

$P ¼ 0 0 0; dP 0 f Pð Þ
$8 ¼ a7 b7 0; 0 0 f 8ð Þ
$7 ¼ a7 b7 0; 0 0 0ð Þ
$6 ¼ a6 b6 c6; 0 0 0ð Þ

(4.109)

1Here it needs not know the actual direction of PG.
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It has two reciprocal screws. One is a line-vector force passing through origin

point and aligning with y-axis

$r31 ¼ 0 1 0; 0 0 0ð Þ (4.110)

And the other is a constraint couple

$r32 ¼ 0 0 0; b7c6 �a7c6 a7b6 � a6b7ð Þ (4.111)

It is about the direction determined byS7 � S6, i.e. normal to R6 denoted by a red

point in the figure.

When analyzing the centre link 4, Fig. 4.29, the above-mentioned three limbs

has eight reciprocal screws in total acting on link 4, where five screws are constraint

couples in space and only three of them are independent. There exist two virtue

constraints. Those three constraint forces are independent. That means the centre

platform 4 has no any freedom. In the mean time, there is no any common

constraint, l ¼ 0, d ¼ 6 and n ¼ 2. We have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð8� 9� 1Þ þ 11þ 2 ¼ 1 (4.112)

The mobility of the system is one. It is not inconsequent with above analysis.

The centre platform 4 has no any freedom, but the system has mobility and it exists

in limb 2, as there the screw system is linearly dependent.

Considering the full links Eq. (3.4) is used to analyze the mobility. The mecha-

nism has 10 links and 12 kinematic pairs and 5 over-constraints besides the

above-mentioned two virtual constraints there include other three coming from

4P closed-loop chain, Sect. 4.1.5. Then

MN ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ m� z ¼ 6ð10� 12� 1Þ þ 14þ 5� 1 ¼ 0

(4.113)

It indicates that the freedom of link 4 is zero. The mobility is full-cycle.

4.4 Mobility Analysis of Hoberman Switch-Pitch Ball

There are some mechanisms which structure is more complex and even with not

only multi-loop but coupling also. It can be called as Multi-loop coupling

mechanisms. In the following sections two kind of this mechanism are discussed.
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The 2002 winter Olympics in Salt Lake City still dwells in our memories.

Especially, a color-changing toy also catches our view. It is called as “Hoberman

Switch-pitch ball”, Fig. 4.30 [26]. The colors will be magically flipped as long

as it is tossed in air. It can be named as “coupling multi-loop mechanism”.

Wei et al. [27] made some kinematic analysis of the Hoberman switch-pitch ball.

Here we want to study the mobility of this coupling multi-loop mechanism.

4.4.1 Structure Analysis

As shown in Fig. 4.30, the surface of the Hoberman switch-pitch ball is spliced by

4 round sheets and 12 laminas all with the same color. Each round sheet is

surrounded with three laminas. Each lamina belongs to a beanpod-like link with

two different color laminas, blue and red, and the two different laminas form an

angle of about 60�. Each round sheet has three revolute joints fixed on its reverse

distributed in an equilateral triangle. Every connecting rod isΩ-shaped, Fig. 4.31,

and its vertex connects the beanpod-like lamina. The Ω-rod connects two round

sheets with two joints in its two ends. The ball comprises of eight round sheets,

four of them are red and other four are blue, 20 links inside the ball and 24

revolute joints in total.

When the laminas of ball turn over the four identical-color round sheets move

outwards and other four inward, the ball then changes color, and the ball surface

keeps symmetrical with respect to its center point all long.

It can find that there exists an exceptive configuration when the ball turns its

color. At this configuration all the 8 round sheets locate at identical spherical

surface with the same distance to the ball center and the 12 connecting rods are

all in the directions normal to the corresponding radii of the ball. The whole

mechanism forms a convex ball as we have seen in Fig. 4.30c. In addition, all

rods and platforms have the same dimension.

Fig. 4.30 Hoberman switch-pitch ball (a) blue ball (b) red ball (c) in moving
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In order to express the Hoberman switch-pitch ball into a normal mechanism,

every round sheet can be expressed by a triangle platform Vi on which three joints

are located. TheΩ-shaped connecting rod can be abstracted to a straight link, which

connects two platforms. Therefore, the inner mechanism of the ball is schematically

shown as Fig. 4.32a. From the figure, the mechanism has six closed-loops and each

spatial closed-loop contains eight revolute pairs and eight links including four

platforms, Fig. 4.32b.

In order to analyze the mechanism, the initial configuration of the mechanism
is assumed to be symmetric about its centre point O, as shown in Fig. 4.32a.

Fig. 4.31 O-shaped link and laminas
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Fig. 4.32 Sketch of the ball mechanism (a) sketch of the ball mechanism (b) spatial

single- closed loop
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As we have introduced before, when the laminas of ball turn over the ball changes

its color, and it can keeps symmetrical with respect to its center point all long.

For this assumption, we will analyze how the mechanism can keep symmetrical

when it continuously moves.

4.4.2 Three-Link Chain

Firstly, a three-rod chain is taken to analyze from the view of the single-closed loop,

Fig. 4.33a. In this three-rod serial chain, EFGH, the axes of two pairs of joints,

E and F, G and H, are parallel, respectively. In the initial configuration, every loop

is plane-symmetric, therefore, the four axes intersect at two points a and b,
respectively, as shown in Fig. 4.33b. Since the three-rod serial chain has three

links and four kinematic pairs, it will bring two constraints to the platform V3,

Fig. 4.33b, by mobility principle, M ¼ 3� 6� 4� 5 ¼ �2.

The two constraints will limits two freedoms of that platform, V3. The two

constraints can be obtained by screw analysis, but for facilitating here the geomet-

rical method is applied also based on screw theory and Table 2.2.

1. There a constraint couple exists, since the four kinematic screws are respectively

parallel. By Table 2.2, only when line vector and couple are perpendicular they

are reciprocal. The constraint couple should be normal to the platform triangle

and also normal to the four revolute pairs, as shown by the bi-directional arrow,

Fig. 4.33b. The constraint couple limits the relative rotation between two

platforms connected by the three-rod chain.

E

6

7

8

F

G

H

a

b

ba

Fig. 4.33 Three-link four-pair chain (a) three-link chain (b) constraint screws
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2. The other reciprocal screw is analyze as follows

(a) When the three-rod chain is symmetrical, from Table 2.2 the reciprocal

screw is a constraint force passing points a and b. This is because it can

intersect with axes of the four revolute pairs, Fig. 4.33b. The constraint force

limits the relative translation between two platforms connected by the three-

rod chain.

(b) When the three-rod chain is asymmetrical, the reciprocal screw is a screw

with 1-pitch. But as we have assumed the mechanism is symmetrical the

case cannot appears and here we also do not give more explanation.

Based on the symmetric assumption before the three-rod chain acts to the V3 by

two reciprocal screws, one of them is a constraint force and the other is a constraint

couple, as shown in Fig. 4.33b. The constraint couple is normal to the triangle

platform of the three-rod chain, and the force passes the two intersecting points a
and b of the four revolute axes.

4.4.3 Eight-Link Loop

The eight-link loop, Fig. 4.32b, contains four triangle platforms, and four links,

eight revolute pairs. The eight-link loop has four pairs of parallel axes for the eight

revolute pairs. For analyzing the mobility of the eight-rod loop, it can be considered

as a parallel mechanism with two limbs, and V3 is the moving platform of the

parallel mechanism. Its each limb has four revolute pairs and their four axes form

two pair of parallel axes, respectively (Fig. 4.34).

Let us firstly consider ABCD limb in Fig. 4.32b. Based on the analysis above

corresponding to the four moving screws of ABCD limb connecting platforms V1

and V3, the four axes form two pairs of parallel lines, respectively. The limb acts

two constraints to V3. One of them, $r1, is a constraint force passing through those

2P
1P
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Fig. 4.34 Constraints acting on V3
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two intersecting points formed by corresponding four revolute pairs, and other one,

$r2 , is a constraint couple normal to the triangle platform, V2. Also it is known

that the two constraints lie on the plane bisector the dihedral angle. Similarly, limb

EFGH also acts similar two constraints to V3.

As each limb acts two constraints to V3 the moving platform V3 is subjected to

four constraints including two forces, $r1 and $
r
3 and two couples as well, $r2 and $

r
2.

For the four constraints there are two reciprocal screws corresponding its two

moving screws. That means the eight-rod loop has two freedoms. When using the

Modified G-K formula, Eq. (3.5), to analyze the mobility, there is neither any

common constraint nor parallel constraint, l ¼ 0, n ¼ 0. Then we have

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð8� 8� 1Þ þ 8þ 0 ¼ 2 (4.114)

In order to know the mobility property being rotational or translational, using

screw theory that reciprocal screw, which can be normal to all constraint couples

and intersect all constraint forces, expresses a rotational-motion screw with zero-

pitch; and that reciprocal screw, which can be normal to all constraint forces,

denotes a translational motion screw with 1-pitch. Then, the platform V3 has two

freedoms, one is rotational and the other is translational.

Figure 4.35a illustrates two constraint couples, red bi-directional arrow, which

determine a plane and its normal, red hollow arrow, is just the axis direction about

which V3 is able to rotate, $
m
2 , and its axis also passes the intersection point of $

r
1 and

$r3 , Table 2.2; Fig. 4.35b illustrates two constraint forces, $r1 and $r3 , and the

translational screw,$m1 , of platform V3 is along the normal line of plane determined

by $r1 and $r3.
Since the mechanism is symmetrical, the four screws, $r1 , $

r
2 , $

r
3 , $

r
4 are also

symmetrical. Then the two moving screws $m1 and $m2 should also locate on the

symmetrical plane of the eight-rod loop in Fig. 4.35.

Two moving screws, $m1 and $m2 , indicate V3 can translate up and down along axis

of$m1 , as well as rotate about axis of$
m
2 . When V3 translates downwards V3 is close to

the center of ball, and in other words, V3 is close to V1. Meanwhile, the distance

between V2 and V4 increases also. However, the figure is still symmetrical.

On the other hand, if V3 rotates about $
m
2 in any case the eight-bar loop becomes

asymmetrical, Fig. 4.36.

4.4.4 Double Loop

When adding a five-bar chain, IJKLMN, to that eight-rod loop, a double-loop chain
with 13 links and 14 revolute pairs is obtained, Fig. 4.37a. Since the five-bar six-

pair chain does not bring into any new constraints to the original linkage,M ¼ 5
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�6� 6� 5 ¼ 0, the double-loop chain has also two freedoms. From the modified

G-K formula, Eq. (3.4), we have

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ m ¼ 6ð13� 14� 1Þ þ 14þ 0 ¼ 2 (4.115)

Evidently, the additional chain, IJKLMN, does not bring into any new con-

straint, then

1. V3 as well as V5 have similar motion, when V3 moves downwards, V5 also goes

down; meanwhile, V2, V4 and V6 move outwards. In this case the mechanism can

still keep symmetrical.

2. When V3 rotates, the motion of V5 becomes complex and the mechanism is

deflective, as shown in Fig. 4.36b, and mechanism cannot keep symmetrical

any more.

4.4.5 Three-Loop Chain

When adding a three-rod chain O0PQR0 to the two points, O and R, of the double-
loop chain, Fig. 4.37a, a three-loop chain with 16 bars is obtained, Fig. 4.38b.

The O0PQR0 chain brings two constraints to the double-loop mechanism and

will limits the relative motion between points O and R of the double-loop chain.

1. As shown in Fig. 4.37b, the constraint force will limit the relative translation

between platforms V3 and V5 along the direction of the constraint force.

However, it has known before that points O and R in double-loop are impossible

to translate along this direction. Then this constraint is redundant.

2. O0PQR0 chain also brings into a constraint couple, and it wants also limit

the possible relative rotation between the two platforms V3 and V5. That means

the angle between axes O and R in double-loop chain is limited to be unchange-

able. In other words, the constraint couple limits the relative rotational motion

of the platforms between V3 and V5. Then, this constraint is not redundant and

the three-loop chain becomes the one with only one DOF.

Using Modified G-K formula, Eq. (3.4), m ¼ 1, we have

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ m ¼ 6ð16� 18� 1Þ þ 18þ 1 ¼ 1 (4.116)

The calculation also proves above analysis by using screw analysis.

From the above analysis we know that after adding the three-rod
chain O0PQR0 to the double-loop chain, a three-loop chain is formed.
The platforms V3 and V5 in three-loop chain cannot rotate, and the three-loop
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chain is impossible to be asymmetry any more. The three-loop chain has to be
symmetrical. Now, the assumption for the mechanism should be a symmetrical

ball is proved.

4.4.6 The Whole Mechanism

When adding a trifurcate chain, S0T0U0, Fig. 4.38a, to the three-loop chain, a

integrated Hoberman Switch-Pitch mechanism is obtained, Fig. 4.32. For the

trifurcate chain, S0T0U0, it has three limbs and as any pair of limbs exerts two

constraints to the three-loop chain, the three-loop chain is acted upon by six

constraints in total. Meanwhile, for the trifurcate chain, S0T0U0 with four bars and

six kinematic pairs, it brings the six constraints to the three-loop chain as: M ¼ 4

�6� 6� 5 ¼ �6 . From Fig. 4.38a, between any two limbs there are two

constraints limiting two relative motions to the connected two points. Therefore,

among the three outside kinematic pairs of the trifurcate chain, S0T0U0, there appear
six constraints including three couple and three forces.

Firstly, considering the three couples, as we have known before, they all should

be normal to the same platform V7, and we have know also that the platforms of the

three-loop chain has been not to be able to rotate any more. Therefore the three

couples all are redundant. On the other hand, those three constraint forces limit the

possible displacements between connected two points, respectively; however, it is

also proved that it is impossible. So the three constraint forces are also redundant.

'T

'U

'S

T
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a b

Fig. 4.38 The last combination (a) four-link six-pair chain (b) three-loop chain
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Now, for the whole magic ball there are 20 links, 24 rotational pairs, and 7

redundant constraints in total. Considering m ¼ 7, from the Modified G-K formula

(3.4), we have

M ¼ 6ðn� g� 1Þ þ
X

f þ m ¼ 6ð20� 24� 1Þ þ 24þ 7 ¼ 1 (4.117)

From the analysis procedure we know that the mobility should be full-cycle,

undoubtedly.

4.5 Six-Hole Cubiform Mechanism

Figure 4.39 illustrates another Multi-loop coupling mechanism proposed by

Laliberté and Gosselin [28], who called it as Polyhedra with Articulated Faces. It

is completely comprised of identical ternary links. Its mechanism sketch is shown

in Fig. 4.39b. Here it is called as six-hole cubiform mechanism and its mobility is

discussed here.

Each plane of the hexahedron is an equilateral four-bar linkage and each

equilateral four-bar linkage connects four equilateral four-bar linkages by four

rotational pairs. All links has the same precise parameters. The mechanism has

24 links and 36 kinematic pairs in total. The hexahedron has eight vertices and

each vertex of the hexahedron is composed of three intersecting axes of three

rotational pairs.

In order to analyze the mobility of the mechanism, let us firstly consider the

equilateral four-bar linkage. For a four-bar linkage, it has one-DOF and three virtual

a b

Fig. 4.39 Six-hole cubiform mechanism (a) externality (b) mechanism
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constraints. The connecting link of the four-bar loop has a translational freedom and

the direction of the translational freedom is normal to the link connecting to the

based. Next, the double-hole linkage is considered.

4.5.1 Double-Hole Linkage

The double-hole linkage is consists of two equilateral four-bar linkages connected

by a revolute pair and they are connected to frame by other two revolute pairs, as

shown in Fig. 4.40a.

The double-hole linkage contains two four-bar chains. When mobility analysis

the two four-bar closed-loop chains can be replaced by two generalized transla-

tional pairs. The double-hole linkage is a RPRPR single-loop chain as shown in

Fig. 4.40b. Its screw system is

$1 ¼ 1 0 0; 0 0 f 1ð Þ
$2 ¼ 0 0 0; 1 0 0ð Þ
$3 ¼ 1 0 0; 0 e3 f 1ð Þ
$4 ¼ 0 0 0; 1 0 0ð Þ
$5 ¼ 1 0 0; 0 0 f 5ð Þ

(4.118)

They are linearly dependent and two reciprocal screws are as follows

a

b

Fig. 4.40 The double-hole linkage (a) the double-hole linkage (b) the single-loop chain
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$r1 ¼ ð 0 0 0; 0 1 0 Þ
$r2 ¼ ð 0 0 0 ; 0 0 1 Þ

They are two common constraints, and d ¼ 4, we have

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 4ð5� 5� 1Þ þ 5þ 0 ¼ 1 (4.119)

If consider the full-link analysis there are eight over-constraints: three for each

four-bar closed-loop and two for RPRPR loop. The mobility is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 6ð9� 11� 1Þ þ 11þ ð2� 3þ 2Þ ¼ 1

(4.120)

4.5.2 Four-Hole Linkage

When four four-bar loops are connected by four revolute pairs, a four-hole linkage

is formed, Fig. 4.41a. The four-hole linkage forms a spatial hexahedron; its four

planes are four four-bar linkages. Each of them can move relatively and is
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Fig. 4.41 Four-hole linkage (a) mechanism (b) equivalent mechanism
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equivalent a translational pair. When link G is selected as the frame of the linkage,

and the four-bar loop in the base is also moveable.

(1) The Mobility analysis of the four-hole linkage

The whole four-hole linkage can be expressed as PRPRPRPR in anti-clockwise

direction. It is equivalent a single-loop eight-bar chain, Fig. 4.41b. The origin

locates on the axis of the 1st pair $1 . When the linkage is in cubiform the eight

kinematic pairs can be expressed as eight screws as follows

$1 ¼ 1 0 0; 0 0 0ð Þ
$2 ¼ 0 0 0; 1 0 0ð Þ
$3 ¼ 1 0 0; 0 e3 0ð Þ
$4 ¼ 0 0 0; 1 0 0ð Þ
$5 ¼ 1 0 0; 0 e3 f 5ð Þ
$6 ¼ 0 0 0; 1 0 0ð Þ
$7 ¼ 1 0 0; 0 0 f 5ð Þ
$8 ¼ 0 0 0; 1 0 0ð Þ

(4.121)

Evidently, they are linearly dependent, only four of them are independent

$1 ¼ 1 0 0; 0 0 0ð Þ
$2 ¼ 0 0 0; 1 0 0ð Þ
$3 ¼ 1 0 0; 0 e3 0ð Þ
$5 ¼ 1 0 0; 0 e3 f 5ð Þ

(4.122)

and they have two reciprocal screws,

$r1 ¼ 0 0 0; 0 0 1ð Þ
$r2 ¼ 0 0 0; 0 1 0ð Þ (4.123)

The two reciprocal screws are just two common constraints or over-constraints.

They indicate that there is no any link being able to rotate about Y- and Z-axes.
To calculate the mobility using Eq. (3.5) we have

M ¼ 4ðn� g� 1Þ þ
Xg

i¼1

f i þ n ¼ 4ð8� 8� 1Þ þ 8þ 0 ¼ 4 (4.124)

That indicates the mobility of the linkage is 4. As we know that generally, the

mobility of a general spatial eight-bar linkage is 2 only. That is because the linear

dependency of the screw system formed by the four generalized translational pairs

and four revolute pairs.
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Totally, there are 16 links and 20 kinematic pairs as well as 14 over-constraints

(each four-bar linkage has three over-constraints and those two over-constraints

corresponding to Eq. (4.123)). Based on Eq. (3.4) we have

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ m ¼ 6ð16� 20� 1Þ þ 20þ ð4� 3þ 2Þ ¼ 4

(4.125)

The two methods got the same result, and they are proved each other.

(2) The Relative Freedom Between Links Q and P

Two links Q and P are selected in the four-hole linkage, as shown in Fig. 4.42a, and

to analyze the relative freedom between the two links. So the rear two links of the

two four-bar loops located on the upper and the lower of the four-hole linkage are

takeoff, Fig. 4.42b.

1) In the beginning all 4-bar loops are square

For Fig. 4.42b, considering the mechanism is a parallel mechanism with two

branches, both is RRPRR chains. The limb coordinate system is illustrated in that

figure, and its three coordinate axes are along three revolute-pair axes, respectively.

The screw system of the left branch is given by

$1 ¼ 0 0 1; 0 0 0ð Þ
$2 ¼ 1 0 0; 0 0 0ð Þ
$3 ¼ 0 0 0; 1 0 0ð Þ
$4 ¼ 1 0 0; 0 e 0ð Þ
$5 ¼ 0 0 1; 0 0 0ð Þ

(4.126)

They are linearly dependent and their two reciprocal screws are

$r1 ¼ 0 0 0; 0 1 0ð Þ
$r2 ¼ 0 0 1; 0 0 0ð Þ (4.127)

The two reciprocal screws acting on the platformQare one constraint force along z-
axis and a constraint couple about y-axis, respectively, and illustrated by red arrows

(one is the constraint force and the other red bi-directional arrow the constraint

couple). Similarly, the right branch with the same kinematic pairs should have the

same reciprocal screws. Comparing the two branches, firstly, since the directions of

the two constraint couples are the same, they are linearly dependent, and there exist a

common constraint. That means the link Q is subjected to three independent

constraints including the constraint couple about y-axis and two constraint forces

along left and right two links, respectively. Considering also two parallel forces to be

equivalent a force and a couple normal to the plane determined by the two parallel

forces, the link Q is subjected to three constraints including two constraint couples

about x- and y-axes, as well as a constraint force along z-axis, we have
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$r1 ¼ 0 0 0; 1 0 0ð Þ
$r2 ¼ 0 0 0; 0 1 0ð Þ
$r3 ¼ 0 0 1; 0 0 0ð Þ

(4.128)

In order to get the motion of link Q, it may take the second-time reciprocal

screw as follows

$m1 ¼ 0 0 1; 0 0 0ð Þ
$m2 ¼ 0 0 0; 1 0 0ð Þ
$m1 ¼ 0 0 0; 0 1 0ð Þ

(4.129)
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Fig. 4.42 Relative freedom

between links Q and P (a) two

links Q and P in four-hole

linkage (b) without rear links
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That means the link Q relative to link P has three freedoms including

two relative translations along x- and y-axes, respectively, and one rotation about

z-axis, as shown by the hollow arrows in Fig. 4.42b.

Note that, the above analysis is for the mechanism shown in Fig. 4.42b. Consid-

ering the two kinematic pairs, R4 and R4
0 both axes keeps to be parallel always,

whether link U exist or not the relative motion between Q and P is the same,

therefore the above result is correct for the four-hole linkage, Fig. 4.42a.

2) In the beginning all 4-bar loops are rhombic

Let us discuss the relative motion between links Q and P under the four-hole

linkage, which is after some rotations and four closed-loops all are rhombic, as

shown in Fig. 4.43a. Also let us analyze the left branch firstly. Supposing the vector

ON be expressed as (–e5, e3, f3), the translational direction of the generalized pair $3
is normal toON, i.e. the vector V as shown in Fig. 4.43b, and its direction number is

(–d3, –e3, –f3). The branch screw system consists of five screws. Since $3 is normal

to ON, the following identical equation holds

e5 d3 � e3e3 � f 3 f 3 	 0 (4.130)

And the screw system is

$1 ¼ 0 0 1; 0 0 0ð Þ
$2 ¼ 1 0 0; 0 0 0ð Þ
$3 ¼ 0 0 0; �d3 �e3 �f 3ð Þ
$4 ¼ 1 0 0; 0 f 3 �e3ð Þ
$5 ¼ 0 0 1; e3 e5 0ð Þ

(4.131)
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Fig. 4.43 Constraint analysis of link Q (a) link Q acted upon by constraints (b) screw analysis
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For the five screws there exist two reciprocal screws

$r1 ¼ 0 0 0; 0 1 0ð Þ
$r2 ¼ �e5 e3 f 3; 0 0 0ð Þ (4.132)

The 1st one is a constraint couple about Y-axis and the 2nd one is a constraint

force along vector ON and normal to V direction.

Similarly, the right branch with the same kinematic pairs should have the same

reciprocal screws. Comparing the two branches, there is an over-constraint couple.

Then the link Q is subjected to three independent constraints, including two parallel

forces alongON and a couple about Y-axis. Also consider two parallel forces can be
replaced by a force and a couple, then the three relative motions between links

Q and P include two translational motions normal to ON and a revolute about the

axis parallel ON.

4.5.3 Five-Hole Linkage

In this step a new four-bar loop, Fig. 4.44a, is added to the four-hole linkage to form

a new five-hole linkage, Fig. 4.44b. There are two steps for connecting the four-bar

loop to the four-hole chain. Firstly, connect two points, q and p, in four-bar loop to

two points Q and P in four-hole chain. The attached kinematic chain is a RPR open

chain. And then connect the two lateral kinematic pairs.

(1) The first step

The kinematic chain is an equivalent serial chain RPR with generalized kine-

matic pair P. Now let us analyze the influence adding the serial chain RPR to the

four-hole loop. The RPR chain is a new limb for mechanism shown in Fig. 4.44a.

It is a kinematic chain with three screws as

in the beginning after rotation
$1 ¼ 0 1 0; 0 0 0ð Þ
$2 ¼ 0 0 0; 0 1 0ð Þ;
$3 ¼ 0 1 0; d3 0 0ð Þ

$1 ¼ 0 1 0; 0 0 0ð Þ
$2 ¼ 0 0 0; 0 e2 �f 2ð Þ
$3 ¼ 0 1 0; d

0
3 0 0

� �
(4.133)

The corresponding reciprocal screws

$r1 ¼ 0 0 0; 1 0 0ð Þ
$r2 ¼ 0 0 0; 0 0 1ð Þ;
$r3 ¼ 0 0 1; 0 0 0ð Þ

$r1 ¼ 0 0 0; 1 0 0ð Þ
$r2 ¼ 0 0 0; 0 0 1ð Þ
$r3 ¼ 0 f 2 e2; 0 0 0ð Þ

(4.134)
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It brings three reciprocal screws to link Q including constraint two revolute

about X- and Z-axes and one translation along Z-direction. AS we have analyzed

before, in the beginning the mechanism is a cubiform and the link Q is limited

not revolute about X and Z-axes and translation along Z-axis. Compared with

Eq. (4.134), the constraints $r1 and $r3 are two over-constraints and constraint $r2 is
a real one. Then, link Q will lose one mobility and the relative mobility between

links Q and P is two only.

(2) The second step

The five-hole chain is formed by connecting two lateral kinematic pairs.

Considering all the mechanism parameters are austerely consistent, the connection

of two lateral kinematic pairs does not bring into any real constraint. That means

those 2 � 5 ¼ 10 constraints are virtual.

(3) The whole five-hole loop

Applying Eq. (3.4), the total number of link is n ¼ 20, the number of kinematic

pairs is, g ¼ 28, the total number of virtual constraints is

m ¼ 3� 5þ 2þ 2� 5 ¼ 29

The first item is considering four-bar loop, each has three virtual constraints

and there are five four-bar loops; the 2nd and the 3rd items correspond to those

appearing in steps 1 and 2, respectively. For the five-hole loop, the mobility is

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ m ¼ 6ð20� 28� 1Þ þ 28þ m

¼ �54þ 28þ 29 ¼ 3 (4.135)
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Fig. 4.44 The fifth hole attached to the four-hole chain (a) four-bar chain (b) five-hole linkage
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4.5.4 The Whole Six-Hole Mechanism

One more four-bar loop is connected to that five-hole loop form the final six-hole

mechanism. There are also two steps to form the whole six-hole mechanism.

Similarly, when a RPR chain including the generalized kinematic pair is attached

to the five-hole loop, it brings into three constraints, which limit two revolutions

about X and Z-axes and one translation along Z-axis. At this moment, the three

constraints all are virtual. And then consider the connection of two lateral kinematic

pairs, which bring into 10 constraints and the 10 constraints all are virtual.

That means when attaching the last four-bar loop it brings into 13 virtual constraints

to the mechanism.

For the whole six-hole mechanism the total number of its virtual constraints

are as follows

m ¼ 6� 3þ ð2þ 12Þ þ ð3þ 10Þ ¼ 45

Based on Eq. (3.4), we have

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

f i þ m ¼ 6ð24� 36� 1Þ þ 36þ 33

¼ �78þ 36þ 45 ¼ 3 (4.136)

The result is identical with the move simulation and is full-cycle.
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Chapter 5

Kinematic Influence Coefficient

and Kinematics Analysis

The concept of kinematic influence coefficient (KIC) of mechanism was proposed

by Tesar et al. [1–4]. Benedict and Tesar [1, 2] proposed a completely general

model formulation using first- and second-order KIC. This theory has been exten-

sively applied to both open-loop and closed-loop planar mechanisms [3]. Thomas

and Tesar [4] further developed this theory into a spatial serial manipulator.

Huang [5, 6] has further developed to modern parallel mechanisms.

The KIC principle is important in the analysis of machinery, as it deeply reflects

the kinematic essence of mechanisms. Many kinematic issues of mechanisms can

be expressed quite clearly and concisely using the KIC principle, such as velocity

analysis, acceleration analysis, error analysis, force analysis, and so on. In addition,

some deep analyses of mechanisms can be dealt with from the KIC of mechanisms,

such as special configuration, the map between driving space and workspace, dexter-

ity, isotropy, manipulability, and so on. The calculation of KIC itself is quite simple

and requires no derivation. The merits of KIC method include the following:

– The first- and second-order KICs can be conveniently standardized during set

up and are not dependent on moving parameters. They can be set up before

kinematic analysis.

– All direct and reverse issues of velocity and acceleration expressions are explicit

using KIC.

– The map between any two links in a complicated parallel mechanism can be

simple and explicitly expressed.

– Transforming from KIC to other mathematic methods is easy.

– The more complicated the mechanism, the clearer its merit.

KIC is a powerful tool for analyzing complicated mechanisms. In this chapter,

the concept of KIC is introduced. Then, first- and second-order KICs are derived,

followed by a discussion of the velocity and acceleration analyses. At the last part,

the lower-mobility parallel mechanisms are analyzed.

Z. Huang et al., Theory of Parallel Mechanisms, Mechanisms and Machine Science 6,
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5.1 Concept of KIC

First, let us discuss a planar 3-degree of freedom (DOF) mechanism, Fig. 5.1,

to illustrate the KIC concepts. When three input parameters, f1 , f2 , and f3 are

given for the 3-DOF linkage, all the link motions of the mechanism are determined.

For the more common situation, where an N-DOF mechanism is present, we may

give the common expressions for the ith link as follows:

Fi ¼ f 1ð’1 ’2 � � � ’NÞ
Xi ¼ f 2ð’1 ’2 � � � ’NÞ i ¼ 1; 2; . . . ;m

Yi ¼ f 3ð’1 ’2 � � � ’NÞ
(5.1)

whereFi, Xi, Yi are the three configuration parameters for link i, and’1; ’2; � � � ; ’N

are N input variables. Considering ’1; ’2; � � � ; ’N as time variables, we have

_Fi ¼
XN

n¼1

@f 1
@fn

_fn

_Xi ¼
XN

n¼1

@f 2
@fn

_fn

_Yi ¼
XN

n¼1

@f 3
@fn

_fn

(5.2)

Let Ui:{Fi, Xi, Yi}
T represent the generalized coordinate of that mechanism.

Then, Eqs. (5.1) and (5.2) can be rewritten as follows:

U ¼ f ðf1 f2 � � � fNÞ (5.3)

_U ¼
XN

n¼1

@U

@’n

_’N (5.4)

f1

f3

f2

Fig. 5.1 A 3-DOF

planar linkage

136 5 Kinematic Influence Coefficient and Kinematics Analysis



These partial derivatives are defined as first-order KIC and can be expressed

in matrix form as

_U ¼ ½G� _’ (5.5)

where

G½ � ¼ @U

@’1

@U

@’2

� � � @U
@’N

� �

1�N

¼

@f 1
@’1

@f 1
@’2

� � � @f 1
@’N

@f 2
@’1

@f 2
@’2

� � � @f 2
@’N

@f 3
@’1

@f 3
@’2

� � � @f 3
@’N

2

666666664

3

777777775

2 R3�N

_w ¼ f _’1 _’2 � � � _’NgTN�1

The first-order KIC is just the Jacobian matrix.

Correspondingly, the acceleration of some links in the mechanism can be

obtained by derivation of Eq. (5.4)

€U ¼
XN

p¼1

XN

q¼1

@2U

@fp@fq

_fp
_fq þ

XN

n¼1

@U

@f
€fn (5.6)

where @2U=ð@fp @fqÞ
is defined as the second-order KIC. Thus, we have

€U ¼ f €U1; €U2; €U3gT ¼ f€Fi; €Xi; €YigT :

Equation (5.6) can be rewritten in the form

€U ¼ _’T ½H� _’þ ½G�€’ €’ ¼ f€’1 €’2 � � � €’NgTN�1 (5.7)

½H� ¼

@2U

@’1@’1

@2U

@’1@’2

� � � � � � @2U

@’1@’N

@2U

@’2@’1

@2U

@’2@’2

� � � � � � @2U

@’2@’N

..

. ..
. ..

.

@2U

@’N@’1

@2U

@’N@’2

� � � � � � @2U

@’N@’N

2

66666666666664

3

77777777777775

2 R3�N�N (5.8)
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The second-order KIC matrix is also called Hessian matrix. Each element is a

vector with three components as follows

€Uk ¼ _f
T ½Hk� _fþ ½G�k: €f k ¼ 1; 2; 3 (5.9)

The second-order KIC matrix can be considered a 3-D cubic matrix, as shown in

Fig. 5.2. Each level is a scalar matrix. Equation (5.7) can also be rewritten as

€Uk ¼ _’T ½Hk� _’þ ½G�k: €’ k ¼ 1; 2; 3

5.2 KIC and Kinematic Analysis of Serial Chains

The analysis of a serial chain [4] is the basic requirement for parallel mechanism.

Figure 5.3 shows a typical serial chain consisting of n + 1 links, as well as n
kinematic pairs.

5.2.1 Position Analysis

Figure 5.3 illustrates the respective kinematic pairs S1S1, S2S2 . . .. . .SjSj, and the

corresponding common perpendicular vectors a12a12, a23a23. . .. . .aijaij.
The corresponding offset is Si, the rotation angle is yi , and the twist angle is aij .
The global coordinate system is O-XYZ and the local system is Oi-XiYiZi .
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Fig. 5.2 The second-order KIC matrix
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The axis Zi is along Si, Xi along the common normal aij. Ti indicates the

transformation matrix of the system i with respect to the global system.

Vector a
ðiÞ
ij ¼ fXðiÞ

ij Y
ðiÞ
ij Z

ðiÞ
ij gT indicates vector aij with respect to Oi-XiYiZi.

Thus,

aij ¼ Tia
ðiÞ
ij : (5.10)

The transformation matrix is

Ti ¼ ½aij Si � aij Si� ¼
Xij jYi Zijj Xi

Yij jZi Xijj Yi

Zij jXi Yijj Zi

2

64

3

75 (5.11)

where Yj Zjk

�� �� indicates

Yi Zij

�� �� ¼ Yi Zi

Yij Zij

����

���� ¼ YijZij � ZiYij:

When all the structures and moving parameters SiSi, aijaij, yi, aij, i ¼ 1; 2; . . . ; n
are given, the position vector of point P on the robot hand is as follows:

P ¼ Rn þ TnP
ðnÞ (5.12)

P

Sn
P(n) zn

Sn
amn

P−Ri

Sn−1
x2

a23
S3

Ri

Rn

S2 z2

x1 a12

S2
Y X

S1
z1

S1 Z
O

xn

amn

a12

q1

q2

Fig. 5.3 A spatial

serial chain
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where Rn is the distance between two origins of O-XYZ and On-XnYnZn ,

which can be expressed in the form

Rn ¼ S1S1 þ a12a12 þ S2S2 þ � � � þ SnSn (5.13)

where

S1 ¼ f 0 0 1 gT a23¼f cos y1 sin y1 0 gT

T1 ¼ ½ a12 S1 � a12 S1 �

S2 ¼
X2

Y2

Z2

8
<

:

9
=

;
¼ T1

0

� sin a12
cos a12

8
<

:

9
=

;
; a12 ¼

X23

Y23

Z23

8
<

:

9
=

;
¼ T1

cos y2
cos a12 � sin y2
sin a12 � sin y2

8
<

:

9
=

;

The general equation can be given as follows

Si ¼
Xi

Yi

Zi

8
<

:

9
=

;
¼ Ti�1

0

� sin aði�1Þi
cos aði�1Þi

8
<

:

9
=

;
(5.14)

aij ¼
Xij

Yij

Zij

8
<

:

9
=

;
¼ Ti�1

cos yi
cos aði�1Þi sin yi
sin aði�1Þi sin yi

8
<

:

9
=

;
i¼2;3 ���

(5.15)

When the parameters Si and aij are given, Ti can be obtained by Eq. (5.11), and

the position and orientation of every link in space can be determined.

5.2.2 First-Order KIC

The angular velocity of the end-link, robot hand, can be obtained by the summation

of the angular velocities of serial links

n vh ¼ n v1 þ n v2 þ Lþvn

wherevh indicates the absolute angular velocity of the end-linkamn or some pointed

other link, such as m.oi is the relative angular velocity of the ith link about axis Si.
Then, it can be expressed as vi ¼ _yiSi. Thus, we have

vh ¼
Xn

i¼1

_yiSi: (5.16)
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The equation can be rewritten in matrix form as follows:

vh ¼ ½Gh
’� _w (5.17)

where the KIC matrix of end-link amn is in the form

Gh
’

h i
¼ @vh

@ _’1

@vh

@ _’2

� � � @vh

@ _’n

� �
(5.18)

where _’i is the ith component of generalized velocity vector _f . The ith column

vector of [G] is expressed as [G]:i.

Gh
’

h i

:i
¼ @vh

@ _’i

¼ @vx
h

@ _’i

@vy
h

@ _’i

@vz
h

@ _’i

� �T
(5.19)

Where ‘:i’ indicates the ith column of matrix [G]. KIC can be obtained by taking

the partial derivative of Eq. (5.16) with respect to _’ [4]

Gh
’

h i

:i
¼ Si i<n; i is revolute pairs

0 for other cases

�
(5.20)

where n is the end-effector of the serial chain or some interested link in the chain.

Point P in Fig. 5.3, is on the robot hand n and its vector is as follows

P ¼ S1S1 þ
Xn

i¼2

ðaði�1Þiaði�1Þi þ SiSiÞ þ TnP
ðnÞ (5.21)

Taking the time derivative to obtain the velocity of point P yields

vP ¼ _S1S1 þ
Xn

i¼2

aði�1Þi _aði�1Þi þ � � � þ _SiSi þ Si _Si
� �þ d

dt
TnP

ðnÞ
� 	

This expression can be rewritten in the form

vP ¼
Xn

i¼1

_SiSi þ _yiSi �
Xn

r¼iþ1

aðr�1Þraðr�1Þr þ SrSr
� �þ TnP

ðnÞ
" #( )

(5.22)

From Fig. 5.3, the item after sign ‘�’indicates a vector from the ith origin Ri to

point P, that is

Xn

r¼iþ1

aðr�1Þaðr�1Þr þ SrSr
� �þ TnP

ðnÞ
� 	

¼ P� Ri:

5.2 KIC and Kinematic Analysis of Serial Chains 141



Then, Eq. (5.22) is rewritten as follows

vP ¼
Xn

i¼1

_SiSi þ _yiSi � ðP� RiÞ
h i

(5.23)

Considering that any joint has only one freedom, one of the two items enclosed

in the brackets should vanish for a single pair. Then, Eq. (5.23) can be rewritten in

the form

vP ¼ GP
’

h i
_w (5.24)

The ith component of the GP
’

h i
is

GP
’

h i

:i
¼ @vP

@ _wi

From Eq. (5.23), the first KIC can be expressed as

½GP
’�:i ¼

Si � ðP� RiÞ; i � n; i� revolute pair
Si i � n; i� prismatic pair

0 i>n

8
<

:
(5.25)

where for Si � P� Rið Þ, we have

Si � ðP� RiÞk k ¼ P� Rij j � sin Si
^ P� Rið Þð Þ

which is the distance from point P to axisSi. Equations (5.20) and (5.25) express the
first-order KIC of the open serial chain. When the position and orientation of the

serial chain are given, all the KICs can be easily obtained.

5.2.3 Second-Order KIC

To determine the second-order KIC of the serial chain [3], we may take the time

derivative for Eq. (5.17)

ejk ¼ d

dt
½Gjk

f �
� 	

fþ ½Gjk
f �f: (5.26)

For the first item in Eq. (5.26), we have

d

dt
Gh

’

h i

:i

� 	
¼ _Si; i � n; i� revolute pair

0 other cases

�
(5.27)
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The definition of the element of the second-order KIC matrix is as follows

Hh
’

h i

i:j
¼ @

@ _’i

d

dt
Gh

’

h i

:j


 �� �

which can be rewritten as

Hh
’

h i

i:j
¼ @

@’i

Gh
’

h i

:j


 �
(5.28)

where ‘i:j’ indicates an element in ith row and jth column of matrix [H] and ‘: j’
means the jth column of the matrix. The derivative in Eq. (5.27) can be written in

the form

d

dt
Gh

’

h i

:i

� 	
¼ _’T Hh

’

h i

:i

Then, the angular acceleration of link n is

eh ¼ _wT ½Hh
’� _wþ ½Gh

’�€w (5.29)

where Hh
’

h i
is a 3� N � N matrix whose element has three components. Equation

(5.29) contains three scalar equations. For instance, its first scalar equation is

exh ¼ _wT ½Hh
’�

x
_wþ ½Gh

’�
x
€w (5.30)

From Eqs. (5.27) and (5.28), the second-order KIC is in the form

Hh
’

h i

i:j
¼ Si � Sj; i<j i; j are revolute pair

0; for other cases

�
(5.31)

Equation (5.29) indicates the angular acceleration eh of link n on the robot hand.
Similarly, the linear acceleration aP of point P in link n is as follows

aP ¼ _wT HP
’

h i
_wþ GP

’

h i
€w: (5.32)

This variable is obtained by the time derivative for Eq. (5.24). The definition

of translational second-order KIC is given by

HP
’

h i

i:j
¼ @

@ _’i

d

dt
GP

’

h i� 	

j

� �
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or

HP
’

h i

i:j
¼ @

@’i

GP
’

h i� 	

j
(5.33)

The values of the second-order KIC can be obtained by taking the time

derivative for Eq. (5.25). The values are expressed in Table 5.1. The table indicates

that the translational second-order KICs are symmetrical, that is,

HP
’

h i

i:j
¼ HP

’

h i

j:i

5.3 Kinematic Analysis of Parallel Mechanism

In reference [7], Hunt pointed out the possible merits of parallel mechanisms

and showed a model of a robot with six parallel inputs. In the present research,

the common six-DOF manipulator will be considered. We will investigate how to

set the kinematic modeling of this complex parallel mechanism.

Table 5.1 Kinematic influence coefficients

expression Kinematic pair Order KIC

i j

Revolute first-order KIC

Gh
’

h i

:j

– R J � n Sj
– R J > n 0

– P any j 0

Translation first-order KIC

GP
’

h i

:j

– R J � n Sj � (P – Rj)

– P J � n Sj
– – J > n 0

Revolute second-order KIC

Hh
’

h i

i:j

R R i < j � n Si � Sj
R R i � j or j > n 0

P P any i, j 0

R P any i, j 0

Translation second-order KIC

HP
’

h i

i:j

R R j � j � n Si � [Sj � (P – Rj)]

R R j < i � n Sj � [Si � (P – Ri)]

P R i < j � n 0

P R j < i � n Sj � Si
R P i < j � n Si � Sj
R P j < i � n 0

– – (i or j) > n 0

P P any i, j 0
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A multi-loop parallel mechanism is constructed by connecting the central

platform to ground by N branches. Every branch may have several basic

joints, either revolute or prismatic. If some kinematic pair is neither revolute

nor prismatic, then it should be decomposed into a combination of revolute

and prismatic pairs. The multi-loop robot is composed of N branches. When

N ¼ 1, the mechanism becomes an open-loop manipulator. When N ¼ 2,

the mechanism is a single-loop chain. When N > 2 the mechanism is a multi-

loop device. When N > 6, at least N-6 branches are passive, which means

no actuator is found in the N-6 branches. The platform has six DOF, so at least

six inputs are necessary. Theoretically, any six single-DOF kinematic pair

from this mechanism may be freely selected as inputs to make its motion

well-controlled.

The 6-6R mechanism, Fig. 5.4a, is a typical 6-DOF parallel mani-

pulator[8] consisting of six limbs. Each limb has six single-DOF revolute pairs.

Its kinematic analysis is an important theoretical foundation suitable for all

parallel mechanisms, including 6-DOF and lower-DOF parallel mechanisms. In the

following two sections, we focus on the kinematic analysis of the 6-6R parallel

mechanism.

In 1985, Huang made an important contribution by first setting both the velocity

and acceleration analyses of the complicated 6-6R parallel mechanism using KIC

method, setting its dynamic modal, and analyzing a numerical example [5, 6].

In this section, we introduce the KIC principle.

r=1
r=6

r=5

r=4

r=3

r=2 X

0 A S1'Z

S11

Y R2

P−R2 P

P

S5

S6

S4

S3
q3

q4

q2

q1

S2

sketch One Branch

a

b

Fig. 5.4 A 6-6R Multi-Loop Mechanism (a) sketch (b) one branch
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5.3.1 First-Order KIC and Mechanism Velocity Analysis

Let us first discuss the velocity analysis and derive the first-order-KIC.

5.3.1.1 Velocity of Point P in the Platform

Initially, let us consider one of the limbs which is a serial chain, Fig. 5.4b [6].

The absolute angular velocity of the platform can be expressed as

vh ¼ ½Gh
’� _w (5.34)

where vh ¼ ohx; ohy; ohz


 �T
; _w ¼ _’1 _’2 � � � _’6f gT ; and _’i , the ith component

of the generalized velocity vector, is either yi or _Si depending on whether joint i is
a revolute or prismatic joint. Gh

’

h i
is a 3 � 6 first-order KIC matrix defined as

Gh
’

h i
¼ @oh

@ _’1

@oh

@ _’2

� � � � � @oh

@ _’6


 �
(5.35)

For the serial open chain, the first-order KICs can be evaluated as

Gh
’

h i
¼ Si; for revolute pair

0; for prismatic pair

�
(5.36)

If the joints are all revolute pairs as shown in Fig. 5.4b,

Gh
’

h i
¼ ðS1 S2 � � � S6Þ (5.37)

In Eqs. (5.36) and (5.37), Si is the unit vector of the i
th revolute pair.

The linear velocity of an interested point on the central platform, say point P, is
given by

VP ¼ GP
’

h i
_w (5.38)

where

VP ¼ ðvPx vPy vPzÞT (5.39)

GP
’

h i
is a 3 � 6 matrix corresponding to the first-order KIC of point P

GP
’

h i
¼ @VP=@ _’1 @VP=@ _’2 � � � @VP=@ _’6ð Þ (5.40)
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For the serial open chain, the column i of this matrix can be expressed as

GP
’

h i

:i
¼

Si � ðP� RiÞ i � n i� revolute pair
Si i � n i� translation pair
0 i>n

8
<

:
(5.41)

where n is the end-link of the serial chain or some interested link in the chain.

Both the angular velocity vh and the linear velocity VP of the platform are 3D

vectors, which can be combined to form a vector of length six. Thus, from

Eqs. (5.34) and (5.38), we obtain the following compact equation

VH ¼ GH
’

h i
_w (5.42)

where VH is a six-component vector and GH
’

h i
is a 6�6 scalar matrix

VH ¼
vh

� � �
VP

8
<

:

9
=

;
¼ ðvhx vhy vhz VPx VPy VPzÞT (5.43)

GH
’

h i
¼

Gh
’

h i

� � �
GP

’

h i

2

664

3

775 2 R6�6 (5.44)

The inverse of (5.42) is

_w ¼ GH
’

h i�1

VH (5.45)

where GH
’

h i
is nonsingular.

For the 6-6R parallel manipulator, the platform has six degrees of freedom. To

establish the motion relationship between the platform and the six inputs, we write

all the matrix Eq. (5.45) of these six branches when the motion of the platform is

given as follows

_wðrÞ ¼ GH
’

h i�1ðrÞ
VH r ¼ 1; 2 � � � 6 (5.46)

where the superscript r indicates the rth branch. Hence, there are six matrix

equations for the six branches. Therefore, Eq. (5.46) expresses 36 linear

equations. All the 36 scalar generalized velocities including the six inputs can be

evaluated when the motion of the platform is given. Thus, no matter where the
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input actuators are, we can always find the six vector equations corresponding to

the input, _’

_’
ðaÞ
a ¼ GH

’

h i�1ðaÞ

a:
VH

_’
ðbÞ
b ¼ GH

’

h i�1ðbÞ

b:
VH

..

.

_’
ðf Þ
z ¼ GH

’

h i�1ðf Þ

z:
VH

(5.47)

where _’ðaÞ is the input angular velocity, the superscript a b . . ., indicates the number

of the branch, and the subscript a; b; � � � ; indicates the number of the kinematic pair

whose motion is known in the branch. GH
’

h i�1

 �

a:
is the ath row of the matrix

GH
’

h i�1

 �

. If the subscript is located after the semicolon ‘:a’, it refers to the ath
column of that matrix. The six linear equations in Eq. (5.47) can also be combined

as a matrix equation

_q ¼ Gq
H½ �VH (5.48)

where _q is the input angular velocity and the independent generalized input

_q ¼ f _’a _’b � � � _’zgT (5.49)

and

Gq
H½ � ¼

GH
’

h i�1ðaÞ

a:

GH
’

h i�1ðbÞ

b:

..

.

GH
’

h i�1ðf Þ

z:

2

6666666664

3

7777777775

2 R6�6 (5.50)

Matrix (5.50) is also a 6 � 6 scalar matrix. From Eq. (5.48), we can get

VH ¼ GH
q

h i
_q (5.51)

when

GH
q

h i
¼ Gq

H½ ��1
(5.52)

Gq
H½ � is nonsingular and is also a 6 � 6 scalar matrix.

148 5 Kinematic Influence Coefficient and Kinematics Analysis



5.3.1.2 Velocity of Point Q in Link k of Limb r

Now let us discuss the velocity of the point in limb-link of the 6-6R mechanism.

In general, this is a very difficult problem using a common method. However, using

the KIC method, the problem is easily solved.

After we substitute Eq. (5.51) into (5.46), we get

_’ðrÞ ¼ g’q

h iðrÞ
_q (5.53)

where g’q

h i
is a 6 � 6 matrix.

g’q

h iðrÞ
¼ GH

’

h i�1ðrÞ
GH

q

h i
; r ¼ 1; 2; � � � ; 6 (5.54)

and

g’q

h iðrÞ

i:j
¼ GH

’

h i�1ðrÞ

i:
GH

q

h i

:j

The absolute angular velocity v
ðrÞ
k of link k in branch r is in the form

v
ðrÞ
k ¼ v

ðrÞ
1 þv

ðrÞ
2 þ � � � þv

ðrÞ
jk (5.55)

where vk is the absolute angular velocity of the kth link and vjk is the relative

angular velocity of the kth link to the jth link.

vk ¼
Xk

i¼1

_yiSi (5.56)

v_
ðrÞ
k ¼ Gk

’1k

h iðrÞ
_w
ðrÞ
1k ; r ¼ 1; 2 � � � 6; k ¼ 1; 2 � � �<6 (5.57)

where

w
ðrÞ
1k ¼ _’1 _’2 � � � _’kð ÞTðrÞ

Gk
’1k

h i
¼ S1 S2 � � � Sk½ �3�k

We are also interested in the linear velocities of point Q in the link k of branch r.
Similar to Eqs. (5.21), (5.22), (5.23), and (5.24), we have

v
ðrÞ
kQ ¼ GkQ

’1k

h iðrÞ
_w
ðrÞ
1k r ¼ 1; 2 � � � 6; k ¼ 1; 2 � � � <6 (5.58)
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where the 3 � k first-order coefficient matrix GK
’1k

h i
can also be evaluated by

Table 5.1 [6].

Similarly, combining Eqs. (5.57) and (5.58), the compact form is expressed by

V
ðrÞ
K ¼ GK

’1k

h iðrÞ
_w
ðrÞ
1k (5.59)

We are looking for GK
q

h i
which is the partial derivative of Vk with respect to

the generalized velocities

@VK

@ _q
¼ @V

ðrÞ
K

@ _’1k

� @ _’
ðrÞ
1k

@ _q
(5.60)

Substituting Eq. (5.54) into Eq. (5.60) in matrix form yields

GK
q

h iðrÞ
¼ GK

’1k

h iðrÞ

6�k
g’1k
q

h iðrÞ

k�6
¼ GK

’1k

h iðrÞ

6�k
GH

’

h i�1ðrÞ

1k:


 �
GH

q

h i
(5.61)

r ¼ 1; 2; � � � ; 6; k ¼ 1; 2; 3; 4; 5

where g
’1k
q½ � and G½ �1k: are k � 6 matrices.

Therefore, the absolute velocity of link k in branches r can be evaluated as

V
ðrÞ
k ¼ Gk

q

h iðrÞ
_q k ¼ 2; 3; 4; 5; r ¼ 1; 2 � � � 6 (5.62)

Using this method, the velocities of the platform and the links in the branches

can be determined.

5.3.2 Second-Order KIC and Mechanism Accelerations

5.3.2.1 Acceleration of Platform

The inertial loads of the mechanism depend on the accelerations, so the latter is

the next point of interest. First, let us investigate the central platform. We take one

branch from this multi-loop mechanism as we did before. The angular acceleration

of the platform eh can be written as follows

eh ¼ _wT Hh
w

h i
_wþ Gh

’

h i
€w (5.63)
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where

eh ¼ fehx ehy ehzgT (5.64)

€w ¼ f€’1 €’2 � � � €’6gT (5.65)

Hh
’

h i
is the second-order KIC matrix defined as

½Hh
’� ¼

@2vh

@ _’1@’1

@2vh

@ _’1@’2

� � � @2
h

@ _’1@’6

@2vh

@ _’2@’1

@2vh

@ _’2@’2

� � � @2vh

@ _’2@’6

..

. ..
. ..

. ..
.

@2vh

@ _’6@’1

@2vh

@ _’6@’2

� � � @2vh

@ _’6@’6

2

6666666666664

3

7777777777775

2 R3�6�6 (5.66)

This is a 6 � 6 matrix whose components are vectors of length three.

Similarly, the linear acceleration of a point P in the platform can be written as

aP ¼ _wT HP
’

h i
_wþ GP

’

h i
€w (5.67)

The elements of matrix HP
’

h i
are also vectors of length three. For the serial open

chain, the second-order coefficients are given by Table 5.1 in a particularly simple

form.

Combining the two 3D matrix equations (5.63) and (5.67), we obtain a more

compact equation result

AH ¼ _wT HH
w

h i
_wþ GH

w

h i
€w (5.68)

where

AH ¼
eh
� � �
ap

8
<

:

9
=

;

HH
’

h i
is a 6 � 6 vector matrix, i.e., Hh

’

h i
2 R6�6�6 . Its element in row m and

column n, HH
’

h i

m:n
, is a combination of two vector components, HH

’

h i

m:n
and

HP
’

h i

m:n
, and forms a six-element vector as follows

H½ �m:n ¼
Hh
� �

m:n� � �
HP
� �

m:n

8
<

:

9
=

;
1�6
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Its element can be obtained using Table 5.1. From Eq. (5.68), when AH is

given, we can obtain

€w ¼ GH
w

h i�1

AH � _wT HH
w

h i
_w

n o
(5.69)

or in the form

€wðrÞ ¼ GH
w

h i�1ðrÞ
AH � _wTðrÞ HH

w

h iðrÞ
_wðrÞ

� �
r ¼ 1; 2 � � � 6 (5.70)

Where GH
’

h i
is nonsingular. The matrix HH

’

h i
is regarded as a 36 � 6 scalar

matrix. However, to be precise, it is a 6 � 6 matrix whose elements are vectors of

length six. The matrix equations (5.68) and (6.69) are the two basic formulae from

which we can calculate AH when €’ is given, and compute €’ when AH is specified.

Equation (5.69) also indicates six linear equations. Similarly in velocity analysis,

we may obtain the following set of equations:

€’ðaÞ
a ¼ GH

’

h i�1ðaÞ

a:
AH � _wT HH

’

h i
_w

n oðaÞ

€’
ðbÞ
b ¼ GH

’

h i�1ðbÞ

b:
AH � _’T HH

’

h i
_’

n oðbÞ

..

.

€’
ðf Þ
z ¼ GH

’

h i�1ðf Þ

z:
AH � _’T HH

’

h i
_’

n oðf Þ

(5.71)

where _’
ðbÞ
b is the given acceleration of bth joint in the bth branch. Without

loss of generality, we can assume the six basic links connected to the ground of

the six limbs as the six input links, i.e., a ¼ b ¼ � � � ¼ x ¼ 1, a b � � � fð Þ ¼
1 2 � � � 6ð Þ. The six input angular velocities are constant. Equation (5.71) can

be put together in matrix form as

€q ¼ Gq
H½ �AH �

_qT ½L1�ð1Þ _q

_qT ½L1�ð2Þ _q

..

.

_qT ½L1�ð6Þ _q

8
>>><

>>>:

9
>>>=

>>>;

(5.72)

€q ¼ f€q1 €q2 � � � €qgT ¼ f€fðaÞ
a

€fðbÞ
b � � � €fðzÞ

f gT

€q ¼ Gq
H�AH �

_qT L1½ �ð1Þ _q

_qT
L1½ �ð2Þ
..
. _q

_qT L1½ �ð6Þ _q

8
>>>><

>>>>:

9
>>>>=

>>>>;

2

66664
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indicate the input accelerations. The 6 � 6 scalar matrix [L] is

½L1�ðrÞ ¼ ½g’q �TðrÞ ½GH
’ ��1

1:

h i
� ½HH

’ �
h iðrÞ

½g’q �ðrÞ r ¼ 1; 2; � � � 6 (5.73)

where the notation Að Þ � Bmnð Þ½ � is defined to be multiplying the matrix A by the “ � ”
product of every vector element of matrix B, and all the new elements compose a

new 6 � 6 matrix. This definition of “ � ” product can also be expressed as follows:

½A� � ½B� ¼
½A�b11 ½A�b12 � � � ½A�b1N
½A�b21 ½A�b22 � � � ½A�b2N

..

. ..
. ..

. ..
.

½A�bN1 ½A�bN2 � � � ½A�bNN

2

6664

3

7775
(5.74)

Therefore, Eq. (5.72) can be further simplified as

€q ¼ ½Gq
H�AH � _qT ½Hq

H� _q (5.75)

where Hq
H½ � is a scalar 6 � 6 � 6 matrix, and its component is

Hq
Hð Þmn ¼ Lð1Þ

mn Lð2Þ
mn � � � Lð6Þ

mn

n oT
(5.76)

Then, the 6-D acceleration of the center platform can be expressed by six inputs

in the form

AH ¼ _qT HH
q

h i
_qþ GH

q

h i
€q (5.77)

where HH
q

h i
¼ GH

q

h i
� Hq

H½ �:

5.3.2.2 Acceleration of Link k in Limb r

To analyze the acceleration of the arbitrary link in the arbitrary limb, substituting

Eq. (5.70) yields

€wðrÞ ¼ GH
w

h i�1ðrÞ
GH

q

h i
€qþ _qT Hq

H½ � _q� �� _wT HH
w

h i
_w

h iðrÞ
(5.78)

Taking the time derivative for Eq. (5.53) yields

€wðrÞ ¼ _qT hwa
� �ðrÞ

_qþ gwq

h iðrÞ
€q (5.79)
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where

h
f
ij ¼

@2f1

@qi@qj

@2f2

@qi@qj
� � � @2f6

@qi@qj

( )T

From Eqs. (5.78) and (5.79) as well as Eqs. (5.53) and (5.54), we have

h’q

h iðrÞ
¼ g’q

h iðrÞ
� Hq

H½ �
� �

� g’q

h iTðrÞ
GH

’

h i�1

� HH
’

h i� �ðrÞ
g’q

h iðrÞ
(5.80)

That is

h’q

h iðrÞ
¼ g’q

h iðrÞ
� HH

’

h i� �
� L½ �ðrÞ

where L½ �ðrÞ ¼ g’q

h iTðrÞ
GH

’

h i�1

� HH
’

h i� �ðrÞ
g’q

h iðrÞ
is a 6 � 6 matrix and its ele-

ment is a 6-D vector.

The 6-D angular acceleration of link k in limb r can be expressed as follows:

A
ðrÞ
K ¼ eKx eKy eKz aKpx aKpy aKpz


 �TðrÞ

The acceleration can be obtained by taking the time derivative of Eq. (5.59) or

(5.62) as follows:

A
ðrÞ
K ¼ _wT HK

’

h iðrÞ
_w


 �
þ GK

’

h iðrÞ
€w; r ¼ 1; 2; � � � 6 (5.81)

Substituting Eq. (5.79) into (5.81) yields

A
ðrÞ
K ¼ _wT HK

’

h iðrÞ
_w


 �
þ €qT GK

’

h i
� h’q

h ih iðrÞ
_qþ GK

’

h i
g’q

h i� 	ðrÞ
€q

Considering Eqs. (5.53) and (5.61), we have

HK
q

h iðrÞ
¼ g’q

h i

1k:

T
HK

’

h i
g’q

h i

1k:
þ GK

’1k

h i
� h’1k

q

h ih i
 �ðrÞ
(5.82)

and

GK
q

h iðrÞ
¼ GK

’

h i
g’q

h i� 	ðrÞ
(5.83)
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Finally, we obtain the final formula as follows:

A
ðrÞ
K ¼ _qT HK

q

h iðrÞ
€qþ GK

q

h iðrÞ
€q (5.84)

We derived the first and second-order KIC for the central platform and the link in

the six-DOF 6-6R multiloop parallel manipulator in a quite relatively simple form.

All the velocities and accelerations of themanipulator can be solvedwhen the input

_q and €q are known. The inverse problem is also specified. The KIC G andH-function

depend on only the geometry, so they can be obtained before the kinematic analysis.

5.4 Virtual Mechanism Principle of Lower-Mobility

Parallel Mechanisms

For lower-mobility PM, the first-order KIC matrix (Jacobian matrix) is not square

and has no inverse. Schilling [9] used the generalized inverse to solve the problem.

Gregorio [10] analyzed a 3-RPS wrist by vector method.

In 1985, Yan and Huang proposed the virtual-mechanism principle (VMP) for

the kinematic analysis of the lower-mobility PM [11] by adding some virtual pairs

to the mechanism. Then, the reversible square matrix for the lower-mobility PM can

be built. The virtual mechanism is the kinematic equivalent of the original real mecha-

nism, so both the forward and inverse kinematic analyses for the virtual mechanisms

are available. Like the KIC principle for 6-DOF PM, the VMP can also provide a

uniformway to analyze the lower-mobility PM, regardless if the PM is symmetrical or

not and howmanymobility it has. Thus, the process is time-saving. Themore complex

the mechanism, the more effective the method.

5.4.1 Virtual Mechanism Principle

For lower-mobility PM, building square first-order KIC matrices is impossible and

inverse kinematic analysis is difficult. To solve this problem, we proposed the VMP

to build new reversible square KIC matrices so the velocity and acceleratio-

nanalyses can go through. In the current study, the spatial 3-DOF 3-RPS PM is

taken as an example, Fig. 5.5a, to explain how to build the virtual mechanism for

lower-mobility PM.

To solve this problem, the virtual mechanism principle requires two conditions:

1. Transferring the lower-mobilitymechanism to a 6-DOF. To achieve this aim, some

single-DOF kinematic pairs should be added to each limb until the number of the

kinematic pairs is six. The added kinematic pair is called as ‘virtual kinematic pair’

and the corresponding mechanism is the ‘virtual mechanism’. The virtual
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kinematic pair can be in any orientation and located in any position relative to the

limb. The only condition to be satisfied is that the corresponding six screws in each

limb are linearly independent.

2. To guarantee equivalent kinematics between the virtual mechanism and the real

one, all virtual kinematic pairs added to the mechanism should be selected as

‘inputs’ and all the rates of both the relative velocities and accelerations of the

virtual pairs have to be set zeros.

Under the two conditions, the lower-mobility mechanism is transferred to a

6-DOF one on the one hand, and the same motion of the mechanism, which should

not be variable on the other hand.

The correctness of the virtual mechanism method is indubitable because

when all the virtual inputs including velocities and accelerations all are given as

zeros, none of the virtual links is moveable, the additional input links of the

virtual mechanism all are fixed, and the virtual mechanism is just the real mecha-

nism itself [1]. Many of our previous studies on lower-mobility PMs were based on

VMP [12–18].

