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Preface

The aim of publishing this book is the further development of the concept of
dissipative solitons, which has been in the air for at least the last decade and a
half. Since the development of classical soliton theory in the 1960s, the theory of
these “nonlinear modes” of integrable systems outgrew its initial ideas. The purely
mathematical concept, as it appeared in the work of Zabusky and Kruskal in 1965,
required experimental verification, and this was successfully carried out in liquids,
optical fibers, and some other exotic media. Scientists came to the conclusion that
“solitons are everywhere”. Indeed, the notion of solitons gave a powerful boost
to the multibillion industry of telecommunications. The idea of solitons underlies
our understanding of tidal bores, cyclones and massive ocean waves like tsunamis.
There is no doubt that the magnificent phenomenon known as “Morning Glory” – a
cloud wave hundreds of kilometers long – is also a dissipative soliton.

During almost four decades of blossoming, soliton science produced brilliant
results based on the “inverse scattering technique”, which allowed for construction
of soliton solutions for a variety of integrable systems describing physics of water
waves, light propagation, etc. At the same time, experimental scientists realized that
the framework of a few particular “integrable systems” does not fully allow us to
describe real applications which do not exactly belong to the class of “integrable
equations”. Life is actually more complicated than the exceptional image of ideal
solitons in an “integrable world”.

The dissipative soliton concept is a fundamental extension of that for solitons in
conservative and integrable systems. It includes ideas from three major sources, viz.
standard soliton theory developed since the 1960s, ideas from nonlinear dynamics
theory developed by Poincaré and his followers and Prigogine’s ideas of systems
far from equilibrium. These are basically the three sources and three component
parts of this novel paradigm. Physically speaking, the major part of standard soliton
theory is the notion of the balance between dispersion/diffraction and nonlinear-
ity that allows stationary localized solutions to exist. For dissipative systems, we
have to allow for the fact that the major balance is between gain and loss – this is
necessary for the solitons to be stationary objects. Nonlinear dynamics inspires us
with the idea of soliton bifurcations and the chaotic evolution of solitons. Finally,
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vi Preface

the theory of systems far from equilibrium tells us that solitons are self-organized
formations requiring a continuous supply of matter and/or energy. As soon as that
supply finishes, a dissipative soliton ceases to exist. These are basic cornerstones of
the powerful concept of the dissipative soliton. A dissipative soliton can be a pulse
of light, a distribution of temperature or pressure, an electric or magnetic field, a
nerve impulse, a pattern of a sand dune, a formation of plants, a star like the sun
or a biological entity like a cell, organ or entire animal. All of these owe their ex-
istence and specific shapes to the input and output of matter or energy across their
boundaries.

A common misconception regarding dissipative systems is that they can only
have losses and hence only decaying solutions. The name “dissipative system” was
coined by Prigogine for systems considered in non-equilibrium thermodynamics.
These systems are not isolated but are kept in contact with an external source that
provides energy for the smaller sub-system. Thus, dissipation is essential for the
transfer of pumped energy to a “cooler” part. Hence, the notion “dissipative system”
is more complicated. It assumes that there is also an energy supply part, rather than
just losses. A localized structure in such a system, i.e., a “dissipative soliton” truly
deserves to be an established scientific keyword.

More than 2 years have passed since the publication of the first book on “Dissipa-
tive Solitons” by Springer [Lecture Notes in Physics 661 (2005)]. Many new ideas
have been developed during this time and the concept has been widely accepted as a
new scientific paradigm, in the sense that it brings about a change in our view of the
world, as explained in Kuhn’s famous book. The workshop “Dissipative Solitons”,
held in Dresden, Germany, in January 2006 in the Max Planck Institute for Com-
plex Systems, facilitated the consolidation of all the new ideas in this area and the
crystallization of the concept. This workshop made it clear that the publication of a
second book would be both timely and necessary for the encouragement of further
progress in this exciting area of research. Now, this new book is in front of you.

As the title of the book suggests, the ordering of the chapters starts from conven-
tional optical dissipative solitons and finishes with examples of solitons in biology
and medicine. The optical soliton topic traditionally occupies the major part of the
book. We feel that research on localized structures in biology and medicine covers
an enormous area by itself. However, only a limited number of ideas can be pre-
sented in the frame of this book. These examples are to show that this is the way in
which this science can advance in the future.

The book commences with Chap. 1 discussing the general concept of a dissipa-
tive soliton and some common features of dissipative solitons in various nonlinear
dynamical systems. A discussion of a rich panoply of mathematical model equa-
tions, whose solutions are dissipative solitons, is given in Chap. 2 by Velarde and
Nepomnyashchy.

Wide-aperture lasers are systems where spatial dissipative solitons can be ob-
served quite naturally. This topic is covered by Chaps. 3, 4 and 5. Chapter 3
is a review by Lugiato et al. which illuminates the physics of cavity solitons in
semiconductor devices. The authors discuss experiments which have demonstrated
cavity solitons in vertical-cavity surface-emitting lasers and all the theory which
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accompanies such experiments. The stress is on the features of the experimental
results which can lead to prospective applications. Rosanov et al., in Chap. 4, con-
sider dissipative optical solitons in wide-aperture lasers with saturable absorption in
the case where non-locality and relaxation of nonlinearity are important. They find
stable stationary dissipative solitons which are similar to those in class A lasers, as
well as slowly moving dissipative solitons, and a new type of flying soliton which
is characterized by a high velocity of motion and a high peak intensity. Colet et al.,
in Chap. 5, discuss the instabilities that can affect cavity solitons appearing in Kerr
cavities. They show that cavity solitons may exhibit a Hopf bifurcation leading to
self-pulsating behavior, which is then followed by the destruction of the oscillation
in a saddle-loop bifurcation. Using the notion of excitability, they show that cavity
solitons can be used for fast and compact optical information storage.

Dissipative solitons in the temporal domain are covered in Chaps. 6 and 7. In
Chap. 6, Grelu and Soto-Crespo discuss a large variety of multi-soliton complexes
that reveal interesting new behaviors in passively mode-locked lasers. In particu-
lar, they concentrate on collisions, pulsations and vibrations of dissipative solitons
inside fiber laser cavities. Several ways of creating soliton compounds or soliton en-
sembles in optical fiber links are discussed by Mitschke in Chap. 7. In addition, he
discusses the idea of soliton molecules, as well as recently discovered chains of dark
solitons. He shows that concepts beyond individual soliton pulses might be helpful
in pushing beyond the fundamental limit of the data-carrying capacity of optical
fibers.

Turitsyn and Boscolo, in Chap. 8, discuss the theory and applications of dissi-
pative solitons in the next generation of advanced optical communication systems.
In particular, they discuss the design of all-optical high-speed signal processing de-
vices, based on nonlinear dissipative structures.

Dissipative solitons which are created by the interaction of waves with several
frequencies, i.e., parametric dissipative solitons, are presented in Chaps. 9 and 10.
Theoretical and experimental studies of stimulated Brillouin back-scattering of a
c.w. pump, resulting in backward-traveling solitary pulses in long fiber-ring cavities,
are presented in Chap. 9 by Montes. A stable continuous family of super-luminous
and sub-luminous backward-traveling dissipative solitary pulses is obtained as a
result of a Hopf bifurcation when changing a single control parameter. Nonlinear
optical cavities with three-wave interaction in a nonlinear crystal, where spatial
dissipative solitons can form spontaneously, are considered by Coulibaly et al. in
Chap. 10. These studies reveal a self-frequency shift, a slowing down and a nonlin-
ear symmetry-breaking effect in the envelope of dissipative solitons emitted by an
optical parametric oscillator.

Dissipative solitons in discrete systems are discussed, from various points of
view, in Chaps. 11 and 12. Flach and Gorbach consider the interplay between dis-
creteness and nonlinearity which leads to the emergence of a new class of non-
linear excitations, viz. discrete breathers. A special focus is placed on a sub-class
of dissipative discrete breathers. They discuss applications of the discrete breather
concept in systems where dissipation is not only unavoidable but actually essential.
Velarde et al., in Chap. 12, consider an electro-mechanical Toda lattice that is able
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to maintain a non-Ohmic soliton-driven supersonic electric current and discuss its
striking characteristics. They demonstrate that the lattice seems very much like a
versatile neural transmission line. A somewhat related subject is the propagation
of solitary waves in Bragg gratings. This topic is covered in Chap. 13 by Gabitov
et al. They find exact solitary solutions for a system of equations, of Maxwell–
Duffing type, which describe forward and backward propagating waves in a grating.
New phenomena of collective self-focusing of light and atoms, and stable dissipative
atom-optical solitons, are presented in the chapter by Saffman and Wang.

From the biological arena, the chapter by Tlidi et al. presents clustering behav-
ior of arid vegetation ecosystems. This is a rather unusual example of dissipative
solitons occurring in nature. The propagation of traveling solitary pulses in one-
dimensional cortical networks is presented in the chapter by Golomb. This work
shows that simple models of spiking neurons exhibit a large variety of propagating
pulses with various spatio-temporal properties. The chapter by Troy presents mathe-
matical models of traveling wave solutions which describe the activity of large-scale
networks of excitatory neurons on spatially extended domains. Various regimes of
excitation and functional behavior of the central nervous system are modeled by lo-
calized solutions of a system of integro-differential equations. The book concludes
with the chapter of Zykov discussing spiral waves and propagating wave segments.
These are further examples of dissipative solitons in assorted excitable media, in-
cluding heart muscle, the retina of the eye, social amoeba colonies and the chemical
Belousov–Zhabotinsky reaction.

The editors acknowledge support from the Australian Research Council.

Canberra, Australia Nail Akhmediev
August, 2007 Adrian Ankiewicz
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Three Sources and Three Component Parts
of the Concept of Dissipative Solitons

N. Akhmediev and A. Ankiewicz

Abstract We explain the notion of dissipative solitons within a historical perspec-
tive. We show that the ideas of the theory of dissipative solitons emerge from several
fields, including classical soliton theory, nonlinear dynamics, with its theory of bi-
furcations, and Prigogine’s concept of self-organization. A new notion, emerging
from this three-part foundation, allows us to build the novel concept of the dissipa-
tive soliton. We also show that reductions to lower dimensional systems have to be
done carefully and should always include a comparison of the results with numerical
simulations of the original equations.

1 Introduction

This book is a collection of works in various fields that have the common concept of
the “dissipative soliton” behind each specific topic. Before turning to the chapters,
written by experts in their fields, it is instructive to start with general “definitions”
and a little history of the terms. Our introductory chapter summarizes the main ideas
and explains what a “dissipative soliton” entails, in simple terms. The ideas have
been developed over a number of years and have appeared in various publications
[1, 2, 3], but a compact presentation of all these ideas in a single volume is important.

The term “soliton” was first introduced in 1965 by Zabusky and Kruskal [4]
when studying the numerical solutions of the Korteveg-de Vries equation. General
solutions of this equation behaved “strangely” as a superposition of solitary waves
or “solitons” and radiation waves, despite the fact that the governing equation was
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nonlinear. Clearly, the solitons were modes of a nonlinear system. At that point, it
was understood that “waves of translation”, first observed by John Scott Russell in
1834 [5], are also solitons. Later, a rigorous mathematical theory was developed [6],
and this allowed us to construct a general solution of a certain class of equations
in terms of solitons and radiation waves. Since this pioneering work of Gardner,
Greene, Kruskal and Miura in 1967, scientists tend to use the term “soliton” to
describe the modes of nonlinear partial differential equations that happen to be inte-
grable by means of the “inverse scattering technique” [7, 8]. These “integrable” soli-
tons do not change their shape and velocity after colliding with each other, and they
remain intact when interacting with radiation waves. Occasionally, other types of
localized solutions in physics were named “solitons” as well. However, this custom
met serious resistance from the mathematicians who were studying “true” solitons
of “integrable models”.

A dramatic turning point occurred at the beginning of the 1990s, which was
a time when many physicists understood the limitations of the theory. They ob-
served the fact that “solitary waves” do exist in a variety of systems, though they
do not behave exactly as the classical theory predicts for “true” solitons. In particu-
lar, “soliton-like” pulse propagation in a real optical fiber satisfies equations which
are more complicated than the integrable nonlinear Schrödinger equation [9]. These
equations still have solutions in the form of solitons, but they usually include addi-
tional terms that destroy integrability. The additional terms could describe physical
effects, of both conservative and non-conservative nature, which modify the prop-
erties of solitons, but leave them as distinctively localized solutions of the system
under consideration. Thus, the theory had to be extended, firstly, to cover localized
solutions in conservative and Hamiltonian systems and later to construct a theory
of solitons in systems with loss and gain. On the one hand, new solitons could not
be used as superpositions in order to construct a general solution of the system, but
on the other hand they appeared in physical systems as localized solutions describ-
ing certain classes of phenomena. Thus, new terms had to be used, such as “solitary
pulse” for conservative systems or “dissipative soliton” in cases of systems with gain
and loss. In this respect, it is worthwhile mentioning early works [10, 11] where the
term “dissipative solitons” was used to describe solitons in such systems. We also
have to mention that there is a very wide variety of systems with gain and loss, so
that even the rather specific term “dissipative soliton” may need a finer definition in
more complicated systems.

The first book “Dissipative Solitons” was published by Springer in 2005 [12].
This was the time when major principles had to be unified and presented in a sin-
gle volume. This first attempt turned out to be highly successful. It generated a
multiplicity of ideas and brought the scientific community to the idea of organiz-
ing a workshop with the same name. The workshop took place in January 2006 in
Dresden, Germany, within the Max Planck Institute for Physics of Complex Sys-
tems. This meeting solidified the ideas behind the concept of “dissipative solitons”.
It also became clearer than ever that the notion of “dissipative solitons” could be ap-
plied to biology and even medicine, and hence not only to physical systems. Hence,
in publishing this book, the editors attempt to spread these ideas broadly and attract
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more scientists to consider localized solutions from the new point of view. This may
open new facets in the perception of known phenomena, as well as assisting in the
understanding of novel phenomena.

The dissipative soliton concept is a fundamental extension of that for solitons in
conservative and integrable systems. It includes ideas from three major sources, viz.
standard soliton theory developed since the 1960s, ideas from nonlinear dynamics
theory and Prigogine’s ideas of systems far from equilibrium and self-organization
(see Fig. 1). These are basically the three sources and three component parts of this
novel paradigm. Physically speaking, the major part of standard soliton theory is
the notion of the balance between dispersion and nonlinearity that allows stationary
localized solutions to exist. For dissipative systems, we need to observe that the im-
portant balance is between gain and loss – this condition is necessary for solitons to
be stationary objects. Even the slightest imbalance will result in the solution either
growing indefinitely, if gain prevails, or disappearing completely because of the dis-
sipation. Thus, instead of a single balance, we have to consider a composite balance
between several physical phenomena.

The second part of our foundation – nonlinear dynamics – inspires us with the
idea of a soliton as a fixed point of an infinite-dimensional dynamical system. Stabil-
ity properties of fixed points determine the stability of the soliton itself. Fixed points
can be transformed into limit cycles at certain values of the system parameters, and
then the soliton becomes a pulsating object. Further transformations may include
irregular behavior of the trajectory, thus creating chaotic solitons. Therefore, non-
linear dynamics supplies us with the ideas of soliton bifurcations and the chaotic

Concept of
Dissipative solitons

Prigogine's ideas
of

self-organization

Classic
Soliton theory

Nonlinear dynamics
Theory of bifurcations

Fig. 1 Three sources and three component parts of the concept of dissipative solitons



4 N. Akhmediev and A. Ankiewicz

evolution of solitons. Since we consider infinite-dimensional dynamical systems,
there is a huge variety of types of solitons and their bifurcations.

Finally, the third part of the basis – the theory of systems far from equilibrium –
tells us that solitons are self-organized formations requiring a continuous supply of
matter or energy. As soon as that supply finishes, a dissipative soliton ceases to ex-
ist. In simple terms, self-organization is a convergence of certain initial conditions
to a localized solution of the system that is stable for a given set of external param-
eters. Thus, the final state is determined by the physical laws and not by the initial
condition. For infinite-dimensional dynamical systems, this stable solution can be
very complicated. It is not necessarily a smooth function with a single maximum
and exponentially decaying tails. Moreover, there can be several stable solutions
existing for the same set of parameters. This can even happen in the case of a rel-
atively simple equation like the complex cubic-quintic Ginzburg–Landau equation.
The majority of processes in nature are governed by far more complicated dynam-
ical factors. Thus, stationary solutions of these systems can be considerably more
involved.

From this point of view, the idea of self-organization allows us to extend the
concept of dissipative solitons to highly complicated objects such as animal species
and the formation of life itself. How far we can go in extending our principles in
this direction only depends upon our imagination. Adding to this complexity, when
a system converges to a solution, is not necessarily a stationary solution but can
be a limit cycle or a strange attractor in an infinite-dimensional phase space. Many
biological processes such as heart beats and nerve pulse propagation have been de-
scribed using simple mathematical modeling. Scientific progress in this direction
continues and the reader can find some examples in other chapters of this book.

There is the older term “autosoliton” which comes from the book by Kerner and
Osipov [13]. As the title of the book suggests, the authors consider localized so-
lutions from Prigogine’s point of view as self-organized structures. As we can see
from Fig. 1, this is one of the foundation stones of the new concept. More specif-
ically, the name “autosoliton” came naturally from the theory of reaction-diffusion
systems [14]. Usually, it had to be supplemented with the notions of “activator” and
“inhibitor” to be understood in its full complexity. The root of the word itself origi-
nates from the term “auto-oscillations” in the theory of “flutter and shimmy” which
can be understood as “self-propelled” solitons. In a few cases, this term has even
been used in optics. Throughout this book, the term “dissipative soliton” is used
as the one that covers the majority of relevant phenomena in optics, biology and
medicine. As a fuller explanation, it means “soliton in a dissipative system”, where
“dissipative system” is to be understood in Prigogine’s sense as a sub-system with
an external pump of energy, rather than a system with losses only. An optical laser
is one of the examples of such subsystem in optics [15].

There is a significant difference between solitons in Hamiltonian systems and in
dissipative ones. In Hamiltonian systems, soliton solutions appear as a result of a
balance between diffraction (or dispersion) and nonlinearity. Diffraction spreads the
beam, while nonlinearity focuses it and makes it narrower. The balance between the
two results in stationary solutions. These usually form a one-parameter family. In
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systems with gain and loss, in order to have stationary solutions, gain and loss must
be balanced in the first place. The two balances result in solutions which are fixed.
The shape, amplitude and the width are all fixed and depend on the parameters of the
equation. This situation is represented qualitatively in Fig. 2. For telecommunication
applications, the rigidity of the soliton may provide efficient suppression of noise
and stop any drift in the soliton parameters.

Clearly, stationary dissipative solitons can be considered as fixed points of an
infinite-dimensional dynamical system. Thus, their parameters are fixed. These for-
mations are stable on propagation, provided the system parameters are chosen in
appropriate regions. In general, dissipative solitons are not necessarily stationary. In
other words, fixed points are not the only objects that may exist in such systems. For
example, a limit cycle is another, more complicated, object that can exist in the phase
space of the dynamical system. It corresponds to a pulsating soliton where the pa-
rameters oscillate periodically [25]. These solitons usually exist in regions of the
parameter space which are adjacent to those of stationary solitons. However, even
in this case, the soliton characteristics are fixed, i.e., the period of the pulsations and
the shapes at particular points of the period are all fixed, since they are functions

Hamiltonian systems:

Dissipative systems:

Family of 
soliton solutions

Fixed
soliton solutionDiffraction

or dispersion

Diffraction
or dispersion

Gain

Loss
Nonlinearity

Nonlinearity

Fig. 2 Qualitative difference between soliton solutions in Hamiltonian and dissipative systems [1].
In Hamiltonian systems, soliton solutions are the result of a single balance, and comprise one- or
few-parameter families, whereas, in dissipative systems, the soliton solutions are the result of a
double balance and, in general, are isolated. There can be exceptions to this rule [16, 17, 18],
but, usually, the solutions are fixed (i.e., isolated from each other). On the other hand, it is quite
possible for several isolated soliton solutions to exist for the same equation parameters. This is
valid for (1+1), (2+1) dimensional as well as for (3+1) dimensional cases. In the latter case, the
terms “localized structures” [19] and “bullets” [20, 21, 22, 23] are also used, along with the term
“solitons” [24]



6 N. Akhmediev and A. Ankiewicz

loss

gain gain

loss loss

Fig. 3 Qualitative description of solitons in dissipative systems [1]. The soliton has areas of con-
sumption as well as expenditure of energy, and these can be both frequency (spatial or temporal)
and intensity dependent. Arrows show the energy flow across the soliton. The soliton is the result
of complicated dynamical processes of energy exchange with the environment and between its
own parts

of the system parameters. One more possibility is that the dissipative soliton can be
chaotic [25]. If the soliton is chaotic, the characteristics of this chaotic behavior are
also given by the parameters of the system.

Another simple qualitative picture is presented in Fig. 3. In order to be sta-
tionary, solitons in dissipative systems need to have regions where they extract
energy from an external source, as well as regions where energy is dissipated to
the environment. A stationary soliton is the result of a dynamical process of con-
tinuous energy exchange with the environment and its redistribution between var-
ious parts of the soliton. As soon as this energy redistribution ends, the soliton
disappears. In more complicated cases, a matter exchange is involved as well. In
this sense, the dissipative soliton is more like a living thing than an object of the
inanimate world. It is like a species in biology which is fixed (or isolated) in its
properties.

So we have just described, albeit briefly, the basic cornerstones of the powerful
concept of the dissipative soliton, and we present them schematically in Figs. 1, 2
and 3. Our observations are mostly related to dynamical systems whose evolution
can be described by differential equations with partial derivatives. Such dynamical
systems have an infinite number of degrees of freedom and, surely, they may have
a countless number of soliton solutions with a countless number of bifurcations be-
tween them. As a rule, these systems are non-integrable, which means that exact
solutions in their full complexity can be studied only numerically. To describe fine
features of soliton bifurcations analytically, we need approximations and some tech-
niques to reduce the dimensionality of the dynamical system. These methods may
help, to some extent, in describing stationary or pulsating solitons and their bifurca-
tions over a limited range of the system parameters. However, they cannot be used
as a total substitute for rigorous studies of the solutions. Only the most prominent
features of the solitons, along with selected bifurcations, can be determined in this
way. For a full picture, we still need numerical simulations. In the rest of this chap-
ter, we give a few examples of studies that involve reductions to finite-dimensional
approximations. We also show that direct comparisons with the results of numerical
simulations are essential in these studies.



Dissipative Solitons 7

2 Cubic-Quintic Complex Ginzburg–Landau Equation

Throughout this chapter, we are dealing with an infinite-dimensional dynamical sys-
tem governed by the cubic-quintic complex Ginzburg–Landau equation (CGLE)
which in optics has been widely used to describe the pulsed operation of passively
mode-locked lasers and all-optical long-haul soliton transmission lines. Generally,
the CGLE has a wide range of applications in various branches of physics, chemistry
and biology. An extensive list of applications can be found in the review paper by
Aranson and Kramer [26]. This enormous sphere of knowledge has been dubbed
“The world of the Ginzburg–Landau equation” [26]. The cubic-quintic complex
equation has so many different types of solutions that this area of expertise is a
whole world by itself. Even if we restrict ourselves to localized solutions, i.e., dis-
sipative solitons of CGLE, the variety of these objects is still not known in its full
complexity although the regions of soliton existence have been studied quite exten-
sively [27, 28, 29].

One of the difficulties is that analytic solutions are known only for a special
class of CGLE solitons [30] when parameters of the equation are related by a spe-
cific algebraic equation. All other soliton solutions can only be found numerically.
One of the features of these solutions is that they have rich structure of bifurcations
[31, 32]. Having this structure leaves little hope for exact analytical description.
Nevertheless, approximate methods are always a possibility. Such approximations
are the main subject in the rest of this chapter. We give an example of the appli-
cation of the so-called method of moments, which allows us to approximate, for
example, periodicity in the motion of the soliton and the bifurcation from station-
ary to pulsating solitons. We stress that only simple properties of the dissipative
solitons can be approximated by employing reductions. Using this technique, we
consider three examples where simple approximations can give qualitative descrip-
tions of the soliton behavior and even predict the existence of unknown branches of
solitons.

In our notation, the CGLE is

iψt +
D
2

ψxx + |ψ|2ψ +ν |ψ|4ψ = iδψ + iε|ψ|2ψ + iβψxx + iμ |ψ|4ψ. (1)

When used to describe passively mode-locked lasers, the CGLE represents a dis-
tributed propagation model, in which t is the distance traveled inside the cavity, x is
the retarded time, ψ is the normalized envelope of the field, D is the group veloc-
ity dispersion coefficient, with D = ±1, depending on whether the group velocity
dispersion (GVD) is anomalous or normal, respectively, δ is the linear gain–loss
coefficient, iβψxx accounts for spectral filtering or linear parabolic gain (β > 0),
ε|ψ|2ψ represents the nonlinear gain (which arises, for example, from saturable ab-
sorption), the term with μ represents, if negative, the saturation of the nonlinear
gain, while the one with ν corresponds, also if negative, to the saturation of the
nonlinear refractive index.
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During numerical computations with the propagation equation, the magnitude
that we most often monitor is the energy, Q, carried by a certain solution after a
propagation distance of t. It is defined by

Q =
∞∫

−∞

|ψ(x, t)|2dx.

For a dissipative system, Q is a function of t rather than a conserved quantity. The
convenience of monitoring the energy Q is clear from the following considerations.
For localized solutions, Q is finite. Decaying solutions result in Q converging to
zero. When the localized solution is stationary, Q takes a constant value. Stable lo-
calized solutions show convergence of Q to a constant when starting from an initial
condition that is not a solution of the CGLE. Thus, stability of a soliton obtained
this way follows directly from numerical simulations. When the soliton solution is
pulsating in t, the quantity Q also oscillates on propagation. In this instance, we
denote its maxima and minima of Q by QM and Qm, respectively. Chaotic solitons
generally produce chaotic evolution of Q. Of course, a more detailed study of soli-
tons should involve more of these integral parameters. However, there will always
be a limitation because of the gap between the finite number of the parameters that
we are able to use and the fact that our dynamical system has an infinite number of
degrees of freedom.

3 The Method of Moments

In this section, we briefly outline the approach that we use to derive the dynamical
model. The method of moments [33] is a reduction of the complete evolution prob-
lem with an infinite number degrees of freedom to the evolution of a finite set of
pulse characteristics. For a localized solution with a single maximum, these charac-
teristics include the peak amplitude, pulse width, center-of-mass position and phase
parameters. For an arbitrary localized field, one can introduce two integrals, namely
the energy Q and momentum M,

Q =
∞∫

−∞

|ψ|2dx, M =
1
2

∞∫

−∞

(ψψ∗
x −ψ∗ψx)dx, (2)

and higher-order generalized moments [33],

I1 =
∞∫

−∞

x|ψ|2dx, I2 =
∞∫

−∞

(x− x0)2|ψ|2dx,

I3 =
∞∫

−∞

(x− x0)(ψ∗ψx −ψψ∗
x )dx. (3)
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The number of higher-order generalized moments is infinite. Depending on the
complexity of the reduced model, we can restrict ourselves to a finite number of
them. Using the original equation (1), we can derive the evolution equations for the
generalized moments [33],

dQ
dt

= i

∞∫

−∞

(ψR∗ −ψ∗R)dx,

dM
dt

= −i

∞∫

−∞

(ψxR∗ +ψ∗
x R)dx,

dI1

dt
= iDP+ i

∞∫

−∞

x(ψR∗ −ψ∗R)dx,

dI2

dt
= −iDI3 + i

∞∫

−∞

(x− x0)2(ψR∗ −ψ∗R)dx,

dI3

dt
= 2P

dx0

dt
+ i

∞∫

−∞

(2D|ψx|2 −|ψ|4)dx

+2i

∞∫

−∞

(x− x0)(ψxR∗ +ψ∗
x R)dx

+ i

∞∫

−∞

(ψR∗ +ψ∗R)dx.

(4)

Equations (4) are quite general, i.e., they are valid for a large class of NLSE-type
evolution equations, including (1) with arbitrary coefficients. Up to this point, the
equations are exact if we use an exact solution of (1) for ψ .

In practice, one uses a trial function with a few parameters which depend on t.
Equations for the evolution of these parameters are found from a system similar to
(4). A suitable choice of trial function can be deduced from the general symmetries
of the problem, and from results of experiments and numerical simulations. The
minimum number of parameters needed to describe localized solutions is usually
five (see Sect. 4). More parameters may improve the accuracy, but the complexity
of the analysis then increases dramatically. Since the number of the moments should
correspond to the number of the parameters, we consider only five moments.

The method of moments has been applied to various problems described by
the perturbed NLSE [33, 34, 35]. The method was also used for the CGLE in
[36, 37, 38], where simplified trial functions were considered. For special prob-
lems, even the first two equations (4) may be sufficient when we deal with specific
two-dimensional reductions of the CGLE [39]. In more complicated cases, we need
more equations. It turns out that the complete set of equations (4) is the minimum
required for modeling the pulsating solitons.
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4 Pulsating Solitons and Their Approximations [37, 38]

A pulsating soliton is a localized solution of the CGLE that changes its width, am-
plitude and other parameters periodically in t. A pulsating soliton is a limit cycle of
the infinite-dimensional dynamical system and can be described by a closed loop in
the phase space of the system. Exact analytical solutions for pulsating solitons are
not known. Thus, we have to use finite-dimensional approximations. One of them is
an approximation using a trial function with a finite number of variable parameters.
The choice of trial function is usually motivated by numerical simulations of the
CGLE (1). It was found [25, 31, 40] that for various sets of the system parameters,
a dissipative soliton is a single-humped pulse with phase modulation. We consider
two forms of the trial function in order to demonstrate that the results may vary, but
qualitative features of the solution can be picked up, provided a reasonable choice
of the function has been made.

4.1 Trial Function: Sech-Pulse

The first type of trial function that we use has the form of a sech-function:

ψ(x, t) = A sech

(
x− x0

w

)
exp

[
i
[
φ +b(x− x0)+ c(x− x0)2]] , (5)

where A(t), w(t) and x0(t) are the amplitude, width and position of the pulse max-
imum, respectively, φ(t) is the phase shift, b(t) is the linear phase coefficient, and
c(t) is the chirp parameter. The phase in (5) is expanded up to the second order.
This form differs from the trial function used in [36], where only linear terms in the
phase were considered. We emphasize that the chirp is highly important for solu-
tions of the CGLE. As numerical simulations show, even stationary solitons have
appreciable phase modulation, not to mention more complicated localized waves,
such as pulsating and exploding solitons.

Now, the generalized moments can be expressed in terms of the soliton param-
eters in the trial function. Evaluation of integrals (2) and (3), with the help of (5),
gives the following expressions:

Q = 2A2w, M = −2iA2wb, I1 = 2A2wx0,

I2 = (π2/6)A2w3, I3 = i(2π2/3)A2w3c. (6)

Then, using (4), one can obtain a set of ordinary differential equations for the soliton
parameters in (5):

Qt = F1 ≡ 2Q

[
δ −β

(
b2 +

1
3w2 +

π2

3
c2w2

)
+

ε
3

Q
w

+
2μ
15

Q2

w2

]
,
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wt = F2 ≡ 2Dcw+β
(

8
π2w

− 16π2

15
c2w3

)
− 2ε

π2 Q− μ
π2

Q2

w
,

ct = F3 ≡ 2D

(
1

π2w4 − c2
)
− 1

π2

Q
w3 −4

(
1
3

+
1

π2

)
β

c
w2 − 8ν

15π2

Q2

w4 . (7)

We have made additional reductions in (7), namely two equations

x0,t = F4 ≡ b (D− 2π2

3
βcw2),

bt = F5 ≡−4
3

β (
1

w2 +π2c2w2)b, (8)

can be removed. For β > 0, the value of the linear phase b tends to zero for t → ∞.
Then, the soliton center x0(t) tends to a constant value for t → ∞. This allows us
to consider a system with only three variables, viz. Q,w and c. In other words, the
three-dimensional subset describes the asymptotic dynamics of the five-dimensional
model (7) for t → ∞.

4.2 Trial Function: Generalized Gaussian Pulse

As numerical simulations show [25, 31], pulsating solitons change their shape dur-
ing one period from a bell-shaped pulse to a flat-top pulse. Therefore, we consider a
second trial function which is a combination of Gaussian and super-Gaussian types
of functions:

ψ(x, t) = Aexp

(
− x2

w2 − x4

4mw4 + icx2
)

, (9)

where A(t),w(t) and c(t) have the same meaning as in (5). The constant m can be
chosen arbitrarily, but it is independent of t. Note that, following the discussion in
Sect. 4.1, x0(t) and the linear phase b are taken to be zero implicitly in the ansatz.
This leaves three parameters, A,w and c, to be found from the three-dimensional
model.

The trial function (9), with m > 0, gives better results than the sech function or the
Gaussian function alone or the super-Gaussian function with a quartic term alone.
Also, the case 4m = 1 agrees well with the numerical simulations of the CGLE.
However, this value is not critical and other values of m can be used.

Since the function (9) is symmetric in x, the integrals M and I1 are identically
zero. Other moments in (2) and (3), for 4m = 1, are given by

Q = 1.051A2w, I2 = 0.1448Qw2, I3 =
i
4

cI2. (10)
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Then (4) results in the following dynamical model (4m = 1):

Qt = F1 ≡
Q
w2

[
2δ w2 −3.737β −1.158β c2w4 +1.433εwQ + 1.143 μ Q2] ,

wt = F2 ≡
1
w

[
2.142β +2cw2 −0.8738β c2w4 −0.2896εwQ−0.3254μQ2] ,

ct = F3 ≡
1

w4

[
6.453 − 2c2 w4 − 1.237wQ − 1.319ν Q2 −19.62β w2 c

]
. (11)

As expected, the equations for Qt ,wt and ct in (7) and (11) are similar. The only
difference lies in the numerical values of the coefficients of the terms.

4.3 Fixed Points and Their Stability [38]

Fixed points (FPs) of (7) with x0 = b = 0, or of (11), are found from the set of alge-
braic equations Fj = 0, j = 1,2,3. The stability of the FPs is determined from the
analysis of the eigenvalues λ j, j = 1,2,3, of the Jacobian matrix Mi j = ∂Fi/∂ p j,
where {p1, p2, p3} ≡ {Q,w,c}, and i = 1,2,3. When the real part of any eigenvalue
becomes positive, the corresponding fixed point becomes unstable. Since the char-
acteristic equation for the eigenvalues is cubic, either λ1 = λ ∗

2 and λ3 is real or all
three λ j are real.

We analyze the models (7) with x0 = b = 0 and (11) for different signs of D
and values of the parameters ν ,ε,μ and β . We set δ = −0.1. Firstly, we compare
the results of numerical simulations of the CGLE (1) with those of the models (7)
and (11). The results of numerical simulations of the CGLE (1) for β = 0.08 and
μ = −0.1 are shown in Fig. 4a. The figure shows the bifurcation boundaries be-
tween various types of localized waves that exist at particular values of the system
parameters. The region with vertical shading corresponds to stationary solitons. So-
lutions describing two fronts moving in opposite directions exist in the region with
horizontal shading. Pulsating solitons with periodic or chaotic variations of their
parameters occupy the area between these two regions.

There are four types of fixed points for the three-dimensional model:

S1 = {(−,+), λ �
1 , (−,0)},

S2 = {(−,0), (−,0), (−,0)},
U1 = {(+,+), λ �

1 , (−,0)},
U2 = {(−,+), λ �

1 , (+,0)}, (12)

where the variables in curled brackets are complex eigenvalues {λ1, λ2, λ3} of the
fixed point. The symbols in parentheses show that the corresponding parts of λ j =
(Reλ j, Imλ j) are either positive (+), negative (−) or zero. The types S1 and S2 (U1

and U2) correspond to stable (unstable) FPs.
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Fig. 4 (a) Regions of existence of various solutions obtained from numerical simulations [31] of
the CGLE (1). (b) Regions of existence and stability of FPs and limit cycles of the reduced systems
in (ν ,ε)-plane. The region between the two solid [dashed] lines, 1 and 2, corresponds to the region
of existence of stable LCs in the models Eqs. (7) [Eqs. (11)]. The region for pulsating solitons is
copied from (a) to (b) for comparison. The system parameters are shown in (a)

The bifurcation diagram for the models (7) and (11) is shown in Fig. 4b. When
the value of gain, ε , is small, there are no FPs in the system. The threshold for
FP existence, εex, can be estimated roughly as εex ≈ 2

√
δ μ . For the parameters in

Fig. 4, εex ≈ 0.2. If ε > εex, then there are two FPs. In the region below the solid
[dashed] curve 1 for model (7) [for model (11)], one FP is of the type S1, while the
other FP is of the type U2. The second point, U2, does not change its type and is
unstable in the whole square region shown in Fig. 4b. Therefore, the bifurcation line
1 in Fig. 4b is related to the transformation of the first FP.

Curve 1 is the bifurcation boundary (threshold) where the stable FP of type S1

becomes an unstable one of type U1. The following condition is satisfied at the
threshold:

Re[λ1] = Re[λ2] = 0. (13)

The loss of stability of an FP can either be a result of merging with another unstable
FP or be due to the creation of (annihilation with) a limit cycle [41]. The latter
transition corresponds to a super-critical (sub-critical) Hopf bifurcation [41]. Since
the number of the FPs does not change in the whole area in Fig. 4b, the curve 1 is
related to the threshold of the Hopf bifurcation in the models (7) and (11).

If the Hopf bifurcation is super-critical, a stable LC would appear exactly at the
same value of ε where the FP loses stability. When the Hopf bifurcation is sub-
critical, the stable LC should appear before the FP becomes unstable [41]. In the
latter case, the stable FP and stable LC co-exist for a certain interval of the system
parameters. Numerical simulations of (7) and (11) show that for the set of parame-
ters in Fig. 4b, the bifurcation is super-critical. The loss of stability of the FP S1 is
accompanied by the creation of a stable limit cycle (LC).
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Close to curve 2 in Fig. 4b, the period of the LC tends to infinity. There is no
stable LC above curve 2. The soliton energy Q and width w in this region increase
monotonically with t, while the ratio Q/w, which is related to the square of the
soliton amplitude A2 [see (6) and (10)], remains roughly constant.

The region in Fig. 4b surrounded by the thin solid curve corresponds to the area
of existence of pulsating solitons of CGLE, as found from direct numerical sim-
ulations. It is copied from Fig. 4a. A comparison of Fig. 4a and b shows a clear
correspondence between the attractors (FPs and LCs) of the two models (7) or
(11) and stable localized solutions of the CGLE. Specifically, an FP of the model
(7) or (11) corresponds to a stationary soliton, and an LC obtained in the reduced
model corresponds to a pulsating soliton. The solution with almost constant A and
increasing w (the area above the curve 2 in Fig. 4b) approximates two fronts mov-
ing in opposite directions. Such a solution was observed in numerical simulations
of the CGLE [31]. The boundaries obtained in each of the reduced models are fairly
close to the exact ones. Thus, each of the models (7) and (11) provides a reason-
ably good qualitative description of soliton bifurcations inside the squared area
of Fig. 4.

In contrast to the stationary state, LCs or pulsating solitons appear due to the
dynamic balance between dissipation and energy supply. Pulsations involve periodic
variations of the soliton-shape parameters A and w and the phase parameter c. This
behavior is similar to transient dynamics in the integrable NLSE [42], when a non-
soliton pulse adjusts its form to the fundamental soliton via quasi-periodic changes
of its amplitude and phase. In the case of the NLSE, such oscillations are damped
because the pulse loses energy, radiating linear waves during the transient stage. In
the case of pulsating solitons of the CGLE, such oscillations are undamped due to
the continuous energy supply.

The parameters of the LC change between curves 1 and 2. The oscillation period
of the LC is finite on curve 1 but it varies along this curve. It is inversely proportional
to Im[λ1] of the first FP. The period increases monotonically with ε at any fixed ν .
As mentioned above, the oscillation period of the LC becomes infinite on curve 2,
and the LC disappears above it. Examples of limit cycles in three-dimensional phase
space for two different sets of parameters are presented in Fig. 5.

The dependence of the oscillation period of the LCs on ε , when other parameters
are fixed, is shown in Fig. 6 for each of the reduced models. The curve (solid line),
obtained from direct numerical simulations of the CGLE (1), is also shown for com-
parison. There is an apparent difference in the numerical values of the period due
to the drastic reduction in the number of degrees of freedom in the models. How-
ever, all three curves have the same qualitative behavior. In particular, each curve
starts with a finite value of the period T at the lower boundary of the region where
pulsating solitons exist. The period T increases to infinity when ε reaches the upper
boundary. It is clear that the function given by (9) gives more accurate results.

A comparison of the actual field evolution in z with the one reconstructed from
the reduced model is presented in Fig. 7. The results of numerical simulations of the
CGLE (1) are shown in Fig. 7a. The field reconstructed from the ansatz (5) and the
dynamical systems (7) is plotted in 7b. The qualitative features of the dynamics are
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from the trial function (5) and solution of (7). The system parameters are β = 0.08, ε = 0.66,
μ = −0.1 and ν = −0.1
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similar. In particular, the soliton width varies periodically, while the soliton ampli-
tude is close to a constant in each case.

The limited range of parameters in Fig. 1b is chosen in order to establish a corre-
spondence with the known numerical results for CGLE. A comparison of the results
obtained from (7) and (11) with the numerical simulations of the full CGLE justifies
the validity of the models. Therefore, one can expect that the dynamical systems (7)
and (11) will be useful for predicting the bifurcation thresholds in a wider range of
the system parameters [38].

5 Creeping Solitons [32, 43]

A creeping soliton is a special type of pulsating localized solution that changes
its shape periodically and shifts a finite distance in the transverse direction after
each period of oscillation. The value of the shift is constant for each period so that
the soliton has a finite average velocity, although the motion occurs as a step-by-
step translation in one direction. In most cases, solitons that move in this way have
long flat-top profiles that consist of two fronts at the sides of the soliton. The two
fronts move asymmetrically in time, thus creating creeping movements of the whole
“worm-like” formation. An example is given in Fig. 8.

Creeping solitons were first observed in numerical simulations in [44]. Their
existence for various dissipative systems has been confirmed in later publications
[31, 45]. There is no technique that would allow us to describe pulsating solutions
using exact solutions of the governing equation. Consequently, we have little hope
of finding analytical solutions for creeping solitons. The method of moments allows
us to approximate roughly the creeping motion. As a particular result, it allows us
not only to estimate the period of the pulsations but to include in the model the
possibility of translational motion of localized solutions. This requires an additional
variable for the velocity of the soliton, and this increases the dimensionality of the
finite-dimensional dynamical system. The velocity is also a periodic function of
time, and it thus describes the creeping feature of the soliton. The technique also

Fig. 8 An example of a creep-
ing soliton of the CGLE. This
numerical example was first
found in [31]. The present
simulation shows more de-
tailed structure of creeping
behavior. The asymmetric
motion of the two sides of
the soliton is clearly visible.
The parameters of the equa-
tion are D = 1, δ = −0.1,
β = 0.101, ε = 1.3, μ = −0.3
and ν = −0.101
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Fig. 9 Region of existence of creeping solitons found by solving the CGLE with δ , β and μ fixed
at −0.1, 0.101 and −0.3, respectively. Creeping solitons exist in the central diagonal strip of this
plot. Above it, there is a strip that corresponds to pulsating solitons with zero velocity. Above the
upper line, solitons increase their width indefinitely, thus transforming into a pair of fronts. Below
the central diagonal strip, solitons have stationary profiles and move with constant velocities

allows us to estimate the region of existence of creeping solitons in the space of
equation parameters.

Creeping solitons exist in a certain range of the equation parameters. Previ-
ously, only isolated examples had been found [31]. Finding the complete region
requires extensive numerical simulations. The results of simulations are summa-
rized in Fig. 9. Creeping solitons exist in the central diagonal strip of the (ε,ν)
plane. Below this strip, pulsations disappear and pulses are transformed into fixed
shape solitons moving with constant velocity. These constant profile pulses are mov-
ing along the x-axis. Above the diagonal strip, the pulses are still pulsating but their
average velocity is zero. Thus, the creeping feature disappears at the middle solid
curve in Fig. 9. Inside the strip, the soliton energy oscillates due to the oscillations
of the soliton width. These oscillations are shown in Fig. 10a. The period of the os-
cillations varies in the range 50–60 across the strip. In each oscillation, the center of
mass of the soliton moves by a finite increment. This step wise motion of the center
of mass is shown in Fig. 10b. Due to the symmetry of the CGLE with respect to the
inversion of the x-axis, a soliton can equally well move to the left or to the right,
depending on the initial condition.

5.1 The Choice of Trial Function for Creeping Solitons

As numerical simulations show, a creeping soliton changes its shape during one
period from a bell-shaped pulse to a flat-top pulse. Its velocity is generally a constant
with an irregular ripple superimposed on it. Therefore, we consider a trial function
which is a generalization of a “super-Gaussian” function:
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Fig. 10 (a) Soliton energy Q vs t for a creeping soliton at the point ε = 1.3, ν = −0.101. The en-
ergy oscillates in a wide range showing that the width of the soliton changes appreciably. (b) Center
of mass of the same soliton vs t. The soliton moves step by step in the direction of increasing x. Due
to the symmetry in x, the soliton could also move in the opposite direction if the initial condition
was changed

ψ(x, t) = a(m)

√
Q(t)
w(t)

exp

[
−
√

my
w(t)

− y4

32w4(t)
+ i

(
b(t)y+ c(t)y2)] , (14)

where y = x − x0(t), w(t) is the width, b(t) and c(t) are the linear part and the
quadratic part of the chirp, respectively. The constant m can be chosen arbitrarily,
but it is independent of t, while a is a constant that depends on m. It is chosen in

such a way that the total energy,
∞∫

−∞
|ψ|2 dx, equals Q(t). For example, if m = 0.008,

we have a = 0.519548. The trial function given in (14) is deliberately chosen to be
non-symmetric in y, otherwise the velocity and linear chirp will approach zero after
a short transient. This would mean that we would then effectively have only three
ODEs, and the creeping effect could be lost. Using the above trial function, we are
still able to obtain analytic results for the integrals required.

The generalized moments in (2) and (3), for any m, are given by

M = −iQ(t)
(

b(t)+4
√

m
kt

ka
c(t)w(t)

)
,

I1 = Q(t)
(

2
√

m
kt

ka
w(t)+ x0(t)

)
,

I2 = 4
kb

ka
Q(t)w2(t) , (15)

I3 =
16i
3ka

w(t)Q(t)
(
3 kbc(t)w(t)−

√
mkc b(t)

)
,

where the constants ki are given by the following expressions:
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(
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(

3
4

)
H

(
1
2
,

5
4

;m

)
+8mΓ
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H
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7
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)
. (16)

In these terms, we have used the function H(r,s;m) to represent the generalized
hypergeometric function 0F2

(
{};r,s;m2

)
.

For m → 0, we thus get the expected results for a symmetric function. Now,
we are in a position to take the derivatives of (15) with respect to t and equate
them with the right hand sides of (4). After rearrangement, we obtain five coupled
ODEs for the t-dependent parameters. By solving the ODEs, we obtain equations
for evolution of soliton parameters. In particular, we find that solitons can have a
non-zero velocity in a certain range of the original equation parameters. All soliton
parameters in this region are oscillating. This solution is a limit cycle in the five-
dimensional phase space. Two projections of this limit cycle into a two-dimensional
plane of parameters are shown in Fig. 11. For lower values of ε , the parametric
plot tends to a round shape, and hence the velocity of the center of mass and the
energy Q are approximately sinusoidal functions of t. Indeed, with ε = 1.29, the
velocity appears to be almost sinusoidal. For larger values of ε , the parametric plot
becomes more elongated. This kind of irregularity is more evident as ε reaches
the upper boundary of the creeping range. The closed curve parametric plots be-
come larger in area since both x′0 and Q have a larger range of oscillations as ε
increases.
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Fig. 11 Parametric plots of the soliton velocity x′0 vs energy Q for (a) ε = 1.45 and (b) ε = 1.29.
Other parameters for this calculation are chosen as D = 1, δ = −0.1, β = 0.101, μ = −0.3,
ν = −0.101, while m = 0.0025. This value of m gives reasonably good agreement with the nu-
merical solutions of the CGLE
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Fig. 12 (a) Soliton energy Q and (b) center of mass x0 along the propagation t for a creeping
soliton in the reduced model with ε = 1.45. Other parameters for this calculation are chosen as
D = 1, δ = −0.1, β = 0.101, μ = −0.3, ν = −0.101, while m = 0.0025

Periodic evolution of the energy Q and zig-zag type motion of the center of mass
of the soliton x0 along t are shown in Fig. 12. Qualitatively, these curves are similar
to those shown in Fig. 10. Clearly, we cannot expect a better fit because of the dra-
matic reduction of the number of degrees of freedom when using the trial function.
However, the possibility of modeling of the creeping solitons using a simple trial
function is remarkable in itself.

The results for the region of existence of creeping solitons in a low-dimensional
approximation are shown in Fig. 13. Similar to the numerical results, the creeping
solitons occur in a central diagonal strip in Fig. 13. For lower values of ε , the limit
cycle contracts to a fixed point with all parameters including the velocity being con-
stant. This transition is a Hopf bifurcation. Thus, below the diagonal strip, we have
solitons with constant shape and constant velocity the same way as in numerical
simulations.

As ε increases, the period of all five parameters increases. At the upper limit of
existence of creeping solitons, the soliton becomes wider while retaining a constant

Fig. 13 Region of existence
of creeping solitons in (ε −ν)
plane. Here, D = 1, δ =−0.1,
β = 0.101, μ = −0.3, while
we set m = 0.0025. For ν =
−0.101, the transition from
fixed point to creeping soliton
occurs at ε ≈ 1.29, while
the bifurcation from creeping
to moving fronts occurs at
ε = ε0 ≈ 1.5092
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amplitude, so the energy Q becomes approximately proportional to the width. At
the top of the “creeping” range, the period becomes infinite, and there is a bifurca-
tion to solitons with constantly increasing width. This behavior corresponds to the
splitting of a soliton into a pair of fronts moving away from each other in numer-
ical simulations. However, the velocity of the center of mass for this soliton is not
zero, as was the case in the numerical simulations. Thus, in our reduced model we
have only a single boundary separating creeping solitons from moving fronts (see
Fig. 13). Again, this is hardly surprising if we take into account the drastic reduction
in the number of degrees of freedom in our simplified model. Despite these discrep-
ancies, the qualitative location of the region of existence of the creeping solitons
and the boundary slopes are remarkably similar to those obtained in the numerical
simulations.

6 Solitons and Antisolitons [28]

To conclude our chapter, we give one more example where soliton modeling using
a simple trial function can be useful. In particular, this approach allows us to predict
the existence of one more branch of stationary solitons that could be important for
applications. Due to the many parameters which appear in the CGLE, finding all the
branches using numerical simulations of it is indeed a difficult task.

To find the stationary solitons, we shall use again the trial function (9) and the
corresponding dynamical system (11). Stationary solutions of (11) are given by the
soliton parameters which are t independent, i.e., Q(t) = Q0, w(t) = w0 and c(t) = c0.
The latter case corresponds to a fixed point (FP) of the dynamical system (11). Fixed
points of this three-variable dynamical system, together with the trial function (9),
approximate the stationary solitons of the CGLE. Standard linearization techniques
can be used to find the stability of these FPs. Unstable FPs usually correspond to
unstable solitons. Stable FPs may correspond to stable solitons, but this has to be
confirmed by direct numerical simulations of the CGLE. This is related to the fact
that an infinite-dimensional dynamical system has more degrees of freedom to de-
velop a soliton instability.

Solving the dynamical system (11) for various ε , μ and ν , regions of stable and
unstable fixed points can be constructed in the space of these three parameters of
the CGLE. Two plots representing the regions of stable and unstable FPs for fixed
values of D, δ and β are shown in Fig. 14a and b. Each plot is a two-dimensional
slice of the six-dimensional space of the equation parameters. Each of these plots
clearly shows the existence of two separate regions of stable fixed points. A point
from one region cannot be transformed into a point from the other region with a
continuous change of parameters. Thus, it appears that these two regions correspond
to two different types of solitons of the CGLE. One of the branches has high energy,
Q0, while the other one has low energy. Within the low-dimensional approximation
(11), these FPs are stable in both regions. However, the results for the stability of
exact CGLE solitons may differ, as we explained above.
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Fig. 14 Soliton bifurcation diagram (a) on the ε − μ plane and (b) on the ε −ν plane. There are
two regions of stable fixed points that correspond to two quite different branches of solitons. In (a),
δ = −0.1, ν = −0.08 and β = 0.08. In (b), μ −0.1, δ = −0.1 and β = 0.125

Direct simulations of the CGLE (1) confirm the predictions made using the low-
dimensional approximation. Figure 15a, numerically obtained, shows regions in the
(μ , ε) plane where stationary localized solutions can be found. As predicted by the
simple model, there are two separate regions in the parameter space where dissipa-
tive solitons exist. The gray regions correspond to stable stationary solitons while
the hatched region corresponds to exploding solitons [31, 44, 46]. A comparison
between Fig. 14a and Fig. 15a shows that there is not only a qualitative agreement
between them, but that they also coincide reasonably well quantitatively. Our sim-
ple model, of course, cannot describe the explosive instability that is related to many
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Fig. 15 Regions of existence of the two types of solitons (gray) in (a) (ε , μ) and (b) (ε , ν) plane.
In each case, the two separate regions are quite distinct. Parameters are shown in the plot. The
hatched region corresponds to exploding solitons
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degrees of freedom of the CGLE solitons [46]. Thus, explosive solitons in a simple
model will be in the area of stable fixed points. If we take this into account, the
correspondence between the exact numerical results and the predictions of the low-
dimensional approximation is remarkably close.

Figure 15b compiles the results of numerical simulations of the CGLE for the
plane of parameters (ν , ε). Again, gray regions are for stable solitons while the
hatched region is for exploding solitons. Comparing these results with those in
Fig. 14b again shows a good qualitative agreement.

The results for the exact field amplitude and phase profiles of the solutions for
each region of existence of stable solitons are presented in Fig. 16. The solid lines
represent the field amplitude of the solitons, while the dashed lines are their phase
profiles. The upper curves (a) in Fig. 16 correspond to the upper-right thick black
point in Fig. 15a and vice versa: the lower curves (b) in Fig. 16 correspond to the
lower-left thick black point. There are some obvious differences in the energies,
widths and amplitudes of the two solitons. However, the most visible qualitative
difference is in the soliton chirp. The phase profiles clearly show that the chirps in
the two cases are of opposite signs. Due to this difference, the energy flows from
the inside to the outside of the soliton in the first case while it flows inwards in the
second case.

The results obtained from the finite dimensional model (11) show that, for
Fig. 14a, the upper right corner region has c0 > 0 and it is large in magnitude,
i.e., there is a strong chirp across the soliton. On the other hand, the stable FP on the
lower left region has c0 < 0 and it is small in magnitude, so the soliton is weakly
chirped. As regards Fig. 14b, we have c0 < 0 in the lower right hand corner region
(low energy Q0), while we find c0 > 0 in the upper left corner region (high energy
Q0). The same patterns for the chirp signs are obtained in the two distinct regions in
Fig. 15a and b when directly solving the CGLE.

−5 0 5
0

1

2

3

D  =  1

β = 0.08

δ = –0.1

ν = –0.08

μ = –0.08

ε = 0.6|Ψ
|

0

π/2

π

x

ph
as

e

0
0

5

10

D = 1
β = 0.08
δ = –0.1

ν = –0.08

μ = –0.003

ε = 1.11

|Ψ
|

−4 4
0

π

2π

x

ph
as

e

(a) (b)

Fig. 16 Exact soliton profiles (solid lines) of two examples in the (a) upper and (b) lower regions in
Fig. 15b. They are marked by thick black dots in Fig. 15b. Dashed lines show their corresponding
phase profiles
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The finite-dimensional model can be used to directly relate the chirp to the energy
generation P(x) and flux j(x) (see Sect. 6 of [25]). Using the trial function (9) for

arbitrary m, with A =
√

Q0
w0

, for stationary solutions we find

j(x) =
i
2
(ψ ψ∗

x − ψx ψ∗) = c0 GX exp

[
−2X2

(
1+

X2

4m

)]
, (17)

and

P(x) =
d j
dx

= c0
G
w0

(
1−4X2 − 2

m
X4
)

exp

[
−2X2

(
1+

X2

4m

)]
, (18)

where G = 2a2(m)Q0 and the normalized transverse variable X = x/w0. We have
the condition that the total energy generation is zero:

∞∫

−∞

P(x)dx = 0. (19)

This condition has to be satisfied for stationary solutions and is clearly valid for
these trial functions.

The curves for P divided by c0G/w0 and j divided by c0G are shown in Fig. 17.
It is clear that both the flux, j, and energy generation, P, change signs with c0,
since they are directly proportional to c0 (M > 0, and w0 > 0). Thus, the sign of
the chirp has an important physical implication. If c0 < 0, then P > 0 in the wings
and P < 0 around the pulse center. This means that energy is generated in the wings
and flows toward the middle, where it is dissipated. Conversely, if c0 > 0, then
P < 0 in the wings and P > 0 around the pulse center, so energy is generated in the
middle and flows toward the wings, where it is lost. This process, involving an in-
ternal flux of energy, produces the dynamic equilibrium which we call a dissipative
soliton.
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Fig. 17 Density of energy generation P across the soliton divided by c0G/w0 (solid line) and
energy flux j divided by c0G (dashed line) for low-dimensional model with m = 1/4. If c0 > 0,
then the curve shapes for P and j are as shown here so that energy is generated in the center.
However, the curves for P and j are plainly inverted if c0 < 0, and then the energy is dissipated in
the center
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The different signs of chirp appearing for each region (high Q and low Q) mean
that the phase profile across the soliton is concave up in one case and concave down
in the other. Hence, we can designate them “solitons” and “antisolitons” for conve-
nience. The phase profile for the CGLE solitons is not exactly parabolic, of course,
but it is clear from Fig. 16a and b that the effective chirp coefficients are opposite in
sign and that the chirp magnitude in Fig. 16a is much greater than that in Fig. 16b.

For comparison, we plot the distribution of energy generated and dissipated in-
side of the two types of the CGLE solitons in Fig. 18a and b. We can see clearly that
in the first case (a), the energy generation is positive in the middle of the soliton and
negative in the wings, while in the second case (b), the energy is generated in the
tails of the soliton and dissipated in the middle. Thus, there is a fundamental quali-
tative difference between the two types of solitons. One type cannot be transformed
into the other with a continuous change of parameters. To be specific, we call the
solitons with lower energy and c0 < 0 (ordinary) dissipative solitons and the local-
ized solutions of the upper branch (with c0 > 0) “dissipative antisolitons”. The fact
that antisolitons have much higher energy than solitons may have important conse-
quence for the development of high-power pulse-generating passively mode-locked
lasers. It is very likely that antisolitons have been already observed experimentally
in the recent paper [47].

Above, we have presented three examples of approximate analysis of dissipative
solitons and bifurcations between them. These give some flavor of what can be done
analytically in the study of soliton transformations of the CGLE. In these examples,
we were able to describe bifurcations between stationary and pulsating solitons as
well as bifurcations between pulsating and creeping solitons. The approach also
allowed us to predict the existence of a new branch of stationary solitons, and this
was then confirmed by direct numerical simulations. Taking into account the fact
that several system parameters control bifurcations of CGLE solitons, it is hard to
imagine that any other technique would give similar results.
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Fig. 18 Energy generation, P, inside the two types of solitons shown in Fig. 16. In (a), the energy
is generated in the middle of the soliton and is dissipated in the tails, while in (b), it is generated
in the tails and dissipated in the center
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7 Conclusions

The notion of the dissipative soliton has emerged from a three-part foundation. To
be specific, these parts are classical soliton theory, nonlinear dynamics (with its the-
ory of bifurcations) and Prigogine’s concept of self-organization. These underlying
ideas set us up for a comprehensive understanding of the new notion and allow
us to explain the basic properties of solitons in dissipative systems. Complications
which arise from the fact the dynamical systems usually have an infinite number of
degrees of freedom can be overcome by using reductions to low-dimensional sys-
tems. However, these reductions always need to be done carefully by comparing
the conclusions with the results of particular numerical simulations of the original
equation.
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Solitons in Viscous Flows

M.G. Velarde and A.A. Nepomnyashchy

Abstract Building upon nonlinearity, dispersion and dissipation (in most cases
including an appropriate input–output energy balance), we offer a discussion of a
rich panoply of mathematical model equations whose solutions are dissipative soli-
tons. The presentation is made by first introducing heuristic arguments and subse-
quently developing appropriate long-wave expansions to account for the phenomena
involved in the most significant way.

1 Introduction

A deep understanding of a wide variety of nonlinear phenomena in different
branches of physics and beyond has been achieved by means of exactly integrable
model equations. Such models, which are usually obtained from small-amplitude
and long-wavelength asymptotic expansions, describe nature approximately. Addi-
tional physical effects (e.g., dissipation, various levels of dispersion and nonlinear-
ity, some external perturbations) spoil integrability. However, for “nearly” integrable
systems, the evolution can be described by means of perturbation theory, building
upon the dynamics of solitary waves or solitons.

For instance, observations demonstrate “nearly” integrable dynamics of solitary
waves produced by the Marangoni instability of a liquid surface in the presence of
a transverse concentration or thermal gradient [1] and in some active lattice prob-
lems [2]. These observations are quite remarkable, because Marangoni convection
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is a typical example of a strongly dissipative system. Nevertheless, it was shown
[3, 4, 5] that the problem can be described, in a certain approximation, by means of
weakly perturbed Boussinesq–Korteweg–de Vries (BKdV) [6, 7] and Kadomtsev–
Petviashvili [5] equations. The paradigmatic BKdV soliton-bearing equation is

ht +ω1hx −ω3hxxx +κ1(h2)x = 0. (1)

This equation governs the weakly nonlinear dynamics of dispersive waves with the
dispersion relation between the frequency, ω , and wave-number, k, being

ω(k) = ω1k +ω3k3. (2)

This corresponds to the long-wave limit of the dispersion relation of gravity-
capillary waves in a inviscid liquid. Soliton solutions of this equation exist due to
the balance of dispersion and nonlinear effects.

In this chapter, we consider solitary waves in viscous flows as dissipative solitons.
The existence of such solitons is based on both the balance between the dispersion
and nonlinearity and, more importantly, on the balance between viscous dissipation
and energy gain caused by an instability. In each case, we start with the construction
of a heuristic model which accounts for the basic physical phenomena (dispersion,
nonlinearity, energy gain and loss) and justify it with a direct derivation by means
of long-wave expansions. It is shown that the complex Ginzburg–Landau equation
is not applicable to the description of instabilities in systems with a conservation
law, due to the appearance of a Goldstone mode. Also, we discuss the stability of
solitary and periodic waves.

2 Basic Models

2.1 Heuristic Arguments

Let us now discuss the conditions for the existence of long-wave solitary waves in a
dissipative medium or flow. In the absence of the energy conservation, the quantity
ω(k), corresponding to the evolution of linear waves,

h(x, t) =
∫ ∞

−∞

dk
2π

ĥ(k)ei(kx−ω(k)t), (3)

is not real: ω(k) = ωr(k)+ iωi(k). Because h(x, t) is real, we have

ω(−k) = −ω∗(k). (4)

If ω(k) is analytic at k = 0, then, in the long-wave region,

ωr(k) = ω1k +ω3k3 + · · · , ωi(k) = ω0 +ω2k2 +ω4k4 + · · · . (5)
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In the case of interfacial waves in an incompressible liquid, ω0 = 0 because the
temporal change of the volume,

∫ ∞

−∞
h(x, t)dx = ĥ(0)eiω0t ,

is not compatible with the liquid’s incompressibility.
One can expect that a long-scale soliton may persist if the energy gain and loss

are somehow balanced, i.e., if ωi(k) is positive in the long-wave region and negative
in the short-wave region, so that ω2 > 0 and ω4 < 0. Thus, for the construction
of the simplest model which includes a long-wave energy gain and a short-wave
energy loss, we can add two linear terms to the BKdV equation, in addition to the
dispersion and nonlinearity:

ht +ω1hx −ω3hxxx +κ1(h2)x +ω2hxx + |ω4|hxxxx = 0. (6)

Equation (6), which is known as the Kawahara equation, is a minimum long-wave
dissipative model which indeed has solitary-wave solutions, as well as spatially
periodic and spatially irregular solutions [8, 9, 10, 11, 12]. Some exact solutions
of this equation are known [13]. The stability of periodic solutions of this equation
was investigated in [14, 15].

However, the Kawahara equation is not a generic equation describing weakly
nonlinear dispersive wave generated by a long-wave instability. It contains only
linear non-conservative terms. Real physical problems also contain some non-
conservative nonlinearities which can contribute to the dynamics of long-scale soli-
tons. This question is considered in the next subsection.

2.2 Amplitude Equation for a Long-Wave Instability

Let us now describe the weakly nonlinear development of a long-wave instability
characterized by the dispersion relation (5) in a quantitative way. Consider a physi-
cal system described by a set of variables U(r, t) and governed by a set of nonlinear
partial differential equations. Assume that the system is bounded in the y- and z-
directions but is infinite in the x-direction. Also, we assume that the external condi-
tions are homogeneous in x and t, and depend on just one parameter, M. Finally, we
suppose that, for each M, there exists a solution U = U0(y,z,M), called base flow,
which does not depend on x and t.

An infinitesimal disturbance, Ũ(r, t), governed by a linearized system of equa-
tions can be represented as a superposition of normal modes

ũn(y,z;k,M)eλn(k,M)t+ikx, n = 1,2, . . . , (7)

where the functions ũn are eigenfunctions of a certain eigenvalue boundary problem,
and the λn(k,M) are the corresponding eigenvalues.
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Let us assume that Reλn(k,M) ≤ 0 for any k and n, if M ≤ Mc, but that, for
M > Mc, there exists a single eigenmode

{ũm(k,M), λm(k,M)}, λm(k,M) ≡ λr(k,M)+ iλi(k,M),

such that λr(k,M) > 0 for some k. Because the original equations are real,

ũm(k,M) = ũ∗m(−k,M), λm(k,M) = λ ∗
m(−k,M). (8)

Specifically, for k = 0 we obtain

ũm(0,M) = ũ∗m(0,M), λm(0,M) = λ ∗
m(0,M), (9)

therefore
∂λr(0,M)

∂k
(0,M) = 0, (10)

for any M.
There is a wide class of problems where the growth of a spatially homogeneous

disturbance is ruled out by a conservation law. For instance, as we discussed in the
previous subsection, in the case of a wavy instability of a layer of an incompressible
fluid with a free surface, a spatially uniform change of the layer thickness is impos-
sible because of the conservation of the fluid volume. In this case, there exists the
Goldstone mode with

λm(0,M) = 0, (11)

for any M, and it can produce a long-wavelength instability for any non-zero k, no
matter how small. Now, ∂ 2λr(0,M)/∂k2(0,M) changes its sign at the threshold of
instability M = Mc, but λr(0,M) does not:

λr =
1
2

(
∂ 3λr

∂k2∂M

)
c
k2(M−Mc)+

1
24

(
∂ 4λr

∂k4

)
c
k4 + · · · , (12)

λi =
(

∂λi

∂k

)
c
k +

(
∂ 2λi

∂k∂M

)
c
k(M−Mc)+

1
6

(
∂ 3λi

∂k3

)
c
k3 + · · · (13)

(subscript c means k = 0, M = Mc).
Let us briefly describe the general scheme for the derivation of long-wavelength

amplitude equations [16]. We introduce a new spatial variable x1 = εx and an infi-
nite number sequence of time variables tn = εnt, n = 1,2, . . .. The deviation of the
solution, U , from the base flow, U0, is expanded into an asymptotic series in powers
of ε . Putting M = Mc +M2ε2, we collect terms of the same order in ε . For the lowest
order, one can find

U −U0 = ε pa1(x1, t1, t2, . . .)ũm(y,z;0,Mc)+o(ε p), (14)

where p is a certain number, and a1 is a real function appearing as an amplitude
equation. Considering solvability conditions at each power of ε , one gets an infinite
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system of equations for the amplitudes an, n = 1,2, . . .. This system can be formally
written as a single equation

∂a
∂ t

=
∞

∑
n=1

εnLn(a), (15)

where
∂
∂ t

= ε
∂

∂ t1
+ ε2 ∂

∂ t2
+ · · · , a = a1 + εa2 + · · · ,

Ln(a) is a certain function of a and its spatial derivatives.
Then, for the leading order,

L1(a) = λ1
∂a
∂x1

, (16)

where

λ1 =
(

∂λi

∂k

)
c
. (17)

The term L1(a), describing the propagation of waves with their group velocity, can
be eliminated by means of a Galilean boost:

ξ = x1 −λ1t1. (18)

Because of the conservation law, each term in the amplitude equation (15) has
the form

Ln(ξ ) =
∂

∂ξ
Qn(a).

We obtain the following sequence of terms:

L2(a) = 0,

L3(a) =
∂

∂ξ

(
λ ′

1a+λ3
∂ 2a
∂ξ 2 + γ1a2

)
, (19)

L4(a) =
∂

∂ξ

[
λ ′

2
∂a
∂ξ

+λ4
∂ 3a
∂ξ 3 + γ2

∂
∂ξ

(a2)
]
, (20)

etc., where the coefficients in the linear terms are determined by derivatives of
λ (k,M) taken at the point (0,Mc):

λ ′
1 =

(
∂ 2λi

∂k∂M

)
c
M2, λ ′

2 = −1
2

(
∂ 3λr

∂k2∂M

)
c
M2,

λ3 = −1
6

(
∂ 3λi

∂k3

)
c
, λ4 =

1
24

(
∂ 4λr

∂k4

)
c
, (21)
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and γ1 and γ2 are real constants. In the expansion (14), p = 2. Note that a long-
wavelength instability takes place if λ ′

2 < 0, λ4 < 0. The mean value of a does not
change with time, so the class of solutions satisfying the condition

lim
L→∞

1
2L

∫ L

−L
a(ξ )dξ = 0 (22)

should be chosen.
Carrying out an additional change of the reference frame,

ξ̄ = ξ − ε2λ ′
1t,

and introducing the new variables,

T = ε2C1t, X = C2ξ̄ , A = C3a,

where

C1 = |λ3|
(

λ ′
2

λ4

)3/2

, C2 = −
(

λ ′
2

λ4

)1/2

sign λ3, C3 =
γ1λ4

3λ3λ2
,

we can rewrite the amplitude equation (15) in the following form:

∂A
∂T

+
∂ 3A
∂X3 +6A

∂A
∂X

+δ
[

∂ 2A
∂X2 +

∂ 4A
∂X4 +D

∂ 2

∂X2 (A2)
]

+O(ε2) = 0, (23)

where

δ = ε
(λ ′

2λ4)1/2

|λ3|
> 0, D =

3γ2λ3

γ1λ4
. (24)

Thus, we obtain the dissipation-modified Boussinesq–Korteweg–de Vries (DM-
BKdV) equation [4, 5, 17, 18]. This is a generic equation which governs one-
dimensional waves produced by a long-wave instability in the presence of a
conservation law. In the particular case D = 0, the Kawahara equation is recovered.

3 Marangoni Waves

3.1 Marangoni Waves on a Stress-Free Bottom

Equation (23) has been derived in the problem of transverse (gravity-capillary) wave
generation in a layer with a stress-free lower boundary where the liquid is heated
from above in the presence of the Marangoni effect [4, 5]. Assume that the thickness
of the layer is a, the values of dynamic (shear) viscosity, kinematic viscosity and
heat diffusivity are η , ν and κ , respectively, and that the dependence of the surface
tension σ on the temperature is linear, σ = σ0 −αT , as for standard liquids. It has
been shown that near the instability threshold, Mc = 12, the complex growth rate,
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λ (k,M) = λr + iλi, is determined by formulae (12), (13) with the following values
of coefficients defined by (17), (21):

λ1 =
√

G+12 , λ ′
1 =

√
P

2
√

G+12
,

λ ′
2 = −P

6
, λ3 =

(96P/5+56/5)+G(8P/5+1/3)−C

2
√

G+12
,

λ4 = − 2
105

(17GP2 +204P2 +134P+22).

Here M = αa2A/ηκ is the Marangoni number, the control parameter of the prob-
lem, P = ν/κ is the Prandtl number, G = ga3/νκ is the (modified) Galileo number
and C = σ0a/ηκ is the (inverse) capillary number. The nonlinear asymptotic expan-
sions showed that

γ1 = −3(G+8)
√

P

4
√

G+12
, γ2 = −2P.

3.2 Solutions of the Dissipation-Modified
Boussinesq–Korteweg–de Vries Equation

At present, the description of solutions of (23) is still far from complete. Let us
mention the results [19, 20, 21, 22] concerning traveling wave solutions,

A = A(X1), X1 = X − cT −X0, X0 = constant, (25)

satisfying conditions

A(X1 +2π/q) = A(X1), (26)
∫ 2π/q

0
A(X1)dX1 = 0. (27)

By means of the asymptotic expansions

A = A0 + εA1 + ε2A2 + · · · , c = c0 + εc1 + ε2c2 + · · · , (28)

one obtains spatially periodic solutions which are cnoidal waves of the BKdV equa-
tion in the lowest order of ε:

A0(X1;q,k) =
2q2K2

π2

[
dn2

(
qKX1

π

)
− E

K

]
, (29)

c0 =
4q2K2

π2

(
2− k2 − 3E

K

)
, (30)
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where dn is Jacobi’s delta amplitude function with modulus k, and E = E(k) and
K = K(k) are complete elliptic integrals. In contrast to the case of the ideal and
original BKdV equation, the parameter k is not arbitrary but is connected to the spa-
tial period, 2π/q. Indeed, when ε 	= 0, the governing equation (23) contains three
dissipative terms. The first two terms, which are linear, account for long-wave in-
stability (“negative viscosity” or “active friction”, i.e., an energy input) and short-
wave dissipation (energy output), respectively. The last term, which is nonlinear,
describes the energy distribution between Fourier modes and nonlinear dissipation.
The various conservation laws which characterize the ideal BKdV equation, apart
from the conservation of the fluid volume, are no longer fulfilled. For instance, in
the case where A(X ,T ) is spatially periodic with period L = 2π/q, the time evo-
lution of the squared deflection of the interface (“momentum”) is governed by the
equation

d
dT

∫ L

0
H2dX = δ

(∫ L

0
H2

X dX −
∫ L

0
H2

XX dX +2D
∫ L

0
HH2

X dX

)
. (31)

The right-hand side of (31) only vanishes for some particular values of the wave
amplitude, and this means that there is a definite relationship between k and q. The
relation is as follows [10, 19, 20]:

q2 =
π2

12K2

{
5
7
(3−D)

(2−4k2 + k4 + k6)+(−2+3k2 +3k4 −2k6)E/K
(−2+3k2 − k4)+2(1− k2 + k4)E/K

−D[2− k2 −3E/K]
}

. (32)

There are three different types of behavior of the wave amplitude

Am(q) = max A−min A =
2q2k2K2

π2 , (33)

depending on D. If D ≤ 5/4, the function Am(q) is uniquely defined in the overall
region 0 < q < 1. The limit q → 0 (k → 1) corresponds to a solitary-wave solution

A0 = 2q2
1 cosh−2 q1X1, q1 =

[
7

4(5−4D)

]1/2

, (34)

which is identical (in the lowest order) to the BKdV soliton; however, it has a fixed
amplitude. If the initial soliton-like disturbance has an amplitude different from that
prescribed by (34), one observes an “aging” of the solitary wave, and this terminates
with the amplitude (34) imposed by the steady input–output momentum balance
[17]. Analysis of stability of the periodic solutions (25), (26) with respect to quasi-
periodic disturbances,

Ã(X1)exp(iq̃X1 + λ̃T ), Ã(X1 +2π/q) = Ã(X1),
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shows that the periodic solution is only stable inside a sub-interval q−(D) < q <
q+(D), which is shifted into the long-wave region as D grows, and which disappears
at D = 5/4 (for details, see [20]). In the case D = 0, this sub-interval was found
in [14]. Those solitary waves with an asymptote A → 0 as X → ±∞ are unstable
because of the instability of their tails. Indeed, chains of waves, rather than solitary
waves, and periodic wavetrains, are observed in experiments [1].

If 5/4 < D < 2, there are two solutions for Am(q) in a particular region qm(D) <
q < 1 (a lower branch and an upper branch), one solution for q > 1 and no solutions
for 0 < q < qm(D). Only the solutions on the lower branch in the interval qm(D) <
q < 1 are stable with respect to strictly periodic disturbances with the same spatial
period 2π/q. However, even these solutions are unstable with respect to some quasi-
periodic disturbances which violate the periodicity of the solutions.

If D ≥ 2, there is a unique solution for q > 1, and it is unstable.
For finite values of δ , the traveling wave solutions of (23) were studied analyt-

ically in [18] and [23]. Numerical simulations of (31) were described in [17], [24]
and [25].

3.3 Two-Dimensional Waves

3.3.1 Dissipation-Modified Kadomtsev–Petviashvili Equation

In the nearly one-dimensional case, when slow transverse modulations of one-
dimensional waves are taken into account [a = a(εx,ε2y,εt,ε2t, . . .)], the problem
is governed by the dissipation-modified Kadomtsev–Petviashvili (DMKP) equation
[26]. By means of a scaling transformation, this equation is reduced to the following
form [22]:

∂
∂X

{
∂A
∂T

+
∂ 3A
∂X3 +6A

∂A
∂X

+δ
[

∂ 2A
∂X2 +

∂ 4A
∂X4 +D

∂ 2

∂X2 (A2)
]}

−3s
∂ 2A
∂Y 2 = 0, (35)

where δ and D are determined by formulae (24),

s = −sign

(
λ3

λ1

)
. (36)

Within the framework of (36), it can be shown that all one-dimensional waves
are unstable with respect to transverse modulations [22]. Indeed, let us consider
disturbances

ã(X1,Y,T ) = Φ(X1)exp(ΩT + iq̃yY ), |Φ| < ∞ as |X1| → ∞, (37)

propagating on the background of the periodic traveling wave (25). Such distur-
bances are governed by the following linear eigenvalue problem:

ΩΦ′ − cΦ′′ +6(AΦ)′′ +Φ′′′′ +3sq̃2
yΦ+δ

[
Φ′′′ +Φ′′′′′ +2D(AΦ)′′′

]
= 0. (38)
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The eigenfunctions Φ(X1) have the form of Floquet functions:

Φ(X1) = F(X1)eiq̃xX1 , F(X1 +2π/q) = F(X1). (39)

The eigenvalues Ω(q̃x, q̃y) can be calculated by means of expansions in δ .
Actually, we do not need Ω(q̃x, q̃y) for every q̃y. To demonstrate the instability of

solution (25), it is sufficient to consider the limit q̃y � 1.
In this limit, we find the asymptotic expansions for Ω and Φ in powers of q̃−2

y :

Ω = q̃2
yΩ−2 +Ω0 +O(q̃−2

y ), Φ = Φ0 + q̃−2
y +O(q̃−4

y ). (40)

To leading order, we obtain

Ω−2Φ′
0 +3sΦ0. (41)

For bounded solutions, we find

Φ0 = eiq̃xX1 , Ω−2 = 3is/q̃x. (42)

For the next order, we get the following equation:

Ω−2Φ′
2 +3sΦ2 +Ω0Φ′

0−cΦ′′
0 +Φ′′′′

0 +6(A0Φ0)′′+δ [Φ′′′
0 +Φ′′′′′

0 +2D(A0Φ0)′′′] = 0.
(43)

From the solvability condition for (43), and taking into account (27), we find the
growth rate, correct to the zeroth order in q̃−2

y :

Ω0 = i(q̃xc+ q̃3
x)+ ε(q̃2

x − q̃4
x). (44)

Thus we find an instability for 0 < |q̃x| < 1.
Actually, the instability appears at finite values of q̃y, and is thus inside the re-

gion of validity of the problem (38). Physically, if the angle between the propagation
direction of the traveling wave and that of the disturbance is large enough, the influ-
ence of the traveling wave is not sufficient to suppress the growth of the disturbance.
Unlike the case of the ideal KP equation, the instability of one-dimensional solutions
of DMKP equation does not depend on the sign, s, of the dispersion.

The formula (44) uses no properties of the solution A except (27). Hence, A can
actually be an arbitrary solution of (35) satisfying that condition. In particular, the
result is valid for doubly periodic solutions of the KP equation [27], if they are
gauged in such a way that their mean values are equal to zero. Thus, the assumption
∂/∂x = O(ε), ∂/∂y = O(ε2), used in the derivation of the DMKP equation, is not
sufficient to reveal any stable form of motion.

3.3.2 Oblique Collision of Solitary Waves

In the general case, the waves generated by the instability can propagate in arbitrary
directions simultaneously. The full system of long-wave equations which describes
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such waves is rather complicated (see [5]). This system was used for an investigation
of collisions of one-dimensional solitary waves, i.e., dissipative solitons at arbitrary
incident angles.

In the case of two dissipative solitons that move obliquely (where the angle
between their directions is 2ψ), it was found that, to the lowest order in ε , their
interaction only leads to a shift in their positions (i.e., a phase shift) whose value is
proportional to

Ψ =
sin2 ψ∗
sin2 ψ

−1, (45)

sin2 ψ∗ =
1
4

(
3− Mc

G+Mc

)
. (46)

For a given experiment, the change of sign of the phase shift takes place at the
“critical” angle ψ = ψ∗. Wider angles than the critical value yield a Mach–Russell
third wave or stem. In the limit G � Mc = 12, the result of Miles [28] for interacting
solitons in ideal, viscous-free shallow liquid layers, ψ∗ → π/3, is recovered. In the
opposite limit, ψ∗ → π/4. Thus the critical angle 2ψ∗ between normal vectors is
between 2π/3 and π/2, and the corresponding critical angle between wave fronts,
π −2ψ∗, is between π/3 and π/2, in agreement with experiments [29].

In [30], the theory has been extended to the case of cylindrical solitary waves
H(ε(r − ct),ε3r,εφ). A dissipation-modified cylindrical Kadomtsev–Petviashvili
equation has been derived, and, after rescaling, it can be written in the form (cf. (35))

∂
∂X

{
∂A
∂T

+
1

2T
A+

∂ 3A
∂X3 +6A

∂A
∂X

+δ
[

∂ 2A
∂X2 +

∂ 4A
∂X4 +D

∂ 2

∂X2 (A2)
]}

+
1

2T 2

∂ 2A
∂Φ2 = 0. (47)

Results were provided about the time evolution of cylindrical solitons and head-on
collisions between concentric cylindrical solitons.

3.4 The Influence of Bottom Friction and the Gas Phase

The model problem considered above has two shortcomings. First, the friction of the
fluid at the bottom was completely neglected. Such a drastic simplification has per-
mitted a theoretical study that provides predictions for nonlinear dissipative waves
due to an instability triggered by the Marangoni effect. However, the friction at the
solid support, and hence the no-slip boundary condition plays quite a significant
role. As was shown in [31], the friction at the solid lower boundary suppresses the
instability in the limit k → 0, so that the critical wave-number, kc, is non-zero. Note
that the formation of transverse Marangoni waves in a layer with finite thickness by
heating from the gas side was justified in [32]. Second, phenomena in the gas phase
adjacent to the liquid are ignored.
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One can phenomenologically, i.e., in an ad hoc manner, incorporate the friction
at the solid bottom boundary and study the influence of the non-zero critical wave-
number by adding to (23) a term δαA with α > 0,

∂A
∂T

+
∂ 3A
∂X3 +6A

∂A
∂X

+δ
[

∂ 2A
∂X2 +

∂ 4A
∂X4 +D

∂ 2

∂X2 (A2)+αA

]
= 0. (48)

In the framework of (48), the equilibrium solution A = 0 is unstable in the interval
of wave-numbers k−(α) < k < k+(α), k2

± = (1±
√

1−4α)/2, if α < 1/4, and is
linearly stable if α > 1/4. The additional term, with a constant coefficient α , may
approximate the influence of the bottom friction reasonably well for wave-numbers
in the instability interval, but it is not satisfactory in the long-wave limit, because
it violates the basic condition (11). The cnoidal wave solutions of the problem (48)
are described by the same formulae (29), (30), but the amplitude A now satisfies a
certain quadratic equation [21].

The development of the nonlinear theory in the general case is a formidable task.
However, the problem can be essentially simplified in the quite realistic limit G� 1,
because, in this case, the critical wave-number, kc, is small, and the long-wave ap-
proach can be applied. Also, one can take into account the fact that the kinematic
viscosity and thermal diffusivity of a gas are typically much larger than the cor-
responding parameters of a liquid, i.e., ν � 1, χ � 1 for a two-layer gas–liquid
system.

An attempt to use the above-mentioned circumstances for the construction of
a nonlinear theory of long transverse Marangoni waves was made in [33]. The
authors considered the limit where the characteristic wave-number k ∼ ε  1,
but ν ∼ χ ∼ G1/2ε � 1. (Actually, the relation ε ∼ G−1/10 was selected). In this
limit, the authors obtained a dissipation-modified BKdV equation incorporating
non-locality induced by the coupling of boundary layers at the top and at the bot-
tom of the liquid layer. The approach has been recently improved and completed by
S. Kalliadasis and the senior author of this chapter (ms in preparation). It has been
shown that dissipation can be viewed as effectively dominating in full just in the
boundary layers, whereas viscosity can be disregarded, to a first approximation, in
the bulk of the liquid layer. This is somewhat an opposite view to the bottom stress-
free boundary condition approach, but it has a bulk viscous flow. However, it clearly
shows that dissipation is significant whenever it appears, and hence only a steady
input–output energy balance with the Marangoni effect permits us to maintain the
dissipative solitons.

Zimmerman [31] performed a direct simulation of the nonlinear system of equa-
tions which describe the finite-amplitude Marangoni convection in a layer with a
deformable free surface and a solid bottom surface. The flow was assumed to be
two-dimensional. The Galerkin finite element method with a grid adaptation proce-
dure, developed previously in [34], was used. In the first series of simulations, the
free surface is initially flat up to numerical noise. The latter turned out to be suffi-
cient to produce some Marangoni flow near the surface. In the sub-critical region,
it was found that the decay of this flow is essentially related to its deep penetration
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into the layer and friction losses in the vicinity of the bottom. Thus, the prediction
of the linear stability theory [31, 32, 35] of an increase in the critical Marangoni
number due to bottom friction has been justified. In the second series of simula-
tions, the fields of velocity and temperature generated by the surface elevation have
been studied. In this case, some growth of disturbances was observed, even below
the threshold predicted by the linear stability theory.

4 Waves in Flowing Films

Another example of a dissipative system where nonlinear waves are generated
by a long-wave instability is a viscous film flowing down an inclined rigid sur-
face. (The angle between the surface and the horizontal direction is labeled β ).
The linear waves are described by the same dispersion relation, (12), (13), as the
Marangoni wave, with the Marangoni number, M, replaced by the Galileo num-
ber G = ga3/ν2. (Recall that g is the acceleration due to gravity, a is the mean
thickness of the film and ν is the coefficient of kinematic viscosity). For one-
dimensional nonlinear waves, (15) is recovered, with the following values for the
coefficients [19, 36]:

λ1 = −G0 sinβ , λ ′
1 = −sinβ ,

λ ′
2 = −1

3
cotβ , λ3 = −G0 sinβ ,

λ4 = −1
3

G0H0 cotβ ,

γ1 = −G0 sinβ , γ2 = −1
2

G0 cosβ ,

where

G0 =
5cosβ
2sin2 β

(49)

is here the critical Galileo number,

H0 = γ
(

2
5

)2/3 sin4/3 β
cos5/3 β

+
7743
2240

− cot2 β
1

36036
, γ =

σ
ρ

(ν4g)−1/3. (50)

Recall that ρ is the density of the fluid and that σ is the surface-tension coefficient.
The long-wavelength instability occurs when H(γ,β ) > 0, i.e., when β is larger
than a certain angle β0(γ). Note that the angle β0 is very small (β0 ≈ 9′45′′ in the
limit γ ≈ 9′7′′ for water, γ = 2850). Thus, the one-dimensional theory described for
Marangoni waves is also valid for waves in a viscous film flowing down an inclined
plane.
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4.1 Waves on an Inclined Plane

A significant difference between waves excited by the Marangoni effect, which
develop in a horizontal layer, and waves in an inclined film appears in the case of
two-dimensional waves. Indeed, in the former case, the problem is isotropic, i.e., the

growth rate λ (kx,ky) depends only on the modulus of the wavevector k =
√

k2
x + k2

y .

That leads to a dissipation-modified Kadomtsev–Petviashvili equation in the case
|ky|  kx [26] and to more complicated equations in the general case [5].

In the latter case, the basic flow breaks the isotropy of the problem. The asymp-
totic expansions lead to (15), with

Ln(ξ ,y2) =
∂

∂ξ
Qn(a)+

∂
∂y2

Pn(a),

where y2 = ε2y. The expressions for L2 and L3 are unchanged, while L4 has an
additional term:

L4(a) =
∂

∂ξ

[
λ ′

2
∂a
∂ξ

+λ4
∂ 3a
∂ξ 3 + γ2

∂
∂ξ

(a2)
]

+ λ̂2
∂ 2a

∂y2
2

, (51)

where

λ̂2 = −1
2

∂ 2λ (kx,ky)
∂k2

y
=

1
3

G0 cosβ .

In the case β 	= π/2, one obtains the following anisotropic dissipation-modified
Bousinessq–Korteweg–de Vries equation by using a scale transformation and an
additional change of the reference frame:

∂A
∂T

+
∂ 3A
∂X3 +6A

∂A
∂X

+δ
[

∂ 2A
∂X2 +

∂ 4A
∂X4 +D

∂ 2

∂X2 (A2)− ∂ 2A
∂Y 2

]
+O(ε2) = 0. (52)

A general investigation of the (2+1)-dimensional problem (52) is beyond the
scope of the present chapter. Here, we only discuss the stability of traveling waves
with respect to two-dimensional disturbances.

First, let us note that the stability criterion for one-dimensional traveling waves
(25) is the same as that for the one-dimensional equation. Indeed, normal distur-
bances have the form

ã(X1,Y,T ) = Φ(X1)exp(ΩT + iq̃yY ), |Φ| < ∞ as |X1| → ∞, (53)

and are governed by the following equation:

ΩΦ− cΦ′ +6(AΦ)′ +Φ′′′ +δ [Φ′′ +Φ′′′′ +2D(AΦ)′′ + q̃2
yΦ] = 0, (54)

where the prime corresponds to differentiation with respect to X1. Obviously, for
any eigenvalue Ω(q̃y) = Ω(0)−δ q̃2

y , so that two-dimensional disturbances are less
disruptive than one-dimensional ones.
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We now consider a wider class of stationary wavy solutions (oblique waves):

A = A(η), η = X +αY − cT, |α| < 1. (55)

Let us perform the following transformation of variables:

A(X ,Y,T ) = γ2B(ξ ,y, t), t = γ3T, ξ = γη , y = γY, (56)

where γ2 = 1−α2. We obtain

∂B
∂ t

− ĉ
∂B
∂ξ

+6B
∂B
∂ξ

+δ̂
[

∂ 2B
∂ξ 2 +

∂ 4B
∂ξ 4 +D

∂ 2(B2)
∂ξ 2 − 1

γ2

(
∂ 2B
∂y2 +2α

∂ 2B
∂y∂ξ

)]
+O(δ̂ 2) = 0, (57)

where γ2ĉ = c and δ̂ = γδ .
The stationary solution satisfying the conditions

B = B(ξ ) = B

(
ξ +

2π
q

)
, 〈B〉 =

∫ 2π/q

0
B(ξ )dξ = 0 (58)

is constructed by means of asymptotic expansions:

A = A0 + δ̂A1 + · · · , ĉ = ĉ0 + δ̂c1 + · · · . (59)

Although the solutions describing the oblique waves are rather similar to those
describing one-dimensional waves, the stability properties of these two kinds of
waves turn out to be completely different. It has been shown that oblique waves are
unstable with respect to two-dimensional disturbances for any α 	= 0 and any q [22].

4.2 Waves on a Vertical Plane

In the case of a vertical plane (β = π/2), the expansions leading to the amplitude
equation should be changed because the coefficient λ̂2 = 0 and G0 = 0. Let us take
G  1, γ ∼ 1. (The latter condition corresponds to moderate surface tension). In
this case, the following dissipation-modified Zakharov–Kuznetsov (ZK) equation is
obtained [36]:

∂A
∂T

+A
∂A
∂X

+
∂ΔA
∂X

+δ
(

∂ 2A
∂X2 +Δ2A

)
+o(δ ) = 0, (60)

where δ ∼ G1/6 and Δ = ∂ 2/∂X2 +∂ 2/∂Y 2.
The one-dimensional solitary and spatially periodic traveling waves governed by

the unperturbed ZK equation are unstable with respect to transverse disturbances
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[37, 38, 39]. In the case of a primary one-dimensional soliton, the instability leads
to the formation of a chain of two-dimensional solitons [37, 40].

Let us discuss the nonlinear evolution of long-wavelength disturbances in the
case of the unperturbed ZK equation,

∂A
∂T

+A
∂A
∂X

+
∂ΔA
∂X

= 0. (61)

Consider a class of solutions that can be written in the form

A = A[X −φ(Y,T ),εY,εT ], ε  1, (62)

where ε is a small parameter characterizing the spatial scale of disturbances.
Assume that φY and φT are slow functions of the transverse coordinate, Y , and
time, T :

φY = k(εY,εT ), φT = ω(εY,εT ). (63)

Define
Z = X −φ(Y,T ), η = εY, τ = εT. (64)

Hence,
kτ −ωη = 0. (65)

Let us represent the solution in the form

A = A0 + εA1 + · · · , k = k0 + εk1 + · · · , ω = ω0 + εω1 + · · · (66)

and collect the terms for each order in ε .
To the zeroth order, we obtain the following equation:

−ω0A0Z +A0A0Z +(1+ k2
0)A0ZZZ = 0. (67)

Recall that ω0 and k0 are functions of the slow variables η and τ . We are interested
in modulations of the solitary-wave solution

A0 = 3ω0 sech2

⎛
⎝ ω1/2

0

2
√

1+ k2
0

Z

⎞
⎠ . (68)

However, in order to avoid mathematical complications connected with formation
of the shelf and radiation [41], we prefer to consider a cnoidal wave with a very
large period, so L � 1. Such a solution is exponentially close to (68) in the region
−L/2 ≤ Z ≤ L/2, but satisfies conditions

A0(Z +L) = A0(Z)
∫ L/2

−L/2
A0(Z)dZ = 0. (69)
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Let us note that, according to (65),

k0τ −ω0η = 0. (70)

To the first order in ε , the solvability condition gives the equation

1
2

∂
∂τ

〈A2
0〉+

∂
∂η

(
〈A2

0Z〉k0
)

= 0, (71)

where

〈 f 〉 ≡
∫ L/2

−L/2
f (Z)dZ.

Calculating the integrals in the limit L → ∞, we obtain the following equation:

∂
∂τ

(
ω3/2

0

√
1+ k2

0

)
+

2
5

⎛
⎝ω5/2

0
k0√

1+ k2
0

⎞
⎠ . (72)

Let us consider some particular solutions of the system of equations (70) and
(72).

There is a family of solutions with constant values of ω0 and k0 that describe
solitons with an oblique front. We linearize (70) and (72) near such a solution,
and find that the long-wave instability disappears as k2

0 > k2
∗ = 3/5. In other

words, the oblique soliton is unstable if the inclination angle, α , is smaller than
α∗ = tan−1

√
3/5 ≈ 0.659. This coincides with the result of [39]. Let us emphasize,

however, that for α > α∗, there is a short-wave instability of solitons, so that the
long-wave analysis is incomplete.

Now let us consider the simple-wave solutions characterized by the uni-valued
relation between ω0 and k0:

ω0 = ω0(k0). (73)

Substituting (73) into (72), and taking (70) into account, we find that

dω0

dk0
= −2

3
·

k0 ±
√

k2
0 −3/5

1+ k2
0

. (74)

Equation (74) has real solutions if k2
0 > 3/5 (i.e., in the stable case). For any solution

(73) of (74), (70) has the form

∂k0

∂τ
− dω0

dk0

∂k0

∂η
= 0.

For any initial conditions of the type k0 = k0(η), we obtain a simple-wave solution

k0 = k0[η +ω0(k0)τ].
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Needless to say, the appearance of a shock wave is unavoidable if the condition
dω0/dX < 0 applies anywhere at t = 0. Analysis of a finite-amplitude shock wave
cannot be carried out under the assumption (63). However, one can expect that
waves with a piecewise smooth front will develop, and that they will contain frag-
ments of oblique solitons with different inclination angles.

The theory of waves governed by the dissipation-modified ZK equation is still
far from completion. Numerical simulations [42, 43, 44] reveal the development of
oblique V-shaped chains of two-dimensional solitons on the background of weak
chaotic waves.

4.3 Strong Surface Tension

Another kind of expansion is used in the problem of film-flow instability of a liq-
uid with strong surface tension [45], viz., one in the limit γ � 1, G = O(1). Tak-
ing into account that the instability interval is 0 < |k| < km = O(γ−1/2), we obtain
a perturbed anisotropic Kuramoto–Sivashinsky equation [36, 46] (after a suitable
rescaling):

∂A
∂T

+
∂ (A2)

∂X
+

∂ 2A
∂X2 −n

∂ 2A
∂Y 2 +Δ2A+ ε

[
α1

∂ 3A
∂X3 +α2

∂ 3A
∂X∂ 2Y

+α3
∂ 2(A2)

∂X2 +α4
∂ 2(A2)

∂Y 2 +β1Δ2 ∂A
∂X

+β2∇ · (A∇ΔA)
]

+o(ε) = 0, (75)

where

∇ = eX
∂

∂X
+ eY

∂
∂Y

; Δ = ∇2; n = G0/(G−G0).

The term Δ2A and the terms with coefficients β1 and β2 are related to the surface
tension.

