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PREFACE ix

PREFACE

TO THE STUDENT

There are certain mathematical skills that are essential for any of your courses that use mathemat-
ics. Your lecturer will assume that you know them perfectly — not just a vague idea, but that you
have completely mastered these skills. Without these necessary skills, you will find present and later
subjects extremely difficult. You may also lose too many marks making ‘silly’ mistakes in exams.

So what skills do you need to have?

This book containg the mathematical skills we think are essential for you to not only know but remem-
ber. Itis not a textbook and does not attempt to teach you, hence there are no long wordy explanations.
This book should act as a reminder to you of material you have already learned. If you are having
trouble with a section or chapter then we suggest you consult a more thorough textbook. We have left
a number of blank pages at the back of the book for you to add in skills that you or your lecturers
think are important to remember but we did not include.

This book covers the essential mathematics in the first one to two years of a science, engineering
or applied mathematics degree. If you are in a first year undergraduate course you may not have
covered some of the material included in this book.

As a guide, we expect our students at University College to have mastered (by the start of each
semester) the following:

e First Year — Semester One: Chapters 1-3.
e First Year — Semester Two: Chapters 1-7.
e Second Year: Chapters 1-10.

e Third Year: Everything in the book!

There are practice tests in Chapter 13 based on these divisions.
Can you do the practice test at the end of these notes?

If you can’t then perhaps there are some skills you need to do some revision on. If you can then you
may need this book to help you revise those skills later on.
If you want more questions to practice on then see our extensive website:

http://www.ma.adfa.edu.auw/~sib/EMS.html

It contains extra questions, fully worked solutions, practice tests and also code for the Maple algebraic
manipulation package giving solutions for every example and question.



TO THE LECTURER

What do you assume your students know? What material do you expect them to have a vague idea
about (say the proof of Taylor’s Theorem) and what material do you want students to know thoroughly
(say the derivative of sin)? This book is an attempt to define what material students should have
completely mastered at each year in an applied mathematics, engineering or science degree. Naturally
we would like our students to know more than the bare essentials detailed in this book. However,
most students do not get full marks in their previous courses and a few weeks after the exam will
only remember a small fraction of a course. They are also doing many other courses not involving
mathematics and are not constantly using their mathematical skills. This book can then act as guide to
what material should realistically be remembered from previous courses. Naturally both the material
and the year in which the students see this material will vary from university to university. This book
represents what we feel is appropriate to our students during their degrees.
We invite you to look at our extensive web site:

http://www.ma.adfa.edu.au/~sib/EMS. html

It contains more questions, solutions, practice tests and Maple code. There is a database of questions
in LaTeX and pdf, which you can use to format your own tests and assignments. We are not concerned
that students may access this database; if they can do the questions in the database then they have, in
effect, learned the necessary skills.

If you have any questions or queries please do not hesitate to email us.

Steven Barry and Stephen Davis
School of Mathematics and Statistics
University College, UNSW
Canberra, ACT, 2600

email: s.barry @adfa.edu.au



CHAPTER 1
ALGEBRA AND GEOMETRY

1.1 ELEMENTARY NOTATION

—

. {}: A set of objects.
2. €: A member of a set. For example 3 € {1,2,3}.

3. R: The set of real numbers. For example —1,3,3.2,4/2 € R.

=

. Z: The set of integers. For example —2,0,3 € Z.

N

. <, >: Less than, greater than. For example 5 < 6, 7 > 5.
. <, >: Less than or equal to, greater than or equal to.
. =—: Becomes. Forexamplez —2=3 =— z =5.

. [a, b]: Bounds of a variable. For example z € [1,3] means 1 < z < 3.

© % 2 o

(a, b): Bounds of a variable. For example z € (1,3) means 1 < z < 3.
10. —: Tends to. For example 1/z — 0 as £ — oo.

11. =: Approximately equal to. For example 3.02 =~ 3.

EXAMPLES

1. W ={f(z) = a+bx:a,b € R} means W is the set of all functions f(z) = a + bx where a, b
are real numbers (constants). Hence 1 + 2z € Wand3 — 1.2c € W.

2. §={z:z > 5,z € R} means that S is the set of all numbers bigger than or equal to 5. This is
also written as z € [5, 00).




2 ALGEBRA AND GEOMETRY

1.2 FRACTIONS

.. a ) . .
A fraction is of the form b where a is called the numerator and b is called the denomina-

tor.

Rules for operating on fractions

b a+b

a
1. —+-=
c+c - (c #0)
a ¢ ad+be
2 3taT b (b, #0)
a b ab
3 Exa_a (c,d # 0)
a ¢ a d ad
4, E_E_EXE_E (b,C,d#O)
EXAMPLES

2 3 6 1
- = — =

I
|
+
|
1
|
+

z—-2 z+4+2  (z-2)(z+2) (22 — 4) Cx2—4
.11 1 .
4, To rearrange the equation o + " =10 to find y write

1 1

10 =z
x—10
= NOT
10z y
10z

T z—-10

10—z

@ W=l -

=
=




MODULUS

3

1.3 MODULUS

The absolute value or modulus of z, written |z|, is defined by

o ={ @ o20
| —=z, ifz<O.

The absolute value is the magnitude of a number and ignores whether it is positive or

negative.
EXAMPLES
1. |[+5| =5
2. |-3]=3

3. |=zllyl = =l |y = |=y|

1.4 INEQUALITIES

1. Ifz > y thenz + a > y + a for any a.

b2

. If z > y then az > ay if a is positive, but az < ay if a is negative.

(%)

.Ifz>yandu > v, thenz+u >y +v.

EXAMPLES
1. To find z such that —5x — 2 < 3 write
—-5r—-2<3
= -0z <d
- z > —1.
2. To find values of z such that z + 1 > 2z — 5 we write

z+1>2zx-5
== z<6.




4 ALGEBRA AND GEOMETRY

Inequalities with modulus

1. The inequality |x — b| < @ can be written as —a < z — b < a.

2. The inequality |z — b] > a can be written as z — b > a or (z — b) < —a.

EXAMPLES
1. To find z such that |2z — 1] < 3 write
22 -1/]<3 = -3<2r-1<3

= -2<2x<4
= -1<z<2

-1
2. To find z such that 32 ‘ > 2 write
-1 — —
3z > 9 3z—-1 >92 or 3z—1 <9
4 = = 4 -~
= 3z>9 or 3 < -7
= >3 or z < —g.

1.5 EXPANSION AND FACTORISATION

(@a+b)(c+d) = alc+d)+blc+d)=ac+ad+bc+ bd
(a—b)(a+d) = a>-0b*
(a£b)? = a®+2ab+b?

EXAMPLES

1. (22 -3 =2*+2(-3)2? +9=2*—62>+9



EXPANSION AND FACTORISATION

)

(z—3)(z+ 5)2(:1: +3)=(z-3)(z+3)(z+ 5)2
= (2® — 9)(z* + 10z + 25)
=z +102° + 1622 — 90z — 225

3. s —4 (s—2)(s+2)
2+s 2+s
=85—2
4. (a+1)° =(a+1)(a® +2a+1)

=a®+3a®+3a+1

1.5.1 BINOMIAL EXPANSION

n(n — 1)
21
(See also Section 1.13). To remember the coefficients of each term use Pascal’s triangle

where each number is the sum of the two numbers above it.

(@a+b)" =a" +na™ b+ a2 + .- 4 nab" ! + "

1 4 6 4 1
1 5 10 10 5 1

Each term in a row represents the coefficients of the corresponding term in the expansion.

EXAMPLES

1. (a+b)® = a® + 3a®b + 3ab® + b°

[

. (1+2)* =1+ 4z + 622 + 4% + z*

3. The coefficient of 3 in (2 + z)° is 10 x 22 = 40.
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1.5.2 FACTORISING POLYNOMIALS

Factorising a polynomial is the opposite of the expansion described above, that is, splitting
the polynomial into its factors:

p(z) = (- a1)(x — az) - - (= — ay).

EXAMPLES
L22-1=(z-1)(z+1)
2.22-3z+2=(z-2)(z—-1)
3.322 - Tz +2=(3z - 1)(z - 2)
4. z° — 42 + 4z = z(z — 2)?

5.a>+3a>+3a+1=(a+1)3

1.6 PARTIAL FRACTIONS

It is sometimes convenient to write

cx+d A B

(z + a)(z + b) m+a+m+b

where A and B are constants found by equating the numerators of both sides once the
right hand side is written as one fraction:

cx+d=A(x+b)+ B(z+a).

Some similar partial fraction expansions are

1 _ A, B _C
(x+a)2(x+b)  z+a (r+a)? z+b
1 Az + B C

(22 + bz + c)(z + a) z2+bz+c z+a




PARTIAL FRACTIONS 7

EXAMPLES

1. Writing 1 implies

A
in the form ——
e to x+1+af:—

1
(z+1)(z—-1)
Alz—1)+B(z+1)=1.
The constants A and B can be found two simple ways. First, setting

1

1
z=-1 = A=-— 3
Alternatively the equation could be expanded as
Az+Bx—-—A+B=1
and the coefficients of z! and z° equated giving

A+B=0
—-A+B=1.

Solving these equations simultaneously gives A = —1/2 and B = 1/2. Thus

GI&GTE=%<Z%I_xiJ'

1
2. To expand (w-l-&;)ﬁ using partial fractions write
3z+1 A B
= +
(z+7)(x—-3) =z+7 =z-3
giving
Alz—3)+B(z+7) =3z +1.
Setting x = 3 implies B = 1 and setting z = —7 implies A = 2. Alternatively, equating the

coefficients of
Az +Bx—-344+7B=3z+1
gives
A+B=3
—-3A+7B=1.
These simultaneous equations are solved for A and B to give A = 2 and B = 1. Hence

4l 2 1
(+7)(z—-3) z+7 =z-3
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1
. Th ial fraction for ——————< i
3 e partial fraction for CESICEY) is
1 A B c
2 = + 3+
(z+1)2(z+2) z4+1 (z+1)2 z+2
giving
1=A(x+1)(z+2)+ B(z+2)+ C(z +1)*
so that
r=-2 = 1=C
orderz? — 0=A+C — A=-1
Thus

1 1 1
C+12@+2) @L1)? o+l z+42

3
4. The partial fraction for is
P (22 +z+ 1)(z+2)
3 _ Az+B | C
(2+z+D)(z+2) 2242z+1 z+2
giving
3=(Az+B)(z+2)+CE*+z+1).
Hence
r=-2 = (=1
z=0 = 3=2B+C = B=1
orderz? = 0=4A+C = A=-1
Thus

3 1 z—1

(2 +z+D)(@=z+2) z+2 z2+z+1
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1.7 POLYNOMIAL DIVISION

Polynomial division is a type of long division for polynomials best illustrated by the

following examples.

EXAMPLES

1. When dividing 22 + 3z + 4 by z + 1 consider only the leading order terms to begin with. Thus =
goes into 22, x times. Thus z(z + 1) = 22 + z, which is subtracted from z2 + 3z + 4. The first

step is therefore

x
z+1)2° + 3z +4
2?4z
2z +4
The division is completed by considering that z (the leading order of z + 1) goes into 2z + 4 two
times. Subtracting 2(z + 1) from 2z + 4 gives

z+2
z+1)z2+3z+4
> +z
2x + 4
2 + 2
2

22 +3z+4 2
Thus T_(x+2)+m——+-]_

2. Dividing 3z + 222 + z + 1 by = — 1 gives

12 4 z41
i s s =3m2+5m+6+x—i1.

z—1

473 24+4 1
3. z° + 6x° + 4z + 922 12041
2r+1
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1.8 SURDS

A surd is of the form "y/a (= al/™):

1. va x b= +ab

) Vo _ [

Z z

3. byfatevfa= (b= c)v/a

EXAMPLES

1. V5 x /2 =10

2. V2T=4/9%x3=3V3
3. 310 — 2v/10 = /10

V14 14
4. W_\/;_ﬁ

1.8.1 RATIONALISING SURD DENOMINATORS

For an expression of the form
a
b+ +/c
it may be preferable to have a rational denominator. A surd denominator is rationalised

- . b—+vc .

by multiplying the expression by b— /o (=1

a L b—+/c

b+ b++c b—+fc
a(b — Vo)

2 —c

]

D

[v]




QUADRATIC EQUATION

11

EXAMPLES
1. 5 __ 5 1-v5
1+v5 145 1-+/5
_ 5-5V5
(1% - (VB)?
_5—5v5
(=9
5v5 — 5
-4
2 6z 6z 1-2y/z
' 1+2yz 1+2yz  1-2z
_ 6z —12z/x
1-—4zx

1.9 QUADRATIC EQUATION

A quadratic equation is of the form
y=az’+bz+c
where a, b, ¢ are constants. The roots of a quadratic equation (when y = Q) are

—b+ Vb? — dac

T1,T2 = 2a

A quadratic is factorised if it is written in the form

y=a(z — z1)(z — z2).

EXAMPLES
1. The solutions to #2 + 3z + 1 = 0 are
g T3FVE o Z3-V6
2 2
2. The quadratic y = 2% + & — 6 is factorised into y = (z + 3)(z — 2).

3. The quadratic y = 22 + 2z + 1 is factorised into y = (z + 1)*.
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4. The solutions to 3z% + 5z + 1 = 0 are

—5++4/25-12
B 6
so that
. -5++13 . -5—-+13
= —0 r ——.
6 6

1.10 SUMMATION

The summation sign > is defined as

n

D F@)=fQ)+F@)+ @)+ + fln—1) + f(n).

i=1

4
EXAMPLE ) i =12+22+3%+4%=30

i=1

1.11 FACTORIAL NOTATION

The factorial notation is defined as follows:

nl=n.(n—1).(n —2)...3.2.1  where n is an integer.

EXAMPLES
1.8l =5x4x3x2x1=120

[

. 0! =1 by definition.

8]

. nl=n(n-1)!

4. 2468...2n=(2.22...2)(1.2.3...n) = 2"n!
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1.12 PERMUTATIONS

A permutation is a particular ordering of a set of unique objects. The number of per-
mutations of r unique objects, chosen from a group of n, is given by

EXAMPLE
The number of ways a batting lineup of 3 can be chosen from a squad of § cricket players is given by

8! 8!
PS_ — — —
3—W—§—SX7X6—336.

1.13 COMBINATIONS

If order is not important when choosing r things from a group of n then the number of
possible combinations is given by

n!
ri(n —r)!

Ccr =

EXAMPLES

1. The number of possible groups of 4 delegates chosen from a group of 11 is given by

11! 11! 11 x10x9x8

AA1—4) ~ 47~ dx3xaxi o0

11 _
Cy =

2. The number ways of choosing a team of 5 people from 7 is Cg =21.
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1.14 GEOMETRY

The trigonometric ratios can be expressed in terms of the sides of a right-angled triangle:

C
a
7,
b
SinB:E, cosﬂzf—), tanﬁzgzﬂ.
c c b cosé

The longest length, opposite the right angle, is called the hypotenuse.
Pythagoras’ Theorem states

a®+8 =

The sine, cosine and tangent of the common angles can be related to the following
triangles:

S|
ba
ba| =

/4

Sl=
SSNEAN
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GEOMETRY
EXAMPLE
sin——i sinf——3 sinE—1 cosi—ﬁ
4 /2 3 27 6 2 6 2

The three common triangles are the

1. isosceles: any two sides are of equal length.

b2

. equilateral: all three sides of of equal length.

L

. right angled: one of the angles is %

-

All triangles have three angles that sum to 7.

EXAMPLES

1. Aright angled triangle has one other angle E. Hence the third angle is E.

. . . . 3
2. An equilateral triangle must have three identical angles of —.

1.14.1 CIRCLES

A circle of radius r has
1. area = 712

2. circumference = 2771

EXAMPLES
1. The area of a circle with diameter d = 6 is 732 = 9.

2. The circumference of the circle with diameter d = 7 is 7.
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1.15 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1. Simplify the following.

() 1 5+ 1

oo -2

2 6 10

.. T 5

@ rt—3 x+2

(iii) :v—l_ 2z
x+2 x—2

() 2w—|—1_:n—1
z—4 Tz +2
2

-2

) T +w—|—3
z—1 T

oxd—a?

o) z(z? — 1)

2. Find the solution set for the following inequalities.
() 2d+2<4d-3
(i) 3d—2>4d+6
(iii) |# —10| <5
(iv) |[z+3|>8
V) la+4|>1
z 1
|- — = 2
(vi) ‘ 2 3 ‘ <
3. Expand the following.
@ (x—3)z+3)
(i) (4 —3xz)?
(i) (z+y)*(z—y)
(iv) (34 z)(3z + 2)(x — 3)
) (z—4)°
4. Use Pascal’s triangle (Binomial theorem) to find
(i) the expansion of (2 4 z)*
(ii) the expansion of (1 + )3

(i) the coefficient of z% in (1 + z)".

5. Write the following expressions as partial fractions.

O TR

(i) (z —4T)(_x1+ 2)

(iii) m

™ GooETD
1

) er3pE-2)
6. Simplify the following.

(i) V27v3
m)lﬁ

V45
o VIT 4517

(iii) 27\/ﬁ

2
'34va
7. Factorise the following quadratic equations.
(i) y=a?+6c+5
(i) y=a>—6z+5
(iii) y=2?+4x -5

(v

i) y=22 -4z —5
W) y=2224+c—1
8. Find the zeros of the following quadratics.
) y=22+4z +4
(i) y=2>+72+6
(i) y=22 4+ —12
vy y=a>+z -2
v y=22+3z—-4
i) y=a>+z -3
9. Use polynomial division to calculate the following.

(i) (22 +3z +4)/(z+2)

(i) (x? +3z+2)/(x +2)
(i) (#2 + 522+ 7z +2)/(z + 2)

10. Find the following.

@® 170!!

(i) P
(iiiy C§

6

) D (i +1)

i=1



CHAPTER 2
FUNCTIONS AND GRAPHS

2.1 THE BASIC FUNCTIONS AND CURVES

w00 =1 v h

1.
22,

10.

11.

The standard functions and shapes are

Straight Lines: y = mz + ¢

Quadratics (parabolas): y = az® + bz + ¢

. Polynomials: y = apz™ +---+ a1z + ag
1

. Hyperbola: y = —
z

. Exponential: y = e® = expx

. Logarithm: y = Inz

. Sine: y =sinz

. Cosine: y = cosz

. Tangent: y = tanz

Circles: y? + 22 = r?

2 2
Ellipses: (E) -+ (E) =1
a b
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2.2 FUNCTION PROPERTIES

A function is a rule for mapping one number to another. For example: f(z) = 2% is a

mapping from z to z2 so that £(3) =32 = 9.

EXAMPLES
1. If f(z) = 3z + 1 then f(2) = 7 and f(a) = 3a + 1.

2. If f(2) = 2% — 1 then f(1) = 0.

The domain of a function is the set of all possible input values for that function.

EXAMPLES
1. y = =% + 4 has domain of all real numbers.

2. y = 1/(z — 1) has domain z # 1. That is, all real numbers except £ = 1 can be used in this
function. If z = 1 then the function is undefined because of division by zero.

Sometimes the domain is defined as part of the function such as y = z? for 0 < z < 3 so that the
domain is restricted to be in the interval zero to three.