For the 3-RPS mechanism, one virtual revolute pair should be added to each

limb, as shown in Fig. 5.5b. For the first revolute pair in the ith limb, the corres-

ponding amplitude of velocity and acceleration are _fðiÞ
1 and €fðiÞ

1 , respectively. Then,

the original 3-DOF 3-RPS real mechanism is transferred into a virtual 6-DOF

3-RRPS chain. The sufficient and necessary conditions for the kinematic analyses

of both mechanisms being equal are as follows:

_fð1Þ
1 ¼ _fð2Þ

1 ¼ _fð3Þ
1 ¼ 0

€fð1Þ
1 ¼ €fð2Þ

1 ¼ €fð3Þ
1 ¼ 0

(5.85)

a b

1ϕ
•

(1)

(1)
1ϕ

••

2ϕ
•

(2)

(2)

2ϕ
•• (3)

3ϕ
•

(3)
3ϕ

••

1a

2a

3a

1A

2A

3A

A 3-RPS PM Virtual PM

Fig. 5.5 Virtual mechanism principle (a) a 3-RPS PM (b) virtual PM
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The virtual angular velocities and accelerations in a limb can be written as

follows:

_f1
_f2 � � � _f6

� �TðiÞ ¼ 0 _f2
_Si _f4 � � � _f6

� �TðiÞ
i ¼ 1; 2; 3

€f1
€f2 � � � €f6

� �TðiÞ ¼ 0 €f2
€Si €f4 � � � €f6

� �TðiÞ
i ¼ 1; 2; 3

(5.86)

where corresponding the 1st items, zeros, in both equations above are the virtual

input and the 3rd items are actuated.

Every limb of the virtual mechanism has six single-DOF pairs, so building a

square virtual KIC matrix for each limb is possible. Therefore, both the forward

and inverse kinematic analyses of the virtual PM can be carried through using the

KIC method.

5.4.2 Kinematic Analysis Based on Virtual Mechanism Principle

After the virtual PM is built, all formulas given in Sects. 5.2, 5.3, and 5.4 can be

directly applied for the virtual mechanism [19].

The speed rates of the virtual joints given to be zeros can be considered as the

‘inputs’. The rates, including the virtual inputs of the six kinematic joints in limb i,
can be rewritten as

_wðiÞ ¼ _f1; � � � ; _fn; 0; . . . ; 0
� 	T

2 R6�1 (5.87)

where n denotes the number of single-DOF real pairs in each limb of the original

real PM and the velocity rate of the virtual joint denotes 0. Then, the generalized

input velocity rates of the whole virtual PM are expressed as a six-element vector

_q ¼ _q1; � � � ; _qk; 0; . . . ; 0ð ÞT 2 R6�1 (5.88)

where k denotes the number of freedoms of the lower-mobility PM, i.e., the number

of the real inputs.

Similarly, the input acceleration rates, including the virtual inputs of the ith limb,

can be rewritten as

€wðiÞ ¼ €f1; � � � ; €fn; 0; . . . ; 0
� 	T

2 R6�1 (5.89)

where the acceleration rate of the virtual joint denotes 0. The generalized input

acceleration rates of the whole virtual PM are

€q ¼ €q1; � � � ; €qk; 0; � � � ; 0ð ÞT 2 R6�1 (5.90)
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The forward and inverse solutions for the velocity of limb i of the virtual

mechanism are

VH ¼ GH
’

h iðiÞ
_wðiÞ (5.91)

_wðiÞ ¼ GH
’

h iðiÞ
VH (5.92)

where VH 2 R6�1 denotes the velocity of the end-effector. GH
’

h iðiÞ
2 R6�6 denotes

the virtual first-order KIC matrix of limb i, G’
H½ � ¼ GH

’

h i�1

.

The forward and inverse solutions for the velocity of virtual PM with respect to

the generalized coordinates are

VH ¼ GH
q

h i
_q (5.93)

_q ¼ GH
q

h i
VH (5.94)

where GH
q

h i
2 R6�6 denotes the virtual first-order synthesis KIC matrix of the

virtual PM with respect to the generalized coordinates GH
q

h i
¼ GH

q

h i�1

.

The forward and inverse solutions for the acceleration of the ith limb are

AH ¼ GH
’

h iðiÞ
€wðiÞ þ _wðiÞT HH

’

h iðiÞ
_wðiÞ (5.95)

€wðiÞ ¼ Gf
H

h iðiÞ
AH � _wðiÞT Hf

H

h iðiÞ
_wðiÞ (5.96)

whereAH 2 R6�1 denotes the acceleration of the end-effector. HH
’

h iðiÞ
2 R6�6�6

denotes the virtual second-orderKICmatrix of limb i. H’
H½ � 2 R6�6�6 is similar toH’

H½ �.
The forward and inverse solutions for the acceleration of virtual PM are

AH ¼ GH
q

h i
qþ _qT HH

q

h i
_q (5.97)

€q ¼ GH
q

h i
AH � _qT HH

q

h i
_q (5.98)

where HH
q

h iðiÞ
2 R6�6�6 denotes the virtual second-order synthesis KIC matrix

of PM. Hq
H½ � 2 R6�6�6 is similar to Hq

H½ �.
If function y ¼ f ðxÞ is correct, then its inverse function x ¼ f�1ðyÞ is also correct

as long as the inverse function exists. Therefore, if Eq. (5.91) is correct and matrix
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GH
’

h i
is reversible, then Eq. (5.92) is undoubtedly correct. This rule also applies in

Eqs. (5.93), (5.94), (5.95), (5.96), (5.97), and (5.98).

Example 5.1.
As shown in Fig. 5.6a, the 3-R(CRR) chain is a 5-DOF PM with three revolute and

two translate freedoms. The base and moving platforms of the 3-R(CRR) mecha-

nism are connected by three limbs, each with three revolute joints and one cylin-

drical pair. Both the upper and lower platforms are equilateral triangles. Each

RCRR limb can be represented by five single-DOF pairs, as shown in Fig. 5.6b.

The cylindrical pair can be replaced by one revolute joint and a coaxial prismatic

pair. The first joints in the three limbs are perpendicular to the base platform.

All other axes of the pairs intersect at one point called rotation center O.
As a lower-mobility PM, the Jacobian andHessianmatrices for the 3-RCRRare not

square or cubic, which consequently adds obstacles in achieving the reverse kinematic

modeling. To obtain the accurate solutions, VMP is adopted in the present example for

forward/reverse velocity and acceleration analyses. According to the VMP, every

limb of a 6-DOF virtual PM should be built by adding a prismatic pair or a revolute

pair to the initial lower-mobility PM until every limb becomes a 6-DOF chain. For the

3-R(CRR), a virtual prismatic pair is added to every limb because every limb has only

five single-DOF pairs. All three limbs in the mechanism have one common constrain

that limits the translation along the z-axis. The axis directions of all the virtual

prismatic pairs are the same and are all along the z-axis. Thus, a virtual 6-DOF 3-

PvR (CRR) PM (Pv denotes the virtual prismatic pair) is built, as shown in Fig. 5.7.

The KIC method (Sect. 5.3) for the 6-DOF PM can be adopted for the kinematic

analyses. All the rates of the virtual pairs have to be zero to guarantee that the

virtual PM is equivalent to the initial mechanism, 3-R(CRR), on the kinematics.

Let the side length of base platform Rbp ¼ 0.3 m; the side length of moving plat-

form Rmp ¼ 0.1 m; both angle a23 and a34 are 47.2	; the maximum translational

distance for the cylindrical pair Lmax ¼ 0.1 m. At the initial configuration

Fig. 5.6 A 3-R(CRR) PM (a) 3-R(CRR) PM (b) a R(CRR) limb
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(all five beginning real input angles are zero), the rotation center is coincident with the

center of the base platform. We let the input angle in the first limb change from�15	

to 15	 with an angular velocity of 1 rad/s. The other four actuators are locked.
The generalized input velocities and accelerations of the virtual mechanism are

assumed to be as follows:

_q ¼ 1 0 0; 0 0 0½ �T
€q ¼ 0 0 0; 0 0 0½ �T (5.99)

Figure 5.8 shows the locus of the moving platform. The angles in Fig. 5.8

indicate the different input angles. Figures 5.9 and 5.10 show the kinematic curves,

including the angular and linear velocities and accelerations, respectively. From

Fig. 5.10, both the components of the velocity and acceleration vectors along the z-
axis vanish, which also proves that the mechanism is a five-DOF PM.
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Fig. 5.7 A virtual limb
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Chapter 6

Full-Scale Feasible Instantaneous Screw Motion

This chapter presents a study on the full-scale instant twist motions of parallel

manipulators. The study aims to understand and correctly apply a mechanism and is

based on the principal screws of the screw system. The key problem is to derive three

principal screws from a given 3-DOF mechanism, and then set the relation between

the pitches of the principal screws and the three linear inputs of the mechanism.

In this chapter, the effectivemethod to identify the principal screws of a third-order

screw system of 3-DOF mechanisms is presented. For obtaining the principal screws,

we introduce the quadratic curve degenerating theory and quadric degenerating

theory. In addition, the virtual-mechanism influence coefficient principle is also used.

In the following sections three mechanisms are discussed using the principle.

This Chapter presents an analysis of the full-scale screws, the planar represent-

ations of pitches, and the spatial distributions of the axes. Based on this theory a

novel and interesting 3-DOF rotational parallel mechanism without intersecting

axes is synthesized.

6.1 Introduction

With the development of parallel robots, various lower-mobility parallel mecha-

nisms are proposed. Among these, the 3-DOF parallel mechanisms have gained

increasing interest from researchers in recent years.

An often primary and basic step towards understanding a mechanism is to

find all the feasible instantaneous motions or twists that can be produced in any

specified moment for a mechanism. In other words, there is a need to determine

both the range of the twist pitches and the distribution of the twist axes in space for the

output link of a manipulator. It is important to correctly use a robot manipulator and

plan its trajectory. For a specified moment or in a configuration, the total variable

range of the moving-screw pitches and the spatial distribution of the moving-screw

axes of the selected link are named as full-scale feasible instantaneous screws in

the current Chapter.
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In robotics application, the end-effector of a six-DOF manipulator has infinite

moving possibility and can realize any given twist motion in 3D space. A lower-

mobility manipulator also has infinite moving possibility; however, it is clear

that some motions are impossible to realize. Finding all the feasible instantaneous

motions of a lower-mobility serial robot is easier than that of the 6-DOF one.

The possible twists of a lower-mobility serial robot are obtained only by linear

combination of its joint screws. Nevertheless, it is extraordinary difficult for lower-

mobility parallel mechanism. We use screw theory to solve the problem.

One hundred years ago, Ball published his classical work [1], and Hunt

further developed the screw systems [2]. The screw systems were basically distin-

guished as general and special cases according to the pitches of their principal

screws. Gibson and Hunt classified the first-order, second-order and third-order

screw systems further by means of projective geometry and gave the planar repres-

entation of the general three-system [3]. Any screw motion of a 3-DOF rigid

body can be expressed by a linear combination of its three principal screws in the

three-system. The axes of all the screws of a screw system in 3D space have regular

spatial distribution. For example, all the screws of the second-order screw system

lie on a cylindroid. For a third-order screw system or three-system, all screws with

the same pitches may lie on a hyperboloid of one sheet. The cylindroid or hyperbo-

loid then depicts the distributions of the positions and orientations of all screw axes

of that screw system.

The key to determine both the range of the twist pitches and the distribution

of the twist axes in 3D space is to get the principal screws of the screw system.

The principal screw is a very important concept in screw theory. Once the principal

screws are obtained, it is easy to know all possible motions of the mechanisms at

any given instant. There are two and three principal screws in second-order and

third-order screw systems, respectively. Of the two, the latter is the more important

and complicated one.

The twist screw system of a 3-DOF parallel mechanism belongs to a third-order

screw system. To study the mechanism, we should determine its 3 principal screws.

Parkin specified the principal screws of the three-system from three given screws

by adopting the mutual moment operation [4]. Tsai and Lee studied the principal

screws from three known screws using the eigenvector [5]. Zhang and Xu construc-

ted the principal screws from three known screws using the algebraic method [6].

All the above principal screws have been obtained using three known screws. From

another point of view, we put forward a directly analytical method for identifying

the principal screws of a 3-DOF parallel mechanism in the current work. Fang and

Huang first established the important relationship between the principal screws

and Jacobian matrix of the mechanism [7]; they then identified the principal screws

of the third-order screw system using the quadratic equation degenerating theory.

Two equations are then obtained based on the relationship between the pitch/axis

and the Jacobian matrix of the mechanism, after which another simpler and more

effective principle [8], the quadric degenerating theory, was further proposed for

identifying the principal screws.

For applying the principle to lower-mobility parallel mechanisms, correspon-

ding two Jacobian matrices must be established first. This can be realized with the
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virtual-mechanism method proposed by Yan and Huang [9] and later developed by

Huang and Wang [10].

In this Chapter, three typical examples are discussed: a 3-DOF 3-RPS parallel

manipulator [11], a special 3-UPU parallel mechanism [12], and the pyramid 3-RPS

mechanism [8]. Based on the analysis, some interesting and exceptional character-

istics of these mechanisms are illustrated [13]. All above analysis is important in

enriching the mechanism theory and it can benefit future mechanical designs for

similar mechanical systems. Based on this theory, a novel 3-DOF rotational parallel

mechanism without intersecting axes [14] is analyzed.

6.2 Determination of Principal Screws

In order to determine the full-scale instantaneous screws including the pitches

and axes, there is a need to obtain the principal screws first. The principal screw

principle can be used to study the feasible instant motion. Its important merit is that

it can illustrate a full-scale feasible instantaneous motion of the mechanism at any

given configuration.

6.2.1 The Representation of Pitch and Axes

In screw theory [1, 2], a straight line in 3D space can be expressed by two

vectors, namely, S and S0. Their dual combination is called a line vector, (S, S0),
S � S0 ¼ 0. When S0 ¼ 0, the line vector, (S; 0), passes through the origin point.

When S � S0 6¼ 0, it is defined as a screw. The pitch of the screw is given by:

h ¼ S � S0=S � S: (6.1)

If the pitch of a screw is equal to zero, the screw degenerates into a line vector,

which can be used to express a revolute pair in kinematics or a unit force along

the line in statics. If the pitch of a screw goes to infinity, h ¼ 1 , the screw is

expressed as (0; S) and is called a couple in screw theory. The couple can be used to

express a prismatic pair or translation motion in kinematics or a couple in statics.

The twist motion of a robot end-effector can be described by a screw. The linear

velocity vp of a selected reference point P on the end-effector and the angular

velocity v of the end-effector are given according to the task requirements.

Therefore, the moving screw of the end-effector can be expressed by the given vp
and v as follows:

$i ¼ o; voð Þ ¼ o; vP þ rP � oð Þ;
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where vo is the velocity of the point coincident with the original point in the body; rP
is a positional vector indicating the reference point on the end-effector. When the

original point of the coordinate system is coincident with point P, the pitch and axis
can be respectively determined by the following equations:

h ¼ v � vP
v �v ; (6.2)

r �v ¼ vP � hv: (6.3)

If a mechanism has three DOFs, the order of the screw system is three. The

motion of the three-order mechanism can be determined by three independent

generalized coordinates: _q ¼ _q1 _q2 _q3f gT . These independent generalized

coordinates are often selected as three input-joint rates. The vP and v of a robot

can then be determined by the following three input joint rates:

vP ¼ ½G� _q;
v ¼ ½G0� _q; _q ¼ f _q1 _q2 _q3gT ; (6.4)

where [G] and [G0] are 3 � 3 first-order influence coefficient matrices [15, 16].

Substituting Eq. (6.4) into Eqs. (6.2) and (6.3), the screw can also be described as

the function of the joint rates [7] (Fang and Huang 1998):

h ¼ _qT ½G0�T ½G� _q
_qT ½G0�T ½G0� _q ; (6.5)

½r�½G0� _q ¼ ð½G� � h½G0�Þ _q; (6.6)

where [r] is a skew-symmetrical matrix of vector r ¼ x y zð ÞT. Suppose we give
the following expressions:

u ¼ _q1= _q3 ; w ¼ _q2= _q3; (6.7)

and then _q ¼ u w 1ð Þ _q3 . In this case, the pitch and the axis equations are

given by:

h ¼ fu w 1g½G0�T ½G�fu w 1gT
fu w 1g½G0�T ½G0�fu w 1gT ; (6.8)

½r�½G0�Tfu w 1gT ¼ ð½G� þ ½rp�½G0� � h½G0�Þfu w 1gT ; (6.9)

where [rP] is also a skew-symmetrical matrix of coordinate of the point P.
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6.2.2 Principal Screws of a Third-Order Screw System

A third-order screw system has three principal screws. Generally, the three principal

screws are mutually perpendicular and intersecting at a common point. Any screw

in the system is the linear combination of the three principal screws. In the third-order

screw system, two pitches of three principal screws are extremum, and the pitches of

all other screws lie between the maximum and minimum pitches.

Therefore, obtaining the three principal screws is the key step in analyzing the

full-scale instantaneous motion of any 3-DOF mechanism. Two principles, the qua-

dratic curve degenerating theory and the quadric degenerating theory, are followed.

6.2.2.1 Quadratic Curve Degenerating Theory

Let ha; hb , and hg be the pitches of the three principal screws, respectively, and

suppose hg<h<ha, Fig. 6.1. Ball [1] illustrates the full-scale plane representation of a
third-order system with quadratic curves [1]; it indicates that the points in each

quadratic curve has identical pitch. If the pitch of any screw in the system is equal

to ha , hb or hg , the quadratic equation is degenerated. When h ¼ ha or h ¼ hg , the
quadratic equation degenerates into two virtual straight lines intersecting at a real

point; whenh ¼ hb, the quadratic equation degenerates into two real straight lines [3].
Expanding Eq. (6.8), we have:

a11u
2 þ 2a12uwþ a22w

2 þ 2a13uþ 2a23wþ a33 ¼ 0; (6.10)

where the coefficient aij; i; j ¼ 1 � 3ð Þ, is a function of pitch h and the elements in

matrices [G] and [G0]. From the quadratic equation degenerate principle, the

determinant of the coefficient matrix should be zero, that is:

D ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

������

������
¼ 0; ðaij ¼ ajiÞ: (6.11)

Expanding Eq. (6.11), we have:

c1h
3 þ c2h

2 þ c3hþ c4 ¼ 0; (6.12)

where ci; i ¼ 1 � 4ð Þ , is a function of the elements of [G] and [G0]. The three

roots of Eq. (6.12) are the pitches, ha, hb and hg, of the three principal screws.

h1h2 hhg ha
hb

Fig. 6.1 Three principal screws
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Substituting the pitch of the principal screw into Eq. (6.10), the above quadratic

equation can be degenerated into two straight line equations, and the root, ui wið Þ, of
the two equations becomes:

ui ¼ a22a13 � a12a23
a212 � a11a22

;

wi ¼ � a23
a22

� a12
a22

ui;

i ¼ 1; 2; 3: (6.13)

Each set of ui wið Þ corresponds to three inputs ui wi 1ð Þ, and three sets of

ui wið Þ , i ¼ a; b; g , correspond to three output twists, i.e., three principal

screws with pitches, ha, hb and hg.
When the pitches of three principal screws are obtained, the axis equations of

three principal screws can also be obtained when the three values are substituted

into Eq. (6.9).

6.2.2.2 Quadric Degenerating Theory

The quadric degenerating theory is an easier method in calculating the principal

screws. Equation (6.6) can be further simplified as:

½A� _q ¼ 0; (6.14)

where

A½ � ¼ r½ � G0½ � � G½ � þ h G0½ �

is a 3 � 3 matrix. Both [G] and [G0] are 3 � 3 first-order kinematic influence

coefficient matrices that are functions of the structure parameters of the mechanism.

Since not all the components of vector _q are zeros in general, the necessary and

sufficient condition that ensures the solutions of Eq. (6.14) are non-zero is that the

determinant of the matrix [A] must be equal to zero [8], that is:

Det½A� ¼ 0: (6.15)

Expanding Eq. (6.15), we obtain the position equation describing all the screw

axes as follows:

c11x
2 þ c22y

2 þ c33z
2 þ 2c12xyþ 2c23yzþ 2c13xzþ 2c14xþ 2c24y

þ 2c34zþ c44 ¼ 0: (6.16)

In the equation above, the following coefficients:

cij i ¼ 1; 2; 3; 4; j ¼ 1; 2; 3; 4ð Þ
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are the functions of pitch h as well as coefficients gij; bij . The latter are relative

with the elements of the matrices [G] and [G0] given in Appendix A in [8]. Equation

(6.16) is a quadratic equation with three variables, namely, x, y and z, and it exp-

resses a quadratic surface in space. The spatial distribution of all the screw axes

in 3-D is quite complex, generally, all the screw axes lie on a hyperboloid of one

sheet if every coefficient in Eq. (6.16) contains the same pitch h.

1. Pitches of the Three Principal Screws
For a third-order screw system, three principal screws (a, b and g) exist. Let ha, hb,
and hg be the pitches of three principal screws respectively, and suppose that ha>
hb>hg . We know that, when h ¼ ha or h ¼ hg , respectively, the quadric surface,

Eq. (6.16), degenerates into a straight line where the principal screws a or g lies.

When h ¼ hb, the quadric surface degenerates into two intersecting planes, and the

intersecting line is just the axis of the principal screw b [2]. According to this

nature, we can identify the three principal screws of the three-system.

The quadric has four invariants, I; J;D and D, and they are given as follows:

I ¼ c11 þ c22 þ c33;

D ¼

c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44

���������

���������

; D ¼
c11 c12 c13

c21 c22 c23

c31 c32 c33

�������

�������

J ¼ c11c22 þ c22c33 þ c11c33 � c212 � c223 � c213 ðcij ¼ cjiÞ:

(6.17)

ExpandingD, and assuming that it is equal to zero,D ¼ 0, we have the expression:

a1h
3 þ a2h

2 þ a3hþ a4 ¼ 0; (6.18)

where the coefficients ai (i ¼ 1, . . ., 4) are also the functions of gij and bij and h.
Three possible roots can be obtained by solving Eq. (6.18), and these three

roots correspond to the pitches of the three principal screws ha, hb, and hg. When

the pitch in the system is equal to one of the three principal screw pitches, the

invariant D is zero as well. This satisfies the condition that the quadric degenerates

into a line or two intersecting planes. Therefore, the key to identify the principal

screws in the third-order system is that the quadric, Eq. (6.16), degenerates into a

line or a pair of intersecting planes.

2. The axes of the Principal Screws and Principal Coordinate System
The coordinate system consisting of three principal screws is named the principal

coordinate system. We know that the most concise equation of a hyperboloid is

under its principal coordinate system. Thus, we look for the principal coordinate

system of the hyperboloid.

Equation (6.16), which is represented in the base coordinate system, can be

transformed into the normal form of the hyperboloid of one sheet in the principal
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coordinate system. As soon as the pitches of the three principal screws are obtained,

the pitch of any screw in the system falls within the range of hg<h<ha. The general
three-system [2] appears only when three pitches of the three principal screws

all are finite and satisfy hg 6¼ hb 6¼ ha . The axes of all the screws with the same

pitch ranging from hg to hb or from hb to ha form a hyperboloid of one sheet. In

this case the invariant D is not equal to zero, and the quadrics are the concentric

hyperboloids. By solving Eq. (6.19):

c11xþ c12yþ c13zþ c14 ¼ 0

c21xþ c22yþ c23zþ c24 ¼ 0

c31xþ c32yþ c33zþ c34 ¼ 0

8
><

>:
; (6.19)

the root of Eq. (6.19) is just the center point o0 x0 y0 z0ð Þof the hyperboloid. It is
clear that the point o0 is also the origin of the principal coordinate system. The

coordinate translation is given by:

x ¼ x0 þ x0

y ¼ y0 þ y0

z ¼ z0 þ z0

8
><

>:
: (6.20)

The eigenequation of the quadric is:

k3 � Ik2 þ Jk � D ¼ 0: (6.21)

Its three real roots (k1, k2, and k3) are the three eigenvalues, and not all the roots are
zeros. In general, k1 6¼ k2 6¼ k3 . The corresponding three unit eigenvectors,

l1 m1 n1ð Þ, l2 m2 n2ð Þ and l3 m3 n3ð Þ, are perpendicular to each other,

and correspond to three principal screws, a b and g , respectively, thus forming

the coordinate system (o0-x0y0z0). The principal coordinate system (o0-abl) can then be
constructed by the following coordinate rotation:

x ¼ l1x0 þ l2y0 þ l3z0

y ¼ m1x
0 þ m2y

0 þ m3z
0

z ¼ n1x0 þ n2y0 þ n3z0

8
><

>:
; (6.22)

After the coordinate transformation, the normal form of the hyperboloid becomes:

k1x
2 þ k2y

2 þ k3z
2 þ D

D
¼ 0: (6.23)

Hunt [2] stated that when h lay within the range hb<h<ha, the central symmetrical

axis of the hyperboloid is a, and the semi-major axis of its central elliptical section in

the bg-plane always lies along b. For hg<h<hb , the central symmetrical axis of the

hyperboloid is g, and the semi-major axis of its central elliptical section in the bg-plane
is also along b. Therefore, we can determine easily the three axes of the principal

coordinate system [2].

170 6 Full-Scale Feasible Instantaneous Screw Motion



6.3 Full-Scale Feasible Instantaneous Screws of the 3-RPS

Mechanism

Now let us discuss the full-scale feasible instantaneous screws of the 3-RPS mecha-

nism [11] shown in Fig. 6.2. In order to determine the full-scale feasible instanta-

neous screws of the 3-RPS mechanism, there is a need to determine three principal

screws by applying Eqs. (6.8) and (6.9); this depends on the elements of the matrices

[G] and [G0]. The latter are explained in Sect. 5.4. To determine the [G] and [G0], the
virtual mechanism and the virtual Jacobian of the 3-RPS must first be established.

6.3.1 Virtual Mechanism and Jacobian Matrix

To determine the pitches and axes according to Eqs. (6.8) and (6.9), the key

problem is to determine 3 � 3 Jacobian matrices [G] and [G0]. However, it is diffi-
cult for a 3-DOF parallel mechanism to determine [G] and [G0]. In the current work,
the virtual-mechanism principle (as shown in Sect. 5.4 and in [10, 16]) will be used.

However, the virtual-mechanism principle with unified formulas is a general method,

which can be applied to analyze any lower-mobility mechanism. This example is also

taken to introduce the process of setting the matrices [G] and [G0].
Figure 6.2a shows a 3-DOF 3-RPS mechanism [17] consisting of an upper plat-

form, a base platform, and three kinematic branches; each of its three branches is

comprise a revolute joint R, a prismatic pair P, and a spherical pair S, which is a RPS

serial chain. The axes of the revolute joints in the base are tangential to the circum-

circle of the lower triangle. The mechanism has three linear inputs _L1; _L2; _L3
� �

.

Each kinematic branch of the 3-RPS mechanism can be represented by five

single-DOF kinematic pairs. In order to obtain the Jacobian matrix, we should first

transform this 3-DOFmechanism into a virtual 6-DOF one. A virtual link and a virtual

revolute pair, $0, with single-DOF are then added to each branch of the mechanism.

z

y
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a3

a2

a1

X

Y

Z

R
A3

A1

A2
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L2

L1

r

$3
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$ r

$1

X1
Y1

Z1L0

$2
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a bFig. 6.2 3-DOF 3-RPS

parallel mechanism

(a) Mechanism sketch

(b) Virtual branch
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Each branch becomes a virtual 6-DOF serial chain. In order to keep a kinematic

equivalent effect, we allow the amplitude o0 of the virtual screw $0 of each branch to
remain at zero, moreover, each screw system formed by virtual, and the other five

screws of the primary branch must be linearly independent.

Considering the virtual pair$0, the Pl€ucker coordinates of all six screws shown in
Fig. 6.2b, with respect to local o-X1Y1Z1 coordinate system are given as follows:

$1 ¼ ð1 0 0; 0 0 0Þ
$2 ¼ ð0 0 0; 0 c BÞ
$3 ¼ ð0 c B; 0 0 0Þ
$4 ¼ ð1 0 0; 0 L0B � L0cÞ;
$5 ¼ ð0 B � c; �L0 0 0Þ
$6 ¼ ð0 0 1; L0 0 0Þ

(6.24)

where elements c and z are the cosines of the screw axes $2 and $3 . The screw

matrix of each branch with respect to the local coordinate system is:

Gg½ � ¼ $0; $1; $2; $3; $4; $5½ �:

After coordinate transformation, we have:

G0
i

� � ¼ A0
i

� �
Gg½ �:

For each serial branch, the motion of the end-effector of the 3-RPS mechanism

can be represented by the following expression:

VH ¼ G0
i

� �
_wðiÞ i ¼ 1; 2; 3; (6.25)

where VH ¼ o vPf gT is a six-dimension vector, v is the angular velocity of the

moving platform, vP is the linear velocity of the reference point P in the moving

platform; and

_wðiÞ ¼ _jðiÞ
0 _jðiÞ

1 _jðiÞ
2 _jðiÞ

3 _jðiÞ
4 _jðiÞ

5

� �

is a vector of joint rates. If G0
i

� �
is non-singular, then:

_wðiÞ ¼ ½Gi
0� VH i ¼ 1; 2; 3; (6.26)

where Gi
0

� � ¼ G0
i

� ��1
.

The input rates _L1; _L2; _L3
� �

of the mechanism are known, and the rate of each

virtual link is zero, which is also known. Then for each branch we have:

_wðiÞ ¼ _j0 _j1 _j2 _j3 _j4 _j5ð ÞðiÞ¼ 0 _j1
_L1 _j3 _j4 _j5

� �ðiÞ

i ¼ 1; 2; 3:
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Taking the first and third rows from the matrix Gi
0

� �
in Eq. (6.26) of each branch,

there are now six linear equations. A new matrix equation can then be established as

follows:

_q ¼ ½Gq
H�VH _q ¼ f _L1 _L2 _L3 0 0 0g; (6.27)

where

Gq
H½ � ¼ G1

0

� �
3:

G2
0

� �
3:

G3
0

� �
3:

G1
0

� �
1:

G2
0

� �
1:

G3
0

� �
1:

h iT
2 R6�6;

in which Gi
0

� �
i:
represents the ith row of matrix Gi

0

� �
. If the matrix Gq

H½ � is non-
singular, then from Eq. (6.27), we have:

VH ¼ ½GH
q � _q; (6.28)

where GH
q

h i
¼ Gq

H½ ��1
.

Since the 3-RPS mechanism has three freedoms, it only needs three inputs. The

matrix GH
L

� �
, formed by taking the first three columns of the matrix GH

q

h i
, is a 6 � 3

Jacobian matrix. Therefore, the corresponding relation between the inputs and the

outputs is:

VH ¼ ½GH
L � _L: (6.29)

As VH ¼ o vPf gT , Eq. (6.29) can be separated into two equations, namely:

vp ¼ ½G� _L; (6.30)

v ¼ ½G0� _L; (6.31)

where G0½ � represents the first three rows of ½GH
L �, and G½ � represents the last three

rows of GH
L

� �
. Then, we obtain the 3 � 3 matrices [G] and [G0]. From the analysis

process, we know that the matrices G½ � and G0½ � are not dependent on the chosen

virtual pairs.

6.3.2 Upper Platform Is Parallel to the Base

Here, we continue to study the 3-RPS mechanism shown in Fig. 6.2, in order to get

the full-scale feasible instantaneous motion. The parameters of the mechanism are

as follows: R ¼ 0.05 m, r ¼ 0.05 m, L0 ¼ 0.2 m, and L0 ¼ 0.04 m. The following
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configurations are also discussed in this section. Substituting the given geometrical

parameters and expanding Eq. (6.8), we have Eq. (6.10):

a11u
2 þ 2a12uwþ a22w

2 þ 2a13uþ 2a23wþ a33 ¼ 0; (6.32)

where the coefficient aij is a function of the geometrical parameters of the mecha-

nism as well as the pitch of twist screw of the moving platform. Equation (6.32) is a

quadratic equation with two variables, u and w, and degenerates if Eq. (6.11) is

satisfied. Expanding Eq. (6.11), we have Eq. (6.12), which is given by:

ah3 þ bh2 þ chþ d ¼ 0: (6.33)

The three roots of Eq. (6.33) are just the respective pitches of the three

principal screws. Substituting each root h into Eq. (6.32), the quadratic equation

degenerates into two linear equations expressing two straight lines, respectively.

The intersecting point (u, w) of the two lines can be obtained, after which the axis of
the principal screw can also be obtained by substituting point (u, w) into Eq. (6.9).

When the moving platform is parallel to the fixed one, it follows that a ¼ b ¼ c
¼ d ¼ 0, i.e., all the coefficients of Eq. (6.33) are zeros. The three roots, h, can be

any constant. For some reasons presented below, however, the three roots denoting

three principal screw pitches of Eq. (6.33) should be:

ð1 0 0Þ: (6.34)

When h ! 1 , we have u ¼ 1 and w ¼ 1, and the inputs are _L ¼ u w 1f g
¼ 1 1 1f g . The output motion is a pure translation given by:

$Z1 ¼ 0 0 0; 0 0 1f g . When the pitch of the principal screw is zero,

h ¼ 0, u ¼ 0/0, and w ¼ 0/0. Mathematically, u and w can both be any value except

one. All other roots of Eq. (6.33) are not considered because they are algebraically

redundant. Then, the corresponding three principal screws can be written as:

$z1 ¼ ð0 0 0; 0 0 1Þ
$z2 ¼ ð0 1 0; �Px 0 0Þ:
$z3 ¼ ð1 0 0; 0 Pz 0Þ

(6.35)

Any output motion may be considered as a linear combination of the three

principal screws. The full-scale distribution result (Fig. 6.3) of all screws obtained

by linear combinations of the three principal screws can also be verified using

another method presented in [18]. This is also identical to the actual mechanism

model in our laboratory. The three principal screws belong to a fourth special three-

system reported by Hunt [2].

When the upper platform is parallel to the fixed platform, all possible output twists

of the upper platform, except the translation along the Z direction, are considered

rotations corresponding to screws with zero pitch. Their axes all lie in the moving

platform and in all the directions. Figure 6.3 shows the full-scale possible twist
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screws with zero pitch. Therefore, from this figure, we did not attempt to make the

moving platform rotate about any axis that is not on the plane shown in Fig. 6.3. This

is impossible.

6.3.3 The Upper Platform Rotates by an Angle a About Line a2a3

When the upper platform continually rotates about line a2a3 by an angle a, this means

that themechanism is in the configuration that the lengths of the two input links are the

same. Note that for this kind of mechanism, the platform cannot continually rotate

about the axes lying in the plane shown in Fig. 6.3, except some three axes including

a2a3. In other words, it is very often impossible that the platform can continually rotate

around an axis lying in the plane, as shown in Fig. 6.3 [19].

The coordinates of point a1 on the upper platform and point A1 on the base have

the following values:

a1 ¼ frð3 cos a� 1Þ=2 0 L0 þ 3r sin a=2g; A1 ¼ fR 0 0g: (6.36)

In this configuration, the screw system, including the virtual pair of the first

limb corresponding to G0
1

� �
with respect to the fixed coordinate system, is given by

the following:

$1 ¼ fS1; S01g ¼ fS1; A1 � S1g
$2 ¼ fS2; S02g ¼ f0; L1g= L1k k
$3 ¼ fS3; S03g ¼ fL1; a1 � L1g= L1k k
$4 ¼ fS4; S04g ¼ fS1; a1 � S1g
$5 ¼ fS5; S05g ¼ fL1 � S4; a1 � L1 � S4g= L1 � S4k k
$0 ¼ f0 0 1; 0 � L0 0g

(6.37)

where

S1 ¼ S4 ¼ f0� 1 0g; L1 ¼ a1 � A1: (6.38)

Z

Y

X

α$

γ$
β$

Ph=0

Fig. 6.3 Screw distribution

in initial configuration
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The twist screw systems of the other two chains corresponding to G0
2

� �
and G0

3

� �

are the same as the case, in which the upper platform is parallel to the base.

Establishing matrices [G] and [G0], we can solve principal screws using the pre-

vious method.

Suppose a ¼ 30�, the pitches of three principal screws can be obtained by

solving Eq. (6.33). They are given as follows:

ha ¼ 5:13� 105; hb ¼ 0; hg ¼ �5:13� 105: (6.39)

When I2 ¼ 0, where I2 is the two-order determinant of coefficients of the quad-

ratic equation, its two roots are h1 ¼ �0:0057 and h2 ¼ 0:0165. There are six types
of the quadratic curve for the same configuration of the mechanism, as shown in

Table 6.1. The pitch h varies between ha and hg. Each point in Fig. 6.4 denotes

a pitch h of a twist screw of the moving platform, with respect to the three inputs

(u, w, 1). We can obtain the output pitch of the instantaneous twist when three

inputs are given. Figure 6.4 also shows the relation between inputs and the six types

of quadratic curves with different pitches in this configuration of the mechanism.

The twist screws with the same pitch, h, form a quadratic curve. The pure rotations

with zero pitch are illustrated as a pair of intersecting real straight lines in the figure.

The two straight lines can also be obtained and proven using another method

proposed in [18]. The three principal screws are given as follows:

$1m ¼ f0 � 1 0; 0:2 0 0:1g;
$2m ¼ f0:966 0 0:259; 0 0:22 3:96� 106g;
$3m ¼ f�0:966 0� 0:259; 0 � 0:22 3:96� 106g:

(6.40)

The screw $m with infinite pitch can be obtained by a linear combination of $2m
and $3mgiven as:

$m ¼ f0 0 0 ; 0 0 1g: (6.41)

It expresses a pure translation along the Z-direction. Meanwhile, $1m with zero

pitch is a pure rotation around the axis parallel to the Y-axis, whereas $2m is a twist

screw withh 6¼ 0and deviates from the normal direction of$m. The three screws,$m,
$1m and $2m, represented by:

$m ¼ f0 0 0 ; 0 0 1g;
$1m ¼ f0 � 1 0 ; 0:2 0 0:1g;
$2m ¼ f0:966 0 0:259 ; 0 0:22 3:96� 106g;

(6.42)

form a set of new principal screws, which corresponds to the seventh special three-

system screws presented by Hunt [2] as well as Tsai and Lee [5].
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6.3.4 General Configuration of the 3-RPS Mechanism

In a general configuration, the lengths of three legs of the parallel manipulator are

different. The coordinates of the points a1, a2 and a3, with respect to the coordinate
system P-xyz are as follows:

a1 ¼ fr 0 0gT

a2 ¼ f�r=2
ffiffiffi
3

p
r=2 0gT ;

a3 ¼ f�r=2 �
ffiffiffi
3

p
r=2 0gT

(6.43)
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hβ=0

hα

hγ

Fig. 6.4 Upper platform rotating at 30� around a2a3

Table 6.1 Six types of quadratic curves

The range of the value of h

Type of conicsIn 30� configuration In general configuration

0:0165256< h< 5:13� 105 or

� 5:13� 105 < h< � 0:0057003
0:0131215< h< 4:28� 105 or

� 4:28� 105 < h<� 0:0160208
Real ellipse

h> 5:13� 105 or h<� 5:13� 105 h> 4:28� 105 or h<� 4:28� 105 Imaginary

ellipse

ha ¼ 5:13� 105 or hg ¼ �5:13� 105 ha ¼ 4:28� 105 or hg ¼ �4:28� 105 Dot ellipse

� 0:0057003< h< 0:0165256 � 0:0160208< h< 0:0131215 Hyperbola

hb ¼ 0 hb ¼ 0:0079 A pair of

intersecting

real lines

h ¼ 0:0165256 or h ¼ �0:0057003 h ¼ 0:0131215 or h ¼ �0:0160208 Parabola
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Since the transformation matrix from the system P-xyz to the fixed system

O-XYZ is [T], the coordinates of the points with respect to the fixed coordinate

system O-XYZ are:

fPi 1gT ¼ ½T�fai 1gT i ¼ 1; 2; 3: (6.44)

The unit vectors u1, u2 and u3, representing revolute axes with respect to the

fixed system are:

u1 ¼ f0 1 0gT

u2 ¼ f�
ffiffiffi
3

p
=2 � 1=2 0gT

u3 ¼ f
ffiffiffi
3

p
=2 � 1=2 0gT :

(6.45)

The screw systems of the three serial chains in the fixed system can be expressed

as follows:

$i1 ¼ fS1; S01g ¼ fu1; Ai � uig
$i2 ¼ fS2; S02g ¼ f0; Lig= Lik k
$i3 ¼ fS3; S03g ¼ fLi; Pi � Lig= Lik k i ¼ 1; 2; 3:

$i4 ¼ fS4; S04g ¼ fui; Pi � uig
$i5 ¼ fS5; S05g ¼ fLi � ui; Pi � Li � uig= Li � uik k ð6:46Þ

Three virtual revolute pairs added to three branches are supposed to be all in the Z-
direction, passing through points k1, k2 and k3, respectively, and are on the lines from
original point O to the points A1, A2 and A3, respectively. All lengths are L0, and then
the coordinates of the points k1, k2 and k3 are expressed as three vectors given by:

k1 ¼ fL0 0 0g
k2 ¼ f�L0=2

ffiffiffi
3

p
L0=2 0g

k3 ¼ f�L0=2 �
ffiffiffi
3

p
L0=2 0g:

(6.47)

The three corresponding virtual twist screws are:

$i0 ¼ fS0; ki � S0g i ¼ 1; 2; 3; (6.48)

where S0 ¼ 0 0 1f g.
The matrices G0

i

� �
, corresponding to screw systems of the three branches with

respect to the fixed coordinate system, are given as:

½G0
i � ¼ f$i0 $i1 $i2 $i3 $i4 $i5g i ¼ 1; 2; 3: (6.49)
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When the coordinates of the center point of the upper platform with respect to

the fixed system are given as

X ¼ 0:002m; Y ¼ 0:001m; Z ¼ 0:22m;

then the pitches of the three principal screws can be obtained as:

ha ¼ 4:28� 105; hb ¼ 0:0079; hg ¼ �4:28� 105; (6.50)

respectively.Meanwhile,when I2 ¼ 0, two possible roots of the pitch are h1 ¼ �0.016

and h2 ¼ 0.013. There are also six types of conics in this configuration as shown in

Table 6.1. Figure 6.5 illustrates a planar representation of pitches of all possible twist

screws in this case.

The coordinates (u, w) of the principal screw with ha are (1.0004133965,

1.000387461). The (u, w) corresponding to hg are (1.0004134267, 1.000387451),

and both are too close to be distinguished by the naked eye in the figure. The three

principal screws can be obtained as follows:

$1m ¼ f�0:97 0:23 0 ; �0:06 � 0:22 0:06g;
$2m ¼ f0:22 0:95 0:21 ; �0:204 0:395 4:1� 106g
$3m ¼ f�0:22 � 0:95 � 0:21 ; 0:204 � 0:395 4:1� 106g

(6.51)
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Fig. 6.5 Twist screws in a general configuration
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The screw $m ¼ 0 0 0 ; 0 0 1f gwith infinite pitch, hm ¼ 1, can be

obtained by the linear combination of $2m and $3m . $
m expresses a pure translation

along the Z direction. $1m with h1m ¼ 0 is perpendicular to Z-axis, and $2m with h2m 6¼ 0

deviates from the normal direction of $m. Therefore, the three principal screws $m,
$1m and $2m, also form the seventh special three-system. Therefore, the formation of

all linear combinations of $m, $1m, and $
2
m in 3D space is a hyperbolic paraboloid, as

shown in Fig. 6.6.

6.4 Full-Scale Feasible Instantaneous Screw of a 3-UPU

Mechanism

In this section, we discuss an interesting 3-DOF special 3-UPU mechanism [8, 13].

It has some special inconceivable characteristics and is different from the general

3-D translational 3-UPU parallel mechanism proposed by Tsai in 1996 [20].

The 3-UPU mechanism, as shown in Fig. 6.7a, consists of a fixed pyramid

A1A2A3, a moving pyramid B1B2B3, and three UPU kinematic chains. In this

configuration, the mechanism is cubic, and the UPU chain consists of three kine-

matic pairs, two universal pairs, and a prismatic pair in their middle. The middle

two revolute pairs, $2 and $4 , adjacent to the prismatic pair in every branch,

Fig. 6.7b, are mutually perpendicular and are both perpendicular to the pris-

matic pair. The base coordinate system is O-XYZ. The first pair of UPU chains

aligns with the X-, Y- and Z-axes, respectively. The centerlines of the three

prismatic pairs in the initial position are mutually perpendicular. The length of

each side of the cubic mechanism is m, and its mobility is very special. Thus, we

analyze mobility first.
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a
g b

-0.1
0

0.1

0.2

0.3
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-0.15

-0.05

X
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Z
O

O'

O1

A

B

Fig. 6.6 Spatial distribution of the screws in a general configuration

180 6 Full-Scale Feasible Instantaneous Screw Motion



6.4.1 Mobility Analysis

6.4.1.1 Analysis of Limb

The coordinate system is shown in Fig. 6.7b. Its limb is a UPU chain corresponding

to five single-freedom pairs. Four cases of the limbs are analyzed here.

1. The first case. The two planes of the upper and lower U-pairs are parallel, and

the link OA is normal to the U-pair planes, Fig. 6.7b.

In this case the reciprocal screw of the five screws of the limb is a constraint

couple along the direction of the prismatic pair, Table 2.2, and is given by:

$r ¼ ð0 0 0; 0 0 1Þ: (6.52)

2. The second case. The linkOA lies in the xz plane, and$5 is still parallel with$2 as
shown in Fig. 6.8a

The five kinematic pairs of the limb may be expressed as five screws, yielding

the following:

$1 ¼ ð1 0 0; 0 0 0Þ
$2 ¼ ð0 1 0; 0 0 0Þ
$3 ¼ ð0 0 0; a 0 bÞ
$4 ¼ ðb 0 � a; 0 1 0Þ
$5 ¼ ð0 1 0; �b 0 aÞ:

(6.53)

O

X

A2
Y

y

z

x

a3

a1

a2A3

A1

D

Z

Ox

y

z

$2

$3

$4

$5

A

Fig. 6.7 3-UPU pyramid mechanism (a) Mechanism (b) A branch
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To solve the reciprocal screw of the five screws, as shown in Eq. (6.53),

assuming the reciprocal screw is as follows:

$r ¼ ða b c; d e f Þ; (6.54)

then the reciprocal screw should satisfy the condition as follows:

$i � $r ¼ 0; i ¼ 1; 2 . . . ; 4:

The reciprocal screw of the limb System can thus be obtained as:

$r ¼ 0 1 0; 0 0
1

a


 �
: (6.55)

It is a reciprocal force parallel y-axis.
The result can also be explained by geometrical principle. Based on Table 2.2, if

a screw is reciprocal to those five screws, $1; $2; � � � ; $5, then it should be coplanar
with screws $1, $2, $4, and $5 and normal to $3. The unique possibility is the screw,
which passes the intersecting point of$1 and$4 and is parallel to$2. The two results
are the same.

3. The third case. The link OA is in the yz plane and $4 is parallel to $1 as shown in
Fig. 6.8b. For this case, the coordinate system can also be selected as Fig. 6.8c;

x
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Fig. 6.8 The branch (a) The second case (b) The third case A (c) The third case B

182 6 Full-Scale Feasible Instantaneous Screw Motion

http://dx.doi.org/10.1007/978-94-007-4201-7_2


we also allow the x and y axes to align with $1 and $2, respectively. Then the

five screws are as follows:

$1 ¼ ð1 0 0; 0 0 0Þ
$2 ¼ ð0 1 0; 0 0 0Þ
$3 ¼ ð0 0 0; 0 0 1Þ
$4 ¼ ð1 0 0; 0 1 0Þ
$5 ¼ ð0 b5 c5; d5 0 0Þ:

(6.56)

Their reciprocal screw is represented by:

$r ¼ 1 0 0 ; 0 0 fð Þ:
It is a constraint force parallel to $1, which also passes the intersecting point

formed by $5 and $2.
4. All other cases

For example, in Fig. 6.8a, if $5 and $2 are not parallel but are intersecting, in this
case, it is impossible to find a screw with zero-pitch reciprocal to those five

screws, $1; $2; . . . ; $5, i.e., that screw is neither coplanar with screws $1, $2, $4,
and $5 nor normal to $3 simultaneously. In addition, it is impossible to find a

couple to reciprocate all five screws. For this situation, the possible reciprocal

screw is a reaction wrench with the pitch, 0 6¼ h 6¼ 1.

6.4.1.2 Whole Mechanism

After we analyze the limb screw system, we will consider the whole mechanism.

1. In the initial configuration
The mechanism is a cubiform with equal lengths of three limbs as shown in Fig. 6.7a.

In this case, the three limbs all belong to the first case, and each acts a constraint couple

upon the end-pyramid. The pyramid is subjected to three reciprocal screws with

infinite pitches. Figure 6.7a shows the coordinate systemO-XYZ. The three reciprocal
screws are:

$r1 ¼ ð0 0 0; 0 1 0Þ
$r2 ¼ ð0 0 0; 1 0 0Þ
$r3 ¼ ð0 0 0; 0 0 � 1Þ:

(6.57)

The three constraint couples limit three rotations, and the end-pyramid of the

mechanism has only three translational freedoms. However, although the mecha-

nism has three translation freedoms, any linear combination of the three allowing

freedoms denotes a new translation direction, which does not align with any

coordinate axis, and the freedom is instantaneous. Based on the analysis stated

above, except the first case, all other cases denote the reciprocal screw to be not a

couple but a force, and the constrained motion is considered as translation. Then,
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the pyramid is not a 3D translational mechanism any more. In other words, the

mechanism is a 3D translation mechanism, although it cannot translate along the

direction of the linear combination of the X, Y and Z-axes.

2. The end-pyramid translates along the X-axis for a distance
Here, another configuration of the mechanism is discussed, as shown in Fig. 6.9. In

this case, the moving pyramid only translates along the X-axis. The configurations
of the three limbs are different. Limb A3B3 only extends along its axis and belongs

to the 1st case of limb displacements. The reciprocal screw of this limb is a

constraint couple, as indicated in Eq. (6.52). Limb A1B1 is in the 2nd case and it

rotates an angle of f . It $5 intersects with $2 , and there is a constraint force,

Eq. (6.55). For limb A2B2, it also rotates an angle of x, which belongs to the 3rd

case, and $4 is parallel $1. Its reciprocal screw is also a constraint force.

The three reciprocal screws act on the moving pyramid, which are expressed

using three red arrows, Fig. 6.9. Since the three reciprocal screws include one couple

and two forces, the moving pyramid loses one rotation and two translation

freedoms. It has three freedoms including one translation along the X-axis and

two rotation freedoms about the lines parallel to the Y- and Z-axes, respectively.
From this analysis, we know that the mechanism is quite strange. It has 3D

translation freedoms and can translate, respectively, along the X, Y, Z-axes. How-
ever, it cannot translate along any direction of the linear combination of the X, Y,
and Z-axes.

6.4.2 First-Order Influence Matrices and Kinematic Analysis

In order to analyze the full-scale feasible motion, there is a need to establish the

first-order influence matrices. For this special 3-UPU mechanism, each branch of the

mechanism has equivalent five single-DOF kinematic pairs. According to the virtual-

mechanismmethodmentioned in Sect. 5.4, a virtual link and an imaginary virtual pair

Z
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z x
y

3B

1A
X 1B

41
r$

2A Y

D

r
Y$

52
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O

Fig. 6.9 End-pyramid

translates along the X-axis
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denoted by a screwwith zero pitch,$0i, are added to each branch, as shown in Fig. 6.10.
Then, each branch has six single-DOF kinematic pairs. Note that it is necessary to let

the angular velocity amplitude of $0 for each branch always be zero.
For each 6-DOF serial branch, the motion of the end-effector of the 3-UPU

mechanism can be represented as:

VH ¼ G0
i

� �
_fi ði ¼ 1; 2; 3Þ: (6.58)

Based on Eq. (6.58) and Sect. 6.2, the key matrix equations [G0] and [G] can be

obtained as follows:

VH ¼ GH
L

� �
_q (6.59)

Vp ¼ ½G� _q v ¼ ½G0� _q; (6.60)

where [G0] represents the first three rows of GH
L

� �
, and [G] represents the last three

rows of GH
L

� �
. They are both 3 � 3 matrices.

6.4.3 Initial Configuration

Figure 6.10 shows the initial configuration of the mechanism, m ¼ 1.0 m, l ¼ 0.3

m, and d1 ¼ d2 ¼ d3, where di is the distance between the virtual pair to the 1st pair
of the limb. For each branch of the mechanism, _fi

0;
_fi
0 ¼ 0

� �
and _qi; i ¼ 1; 2; 4ð Þ

are denoted as their inputs.

We assume that the three lengths from the origin O to the centers of the three

virtual pairs are all l ¼ m� di, which lie on the X, Y and Z-axes, respectively.
The first-order influence coefficient matrices of the three branches are given,

respectively, as:

G0
i

� � ¼ $0i $1i $3i $i4 $5ið Þ; i ¼ 1; 2; 3ð Þ:

X Y

Z

O
1$

2$

3$
4$

0$
5$

Fig. 6.10 Initial position

of virtual mechanism
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According to Eqs. (6.30) and (6.31), we obtain the two matrices as follows:

½G0� ¼
0 0 0

0 0 0

0 0 0

2

4

3

5; ½G� ¼
0 0 1

1 0 0

0 1 0

2

4

3

5: (6.61)

From Eq. (6.61), we obtain the coefficients of Eq. (6.12) as:

c1 ¼ c2 ¼ c3 ¼ c4 ¼ 0: (6.62)

The result is very special and implies that the roots of Eq. (6.12) can be any

value. For this special situation to determine the three values, we should consider

the three other conditions. From Sect. 6.2.2 as well as from Huang [12] and [21], the

three roots should all be infinite. This means that the three roots,ha; hb andhg, are all
1 as stated in:

ha ¼ hb ¼ hg ¼ 1:

The three principal screws belong to the sixth special third-order system

presented by Hunt [2]. The three mutually perpendicular screws correspond with

three independent translational motions, indicating that an instant translational

motion exists along any direction in space, through the linear combination of the

three screws.

However, we have found before that only three feasible translational motions

can continue along the three coordinate axes, respectively. The feasible transla-

tional motions along all other directions in 3D space are only instantaneous.

Therefore, the mechanism is not the same as the general 3D translational parallel

mechanism proposed by Tsai and Stamper [20].

6.4.4 The Second Configuration

The mechanism parameters are assumed as follows: m ¼ 1:0m and l ¼ 0:3m. In

addition, a ¼ 0:2m is the displacement of the moving pyramid along the X-axis, as
shown in Fig. 6.11 [12, 13]. In this case, we have:

½G0� ¼
0 0 0

0:00567188 0:170156 �0:0344828

0:170156 0:0567188 1:03448

2

64

3

75;

½G� ¼
�0:0567188 �0:170156 1:03448

0:850782 0:0283594 �0:172414

0:0351657 1:05497 �0:213793

2

64

3

75: (6.63)
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Substituting [G] and [G0] into Eq. (6.8) and according to Eq. (6.10), we have:

D ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

������

������
¼ 0: (6.64)

Expanding and solving the equation, we obtain the following:

ha ¼ 5:5

hb ¼ �5:6

hg ¼ �2:16318� 1017;

(6.65)

where one is infinite and the other two are finite values with opposite signs. Therefore,

any screw in the screw system is the linear combination of the three principal screws,

and its pitch is inside the scope, � 5:6 � h � 5:6 . The three principal kinematic

screws are given, respectively, by

$a ¼ ð0 1:0 1:0; 88:4053 5:0 6:2Þ=
ffiffiffi
2

p

$b ¼ ð0 � 1:0 1:0; 71:7085 5:0 � 6:2Þ=
ffiffiffi
2

p

$g ¼ ð0 0 0; 1 0 0Þ;
(6.66)

and the vector equations of three axes are also given, respectively, by:

r � Sa ¼ ð88:4053 5 6:2ÞT=
ffiffiffi
2

p

r � Sb ¼ ð71:7085 5 6:2ÞT=
ffiffiffi
2

p

r � Sg ¼ ð0 0 0ÞT ;
(6.67)
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Fig. 6.11 The second
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where Sa, Sb, and Sg are the three direction vectors of the three principal screws,

respectively. This system belongs to a third special three-system screw.

When different h values are substituted into Eq. (6.10), we may obtain different

quadratic equations. Giving one set of input u w 1ð Þ, the corresponding pitch of
the output motion is shown in Fig. 6.12, which also illustrates the full-scale feasible

instantaneous motion at that moment.

We know that each pitch of the screw determines a quadratic Eq. (6.10). Here,

all quadratic equations degenerate into a pair of intersecting straight lines, when

h lies within the range � 5:6<h<5:6. This is because that two invariants of all the

quadratic equations, Eq. (6.10), satisfy D ¼ 0 and d < 0. Similarly, when h ¼ 5.6

and h ¼ –5.6 both quadratic equations collapse into two pairs of superposed straight

lines, and are given, respectively, as follows:

u ¼ w

0:173127uþ 0:173127w ¼ 0:0679061: ð6:68Þ

In addition, as shown in Fig. 6.12, the quadratic equation collapses into a point,

which is just the intersecting point of all the straight lines, when:

h ¼ hg ¼ �2:16381� 1017 ¼ �1

Figure 6.12 illustrates the finite-and-infinite pitch graph of the third special

three-system screw, including the finite pitches in the scope from –5.6 to 5.6

and an infinite pitch. Each point in the figure indicates the relation between the
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Fig. 6.12 Pitch distribution for the second configuration
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input u w 1ð Þ and the output pitch, h. It is necessary to point out that, for a

6-DOF mechanism, infinite pitches of the infinite feasible instant motions are

distributed in an infinite scope �1 1ð Þ, but for this special 3-UPU mechanism

its infinite possibility is only in a limited scope (–5.6, 5.6) plus a point with an

infinite pitch value.

From Fig. 6.12, we can find that all the straight lines pass through a common

point, which is a very special point. The pitch values of all the straight lines are

finite, but at the special point, the pitch suddenly becomes infinite.

6.5 Full-Scale Feasible Instantaneous Screw of a 3-RPS

Pyramid Mechanism

In this section, we study the 3-RPS pyramid mechanism in detail. The fixed

element, A1A2A3 , and the moving one a1a2a3 are both pyramids as shown in

Fig. 6.13a. Each of its three branches is formed by a revolute joint R, a prismatic

pair P, and a spherical pair S, which is an RPS kinematic chain. The 1st pair of each

limb aligns with the X, Y and Z-axes, respectively. Three prismatic pairs are

selected as inputs. The base coordinate system is O-XYZ. The branch screw system

is shown in Fig. 6.13b.

6.5.1 First-Order Influence Coefficient Matrix

In order to obtain the Jacobian matrices [G] and [G]0, we use the virtual mechanism

method. There are five unit-DOF kinematic pairs in each branch of the 3-RPS

mechanism. A virtual link and a virtual pair denoted by a screw with zero pitch, $0,
are added to each of the branches. Then, each branch of this mechanism has six

single-DOF pairs. In order to maintain equivalent kinematic effects between the

virtual mechanism and the previous one, we allow the velocity amplitude of the

virtual unit screw $0 of each branch to be zero and $0 be linearly independent with

the other five real screws of the primary branch. Then, the virtual mechanism is a

6-DOF mechanism.

We assume that the length of any side of the cubic mechanism is m. Then, the
coordinates of the fixed points A1, A2, A3 in the base coordinate system O-XYZ are

given by:

A1 ¼ fm 0 0gT

A2 ¼ f0 m 0gT

A3 ¼ f0 0 mgT :
(6.69)
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In the general case, the coordinates of the moving points, a1, a2, a3, in the base

coordinate system O-XYZ are given by:

a1 ¼ fm l1 sin y1 l1 cos y1gT

a2 ¼ fl2 cos y2 m l2 sin y2gT

a3 ¼ fl3 sin y3 l3 cos y3 mgT ;
(6.70)

where li and yi i ¼ 1; 2; 3ð Þ are input and output kinematic parameter, as shown

in Fig. 6.13a.

Considering the constraints of the structure of the mechanism, a1, a2, and a3 have
to satisfy the following three equations:

ja1a2j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 cos y2 � mÞ2 þ ðm� l1 sin y1Þ2 þ ðl2 sin y2 � l1 cos y1Þ2

q
¼

ffiffiffi
2

p
m

ja2a3j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl3 sin y3 � l2 cos y2Þ2 þ ðl3 cos y3 � mÞ2 þ ðm� l2 sin y2Þ2

q
¼

ffiffiffi
2

p
m

ja1a3j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl3 sin y3 � mÞ2 þ ðl3 cos y3 � l1 sin y1Þ2 þ ðm� l1 cos y1Þ2

q
¼

ffiffiffi
2

p
m

9
>>>>=

>>>>;

:

(6.71)

When the lengths l1, l2, and l3 of the three input links are given, the three angles
yi may be obtained by solving Eq. (6.71). The position and orientation of the

moving pyramid of this mechanism can then be determined. This is the direct

kinematics of such mechanism.

The vectors of the three links are given by:

Li ¼ ai � Ai i ¼ 1; 2; 3: (6.72)
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Fig. 6.13 3-DOF 3-RPS pyramid mechanism (a) Mechanism sketch (b) Virtual branch
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The directional vectors of the axes of the three rotational pairs in the base

coordinate system are:

u1 ¼ f1 0 0g
u2 ¼ f0 1 0g
u3 ¼ f0 0 1g:

(6.73)

The Pl€ucker coordinates of the three original branches in the base coordinate

system are given as follows:

$i1 ¼ fS1; S01g ¼ fui; Ai � uig
$i2 ¼ fS2; S02g ¼ f0; Lig= Lik k
$i3 ¼ fS3; S03g ¼ fLi; ai � Lig= Lik k i ¼ 1; 2; 3:

$i4 ¼ fS4; S04g ¼ fui; ai � uig
$i5 ¼ fS5; S05g ¼ fLi � ui; ai � Li � uig= Li � uik k

(6.74)

The Pl€ucker coordinates of the virtual screws $0 of the three branches in base

system are respectively given as:

$10 ¼ ð0 0 1 ; 0 � L0 0Þ
$20 ¼ ð1 0 0 ; 0 0 � L0Þ
$30 ¼ ð0 1 0 ; �L0 0 0Þ:

(6.75)

The three lengths from the origin O to the centers of the three virtual pairs are all

equal to L0, which lie along the X, Y and Z-axes, respectively. The screw systems of

the three branches of the virtual mechanism in the base coordinate system are:

G0
i

� � ¼ $i0 $i1 $i2 $i3 $i4 $i5
� �

i ¼ 1; 2; 3; (6.76)

where G0
i

� �
is just the first-order influence matrix

6.5.2 Principal Screws and Full-Scale Feasible Motions

Three configurations of this mechanism will be analyzed as follows:

6.5.2.1 Original Configuration

In this configuration, the parameters of the 3-RPS pyramid mechanism are

taken as follows: m ¼ 0.2 m; l1 ¼ l2 ¼ l3 ¼ 0.2 m; and y1 ¼ y2 ¼ y3 ¼ 90�.
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Using the previous method, we obtain the Jacobian matrices [G] and [G0], respec-
tively, as follows:

½G� ¼
0:5 �0:5 0:5
0:5 0:5 �0:5
�0:5 0:5 0:5

2

4

3

5; ½G0� ¼
2:5 2:5 �2:5
�2:5 2:5 2:5
2:5 �2:5 2:5

2

4

3

5: (6.77)

Substituting the elements of matrices [G] and [G0] into Eq. (6.18), we can obtain
the pitches of the three principal screws from the condition D ¼ 0. They are as

follows:

ha ¼ 0:2;

hb ¼ hg ¼ �0:1:

The twist screw system under this configuration belongs to the first special

three-system presented by Hunt. Ball [1] described a planar representation of the

three-system. Using the theory shown in [8], we also obtain the same pitches of the

principal screws. Substituting the elements of matrices [G] and [G0] into the conic

equation in [8], the coefficients of the conic are now as follows:

a11 ¼ a22 ¼ a33 ¼ 1:25þ 18:75h;

a12 ¼ a23 ¼ a13 ¼ 0:5ð�2:5� 12:5hÞ: (6.78)

When I2 ¼ 0 I2 ¼ a11a22 � a212
� �

, two possible roots of h are h1 ¼ �0.1 and

h2 ¼ 0. However, only h2 satisfies the condition of the parabola. There are six

conic types for the original configuration of the mechanism as shown in Table 6.2.

Figure 6.14 illustrates a planar representation of all possible twist screws in

this case. It denotes the relations between the pitches of the output twist screws

and the three linear inputs. Let u ¼ _L1 _L3
�

and w ¼ _L2 _L3
�

. When ha ¼ 0.2,

the corresponding inputs are _L ¼ 1 1 1ð Þ, which is a point in Fig. 6.14. When

hb ¼ hg ¼ �0:1 , the conic degenerates into a pair of superposition lines, whose

equation is y ¼ �x� 1.