The stability of one-dimensional spatially periodic waves with the plane front,

A = A0(X); A0(X +2π/q) = A0(X), (76)

governed by the unperturbed anisotropic Kuramoto–Sivashinsky equation, was
investigated in [47, 48]. The growth rate Ω of the disturbance

Ã(X ,Y,T ) = F(X)exp(iq̃xX + iq̃yY )exp(ΩT ), (77)

where F(X) is a 2π/q-periodic function, is obtained from the following boundary
value problem:

μF +
(

d
dX

+ iq̃x

)4

F +(1−2q̃2
y)
(

d
dX

+ iq̃x

)2

F +2

(
d

dX
+ iq̃x

)
(A0F) = 0,

(78)
where μ = Ω+nq̃2

y + q̃4
y .
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For long-wave disturbances, the expansions

F =
∞

∑
n=0

Fnδ n, μ =
∞

∑
n=0

μnδ n, (79)

where
δ = (q̃2

x + q̃4
y)

1/2, q̃x = δ cosφ , q̃2
y = δ sinφ

may be used.
If only one-dimensional disturbances are taken into account (φ = 0), solutions

(76) are stable within the interval of wave-numbers q2 < q < q1, where q1 ≈ 0.837
and q2 ≈ 0.77 [45, 49, 50]. Both stability boundaries are related to long-wave dis-
turbances. If q > q1, then μ2

1 > 0; in this case, there are two real roots with opposite
signs, and one of them is always positive. If q < q1, then μ2

1 < 0 (two imaginary
roots), while the coefficient μ2 is negative if q > q2, and positive otherwise.

For two-dimensional disturbances (φ 	= 0), the oscillatory instability boundary,
q = q2, does not change (and does not depend on n). The monotonic instability with
respect to two-dimensional disturbances is particularly significant in the case of a
vertical film (n = 0). In the latter case, the boundary between monotonically growing
and decaying disturbances, for q close to q1, is described by the formula

q̃2
x ≈

q̃6
y

q̃2
y + cμ2

1

, (80)

where c is a positive constant. In the region q < q1 (μ2
1 < 0), where the periodic

wave is stable with respect to one-dimensional disturbances, there are monotonically
growing two-dimensional modes. The region of growing disturbances is separated
from the axis q̃y = 0 by a gap. Inside the gap, q̃2

y <−cμ2
1 , all the disturbances decay.

The numerical calculations performed for finite values of q̃x and q̃y show that the
two-dimensional disturbances with the maximum growth rate are characterized by
the quasi-wave-number q̃x = q/2. When q decreases, this growth rate also decreases.
When q < q3 ≈ 0.74, the region of the monotonic two-dimensional instability dis-
appears.

When n grows, the instability region shrinks. For each value of q in the interval
q3 < q < q1, there is a certain value n = n∗(q) such that the wave is stable when n >
n∗(q). We find that all the one-dimensional periodic wavy motions are unstable be-
cause q3 < q2. The stability interval for one-dimensional periodic waves shrinks, and
then disappears completely, for G > 9.3G0 because the quantity n = 1/(G/G0 −1)
decreases as G grows. All one-dimensional waves on a vertical plane (n = 0) are
unstable.

The two-dimensional spatially periodic nonlinear waves generated by the insta-
bility described here were studied numerically in [46]. Attracting heteroclinic loops
connecting unstable one-dimensional solutions appear because of the symmetry of
the system with respect to the transformation x → −x. Petviashvili and Tsvelodub
[51] have discovered horseshoe-shaped dissipative solitons governed by the unper-
turbed anisotropic Kuramoto–Sivashinsky equation.
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The influence of the disturbance O(ε) in (75) on the wave dynamics is not fully
clear. In the case of one-dimensional waves, the linear dispersion term suppresses
the spatial chaos characteristic for the one-dimensional Kuramoto–Sivashinsky
equation [52]. In the two-dimensional case, one can expect that, because the disper-
sion terms violate the reflection symmetry, the heteroclinic loops will be destroyed,
and some limit cycles will appear [48, 53, 54].

Before closing Sect. 4, let us mention that a wealth of analytical and numerical
results and experimental data on falling liquid film problems (including heat transfer
and the Marangoni effect) has recently been gathered for a forthcoming monograph
by Kalliadasis and colleagues, and it includes reference to their earlier joint publi-
cations [55].

5 Conclusions

The variety of physical systems exhibiting propagation of dissipative solitons offers
a rich panoply of mathematical model equations. All the cases discussed here are
characterized by the same basic ingredients: dispersion, nonlinearity, instability and
dissipation. In the present chapter, we have considered only waves described by
weakly nonlinear dissipative wave equations. The next stage in the investigation of
dissipative wave systems will be the construction of strongly nonlinear equations.
One can expect that dissipative solitons will play a crucial role in the development of
the theory of interfacial turbulence. For example, if the Marangoni effect operates,
this would be turbulence in strongly dissipative flows (i.e., space–time chaos at the
opposite extreme of Reynolds–Kolmogorov turbulence which is mostly inertial).
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Cavity Solitons in Semiconductor Devices
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and J.R. Tredicce

Abstract Cavity solitons represent a class of dissipative solitons which are generated
inside an optical resonator. They have attracted considerable interest in the recent
years due to their possible application to optical information processing. First of
all, this review chapter illustrates the physics of cavity solitons in semiconductor
devices. We discuss the experiments which demonstrated cavity solitons in vertical-
cavity surface-emitting lasers, both below and above threshold, and all the theory
which accompanied such experiments. Those features of the experimental results,
which relate to prospective applications, are highlighted. The final part of the chap-
ter deals with the theory of the cavity soliton laser.
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1 Introduction

The topic of cavity solitons (CS) is rooted in that of optical pattern formation (OPF),
which studies the spontaneous formation of spatial structures in the section of broad-
area radiation beams, when they interact with a nonlinear medium [1, 2, 3]. Pattern
formation is a most fascinating interdisciplinary subject in science (see e.g. [4, 5]).

Disciplines which are traditionally in the field of pattern formation, such as hy-
drodynamics or nonlinear chemical reactions, typically study this phenomenon in
a 2D configuration. From a theoretical standpoint, optical systems present the ad-
ditional difficulty of the presence of a third spatial dimension, viz. the longitudinal
dimension, along which the radiation beam propagates. Models for OPF that are re-
ally 2D, e.g., paradigmatic models for nonlinear chemical reactions [5], have been
obtained by considering the case of a “short”nonlinear medium included in a cavity.
In the so-called “mean field” limit [6], the electric field becomes practically uniform
along the medium, and the longitudinal direction becomes irrelevant. The first mean
field model for OPF was formulated for a Kerr medium in a cavity driven by an
external coherent field [7]. Others were derived for a saturable absorber [8, 9], for a
laser [10], for a degenerate optical parametric oscillator (OPO) [11], and so on. The
presence of a cavity makes the system dissipative because photons escape from the
cavity.

The mechanism which gives rise to the spontaneous formation of an optical pat-
tern is usually the onset of modulational instability (MI), i.e., a random initial spatial
modulation, on top of a homogeneous background, grows and gives rise to the for-
mation of a pattern. In the case of OPF, the instability arises from the combination
of the nonlinearity of the dynamics and of diffraction of radiation, instead of the
diffusion which occurs in nonlinear chemical reactions and fluid dynamics. In the
paraxial approximation, diffraction is described by the transverse Laplacian, i.e., the
sum of the second derivatives with respect to the transverse variables, multiplied by
an imaginary coefficient.

From a practical viewpoint, the situation defined by the mean field limit is ide-
ally realized in broad-area vertical-cavity surface-emitting lasers (VCSELs), such
as those considered in the experiments described in this chapter. On the other hand,
a configuration for an OPF which can be realized in a straightforward manner is that
of a single feedback mirror, theoretically proposed in [12, 13] and experimentally
confirmed later in many laboratories.

Optical systems are fast and have a large bandwidth. Hence, an attractive feature
of OPF is that it offers, in principle, the possibility of applications to parallel infor-
mation processing. A naı̈ve idea is to use the intensity peaks of an optical pattern as
a set of binary units, which can be set on and off individually. The basic difficulty
with this concept is that a pattern is typically a strongly correlated entity in which
the single units cannot be manipulated independently because by operating on an el-
ement, one affects, in general, many other elements or even the entire pattern. How-
ever, by varying the system parameters, one may meet cases in which the pattern
becomes “loose”, i.e., it can indeed be considered as an ensemble of independent
pieces. This situation is typically met when there is bistability between a pattern
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and a homogeneous state. In this case, one may realize “localized structures”, i.e.,
configurations in which a small portion of a pattern is embedded in a homogeneous
state. The concept of a localized structure is general in the field of pattern formation;
it has been described in the framework of Ginzburg–Landau models [14] and Swift–
Hohenberg models [15]; it has been observed in fluids [16], in nonlinear chemical
reactions [17], in vibrated granular layers [18, 19], etc.

Actually, there is a sort of continuous transition, in parameter space, between the
configuration of a rigid pattern and that of a loose pattern [20]; this is concisely
described in a chapter of a previous volume on dissipative solitons [21], written by
Ackemann and Firth [22]. For 1D systems, a theory of localized structures has been
formulated in [23]. Related localization phenomena (called diffractive autosolitons),
linked to the presence of bistability between two homogeneous states and the role
of switching waves, have been predicted in [24].

In the case of optical systems, the possibility of localized structures was first
predicted in [25]. The elementary optical localized structure, consisting of a single
isolated intensity peak sitting on a homogeneous background, is now customarily
called a cavity soliton (CS). Papers in the nineties showed the potential usefulness
of CSs as binary elements which can be set on and off in a controlled manner, can
be arranged in appropriate arrays or put in controlled motion by introducing phase
and/or intensity gradients in the external driving field, also called a “holding beam”
(HB). These results focused attention on this topic. Overviews on the subject of CSs
can be found in [22] and [26].

The name “soliton” immediately reminds of spatial solitons which emerge during
the propagation of light in nonlinear media (see e.g. [27, 28]). A paradigmatic model
which predicts them is the nonlinear Schrödinger equation (NSE). The model of [7]
amounts to an NSE with some additional terms that describe the escape of photons
from the cavity, the cavity mistuning, and the external driving coherent field injected
into the cavity. While the standard NSE describes purely Hamiltonian dynamics, the
model [7] corresponds to a dissipative situation.

A significant feature of CSs is that they are “rigid”, in the sense that their char-
acteristics, such as height, width, or shape, are fixed, and they cannot be changed
by varying the initial conditions, once the parameters of the system have been set.
Another major difference is that a dissipative soliton displays “attractors” – for ex-
ample, a CS persists after the writing pulse which created it dies away, until another
pulse switches it off. From the viewpoint of prospective applications, semiconduc-
tors represent the most interesting materials because they allow for the realization of
miniaturized and fast devices. In this chapter, we describe the experimental realiza-
tion of CSs in broad-area VCSELs slightly below threshold (but above transparency,
i.e., in the amplifying regime) or above threshold, and the associated theory. The ex-
istence of CSs has been clearly proved for the first time for semiconductor devices
in exactly this type of system [29].

The models which describe the pattern or CS formation in semiconductors con-
sist of a field equation coupled with some material equations (in the rate equation
approximation one equation which governs the carrier dynamics and includes the
carrier diffusion). In the framework of such models, it becomes evident that CSs
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have both a light component and a material component, i.e., they are localized struc-
tures not only with respect to the intensity profile but also with respect to the carrier
density profile. Presumably, these two components are linked by quantum correla-
tions, in a state of quantum entanglement. The vision and the bibliography contained
in this chapter can be completed by reading [22] and [26] and also two other chap-
ters of [21], one chapter of [30] describing the experiments on localized structures
in semiconductor devices, and the other [31] discussing CSs in lasers with saturable
absorbers.

In Sect. 2, we recall the basic properties and applicative features of CSs, includ-
ing a discussion about addressing and motion under the action of gradients. Sec-
tion 3, which represents the bulk of this chapter, discusses cavity solitons in driven
VCSELs. Section 3.1 illustrates the theoretical scenario for CSs below threshold,
including the action of noise, whereas Sect. 3.2 illustrates the experimental results,
including a description of the experimental set-up, the behavior of the VCSEL upon
injection of an HB, the creation and control of CSs, the scenario of CSs in the pa-
rameter space, a comparison with adaptive numerical simulations, a discussion of
the switch-on time and a comparison with numerical predictions, and the position-
ing of CSs in the presence of phase modulation in the HB field. Section 3.3 deals
with theory and experiment for CSs in driven VCSELs above threshold. Section 4
discusses the generation of CSs in VCSELs with a saturable absorber. This is a con-
figuration that does not require an HB, and it allows for the realization of a novel
device, viz. the cavity soliton laser. The final part, Sect. 5, includes some conclu-
sions and perspectives.

2 Cavity Solitons: Properties and Applicative Features

2.1 Basics

The properties of self-confinement of a CS endow it with especially appealing prop-
erties which are highly valuable for applications. First of all, the intrinsic indepen-
dence of the localized structure makes the CS an ideal light pixel [29] that can act
as an individual light source in a semiconductor device, in close similarity to the
etched VCSEL arrays as they have been conceived and realized. However, in con-
trast to the latter, the pixel associated with the CS is not rigidly inscribed within
the device cross-section – it is physically and geometrically defined by the self-
confinement of radiation, and it is not determined by the material inhomogeneities
linked to the array etching.

While the density of a VCSEL array is essentially determined by the cleav-
ing/etching limits, along with the requirements for the lasing action of each mi-
cropillar, the density of a CS-based array of pixels is determined by the minimum
distance below which CSs begin experiencing mutual interaction. From the theoret-
ical point of view, this distance is conceptually related to the critical wave-vector
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of the MI responsible for the pattern formation in the transverse profile of the op-
tical system. Since the MI at threshold is associated with a bifurcated lattice [32],
the CSs interact when brought to distances comparable with the global structure of
which they represent localized elements. In any case, they are comparable with the
CS dimensions themselves. When two CSs are brought to interaction, below the
limit distance, they will merge into a single structure which is identical to either of
the former ones. A more accurate analysis has shown that CSs may exhibit ringing
tails, whose number and spread around the central peak depend on the character of
the nonlinearity, as well as on device parameters such as medium diffusive processes
and cavity detuning. When two CSs are close to one another, the ring-like modula-
tions of the first one perturb the second one, and vice versa, so that it may happen
that the two structures lock one to another, pinning reciprocally in their respective
tails, at the minima or maxima of intensity [33]. This effect may lead to “clusters
of CSs”, as observed in Na vapors [34], where CSs are not, strictly speaking, still
independent. As it turns out, though, such locking of the localization regions (if one
wishes to regard the CS tails as the domain borders of the localized solutions) does
not impede the possibility of addressing each CS for information encoding. This is
done by turning it on and off, according to the description which will be provided
below.

Of course, the possibility of actually creating a CS at any desired location of the
cross-section of a real semiconductor micro-cavity strongly depends on the degree
of homogeneity that the device exhibits – a vertical micro-cavity is subject to a
number of phenomena that can modify, in a stochastic or deterministic way, the
transversal homogeneity of the optical response in its broad sense.

Simply as an example, and first of all, one has to face the problem of epitax-
ial growth processes, which are always liable to induce lattice defects, strains, etc.
When they grow above the micron size, they are likely to perturb the homogeneity
as far as the CS (whose size is around 10–15 μm, see Fig. 1d) is concerned. While
GaAs-based growth is very well mastered now, the growth of other materials, such
as In or Sb compounds, may suffer from higher strains and defects. Up till now, this
makes the extension of CS demonstration more critical in classes of devices closer
to photonic wavelengths. Then, the turntable spinning of samples leads to the for-
mation of a wedge-like structure in the wafer. Such a thickness gradient is irrelevant
in the active region, generally limited to few quantum wells, but it becomes relevant
in several tens of layers which are deposited for the realization of high-reflectivity
Bragg mirrors. Moreover, the requirement of having broad-area devices implies that
the gradients lead to a significant center-to-border deviance of certain parameters,
mainly the cavity resonance frequency. Finally, the device processing stages are re-
sponsible for further sources of inhomogeneities. The deposition of ring contacts,
typical of narrow-area VCSELs, causes a large inhomogeneity in the current flux,
and it must be overcome by using bottom emitters [29] or more sophisticated optical
pumping techniques [35].

Apart from the medium architecture and growth, another source of inhomogeneity
is the transverse profile of the injected coherent field which is driving the res-
onator. It is relatively easy to employ broad beams, thus maintaining a satisfactory
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Fig. 1 (a) The turning points |ES,A| and |ES,B| of the stationary curve and the coordinates |ES,C| and
KC of the critical point of the MI domain are shown as functions of the cavity detuning parameter
θ for μ = 0.9 and α = 5. (b) Stationary curve and (c) MI domain for θ = −2 and d = 0.052.
(d) Profile of the field amplitude and of the carrier density for the CS obtained with EI = 0.75

gaussian profile and allowing us to consider the central area, impinging onto the
micro-cavity, as being approximately plane. However, it must be noted that the
collimation and the power loss represent an additional requirement in the set-up.
For this reason, the next step, which is a current research issue in this field, is the
realization of a micro-cavity above lasing threshold which may emit CSs sponta-
neously right at threshold, with no need to drive the system by means of external
coherent injection. This so-called “cavity-soliton-laser” concept will be presented
in Sect. 3.2.

Additional inhomogeneities are also induced by the local heating caused by the
holding and addressing beams, which cause a refractive index drift in the semicon-
ductor bulk. This effect causes a loss of independence of the structure and brings
about thermal switching [36, 37, 38]. The use of devices with a highly homoge-
nous current pumping in the amplifying regime allowed for the reduction of the co-
herent optical energy inflow and made it possible to overcome the thermal effects.
The effect of medium and external gradients is not limited to a discussion concern-
ing CS stability and the possibility of encoding them at arbitrary locations, but is
also quite important for the motion of CSs, as will be discussed in the following
paragraphs.
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An additional bonus when realizing patterns in semiconductor devices is the pos-
sibility of accessing timescales for the CS response which are generally well below
the microsecond scale, and have been demonstrated to reach the sub-nanosecond
domain in non-optimized conditions [39]. While the present figures can certainly
be improved, it should be noted that, insofar as the demonstration of CS has been
achieved in devices with a marked absorptive response, one should expect an intrin-
sic limit of these scales on the band-to-band transition rate providing the coherent
emission. Faster devices will have to rely on different mechanisms or on a strongly
dispersive regime [40], although the latter approach leads back to strong field in-
jection. Photonic band-gap materials might prove quite interesting in achieving new
perspectives here.

2.2 Addressing

Provided that the absolute stability of the localized solution throughout the whole
cross-section of the device is guaranteed, the next issue for CS control is the
addressing of the CS “pixel”, i.e., how the local conditions of the system can be
deterministically altered in such a way as to cause the local transition from the ho-
mogeneous profile to the self-confined intensity peak. The addressing of a CS pixel
has to cover both the CS switch-on and its switch-off, and it should rely on reason-
ably simple techniques. Further, it must work at any transverse location of the device
and it must act on the single location addressed, leaving the rest of the emission pro-
file unchanged, i.e., the process must not cause the disappearance or appearance of
other CSs outside of the addressed location. Of course, the most intuitive way of
addressing an all-optical device also proves to be the most efficient working princi-
ple – the switch-on of a CS is readily obtained by shining a narrow pulse of coherent
radiation superimposed on the driving homogeneous beam and in phase with it. As
has been shown, the intensity and duration of the switching pulse must be above
certain lower limits, dependent on the system parameters and on the medium char-
acteristics. Beyond such limits, when the pulse is stronger, then its injection can be
shorter. Early analysis suggested that an area-preserving law may hold for the pulse
amplitude and duration [32], while in the case of a multi-quantum-well device, more
systematic numerical investigations showed that typical switch-on power and dura-
tion range in the microwatt and nanosecond scale, respectively, for a current-pumped
device [41].

The switch-off procedure to erase an existing CS consists of shining a pulse of
the same form, but setting it in phase opposition with respect to the input field phase.
Experimentally, such a procedure has been easily implemented by using wave plates
of suitable optical thickness. The switch-off process acts on a somewhat shorter
timescale and usually involves reduced powers. While the optimal conditions for
CS switch-on and off are achieved for perfect phase match or opposition, it has
been predicted [41] and demonstrated (see Sect. 3.2) that a remarkable tolerance
is allowed in the determination of the pulse phase. This constitutes an excellent
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loosening of the constraint, since the wave-front distortions in play when a coherent
field enters a semiconductor micro-cavity through facets, thermal lensing, etc. may
well introduce slight deviations from the desired conditions.

The above-mentioned technique proved to be effective for all driven devices, both
theoretically and experimentally (with good quantitative agreement in the case of a
VCSEL amplifier, see Sect. 3.2). The initiation of researches on undriven devices,
though, posed the question of how to switch a CS on or off when no determined
phase relation can be set with a background or with the existing structure. The in-
coherent addressing of a soliton, relying just on the power and localization of the
pulse, will be addressed in some detail in Sect. 4, for the case of a VCSEL with a
saturable absorber.

Experimental results on incoherent switch-on and -off in an optically pumped
VCSEL below threshold were presented in [35, 42].

2.3 Motion in Gradients

Possibly, the most appealing property of CSs is their plasticity, i.e., their capability
of drifting freely across the device cross-section (provided no defects or inhomo-
geneities alter the local properties of the device). This capability, initially predicted
in prototype systems [43], is based on the sensitivity of a CS to spatial gradients of
the external field, both in intensity and phase. The existence of a neutral eigenvector
(associated with the translational invariance of the CS solution) makes it possible for
the CS to follow the gradient without losing stability, i.e., remaining self-confined
and stable. In a constant gradient, a CS moves with constant speed, proportional
to the field gradient. The specific properties of CS drift in semiconductor micro-
resonators were studied in [41] in configurations where the phase gradient profile
realized a matrix of stable locations where CSs could be pinned against Brown-
ian motion induced by stochastic processes. The effect of slope-like gradients was
reported in [44, 45] – which predicted drift speeds on the order of 1 μs/ns, which
were later substantially confirmed by experiments [29, 46]; under different gradient
shapes, speeds of up to 10 μm/ns have been measured [47].

In general, CSs in semiconductors will move spontaneously, following the gra-
dient, and will thus rest on the maxima of the field phase or intensity profile. In
considering the CS motion, one must remember that the structure of the coherent
intra-cavity field is intimately linked, in the case of a semiconductor, to the spa-
tial distribution of the carriers in the medium. A CS in the field is associated with a
minimum (maximum) of the local carrier density profile in a current-pumped (an un-
biased) device. The carrier dynamics evolves on timescales much longer than those
of the field, typically a few nanoseconds versus a few picoseconds for the photon
lifetime in a high-Q micro-cavity. This sort of carrier “inertia” in dragging the CS
poses a limit on the CS speed upon increasing the gradient strength. In fact, as one
would expect, the CS speed eventually saturates due to the carrier drag [48]. It may
be noted, in addition, that gradients, which act as an Aristotelian force imposing a
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motion on the CS, may be used to overcome pinning of a CS due to layer imperfec-
tions (as studied in [46] and achieve CS guiding, or to force CS locking in clusters
or pairs, and lead them to a strong interaction).

In the absence of a driving field, as happens in the case of a laser with a saturable
absorber, it is possible, in principle, to study the CS motion under the effects of
gradients in the material or in the current profile.

While the motion of a CS in externally imposed gradients is the most appealing
for applications, it must be mentioned, for the sake of completeness, that the local
gradients induced by heating, possibly in conjunction with external ones, may cause
CS drift, as studied in [38, 48, 49].

2.4 Applicative Potentials

The combined properties of spatial multi-stability, addressing and drifting that
were progressively observed for CSs, are the basis for several appealing applica-
tions which are being progressively validated within the frame of the European
STREP Project “FunFACS” (Fundamentals, Functionalities and Applications of
Cavity Solitons; visit the website www.funfacs.org). One particularly stimulating
scheme is grounded on the consideration that CSs, by drifting throughout the res-
onator’s section, will transfer the information content among physically distinct lo-
cations, i.e., channels. On one hand, this property leads to the immediate concept
of reconfigurable arrays. In contrast to rigidly etched VCSEL (micropillar) arrays,
one can conceive of modifying the phase profile of the HB, and reshuffling at will,
and in real time, the array structure (e.g., from square to rectangular) and geometry
(e.g., from square to hexagonal). This concept has been proposed in the past from
theoretical investigations, and experimental activities are presently validating it by
realizing simple demonstrators where the phase landscape is obtained by using a
liquid crystal light valve as an optical modulator for the beam driving the cavity.
The first evidences are presented in Sect. 3.2.8.

A second aspect is that the information carrier CS, by moving from location A
to B, will switch the “optical carrier”between two conveniently located pickup posi-
tions. It has been predicted [50] that such a concept can actually serve as a combined
all-optical transistor and commutator, insofar as the switching signal (the gradient
causing the CS drift between A and B) travels the same optical line as the one lead-
ing the “carrier” signal (the two CSs sustained by the modulated HB). Furthermore,
in addition, as a third point, there is an intriguing concept, both fundamental and ap-
plicative, which depends upon the totally different speeds with which the CS-carried
signal propagates inside the resonator when one discriminates the speed of light in
the medium and the speed of the CS when it drifts across the device. This peculiar
way of “slowing the light down”, by making use of dissipative structures which are
propagating freely in dimensions other than the propagation one, is quite readily ap-
plicable to realizing all-optical delay lines where the signal is delivered at one side of
the device cross-section and picked up at the opposite side, where it arrives when the
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CS has traveled the whole distance under the action of an externally imposed gra-
dient [51]. The delay is obviously proportional to the combination of (a) the device
section and (b) the gradient strength, thus making the lapse widely tunable. While
the most advanced solid-state all-optical delay lines based on classical “slow light”
operate somewhere in the 0.1–10 ps range [52, 53], timescales in our case span up
to tens of nanoseconds, with the upper limit given by the weakness of the gradient
which may fail to drive the CS over defect-induced pinning locations, thus stopping
the motion. The lower limit is fixed mainly by the saturated CS speed, as discussed
above. One limitation of this approach is the achievable bandwidth, defined here as
the number of CSs per second that can be generated without disturbance by pulses
impinging on the delay line input. Of course, here one needs the time necessary to
switch a CS on – a process which at present occurs in the 250–1000 ps range – plus
the time to have the written CS drift to a physically displaced location where the
switch-on of the second one will not harm either one. This time seems to exceed
10 ns at present, thus putting the device well outside the typical 1–50 GHz require-
ment for photonic applications. It must be noted, though, that all processes are being
studied from the basic proof-of-concept viewpoint, and optimization of the above-
mentioned figures has not been attempted yet, either in terms of device architecture
or in terms of operating regimes. The same layout described above also leads itself
to a different application: when one has “strafed” the sequence of pulses writing
the train of CSs on the write-in side of the delay line, and before all of them have
traveled the distance to the read-out side, one has a stripe of CSs which encode the
pulse sequence in parallel. This is the basis of an all-optical serial-to-parallel con-
verter and a buffer register at the same time, depending on the length of the path the
CS stripe might travel with no deformation across the device section.

3 Cavity Solitons in Driven VCSELs

In this section, we describe the case of a driven VCSEL. CSs are studied first in
a VCSEL below threshold (amplifier case), where they were demonstrated for the
first time for semiconductor devices [29]. The model and experimental results are
reported here, and particular attention is devoted to a comparison between the two.
Then, the VCSEL above threshold is analyzed (laser case). A new model, containing
the semiconductor polarization dynamics, is introduced for this, and numerical and
experimental results are reported.

3.1 Cavity Solitons in Driven VCSELs Below Threshold: Theory

CSs in a driven VCSEL below threshold are described theoretically by the rate
equations [41]

Ė = E +(1− iα)DE − (1+ iθ)E + i∇2
⊥E , (1)

Ḋ = γ
[
μ −D(1+ |E|2)+d∇2

⊥D
]
, (2)
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where E is the dimensionless slowly varying envelope of the electric field and D is
a population variable related to the carrier density, N, through the equation

D = 2C (N/N0 −1) . (3)

Here 2C is a dimensionless factor defined as the ratio of single-pass gain to cav-
ity losses, and N0 is the transparency density. Similarly, the pump parameter μ is
defined as

μ = 2C (I/I0 −1) , (4)

where I is the intensity of the pump, and I0 is its transparency value. The meaning
of 2C can be understood if one considers that the value of D at threshold is Dthr = 1.
Hence, if we call Nthr the threshold density, we have Nthr/N0 = 1+1/2C, so, when
the value of 2C is larger, then the threshold and transparency densities (and pump
intensities) are closer to one another. In (1) and (2), time is normalized to τp and
γ = τp/τc, where τp ≈ 10ps and τc ≈ 1ns are the photon and carrier lifetimes, re-
spectively. The transverse spatial coordinates are scaled to the diffraction length,
which has been estimated to be about 4.5μm, and

√
d is the diffusion length in that

unit. The driving field is described by its amplitude, EI , and the scaled mismatch
between its frequency, ω0, and the cavity frequency, ωc.

θ = τp(ωc −ω0) . (5)

We remark that (1) and (2) are isomorphous to the equations which describe a two-
level class-B laser with injected field. The only difference is in the parameter α ,
which must be interpreted as the linewidth enhancement factor in semiconduc-
tor lasers, and as an atomic detuning parameter in two-level lasers. Equations (1)
and (2) can also describe a passive device, provided the term 1− iα is replaced
by (1 + iΔ)−1, where Δ is the detuning with respect to the center of the excitonic
line, which is assumed to be Lorentzian [41]. Since the pump is absent (I = 0) in
a passive device, we have μ = −2C, and 2C has the role of a bistability parameter,
proportional to absorption.

The dynamical equations admit the plane wave stationary solution E = ES,
D = DS with

EI = [1−DS + i(θ +αDS)]ES , DS =
(
1+ |ES|2

)−1
. (6)

With a proper choice of the parameters μ , α , and θ , the curve of the output ampli-
tude |ES| versus the input amplitude EI may display the S-shape typical of bistable
optical devices. This may happen both for a laser below (μ < 1) and above (μ > 1)
threshold. For fixed values of μ and α , bistability occurs for θmin < θ < θmax, and
for a VCSEL close to threshold (μ ≈ 1), the following approximate expressions can
be found if α >

√
3

θmin ≈−α − α2 +1

α ±
√

3
(μ −1), (7)
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θmax ≈
(α2 −9)2 −108

8α3 +
(α2 +9)2(α2 +1)

8α3(α2 −3)
(μ −1) . (8)

In (7), the upper (lower) sign holds for μ > 1 (μ < 1). In practice, we roughly
need θ < 0, and θ + α > 0 in order to have bistability. In our model, θ + α is
the frequency of plane wave emission when the laser is above threshold, and the
reference frequency is the frequency of the injected field. Hence, the model predicts
the existence of bistability when the injected field is red detuned with respect to the
solitary laser.

In Fig. 1a, where we have fixed μ = 0.9 and α = 5, the closed domain represents
the boundaries of the negative slope branch of the stationary curve, i.e., the turning
points |ES,A| and |ES,B| of the stationary curve.

In the figure, we have also represented the critical values |ES,C| and KC asso-
ciated with the MI of the plane wave solution. This instability can be analyzed
by adding a modulated perturbation of the form exp [λ t +K · x], x = (x,y) to the
plane wave solution. This yields a third-order characteristic equation λ 3 + c2λ 2 +
c1λ + c0 = 0, where the coefficients ci, with i = 1,2,3, are real and depend on
the system’s parameters and on K2. Since we are looking for instabilities lead-
ing to stationary patterns, we are interested in the condition c0 = 0, which im-
plies that a real eigenvalue changes its sign. The instability domain is a closed
region in the plane (|ES| ,K) (the inner part being the unstable region), character-
ized by a critical amplitude |ES,C| and a critical wave-vector KC. If carrier diffusion
is neglected (d = 0), then simple analytic expressions for |ES,C| and KC can be
found:

|ES,C|2 =
√

μα/θc(μ ,α)−1 , K2
C = −θ −θc(μ ,α) ,

θc(μ ,α) = 4μα
[√

μ [μ(1+α2)−4
√

1+α2 +4]+ μ
√

1+α2

]−2

.

(9)

Note that, in order for θc(μ ,α) to be real, we must have μ > 4(
√

1+α2 −1)/(1+
α2), which means that the VCSEL cannot be pumped too much below threshold.
(For α = 5, we must have μ > 0.63.) As shown in Fig. 1a, the part of the upper
branch between the upper turning point, |ES,B|, and the critical amplitude, |ES,C|, is
unstable if θmin < θ < −θc(μ ,α).

In Fig. 1b, c, and d, we have considered the particular value of cavity detuning
θ =−2. Figure 1b shows the stationary curve and the results of the numerical simu-
lations performed to study the patterns that emerge from the MI, as described below
(in the following subsection). The branches of the patterns are indicated by various
symbols, and the ordinate of the symbol corresponds to the maximum amplitude of
the pattern. The instability domain in the plane (|ES| ,K) is shown in Fig. 1c. The
coordinates of the critical point |ES,C| = 1.569, and KC = 1.262 differ slightly from
those given by (9) because carrier diffusion is taken into account here (d = 0.052).
Finally, in Fig. 1d, the transverse section of a CS and also the transverse profile of
the carriers are shown.
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The plane wave solution could be also destabilized through a Hopf instability.
The condition c1c2−c3 < 0 for a Hopf instability can easily be analyzed in the limit
γ → 0, always valid in a semiconductor device, where it reads simply

1+ |ES|2 −μ < 0 . (10)

Clearly, the inequality is never satisfied if the laser is below threshold, and it is
satisfied for a laser above threshold up to |ES|2 < μ −1, i.e., up to the intensity that
would be emitted by the laser in the absence of an injected field (free running laser).

In the plane wave limit, this instability is associated with the phenomenon of
injection locking, and |ES|2 = μ −1 is the injection locking point. Below that point,
the system develops more or less complex dynamical behavior. Above that point,
the output becomes stationary.

Outside the plane wave limit, injection locking is not described correctly by the
rate equations because the instability condition (10) does not depend on K, and this
means that the plane wave solution below the injection locking point is unstable
against every tilted wave with any transverse wave-vector K. Clearly, this is a non-
physical effect due to the fact that the spectral dependence of gain is neglected in
the rate equations. This was the motivation that forced us to abandon the rate equa-
tions and adopt a set of effective Maxwell–Bloch equations when we analyzed CSs
in a driven VCSEL above threshold, as shown in Sect. 3.3. However, as long as we
limit ourselves to an absorber or an amplifier below threshold, the rate equations are
perfectly adequate.

3.1.1 Numerical Methods

The method used to numerically integrate (1) and (2), as well as the other dynamical
equations that will be introduced later in this chapter, is a split-step method with
periodic boundary conditions. It involves separating the algebraic and the Laplacian
terms in the right-hand part of the equations; the algebraic term is integrated using
a Runge–Kutta algorithm, while a 2-D FFT is adopted for the Laplacian operator.

By varying the injected field amplitude, we obtained different branches of pat-
terns and spontaneous formation of CSs, as shown in Fig.1b. The CS size (HWHM),
as can be seen from Fig. 1d, turns out to be of the order of 10μm.

As mentioned in Sect. 2, it is also possible to excite a CS at any desired position in
the transverse plane. The technique used to switch on a CS requires superimposing
a gaussian pulse, centered at the point (x0,y0), where we wish to create the soliton,

on the homogeneous background of the input field E(h)
I (which we assume to be real

and positive, without loss of generality) [32]. The injected field is then

EI(x,y; t) =

⎧⎨
⎩

E(h)
I +heiφ exp(−[(x−x0)2+(y−y0)2]/2σ2) 0 ≤ t ≤ t

E(h)
I t > t

, (11)
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where h and φ are the amplitude and phase of the gaussian beam, σ is its width and t
is the pulse duration. We set φ = 0, which means that the gaussian beam is in phase
with the background. A similar procedure is used to erase a CS. To this end, we
create a dark hole in the homogeneous intensity of the injected field by setting the
phase of the gaussian pulse to φ = π (obviously, in this case, the gaussian amplitude

h in (11) must not exceed E(h)
I ).

3.1.2 Modulated Input Field

In order to investigate effects on CSs which arise from using more realistic config-
urations of the input field, we also performed numerical simulations by considering
a background input field with a broad gaussian profile, rather than simply a homo-
geneous one. In this case, we assume

EI(x,y) = E(h)
I exp(−(x2+y2)/2Σ2) , (12)

in the absence of a switching pulse.
This kind of input profile, with an intensity maximum at its center, could be detri-

mental for CS applications such as the realization of optical memories formed by ar-
rays of CS pixels. As we discussed in Sect. 2, CSs tend to climb the phase/amplitude
gradients and to reach the nearest local maximum. Hence, the CSs would move to-
ward the maximum of the field profile and merge into one CS, sitting on that maxi-
mum. In order to overcome this effect, and to allow for the creation of regular arrays
of CSs, we also introduced an input field with a regular array of phase maxima. (For
an experimental realization of this, see Sect. 3.2.)

The pinning effect exerted on solitons by a phase modulation of the input field
[43] is simulated by considering, in the transverse plane, two orthogonal standing
waves of amplitude ζ , superimposed on the homogeneous background and out of
phase, with respect to the latter, by π/2. Hence the input field takes the form

EI(x,y) = E(h)
I [1+ iε(coskx+ cosky)] , (13)

where ε = 2ζ/E(h)
I . Provided ε is sufficiently small, EI essentially acquires only a

phase modulation – in fact, to first order in ε:

EI(x,y) ≈ E(h)
I exp [iε(coskx+ cosky)] , (14)

while the correction to the intensity is only of order ε2.
The pinning effect has also been analyzed in connection with the simultaneous

presence of a gaussian modulation in the amplitude of the injected field. From ex-
pressions (12) and (13), the natural choice for the input field in this case is

EI(x,y) = E(h)
I

[
exp(−(x2+y2)/2Σ2) +iε(coskx+ cosky)

]
. (15)



Cavity Solitons in Semiconductor Devices 65

We devoted particular attention to verifying the possibility that the pinning action,
due to the phase modulation, could be strong enough to overcome the converging
effect of the gaussian profile. We observed that it is possible, with a modulation
amplitude ε = 0.05, to eliminate the converging motion caused by the gaussian
input profile. In Fig. 2a, we present the new profile of |EI |, with both gaussian and
phase modulation, while in Fig. 2b and c, we show the phase of EI , both in 3-D and
2-D plots. Finally, in Fig. 2d, four frames are given; these show that the motion of
the CSs is toward the maxima of the phase modulation, even if gaussian curvature
of the input field is present. It is evident, from Fig. 2a, that our choice of the phase
modulation also produces a modulation in the intensity of EI . However, the maxima
of intensity are completely ignored by the CSs in their motion.

3.1.3 Action of Noise

To simulate the behavior of a realistic device, it is important to analyze the behavior
of CSs in the presence of noise. We know that CSs can be excited at any position of
the transverse plane, which means that every point turns out to be marginally stable
with respect to the presence of a CS. Due to this fact, one expects that the presence
of noise could cause a random walk of the CS in the transverse plane. Moreover, if
the amount of noise becomes too large, one could also expect that a CS would not
persist stably as an individual entity, but would be destroyed by random fluctuations.

To test these possibilities, we added white-noise terms to the equations for the
field E and the carrier density D. These terms have the form g1 ξ1(x,y; t) and
g2 ξ2(x,y; t), respectively, where ξ1 and ξ2 are gaussian variables with zero mean
and δ -correlated, both in space and time, and g1 and g2 measure the noise strength.

(c)

(e) (f) (g)

(a)

(d)

(b)

Fig. 2 (a) 3-D plot of the modulus of the driving field, EI , with gaussian profile and phase mod-

ulation as given by (15): E(h)
I = 0.75, Σ = 100, ε = 0.05; (b) 3-D plot of the phase of the driving

field EI ; (c) as in (b), but in a 2-D gray-scale plot; (d) sequence of four frames showing the pin-
ning effect due to the input field given above – the CSs move toward the maxima of the phase of
EI shown in (c). Other parameters are as in Fig. 1b. Figure taken from [41]



66 L.A. Lugiato et al.

We observed that under the action of noise, CSs wander around until the distance
between two of them becomes less than their interaction range, so that, eventually,
they merge into a single CS. Anyway, the CSs are stable, apart from their interaction.

The random walk which CSs undergo can destroy any information encoded in
the transverse plane by means of the CSs, in the same way that the presence of
a gaussian profile in the driving field EI does. As in the previous subsection, we
exploited the pinning effect exerted by the presence of a small phase modulation in
the driving field in order to guide the CSs toward the desired locations of the array.

Figure 3 shows four frames taken at different times during the time evolution
of the system in a simulation performed with the same amount of noise as in the
previous one, but with a slight phase modulation (ε = 0.05 in (13)) added to the
driving field. The added phase modulation is strong enough to overcome the random
walk due to the noise and to pin down the CSs at the phase maxima, arranging them
at the positions of a 3×3 array. The only remaining effect of noise on CSs is a small
random deformation of the peaks and very short random displacements around their
equilibrium positions.

3.2 Cavity Solitons in Driven VCSELs Below Threshold:
Experimental Results and Comparison with Theory

In order to create several CSs in the transverse plane of semiconductor lasers, we
need to use devices with large Fresnel number such that the correlation length is
at least one order of magnitude smaller than the transverse size of the resonator. In
order to meet this requirement, we used VCSELs having transverse size larger than
150μm. The effective length of the VCSEL resonator is of the order of few wave-
lengths, so these devices are the best choice for achieving large Fresnel number.
The production of such broad devices is a challenging task in term of thermal man-
agement, room temperature lasing and homogeneity of the resonator parameters
through the wide section. The VCSELs we use are provided by ULM-photonics.
They are oxidized bottom-emitter VCSELs with Bragg mirrors consisting of 20
pairs on the bottom side, 33 pairs on the top side, and 3 quantum wells emitting
around 970 nm at threshold [54]. Their diameter ranges between 150 and 250μm.

Fig. 3 Sequence of four frames showing the pinning effect due to a driving field with a phase
modulation in presence of noise, with ε = 0.05. Other parameters are as in Fig. 1b. Figure taken
from [41]
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The bottom-emitting geometry significantly increases the homogeneity of the cur-
rent injection profile in the active region, though residual current crowding is still
present on the borders of the device.

The VCSEL is injected by a coherent gaussian HB, with a waist approximately
double the VCSEL diameter. The most important control parameters are the HB
intensity (PHB), the HB frequency detuning with respect to the longitudinal cavity
resonance of the VCSEL (θ ), and the VCSEL pumping current level, I. VCSEL
pumping current variation also implies a variation of the VCSEL substrate tempera-
ture (Joule effect), thus changing the cavity resonance and θ . A narrow beam (writ-
ing beam, WB) superimposed on the HB allows for local shining of the VCSEL,
and it is used for optically switching the CSs on and off.

In this section, we report on experimental studies of CSs in VCSELs operated as
amplifiers (electrically biased below threshold). We briefly describe the experimen-
tal set-up used, and we give evidence for the creation of CSs and of their control
by using the WB. We characterize the domain of existence of CSs in the parameter
space, and we optimize the properties of the CSs in terms of switching time when
applying the WB. We show that it is possible to move the CSs in the transverse
plane of the VCSELs by introducing a phase or intensity gradient in the HB. As
a consequence, we can achieve imposed CS positioning, starting from random CS
configurations. We describe the effect of the inhomogeneities of the VCSEL device
and we show how these affect the plasticity and the control of CSs. The results ob-
tained give solid indications that CSs are promising objects for building all-optical
buffer memories and shift registers. However, the device engineering needs to be
improved, in terms of spatial homogeneity, in order to enable full exploitation of CS
plasticity.

In this section, there is also a comparison with adaptive numerical simulations.

3.2.1 Experimental Set-Up

The experimental set-up is shown in Fig. 4. Conceptually, this set-up is composed
of three parts. In the first, we generate the injection beams (HB and WB), so we call
it the “injection part”. The second is mainly the slave laser, i.e., the VCSEL, with its
own driving apparatus, where we intend to generate CSs, and finally the third part
is for the detection of the VCSEL output. A detailed description of the experimental
set-up can be found in [46].

The injection beams are generated by a tunable laser, providing an output of up
to 100 mW with a linewidth of less than 1 MHz on long (more than 1 min) time ac-
quisitions. This beam is optically amplified, spatially filtered and collimated, with
a waist ranging from about 300 to 500μm, depending on the injected device. The
intensity of the HB reaching the VCSEL can be adjusted up to 25 mW. The HB
power is controlled by an acousto-optic modulator, together with a polarizer. A spa-
tial modulator can be placed on the HB path in order to change its phase and/or
intensity profile. A second low-power beam, emitted from the tunable laser, is used
as a WB. This beam is tailored in order to obtain a waist of 10–15μm while its
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Fig. 4 Experimental set-up. TL: high-power tunable laser. HB: holding beam. WB: writing beam.
I: current driver stabilized up to 0.01 mA, TO: temperature controller, ISO: optical diode, OSA:
Fabry–Perot interferometer and optical spectrum analyzer. DS: digital scope. A: optical ampli-
fier. SM: spatial beam modulator. AOM: acousto-optic modulators. EOM: electro-optic modula-
tors. SF1: beam expander-configurator with spatial filtering, SF2: beam reducer-configurator with
spatial filtering. S: broad-area vertical-cavity surface-emitting laser. C: collimator. CCD: CCD
cameras. PDA: photodetector array. PD: photodetector. PZT: piezo-electric ceramic. M: mirror.
BS: beam-splitters

maximum power reaching the VCSEL is 1 mW. The WB power is controlled by an
electro-optic modulator. The relative phase of the WB, with respect to the HB, is
controlled by piezo-positioning of a mirror on the WB path.

The broad-area VCSEL is biased below threshold using a stabilized current sup-
ply and is temperature stabilized by a Peltier cell, up to 1 mK. A large numerical
aperture collimator is placed in front of the VCSEL in order to reduce the spreading
of the output beam and to enable uniform injection.

The near-field and far-field output profiles of the VCSEL are monitored on CCD
cameras, while a photodetector, Thorlabs D400 (rise-time up to 100 ps), monitors a
small portion of the VCSEL transverse plane, in order to detect the local dynamics of
a CS. This detector may be replaced with a linear array of avalanche photodetectors
(350 MHz bandwidth) for fast detection at different positions along the transverse
plane of the device. The detectors are connected to a digital oscilloscope (LeCroy
Wavemaster 8600 A, 6 GHz analogue bandwidth, 20 GHz digital bandwidth). The
optical spectrum of the injection beams is monitored by a scanning Fabry–Perot
interferometer (resolution 300 MHz, FSR 30 GHz) and by an optical spectrum ana-
lyzer with a resolution of 0.5 Å.

3.2.2 The VCSELs Under Injection

The HB is injected along the VCSEL optical axis, i.e., orthogonal to the VCSEL
section. In order to maximize the VCSEL’s gain, we adjust its temperature in order
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to match the cavity resonance frequency with the gain curve peak. The VCSEL am-
plification of an external field is maximum when the injected frequency is close to
the cavity resonance of the VCSEL cavity. In this situation, the output profile de-
pends strongly on the mismatch between the injection frequency and the VCSEL
cavity resonance (θ ). In Fig. 5, we plot the near-field output profile of the VC-
SEL when it is injected by the HB. The HB frequency decreases from Fig. 5a to h.
Different kinds of irregular structures are present in these profiles, and we note that
the pitch of these structures is significantly affected by the injection frequency, and
that, for the same injection frequency, it changes along the horizontal axis of the
section of the device. We also note that there is a vertical line in the transverse
section (Fig. 5c) that separates a homogeneous emission region from a patterned
emission region. The position of this vertical line in the transverse plane depends on
the injection frequency. These emission profiles can be understood by noting that
broad-area VCSELs exhibit a gradient of the cavity length along the transverse sec-
tion due to the nonparallel layers forming the cavity. The vertical line separating the
pattern and the homogeneous field regions can be interpreted as the locus of the spa-
tial positions where the values of the cavity resonance and field intensity match the
condition for the onset of a (pattern-inducing) MI. In a homogeneous system, with
all other parameters fixed, this boundary is defined by a critical detuning between
the injected field frequency and the longitudinal cavity resonance. Instead, in our
system, due to the gradient of the cavity resonance, the MI occurs in the transverse
plane of the VCSEL, and the instability border appears as a separation between a
patterned spatial region and a uniform one.

When the injected field frequency is varied, we observe a shift of the whole
pattern in the transverse plane (Fig. 5). This is due to the shift of the MI boundary
to the new locus of points where the critical detuning condition is satisfied. This

(a) (b) (c) (d)

(h)(g)(f)(e)

Fig. 5 Average intensity profiles of the VCSEL under various injection frequencies around 970 nm.
From (a) to (h), the frequency is decreased in steps of 50 GHz; I = 180mA, PHB = 8mW. Figure
taken from [46]
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observation can be used in order to estimate the gradient of the cavity resonance
in the VCSEL [55]. In the device shown in Fig. 5, a cavity resonance gradient of
2.34GHz/μm is measured along the horizontal dimension.

3.2.3 Creation and Control of Cavity Solitons

According to theoretical predictions (see Sect. 3.1), CSs in the parameter space are
stable solutions in the neighborhood of the MI. So, we will try to switch them on
by targeting the homogeneous region of the VCSEL output profile with the WB.
The presence of the cavity resonance gradient limits the existence of the CSs to a
small region around the vertical line separating the patterned region from the ho-
mogeneous region. In order to overcome this problem, we used more homogeneous
devices (with cavity resonance gradient around 0.4GHz/μm). We fix all the param-
eter values in order to have the homogeneous region cover 75% of the near-field
profile, and we inject the WB into the homogeneous region. Starting with no spot,
the WB is capable of generating a high-intensity spot with a diameter of the order
of 10μm when it is in phase with the HB. The spot size is in good agreement with
the theoretical prediction for the CS size in these devices (see Sect. 3.1). If we re-
move the WB, the bright spot remains on indefinitely. We then apply this beam in a
different location, without changing any parameter value, and a second spot is gen-
erated without perturbing the first one we have created. This one also persists after
removal of the WB, and two bright spots are now present in the VCSEL profile.
By changing the phase of the WB by π with respect to the HB, and reinjecting it
successively at each location where the spots have been created, we erase each of
them independently. The full series is displayed in Fig. 6. We claim that these two
spots, that we have generated and erased independently, are CSs [29]. The minimum
power requirement for switching on and off a CS depends on the system parameters,
and we give a detailed description in [46]. Typical values for WB are around a few
microwatts for HB power of 20mW.

3.2.4 Cavity Solitons in Parameter Space

CSs can be created by using a WB, but they can also appear spontaneously under
the action of the noise present in the system. This can happen when the HB power
is close to the critical value for which the homogeneous solution looses its stability.
They also appear when the HB power is decreased from values where only pattern
solutions are stable to values where only CSs and the homogeneous solution are
stable. In Fig. 7, we show, as a function of the VCSEL bias, the values of the HB
power at which, for increasing power, the homogeneous solution (Fig. 7, inset 1)
looses its stability and the pattern (Fig. 7, inset 3) develops (Fig. 7, upward arrow).
For decreasing HB power, patterns evolve to CSs (Fig. 7, inset 2). On continuing to
decrease the HB power, the CS solution looses its stability at a critical value, and
the system switches to the homogeneous solution (Fig. 7, downward arrow). These
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Fig. 6 Intensity distribution of the output field. The HB is always on, and all parameters are kept
constant: PHB = 10mW, I = 262mA. (a) The WB is blocked; (b) a 15μm focused WB (PWB =
8μW) targets a point in the homogeneous region; it induces the appearance of a single CS; (c) the
WB is blocked again – the CS remains; (d) the WB is displaced in position and switched-on again,
and it generates a second CS; (e) the WB is blocked again and the two bright spots coexist; (f)
the WB again targets the second CS, but the relative phase of WB, with respect to HB, has been
changed by π and the CS is erased. Then the WB again targets the first CS, but the relative phase
of WB, with respect to HB, has been changed by π and even the first CS is erased. Once the WB
is blocked, the intensity distribution is identical to (a)

Fig. 7 Existence domain of CSs as a function of the parameters. Upward arrow indicates the
border in the parameter space where the homogeneous solution switches off for increasing HB
intensity. Downward arrow indicates the border in the parameter space where the CS switches off
for decreasing HB intensity. Region (1) is characterized by the output profile of inset (1), region
(3) is characterized by the output profile of inset (3), and, in the gray region (1+2) CSs (inset 2)
and a homogeneous solution coexist. Figure taken from [46]
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transitions, as in any real system close to a bifurcation, are inevitably blurred by
noise. For example, close to the parameter values where the homogeneous solution
or CS solution becomes unstable, the noise may induce spontaneous jumps of the
system between the two solutions. This results in a relative uncertainty of parameter
values of about 20% for the borders of the bistability region (gray part in Fig. 7)
where CSs coexist with the homogeneous solution.

3.2.5 Adaptive Numerical Simulations

The particularity of the experimental observations resides mainly in the specific
shape of the sample, the variation of the micro-cavity resonance across the VC-
SEL’s diameter, the current crowding on its outer border, and – as our simulations
evidenced – the fluctuations in the resonance transverse profile. This forced us to in-
troduce phenomenological modifications, thus increasing the complexity of our sim-
ulations and making it impossible to obtain an analytic explanation of the emerging
pattern zoology. In summary, we introduced

(1) a broad gaussian profile for the HB, as described in Sect. 3.1, to reproduce its
experimental shape. The width of the gaussian is usually twice the spatial size
of the integration grid, which means that EI(x,y) is almost a plane wave;

(2) a constant gradient in the cavity length, which amounts to replacing the param-
eter θ in (1) with a spatially dependent detuning

θ(x) = θ1 −ηx , (16)

where x is the horizontal coordinate. This accounts for the measured varying
cavity resonance (see the previous subsection); the chosen values for η were
deduced from the experimental indications about the DBR reflectivity and the
cavity frequency variations along the sample diameter;

(3) irregularities in the layers of the Bragg reflectors. These are modeled by setting

θ1 = θ0 +δθ(x,y) , (17)

where δθ(x,y) is a gaussian stochastic process with zero average and transverse
correlation length of a few microns. The magnitude of the fluctuations depends
on the reflectivity and on the distribution of layer jumps associated with the
epitaxial deposition. The correlation length is related to the typical transverse
dimensions of the layer defects. Values for this stochastic process were deduced
from previous works [56];

(4) a spatial profile of the electric current I(x,y) which is capable of simulating the
circular symmetry of the sample. This is related to the physical etching of the
VCSEL and to the annular electrode deposition. A top-hat profile turns out to be
adequate to describe the pattern and the CS scenario in the operative regimes.

We introduced the cavity resonance gradient and tried to reproduce the pattern
zoology under broken azimuthal symmetry. Our experimental investigations showed
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up the onset of two separated regions for patterns and the homogeneous profile.
According to our numerical results, for an appropriate range of values of the HB
intensity, on the left the reflected field features a dynamical pattern, whose intensity
peaks irregularly oscillate in time, while it features a homogeneous region on the
right (see Fig. 8b). The location of the boundary between the two is determined by
the threshold of the MI causing the formation of patterns. As is well known, this
threshold depends on the cavity detuning (amongst other parameters, such as the
input field intensity – see below), hence, when it changes across the sample, one
finds the boundary in terms of the locus of the local MI thresholds. Note that it
produces an almost straight line when the input field is near to a plane wave. Our
interpretation is supported by an analytical evaluation of the MI threshold for an
unbounded system, with plane wave injection (see Fig. 8a), where the predicted
threshold matches the numerical evidence, and we also provide an indication of the
sample region where CSs are expected to be stable. As for the CS positioning across
the sample, we refer the reader to the following subsections.

In the experiment, a shift of the boundary was observed by changing either the
input field frequency or its intensity, so we validated this evidence in terms of the
drift of the MI threshold with those two quantities. Simulations fully confirm this
behavior, as seen in Fig. 9. The slight boundary curvature sometimes observed in
the experiment is due to the gaussian shape of the input field, whose iso-intensity
lines are circles – for weaker local intensities, the threshold is pushed toward lower
cavity detunings. As it turns out, a beam waist around the size of the sample diameter
makes the HB departures from a plane wave irrelevant for all practical purposes.

(a) (b)

Fig. 8 Numerical simulation and theoretical interpretation of the spatial field profile. Panel (a)
shows the stable (solid) and unstable (broken) portions of the curve of the intra-cavity field versus
the cavity detuning parameter, θ , in the homogeneous stationary solution. The stable part of the
plane wave stationary curve terminates at θ = −1.81, which corresponds to the instability bound-
ary; it is indicated by the vertical line. To the left of this line, one finds patterns whose maximum
intensity is marked by squares. To the right, where the homogeneous background is still stable, one
can excite CSs (maximum intensity marked by circles). Panel (b) shows the numerical transverse
field intensity profile at regime. The lower and upper scales indicate the value of θ that corresponds
to each coordinate x. The vertical line in panel (b) corresponds to that in panel (a). This simulation
includes time-averaging comparable (1 ms) to that of the CCD used in the experiments. Figure
taken from [29]
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Fig. 9 Field intensity profile (gray scale) for decreasing values (from a to h) of the cavity detuning
θ . This matches the experimentally observed shift of the boundary upon decreasing the injected
wavelength (see Fig. 5). Figure taken from [46]

Another agreement between experiment and theory here is the reduction of the
structure size when the cavity detuning becomes smaller, as a consequence of the
increase of the MI critical wave-vector, Kc, for decreasing cavity detunings, as pre-
dicted by (9). The patterns (filaments, occasionally breaking up into spots) are dy-
namic, and they continuously evolve in time.

3.2.6 Cavity Soliton Switch-On Time: Experiment

In order to assess CSs as competitive objects for applications to all-optical infor-
mation processing, we need to measure their switch-on time after the application
of the WB. To analyze this process, we drive the electro-optical modulator (EOM)
on the path of the WB in order to generate WB pulses of 100 ns width, rise-time
(10%–90%) τ = 575± 50ps, with a repetition rate of 1 kHz. To switch off a CS,
once ignited by the WB pulse, we reset the system by gating off the HB through
an acousto-optical modulator (AOM) on the HB path. This is necessary because
CSs are bistable, and so, once they are switched-on, they persist even when the
WB is gated off by the EOM. The switching process is characterized by a high-
intensity peak followed by damped oscillations and relaxation to a stationary value.
The switch-on time has two contributions: a lethargic stage following the applica-
tion of the switching pulse, during which the intensity does not grow significantly,
and a characteristic steep front of the CS intensity which rises in 520± 50ps. The
former is significantly affected by the system parameters and WB phase, φ , and
power, PWB, in contrast to the latter.

The existence of a lethargic delay may be understood by considering that, in or-
der to switch a CS on, the WB energy (EWB) must reach a critical value, EC

WB. This
is the minimal energy required to induce the system to jump (locally) from the ho-
mogeneous solution to the CS solution. Then, the lethargic delay corresponds to the
time necessary for the system to accumulate this critical energy. The value of EC

WB
depends on the system parameters, namely the HB power PHB, the VCSEL current
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I and the detuning, θ , between VCSEL cavity resonance and the HB frequency. We
have optimized these parameters in order to minimize the lethargic delay. Of course,
the range of variation of these parameters is limited by the parameter region where
CSs exist. Moreover, it is limited by the following criterion: the corresponding EC

WB
must be large enough to prevent the CS from switching on spontaneously (noise-
induced switching) and low enough to be attainable by our experimental set-up (the
largest value for PWB is about 160 μW).

The experimental conditions that minimize the switch-on time are the following:
PWB is set to the maximum value available in our experimental set-up, while the
system parameters are set in order to minimize EC

WB, compatibly with the require-
ment of avoiding noise-induced CS switching. The duration of the global CS switch
(10–90%) that we obtain in these conditions is 800±50ps.

If the phase difference, φ , between HB and WB is varied, then the efficiency of
the energy injection through the WB is decreased, since the interference with the
intra-cavity field, whose phase is fixed by the HB phase, is not fully constructive.
In Fig. 10, we plot the switching process for different values of φ . We observe
that the lethargic stage increases up to 45 ns, shifting the CS rising front, which
remains unchanged to about 0.5 ns. Of course, the same thing happens if WB power
is decreased.

For the same reasons, the lethargic delay increases when decreasing the WB
power and fixing the phase φ = 0 rad; since the critical duration of injection nec-
essary to reach the energy increases, so does the lethargic time. For I = 270mA
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Fig. 10 Rising fronts of CSs for different values of φ . The other parameters are I = 271mA,
PHB = 7.8mW, PWB = 145μW. The curves for φ = 1 rad and φ = 1.22 rad have been displaced
vertically by 0.18 units and 0.36 units, respectively. Figure taken from [39]
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and PHB = 7.8mW, it varies from around 1 ns when Ps
WB = 160μW, to 30 ns when

Ps
WB = 10μW. Fixing φ = 0 and Ps

WB = 160μW, the lethargic time is affected by
the pumping current of the VCSEL, and it increases as I decreases. Again, the rising
front of the CS remains unchanged relative to variations in I.

The same applies for increasing HB power: the lethargic time becomes shorter
as this parameter becomes higher and gets close to the maximum values acceptable
for avoiding spontaneous CS switching [39]. For I = 271mA and Ps

WB = 10μW,
the delay time ranges from a negligible value when PHB = 27mW, to 25 ns when
PHB = 15mW.

3.2.7 Cavity Soliton Switch-on Time: Numerical Simulations

Simulations of the switch-on dynamics of the CS were performed by adopting (1)
and (2). We start from the plane wave (PW) stationary curve with the coexisting
stable CS branch, as predicted by the stability analysis, in Fig. 1b. By injecting a
narrow WB pulse, we can access the CS branch and create a soliton. We model
a gaussian HB with waist σHB = 200 μm, as in the experiment, and a maximum
amplitude EI = 0.75 in our scaled units. Then we add a narrow gaussian WB at
an arbitrary position with a waist σWB = 10μm. The duration and temporal shape
of the WB pulse is the same as in the experiment – the stationary value (Ps

WB) is
reached after a linear growth and with a rise-time of 560 ps (10–90%), and then
the WB remains stationary for 100 ns. All simulations are performed after adding
white-noise terms to the field and carrier density equations to simulate noise in the
injected field and current, respectively, as in Sect. 3.1. It is worth noting that, as in
the experiment, the amount of noise included in the equations is not enough to cause
a spontaneous switch-on of the CSs.

Typically, if we calculate the intensity of the intra-cavity field at CS center during
the injection, we find that a delay time of about 1 ns, followed by a steep front of
about 400 ps, characterizes the switch-on process, and this is in excellent agreement
with the experiment. One difference from the experimental result is that the over-
shoot peak is much less pronounced, and the subsequent relaxation oscillations are
absent.

The second step is to evaluate the effect of parametric changes on the build-up
time and on the delay time. The steep front duration mainly depends on the intrin-
sic parameters of the system, such as the carrier recombination rate and cavity loss
rate, and these cannot be varied in the experiment. On the other hand, the delay
time is strongly affected by the control parameters. First of all, we vary the relative
WB/HB phase, φ . As in the experiment, the optimal phase is zero, and the delay
time increases with φ . In Fig. 11a, we show the switch-on process for increasing
values of φ . When φ = 1.5 rad, more injected power is needed to create a CS and
the delay time reaches 36 ns. As for the variation of the pump parameter μ , related
to variations of the injected current, it must be said that simulations in our simple
model yield an increasing delay time upon increasing μ , in contrast to the exper-
imental evidence. The reason is that our model does not include thermal effects
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Fig. 11 CS switch-on process, numerical simulation. Panel (a): The intensity at the CS peak is
displayed as a function of time, for different values of φ : φ = 0 rad (curve 1), φ = 1 rad (curve
2), and φ = 1.22 rad (curve 3). Other parameters are θ = −2, μ = 0.9, EWB = 0.4. Panel (b):
The intensity at the CS peak is displayed as a function of time, for different values of the pump
parameter: μ = 0.909 and θ = −2.05 (curve 1); μ = 0.891 and θ = −1.95 (curve 2); μ = 0.864
and θ = −1.8 (curve 3). The cavity detuning parameter, θ , has been decreased slightly as μ is
increased, in order to simulate the thermal red-shift of the cavity resonance. Other parameters are
φ = 0 rad EWB = 0.4. Figure taken from [39]

which account for the experimentally observed red-shift of the cavity resonance
with injected current. In our device, it is estimated to be −0.7GHz/mA, which, in
our scaled variables, is equivalent to a variation in θ of −0.05 for an increase of μ
equal to 0.09. If we include this phenomenological dependence of θ on μ [38], our
model correctly predicts a delay time decrease with increasing current, as shown in
Fig. 11b.

Finally, we were able to confirm that decreasing the WB and HB intensities
causes the delay time to increase, while leaving the build-up time practically un-
changed, as in the experiment. In particular we could confirm that the delay time
varies considerably, from a negligible value to more than 20 ns (for EWB = 0.75 and
EWB = 0.15, respectively).

3.2.8 Cavity Soliton Positioning: Experiment

One of the most interesting properties of a CS is its plasticity, i.e., the possibility of
moving it in the transverse plane through a parameter gradient [41, 43]. This motion,
if demonstrated experimentally in sufficiently fast media, such as semiconductor
devices, could be used to implement an all-optical shift register. Another application
of parameters gradients is the positioning of CSs following an imposed pattern [41,
43, 57]. This feature allows us to consider an ensemble of CSs as a reconfigurable
array of independent bistable optical bits.

Plasticity relies on the transverse invariance of our system and hence translation
is a neutral mode. In real devices, this property may be detrimentally affected by the
presence of spurious gradients and by the presence of defects in the transverse plane
of the resonator. The effect of spurious gradients, like the cavity length gradient
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described above, is to limit the existence region in space for CSs, but they also
induce unwanted motions of CSs which are blown outside their stability region.
On the other hand, the presence of roughness in the semiconductor layers, together
with randomly distributed impurities across the transverse plane, may trap the CSs
at fixed positions. In Fig. 12, we use the WB to target a point in a slightly different
location from the one targeted in Fig. 6b. We can generate a CS, but, after removal
of the WB, it migrates toward the position of Fig. 6b, suggesting that this location is
an attracting locus for a CS. As a result, CSs are only stationary at fixed positions.
Indeed, it is worth noting that, in devices with spurious gradients, the observation of
stationary CSs is made possible by the presence of surface defects, since otherwise
the CSs would be blown away. In order to get rid of these problems, ULM-photonics
provided a device with negligible cavity length gradient. In this device, the main
limitation comes from the surface defects, but, in principle, all of the transverse
surface is available for generating CSs, and space invariance in the device is only
broken by local defects.

We demonstrate experimentally the effects of parameter gradients by using the
optically addressable spatial beam modulator shown in the experimental set-up of
Fig. 4. This liquid crystal-based device allows us (via an optical intensity profile
applied upon it) to locally control the phase of the HB injected into the VCSEL.
For the spatial modulation to be efficient, the phase profile of the HB is first ad-
justed to be as homogeneous as possible at the VCSEL input mirror. Then we set
the spatial light modulator in order to generate a phase landscape having a homoge-
neous background with a regular pattern of circular areas which are phase-shifted by
0.8 π radians with respect to the background. The diameter of each circular area is
about 20μm and their centers are separated by about 40μm. The phase slope at the
boundaries of these areas is 0.1π rad/μm. The scheme described above allows us to

Fig. 12 CS drift – we target
an arbitrary point with the
WB and, as we remove it, the
CS migrates to a point nearby.
The vertical line helps as
reference for the CS position.
Figure taken from [46]
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Fig. 13 Illustration of the plasticity of CSs – their positions can be set thanks to a controlled phase
landscape. Taken from [47]

overcome the device imperfections to some extent, as shown in Fig. 13. In the same
device, depending on the geometry of the pattern of the phase profile we apply, a CS
can be pinned on a hexagonal grid (left) or on a square grid (right). In both pictures,
we note the presence of two defect lines (horizontal and approximately 45◦), related
to device ageing, whose effect is too strong to be compensated for. However, in the
right part of the device, which is sufficiently homogeneous, CSs can be organized
into a matrix, which can be reconfigured simply by modifying the HB phase profile,
and this is an optical operation. We note that, even if the modulation is intended to
be applied only on the phase of the HB, some small intensity effects are unavoidable
with our spatial light modulator when using such large phase slopes. This results in
a small spatial intensity modulation of the HB at the VCSEL input. However, the
effect of this modulation appears to be small when compared with the effects of
the phase gradients, since CSs actually turn out to be located close to the injected
intensity minima.

The gradient-induced CS motion is currently under investigation. Preliminary re-
sults have been obtained using HB profiles composed of intensity fringes [47] with
a phase gradient parallel to the fringes. The intensity fringe forces the trajectory of
the CS along a straight line, while the phase gradient provides the force inducing the
motion. A linear array of detectors placed along the fringe shows a light pulse that
travels while maintaining its shape and has a velocity comparable with the speed
values found for CSs in numerical simulations. This observation indicates the pos-
sibility of using the motion properties of CSs in order to build an all-optical shift
register. Experimental work is currently in progress in order to control the motion
in terms of triggering and speed [51].

3.2.9 Cavity Soliton Positioning: Numerical Simulations

The last part of our investigation was devoted to a characterization of the position-
ing properties of CSs, as determined by the experiments. In particular, we tried to
reproduce the positioning of CSs in preferred locations of the sample section.

A general theoretical treatment of the CS dynamical response in the presence
of external perturbations, in particular of those amounting to a parameter gradient
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in the spatial domain (whether it is phase, intensity or detuning), was reported in
[33, 44, 58]. Although the detuning gradient in the investigated sample cannot be
treated perturbatively, we could nevertheless expect the detuning gradient to act as a
sort of Aristotelian force, where the velocity is vectorially proportional to the force
itself.

We assumed a linear cavity detuning gradient with the form of (16), with a total
variation in the parameter θ of 0.5 scaled units across the sample. The CSs were
excited by adding the WB in the usual way, and, in the absence of irregularities
in the layers of the Bragg reflectors, they immediately behaved as expected, sliding
leftward and following the gradient lines. As it turns out, a CS slides directly into the
patterned domain, melting into the structures and ceasing to exist as an individual
entity.

Then, we added irregularities to the transverse profile of the cavity detuning θ ,
in order to simulate inhomogeneities in the layers of the Bragg reflectors, as in
(17), and the CSs were observed sliding toward a certain location where they could
remain still.

Based on our previous experience of the role of the roughness in the detuning
profile (due to the layer jumps intrinsic to the DBR epitaxial deposition [56]), we
interpreted the existence of equilibrium positions as the result of sizeable local vari-
ations in the detuning so that, if we may introduce a pictorial image, the CS can be
imagined as a rock, rolling downhill, that can be stopped by a hump (or a dip) in
the terrain, provided it is sufficiently elevated (or hollow). When the slope is more
shallow, it is easier to find a “land scar” capable of accomplishing the trapping.

Indeed, as shown in Fig. 14, the CS moves to the left with a velocity of about
550 m/s, reaches a location where it gets trapped and then stays still forever. It must
be noted that, in principle, the roughness-induced equilibrium locations limit the
continuum of positions where a CS can be encoded to a countable set, but, on
the other hand, in our simulations, they appear to be interspersed densely enough
throughout the sample’s cross-section, so as to ensure a satisfactory density of equi-
librium positions. It must be kept in mind that there exist interaction distances be-
tween CSs [32, 41, 33, 58], and the spatial encoding density of CSs seems to be
more severely limited by this factor. Also, in absence of the “roughness trapping”,
CSs would slide undisturbed, and one would need to greatly reduce the diameter
resonance gradient in the sample, with a consequent increase in sample costs and
growth times.

Fig. 14 The CS slides leftward and is trapped in a roughness-determined location. As commented
in the text, the patterns in the left domain are not stationary, but continuously evolving in time. A
vertical diameter has been added to make the movement more evident. The last frame represents a
stationary configuration. Figure taken from [46]
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As for the simulations with a phase landscape, in order to create regular arrays
of CSs, we refer the reader to Sect. 3.1. Simulations are also in progress for the case
of a linear gradient, and the HB is engineered into the form of interference fringes,
in order to better adapt to the experimental situation. The CS velocity turns out to
be of the order of a few kilometers per second, depending on the gradient strength
and on the system parameters, such as cavity detuning and current [51].

3.3 Cavity Solitons in Driven VCSELs Above Threshold

3.3.1 The model

In Sect. 3.1, we pointed out that the rate equations (1) and (2) are not suitable for
describing the formation of patterns and CSs in a driven VCSEL above threshold
because they predict unphysical small wavelength instabilities below the injection
locking point. The reason for this wrong result stems from the fact that the depen-
dence of the susceptibility on the frequency is neglected in the rate equations.

A possible solution consists of replacing the rate equations with a set of effec-
tive Maxwell–Bloch equations which are valid for semiconductor lasers, where a
collective macroscopic polarization variable, P, is introduced. Several slightly dif-
ferent approaches can be found in the literature [59, 60, 61]. Our model is rather
similar to that proposed in [59] and reads [62]

Ė = EI +P− (1+ iθ)E + i∇2
⊥E , (18)

Ṗ = Γ(D) [1+ iΔ(D)] [(1− iα)DE −P] , (19)

Ḋ = γ
[
μ −D− (EP∗ +E∗P)/2+d∇2

⊥D
]
. (20)

The meaning of the variables and parameters is the same as in (1) and (2). This
model differs from the two-level Maxwell–Bloch equation in the equation for the
macroscopic polarization P where, as in [59], the right-hand side of the equation is
multiplied by a complex term which contains two real functions, Γ(D) and Δ(D),
that determine the shape of the effective susceptibility. The dependence on D can
be obtained with a linear fit of the gain curves, calculated with a microscopic
model. Here we set Γ(D) = 6.9 + 25.4D and Δ(D) = −α + 2δ (D)/Γ(D), with
δ (D) = −4.225 + 5.4D. Γ(D) is associated with the gain linewidth, while δ (D)
is the detuning between the reference frequency (in our case that of the injected
field) and the frequency where the gain is maximum.

We point out that a standard adiabatic elimination of P allows us to recover the
rate equation models (1) and (2) in a straightforward manner. This makes a physical
comparison with the amplifier configuration more direct. In particular, as regards
the plane wave stationary solution and the MI, all the results presented in Sect. 3.1
remain valid. The only relevant difference is that, in a VCSEL above threshold, the
plane wave stationary solution is Hopf unstable up to the injection locking point,
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Fig. 15 The results of the dynamical simulations are superimposed on the stationary curves for
(a) μ = 1.05, θ = −2.3 and (b) μ = 1.2, θ = −2.5. The other parameters are α = 3, γ = 0.0025,
and d = 0.052. The squares indicate the average intensity and the vertical bars the amplitude of the
oscillations. In (a), CSs coexist with the stable part of the lower branch from the injection locking
point to the right turning point. In (b), CSs coexist with the unstable lower branch in the interval
from E2

I = 0.019 to E2
I = 0.047. Figure taken from [62]

|ES|2 = μ −1. The effective Maxwell–Bloch equations remove the unphysical short
wavelength instability predicted by the rate equations, thus limiting the instability
to a finite band of wave-vectors K.

Since the injection locking point moves toward higher intensity as the pump is
increased, two different scenarios are possible, as shown in Fig. 15. For a VCSEL
close to threshold (μ = 1.05), a portion of the lower intensity homogeneous branch
between the injection locking point and the right turning point is stable, as shown
in Fig. 15a. A numerical integration of the dynamical equations shows that, as ex-
pected, a branch of stable CSs exists, corresponding to the stable part of the lower
branch. Apart from the small oscillations observed before the injection locking point
is met, the behavior is very similar to that found for the laser below threshold.

If the pump value is increased (μ = 1.2), Fig. 15b shows that the whole lower
intensity homogeneous branch of the steady-state curve is unstable. Nevertheless,
the numerical simulations prove that CSs also exist in this case, and for a range of
injected intensities even larger than in the previous case. The CSs display strong os-
cillations, and they are embedded in an oscillating background, but they are clearly
visible, stable, and robust.

3.3.2 Experimental Results and Comparison with Theory

The experimental set-up used for the analysis of the VCSEL biased above threshold
is the same as that in Fig. 4, except that the broad-area VCSEL is driven above the
lasing threshold. The near-field time-averaged output profiles of the VCSEL above
threshold, injected by the HB, are quite similar to the ones shown for the below-
threshold device in Fig. 5 [62]. The theoretical prediction and the analogy with the
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case below threshold indicate that the most favorable region in the transverse plane
for finding a CS is close to the boundary of the MI. If we target this region with the
WB, we are able to switch two bright spots on and off independently, and we obtain
exactly the same sequence as that shown in Fig. 6 [62]. Then CSs do exist, even in
the VCSEL above threshold, and they have the same shape and size as in the case
of the VCSEL below threshold.

The most important difference between the two situations comes from the back-
ground on which the CS forms. Below threshold, the background solution is locked
at the HB frequency, while above threshold the background is oscillating at a fre-
quency that is close to the beat note between the solitary VCSEL emission frequency
and the injection beam frequency.

In Fig. 16, we plot the local emission spectrum of the VCSEL without injec-
tion, the local emission spectrum of the injected VCSEL when the CS is off (back-
ground), and the local emission spectrum of the injected VCSEL when the CS is on.
The HB wavelength is also marked.

When the VCSEL is biased at threshold or slightly above it (Fig. 16a), the local
spectra of the background and of the CS have the same characteristics as those for
the case below threshold – both are locked to the HB frequency. Moreover, both
spectra are red detuned with respect to the peak of the solitary VCSEL.

For greater pumping currents (Fig. 16b), the local spectrum of the background
shows the presence of two peaks, with one corresponding to the injection frequency,
and the second close to the solitary VCSEL peak. The spectrum of the CS shows a
narrow and high peak centered on the injection frequency and detuned with respect
to the solitary VCSEL emission. The presence of a double peak structure in the op-
tical spectrum of the homogeneous solution reveals that, when the injected VCSEL
is operated well above threshold, the background oscillates in time at a frequency
corresponding to the peak separation (35 GHz).

a b

Fig. 16 Experimentally measured local optical spectra for a VCSEL slightly above threshold
(a) and well above threshold (b). The region monitored is a spot of 15μm around the point tar-
geted by the WB. The lowest curve is the spectrum of the solitary VCSEL, the curve in the middle
is the emission spectrum of the VCSEL with injection and the CS off, while the upper curve is the
emission spectrum of the VCSEL with injection and CS on. Figure taken from [62]
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Fig. 17 Numerically calculated local optical spectra for the same parameters as in Fig. 15 (μ =
1.05, θ = −2.3 for panel (a) and μ = 1.2, θ = −2.5 for panel (b)), and E2

I = 0.03. The meaning
of the three traces is the same as in Fig.16. Figure taken from [62]

These experimental findings are well supported by the results of the numerical
simulations shown in Fig. 17a for a low pump value (μ = 1.05) and in Fig. 17b for
a higher pump value (μ = 1.2).

In both figures, the lower traces (solitary laser) display a quite rich spectrum,
where every peak is associated with a mode with transverse vector K, whose fre-
quency, with respect to that of the plane wave, is K2. The left-most peak is that
associated with the plane wave K = 0, and it corresponds to the single peak that
appears in the lower traces of Fig. 16. In making a comparison, one must remember
that, in the experiment, the frequencies of modes with K 	= 0 are probably sup-
pressed by the spatial filtering action of the fiber used in the detection apparatus,
and this explains why the experimental spectrum presents a single peak.

As in Fig. 16, when the HB is on and the CS is off (middle traces), the spectrum of
the solitary laser disappears only for the lower pump value (Fig. 17a). For the higher
pump value (Fig. 17b), locking does not occur, and the peak associated with the HB,
which has zero frequency in the model, appears together with the spectrum of the
solitary laser. If the modes with K 	= 0 are neglected, the numerically calculated
spectrum has a two-peak structure, as in Fig. 16b. The figure shows that the distance
between the two peaks is very close to the experimental value of 35 GHZ.

4 VCSELs with Saturable Absorber: The Cavity Soliton Laser

In a laser with a saturable absorber (LSA), it is possible to achieve the optimal
condition where a patterned stationary state coexists with a dark state of pure spon-
taneous emission corresponding to a laser below threshold. Under this condition, the
contrast between the CSs and the homogeneous background is maximized. On the
other hand, such a device, which will be able to generate CSs without an external
HB, represents a remarkable step forward in the field because it is the realization of
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a cavity soliton laser, i.e., a laser able to emit a beam whose properties are deter-
mined only by the characteristics of the radiation–matter interaction, independently
of the boundary conditions. Moreover, the elimination of the HB makes the device
simpler, more compact, and robust, and, more importantly, allows us to avoid the in-
jection of considerable optical power and hence the occurrence of undesired thermal
effects.

The formation of single-peaked structures in a laser with a saturable absorber
has been demonstrated with a photorefractive material as the active medium, with
an organic material being passive [63]. In this case, it was possible to excite just
one intensity peak at a time, since, when a second one is created – even far away
from the first – the first one disappears. For semiconductor materials, to the best
of our knowledge, there exists only a preliminary result showing the existence of
propagating spatial solitons (different from the CSs) in an optical amplifier [64].

A theoretical prediction of dissipative optical localized structures
(“auto-solitons”) in a laser with a saturable absorber was proposed by Rosanov
[31, 65, 66, 67]. The theory, initially developed only in the limit of fast materi-
als, was later generalized to account for finite relaxation times [68]. However, the
case of slow materials, which applies to semiconductor lasers, was not considered.

The dynamical equations, suitable for describing the effects of diffraction in an
LSA where both the active and the passive materials are semiconductors, are [69]

Ḟ = [(1− iα)D+(1− iβ )d−1+ i∇2
⊥]F, (21)

Ḋ = −γ1[D(1+ |F|2)−μ ] , (22)

ḋ = −γ2[d(1+ s|F|2)+ γ] , (23)

where F is the slowly varying amplitude of the electric field, and D and d are related
to the carrier densities in the active and passive material, respectively. Specifically,
if N1 (N2) is the carrier density in the active (passive) material, and N1,0 (N2,0) is its
transparency value, we have

D = η1 (N1/N1,0 −1) , d = η2 (N2/N2,0 −1) , (24)

where the coefficients η1 and η2 have the same meaning as 2C in (3). Similarly, the
pump and absorption parameters, μ and γ , are defined as

μ = η1 (I1/I1,0 −1) , γ = −η2 (I2/I2,0 −1) , (25)

where I1 (I2) is the current injected in the active (passive) material, and I1,0 (I2,0) is
its transparency value. By definition, I1 > I1,0 (the active material is pumped above
transparency) and I2 < I2,0 (the passive material is pumped below transparency) and
both μ and γ are positive. The passive material may not be pumped at all - in that
case we simply have γ = η2. The parameters α and γ1 (β and γ2) are the linewidth
enhancement factor and the ratio of the photon lifetime to the carrier lifetime in
the active (passive) material. In VCSELs, γ1,γ2  1 because the material response
is much slower than the electric field. Moreover, we will assume γ1 > γ2, which
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should be valid when the same semiconductor material is used in the amplifier and
in the absorber because the decay rate of carriers increases with the carrier density,
and it is larger in the active material. Finally, the saturation parameter, s, is defined as

s =
a2γ1

a1γ2
, (26)

where the differential gains a1 and a2 are related to the slope of the gain as a function
of the carrier density. Since the growth of the gain with the carrier density is less than
linear (it is typically logarithmic in quantum well devices), the differential gain will
be larger in the passive material, i.e., a2 > a1. This inequality, together with γ1 > γ2,
ensures that, in a semiconductor LSA, the saturation parameter s is larger than 1,
which, as we shall soon see, is a necessary condition for bistability. Equations (21),
(22) and (23) admit a trivial homogeneous steady-state (HSS) solution with

F0 = 0 , D0 = μ , d0 = −γ , (27)

and a non-trivial HSS solution with

F0 =
√

I0e−iωt , D0 = μ/(1+ I0) , d0 = −γ/(1+ sI0) , (28)

where the stationary intensity, I0, is related to the parameters s and γ by the equation

μ/(1+ I0)− γ/(1+ sI0) = 1 , (29)

and the laser frequency

ω = α + γ(α −β )/(1+ sI0) (30)

is intensity dependent. Equation (29) shows that the laser threshold (I0 = 0) is

μth = 1+ γ . (31)

A closer inspection reveals that, if s > 1 + 1/γ , the nontrivial HSS has a C shape,
as shown in the upper plot of Fig. 18. The value of the pump associated with the
turning point is

μTP = (
√

s−1+
√

γ)2/s (32)

In the plane wave approximation, i.e., if diffraction is neglected, the stability of
the two HSSs does not depend on the parameters α and β because the dynamics
of the phase can be decoupled from that of the intensity and of the populations.
The stability analysis gives the following well-known results: (i) the trivial HSS is
stable only for μ < μth; (ii) the negative slope branch is always unstable; (iii) part of
the upper branch can be unstable. In the limit γ1,γ2  1, the upper branch is Hopf
unstable for μ < μH, with

μH = (γ2/γ1)
2 γs . (33)
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Fig. 18 The HSSs for γ =
0.5, s = 10. The bistability
criterion, s > 1 + 1/γ , is
fulfilled, and three HSSs
coexist in the range μTP <
μ < μth, with μTP = 1.374
and μth = 1.5. The upper plot
shows the field intensity, the
middle shows absorber carrier
density while the lower shows
amplifier carrier density. The
range of existence of the CS
is indicated by plotting the
peak intensity of the stable
CSs (squares). Figure taken
from [69]

Evidently, the instability disappears if μH < μTP, and, in this case, there is bistability
between the upper branch of the nontrivial HSS and the trivial HSS over the full
range μTP < μ < μth. Taking into account (32) and (33), the condition μH < μTP is
equivalent to

γ2/γ1 <
(√

s−1+
√

γ
)

/
√

γs . (34)

With s = 10 and γ = 0.5, the theory predicts that the Hopf instability disappears for
γ2/γ1 < 0.524, in very good agreement with the numerical calculations.

We can now ask how this scenario changes if the effects of diffraction are taken
into account. Now, the dynamics of the phase can no longer be neglected, and the
characteristic equation has the form λ 4 +c3λ 3 +c2λ 2 +c1λ +c0 = 0. As usual, the
boundaries of the instability associated with a real eigenvalue are found by setting
c0 = 0, while the equation for the boundaries of the pattern-forming Hopf instabili-
ties has the form c2

1 − c1c2c3 + c0c2
3 = 0.

With our choice of the parameters s, γ , γ1, and γ2, we found that a Hopf instability
with transverse wave-vector K 	= 0 exists only if there is a Hopf instability with
K = 0. Hence, if condition (34) holds, we can exclude the presence of any kind of
Hopf instability.

Instead, the upper branch is unstable with respect to any transverse wave-vector,
K, such that

0 < K2 <
2I0

1+ sI0

(
α

1+ sI0 + γ
1+ I0

−β
sγ

1+ sI0

)
. (35)
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It can be shown that the whole upper branch is unstable as long as α ≥ β . We note
that, if the absorber is eliminated by setting γ = 0, the instability condition becomes

0 < K2 <
2αI0

1+ I0
, (36)

which coincides with the pattern-forming instability discovered in [10] in the frame-
work of two-level lasers, but with the remarkable difference that in [10], the atomic
detuning Δ appeared instead of the parameter α . This circumstance implied that, in
two-level lasers, the instability could exist only for Δ > 0. This limitation does not
exist in semiconductor lasers, where α is usually positive.

As in a driven VCSEL, CSs may be created by injecting a gaussian field for
a brief period, τinj. The main difference with respect to the driven VCSEL is the
absence of an HB which fixes a reference phase. Nevertheless, our numerical sim-
ulations showed that CSs can be excited and deleted by using the amplitude of the
pulse, rather than its phase, as the control parameter.

In this way, we were able to demonstrate that the CSs are stable in the interval
1.44 ≤ μ ≤ 1.48, labeled as regime 2 in Fig. 18. In regime 1, the CSs can also be
excited but they display undamped oscillations and finally they die out, leaving the
system in a non-lasing condition. In regime 3, the transient oscillations are actually
damped, but the CSs undergo a further instability and the system eventually evolves
into filaments, similarly to what was previously observed in [41]. These filaments
are also the structures observed beyond the bistability area for μ > 1.5.

The stability of the CSs also strongly depends on the parameters α , β , γ1, and
γ2. For these simulations, we adopted the values α = 2, β = 0, γ1 = 0.01, and
γ2 = 0.005. The simulations indicated that in order to excite a CS for a given in-
jection time and gaussian width, the pulse amplitude, |Finj|, must exceed a lower
threshold and be smaller than an upper threshold. Not surprisingly, the upper thresh-
old for exciting a CS is also the lower threshold for deleting it. In fact, in each
case, when that threshold is crossed, the CS does not survive, which means failed
excitation or successful deletion. The phase of the pulse does not seem to play
any role.

The analysis of CS dynamics reveals that the existence of these thresholds for
the pulse amplitude, |Finj|, is related to the fact that whether a CS survives or not
at the turn-off of the pulse depends on the values reached at that instant by the in-
tensity, |F |2, and the population, D, at the injection point. The results obtained for
μ = 1.46 are summarized in Fig. 19. The CS survives at turn-off only if |F |2 and
D lie between the two horizontal lines. The displayed data explain why, for the ex-
citation process (upward triangles), there are both lower and upper thresholds for
the amplitude |Fin j|, while, for the deletion process (downward triangles), there is
only a lower threshold. The interpretation fails only for the value of |F |2 obtained
for |Finj| = 1.4, which is below the dashed horizontal line, even though the CS sur-
vives. However, the corresponding value of D is well inside the two horizontal lines,
which probably means that what determines the survival of the CS is mainly the
depth of the hole burnt by the pulse, rather than the intensity of the intra-cavity field
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Fig. 19 Exciting and destroying a CS. The data are represented for both |F |2 and D. The light gray
symbols represent cases where the CS does not survive after turn-off, while the dark gray symbols
indicate that the CS does survive. The horizontal lines denote the heuristic thresholds for the CS
survival; the solid lines exist in both the exciting and destroying case, while indications for the
dotted lines were found only when exciting a CS. Figure taken from [69]

at the injection point. This suggests that a CS could be written and erased in this
device in a totally incoherent way, by using a local injection of carriers rather than
photons [42].

5 Conclusions and Perspectives

As has been shown in Sect. 3, clear-cut experimental demonstrations of the gen-
eration of CSs in driven broad-area VCSELs have been obtained, both below and
above threshold, and the results are in good agreement with theoretical models and
numerics.

With the devices used in these experiments, an important role is played by the
presence of local defects in the device. On the one hand, such defects are capable
of pinning the position of CSs, which would otherwise quickly drift away because
of the presence of a sizable gradient of cavity length along the sample. This pinning
property has been valuable for the very observation of CSs. On the other hand, the
presence of defects represents a problem for development. In the future, it will be
desirable to operate with samples in which the gradient of cavity length is reduced
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Fig. 20 The cavity soliton
laser

CSLCSL

as much as possible. This is necessary for controlling the position of CSs by means
of gradients and for setting them in controlled motion, as predicted by the theory,
and for realizing devices such as an optical delay line.

The possibility of doing without the HB is also quite interesting. This could allow
the realization of semiconductor cavity soliton lasers in the future. These compact
devices would correspond to lasers which emit one or more narrow beams, corre-
sponding to the CSs, where their number and transverse positions could be con-
trolled (Fig. 20). One can conceive of cavity soliton lasers which operate in a CW
regime or in a pulsed regime.

A subject which has not been discussed in this chapter is that of cavity light
bullets. CSs are confined with respect to the transverse dimensions, but are beams
with respect to the longitudinal direction in which the light propagates. In contrast,
cavity light bullets represent a full 3D confinement. They correspond to sequences
of drops of light which have arbitrary positions with respect to all dimensions, and
so they are not necessarily periodic. In recent years, there has been notable interest
in this topic, see e.g. [70, 71, 72, 73, 74].
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Dissipative Solitons in Laser Systems
with Non-local and Non-instantaneous
Nonlinearity

N.N. Rosanov, S.V. Fedorov, and A.N. Shatsev

Abstract Dissipative optical solitons (autosolitons) are considered, analytically and
numerically, for a wide-aperture laser with saturable absorption in the case when
nonlinearity relaxation and non-locality are important. Depending on the values of
the relaxation times and diffusion coefficients for gain and absorption, we find sta-
ble stationary dissipative solitons which are similar to those in class A lasers, slowly
moving dissipative solitons, and also a new type of “flying” soliton which is char-
acterized by a high velocity of motion and a high peak intensity.

1 Introduction

Dissipative solitons, or autosolitons, first discovered in mechanics in 1831 [1] were
further intensively investigated in the physics of electric discharge and in biology,
chemistry, and many other fields of science [2, 3]. Mathematically, the governing
equations were mainly of reaction–diffusion type for the dynamics of the nonlinear
interactions of some “inhibitors” and “activators” in space and time [2]. The turn
of optics began with the invention of lasers whose high-power radiation provides
high nonlinearity and where different types of pumping are able to compensate for
various types of energy losses. In addition to features in common with other dis-
sipative solitons, the optical forms have some new ones. For example, diffraction
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is typical for optics and replaces the traditional diffusion. With the corresponding
diffractive oscillations of the electric field, these dissipative solitons could be called
“diffractive dissipative solitons” [4]. In a sense, nonlinear optics and laser physics
provide generally simpler and more tractable examples of dissipative solitons, and
at the moment many of their features are best known in the area of optics.

Dissipative optical solitons, predicted first in the 1980s, are now objects of inten-
sive research due to their rich and unusual physics and great potential for applica-
tions [3, 5, 6]. Due to the increase in the number of researchers and the diversity of
laser systems, the actual definition of dissipative solitons varies in different publica-
tions. Here, to avoid misunderstanding, stable localized structures in homogeneous
or weakly modulated nonlinear media or systems with essential energy exchange
(energy sinks and sources) will be labeled as dissipative solitons or autosolitons [7].
The possibility of moderately weak modulation allows the possibility of dissipative
Bragg or gap solitons [8]. A number of dissipative soliton features in this notion
are especially important. First, it should be stable; unstable localized structures are
well known, even for a single nonlinear diffusion equation, but there is no point in
calling them “solitons”. The second important feature is soliton localization. This is
in time for temporal solitons, in the cross-section for spatial dissipative solitons, and
in both time and space for 3D-dissipative solitons (so-called “laser bullets” in laser
systems [5]). According to this definition, optical pulses in mode-locked lasers can-
not be called temporal dissipative solitons, in the strict sense, because the temporal
shape of the electric field at any fixed point is periodic (not localized) in this case.
However, the concept of dissipative solitons can be useful even here as some ap-
proximation for the qualitative analysis. Further, we will follow the definition above
and deal with “genuine” stable localized structures only.

In the theory of dissipative optical solitons, the main study was performed un-
der the approximation of the medium nonlinearity being instantaneous and local.
However, solitons in semiconductor vertical cavity surface emitting lasers [9, 10],
where the medium relaxation times are much greater than the photon lifetime in the
cavity (so-called class B lasers), are very promising for applications. And for spatial
solitons in semiconductor optical amplifiers, where relaxation processes are not so
critical, non-locality of the medium nonlinearity can be important [11]. Therefore,
it is appropriate to find out what are the effects of non-locality of the nonlinearity,
in space and time, on the features of laser solitons.

The goal of the present chapter is to study the effect of nonlinearity of non-
instantaneous and non-local nature on the features of 1D and 2D laser solitons in
wide-aperture lasers with saturable absorption. We will vary the relaxation rates and
diffusion coefficients over a wide range, both for gain and absorption, to find the
domain of stability of different types of laser solitons. Below, in Sect. 2, we in-
troduce a model of a wide-aperture laser with saturable absorption and present the
governing equations in the mean-field limit. In Sect. 3, the simplest regimes—with
transversely independent radiation intensity—are discussed, and an analysis of their
modulation instability is performed, taking into account processes of medium diffu-
sion. Then, in Sect. 4, we present the simplest localized structures with symmetric
intensity distributions and discuss their various complexes with weak and strong
coupling of the constituent solitons. Section 5 is devoted to the generalization of



Dissipative Solitons in Laser Systems 95

the description of the super-critical bifurcation from motionless dissipative soliton
structures to slowly moving ones. Then we separately consider slowly moving soli-
tons (Sect. 6) and non-stationary and soliton structures moving with high speed
(Sect. 7). The conclusions are summarized in Sect. 8.

2 The Model and Initial Equations

The model is a wide-aperture laser with a large Fresnel number containing an intra-
cavity saturable absorber. The cavity length is so small that only one longitudinal
mode can be excited. We assume that the system includes an anisotropic element,
which introduces sufficiently high polarization losses for one of the two field polar-
ization components, and also losses which depend on the direction of the radiation
propagation (e.g., reflection coefficients of the cavity mirrors which depend on the
angle of radiation incidence). Therefore, laser radiation propagates predominantly
in the longitudinal direction, along the z axis. The angular divergence of laser radia-
tion is assumed to be small (diffraction limited), so the paraxial approach and use of
the slowly varying envelope approximation is justified. Next, we assume that both
linear and nonlinear variations of the electric field envelope E during one round trip
of the laser cavity are small. Then we can use the mean-field model, averaging over
the cavity length, resulting in the following governing equation for the electric field
envelope:

∂E
∂ t

− (i+ds)∇2
r E = (−1+g−a)E, (1)

where t is the dimensionless time normalized by tc—the field lifetime in the empty
cavity; ∇2

r = ∂ 2/∂x2 (1D case) or ∇2
r = ∂ 2/∂x2 +∂ 2/∂y2 (2D case) is the transverse

Laplacian with dimensionless Cartesian transverse co-ordinates r = x or r = (x,y)
normalized by the width of the effective Fresnel zone; and g and a are, respectively,
the nonlinear gain and absorption of the medium inside the cavity normalized by the
constant non-resonance losses. It is assumed that the effective field diffusion coef-
ficient, ds, is small, so 0 < ds  1, and also that it reflects the angular dependence
of cavity losses. For the medium we use modified Bloch equations for gain and
absorption in the form

τg
∂g
∂ t

−dg∇2
r g = g0 −

(
1+bg |E|2

)
g, (2)

τa
∂a
∂ t

−da∇2
r a = a0 −

(
1+ba |E|2

)
a, (3)

where dg,a are diffusion coefficients, τg,a are relaxation times, g0 and a0 are real
small-signal gain and absorption, and bg,a are saturation intensities for gain and
losses, respectively. In the equations presented, in order to underline the purely
dissipative nature of the structures, we neglect any frequency detunings and line-
width enhancement factors which arise.
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3 Transversely Homogeneous Lasing

The trivial solution of (1), (2), (3) E = 0, g = g0, a = a0 corresponds to the non-
lasing regime and is stable for −1+g0 −a0 < 0. This condition coincides with the
requirement of stability of the tails of the localized structures, and therefore it is
fulfilled below.