The range of a function is the set of all possible output values for that function.

EXAMPLES
1. y = z? has range y > 0 since any squared number is positive.

2. y = sinz has range —1 < y < 1 since the sine function is always between positive and negative
one.

3. y =22, 0 < z < 3 (so the domain is restricted to € (0,3)) has range 0 < y < 9.
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The argument of a function could be the value of another function. For example if
f(z) = 22 and g(z) = = + 1 then

fg(@)) = (9(=))* = (= +1).

EXAMPLES
1. If f(z) =3z —1then f(z +1)=3(z+1) —1=3z+ 2.
2. If f(z) = 2z + 1 and g(z) = cos(z) then f(g(z)) = 2cos(z) + 1 and g(f(z)) = cos(2z + 1).

The inverse of a function is denoted f () and has the property that

@) =) ==

EXAMPLES
1. f(z) = 22 and g(z) = \/ are inverses since V22 = (y/z)? = z.

2. If f(z) = 3x2 + 1 then the inverse is found by rearrangement:

flz) = 322+1
f@-1 _
= g =
= @) = 2/

The zeros of a function, f(z), are the values of £ when f(z) = 0.

EXAMPLES
1. f(z) =2z +3haszeroz = —g.

2. f(z) = 22 + 3z + 2 has zeros z = —1, 2.
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A graphy = f(z) shifted from being centred on (0, 0) to being centred on (a, b) is written
in the form

y-b=f(z-a).

EXAMPLES
1. A circle with centre (1,2) has form (z — 1)% + (y — 2)*> = r2.

2. A parabola y = z? with turning point (0,0) if shifted to having turning point (3,4) has equation
(y—4) = (z - 3.

A function is even if f(—z) = f(z) and odd if f(—z) = —f(z).

EXAMPLES
1. y = f(z) = 2% is odd since f(—z) = (—2)® = —2°® = — f(2).

2. y = f(z) = z* is even since f(—z) = (—z)* = z* = f(z).
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2.3 STRAIGHT LINES

A line has the general form
y=mz+a

where @ and m are real numbers and m is the slope of the line.

EXAMPLES

1. Part of the straight line y = 0.6 — z is drawn in the following diagram:

Y
1.0 5

I T T T 1
-2 2 4 .\s 1.0
-2-

1
. The line y = 2z + 1 cuts the z axis when y = 0 giving z = 3 as the zero.

[

(5]

w8
-

1
. The line 5y = & — 1 has slope m = 5 since it can be rewritten as y =

4. The equation of a line that passes through the points (0, —1) and (3,0) isy = g — 1. The gradient
is found from

m=Y2—y _0+1 1

To—21 3-0 3
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2.4 QUADRATICS

A quadratic (parabola) has the general form
2
y=az"+bzr+c
and can have either no real zeros, one real zero or two real zeros.
If the quadratic has two real zeros, ¢;, ¢s then it can also be written as

y=a(z—c1)(z — ).

EXAMPLE

Sections of the three quadratic functions
y=(@-1)+1, y=(¢-3)", y=(z-5)(z—6)

are drawn in the following diagram:
257
2.0
1.5

1.0

T
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2.5 POLYNOMIALS

b2

= W

A polynomial has the general form

Y=anZ" + ap_12" 1+ -+ a1z +a

where @;,%2 = 0. ..n, are real numbers, and has the following properties.

The polynomial has degree n if its highest power is z™.

. A polynomial of degree n has n zeros (some of which may be complex).
. The constant term in the above polynomial is ag.

. The leading order term in the above polynomial is a,z™ since this is the term that

dominates as z — oo.

EXAMPLES

1. y = 2% + 42” + 1 has degree 3, constant term 1 and leading order term 2z°.

)

(5]

y = 2% 4 5z + 6 has two zeros ¢ = —3 and z = —2.

. The third degree polynomial y = (z — 1)(z — 2)(z — 3) = 2® — 622 + 11z — 6 is plotted below

forz € [0,4]:

6 -

3_

0 ﬁr‘h-.._____/l 1 T
1 2 3 4
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2.6 HYPERBOLA

A hyperbola centred on the origin is usually written in the form
y= z

although other orientations of hyperbolas can be written as

v _,

b?

or

EXAMPLE

1
The hyperbolay = 0.15 is drawn in the following diagram:
z

¥
1.5
1.04
0.5
1.5 1.0 0.5
I T T T T 1 L
0.5 1.0 1.5
~4-0.5
~-1.0
--15

The hyperbola above is not defined for z = 0.
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2.7 EXPONENTIAL AND LOGARITHM FUNCTIONS

The exponential function is
y=¢€" =expz

with its inverse the logarithm function

y=Inz.
The general properties of the exponential are listed in the next chapter on transcendental
functions.
EXAMPLE

The exponential function y = €® (upper curve) and logarithm function y = Inz (lower curve) are
drawn in the following diagram:

2 Inx

4 -

The logarithm function is not defined for z < 0.
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2.8 TRIGONOMETRIC FUNCTIONS

The main trigonometric functions are sin z and cosz, which are cyclic with period 27
thus sin(z + 27) = sinz. Sine and Cosine can be defined in terms of angles as discussed
in sections 1.14 and 3.4.

EXAMPLES
1. The function y = sin 2z will have a period of 7.

2. The functions sin z and cos z are plotted below for the first period = € [0, 2], while
tanz = sinz/ cos z is plotted for z € [—-7/2,7/2].

Y
1.0 1.0+
0.5+ 05
] T 0 T |
w2 2 n 3n2 n
-0.5 -05
1.0- 1.0/
sin cosT
Y
6 -
3 -
-m/2 -n/4
T T T 1 &
/4 w2
.3 -
fanx
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2.9 CIRCLES

A circle centred on the origin has the general equation
2% +y? = ¢
where 7 is the radius. This is often written in parametric form

z(t) = rcost, y(t) =rsint, t € [0,2x].

EXAMPLES
1. The circles 2 + y? = 1and (z — 2)®> 4+ (y — 1.5)2 = 1 are drawn in the following diagram:

3_

2

-1

2. The curve 2 + 2z + y? + 4y = —4 can be written as (z + 1)? + (y + 2)? = 1, which is a circle
centred on (—1, —2) with radius 1.

3. The curve represented by z(¢) = 2cost + 1, y(t) = 2sint — 3, ¢ € [0, 2x) is the circle radius 2
centred on (1, —3).
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2.10 ELLIPSES

An ellipse centred on the origin has the general equation
2 2 _
c1z” + cozy +c3y” = 1.

If the  and y axes are the axes of the ellipse then it is usually written in the form
2 2
a2 b
where 2a is the length of the ellipse in the z direction and 2b the length of the ellipse in
the ¢ direction. An ellipse is often written in parametric form

z(t) = asint, y(t) = bcost, t € [0,2nx].

EXAMPLES

2
1. The ellipse (%) + 2% = 1is drawn in the following diagram:

2. The curve (z — 2)? 4 16y = 1 is an ellipse centred on (2,0) with major axis of length 2 in the =
direction and minor axis of length %
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2.11 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1.

~N N e W N

10.

11.
12.
13.

14.

15.
16.

17.

18.

19.
20.
21.
22.

If f(z) = 2 + 1 whatis f(2)? 23.

. If f(z) = 2% + 1 what is f(g)? 24.
I f(z) = 2® + 1 and g(z) = (& — 1) whatis f(g(2))? >
26,

. If f(z) = 2% + 1 and g(x) = (& — 1) whatis f(g(b))?
. If f(z) = 2? and g(z) = sin z find f(g(a)) and g(f(z)). 27.
. If f(z) = 22 + 1 find f(f(x)).

28
LI f(x) = (x — 1)% and g(z) = 2% — 1 find f(g(x))
and g(f ().
) 29.
. If f(z) = = + 1 find the inverse f~1(z).
T
If f(x) L find the inve e f1(z)
. )= T INVers xT).
z+1
1 30.
If f(z) = — +1 find the inverse F (=)
T
31.
Lines
32.
Draw the liney = —2¢ + 1 forz € [0, 1].
Where is the zero of the liney = ¢ — 1? 33,
Where does the line 2y + £ — 1 = 0 cross the y axis?
What is the slope of the line? 34,
Draw 3y — z + 3 = 0 for z € [0,4].
3s.
Quadratics
Draw the quadratic y = £? — 2z + 1 for z € [0, 2].
Where are the zeros of the curve
y=(z—3)x—4)7
(For more questions on manipulation of quadratics see
Chapter 1.)
Sines and cosines
36.

Draw the curve y = 2sin3z fromz = 0toz = 7.
Draw the curve y = cos g fromz = 0 to

x =4r.

Draw the curve ¥y = cos 2z 4 1 fromz = 0 to z = 2.
What is the period of y = sin(z + 1)?

What is the period of y = cos 3z?

What is the period of ¥ = sin(3z + 1)?

Circles and ellipses
Draw the circle y? + (z — 2)2 = 4.
Draw the ellipse y2 + 222 = 1.

. Draw the ellipse 4y? + (z — 1)2 = 1.

Where does the ellipse (z — 1)? + 2y? = 1 cut the x
axis?

What is the equation for an ellipse centred on (0,0) with
T axis twice as long as the y axis?

. What is the equation for a circle centred on (1,2) with

radius 27

What is the equation for a circle centred on (a,2) with
radius 37

General

What type of curve has equation
Y+ (@—-1)2-2=0?

What type of curve has equation
2y? + (z —1)2 —2=107?

What type of curve has equation
2y +(x—1)2 —2=0?

What type of curve has equation
2y + (x — 1) =07

What type of curve has equation
2
—— +(x—-1)=0?
SRS
‘What is the equation of the quadratic below:

Y
5.

4
3
2
14

0 1 2 3

o~

What is the equation of the shape below:

Y
2 _
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CHAPTER 3
TRANSCENDENTAL FUNCTIONS

3.1 EXPONENTIAL FUNCTION

An exponential function is defined by
f(x) =a®, sothat = =log, f, a >0,

where a is the base and z is the index.

EXAMPLES

1. If8 = 23 then z = 8'/3 = 2,

2. If 3 = log, y theny = 2% = 8.

3. If 2 = log;, y then y = 10% = 100.

4. If y = log, 16 then since 16 = 2%,y = 4.

The most useful exponential function is f(z) = e* = expz where e = 2.71828 . ..
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3.2 INDEX LAWS

l. a® =ga.a...a, forian integer.
D
1 times
2. a™a" = g™ t"

m

N } Equal Bases Rule

3. —=a™ "
an
4. a™b™ = (ab)™
s am™ _ ra\m } Equal Indices Rule
o = (3)
6. a” "= 1
an
7. (@™)® = g™ Power of a Power Rule
8.a%=1
EXAMPLES

1. (243)%/5 = ((243)'/5)2 =32 =9
2. 278Y = 2%(23)¥ = 2%+

3. To simplify y = 329 write 9 = 32 so that

y = 32(32)3 — 3236 — 38.

4\ 3
4, If (—) = 64 then
Y

4 a3 =4
Yy

soy = 1.
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3.3 LOGARITHM RULES

1. log,(zy) = log, = + log, y Log of a Product
2. log, (g) =log,z —log,y Log of a Quotient
3. log, z? = plog, z Log of a Power
4. log,(a*) =z

5. a'%8a% =g

6. log,1=0 and log,a=1

EXAMPLES
1. log, 16 = log, 4> = 2

2. glagsx — (32)10332 — (31053 2)2 — $2

L

. Ifloga = 4,log b = 9 then log(a?b%) = 2loga + 3logh = 8 + 27 = 35.

23:
. logs (27;) =z—y

2
5. gloBa zt+2log,y _ Slog, @ log, y” xyﬁ

=N

The natural logarithm of z, the inverse of the exponential function e®, is log, z = Inx
(also denoted log x):

Inz =¢ means e°=z.

Note that:

1. lne® =z
2. enz =g
3. lne=1

4, In1=0
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EXAMPLES
1. exp(3In2) = exp(In23) = exp(In 8) = 8
2. ez+1n2 — ezeln2 = e

Inz
Inz—2lny __ e — z
3. e )

T e2lny y

4, Iflnz = 2 and Iny = 5 then to find In(z3y?) we write

In(z%y?) = Inz® + Iny?
=3lnz+2lny
=3(2) +2(5)
= 16.

5. IfIny = 3In 22 + cthen to find y write

Iny =1n(2z)* + ¢
— y =-exp(ln(22)® +¢)
= kexp(In (2z)%), wheree® =k
= k(22)3.

6. If £ =1n 3 and y = In 4 then to find exp(z + 2y) write

ez+2y — em(ey)2
=3 x 42
= 48,

7. If T =Ty + Tie ¥ then
1. (T-T,
b= ()

8. If y = a® then

Iny=zlna = y=e"m%
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3.4 TRIGONOMETRIC FUNCTIONS

The unit circle can be used as an aid for finding the sin and cos of common angles. For
example, cos /6 = V3 /2. By symmetry all the other major angles can be found.

sin @
1

-1
cos
-1
EXAMPLES
1. From the diagram we see that
cosi—ﬁ cosi—i rcosi—1 cosw=—1
6 2’ 4 V2’ 3 2 -
o by
2 in — = @i — — —
sin 6 _smﬁ 3
I T
an 4 an4

4. cos(nm) = (-1)",n=0,%1,£2,...
5. sin(nw) =0,n=0,£1,£2,...

2 1
gip 2N+ D7

5 =—(-D"n=0,%1,%2,...
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sin(—z) = —sin(z), cos(—z) = cosz

Sine is an odd function while cosine is an even function.

The Reciprocal Trigonometric Functions are

1 1
cosecr = ——, secx = ——, cotr = :
sinz CcCosT tanz

3.5 TRIGONOMETRIC IDENTITIES

A fundamental trigonometric identity is

sin®z + cos®z = 1.

EXAMPLES

1. To prove the identity tanz + cotz = secz cosecz
consider the left hand side:
sinz cosz

tanx + cotx = n
cosz sinz
sin z + cos® z

coszsinz
1

= ——— = S8eCIT CoseCrT.
COSIT s

2. Ttis easy to prove
1+ tan’z = sec’ z
cot’ z +1= cosec® z

by simply dividing sin® z + cos® & = 1 by either sin® z or cos® z.
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sin(z + y)
cos(z + y)
sin 2z
cos 2%

sin’® z

cos®

sinz cosy + coszsiny
cosTcosy —sinzsiny

28inx cosx

cos® z — sin’ z

1—cos2z
2

1+ cos2z
2

EXAMPLES

1. sin(z — y) = sinz cosy — coszsiny

2. cos(z —y) = coszcosy + sinzsiny

. ‘ﬂ' . ™ .
3. sin :c+§ =sinz cos — + COST smE:cosx

2

4. cos(z + w) = cosx cosw —sinz sinw = — cosz

5. To find sin % consider

. T s
Sin — = 8in

12

-7

. T ™ T, T
= 8In —~ CO8 — — CO8 — 81n —

_V31
S

4 3 4
11 1

—Eﬁzm(\/g—l).

6. Alternatively the following method can be used:
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3.6 HYPERBOLIC FUNCTIONS

) et —e™° e“ e *
sinhz = ——, coshez = ——

EXAMPLES
1. Ttis easy to show that
sinh0 =0
cosh0=1
and that
cosh®z —sinh®z = 1
since

-z T _ p— 2
cosh? x—51nh2m—( te ) (%)
1

L par et - @ 2n et 1

2. The plots of sinh # and cosh « are illustrated below on the interval z € [—2, 2].

5.0—y
cosh z 2.5
[ T T 1 z
-2 -1 1 2
-2.54
sinhz

-5.0-
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3.7 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1. Simplify as much as possible

. - 1 _
(i) 6:v3y 2% ﬂx 5y4
(i) 83
(i) 2log;0 5 +1og19 8 — log; 2
div) 3~ logg P
) Inz? +Iny—Ing— lny2
(vi) e2lne
2. Solve for ¢ using natural logarithms:
i 5t=7
(i) 2 = (1.02)
(i) 37 =2!5
(iv) @=Qoa™
(v) y=3—2Int
(vi) 3y =1+ 2e*
3. IfIns = 2 and Int = 3 calculate
(i) In(st)
(i) In(st?)
(iif) In(v/st)

(iv) In hd
t
%) In >
t3

4. Ifx =In3 andy = In 5 then find
(i) e*e¥
(i) evtv
(iii) e2®
(iv) e* + e¥
5. Evaluate

(i) tan(w)

. 67
(ii) sin (?)
117
(iii) cos (T)
. Y
(iv) sec (?)

6. Simplify
1 2
iy —— —tan“#0
o cos? @
(i) (sinz + cosz)? + (sinz — cosz)?
tan @

w V1 + tan? ¢

10.

11.
12.

13.

. Solve the following for values of 8 between 0 and 27

(i) cos? @ +3sin2 =2
(i) 2cos@ = 3sind

. Prove the following identities:

1+ sin8
) ——— = (secd +tang)?
@) L —sinf (sec @ + tan @)
(i) 3sin?0—2=1—3cos? 9
(iii) sinhz —coshx = —e™®

(iv) sinhz + coshz = €*

. Use the trigonometric addition of angle formulae to show

cos & = i(‘/h V2).

12

For the following angles find cos 0, sin 6, tan 8, and sec 6:

G 0= %
. T
(i) 8= 138
27
(iii)y 8 = 3
. 57
(iv) 8 =— 3
5
™) 6= Tﬂ
Use the multiple angle formulae to find cos %

In an experiment you have to calculate the time to melt a
block of ice using the formula

L= l()\p—CTop)
hT,

where
1=0.1, x=3x10°
c=2x10% Tp=-20,
T, =20, h=10,
p=1x10%.

Find ¢.

Is f(x) = x cos & an odd or even function?
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CHAPTER 4
DIFFERENTIATION

4.1 FIRST PRINCIPLES

The definition of a derivative of a function f(z) is:

i _ oy feth) = @)

dr  h—o h

f'(=)

This is the slope of the tangent to the function f(z) at the point z. The following diagram
illustrates:

f(z+h)

f(z)




42 DIFFERENTIATION

EXAMPLES
1. If f(z) = 2? then

(z + h)? — 22
h—0 h
2% 4 2hz + h? — 22

2. If f(z) = sinz then

sin(z + h) — sinz

! — ]_i
Fiz) h—% h
sinzcosh+ coszsinh —sinz
= lim
h—0 h
sinz(cosh — 1) + cosz sinh
= lim
h—0 h
=CoSZ
since
-1 i
lim cosh -0, lim sin h —1
h=0 h h—0 h

(see the Asymptotics chapter for how to evaluate these limits).

4.2 LINEARITY

d ¥(@) , dg(z)
(@) +g@) = LEL LS
d _ 4@

(ef@) = L

where ¢ is a constant.
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EXAMPLES

1. %(3sinx) = 3% sinz = 3cosz.

d d
2. If f(z) = sinx + €® then f'(z) = o sinz + Ee‘” = cosz + €°.