Table 6.2 Original configuration

The range of the values of h The types of conic

0< h< 0:2 (1) Real ellipse

h> 0:2 or h<� 0:1 (2) Imaginary ellipse (motions of the nonexistence)

ha ¼ 0:2 (3) Dot ellipse (a pair of imaginary intersecting lines)

� 0:1< h< 0 (4) Hyperbola

h ¼ 0 (5) Parabola

hb ¼ hg ¼ �0:1 (6) A pair of superposition lines

192 6 Full-Scale Feasible Instantaneous Screw Motion



Substituting the elements of matrices [G] and [G0] into the quadric equation

(6.15) or (6.16), the coefficients of the quadric are given by:

c11 ¼ c22 ¼ c33 ¼ 62:5h;

c12 ¼ c23 ¼ c13 ¼ �6:25;

c12 ¼ c23 ¼ c13 ¼ 0:5ð2:5� 12:5hÞ;
c44 ¼ �0:5þ 62:5h3:

(6.79)

The invariants of the quadric are as follows:

I ¼ 187:5h;

J ¼ �117:187þ 11; 718:8h2;

D ¼ 24; 414ðhþ 0:1Þ2ðh� 0:2Þ;
D ¼ 1:53� 107ðhþ 0:1Þ2ðh� 0:2Þ2ðh2 þ 0:2hþ 0:01Þ:

(6.80)

According to the abovementioned theory, we can easily identify the three princi-

pal axes, a, b, and g. The coordinates of the origin in the principal system can be

obtained by solving Eq. (6.18), specifically o0 ¼ 0:1 0:1 0:1ð Þ. The eigenvector
(–0.57725, –0.57735, or –0.57735) corresponding to the eigenvalue k1 is taken as

the z0-axis in the system (o0-x0y0z0). It implies that the angles between the z0-axis and
the X, Y, and Z-axes in the base system are all 54.7. In fact, the points o0 and z0-axis
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Fig. 6.14 Possible pitches for original configuration

6.5 Full-Scale Feasible Instantaneous Screw of a 3-RPS Pyramid Mechanism 193



are the center and nodal axis of the hyperboloid, respectively. Since k2 ¼ k3, we can
arbitrarily select the x0-axis and y0-axis that are perpendicular to the z0-axis in a plane.
For convenience, the x0-axis and y0-axis are taken as follows:

x0 ¼ ð0 � 0:707107 0:707107Þ;
y0 ¼ ð0:816497 � 0:408248 0:408248Þ: (6.81)

When h ¼ �0.05, h ¼ 0 and h ¼ 0.1, the normal equations of the hyperboloid

in the system o0-x0y0z0 are given by:

x2

0:0125
þ y2

0:0125
� z2

0:0125
¼ 1 ðh ¼ �0:05Þ;

x2

0:02
þ y2

0:02
� z2

0:01
¼ 1 ðh ¼ 0Þ;

x2

0:02
þ y2

0:02
� z2

0:04
¼ 1 ðh ¼ 0:1Þ:

(6.82)

In Fig. 6.15, there are three hyperboloids that give out the three different distri-

butions of all the screws with the above three pitches in space, respectively. They are

all revolving hyperboloids with the same center and nodal axes. The systemO-XYZ is

the base system, and the system o0-x0y0z0 is the principal system. When h takes any

value within the range ofhg<h<ha, all corresponding hyperboloids still have the same

center and nodal axes.When the pitch of the screw vanishes, h ¼ 0, the output motion

of the end-effector becomes a pure rotation. Infinite pure rotations can be realized by

the end-effector of the manipulator. These rotational axes lie on the same hyperboloid

of one sheet with h ¼ 0, as shown in Fig. 6.15.
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6.5.2.2 Three Input Links Have the Same Length

In this second configuration, we take the parameters of the 3-RPS pyramid mecha-

nism as follows: m ¼ 0.2 m; l1 ¼ l2 ¼ l3 ¼ 0.2795 m; and y1 ¼ y2 ¼ y3 ¼ 80� .
Similarly, we obtain the Jacobian matrices [G] and [G0] as follows:

½G� ¼
0:355 �0:703 0:881

0:881 0:355 �0:703

�0:703 0:881 0:355

2

64

3

75; ½G0� ¼
3:368 0:946 �1:960

�1:960 3:368 0:946

0:946 �1:960 3:368

2

64

3

75:

(6.83)

In this configuration, the corresponding coefficients of the conic are:

a11 ¼ a22 ¼ a33 ¼ 1:19469þ 16:0974h;

a12 ¼ a23 ¼ a13 ¼ 0:5ð�2:45063� 10:5395hÞ: (6.84)

By means of the quadric degenerating theory, the pitches of the three principal

screws are:

ha ¼ 0:226708;

hb ¼ hg ¼ �0:113354:

The twist screw system in this configuration also belongs to the first special

screw system. When I2 ¼ 0, two possible roots of h are h1 ¼ �0.1133 and

h2 ¼ 0.0028. However, only h2 satisfies the condition of the parabola. There are

also six conic types at this case, as shown in Table 6.3. Figure 6.16 illustrates

all possible twist screws by a planar representation. When ha ¼ 0.2267,

the corresponding inputs are _L ¼ 1 1 1ð Þ, which is a point in Fig. 6.16. When

hb ¼ hg ¼ �0:1133, the conic degenerates into a pair of superposition lines, whose

equation is also y ¼ �x� 1.

In this configuration, the coefficients of the quadric are:

c11 ¼ c22 ¼ c33 ¼ 50:25h;

c12 ¼ c23 ¼ c13 ¼ �5:70;

c14 ¼ c24 ¼ c34 ¼ 0:5ð3:688� 16:269hÞ;
c44 ¼ �1:042þ 2:0137hþ 50:25h3:

(6.85)

The invariants of the quadric are as follows:

I ¼ 150:75h;

J ¼ �97:133þ 7; 574:99h2;

D ¼ 126; 880ðhþ 0:1133Þ2ðh� 02267Þ;
D ¼ 6:38� 106ðhþ 0:1133Þ2ðh� 0:2267Þ2ðh2 þ 0:2267hþ 0:0128Þ:

(6.86)
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Then three axes of a, b and g may be obtained. The coordinates of the center

point o0 of the hyperboloid are 0:162 0:162 0:162ð Þ by solving Eq. (6.16). The

Fig. 6.17 is similar to Fig. 6.15. The characteristic equation of the matrix [D] has
the same roots. The direction (�0.57725, �0.57735, �0.57735) is taken as the

z0-axis. The x0-axis and y0-axis are as follows:

x0 ¼ �0:630531 0:764513 �0:133982ð Þ;
y0 ¼ �0:510824 �0:296216 0:807041ð Þ
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When h ¼ �0:05, h ¼ 0 and h ¼ 0:1, the normal equations of the hyperboloid

can be obtained as follows:

x2

0:0175
þ y2

0:0175
� z2

0:004
¼ 1 ðh ¼ �0:05Þ

x2

0:0257
þ y2

0:0257
� z2

0:0129
¼ 1 ðh ¼ 0Þ

x2

0:027
þ y2

0:027
� z2

0:0455
¼ 1 ðh ¼ 0:1Þ

(6.87)

Figure 6.17 shows the three principal screws and the spatial distributions of the

axes of all possible screws. They are all hyperboloids of revolution with the same

nodal z0-axes, and the difference between the two configurations is that the center

points of the two sets of hyperboloids are different (Table 6.3).

6.5.2.3 Common Configuration

When the parameters of this mechanism are taken as m ¼ 0.2 m; l1 ¼ 0.195 m,

l2 ¼ 0.164 m, l3 ¼ 0.117 m; and y1 ¼ 80�; y2 ¼ 110�; y3 ¼ 100�, this mecha-

nism is under a common configuration. The matrices [G] and [G0] are then

given by:

½G� ¼
0:63 �0:48 0:20
0:42 0:44 �0:28
�0:32 0:32 0:44

2

4

3

5; ½G0� ¼
1:74 3:62 �2:50
�3:07 2:13 4:27
2:72 �2:10 1:79

2

4

3

5: (6.88)

In this configuration, the coefficients of the conic are:

a11 ¼ 1:062þ 19:825h a12 ¼ 0:5ð�2:522� 11:89hÞ
a22 ¼ 1:461þ 22:086h a23 ¼ 0:5ð�2:823� 7:364hÞ
a33 ¼ 0:922þ 27:695h a13 ¼ 0:5ð�2:082� 25:238hÞ;

(6.89)

Table 6.3 Three lengthened input links have the same length

The range of the values of h The types of conic

0:0028< h< 0:2267 1. Real ellipse

h> 0:2267 or h <� 0:1133 2. Imaginary ellipse (motions of the nonexistence)

ha ¼ 0:2267 3. Dot ellipse (a pair of imaginary intersecting lines)

� 0:1133< h< 0:0028 4. Hyperbola

h ¼ 0:0028 5. Parabola

hb ¼ hg ¼ �0:1133 6. A pair of superposition lines
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The pitches of the three principal screws are:

ha ¼ 0:169387

hb ¼ �0:057819

hg ¼ �0:111568:

(6.90)

They all are finite and different from each other. The twist system of this

configuration forms a general three-system. When I2 ¼ 0, two possible roots, h1
¼ �0:0939974 and h2 ¼ 0:00100035, corresponding to two parabolas are obtained.
There are also six conic types in this case, as shown in Table 6.4. Figure 6.18

illustrates a planar representation of all possible twist screws. When ha ¼ 0:169387,

Table 6.4 General configuration

The range of the values of h The types of conic

0:00100035<h<0:169387 or

�0:111568<h<� 0:0939974
(1) Real ellipse

h>0:169387 or h<� 0:111568 (2) Imaginary ellipse

ha ¼ 0:169387 or hg ¼ �0:111568 (3) Dot ellipse (a pair of imaginary intersecting lines)

� 0:0939974<h<� 0:057819 or

�0:057819<h<� 0:00100035
(4) Hyperbola

h ¼ 0:00100035 or h¼� 0:0939974 (5) Parabola

hb ¼ �0:057819 (6) A pair of superposition lines
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the corresponding inputs are _L ¼ 1:08482 0:907773 1ð Þ , which is a point

shown in Fig. 6.18. When hg ¼ �0:111568 , the corresponding point is
_L ¼ �1:35046 �0:215642 1ð Þ in Fig. 6.18. When hb ¼ �0:057819, the conic
degenerates into a pair of intersecting real lines whose equations are w ¼ 10:0108u
þ13:3036 andw ¼ �0:045641u� 0:277278, respectively. The inputs corresponding
to the intersecting point of the two lines are _L ¼ 1:2135 �1:72073 1ð Þ.

In this configuration, the coefficients of the quadric are given by:

c11 ¼ c22 ¼ c33 ¼ 82:5173h

c12 ¼ �4:9505; c23 ¼ �7:06637; c13 ¼ �8:7751

c14 ¼ 0:5ð2:49987� 4:88798hÞ
c24 ¼ 0:5ð1:62049� 14:1963hÞ
c34 ¼ 0:5ð1:7355� 15:4988hÞ
c44 ¼ �0:278376� 0:424558hþ 85:5173h3:

(6.91)

The invariants of the quadric are as follows:

I ¼ 247:55h;

J ¼ � 151:44þ 20427:3h2

D ¼ 561869ðhþ 0:111468Þðhþ 0:057819Þðh� 0:169387Þ
D ¼ 4:64� 107ðhþ 0:111568Þ2ðhþ 0:057819Þ2ðh� 0:169387Þ2

(6.92)

The coordinates of the center point of the hyperboloid are

o0 ¼ 0:0296 0:086 0:0939ð Þ . Since the three eigenvalues of the matrix [D]

are all different, the eigenvectors corresponding to the eignevalues may be taken

as the three axes in system (o0-x0y0z0). They are as follows:

x0 ¼ 0:571619 �0:807634 0:144837ð Þ
y0 ¼ 0:581944 0:274608 �0:765462ð Þ
z0 ¼ 0:57844 0:52184 0:626969ð Þ

When h ¼ �0:08 and h ¼ 0:08 , the normal equations of the hyperboloid in

system o0-x0y0z0 are:

x2

0:01712
þ y2

0:0123
� z2

0:0264
¼ 1 ðh ¼ 0:08Þ

x2

0:00787
þ z2

0:0007
� y2

0:00553
¼ 1 ðh ¼ �0:08Þ:

(6.93)

Figure 6.19 expresses the three principal screws and the formations of all

possible twist screws with the above two pitches for this configuration in 3D

space. The two hyperboloids have different nodal axes. For h is within hb<h<ha,
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the corresponding hyperboloids of one sheet have the same shape as that of the one

with h ¼ 0:08. The direction of the nodal axes is along the z0-axis, namely, the a-
axis. For hg<h<hb, the shape of the hyperboloid is the same as that of the one with

h ¼ �0:08. The direction of the nodal axes is along the y0-axis, namely, the g-axis.
Compared with the first two configurations, the hyperboloids in this case are not

revolving but the most general hyperboloids.

6.6 A 3-DOF Rotational Parallel Manipulator Without

Intersecting Axes

In this section, we discuss an interesting new issue. This will use the above theory,

although it is only presented as an idea for further study.

Parallel manipulators with less than 6 DOF attract much attention due to their

fewer active legs, large workspace, simple structure, ease of control, and simpler

kinematic solutions. 3-DOF spherical parallel manipulators (SPMs) are a class of

parallel manipulators with reduced DOF. The 3-RRR parallel manipulator propo-

sed by Cox [22] in 1981 is one of the most famous SPMs. This manipulator consists

of a base, a moving platform and three branches. It is difficult to obtain higher

precision in manufacturing the parallel manipulators comprising a 3-RRR chain

with multiple revolute joint axes intersecting at one point. This is a new important

issue. It is difficult to make parallel manipulators (PMs) with multiple revolute joint

axes intersecting at one point. These types containing similar issues besides 3-RRR

SPMs include many different 4-DOF 3R1T and 2R2T as well as 5-DOF 3R2T PMs,

to name a few. This problem makes it hard to achieve the expected mobility.

Fig. 6.19 Axis distribution for the general configuration
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Including the abovementioned issue for the lower-mobility parallel mechanisms,

this has resulted four issues in mechanical-structure design and manufacture

problems that have gradually gained attention in recent years. These include the

following:

(i) Coupled motions: Most PMs suffer from the problems of coupled motions,

which bring us some difficulties with regards to motion planning and

controlling in applications.

(ii) Over-constrained: The over-constrained manipulators have the drawback of

jamming or undergoing high internal loads when geometric errors occur [23].

(iii) Parasitic motions: The parasitic motions means the motions in the unspeci-

fied motion [24]. The parasitic motions lead to complex kinematics, require

real-time compensation, and increase the difficulties of calibrating.

(iv) Intersecting axes: This kind of problem exist in some types of PMs, including

the 3-DOF spherical parallel manipulators (SPMs), the 4-DOF 3R1T and

2R2T PMs, and the 5-DOF 3R2T PMs, to name a few. The restricted geomet-

rical conditions in these PMs are usually difficult to fulfill.

The first three problems have already been studied by many researchers. Some

decoupled PMs have been invented to solve the problem of coupled motions [25–27].

Many non-over-constrained PMs have also been designed [23, 28]. Some optimiza-

tion methods have been introduced to avoid or minimize the parasitic motions [24],

and some mechanism without parasitic motion was proposed [29]. However, few

works have studied the problem of intersecting axes [14].

In 1996, a 3-DOF 3-RPS cubic PM was proposed by Huang [21]. Recently, we

noticed that this PM has 3 revolute freedoms but does not have intersecting axes.

Could this mechanism be applied to the requirement of 3D revolute motion?

If so, the next question that should be answered is how big is its orientation

capability? Can the capability satisfy a general requirement for a 3D revolute

mechanism? It is the key issue that must be discussed for the mechanism to be

a 3D rotational one. In order to study the orientation capability, there is a need to

analyze the full-scale feasible instant screws of a mechanism to obtain its work

extension. Therefore, we discuss this issue in this Chapter.

6.6.1 An Open Problem of the PMs with Intersecting Axes

There is a need to further analyze this issue. We should consider the effect of the

PMs having intersecting rotational axes. Here, we take the 3-RRR spherical parallel

mechanism (SPM) as an example to show this issue [14].

The 3-RRR SPM, as shown in Fig. 6.20a, was first proposed by Cox in 1981[22].

Its mobility is 3; however, the number is only a theoretical result [32]. Due to the

unavoidable errors that may occur during the manufacturing process, it would be

impossible to realize all the joint axes intersecting at one point. It is very likely that

these axes would intersect at different points. One possible example is shown in

Fig. 6.20b.
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The example can be described as follows. First, the axes of the three revolute

joints in the i-th branch intersect at a point Oi, but the three intersecting points

O1,O2,O3 of the three limbs do not coincide with each other. For each limb, the

common point is selected as the origin point of the limb coordinate system and the

three screws can be expressed as follows:

$i1 ¼ ðai1 bi1 ci1; 0 0 0Þ
$i2 ¼ ðai2 bi2 ci2; 0 0 0Þ
$i3 ¼ ðai3 bi3 ci3; 0 0 0Þ:

(6.94)

where aij, bij, and cij stands for the direction cosines of axis of the j-th revolute joint
in the i-th branch; and i, j ¼ 1,2,3.

This is a three-screw system, and there are three reciprocal screws $r given by:

$ri1 ¼ ð1 0 0; 0 0 0Þ
$ri2 ¼ ð0 1 0; 0 0 0Þ
$ri3 ¼ ð0 0 1; 0 0 0Þ:

(6.95)

The three reciprocal screws with zero-pitch pass the intersecting point. Under

this case, among all nine constraints, there are six constraint forces being linearly

independent, as shown in Table 2.1. Thus, three redundant constraint forces exist,

i.e., v ¼ 3. Then, using the modified G-K criterion, Eq. (3.5), we have:

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

fi þ v ¼ 6ð8� 9� 1Þ þ 9þ 3 ¼ 0; (6.96)

which indicates that the mobility of themechanism vanishes. In other words, when the

abovementioned errors occur, axes cannot intersect at a single point, and the manipu-

lator cannot move at all. This example discussed above is one of the possible cases

during the manufacturing process. In practice, among the nine axes, the pose of each

O 2O
1O3O

Fig. 6.20 3-RRR SPM with manufacturing errors
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axis is variable and even no lines intersect, this is the worst situation. In other words,

if all these axes are not converging to a point, the 3-RRRSPM cannotmove at all. This

is why many mechanisms of this type cannot work well as expected when they have

been manufactured. Somebody may point out that many practical 3-RRR SPMs can

realize 3D rotation. Actually, it is impossible unless there are enough clearances in

kinematic pairs, and this can greatly reduce mechanism accuracy.

The 3-RRR SPM is an over-constrained PM. However, there are also many

non-over-constrained SPMs [28], such as 3-RRS. Does it also have this problem?

The next section briefly analyzes the problem.

For a non-over-constrained SPM, e.g., a 3-RRS SPM [28], the third kinematic

pair in each limb is replaced by a spherical pair. Compared with the 3-RRR SPM,

the number of all constraint forces exerted on the 3-RRS platform is reduced

to three, but nine have no over-constraints. However, it still requires six intersect-

ing axes, as shown in Fig. 6.21a. The platform maintains three rotational freedoms

and can rotate about any line passing through the intersecting point of the three

constraint forces. However, when the three constraint forces do not intersect at a point

under the influence of manufacturing errors, as shown in Fig. 6.21b, the mobility of

the non-over-constrained SPM cannot rotate about at a fixed point, which means it is

not an SPM anymore.

This similar problem of the 3-DOF SPMs also occurs on other kinds of 3-5 DOF

PMs with intersecting axes.

Can we find or synthesize a kind of lower mobility PMs, as shown above (iv),

without intersecting joint axes and can realize the same motion? This is an open

problem that can be fully understood with further research.

6.6.2 A 3-D Revolute Mechanism Without Intersecting Axes

Here, a 3-RPS cubic PM [21] without intersecting axes is introduced. This can also

achieve 3D rotational motions.

O 3O
2O1O

Fig. 6.21 The 3-RRS SPM
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As shown in Fig. 6.22a, the 3-RPS cubic PM consists of a pyramid base, a

pyramid platform and three branches; it also has a cubic origin configuration. In

addition, each branch is formed by a revolute joint R, an actuated prismatic joint P,

and a spherical joint S.

6.6.2.1 Mobility Analysis of the 3-RPS Cubic PM

For the whole manipulator, the constraint screw system consists of three constraint

forces ($r1, $
r
2 and $

r
3) that do not intersect with each other. As shown in Fig. 6.23, at

the initial configuration, the constraint screws can be written in the coordinate

system O-XYZ as:

$r1 ¼ ð1 0 0; 0 0 � 1Þ
$r2 ¼ ð0 1 0; �1 0 0Þ
$r3 ¼ ð0 0 1; 0 � 1 0Þ;

(6.97)

The three constraint forces, as shown in Fig. 6.23, lying on a hyperboloid of one

sheet are linearly independent. Their reciprocal screws are the rotational axes.

Using the modified G-K criterion, Eq. (3.4), we can obtain the mobility of the

3-RPS cubic PM as:

M ¼ 6ðn� g� 1Þ þ
Xg

i¼1

fi þ v

¼ 6ð8� 9� 1Þ þ 15þ 0 ¼ 3 ð6:98Þ

Z

3
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X 1l

1
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3l
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O
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a b

Fig. 6.22 3-RPS cubic parallel manipulator (a) 3-RPS pyramid mechanism (b) PM at different

configurations
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When the configuration of the platform changes, the constraint screw system still

contains three linearly independent constraint forces, as shown in Fig. 6.23; thus,

the mobility is not instantaneous.

6.6.2.2 The Property of Mobility and Full-Scale Feasible Moving Screws

Since the platform is constrained by three constraint forces, its three translational

freedoms are constrained; thus, this manipulator only has three rotational freedoms.

However, the rotation axes must intersect with three constraint forces simulta-

neously.Those rotation-axis lines do not pass a common point, and this manipulator

is not a SPM.

The 3-DOF 3-RRR SPM has a sufficient orientation workspace, as shown in

Fig. 6.24. If we transfer all the possible revolute screw axes of that mechanism to a

common point O, they can also form a coniform, as shown in Fig. 6.24a.

As shown in Fig. 6.23, three constraint forces lie on a hyperboloid of one sheet, and

all of these are in the same regulus. All the lines forming the other reguli also lie on the

same hyperboloid, which intersect with all the three constraint forces, thereby satis-

fying the requirements to be rotational axes. Thismeans that the possible revolute axes

with different directions are infinite; moreover, they all lie on the same hyperboloid,

but on different reguli. Furthermore, from the analysis in Sect. 6.5, each configuration

of the 3-RPS pyramid mechanism has full-scale feasible screws, as exemplified by the

following two figures shown. Figure 6.25 denotes all the possible infinite pitches.

When different three inputs are given, they fulfill the entire u-w coordinate plane,

as shown in Fig. 6.25a. This means that every point in the coordinate plane indicates

a screw with corresponding h. The h is between two extrema, namely, ha and hg.
The pitches of points in each curve in the u-w coordinate plane are identical h.
Different curves have different pitches, and all the curves are quadratic curves. Each

quadratic curve corresponds to a hyperboloid of one sheep, and there are infinite

quadratic curves providing full coverage of the space shown in Fig. 6.24. All the screw

axes, no matter how big each pitch itself is, congregate in Fig. 6.25b.

2
r$

1
r$

3
r$Fig. 6.23 Three constraint

forces lying on a hyperboloid

of one sheet
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Figure 6.25 illustrates full-scale feasible screw axes for the configuration of this

mechanism. It certainly can overflow with a part of space. There are now two more

questions that must be addressed:

1. For different configurations, is the occupying area in space variable?

2. How big is the maximum occupying spatial area? Can it satisfy the work

requirement?

2a

O

5
4.5

4
3.5

3
2.5

2
1.5

1
0.5

0
0

2

4

6 0 0.5 1 1.5 2 2.5 3 4 54.53.5y
x

z

a b

Fig. 6.24 Orientation workspace for the mechanism (a) Axes distribution passing a point

(b) Orientation space
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When the configuration of this manipulator continuously changes (Fig. 6.26), the

positions of the three constraint forces change and they are also linearly independent

and do not intersect on a common point. Thus, when the manipulator is at different

configurations, the different hyperboloids also exist and the reguli for the rotational

axes also exist and overflowwith a part of space similar to that shown in Fig. 6.24. It is

clear that the directions of the rotational axes are continuously changeable.

This 3-RPS cubic PM has three rotational freedoms, and the three constraint

forces are designed not to intersect at a point. When the manufacturing errors exist,

it only changes the position or direction of the constraint forces, but the property of

three constraint screw system is still the same. Thus, the manufacturing error has no

influence on the motion property of this manipulator. From the above analysis, we

know that it is possible to synthesize a 3D rotation mechanism without intersecting

axes. Following the 3D rotation motion of this mechanism, the parasitic motions also

exist, which is a disadvantage. Unfortunately, the parasitic motion is unavoidable, but

it can be accurately calculated and completely compensated.

6.6.3 The Orientation Workspace

To judge its work power, we determine the angular range or angular workspace of

this mechanism. For its application, it should have sufficient workspace.

6.6.3.1 Position Analysis of the 3-RPS Cubic PM

For a manipulator with three rotational freedoms, the orientation workspace is very

important. In order to obtain the orientation workspace, the position analysis of this

PM is introduced first.

The coordinate systems of the 3-RPS cubic PM are shown in Fig. 6.27. The

length of the base side OAi and the platform side aiD of the cubic PM areM. We let

O

1A 2A

3A

1a

2a

3a

1l

2l

3l

Fig. 6.26 Different

hyperboloids
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{B} be the global coordinate systems O-XYZ fixed on the base on O, and the three

coordinate axes of {B} are coaxial with the three revolute joint axes of this

manipulator. Let {m} be the coordinate system o-xyz fixed on the platform on o,
which is located on the center of the equilateral triangle (a1, a2, a3). The z-axis of
{m} is perpendicular to the plane defined by a1, a2 and a3, and the y-axis is parallel
with a3, a2 (Fig. 6.27).

(1) Direct Position Analysis

The direct position analysis has been solved in [8]. When the lengths li of the three
input links are given, the three angles di can be obtained. Then, we can also obtain the
coordinates of the three moving points ai and the orientation of the platform.

(2) Inverse Position Analysis and Parasitic Motions

The orientation of the platform with respect to the base frame {B} is given by the

orientation matrix R, given by:

R ¼
r11 r12 r13
r21 r22 r23
r31 r32 r33

2

4

3

5: (6.99)

The coordinates of the fixed point Ai in {B} are:

A1 ¼
M
0

0

2

4

3

5; A2 ¼
0

M
0

2

4

3

5; A3 ¼
0

0

M

2

4

3

5: (6.100)

The coordinates of the points ai in {m} are:

a01 ¼
ffiffiffi
6

p
M=3
0

0

2

4

3

5; a02 ¼
� ffiffiffi

6
p

M=6ffiffiffi
2

p
M=2
0

2

4

3

5; a03 ¼
� ffiffiffi

6
p

M=6
� ffiffiffi

2
p

M=2
0

2

4

3

5: (6.101)
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Fig. 6.27 The coordinate

systems of the 3-RPS

cubic PM
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The origin of {m} corresponding to {B} are:

o ¼
ox
oy
oz

2

4

3

5: (6.102)

The coordinate transformation formula between {B} and {m} is given by:

ai ¼ oþ Ra0i: (6.103)

Substituting Eqs. (6.99), (6.100), (6.101) and (6.102) into Eq. (6.103), we get:

a1 ¼

ox þ
ffiffiffi
6

p

3
Mr11

oy þ
ffiffiffi
6

p

3
Mr21

oz þ
ffiffiffi
6

p

3
Mr31

2

6666664

3

7777775

; a2 ¼

ox �
ffiffiffi
6

p

6
Mr11 þ

ffiffiffi
2

p

2
Mr12

oy �
ffiffiffi
6

p

6
Mr21 þ

ffiffiffi
2

p

2
Mr22

oz �
ffiffiffi
6

p

6
Mr31 þ

ffiffiffi
2

p

2
Mr32

2

6666664

3

7777775

; a3

¼

ox �
ffiffiffi
6

p

6
Mr11 �

ffiffiffi
2

p

2
Mr12

oy �
ffiffiffi
6

p

6
Mr21 �

ffiffiffi
2

p

2
Mr22

oz �
ffiffiffi
6

p

6
Mr31 �

ffiffiffi
2

p

2
Mr32

2

6666664

3

7777775

: (6.104)

Given that Ai are all revolute pairs, the link Aiai can only rotate about OAi, which

makes the x-coordinate of the point a1 always equal to M, the y-coordinate of

the point a2 always equal toM, and the z-coordinate of the point a3 always equal to
M as follows:

a1x ¼ M
a2y ¼ M
a3z ¼ M

8
<

:
: (6.105)

Substituting Eq. (6.104) into Eq. (6.105), we obtain the coordinate of o as:

o ¼
ox
oy
oz

2

4

3

5 ¼ M

1�
ffiffiffi
6

p

3
r11

1þ
ffiffiffi
6

p

6
r21 �

ffiffiffi
2

p

2
r22

1þ
ffiffiffi
6

p

6
r31 þ

ffiffiffi
2

p

2
r32

2

6666664

3

7777775

: (6.106)
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Equation (6.106) indicates that the coordinate of point o can vary depending on the
orientation of the platform. Thus, this 3-RPS cubic PM has parasitic motions that are

three translational motions along the three axes of {B}. Although the platform has no

translational freedoms, since the three rotational axes do not intersect at a point, the

center of the platform can move a little while the rotations occur.

According to the definition of the link length, we have:

li ¼ jAiaij: (6.107)

Substituting Eqs. (6.100) and (6.104) into Eq. (6.107), we obtain the values of

the actuated joints as:

l1
l2
l3

2

4

3

5 ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffi
6

p

2
r21 �

ffiffiffi
2

p

2
r22


 �2

þ 1þ
ffiffiffi
6

p

2
r31 þ

ffiffiffi
2

p

2
r32


 �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
ffiffiffi
6

p

2
r11 þ

ffiffiffi
2

p

2
r12


 �2

þ 1þ
ffiffiffi
2

p
r32

� �2

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
ffiffiffi
6

p

2
r11 �

ffiffiffi
2

p

2
r12


 �2

þ 1�
ffiffiffi
2

p
r32

� �2

s

2

66666666664

3

77777777775

: (6.108)

The results of the position analysis show that when the orientation of the

platform is given, we can obtain the value of actuated joints li. As the orientation

matrix can be given freely, this manipulator can achieve any orientation continu-

ously, and the same is true for the SPMs mentioned above. Moreover, as shown in

Eq. (6.106), the expression of the coordinate of point o in {B}, which indicates the

parasitic motions of this manipulator, is so simple that the parasitic motions of the

platform can be easily calculated when its orientations are given.

6.6.3.2 The Orientation Workspace

As mentioned above, the 3-RPS cubic PM can realize 3D rotation; however we do

not know how big its orientation capability is. Can it satisfy a general requirement?

In this section, we study the orientation workspace of 3-RPS cubic PM, which is

defined as all reachable orientations of the platform in 3D space [30, 31].

(1) The Modified Euler Angles

To express the orientation, we use the modified Euler angles (’,y,c) proposed by

Bonev and Ryu [30], which are slightly different from the traditional Euler angles

and have some advantages [31].

By the definition of the modified Euler angles, as shown in Fig. 6.28, the

coordinate system of the platform changes from its initial orientation o-xyz to

the final orientation o-x000y000z000 by four steps. The platform (1) first rotates about

its z-axis by an angle ’, (2) its y0-axis by an angle y, (3) its z00-axis by an angle –’,
and (4) finally its z00-axis by an angle c. Defined in this way, c is the roll angle, y is
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the tilt (pitch) angle, and ’ is the angle (yow), indicating the axis around which the

platform is rotated (tilted) (Fig. 6.29). The rotation matrix Rm in this case is given by:

Rm ¼ RzðfÞRyðyÞRzð�fÞRzðcÞ

¼
cfcycðc� fÞ � sfsðc� fÞ �cfcysðc� fÞ � sfcðc� fÞ cfsy

sfcycðc� fÞ þ cfcðc� fÞ �sfcysðc� ’Þ þ cfcðc� ’Þ sfsy

�sfcðc� fÞ sfsðc� fÞ cy

2

64

3

75;

(6.109)

where s*,c* means sin(*), cos(*).
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Fig. 6.29 The modified

Euler angles [30]
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(2) The Calculation of the Orientation Matrix

For the 3-RPS cubic PM shown in Fig. 6.22a, at the initial position, which means

the three modified Euler angles (’,y,c) are all equal to zero, the length of the three
actuated joints are equal toM. This manipulator is a real cube at this position. Based

on the definition of the platform frame {m}, it is clear that the three axes of the

frame {m} are not parallel with those of the base frame {B}, indicating that the

manipulator has an initial orientation, denoted by R0 as:

R0 ¼
0:408 �0:707 0:577
0:408 0:707 0:577
0:816 0 0:577

2

4

3

5: (6.110)

The rotation matrix Rm is not the orientation matrix R defined in Eq. (6.99).

Actually, Rm denotes the rotation of the platform with respect to its initial orienta-

tion R0. Thus, the orientation matrix R which denotes the orientation of platform

with respect to the base frame is given as:

R ¼ R0Rm: (6.111)

(3) The Mechanical Constraints

There are three main mechanical constraints that limit the workspace of the 3-RPS

cubic PM: (1) the actuators’ stroke, (2) the range of the spherical joints, and (3) the

link interference:

lmin � li � lmax;

bi � bmax;

D � Dij;

(6.112)

where lmin and lmax are the minimum and maximum lengths of actuated joints, res-

pectively; bi is the angle between the vector along the i-th link and the axis of

the symmetry of the spherical joint, which is connected with the i-th link; bmax is
the maximum angle of the spherical joint; Dij is the distance between the i-th link

and the j-th link (i 6¼ j); and D is the diameter of each link.

(4) The Calculation and Representation of the Orientation Workspace

When three angles (’, y, c) are given, we can obtain the rotation matrix Rm, and the

orientation matrix R. Then using the method shown in Sect. 6.3.3 to solve the

inverse kinematics and applying the constraint check defined by Eq. (6.112), we can

know whether or not these given angles are in the orientation workspace.

Thus, the orientation workspace of the 3-RPS cubic PM can be represented by the

range of the three modified Euler angles (’, y, c). Here, we choose to represent the

orientation workspace in a cylindrical coordinate system, as shown in Fig. 6.30, where

’, y and c are the angular coordinate, radial coordinate and the height coordinate,

respectively [30].
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6.6.4 Examples

Figure 6.30 shows the orientation workspace of the 3-RPS cubic PM with the

parameters given as M ¼ 100, lmin ¼ 30, lmax ¼ 175, bmax ¼ 45�, and D ¼ 10

From Fig. 6.30, we can derive the following:

1. The tilt angle y of the 3-RPS cubic PM can be at least	51.6� when the roll angle
c is equal to 0�.

2. The maximum range of c can be (–40�, 36�) which can be obtained while the tilt
angle y is equal to 0�.

Two numerical examples are studied here to show the orientation capability of

the 3-RPS cubic PM.

Case 1. Let the three modified Euler angles (’, y, c) be equal to (20�, 50� and 0�,
respectively), where this PM is near its maximum tilt angle. The 3-RPS cubic PM

at this configuration is shown in Fig. 6.31.

Case 2. Let the three modified Euler angles (’, y, c) be equal to (0�, 0� and –35�,
respectively), where this PM is near its maximum roll angle. The 3-RPS cubic PM

at this configuration is shown in Fig. 6.32.
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Fig. 6.30 The orientation workspace of the 3-RPS cubic PM (a) Isometric view (b) Top view
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6.6.5 Discussions About the Differences Between the SPMs
and the 3-RPS Cubic PM

From the analysis and the results obtained in the above sections, we can see that

some differences between these two kinds (3-RRR and 3-RPS) of 3D rotational

manipulators exist.

1. The Influences of Manufacturing Errors

The influences of the manufacturing errors on these manipulators are different.

For the SPMs, when errors exist, their motion properties change, and the SPMs are

not SPMs any more. It is a kind of theoretical error that cannot be compensated.

For the 3-RPS cubic PM, the manufacturing errors have little impact on the motion

property of the 3-RPS cubic PM, although the positions of the three rotational axes

only slightly change when the errors occur.

O

X
Y

Z

o

x

y

z

1l

2l

3l

Fig. 6.31 Numerical

example with

(’,y,c) ¼ (20�,50�,0�)

O

X Y

Z

o

x

y
z

1l

2l

3l
Fig. 6.32 Numerical

example with

(’,y,c) ¼ (0�,0�,–35�)
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Intersecting axes also exist and even perpendicular axes in the 3-RPS cubic

PM with three fixed revolute joint axes all pass through the origin point O and

are perpendicular to each other. However, it should be pointed out that these are

not necessary conditions. From the mobility analysis, we can know that if the

manufacturing errors occur and the three fixed revolute joints do not pass through

the origin point O or are not perpendicular to each other anymore, there are still

three constraint forces exerted on the platform; moreover, the property of the

three constraint forces and the motions of the platform are the same with the

theoretical result.

2. The Parasitic Motions

For the 3-RPS cubic manipulator, while the rotations happen, the platform also

has some translational motions that are shown by the coordinate of the platform

origin o, with respect to the base frame {B}. However, the translation motions of

the 3-RPS cubic manipulator can be accurately calculated using Eq. (6.106),

while the orientations of the platform are given. This means that the motions can

be completely compensated and not affect the rotations.
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Chapter 7

Special Configuration of Mechanisms

This chapter resumptively introduces our studies on the singularity of parallel

mechanisms for the Stewart manipulator and the 3-RPS mechanism. It analyzes

the singular kinematic principle and the singularity classification based on the

kinematic status of the machinery and the linear-complex and focuses on discussing

the structure and property of the singularity loci of 3/6- and 6/6-Stewart platform

for special and general orientations. The singularity of the 3-RPS mechanism is also

discussed in the latter parts. Many interesting properties, such as the remarkable

intersection of all six segments of the six legs of the 6/6-Stewart platform with one

common line, are discovered.

7.1 Introduction

One of the important problems in robot kinematics is the special configuration or

singularity.1 The end effector of the parallel manipulators in such configurations

keeps at least one remnant freedom while all actuators are locked. This phenome-

non temporarily destabilizes the end effector. Meanwhile, the articular forces may

go to infinity and cause mechanical damage.

The determination of the special configurations of the six-degrees of freedom

(DOF) Stewart parallel manipulators is a very important problem and one of the

main concerns in the analysis and design of manipulators. The singularity analysis of

parallel manipulators has attracted considerable attention in the past two decades.

Hunt (1983) first discovered a special configuration for thismanipulator [1] that occurs

1We prefer to adopt the term “special configuration” instead of “singularity” because the latter

originates from mathematics, whereas the former originates from mechanical engineering and its

meaning in physics is clear and can easily be understood by mechanical students and engineers.

However, the term “singularity” is also used in the paper a number of times to simplify the

expression.
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when the moving triangle platform is coplanar, with two legs meeting at a vertex of

its triangle and all six segments associated with the six prismatic actuators intersect a

common line. Fichter (1986) discovered a singularity of the Stewart parallel manipu-

lator [2] that occurs when the moving platform rotates by ’ ¼ p 2= around the

Z � axis regardless of the position of the moving platform. This mechanism has a

triangular mobile platform and a hexagonal base platform and may be called a

3/6-Stewart platform (3/6-SP). Huang and Qu (1987) also studied the singularity of

the parallel manipulator [3] occurring when ’ ¼ p 2= and whose moving and basic

platforms are both semiregular hexagons (6/6-SP). Merlet studied the singularity of

the six-DOF 3/6-SP more systematically based on the Grassman line geometry [4].

He discovered that many new singularities, including 3c, 4b, 4d, 5a, and 5b.3c, occurs

when four lines of the six legs intersect at a common point: 4b occurs when five lines

are concurrent with two skew lines; 4d occurs when all five lines are in one plane or

pass through one common point in that plane; 5a is in a general complex; and 5b

occurs when the six segments cross the same line. Singularity analyses for platform

devices based on line geometry have been presented by Collins and Long [5]. Hao and

McCarthy considered line-based singularities in a spatial platform manipulator [6].

Gosselin andAngeles (1990) pointed that singularities of closed-loopmechanisms can

be classified into three different groups based on Jacobian matrices [7]. This classifi-

cation was further discussed by Zlatanov et al. [8]. Zlatanov et al. further discussed

constraint singularities [9]. Ma and Angeles (1991) studied the architecture singula-

rities of parallel manipulators [10]. Kong discussed the architecture singularities of

6-SPS parallel manipulators [11]. McAree and Daniel discussed the singularity

and motion property of a 3/3-parallel manipulator [12]. Karger and Husty [13] and

Karger [14] described the singular positions and self-motions of a special class of

planar parallel manipulators, wherein the platform is similar to the base. This platform

has no self-motions unless it is architecturally singular. Kong and Gosselin [15] also

studied self-motion. Chan and Ebert-Uphoff [16] studied the nature of the kinematic

deficiency in a singular configuration by calculating the nullspace of the Jacobian

matrix. Di Gregorio studied the SX-YS-ZS structures and singularities [17].

Many studies focused only on isolated singular points in space. However, in the

practical configuration space of parallel manipulators, the singularity configuration

should be a continuous singularity curve or even be a high-dimension surface. One

of the main concerns is to further determine the singularity loci and their graphi-

cal representations, structure, and property, which is of great significance in a context

of analysis and design because it allows one to obtain a complete picture of the

location of the singular configurations in space. For a given practical application,

determining whether the singularities can be avoided is therefore easy. Sefrioui

and Gosselin studied the singularity loci of planar and spherical parallel mechanisms

[18, 19]. Wang and Gosselin used a numerical method to study the singularity loci

of spatial four- and five-DOF parallel manipulators [20, 21]. Collins and McCarthy

[22, 23] studied the singularity loci of the planar 3-RPR parallel manipulator and the

2-2-2 and 3-2-1 platforms and obtained cubic singularity surfaces. However, for the

six-DOF Stewart platform, the singularity expression is generally quite complicated

and difficult to analyze. Recently, Wang presented a method [24] to analyze the

singularity of a special form of the Stewart platform and derived the corresponding
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analytical singularity conditions. Di Gregorio also discussed the singularity loci of 3/6

and 6/6 fully parallelmanipulators [25, 26]. In particular,Mayer St-Onge andGosselin

(2000) analyzed the Jacobian matrix of general Stewart manipulators using two new

different approaches [27]. They derived a simpler explicit expression from the Jaco-

bian matrix and pointed out that the singularity locus of the general Stewart manipu-

lator should be a polynomial expression of degree three. They also provided graphical

representations of the singularity loci.

For practical applications, we want to obtain a simpler algebraic expression, as

well as accurate graphical representations, for the singularity loci to determinewhether

they consist of some typical geometric figures.However, the application of this process

to the Stewart manipulator is very difficult. Huang et al. (1999, 2003, 2005) [28–30]

studied the singularity kinematics principle of parallel manipulators and proved a new,

sufficient and necessary kinematics condition to determine the singularity. They first

discovered the characteristics of a singularity locus of the 3/6-Stewart platform using

this method. The singularity locus of the 3/6-Stewart platform is resolvable and

consists of two typical geometric graphs, namely, a plane and a hyperbolic paraboloid,

with the special orientation f ¼ �30�;�90�;�150�. However, the singularity locus
expression of degree three is irresolvable, and the locus graph in infinite parallel

principal sections for the general orientations f 6¼ �30�;�90�;�150� includes a

parabola, four pairs of intersecting straight lines, and infinite hyperbolas.

For the singularity loci of the 6/6-SP, which is a more general structure and

widely used form in practice, the graphical representations of the singularity loci

for the different orientations are varied and complex. Huang and Cao (2005) [30]

analyzed the singularity loci both in three-dimensional (3D) space and in the

principal section on which the moving platform lies. The singularity locus equation

for this class of Stewart manipulators in 3D space is also irresolvable, and the

curves in the infinite parallel principal sections of the singularity loci also contain

one parabola, four pairs of intersecting straight lines, and infinite hyperbolas. We

also observed a special configuration involving six lines associated with the six

extensible links of the 6/6-Stewart manipulator intersecting the same common line,

and the remnant instantaneous motion of the manipulator is a pure rotation.

All the aforementioned analyses are only on positional singularities when the

orientation of the moving platform is specified and invariable. Therefore, the

orientation-singularity space when the position of the moving platform is specified

and invariable needs to be determined. Some researchers, such as Pernkopf and

Husty [31] and Cao et al. [32], began to study the issue. However, a more intensive

study is needed for this topic.

7.2 Classification of the Special Configuration

To understand an object, it must be viewed from different perspectives. Several

different classification methods were proposed for the special configuration (SC).

However, the effects of the SC phenomenon on the kinematic status of machineries

should first be considered [33] and is the concern of all mechanical engineers.
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7.2.1 Singular Kinematics Classification

Case 1 Dead-point singularity

A machinery is in the dead-point singularity when the driver link is in a terminal

position and the device can no longer be moved, as shown in Fig. 7.1.

Figure 7.1a shows a four-bar linkage with an input link CD. When the

connecting link BC and crank AB are aligned, the mechanism is in SC. Figure 7.1b

illustrates a crank-slide linkage with a slider input; when the crank and the

connecting link are aligned, the mechanism is in a dead-point SC.

Case 2 Extreme-displacement singularity

A machinery is in the extreme-displacement singularity when the output link is in a

terminal position. In this configuration, the output link can only be in a

countermove. Figure 7.2 shows three mechanisms in this SC.

Case 3 Constraint-dependency singularity

A mechanism is in a constraint-dependent singularity when it is in a configuration

in which all inputs are locked, resulting in an unstable mechanism.

Figure 7.3 shows the Stewart platform as an example. The mechanism is in a

constraint-dependent singularity when the upper platform rotates about the Z-axis
until a 90� angle is reached because the six screws associated with the six extend-

able links are linearly dependent.
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Fig. 7.1 Dead-point singularity (a) four-bar linkage (b) crank-slider linkage
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Fig. 7.2 Extreme-displacement singularity (a) four-bar linkage (b) crank-slider linkage

(c) serial robot
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Case 4 Full-cycle geometry singularity

Under some geometric conditions and configurations, all inputs are locked so that

the linkage can continuously rotate (Fig. 7.4).

Figure 7.4d illustrates one of the Stewart platforms with two identical regular

hexagons connected by six identical legs. The mechanism has three DOFs when the

lengths of the six legs are kept equal and constant [34].

Case 5 Instantaneous mobility increase

The mobility of the linkage can instantaneously increase under certain geometries

and configurations. Figure 7.5 illustrates a parallelogram linkage. The linkage

attains this SC when the four links are aligned, instantaneously doubling the

mobility.

Case 6 Mobility transfers to a local

The total number of mobility for this SC is unchangeable and one of the mobilities

transfers to a local one. Figure 7.6b shows a diagram of this SC, wherein two

connecting links, CD and DE, are aligned.
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A local freedom exists inside the two links (CD andDE) because the three points
are collinear and the corresponding three screws are linearly dependent.

Case 7 Variety-mobility-property singularity

The mobility property includes rotational and translational freedoms. Therefore, if

the rotational freedom in some configuration suddenly becomes a translational one,

the linkage also becomes singular and is called a variety mobility property singular-

ity. For example, Fig. 7.7 shows a 2-UPU/2-SPS mechanism. It has two 7-DOF SPS

limbs that do not provide any constraint to the platform, and two UPU limbs. The 1st

and 5th revolute pairs of each UPU limb are normal to the upper and lower two

platforms, respectively. Each UPU limb acts a constraint to the platform. Two

different configurations are shown in the figure. For the 1st configuration, the upper

and lower platforms are parallel, and two constraint couples acting on the moving

platform and the mechanism loses two rotational freedoms. For the other configura-

tion two platform are not parallel, the platform is subjected to two constraint forces.

Both linkages have four mobilities, but the first one is a 3T1R mechanism, where T

denotes the translational freedom and R is the rotational freedom. The second one is a

A B

CDEa b

Fig. 7.6 Five-bar linkage (a) five-bar linkage (b) EDC are aligned
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Fig. 7.7 2-UPU/2-SPS mechanisms (a) both platforms are parallel (b) the platforms are not parallel
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3R1T mechanism. Once the platform begins rotating from the 1st toward the 2nd

configuration, the freedom property changes and the mechanism becomes singular.

The detailed analysis of this mechanism is found in a previous report [35].

7.2.2 Classification of the Singularity via a Linear Complex

A general algebraic equation for a linear complex [36, 37] is

a1Pþ a2Qþ a3Rþ a4Lþ a5M þ a6N ¼ 0 (7.1)

where the six coefficients denote a twist screw

$m ¼ a1 a2 a3; a4 a5 a6ð Þ (7.2)

Its pitch is

hm ¼ a1a4 þ a2a5 þ a3a6
a21 þ a22 þ a23

(7.3)

Its reciprocal screw satisfying Eq. (7.1) is

$ ¼ L M N; P Q Rð Þ (7.4)

When,

LPþMQþ NR ¼ 0 (7.5)

where $ denotes a line vector, i.e., a screw with zero pitch. The infinite line vectors

satisfying Eq. (7.1) compose a line complex.

In a linear complex[37], the lines that pass through any pole must all lie in the

same polar plane, and lines that lie in any polar plane must all pass the same point.

Figure 7.8 shows the pole and polar plane of a linear complex, with a pencil of lines

in the a plane. All lines that pass through the pole are normal to the helix.

The linear complex can be divided into three parts according to its pitch hm, as
follows:

Case 1. When hm is finite and nonzero, the linear complex is general;

Case 2. When hm ¼ 0 , the first special linear complex is formed, in which all

coaxial helices collapse into homocentric circles with a common axis $m and all

lines of the complex intersect $m or are parallel to it; and

Case 3. When hm ¼ 1, the second special linear complex is formed, in which all

lines of the complex comprise planar fields of lines in all planes normal to the

direction $m, and $m is a free vector no longer occupying a specific line.
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The last two forms are associated with pure rotation and pure translation,

respectively; for the former, the platform appears in a twist motion.

All singularities belong to the linear-complex type. Therefore, the singularity

can be classified into three kinds depending on the different instant output motions,

as follows:

(a) General linear-complex singularity. The possible motion of the moving plat-

form is a twist, with hm being finite and nonzero, i.e., 0<hm<1;

(b) First special linear-complex singularity. The possible motion of the moving

platform is a pure rotation, with hm ¼ 0; and

(c) Second special linear-complex singularity. The possible motion of the moving

platform is a pure translation, with hm ¼ 1.

7.3 Singular Kinematic Principle

The following theorems introduce the principle of a novel method analyzing the

singularities of parallel manipulators [28, 29, 38, 39]:

Theorem 7.1. A necessary and sufficient condition for the three possible velocity

directions of three non-collinear points in a rigid body to express that the body has a

possible twist motion is that the point of intersection of three normal planes of the

three velocities lies in the plane determined by the three points.

To prove the sufficient condition of the theorem, the velocity relationship of the

three points in a moving body must first be discussed.

(1) Sufficient condition of the theorem.

When three possible velocity directions of three points in a rigid body are known,

then the three normal planes of the three velocities can be determined. If the

intersecting point of the three planes lies in the plane determined by the three

points, the three velocities can determine a twist; in other words, the body is

movable [28].

$m

α

Fig. 7.8 Linear complex
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Proof: If three velocity directions of three points B1,B3, and B5 in a rigid body are

given, and the point of intersection P of three normal planes P1, P2, and P3 is in

plane B1B3B5 (Fig. 7.9), then the three velocities VB1, VB3, and VB5 can always be

resolved into two sets, as follows: VT
B1, V

T
B3, and V

T
B5 parallel to plane B1B3B5; and

Vn
B1, V

n
B3, and Vn

B5 perpendicular to the plane. The three tangent components are

still normal to the corresponding lines PB1, PB3, and PB5, and they can form a pure

rotation about point P with zero pitch. The three vertical ones can form another

pure rotation about an axis, which is an intersecting line of two planes: one is deter-

mined by the three tip points of three vertical velocity vectors, and the other is plane

B1B3B5. The possible motion of the body is the sum of the two rotational motions.

Generally, the motion is a twist with a finite and nonzero pitch, but it may also be a

pure rotation if one of the two rotations vanishes or the two rotary axes intersect [28].

When the intersecting point of three normal planes does not lie in plane B1B3B5, the

analysis above does not apply.

Now let us prove the necessary condition of the theorem.

(2) Necessary condition of the theorem

The three velocities of three points in a moving body have three corresponding

normal planes. In general, the three planes intersect at a common point, and the

intersecting point necessarily lies in the plane determined by the three points [29].

Proof: When the plane B1B3B5 is in a twist motion (Fig. 7.9), the loci of points B1, B3,

and B5 are all helical. Three planes, P1, P2, and P3, are normal to three velocitiesVB1,

VB3, and VB5 at the corresponding points B1, B3, and B5, respectively. Generally, the

three planes have a common point P, and VB1 ?PB1, VB3 ?PB3, and VB5?PB5

The moving locus of any point in a twist-motion body is a screw thread or helix.

A plane perpendicular to the helix at any selected point is a polar plane, and the

intersecting point is the pole of the polar plane. Furthermore, the pole is the only

point in the plane whose velocity is normal to the polar plane. All lines crossing the

pole in the polar plane belong to a linear complex. In particular, Hunt in [37]

(p. 270) pointed out that any normal to a helix at an arbitrary point is normal to all

the helices it meets at the point of intersection.

Based on the statement above, we know that plane P1 is a polar plane with a pole

B1, and line PB1 is normal to the helix passing through B1. Therefore, PB1 is also a

P
P1

P2

P3

B1

B3

B5

VB1

VB3

VB5Fig. 7.9 Velocity

relationship of the three

points
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normal of the helix crossing point P; that is, PB1 is normal to VP. In the same way,

lines PB3 and PB5 are also normal to VP. Moreover, lines PB1, PB3, and PB5 all

intersect at the same point P, so that they lie in the same plane determined by the

three points B1, B3, and B5. Thus, point P lies in the plane B1B3B5.

Deduction 7.1. Plane B1B3B5 is a polar plane of the helix crossing point P, and
point P is its pole; moreover, P is the only point whose velocity is normal to the

polar plane B1B3B5 (Fig. 7.9).

The 3/6-SP is a typical manipulator that has been extensively studied by many

researchers. Its schematic representation is shown in Fig. 7.10. 3/6-SP consists of an

equilateral-triangle mobile platform B1B3B5 and a semiregular hexagon platform

C1 . . .C6, and they are connected via six extensible prismatic actuators.

When all the legs of 3/6-SP are locked, the three normal planes of three possible

velocities VB1, VB3, and VB5 are B1C1C2, B3C3C4, and B5C5C6, respectively

(Fig. 7.10). According to Theorem 7.1, the following deduction can be made to

determine the singularity of 3/6-SP. First, let us define a “Star-frame C-B1B3B5” in

the moving platform. It is constructed by three rays passing the three points B1, B2,

and B3 of the triangle B1B3B5, which are correspondingly coplanar with the three

sides of the base, i.e., CB1 intersects A1A5, CB3 intersects A1A3, and CB5 intersects

A3A5. When the three rays are coplanar and intersect at a common point C, the

configuration is called a star frame.

Deduction 7.2. If three rays CB1, CB3, and CB5 of star frame C-B1B3B5 are

coplanar with three sides C1C2, C3C4, and C5C6 of the base of the 3/6-SP, respec-

tively, the mechanism is singular.

Planes B1A1A5, B3A1A3, and B5A3A5 are clearly just the three normal planes of

the corresponding velocities. Based on Theorem 7.1, Theorem 7.2 and the two

deductions can be deduced, and an important theorem is derived.

Theorem 7.2. A necessary and sufficient condition of the singularity of a mecha-

nism is that the four planes intersect at a common point. These four planes include
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Fig. 7.10 A 3/6-Stewart parallel manipulator (a) a 3/6–Stewart manipulator (b) top view
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three normal planes of three velocities of three non-collinear points in the end

effector, and the plane is determined by these three points themselves.

Deduction 7.3. If three velocities of three points in a body are parallel to the same

plane and the three normal planes at the corresponding points intersect at the same

line, the three velocities can determine a pure rotation with zero pitch, and the rotary

axis is the line of intersection of the three normal planes.

Deduction 7.4. If three velocity directions of three points in a body are parallel,

then the three normal planes of the three velocities are also parallel. Generally,

these three velocities can determine a pure translation with an infinite pitch.

Theorem 7.1 can be conveniently used to determine the singularity and is very

important. It indicates that all singularities should satisfy the Theorem because it is

a necessary and sufficient condition of singularity; no other singular configurations

exist except the ones determined by the Theorem. The singularity principle can also

directly apply to many mechanisms with a triangle-moving platform, such as the

SX-YS-ZS structures [39].

7.4 Singularity Loci of 3/6-Stewart for Special Orientations

The kinematics method can determine the singularity of the manipulator. If the six

extensible legs of the SP are locked and the mechanism has an instantaneous freedom,

the manipulator is singular. In this section, the kinematics properties of typical

singularity structures, including the singularities 3c, 4b, 4d, 5b (Merlet 1989) [4]

and others, are discussed.

To investigate the singularity of the Stewart mechanism, we may lock all six

inputs and then identify whether the mechanism has mobility. When all inputs are

locked, some mobilities still exist, and the mechanism is singular.

7.4.1 Typical Singularity Structures of 3/6-SP

Eight kinds of typical singularity structures are available for 3/6-SP. Fichter’s singu-

larity [2] occurs when the upper platform rotates by p 2= about the Z-axis, and the

mechanism holds one remnant twist with a finite pitch. Aside from Fichter’s singular-

ity, the other seven kinds of typical singularities will be discussed in this section.

Case 1. Two disconnecting legs are collinear with two sides of the mobile

platform

Figure 7.11a shows that legs 4 and 6 are collinear with sides B1B3 and B3B5,

respectively. Four lines, namely, 1, 2, 4, and 6, intersect at a common point B1

(Merlet 3c [4]). While all the extensible legs are locked, VB3 and VB5 are

perpendicular to planes B3C3C4 and B5C5C6, respectively; so that VB3 ?B1B3 and

VB5 ?B1B5. Thus, VB1 ?B1B3 and VB1 ?B1B5, namely, VB1 ?B1B3B5. Point B1

is then the pole of the polar plane B1B3B5. Meanwhile, VB1 ?B1C1C2. Given that
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the two planes B1B3B5 and B1C1C2 are not coplanar, VB1 ¼ 0. VB1, VB3, and VB5

form two pure rotations (see the proof of Theorem 7.1). The two rotary axes

intersect at point B1, so that the sum of the two rotations is also a pure rotation

with zero pitch. This configuration is the first special-linear-complex singularity,

and the six lines (1, 2, . . ., 6) intersect line B1A3, which is the intersecting line of two

planes determined by point B1 and line 3, as well as B1 and line 5.
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Fig. 7.11 Configuration graphs of several linear-complex singularities (a) a singular configura-

tion of type 3c (b) a singular configuration of type 4d (c) a singular configuration of type 4b (d) a

singular configuration of type 5b (e) Hunt’s singularity (f) a singular configuration of type 3d
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Case 2. Three Legs Intersect at a Vertex Lying on another Normal Plane

Figure 7.11b shows three legs, namely, 4, 5, and 6, intersecting at a vertex B5,

which lies on another normal plane B1C1C2. This is the case for the Merlet

configuration 4d [4], and can also be described as all lines in a plane or passing

through a point in that plane (Table 2.1).

For the same reason stated in the previous section, VB1 ?B1B5 and VB3 ?B3B5.

Therefore,VB5 ?B1B3B5. However, it should also be normal to planeB5C5C6; thus,

VB5 ¼ 0. The motion of the mobile is also a pure rotation with zero pitch. Line 3 is

elongated and intersects plane B1C1C2 at pointM12, and line B5M12 intersects all six

lines (1, 2, . . ., 6), indicating that this is the first special-linear-complex singularity.

Case 3. Two Vertices Both Lie on Two Normal Planes

Figure 7.11c shows a top view of the mechanism in a Merlet 4b case, which can also

be described as five lines concurrent with two skew lines. Two vertices, B1 and B5,

both lie on two normal planes, B1C1C2 and B5C5C6.

In this case, three points, namely, A5, B1, and B5, belong to the same line that is the

intersecting line of planes B1C1C2 and B5C5C6. Thus, VB1 ⊥ B5A5 and VB5 ⊥ B5A5.

However, VB1 and VB5 are not parallel to each other, and B5A5 is their common

normal in plane B1B3B5.

The normal plane of the nonzero VB3 intersects line B5A5 at a certain point, and

Theorem 7.1 is satisfied. In general, the three velocities can determine a twist with

finite and nonzero pitches, so all six lines belong to a general linear complex.

However, the motion of the mobile may also be a pure rotation when the rotary axes

of the two pure rotations formed by the three velocities intersect.

Case 4. One Vertex of the Mobile Lying on the Other Two Normal Planes

Figure 7.11d shows that vertex B5 lies on both normal planes B1C1C2 and B3C3C4.

This configuration is the Merlet singularity 5b. Thus, point B5 lies in the intersecting

line of planes B1C1C2 and B3C3C4. Given that VB1 and VB3 are orthogonal to planes

B1C1C2 and B3C3C4, respectively,VB1 ?B1B5 andVB3 ?B3B5. Thus,VB5?B1B5 and

VB5?B3B5 ; that is, VB5 ?B1B3B5 . Meanwhile, VB5 ?B5C5C6 , so VB5 ¼ 0 .

Therefore, VB1, VB3, and VB5 can determine a pure rotation with zero pitch. The

six lines intersect the same line B5A1.

Case 5. Mobile is Coplanar with Two Connecting Legs

Figure 7.11e illustrates Hunt’s singular configuration, in which line B3B5 lies

in plane B1C1C2. VB1 is normal to plane B1B3B5, so VB3 ?B1B3 and VB5 ?B1B5.

On the other hand,VB3 ?B3C3C4 andVB5 ?B5C5C6. Given that line B1B3 does not

lie in plane B3C3C4, and line B1B5 does not belong to plane B5C5C6, both VB3 and

VB5 are zero. Thus, VB1, VB3, and VB5 can determine a pure rotation, and B3B5 is

the rotary axis. Clearly, Hunt’s singular configuration also belongs to the first

special-linear-complex singularity.

Case 6. Two Vertices Lie on the Basic Plane

Figure 7.11f shows that B3 and B5 lie on the base plane, and four lines (3, 4, 5,

and 6) are coplanar.

Thus, all six lines (1, 2, . . ., 6) cross the same line C1C2, and this case belongs to

that of 3d, where VB3 and VB5 are parallel to each other and are both normal to the
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basic plane. Line B3B5 is their common normal. The normal plane of VB1 intersects

B3B5 at point C, which is the intersecting point of lines C1C2 and B3B5.VC is normal

to plane B1B3B5, so point C is the pole of the pole plane B1B3B5. The tip points of all

the velocities of the points along a line in a rigid body are in a straight line. Thus,VC

is also normal to the basic plane and should only be zero. Based on the velocity

analysis indicated in the proof of Theorem 7.1, VB1, VB3, and VB5 can form two

pure rotations, and the two rotary axes pass through point C. This case is the first

special-linear-complex singularity.

Case 7. Three Vertices Lie on the Basic Plane

When three points, namely, B1, B3, and B5 all lie in the basic plane, the two

platforms are coplanar, and all six lines are in a plane. Thus, VB1, VB3, and VB5

are parallel to one another and perpendicular to the basic plane so that their

three normal planes are coplanar. Considering that the six lines are in a plane, only

three independent line vectors are present for the six coplanar lines. In this case, three

velocities, namely, VB1,VB3, andVB5, can form three different independent motions.

This case is the fourth special three-system [37], and the three reciprocal principal

screws on the base with respect to the fixed frame are as follows:

$a ¼ 0 0 0; 0 0 1ð Þ
$b ¼ 1 0 0; 0 0 0ð Þ
$g ¼ 0 1 0; 0 0 0ð Þ

(7.6)

The pitches of the three principal screws are in the form,

ha ¼ 1
hb ¼ hg ¼ 0

(7.7)

The mobile can rotate about any axis in the basic plane; this case is the first

special-linear-complex singularity. The mobile can also translate along a direction

orthogonal to the basic plane, which is the second special-linear-complex

singularity.

Considering the eight aforementioned cases, when six lines lie in a plane, the end

effector of the mechanism holds three remnant DOFs while all the legs are locked.

Generally, only one DOF is obtained in the previous seven cases. In particular, if

line 3 can intersect with the two skew lines M12B5 and M56B1 simultaneously [4],

such as in Case 3, two DOFs may also be obtained.

7.4.2 Hyperbolic Singularity Equation Derived
in an Oblique Plane

Our task is to find the entire singularity loci of SP and identify their structure and

property, which is an important and difficult issue. In this section, three Euler
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angles, namely, f, y, and c, are used to represent the orientation of the mobile in

terms of a rotation f, about the Z–axis, followed by a rotation y about the new

Y0�axis, and finally a rotation c about the new Z00–axis.
To find the entire singularity loci and solve the problem, the singularity equation

in a special plane is first investigated (Huang et al. [29]). The problem is divided

into two parts, as follows:

(a) When the first Euler angle f is equal to one of the three values, namely, � 30�,
� 90� , and � 150� , the case is a special orientation one and thus is easier to

analyze; and

(b) When f is any value except � 30�, � 90�, and � 150�, the case is a general
case.