Another simple solution of the governing equations corresponds to monochro-
matic radiation with a transversely homogeneous intensity distribution, Is, with
intensity I = |E|2 . For this regime, the stationary values of saturated gain and
absorption are gs = g0/(1+bgIs) and as = a0/(1+baIs), respectively. Note that
the parameters of medium relaxation and diffusion do not enter into these relations.
However, they determine the regime stability. For the linear stability analysis, let us
seek a solution of (1), (2), (3) in the form

E (r, t) = eiθ t√Is

(
1+u1eλ t+ik·r +u∗2eλ ∗t−ik·r

)
,

g(r, t) = gs

(
1+2Re wgeλ t+ik·r

)
, (4)

a(r, t) = as

(
1+2Re waeλ t+ik·r

)
,

where Is, gs, as characterize the unperturbed regime of lasing with a transversely ho-
mogeneous intensity distribution, and a perturbation with small amplitudes |u1,2|1,∣∣wg,a

∣∣1 has spatial frequency k and exponential temporal dependence with complex
constant λ . Linearization of the governing equations results in a quartic algebraic
equation for λs = λ +dsk2:

τgτaλ 4
s + c3sλ 3

s + c2sλ 2
s + c1sλs + c0s = 0, (5)

where
c3s = τg (1+baIk)+ τa (1+bgIk) ,

c2s = (1+bgIk)(1+baIk)+2τabgIgs −2τgbaIas + τgτak4,

c1s = 2bgIgs (1+baIk)−2baIas (1+bgIk)+ c3sk
4,

c0s = k4 (1+bgIk)(1+baIk) ,

(6)

and bg,aIk = bg,aIs +(dg,a − τg,ads)k2. The corresponding quartic equation for λ has
the form

τgτaλ 4 + c3λ 3 + c2λ 2 + c1λ + c0 = 0, (7)

with

c3 = c3s +4dsk
2τgτa = τg (1+baI2)+ τa (1+bgI2)+2dsk

2τgτa,

c2 = c2s +3dsk
2c3s +6d2

s k4τgτa,

c1 = c1s +2dsk
2c2s +3d2

s k4c3s +4d3
s k6τgτa,

c0 = c0s +dsk
2c1s +d2

s k4c2s +d3
s k6c3s +d4

s k8τgτa.

(8)
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Fig. 1 Effect of relaxation times for active and passive media on the stability of different types of
1D laser solitons. To the left of line 1, motionless solitons are stable, and in the narrow zone to the
right of this line, slowly moving solitons are stable. The line 0 indicates a similar boundary for zero
values of the carrier diffusion coefficients. Flying solitons are stable to the right of line 2. The over-
lap of the parameter domains corresponding to motionless and flying dissipative solitons indicates
hysteresis of these two regimes. The region of modulation instability of the transversely homo-
geneous regime is shaded. The cross indicates the parameters used for Fig. 2, dg = 60, da = 40,
g0 = 2.09, d = 0.06
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Fig. 2 Effect of carrier diffusion on the stability of different types of 1D laser solitons. Curves 1
and 2 define the region of stability of motionless and slowly moving solitons (shaded obliquely).
Beyond the upper boundary 2, the Andronov–Hopf bifurcation occurs, and solitons become oscil-
latory. The oscillating regime corresponds to the narrow zone between curves 2 and 3. A further
increase in the small-signal gain, g0, results in the formation of a “flying” (fast-moving) soliton
with locally unbalanced gain and absorption. The “flying” solitons are stable in the region between
lines 3 and 4 (shaded vertically). Below line 4, these solitons either transform into slowly moving
solitons or decay. Line 0 indicates the lower boundary of the branch of homogeneous states. The
cross indicates the parameters used for Fig. 1, dg/da = 3/2, τg = 3, τa = 2, d = 0.06
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Fig. 3 Effect of relaxation times on regimes of 2D fundamental dissipative solitons. Motionless
solitons are stable on the left of the straight line 1. Slowly moving solitons are stable in the narrow
zone to the right of curve 1 for τa < 0.3. Flying solitons are stable to the right of line 2. The
cross indicates parameters used in Fig. 11 corresponding to a “flying” 2D soliton. The region of
modulation instability of transversely homogeneous regime is to the right of line 3 (shaded). Here
dg = 0.052, da = 0, g0 = 2.11, d = 0.06

On the boundary of the stability balloon, the value λ is purely imaginary: λ = iγ .
Then, it follows from the imaginary part of (7) that c1γ − c3γ3 = 0, and therefore
γ2 = c1/c3. Substituting this value in the real part of (7), one obtains the conditions
of the Andronov–Hopf instability:

c1,3 > 0, τgτac2
1 − c1c2c3 + c0c2

3 > 0. (9)

The explicit form of the condition of the Andronov–Hopf instability for k2 = 0 is
the following:

τg > τg,cr (τa) = 1
2 τg,cr (0)

√
1+

4τa

1+baIs

[
1+bgIs

(
1+

2τags

1+bgIs

)]
, (10)

where τg,cr (0) = (1+bgI)(1+baI)/2baIas.
The results of the modulation instability analysis will be presented below in

Figs. 1–3.

4 Single Motionless Dissipative Solitons and Their Complexes

For stationary localized structures with time-independent distributions of the electric
field intensity, the radiation energy flows, gain, and absorption, the temporal deriva-
tives in (2), (3) reduce to zero, and the values of relaxation times have no effect
on the shape of the stationary distributions. If, additionally, we neglect the diffu-
sion terms (dg = da = 0), then we conclude that all stationary localized structures
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known for class A lasers [5, 12, 13, 14, 15] exist for class B, too. However, depend-
ing on the values of the relaxation times, these localized structures can be stable
or unstable, and new types specific to non-instantaneous nonlinearity can arise. In
this section, we analyze the existence and stability of single motionless dissipative
solitons and their complexes. These depend on the values of relaxation times and
diffusion coefficients.

For 1D laser systems corresponding to planar waveguide lasers, the electric field
envelope for a stationary symmetric dissipative soliton has the form

E(x, t) = A(x)e−iνt , g = g(x), a = a(x), (11)

where ν is the nonlinear frequency shift representing the spectral parameter or
the eigenvalue of the nonlinear problem—Equations (1), (2), (3) with appropriate
asymptotics at infinity. For diffusion coefficients equal to zero, dg = da = 0, the
dependence of the stability balloon boundaries on the relaxation times was studied
in [16, 17, 18, 19]. Below, we generalize this analysis to include non-zero medium
diffusion.

The domain of stability of the motionless 1D-dissipative soliton is given in Fig. 1
for the case of large values of the carrier diffusion coefficients. As in the case of
zero carrier diffusion (line 0), it is necessary to deal with a relatively slow absorber
for soliton stability. Comparison of lines 1 and 0 shows that the carrier diffusion
increases the domain of stability of motionless solitons. This effect is demonstrated
clearly in Fig. 2, where relaxation times are taken as indicated by the cross in Fig. 1.
More exactly, this specific set of parameters corresponds to the regime of slowly
moving solitons (see below), but the dependence has the same form for motionless
solitons as well.

For 2D geometry, the simplest symmetric localized structures have electric field
envelopes of the form

E (r,ϕ, t) = A(r)exp(imϕ − iνt) , (12)

where (r,ϕ) are polar co-ordinates, and integer m is the topological charge. The
spectral parameter ν plays the same role as it did in the 1D-case, viz. of an eigen-
value with a discrete spectrum, and it represents a nonlinear shift of frequency. At
the dissipative soliton periphery, r → 0, a transition to the non-lasing regime occurs:
A(r) → 0, g(r) → g0, and a(r) → a0. For fundamental dissipative solitons m = 0,
and for vortex dissipative solitons m = ±1,±2, . . .. For class A lasers, the stability
of fundamental and vortex solitons has been studied in [20]. Here, we investigate
the effect of relaxation and diffusion on the stability of motionless fundamental
solitons. The simulations show that they are again stable for a sufficiently slow ab-
sorber, to the left of the straight line 1 in Fig. 3. The stability has been confirmed
up to fairly large relaxation times, τa = 400, τg/τa = 1/4. In the narrow zone to
the right of curve 1, τa < 0.3, motionless fundamental solitons transform to slowly
moving solitons (see below).

The results for vortex dissipative solitons presented in Fig. 4 are similar. They
are motionless due to the symmetry of the transverse distributions of intensity and
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Fig. 4 Transverse distributions of intensity (left) and phase (right) of stable 2D-localized struc-
tures: vortex soliton (upper row) and triangle complex of weakly -coupled fundamental dissipative
solitons (lower row). We have a regime of slow absorption and fast gain: τg = 100, τa = 400. Other
parameters are the same as in Fig. 3

energy flows with respect to rotation at any angle [15]. The stability also occurs
under conditions of relatively slow absorption and fast gain.

For laser class A systems, motion of complexes of solitons with weak inter-
soliton coupling is determined by their symmetry, i.e., the symmetry of the
transverse distributions of intensity and radiation energy flows [15]. For example,
a complex does not move and rotate in the case of two axes of mirror symmetry
of these two distributions, and its center of inertia moves in a straight line in the
case of only one axis of symmetry [15]. The situation with class B laser solitons
is similar, but then the distributions of gain and absorption should additionally be
taken into account. In Fig. 4, a stable complex of three fundamental solitons in the
form of an isosceles triangle is shown. There is zero phase difference between the
two solitons on the base of the triangle and an anti-phase soliton at the third vertex
of the triangle. It moves along the symmetry axis with constant velocity, even for
fairly large relaxation times for gain and absorption. The velocity V is fairly small,
V = 0.07LF/τc ∼ 0.0014c, where LF =

√
λL/4π (1−R) is the effective width of

the Fresnel zone, L is the cavity length, λ is the radiation wavelength, R is the prod-
uct of the reflection coefficients of the cavity mirrors, and c is the light speed in
vacuum. The velocity value depends only weakly on the relaxation times. In this
case, the speed of motion decreases by a factor of 2 for an increase in τg,a by a
factor of 100. Note that the constituent solitons are stable and motionless if they are
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isolated; therefore this motion is not connected with any instability of the motionless
structures and is just manifestation of the complex asymmetry. The triangle complex
is stable up to relaxation times of hundreds of photon lifetimes in the cavity.

However, our simulations show that not all complexes of laser solitons are sta-
ble under conditions which are typical in experiments on VCSELs with integrated
saturable absorption. So, we now give the results for the case of pairs of vortex
laser solitons with strong coupling [21]. A pair of vortex solitons with the same
topological charges, “the topological double” keeps stability even for the large re-
laxation times of τg = 100 and τa = 400. With a further increase in the relaxation
times, destabilization and quasi-chaotic behavior take place, but the whole structure
remains localized (Fig. 5).

A pair of vortex solitons with opposite topological charges, “the topological
dipole” is not very stable in class B lasers; it is destabilized for τa > 10. Then
annihilation of vortices takes place with the final formation of a single fundamental
dissipative soliton, as shown in Fig. 6.

Fig. 5 Evolution of transverse distribution of intensity for the “the topological double”—a strongly
coupled pair of two vortex dissipative solitons with equal topological charges. The radiation energy
flows for the two vortices in the middle of the double have opposite directions. The destabilization
which occurs for fairly large relaxation times (τg = 100, τa = 400) results in the formation of a
quasi-chaotic, but localized, structure

Fig. 6 Evolution of transverse distribution of intensity for the “the topological dipole”—i.e., a
strongly coupled pair of two vortex dissipative solitons with opposite topological charges. The
radiation energy flows of the two vortices in the middle of the dipole have the same direction.
Destabilization takes place for fairly small relaxation times (τg = 10, τa = 40) and leads to the
annihilation of the vortices and the formation of one fundamental soliton
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5 Bifurcation from Motionless to Slowly Moving Structures

A general mechanism of destabilization of motionless localized structures, resulting
in their slow motion, as determined by the finite response time of the nonlinearity,
was first found for 1D systems without medium diffusion [16, 17, 18, 19]. Here,
we generalize this analysis, taking into account carrier diffusion and the assorted
geometries of structures under consideration. To include the case of structures with-
out axial symmetry, e.g., a pair of two coupled fundamental dissipative solitons, we
consider structures with two axes of symmetry, where (1), (2), (3) have solutions
corresponding to motionless and non-rotating complexes.

To find the boundary of stability of motionless dissipative soliton structures, let us
rewrite (1), (2), (3) in the system of co-ordinates moving with velocity v: ξξξ = r−vt,
τ = t. Assume that, in this system of co-ordinates, the field amplitude and medium
gain and absorption do not depend on time, apart from the frequency nonlinear
shift: E = A(ξξξ )exp(ivξξξ/2− iνt), g = g(ξξξ ), a = a(ξξξ ). Then one has the following
equations for the stationary amplitudes:

− idsv∇ξξξ A+dsv
2A/4 = (i+ds)∇2

ξξξ A+ iαA+(−1+g−a)A,

− τgv∇ξξξ g = dg∇2
ξξξ A+g0 − (1+bgI)g, α = ν + v2/4, (13)

− τav∇ξξξ a = da∇2
ξξξ A+a0 − (1+baI)a, I = |A|2 .

Near the point of bifurcation from motionless to moving structures, the speed is

small v2 = |v|2  1. Let us fix the bifurcation point τ(0)
g (τa) on the parameter plane

τg,τa and decompose the unknown functions in a series with the small parameter
being v:

τg = τ(0)
g (τa)+ v2τ(2)

g + · · · , A = A0(ξξξ )+ vA1(ξξξ )+ · · · , (14)

g = g0(ξξξ )+ vg1(ξξξ )+ · · · , a = a0(ξξξ )+ va1(ξξξ )+ · · · . (15)

In the specific case of a distribution with axially symmetrical intensity, (13) take
the form [

(i+ds)∇2
ξξξ + iα

]
A0 (ξξξ )+ [−1+g0 (ξξξ )−a0 (ξξξ )]A0 (ξξξ ) = 0,

−dg∇2
0g0 (ξξξ ) = g0 −

(
1+bg |A0 (ξ )|2

)
g0 (ξξξ ) ,

−da∇2
0a0 (ξξξ ) = a0 −

(
1+ba |A0 (ξ )|2

)
a0 (ξξξ ) , (16)

where ∇2
0 = ∂ 2

r +nr−1∂r.
The equations for the first-order perturbations are deduced as a result of the lin-

earization of (13) near the unperturbed solution:

V0 = (A0 (ξξξ ) ,A∗
0 (ξξξ ) ,g0 (ξξξ ) ,a0 (ξξξ ))Tr

.
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In matrix form, they are as follows: L̂V1 = U1, where

V1 = (A1 (ξξξ ) ,A∗
1 (ξξξ ) ,g1 (ξξξ ) ,a1 (ξξξ ))Tr

,

and L̂ is a matrix differential operator:

L̂ =

⎛
⎜⎜⎜⎜⎝

L11 0 −A0 (ξξξ ) A0 (ξξξ )

0 L∗
11 −A∗

0 (ξξξ ) A∗
0 (ξξξ )

−bgA∗
0g(ξξξ )0 (ξξξ ) −bgA0 (ξξξ )g0 (ξξξ ) Lg 0

−baA∗
0a(ξξξ )0 (ξξξ ) −baA0 (ξξξ )a0 (ξξξ ) 0 La

⎞
⎟⎟⎟⎟⎠ , (17)

where L11 = iα +(i+d0)∇2
ξξξ + f0, Lg,a = 1+bg,a|A0|2 −dg,a∇2

ξξξ .
According to the Fredholm alternative, the condition of solvability of the linear

inhomogeneous equation L̂V1 = U1 is the orthogonality of its right-hand side to the
null vector of the adjoint operator:

L̂†ΨΨΨ†
1 = 0, ⇒

〈
ΨΨΨ†

1,U1

〉
= 0, ΨΨΨ†

1 =
(

ψψψ†
1,ψψψ

†∗
1 ,g†

1,−a†
1

)Tr
, (18)

where

L̂† =

⎛
⎜⎜⎜⎜⎝

L11 0 −bgA∗
0g(ξξξ )0 (ξξξ ) −baA∗

0 (ξξξ )a0 (ξξξ )

0 L∗
11 −bgA0 (ξξξ )g0 (ξξξ ) −baA0 (ξξξ )a0 (ξξξ )

−A0 (ξξξ ) −A∗
0 (ξξξ ) Lg 0

A0 (ξξξ ) A∗
0 (ξξξ ) 0 La

⎞
⎟⎟⎟⎟⎠ . (19)

For a soliton structure of general type, without axial symmetry, the first-order
equations for vectors ψψψ†

1 = ψψψ†
1 (ξξξ ), g†

1 = g†
1 (ξξξ ), g†

1 = g†
1 (ξξξ ) have the form

(i+ds)∇2
ξξξψψψ†

1 + iαψψψ†
1 + f (|A0|2)ψψψ†

1 = A∗
0 (r)g0 (r)g†

1 −bA∗
0 (r)a0 (r)a†

1,

−dg∇2
ξξξ g†

1 +
(
1+bg|A0|2

)
g†

1 = 2Re A0 (r)ψψψ†
1,

−da∇2
ξξξ a†

1 +
(
1+ba|A0|2

)
a†

1 = 2Re A0 (r)ψψψ†
1. (20)

For the particular case of nonlinearity which is instantaneous and local, τg,a =
dg,a = 0, it is sufficient to solve the following equation:

(i+ds)∇2
rψψψ†

1 + iαψψψ†
1 + f (|A0|2)ψψψ†

1 + |A0|2 f ′(|A0|2)ψψψ†
1 +A∗2

0 f ′(|A0|2)ψψψ†∗
1 = 0.

(21)

For structures of general type,

g†
1 =

2Re A0 (r)ψψψ†
1

1+bg|A0|2
, a†

1 =
2Re A0 (r)ψψψ†

1

1+ba|A0|2
. (22)
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Then, the resulting solvability condition can be written in the following general
form:

τ(0)
g

∫
g†

1 (r)∇rg0 (r)d3r =

τa

∫
a†

1 (r)∇ra0 (r)d3r+2
∫

dsIm
[
ψψψ†

1 (r)∇rA0 (r)
]

d3r. (23)

Note that this general equation determines the linear function τ(0)
g (τa) and, due to

the inequality ds > 0, the corresponding straight line in the parameter plane (τg,τa)
does not cross the origin of the co-ordinates (τg = τa = 0).

For the specific case of single fundamental or vortex dissipative solitons, it is
sufficient to consider only the radial equations in the zeroth order, substituting
A0 (ξξξ ) = A0 (ξ )eimϕ in (16) and ψψψ†

1 (ξξξ ) = ψ̄̄ψ̄ψ†
1 (ξξξ )e−imϕ in (18). These equations

and the expressions for the matrices hold true after replacing ξ →ξ →ξ → ξ and ∇2
ξξξ in

the first equation for ∇2
m = ∂ 2

ξ + nξ−1∂ξ −m2ξ−2 (m = n = 0 for 1D case) and in

the other two equations for ∇2
0. Then, introducing polar co-ordinates (ξx = r cosϕ ,

ξy = r sinϕ) and decomposing the differential operator ∇ξξξ into vector form

ψ̄̄ψ̄ψ†
1 (ξξξ ) = erψ†

r (r)+ eϕ ψ†
ϕ (r) , ψ†

± (r) = −ψ†
r (r)± iψ†

ϕ (r) ,

g†
1 (ξξξ ) = erg

†
r (r)+ eϕ g†

ϕ (r) , a†
1 (ξξξ ) = era

†
r (r)+ eϕ a†

ϕ (r) ,
(24)

we get coupled linear equations for the components of the eigenfunctions of the op-
erator L̂†. It is more convenient to solve equations for the field perturbations ψ†

± (r),
defined in (24), and for g†

±, a†
±:

[
(i+ds)∇2

m±1 + iα + f0 (r)
]

ψ†
± (r) = bgA∗

0 (r)g0 (r)g†
±−baA∗

0 (r)a0 (r)a†
±,(

−dg∇2
0 +1+bg |A0 (r)|2

)
g†
± = A0ψ†

± +A∗
0ψ†∗

∓ ,(
−da∇2

0 +1+ba |A0 (r)|2
)

a†
± = A0ψ†

± +A∗
0ψ†∗

∓ , (25)

where f0 (r) = −1 + g0 (r)− a0 (r), ∇2
m = ∇2

0 −m2r−2, and ∇2
0 = ∂ 2

r + nr−1∂r (for
1D case, m = n = 0). As a result, for symmetric structures, (23) takes the form

τ(0)
g

∞∫

0

g†
r (r)∂rg0 (r)r dr = τa

∞∫

0

a†
r (r)∂ra0 (r)r dr

+2

∞∫

0

ds
[
Im

(
ψ†

r ∂rA0
)
+mr−1Re

(
ψ†

ϕ A0
)]

r dr.

(26)

The corresponding straight line in the parameter plane (τg,τa) is given in Figs. 1
and 3 as line 1. The result of the bifurcation considered is analyzed in the next
section.
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6 Slowly Moving Dissipative Solitons

The bifurcation found in the previous section is a super-critical bifurcation from
motionless to slowly moving structures, and the instability of motionless dissipative
solitons to the right of line 1 is confirmed by direct numerical simulations. In the
close vicinity of line 1 in Figs. 1–3, slowly moving solitons are stable where their
speeds tend to zero as the parameters approach line 1. This is surely valid if, on
the left of line 1, there are no other instabilities which could destabilize motionless
structures due to, e.g., an Andronov–Hopf bifurcation. Despite the weak asymme-
try of these soliton shapes, the energy balance between radiation and the medium
holds, and the spatial distributions of gain and absorption remain almost the same
as those for an instantaneous nonlinearity. To characterize the bifurcation-induced
asymmetry, let us introduce two functions, which, respectively, have the meaning of
instantaneous total gain excess over unsaturated (δg) and saturated (δG) total gain:

δg = (g(r)−a(r))− (g0 −a0) , (27)

δG = (g(r)−a(r))−
(

g0

1+bgI(r)
− a0

1+baI(r)

)
. (28)

In Figs. 7 and 8, radiation intensity profiles and profiles of the functions δg and
δG for slowly moving 1D-dissipative solitons under conditions of zero (Fig. 7) and
strong (Fig. 8) carrier diffusion are presented. One can see that the asymmetry is not
very pronounced for radiation intensity profiles. It is connected with the low value
of the speed. The gain function δg is practically symmetric, with a minimum at the
maximum of the radiation intensity. The depth of the gain well decreases for strong
diffusion. For the function δG, there are two minima located at two fronts of the
intensity profile. The asymmetry is most pronounced for the function δG in the case

–
– – – –

–

–

δg δGa

X X

I
b I

Fig. 7 Intensity profile (dashed lines) and profiles of instantaneous total gain δg (a) and δG (b) for
slowly moving (from left to right) dissipative soliton for the case of local nonlinearity. The speed
of motion v = 0.0002 = 8×10−6c, dg = 0, da = 0, τg = 3, τa = 2, g0 = 2.06, d = 0.06
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Fig. 8 Same as in Fig. 7, but for the case of strong carrier diffusion. The speed of motion v =
0.002 = 4×10−5c, dg = 78, da = 52, τg = 3, τa = 2, g0 = 2.05, d = 0.06

of zero carrier diffusion (Fig. 7b), but it is at a very low level value of this function.
As can be seen from Fig. 8b, carrier diffusion decreases asymmetry, but increases
the gain function δG maximum minus minimum difference. One can say that in this
case, the energy flows between the radiation and the medium are balanced in the
sense that characteristic changes of total gain functions are located in the center or
at the fronts of the radiation intensity profile.

For 2D slowly moving dissipative solitons, the conclusions are similar, but a new
issue arises. Though the speed of slowly moving symmetric solitons is fixed by
the system parameters, their direction in the 2D geometry is arbitrary. However, in
the general case of structures without axial symmetry, e.g., a pair of weakly cou-
pled fundamental solitons, there is no isotropy for motion direction to be broken
by the asymmetry of the unperturbed structure. Therefore, only the initial stage of
the dynamics is characterized by an almost arbitrary direction of the structure mo-
tion, induced by the concrete noise realization. Then simulations demonstrate the
tendency of two coupled dissipative solitons, under conditions of pair stability, to
move in single file. This could be connected with the criterion of energy benefit,
because the pair moves in a “hostile environment” where linear gain is smaller than
linear losses.

7 Flying and Non-stationary Dissipative Solitons

Both motionless and slowly moving dissipative solitons lose stability for sufficiently
large relaxation times. Then, in fairly narrow zones of parameters, various non-
stationary regimes occur. However, in much wider range of parameters, a regime
of “flying solitons” forms—with a much higher speed of motion and maximum
intensity. For 1D-dissipative solitons without carrier diffusion, this regime was first
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found in [16, 17, 18, 19]. Flying solitons arise as a result of a sub-critical bifurcation
with characteristic hysteresis jumps in, e.g., structure speed with a slow variation of
the system parameters. In this section, we present the results of a more detailed
study of this regime, both for 1D- and 2D-dissipative solitons, taking into account
non-locality of the medium nonlinearity.

Let us begin with 1D geometry. In Figs. 1, 2, the domain of existence of flying
dissipative solitons is given as a function of relaxation times and carrier diffusion
coefficients. According to Fig. 1, flying solitons exist under conditions where ab-
sorption is faster than gain. As one can see from Fig. 2, carrier diffusion increases
the minimum gain necessary for the formation of flying solitons. The overlap of the
domains of existence of the regimes of motionless, slowly moving, and flying soli-
tons means that hysteresis phenomena will occur with an increase or decrease in the
system parameters. The profiles of radiation intensity and medium gain functions
are presented in Fig. 9. Comparing them with Fig. 7, one can see that the radia-
tion maximum intensity for flying solitons is much higher, by about 5–7 times, than
that for motionless and slowly moving solitons, while flying solitons are narrower.
Again, asymmetry is more pronounced for total gain functions. There is a long tail
of total gain in the region behind the intensity peak, where the intensity is close to
zero; its origin is in carrier relaxation and diffusion. Due to the inequality τg > τa,
gain dynamics is slower than that for absorption. One can say that there is now a
local imbalance between gain and losses, resulting in fast motion of the dissipative
soliton.

For certain sets of parameters, the regime of flying dissipative solitons loses sta-
bility, and some non-stationary regimes occur. In addition to the regimes of periodic
or quasi-periodic oscillations which are typical for the Andronov–Hopf bifurcation,
there are more interesting classes with non-conservation of dissipative soliton num-

– – – –
–

–

δg δG
a

X X

I b I

Fig. 9 Same as in Fig. 7, but for the case of a flying dissipative soliton and strong carrier diffusion.
The speed of motion v = 2.5 = 0.05c, dg = 21, da = 14, τg = 3, τa = 2, g0 = 2.05, d = 0.06
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ber. For class A lasers, such a regime of “leading center” was found in [22]. In
Fig. 10, we present a different type which is specific to class B lasers. Here, a flying
soliton periodically produces a new one on the pulse trailing edge. The new soliton
propagates with a lower speed and finally stops by transforming into a motionless
symmetric dissipative soliton. At the same time, the initial soliton recovers its shape,
and the process repeats.

The structure of 2D flying dissipative solitons is similar to the 1D case and is
presented in Figs. 11 and 12. From Fig. 11, it follows that the tail of the total gain
(Fig. 11b) is much longer than that for intensity (Fig. 11a) and is located in the
area where the radiation intensity is very low. However, it is possible to shorten the
tail when relaxation times for gain and absorption are balanced (compare Fig. 12a
and b).

For the conditions of Fig. 11, the dimensionless speed of the flying dissipative
soliton is high, v = 5. Here are estimates of the corresponding physical values of
parameters which are typical for VCSELs: radiation wavelength λ = 1μm, cavity
length L = 4λ , and product of reflection coefficients of cavity mirrors R ≈ 0.999,
τc = (L/c)/(1−R) ∼ 1ps, which gives the fairly high speed V = v(LF/τc) =
vc
√

(1−R)λ/4πL ∼ 0.1c. This corresponds to a switching time 10 ps for a laser
aperture 100μm or a switching frequency of about 100 GHz. However, 2D flying
solitons are very sensitive to perturbations in the direction transverse to the direc-
tion of their motion. For small changes of system parameters, widening of flying
solitons and subsequent birth of new solitons is typical. This results in the forma-
tion of a chaotic combination of moving solitons and switching waves below the
linear lasing threshold. Effective control of this dynamics is possible for laser cavi-
ties with moderately large Fresnel numbers. It is also important to use an absorber
which is slow when compared with the gain.

8 Conclusions

In conclusion, we have investigated, theoretically and numerically, 1D- and 2D-
dissipative solitons, or dissipative solitons, in wide-aperture lasers with saturable
absorption, taking into account the non-instantaneous and non-local nature of the
medium nonlinearity. This model is important for the following reasons. First, it
describes semiconductor vertical cavity surface emitting lasers much better than
class A models. These lasers are very promising for experiments and for poten-
tial applications of optical dissipative solitons to information processing [9, 5, 23].
Second, this model not only confirms most of the predictions of the simpler laser
class A theory, but also provides evidence of new phenomena connected with the
non-instantaneous and non-local nature of the optical nonlinearity. Third, this op-
tical model is a step toward unification with the reaction–diffusion models used in
many other fields of dissipative soliton theory [2, 24]. In fact, the Bloch equations
for gain (an activator, or yang in the ancient Chinese philosophy—see also [25])
and absorber (an inhibitor, or Chinese yin) are quite similar to the equations of the
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Fig. 10 Profiles of radiation intensity (dashed lines) and deviation of total gain from its value for
fast saturation (solid lines) at different time moments, as indicated near the figures, demonstrating
the regime of the shooting dissipative soliton. The dynamics corresponds to periodic birth of a new
soliton on the trailing edge of a flying soliton with the later restoration of the initial soliton shape
and the braking of the new soliton, which transforms into a motionless one. Here dg = 0.92483,
da = 0.58333, g0 = 2.09, d = 0.06

reaction–diffusion theory, where the electromagnetic field envelope plays the role of
some mediator. Depending on the parameters, by generalization of the model equa-
tions (1), (2), (3), it is possible to derive some simple particular cases describing
laser class A systems, with diffraction and/or dispersion-dominated non-locality, or
reaction–diffusion models where non-locality has a predominantly diffusive nature.
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a

b

Fig. 11 Transverse distributions of radiation intensity (a) and total gain function δg (b) for 2D
flying dissipative soliton, v = 5; g0 = 2.09, dg = 0, da = 0, τg = 3.077, τa = 0
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Fig. 12 Contour maps of total gain function δg for 2D flying dissipative soliton. Parameters are
g0 = 2.09, dg = 0.052, da = 0, τg = 3; (a) τa = 0, (b) τa = 2

Also, note that the main features of typhoons, including the threshold nature of
their excitation, allow us to anticipate the possibility of classifying them as giant
dissipative vortex solitons. Knowledge of laser vortex soliton instabilities and the
laws of their motion can open up a new approach to controlling typhoon trajectories,
and even their existence, with relatively weak artificial perturbations.
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Excitability Mediated by Dissipative Solitons
in Nonlinear Optical Cavities

P. Colet, D. Gomila, A. Jacobo, and M.A. Matı́as

Abstract Cavity solitons, which are dissipative solitons with a finite extension that
appear in the transverse plane of nonlinear optical cavities, have been advocated for
use in fast and compact optical information storage. We discuss the instabilities that
can affect cavity solitons appearing in Kerr cavities. In particular, cavity solitons
may exhibit a Hopf bifurcation leading to self-pulsating behavior, which is then
followed by the destruction of the oscillation in a saddle-loop bifurcation. Beyond
this point, there is a regime of excitable cavity solitons which appear when suitable
perturbations are applied. Excitability is characterized by the nonlinear response of
the system upon the application of an external stimulus. Only stimuli exceeding
a threshold value are able to elicit a full and well-defined response in the system.
In the case of cavity solitons, excitability emerges from the spatial dependence,
since the system does not exhibit any excitable behavior locally. We demonstrate
the existence of two different mechanisms which lead to excitability, depending on
the profile of the pump field.
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1 Introduction

The concept of excitability was initially introduced in the context of biological
systems, e.g., to describe neuron firing, and it has been found to be present in a
wide variety of systems [1, 2], including optical systems [3, 4, 5, 6, 7]. Typically, a
system is considered to be excitable if the response of the system to perturbations of
the stationary state varies greatly, depending on whether the amplitude of the pertur-
bation exceeds a threshold value. Thus, while small perturbations induce a smooth
return to the fixed point, above-threshold perturbations induce a large phase space
excursion (firing) before coming back to the rest state. Furthermore, after one fir-
ing, the system cannot be excited again within a refractory period of time. In phase
space [8, 9], excitability occurs for parameter regions where a stable fixed point is
close to a bifurcation in which an oscillation is created. A well-known example of
an excitable system is the FitzHugh–Nagumo model, close to the Hopf bifurcation.
One may also find excitable behavior mediated by a saddle point, in the form of
either an Andronov (or saddle node on the invariant circle) bifurcation or a saddle-
loop (or homoclinic) bifurcation. These three scenarios are the simplest possible,
and they occur in systems that, minimally, can be characterized by two phase space
variables. The first scenario is characterized by the fact that the response time to
come back to the fixed point after a firing is basically constant. This is described as
a Class II excitability. In the last two scenarios, where excitability is mediated by
a saddle, the distribution of response times is unbounded and they are described as
Class I excitability.

The concept of excitability has been extended to systems with spatial dependence
by coupling several or many zero-dimensional excitable systems [1, 2]. Here, we
consider a different situation – a system that does not show excitable behavior when
there is no spatial dependence, but does show this behavior when the dissipative
localized structures appear in an extended system with spatial dependence.

Dissipative solitons (DSs) are spatially localized structures that appear in certain
dissipative media [10, 11], and, in particular, they have been found in a variety
of systems, including chemical reactions [12, 13], gas discharges [14], and fluids
[11]. They are also found in optical cavities due to the interplay of different effects,
such as diffraction, nonlinearity, driving, and dissipation [15, 16, 17, 18, 19]. These
structures, also known in this field as cavity solitons, have to be distinguished from
conservative solitons which are found, for example, in propagation in fibers, and
for which there is a continuous family of solutions, which can depend on the initial
conditions. Instead, a cavity soliton is unique once the parameters of the system
have been fixed. This fact makes these structures potentially useful in optical (i.e.,
fast and spatially dense) storage and processing of information [17, 19, 20, 21, 22].

DSs may develop various kinds of instabilities, as they may start moving, breath-
ing, or oscillating. In the latter case, the amplitude of the DS oscillates in time,
while its position remains stationary in space, like the “oscillons” found in a vi-
brating layer of sand [23]. Oscillating DSs are autonomous oscillons and have been
reported in both optical [24, 25, 26] and chemical systems [27]. They appear when
the DS exhibits a Hopf bifurcation. Here, we describe a route by which autonomous
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oscillating DSs are destroyed, leading to an excitability regime [28, 29]. The ex-
citable behavior may confer new computational capabilities, beyond information
storage, to DSs in optical systems.

In particular, we consider the dynamics of DSs arising in optical cavities filled
with a Kerr nonlinear medium. These are known as Kerr cavity solitons (KCS) as
a consequence of a modulational (namely a pattern-forming) instability of a ho-
mogeneous solution. They exist in the parameter range where the homogeneous
solution coexists with sub-critical (hexagonal) patterns. They share some proper-
ties with propagating spatial (conservative) solitons in a Kerr medium, but there are
also interesting differences. While Kerr spatial solitons are stable in one transverse
dimension (1D), it is well known that their 2D counterparts are unstable against
self-focusing collapse [30]. The stability and dynamics of 2D Kerr cavity solitons
are thus of particular interest, and their existence and stability have been studied in
several papers [24, 25, 31].

Here, we show the existence of different mechanisms leading to excitability, de-
pending on the profile of the pump field. For a homogeneous pump, the mechanism
leading to excitable behavior is a saddle-loop bifurcation through which a stable
oscillating DS collides with an unstable DS [28, 29]. For a system pumped by a lo-
calized Gaussian beam on top of a homogeneous background, the scenario is richer
and one finds two different mechanisms leading to excitability. One is based on
a saddle-loop bifurcation, as above, while the other takes place through a saddle
node in an invariant circle (SNIC) bifurcation. Under the second mechanism, the
excitability threshold can be tuned by changing accessible system parameters.

2 Model

An optical cavity filled with a nonlinear Kerr medium can be described by the model
introduced by Lugiato and Lefever [32]. This prototype model, obtained by averag-
ing the dependence of the field along the propagation direction, was first introduced
to study pattern formation in this system. Later studies showed that this model also
exhibits DSs in some parameter regions [24, 31]. In the paraxial limit, after suitably
rescaling the variables, the dynamics of the intra-cavity slowly varying amplitude
of the electromagnetic field E(x, t), where x = (x,y) is the plane transverse to the
propagation direction, is given by

∂E
∂ t

= −(1+ iθ)E + i∇2E +EI + i|E2|E. (1)

The first term on the right-hand side describes cavity losses (which make the
system dissipative), EI is the input field, θ the cavity detuning with respect to EI,
and ∇2 = ∂ 2/∂x2 + ∂ 2/∂y2 is the transverse Laplacian which models diffraction.
The sign of the cubic term indicates the so-called self-focusing case.

When neither loss nor input field is present, the intra-cavity field can be rescaled
to E →Eeiθ t to remove the detuning term and (1) becomes the nonlinear Schrödinger
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equation (NLSE). For the NLSE in two spatial dimensions, an initial condition with
sufficient energy collapses, so energy accumulates at a point in space, leading to
the divergence of the solution at a finite time [33]. Dissipation, such as that orig-
inating from the cavity losses, can prevent this collapse [34]. In any case, in the
parameter region in which DSs are stable, their dynamics is closely related to the
collapse regime. In our system, the above mechanism, which combines collapse and
cavity losses, is also responsible for various instabilities arising in regular patterns
which lead to complex spatio-temporal dynamical behavior, including the existence
of optical turbulence [35].

Firstly, we will consider the case in which the input field is homogeneous, viz.
EI(x) = E0. In Sect. 10, we address the case in which the pump consists of a local-
ized Gaussian beam on top of a homogeneous background. For a constant pump,
Equation (1) has a homogeneous steady-state solution which is implicitly given by
Es = E0/(1 + (i(θ − Is)), where Is = |Es|2 [32]. For convenience, we will use the
intra-cavity background, Is, together with θ , as our control parameters. It is well
known that the homogeneous solution shows bistability for θ >

√
3.

In the following sections, it is convenient to introduce the field A(x,y) as E =
Es (1 + A), so that A(x,y) describes the solution without the homogeneous back-
ground. Equation (1) can be rewritten as

∂A
∂ t

= −(1+ iθ)A+ i∇2A+ iIs
(
2A+A� +A2 +2|A|2 + |A|2 A

)
. (2)

Note that this equation is fully equivalent to (1), without any linear approximation.
For numerical simulations, we integrate (1) using a pseudo-spectral method

where the linear terms in Fourier space are integrated exactly, while the nonlinear
ones are integrated using an approximation which is second order in time [29, 36].
Periodic boundary conditions are used since they are convenient for the pseudo-
spectral code. The system size is large enough to ensure that the electric field reaches
the homogeneous steady state well inside the boundaries. A square lattice of size
512 × 512 points was used. The space discretization was taken as dx = 0.1875,
while the time step was dt = 10−3.

3 Dissipative Solitons for Homogeneous Pump

The homogeneous solution is stable for Is < 1. The so-called modulation instability
takes place at Is = 1 and the homogeneous solution becomes unstable, leading to the
formation of hexagonal patterns [32, 37]. For Is > 1, the homogeneous solution con-
tinues to exist, although it is unstable. The hexagonal patterns are sub-critical, viz.
through an S-shaped branch, and thus, they coexist with the stable homogeneous
solution for a certain parameter range. This bistability is at the origin of the exis-
tence of stable DSs that appear when suitable (localized) transient perturbations are
applied. The DS can be seen as a solution connecting a cell of the pattern with the
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Fig. 1 Phase diagram of DSs
in a Kerr cavity. KCSs are
stable in region II and oscillate
in III. (The line between these
two regions indicates a Hopf
bifurcation.) In the lower
part, below the saddle-node
bifurcation (solid line), there
are no KCSs. When crossing
from regions III to V (VI),
one KCS develops azimuthal
instabilities, with m = 5
(m = 6) which lead to an
extended pattern. To the left
of the saddle-loop bifurcation
(dashed line), the system
exhibits excitability
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homogeneous solution. While the existence of DSs in this bistable regime is quite
generic in extended systems, the stability of such DSs strongly depends on the par-
ticular system. The region of existence of DSs, also known as Kerr cavity solitons
(KCSs), in parameter space is shown in Fig. 1 [25].

The mechanism by which KCSs appear is a saddle-node (or fold) bifurcation,
as can be seen in Fig. 2 for θ = 1.34 and Is ∼ 0.655 (|E0|2 ∼ 4.5), where a pair of
stable–unstable DSs are created [21, 38]. The middle-branch KCS is unstable and
ends at the modulational instability point where it collides with the homogeneous
solution. The middle-branch KCS then acts as a barrier. Thus, if an initial condition
is somewhat above the middle branch in phase space, it will evolve to the upper
branch (so that a DS is written), while it will decay to the homogeneous solution
if below it. This role of the middle-branch DS, as a separatrix in phase space, is
quite general and has been identified in a semiconductor model [39] and experi-
mentally observed for solitons in a sodium cell with feedback [40, 41, 42] and in a
semiconductor cavity [43].

The DSs are rotationally symmetric about their centers. Figure 2 shows the spa-
tial shape of a typical upper- and middle-branch DS. The transverse profile can be
accurately found by taking advantage of the symmetry. From (2), one obtains the
radial equation for A(r):

∂A
∂ t

=− (1+ iθ)A+ i

(
∂ 2

∂ 2r
+

1
r

∂
∂ r

)
A

+ iIs
(
2A+A� +A2 +2|A|2 + |A|2 A

)
. (3)
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Fig. 2 Bifurcation diagram of stationary KCSs: max(|E|2) vs. Is for θ = 1.34. Solid lines represent
stable solutions and dashed lines unstable ones. The lowest branch corresponds to the homoge-
neous solution that becomes unstable at Is = 1.0. The upper branch corresponds to the stable KCS,
while the middle branch corresponds to the unstable KCS. Upper and middle branches originate
at the saddle-node bifurcation. The upper branch becomes Hopf unstable for larger values of Is.
The 3D plots, from top to bottom, show the profiles of the upper-branch KCSs, the middle-branch
KCSs, and the homogeneous solution

Steady-state DS solutions, both stable and unstable, are found by equating the left-
hand side of (3) to zero. The boundary conditions for this problem are such that the
derivatives are zero at the boundaries: ∂A/∂ r(r = 0) = ∂A/∂ r(r = L) = 0, where the
system size, L, is large enough to ensure that the electric field smoothly approaches
the homogeneous solution (A(r) → 0) before reaching the boundary. Discretizing
the radial coordinate, one obtains a set of coupled nonlinear equations which can be
solved using a Newton–Raphson method [44, 45]. Spatial derivatives are computed
in Fourier space. The initial guess for the Newton method is obtained from a radial
cut of a numerical integration of the 2D equation (1). After obtaining a precise
solution for given parameter values, continuation techniques [46] are used to explore
the region of existence of KCSs in the parameter space. This approach is extremely
accurate, and it allows us to find both stable and unstable fixed point solutions.

The stability of the DS against radial and azimuthal perturbations is obtained, cf.
[47], by linearizing equation (2) around the stationary DS, ADS(r). This yields a lin-
earized equation for the time evolution of the perturbations δA(r,φ , t) = A(r,φ , t)−
ADS(r). The solutions of the linear problem can be written as

δA = [R+(r)eimφ +R−(r)e−imφ ]exp(λ t) , (4)

where m is the wavenumber of the azimuthal perturbation. This yields the eigenvalue
problem

UΨΨΨ = λΨΨΨ, (5)

where ΨΨΨ = (R+,R�
−)� and U =

(
U+ U−
U�
− U�

+

)
with
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U+ = −(1+ iθ)+ i

(
∂ 2

∂ 2r
+

1
r

∂
∂ r

− m2

r2

)
+ i2Is

(
1+ADS +A�

DS + |ADS|2
)

U− = iIs
(
1+2ADS +A2

DS

)
. (6)

For purely radial perturbations (m = 0), we have R− = R+. The matrix U is time
independent, as it is evaluated at the stationary DS (stable or unstable) under
study.

The problem thus reduces to finding the eigenvalues, λ , and eigenvectors, ΨΨΨ,
where it is important to mention that U is a complex matrix, so the eigenvectors are,
in general, complex quantities. Due to the symmetry of U, the eigenvalues are either
real or pairs of complex conjugates. This last property stems from the fact that,
considering the real and imaginary parts of As, U can be rewritten as a real matrix.
Due to the discretization of the space, ΨΨΨ becomes a vector whose dimension is 2N.
The set of eigenvectors ΨΨΨi (i = 1,2N) forms a basis, and their amplitudes define a
natural phase space for studying the dynamics of DSs. Thus, the stability problem
of stationary DSs, which, in principle, live in an infinite-dimensional phase space,
is numerically reduced to the study of these stationary DSs in a finite, albeit large,
dimensional phase space. However, we note that U is not self-adjoint, and these
modes do not form an orthogonal basis. To find the components of a field profile on
a mode ΨΨΨi, one has to project it onto the corresponding eigenmode ΦΦΦi of the adjoint
Jacobian matrix U†.

The stability of the 2D KCS, as function of the two control parameters (θ , Is),
is displayed in Fig. 1. The lowest curve corresponds to the saddle-node bifurcation
where the upper and middle KCS branches collide. There are no KCS solutions be-
low this line. The area above the saddle-node curve shows where 2D KCSs exist,
and region II corresponds to the parameter values for which they are stable. For a
given detuning, KCSs only exist for a finite range of background intra-cavity in-
tensities, Imin < Is < 1. While the range of existence is broader when the detuning
is increased, the range in which KCSs are stable is, in fact, narrower. For θ > 1.5,
it is so narrow that early studies missed the existence of stable KCSs altogether
[31]. DSs can be unstable to perturbations at zero azimuthal number (m = 0), when
crossing from regions II to III in Fig. 1, or to azimuthal perturbations (m 	= 0),
when crossing from II to V or VI [25]. In the first case, the instability preserves
the shape of the KCS and leads to an oscillatory DS. This case will be discussed
in detail in Sect. 5. On the other hand, when the KCS undergoes an azimuthal in-
stability, its radial symmetry is broken and a pattern arises, as discussed in the next
section.

4 Azimuthal Instabilities

For the approximate range θ < 1.22, shown in Fig. 1, the KCS become unstable as
Is is increased due to an azimuthal instability with m = 5 or m = 6, depending on the
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Fig. 3 Development of m = 6 azimuthal instability. From left to right: t = 0,100,200,300. θ = 1.1,
I = 0.97

detuning. The ring surrounding the KCS core breaks into five or six spots, respec-
tively. Numerical integration of (1) shows that the resulting structure then grows to
invade the homogeneous background. For θ < 1.1, the system is unstable to pertur-
bations with azimuthal number m = 6, leading to a hexagonal pattern (Fig. 3). This
pattern is not stationary but oscillates because of the values of Is and θ [35]. For
a narrow domain around θ = 1.2 (Fig. 1), m = 5 dominates and the growing pat-
tern, though locally hexagonal, retains its global five-fold symmetry (Figs. 4 and 5).
Due to periodic boundary conditions, penta–hepta defects are created as soon as the
pattern fills the whole system.

Fig. 4 Eigenmode corre-
sponding to an azimuthal
m = 5 instability. θ = 1.2,
I = 0.95

Fig. 5 Development of m = 5 azimuthal instability. From left to right: t = 0,200,400,600. θ = 1.2,
I = 0.95
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5 Oscillatory KCSs

The upper branch DS remains stable for a range of values of Is, but undergoes a
Hopf bifurcation when Is is increased, leading to a limit cycle, and the DS oscillates
autonomously [25, 31, 48]. The oscillatory regime is shown in parameter space in
Fig. 1. Thus, in these conditions, a DS is an autonomous oscillon. An interesting
connection to the conservative case is that the growth of the DS during the oscilla-
tions resembles the collapse regime observed for the 2D (or 2 + 1) NLSE. In this
case, however, dissipation arrests this growth after some value is attained for the
electric field, E. For one spatial dimension, Equation (1) also has DSs in the appro-
priate parameter regime, but these structures never undergo any Hopf instability.

As either the intra-cavity intensity, Is, or the detuning, θ , is increased, the limit
cycle gets closer and closer to the middle-branch KCS and the period of oscillation
increases. This is illustrated in Fig. 6 for an increase in the detuning θ . The time
evolution of the KCS maximum, as obtained from numerical integration of (1), is
plotted in the left column, while the dashed line shows the maximum of the middle-
branch KCS for comparison. The evolution in phase space, projected onto two vari-
ables, is sketched in the right column. At a critical value, θc, a global bifurcation

Fig. 6 Left: DS maximum intensity as a function of time for increasing values of the detuning
parameter θ . From top to bottom: θ = 1.3,1.3047,1.30478592,1.304788. Is = 0.9. Right: Sketch
of the phase space for each parameter value. The thick line shows the trajectory of the DS in phase
space
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Fig. 7 Spectrum of the
unstable (middle branch)
DS for θ = 1.30478592 and
Is = 0.9

takes place – the cycle touches the middle-branch KCS and becomes a homoclinic
orbit [Fig. 6(c)].

It is perhaps surprising that the overall scenario can be understood qualitatively
by resorting to a planar dynamical system, i.e., one with a 2D phase space. As we
will show later, these two phase space variables correspond to the amplitude of lo-
calized modes of the system. The spectrum of eigenvalues for an unstable (middle)
branch DS is shown in Fig. 7. There is only one positive eigenvalue, so this structure
has a single unstable direction in the full phase space. The limit cycle corresponding
to the oscillating KCS is such that it approaches the stable manifold of the middle-
branch KCS and then escapes along the 1D unstable manifold. The middle-branch
KCS is a saddle point in the reduced planar phase space. Once it is created, the
middle-branch DS does not undergo any bifurcation for the parameter values ex-
plored here, and so remains a saddle point in phase space. When the limit cycle cor-
responding to the oscillating KCS touches the middle branch, the KCS undergoes
a so-called saddle-loop bifurcation, and this is the subject of Sect. 6. An excitable
regime, which will be described later in Sect. 8, emerges beyond this bifurcation.

6 Saddle-Loop Bifurcation

A saddle-loop bifurcation is a global bifurcation in which a limit cycle becomes
bi-asymptotic to a (real) saddle point, or, in other words, becomes the homoclinic
orbit of a saddle point (cf. [49, 50]), i.e., at criticality, a trajectory leaving the saddle
point through the unstable manifold returns to it through the stable manifold. Thus,
on one side of this bifurcation, one finds a detached limit cycle (stable or unstable),
while on the other side, the cycle no longer exists, and only its ghost remains, as
the bifurcation creates an exit slit that makes the system dynamics leave the region
in phase space previously occupied by the cycle. (See the long plateau between
t = 15 and t = 60 in Fig. 6(d).) Thus, after the bifurcation, the system dynamics
jumps to another available attractor. In the present case, this alternative attractor is
the homogeneous solution.
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Let us take θ as the control parameter and assume that the saddle-loop bifurca-
tion occurs for θ = θSL and that θ < θSL corresponds to the oscillatory side, where
the limit cycle is detached from the saddle point, while, in turn, θ > θSL corre-
sponds to the side where the limit cycle is no longer present and there is only one
stable solution, which is a fixed point. The fact that the bifurcation is global implies
that it cannot be detected locally (a local eigenvalue passing through zero), but one
can still resort to the Poincaré map technique1 to analyze it, and, interestingly, the
main features of the bifurcation can be understood from knowledge of the linear
eigenvalues of the saddle.

The case studied here is the simplest: a saddle point with real eigenvalues, say
λs < 0 and λu > 0, in a 2D phase space. Strictly speaking, in our case, the saddle
has an infinite number of eigenvalues (Fig. 7), but only two eigenmodes take part in
the dynamics close to the saddle. This will be studied in more detail in Sect. 7. It
is convenient to define the so-called saddle index ν = −λs/λu and saddle quantity
σ = λs + λu. It can be shown2 that this cycle is stable for σ < 0, or ν > 1, at the
side of the saddle-loop bifurcation where one has a detached cycle, while for σ > 0
(ν < 1), the cycle is unstable. Analogously, one can study the period of the cycle
close to this bifurcation, and, to leading order, it is given by [51]

T ∝ − 1
λu

ln |θ −θSL| . (7)

This expression is accurate for θ close enough to θSL. Interestingly, the transient
time spent by a trajectory in the ghost region after the cycle has ceased to exist,
close enough to the bifurcation point, also shows this scaling.

Numerically, the bifurcation point will be characterized by the fact that, on
approaching it from the oscillatory side, the period will diverge to infinity (see
Fig. 8 (a)) and also because, past this bifurcation point, the DS disappears and the
system relaxes to the homogeneous solution, as shown in Fig. 6. For Is = 0.9, the
saddle loop takes place at θSL = 1.30478592. In Fig. 6, the time evolution of the
maximum of the DS is plotted for two values of the detuning, differing by 10−7,
with one just above and the other just below θSL. Figure 8 (b) displays a log-linear
plot of the period versus a control parameter. As expected, it exhibits a linear slope.
Furthermore, one can compare the value of the slope obtained from the simulations
with its theoretical prediction, equation (7), namely −1/λu. The full spectrum of the

1 The Poincaré map can be constructed through two cross-sections, i.e., two planes that are
transversal to the limit cycle and that are placed slightly before and after the closest approach
of the cycle to the saddle point. One can construct two maps from these two planes. The first is the
so-called local (or linear or singular) map, T0, that takes the flow from the plane before the saddle
point to the plane after the saddle point, and is dominated by the saddle point. The second is the
global (or nonlinear) map, T1, that takes the flow all the way from the plane, past the saddle point
through all of the limit cycle back to the plane before the saddle point. The complete Poincaré map
is the composition of these two maps. It has to be remarked that the T0 map is unbounded, as the
return time is infinity at the onset of the global bifurcation.
2 For details refer, e.g., to Sect. 12.3 of [49].
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Fig. 8 (a) Period of the limit cycle, T , as a function of the detuning, θ , for Is = 0.9. The vertical
dashed line indicates the threshold of the saddle-loop bifurcation, θc = 1.30478592. (b) Scaling of
the period in the saddle-loop bifurcation. Crosses correspond to numerical simulations, while the
solid line, arbitrarily positioned, has a slope −1/λu, with λu = 0.177, obtained from the stability
analysis of the middle-branch KCS

middle-branch soliton for θ = θSL is shown in Fig. 7. The agreement between the
simulations and theoretical slopes is within 1%.

A comment is in place here regarding the spectrum shown in Fig. 7. The spectrum
is formed by a stable continuous spectrum (although numerically discretized) and a
discrete one with a positive (λu = 0.177) and a negative (λs = −2.177) eigenvalue.
Having this spectrum in mind, it is perhaps surprising that one can describe the
bifurcation route very well qualitatively, and to some extent quantitatively (cf. the
observed scaling law, Fig. 8), by resorting to a planar dynamical system when many
modes could, in principle, be involved. The first mode of the planar theory unequiv-
ocally corresponds to the positive (unstable) eigenvalue, λu = 0.177, while, in first
approximation, the second mode should correspond to the second nearest to zero
eigenvalue. However, this eigenvalue belongs to a continuum band, and the arbi-
trarily close eigenvalues of its band could play a role in the dynamics, modifying
the planar theory. Moreover, considering this mode, λ ∼ −0.10, the saddle index
ν = −λ/λu < 1, indicating that the cycle emerging from the saddle loop should be
unstable, although we observe otherwise. The analysis of the modes of the unstable
DS and dimensionality of the phase space is addressed in detail in the next section.

7 Quantitative Phase Space Projection

We now study the dynamics in terms of the modes obtained when performing
the stability analysis of the middle-branch DS in a parameter region close to the
saddle-loop bifurcation. By plotting the spatial profile of the modes, one obtains
a clue to identifying the relevant modes for the dynamics. It turns out that most
of the modes of the stable spectrum are delocalized. Figure 9 contains a represen-
tation of two such delocalized modes. The bands of extended modes correspond
to modes of the homogeneous background, and are basically Fourier modes, apart
from a radial dependence coming from the fact that we are using radial instead of



Excitability Mediated by Dissipative Solitons 125

Fig. 9 Stable extended modes
from the continuous band.
The top (bottom) panel shows
the transverse cut of the mode
associated with the eigenvalue
λ =−0.1 (λ =−1+ i0.24) of
Fig. 7. The solid (dashed) line
indicates the real (imaginary)
part of the eigenmode

Cartesian coordinates. As illustrated in Fig. 9, the basic difference between these
modes is the wavenumber of their oscillations. There are, however, two exceptions,
viz. two localized modes which are the one corresponding to the unstable direction
and the most stable mode (which has eigenvalue λs = −2.177). Figure 10 displays
the spatial profiles of these two modes. The fact that the dynamics of the DS remains
localized in the space indicates that only these two localized modes take part in the
dynamics.

Using this knowledge of the spectrum and the relevant eigenmodes, we can now
explain the stability of the orbits emerging out of the bifurcation, specifically by em-
ploying the saddle index introduced above. Computing this index for the two modes
that participate in the saddle-loop bifurcation, one obtains ν = 2.177/0.177 > 1,
and this fits perfectly with the fact that the cycle that detaches at one side of the

Fig. 10 Transverse cut of
the unstable (top) and the
most stable (bottom) modes
of the unstable DS. These
modes are associated with the
eigenvalues λu = 0.177 and
λs =−2.177 of Fig. 7, respec-
tively. The solid (dashed) line
indicates the real (imaginary)
part of the eigenmode
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bifurcation point is stable. Thus, one may understand that the whole dynamical in-
stability scenario of the DS can be analyzed qualitatively in a planar dynamical
system.

A closer inspection of the dynamics in the linear region, namely the region close
to the saddle point, provides a justification of the role of the two participating lo-
calized modes – stable and unstable. Figure 6a contains a time trace of one such
trajectory in the parameter region in which the limit cycle is stable, but close to the
saddle-loop bifurcation. We project the deviation of the trajectory from the unstable
DS onto the most stable and the unstable eigenvectors of the adjoint Jacobian matrix
of the middle-branch KCS. These projections are the amplitudes of the unstable (β1)
and the most stable (β2) modes, whose profiles are shown in Fig. 10. In the linear
region close to the saddle point, the amplitudes of the other modes are negligible.
The trajectory enters the linear region through the stable mode and leaves the region
through the unstable one. This behavior is clear in the insets of Fig. 11. Next, we
reconstruct the qualitative sketch of the bifurcation shown in Fig. 6 from our knowl-
edge of the projections onto the modes, that is, we represent the trajectories before
and after the saddle-loop bifurcation in mode space. Thus, Fig. 11 contains a quan-
titative, reconstructed, 2D phase space from the two localized modes involved in the
transition for a set of parameter values in the oscillatory (a) and excitable (b) sides
of the transition. The dynamics takes place on a plane when close to the saddle, but,
away from it, the nonlinear dynamics bends the trajectory out of the plane into a
higher-dimensional space which produces the apparent crossing of the trajectory in
Fig. 11.

This is the final numerical confirmation that the infinite-dimensional dynami-
cal system on which DSs live can be reduced to a 2D dynamical system with an
excellent degree of precision, and that the picture is fully consistent with a saddle-
loop bifurcation.

Fig. 11 Phase plane reconstructed by finding the amplitude of the deviation of the trajectory from
the unstable DS in the unstable (β1) and the most stable (β2) modes of the middle-branch KCS.
(a) Oscillatory trajectory (θ = 1.3047859). (b) Excitable trajectory (θ = 1.3047860). The symbols
are equally time-spaced along the trajectory, so sparse symbols indicate fast dynamics while dense
symbols indicate slow dynamics. The saddle point is at (0,0). The inset is a close-up of the linear
region around the saddle
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8 Excitable Behavior

The saddle-loop bifurcation described above involves a fixed point (the homoge-
neous solution) on one side of the bifurcation and an oscillation on the other, so
the system is a candidate for exhibiting excitability [9]. While excitability as a re-
sult of a saddle-loop bifurcation has been observed in different systems [7, 8, 9],
it should be noted that it does not always appear. In particular, one needs a fixed
point attractor that is close enough to the saddle point that destroys the oscillation.
The excitability threshold in this type of system is the stable manifold of the saddle
point, which implies that the observed behavior is formally “Class I excitability”
[9]. This means that the excitability is characterized by response times that can be
infinite (if a perturbation exactly hits the stable manifold of the fixed point), or,
conversely, frequencies can start from zero. In our system, the excitable threshold
reduces by increasing Is (Fig. 2), since the middle-branch KCS (the saddle point)
gets progressively closer to the homogeneous solution (fixed point).

This excitability scenario was first shown in [28], and, in parameter space, it is
found in the region above the dashed line corresponding to the saddle-loop bifurca-
tion shown in Fig. 1. Figure 12 shows the resulting trajectories after applying a local-
ized perturbation in the direction of the unstable DS with three different amplitudes

Fig. 12 Top panel: Time evolution of the maximum intensity, starting from the homogeneous
solution (Is = 0.9) plus a localized perturbation of the form of the unstable DS multiplied by a factor
a. The dotted, dashed, and solid lines correspond to a = 0.8, a = 1.01, and a = 1.2, respectively.
The 3D plots show the transverse profile at different times for a = 1.01
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– one is below the excitability threshold (dotted line), while two are above it; of
these, one is very close to threshold (dashed line) and the other is well above it
(solid line). For the below-threshold perturbation, the system decays exponentially
to the homogeneous solution, while, for the above-threshold perturbations, a long
excursion in phase space is performed before returning to the stable fixed point. The
refractory period for the perturbation just above the excitability threshold is appre-
ciably longer, due to the effect of the saddle. The spatio-temporal dynamics of the
excitable DS is also shown in Fig. 12. After an initial localized excitation is applied,
the peak grows to a large value until the losses stop it. Then it decays exponentially
until it disappears. A remnant wave dissipating the remaining energy is emitted out
of the center.

It should be emphasized that, on neglecting the spatial dependence, equation (1)
does not present any kind of excitability. The excitable behavior is an emergent
property of the spatial dependence and it is strictly related to the dynamics of the
2D DS. The self-focusing collapse of the 2D NLSE is behind the long excursion
in phase space. When a localized perturbation concentrates enough power, the self-
focusing nonlinear mechanism induces a concentration of energy at that place. The
presence of losses prevents collapse, the perturbation is finally dissipated, and the
system returns to the homogeneous solution.

In parameter space, the excitable region is relatively large, as shown in Fig. 1.
Therefore, it is potentially easy to observe experimentally. The excitable behav-
ior belongs to Class I, as the period diverges to infinity when a perturbation hits
the saddle. However, due to the logarithmic scaling law for the period, the param-
eter range over which the period increases dramatically is extremely narrow (see
Fig. 8), so, from an operational point of view, systems exhibiting this scenario might
not be classified as “Class I excitable”, as the large period responses may easily
be missed [52].

9 Takens–Bogdanov Point

The saddle-loop (or homoclinic) bifurcation is, in some sense, not generic, namely,
a tangency between a limit cycle and a saddle point which occurs exactly so that
it happens simultaneously at both sides of the stable and unstable manifolds is, in
principle, not to be expected generically. In fact, also due to the fact that global
bifurcations are not always easy to detect, the most convincing argument for the
existence of such bifurcations is to show that a dynamical system exhibits a certain
type of co-dimension-2 point.

A scenario in which the unfolding of a co-dimension-2 point yields a saddle-
loop (or homoclinic) bifurcation is a Takens–Bogdanov (TB) point [46, 53]. This
is a double-zero bifurcation point in which a saddle-node bifurcation line and the
zero-frequency limit of a Hopf bifurcation line (hence no longer a Hopf line at the
crossing point) meet in a two-parameter plane. The particular feature that the Hopf
line has zero frequency at the TB point allows this co-dimension-2 bifurcation to
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occur in a 2D phase space. This bifurcation has to be distinguished from the occur-
rence of a crossing between a saddle-node and a Hopf line at non-zero frequency,
known as Gavrilov-Guckenheimer or saddle node-Hopf point, which requires a 3D
phase space to take place. One can prove that, from the unfolding of a TB point, a
saddle-loop line, apart from the saddle-node and Hopf lines, emerges [46, 53] from
the TB point.

This can be checked in Fig. 1, where a two-parameter bifurcation plot is pre-
sented as a function of the two parameters of the system, Is and θ . The problem here
is that the saddle-node and Hopf lines tend to meet only asymptotically, namely
when θ → ∞. We had previously checked, in [28], that the distance between the
saddle-node and the Hopf lines decreases as one increases θ . (The same happens
with the saddle-loop line.) By calculating the eigenvalues, it can be seen that the fre-
quencies (viz. their imaginary parts) do indeed go to zero as one approaches the TB
point. Figure 13 displays the two eigenvalues of the upper-branch DS, with largest
real parts for parameter values corresponding to three vertical cuts of Fig. 1. Open
symbols correspond to eigenvalues with a non-zero imaginary part, while filled sym-
bols are associated with real eigenvalues. The point where the open symbols cross
zero in the upper panel of Fig. 13 signals the Hopf bifurcation, while the point where
the filled symbols cross zero signals the saddle-node bifurcation. The origin for the
three plots is taken as the saddle-node bifurcation. At some point along the branch
of the two complex conjugate eigenvalues associated with the Hopf bifurcation, the
imaginary part vanishes, leading to two branches of real eigenvalues, the largest of
which is precisely the one responsible for the saddle-node bifurcation. As detuning
increases, the Hopf and saddle-node bifurcation points get closer and closer, but the
structure of the eigenvalues remains unchanged, so that when the Hopf and saddle-
node bifurcations finally meet, the Hopf bifurcation has zero frequency, signaling a
TB point.

The TB point appears asymptotically in the limit of large detuning, θ , and small
pump, E0. In this limit, equation (1) becomes the conservative NLSE [31]. The Hopf
instability in this limit was studied in [48], where evidence for a double-zero bifur-
cation point was given; however, the unfolding leading to the scenario presented
here was not analyzed.

Fig. 13 Real part (upper
panel) and imaginary part
(lower panel) of the eigen-
values corresponding to the
stable DS for three vertical
cuts in Fig. 1, corresponding
to three different values θ :
squares, 1.7; triangles, 1.5;
rhombs, 1.4, versus the differ-
ence between Is and its value
at the saddle-node bifurcation,
Is
s (θ)
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10 Effect of an Addressing Gaussian Beam

We now consider a pump consisting of a narrow Gaussian addressing beam on top
of a homogeneous background. This is motivated by the fact that the common way
to write and erase solitons in nonlinear cavities is by means of an addressing beam.
This beam is customarily applied during a prescribed short interval of time. Here,
we consider applying such a perturbation in a sustained way in order to control the
spatial position of a soliton and its susceptibility to be excited. Hence, we consider
a pump beam of the form EI(r) = E0 +H exp(−r2/r2

0), where E0 is a homogeneous
field, assumed real, H the height of the Gaussian perturbation, and r0 its width. For
convenience, we write the height of the Gaussian beam as

H =
√

(Is + Ish) [1+(θ − Is − Ish)2]−E0, (8)

where Is + Ish would correspond to the intra-cavity field intensity of a cavity driven
by a homogeneous field with an intensity equal to the intensity at the top of the
Gaussian beam, EI = E0 +H. This directly relates the height of the Gaussian beam,
H, to a more intuitive quantity such as the equivalent intra-cavity intensity for a
homogeneous pump.

The control parameters are the intra-cavity background intensity, Is, the detun-
ing, θ , and Ish, which is associated with the Gaussian beam. Now the translational
symmetry of the system (and also of its solutions) is broken, and the fundamental
solution, which is no longer homogeneous, exhibits a bump which is small (when
compared to the true DS), and this is the system response to the Gaussian perturba-
tion. The bifurcation diagram for fixed Ish and θ is given in Fig. 14.

On comparing Fig. 14 with the bifurcation diagram for a homogeneous pump
(Fig. 2), it is clear that one feature which has changed is the region around the mod-
ulational instability point which signals the instability of the fundamental solution,
i.e., the right end of the bistability region. In the homogeneous case, this instability
occurs exactly at Is = 1, but the introduction of a localized pump makes this point
shift to a lower value (around Is = 0.7 for these parameter values). One can also

Fig. 14 Bifurcation diagram,
max(|E|2) vs. Is, for homo-
geneous pump plus Gaussian
addressing beam (Ish = 0.7)
for θ = 1.34. Solid lines rep-
resent stable solutions and
dashed lines unstable ones.
The 3D plots show, from
top to bottom, the profiles
of the upper-branch KCS,
the unstable middle-branch
KCS, and the fundamental
solution, which is no longer
homogeneous
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notice that no line is plotted for the localized pump case, while, in the homoge-
neous case, the fundamental branch continues to exist as an unstable branch. This
is because, in the latter case, the bifurcation has changed to a saddle-node bifurca-
tion, in which the stable and unstable branches that meet at this point coalesce and
disappear. This bifurcation is, in fact, a saddle node on the invariant circle (SNIC).

Exploring now the upper branch, past the (left) saddle-node bifurcation, a pair of
stationary (stable, upper branch and unstable, middle branch) solutions are found,
and they are not qualitatively different from those found in the homogeneous pump
case. These two DS solutions are now slightly modified and fixed spatially (in the
transverse plane) by the localized Gaussian beam, but their localized nature mainly
comes from the self-focusing feature of the model, which implies that the DSs are
self-sustained. On increasing Is, the stable high-amplitude DS undergoes a Hopf
bifurcation, resulting in a periodically oscillating DS. The oscillation is, however,
destroyed for larger Is in a saddle-loop bifurcation, leading to an excitable regime,
in an analogous manner to what happens with a homogeneous pump. The saddle
loop occurs at a value of Is which is below the SNIC. The excitable regime is pos-
sible only while the fundamental solution exists (Is between the saddle loop and the
SNIC). After the SNIC, both the fundamental and the upper-branch DS are unsta-
ble, and a new, oscillatory, regime appears. Figure 15 shows the temporal evolution

Fig. 15 Left: KCS maximum intensity, as a function of time, for decreasing values of Is. From top
to bottom, Is = 0.72, 0.7075, 0.707, 0.6. Ish = 0.7, θ = 1.34. Right: sketch of the phase space for
each parameter value. First two parameters correspond to region V (oscillating DS) in Fig. 16; the
third one is very close to the SNIC bifurcation, while the fourth is in region IV (excitable), where
this excitable behavior is dominated by the SNIC bifurcation
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in the new oscillatory regime. As Is is decreased, the period of the oscillations be-
comes longer and it finally diverges on reaching the SNIC. The scaling of the period
of oscillation shows that this is, in fact, a saddle node on the invariant circle (SNIC).
A SNIC bifurcation induces excitable behavior for Is below the critical value. This
scenario is different from the previous one, although both lead to a regime where
DSs are excitable. Here the excitable threshold can be controlled by the intensity of
the addressing Gaussian beam that effectively causes the saddle and the stable fixed
point to approach each other in phase space.

A better understanding of these instabilities can be gained through a two-
parameter bifurcation diagram, Fig. 16, in which just one parameter is kept fixed,
namely θ = 1.34. (On the other hand, however, the structure of the branches can-
not be seen in this diagram, as the electric field is not plotted. In this sense, these
two representations, Figs. 14–16, have to be seen as complementary.) A first remark
on this diagram is that the Ish = 0 line must match the homogeneous case (Fig. 1).
In the diagram shown in Fig. 16, the one-parameter bifurcation diagram in Fig. 14
corresponds to a cut along a vertical line located at Ish = 0.7, and the saddle-node,
Hopf, and saddle-loop bifurcation lines are found when going upward, followed by
a final bifurcation line, viz. the SNIC. The sequence of behaviors exhibited by the
system is as follows. Below the (left) saddle-node (SN) line, region I, the system
has a single stationary (fundamental) solution, which has a small bump at the spa-
tial region where the Gaussian pump is applied. On increasing Is, a saddle point is
created in a saddle-node bifurcation, along with another fixed point which is a DS
(region II). Further on, this fixed point becomes unstable in an Andronov-Hopf bi-
furcation, and a cycle is created (region III). At this point, the stable fundamental
solution and a stable cycle (oscillating DS) coexist in the system, together with the

V

I

IV

II

SNIC

SN

Ish

H

III

SL

I.     No KCS
II.   Stationary KCS
III.  Oscillatory KCS
IV. Excitable KCS
V.   Oscillatory KCS

Fig. 16 Phase diagram Is vs. Ish for θ = 1.34
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unstable middle-branch KCS and the upper-branch KCS (which is now also unsta-
ble). If we further increase Is, the limit cycle approaches the middle-branch KCS
and collides in a saddle-loop bifurcation (SL line). Beyond this saddle loop, the
fundamental solution becomes excitable in two possible ways (region IV). If the
line indicated by SNIC is crossed, the fundamental solution (stable) and the lower
DS stationary solution (saddle) annihilate each other inside an invariant circle, lead-
ing to oscillatory DS behavior (region V). Region IV is excitable in the sense that
suitable perturbations of the fundamental solution lead to long excursions in phase
space. This appears in two possible ways when changing system parameters de-
pending on whether the SL or the SNIC bifurcation lines are crossed.

11 Concluding Remarks

We have analyzed the instabilities of dissipative solitons in a nonlinear Kerr cav-
ity. Azimuthal instabilities lead to the destruction of the soliton, resulting in the
formation of an extended pattern. On the other hand, instabilities occurring at zero
azimuthal number lead to a localized structure whose amplitude oscillates in time,
but in which the localized character of the soliton is preserved. More interestingly,
beyond this oscillatory regime, an excitable regime, associated with the existence
of dissipative structures, arises. This shows that, in order to exhibit excitability, ex-
tended systems do not necessarily require local excitable behavior. Instead, such
phenomena can emerge because of spatial dependence through the dynamics of a
coherent (localized) structure. This opens up the possibility of observing excitable
behavior in a whole new class of systems where excitability was not thought to be
present.

In Kerr cavities, there are two different mechanisms leading to excitability. One
is based on a saddle-loop bifurcation in which a stable oscillating cavity soliton
collides with an unstable one. The other occurs through a saddle node in the invari-
ant circle (SNIC) bifurcation. The first one appears when either studying a homo-
geneous pump or considering a system pumped by a Gaussian beam on top of a
homogeneous background, while the second mechanism appears only in the latter
case. For both mechanisms, the excitability threshold is determined by the distance
in phase space between the stable fixed point and the saddle. However, in the saddle-
loop scenario, this distance cannot be easily tuned by changing system parameters,
but, in the SNIC case, this distance vanishes precisely at the bifurcation point. By
choosing to operate close to the SNIC bifurcation point, the threshold can be as low
as desired. Therefore, it is possible to control the excitability threshold by changing
a system parameter, e.g., the amplitude of the Gaussian addressing beam.

It has been shown that an excitable system can be used for computational pur-
poses such as noise filtering or addition of input signals [54]. Thus, the excitable
properties of cavity solitons open the possibility of optical information processing
beyond the storage capabilities already suggested. This is a dynamical regime in
which firing neuron-like structures could be generated at arbitrary points on the
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transverse plane of a nonlinear optical cavity. By coupling several of these optical
neurons, reconfigurable optical networks could be created with the aim of process-
ing information in a similar way to networks of neurons.
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Temporal Soliton “Molecules” in Mode-Locked
Lasers: Collisions, Pulsations, and Vibrations

P. Grelu and J.M. Soto-Crespo

Abstract A few years after the discovery of the stable dissipative soliton pairs
in passively mode-locked lasers, a large variety of multi-soliton complexes were
studied in both experiments and numerical simulations, revealing interesting new
behaviors. This chapter focuses on the following three subjects: collisions between
dissipative solitons, pulsations of dissipative solitons, and vibrations of soliton pairs.
Different outcomes of collisions between a soliton pair and a soliton singlet are dis-
cussed, showing possible experimental control in the formation or dissociation of
“soliton molecules”. Long-period pulsations of single and multiple dissipative soli-
tons are presented as limit cycles and observed experimentally. Finally, one possible
manifestation of long-period pulsation for a soliton pair results in a vibrational mo-
tion. All these behaviors that enrich the life of multi-soliton complexes make them
akin to molecules. However, the analogy has clear limitations, since these “soliton
molecules” are inherently strongly dissipative and require a sustained energy supply
from the gain medium.

1 Introduction

Mode-locked lasers provide a fantastic playground for experiencing nonlinear
dynamics of dissipative temporal solitons. The range of time scales in which field
evolution can be observed typically spans over ten orders of magnitude, from
nanoseconds to tens of seconds. Associated with a relatively simple experimental
setup, the mode-locked laser possesses all the complexity required to observe a wide
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range of dynamics, from stationary pulses to pulsating and chaotic waveforms, with
single or multiple pulses. This dynamics can be triggered by control over a limited
set of cavity parameters accessible to the experimentalist. These include the level of
pump power, the amount of loss, and the average chromatic dispersion.

In most cases, a newly investigated form of dynamics can be associated with a
tractable numerical model, such as the complex Ginzburg–Landau equation (CGLE)
[1]. In the few cases studied in this chapter, the experimental observation either fol-
lows or precedes a numerical prediction based on an appropriate simplification of
the field evolution problem and the use of realistic parameters. The related obser-
vation of several types of dynamics in a large variety of experimental setups is a
valuable a posteriori justification of the use of simplified models that are able to
reveal universal behavior more clearly and readily.

During the past few years, several works have shed new light on the understand-
ing of the dynamics of mode-locked lasers, based on the concept of the dissipative
soliton [2, 3]. A mode-locked laser uses nonlinear dissipation as a key mechanism
to form and stabilize a pulse as it makes round-trips in a laser cavity. When it is
obtained, the stable stationary pulse is the result of a stable balance between nonlin-
ear gain and losses on the one hand, and between nonlinear and linear phase shifts
on the other hand. Presented as the stable equilibrium point of a double nonlinear
balance, the stationary pulse can be understood as a dissipative soliton. In the phase
space of degrees of freedom, which is of infinite dimension, the stable stationary
pulse can be represented by a point attractor, surrounded by a finite basin of at-
traction. For a given set of system parameters, the existence of a basin of attraction
limits the number of stable solutions, while, at the same time, it guarantees a certain
amount of stability and robustness with respect to environmental noise and drifts.
This statement is in contrast to the case of Hamiltonian solitons, such as those de-
rived from the nonlinear Schrödinger equation (NLSE), which belong to continuous
families of solutions for a given set of equation parameters.

Although many definitions of a soliton can be proposed, they all encompass the
notion of a localized structure, which should restore itself after it has been moder-
ately perturbed. For instance, the perturbation can be linear noise – random fluctu-
ations of small amplitude – or it can be an interaction with a neighboring soliton.
These examples are typical of what can be studied with a mode-locked laser.

The interaction of two dissipative temporal solitons can lead to the formation
of a stable stationary bound state, characterized by a phase difference of ±π/2 be-
tween the components, as predicted semi-analytically and numerically in [4] and
found experimentally in [5]. It is important to recall that such a soliton pair is not
a second-order Schrödinger soliton: in a distributed propagation model such as the
CGLE, the soliton pair is a stable stationary solution and it acts as an attractor for
the interacting two solitons. That is why the image of a molecule can be useful in
depicting a stable soliton pair, which is the result (the product) of the interaction
(the reaction) between two separate single solitons (single atoms). Indeed, the for-
mation of a molecule requires dissipation to stabilize the product with respect to the
reactants.
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Other stable soliton pairs were found in various fiber laser experimental config-
urations, in either anomalous or normal dispersion regimes of propagation [6, 7, 8,
9, 10, 11]. The existence of stable bright soliton pairs in both dispersion regimes
affirms the pre-eminence of the dissipative soliton concept over the Schrödinger
soliton concept in related experiments. However, the sign of the dispersion affects
the detailed features of the soliton pair: for instance in the normal dispersion regime,
the phase relationship between the two bound solitons is found to be close to π in
most cases [12]. The consideration of a more complicated spectral response has
proved to give rise to pairs which also have a π phase difference in the anomalous
dispersion regime [13].

Quite logically, when the impact of nonlinear dissipation on propagation dynam-
ics is stronger, then the stationary pulse will be further from a Schrödinger soli-
ton. Among passively mode-locked lasers, and compared to bulk-medium cavity
designs (based on titanium sapphire amplifiers for example), fiber lasers are gen-
erally characterized by large gain and losses. The main losses usually come from
the mode-locking mechanism, which is either nonlinear polarization evolution [14]
or saturable absorption in a fast-responding material (from saturable semiconductor
mirrors to carbon nanotubes [15, 16]). In comparison, the Kerr-lens mode-locking
mechanism (KLM, [17]) used in many bulk-medium cavity designs exhibits fewer
losses. In fiber lasers, large losses (from 50% to more than 90% per round-trip when
linear and nonlinear losses are summed up) do not create a major obstacle, since
the doped-fiber medium can be arbitrarily long and efficiently pumped, so that the
unsaturated gain can exceed 100 if required. Also, with respect to bulk-medium
cavities, a fiber cavity is characterized by a considerable level of pulse re-shaping
within one round-trip. Finally, multiple pulse operation can be easily achieved with
a moderate pumping power of typically 100 mW. All these characteristics, which
are more or less significant, depending on the specific cavity design, generally make
the mode-locked fiber laser an ideal tool for testing various dissipative soliton dy-
namics. Of course, bulk mode-locked laser configurations are sufficiently versatile
to allow various dynamics of dissipative soliton complexes to be observed as well
[18, 19]. Even some earlier observations [20, 21, 22] could also be reinterpreted
in the frame of dissipative solitons, although observations of purely Hamiltonian
soliton dynamics of high-order Schrödinger solitons were initially reported in other
setups [23, 24].

The case of the dissipative soliton pair has been extensively studied in [25]. The
situation that we now consider is the case of three dissipative solitons interacting
inside the cavity. As we shall see in Sect. 2, the three pulses can bind stably, forming
a dissipative triplet molecule. However, there is also another scenario in which a
soliton pair interacts with the third soliton. Depending on the cavity parameters and
the initial conditions, the outcome can be either the observation of “pseudo-elastic”
collisions that are repeated indefinitely inside the cavity or a clear manifestation of
inelastic collisions that include the formation of a triplet soliton molecule.

In the space of the system parameters, the existence of stable dissipative soli-
ton solutions can be found in a given domain. At the boundary of such a parameter
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domain, the soliton solution becomes marginally stable. As predicted theoretically
and numerically in [26], stable pulsating solutions are likely to be found near these
boundaries. Section 3 details examples where various pulsating solutions that reveal
even the existence of doubly periodic pulsations have been found in mode-locked
fiber laser experiments and in numerical simulations. We shall see that pulsating
solutions can be particularly stable when they are attributed to the existence of a
limit cycle attractor, and therefore they can be labeled as “pulsating dissipative soli-
tons”. Pulsating solitons are, again, a distinct feature of propagation dynamics in the
presence of nonlinear dissipation, since they do not exist in Hamiltonian systems.

Pulsating solutions are not restricted to the single pulse case. Double-pulse pul-
sating solutions can be found and can be called “pulsating soliton pairs”. Interest-
ingly, among pulsating soliton pairs, there exist pulsations in which the oscillation of
the relative temporal separation and the relative phase of the two pulses are the ma-
jor dynamical effects. These solutions can then be viewed as vibrating soliton pairs,
fueling the analogy with a matter molecule which has internal vibrational states.
This is presented in Sect. 4. Finally, Sect. 5 gives an overview of the present chapter
and presents a few prospects. The molecular analogy, which served as a useful guide
in the search for new multi-soliton complexes and their possible dynamics, is briefly
discussed.

2 Collisions Between Dissipative Solitons Inside a Laser Cavity

In this section, we address the simplest situation relating to the collision between
two different soliton complexes, namely that between a single soliton and a soliton
pair. The soliton pair can itself be seen as the result of an inelastic collision between
two identical single solitons, and has previously been studied extensively [25]. For
the sake of clarity, we first recall the basic features of the soliton pair, as well as the
fiber laser experimental setup in which it was observed.

2.1 The Soliton Pair, and Why It Can Move with Respect
to a Single Soliton

2.1.1 The Dissipative Soliton Pair: Theory

The existence of stable soliton pairs was first predicted in 1997 [4], by using a con-
tinuous cubic–quintic CGLE model, which is a generic equation that has been used
in many areas of nonlinear physics. In optics, it provides a distributed model for pas-
sively mode-locked lasers and optical transmission lines with nonlinear amplifiers.
In this context, the CGLE takes the form of a normalized propagation equation, as
follows:
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iψz +
D
2

ψtt + |ψ|2ψ +ν |ψ|4ψ = iδψ + iε|ψ|2ψ + iβψtt + iμ |ψ|4ψ, (1)

where z is the normalized distance of propagation, t is the time in the moving pulse
frame, and ψ is the normalized envelope of the electric field. All the terms involved
in (1) have clear physical significance in the context of mode-locked lasers. The
left-hand part groups the conservative terms, including chromatic dispersion (with
coefficient D), the nonlinear Kerr effect, and its possible saturation, if ν is taken as
negative. In the normalized form, the dispersion coefficient is taken to be D = +1 for
propagation in an anomalous dispersive medium, and D = −1 in the case of normal
dispersion. The right-hand part of (1) comprises successively the linear loss term,
with a negative coefficient δ , the nonlinear gain, with a positive coefficient ε , which
is required to favor pulses over continuous waves, a Gaussian spectral filter with
positive coefficient β , and a saturation of the nonlinear gain term which is required
for the stabilization of the amplitude of pulses and is associated with a negative
coefficient μ .

Stable bright soliton solutions of (1) can be found within a specific range of val-
ues of the above parameters. When all the parameters are fixed, the soliton solutions
form a discrete set, which means that the amplitude and the width of solitons are
fixed. The plain, bell-shaped soliton is the most common solution, since it exists
over a wider range of parameters than other soliton profiles. During the interaction
of two plain solitons, their temporal separation, ρ , and their phase relationship, φ ,
are practically the only two quantities that are allowed to change significantly, since
the shape of each soliton is fixed by the double nonlinear balance. Although the
evolution problem deals with an infinite number of degrees of freedom, they are
mainly frozen, apart from these two, viz., ρ and φ . The evolution problem can be
analyzed in a reduced two-dimensional phase space called the “interaction plane”
[27]. At a given propagation distance, the two interacting pulses are represented by
a dot in this plane, and while propagation takes place, the succession of dots creates
a trajectory.

For a given set of parameters, two stable soliton pair solutions were found in
[4]. In the interaction plane, they correspond to a precise temporal separation and
a phase relationship which is either +π/2 or −π/2. These two stable solutions are
attractors, since neighboring trajectories converge to them, as shown in Fig. 1.

2.1.2 The Fiber Laser Experimental Setup and Observation of Soliton Pairs

Here we detail the setup in which most of the experimental results presented in this
chapter have been obtained. It consists of a dispersion-managed mode-locked fiber
ring laser, similar to those used in [5, 28, 29]. The fiber laser, which emits ultra-
short pulses at a wavelength of around 1.5μm, is sketched in Fig. 2. The gain is
provided by a 1.9-m long, 1400-ppm erbium-doped fiber (EDF) that features nor-
mal chromatic dispersion [D = −40(ps/nm)/km]. The pumping source consists of
four wavelength-multiplexed laser diodes operating at around 980 nm, providing a
coupled power of up to 350 mW. The path-averaged cavity dispersion is adjusted
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Fig. 1 Attractors for stable soliton pairs, as they appear in the interaction plane. They are located
symmetrically (F1 and F2), corresponding to a phase relationship that is either +π/2 or −π/2. The
parameters of the CGLE used for this simulation are marked inside the figure

Fig. 2 Mode-locked fiber laser experimental setup

with the use of an appropriate length of a SMF-28 fiber that has anomalous disper-
sion [D = +16.5(ps/nm)/km]. A 50-cm-long open-air section is used to insert po-
larization components. Due to the nonlinear polarization evolution that takes place
along with propagation in the fibers, the transmission through the polarizer P1 is
intensity dependent, and an appropriate adjustment of the preceding wave plates
triggers the mode-locked laser operation. A polarization-insensitive optical isolator
(WDM-IS) ensures uni-directional lasing. Depending on the length of the SMF, the
cavity round-trip time is in the range 25–50 ns (repetition rate 20–40 MHz).
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Two other optional outputs are implemented in the cavity, and these may be used
according to which type of experiment is performed. First, a second polarizer (P2),
preceded by a half-wave plate, provides a convenient variable output coupler. Sec-
ond, a 10% fiber output coupler is inserted inside the cavity in order to splice in a
small length of dispersion-compensation fiber (DCF). This gives a convenient way
of compressing the chirped pulses that propagate in the cavity.

The cavity parameters that can be controlled quite easily are the following: the
pumping power, the amount of linear losses, and the path-averaged dispersion. The
tuning of the retarding wave plates, that precede the first polarizer, acts on both
linear and nonlinear losses. Although the relationship between the wave plate angle,
the amount of nonlinear losses, and the laser pulse features is a non-trivial issue, a
semi-analytical study has been undertaken in [30, 31, 32].

In the anomalous dispersion regime, a pumping power of typically 80 mW is
required to achieve mode-locking. The pulse duration is typically 300 fs, but can
vary between 120 fs and 1 ps according to the choice of cavity parameters. Then, in
dealing with ultra-short pulses, the main pulse features are obtained via the infor-
mation provided by the recording of the optical auto-correlation and of the optical
spectrum.

On further increasing the pumping power, multiple pulsing occurs. This involves
the co-existence of several pulses inside the laser cavity. In general, additional pulses
are formed, one by one, as the pumping power increases [33]. A large hystere-
sis between the number of pulses and the pumping power has been observed and
modeled by several authors [34, 35, 36]. Sometimes, these pulses spread almost
regularly along the cavity. This situation is called “harmonic mode-locking”, since
it multiplies the fundamental repetition rate (see discussion in [25]). However, in
many cases, the interactions between these pulses produce bound states that are
self-organized multi-soliton complexes.

In the simplest case of two bound pulses, the optical spectrum generally presents
fringes of interference of high contrast. As the typical recording time of each spec-
tral data point is 10 ms, it is averaged over more than 105 round-trips. That is why
the observation of spectral fringes, with reflective experimental artifacts set apart, is
possible only if the two bound pulses possess a precise and stable phase relationship,
as well as a stable temporal separation. The spectral inter-fringe is inversely propor-
tional to the temporal separation, and the location of the fringes inside the spectral
envelope is dictated by the phase relationship between the two pulses. The spectral
envelope is basically the optical spectrum profile of a single soliton. If the pulses
are in phase, a bright spectral fringe will coincide with the center of the spectrum.
If the pulses are out of phase, a dark spectral fringe will be in the center. In contrast,
the ±π/2 asymmetric phase relationships will provide asymmetric spectra. These
were found in the fiber laser experiment, and Fig. 3 presents one example of a soli-
ton pair with an asymmetric phase relationship, which is fitted to be very close to
π/2 (91 degrees). In the case presented here, the pulse pair consists of two 610-fs
FWHM pulses separated by 6.8 ps. As a secondary proof of the presence of a fixed
phase relationship, the optical auto-correlation is performed interferometrically, and
the crossed correlation is also characterized by temporal fringes. In the rest of this
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Fig. 3 Experimental observation of a soliton pair via (a) its interferometric auto-correlation trace,
with coherent cross-correlations (insets), and (b) its optical spectrum, fitted for a π/2 phase rela-
tionship (circles)

chapter, the optical auto-correlations will be presented non-interferometrically, thus
providing lower noise traces that are easily interpreted.

It should be emphasized that the ±π/2 phase-locked soliton pairs play a central
role, as they are the only stable soliton pairs found in the continuous cubic–quintic
CGLE, in the regime of anomalous dispersion. To find them experimentally, the
fiber laser was operated with a low pumping power (below 50 mW), yielding pulses
which were moderately short (≈ 0.5ps) and moderately energetic (≈ 30pJ). In this
context, the accuracy of the CGLE model is quite high, namely more refined prop-
agation models that include higher-order effects or discretized propagation are not
required here to retrieve the essential dynamical features of the laser.

However, in subsequent experiments, soliton pairs with different features were
also been found. For example, in the normal propagation regime, there is stretched-
pulse operation, which implies a large amount of frequency chirping [8, 12]. In
these cases, a more detailed model, which took into account the discrete nature of
different cavity segments, was required to prove the existence of stable soliton pairs
with a phase relationship of π [12].

2.1.3 Basic Origin of the Relative Speed

In the case of an asymmetric phase relationship between the two bound dissipa-
tive solitons, the optical spectrum also acquires asymmetry. This spectral asymme-
try results in a slightly modified center of gravity for the spectrum intensity, and
this, in turn, provides a slightly modified group velocity due to the non-zero path-
averaged chromatic dispersion. This implies that such a soliton pair has a group
velocity which is different from the group velocity of a single soliton, and also
that two soliton pairs with different phase relationships (namely +π/2 and −π/2)
should also have distinct group velocities. If two different soliton species propagate
simultaneously inside the laser cavity with a relative velocity, they will collide some
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time later. The following analytic calculation will study the relationship between the
phase asymmetry of a soliton pair and the relative velocity between the soliton pair
and a single soliton.

Let U(t) be the stationary field envelope of a single stable pulse solution. For
simplicity of analysis, we assume that it has a Gaussian power spectrum, P1, i.e.,

P1(ω) = Ao exp(−(ω/B)2), (2)

where Ao is a real constant, and 2
√

log2×B is the FWHM spectral width. A doublet
solution, formed by two of these pulses, separated by a distance To and with a fixed
phase difference of φ , can be written as

V (t) = U(t)+U(t −To)exp(iφ).

Its spectrum can be easily calculated and is

P2(ω) = Ao exp(−(ω/B)2)[2+2 cos(ωTo +φ)]. (3)

The average frequency (or detuning from the central one) is defined by

Δω =
∫ ∞
−∞ ωP(ω)dω∫ ∞
−∞ P(ω)dω

. (4)

This is clearly zero for the singlet, since P1(ω) is an even function of ω . For the
doublet, it becomes

Δω = sin(φ)
ToB2

2
exp

(
−T 2

o B2

4

)
. (5)

Equation (5) is represented in Fig. 4 for two values of B. The group velocity
difference between the soliton pair and the soliton singlet is linearly related to this
frequency change. Experimental curves of relative speed, such as those in Fig. 4 of
[10], are reproduced quite well, at least qualitatively, by formula (5).

Fig. 4 Frequency change for
a soliton pair as a function
of the separation between the
two solitons, with φ = π/2
for two different spectral
widths, B
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There has also been speculation that other higher-order nonlinear effects, such
as the Raman effect, could induce a relative group velocity between a single soliton
and a soliton pair [37].

2.2 Collisions Between a Soliton Pair and a Soliton Singlet:
Experiment

The discussion above should have convinced the reader that collisions between a
soliton pair and a soliton singlet would naturally occur inside a mode-locked laser
cavity. The following paragraphs present various outcomes of collisions, from the
experimental point of view [10, 38]. The following section will present the results
of numerical simulations [38, 39].

2.2.1 Observation of Periodic “Pseudo-elastic” Collisions Inside the Cavity

In the study presented here [38], three pulses are generated inside the cavity with a
pumping power of 300 mW, with the variable output coupler set to extract around
40% of the intra-cavity energy. As the nonlinear losses of the cavity, measured from
the “mode-locker” port, amount to nearly 50%, the total losses of the cavity amount
to almost 90%, or 10 dB. Thus, the cavity operates in a strongly dissipative regime,
in which we can expect dynamical effects to be ruled rather by nonlinear dissipation
than by conservative nonlinearities, although the various physical effects at play
cannot be separated.

With three mode-locked pulses, there are many “internal” degrees of freedom
that can be affected by the fine tuning of cavity parameters. In our setup, the eas-
iest parameters to change when the laser is running are the pumping power and
the amount of linear loss. The latter can be tuned via a modification of the ori-
entation of the half-wave plate which precedes polarizer P2 of Fig. 2. To analyze
the dynamical changes, one output of the cavity is directed onto a fast photodi-
ode, which is connected to a 500-MHz digital-phosphor oscilloscope, while an-
other output is connected to the optical auto-correlator and to the optical spectrum
analyzer.

The interest in having simple output monitoring is as follows: whereas the record-
ing of the auto-correlation trace typically takes 1s, and that of the optical spectrum
takes 10 s, the photodiode provides real-time monitoring of the intra-cavity energy,
within the bandwidth limitation of the electronics. When a soliton-bound triplet is
formed, the triplet state is not resolved by the photodiode, and the oscilloscope trace
features one large peak per cavity round-trip time, as shown in Fig. 5(a).

However, within a small range of orientations (±5 degrees) of the half-wave plate
preceding P2, the oscilloscope traces can feature two peaks, which have a slow rela-
tive motion per cavity round-trip. The larger one is double the other one in intensity
and appears stably on the screen, since its level is used for trace synchronization.
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(a) (b)

Fig. 5 (a) Oscilloscope trace showing stable pulse train generation at the fundamental repetition
rate of the fiber laser cavity, i.e., 36.3 MHz. Each main peak consists of a soliton triplet whose
structure is not resolved. The small sub-peaks of amplitude, about or less than one division, are
electronic artifacts due to imperfect impedance matching. The time unit is 10 ns per division.
(b) Oscilloscope trace of soliton pair and soliton “singlet” in relative motion

The second one always moves with a constant relative velocity on this scale of ob-
servation. This is illustrated by Fig. 5(b).

The motion in real time can be seen in the first movie of [38], available online
from the website of Optics Express. The largest peak is identified as a soliton pair,
or “doublet”, whereas the second peak is identified as a single soliton, or “singlet”.
As presented below, this analysis is validated by the recordings of the optical spectra
and of the auto-correlation traces.

As the singlet moves, it takes 0.64 s for it to be delayed by one round-trip with
respect to the doublet. Here, as one round-trip represents 5.3 m of fiber length, the
group velocity difference between the doublet and singlet is 8.3 m/s, which is less
than 10−7 of each soliton’s group velocity. Once it has been obtained, this relative
motion can be stable for hours. A similar observation was reported in [10].