4.3 SIMPLE DERIVATIVES

The following derivatives of elementary functions are standard:

fl) = f(z)
c = 0 where ¢ is a constant.
" - nz"!
sinx — coszx
cosx — —sinz
et — e°
1
lnz — -—
T
gsinhz — coshz
coshz — sinhz

EXAMPLES
1 i(ﬁllnm)-&ll
" dx o

2. If f(z) = 522 + sinh z then f'(z) = 10z + cosh z.

4.4 PRODUCT RULE
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EXAMPLES

1. If f(z) = 2 sinz then f'(z) = 2z sinz + 22 cos z.

1
2. If f(z) = Inz cosz then f'(z) = 5 08T = In z sin z.

d
3. E(sina:e”) =cosze® +sinze®

4.5 QUOTIENT RULE

EXAMPLES
1. If 2
. f(iE) = E then

2zrsinz — 22 cosx

!
) =
f( ) gin? z
sin x
2, If = —— then
f(@) cosz C
by _ COsTCosz —sing(—sinz) 1
fi(z) = cos? z "~ cos?z’
Thus
Etan:rzseczx.
3.
d (sinz) _ cos(z)a® — 2zsinz
de \ z2 ] x4
4.,
d (-2 _ Lz? - 2] (22 +2) -
dx \ z? +2 (z2 + 2)?
T — z°+2)—(z° —x) 2z
(22 -1)(z*+2 2 2
= (22 + 2)2
2’44z -2

CET

(x® - x) %[m2 +2]
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4.6 CHAIN RULE

& 16@N =5 5 = Fe@)d @)

Differentiate the outer function first then multiply by the derivative of the inner function.

EXAMPLES

. d .
1. Since — sinx = cosz then
dz

%[sin(:ﬁ)] = cos(z?) %[xz]

= cos(z?)2z.
2. Since dixlna:z %then
d ) 1 d N
“n — il
da:[n($+$)] a:+m2dm[$+$]
_ 142z
x4 2

d d
3. Since —z°® = 322 and — sinz = cos z then
dz dz

% [sin® z] = 3sin® z cosz.

4. Since dix cosx = —sinz and %ma = 5z* then
d 2 5 ) 5y 4o 5
a[cos((:r + 3z)°)] = —sin((z* + 3z)°) a[(m + 3z)°]
= —sin((z® + 32)%)5(z” + 3:3)4%[@2 + 3z)]
= —sin((z* + 32)%)5(c® + 32)*(2z + 3)
= —5(2z + 3)(z® + 32)* sin((z* + 32)°).
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4.7 IMPLICIT DIFFERENTIATION

To find ' (x) where y(z) is given implicitly, differentiate normally but treat each y as an
unknown function of z. For example, if given

then differentiating gives

rog=de = 2-53

where the chain rule has been used to obtain the left hand side.

EXAMPLES

1. Differentiating
siny = z?
with respect to  where y = y(z) gives

d
c-:}s:f,;rﬁ"”r =2z

or
dy 2z 2z
dr  cosy ++/1-—2z*

since cosy = +4/1 —sin®y = £v/1 — 2.

2. Differentiating

zcosy +y=a°
with respect to « where y = y(z) gives

. dy dy 0.2
(cosy :r:sm(y)dm) + Iz =3z

which can be rearranged to give

dy _ 3az* —cosy
de 1—zsiny’
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4.8 PARAMETRIC DIFFERENTIATION

Given y = f(t) and z = g(¢), dy/dz may be calculated as

dy _ dy/di _ f'(2)

de  dz/dt g¢'(t)’

EXAMPLES
1. If y(t) = t® and z(t) = sint then

dy _dyjdt _ 2
de  dz/dt cost’

2. If y(t) = sint and z(t) = cost then

dy dy/dt _ cost

dr ~ dw/dt  —sint ~ cott.

4.9 SECOND DERIVATIVE

The second (or double) derivative is the derivative of the derivative:

Higher derivatives are found by repeated differentiation.

EXAMPLES
1. If f(z) = o* then f'(z) = 423 and f"(z) = 1222

2. If s(t) = et is the position of a particle with time £, then s'(t) = 22t is the velocity and
s"(t) = 4e?t is the acceleration.
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4.10 STATIONARY POINTS

A stationary point is a point (z,y) where f'(z) = 0. At this point the tangent to the
graph is flat.

EXAMPLES

1. The function y = 22 + 2z + 2 has a stationary point when
dy
—=2z4+2=0 = z=-1.
dz +

2. The function y = 223 — 922 + 12z has stationary points when

d
Y o 6e?-182+12=0 — =12

3. The function ¥y = ze™* has a maximum when

%ze‘“(m—l)zo = z=1.

A local maximum is when the function at the stationary point is higher than the sur-
rounding points. A local minimum is lower than the surrounding points. An inflection
point is where the graph is flat but neither a maximum nor minimum.

y maximum

2 4
\/ inflection
1 -

minimum
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1. if f"(a) > 0 then z = a is a local minimum.

b2

. if f"(a) < 0 then z = @ is a local maximum.

L

. if f"(a) = 0 then z = @ is an inflection point.

Note that £ = a is a stationary point so f'(a) = 0.

At a stationary point & = a the second derivative indicates the type of stationary point:

EXAMPLES
1. The function y = 2 + 2z + 2 has a stationary point at z = —1. The double derivative is
d?
Py _,
dz?
so z = —11is a minimum.

)

18

which is positive at £ = 2 (a minimum) and negative at £ = 1 (a maximum),

Y
10

6 local maximum

local minimum

3. The function y = (z — 1)% + 3 has derivatives

312 Y =6a-1)

dy _
Y-

which are both zero at z = 1, which is therefore an inflection point.

The function y = 2z° — 922 4 12z has stationary points at z = 1 and & = 2. The double derivative
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4.11 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1. Use linearity to find dy/dz: 5. Use implicit differentiation to find dy/dzx:
(i) y=3sinz —5cosz @ y? =sin(z — 1)
(i) y=3e® —x? (ii) cos(2y) = (1 —2?)t/?
(i) y=3Inz (iii) In(y) = ze®
(iv) y = 2sinhz — 3coshz iv) e¥ = e** +5
2. Use the chain rule to find dy /dx: ™ y+y=a?
() y = sin(2z) () y* +siny =sinx
(i) y = sin(z + %) oii) yz+1) -y’ ==
(i) y = (z+4)3 6. Use parametric differentiation to find dy/dzx:
() y = (¢ +sing)® @ y(t) =cost, x(t) = sin(t?)
(v) y =sin(lnz?) (i) y(t) =€, z(t) =12
(vi) y = exp(cos” z) (i) y(t) =12, @(t) =sint
(vil) y = cosh(2e?) 7. Find the derivative dT'/dt:
3. Use the product rule or the quotient rule to find dy/dz: a
() y = ze® T =1t exp (\/?)
cos T

where @ is a constant.

(i) y=—
T

(ili) y = e®sin 8. For the following functions find the stationary points and
my=e £ classify them.

Inz

W) y=—F O y=(z-2)°
(v) y=sinzcosx (i) y=2° - 622+ 9z +1
. _Inz (iii) y = 3z* — 823 4 622
v y= o ) e
" (iv) y==ze
(vil) y = 2?sin ) y=2?In(x)
(viii) y = cosh zsinhz (vi) y =sinz + (1 —x)cosz, forx € [1,2]
el/w e 2 @
(ix) y= (vi) y = (z—1)%€
z

9. The function y = f(x) is drawn below. Roughly sketch

4. Find dy/dzx for these more difficult problems: the function f ().

(i) y = exp(zcosz?)

(i) y = e cos((2x + 1)?) Yy
1 kN
111 e —
i Y V24 z? 0 T T T T z
sinz 1 2 3 4 5
i = _1 -
™y (x+1)2
s 2 3 27
(v) y=sin(z” + exp(z® + z))
. expa? 3]
i) y= 22 4
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5.1 ANTIDIFFERENTIATION

The indefinite integral (antiderivative) of f with respect to z is

/f(x) dz = F(z)+c

where F'(z) = f(z) and cis known as the constant of integration.

EXAMPLES
1 Ifia:2:2x then f?xdm=x2+c
R 2
d 1 1
2. Ifﬁlnng then f;dm:ln|:r|+c‘
. d o .
3. If —sinxz = cosz then coszdz = sinz + c.

dz

d
4, If e gsinhz = coshz then /cosh zdz =sinhz + c.
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5.2 SIMPLE INTEGRALS

f:c“ dz
/cosxdx =
fsinmd:r: =

/e‘” dz =

fldm =

T
/sinhxdx =
fcoshxdx =

The following integrals of elementary functions are standard:

%ﬂx“ﬂ +c where n # —1
sinz +c

—COST + ¢

e"+c¢

In|z|+¢

coshz + ¢

sinhz + ¢

Integration is linear so that

[G@+gnis = [f@do+ [ o)z,

/cf(:r:)d

X

c f f(z)dz, where ¢ is a constant.

EXAMPLES

1. /(sinx+e”)d:c=—cosx+e”+c

2. /5cosa:da:= 5sinz +c¢

3. Simple application of the Chain Rule in differentiation gives

1
fcoskxdx = Esinkx+a
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=

./69:da:=3/29:d9:=3x2+c

h

) f4x—|—ldsz/?mdm+/ldx=2m2+lnm+c
T z
. 3
6. f3sm(2:.v:) dr = -3 cos(2z) + ¢

7. f(5:7:4—|—%:c3—|—12m2+7)dm=m5+%m4+4m3+7m+c

. /(2—33/3) dz =5In|z| — 3¢*/° + ¢

o]

5.3 THE DEFINITE INTEGRAL

The definite integral with respect to  over the interval [a, b] is written as:
b b
[ @ = FEL
@

= F(b) - F(a)

where F'(z) = f(z). This is the Fundamental Theorem of Calculus.

EXAMPLES

2 2 3

1 2 1 7

1. / Izdxz [—xs] —_— e —_— - =

L 3], 373 3

1 1 ! 1 2
2. / sinwz dr = [——coswx] = ——(cosm — cos0) = —

0

w 0 w w

1
4, f sinh z dz = cosh(1) — cosh(—1) = 0 since cosh(z) is even.
-1
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/:f(a:)da;zo

/:f(x)d$=—f:f(m)dx

f:.f(x)dx—kf:f(m)dm=f:_f($)dx

(assuming f(z) can be integrated over the required intervals).

EXAMPLES

1.

2 o )
f |m|dx=f |a:|da:+/ || de
0 2
=/ —mdm+f rdr
(][]
21, 2 |,

21tf@={ 3 I3} e
¥ =

_/:f(x)dxz-/o.if(x)dx+/jf(x)dx

3
:/ 1dﬂ’?+/ rdzx
0 1
221°
-+ %],
1

9
_1+§—§—5.

3. If f(z) is odd then

[:f(m)da:= _Daf(m)dm—kf:f(m)dm:o_
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5.4 AREAS

If f is an integrable function then

b
/ f(z)dz = (area above the z-axis) - (area below the z-axis)

in the regiona < z < b.

EXAMPLES

1. Consider the curve given by f(z) = 2% — 9z% + 26z — 24 = (z — 2)(z — 3)(z — 4). The area
between the curve and the z-axis between z = 2 and z = 4 is given by:

Y
1.0
0.5+
0 T
1
-0.54
1.0~
4 3 4
[ @ias= [ @ds- [ f@)as
=0.25+0.25
=0.5.
2. If f(z) is an even function (so fl—z (z)) then

—2/ f(z)d

since the area for z € [—c, 0] is the same as for z € [0, c].
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5.5 INTEGRATION BY SUBSTITUTION

Integrals that can be written in the form
[ Ha@) @) da
are solved by the substitution uw = g(z), upon which the integral becomes
[ 1) du=F@)+c=Fig) +c,

where F'(z) = f(z). For definite integrals the limits of the integration are also trans-
formed.

EXAMPLES
1. To evaJuate/?a: sin(z® + 1) dz let u = z* + 1 then % = 2z so that

/2xsin($2+1)dx= fsinudu
= —cosu+c

= —cos(z® + 1) +c

1 d
2. To evaluate f ———dzx letu =z + 1then i 1 so that

vr+1 dz
1 1
7dg;: _'fd
./Vx+1 fu “
=2u’ 4 ¢
=2vVz+1+c

w/2
3. To find f sin* z coszde letu =sinz so that the integral becomes
0

sin(w/2) 571 1
f utdu = [u_] = -.
sin(0) 9]g 9O

1
4. To find / ————dz letz = sinu since /1 — 22 = coswu and dz = cosu du so that
V1-—z?

Cosu

1
./\/l—x2dm_ff:0su

du = u = arcsinz + c.
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5.6 INTEGRATION BY PARTS

Integration of a product of two functions can sometimes be solved by integration by parts:

dv du
fuﬁdx—uv—fvadm

fud*vzuv—fvdu‘

or in short hand,

EXAMPLES

d d
1. To evaluate/a:cosmdm letu = z and d—v = cos z then £ = 1and v = sin z, so that
T

fxcosxdxzxsinx—fsi.nxdx

=gsing — (—cosz + c1)
=zsinz + cosx + ca.

1
— o2z

d d 1
2. The integral ze?® dz is performed by setting u = z, £ = e“* so that £ =landv = 532“.

0
Then we have

3. Integrating by parts twice we can evaluate
f e sinzdr = —e*® cosz + 2 f e?® cosz dz
— 2x 2z : 2r :
= —e““cosz + 2 (e sing — 2/6 smxd:a:)

2z
so by rearranging /e% sing dr = %(2 sinz — cosz) + ¢.
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5.7 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)
1. Find

(i) / $—73 dx
(i) /(E —|—:c5) dx
z
(iii) /(67“” +e M%) dg
(iv) /(.’L‘Q + 210 42! 4 212) de
) / sinh(2z) dx

(vi) /4cosh(w) — % dx
2. Evaluate
5
@) / e “dz
0

3n/2
(ii) / sin z dx
/2

1/2 1
(iii) / —6 dx
1

/4 Zz
™
(iv) / sin(3z) dz
0
57/4 z
(v)/ —gin (—= ) dz
w/4 ( 3)
3
(vi) / Te ®dx
0
3. Find

2
i) / f(z) dx where
0
1, z<1,
f(w):{ z, x2>1.
1
(i) / f(x) dx where
-1
[ —2?, z<0,
f@={ 5 30
(iii) / * f(z) dx where
0
1

_J -1, <1,
r={ 3 25t

1
(iv) /_1 f(z) dz where f(z) = |z3|.

4. Evaluate the following integrals using a substitution.

i) /we‘”2 dx

z+2
. d
(u)/x2—|—4:n—|—5 v

(ii) / Ldy

ylny
(iv) / 2234/ 724 — 1da
) /zcos(—z2)dz

. ev® d
(vi) / 7 ]

(vii) / " zsin(z?) de
0

o [
111
¥ 9 2y v

5. Evaluate the following integrals using integration by parts.

m
(i) / xcosxdr
0
2
1
. d
@) /0 2 -2 -3 7
(iii) / €2® sin z dx (integrate twice).
(iv) /(:n + 1)sinz dz
W) / z2e” dx
(vi) / Inzdzbyusinguw =Inzanddv = 1.

6. Find the following integrals using any method.
) / sin z dz
cosz
(i) / %2 sin & do

(i) / 3ze®/ 3 dz

(iv) / Vu(u + 1) du

dx (let x = sinh u).

1
(V) /v1—|—:n2
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MATRICES

6.1 ADDITION

If A and B are m x n matrices such that
11 a2 -+ Qip bin bia - by
as1 G -+ @2p boi by .- bop
A= . . . . and B = . . . .

Aml Am2 ' Omp bmi bm2 - bmn
ajr +bi a2 +bis 0 aip+bip
a1 +ba1  aza+b2 - asp+ bop

then A+ B = . . . .
Am1 ar bml Am2 + bm2 et Umn + bmn
Addition of matrices of different sizes is not defined.

EXAMPLES
1. 12 3 4 —6 2 -3 6 &5 1
-2 1 0|+ 0 -1 7 |=] -2 0o 7
3 79 3 -14 1 6 -7 10
2 { ; f ] + { 9 ] cannot be done.
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6.2 MULTIPLICATION

AB is defined if A is size m x r and B size r x n. If

aipx @iz - Q1m bin b - by

a1 Q22 - Oam bor baa --- Do
A= . . ) . and B = .

Ar1 Grz "' Qpm bnl bng soo bm"

then AB = C is an m x n matrix, where C;; = a;1b1; + a;aba; + - - - + a4rby;. That is,
Cj; is the dot product of row ¢ of A and column j of B.

In general AB # BA, that is, matrices are noncommutative.

EXAMPLES
R (1 -1] _[3 3
3 4|1 175
s [1 -1][1 2]_[-2 -2
Tl 234 | 7 10
4 29 -2 2 -4
3. fA=| -3 -1 1 and B= 0 0 1| then
2 1 2 3 -4 -1
[ 4 29 -2 2 -4
AB=| -3 -1 1 0 0 1
| 2 1 2 3 -4 -1

= 6+0+3 —-6+0-—-4 12-1-1
-4+0+6 44+0-8 —-8+1-2

-84+0+27 8+0-36 —16+2—9]
(19 -—28 —23]

= 9 -10 10
2 -4 -9
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while
[ —2 2 —4 4 2 9
BA = 0 0 1 -3 -1 1
| 3 -4 -1 2 1 2
[ - 8—-6—-8 —-4-2—-4 —-184+2-8
= 0+0+42 0+0+1 0+0+42
| 124122 6+4—-1 27—-4-2
[ —22 —10 -—-24
= 2 1 2
| 22 9 21
# AB.
4,

6.3 IDENTITY

The identity matrix, defined only for square matrices (n x n), is

10 -~ 0
ORI
I= ‘
00 - 1

and is defined such that, for all n X n matrices A,

IA=AI=A.

EXAMPLE

The 2 x 2 and 3 x 3 identity matrices are

L o 100
0o 1ls |01 0]
001
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6.4 TRANSPOSE

The transpose of a matrix is formed by writing its columns as rows. The transpose of an
m X n matrix A is an n X m matrix denoted by A?, that is, if

ail a2 - Qip aiy a1 - Gml

az1 G2 - d2p ¢ 12 Q22 ' Om2
A= . . ) . then A* =

Aml Qm2 - Omn Alp QA2 "' QAmnp

EXAMPLES
[0 1
1.LIFA=| 2 4] then Atz{o 2 1]
1 4 -1
1 -1
[ 4 2 9 4 -3 2
2.IfA=] -3 -1 1 then At=|2 -1 1|.
| 2 1 2 9 1 2

If A and B are matrices and ¢ is a scalar, then

1. (At = A

[

. (A+B)!=A'+ B!
. (cA)t = cA?
. (AB)t = BtA!

= W

EXAMPLE

(AtA) = (AL(A)Y) = A'A
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6.5 DETERMINANTS
The determinant of a 2 X 2 matrix A = { (:: 3 } is
det(A) = |A| = ad — be.
a;; a2 a13
The determinant of a3 X 3 matrix A= | a21 a2 @93 | is
a3y azz Q33
d22 023 azy 23 az; a22
Al = —
Al =au dz2 0433 a2 az1 @33 o az1 @32
(expanding by the first row).
EXAMPLES
1. 1 2 1 2
R
2.
-3 21
5 6 4 6 4 5
4 5 6 =—3‘ ‘—2‘ ‘+1‘ ‘
9 _3 1 -3 1 2 1 2 -3
= —3(5+18) — 2(4 — 12) + (—12 — 10)
= —-75
3.
1 7 5
0 2 6 =1‘(2] g‘+0+0
0 0 3
=1x2%x3=6

o
]
=2

‘ is not possible.
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6.5.1 COFACTOR EXPANSION

The determinant of an » x n matrix may be found by choosing a row (or column) and
summing the products of the entries of the chosen row (or column) and their cofactors:

det(A) = a,;C1j + ag;Caj + - - - + anjChj,
(cofactor expansion along the j** column)
det(A) = a;1Ci1 + ai2Ci2 + * - - + @inCin,
(cofactor expansion along the i" row)

where Cj; is the determinant of A with row ¢ and column j deleted, multiplied by
(—1)**7. The matrix of elements Cj; is called the cofactors matrix.