We now solve the equation for the singularity curve of the 3/6-SP in a certain

plane while the orientation of the mobile is provisionally set to f ¼ �90�; c ¼ 0,

and y is any finite nonzero value. The parameters of the parallel manipulator are as

follows: the circumcircle radius of the basic hexagon platform is Ra, and that of the

trianglemobile isRb; and b0 denotes the central angle of the circumcircle of the basic

hexagon corresponding to side C1C2. Point P is the geometric center of the mobile

(Fig. 7.10). The stationary frame O-XYZ is fixed to the base, and the moving frame

P-X0Y0Z0 is attached to the mobile.

Figure 7.12 shows the position after the mobile rotates (90� y 0). The oblique plane
in which the moving platform lies intersects the basic plane at line UV, which is

parallel to axis X. For the orientation, B1P (Y0) is parallel to A5A1 (X). Initially,
provided that point P is located at a special point C0 in the perpendicular bisector

of UV, and the distance from O2 to point C0 is equal to that between point O2 and A3,

then we deduce that C0B3 and A3A1 intersect at point V, and C0B5 and A3A5 intersect

atU. Therefore, the mechanism is singular, according to Deduction 7.2. The included

angle between the oblique plane and the basic one is y. To conveniently express the
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oblique plane below, the plane is called the y plane. Suppose that the mobile translates

to the position B11B31B51 in the y plane and line B11P intersects lineO2C0 atC. If line
B31C intersects A1A3 at point V, and line CB51 intersects A3A5 at point U, the
mechanism is also singular (Deduction 7.2), and the center of the star frame always

lies in line O2C0 for the orientation. In general, the singularity is a general linear-

complex singularity. Based on this analysis, the singularities of 3/6–SP when the

mobile translates arbitrarily in the y plane are determined. The coordinates of points

C0 and O2 with respect to the fixed frame are 0; Y0; Z0ð Þ and 0; u; 0ð Þ, respectively.
The frameO2-xyz is attached to the y plane. The angle y (Fig. 7.12) about the Y0

- axis

is notably negative.

The coordinates of points P, C, B31, and V with respect to O2-xyz are

P : x; y; 0ð Þ
C : 0; y; 0ð Þ

B31 : x� Rb

2
; yþ

ffiffiffi
3

p

2
Rb; 0

� �

V : �
ffiffiffi
3

p

3

Z0
sin y

; 0; 0

� �

(7.8)

Considering that O2C0 ¼ O2A3, we can obtain

O2O1 � OO1 þ OA3 ¼ O2C0 (7.9)

that is,

3Ra cosðb0=2Þ � Z0
cos y
sin y

� Y0 ¼ � Z0
sin y

(7.10)

In the right-angled triangle DO1O2C0, we obtain

Y0 � u ¼ �Z0
cos y
sin y

(7.11)

Solving Eqs. (7.10) and (7.11) for Y0 and Z0, we obtain

Y0 ¼ u 1� cos yð Þ þ 3Ra cos b0 2=ð Þ cos y
Z0 ¼ u sin y� 3Ra cos b0 2=ð Þ sin y (7.12)

Provided that the coordinates of an arbitrary point in line B31V are (xx, yy, 0), its
equation is written as follows:

yy � y�
ffiffiffi
3

p

2
Rb

�y�
ffiffiffi
3

p

2
Rb

¼
xx � xþ Rb

2

�
ffiffiffi
3

p

3

Z0
sin y

� xþ Rb

2

(7.13)
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Given that point C lies in line B31V, the coordinates of point C (xx ¼ 0 and

yy ¼ y) are substituted into Eq. (7.13) and simplified, yielding

xy� Rb

2
y� Z0Rb

2 sin y
¼ 0 (7.14)

Substituting Eq. (7.12) into Eq. (7.14) and eliminating Z0 yields

xy� Rb

2
yþ 3Ra cosðb0 2= Þ � uð ÞRb

2
¼ 0 (7.15)

Equation (7.15) denotes a hyperbola and is independent of the Euler angle y. The
coordinates of its center are Rb 2; 0=ð Þ, and its vertical and horizontal asymptotes

are x ¼ Rb 2= and y ¼ 0, respectively.

The conclusion obtained is an important one, given that the singularity equation

for SP in 3D space is a polynomial expression of degree three. However, Eq. (7.15)

is only a quadratic equation in the special y plane and only contains the variables x
and y; thus, it denotes the position of point P when the mechanism is singular. The

equation is called the equation of the singularity curve in the y plane.

When the orientation of the mobile is given by the three Euler angles (90� y 0),

the singularity equation can also be obtained in the y plane with respect to the frame

O2 � xyz, similar to that in Fig. 7.12.

xyþ Rb

2
y� 3Ra cosðb0 2= Þ � uð ÞRb

2
¼ 0 (7.16)

When the mechanism parameters are set to Ra ¼
ffiffiffi
2

p
, Rb ¼ 1, b0 ¼ 90�, and

u ¼ –2, the hyperbolas denoted by Eqs. (7.15) and (7.16) are illustrated in

Fig. 7.13a. Given that the result comes from the aforementioned Theorem and
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satisfies the necessary and sufficient condition for singularity, no other singularity

exists except the points on the hyperbolas in the y plane.

7.4.3 Singularity Equation Derived in 3D Space

Equations (7.15) and (7.16) are deduced via the geometric method in an oblique

plane. Using Theorem 7.1, the distribution properties of the singularities of 3/6-SP

in 3D space can be analyzed.

The coordinates of the point Bi i ¼ 1; 2; 3ð Þ of the mobile are denoted as B0
i

B0
ix;B

0
iy;B

0
iz

� �
in the moving frame and as Bix; Biy; Biz

� �
in the fixed frame; the

coordinates of point Ci i ¼ 1; 2; . . . ; 6ð Þ are denoted as Cix; Ciy; Ciz

� �
in the fixed

frame (Fig. 7.10).

B0
1 : 0; �Rb; 0ð ÞT

B0
3 : Rb cos 30

�; Rb sin 30
�; 0ð Þ

B0
5 : �Rb cos 30

�; Rb sin 30
�; 0ð Þ

C1 : �Ra sinðb0 2= Þ; 0; 0ð ÞT
C2 : Ra sin b0 2=ð Þ; 0; 0ð Þ

(7.17)

C3 : Ra cosð30� � b0=2Þ;
ffiffiffi
3

p
Ra cosð30� þ b0=2Þ; 0

� �T

C4 : Ra cosð30� þ b0=2Þ;
ffiffiffi
3

p
Ra cosð30� � b0=2Þ; 0

� �T

C5 : �Ra cosð30� þ b0=2Þ;
ffiffiffi
3

p
Ra cosð30� � b0=2Þ; 0

� �T

C6 : �Ra cosð30� þ b0=2Þ;
ffiffiffi
3

p
Ra cosð30� þ b0=2Þ; 0

� �T

(7.18)

The transformation matrix [T] of the moving frame with respect to the fixed

matrix can be written using the Euler angles f, y, and c, as follows:

½T� ¼
cos’cosycosc� sin’sinc �cos’cosysinc� sin’cosc cos’siny X
sin’cosycoscþ cos’sinc �sin’cosysincþ cos’cosc sin’siny Y

�sinycosc sinysinc cosy Z
0 0 0 1

2

664

3

775

(7.19)

Where (X, Y, Z) are the coordinates of point P with respect to the fixed frame.

The coordinates of point Bi in the mobile with respect to the fixed frame are

Bix

Biy

Biz

1

8
>><

>>:

9
>>=

>>;
¼ ½T�

B0
ix

B0
iy

B0
iz

1

8
>><

>>:

9
>>=

>>;
; i ¼ 1; 2; 3 (7.20)
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7.4.3.1 Singularity Equation for the Orientation (90� u 0)

When the three Euler angles are 90�, y, and 0, the transformation matrix [T] is

expressed as

½T� ¼
0 �1 0 X

cos y 0 sin y Y
� sin y 0 cos y Z

0 0 0 1

2

664

3

775 (7.21)

The coordinates of the three points Bi (i ¼ 1,3,5. . .) in the mobile with respect to

the fixed frame can be obtained using Eq. (7.20). Thus, the three equations for the

three normal planes B1C1C2, B3C3C4, and B5C5C6 and the one that the mobile

belongs to can be written using the coordinates of the three corresponding points.

The equation for plane B1C1C2 is as follows:

x� B1x y� B1y z� B1z

C1x � B1x C1y � B1y C1z � B1z

C2x � B1x C2y � B1y C2z � B1z

������

������
¼ 0 (7.22)

where x, y, and z are the coordinates of a moving point in plane B1C1C2 with respect

to the fixed frame. Substituting the coordinates of points B1, C1, and C2 into the

Eq. (7.22) gives

Zy� Yz ¼ 0 (7.23)

Similarly, the equation for plane B3C3C4 can be obtained as follows:

�3Rb sin yþ 2
ffiffiffiffiffiffi
3Z

p� 	
xþ 2Z �

ffiffiffi
3

p
Rb sin y

� 	
y

þ �2Y þ 6Ra cos b0 2=ð Þ �
ffiffiffi
3

p
Rb cos yþ

ffiffiffi
3

p
Rb � 2

ffiffiffi
3

p
X

� 	
z

� 6ZRa cos b0 2=ð Þ þ 3
ffiffiffi
3

p
RaRb sin y cos b0 2=ð Þ ¼ 0 (7.24)

and that of plane B5C5C6 is

�3Rb sin yþ 2
ffiffiffi
3

p
Z

� 	
xþ 2Z þ

ffiffiffi
3

p
Rb sin y

� 	
yþ �2Yð

þ 6Ra cosðb0=2Þ þ
ffiffiffi
3

p
Rb cos y�

ffiffiffi
3

p
Rb þ 2

ffiffiffi
3

p
X
	
z

� 6Z Ra cosðb0=2Þ þ 3
ffiffiffi
3

p
RaRb sin y cosðb0=2Þ ¼ 0 (7.25)

The equation for plane B1B3B5 is

ðsin yÞyþ ðcos yÞz� ðsin yÞY � ðcos yÞZ ¼ 0 (7.26)
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Note that the equations for these planes are under the same condition that

point P (X, Y, Z) is point, and the orientation denoted by the three Euler angles

(90� y 0).

Solving Eqs. (7.23), (7.24), and (7.25) for x, y, and z, substituting them into

Eq. (7.26), and eliminating x, y, and z gives

ðsin yÞY þ ðcos yÞZ½ � 2XZ þ Rbðsin yÞY þ Rbðcos yÞ½ Z

�Rb Z � 3RbRa sin y cosðb0=2Þ� ¼ 0 (7.27)

According to Theorem 7.1, Eq. (7.27) denotes the singularity locus of point P for

the orientation (90� y 0). Obviously, the singularity includes a plane and a conicoid.
The plane equation is

ðsin yÞY þ ðcos yÞZ ¼ 0 (7.28)

Equation (7.28) denotes that the singularity locus of point P is a plane containing

line C1C2, namely, the X-axis. As the plane and plane B1B3B5 denoted by Eq. (7.26)

have the same normal vector, and when plane B1B3B5 translates and coincides with

the plane expressed by Eq. (7.28), the configuration is singular. The case belongs to

Hunt’s singularity and is the first special-linear-complex singularity explained in

Case 5. Equation (7.28) shows that the mechanism is singular regardless of the

location of point P in the plane.

The conicoid equation is as follows:

2XZ þ Rbðsin yÞY þ Rbððcos yÞ � 1ÞZ
� 3RbRa sin y cosðb0=2Þ ¼ 0 (7.29)

When y is constant, Eq. (7.29) denotes a hyperbolic paraboloid, which will be

discussed later.

When the orientation is determined by the three Euler angles (�90� y 0),

the singularity locus is similar to the one previously described. The first equation

is then

ðsin yÞY � ðcos yÞZ ¼ 0 (7.30)

Equation (7.30) also denotes a plane crossing line C1C2. The second equation is

as follows:

2XZ þ Rbðsin yÞY � Rbððcos yÞ � 1ÞZ
� 3RbRa sin y cosðb0=2Þ ¼ 0 (7.31)

Equation (7.31) also represents a hyperbolic paraboloid.
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7.4.3.2 Singularity Equation for the Orientation (�90� u 0)

Derivation of the Equation

For the orientation (90� y 0), the transformation matrix [T] is

½T� ¼
�c �d 0 X
bd �bc a Y
�ad ac b Z
0 0 0 1

2

664

3

775 (7.32)

where

a ¼ sin y; b ¼ cos y; c ¼ sin c; d ¼ cos c (7.33)

The equations for the three normal planes can be obtained using the previously

described method.

ðacRb � ZÞyþ ðbcRb þ YÞz ¼ 0 (7.34)

ffiffiffi
3

p ffiffiffi
3

p
adRb � acRb � 2Z

� 	
xþ

ffiffiffi
3

p
adRb � 2Z � acRb

� 	
y

þ 2Y þ 2
ffiffiffi
3

p
X þ

ffiffiffi
3

p
bdRb � 3cRb �

ffiffiffi
3

p
dRb � bcRb

�

� 6Ra cosðb0=2ÞÞzþ 3Ra cosðb0=2Þ 2Z þ acRbð
�

ffiffiffi
3

p
adRb

	
¼ 0

(7.35)

ffiffiffi
3

p
acRb þ 2Z þ

ffiffiffi
3

p
adRb

� 	
x� 2Z þ

ffiffiffi
3

p
adRb þ acRb

� 	
yþ 2Yð

� bcRb � 6Ra cosðb0=2Þ �
ffiffiffi
3

p
bdRb � 3cRb þ

ffiffiffi
3

p
dRb � 2

ffiffiffi
3

p
X
	
z

þ 3Ra cosðb0=2Þ 2Z þ acRb þ
ffiffiffi
3

p
adRb

� 	
¼ 0 (7.36)

The equation for plane B1B3B5 is

a yþ b z� aY � bZ ¼ 0 (7.37)

Solving Eqs. (7.34), (7.35), and (7.36) for x, y, and z, respectively, and then

substituting them into Eq. (7.37), the singularity equation is obtained as

ðaY þ b ZÞ 2cðbþ 1ÞZ2 � 2adXZ þ 2acYZ þ 2Rba
2cdX




� Rba
2ðd2 � c2ÞY þ ðaðd2 � c2Þð1� bÞRb

� 6acRa cosðb0=2ÞÞZ þ 3a2ðd2 � c2ÞRbRa cosðb0=2Þ
� R2

ba
2c
� ¼ 0 (7.38)
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Substituting Eq. (7.33) into Eq. (7.38), we obtain

ðsin yÞY þ ðcos yÞZ½ �ðe Z2 � f XZ þ g YZ þ hX

� iY þ jZ þ kÞ ¼ 0 (7.39)

where

e ¼ 2 sincð1þ cos yÞ
f ¼ 2 sin y cosc

g ¼ 2 sin y sinc

h ¼ Rbsin
2y sinð2cÞ

i ¼ Rbsin
2y cosð2cÞ

j ¼ sin yðRb cosð2cÞð1� cos yÞ � 6Ra sinc cosðb0=2ÞÞ
k ¼ 3RbRasin

2y cosð2cÞ cosðb0=2Þ � R2
bsin

2y sinc

(7.40)

Equation (7.39) shows that the singular loci include a plane and a conicoid, and

the plane equation is the same as Eq. (7.28). It also shows that in this case, all six

lines cross a common line. This case belongs to the first special-linear-complex

singularity. The quadratic equation is as follows:

e Z2 � f XZ þ g YZ þ hX � iY þ jZ þ k ¼ 0 (7.41)

Equation (7.41) is a singularity equation with respect to the fixed frameO � XYZ.
When the mobile shown in Fig. 7.12 again rotates at an angle c about the Z00– axis, its
orientation isð90� y cÞ. The plane inwhich themobile lies is still the y plane. After the
coordinate transformation, the equation for the singularity curve in the y plane with

respect to the frame O2 � xyz is

2ðsincÞy2 þ 2ðcoscÞxyþ Rb sinð2cÞxþ ð�2u sincþ
6Ra sinc cosðb0=2Þ � Rb cosð2cÞÞy� R2

b sincþ
Rb cosð2cÞð3Ra cosðb0=2Þ � uÞ ¼ 0

z ¼ 0

8
>>>><

>>>>:

(7.42)

which is also a hyperbola. In addition, Eq. (7.42) is independent of the Euler

angle y.
The singularity equation for the orientation �90� y cð Þ of the mobile can also be

obtained. It consists of a simple equation and a quadratic equation. The simple

equation is the same as Eq. (7.30), whereas the quadratic equation is

e Z2 þ fXZ � gY Z � hX þ iY þ j1Z � k1 ¼ 0 (7.43)
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where

j1 ¼ sin yðRb cosð2cÞð1� cos yÞ þ 6Ra sinc cosðb0=2ÞÞ
k1 ¼ 3RbRasin

2y cosð2cÞ cosðb0=2Þ þ R2
bsin

2y sinc (7.44)

When the frame O2 � xyz (Fig. 7.12) is defined in the y plane, the equation for

the singularity curve can also be obtained as follows:

2ðsincÞy2 þ 2ðcoscÞxy� Rb sinð2cÞxþ ð�2u sincþ
6Ra sinc cosðb0=2Þ þ Rb cosð2cÞÞy� R2

b sincþ
Rb cosð2cÞðu� 3Ra cosðb0=2ÞÞ ¼ 0

z ¼ 0

8
>>>><

>>>>:

(7.45)

The hyperbolas denoted by Eqs. (7.42) and (7.45) when Ra ¼
ffiffiffi
2

p
, Rb ¼ 1 ,

b0 ¼ 90�, u ¼ �2, and c ¼ 60�are shown in Fig. 7.13b.

Analysis of the Singularity Property

The four invariants D, D, I, and J of Eq. (7.41) are

D ¼

0 0 � f

2

h

2

0 0
g

2
� i

2

� f

2

g

2
e

j

2
h

2
� i

2

j

2
k

��������������

��������������

¼ R2
bsin

6y cos23c
4

� 0 (7.46)

D ¼
0 0 � f

2

0 0
g

2

� f

2

g

2
e

����������

����������

¼ 0 (7.47)

I ¼ 2 sincð1þ cos yÞ
J ¼ �sin2y (7.48)

The following cases are discussed according to its invariants, in which D is

always zero regardless of y and c.

1. If y 6¼ 0, c 6¼ �30�, �90�, or �150�, then D ¼ 0, D > 0, the singular locus

denoted by Eq. (7.41) is a hyperbolic paraboloid, and, in the same way, the one by
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Eq. (7.29) is also a hyperbolic paraboloid, withc ¼ 0. Generally, the six lines (1, 2,

. . ., 6) belong to a general linear complex when point P is located at the surface.

2. If y ¼ 0, Eq. (7.39) can be written as

4ðsincÞZ3 ¼ 0 (7.49)

(a) When c ¼ 0 and Z 6¼ 0, namely, the orientation is (90� y 0), Eq. (7.49) is an
identical equation and the mechanism is singular regardless of the position of

point P in 3D space. This is the Fichter’s singular configuration, and all six

lines belong to a general linear complex.

(b) WhenZ ¼ 0, themoving platform and the base are coplanar. Themechanism is

also singular regardless of the Euler angle c. This case is similar to Sect. 7.4.1,

Case 7. Themechanism holds three remnant freedomswhen all legs are locked.

In this case, the first and second special-linear-complex singularities exist.

3. If y 6¼ 0, c ¼ �30�, �90�, or �150�, then D ¼ 0, D ¼0, and J 6¼ 0, and the

conicoid degenerates into a pair of intersecting planes. For instance, when

c ¼ 30�, the two equations are as follows

2Z � Rb sin y ¼ 0 (7.50)

ffiffiffi
3

p
ðsin yÞX � ðsin yÞY � ð1þ cos yÞZ � Rb sin y

þ 3Ra sin y cosðb0=2Þ ¼ 0 (7.51)

(a) Equation (7.50) denotes a plane, which is parallel to the basic plane X-O-Y.
When point P lies in the plane, the mechanism is singular for the orientation

(90� y 30) because points B1 and B3 lie in the basic plane. This situation is

similar to that in Case 6. All six lines cross the same line (C5C6).

(b) Equation (7.51) also denotes a plane. Given that c ¼ 30�, line B1B3 is

always parallel to line A1A5. The intersecting line ST of the plane is denoted

in Eq. (7.51), and the y plane is parallel to line B3B5. Moreover, line B3B5

always intersects point U when point P translates along the intersecting line

(Fig. 7.14). Considering that B1B3 is parallel to line A1A5, and B3B5 intersects

point U, B3 is the common point of plane B1C1C2 and B5C5C6. Thus, B3A5 is

the line of intersection of the two planes. Therefore, all six lines cross line

B3A5, and the singularity belongs to the first special-linear-complex singular-

ity. B3A5 is the rotary axis of the pure rotation. In this case, two sides, namely,

B1B3 and B3B5, of the mobile are coplanar with the two corresponding sides

(A1A5 and A3A5) of the base, and point B3 is just the center point of the defined

star frame. This situation is similar to that in Case 4.

When c ¼ �30�, �90�, or �150�, the conicoid also degenerates into two

planes, and the singularity cases are similar to those previously mentioned.
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Analysis of Other Singularities

The singularities discussed above are all for the orientation (�90� y c) of the

mobile. In these cases, the intersecting lines between the oblique moving plane and

the basic one are parallel to line C1C2 or A1A5, which is one of the three sides of the

triangle A1A3A5 (Fig. 7.10). Similar singularities with a plane equation and a

quadratic one can also occur when the orientations are as follows:

1. The Euler angles are

�150� y cð Þ or 30� y cð Þ

All intersecting lines between the oblique mobile and the base are parallel to line

C3C4 or A1A3.

2. The Euler angles are

150� y cð Þ or �30� y cð Þ

All intersecting lines between the oblique mobile and the base are parallel to line

C5C6 or A3A5.

For the two cases, the singularity equation can also resolve into two parts: one is

a plane equation containing the corresponding side CiCj, and the other is also a

hyperbolic paraboloid equation. When c ¼ �130�,�90�, or�150�, the hyperbolic
paraboloid also degenerates into two planes.

When the Euler angle f is any value except �30�, �90�, and �150�, the
intersecting lines between the two planes above are not parallel to any one of the

three sides of the basic triangle A1A3A5. These cases are more general, and their

singularity properties will not be discussed here. However, when the orientation is

f y �30�ð Þ; f y �90�ð Þ; f y �150�ð Þ

1B

3B

5B
A1

X

V

5A U
T

2O
O

3AY

S
P

120

Fig. 7.14 Singular case

denoted by Eq. (7.51)
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in which f and y can be arbitrary values, the singularity locus also consists of

two parts, namely, a plane and a hyperbolic paraboloid. When point P translates in

the plane, two of three points B1, B3, and B5 lie in the basic plane. These cases are

similar to that in Case 6. Obviously, when f ¼ �30�; �90�; or � 150� , the
hyperbolic paraboloid can also resolve into two planes.

7.4.4 Singularity Distribution in 3D Space

According to the aforementioned analysis, the distribution characteristics of the

singularity loci of the 3/6-Stewart manipulator can be easily obtained, and their

singularity surface for different orientations of the mobile in frame O-XYZ can be

drawn in 3D space (Fig. 7.10). In this section, the parameters of the mechanism are

set to Ra ¼
ffiffiffi
2

p
, Rb ¼ 1, and b0 ¼ 90�; the surfaces are shown in Fig. 7.15.
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Fig. 7.15 Singularity loci for the 3/6-Stewart parallel manipulator (a) (90�45�0) orientation

(b) (90�30�60�) orientation (c) (90�45�30�) orientation (d) (45�25�30�) orientation
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One may ask, if the singularity loci are so huge and completed, how can the

manipulator work? In practice, the workspace of the manipulator is smaller relative to

the singularity loci shown in the figures. A manipulator with its workspace located

over the singularity loci can easily be designed, and the singularity is avoided.

7.5 Structure and Property of the Singularity Loci

of 3/6-Stewart for General Orientations

f 6¼ �30
�
; �90

�
; �150

�� �

When f takes any value except �30�, �90,� and �150�, the case is that of a

general orientation of the 3/6-SP mobile, and the analysis of the singularity loci is

more difficult. In this case, UV is not parallel to any side of the triangle A1A3A5, as

shown in.

7.5.1 Singularity Equation Based on Theorem 7.2
for General Orientations

For the most general orientations of the mobile f 6¼ �30�; �90�; �150�ð Þ , the
singularity equation can be directly obtained using Theorem 7.2. The equation for

the normal plane B1C1C2 is as follows:

x0 � B1x y0 � B1y z0 � B1z

C1x � B1x C1y � B1y C1z � B1z

C2x � B1x C2y � B1y C2z � B1z

������

������
¼ 0 (7.52)
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Fig. 7.16 General case
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where (x0, y0, z0) denotes the coordinates of the moving point on plane B1C1C2 in the

fixed frame. Thus,

Fy0 þ Gz0 ¼ 0 (7.53)

where

F ¼ Rb sin y sinc� Z (7.54)

G ¼ �Rb cosf coscþ Rb sinf cos y sincþ Y (7.55)

Similarly, the equations for the three planes B3C3C4, B5C5C6, and B1B3B5 can

also be obtained. According to Theorem 7.2, to solve the linear equation system of

the four planes for the intersecting point C, the singularity locus equation for the

general orientations is as follows:

f1Z
3 þ f2XZ

2 þ f3YZ
2 þ f4X

2Z þ f5Y
2Z þ f6XYZ þ f7Z

2 þ f8X
2

þ f9Y
2 þ f10XY þ f11XZ þ f12YZ þ f13Z þ f14X þ f15Y þ f16 ¼ 0 (7.56)

where (X, Y, Z) are the coordinates of center point P. Equation (7.56) is a polynomial

expression of degree three. The equation is still very complicated and difficult to

further analyze, but it is very simple in the subsequent special cases.

When f 6¼ �30�; �90�; �150� , and c are �30�, �90�, or �150�, Eq. (7.56)
degenerates into a plane and a hyperbolic paraboloid. For example, when c ¼ 90�,
the singularity equation is

ð2Zþ Rb sin yÞða11X2 þ a22Y
2 þ a33Z

2 þ 2a23YZ þ 2a31ZX þ 2a12XY

þ 2a14X þ 2a24Y þ 2a34Z þ a44Þ ¼ 0 (7.57)

Equation (7.57) indicates a plane and a hyperbolic paraboloid. The first factor

forms a plane equation

2Z þ Rb sin y ¼ 0 (7.58)

which is parallel to the basic plane. When point P lies in the plane, the mechanism

is singular for the orientation f y 90�ð Þ because points B3 and B5 lie in the

basic plane. This condition is similar to that in Case 6. All six lines cross the same

line C1C2.

To verify its correctness via another method, point P X; Y; Zð Þ ¼ 0; 0;�3=8ð Þ
is taken from the plane equation 2Z þ Rb sin y ¼ 0 when Ra ¼ 2; Rb ¼ 1:5,
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b0 ¼ p 2= , f ¼ p 3= , y ¼ p 6= , c ¼ p 4= , and f y cð Þ ¼ 60� 30� 90�ð Þ;
the corresponding Jacobian matrix of the parallel mechanism is as follows:

J ¼

0:8489 �0:3230 �0:9914 �0:5489 0:2025 0:7246

0:3343 0:5986 �0:1310 �0:8359 �0:9793 �1:6892

�0:4094 �0:7331 0 0 0 0

0 0 0 0 0 0

�0:5790 1:0367 0 0 0 0

0:4727 0:8465 0:6358 1:4038 �0:1707 0:6818

0

BBBBBBBB@

1

CCCCCCCCA

detðJÞ ¼ 7:0616� 10�17 ¼ 0

(7.59)

The mechanism is also singular. Further analysis shows that in this case, two

vertices B3 and B5 lie on the base plane. This is a case of four lines lying in a plane,

which is of the type 3d [4] and belongs to the first special-linear-complex singular-

ity. Its instantaneous motion is a pure rotation.

7.5.2 Singularity Analysis Using
Singularity-Equivalent-Mechanism

The singularity locus expression, Eq. 7.56, for the general orientations has been

derived using Theorem 7.2. However, it is still quite complicated, and whether it

consists of some typical geometric figures remains to be determined. Meanwhile,

the properties of the singularity loci are still unknown. To answer this question,

a “Singularity-Equivalent Mechanism,” which is a planar mechanism based on

Deduction 7.2, is proposed. Thus, the difficult singularity analysis of the SP can

be transformed into a positional analysis of a simpler planar mechanism.

7.5.2.1 Parallel Case

Singularity-Equivalent-Mechanism

In the parallel case, the three Euler angles of the mobile platform are 90�; y; cð Þ,
whereas y and c can be any nonzero value. The mobile plane of the mechanism

lies on the y plane (Fig. 7.12). The corresponding imaginary planar singularity-

equivalent-mechanism is shown in Fig. 7.17.

When R denotes a revolute pair and P is a prismatic pair, triangle B1B3B5 is

connected to the ground by three kinematic chains, namely, RPP, RPR, and RPR.
The latter two pass through points U and V, respectively, whereas the first slides

along the vertical direction and maintains B1C//UV. Three slotted links, L1, L2,
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and L3, intersect at a common point C. To maintain the intersection of the

three links at a common point and satisfy Deduction 7.2, a concurrent kinematic

chain, PRPRP, is used. It consists of five kinematic pairs, wherein two R pairs

connect three sliders. The three sliders and three slotted links form three P pairs.

The PRPRP chain coincides with a single point C from the top view. Based on

the Modified G-K Criterion, the mobility of the mechanism is two.

The planar mechanism can clearly guarantee that the three lines passing through

the three vertices intersect at a common point, and these three lines can always

intersect the corresponding sides of the basic triangle. From Deduction 7.2, every

position of the planar mechanism corresponds to an SC of the original SP. Thus, it is

called a “singularity-equivalent-mechanism,” and the position solution of the planar

mechanism expresses the singularity of the original mechanism.

Forward Position Analysis of the Singularity Equivalent-Mechanism

The frames are set similar to those in Figs. 7.12 and 7.17. The coordinates of point P

in frame O2-xy are (x, y). c denotes the orientation of the triangle B1B3B5 in the y
plane. To obtain the locus equation for point P, the three equations of the three lines

passing through the three vertices are first set, and the coordinates of points B1, B3,

and B5 are substituted into the equations to obtain (x, y) and c.
Considering that the mobility of this mechanism is two, two inputs, a and b, are

necessary. The three equations for the three lines CU, CV, and CB1 in the reference

frame O2-xy are

Y ¼ ðtan aÞðX þ a=2Þ (7.60)

Y ¼ ðtan bÞðX � a=2Þ (7.61)

3B 'X
y

PRPRP

'Y

5B

3L
a

U
2O V

x

β
2L

1L1B
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ψ

Fig. 7.17 Singularity-

equivalent-mechanism

for 90� y cð Þ
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and

Y ¼ � a tan a tan b
tan a� tan b

; (7.62)

respectively. Solving Eqs. (7.60), (7.61), and (7.62) yields

x ¼ Rb coscJ1 �
ffiffiffi
3

p
Rb sincþ a

� �
J3

2ðtan a� tan bÞ (7.63)

y ¼ Rb sincJ2 �
ffiffiffi
3

p
RbJ3 cosc� 2a tan a tan b

2ðtan a� tan bÞ (7.64)

and

tanc ¼ ðtan bþ tan aÞ
ffiffiffi
3

p
tan a� ffiffiffi

3
p

tan b� 2 tan a tan b
(7.65)

Where J1 ¼ tan a� tan b� 2
ffiffiffi
3

p
, J2 ¼ tan a� tan b� 2

ffiffiffi
3

p
tan a tan b , J3 ¼

tan aþ tan b, and Eqs. (7.63), (7.64), and (7.65) denote the direct kinematics of the

mechanism.

Once the concept of the singularity-equivalent-mechanism with two DOFs is

proposed, and considering Eqs. (7.63), (7.64), and (7.65), the following conclusions

can be made:

(a) The singularity can occur at any point all over the y plane because the planar

mechanism has two DOFs and point P can reach everywhere in the entire plane.

However, c may be different for a different position of point P;

(b) When c is also specified and invariable, an infinite number of singularity points

forming a singularity curve exists; and

(c) When line UV is coincident with A5A1, any values of (x,y) and c can satisfy

Deduction 7.2. This singularity is called Hunt’s singularity [37].

Singularity Equation in the y Plane

Once the orientation 90�; y; cð Þ of the mobile platform is specified (Fig. 7.17), the

Euler angle c is an invariant. Thus, it only needs to choose one input in this case.

From Eq. (7.65), one obtains

tan b ¼ tan a
ffiffiffi
3

p
tanc� 1

� �

ffiffiffi
3

p
tancþ 2 tan a tancþ 1

(7.66)
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Thus, the singularity equation in the y plane for the orientation 90�; y; cð Þ can
be obtained from Eqs. (7.63), (7.64), and (7.66) by eliminating parameters a and b,
as follows:

2ðsin cÞy2 þ 2ðcos cÞxyþ Rb sinð2cÞx
þ

ffiffiffi
3

p
a sinc� Rb cosð2cÞ

� 	
y� R2

b sincþ
ffiffiffi
3

p
aRb cosð2cÞ=2 ¼ 0 (7.67)

Where a ¼ 2 3Ra cos b0 2=ð Þ � uð Þ ffiffiffi
3

p�
. Equation (7.67) denotes a hyperbola. In

particular, when c ¼ �90� , Eq. (7.67) degenerates into a pair of intersecting

straight lines. Two of the four equations are

y� Rb=2 ¼ 0 yþ Rb=2 ¼ 0 (7.68)

In both cases, two points, namely, B3 and B5, lie in line UV so that the four lines

are coplanar with the base plane, which is the singularity in Case 6. A similar

situation is when c ¼ 30�, c ¼ �150�, c ¼ �30�, and c ¼ 150�.

7.5.3 General Case

When f 6¼ �30�; �90�; �150�ð Þ, the intersecting line UVW between the y plane

and the base plane is not parallel to any side of triangle A1A3A5. This case is the

most general and also the most difficult.

7.5.3.1 Singularity-Equivalent-Mechanism

Figure 7.18 shows the singularity-equivalent-mechanism. The triangle B1B3B5 is

connected to the ground passing through three points W, V, and U by three RPR
kinematic chains. The three points, namely, U, V, and W (Fig. 7.18), are three

intersecting points between the y plane and sides A3A5, A1A3, and A1A5, respec-

tively. Three slotted links, L1, L2, and L3, intersect at a common point C. To retain

the intersection of the three links at a common point, a concurrent kinematic chain,

PRPRP, is also used. Therefore, all configurations of the equivalent mechanism

satisfying Deduction 7.2 are SCs of the Stewart manipulator, and the direct kine-

matics of the equivalent mechanism can be analyzed to find the singularity loci.

Similarly, the mobility of the equivalent mechanism is two, and two inputs are

needed to analyze its position.

7.5.3.2 Forward Position Analysis of the Singularity-Equivalent-Mechanism

The frames are set as shown in Fig. 7.18. Similar to Sect. 7.5.2.1.2, three equations

of three straight lines passing through three vertices can be set, and the coordinates
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of points B1, B3, and B5 are substituted into the equations to obtain the solutions

(x, y)and c, as follows:

x ¼� 3Rb sinc� 2Rb tan a cos cþ 2w tan aþ
ffiffiffi
3

p
Rb cos c

�

�Rb tan b cos cþ
ffiffiffi
3

p
Rb tan b sinc� 2u tan b

	
=ð2 tan b� 2 tan aÞ

(7.69)

y¼ �Rb tan asin c�
ffiffiffi
3

p
Rb tan acos c+ 3Rb tan a tan bcos cþ2u tan a tan b

�

�
ffiffiffi
3

p
Rb tan a tan b sin c�2Rb tan b sin c�2w tan a tan b

	
=ð2tan b�2tan aÞ

(7.70)

tanc ¼ 2
ffiffiffi
3

p
w tan a� 3u tan a tan b� ffiffiffi

3
p

u tan b

tan b �2
ffiffiffi
3

p
w tan aþ ffiffiffi

3
p

u tan a� 3u
� � (7.71)

Where u is the distance from point U to V, and w the distance from V to W.

Substituting Eq. (7.71) into Eqs. (7.70) and (7.69) and eliminating c, the relation-
ship between (x, y) and the inputs a, b can be obtained. This process is the direct

kinematics of the equivalent mechanism.
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Fig. 7.18 Singularity-equivalent-mechanism for a general case
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7.5.3.3 Singularity Equation in the u Plane

Under a general case, the Euler angle f can be any value except �30�, �90�, and
�150�. From Eq. (7.71),

tan b ¼ 2
ffiffiffi
3

p
w tan a

�2
ffiffiffi
3

p
w tan a tancþ ffiffiffi

3
p

u tan a tanc� 3u tancþ 3 u tan aþ ffiffiffi
3

p
u

(7.72)

For some specified c, the same three particular situations, namely, B1 and B5, B1

and B3, or B3 and B5, lie in the line UV. The singularity loci are three pairs of

intersecting straight lines.

To use the aforementioned formulas, u and w in Eq. (7.72) should be calculated

in advance. They depend on their relative positions in UV, as shown in Fig. 7.19.

The distance w between V and W is

jwj ¼ jWVj ¼ 3Ra cosðb0=2Þ �
ffiffiffi
3

p
xV

cosf

����

���� (7.73)

The distance u between U and V is

juj ¼ jUVj ¼ 2
ffiffiffi
3

p
xVffiffiffi

3
p þ cotf
� �

sinf

�����

�����
(7.74)

The sign of w is positive when point W is on the right side of V, and it is negative

when W is on the left side of V. The same is true for u.

C

Y

3A

y

5
A

U

V
W1A

O
x

γ

φ

φ

θ X

Fig. 7.19 Intersecting line

UW of two planes
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For a given xv, the singularity equation in the y plane can be obtained by

eliminating the parameter a, as follows:

bxyþ cy2 þ dxþ eyþ f ¼ 0 (7.75)

where the coefficients are functions of the architecture parameters Ra; Rb b0ð Þ and
the orientations f; y; cð Þ. Equation 7.5 is a quadratic equation.

The two invariants D, d of Eq. (7.75) are

D ¼
0 b=2 d=2

b=2 c e=2
d=2 e=2 f

������

������
¼ � 1

4
ðb2f þ d2c� bdeÞ (7.76)

and

d ¼ 0 b=2
b=2 c

����

���� ¼ � 1

4
b2<0 (7.77)

Generally,D 6¼ 0 and d < 0 for a general value of xv, so that Eq. (7.75) indicates
a set of hyperbolas.

7.5.4 Five Special Cases of the Singularity Equation

The singularity equation can be one of five special cases. For the given parameters

(Ra, Rb, b0) and f; y; cð Þ,D is a quartic equation, whereas d is a quadratic equation
with respect to the single variable xv. Generally, xv has four real roots when D ¼ 0

and d 6¼ 0, and Eq. (7.75) degenerates into four pairs of intersecting straight lines.

For the same reason, one real root of multiplicity 2 exists when d ¼ 0 and D 6¼ 0,

and Eq. (7.75) degenerates into a parabola.

Case 1. The line UV passes through point A1 (Fig. 7.20). In this case, xv ¼
ffiffiffi
3

p
Ra

cos b0 2=ð Þ , and the two points W and V coincide with point A1. The singularity

equation denoted by Eq. (7.75) degenerates into a pair of intersecting straight lines,

as follows:

½y�Rb sinðcþ60�Þ� �
ffiffiffi
3

p
sinðcÞþ cosðcÞ

� 	
xþ

ffiffiffi
3

p
cosðcÞþ sinðcÞ

� 	
yþRb

h i
¼ 0

(7.78)

One of the intersecting lines is

y� Rb sinðcþ 60�Þ ¼ 0 (7.79)

7.5 Structure and Property of the Singularity Loci of 3/6-Stewart. . . 251



Its correctness can also be proven via an alternative method based on Theorem

7.2. Equation (7.79) indicates a straight line parallel to the x-axis of frame V-xy.
Meanwhile, B5y ¼ 0, and thus, B5, is located on the base plane. The normal plane

B5A3A5 coincides with the base plane. Therefore, the intersecting line between two

normal planes, B5A3A5 and B1A1A5, is A1A5; the intersecting line between normal

planes B5A3A5 and B3A1A3 is A1A3; and the intersecting line between normal

planes B1A1A5 and B3A1A3 is A1Q. Thus, A1 is the intersecting point of three

normal planes (B5A3A5, B1A1A5, and B3A1A3). Considering that A1 lies in line UV,

which also lies in the mobile B1B3B5, point A1 also lies in the mobile B1B3B5.

According to Theorem 7.2, the mechanism is singular.

For Fig. 7.20a, when c ¼ 0 and the coordinates of point P are x 6¼ Rb 2= ; y

¼ ffiffiffi
3

p
Rb 2= , B5 does not coincide with A1 but belongs to the general-linear-complex

singularity. The instantaneous motion is a twist with pitch hm 6¼ 0.

For Fig. 7.20b, when c ¼ 0 and the coordinates of point P are x = Rb 2= ; y

¼ ffiffiffi
3

p
Rb 2= , point B5 coincides with point A1. A1Q passing through B5 is the

intersecting line between B1A1A5 and B3A1A3, which is the case when all six

lines associated with the six extensible links of the manipulator intersect one

common line A1Q. The singularity belongs to the first special-linear-complex

singularity, and the instantaneous motion is a pure rotation.

Now, let us find the instantaneous motion screw. When the mechanism is

singular at the following two configurations, dim(J) ¼ 5, a remnant freedom,

which is a twist with pitch hm, exists for each case, which can be obtained using

the following expression proposed by Sugimoto and Duffy [40]:

$m ¼

2 i 2 j 2 k i j k
L1 M1 N1 P1 Q1 R1

L2 M2 N2 P2 Q2 R2

L3 M3 N3 P3 Q3 R3

L4 M4 N4 P4 Q4 R4

L5 M5 N5 P5 Q5 R5

�����������

�����������

(7.80)
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Fig. 7.20 UV passes through point A1 (a) B5 does not coincide with A1 (b) B5 coincides with A1
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where

i ¼ 1 0 0; 0 0 0ð Þ
j ¼ 0 1 0; 0 0 0ð Þ
k ¼ 0 0 1; 0 0 0ð Þ

2 i ¼ 0 0 0; 1 0 0ð Þ
2 j ¼ 0 0 0; 0 1 0ð Þ
2 k ¼ 0 0 0; 0 0 1ð Þ

$m indicates a moving screw that is reciprocal to $i; i ¼ 1; 2; . . . ; 6ð Þ , and $i
denotes a unit screw of the extensible leg of the SP. $m can also be expressed as a

dual vector as follows:

$m ¼ Smþ 2 Smo ¼ Lm iþMmj þ Nmkþ 2 ðPmiþ Qmj þ RmkÞ (7.81)

where 2 is the dual symbol. The pitch hm of the moving reciprocal screw $m is

hm ¼ ðLmPm þMmQm þ NmRmÞ= Lm
2 þMm2 þ Nm2

� 	
(7.82)

When f; y; cð Þ ¼ 60�; 30�; 0�ð Þ, two points, namely,

P1 x1; y1ð Þ ¼ Rb 2= ;
ffiffiffi
3

p
Rb 2=

� 	

P2 x2; y2ð Þ ¼ 0;
ffiffiffi
3

p
Rb 2=

� 	

are selected from the straight line in Eq. (7.79). From Eq. (7.80), the corresponding

twists and its pitches are as follows:

$m1 ¼ 0:8762;�0:1090; 0:4695; 0;�1:1501;�0:2669ð Þ:

hm1 ¼ �3:27998� 10�16 ¼ 0 (7.83)

$m2 ¼ 0:8762;�0:1090; 0:4695; 0:1761;�0:8451;�0:8768ð Þ

hm2 ¼ �0:165 6¼ 0

The mechanism is singular in the two positions. The singularities of the points in

line PB1, Eq. (7.79), are general-linear-complex singularities and the instantaneous

motion is a twist with hm 6¼ 0when B5 does not coincide with A1. The singularity of

the point is the first special-linear-complex singularity, and the instantaneous

motion is a pure rotation with pitch hm ¼ 0 when B5 coincides with A1.
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Another straight line equation is

�
ffiffiffi
3

p
sinðcÞ þ cosðcÞ

� 	
xþ

ffiffiffi
3

p
cosðcÞ þ sinðcÞ

� 	
yþ Rb ¼ 0 (7.84)

Similarly, when f; y;cð Þ ¼ 60�; 30�; 0�ð Þ, three points, namely,

P3 x3; y3ð Þ ¼ �Rb; 0ð Þ;

P4 x4; y4ð Þ ¼ 0;�
ffiffiffi
3

p
Rb 3=

� 	

P5 x5; y5ð Þ ¼ Rb 2= ;�
ffiffiffi
3

p
Rb 2=

� 	

are selected from the straight line, Eq. (7.84). The mechanism is singular in the three

positions, and the corresponding twists and their pitches are calculated as follows:

$m3 ¼ ð�0:7944;�0:4333;�0:4257; 0; 1:3708;�0:7093Þ
hm3 ¼ �0:7093 6¼ 0

$m4 ¼ ð�0:8002;�0:4194;�0:4288; 0:4185; 1:0414;�0:1054Þ
hm4 ¼ �0:7265 6¼ 0

$m5 ¼ ð0:8015; 0:4160; 0:4295;�0:6315;�1:4168; 0:8497Þ
hm5 ¼ �0:7306 6¼ 0

(7.85)

Thus, the singularities of the points lying in Eq. (7.84) are all general-linear-

complex singularities, and their instantaneous motion is a twist with hm 6¼ 0.

Case 2. UV passes through point A3. In this case, xv ¼ 0, two points, U and V,

coincide with point A3. Equation (7.75) also degenerates into a pair of intersecting

straight lines, as follows:

½ðyþ Rb sinðcÞ�½x cosðcÞ þ y sinðcÞ � Rb=2� ¼ 0 (7.86)

The first part of Eq. (7.86) indicates a straight line parallel to the x-axis. Similarly,

when B1 coincides with point A3, the singularity of this point is the first special-linear-

complex singularity and the instantaneousmotion is a pure rotation.WhenB1 does not

coincide with A3, the singularities of points lying in this straight line are the general-

linear-complex singularity, and its instantaneous motion is a twist with hm 6¼ 0.

The second part of Eq. (7.86) denotes another straight line. The singularities of

the points lying in this straight line are all general-linear-complex singularities.

Case 3. UV passes point A5. In this case,

xv ¼
ffiffiffi
3

p
Ra cosð b0 2= Þ

ffiffiffi
3

p
þ cotf

� 	 ffiffiffi
3

p
� cotf

� 	.
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and the two points U and W coincide with point A5. Equation (7.75) degenerates

into a pair of intersecting straight lines.

½y� Rb sinðc� 60�Þ�
ffiffiffi
3

p
sinðcÞ þ cosðcÞ

� 	
xþ �

ffiffiffi
3

p
cosðcÞ þ sinðcÞ

� 	
y

h

þRb � 2
ffiffiffi
3

p
cosðb0=2Þ sinðcþ 60�Þ= sinðf� 60�Þ

i
¼ 0

(7.87)

The first factor indicates a straight line parallel to the x-axis. Similarly, when B3

coincides with A5, the singularity of this point is a first special-linear-complex

singularity. When B3 does not coincide with A5, the singularities of the points lying

in this straight line are general-linear-complex singularities.

Similarly, the second factor of Eq. (7.87) denotes another straight line. The

singularities of the points lying in this straight line are all general-linear-complex

singularities.

Case 4. When

xv ¼ ð�1þ 2 cosð2fÞÞðRb cosf� 2Ra cosðb0=2Þ coscÞ
2

ffiffiffi
3

p
sinf� cosf

� �
sinðfþ cÞ� � (7.88)

Equation (7.75) degenerates into a pair of intersecting straight lines, as follows:

Ra cosððb0 � 6cÞ=2Þ � Rb cosðf� 2cÞ þ Ra cosððb0 þ 6cÞ=2ð Þ
�2y sinðfþ cÞÞðaxþ byþ cÞ ¼ 0

(7.89)

For the first straight line when b0 ¼ 90� , f; y;cð Þ ¼ 60�; 30�; 0ð Þ , and the

coordinates of point P6 are x ¼ Rb 2= ; y ¼ 2
ffiffiffi
2

p
Ra � Rb

� �
2

ffiffiffi
3

p�
, point B5 lies in

the intersecting line of two normal planes B1A1A5 and B3A1A3. Therefore, the six

lines associated with the six extensible links of the 3/6-SP intersect a common line

B5A1. This singularity is a first special-linear-complex. The instantaneous motion is

a pure rotation about line B5A1. The singularities of the points lying in the first line,

except for the aforementioned point and the points lying in the second line, all

belong to a general-linear-complex singularity.

Case 5. When

xv ¼ Ra cos b0 2=ð Þ cosc cosfþ
ffiffiffi
3

p
sinf

� 	
sin fþ cð Þ= ;

d ¼ 0 and D 6¼ 0;

Equation (7.75) degenerates into a parabola, as follows:

cy2 þ dxþ eyþ f ¼ 0 (7.90)
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When Ra ¼ 2;Rb ¼ 3 2= ;b0 ¼ p 2= and the three Euler angles are f; y;cð Þ ¼
60�; 30�; 0ð Þ, three special points,

P7 x7; y7ð Þ ¼ �4:9068; 0:3339ð Þ;

P8 x8; y8ð Þ ¼ �4:3284; 1:6329ð Þ;

P9 x9; y9ð Þ ¼ 0:75; 2:932ð Þ;

lie in the parabola. In the three cases, B3 lies in the intersecting line of

two normal planes B1A1A5 and B5A3A5; B1 lies in the intersecting line of two

normal planes B3A1A3 and B5A3A5; and B5 lies in the intersecting line of two

normal planes B1A1A5 and B3A1A3. For the first case, the six lines associated

with the six extensible links intersect a common line B3A5. For the second case,

the six lines intersect B1A3, and for the final case, the six lines intersect B5A1.

Therefore, the singularities of the three points P7, P8, and P9 are first special-linear-

complex singularities, and the singularities of the points lying in the parabola,

except for the aforementioned three points, all belong to a general-linear-complex

singularity.

Based on this analysis, the singularity expression in the y plane is not cubic,

but rather always quadratic, indicating that the y plane is a very special cross-

section of the singularity surface; thus, the special y plane can be called the

principal section.

Generally speaking, the singularity loci of the 3/6-SP for most general orient-

ations are different from those for some special orientations. The singularity loci

in infinite parallel principal sections are all quadratic equations. The structure of

the singularity loci in the principal sections of the cubic singularity surface includes a

parabola, four pairs of intersecting straight lines, and an infinite number of hyperbolas.

The singularity loci in 3D space are illustrated in Fig. 7.21.

In addition, the mechanism is singular at the orientation f; y;cð Þ, and thus, any

orientation with a different variable y is also singular [29].

7.6 Structure and Property of the Singularity Loci

of the 6/6-Stewart

Base on the aforementioned analysis of the 3/6-SP, in this section we focus on the

most difficult issue, which is the singularity locus analysis of the 6/6-SP, including

the singularity equation and the structure of the singularity surface [30]. 6/6-SP

is typical manipulator; its schematic representation is shown in Fig. 7.22. It consists

of two semiregular hexagons: a mobile platform B1B3 . . .B6 and a base platform

C1 . . .C6, which are connected via six extensible prismatic actuators.
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Fig. 7.22 Schematic diagram of a class of Stewart manipulators (a) a 6/6-Stewart manipulators

(b) top view
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7.6.1 Jacobian Matrix

The Jacobian matrix of this class of 6/6-Stewart manipulators can be constructed

according to the theory of static equilibrium (Huang and Qu 1987) [34]. The

external force acting on the platform is equilibrated by six reactional forces when

the inputs are being clocked. The force equilibrium equation can be set as follows:

f1i$1i þ f2i$2i þ f3i$3i þ f4i$4i þ f5i$5i þ f6i$6i ¼ F$P

where the subscript i (i ¼ 1, 2, . . ., 6) indicates the ith limb connected by two

vertices Bi, Ci of the moving and base platforms of the manipulator. The equation

can be rewritten as a matrix form, as follows:

G½ �f ¼ F$P

where

½G�T ¼ $1 $2 . . . $6½ � ¼ s1 s2 s3 s4 s5 s6
so1 so2 so3 so4 so5 so6

� �
(7.91)

and we have

½G�T ¼
ðB1�C1Þ
jB1�C1j

ðB2�C2Þ
jB2�C2j

ðB3�C3Þ
jB3�C3j

ðB4�C4Þ
jB4�C4j

ðB5�C5Þ
jB5�C5j

ðB6�C6Þ
jB6�C6j

ðC1�B1Þ
jB1�C1j

ðC2�B2Þ
jB2�C2j

ðC3�B3Þ
jB3�C3j

ðC4�B4Þ
jB4�C4j

ðC5�B5Þ
jB5�C5j

ðC6�B6Þ
jB6�C6j

0

B@

1

CA (7.92)

where vectorsBi;Ci i ¼ 1; 2; . . . ; 6ð Þdenote the vertex vectors of themoving and base

platformswith respect to the fixed frame, respectively (Fig. 7.22).$i i ¼ 1; 2; . . . ; 6ð Þ is
a line vector of the corresponding extensible link, and its Pl€ucker coordinates are as
follows

$i ¼ ð$i; $oiÞ ¼ Li; Mi; Ni; Pi; Qi; Rið Þ (7.93)

where Si is a unit vector specifying the direction of line vector $i, and S0i is a vector
indicating the position of the line vector together with Si.

When the parallel manipulator is singular, a remnant DOF, which is an instanta-

neous screw motion with pitch hm, exists. This DOF can be obtained using Eq. (7.80).

7.6.2 Singularity Analysis in 3D Space

A moving reference frame, P-X0Y0Z0, and a fixed one, O-XYZ, are attached to the

moving platform and the base platform of the manipulator, respectively (Fig. 7.22),

where the origins P and O are the corresponding geometric center of the moving
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and base platforms. The position of the moving platform is given by the position of

point P with respect to the fixed frame, designated by (X, Y, Z), and the orientation

of the moving platform is represented by the standard Z-Y-Z Euler angles f; y;cð Þ.
Furthermore, the geometric parameters of the manipulator can be described as

follows: the circumcircle radius of the base hexagon is Ra, and that of the mobile

hexagon is Rb. b0 denotes the central angle of the circumcircles of the hexagons

corresponding to sides C1C2 and B1B6 (Fig. 7.22). The coordinates of the six

vertices, Bi i ¼ 1; 2; . . . ; 6ð Þ, of the moving platform are denoted byB0
i with respect

to the moving frame, and Bi with respect to the fixed frame. Similarly, Ci and Aj

represent the coordinates of the vertices, Ci i ¼ 1; 2; . . . ; 6ð Þ and Aj j ¼ 1; 3; 5ð Þ, of
the base platform with respect to the fixed frame.

Gosselin and Angeles [7] pointed out that the singularities of parallel manipulators

can be classified into three different types, namely, the inverse kinematic, direct

kinematic, and architecture singularities. In this paper, only the direct kinematic

singularity of this class of 6/6-Stewart manipulators, which occurs when the determi-

nant of the Jacobian matrix of the manipulator is equal to zero, i.e., det (J) ¼ det

(JT) ¼ 0, is discussed. By expanding and factorizing the determinant of the Jacobian

matrix, the singularity locus equation for the manipulator can be written as

f1Z
3 þ f2XZ

2 þ f3YZ
2 þ f4X

2Zþ f5Y
2Z

þ f6XYZþ f7Z
2 þ f8X

2 þ f9Y
2 þ f10XY

þ f11XZþ f12YZþ f13Zþ f14Xþ f15Yþ f16 ¼ 0 (7.94)

Equation (7.94) represents the constant-orientation singularity locus of this class

of Stewart manipulators in the Cartesian space for a constant orientation f; y;cð Þ. It is
a polynomial expression of degree three in the moving platform position parameters

XYZ. The coefficients of Eq. (7.94), fi i ¼ 1; 2; . . . ; 15; 16ð Þ, are all functions of the
geometric parameters, Ra,Rb,b0, and the orientation parameters, f; y;cð Þ , of the
manipulator. Graphical representations of the constant-orientation singularity locus

of themanipulator for different orientations are given to illustrate the result (Fig. 7.23).

The geometric parameters used are given as Ra ¼ 2, Rb ¼ 3/2, and b0 ¼ p/2.
From Fig. 7.23, the singularity loci for the different orientations are complex and

varied. Among them, the most complicated graph of the singularity loci is similar to

a trifoliate surface whose two branches are shaped like a horn with one hole

(Fig. 7.23c, d).

7.6.3 Singularity Analysis in Parallel Principal-Sections

7.6.3.1 Singularity Locus Equation in the u Plane

Huang et al. (2003) [29] pointed out that the cross-sections of the cubic singularity

locus equation for the 3/6-SP in parallel y-planes are all quadratic expressions that
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include a parabola, four pairs of intersecting lines, and infinite hyperbolas (Sect. 7.4).

This conclusion is of great importance for the property identification of the

singularity loci of the 3/6-SP. Similarly, to identify the characteristics of the singular-

ity loci of this class of 6/6-SP, the singularity loci of the manipulator in parallel y
planes will also be discussed in this section. Figure 7.24 shows the position of the

manipulator for orientation f; y;cð Þ . The oblique plane is a y plane on which the

moving platform lies.

When y 6¼ 0, the moving platform is not parallel to the base platform. The y
plane intersects the base plane at line UWV, where points U,W,V are points of

intersection between the y plane and three sides A3A5, A1A5, and A3A1 of the base

hexagon (Fig. 7.24). Another moving reference frame V-xy is set in the y plane, and
the coordinates of point P in this moving frame V-xy are denoted by (x, y).

The equations of the three lines, A1A3, A3A5, andA1A5, in the fixed frame O-XYZ
can be easily written. Given the space limitations, these equations are not presented.

Point V, i.e., the origin of the moving frame V-xy, lies on line A1A3, and

the coordinates of point V with respect to the fixed frame O-XYZ are assumed as

V:(XV, YV, 0), where XV is a variable indicating the position of the y plane,
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i.e., the position of the moving platform for any given geometric and orientation

parameters, and YV can be established using the following expression:

YV ¼ 2Ra cosðb0=2Þ �
ffiffiffi
3

p
XV (7.95)

Thus, the equation for line UV can be written as follows:

YUV � 2Ra cosðb0=2Þ þ
ffiffiffi
3

p
XV ¼ � cotðfÞðXUV � XVÞ; (7.96)

and the coordinates of points U and W can be easily obtained. The coordinates of

point P, designated by (X, Y, Z) with respect to the fixed frame and (x, y) in the

moving frame V-xy, satisfy the following expression:

X ¼ cosf cos y x� sinfyþ XV

Y ¼ sinf cos y xþ cosf yþ YV

Z ¼ � sin y x

(7.97)

Substituting Eq. (7.97) into Eq. (7.94) and after some rearrangements and

factorizations, the singularity locus equation for the manipulator in the y plane

can be written as follows:

sin3yðax2 þ 2bxyþ cy2 þ 2dxþ 2eyþ f Þ ¼ 0 (7.98)

Given that y 6¼ 0, the singularity locus equation for the manipulator with respect

to the y plane becomes

ax2 þ 2bxyþ cy2 þ 2dxþ 2eyþ f ¼ 0 (7.99)
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Fig. 7.24 Position of the

manipulator for the

orientation f; y;cð Þ
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The coefficient c is always equal to zero, so that Eq. (7.99) is a quadratic

polynomial expression with respect to x and y, and the maximum degree of variable

x is 2 and y is 1. Coefficients a, b, d, e, f in Eq. (7.99) are all functions of the

geometric parameters Ra, Rb, b0, the Euler angles f;cð Þ, and XV. These parameters

are all independent of the Euler angle y. Generally, the intersecting curve between

a cubic surface and a plane is also a cubic expression that may also contain a

closed-loop curve. For example, whenRa ¼ 2; Rb ¼ 3 2= ; b0 ¼ p 2= , b0 ¼ p 2= , and

f; y;cð Þ ¼ p 3= ; p 6= ; p 4=ð Þ , the intersecting curves between the corresponding

singularity locus surface and the two planes Z ¼ �Y/3 and Z ¼ �4 X � 14ð Þ 45=
are presented as follows:

14:0103Y3 � 1:45655XY2 � 259:685Y2 � 44:5538X2Y

� 148:185XY þ 14:1449Y � 136:939X2 � 213:732X

� 1; 161:68 ¼ 0

69; 452:4XY2 � 972; 334Y2 � 50; 134:4X2Y � 28; 860:7XY

� 440; 308Y � 31; 121X3 � 96; 393:6X2 þ 467; 953Xþ
974; 793 ¼ 0

(7.100)

The intersecting curves between the singularity locus surface of the manipulator

and the two aforementioned planes are clearly cubic expressions that contain a

closed-loop curve (Fig. 7.25). However, Eq. (7.99) is always a quadratic polyno-

mial expression; the same conclusion holds for any manipulator of this class of

Stewart manipulators considered in the current study. Therefore, y plane reflects the
characteristics of the singularity loci of this class of Stewart manipulators, and is the

reason behind the principal-section.

7.6.3.2 Property Identification of the Singularity Loci in Parallel

Principal Sections

The property of the singularity loci of the manipulator in parallel principal sections

can be analyzed using the two invariants, D and d, of Eq. (7.99), as follows:

d ¼ a b
b c

����

���� ¼ ac� b2 ¼ �b2 (7.101)

D ¼
a b d
b c e
d e f

������

������
¼ �ðae2 þ fb2 � 2bdeÞ (7.102)

Generally, for any given geometric and orientation parameters, D 6¼ 0 and

d < 0 for general values of XV, thus, Eq. (7.99) indicates a set of hyperbolas

(Fig. 7.26). The geometric and orientation parameters used in these examples are

given as Ra ¼ 2;Rb ¼ 3 2= ; b0 ¼ p 2= , ’; y;cð Þ ¼ p 3= ; p 6= ; 0ð Þ.
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Further research shows that for any given geometric parameters, Ra, Rb, b0 and
orientation parameters f; y;cð Þ of the manipulator, D is a quartic expression,

whereas d is a quadratic expression with respect to the single variable XV. Generally,

four real roots exist whenD ¼ 0 and d 6¼ 0, and, in each of the four cases, Eq. (7.99)

degenerates into two intersecting lines. For the same reason, one real root of

multiplicity two exists when d ¼ 0 and D 6¼ 0; in this case, Eq. (7.99) degenerates

into a parabola. To demonstrate the aforementioned theoretical results, a 6/6-SP,

whose geometric and orientation parameters are Ra ¼ 2; Rb ¼ 3 2= ; b0 ¼ p 2= , and

f; y;cð Þ ¼ p 3= ; p 6= ; 0ð Þ, will be studied. Note that the subsequent calculations are
all based on these parameters.

(1) First Case of Two Intersecting Lines

The intersecting line UV passes through point C3, then point V coincides with

point C3. When XV1 ¼
ffiffiffi
6

p þ ffiffiffi
2

p� �
2= , Eq. (7.99) degenerates into two intersecting

lines (Fig. 7.27).

ð8x� 3ð
ffiffiffi
6

p
þ

ffiffiffi
2

p
ÞÞðxþ k1yþ c1Þ ¼ 0 (7.103)
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Fig. 7.25 Intersecting curves of a closed-loop with different sections (a) in plane Z ¼ �Y/3 (b) in
plane Z ¼ �4(X�14)/45
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Fig. 7.26 Singularity loci in parallel principal-planes for general values of XV (a) for orientation

60�; 30�; 0�ð Þ, XV ¼ 0 (b) for orientation 60�; 30�; 0�ð Þ, XV ¼ �1
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The first part of Eq. (7.103) is

8x� 3ð
ffiffiffi
6

p
þ

ffiffiffi
2

p
Þ ¼ 0 (7.104)

which is a line parallel to the y-axis of frame V-xy. Meanwhile, point B6 can be

proven located on the base plane (Fig. 7.28a). The manipulator is always singular

regardless of the coordinate y. In particular, when

ðx; yÞ ¼ ð3ð
ffiffiffi
2

p
þ

ffiffiffi
6

p
Þ=8; 3ð

ffiffiffi
2

p
�

ffiffiffi
6

p
Þ=8Þ (7.105)

point B6 coincides with point C3 (Fig. 7.28b). In this case, the two planes deter-

mined by triangles C3B4C4 and C3B5C5 intersect with one common line C3Q, which

is also the intersecting line of the two planes determined by triangles C3B1C1 and

C3B2C2. C3Q passes through C3 and B6 and thus intersects C3B3 and C6B6.