2.2.2 Synthesis and Decomposition of Triplet States

If the output coupling is slightly changed, a triplet soliton-bound state can be formed
as a result of the interaction between the doublet and the singlet states. The triplet
corresponds to the oscilloscope trace of Fig. 5(a). This is highly stable once ob-
tained, but if the output coupling is changed back, the result is again a decompo-
sition of the triplet into doublet and singlet solitons, as in Fig. 5(b). As the same
cycle can be repeated many times over, the transition 2 + 1 → 3 is reversible, al-
though it presents hysteresis. These switching cycles can be observed directly in the
oscillograms, as presented in the second movie of [38]. At the same time, switching
between the spectra (a) and (b) in Fig. 6 is observed: spectrum (a) is analyzed to be
the incoherent superposition of singlet (dashed line) and doublet spectra, whereas
spectrum (b) is clearly the spectrum of a stable bound triplet (with phase relation-
ships of +π/2 and −π/2 between successive solitons, hence its symmetry).
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Fig. 6 (a) Recorded optical spectrum (solid line) and its baseline (dashed line), for the doublet and
“singlet” solitons in continuous relative motion. (b) Optical spectrum when the soliton triplet is
formed
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Fig. 7 Auto-correlation traces taken from (a) the variable output coupler and (b) the 10% coupler.
Solid line is for doublet and singlet in continuous relative motion. Dashed line relates to time after
the triplet soliton state has formed

The appearance of singlet, doublet, and triplet soliton states in the cavity finds
complete justification when optical auto-correlation traces are considered.
Figure 7(a) represents the auto-correlation traces recorded at the variable output
coupler. The solid curve is taken when the soliton pair and the soliton “singlet” are
moving with different group velocities, as in Fig. 6(a). The amplitude of the central
peak is three times larger than the amplitude of the side peaks. This is compatible
with the fact that the soliton pair is made of two equal pulses that have the same
amplitude as the third moving pulse. The dashed curve is used when the triplet is
formed, as in Fig. 6(b). This is clearly the auto-correlation function of three identi-
cal, equally separated pulses.

The same conclusion is confirmed by recording the auto-correlation function at
a different location, namely after the erbium-doped fiber, at the 10% output of the
fiber coupler. It is displayed in Fig. 7(b). Dispersion compensation allows for a
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clearer identification of the pulses that produce either a doublet or a triplet state. The
separation between the bound pulses is 1.2 ps, and this hardly changes during the
round-trip, whereas individual pulse widths vary significantly due to the important
frequency chirping effect inside the cavity. Similar collision behaviors have also
been reported in the fiber laser experimental setup of [10].

2.3 Soliton Collisions in the Continuous CGLE Model

In the CGLE model, the bound state is an asymmetric solution because of the phase
difference, ±π/2, between the solitons. As a consequence, the soliton pair moves
with respect to the single soliton, with non-zero group velocity, as proved by (5).
When a two-soliton bound state and a single soliton exist simultaneously, they nec-
essarily will collide at some point. The result of the collision depends mainly on
the phase difference, φ , between the pair and the single soliton, as this is the only
parameter in the initial condition provided that the soliton pair is exactly at one of
the points Fi of Fig. 1. If a bound state is not reached before the collision, the result
will also depend on where the point is located on the trajectory that converges to the
bound state.

Below, we present numerical simulations of collisions between a soliton pair at
the point F1 and a single soliton, as they have been computed in [39]. Due to the
symmetry of (1) relative to the transformation t → −t, the same collision occurs
when the soliton pair is at F2. This simply requires a change from ψ(t) to ψ(−t).
The pair denoted by F1 moves to the right. Hence, in order to collide, the single
soliton must be located at the right-hand side of the pair.

In all plots, the numbers 1, 2, and 3 are assigned to the solitons, labeling them
from left to right (see Fig. 8). In this section, solitons 1 and 2 initially form the stable
pair. Soliton 3 is initially well separated from the pair, so that there is no interaction
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Fig. 8 Collision of a two-soliton bound state with a single soliton. This case illustrates “soliton
fusion” or “annihilation”. Depending on the initial phase difference between the bound state and
the single soliton, the output is either (a) one or (b) two weakly interacting solitons
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with it. Nevertheless, a plot of the separation between the solitons 2 and 3 and the
phase difference between them on the interaction plane can be made in the same
way as that for solitons 1 and 2. This plot will represent the interaction plane of the
initial conditions for the pair and a single soliton before the collision. As the pair is
initially located at the point F1 of Fig. 1, the interaction plane of the solitons 2 and
3 is a convenient way to classify the collisions in the continuous model.

A few scenarios for the collision are possible. One possible scenario is the com-
plete destruction of the bound state, resulting in soliton fusion. Of the three solitons
in the initial condition, one or two may disappear. The result after the collision
would be just one or two solitons at a separation where they interact weakly – as a
result, they have zero velocity. These two examples of collisions are shown in Fig. 8.

The second scenario that can be observed is the merging of all solitons into a
three-soliton bound state, which can be of two different types (which can be re-
ferred as “cis” and “trans” triplets [40]). They are shown in Fig. 9. In case (a), the
phase differences between consecutive solitons are −π/2 and π/2, respectively. The
resulting three-soliton bound state is an oscillatory solution, so each soliton changes
its position and relative phase periodically around fixed values. After the collision,
the corresponding resultant trajectory for solitons 1 and 2 on the interaction plane,
as well as the trajectory for solitons 2 and 3, converges to a periodic orbit (limit
cycle) around the points (ρ,φ) = (1.8,±π/2) respectively. In case (b), the phase
differences between successive solitons are both π/2. In this case, the correspond-
ing trajectories on the interaction plane, after the collision for solitons 1 and 2, and
2 and 3, converge to fixed points which are very close, but they do not coincide
exactly with the point F1. The bound state of three solitons moves with a velocity
which is almost equal to the velocity of the pair.

The last possible scenario obtained in the continuous model is the destruction of
the initial pair and the formation of a new soliton pair after the collision, with an
exchange of the soliton in the middle. This case is shown in Fig. 10. This case is
referred to as an “elastic-type collision”. This scenario of collision may seem to cor-
relate with the laws of classical mechanics, where two particles of the same mass
moving in one direction collide with a third one, resulting in motion of the third
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Fig. 9 Two possible cases of formation of a three-soliton bound state, or “triplet formation”, after
the collision of a soliton pair with a single soliton
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Fig. 10 (a) Exchange of a soliton in a bound state after the collision of a soliton pair with a single
soliton. (b) Trajectories on the interaction plane for solitons 1–2 (dashed line) and 2–3 (solid line).
The black solid dot represents the initial point for the separation and phase difference between the
pulses 2–3. The circle at the point F1 is the initial point for the pulses 1–2 and the final point for
the pulses 2–3. The first trajectory is pushed out of the point of equilibrium after the collision. The
second trajectory is attracted to the point of equilibrium after the collision

particle, along with one of the incident ones. However, there are no conserved quan-
tities such as momentum or energy in a dissipative system. Moreover, the binding
energy of solitons is non-zero. On the other hand, we know that stationary solutions
must be fixed. Therefore, the difference in velocities between the pair and the singlet
is fixed and must be the same before and after the collision. This is the main reason
for the results with “elastic collisions” of dissipative solitons shown in Fig. 10.

Figure 10(b) shows the separations and phase differences between the solitons
on the interaction plane, before, during, and after a collision. The solid line is for
solitons 2 and 3, while the dashed line is for solitons 1 and 2. The solid curve ends
up at the point F1, while the dashed line starts at this point, thus indicating that the
pair formed by solitons 2 and 3 is exactly the same as the initial pair formed by the
solitons 1 and 2.

Due to the fact that dissipative solitons are fixed, the outcome is always an in-
teger number of solitons with fixed amplitude and velocity. Therefore, qualitative
considerations lead us to the conclusion that no other scenario of collision between
a pair and a singlet is possible. This would be the conclusion for any other set of
parameters of the CGLE where stable soliton pairs exist.

A summary of these results is presented in Fig. 11. Initially, the point on the inter-
action plane for solitons 2 and 3 is located far away from the origin at a fixed distance
(≈ 6) in all our simulations. For the relative phase difference, φ , we choose 36 val-
ues, with 10 degrees angular difference between neighbors. All 36 initial points are
shown as small dots in Fig. 11. In this way, we cover a circle of initial conditions on
the interaction plane in a relatively dense way. Each of these initial conditions leads
to one of the outcomes that we described above. The simulations allow us to estab-
lish a correspondence between the angular position of the initial point and the result
of the collision.
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Fig. 11 Schematic of the
evolution of solitons 2 and
3 on the interaction plane
according to their initial phase
relationship. The result of
the collision of the soliton
pair 1–2 with the single
soliton 3 depends on the
relative phase between the
solitons 2 and 3 before the
collision. This plot shows
the outcomes of the collision
for 36 initial conditions,
which are represented by
small dots on a circle of
radius ≈ 6. The values of the
equation parameters for these
simulations are the same as
those in Fig. 1 −7 −3.5 0 3.5 7
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Specifically, the points in the lower left quadrant result in the annihilation (or fu-
sion) of one or two solitons. This is indicated in the figure close to each set of initial
conditions. This evolution is similar to the examples presented in Fig. 8. Fusion to
a single soliton occurs when the initial point is in the upper part of this quadrant.
Fusion of three solitons into two occurs when the initial point is in the lower part of
this quadrant.

The rest of the circle of initial conditions can be divided into three arcs, depend-
ing on the collision outcome. The final and initial points in this plane are joined
schematically by the straight lines. These are not the actual trajectories. The trajec-
tory may rotate around the origin before the collision. We obtain oscillating soliton
triplets (as in Fig. 9(a)) when the initial point is in the lower right quadrant of the
interaction plane. As indicated in that figure and mentioned above, the final state in
these cases is a limit cycle, rather than a point. Moving soliton triplets (as in Fig.
9(b)) are obtained when the initial point is in the upper right quadrant. Finally, an
“elastic collision” (similar to that in Fig. 10(a)) occurs when the initial point is in
the upper part of the circle. This last case is well illustrated by Fig. 10(b).

If we select an initial distance between the solitons 2 and 3 which is different
from the value 6, the whole circle of initial conditions may rotate around the origin,
thus moving our classification scheme around. However, the relative locations of the
various outcomes of the collision will remain unchanged.

In [39], a comprehensive numerical study was also undertaken with a CGLE
model with parameter management. In addition to the cases found with the dis-
tributed CGLE, as presented above, the existence of an additional type of soliton
pair gave a few additional collision cases, such as reflection of a doublet by a
singlet, thus clearly manifesting inelastic behavior. This reflection case was reported
experimentally in [41].
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3 Pulsations of Dissipative Solitons

The existence of pulsations is linked to dissipative nonlinear dynamics. The most
direct example in optics is the passively mode-locked laser [42] which produces a
train of ultra-short pulses. Other examples include parametric oscillators [43] and
spatial soliton lasers. All of these devices, within certain approximations, can be
well described by the complex Ginzburg–Landau equation. As discussed above, this
equation has all the essential elements needed to describe the main influences on the
optical field, namely dispersion (or diffraction), nonlinearity, linear and nonlinear
gain/loss, and spectral filtering.

A comprehensive balance between all these effects results in solitons which have
a wide variety of shapes and a rich dynamical evolution. This richness is in strik-
ing contrast to soliton dynamics in Hamiltonian systems, where the only balance
is between nonlinearity and dispersion. This produces simple bell-shaped pulses
or beams. One of the manifestations of this complexity is self-pulsations – pulses
evolve in time, either periodically or in a more complex way [44]. However, they
remain as localized solutions all the time, as required for solitons. The variety of
these objects is considerable, and more examples are presented in [26].

At first glance, pulsating solutions may seem to be trivial generalizations of
higher-order solitons, or “breathers” in integrable systems [45], but such a com-
parison is deceptive. Breathers are nonlinear superpositions of several solitons of an
integrable system, and, with any disturbance, they tend to split into their constituents
or transform into a single soliton [1]. On the other hand, in a dissipative system, a
pulsating soliton can be considered as a single robust object, which nonetheless has
its own internal dynamics.

Pulsations in a distributed model governed by a single CGLE [26, 44] occur with
intrinsic periods that cannot be related to any cavity length. In order to overcome
the limitation of the distributed model, we here consider a parameter-management
CGLE model which explicitly incorporates the cavity periodicity of the laser. Thus,
in the rest of Sect. 3, a simple laser model, composed basically of two parts, is used.
Propagation in the first part is modeled by the full CGLE equation, which stands
for the gain medium plus the passive mode-locking element. The dispersion in this
section of the cavity is normal (D < 0) and the length of the section is LD. The
second part corresponds to dispersion compensation alone, and is ruled by linear
propagation in a dispersive link of normal dispersion d > 0 and length Ld . The
equation in this part is linear, and therefore the only relevant parameter is the product
(dLd).

3.1 Short-Period Pulsations

Short-period pulsations are pulsations whose period is comparable with the round-
trip time. When this period coincides with the round-trip time, the laser is in a stable
regime of pulse generation, i.e., it produces exactly the same pulse each round-trip,
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Fig. 12 Peak amplitude versus energy, Q, for (a) a period-1 solution as it evolves during one round-
trip inside the cavity. The vertical part of this trajectory corresponds to the propagation during the
purely dispersive stage. (b) Trajectory repeats after twice passing through the laser cavity. The
parameters used in the simulation are written inside the figure

as illustrated numerically in Fig. 12(a). This figure shows the soliton peak amplitude
versus the energy, Q, of the pulse as it evolves during one round-trip inside the cav-
ity. After each round-trip, the trajectory returns exactly to the initial point. For any
arbitrary initial soliton parameters, the trajectory is out of this loop, but converges to
it after a number of round-trips. Hence, according to the common terminology used
in nonlinear dynamics theory, the loop is a stable limit cycle. As in the rest of this
section, any transitory evolution needed to reach the solution from arbitrary initial
conditions has been removed from the plot.

In contrast to this dynamical evolution, which has the same periodicity as the
cavity round-trip time, other regular dynamical forms may arise when one changes
the cavity parameters. The case of a period equal to two round-trip times is shown
in Fig. 12(b). The model parameters that cause such a transformation are shown in
the figure. As a rule, the period-1 pulsation becomes unstable, but the cycle with
two loops becomes stable instead. This phenomenon is known as a period-doubling
bifurcation.

3.1.1 Bifurcations in the Parameter-Management CGLE Model

Phenomena known as period-doubling and period-tripling can occur in mode-locked
lasers [46, 47]. In general, a “period-N” solution is one whose shape is restored
after N round-trips. The model used here provides pulsating behaviors with virtually
any integer number, N. The appearance of these dynamical types follows specific
bifurcations, as presented below.

In the example shown in Fig. 12, several parameters were changed in order to
obtain period-doubling. In many cases, only one of the parameters needs to be
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Fig. 13 Output energy, Q, monitored at the end of the amplifying stage as a function of (a) μ
and (b) β . (a) shows a sequence of period-doubling bifurcations in the parameter-managed laser
model. The parameters are shown in the inset. (b) shows a period-tripling bifurcation. The inset
shows the pulse energy versus the number of round-trips for the period-3 solution at β = 0.25. The
parameters of the simulations, apart from β , are shown in the inset in Fig. 14(a)

varied to have a bifurcation or even a sequence of bifurcations. For instance, if
the gain saturation, μ , is chosen as a variable parameter, one can also observe
period-quadrupling. A diagram showing a sequence of period-doubling bifurca-
tions is presented in Fig. 13(a). Period-4 appears at a value of μ ≈ −0.093. A
further change of μ gives period-8 solutions and chaotic evolution of pulses at
around μ = −0.092. The whole sequence of period-doubling bifurcations exists
but cannot be resolved on the scale of Fig. 13(a). A similar evolution can be ob-
served with a continuous change of other system parameters, but, depending upon
the choice of the parameter used as a variable, one can get a more complicated
sequence. In particular, a diagram with the period-tripling bifurcation is shown
in Fig. 13(b). In this case, when changing the spectral filtering parameter, β , we
have a transition directly to the period-3 solution, rather than to the period-2 one
at the bifurcation point. The bifurcation occurs at β ≈ 0.288. When further reduc-
ing the parameter β , we obtain a transition to a period-6 solution. A further re-
duction in β leads to chaotic solutions, after a series of bifurcations with period
multiplication.

The trajectory in the (Q, Peak Amplitude) space for the case shown in the inset
of Fig. 13(b) is presented in Fig. 14(a). It shows the evolution of a pulsating soliton
whose period covers three cavity round-trip times.

The form of the bifurcation diagram depends on the trajectory in the parameter
space chosen in the simulations. In the two cases presented above, all the parame-
ters except one (μ or β ) were fixed. This is the easiest way to change parameters
in the simulations. Experimentally, changing the configuration may cause the si-
multaneous variation of several parameters. Then, the trajectory in the parameter
space would be more complicated. Each route would create a specific bifurcation
diagram, so that extensive mapping of all possible bifurcation diagrams does not
seem possible.
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Fig. 14 (a) Period-3 pulsation. (b) Period-3 loop with an additional “long-period” modulation for
multiple passes of the laser cavity

3.1.2 Experimental Observations and Additional Features

The aim is to observe “pulsating waveforms”, namely pulsations of the intensity of
the ultra-short pulses generated in the mode-locked laser. Starting from stable sin-
gle pulse mode-locking, the experimentalist has the latitude to slightly vary one or
several cavity parameters, so as to remain in the mode-locked regime while adding
new dynamical features. If we consider the setup of Fig. 2, the experimentalist can,
for instance, change the orientation of the mode-locking wave plates. This results in
an alteration of the whole nonlinear transmission function of the open-air section.
From a numerical point of view, this is different from varying one single parameter
at a time. The experimentalist can also tune the amount of loss related to the ori-
entation of the half-wave plate preceding polarizer P2. For example, starting from
a stable, period-1, single pulse and a value of 20% loss due to the variable output
coupler, a reduction of that loss leads to the sequence of period-2 and period-4 bifur-
cations represented in Fig. 15(a). The bifurcation points are resolved at transmission
values of around 0.9 and 0.97. The real-time observation of a period-2 pulsation is
displayed in Fig. 16(a).

Comparisons between experiment and numerical simulations are consistent when
only a single pulse is circulating in the cavity. For two or more pulses, the model
should be modified to take into account gain saturation, which depends upon the
total energy inside the laser cavity [18]. It is well known that multiple pulsing and
the formation of multi-soliton complexes can be favored in the cavity when the intra-
cavity energy is increased [12, 28]. Multiple pulsing can be seen as a possible way
of restoring the energy balance in the cavity and stabilizing the laser operation.

An example of this type, which relates a change of the mode of the laser operation
to an increase in pump power, is shown in Fig. 15(b). When the pumping power is
increased up to 140 mW, period-2 oscillations appear. These exist at higher power
levels. However, at P = 200mW, instead of a continuation of the period-doubling
cascade, a bound soliton pair, or doublet, is formed, as revealed by the analysis of
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Fig. 15 (a) Experimental bifurcation diagram revealing period-2 and period-4 dynamics in the
single pulse case. (b) Bifurcation diagram showing the formation of doublet and triplet multi-
soliton states, in addition to period-doubling

Fig. 16 Experimental observation of (a) period-2 and (b) period-6 pulsations in the single pulse
case. The round-trip time is the same in the two figures, namely 27.5 ns, and the time interval per
division is set at 20 ns on (a) and at 100 ns on (b)

the optical spectrum and optical auto-correlation (see Sect. 2). At the same time,
period-2 oscillations disappear.

The interpretation of this phenomenon is as follows. The increase of the intra-
cavity energy causes the instabilities described above. However, large instabilities
are avoided due to the sharing of intra-cavity energy between several pulses that
are bound together [33]. This observation of stabilization through additional pulse
formation was also reported in [47], where a simple recursive model was given to
explain that dynamical behavior.

Dynamical behavior with periods other than 2 and 4 can also be observed. Period-
3 pulsations and period-6 pulsations are easily observed formations. Figure 16(b)
shows an example of period-6 pulsations that appears in the sequence with a period-
tripling bifurcation. This observation is a qualitative analog of the numerical solu-
tions obtained for the values of β in the interval [≈ 0.184, 0.196] in Fig. 13 (b).

When several pulses per round-trip are involved, additional combinations of pul-
sations can be observed. For instance, when two pulses are regularly spaced in the
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Fig. 17 Observation of two possibilities of period-4 pulsations for harmonically mode-locked laser
regime with two pulses per round-trip. Compared with Fig. 16, the repetition rate has been doubled.
The change from (a) to (b) is triggered by a slight adjustment of cavity losses

cavity, i.e., they are harmonically mode-locked, the cavity repetition rate is doubled
and this situation can also lead to multiple-period pulsations. An example is pro-
vided in Fig. 17, with two options for period-4 pulsations.

It is almost impossible to perform a complete mapping of bifurcations with re-
spect to cavity parameters. When one follows the bifurcation diagram with respect
to the variation of a given cavity parameter, the type of bifurcation can be dramati-
cally different after another parameter is changed. To give an example, starting from
the bifurcation case displayed in Fig. 15(a), if the quarter-wave plate preceding the
polarizer P1 is rotated by 5 degrees, the variation of the transmission of the out-
put coupler leads to the new bifurcation diagram displayed in Fig. 18(a). An abrupt
transition to a longer-period pulsation is found, instead of a period-doubling cas-
cade. Then, at a transmission value of 0.88, these pulsations disappear, along with
the creation of a soliton pair. An illustration of a real-time observation, correspond-
ing to a transmission value of 0.8, is shown in Fig. 18(b). The period is close to
18 round-trips, which looks unusual. The explanation for the existence of such a
pulsation is provided in Sect. 3.2.

Fig. 18 (a) Experimental bifurcation diagram showing abrupt transition to pulsations of longer
period. The pulsation that corresponds to the location of the arrow is illustrated in (b)
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3.2 Long-Period Pulsations

“Long-period pulsations” are pulsating solutions that have a period much longer
than the round-trip time. As a rule, the period in this case is not an integer multiple
of the round-trip time, although it can become commensurate with it after a careful
adjustment of the system parameters.

3.2.1 Pulsating Solitons in a Laser Model with Parameter Management

There are many types of long-period pulsations. One example is shown in Fig. 19(a).
The pulse is asymmetric at any particular value of z. As a result, it moves with a ve-
locity that changes sign over a pulsation period. The pulse profile also changes con-
tinuously – it splits into two but then these recombine. In spite of such complicated
behavior, the pulse retains the same position in t, on average. The total period of
the pulsations in this example is N ≈ 38. The pulse changes its symmetry relative to
the transformation t →−t after approximately 19 round-trips. As a consequence, the
energy, Q, plotted versus the number of round-trips (presented in Fig. 19(b)) shows
a periodicity that is ≈ 19. Despite complicated shape transformations, the evolution
of the energy is almost harmonic. This means that the parameters of the system are
not far from the bifurcation point where we have the transition from stationary to
pulsating solitons.

Another example of a pulsation with a period of approximately 11 round- trips is
shown in Fig. 20(a). This solution alternates between moving to the left and to the
right, periodically changing its velocity and position. The evolution of its spectrum
is shown in Fig. 20(b). The average velocity is zero in this case. However, if we
choose different parameter values, we can observe a non-zero average velocity and
then the pulsating soliton will permanently move in a certain direction [48].
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Fig. 19 (a) An example of long-period (≈ 38 round-trips) pulsation. The plot shows the evolution
of the pulse profile. Pulse profiles at N = 1, 20, and 39 are plotted with thicker lines for the sake
of comparison. The parameters for this simulation in the nonlinear section of the laser are: LD =
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dLd = 0.254. (b) Pulse energy versus the round-trip number for the same case
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Fig. 20 (a) An example of soliton pulsations with velocity beating. (b) Evolution of the soliton
spectrum. The parameters for this simulation in the nonlinear section of the laser are: LD = 0.3,
D = −4.475, ε = 1.6, δ = −0.4, β = 0.15, ν = 0, and μ = −0.18. In the linear section, we have
dLd = 1.6

The variety of possible pulsating solutions is considerable, and they occupy ap-
preciable regions of the seven-dimensional parameters space. The pulse can period-
ically change its profile, chirp, and group velocity and also oscillate back and forth
relative to its average position in the moving frame of reference. All general types
of pulsating solutions obtained with the continuous model [44, 26] can be obtained
with the parameter-managed CGLE. However, in each model, each type of solu-
tion has its own specific characteristics. Pulsation periods of up to a few hundred
round-trips can be obtained in the simulations. There is no doubt that pulsations
with longer periods also exist. The pulse energy modulation can be changed over a
wide range, reaching values of up to 60% (see Fig. 19(b) and Fig. 21 below).

At the point of transition, when the pulsations are weak, they are close to sim-
ple harmonics. However, when the amplitude of the pulsations become larger, they
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0

30

60

(b)

0 100 200
0

30

60 (a)

round trips round trips

Q

d•Ld = 0.18 d•Ld = 0.18
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δ = – 0.4, β = 0.25

ε = 2.0, ν = 0, µ = – 0.14

D = – 3.2, LD = 0.04
δ = – 0.4, β = 0.25

ε = 2.0, ν = 0, µ = – 0.1

Fig. 21 Soliton energy, Q, versus the number of round-trips for two cases of pulsations with a large
amplitude. Their set of parameter values are shown in the insets
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contain higher-order harmonics. Two examples are shown in Fig. 21. These cor-
respond to well-developed pulsations which are far above the bifurcation from
stationary solitons.

3.2.2 Experimental Observations

In a mode-locked fiber laser with typical pulse duration below 500 fs at a repeti-
tion rate of several tens of MHz, it would be hard to observe all the features of
the pulse transformation in z experimentally. It is a very difficult task to accurately
characterize a pulse when it changes its parameters. However, one can follow the
periodic changes of the pulse energy from oscilloscope traces, and these show that
long-period pulsations certainly exist.

It is important to distinguish between long-period pulsations that develop in a
medium with an instantaneous response, as simulated above, and pulsations that rely
on finite relaxation times linked to the laser gain medium, since these are not taken
into account in the model. Relaxation pulsations in the mode-locking regime, also
called “Q-switch” mode-locking, are well known to laser physicists. In particular,
they develop in cavity designs which incorporate semiconductor-based saturable
absorbers, where they present a limitation to power scalability. These pulsations are
indeed characterized by a long period, but also by a strong and asymmetric modulation
of nearly 100%, and are accompanied by an excess of intensity noise [49].

Below are a few examples of long-period pulsations, recorded with the exper-
imental setup of Fig. 2, that do not belong to the category of “Q-switch” mode-
locking, although some interplay between the nonlinear dynamics, as simulated
above, and the gain medium relaxation times cannot be strictly ruled out.

In a stable regime of laser operation, monitoring the output intensity displays the
amplitude peaks that repeat at the cavity fundamental frequency of 36.6 MHz, as
shown in Fig. 5(a). In order to observe long-period pulsations in the experiment, one
of the four wave plates used to obtain mode-locking is shifted. This affects the whole
nonlinear loss function in the cavity, since it is related to the values of the coefficients
δ , ε , and μ in the CGLE model. In this way, single-pulse mode-locking is maintained,
while significant pulse changes from one round-trip to the next are achieved.

Long-period modulation of the output pulse energy is thus obtained, and, after
entering this regime, an increase of the soliton energy modulation can be achieved
either by increasing the pumping power or by a subsequent tuning of the mode-
locking wave plates. When the modulation amplitude is small, it appears as a sinu-
soidal modulation. This is illustrated by the recording in Fig. 22(a), which reveals
a pulsation close to period-26. In the majority of the experimental arrangements,
larger soliton energy modulations would correspond to longer periods.

When the soliton energy modulation is high, it follows a more complicated non-
sinusoidal evolution. This is illustrated by the oscillogram in Fig. 22(b). These re-
sults are in qualitative agreement with numerical simulations that show complicated
but periodic behavior. Much longer periods, of the order of 103 cavity round-trips,
have been achieved experimentally. Two examples are shown in Fig. 23(a, b). It
also shows the transition from a close-to-sinusoidal modulation to a non-sinusoidal
modulation.
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(a) (b)

Fig. 22 Two examples of long-period pulsations for single pulse operation. (a) Pulsations with
small energy modulation and with a period ≈ 26 round-trips. (b) Pulsations with a larger soliton
energy modulation (with period ≈ 32 round-trips), which depart from a sinusoidal modulation

(a) (b)

Fig. 23 Two more examples displaying pulsations of longer period. (a) The period is around 815
round-trips and (b) the period is around 910 round-trips

Very large soliton energy modulations lead to the complete disruption of the sin-
gle pulse mode-locking regime. The laser either enters a multi-pulse regime of gen-
eration or the pulses in each round-trip become so unstable that mode-locking is
disrupted. However, the range of parameters where periodically modulated pulse
generation exists is very large, and it is comparable with the range where stable
pulse generation exists.

3.3 Double Periodic Pulsations

Pulsations become complicated when two periods of oscillation are involved in the
dynamics. A large variety of such solutions can be found numerically. In the follow-
ing, only the simplest examples are provided.
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3.3.1 Double Period Pulsations in the Model with Parameter Management

Figure 24(a) is an example of one of the possible bifurcation diagrams which leads
to double periodic pulsations. It shows the values of the output energy, Q, as a func-
tion of ε . For the specified set of parameters shown in the inset of this figure, the
period-1 solution is stable for ε > 1.332. A bifurcation to the period-2 solution oc-
curs at around ε ≈ 1.332. The period-2 solution exists below this value all the way
down to ε = 1.25. There are two other bifurcations at ε ≈ 1.292 and ε ≈ 1.33, de-
limiting a wide area of seemingly chaotic solutions, where a diversity of Q values
can be obtained, rather than two fixed values. In fact, in this latter region, we have
quasi-periodic soliton evolution with two incommensurate periods.

The soliton energy versus the round-trip number for one of these solutions is
plotted in Fig. 24(b) using thick vertical lines. This plot clearly shows the double
periodic nature of the solution. After each round-trip, the Q value jumps from a low
(high) value to a high (low) value, as it should for period-2 solutions. In addition,
the upper and the lower Q-values oscillate with a longer period (approximately 18
round-trips). The longer period is not exactly a multiple of the round-trip time, thus
creating the region of seemingly chaotic motion in Fig. 24(a). The additional period
and the amplitude of pulsations vary in the interval between the two bifurcations.

Virtually any imaginable combination of long and short periods in the dynamics
can be realized with a proper choice of system parameters. New periods appear and
disappear at bifurcation points which are similar to those in Fig. 24(a). Figure 25(a)
is another example of a bifurcation diagram. It shows a bifurcation from a single pe-
riod to a short period-3 solution. In fact, the period-1 can be seen clearly in the region
below D ≈−1.32. A period-3 solution exists in the interval −1.05 < D <−0.92. In
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Fig. 24 (a) The total soliton energy, Q, versus ε . The inset gives the values of other parameters used
for the simulations. This diagram shows the period-doubling bifurcation at ε ≈ 1.332. Bifurcations
leading to additional long-period pulsations occur at ε ≈ 1.33 and ε ≈ 1.292. (b) Q versus round-
trip time for the period-2 solution with an additional long-period pulsation. The value of ε chosen
for this case is 1.31 (marked by the arrow in (a))
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Fig. 25 (a) Bifurcation diagram showing a period-tripling bifurcation with an additional long-
period pulsation. The parameters of the simulation are LD = 0.35, β = 0.25, δ = −0.4, ε = 1.8,
ν = 0, μ =−0.15, and dLd = 0.6. (b) Part of the bifurcation diagram that shows “synchronization”

between these two regimes, we can see a wide area of soliton evolution with a con-
tinuous range of output energies, Q. This area corresponds to quasi-periodic soliton
evolution, with two incommensurate periods involved in the dynamics.

Double periodicity also appears in Fig. 14(b). This plot was calculated for a dif-
ferent set of parameters but had the same properties – pulsations occur with a com-
bination of a period-3 and a long-period modulation. The triple limit cycle, similar
to the one shown in Fig. 14(a), is shifted each round-trip by a small amount defined
by the longer period of pulsations. The final result is this “attractor” which fills the
triangular “donut”. We stress that such motion is not chaotic, but quasi-periodic.

The long periods are generally incommensurate with the short ones. However, for
some range of parameters, a “synchronization” of the two frequencies may occur.
Then, a period which is an integer multiple of 3 can be observed. An example of
such synchronization can be seen in Fig. 25(a) in a small window in the region
−1.2 < D <−1.19. The soliton energy takes discrete values, rather than an arbitrary
value from the continuous range. This can be seen clearly if we plot the same figure
with a higher resolution (see Fig. 25(b)).

3.3.2 An Experimental Observation of a Double-Period Pulsation

Not every dynamical form obtained numerically can be easily observed in the ex-
periment. This is related, in part, to the fact that some external parameters of the
laser system cannot be changed continuously. As a result, some of the regions of
parameter space cannot be reached in the fixed arrangement of the setup. Never-
theless, some of the double periodic motions have been experimentally observed in
[50]. Figure 26 illustrates period-doubling with an additional pulse energy modu-
lation. Here, the same pattern is repeated every ≈ 32 round-trips. This long-period
pulsation exists on the top of the period-doubling modulation and is generally in-
commensurate with the period-2.
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Fig. 26 Experimental oscillo-
gram showing a sequence of
laser output pulses with com-
bined period-doubling and
long-period (≈ 32) pulsations

4 Vibrations of a Soliton Pair

While the previous section essentially dealt with pulsations of single dissipative
solitons, we may wonder if pulsations of multi-soliton complexes are possible, and
what forms they could take. In fact, in the case of three solitons, oscillating triplets
were already predicted by the CGLE laser model, as mentioned in Sect. 2.3 (see
Figs. 9(a) and 11). If we start with a soliton pair, the simplest pulsation that can
be imagined can be seeded by the image of the natural pulsations of a diatomic
molecule, namely, the vibrational states.

4.1 Indirect Experimental Evidence

A vibrating soliton pair would consist of two bound solitons, whose temporal sep-
aration and phase relationship oscillate with time. From the experimental point of
view, this should be observable, at least indirectly, when considering the optical
spectrum and the optical auto-correlation function. Indeed, as was shown in Sect. 2,
these measurements are particularly sensitive to both the separation and phase re-
lationship of the bound pulses. If the period of the oscillation, which is large com-
pared to the cavity round-trip time, is small compared to the acquisition time of a
data point, then the experimental recordings will present an averaging effect, which
will reduce the contrast of spectral fringes and widen the cross-correlation peaks.
This has recently been observed experimentally, as presented in Fig. 27, adapted
from [51]. In the reported experiment, there were no visible oscillations of the total
cavity energy, since the recording of the output pulses showed a similar aspect to
that in Fig. 5(a). This is in marked contrast to the results of Sect. 3, where all pul-
sations had major influences on the function Q(z). Compared with the single pulse
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Fig. 27 Transition from (a) a stable soliton pair (pump power: 210 mW) to (b) a soliton pair with
relaxed separation and phase relationships (pump power: 220 mW). The blurring of fringe contrast
and the widening of auto-correlation side peaks are attributed to a vibrational motion of the soliton
pair

case, a weakly bound soliton pair has internal degrees of freedom (separation ρ and
relative phase θ ) that could oscillate significantly without having much of an effect
on the total energy, if the binding energy is relatively weak.

A loss of contrast in the spectral fringes can have several different origins. If
pumping power is significantly increased, a wandering third pulse, with no phase
relationship to the soliton pair, could be created. The contrast of fringes would then
jump from nearly 100 to 67%, as in Fig. 6(a) [38]. A second possibility is that the
two bound pulses become unequal. This would be detected from analysis of the
auto-correlation trace and would also be in contradiction to the expected properties
of dissipative solitons, which, in principle, have fixed energies for a given set of
propagation parameters. A third possibility is that the phase relationship between
the two solitons is loosened, and this would correspond to the case of dissipative
solitons which are more weakly bound. It is very likely that Fig. 27(b) corresponds
to this third possibility. Indeed, the auto-correlation trace (inset) shows a reduction
of the amplitude of the side peaks, with, at the same time, a broadening of the side
peaks. As the side peaks represent the cross-correlation between the two pulses, the
broadening should correspond to time variation of the relative distance between the
two solitons, as expected in the case of an oscillating soliton pair. Following this first
experimental evidence, which is an indirect integrated measurement, time-resolved
studies of the internal vibrational motions of soliton pairs could be designed. In the
meantime, it is highly desirable to gain more insight from numerical simulations, as
in the next section.

4.2 Vibrating Soliton Pair in the CGLE Model

Single pulse solutions of the CGLE are stable over wide regions of the parameter
space. Stationary stable soliton pairs occupy sub-regions of considerably smaller
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size inside the previous one [52]. The region of existence of pulsating solitons is
also relatively small. In this respect, oscillating pairs seem to exist stably in very
narrow areas in the 6D parameter space of the equation parameters.

Figure 28(a) presents a set of parameters of the CGLE where single-frequency
oscillating soliton pairs are obtained. It shows the final state of the trajectories for
two different pairs that start at the locations of the two black dots. Both trajectories
converge to the central loop in the (ρ,θ) plane, after passing through either the
darker region or the lighter one. This central loop represents the asymptotic limit
cycle, and is located at the boundary between the light and dark gray regions. Once
the limit cycle has been reached, the energy, or any other relevant quantity, evolves
periodically, as Fig. 28(b) shows. The pulse profile evolution is displayed in Fig.
28(c). These oscillating pairs can be represented quite reasonably in a two-parameter
space, as only the phase difference and the relative distance change in a visible way
during evolution, while each pulse essentially keeps a fixed profile. There is no
doubt that many other types of non-stationary, but stable, pairs can be found.

Various oscillating and vibrating soliton pairs have been found numerically very
recently in the continuous CGLE model [53, 54], as well as in the more involved
case of a (3+1) CGLE model [55].
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Fig. 28 (a) Trajectories in the (ρ,θ ) space for two soliton pairs initially located at the black dots.
After many loops, both trajectories converge to the closed orbit in the middle. (b) Evolution of
the energy, Q, when the central loop is reached. (c) Pulse profile which more clearly shows the
periodic vibration of the soliton pair asymptotic solution
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4.3 Vibrating Soliton Pair in a Detailed Laser Model

The CGLE model, due to its simplicity, tracks the physical essence of the vibration
of the soliton pair. However, to make a more precise comparison with the experimen-
tal results, one may need a more specific model that provides a better match with the
experimental setup used in each case and whose parameters are directly related to
the experimental control parameters. Therefore, more complete laser models, such
as those in [25, 56], have been developed.

The aim is to understand how the relaxation of the time separation and the phase
relationship between bound solitons can arise in the experiment, when a control
parameter is changed. A previously developed laser propagation model, which is
detailed in [56], has been used as the basis for the numerical simulations that have
been performed in [51]. The model retains the essential features of the passively
mode-locked fiber ring laser, namely nonlinear polarization evolution for passive
mode-locking, as well as dispersion management with two types of fibers. The pe-
riodicity of the cavity is thus taken into account in an accurate way.

4.3.1 Hopf Bifurcations and Limit Cycles

Vibrating soliton pairs are observed numerically close to the domain of existence
of the phase-locked soliton pairs that were obtained in [56]. The stationary regime
consists of two solitons for which the temporal separation and the phase relationship
oscillate. Qualitatively, the motion is an analog of that in Fig. 28(c), but the time
scale of its dynamics, relative to the cavity round-trip time, is now revealed. Indeed,
the period of the pulsation is much larger than the cavity round-trip time, being
in the range of 103–104 cavity round-trips. In addition, the existence of quantized
vibrational states is revealed, instead of there being just one vibrational state for each
given set of cavity parameters. This is clearly shown in Fig. 29 – there is not one,
but a full “necklace” of limit cycle attractors that correspond to different allowed
averaged separations for the vibrating states for the same set of cavity parameters.
This is a remarkable extension of the quantization of allowed separations found for
soliton pairs in laser cavities [57].

In Fig. 29, the model parameters are the same as those used in creating Fig. 2
of [51], but the phase space has been enlarged to allow for the appearance of six
limit cycle attractors. To create the picture, various initial conditions of soliton pairs
(denoted by the large dots) were used. For all these initial conditions, the stationary
regime corresponds to a given vibrating pair.

Such long-period pulsations are thus analogous to the long-period pulsations pre-
dicted and observed in Sect. 3, and do not need to rely on the gain relaxation dy-
namics. However, observation of a vibrating soliton pair is more difficult, since the
vibrational motion is not associated with significant variations of the total cavity
energy, in contrast to the case of a single pulse long-period pulsation. Indeed, the
oscillation of the total energy has an amplitude which is typically lower than 10−4

times the average total energy. Due to technical 1/f noise in the sub-30 kHz domain,
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Fig. 29 Set of vibrational
states that are simultaneously
allowed in the laser model
of [51], with Qsat = 0.6 and
θ = 64 degrees. The diagram
represents the phase rela-
tionship versus the temporal
separation of the two solitons.
Each vibrational state acts
as a limit cycle that attracts
neighboring initial conditions
of soliton pairs. Initial condi-
tions are represented by large
dots

no corresponding peak in the RF spectrum could be clearly isolated in the exper-
iment, although there was evidence of higher frequency vibrations. On the other
hand, the vibrational motion has a direct influence on the averaged optical spectra
and auto-correlation traces that can be recorded, since the limit cycle is stable.

As suggested by the experiments, the transition from a phase-locked soliton pair
to a vibrating soliton pair is almost continuous when we change a model parame-
ter such as the saturation energy (which corresponds to the pumping power in the
experiment) or the polarizer angle. Indeed, Fig. 30(a) presents a super-critical Hopf
bifurcation from a stable stationary soliton pair to a vibrating soliton pair, when the
polarizer angle (which corresponds to polarizer P1 in Fig. 2) is decreased. Figure
30(a) was plotted following the first attractor on the left of Fig. 29, but the evolution
of other attractors would present the same transition feature. An averaging of the op-
tical spectra over the limit cycle for θ = 66 degrees is shown in Fig. 30(c) – partial
blurring of spectral fringes is clearly observed, in accordance with the experimental
observation.

Fig. 30 (a) Super-critical Hopf bifurcation from stable stationary soliton pair to vibrating soliton
pair, when decreasing the polarizer angle. (b) Averaging of the optical spectra over the limit cycle
for θ = 66 degrees, showing the fringe blur
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5 Conclusion and Prospects

The nonlinear dynamics of dissipative multi-soliton complexes seems to offer an
unlimited range of cases. Furthermore, most of these cases are not marginal, with
each one occurring for a given range of parameters and initial conditions. This al-
lows them to be classified in terms of their existence domains. This is very important
from the perspective of applications. In this chapter, we have dealt with two main
dynamical classes: stable temporal multi-soliton complexes, akin to optical soliton
linear molecules in their fundamental state, and pulsating solitons, which also in-
clude the class of vibrating soliton molecules.

5.1 The Molecule Analogy: Similarities and Differences

Several authors have explicitly used the term “optical soliton molecule” in the ti-
tle of recent papers [58, 59] in various contexts of nonlinear optics. It should be
noted that in other areas of nonlinear physics, such as reaction–diffusion systems,
the “soliton molecule” analogy was used earlier [60]. Let us briefly discuss the legit-
imacy of the analogy. A molecule is a localized group of atomic constituents that are
stably bound together. The notion of stability, although very relative, is the central
point. It means that a given molecule can be observed in the same state in repeated
measurements, within a given lifetime. If the lifetime is short, it can be viewed as
an unstable molecule, but the main interest lies on stable molecules. The stability
of a matter molecule can be addressed at different levels, linked to the existence of
the following physical features: a local minimum of potential energy, discrete en-
ergy levels, and dissipation during the formation process. In nonlinear optics, the
use of conservative nonlinearities could lead to various unstable molecules, initially
called “multi-mode solitons” [61, 62, 63], but in order to form a long-lived stable
optical soliton molecule, nonlinear dissipation seems to be required. Indeed, most
of the various multi-soliton complexes presented in this chapter are stable for ex-
tremely long propagation distances, which, in experimental terms, means minutes
or hours at the speed of the light. Such stability appears possible only if the internal
degrees of freedom of the molecule are constrained by the existence of dynamical
attractors.

If the molecule analogy proves to be a useful guide in the search for new dissipa-
tive multi-soliton complexes and their associated internal dynamics, one should not
forget the fundamental limitations of the comparison. A matter molecule, although
always coupled to a bath of radiation in reality, inherently has Hamiltonian inter-
nal dynamics. The matter molecule does not need a constant energy supply from
the outside to survive intact, and when it is in an excited state, its vibrational and
rotational motions occur while maintaining energy conservation of the molecule.
Of course, these basic conditions are not met with dissipative soliton “molecules”.
For the latter, there are no known conserved quantities. As we saw in this chapter,



Temporal Soliton “Molecules” in Mode-Locked Lasers 171

any pulsation or vibration is associated with an oscillation of the total field energy
(Sects. 3 and 4). In Sect. 2, we presented explicit cases in which the momentum
and even the number of “particles” are not conserved. This is why the observation
of an “elastic”-type collision was remarkable, as it is an “exception to the violation
rule”.

However, up to a point, the molecule analogy should still be useful for the study
of dissipative multi-soliton complexes.

5.2 Are Soliton “Macro-molecules” Observable?

The perspective of using soliton “molecules” as upper bits in digital all-optical com-
munication is attracting attention [59]. The possibility of stabilizing a long series
of bits in a sort of data “macro-molecule” could also be investigated, whether for
the improvement of the quality of transmission in a long-haul transmission line or
for the creation of optical buffer memories via stable recirculating loops [64]. In
practice, there are two main issues – the stability of a large soliton molecule and
its possible manipulation to place or convert data. The stability itself is a major
concern, since, when the soliton molecule becomes larger, the internal degrees of
freedom appear to be less stable [9]. Obviously, this subject would require further
investigation, along with new analytical tools based on statistical mechanics [65].

5.3 Toward Spatio-temporal Soliton Molecules?

The principles that made possible the observation of stable temporal soliton “mol-
ecules” in mode-locked lasers could be extended to the spatio-temporal case, at least
in principle. Theoretically, the CGLE model can be easily extended to (3+1)dimen-
sions with the inclusion of the transverse Laplacian operator to take into account
spatial diffraction in the paraxial approximation. Although numerical computation is
a much harder task than in the temporal domain, the existence of stable (3+1)D dis-
sipative solitons [3, 66], or “light bullets”, as well as stable double bullet complexes
[55], have been demonstrated numerically. Nonlinear dissipation is thus able to effi-
ciently overcome the problem of field confinement in higher dimensions. However,
experimental evidence of a (3+1)D dissipative light bullet is an even more challeng-
ing task and is yet to be demonstrated.
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22. B. Chassagne, G. Jonusauskas, J. Oberlé, and C. Rullière, Opt. Commun. 150, 355 (1998). 139
23. F. Salin, P. Grangier, G. Roger, and A. Brun, Phys. Rev. Lett. 56, 1132 (1986). 139
24. T. Tsang, Opt. Lett. 18, 293-295 (1993). 139
25. J.M. Soto-Crespo and Grelu, Ph.: Temporal multi-soliton complexes generated by passively

mode-locked lasers, In: Akhmediev, N.N., Ankiewicz, A. (eds.): Dissipative Solitons. Lect.
Notes Phys. Springer, Berlin (2005) 139, 140, 143, 168

26. N. Akhmediev, J.M. Soto-Crespo, and G. Town, Phys. Rev. E 63 056602 (2001). 140, 153, 160
27. V.V. Afanasjev and N. Akhmediev, Phys. Rev. E 53, 6471 (1996). 141
28. K. Tamura, E.P. Ippen, H.A. Haus, and L.E. Nelson, Opt. Lett. 18, 1080 (1993). 141, 156
29. K. Tamura and M. Nakazawa, Appl. Phys. Lett. 67, 3691 (1995). 141
30. M. Salhi, H. Leblond, and F. Sanchez Phys. Rev. A 68, 033815 (2003). 143
31. A. Komarov, H. Leblond, and F. Sanchez Phys. Rev. E 72, 025604 (2005). 143
32. A. Komarov, H. Leblond, and F. Sanchez Phys. Rev. A 72, 063811 (2005). 143
33. F. Gutty, Ph. Grelu, N. Huot, G. Vienne, and G. Millot, Electron. Lett. 37, 745 (2001). 143, 157
34. A.K. Komarov and K.P. Komarov, Opt. Commun. 183, 265–270 (2000). 143
35. S. Namiki, E.P. Ippen, H.A. Haus, and C.X. Yu, J. Opt. Soc. Am. B 14, 2099 (1997). 143
36. D.Y. Tang, W.S. Man, and H.Y. Tam, Opt. Commun. 165, 189 (1999). 143
37. M. Olivier, V. Roy, and M. Piché, Opt. Express 14, 9728 (2006). 146
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Compounds of Fiber-Optic Solitons

F. Mitschke

Abstract The concept of solitons is making inroads into industrial applications.
In optical telecommunications, we see the beginning of the commercial utilization
of temporal solitons – short pulses of light traveling down an optical fiber which
are stabilized by nonlinearity. This technology is very successful, and yet the data-
carrying capacity of optical fiber, even though it is enormous, is on the verge of
reaching a fundamental limit. Concepts beyond individual soliton pulses might be
helpful in pushing beyond, or working around, that limit. Several ways of creating
soliton compounds will be discussed, among them soliton molecules which have
already been experimentally demonstrated and recently discovered chains of dark
solitons.

1 Introduction

Solitons exist in a vast variety of nonlinear wave phenomena; the collection of
contributions in this book alone lends powerful support to that point. In the field
of optics, fiber-optic (temporal) solitons were the first type to be discussed [1]
and experimentally demonstrated [2]. Light pulses which possess robustness in the
presence of perturbations naturally hold great promise for optical telecommunica-
tions, and their further evolution has been driven mostly by this possible appli-
cation. Due to intense research, our understanding of these solitons has matured
considerably over the last quarter century. Meanwhile, several textbooks have been
written [3, 4, 5, 6] on the subject. Recently, soliton-based telecommunication sys-
tems have finally entered the commercial market. In this situation, one may wonder
whether the subject, at this degree of maturity, can still provide new and unexpected
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phenomena – apart perhaps from petty technicalities. Amazingly, the fiber-optic
solitons continue to amaze researchers with new, rather fundamental, questions
about the underlying physics.

Among the recent considerations is the following. Fiber-optic telecommunication
begins to get hemmed in by its own success. There are limits on the information-
carrying capacity of a telecommunications channel. As was first formulated by
Shannon [7], the rate of information flow through a channel is bounded by the
channel capacity which is given by the available bandwidth times a factor which
depends on the signal-to-noise ratio or, as is more appropriate for digital transmis-
sion, on the coding format. If progress continues at a rapid pace which is similar
to what occurred for many years (with the exception of 2001–2005), transmission
using binary encoding – the commercial standard to date – will soon reach the Shan-
non limit. One might object that Shannon only considered linear channels. Indeed,
several refinements for the nonlinear case given in optical fibers have been presented
recently [8, 9, 10, 11]; however, these corrections provide only moderately higher
estimates of the ultimate limit.

Several other attempts have been undertaken to find a way around the limitation,
including phase shift-keying of information (rather than encoding in power) [12]
or the use of higher-order solitons [13, 14]. Any successful approach to improving
the data-carrying capacity would certainly be preferable to the obvious, but costly,
possibility of deploying more fibers in parallel.

The present contribution illustrates how several new variants, which might col-
lectively be called soliton ensembles, become possible. Research on an ensemble of
solitons generated in a nonlinear feedback system will be reviewed in Sect. 3. Sec-
tion 4 describes soliton molecules in dispersion-managed fiber, i.e., bound states of
molecules which exploit the mutual interaction of solitons and may allow better use
of the communication channel. Section 5 will show that dispersion-managed fiber
also supports bound states of dark solitons.

2 General

2.1 Schrödinger Solitons

Solitons in optical fibers are pulses of light which are basically specified as solutions
of the underlying wave equation, the nonlinear Schrödinger equation (NLSE) [3, 15]

∂A
∂ z

= − i
2

β2
∂ 2A
∂T 2 + iγ |A|2 A . (1)

Here A = A(T,z) is the pulse envelope, z is the co-ordinate in the propagation di-
rection, T is time in the co-moving frame, and β2 and γ are the coefficients for
dispersion and nonlinearity, respectively.
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For negative dispersion, β2 < 0, there is the fundamental bright soliton solution

A(T,z) =
√

P̂sech

(
T
T0

)
exp

(
i
2

γ P̂z

)
. (2)

This is a stable solution of (1). Stability implies self-correcting effects after pertur-
bation, hence the appeal of solitons as the natural ‘bits’ for optical telecommuni-
cation. In (2), the peak power P̂ = |A(0,0)|2 and the pulse duration T0 cannot be
chosen independently; rather, both are linked by the ‘condition of constant action’:

T 2
0 P̂ =

|β2|
γ

= const. (3)

For the opposite sign, β2 > 0, a stable solution is given by the dark soliton

A(z,T ) =
√

P̂ tanh

(
T
T0

)
exp

(
iγ P̂z

)
, (4)

subject to the same constraint (3). Its hyperbolic-tangent envelope shape gives rise
to a tanh2, or ‘inverted sech-squared’, power profile. This is a dark notch appearing
in a constant-power bright wave. In other words, dark solitons are dark pulses on
a c.w. bright background. (More precisely, there is a whole family of dark solitons
with varying levels of depth of the minimum. They are known as grey solitons. It
has become customary, however, to refer to the ‘black soliton’ of (4) which dips
to zero as the ‘dark soliton’ where no confusion can arise [3].) While the first ex-
perimental demonstrations of dark solitons [16, 17] followed soon after that of the
bright soliton, the number of experimental studies devoted to the dark soliton case
[16, 17, 18, 19] is quite limited.

A description of fiber-optic solitons, both bright and dark, in terms of the non-
linear Schrödinger equation already captures many of their basic properties. Many
finer points, however, were only understood after various corrections to the sim-
ple equation, including higher-order dispersion, the Raman effect, and others, had
been investigated. It was shown many years ago that, in the presence of Hamiltonian
deformations, solitons of the NLSE remain stable, but they may decay when non-
Hamiltonian deformations are present [20]. In the present context of this book about
dissipative solitons, gain and loss are important, and this statement requires a further
comment. Dissipative solitons derive their stability from a balanced flow of energy
into and out of the soliton [21]. Their description requires generalized versions of
the NLSE, e.g., the Ginzburg–Landau equation.

However, for now, terms added to (1) will be disregarded. The single extension
considered here is that the NLSE can be applied only piecewise, either because
there is a repetitive perturbation (Sect. 3) or because the dispersion parameter is
made to vary in a piecewise-constant fashion (Sects. 4, 5). Even with this seem-
ingly mild modification, the NLSE allows a variety of solutions other than the bright
soliton.
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3 Soliton Ensembles in a Feedback System

It is a broad general rule that nonlinear processes, when subject to feedback, can give
rise to qualitatively new features. Bistable, self-oscillating, or chaotic systems are
cases in point [22]. It is therefore interesting to discuss a nonlinear feedback system
involving an optical fiber which is essentially closed upon itself. Figure 1 shows the
conceptual set-up. The ring resonator is driven by a sequence of external pulses of
light from a mode-locked laser, which we will call feed pulses. The round-trip time
Trt is carefully chosen so that it equals the repetition time of the feed pulses Trep or
an integer multiple thereof. This way, the feed pulse train is in synchronism with
the circulating pulses: Whenever the circulating pulse reaches the input coupler, it
meets with a fresh feed pulse, and both will interfere.

Consider feed pulses which are wide enough so that dispersion does not appre-
ciably alter their shape during a single round-trip. This statement can be cast in
more definitive form by using the characteristic dispersion length, commonly de-
fined as [3]

LD = T 2
0 /|β2| (5)

and comparing it with the round-trip distance Lrt. Here, we choose the initial pulse
width Tinit to be large enough so that LD = T 2

init/|β2| � Lrt. Then, during the first
round-trip, the pulse will basically experience only self-phase modulation. Depend-
ing on the amount of phase modulation, interference will yield a pulse with a more
complicated structure, as sketched in Fig. 2. Then, this more complicated pulse
starts the next round-trip, during which it will experience a more involved chirp,
so that upon the second interference, the pulse shape will get even more compli-
cated. Rapidly, a more complex structure is formed until, after very few round-
trips, the shortest sub-structures in the pulse will be limited by dispersion when
T 2

min/|β2| ≈ Lrt. Sub-structures will then cover all time scales from Tinit down to

      single mode,
   polarization-
preserving fiber

beam splitter

emits stream of
picosecond pulses

at fixed rep time of 12 ns

round trip time
equals

integer multiple of
pulse rep time

cw
modelocked

laser

variable
attenuator

isolator

output

Fig. 1 Schematic set-up of the synchronously driven ring resonator experiment
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Fig. 2 Schematic represen-
tation (not to scale) of the
earliest phase of the struc-
ture formation process for
the set-up of Fig. 1. Time is
plotted horizontally; vertical
directions represent electric
field strength. The unchirped
laser pulse (top) acquires self-
phase modulation during its
first round-trip (middle). Then
it interferes with the next
laser pulse; depending on the
amount of phase modulation,
the result may have complex
structure (bottom)

Tmin. The actual structure, however, is not stationary [23], but may become chaotic
[24, 25] or turbulent [26, 27].

Numerical modeling of the process is straightforward. There is unperturbed fiber
propagation which is modeled using (1) and a split-step Fourier algorithm, alter-
nating with interference which is just a complex addition in mathematical terms.
Figure 3 shows two subsequent round-trips after the initial transients have died
down. Both round-trip plots are separated graphically for better clarity. There are
well-defined sub-pulses on a minimal background; they move around during fiber
propagation and they are rearranged at the interference moment.

Closer examination of the simulation data reveals a remarkable fact – the highest
spikes are also the narrowest. This correlation is shown in Fig. 4, where the sub-
pulse peak power P is plotted versus τ−2, the square of the inverse sub-pulse width.1

Many data points occur at very low values of P and can have any value of τ over the
range shown and beyond it. This branch consists mostly of linear waves, possibly
in the far wings of the pulse. Some data points may also be caused by numerical
noise. The other branch corresponds to nonlinear pulses and displays a linear trend
in this plot, indicating τ2P̂ ≈ const. For comparison, the constraint (3) is shown
as the solid line for the fiber parameters used here. The agreement is remarkably
close, considering that for the system as a whole (propagation plus interference),

1 Here the pulse width is given as the full-width at half-maximum τ . Earlier (see, e.g., (2)), we
used T0, the half-width at sech2(1) of maximum. To convert, τ = 2arcosh(

√
2)T0 ≈ 1.76T0.
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Fig. 3 Numerically generated picture of a soliton gas. Propagation is from bottom to top. Two
complete consecutive round-trips are shown; for clarity they are plotted with a vertical gap in
between

one can certainly not speak of unperturbed propagation. The fact that the sub-pulses
are subject to a constraint of the type (3) justifies identifying them as soliton-like
pulses.

It is no surprise that at the moment of interference, the ensemble of solitons is
strongly perturbed and modified; however, it is also obvious from the simulation
that, during unperturbed fiber propagation, the individual solitons move relative to
each other. This must be attributed to their mutual interaction, so that the whole
ensemble resembles a fluid of particles – hence the name ‘soliton gas’.

When we varied the parameters, we noticed that, below a certain threshold value
of input power, the solitons in the gas cease to move (after a long transient has died
out). As shown in Fig. 5, they then sit in fixed, essentially equi-distant positions
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Fig. 4 Correlation of the
peak power (vertical) with
the inverse square of the
half-width (horizontal) for all
maxima in a soliton gas, taken
from many round-trips similar
to those shown in Fig. 3. The
straight solid line represents
condition (3)
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Fig. 5 Numerically generated picture of a soliton crystal. When compared with the gas in Fig. 3,
the only parameter difference here is reduced input power. The vertical scale has been expanded
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[28, 29] which were examined in more detail in [30]. In keeping with the analogy
to a soliton gas in Fig. 3, it is consistent to call the regular lattice of Fig. 5 a soliton
crystal. It occurs when the perturbation through interference is not sufficient to over-
come the order created by modulational instability during propagation. It should be
mentioned, in passing, that the transition from gas to crystal can be triggered by
spectral filters in a manner which is analogous to evaporative cooling [31, 32].

The numerical work described so far was accompanied by extensive experiments.
Polarization-preserving fiber was used to render the ring truly single mode in the
strictest sense. For experiments with β2 < 0, a color center laser at λ = 1.6μm
was used. (We also conducted experiments at β2 > 0 with a Nd:YAG laser at
λ = 1.32μm.) Since no direct photodetection on the sub-picosecond time scale of
the experiment is feasible, we acquired optical spectra from a scanning Fabry–Perot
interferometer and timing information from auto-correlation measurements. This
may appear somewhat indirect. Nevertheless, there was irrefutable experimental ev-
idence for the existence of both soliton gas and crystal, and they occurred at the
predicted parameter values. Moreover, characteristics like the typical sub-structure
width in the gas and its scaling with β2, the lattice constant of the crystal, etc.,
could be confirmed experimentally. The reader is referred to [23, 25, 28, 29, 33] for
detailed accounts.

4 Soliton Molecules: Bound States in Dispersion-Managed Fiber

Both this section and Sect. 5 deal with solitons in dispersion-managed fiber. Sec-
tion 4.1 serves to remind the reader of that concept and of its known soliton
solutions.

4.1 Dispersion-Managed Fiber and Its Solitons

Increasingly, the telecom industry now uses fiber lines with periodically alternating
dispersion. Such fibers, commonly called dispersion-managed, allow better trans-
mission of data for several reasons. Not the least among the advantages is that
phase-matching of four-wave mixing products is destroyed. With this technique,
the build-up of channel cross-talk is thwarted.

In such fibers, the dispersion allocation is basically characterized by two disper-
sion values (β+

2 > 0 and β−
2 < 0) and their respective segment lengths (L+ and L−).

After a distance Lmap = L+ + L−, called the map period, the pattern repeats peri-
odically. The effect on pulses of duration τ (full-width at half-maximum) is best
described by using the path-average dispersion

β ave
2 = (β+

2 L+ +β−
2 L−)/Lmap (6)
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and the map strength

S =

∣∣β+
2 −β ave

2

∣∣L+ +
∣∣β−

2 −β ave
2

∣∣L−
τ2 . (7)

(Several slightly different definitions of S appear in the literature. It seems advanta-
geous to use the difference with β ave

2 in both terms in the numerator, because this
gives a particularly nice transition to the homogenous fiber for S → 0.) It is also
useful to define a characteristic length in analogy with (5), where β2 is replaced by
β ave

2 .
It is not immediately obvious that solitons would exist at all in dispersion-

managed fiber. However, it has been established that bright pulses deserving to be
called dispersion-managed solitons do exist. While their shape and width ‘breathe’
over one map period, both are stable in a stroboscopic sense (i.e., when sampled at
intervals equaling Lmap). Fiber nonlinearity is responsible for the stabilization. Their
shape is more closely Gaussian than sech-squared, i.e., it approximates the solution
of the linear problem. This is easy to understand because during the breathing of
the pulse shape, dispersion acts all the time while nonlinearity is only appreciable
over that partial segment where the peak power is high [6]. It was also pointed out
that their existence is not strictly limited to the regime of β ave

2 < 0. In fact, they also
exist in a small parameter range where β ave

2 ≥ 0 [34, 35, 36, 37, 38]. Again, this
can be understood by realizing that the soliton ‘sees’ a weighted average which is
different from (6).

Corresponding statements for dark solitons were established in [39]: Dark
dispersion-managed solitons breathe, but are stable in a stroboscopic sense. Their
shape differs from tanh-squared mainly because of the presence of oscillatory tails.
Also, they exist beyond the zero-dispersion point. Results for both cases taken to-
gether imply that the regimes of existence of bright and dark solitons overlap.

4.2 Soliton Molecules

In the parameter range where the regimes of bright and dark dispersion-managed
solitons overlap, we found that they can actually co-exist and form a stable bound
state in which a bright pulse sits on either side of a dark soliton (see Fig. 6). A first
report containing both numerical and experimental results was given in [40].

It should be clear that such a structure in a constant-dispersion fiber would defi-
nitely be unstable; dispersion-alternating fiber is an absolute necessity for this com-
pound to exist. It is also clear that this soliton compound is very different from the
well-known ‘higher-order solitons’ of the unmodified NLSE which have no binding
energy [4] and therefore decay under infinitesimal perturbation. The possibility of
bright soliton pairs was theoretically pointed out, however, in terms of Hermite–
Gaussian functions in [41]. It appears that the structure we investigate is the same,
but we prefer to describe it as a compound of one dark and two bright solitons.
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Fig. 6 A soliton molecule consists of two bright pulses with opposite phases; the π phase jumps
occur at the central power zero. Alternatively, the central notch can be thought of as a dark soliton

Maruta et al. also found compounds of two (and more) solitons [42]; we believe
that, in spite of slight differences, they discuss the same structure. However, no ex-
perimental study has been reported so far other than ours [40].

Dispersion-managed solitons have pulse shapes approximating a Gaussian, and
the compound can in fact be approximated by the sum of two Gaussian pulses in
anti-phase. This is a convenient prescription for the launch condition; a better ap-
proximation is obtained numerically from this by using the convergence-enhancing
procedure described in [34]. We then let the compound propagate and obtain data as
in Fig. 7. One sees stable propagation over long distances, with no change in shape,
even on a logarithmic scale.

Fig. 7 Numerical simulation of long-distance propagation of the soliton molecule. Here S = 7.2
was assumed; the maximum distance shown corresponds to 77LD
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We then found, numerically, that the separation between the maxima (in units of
pulse width) is a characteristic of the compound which is restored after perturba-
tion. The bright pulses repel each other if the spacing is too narrow, whereas they
mutually attract if the spacing is too wide. In either case, after a sufficient propa-
gation distance, they return to their equilibrium distance. This is reminiscent of the
equilibrium separation of the two constituents of a diatomic molecule; we therefore
call this structure a soliton molecule. Very recently, and based on our first report on
this research, an analytical approach for the ‘restoring force’ has been found, and
our result was independently confirmed [43].

We performed experiments to verify the numerical predictions regarding the soli-
ton molecule. To this end, we set up a scale model of a real telecom system (see
Fig. 8). Pulses of width ≈ 300fs were taken from a mode-locked TiSa laser/OPO
system. The pulses were split into pairs with a Mach–Zehnder interferometer – note
that fine tuning of the path length difference affords tuning of the relative phase. For
300 fs pulse width, the required fiber length is scaled down from tens or hundreds
of kilometer to just tens of meter of fiber. Note that this scaling actually exacer-
bates problems from the Raman effect and from higher-order dispersion, therefore
the success of our experiment allows a safe conclusion about its viability in any
full-scale system. To show the principle, Figs. 6, 7 were calculated without these
perturbations, but, in the interests of greater realism, from now on results from an
extended model, including these effects, will be used for comparison with experi-
mental data.

The useable fiber length was restricted mainly for the reason that the two types of
fiber in the dispersion-managed line had differing mode field sizes, so that the line
suffered from impedance mismatch losses at every junction. In order to keep things
clean and simple, we did not want to add amplifiers (with their own gain dynamics)
in this proof-of-principle experiment. In the first report [40] we therefore used a
fiber line which was just three dispersion periods long. In subsequent experiments,
we doubled this by using the fiber twice. We introduced a full reflector at the fiber
end and a beam splitter in front of the input, so that the pulses could travel down
the fiber and back again before being coupled out for data acquisition. We could

BS

BS

DM fiber

PZT

retro reflector

BS
MZI

flip
mirrors

light source

pump
laser

TiSa OPO

spectrometer
and

autocorrelator

pulse

double
pulse

Fig. 8 Set-up of experiment to demonstrate soliton molecules. Pulses from the light source (TiSa:
mode-locked titanium sapphire laser, OPO: optical parametric oscillator) are split into pairs (MZI:
Mach–Zehnder interferometer, PZT: piezoelectric transducer, BS: beam splitter) and sent into the
fiber. After traveling back and forth through the fiber, signals are sent on to data acquisition. Flip
mirrors: inserting them into the beam path as shown allows us to assess the fiber input signals



186 F. Mitschke

immediately compare fiber input and output signals at all times by using the flipping
mirrors. This was an important safeguard against, e.g., drift in the relative phase of
the two bright pulses. For further technical details, the reader is referred to [40].

We performed systematic experiments, varying all the relevant parameters. Con-
sider Fig. 9, left column, which shows results from a systematic variation of the
initial separation, σ , between the bright pulses for the case of a π phase difference.
The horizontal axis is σ , as derived from the path difference in the Mach–Zehnder
interferometer. The top panel shows the result of numerical simulation – the vertical
axis is time at the fiber output. A grey scale is used to indicate the power level. For
large initial separations, the final separation equals the initial separation. In other
words, at large distance between the bright pulses, there is no interaction between
them. As the separation is reduced, the bright pulses are pulled in and, over a small
range of initial separations, the final separation is almost constant. There is a certain
‘capture range’ at σ ≈ 0.4–0.8ps. For larger separations, there is too little interac-
tion, while for smaller initial separation, the (anti-phase!) pulses tend to mutually
cancel by destructive interference.
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Fig. 9 Comparison of numerical and experimental results at relative phase π; (top): direct sim-
ulation, (center): auto-correlation constructed from simulation, (bottom): experimental result.
See text
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From these data, it is straightforward to calculate the corresponding auto-
correlation trace (middle panel). Note that the auto-correlation of a pulse pair is
a triplet with 1:2:1 power ratio, and that the positions of the side lobes allow for di-
rect reading of the pair separation. The computed auto-correlation data finally allow
direct comparison with the compilation of experimental auto-correlation data in the
lower panel. The agreement between calculation and observation is convincing.

The right column of Fig. 9 presents the situation at somewhat higher power. The
overall similarity indicates that there is some liberty in the choice of power level
used to generate the soliton molecule. There is a certain capture range in terms of
power, roughly bracketed by the values in the two columns, while no molecule is
formed outside the capture range.

Figure 10 shows the corresponding results for in-phase bright pulses. As ex-
pected, nothing indicates a formation of a stable pulse pair anywhere. It is quite
obvious that a stable molecule is achieved only in the anti-phase case, as predicted.
Anti-phase implies a dark soliton in the middle, which – in a manner of speaking –
acts as a ‘gluon’.
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Fig. 10 Comparison of numerical and experimental results at zero relative phase, but otherwise as
in Fig. 9
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All experimental results confirm the numerical predictions to a high degree of
precision. The existence of soliton molecules has therefore been proven beyond
doubt. They can improve fiber-optic telecommunications by allowing us to pack
the transmitted data more closely. For example, one could go beyond ‘dark’= 0 and
‘pulse’=1 in a binary return-to-zero format by using the molecule as a further sym-
bol (e.g., ‘molecule’= 2). Longer chain molecules (bright-dark-bright-dark-bright,
etc.) could then extend the alphabet to more letters. Such a coding format would
enhance the amount of information transmitted per clock cycle. Alternatively, one
could reduce the temporal spacing between adjacent bit slots to the molecule’s equi-
librium distance, rather than retaining the current routine wide safety margin. Either
way, soliton molecules could help pushing toward, or beyond, the binary Shannon
limit of information-carrying capacity. Only the future will tell whether they become
successful in tomorrow’s commercial environment.

5 Bound States of Dark Solitons in Dispersion-Managed Fiber

In this section, a new family of soliton solutions in dispersion-managed fiber is de-
scribed. It is based on the discovery [44] that dark solitons in dispersion-managed
fiber lines can exhibit not only repulsive, but also attractive interaction. In conven-
tional constant-dispersion fibers, it has been known since [45] that dark (black) fiber
solitons always repel; [46] extended this conclusion to both black and grey solitons.
Attraction between same-frequency, same-polarization dark solitons was previously
considered impossible in fiber optics, and to the best of our knowledge, prior to [44],
no attractive force between such solitons had been reported.

After a demonstration of this attractive interaction, the existence of stable bound
states of dark dispersion-managed solitons will be shown. Finally, it will be demon-
strated that these bound states can take the form of chains of several dark solitons.
For details, the reader is referred to [44].

In simulations of dark solitons, one needs to replace the infinite c.w. background
with a finite background pulse. This background pulse has to be much wider than
the dark pulse, and indeed so broad that no artifacts from its wings become notice-
able. Here an unchirped super-Gaussian (with exponent 6) background pulse, 200
times wider than the dark soliton, was used in order to ensure an almost constant
background level in a computational window which is another factor of 4 wider
than that. By varying the width of the background, we convinced ourselves that, for
these parameters, we had avoided artifacts caused by the finite width of the back-
ground pulse. For consistency, all dark pulse widths will henceforth be referred to
τsol, defined as the full-width at half-maximum which a single dark soliton attains
after the initial transients have died down. The nonlinearity parameter, γ , is assumed
to be equal for both fiber types in the line. Higher-order effects, gain, or polarization
effects are not included.

We simulated transmission lines consisting of a few hundreds of map periods
with map strength S = 1.8. This corresponds to a total span length of almost a
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hundred LD. For dark pulses of about τsol = 1ps, this translates to nearly 60 km.
Over the first ≈ 10LD or so, the launch pulse, taken here as a τ = 1 ps tanh-squared
pulse, sheds radiation, and the asymptotic shape of a true dark dispersion-managed
soliton with a width of τsol = 1.43ps becomes visible.

5.1 Dark Soliton Pairs

Now the interaction between two such dark pulses is investigated. The product of
two position-shifted dark pulses is launched. During numerical propagation, there
is again an evolution to a final dark soliton pair shape. Figure 11 shows the sep-
aration between the centers as a function of their position along the transmis-
sion line. The figure combines data for initial separations ranging from 0.9 τsol

to 9.8 τsol. The result is remarkable in that a few curves diverge, but most curves
tend to one out of five fixed final separations. These preferred values are high-
lighted by arrows in Fig. 11 and are labeled with ΔT/τsol. These labels consti-
tute a set of ‘magic numbers’ which will be referred to below. The data assert
that bound pairs of dark solitons exist at separations corresponding to one of the
‘magic numbers’.

Figure 11 also reveals that individual traces approach these equilibrium positions
in an oscillatory fashion. From this observation, one has to conclude that the trajec-
tories experience not only repulsion but also attraction. Oscillation around a stable
position suggests some kind of binding force, and the oscillation period is then a

9.2

7.1

5.0

2.9

1.3

Fig. 11 Interaction of two dark dispersion-managed solitons: separation ΔT/τsol as a function
of propagation distance z/LD. The separations evolve toward a discrete set of equilibrium values
(arrows)



190 F. Mitschke

rough indicator of the strength of this binding force. Since oscillations are longer
for larger separation, one concludes that the binding force falls with distance, as is
physically intuitive. At separations more than 10τsol, the binding force has practi-
cally vanished.

The bound dark soliton pair undergoes some breathing over a dispersion map
period Lmap, but the separation of the centers is modulated only very slightly. The
mechanism of the binding force is related to the oscillating tails of dark dispersion-
managed solitons, as was pointed out in [39] and alluded to above in Sect. 4.1. These
oscillatory tails can lock on to each other and provide a mutually stabilizing force,
resulting in a stable bonding.

5.2 Dark Soliton Chains

The whole discussion about dark soliton pairs contained nothing that would prevent
more than two solitons forming a bond. One concludes that chains of dark solitons
should be possible.

Pursuing this thought, we used the product of several position-shifted hyperbolic-
tangent pulses as a launching condition, thus approximating the structure that finally
emerges and which is well described as a comb of dark pulses.

Figure 12 shows the propagation of a 12-soliton chain over a very long distance.
Here the second ‘magic number’, 2.9, was chosen for the mutual separation. Since
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Fig. 12 Stable propagation of a chain of 12 dark solitons. The separation was chosen to be 2.9
(compare Fig. 11). Propagation (from bottom to top trace) is shown over 300 dispersion map peri-
ods or 93LD



Compounds of Fiber-Optic Solitons 191

our launch condition only approximates the shape of the chain, some radiation is
shed in the transition phase. This is easily visible in Fig. 12 as small waves radiating
out on both sides. Nevertheless, the chain is remarkably stable.

Stable propagation over the distance considered is also found for the other sep-
arations (‘magic numbers’). The exception is the smallest number, 1.3, for which
longer chains tend to break apart after some propagation distance. Our interpreta-
tion is that, in this situation, the separation wiggles too much (a few percent) in
the course of one dispersion period. This is inconsequential for soliton pairs, but,
in longer chains, one soliton pushes the next in the row, and the outermost soli-
tons must undergo a correspondingly larger oscillation around their average posi-
tion. Eventually the perturbation seems to be so large that stability is lost. For all
other ‘magic numbers’ the positions wiggle much less, and we did not encounter
instabilities.

It is not necessary that all nearest-neighbor distances in the chain be the same.
We tested many randomly chosen selections of different ‘magic number’ nearest-
neighbor separations, and in most cases we obtained a stable chain. One example is
shown in Fig. 13 which depicts propagation of a chain of 8 dark solitons in which the
separations of three are 2.9 and of the others are 5.0. Exceptions – chains with com-
promised stability – were found when several occurrences of the smallest possible
separation were involved, as described previously.

Combination of various separations in a long chain provides an enormous num-
ber of different chain arrangements. To the extent that, through further investigation,
their stability can indeed be guaranteed, these different chain arrangements, remi-
niscent of bar codes, may constitute yet another way to encode information.
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Fig. 13 Chain of dark solitons with unequal separations: In contrast to Fig. 12, the separation is
5.0 in the left half, and 2.9 in the right half
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6 Discussion and Conclusion

In the driven-resonator experiment of Sect. 3, the crucial deviation from pure, un-
perturbed NLSE solitons is brought about by the repetitive interference with laser
pulses. This interference acts in two ways: It transforms phase modulation to ampli-
tude modulation and it restores energy to the circulating pulse. Considerable energy
loss occurs during each round-trip (chiefly at coupling into the fiber and at the beam
splitter), and the cavity finesse is extremely low. Only the continued supply of feed
pulses makes it possible for signals traveling around the ring to have a constant
power level, at least on average.

Can the constituents of the soliton gas and crystal then be considered as dissi-
pative solitons? Several criteria of the definition are fulfilled: There is an ongoing
energy flow in and out, so that the average energy level is maintained. Dissipation
causes a rapid loss of memory of the initial conditions, so that the set-up, not the
initial condition, is responsible for the emerging structure. On the other hand, not
all criteria are met.

For example, the generated solitons are not uniquely shaped, but constitute a
one-parameter family, as Fig. 4 shows. Moreover, there are peculiarities in that the
loss is discontinuous – it occurs mostly in a localized, not distributed, manner. The
energy input is also not continuous but rather has the form of periodically recurring
kicks. Moreover, the energy restoration is a coherent process, not an incoherent one
as in typical amplifiers. Mathematically, one has to consider a NLSE with a periodic
perturbation, not something like a Ginzburg–Landau equation, etc. Whether the re-
sulting soliton ensemble is called a dissipative ensemble or not is probably a matter
of taste, or maybe for more discussion.

The soliton molecules in Sect. 4 might easily be confused with structures in fiber
lasers described by several authors [47, 48, 49, 50]. However, there are important
distinctions. For example, our soliton molecules have π phase difference and a sep-
aration of about 1.6 pulse widths, not π/2 and a separation of 3–6 pulse widths, as
predicted in [51] and observed in [48, 49]. The situation regarding gain and loss is
somewhat more complex – in our experiment, there was no gain, but there was also
only a short fiber so that the loss was kept at tolerable levels. For soliton molecules –
and also for the dark soliton chains in Sect. 5 – one can consider that, in dispersion-
managed fibers, all propagating signals always suffer from power loss due to the
periodic perturbation.

Speaking in the strictest sense, signals in dispersion-managed fibers are not sta-
ble. In the periodic dispersion structure, they are resonantly coupled to the radiation
background, therefore energy is drained away from the soliton all the time [52, 53].
The rate of loss may be small, but it is non-zero (with the possible exception of
singular cases [53]). Continued trickling away of energy will cause the solitons to
deform considerably, and, in this sense, they are unstable. It stands to reason, though,
that stability can be obtained in the presence of a suitable gain mechanism, so that
the power level is maintained – perhaps only on average. If this is true, dispersion-
managed solitons and all derivative entities, as described above, are stable only in
the presence of a balance between loss and gain, a property which they share with
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dissipative solitons. Is it therefore meaningful to list the dispersion-managed soli-
ton compounds described above as dissipative solitons? This author would exercise
caution, and hope for further refinements to the definition of dissipative solitons.

In conclusion, this presentation describes some unusual soliton compounds in
optical fibers. In each case, one can discuss the role of loss and gain; it is not nec-
essarily obvious which structure qualifies as a dissipative soliton and which does
not. That decision would depend on the finer points of the definition of dissipative
solitons. In that sense, this chapter may help in clarifying that definition.
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Dissipative Nonlinear Structures in Fiber Optics

S.K. Turitsyn and S. Boscolo

Abstract Optical fiber materials exhibit a nonlinear response to strong electric
fields, such as those of optical signals confined within the small fiber core. Fiber
nonlinearity is an essential component in the design of the next generation of ad-
vanced optical communication systems, but its use is often avoided by engineers
because of its intractability. The application of nonlinear technologies in fiber op-
tics offers new opportunities for the design of photonic systems and devices. In this
chapter, we make an overview of recent progress in mathematical theory and practi-
cal applications of temporal dissipative solitons and self-similar nonlinear structures
in optical fiber systems. The design of all-optical high-speed signal processing de-
vices, based on nonlinear dissipative structures, is discussed.

1 Introduction

Fiber optics is particularly known because of its enormous contribution to telecom-
munication applications, underpinning the never-ending development of the Internet
and the growth in global data traffic. There are, however, many other interesting ap-
plications of fiber optics, especially in nonlinear science. An optical fiber waveg-
uide that can trap relatively high-intensity electromagnetic fields inside a small
core area presents a natural nonlinear medium with the additional advantages of
low loss and cost. Note also that in fiber optic geometry, transversal field distribu-
tion does not change on propagation, so the field evolution problem is essentially
one-dimensional, making it very attractive for mathematical modeling. As a result,
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nonlinear fiber optics has attracted a great deal of attention in the applied mathemat-
ics community, making this field truly inter-disciplinary. Nonlinear fiber optics is a
fast-developing area of research with a rich variety of nonlinear phenomena such
as super-continuum generation, solitons, stimulated Raman effect and many others.
Loss is a dominant effect on optical signal propagation along a fiber. However, his-
torically in soliton theory optical fibers have been commonly treated as media where
conservative solitons do occur [1, 2, 3, 4]. This is justified by consideration of av-
erage pulse dynamics along long fiber links, where the signal evolution is averaged
over many amplification periods. To the leading order, only fiber loss and periodic
amplification are significant factors affecting the pulse evolution between two con-
secutive amplifiers. These factors cause oscillations of the signal power, while the
form of the pulse remains approximately unchanged. On larger scales, nonlinearity
and dispersion come into play and the pulse propagation in such communication
systems is described by the well-established path-average (guiding-center) soliton
theory [5, 6, 7]. In this case, to the leading order, the average dynamics of the op-
tical signal is given by the integrable [2] nonlinear Schrödinger (NLS) equation. In
this chapter, however, we would like to draw attention to examples of dissipative
(non-conservative) nonlinear structures in fiber-optic systems.

The emergence of temporal and/or spatial localized, particle-like structures that
are called solitary waves, or solitons, is a widespread phenomenon occurring in a
variety of physical problems. From a mathematical viewpoint, a soliton is a self-
localized solution of a nonlinear partial differential equation describing the evolu-
tion of a nonlinear dynamical system with an infinite number of degrees of freedom.
Since the discovery of the inverse scattering transform technique, a lot of emphasis
has been put on solitons in so-called “integrable” conservative systems. The theory
of nonlinear integrable systems is a remarkable and inspiring area of mathematical
research. However, reductions to integrable systems are often a particular simplifi-
cation of more complex physical models. Additionally, very often gain/loss effects
make essential contributions to the dynamics of nonlinear waves. In recent years, the
notion of solitons has been extended to dissipative systems in which gain and loss
are important factors determining the system dynamics (see, e.g., [8, 9, 10, 11] and
references therein). Dissipative localized structures or auto-solitons are of particu-
lar interest because they form a new paradigm for the investigation of phenomena
involving self-organization into stable structures in nonlinear environments far from
equilibrium. The term “auto-solitons” or “dissipative solitons” here and throughout
the chapter means robust localized pulses, with parameters prescribed by properties
of the system, which often occur in nonlinear dissipative models [12, 13, 14, 15, 16].
Mathematically, dissipative solitary waves are nonlinear modes of non-integrable
non-Hamiltonian physical systems. Dissipative solitons have been observed in dif-
ferent areas of physics, such as hydrodynamics, plasmas, solid-state physics and
nonlinear optics. In optics, the notion of a dissipative soliton is mainly associated
with ultra-short pulses generated in laser systems, spatial solitons in wide aperture
lasers, cavity solitons [10] and solitons in active optical media [13, 17, 18]. The term
“dissipative”, in contrast to “conservative”, underlines the key role of energy flows
in systems with radiation sinks (losses) and sources (pumping). While conservative
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solitons (e.g., solitons of the NLS equation) have a continuous spectrum of their
parameters, i.e., they form families, the balance between losses and pumping in dis-
sipative systems results in solitary wave solutions that usually do not form families
and whose parameters are entirely fixed by the system. Therefore, the physics of
dissipative solitons is essentially different from that of the much better-known and
more-studied conservative solitons. Thus, the development of appropriate mathe-
matical and physical models to describe dissipative solitons and the characteriza-
tion of the properties of such objects in various physical systems represent one of
the most challenging and fundamental problems of modern nonlinear science. In
addition to their fundamental interest, dissipative solitons also exhibit a remarkable
potential for applications, particularly in nonlinear optics.

In this chapter, we discuss recent progress in the theory of nonlinear dissipative
structures in fiber optics, focusing on two particular examples: dissipative solitons
in high-speed optical transmission lines and self-similar parabolic pulses. We would
like to note that the main attention in this chapter will be focussed on results obtained
in our group, and that it is not our intention here to comprehensively cover all the
possible examples of nonlinear dissipative structures in fiber optics.

2 Dissipative Solitons in High-Speed Fiber
Communication Systems

An increase in the capacity of digital communication systems can be achieved by
an increase in the channel bit rate – the speed at which information is transmitted.
Increasing the channel rate assumes the utilization of shorter time slots allocated
for each information bit and, consequently, of shorter signal pulses. The propaga-
tion of ultra-short pulses is strongly affected by the fiber dispersion, which results
in large temporal broadening of the signal pulses. Because of the temporal broaden-
ing during propagation, the signal pulse power spreads over many time slots and so
the accumulated effect of the instantaneous fiber nonlinearity tends to get averaged
out. Signal transmission using very short optical pulses is often referred to as the
quasi-linear regime [19]. This regime is, in some sense, the opposite of soliton [4]
or dispersion-managed (DM) soliton [20] transmission, where the fiber nonlinear-
ity plays an important role in preserving the pulse shapes during propagation. Note
that, in the quasi-linear regime, the in-line Kerr nonlinearity is almost a “negative”
factor contributing to the destabilization and distortion of signal pulses. Therefore,
a certain amount of “constructive” nonlinearity is required to stabilize ultra-short
pulse propagation and, thus, to improve the system performance. Recently, the pe-
riodic in-line deployment of nonlinear optical devices (NODs), such as nonlinear
optical loop mirrors (NOLMs), semiconductor saturable absorbers and semicon-
ductor amplifier-based devices, has been demonstrated to be an effective technique
for all-optical signal regeneration [21, 22, 23, 24], which may achieve stable pulse
propagation and virtually unlimited transmission distances in high-speed, strongly
DM optical fiber communication systems [22, 23]. It has numerically been shown
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in [21, 22, 23] that, under certain conditions, the interplay between fiber dispersion,
the lumped nonlinearity provided by in-line NOLMs and the action of linear control
elements, such as optical filters, leads to the formation of dissipative solitons. These
are periodically reproduced at the output of each segment of the transmission line.

The use of ultra-short optical pulses in fiber-optic communication leads to new
interesting physical regimes. Novel mathematical models should be introduced to
adequately describe such transmission systems. Here, we present a theory of opti-
cal signal transmission in DM fiber transmission systems in the quasi-linear regime,
with periodically placed in-line point NODs [25]. We present a fundamental discrete
mapping equation governing signal pulse propagation in a unit cell of the transmis-
sion line. As a particular example of an approach to the solution of this basic model,
we apply a variational method to determine the steady-state pulse characteristics.
Without loss of generality, as a specific practical application of the general theory,
we consider a system with in-line NOLMs.

2.1 Theoretical Model

Optical pulse propagation in a cascaded transmission system with periodic varia-
tions of dispersion and nonlinearity, frequency filtering and NOD management can
be described by

iψz −
1
2

β2(z)ψtt +σ(z)|ψ|2ψ = iG(z, |ψ|2)ψ, (1)

where ψ(z, t) is the slowly varying pulse envelope in the co-moving system of co-
ordinates, β2(z) represents the variation in the group-velocity dispersion (GVD)
due to dispersion compensation, and is assumed to be a periodic function of z
with the period L, β2(z) = β2(z + L), and σ is the fiber nonlinear coefficient. It
is customary to express β2 in terms of the associated dispersion coefficient D via
β2 = −λ 2D/(2πc0), where λ is the carrier wavelength, c0 is the speed of light and
D is measured in ps/(nmkm). The function G(z, |ψ|2) accounts for the signal atten-
uation due to fiber loss, the signal amplification by optical amplifiers, the action of
filters and the nonlinear gain at the NODs. It can be represented by

G(z, |ψ|2) = −γ(z)+∑
k

δ (z− kZa)
{

exp

[∫ kZa

(k−1)Za

dzγ(z)
]
−1

}

+∑
k

δ (z− kZf)[h(t)∗−1]+∑
k

δ (z− kZ0)[ f (|ψ|2)−1]. (2)

In (2), we have assumed that amplifiers, filters and NODs are placed periodically
in the system with respective periods Za, Zf, and Z0. γ = 0.05ln(10)α is the fiber
loss coefficient that accounts for the signal attenuation along the fiber span be-

fore the kth amplifier, α is given in dB/km and exp
[∫ kZa

(k−1)Za
dzγ(z)

]
− 1 is the
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amplification coefficient after the fiber span between the (k− 1)th and kth ampli-
fiers. h(t) is the inverse Fourier transform of the filter transfer function and ∗ rep-
resents the Fourier convolution. The NODs are specified by their power-dependent
transfer function f (P). Henceforth, we will focus on loss (gain)-unbalanced fiber
NOLMs. The transfer function for such devices can be written in the form

f (P) = asin(bP)exp(icP), (3)

with a,b,c ∈ ℜ+ some given constants.
To simplify the full model given by system (1), we make some justified physical

assumptions. Here, we analyze the case of linear propagation in fiber, when we can
neglect the nonlinear term in (1). Such a propagation regime corresponds to the case
where the nonlinear length LNL = (σP0)−1 (P0 is the signal peak power) in the fiber
is much longer than the local dispersion length LD = T 2/|β2| (T is the pulse width).
The transformation of a pulse after propagation in one segment of the transmission
line can be considered as the mapping of an input pulse into an output one. If we
consider an element of the transmission line that includes a NOD given by (3), a
piece of linear fiber of length Z0 and m filters, the mapping of the signal, defined up
to a phase factor μ , can be represented by

eiμUn+1(t) =
∫ +∞

−∞
dt ′ K(t − t ′;Z0) f (|Un(t ′)|2)Un(t ′), n = 0,1, . . . . (4)

The derived equation is one of the central results of the theory presented in this
section [25]. This mapping problem plays a fundamental role in the description
of fiber communication systems at high bit rates. To obtain (4), we have assumed
that each NOD is placed immediately after an amplifier, and we have applied the

transformation U(z, t) = Q−1(z)ψ(z, t), where Q(z) = exp
[
−
∫ z
(k−1)Za

dz′ γ(z′)
]

for

(k−1)Za < z < kZa and Q(z) = 1 for z = kZ+
a . In (4), the signal is taken at the input

point nZ−
0 to the NOD after any device prior to the NOD. The kernel K describes

signal propagation in the unit cell Z0. In the case where Gaussian filters are used, K
can be written in the form

K(t − t ′;Z0) =
√

G

√
i

2π
(
B0 + im/Ω2

f

) exp

[
− i(t − t ′)2

2
(
B0 + im/Ω2

f

)
]

, (5)

where Ωf = πδνf/
√

ln2 is the filter bandwidth (δν f denotes the full-width at half-

maximum (FWHM) bandwidth) and B0 =
∫ (n+1)Z0

nZ0
dzβ2(z) is the total accumulated

dispersion. In (5), the excess gain, G, accounts for compensation of the signal en-
ergy losses introduced by the NODs and filters in the system. From a transmission
point of view, it is desirable to find a steady-state propagation regime (if it exists) in
which an optical pulse propagating along the transmission line reproduces itself pe-
riodically at the output of each element of the line. That corresponds to determining
a fixed point of the mapping (4). Therefore, in order to find the steady-state pulse
shape, U(t), one has to solve the nonlinear integral equation which stems from (4)
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if we put Un+1(t) = Un(t) = U(t). If the steady-state pulse is stable, then any initial
signal within the basin of attraction of the fixed point will gradually evolve toward
it after some mapping intervals.

2.2 Dissipative Soliton Solutions

In this subsection, we demonstrate the feasibility of stable dissipative soliton
propagation guided by in-line NOLMs, by direct numerical simulations of the basic
propagation model (1). The sample transmission scheme used in the numerical in-
tegration of (1) is depicted in Fig. 1. The transmission line is composed of an equal
number of positive (anomalous) dispersion fiber (PDF) segments and negative (nor-
mal) dispersion fiber (NDF) segments. The dispersion map consists of an alternation
of a PDF–NDF block and a mirror NDF–PDF block. Fiber parameters of practical
importance are used for the PDF and the NDF [22]. We note that fiber nonlinear-
ity is included in the calculations. An optical amplifier (OA), which compensates
for the fiber loss, follows each of the two blocks. The high values of the local dis-
persion of the fibers, together with the short pulse widths that are typically used to
operate the system at high data transmission rates, result in considerable broadening
of the pulses during propagation. These regimes are beyond the range where stable
propagation of DM solitons has been observed [26]. A NOLM is placed into the
transmission line at every integer number, p, of dispersion map periods, Z0 = pL.
We note that, in this case, B0 = 〈β2〉Z0 = −λ 2〈D〉Z0/(2πc0) (〈·〉 denotes the aver-
age over the dispersion compensating period, L). In the sample configuration used
here, Z0 = 391km and p = 5. A single (m = 1) Gaussian optical filter (OF) is placed
after the amplifier prior to the NOLM location. The loss-unbalanced NOLM config-
uration is employed as an example, and pre-amplification of the input pulses to the
NOLM is used (see [22] for details). Parameters a, b and c in (3) have the respective
values: 0.06369, 1.823 and 1.839. Following [22, 23], the system is operated such
that the peak power of the steady-state pulses (if any exist) is in the region slightly
past the first peak of the continuous-wave power characteristic of the NOLM.

Figure 2 shows an example of pulse evolution in the system, measured strobo-
scopically at the NOLM input point. In this example, an unchirped Gaussian pulse is

NOLM PDF
L1/2 L2/2

NDF PDFNDF
L2/2 L1/2 OF

L = L1 + L2 
Z0  =  pL 

OA OA OA

Fig. 1 One element of the periodic transmission system
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Fig. 2 Stroboscopic pulse evolution, as viewed at the NOLM input: (a), evolution of the intensity
profile; inset, intensity profile evolution in the system without NOLMs; (b), acquisition of the
steady state in the space FWHM pulse width–chirp parameter–peak power

launched into the system, with peak power P0 = 1.15W (corresponding to 3.5mW
at the starting point of the transmission) and an FWHM pulse width TFWHM = 5ps.
The system parameters are: 〈D〉 = 0.009ps/(nmkm), δνf =

√
ln2Ωf/π = 0.1THz

and G = 627.0 (28.0dB). Here the pulse chirp parameter is calculated
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C = Im
∫ +∞

−∞
dt U2(U∗

t )2/
∫ +∞

−∞
dt |U |4.

Figure 2 is the key demonstration of the dissipative nature of the considered non-
linear structures. In contrast to conservative Hamiltonian solitary waves, where the
pulse power is a continuous function of the width, here the dissipative soliton pa-
rameters are fixed by the system characteristics. The solution is an attractor that
provides robustness and stability of these signal pulses. One may see, from Fig. 2,
that the pulse settles down to a steady state after a short initial transient, in con-
trast to the case without NOLMs, where the pulse peak power decays and the
pulse width broadens with distance. This result demonstrates the feasibility of sta-
ble pulse propagation in the system, and indicates that the use of in-line NOLMs
converts the quasi-linear transmission regime into a dissipative soliton transmission
regime, which is strictly nonlinear [22, 23]. We note that the same stroboscopic pic-
ture as that in Fig. 2 can be obtained by simply iterating the mapping equation (4).
Figure 3 shows the basin of attraction of the steady-state solution of Fig. 2 in the
plane (TFWHM, C). To calculate Fig. 3, the initial pulse peak power has been set to its
steady-state value. It is seen that there is a large tolerance to the initial pulse width
and chirp, which indicates a high degree of stability of the steady-state solution.

We have also defined the tolerance limits of stable pulse propagation to the filter
bandwidth and the path-averaged dispersion of the line. The results are shown in
Fig. 4, where δνf and 〈D〉 are varied within a practical range of values. In Fig. 4, the
excess gain, G, is chosen so that the stationary pulse peak power is approximately
1.15W at the NOLM input. Figure 4 illustrates how the system parameters can be
used to select desirable stable regimes with a particular average dispersion. Note that
this is a feature that is not always possible in conservative fiber transmission sys-
tems. Specifically, it means that the use of dissipative solitons as information carriers
provides more freedom and opportunities in the design of transmission systems.
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Fig. 3 Basin of attraction of the steady-state solution of Fig. 2 in the plane (FWHM pulse width
vs. chirp parameter)
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Fig. 4 Limits of stable pulse
propagation in the plane
(filter bandwidth vs. average
dispersion)
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2.3 Approximate Mapping Using Integral Characteristics

Following [25], here we present a simplified approximate method to describe the
characteristics of the dissipative soliton solutions found in the previous subsec-
tion. As we pointed out previously, in order to find a steady-state pulse propaga-
tion regime, one has to solve a mapping integral equation (4) for the fixed points.
While this can be done numerically, it is very useful to have a simplified approx-
imate method to find solutions of the basic model for massive optimization of the
system parameters. Therefore, here we apply a simple variational approach. We
notice, from full numerics, that the steady-state pulse shape at the NOLM input
point can always be fitted well by a Gaussian profile. Thus, we choose a trial in-
put pulse U(t) for the map as a Gaussian-shaped pulse with (yet unknown) peak
power P0, root-mean-square (RMS) width TRMS and RMS chirp parameter CRMS:
Un(t) =

√
P0 exp[−t2/(4T 2

RMS)+ iCRMSt2]. The output of the map Un+1(t) given by
(4) will be non-Gaussian in general, but it will have a similar shape and will depend
on the parameters of the input signal, Un+1 = Un+1(t;P0,TRMS,CRMS). Let us now
demand that the peak power, pulse width and chirp of the output signal coincide
with those of the input Gaussian signal. This provides a system of transcendental
equations for the required parameters P0, TRMS and CRMS:

P0 =
1√

2πTRMS

∫ +∞

−∞
dt |Un+1(t;P0,TRMS,CRMS)|2,

T 2
RMS =

∫ +∞

−∞
dt t2|Un+1(t;P0,TRMS,CRMS)|2

∫ +∞

−∞
dt |Un+1(t;P0,TRMS,CRMS)|2

, (6)

CRMS =
Im

∫ +∞

−∞
dt U2

n+1(t;P0,TRMS,CRMS)(∂tU
∗
n+1(t;P0,TRMS,CRMS))2

∫ +∞

−∞
dt |Un+1(t;P0,TRMS,CRMS)|4

.
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Fig. 5 Steady-state pulse parameters at the NOLM input vs. filter bandwidth: left, peak power;
right, RMS width (left axis) and RMS chirp parameter (right axis)

If the solution of system (6) exists, then it provides a variational approximation for
the parameters of the steady-state pulse [25]. In particular, one may use the Gaussian
ansatz with the resultant values of P0, TRMS and CRMS as an approximation of the
steady-state pulse shape.