EXAMPLES
1. 1 3 0 2
4 -3 1 9
-4 4 0 3
5 =6 -2 -7

(Expansion is along the 3rd column since it has two zeros.)

= (0)C13 + (1)Ca3 + (0)C33 + (—2)Cis

1 3 2 1 32
=()(-1°| -4 4 3 |+(-2(-D7| 4 -3 9
5 =5 —7 -4 4 3

= —[1(—28 + 15) — 3(28 — 15) + 2(20 — 20)]
+2[1(—9 — 36) — 3(12 + 36) + 2(16 — 12)]

= —[13 — 39] + 2[—45 — 144 + 8]

= -310.

[

—_O
- O N
O MW

12
_—2‘ 11 ‘_—2(1—2)_2

by expanding along the second row.

3. The full cofactors matrix for the previous question is found by crossing out each row and column
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in turn remembering to multiply by (—1)#7:

0 2
Cllz-l-l‘l 0‘:_2

0 2
0122(—1)‘1 0‘=2

0 0
6'13=+1‘1 1‘=0

and so one, giving

6.6 INVERSE

A square matrix A is said to be invertible if there exists B such that
AB=BA =1
B is denoted A~ and is unique.

If det(A) = 0 then a matrix is not invertible.

EXAMPLE
The matrix B = { ? g ] is the inverse of A = { _3 _g ] since
N EERE
and
on=[ 3 %][34]-[4 4]
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6.6.1 TWO BY TWO MATRICES

For 2 x 2 matrices, if A = [ C; Z ] then
A7l = - L " { tci _2 ] providing ad — be # 0.
= —

If det(A) = ad — bc = 0 then A~ does not exist.

EXAMPLES
|12 _1_i 4 -2
l.IfA—[3 4] then A —_2[_3 1}.
_ |1 2 1113 -2
2‘TFA_[0 3] then A _3{0 1]‘

6.6.2 PARTITIONED MATRIX

Inverses can also be found by considering the partitioned matrix

[AEI]

then performing row operations until the final partitioned matrix is of the form

[I E A—l]-

EXAMPLE

The inverse of

1 21
010
1 10

can be calculated using row reductions where B3 — R3 — R1 means that Row 3 becomes the old
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Row 3 minus Row 1.

1 2 1|1 0 0
01 0[/0 10
1 10[(0 01

J R3 — R3—R1
1 2 1] 100
0 1 0| 010
0 -1 —-1|-1 0 1

R3 > R3+ R2
12 1/ 100
01 0| 010
00 -1|-11 1
R1 - R1-2R2

! R3 > —R3
10 1|1 -2 0
010/(0 1 0
00 1|1 -1 -1

l Rl1— R1-R3
1 00/0 -1 1
010/(0 1 0
00 1|1 -1 -1

hence

= N2

- 0 -1 1
=lo 1 o].
1 -1 -1

o O =

| —— |
=N

6.6.3 COFACTORS MATRIX

The inverse of ann x n matrix A can be found by considering the transpose of the cofactors
matrix divided by the determinant:

1
Al= ¢t
|A|

where Cj; is the determinant of A with row ¢ and column j deleted, multiplied by
(=1)**J. The matrix C is called the cofactors matrix.
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EXAMPLES
1. If
1 21
A=|01 0
110
then
1 0
Cn= ‘ 1 0 ‘ =0
2 1
Czl—(—l)‘ 10 ‘_1
and so on. Since |A| = —1 we get
. 0 =11 To -1 1
A—lz—l -1 1| =]0 1 o0].
- -1 0 -1 1 -1 -1
2. The matrix
(1 2 3
A=|00 2
[ 1 10
has cofactors matrix
[ —2 2 0
C= 3 -3 1
| 4 -2 0
hence the inverse
1 -2 3 4
A_l = 5 2 _3 _2
0 1 0

6.7 MATRIX MANIPULATION

from the right (post-multiplication).

Matrices do not behave as real numbers. When manipulating matrix expressions a
distinction is made between multiplying from the left (pre-multiplication) and multiplying
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EXAMPLES

1. Given that ABC =1 find B?

ABC =1
(A-'A)BC = A7l pre-multiply both sides by A~1
IB(CC™!) = A-'IC™! post-multiply both sides by C~*
B = A-!C7! simplifying
= (CA)L
2. If A = PDP~! then A3is

A* = (PDP!)(PDP!)(PDP!)

— PD(P'P)DP'PDP!

= PD?P-'PDP-! since PP~ =1

= PD3pP! again since PP~1 =1,

3. If Av = \v then

4. If Av = M then if A~! exists then

A TAv=A"1Txw=)A"1p

= w=XA"lv

= 1'u =A"ly
o=a0

See Section 6.9 on eigenvalues since this example shows that if A has eigenvalue A, with eigen-
vector v, then A~! has eigenvalue 1/ for the same eigenvector.
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6.8 SYSTEMS OF EQUATIONS

Systems of m linear equations involving n unknowns may be written as a matrix equation.
For example,

z+y+2z=1
2c+4y—32=5
3z + 6y — 52 =2

is written as
11 2 T 1
2 4 -3 yl=1]5
3 6 -5 z 2
or
Ax=b

Systems of equations are typically solved by Gaussian elimination.

If A is invertible then x = A~ 'b.

Gaussian Elimination allows
e a multiple of one row to be added to another row.
e arow to be multiplied by a (non-zero) number.

Hence R3 — R3 — 2R1 means each element in Row 3 becomes the old Row 3 element
minus two times the corresponding Row 2 element.

EXAMPLES

1. The augmented matrix is an easy way of writing systems of equations. For the following system

zT+y+2z2 =
2z + 4y — 3=z
3z +6y—5z =



SYSTEMS OF EQUATIONS

the augmented matrix is

11 2|1
2 4 -3|5
| 3 6 —5/2
Ry - Ry — 2R,
R3 - R3 — 3R,

[1 1 2] 1
0o 2 -7 3
|0 3 -11|-1

J Ry — Ry /2
11 2 1
0 1 —7/2|3/2
03 -11| -1

l R3 — R3 — 3R,
11 2 1
01 —7/2| 3/2
00 —1/2|-11/2

J R3—)—2R3
11 2 1
0 1 —7/2|3/2
0 0 1] 11

This gives the straightforward solution by back substitution of x = —61, y = 40, z = 11.
2. Consider the system

20 -5y = =2
—z+3y = 4

written as Ax = b such that
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After performing Gaussian reduction by row operations the three cases (no solution, infi-
nite solutions, one solution) are typically represented by the following:

1. If you perform row operations to obtain

a b cl|k
0 d ek
0 0 f|ks

(where a, .., f are non-zero real numbers) then you get one unique solution.

2. If you perform row operations to obtain

a b ¢ k]_
0 d ek
0 0 0f&ks

then if k3 # 0 you get no solution.

3. If you perform row operations to obtain

a b c|k
0 d el|ke
0 0 0| O

then you get an infinite number of solutions that represent a line where you let
z = t, t is some parameter, and then express z, y in terms of £.

EXAMPLE

To solve the system:

[1 -2 -1 z -1
2 1 3 y | =1 13
|1 8 9 z 29

perform row reductions to obtain

1 -2 -1 -1
0 1 1| 3
(0 0 of 0

and setting z =t givesy =3 —tandz —2(3—¢) —t = —15s0
(:c,y,z) = (5_t13_trt) = (5:310) +t(_1:_1:1)

or a line in three dimensional space.



EIGENVALUES AND EIGENVECTORS 73

6.9 EIGENVALUES AND EIGENVECTORS

If A is an n X n matrix then a scalar X is called an eigenvalue of A, if associated with it
there is a non-zero vector v, called an eigenvector, such that

Av =\,

~ ~

To find the eigenvalues solve the characteristic equation
|A — AL =0.
To find the eigenvectors solve

(A —AI)p = 0.

EXAMPLE

To find the eigenvalues and eigenvectors for

0 1]

A:[IO_

set up the characteristic equation

0 1] 10 -2 1
w([3 0] [0 2])=[ 73 =0
which gives A2 — 1 = 0so A; = 1 and A\ = —1 are the eigenvalues. To find the eigenvectors solve
—-A 1
[ 1 - |2=0

For A\; = 1let

w=[2] wa [ 3][2]=[5]

Both equations give 1 — y1 = 0 so y; is a free variable. Hence the eigenvector corresponding to
A1 = 1is #(1,1), where ¢ is any number, ¢ € Re.
For Ay = —1 let
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Both equations give 2 + y2 = 0 so y2 is a free variable. Hence the eigenvector corresponding to
A2 = —1is p(1, —1). The length of the eigenvector is unimportant hence it is convenient to write

v1=(1,1), w2=(1,-1).

6.10 TRACE

The trace of a matrix is the sum of its diagonal elements.
(Note that the trace is also equal to the sum of the eigenvalues.)

1 2 3
EXAMPLE Thetraceof [ 4 & 6 | =14+5+9=15.
7 8 9

6.11 SYMMETRIC MATRICES

The matrix A is symmetric if A = A,

EXAMPLE The matrix is symmetric.

UR R
(=T R ]
U=J=> R ]

6.12 DIAGONAL MATRICES

A diagonal matrix is one with only terms along the main diagonal.

EXAMPLE A 3 x 3 diagonal matrix has the form

oo R
o o O
o oo
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6.13 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1. Find A + B, AB, BA and the trace(A ): 5. Find the determinants of the following matrices.

@ 1 0 1 0
(4 0 1 o) 32 71
A=|2 3 -7 6 1 61
I 1 0 0 L 2 2 2 3
Tl -1 -1 [4 1 6 2
.. 0 1 4 2
B = -2 -2 =2
s 1 1 ] W19 09 o
- L0 0 0 -1
(i) (3 0 4
1 9 (iii) 1 0 0
A=1lg 4 ] [0 0 6
B— 6 -8 ] 6. Solve the system of equations
=7 1 T+2y—z = 2
(iii) 8z +3y—7z = 4
T2 0 0 4y — 122 = 8.
A=]0 3 0 . . L . . .
0 0 4 7. First showing that a non-trivial solution does indeed exist,
L solve
[9 0 0O Ao —
B=|0 8 0 Ty =
L0 0 -3 y—2 =
—4dx+ 17y —4z = 0.
2. Find AB: y
ro2 g9 8. For what values of @ and ¢ do you get
. 6 1
i A= 411 g ] B= [ 3 1 ] (i) one solution,
- (i) no solution,
(i) A= [_12 ;1 11 7_1 ] (iii) infinite solutions,
B— 2 9 1 0 for the system
~ 13 8 1 8 5 - 0
1 2 1 16 Troytz =
n 6 r+6by—z = 2
(i) A = _2]B:[1 -1] 2ctay+z = ¢?
3. Find A%, A*A, AAY:
9 1 3 9. Find the eigenvalues and eigenvectors of A
@ Az[ 4 3 -5 ] @)
6 0 [2 0 17
(i) A= 0 —4 A=(0 3 4
7 5 L0 0 1 |
4. Find the inverse, if it exists, of the matrices (i)
@ [ % i ] 2 1 0]
A=(1 2 0
1 2 0 L0 0 1 ]
(ii) 0 1 0
0 3 2
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CHAPTER 7
VECTORS

7.1 VECTOR NOTATION

A vector in R? is represented by an ordered pair v = (a,b), or geometrically, by a
directed line segment in the plane.

Y

(i~

The vector has both length ||v|| and direction.

EXAMPLES
1. The vector (1,0) points in the z direction and has length 1.

2. The vector (1,1) points in a direction with angle 7/4 to the z axis.
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A vector in R™ is represented by an ordered n-tuple

v = (vlavﬂa---}vn)'
i~

EXAMPLES
1. v = (1,3,4) is a three dimensional vector so v € R®.
2. v=(3,5,7,1,2) is a five dimensional vector so v € R5.

7.2 ADDITION AND SCALAR MULTIPLICATION

Ifv = (vy,v2,...,7,), w = (wy,ws,...,w,) and ¢ is a scalar constant then
v+w = (v;+w,ve+ws,..., v, +wy)
CE = (cvl:chLi---:cvﬂ)'

EXAMPLES

1. Ifv = (1,—1,4) and w = (1, —3, 3) then,
V+w= (21_417)?

and
4v = (4,—4,16).

[

.If 4 =(1,0)and § = (0,1) then v = (2,3) = 2¢ + 37.
3. Ifv =(1,2,2,z) and u = (2,1,2,0) then v + u = (3,1 + z,2 + z, z).

4. (1,2) + (4,5,6) is not defined.
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7.3 LENGTH

The length of a vector in R™ is given by

ol = /02 + 03+ 402

EXAMPLES
L1(,2,)||=vV12+22+12 =6
2. 1(1,1,2,1,3)|=v1+1+4+1+9=+16=4

The triangle inequality states that
e + oIl < lfull + Il

That is the length of the sum of vectors must be less than the length of the two individual
vectors added.

EXAMPLE

(0,3) + (4,0) = (4,3) and [|(0,3)]| = 3, [[(4,0)]| = 4[I(4,3)|| = V3> +4* =5 <3+ 4
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7.4 CARTESIAN UNIT VECTORS

The Cartesian unit vectors for R® are

t = (1:0:0)1 3 = (0:1:0)1 k= (0:01 1)

~

Vectors in R? are often written as the sum of the components in the direction of the
Cartesian unit vectors:

v = (v1,Vs,03) = V1 ¢ + 0] + v3k .

EXAMPLES

1. (1,2,3) =i +2j + 3k

2. (0,2,0) = 25

7.5 DOT PRODUCT

If w and v are vectors in R™ then the dot product is defined by
U-V=uUt + UV + -+ UpUp -

This is also called an inner product on R™. The result of a dot product is a scalar.

EXAMPLES
1. (1,2,3)-(1,1,1) =1+2+3=6
2. (1,2,3)-(1,2,3) =12+ 22+ 32 =14

3 lull’=u-u
-~ ~
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The angle # between two vectors is given by

g
e

cosf =

=
T

EXAMPLES

1. The angle # between (1,2, 3) and (1, 1,1) is such that

6 6
cosf = = .
V1242243212 +12+12 /42

2. (1,2,3) and (1,1, —1) are at right angles since (1,2, 3) - (1,1,—1) = 0 hence cosf = 0.

Two vectors, » and v are orthogonal if they are perpendicular to each other and

u-v=0.

EXAMPLES

1. w=(1,2,1) and v = (2,1, —4) are perpendicular sincenw - v =2+2 -4 =0.

2. To find a vector, (a, b), perpendicular to (1,2) write
(a,b)-(1,2) =a+2b=0

hence the simplest choice is (a,b) = (=2, 1) although any multiple of this will be perpendicular
to (1, 2). For example (2, —1) and (—4, 2) are still perpendicular to (1, 2).
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7.6 CROSS PRODUCT

If w and v are two vectors in K2, then the cross product u x v is defined in determinant
notation by

i k
i~ ~ i~
UXY = Juw ur ug
™ v U3
Uz Ug .| W Uz U3 Us
= - +k
~ | U2 V3 ~ U1 U3 ~| V2

= (u2vz — ugva, UzV] — UIV3, UIV2 — U2V1) .

EXAMPLES

1. (1,0,0) x (0,1,0) = (0,0,1). Thatis i x j = k.

2. Ifu = (2,-3,1) and v = (12,4, —6), then

e
1
13~
x
P~
1
B B 2.
|
I )
Sy 2

1

.| -3 1‘.2 2—3‘
=1 —_

~

4 —6 12 12 4
= (18 — 4) — §(—12 — 12) + k(8 + 36)

1
—6‘+£

=144 + 245 + 44k = (14,24, 44).

3. The cross product (1,2,3) x (1,0,1) is:

i 5 k
(1,2,3)x(1,0,1)=| 1 3 3|=(22-2).
1 0 1
4. The cross product (1,1,2) x (1, -1,0) is:
t J k
(1,L,2)x(1,-1,0)=| 1 1 2 |=(22,-2).
1 -1 0
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Note that the result of taking the cross product of two vectors is another vector where the
direction of u x v is perpendicular to both u and v.

EXAMPLES
1. In a previous example (2,—3,1) x (12,4, —6) = (14, 24, 44) and
(2,3,-1)-(14,24,44) =28 — 72+ 44 = 0.
Similarly (12,4, —6) - (14,24, 44) = 0.

2. In a previous example (1,1,2) x (1,—1,0) = (2,2, —2). Note that (2,2,—-2) - (1,1,2) = 0 and
(2,2,-2) - (1,-1,0) = 0.

7.7 LINEAR INDEPENDENCE

A vector v is a linear combination of the vectors @y, us, ..., wy, if it can be written as

~ A ~

vV =cru1 + coug + - + Crin

~

where ¢, . . ., ¢, are constants.

EXAMPLES
1. (2,7,3) is a linear combination of (1,1,0),(0,2,1), (0,1, 0) since

(257}3) = 2(1} 1}0) + 3(0:2} 1) - (0: 1}0)

2. (1,2,1) is not a linear combination of (1,1,0), (2, 1,0), (1,0, 0) since we can never combine the
three vectors to get the third component of (1,2, 1).

3. Any vector (a, b, c) in R? can be found from a linear combination of {(1,0, 0), (0, 1,0), (0,0,1)}.
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A set of vectors uq, U2, . . . , Uy, are linearly independent if the only constants ¢y, . .., ¢,

~ A

that satisfy

cLul + couz + -+ chun = 0
~ -~ ~

~

arecy =cp=---=c¢, =0.

EXAMPLES
1. (1,1,0),(0,2,1),(0,1,0) are independent since
1 (1} 1} 0) + 62(0: 2: 1) + 03(0} 1: 0) = (0: 0} 0)

implies
c =0
ca+ca+c3=0
c;=0

which gives ¢; = ¢ = ¢3 = 0.
2. (1,1,0),(2,1,0),(1,0,0) are dependent (not linearly independent) since

c1+2c+c3=0

c1+c=0
0=0
has an infinite number of solutions, one being ¢; =1, ¢o = —1, ¢3 = 1.

(5]

. The vectors (1,2),(2,1), (1, 0) are dependent since
a(1,2) + c2(2,1) + ¢3(1,0) = (0,0)
implies

c1+2c+c3=0
201+202=0.

Since we have two equations in three unknowns we can always find a non-zero ¢, ¢2, c3 to satisfy
these equations, for example ¢; = 1, ¢ = —1, ¢z = 1. More than two vectors in R? can never
be independent.

4. The vectors %, j, k are independent since for any vector v = (a, b, ¢) it is possible to write
(a,b,e)=c1i +c2j +esk=at +bj +ck

henceif v = 0thenc; =cy =¢c3 = 0.