Therefore, all segments associated with the six extensible links of the manipulator

intersect one common line (C3Q). This singularity is a first special-linear-complex

type. The remnant instantaneous motion is a pure rotation, and C3Q is the revolute

axis of the instantaneous motion, and is also the singularity of 5b [4].

Therefore, the singularities of points lying in the line of Eq. (7.104) are of the

general-linear-complex type, when B6 does not coincide with C3. In addition, the

singularity of the point is of the first special-linear-complex singularity, when B6

coincides with C3.

The second part of Eq. (7.103) denotes another line. Singularities corresponding

to points lying in this line are all of the general-linear-complex type, which is

similar to that of 5a [4].

(2) Second Case of Two Intersecting Lines

The intersecting line UV passes through point C4, which then coincides with

point V. When

XV2 ¼ ð
ffiffiffi
6

p
�

ffiffiffi
2

p
Þ=2 (7.106)

Equation (7.99) also degenerates into two intersecting lines

ð8x� 3ð
ffiffiffi
6

p
�

ffiffiffi
2

p
ÞÞðxþ k2yþ c2Þ ¼ 0 (7.107)
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Fig. 7.27 First case of two
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The first part of Eq. (7.107) is

8x� 3ð
ffiffiffi
6

p
�

ffiffiffi
2

p
Þ ¼ 0 (7.108)

which is a line parallel to the y-axis. Meanwhile, point B1 can be proven located on

the base plane. Similarly, when B1 coincides with C4, the singularity of this point is

of the first special-linear-complex type. When B1 does not coincide with C4,

singularities corresponding to points lying in the line of Eq. (7.108) are of the

general-linear-complex type.

The second part of Eq. (7.107) denotes another line. Singularities corresponding

to points lying in this line are all of the general-linear-complex type.
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(3) Third Case of Two Intersecting Lines

When XV3 ¼ 3
ffiffiffi
6

p þ ffiffiffi
2

p� � ffiffiffi
2

p�
, D ¼ 0 and d 6¼ 0, Eq. (7.99) degenerates into two

intersecting lines

ð8xþ ð9
ffiffiffi
2

p
þ 3

ffiffiffi
6

p
ÞÞðxþ k3yþ c3Þ ¼ 0 (7.109)

The first part of Eq. (7.109) is

8xþ ð9
ffiffiffi
2

p
þ 3

ffiffiffi
6

p
Þ ¼ 0 (7.110)

which is also a line. The manipulator is always singular regardless of the coordinate

y. In particular, a unique point

P1 : x1; y1ð Þ ¼ � 9
ffiffiffi
2

p
þ 3

ffiffiffi
6

p� 	
8; 9:10694=

� 	
;

at which that all segments associated with the six extensible links of the manipula-

tor can be proven to intersect one common line, exists (Fig. 7.29); the Pl€ucker
coordinates of this point are as follows:

L;M;N;P;Q;Rð Þ¼ 0:48296;0:83652;�0:25882; 0:50000;�0:86603;�1:86603ð Þ

Further analysis shows that this line does not pass through any vertex of the

moving platform or the base one. It also belongs to the first special-linear-complex

singularity.

To verify this remarkable phenomenon, the coordinates of the 12 vertices of the

moving and base platforms are presented in Appendix A. Moreover, the Pl€ucker
coordinates of the six line vectors, the instantaneously moving reciprocal screw,

and the corresponding reciprocal products are also presented.
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The second part of Eq. (7.109) denotes another line. Singularities corresponding

to points lying on this line are all of the general-linear-complex type.

(4) Fourth Case of Two Intersecting Lines

When XV4 ¼ 11
ffiffiffi
6

p � 3
ffiffiffi
2

p� �
12= , D ¼ 0, and d 6¼ 0, Eq. (7.99) degenerates into

two intersecting lines

ð24x� ð15
ffiffiffi
2

p
þ 5

ffiffiffi
6

p
ÞÞðxþ k4yþ c4Þ ¼ 0 (7.111)

The first part of Eq. (7.111) is

24x� ð15
ffiffiffi
2

p
þ 5

ffiffiffi
6

p
Þ ¼ 0 (7.112)

which is a line parallel to the y-axis of frame V-xy. In particular, three special

points, at which all segments associated with the six extensible links of the

manipulator intersect one common line, exist, as follows:

1. When P2 : x2; y2ð Þ ¼ 15
ffiffiffi
2

p þ 5
ffiffiffi
6

p� �
24;�0:40288=

� �
, the two plane triangles

C3B4C4 and C3B5C5 intersect with one common line C3B6, which simultaneously

intersect the two plane triangles C3B1C1 and C3B2C2 because C3B6 intersects with

C3B3 and C6B6. Therefore, all segments associated with the six extensible links of

the manipulator intersect one common line (C3B6). This singularity belongs to the

first special-linear-complex type. In this case, the corresponding determinate of

the Jacobian matrix and the instantaneously moving reciprocal screw and its pitch

are presented as follows:

DetðJ2Þ ¼ 9:73� 10�18

$m2 ¼ ð�0:8286; 0:3410; 0:4440;�0:2299;�0:8578; 0:2299Þ
hm2 ¼ �1:5025� 10�16 (7.113)

2. When P3 : x3; y3ð Þ ¼ 15
ffiffiffi
2

p þ 5
ffiffiffi
6

p� �
24= ; 2:45485

� �
, all segments associated

with the six extensible links of the manipulator can be proven to intersect one

common line C4B1. This singularity also belongs to the first special-linear-

complex type. In this case, we have

DetðJ3Þ ¼ �4:8638� 10�18

$m3 ¼ ð0:6066;�0:7255;�0:3251;�0:6280; 0:1638;�1:54749Þ
hm3 ¼ 1:4603� 10�14 (7.114)

3. When P4 : x4; y4ð Þ ¼ 15
ffiffiffi
2

p þ 5
ffiffiffi
6

p� �
24= ; 2:34546

� �
, all segments associated

with the six extensible links can be proven to intersect one common line

whose Pl€ucker coordinates are

L; M; N; P; Q; Rð Þ ¼ ð0:48296; 0:83652; �0:25882;

0:50000;�0:86603;�1:86603Þ
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This singularity also belongs to the first special-linear-complex type. In this case,

we have

DetðJ4Þ ¼ 1:2129� 10�17

$m4 ¼ ð0:48296; 0:83652;�0:25882; 0:50000;�0:86603;�1:86603Þ
hm4 ¼ �2:7440� 10�14

(7.115)

Generally, singularities corresponding to points lying in the line of Eq. (7.112),

with the exception of the aforementioned three points (P2, P3, P4), are all of the

general-linear-complex type.

The second part of Eq. (7.111) denotes another line. Singularities corresponding

to points lying in this line are all of the general-linear-complex type.

(5) One Case of a Parabola

When XV5 ¼ 7
ffiffiffi
6

p þ 3
ffiffiffi
2

p� �
6= , d ¼ 0, and D 6¼ 0, Eq. (7.99) degenerates into a

parabola, as shown in Fig. 7.30.

ð528
ffiffiffi
6

p
� 912

ffiffiffi
2

p
Þx2 þ ð1; 423

ffiffiffi
3

p
� 2; 472Þx

þ ð504� 288
ffiffiffi
3

p
Þyþ 513

ffiffiffi
6

p
� 909

ffiffiffi
2

p
¼ 0 (7.116)

The manipulator corresponding to the points lying in the parabola is always

singular. Similarly, three special points at which all segments associated with the

six extensible links of the manipulator intersect one common line exist.

1. When P5 : x5; y5ð Þ ¼ 3:67960; 0:20950ð Þ, all segments associated with the six

extensible links of the manipulator can be proven to intersect one common line,

C3B6. This singularity belongs to the first special- linear-complextype.

2. When P6 : x6; y6ð Þ ¼ 2:61894; 3:67960ð Þ, all segments associated with the six

extensible links intersect one common line C4B1. This singularity belongs to the

first special-linear-complex type.

3. WhenP7 : x7; y7ð Þ ¼ �0:27884; 5:24324ð Þ, all segments associated with the six

extensible links intersect one common line whose Pl€ucker coordinates are

L;M;N;P;Q;Rð Þ¼ 0:48296;0:83652;�0:25882;0:50000;�0:86603;�1:86603ð Þ
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Fig. 7.30 One case

of a parabola

268 7 Special Configuration of Mechanisms



This singularity also belongs to the first special-linear-complex type.

Generally, the singularities of points lying in the parabola of Eq. (7.116), with

the exception of the aforementioned three points (P5, P6, P7), are all of the general-

linear-complex type.

For the same orientation f; y;cð Þ ¼ p 3= ; p 6= ; 0ð Þ of the manipulator, the

manipulator has three positions, P1 in Sect. 7.6.3.2.3, P4 in Sect. 7.6.3.2.4, and P7

in Sect. 7.6.3.2.5, at which all segments associated with the six extensible links of

the manipulator simultaneously intersect the same line (Fig. 7.31). Similarly, two

sets of positions, P2 and P3 in Sect. 7.6.3.2.4, P5 and P6 in Sect. 7.6.3.2.5, exist at

which all segments associated with the six extensible links of the manipulator

intersect one common line, namely, C3B6 and C4B1, respectively.

Based on the aforementioned analyses, the singularity loci of this class of 6/6-

Stewart manipulators in parallel principal sections are always quadratic expressions

that generally include infinite hyperbolas. However, for four parallel locations of the

principal-section, the quadratic expression degenerates into two intersecting lines, and

in one location the quadratic expression is a parabola when y 6¼ 0.

7.6.3.3 Singularity Analysis When u ¼ 0

Wheny ¼ 0, the moving platform is parallel to the base one. Meanwhile, Eq. (7.94)

can be reduced as follows:

Z3 cosð’þ cÞ ¼ 0 (7.117)

When Z ¼ 0, the moving and base platforms are coincident. In this SC, the

manipulator has three DOFs: two rotational freedoms and one translational freedom.

When ’þ cð Þ ¼ �p 2= , the 6/6-Stewart manipulator is the singularity proposed

by Huang and Qu in 1987 [34].

As previously discussed, the singularity loci of this class of 6/6-Stewart

manipulators in parallel principal sections include infinite hyperbolas, four cases

of two intersecting lines, and one case of a parabola when y 6¼ 0.

From analytic geometry, quadric surfaces have five different types with hyper-

bolic sections: the hyperbolic cylinder, hyperbolic paraboloid, hyperboloid of one

Z/
m 2
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4
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Fig. 7.31 Three cases

wherein all segments intersect

one common line
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sheet, hyperboloid of two sheets, and a conic surface. However, none of these

sections can simultaneously contain infinite hyperbolas, one case of a parabola, and

four cases of two intersecting lines. Therefore, the singularity locus equation of this

class of 6/6-Stewart manipulators considered in 3D space is a special irresolvable

polynomial expression of degree three, whose cross-sections in parallel principal

sections contain one case of a parabola, four cases of two intersecting lines, and

infinite hyperbolas.

Therefore, the property of the singularity loci of this class of Gough–Stewart

manipulators for all different orientations can be finally concluded as follows:

1. The singularity locus equation is a special irresolvable polynomial expression of

degree three, whose cross-sections in parallel principal sections contain one case

of a parabola, four cases of two intersecting lines, and infinite hyperbolas.

2. The graphical representations of the singularity locus of this class of 6/6-

Gough–Stewart manipulators are quite complex and varied for different

orientations. The most complex representation of the singularity loci is similar to

a trifoliate surface with two holes.

3. We find that, for this class of 6/6-Gough–Stewart manipulators, some special

singularity cases occur, wherein six lines associated with the six extensible links

of the manipulator can intersect one common line, and the unwanted motion of

the manipulator is a pure rotational motion. Even for the same orientation of the

manipulator, two or more positions of the manipulator exist at which the six lines

all simultaneously intersect one common line.

4. When y ¼ 0 and Z ¼ 0, the manipulator has three unwanted DOFs, namely, two

rotational freedoms and one translational freedom.

7.7 Singularity of a 3-RPS Manipulator

The 3-RPS mechanism is a very typical one proposed by Hunt [1] in 1983 and was

the focus of interest of many researchers. This Section presents a singularity analysis

of the 3-RPS parallel manipulator based on the singularity kinematics principle.

The general singular equation and the entire singularity distribution in 3D space is

discussed, and the singularity characteristics are analyzed. To verify its correctness,

the line geometry singular discriminant and the constraint screw theory are also used.

Meanwhile, a number of interesting singularities and important structural properties of

the manipulator are represented [42].

7.7.1 3-RPS Mechanism

To determine the singularity of the 3-RPS mechanism, we may lock all the three

input pairs, and then identify whether the mechanism has mobility. When all inputs
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are locked, several constraint forces are applied to the moving platform by the

three branches. These force screws constitute a constraint screw system, which is

the screw system reciprocal to the moving screw system of the moving platform.

A rank of the constraint screw system less than 6 indicates that instantaneous

freedoms exist. The mechanism is singular. Therefore, the Jacobian matrix consis-

ting of the constraint screw system can be used to identify the singularity of the

3-RPS mechanism.

The 3-RPS parallel manipulator (Fig. 7.32) consists of a triangular upper plat-

form and a base platform connected by three RPS chains. It has one translational

and two rotational freedoms.

7.7.1.1 Constraint Equation of the 3-RPS Parallel Manipulator

Figure 7.32 shows that the fixed system O-XYZ is attached to the base and P-XYZ is

attached to the mobile. The length of the branch is Li (i ¼ 1,2,3). The circumcircle

radius of the basic platform is R and that of the mobile is r. The transformation

matrix from P-XYZ to O-XYZ can be expressed as follows:

T ¼
xi yi zi XP

xj yj zj YP
xk yk zk ZP
0 0 0 1

2

664

3

775 (7.118)

where xm, ym, and zm (m ¼ i, j, k) express the direction cosines. (XP YP ZP) are the
coordinates of point P.
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Fig. 7.32 3-RPS mechanism
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Only three parameters are independent and controllable in the three-DOF

mechanism. The kinematic loci of the centers a1, a2, and a3 have to lie in three

vertical planes, as follows:

Y ¼ 0 Y ¼ �
ffiffiffi
3

p
X Y ¼

ffiffiffi
3

p
X

Thus, the three constraint equations can be derived [41] as follows:

xj � yi ¼ 0 YP ¼ �rxj XP ¼ rðxi � yjÞ=2 (7.119)

7.7.1.2 Position and Orientation Analysis

Assume the Z-Y-X Euler angles to be (a, b, g); then

T ¼
c a c b c a s b s g� s a c g c a s b c gþ s a s g XP

s a c b s a s b s gþ c a c g s a s b c g� c a s g YP
�s b c b s g c b c g ZP
0 0 0 1

2

664

3

775 (7.120)

where six parameters (XP YP ZP a b g) are included, and c ¼ cos, and s ¼ sin. From

Eqs. (7.119) and (7.120), we can obtain the following equations

XP ¼ rðcos a cos b� sin a sin b sin g� cos a cos gÞ=2
YP ¼ �r sin a cos b

a ¼ arctg½sin b sin g=ðcos bþ cos gÞ�
(7.121)

From the constraint conditions, the three parameters may be freely chosen for the

3-RPS mechanism; however,

1. ZP is the only completely independent variable, and its choice is independent

of the other five pose parameters (XP YP a b g), and vice versa. ZP has to be one of
the three independent parameters;

2. The other two variables are freely chosen from the remaining five (XP YP a b g);
3. Although the mechanism has three freedoms, the three Euler angles cannot

freely choose simultaneously; and

4. Any given coordinates (XP YP), have a pair of Z-Y-X Euler parameters, (b g) and
(�b �g). For any given Euler angle a, the other two Euler parameters, b and g,
can be obtained as follows:

a ¼ f1ð�b� gÞ ¼ f1ðb gÞ
XP ¼ f2ð�b� gÞ ¼ f2ðb gÞ
YP ¼ f3ð�b� gÞ ¼ f3ðb gÞ

(7.122)
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That is, for each point in the workspace of the mechanism, a pair of conjugate

Euler angles with identical a and opposite-sign b and g exists. In other words, each

point with the same (XP YP) has two orientations.

7.7.2 Singularity and Its Spatial Distribution

7.7.2.1 Singularity Equation

The six parameters of the manipulator include three independence output parameters.

In this section, ZP, b, and g are chosen as the independent variables. The singularity

equation for the 3-RPS mechanism can be derived using Theorem 7.2.

The three constraint planes of points a, b, and c are Y ¼ 0,Y ¼ � ffiffiffi
3

p
X, andY ¼ ffiffiffi

3
p

X, respectively. Three velocity vectors, namely, va, vb, and vc, lie in the three planes,

respectively. Considering that va is normal to aA, vb to bB, and vc to cC, the
corresponding direction cosines of the three velocities are expressed as (li mi ni)
(i ¼ a, b, c), respectively. The three normal planes of the three velocities are as follows:

laðX � r cos a cos b� XPÞ þ naðZ þ r sin b� ZPÞ ¼ 0

lb½X þ r cos a cos b=2�
ffiffiffi
3

p
rðcos a sin b sin g� sin a cos gÞ=2� XP�

þ mb½Y þ r sin a cos b=2�
ffiffiffi
3

p
rðsin a sin b sin gþ cos a cos gÞ=2� YP�

þ nb½Z þ r sin b=2�
ffiffiffi
3

p
r sin g cos b=2� ZP� ¼ 0

lc½X þ r cos a cos b=2þ
ffiffiffi
3

p
rðcos a sin b sin g� sin a cos gÞ=2� XP�

þ mc½Y þ r sin a cos b=2þ
ffiffiffi
3

p
rðsin a sin b sin gþ cos a cos gÞ=2� YP�

þ nc½Z þ r sin b=2þ
ffiffiffi
3

p
r sin g cos b=2� ZP� ¼ 0 (7.123)

The plane equation of the moving platform abc is

X � Xa Y � Ya Z � Za
Xb � Xa Yb � Ya Zb � Za
Xc � Xa Yc � Ya Zc � Za

������

������
¼ 0 (7.124)

Based on Theorem 7.2, substituting Eq. (7.121) into Eq. (7.123) and solving for

X, Y, and Z, then substituting them into Eq. (7.124), the general singularity-loci

equation of the 3-RPS manipulator can be obtained as follows [42]:

P3Z
3
P þ P2Z

2
P þ P1ZP þ P0 ¼ 0 (7.125)

where Pi(i ¼ 0, 1, 2, 3) are the coefficients and functions of the Euler angles. After

the three Euler angles are determined, all four coefficients of the equation of degree

7.7 Singularity of a 3-RPS Manipulator 273



three are constant. For the equation of the third degree, three roots for ZP
corresponding to three singularity locations exist. That is, each orientation has as

much as three singularity positions.

7.7.2.2 Two Special Cases

When a ¼ 0, either b ¼ 0; 180�, or g ¼ 0; 180� can be obtained using Eq. (7.121).

Considering the workspace for the general mechanical structure, the only possible

values are b ¼ 0 and g ¼ 0.

1. a ¼ 0, b ¼ 0, and g is an arbitrary value

The singularity Eq. (7.125) becomes

ZP½4Z2
Pðcos2gþ cos gÞ þ r2sin2gcos2g� 8R2sin2g

� 3r2sin2g cos gþ 4rRsin2g cos g� ¼ 0 (7.126)

The equation has three roots, which can be expressed as

ZP ¼ 0

ZP ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

wþ u

4ðcos gþ cos2gÞ
r

(7.127)

where u ¼ � 4rR� 3r2ð Þsin2g cos g, and w ¼ 8R2sin2g� r2sin2gcos2g.

Equation (7.126) shows that for any orientation 0 0 �gð Þ, three singular-
ity ZP values, which correspond to positive, zero, and negative, can be obtained,

respectively. Regardless of the g value, ZP ¼ 0 is always singular.

When g ¼ 0, i.e., the Euler angles are 0 0 0ð Þ, the 3-RPS mechanism is

singular only at ZP ¼ 0, at which the upper and the lower platforms are parallel.

The three roots of Eq. (7.126) coincide at ZP ¼ 0.

The singularity curves when the mechanism parameters are r ¼ 0:5; R ¼ 1:0,
a ¼ 0; b ¼ 0, and g ¼ 0 ~ p/2 are shown in Fig. 7.33. The three singular curves
clearly lie in the same vertical cylindrical surface. That is, the three singularity

points in a vertical line have the same X and Y coordinates. When g ¼ 0, the

three curves intersect at a common point. The medium curve lies in a horizontal

plane ZP ¼ 0.

2. a ¼ 0, g ¼ 0, and b is an arbitrary value

The singular Eq. (7.125) becomes

ð2ZP þ r sin bÞð2 cos bZP � 2R sinb

þ r sin b cos b� r sin bÞ½2ð1þ cos bÞZP
þ 4R sin b� 3r sin bþ r sin b cos b� ¼ 0 (7.128)
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Solving Eq. (7.128), the three roots can be obtained as

ZP1 ¼ �r sin b=2

ZP2 ¼ �ð4R� 3r þ r cos bÞ sin b=ð2ð1þ cos bÞÞ
ZP3 ¼ ð2Rþ r � r cos bÞtgb=2

(7.129)

This condition also shows that three ZP can be obtained for the same b when

a¼ 0 and g¼ 0. Otherwise, a singular point ZP only corresponds to a value of b.
When b ¼ 0, the mechanism is singular only at ZP ¼ 0.

When the parameters of the mechanism are r ¼ 0:5; R ¼ 1:0, a ¼ 0, and g ¼
0, the singularity loci include three branches, as shown in Fig. 7.34. The three

singular curves also lie in the same vertical cylindrical surface.

Fig. 7.33 Singularity loci at

0 0 gð Þ
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7.7.2.3 Singularity Distribution in 3D Space

Singular Surface

To determine the distribution characteristics of the singularity loci of the 3-RPS

parallel manipulator in space, their singularity surface can be constructed in 3D

space. The parameters of the mechanism are r ¼ 0.5 and R ¼ 1.0. The singularity

surface in the ZP�b�g space can be obtained from Eqs. (7.125) and (7.121),

as shown in Fig.7.35. Similarly, the singularity surface in the XP�YP�ZP space

from Eqs. (7.125), (7.121) and is shown in Fig.7.36.

Many singularity points in Fig. 7.36 have been verified using the Jacobian matrix

formed by the six constraint screws; some of these singularity points are shown below.

In Fig.7.36, the singularity surface has three symmetrical planes: Y ¼ � ffiffiffi
3

p
X ,

Y ¼ ffiffiffi
3

p
X, and Y ¼ 0. In space, the three symmetrical planes intersect at a common

line and form three equal angles of 120� because of the inherent symmetry of the

mechanism itself.

For example, a point P1 X1
P ¼ �0:0528; Y1

P ¼ 0:0915; Z1
P ¼ 0

� �
on line OB in

Fig. 7.32 is arbitrarily taken. By solving Eqs. (7.121) for a b gð Þ and

substituting them into Eq. (7.125), three singularity points, namely, Z0
P1 ¼ 1:1475,

Z0
P2 ¼ �1:1475, and Z0

P3 ¼ �0:6522 can be obtained. The three points are located

on the same vertical line with the sameX1
P ¼ �0:0528andY1

P ¼ 0:0915coordinates.
If another point P2 X2

P ¼ �0:0528; Y2
P ¼ �0:0915; Z2

P ¼ 0
� �

on line OC, which is

just the symmetrical point of point P1 about the X axis, is taken, three roots, namely,

Z2
P1 ¼ 1:1475,Z2

P2 ¼ �1:1475, andZ2
P3 ¼ 0:6522, can be obtained. A comparison of

the six ZP values verifies that the singular surface is symmetrical about the plane

Y ¼ 0. Similarly, the singular surface can be verified as symmetrical about the

planes Y ¼ � ffiffiffi
3

p
X and Y ¼ ffiffiffi

3
p

X.

6

4

2

0

–2

–4

1.5 1 0.5

Z p/m

g / rad b / rad–0.5 –1 –1
0

1
2

0

–6

Fig. 7.35 Singularity distribution at r ¼ 0:5; R ¼ 1:0

276 7 Special Configuration of Mechanisms



Singular Points in a Vertical Line

Figure 7.35 shows that three singular points in any vertical line parallel to Z-axis
exist. However, the number of singularity points in the different vertical lines in

Fig. 7.36 is different and depends on the coordinates XP YPð Þ.
In Fig. 7.36, every vertical line in any nonsymmetrical plane has six singular

points because each point in the workspace has a pair of conjugate Euler angles

(Sect. 7.7.1.2), and each set of Euler angles has three different singularity

positions. Every singular point corresponds only to one orientation. Take a point

with XP ¼ �0:00003, YP ¼ �0:0732 in the base plane, for example, outside the

intersecting line between the base and symmetry planes. Solving for the

orientations of the upper platform yields

ða3 b3 g3Þ ¼ ð9:7403� 30:0115� 35:2656�Þ
ða4 b4 g4Þ ¼ ð9:7403� � 30:0115� � 35:2656�Þ (7.130)

For a3 b3 g3
� �

, the three roots of ZP are

Z3
P1 ¼ 0:6773; Z3

P2 ¼ �1:0093; Z3
P3 ¼ 0:1160 (7.131)

The other three roots corresponding to a4 b4 g4
� �

are

Z4
P1 ¼ �0:6773; Z4

P2 ¼ 1:0093; Z4
P3 ¼ 0:1160: (7.132)

Three of these roots are positive and are located over the basic plane.
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Note that no singularity point exists when the coordinate ZP is larger than some

value in a vertical line. Considering this and the singularity loci in Fig. 7.36, the

singularity can be easily avoided if the useful workspace of this mechanism is

placed over the representation in Fig. 7.36.

However, any given set of XP YPð Þ coordinates lying on the symmetry planes

Y ¼ � ffiffiffi
3

p
X,Y ¼ ffiffiffi

3
p

X or Y ¼ 0 only has three singular points. For example, assume

a set of coordinates with XP ¼ 0.05 and YP ¼ 0, a point at which the coordinates

are in the intersecting line between plane Y ¼ 0 and the base plane. Solving

Eq. (7.121) for the Euler angles, the two roots are

ða5 b5 g5Þ ¼ ð0 0 36:8699�Þ
ða6 b6 g6Þ ¼ ð0 0 �36:8699�Þ

(7.133)

From Eq. (7.126) the roots corresponding to XP YPð Þ for the two orientations

are ZP1 ¼ 0 , ZP2 ¼ 0:6538 , and ZP3 ¼ �0:6538 , which are the same as those

previously mentioned.

7.7.3 Geometry and Constraint Analysis

This section discusses the geometric conditions for the singular configurations.

The 3-RPS mechanism in Fig. 7.32 has three limbs with an RPS chain, with each

consisting of five single-DOF kinematic pairs. That is, the limb has five motion

screws and one reciprocal-screw constraint force parallel to the first pair passing the

center point of the spherical pair. When the singularity is analyzed, the input must

be locked and the limb has one more constraint force along the limb-link itself.

Each limb then acts in a total of two constraint screw forces to the platform. The

singularity of the mechanism has ten cases as follows:

Case 1. All three Euler angles a b gð Þ are zero, as shown in Fig. 7.37. From

Eq. (7.126), the mechanism is singular only at ZP ¼ 0, and the moving platform

superposes on the base plane. Two constraint forces are imposed on the platform by

each branch while all three inputs are locked. $r11 and $
r
12 express the two constraint

forces, respectively, and their directions are either along the direction of the branch

or parallel to the axis of the kinematic pair R in the branch. All forces pass through

the center of the spherical pair in each branch.

Thus, the entire mechanism has six coplanar constraint forces ½$r11 $r12 $r21 $r22
$r31 $r31�, that are linearly dependent and whose order is only 3 (Table 2.1). Thus, the
mechanism has three instant freedoms while the three inputs are all locked. This

singularity is the kind of 3d proposed by Merlet’s paper [4]. Given that the instantly
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moving screws and constraint screws are mutually reciprocal, the three moving

screws can be solved using Eqs. (2.53) or (2.54), as follows:

$m11 ¼ ½0 0 0; 0 0 1�
$m12 ¼ ½1 0 0; 0 a b�
$m13 ¼ ½0 1 0; c 0 d�

(7.134)

Their pitches, obtained by solving Eq. (1.34), are 1 , 0, and 0, respectively.

The possible instant motions are a translational motion along the Z axis and

two rotational motions about any axis in the moving plane, respectively. The first

singularity belongs to the second special-linear-complex; on the other hand, both

latter situations belong to the first special-linear-complex. The three solutions

correspond to the intersecting point of the three curves where g ¼ 0 (Fig. 7.33).

Case 2. a ¼ 0; b ¼ 0, g 6¼ 0, and ZP ¼ 0 (Fig. 7.38). The mechanism is singular at

the configuration, and the moving platform abc intersects the base platform ABC at

line AL. Line bc intersects five forces, namely, $r12 , $r21 , $r31 , $r22 , and $r32 ,
simultaneously. Assume that line MN is the intersect line between plane cCNL
determined by axes $r31 and $

r
32 as well as plane bBLM determined by $r31 and $

r
32 as

well as the plane bBLM determined by $r21 and $
r
22. LineMN passes through point L

lying on the base. Thus, line MN also intersects with the same five forces above.

Therefore, the six constraint forces are linearly dependent because the five forces

intersect with two lines at the same time. The order of the constraint-force system is

5. This case corresponds to the middle curve in Fig. 7.33, and this singularity

belongs to that of 4b [4]. For example, for g ¼ 30�, solving Eqs. (2.53) or (2.54) for
the moving screw yields

$m21 ¼ ½0 � 0:0205 � 0:006834; 0 0:003759 0:017769� (7.135)

Its pitch is a finite value (�0.01), and this configuration belongs to the general-

linear-complex singularity.
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Case 3. a ¼ 0; b ¼ 0, g 6¼ 0, and line cC is coplanar with plane abc (Fig. 7.39).

Equation (7.127) is used to solve for ZP. For example, when g ¼ 36:8699�, ZP ¼ �
0:6538 . By solving Eq. (2.53) or (2.54), we obtain the instant motion screw as

follows:

$m31 ¼ ½0:6562 � 0:4516 � 0:1505; 0:3937 0:5118 � 0:1807� (7.136)

Its pitch is 0.0671. At this point the five screws $r11; $
r
21; $

r
12; $

r
22; and $r32

� �
only

intersect the line ab, but $r31, which is parallel to AB, does not intersect the line. This
configuration belongs to the general-linear-complex singularity, which correspond

to the uppermost and lowest curves in Fig. 7.33 belonging to 5a [4].

Case 4. a ¼ 0; b ¼ 0, and g ¼ 180� (Fig. 7.40). According to Eq. (7.126), the

mechanism is singular for any value of ZP. When ZP ¼ 0, the singularity is similar

to that in Case 1, where the three Euler angles a; b; gð Þ are all zero. For example,
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when ZP 6¼ 0, ZP ¼ 1.0, and the Jacobian matrix force consists of the six constraint

forces as follows:

J ¼

0 0:866 �0:866 0 0:75 0:75
�1:0 0:5 0:5 0 �1:299 1:299
0 0 0 1:0 1:0 1:0
1:0 �0:5 �0:5 0 0:866 �0:866
0 0:866 �0:866 �1:0 0:5 0:5

�1:0 0:5 0:5 0 0 0

2

6666664

3

7777775

(7.137)

The determinant of the matrix is�1.2490 � 10�16 and the mechanism is singular.

The instantly moving screw is$41 ¼ 1:6875 0 0:5625; 0 1:125 0½ �, and its
pitch is 0. The motion of the platform is a pure rotation. This singularity belongs to

the first special-linear-complex type. Consider that the four screws $r11, $
r
21, $

r
12, and

$r31 intersect at a common point a, and $r22 intersects with $
r
32 at a point f. The line af

intersects with the six force vectors and is the rotational axis. This situation is similar

to that of 3c [4].

Case 5. a ¼ 0; g ¼ 0; b 6¼ 0 , and ZP ¼ �r sin b 2= (Fig. 7.41). This case

corresponds to the middle curve in Fig. 7.34. At this configuration, points b and c
lie in the base plane ABC, and bc is parallel to BC. The four screws ($r12, $

r
22, $

r
31, and

$r32 ) are coplanar. In addition, all six constraint screws intersect a line gk, which
passes through point A and is parallel to line BC. Therefore, the motion of the

platform at this instant is clearly a pure rotation about gk. This singularity is a first

special-linear-complex type, and this situation is similar to that of 3d [4].

Case 6. a ¼ 0; g ¼ 0; b 6¼ 0, andZP ¼ � 4R� 3r þ r cos bð Þ sin b 2= 1þ cos bð Þ= ,

as shown in Fig. 7.42. This case corresponds to the lowest curve in Fig. 7.34. For

this configuration, bc//BC. $r22 intersects $
r
32 at point e, and $

r
21 intersects $

r
31 at point

d. The three points a, e, and d can easily be verified as collinear. When they are

collinear, the six line vectors simultaneously intersect a line ad, and the motion of
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the mechanism is pure rotation about ad. The singularity belongs to the first special-
linear-complex singularity 5b [4].

Case 7. a ¼ 0; g ¼ 0; b 6¼ 0 , and ZP ¼ 2Rþ r � r cos bð Þtgb 2= (Fig. 7.43).

The mechanism is singular according to Eq. (7.129). This case corresponds to

the uppermost curve in Fig. 7.34. At this configuration, line Aa lies in the moving

plane and bc==BC==$r11. Thus, the six line vectors intersect a line bc. The motion of

the upper platform is pure rotation about bc, and the singularity also belongs to the

first special-linear-complex singularity 5b [4].

Case 8. a ¼ 0; g ¼ 0; b ¼ 180� (Fig. 7.44). According to Eq. (7.128), the mecha-

nism is singular regardless of the value of ZP. The singularity when ZP ¼ 0 is
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similar to that in Case 1. When ZP 6¼ 0, such as ZP ¼ 1.1, the determinant of the

Jacobian matrix force is 1.6624 � 10�16. The moving screw is

$m81 ¼ ½0:680625 0 0:7486875; 0 1:497375 0� (7.138)

and its pitch is 0. The six line vectors intersect ae. The instant motion of the

mechanism is pure rotation about ae, and the singularity belongs to the first special-

linear-complex singularity 5b [4].

Case 9. a ¼ 0; b ¼ 180�, and g ¼ 180�. According to Eq. (7.125), the mechanism

is singular only at ZP ¼ 0. The singularity is the same as when three Euler angles

a; b; gð Þ are 0 and similar to that 3d [4].

Case 10. For themost general situation, that is, b 6¼ 0 and g 6¼ 0. For example, when

b ¼ 30:0115� and g ¼ 35:2656� , we obtain a ¼ 9:7403� , XP ¼ �3:1932� 10�5 ,
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and YP ¼ �0:0732 when Eq. (7.121) is solved, and the three ZP values are

ZP1 ¼ 0.6773, ZP2 ¼ �1.0093, and ZP3 ¼ 0.1160. When ZP1 ¼ 0.6773, the deter-

minant of the Jacobian matrix is �2.6470 � 10–17. The moving screw is

$m101 ¼ ½�0:035 0:093 0:067� 0:169� 0:044� 0:034� (7.139)

and its pitch is �0.0227. This singularity belongs to the general-linear-complex

type. When ZP2 ¼ �1.0093, the pitch is�0.0593. When ZP3 ¼ 0.1160, the pitch is

0.4559. All these situations belong to 5a [4].

Based on the analysis above, the singularity of the 3-RPS parallel manipulator

has five situations, namely, 3c, 4b, 3d, 5a, and 5b, as presented in Merlet’s paper [4].

Appendix A

To verify the correctness of the remarkable singularity occurring when six segments

associated with the six extensible links of the 6/6-Gough-Stewart manipulator

intersect one common line, the singularity point P1 in Sect. 5.3.2.3 is taken as an

example. The corresponding data cited from our calculations are given below,

including the coordinates of the 12 vertices of the moving platform and the base

platform, the Pl€ucker coordinates of the six line vectors, the instantaneously moving

reciprocal screw, and the corresponding reciprocal products.

C1 : �1:41421356237309; �1:41421356237309; 0ð Þ

C2 : 1:41421356237309; �1:41421356237309; 0ð Þ

C3 : 1:93185165257814; �0:51763809020504; 0ð Þ

C4 : 0:51763809020504; 1:93185165257814; 0ð Þ

C5 : �0:51763809020504; 1:93185165257814; 0ð Þ

C6 : �1:93185165257814; �0:51763809020504; 0ð Þ

B1 : �2:09129075934452; �5:55407350116214; 1:44888873943360ð Þ

B2 : �1:75507495728150; �4:97173064968147; 1:06066017177982ð Þ

B3 : �2:88678588817939; �3:25767686730291; 0:53033008588991ð Þ

B4 : �3:63723664069157; �3:21263249098023; 0:72444436971680ð Þ

B5 : �4:55579529423526; �4:80362274864996; 1:78510454149662ð Þ

B6 : �4:14156034378610; �5:43100997645331; 1:97921882532351ð Þ
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$1 ¼ C1B1

¼ �0:15256; �0:93281; 0:32647; 0:46170; 0:461699; 1:10344ð Þ

$2 ¼C2B2

¼ �0:64930; �0:72883; 0:21730; �0:30731; �0:30730; �1:94896ð Þ

$3 ¼C3B3

¼ �0:86533; �0:49206; 0:09524; �0:04930; �0:18398; �1:39852ð Þ

$4 ¼ C4B4

¼ �0:62457; �0:77333; 0:10890; 0:21038; �0:05637; 0:80628ð Þ

$5 ¼ C5B5

¼ �0:50141; �0:83633; 0:22165; 0:42820; 0:11474; 1:40157ð Þ

$6 ¼ C6B6

¼ �0:38500; �0:85607; 0:34484; 0:17850; 0:66619; 1:45451ð Þ

$m ¼ 0:48296; 0:83652; �0:25882; 0:50000; �0:86603; �1:86603ð Þ

p1 ¼ $1 � $m ¼ 0:06939� 10�16

p2 ¼ $2 � $m ¼ �0:13878� 10�16

p3 ¼ $3 � $m ¼ 1:939478� 10�16

p4 ¼ $4 � $m ¼ �0:06939� 10�16

p5 ¼ $5 � $m ¼ �0:13878� 10�16

p6 ¼ $6 � $m ¼ 0:27756� 10�16
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Chapter 8

Dynamic Problems of Parallel Mechanisms

This chapter introduces our research on some dynamics problems of parallel

mechanisms. The first problem is about the over-determinate inputs. This is quite

an interesting issue. In practice, there are many machines and animals that work

with over-determinate input, i.e., their input-number is much bigger than their

mobility number. How to set the inputs to be accordance and optimum distribute

and to obtain the expectant motion acceleration is a challenge. For the second part

of this chapter, we focus on the dynamic analysis, i.e., the kinetostatic analysis of

parallel mechanisms. For a link with two revolute pairs, based on its free-body

diagram, its unknown value is 10 for the force analysis, and each link has only six

equilibrium equations in the spatial mechanism. As it is, this is insolvable directly.

Some time more unknown values may appear; and even up to 130 and it needs to

set a 130-order matrix for the 5-5R parallel mechanism. This is extremely difficult.

To resolve this issue, we propose a new method based on the screw theory. This

method will only require the setting of a six-order matrix each time and the

dynamics problem can be readily solved. Moreover, in the following examples

we can find the screws, their reciprocal screws, and their corresponding

transformations each other, these are very interesting.

8.1 Over-Determine Inputs

Huang and Zhao [1] discussed the accordance and optimum issue of the over-

determinate input. As mentioned in Sect. 4.6, in the natural environment, humans

and many animals walk on two or more legs. All their joints work together and

transfer power. Figure 8.1a shows a six-legged walking machine while Fig. 8.1b

shows four robots working together. The input number for both machines is

obviously more than that of their mobility. This may be considered as an over-

determinate input. If U is the number of inputs and M is the mobility of the

machine, when
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U �M>0 (8.1)

It is the over-determinate input or redundant input [2].

8.1.1 Influence Coefficient Matrices and Inertia Forces

The six-legged walking machine, for instance, may move in a triangular-gait,

i.e., its main body is supported only by its three legs. The three supporting legs

possess nine hinges, while each leg possesses three hinges. All nine hinges can

bear the torque and transfer power together. In this case, the number of inputs

is greater than that of the 6 of the main-body. This is a typical example of an

over-determinate input. Here, the six-legged walking machine (SWM) is taken to

show the over-determinate inputs.

Each leg has three hinges and the end point of feet of the SWM that touches the

ground can be imagined as a spherical pair, as the friction force between the foot and

the ground is large enough. Then, there are six hinges per leg, as shown in Fig. 8.1a.

According to the influence coefficient principle [3] explained in Chap. 5, the

relationship between the 6-D velocityVB ¼ oB; vPf gT of the main-body and the six

joint angular velocities of the limb, _’r ¼ _’1 _’2 � � � _’6f gT is expressed as follows

fVBg ¼ GB
’

h iðrÞ
f _’gðrÞ; r ¼ 1; 2; . . . ; n (8.2)

where the GB
’

h i
2 R6�6 is the first-order influence coefficient matrix of the main-

body of the SWM that depends on the position and orientation of the machine. The

superscript r denotes the number of legs and n refers to the number of legs touching

the ground at a particular moment. If GB
’

h i
is not singular, Eq. (8.2) can be

transferred as follows

f _’gðrÞ ¼ GBðrÞ
’

h i�1

fVBg; r ¼ 1; 2; . . . ; n (8.3)
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Fig. 8.1 Over-determinate input (a) six-legged walking machine (b) four robots working together
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where the first three components of _’f g correspond to the spherical pair. The other
three joints can be written as

f _’ðrÞg4;5;6 ¼ GB
’

h i�1
� �ðrÞ

4;5;6;

fVBg; r ¼ 1; 2; . . . ; n (8.4)

where _’ðrÞ� �
4;5;6

2 R3 indicates the last three elements in vector _’r, and GB
’

h i�1

4;5;6;

2 R3�6 is the sub-matrix of GB
’

h i
, i.e., it consists of the 4th, 5th, and 6th rows of that

matrix in Eq. (8.4). n is the number of supporting legs at that moment. That means

Eq. (8.4) contains three linear equations for that leg r.
For the 6-DOF walking machine, all the joint variables form the joint space can

be expressed as ŵ ¼ ’r;j r ¼ 1; 2; . . . ; nj ; j ¼ 4; 5; 6;
� �

. When six joint variables

are selected from ŵ to form the six generalized coordinates, q 2 R6 q̂ � ŵð Þ .
Corresponding the selected six generalized coordinates, qi i ¼ 1; 2; . . . ; 6ð Þ , six
linear equations are taken from Eq. (8.4) to form a new equation as follows

f _qg ¼ Gq
B½ �fVBg (8.5)

Where Gq
B½ � 2 R6�6 and _q ¼ _q1; _q2; . . . ; _q6ð Þ. When Gq

B½ � is not singular, let GB
q

h i

¼ Gq
B½ ��1

,then we have

fVBg ¼ GB
q

h i
f _qg; GB

q

h i
2 R6�6 (8.6)

From Eqs. (8.3) and (8.6), we obtain

_’r ¼ Gr
q

h i
_ r ¼ 1; 2; . . . ; n; (8.7)

where

Gr
q

h i
¼ Gr

B

� 	
GB

q

h i
:

Using the symbol fS to denote the joint variables that do not belong to the

generalized coordinates, that is

wS ¼ ’r;j ’r;j



 =2q; r ¼ 1; 2; � � � n; j ¼ 4; 5; 6;
n o

where j indicates the number of the pair in a limb. Then, we also have

_wS ¼ Gs
q

h i
f _qg (8.8)
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Similarly, the motion relation between the link mth in ith leg and the generalized
coordinate q can be written as follows

fVmgðrÞ ¼ Gm
q

h iðrÞ
f _qg; r ¼ 1; 2; . . . n; m ¼ 1; 2; 3; (8.9)

whereGm
q is the G-matrix of the linkmwith respect to the six generalized coordinates.

In the meantime, the expressions of the 6-D acceleration of the main-body and

the mth link can be written as follows

fABg ¼ f _qgT HB
qq

h i
f€qg þ JBq

h i
f€qg (8.10)

fAmgðrÞ ¼ f _qgT HmðrÞ
qq

h i
f _qg þ GmðrÞ

q

h i
f€qg (8.11)

where €qf g ¼ €q1; €q2; . . . ; €q6f gT , HB
qq

h i
and Hm

qq

h i
are the second-order influence

coefficient matrices of the main-body and the mth link with respect to the

generalized coordinates.

The six-dimension inertia force of the main-body and some links in the walking

machine can be calculated from the following expressions [4]

fFg ¼ fM fgT ¼ �½Is�fAg �
½v�T½Ic�fvg
. . . . . . . . . . . .

f0g

8
<

:

9
=

;
(8.12)

The calculations of these matrices are not complicated, and can be readily

evaluated in advance.

8.1.2 The Accordant Equation for Over-Determinate Inputs

The main body of the walking machine possesses 6 DOFs. Each leg has three

actuators. When n legs contact the ground, the number of actuators is 3 � n for all

legs. This requires at least six inputs to control the walking machine. However, it is

a better scheme for all the 3 � n actuators to work together in the over-determinate

input. Of the 3 � n joint variables, any six variables can be taken as generalized

coordinates. All the actuating torques can be expressed with respect to the

generalized coordinate q. The expression of equivalent torques is

T’
q

n oðrÞ
¼ g’q

h iTðrÞ
fT’gðrÞ; r ¼ 1; 2; . . . ; n (8.13)
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where fT’gðrÞ with the first three zero-components designates the vector of

the six input torques of rth leg. fT’
q g indicates the six equivalent torques of fT’g

relating to the generalized coordinates. ½g’q � is defined as the influence coefficient

matrix of the six hinges of the rth branch with respect to the six generalized

coordinates.

All applied loads, inertia forces, gravity, and other applied forces acting on the

main body form a 6-D resultant force vector,fFBg, that acts on the centroid of themain

body. Then, the resultant force is converted into the equivalent torques of the

generalized coordinates, fTB
qg . Similarly, the applied forces inertia force, and the

gravity of the mth link can also be disposed of as fFmg and fTm
q g. The expressions of

the equivalent torques are

fTB
qg ¼ GB

q

h iT
fFBg (8.14)

fTm
q gðrÞ ¼ Gm

q

h iTðrÞ
fFmgðrÞ (8.15)

According to the virtual displacement principle, the whole force system is in

dynamic equilibrium if the inertia forces, gravity, and other applied forces in

Eqs. (8.13), (8.14), and (8.15) are treated as the applied load acting on the same

linkages. The result of all equivalent torques acting on the generalized coordinates

equals zero. This leads to

GB
q

h iT
fFBg þ

Xn

r¼1

g’q

h iTðrÞ
fT’gðrÞ þ

X5

m¼1

Gm
q

h iTðrÞ
fFmgðrÞ

( )

¼ f0g (8.16)

This is a general dynamic equation that shows the relationship among all

applied loads, gravity, inertia forces, and the actuation torque. Only six unknowns

of the 3�n unknowns input torques can be evaluated using this equation. Then, the

other 3n-6 input torques need to be determined before using Eq. (8.16).

The six actuation torques of the generalized coordinates are expressed as a six-D

vector TQ

� �
. The vector TSf g with the (3n-6)-component denotes the other

remaining (3n-6) input torques, TSf g ¼ TS1;TS2; � � � ;TSkf gT , k ¼ 3n� 6, TSi is

an element in T’

� �ðrÞ
in Eq. (8.13). Taking the TSi-related row in g’q

h iðrÞ
out of

Eq. (8.13) and rearranging these according to a sequence ofTSi to form a newmatrix

g’q

h i

k�6
, Eq. (8.16) can be rewritten in the following form

fTQg ¼ GB
q

h iT
fFBg �

Xn

r¼1

Xs

m¼1

Gm
q

h iTðrÞ
fFmg þ g’q

h iT
fTSg (8.17)
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where FBf g is a 6-D vector referring to the applied loads, weight, and inertia force

acting on the main body, and Fmf g is the 6-D force acting to each link in the rth
branch. These have been determined from the preceding steps. Equation (8.17)

denotes the relationship of the six generalized actuation torques and the 3n-6

arbitrarily selected actuation torques.

When the value of the 3n-6 inputs changes, the six generalized-coordinate inputs

also change simultaneously based on the general dynamic equation. In other words,

when Eq. (8.17) is satisfied, the machine can obtain the expected acceleration

calculated in Eq. (8.12). Since Tsf g and TQ

� �
contain all the 3 � n inputs,

Eq. (8.17) expresses the relationship accordance of all input torques. It can then

be considered an accordance equation of over-determinate input.
However, the chosen 3n-6 valuesmay be still inappropriate. Although the expected

resulting acceleration may be obtained, the chosen inputs may still be in conflict.

The contradictory inputs may counteract each other. Thus, much energy would also

be consumed while Eq. (8.17) is satisfied. Therefore, it is necessary to set an optimal-

proportion distribution for the 3n-6 inputs.

8.1.3 Optimization of Over-Determinate Input

The energy saving issue is very important especially for walking machines that

consumes much energy carried by themselves. As discussed in the previous section,

the 3n-6 inputs can be selected arbitrarily. When Eq. (8.17) is satisfied, those inputs

are in accordance and the expected acceleration can be obtained. However, the

inputs may still be inappropriate. Therefore, it is necessary to set the inputs to avoid

contradiction and further to obtain an optimal-proportion distribution. The rational

distribution of input torques can realize the minimum consumption of energy.

The objective function of the optimization of energy is

F ¼
Xn

r¼1

X6

i¼4

ð’b

’a

T
ðrÞ
i d ’

ðrÞ
i








 (8.18)

The 4th, 5th, and 6th joint of each leg are equipped with actuators, and n refers to
the number of legs. Rewriting the objective function into a summation of the square

of instantaneous power, we have

F ¼
X6

h¼1

T2
Qh _’

2
Qh þ

Xk

j�1

T2
Sj _’

2
Sj (8.19)

where the angular velocities _wQ and _wS refer to TQ and TS, respectively. These can

be determined from the motion of the main body, however, these are not optimiza-

tion variables. In Eq. (8.19), because {TQ} has been derived as an explicit function
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of {TS}, the equation can be simplified by using Eq. (8.17). Thus, only {TS} is the

optimization variable. When we differentiate the objective function (8.19) with

respect to TSj, we have

@F

@TSj
¼
X6

h¼1

2TQh
@TQh
@TSj

_’2
Qh þ 2TSj _’

2
Sj; j ¼ 1; 2; . . . ; k (8.20)

From Eq. (8.17), TQh is expressed as

TQh ¼ �
XX

Gm
q

h iTðrÞ

h;
fFmg þ GP

q

h iT

h;
fFPg þ gPq

h i

h;
fTSg

� �
; h ¼ 1; 2; . . . ; 6

(8.21)

Evidently, this partial derivative @TQh @Tsj
�

is remarkably simple and explicit as

follows

@TQh
@Tsi

¼ � g’q

h iT

h;j
¼ � g’q

h i

j;h
(8.22)

The subscript “j; h” refers to the element in jth row and hth column of the matrix.

Substituting this expression into Eq. (8.20) and rewriting the equation yields

@F

@TSj
¼ �2fTQgT _w2

Q

h i
g’q

h i

j;

� �T

þ 2TSj _’
2
Sj; j ¼ 1; 2; . . . ; k (8.23)

The component w2
Q

h i
is defined as

_w2
Q

h i
¼

_’2
Q1 0

_’2
Q2

:
:

:
0 _’2

Q6

2

6666664

3

7777775

(8.24)

We define a column vector of partial derivative as

@F

@TS

� 

¼ @F

@TS1
;
@F

@TS2
; . . . ;

@F

@TSk

� 

(8.25)

The expression is

@F

@TS

� 

¼ 2 _w2

S

� 	fTSg � 2 g’q

h i
_w2
Q

h i
fTQg (8.26)
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In order to derive the optimum results, it is necessary to make the result of

Eq. (8.26) zero, so that

_w2
S

� 	fTSg � g’q

h i
_w2
Q

h i
fTQg ¼ f0g (8.27)

where

_w2
S

� 	 ¼

_’2
S1 0

_’2
S2

:
:

:
0 _’2

Sk

2

6666664

3

7777775

k�k

(8.28)

Substituting Eq. (8.17) into Eq. (8.27) and rearranging it yields

_w2
S

� 	þ g’q

h i
_w2
Q

h i
g’q

h iT� �
fTSg þ g’q

h i
w2
Q

h i
�

Xn

r¼1

X5

m¼1

Gm
q

h iTðrÞ
fFmgðrÞ þ GP

q

h i
fFPg

 !

¼ f0g (8.29)

while the matrix expression _w2
S

� 	þ g’q

h i
_w2
Q

h i
g’q

h iT
is nonsingular, rewriting

Eq. (8.29), yields

fTSg ¼ � _w2
S

� 	þ g’q

h i
_w2
Q

h i
g’q

h iT� ��1

g’q

h i
w2
Q

h i

�
Xn

r¼1

X5

m¼1

Gm
q

h iTðrÞ
fFmgðrÞ þ GP

q

h i
fFPg

 !

(8.30)

This is the analytical expression of energy optimization. A walking machine will

consume smaller energy when the 3�n input torques are given in terms of

Eq. (8.30). The values of the k input torques depend on the applied loads, inertia

force, gravity, velocities, and the configuration of the mechanism. In the process of

evaluation, the k input torque {Ts} is obtained from Eq. (8.30), and the six genera-

lized coordinate-related input torques {TQ} is obtained from Eq. (8.17). All 3�n
input torque values explicitly satisfy the condition of accordance and energy

optimization. Equations (8.17) and (8.30) are considered the accordant and energy
optimum equation of over-determinate input.

The derivation shows that the condition of minimum energy consumption is not

dependent on the selection of the components {Ts}, while the objective function

shown in Eq. (8.19) is established for all 3�n input torques.
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8.1.4 The Weight Distribution of the Input Torques

Equation (8.30) is an expression of energy optimization. If _w2
Q

h i
and _w2

S

� 	
are

recognized as the weight-factor matrices or weight matrices, and [AQ] and [As] are

substituted for _w2
Q

h i
and _w2

S

� 	
, the general equation of the weighted optimization

distribution of the input torques will be

fTSg ¼ � ½AS� þ g’q

h i
½AQ� g’q

h iT� ��1

g’Q

h i
½AQ�

�
Xn

r¼1

X5

m¼1

Gm
q

h iTðrÞ
fFmgðrÞ þ GP

q

h i
fFPg

 !

(8.31)

Therefore,

1. When AQ

� 	 ¼ w2
Q

h i
and AS½ � ¼ w2

S

� 	
, Eq. (8.31) is the same as that of Eq. (8.30),

and {TS} is obtained in terms of the minimum consumption of energy.

2. When AQ

� 	 ¼ I½ �6�6 and AS½ � ¼ I½ �k�k where [I] is the identity matrix, {TS} is

obtained from Eq. (8.31) in terms of the maximum input torque minimization.

3. When AQ

� 	
and AS½ � are appropriately selected, it can also mean that the farther

away from the main body the position of actuator is, the smaller the input torque

itself is. That means, the input torque of the shank, the lower part of the leg, is

smaller than that of the thigh, the upper part of the leg. The joint torques of the

actuator 4th, 5th, and 6th in one leg are in the form

T4<T5<T6 (8.32)

This will make the whole weight of the leg lighter and the consumption of

energy smaller.

8.2 Kinetostatic Analysis of 4-UPU Parallel Mechanisms

The kinetostatic analysis for both the active forces and the constraint reactions of

the parallel manipulators (PMs) including the lower-mobility PMs is one of the

important issues of the design, simulation, and control of the manipulator. This

generally needs to solve for the active forces as well as constraint reactions of all

kinematic pairs. This serves as a basis for sizing components and bearings of the

manipulator and for the selection of the actuators. The results can also be used to

control the robot manipulator. The force analysis contains statics and dynamics
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analyses. Only the statics analysis is required when the device moves at a lower

speed. On the contrary, the dynamics analysis is required when the device moves at

a higher speed because the inertia force of each link cannot be neglected.

The statics of the spatial mechanisms can be treated through various methods such

as the vector method [5], the dual vector and dual number quaternions [6], and the

principle of virtual work [7]. For the dynamics analysis, the principle of d’Alembert is

one of the most common methods. Merlet [8] discussed the dynamics of PMs. Zhang

andGosselin [9] discussed a general kinetostaticmodel for PMs. Lu [10] solved for the

active and part of the passive forces of some PMs. Zhou et al. [11] studied the static

solving of a 3-DOF 3-RRR parallel mechanism.

Most of aforementioned literature only analyzed the actuator forces of PM,

however, these did not discuss the reactions of the kinematic pairs. The latter is

quite complicated and there has never been an efficient, alternative method with

which to solve it until now.

The parallel mechanisms not only have an over-constrained and statically

indeterminate issue, but also involve many kinematic pairs and unknown variables

that increase the complexity and difficulty of the reaction analysis. These oblige us

to set high-order matrices inevitably. For example, the number of unknown vari-

ables of a 5-DOF 5-5R PM is up to 130. The number of its available equilibrium

equations is 126. Of course, the static indeterminacy is not a new issue. This may

easily be solved by setting some complementary equations. The new issue that is

difficult to resolve is the superabundant unknown variables and these unknowns

are even coupling. These unknown variables cannot be solved simply and solely,

and requires the solving of a high-order matrix.

For the statics analysis of parallel mechanisms, there are two serious problems:

1. the statically indeterminate issue; and

2. the large number of unknowns.

Here, we focus on the second issue.

This chapter introduces a new simple and effective approach in solving the issue

based on the reciprocal screw theory. For this method, the main reactions should be

solved first, then all other constraint reactions will be easy to obtain. The most

important merit of this method is its ability to remarkably reduce the number of

unknowns, and keep the number of simultaneous equations under six each time. All

the constraint reactions are easily obtained simultaneously by analyzing the equi-

librium of each body. We call this process force-decoupling. Another merit of this

method is the actual axes of reaction forces and moments can be clearly determined

based on the screw theory before the numerical calculation. This is useful for the

mechanism analyses and design including the singularity research. First, a 4-DOF

4-UPU parallel mechanism is taken as an example [12] to introduce the approach.

The 4-UPU parallel mechanism, as shown in Fig. 8.2a, consists of the moving

platform, the fixed platform, and the four branches with eight universal joints and

four prismatic pairs. The centers of the universal joints are at ai and Ai respectively.

Link S and link t are connected through the prismatic pair P. The fixed coordinate

systemO-XYZ, the moving coordinate system c-xyz, and the limb coordinate system

Ai-xiyizi are also shown in Fig. 8.2.
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One of its limbs, i, is shown in Fig. 8.2b. Its five single-DOF pairs are expressed

in the screw Pl€ucker coordinates in Ai-xiyizi as follows.

$i1 ¼ ð0 0 1; 0 0 0 Þ
$i2 ¼ ð1 0 0; 0 0 0Þ
$i3 ¼ ð0 0 0; 0 cai saiÞ
$i4 ¼ ð1 0 0; 0 lisai �licaiÞ
$i5 ¼ 0 0 1; licai 0 0ð Þ

(8.33)

where li is the length of the limb and ai is the angle between the horizontal direction

and a limb. The subscript i in $ij represents the serial number of the limb and j repre-
sents the pair in that limb. The five-system screw, Eq. (8.33), has one reciprocal screw.

$ri1 ¼ ð0 0 0; 0 1 0Þ (8.34)

where $ri1 is a constraint couple exerted on the platform that is parallel to the base.

Then four identical limbs exert four constraint couples on the same platform.

The four couples are all parallel to the same base and in different directions. There

is no common constraint between these and the parallel constraint is two. From the

Modified G-K Criterion (3.5)

M ¼ dðn� g� 1Þ þ
Xg

i¼1

fi þ n ¼ 6ð10� 12� 1Þ þ 20þ 2 ¼ 4 (8.35)
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Fig. 8.2 The 4-UPU mechanism (a) the mechanism (b) kinematic screws
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The platform is simultaneously acted upon by two linearly independent couples

that constrain the two rotations of the platform. The mechanism is able to translate

along three directions and rotate about Z-axis. After the execution of any possible

motion of the platform, including the three translations and a rotation, the screw

systems as denoted by Eqs. (8.33) and (8.34) are invariable. Therefore, the mobility

is global.

8.2.1 Main-Pair Reaction Forces1

The position, velocity, acceleration, and inertia force/moment of the mechanism

should be determined before initiating force analysis. The analysis process has also

been in [13] or many other literatures.

The kinematic pairs connecting the platform and the limbs are named as the

main kinematic pairs or main pairs while the reaction of the main pair is referred to

asmain-pair reaction ormain reaction. The main reactions should be solved first,

and then all the other constraint reactions can be easily obtained.

In general, everybody is acted on by gravity, inertial force, and other external

forces (moments). All these forces can be vectorially summated as one external

force acting on the body. Our method is based on the principle of d’Alembert, the

steps of which are as follows:

(i) Analyze the inertia forces acting on each body, and then add the inertia force,

gravity, and other external forces of each body to get the resultant external

force of the body;

(ii) Analyze the active forces and main-pair reactions produced by the force only

exerted on the moving platform;

(iii) Analyze the active forces and main-pair reactions produced by the forces

exerted on the links for every limb;

(iv) Respectively add the active forces and main-pair reactions obtained through

the aforementioned steps, (ii) and (iii), by the superposition principle to get the

final active forces and main-pair reactions.

(v) All constraint reactions of the other kinematic pairs can be directly obtained

through setting the equilibrium equations of the corresponding bodies one by one.

Since the 4-UPU mechanism has ten bodies, eight U-pairs, four P-pairs, and four

unknown inputs, there are two redundant unknowns. This can be considered as a

two-order statically indeterminate issue. Generally, this requires the setting of the

equilibrium equations and the complementary equations to solve the issue.

Generally, everybody is subjected to the least gravity and inertia force. These

forces then need to be considered in the force analysis. Without the loss of generality,

1 If it does not need to calculate the constraint reactions of kinematic pairs, the active forces can be

directly obtained by the principle of virtual work.
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to simplify the introduction of the method, we only consider the forces acting on

the platform:

f h ¼ fhx fhy fhzð ÞT and mh ¼ mhx mhy mhzð ÞT

as well as the forces acting on link t of the limb 1:

f lt ¼ f ltx f lty f ltz
� �T

and m1
t ¼ m1

tx m1
ty m1

tz

� �T

where f Ai represents the total active force of the limb i produced by all the external

forces. f Ai1 denotes the active force of limb i that only is produced by the forces acting
on the platform. f Ai2 denotes the active force of limb i that only produced by the

forces acting on link t.
Let Fh$

F
h and F1

t $
F
1t denote the corresponding force screws, respectively.

Fh$
F
h ¼ f hþ 2 mh (8.36)

F1
t $

F
1t ¼ f 1tþ 2 rcct � f 1t þm1

t (8.37)

where rcct is the vector from the point c of the platform to the mass center point ct
of link t.

8.2.1.1 Main-Pair Reactions Produced by Force Fh$
F
h

Equation (8.34) has given one of the reactions, a constraint couple, i.e., mi
1$

r
i1 .

Considering the action of the input force of the limb, there is another main-pair

reaction. Its occurrence is equivalent to locking the corresponding prismatic pair P

and there are only four screws in the limb screw system.

$i1 ¼ 0 0 1; 0 0 0ð Þ
$i2 ¼ 1 0 0; 0 0 0ð Þ
$i4 ¼ 1 0 0; 0 lisai �licaið Þ
$i5 ¼ 0 0 1; licai 0 0ð Þ

(8.38)

They have two reciprocal screws

$ri1 ¼ 0 0 0; 0 1 0ð Þ
$ri2 ¼ 0 cai sai; 0 0 0ð Þ (8.39)

where $ri2 is another main-pair constraint force along the axis of the prismatic pair.
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In this case, each node of the platform has one constraint couple and one constraint

force, the directions of which are known while the magnitudes are unknown. Then,

the platform is subjected to eight reactions and eight unknowns. However, the maxi-

mum linearly independent number of the four coplanar constraint couples is two.

Based on this, the issue is solvable because there are only six independent unknowns.

The free-body diagram of the moving platform is shown in Fig. 8.3, where the arrows

denote the forces and the bi-directional arrow denotes the couple.

f i1 is the magnitude of the reaction force of the U-pair acting on the platform at ai
and only caused by the applied forceFh$

F
h. Couple $

m
i1 and force $

f
i1 instead of $

r
i1 and

$ri2 in c-xyz, respectively. $m11 is parallel to $
m
31 and $m21 is parallel to $

m
41. m

13
1 and m24

1

express the resultant couples ofm1
1,m

3
1 andm

2
1,m

4
1, respectively.m

1
1,m

2
1,m

3
1 andm

4
1 are

the four constraint couples of the U-pairs that are exerted on the platform by the four

different limbs and caused by the force Fh$
F
h .

In the traditional approach, each U pair has four unknown reactions. There

are 16 unknowns in the 6 equilibrium equations of the moving platform. As it is,

this is insolvable. Therefore, in order to make the equation solvable, we have to

consider the equilibrium of all other bodies simultaneously. This may be referred to

as force coupling. Clearly, the method described here is able to reduce the number

of unknowns and make the solution easy to solve.