The theoretical predictions from the variational model (6) have been compared
with the results of full numerical simulations. The steady-state pulse peak power,
RMS width and RMS chirp parameter are plotted in Fig. 5 as functions of the filter
bandwidth, for 〈D〉 = 0.009ps/(nmkm) and the same values of G as those used in
Fig. 4. The results agree well, especially for the pulse width and the chirp parameter.
As for the pulse amplitude, the discrepancies between the solutions of (4) and the
full numerics (of the order of 6% at maximum) occurring at small values of δνf can
be attributed to the fact that, for small filter bandwidths, the effect of the nonlinearity
in the transmission fibers becomes important, whereas it is neglected in model (4).
For larger δνf, the deviation of model (4) from the full numerics result does not
exceed 0.6%. This fully justifies the linear assumption underlying (4) in this filter
bandwidth range. The deviation of the variational model from either full numerics or
model (4) does not exceed 2% in the bandwidth range where the linear assumption is
entirely justified. The steady-state intensity profile and chirp (first time derivative of
the phase) of the input pulse to the NOLM are plotted in Fig. 6, for δνf = 0.1THz.
The results from the variational model are in good agreement with the full numerical
results and the results from (4) in the central part of the pulse. We observe that
although the pulse chirp obtained from the full numerics and (4) is linear across the
entire pulse duration, it exhibits a small change in slope in the pulse tails.

We note that the dissipative soliton solutions presented here are only a particular
example of nonlinear dissipative structures that occur in high-speed fiber commu-
nication systems. An increase in the channel rate and corresponding decrease in
carrier pulse width lead to a considerable overlap of the bits during transmission, and
corresponding patterning effects. To combat these effects some “positive” nonlinear-
ity is required to provide for stability of the carrier signals. Dissipative solitons are
attractive candidates for use as carriers of information in high-speed, high-capacity
fiber systems.
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3 Self-Similar Parabolic Pulses in Active Fibers

In this section, we consider an interesting and important type of dissipative nonlinear
structure in fiber optics, viz., self-similar parabolic pulses. Self-similar behavior oc-
curs in a variety of physical systems and has been extensively studied in diverse ar-
eas of science [27]. A theory of self-similar propagation of short pulses of parabolic
intensity profile in optical fibers with normal GVD and strong nonlinearity has been
developed in [28]. Recently, this concept has been extended to a fiber amplifier
[29, 30, 31, 32, 33]. In addition to their fundamental scientific interest, self-similar
pulses or similaritons are of great practical significance, because their intrinsic re-
sistance to optical wave-breaking allows them to be scaled up to the high-power
regime, and their linear chirp facilitates efficient pulse compression [28]. Moreover,
a combination of a similariton amplifier and optical feedback recently resulted in a
new regime of laser mode-locking that is likely to have major implications for the
development of high-power ultra-short pulse laser oscillators [34].

Analytically, self-similar parabolic pulses can be found as approximate solutions
of the NLS equation in a gain medium in the high-intensity limit [29]. The deriva-
tion of such solutions is based on the assumption that the linear dispersive term in
the equation for the field amplitude is negligible compared with the nonlinear term.
This is similar to the semi-classical approximation in quantum mechanics. Here,
we present a detailed mathematical analysis of the solutions of the NLS equation
with gain [30]. We construct a semi-classical self-similar solution with a parabolic
temporal variation that corresponds to the energy-containing core of the asymptoti-
cally propagating pulse in the gain medium. We match the self-similar core through
Painlevé functions to the solution of the linearized equation that corresponds to the
low-amplitude tails of the pulse.
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3.1 Basic Equations

Optical pulse propagation in a fiber gain medium can be described by

iψz −
β2

2
ψtt +σ |ψ|2ψ = i

g(z)
2

ψ, (7)

where g(z) is the gain profile along the fiber. Following [30], we seek a solution of
(7) of the form

ψ(z, t) = a(z)F(η ,ξ )eiC(z)t2
, (8)

where new self-similar variables are introduced as ξ = t/τ(z) and dη/dz = σa2(z).
Here, a(z) describes the evolution of the pulse peak amplitude with distance, τ(z)
is a characteristic width, C(z) is a chirp parameter and F(η ,ξ ) is a normalized,
dimensionless function that describes the evolution of the temporal profile through
its ξ dependence, and accounts for contributions to the peak amplitude and the phase
through its η dependence. These transformations yield coupled equations for a, τ ,
C and F :

az

a
= β2C +

g
2
, (9)

τz

τ
= −2β2C, (10)

(Cz −2β2C2)τ2 = −λσa2, (11)

iFη +(|F|2 +λξ 2)F − 1
c(η)

Fξ ξ = 0, (12)

where λ is an arbitrary parameter related to the pulse power, and c = 2σa2τ2/β2.
Equations (9), (10), (11) can be re-written to yield the relation between a and τ (the
energy equation) and a second-order equation for τ , from which one may calculate
the scaling of the pulse amplitude and width from their initial values. In (12), we
separate F into a real amplitude A and a phase Φ as F(η ,ξ ) = A(η ,ξ )eiΦ(η ,ξ ) to
obtain the “hydrodynamic” system of equations:

(A2)η − 2
c(η)

(A2Φξ )ξ = 0,

Φη +
1

c(η)

(
Aξ ξ

A
− (Φξ )2

)
− (A2 +λξ 2) = 0. (13)

3.2 High-Intensity Parabolic Pulses

We first consider the possibility of an approximate description of the central part of
the pulse where most of the energy is concentrated. We define a parameter ε as the
ratio of the linear dispersive term to the nonlinear term in the second equation in (13),
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ε(η ,ξ ) =
∣∣∣∣

Aξ ξ

c(η)A3

∣∣∣∣ . (14)

In the pulse core, the condition ε  1 is satisfied. This corresponds to the so-called
semi-classical limit of (7). Using this condition in (13), it is easy to find a self-similar
solution with a parabolic distribution of the intensity:

A(ξ ) = [λ (1−ξ 2)]1/2, |ξ | ≤ 1, Φ(η) = λη . (15)

This solution yields the dependence of the pulse energy on the pulse parameters:
U =

∫ ∞
−∞dt |ψ|2 = 4λa2τ/3.

The theoretical predictions from (9), (10), (11), (15) have been compared with the
results of numerical simulations of (7). We modeled the propagation of a Gaussian
pulse with energy 70 pJ and a FWHM pulse width 0.5ps in a fiber amplifier of length
4 m, integrated gain 25dB, σ = 6×10−3 (Wm)−1 and β2 = 35×10−3 ps2/m [29].
Here, we focus on the case of a constant gain profile, g(z) = ga, with ga = 1.44m−1,
because the functional form of g(z) determines only the self-similar scaling of the
propagating pulse in the amplifier (see (9), (10), (11)). This is without loss of gen-
erality.

Figure 7 shows the evolution of the pulse intensity profile in the amplifier ob-
tained from simulation of the NLS equation. We can see that, as the incident Gaus-
sian pulse is amplified to a high intensity, it evolves into a parabolic pulse in the
second half of the amplifier. It can also be seen that the asymptotic pulse presents
a self-similar energy-containing core surrounded by low-amplitude wings. These
tails start developing on the pulse near the points t = ±τ , i.e., in the region where
the linear term, neglected in the theory, becomes important. Therefore, the descrip-
tion of these tails requires a more detailed analysis of the pulse shape, and we will
present this in the next subsection. Considering the asymptotic parabolic regime
that occurs after some initial transition stage (here after a distance of 2.5m), we
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Fig. 7 Pulse evolution in the amplifier: left, evolution of the intensity profile, shown on a linear
scale; right, intensity profiles plotted on a logarithmic scale in 0.5m increments
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Fig. 8 Evolution of effective pulse width τ(z) (top left), peak amplitude |ψ(z,0)| (top right) and
chirp parameter C(z) (bottom): solid curves, simulation results; circles, theoretical predictions for
z ≥ 2.5m

can quantitatively compare the evolution of the pulse parameters from simulations
with the theory. Figure 8 shows the evolution of the effective width τ(z), the peak
amplitude |ψ(z,0)| and the chirp parameter C(z) obtained by fitting to the propagat-
ing pulse from simulations. These values are in good agreement with the expected
results obtained from the solutions of (9), (10), (11), calculated for z ≥ 2.5m.

3.3 Matching Problem

In the previous subsection, we demonstrated that the parabolic approximation for the
pulse shape can describe the central part of the asymptotically propagating pulse in
the gain medium. Now, our aim is to include the pulse tails in the description [30].
For this, we first study the evolution in the time vs. distance plane of the parameter ε
defined in (14). Figure 9 shows the variation of ε in the asymptotic regime, starting
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Fig. 9 Evolution of ε with
distance, z, and normalized
time, ξ , for z ≥ 2.5m and
−1.5 ≤ ξ ≤ 1.5

from a propagation distance of 2.5m. The entire color map is used for values ranging
from 0 to 1, with values greater than 1 rendered with the same color associated with
1. It is clear from Fig. 9 that the transition of ε from values smaller than 1 to values
greater than 1 occurs in a narrow region around the points ξ =±1; this agrees with our
intuitive expectations. We can also see that, in the asymptotic regime, the transition
region does not move with distance (when presented in self-similar variables).

Based on these results, we define three regions on the ξ axis, as the schematic in
Fig. 10 shows. We can limit our considerations to the semi-axis ξ ≥ 0, because the
problem is symmetric in ξ . Region (I), 0 ≤ ξ ≤ 1−Δ1, corresponds to the central
part of the asymptotic pulse, where ε  1. Region (III), ξ ≥ 1+Δ2, corresponds to
the pulse tails, where ε � 1. Finally, region (II), 1−Δ1 ≤ ξ ≤ 1+Δ2, is a transition
zone, where ε ≈ 1. The size of the transition zone is parametrized by Δ1,Δ2  1.
We introduce two different Δ-intervals for the region around the point ξ = 1 because
of an obvious asymmetry of the solutions with respect to this point. In each of the
regions, we construct an approximate solution of (12) or, equivalently, of system
(13) at fixed η . We then match the solutions at the boundaries. Here, we outline the
procedure and the main results. The reader is referred to [30] for details.

In region (I), we consider the semi-classical solution derived in the previous sub-
section, namely,

A = AI(ξ ) = [λ (1−ξ 2)]1/2, Φ = ΦI(η) = λη , 0 ≤ ξ ≤ 1−Δ1. (16)

In region (II), we seek the solution

A = AII(η ,ξ ), 1−Δ1 ≤ ξ ≤ 1+Δ2,

Φ = ΦII(η ,ξ ) =
{

λη , ξ = 1−Δ1,
λη +Φ1(η ,ξ ), 1−Δ1 < ξ ≤ 1+Δ2.

(17)

Fig. 10 Schematic of the ξ
regions where (12) is solved

(ΙΙ)(Ι)

0 1 ξ

(ΙΙΙ)

1−Δ1 1+Δ2
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Following [35], the equation for the field amplitude (the second equation in (13))
can be reduced to

[2λ (ξ −1)+A2
II]AII −

1
c(η)

∂ 2AII

∂ξ 2 = 0, (18)

where we have neglected terms of order ≥ 2 in Δ1,2. Such an equation corresponds
to a special case of the second Painlevé equation with the change of variables
x = (2λc)1/3(ξ − 1), φ = (c/(4λ 2))1/6AII/

√
2. The boundary conditions for (18)

can be formulated in terms of the asymptotic behaviors of the second Painlevé tran-
scendent. For a particular choice of the free parameters [36], these boundary condi-
tions read

AII = [−λ (ξ 2 −1)]1/2 � [−2λ (ξ −1)]1/2, ξ = 1−Δ1,

AII =
1√
π

(
λ
2c

)1/4 e−2(2λc)1/2(ξ−1)3/2/3

(ξ −1)1/4
, ξ = 1+Δ2. (19)

The solution of the boundary value problem specified by (18) and (19) gives
AII(η ,ξ ) (at fixed η). Using AII(η ,ξ ) in

Φ1(η ,ξ ) =
c(η)

2

∫ ξ

1−Δ1

dξ ′ 1

A2
II(η ,ξ ′)

∫ ξ ′

1−Δ1

dξ ′′ ∂A2
II

∂η
(η ,ξ ′′), (20)

which follows from the first equation in (13) (with the assumption that A2
II never

approaches zero), we obtain ΦII(η ,ξ ). In region (III), we seek a solution of the
linearized equation of (12) with the form

F(η ,ξ ) = AIII(η ,ξ )eiΦIII(η ,ξ ) = α(η)G(η ,θ)eiR(η)ξ 2
,

θ = β (η)ξ , ξ ≥ 1+Δ2. (21)

We then obtain

βη

β
=

4R
c

,
αη

α
=

2R
c

, Rη =
4R2

c
+λ , (22)

and a parabolic equation for G(η ,θ) which is subject to the boundary condition
coming from region (II) (see (19)), where we apply phase matching. The parabolic
equation, together with the boundary condition, is solved by the double potential
formula [37]

G(η ,θ) =
1

2
√

π

∫ b(η)

0
dη ′ G(η ′,β (η)(1+Δ2))

θ
(b(η)−η ′)3/2

e−iθ 2/(4(b(η)−η ′)),

(23)
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Fig. 11 Variation of the
amplitude A with ξ at the
amplifier output: dashed
curve, numerical solution;
solid curve, solution of the
matching problem for Δ1 =
0.2 and Δ2 = 0.15; dotted
curve, parabolic solution
for Δ1 = 0. Inset: numerical
solution and solution of the
matching problem shown on a
linear scale
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where db(η)/dη = β 2(η)/c(η). This completes the construction of the function
F(η ,ξ ) for all ξ at fixed η . Parameters Δ1 and Δ2 must be sufficiently small to
ensure matching between regions (I) and (II) and between regions (II) and (III):
(2λc(η))1/3|ξ − 1| � 1, and |ξ − 1|  1. We therefore choose Δ1,2 in the interval
0 < Δ1,2 < (2λc(η))−1/3+ε , with 0 < ε < 1/3.

We compared the solution of the matching problem with the numerical solution
of (7). An example is given in Fig. 11, which shows the amplitude A of F as a
function of ξ for 0 ≤ ξ ≤ 1+Δ2 at the final distance in the amplifier. The numerical
solution is compared with the solution of the matching problem specified by (16)
and the solution of (18). The parabolic solution of (16) is also plotted for Δ1 = 0.
We note that Δ1 must be chosen so that the parabolic solution of (16) does not
deviate from the numerical solution at the point ξ = 1−Δ1. The example in Fig. 11
corresponds to Δ1 = 0.2. In Fig. 11, Δ2 = 0.15. It can be seen that there is a good
agreement between the analytic and numerical results. As the inset clearly shows,
the difference between the analytic and the numerical curves is in fact of the order
of Δ2

1,2, and the lowest-order terms neglected in (18) are O(Δ2
1,2).

3.4 Simple Approximate Description of the Pulse Shape

In theoretical studies, one of the technical problems in using the pure parabolic
pulse approximation in (15) is that the time derivatives of the amplitude for such an
approximation are singular functions at the borders |t| = τ . Therefore, applying the
results of the previous subsections, we propose here the next-level approximation for
the description of parabolic pulses, so that we remove the problem of singularities.
As can be seen from (18) and Fig. 11, the amplitude of the true asymptotic pulse
solution does not vanish at the points where the parabolic approximation tends to
zero. Equation
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A0(ξ ) =
{

[λ (1−ξ 2)]1/2, |ξ | ≤ 1−δ ,

[λδ (2−δ )]1/2 e−|ξ |+1−δ , 1−δ ≤ |ξ | ≤ 1
(24)

yields an approximation that coincides with the parabolic pulse shape in the central
core area and, at the same time, approximates the smooth decrease of the pulse am-
plitude in the pulse tails. Parameter δ , with 0 < δ < 1, can be adjusted to achieve
a good approximation for some particular properties – local or integral – of the
pulse. The accuracy of the approximation in (24) can be estimated by introduc-
ing the quantity I =

∫ 1
−1dξ (|ψnum| − |ψth|)2/

∫ 1
−1dξ |ψnum|2, which represents the

integral relative amplitude deviation of the theoretical pulse solution ψth from the
numerical one ψnum (obtained from direct simulation of (7)). Here, |ψth|= aA0 with
A0 specified by (24). Figure 12 shows the variation of I as a function of parame-
ter δ and the propagation distance. In the example of Fig. 12, the evolution of a
parabolic pulse with a FWHM pulse width 1.9ps and energy 2562pJ is modeled. It
is seen that I reduces with decreasing δ , as would be expected. However, even for
values of δ as large as 0.2, the relative amplitude deviation of the theoretical solu-
tion from the numerical one does not exceed 1%. Figure 12 also shows the quantity
I∗ =

∫ 1
−1dξ (|ψnum| − |ψth|)2/

∫ 1
−1dξ (|ψnum| − |ψth,p|)2 plotted as a function of δ

and the propagation distance. Here, ψth,p is the pure parabolic pulse solution with
A0 given by (15). I∗ gives a measure of the accuracy of the approximation (24) in
describing the true pulse shape compared with the pure parabolic approximation. In
Fig. 12, the values of I∗ greater than 10 are rendered with the same color as that
associated with 10. It can be seen that, for values of δ close to zero, approximation
(24) and the pure parabolic approximation are comparable. For larger values of δ ,
the pure parabolic approximation gives a better description of the true pulse shape.
However, there exists a relatively large range of δ values for which the deviation of
approximation (24) from the true amplitude is less than one order greater than the
corresponding deviation of the pure parabolic approximation.
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Fig. 12 Left: relative amplitude deviation of the approximate parabolic solution (A0 given by
(24)) from the numerical solution, and right: ratio of the amplitude deviations of the approximate
parabolic solution and the pure parabolic solution (A0 given by (15)) from the numerical solution
vs. parameter δ and propagation distance
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4 Application of Parabolic Pulses to Optical Signal Processing

Signal processing is an attractive technique for further improvement of the perfor-
mance of fiber transmission systems. The full potential of all-optical data processing
is still to be realized in a variety of possible applications. An attractive approach to
the design of the optical receiver for high-speed optical fiber communication sys-
tems using return-to-zero (RZ) data formats is based on employing an additional all-
optical decision element (ODE) just before the conventional receiver. In this way,
the first decision is carried out in the optical domain, thus improving the quality of
the signal which is received. A number of nonlinear ODE schemes have been pro-
posed recently [38, 39, 40, 41, 42]. The improvement in the bit error rate (BER) – the
key characteristic of the performance of telecommunication systems – by optical de-
vices in the context of optical regeneration was discussed recently in [43]. The BER
of a signal cannot be intrinsically improved by optical regenerators that are charac-
terized by a transfer function solely determined by the signal power, i.e., the BERs
before and after such devices are identical. However, it was argued that regenera-
tors that can discriminate the noise from the signal by processing logical ones and
logical zeros with distinct power transfer functions are capable of improving the
BER of a signal passing through them. Actually, the conceptual basis of the BER
improvement by optical devices is more general and comes from information the-
ory: an intrinsic BER improvement is possible whenever the decision performed
by the device in the optical domain is based on information that is different from
the information used by the decision circuit of the receiver in the electrical domain.
Here, we demonstrate an application of this general concept by presenting a novel
approach to the improvement of the BER in an optical communication system that
utilizes a design of an advanced optical receiver enhanced by a nonlinear ODE [44].
We discuss the technical implications of the approach in the particular case of RZ
systems limited by timing jitter (i.e., fluctuations of the pulse position in time), but
the proposed concept is not limited to the improvement of the performance of a
particular transmission system. The example of an ODE scheme presented in this
chapter exploits the nonlinear mechanism that leads to the formation of parabolic
pulses and the resultant flattening of the signal waveform. The method is based on
nonlinear temporal pulse broadening and flattening in an NDF and subsequent slic-
ing of the pulse temporal waveform by an optical temporal gate (e.g., an amplitude
modulator with a sharp nonlinear transfer function or a NOLM provided with a
clock) [39, 41].

4.1 Receiver Model and Operation Principle

The structure of the proposed ODE-enhanced receiver is shown in Fig. 13. The re-
ceiver is constructed from an optical band-pass filter (OBPF)/demultiplexer, a pho-
todetector with a square-law characteristic, an electrical low-pass filter (ELPF) and
a threshold detector at the decision point. The ODE, which is placed in front of
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Fig. 13 Schematic of the RZ optical receiver

the receiver, consists of an erbium-doped fiber amplifier (EDFA), a section of NDF
and an optical temporal gating device [39]. The principle of the decision function
in the optical domain is as follows [40]: an input optical pulse to the ODE is first
amplified by the optical amplifier to enhance the effect of nonlinearity in the NDF.
During transmission along the NDF, the temporal waveform of the pulse is changed
to a rectangular-like profile by the combined action of GVD and Kerr nonlinearity
[45]. Note that, if we use distributed amplification in the NDF instead of lumped
amplification by the EDFA, then the pulse temporal waveform will be changed to a
parabolic profile by dispersion, nonlinearity and gain. After propagation in the NDF,
the pulse width is broadened and the central portion of the pulse changes to become
flat. The phase margin of a RZ pulse train is improved by utilizing this property
[38]. This in turn reduces the influence of the displacement of pulse position in time
caused by timing jitter. Indeed, broadening of the pulse width to approximately a
1-bit duration causes the center-of-mass of the pulse portion contained in the bit slot
to move toward the top of the pulse, where timing jitter is less than in the tails, as a
result of flattening of the pulse envelope. Moreover, temporal broadening and flat-

tening permits the pulse portions containing most of the pulse energy to recover the
bit slot for those pulses that are significantly shifted from the center of the bit slot in
the input pulse train, as Fig. 14 schematically shows. Note that strongly time-shifted
pulses in the optical domain, once they are converted into electrical pulses and arrive
at the decision point, might be missed by the threshold detector in a conventional
receiver. In contrast, the temporal broadening and flattening-induced bit slot recov-
ery in the NDF enables such pulses, which were originally strongly shifted, to be
recognized as marks in the proposed receiver. This is the basic mechanism that is re-
sponsible for BER improvement in the ODE-enhanced receiver. Following the NDF,
the pulse enters the temporal gating device. The gate slices the central portion of the
broadened pulse temporal profile. Such an effective discrimination of the pulse tails
against the central portion enables efficient suppression of the timing jitter of a pulse
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Fig. 14 Schematic of the
optical decision
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train. The suppression of timing jitter in the optical domain improves the receiver
sensitivity. Indeed, once the detected electrical signal arrives at the decision circuit,
the reduced fluctuations of the sampling time from bit to bit, which result from the
reduction of the optical timing jitter, lead to reduced fluctuations of the bit sampled
values and, consequently, to an improved signal-to-noise ratio. The required tem-
poral gate can be implemented in various ways. For instance, one can exploit an
amplitude modulator with a nonlinear transfer function given by [39, 41]

f (t) = x+(1− x)cos2m
(

π(t − t0)
TB

)
, m = 1,2, . . . . (25)

In (25), x is the extinction ratio, t0 is the center of the modulation, TB is the bit period
and parameter m controls the degree of narrowing and sharpening of the modulation
peaks (see Fig. 15) and, thus, the degree of slicing of the pulse temporal profile.
We would like to stress that (25) is only a particular example of a sharp nonlinear
response function, and obviously, other devices may be used for temporal gating.

Fig. 15 Temporal gate trans-
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Fig. 16 Signal eye diagrams in the receiver

The essential property of the temporal gate response function must be that it opens
a narrow window in time τ with periodicity TB.

The improvement of signal quality that can be achieved in the ODE-modified re-
ceiver with respect to the conventional receiver is illustrated with the so-called eye
diagrams in Fig. 16 [40]. An eye diagram overlays the signal waveform over many
cycles (time slots). Each cycle waveform is aligned to a common timing reference,
typically a clock. The eye diagram provides a visual indication of the power (am-
plitude variation) and timing (timing jitter) uncertainty associated with the signal at
the detector. The eye of the optical input 40Gb/s RZ signal closes mainly because
of significant timing jitter with the pulses. When the pulses are detected with the
conventional scheme, the pulse width is broadened by the ELPF, and this yields
an increase in eye opening. The eye opening detected with the proposed scheme is
larger than that in the conventional receiver. This is due to a substantial suppression
of the timing jitter, which results from temporal slicing of the NDF-broadened and
flattened pulse waveforms by the amplitude modulator.

4.2 Receiver Performance Computation

We now analyze quantitatively the performance of the nonlinear ODE-enhanced re-
ceiver [44]. For systems using ODEs, the inherent nonlinearity of the optical devices
employed causes the received-voltage probability density functions (PDFs) of the
marks and spaces to have essentially non-Gaussian shapes. This invalidates the use
of standard estimates of the BER in terms of the well-known Q-factor of the signal,
as it is based on the Gaussian approximation for the statistics [46]. Therefore, here
we apply the multi-canonical Monte Carlo (MMC) simulation technique [47] to ac-
curately evaluate the receiver performance. The MMC method is widely recognized
for its efficiency in determining the complete PDFs, while fully accounting for the
system nonlinearity [48], insofar as it iteratively biases Monte Carlo simulations, so
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Fig. 17 PDFs for the voltage
of the marks and spaces in
the conventional and ODE-
enhanced receivers
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that a priori knowledge of how to bias the simulation is not needed. This contrasts
with most other important sampling-based techniques.

We refer to [40] for details of the system and notations. In particular, we use the
modulator transfer function given by (25) with control parameter m = 12, and the
bandwidths of the OBPF and ELPF are set to the respective (optimal) values of 400 and
20 GHz for the conventional receiver, and of 400 and 40 GHz for the ODE-enhanced
receiver. In our simulations, we model the signal to be received by an 8-bit random
binary sequence with a bit period of TB = 25ps (corresponding to the 40Gb/s bit
rate). The signal pulses are Gaussian shaped and have a FWHM duration of 7ps and a
peak power of 1.6mW at the input of the ODE. Timing jitter in the signal is modeled
by a superposed Gaussian-distributed random shift of the pulse temporal position.
The timing jitter standard deviation is 3ps. When the signal passes the EDFA in the
modified receiver, complex Gaussian random noise is appended to the complex signal
field. By applying the MMC method, we calculate the distribution of the voltage of
the marks and spaces at the decision point in the receiver.

Our key result is presented in Fig. 17 [44], which shows the PDFs of the voltage
for the marks and the spaces in the conventional and ODE-enhanced receivers. The
voltage is normalized to the statistical average of signal voltages in each of the
two receiver types. The BER, as measured from the common surface under the
PDFs of marks and spaces, is 4× 10−4 for the conventional receiver and 10−5 for
the ODE-enhanced receiver. This result demonstrates that significant improvement
of the BER can be obtained in the proposed receiver compared with that of the
conventional scheme. We stress the fact that BER improvement is achieved here
by making a decision in the optical domain, which is based effectively on using
additional information about the signal distortion (timing jitter) with respect to the
conventional receiver.

5 Conclusion

We have presented some examples of nonlinear dissipative structures in fiber op-
tics. First, we have introduced a theoretical model to describe ultra-short pulse
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propagation in fiber transmission systems in the quasi-linear regime with periodic
in-line deployment of nonlinear optical devices. In the particular application to
NOLMs, we have demonstrated numerically that dissipative soliton formation can
be observed in such systems as a result of a balance between the effects of dispersion
in the transmission fibers, linear control by optical filters and nonlinear focusing in
the NOLMs. We have applied an approximate variational approach to determine
the steady-state pulse characteristics and have shown that the theoretical analysis
accurately reproduces the results of full numerical simulations.

Second, we have revisited a theory of nonlinear dissipative structures having the
form of self-similar parabolic pulses in a fiber gain medium. Semi-classical solu-
tions of the NLS equation in a gain medium with a parabolic temporal profile in
the energy-containing core have been accurately analyzed, theoretically and nu-
merically. We have presented matching of the parabolic solution to the linear low-
amplitude tails of the pulse. The theoretical analysis has been shown to accurately
reproduce the solution obtained from numerical simulation of the NLS equation.
We have also introduced a simple approximation to describe the shape of parabolic
pulses. It may be useful for problems involving time derivatives of the pulse
amplitude.

Third, we have discussed possible applications of parabolic-like nonlinear dissi-
pative structures in optical communication systems. In particular, we have presented
a new approach to the improvement of the BER in optical communications. We have
proposed a design for an advanced RZ receiver enhanced by a nonlinear all-optical
decision element. As a particular example, we have exploited an ODE scheme based
on an optical temporal gate enhanced by the effect of Kerr nonlinearity in an NDF.
Significant improvement in the BER compared with the conventional receiver at a
channel rate of 40Gb/s has been demonstrated.
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Three-Wave Dissipative Brillouin Solitons

C. Montes

Abstract Stimulated Brillouin backscattering of an electromagnetic c.w. pump wave
into a red-shifted Stokes wave through a dissipative material acoustic wave, as
governed by the nonlinear space–time three-wave resonant model, gives rise to
backward-traveling solitary pulses, which are experimentally obtained in long fiber-
ring cavities. Stability analysis of the inhomogeneous stationary Brillouin mirror
solution in a c.w.-pumped cavity exhibits a one-parameter Hopf bifurcation. Be-
low a critical feedback, a time-dependent oscillatory regime occurs, and we get
self-organization of a localized pulsed regime. Experimental results and a dynami-
cal simulation confirm this scenario. A stable continuous family of super-luminous
and sub-luminous backward-traveling dissipative solitary pulses is obtained through
a single control parameter. A parallel analysis in an unbounded one-dimensional
medium shows that the integrable three-wave super-luminous symmetrical soliton
is unstable for small dissipation, and that it cascades to a turbulent multi-peak struc-
ture. The general non-symmetrical and non-integrable case is dependent only on the
exponential slope of the wave front of the backscattered Stokes wave, thus provid-
ing the stable super- and sub-luminous dissipative solitary attractors. An overview
of the experimental results for a large set of input pump powers and Stokes feed-
back conditions shows a remarkable agreement with the numerical simulations of
the three-wave coherent, partial differential equations model.

1 Introduction

Stimulated Brillouin scattering (SBS) experiments in liquids [1], gases [2], plas-
mas [3], and optical fiber-ring resonators [4, 5, 6, 7, 8] give rise to localized
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backward-traveling Stokes pulses. The space–time dynamics in one spatial dimen-
sion, resulting from the resonant three-wave nonlinear interaction between the pump
wave Ap, the material acoustic wave Aa, and the backscattered Stokes wave AS, is
governed by the nonlinear three-wave partial differential equations (PDE) model
within the slowly varying envelope approximation. This model is particularly ap-
propriate for describing the dynamics in single-mode optical fibers [4, 5, 6, 7, 8, 9,
10, 11]. SBS is responsible for a large class of dynamical behaviors in c.w.-pumped
single-mode optical fiber cavities. Steady state, periodic and quasi-periodic oscil-
lations, and even chaotic dynamics, may arise in single-mode Fabry–Perot cavities
with weak external feedback [12, 13, 14, 15].

In c.w.-pumped fiber-ring cavities, our group has obtained stable-pulsed regimes
at a round-trip repetition rate for moderate feedback in unpolarized fiber-ring
lasers [7] and in an Nd:YAG polarization-maintaining fiber-ring laser [8]. A contin-
uous set of super- and sub-luminous dissipative solitons is obtained through a single
control parameter, viz. the Stokes feedback, R, for a given gain-length G = gIpL,
where g is the SBS gain coefficient, Ip the c.w.-pump intensity, and L the length
of the cavity, or G for a given feedback, R. Stability analysis of the inhomoge-
neous stationary solution, made by using a (1 + 1)D space–time coherent three-
wave model [6], proves the scenario of solitonic pulse generation via a generic
single-parameter Hopf bifurcation. For a given gain-length G, and below a criti-
cal feedback Rcrit, the steady Brillouin mirror regime gives rise to a time-dependent
oscillatory regime, and for lower feedback (i.e., higher dissipation), spontaneous
mode-locking of several cavity-longitudinal modes generates stable-pulsed regimes
at the round-trip repetition rate. The single-parameter bifurcation is also obtained,
for a given feedback R, by decreasing the input pump intensity, Ip, from the steady
Brillouin mirror regime down to the threshold.

The length, L, of the fiber cavity must be long enough to allow a large number of
longitudinal modes, N = nLΔνB/c, under the Brillouin gain curve of spectral width
(FWHM) ΔνB. For a convenient length scale, typically for 10 < L(m)/[λp(μm)]2 <
400, where λp is the pump wavelength, stable-pulsed regimes occur below Rcrit

and above Rthres in low-finesse c.w.-pumped Brillouin fiber-ring lasers [7, 8]. If
N ∼ 1, the dynamics can be only stationary [11], and if N is very high, as oc-
curs for very long fibers, the fiber noise [7] or the transverse guided-acoustic wave
Brillouin scattering (GAWBS) [16, 17] induces decoherence between consecu-
tive pulses. However, the GAWBS transverse resonances, within finite frequency
ranges, may co-operatively couple with the acoustic longitudinal modes of the cav-
ity, giving rise to compressed Brillouin solitons [18]. Active mode-locking of all
the cavity-longitudinal modes under the Brillouin gain curve is obtained by using
an intra-cavity phase modulator; this allows controllable pulse compression in a
polarization-maintaining fiber-ring laser [19]. The temporal width of these com-
pressed pulses is included in Table 1, in order to compare it with the analytical
formulae obtained from the unlimited SBS line dynamics.

The three-wave interaction problem has been the object of many theoretical stud-
ies and numerical simulations [20]. Here, we are concerned with nonconservative
SBS in the presence of a continuous pump. This model has been integrated by
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Table 1 Numerical pulse characteristics [from (1)] for the Nd:YAG c.w.-pumped Brillouin fiber-
ring laser, 260 m in length, at different amplitudes of feedback ρS =

√
R [Series (1)–(4) of Fig. 20]

and different gains, G, around the narrowest pulse width (in bold numerals). The particular analytic
solutions are inserted in column 7, evaluated from formulae (46), (47), and (48)

Series (1) R = 0.15; ρS =
√

R = 0.3872

G P(mW) |AS|max Δt/tr δt |AS|/tr δt |AS|∗/tr Analytic
3.00 17.07 2.0525 1.0016 0.1655 0.0676 Δζ = 0.0508
3.20 18.21 2.2347 1.0003 0.1565 0.0640
3.40 19.35 2.3576 0.9989 0.1543 0.0631
3.60 20.49 2.4121 0.9970 0.1563 0.0639 Δσ = 0.0719
3.80 21.63 2.3555 0.9944 0.1708 0.0698 S = 4.0123

Series (2) R = 0.0593; ρS =
√

R = 0.2435

G P(mW) |AS|max Δt/tr δt |AS|/tr δt |AS|∗/tr Analytic
5.00 28.46 2.4495 1.0022 0.1245 0.0509 Δζ = 0.0383
5.20 29.60 2.5317 1.0011 0.1221 0.0499
5.40 30.74 2.5901 0.9999 0.1215 0.0496
5.60 31.88 2.6211 0.9984 0.1237 0.0505 Δσ = 0.0693
5.80 33.02 2.6180 0.9967 0.1277 0.0522 S = 3.3803

Series (3) R = 0.0225; ρS =
√

R = 0.04405

G P(mW) |AS|max Δt/tr δt |AS|/tr δt |AS|∗/tr Analytic
6.50 37.00 2.4184 1.0061 0.1142 0.0467 Δζ = 0.0414
7.00 39.85 2.6017 1.0038 0.1086 0.0444
7.50 42.69 2.7014 1.0011 0.1088 0.0445
8.00 45.54 2.6899 0.9973 0.1169 0.0478 Δσ = 0.0607
8.50 48.39 2.4605 0.9905 0.1430 0.0584 S = 3.2002

Series (4) R = 8.23×10−3; ρS =
√

R = 0.0907

G P(mW) |AS|max Δt/tr δt |AS|/tr δt |AS|∗/tr Analytic
8.50 48.39 2.5399 1.0081 0.1047 0.0428 Δζ = 0.0383
9.00 51.23 2.6645 1.0058 0.1022 0.0418
9.50 54.08 2.7280 1.0031 0.1029 0.0420
10.00 56.93 2.7126 0.9996 0.1088 0.0445 Δσ = 0.0554
10.50 59.77 2.5750 0.9944 0.1252 0.0511 S = 3.0301

The amplitudes are normalized to the input pump amplitude: |AS|max/|Acw| [numerical from (1),
column 3] and S = |AS|sym/|Acw| [analytic super-luminous symmetric solution from (48), column
7]. The nonlinear round-trip time, Δt , is normalized to the linear flight time, tr = nL/c � 1.26 μm,
as well as to the respective amplitude widths (FWHM): spontaneous width, δt |AS|/tr, active mode-
locking width, δt |AS|∗/tr [19], and, in column 7, analytic luminous asymptotic width, Δζ = ln(2+√

3)δζ/tr (46), and analytic super-luminous symmetric width, Δσ = ln(2+
√

3)δσ/tr (47).

the inverse scattering transform (IST) in the non-dissipative case [21], giving rise
to backscattered solitons. Our aim is to study the nonconservative problem in the
presence of material damping and Stokes dissipation, in order to shed light on the
nonlinear dynamics in the c.w.-pumped optical fiber-ring laser, where the periodic
round-trip interaction in the long lossy cavity can be associated with a nonconser-
vative unlimited interaction.
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We present, for the unlimited line problem, a continuous family of dissipative
solitary structures which result from the three-wave interaction of the c.w. pump in
the presence of dissipative Stokes and material waves [22]. The dissipation then in-
troduces the concept of an attractor, yielding solitary structures which are extremely
robust with respect to noise perturbations, for example. These attractors support the
experimental observation of the large variety of solitary Stokes pulses observed in
Brillouin fiber-ring cavities.

From a theoretical point of view, two types of initial and/or boundary conditions
for the Aa or AS envelopes will yield two classes of localized traveling backscattered
structures:

1. The c.w. pump interacting with initially bounded Stokes or material wave fluctu-
ations yields a sub-luminous backscattered three-wave solitary structure, whose
constant velocity is uniquely determined by the damping coefficients and the
c.w.-pump level, and which is an universal attractor for any initial conditions
with compact support. This Cauchy problem of an initially bounded Stokes wave-
packet cannot yield a super-luminous asymptotic traveling structure, since the
front of the bounded wave-packet propagates at the velocity of light. The linear
asymptotic Kolmogorov–Petrovskii–Piskunov (KPP) assertion [23] allows us to
analytically determine the wave-front slope and the sub-luminous velocity, and,
when the dynamics attains the asymptotic steady regime [20], they are in remark-
ably good agreement with the numerical results of the nonlinear PDE model.
However, this initially bounded problem will not be considered here because it
cannot account for the continuous family of sub-luminous and super-luminous
dissipative solitons generated in the fiber-ring Brillouin laser.

2. Initially unbounded Stokes conditions in a line present well-known analytical
super-luminous [24] three-wave soliton solutions [25, 26], and they are also avail-
able for dissipative Aa and AS envelopes [5, 27, 28]. Perturbative IST has been
considered in the small dissipation case [29], but the soliton solution is unstable
and is accompanied by a turbulent tail at finite times. Such turbulent behavior
is reached via a bifurcation cascade from the stable dissipative one-soliton so-
lution by decreasing the dissipation. It begins with a bi-solitary structure and is
followed by a space–time-dependent multi-peak solitary regime for very small
dissipation. We determine a stability criterion for such structures by using an ex-
tension of the KPP asymptotic procedure used for the initially bounded case [20].
It is shown that the sub-luminous attractor obtained in the initially bounded case
also belongs to the set of dissipative soliton solutions for unbounded condi-
tions. In addition to this bifurcation scenario of the super-luminous soliton so-
lution, we have obtained a stable family of asymmetric dissipative solitons for
the general non-integrable problem, resulting from the unlimited interaction at
any dissipation [22]. This family constitutes a continuous set of solitary attrac-
tors, traveling backward with respect to the continuous pump, at velocities run-
ning from super- to sub-luminous, and with the dynamics only being dependent
on the wave-front slope, p, of the backscattered Stokes wave. These stable soli-
tary structures, generated by the backscattering three-wave instability, attain their
nonlinear steady regime through dynamic compensation between the wave-front
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slope dispersion and the pump depletion. In the well-known bright optical NLS
(nonlinear Schrödinger) soliton case, compensation is achieved between the lin-
ear group velocity dispersion and the nonlinear Kerr effect [30], and here there
is a similar balance between velocity dispersion steepening and nonlinear pump
depletion flattening.

We present experimental and numerical results for a c.w.-pumped Brillouin fiber-
ring cavity, showing trains of dissipative solitons at different velocities having dif-
ferent slopes, in order to point out its resemblance to the theoretical unlimited
interaction.

The bifurcation in the cavity is responsible for the time-dependent oscillatory
and pulsed regimes which have been observed in a systematic experimental and nu-
merical exploration of the whole soliton localization domain. This was for a large
set of (G,R) parameters in a polarization-maintaining Nd:YAG Brillouin fiber-ring
laser with the best conditions of stability and coherence. An excellent quantitative
agreement of the coherent three-wave model simulations and the experiments was
obtained [8]. The explicit solution for the integrable luminous velocity case of the
unbounded problem allows us to relate this selected dissipative soliton to that ob-
tained in the actual stable Brillouin fiber-ring experiment, which corresponds to one
of the best localized pulses.

2 SBS Kerr Model Equations

In single-mode fibers, which are considered to be uni-dimensional media, the non-
linear SBS process resonantly couples a pump wave, Ap(ωp, kp), and a backscattered
Stokes wave, AS(ωS, kS), with an acoustic wave, Aa(ωa = ωp −ω S, ka = kp + kS),
through electrostriction. Neglecting the acoustic propagation, which has speed
ca � c, and including the optical Kerr effect, we obtain three coupled SBS Kerr
equations for the complex amplitudes [4, 7], within the slowly varying envelope
approximation,

(∂t +
c
n

∂x + γp)Ap = −KASAa + iKr
[
|Ap|2 +2|AS|2

]
Ap,

(∂t −
c
n

∂x + γS)AS = KApA∗
a + iKr

[
2|Ap|2 + |AS|2

]
AS, (1)

(∂t + γa)Aa = KApA∗
S + fn,

where γp,S are the damping coefficients for the optical waves, γa = πΔνB is the
damping coefficient for the acoustic wave, Kr = n2ω/2n is the perturbative opti-
cal Kerr constant, and n is the effective linear index. The electrostrictive field, Aa,
is defined from the perturbative density at the acoustic frequency ρa = i(ρ0n3ε0/
2cca)1/2Aa [4]. The SBS coupling constant for optical materials, K, is related to the
usual SBS gain coefficient, g, by K = (gγaε0c2/4)1/2(

∫ ∫
F4d2σ⊥/

∫ ∫
F2d2σ⊥)1/2
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[19]. This includes the overlap integrals of the transverse field distribution, F(σ⊥),
and it may also be defined [31] by

K =
1
σ

(
ε0n7

8ρ0cca

)1/2

ωp p12, (2)

where the elasto-optic coefficient p12 = (ρ0/n4)(∂ε/∂ρ) = 0.286 for silica can be
evaluated through the Lorentz–Lorenz relation

[
p12 = (n2−1)(n2 +2)/(3n4)

]
. The

constant σ accounts for both the overlap between optical and acoustic modes in
optical fibers [32, 33] and for phase mismatch which is related to the transverse
material gradient [34]; it is typically less than 2. The best value of K is obtained
in steady conditions at threshold from the experimentally measured Brillouin gain
coefficient, g, for the intensities Ip,S = (nε0c/2)|Ap,S|2. The dimensionless gain-
length is defined by G = gIpL. For a polarization-maintaining optical fiber-ring
resonator at λp = 1.319μm, whose results are presented in Sect. 10, the exper-
imental SBS threshold is obtained for g = 1.65 × 10−11 m/W. Consider a fiber
with refractive index n = 1.44, mode radius r = 2.8μm, time optical damping
γp,S = γe = 2.4× 104 s−1 [optical attenuation 1 dB/km (Fiber-core Ltd)], and time
acoustic damping γa = πΔνB = 7.2×107 s−1. These parameters yield an SBS cou-
pling constant K = 15ms−1 V−1. This is obtained from (2) for σ = 1.2, acoustic ve-
locity ca = 5960m/s, and unperturbed silica fiber density ρ0 = 2.21×103 kg m−3.

The perturbative optical Kerr constant yields Kr = 6.26×10−8 m2 V
−2

s−1.
We include, in the acoustic equation, the Langevin noise source fn with space and

time averages such that 〈 fn(x, t)〉= 0 and 〈 fn(x, t) f ∗n (x′, t ′)〉= Qδ (x−x′)δ (t−t ′); Q
is estimated from the Brillouin threshold [35], so fn(x, t)/|KAp(0)|2 ∼ 10−5−10−6.
Thus, we take into account the spontaneous Brillouin scattering through thermally
excited acoustic noise. This will be negligible for the length scales chosen in our
experiments, but it should play an important role for de-correlating the pulses in
much longer cavities, rendering the dynamics unstable [7].

The dynamics in the cavity is governed by the complex three-wave equations
system (1) with the boundary conditions

Ap(0, t) = Acw, AS(L, t) = ρSAS(0, t), (3a)

where Acw is the c.w.-pump input amplitude and ρS = |ρS| exp
[
iΦS
]

is the complex
feedback control parameter for the single Stokes resonator. Interaction between the
backward pump and the forward Stokes waves is avoided in the ring cavity. The
simplest configuration to improve control of the input pump phase is a ring cav-
ity with an intra-cavity isolator, as this avoids pump reflections and yields a simple
Stokes resonator. When N is large enough, a constant Stokes detuning ΦS �= 0 has
no significant effect [36], but active phase modulation turns out to be very effective
in locking all the longitudinal cavity modes under the Brillouin gain curve in order
to compress the Brillouin solitons [19]. The temporal width of these solitons, com-
pressed due to active mode-locking, is in Table 1, in order to compare it with the
analytical formulae obtained for the unlimited SBS line problem. Here, we consider
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a single Stokes resonator [6, 7] having the Stokes intensity feedback R = |ρS|2 as
its only control parameter. Therefore, the amplitude boundary conditions will be
given by:

Ap(0, t) = Acw, AS(L, t) =
√

R AS(0, t). (3b)

In the numerical computations, the optical Kerr contribution is systematically
included, or its absence is tested. Some authors have argued that the optical Kerr
effect may be responsible for chaotic behavior of SBS line lasers [13, 10]. This is
not realistic for actual Brillouin fiber-ring lasers, but may be crucial for its sister
mechanism, namely stimulated Raman backscattering [37].

3 Three-Wave Dissipative Model

For the purpose of stability analysis, we may neglect the Kerr effect and the noise
term and consider only the standard three-wave coherent model [6]. Introducing the
dimensionless units

Ep,S,a =
Ap,S,a

Acw
; μp,S,a = γp,S,aτ0; τ =

t
τ0

; ξ =
x

Λ0
;

τ0 =
1

|KAcw|
; Λ0 =

cτ0

n
; (4)

where Acw is the constant pump input amplitude, and τ0 and Λ0 are the nonlinear
characteristic time and length; the dimensionless three-wave model, in the slowly
varying envelope (SVE) approximation, reads

(∂τ +∂ξ + μp)Ep = −ESEa,

(∂τ −∂ξ + μS)ES = EpE∗
a , (5)

(∂τ + μa)Ea = EpE∗
S.

We obtain the instantaneous acoustic response model from (5) by neglecting the
acoustic dynamics (∂τ Ea � μaEa) through the adiabatic approximation
Ea = EpE∗

S/μa; this then yields the intensity equations:

[
∂τ +∂ξ +2μp)

]
Ip = − 2

μa
IpIS,

[
∂τ −∂ξ +2μS)

]
IS =

2
μa

IpIS, (6a)

where Ip,S = |Ep,S|2. In a non-detuned Stokes ring cavity, the boundary conditions
(3b) are given by

Ip(0,τ) = Icw , IS(L/Λ0,τ) = R IS(0,τ). (6b)
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The stability analysis is performed for μp = μS = 0 by solving the linear perturbative
equations around the inhomogeneous stationary Brillouin mirror solution which is
common to both systems (5) and (6). For the dimensionless Ip,S dynamics, let us
renormalize the dimensionless time and length variables through t = 2τ/μa, x =
2ξ/μa and define the dimensionless gain-length product by

G = gIpL =
2L

Λ0μa
.

The stationary Brillouin mirror solution is

Ist
p (x) =

2DI0
p

(2D− I0
p ) exp(−2Dx)+ I0

p
,

Ist
S (x) = Ist

p (x)−2D, (7)

where the monotonic depletion of the forward-propagating c.w. pump in the optical
medium saturates the monotonic amplification of the backscattered Stokes wave.
Here, I0

p ≡ I(x = 0) = Icw is normalized to unity and D = const is related to R
through the boundary conditions (6b):

R exp (2DG) = R+2(1−R)D. (8)

By taking into account the time-dependent optical and acoustic responses of (5)
through Ij(x, t)= Ist

j (x)+δ Ij(x) exp(−iωt), ( j = p,S,a), where Ist
a = Ist

p (x)Ist
S (x)/μ2

a ,
we reduce the stability analysis to the study of a complex eigenvalue equation for
ω [6] [7], namely

d2Y
dx2 +

[
(ω − i f D)2 +

f (1− f )D2

sinh2[D(x0 + x)]

]
Y = 0; f (ω) =

1− i(ω/μ2
a )

1−2i(ω/μ2
a )

, (9)

where

Y =
1
2

[
(1−D) sinh Dx+D cosh Dx)

] f (ω)(δ Ip −δ IB),

d(δ Ip −δ IB)
dx

= iω(δ Ip +δ IB).

We obtain the characteristic equation for ω by integrating (9) over x and imposing
the boundary conditions (6b). The discrete set of frequencies Re ω , which are so-
lutions of the eigenvalue problem, define the longitudinal modes of the SBS ring
cavity, and these are unstable if Im ω > 0. By assuming that f (ω) is real in the po-
tential term in (9), and that D → 0 so sinh2[D(x0 +x)] ∼ [D(x0 +x)]2, we arrive at a
solution that is given by a combination of Airy functions Ai and Bi (C1 and C2 are
constants):
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Y (x) = z1/4[C1Ai(−z)+C2Bi(−z)];

z = [3Ω(x+1)/2]2/3; Ω = ω − i f D. (10)

Within this approximation, the complex characteristic equation that expresses ω as
a function of R, D, and G is given by

A(ω)+B(ω) sin(ΩG)+C(ω) cos(ΩG) = 0, (11)

where the functions A(ω), B(ω), and C(ω) are given in [7]. This generalizes the
analysis already performed for the case where the inhomogeneous potential is
absent [6].

Intensity model (6) corresponds to f = 1 (because ω/μ2
a → 0), and (9) becomes a

harmonic oscillator equation at frequency Ω = ω − iD, yielding simple coefficients
for the Stokes ring cavity. Its anomaly has been discussed in [6]. Nevertheless, it
provides simple expressions for the critical parameters at the bifurcation:

Dcrit = 1/6 , (Ist
S )crit/I0

p = 2/3 , Rint
crit =

1
3 exp(G/3)−2

.

Let us define Rpulse as the lower bound of the transition region ΔRtran. Self-pulsing
is always observed below it. The value Rint

crit is a fair first approximation, always by
default (Rint

crit < Rpulse), of this bound. The transition region shrinks to a simple line
(ΔRtran = 0) within the instantaneous model.

No analytic solution of (9) is available, and we plot the marginal stability curve
(Im ω = 0) in Fig. 1 in the (G, log R) plane that delimits the stable (Im ω < 0) and
unstable (Im ω > 0) domains.

Fig. 1 SBS marginal stability for modes M1 and M2 in the (G, log R) plane. The curve Rcrit (Im
ω = 0) separates the stable (Im ω < 0) and the unstable (Im ω > 0) domains. The point (G0,R0)
delineates the sub-critical and super-critical bifurcations. At R = Rcrit, the first destabilized mode is
M1 when G < G0 (or R > R0), but it is M2 when G > G0 (or R < R0). Below Rpulse and above Rthres,
a great number of longitudinal modes N of the cavity, under the Brillouin gain curve, spontaneously
lock together, giving rise to a solitonic pulse
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Analysis of the non-instantaneous model still reveals a regular Hopf bifurcation.
A time-dependent oscillatory regime appears at R = Rcrit > Rint

crit. The transition re-
gion has a finite width. The upper bound (Rcrit) is accurately given by the solu-
tion of the complete characteristic equation (11), while upper and lower bounds are
dynamically determined from analysis of the asymptotic behavior of the coherent
three-wave dynamics. We numerically analyze the stability of the cavity modes Mm

at frequencies near multiples, mfr, of the round-trip frequency which measures the
cavity’s free spectral range (FSR), i.e., of periods near sub-multiples of the cavity
flight time, tr = nL/c. For critical values of the control parameter R, and for different
values of G, we have shown [7] that either the fundamental oscillation, M1, with pe-
riod close to tr (for low G), or the second mode oscillation, M2, with period close to
tr/2 – associated with the round-trip collision frequency of the counter-propagating
pump and Stokes perturbations (for high G) – becomes unstable. For G > G0, it is
M2 which is first destabilized at Rcrit, but for G < G0, the first destabilized mode
is M1. This stability scenario is confirmed by experiments performed in Brillouin
fiber-ring lasers. In Figs. 2 and 3, we show the experimental results for the Nd:YAG
experiments of [7, 8], taking the pump input power as the control parameter.

Even higher order modes should be destabilized at the bifurcation point in longer
cavities [38], but such a high gain-length product would cause the total depletion
of the pump through amplified spontaneous emission in much less than the cavity
length, yielding a trivial dynamics.

In all the cases considered, and depending on the control parameter chosen [low
enough feedback R for a given G (horizontal travel in Fig. 1), or low enough G for a
given R (vertical travel in Fig. 1)], a large number of longitudinal modes of the long
fiber cavity spontaneously lock together, giving rise to a backward Stokes pulse of
some nanoseconds. This was predicted as a super-luminous soliton solution of the
three-wave model [39, 27], and afterwards was observed as spontaneous structuring
in Brillouin fiber-ring experiments [5, 6, 7, 8]. We may approach their characteristics
by comparing them to the dissipative solitons of the unlimited line problem.

4 Asymptotic Three-Wave Dynamics in the Ring Cavity

Beyond the linear stability analysis, the numerical nonlinear dynamics of the three-
wave coherent model (1) for the ring cavity (3b) yields the transient evolution, and
finally the asymptotic state. We determine the resolution by following the character-
istics method [9, 20, 40] and using a standard fourth-order Runge–Kutta algorithm,
which has proved to be remarkably stable for long interaction times [7]. The mor-
phogenesis of a Brillouin soliton, starting from the stationary Brillouin mirror in the
unstable domain is shown in Fig. 4 (cf. [6]).

The periodic counter-propagating amplification of the Brillouin pulse in the
asymptotic pulsing stage is shown in Fig. 5, where the spatial envelopes of the
pump, Stokes and acoustic waves inside the cavity are plotted at successive time in-
tervals, Δt/tr = 1/8, during one round-trip period. The pump, already depleted from
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Fig. 2 Experimental results for the Nd:YAG experiment of [7] at λp = 1319 nm for R � 8%.
By decreasing the input pump power (control parameter) from the stationary Brillouin mirror
regime (a) at P � 100 mW, successive time-dependent regimes appear below critical bifurcation;
(b) oscillatory regime at M2 (P � 75–80 mW); (c) oscillatory regime at M1 (P � 70–75 mW); and
(d) stable-pulsed regime (P � 30) mW. The spectrum is included in (b) and (c)
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Fig. 3 Experimental results for the polarization-maintaining Nd:YAG experiment of [8] at λp =
1319 nm. (a) Destabilization of the stationary Brillouin mirror regime through mode M1 at
Rcrit = Ra; (b) destabilization of the stationary Brillouin mirror regime through mode M2 at lower
Rcrit = Rb < Ra; (c) and (d) building of the Stokes pulse from mode M2; (e) and (f) simultane-
ous strengthening and narrowing of the Stokes pulse when the pump power decreases from the
bifurcation point between the stationary Brillouin mirror regime and the pulsed regime

the preceding round-trip [Fig. 5(a)], encounters a small reinjected Stokes pulse up to
the middle of the cavity length [Fig. 5(d)]. Then, the un-depleted fresh pump rapidly
amplifies the backward pulse [Fig. 5(e, f)], exhibiting a novel localized depletion,
which now accompanies the pulse during the second half of the round-trip [Fig. 5(f,
g, h)]. The three-wave envelope distribution approaches the asymptotic three-wave
solitary structure [22] during this last stage, even if the periodic truncation process
and continuous amplification prevent the actual achievement of a stable invariant
form. The precise pulse characteristics are obtained by numerical integration of the
dynamical model (1). They depend on G, R, L and Kr, as will be shown in Sect. 10,
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Fig. 4 Morphogenesis of the Brillouin soliton. For R below a critical value, the steady SBS mirror
becomes unstable and the system bifurcates toward the time-dependent localized pulse regime for
the backscattered Stokes wave (spatial distributions inside the optical medium at different times)

where a systematic experimental and numerical exploration of the whole soliton lo-
calization domain for a large set of (G,R) parameters in the polarization-maintaining
fiber-ring laser [8] will be presented.

4.1 Asymptotic Mean Reflectivities

After lengthy numerical simulation, the regimes can be considered asymptotic. In
Fig. 6, we plot the numerical results for the asymptotic mean reflectivities corre-
sponding to the argon ion Brillouin fiber-ring experiment of [7]. The mean reflec-
tivities were obtained after 1800 round-trips (not fully asymptotic in the transition
region), and after 7200 round-trips, where all regimes can be considered asymptotic.
The steady and pulsed asymptotic regimes are attained rapidly for values of R out-
side the transition region. However, we can remark that this region itself is modified
and exhibits long transients, so the mean reflectivity computed over a set of round-
trips evolves over a long time. The dramatic change in the squared mean amplitude,
〈|AS(x = 0)|〉2, of the backscattered Stokes wave indicates the localization process.
It is interesting to note that the mean-squared amplitude (or mean Stokes intensity),
〈|AS(x = 0)|2〉, which is the measure of the overall SBS efficiency, varies smoothly,



234 C. Montes

Fig. 5 Space–time dynamics in the ring cavity during one round-trip, showing the periodic counter-
propagating process in the asymptotic pulsed regime. Spatial distributions of the locally depleted
pump, Ep, the amplified Stokes, ES, and acoustic Ea wave envelopes inside the cavity at successive
time intervals Δt/tr = 1/8
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Fig. 6 Mean reflectivities computed from (1) obtained : (a) after 1800 round-trips and (b) after
7200 round-trips, showing the long transient evolution in the transition region. For low R, the
small value of the squared mean amplitude, 〈|AS(0, t)|〉2, (dashed lines) with respect to the mean
instantaneous intensity, 〈|AS(0, t)|2〉, (solid curve) accounts for the solitonic localization. Both
quantities are normalized to |Acw|2. (Computation parameters: G = 8, L/Λ0 = 28, μa = 103μp,S =
7, KrAcw/K = 2.5×10−3)

and its value is almost attained from the transient stage of the high amplitude Stokes
response. The optical Kerr effect does not significantly affect the asymptotic dynam-
ics, as we can see by comparing Fig. 6, computed with the entire SBS Kerr system
of (1), with Fig. 7, computed without the Kerr effect (5). As expected from the pio-
neering work of [4] on SBS Kerr dynamics, the Kerr effect remains perturbative in
the mono-stable super-critical localization domain.

Fig. 7 Mean reflectivity, 〈|ES(0,τ)|2〉, computed from the dynamical three-wave model (5) for
μp,S = 0 (asterisks), compared with the analytical stationary output, IS(0)st = |ES(0)|2, given by
(7) (solid curve). This shows the discrepancy, in the pulsed region, (R < 0.01), between the mean
and stationary intensities. The dashed curve 〈|ES(0,τ)|〉2 is for the model (5). The intensities are
normalized to |Ecw|2. (Computation parameters: G = 10, L/Λ0 = 32, μa = 6.4, μp,S = 0, Kr = 0)
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Another interesting result obtained from the three-wave dynamic simulations is
the enhancement, for the same input intensity, Icw, and feedback values, of the mean
Stokes reflectivity, 〈|ES(x = 0)|〉2/Icw, in the pulsed regime with respect to the pure
stationary solution, whose analytical expression (7) is obtained from the intensity
model (6). This allows us to interpret the discrepancy observed for low gain val-
ues [41], between the measured experimental Brillouin gain coefficient, g, and that
computed from the stationary intensity model. Figure 7 compares the mean Stokes
reflectivities for each model.

5 Backward-Traveling Three-Wave Solutions

In order to obtain dissipative traveling three-wave solutions of (5) in the unbounded
line problem (without cavity boundary conditions), we must assume a constant
pump input (Ep = 1) compensating for the Stokes and material losses. Therefore,
assuming that the threshold condition is satisfied

μSμa ≡
γSγa

|KAcw|2
< 1, (12)

the ES and Ea waves are unstable, and they grow exponentially in the linear para-
metric regime until a nonlinear stage is reached, where the depletion of the pump Ep

saturates the instability. The problem will be to determine the nonlinear three-wave
solitary structures. In order to look for backward-traveling wave solutions of (5), let
us change to a frame moving in the backward direction ζ = ξ +Vτ, τ = τ

[
∂τ +(1+V )∂ζ

]
Ep = −ESEa −μpEp,[

∂τ +(V −1)∂ζ
]
ES = EpE∗

a −μSES, (13)[
∂τ +V ∂ζ

]
Ea = EpE∗

S −μaEa.

We define the ai fields as

ap = |1+V |1/2Ep; aS = |V−1|1/2ES; aa = |V|1/2Ea; (14)

and look for stationary solutions in the new frame. This reduces the PDE problem
to an ordinary differential equation (ODE) dynamical system, where we have

∂X ap = −s1aSaa − s1Γpap,

∂X aS = s2apa∗a − s2ΓSAS,

∂X aa = s3apa∗S − s3Γaaa, (15)

where X = ζ/|(V −1)(1+V )V |1/2; Γp = μp|V −1|1/2|V |1/2/|1+V |1/2; ΓS =
μS|1+V |1/2|V |1/2/|V −1|1/2; Γa = μa|1+V |1/2|V −1|1/2/|V |1/2; and s1 = sgn
(1 +V ), s2 = sgn(V − 1), s3 = sgn(V ). Since μp ∼ μS � μa and V ∼ 1, we also
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have Γp � Γa, but ΓS and Γa are of the same order, so then we can neglect the elec-
tromagnetic pump damping. This is necessary in order to define a local three-wave
traveling solution [5]. Moreover, for the pure resonance problem, the relation be-
tween the three phases remains fixed, and the whole dynamics is governed by real
Ei or ai fields, with negative amplitude standing for a π-phase shift.

6 Dissipative Symmetric Three-Wave Solution

First, let us recall the dissipationless case [25, 26], which has been integrated by
the inverse scattering transform [21]. The concept of self-induced transparency has
been associated with this soliton solution Fig. 8(a) because all of the pump is re-
constructed after the interaction. This self-similar Stokes pulse can travel at any
super-luminous velocity. In order to introduce the family of dissipative traveling
wave structures, our starting point will be the only known analytic super-luminous
soliton solution which accounts for the presence of dissipative Stokes (μS �= 0) and
material (μa �= 0) waves [5]. This particular solution of system (15), here called
symmetric since it is obtained for

ΓS = Γa = Γ, (16)

Fig. 8 Symmetric three-wave soliton solution: (a) Total self-induced transparency: non-dissipative
(α = 0) IST integrable soliton solution. (b) and (c) Partial self-induced transparency: dissipative
soliton solution (20). In (b), the pump wave exhibits a phase change (α < 1/4), while in (c), the
pump wave is weakly depleted without changing its phase (α > 1/4)
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is given by
a0

p = −a tanh aX +Γ; a0
S = a0

a = a sech aX , (17)

where the limit conditions [Ep(ζ → −∞) = 1 and ES,a(ζ → −∞) → 0] determine
the constant

a = (1+V )1/2 −Γ (18)

and fix the velocity V = Vsym as a function of (μa, μS),

Vsym =
1

1−μS/μa
. (19)

Let us write this symmetric solution, of slope psym, in terms of the variables of
(5) [42]:

Ep = (μSμa)1/2 − [1− (μSμa)1/2]tanh[psym(x+Vsymt)],
ES = S sech[psym(x+Vsymt)], (20)

Ea = S

(
μS

μa

)1/2

sech[psym(x+Vsymt)],

where

S = [1− (μSμa)1/2] [2(μa/μS)−1]1/2,

psym =
[1− (μSμa)1/2](1−μS/μa)

(μS/μa)1/2
. (21)

In the presence of weak dissipation, (α ≡ μSμa < 1/4), the behavior is remi-
niscent of the self-induced transparency case, with the pump wave being partially
restored with an opposite phase after the interaction Fig. 8(b). A property of this
structure is then the possibility for the pump wave to change its phase, and this is
the key argument in the following stability discussion. When the Stokes and mate-
rial waves are heavily damped, with α > 1/4, the pump is weakly depleted Fig. 8(c)
without changing its phase.

Before describing the continuous family of three-wave dissipative solitary struc-
tures whose nonlinear dynamical behavior is obtained by the numerical treatment of
(5) for any dissipation and any initial wave-front slope conditions, let us look at the
stability of the super-luminous symmetric soliton solution.

6.1 Instability of the Symmetric Solution

6.1.1 Pitchfork Bifurcation

Equation (5) has been integrated through perturbative IST in the small dissipation
case [29], but the symmetric soliton structure is unstable at finite times. We show
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here that it decays through a cascade of bifurcations toward a turbulent-tail structure
for small dissipation, when the transmitted pump is still strong enough to stimulate
the Stokes and material waves. We study the stability of solution (17), satisfying
the ODE system (15), and being a particular traveling solution of the PDE (5), by
looking at what happens in its neighborhood. Defining

Γa = Γ + ε/2,

ΓS = Γ − ε/2,

with ε � Γ and 2Γ = Γa + ΓS, we can linearize (15) (with si = 1 for i = 1,2,3
because Vsym > 1) around the analytic solution

ai(X) = a0
i (X) + δi(X), (22)

where δi � a0
i and a0

i (i = p,S,a) are given by (17). Substituting (22) into (15),
defining δ = δS − δa, and subtracting the last two equations of system (15), we
obtain

∂X δ = −δ (a0
p +Γ) + εa0

S,

whose solution is

δ (X) = εK(X) exp(−2ΓX) cosh(aX), (23)

where K(X) is the following positive function:

K(X) = A
∫ X

−∞
exp(2Γx) sech2(ax) dx.

The two main points here are (i) δ has the same sign as ε and (ii) for X large (but not
too large, in order to remain in the linear regime), there is an exponential dependence
of δ on X :

δ (X) ∝ exp(λX), (24)

where λ , obtained from expressions (16), (17), (18) with α = μSμa, is given by

λ = 1−
(

α
αc

)1/2

, αc = 1/9. (25)

For α > αc, the perturbation decreases exponentially and the symmetric solution
is stable. Otherwise, λ > 0 for α < αc, and the Stokes and material wave tra-
jectories diverge exponentially at the trailing end of the pulse. This result has a
simple physical interpretation in that the pump wave is reconstructed with the op-
posite phase (α < 1/4) and is once again able to stimulate the Stokes and material
waves.

We look at the nonlinear evolution of this instability up to its saturation by nu-
merically solving the spatio-temporal PDE (5) in the co-moving ES frame (ζ =
ξ +τ, τ = τ), following the “characteristics” algorithm [9, 20, 22, 41]. Starting from



240 C. Montes

the unbounded symmetric solution, two asymptotic stable traveling wave structures
are reached after a transient Fig. 9(a, b). These correspond to the two possible
paths for the development of the instability, depending on the sign of ε in (23).
If ε > 0, then δS > δa, and the effective material wave damping Γa is greater
than the Stokes one ΓS (Γa > ΓS), accounting for the phase change of the mate-
rial amplitude Fig. 9(a). The instability is saturated by exciting a second Stokes-
material pulse. Otherwise, if Γa < ΓS, the second pulse is also generated with the
Stokes and material envelopes having opposite phases Fig. 9(b), but now under-
goes a change of sign for the Stokes wave. The symmetry aS = aa, available for
any α > αc, is now broken. These properties are the characteristic features of a
pitchfork bifurcation, where the order parameter is δ = δS −δa and the control pa-
rameter is α . Therefore, for α < αc, the symmetric solution is unstable and the
nonlinear spatio-temporal dynamics reveals an interesting class of stable bi-solitary
solutions.

Fig. 9 Space–time evolution
of the symmetric three-wave
soliton solution for small
dissipation (μa = 3, μS = 3×
10−2, α = 9×10−2), obtained
by numerical computation of
(5) in the co-moving Stokes
frame ζ = ξ + τ , and giving
rise to an asympotically stable
bi-solitary structure: (a) For
Γa > ΓS, the material envelope
exhibits a π-phase change for
the second peak; (b) For
Γa < ΓS, the Stokes envelope
exhibits a π-phase change for
the second peak



Three-Wave Dissipative Brillouin Solitons 241

A parameter which characterizes the bi-solitary structure is the distance, d, be-
tween the two pulses. As we can see from Fig. 9(a, b), it is always conserved. In
fact, it characterizes the growth rate of the instability, as is shown by expression
(24). This distance is therefore proportional to λ−1:

d ∝
1

1− (α/αc)1/2
. (26)

For α<̃αc, the pump wave restored after the first pulse is just above threshold (12),
while the second pulse will be stimulated at infinity. This critical behavior of the
ODE system is in excellent agreement with the numerical simulation of the nonlin-
ear PDE system.

6.1.2 Cascading Toward Turbulence

As the damping term, α , decreases, the pump wave – having generated the sec-
ond Stokes-material pulse – may be sufficiently reconstructed (with two successive
π-phase shifts) to yet stimulate a third pulse, with the process repeating for smaller
values of α . Therefore, a set of peaks may be stimulated in cascade until the pump is
exhausted. A linear stability analysis, assuming the peaks to be independent of each
other, yields the following formula for the critical value necessary for stimulation of
the (n+1) multi-peak structure:

αc,n =
1

(2n+1)2 , (27)

where αc,1 is the critical value of the pitchfork bifurcation. Therefore, just below
αc,n, the (n+1)th pulse is excited at infinity and will rejoin the n-peak structure for
α < αc,n, following the critical behavior expressed in (26). A typical example of
the evolution of the symmetric solution for a rather small α (μa = 1; μS = 10−3) is
plotted in Fig. 10. The Stokes envelope exhibits a set of large peaks, but no steady
solitary behavior is reached. We can interpret this dynamics in the phase plane rep-
resentation, where a two-dimensional projection is shown schematically in Fig. 5 of
[22]. The distortion and spreading of the trajectories are related to the homoclinic
orbit corresponding to the analytic symmetrical solution (17).

We may point out that, in Fig. 10, symmetric solutions seem to escape from the
turbulent tail of the structure. This behavior is very evident as we approach the non-
dissipative integrable problem (α = 0) where super-luminous solitons leave from
the radiative envelope (π-pulse type structure) propagating at the light velocity [39].
Here the word radiation is used in contrast to soliton. Therefore, weak dissipation
traps the radiation leading to turbulent-tail solitary structures. This turbulence lim-
its the analytic perturbative approach [29] obtained for α � 1 to a description for
short-time evolution.
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Fig. 10 Space–time evolution of the symmetric three-wave soliton solution for smaller dissipation
than Fig. 9 (μa = 1, μS = 10−3, α = 10−3), giving rise to a multi-peak turbulent-tail structure. (The
characteristic time, τ0, for SBS is nanoseconds)

7 Asymmetric Three-Wave Dissipative Solitons

In the previous section, we explored the spatio-temporal behavior for any damping
value α , while still remaining in the vicinity of the symmetric solution (17) and
(20). This satisfies (16), characterized by its wave-front slope, psym, (21) and its
velocity, Vsym (19). This solution is the only localized backward-traveling three-
wave structure in the dissipationless case [25, 26], so our aim here is to show how
the damping reveals a family of asymmetric solitary structures when condition (16)
is no longer satisfied. Moreover, even for small damping values (α � αc, p �= psym),
the Stokes and material trajectories in the phase plane representation swerve from
the sensitive homoclinic orbit [22], which causes turbulence, and a steady solitary
attractor is once again reached. In order to summarize the complex spatio-temporal
dynamics, the domain of stability has been drawn schematically in the (p,α) plane
in [22] as well.

7.1 Luminous Backward-Traveling Solution

For the particular case of a three-wave backward-traveling solution with the velocity
of light (V = 1), the non-integrable three-wave PDE equations system (13) reduces
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to a problem of two ODE equations, and we are able to integrate these. Indeed, the
second equation (13) yields

ES =
EpE∗

a

μS
, (28)

and we obtain a two-equation system for the pump and material wave intensities
(Ip,a = |Ep,a|2), where the Stokes wave plays the role of a slave variable:

dIp

dX
= −IpIa, (29a)

dIa

dX
= 2IpIa −2αIa, (29b)

with X = ζ/μS and α = μSμa. Upon introducing the change

Ip = exp(W −1/α), (30)

Equation (29a) verifies that

Ia = −dW
dX

, (31)

and the equation system (29a) and (29b) is reduced [cf. [22]] to the integral

dW
dη

= exp W − aW , (32)

where η = 2X exp(−1/α), and the constant a = α exp(1/α) is determined by
the limit condition Ip(X →−∞) = 1. Equation (32) is in a “separation of variables”
form, but no analytic solution is available. It may easily be integrated by a numerical
Runge–Kutta algorithm. For a > e (i.e., for the localization threshold condition α =
μSμa < 1), we obtain two finite values of W , say W1 and W2, which are solutions of

exp W −aW = 0 ⇒ (W1,W2) for a > e,

where all the derivatives of W vanish for η →±∞. For Ip(X →−∞) = 1, we have
W2 = 1/α . Knowing W = W (η), (30) yields a traveling localized structure of kink
type for Ip, and, from (31), of the asymmetric pulse type for Ia and IS

Ia =
−dW
dη

dη
dX

= −2 exp(−1/α)
(
exp W −aW

)
, (33)

IS =
IpIa

μ2
S

, (34)

which are represented in Fig. 11(a).
The maximum of Ia, obtained from dIa/dX = 0, at Wa,max = a, is given by

Ia,max = 2α(log α +1/α −1), (35)
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Fig. 11 Luminous three-wave
backward-traveling solution:
(a) Shape of the analytical
solutions (30), (33), and (34)
for α = 0.625. (b) Asymptotic
three-wave (luminous) ampli-
tude structure for μa = 3 and
μS = 3×10−2 (α = 9×10−2),
resulting from the space–time
dynamical evolution

and the maximum of the Stokes pulse, IS [obtained from dIS/dX = 0, at WS,max, the
solution of exp WS,max = (1+ a)WS,max/2], is given by

IS,max =
1

2μ2
S

[α2 − exp(−2/α)]W 2
S,max. (36)

For example, let us take α = μSμa = 0.625; then we have a = α exp(1/α) =
3.09564, W2 = 1/α = 1.6, W1 = 0.5724, Ip(ζ → +∞) = exp(W1 −W2) = 0.3578,
which is in perfect agreement with the space–time numerical simulation of (13),
namely Ep(ζ → ∞) =

√
Ip(ζ → +∞) = 0.5983.

Even if this luminous solution is a particular one, it turns out to be one of the
most interesting attractors, since we can approach it in an actual Brillouin fiber-ring
experiment, as we shall see in Sects. 9 and 10. In Fig. 11(b), we show the three-
amplitude luminous structure for α = 9×10−2 (μa = 3; μS = 3×10−2), which are
values associated with an actual experiment.
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8 Stability Criterion: Asymptotic Procedure

In Sect. 7, we announced the existence of a family of asymptotically stable three-
wave dissipative solitary structures whose velocity can be super-luminous or sub-
luminous, depending on the wave-front slope, p, of the backscattered or material
wave. An explicit solution for the particular integrable luminous velocity case was
also given. The object here is to determine a stability criterion for all these struc-
tures by using an extension of the Kolmogorov, Petrovskii, and Piskunov (KPP)
asymptotic procedure [23] used in [20] for the bounded problem to this unbounded
problem [22], in order to find the long-term evolution of initially unbounded Stokes
or material envelopes in the presence of a c.w. pump. The main property found
is the existence of a particular solution (coinciding with the sub-luminous at-
tractor of [20]), corresponding to the minimum possible velocity V0, which turns
to be the frontier of stability for the entire family of backward-traveling wave
structures.

Assuming that the threshold condition (12) is satisfied (μSμa < 1), the Stokes and
material waves are unstable and they grow exponentially in the linear parametric
regime. The instability is then saturated by pump depletion, and the three envelopes
self-organize into a solitary wave. For an initially unbounded Stokes or material
condition, the asymptotic procedure analytically determines the velocity and the
slope of the wave front in the linear regime of un-depleted pump, which turns out to
be the value of the velocity in the nonlinear steady state of strong pump depletion,
since the front edge of the whole three-wave steady structure always remains in the
linear un-depleted pump regime.

Thus, assuming an un-depleted pump wave (Ep = 1) throughout the whole linear
interaction range, we obtain, from (5), a set of linearized equations

(∂τ −∂ξ + μS)(∂t + μa)ES,a = ES,a, (37)

whose characteristic equation for an exponential dependence [ES,a ∝ exp (γτ + pξ )]
reads

(γ − p+ μS) (γ + μa) = 1, (38)

where we only keep the unstable root (Re γ > 0)

γ =
p−μa −μS

2
+

√
(p+ μa −μS)2 +4

2
. (39)

The solution of this linear problem can be found by means of the Fourier transform
(with p = −ik and k complex):

ES,a(ξ ,τ) =
∫ ∞

−∞
ẼS,a(p)exp(γ(p)τ)exp(pξ )dp,
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where ẼS,a(p) is the Fourier transform of the initial condition ES,a(x, t = 0). Let us
look for backward-traveling waves with velocity V ,

ζ = ξ +V τ,

yielding

ES,a(ζ ,τ) =
∫

C
ẼS,a(p)exp[γ(p)− pV ]τ exp(pζ )dp. (40)

This linear solution applies for long times τ , allowing us to obtain the asymptotic
behavior of the far pulse wave front where the linear un-depleted pump approxima-
tion always remains valid. As a result of the parametric instability, the asymptotic
wave-front structure grows exponentially. Here, since we are interested in character-
izing the whole family of backward-traveling wave structures, we will only consider
the exponential head-front dependence; then the corresponding Fourier transform
ẼS,a(p) has a pole. Moreover, the function f (p) = γ(p)− pV has a saddle point,
and the integral can then be calculated by the steepest descent method. Using this, it
was shown in Appendix C of [22], that the pole asymptotically dominates over the
saddle point for any slope, p, smaller than a critical value, p0 (p < p0). The station-
arity of the three-wave structure in its backward-traveling frame then imposes

V (p) =
γ(p)

p
=

1
2
− μS + μa

2p
+

√
(μa −μS + p)2 +4

2p
, (41)

where the amplitude velocity of the traveling wave structure is then defined as the
quotient of the temporal (γ) and spatial (p) growth rates. We plot this velocity dis-
persion relation (41) in Fig. 12.

Fig. 12 Velocity dispersion:
amplitude velocity V = γ/p
of the dissipative three-wave
structure versus the exponen-
tial slope, p, of the backscat-
tered wave front, showing the
stable (p < psym) and unstable
(p > psym) domains
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In the other case, p > p0, it is the saddle point which dominates the long-term
behavior, and, following the steepest descent method [43], the supplementary con-
dition is

V = [∂γ(p)/∂ p]p=p0 . (42)

The velocity and the head-front slope then become fixed by (41) and (42):

V0 =
2+ μ2

a −μSμa +2
√

1−μSμa

4+(μa −μS)2 , (43)

p0 =
1

μS
+ μS −

1
μa

−μa +
√

1−μSμa

μa
+

√
1−μSμa

μS
. (44)

Hence, this particular solution, which stands at the bottom of the V (p) curve of
Fig. 12, separates the stable (p < p0) and the unstable (p > p0) domains. Moreover,
such a solution is an attractor for any initial condition having a wave-front slope
p > p0.

Let us finally point out the strength of this method, which allows us to determine
the nonlinear stage of the interaction by simply looking at the linear asymptotic
evolution of its wave front, and characterizes the continuous family of three-wave
solitary attractors analyzed in Sects. 6 and 7. In order to test this statement with an
additional example, we considered an initial Gaussian condition for the Stokes en-
velope. Since the slope of its frontal tail is greater than any exponential one, it is ex-
pected from the theory that only the saddle point will contribute to the integral (40).
The numerical evolution confirms this prediction and shows that the corresponding
fundamental sub-luminous attractor is reached asymptotically (see Fig. 13).

The reader may now wonder how an initially bounded condition [20] can yield
the same asymptotic solution as that obtained for a particular sub-luminous case of
an initially unbounded condition. This can occur due to the sub-luminous veloc-
ity of the structure formed from the initially bounded condition, since it becomes
asymptotically de-correlated from its luminous tip of the foot at the beginning of
the interaction.

8.1 Balance Between Velocity Dispersion and Pump Depletion

In fact, this stability problem has fundamental physical significance. Let us point out
its resemblance to the well-known bright optical NLS soliton [30], where compen-
sation between the linear dispersion and the nonlinear Kerr effect is only possible
for negative dispersion of the group velocity (∂ω/∂k). Here, for the three-wave
soliton, the amplitude velocity γ/p stands for the group velocity, the linear effect
is the backscattering instability characterized by its growth rate, p, and the nonlin-
ear effect is the pump depletion. Figure 12 shows that the velocity dispersion now
depends on the slope (instead of the NLS soliton wave-number). In our case, if the
velocity dispersion (∂V/∂ p < 0) allows the smaller slopes to rejoin the higher ones
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Fig. 13 Space–time evolution
of an initial Gaussian Stokes
condition. Since the wave-
front tail profile is steeper than
any exponential slope, the
solitary structure is attracted
by the sub-luminous (p0,V0)
solution

(since their velocity is greater), a balance may be achieved between velocity disper-
sion steepening and nonlinear pump depletion flattening. This case corresponds to
stable soliton solutions (p < p0). For the opposite case (p > p0;∂V/∂ p > 0), both
effects act in the same way and tend to flatten the three-wave structure, which then
spreads until it reaches the sub-luminous attractor, (p0,V0), which is given by (43)
and (44), and described in [20].

9 Brillouin Fiber-Ring Laser Pulses

The theoretical study for the unlimited interaction in Sects. 4, 5, 6, 7, 8 is useful
because it sheds light on the nonlinear dynamics of the c.w.-pumped Brillouin fiber-
ring laser, where solitonic pulses are obtained in the feedback range Rthres < R <
Rcrit. They are interpreted via a Hopf bifurcation process from the steady Brillouin
mirror solution (Sect. 3). We have performed long-time numerical simulations of (5)
and made systematic tests by numerical computation of the entire SBS Kerr model
(1) for a ring configuration of length L, corresponding to the experiments of [6, 7, 8],
with periodic boundary conditions (3b) for the Stokes wave.

However, we note from Fig. 5 that, in spite of the time-dependent amplification
process, the pulse width remains almost constant throughout the fiber round-trip.
Thus, we suggest going further with a comparison of the actual pulses in the ring
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cavity with the invariant three-wave dissipative solitary structure of the unbounded
system. Here we may consider an average dissipative solitary wave which is similar
to the concept of an average soliton [44] in optical fiber transmission. In the second
case, the sharp localized lumped amplification is assumed to be distributed through
the whole fiber length between two consecutive amplifiers, in order to compensate
for the distributed loss, while in our case, we are looking to distribute the sharp
localized feedback action throughout the cavity length by means of an effective
Stokes damping rate in order to compensate for the amplification. The effective
damping will be given by

γeff �
c

nL
ln

1√
R

, μeff =
γeff

|KAcw|
=

Λ0

L
ln

1√
R

, (45)

which is much greater than the optical wave damping γS = γe, as required for a
satisfactory comparison of the unbounded three-wave dissipative structure with the
actual pulse obtained in a finite length cavity. It will correspond to the dimension-
less Stokes damping rate, μS, introduced in Sect. 3, together with μa = γa/|KAcw| in
order to analyze the whole family of three-wave dissipative sub-luminous and super-
luminous solitary structures in unbounded systems determined by the Stokes front
slope, p = p(μa,μS). Now, the slope, p, and the amplitude pulse width, δζ = p−1,
are associated with R and L through μS = μeff and μa. Simple analytical expres-
sions are obtained for special cases. For the luminous case (V = 1), we have,
from (41)

δζ =
1
p

= (
1

μS
−μa)−1, (46)

which exhibits the right dependence ∝ 1/γa, but only yields an approximate value
of the numerical width obtained from the dynamical simulations (cf. Table 1).

Another value for the amplitude width is provided by the symmetric solution (21)

δσ =
(μS/μa)1/2[

1− (μSμa)1/2
]
(1−μS/μa)

, (47)

but this also only yields an approximate value for the width. Nevertheless, it pro-
vides an analytic expression for the Stokes amplitude [45], namely

S ≡ AS,max/Acw =
[
1− (μSμa)1/2][2μa/μS −1

]1/2
, (48)

which yields a good estimate for the maximum amplitude obtained from (1), as we
can also seen in Table 1. For the unpolarized Ar-ion fiber-ring experiment of [7], we
obtain S = 1.10 Adyn

S,max/Acw = 3.16. In Fig. 14, we plot the numerical backscattered
asymptotic pulses at the output of this ring cavity. Each pulse corresponds to one
round-trip, and the time interval between them measures the nonlinear mean round-
trip period, Δt , normalized to the linear photon flight time, tr = nL/c. We can see
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Fig. 14 Backscattered
asymptotic pulses at the
output of the Brillouin fiber-
ring cavity of [7], obtained
from numerical integra-
tion of (1) with boundary
conditions (3b) for a SBS
gain-length G = gLIcw = 8.
(a) Super-luminous regime
(Δt/tr = 0.99933,V > 1)
corresponding to a Stokes in-
tensity feedback R = 0.0225.
(b) Sub-luminous regime
(Δt/tr = 1.00189,V < 1) for
R = 0.0196

that both slightly super-luminous (Δt/tr < 1) and sub-luminous (Δt/tr > 1) regimes
can be obtained for the same configuration, by just varying the feedback control
parameter, R, for the same gain-length, G = gLIp = 8. Moreover, the width, δ t, of
the pulses, which is inversely proportional to the exponential slope p, is narrower
for smaller velocities, in agreement with the dispersion curve of Fig. 12. A more
complete comparison can be seen in Table 1.

9.1 Experimental Results

In Fig. 15(a, b), we plot the experimental recording of different trains of soli-
tary Stokes pulses at the output of the 250 m fiber-ring cavity. Fig. 15(a) shows
a pair of solitary pulses for a feedback just below Rcrit, and a gain-length of
G = 4(P � 70 mW), corresponding to one of the experimental results of the un-
polarized Nd: YAG fiber-ring experiment of [22]. Their shape shows a strong re-
semblance to the asymmetric luminous dissipative soliton shown in Fig. 11(b). We
can measure a time width δ t = 153±0.004 ns, which is inversely proportional to the
exponential slope, p, and a mean round-trip period of Δt = 1.087±0.004 μs, which
is inversely proportional to the velocity. In Fig. 15(b), we show two superimposed
trains of solitons in order to compare the different round-trip periods for different
slopes in a better way. In the experiment, these are controlled by varying the feed-
back between Rcrit and Rthres. We note that the lower slopes correspond to the faster
train.
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Fig. 15 Experimental record-
ing of different trains of
solitary Stokes pulses at the
output of the 250 m Nd:YAG
fiber-ring experiment of [22],
corresponding to a feedback
near Rcrit and a gain-length of
about G = 4. (a) The shape
shows a strong resemblance
to the asymmetric luminous
dissipative soliton shown in
Fig. 13. (b) Comparison of
two superimposed trains of
pulses in order to show that
the lower slopes correspond
to the faster train, as predicted
by the theory

10 Systematic Experimental and Numerical Exploration
of the Whole Soliton Localization Domain

In order to test the universality of our results, we perform systematic experimental
and numerical exploration of the whole soliton localization domain for a large set of
(G,R) parameters in the polarization-maintaining fiber-ring laser experiments of [8].

The experiment is built around a L = 253 m single-mode, polarization-preserving
fiber of 800 kHz free spectral range. The characteristics are given in Sect. 2. In
order to enhance the Brillouin scattering coherent features – which increase with
the acoustic damping length – we have chosen to work in the infrared range, at
λp = 1.319 μm. This is associated with a low acoustic frequency (equal to the
Stokes spectral shift) of 13 GHz, with a homogeneous broadening width ΔνB =
23 MHz, i.e., a long damping time of 14 ns. The description of the experimental
set-up (Fig. 16) is given in [8].

Following Fig. 1, the generic features of such a ring are summarized in Fig. 17,
with the horizontal axis being the gain parameter G = gBI0L. (Here, gB is the fiber
Brillouin gain coefficient, I0 is the pump intensity at the entrance (15) of the fiber,
and L is its effective length.) The vertical axis is the ring energetic Stokes feedback
coefficient R (on a logarithmic scale). Under the straight line determined by R =
e−G, Stokes losses exceed the gain, and the pump propagates along the fiber in the
linear regime. For the highest values of R and G, the Brillouin laser works in a
stationary regime, i.e., in a single longitudinal mode. Between these two domains,
other longitudinal modes are involved and are phase-locked: the Stokes wave is
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Fig. 16 Experimental set-up: (1): diode-pumped YAG:Nd+++ c.w. laser (1.319 μm, 340 mW); (2):
Faraday isolator; (3): half-wave plate; (4): coupling lens; (5): coupling fiber; (6): micro-handler;
(7): input fiber; (8): three-port optical circulator; (9): up-stream fiber; (10): 10/90 coupler; (11):
pump signal detection; (12): Stokes signal detection; (13): polarization controller; (14): single-
mode polarization-maintaining fiber; (15, 16): micro-handlers; (17): polarization controller

then structured in pulses of roughly 100 ns width. Note that, in going from the c.w.
regime to the pulse regime, it is not the adjacent mode which is first destabilized for
G < 7, but the following second longitudinal mode beyond this limit, as is shown
in Fig. 3.

We have experimentally explored six zones (the tinted areas in Fig. 17). Each of
them corresponds to a particular adjustment of the micro-handler (16) (cf. Fig. 16),
as determined by the feedback values (1) R = 0.15, (2) R = 0.0593, (3) R = 0.0225,
(4) R = 0.00823, (5) R = 0.00194, and (6) R = 2.62×10−4.

The experimental pulses, characterized by a width between 70 and 250 ns, exhibit
shapes that are almost independent of experimental conditions. They always present
a slight asymmetry, with the trailing edge being longer than the leading one. Generic
Stokes behavior is observed when the pump power decreases from the c.w. zone
toward the Brillouin threshold. This is qualitatively independent of the re-coupling
factor Reff. A periodic modulation of the Stokes signal appears at the bifurcation
point, either at a frequency equal to the cavity FSR for the large values of Reff, or
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Fig. 17 Bifurcation diagram for the Brillouin fiber-ring laser with the experimentally explored
areas (tinted areas)

at twice this frequency when Reff is lower [cf. Fig. 3(a, b)], in agreement with the
stability analysis. When the pump power decreases further, these oscillating regimes
are replaced by a pulsed regime with a frequency close to the ring FSR. In particular,
Fig. 3(c, d) show how these pulses build up from the second mode destabilization.
When the pump power decreases still further, there is a rapid strengthening of the
Stokes pulses, and they become much narrower. Fig. 3(e, f) illustrates this scenario.

We present, on the same graphs, the results relative to each value of Reff (ref-
erenced by circled numbers), in order to get a quantitative view of them. In each
case, experimental data have been fitted by a fourth-order polynomial which min-
imizes the mean square-root error. In order to show the excellent agreement be-
tween the experimental results and the results obtained by numerical simulation of
(1), we perform a parallel systematic numerical study for the same six feedback
series by taking the pump power as the control parameter, and increasing it from
threshold to the Brillouin stationary regime value. Figure 18 shows the experimen-
tal Stokes peak amplitude versus pump power (left) compared with the numerical
results (right). Note that the strongest experimental pulses are obtained for the weak-
est values of Reff, taking into account that curves (4)–(6) cannot reach the bifurca-
tion due to experimental pump power constraints. The numerical study (right) is not
limited by pump power for small feedback values, and we can explore the whole bi-
furcation domain between pulsing and stationarity for all of the above six feedback
values.

Figure 19 groups all the experimental results obtained in the pulsed range [series
(1)–(6)] and in the stationary (or c.w.) range [series (1)–(3)] versus pump power at
point (15) of the experimental set-up. This is done in order to quantitatively appreci-
ate the optical energy localization associated with the Stokes pulses. Each Reff value
is associated with two curves – the top curve corresponds to the Stokes amplitude
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(a) (b)

Fig. 18 Left figure: Experimental normalized Stokes peak amplitude in (15) for different values of
Reff versus input pump power at this point. Right figure: Numerical simulation of (1) showing the
normalized Stokes peak amplitude at the fiber entry versus input pump power in mW.

squared value, averaged over a round-trip time; this is therefore proportional to the
averaged power at this point. In accordance with the notation of Sect. 4 (Fig. 6), it
is labeled by 〈|AS|2〉. The lower curve gives the variation of the square of the aver-
aged Stokes amplitude, 〈|AS|〉2, at (15) [cf. Fig. 16] and is a measure of the pulse
confinement. For stationary conditions, we obviously have 〈|AS|2〉 = 〈|AS|〉2, but in
the best pulsed regime, we roughly have

〈|AS|〉2

〈|AS|2〉
� round-trip time

pulse width
� 10.

The corresponding numerical results are plotted in Fig. 20, where the whole local-
ization domain can now be explored by the numerical model, from threshold to the
stationary state for the six feedback values (1)–(6). In Table 1, we give the maxi-
mum amplitudes for series (1)–(4). Curves (1) and (2) show a sharper bifurcation
from stationary to pulsed regime, since numerical simulations have been performed
for up to 16384 round-trips (in the transition region) in order to better approach
the asymptotic regime. The mean reflectivity, 〈|AS(0, t)|2〉/|Acw|2, (top curve) even
presents an appreciable jump at the bifurcation for both curves (1) and (2), but this
is smoothed out for curves (3)–(6), since simulations have been performed only up
to 4096 round-trips.

Another interesting Brillouin pulse parameter is its width (Fig. 21). The mini-
mum value reached is roughly 100 ns. It is the same for the different Reff values and
covers a large domain of pump power or of Stokes pulse energy; this means that
between 10 and 15, longitudinal modes are then spontaneously locked. This width
increases near the nonlinear threshold, since the pump is too weak to excite the
side modes far from the center of the Brillouin gain curve. Increasing width is also
observed near the bifurcation toward the stationary regime, since the Brillouin soli-
tary pulses become super-luminous (lower p), as we can see in Table 1, where the
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Fig. 19 Comparison (experimental) between the averaged normalized Stokes amplitude squared
and the square of the averaged normalized Stokes amplitude in (15) versus pump power at this
point for different values of Reff

nonlinear pulse’s round-trip time, Δt , becomes shorter than the linear photon flight
time, tr. These features are shown in Fig. 22, where the round-trip time, plotted ver-
sus pump power, decreases uniformly. This corroborates our theoretical prediction
that the pulses are sub-luminous in the vicinity of the nonlinear threshold but are
super-luminous near the bifurcation. The lack of a flat zone (at Δt/tr = 1) in these
curves clearly shows that the nonlinear interaction can never be neglected. Note also
that, for a given energy per pulse, the round-trip time decreases when Reff (experi-
mental) or R (numerical) increases.

Table 1 summarizes the numerical pulse characteristics [from (1)] for the se-
ries (1)–(4) of Fig. 20 around the narrowest pulse width (respective line in bold
numerals). In column 6, we give the compressed width obtained through active
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Fig. 20 Mean reflectivities, 〈|AS(0, t)|2〉/|Acw|2 and 〈|AS(0, t)|〉2/|Acw|2, as functions of c.w.-
pump power, obtained by numerical simulation of (1), for (a) R = 0.15; (b) R = 0.0593; (c)
R = 0.0225; (d) R = 0.00823; (e) R = 0.00194; and (f) R = 2.62× 10−4. The soliton localiza-
tion domain of the bifurcation map is characterized by a low value of the squared averaged Stokes
amplitude, 〈|AS(0, t)|〉2, with respect to the averaged squared Stokes amplitude, 〈|AS(0, t)|2〉

mode-locking by phase modulation [from [19]]; this benefits from the entire Bril-
louin gain curve. The particular analytic solutions, evaluated from formulae (46),
(47), and (48) are inserted into column 7. We remark that the analytic luminous
widths are close to the compressed widths, while the analytic super-luminous sym-
metric widths move apart to some extent, since they correspond to the super-
luminous zone toward the bifurcation. Nevertheless, the analytic amplitudes yield
an adequate approximation to the maximum numerical amplitudes.
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Fig. 21 Left figure: Experimental Stokes pulse width (FWHM), in ns, for various Reff versus
input pump power. Right figure: Numerical simulation of (1) showing the Stokes intensity width
normalized to the linear flight time δt |AS(0, t)|2/tr versus input pump power in mW

Fig. 22 Left figure: Experimental Stokes peak round-trip (in μs) for various values of Reff versus
input pump power. Right figure: Numerical simulation of (1) showing the Stokes pulse round-trip
time, normalized to the linear flight time δt |AS(0, t)|2/tr versus input pump power in mW

11 Conclusion

We have found, experimentally and numerically, a continuous set of asymptotically
stable super-luminous and sub-luminous dissipative three-wave Brillouin solitons in
fiber-ring cavities, and we have attempted to associate them with the attractors of
the unbounded Stokes problem in the presence of a continuous pump wave. These
attractors only depend on the wave-front exponential slope, p, of the backscattered
Stokes envelope, while the continuous family of Stokes pulses in the Brillouin fiber-
ring cavity can be displayed via a single control parameter, viz. the Stokes feedback
(R) or the pump power (G).