LINEAR INDEPENDENCE

85

A set of vectors is linearly independent if the determinant of the matrix with vectors as
columns is not zero.

EXAMPLES
1. For (1,1,0),(0,2,1),(0,1,0) the determinant

= —1#0

e I R
= b O
O = O

hence the vectors are independent.

)

For (1,1,0),(2,1,0), (1,0,0) the determinant

e I R

O = b

O O =
1
o

hence the vectors are dependent. We can show that
(2,1,0) = (1,1,0) + (1,0,0)

so they are not independent of each other.
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7.8 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)
1. Evaluate the sum 2 + v, 3u and ||’L~l,||
0 w=(-2-1)v=(L1)
(i) w= (3,4), v= (4,3)
(i) w=(-2,1), v =(-1,-1)
(iv) u= (3,4,2), v= (1,1,1)
™ u=(31,1,0),v=(10,1,1)
O w=25+3] +hy=i-j—k
(i) w=1%+j,v=1-3j
2. For the above vectors verify the triangle inequality that
lu + ]l < llull + ||l

3. In the diagram below write down the two vectors w4 and

v in algebraic form then find and draw the vector © 4 .

¥~

4. Evaluate the sum % + v and ||u + v||:
® u= (3,2,-1), v = (-1,-2,1)
(i) v=1(1,0,9), v =(-2,-2,-2)

(iii) w=(4,—-4,-3), v =(8,7,1)

5. Find w- v, u X v and cos @ where 8 is the angle between
the w and v:

i) u= (1’2’ 1)7 v = (_1a3’1)

(i) v= (_3a2a _1)7 v = (6a 1, ]-)

(iif) w =(2,3,0), v = (4,1,-2)
@) =(0,0,0), v = (1,4,3)

V) uw=(33,3), v =(-1,-1,-1)
o) u=(1,2,4), v =(2,4,-2)

6. For the previous question verify thatw = 4 X v is
orthogonal (at right angles) to both 4 and v.

7. Determine whether the following vectors are linearly
independent

@ {(4,1),(1,2)}
@i {(2,1),(4,2)}
@iy {(1,1),(1,2),(3,1)}
v {(1,1,1),(0,2,0),(1,3,2)}
w {(1,1,1),(0,2,0),(1,3,1)}
iy {(1,2,0,1),(1,1,0,1),(2,1,3,1),(0,2,-3,1)}
8. Find a number ¢ so that (1, 2, ¢) is orthogonal to (2, 1, 2).

9. Find the vector which goes from the point (1,3, 1) to the
point (2,5, 3). What is the length of this vector?

10. Show that the line through the points (1,1, 1) and (2, 3,4)
is perpendicular to the line through the points (1,0,0)
and (3, —1,0).

11. Show that a - (b X c) can be written as

a1 a2 ag
a-(bxec)=| by bz b3
c1 c2 c3

= a1bzecs — a1bzcz — azbics

+ azbzc1 + azbice — agbzca.

12. Verify the above equation using the vectors
a=(1,1,2),b=(1,0,1),c=(0,1,1).



CHAPTER 8
ASYMPTOTICS AND APPROXIMATIONS

8.1 LIMITS

As z — 0 then

1. z" <z2™ ifl<m<n, 0<z<1
2. lim f(2) + g(2) = lim f(z) + lim g(z)
3. lim f(2)g(z) = lim f(z) lim g(z)

assuming lin}) f(z) and ]irr%] g(z) exist.
T T —!

EXAMPLES

1. (0.1)® < (0.1)2

[

.t <a?asz = 0.
3. lim sinzcosz = limsinz limcosz=0x1=0
z—0 z—0 z—0

. ox(z—1) 1
4 Lim BF T2 _ -
ll_n}}] z(z—2) 2
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8.2 LHOPITALS RULE

If m has limit 0 or x as ¢ — . then
g(z) 0 oo
. f@ oy
22 o)~ m. S ) I (@)
EXAMPLES
1. S | . 2z
ll—IH z—1 _z—}lT_z
2 . sinz coST
lim — = =1
z—0 T z—0 1
8.3 TAYLOR SERIES
22
flz) = fO)+zf(0)+ ﬁf” () + .-+ Maclaurin series
! (SE - a)2 " 0
fle+a) = fla)+(z—a)f'(a)+ 51 f(a) +--- Taylor series
EXAMPLES
1. 22 23
sinz = sin0 + z sin' 0 + Esin”0+ Ksinm[)-k---
2 3
=gin0+ zcos0 — %sinO— %c050+---
L,
- 6
2 2 3
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8.4 ASYMPTOTICS
As z — +oo then
W @b if m<n
™oL e’ if a>0
mo> e if a<0
EXAMPLES
1. 2 3
(100)* < (100)
2.
(100)°? < (100)°-®
3. 9 z/10
z° <e as I — oo.
4, 1
-5 > e T as x— oo
x
> 2” +1 _)mﬁ_)l as T — 0o
222 +z+3  2z2 2 ’
° 2’ +1 2’ ! as T — 00
2¢3 + 2 +3 22 2¢ ’
7. ze® re® s
1+ e eT..:Nme as T — o0o.
8. ei!z 282:
~2e® as z — oo.
coshz et
9. me: meﬁ e$
as  — o0o.

z+vVz2+2x+1 x4z 2
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8.5 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1. Find the limits as & — 0 of the following functions.

@ (z—2)(z-3)
(i)  +cosz
(iil) e® + ze~®
(iv) sin(z — )
(z —7)
zd+ 2?2 +1
z2 + 3¢+ 2
zZ+1
142/z
2. Use L’Hopital’s Rule to find the following limits.

v

(vi)

sinr — x
31
W Jim, =5
3
z° —3cr+2
T
)yl s 1
3 -2 +1
3 —1
rcosz —sing

(iii) lim
z—1

W T

vy 2 o3

3. Find the first two non-zero terms in the Taylor Series for
the following functions as & — 0.

o
(i)
(iii)
(iv)
v
(vi)
(vii)
(viii)

(ix)

Cos T

sinz

T
zZ+1
1+1/z

Te®

cost —1
T
sinh z
coshz —1
z2
1
-

In(1 4 z)

4. Find the leading order behaviour for the following
functions as £ — oo.
) 2+
W 3@ a1
(i) Vad+2z+1
z8 + 2z
2 +1
1+1/z
sinh(x)
cosh(z)
sinh(3z)
1+ et

(iti)

(iv)

v

(vi)

e~ ®

i sinh ¢

r+e®

14+ ze~*
e:c

(viii)

(ix)

sinh
5. Find the first three non-zero terms of the Taylor series as
x — 0 for the functions f(z) = €® and g(z) = sinzx
and hence find the Maclaurin series for
(i) e*sinz
(i) e?*
(iii) sin z2
. 3
(iv) e*
6. Find the first two non-zero terms for the Taylor series
about z = /2 for
(i) sinz
(ii) cosz
7. Find the first three terms in the Maclaurin series for e‘”c2
and hence find an approximation for

€
.2
/e”da:
0

where € is a small number. (Expand the exponential and
then integrate.)



CHAPTER 9
COMPLEX NUMBERS

9.1 DEFINITION

If @ and b are real numbers and i is defined by i = —1, then
z=a+b

is called a complex number.

imaginary

a+ bi

: real
a

The real and imaginary components of z are defined:
Real part: Re(z) = a. Imaginary part: Im(z) = b.

(Note: Engineers often use the notation j instead of ¢.)
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9.2 ADDITION AND MULTIPLICATION

If 21 = a + bi and 2z = ¢ + di then
1. 21 :EZQ = (a:l:c)+ (b:l:d)i
2. e(a+ bi) = ea + cbi,  where ¢ is any real number

3. 2129 = (a + bi)(c + di) = (ac — bd) + (ad + be)i.

EXAMPLES

1. Given z; = 5 — 4i and 29 = —6 + 2i then
21+22=(5-6)+(—4+2)i=-1-2i.

2. If zy = 5+ 8i then 32; = 15 + 244,

3. If 2y =5+ 8&iand 2o = —2 + 3i then

2122 = (=10 — 24) + (15 — 16)i = —34 —i.

9.3 COMPLEX CONJUGATE

The complex conjugate of z = a + bi is

Z=a— bi.

EXAMPLES
1. Ifz=1+42ithenzZ=1— 2.

2
2. To simplify 5 + g: multiply by the complex conjugate of the denominator:

2+3i _ (2+3i)(5+2i)
5—2  (5—2i)(5+2i)
_(0-6)+(4+15)i _ 4 19

25 + 4 =29 T 29"
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9.4 EULER’S EQUATION

In Polar form a complex number is written as:

Using this notation,

2129 = rlrge‘-(‘gﬁ'az)‘

2z =r(cosd +isinf) = re? (=rcish),

where r=|z| = Va2 + b2 and 6 = tan"! (E) .
a

Note that 8 € [0, 2x) can be replaced by 6 + 2km,k =0,1,2...

EXAMPLES
1. (141i) = =27/t = /2 2(,181

)

—1—%':\/53"5“’45\/5@15%
3. 3¢/ =3 (cosE + isin E) =3
2 2
4. ei:r/4es'3n'/4=ein':_1
5, 2cis%=2cosf+2isinf=v’§+a‘

6 6
6. If z = 2 + 2¢, then

r=|z| =22 +22 =V8=2V2

—1 ™
— 1 _——
tan 1

B bD

f =tan~!

so that

z=2+2i=2\/§exp(ég)‘

7. If z; = 2cis % and zo = 3cis %Tﬂ

| S

L3
4

)

i

2120 = 6expi (

_ﬁexp(

V2(1

g »=|s$

\._/
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9.5 DE MOIVRE’S THEOREM

De Moivre’s theorem states that

2" =r"e™ (= r”cisnd).

EXAMPLES

1. (20)° = (2€7/2)% = 23¢3in/2 = _g;,

2. If 2 =1+i = v/2e"/* then 2* = 2¢!"/? = 2i.
3. To find all the cubic roots of —1 first write

2= —1=¢" = eé(fr+2kﬂ')

where k = 0,£1,+2,... Thus

1/3 — T 2k
z exp(z3+a 3)

T T .
= exp (a—) , exp (—z—) ,exp (i)
3 3
for k = 0,1, —1. All other values of k will repeat these three solutions. Thus, the 3 cubic roots
are

2 = e—ur/3’ 29 = emx‘3, 23 = et

_1-+/3i  1++/3i

, ~1.
2 2

4. To find z such that 22 = i we write

2=i= /2% =012,

— esﬂ-,“é’ eEmr/a.i

1 (1+14),

1 .
= 7 E(—l—z).
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9.6 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1. Write the following in the form a + bs.
(i) (2—36)+ (7 —9i) — (3+13)
(i) (14 1)+ (5 —3) + (6 + 61)
(iii) 5(8 — 9i) + (12 — 424)
(iv) 3(2 —4) +2i(1 — i)
™ (7+6i)°
oiy (1—1)
(vil) (8 — 2¢)(3 + 5%)
(vii) (14 48)(1 —14)
(%) (2+ 36)(2 — 30)
@ (1-4)2+i)
6—2¢
2-T7
3 -3
3432
2—14

(xi)

2
)

(xii)

(xiii) 314
3—1

)

2. Find z,y if
) 2z 43y =(7T—14)(1+1)
(i) (x? +6) +ai = 3(2+ 34)(1 — 1)

3. Write the following in polar form.

@ z=-1
(i) z = —1
(i) z =3¢

(iv) z=—-1+41
vy z=1+1
i) z=1—1

(vil) z2=—-2—2¢

(viii) z = g(\/ﬁ )

(ix) z=1+v3i
x) —v3+3i
xi) z=5+45¢

i) z=v3+14
(xii)) z = —v6 —iv2

4.

10.

Write the following in the form 2 = z 4 ¢y.

(1) 2ei7r/2

(i) 3ei/4

. T

iii) cis —

(iii) 6

. . 1w

iv) cis —

(iv) 6

W) ei7r /3

Find z122 and zf if

@) 21 =e"/?, 25 =ein/4
(i) z1 = €/6 zg = ein/3
(ili) z1 = 26"/ 25 = 3¢i37/4

=57

. . T .
(iv) 21 = cis 6 22 = 3cis

Use De Moivre’s theorem to find all z where

W 22=1
(i) z¢=1
(it) 23 = 4v2(—1 +14)
(iv) 22 =—i
) 28=-1

Use Euler’s theorem to show
(i) coshix =cosz
(ii) sinhix =isinz
(iii) cos(z 4+ y) = coszcosy —sinzsiny
(iv) sin(z 4+ y) =sinzcosy +coszsiny
Use De Moivre’s theorem to show

i) 2" 4+ 27" =2cosnb

2 2

(ii) cos2z = cos®z —sin® ¢
(iii) sin2z = 2sinz cosz
Show that the solution to
az2 +bz+c= 0,
where a, b, ¢ are all real, must be of the form
z=x+1iy, z=1T—1y.
Show that

i(2 + 24)% = 2°.
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CHAPTER 10
DIFFERENTIAL EQUATIONS

10.1 FIRST ORDER DIFFERENTIAL EQUATIONS

10.1.1 INTEGRABLE

If

then

EXAMPLES

d
1. Tosolve 22 —sinz + 22 = 0 for y(z) write

dz

d. .
Y —sing — 22

dz
= y(z) = /(sinx —z%) dz

1 3
=—COS$—§$ +ec.
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10.1.2 SEPARABLE

If

then

[y = [ o(@)da.

Remember the integrating constant, +c, when integrating.

EXAMPLES
ody oy .
1. To solve iz 1+a write

1 1
/Edy_/lwdm

= Inly|=h|l+z|+ec
= y=(1+zx)e°
=k(1+=z), where k= e°isaconstant.

d; -z
2. To solve Ey =~ with the condition that y(1) = 1, write

[vis=- [z

1,
= yY'=—zz"+c
2
yielding the family of solutions,
y2 + 2% = 2¢.
Applying (1) = 1 implies ¢ = 1, giving the solution

y?> + 22 =2.
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10.1.3 INTEGRATING FACTOR

To solve

dy

E‘FP@?)Q:J"@)

calculate the integrating factor

) = ( f P() d..ﬂ:)

(R@y) = R@f@)
— v = g ([ RO ds+c)

then

where c is the integrating constant.

EXAMPLES
d
1. To solve a:ay + 4y = 2 — z, for £ > 0, the equation is divided through by z to give
dy 4 2
—+-—y=z" -1,
dz + /=

The integrating factor is then

R(z) = exp (/Sdﬂ:)

— e4ln$
={I}4.

The differential equation then becomes

9 (ety) = 2t - 1)

dz
— x4y=/($6—x4)dm
7 b
F
50
__z_ e
V=T T T e
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10.2 SECOND ORDER DIFFERENTIAL EQUATIONS

10.2.1 HOMOGENEOUS

A second order homogeneous equation with constant coefficients,
ay'" +by' +ey=0

is solved with the substitution y = e™*. The differential equation becomes

am?e™® + bme™® + ce™ = 0
= e™(am®+bm+c) = 0
= am?’+bn+c = 0.

This is the characteristic equation and has solutions m = m;,my. The form of the
general solution depends on m; and my — the roots of the characteristic equation. There
are three cases:

1. The two roots are real and my # ma, then

y(z) = c1e™® + coe™?",

2. The two roots are real and m; = ms, then

y(z) = c1e™® + coze™”.

3. The roots are complex, m; = a+i8 and ms = a —if3, then
y(z) = e** (c1 cos(Bz) + o 8in(Bz)),

where c1, ¢z are arbitrary constants in all cases.

EXAMPLES
1. Solve y” —y' — 12y = 0 for y(z).

The characteristic equation for the differential equation is
m?—m—-12=0

which factorises easily to
(m—4)(m+3)=0

giving two real roots,

my =4 and me = —3.
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d
. Solve 4 Y

The general solution is therefore

y(z) = c1e®® + cre™ .

2 d
_19%

dz2 d +9y=0.
The characteristic equation is
4m? - 12m+9 =0

which factorises to

2m—3)2=0
. . 3, . .
implying a repeated root m; = 2 The general solution is then of the form

y(x) = ¢1€%%/2 4 cyze®®/2,

There are two common differential equations that, together with their solutions, are worth

considering:
y' + X%y =0 =  y= Asin(\z) + Bcos(\z)
y'—XNy=0 = y= Asinh(\z)+ Bcosh(\z)
or y = c1e™® + cpe %,
EXAMPLES

1.

Solve y"" + 8y = 0.

The characteristic equation is

m?+8=0
immediately giving the complex roots

mi=2v2 and mp = —2V2i
and the general solution is

y(z) = e1 cos(2V2z) + ¢3 sin(2v/2z).
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2. The equation y"(z) = 4y(z), with y(0) = 1,y(oo) = 0 is solved by writing the general solution
y(z) = c1€®® + cre™*®

where ¢, ¢y are arbitrary constants easily found by application of the boundary conditions so that

y(z) = e 22,

Note that the exponential form of the general solution is used since the boundary conditions extend
to infinity.

3. The equation y"(z) = 4y(z), with y(0) = 0,y(1) = 1 is solved by writing the general solution
y(z) = ¢y sinh 2z + ¢, cosh 2z
where ¢, ¢o are arbitrary constants easily found by application of the boundary conditions so that

(z) = sinh 2z
Y& = Gnhe

Note that the hyperbolic form of the general solution is used since the boundary conditions are
finite.

10.2.2 INHOMOGENEOUS

The differential equation

ay" +by' + cy = F(z)
has the solution

y(@) = yn(2) + yp(2)

where yj () is the general solution to the homogeneous equation and y,(z) is a particular
solution to the complete equation.

EXAMPLE
e . dPy :
The differential equation prch y = z has solution

T

y(x) =cre® + e —z

where —z is the particular solution.



SECOND ORDER DIFFERENTIAL EQUATIONS

103

T

RHS Forcing Term
erz

coskz

sin kz

Gz + -+ ag

The method of undetermined coefficients is used where F(z) is of the form
e, coskz, sinkz, ax’+bzx+ec.

The form of yp(z) is “guessed” and then the constants determined by substituting the
guess into the differential equation and equating the coefficients:

Try

Ae™

Acoskz + Bsinkx
Acoskz + Bsinkz

Anz® + -+ Ao

EXAMPLES
d’y _dy
1. Solve da? + 65 + 8y = 10z.

The homogeneous solution is

yn(x) = cre % 4 ege

and we guess the form of y, () to be Az + B since F(z) is a polynomial of degree 1. Substituting

gives,

64+ 84z + 8B = 10z

so that equating coefficients yields two equations to be solved for two unknowns:

8A = 10
6A+8B =0,

. . 5 15 .
giving the solution A = 1 and B = 16 so that the complete solution is

5
y(@) =cre @ + e+ - —

4

2. Solvey" + y = sin2z.

The solution to the homogeneous equation is
yr(z) = c1 cosz + casinz.

Trying the form of a particular solution as

15
16°

yp(z) = Asin(2z) + B cos(2z)
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leads to the set of equations

—4A+A=1
—4B+B=0,

1
which gives A = ~3 and B = 0. The complete solution is thus

1
y(x) =c1c08x +cosinx — 3 sin 2z.