The equilibrium equation of the moving platform is

�
X4

i¼1

f i1$
f
i1 � m13

1 $m11 � m24
1 $m21 þ Fh$

F
h ¼ 0 (8.40)

Equation (8.40) is a screw equation and is equivalent to six linear equations.

We can solve for the six unknowns, includingm13
1 ,m

24
1 and f i1, i ¼ 1; 2; 3; 4, from

screw Eq. (8.40). However, how to obtain m1
1, m

3
1 and m

2
1, m

4
1 from m13

1 , m24
1 will be

discussed in next section.

Since f i1$
f
i1 is obtained from Eq. (8.40), the active forces f Ai1$

A
i1 along the axis of the

prismatic pair and produced by the forces acting only on the platform can be solved

z FF $
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Fig. 8.3 Free-body diagram

of platform
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from the force equilibrium equations of link t, where the unit vector of active force $Ai1
of limb i acting on link t is parallel to $fi1 and f

A
i1 is the magnitude of the active force.

8.2.1.2 Main-Pair Reactions Produced by Limb Applied Force F1
t $

F
1t

Without the loss of generality, we suppose that there is only an applied force F1
t $

F
1t

acting on link t of the limb. To calculate the unknown main-pair reaction force

caused byF1
t $

F
1t, the link t is first analyzed.

(1) The equilibrium of link t in limb 1 under limb applied forceF1
t $

F
1t

The free-body diagram of the two-pair link t is shown in Fig. 8.4a. We can analyze

the reactions of U and P pairs in link t.

1. Constraint forces in U pair at a1
The U pair also belongs to the sub-mechanism shown in Fig. 8.4b. In order to

determine the reactions of the U pair, we first need to determine the mobility of

the right part of the sub-mechanism, which is a 3-UPU mechanism. From the

Modified G-K Criterion Eq. (3.5), its mobility is

M ¼ 6ð8� 9� 1Þ þ 15þ 1 ¼ 4 (8.41)

Equation (8.41) indicates that the mobility of the sub-mechanism is also four.

When its three prismatic pairs are locked, it still has one freedom. Then, for the

one-DOF mechanism, there should be five constraints to the platform in total.

These are shown in Fig. 8.4b: f i2$
f
i2; i ¼ 2; 3; 4, is the constraint force of the

U pair at a2, a3 or a4 only caused by force F1
t $

F
1t along the axis of the prismatic

pair of limb i;m3
2$

m
32 is the constraint couple of the U pair at a3 and is only caused

by the forceF1
t $

F
1t;m

24
2 $m22 is the resultant constraint couple of the U pair at a2 and

a4, where$
m
22 is parallel to$

m
42 and also caused by the forceF

1
t $

F
1t. Letm

2
2 andm

4
2 be

the magnitudes of the constraint couples of the U pair at a2 and a4, respectively.
Then, m24

2 is the resultant couple of m2
2 and m

4
2. m

2
2, m

3
2, and m

4
2 are three couples

which are exerted on the platform by the three different limbs 2, 3, 4. f i2; i ¼ 2

; 3; 4 is the magnitude of the constraint force of U-pair at ai.
For the 3-UPU mechanism, the five constraints acting on the platform can be

expressed into screw coordinates in a c-xyz system as follows

$
f
22 ¼ syca �cyca �sa; ðc=2Þsa ðc=2Þsa ðc=2Þcaðsy� cyÞð Þ
$f32 ¼ syca cyca �sa; �ðc=2Þsa ðc=2Þsa ðc=2Þcaðcy� syÞð Þ
$f42 ¼ �syca cyca �sa; �ðc=2Þsa �ðc=2Þsa ðc=2Þcaðsy� cyÞð Þ
$m32 ¼ 0 0 0; �sy �cy 0ð Þ
$m22 ¼ 0 0 0; sy �cy 0ð Þ ð8:42Þ

where sy denotes siny and ca is cosa.
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Set screw system

$̂
c ¼ $f22 $f32 $f42 $m32 $m22

n oT

and its two-time reciprocal screw $M, denote

the motion of the platform in the mechanism shown in Fig. 8.4b. According to

the reciprocal product $ � $M ¼ 0 (Chap. 2), we can obtain the two-time

reciprocal screw $M in c-xyz.

$M ¼ 0 0 1; cðs y� c yÞ=2sy cðs y� c yÞ=2cy cc aðsy� cyÞ=2sað Þ
(8.43)

where $M denotes a twist motion of the platform, along Z-axis with pitch

h ¼ cca sy� cyð Þ 2sa= :

In c� xyz, the kinematic screws of U pair at point a1 can also be expressed in two
screw Pl€ucker coordinates as follows

$U14 ¼ cy �sy 0; 0 0 ðc=2Þðsyþ cyÞð Þ
$U15 ¼ 0 0 1; �c=2 c=2 0ð Þ (8.44)

The sub-mechanism has three DOFs, Eqs. (8.43) and (8.44), three blue arrows,

as shown in Fig. 8.4b, and is equivalent to a serial chain with three kinematic
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pairs connecting the link t of limb 1 and the base. The corresponding Eqs. (8.43)

and (8.44) represent the three-system screws.

Its three reciprocal screws, i.e., three constraints are as follows

$ f
12 ¼

�ðc y� s yÞs y c a
s aðc y� 2s yÞ 0 1;

�cðs yþ c yÞ
2c y

0
�cðs y� c yÞs y c a
2s að2s y� c yÞ

� �

$f13 ¼
�ðs y� 2c yÞs y
c yð2s y� cyÞ 1 0; 0 0

�cðs2 y� c2yÞ
2c yð2s y� c yÞ

� �

$m12 ¼ 0 0 0;
s y
c y

1 0

� �
ð8:45Þ

where $f13 is a pure force, $
m
12 is a couple, and $

f
12 is a force screw with non-zero

pitch, shown as three red arrows in the upper-left portion of Fig. 8.4b. Equation

(8.45) is obtained by a three-time reciprocal.

The three constraints of the U-pair can also be rewritten in four elements

including three constraint forces along three directions and a dependent con-

straint couple perpendicular to its axis plane. In c-xyz, the Pl€ucker coordinates of
the forces along z1-axis, x1-axis, y1-axis, and the couple around the y1-axis are

0 0 1; � c
2

c
2

0
� �

cy �sy 0; 0 0 c
2
ðsyþ cyÞ� �

sy cy 0; 0 0
cðsy�cyÞ

2

� �

0 0 0; sy cy 0ð Þ

(8.46)

2. Constraint force in P pair
The kinematic chain consists of the first universal joint and the second prismatic

pair, i.e., the UP chain, Fig. 8.4a. The screw system of the UP chain is composed

of the first three screws in Eq. (8.33). The three reciprocal screws constrain the

link t as follows

$r11 ¼ 0 0 0; 0 1 0ð Þ
$r13 ¼ 1 0 0; 0 0 0ð Þ
$r14 ¼ 0 s a1 �ca1; 0 0 0ð Þ ð8:47Þ

In c-xyz, let $m13, $
f
14, and $f15 denote $

r
11, $

r
13, and $r14 of Eq. (8.47), respectively.

Therefore, the P-pair of limb 1 has not five but three reactions including m1
3$

m
13,

f 14 $
f
14, and f 15 $

f
15.

Consider the equilibrium of link t in Fig. 8.4a. Since $m12 is parallel to $m13 ,

m1
2$

m
12 and m1

3$
m
13 are linearly dependent. m1

23$
m
12 is used to express the resultant

couple of m1
2$

m
12 and m1

3$
m
13. Six unknowns including the active force f A12$

A
12 can

be solved by six equilibrium equations of link t, where screw $A12 is identical with
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$A11. The six equilibrium equations of link t with six unknowns are expressed by

the following screw equation.

X5

j¼2

f 1j $
f
1j þ m1

23$
m
12 þ f A12$

A
12 þ F1

t $
F
1t ¼ 0 (8.48)

In the above equation, the number of unknowns is not 10 but 6, and the

equilibrium equation of link t is solvable. How to get m1
2$

m
12 and m1

3$
m
13 from

m1
23$

m
12 will be discussed in the next section.

(2) Complementary equation about branch 1 under F1
t $

F
1t

Another coordinate system is constructed as Ai-uiviwi , as shown in Fig. 8.5.

Its wi-axis is along the axis of the prismatic pair in branch i, ui-axis is along xi-axis,
and vi ¼ wi � ui.

To determine m1
2, an additional equation should be supplemented. Assume that

the moving platform has infinite stiffness and all the kinematic pairs are locked.

The external force F1
t $

F
1t acting on link t allows the branch 1 to have the tendency

of deformation curving around v1 axis in u1 – w1 plane, as shown in Fig. 8.5a.

However, constraint couple m1
2 will resist the deformation, as Fig. 8.5b shows.

Under this condition, the deformation compatibility equations may be constructed.

Some forces having little or no relationship with the deformation will not be taken

into consideration in the analysis process.

(a) The deformation caused by F1
t $

F
1t

From [14], the bending D1 at point a1 caused by the external force F1
t $

F
1t can

be written as

D1 ¼ d1 þ d2 (8.49)
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Fig. 8.5 Branch deformed around -axis (a) external forces on limb (b) reactions on limb
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where

d1 ¼
f 1tu l1 � 1

2
lt

� �2

2l1 þ 1

2
lt

� �

6EIv
; d2 ¼

m1
tv l1 � 1

2
lt

� �

EIv

l1
2
þ 1

4
lt

� �
:

WhereEIv is the bending stiffness of branch 1, f
1
tu is the component of f 1t along

u1-axis, and m1
tv is the component of m1

t around v1-axis.
(b) The deformation caused by constraints exerted by the moving platform

There are three main-pair reactions at a1, as shown in Eq. (8.45). Some compon-

ents including the force f 01 along u1-axis and the couplem
0
1 around v1-axis prevent

branch 1 from deforming. The bending D2 at a1 caused by f
0
1 and m0

1 can also be

written as

D2 ¼ d3 þ d4 (8.50)

where

d3 ¼ f 01 l
3
1=3EIv=; d4 ¼ m0

1 l
2
1=2EIv:

The deformation compatibility condition is

D1 ¼ �D2 (8.51)

Asm1
23, f

1
2 , and f

1
3 have been solved from Eq. (8.48),m1

2 can be determined from

Eq. (8.51). Then m1
3 ¼ m1

23 � m1
2. Thus, all the reactions of the main pair at a1

caused by F1
t $

F
1t can be solved.

(c) Complementary equation for the moving platform

Two parallel constraint couples, m1
1; m

3
1 or m

2
j ; m

4
j ; j ¼ 1; 2, are exerted on the

moving platform by two branches that correspond to a diagonal torsion of the

moving platform. We know from [15] that if the force and structure are both

symmetric, the constraint couple should be divided into two equal parts. We

write the complementary equations as follows

m1
1 ¼m3

1 ¼ m13
1 =2

m2
j ¼m4

j ¼ m24
j =2; j ¼ 1; 2

(8.52)

Based on the complementary equations, the unknowns are solvable.

(d) Equilibrium of the platform under force F1
t $

F
1t

From Eq. (8.48), we have solved the main-pair reactions at a1 under limb force.

To solve the five main-pair reactions caused by F1
t $

F
1t in three other main pairs,
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i.e., f i2; i ¼ 2; 3; 4,m3
2, andm

24
2 , the equilibrium equation of the platform needs to

be reconsidered. From Fig. 8.4b, the equation is written as

�
X4

i¼1

f i2$
f
i2

 !

� f 13 $
f
13 � m1

2$
m
12 � m3

2$
m
32 � m24

2 $m22 ¼ 0 (8.53)

From Eqs. (8.52) and (8.53), the reactions in other three main pairs caused by

F1
t $

F
1t are solved. Thus, all the reactions of the main pairs under the applied force

F1
t $

F
1t have been determined.

Since f i2$
f
i2; i ¼ 2; 3; 4 is obtained from Eq. (8.53), the active forces f Ai2$

A
i2; i

¼ 2; 3; 4, which are along the axis of the prismatic pair produced by forces only

acting on the link t in the branch L1, can be solved from the force equilibrium

equations of the link t.

(3) Resultant main-pair reactions by principle of superposition

All the reactions of main pairs and the active forces caused by the applied forces

Fh$
F
h and F1

t $
F
1t can be ultimately obtained by the principle of superposition of

forces. From Eqs. (8.40) and (8.48), the active forces of branch i are

f Ai $
A
i ¼ f Ai1$

A
i1 þ f Ai2$

A
i2; i ¼ 1; 2; 3; 4 (8.54)

FromEqs. (8.40), (8.48), (8.51), and (8.52) the reactions of themain pair ata1 include

f 11 $
f
11 þ f 12 $

f
12 þ f 13 $

f
13 þ m1

12$
m
11 (8.55)

From Eqs. (8.40), (8.52), and (8.53) the reactions of the main pairs at ai i ¼ 2

; 3; 4 include

f i1$
f
i1 þ f i2$

f
i2 þ mi

12$
m
i1; i ¼ 2; 3; 4 (8.56)

where mi
12 is the constraint couple of the U pair caused by forces F1

t $
F
1t and Fh$

F
h .

8.2.1.3 All the Constraint Reactions of Other Pairs

When the main constraint forces are solved, the constraint reactions of other pairs

are easy to obtain by analyzing the equilibrium equation of every body one by one.

8.2.2 Numerical Example

The parameters of the 4-UPUmechanism are as follows:a ¼ 0:5m, b ¼ 0:3m, c ¼ 0

:2m , z0 ¼ 0:5m , lt ¼ 0:3m , mh ¼ 1 1 0:5ð ÞT , m1
t ¼ 1 0:5 1ð ÞT , f h ¼

2 1 2ð ÞT, and f 1t ¼ 1 2 2ð ÞT (N·m and N). The results are listed in Table 8.1.
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8.3 Kinetostatic Analysis of 4-R(CRR) Parallel Manipulator

A 4-DOF 4-R(CRR) parallel mechanism is analyzed as another example [13]. This

manipulator is symmetrical, and the moving platform has two translation and two

rotation freedoms.

8.3.1 4-R(CRR) Parallel Manipulator

The 4-R(CRR) parallel mechanism, as shown in Fig. 8.6a, consists of a moving

platform, a fixed platform, and four identical branches with four kinematic pairs,

R, C, R, and R. The axis of the first pair R in each branch is normal to the base,

and the axis of the second pair C is parallel to the base. The axes of the last three

pairs intersect at a center point. The four branches have two center points, m and e,
respectively.

The moving platform and the base are both square-shaped. The global coordi-

nate system O-XYZ, moving system o-xyz, limb systems e-xiyizi, and m-xiyizi are
shown in Fig. 8.6a.

To analyze the mobility, the Modified Gr€ubler-Kutzbach Criterion based on

screw theory, Eqs. (3.4), (3.5), and (3.6), is used.

The redundant constraints of the whole mechanism can be obtained by screw

analysis. For 4-R(CRR), one of its limbs, i, is shown in Fig. 8.6b. Its five single-

DOF pairs are expressed into screw Pl€ucker coordinates in e-xiyizi or m-xiyizi as
follows

$i1 ¼ 0 0 1; 0 �xAi 0ð Þ
$i2 ¼ 1 0 0; 0 0 0ð Þ
$i3 ¼ 0 0 0; 1 0 0ð Þ i ¼ 1; 2; . . . ; 4

$i4 ¼ li4 mi4 ni4; 0 0 0ð Þ
$i5 ¼ li5 mi5 ni5; 0 0 0ð Þ

(8.57)

where xAi relates a geometrical parameter, lij, mij, and nij are direction cosines, and j
indicates the serial number of the kinematic pair in limb i. However, the values of
xAi and lij, mij, nij are not important for mobility analysis.

Table 8.1 The active forces and the main-pair reactions

fi
A/N f1

i/N f2
i/N f3

i/N m12
i/N·m

Limb 1 1.698 0.0874 �4.2870 �2.7856 �2.4006

Limb 2 �9.827 2.7094 7.1174 – �0.1504

Limb 3 �11.825 �12.1487 23.9733 – 7.4448

Limb 4 15.145 11.4495 �26.5945 – �0.1504
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The five-screw system, Eq. (8.57), has one reciprocal screw

$ri1 ¼ 0 0 1; 0 0 0ð Þ (8.58)

where $ri1 is a constraint force applied to the platform by limb i, which is normal to

the base and passes its center point, m or e.
Four identical limbs exert a total of four constraint forces on the same platform but

passes through two different points, e and m. In the global system O-XYZ, they are

$r1 ¼ 0 0 1; ym �xm 0ð Þ
$r2 ¼ 0 0 1; ye �xe 0ð Þ
$r3 ¼ 0 0 1; ye �xe 0ð Þ
$r4 ¼ 0 0 1; ym �xm 0ð Þ

(8.59)
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Fig. 8.6 The 4-R(CRR) mechanism (a) the mechanism (b) the limb screw system

310 8 Dynamic Problems of Parallel Mechanisms



where xm, ym and xe, ye relate to the geometrical parameters of the mechanism. The

four screws comprise a constraint screw system, $̂
R
, which is

$̂
R ¼ $r1; $r2; $r3; $r4

� �T
(8.60)

We find that the rank of system $̂
R
is only two which means that there is no

common constraint. The number of the redundant constraints of the whole mecha-

nism is two. From the Modified G-K Criterion, Eq. (3.5), the mobility of the

mechanism is

M ¼ dðn� g� 1Þ þ
Xg

i¼1

fi þ n ¼ 6ð14� 16� 1Þ þ 20þ 2 ¼ 4: (8.61)

Therefore, the mechanism has four degrees of freedom.

1. From the analysis, we know that the platform is simultaneously acted upon by

two linearly independent parallel constraint forces, which constrain one transla-

tional motion along Z-axis and one rotational motion around the normal direct-

ion of the plane determined by the two forces. Therefore, the mechanism is able

to translate along two directions, X and Y and rotate around two axes, X and Z.
2. After any possible motion including translation or rotation of the platform,

the screw systems and Eq. (8.61) are both invariable. Therefore, the mobility

is global.

The 4-DOFmechanism needs four inputs. The first revolute pairs of limbs 1, 2, 3,

and the single-freedom revolute pair of the cylindrical pair in limb 4 are selected

as the four inputs. To prove the correctness of the selection, they need to be locked.

The input selection principle states that after locking all the selected inputs, if the

platform is subjected to six linearly independent constraints and has no remnant

freedom, the selections are correct.

For limbs 1, 2, and 3, each limb-screw system has only four screws, which are

the last four screws in Eq. (8.57). With respect to the limb coordinate system, the

four screws are

$i2 ¼ 1 0 0; 0 0 0ð Þ
$i3 ¼ 0 0 0; 1 0 0ð Þ i ¼ 1; 2; 3

$i4 ¼ li4 mi4 ni4; 0 0 0ð Þ
$i5 ¼ li5 mi5 ni5; 0 0 0ð Þ

(8.62)

The two reciprocal screws of Eq.(8.62) are

$ri1 ¼ 0 0 1; 0 0 0ð Þ
i ¼ 1; 2; 3

$ri2 ¼ 0 1 0; 0 0 0ð Þ (8.63)
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For limb 4, when revolute part of the cylindrical pair is locked, the limb screw

system becomes

$41 ¼ 0 0 1; 0 �xAi 0ð Þ
$43 ¼ 0 0 0; 1 0 0ð Þ
$44 ¼ l44 m44 n44; 0 0 0ð Þ
$45 ¼ l45 m45 n45; 0 0 0ð Þ

(8.64)

The reciprocal screws of Eq. (8.64) are

$r41 ¼ 0 0 1; 0 0 0ð Þ

$r42 ¼ 0 1 0;
xAiðm44n45 � n44 � m45Þ

m45l44 � l45m44

�xAiðn45l44 � l45n44Þ
m45l44 � l45m44

xAi

� �
ð8:65Þ

where the first one is a constraint force and the second one is a constraint wrench

with pitch h 6¼ 0. Since Eqs. (8.63) and (8.65) with $r21 ¼ $r31 and $r11 ¼ $r41 show the

rank of the eight screws as six, the input selection is correct.

8.3.2 Main-Pair Reaction

Since the 4-R(CRR) has 13 movable links, 12 R-pairs, 4 C-pairs, and 4 unknown

inputs, the number of unknowns is 12 � 5 + 4 � 4 + 4 ¼ 80, and the number of

equations is 13 � 6 ¼ 78. Analyzing the reactions applied on moving platform, in

generally, each revolute pair brings 5 unknowns, and there are up to 20 unknowns

for the free-body diagram of the moving platform. However, there are only six

equations for the platform, and the reactions will be insoluble. In this case, it needs

to take more links to set a high-order matrix equation.

The new method can reduce the number of unknowns and simplify the solution.

LetFh$
f
h and F

1
t $

f
1t denote the corresponding resultant external force screws with

intensities, respectively. The equation is formulated as

Fh$
f
h ¼f hþ 2 mh

F1
t $

f
1t ¼f 1tþ 2 rcct � f 1t þm1

t ð8:66Þ

where rcct is the radius vector from the origin of the global system to the mass center

point of link t; 2 is the Clifford factor.

8.3.2.1 Main-Pair Reactions Produced by Platform Force

Equations (8.63) and (8.65) denote main reactions, and each main pair contains two

reactions. $ri1 and $ri2 in Eq. (8.63) are unit constraint screws along zi- and yi-axes,
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respectively. In Eq. (8.65),$r41 is also a unit screw along zi-axis, and$
r
42 is a screw with

h 6¼ 0. All the eight screws are denoted in Fig. 8.7. Their intensities are unknown.

However, the maximum linearly independent number of the eight constraints is

six, Table 2.1. From this point of view, there are only six independent unknowns

and the issue is solvable.

We use $ia1 and $ia2; i ¼ 1 � 4, to denote $ri1 and $ri2 , in the global system.

The corresponding intensities of the reactions are f ia1 and f ia2 . f
14
a1 and f 23a1 are the

resultant forces of f 1a1, f
4
a1 and f 2a1, f

3
a1, respectively. The free-body diagram of the

moving platform is shown in Fig. 8.7.

Considering the equilibrium of the platform, we have

X4

i¼1

f ia2$
i
a2 þ f 14a1 $

1
a1 þ f 23a1 $

2
a1 þ Fh$

f
h ¼ 0 (8.67)

Equation (8.67) is a screw equation and it is equivalent to six linear equations.

The six unknown intensities can be solved.

If we use the traditional approach, each R pair has 5 unknown reactions and

there are 20 unknowns corresponding to 6 equilibrium equations of the moving

platform and it is insolvable directly. Therefore, for solvability, it has to consider

the equilibrium of other bodies, even all other bodies simultaneously. Considering

the situation, this may be named as force coupling. The new method reduces

unknowns and makes the solution decoupled and easy.

From Eq. (8.67), we can solve the six unknowns, including f 14a1 and f 23a1 . To get

f 1a1, f
4
a1, f

2
a1, and f 3a1, there is a need to resolve f 14a1 into limbs 1 and 4, as well as f 23a1

into limbs 2 and 3. This is “static indeterminacy.” This resolution can be carried out

by analyzing the stiffness of two corresponding parts. The two forces are in direct

proportion to the stiffness of the two corresponding parts.
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Fig. 8.7 Free-body diagram

of the platform
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However, to simplify the analysis and considering that our core object is not

stiffness analysis, we provide a hypothesis where the stiffness proportion of the two

parts is �. Therefore, the complementary equations are as follows [14]

f 1a1 ¼�1f
4
a1

f 2a1 ¼�2f
3
a1 ð8:68Þ

8.3.2.2 Main-Pair Reactions Produced by Limb Force2

Suppose link a1b1 in limb 1 is subject to a given external force F1
t $

f
1t, and the force

will bring main reactions. Main-pair reactions at a1 can be obtained by solving the

equilibrium equations of link a1b1 under the only applied force F1
t $

f
1t. A free-body

diagram of link a1b1 is shown in Fig. 8.8a. We should analyze the reactions of R

pairs at a1 and b1, respectively.

(1) Reactions of revolute pair of sub-mechanism.

The R pair at a1 connects link a1b1 and a sub-mechanism, 3-R(CRR), as shown in

Fig. 8.8b. First, it needs to calculate the mobility of the 3-R(CRR) mechanism.

From Eq. (3.5), we have

M ¼ 6� 11� 12� 1ð Þ þ 15þ 1 ¼ 4

It is still a 4-DOF mechanism and there are only three input pairs in the sub-chain.

After the three input pairs are locked, it still has one freedom. The platform of the

sub-mechanism is then subjected to five constraints. From Eqs. (8.63) and (8.65), the

five linearly independent reactions include $ri1 ; i ¼ 2; 4, which are upward and pass

through the corresponding two centers, $ri2 ; i ¼ 2; 3 , which are along the

corresponding yi-axes, and $r42 , which is a screw with h 6¼ 0 (bi-directional arrow)

and parallel to the y-axis.

In the system m� XmYmZm, Fig. 8.8b, the five constraint screws (shown as red

arrows) can be expressed as

$r21 ¼ 0 0 1; 0 la 0ð Þ
$r22 ¼ lmr22 mmr

22 0; 0 0� lam
mr
22

� �

$r32 ¼ lmr32 mmr
32 0; 0 0� lam

mr
32

� �

$r41 ¼ 0 0 1; 0 0 0ð Þ
$r42 ¼ lmr42 mmr

42 nmr42 ; pmr42 qmr42 rmr42

� �

(8.69)

2 If there are no external forces in limbs, Sects. 8.3.2.2 and 8.3.2.3 are not necessary.
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where $rij denotes the jth constraint screw in the ith limb. lmrij mmr
ij nmrij

� �T
is the

direction cosine, and la is the distance between points e and m.
The five-system is denoted as $̂

c ¼ $r21 ; $r41 ; $r22 $r32 $r42
� �T

. The recipro-

cal screw of $̂
c
is $M (second-time reciprocal). From $ � $M ¼ 0, $M can be obtained

by two-time reciprocal as follows

$M ¼ � rmr42 þ lam
mr
42

pmr42
0 1; 0 la 0

� �
(8.70)

where $M is a twist screw of the platform of the 3-R(CRR) mechanism, and it is a

line vector in plane XmZm and passing through point e. The sub-chain uses another

revolute pair R at a1 to connect link t. Its screw $mR also in m� XmYmZm is

$mR ¼ lmR mm
R nmR ; 0 0 0ð Þ: (8.71)
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Therefore, the twist system of the sub-chain is a two-screw system including the

screws in Eqs. (8.70) and (8.71). The reciprocal screws of the system are four main

reactions (pink arrows) acting on link a1b1 at point a1. They are three-time

reciprocal as follows

$1a3 ¼ 0 0 1; 0 0 0ð Þ
$1a4 ¼ 1 0 0; 0 0 0ð Þ

$1a5 ¼ 0 1 0;
pmr42 la

rmr42 þ lam
mr
42

�pmr42 lal
m
R

mm
R rmr42 þ lam

mr
42

� � 0

� �

$1a6 ¼ 0 0 0;
pmr42
A

� pmr42 l
m
R þ nmRr

mr
42 þ nmR lam

mr
42

Amm
R

rmr42 þ lam
mr
42

� �

A

� �

(8.72)

where $1a3 and $1a4 are reactions passing point m and along axes Zm and Xm,

respectively; $1a5 is a constraint force screw, h 6¼ 0, parallel Ym; $
1
a6 is a couple

normal to $M and $mR ; and

A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pmr42
� �2 þ pmr42 l

m
R þ nmRr

mr
42 þ nmR lam

mr
42

� �2

mm
Rð Þ2 þ rmr42 þ lam

mr
42

� �2

vuut

Suppose the four screws with their intensities are expressed as f 1a3$
1
a3, f

1
a4$

1
a4, f

1
a5

$1a5, andm
1
a6$

1
a6 in the global system. There are also only four unknowns, f 1a3, f

1
a4, f

1
a5,

and m1
a6, for the R pair.

(2) Reactions of revolute pair at b1.

Reactions of the revolute pair at b1 are determined by analyzing the sub-chain RCR

in limb 1, Fig. 8.8a. When the input pair is locked, there are only three basic pairs,

whose screws are just the three screws in the middle of Eq. (8.57). Their three

reciprocal screws are written as follows

$1b1 ¼ 0 0 1; 0 0 0ð Þ
$1b2 ¼ 0 1 0; 0 0 0ð Þ
$1b3 ¼ 0 0 0; 0 �n9 m9ð Þ

(8.73)

where $1b1 is a reaction force, acting on link a1b1 at b1, normal to the base and

passing through the limb center point; $1b2 is also a reaction force passing through

that point and along the y1-axis; $
1
b3 is a reaction couple in plane Y-Z.

Suppose we use f 1tb1, f
1t
b2, andm

1t
b3 to denote their intensities only caused by external

forceF1
t $

f
1t in the global system. The three reactions at b1 pair acting on link a1b1 are

f 1tb1$
1
b1, f

1t
b2$

1
b2, and m

1t
b3$

1
b3. Since $

1
a3 and $

1
b1 are collinear, f

1t
a3b1 is used to denote the

resultant intensity of $1a3 and $1b1.
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(a) Equilibrium of link a1b1. As shown in Fig. 8.8a, the reactions of the revolute

pairs at a1 and b1 of limb 1 can be obtained. The equilibrium equation with six

unknowns of link a1b1 is

f 1ta3b1$
1
a3 þ f 1ta4$

1
a4 þ f 1ta5$

1
a5 þ m1t

a6$
1
a6 þ f 1tb2$

1
b2 þ m1t

b3$
1
b3 þ F1

t $
f
1t ¼ 0 (8.74)

In the equation, there are six linearly independent unknowns and the

main-reactions are solvable. From Eq. (8.74) f 1ta3b1 is obtained, but it still

needs to separate f 1ta3b1 into f 1a3 and f 1tb1 by stiffness analysis. Similar to

Eq. (8.68), we have

f 1a3 ¼ �3f
1t
b1 (8.75)

(b) The external force acting on link a1b1. It also brings about the main reactions in

limbs 2, 3, and 4. To further analyze the main reactions in limbs 2, 3, and 4, we

reconsider the equilibrium of the platform, as shown in Fig. 8.9. f 23a3 denotes the

resultant force of f 2a3 and f
3
a3. Four forces acting on the platform have been solved

from Eq. (8.74). Considering the equilibrium equation with five unknowns of

the platform, we have

�
X5

i¼3

f 1ai$
1
ai � m1

a6$
1
a6 þ f 23a3 $

2
a3 þ f 4a3$

4
a3 þ

X4

i¼2

f ia4$
i
a4 ¼ 0 (8.76)

Obtaining f 2a3 and f 3a3 from f 23a3 is similar by stiffness analysis.

f 2a3 ¼ �4f
3
a3 (8.77)
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Comparing with Eq. (8.68), it is clear that �4 ¼ �2, as they correspond to the

same situations and have the same proportion.

(c) Resultant main-pair reactions by superposition principle
The main reactions brought by the platform force and limb force have been

solved by Eqs. (8.67), (8.74), and (8.76). From superposition principle the

resultant reaction at point a1 is

f 1$R1 ¼ �
X2

i¼1

f 1ai$
1
ai þ

X5

i¼3

f 1ai$
1
ai þ m1

a6$
1
a6 (8.78)

The resultant main reaction at point ai, where i ¼ 2, 3, 4 is

f i$Ri ¼ �
X4

i¼1

f jai$
j
ai; j ¼ 2; 3; 4 (8.79)

8.3.3 Active Moments and Reactions of Other Pairs in Limbs3

When the constraint reactions of the four main pairs are obtained, the four active

moments and reactions of other pairs can be easily obtained by solving the

equilibrium equations of each links in every limb in descending order, respectively.

8.3.3.1 Reactions of Revolute Pair at bi

Resultant main-reactions of the revolute pair at ai have been achieved by Eqs. (8.67),
(8.74), and (8.76). To obtain the total unknown reactions at bi we have to set the

equilibrium equation of link aibi once again.
For limb 1, there are ten forces acting on link a1b1 including a known external

forceF1
t $

f
1t and six knownmain-reactions at point a1, Eqs. (8.67) and (8.74), and three

unknown reactions at b1, Eq. (8.73). The equilibrium equation of a1b1 is as follows

�
X2

i¼1

f 1ai$
1
ai þ

X5

i¼3

f 1ai$
1
ai þ m1

a6$
1
a6 þ

X2

j¼1

f 1bj$
1
bj þ m1

b3$
1
b3 þ F1

t $
f
1t ¼ 0 (8.80)

where f 1bj; j ¼ 1; 2, and m1
b3 are caused by both Fh$

f
h and F1

t $
f
1t.

3 If not, there is no need to calculate the constraint reactions of pairs in limbs, and the active forces

can be directly obtained by the principle of virtual work. When the forces of the main joints are

solved, each limb becomes a serial-chain, and its force analysis would be simpler by directly

setting the equilibrium of each body. However, we want to show that, by this method, the unknown

number of equilibrium equations will not exceed six.
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For limbs 2, 3, and 4, considering Eqs. (8.67) and (8.76), the balancing equation

with three unknown reactions of link aibi is

�
X4

j¼1

f iaj$
i
aj þ

X2

j¼1

f ibj$
i
bj þ mi

b3$
i
b3 ¼ 0 i ¼ 2 � 4 (8.81)

8.3.3.2 Reactions of Cylindrical Pair at ci

In analyzing the reactions of the cylindrical pair at ci, we need to consider the

kinematic chain RC in each limb.

(1) Limbs 1, 2, and 3.

The first pair at Ai is the active pair, Fig. 8.10a. When the actuated joint is locked,

there are only two single-freedom pairs, R and P in chain RC. The twist system

includes the second and third screws in Eq. (8.57), and their four unknown

reciprocal screws (pink arrows) are in the following forms

$Cri1 ¼ 0 0 1; 0 0 0ð Þ
$Cri2 ¼ 0 1 0; 0 0 0ð Þ
$Cri3 ¼ 0 0 0; 0 0 1ð Þ i ¼ 1; 2; 3

$Cri4 ¼ 0 0 0; 0 1 0ð Þ

(8.82)

where $Cri1 and $Cri2 are two reaction forces passing through the origin of the limb

system along zi and yi, respectively; $
Cr
i3 and $Cri4 are constraint couples also about

axes zi and yi.
Assuming that the four reaction screws of the cylindrical pair at ci in Eq. (8.82)

are denoted as $icj; i ¼ 1 � 3; j ¼ 1 � 4; in the global system, their intensities are

ci

ai

i
c1$

i
c3$

i
c4$

i
c2$

i
b1$

i
b3$ i

b2$
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m (e)
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Fig. 8.10 Free body diagram of link bici in limbs (a) limbs 1, 2, and 3 (b) limb 4
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f icj; i ¼ 1 � 3; j ¼ 1; 2; and mi
cj; i ¼ 1 � 3; j ¼ 3; 4. Considering the equilibrium

of link bici, as shown in Fig. 8.10a, the four unknown reactions of pair C can be

obtained by

�
X2

j¼1

f ibj$
i
bj � mi

b3$
i
b3 þ

X2

j¼1

f icj$
i
cjþ
X4

j¼3

mi
cj$

i
cj ¼ 0; i ¼ 1 � 3 (8.83)

(2) Limb 4

For this limb, the single-freedom revolute pair of the cylindrical pair is the actuated

joint, and can be locked similarly like the section above. However, here we prefer

not to lock the input, and consider that there is an unknown applied force,mA
4$

A
4. The

three-system twist of RC chain consists of the first three screws in Eq. (8.57), and

the C pair has three unknown reciprocal screws (pink), as shown in Fig. 8.10b, and

is computed as follows.

$Cr41 ¼ 0 0 1; 0 0 0ð Þ
$Cr42 ¼ 0 1 0; 0 0 xAið Þ
$Cr43 ¼ 0 0 0; 0 1 0ð Þ

(8.84)

Considering the equilibrium of link b4c4, the four unknowns, one active couple
and three reactions, in pair C can be obtained as follows

�
X2

j¼1

f 4bj$
4
bj � m4

b3$
4
b3þ

X2

j¼1

f 4cj$
4
cj þ m4

c3$
4
cjþmA

4$
A
4 ¼ 0 (8.85)

where mA
4$

A
4 is the active moment of limb 4. $4cj; j ¼ 1 � 3 , denote three

reaction screws of the cylindrical pair at c4 in the global system and their intensities

are f 4cj; j ¼ 1; 2, and m4
c3.

8.3.3.3 Active Moments and Reactions of Revolute Pair at Ai

In the limb system, the first R pair for each limb has five constraints, such as

$Ri1 ¼ 0 0 1; 0 0 0ð Þ
$Ri2 ¼ 1 0 0; 0 0 0ð Þ
$Ri3 ¼ 0 1 0; 0 0 0ð Þ i ¼ 1; 2; 3; 4

$Ri4 ¼ 0 0 0; 1 0 0ð Þ
$Ri5 ¼ 0 0 0; 0 1 0ð Þ

(8.86)

where $Ri1, $
R
i2, and $

R
i3 are reaction forces passing point Ai and along three coordinate

axes, respectively. $Ri4 and $Ri5 are couples about axes xi and yi, respectively.
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Assuming that $iAj; i ¼ 1 � 4; j ¼ 1 � 5; denote $Rij ; i ¼ 1 � 4; j ¼ 1 � 5 and

their intensities are f iAj; i ¼ 1 � 4; j ¼ 1; 2; 3; and mi
Aj; i ¼ 1 � 4; j ¼ 4; 5; in the

global system, the active couple will be mA
i S

A
i ; i ¼ 1 � 4.

For limbs 1, 2, and 3 in Fig. 8.11a, the equilibrium equation with six unknowns

including the input couple of link Aici is

X3

j¼1

f iAj$
i
Aj þ

X5

j¼4

mi
Aj$

i
Aj�

X2

j¼1

f icj$
i
cj �

X4

j¼3

mi
cj$

i
cj þ mA

i $
A
i ¼ 0; i ¼ 1 � 3 (8.87)

For limb 4, Fig. 8.11b, the equilibrium equation with five unknowns of link A4c4 is

X3

j¼1

f 4Aj$
4
Aj þ

X5

j¼4

m4
Aj$

4
Aj�

X2

j¼1

f 4cj$
4
cj � m4

c3$
4
c3 � mA

4$
A
4 ¼ 0 (8.88)

where mA
4$

A
4 is an unknown input couple exerted on link A4c4 by the active device.

8.3.4 Numerical Example

Assume the distance Oo is 0.55 m; la ¼ 0:4m , lA ¼ 0:9m ;vector mb4 is

lO44 mO
44 nO44

� �T
, vector ma4 is 0 mO

45 nO45
� �T

, and their values are as follows

22:95

50
;

13:91

50
;

42:19

50

� �T

and 0;
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
202 þ 502

p ;
50

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
202 þ 502

p
� �T

Fh$
f
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Fig. 8.11 Free body diagram of link u in limbs (a) limbs 1, 2 and 3 (b) limb 4
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a is the distance between pointAi; i ¼ 1; 4and origin pointm, or pointAi; i ¼ 2; 3
and n.

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lA � la

2

� �2

þ lA
2

� �2
s

The constraint screws in Eq. (8.67) are as follows

$
1ð4Þ
a1 ¼ 0 0 1; 0 � la

2
0

� �

$
2ð3Þ
a1 ¼ 0 0 1; 0

la
2

0

� �

$1a2 ¼ lA
2a

lA � la
2a

0; 0 0
lAla � l2a

4a

� �

$2a2 ¼ lA
2a

� lA � la
2a

0; 0 0
lAla � l2a

4a

� �

$3a2 ¼ � lA
2a

� lA � la
2a

0; 0 0
lAla � l2a

4a

� �

$4a2 ¼
�lA
2a

lA � la
2a

0; � mO
45n

O
44 � mO

44n
O
45

� �
2l2A � 2lAla þ l2a
� �

4amO
45l

O
44

 

�nO45 2l2A � 2lAla þ la
2

� �

4amO
45

lA 2lA � lað Þ
4a

!

The results of the active moments and reactions are listed in Table 8.2.

8.3.5 Discussion

From the above analysis, we realize that the force analysis of parallel mechanisms

is very difficult as it has many unknowns. The 4-R(CRR) mechanism has 13 links,

16 kinematic pairs, and 4 unknown active moments. The number of its unknowns,

u, and the number of equilibrium equations, e, are as follows

u ¼12� 5þ 4� 4þ 4 ¼ 80

e ¼ 13� 6 ¼ 78

322 8 Dynamic Problems of Parallel Mechanisms



This means that it is not only a static indeterminacy issue, but a set system of up to

80 equations is also needed for the solution. As we have mentioned, the unknowns

may even be up to 125 for the 5-5R mechanism. To deal with the high-order matrix is

quite difficult.

From the above kinetostatic analysis procedure, it is clear that this method based

on screw theory can remarkably reduce the number of unknowns and keep the

number of simultaneous equilibrium equations not more than six on every occasion.

One of the characteristics of this method is the need to solve the main-pair reaction

before solving the reaction of others. All the active forces and constraint reactions

of kinematic pairs are obtained easily by analyzing the equilibrium of bodies

individually in terms of their free-body diagrams.

Evidently, the force-analysis method is decoupled and the method can avoid

setting complex high-order matrices.
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Chapter 9

Constraint Screw-Based Method

for Type Synthesis

Lower-mobility parallel mechanisms (PMs) are suitable for many tasks requiring

less than six DOFs. For instance, 6-DOF PMs currently used in machine tools have

a superfluous complexity because only five DOFs are necessary for tool control.

Obviously, using 5-DOF PMs to perform such tasks can save on cost. In fact, the

machine architecture of lower-mobility PMs is simpler. Consequently, the control

system and the manufacturing process are reduced.

The pioneering work on the type or structure synthesis of lower-mobility PMs

has been initiated by Hervé [1] in 1978 and Hunt [2] in 1983. Hervé [1] has given a

comprehensive list of displacement Lie subgroups, which lay down a solid foundation

for the group-based synthesis method. Hunt [2] has presented a table that includes

planar, 3-RPS, some 6-DOF, and some 4-DOF or 5-DOF unsymmetrical PMs.

The type or structure synthesis of lower-mobility PMs has been the subject of

much research since 1990. Typically, themethods for type synthesis of lower-mobility

PMs fall into three classes depending on their starting point.

The first class is called the motion-based method. This method starts from

the fact that the motion of the moving platform of a PM is the intersection of the

motion of each limb chain. When displacement subgroups are used to represent the

motion of themoving platform and limb chains, the method is also called group-based

synthesis. The group-based synthesis method is derived from the algebraic properties

of a six-dimensional Lie group of the Euclidean displacement set. Based on the pion-

eering work of Hervé [1], he and his coworkers [3–7] have applied the group-based

synthesis method to all kinds of lower-mobility PMs. Other important contributions

related to the group-based synthesis method have been proposed by other resear-

chers, such as Angeles [8] and Rico et al. [9]. Meng et al. [10] have also given new

accounts of the group-based method using a style borrowed from treatises of mathe-

matics on the Lie group theory and differential geometry. Other synthesis methods

based on the single-open-chain [11], the Gf coordinates [12], and linear transforms

[13, 14] also belong to this class.

The second class is called the constraint screw-based synthesis method. This

method starts from the fact that the constraints acting on the moving platform of a

lower-mobility PM is the union of constraints generated by each limb chain.
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A screw is used to represent the constraint. Using this method, researchers have

obtained important progress in this area [15–22]. The constraint-synthesis method

is universally applicable to all kinds of lower-mobility PMs. Considering that a

screw is inherently instantaneous, the constraint-synthesis method is a tool at the

level of instantaneous motion. However, using more geometrical conditions, the

finite mobility of a lower-mobility PM can be further established.

The third class is based on the G-K mobility criterion. In 1999, Tsai [23] has

introduced a 3-DOF non-overconstrained PM based on the G-K mobility criterion.

However, the application of this method is limited because the geometrical

properties of joint axes are not taken into consideration.

It is noted that the type synthesis of symmetrical lower-mobility PMs is a basic

and open problem in mechanism theory. Once the method for type synthesis of

symmetrical lower-mobility PMs is established, it is easy to be applied to the

asymmetrical PM. In this chapter, the type synthesis of symmetrical lower-mobility

PMs is systematically performed using the constraint-synthesis method.

9.1 Description of Constraints Acting on a Rigid Body

Consider a rigid body without constraints acting on it. The rigid body has six

degrees of freedom, i.e., finite DOF. When a constraint is exerted on the rigid

body, the rigid body loses a DOF. When several independent constraints are

exerted on the rigid body, the motion of the rigid body is completely determined

by the integrative effect of all constraints. Consequently, a mathematical tool that

describes and analyzes the constraints need to be find. Naturally, one can turn to the

screw theory. The constraints acting on a rigid body can be a force, a couple, or a

combination of both. A screw can also be used to represent the combination. For

example, for a rigid body with only three translational DOF, the constraints acting

on it are three couples:

$r1 ¼ ð0 0 0 ; 1 0 0Þ
$r2 ¼ ð0 0 0 ; 0 1 0Þ
$r3 ¼ ð0 0 0 ; 0 0 1Þ

(9.1)

When a screw is referred to as a constraint, it is different from the force or couple

in the general meaning. The constraint screw is always expressed as a unit screw.

There are usually several constraints simultaneously acting on the moving platform

of a lower-mobility PM. Hence, the linear dependence or independence of con-

straint screws is essential. The linear dependence or independence of screws is

independent of the location of the frame [17], enabling the fair convenience of the

frame selection.

After constraints are described by the screw theory, the combined effects of

several constraints need to be investigated. The linear dependence of constraints is
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determined by the geometrical conditions among them. When the constraints acting

on a rigid body are couples, only following three geometrical conditions exist

among them. Table 9.1 gives a general description of constraint couples and the

corresponding constrained motions of the rigid body under three different geomet-

rical conditions.

For example, the first row in Table 9.1 shows that when all the constraint couples

acting on a rigid body are coaxial, they are linearly dependent. Their maximum

linear independence number is one. Their combined effect equals one constraint

couple in the direction of the axis. The rotation of the rigid body about the axis is

constrained.

Given that forces are not free vectors, the maximum linear independence num-

bers among them are very complicated [24]. However, only the situation when the

maximum linear independence number equals one, two, or three for type synthesis

of lower-mobility parallel manipulators needs to be considered. Table 2.1 lists

the relations, and Table 9.2 gives a concise description of the constraint forces and

the corresponding constrained motions of the rigid body under six different geomet-

rical conditions.

Table 9.1 Constraint couples, maximum linear independence number

Geometrical condition

of couples

Maximum linear

independence number

Constrained motion

of the rigid body

Coaxial 1 Rotation about the axis

Coplanar 2 All rotations about axes

parallel to this

plane

Non-coplanar 3 Three rotations in

space

Table 9.2 Constraint forces, maximum linear independence number and constrained motion of

the rigid body

Geometrical condition

of forces

Maximum linear

independence number

Constrained motion

of the rigid body

Coaxial 1 Translation along the forces

Coplanar and parallel 2 Translation along the forces and

rotation about the normal of

the plane

Coplanar and intersect at a

common point

2 Two translations in the plane

Coplanar, non-parallel, and do not

intersect at a common point

3 Two translations in the plane

and one rotation about the

normal of the plane

Parallel in space 3 Translation along the force and

two rotations about the axis

perpendicular to the force

Intersect at a common point and

non-coplanar

3 All three translations in space
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For example, the second row in Table 9.2 shows that when all the constraint

forces are coplanar and parallel to each other, the maximum linear independence

number of the constraint forces is two. Consider three constraint forces parallel to

the x axis and lying in the xy plane:

$r1 ¼ ð1 0 0 ; 0 0 0Þ
$r2 ¼ ð1 0 0 ; 0 0 c2Þ
$r3 ¼ ð1 0 0 ; 0 0 c3Þ

(9.2)

By calculating the screws reciprocal to Eq. (9.2), four linearly independent

feasible motions of the rigid body can be obtained:

$1 ¼ ð1 0 0 ; 0 0 0Þ
$2 ¼ ð0 1 0 ; 0 0 0Þ
$3 ¼ ð0 0 0 ; 0 1 0Þ
$4 ¼ ð0 0 0 ; 0 0 1Þ

(9.3)

In other words, the three constraint screws in Eq. (9.2) are linearly dependent,

and their total effect is equal to one constraint couple, 0 0 0; 0 0 1ð Þ , and one

constraint force, 1 0 0; 0 0 0ð Þ.

9.2 Limb Twist and Limb Constraint Systems

9.2.1 Limb Twist System

Each kinematic pair in a limb chain of a PM can be associated with a unit screw.

These unit screws span a screw system, called a limb twist system or limb screw

system, which describes the instantaneous motion of the limb kinematic chain.

These unit screws form a standard base of the limb screw system. For example, the

standard base of a 3R spherical chain is given by

$1 ¼ 1 0 0; 0 0 0ð Þ
$2 ¼ 0 1 0; 0 0 0ð Þ
$3 ¼ 0 0 1; 0 0 0ð Þ

To provide the simplest form for a limb screw system, the axes of the frame

are assumed to be parallel to or coincident with the direction of kinematic pairs

as much as possible. Consequently, the frame is called a limb coordinate frame,

which is usually a local frame. In other words, the limb screw system is frame

configuration dependent.
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9.2.2 Limb Constraint System

The constraints generated by a limb kinematic chain forms a limb constraint system.

A limb constraint can be described by a screw reciprocal to the twists associated

with all kinematic joints in a limb, namely, the limb twist system. Using the

reciprocity between twists and wrenches, the limb constraint system of a limb

kinematic chain can be obtained. The limb constraint is often described in the limb

coordinate frame.

9.3 Platform Twist and Platform Constraint Systems

9.3.1 Platform Twist System

The instantaneous motion of the moving platform of a PM can be represented

by a twist system, called a platform twist system. If the platform twist system

is constant in every non-singular configuration of the PM, it also represents the

finite mobility of the PM. Usually, the platform twist system is written in a fixed

coordinate frame.

For instance, the standard base of the platform twist system of a 3-DOF transla-

tional PM is given by

$m1 ¼ ð0 0 0 ; 1 0 0Þ
$m2 ¼ ð0 0 0 ; 0 1 0Þ
$m3 ¼ ð0 0 0 ; 0 0 1Þ

(9.4)

The platform twist system of a 3-DOF rotational PM is given by

$m1 ¼ ð1 0 0 ; 0 0 0Þ
$m2 ¼ ð0 1 0 ; 0 0 0Þ
$m3 ¼ ð0 0 1 ; 0 0 0Þ

(9.5)

The platform twist system of a 3R1T 4-DOF PM is given by

$m1 ¼ ð1 0 0 ; 0 0 0Þ
$m2 ¼ ð0 1 0 ; 0 0 0Þ
$m3 ¼ ð0 0 1 ; 0 0 0Þ
$m4 ¼ ð0 0 0 ; 0 0 1Þ

(9.6)
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9.3.2 Platform Constraint System and Classification
of Lower-Mobility PMs

Lower-mobility PMs can be classified into 12 subcategories based on the property of

mobility. Although such a classification is not mathematically rigorous, it is helpful in

the type synthesis of lower-mobility PMs. Hereinafter, T means translation and R

means rotation.

The 5-DOF PM can be classified into two subcategories. The first subcategory

has two translational DOF and three rotational DOF, called a 3R2T PM. The

moving platform of a 3R2T PM loses a translational DOF because of a constraint

force acting on the moving platform. The second category has two rotational DOF

and three translational DOF, called a 2R3T PM. The 2R3T PM loses a rotational

DOF because of a constraint couple acting on the moving platform. The platform

constraint system of both the 3R2T and 2R3T PMs consists of one constraint screw.

The 4-DOF PM can be classified into three subcategories. The first subcategory

has three rotational DOF and one translational DOF, called a 3R1T PM. The 3R1T

PM loses two translational DOF because of two constraint forces independently

acting on the moving platform. The platform constraint system of a 3R1T PM

belongs to the second constraint screw system. The second subcategory has one

rotational DOF and three translational DOF, called a 1R3T PM. The 1R3T PM loses

two rotational DOFs because of two constraint couples independently acting on the

moving platform. The third subcategory has two rotational DOF and two transla-

tional DOF, called a 2R2T PM. The platform constraint system of a 2R2T PM

consists of a constraint force and a couple. The effect of the platform constraint

system can be equal to two parallel constraint forces. Hence, the platform constraint

system of a 4-DOF PM consists of two constraint screws.

The 3-DOF PM can be classified into four subcategories. The first subcategory

has three translational DOF, called a 3T PM. The moving platform of the 3T PM loses

three rotational DOF because of three constraint couples independently acting on it.

The second subcategory has three rotational DOF, called a 3R PM. The moving

platform of the 3R PM loses three translational DOF because of three constraint

forces independently acting on it. The third subcategory has two rotational DOF

and one translational DOF, called a 2R1T PM. The moving platform of the 2R1T

PM loses one rotational DOF and two translational DOF because of two constraint

couples and one constraint force independently acting on it. The fourth subcategory

has one rotational DOF and two translational DOF, called a 1R2T PM. The moving

platformof the 1R2TPM loses two rotationalDOF and one translational DOF because

of two constraint couples and one constraint force independently acting on it.

The 2-DOF PM can be classified into three subcategories, namely, 1R1T, 2T,

and 2R. The type synthesis of the 2-DOF PM is generally simple and will not be

investigated in this chapter. Table 9.3 demonstrates various constraint screw

systems, their geometrical conditions, constrained motions, and corresponding

lower-mobility PMs.
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9.4 Constraint-Screw Based Synthesis Method

9.4.1 Procedure of the Constraint-Screw Based Synthesis Method

The idea behind the constraint-screw based synthesis method is reciprocity between

the twist and wrench. The lower-mobility PM loses one or several DOF because

there are one or several constraints acting on the moving platform.

In a lower-mobility PM, the DOF of the limb has to be equal to or more than the

DOF of the moving platform. After the prescribed DOF of the moving platform is

given, the standard base of the platform twist system and the platform constraint

system becomes available. The standard base of the platform twist system can be

used to form a basic limb twist system. There are two ways to construct the limb

Table 9.3 Limb constraint system and platform constraint system of lower-mobility PMs

No.

Lower-

mobility PM

Platform

constraint system

Limb constraint

system

Geometrical condition that

all limb constraints satisfy

DOF

of limb

1 3R2T One force One force The forces are coaxial 5

2 2R3T One couple One couple The couples are parallel 5

3 1R3T Two couples One couple The couples are coplanar

but not parallel

5

Two couples 4

4 3R1T Two forces One force The forces are coplanar

and intersect at a

common point

5

Two forces 4

5 2R2T One couple and

one force

One force The forces are parallel 5

One couple and

one force

The couples are parallel

and the forces are

coaxial

4

6 3R Three forces Three forces The forces are non-

coplanar and intersect

at a common point

3

Two forces 4

One force 5

7 3T Three couples Three couples The couples are non-

coplanar and non-

parallel

3

Two couples 4

One couple 5

8 2R1T One couple and

two forces

One force The forces are coplanar,

non-parallel, and do

not intersect at a

common point

5

One couple and

one force

The couples are parallel;

the forces are coplanar

and intersect at a

common point

4

One couple and

two forces

3

9 1R2T Two couples and

one force

One force The forces are parallel and

non-coplanar

5

One couple and

one force

The couples are coplanar

and not parallel; the

forces are coaxial

4

Two couples and

one force

3
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kinematic chain. One is by the linear transformation of the twists of the standard

base. Before and after linear transformation, the number of screws in the screw

system should be invariable. The other way is to select some appropriate twists and

add them to the basic limb twist system. The limb kinematic chain can then directly

be constructed by the linear transformations of all twists.

After new twists are added to the limb twist system, the linear transformations of

the limb twists also produce various limb architectures. The useable architectures need

to be identified. From the above Tables, the platform constraint system of different

parallel architectures can be obtained. If the platform constraint system remains

unchanged, the limb kinematic chain and the parallel architecture are suitable.

The detailed type synthesis procedure is presented in Fig. 9.1. Explanations are

provided below.

Step 1: Write out the standard base of the platform twist system according to the

prescribed DOF of the lower-mobility parallel manipulator.

Step 2: Get the standard base of the platform constraint system.

Step 3: Take the standard base of the platform twist system as the standard base of

the limb twist system.

Step 4: If other twists are needed in constructing the limb kinematic chain, proceed

to Step 5. If not, go to Step 9.

Step 5: Select appropriate twists and construct the limb kinematic chain by the

linear transformations of the twists of the standard base and the selected

twists.

Step 6: Calculate the limb constraint system in the limb frame.

Step 7: Determine the number of limbs and take the limbs constructed in Step 5 to

form a symmetrical PM. Calculate the platform constraint system based on

the above Tables in the global frame.

Step 8: If the platform constraint system has changed after the selected twists are

added, proceed to Step 5. If not, go to Step 11

Step 9: Construct the limb kinematic chain by the linear transformation of the

twists of the standard base.

Step 10: Determine the number of the limbs and take the limbs constructed in Step

9 to form a symmetrical PM.

Step 11: Check if the mechanism is instantaneous. If yes, proceed to Step 12. If

not, go to Step 13.

Step 12: If the target mechanism is to be used as a micro-motion mechanism,

proceed to Step 13. If not, go back to Step 3.

Step 13: Synthesis is successful.

In Step 1, given the prescribed DOF, the standard base of the platform twist

system is easy to write out.

In Step 2, the standard base of the platform constraint system can be obtained by

calculating the screws reciprocal to the standard base of the platform twist system.

In Step 3, the DOF of the limb kinematic chain must be equal to or more than the

DOF of the PM. Consequently, the standard base of the platform twist system can

be taken as the standard base of the limb twist system.
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In Step 5, the purpose of adding some extra twists is to diversify the structure of

PMs. These extra added twists must not change the global constraints on the

moving platform; that is, the platform constraint system must remain unchanged.

Different limb constraint systems could yield the same platform constraint system.

In Step 7, the number of limbs in a mechanism must first be determined. PMs are

then formed by the combination of several limbs. There are various combinations

considering the geometrical conditions of all the first pairs of limbs linking the fixed

platform. For example, the axes of all the first pairs may or may not intersect at a

common point, be coplanar, and be parallel. The different combinations of the same

limb may lead to different platform constraint systems such that the mechanism

has different mobilities and properties. These operations may also form different

mechanisms.

Fig. 9.1 Procedure of type synthesis using the constraint-screw method
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Two basic points need to be considered in Step 5. One is that the extra and

former twists must be linearly independent. The other is to avoid the presence of

helical pairs.

9.4.2 Generation of Different Architectures of PM

From the above analysis, different architectures of PMs can be obtained by the

following methods:

1. Use of limb chains with different DOFs;

2. Changing the types of kinematic pairs by linear transformation; for example,

revolute pair into prismatic pair, or prismatic pair into revolute pair;

3. Changing the order of kinematic pairs in a limb;

4. Changing the arrangement of several identical limbs.

9.4.3 Discrimination for Instantaneous PMs

A PM is said to be instantaneous if both its mobility number and corresponding

properties cannot remain unchanged after an arbitrary feasible finite motion. If a

PM has three translational DOF at a moment, as well as two translational DOF and

one rotational DOF at another moment, the mechanism is instantaneous. Instanta-

neous PMs can also be used as micro-motion mechanisms if necessary.

The mobility number and its properties of a PM are completely determined

by the platform constraint system. Consequently, an instantaneous mechanism can

be identified by checking the platform constraint system after some finite motions.

If the platform constraint system has changed, the PM is instantaneous.

9.5 Examples

Without loss of generality, the XY plane of the global frame, O � XYZ, is set to be

coincident with the fixed platform plane. Hence, the Z axis of the global frame is

perpendicular to the fixed platform plane and is upward. The Z axis of the limb

frame, o � xyz, is set upward and parallel to the Z axis of the global frame of the

mechanism, and the xy plane of the limb frame becomes coincident with the XY
plane of the global frame.
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9.5.1 Type Synthesis of a 3R2T 5-DOF PM

9.5.1.1 Constraint Synthesis

For simplicity, focus is given on the 5-DOF PM with three rotational DOF and two

translational DOF in the XY plane, denoted by 3R2Txy. The standard base of the

platform twist system is given by

$m1 ¼ ð1 0 0 ; 0 0 0Þ
$m2 ¼ ð0 1 0 ; 0 0 0Þ
$m3 ¼ ð0 0 1 ; 0 0 0Þ
$m4 ¼ ð0 0 0 ; 1 0 0Þ
$m5 ¼ ð0 0 0 ; 0 1 0Þ

(9.7)

The standard base of the platform constraint system is given by

$rm1 ¼ ð0 0 1 ; 0 0 0Þ (9.8)

Using Eq. (9.7) as the standard base of the limb twist system, the limb kinematic

chain can be obtained by the linear transformation of the five twists. The linear

independence of the five twists must be maintained. In this case, the standard base

of the limb constraint system is also given by Eq. (9.8).

9.5.1.2 Generation of Limb Chains

The linear transformation of $m4 and $m5 only yields prismatic pairs parallel to the

XY plane. By the linear transformation with $m3, the pairs can also be transformed

into revolute pairs whose axes are in zi axis direction. Hence, the limb kinematic

chain can consist of five revolute pairs.

$m1, $m2, and $m3 can represent a spherical pair or three successive revolute pairs
whose axes intersect at a common point, namely, a 3R spherical subchain. The

common point is called the limb central point. By the linear transformation with$m4
and $m5 , $m3 can be transformed into $0m3 ¼ 0 0 1 ; a3 b3 0ð Þ , which denotes a

revolute pair whose axis is in the zi axis direction and does not pass the limb central

point. Consequently, the remaining $m1 and $m2 form a 2R spherical subchain.

To keep the platform constraint system unchangeable when the mechanism

moves, the sixth component in any twist in Eq. (9.7) should be maintained at zero

and also unchangeable. Therefore, all the axes of the revolute pairs are divided into

two groups. The axes in one group are perpendicular to the base. The axes in the

other group successively intersect at a common point, which is selected as the

global origin. The number of the axes either normal to the base or intersecting at a

common point cannot be greater than three. Otherwise, some pairs in the limb will
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be linearly dependent. Therefore, the mechanism must contain a 3R or 2R spherical

subchain. The axes of revolute pairs outside the 2R or 3R spherical subchain must

be perpendicular to the base plane. For the same reason, the orientation of any

translational pair should be parallel to the base.

Force is not a free vector in space; consequently, the position of a point on

the force axis is necessary to determine a force vector in space. Several forces

are coaxial if, and only if, they pass a common point and are parallel to each other.

All the limb central points must coincide such that the limb constraint forces are

coaxial because each limb has a limb central point passed through by the constraint

force. Such a superposition point is called a mechanism central point. The mecha-

nism central point is fixed relative to the base or the moving platform because of the

symmetrical structure.

Given that the center of all spherical pairs in all limbs generally cannot coincide

with each other, the limb kinematic chain contains no spherical pairs. All the 2R

or 3R subchains must also simultaneously connect either to the base or to the

moving platform to avoid being instantaneous.

9.5.1.3 Generation of PMs

Based on the above analysis, the usable limb kinematic chains can be obtained by

the linear transformation of the five twists in Eq. (9.7). An enumeration of the PMs

is given in Table 9.4. n denotes the number of limbs and 2 � n � 5. The superscript

denotes the direction of the kinematic pair. iRjR
� �

N
denotes a 2R spherical subchain,

and iRjRkR
� �

N
, a 3R spherical subchain with N as the center.

Cylindrical pairs and universal joints are kinematically equivalent to specific

combinations of revolute pairs and prismatic pairs. By setting the first revolute pair

axis of the 3R or 2R spherical subchain perpendicular to its anterior revolute pair

axis and assuming the intersection of the two axes, a universal joint can be obtained.

Similarly, by setting the first revolute pair axis of the 3R or 2R spherical subchain

colinear to its anterior prismatic pair, a cylindrical pair can be obtained.

Figure 9.2 shows a 3�xPzRzR iRjR
� �

N
PM and a n�xPzR iRjRkR

� �
N
PM.

Table 9.4 Symmetrical

5-DOF PMs
With 2R spherical subchain With 3R spherical subchain

n�zRzRzRðiRjR)N

n�zRzRxPðiRjR)N

n�zRxPzRðiRjR)N

n�xPzRzRðiRjR)N

n�xPyPzRðiRjR)N

n�zRxPyPðiRjR)N

n�xPzRyPðiRjR)N

n�zRzR iRjRkR
� �

N

n�xPyP iRjRkR
� �

N

n�zRxP iRjRkR
� �

N

n�xPzR iRjRkR
� �

N
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9.5.2 Type Synthesis of 2R3T 5-DOF PMs

9.5.2.1 Constraint Synthesis

The 5-DOF PM with three translational DOFs and two rotational DOFs is denoted

by 2R3T. The two rotational axes are assumed to be in the XY plane in the initial

configuration. The standard base of the platform twist system is given by

$m1 ¼ ð1 0 0 ; 0 0 0Þ
$m2 ¼ ð0 1 0 ; 0 0 0Þ
$m3 ¼ ð0 0 0 ; 1 0 0Þ
$m4 ¼ ð0 0 0 ; 0 1 0Þ
$m5 ¼ ð0 0 0 ; 0 0 1Þ

(9.9)

The standard base of the platform constraint system is given by

$rm1 ¼ ð0 0 0 ; 0 0 1Þ (9.10)

a

b

Fig. 9.2 3�xPzRzR iRjR
� �

N
(a) 3�xPzRzRðiRjR)N
(b) 3�xPzR iRjRkR

� �
N

9.5 Examples 337



Using Eq. (9.9) as the standard base of the limb twist system, the various limb

kinematic chains can be obtained by the linear transformations of the five twists.