It appears that the experimental results fit the numerical predictions very ac-
curately. The good quantitative agreement for all the experimentally accessible
values shows that the homogeneous broadening model (1) remains the relevant
Brillouin model for a c.w.-pumped fiber-ring cavity, regardless of some recent crit-
icisms [46]. However, despite our numerous precautions, the experiments exhibit
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large remaining fluctuations. Obviously, this cannot be surprising near the bifur-
cation, where numerical simulations show the huge asymptotic regime sensitivity
to the slightest variations of the experimental parameters, as well as the extreme
length of the transient regimes [cf. Fig. 6]. However, we expected much more stable
behavior elsewhere. A first explanation is, of course, related to the intrinsic pump
laser instability, which results in non-negligible fluctuations of the nonlinear regime,
added to the fact that not every part of the set-up is polarization-maintaining. How-
ever, there is probably a more fundamental reason due to the interaction with the
guided-acoustic wave Brillouin scattering (GAWBS) effect. We have indeed ob-
served that the most stable-pulsed regimes remained unchanged for some 10 or
100 ms only. Trains of some 10 pulses appear randomly, and they are much stronger
and narrower (by a typical factor of � 10). We attribute these new features to the
interaction with the fiber transverse acoustic GAWBS resonances through cladding
Brillouin scattering (CBS). The coupling of the Brillouin transverse resonator with
the Brillouin axial resonator is responsible for unstable dynamics, since all kinds of
transverse resonances may be excited [16, 17]. The pulses can be compressed for
certain co-operative frequencies, while they may widen and/or be destabilized for
other frequencies [18].

In Ref. [19], we overcame the experimentally unstable behavior by the action of
an axial intra-cavity phase modulator, whose frequency and strength can be control-
lably tuned. The resulting controlled coupling then reveals a rich dynamics which is
comparable with the SBS–CBS dynamics, but which is still described by the coher-
ent three-wave model. Besides the compressed and/or unstable frequency domains,
we have obtained – within finite frequency bands – a splitting of the Brillouin soli-
tons into N stable pulses by tuning the phase modulator to a little less than N times
the round-trip frequency.

In Table 1, we have found it relevant to include the temporal widths of these
compressed pulses resulting from active mode-locking through phase modulation
because they are closer to the analytic formulae obtained for the unlimited SBS line
interaction developed in Sects. 5, 7, and 8.
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Spatial Dissipative Solitons Under Convective
and Absolute Instabilities in Optical
Parametric Oscillators

S. Coulibaly, C. Durniak, and M. Taki

Abstract Optical parametric oscillators are sources for producing coherent and
frequency-tunable light beams by using three-wave interaction in a nonlinear crys-
tal. These are nonlinear optical cavities, in which spatial dissipative solitons can
form spontaneously. In the first part, we show that patterns of periodic dissipative
solitons are continuously generated in a regime of absolute instability, i.e., they
spontaneously develop from localized perturbations of the unstable homogeneous
steady state that separates the two stable states of an hysteresis cycle. The bifur-
cation occurs in a regime far from any modulational instability (Turing instability)
and emphasizes the crucial role of localized perturbations in the formation of soli-
tons. This constitutes the counterpart of Turing spontaneous modulations initiated
by extended perturbations. In the second part, taking into account the coupling of
non-local effects (walk-off) and diffraction leads to the appearance of an original
nonlinear gradient term in the amplitude equation in a bistable regime, and this de-
scribes the near-threshold dynamics of intra-cavity fields. Our analytical investiga-
tions show the utmost importance of non-local effects in the nonlinear dependence
of the frequency and velocity of dissipative solitons on their intensity. This makes
it possible to explain the self-frequency shift, the slowing down and the nonlinear
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symmetry-breaking observed in the envelope of dissipative solitons emitted by the
optical parametric oscillator.

1 Introduction

Dissipative spatial solitons and, more generally, pattern formation in extended sys-
tems have attracted much attention in fields as different as physics [1], hydrody-
namics [2], chemistry [3] and biology [4]. Nonlinear optics, in particular, represents
a fruitful area of research activity [5]. This is due to the fact that patterned states,
leading to dissipative solitons, arise naturally in many optical devices from the cou-
pling of diffraction, nonlinearities and dissipation. More importantly, the ability of
the soliton to self-confine light beam power makes it a promising candidate for
future applications in information technology [6] and image processing [7, 8]. In
large-area devices, this coupling triggers the Turing instability [9], which leads to
the spontaneous formation of 2D dissipative structures [10]. These structures can
be stationary or time-dependent, periodic or localized in the plane orthogonal to the
propagation direction of the beam [11]. In optics, most of the previous studies have
pointed out that the Turing type of instability is responsible for the transition to self-
organized or ordered states by a translational symmetry-breaking along one or more
transverse directions. So far, however, such systems are often subject to successive
instabilities and mode interaction may alter the self-organization process. In partic-
ular, it has been shown that both Turing and Hopf branches of solutions lose their
stabilities under their mutual interaction [12]. It has also been shown, in passive
and frequency conversion systems, that the interaction between Turing and saddle-
node bifurcations modifies the stability, as well as the existence, of the emerging
structures [13]. The link between sub-critical Turing bifurcations and the formation
of localized structures (often called cavity solitons) was first established in passive
media [14]. This link was experimentally proved in a variety of nonlinear optical
system devices [15]. This demonstrates the importance of pattern-forming instabil-
ities and their interactions when studying complex spatio-temporal dynamics or the
formation of optical dissipative solitons in spatially extended systems. This subject
has been abundantly discussed in a number of overviews [16], for example in the re-
view paper by Mandel and Tlidi [17] that reports very recent progress on transverse
instabilities in nonlinear optics.

Among the possible devices, optical parametric oscillators (OPOs) have recently
appeared as one of the most promising systems, not only for the richness in their
nonlinear dynamics [18], but also for their potential applications [19], including low
noise measurements and detection [20]. Indeed, frequency conversion by means of
optical parametric oscillators is a fundamental phenomenon for the generation of
tunable coherent radiation in quadratic crystals. In OPOs, the phase-matching be-
tween waves of different optical frequencies is achieved by using anisotropic crys-
tals, in which birefringence allows us to compensate for the unavoidable chromatic
dispersion. However, this generation is often accompanied by walk-off, i.e., spatial
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separation of the interacting beams. Walk-off alters the spontaneous pattern forma-
tion by producing a lateral drift of one beam, as was observed experimentally [21].
It was recently shown that in the presence of walk-off, the standard theoretical ap-
proach of pattern formation must be extended [22]. More specifically, a homoge-
neous state may be unstable with respect to localized perturbations, but the result-
ing state which is reached depends on the relative values of the amplification and the
drift. This is the basis of the difference between convective and absolute regimes.
In the former, the perturbation grows in time but decreases locally because it is ad-
vected away. In the latter, it increases locally and not only in the moving frame, so
that it eventually extends over all the available space.

There is currently considerable interest in understanding the role of convection
(walk-off, drift) in pattern-forming systems in such diverse fields as hydrodynam-
ics [23], plasma physics [24], traffic flow [25], crystal growth [26] and nonlinear
optics [27]. In these studies, the most important and common result is that convec-
tion, modeled by gradient terms (ααα ·∇∇∇ with ααα group velocity), breaks the transverse
reflection symmetry (r →−r) and dramatically affects pattern selection in spatially
extended systems. This is linear symmetry-breaking, where convection terms are
generally considered to have the effect of inducing a traveling character onto se-
lected patterns, as well as leading to a peculiar regime of convective instability.
Many studies have shown how the existence, type and dynamics of the selected
pattern are closely related to the linear transition from convective instability (where
propagation overcomes amplification of perturbations) to absolute instability (where
amplification dominates) [28].

The purpose of this chapter is first to report on the continuous generation of
spatially periodic dissipative solitons with an intrinsic wavelength in a modulation-
ally stable regime, i.e., in a regime far from any modulational instability (Turing
instability [9]). These modulations develop spontaneously from localized perturba-
tions of the unstable homogeneous steady state that separates the two stable states
of a hysteresis cycle. This constitutes the counterpart of Turing spontaneous mod-
ulations initiated by extended perturbations. They occur in the wings of 2D trav-
eling flat-top solitons (fronts, domain walls or kink-anti-kink) and eventually give
rise to ring-shaped propagating dissipative solitons. Analytical expressions for their
wavelengths and velocities have been derived explicitly. Such non-Turing periodic
dissipative solitons have been predicted in some 1D models in fluid mechanics [29]
and, very recently, for a liquid crystal light valve nonlinear optical cavity [30]. Sec-
ond, in contrast to previous studies, we discuss an unforeseen effect of convection,
which does not rely on a linear convective/absolute transition, in the dynamics of
spatially extended systems [31]. Here, we show how convection, which is a linear
phenomenon, actually modifies the intrinsic nonlinearity of the system and hence the
main characteristics of dissipative solitons. More precisely, we show that convection
affects the interaction of solitons in both regimes of convective and absolute insta-
bilities. It results in nonlinear symmetry-breaking in the generated, otherwise sym-
metrical, dissipative flat-top (fronts) and localized (pulses) solitons. Our analytical
investigations of this mechanism reveal, to our knowledge for the first time in optics,
the existence of a nonlinear gradient term in the amplitude equation describing the
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near-threshold behavior of the optical parametric oscillator. More importantly, the
nonlinear gradient term is obtained as a function of convection (walk-off), leading
to a novel dependence of the frequency and velocity of dissipative solitons on their
intensity. This demonstrates the utmost importance of convection in above-threshold
nonlinear dynamics and, therefore, makes it possible to explain the self-frequency
shift, the slowing down and the nonlinear symmetry-breaking observed in the enve-
lope of dissipative solitons emitted by the optical parametric oscillator.

The chapter is organized as follows. In Sect. 2, we recall the OPO governing
equations, including walk-off and diffraction effects. Linear stability analysis of
these equations is performed as an initial-value problem to obtain both the pump
thresholds for the onset of convective and absolute instabilities, and the response of
the system to 2D localized perturbations. This approach allows us to investigate, in
Sect. 3, the evolution of wave packets in the modulationally stable region of a degen-
erate OPO. The characteristics of the transition from ground states to flat or spatially
periodic dissipative solitons, such as the thresholds, the critical wave-numbers and
the frequencies, are analytically obtained. Section 4 is devoted to non-degenerate
OPOs that involve three-wave, instead of two-wave, mixing process in the degener-
ate case. Here, the combined action of convection and diffraction additionally pro-
duces non-variational effects that strongly influence the nonlinear dynamics. The
underlying role of convection on the formation and characteristics of dissipative
solitons is investigated. Numerical simulations of the full OPO model are carried
out in order to check the range of validity of the analytical studies. Finally, conclud-
ing remarks form a summary in the final section.

2 Convective Versus Absolute Instabilities in OPOs

2.1 Full Three-Wave Model of Optical Parametric Oscillators

Optical parametric oscillators are sources capable of producing coherent, frequency-
tunable light beams by nonlinear interaction in a crystal. This process takes place
in a quadratic (χ(2)) crystal inserted inside an optical cavity. An external coherent
beam, E, at a frequency ωp is injected into the cavity where it undergoes a down-
conversion process: one photon with frequency ωp is annihilated and two photons
with frequencies ωs and ωi are emitted (see Fig. 1). In the triply resonant configura-
tion, the OPO is non-degenerate and its spatio-temporal dynamics, in the mean-field
approximation, including diffraction (∇2

⊥) and walk-off (∂x) effects, is governed
by [32]

∂tAp = γp[−(1+ iΔp)Ap +E(x,y)−AsAi + iap∇2
⊥Ap],

∂tAs = γs[−(1+ iΔs)As +ApA∗
i + ias∇2

⊥As −αs∂xAs],

∂tAi = γi[−(1+ iΔi)Ai +ApA∗
s + iai∇2

⊥Ai −αi∂xAi], (1)
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Fig. 1 Schematic set-up of a ring cavity, triply resonant optical parametric oscillator (left) and
sketch of walk-off effect on beam propagation in the crystallographic co-ordinates system (X ,Y,Z)
for an anisotropic χ(2) crystal (right). θ indicates the phase-matching angle between the optical
axis, Z, and the longitudinal direction of wave propagation vector k. The walk-off angle then
corresponds to a tilt of the Poynting vector direction, S, of the extraordinary polarized electric field
with respect to the direction of its wave propagation vector, k

where A j, with j = p,s and i are the normalized slowly varying envelopes for pump,
signal and idler fields. The parameters Δ j, γ j and a j are the detunings, the cavity
decay rates and the diffraction coefficients, respectively. E is the normalized external
pump and αs,i are the signal and idler walk-off coefficients.

Equations (1) have a uniform steady-state solution (OPO OFF) Ap = E/(1 +
iΔp) = μ , As = 0, Ai = 0. A linear stability analysis [32] shows that it becomes

unstable if the intensity of the normalized pump (μ) is such that
∣∣μ(kx,ky)

∣∣2 ≥ 1 +[
−D/4a+a(kx +α/2a)2 +ak2

y

]2
/(γs +γi)2 where we have set a = γsas +γiai, Δ =

γsΔs + γiΔi, α = γsαs − γiαi and D = α2 −4aΔ.

2.2 Linear Stability Analysis, Dispersion Relation
and Normal Modes

The linear stability analysis is performed by linearizing (1) around the basic state
(OPO OFF) and considering normal mode solutions of the form eikxx+ikyy−iωt , where
k = (kx,ky) is the real transverse wave vector and ω is the complex frequency of the
linear problem.

The linear pump perturbation is decoupled from those of the signal and the idler,
and the dispersion relation obtained after straightforward calculations is

D(kx,k
2,ω) = ω2 + i(bs +bi)ω −bsbi + γsγi |μ |2 = 0, (2)

where we have set

bs = γs[1+ i(Δs +ask
2 +αskx)],
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bi = γi[1− i(Δi +aik
2 −αikx)],

k2 = k2
x + k2

y .

The dispersion relation yields the neutral stability surface (ℑ(ω) = 0) in the 2D
plane of the wave vector components (kx,ky) in the form

∣∣μ(kx,ky)
∣∣=
(

1+
(Δ−α2/4a+a(kx +α/2a)2 +ak2

y)
2

(γs + γi)2

)1/2

(3)

with frequency

ω(kx,ky) =
γsγi

γs + γi

[
Δs −Δi +(as −ai)k2 +(αs +αi)kx

]
.

In the presence of walk-off, the critical surface (3) depends on both components of
the wave vector (kx,ky) and cannot be reduced to a simple dependence on the wave
vector modulus, k2, as is the case without walk-off. (See Fig. 2(a) for a projection of
this surface onto the plane (μ ,kx).) The stability analysis for the case Δ > 0 has been
carried out in [32]. Note that, in this case, the bifurcating solution is homogeneous
as a result of the absence of Turing instability at threshold. In this section, we will
mainly focus on the case Δ < 0. Thus, we will develop the concept of convective
and absolute instabilities in the more general situation of pattern-forming.

The onset of instability at critical threshold, μ = μth = 1, is obtained for wave
vectors minimizing μ in (3) and are given by

(kc
x +α/2a)2 + kc2

y =
α2 −4aΔ

4a2 . (4)
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Fig. 2 (a) Projection of the neutral stability surface (3) onto the (μ,kx) plane. (b) Plot of the
critical wave vector components at the onset of instability, (μ = μth = 1). Walk-off shifts the circle
of unstable transverse wave vectors. Signal walk-off parameter is αs = 0.27 for the solid curves
and αs = 0 for the dashed ones. For both figures, the values of the other parameters are fixed and
equal to γs = γi = 1, Δs = Δi = −0.14, as = 0.5, ai = 0.42 and αi = 0
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The critical real wave vectors, kc = (kc
x, kc

y), belong to a circle (solid curves in Fig. 2)

centered at (kx = −α/2a,ky = 0) with a radius R =
√

D/(2a) and D = α2 − 4aΔ.
As indicated by the non-zero value of kx, the rotational symmetry is broken by the
amount −α/2a, depending on the competition between walk-off and diffraction
weighted by the cavity losses. Note that when walk-off vanishes, the circle (4) of
critical wave vectors is centered on k = 0, with (kc)2 = kc2

x + kc2
y = −Δ/a (dashed

curves in Fig. 2). The basic state (OPO OFF) is linearly unstable to all 2D transverse
modes lying on the circle (4). In contrast to the case of positive effective detuning
Δ, where walk-off selects a 1D structure expanding in its direction at threshold [32],
this 1D selection mechanism fails for Δ < 0.

2.3 Response to Localized Perturbations

The linear stability analysis, given above, is based on the normal mode theory i.e.,
it checks the stability with respect to extended perturbations. Such an approach is
insufficient to determine the linear response of the system to any localized perturba-
tion. This is provided by solving the linear initial-value problem:

∂tAs − γs[−(1+ iΔs)As + μA∗
i + ias∇2

⊥As −αs∂xAs] = A(0)
s δ (x)δ (y)δ (t),

∂tA
∗
i − γi[−(1− iΔi)A∗

i + μAs − iai∇2
⊥A∗

i −αi∂xA∗
i ] = A∗(0)

i δ (x)δ (y)δ (t). (5)

The left-hand side is a part of (1) linearized around the steady-state solution (OPO
OFF). The forcing terms added to the right-hand side of (5) represent a localized
initial impulse for As and A∗

i , with δ being the Dirac function. Problem (5) can
be solved using Fourier transforms in space (x,y) and Laplace transform in time t,
defined by

Φ̂(kx,ky,ω) =
∫ +∞

−∞

∫ +∞

−∞

∫ +∞

0
Φ(x,y, t)ei(ωt−kxx−kyy)dx dy dt, (6)

where we have defined the four-component vector Φ = (As,A∗
i ,A

(0)
s ,A∗(0)

i )T. After
solving the problem in Fourier space and performing the Laplace transform by using
the Residue Theorem, the solution, As(x,y, t), may be written as

As(x,y, t) = − i
4π2

2

∑
n=1

∫ +∞

−∞

∫ +∞

−∞

Sn(ωn,kx,ky)
∂D
∂ω

(ωn,kx,ky)
e−i(ωnt−kxx−kyy)dkx dky, (7)

where Sn(ωn,kx,ky) = Âs
(0)

[iωn + γi(−(1 − iΔi) + iaik2 − iαikx)]− γsμÂi
∗(0)

and
ωn (n = 1,2) are the two complex frequency mode solutions of the dispersion rela-
tion (2). The mode with the largest growth rate is the first one to absolutely desta-
bilize the system. Thus, we shall now consider only this most destabilizing mode,
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whose frequency will be referred to as ω . The emerging signal pattern, As(x,y, t),
is obtained by the asymptotic evaluation, as t tends to infinity, of the solution (7)
along the rays x/t = U , y/t = V for all constant values of U and V . Note that it is
necessary to include x/t and y/t terms in order to allow the transverse point (x,y)
to be large as t becomes large, so that one may follow a propagating perturbation.
If the solution As(x,y, t) is unbounded as t → ∞, then the system is linearly unsta-
ble, and we have to distinguish between two types of instabilities. Any instability
along a ray with (U,V ) = (0,0) which grows in time in situ and invades the whole
spatial domain is called “absolute”. Any instability which grows in time along a ray
with (U,V ) �= (0,0) but drifts away is called “convective”. A summary of the vari-
ous transitions is illustrated in Fig. 3, in a 1D configuration for clarity. The growth
rate in this figure is defined, for 1D perturbations, as λ = ℑ(ω). Asymptotic ex-
pansions of the integral (7) can be obtained by applying the method of the steepest
descent [33]. It consists, to be specific, in deforming the real wave vector k-contour
of integration in (7) into the two complex planes kx and ky, without changing the
value of the integral. The dominant part of the integrand arises in the region of the
saddle point (ks

x,k
s
y), defined by

∂ω
∂kx

= U and
∂ω
∂ky

= V. (8)

The asymptotic form of the shape of the signal response to the initial pulse pertur-
bation is given by

As(x,y, t) ∼− i
2πt

S(ω(ks
x,k

s
y),k

s
x,k

s
y))e

i(ks
xU+ks

yV−ω)t

∂D
∂ω

(ks
x,ks

y,ω(ks
x,ks

y))

[(
∂ 2ω

∂kx∂ky

)2

− ∂ 2ω
∂k2

x

∂ 2ω
∂k2

y

]1/2

(ks
x,ks

y)

.

(e)

(x/ t)
c (x/ t)

L (x/ t)
L

(x/ t)
L

(x/ t)
R (x/ t)

R (x/ t)
R

(x/ t)
c

x

t

(a) (b) (c) (d)

Fig. 3 Schematic diagram of the different types of wave-packet time evolution from an initial per-
turbation localized at the origin for (a) stable, (c) convectively unstable and (e) absolutely unstable
regimes in a 1D configuration. The cases (b) and (d) correspond to the thresholds of the last two
regimes. The control parameter is increased from (a) to (e). The convective threshold is observed
when the global maximum of the growth rate, λ (defined in Sect. 2.3), reaches zero [case (b)],
whereas the absolute threshold is reached when the growth rate of the wave packet having a van-
ishing group velocity reaches zero [case (d)]. (x/t)L and (x/t)R correspond to the slow and fast
frontiers of the wave packets defined by λ((x/t)L or R) = 0, which are the dissipative flat solitons
or front solutions limiting the wave packets
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The necessary, but not sufficient, condition for absolute instability is the existence
of a saddle point of frequency ω = ω(ks

x,k
s
y) in the two complex kx and ky planes

for some complex ω(0) with ℑ(ω(0)) > 0 and U = V = 0. However, for sufficiency,
it is required that the spatial branches in each of the complex kx and ky planes,
which are the solutions of the dispersion relation (2), originate from the real kx-
axis and ky-axis. This is the so-called “pinching” condition [34]. These two points
are investigated in the following. First, we look for the necessary condition, which
provides us with possible values for the absolute instability threshold, and then we
check the pinching condition for sufficiency.

3 Degenerate Optical Parametric Oscillators

In degenerate optical parametric oscillators (DOPO), the energy conversion process
is frequency and polarization degenerate – the signal and the idler are identical. As
a consequence, the three-wave equations of the OPO (1) lead to a two-wave mixing
system describing the spatio-temporal evolution of the pump, (Ap), and the signal,
(As). Hence, the governing equations (1) reduce to

{
∂tAp = γp[−(1+ iΔp)Ap +E(x,y)−A2

s + iap�⊥Ap],
∂tAs = γs[−(1+ iΔs)As +ApA∗

s + ias�⊥As −αs∂xAs].
(9)

The homogeneous steady states are

(
A0

p,A
0
s

)
=

(
E(1− iΔp)

1+Δ2
p

≡ μ ,0

)
, (10)

(
A0

p,A
0
s±
)

=

(
E −C2

±e2iβ

1+ iΔp
, C±eiβ

)
, (11)

where

C2
± = ΔsΔp −1±

√
E2 −

(
Δp +Δs

)2
(12)

and

cos(2β ) =
C2
± +1−ΔsΔp

E
. (13)

The first solution (10) is the OPO OFF solution, corresponding to the absence
of signal emission, while the second one, called OPO ON, characterizes the signal
emission. To investigate the transverse distributions of the interacting fields above
threshold, it is convenient to analyze the linear stability of the OPO OFF solution
with respect to perturbations of the form Ap = μ + δAp exp[−i(ωt −k.r)], As =
δAs exp[−i(ω t −k.r)], where k is the (real) wave vector of the perturbation and ω
is its complex frequency. Keeping only linear contributions in δAp,s, we soon find
that ω and k must satisfy
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ω = iγs

[
−1+

√
|μ |2 − (Δs +ask2)2

]
+ γsαskx , (14)

where k2 stands for the squared modulus of k. Since the pump remains stable, only
the above signal dispersion relation is relevant. Note that, in this section, we set the
walk-off parameter, αs, to zero. Its effect on the existence domains of dissipative
solitons will be investigated in the last subsection.

3.1 Bifurcation Types at Threshold of Degenerate OPO Emission

The spatial distribution above threshold of degenerate OPO signal emission strongly
depends on the nature of the bifurcation at threshold. This bifurcation is completely
determined by the signal detuning, Δs, and the physical effective detuning param-
eter, ΔsΔp − 1. For ΔsΔp − 1 < 0, there is one stationary stable solution for each
value of the incident pump field. Therefore, the degenerate OPO is then operating
in a mono-stable regime with a super-critical bifurcation at its threshold emission,
as shown in Fig. 4(a). When ΔsΔp −1 > 0, the bifurcation is sub-critical, character-
ized by the existence of the hysteresis cycle displayed in Fig. 4(b). The size of the
bistability region is also shown in the figure [vertical arrows in Fig. 4(b)]. A mod-
ulational instability (Turing instability) occurs in both regimes when ℑ(ω) = 0 and
dℑ(ω)/dk = 0 for a finite and real k. It is well known, and one can easily show, that
this can never happen for the trivial steady state (10) when Δs > 0. In what follows,
we consider positive values of the signal detuning (Δs), so that the system is stable to
Turing bifurcations, and no spatially extended modulations can grow in the system
at threshold.

(a)

0

|A
s|

E
0

|As,H|

E

(b)

Ec EH EC

Fig. 4 Bifurcation diagram of a degenerate OPO operating in mono-stable (a) and bistable regimes

(b). Ec =
√

(1+Δ2
p)(1+Δ2

s ), EH = (Δp + Δs) and As,H =
√

ΔsΔp −1. Ec is the threshold for the

destabilization of the OPO OFF solution. The solid line corresponds to stable state and the dashed
line to unstable state
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3.2 Optical Parametric Dissipative Solitons

It has been shown that, in the mono-stable regime with Δs > 0, degenerate OPOs
exhibit a transition from the unstable state, OPO OFF, to the stable stationary solu-
tion (11), giving rise to a switching front or flat dissipative soliton. It has also been
shown that the final state depends on the extended or localized nature of the initial
perturbations. The degenerate OPO response to extended perturbations (in the form
of plane waves) has widely been investigated in previous works [18, 35]. Here, our
analytical investigations deal with 2D-localized perturbations of the OPO OFF so-
lution (10). In all the numerical simulations, the 2D spatio-temporal evolution of the
signal field is initiated by using the form of radially symmetric Gaussian impulsions,
as could be physically produced by a laser beam. In order to determine the linear
response of the system to a localized perturbation, it is necessary to include a finite
band of modes in the dynamical description. This can be achieved by reformulating
the linear stability analysis as an initial-value problem. In Sect. 2, we have outlined
a detailed description of the concept and techniques of stability analysis in terms of
an initial-value problem analysis that allows us to obtain, in what follows, absolute
and convective thresholds. Near the onset of the instability, the dispersion relation
can be approximated by

ω = i
γs

2

[
|μ |2 −1−Δ2

s −2asΔsk
2 −a2

s k4
]
.

After lengthy calculations based on the method of Sect. 2, we find that, at absolute
threshold,

{
kr

x = 0,

kr
y = 0,

(15)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(kr
x)

2 = (ki
x)

2
(

3− Δs

as[(ki
x)2 +(ki

y)2]

)
,

(kr
y)

2 = (ki
y)

2
(

3− Δs

as[(ki
x)2 +(ki

y)2]

)
,

with kr
yki

x = kr
xki

y.

(16)

The above relations provide, via the steepest method, the co-ordinates of the com-
plex 2D wave vector that dominates the asymptotic behavior of the wave packet
generated from the initial localized perturbations. The value of kr characterizes the
spatial modulations of the wave packet and ki determines its spatial decay. As can be
seen from the above equations, a degenerate OPO can exhibit both flat (15) as well
as periodic (16) dissipative solitons. Therefore, it is worthwhile to (i) examine the
transition from flat to periodic dissipative solitons and (ii) determine their charac-
teristics. Since the system is radially symmetric, the periodic ones necessarily must
be organized in the form of ring-shaped structures.
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3.2.1 Flat-Top Dissipative Solitons

Let us first examine the case of relations (15) where no modulation is predicted. By
using the conditions defined in Sect. 2, one can determine the range of parameters
for the existence of flat-top dissipative solitons and their characteristics. It turns out
that they exist only if

E2 ≤ E2
c =

(
1+Δ2

p

)(
1+

4
3

Δ2
s

)
or |μ |2 ≤ |μ |2c =

(
1+

4
3

Δ2
s

)
(17)

with (ki
x)

2 +(ki
y)

2 =
Δs

3as

(
1−
√

E2
c −E2

E2
c −E2

th

)
. (18)

These solutions have a radial velocity v∗ =
√

(v∗x)2 +(v∗y)2 that only exists when E

is larger than Eth =
√

(1+Δ2
p)(1+Δ2

s ). It is defined as

(v∗x)
2 +(v∗y)

2 =
16
27

γ2
s Δ3

s as

{
1−
√

E2
c −E2

E2
c −E2

th

}{
1+

1
2

√
E2

c −E2

E2
c −E2

th

}2

. (19)

When E < Eth, then (ki
x)

2 +(ki
y)

2 = 0 and v∗ = 0. This clearly indicates the appear-
ance of flat-top dissipative solitons at the instability threshold, E = Eth, of the trivial
solution. However, when E > Ec, the spatial decay (18) becomes infinite, leading to
the disappearance of solutions with the form of flat-top types.

3.2.2 Generation of Ring-Shaped Dissipative Solitons

Periodic dissipative solitons are defined by (16), which show a simple and interest-
ing relation between the real and imaginary parts of the wave vector components.
One may then substitute (16) into the equations defining their velocity (8) to find

(ki
x)

2 +(ki
y)

2 =
Δs

12as

{
1+

√
7+2

E2 −E2
th

E2
c −E2

th

}
. (20)

These periodic solitons exist for E > Ec, and their velocity is given by the following
expression:

(v∗x)
2 +(v∗y)

2 =
4

27
γ2

s Δ3
s as

{
1+

√
7+2

E2 −E2
th

E2
c −E2

th

}{
−2+

√
7+2

E2 −E2
th

E2
c −E2

th

}2

(21)
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while their intrinsic wavelength is defined by 2π
km

with

km =
3
8

√
Δs

as

[
−3+

√
7+2

E2 −E2
th

E2
c −E2

th

]3/2

−2+

√
7+2

E2 −E2
th

E2
c −E2

th

. (22)

Note that, although the diffraction is necessary for the existence of both types of
dissipative solitons, the transition threshold from flat-top to periodic dissipative soli-
tons is independent of diffraction.

To summarize, there exist two types of 2D dissipative solitons that emerge above
the threshold emission of the degenerate OPO, where they are continuously gen-
erated from localized initial perturbations. When 1 + Δ2

s ≤ |μ |2 ≤ 1 + 4
3 Δ2

s , they
are flat, while for |μ |2 ≥ 1 + 4

3 Δ2
s , they exhibit spatial modulations. The parame-

ter range of their existence and the transitions curves are shown in Fig. 5, where
we have plotted the normalized incident pump power versus the signal detuning.
The main characteristics of both types of solitons, such as the effective decay

rate (steepness) R =
√

(ki
x)2 +(ki

y)2, the wave-number km and the radial velocity

v∗ =
√

(v∗x)2 +(v∗y)2, are plotted versus the incident pump intensity in Fig. 6.

To validate our approach, we have checked these analytical predictions by nu-
merically solving the full 2D model (9) with αs = 0 and starting from localized
Gaussian initial conditions. Our numerical method is as follows. We fix the values
of all parameters and take the incident pump amplitude, E, as a control parameter.
We have carried out several numerical investigations with various sets of parameter
values. Figure 7 shows a typical solution just above the transition from flat-top to
periodic dissipative solitons, and it is in excellent agreement with analytical pre-
dictions. Moreover, the characteristics, including the spatial frequency, km, and the
velocity, v∗, are displayed in Figs. 8 and 9 as functions of the normalized incident

Fig. 5 Domains of existence
of flat and periodic dissipative
solitons for Δs ≥ 0. I: periodic
solitons, II: flat solitons, III:
OPO OFF
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Fig. 6 Velocity v∗, wave-number km and steepness R of flat (FDS) and periodic (PDS) solitons
with respect to pump intensity for Δp = 0, Δs = 0.2 and as = 0.05

pump amplitude and signal detuning, respectively. As can be seen from the two
figures, the evolution of km and v∗ again shows excellent agreement between predic-
tions (solid lines) and numerical results (dots). The dependence of the intrinsic spa-
tial frequency, km, upon the incident pump amplitude is also illustrated in Fig. 9(a).
This constitutes the main difference with respect to Turing instability. For the latter,
the wavelength at threshold does not depend on the incident pump amplitude, and it
is fixed by the signal diffraction and detuning coefficients (kT =

√
−Δs/as). Here,

the wavelength is almost doubled when E = |μ |
√

1+Δ2
p increases from 1.1 to 1.2

[see Fig. 9(a)].
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Fig. 7 Snapshots in the transverse plane of the signal time evolution resulting from numerical
integration of the original equations of the degenerate OPO (9). The parameters are E = 1.2, Δp = 0,
Δs = 0.2, ap = as

2 = 0.0375, γp = γs = 1, Lx = Ly = 60 and Nx = Ny = 256
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Fig. 8 Spatial frequency, km, and velocity, v∗, of periodic solitons (PDS) with respect to the detun-
ing, Δs, for E = 1.2, Δp = 0, as = 0.05 and γs = γp = 1. The solid lines correspond to the analytical
predictions, while squares are the estimated values from numerical integration of the degenerate
OPO equations (9)

3.2.3 Walk-Off Effect on Dissipative Solitons

The walk-off effect on the dynamics of the degenerate OPO can be described by
taking into account the transverse propagating term αs∂xAs in (9). The main charac-
teristics of dissipative solitons were determined in previous subsections. The whole
procedure can be repeated, provided that one writes the governing equations (9) in
the moving reference frame of the signal field. The result, in the laboratory frame
(the rest frame attached to the incident pump field), is that the velocity of both types
of dissipative solitons satisfies

(v∗x −αs)2 +(v∗y)
2 = (v∗)2,

where v∗ is the velocity of the solitons determined in (19) and (21). Therefore, in the
walk-off direction [x-axis in (9)], the two limiting flat solitons (fronts) have different
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Fig. 9 Spatial frequency, km, and velocity, v∗, of periodic solitons (PDS) versus the control param-
eter μ , for Δp = 0, Δs = 0.2, as = 0.05 and γs = γp = 1. The solid lines correspond to analytical
predictions, while squares are the estimated values from numerical integration of the degenerate
OPO equations (9). Let us note the dependence of the wavelength on the incident pump amplitude
(inserts)
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Fig. 10 Absolute (AI) and
convective (CI) instabilities
of periodic (PDS) and flat
(FDS) solitons versus the
walk-off parameter, αs.
Squares correspond to αs
values in Fig. 11. Left square
[Fig. 11 (a)], middle square
[Fig. 11 (b)] and right square
[Fig. 11 (d)]
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velocities (v∗x = αs ± v∗). As a consequence, the degenerate OPO enters a convec-
tive regime when they have the same sign, and otherwise an absolute regime occurs.
The transition from convective to absolute regime is determined by the vanishing
of one of the two velocities. As mentioned in Sect. 2, this necessary condition is
not sufficient for an actual convective/absolute transition to occur. For sufficiency,
we numerically investigated the pinching condition. Figure 10 shows the transition
curve from convective to absolute instabilities, defined as v∗(|μ |) = αs. As a com-
parison, thresholds for the appearance of flat-top dissipative solitons and for their
transition to periodic ones, |μ |th and |μ |c, respectively, are also indicated in this
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Fig. 11 Example of realization of the pinching condition in a degenerate OPO (9). Paths represent
the contours satisfying ℑ(ω) = 0, plotted in the plane (ℜ(kx),ℑ(ky)), for increasing values of
the walk-off parameter, αs. (a) αs = 0.017 and (b) αs = 0.035 (absolute regime), (d) αs = 0.071
(convective regime). Note the intersection of paths occurring for αs = 0.044 (c) at the threshold of
absolute instability according to analytical predictions



Spatial Dissipative Solitons Under Convective and Absolute Instabilities 277

figure. Moreover, the pinching condition has been checked and the results are de-
picted in Fig. 11. In this figure, we have plotted the marginal stability condition
ℑ(ω) = 0 in the (kr

x,k
i
x) plane for various values of the walk-off parameter. The

instability is absolute in Fig. 11(a, b) (left and right squares in Fig. 10), while it
is convective in Fig. 11 (d) (middle square in Fig. 10). The pinching condition oc-
curs for αs = v∗ = 0.044 [Fig. 11(c)], which is in excellent accord with analytical
predictions.

4 Walk-Off Nonlinear Effects in Parametric Optical Oscillators

As mentioned in Sect. 2, the existence of a non-zero angle between the energy prop-
agation (Poynting vectors) axes of the pump and the signal is responsible for the
instability splitting into two instability domains (absolute and convective). This fol-
lows from the translational symmetry-breaking induced by walk-off. In a previous
work [36], we demonstrated that when a degenerate OPO is operating in the sub-
critical regime, the spatio-temporal behavior of the slowly varying envelope of the
signal/idler pair is modeled by a quintic–cubic Ginzburg–Landau equation [36, 37].
In this case, it has been shown that both nonlinear and linear fronts can exist and
compete. The selected front satisfies the velocity criterion according to the pre-
dictions of [38, 39]. However, when the nonlinear fronts are selected, they appear
as a compensation between higher-order nonlinear terms (quintic here), instead of
cubic ones, and the linear translation induced by the walk-off [36]. Although the
transition thresholds between linear and nonlinear fronts, together with their veloci-
ties, are satisfactorily predicted, there still exists a large discrepancy regarding their
spatial shapes [36]. As a consequence, the underlying nonlinear symmetry-breaking
cannot be explained within this model. Here, we derive a new model that takes into
account walk-off nonlinear effects. The model is first derived in the way that pro-
vides the most general amplitude equations describing the weakly nonlinear dynam-
ics of the slowly varying envelope of the fields in the OPO cavity, when operating
in the sub-critical regime. Secondly, and for clarity, we separately investigate the
degenerate and non-degenerate situations, respectively. So, in the OPO governing

equations (1), by setting Ap = μ +
(
1− iΔp

)
B, As =

√
1+Δ2

p A1, Ai =
√

1+Δ2
p A2

and after lengthy and cumbersome calculations, the amplitude equation is obtained
as a complex quintic–cubic generalized Ginzburg–Landau equation (CQCGLE):

τ∂tψ = d (μ −μth)ψ + c∇2
⊥ψ − vg∂xψ + vnlψ∂x(|ψ|2)+b3 |ψ|2 ψ −b5 |ψ|4 ψ,

(23)
where

⎛
⎝ B

A1

A2

⎞
⎠=

⎛
⎜⎝

−|ψ|2 e−iθ

ψei(ωct+kcx)

ψe−iθ e−i(ωct+kcx)

⎞
⎟⎠ . (24)
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The coefficients appearing in the above equation are defined from the physical pa-
rameters of the OPO (1) as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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.

(25)

We have set γ = 1/τγp, Δe = α2 − 4aΔ/(γs + γi) and μth =
√

1+Δ2
e . Without the

term vnlψ∂x

(
|ψ|2

)
(corresponding to an absence of the walk-off), (23) is simply

the sub-critical Ginzburg–Landau equation. The ability of this equation to generate
a great variety of solutions does not need to be demonstrated here [39]. The most
famous ones are the front and the pulse-like solutions. If both solutions can be stable
in the complex case (where all or some coefficients are complex), then only fronts
are stable when all coefficients are real. This is the case when the OPO is degen-
erate. The aim of this section is to point out the effects of the walk-off on these
structures. Therefore, the formation and dynamics of flat-top dissipative solitons,
as states of bounded fronts, will be considered first through the degenerate OPO.
Secondly, we will show that the non-degenerate case is likely to exhibit localized
dissipative solitons in the form of pulses.

4.1 Asymmetric Flat-Top Dissipative Solitons

When OPOs are operating in the degenerate configuration, the complex generalized
amplitude equation (23) reduces to a real Ginzburg–Landau equation (RGLE), but
with a nonlinear gradient term:
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∂tψ = λψ +d∇2
⊥ψ −αs∂xψ + vnlψ2∂xψ +b3ψ3 −b5ψ5, (26)

where λ = μth (μ −μth), b3 =
(
ΔpΔs −1

)
> 0, b5 = μ2

th
2Δ2

s
> 0, vnl = 2γsαs/γp and

d = asΔs. Beyond the threshold of degenerate OPO emission, the expected sig-
nal transverse profile will correspond to the solutions of this equation. The only
stable ones (fronts) are found by applying the Weiss–Tabor–Carnevale (WTC)
method [40]. Therefore, any localized initial condition evolves into a flat-top dis-
sipative soliton given by
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ψ (z = x− vnlt) = ψs

√
1+ tanh

[
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(
z− z0

+
)]

2

√
1+ tanh

[
κ−
(
z− z0

−
)]

2
,

κ± =
(vnl

6d

)[
1±
√

1+
12db5

v2
nl

]
ψ2

s ,

(27)

with velocities

vκ± = αs −
λ+dκ2

±
κ±

. (28)

z0
+ and z0

− denote the center-of-mass co-ordinates of the kink and the antikink

bounded states, respectively, and ψs = ±
√

b3±
√

b2
3+4b5λ

2b5
are the stationary steady-

state solutions of (26). Let us now consider the case of small values of the nonlinear
gradient coefficient. In this case, the steepness parameters κ± read

κ± �
(

vnl

6d
±
√

b5

3d

)
ψ2

s . (29)

These expressions make it clear that, in the absence of walk-off, the kink (κ+) and
anti-kink (κ−) have the same steepness. Then, the signal profile resulting from a
localized initial condition corresponds to a symmetric flat-top dissipative soliton,
as shown in Fig. 12 (left). In this figure, we have plotted the asymptotic solution
obtained by numerically integrating the degenerate OPO (9) with αs = 0 in the 2D
transverse plane. As a comparison, we have also displayed the resulting numerical
signal for a non-zero walk-off parameter in Fig. 12 (right), where an asymmetry
in the direction of the walk-off is clearly shown. Indeed, the presence of walk-off
leads to a non-vanishing nonlinear gradient coefficient (vnl) in (29), and this induces
a difference in the steepness of the kink and anti-kink. So, for a localized initial
condition, the signal profile takes the form of an asymmetric flat-top dissipative
soliton where the kink always remains steeper than the anti-kink, as can be seen from
Fig. 12 (right). This nonlinear effect involves an effective parameter, viz. the signal-
to-pump relaxation rates ratio, γs

γp
, that is usually absent in OPO amplitude equations.

Here it emphasizes the key role of the pump relaxation time in the formation of
dissipative solitons. In fact, this leads to the main nonlinear walk-off effect that
drastically influences degenerate OPO dynamics. This impact leads to a nonlinear
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Fig. 12 2D transverse dissipative flat solitons, computed from the degenerate OPO (9) operating in
sub-critical regime without walk-off (left, symmetric solitons), and with walk-off (right, asymmet-
ric solitons). The other parameters are as = 2ap = 0.025, Δs = 1.1, Δp = 1, μ = 1.486 (E = 2.101)

symmetry-breaking that can quantitatively be evaluated by using the ratio η of the
steepness of the kink and anti-kink bounded states forming the soliton:

η =

∣∣∣∣∣∣1−
2vnl

vnl +
√

v2
nl +12db5

∣∣∣∣∣∣ . (30)

Figure 13 illustrates the role of the walk-off nonlinear effect in the observed non-
linear symmetry-breaking of degenerate OPOs. Three curves are plotted in Fig. 13
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Fig. 13 (a) Transverse section of the signal solution displayed in Fig. 12, with αs = 0.1, along
the walk-off direction (x-axis) (black solid line) compared with numerical solutions obtained by
integration of (26) with the same conditions (gray solid line). The reference curve (dotted line)
is the numerical solution from (26) with vnl being set to zero. (b) Variation of the asymmetry
coefficient versus the walk-off parameter for two values of the γ = γs

γp
ratio. Solid and dashed lines

are predictions from (30). Dots represent estimated values obtained from numerical simulations
of (9)
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(a), viz. (i) the black curve which reproduces a cut of the signal solution on Fig. 12
(right) along the x-axis, showing the signal asymmetry in the walk-off direction, (ii)
the grey curve which is the result of the numerical integration of the reduced model
(26) with the same parameters and (iii) the dashed curve which shows what the re-
sults would be if the nonlinear gradient term were omitted in the model (26). A quan-
titative measure of the walk-off-induced nonlinear symmetry-breaking is provided
by the η ratio that we have plotted against the walk-off parameter in Fig. 13 (b). To
emphasize the impact of the pump relaxation rate in the observed signal asymmetry,
we have plotted η for two values of γp and a fixed value of the signal relaxation
rate, γs. (In the figure, γs/γp is labeled γ , as η is actually a function of this ratio).
As can be seen from the figure, the estimated values from numerical simulations
(dots) of the governing equation (9) are in excellent agreement with analytical pre-
dictions (solid and dotted lines) from the expression (30). Moreover, the relation
(28) shows that the presence of the nonlinear gradient term causes the kink and
anti-kink to move more slowly than is the case in its absence. This slowing down is
also illustrated in Fig. 14, where the effective velocity-estimated values (dots) from
numerical simulations of (9) are compared with the predicted ones (solid line) from
(28). An indication of the results obtained when setting the coefficient vnl = 0 in
(26) is plotted with the dashed curve for comparison.

4.2 Static and Pulsating Dissipative Solitons
of the Triply Resonant OPO

In the non-degenerate configuration, all of the three intra-cavity fields are involved
in the OPO dynamics. When the pump, signal and idler are resonant in the cavity,
giving rise to a triply resonant OPO, all the coefficients appearing in (23) can take

Fig. 14 Predicted velocity
(28) of the kink-anti-kink
bounded state, without
(dashed line) and with (solid
line) the nonlinear gradient
term versus the walk-off
parameter. The points are the
estimated numerical values
from the governing equations
(9). The parameters are the
same as in Fig. 12
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non-zero values. However, in the absence of walk-off, the effective group velocity
vg = 0, leading to vanishing linear and nonlinear gradient terms. This gives the well-
known complex cubic–quintic Ginzburg–Landau equation (CQCGLE). It has been
shown, both analytically and numerically, that it can exhibit stable pulse-like solu-
tions [41, 42, 43, 44, 45, 46]. Our goal in this section is twofold. First we prove that,
even near threshold, where (23) governs the spatio-temporal dynamics of the intra-
cavity fields, the OPO is able to generate a variety of stable dissipative pulse-like
solutions. Some of them have not yet been reported in the OPO literature, where
almost all investigations on localized structures are devoted to degenerate OPOs.
Here, dissipative pulse-like solitons result from a three-wave interaction, and thus
have no counterpart in the degenerate configuration. Second, we focus on the ef-
fect of the walk-off on these solutions through the linear and nonlinear gradient
terms. We start by integrating the OPO equations (1) without any walk-off effect
(αs = αi = 0). There is numerical evidence for two types of dissipative solitons, viz.
static and pulsating solitons. Indeed, the temporal evolution of the profile of the sig-
nal/idler pair, with one transverse co-ordinate, is plotted in Fig. 15, showing that a
static pulse-like solution remains stable according to the predictions of the reduced
model (23). In addition to this solution, and for a set of parameters, we have ob-
served that the real and imaginary parts present a phase mismatch and that they start
oscillating and asymptotically converge to a fixed frequency. As a consequence,
the envelopes of the signal/idler pair emitted by the OPO become time-periodic,
as illustrated in Fig. 16. Both the spatio-temporal diagram of the signal envelope
and the time evolution of its real and imaginary components are displayed in the
figure.

Let us now investigate the walk-off effect on the formation and the dynamics
of these localized OPO solitons. For this purpose, it is worthwhile to examine the
terms appearing with the walk-off in (23). It is obvious that the linear gradient
term (vg∂xψ) will only induce a drift in the direction of the walk-off. More im-
portantly, the nonlinear gradient term (vnlψ∂x(|ψ|2)) gives rise to a nonlinear cou-
pling of the real and imaginary components. This allows us to qualitatively point
out the effects of the real and imaginary parts of the coefficient vnl. Note that when
the degeneracy occurs (As ≡ Ai), the real part of this coefficient is similar to the

Fig. 15 Spatio-temporal
evolution of the static soliton
obtained by numerically
solving (1) for the non-
degenerate OPO . The
parameters are E = 1.51,
ap = 0.02, as = 0.01,
ai = 0.01, γp = 1.0, γs = 1.0,
γi = 0.8, Δp = 1.5, Δs = 1.2
and Δi = 1.20
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Fig. 16 Spatio-temporal
evolution of the OPO (1)
pulsating soliton envelope
and time evolution of its
real (ℜ(As)) and imaginary
(ℑ(As)) parts. The parameters
are the same as in Fig. 15, ex-
cept: ai = 0.0025 and γi = 1.0
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nonlinear gradient term of (26). In the previous subsection, we have shown that it
is responsible for a self-steepening in the envelope profile and a slowing down of
its motion. So, one can expect the same effects on pulsating solitons. The imaginary
part, however, characterizes non-degenerate OPOs and has, in space, a similar effect
to that of the self-frequency shift term which appears in the modeling of the Raman-
like process which occurs in the propagation of sub-picosecond pulses in an optical
fiber [47].

To summarize, we expect to observe three nonlinear effects on the pulse solutions
of the OPO which are due to the walk-off, viz. a self-steepening, a self-frequency
shift and a slowing down of motion. In what follows, only static dissipative soli-
tons (see Fig. 15) will be considered. Similar effects have been observed on pul-
sating solitons (Fig. 16) but they will not be reported here. We have numerically
investigated the walk-off effect by varying the value of the coefficient vnl and then
observing the consequences of this variation on the behavior of the static pulse soli-
ton. An examination of the expression for vnl shows that it is the walk-off and the
pump relaxation rate (γp) that characterize the importance of the nonlinear gradient
term in the OPO dynamics. This is evidenced in Fig. 17(a), where we have assigned
two typical values to γp, whereas the value of the walk-off is fixed. Two effects are
emphasized: (i) the actual velocity of the pulse is not simply the group velocity, vg

(dotted line), but it is sensitive to the ratio γ = 1
γpτ via the nonlinear gradient term co-

efficient, and (ii) this dependence is responsible for the slowing down of the pulse,
which is more pronounced when decreasing [point (1)] γp values. A space–time
diagram, showing the slowing down of the pulse motion corresponding to points
(1) and (2) in Fig. 17(a), is displayed in Fig. 17(b), starting from the same initial
pulse. The subsequent time evolution leads to two pulses that become separated as
they drift. The second important nonlinear effect of the walk-off on static pulses
is illustrated in Fig. 18. It displays the spatio-temporal diagram of the OPO signal
envelope (upper figures) and the corresponding temporal evolution of the maximum
of its real part (lower ones). Starting in (1) from the static pulse in the absence of
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Fig. 17 (a) Velocity of the pulse-like soliton of the non-degenerate OPO (1) versus the idler-to-
signal relaxation rates ratio, γi/γs, for γp = 0.1 and 1.0 (�). Dashed curve represents the group
velocity in (23) defined by (25). (b) Spatio-temporal evolutions of pulses corresponding to points
(1) and (2). The parameters are those of Fig. 12 (right)

walk-off [Fig. 18(a)], we increased the walk-off value up to αs = αi = 0.1 and
observed the pulse time oscillations with a fixed frequency, as shown in Fig. 18(b).
Note that the frequency of oscillation increases with the nonlinear gradient coeffi-
cient ratio, γ = 1

γpτ . Indeed, we have doubled the γp value, but use a fixed value of

the walk-off. In this case, the frequency decreases by a factor of about 2/3. We then
conclude that, since the walk-off value is fixed, the observed frequency variation is
a pure nonlinear effect of the walk-off, stemming from the nonlinear gradient term.
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Fig. 18 Spatio-temporal diagram of the OPO soliton and the time evolution of its real part. The
parameters are [(a) γp = 0.3,αs,i = 0.0,E = 1.487], [(b) γp = 0.6,αs,i = 0.1,E = 1.487], [(c) γp =
0.3,αs,i = 0.1,E = 1.490]. The remaining parameters are ap = 0.03, as,i = 0.0075, γp = 1.0, γs =
1.0, γi = 0.36, Δp = 1.5 and Δs,i = 1.2
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5 Concluding Remarks

We have presented an analytical and numerical study of the occurrence and the dy-
namics of dissipative solitons in optical parametric oscillators under the combined
effects of diffraction and walk-off. We have shown that it is necessary to take into ac-
count the nonlinear effects of walk-off to capture the full spatio-temporal dynamics
of the system. In particular, the derivation of a reduced model (of Ginzburg–Landau
type), describing the weakly nonlinear (near-threshold) dynamics, reveals the ap-
pearance of a nonlinear gradient term induced by the walk-off. We have evidence
that the latter strongly affects the dynamics and the shape of static and pulsating dis-
sipative solitons. More precisely, we were able to explain the self-frequency shift,
the slowing down and the nonlinear asymmetry observed in the envelopes of the sig-
nal/idler pair emitted by the non-degenerate optical parametric oscillator. Although
we present our investigations in the context of optics, we believe that our result
is generic for spatially extended systems with convection (drift effects) and that it
characterizes the key role of convection in the nonlinear dynamics of such systems.
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Discrete Breathers with Dissipation

S. Flach and A.V. Gorbach

Abstract The interplay between discreteness and nonlinearity leads to the
emergence of a new class of nonlinear excitations, viz. discrete breathers. These
time-periodic and spatially localized excitations correspond to generic exact solu-
tions of the underlying nonlinear lattice models. Discrete breathers are not confined
to certain lattice dimensions, nor are they sensitive to the particular type of non-
linearity in the system. They are usually dynamically and structurally stable and
emerge in a variety of physical systems, ranging from lattice vibrations and mag-
netic excitations in crystals to light propagation in photonic structures and cold atom
dynamics in periodic optical traps. Basic properties of discrete breathers, including
spatial localization and stability, are briefly discussed in this chapter. Special focus
is placed on a subclass of dissipative discrete breathers. Dissipation eliminates ex-
tended waves and allows for various resonances of discrete breathers with damped
cavity modes. We discuss applications of the discrete breather concept in systems
where dissipation is not only unavoidable but essential in order to observe and ma-
nipulate discrete breathers, and in order to use them for spectroscopic tools, amongst
others.

1 Introduction

This chapter is about localized excitations in spatially extended discrete systems,
i.e. lattices. These systems are translationally invariant, implying the absence of
disorder and defects. The common expectation – throw a stone into the water of a
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lake and follow the evolution of the localized surface wave perturbation – is that
an initially localized excitation would distribute its energy over the entire system
in the course of time. What could stop such a delocalization process? It needs just
two ingredients – the above-mentioned discreteness of the system and evolution
equations which are nonlinear. As a result, a new paradigm of nonlinear science has
recently emerged – the concept of discrete breathers (DB), equally labelled intrinsic
localized modes (ILM) in solid state physics and discrete solitons (DS) in nonlin-
ear optics. These exact solutions of a huge variety of underlying nonlinear lattice
models are typically characterized by being time periodic and spatially localized,
independent of the actual (assumed to be large) size of the lattice, independent of
the spatial dimension of the lattice, mostly independent of the actual choice of non-
linear forces acting on the lattice, and so on. Mastering their mathematical properties
in Hamiltonian lattices allows us to also include the effects of dissipation, driving
and quantization with relative ease, just to name a few important ones. We will es-
pecially focus on dissipative discrete breathers.

Nonlinearity is inherent in many systems in nature. Discreteness is common as
well – e.g. solids (crystals) and molecules provide a natural underlying lattice, while
artificial systems, e.g. those based on Bose–Einstein condensates in optical lattices,
Josephson junction networks, optical devices, or micro-mechanical devices, also
involve lattice structures. It thus makes perfect sense to understand the mechanisms
of localization in nonlinear lattices and to apply that knowledge to various fields of
physics, chemistry, biology, and mechanics.

The first report by Ovchinnikov on localized excitations in one-dimensional
chains of coupled anharmonic oscillators dates back to 1969 [1]. After a long
time span, Sievers and Takeno took the issue up again, considering the famous
Fermi–Pasta–Ulam (FPU) chain and obtaining localized excitations, starting from
1988 [2, 3, 4]. From the beginning of the 1990s, a large number of research groups
began to study these localized excitations with great mathematical rigour and detail
(see, e.g. [5] for a review). Since then, a considerable amount of further mathemat-
ical beauty was (and still is being) added to the theory of localized excitations. In
addition to this, it is most important to note that, since 1998, experimental studies
have been carried out on a large variety of very different systems, demonstrating the
fruitfulness of the concept of localization by discreteness and nonlinearity. In the
following, we will discuss the basic aspects and some of the more recent develop-
ments, including the effect of dissipation.

1.1 Spatial Discreteness and Nonlinearity

Let us study the combined effect of nonlinearity and discreteness on the spatial
localization of a discrete breather at a basic level. To do this, we look into the dy-
namics of a one-dimensional chain of interacting (scalar) oscillators or atoms with
the Hamiltonian
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H = ∑
n

[
1
2

p2
n +V (xn)+W (xn − xn−1)

]
. (1)

The integer n marks the lattice site number of a possibly infinite chain, and xn and
pn are the canonically conjugated coordinate and momentum of a degree of freedom
associated with site number n. The on-site potential, V , and the interaction poten-
tial, W , satisfy V ′(0) = W ′(0) = 0, V ′′(0),W ′′(0) ≥ 0. This choice ensures that the
classical ground state xn = pn = 0 is a minimum of the energy H. The equations of
motion read

ẋn = pn, ṗn = −V ′(xn)−W ′(xn − xn−1)+W ′(xn+1 − xn). (2)

Let us linearize the equations of motion around the classical ground state. We
obtain a set of linear coupled differential equations whose solutions are small am-
plitude plane waves:

xn(t) ∼ ei(ωqt−qn), ω2
q = V ′′(0)+4W ′′(0)sin2

(q
2

)
. (3)

These waves are characterized by a wave number, q, and a corresponding frequency,
ωq. All allowed plane wave frequencies fill a part of the real axis which is called the
linear spectrum. Due to the underlying lattice, the frequency ωq depends periodi-
cally on q, and its absolute value has always a finite upper bound. The maximum
(Debye) frequency of small amplitude waves is ωπ =

√
V ′′(0)+4W ′′(0). The dis-

persion relation, ωq, is shown in Fig. 1. Depending on the choice of the potential
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Fig. 1 The dispersion relation for small amplitude plane waves of the model (1)
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V (x), it can be either acoustic or optic-like, for V (0) = 0 and V (0) �= 0, respectively.
In the first case, the linear spectrum covers the interval −ωπ ≤ ωq ≤ ωπ , which in-
cludes ωq=0 = 0. In the latter case, an additional (finite) gap opens for |ωq| below
the value ω0 =

√
V ′′(0). Two further characteristics of the linear spectrum are the

group velocity, vg, and the phase velocity, vph. The group velocity vg(q) = dωq/dq
is a periodic function of q and describes the propagation speed of a wave packet
centred at q. At the edge of the linear spectrum, vg = 0. Otherwise its absolute value
has a finite upper bound. The phase velocity vph = ωq/q is a non-periodic oscil-
lating function of q. It covers the whole real axis for an optic-like linear spectrum,
since ωq=0 �= 0. Its absolute value has a finite upper bound, |vph| ≤ vg(q = 0), for
acoustic-like linear spectra.

For large amplitude excitations, the linearization of the equations of motion is
no longer correct. As in the case of a single anharmonic oscillator, the frequency of
possible time-periodic excitations will depend on the amplitude of the excitation and
thus may be located outside the linear spectrum. Let us assume that a time-periodic
and spatially localized state, i.e. a discrete breather, x̂n(t + Tb) = x̂n(t) exists as an
exact solution of (2) with the period Tb = 2π/Ωb. Due to its time periodicity, we can
expand x̂n(t) into a Fourier series:

xn(t) = ∑
k

AkneikΩbt . (4)

The Fourier coefficients are, by assumption, also localized in space:

Ak,|n|→∞ → 0. (5)

Inserting this ansatz into the equations of motion (2) and linearizing the resulting
algebraic equations for Fourier coefficients in the spatial breather tails (where the
amplitudes are, by assumption, small), we arrive at the following linear algebraic
equations:

k2Ω2
bAkn = V ′′(0)Akn +W ′′(0)(2Akn −Ak,n−1 −Ak,n+1). (6)

If kΩb = ωq, the solution of (6) is Ak,n = c1eiqn + c2e−iqn. Any non-zero (however
small) amplitude Ak,n will thus oscillate without further spatial decay, contradicting
the initial assumption. However, if

k2Ω2
b �= ω2

q (7)

for any integer k, then the general solution of (6) is given by Ak,n = c1κn + c2κ−n,
where κ is a real number which depends on ωq, Ωb, and k. It always admits an (actu-
ally exponential) spatial decay by choosing either c1 or c2 to be non-zero. In order to
satisfy (7) for at least one real value of Ωb and any integer k, we require that |ωq| be
bounded from above. This is precisely the reason why the spatial lattice is needed.
In contrast, most spatially continuous field equations will have linear spectra which
are unbounded. Then, resonances of higher-order harmonics of a localized excita-
tion with the linear spectrum become unavoidable. The non-resonance condition (7)
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is thus an (almost) necessary condition for obtaining a time-periodic localized state
on a Hamiltonian lattice [6, 7].

The existing analysis can be extended to more general classes of discrete lattices,
including, e.g. long-range interactions between sites, more degrees of freedom per
site, and higher-dimensional lattices. But the resulting non-resonance condition (7)
maintains its generality, illustrating the key role of discreteness and nonlinearity for
the existence of discrete breathers.

As with any rule, the non-resonance condition may also have exceptions. How-
ever, as with any exception, there is a price to pay. When staying within the class of
spatially continuous Hamiltonian systems, the price is imposing additional symme-
tries. While that may be of particular interest for a given application, the additional
symmetries usually restrict the richness of possible solutions. And losing the sym-
metries leads to a loss of localized excitations – in contrast to the nonlinear lattice
case, where no further symmetries are required.

While the nonlinear lattice appears to be a natural mathematical path to avoid
resonances with plane waves which occur in spatially continuous nonlinear Hamil-
tonian field equations, there are other ways things can evolve. If resonances with
plane waves are an obstacle, then we either remove the resonances or simply re-
move the plane waves! The first possibility can be realized by using a lattice, or
restricting ourselves to equations which either do not contain linear terms or where
at least the linear interaction terms vanish, making the linear spectrum degenerate –
no matter whether for a lattice or a continuum. The second possibility – removing
the plane waves – can be achieved by considering dissipative systems. Indeed dissi-
pation will prevent the persistence of plane waves travelling over infinite distances.
Thus, delocalization by itself is then not a problem. The loss of energy inside a
breather core due to dissipation has to be taken care of by properly pumping more
energy into the breather. We will discuss examples and note that a recently rapidly
developing branch of dissipative solitons appears to follow exactly this latter path.

1.2 Why Only Time-Periodic Orbits?

In the previous section, we demonstrated how the interplay between nonlinearity
and discreteness supports time-periodic and spatially localized solutions, i.e. dis-
crete breathers. What can we say about the existence of more general types of local-
ized solutions with dynamical behaviour which is not time periodic? An analogous
approach shows that for a quasi-periodic DB with N incommensurate frequencies
{Ω1,Ω2, ...,ΩN}, the non-resonance condition (7) transforms into [7]

{k1Ω1 + k2Ω2 + · · ·+ kNΩN}2 �= ω2
q , (8)

with ki being arbitrary integers. In other words, none of the principal frequencies
{Ω1,Ω2, ...,ΩN} nor any linear combination of their multiples should resonate with
the linear spectrum. However, any incommensurate pair of frequencies Ω1 and Ω2,
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with irrational ratio Ω1/Ω2, will generate an infinite number of pairs k1,k2 which
violate the non-resonance condition (8) [7]. Therefore, in general, quasi-periodic
DBs are not expected to exist as exact spatially localized solutions.

Another question concerns the possibility of existence of moving DBs. A rather
general definition of a moving DB assumes a localized object which translates n sites
in a certain direction after m periods of internal oscillations, with the ratio n/m being
irrational in general. In a one-dimensional chain, such a moving DB corresponds to
a solution of (2) with the form

xn(t) = φ(ξ , t), ξ = n−Vt, (9)

φ(ξ , t +Tb) = φ(ξ , t), φ(ξ →±∞, t) → 0. (10)

A detailed analysis of possible resonances has been carried out in [8, 9]. It fol-
lows that one has to avoid resonances of the velocity V with phase velocities vph

of small amplitude plane waves (where the linear spectra which have been modi-
fied, as compared with the original underlying one). The essence is that these reso-
nances cannot be avoided, so that moving DBs are not expected to be exact solutions
for a general nonlinear lattice. Hence, moving DBs face the obstacle of resonances
with phase velocities of plane waves. By removing the plane waves (e.g. by adding
dissipation) we can again try to escape from the above-mentioned resonances and
construct quasi-periodic DBs and even moving DBs.

1.3 Examples of Discrete Breather Solutions

Let us now present discrete breather solutions for various lattices. We start with a
chain (1) with the functions

V (x) = x2 + x3 +
1
4

x4, W (x) = 0.1x2. (11)

The spectrum, ωq, is optic-like and is shown in Fig. 2. Discrete breather solutions
can have frequencies Ωb which are located either below or above the linear spec-
trum. The time-reversal symmetry of (2) allows us to search for DB displacements,
xn(t = 0), when all velocities ẋn(t = 0) are zero. These initial displacements are
computed with high accuracy and plotted in the insets in Fig. 2 [10]. We show so-
lutions for two DB frequencies located above and below ωq – their actual values
are marked with the green arrows. For each DB frequency, we show two differ-
ent spatial DB patterns among an infinite number of other possibilities. The high-
frequency DBs (Ωb ≈ 1.66) occur for large-amplitude, high-energy motion, with
adjacent particles moving out of phase. Low-frequency DBs (Ωb ≈ 1.26) occur for
small-amplitude motion, with adjacent particles moving in phase.

In Fig. 3, we show two DB solutions for a Fermi–Pasta–Ulam chain of parti-
cles coupled via anharmonic springs, V (x) = 0,W (x) = 1

2 x2 + 1
4 x4 (cf. (1)) which

is of acoustic type [11]. The DB frequency in both cases is Ωb = 4.5. Again, the
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Fig. 2 The frequency versus wave-number dependence of the linear spectrum for a one-
dimensional chain of anharmonic oscillators with potentials (11). The chosen DB frequencies are
marked with green arrows and they lie outside the linear spectrum, ωq. Red circles indicate the os-
cillator displacements for a given DB solution, with all velocities equal to zero. Lines connecting
circles are guides for visualization (Figure adapted from [10])

displacements xn are shown for an initial time when all velocities vanish. In the
inset, we plot the strain un = xn − xn−1 on a log-normal scale. The DB solutions are
exponentially localized in space.

Finally, we show DB solutions for a two-dimensional square lattice of anhar-
monic oscillators with nearest-neighbour coupling. The equations of motion read

ẍi, j = k(xi+1, j + xi−1, j −2xi, j)+ k(xi, j+1 + xi, j−1 −2xi, j)− xi, j − x3
i, j (12)

n

x n
 (t

=
0)

–2

–1

0

1

2

3

–4 –2 0 2 4 6 8 10

n

U
n(

t=
0)

1e-10

1e-06

1e-02

1e+02

–10 –5 0 5 10

n

x n
 (t

=
0)

x n
 (

t=
0)

–1

–0.5

0

 0.5

1

 1.5

2

 2.5

–4 –2 0 2 4 6 8 10

n

1e–10

1e–06

1e–02

1e+02

–10 –5 0 5  10

Fig. 3 Discrete breather solutions for a Fermi–Pasta–Ulam chain (see text) (Figure adapted
from [11])
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Fig. 4 Displacements of DBs on a two-dimensional lattice (12) with k = 0.05, with all velocities
equal to zero. (a) Ωb = 1.188; (b) Ωb = 1.207; (c) Ωb = 1.319 (Figure adapted from [12])

which corresponds to oscillator potentials V (x) = 1
2 x2 + 1

4 x4. In Fig. 4, we plot
the oscillator displacements with all velocities equal to zero for three different
DB frequencies and k = 0.05 [12]. Adjacent oscillators move out of phase for all
these cases.

We conclude this section by emphasizing that DB solutions can typically be lo-
calized on a few lattice sites, regardless of the lattice dimension. Thus, little overall
coherence is needed to excite a state nearby – just a few sites have to oscillate co-
herently, while the rest of the lattice does not participate strongly in the excitation.

2 Basic Properties of Discrete Breathers

2.1 Spatial Localization

Discrete breathers are generic solutions on nonlinear lattices. As for their localiza-
tion properties in space, we can consider both the profile inside the core of the DB
and the decay properties in its spatial tails. The former aspect is the hardest one,
since it needs mastery of the full nonlinear equations. The latter one is more ac-
cessible since breather amplitudes become small in their tails. A linearization of
the equations of motion in the tails is then usually expected to correctly describe
the tail asymptotics. Furthermore, one can even systematically go beyond such a
linearization and treat nonlinear corrections as well.

To be specific, we will consider a model with one degree of freedom per unit
cell. Generalizations to more complicated cases should be straightforward. The
Hamiltonian reads

H = ∑
l

[
1
2

P2
l +V (Xl)+∑

l′
Wl,l′(Xl −Xl′)

]
. (13)

The hyper-cubic lattice has dimension d, and the lattice index l is a d-dimensional
vector with integer components. The interaction potential Wl,l′ = Wl+m,l′+m, and
hence the model, is translationally invariant. All zero and first derivatives of the
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potential functions vanish for zero arguments. By the virtue of the discreteness, the
frequency spectrum, ωq, of small amplitude plane waves is bounded in absolute
value.

A discrete breather solution is given by

Xl(t) = ∑
k

Akle
ikΩbt . (14)

Here the Fourier number, k, is a scalar integer which is independent of the lattice
dimension, d. The breather is localized in space, which implies

Ak,|l|→∞ → 0. (15)

Assuming that the potential functions have non-zero second derivatives at their
origin, i.e. V ′′(0) = v2 �= 0 and W ′′

0,l = w0,l �= 0 for some l, we may try to linearize
the algebraic equations for the Fourier coefficients Akl :

k2Ω2
bAkl = v2Akl +∑

l′
wl,l′(Akl −Akl′). (16)

Since the Fourier amplitude equations decouple after linearization, we can solve
each of these equations on its own. Recalling that the necessary condition for
the possible localization of each Fourier amplitude is the non-resonance condition
kΩb �= ωq, the spatial decay of the k th amplitude is then given by the lattice Green’s
function [13]

Gλ (l) =
∫

1.BZ

cos(ql)
ω2

q −λ
ddq, λ = k2Ω2

b. (17)

Here, the integration extends over the first Brillouin zone of the reciprocal wave-
number space, q. We note that the spectrum, ωq, is periodic in q, with its irreducible
multi-dimensional period residing exactly in the first Brillouin zone. Fixing the di-
rection of l and changing its absolute value, (17) will then generate the Fourier
coefficients of the periodic function (ω2

q −λ )−1. The spatial decay of the breather
is thus characterized by the convergence properties of the corresponding Fourier
series, and the convergence properties of the Fourier series are defined through the
analytical properties of the corresponding periodic function.

We describe a lattice as having short-range interactions if the corresponding
squared spectrum, ω2

q , is an analytic function on the extended wave-vector space
q, i.e. where all its derivatives, at any point q, exist and are finite. Examples are lat-
tices with nearest-neighbour interactions, and more general lattices with finite-size
interactions where w0,l = 0 for |l|> r, with r being a positive real number. However,
we can even generalize this by considering lattices where the harmonic interaction
potential extends over the whole lattice, with exponentially decaying amplitudes
[14] w0,l ∼ e−|l|/r for |l|� r. For all these cases, the denominator (ω2

q −λ )−1, which
appears in (17), is an analytic periodic function of q, and thus the convergence of
its Fourier series and the spatial localization of a DB are bound by exponential tails
[15]. The exponent will depend on λ = k2Ω2

b. The localization length will grow
whenever any of the multiples kΩb come close to an edge of the spectrum ωq.
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In the insets in Fig. 3, the exponentially localized profiles of two DBs are shown
for a one-dimensional FPU chain with nearest-neighbour interaction. A compari-
son between the numerically obtained localization length and the prediction from
(17) has been made for various one-dimensional lattices in [7, 16] and is discussed
extensively in [5].

Here, we also present the amplitude distribution of a DB solution for a three-
dimensional cubic DNLS lattice with nearest-neighbour interaction:

Ψ̇l = i(Ψl + |Ψl |2Ψl +0.1 ∑
m∈Nl

Ψm), (18)

where Nl denotes the set of nearest neighbours of l. On making the substitution
Ψl = AleiΩbt , the algebraic equations are solved for the real amplitudes Al [17] for a
lattice with size 313. To visualize the solution, we place the DB centre at the lattice
site l = (16,16,16) and plot its amplitude distribution as a function of the (x,y)
coordinates in a plane with fixed coordinate z = 16, which contains the lattice site
with the maximum breather amplitude. Note that the DB is strongly localized on a
few lattice sites (see left plot in Fig. 5). The same solution, when displayed on a
logarithmic amplitude scale, shows a conical structure (see right plot in Fig. 5), as
expected from the predicted exponential decay in space.

We describe a lattice as having long-range interactions if the corresponding
squared spectrum, ω2

q , is a non-analytic function on the extended wave-vector space
q, i.e. some of its derivatives, at some points q, diverge or do not exist. That happens,
for example, when a harmonic interaction potential extends over the whole lattice
and decays algebraically with increasing distance w0,l ∼ |l|−s, with some positive
exponent, s. Despite the slow decay of interactions, discrete breathers still exist,
but now their localization will be slower than exponential. In fact, what matters is

Fig. 5 Amplitude distribution of a breather solution of the three-dimensional DNLS system (18)
with size N = 313. Actually, only a distribution in a cross-section (x;y) plane is shown. (Here,
the plane cuts the centre of the breather.) The intersections of the grid lines correspond to the
actual amplitudes, while the rest of the grid lines are only guides for visualization. Left panel –
amplitudes are shown on a linear scale. Right panel – the same solution with amplitudes plotted on
a logarithmic scale. Data are from Fig. 2 in [17]
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the analysis of the degree of non-analyticity of ω2
q , which straightforwardly gives a

power-law convergence of the Fourier series (17) (see [15]), and thus an algebraic
spatial localization of DBs. As shown in [18], more complicated spatial decay laws
apply, with crossovers from exponential to algebraic decay.

In the case of a purely nonlinear interaction [7, 19, 20, 21, 22, 23, 24, 25], the
spatial decay of a breather is super-exponential, e.g.

ln | ln |An|| ≈ n ln(2m−1). (19)

Such solutions are also called quasi-compact.
Other studies concern resonances with Goldstone modes [26] and nonlinear

corrections [16].

2.2 Dynamical Stability of Perturbed Discrete Breathers

Once a DB solution is found, an important question arises regarding its stability.
One has to study the problem of evolution of a perturbation, εn(t), added to the
DB solution, x̂n(t). If the perturbation amplitude is large enough, one may expect
generic dynamical features of a non-integrable system, which are usually rather
complicated and hard to address analytically. However, by imposing certain restric-
tions on the size of perturbation, one may linearize the resulting equations for εn(t)
[27, 28]:

ε̈n = −∑
m

∂ 2H
∂xm∂xn

∣∣∣∣
{x̂l(t)}

εm, (20)

where H is the Hamiltonian of the system. Within the linear approximation in the
perturbation amplitude εn(t), the DB acts as a parametric time-periodic driver, and
the problem (20) corresponds to a time-dependent Hamiltonian, H̃(t):

H̃(t) = ∑
n

[
π2

n

2
+

1
2 ∑

m

∂ 2H
∂xn∂xm

∣∣∣∣
{x̂l(t)}

εnεm

]
, (21)

ε̇n =
∂ H̃
∂πn

, π̇n = − ∂ H̃
∂εn

. (22)

The specific structure of the Hamiltonian, H̃, ensures the conservation law İ = 0
[27, 29] for the symplectic product

I = ∑
n

[
εn(t)π ′

n(t)− ε ′n(t)πn(t)
]

(23)

of any two trajectories y = {εn,πn} and y′ = {ε ′n,π ′
n}. It can be written as the scalar

product
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I = (Jy,y′), (24)

where J is the 2N ×2N matrix

J =
(

0 I
−I 0

)
, (25)

and I is the N×N unit matrix. The conservation of the symplectic product I implies
that the evolution matrix, U(t), which maps the linearized phase space flow around
the given periodic orbit (corresponding to the DB solution) onto itself

{
ε(t)
π(t)

}
= U(t)

{
ε(0)
π(0)

}
, (26)

is symplectic:

UTJU = J. (27)

Due to the time periodicity of all the coefficients on the right-hand side of (20),
the dynamics of the small-amplitude perturbation εn(t) is fully determined by the
Floquet matrix F ≡ U(Tb), i.e. by the evolution matrix over the DB period, Tb.
Thus, the problem is reduced to the determination of eigenvalues and eigenvectors
of the symplectic Floquet matrix F .

The condition of linear (marginal) stability of the DB solution is that all pertur-
bations remain bounded in time. This implies that all the Floquet eigenvalues λν are
located on the unit circle in the complex plane: |λν | = 1 (see Fig. 6, left picture).

–

––

–

Fig. 6 Schematic view of an outcome of the Floquet analysis of a breather in a Hamiltonian sys-
tem, Floquet eigenvalues (filled circles), and the unit circle in the complex plane. Left picture: stable
breather (all eigenvalues are located on the unit circle). Right picture: unstable breather (two pairs
of eigenvalues have collided on the unit circle, and one eigenvalue per pair departs outside it). Note
that the group of eigenvalues in proximity on the unit circle correspond to the plane wave contin-
uum (extended Floquet eigenstates), while the separated eigenvalues on the unit circle correspond
to localized Floquet eigenstates
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All Floquet eigenvalues for a typical DB solution can be divided into two groups,
depending on whether the eigenvectors are spatially localized or spatially extended
(over the lattice). Since the DB is exponentially localized in a finite region of the lat-
tice, the extended eigenvectors are locally deformed linear modes (standing waves)
of the system. Their number is proportional to the size of the system. In contrast,
the number of eigenvalues, corresponding to spatially localized perturbations (inter-
nal modes of the DB), depends solely on the DB parameters and is finite, even for
infinite system size.

For Hamiltonian systems, there are always two isolated eigenvalues, located at
+1, which correspond to localized Floquet modes [27, 8] – the phase mode describ-
ing a rotation of the overall phase of the breather (i.e. sliding along the periodic orbit
in phase space) and the growth mode describing a change of DB frequency/energy
(i.e. sliding along the DB family).

On changing the model parameters, as well as the DB solution parameter (its
frequency or energy), the Floquet eigenvalues will move in the complex plane.
However, the only way a particular eigenvalue can leave the unit circle is through
a collision with another eigenvalue (see Fig. 6, right picture). To conclude this
discussion, the details of the scenario of switching between linearly stable and unsta-
ble DB states can be quite complicated. While that may seem a strange complication
of the rather straightforward picture of the emergence of DB solutions, it is a con-
sequence of the fact that we deal with periodic orbits in a high-dimensional phase
space of non-integrable systems.

2.3 Energy Thresholds of Discrete Breathers

DB solutions come in one-parameter families. The parameter can be the amplitude
(measured at the site with maximum amplitude), the energy, E, or the breather fre-
quency, Ωb. The amplitude can be decreased to arbitrarily small values, at least for
some of the families in an infinite lattice. In this zero-amplitude limit, the DB fre-
quency, Ωb, approaches an edge of the phonon spectrum, ωq. This happens because
the non-resonance condition, ωq/Ωb �= 0,1,2,3, ..., has to hold for all solutions of
a generic DB family. In the limit of zero amplitude, the DB solutions have to ap-
proach solutions of the linearized equations of motion, so the frequency Ωb has to
approach some ωq, but at the same time it must not coincide with any phonon fre-
quency. This is possible only if the breather’s frequency tends to an edge, ωE, of the
phonon spectrum in the limit of zero breather amplitude. If we consider the family
of nonlinear plane waves which yields the corresponding band edge plane wave in
the limit of zero amplitude A, then its frequency, ω , will depend on A as

|ω −ω E| ∼ Az (28)

for small A, where the detuning exponent, z, depends on the type of nonlinearity of
the Hamiltonian (13) and can be calculated using standard perturbation theory [30].
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Here we closely follow the line of argument of [17]. Let us assume that we have
a system with short-range interactions and estimate the discrete breather energy
in the limit of small amplitudes. Define the amplitude of a DB to be the largest
of the amplitudes of the oscillations over the lattice. Denote it by A0, where we
define the site l = 0 to be the one with the largest amplitude. The amplitudes decay
in space away from the breather centre, and by linearizing around the equilibrium
state and making a continuum approximation, the decay is found to be given by
Al ∼CFd(|l|δ ) for |l| large, where Fd is a dimension-dependent function:

F1(x) = e−x, F3(x) =
1
x

e−x, (29)

F2(x) =
∫

e−x
√

1+ζ 2

√
1+ζ 2

dζ , (30)

δ is a spatial decay exponent, and we shall assume that the constant C is of order
A0. To estimate the dependence of the spatial decay exponent, δ , on the frequency of
the time-periodic motion, Ωb (which is close to the edge of the linear spectrum), it is
sufficient to consider the dependence of the frequency of the phonon spectrum, ωq,
on the wave vector, q, close to the edge. Generically, this dependence is quadratic
(ω E −ωq) ∼ |q−qE|2, where ω E �= 0 marks the frequency of the edge of the linear
spectrum and qE is the corresponding edge wave vector. Then analytical continua-
tion of (q−qE) to i(q−qE) yields a quadratic dependence, |Ωb−ω E| ∼ δ 2. Finally,
we must insert the manner in which the detuning of the breather frequency from
the edge of the linear spectrum, |Ωb −ω E|, depends on the small breather ampli-
tude. If we assume that the frequency of the weakly localized breather detunes with
amplitude as the weakly nonlinear band edge plane wave frequency, then this is

|Ωb −ωE| ∼ Az
0. Then δ ∼ Az/2

0 .
Now we are able to calculate the scaling of the energy of the discrete breather as

its amplitude goes to zero by replacing the sum over the lattice sites by an integral:

Eb ∼
1
2

C2
∫

rd−1F2
d (δ r)dr ∼ A(4−zd)/2

0 . (31)

This is possible if the breather persists for small amplitudes and is slowly varying in
space. We find that, if d > dc = 4/z, the breather energy diverges for small ampli-
tudes, whereas for d < dc, the DB energy tends to zero with the amplitude. Inserting
z = 2, we obtain dc = 2, which is in accord with the exact results on plane wave
stability [31], and thus strengthens the conjecture that discrete breathers bifurcate
through tangent bifurcations from band edge plane waves. Note that, for d = dc,
logarithmic corrections may apply to (31), and these can lead to additional varia-
tions of the energy for small amplitudes.

An immediate consequence is that if d ≥ dc, the energy of a breather is bounded
and is not zero. This is because for any non-zero amplitude, the breather energy can-
not be zero, and as the amplitude goes to zero, the energy approaches a positive limit
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(d = dc) or diverges (d > dc). Thus, we obtain an energy threshold for the creation
of DBs for d ≥ dc. This new energy scale is set by combinations of the expansion
coefficients in (13). We assume z = 2 with |Ω−ω E| ∼ βA2 for the nonlinear plane
waves and that the energy per oscillator E ∼ gA2. Then the relation |Ωb−ω E| ∼ κδ 2

applies for the spatial decay exponent, δ . Furthermore, the energy threshold, Emin,
is of the order of κg/β , and the minimum energy breather in three dimension has
a spatial size which is of the order of the lattice spacing and is independent of κ,g,
and β . One should allow for a factor of (2 + d) for underestimating the true height
of the minimum and the contributions of nearest neighbours.

Many numerical results have since confirmed the above results. For the
d-dimensional DNLS model (18), the left panel in Fig. 7 shows the variation of
the DB energy with its central amplitude, and a clear notion of an energy threshold,
starting with d = 2 [17]. Note that n = 1 in that case. The minimum energy DB
profile for d = 3 is the one plotted in Fig. 5; it is indeed strongly localized on the
lattice. It was also observed that energy thresholds even appear in one-dimensional
systems, if the lowest-order nonlinear term in the equations of motion has a large
enough power. We present results for a modified DNLS system in one spatial di-
mension, d = 1:

Ψ̇l = i

(
Ψl + |Ψl |μ−1Ψl +C ∑

m∈Nl

Ψm

)
. (32)

By tuning μ , we can cross over from zero to non-zero energy thresholds. We show
results for d = 1 and μ = 3,5,7 in the right panel of Fig. 7. Again, we find full
agreement with the predictions from above. Thus, even one-dimensional lattices

0.0 0.2 0.4 0.6 0.8 1.0

Breather Amplitude

0.0

1.0

2.0

3.0

4.0

5.0

B
re

at
he

r 
E

ne
rg

y

d = 3

d = 2

d = 1

μ = 3

0.0 0.2 0.4 0.6 0.8 1.0

Breather Amplitude

0.0

1.0

2.0

3.0

4.0

5.0

B
re

at
he

r 
E

ne
rg

y

μ = 7

μ = 5

μ = 3

d = 1

Fig. 7 Left panel: Breather energy versus amplitude for the DNLS system in one, two, and three
lattice dimensions. System sizes for d = 1,2,3: N = 100, N = 252, and N = 313, respectively. Right
panel: Breather energy versus maximum amplitude for the DNLS system in one lattice dimension
for three different exponent values: μ = 3,5,7 (solid lines). The system size is N = 100 and the
parameter C = 0.1. The dashed line is for the modified system (cf. text) (Figure adapted from [17])
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exhibit positive lower bounds on breather energies if μ ≥ 5. Weinstein has obtained
rigorous proofs of these results for any value of μ [32].

We can predict that a modified DNLS system with an additional term
vμ ′ |Ψl |μ

′−1Ψl will exhibit complex curves Eb(A0). For example, for d = 1, μ = 7,
μ ′ = 3, and vμ ′ = 0.1, the Eb(A0)-dependence will be nearly identical to the case
vμ ′ = 0 already considered, if the amplitude A0 is not too small. Then Eb(A0) will
show a minimum at a non-zero value of A0. For small A0, however, the energy of
the breather will ultimately decay to zero, so the curve has a maximum for smaller
amplitudes! The dashed line in the right panel in Fig. 7 shows the numerical calcu-
lation, which coincides with our prediction.

Another example is a two-dimensional lattice system (12) where d = 2 is the
critical dimension. The energy thresholds have been computed and reported in [12].
The profiles of DB solutions in Fig. 4 correspond to (A) a low-amplitude DB, (B)
the minimum energy DB, and (C) a high-amplitude DB.

2.4 Dissipative Discrete Breathers

So far we have been discussing breathers in Hamiltonian lattices. However, any
experiment will show up with some dissipation. When this dissipation is of a fluc-
tuating nature, it can be simulated using a heat bath. However, it is also possible to
consider simple deterministic extensions to the above problems. In Josephson junc-
tion systems, this is actually even implemented experimentally. Let us mention the
basic new features one is faced with when studying dissipative breathers and their
properties [22, 33, 34].

2.4.1 Obtaining Dissipative Breathers

Consider the following set of equations of motion:

ẍl = −∂H
∂xl

− γ ẋl − I, (33)

with
H = ∑

l

[1− cosxl −C (1− cos(xl − xl−1))] . (34)

For γ = I = 0, this system is Hamiltonian and it corresponds to the
Takeno–Peyrard model of coupled pendula [22, 35]. This model allows for the usual
discrete breathers, and also for the so-called ‘roto-breathers’. Now xl(t +Tb) = xl(t)
for all l for a usual breather, but for the simplest version of a roto-breather, one
pendulum performs rotations:

x0(t +Tb) = x0(t)+2πm. (35)
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Here m is a winding number characterizing the roto-breather (again the simplest
realization is m = 1). Note that, in contrast to a usual breather (m = 0), roto-breathers
are not invariant under time reversal.

For non-zero γ and I = 0, the non-zero dissipation will lead to a decay of all
breather and roto-breather solutions. However, for a time-independent I �= 0, roto-
breathers may still exist. The reason is that the rotating pendulum will both gain
energy due to the non-zero torque, I, and dissipate energy due to the non-zero fric-
tion, γ , so an energy balance is possible (whereas this is impossible for breathers
with m = 0).

Instead of families of breather periodic orbits in Hamiltonian systems, dissipative
roto-breathers will be attractors in the phase space. Attractors are characterized by
a finite-volume basin of attraction surrounding them. Any trajectory which starts
inside this basin will ultimately be attracted by the roto-breather. Thus, dissipative
breathers form a countable set of solutions.

To compute such a dissipative roto-breather, we can simply make a good guess
for the initial conditions and then integrate the equations of motion until the roto-
breather is reached. This method is very simple, but may suffer from long tran-
sient times and also from complicated structures of the boundaries of the basin of
attraction.

The Newton method can be applied here as well. Although we do not know the
precise period of the roto-breather, we do not actually need it. Instead of defining a
map which integrates the phase space over a given time, Tb, we may define a map
which integrates the phase space of all but the rotating pendulum coordinate from
the initial value x0(t = 0) = 0 to x0(tmap) = 2πm. Different trajectories will have
different values of tmap, but this is not a problem. The only two things we have to
worry about are finding a trajectory which leads to a rotation of x0 and, as usual,
being sufficiently close to the desired solution for the Newton map to converge.
Once the solution is found, Tb = tmap.

2.4.2 Perturbing Dissipative Breathers

If a dissipative roto-breather is stable, then the volume of its basin of attraction is
finite, so small deviations will return the perturbed trajectory back to the breather.
Upon a change of some control parameter, the breather may still persist but be-
come unstable. Consider the linearized phase space flow around a roto-breather of
(33, 34):

ε̈l = −∑
m

∂ 2H
∂xl∂xm

|{xl′ (t)}εm − γε̇l . (36)

In analogy with Sect. 2.2, we may introduce a (quasi-symplectic) matrix R which
maps the phase space of the perturbations onto itself by integration of (36) over one
breather period [34]. By using the transformation

εl(t) = e−
1
2 γtκl(t), (37)
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we obtain

κ̈l = −∑
m

∂ 2H
∂xl∂xm

|{xl′ (t)}κm − 1
4

γ2κl . (38)

Equation (38) defines a Floquet problem with a symplectic matrix F with the prop-
erties discussed above. By transforming back to R, we find that those eigenvalues
which are located on the unit circle for F now reside on a circle with a smaller
radius

R(γ) = e−γTb/2. (39)

If μ is an eigenvalue of R, then so are

μ∗,e−γTb
1
μ

, e−γTb
1

μ∗ . (40)

There is still one eigenvalue, μ = 1, which corresponds to perturbations tangent
to the breather orbit. The related second eigenvalue is located at e−γTb , in con-
trast to the Hamiltonian case. A schematic outcome of a Floquet analysis of a
dissipative breather is shown in Fig. 8. We close by noting that the above prop-
erties of the quasi-symplectic matrix R follow directly from (36), and thus apply
to many other situations in the study of the stability of periodic orbits in dissipative
systems.

–

–

–

–

Fig. 8 Schematic view of an outcome of the Floquet analysis of a dissipative breather. Floquet
eigenvalues (filled circles), the unit circle (large radius), and the inner circle of radius R (39) are
plotted in the complex plane. Left picture: stable breather (all eigenvalues are located on the circle
with radius R). Right picture: stable breather close to instability (two eigenvalues have collided
on the inner circle, and one is departing outside towards the unit circle). Note that the group of
eigenvalues in proximity on the unit circle correspond to the plane wave continuum (extended
Floquet eigenstates), while the separated eigenvalues on the inner circle correspond to localized
Floquet eigenstates
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3 Applications

In the following, we will discuss in detail two recent applications of the concept of
discrete breathers in systems where dissipation is not only unavoidable but essential
in order to observe and manipulate DBs in a way which is impossible for a conser-
vative case.

3.1 Josephson Junction Networks

Arrays of Josephson junctions are perfect laboratory objects to study various nonlin-
ear phenomena. An anisotropic ladder of dc-biased Josephson junctions, as shown
in Fig. 9, is perhaps the simplest structure which supports discrete breathers. The
dynamics of a single Josephson junction is described by the time evolution of the
difference of the phases of the wave function between adjacent superconducting is-
lands, φ . It may support two stable states – a superconducting state and a resistive
state. In the superconducting state, the average value of φ̇ vanishes. In the resistive
state, it is non-zero and proportional to the voltage drop across the junction.

3.1.1 Basic Principles and Modelling

We denote the phase differences across the lth vertical junction and its right up-
per and lower horizontal neighbours by φ v

l ,φ h
l , φ̃ h

l . Then, the dimensionless equa-
tion of motion for each junction, with current Il flowing through it, is given by the
Josephson equation with its phase difference φl :

φ̈l +αφ̇l + sinφl = Il . (41)

The time is normalized to t0 =
√

CΦ0/(2πIc), with Φ0 being a magnetic flux quan-
tum, C the capacitance, and Ic the critical current of the corresponding junction.

~γ γ γ γ γ γγ

γγγγγγγ

η

η

φ v
i-1
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φh

i
φh

i-1

φ
i-1

h φ
i

h~

Fig. 9 A schematic view of a Josephson junction ladder (JJL). Crosses indicate the locations of
junctions, while the arrows show the direction of external current flow, γ
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The dimensionless damping parameter is α =
√

Φ0/(2πIcCR2
N) (where RN is the

junction resistance) and η = IcH/IcV is the anisotropy constant, i.e. the ratio of the
critical horizontal and vertical currents. Note that, due to the sin term, for a resistive
junction φ = Ωt +g(t), where the zero mean periodic function g(t) = g(t +2π/Ω)
describes periodic modulations of the resistive state. This a.c. Josephson effect also
imposes a corresponding oscillation on nearby coupled junctions, which, when time-
averaged, are in the superconducting state.

Using the Kirchhoff laws and the self-inductance relation for one elementary cell
of the ladder (see [36]), one arrives at the following set of equations:

φ̈ v
l +αφ̇ v

l + sinφ v
l = γ +(Δφ v

l −∇φ̃ h
l−1 +∇φ h

l−1)/βL,

φ̈ h
l +αφ̇ h

l + sinφ h
l = −(φ h

l − φ̃ h
l +∇φ v

l )/(ηβL),

¨̃φ h
l +α ˙̃φ h

l + sin φ̃ h
l = (φ h

l − φ̃ h
l +∇φ v

l )/(ηβL), (42)

where γ is the dimensionless d.c. bias in units of IcV , βL = 2πLIcV /Φ0 is the di-
mensionless discreteness parameter, and L is the self-inductance of the elemen-
tary cell of the ladder. The discrete operators are given by ∇φl = φl+1 −φl , Δφl =
φl+1 − 2φl + φl−1. The dispersion law for the plasmon plane waves for the weakly
damped case (α � 1) can be obtained by omitting the damping and linearizing the
system (42):

ω2
0 = 1, ω2

± =
1
2

[
1+ξ ±

√
(1−ξ )2 +8(1−

√
1− γ2)/(ηβL)

]
,

where ξ =
√

1− γ2 + 2[1 + η(1− cosq)]/(ηβL). The branch ω0 corresponds to
non-active vertical junctions and in-phase (symmetric) oscillations of the phases
of upper and lower horizontal junctions. The branch ω+ > ω0 is characterized by
anti-symmetric oscillations of the horizontal phases for all qs. For q = 0, only the
horizontal junctions are excited. The branch ω− < ω0 becomes dispersionless for
γ = 0. For q = 0, it corresponds to the excitation of only the vertical junctions,
while the horizontal ones are not active.

For a finite-size ladder with open boundary conditions and N cells, i.e. N + 1
vertical junctions, the spectrum of linear waves is discrete and is characterized by
the following choice of allowed wave-number values:

ql =
lπ

N +1
, l = 0,1,2, ...,N. (43)

These plasmon waves are the cavity modes of the JJL. Odd values of l correspond to
anti-symmetric eigenvectors (with respect to reflections at the centre of the ladder),
whereas even values correspond to symmetric ones.
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3.1.2 Roto-Breather Solutions and Their Current–Voltage Dependencies

The breather states (roto-breathers in this case) correspond to a few junctions being
in the resistive state, with all other junctions oscillating around the superconducting
state. These oscillations are induced by coupling to the resistive junctions.

Experiments [37, 38] have revealed different breather structures, as depicted in
Fig. 10: (a) up–down symmetry, (b) left–right symmetry, (c) inversion symmetry,
(d) no symmetry. Each group of breathers can also have an arbitrary number, nr,
of vertical resistive junctions. Experimentally, each discrete breather is character-
ized by its current–voltage dependence [37]. Such a time-averaged measurement
does not resolve the details of the oscillatory dynamics of a state. This is almost
impossible to do, due to the absence of spectroscopic tools at plasma frequencies of
the order of 100 GHz. The average voltage drop on the lth vertical junction equals
V = (1/Tb)

∫ Tb
0 φ̇ v

l dt. For the type (a, d) breathers, V = 2ω b, while for the type
(b, c), V = ω b.

Using the approximation φ ∼ t for resistive junctions, one can compute the de-
pendence of the average voltage drop on the d.c. bias:

V =
kγ

α[k +(3− 1
2 δ )η ]

, (44)

where k is the number of vertical rotating junctions and δ denotes the number of re-
sistive horizontal junctions. Note that δ = 4 for breathers with up–down symmetry,
δ = 2 for left–right or inversion symmetry, and δ = 3 for no symmetry. Numeri-
cal calculations of the current–voltage characteristics (Fig. 11) showed very good
qualitative agreement with experiments. In addition, numerical studies allow us to
directly access the tricky details of the nonlinear dynamics of the obtained states.
Note that the variation of the parameters allows for breathers with frequencies lo-
cated above the entire plasmon spectrum, as well as in its gaps.