3. Solve y" +y = sinz.

As with the previous problem
yn(z) = cicosx +casinz

however a guess of Asinz + B cosz will not work because sin z and cos z are already solutions
to the homogeneous equation. In this case try

yp(z) = Azsinz + Bz cosz + Csinz + Dcosz

which eventually gives the solution
) 1 . 1
y(z) =c1cosz +casinz + o Sinz — cwcosz.

The extra term x cos z grows in amplitude and is the resonance term.

4, Solve y" — 2y’ +y = 4€3®.

The solution to the homogeneous equation is
yr(z) = c1e® + coze®

with the extra z factor in ze® coming from the repeated root in the characteristic equation. The
form of a particular solution is

yp(z) = Ae>®
leading to A = 1. Hence the solution is

y(z) = c1e® + cazwe® + 3%,
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10.3 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1. Solve for y = y(x) by direct integration:
ay

Q) i~ (z +1)?
. dy 1
(ii) d_:z = F

(iii) (z + 1)3—5 =z

(iv) 3—; =5z
) d_y = —3zsinz
dz

2. Solve for y(z) using separation methods:

. dy
3% _
@ y dz

Lody Y8
) de = x?
iy W =ytl
dz T
(IV) d7y — 63w+2y
dz
2y %Y 2
™ -ye) =@+l
T
dr 14247
V) —=——
dy ysinz
... dy wsinze”V
(vil) — = —————
dz y
ity 92 (2y+3)2
Vi —_— =
dy 4 + 5

3. Solve for y(z) using an integrating factor:
L o
0 2% r1oy=1
dz

dy

(i) = dz

+2y=3

(iii) d—y +2zy ==
dz

(iv) ¥ + 3%y =a?

) coszd—y +ysinz =1
dz

4. Solve using any workable method:

®

(i)

(iii)

(iv)

v

i
(i) Ld—: + Ri = E, with L, R, E constants.

aQ

dt

= k(Q — 70), for k = a constant.

(1—|—e”);—g +e®y=0

0
apP

2=
dz

% + rsecd = cosd

= P(1 - P)
1 2z
Yy Yy

5. Solve fory = y(x):

)
(i)
(iii)
(iv)
v
(vi)
(vii)
(viii)

(ix)

y’ —16y =0

v' +4y' —y=0
124" — 5y —2y=0
¥y +9y=0

d2y

dxz?

+8% 116y =0
dz

8y’ +2y' —y=0
2 + 5y’ =0
3y’ +2 +y=0

d2y

dz?

—10% 4osy =0
dx

6. Solve fory = y(x):

®

(i)

(iii) d

(iv)

v

(vi)

d2y
dz?
d?y
dz?

a’y
dz?

d

2y
dxz?
2y
dz?
d2y
dz?

dy

—3= —10y=-3
dx Y
dy

2= = g?
+ dw-l—y T

+ y = cos(3z)

ty=e*

+ 2% + y = 65sin(2z)

—y=é" +a’



106

This page intentionally left blank



CHAPTER 11
MULTIVARIABLE CALCULUS

11.1 PARTIAL DIFFERENTIATION

Given f = f(z,y) then %5 is calculated by treating y as a constant while differentiating
f with respect to z and %ﬁ is obtained by treating x as a constant and differentiating with
respect to y. All higher derivatives are treated similarly.

EXAMPLES

1. If f(z,y) = 2% + zy + y® then

of _ of _ >f _

8$_2x+y, 8y—x+2y, 8x8y_1'
2. If f(z,y) = sinz + z cos 2y then

of _ O _ _orsinzy. L _ _og

p = cos T + cos 2y, By 2z 8in 2y, D20y 2sin 2y.
3. If f = 23y5 then

Of _ 2.5 ‘921'_ 5 Of _ 34

%—Bmy, @—ﬁmy, a—y—Smy,

*f _ 53 Of _ 2,4

yyg—QOmy, M—lsﬂ:y
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If z = f(=z,y) is the height as a function of z,y then %;’E is the slope in the z direction
and 9L is the slope in the y direction.

af |9z < 0 at (z,y) af /oy > 0 at (z,y)

z Z

(xyf(x.y))

(x.y,f(x.y))

11.2 GRAD, DIV AND CURL

The gradient vector, call grad, del, or nabla, denoted by V. is a vector operator:

o 90 0
Y_ (6_2?,—6;’5:;)

Ifv= (1"1392303) andf = f(may!z) then

vi - (af of 31’)

oz’ Oy’ Bz
V.o % + % + % the divergence, or div, of ¥
I B
= 8 8§ 8 o
‘g X v -~ 5 = the curl of v
m Vs VU3
f  &f  &f
Vif = V.-Vf=—-%+—>+—> theLaplacian.
vi = YVt T Ee 2
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EXAMPLES
1. If f = 22%y + 22 then

_of. of. Of

Y= 50t oyl t 5k
= dzyi + 2225 + 32%k
= (4ay, 222, 32%).

2. If f = z + zyz then

_(9f of of
v~ (o3 o)
=(1+4+yz,zz,zy).

3. Ifv=2yz i+ 3yj + sinz k then

0 0 0.
Vov= %[wyz] + 6_y[3y] + a[smw]

=yz+3
and
i3k
VXU=l % o %

3} 3}
= (bl - gplowe] ) &
=04 — (cosz — zy)j — zzk

= (0,zy — cos z, —x2).

4. If f = 22 + 4% + y2° then

*f _f  f

2 -_— _ _

Y f= oz2  Oy? + 022
=2+42+2.

5.1 f=x+y+22then Vf=(1,1,22) and V2 f = 2.

6. Ifv=(z,z,2+z)then V-9 =2and V x v = (0, -1, 1).

(%[Sin z] - %[3:1/]) i - ((%[Sin ] — %[wyzo j
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The slope of z = f(z,y) in the direction given by the unit vector u is

fu=

Vf.

~

e

EXAMPLES
1. If z = f(z,y) = 10 — 22 — y? then V f = (—2z, —2y). At the point (1,2), Vf = (=2, —4). To
find the slope in the direction of (1, 1) find

(1,1) _ -6
7 -(—2,—4)_\/5.

2. If 2 = 1 — & + y? then at the point (3,1) the slope in the direction (3,4) is
(3,4)
5

3,4

: (_1:29”(3,1) = % . (_1:2)
_ -3+8 -1
5

of of
oz’ Oy

(i) V f points in the direction of maximum slope.

If z = f(z,y) then the gradient vector V f = ( ) has the properties

(ii) V f is perpendicular to the contours (lines of constant z).

(iii) ||V f]| is the magnitude of the maximum gradient.

EXAMPLES
1. If z = y% — z is the height of a hill then V f = (=1, 2y). If we are at the point (1, 3) then
(i) Vf = (—1,6) is the direction to move uphill fastest.

(i) The slope in that direction is ||(—1,6)]| = v/1% + 62 = v/3T7.
(iii) The contours are in the direction £(6, 1) since (6,1) - (—1,6) = 0.
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2. If T =1 — & + y? is the temperature on a flat plate then VT = (-1, 2y). At the point (3, 1) the
direction that increases temperature fastest is (—1,2). The direction in which temperature stays
the same is +£(2, 1).

If z = f(z,y) but z(¢) and y(t) are functions of ¢ the chain rule for differentiation of f
with respect to ¢ is

df Ofdz Ofdy

& _0fdz  Ofdy dx dy
dt Oz dt Oy dt ’

=E’f-£, where v = (E’E

EXAMPLE

If p=2® + y? and = = %, y = t* then to find dp/dt without substitution we get:

dp _dpdx dpdy

SE_ S0 TP ou98 1 oy32 = 448 o
G- ded T aga = R y3t> = 4t + 6t

11.3 DOUBLE INTEGRALS

If Ris definedby a < 2 < b, g1 (z) <y < ga(x) with g; and g, continuous on [a, b] then

J[ rewaa= [ b fg 9: F@y) dyde.

g2(x)
91(z)

The double integral represents the volume under the surface z = f(z,y) over the region

R.
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EXAMPLES
1. If Ris the region givenby 0 < £ < 3, 0 <y < 1and f(z,y) = zy then

1 43
// zydA = / zy dxdy
R 0

1 3
1
z? y] dy

-
(3]

£

Il
o~ o o

dy

L~

1

y2

0

Il
[ o I
. W o

2. If R is the region given by 0 < < 1and 0 < y < x then for f(z,y) = z + 3y? we have

1 z°
//a:+3y2=/ / T+ 3y’ dydz
R 0 0

1 a:”
= / [zy + y3]0
1
= / 23 +2%ds
0
1
14
" [iet ]
1 1 _
4 7 28
The region R is drawn below.
y
1.0,
0.8 -
0.6 1
0.4 -
0.2 -
0.0 . : : . T

0.0 0.2 0.4 0.6 0.8 1.0
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3. Consider the region R given by

0<z<1, 0<y<z:

1.0 —y
0.8 1
0.6 1
0.4
0.2

0.0 4 . | | | T
0.0 0.2 0.4 0.6 0.8 1.0

If f(z,y) = 2y + z° then

We can also reverse the order of integration, doing the z integral first:

1 1
//2y+m3dA=/ / 2y + 23 dady
R y=0 Jz=y

1 1 .1t
= / {me + —m‘i} dy
y=0 4 y

1
1 1
=/ u+5-2"-y'dy
o 4 4
1 2 N
_ 2 S, =3 _ .5 - =
_{y+4y 3¥ 203"}0 15
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11.4 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

2
1. Find of g and (;?mgy if

8z’ dy
() flz,y) =y*+2zy+1
(ii) f(z,y) = sin(zy)
(i) f(z,y) = «* + cos(z + ¥)
(iv) f(z,y)=e""¥
v flz,y) =y’
2. Evaluate
(i) Vf where f =gz% —y? + 22z
(i) V¢ where ¢ = tan(zyz)
(iii) V- v where v = (=2, /¥, 922)
(iv) V X u where u = (zyz,zyz, TYZ)
(v}
(vi)

i) V2(z? +y? + 2?)

- (z,2y,32)

tq 2

N {Izl 29'2: 32"2)

g

(viii) V?(zyz)?
(x) V x (y%,a*,2%)

®) ¥V x(z2,a%y?)

3. For the functions z = f(z,y) = zy® — y find the

following at the point (1, 2).
(i)} The direction of maximum gradient.
(ii) The magnitude of the maximum slope.
(iii} The direction of the contours.
(iv) The slope in the direction (1, 1).
4. Repeat the previous question forz =1 —z —
point (1,0).
5. 1ff=a? —ybutz =2 andy = t3 find g
chain rule.

6. Evaluate:

9 3z

@) f f 2 dydz
0 Jz2/9
16 pfx

(i) f f y dydz
0 zf4

6 4
(iii) f f (z? + y?) dydz
0 1]

e¥ at the

using the

. Find

7. Find / f z? + y2 dA where R is the region between the
R

line y = z2 and y = 1 shown in the diagram below.
Y
1.0-
0.8-
0.6-
0.4 -
0.2-

0.07 T T . r T
0.0 0.2 04 0.6 0.8 1.0

. Repeat the above question by reversing the order of inte-

gration.

x + y dA where R is the region is between the
line y = +/z and y = x shown in the diagram below.
Y

1.0

0.8

0.6

0.4

0.2

0.0 1 . : : T y T
0.0 0.2 04 08 0.8 1.0

. Repeat the above question by reversing the order of inte-

gration.

. Show that for any vector v

V‘(VX‘B)ZO.

2. Show that

1
c(z,t) = 76_32/(4”

satisfies the diffusion equation

#?c  ac

dz2 ~ ot



CHAPTER 12
NUMERICAL SKILLS

12.1 INTEGRATION

b
An integral / f(z) dz can be calculated by estimating the area under the curve as a

a
series of rectangles.

=
//
f(z) //
/]
P
=

Hence
b
[ f@rdemn (T804 1) + g(a) + - fan) + T2
where z; = o,. .., Z, are the discrete values of = € [a, b] and h is the spacing between

points: h = z; — ;.
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EXAMPLES

1. If f(z) = «? then for z € [0,1] and five equally spaced points zo = 0, z; = 0.25, z2 = 0.5,
z3 = 0.75,z4 = 1.0s0 h = 0.25 and
! 0 12
/ 2% dx ~ 0.25 (5 + (0.25)% + (0.5)% + (0.75)% + E)
0
~ 0.34.
Note that the exact answer is 1/3.

2. If f(z) = z then

2
1 2
f :rda:R:O.l(—+1.1+1.2+---+1‘9+—)
) 2 2
= 1.5.

Note that the exact answer is also 1.5.

12.2 DIFFERENTIATION

A derivative can be approximated using the derivative definition

) T@H D) = (@)
f(o) w DRSS

or for more accuracy

1oy o JEFR) = f(@—h)
fl(z) = o :

These are called forward and central difference respectively. The smaller the value of h
the more accuracy the result.

EXAMPLES
1. If f(z) = 2 then at z = 1 if we choose h = 0.1 then using forward differences

(1) LD =12 _ 021
Fy= 0.1 T 01

while central differences gives

(1.1)2 - (0.9* _ 0.21
0.1

=21

The exact answer is f/(1) = 2.
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2. If f(z) = e® then using central differences at z = 0 with h = 0.2 gives

60'2 —0.2

e -°¢
0.02

which compares well with the exact answer f/(0) = 1.

f(0) ~ ~ 1.0067

12.3 NEWTON’S METHOD

To find a zero of a function f(z) guess a starting answer and then iterate using the formula:

f(@n)

Tptl = Tp — f'(x )
n

where zg, Z1,...,%Zn, ... are SUCCeSSive approximations to the zero.

EXAMPLES

1. To find z such that f(z) = ? — 2 = 0 first find f'(z) = 2z then guess an answer g = 1. The
next approximation is

f(zo)
rL =g —
f'(2o)
12 -2
=1-
2x1
1
=1+-=1
+ 3 5
The second approximation is
(1.5)2 -2

T2 =1.5— = 1.416.

This can be continued to whatever accuracy is required. The exact answer is v/2 ~ 1.4142.

[

. To find a zero of f(z) = 2® — z — 1 find f'(z) = 322 — 1 then use 2o = 1 as a starting guess.
Hence

-1
r = 1- 7 =1.5
1.5°-15-1
3 _ —
z3 = 1.348 — 1348° —1.348 1 = 1.325.

3(1.348)3 — 1
The exact answer is approximately 1.324718.
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12.4 DIFFERENTIAL EQUATIONS

To solve the differential equation

d

% = f(,9), f(zo) =10
use the forward derivative differencing formula so

Yn+l = Yn + h’f(xmyn)

where z,, are the discrete values of z, y, the solutions y(z,,) and h = 2,41 — z,,.

EXAMPLES

1.

[

To solve dy/dz = z + y with y(0) = 1 consider a series of z values 0,0.1,0.2,0.3... with
h=01Thuszyp =0,y =1

y1 =1+0.1f(0,1) =14+0.1(0+1) = 1.1
yo = 1.1+ 0.1£(0.1,1.1) = 1.22

ys = 1.22 + 0.1£(0.2,1.22) = 1.362

yq = 1.362+ 0.1£(0.3,1.362) = 1.5282.

Thus we have an approximate solution set of point (0, 1), (0.1,1.1), (0.2,1.22), (0.3,1.362),

(0.4,1.5282) representing the solution y = y(x). The exact answer is y(z) = —2 — 1 + 2¢® so
that y(0.1) ~ 1.11, y(0.2) = 1.24 and so on.

dy

. To find y(0.4) using e 2% + 1 with y(0) = Ouse h = 0.4 so that

y(0.4) =~ y(0) + 0.4(0> + 1) = 0.4.
To find a better approximation use h = 0.2 so that

¥(0.2) =0+0.2(0>+1) = 0.2
(0.4) = 0.2 + 0.2(0.2% + 1) = 0.408.

3

The exact answer is y(z) = % + z giving y(0.4) =~ 0.42.
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12.5 FOURIER SERIES

A function f(z), z € [—p,p] can be expressed as a series of sine and cosine terms:

oo
f(z) = % -+ Z (ancos %x + by, sin %I)

n=1

where the coefficients ay,, b, are given by

ap = - f(z)dz
pJyp (
1 [P
ap = - f(z)cos M e d
PJ—p p
1 [P
b, = » f(z)sin —z dz
-p
EXAMPLE
. 1< . .
The function f(z) = { [1)’ 0 <;a;<1 has Fourier coefficients

1 0
1 .
Gn =f lcosnmzdz = ST _ 0
0 nmw
1
1—cos 1-(-1)"
b, = lsinnrzdz = AT = (=1
0 nmw nmw
1 w—=1-(=1)" . o
so f(z) = = + Z —— sinnw. The first eight terms of the solution are plotted below.
2 ~ nmw
Y
1.5
1.0 -~ )

\ 0_5/./ \
S T 1 T

g
-1.0 -0.5 0.5 1.0
-0.5-
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12.5.1 EVEN FOURIER SERIES

An even function f(z), z € [—p, p] can be expressed as a series of cosine terms only:

oo
flz) = %ﬂ o+ Z (an cos %m)
n=1
where the coefficients a,, are given by
2 /"
agy = - flz)dz
P Jo (@)

2 [P nmw
an = - z) cos —zx dax.
> e

EXAMPLE

The function f(z) = |z|, z € [—1,1] is even and will have Fourier coefficients

1
ag=2/ zdr=1
0

(=" -1

1
an:2/ zcosnmzdr = 2 5
0

n2m?

S0

1 —_ (-1)"-1
|| = 2 + Z 2 ———— COSnAL.

Plotting the first four terms in the expansion gives the plot below.

y
1.0+

0.8+
0.6+
0.4+

.2+

-1.0 -0.5 0.0 0.5 1.0
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12.5.2 ODD FOURIER SERIES

An odd function f(z), € [—p, p] can be expressed as a series of sine terms only:

flz) = i (bn sin %m)

n=1

with coefficients

20 [ nw
b, = —/ in —zdz.
A f(z)sin » T

EXAMPLE
The function f(z) = z, € [—1,1] is odd and will have Fourier coefficients

1

b, = 2[ zsinnrz dz
0

(="

nmw

= =2

Hence

20 ( 1)1’!
=y -2 innwz.
T = S nmTr

Plotting the first eight terms gives the plot below.

y
1.04
0.5+
T T | T
-1\0 -0.5 0.5 1.0
-0.54

-1.0-
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12.6 EXAMPLE QUESTIONS

(Answers are given in Chapter 14)

1.

10.

Find an approximation to the integral

1
/ z% dz
0

using an interval size of h = 0.2.

. Approximate the integral

2
/ e* dz
0

using an interval size of h = 0.5.

. A function f(z) is defined by the set of points

(0’ 0)’ (]" 2)’ (2’ 4)’ (3’ 7)’ (4’ 8)’ (5’ 9)'

Hence find an approximation for the integral

/: f(z) dz.

. For the function f(z) = sinhgz find an approximate

value for f/(1) using a discretisation A = 0.1 and the
central differencing rule.

. A function f(z) is given by the set of points

(0’ 0)’ (]" 1)’ (2’ 3)’ (3’ 5)’ (4’ 6)’ (5’ 7)'

Find an approximation for f/(z) at all the points
z=0,1,2,3,4,5.