The new five twists generated by the linear transformation must be linearly inde-

pendent. The standard base of the limb constraint system is also given by Eq. (9.10)

in this case.

9.5.2.2 Generation of Limb Chains

The linear transformation of $m3,$m4, and $m5 yields a prismatic pair that bevels with

the base. Obviously, $m3, $m4, and $m5 can be transformed into revolute pairs whose

axes are parallel to the XY plane by the linear transformation with $m1 or $m2 .
Therefore, all revolute axes must be parallel to the XY plane in the initial configura-

tion and the limb kinematic chain contains no spherical pairs.

However, the limb constraint couple is perpendicular to the plane formed by $m1
and $m2 . Every limb has such a plane determining the direction of the constraint

couple. These planes must always be parallel to each other to guarantee that the

constraint couples are in the same direction. To meet this condition, the axes of

revolute pairs most adjacent to the base in all limbs must be set parallel, and so must

be the axes of the revolute pairs most adjacent to the moving platform.

9.5.2.3 Generation of PMs

Accordingly, the limb kinematic chain can be obtained by the linear transformation

of the five twists in Eq. (9.9). The enumeration of such PMs is shown in Table 9.5,

in which 2 � n � 5. Considering a xRuPxRyRyR limb where xRyR can form a

universal joint xyUN , Fig. 9.3 shows such a 5-DOF 5�xRuPxyUN
yR PM. The

universal joint plane in the ith limb is denoted by U34, which is parallel to the

base plane in the initial configuration. The geometrical arrangement of the five

limbs guarantees that the five universal joint planes are always parallel.

In this initial configuration, such a single xRuPxyUN
yR limb exerts a constraint

couple as the one in Eq. (9.10) on the moving platform, and restricts the rotation

about the normal of U34. Because the five constraint couples are parallel, they are

linearly dependent and form a single system. The platform constraint system is still

the same as that in Eq. (9.10).

After the moving platform undergoes arbitrary translation or rotation about the

yi axis, the limb twist system remains unchanged, and the plane of U34 is always

parallel to the base plane. The platform constraint system remains the same as that

in Eq. (9.10).

After the moving platform undergoes arbitrary finite rotation about the xi axis,
the limb twist system becomes
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$i1 ¼ð1 0 0 ; 0 0 0Þ
$i2 ¼ð0 0 0 ; 0 m2 n2Þ
$i3 ¼ð1 0 0 ; 0 b3 c3Þ
$i4 ¼ð0 m4 n4 ; a4 b4 c4Þ
$i5 ¼ð0 m4 n4 ; a5 b5 c5Þ

(9.11)

The limb constraint system becomes

$ri1 ¼ ð0 0 0 ; 0� n4 m4Þ (9.12)

$ri1 denotes a constraint couple perpendicular toU34. Since all five universal joint

planes of U34 are parallel, the five limb constraint couples are parallel and linearly

dependent, thereby equaling one couple, namely, $ri1.

Fig. 9.3 5�xRuPxyUN
yR PM

Table 9.5 Symmetrical

5-DOF PMs
With no or one prismatic pair With two prismatic pairs

n�xRxRxRyRyR

n�uPxRxRyRyR

n�xRuPxRyRyR . . . :

n�xRxRuRyPyR

n�xRxRyRuPyR

n�uPuPxRxRyR

n�uPuPxRyRyR

n�xRuPuPyRyR . . . :

n�uPxRuPyRyR

n�xRuPyRuPyR
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In brief, the platform constraint system of the 5�xRuPxyUN
yR PM only contains

one constraint couple along the normal of the plane of U34. Hence, the mechanism

loses a rotational DOF about the normal ofU34, and has three translational DOFs as

well as two rotational DOFs. From the above analysis, the platform constraint

system remains unchanged after any finite non-singular displacement. Hence, the

mechanism is not instantaneous.

9.5.3 Type Synthesis of 1R3T 4-DOF PMs

9.5.3.1 Constraint Synthesis

For simplicity, focus is given on the 4-DOF PM with three translational DOF and

one rotational DOF about the Z axis, denoted by 3T1Rz. The standard base of the

platform twist system is given by

$m1 ¼ ð0 0 1 ; 0 0 0Þ
$m2 ¼ ð0 0 0 ; 1 0 0Þ
$m3 ¼ ð0 0 0 ; 0 1 0Þ
$m4 ¼ ð0 0 0 ; 0 0 1Þ

(9.13)

The standard base of the platform constraint system is given by

$rm1 ¼ ð0 0 0 ; 1 0 0Þ
$rm2 ¼ ð0 0 0 ; 0 1 0Þ (9.14)

Case 1. The limb kinematic chain consists of four kinematic pairs and exerts two
constraint couples on the moving platform.
In this case, the standard base of the limb twist system is the same as Eq. (9.14).

The limb kinematic chain can be obtained by the linear transformation of the four

twists.

Only two prismatic pairs, $m2 and $m3, can be transformed into revolute pairs by

the linear transformation with $m1 , thereby producing two revolute pairs in the zi
axis direction.

Case 2. The limb kinematic chain consists of five kinematic pairs and exerts one
constraint couple on the moving platform.

In this case, the limb kinematic chain only exerts one constraint couple on the

moving platform. One twist, $i5 ¼ 1 0 0; 0 0 0ð Þ , must be added to

Eq. (9.13) to eliminate one corresponding constraint. The new limb twist system

becomes
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$i1 ¼ ð0 0 1; 0 0 0Þ
$i2 ¼ ð0 0 0; 1 0 0Þ
$i3 ¼ ð0 0 0; 0 1 0Þ
$i4 ¼ ð0 0 0; 0 0 1Þ
$i5 ¼ ð1 0 0; 0 0 0Þ

(9.15)

The limb constraint system reciprocal to Eq. (9.15) is

$ri1 ¼ ð0 0 0; 0 1 0Þ (9.16)

which is a constraint couple on the yi axis. Therefore, all limb constraint couples are

parallel to the XY plane.

9.5.3.2 Generation of Limb Chains

$i2, $i3, and $i4 can be transformed into revolute pairs by the linear transformation

with $i1 or $i5. Hence, the revolute pairs fall into two groups, namely, those with

axes parallel and perpendicular to the base plane. To prevent the mechanism from

being instantaneous, the axes of revolute pairs fixed to the base or the moving

platform must be perpendicular to the base.

$ri1 is a couple that is actually perpendicular to the plane formed by $i1 and $i5,
namely, the xizi plane. Given that all zi axes of the four limbs are parallel, the four xi
axes of the local systems must not be parallel to one another. Hence, the revolute

axes parallel to the base plane in each limb must not be parallel to one another.

9.5.3.3 Generation of PMs

The details of the 3TIRz4-DOF PMs are shown in Table 9.6, where g/p denotes the
number of kinematic pairs in a limb, and 2 � n � 4. Figure 9.4 shows a 4�zxUN

u

PxzUM PM.

9.5.4 Type Synthesis of 3R1T 4-DOF PMs

9.5.4.1 Constraint Synthesis

For simplicity, focus is given on the 4-DOF PM with three rotational DOFs and one

translational DOF along the Z axis, which is denoted by 3R1Tz. The standard base

of the platform twist system is given by
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$m1 ¼ ð1 0 0 ; 0 0 0Þ
$m2 ¼ ð0 1 0 ; 0 0 0Þ
$m3 ¼ ð0 0 1 ; 0 0 0Þ
$m4 ¼ ð0 0 0 ; 0 0 1Þ

(9.17)

The standard base of the platform constraint system is given by

$rm1 ¼ ð1 0 0 ; 0 0 0Þ
$rm2 ¼ ð0 1 0 ; 0 0 0Þ (9.18)

Table 9.6 Symmetrical

4-DOF PMs
g p= PMs

4 n�zRiPjPkP n�iPzRjPkP n�zRjPzRzR

n�zRzRiPjP n�zRiPzRjP n�iPjPzRkP

n�iPzRzRjP n�zRzRjPzR n�zRiPjPzR

n�jPzRzRzR

5 n�zRzRzRxRxR n�xRxRzRzRuP

n�xRxRxRzRzR n�uPzRxRxRxR

‘n�zRxRxRxRzR n�zRuPxRxRxR

n�uPzRzRxRxR n�uPxRzRzRzR

n�zRzRuPxRxR n�xRuPzRzRzR

n�zRzRxRxRuP n�uPxRxRxRzR

n�uPxRxRzRzR n�xRxRxRuPzR

n�xRxRuPzRzR n�uPzRzRzRxR

n�zRxRuPxRzR n�zRzRzRuPxR

. . .. . . n�zRuPzRxRxR

n�xRuPxRzRzR

. . .. . .

Fig. 9.4 4�zxUN
uPxzUM
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Case 1. The limb kinematic chain consists of four kinematic pairs and exerts two
constraint forces on the moving platform.
In this case, the standard base of the limb twist system is the same as Eq. (9.17). The

linear transformations of$m1,$m2, and$m3 can only produce a 3R spherical subchain.

The three limb central points must coincide with one another.

Case 2. The limb kinematic chain consists of five kinematic pairs and exerts one
constraint force on the moving platform.
In this case, adding the twist $i5 ¼ 0 0 0; 0 1 0ð Þ to Eq. (9.17) yields a new
limb twist system:

$i1 ¼ ð1 0 0; 0 0 0Þ
$i2 ¼ ð0 1 0 ; 0 0 0Þ
$i3 ¼ ð0 0 1 ; 0 0 0Þ
$i4 ¼ ð0 0 0 ; 0 0 1Þ
$i5 ¼ ð0 0 0 ; 0 1 0Þ

(9.19)

The limb constraint system reciprocal to Eq. (9.19) is

$ri1 ¼ ð1 0 0 ; 0 0 0Þ (9.20)

which is a constraint force in the xi direction, passing through the limb central

point.

9.5.4.2 Generation of Limb Chains

Similar to the 3R2Txy PMs, the limb kinematic chain must include a 2R or 3R

spherical subchain. The revolute axes except those in the 2R or 3R subchain must

be parallel to the base plane. The linear transformations of $i4 and $i5 with them-

selves only lead to a prismatic pair in the yz plane. Therefore, if the limb contains

prismatic pairs, they must be perpendicular to $i1.
The limb constraint is a force parallel to the revolute axes outside the spherical

subchain, passing through the limb central point. When all the limb constraint

forces are coplanar and pass through a common point, they form a desired dual

system, as shown in Eq. (9.18).

9.5.4.3 Generation of PMs

The enumeration of such 4-DOF PMs is shown in Table 9.7, in which 2 � n � 4.

Actually, the 4�xRxR iRjRkR
� �

N
PM has first been proposed by [25]. Figure 9.5

shows a 4�xRuPxiUN
jRN PM.
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9.5.5 Type Synthesis of 2R2T 4-DOF PMs

9.5.5.1 Constraint Synthesis

The moving platform of a 2R2T PM loses one rotational DOF and one translational

DOF because a constraint couple and a constraint force act on the moving platform.

Obviously, the platform constraint system of a 2R2T PM consists of a constraint

couple and a constraint force, or two parallel constraint forces.

Without loss of generality, focus is given on the 2Rzy2Txy 4-DOF PMs, where 2Rzy

denotes two rotations around the Z and Y axes, and 2Txy denotes two translations

along the X and Y axes, respectively. The moving platform is constrained by a force

along the Z axis and a couple along the X axis. Hence, the mechanism constraint-

wrench system of the 2Rzy2Txy 4-DOF PM is given by

$rm1 ¼ ð0 0 1 ; 0 0 0Þ
$rm2 ¼ ð0 0 0 ; 1 0 0Þ (9.21)

Table 9.7 Symmetrical

4-DOF PMs
g p= PMs

4 n�zP iRjRkR
� �

N

5 n�xRxRxR iRjR
� �

N
n�xRxR iRjRkR

� �
N

n�uPxRxR iRjR
� �

N
n�xRuPxR iRjR

� �
N

n�xPxRuR iRjR
� �

N
n�uRxP iRjRkR

� �
N

n�xRuP xRuRkR
� �

N

Fig. 9.5 4�xRuPxiUN
jRN
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Suppose that the 2Rzy2Txy 4-DOF PM is symmetrical and consists of four

identical limb kinematic chains, the constraint must then be a force. These limbs

exert the same constraints on the moving platform. When the limb kinematic chain

has five DOFs, it exerts one constraint on the moving platform. Because the

combination of four couples of four limbs yields only couples and restricts no

translation, the constraint of the limb to the moving platform must be a force.

If each limb exerts a constraint force on the moving platform, there are a total of

four constraint forces acting on the moving platform. The four limbs can be

arranged following some structural geometrical conditions that classify the four

forces into two groups, and the two forces in each group are coaxial. Consequently,

two parallel forces that supply the desired constraint effect can be obtained. Hence,

the limb constraint-wrench system of a 2Rzy2Txy 4-DOF PM is given by

$ri1 ¼ ð0 0 1 ; 0 0 0Þ (9.22)

which is a constraint force being coaxial with the zi axis.

9.5.5.2 Generation of Limb Chains

Using the reciprocity between twist and wrench, the limb twist system reciprocal to

$ri1 can be obtained as follows:

$i1 ¼ ð1 0 0 ; 0 0 0Þ
$i2 ¼ ð0 1 0 ; 0 0 0Þ
$i3 ¼ ð0 0 1 ; 0 0 0Þ
$i4 ¼ ð0 0 0 ; 1 0 0Þ
$i5 ¼ ð0 0 0 ; 0 1 0Þ

(9.23)

The linear transformation of the above five twists can yield different limb

chain structures. The linear transformation of the five twists must keep the linear

independency among them. With further inspection, more structural geometrical

conditions of the limb chain can be found.

A. Existence of a 2R or 3R spherical subchain and a limb central point

The limb kinematic chain of the 2Rzy2Txy 4-DOF PM must contain a 2R or 3R

spherical subchain. To avoid the presence of helical pairs, $i1 can be linearly

combined with $i2 and $i3. The linear transformation yields

$0i1 ¼ ðli1 mi1 ni1 ; 0 0 0Þ (9.24)

Similarly, $i2 can be linearly combined with $i1 and $i3. The linear transformation

yields

$0i2 ¼ ðli2 mi2 ni2 ; 0 0 0Þ (9.25)
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$0i1 and $0i2 represent two revolute pairs with axes intersecting at a common point.

The two pairs form a 2R spherical subchain denoted by iRjR
� �

N
, as shown in Fig. 9.6.

$i3 can also be transformed into a revolute pairwhose axis passes the limb central point

by the linear transformation with $i1 and $i2, namely,

$0i3 ¼ ðli3 mi3 ni3 ; 0 0 0Þ (9.26)

The group of $0i1 � $0i2 � $0i3 represents a 3R spherical subchain, iRjRkR
� �

N
, as

shown in Fig. 9.6.

B. Arrangement of Prismatic pairs

The prismatic pair in the 2Rzy2Txy 4-DOF PM must be parallel to the XY plane. $i4
denotes a prismatic pair along the xi axis, and $i5 denotes a prismatic pair along the

yi axis. The linear transformations of $i4 and $i5 produce a twist in the form of ð0
0 0 ; li mi 0Þ, which represents a prismatic pair parallel to the XY plane.

C. Arrangement of revolute pairs not included in the 2R or 3R subchain

By the appropriate linear transformations, a prismatic pair can be transformed into a

revolute pair. For instance, the prismatic pair $i4 can be transformed into a revolute

pair $0i4 by the linear transformation with $i3 and $i5,

$0i4 ¼ ð0 0 1 ; ai4 bi4 0Þ (9.27)

which represents a revolute pair whose axis is parallel to the zi axis and passes

through any point. The prismatic pair$i5 can be transformed into a revolute pair,$0i5,
by the linear transformation with $i3 and $i4,

$0i5 ¼ ð0 0 1 ; a0i5 b0i5 0Þ (9.28)

which represents a revolute pair whose axis is parallel to the zi axis and passes

through any point.

$i3 represents a revolute pair whose axis is parallel to the zi axis and passes

through the origin of the limb frame. However, $i3 can be transformed into a

revolute pair whose axis passes through any point by the linear transformation with

$i4 and $i5,

Fig. 9.6 2R and 3R spherical

subchain
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$00i3 ¼ ð0 0 1 ; ai3 bi3 0Þ (9.29)

The axes of the revolute pairs not included in the 2R or 3R spherical subchain

must be perpendicular to the base. For example, if $0i4 is placed next to $0i5, they
form a 2R parallel subchain zRzR; if $00i3, $0i4, and $0i5 are placed in succession, they
form a 3R parallel subchain zRzRzR.

A. Limb chains only with R and P pairs

Based on the above analyses, the limb kinematic chains of the 2Rzy2Txy 4-DOF

PM can be enumerated by the linear transformation of the five twists, as shown

in Eq. (9.23). For example, five pairs are placed in the sequence of $i4 � $i5
�$0i1 � $0i2 � $0i3 and are connected by links. A x1Px2P iRjRkR

� �
N
limb chain

can then be obtained, as shown in Fig. 9.7a.

Another example is the zRx1P x2Rx2PkR
� �

N
limb chain, as shown in Fig. 9.7b.

First, $i3 can be transformed into a revolute pair $00i3 by the linear transformation

with $i4 and $i5, as described by Eq. (9.28), whose axis passes through any point.
The five pairs are then placed in the sequence of $00i3 � $i4 � $i1 � $i5 � $0i2 and
connected by links.

B. Limb chains with U joints

Two-DOF kinematic joints, such as cylindrical pairs and universal joints, can

also be employed using some appropriate combinations. If in a serial arrange-

ment of two revolute pairs and the axes intersect at a point with a right angle, the

sequence of two R pairs constructs can then be named a universal joint.

For example, any two of the three revolute pairs $i1, $i2, and $i3 can yield a U

joint. The central point of the U joint is also the limb central joint. However, the

limb central joint cannot coincide with each other, which disobeys the structural

condition of the 2Rzy2Txy 4-DOF PM. Hence, such a generation of U joints can

not be used for constructing a 2Rzy2Txy 4-DOF PM.

Fig. 9.7 Two limb chains with only R and P pairs (a) x1Px2P iRjRkR
� �

N
(b) zRx1P x2Rx2PkR

� �
N
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$i4 and$i5 can also be respectively transformed into revolute pairs$0i4 and$0i5,
which are perpendicular to the base. Hence, $i1 and $

0
i4 can be used to form a U

joint. $0i2 and $0i3 can further form a 2R spherical subchain. Arranging the five

pairs in a new sequence of $0i5 � $0i4 � $i1 � $0i2 � $0i3 can yield a zRzUx
N

jRkR
� �

N
limb chain (Fig. 9.8).

C. Limb chains with a C pair

A cylindrical pair is the kinematic equivalent of a revolute pair and a prismatic

pair coincident to the revolute axis. Because the prismatic pair in a 2Rzy2Txy

4-DOF PMmust be parallel to the base, the C pair must also be parallel to the base.

For instance,$0i2 and$0i3 can be used to form a 2R spherical subchain.$i1 and$i4 can
then be used to construct a C pair. Arranging the five pairs in the new sequence of

$0i5 � $i4 � $i1 � S0i2 � $0i3 yields a zRxCN
jRkR
� �

N
limb chain, as shown

in Fig. 9.9.

Based on the above analysis, 30 limb kinematic chains can be enumerated by

the linear transformation of the five twists in Eq. (9.23), as listed in Table 9.8.

9.5.5.3 Generation of PMs

Following the structural condition presented in Table 9.3, the limb kinematic

chains listed in Table 9.8 can be used to construct various 2Rzy2Txy 4-DOF PMs.

For example, four zRzR (iRjRkR)N limbs can be used to construct a 2Rzy2Txy 4-DOF

PM. The four zRzR (iRjRkR)N limbs can be divided into two groups. In each group,

the two limb central points are coincident with each other. When the limbs are

connected to the base and moving platform, the two central points of the two groups

of limb chains must not be coincident with each other. The 4-zRzR(iRjRkR)N 4-DOF

PM is depicted in Fig. 9.10. Thirty symmetrical 2Rzy2Txy 4-DOF PMs can be

constructed. Non-symmetrical 2Rzy2Txy 4-DOF PMs can also be constructed using

different limb kinematic chains listed in Table 9.8.

Fig. 9.8 zRzUxN
jRkR
� �

N
limb chain
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Table 9.8 Limb kinematic chains for 2Rzy2Txy 4-DOF PM

Type Limb kinematic chains

1 Containing only

R and P pairs

yPxP iRjRkR
� �

N
yRxPzP jRkR

� �
N

zRyPxP jRkR
� �

N
yPzRxP jRkR

� �
N

yPyRN
xP jRkR
� �

N
zRyPxRN

xPkRN
yPzRxRN

xPkRN
zRzRyP jRkR

� �
N

zRyPzR jRkR
� �

N
yPzRzR jRkR

� �
N

zRxP xRjRkR
� �

N
yPzR xRjRkR

� �
N

zRxRN
xP jRkR
� �

N
zRzRxRN

xPkRN
zRzRzR xRkR

� �
N

zRzR xRjRkR
� �

N

2 Containing

a U joint

zRzUx
N

jRkR
� �

N
yPzRzUxk

NRN
zRzUxx

NP
kRN

zRzRzUxk
NRN

yPzUx
N

jRkR
� �

N
yPzUxx

NP
kRN

zRyPzUxk
NRN

xPyPzUxk
NRN

zUxyP jRkR
� �

N

3 Containing

a C joint

yPxCN
jRkR
� �

N
zRyP xCkR

� �
N

yPzR xCkR
� �

N
zRxCN

jRkR
� �

N
zRzR xCkR

� �
N

Fig. 9.9 zRxCN
jRkR
� �

N
limb chain

N1

N2

x1
x2

y1
y2

z1

z2

$i1

$i3$i2

$i4

$i5

r
i1$

r
i2$

Fig. 9.10 4-zRzR (iRjRkR)N PM
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9.5.6 Type Synthesis of a 2R1T 3-DOF PM

9.5.6.1 Constraint Synthesis

In this case, the platform constraint system must contain one couple and two forces.

For simplicity, focus is given on the 3-DOF PM with two rotational DOF in the XY
plane and one translational DOF along the Z axis, denoted by 2R1Tz. The standard

base of the platform twist system is given by

$m1 ¼ ð1 0 0 ; 0 0 0Þ
$m2 ¼ ð0 1 0 ; 0 0 0Þ
$m3 ¼ ð0 0 0 ; 0 0 1Þ

(9.30)

The standard base of the platform constraint system is given by

$rm1 ¼ ð1 0 0 ; 0 0 0Þ
$rm2 ¼ ð0 1 0 ; 0 0 0Þ
$rm3 ¼ ð0 0 0 ; 0 0 1Þ

(9.31)

When the limb kinematic chain consists of five kinematic pairs, it only exerts

one constraint to the moving platform. If the constraint is a couple, no translation

can be constrained. So the constraint must be a force, and the combined effect of all

p � q forces must equal one couple not parallel to the XY plane as well as two forces

parallel to the XY plane. Therefore, the constraint force is

$ri1 ¼ ð1 0 0 ; 0 0 0Þ (9.32)

9.5.6.2 Generation of Limb Chains

The limb twist system reciprocal to $ri1 is given by

$i1 ¼ ð1 0 0 ; 0 0 0Þ
$i2 ¼ ð0 1 0 ; 0 0 0Þ
$i3 ¼ ð0 0 1 ; 0 0 0Þ
$i4 ¼ ð0 0 0 ; 0 1 0Þ
$i5 ¼ ð0 0 0 ; 0 0 1Þ

(9.33)

Equation (9.33) is the same as Eq. (9.23). The limb chains generated from

Eq. (9.23) can be used in this case.
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9.5.6.3 Generation of PMs

The limb chains in Table 9.8 generate a constraint force parallel to $i1 and passing

the limb central point. To meet the requirements, the three limb central points can

be set not to coincide with one another, and the revolute axis of $i1 can be set not to
be parallel. Considering that the limb central points are not coincident, spherical

joints can be used, for example, a 3-PRS PM. The architectures of PMs in this

category are enumerated in Table 9.9.

Figure 9.11 shows such a 3-DOF 3�xRuPxR iRjR
� �

N
PM. The three limb central

points form a triangle, ABC, which is fixed relative to the moving platform. In the

initial configuration, as shown in Fig. 9.11, the triangle ABC is parallel to the

moving platform plane.

Table 9.9 Enumeration of 3-DOF PMs formed with a 5-DOF limb

With one prismatic

pair

3�xRuP iRjRkR
� �

N
3�uPxRxR jRkR

� �
N

3�xRxRuP jRkR
� �

N
3�xRuPxR jRkR

� �
N3

3�uPxR iRjRkR
� �

N3

Without a prismatic

pair

3�xRxRxR jRkR
� �

N3 3�xRxR iRjRkR
� �

N3

With a cylindrical

pair

3�xRu1 PkRN3
u2CN3 3�xRu1Pu2CN3

kRN3 3�xR jRkR
� �

N3

u
CN3

3�xRuCN3
jRkR
� �

N3 3�xRxRkRN3
uCN3 3�kRN3

uCN3
xRxR

3�xRxRu2CN3
kRN3 3�kRN3

u1CN3
xRu2 P 3�kRN3

u1CN3
u2 PxR

3�uCN3
kRN3

xRxR

With a spherical

joint

3�u1 Pu2 PSN3 3�xRuPSN3
[40] 3�uPxRSN3 3�xRxRSN3

With a universal

joint

3�xU
j

N3
jRkR
� �

N3

u
P 3�uPxU

j

N3
jRkR
� �

N3 3�xU
j

N3
jRkR
� �

N3

x
R

3�xRxU
j

N3
jRkR
� �

N3 3�xU
j

N3 kRN3
xRuP 3�uPxRxU

j

N3 kRN3

3�xU
j

N3 kRN3
uPxR 3�xRuPxU

j

N3 kRN3 3�xRxRxU
j

N3 kRN3

Fig. 9.11 3�xRuPxR iRjR
� �

N
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Each limb constraint force is parallel to the first revolute axis and passes through

the corresponding limb central point. Obviously, the three forces must not intersect

at a common point, and at the origin configuration, the three limb constraint forces

lie in the triangle ABC. Therefore, the standard base of the platform constraint

system is the same one as Eq. (9.31). The moving platform loses two translational

DOF in the base plane and one rotational DOF about the normal of the base plane.

Similarly, this mechanism can be confirmed as not instantaneous.

9.5.7 Type Synthesis of a 3T 3-DOF PM

9.5.7.1 Constraint Synthesis

The standard base of the platform twist system is

$m1 ¼ ð0 0 0 ; 1 0 0Þ
$m2 ¼ ð0 0 0 ; 0 1 0Þ
$m3 ¼ ð0 0 0 ; 0 0 1Þ

(9.34)

The standard base of the platform constraint system is

$rm1 ¼ ð0 0 0 ; 1 0 0Þ
$rm2 ¼ ð0 0 0 ; 0 1 0Þ
$rm3 ¼ ð0 0 0 ; 0 0 1Þ

(9.35)

To form such a platform constraint system, the limb constraint system only

contains couples, and all the limb constraint couples must be non-coplanar. The

limb constraint system can contain three, two, or one constraint couple/s.

9.5.7.2 Generation of Translational PMs with 3-DOF Limb Chains

When the mobility of the limb chain is three, the limb imposes three constraint

couples on the moving platform. Hence, the platform constraint system is the same

as the limb constraint system given by Eq. (9.35). The limb twist system is also the

same as the platform twist system given by Eq. (9.34). The three twists in Eq. (9.34)

represent three linearly independent prismatic pairs, and form a PPP limb chain.

Consequently, 3-PPP translational PM can be constructed.
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9.5.7.3 Generation of Translational PMs with 4-DOF Limb Chains

When the mobility of the limb chain is four, the limb exerts two constraint couples

on the moving platform. Without losing generality, the limb constraint system is

assumed to consist of two constraint couples. One couple is along the yi axis, and
the other is along the zi axis:

$ri1 ¼ ð0 0 0 ; 0 1 0Þ
$ri2 ¼ ð0 0 0 ; 0 0 1Þ

The limb twist system reciprocal to the two couples is

$i1 ¼ ð1 0 0 ; 0 0 0Þ
$i2 ¼ ð0 0 0 ; 1 0 0Þ
$i3 ¼ ð0 0 0 ; 0 1 0Þ
$i4 ¼ ð0 0 0 ; 0 0 1Þ

(9.36)

From Eq. (9.36), $i3 can be transformed into a revolute pair by the linear trans-

formation of $i1 and $i4; $i4 can be transformed into a revolute pair by the linear

transformation of $i1 and $i3:

$0i3 ¼ ð1 0 0 ; 0 b0i3 c0i3Þ
$0i4 ¼ ð1 0 0 ; 0 b0i4 c0i4Þ

(9.37)

However, $i2 cannot anymore be transformed into a revolute pair by the linear

transformation with the other three twists because this will result in the linear depen-

dence of the new limb twist system. Hence, the limb chain contains at least one

prismatic that must not be perpendicular to the xi axis. The revolute axes in the limb

must be parallel. The limb chain can contain a cylindrical pair with an axis parallel to

the base. Obviously, there are no spherical and universal joints in the limb chain.

Table 9.10 presents an enumeration of 4-DOF limbs for a 3-DOF translational PM.

Considering that zi is perpendicular to the moving platform, the three constraint

couples in the zi axis must be parallel and form a common constraint. The other three

constraint couples in the yi axis must be coplanar and non-parallel to restrict the

translations in theX and Y axes. This condition can be satisfied by setting the revolute
axis in different limb chains to be non-parallel. Subsequently, a translational PM

with 4-DOF limbs can be constructed, as listed in Table 9.10. For example, Fig. 9.12

shows a 3�xRuPxC translational PM, and Fig. 9.13 shows a 3�xRuPxRxR PM.

Table 9.10 Enumeration of 4-DOF limb for a 3-DOF translational PM

Limb chain with two prismatic pairs u1Pu2PxRxR xRu1PxRu2P u1PxRxRu2P
uPxRxRxR xRuPxRxR

Limb chain with one prismatic pair uPxCxR uPxRxC xCuPxR
xRxCxR xRxRxC
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9.5.7.4 Generation of Translational PMs with 5-DOF Limb Chains

When the mobility of the limb chain is five, the limb exerts one constraint couple on

the moving platform. Without losing generality, the limb constraint couple is

assumed to be in the yizi plane and askew to the base:

$ri1 ¼ ð0 0 0 ; 0 mi1 ni1Þ (9.38)

Fig. 9.12 3�xRuPxC

Fig. 9.13 3�xRuPxRxR
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The limb twist system reciprocal to the constraint couples is

$i1 ¼ ð0� ni1 mi1 ; 0 0 0Þ
$i2 ¼ ð1 0 0 ; 0 0 0Þ
$i3 ¼ ð0 0 0 ; 1 0 0Þ
$i4 ¼ ð0 0 0 ; 0 1 0Þ
$i5 ¼ ð0 0 0 ; 0 0 1Þ

(9.39)

Equation (9.39) indicates that the limb chain contains at least two revolute pairs.

$i1 denotes a revolute pair whose axis is in the yizi plane and askew to the base while

passing through the origin of the limb frame. By linear transformations with $i3, $i4,
and $i5, $i1 can be transformed into a revolute pair $0i1, whose axis is in the same

direction and passes through any point in space. $0i1 is given by

$0i1 ¼ ð0� ni1 mi1 ; a0i1 b0i1 c0i1Þ (9.40)

$i3 , $i4 , and $i5 can be transformed into the following twists by the linear

transformation with $i1:

$0i3 ¼ ð0� ni1 mi1 ; a0i3 b0i3 c0i3Þ
$0i4 ¼ ð0� ni1 mi1 ; a0i4 b0i4 c0i4Þ
$0i5 ¼ ð0� ni1 mi1 ; a0i5 b0i5 c0i5Þ

(9.41)

However, four revolute pairs with parallel axes are linearly dependent, and their

rank is three. Consequently, $i3 , $i4 , and $i5 cannot be transformed into parallel

revolute pairs whose axes are askew to the base.

$i4 and $i5 can be transformed into revolute pairs whose axes are parallel to the

base and passing through any point in space:

$00i4 ¼ ð1 0 0 ; 0 b00i4 c00i4Þ
$00i5 ¼ ð1 0 0 ; 0 b00i5 c00i5Þ

(9.42)

Hence, the revolute pairs in the limb can be divided into two groups. The axes of

one group are determined by $i1 and parallel to 0 �ni1 mi1ð Þ. The axes of the

other group are determined by $i2 and parallel to the base. The limb constraint

couple is perpendicular to the plane determined by $i1 and $i2 . By setting the

revolute axes (which are parallel to the base) in different limbs to be not parallel,

the three constraint couples can be guaranteed to be non-coplanar and non-parallel.

The platform constraint system in Eq. (9.29) can then be obtained.

Subsequently, a translational PM with 5-DOF limbs and the enumeration

is listed in Table 9.11. Figure 9.14 shows a 3�xRxRxUuuR translational PM.

Figure 9.15 shows a 3�xRu1PxUu2u2R translational PM. The limb constraint couple
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is perpendicular to the universal joint plane of xUu . One revolute axis that

determines the universal joint plane is parallel to the base, whereas the other

revolute axis is askew to the base. The universal joint planes in different limbs

are not parallel, which guarantees that the three constraint couples are always

linearly independent and constraining three translational DOF.

Table 9.11 Enumeration of 3-DOF translational PMs formed with a 5-DOF limb

With one

prismatic

pair

3�u1Px1Rx1Ru2Ru2R 3�x1Rx1Ru1Pu2Ru2R 3�u1Pu2Rx1Rx1Rx12R

3�u1Px1Rx1Rx1Ru2R: 3�x1Rx1Rx1Ru1Pu2R 3�x1Rx1Rx1Ru1Pu2R

Without a

prismatic

pair

3�xRxRxUuuR 3�xRxRxRuRuR [26]

With a

cylindrical

pair and a

universal

joint

3�x1Cx1Rx1Uu 3�u1Px1Cx1Uu2 3�u1Pu2Ux1 x1C 3�x1Cu1Px1Uu2

3�x1Rx1Cx1Uu 3�x1Rx1Uux1C

With a

cylindrical

pair

3�x1CuCx1R 3�x1Cx1RuC 3�x1Rx1CuC 3�uCx1Rx1Rx1R

3�x1Cu1Px1Ru2R 3�u1Pu2Cx1Rx1R 3�u1Px1Rx1Ru2C 3�u2Cu1Px1Rx1R

3�u1Px1Cx1Ru2R 3�u1Px1Rx1Cu2R 3�u1Px1Ru2Rx1C 3�x1Cx1Ru1Pu2R

3�x1Ru1Px1Cu2R 3�x1Ru1Pu2Rx1C 3�x1Rx1Cu1Pu2R 3�x1Rx1Cu2Ru1P

3�x1Ru2Ru1Px1C 3�x1Ru2Rx1Cu1P 3�x1Cx1Rx1RuR 3�x1CuRx1RuR

3�x1Rx1Rx1CuR

With a

universal

joint

3�x2Rx1Rx1Rx1Ux2 3�u1Pu2Ru2Ux1 x1R 3�u1Px1Ru2Ru2Ux1 3�u1Pu2Ux1 x1Ru2R

3�u2Ru1Pu2Ux1 x1R 3�u2Ru1Px1Rx2Uu2 3�u2Ru2Ux1 u1Px1R 3�u2Ru2Ux1 x1Ru1P

3�u2Rx1Ru1Px1Uu2 3�u2Rx1Rx1Uu2 u1P 3�x1Uu2 u1Pu2Ru2R 3�x1Uu2 u2Ru1Px1R

3�x1Ru1Px1Uu2 u2R 3�x1Rx1Ru2Ru2Ux1 3�x1Rx1Rx1Uu2 u2R 3�xUu2 u1Pu2Ux[22]

3�u1PxUu2 u2Ux 3�xRxUuuUx 3�xUuxRuUx

Fig. 9.14 3�xRxRxUuuR
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9.5.8 Type Synthesis of a 3R 3-DOF PM

9.5.8.1 Constraint Synthesis

The standard base of the platform twist system of a 3-DOF rotational PM is

$m1 ¼ ð1 0 0 ; 0 0 0Þ
$m2 ¼ ð0 1 0 ; 0 0 0Þ
$m3 ¼ ð0 0 1 ; 0 0 0Þ

(9.43)

where $m1, $m2, and $m3 denote three rotational DOF about the X, Y, and Z axes,

respectively. Any rotation about the origin of the reference frame can then be

obtained by the linear transformation of $m1, $m2, and $m3.
The platform constraint system is given by

$rm1 ¼ ð1 0 0 ; 0 0 0Þ
$rm2 ¼ ð0 1 0 ; 0 0 0Þ
$rm3 ¼ ð0 0 1 ; 0 0 0Þ

(9.44)

where $rm1, $
r
m2, and $rm3 denote three constraint forces along the X, Y, and Z axes,

respectively, and passing through the origin of the reference frame. Hence, any

constraint force passing the origin of the reference frame can be obtained by the

linear transformation of $rm1, $
r
m2, and $rm3

Fig. 9.15 3�xRu1PEUu2 u2R
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9.5.8.2 Generation of Rotational PMs with 3-DOF Limb Chains

When the limb chain has three DOF, the limb chain imposes three constraint forces

on the moving platform, and the platform constraint system is the same as the limb

constraint system:

$ri1 ¼ ð1 0 0 ; 0 0 0Þ
$ri2 ¼ ð0 1 0 ; 0 0 0Þ
$ri3 ¼ ð0 0 1 ; 0 0 0Þ

(9.45)

The platform twist system is also the same as the limb twist system. The limb

twist system of the ith limb is given by

$i1 ¼ ð1 0 0 ; 0 0 0Þ
$i2 ¼ ð0 1 0 ; 0 0 0Þ
$i3 ¼ ð0 0 1 ; 0 0 0Þ

(9.46)

where $i1, $i2, and $i3 denote three revolute pairs whose axes intersect at a common

point and not linearly dependent. Hence, the three revolute pairs can form a
iRjRkR
� �

N
chain. Setting the limb centers of three iRjRkR

� �
limbs to be coincident,

a 3� iRjRkR
� �

N
PM, namely, the well-known 3-3R rotational PM, can be

constructed. The structural condition that the three limb centers must be coincident

guarantees that the platform constraint system be constant.

9.5.8.3 Generation of Rotational PMs with 4-DOF Limb Chains

When the limb chain has four DOF, the limb imposes two constraint forces on the

moving platform. Assuming that the limb constraint system consists of one force in

the yi axis and one force in the zi axis, then

$ri1 ¼ ð0 1 0 ; 0 0 0Þ
$ri2 ¼ ð0 0 1 ; 0 0 0Þ (9.47)

The limb twist system reciprocal to the above constraint forces is

$i1 ¼ ð1 0 0 ; 0 0 0Þ
$i2 ¼ ð0 1 0 ; 0 0 0Þ
$i3 ¼ ð0 0 1 ; 0 0 0Þ
$i4 ¼ ð0 0 0 ; 1 0 0Þ

(9.48)
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$i1, $i2, $i3, and $i4 cannot anymore be transformed into a revolute pair, whose

axis passes an arbitrary point in space. Hence, the limb chain is xP iRjRkR
� �

N
and a

3�xP iRjRkR
� �

N
rotational PM can be constructed following the structural condi-

tion. Similarly, a 3�xP iRjRkR
� �

N
rotational PM can be constructed.

9.5.8.4 Generation of Rotational PMs with 5-DOF Limb Chains

When the limb chain has five DOF, the limb imposes a constraint force to the

moving platform. Obviously, the three constraint forces of three limbs must be non-

coplanar and intersect at a common point. If the limb constraint forces are parallel

or perpendicular to the base, such a condition cannot be satisfied. Therefore, the

limb constraint force must be askew to the base and be the form

$ri1 ¼ ðli1 mi1 ni1 ; 0 0 0Þ (9.49)

where li1 and mi1 cannot be simultaneously zero, and ni1 is not zero.
The limb twist system reciprocal to the above constraint force is

$i1 ¼ ð1 0 0 ; 0 0 0Þ
$i2 ¼ ð0 1 0 ; 0 0 0Þ
$i3 ¼ ð0 0 1 ; 0 0 0Þ
$i4 ¼ ð0 0 0 ; �mi1 li1 0Þ
$i5 ¼ ð0 0 0 ; �ni1 0 li1Þ

(9.50)

By the linear transformation of the five twists in Eq. (9.50), a limb chain with 2R

spherical subchain can be obtained. For example, one form of linear transformation is

$0i1 ¼ ðl0i1 m0
i1 ; n0i1 ; 0 0 0Þ

$0i2 ¼ ðl0i2 m0
i2 n0i2 ; 0 0 0Þ

$0i3 ¼ ðl0i3 m0
i3 n0i3 ; a0i3 b0i3 c0i3Þ

$0i4 ¼ ðl0i4 m0
i4 n0i4 ; a0i4 b0i4 c0i4Þ

$0i5 ¼ ðl0i5 m0
i5 n0i5 ; a0i5 b0i5 c0i5Þ

(9.51)

where a0i3 ¼ yi1n
0
i3 � zi1m

0
i3 , b

0
i3 ¼ zi1l

0
i3 � xi1n

0
i3 , b

0
i3 ¼ xi1m

0
i3 � yi1l

0
i3 , a

0
i4 ¼ yi1n

0
i4

�zi1m
0
i4, b

0
i4 ¼ zi1l

0
i4 � xi1n

0
i4,b

0
i3 ¼ xi1m

0
i4 � yi1l

0
i4, a

0
i5 ¼ yi1n

0
i5 � zi1m

0
i5, b

0
i5 ¼ zi1l

0
i5

�xi1n
0
i5, and b0i6 ¼ xi1m

0
i6 � yi1l

0
i6. The pitches of $

0
i3, $

0
i4, and $0i5 are zero.

From the above equation, $0i1 and $0i2 form a 2R spherical subchain, whose limb

center is denoted as N1. The axes of $
0
i3, $

0
i4, and $0i5 intersect at a common point

xi1; yi1; zi1ð Þ and form a 3R spherical subchain or a spherical joint, whose center is

denoted as N2. Obviously, the limb chain contains two centers and can be denoted

as eRhR
� �

N1

iRjRkR
� �

N2
or iRjR
� �

N1
SN2

.
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Solving the screw reciprocal to the five twists in Eq. (9.31) yields

$ri1 ¼ ðxi1 yi1 zi1 ; 0 0 0Þ (9.52)

where $ri1 is a constraint force that passes through the two centers of this limb.

Therefore, when constructing a 3-DOF rotational PMwith eRhR
� �

N1

iRjRkR
� �

N2

limbs, the center of the 2Ror 3R spherical subchainmust be set to be coincident.When

constructing a 3-DOF rotational PM with iRjR
� �

N1
SN2

limbs, the center of the 2R

subchain must be set to be coincident, such as the 3� iRjR
� �

N
SN2

rotational PM

proposed by Di Gregorio [28].

In Sect. 9.5.5, two categories of limb chains that impose one constraint force on

the moving platform have been synthesized. The constraint force passes through the

limb center and is parallel to the revolute axis outside the 2R or 3R spherical

subchain. When constructing PMs with these limb chains, the revolute axis outside

the 2R or 3R spherical subchain must be set to be askew to the base, and the limb

centers must be set to be coincident. Consequently, the three constraint forces are

non-coplanar and intersect at a common point. The standard base of the platform

constraint system is the same as Eq. (9.43) and constrains three translational DOF.

Figure 9.16 shows a 3�u1Ru2Pu1R jRkR
� �

N
rotational PM. Table 9.12 enumerates

3-DOF rotational PMs with 5-DOF limb chains.

Fig. 9.16

3�u1Ru2Pu1R jRkR
� �

N

Table 9.12 Enumeration of 3-DOF rotational PMs formed with a 5-DOF limb

With one prismatic

pair in a limb

3�u1Ru1Ru2P iRjR
� �

N
3�u1Ru2Pu1R iRjR

� �
N

3�xPuRuR iRjR
� �

N
3�u1Ru2 P iRjRkR

� �
N

3�xPuR iRjRkR
� �

N
3�u1Ru1Ru2 P iRjR

� �
N

3�uRuRxRN
xPjRN

With no prismatic

pair in a limb

3�uRuR iRjRkR
� �

N
3�uRuRuR jRkR

� �
N

[27]

3� iRjR
� �

N
SN3

[28]

With a cylindrical

pair in a limb

3�uPxCN
jRkR
� �

N
3�uRxCN

jRkR
� �

N
3�u1Ru2 PxCN

kRN 3�xPuRxCN
kRN

3�uRuRxCN
kRN

With a universal

joint in a limb

3�x1 PuUx2
N

jRkR
� �

N
3�uRuUx

N
jRkR
� �

N
3�uUx

NxP
jRkR
� �

N
3�uRxPuUi

NkRN

3�xPuRuUi
NkRN 3�uRuRuUi

NkRN 3�uRuUx
NxP

kRN
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9.5.9 Type Synthesis of a 1R2T 3-DOF PM

The most well-known 1R2T 3-DOF PM is the 3-RRR planar PM. Using the limb

chains proposed in Sect. 9.5.1, a 1R2T 3-DOF PM with 5-DOF limb chains can be

constructed by setting the three limb centers not to be coincident. For instance,

consider the3�zRzRzR jRkR
� �

N
PM in Fig. 9.17, which is a 3R2T 5-DOF PM. After

setting the three limb centers of the 3�zRzRzR jRkR
� �

N
not to be coincident, a 3�z

RzRzR jRkR
� �

N3 PM can be obtained, as shown in Fig. 9.17. Given that the three

limb constraint forces are parallel, their combined effect constrains the two

rotations about the X and Y axes, as well as the translation along the Z axis. The

moving platform has two rotational DOF about the X and Y axes, as well as one

translational DOF along the Z axis.

9.6 Type Synthesis of Non-symmetrical PMs

The above sections deal with the type synthesis of symmetrical PMs. Indeed,

the constraint-screw based method is applicable to the type synthesis of non-

symmetrical PMs. Using the appropriate optimum design, non-symmetrical PMs

can demonstrate very good performances. One of the typical successful applications

of non-symmetrical PMs is Tricept. There are two ways for the type synthesis of

non-symmetrical PMs, and the constraint-based synthesis method applicable to both.

One way is to add a lower-mobility chain to a six-DOF PM. Such a lower-

mobility chain determines the DOF of the mechanism. The lower-mobility chain

can be actuated or passive. For example, Tricept is a 3-UPS/UP non-symmetrical

PM. The UP chain is passive and only provides constraints, whereas the three UPS

chains provide actuation. Another example is the 5-UPS/RPPU parallel kinematic

machine developed in the Yanshan University, as shown in Fig. 9.18. The passive

RPPU limb exerts one constraint on the moving platform. The five UPS chains

provide actuation. Clearly, the type synthesis of such a kind of non-symmetrical PM

Fig. 9.17 3�zRzRzR jRkR
� �

N3
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is simplified to the type synthesis of a serial limb chain with less than six DOF,

which is rather straightforward using the constraint-screw based method.

The other way is to use different limb chains synthesized by the constraint-screw

based method to construct PMs while obeying the required geometrical conditions.

For example, a 2-PRS/PRRU PM can be constructed to replace a 3-RPS PM, as

shown in Fig. 9.19.

Fig. 9.18 5-UPS/RPPU PKM in the Yanshan University

Fig. 9.19 2-PRS/PRRU PM
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Chapter 10

Digital Topology Theory of Kinematic Chains

and Atlas Database

This chapter introduces an original theory of loop algebra and its application in

isomorphism identification, rigid sub-chain detection, and atlas database of kine-

matic chains. Introduced first is the unified topology modeling of planar kinematic

chains with simple joints, multiple joints, and geared (cam) joints. Based on the

array representation of loops in the topological graphs of kinematic chains, basic

loop operations are introduced, and the loop algebra is established. The most

important problem of isomorphism identification in the automatic structural syn-

thesis of kinematic chains is presented by finding a unique representation of

topological graphs. Finally, the digital atlas database for the topological graphs of

kinematic chains is also provided.

10.1 Topology Modeling of Mechanisms

10.1.1 Modeling of Simple Joint Kinematic Chains

In the process of structural synthesis and creative design of mechanisms, a mecha-

nism is usually represented by its kinematic chain. The frame of the mechanism is

represented by an appropriate link, and all joints are assumed revolute [1–4].

Figure 10.1a shows a heavy-load hydraulic excavator [5], and the upper carriage

(arm) of the excavator can rotate 360� around its vertical axis. The upper carriage has
four primary links: boom, stick, rocker, and shovel. These primary links perform

a planar motion actuated by three pairs of hydraulic cylinders. The kinematic sketch

for the mechanism of upper carriage is shown in Fig. 10.1b. Figure 10.1c shows

the kinematic chain for the upper carriage.

The topological graph in the graph theory is usually adopted to represent the

structures of kinematic chains since the 1960s [6, 7]. That is, the vertices of

the topological graph denote the links of the chain, and the edges of the graph

denote the joints. The topological graph and the structure of a kinematic chain

are correspondent with each other. Thus, the research on the kinematic structure

Z. Huang et al., Theory of Parallel Mechanisms, Mechanisms and Machine Science 6,

DOI 10.1007/978-94-007-4201-7_10, # Springer Science+Business Media Dordrecht 2013
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Fig. 10.1 Mechanism and its graph representation (a) a heavy-load hydraulic excavator (b) kine-

matic sketch of its upper carriage (c) kinematic chain, (d) topological graph, and (e) contracted graph
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of a kinematic chain can be converted into the study of its topological graph. For

example, Fig. 10.1d shows the topological graph for the chain in Fig. 10.1c.

A topological graph can be represented by its adjacency matrix. The elements of

the adjacency matrix are defined as follows:

A ¼ ½aij�n�n ¼
1; if vertices i and j are adjacent

0; otherwise

(

(10.1)

where n is the number of the vertices of the graph.

For the topological graph in Fig. 10.1d, its adjacency matrix is

A ¼

0 1 0 0 1 0 0 0 1 0 1 0

1 0 1 0 0 0 0 0 0 0 0 1

0 1 0 1 0 0 0 0 0 0 0 0

0 0 1 0 1 0 0 0 0 0 0 0

1 0 0 1 0 1 0 0 0 0 0 1

0 0 0 0 1 0 1 0 0 0 0 0

0 0 0 0 0 1 0 1 0 0 0 0

0 0 0 0 0 0 1 0 1 0 0 0

1 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 1 0 1 0

1 0 0 0 0 0 0 0 0 1 0 0

0 1 0 0 1 0 0 0 0 0 0 0

2

6666666666666666664

3

7777777777777777775

(10.2)

The contracted graph can be obtained by replacing each alternating sequence of

binary vertices and edges by an edge from its topological graph [8, 9]. For example,

Fig. 10.1e is the contracted graph for the graph in Fig. 10.1d.

A contracted graph can also be represented by its adjacency matrix. The

elements of the adjacency matrix for a contracted graph are defined as follows:

A ¼ ½aij�Nm�Nm
¼

k; if vertices i and j are adjacent through k edges
s; if vertex i has s self loops
0; otherwise

8
<

:
(10.3)

where Nm is the number of the vertices of the contracted graph. The adjacency

matrix of the contracted graph in Fig. 10.1e is

A ¼
0 2 1 1

2 0 1 0

1 1 0 2

1 0 2 0

2

664

3

775 (10.4)

In a contracted graph, two vertices are said to have k� 1 multiple-edges if they are

connected directly through k (k > 1) edges. The number of multiple-edges for a

contracted graph is defined as the sum of the numbers of multiple-edges between

every pair of vertices. For example, Fig. 10.1e has two multiple-edges.
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10.1.2 Modeling of Multiple Joint Kinematic Chains

10.1.2.1 Conventional Topological Graph

Many mechanisms contain multiple [8, 10, 11] or compound joints [12] because

of the advantages of simplifying kinematic analysis and minimizing the space

requirement. Studying simple joint kinematic chains using the above topological

graph technique is very convenient. However, this technique cannot be applied

directly to multiple joint kinematic chains because the resulting topological graphs

contain polygons. Therefore, the topological structure of multiple joint kinematic

chains is usually represented by a bicolor topological graph. Conventional bicolor

graphs are established as follows: solid (“●”) and hollow (“○”) vertices are used

to represent links and joints, respectively, and the corresponding solid and hollow

vertices are connected with an edge when a link is connected with a joint [13].

For example, Fig. 10.2a shows an eight-link multiple joint kinematic chain, and

Fig. 10.2b shows its conventional bicolor topological graph.

A multiple joint kinematic chain and its conventional bicolor topological graph

are also correspondent with each other. However, a conventional bicolor topologi-

cal graph has too many vertices relative to its number of links (its number of

c
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Fig. 10.2 (a) Multiple joint kinematic chain, and its (b) conventional bicolor topological graph,

(c) new bicolor topological graph, and (d) basic topological graph
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vertices is equal to the sum of the numbers of links and joints of the chain).

Therefore, more storage space is needed in the process of computerized structural

synthesis.Moreover, conventional bicolor topological graphs fail to bridge the studies

on simple joint chains and multiple joint chains. Thus, the most in-depth study of the

structural analysis and synthesis theory of simple joint kinematic chains are hard to

employ in studies on kinematic chains with multiple joints.

10.1.2.2 New Topological Graph

Based on the topological graphs of simple joint kinematic chains, a new kind of

bicolor topological graph is proposed to represent the topological structures of

multiple joint kinematic chains. In the new graph, solid (“●”) and hollow (“○”)

vertices denote the links of the chain and multiple joints, respectively. The two

corresponding solid vertices are connected with an edge if the two links are

connected directly by a simple joint, and the corresponding solid and hollow

vertices are connected with an edge if a link is connected with a multiple joint.

For example, Fig. 10.2c shows the new bicolor topological graph for the chain in

Fig. 10.2a. Obviously, a multiple joint kinematic chain and its new bicolor topolog-

ical graph are also correspondent with each other.

The new bicolor topological graph can be represented by the adjacency matrix

modified from that of the simple joint kinematic chain. The elements of the

adjacency matrix are

A ¼ ½aij�n�n ¼
1; if vertices i and j are adjacent

� d; if i ¼ j and i ðor jÞ is the label of a hollow vertex

0; otherwise

8
><

>:
(10.5)

where n is the number of the vertices of the graph, and d is the pseudo-degree of the
hollow vertices (The pseudo-degree of a hollow vertex is equal to the number of

edges connected with the hollow vertex).

The adjacency matrix of the topological graph in Fig. 10.2c is

A ¼

0 1 0 0 0 0 0 0 1

1 0 1 0 0 0 0 0 0

0 1 0 1 0 0 1 0 0

0 0 1 0 1 0 0 1 0

0 0 0 1 0 0 0 0 1

0 0 0 0 0 0 1 1 1

0 0 1 0 0 1 0 0 0

0 0 0 1 0 1 0 0 0

1 0 0 0 1 1 0 0 �3

2

6666666666664

3

7777777777775

(10.6)
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The characteristics of the new bicolor topological graph for a multiple joint

kinematic chain are as follows:

1. In a new bicolor topological graph, the number of vertices is equal to the sum of

the numbers of links and multiple joints. This number is reduced noticeably

compared with that of the conventional graph.

2. The degree of any solid vertex is equal to the number of joints connected

with the corresponding link. The pseudo-degree of a hollow vertex is greater

than two, and is one more than the factors of the multiple joint. The factors of a

multiple joint are the number of the kinematic pairs that the joint presented.

3. For a multiple joint kinematic chain of N-link and M-kinematic pair (J multiple

joints included), the number of vertices and edges of its new bicolor topological

graph are (N + J) and (M + J). Both increase by J compared with the number of

links and kinematic pairs of its structural diagram.

For example, Fig. 10.2c is the new bicolor topological graph of the eight-link

kinematic chain with one multiple joint in Fig. 10.2a. Only one multiple joint exists

in this kinematic chain; thus, the numbers of vertices and edges of its new bicolor

topological graph (Fig. 10.2c) are 9 and 11, respectively.

If the difference between the solid vertex and the hollow vertex is ignored,

then the new bicolor topological graph is converted to the topological graph of

simple joint kinematic chains, which is termed the basic topological graph of the

multiple joint kinematic chain. For example, Fig. 10.2d is the basic topological

graph of the multiple joint kinematic chain in Fig. 10.2a.

For a multiple joint kinematic chain, the DOFs (degrees of freedom) (FBG) of its

basic topological graph is

FBG ¼ 3� ðN þ J � 1Þ � 2� ðM þ JÞ
¼ ½3 � ðN � 1Þ � 2 � M� þ J

¼ Fþ J ð10:7Þ

where N is the number of links,M is the number of kinematic pairs, J is the number

of multiple joints, F is the DOFs of the multiple joint kinematic chain, and FBG is

the DOFs of the basic topological graph.

Obviously, the DOFs of the basic topological graph increase by J compared with

the DOFs of the multiple joint kinematic chain.

The model of the new bicolor topological graph provides a new synthesis

method for the topological structures of multiple joint kinematic chains. They

may be synthesized in batch directly based on the structural synthesis of the simple

joint kinematic chains and their atlas database. For example, in the topological

graph of a nine-link, two-DOF simple joint kinematic chain, if a vertex whose

degree �3 is converted to a hollow vertex, then the new bicolor topological graph

of an eight-link, one-DOF kinematic chain with one multiple joint is obtained, and

the corresponding multiple joint kinematic chain is synthesized.
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Example 10.1. Figure 10.3a shows another eight-link kinematic chain with two

multiple joints. Its new bicolor topological graph and basic topological graph are

shown in Fig. 10.3b, c, respectively. An eight-link, one-DOF kinematic chain with

two multiple joints can be synthesized from the topological graphs of a nine-link,

two-DOF chain with one multiple joint, which can be synthesized from a ten-link,

three-DOF simple joint kinematic chain.

Example 10.2. Figure 10.2d can also be regarded as the topological graph of a

nine-link simple joint kinematic chain. Four vertices (vertices 3, 4, 6, and 9) whose

degrees are�3 exist. As vertices 3 and 9, vertices 6 and 4 are topology symmetrical,

and only two different bicolor topological graphs can be obtained from Fig. 10.2d.

If vertex 6 (or 4) is converted to a hollow vertex, then the bicolor topological

graph of an eight-link one-DOF kinematic chain with one multiple joint is obtained

(Fig. 10.4a). The corresponding multiple joint kinematic chain is shown in Fig. 10.4b.

If vertex 9 (or 3) is converted to a hollow vertex, another bicolor topological graph

and its corresponding eight-link, one-DOF kinematic chain with one multiple joint

are obtained, as shown in Fig. 10.4c, d, respectively.

10.1.3 Modeling of Geared (cam) Kinematic Chains

10.1.3.1 Conventional Topological Graph

A geared (cam) mechanism is a complex mechanical system, including simple

joints, multiple joints, and high pairs (geared or cam). This system is obtained by

adding a series of meshing gears (cams) to a basic kinematic chain of planar or

spatial linkages.

Generally, the topological structure of the geared (cam) kinematic chain is

represented by a tricolor topological graph. In conventional tricolor topological

graphs [13], solid vertices (“●”) represent links, hollow vertices (“○”) represent

joints, bicyclic vertices (“◎”) represent geared (cam) pairs, and vertices are

a b c

Fig. 10.3 (a) A multiple joint kinematic chain, and its (b) new bicolor topological graph and (c)

basic topological graph
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connected with edges according to the relationship of the corresponding parts in the

geared (cam) chain.

Figure 10.5a shows a six-link geared chain with two multiple joints and two gear

pairs, which is obtained by adding two pairs of meshing gears to a four-link linkage.

Figure 10.5b shows the conventional tricolor topological graph of Fig. 10.5a.

The conventional tricolor topological graph is correspondent with its geared

(cam) kinematic chain, but it is too complex, because the number of its vertices is

equal to the sum of the numbers of links, joints (simple and multiple joints), and

geared (cam) pairs. Moreover, the conventional tricolor topological graph hardly

establishes close association with the above two kinds of kinematic chains.

10.1.3.2 New Topological Graph

Based on the topological graph of simple joint kinematic chains and new bicolor

topological graph of multiple joint kinematic chains, the new topological graph of

geared (cam) kinematic chains is proposed.

1. Solid vertices (“●”) are used to denote links of the chain, and hollow vertices

(“○”) are used to denote multiple joints.
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Fig. 10.4 (a) A bicolor topological graph and (b) its corresponding multiple joint chain;

(c) another bicolor topological graph and (d) its corresponding multiple joint chain
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2. Dash lines (“- -”) are used to denote geared or cam pairs, and solid lines (“-”) are

used to denote other joints of the chain.

For example, Fig. 10.5c shows the new topological graph of the geared chain in

Fig. 10.5a. Obviously, a geared (cam) chain and its new topological graph are also

correspondent.

The new topological graph of the geared kinematic chain can also be represented

by the adjacency matrix modified from that of the simple/multiple joint kinematic

chain. The elements of the adjacency matrix are

A ¼ ½aij�n�n ¼

1; if vertices i and j are connected by a solid line

� 1; if vertices i and j are connected by a dash line

� d; if i ¼ j and iðor jÞ is the label of a hollow vertex

0; otherwise

8
>>><

>>>:

(10.8)

where n is the number of vertices of the graph, and d is the pseudo-degree of the

hollow vertices.
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Fig. 10.5 (a) A geared kinematic chain and its (b) conventional tricolor topological graph, (c)

new topological graph, and (d) basic topological graph
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For the topological graph in Fig. 10.5c, its adjacency matrix is

A ¼

0 1 0 1 �1 0 0 0

1 0 0 0 0 0 1 0

0 0 0 0 0 0 1 1

1 0 0 0 0 0 0 1

�1 0 0 0 0 �1 1 0

0 0 0 0 �1 0 0 1

0 1 1 0 1 0 �3 0

0 0 1 1 0 1 0 �3

2

66666666664

3

77777777775

(10.9)

Another geared kinematic chain is shown in Fig. 10.6a, and Fig. 10.6b is its new

topological graph. The adjacency matrix of the new topological graph is

A ¼

0 1 0 0 0 0 1

1 0 �1 �1 0 0 0

0 �1 0 0 �1 0 1

0 �1 0 0 1 0 1

0 0 �1 1 0 �1 0

0 0 0 0 �1 0 1

1 0 1 1 0 1 �4

2

666666664

3

777777775

(10.10)

The characteristics of the new topological graph of the geared (cam) chain are:

1. The number of vertices of the new topological graph is equal to the sum number

of links and multiple joints. This number is reduced remarkably compared with

the number of vertices in the conventional tricolor graph.

2. The degree of any solid vertex is equal to the number of joints connected with

the corresponding link. The pseudo-degree of every hollow vertex is greater than

two, and is one more than the number of the corresponding kinematic pairs.
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Fig. 10.6 (a) A geared kinematic chain and (b) its new topological graph
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3. For a geared (cam) kinematic chain with J multiple joints and P geared (or cam)

pairs, both the numbers of vertices and edges of its new topological graph

increase by J compared with the numbers of links and kinematic pairs of its

structural diagram.

For example, the kinematic chain shown in Fig. 10.5a has two multiple joints

and two gear pairs. Its new topological graph has 8 and 10 vertices and edges,

respectively. Both increase by two compared with the numbers of links and kine-

matic pairs of its structural diagram.

If the difference between the solid vertices and hollow vertices as well as that

between dash lines and solid lines is ignored, then the new topological graph

representing the geared (cam) kinematic chain is converted into the topological

graph of the simple joint kinematic chain, which is termed the basic topological

graph of the geared (cam) kinematic chain. For example, Fig. 10.5d is the basic

topological graph of the geared kinematic chain in Fig. 10.5a.

For an N-link geared (cam) kinematic chain, the DOFs of its basic topological

graph (FBG) is

FBG ¼ 3� ðN þ J � 1Þ � 2� ðM þ J � PÞ
¼ ½3 � ðN � 1Þ � 2 � M � P� þ J � P

¼ Fþ ðJ � PÞ ð10:11Þ

where J is the number of multiple joints, M is the number of lower pairs except

multiple joints, P is the number of gear pairs, and F is the DOFs of the geared (cam)

kinematic chain. The DOFs of the basic topological graph increase by (J–P)
compared with the DOFs of the geared (cam) kinematic chain.