The presence of dissipation leads to a temporal decay of plasmon waves, if ex-
cited homogeneously in the ladder. In addition, it also leads to a spatial decay of
plasmon waves if a local resonant source is generating them. Thus, a roto-breather
in the JJL can be brought into resonance with plasmon waves. The tuning parame-
ter is simply the d.c. bias, which is the main control parameter in the experiments.
When the breather frequency is tuned into resonance, the breather starts to generate
plasmons, which will localize in space. Their localization length, though finite, will
grow with decreasing dissipation constant, α . In a finite ladder, one expects to ob-
serve a resonant breather tail, which extends to the end of the ladder, and appears

Fig. 10 Possible realizations
of discrete breathers in a
linear ladder. Black spots
indicate the positions of resis-
tive junctions. Ladders with
periodic boundary conditions
do not support (c) or (d) states d)a) b) c)
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Fig. 11 Current–voltage dependence and the edge average power Pac = 1
2 〈φ̇ v2

N 〉 dependence for
breathers of type (b) in a ladder with N = 10 vertical Josephson junctions. Solid lines – numerical
results. Dotted lines – approximation (44). Vertical dashed lines – band edges of the plasmon wave
spectrum. Left picture – α = 0.1, βL = 0.2, η = 1.15. Right picture – α = 0.1, βL = 1.0, η = 0.5
(Figure adapted from [36])

at discrete values of the bias, due to the discrete set of cavity mode frequencies.
This indeed can be observed, e.g. in the left picture in Fig. 11, where the cavity
modes resonate with the second harmonics of the breather frequency. At the same
time, almost no indication for that resonance is observable in the current–voltage
characteristics.

In the right picture in Fig. 11, the breather frequency itself resonates with the
plasmon waves. Still, the breather survives, due to the presence of dissipation. How-
ever, the resonant breather–plasmon interaction is now strong, and this leads to a
considerable change in the current–voltage characteristics. Almost vertical resonant
steps are observed, and these correspond to a locking of the breather frequency to a
particular cavity mode frequency. These resonances allow us to use the tunable roto-
breather as a spectroscopic tool to study the properties of cavity modes in a JJL.

The strong interaction of breathers with cavity modes in JJLs leads to the possi-
bility of studying resonant scattering of cavity modes by roto-breathers [39]. Again,
the dissipation helps in stabilizing the breather during the scattering process. The
transmission for plasmons is strongly dependent upon their wave numbers. In ad-
dition, strong resonances can be obtained in the scattering, ranging from resonant
transmission to resonant reflection. By changing the d.c. bias, the roto-breather is
changed, and thus so is the scattering potential. Consequently, roto-breathers may
serve as tunable frequency filters for plasmon waves in the 100 GHz frequency
domain.

Another consequence of the presence of dissipation is the possibility of excit-
ing genuine quasi-periodic breathers. This has been achieved, both theoretically and
experimentally, by using the fact that not all resistive junctions have to lock to the
cavity mode when a breather is driven into a resonance [40]. In such a case, the
breather becomes an object where different resistive junctions rotate at various in-
commensurate frequencies. Due to the interaction, the final state is quasi-periodic
in time.
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3.1.3 Laser Scanning Microscopy

The technique of laser scanning microscopy finally allowed visualization of the ex-
perimentally obtained breather states [37]. To do this, the ladder is prepared in a
given state, and the voltage drop across the ladder is monitored. Then, the probe
is scanned with a laser beam with a moderate intensity and a cross-section di-
ameter of few micrometres. The laser beam locally heats the probe. If it hits a
resistive junction, the local temperature change will induce a change of the junc-
tion characteristics, and finally a change in the measured voltage drop. Otherwise,
the voltage drop will show no response. In Fig. 12, the outcome of such exper-
iments and the corresponding schematics are shown for the case of annular lad-
ders. Both delocalized resistive states and roto-breather states are clearly visible.
In the schematics, Josephson junctions (each about 3μm wide) lie at the mid-
points of each of the line segments that signify superconducting leads connecting
the junctions. A homogeneous ladder in the schematic and a homogeneous back-
ground in the data would signal a superconducting state of all junctions at low d.c.
current, i.e. the linear regime. However, a large d.c. current switches some of the
junctions into a resistive state that supports a voltage across the junctions; in the
schematic, dots depict resistive junctions having different voltages. The resistive
junctions belong to discrete breather excitations localized at various sites of the
ladder.

Fig. 12 Experimental and
schematic images of roto-
breathers in an annular
Josephson ladder driven by a
d.c. current. Among the many
possible DB states, the data
show four: (a) a highly ex-
cited, spatially homogeneous
resistive state and (b–d) local-
ized states corresponding to
several distinct DBs (Figure
adapted from [41])
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3.2 Coupled Nonlinear Optical Waveguides and Resonators

Another experimental set-up used to observe discrete breathers is associated with
coupled optical waveguides, which form periodic structures in one and two dimen-
sions [42, 43, 44]. These structures represent generalizations of the nonlinear optical
coupler, introduced by Jensen [45]. There are generally two different approaches to
the experimental realization of coupled waveguide arrays. One is the etching of
fixed waveguides in nonlinear materials, such as semiconductors [46], and the other
is induction of periodic structures in compliant media, such as optical induction
in photorefractive crystals [43] or periodic voltage biasing in liquid crystals [47].
Figures 13 and 14 illustrate typical one- and two-dimensional waveguide arrays
produced by each of the two methods.

3.2.1 Basic Principles and Modelling

The standard theoretical approach for studying light propagation in waveguide ar-
rays is based on the concept of coupled waveguide modes – see Fig 13(b) – which is
similar to the tight-binding approximation used in solid state theory. Typical propa-
gation distances in waveguide arrays are rather short, so that the effects of dispersion
and diffraction in each individual waveguide are usually neglected.1 With this as-
sumption, and also only considering Kerr-type nonlinearity, the corresponding set
of equations for the amplitudes of the waveguide modes, En, reduces to the DNLS
model [44]:

i
dEn

dz
+βEn +C(En−1 +En+1)+ γ|En|2En = 0, (45)

where β is the linear propagation constant (taken to be the same in each waveg-
uide), C is the coupling coefficient between adjacent waveguide modes, and γ is the

En–1 En+1En

b)

Fig. 13 A one-dimensional AlGaAs waveguide array. It is composed of three layers of AlGaAs
material: the substrate and cladding with a lower refractive index and the guiding layer with the
higher refractive index. Periodic etching of the cladding forms coupled waveguides. (a) A snapshot
of the waveguide array. (b) Schematic structure of the waveguide array with illustration of modal
overlap (Figure adapted from [42])

1 Glass- and semiconductor-based waveguide arrays usually require picosecond or sub-picosecond
pulsed lasers in order to achieve high-enough intensities for a nonlinear response. This can intro-
duce spatio-temporal effects [48].
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Fig. 14 (a) Diagram of an experimental set-up for observing two-dimensional discrete localized
structures with the use of a photorefractive crystal – two interfering pairs of ordinarily polarized
plane waves induce the photonic array, while the extraordinarily polarized probe beam is focused
into a single waveguide and eventually forms a discrete soliton. (b) Typical observation of a waveg-
uide array at the exit face of the crystal for low-probe beam power (no soliton formation). Each
waveguide is approximately 7μm in diameter, with an 11μm spacing between nearest neighbours
(Figure adapted from [52])

nonlinear parameter [49, 50, 44]. To the lowest-order approximation, only coupling
between nearest neighbours is taken into account, while nonlinear coupling terms
are neglected. For waveguide arrays created by optical induction in photorefrac-
tive materials [43], the nonlinear term in (45) is usually modified to account for
saturation effects, and then takes the form γEn/(1 + |En|2) [51]. Generalization to
higher-dimensional problems is straightforward, cf. (18). In the above model, the
actual evolution coordinate is the propagation distance z, which plays the role of an
effective time. For that reason, we will refer to wave propagation constants along
the z-axis as spatial frequencies, in analogy with other discrete models introduced
earlier.

3.2.2 Discrete Solitons: Stationary DBs in One- and Two-Dimensional
Coupled Waveguide Structures

The DNLS model (45) represents a very specific type of discrete nonlinear system
which supports time-periodic solutions (space periodic in the z coordinate) where
only one frequency is excited:

En(z) = An exp(−iΩbz). (46)

Using a suitable rescaling of spatial frequencies Ωb, the propagation constant β
in (45) can be set to zero without loss of generality. Figures 15 and 16 illustrate
basic types of stationary DBs in one- and two-dimensional DNLS models, while
experimentally observed localized excitations in the corresponding waveguide array
set-ups are presented in Fig. 17. Due to the stationary character of such excitations,
they are often referred to as discrete solitons, rather than breathers.

The DNLS model is used as a convenient playground for analysing basic non-
linear phenomena because of its relative simplicity. On the other hand, DNLS
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Fig. 15 Profiles of single-site (a) and two-site (b) stationary DB solutions (46) of the one-
dimensional DNLS model, (45), using normal and log-normal (insets) plots. Parameter values are
Ωb = 1.0,C = 0.25,γ = 1. Lines are to help visualization

equations can be derived as approximate small-amplitude models of more general
nonlinear lattice models with on-site nonlinear potential (Klein–Gordon lattices)
[5, 53, 54, 55, 56], inter-site nonlinear interaction (Fermi–Pasta–Ulam lattices).
[57, 58, 59], and mixed-type nonlinearities [60]. One essentially uses the rotating
wave approximation (RWA), which neglects the effect of the generation of higher
harmonics. In this respect, coupled optical waveguides provide one with effective
tools to test numerous theoretical predictions.

One of the obvious advantages of using optical waveguide arrays, as compared
to many other experimental realizations of DBs, is that no special technique is
needed to observe the localized states that are obtained. A snapshot, taken with a
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Fig. 16 Different types of DBs in the two-dimensional DNLS model with γ = 1 and C = 4:
(a) single-site DB, Ωb = 5.5; (b) inter-site DB, Ωb = 8; (c) ‘hybrid’-type DB, Ωb = 9
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Fig. 17 Experimental observation of discrete diffraction in the linear regime (small input power)
and localization in the nonlinear regime (high input power). (a) Experimental images of a Kerr-
type AlGaAs one-dimensional waveguide array with waveguide spacing D = 8μm, operated at
a wavelength of λ = 1.53μm [61]. (b) The same for a periodically poled lithium niobate array
with D = 15μm, operated at a wavelength of λ = 1.56μm [42]. (c) and (d) The same for a two-
dimensional optically induced waveguide array, shown in Fig. 14, with the input beam at normal
incidence and at an angle of 0.55o to the lattice plane (at the edge of the first Brillouin zone), re-
spectively. The signs of the voltage applied to the photorefractive crystal in (c) and (d) are opposite,
corresponding to focusing and defocusing nonlinearities, respectively (Figure adapted from [52])

high-resolution infrared camera at the output facet of the array, provides full
information about the light intensity distribution among the coupled waveguides.
In addition, optical set-ups provide a unique opportunity for observing the actual
dynamics of a discrete system by monitoring the light intensity evolution along the
propagation direction. For example, this can be done by scanning the evanescent
light from the top of the waveguide array [62]. As a result, the formation of various
types of one- and two-dimensional DBs has been successfully observed in optical
experiments, and, additionally, different intriguing aspects of the DB dynamics have
been tested. In particular, interactions between highly localized discrete solitons
and propagating broad wave packets have recently been observed experimentally
in AlGaAs waveguide arrays [63, 64]. Also, possible experimental set-ups for the
direct observation of resonant linear wave scattering by DBs and associated spec-
tral hole-burning effects have been developed on the basis of optical waveguides
[65, 66].

We also note that DNLS models can support more general types of time-periodic
solutions, with several harmonics excited [6, 67, 68, 69]. Similar optical breathers
were recently observed experimentally [70].

3.2.3 Coupled Resonators

A closely related and intensively developing subfield of nonlinear optics deals with
coupled optical resonators. A straightforward generalization of the above waveguide
array set-ups is given by a set of coupled zero-dimensional resonators [71], where
mirrors are applied to the input and output facets of the array – see Fig. 18(a). Other
possible set-ups include periodically arranged defect cavities in photonic crystals
and coupled micro-ring resonators – see Fig. 18(b) and (c), respectively.
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Fig. 18 Different set-ups of coupled optical resonators. Top left: coupled semiconductor resonators
with mirrors applied at the input and output facets of waveguides (After [71]). Top right: peri-
odically arranged defect cavities in a photonic crystal (After [72]). Bottom: coupled micro-ring
resonators (After [73])

The corresponding theoretical models should account for dissipation, which is
one of the principal ingredients in any resonator system. One of the simplest models
is given by the driven and damped DNLS system [71], in which dissipative terms
are taken to be linear in the field amplitude:

(
i

∂
∂τ

+Δ+ i+ γ|En|2
)

En +C(En+1 +En−1 −2En) = A(in)
n . (47)

Here, τ is the effective evolution coordinate, En is the field amplitude in the n th
resonator, C is the coupling between adjacent resonators, Δ is the detuning from lin-
ear resonance, γ is the nonlinear Kerr coefficient, and the damping term is rescaled

to unity. The amplitudes A(in)
n originate from the input field (pump), which can be

non-homogeneous across the array.

In the case of a homogeneous pump, A(in)
n = const., (47) supports different types

of bright and dark stationary DBs – see Fig. 19. Due to dissipation, these objects
no longer form families of solutions, but correspond to attractors in phase space.
All the characteristics of such DBs, including their amplitude and phase, are fully
determined by the model parameters and the parameters of the pump (its ampli-
tude and phase). To a certain extent, this makes the dynamics of the driven-damped
DNLS less rich than that of its Hamiltonian analogue. However, dissipation also
brings certain new features to the dynamics of localized excitations. It can suppress
some resonances with extended states of the system, which otherwise do not al-
low for quasi-periodic and moving DBs. Earlier, we mentioned the observation of
quasi-periodic DBs in coupled Josephson junction systems. Here we will focus on
moving DBs.

A tilted pump, A(in)
n = aexp(iφinn), which corresponds, for example, to an incli-

nation of the incidence field in the set-up of Fig. 18(a), induces a transverse force
acting on a DB. This, in turn, can cause the DB to move across the array – see
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Fig. 19 Left: bifurcation diagram for the bistable homogeneous ground state of (47) (grey lines),
and different types of bright stationary DBs (black lines). Solid curves indicate stable solutions,
while dashed curves indicate unstable ones. Parameter values are γ = 1, Δ = −3, C = 0.25. Right:
co-existence of different types of stationary DBs. Parameter values are γ = −1, Δ = 3, C = 0.25,
|A(in)|2 = 3.3 (Figure adapted from [71])

Fig. 20 Average velocity of
a DB (W/h) versus normal-
ized tilt (V0/h) for various
coupling constants. The inset
illustrates the position of the
centre of moving DBs for
various tilts (Figure adapted
from [74])

Fig. 20. It is important that the discreteness of the system hinders such motion and,
in some cases, even prevents it [74]. Generally, there exists a critical value of the

tilt, φ (cr)
in , below which a given type of DB cannot move – see Fig. 20. This is in

contrast to continuous systems, where the resulting velocity of a cavity soliton is
linearly proportional to the tilt [75].

The inherent nonlinearity of the DB velocity as a function of the tilt, V (φin), in

the vicinity of the critical point, φ (cr)
in , gives rise to the effect of DB ratchet motion

under the influence of a periodically changing tilt with zero average value [76] – see
Fig. 21. A necessary condition for the observation of such a DB ratchet effect is the
violation of certain symmetries of the system, and this can be achieved, for example,
by applying a bi-harmonic variation of the tilt, or by a superposition of two pumps
with varying tilts at different frequencies [76]. For adiabatically changing tilt(s),
the average velocity of the resulting net motion of a DB can be estimated to be
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Fig. 21 Density plots of |En|2 for DB motion under a periodically changing tilt of the input field.
(a) Periodic motion of a DB under the influence of a single-harmonic periodically changing tilt. (b)
Ratchet motion of a DB under the influence of superimposed pumps with varying tilts at different
frequencies (Figure adapted from [76])

V̄ = 1
T

∫ T
0 V [φin(τ)]dτ , where T is the period of the tilt. Obviously, the ratchet effect

vanishes in the continuous limit, where the function V (φin) becomes linear.

3.3 Other Examples

Dissipation is unavoidable in any experiment. Nevertheless, it is characterized by
some time scale, and experiments which probe a system on shorter time scales are
not influenced by the dissipation. In the above examples, the experimental time
scales were much larger than the dissipation time scale, so the properties of the
discrete breathers were strongly influenced by it. Let us briefly mention two more
examples, from recent studies, which fall into this category.

Sato, Hubbard, and Sievers studied the generation of breathers in driven micro-
mechanical cantilever arrays [77]. The frequency of the a.c. drive is chosen to be
close to the linear cavity mode spectrum, but not resonant with it. Discrete breathers
are spontaneously generated and stabilized by the a.c. drive. Once a DB is generated,
laser beams are used to guide it along the cantilever lattice.

Sato and Sievers performed several experiments with anti-ferromagnets. A so-
phisticated set of different electromagnetic pulses are used to excite localized spin
excitations [78]. Further pulses are used to stabilize DBs and finally to observe their
decay in a controlled way. Although they are indirect, these experiments are an im-
pressive example of controlling the excitation and properties of DBs at nanometre
scales.

4 Summary

The rapidly growing field of the theory and applications of discrete breather exci-
tations is too large to be covered in one chapter. As we pointed out here, a sub-
class of experimental studies makes a focus on the particular case of nonlinearity,
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discreteness, and dissipation. While dissipation is not crucial here for the mere ex-
istence of DBs, it has a profound impact on many of their properties. A DB can be
brought into resonance with cavity modes, without destroying the DB itself. Also
DBs can become quasi-periodic in time, which again, in general, is impossible in
the absence of dissipation. DBs can start to move along the lattice, in contrast to the
case without dissipation. Finally, control over the strength of dissipation naturally
introduces new, and sometimes easily accessible, control parameters which can be
used in experiments.
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Anharmonic Oscillations, Dissipative Solitons
and Non-Ohmic Supersonic Electric Transport

M.G. Velarde, W. Ebeling, and A.P. Chetverikov

Abstract We consider the Toda lattice with exponentially repulsive interactions
between the units and view these units as Brownian elements capable of pump-
ing energy from a surrounding heat bath or reservoir, and we show that solitons
can be excited and maintained in the presence of dissipation. Then, we endow these
Toda lattice units with electric charge, i.e., we make them positive ions and add free
electrons to the system. We use this to show that, in the presence of an external
electric field, following an instability of the base linear Ohm conduction state, the
electromechanical Toda lattice is able to maintain a non-Ohmic soliton-driven su-
personic electric current, and we then discuss its striking characteristics. Thus the
lattice appears very much like a versatile neural transmission line.

1 Introduction

The soliton concept, and the coinage of the word soliton, originates from the work
of Zabusky and Kruskal [1] (see also [2, 3, 4]). They dealt with the dynamics of
one-dimensional (1D) anharmonic lattices and their (quasi) continuum approxima-
tion [5] provided by the Boussinesq–Korteweg-de Vries (BKdV) equation [6, 7].
That work followed research done by Fermi et al. [8] (see also [9]) who tried to un-
derstand equi-partition in a lattice by adding anharmonic forces. They used 1D lat-
tices with 16, 32 and 64 units interacting with springs obeying x2 and x3 anharmonic
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forces and another described by a nonlinear but “piecewise linear” function. The
significant achievements of Visscher and collaborators are also worth mentioning.
While trying to understand heat transfer, they used the Lennard-Jones potential [10]
to explore the role of anharmonicity and of impurities (i.e., doping a given lattice
with different masses, thus generating isotopically disordered lattices). More re-
cently, Heeger, Schrieffer and collaborators have used solitons to explain the elec-
trical conductivity of polymers [11]. Finally, we ought to highlight the work done
by Toda (1967) on the lattice (which he invented) with a peculiar exponential in-
teraction [12, 13], since here we build upon the results obtained by Toda. [N.B. We
make no claim of completeness in the list of references offered here. For a thorough,
albeit now a bit old, review of solitons in condensed matter, see Bishop et al. [14];
for an in-depth discussion of heat transfer see Toda [15].]

In one limit, the Toda interaction yields the hard rod/sphere impulsive force (a
gas), while in another limit, it becomes a harmonic oscillator (the ideal solid lattice
crystal). When the force is proportional to displacement or elongation (x), we have
Hooke’s law, and this defines the realm of linear oscillations (harmonic in Fourier
space), or phonons in the quantum terminology. Through a suitable Taylor expan-
sion, the Toda interaction provides the aforementioned x2 and x3 anharmonic forces
beyond Hooke’s law. Figure 1 illustrates Toda’s interaction (with its exponential-
repulsive and linear-attractive parts) relative to the Lennard-Jones and Morse inter-
actions. As the latter is a combination of exponentials, both the Toda and Morse
interactions are easy to implement electronically. The mechanical–electrical anal-
ogy has been fruitfully exploited by researchers [13, 16, 17, 18].

–1

–0.5

0

0.5

1

1.5

2

0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25

L-J - - -
-- --

-
Morse ——–

r

U
Toda

Fig. 1 Toda potential (U = UT = a
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2b [(e−bσ(r−1) − 1)2 − 1]) and Lennard-Jones potential

(
U = UL-J = U0

[
1

r12 − 1
r6 −1

])
. In order

to have all three minima of the potential functions at the same location, i.e., (1, −1), we have
suitably adjusted the free parameters, while keeping the same basic frequency; r is a suitably
rescaled length quantity. It clearly appears that Toda’s interaction captures the repulsive core in
a good way, whereas its attractive part becomes unphysical for large values of the displacement.
Both the Toda and Morse potentials are easily implemented with present-day electronics, as they
contain exponentials
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The concept of dissipative solitons extends the classical theory to non-
conservative systems where energy (rather than being conserved) is pumped and
dissipated in an appropriate balance, thus exciting and, eventually, sustaining a
localized structure (or a periodic nonlinear wave) beyond an instability thresh-
old [19, 20, 21]. The concept of dissipative solitons is also the natural generalization
of a dynamical system consisting of maintained dissipative linear waves with an un-
derlying dissipative harmonic oscillator [22, 23, 24, 25, 26, 27].

In this text, we limit ourselves entirely to one-dimensional (1D) lattice systems
in classical (not quantum) mechanics. In Sect. 2, we recall how solitons (and non-
linear periodic cnoidal waves) appear in the Toda lattice and give a few other re-
sults needed in the subsequent sections of this chapter. Section 3 is devoted to a
description of a first generalization of Toda’s lattice, made by adding an energy
pumping–dissipation balance. In Sects. 4 and 5, we add electric charges and we
discuss the electric currents that our generalized driven-dissipative Toda lattice can
exhibit in the presence of an external electric field. In particular, we discuss the re-
cent striking discovery [28] of the onset and eventual sustenance of electron–soliton
dynamic bound states (solectrons) and the “truth and consequences” that follow: a
form of (purely classical) “high”-temperature supersonic current following a transi-
tion from the linear (Ohm–Drude) conduction state. Section 6 provides conclusions
and suggestions for future research.

2 Solitons and Cnoidal Waves in a Toda Lattice

Let us consider a 1D lattice with Toda interactions between nearest-neighbor units
(Fig. 1). Here, relative to the harmonic case, we replace Hooke’s law by the force
corresponding to

UT
i (ri) =

a
b

[exp(−bri)−1+bri] . (1)

The relative mutual displacement between the mass i and the mass i + 1 is
ri = xi+1 − xi −σ . Then (in the infinite case), there is an exact solution of the cor-
responding dynamical system (the system is integrable), as found by Toda [12, 13].
As mentioned earlier, if we expand (1) in a Taylor series

UT(r) =
ab
2

(
r2 − b

3
r3 + · · ·

)
, (2)

for small values of the displacements, ri, from equilibrium positions, we recover, to
lowest-order, the harmonic oscillator. Subsequent terms in the series (r3, r4) repro-
duce the aforementioned interactions used by Fermi, Pasta and Ulam. Apart from an
external periodic forcing term, these define the (asymmetric nonlinear) Helmholtz
oscillator [29] and the (symmetric nonlinear) Duffing oscillator, respectively. We
see from the expansion (2) that, for the Toda potential, the parameter ab controls
the basic oscillation frequency and the parameter ab2 controls the anharmonicity of
the forces acting between the particles, so that b can be interpreted as the stiffness
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Fig. 2 Toda lattice. Lattice
compressions (bottom) create
solitons (pulse-like distur-
bances, solitary waves or
periodic cnoidal wave peaks);
momentum distribution along
the lattice is shown at the top.
Note that, taking into account
the sign of the velocity (left
to right motion), the former
is the (negative) derivative of
the latter

parameter of the springs. The solitary waves and (periodic) cnoidal waves found
by Toda are the new “degrees of freedom” of the lattice, corresponding to Fourier
modes in the linear approximation. For a uniform lattice bn = b(−∞ < n < ∞), the
exact solutions are the cnoidal waves (Fig. 2)

exp(−brn)−1 = m
(2Kν)2

ab

(
dn2
[
2
( n

λ
±νt

)
K
]
− E(k)

K(k)

)
, (3)

where the wavelength λ and the frequency ν are related by the dispersion relation

ν(λ ) =

√
ab
m

2K(k)
√

sn−2(2K(k)/λ )−1+E(k)/K(k)
. (4)

Here sn(u) and dn(u) are elliptic functions with modulus k (0 < k ≤ 1). K(k) and
E(k) are complete elliptic integrals [12, 13, 30].

When the modulus k is close to zero (i.e., for small values of the displacement),
E/K � 1− k2/2 and

rn �−π2ν2k2

2ab2 cos2π (νt ±n/λ ) , (5)

then the wave profile and dispersion of cnoidal waves in the Toda lattice are similar
to those of harmonic (sinusoidal) waves in a linear lattice.

In the limit k → 1, the cnoidal wave approaches a sequence of equally spaced
delta functions. For λ ≈ K → ∞(k → 1), the result is a solitary wave

exp(−b(rn+1 − rn)) = 1+ sinh2(χ) sech2 (χn− t/τ) . (6)

These “solitonic” excitations correspond to local compressions of the lattice with
the characteristic compression time

τsol = (ω sinh χ)−1 (7)
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and with a spatial “width” χ−1. The energy of the soliton is related to this quantity
by

εsol = 2
a
b
(sinh χ cosh χ −χ), (8)

with σ taken as the unit of length. The soliton velocity is given by

vsol = σ
√

ab
m

sinh χ
χ

, (9)

which is supersonic, since the sound velocity in the corresponding linear lattice is
σ
√

ab/m, with both velocities being given in common appropriate units [ω 0σ =
σ
√

ab/m,σ = 1 and even ω 0 = 1 in most of the text]. Figure 2 illustrates how
compressions create the solitonic peaks and the wave motion along the Toda lattice.

3 Self-Organization with an Input–Output Energy Balance

Driving, forcing and hence maintaining nonlinear oscillations in a Toda lattice can
be achieved using the following Langevin equations:

d
dt

xi = vi, (10)

m
d
dt

vi +
∂U
∂xi

= Fi(vi)+m
√

2D ξi(t),

governing the evolution of the ith particle viewed as a Brownian element on the
lattice. Here, the stochastic forces mimic embedding the system in a thermal bath
or reservoir, from where the lattice units can pump energy in a kind of self-
organization, obtaining order out of the noise. They have zero mean and are delta-
correlated:

〈ξi(t)〉 = 0,〈
ξi(t)ξ j(t)

〉
= δi jδ (t ′ − t).

Note that if we go back to the deterministic description (D = 0) and set Fi = 0, we
get Newton’s equations for the original Toda lattice [12, 13].

In order to introduce an input–output energy balance into the system, we define a
force, Fi, including its passive and active components. Following Lord Rayleigh [22,
23], (an alternative is Van der Pol’s approach [24]) we define a velocity-dependent
friction force by

F(v) = F0(v)+Fa(v) = −mγ(v)v, (11)

with
γ(v) = γ 0 + γa(v), (12)
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where the first term, γ0, describes the standard friction between the particles and the
surrounding heat bath. For this passive friction, we assume the validity of the Ein-
stein fluctuation–dissipation theorem [31, 32]. However, for simplicity, we assume
that the active (non-equilibrium) part of the friction force, γa, does not fluctuate.

The balance for the total energy, ε , of the system (10) is

dε
dt

= −mγ0 ∑
i

v2
i −m∑

i
γa(vi)v2

i +m
√

2D∑
i

viξi. (13)

Since γ0 > 0, the sign of the active term, γa(v), is crucial for the energy balance
of our lattice if we wish to have a steady state (dε/dt = 0). As noted earlier, this
contribution to the friction function may describe active forces, which, due to their
energy pumping effect, can drive the system away from equilibrium. Retaining Lord
Rayleigh’s law, we set

Fa(v) = −mγa(v)v = −m
(
−γ̂1 + γ2v2)v; γ̂1, γ2 > 0, (14)

and hence, for γ̂1 > γ0, we re-write the complete dissipative force as

F(v) = mγ0
(
μ − v2/v2

d

)
v, (15)

with

μ = (γ̂1 − γ0)/γ0, v2
d = γ0/γ2. (16)

Instead of the Rayleigh law, we may use a more refined law for the dissipative force
by introducing the expression [31, 32]

γ1 = −γ0
δ

1+ v2/v̂2
d

. (17)

Then the total friction force acting on a particle may be represented as

F(v) = −mγ0

[
1− δ

1+ v2/v̂2
d

]
v. (18)

Note that (18) yields (15) for low velocity values when we replace (δ − 1) with μ
and v̂2

d with δv2
d. For simplicity, we shall continue with (15).

The parameters μ and δ control the conversion of the energy taken up from
the reservoir into kinetic energy. One or the other is the bifurcation parameter of
our model. The values μ = −1 and δ = 0 correspond to equilibrium, the region
−1 < μ < 0, or 0 < δ < 1, stands for nonlinear passive friction and μ > 0, or δ > 1,
corresponds to an active friction force. The bifurcation from one regime to the other
occurs at μ = 0, or δ = 1. For the passive regime, the friction force vanishes at
v = 0, which is the only attractor of the deterministic motion, i.e., with no noise, all
particles come to rest at v = 0. For the active case, the point v = 0 becomes unstable,
but we then have two additional zeros at
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Fig. 3 Active Toda lattice. Trajectories (x, t) of 10 particles with added active Rayleigh friction
force. Solitons (peaks of the cnoidal waves) appear traveling (dotted line) along the lattice in the
direction which is opposite to that of the mean motions of the lattice particles. The single soliton is
genuine solitary wave appearing in the lattice. It was obtained by suitably adjusting the randomly
distributed initial velocities of the particles. The soliton velocity is given by the slope of the dotted
line. Parameter values: ω0 = 1, σ = 1, γ0 = 0.8, μ = 1, b = 1 and D = 0

v = ±v0, v0 = v̂d

√
δ −1 =

√
δ −1, as v̂d = 1 or v0 = vd

√
μ =

√
μ, as vd = 1.

(19)

The two velocities, ±v0, are the new “attractors” of the free deterministic motion.
We look for a description with universality using dimensionless equations through

an appropriate choice of scales. In the light of earlier comments, and for illustrative
computational purposes, we set m = 1, σ = 1, and ω0 = 1. In Fig. 3, we show the
result of a numerical integration of (10) for 10 lattice units without forcing and with
no noise, but with an active friction force. The Toda lattice units are moving clock-
wise, while the excited soliton is moving counter-clockwise (as illustrated by the
dotted line).

4 Electromechanical Toda Lattice

Let us consider the role of dissipative solitons in the active Toda lattice endowed
with electric charges (ions and electrons). Hence, we now view the Toda lattice units
as ions (charge +e and mass mi; mi = m) interacting with free electrons (charge −e
and mass me << mi, mi ≈ 103me; we expect no confusion regarding the subscripts
“e” and “i”, which here refer to electrons and ions, respectively). If we approximate
the repulsion of the ions with a simple exponential law (see Fig. 1), then the 1D ion
system on a lattice is equivalent to a 1D Toda lattice (1),

U(rk) =
mω2

0

b2 exp(−brk) (20)
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(recall that a/b = mω2
0 /b2, σ = 1). Thus, for small displacements, an ion moves

in the harmonic potential of its nearest neighbors, while for larger values of the
displacement, it feels a stiff (exponential) repulsion on each side. In principle, the
stiffness, b, is a tunable parameter. Let us study the influence of the dynamics of the
system on its electrical conductivity.

Let us place the N electrons at positions y j (thus having electro-neutrality) and
allow them to move freely in the non-uniform and, in general, time-dependent, elec-
tric field generated by the positive lattice particles (ions) located at lattice positions
xk. For simplicity, we describe the electron–ion interaction with a pseudo-potential
with an appropriate cut-off [33]:

Ue(y j) = ∑
k

(−e)e√
(y j − xk)2 +h2

. (21)

This potential avoids the pole (a Coulomb singularity) by introducing a cut-off at
Umin = −e2/h; h ≈ σ/2 is the cut-off distance and, as previously noted, σ is the
equilibrium inter-ion mean distance. [N.B. Quantum mechanically, (21) is justified
by the fact that, in a real solid, the ion core is a region of high electronic density
and finite size, and so it can hardly be penetrated by a free electron.] Figure 4 illus-
trates, using suitable dimensionless quantities, the role of the cut-off, h, and of the
compression of the Toda springs in the lattice.

To avoid Coulomb singularities in 1D or 2D geometry in (21), we consider the
free electrons to be moving along the lattice in 3D. Accordingly, the electrons are
able to move from one side of an ion to the other. Also, for simplicity, the interaction
between electrons is neglected. Thus, with N ions placed at co-ordinates xk, moving
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Fig. 4 Electromechanical Toda lattice. Pseudo-potential (21) experienced by an electron placed
midway between two nearby ions. The graphs here appear in universal forms, since we use H ≡
h/r, Y ≡ y/r, X ≡ x/r, hence x1 = 0 → X = 0, x2 = r → X = 1 and 0 < y < r → 0 < Y < 1. Also,

U(Y )/e2 = −
[
Y 2 +H2

]−1/2 −
[
(Y −1)2 +H2

]−1/2
. As H grows, either because h grows (cut-

off length increases) or r decreases (compression increases), the maximum yields to a minimum
midway between the two ions
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on a lattice of length L = Nσ , and in view of the evolution assumed for the ions
(10), we now make use of Langevin dynamics for electrons, which are also taken to
be Brownian elements:

d
dt

y j = v j,

me
dv j

dt
+∑

k

∂Ue(y j,xk)
∂y j

= −eE −meγe0v j +me

√
2De ξ j(t). (22)

We assume periodic boundary conditions. For further simplicity, we may, on oc-
casion, consider just one electron located at a position y, rather than N (non-
interacting) electrons at co-ordinates y j. Note that the friction of the electrons is
assumed to be purely passive (i.e., we have standard damping for all velocities).
As for the ions (10), the stochastic force in (22) also models a surrounding heat
bath (Gaussian white noise), but, following Einstein’s relation [31, 32], tempera-
tures need not be equal (as we disregard issues of thermal equilibrium). Note also
that the friction force acting on the electron is small relative to that on the ions,
meγe0 � miγi0 (the subscript “0” denotes passive friction).

As we have now “ions” and “electrons”, (1) must be replaced by

U =
N

∑
k=1

[UT
i (rk)+Ue(rk)], (23)

with UT
i (rk) denoting the Toda exponential potential (1) and Ue(rk) the electron–ion

potential (21). The external electric field E also acts on the charge ei = +e of the
Toda particles (ions). Making the Rayleigh-like velocity-dependent force explicit,
the Langevin equation in (10) becomes

m
d
dt

vk +mγ0vk +
∂U
∂xk

= eE +Fa(vk)+m
√

2D ξk(t), (24)

where k denotes the kth ion on the lattice ring. Our evolution problem is now the
combined set of (22) and (24). These equations have been integrated by means of
a fourth-order Runge–Kutta algorithm adapted for solving stochastic problems like
the Langevin equation [34]. All computer runs begin with a state where the distances
between ions are equal and their velocities are taken randomly from a normal dis-
tribution with amplitude vin, vk(0) = vinξ (k). Each electron is placed at rest, v j = 0,
midway between two ions. Heavy ions are not affected much by light electrons, and
hence (free) electrons move on the background/landscape of the pseudo-potential
profile created by the ions (Fig. 5). The integration step is chosen to correctly de-
scribe the fastest component of the process, viz. oscillations of electrons in a poten-
tial well. The parameters of both Toda and Coulomb potentials, the mass ratio and
the particle charges are all held fixed in order to reduce the number of parameters
of the problem. Thus, the damping rates, γ0 and γe0; the values of the parameters
characterizing the driving forces, Fa(vk); the initial velocity, vin, chosen to select a
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Fig. 5 Electromechanical Toda lattice. Snapshot of the effective potential/landscape acting on an
electron moving in a lattice with a solitonic excitation which creates a locally deeper potential
well. In a lattice which is sufficiently long, the solitonic (negative) peaks define a new periodicity
(cnoidal waves) which is different from the other (quasi) harmonic one. Parameter values: σ = 1,
b = 1 and h/σ = 0.3

solitonic mode; the value of the external field; and the electron temperature, T , are
varied in the computer integrations.

5 From Ohm’s Law to a Soliton-Mediated Supersonic Current

Due to the above-mentioned large difference in the masses of the charged particles,
by far the major contribution to the current comes from the electrons moving on
the nonlinear ion lattice. The current density (per unit length) of the electrons is
obtained by taking average of the electron velocities. Hence, the electric current
density (per unit length) is

je = −nee∑
j
〈ve

j〉, (25)

(ne = 1 with 10 electrons and 10 ions). The average should be taken over suffi-
ciently long trajectories. We are interested in the interaction of the electrons with
the previously discussed (rather deep) solitonic excitations in the lattice (Fig. 5).

Before embarking on a study of electric currents, we study the effect of solitonic
excitations generated through quenching by numerically finding the correspond-
ing solutions of the coupled Langevin equations (22) and (24). Let us first discuss
what happens if E = F = 0 in (24). The numerical integration was conducted by
starting from a Gaussian distribution of the ion velocities, corresponding to a high-
temperature Maxwellian as the initial condition. This temperature was of the order
of 200–300 in units of mω2

0 σ2, the energy of harmonic oscillations with amplitude
σ (for clarity we make all variables and parameters explicit). At this rather high
temperature, solitons should also be generated in addition to other elementary exci-
tations. However, they are difficult to identify due to the seemingly chaotic motions
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of the particles. Then, we quench to a temperature near zero. The solitons survive,
since they have a longer lifetime than other excitations.

In another set of computer integrations, we combined quenching with active fric-
tion (F �= 0) to overcome the dissipation. Again, the numerical integration started
with a high-temperature initial condition, then, after quenching, the solitonic exci-
tations were maintained by feeding in energy with Rayleigh’s active friction force.
In this case, and as noted earlier, the system develops solitons moving oppositely to
the field. The electrons which are coupled to the charged Toda lattice units (ions)
form rather stable dynamic bound states with the solitons (solectrons). For illustra-
tion, we take (unless otherwise specified) μ = 1. Most of the time, the electrons will
be located near local ion clusters, since they seek the deepest nearby minimum of
the potential (see Fig. 4). Note that we have a dynamic process which does not lead
to a static cluster, as the ions participating in the local compression are changing
all the time. In other words, the electrons continually have new partners (a kind of
promiscuity) in forming the bound states.

[N.B. An active Toda lattice (with Rayleigh’s active friction force) with N
particles possesses (N + 1) basic attractors. Of these, (N − 1) are oscillatory and
two are non-oscillatory. (As a whole, the lattice moves to the right or left or
clockwise/counter-clockwise in a lattice ring.) For N even, there is also an “opti-
cal” mode, corresponding to anti-phase oscillations. Here, we opt not to discuss this
wealth of possibilities and hence, once more, refer the reader to recent publications
on the subject [17, 18, 35].]

In Fig. 6, we show the evolution of 10 Toda lattice units (ions) creating 1 dis-
sipative soliton which moves in the opposite direction and 10 free, non-interacting
electrons. After a sufficient time interval, most of the electrons bind to the soli-
ton, one after another, and move with a velocity which is approximately that of the
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Fig. 6 Active electric Toda lattice. Trajectories are shown for 10 particles (ions) moving left to
right, creating one fast dissipative soliton moving in the opposite direction, and for 10 electrons
(ending, generally, as sloped lines) captured, one after another, by the soliton. Three electrons
seem to be traveling together (thicker sloped line), while the 10th electron still moves almost freely
(trajectory around y = 0). Parameter values: h = 0.3, μ = 0.25, γ0 = γe0 = 0.5, D = De = 0 and
m/me = 103. Unit time along abscissa: t/

√
5



332 M.G. Velarde et al.

soliton in a direction opposite to that of the ions. Needless to say, this is possible
in the context of pure classical mechanics with the free non-interacting electron
approximation that we have used here.

We have seen in the computer simulations that, when μ > 0 for E �= 0, the ions
execute a slow drift following the direction of the external field. If the field strength
is stronger than the decay imposed by the thermal fluctuations, then the electrons
proceed in opposite direction. After a sufficient time interval, the ion compressions
create solitonic excitations moving with the soliton velocity, vsol, and opposite to
the mean drift of the ions. As discussed in the earlier case, the electrons “like” the
potential well formed by the local compression connected with the soliton (Fig. 5).
After a while, the electrons are captured by the local compressions and move with
the soliton velocity and opposite to the ion drift.

The magnitudes of both the electron and ion currents do not depend on the value
of the external field over a wide range. Figure 7 shows both currents versus field
strength. The scale, E0, corresponds to the field imparting a velocity v0 to an elec-
tron which is not interacting with the ions. It clearly appears that the stationary cur-
rents corresponding to the case of dissipative solitons are indeed stabilized, thanks
to the active friction force that is due to energy pumping or, more precisely, to the
input–output energy balance. At very low values of the field strength, we observe
an apparent gap in the values for the current. In this narrow region, around zero, we
could not obtain reliable data from the computer simulations. For very low electric
field strengths, we cannot specify the running direction for solitons, and they may
travel in either direction. On the other hand, intense field values do not allow elec-
trons to be trapped easily by a potential well. In particular, at the upper boundary
of the range, electrons are only captured by the soliton for a very limited domain of
initial conditions for ions and electrons.
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Fig. 7 Active electric Toda lattice. Current-field characteristics displaying the steady current den-
sities ( jD, Ohm–Drude; ji, ion current; and je, electron current). We see nonlinear current-field
characteristics with a region of constant current. We observe an apparent gap in the values for the
current at very small field values. Parameter values: h = 0.3, μ = 0.25, γ0 = γe0 = 0.5, D = De = 0,
m/me = 103 and b = 1. E0 is defined in the main text
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Fig. 8 Active electric Toda lattice. Current-temperature (electron noise) characteristics. The solid
line ( je, electron current) shows a significant increase as the temperature decreases and approaches
the soliton range. The horizontal straight dotted line (ordinate 0.5) corresponds to the Ohm (Drude)
current ( jD = 0.25). The value at T = 0 is the same as that of the plateau in Fig. 7. Parameter values:
b = 1, μ = 0.25, h = 0.3, γ0 = γe0 = 0.5, T = De, D = 0, m/me = 103 and E/E0 = 0.5. E0 is defined
in the main text

Figure 8 illustrates the behavior of the electron current as a function of the tem-
perature (electron noise). We see that, on lowering the temperature, the electron
current driven by the solectrons grows significantly relative to the Ohm (Drude)
current.

6 Final Remarks

The excitation of dissipative solitons in a Toda lattice has been discussed. In particu-
lar, we have studied the evolution of the lattice with added dissipation and “activity”
in the form of energy pumping, following an idea put forward by Lord Rayleigh to
maintain vibrations. We have considered the Toda lattice units as active Brownian
elements. Then, we have studied the electrically charged (with ions and electrons)
active Toda lattice and we have shown how the electric field triggers electric cur-
rents with striking properties. For such an active Toda lattice, we have shown how a
(non-equilibrium) transition occurs beyond an instability threshold. This is from the
linear Ohm (Drude) conduction (that can be viewed as defining a “disordered” state)
to a form of “super-current” (that can be viewed as characterizing a more “ordered”
state). The underlying mechanism of such a non-Ohmic supersonic current is the for-
mation of electron–soliton dynamic bound states (solectrons) due to the role played
by the compressions in the Toda springs. One of the most interesting properties of
the phenomena studied here appears to be that, for a wide plateau, the strength of
the external field is nearly irrelevant, and that what matters is its symmetry-breaking
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role. On the other hand, it seems pertinent to point out that an electromechanical
active Toda lattice can be seen as a versatile, two-speed neural-like cable. Recall
that action potential propagation in axons, as in the case of the squid, proceeds at
about 400 km/h [36]. This is the typical velocity of a super-critical ocean solitary
wave and is equivalent to supersonic in the lattice studied here.

The study provided here is based on purely classical dynamics (i.e., no quantum
mechanics is involved). Recent quantum mechanical calculations using the tight
binding approximation for the electron–lattice interaction support the results re-
ported in [37, 38, 39]. The results found, first reported in a 2005 letter [28], share
common (formal) features with the experimental curves obtained in measurements
of the characteristics of high-T superconductors [40, 41]. We are aware of pictures
that look alike, yet refer to different objects. Hence, linking the predictions made
using the purely classical analysis of a 1D Toda lattice model with data about real
systems, or discussing any quantum effects, is beyond the scope of this discussion
[42, 43].
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Coherent Optical Pulse Dynamics
in Nano-composite Plasmonic Bragg Gratings

I.R. Gabitov, A.O. Korotkevich, A.I. Maimistov, and J.B. McMahon

Abstract The propagation of solitary waves in a Bragg grating formed by an array
of thin nanostructured dielectric films is considered. A system of equations of
Maxwell–Duffing type, describing forward- and backward-propagating waves in
such a grating, is derived. Exact solitary wave solutions are found, analyzed, and
compared with the results of direct numerical simulations.

1 Introduction

The last decade has been a period of rapid progress in the field of photonic crys-
tals [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. In particular, the one-dimensional case of a
resonant Bragg grating [1, 2, 3, 4, 5] or a resonantly absorbing Bragg reflector
(RABR) [6, 7, 8] has been studied extensively. In the simplest case, a resonant
Bragg grating consists of a linear homogeneous dielectric medium containing an
array of thin films with resonant atoms or molecules. The thickness of each film
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is much less than the wavelength of the electromagnetic wave propagating through
such a structure. The interaction of ultra-short pulses and films embedded with two-
level atoms has been studied by Mantsyzov et al. [1, 2, 3, 4, 5] in the framework of
the two-wave reduced Maxwell–Bloch model and by Kozhekin et al. [6, 7, 8]. These
works demonstrated the existence of a 2π-pulse of self-induced transparency in such
structures [1, 4, 6]. It was also found [8] that bright solitons, as well as dark ones,
can exist in the prohibited spectral gap, and that bright solitons can have arbitrary
pulse area.

If the density of two-level atoms is very high, then the near-dipole–dipole inter-
action is noticeable and should be accounted for in the mathematical model. The
effect of the dipole–dipole interaction on the existence of gap solitons in a resonant
Bragg grating was studied in [10]; details can be found in [9]. Recent numerical
simulations have yielded unusual solutions known as zoomerons [11]. The optical
“zoomeron” was discovered and investigated recently [12] in the context of the reso-
nant Bragg grating. These works also contain careful construction of the underlying
mathematical model, which is derived from first principles. A “zoomeron” is a lo-
calized pulse which is similar to an optical soliton, except that its velocity oscillates
around some mean value.

Recent advances in nano-fabrication have allowed for the creation of nano-
composite materials, and these have the ability to sustain nonlinear plasmonic oscil-
lations. These materials have metallic nano-particles embedded in them [13, 14, 15].
In this chapter, we consider a dielectric material, into which thin films contain-
ing metallic nano-particles have been inserted. These thin films are spaced period-
ically along the length of the dielectric, so that the Bragg-prohibited spectral gap
is centered at the plasmonic resonance frequency of the nano-particles. We derive
governing equations for the slowly varying envelopes of two counter-propagating
electromagnetic waves and of the plasmonic oscillation-induced medium polariza-
tion. We find that this system of equations has the form of the two-wave Maxwell–
Duffing model. We find exact solutions of this system and demonstrate that, in
contrast to conventional 2π-pulses, they have nonlinear phase. We show that the
stability of these solutions is sensitive to perturbation of this phase. We also study
the collisions of these pulses and find that the outcomes of such collisions are highly
dependent on relative phase.

There are three natural mechanisms of dissipation of energy in nanostructured
Bragg gratings. The first mechanism is damping of the plasmonic oscillations,
occurring within metallic nano-particles. In our work, we assume that the charac-
teristic pulse duration is shorter than the characteristic time for these losses, and
therefore, this type of loss can be neglected. The second source of dissipation is
the result of irregularities in realistic gratings. Due to these irregularities, there is
incomplete return of energy from the grating to the optical field during the field-
grating interaction. As a result, non-returned energy that remains in the grating will
be dissipated. The third mechanism is due to the presence of inhomogeneous broad-
ening of the absorption line. In this case, the energy of the field is absorbed and
redistributed among oscillators due to the phase modulation of the pulse. The range
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of resonant frequencies of these excited oscillators is broader than the bandwidth of
the optical field pulse. The energy of the oscillating particles which are outside that
bandwidth will be dissipated. The material presented here is an essential starting
point for work toward understanding the physics of these last two dissipation mech-
anisms for solitary pulses (dissipative solitons) in Bragg gratings with embedded
nano-particles.

2 Basic Equations

We consider a grating formed by an array of thin films which are embedded in a
linear dielectric medium. In our derivation of the governing equations, we follow
[1, 2, 3, 4, 5, 6, 7, 8], wherein Bragg resonance arises if the distance between suc-
cessive films is a = (λ/2)m, m = 1,2,3, . . . . To obtain the governing equations, we
apply the transfer-operator approach, as presented below.

2.1 Transfer-Operator Approach

Let us consider ultra-short optical pulse propagation along the X-direction of a pe-
riodic array of thin films, which are placed at points . . . ,xn−1,xn,xn+1, . . . (Fig. 1).
The medium between the films has dielectric permittivity ε . Hereafter, to be defi-
nite, we consider a TE-wave whose electric field component is parallel to the layers.
All results can be easily generalized to the case of TM-polarized waves.

It is convenient to represent the electric and magnetic strengths E,H and the
polarization of the two-level atoms ensemble P in the form of Fourier integrals

Fig. 1 An example of band
structure, where inclusions
are linear oscillators

qa

Ka

0

2

4

6

8

10

–3 –2 –1 0 1 2 3



340 I.R. Gabitov et al.

E(x,z, t) = (2π)−2

∞∫

−∞

exp[−iωt + iβ z]E(x,β ,ω)dt dz,

H(x,z, t) = (2π)−2

∞∫

−∞

exp[−iωt + iβ z]H(x,β ,ω)dt dz,

P(xn,z, t) = (2π)−2

∞∫

−∞

exp[−iωt + iβ z]P(xn,β ,ω)dt dz.

Outside the films, the Fourier components of the vectors E(x,β ,ω) and H(x,β ,
ω) are defined by the Maxwell equations. At points xn, these values are defined
from continuity conditions. Thus, the TE-wave propagation can be described by the
following system:

d2E
dx2 +

(
k2ε −β 2)E = 0, (1)

Hx = −(β/k)E, Hz = −(i/k)dE/dx, Ey = E,

with boundary conditions [16, 17]

E(xn −0) = E(xn +0), Hz(xn +0)−Hz(xn −0) = 4iπkPy(xn,β ,ω), (2)

where k = ω/c. The solutions of (1) in the intervals xn < x < xn+1 can be written as

E(x,β ,ω) = An(β ,ω)exp[iq(x− xn)]+Bn(β ,ω)exp[−iq(x− xn)],

Hz(x,β ,ω) = qk−1 {An(β ,ω)exp[iq(x− xn)]−Bn(β ,ω)exp[−iq(x− xn)]} ,

where q =
√

k2ε −β 2 . Hence, the amplitudes An and Bn completely determine the
electromagnetic field in a RABR. Let us consider the point xn. The electric field at

x = xn − δ (δ << a) is defined by amplitudes A(L)
n and B(L)

n , and the field at x =
xn +δ is defined by A(R)

n and B(R)
n . Continuity conditions (1) result in the following

relations between these amplitudes:

A(R)
n +B(R)

n = A(L)
n +B(L)

n ,

A(R)
n −B(R)

n = A(L)
n −B(L)

n +4πik2q−1PS,n,

where PS,n = PS(A(R)
n + B(R)

n ) is the surface polarization of a thin film at point xn.
This is induced by the electrical field inside the film. Thus we find

A(R)
n = A(L)

n +2πik2q−1PS,n, B(R)
n = B(L)

n −2πik2q−1PS,n. (3)
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Taking into account the strength of the electric field outside the films, we write

A(L)
n+1 = A(R)

n exp(iqa), B(L)
n+1 = B(R)

n exp(−iqa). (4)

If the vectors ψ(L)
n = (A(L)

n ,B(L)
n ) and ψ(R)

n = (A(R)
n ,B(R)

n ) are introduced, then the
relations (3) can be represented as

ψ(R)
n = Ûnψ(L)

n ,

where Ûn is the transfer-operator of the vector ψ(L)
n through the film located at point

xn. In the general case, Ûn is a nonlinear operator. The relations (4) are represented
in the vectorial form

ψ(L)
n+1 = V̂nψ(R)

n ,

where the linear operator V̂n transfers the vector ψ(R)
n between adjacent thin films

and is represented by the diagonal matrix

V̂n =
(

exp(iqa) 0
0 exp(−iqa)

)
.

In this manner, we define the nonlinear transfer-operator of the vector ψ(L)
n through

an elementary cell of RABR:

ψ(L)
n+1 = V̂nÛnψ(L)

n = T̂nψ(L)
n . (5)

The transfer-operator approach is frequently used in models of one-dimensional
photonic crystals made of linear media, e.g., distributed feedback structures [18].

In (5), the upper index can be omitted, and the equation can be rewritten as the
following recurrence relations:

An+1 = An exp(iqa)+2πik2q−1PS,n exp(iqa), (6)

Bn+1 = Bn exp(−iqa)−2πik2q−1PS,n exp(−iqa). (7)

These recurrence relations are exact, since no approximations (e.g., the approxi-
mation of the slowly varying envelope of electromagnetic pulses or the long-wave
approximation) have been employed. Furthermore, the surface polarization of a thin
film could be calculated via various suitable models. Here we follow the works of
Mantsyzov et al. [1, 2, 3, 4, 5], Kozhekin et al. [6, 7], and Kurizki et al. [8, 9], where
the two-level atom model has been used.

2.2 Linear Response Approximation

To demonstrate that the RABR is a true gap medium, it is appropriate to obtain
the electromagnetic wave spectrum through a linear response approximation. In the
general case, we can use the following expression for the polarization:



342 I.R. Gabitov et al.

PS,n = χ(ω)(A(R)
n +B(R)

n ). (8)

Substitution of this formula into (6) and (7) yields

An+1 = (1+ iρ)An exp(iqa)+ iρBn exp(iqa), (9)

Bn+1 = (1− iρ)Bn exp(−iqa)− iρAn exp(−iqa). (10)

Here ρ = ρ(ω) = 2πk2q−1χ(ω) = 2πωc−1ε−1/2χ(ω). We employ an ansatz in
which the wave is a collective motion of the electrical field in the grating. Hence

An = Aexp(ikna), Bn = Bexp(ikna). (11)

Equations (9) and (10) show that the wave amplitudes, A and B, satisfy the following
linear system of equations:

Aexp(iKa) = (1+ iρ)Aexp(iqa)+ iρBexp(iqa), (12)

Bexp(iKa) = (1− iρ)Bexp(−iqa)− iρAexp(−iqa). (13)

A non-trivial solution of this system exists if, and only if, the determinant is equal
to zero, i.e.,

det

(
(1+ iρ)exp(iqa)− exp(iKa) iρ exp(iqa)

−iρ exp(−iqa) (1− iρ)exp(−iqa)− exp(iKa)

)
= 0. (14)

If we define

Z = exp(iKa),

G = (1+ iρ)exp(iqa) = (cosqa−ρ sinqa)+ i(ρ cosqa+ sinqa),

then (14) can be rewritten as the following equation in Z:

Z2 − (G+G∗)Z +1 = 0.

This equation has solutions

Z± = Re G± i
√

1− (Re G)2.

If ReG ≤ 1, then ReG ± i
√

1− (ReG)2 = cosKa + i sinKa. Hence the wave-
numbers, K±, are real-valued and satisfy the transcendental equation

cosKa = cosqa−ρ sinqa. (15)

If ReG > 1, then the roots of (14) are real. In this case, the wave-numbers, K±,
are purely imaginary. The condition ReG > 1 defines the frequencies of the forbid-
den zone. The waves with these frequencies cannot propagate in the grating. The
boundaries of this forbidden zone are defined by
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cosqa−ρ sinqa = 1. (16)

The model of the resonant system, containing the thin films, defines the explicit
form of the function ρ = ρ(ω). The form of ρ(ω) determines the dispersion relation
(15). It should be noted that this dispersion relation ensures a series of gaps in the
electromagnetic wave spectrum. Figure 1 represents an example of such a band
structure when the inclusions are linear oscillators.

2.3 Long-Wave and Weak Nonlinearity Approximations

We can transform the exact equations (6) and (7) into differential equations by using
the long-wave approximation. To do so, we introduce the field variables

A(x) = ∑
n

Anδ (x− xn), B(x) = ∑
n

Bnδ (x− xn),

P(x) = ∑
n

PS,nδ (x− xn).

Using the integral representation of a Dirac delta-function,

δ (x) = (2π)−1

∞∫

−∞

exp(ikx)dk,

we obtain the following expression:

A(x) = (2π)−1 ∑
n

An

∞∫

−∞

exp[ik(x− xn)]dk

= (2π)−1

∞∫

−∞

exp(ikx)∑
n

An exp(−ikxn)dk.

It follows that the Fourier transform of A(x) is then

A(k) = ∑
n

An exp(−ikxn) = ∑
n

An exp(−ikan),

and that the Fourier transforms of B(x) and P(x) are

B(k) = ∑
n

Bn exp(−ikan), P(k) = ∑
n

PS,n exp(−ikan),

respectively.
The form of these spatial Fourier components ensures periodicity in k. For

example,
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A(k) = ∑
n

An exp(−ikan)exp(±2πin)

= ∑
n

An exp(−ikan±2πin) (17)

= ∑
n

An exp[−ian(k±2π/a)] = A(k±2π/a).

From the recurrence equations (6) and (7), we have

A(k)exp(ika) = A(k)exp(iqa)+ iκP(k)exp(iqa),

B(k)exp(ika) = B(k)exp(−iqa)− iκP(k)exp(−iqa),

or

[exp{ia(k−q)}−1]A(k) = iκP(k), (18)

[exp{ia(k +q)}−1]B(k) = −iκP(k). (19)

The linear approximation P(k) = χ(ω)[A(k)+B(k)] for polarization again leads
us to the linear dispersion law (14). The system of equations (18) and (19) is equiv-
alent to the discrete equations (6) and (7). Up to this point, we have made no ap-
proximations other than the assumption on the width of the thin films.

If the thin film array was absent, then the dispersion relation would be

coska = cosqa.

In that case, the wave with amplitude A(k) has k = q, indicating propagation to
the right, while the wave with amplitude B(k) has k = −q, indicating propagation
in the opposite direction. Let us suppose that the polarization of the thin film array
produces little change in wave vectors, i.e., for the right-propagating wave, the wave
vector is k = q + δk, and for the opposite wave, the wave vector is k = −q + δk. If
we set the value of q to be near one of the Bragg resonances, say q = 2π/a + δq,
where δq � 2π/a, then (6) and (7) take the form

[exp(iaδk)−1]A(q+δk) = iκP(q+δk),

[exp(iaδk)−1]B(−q+δk) = −iκP(−q+δk).

By virtue of the periodicity conditions (17), these equations can be rewritten as

[exp(iaδk)−1]A(δq+δk) = iκP(δq+δk),

[exp(iaδk)−1]B(−δq+δk) = −iκP(−δq+δk).

After the change of variables δk = δ k̃±δq, we have
[
exp{ia(δ k̃−δq)}−1

]
A(δ k̃) = iκP(δ k̃), (20)[

exp{ia(δ k̃ +δq)}−1
]

B(δ k̃) = −iκP(δ k̃). (21)
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The long-wave approximation means that non-zero values of the spatial Fourier
amplitudes are located near the zero value of the argument. Suppose that aδ k̃ is
small enough so that exp(ia(δ k̃ + δq)) ≈ 1 + ia(δ k̃ + δq). Then, we replace (20)
and (21) with the approximate equations

ia(δ k̃−δq)A(δ k̃) = iκP(δ k̃), (22)

ia(δ k̃ +δq)B(δ k̃) = −iκP(δ k̃). (23)

Now, if we return to the spatial variable, (22) and (23) lead us to the equations of
coupled-wave theory:

∂A
∂x

= iδqA(x)+ iκa−1P(x), (24)

∂B
∂x

= −iδqB(x)− iκa−1P(x). (25)

In these equations, the fields A(x),B(x),P(x) and the parameters δq, κ are func-
tions of the frequency ω . To obtain the final system of equations in the spatial and
time variables, we carry out an inverse Fourier transform. We now assume that the
envelopes of the electromagnetic waves vary slowly in time [12]. This approxima-
tion simplifies the system of coupled wave equations under consideration.

2.4 Slowly Varying Envelope Approximation

In the slowly varying envelope approximation, we assume that the approximated
fields are inverse Fourier transforms of narrow wave packets, i.e., they are quasi-
harmonic waves [12]. For example, the quasi-harmonic wave form of the electric
field is

E(x, t) = E (x, t)exp[−iω 0t],

where ω0 is the carrier wave frequency. The electric field, E(x, t), and the Fourier
components of the envelope, E (x, t), of the pulse are related by

E(x, t) = (2π)−1

∞∫

−∞

Ẽ(x,ω)exp(−iωt)dω

= (2π)−1

∞∫

−∞

Ẽ (x,ω)exp[−i(ω +ω0)t]dω

= (2π)−1

∞∫

−∞

Ẽ (x,ω −ω0)exp(−iωt)dω,
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where the function Ẽ(x,ω) is non-zero if ω ∈ (ω0 −Δω,ω0 +Δω), with Δω � ω0.
Hence, Ẽ(x,ω +ω0) = Ẽ (x,ω). Thus, if we have some relation for Ẽ(x,ω), then the
analogous relation for Ẽ (x,ω) can be found by making the replacement ω �→ω0 +ω
in all functions of ω .

Let

A(x, t) = A (x, t)exp(−iω0t), B(x, t) = B(x, t)exp(−iω0t),

P(x, t) = P(x, t)exp(−iω0t).

From (24) and (25), it follows that the Fourier components A (x,ω),B(x,ω), and
P(x,ω) satisfy

∂A

∂x
(x,ω) = iδq(ω0 +ω)A (x,ω)+ iκ(ω0 +ω)a−1P(x,ω), (26)

∂B

∂x
(x,ω) = −iδq(ω0 +ω)B(x,ω)− iκ(ω0 +ω)a−1P(x,ω). (27)

Since A , B, and P are non-zero for ω � ω0, one can use the expansions:

δq(ω0 +ω) ≈ q0 −2π/a+q1ω +q2ω2/2, κ(ω0 +ω)a−1 ≈ K0, (28)

where qn = dnq/dωn at ω = ω0. In particular, q−1
1 = vg is the group velocity, while

q2 takes into account the group-velocity dispersion.
Considering expansions (28), we have the following description of the evolution

of slowly varying envelopes:

i

(
∂
∂x

+
1
vg

∂
∂ t

)
A − q2

2
∂ 2

∂ t2 A +Δq0A = −K0P, (29)

i

(
∂
∂x

− 1
vg

∂
∂ t

)
B +

q2

2
∂ 2

∂ t2 B−Δq0B = +K0P, (30)

where Δq0 = q0 −2π/a. The next step requires a choice of a model for the medium
of the thin films. Possibilities include anharmonic oscillators, two- or three-level
atoms, excitons of molecular chains, nano-particles, quantum dots, and others. First,
we consider the two-level atom model.

2.5 Example: Thin Films Containing Two-Level Atoms

Here we employ the approach developed above to derive an already-known system
of equations [1]. The model assumes that each thin film contains two-level atoms.
The state of a two-level atom is described by a density matrix, ρ̂ . The matrix element
ρ12 describes the transition between the ground state, |2〉, and the excited state, |1〉.
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ρ22 and ρ11 represent the populations of these states. The evolution of the two-level
atom is governed by the Bloch equations [20]:

ih̄
∂
∂ t

ρ12 = h̄Δωρ12 −d12(ρ22 −ρ11)Ain, (31)

ih̄
∂
∂ t

(ρ22 −ρ11) = 2(d12ρ21Ain −d21ρ12A∗
in) . (32)

In these equations, Ain is the electric field interacting with a two-level atom. In the
problem under consideration, Ain = A +B, and

K0P =
2πω0natd12

cn(ω0)
〈ρ12〉 .

Here, the cornerstone brackets denote summation over all atoms within a frequency
detuning of Δω from the center of the inhomogeneity broadening line, n(ω0) is
the refractive index of the medium containing the array of thin films, and nat is the
effective density of the resonant atoms in the films. nat is defined by nat = Nat(�f/a),
where Nat is the bulk density of atoms, �f is the film width, and a is the lattice
spacing.

We assume that the group-velocity dispersion is of no importance. The resulting
equations are the two-wave reduced Maxwell–Bloch equations. We introduce the
normalized variables

e1 = t0d12A /h̄, e2 = t0d12B/h̄, x = ζ vgt0, τ = t/t0.

The normalized two-wave reduced Maxwell–Bloch equations take the following
form:

i

(
∂

∂ζ
+

∂
∂τ

)
e1 +δe1 = −γ 〈ρ12〉 , (33)

i

(
∂

∂ζ
− ∂

∂τ

)
e2 −δe2 = +γ 〈ρ12〉 , (34)

i
∂

∂τ
ρ12 = Δρ12 −nein, (35)

∂
∂τ

n = −4 Im(ρ12e∗in), (36)

where γ = t0vg/La, δ = t0vgΔq0, La = (cn(ω0)h̄)/(2πω0t0nat|d12|2) is the resonant
absorption length, and Δ = Δωt0 is the normalized frequency detuning.

We define n = ρ22 − ρ11, ein = e1 + e2 and introduce yet another change of
variables:

ein = e1 + e2 = fs exp(iδτ), e1 − e2 = fa exp(iδτ), ρ12 = r exp(iδτ).
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The system of equations (33), (34), (35), and (36) can be rewritten as

∂ fs

∂ζ
+

∂ fa

∂τ
= 0, (37)

∂ fa

∂ζ
+

∂ fs

∂τ
= 2iγ 〈r〉 , (38)

i
∂

∂τ
r = (Δ+δ )r−n fs, (39)

∂
∂τ

n = −4 Im(r f ∗s ). (40)

From (37), it follows that
∂ fa

∂ζ
= −∂ fs

∂τ
,

which allows us to rewrite (37), (38), (39), and (40) in the form

∂ 2 fs

∂ζ 2 − ∂ 2 fs

∂τ2 = −2iγ
〈

∂ r
∂τ

〉
, (41)

i
∂

∂τ
r = (Δ+δ )r−n fs, (42)

∂
∂τ

n = −4 Im(r f ∗s ). (43)

If we assume that inhomogeneous broadening is absent, i.e., if the hypothesis of
a sharp atomic resonant transition is true, then δ + Δ = 0, and this system reduces
to the Sine–Gordon equation [1]. Reference [4] presents the steady-state solution of
(41), (42), and (43) with inhomogeneous broadening taken into account.

2.6 Thin Films Containing Metallic Nano-particles

It was shown above that the counter-propagating electric field waves A and B in the
slowly varying envelope approximation satisfy the following system of equations:

i

(
∂
∂x

+
1
vg

∂
∂ t

)
A − q2

2
∂ 2

∂ t2 A +Δq0A = −2πω0

c
√

ε
〈P〉, (44)

i

(
∂
∂x

− 1
vg

∂
∂ t

)
B +

q2

2
∂ 2

∂ t2 B−Δq0B = +
2πω0

c
√

ε
〈P〉, (45)

where Δq0 = q0 − 2π/a is the mismatch between the carrier wave-number and the
Bragg resonance wave-number. To describe the evolution of material polarization in
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the slowly varying amplitude approximation, we must model the response of the thin
films to an external light field. Previous work has considered various mechanisms as
sources of the dielectric properties of metamaterials. In the simplest case, dielectric
properties can be attributed to plasmonic oscillations, which are modeled by Lorentz
oscillators. Magnetic properties can be described by the equations of a system of
LC-circuits [21, 22, 23, 24, 25]. The simplest generalizations of this model include
anharmonicity of plasmonic oscillations [13, 27] and the addition of a nonlinear
capacitor into each LC-circuit [28]. In this chapter, we consider an array of non-
magnetic thin films containing metallic nano-particles which have a cubic nonlinear
response to external fields [13, 14, 26].

The macroscopic polarization, P, is governed by the equation

∂ 2P
∂ t2 +ω2

d P+Γa
∂P
∂ t

+κP3 =
ω2

p

4π
E,

where ωp is plasma frequency and ωd is the dimension quantization frequency for
nano-particles. Losses related to the plasmonic oscillations are taken into account by
the parameter Γa. It is assumed that the duration of the electromagnetic pulse is short
enough so that dissipation effects can be neglected. If the anharmonic parameter κ is
equal to zero, then we have the famous Lorentz model which describes electromag-
netic wave propagation and refraction in metamaterials [21, 22, 23, 24, 25, 29, 30].

Starting from the slowly varying envelope approximation, standard manipulation
leads to

i
∂P

∂ t
+(ωd −ω0)P +

3κ
2ω0

|P|2P = −
ω2

p

8πω0
Eint(x, t). (46)

The terms varying rapidly in time, which are proportional to exp(±3iω0t), are
neglected. In this equation, Eint is the electric field interacting with the metallic
nano-particles. In the problem under consideration, we have Eint = A +B.

The sizes and shapes of nano-particles are not uniform because of the limitations
of nano-fabrication. In practice, the deviation from a perfectly spherical shape has
a much larger impact on a nano-particle’s resonance frequency than does variation
in diameter. This causes a broadening of the resonance line. The broadened spec-
trum is characterized by a probability density function, g(Δω), of deviations, Δω ,
from some mean value, ωres. When computing the total polarization, all resonance
frequencies must be taken into account.

The contributions of the various resonance frequencies are weighted according
to the probability density function, g(Δω). The weighted average is denoted by 〈P〉
in (44) and (45). In what follows, n(ω0) denotes the refractive index of the medium
containing the array of thin films, and nnp is the effective density of the resonant
nano-particles in the films. As in the model of films containing two-level atoms,
the effective density is equal to nnp = Nnp(�f/a), where Nnp is the bulk density of
nano-particles, �f is the width of a film, and a is the lattice spacing.

We study a medium–light interaction in which resonance is the dominant phe-
nomenon. Hence the length of the sample is smaller than the characteristic dispersion
length. In this case, the temporal second derivative terms in (44), and (45) can
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be omitted. The resulting equations are the two-wave Maxwell–Duffing equations.
They can be rewritten in dimensionless form using the following rescaling:

e1 = A /A0,

e2 = B/A0,

p = (4πω0/[
√

εωpA0])P,

ζ = (ωp/2c)x,

τ = t/t0.

Here t0 = 2
√

ε/ωp, while A0 is the characteristic amplitude of the counter-
propagating fields. In dimensionless form, the two-wave Maxwell–Duffing equa-
tions read:

i

(
∂

∂ζ
+

∂
∂τ

)
e1 +δe1 = −〈p〉,

i

(
∂

∂ζ
− ∂

∂τ

)
e2 −δe2 = +〈p〉, (47)

i
∂ p
∂τ

+Δp+ μ |p|2 p = −(e1 + e2),

where μ = (3κ
√

ε/ω0ωp)(
√

εωp/4πω0)2A2
0 is a dimensionless coefficient of an-

harmonicity, δ = 2Δq0(c/ωp) is the dimensionless mismatch coefficient, and Δ =
2
√

ε(ωd −ω0)/ωp is the dimensionless detuning of a nano-particle’s resonant fre-
quency from the field’s carrier frequency.

In a co-ordinate system which is rotating with angular frequency δ ,

e1 = f1eiδτ , e2 = f2eiδτ , p = qeiδτ ,

equation (47) becomes

i

(
∂

∂ζ
+

∂
∂τ

)
f1 = −〈q〉,

i

(
∂

∂ζ
− ∂

∂τ

)
f2 = +〈q〉,

i
∂q
∂τ

+(Δ−δ )q+ μ |q|2q = −( f1 + f2). (48)

Further simplification of the system (48) can be achieved by introducing new
variables

fs = −( f1 + f2), fa = f1 − f2,

which allow decoupling of one equation from the system of three equations. In these
new variables, the polarization, q, is coupled with only one field variable. Simple
transformations give
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∂ 2 fa

∂ζ 2 − ∂ 2 fa

∂τ2 = 2i
∂

∂ζ
〈q〉, (49)

∂ 2 fs

∂ζ 2 − ∂ 2 fs

∂τ2 = 2i
∂

∂τ
〈q〉, (50)

i
∂q
∂τ

+(Δ−δ )q+ μ |q|2q = fs. (51)

As one can see, we have a coupled system of equations for fs and q.

3 Solitary Wave Solutions

We consider localized solitary wave solutions of (49) in the limit of a narrow spec-
tral line, Δωg/Δωs � 1, where Δωs and Δωg are spectral widths of the signal and
spectral line g(Δω), respectively. In this case, the spectral line can be represented as
a Dirac δ -function, g(Δω) = δ (Δω). Equations (49), and (51) can then be rewritten
as follows:

∂ 2 fs

∂ζ 2 − ∂ 2 fs

∂τ2 = 2i
∂q
∂τ

, (52)

i
∂q
∂τ

+(Δ−δ )q+ μ |q|2q = fs. (53)

Scaling analysis of this system shows that solitary wave solutions can be repre-
sented as

fs = f0FΩ (η) =
1√μ

(
2v2

1− v2

)3/4

FΩ (η) ,

q = q0QΩ (η) =
1√μ

(
2v2

1− v2

)1/4

QΩ (η) , (54)

η =

√
2

1− v2 (ζ − vτ).

Here, v is the velocity of the solitary wave, η is a scale-invariant parameter in a
co-ordinate system moving with the solitary wave, and functions FΩ and QΩ satisfy
the following system of equations:

F ′′ = −iQ′, (55)

−iQ′ +ΩQ+ |Q|2Q = F. (56)

The only dimensionless parameter which remains in the system is
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Ω = (Δ−δ )

√
1− v2

2v2 , (57)

which characterizes the deviation of carrier frequency from the plasmonic fre-
quency, ωp, and the Bragg resonance frequency, ωBr.

The first equation implies that F ′ = −iQ + constant. We seek a solitary-wave
solution, so we assume that F , Q, and their derivatives decay to zero as |η | → ∞.
Hence the constant is zero, and

iF ′ = Q ,

−iQ′ +ΩQ+ |Q|2Q = F. (58)

The system of ordinary differential equations (58) has an integral of motion:

|Q|2 −|F|2 = constant.

For solutions which decay as |η | → ∞, the constant is equal to zero, so

|Q|2 = |F|2.

This allows the following parametrization of the solutions:

F(η) = R(η)eiφ(η), Q(η) = R(η)eiψ(η),

where R, φ , and ψ are real-valued functions satisfying

R′ = −Rsin(φ −ψ),

φ ′ = −cos(φ −ψ), (59)

ψ ′ +Ω+R2 = cos(φ −ψ).

If we set Φ = φ −ψ , then we have

Φ′ −Ω−R2 = −2cosΦ,

R′ = −RsinΦ. (60)

Taking the second equation of (60) into account, the first equation can be rewritten as

R
d

dR
(cosΦ)−Ω−R2 = −2cosΦ.

If we set y = cosΦ, then we have

R
dy
dR

+2y = R2 +Ω. (61)
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The solutions of (61) have the form

y =
1
4

R2 +
Ω
2

+ cR−2,

where c is arbitrary. Since y = cosΦ, the right-hand side must remain between −1
and 1. As we expect R → 0 as |η | → ∞, c must be zero. We have the conservation
law

cosΦ =
1
4

R2 +
Ω
2

. (62)

The substitution of (62) into the second equation of (60) and subsequent integration
give the following expression for R:

R2 =
2(4−Ω2)

Ω+2cosh
{√

4−Ω2(η −η0)+ 1
2 ln
(

16
4−Ω2

)} .

The right-hand side is positive and real-valued for all η if, and only if, −2 < Ω < 2.
The term

√
4−Ω2 appears so often in what follows that we define β =

√
4−Ω2.

R2 then has the form

R2 =
2β 2

Ω+2cosh{β (η −η ′)} , (63)

where we have combined the arbitrary constant η0 and the logarithm into a sin-
gle constant (η ′) in the argument of the hyperbolic cosine. Using the conservation
law (62), we obtain an expression for Φ:

Φ = 2arctan

(
2−Ω

β
tanh

{
1
2

β (η −η ′)
})

. (64)

Now we integrate φ ′ = −cosΦ and find

φ = −Ω
2

(η −η ′)− arctan

(
2−Ω

β
tanh

{
1
2

β (η −η ′)
})

.

Finally, we determine ψ:

ψ = φ −Φ

= −Ω
2

(η −η ′)−3arctan

(
2−Ω

β
tanh

{
1
2

β (η −η ′)
})

.

This pulse only exists if the value of the parameter Ω is within the interval −2
< Ω < 2. The maximal value of the amplitude of this solitary solution is

A =
√

2(2−Ω).
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The phases φ and ψ are nonlinear. Their behavior is asymptotically linear as
η →±∞. If Ω = 0, then the limiting values of the phases satisfy

|φ(∞)−φ(−∞)| = π/2,

|ψ(∞)−ψ(−∞)| = 3π/2.

4 Energy Partition

The total energy of the solitary wave is distributed between co/contra-propagating
fields and medium polarization. Here we study the energy partition between all these
components. Using (49), (50), and the conditions as |η | → ∞, one can show that

fa(η) = −1
v

fs(η) = − f0

v
F(η). (65)

We are interested in the energies of the dimensionless fields f1, f2, and polari-
zation q.

f1 =
1
2
( fa − fs) = − f0

2

(
1
v

+1

)
F,

f2 = −1
2
( fs + fa) =

f0

2

(
1
v
−1

)
F,

q = q0Q.

To find the energies of forward- and backward-propagating waves, we need to cal-
culate the energy of the solitary wave:

ER =
+∞∫

−∞

|F |2(η)dη =
∞∫

−∞

|Q|2(η)dη

=
+∞∫

−∞

R2(η)dη = 8arctan

√
2−Ω
2+Ω

. (66)

Finally, we have the energies

E f1 =
f 2
0

4

(
1
v

+1

)2

ER, (67)

E f2 =
f 2
0

4

(
1
v
−1

)2

ER, (68)
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Eq = q2
0ER. (69)

The ratios of energies in the various fields, as well as the polarization, have the
following forms:

E f1

E f2
=
(

1+ v
1− v

)2

, (70)

E f1

Eq
=

1
2

(1+ v)
(1− v)

, (71)

E f2

Eq
=

1
2

(1− v)
(1+ v)

. (72)

Therefore, energy partitioning is determined by only one parameter, v, which is a
dimensionless combination of the main system parameters.

5 Numerical Simulation

The shape and phase of the incident pulse are controllable in a real experimental
situation. To model pulse dynamics in a Bragg grating, it is natural to consider an
asymptotic mixed initial-boundary value problem for (48). We specify the initial
conditions as

q(ζ ,τ) → 0, f1(ζ ,τ) → 0, f2(ζ ,τ) → 0, τ →−∞, (73)

with no incident field at the right edge of the sample and with an incident field at
the left edge defined as follows:

f1(−10,τ) = wexp(iθ),

w = 3.5exp

[
−1

2

(
τ −3.0

1.5

)2
]

,

θ = arctan(tanh [1.5(τ −3.0)]) . (74)

In our case, the spatial simulation domain was chosen to be [−10,40]. Parameters
Δ−δ and μ were set to be

Δ−δ = 0, μ = 1. (75)

As one can see, in a topological sense, we gave the initial pulse the same con-
figuration of phase as the solitary wave solution. This point is important because,
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otherwise, the phase difference cannot relax to the symmetry of the stationary wave
which is revealed in (64). As a result, the solution will be unstable if it does not have
the correct “topological charge”.

The second field boundary condition was as follows:

f2(40,τ) = 0. (76)

In the first simulation, we injected a pulse which was relatively close to the
solitary wave solution. The results are shown in Figs. 2, 3, and 4. The amplitude
and phase difference varied slightly, as did the pulse shape, which was Gaussian.
During the first stage (t ≤ 7) of evolution, we observed rapid excess energy damp-
ing in the radiation of quasi-linear waves in both directions, and relaxation to a
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Fig. 2 Propagation of pulse – the first simulation. Mapping of the |e1(ζ ,τ)| surface
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Fig. 3 Propagation of pulse – the first simulation. Mapping of the |e2(ζ ,τ)| surface
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Fig. 4 Propagation of pulse – the first simulation. Mapping of the |q(ζ ,τ)| surface

solution which roughly approximated a stationary one. Then, we had a stage of
pulse shaperefinement (7 < t < 30), with consequent propagation of the solution
being very close to (63). One can compare the evolved pulse shape with the station-
ary solution in Fig. 5.

During the second simulation, we used a pulse of lower amplitude:

f1(−10,τ) = wexp(iθ),

0

0.5

1

1.5

2

2.5

–10 0 10 20 30 40

|q
(ζ

)|

ζ

τ = 40
τ = 30
τ = 20
τ = 10

τ = 5
exact solution

Fig. 5 The first simulation. Absolute value of polarization at different moments of time. The
stationary pulse shape almost coincides with the exact solution
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w = 2.0exp

[
−1

2

(
τ −3.0

1.5

)2
]

, (77)

θ = arctan(tanh [1.5(τ −3.0)]) . (78)

The results are presented in Figs. 6, 7, and 8. The plainly observable oscillations
of pulse magnitude can be associated with modes localized in the pulse. This very
instructive result could be a fruitful ground for further investigation and simulation.
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Fig. 6 Propagation of pulse – the second simulation. Mapping of the |e1(ζ ,τ)| surface
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Fig. 7 Propagation of pulse – the second simulation. Mapping of the |e2(ζ ,τ)| surface
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Fig. 8 Propagation of pulse – the second simulation. Mapping of the |q(ζ ,τ)| surface

6 Conclusion

We have derived equations describing optical pulse evolution in Bragg gratings with
thin films containing active dopants. In particular, we investigated the case of thin
films containing metallic nano-particles. We showed that the system of equations
describing this situation has one parameter. This parameter contains information on
Bragg and plasmonic frequencies and general pulse characteristics. These equations
have solitary wave solutions describing a bound state of two waves propagating in
opposite directions with medium polarization.
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Collective Focusing and Modulational Instability
of Light and Cold Atoms

M. Saffman and Y. Wang

Abstract A self-consistent model for the coupled dynamics of cold atoms and
near-resonant light fields is formulated. The model is shown to predict several novel
phenomena, including collective self-focusing of light and atoms, stable dissipa-
tive atom–optical solitons and modulational instability under conditions of optical
self-defocusing. Experimental studies using cold Cs atoms in a magneto-optical trap
suggest the presence of atomic modulational instability.

1 Introduction

In this chapter, we describe, theoretically and experimentally, aspects of the collec-
tive dynamics of light beams and cold atomic vapors. We formulate a set of model
equations that describe the paraxial evolution of light beams which are near-resonant
with a cloud of cold two-level atoms. Solutions of these equations reveal a number
of unusual dynamical effects, including collective self-focusing of light and atoms,
and modulational instability under conditions of self-defocusing. In geometries with
feedback, the model supports the principal feasibility of observing pattern forma-
tion of atomic vapors. Experimental evidence for modulational instability in a cold
Cs vapor is presented. We concentrate on the situation where the atomic temper-
ature is sufficiently low, so that the momentum transfer due to near-resonant light
fields exerts a strong influence on the center-of-mass atomic motion. This is the case
for laser-cooled atomic vapors, both above and below the critical temperature for
Bose–Einstein condensation. We restrict our attention here to the case of cold,
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but not condensed, clouds. A closely related collective dynamical situation, in the
regime of ultra-cold coherent matter, was considered in [1, 2].

Forces exerted by the light field on the atoms are due to both conservative and
dissipative processes [3]. The conservative interaction is mediated by the so-called
dipole force, which is the result of stimulated transfer of momentum between light
beams propagating in different directions. There is also a dissipative force (the ra-
diation pressure force), which is the result of photon absorption followed by spon-
taneous emission in a random direction, which imparts a random momentum kick
to the atoms. In this chapter, we study a model of coherent interaction between
probe beams and a cloud of atoms which are cooled by a dissipative interaction
with cooling beams. We show that localized, solitary wave solutions, as well as
modulational instabilities, occur when the dissipation is strong enough to give suf-
ficient cooling of the atoms. We thus create a coherent structure in the presence of
a parallel dissipative process – this is an example of the formation of a dissipative
soliton [4].

2 Dynamical Equations

Our aim is to develop an analytically tractable model that describes some essen-
tial features of spatial dynamics in a cloud of cold atoms. We will work with a
semi-classical description where the center-of-mass position and momentum of the
atoms, as well as the optical field, are described classically. We assume that a cold
atomic sample has been prepared in a magneto-optical trap (MOT) using standard
techniques [5] and that a probe beam interacts with the atoms as shown in Fig. 1.
Paraxial propagation of a scalar optical field E = (A(r)/2)ei(kz−ωt) + c.c. through a
cloud of cold atoms is described by

probe
beam

z

x

atomic
vapor

Ap

molasses
beams

Fig. 1 Optical beam propagating through a cloud of cold atoms. Atomic motion is assumed to be
strongly damped by three-dimensional optical molasses beams
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∂A
∂ z

− i
2k

∇2
⊥A = i

k
2

χ(r)A, (1)

where ∇⊥ = x̂∂/∂x+ ŷ∂/∂y and the susceptibility is

χ(r) = −6π
k3 na(r, t)

2Δ/γ − i
1+4Δ2/γ2 + I/Is

. (2)

Here I = I(r) = ε0c
2 |A|2 is the probe beam intensity, Is is the saturation intensity,

k = ω/c, Δ = ω −ωa is the detuning of the radiation frequency ω from the atomic
transition frequency ωa and γ is the transition line-width.

We wish to describe changes in the atomic density that arise due to the presence
of near-resonant light beams. A detailed quantum treatment of the density dynam-
ics leads to a complicated model. A simplified description is valid in optical mo-
lasses, since the atomic velocity is strongly damped. For typical MOT parameters,
the length scale over which velocity damping occurs is ∼ 10 μm. We assume the spa-
tial scales of interest are large compared to this damping length and therefore write
the distribution function of the atoms as f (r,p, t) = fr(r, t) fp(p). The momentum
distribution function is assumed to be a Maxwellian distribution at temperature T ,
i.e.,

fp(p) =
(

1
2πmkBT

)3/2

e−p2/2mkBT ,

where m is the atomic mass and kB is the Boltzmann constant. The atomic density
distribution is

na(r, t) ≡
∫

dp f (r,p, t) = fr(r, t).

Typical temperatures are of the order of the Doppler temperature, kBT = h̄γ/2
(∼ 100 μK for alkali atoms).

The density satisfies the continuity equation

∂na

∂ t
+∇ ·J = 0, (3)

where J is the particle flux. In general, the particle flux is due to the combined effects
of drift and diffusion. We can write the flux as

J =
D

kBT
naF−D∇na, (4)

where F is the total force acting on the atoms and D is the diffusion coefficient. This
description is oversimplified, since the diffusion coefficient, D, is generally a tensor
for atoms in optical lattices [6]. We will assume D is a scalar. As we will show next,
the force can be expressed in terms of the structure of the optical field, and this
leads to a closed model for the coupled dynamics of the light and atoms. This type
of model for the light-induced atomic dynamics has been considered previously
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in [7, 8]. Here we go one step further and couple the atomic dynamics back to
the light.

The force can be divided into dipole and radiation pressure terms, F = Fd + Fr.
The dipole force is conservative and can be written as Fd = −∇U where U is the
dipole potential. For a two-level atom, the dipole potential can be written as

U(r) =
h̄Δ
2

ln

(
1+

I(r)/Is

1+4Δ2/γ2

)
. (5)

In the limit of small intensity and large detuning, this simplifies to

U � h̄Δ
2

I
IsΔ

� h̄γ2

8Δ
I
Is

, (6)

where IsΔ = Is(1+4Δ2/γ2) is the off-resonant saturation intensity.
The radiation force due to a plane wave E = (A/2)ei(k·r−ωt) + c.c. is

Fr = h̄γ
1
2

I
Is

1+ 4Δ2

γ2 + I
Is

k

� h̄γ
2

I
IsΔ

k. (7)

Here the last line is valid for low intensities. We are interested in the more general
situation where the optical field is not a single plane wave. In the general case of
high intensities, the formulae are cumbersome. If we stick to the low-intensity limit
and consider a finite number of plane waves

E = ∑
j

A j

2
ei(k j ·r−ω jt) + c.c.,

the radiation force is [6]

Fr =
h̄γ
2 ∑

j

I j

IsΔ
k j +

h̄γ
4 ∑

j,l,l �= j

√
I jIl

IsΔ
(k j +kl)ei[(k j−kl)·r−i(ω j−ωl)t]. (8)

Here we have made use of the approximation that Δ j = ω j − ωa � γ and as-
sumed that IsΔ is independent of j. Note that the second sum runs over all val-
ues of j, l with l �= j, so the force is a real quantity, as it must be for consistency
with (3, 4).

Equations (1, 2, 3, 4, 5, 6, 7, 8) constitute a self-consistent model for the cou-
pled dynamics of light and cold atoms. They do not account for the multi-level
structure of real atoms and therefore only provide an approximate description of the
dynamics. However, even with the simplifying assumption of an idealized two-level
atomic model, non-trivial light–atom dynamics emerges. We will explore some of
the consequences of this model in the rest of this chapter.
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3 Coupled Optical and Atomic Solitons

The above model can be used to describe collective focusing of light and atoms. We
consider the limit of large detuning, Δ � γ , where the model becomes conservative.
In this limit, the dynamical equations for the case of a single transverse coordinate,
x, are

∂A
∂ z

− i
2k

∂ 2A
∂x2 = i

k
2

χA, (9a)

χ = −6π
k3 na

2Δ/γ
1+4Δ2/γ2 + I/Is

, (9b)

∂na

∂ t
=

D
kBT

∂
∂x

(
na

∂U
∂x

)
+D

∂ 2na

∂x2 , (9c)

U(x,z) =
h̄Δ
2

ln

(
1+

I/Is

1+4Δ2/γ2

)
. (9d)

The solution which is stationary in time for the atomic density has the form of a
Boltzmann distribution:

na = n0e−U(x)/kBT , (10)

where n0 is a normalization constant which is chosen to match the solution to the
available number of atoms per unit length. For the case of red-detuning we have
Δ < 0, so U < 0 and the atomic density reaches its maximum where the intensity
is highest. We seek a one-dimensional solution for the optical field of the form
A(x,z) = AsΔu(x)eiqz, with u real. The constant scaling factor can be set to AsΔ =(

2IsΔ
ε0c

)1/2
, so that the local intensity is u2 × IsΔ. The scaled transverse profile then

satisfies
d2u
dx2 −2kqu = a

u

(1+u2)1+d , (11)

where

a =
12πn0Δ/γ

k (1+4Δ2/γ2)

and d = h̄Δ/2kBT. In the limit T → ∞, the parameter d → 0 and the right-hand side
is a saturable Kerr-type nonlinearity, proportional to u/(1+u2), which is known to
support stable one-dimensional solitary wave solutions [9].

At finite temperature, d < 0 for the case under consideration and (11) has the first
integral (

du
dx

)2

= 2kq
(
u2 −u2

0

)
− a

d

[
1

(1+u2)d − 1

(1+u2
0)d

]
, (12)
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where u0 = u(0) is the peak value of the solution which is assumed to be symmetric
about the origin. The requirement of having a finite energy solution which vanishes
as x →±∞ specifies the propagation constant as

q =
a

2kdu2
0

[
1

(1+u2
0)d

−1

]
.

It is readily shown that the Vakhitov–Kolokolov stability criterion, dP/dq > 0,
where P is the power of the solitary solution, is satisfied provided that d < −1−
f (u2

0), where f is a positive function which tends to 0 for u2
0 → 0. In the limit of low

intensity, we find that the existence condition for stable solutions is

h̄|Δ| > 2kBT (13)

with Δ < 0. This condition was originally found by Klimontovich and Luzgin [10]
for the existence of mutual self-focusing of light and atoms. We see that the same
condition also guarantees the stability of the resulting atom–optical solitons.

In principle, the condition (13) can be satisfied in a cold-atom experiment.
Figure 2 shows the intensity profile found from numerical integration of (11) for
several temperatures. The corresponding powers for a beam height along the uni-
form coordinate, y, of 1 cm are P = 130,90 and 50 mW, where we have used
Is = 1.7 mW/cm2 for the Cs D2 line. We see that solitons under 100 μm wide
are possible for realistic experimental conditions. The spontaneous scattering rate
at the peak of the soliton is approximately r = 6.5 × 103 s−1 for the above pa-
rameters. As this is very small compared with the scattering rate from the cooling
beams for typical MOT parameters, excess local heating due to the soliton should be
negligible.

x (μm)

I/I
sΔ T = 31 μK

–200 –100 0 100 200
0

0.01

0.02

16 μK

6.2 μK

Fig. 2 Intensity profiles of one-dimensional atom–optical solitons for T = 31 μK (dashed
line), 16 μK (short–long dash) and 6.2 μK (solid line), which, respectively, correspond to
d = −200,−400 and −1000 for Δ/γ = −50. The other parameters are γ/2π = 5.2× 106 s−1,
n0 = 1×1011 cm−3 and λ = 0.85 μm
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Since the spontaneous scattering rate can never be made to vanish, time-
independent solitons can only exist in the presence of the background cooling due
to the MOT beams, and this is a dissipative process. We therefore consider these
solutions as further examples of dissipative solitons which occur in a wide range of
physical settings [4].

4 Two-Beam Coupling and Atomic Density Perturbations

We now turn our attention to the related phenomenon of atomic density pertur-
bations in the presence of two-beam interactions. Analysis of this geometry will
serve as a prelude to the case of spontaneous modulational instability, which will be
treated in Sect. 5. When the detuning is not large, we must account for both dipole
and radiation pressure forces on the atoms. Equations (3, 4, 6, 8) describe the den-
sity evolution under the combined action of dipole and radiation forces. Let us use
them to find the density perturbations due to the action of two plane waves:

E =
[

Au(r)
2

ei(ku·r−ωut) +
Ap(r)

2
ei(kp·r−ωpt)

]
+ c.c. , (14)

where u labels the pump beam and p labels the probe. The geometry is shown in
Fig. 3. Strictly speaking, (14) is not a sum of plane waves, since the amplitudes
depend on the spatial position. We include this to allow for gain and loss during
propagation. The intensity is

I =
ε0c
2

[
|Au|2 + |Ap|2 +AuA∗

pei(q·r−iδ t) +A∗
uApe−i(q·r−iδ t)

]
,

where q = ku−kp and δ = ωu−ωp. We will assume Δu = ωu−ωa and Δp = ωp−ωa

are approximately equal, so that Δu −Δp = δ � Δu,Δp. Writing Δ for the nominal
detuning, we have the dipole potential, in the small saturation and far-detuned limits:

U =
ε0ch̄γ2

16ΔIs

[
|Au|2 + |Ap|2 +AuA∗

pei(q·r−iδ t) +A∗
uApe−i(q·r−iδ t)

]
.

Fig. 3 Interaction geometry
for two-beam coupling in an
atomic vapor

probe 
beam 

z

x

atomic
vapor

pump 
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The dipole force is thus

Fd = −i
ε0ch̄γ2

16ΔIs

[
AuA∗

pei(q·r−iδ t)−A∗
uApe−i(q·r−iδ t)

]
q

−ε0ch̄γ2

16ΔIs

[
(∇Au)A∗

u +Au∇A∗
u +(∇Ap)A∗

p +Ap∇A∗
p

+[(∇Au)A∗
p +Au∇A∗

p]e
i(q·r−iδ t)

+[(∇A∗
u)Ap +A∗

u∇Ap]e−i(q·r−iδ t)]. (15)

We have chosen a geometry where the difference vector, q, lies almost exactly
perpendicular to ẑ, since q · ẑ = (δ/c)cos(θ/2) ≈ δ/c = (δ/ωu)ku, where θ is the
small angle between the beams. On the other hand, |q| ≈ θku. If the frequency
difference between the beams is at most 1 MHz, then δ/ωu ∼ 10−8, whereas for
parameters of interest, we will have θ > 10−4. Thus the component of q along ẑ is
less than 10−4 of |q|. We now assume that the beams are close to plane waves, so
that |∇qAu| � qAu, |∇qAp| � qAp , and we only keep the z derivatives in the last
group of terms in the expression for Fd, obtaining

Fd = −i
ε0ch̄γ2

16ΔIs

[
AuA∗

pei(q·r−iδ t)−A∗
uApe−i(q·r−iδ t)

]
q

−ε0ch̄γ2

16ΔIs

[
(∂zAu)A∗

u +Au∂zA
∗
u +(∂zAp)A∗

p +Ap∂zA
∗
p

+[(∂zAu)A∗
p +Au∂zA

∗
p]e

i(q·r−iδ t)

+[(∂zA
∗
u)Ap +A∗

u∂zAp]e−i(q·r−iδ t)]. (16)

For the radiation force, we use (8, 14) to get

Fr =
h̄γ3

8Δ2Is

(
Iuku + Ipkp

)
+

h̄γ3

8Δ2Is

√
IuIp(ku +kp)cos(q · r−δ t). (17)

Although we could continue with these general expressions, it is simpler to make
some further approximations now. We assume that the atomic cloud is uniform along
z, and concentrate on the appearance of transverse structure. This is not strictly cor-
rect, as intensity changes during propagation will produce dipole forces directed
along ẑ. In addition, the radiation force has strong ẑ components. It is seen exper-
imentally that these forces result in acceleration and eventually loss of the atoms
from the MOT. However, wave mixing dynamics and energy transfer are observed
on time scales that are shorter than, and clearly separated from, the atom acceler-
ation. Our primary interest here is describing the energy transfer between beams.
We implicitly assume that we can do so on a time scale that is short compared with
that for which radiation forces are significant, by simply neglecting the forces along
ẑ. Keeping only the transverse components along x̂ and assuming Au,Ap are real
we get
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Fd =
h̄γ2√IuIp

4ΔIs
qsin(qx−δ t)x̂, (18)

Fr =
h̄γ3

16Δ2Is
q
(
Iu − Ip

)
x̂. (19)

We assume a real density perturbation of the form

na(r) = na0

[
1+dei(qx−δ t) +d∗e−i(qx−δ t)

]
.