. Use Newton’s method to find a zero of y = 12 — 3 start-

ing with g = 1.

. Use Newton’s method to find an approximate value for

51/3, (Hint: solve y = &3 — 5 = 0 with a starting guess
of ;g = 2.)

. Find the zero to two decimal places of y = sin x using

Newton’s method starting with g = 3.

. Numerically solve the differential equation

dy _
de ~

with ¥(0) = 1 to find an approximation to ¥(0.3) using
a step size of b = 0.1.

Ty

Numerically solve the differential equation

dy 2
- = 1
dz Y+

with ¥(0) = 0 to find an approximation to y(0.6) using
a step size of h = 0.2.

11.

12.

13.

14.

15.

16.

17.

Numerically solve the the equation

dy 2
dz_w—'—y

with y(0) = 0 to find an approximation to y(0.4) using
h=0.2

Find the Fourier series of y = x 4 1 over the interval
z € [-7, 7.

Find the Fourier sine series of
_ ] -1, —2<z<0
ﬂ“—{ 1 0<z<2
Find the Fourier cosine series for

0, —2<z<l1

flz) = 1, -1<z<1
0, 1<z<2.
Find the Fourier series for
-1, -2<z<-1
flz) = 0, -1<z<1
1, 1<z <2,

A double derivative can be approximated by

If you now replace f'(z — h) and f'(z + h) by their

respective definitions, for example

f(z +2h) — f(z)
2h

f'@+h)=

B

derive the approximation

_ f&z+2h) —2f(z) + f(z — 2h)
- (2h)?

(=)
or by rewriting H = 2h as

_ flz+H)-2f(z)+ f(z — H)
= = .

(=)
For the function f(z) defined by the set of points

(0’ 0)’ (]" 2)’ (2’ 4)’ (3’ 7)’ (4’ 8)’ (5’ 9)'
find estimates of f/(1) and f*/(3).



CHAPTER 13
PRACTICE TESTS

Each test should be easily completed in one hour although good students will be able to do them in
half an hour. A passing grade would be approximately 15 correct answers out of 20. Solutions are
given in Chapter 14. The tests are only a guide and some of the more difficult areas of work may be
covered at different stages in a mathematics course.

There are six tests, two for each major component of an undergraduate degree.

(i) First Year Semester One: Students should have a basic knowledge of algebra, functions, tran-
scendental functions, simple differentiation and simple integration. This material is covered in
Chapters 1 to 5 and it is assumed many students will know at the beginning of the semester
and all students should know by the end of the semester.

(i) First Year Semester Two: Students should have a more detailed knowledge of algebra, func-
tions and transcendental functions plus differentiation (including parametric and implicit dif-
ferentiation) and integration (including definite integrals, substitution and areas). A basic
knowledge of vectors, matrices and asymptotics is also expected. This material is covered
in Chapters 1 to 8.

(iii) Second Year: In addition to the previous test material the student should have a knowledge
of complex numbers, integration by parts, eigenvectors, basic differential equations and multi-
variable calculus. Some of this material will be taught during the second year of a mathematics
course depending on the university.
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13.1 TEST 1: FIRST YEAR — SEMESTER ONE

1.
2.

10.

11.
12.

13.
14.

15.

16.

17.

18.

19.
20.

Find the roots of the quadratic z2 + 1 = 5z.

For what values of m is |m + 7| > 77

1 2
. Expand (5 + ab) .

. . 1 1
. Rearrange the following equation to find y: - +z= ;

. simplity Y2 _ /z.

2vy

1
. Find d—z ify = ~a°.

d 2

I fl@)=1— w—12 find f'(z).

d
. Find —Z if y = sin 32

d

1
. Evaluate/—3 +1dz.
T

dy
dx

Simplify exp (ln 2 —2In t).

o e’
Simplify In (e_y> .

The equation (z — 1)2 + y — 3 = 0 is what type of curve?

Find ify ==zcosz.

What does f(z) = e™® approach as £ — —oo?

If f(2) =22+ 1and g(z) = % whatis f(g(a))?

4

Evaluate Z(z +2).
=1

6!
Evaluate —

412! -
Find A and B such that
1 A B

(z—1)(z-2) z-1 =x-2

Expand (1 + z)* using the binomial theorem (Pascal’s triangle).

Divide #® + 322 +z + 1 by z + 1.
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13.2 TEST 2: FIRST YEAR — SEMESTER ONE

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

. Solve form if m(m —4)+4=0.
. Factorise 2 + 222 + .

. For what values of z is |z + 2| > 17

Expand (a 4+ b+ ¢)(a — b —¢).

1 1
. Rearrange 4/ — — — = 3 tofind z.
Ty

. Solveforrif6r2 —6r — 1 =0.

dy . 4
Find = ify = —.
1mn dg}l y :1;2

. Find f'(z) if f(z) = %cos 3z.

Find f'(z) if f(z) = %_3
Find f'(z) if f(z) = ze®.

Evaluate / 5% dz.

1
Evaluate / — dz.
2z

Iflna =2 and Inb = 3 what is In ab??

The equation 222 + y% — 3 = 0 is what type of curve?

4

Evaluate the sum Z(2z’ +1).
i=1

If f(2) = 2% and g(z) = z + 2 what is g(f(a))?

5!
Evaluate 31"

Find the partial fraction form for

__®r
(z —1)(z—3)
Use polynomial division to divide % + 1 by z + 1.

Find the inverse function f~!(z) if f(z) = vz — 2.
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13.3 TEST 3: FIRST YEAR — SEMESTER TWO

1.
2.

10.

11.

12.
13.
14.

15.

16.

17.
18.

19.

20.

. Find

Find z if (32 — 5) = —1.

For what values of z is |z — 3| < 15?

. Expand (322 — 4z)2.

1 1
. Rearrange — — /y = — — tofind z.
z

VY

1 1 1
. Rearrange 4/— + — = — to find z.
y = 9

. Find f'(z) if f(z) = 3 cos(z?).

d
. Find % ify = z%e®.

dy
dx

in terms of z and y if y% + y = sin z>.

d .
. Find % in terms of ¢ if y(t) = 2 and z(t) = sint.

dz.

1
Evaluate /
r—2

2
Evaluate / e dz.
0

If f(2) = 22z and g(2) = 1/22 what is g(f(2))?
Simplify exp(lnz — 2Iny).

Find the determinant

0 5 4
3 0 2
1 1 -1
(12 . A—1o
IfA_[1 3]whatlsA 7

Find ||u|| if w = (=3,v/2,1).
Find (1,2,3) - (1,1,1).
Write 2 sinh 2 4+ 2 cosh z in terms of exponentials and simplify.

z+2
What does —————=——=—= approach as z — 0.

z+vVz2+3

How many ways are there of choosing a team of 4 people from a group of 8 people (with no
order)?
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13.4 TEST 4: FIRST YEAR — SEMESTER TWO

1
1. Solve for m if m(m — 2) = 7

2. For what values of ¢ is |t — 5| < 10?
1\3
3. Expand (m + 5) .

Jz 1

4. Make as one fraction the expression 5 T 7=

7

5. Rearrange the following equation to find m: % =t +3.

1
1—32)7

7. Find z'(t) if 2(t) = e ?sinh 2¢.

6. Find f'(z) if f(z) =

8. Find dy if zy? + y = coshz.
dz

1
9. Find/E + 422 dz.
10. The equation 2 + z — 2 + 3y = 0 is what type of curve?

T
11. Find/ sin z dz.
0

6 -1 2
12. Find the determinant | 4 0 -3
1 0 -2

13. What is the angle between the vectors (1,2,1) and (2, —1,0)?
14. Find ||u| if v = (2,-2,1).

15. Find the partial fraction form of

(@ -1z -2)
16. What does f(z) = ze” approach as £ — 00?
' ~ sinh(z)vz? + 2z PP '

17. Find / zsin(z? — 1) dz by writing v = 22 — 1.

3
18. Find/ |z| dzx.
2

19. Is f(z) = z coshz an odd or even function?

20. Whatis ATA if A = [ } g ]?
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13.5 TEST 5: SECOND YEAR

1.

2.

3.

12.

13.

14.

15.

16.
17.

18.

19.

20.

/1 1
Rearrange 4/ — — — = — tofind y.
y 4

Simplify

8=

5 — tan? z.
cos* T

Find z if 22 + 52 + 6 = 0.

. Iflnm=5andlnn=9find —In (%)

d
. Find 2 if y = sin 322.
X

d

d
. Find ¥ if y = 2% sinh 2z.
dz

1
1nd/2w_3da:

. Find / tet dt.

2
. Find/ 2z 22 — 1dz.
1

10.
11.

Find (5,2) - (=7,1).
Find (2,3,-1) x (2,0,3).

Find the eigenvalues of [ 6 5 ]

1 2
Solve the differential equation for y(z) if @ = —l.
dz z8
Py
Find if — = —9y.
ind y(z) if 5% = ~9y

. L 442
Find the imaginary component of 3 .

-1

Write z = 2 + 2i in polar form z = re®?.

Find the inverse of the matrix

1 01
01 2
011

Find the first two non-zero terms of the Taylor series for y = sin x about z = 0.

coszT
What does ———— approach as z — 0?
z

If f(z,y) = 2 — 3y* whatis V £?
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13.6 TEST 6: SECOND YEAR

1.

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

2
. Iflnw=7andlny=2ﬁndln<y )

Factorise 2z2 — 3z — 2.

z

of

. Find — if f(z,t) = e !sinnz.

ot

Find the imaginary component of z = 3¢i"/2,

Simplify as £ —> oo.

2z
vz -2z +1

. For what values of p is |5p — 4| > 1?

Simplify cos(nw) wheren =0,1,2,...

d
Solve the differential equation % = zy.

Solve the differential equation y" + 6y’ + 5y = 0 for y(z).

Find / zcoswx dr.

/2 cosz

By letting u = sin z find / dz.

n/4 sin?
Find ||u|| if v = (v/10,1,-1).

Find u x v ifu = (1,0,1) and v = (0,1, v2).

. . 2 1 . .
Find the eigenvalue of [ 9 3 ] corresponding to the eigenvector v = (1, 2).

Find the first three terms of the Taylor series for exp(z2) about z = 0.

If f(z,y) = 1 — 2 — 3y? find the slope in the direction (1, 1) when at the point (0, 1).

If f(z,y) = 1 — 22 — 3y find the direction of maximum slope at the point (0, 1).

Find the eigenvector of A = [ i 9

Ifv = (2 + 2,2y, 22) whatis V - v?

If f = 2% + y3 whatis V2 £

! ] corresponding to eigenvalue A = 1.
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CHAPTER 14

ANSWERS

Chapter 1

Algebra and Geometry

7
30
z2 —3x + 15

L. )
(i)

22+ 7 -2
4 — g2
z2 + 10z — 2

(iii)
(iv)

z2 +22-3

Tale-1)
T

z+1

W)

(vi)

W d>5/2
(i) d < —8
(i) 5 <z <15

(iv) z>50rz < —11
(V) a>—-3o0ra < -5

(vi) —3<z <5

(z + 2)(z — 3)

(z — 4)(z + 2)

3.
i z2-9
(i) 922 —24z+ 16
(i) =+ 22y —zy® — 98
(iv) 323 +2z% — 27z — 18
(v) x3 — 1222 + 48z — 64
4.

®
(if)

(iii)

zt + 823 + 2422 + 322 + 16
8 + 8z7 + 28z + 56z° + T0z* + 5623 +

2822 + 8z +1
21

®

(i)

(iii)

(iv)

v

@
(i)
(iii)
(iv)

®

(i)
(iii)

-3 1 3 1
2 z-2 2z-4
1 3
z—1 T+ 2
1 1
a:+3+a:+2
2 1
a:+4+a:—2
1 1 1 1

1 1

_g(a:+3)2 T 25z+3

W Y wl~ o

[
S

y=(x+5)(z+1)
y=(a—5)@—1)
y=(x+5)(z—-1)

(ivy y=(z—-5)(z+1)
V) y=02z—-1)(z+1)
(i) o=—-2,-2
(i) z=—6,—1
(i) z=—4,3
) z=-2,1
) z=-4,1
oD o= —1+\/ﬁ’ -1-+13

2 2

25 —2



132

ANSWERS

10.

@ (@+1)+——
z T+ 2

(i) (z+1)
(i) z2+3z+1

(i) 720
(i) 30
(iii) 15
(iv) 27

Chapter 2
Functions and Graphs

10.

11.

12.
13.

14.

9

g +1
(z—1)3+1
(b-123+1

f(g(a)) =sin%(a), g(f(z)) = sinz?

ff@) =@*+1)?+1

flg(e) = (a® - 2)%, g(f(@)) = (= - 1)* - 1

1
f (m)—m

o) =2 -1

_ 1
1@ ==

15.

16.
17.

18.

19.

20.
21.

22.

23.

4T

.
{

'S
3

x

T
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24.

25.

26.
217.
28.
29.
30.
31.
32.
33.
34.
35.

36.

Y

05| /—\
0.0 ‘ z

w
0.5

-1.0-

\ ‘I
j 1l0
T T
1.0 1.5

2and 0.

z2 + 4y? = @? for some constant g.

(@—1)°+(y-27° =4
(z—0a)®+(y—-2°=9
Circle, centre (1,0) radius v/2.
Ellipse, centre (1, 0).
Parabola, vertex (1, 0).

Line, gradient of —1/2.
Hyperbola, centre (1, 1).
y=1+(z-2)?

(-1 + (@27 =1

Chapter 3
Transcendental Functions

1.

. 1y?
® Z.’E_2
i)

11 4
(iii) 2
i) -

v
(vi)

®

(i)

(iii)

(iv)

v

vi)

(ii)
(iii)
(@iv)

)

(@)
(i)
(iii)
(@iv)

®

(i)

(iii)

(iv)

)
(i)
(iii)
)

(i)

In7
Inb
In2

In(1.02)
In(5/7)
In(3/2)
1In(Q/Qo)

n ln(a)

3-y
p(T)
1 3y—1
1111( 2 )
In(st) =2+3=5
In(st?) =2+6=28
In(vst) = (2 +3)/2=5/2

In(s/t)=2-3=-1
In(s/t3) =2—-9=-7

e’e¥ =3x5=15
e®ty —e%e¥ =15
ez — (e:c)2 —=32—=9

e +e¥=3+5=28

0

1

V2

V3

2

-2

1

2

sin 8

7 3w 5w Tw
447474
T 57

66

8. Results given.

9. Results given.
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10.
(i) 0 =7/4cos0=1/v2,
sinf = 1/v/2,tan@ = 1,secd = v/2.

(ii) 0 =137/6: cos® =+/3/2,
sin@ = 1/2, tan @ = 1/+/3, sec@ = 2/+/3.

(ili) 8 =27/3: cosf = —1/2,
sind = \/5/2, tan® = —v/3,secf = —2.

(iv) 8 = —57/3:cos8 =1/2,
sind = \/5/2, tan® = V3, sec§ = 2.

(v) 9 =>5n/4:cos8=—1/V2,
sing = —1/\f2, tan@ =1,secd = —v2.

11. cos 1”—2 =4/ +Vv3/2)/2
12. = 170000

13. odd

Chapter 4
Differentiation

1. (i) 3cosz + 5sinx
(i) 3e* — 2z
(iii) 3
T
(iv) 2coshz — 3sinhz

(1) 2cos(2z)

(i) (1+ 3z2) cos(z + z3)
(i) 3(z + 4)?
(iv) 5(z + sin z)*(1 + cos )

) cos(In?) 2
z

(vi) —exp(cos? z)2sinzcosz
(vii) 4zsinh(2z?)
3. (i) €® + ze®
—sinz cosx

(i)

z? z3
(iii) (cosz + sinz)e®
1
) & (1 —4lnz)
T

v) cos?z —sin?z

. 1 _
(vi) (7 —lnz) e ®
T

(vil) 2zsinz + z2cosx

(viii) sinh?z + cosh?z

1 1
(ix) —el/® (F - F)

(i) e®(cos(2z + 1)2 — 4(2z + 1) sin(2z + 1)2)

4. (i) exp(z cos z?)(cos £? — 2z2 sin z?)
-z
") ———+
(i) (2 + .’E2)3/2
coS T sinz

(iv)

@+1?  “(z+1)3

(v) cos(z? + exp(z® + z))
x(2z + (3x2 + 1) exp(z® + z))

i) 2¢*” (l—i)
vV € z s

5.
@ dy cos(z—1) _ cos(z—1)
doc 2y T 24/sin(z — 1)
. Ay T 1 2\-1/2
>~ % - Z(1-
W = rem@yyvia? 207 %)
(iii) Z—y =e®(z + 1)y = €*(z + 1) exp(ze®)
T
. dy 3e3® 3ede
(iv) — = =
dz ey 5+ e3
dy 2z
) 4z = 1432
vi) @ _ COST
dr = 2y +cosy
i) Mo 1oY
dt  T+1-2y
6.
) dl _ __ sint
dz = 2tcos(t?)
Lody _ e
(ii) o %
iy W= 2
dr cost

o) (-5

)

8.
(i) £ = 2 minimum.
(ii) £ = 3 minimum, £ = 1 maximum.
(iii} & = 0 minimum, z = 1 inflection.
(iv) & = 1 maximum.
W) = e~ /2 minimum.
(vi) & = 0 maximum, £ = 1 minimum.
(vi)) £ = —1 maximum, £ = 1 minimum.
9.
Yy

L oM A O ®
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Chapter §
Integration

1.

®

(if)

(iii)

(iv)

W)
(vi)

)
(i)
(iii)
(iv)
W)
(vi)

®

(if)

(iii)

(iv)

®

(i)
(iii)

(')1
) o

W)
(vi)
(vii)

(viii)

7

T2t

z6
121n |z| + 6 +c

e’z e 14z

7 14
10 F11 g12 513

+c

+ oyttt te

10 11 12
1
2 cosh 2z + ¢

4sinhz —e® + ¢

1 _ .2
2e +c
1 2
§1n|a: +4z+5|+¢
In|lny|+¢
(7z* —1)%/2 1+ ¢
1 . 2
—Esm( z%)+c
2ev* 4 ¢
1
5(1 — cos(n?))

e=3—e-2

@
(i)
(iii)
(iv)

v
vi)

)
(i)
(iii)
(iv)
v

-2

—%ma

1
ge’"”“(2si11a: —cosT) +c¢

—(z+1)cosz +sinz+c¢
e(z? —2z+2)+c

zlnz—z+c¢

—In|cosz|+¢

(2 —z%)cosz + 2zsinz + ¢
9e*/3(z —3) +¢

2 572, 2 32
“u “u c
5 +3 +
arcsinhz + ¢

Chapter 6

Matrices

1.