The model of the new topological graph inspires us to synthesize the geared

(cam) kinematic chain in batch also directly on the structural synthesis of the simple

joint kinematic chain and its atlas database. For example, the basic topological

graph in Fig. 10.5d has eight vertices and one-DOF because the kinematic chain in

Fig. 10.5a has two multiple joints and two gear pairs. Therefore, for the topological

graph of an eight-link, one-DOF simple joint kinematic chain, if two vertices whose

degrees are greater than two are changed to hollow vertices, and two edges are

changed to dash lines, then the topological graph of a six-link, one-DOF geared

chain is obtained. In addition, a geared (cam) kinematic chain can be synthesized

from the simple joint or multiple joint kinematic chain if the new topological graph

representation is adopted.

Example 10.3. For example, Fig. 10.7 shows the new topological graph of a six-

link kinematic chain with one multiple joint. Obviously, an edge that is incident

with a hollow vertex cannot be changed to a dash line; thus, only six edges can be

changed to dash lines. If an edge is represented by the incident vertices, then the six

edges are denoted as edges (1, 2), (2, 3), (2, 4), (3, 5), (4, 5), and (5, 6). Edges (1, 2)

and (5, 6), edges (2, 3), (2, 4), (3, 5), and (4, 5) are topology symmetrical. Therefore,

four non-isomorphic topological graphs (Fig. 10.8a, c, e, g) of geared kinematic
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chains can be derived by eliminating duplicate and invalid graphs (containing rigid

sub-chain), and their corresponding geared chains are shown in Fig.10.8b, d, f, h.

Therefore, the structural analysis and synthesis of simple joint kinematic chain is

the foundation for multiple joint kinematic chains and geared (cam) kinematic chains.

10.2 Loop Operation Algebra of Kinematic Chains

10.2.1 Loop and Its Representation

In a topological graph, a path consists of an alternating sequence of vertices

and edges, where every vertex or edge appears only once, and the starting vertex

and ending vertex are different vertices. For example, in a topological graph

(Fig. 10.9b) of an eight-link kinematic chain (Fig. 10.9a), successive connecting

vertices, 1, 2, 3, and 4 can form a path. Here, a path s is denoted by an n-dimensional

array, P(s), where n represents the number of vertices in the topological graph.

When the starting vertex and ending vertex in a path are the same, the path

becomes a loop. In Fig. 10.9b, successive connecting vertices, 1, 2, 3, 4, 5, 6, and 1

can form a loop. Loop i in a topological graph is denoted by an n-dimensional

array, L(i), where n is the number of vertices of the graph [14].

For an n-dimensional array, P(s) or L(i), the jth element (the rightmost element is

the first one, and the leftmost element is the last one) indicates the relationship

between vertex j and path s or loop i. If vertex j exists in path s or loop i, then the jth

element of P(s) or L(i) is “1” ; otherwise, it is “0” .
As shown in Fig. 10.9b, loop 1 consists of vertices, 1, 2, 3, 4, 5, and 6. Thus, loop

1 is denoted as

L 1ð Þ ¼ 0; 0; 1; 1; 1; 1; 1; 1½ � (10.12)

The rightmost element in L(1) is “1”, which indicates vertex 1 in loop L(1).
Loop 2 denotes the loop consisting of vertices, 1, 6, 5, 4, 7, and 8; hence,
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Fig. 10.7 New bicolor

topological graph for a

multiple joint chain
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L 2ð Þ ¼ 1; 1; 1; 1; 1; 0; 0; 1½ � (10.13)

Loop 3 denotes the loop consisting of vertices, 1, 2, 3, 4, 7, and 8; hence,

L 3ð Þ ¼ 1; 1; 0; 0; 1; 1; 1; 1½ � (10.14)
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Usually, a kinematic chain has many different loops. For example, the kinematic

chain in Fig. 10.10 has six different loops. Generally, if a loop comprises loop a1,
loop a2, . . ., and loop ak, then the loop can be expressed as L a1 � a2 � . . .� akð Þ
and is called a combination loop. In Fig. 10.9, loop 3 comprises loop 1 and loop 2,

and loop 3 is a combination loop; that is,

Lð3Þ ¼ L 1� 2ð Þ (10.15)

The number of vertices (or non-zero elements) in a path or loop is defined as the

sub-dimension of the path or loop. Here, N[ . ] is used to denote the sub-dimension

of a path or loop. For example, in Fig. 10.9b

N½Lð1Þ� ¼ 6 (10.16)

10.2.2 “Y” Operation of Loops

The “Y”operation of two loops is expressed as

p aY bð Þ ¼ LðaÞY LðbÞ (10.17)
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The algorithm of “Y”operation is

Every element of L(b) is subtracted from its corresponding element of L(a). In
each bit of the operation, the result is “1” if the difference is greater than zero;

otherwise, it is “0”. That is,

pðaY bÞi ¼
1; when 0 < ðbaðiÞ � bb ðiÞÞ;
0; otherwise,

(

(10.18)

where baðiÞ is the ith element of loop L(a); bbðiÞ is the ith element of loop L(b); and
p aY bð Þi is the ith element of pðaY bÞ.

Array pðaY bÞ denotes the path (paths) consisting of the vertices on loop L(a)
but not on loop L(b), and its dimension is the same as the two operated loops.

Example 10.4. For example, in Fig. 10.11

Lð1Þ ¼ 0; 0; 1; 1; 0; 0; 0; 0; 1; 1½ �
Y

Lð2Þ ¼ 1; 1; 1; 1; 0; 0; 0; 0; 0; 1½ �
¼

Pð1Y 2Þ ¼ ½0; 0; 0; 0; 0; 0; 0; 0; 1; 0� (10.19)

The second bit of Pð1Y 2Þ is not zero, suggesting that vertex 2 is in loop 1 but

not in loop 2.

10.2.3 “� ” Operation of Loops

The “� ”operation of two loops is expressed as

pða � bÞ ¼ LðaÞ � LðbÞ (10.20)
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The algorithm of “� ” operation is

Every element of L(a) is compared with its corresponding element of L(b).
In each bit, the result is “1” if they are both equal to “1”; otherwise, it is “0”.

That is,

pða � bÞi ¼
1; when baðiÞ ¼ bb ðiÞ ¼ 1;

0; otherwise:

(

(10.21)

where baðiÞ is the ith element of loop L(a); bbðiÞ is the ith element of loop L(b); and
pða � bÞi is the ith element of the “� ” operation result of loops L(a) and L(b).

Array pða � bÞ denotes the path (paths) consisting of the vertices that are

both on loops L(a) and L(b), and its dimension is the same as the two operated

loops.

10.2.4 “� ” Operation of Loops

The “� ” operation of two loops is expressed as

LP ¼ LðaÞ � LðbÞ (10.22)

Where LP is an array, and its dimension is the same as the two operated loops.

The algorithm of “� ” operation is

Every element in L(a) is added to its corresponding element in L(b). In each bit,

if the sum is smaller than the local degree of the corresponding vertex, then the

result is “1”; otherwise, it is “0”. That is,

LPðiÞ ¼ 1; when 0<ðbaðiÞ þ bb ðiÞÞ<dlðiÞ
0; otherwise

(

(10.23)

where baðiÞ is the ith element of loop L(a); bbðiÞ is the ith element of loop L(b); and
dlðiÞ is the local degree of the ith vertices. If LP is a loop, then it can be denoted as

Lða � bÞ.
In the “� ”operation of two loops, the local degrees of vertices are the degrees of

vertices of the topological graph obtained by modifying the original topological

graph according to the following rules:

1. All vertices not in either of the two operated loops and their corresponding

connection relationships must be removed from the original topological graph.

2. All inner connection relationships, if any, of the two loops must be removed

from the original topological graph.
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Example 10.5. For example, in Fig. 10.9b all vertices are either in loop 1 or in loop

2, and loop 1 or loop 2 has no inner connection relationship; thus, the local degrees

of vertices are equal to the original degrees of vertices. The “� ” operation of L(1)
and L(2) can be expressed as follows:

Lð1Þ ¼ ½0; 0; 1; 1; 1; 1; 1; 1�
�

Lð2Þ ¼ ½1; 1; 1; 1; 1; 0; 0; 1�
¼

½1; 1; 0; 0; 1; 1; 1; 1� (10.24)

In the result of this operation: for the rightmost bit, as the sum is two and

the local degree of vertex 1 is three, the result is one; for the fifth bit from the

rightmost, as the sum is two and the local degree of vertex 5 is two, the result is

zero.

Obviously,Lð1Þ � Lð2Þ ¼ ½1; 1; 0; 0; 1; 1; 1; 1� is the combination loopLð1 � 2Þ.
In a kinematic chain, if the combination loopLða � bÞ exists, then it can be obtained
through the “� ” operation of loop a and loop b. That is,

Lða � bÞ ¼ LðaÞ � LðbÞ (10.25)

Example 10.6. For example, if loop 4 in Fig. 10.10 consists of vertices 1, 2, 3, 4, 8,

and 6, then, L(4) ¼ [1, 0, 1, 0, 1, 1, 1, 1]. In the “ � ” operation of L(4) and L(3),
vertex 7 is neither in loop L(4) nor in loop L(3). Thus, vertex 7 and its corresponding
connection relationship must be removed, and the local degrees of both vertices 1

and 3 are two.

For computer realization, the local degrees of vertices can also be obtained

by modifying the corresponding adjacency matrix. For Fig. 10.10, the adjacency

matrix is given by

ð10:26Þ

In the “� ” operation of L(4) and L(3), vertex 7 and its corresponding connection
relationship must be removed. That is, the seventh row and the seventh column

must be removed from matrix A. The resulting adjacency matrix A1 is
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ð10:27Þ

Two non-zero elements correspond to vertex 3 in matrix A1. Thus, the local

degree of vertex 3 is no longer three, but two. The local degree of vertex 1 is no

longer three, but two. The local degrees of other vertices are the same as their

original degrees. Hence,

Lð4Þ ¼ ½1; 0; 1; 0; 1; 1; 1; 1�
�

Lð3Þ ¼ ½1; 0; 1; 1; 1; 0; 0; 0�
¼

½0; 0; 1; 1; 1; 1; 1; 1� (10.28)

Example 10.7. For the chain in Fig. 10.11, in the “� ” operation of L(3) and L(4)

Lð3Þ ¼ ½1; 1; 1; 0; 0; 0; 1; 1; 1; 0� (10.29)

Lð4Þ ¼ ½1; 0; 0; 0; 1; 1; 1; 0; 0; 1� (10.30)

vertex 7 is neither in loop 3 nor in loop 4. Thus, vertex 7 and its corresponding

connection relationships must be removed. The local degree of vertex 8 is no longer

three, but two, and the local degree of vertex 1 is no longer four, but three. The

result can also be obtained by modifying the corresponding adjacency matrix. For

example, in Fig. 10.11, the adjacency matrix is given by

ð10:31Þ
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In the “� ” operation of L(3) and L(4), vertex 7 and its corresponding connection
relationships must be removed. That is, the seventh row and the seventh column of

matrix B must be removed. The resulting adjacency matrix is given by

ð10:32Þ

Two non-zero elements correspond to vertex 8 in matrix B1. Thus, the local

degree of vertex 8 is no longer three but two. The local degree of vertex 1 is no

longer four but three. The local degrees of other vertices are the same as their

original degrees. Hence,

Lð3Þ ¼ ½1; 1; 1; 0; 0; 0; 1; 1; 1; 0�
�

Lð4Þ ¼ ½1; 0; 0; 0; 1; 1; 1; 0; 0; 1�
¼

Lð3 � 4Þ ¼ ½1; 1; 1; 0; 1; 1; 1; 1; 1; 1� (10.33)

1. Conditions of the “� ” operation
Generally, the “ � ” operation of two loops forms a combination loop. However,

LP ¼ LðaÞ � LðbÞ cannot constitute a loop sometimes. For example, the result of

Lð1Þ � Lð3Þ in Fig. 10.10 cannot constitute a loop. Thus, to ensure that the result

also forms a loop in the “� ” operation of loops a and b, the following conditions

must be satisfied:

Condition 1. The two loops must at least have two shared vertices and all these

shared vertices constitute only a path. That is,

N½LðaÞ � LðbÞ� � 2 and pða � bÞ is a path (10.34)

Condition 2. The two corresponding bits of operated loops and their operation

result are all “1”, which occurs exactly twice.

For example, in Fig. 10.10,N½Lð1Þ � Lð3Þ� ¼ 0, and Condition 1 is not satisfied.

The result of Lð1Þ � Lð3Þ cannot form a loop, and is meaningless.
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Example 10.8. For example, in Fig. 10.11 where

Lð1Þ ¼ ½0; 0; 1; 1; 0; 0; 0; 0; 1; 1� (10.35)

Lð4Þ ¼ ½1; 0; 0; 0; 1; 1; 1; 0; 0; 1� (10.36)

N½Lð1Þ � Lð4Þ� ¼ 1; thus, the result of Lð1Þ � Lð4Þ cannot form a loop.

2. Properties of the “� ” operation
The properties for the “� ” operation of any loops L(a), L(b), and L(c) in a

kinematic chain are as follows:

1. Commutative Law

LðaÞ � LðbÞ ¼ LðbÞ � LðaÞ (10.37)

2. Combination Law
If both LðaÞ � LðbÞ and LðbÞ � LðcÞ satisfy the existent conditions of the “� ”

operation of loops, then the “� ” operation satisfies the following combination law:

½LðaÞ � LðbÞ� � LðcÞ ¼ LðaÞ � ½LðbÞ � LðcÞ� (10.38)

3. Self-Vanish Law

LðaÞ � LðaÞ ¼ y (10.39)

Where y denotes an n-dimensional array whose elements are all zeros, and n is

the dimension of array L(a).

Proof: the operated corresponding bits are always the same when the “ � ”

operation is done on loop L(a) and itself. If both are zero, then the result is zero;

if both are one for the local degree of the vertex is two, the result is also zero. Thus,

LðaÞ � LðaÞ ¼ y.
4. Absorption Law

LðaÞ � Lða � bÞ ¼ LðbÞ (10.40)

Proof:

LðaÞ � Lða � bÞ
¼ LðaÞ � ðLðaÞ � LðbÞÞ
¼ LðaÞ � LðaÞð Þ � LðbÞ
¼ y � LðbÞ
¼ LðbÞ
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Example 10.9. For example, in Fig. 10.10

Lð1Þ¼½0; 1; 0; 0; 0; 1; 1; 1�
�

Lð1� 2Þ¼½1; 0; 1; 0; 1; 1; 1; 1�
¼

Lð2Þ¼½1; 1; 1; 0; 1; 1; 0; 1�
(10.41)

That is,

Lð1Þ � Lð1 � 2Þ ¼ Lð2Þ (10.42)

Other examples of the “� ” operation in Fig. 10.10 are

Lð1Þ � Lð2 � 3Þ ¼ Lð1 � 2 � 3Þ (10.43)

Lð3Þ � Lð1 � 2Þ ¼ Lð1 � 2 � 3Þ (10.44)

Lð1 � 2Þ � Lð1 � 2 � 3Þ ¼ Lð3Þ (10.45)

Lð2 � 3Þ � L 1 � 2 � 3ð Þ ¼ Lð1Þ (10.46)

But

Lð1 � 2Þ � L 2 � 3ð Þ 6¼ L 1 � 3ð Þ (10.47)

The reason is that they do not satisfy the existent conditions of the “ � ”

operation of loops, and the result is meaningless.

10.2.5 Loop Analysis

10.2.5.1 Independent Loop Set

The Euler Theorem points out that for a polygon meshwork with n vertices and m
edges, the number of its independent loops, v, satisfies the following equation:

v ¼ m� nþ 1 (10.48)

Obviously, the Euler Theorem establishes the basic relationship among the

number of vertices, the number of edges, and the number of independent loops of
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a topological graph. If a kinematic chain is represented by the corresponding

topological graph, then the number of its independent loops can be obtained

through the Euler Theorem. For example, the number of the chain in Fig. 10.9

is v ¼ 9�8 + 1 ¼ 2.

Here, if a loop set in a topological graph satisfies the following two conditions,

then the loop set is an independent loop set:

1. Its number of loops is the same as the number of independent loop v determined

by the Euler Theorem.

2. All other loops in this topological graph can be obtained through the “ � ”

operation of those loops in the loop set.

For example, in Fig. 10.9, the number of loops for the loop set {L(1), L(2)}
is two. The other loop satisfies the equation L 1 � 2ð Þ ¼ Lð1Þ � Lð2Þ. Thus, the
loop set {L(1), L(2)} is an independent loop set. Obviously, the loop set

Lð1Þ; Lð1 � 2Þf g or Lð2Þ;Lð1 � 2Þf g can also serve as an independent loop set.

Generally, selecting the independent loop set for a kinematic chain has many

different ways. The selection rule of independent loop set is given as follows:

Theorem 10.1. For the topological graph of a kinematic chain, any loop set {L(1),
L(2), . . ., L(v)} consisting of v loops is selected, with v determined by the

Euler Theorem. For any three different loops in the loop set, L(i), L(j), and L(k)
(i, j, k¼1, 2, . . ., v), if there does not exist

LðiÞ � LðjÞ ¼ LðkÞ (10.49)

the loop set {L(1), L(2), . . ., L(v)} is an independent loop set.

The chain in Fig. 10.10 has six loops in all, namely, L(1), L(2), L(3), Lð1 � 2Þ,
Lð2 � 3Þ, and Lð1 � 2 � 3Þ. The independent loop number is v ¼ 9�8 + 1 ¼ 3.

The independent loop set of this topological graph can be selected as follows:

{L(1), L(2), L(3)}, Lð1Þ; Lð2Þ; Lð2 � 3Þf g , Lð2Þ; Lð3Þ; Lð1 � 2Þf g , or

Lð1Þ; Lð2Þ; L 1 � 2 � 3ð Þf g, and so on.

However, neither

Lð1Þ; Lð2Þ; Lð1 � 2Þf g nor Lð2Þ; Lð3Þ; Lð2 � 3Þf g can be selected as

the independent loop set, because Lð1Þ � Lð2Þ ¼ Lð1 � 2Þ and Lð2Þ � Lð3Þ ¼ L
ð2 � 3Þ.

The usual selection rules for the independent loop set of a plane topological

graph and non-plane one are given as follows:

1. For a planar topological graph, that is, a topological graph that can be repre-

sented by a planar graph, its mesh loops, within which no other loops are present,

can be selected as the independent loop set.

For example, the mesh loop L(1) in Fig. 10.11 consisting of vertices 1, 2, 8, and 7
can be selected as one of the independent loops, the mesh loop L(2) consisting
of vertices 1, 7, 8, 9, and 10 can be selected as another independent loop, the

mesh loop L(3) consisting of vertices 2, 3, 4, 10, 9, and 8 can be selected as a

third independent loop, and the mesh loop L(4) consisting of vertices 1, 10, 4, 5
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and 6 can be selected as a fourth independent loop. Obviously, the loop set {L(1),
L(2), L(3), L(4)} is an independent loop set.

2. For a non-plane graph, that is, a topological graph that cannot be represented

by a plane graph, its mesh loops, if any, can also be selected as independent

loops. According to the rule for selecting the rest independent loops, every

selected loop contains new vertices or edges that are not present in other indep-

endent loops.

10.2.5.2 Loop Relationship

In a topological graph, when an independent loop set has been determined,

other loops not in the independent loop set are defined as the dependent loops.

The concept of dependent loops is different from that of combination loops.

A combination loop is not necessarily a dependent loop, and a non-combination

loop is not necessarily an independent loop. For example, in Fig. 10.10, when the

three loops, L(1), L(2), and Lð2 � 3Þ, are selected as independent loops, all other

loops, L(3), Lð1 � 2Þ, and L 1 � 2 � 3ð Þ, are dependent loops. In this case, the

loop Lð2 � 3Þ is a combination loop and an independent loop, and the non-

combination loop L(3) is a dependent loop.
For a kinematic chain, regardless of the different drawing modes and different

labeling modes, its loops depend only on its topological structure. The relationship

of loops in a topological graph can be summarized in Theorem 10.2.

Theorem 10.2. For a topological graph, when a loop set is selected as its indepen-

dent loop set, all other loops are dependent loops and can be obtained through the “

� ” operation of the independent loops.

Example 10.10. For example, Fig. 10.10 has six loops in all, L(1), L(2), L(3), L(4),
L(5), and L(6), where Lð4Þ ¼ Lð1 � 2Þ, Lð5Þ ¼ Lð2 � 3Þ, and Lð6Þ ¼ Lð1 � 2

� 3Þ.
When the loop set {L(1), L(3), L(6)} is selected as the independent loop set, the

remaining loops, L(4), L(5), and L(2), are dependent loops and can be obtained

using the “� ” operation of loops L(1), L(3), and L(6). That is,

Lð2Þ ¼ Lð1Þ � Lð6Þ � Lð3Þ (10.50)

Lð4Þ ¼ Lð6Þ � Lð3Þ (10.51)

Lð5Þ ¼ Lð1Þ � Lð6Þ (10.52)

The loop set containing all loops of a topological graph is defined as the

maximum loop set, which is denoted as SEmax . The number of loops in the
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maximum loop set is called its order, which is denoted as Or(SEmax ), which isPv
i¼1 C

i
v, i.e., the number of combinations of all the independent loops, subtracted

by m, i.e., the number of operations that do not satisfy the conditions of “ � ”

operation. That is,

OrðSEmaxÞ ¼
Xn

i¼1

Ci
n � m (10.53)

10.2.6 Edge-Based Operations of Loops

In the topological graph of a kinematic chain, a path or loop a can also be denoted

by an m-dimensional array, P(a) or L(a), where m is the number of edges of the

chain [15]. The jth element in P(a) or L(a) (the rightmost element is the first one,

and the leftmost element is the last one) indicates the relationship between edge j
and path or loop a. If edge j exists in path or loop a, then the jth element of P(a) or
L(a) is “1”; otherwise, it is “0”. The operations of loops established based on

the edge-based representation is defined as the edge-based operations of loops.

The loops in a kinematic chain have three basis operations:

10.2.6.1 The “Y” Operation of Loops

The “Y” operation of two loops is expressed as follows:

pðaY bÞ ¼ LðaÞY LðbÞ (10.54)

The algorithm of “Y” operation is

Every element of L(b) is subtracted from its corresponding element of L(a).
In each bit of the operation, if the difference is greater than zero, then the result is

“1”; otherwise, it is “0”. That is,

pðaY bÞi ¼
1; when 0<ðbaðiÞ � bbðiÞÞ;
0; otherwise;

(

(10.55)

where ba(i) is the ith element of loop L(a); bb(i) is the ith element of loop L(b); and
pðaY bÞi is the ith element of pðaY bÞ.

Array pðaY bÞ denotes the path (paths) consisting of edges on loop L(a), but not
on loop L(b).
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10.2.6.2 The “� ” Operation of Loops

The “� ”operation of two loops is expressed as follows:

pða � bÞ ¼ LðaÞ � LðbÞ (10.56)

The algorithm of “� ”operation is

Every element of L(a) is compared with its corresponding element of L(b).
In each bit, if they are both equal to “1”, then the result is “1”; otherwise, it is

“0”. That is,

pða� bÞi ¼
1; when baðiÞ ¼ bbðiÞ ¼ 1;

0; otherwise:

(

(10.57)

where ba(i) is the ith element of loop L(a); bb(i) is the ith element of loop L(b); and
pða� bÞi is the ith element of the “� ” operation result of loops L(a) and L(b).

Array pða � bÞ denotes the path (paths) consisting of those edges that are on

both loops L(a) and L(b).

10.2.6.3 The “� ” Operation of Loops

The “� ” operation of two loops is expressed as follows:

LP ¼ LðaÞ � LðbÞ (10.58)

where LP is an array whose dimension is the same as the two operated loops.

The algorithm of “� ”operation is

Every element of L(a) is compared with the corresponding element of L(b). In
each bit, if they are not equal, then the result is “1”; otherwise, it is “0”. That is,

LPðiÞ ¼ 1; when baðiÞ 6¼ bbðiÞ;
0; otherwise;

(

(10.59)

where ba(i) is the ith element of loop L(a); bb(i) is the ith element of loop L(b); and
LP(i) is the ith element of the array LP(i).

If LP is a loop, then it can be expressed as Lða � bÞ, which denotes the loop

obtained through the combination of loops L(a) and L(b). Obviously, the necessary
and sufficient condition for the “� ” operation result of loops L(a) and L(b) to be a
loop is that pða � bÞ ¼ LðaÞ � LðbÞ is a path (not two or more paths).
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10.3 Isomorphism Identification

10.3.1 Perimeter Topological Graph

For a graph with v independent loops, the total number of its loops is TN at most,

where

TN ¼
Xv

i¼1

Ci
v ¼ 2v � 1 (10.60)

For example, as the number of independent loops in Fig. 10.12 is v ¼ 3, the total

number of loops is seven at most. In fact, the graph has seven loops. That is,

Consist of vertices

Lð1Þ
Lð2Þ
Lð3Þ
Lð4Þ
Lð5Þ
Lð6Þ
Lð7Þ

�����������������

1 2 3 4 5

1 5 4 7 6 2

1 8 3 2

1 8 3 4 5

1 8 3 4 7 6 2

1 8 3 2 6 7 4 5

2 6 7 4 3

(10.61)

Among all the loops of a graph, the loops with the most number of vertices or

edges are defined as the maximum loops. For example, the graph in Fig.10.12 has

only one maximum loop, which is constituted by vertices 1, 8, 3, 2, 6, 7, 4, and 5.

In a loop, the degree-sequence is the degree permutation of vertices sequenced

one by one from a starting vertex along the loop in clockwise or in counterclock-

wise direction. Different starting vertices make different degree-sequences, and

different directions make different degree-sequences. These degree-sequences

can be viewed as numbers. For a loop, the largest number is defined as its canonical
degree-sequence. For a graph, the largest number of the canonical degree-sequences

of all its maximum loops is defined as the canonical perimeter degree-sequence, and
the corresponding maximum loops are defined as the perimeter loops. Obviously, for

1 3

2

5 4

6

8
7

Fig. 10.12 An eight-vertex

graph
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a graph, the canonical perimeter degree-sequence is unique, although several perimeter

loops may exist. For example, the graph in Fig. 10.12 has only one perimeter loop,

L(6), and its canonical perimeter degree-sequence is 33232322.

A graph can be drawn in many different ways. The perimeter topological graphs

(PTG) of a graph are drawn as follows [16, 17]:

1. Each perimeter loop is drawn as a uniform polygon.

2. The rest of the connections are filled as inner sub-chains.

Obviously, a corresponding perimeter topological graph can be drawn from a

perimeter loop. The number of perimeter topological graphs is equal to the number

of perimeter loops.

For example, the graph in Fig. 10.12 has only one perimeter loop. From the

perimeter loop, the corresponding perimeter topological graph is shown in Fig. 10.13.

For example, the contracted graph in Fig. 10.14 has two maximum loops. The

first is constituted by vertices 1, 3, 2, 5, and 4 and the second is by vertices 1, 3, 4, 5,

and 2. The canonical degree-sequence for the first maximum loop is 54333, and the

canonical degree-sequence for the second is also 54333. Obviously, both maximum

loops are perimeter loops. The two perimeter topological graphs corresponding to

the two perimeter loops are shown in Fig. 10.15. The forms of the two perimeter

topological graphs are the same, but with different labels.

The graph in Fig. 10.16a is a topological graph for a 12-link, one-DOF kinematic

chain. It has four perimeter loops: the perimeter loop L(p1) constituted by vertices

8, 10, 1, 2, 3, 4, 5, 6, and 7; the perimeter loop L(p2) constituted by vertices 8, 10, 1,
2, 3, 4, 5, 12, and 11; the perimeter loop L(p3) constituted by vertices 8, 9, 1, 2, 3, 4,
5, 6, and 7; and the perimeter loop L(p4) constituted by vertices 8, 9, 1, 2, 3, 4, 5, 12,
and 11. From each perimeter loop, a corresponding perimeter topological graph can

be obtained. The forms of the four perimeter topological graphs are the same, but

8

3

1

4

7

6

2

5

Fig. 10.13 PTG for

Fig. 10.12

1

23

4 5

Fig. 10.14 A contracted

graph
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with different labels. Figure 10.16b is the perimeter topological graph corres-

ponding to perimeter loop L(p3).
For the topological graphs of kinematic chains, the forms of the perimeter

topological graphs are limited to just several, in most cases only one.

10.3.2 Canonical Perimeter Topological Graph

In a graph, a corresponding perimeter topological graph can be obtained from one

of its perimeter loops. The number of its perimeter topological graphs is the same as

the number of its perimeter loops. Furthermore, most of the forms of these perime-

ter topological graphs are the same. Therefore, the perimeter topological graph

makes the forms of a graph canonical. To develop a computer-aided method for

automatic structural analysis and synthesis, the canonical label of perimeter topo-

logical graphs is also necessary.

Based on the canonical degree-sequence of perimeter loops, the canonical label

of vertices on perimeter loops can be obtained according to the following rules:

1. Each vertex of the perimeter loop is relabeled by the numbering i ¼ 1,2,3. . . in
the order of the canonical perimeter degree-sequence.

2. If several canonical perimeter degree-sequences can be obtained, the numbering

is started at the vertex connected to the inner sub-chain with the largest number

of vertices.

Thus, the canonical label of vertices on the perimeter loop can be obtained.

1

3

25

4

1

3

45

2

a bFig. 10.15 Two PTGs

for Fig. 10.14

2

3

4 5

6

7

8
9

10

12

11

1

6

7
8

9

1

2

3

5

10

12

11

4

a bFig. 10.16 (a) A 12-vertex

topological graph and (b) one

of its PTGs
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Here, if an inner sub-chain is a path and is connected with only two vertices on

the perimeter loop with the canonical labels m and n, the sub-chain is represented

by an array [m, n] ðm 	 nÞ. The number of vertices on the inner sub-chain is defined

as its sub-dimension. For two inner sub-chains [m1, n1] and [m2, n2], the inner

sub-chain with a larger sub-dimension is of a higher rank. When their

sub-dimensions are the same, if m1 < m2, then the rank of sub-chain [m1, n1] is
higher, and vice versa. When m1 ¼ m2, if n1 < n2, then the rank of sub-chain [m1,

n1] is higher, and vice versa. Their ranks are the same if m1 ¼ m2 and n1 ¼ n2.
The canonical label of the vertices on inner sub-chains is obtained according to

the following rules:

1. Vertices on inner sub-chains which are not connected with only two vertices on

the perimeter loop are relabeled according to their degrees. The vertices with the

bigger degrees are relabeled first.

2. Vertices on inner sub-chains which are connected with only two vertices on

the perimeter loop are relabeled according to the ranks of inner sub-chains.

The vertices on the inner sub-chain with higher rank are relabeled first.

3. For vertices on an inner sub-chain [m, n]m 	 n, the vertex connected with vertex
m is relabeled first, and the other vertices are relabeled in turn along the sub-chain.

A perimeter topological graph labeled in this manner is termed the canonical
perimeter topological graph(CaPTG), and the corresponding adjacency matrix is

defined as the canonical adjacency matrix.

Example 10.11. For example, the canonical labels for the perimeter topological

graph in Fig. 10.13 are 1, 2, 3, 4, 5, 6, 7, and 8 for vertices 2, 3, 8, 1, 5, 4, 7, and 6,

respectively. The canonical perimeter topological graph is shown in Fig. 10.17, and

its canonical adjacency matrix is

0 1 0 1 0 0 0 1

1 0 1 0 0 1 0 0

0 1 0 1 0 0 0 0

1 0 1 0 1 0 0 0

0 0 0 1 0 1 0 0

0 1 0 0 1 0 1 0

0 0 0 0 0 1 0 1

1 0 0 0 0 0 1 0

2

66666666664

3

77777777775

(10.62)

3

2

4

6

7

8

1

5
Fig. 10.17 CaPTG of

Fig. 10.13
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Example 10.12. The canonical perimeter topological graphs for the two perimeter

topological graphs in Fig. 10.15a, b are the same, shown in Fig. 10.18. The

canonical adjacency matrix is

0 2 1 1 1

2 0 1 0 1

1 1 0 1 0

1 0 1 0 1

1 1 0 1 0

2

66664

3

77775
(10.63)

Example 10.13. The graph in Fig. 10.16a has four perimeter topological graphs.

The canonical perimeter topological graphs for the four perimeter topological

graphs are the same, and their shared canonical perimeter topological graph is

shown in Fig. 10.19. The canonical adjacency matrix is

0 1 0 0 1 0 1 0 1 1 0 1

1 0 1 0 0 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 1

0 0 1 0 1 0 0 0 0 0 0 0

1 0 0 1 0 1 0 0 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0

1 0 0 0 0 1 0 1 0 0 1 0

0 0 0 0 0 0 1 0 1 0 0 0

1 0 0 0 0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 1 0 0 1 0 0

1 0 1 0 0 0 0 0 0 0 0 0

2

6666666666666666664

3

7777777777777777775

(10.64))

Example 10.14. Figure 10.20a is the topological graph of a 22-link, one-DOF

kinematic chain. It has two perimeter loops: the first perimeter loop L(p1)
constituted by vertices 13, 12, 11, 16, 5, 4, 3, 2, 1, 15, 17, 21, 20, 19, 14, 8, 9, 10,

18, 7, 6, and 22, and the second L(p2) by vertices 8, 15, 1, 7, 18, 20, 21, 17, 16, 5, 6,
22, 13, 14, 19, 4, 3, 2, 12, 11, 10, and 9. From each perimeter loop, a corresponding

perimeter topological graph is obtained, shown in Fig. 10.20b, c. Their canonical

perimeter topological graphs are the same, shown in Fig. 10.20d.

1

2

34

5

Fig. 10.18 Shared CaPTG

for Fig. 10.15
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10.3.3 Characteristic Perimeter Topological Graph

For a graph, the number of its canonical perimeter topological graphs or corresponding

canonical adjacency matrices is only few (in most cases, only one). Among the

canonical adjacency matrices for a graph, the matrix with the largest value of the

number string obtained by concatenating as digits the values of the elements in

the upper-right triangle from the first row to the last row is defined as the characteristic
adjacency matrix (CAM), and the corresponding canonical perimeter topological

graph is defined as the characteristic perimeter topological graph(ChPTG).Obviously,

for a graph, its characteristic perimeter topological graph and characteristic adjacency

matrix are unique.

1

3

4 5

6

7

8

9

10
11

12

13

14

15

17

16

18

19

2021

22

2

13 12
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16
5
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3

2
1

15172120
19

8

9

18
7

6
22

10

14

a b

c d
9 8 15

1
7
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20
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16

5
6221314
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2
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11
10

22 1
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8
9101112

13
14

15
16

17

18
19

20 21

Fig. 10.20 (a) A 22-vertex graph, (b) PTG for perimeter loop L(p1), (c) PTG for perimeter loop L
(p2), and (d) CaPTG
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9
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4

56

7

12

11

10

3

Fig. 10.19 CaPTG of

Fig. 10.16
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Example 10.15. Figure 10.21a shows the topological graph of a 21-link, two-DOF

kinematic chain. It has two perimeter loops: the first perimeter loop L(p1)
constituted by vertices 10, 18, 7, 1, 2, 3, 4, 5, 16, 11, 12, 13, 14, 19, 20, 21, 17,

15, 8, and 9, and the second perimeter loop L(p2) constituted by vertices 7, 18, 10,

11, 12, 13, 14, 8, 15, 1, 2, 3, 4, 19, 20, 21, 17, 16, 5, and 6. The perimeter topological

graphs corresponding to the first perimeter loop and the second are shown in

1
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10
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Fig. 10.21 (a) A 21-vertex graph, (b) PTG for L(p1), (c) PTG for L(p2), (d) CaPTG of (b), (e)
CaPTG of (c)
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Fig. 10.21b, c, respectively. Their canonical perimeter topological graphs are

shown in Fig. 10.21d, e, respectively. The characteristic perimeter topological

graph is shown in Fig. 10.21d, and its characteristic adjacency matrix is

0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0

1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0

0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

2

6666666666666666666666666666666666664

3

7777777777777777777777777777777777775

(10.65)

The characteristic perimeter topological graph and corresponding characteristic

adjacency matrix make the representation of the topological graph of kinematic

chains unique, which is very useful for the computer-aided structural analysis and

synthesis of kinematic chains.

10.3.4 Examples of Isomorphism Identification

For any two graphs A and B, if and only if their characteristic adjacency matrices

satisfy [17, 18].

CAM Að Þ ¼ CAM Bð Þ (10.66)

the two graphs are isomorphic; if not, otherwise.

Example 10.16. Two ten-link kinematic chains A and B are shown in Fig. 10.22a,

b, respectively. The kinematic chain shown in Fig. 10.22a has two perimeter loops.

The first perimeter loop is composed of links 1, 9, 10, 8, 7, 6, 5, 4, 3, and 2, and the
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second is composed of links 4, 9, 10, 5, 6, 7, 8, 1, 2, and 3. Therefore, the kinematic

chain has two perimeter topological graphs. However, their canonical perimeter

topological graphs are the same. Therefore, the characteristic perimeter topological

graph for the kinematic chain is just the canonical perimeter topological graph,

which is shown in Fig. 10.22c. The characteristic adjacency matrix of this kine-

matic chain is A1

A1 ¼

0 1 0 1 0 0 0 0 0 1

1 0 1 0 0 0 0 1 0 0

0 1 0 1 0 0 1 0 0 0

1 0 1 0 1 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0

0 0 0 0 1 0 1 0 0 0

0 0 1 0 0 1 0 1 0 0

0 1 0 0 0 0 1 0 1 0

0 0 0 0 0 0 0 1 0 1

1 0 0 0 0 0 0 0 1 0

2

666666666666664

3

777777777777775

(10.67)
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Fig. 10.22 (a) and (b) Two ten-link kinematic chains, (c) ChPTG of (a), (d) ChPTG of (b)
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The kinematic chain shown in Fig. 10.22b also has two perimeter loops. The first

perimeter loop is composed of links 10, 8, 1, 7, 6, 5, 9, 2, 3, and 4, and the second is

composed of links 9, 8, 1, 2, 3, 4, 10, 7, 6, and 5. Therefore, the kinematic chain also

has two perimeter topological graphs. The two canonical perimeter topological

graphs are the same. The characteristic perimeter topological graph for the kine-

matic chain is shown in Fig. 10.22d. The characteristic adjacency matrix of this

kinematic chain is B1, given by

B1 ¼

0 1 0 1 0 0 0 0 0 1

1 0 1 0 0 0 1 0 0 0

0 1 0 1 0 0 0 1 0 0

1 0 1 0 1 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0

0 0 0 0 1 0 1 0 0 0

0 1 0 0 0 1 0 1 0 0

0 0 1 0 0 0 1 0 1 0

0 0 0 0 0 0 0 1 0 1

1 0 0 0 0 0 0 0 1 0

2

666666666666664

3

777777777777775

(10.68)

A1 6¼ B1; thus, the two kinematic chains are non-isomorphic.

Example 10.17. Three 12-link kinematic chains A, B, and C are shown in

Fig. 10.23a, c, e, respectively. These 12-link kinematic chains have the same char-

acteristic polynomial coefficients and eigenvalues. Thus, the characteristic polyno-

mial approach fails to work [19].

Figure 10.23a has two perimeter loops. The first perimeter loop is composed of

links 5, 2, 9, 7, 4, 11, 12, 10, 8, 6, and 1, and the second is composed of links 5, 2, 9,

12, 10, 8, 11, 4, 7, 6, and 1. Therefore, the kinematic chain has two perimeter

topological graphs. However, their canonical perimeter topological graphs are the

same. Therefore, the characteristic perimeter topological graph is the only canoni-

cal perimeter topological graph, which is shown in Fig. 10.23b. The characteristic

adjacency matrix of this kinematic chain is A1, given by

A1 ¼

0 1 0 0 0 0 1 0 0 0 1 0

1 0 1 0 1 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 1

0 0 1 0 1 0 0 1 0 0 0 0

0 1 0 1 0 1 0 0 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0

1 0 0 0 0 1 0 1 0 0 0 0

0 0 0 1 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 1 0 1 1

1 0 0 0 0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0 0 1 0 0

2

6666666666666666664

3

7777777777777777775

(10.69)
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Figure 10.23c also has two perimeter loops. The first perimeter loop is

composed of vertices 12, 11, 7, 1, 2, 8, 9, 10, 3, 4, and 5, and the second is

composed of vertices 5, 12, 11, 10, 9, 8, 7, 1, 2, 3, and 4. Therefore, the kinematic

chain has two perimeter topological graphs. However, their canonical perimeter

topological graphs are the same. Therefore, the characteristic perimeter topolo-

gical graph is the only canonical perimeter topological graph, which is shown
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Fig. 10.23 (a), (c), and (e) three 12-link kinematic chains; (b) ChPTG of (a), (d) ChPTG of (c), (f)

ChPTG of (e)
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in Fig. 10.23d. The characteristic adjacency matrix of this kinematic chain is B1,

given by

B1 ¼

0 1 0 0 0 0 1 0 0 0 1 0

1 0 1 0 1 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 1

0 0 1 0 1 0 0 1 0 0 0 0

0 1 0 1 0 1 0 0 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0

1 0 0 0 0 1 0 1 0 0 0 0

0 0 0 1 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 1 0 1 1

1 0 0 0 0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0 0 1 0 0

2

6666666666666666664

3

7777777777777777775

(10.70)

Figure 10.23e also has two perimeter loops. The first perimeter loop is composed

of vertices 12, 9, 7, 8, 10, 3, 6, 5, 1, 11, and 4, and the second is composed of

vertices 11, 8, 7, 9, 10, 3, 6, 5, 2, 12, and 4. The two canonical perimeter topological

graphs corresponding to the two perimeter topological graphs are the same. The

characteristic perimeter topological graph is shown in Fig. 10.23f. The characteris-

tic adjacency matrix of this kinematic chain is C1, given by

C1 ¼

0 1 0 0 0 0 0 0 0 0 1 1

1 0 1 0 1 0 0 0 0 0 0 0

0 1 0 1 0 0 1 0 0 0 0 0

0 0 1 0 1 0 0 0 0 1 0 0

0 1 0 1 0 1 0 0 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0

0 0 1 0 0 1 0 1 0 0 0 0

0 0 0 0 0 0 1 0 1 0 0 1

0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 1 0 0 0 0 1 0 1 0

1 0 0 0 0 0 0 0 0 1 0 0

1 0 0 0 0 0 0 1 0 0 0 0

2

6666666666666666664

3

7777777777777777775

(10.71)

A1 ¼ B1 6¼ C1; thus, kinematic chains A and B are isomorphic, and both A and B

are non-isomorphic with C.

Example 10.18. Two 15-vertex topological graphs A and B are shown in

Fig. 10.24a, b. Although each of them has six perimeter loops and six corresponding

perimeter topological graphs, each has only one canonical perimeter topological

graph. Their characteristic perimeter topological graphs are shown in Fig. 10.24c, d,

respectively.

10.3 Isomorphism Identification 401



The characteristic adjacency matrix corresponding to Fig. 10.24c is A1.

A1 ¼

0 1 0 1 0 1 0 0 0 1 0 0 0 1 1

1 0 1 0 0 0 0 0 0 0 0 1 1 0 0

0 1 0 1 0 0 0 0 0 0 0 0 0 0 0

1 0 1 0 1 0 0 1 0 1 0 1 0 0 0

0 0 0 1 0 1 0 0 0 0 0 0 0 0 0

1 0 0 0 1 0 1 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 1 0 1 0 0 0 0 1

0 0 0 1 0 1 1 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0 0 0 0

1 0 0 1 0 0 1 0 1 0 1 0 1 0 0

0 0 0 0 0 0 0 0 0 1 0 1 0 0 0

0 1 0 1 0 0 0 0 0 0 1 0 1 0 0

0 1 0 0 0 0 0 0 0 1 0 1 0 1 0

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0

1 0 0 0 0 0 1 0 0 0 0 0 0 0 0

2

6666666666666666666666664

3

7777777777777777777777775

(10.72)
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Fig. 10.24 (a) and (b) two 15-vertex topological graphs; (c) ChPTG of (a), (d) ChPTG of (b)
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The characteristic adjacency matrix corresponding to Fig. 10.24d is B1, given by

B1 ¼

0 1 0 1 0 0 0 1 0 1 0 0 0 1 1

1 0 1 0 0 0 0 0 0 0 0 1 1 0 0

0 1 0 1 0 0 0 0 0 0 0 0 0 0 0

1 0 1 0 1 0 1 0 0 1 0 1 0 0 0

0 0 0 1 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 1 1 0 1 0 0 0 0 0

0 0 0 1 0 1 0 1 0 0 0 0 0 0 1

1 0 0 0 0 1 1 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0 0 0 0

1 0 0 1 0 1 0 0 1 0 1 0 1 0 0

0 0 0 0 0 0 0 0 0 1 0 1 0 0 0

0 1 0 1 0 0 0 0 0 0 1 0 1 0 0

0 1 0 0 0 0 0 0 0 1 0 1 0 1 0

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0

1 0 0 0 0 0 1 0 0 0 0 0 0 0 0

2

6666666666666666666666664

3

7777777777777777777777775

(10.73)

A1 6¼ B1; thus, the two topological graphs are non-isomorphic.

Example 10.19. Two 28-vertex topological graphs A and B are shown in

Fig. 10.25a, b, respectively. They have the same characteristic perimeter topologi-

cal graph, which is shown in Fig. 10.26, and the same characteristic adjacency

matrix. Therefore, the two graphs are isomorphic.
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Fig. 10.25 Two 28-vertex topological graphs
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0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

2

666666666666666666666666666666666666666666666666664

3

777777777777777777777777777777777777777777777777775

(10.74)

The method can not only be used to identify the isomorphism of the topological

graphs of the kinematic chains, but to other kinds of closed graphs, such as

contracted graphs.
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Fig. 10.26 The shared

ChPTG of Fig. 10.25
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Example 10.20. Three contracted graphs are shown in Fig. 10.27. The contracted

graphs in Fig. 10.27a, b possess the same characteristic adjacency matrix, which is

different from that in Fig. 10.27c. Therefore, the graphs in Fig. 10.27a, b are

isomorphic, and Fig. 10.27c is a different contracted graph. The shared characteris-

tic perimeter topological graph for Fig. 10.27a, b is shown in Fig. 10.28a, b is the

characteristic perimeter topological graph for Fig. 10.27c.
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Fig. 10.27 Three contracted graphs
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10.3.5 Analysis of Computational Complexity

Although many algorithms exist for isomorphism identification of kinematic chain,

the most important problems in applications are effectiveness and computational

complexity. In terms of computational complexity, the most efficient algorithm up

to now, as far as we know, was proposed by McKay (1981) [20]. The computational

complexity of this algorithm is O(MN3), where N is the number of vertices, andM is

the number of levels that a recursive process involves. He (2003) [21] also proposed

an algorithm and declared his method has the same computational complexity with

McKay’ method.

The computational complexity of the algorithm of the characteristic adjacency

matrix is O(2v), where v is the number of independent loops of the graph. A 28-vertex,

three-DOF graph has 212 ¼ 4,096 loops at most. Therefore, the algorithm is very

efficient for the topological graphs of kinematic chains (or those graphs that do not

have toomany independent loops). The comparison of computational complexitywith

Mckay’s algorithm for 6–30 links three-DOF kinematic chains (or graphs) is given in

Fig. 10.29. The CAM algorithm in the present study remains efficient even when the

kinematic chain has as many as 30 links.
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Fig. 10.29 Comparison of computational complexity between the CAM algorithm and the Mckay

and He’s algorithm
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10.4 Detection of Rigid Sub-chains

In the structural synthesis of kinematic chains, not all the solutions correspond to

proper topological graphs of kinematic chains. Some solutions may correspond to

kinematic chains containing rigid sub-chains [22–24]. In the following, based on

the edge-based representation of loops an algorithm for the detection of rigid

sub-chain is given.

Step 1: The first independent loop L(1) is selected, and its mobility factor w1 is

determined.

The loop with the smallest sub-dimension is selected as the first independent

loop L(1). For loop L(1), if its sub-dimension is q, then its mobility factor is q�3.

The mobility factor w1 of the loop L(1) is

w1 ¼ N Lð1Þ½ � � 3 (10.75)

If Q ¼ w1 � 1 < 0, then the topological graph containing rigid sub-chains must

be deleted. Otherwise, Step 2 can be implemented.

Step 2: The second independent loop L(2) is selected, and the mobility factor w2 is

determined.

A loop L(i) satisfying the following two conditions in sequence is selected as the
loop L(2):

1. Of all the loops of the topological graph, N LðiÞY Lð1Þf g is the smallest one.

2. Of the loops satisfying the above condition, loop L(i) is the one with the smallest

sub-dimension.

The mobility factor of path w2 is

w2 ¼ N½Pð2Þ� � 2; and Pð2Þ ¼ Lð2ÞY Lð1Þ (10.76)

If Q ¼ w1+ w2�2 < 0, then the topological graph containing rigid sub-chains

must be deleted. Otherwise, Step 3 can be implemented.

Step n: The nth independent loop L(n) is selected, and the mobility factor wn is

determined

A loop L(i) satisfying the following two conditions in sequence is selected as the
loop L(n)

1. Of all the loops in the topological graph,N LðiÞYPðn� 1ÞY . . .YP1ð2ÞYLð1Þf g
is the smallest one.

2. Of the loops satisfying the above condition, loop L(i) is the one with the smallest

sub-dimension.

The mobility factor of path wn is

wn ¼ N½PðnÞ � 2�; and PðnÞ ¼LðiÞYPðn� 1ÞY . . .YP1ð2ÞY Lð1Þ (10.77)
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If Q ¼ Pn
i�1 wi � n<0, then the topological graph containing rigid sub-chains

must be deleted. Otherwise, Step (n + 1) can be implemented.

Step v: The steps above until step v (step v included) are followed, and the last

independent loop L(v) and the mobility factor wv are obtained. If

Q ¼ Pn
i�1 wi � n<0, then the topological graph containing rigid sub-chains must

be deleted. Otherwise, the topological graph corresponding to a kinematic chain

with proper structure must be stored.

10.5 Digital Atlas Database and Synthesis

For a kind of kinematic chains with specified number of links and degrees of

freedom, first synthesize their contracted graphs and then synthesize the topological

graphs corresponding to each contracted graph. All valid topological graphs can be

synthesized after isomorphism identification and rigid sub-chain detection. As the

characteristic perimeter topological graph is a unique representation of the topo-

logical graphs of the kinematic chains, in the digital atlas database, the topological

graphs are displayed through the forms of their characteristic perimeter topological

graphs [25].

As an example, Fig. 10.30 shows an excerpt of the complete atlas database for

6856 planar 12-link, one-DOF kinematic chains. All the topological graphs are

displayed in the right window on the forms of the characteristic topological graphs.

Displayed in Fig. 10.30 is an excerpt of all 2339 topological graphs corresponding

to the link assortment “[6,4,2,0,0]” (in a link assortment [N2, N3, . . ., Np]. The digits

N2, N3, N4, and so on denote respectively the number of binary, ternary, quaternary

Fig. 10.30 Extract of the complete atlas database for planar 12-link, one-DOF kinematic chains
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links, and so on. If the digits are greater than or equal to ten, A, B, C, and so on are

used to represent them, i.e., A ¼ 10, B ¼ 11, C ¼ 12, and so on).

Figure 10.31 shows an excerpt of the complete atlas database of 318162 planar

14-link, one-DOF kinematic chains. All the link assortments are shown in the left

window. All the topological graphs corresponding to each link assortment can be

synthesized automatically and are displayed in the right window. Displayed in

Fig. 10.31 is an excerpt of all 89338 topological graphs corresponding to the link

assortment “[6,6,2,0,0,0].”

In the complete atlas database, all the valid topological graphs corresponding to

a specified contracted graph can also be easily obtained. For example, Fig. 10.32 is

a contracted graph for a 12-link, one-DOF kinematic chain. All 157 valid topologi-

cal graphs are obtained from the complete atlas database, part of which is shown in

Fig. 10.33.

Figure 10.34 is a contracted graph for a 14-link, one-DOF kinematic chain. All

1930 valid topological graphs can also be obtained from the atlas database, some of

which are shown in Fig. 10.35.

Fig. 10.31 Excerpt of the complete atlas database for planar 14-link, one-DOF kinematic chains

1
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2443-0-3

5

4

3

2

Fig. 10.32 Example of a

contracted graph for a

12-link, one-DOF kinematic

chain
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Fig. 10.33 Excerpt of 157 valid topological graphs corresponding to the contracted graph in

Fig. 10.32

1483-0-1

9
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3

4

56

7

8

Fig. 10.34 Example of a

contracted graph for a

14-link, one-DOF kinematic

chain
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Tables 10.1, 10.2, 10.3, 10.4, and 10.5 display the quantitative information for

the atlas databases for the one-DOF kinematic chains of 6, 8, 10, 12, and 14 links,

respectively. The total numbers of the topological graphs are 2, 16, 230, 6856, and

318162, respectively.

For example, Table 10.3 presents the quantitative information concerning the

topological graphs for 10-link, one-DOF kinematic chains. All the contracted

graphs and the topological graphs are classified according to their link assortment

(column 2). For each link assortment, the numbers of the multiple edges of the

contracted graphs are used to classify further both contracted graphs and topological

graphs (see columns 3 and 4).

Fig. 10.35 Excerpt of the 1930 valid topological graphs for the contracted graph in Fig. 10.34
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Table 10.1 Numbers of topological graphs for six-link, one-DOF kinematic chains

No

Link

assortment

Number of

multiple edges

Number of

topological graphs

Sum of topological

graphs

1 [4,2] 2 2 2

Table 10.2 Numbers of topological graphs for eight-link, one-DOF kinematic chains

No

Link

assortment

Number of

multiple edges

Number of

topological graphs

Sum of topological

graphs

1 [4,4,0] 0 6 9

2 3

2 [5,2,1] 2 5 5

3 [6,0,2] 3 2 2

Table 10.3 Numbers of topological graphs for ten-link, one-DOF kinematic chains

No

Link

assortment

Number of

multiple edges

Number of

topological graphs

Sum of topological

graphs

1 [4,6,0,0] 0 39 50

1 8

2 3

3 0

2 [5,4,1,0] 0 42 95

1 43

2 10

3 0

3 [6,2,2,0] 1 32 57

2 15

3 10

4 [7,0,3,0] 3 3 3

5 [6,3,0,1] 2 15 15

6 [7,1,1,1] 3 8 8

7 [8,0,0,2] 1 2 2
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Table 10.4 Numbers of topological graphs for 12-link, one-DOF kinematic chains

No

Link

assortment

Number of

multiple edges

Number of

topological graphs

Sum of topological

graphs

1 [4,8,0,0,0] 0 352 410

1 52

2 6

3 0

4 0

2 [5,6,1,0,0] 0 1,282 1,873

1 536

2 55

3 0

4 0

3 [6,4,2,0,0] 0 942 2,339

1 1,059

2 308

3 30

4 0

4 [7,2,3,0,0] 0 111 648

1 231

2 266

3 40

4 0

5 [8,0,4,0,0] 2 28 37

4 9

6 [6,5,0,1,0] 0 120 506

1 311

2 69

3 6

7 [7,3,1,1,0] 1 386 716

2 243

3 87

4 0

8 [8,1,2,1,0] 2 74 147

3 65

4 8

9 [8,2,0,2,0] 2 32 63

3 21

4 10

10 [9,0,1,2,0] 4 7 7

11 [7,4,0,0,1] 2 40 49

3 9

12 [8,2,1,0,1] 3 46 46

13 [9,0,2,0,1] 4 5 5

14 [9,1,0,1,1] 4 8 8

15 [A,0,0,0,2] 1 2 2
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Table 10.5 Numbers of topological graphs for 14-link, one-DOF kinematic chains

No

Link

assortment

Number of

multiple edges

Number of

topological graphs

Sum of topological

graphs

1 [4,A,0,0,0,0] 0 3,994 4,420

1 410

2 16

3 0

4 0

5 0

2 [5,8,1,0,0,0] 0 30,510 38,098

1 7,192

2 396

3 0

4 0

5 0

3 [6,6,2,0,0,0] 0 55,825 89,338

1 29,270

2 4,103

3 140

4 0

5 0

4 [7,4,3,0,0,0] 0 25,653 62,854

1 27,516

2 8,915

3 770

4 0

5 0

5 [8,2,4,0,0,0] 0 2,509 12,117

1 4,900

2 3,789

3 866

4 53

5 0

6 [9,0,5,0,0,0] 0 54 302

2 182

3 56

4 10

5 0

7 [6,7,0,1,0,0] 0 8,095 15,215

1 6,371

2 721

3 28

4 0

8 [7,5,1,1,0,0] 0 13,766 44,871

1 23,186

2 7,212

3 707

4 0

5 0

(continued)

414 10 Digital Topology Theory of Kinematic Chains and Atlas Database



Table 10.5 (continued)

No

Link

assortment

Number of

multiple edges

Number of

topological graphs

Sum of topological

graphs

9 [8,3,2,1,0,0] 0 3,183 28,242

1 12,707

2 9,831

3 2,405

4 116

5 0

10 [9,1,3,1,0,0] 1 861 3,320

2 1,245

3 1,076

4 138

5 0

11 [8,4,0,2,0,0] 0 309 4,515

1 1,877

2 1,846

3 436

4 47

5 0

12 [9,2,1,2,0,0] 1 422 3,083

2 1,452

3 1,006

4 203

5 0

13 [A,0,2,2,0,0] 3 158 216

4 36

5 22

14 [A,1,0,3,0,0] 3 37 77

4 40

15 [7,6,0,0,1,0] 0 342 2,672

1 1,588

2 692

3 50

4 0

16 [8,4,1,0,1,0] 1 2,017 5,120

2 2,446

3 625

4 32

17 [9,2,2,0,1,0] 2 1,078 1,858

3 600

4 180

5 0

18 [A,0,3,0,1,0] 3 39 79

4 40

19 [9,3,0,1,1,0] 2 437 857

3 342

4 78

5 0

(continued)
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A

Accordance equation of input, 294

Adjacency matrix, 367, 369, 373, 374,

381–383, 393, 394, 397–399, 401–404

Amplitude, 11, 36, 156, 171

Applied loads, 293, 294, 296

Atlas database, 408

B

Basic topological graph, 368

Beanpod-like lamina, 114

Bennett mechanism, 49, 53, 55

Bicolor topological graph, 368–372, 376

Bi-directional arrow, 22, 39, 75, 127, 302, 314

C

Canonical adjacency matrix, 393–395

Canonical degree-sequence, 390–392

Canonical perimeter, 390, 392–394, 398, 401

Characteristic perimeter, 395–397

Clifford factor, 312

Closing-constraint method, 59

Combination loop, 378, 381

Common constraints, 33, 54, 77, 79, 81,

83, 90, 91, 100, 119, 125–127,

299, 311

Configuration, 48, 63, 64, 73, 90, 94, 97, 114,

116, 117

Conjugate screw, 21

Constrained motion, 17, 183

Constraint, 17, 37, 42, 44, 323, 325–336,

350–355, 358–362

reaction, 297, 298, 300, 308

screw system, 37, 58, 204, 271, 311, 330

Couple, 1, 8, 10, 15, 22, 24, 75, 87, 97, 108,

111, 118

Cross-head, 63, 64

Cylinder-plane pair, 91, 93

Cylindrical pair, 54, 112, 159, 320, 336, 347,

348, 353

D

Degree of freedom, 39, 48–49

Degree-sequence, 390, 391

Delta robot, 52, 103

D-H parameter, 94

Double arrow, 39, 80

Dual vector, 6, 7, 12, 253, 298

E

End-effector, 17, 18, 58, 61, 164–166, 172,

185, 194

End screw, 21

Equilibrium equation, 258, 289, 305, 306, 308,

313, 314, 317, 321–323

Euler formula, 56

F

First-order screw system, 17

Fixed axodes, 65

Flat pencil, 22, 29, 30

Force-decoupling, 298

Four-screw system, 17

Free-body diagram, 289, 312–314, 323

Free vector, 12, 15, 223, 327

Full-cycle mobility, 55, 63

Full-field mobility, 64
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G

General dynamic equation, 293, 294

Generalized kinematic pair, 110, 130, 132

G-K formula, 49, 53, 55–57

Grassmann line geometry, 28–30

H

Half-moon cylinders, 91, 93

Hessian matrix, 138

Hexahedron, 123, 125

High-order matrix, 298, 312

Hoberman switch-pitch ball, 114–123

Hollow arrow, 39, 62, 107

Hollow bi-directional arrow, 39

Hyperboloid of one sheet, 25, 164, 169, 194,

204, 205

I

Idle freedom, 57

Imaginary parallel, 56

Independent loop, 385–388

Independent loop set, 386

Infinite-pitch, 54, 60

Infinitesimal twist, 11

Input selection, 311, 312

Isomorphism identification, 390–406, 408

J

Jacobian matrix, 31, 137, 189, 218, 219, 245,

258, 276, 283, 284

K

Kinematic influence, 135–161, 168

Kinetostatic analysis, 289, 297

L

Laminas, 114, 117

Linear complex, 217, 223, 225

Linear congruences, 29, 30

Linear velocity, 1, 12, 146

Line vector, 6–10, 28–30

Local freedom, 57, 73, 103

Loop operation, 378–383

M

Main kinematic pair, 300

Main pair, 300, 307, 308, 312

Main-pair reaction, 300, 301, 318, 323

Maverick mechanism, 49

Mobility, 18, 28, 38, 41, 47–49

Mobility open issue (MOI), 49–55

Modified Grubler-Kutzbach, 54, 90, 100, 309

MOI. See Mobility open issue (MOI)

Moving axodes, 65

Mutual moment, 5, 6, 10, 164

N

Nominal mobility, 57, 111

Non-full-field mobility, 64

O

One-screw system, 17

Open chain, 17, 120, 130, 146

Order, 17, 19, 24, 54, 56, 81

Outer-loop sub-chain, 110

Output link, 48, 54, 56, 103, 163, 220

Over-constrained, 47, 49, 52, 203, 298

P

Paradoxical mechanisms, 52

Parasitic motion, 60, 65, 201

Passive freedom, 57

Perimeter loop, 390–391

Perimeter topological graph, 390–401,

405, 408

Pitch, 8–11, 13, 19, 21–23, 25, 38, 40, 42, 54,

62, 80, 111, 115, 116, 118, 119, 169,

170, 174, 176, 179, 185, 187, 189, 194,

205, 225, 227–229, 252, 253, 279–281,

283, 284, 304

Platform constraint system, 58, 337, 338, 340,

342, 344, 355, 357, 358, 360

Platform twist system, 329, 340, 350, 352,

357, 358

Principal coordinate system, 20, 21, 25,

169–170

Principal screw, 20–28, 174, 176, 179, 180,

186, 198, 199, 230

Principle of d’Alembert, 298

R

Reciprocal product, 10–11, 36

Reciprocal screw, 17, 36, 43, 71–75, 78–81, 83,

90, 97–102, 104–107, 111, 119, 124,

126, 127, 130, 202, 204, 223, 253, 266,

298, 299, 301, 303, 305, 316, 319, 320
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Reciprocal screw system, 37, 90, 99, 102, 110

Redundant constraint, 55, 123, 202, 309, 311

Redundant input, 290

Regulus, 29, 43, 44, 83, 205

Rigidly closed, 59

Rotational freedom, 41–44, 48, 103, 105, 111,

203, 205, 269–271

S

Schonflies motion, 98

Screw, 1, 6–28, 31, 33, 43, 47, 57–61, 63,

71–74, 76, 77

dependency, 17, 31

pair, 39, 54, 77

system, 17–28, 31, 35, 37, 57–59, 61, 74,

76, 77, 87, 98–100, 103, 107, 113

theory, 1, 28, 47, 52–55, 63, 164, 165, 270,

289, 298

Second-order screw system, 17, 19–24, 164

Second-time reciprocal screw, 61, 62, 73, 105,

128, 315

Self-motion, 65, 218

Serial robot, 17, 18, 61, 71, 73

Singular, 30, 34, 99, 172, 173, 222, 226, 227,

229, 231

Six-screw system, 18

Slideway, 38, 91

Sliding pair, 12

Spatial mechanism, 1, 47–49, 289, 298

Spherical pair, 54, 103, 109, 278, 290, 291,

335, 336

Spherical subchain, 335, 336, 345–348,

359, 360

Standard base, 328, 329, 331, 337, 338,

340–343, 350, 357, 360

Statically indeterminate, 298

3/6-Stewart, 34, 218, 219, 226

6/6-Stewart, 34, 217, 219, 256, 269, 270

Sub-closed-loop, 59

Superposition principle, 300

T

Tetrahedron, 82

Third-order screw systems, 17, 167, 169

Three-screw system, 27, 202

Topological graph, 366

Triangular-gait, 290

Tricolor topological graph, 373

Trifurcate chain, 122

Twist, 1, 37, 39, 82, 84, 138

Twist angle, 5, 37, 82, 84, 138

V

Virtual constraint, 54, 56, 75, 123–124,

131, 132

Virtual displacement principle, 293

Virtual mechanism, 155–158, 187, 189, 191

Virtual-mechanism principle, 155–161, 165,

171–173

Virtual pair, 155, 159, 172, 173, 185, 189, 191

W

Workspace, dexterity, isotropy, 135

Z

Zero-pitch, 41, 42, 53, 60, 62
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