®

(i)

(iii)

-9

7
-3 3
—57
-1 -1

A+B:[

o>
|
—
=]
—_

AB = |: -2

[RA S IR
|
—
2

1 -3 8
BA = -14 -6 12
21 3 -4

trace(A) =7

A+B:[ 71]

AB:[

-1 -59
trace(A) =135

BA = ]

A+B= 0 11
0 0

0 0

18 0

BA = 0 24

0 0
trace(A)=9

[
—

18 0
AB = 0 24

NOO NODO OO

[
—
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2. Chapter 7
39 11 Vectors
) [ 15 4] L
30 6
@2 3 0 -1] ®uty=010
3u = (~6,-3)
G | 5 73] lull = v
3 i (7,7),(9,12),5
5 4 (i) (~3,0) (~6,3),v5
(i) At = [ -1 3 ] (iv) (4,5,3),(9,12,6), V29
3 =5 ) (4,1,2,1),(9,3,3,0), V11
aa=| 1 10 s ] i) (3,2,0),(6,9,3), V1d
| -14 -18 34 vii) (2,-2), (3,3), V2
an=[ i ] :

s o0 7 D 1<vVB+v2
(i) At:[o —4 5] (i) 7V2 <545

AtA_'85 35] (iii) 3 < V5 ++v2
| 35 41 (v) 5v2 < V3 + V29
36 0 42
AAt=| 0 16 -20 ¥ V22<V3+VIT
| 42 -20 74 (vi) V13 <3+ V14
4 (vi) 2v2 < V10 + V2
1 4 _3 3 v=(3,1)u=(-3,25),u+v=(0,35)
®3 [ -1 2 ] 4.
1 [2 -4 0 © u+v=(200)
Gy =| 0 2 0 ~ o~
29 -3 1 llu+ ol =2
. (i) w+v=(-1,-2,7)
(0 —38 llu+ v|| = 3v6
1) — ~ ~
i) —36 (i) u+v =(12,3,-2)
(iii) 0 llu + o]l = V157
6. z=1lLy=12=1 .
7. w=ty=4t,z=16t, tERe ) uw-v=6
8. (i) a#21/2 uxv=(-1,-2,5)
L 5
(i) a=21/2,c#1 cosf = =
=21/2,c=1
(i) a [2:¢ Gi) w-v=—-17
9. A1 =2, v = (1,0,0) u X v = (3,-3,—15)
A2 =3, w2=(0,1,0) -
Az =1, 1’15,:(1,2,—1) cos@:—m
10. A1 =3, w1 =(1,1,0) (iii) u-v= 11
Az=1, w2=(0,0,1) uxv=(-6,4-10)
~ 11
A3 =1, w3z =(1,-1,0) cosd =
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(iv) u-v=0 i ~1— z_z
bl 3 (i) cosz~1 2
u X v = 0, undefined )
A .. sinz z
™) u-v=-9 i ——~1-
uxv=0 21
~Te TN iy = F z—a?
cosf =-1 1+1/z
3 T 2
i) v =2 (iv) ze* =z +x
~ o~ 901 ) cosa:—lN z+1z3
1~1,><g_(—0, 0,0) - N5t
1
0 — i) sinhz ~ g8
cos VoVl (vi) sinhz ~ x4+ Ga:
he —1 1 1
6. Orthogonality easily verified. (vii) cosrr — 1 L2 + —g?
2 2 24
7. 1
(vill) — =~ 1+
(i) independent (det=7) -z
. 1
(ii) dependent (ix) In(1 +z) oz — 59:2
(iii) dependent 4. Asx — oo:
(iv) independent (det=2) @ 2?4+ 1
(v) dependent 3z2+2z+1 3
. i) z3 c -1y 23/2
(vi) dependent () ve+t 2z +1ma
(i) & ~
§.c=-2 322 +Val+1 4
9. (1,2,2),3 2 +1
(iV) ~ ;1;2
10. (1,2,3)-(2,-1,0) =0 1+1/z
) sinh(z) N
cosh(z)
Chapter 8. . . .. sinh(3z) e~®
Asymptotics and Approximations (vi) Trete ¥ 3
-
L i) T s oge=?®
sinh ¢
i) 6 -z
) wii) 2T g
(ii) 1 14 xe™®
(i) 1 @ .e: o
(IV) O sinh
" 1 5.
v =
2 o) e”sinzmz+z2+%z3
oh) 0 (i) €2~ 1+ 2z + 202
2. (iii) sinz? ~ 3% — 20 + 35210
. 3
O - () € m1+a%+ La®
(i) 0 6.
o 2
(iii) 1 i) smzml—%(z—%)
31 (i) coszm—(z—%)+%(z—%
(iv) — g s

€ 2 1 1
7. / e drre— —€3+ —¢
0

3 10
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Chapter 9 4.
Complex Numbers G 2
1. .. 3 .
(i) —=(1+1)
(i) 6 — 254 1[2
(i) 12 + 64 i) 5 (V3+1)
iii) 82 — 334
(iii) ) (iv) 1 (\/5 —1)
(iv) 8—i 2
(v) 13 + 84i ) %(1 +V3I)
(vi) —2—2; s
(vii) 34(1 + 1) '
; _g3m/4 _ 1 ;
(vii) 2 0 arm=e a1+,
(ix) 13 a=er=—
. (i) z122 = e/ =,
x) 626— 71,38 Z% — eim/3 — %(1 + \/51,)
) =+ 53¢ (i) z122 = 6€i™ = —6,
(xif) —i 22 = 4ei"/? = 44
i) 5(1-1) (i) 122 =3e727/5 = 5(~1 - V3i)
ww 39 2 = e/ =3 (1+V3i)
X1V —_— = —1
145 145 6.
2. M e/t = J5(1+14)
(i) z=4,y=2 ei5w/4:_%(1+i)
(i) z= (i) £1, %4
3. (iii) 2ei7r/4’2ei117r/12’2e—i57r/12
@) cism @) (1 -4, Z(-1+9)
(i) cis3xw/2 (v) cis (z(w/? + Ic7r/3.)),1k =0,.. 5 5or
(iif) 3cis— 2=, 3 (V3£i),5(-V3£0)
2
. . 3w
() v2eis 7 Chapter 10
) V2cis % Differential Equations
1.
(vi) v2cis %" 1
5 Q) g(z-|-1)3+c
(vii) 2v/2cis o 1
4 (i) —= +c
iii) 5cis T i
(viii) 6 (i) y=z—Injz+1|+c
. . T
(ix) 2c1s§ @iv) y:%lnz+c
(x) 2v/3cis27/3 v) y=3zcosz —3sinz+c
. . E 1
(xi) 5v/2 cis 1 2. Q) z= Zy4 +ec
(xii) 2cis% @ Lot
i) — - — =
Tn z 22 ¢
(xiii) 2v/2cis o (i) y=cz— 1

(iv)

—3e~% =263 f ¢
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W)

(vi)
(vii)

(viii)

®

(if)

(iii)

(iv)

W)
(vi)

®
(if)

(i) r =

(iv)
W)
(vi)

(ii)
(iif)
(iv)

$

(vi)

(vii)

(viii)

(ix)

1 1. |z+1
1 1]+ —— ==1
S e S ] Py
—cosc=In|y| +y% +c
—zcoszt+sine =ye¥ —e¥ + ¢
Lz +5) = Loy +3)° =
12 6V =c
1
1/=E+ce_5”c
_3, ¢
Y=o T2
1 .2
y—§+ce
1 -z
== +ce
Y 3+
y=sinz +ccosz
¢
L
Q=Cer +70
¢
y_e”+1
0—cosf+c
secd + tan @
1
Pty= ——
®) 1+4ce-t
y=+vVectaz+a?

_ -Ri/L
1= — +ce
R

y(z) = c1e®® + cae™ "

y(@) = e~ (c1e™ VP + c26V5?)
y(z) = c162®/3 4 cpe=/4

y(x) = ¢1 cos 3z + c2 sin 3z

y(z) = c1e™® + cpze™ W

y(z) = cre”/? + cpe®/4

y(z) = c1 + coe7 /2

y(z) = e~ %/3¢; cos ?z

2
+e~%/3¢y sin %z

y(z) = c1€® + cowe®™

‘+c

6. @)
(i)
(iii)

3
y(@) = c1°® + ce™ 7 + =
10
y(.’E) =6—4z + z? +c1e”® + caze™ "

1
y(z) = c1cosx + cosinz — g €08 3z

1
(iv) y(z) = gezw +c1co8T + cosing
24 18
) ylx) = — g5 ¢08 2z — % sin(2z)+c1e™® +
coze”*
. e, 1 1 )
vi) y(z) = c1e®+cre™ "+ Eze” - Ze” —z“ -2
Chapter 11
Multivariable Calculus
1.
W 5 =2y
%5 =2y +2z
9%F _
dxdy — 2
(i) % = ycosTy
% = zcos Ty,
8%f _ .
Fxdy — COSTY — TysSzy
(iii) g—g; =2z —sin(z + y)
% = —sin(z + y)
2
%9% = —cos(z +y)
(iv) % —e* Y
%; = —e®~¥
8%y _ -
3x0y —e*7y
v 3 =3ya?
of _ .3
87, =
9%f _ g2
dxdy — 3z

@
(ii)
(iii)
(@iv)
)
(vi)
(vii)
(viii)
(ix)
x)

(2z + 2z, —2y, 2z)

sec?(zyz)(yz, T2, TY)

1
—— 4+ 11z
2\/:(7

(x(z — y),y(z — 2),2(y — @)
1+2+3=6

2z + 4y + 62

24+242=6

2(yz)? + 2(x2)? + 2(zy)?
(0,0,2z — 2y)

(2y, 22,2z)
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i (43)
(i) 5
(i) +(3,—4)

. 7
(iv) E

@ (-1,-1)
(i) v2
@iy £(1,-1)
(iv) —v2

5. 413 — 312

i) 54
.. 64
(ii) ?
(i) 416
1 44

2 2
dydz = —
LTty dydT = 1he

1

=0

44
2 2

dady = —=
eyt dTdy = 1op

o~ e

R

3
dydz = —
T+ ydydx 20

sﬁ\._.eﬁ\.da\
°ﬁ\

1

3
10. dydz = —
THYWEE =0

S~
2

y=0Jz=y2

11. Proof by expansion.

2
8% dc P (—ﬁ—t) (=% — 2t)

12, -~ =~ =
oz2 ot 4¢8/2

Chapter 12
Numerical Skills

1
1. / z® =~ 0.26
0

2
2. / e* dz ~ 6.52.
0

(98]

5

. / f(z)dz ~ 25.5
0

4. f'(1) ~ 1.55

5. fl0)= 1, f/(1) = 1.5, f/(2) =~ 2,
F@)~ 15 fl(=L f(B5)~1

6. zo=1,21 = 2,2 = 1.75,23 = 1.732
7. ¢o = 2,z1 = 1.75,x2 = 1.711, 3 = 1.70997
8. o = 3,1 = 3.1425, o = 3.14159

9. ¥(0.3) ~ 1.03
10. y(0.6) 5 0.6
11. y(0.4) ~ 1.5

_2(_]_)n
12, ap = 2,8 =0,bp = ——~_ 7
n
1— (-1
nw
i 2
14. ap = 1, ap = 25007/2)
nw
1 nmw
15. by = — (cos —_—— (—1)"), an
nw 2

16. Easily proved.
17. f'(1)y=2, f"(3) = -2

Chapter 13
Practice Tests

Test 1: Section 13.1

o= 51421
2
22.m>0o0rm < —14

1
3. a?? +2b+ -
a

z3
8. 6xcos 3z

1
9. ¢ — —
272

10. cosz — zsinz
11. 1

12. z—y

13. Parabola.

14. oo

2
15. — +1
a
16. 18
17. 15
18. A=-1,B=1

19. 2t + 423 + 622 + 4z +1
2
20. z2+2z—1+7
z+1
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10.

11.

12.
13.
14.
15.
16.
17.

18.

19.
20.

10.

M

Test 2: Section 13.2

m=2
z(z + 1)?
z< —=3o0rz > —1

a? — b2 — 2bc — 2

Ellipse
24
a? +2
20

1 1

_5:1:—1
22—z +1
Fiz)=2+2

1
z—3

3
2

Test 3: Section 13.3

. %(5ix/ﬁ)

—12<z <18
9zt — 2423 + 1622
VY

y—1
8ly
y—28l

—6xsinx

2

2ze® + z2e®

2z cos z2
142y
2t

cost

In(z — 2)

11.

12, —

13.
14.
15.
16.

17.
18.

19.

20.

10.
11.
12.
13.

14.
15.
16.
17.

18.
19.
20.

Test 4: Section 13.4
V6

Ll —
2

—-5<t<15
3 3
z° + 3¢+ — +
T
T —2
2T
2+3
4412
6
(1 - 3z)3
e~ *(2 cosh 2t — sinh 2¢)
sinh ¢ — y?
14 2yzx

1
3

1 " 4$3
4z 3
Parabola

2

-5
w

2
3

1 1 1
r—2 z—1 (z —1)2
2

1 2
——cos(z® —1
9 ( )

13
2
odd
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o0

13.

14.
15.
16.

17.

18.

19.

20.

1
10. — (cos 7z + wzsinwx)
T

11.

N s s e

SR S

Test 5: Section 13.5

16z
16 +
1

rz=-2,3
4

6x cos 32

. 2zsinh 2z + 222 cosh 2z
1

. =In(2z -3
2 ( )

. —e it +1)
. 2v3

10.
1.
12.

-33
(9, -8, _6)
A=T,A=1

1
= C1 €X] —
s—eron(,1,)

y = c18in 3z + c2 cos 3z

i

2v2¢is ©

4
1 -1 1
0 -1 2
0 1 -1
. z3
sSiInr ~T— —
1
2
(22, —12¢%)

Test 6: Section 13.6

.2z 4+ 1)(z —-2)

12
—etsinmr
3

2

3
.p>lorp< -
- (=)

>(3)
.y=ciexp| —
Yy 1exp 9

9.

5

y=cie™® +cpe”>

Vv2-1

12.
13.
14.

15.

16.
17.
18.
19.
20.

(Oa _6)
(1a _1)
3+x

2+ 6y



CHAPTER 15
OTHER ESSENTIAL SKILLS

Use these pages to write any other essential mathematics skills your lecturers think are appropriate.
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Index

absolute value, 3
algebra, 1
angle, 35
antiderivative, 51
approximations, 87
area
integration, 55
numerical, 115
asymptotics, 87
augmented matrix, 70

binomial expansion, 5

calculus
differentiation, 41
fundamental theorem, 53
integration, 51

Cartesian unit vectors, 80

central difference, 116

chain rule, 45

characteristic equation
differential equations, 100
eigenvalues, 73

circle, 27

cofactors matrix, 64, 68

combinations, 13

complex number, 91
conjugate, 92
De Moivre’s theorem, 94
Euler’s equation, 93
imaginary, 92
polar form, 93
real, 92

conjugate, 92

cosh, 38
derivative, 43
integral, 52

cosine, 14, 26

derivative, 43

integral, 52
cross product, 82
curl, 108

De Moivre’s theorem, 94
definite integral, 53
denominator, 2

surd, 10
derivative, 41
determinant, 63
diagonal matrix, 74
differential equations, 97

characteristic equation, 100

first order, 97
homogeneous, 100
inhomogeneous, 102
integrable, 97
integrating factor, 99
numerical, 118
particular solution, 102
resonance, 104

second order, 100
separable, 98

undetermined coefficients, 103

differentiation, 41
chain rule, 45
double, 47
first principles, 41
implicit, 46
linearity, 42
maxima, 48
numerical, 116
parametric, 47
partial, 107
product rule, 43
quotient rule, 44
second, 47
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divergence, 108 polynomial, 23
domain, 18 properties, 18
dot product, 80 quadratic, 22
double derivative, 47 range, 18
double integrals, 111 shifting, 20
sine, 26

eigenvalues, 73 tangent, 26
eigenvectors, 73 trigonometric, 35
ellipse, 28 zeros, 19
equilateral triangle, 15 fundamental theorem of calculus, 53
Euler’s equation, 93
even Gaussian elimination, 70

Fourier series, 120 gradient, 108

function, 20 graphs, 17
expansion, 4

homogeneous differential equations, 100
hyperbola, 24

hyperbolic functions, 38

hypotenuse, 14

binomial, 5
exponential, 31

derivative, 43

function, 25

general, 31 identity matrix, 61
integral, 52 imaginary
factorial. 12 complex number, 92
actorial,

implicit differentiation, 46

index laws, 32

inequalities, 3

inflection points, 48

inhomogeneous differential equations, 102
integrable differential equations, 97
integrating factor, 99

factorising, 4
polynomial, 6
first order differential equations, 97
first principles, 41
forward difference, 116
Fourier series, 119

even, 120 integration, 51

odd, 121 area, 55
fractions, 2 by parts, 57

partial, 6 definite, 53
function, 17 double, 111

circ.le, 27 linearity, 52

cosine, 26 numerical, 115

domain, 18 substitution, 56

ellipse, 28 inverse

even, 20 cofactors matrix, 68

exponential, 25, 31 function, 19

hyperbola, 24 matrix, 65

hyperbolic, 38 isosceles triangle, 15

inverse, 19

line, 21 L’Hopital’s Rule, 88

logarithm, 25, 31 length

odd, 20 vector, 79

parabola, 22 limit, 87
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line, 21

linearity
differentiation, 42
integration, 52

logarithm, 33
derivative, 43
function, 25
general, 31
integral, 58
natural, 33

Maclaurin series, 88
matrix, 59
addition, 59
augmented, 70
characteristic equation, 73
cofactors, 64, 68
determinant, 63
diagonal, 74
eigenvalues, 73
eigenvectors, 73
identity, 61
inverse, 65, 68
manipulation, 68
multiplication, 60
partitioned, 66
row operations, 66
symmetric, 74
systems of equations, 70
trace, 74
transpose, 62
maxima, 48
minima, 48
modulus, 3, 4
multivariable calculus, 107

natural logarithm, 33

Newton’s method, 117

notation, 1

numerator, 2

numerical methods, 115
area, 115
central difference, 116
differential equations, 118
differentiation, 116
finding zeros, 117
integration, 115

Newton’s method, 117

odd
Fourier series, 121
function, 20

parabola, 22
parameterised curves, 47
parametric

circle, 27

ellipse, 28
parametric differentiation, 47
partial differentiation, 107
partial fractions, 6
particular solution, 102
partitioned matrix, 66
Pascal’s triangle, 5
permutations, 13
polar form, 93
polynomial

division, 9

factorising, 6

function, 23
product rule, 43
Pythagoras’ theorem, 14

quadratic, 11, 22
quadratic equation, 11
quotient rule, 44

range, 18

rationalised surd, 10

real
complex number, 92
numbers, 1

reciprocal trigonometric functions, 36

resonance, 104
right angled triangles, 14
roots
quadratic, 11
row operations, 66

second derivative, 47

second order differential equations, 100
separable differential equation, 98

simplification, 4
sine, 14, 26
derivative, 43
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integral, 52
sinh, 38
derivative, 43
integral, 52
slope, 41
stationary points, 48
substitution
integration, 56
summation, 12
surd, 10
symmetric matrix, 74
systems of equations, 70

tangent, 14, 26, 41
Taylor series, 88
trace, 74
transcendental functions, 31
transpose, 62
triangle
equilateral, 15
isosceles, 15
right angled, 14, 15
trigonometric
functions, 35
identities, 36
reciprocal, 36

undetermined coefficients, 103
unit circle, 35
unit vector, 80

vector, 77
addition, 78
angle, 81
Cartesian, 80
cross product, 82
curl, 108
divergence, 108
dot product, 80
gradient, 108
length, 79
multiplication, 78

zeros, 19
quadratic, 11