The continuity equation (3) can be written as

−iδdei(qx−δ t) + iδd∗e−i(qx−δ t)

+i
Dq2

kBT
h̄γ2

4ΔIs

[
dei(qx−δ t)−d∗e−i(qx−δ t)

]

×
[√

IuIp sin(qx−δ t)+
γ

4Δ
(
Iu − Ip

)]

+
Dq2

kBT
h̄γ2

4ΔIs

[
1+dei(qx−δ t) +d∗e−i(qx−δ t)

]√
IuIp cos(qx−δ t)

+Dq2
[
dei(qx−δ t) +d∗e−i(qx−δ t)

]
= 0. (20)

Grouping the terms according to the phase factors gives

ei(qx−δ t)
[
−iδd + i

Dq2

kBT
h̄γ3

16Δ2Is
d(Iu − Ip)

+
Dq2

kBT
h̄γ2

8ΔIs

√
IuIp +Dq2d

]

+ei2(qx−δ t)
[

Dq2

kBT
h̄γ2

4ΔIs

√
IuIpd

]
+ c.c. = 0. (21)

We see that harmonics proportional to e±i2(qx−δ t) are generated by the nonlinearities.
For the purposes of calculating the two-beam coupling, which is driven by phase-
matched terms, we can neglect these higher-order gratings. Setting the coefficient
of the first-order gratings to zero gives

d = −
h̄γ2

8kBT Δ

√
IuIp
Is

1− i
(

δ
Dq2 − h̄γ3

16kBT Δ2
Iu−Ip

Is

)

= − h̄γ2

8kBT Δ

√
IuIp

Is

1+ i
(

δ
Dq2 − h̄γ3

16kBT Δ2
Iu−Ip

Is

)

1+
(

δ
Dq2 − h̄γ3

16kBT Δ2
Iu−Ip

Is

)2 . (22)
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For frequency-degenerate beams, the result simplifies to

d = − h̄γ2

8kBT Δ

√
IuIp

Is

1− i h̄γ3

16kBT Δ2
Iu−Ip

Is

1+
(

h̄γ3

16kBT Δ2
Iu−Ip

Is

)2 . (23)

When the dipole force is dominant, d is purely real and there is no energy transfer
between the beams. When the radiation force is dominant, d is purely imaginary and
there is energy transfer that depends on the sign of Iu − Ip. Note that, for frequency-
degenerate beams, d has no angular dependence. This is consistent with the result
given in [11] for a similar beam-coupling interaction in the setting of an optical
lattice.

We can compare the strength of the dipole and radiation force contributions to
the density perturbation by evaluating the magnitude and phase of d as a function of
the detuning, as shown in Fig. 4. The intensity was chosen to correspond to exper-
imental measurements at Δ/γ = 5,7 which will be described below. For a range of
detunings, the magnitude of d is equal to or larger than 1. This does not mean that
the density is negative, but only that the parameters lie outside the region of validity
of the linearized theory. In other words, we have used a low-intensity theory, but
the off-resonance saturation parameter is I/IsΔ = 0.5, which is not small. We also
see that the phase of d is not close to zero, so there is a mixed dipole and radiation
contribution to the grating. For the curves at Δ/γ = 5 and Δ/γ = 7, the phase angle
is about 30◦.

4.1 Grating Formation Time

Equation (23) gives the stationary value for the density perturbation due to the op-
tical beams. We wish to estimate the time of formation of the grating, in order
to compare with the time dependence of the observed two-beam coupling gain.
The density evolution can be found by solving the continuity equation with the
ansatz

1

0

2

3

|d
|

–3
–2
–1

0
1
2
3

A
rg

 (
d)

105–10 –5 0 105–10 –5 0

Δ/γ Δ/γ

Fig. 4 Magnitude and phase of d as a function of detuning for I/Is = 50.5 (solid line) and 98.5
(dashed line)
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na(x, t) = na0

[
1+d(t)ei(qx−δ t) +d∗(t)e−i(qx−δ t)

]
.

Plugging in to the continuity equation again, we get

ei(qx−δ t)
[

dd
dt

− iδd + i
Dq2

kBT
h̄γ3

16Δ2Is
d(Iu − Ip)

+
Dq2

kBT
h̄γ2

8ΔIs

√
IuIp +Dq2d

]

+ei2(qx−δ t)
[

Dq2

kBT
h̄γ2

4ΔIs

√
IuIpd

]
+ c.c. = 0. (24)

The equations are solved (again neglecting the second-order gratings), providing

dd
dt

+
[
−iδ + i

Dq2

kBT
h̄γ3

16Δ2Is
(Iu − Ip)+Dq2

]
d = −Dq2

kBT
h̄γ2

8ΔIs

√
IuIp.

(25)

This equation is of the form
dd
dt

+ad = b,

where

a = −iδ + i
Dq2

kBT
h̄γ3

16Δ2Is
(Iu − Ip)+Dq2,

b = −Dq2

kBT
h̄γ2

8ΔIs

√
IuIp. (26)

The solution satisfying d(0) = 0 and d(t → ∞) = dmax = b/a is d = b
a (1− e−at).

The parameter a is complex and can be written as a = ar + iai. The time dependence
of the real and imaginary parts of d = dr + idi is therefore

dr(t) =
b
|a|2

[
ar − e−art (ar cosait −ai sinait)

]
, (27a)

di(t) =
b
|a|2

[
−ai + e−art (ai cosait +ar sinait)

]
. (27b)

Only di contributes to energy transfer, so following the time evolution of di should
indicate the time evolution of the observed wave mixing gain. Figure 5 shows
dr, di as a function of time for several values of q and Δ/γ. Note that the shape
of the curve will only be approximately correct, since the optical gain for a weak
probe is proportional to egdi , where g is a gain coefficient, whereas here we only
plot di.
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Fig. 5 Real (dashed line) and imaginary (solid line) parts of d as a function of time. I/IsΔ = 0.5
for all cases

5 Modulational Instability

Consider first a single optical beam E = (A(r, t)/2)ei(kz−ωt) + c.c. In the two-level
model, the slowly varying amplitude satisfies the paraxial equation

∂A
∂ z

− i
2k

∇2A = i
k
2

χ(r)A, (28)

where the susceptibility is

χ(r) = −6π
k3 na(r, t)

2Δ/γ − i
1+4Δ2/γ2 + I/Is

. (29)

Absorption becomes negligible when the detuning is sufficiently large, and
then (28) admits constant-intensity plane wave solutions A0 = A0eiκz, where

κ =
k
2

χ0 = −3π
k2 na0

2Δ/γ
1+4Δ2/γ2

1
1+ s

,

where s = IA/IsΔ, IA = 1
2 ε0c|A0|2 is the intensity, IsΔ = Is(1 + 4Δ2/γ2) is the off-

resonant saturation intensity and na0 is the spatially averaged density. As is well
known, these plane wave solutions are unstable for a self-focusing nonlinearity.
Figure 6 shows the result of numerical simulation of (2, 28) in the conservative
limit for parameters corresponding to a Cs MOT.

We then introduce a perturbation ansatz

A(r, t) = A0(z)
[
1+a+ei(q·ρ−Ωt) +a−e−i(q·ρ−Ωt)

]
. (30)

To first-order in the perturbations, the susceptibility becomes

χ(r) =
2κ
k

1+ s

1+ s+ s[(a+ +a∗−)ei(q·ρ−Ωt) + (a∗+ + a−)e−i(q·ρ−Ωt)]
(31)

� 2κ
k

{
1− s

1+ s

[
(a+ +a∗−)ei(q·ρ−Ωt) + (a∗+ +a−)e−i(q·ρ−Ωt)

]}
.
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Fig. 6 Numerically simulated
beam evolution in a Cs atomic
vapor with density na0 = 2.0×
1011 cm−3. The input beam
parameters are Δ/γ = +10,
Gaussian waist w = 0.8mm
and s = 2.0. The insets show
the spatial spectra

Collecting phase-matched terms with the same transverse and time variation gives
the set

∂a+

∂ z
+ i

q2

2k
a+ = −iκ

s
1+ s

(
a+ +a∗−

)
, (32a)

∂a∗−
∂ z

− i
q2

2k
a∗− = iκ

s
1+ s

(
a+ +a∗−

)
. (32b)

We can simplify the notation by defining β = −κs/(1 + s), q̃ = q2/2k and the
vector a = (a+,a∗−). Equations (32) then take the form da/dz = Ma, where

M = i

(
β − q̃ β
−β −(β − q̃)

)
. (33)

The eigenvalues of M are
Λ1,2 = ±

√
q̃(2β − q̃) (34)

and these describe the growth rate of weak perturbations for a saturable Kerr-type
nonlinearity [12]. The general solution for the evolution of the amplitudes can be
found using the eigenvectors of M or by writing

a+(z) = c1eΛ1z + c2eΛ2z, (35)

a∗−(z) = c3eΛ1z + c4eΛ2z. (36)

The boundary conditions at z = 0 are

c1 + c2 = a+(0), (37)

c3 + c4 = a∗−(0), (38)

c1Λ1 + c2Λ2 = i(β − q̃)a+(0)+ iβa∗−(0), (39)

c3Λ1 + c4Λ2 = −iβa+(0)− i(β − q̃)a∗−(0). (40)
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Solving for the c j in terms of the boundary conditions, we find

c1 =
a+(0)

2
+

i

2
√

q̃(2β − q̃)

[
β (a+(0)+a∗−(0))− q̃a+(0)

]
, (41a)

c2 =
a+(0)

2
− i

2
√

q̃(2β − q̃)

[
β (a+(0)+a∗−(0))− q̃a+(0)

]
, (41b)

c3 =
a∗−(0)

2
− i

2
√

q̃(2β − q̃)

[
β (a+(0)+a∗−(0))− q̃a∗−(0)

]
, (41c)

c4 =
a∗−(0)

2
+

i

2
√

q̃(2β − q̃)

[
β (a+(0)+a∗−(0))− q̃a∗−(0)

]
. (41d)

For positive MI gain and large propagation distances, the intensity of the spa-
tial sidebands is dominated by the positive eigenvalues. Thus I+(z) ∼ |a+(z)|2 ∼
|c1|2e2Λ1z and I−(z)∼ |a−(z)|2 ∼ |c3|2e2Λ1z. We may consider some particular cases
of interest. Suppose a+(0) = a∗−(0) ≡ a0, with a0 real. Then

I+(z)
I+(0)

=
I−(z)
I−(0)

=
β
2q̃

e2Λ1z. (42)

If, however, we start by exciting only a single sideband, so that a+(0) = a0 and
a−(0) = 0, we find

I+(z)
I+(0)

=
I−(z)
I+(0)

=
β 2

4q̃(2β − q̃)
e2Λ1z. (43)

From (34), we see that the MI gain is maximized when q̃ = β . For this value of q̃,
(42) gives I+(z)/I+(0) = e2Λ1z/2, whereas (43) gives I+(z)/I+(0) = e2Λ1z/4, which
is only half as large.

6 Modulational Instability with Density Changes

By using the ansatz (30) for the field

A(r, t) = A0eiκz
[
1+a+ei(q·ρ−Ωt) +a−e−i(q·ρ−Ωt)

]
,

real density perturbations of the form

na(r, t) = na0(z)
[
1+dei(q·ρ−Ωt) +d∗e−i(q·ρ−Ωt)

]
,

and (18, 19) for the light forces in the continuity equation (3), we find, to lowest-
order in the perturbations,
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⎧⎨
⎩d(Dq2 − iΩ)+

h̄
4kBT

I0
Is

1+ 4Δ2

γ2 + I0
Is

q2D[2Δ(a+ +a∗−)

+ iγ(a+ −a∗−)]

⎫⎬
⎭ei(qx−δ t) + c.c. = 0. (44)

Setting the term in curly braces to zero gives

d = − h̄
4kBT

s
1+ s

2Δ(a+ +a∗−)+ iγ(a+−a∗−)
1− i Ω

Dq2

. (45)

Including d in (2) for the susceptibility results in

∂a+

∂ z
+ i

q2

2k
a+ = −iκ

s
1+ s

(
a+ +a∗−

)
+ iκd,

∂a∗−
∂ z

− i
q2

2k
a∗− = iκ

s
1+ s

(
a+ +a∗−

)
− iκd. (46)

These equations are the same as those in the set (32), apart from the addition of the
terms proportional to d on the right-hand side. We again define β = −κs/(1 + s),
q̃ = q2/2k and the vector a = (a+,a∗−). Using the result (45) for d, (32) take the
form da/dz = Ma, where

M = i

(
β [1+d0(1+ iε)]− q̃ β [1+d0(1− iε)]

−β [1+d0(1+ iε)] −β [1+d0(1− iε)]+ q̃

)
.

We have introduced the parameters

d0 =
h̄Δ

2kBT
1

1− iΩ/Dq2 ,

ε =
γ

2Δ
.

When the temperature is high, d0 → 0 and there are no density redistribution effects.
At low temperatures, the strength of the density changes scale with d0. In the limit
of large detuning, ε → 0 and the eigenvalues of M are given by (34), with the re-
placement β → β (1+d0). In the limit of vanishing ε , the eigenvalues are therefore

Λ1,2 = ±
√

q̃[2β (1+d0)− q̃]. (47)

The condition for the existence of modulational instability when Ω = 0 is there-
fore β (1+d0) > 0 or

Δ
(

1+
h̄Δ

2kBT

)
> 0.
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Fig. 7 Growth rate of modulational instability for s = 0.5, λ = 0.852 μm, na0 = 1×1010 cm−3 and
kBT = h̄γ/4. The left (right) plots are for Δ/γ = 5 (−5). The solid lines are from (48) while the
dashed lines are from (47)

For blue-detuning, Δ > 0, and this condition is always satisfied. For red-detuning,
Δ < 0, and the instability condition is then

h̄|Δ| > 2kBT,

which is again the Klimontovich–Luzgin condition of (13). When radiation forces
are included, the eigenvalues of M are

Λ1,2 = ±
√

q̃[2β (1+d0)− q̃]+β 2d2
0ε2 −βd0ε. (48)

The condition for instability when Ω = 0 is unchanged and is still given by
β (1 + d0) > 0. The presence of radiation forces slightly reduces or increases the
growth rate, depending on the sign of detuning, as can be seen from the plots in
Fig. 7. It is interesting to note that, in the limit where the radiation forces dominate,
ε → ∞, the growth rate tends to zero. Thus, radiation forces alone do not lead to
modulational instability. This is in contrast to the situation for two-beam coupling,
where the probe beam gain is due only to the radiation forces, and not to the dipole
forces.

7 Experimental Observations

The possibility of observing modulational instability in a cold-atom setting has been
investigated using a Cs MOT. A MOT with several billion atoms was used for pump–
probe measurements. Details of the experimental set-up have been given in [13]. For
pump–probe measurements [14], two beams were coupled into the MOT, as shown
in Fig. 8.

We measured the probe transmission at two different detunings, Δ = +5γ, +7γ ,
where the intensities of the probe and pump are chosen so that s = 0.05,0.5 for the
probe and pump, respectively, for all cases. The right-hand side of Fig. 8 shows the
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Fig. 8 Experimental set-up for measurements of MI gain

measured transmission, as a function of time, with Δ/γ = 5 for two different values
of the wave-number, q. In these plots, the darkest traces show the transmission of
the probe with pump off, the less dark ones are with the pump on, while the lightest
ones indicate the transmission of the pump.

Comparing the transmission of the probe with and without pump, we see that
the probe transmission is greatly modified because of the pump beam. Without the
pump beam, the probe transmission curve shows the time-dependent absorption in
the MOT. The dip around 3.5 ms is due to the Doppler shift effect [13]. Atoms
are accelerated and Doppler-shifted closer to the resonance after a certain amount
of time, so the probe beam is strongly absorbed. The same effect is also seen in
the transmission of the pump. The difference is that the pump beam is 10 times
stronger, so the Doppler pushing is stronger. It takes a shorter time for the atoms to
be accelerated close to the resonance, so the dip is around 0.9–1.0ms. With the pump
beam on, the probe transmission is very different. Peaks are observed during the first
1 ms when the probe and pump beams are turned on. After 1 ms, the probe beam
transmission gradually increases as a result of the MOT having partially dispersed.
The temporal behavior of the probe transmission includes several effects such as
Doppler pushing and possible density redistribution.

We plot the time of peak gain as a function of transverse wave-number for both
detunings in Fig. 9. This time-dependent density perturbation, due to both the dipole
and radiation forces, is essentially the same for both two-beam coupling and MI.
Since di has been shown to indicate the time evolution of the two-beam coupling
gain, we can derive the time when di is maximized from (27b). Setting the time
derivative of di(t) to zero gives

tmax =
π
ai

∝
1
q2 . (49)
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Fig. 9 The time of measured peak gain as a function of q for (a) Δ = +5γ and (b) Δ = +7γ . The
solid curves are results calculated using (49)

As a comparison, we plot tmax as a function of q in Fig. 9. We choose D =
0.063,0.136cm2/s, respectively, for two different detunings, so that tmax matches
the measured time of peak gain at the largest q. Other parameters are from the ex-
periment. There have been very few direct measurements of the spatial diffusion
coefficient in optical molasses. Hodapp et al. [8] and Truscott et al. [15] measured
D∼ 10−3 cm2/s for Rb. Boiron et al. [16] studied diffusion in a disordered Cs lattice
created by a speckle beam and found D as large as D ∼ 1.7cm2/s. So the value of
D we are using for the fit is not inconsistent with existing data.

Comparing the calculated tmax with the measured value, we see that the exper-
imental data agree with the calculation to a certain extent. For smaller q and the
same D, the agreement with the measured peak time is not good. The observed
shorter peak gain time is due to the expansion and acceleration of the atomic cloud.
For q = 450cm−1 or smaller, (49) predicts a peak time of 1ms or longer. However,
the cloud has been accelerated into resonance at about 1ms. Therefore, the peak
we are seeing at small q is due to a combination of two effects and it occurs at an
earlier time. This interpretation implies that, at small q, the atomic density grating
never has time to fully form before the cloud disperses. It implies further that the
measured gain curves, as a function of q, are shallower than they would be if the
gratings at small q were fully formed.

The observed peaks in the probe transmission indicate probe beam gain. We
consider two different kinds of gain. The first one is defined as the ratio of the
peak probe transmission with the pump beam on, to that without pump, i.e.,
T (pumpon)/T (pumpoff), where the MOT is always on. The second one is the
ratio of the peak probe transmission with MOT on, to that without the MOT, i.e.,
T (MOTon)/T (MOToff), where the pump beam is always on. We also call the sec-
ond one the absolute gain. In Fig. 10, we plot these two gains for various detunings,
as functions of the transverse wave-number, together with numerical simulations us-
ing the experiment parameters. Both plots show that the measured gain strongly de-
pends on the angle between beams and that the peak absolute gain is about 30–40%.

The discussion in Sect. 4 shows that, for frequency-degenerate beams, the radi-
ation pressure force could shift the atomic density distribution with respect to the
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Fig. 10 Measured probe gain as a function of q for Δ = +5γ (left) and Δ = +7γ (right). The solid
line is the numerical result using the experimental parameters without absorption, while the dashed
line is for the case with absorption. MOT size is 2wz = 1.3cm, and az = 0.25,bz = 0.2,cz = 0.09.
The peak atomic density is na0 = 1.0×1010 cm−3. Peak intensities of the probe and pump beams
are 5.56 and 55.6mW/cm2, respectively

optical field, thus introducing two-beam coupling gain. This gain was first observed
by Guibal et al. [11]. However, (23) indicates that the two-beam coupling gain from
the radiation force has no angular dependence. On the other hand, from Sect. 6, the
MI gain is mainly due to the dipole force, and this gain depends strongly on the
angle. Therefore, the angular dependence we observed in the experiment strongly
suggests that it is due to modulation instability. Also shown in Fig. 10 are numerical
results for the MI gain in the Cs MOT using the experimental parameters, assuming
a cloud of fixed two-level atoms and ignoring the light-induced redistribution effect.
The results show that, without the density redistribution effect, the MI growth rate
is too low to see any amplification from the beam. The inclusion or omission of
the absorption in the simulation only shifts the overall curve. The numerical results
confirm that the density redistribution effect must be taken into account, in order to
fully explain the experimental observations.

8 Conclusion

In conclusion, we have discussed a self-consistent model for the collective dynamics
of light beams propagating in cold atomic vapors. Novel effects, including stable
dissipative atom–optical solitons and modulational instability with a self-defocusing
nonlinearity, are predicted. Experimental studies in a Cs MOT show two-wave
mixing gain for frequency-degenerate pump and probe beams. The angular and
temporal dependence of the gain is consistent with the presence of modulational
instability. Additional studies [17] show that spatial structures with long-range
correlations and atomic patterns may form in models with feedback. Experimen-
tal observation of these effects will require cold atomic clouds with large optical
depth.
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On Vegetation Clustering, Localized Bare Soil
Spots and Fairy Circles

M. Tlidi, R. Lefever, and A. Vladimirov

Abstract We present a model and nonlinear analysis which account for the clus-
tering behaviors of arid vegetation ecosystems, the formation of localized bare soil
spots (sometimes also called fairy circles) in these systems and the attractive or re-
pulsive interactions governing their spatio-temporal evolution. Numerical solutions
of the model closely agree with analytical predictions.

1 Introduction

It is common in semi-arid or arid regions to encounter landscapes where the veg-
etation cover is non-uniform and exhibits large-scale structures, generically called
“vegetation patterns” [1, 2]. The terms “semi-arid” and “arid” refer here to climatic
conditions where water resources are scarce. More precisely, they mean that the
potential evapo-transpiration largely exceeds the water supply provided by rainfall.
At the individual plant level, this hydric stress affects plants’ growth and survival;
at the community level, it generates clustering effects that cause the formation of
vegetation patches. The outcome is a spatial “differentiation” of the landscape into
a “mosaic” of poorly vegetated and strongly vegetated domains, accompanied by a
redistribution of the ecosystem water resources benefiting the vegetated domains.

M. Tlidi
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It is now generally admitted that this adaptation to hydric stress involves a
symmetry-breaking modulational instability, whose causes are intrinsic rather than
extrinsic, to the vegetation, i.e., they result from the vegetation dynamics itself,
rather than from the imposition on this dynamics of some external (environmen-
tal), pre-existing spatial periodicity or anisotropy [3, 4, 5, 6, 7, 8, 9, 10, 11, 12].
Well-known patterns of this type are the banded, periodic vegetation covers, often
labeled with the picturesque name of tiger bush, which can be observed in many arid
regions on the earth. The intrinsic, self-organizing mechanism mentioned above pro-
vides a unified explanation for the diverse phenotypical characteristics displayed by
vegetation patterns. In particular, it predicts the properties of periodic patterns and
the sequence of symmetry-breaking transitions, which such patterns undergo as a
function of aridity. For example, it accounts for the observation that the size (wave-
length) of the heterogeneities increases with the degree of aridity, while, simultane-
ously, the symmetry of the patterns transforms from π-hexagonal into stripes and,
finally, into 0-hexagonal [3, 6, 13]. Remarkably, besides the behavior of periodic
patterns, the same mechanism predicts the possible existence of aperiodic, localized
structures (sometimes called dissipative solitons). They consist either of localized
patches of vegetation, randomly distributed on bare soil [14, 15] or, on the contrary,
of localized spots of bare soil (LBS), randomly distributed in an otherwise uniform
vegetation cover.

In this chapter, we shall focus our attention on LBS-type patterns. Well-
documented examples are the so-called woodland glades, a label referring to iso-
lated, open spaces of herbaceous vegetation (sometimes even of bare ground) sur-
rounded by woody vegetation. Woodland glades are permanent structures, and they
can be observed worldwide, even in non-arid climates. They may support particular
plants, and they are zones of attraction for various animal species which are adapted
to woodland and which take advantage of these sunny and dry open areas. Under-
standing their formation and maintenance is an important ecological issue. Other
fascinating, puzzling and well-documented examples of LBS patterns are the fairy
circles or fairy rings discovered in the Namib desert (see Fig. 1). These circular ar-
eas, devoid of any vegetation, can reach diameters of up to 14 m. This exceeds the
size of the tall grasses surrounding them by more than one order of magnitude. In
a recent study, van Rooyen et al. [16] have made an in-depth investigation of the
strengths and shortcomings of several hypotheses concerning their origin. These au-
thors have been able to rule out external causes, such as the possible existence of
localized radioactive areas unsuited for the development of plants, or a link between
fairy circles and the activity of termites. Among the other hypotheses they con-
sidered (notably, the release of allelopathic compounds and the possible existence
of stimulatory or inhibitory influences due to interactions between different plant
species), none was found which satisfactorily fitted their experimental observations.
Our objective, in regard to this context, is to investigate the generic properties and
evolving behaviors which can be predicted for LBS patterns on the basis of the
conceptual framework and treatment developed previously for the study of periodic
vegetation patterns.
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Fig. 1 Example of the fairy circles occurring in the pro-Namib zone of the west coast of southern
Africa [16] (photography: courtesy of M. Johnny Vergeer)

The starting point of our approach is a modified version of the integro-differential
propagator–inhibitor model (PI model) originally introduced to explain the forma-
tion of tiger bushes [3]. The basic hypotheses of the PI model are summarized
in Sect. 2. The modifications introduced in its present version have the objec-
tives (i) to formulate more precisely the relationship between the plants’ aerial–
subterranean structures and the facilitative or competitive feedbacks which influ-
ence their dynamics at the community level; and (ii) to incorporate into the model
an explicit formulation of the plants’ spatial propagation (e.g., by seed dispersion),
so that the interrelations between the “transport” phenomena taking place in the
ecosystem and the growth/decay dynamics of its constitutive vegetation are ac-
counted for in a better manner. In Sect. 3, we derive, from the original integro-
differential equation describing the dynamics in general, a nonlinear fourth-order
partial differential equation which constitutes a convenient, appropriate approx-
imation in the weak-gradient limit, where the size of spatial heterogeneities at
the community level greatly exceeds the size of individual plants. The condi-
tions under which vegetation clustering and localized bare spots appear are dis-
cussed in Sects. 4 and 5. The homoclinic solutions modeling LBS patterns are
then evaluated analytically. To begin with, the case of localized, isolated sin-
gle spots is treated; the solutions representative of this situation are constructed,
and their properties are discussed and compared with the results of numerical
solutions. In Sect. 6, the situation where bare spots are close enough to inter-
act is studied. This question, which is of considerable interest, has been inves-
tigated in other contexts [17, 18, 19, 20, 21, 22, 23, 24]. We demonstrate here
that such interactions induce the appearance of a “force” between LBS, which
may be attractive or repulsive, depending on the distance separating the interact-
ing spots. These results are established analytically and confirmed by numerical
simulations.
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2 Mean-Field Model of Vegetation Evolution

Let us consider a plant community established on a spatially uniform territory, and
suppose that a dominant species accounts for most of the community bio-mass. Let
La be the radial extension of a mature individual belonging to this species, S = π L2

a
be a territorial surface element centered on a given spatial point, r, and mmax be
the maximal amount of bio-mass that the community could produce on the surface
element S in the absence of vegetation decay. We imagine that we redistribute the
bio-mass mp(r, t) contained in S uniformly over it, then we define the normalized
bio-mass at the point r for time t as b(r, t) = mp(r, t)/mmax and model its spatio-
temporal evolution by the logistic equation

∂t b(r, t) = k1 b(r, t)− k2 b(r, t)

+D
∫ [

Φin(|r′|)b(r+ r′, t)−Φout(|r′|)b(r, t)
]

dr′, (1)

where the unit of time has been set equal to the characteristic time of the growth
process. The first two terms in (1) account for the bio-mass gains and losses that the
surface element S undergoes due to the natural growth and decay of the plants. The
third term accounts for the vegetation spatial propagation via seed dispersion and/or
other natural mechanisms. The integration extends over the whole of the territory,
which we suppose to be infinitely extended, and Φin and Φout are the dispersion ker-
nels weighting the incoming and outgoing seed fluxes between neighboring points,
according to their separation, |r′|. Further, D is a phenomenological constant which
fixes the rate of propagation of the vegetation, while k1 and k2 are kinetic coefficients
which take into account the plant-to-plant feedback effects resulting from the com-
munal organization of the vegetation. As such, we suppose that they are mean-field
state functions which can be written as:

k1 = [1−b(r, t)] Mf(b(r, t), t), k2 = μ Mc(r, t). (2)

The phenomenological constant, μ , is the decay to growth rate ratio in the absence
of interactions, i.e., under conditions where the vegetation spatio-temporal dynam-
ics is reduced to that obeyed by isolated plants, while Mf(r, t) and Mc(r, t) are
mean-field factors describing plant-to-plant interactions. By definition, these fac-
tors are equal to 1 in the case of isolated (or non-interacting) plants, and greater
than one when interactions cannot be neglected. In other words, they enhance the
rate of the processes which they influence, and therefore we call them the mean-field
enhancing factors. Mf(r, t) describes interactions facilitating growth.1 They are as-
sociated with the plants’ aerial structures and involve, notably, a reciprocal shelter-
ing of neighboring plants against climatic harshness, as well as a communally more
favorable management of vital resources. They extend over distances of the order

1 As well as seed production and germination [26].
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of La (e.g., the crown radius of mature trees). On the other hand, Mc(r, t) is associ-
ated with competitive plant-to-plant interactions enhancing vegetation decay. They
predominantly involve the plants’ roots system, or rhizosphere. Accordingly, they
operate over distances of the order of the rhizosphere radius, Lr. Their competitive
nature results from the fact that the rhizosphere activity of a plant tends to deprive
its neighbors of vital resources, e.g., water [25]. The logistic factor,

[
1− b(r, t)

]
,

of the kinetic constant k1 accounts for the existence of an upper limit, mmax, which
the bio-mass of a surface element, S, cannot exceed. The latter is specific to the
vegetation.

The following considerations then determine the choice of the mathematical
expressions of the rate-enhancing factors:

(i) By definition, Mf(r, t) and Mc(r, t) are increasing, functions of the vegetation
density. They take values in the interval [1,∞ , and they are equal to 1 in the
zero-density limit,

lim
ρ(r+r′, t)→0

Mı(r, t) = 1, ı = f ,c, (3)

where the dynamics of isolated plants must be recovered.
(ii) To fulfill condition (i), we postulate that the rate-enhancing factors depend ex-

ponentially upon the vegetation density, with the following form:

Mı(r, t) = exp

(
χı

∫
Φı
(
|r′|,Lı

)
b(r+ r′, t)dr′

)
, ı = f ,c, (4)

i.e., they are exponential functions of the mean-field integral of the normalized
vegetation density, b(r+ r′, t), weighted by the kernels, Φf and Φc, which de-
scribe the spatial extension of feedback effects in terms of the characteristic
ranges Lf and Lc over which facilitative and competitive interactions operate.
The positive parameters χf and χc, which fix the strength of the interactions,
may be influenced by extrinsic factors such as the degree of environmental
aridity.

(iii) Our aim is to study the localized structures having the generic characteristic
that they appear at the start to be a uniform density vegetation cover, or, more
exactly, uniform stationary state solutions of (1) for which b(r, t) = b is a finite,
positive constant, excluding the neighborhood of the value zero. In this respect,
we may, for simplicity, consider that Lf and Lc are constants, 2 and set Lf ≡ L0

f =
La and Lc ≡ L0

c = Lr. If we furthermore specify, in agreement with conditions (i)

2 Clearly, Lf and Lc depend on the stage of development of the vegetation: mature plants, ob-
viously, affect a greater territory than young seedlings. This feature plays an important role in
phyto-societal behaviors which generically appear only at low average vegetation densities, i.e.,
in the neighborhood of b = 0. The method consisting to link the development of the vegetation
to its density by assuming that L = L0 b(r+ r′, t)p, where L0 is a constant and p is an allometric
exponent, constitutes a straightforward ansatz for handling such situation. Vegetation patterns con-
sisting of vegetation patches distributed on bare soil can clearly be expected to be of this type. We
shall report on them elsewhere [26].
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and (ii), that the interactions obey a gaussian, isotropic distribution law,3 then
we obtain the following expressions (see Fig. 2) for the kernels Φf and Φc:

Φı(|r′|) = Nı exp

[
− |r′|2

L0
ı

]

, with ı = f , c, L0
f = La, L0

c = Lr. (5)

The normalization condition

Nı =
1
π

∫
exp

(
− |r|2

L0
ı

)
dr (6)

must be imposed so that bulk behaviors, e.g., the uniform stationary solutions
of (1), are independent of the interaction ranges in the case of spatially isotropic
environments, as expected on physical grounds.

Setting the unit of length to be equal to the crown radius, La, assuming that dis-
persion obeys a gaussian law, denoting the corresponding dispersion range of seeds
(gaussian variance) by Ld and replacing (2),(3),(4),(5) and (6) in (1), the mean-field
evolution equation of the vegetation finally reads

Fig. 2 Sketch of the facilitative and competitive mean-field kernels Φf and Φc, as given by (5).
Clearly, at short distances, |r′|, the difference Λ = Φf −Φc, which represents the effective mean-
field generated by the interactions, is facilitative (positive values) while at great distances, it is
competitive (negative values). The unit of length is equal to the canopy radius, La = 1

3 From a qualitative point of view, this gaussian choice is convenient and implies no loss of gen-
erality. Other expressions for the kernels, Φf and Φc, quantitatively describing specific vegetation
systems, will be considered elsewhere [26]. Anyway, we are not interested here in the influence of
external anisotropies. Hence, we have the choice of isotropic kernels, i.e., those that have no angu-
lar dependency and are only functions of the distance between points. For investigations devoted
to the role of spatial anisotropies, see [3, 27, 28].



On Vegetation Clustering, Localized Bave Soil Spots and Fairy Circles 387

∂t b(r, t) = b(r, t) [1−b(r, t)] exp

(
χf

π

∫
e−|r′|2 b(r+ r′, t)dr′

)

−μ b(r, t) exp

(
ε

χc

π

∫
e−ε |r′|2 b(r+ r′, t)dr′

)

+
σ D
π

∫
eσ |r′|2 [b(r+ r′, t)− b(r, t)

]
dr′, (7)

where the parameters

ε =
(La

Lr

)2
and σ =

(La

Ld

)2
, (8)

specify the structural ratio and dispersivity of the vegetation considered.
In order to investigate the spatio-temporal dynamics predicted by the integro-

differential (7), it is convenient to work with a partial differential equation approxi-
mation of it. The latter is derived in the next section.

3 Weak-Gradient Approximation

We look for an approximation to (7), in the form of a partial differential equation, in
the limit where, according to linear stability theory, (i) unstable fluctuations are of
much greater wavelength than the crown size, La, (ii) their growth rate is small, and
(iii) nonlinearities remain weak. Generically, requiring (i) and (ii) means that we are
interested in the system’s dynamics near a transition point where fluctuations corre-
sponding to the zero-Fourier mode become unstable, i.e., fluctuations of very large
wavelength are stable but are nearly marginal (in the weak-gradient approximation).
Requiring (iii) means that we look for conditions such that this transition point oc-
curs at uniform vegetation densities, b, thus satisfying the inequalities 0 < b << 1.
Hence, let us first determine the uniform stationary states of (7) and their stability
properties. It is easily found that the latter, given by the solutions of

μ = b(1−b)exp(Λb) , (9)

depends on only two parameters. The switching parameter μ (defined in (2)) con-
trols the stability of the trivial uniform solution, b = b0 = 0, corresponding to bare
soil without vegetation: b0 is unstable for 0 ≤ μ < 1 and stable for μ ≥ 1. The sec-
ond parameter in (9) is the feedback balance resulting from the difference between
the strengths of facilitative and competitive feedbacks:

Λ = χf −χc. (10)

It controls whether the population behaves co-operatively (Λ > 0) or not (Λ < 0).
At the “neutral feedback point”, Λ = 0, facilitative and competitive effects bal-
ance each other exactly – the non-trivial uniform stationary state solution of (3),
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Fig. 3 Uniform stationary states solutions of (9) as a function of the switching parameter, μ , with
increasing values of the feedback balance, Λ. For Λ > 1, the system exhibits a saddle-node transi-
tion point, whose co-ordinates are given by (11)

b = bs = 1− μ , is then identical to that of a community in which plants do not in-
teract, i.e., one with χf = χc = 0. For Λ > 1 and 1 ≤ μ ≤ exp(Λ−1)/Λ, (9) admits
three non-negative solutions, b0,b−,b+ (see Fig. 3). The uniform state, b−, is always
unstable. On the other hand, b0 and b+ are stable with respect to small perturbations
which do not break the system spatial uniformity. Remarkably, when the feedback
balance, Λ, is strongly co-operative, i.e., for Λ >> 1, the domain of existence of
the vegetation, represented by the b+ branch of stationary states, extends up to the
saddle-node transition point of co-ordinates

b∗ =
Λ−1

Λ
, μ∗ =

exp(Λ−1)
Λ

, (11)

i.e., far beyond the switching point, μ = 1, where the trivial state, b0, changes sta-
bility. In light of the requirements (i) – (iii) mentioned earlier, we now explore the
system dynamics in the neighborhood of the feedback balance value Λ = 1. Hence,
we set

b(r, t) = ζ u(r, t), Λ = 1+ζ Λ1, μ = 1+ζ 2 μ2, (12)

where ζ is a “smallness” parameter, and we renormalize the time and space scales
by the transformation:

t =
2 t̃
ζ 2 , |r| = |̃r|

k0
, (13)

where k0 is the non-zero, positive modulus of the first Fourier wave vector which
becomes (linearly) unstable in the neighborhood of the saddle-node point. (For sim-
plicity of notation, the tilde will later be dropped.) We require k0 << 1, i.e., that it
corresponds to spatial heterogeneities of much greater size than La. The linear sta-
bility analysis of (7) shows that, in order to satisfy this condition and to obtain real,
positive values for k0, the strength of competitive feedbacks, χc, and the dispersion
coefficient, D, must scale with respect to ζ as:
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χc =
ε

1− ε
+
√

ζ χ1, D = ζ 3/2 δ
σ

. (14)

To the dominant order in ζ , this yields

k0 = qζ 1/4, with q = 2

√
ε
(

χ1 −2
δ

u+

)
, (15)

where

u+ = Λ1 +
√

Λ2
1 −2 μ2 (16)

is the dominant term in the expansion b+ = ζ u+ +O(ζ 2) of the branch of stationary
states, b+, in terms of ζ .

We use (10) to eliminate χf, expand b(r+ r′, t) = ζ u(r+ r′, t) + O(ζ 2) in a
Taylor series around the focal point r, substitute (12), (13), (14), and (15) into (7)
and expand the resulting equation in terms of ζ , up to O(ζ 3). This yields the desired
partial differential evolution equation, with u(r, t) as new state variable:

∂tu(r, t) = −u(r, t)
[

2 μ2 −2Λ1 u(r, t)+u(r, t)2 ]

+
[

qδ − qχ1

2
u(r, t)

]
∇2u(r, t)− q2

16ε
u(r, t)∇4u(r, t)

+O(ζ 7/2). (17)

In order to put (17) into a more compact form, let us define

η = 2 μ2 κ = 2Λ1, Δ = qδ , Γ =
qχ1

2
, α =

q2

16ε
. (18)

Rewritten in terms of these parameters, (17) becomes

∂t u(r, t) = −u(r, t)
[
η −κu(r, t)+u(r, t)2]

+[Δ−Γu(r, t)]∇2u(r, t)−αu(r, t)∇4u(r, t), (19)

while the stationary solutions, representing uniform vegetation covers, are now
given by

u0 = 0, u± =
[
κ ±

√
κ2 −4η

]
/2. (20)

To be physically acceptable, u± must be real and non-negative. Two situations must
be distinguished, according to the sign of κ . When κ < 0, the co-ordinates of the
saddle-node point are unphysical. Besides u0, u+ is then the only acceptable uniform
stationary state solution. It exists only if η < 0 and is a monotonically decreasing
function of η which vanishes for η = 0. When κ > 0, the co-ordinates of the saddle-
node point, given by

u∗ = κ/2, η∗ = κ2/4, (21)
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are physically acceptable. Accordingly, for 0 < η < η∗, the bio-mass density ex-
hibits a phenomenon of bistability, so that u0 and u+, which are linearly stable with
respect to uniform fluctuations, as well as the intermediate unstable branch, u−,
are then, simultaneously, acceptable uniform solutions of (19). In the following, we
shall focus on the parameter regime where the uniform plant distribution exhibits
bistability (κ > 0), and assume that the inequalities (ηm < η < η∗) hold. In that
case, all uniform stationary states belonging to u+ have a finite, non-negative value.
This is required, given the simplification made earlier that Lf and Lc are constants,
independent of the vegetation density (cf. assumption (iii) in 2).

4 Clustering and Periodic Vegetation Patterns

Inspection of (19) suggests that the u+ stationary states may become unstable if
subjected to random, non-uniform fluctuations. Indeed, when Δ/Γ = 2δ/χ1 < u+,
the “diffusion” coefficient in front of the Laplacian is negative, indicating that veg-
etation clustering, i.e., the “phase separation” of vegetation and bare soil, becomes
possible [29, 30]. This phenomenon is physically comparable with the behavior of
immiscible mixtures, e.g., the separation of oil and water. It corresponds, in the lin-
ear stability analysis of (19), to the appearance of a finite band of unstable Fourier
modes. Its upper cutoff is due to the “line tension” coefficient of the bi-Laplacian
term, which is always stabilizing (for short distances, dispersion is always an effi-
cient mixing mechanism), while its lower cutoff owes its existence to the stability
of the zero-Fourier mode. (By definition, all u+ stationary states are stable with re-
spect to uniform fluctuations.) Under these conditions, the intrinsic instability due
to the negative diffusion coefficient is modulational – random noise triggers the ap-
pearance of spatially periodic patterns which spread over the whole territory. The
wavelength of the first non-zero-Fourier mode to become unstable is

λm = 2π

√
2α

Γ/α −Δ/um
, (22)

where um, given by the largest real positive solutions of the cubic polynomial

(2Γum −Δ)2 = 4αu2
m(2um −α), (23)

is the threshold state at which the modulational instability appears on the u+ branch
of solutions for η = ηm (see Fig. 4). When the aridity parameter, η , increases, the
structures that appear first (sub-critically) are the so-called hexagons, H0. They
consist of a periodic pattern, of hexagonal symmetry, made up of sparse vegeta-
tion spots. Upon a further increases in η , this pattern becomes unstable and the
system evolves toward patterns consisting of bands or stripes; the latter properties
are in good agreement with observations relating to tiger bush patterns. Increas-
ing aridity still further destabilizes these banded patterns and transforms them into
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Fig. 4 Uniform stationary bio-mass density as a function of the aridity parameter η , for κ = 0.5,
Δ = 0.1, Γ = 0.5 and α = 0.25. Broken lines correspond to unstable states. As η increases, at the
bifurcation point (ηm,um), the uniform branch of stationary states, u+, becomes unstable with re-
spect to infinitesimal fluctuations whose wavelength is given by (22). In the neighborhood of this
point, sub-critical periodic vegetation patterns which are made up of spots of sparser vegetation can
be found. Super-critically, they transform into stripes, and finally into periodic patterns consisting
of vegetation spots separated by bare ground. The three different kinds of patterns represented have
been obtained for η = −0.25, 0.1 and 0.2, respectively. The grid is 128× 128 points. Black cor-
responds to the highest values of the bio-mass density. Minima are plain white. Periodic boundary
conditions are used in both spatial co-ordinates

hexagonal Hπ patterns which correspond to periodic distributions of vegetation
spots surrounded by bare ground. These three types of 2D periodic structures are
represented in Fig. 4. They have been obtained by numerically integrating (19) on
a square-shaped domain with periodic boundary conditions. The initial condition
used to generate these structures consists of the unstable uniform stationary solu-
tion, perturbed by noise of small amplitude. Reversing the variation of the aridity
parameter shows that there exist two hysteresis loops involving striped, H0 and Hπ
patterns (not represented). Published works giving nonlinear analyses [13, 31] al-
low for detailed calculation of the bifurcation diagrams of such periodic vegetation
patterns.

5 Pinning and Localized Bare Soil Spots

Localized vegetation patterns have been described in various arid regions, notably
in Africa. So far, however, they have attracted little attention, both from experi-
mental and theoretical points of view. Such patterns are “spatially localized”, in
the sense that they are elemental structures (vegetation patches or holes in the veg-
etation cover) which have a well-defined size and which seem to be quite stable.
However, in contrast to periodic patterns, they apparently have little or no tendency
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to spread and to invade the whole territory accessible to them. Characteristically,
they are found as isolated elements, or in the form of groups which gather a small
number of elements, more or less closely. The fairy circles illustrated in Fig. 1 are
striking examples belonging to this category of patterns.

On the theoretical side, spatial localization is a patterning phenomenon better
known in contexts of a physico-chemical rather than biological nature. It is estab-
lished that various, quite distinct, non-equilibrium reaction-diffusion systems and
nonlinear optical devices, which have the common property that they exhibit modu-
lational instability, also display pinning phenomena which generate so-called local-
ized structures (LS) [32, 33, 34, 35, 36, 37, 38, 39, 40, 41]. In all these systems, the
conditions under which periodic patterns and localized structures appear are closely
related – dynamically speaking, in all cases, a sub-critical modulational instability
underlies the pinning phenomena responsible for the appearance of localized pat-
terns. In this section, (i) we show that the dynamics described by (19) gives rise to
such pinning phenomena and, as a consequence, may account for the formation of
the localized bare spots (LBS) observed, e.g., the case of fairy circles; and (ii) we
present a treatment which allows us to analytically evaluate the elemental solutions
of (19) corresponding to an isolated bare soil spot immersed in an otherwise uniform
vegetation cover.

Mathematically, stable localized structures are homoclinic solutions (solitary
waves or stationary pulses) which belong to the sub-critical domain where a uniform
branch of stationary state solutions and a branch of spatially periodic solutions are
both linearly stable [34]. In parameter space, this situation corresponds to the exis-
tence of a hysteresis loop. Within it, there generally exists a so-called pinning range
of parameter values for which stable localized structures, connecting the uniform
and the periodic solutions, can be found. Their stability is attributed to the absence
of a variational principle, i.e., to the non-existence of a Lyapunov functional guar-
anteeing that evolution proceeds toward the state for which the functional has the
smallest possible value which is compatible with the system boundary conditions.
The Swift–Hohenberg equation, for example, is a paradigmatic evolution equation
which admits localized structures of this kind.4 Clearly, the presence of the nonlin-
ear diffusion terms, u∇2u and u∇4u, render (19) non-variational.

Figure 5 shows some examples of localized structures obtained by numerically
solving (19) for given, fixed values of the control parameters. Because of the homo-
clinic nature of these solutions, the number, as well as the spatial location, of the bare
spots immersed in the bulk of the linearly stable uniform reference state depends on
the initial condition considered. A single, isolated stationary bare spot is shown in
Fig. 5(a). The spatial profile of the bio-mass density surrounding the central bare
spot exhibits a decaying spatial oscillation which produces the concentric rings seen
in the Fig. 5 (see also Fig. 7). This oscillatory tail connects the uniformly vegetated
state to the central spot of sparser vegetation. To a first approximation, its char-
acteristics (wavelength and maximal amplitude) are those ofthe periodic solution

4 It is noteworthy that LS do not require a commutation process between distinct uniform stationary
states [35].
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Fig. 5 Sample of localized bare spots surrounded by the uniformly vegetated state us = (κ +√
κ2 −4η)/2, obtained from numerical simulations of the model (19). Parameters are κ = 0.5,

Δ = 0.1, Γ = 2α = 0.5 and η =−0.025. (a) Single bare spot, (b) three LBSs (c) random distribution
of LBS. The grid is 256× 256 points. Black corresponds to the highest values of the phyto-mass
density. Minima are plain white. Periodic boundary conditions are used in both spatial co-ordinates

corresponding to the same parameter values. Figure 5(b) shows a pattern consisting
of three localized bare spots, of which one is an isolated structure and two form a
bound state. In Fig. 5(c), a pattern consisting of randomly distributed isolated and
bound bare spots has been obtained.

Amplitude equations describing the space–time evolution of a slow unstable
mode, derived in the framework of weakly–nonlinear regime, cannot describe lo-
calized structures. This approach does not take into account the non-adiabatic ef-
fects that involve the fast spatial scales which are responsible for the stabilization of
LSs [33]. In recent years, considerable progress has been realized in the understand-
ing of these structures. Analytical localized structures are relatively well understood
in the 1D setting. The existence of localized structures in the Swift–Hohenberg
model has been found by using functional analysis methods [42] and a dynami-
cal system approach [43, 44, 45]. More recently, the computation of small and large
spatial scales, by going beyond all orders of the usual multiple-scale expansion, al-
lows us to construct the bifurcation diagram of localized structures [46]. However,
analytical methods in 2D are still largely unexplored, and most of the results are
obtained by numerical simulations.

A single stationary bare spot solution of (19) can be written in the form u(r) =
U(r)+ u+, where U(r) is the deviation from the uniform stationary state, u+. The
stability of the bare spot solution is determined by the spectrum of the linear operator
L, defined by

L[U(r)+u+] = L(u+)+M [u+,U(r)]U(r),

with

L(u+) = −η +2κu+ −3u2
+ +(Δ−Γu+)∇2 −αu+∇4, (24)

M [u+,U(r)] = (κ −3u+)−U(r)−Γ∇2 −α∇4. (25)
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A single LBS is a radially symmetric solution, u(x,y) = u(r), of (19). We can then
replace the Laplacian operator by ∇2 = ∂ 2

rr + (1/r)∂r. We consider the following
boundary conditions: u|r=+∞ = u+, ∂ru|r=0 = 0, ∂ru|r=+∞ = 0 and ∂ 3

r u|r=0 = 0.
The solution of the linear problem is

u(r) = u+ +ℜ
{

Aexp(iθ)K0[(ϖ + iω)r]
}
, (26)

where
ϖ + iω =

√
−ξ1 + iξ2, (27)

with

ξ1 = [(Δ/u+)−Γ)]/(2α) , and ξ2 =
√

(3u2
+ +η −2κu+)/(αu+)−ξ 2

1 . (28)

The Bessel function K0 describes the decaying oscillations at large distance from
the center of the bare spot. The bare spots are calculated in the following manner.
First, we integrate (19) with ∂tu = 0, from r = 10−8 to r1 = 1, using the initial
conditions: u(r)|r=r0 = B, ∂ 2

r u|r=r0 = C and ∂ru|r=r0 = ∂ 3
r u|r=r0 = 0. Then we solve

the (19) with ∂tu = 0 from r = r1 to r = L, with L = 100 for the initial condition
of (26). The parameters A,B,C and θ are determined numerically by matching the
solution obtained at r = r1. The procedure of the calculation is the shooting method.
This calculation allows us to draw the bifurcation diagram (see Fig. 6), where we
plot the homogeneous steady state together with the minimum values of the bare
spot. The spot branch of solutions emerges from the uniformly vegetated state, u+,
at the bifurcation point (ηm,um) associated with the modulational instability.

Fig. 6 Bifurcation diagram. The solid (dotted) line represents the stable (unstable) solutions. As
the aridity parameter increases, the upper uniformly vegetated state (HSS) becomes unstable at
the bifurcation point (μm,um). From this instability point, a branch of localized bare spots (BLS)
emerges sub-critically. Here κ = 0.5, Δ = 0.1, Γ = 2α = 0.5, and η = −0.025. The black circles
indicate the minimum of LBS obtained from the numerical simulations of the model (19). The
agreement between the two method is excellent
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6 Attractive/Repulsive Interactions Between Bare Spots

We have seen that (19) admits bare spot solutions that either can be spatially inde-
pendent, or, if they are close enough, can interact through their overlapping tails to
form bound states. In this section, we study the properties of these bound states in
the case of two LBSs interacting in 2D space. An analytical expression, in terms of
integrals of Bessel functions, is derived for the interaction forces between two sepa-
rate localized bare spots. The interaction will initiate motion of the LBSs until they
reach a stable equilibrium position. We show that there exist several equilibrium
positions and that the system selects one of these states, depending on the initial
distance between the two localized spots. On the other hand, numerical simulations
reveal that two localized bare spots may loose their stability under their mutual in-
teraction, giving rise to a periodic distribution of bare spots forming an hexagonal
lattice.

Figure 7 shows two situations which are representative of the behaviors which
may be observed when two LBSs interact. In order to analyze them, let us first
rewrite (19) as:

0.5
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Fig. 7 Interaction between two LBSs. (a) and (b) are obtained for the same values of parameters.
They differ only in the initial distance between the LBSs. (c) and (d) are, respectively, the cross-
sections taken from (a) and (b) and passing through the center, along the x-direction. Parameters are
κ = 0.5, Δ = 0.1, Γ = 2α = 0.5 and η =−0.025. The grid is 256×256 points. Black corresponds to
the highest values of the phyto-mass density. Minima are plain white. Periodic boundary conditions
are used in both spatial co-ordinates
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∂tu = F [u],
F(u) = Δ∇2u−ηu+κu2 −u3 −u(Γ∇2u+α∇4u). (29)

In the following, we consider two bare spots that can interact through their oscilla-
tory tails. The asymptotic form of the tail is described by a modified Bessel function
(26) that decays at large distances from the centre of the localized bare spot. When
they are excited sufficiently close to each another, they exert mutual forces due to
the overlapping of their tails. We will see that these interaction forces can be either
attractive or repulsive, depending on the initial distance between the bare spots. In
the following, we calculate these interaction forces analytically for the case of weak
overlap, which means that the two bare spots are well separated.

Let us choose the co-ordinate system in such a way that its origin is located at
the mid-point between two spots, i.e., at equal distance from each of them. Let the
center of mass of each of the bare spots be on the axis x, so that their minima are
located at the points (−R/2,0) and (0,R/2) along the x-direction, where R is the
distance between them (Fig. 8). We look for a solution of (19) in the form of a
slightly perturbed linear superposition of two spots:

U(r, t) = U1(r)+U2(r)+εδU(r, t) where U1,2(r) =U(|r−R1,2|). (30)

The positions of the localized solutions, R1,2 (t) = (X1,2,Y1,2)
T, evolve on the slow

time scale ∂t R1,2 (t) = O (ε). Substituting this expansion into (19) and collecting
first-order terms in ε , we obtain

[∂t −L(U1+U2 +u+)]δU = ∇U1 ·∂tR1 +∇U2 ·∂tR2 +F(U1 +U2 +u+). (31)

To solve (31), it is necessary to satisfy a solvability condition, viz. the right
side of (31) should be orthogonal to the null eigenfunctions of the adjoint oper-
ator L†(U1 + U2 + u+), which can be approximated by the neutral (often called
Goldstone) translational modes, v1 = (v1x,v1y)

T and v2 = (v2x,v2y)
T of L†(U1 +u+)

and L†(U2 +u+), respectively. The solvability condition reads

Fig. 8 Schematic plot of two bare spots located at the points (−R/2,0) and (0,R/2) along the
x-direction. The black circles indicate the tails of the LBSs
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1
2

∂tR1

∫
S

vk ·∇U1dr+
1
2

∂tR2

∫
S

vk ·∇U2dr = −
∫

S
vkF (U1 +U2 +u+)dr, (32)

with k = 1,2. The integrals appearing in (32) are taken over the whole plane S =
ℜ×ℜ ≡ (x,y). To perform the integration over this plane, we decompose it into
two half planes, namely, S1 = ℜ−×ℜ and S2 = ℜ+ ×ℜ (see Fig. 8)

∫
S

vkF (U1 +U2 +u+)dr =
∫

S1

vkF (U1 +U2 +u+)dr

+
∫

S2

vkF (U1 +U2 +u+)dr. (33)

In the half plane S1, where the bare spot solution U2 is small, we can apply the
following first-order expansion:

F (U1 +U2 +u+) ≈ F (U1 +u+)+L(U1 +u+)U2 = L(U1 +u+)U2. (34)

Similarly, in the half-plane S2, where the bare spot solution U1 is small,

F (U1 +U2 +u+) ≈ F (U2 +u+)+L(U2 +u+)U1 = L(U2 +u+)U1. (35)

Then (32) reads

ξ ∂tR1 = −
∫

S1

v1L† (U1 +u+)U2 dr, (36)

and

ξ ∂tR2 = −
∫

S2

v2L† (U2 +u+)U1 dr, (37)

with

ξ =
1
2

∫
S

v1 ·∇U1 dr =
1
2

∫
S

v2 ·∇U2 dr. (38)

Subtracting (36) from (37), we get the equation for the time evolution of the distance
between the spots:

ξ ∂tR = −
∫

S2

v2L†(U2 +u+)U1 dr+
∫

S1

v1L†(U1 +u+)U2 dr, (39)

where R = R2 −R1. Since v1,2 are the eigenfunctions of L† (U1,2 +u+) with the
zero eigenvalue, we have
∫

S
U1L† (U2 +u+)v2dr = 0 =

∫
S

v2L(U2 +u+)U1dr

=
∫

S1

v2L(U2 +u+)U1dr +
∫

S2

v2L(U2 +u+)U1dr, (40)
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∫
S
U2L† (U1 +u+)v1dr = 0 =

∫
S

v1L(U1 +u+)U2dr

=
∫

S1

v1L(U1 +u+)U2dr+
∫

S2

v1L(U1 +u+)U2dr. (41)

Using the relations (40) and (41), (39) becomes

ξ ∂tR =
∫

S2

v1L(U1 +u+)U2 dr−
∫

S1

v2L(U2 +u+)U1 dr. (42)

Since U1(U2) is small in S2(S1), (42) can be approximated by

ξ ∂tR =
∫

S2

[v1L(u+)U2 −U2L(u+)v1]dr

−
∫

S1

[v2L(u+)U1 −U1L(u+)v2]dr, (43)

where the self-adjoint linear operator L(u+) is defined by (24) and L(u+)v1 = O
(
ε2
)

in S2 while L(u+)v2 = O
(
ε2
)

in S1. Using this equation, we get

ξ ∂tR = (Δ−Γu+)(I1 − I2)+αu+ (J1 −J2) = F, (44)

with

I1,2 =
∫

S1,2

[
v1,2∇2U2,1 −U2,1∇2v1,2

]
dr, (45)

J1,2 =
∫

S1,2

[
v1,2∇4U2,1 −U2,1∇4v1,2

]
dr. (46)

Using Green’s identities and the symmetry properties U(−r) = U(r) and v(−r) =
−v(r), the integrals (45) and (46) over the half-planes Sk, k = 1,2, can be trans-
formed into the following integrals over the line x = 0 separating these two half-
planes:

Ik = (−1)k
∫ ∞

−∞

[
d
dx

(vkUk)
]

x=0
dy = −∇RĪk, (47)

Jk = 2(−1)k
∫ ∞

−∞

[
d
dx

(
Uk∇2vk +vk∇2Uk

)]
x=0

dy = −∇RJ̄k, (48)

where

Īk = 2(−1)k
∫ ∞

−∞
(vkxUk)x=0 dy, (49)

J̄k = 4(−1)k
∫ ∞

−∞

(
Uk∇2vkx + vkx∇2Uk

)
x=0 dy. (50)
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According to (47) and (48), (44) can be rewritten in the following gradient form:

ξ ∂tR = −∇RU (R), (51)

with the potential function

U (R) = (Δ−Γu+)(Ī1 − Ī2)+αu+ (J̄1 − J̄2) . (52)

Finally, we note that the integrals appearing in (45),(46),(47),(48),(49), and (50)
have the symmetry properties I2 = −I1, J2 = −J1, Ī2 = −Ī1 and J̄2 = −J̄1, which
express the fact that the velocities of the two spots have opposite signs, ∂tR2 (t) =
−∂tR1 (t).

In order to calculate the interaction force of two bare spots, we substitute the
asymptotic relations for Uk and vk, in terms of the modified Bessel functions, into
(47) and (48) and perform the integration. The plot of the interaction force, F , ver-
sus the half-distance, R/2, between the centers of the two bare spots is shown in
Fig. 9. This function shows a decaying oscillation, as predicted from the linear anal-
ysis. The equilibrium positions R1, R2 and R3 correspond to a separation where the
interaction force between the two spots vanishes, i.e., F = 0. The two spots are
bound together by the interaction forces. The equilibrium positions R1 and R2 are
stable, while R3 is unstable. If the initial distance, d, between two spots is such that
R0 < d < R1, the system will evolve toward the formation of two spots separated by
a distance R1. When d is larger than R2, they will reach the equilibrium position R3.
Note, however, that the origin of position R0/2 in Fig. 9 is calculated numerically
by a direct integration of (19). The position R0 corresponds to the critical initial dis-
tance between spots, and below it, only one spot survives. This means they merge

Fig. 9 Interaction force as a function of half-distance between two localized bare spots. Parameters
are κ = 0.5, Δ = 0.1, Γ = 2α = 0.5, and η = −0.025
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Fig. 10 Transition toward the formation of a periodic distribution of bare spots induced by the
interaction between two localized bare spots. Note that the single LBS remains stable for a long
time. Minima are plain white and the grid is 256×256 points. Parameters are κ = 0.5, Δ = 0.1 and
η = −0.01 (ti = ti−1 +50, with t1 = 20)

if d < R0, and only a single spot is formed. Due to the space oscillation of the tails,
the interaction force alternates between attraction and repulsion, depending on the
initial distance between the two bare spots.

When the branch of spot solutions coincides with the bare state (see Fig. 6),
then the minimum of the spot is zero. In that case, the interaction forces between
two well-separated spots will destabilize the dynamics of the system toward the
formation of a periodic distribution of bare spots which will occupy the whole space
available on the ground. This feature is illustrated in Fig. 10. The time evolution
shows that the two LBSs become unstable under their mutual interaction, and a
periodic pattern is selected in late stage evolution of the system (Fig. 10).

7 Conclusions

We have presented a model and nonlinear analysis which account for the clustering
behaviors of arid vegetation ecosystems, the formation of localized bare soil spots
(sometimes also called fairy circles) in these systems and the attractive or repulsive
interactions governing their spatio-temporal evolution. The bare spots can be ei-
ther spatially independent, self-organized, or randomly distributed. They form under
conditions that are favorable to modulational instability, leading to the patterning.
More precisely, they are generated in the regime where a periodic vegetation pattern
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and a uniform plant distribution co-exist for given, fixed values of the switching
parameter μ . They correspond to a spatial compromise between a homogeneous
plant distribution and hexagonal patterns that consist of a uniform vegetation cover
regularly punctuated with bare soil areas.

The interaction between two bare spots in 2D systems has been clarified. When
the distance between them is large, bare spots do not interact. They form an isolated
stationary structure. However, if they are close one to another, they will interact
through their overlapping tails. The interaction will cause the bare spots to move
until they reach a stable equilibrium position. We have shown that there exist several
equilibrium positions. The system selects one of these positions, depending on the
initial distance between the two localized spots.

The half-height width of a 2D LBS corresponds approximately to half the wave-
length at the modulational instability, λm/2. The wavelength is explicitly given by
a simple relation (22), where um is the solution of (23). The size of fairy circles
ranges from 2 to 10 m [16]. The spatial scale for (19) is the inter-plant competition
range. This value is estimated to be of the order of 2 m. The half-height width of a
2D LBS is of the order of three- dimensionless spatial units, and so is of order 6 m.
This value is consistent with field observations.
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40. U. Bortolozzo, M.G. Clerc, C. Falcon, S. Residori, and R. Rojas, Phys. Rev. Lett. 96, 214501

(2006). 392
41. M. Pesch, E. Große Westhoff, T. Ackemann, and W. Lange, Phys. Rev. Lett. 95, 143906

(2005). 392
42. L. Yu. Glebsky and L.M. Lerman, Chaos 5, 424 (1995). 393
43. G.W. Hunt, G.J. Lord, and A.R. Champneys, Compt. Methods Appl. Mech. Eng. 170, 239

(1999). 393
44. P. Coullet, C. Riera, and C. Tresser, Phys. Rev. Lett. 84, 3069 (2000). 393
45. J. Burke and E. Knobloch, Phys. Rev. E 73, 056211 (2006). 393
46. G. Kozyreff and S.J. Chapman, Phys. Rev. Lett. 97, 044502 (2006). 393



Propagation of Traveling Pulses
in Cortical Networks

D. Golomb

Abstract We study the propagation of traveling solitary pulses in one-dimensional
cortical networks with two types of one-dimensional architectures: networks of ex-
citatory neurons and networks composed of both excitatory and inhibitory neurons.
Each neuron is represented by the integrate-and-fire model, and is allowed to fire
only one spike. The velocity and stability of propagating, continuous pulses are
calculated analytically. For excitatory-only networks, two continuous pulses with
different velocities exist if the synaptic coupling is larger than a minimal value; the
pulse with the lower velocity is always unstable. Above a certain critical value of the
constant delay, continuous pulses lose stability via a Hopf bifurcation, and lurching
pulses with spatio-temporal periodicity emerge. The parameter regime for which
lurching occurs is strongly affected by the synaptic footprint (connectivity) shape.
Two types of stable propagating pulses are observed in networks of excitatory and
inhibitory neurons. During fast pulses, inhibitory neurons fire a short time before
or after the excitatory neurons. During slow pulses, inhibitory cells fire well be-
fore neighboring excitatory cells, and potentials of excitatory cells become negative
and then positive before they fire. This work shows that simple models of spiking
neurons exhibit a large variety of propagating pulses with various spatio-temporal
properties.

1 Introduction

Propagating epileptic-like pulses of neuronal activity appear in disinhibited coronal
neocortical slices in response to electrical stimulation above a certain threshold.
The average discharge velocity is about 10–15 cm/s[1]. Neurons are recruited to the
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wave because of the excitatory, recurrent interactions between neurons. These slice
preparations were developed initially as experimental models for epilepsy [2, 3].
Experimental and theoretical investigations [1, 4, 5, 6, 7] have tried to relate the
dynamics of propagating discharge to the underlying neuronal circuitry. Numerical
simulations of a conductance- based neuronal model with homogeneous architecture
have revealed that the discharge propagates at a constant velocity, as a continuous
traveling pulse [1, 5]. In both theory and experiment, there was a minimal velocity
below which the discharge could not propagate. Propagating discharges with similar
properties and velocities have been found in other cortical structures, such as the
hippocampus [8, 9] and the piriform cortex [10]. The effects of synaptic delays
were not examined in those studies.

Propagating epileptic-like pulses appear in cortical slices when the strength of
inhibition is reduced by only 10–20% [11, 12, 13], but they cannot propagate in
healthy cortical slices under physiological conditions when inhibition is intact. In-
hibition shapes the form of these pulses and reduces their velocity [11, 12]. Recent
experiments in rodents [7, 14] and ferrets [15, 16] have revealed a different type of
propagating pulse in cortical tissue when inhibition is intact or partially reduced.
This activity is non-epileptic, with firing rate of individual neurons typically be-
ing low (< 10 Hz). The generation and termination of this propagating state may
account for the generation of a subset of cortical rhythm during sleep. In intact
ferret slices, the propagating velocity is slow, about 1.1 cm/s [15]. When inhibi-
tion is blocked, the activity becomes epileptic-like and the velocity becomes fast,
about 9 cm/s. The propagation of slow pulses depends on the existence of slow (me-
diated by N-methyl-D-aspartate (NMDA) [17]) excitation. When this excitation is
blocked, the slow pulse often, but not always, cannot propagate [15]. In contrast,
blocking the slow excitation does not prevent the propagation of the fast pulses
[1]. Blocking the fast (mediated by α-amino-3-hydroxy-5-methyl-4-isoxazole pro-
pionate (AMPA) [17]) excitation prevents the appearance of both fast and slow
pulses [1, 15]

In this chapter, we explore the propagation of fronts with and without inhibition.
Our goals are to characterize the types of propagating pulses and to relate the con-
ditions for their appearance, the pulse velocities, and the differences between the
firing times of neighboring excitatory and inhibitory neurons with the network ar-
chitecture, the kinetics of single neurons and synapses, and synaptic delays. Specifi-
cally, we aim to determine the conditions under which the fast, epileptic-like pulses
and the slow pulses appear. To achieve these goals, we analyze simple models of a
network composed of excitatory (and possibly inhibitory) neurons. The single cell
is represented by a simplified version of the integrate-and-fire neuronal model, in
which a neuron is allowed to fire only one spike, and then it is silent forever. This
model, which is exact in the limit of very long refractory period or very strong
synaptic depression, is amenable to analytical treatment. The velocity of traveling
pulses in this model, their stability, and the delay between the firing times of neigh-
boring excitatory and inhibitory cells during the pulses are calculated analytically.
Under certain conditions, we also investigate more complicated patterns such as
lurching pulses [18, 19]. The content of this chapter is based on several research
articles [20, 21, 22, 23].
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2 Propagating Pulses in Networks of Excitatory Neurons

2.1 The Model

We consider neurons along a one-dimensional chain (Fig. 1A), and use the following
version of the integrate-and-fire (Lapique) model [5, 24, 25, 26]

∂V (x, t)
∂ t

= −V (x, t)
τ0

+ Isyn (x, t)+ Iapp (x, t) (1)

for 0 < V (x, t) < VT , where V (x, t) is the membrane potential of a neuron at a
position x and time t, τ0 is the passive membrane time constant of the neuron, Isyn

is the normalized synaptic input, and Iapp is the normalized applied current; Iapp = 0
unless otherwise stated. When V of a neuron reaches the threshold VT at time T (x),
the neuron fires a spike, and cannot fire more spikes afterward. We assume that the
number of neurons within a footprint length is large, and therefore use a continuum
model and replace the sum over the pre-synaptic neurons with an integral

Isyn (x, t) = gsyn

∫ ∞

−∞
dx′ w

(
x− x′

)
α
[
t −T

(
x′
)
− τd

]
, (2)

where gsyn = g̃synΔ/C, g̃syn is the synaptic conductance, C is the membrane capaci-
tance, Δ = V −Vsyn is approximated here as a constant (“coupling by currents”, see,
e.g., [5, 27]), and τd is the constant synaptic delay.

Equations (1, 2) are implicit equations of T (x). The temporal shape of the exci-
tatory post-synaptic current (EPSC) that a post-synaptic cell at a position x receives,
following a spike of a pre-synaptic cell at a position x′, is given by the normalized
α function α [t −T (x′)]:

α (t) =

⎧⎨
⎩

e−t/τ1 − e−t/τs

τ1 − τs
t ≥ 0

0 otherwise
, (3)

Fig. 1 A. The model has
one-dimensional architecture,
with the coupling between
cells decaying with their
separation. The footprint
length is denoted by σ . B.
Exponential (solid line) and
square (dashed line) footprint
shapes. Adapted from [20]
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A. Disinhibited Cortical Architecture
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where τ1 and τs are the synaptic rise and decay times, respectively; τ1 � τs. We will
assume that τ1 = 0 unless otherwise stated. The spatial dependence of the synaptic
strength on the distance between neurons, w(x), is called the “synaptic footprint
shape” [1, 18]. We examine two shapes (Fig. 1B):

w(x) =
1

2σ
e−|x|/σ Exponential (4)

w(x) =

{
1

2σ |x| ≤ σ
0 |x| > σ

Square, (5)

σ is called the “synaptic footprint length”. We consider a half-infinite network,
i.e., the length of the system is much larger than σ .

We define the response (Green) function G(t) for t > 0 as

dG
dt

= − G
τ0

+α (t) ; G(0) = 0 (6)

and G(t) = 0 for t < 0. Then, for τ1 = 0,

G(t) =

{
τ0

τ0−τs

(
e−t/τ0 − e−t/τs

)
t ≥ 0

0 otherwise.
(7)

The function G is the normalized excitatory post-synaptic potential (EPSP) devel-
oped in the cell as a response to the EPSC (3). The Volterra representation of (1, 2)
for neurons that can fire only one spike is

VT

gsyn
=
∫ ∞

−∞
dx′ w

(
x′
)

G
[
T (x)−T

(
x− x′

)
− τd

]
(8)

together with the condition that T (x) is the first time that the voltage crosses the
threshold (“causality criterion”). This condition requires that V increases with time
just before the spike, namely,

dV [x,T (x)]
dt

> 0. (9)

The meaning of (8, 9) is that the summation of all the contributions to the voltage of
one neuron from other neurons is equal to VT when this neuron fires, and that this
neuron does not fire beforehand.

2.1.1 Numerical Methods

Equations (1, 2) are simulated numerically by discretizing space. There are N neu-
rons in the chain, and the density of neurons is ρ per length σ . The coupled system
of ordinary differential equations for the integrate-and-fire neurons is solved using
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exact integration [28]. To stimulate the network, applied current is “injected” into a
group of neurons on the “left” of the system (small x values). These span a length at
least equal to the footprint length σ (“shock” initial conditions).

2.2 Continuous and Lurching Pulses

A pulse can propagate along the network in response to “shock” initial conditions.
For zero or small τd (below a critical value τdc), the pulse is continuous far from the
stimulus region (Fig. 2A), and the firing times of the neurons obey T (x) = T0 +x/ν ,
where ν is the pulse velocity and T0 is an arbitrary time. The neuronal potential
satisfies an equation of a traveling pulse as well: V (x, t) = Ṽ (x−νt) [1, 5]. As τd

approaches a critical value τdc from below, the convergence of the firing time T (x)
to a continuous propagating pulse decelerates. For τd > τdc, a lurching propagating
pulse is observed (Fig. 2B). Space is spontaneously divided into basic spatial units,
each with a spatial period of length L, and the firing time in each unit can be obtained
from the spatial period in the previous unit according to

T (x+L) = T (x)+Tper, (10)

where Tper is the time period of a lurching cycle. The average velocity of the pulse
is ν = L/Tper. Suppose that one lurching period starts at x = 0 and T (0) = 0. The
firing time of a neuron at a position x is given by

T (x) = nTper + f (x̂) , (11)

210 220 230

t (ms)

90

95

100

x 
/ σ

A. τd = 3 ms

1700 1800 1900

t (ms)

B. τd = 30 ms

Fig. 2 Rastergrams obtained from simulating (1, 2, 4), with the condition that each neuron can fire
only one spike. Parameters: τ0 = 30 ms, τs = 2 ms, N = 5× 104, ρ = 500; for these parameters,
τdc = 11.15 ms. The solid circles represent the firing time of neurons as a function of their nor-
malized position x/σ ; spikes of only one out of every 50 neurons are plotted. Together, the groups
of solid circles almost look like one continuous line. A: For τd < τdc (3 ms), a continuous pulse is
obtained. B: For τd > τdc (30 ms), the pulse is lurching. Adapted from [20]
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where n is the integer part of T (x)/Tper (or x/L) and x̂ = x− nL. The function f ,
expressing the firing time within one period relative to the starting point of the period
in space and time, is defined on the interval [0,L); f (0) = 0. Hence, the function

T (x)− x/ν = f (x̂)− x̂/ν (12)

is a periodic function of x with a period L. Equation (12) demonstrates the spatio-
temporal periodicity of the lurching pulse.

2.3 Existence, Stability and Velocity of Continuous Pulses

2.3.1 General Formalism

Substituting the condition for a continuous pulse, T (x) = x/ν , into the evolution
equation (8), we obtain

∫ ∞

0
dx′ w

(
x′ + τd ν

)
G
(
x′/ν

)
= VT /gsyn. (13)

We should also confirm that the condition of (9) holds. Stability of the continuous
pulse is calculated by considering T (x) = x/ν + s(x) and linearizing (8) near the
continuous solution, to obtain

∫ ∞

0
dx′ w

(
x′ + τd ν

)
G′ (x′/ν

)[
s(x)− s

(
x− x′ − τd ν

)]
= 0. (14)

This convolution equation has a general solution s(x) = exp(λx). Substituting this
equation in (14) yields

∫ ∞

0
dx′ w

(
x′ + τd ν

)
G′ (x′/ν

)[
1− e−λ (x′+τd ν)

]
= 0. (15)

λ = 0 is always a solution of (15), corresponding to the translation invariance of the
continuous pulse. The continuous wave is stable if Reλ < 0 for all the λ values that
are solutions of this eigenvalue equation (except for the single zero solution). This
means that a small perturbation at a specific, finite x will decay at larger x as the
pulse propagates. A similar method to study stability was developed independently
by Bressloff [25, 26].

2.3.2 Exponential Footprint Shape

The velocity ν is determined using (4, 7, 13):

(τ0 ν +σ)(τs ν +σ)
τ0 ν σ

exp
(τd ν

σ

)
=

gsyn

2VT
. (16)
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This is an extension of the equation obtained in [5] for τd = 0. From this equation,
one can see that:

1. For τd = 0, the left-hand-side of (16) has a minimum with respect to ν at
νmin = σ/

√
τ0τs. Continuous pulses cannot propagate below this minimal veloc-

ity, which is obtained for minimal synaptic coupling gsyn,min. For gsyn > gsyn,min,
there are two branches of solutions of (16). At the fast branch, ν increases with
gsyn, and at the slow branch ν decreases with gsyn [5].

2. Because exp(τdν/σ) > 1 and increases with τd, νmin decreases with τd and is
obtained for larger gsyn,min.

3. For τd > 0 and at large enough gsyn, the velocity is determined mainly by the
exponential factor in (16), and therefore ν depends logarithmically on gsyn to
the highest order. In contrast, for τd = 0, the velocity exhibits a power-law de-
pendence on gsyn at large gsyn [5]. Graphs of ν/σ as a function of VT /gsyn for
several values of τd are shown in Fig. 3A.

In order to find the function V (x, t) before the spike (and thus verify that (11)
holds), we look, without loss of generality, at a neuron located at x = 0. The Volterra
representation of (1, 2) for the traveling wave T (x) = x/ν for time t < 0, taking into
account the fact that G(t) = 0 for t < 0, is

V (0, t) = gsyn

∫ ∞

−∞
dx′ w

(
x′
)

G
[
t −T

(
−x′
)
− τd

]

= gsyn

∫ ∞

(τd−t)ν
dx′ w

(
x′
)

G
(

t +
x
ν
− τd

)
. (17)

Substituting (4, 7) into (2, 3) yields

V (0, t) =
gsynτ0νσ

2(τ0 ν +σ)(τs ν +σ)
exp

[
(t − τd)ν

σ

]
. (18)
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Fig. 3 The velocity of the continuous pulse as a function of VT /gsyn for several values of τd. The
thick lines represent stable pulses and the thin lines represent unstable pulses. The number above
each line, from 0 to 50, denotes the value of τd. Parameters: τ0 = 30 ms, τs = 2 ms. A. Exponential
footprint shape (16). B. Square footprint shape (23). Adapted from [20, 21]
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The voltage V rises exponentially from 0 and reaches VT at t = 0 for all ν values;
both the upper and lower branches fulfill the condition of (9).

The stability of the continuous pulse is explored by substituting (4, 7) in (15),
thus obtaining

eλ ν τd =
(τ0 ν +σ)(τs ν +σ)(1+λσ)

[τ0ν (1+λσ)+σ ] [τsν (1+λσ)+σ ]
. (19)

The value λ = 0 is always a root corresponding to translational invariance. In [21],
we show that the lower branch, for which dν/dgsyn < 0, is unstable in general. This
can be easily demonstrated for the case τd = 0, in which there is another solution to
(19), λ = σ/

(
ν2τ0 τs

)
−1/σ . The pulse is stable if ν > σ/

√
τ0τs, and therefore the

fast branch is stable and the slow branch is unstable.
In order to examine whether the delay can destabilize pulses that belong to the

fast branch, we look for a pair of complex conjugate eigenvalues which cross the
imaginary axis. At this Hopf bifurcation, λ = iω and

eiω ν τdc =
(τ0 ν +σ)(τs ν +σ)(1+ iωσ)

[τ0ν (1+ iωσ)+σ ] [τsν (1+ iωσ)+σ ]
≡ Z (ω) . (20)

As ω varies, the left-hand-side traces out the unit circle. In order to solve this equa-
tion, we search for the non-zero ω value for which |Z (ω)| = 1. This value is given
by

ω2 =
[
σ4 +2σ3ν (τ0 + τs)+4σ2ν2τ0 τs −ν4τ2

0 τ2
s

]
/
(
σ2ν4τ2

0 τ2
s

)
. (21)

For this ω , we find τdc, the critical value of τd for which the arguments of the com-
plex numbers on the two sides of (20) are equal:

τdc =
arg [Z (ω)]

ων
. (22)

Note that τdc does not depend explicitly on gsyn, but only through ν . Using (21, 22),
τdc is calculated as a function of ν . This solution shows that τdc increases with ν ,
and that this increase is steep at small ν and modest at large ν . As a result, for small
values of τd, the Hopf bifurcation occurs on the lower, slow branch and does not
have an effect on the dynamics. For larger values of τd, the Hopf bifurcation occurs
on the upper, fast branch, and the continuous pulse is unstable for low velocities,
as shown in Fig. 3A. The various behavioral regimes of the continuous pulse in the
τd–gsyn plane are plotted in Fig. 4A. Below the solid line, the continuous pulse does
not exist. Above this line, the continuous pulse is stable if the delay τd is smaller
than a critical delay τdc, and is unstable otherwise. The dashed line denotes the
value of τdc as a function of gsyn. At very large gsyn, τdc increases logarithmically
with gsyn.
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Fig. 4 Regimes of existence and stability of the continuous and lurching pulses in the τd–ν plane
are shown in (A) for exponential footprint shape and in (B) for square footprint shape. Parameters
are as in Fig 3. The boundaries of the regime in which the lurching pulse exists and is stable were
computed from numerical simulations, in which a pulse was initiated by a “shock” initial stimulus;
N = 20,000, ρ = 50. The solid line denotes the minimal possible velocity as a function of gsyn;
the continuous pulse becomes unstable (via a Hopf bifurcation) on the dashed line. The continuous
pulse is therefore stable above both the solid and the long-dashed lines, as denoted by “s”. It is
unstable between the two lines, as denoted by “us”, and does not exist below the continuous line,
as denoted by “ne”. The light-gray shading represents the region for which lurching pulses (and not
continuous pulses) are obtained. Bistable regimes, in which the continuous pulse can co-exist with
the lurching pulse, are denoted by the dark-gray shading. For the square footprint shape (B), but
not for the exponential footprint shape, there is a bistable regime that has a “tongue-like” structure.
The arrow on the right of each graph represents the minimal values of gsyn for which the lurching
pulse is found in simulations for τd → ∞. Adapted from [20]

The boundaries of the regime of existence of lurching pulses have been located
using numerical simulations, and they enclose the light-shaded area in Fig. 4A.
Lurching pulses are observed in all the parameter regimes in which the continu-
ous pulse is unstable. In addition, lurching pulses are also observed in a parameter
regime in which the continuous pulse does not exist at all. At very large delay, lurch-
ing pulses are observed above a critical value of gsyn, denoted by the arrow, that does
not depend on τd (see below).

2.3.3 Square Footprint Shape

The velocity ν is determined using (5, 7, 13):

2VT

gsyn
=

τ0 ν
σ

{
1− 1

τ0 − τs

[
τ0 exp

(
τd −σ/ν

τ0

)
− τs exp

(
τd −σ/ν

τs

)]}
. (23)

Graphs of ν/σ as a function of VT /gsyn for several values of τd are shown in Fig. 3B.
The qualitative results regarding the minimal velocity and its dependence on τd are
the same as for the exponential case. The situation is different, however, for large
gsyn. For ν = σ/τd, the right-hand-side of (23) is zero. Hence, at the limit gsyn → ∞,
the velocity of the continuous pulse approaches the finite value σ/τd.
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The stability of the continuous pulse is explored by substituting (5, 7) in (15) to
obtain

(1+λτ0 ν)(1+λτs ν)
[

exp

(
τd −σ/ν

τ0

)
− exp

(
τd −σ/ν

τs

)]

= λν (τ0 − τs)exp(−λτdν) (24)

+
[
(1+λτsν)exp

(
τd −σ/ν

τ0

)
−(1+λτ0ν)exp

(
τd −σ/ν

τs

)]
exp(−σλ ) .

To calculate the τdc value for which the continuous pulse becomes unstable, we
substitute λ = iω into (24) and obtain two real transcendental equations for the real
variables τdc and ω . Using standard iteration methods [29], we solve these equations
numerically for one value of ν which is sufficiently large. The spatial period of the
expanding or decaying fluctuations, ω , is of order 2π/σ . This fact helps us to choose
initial conditions for the iteration process. At small ν , it is numerically difficult to
use this method to solve the equations. Therefore, we write the ordinary differential
equations with these two equations as their nullclines, and follow their fixed point
solution using the program XPPAUT [30, 31], starting from the solution at large ν
that we already have computed. Using (23), we calculate the range of stability as a
function of gsyn and τd.

The different behavioral regimes of the continuous pulse for a square footprint
shape are presented in Fig. 4B. The critical delay τdc increases with gsyn almost
linearly at large gsyn. As a result, for a specific τd, there is a moderate gsyn value
for which the continuous pulse is stable. Lurching pulses are obtained in the region
marked by the gray shading in Fig. 4B. There are two apparent differences between
the situation here and the situation for exponential footprint shape. First, lurching
pulses exist in an area which is composed of “tongues”. Second, a bistable regime
exists, marked by the dark-gray shading, in which the two types of pulses can prop-
agate, depending on the initial stimulation [19]. This bistability suggests that the
Hopf bifurcation in which the continuous pulse loses stability is sub-critical.

3 Propagating Pulses in Networks of Excitatory
and Inhibitory Neurons

3.1 The Model

In this section, we consider a one-dimensional network of excitatory (E) and in-
hibitory (I) neurons (Fig. 5A). A neuron is described by its membrane potential
Vα(x, t), α = E, I, and its dynamics is governed by the integrate-and-fire scheme
in the excitable regime [25]. The dynamical equations and analysis are extensions
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Fig. 5 Schematic diagram of the model architecture. A. Neuronal populations and synaptic types.
B. The one-dimensional architecture of the network. Adapted from [23]

of the equations and analysis described in the previous section for the excitatory
population only. The analog of (1) is

∂Vα(x, t)
∂ t

= −Vα(x, t)
τ0α

+ Isyn,Eα(x, t)− Isyn,Iα(x, t). (25)

Here, τ0α is the passive membrane time constant of the neuron and Isyn,Eα (resp.
Isyn,Iα ) is the total synaptic current contributed by the excitatory (resp. inhibitory)
population. In the following, the time at which a neuron from the αth population
located at x fires is denoted by Tα(x). A pre-synaptic spike induces a post-synaptic
current that is proportional to the function αβα(t), where

αβα(t) =

{
1

τsβα
exp
(
−t/τsβα

)
t ≥ 0

0 otherwise.
(26)

For the excitatory coupling, we consider two types of synaptic current: a fast (f) cur-
rent and a slow (s) current, corresponding to the contribution of AMPA and NMDA
synaptic receptors in a biological network, respectively. The function αEα(t) and
the decay time τsEα have a superscript γ = {f,s} denoting whether the decay of the
excitatory current is fast or slow.

The network architecture is shown in Fig. 5B. The contributions to the synaptic
current from the excitatory and inhibitory populations are

Isyn,Eα(x, t) = ∑
γ=f,s

gγ
Eα

∫ ∞

−∞
dx′ wEα(x− x′)αγ

Eα
(
t −TE(x′)

)
, (27)

Isyn,Iα(x, t) = gIα

∫ ∞

−∞
dx′ wIα(x− x′)αIα

(
t −TI(x′)

)
, (28)

where gβα is the synaptic coupling strength from the β population to the α pop-
ulation. The spatial dependence of the synaptic strength on distance (the “synaptic
footprint shape”) is given by
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wβα(x) =
1

2σβα
exp
(
−|x|/σβα

)
. (29)

The spatial variable, x, is dimensionless and represents the distance in terms of
the excitatory footprint, σEE, which is set to 1. As a result, the velocity ν has
units of ms−1.

3.1.1 Reference Parameter Set

In the following, we study the model in its general form. Numerical examples,
however, are given for a particular set of parameters, called the “reference pa-
rameter set”, with: τ0E = τ0I = 30 ms, τ f

sEE = τ f
sEI = 2.5 ms, τs

sEE = τs
sEI = 50 ms,

τsIE = τsII = 8 ms, gf
EE = 12, gs

EE = 10, σEE = 1, gIE = 5.2, σIE = 0.5, gf
EI = 30,

gs
EI = 0, σEI = 1, gII = 2, σII = 0.5, VT E = VT I = 1. These parameters are used un-

less stated otherwise. Since the slow E-to-I excitation gs
EI does not have a strong

effect on the network dynamics, we consider it to be zero.

3.2 Fast and Slow Pulses

Figure 6, based on simulations, shows two types of pulses that can propagate in
networks of excitatory and inhibitory neurons. One pulse type is similar to the
continuous pulses that propagate in excitatory networks (Fig. 6A). Since their ve-
locity, in general, decreases with inhibition, here they are called “fast pulses”. A
second pulse type, called “slow pulses”, is shown in Fig. 6B. This pulse is charac-
terized by a much smaller velocity and by the fact that inhibitory cells fire before
their neighboring excitatory cells. The two simulations in Fig. 6 were carried out
with the same parameter set but with different initial conditions. Therefore, the two
pulses are bistable for this parameter set. In general, however, the bistable param-
eter regime is narrow, and only one type of pulse, or none, can propagate for a
specific parameter set. Below, we will investigate the properties of the two pulses
theoretically.

3.3 Analysis of Traveling Pulse Solutions

3.3.1 Volterra Representation

In order to analyze the dynamics, we define the Green’s function Gβα(t) for t > 0
as (6)

dGβα

dt
= −

Gβα

τ0α
+αβα(t) (30)



Propagation of Traveling Pulses 415

45 50

t (ms)

44

46

48

50

x 
/σ

E
E

 
A. Fast Pulse

600 650

t (ms)

B. Slow Pulse

Fig. 6 Fast and slow pulses can propagate for the same set of parameters in the bistable regime.
Rastergrams obtained by simulations of the neuronal dynamics are shown. Firing times of exci-
tatory cells are denoted by solid circles, and firing times of inhibitory cells are denoted by open
squares. There are ρ = 50 neurons from each type within one unit length, and spikes of only one
out of every 10 neurons are plotted. The pulses were started by initiating a pulse in a group of
neurons with x < 10 with ν and ζ calculated from the theory. Two types of continuous pulses,
fast and slow, are shown in A and B for the different initial conditions (note the difference in time
scale). Parameters: τ0E = τ0I = 30 ms, τsEE = τsEI = 2.5 ms, τsIE = τsII = 8 ms, gEE = 12, σEE = 1,
σIE = 0.9, σEI = 0.8, gII = 2, σII = 0.5, gIE = 5.5. Adapted from [22]

and Gβα = 0 for t < 0. The functions GEα also have a superscript γ . For t > 0, we
obtain

Gβα(t) =
τ0α

τ0α − τsβα

[
exp(−t/τ0α)− exp(−t/τsβα)

]
. (31)

The integrated form of (25, 27, 28) is given by the two Volterra equations for
α = E, I:

VT α = ∑
γ=f,s

gγ
Eα

∫ ∞

−∞
dx′ wEα(x′)Gγ

Eα
[
Tα(x)−TE

(
x− x′

)]

−gIα

∫ ∞

−∞
dx′ wIα(x′)GIα

[
Tα(x)−TI

(
x− x′

)]
. (32)

In addition, the neuronal voltage should be below threshold before spiking:

Vα(x, t) < VT α for all t < Tα(x) , α = E, I. (33)

A necessary, but not sufficient, condition for this (9) is

dVα [x, t]
dt

∣∣∣∣
t=Tα (x)

> 0 , α = E, I. (34)
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3.3.2 Existence of Traveling Pulses

We consider a traveling pulse solution with velocity ν . Without loss of generality,
we assume that ν > 0. The firing time of an inhibitory cell lags after the firing time
of an excitatory cell at the same position by ζ :

TE(x) =
x
ν

, TI(x) =
x
ν

+ζ . (35)

Negative ζ means that an I cell fires before a neighboring E cell. Substituting (35)
into (32) yields

VT α = Bf
Eα +Bs

Eα −BIα , (36)

where

Bγ
βα = gγ

βα

∫ ∞

0
dx wβα

(
x+ζ ν sβα

)
Gγ

βα

( x
ν

)
. (37)

We define sβα =
(
sα − sβ

)
/2, where sE = 1 and sI = −1. Substituting the expres-

sions for Gβα and wβα into (36, 37), we obtain two algebraic equations for ν and
ζ , for negative ζ

VTE =
τ0E ν σEE

2(ν τ0E +σEE) ∑
γ

gγ
EE

1(
ν τγ

sEE +σEE
) −gIE

τ0Eν
(τ0E − τsIE)

×
[

τ2
0E ν

ν2 τ2
0E −σ2

IE

exp

(
ζ

τ0E

)
− τ2

sIE ν
ν2 τ2

sIE −σ2
IE

exp

(
ζ

τsIE

)
(38)

+
(τ0E − τsIE)σIE

2(ν τ0E −σIE)(ν τsIE −σIE)
exp

(
ζ ν
σIE

)]
,

VTI =
τ0I ν σEI

2(ν τ0I +σEI)
exp

(
ζ ν
σEI

)
∑
γ

gγ
EI

1(
ν τγ

sEI +σEI
)

−gII
τ0I ν σII

2(ν τ0I +σII)(ν τsII +σII)
. (39)

Similarly, for positive ζ , we obtain the following two algebraic equations for
ν and ζ :

VTE =
τ0E ν σEE

2(ν τ0E +σEE) ∑
γ

gγ
EE

1(
ν τγ

sEE +σEE
)

−gIE
τ0E ν σIE

2(ν τ0E +σIE)(ν τsIE +σIE)
exp

(
−ζ ν
σIE

)
, (40)
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VTI = ∑
γ

gγ
EI

τ0I ν(
τ0I − τγ

sEI

)
[

τ2
0I ν

ν2 τ2
0I −σ2

EI

exp

(
−ζ
τ0I

)
−

(
τγ

sEI

)2 ν

ν2
(
τγ

sEI

)2 −σ2
EI

exp

(
−ζ
τγ

sEI

)

+

(
τ0I − τγ

sEI

)
σEI

2(ν τ0I −σEI)
(
ν τγ

sEI −σEI
) exp

(
−ζ ν
σEI

)]

−gII
τ0I ν σII

2(ν τ0I +σII)(ν τsII +σII)
. (41)

Propagating pulses exist only if (38, 39) have at least one solution ν with ζ < 0,
or if (40, 41) have at least one solution ν with ζ > 0.

3.3.3 Stability of Traveling Pulses

The stability of continuous pulses is calculated by following the growth rate of a
small perturbation:

TE(x) = x/ν +θE(x), (42)

TI(x) = x/ν +ζ +θI(x). (43)

Substituting these perturbations into (32), and keeping only the first-order terms in
θE, θI, we obtain two equations for α = E, I:

0 = ∑
γ=f,s

gγ
Eα ×

∫ ∞

ζ ν sEα
dx′ wEα(x′)G′γ

Eα

(
x′

ν
−ζ SEα

)

×
[
θα (x)−θE

(
x− x′

)]
−gIα

∫ ∞

ζ ν sIα
dx′ wIα(x′)G′

Iα

(
x′

ν
−ζ SIα

)

×
[
θα (x)−θI

(
x− x′

)]
, (44)

where

G′(t) = dG(t)/dt. (45)

If we assume that the perturbations evolve as θE(x) = θE0 exp(λx) and θI(x) =
θI0 exp(λx), then we obtain the matrix equation

∑
β=E,I

Aβα(λ )θβ0 = 0, (46)

where

AEE(λ ) = ∑
γ

gγ
EE

∫ ∞

0
dx wEE (x)G′γ

EE

( x
ν

)(
1− e−λx

)

−gIE

∫ ∞

ζ ν
dx wIE (x)G′

IE

( x
ν
−ζ
)

, (47)
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AIE(λ ) = gIE

∫ ∞

ζ ν
dx wIE (x)G′

IE

( x
ν
−ζ
)

e−λx, (48)

AEI(λ ) = −∑
γ

gγ
EI

∫ ∞

−ζ ν
dx wEI (x)G′γ

EI

( x
ν

+ζ
)

e−λx, (49)

AII(λ ) = ∑
γ

gγ
EI

∫ ∞

−ζ ν
dx wEI (x)G′γ

EI

( x
ν

+ζ
)

−gII

∫ ∞

0
dx wII (x)G′

II

( x
ν

)(
1− e−λx

)
(50)

Equation (46) has non-trivial solutions if

det [A(λ )] = 0. (51)

The value λ = 0 is always a solution of the characteristic equation (51) because of
the translation invariance. Apart from this marginal stability, the traveling pulse is
stable if all the other solutions of this equation have negative real parts. A pulse can
lose stability at a saddle-node bifurcation (SNB), where the λ = 0 solution of (51)
is a double zero, namely,

d{det [A(λ )]}/dλ |λ=0 = 0. (52)

Alternatively, a pulse can lose stability at a Hopf bifurcation (HB), where (51) has
two imaginary solutions with λ = ±iω .

3.3.4 Voltage Profile

For a traveling pulse, the voltage profile of the E and I neurons that have not fired is
determined by the voltage profile of the neurons at time t = 0:

Vα (x, t) = Vα (x−ν t,0) α = E, I. (53)

We calculate VE (x−ν t,0) in the domain 0 ≤ x ≤ ∞ and VI (x−ν t,0) in the domain
−ζ ν ≤ x ≤ ∞ by using (25, 27, 28, 30), and obtain

Vα (x,0) = ∑
γ=f,s

gγ
Eα ×

∫ ∞

0
dx′ wEα

(
x+ x′

)
Gγ

Eα

(
x′

ν

)

−gIα

∫ ∞

ζ ν
dx′ wIα

(
x+ x′

)
GIα

(
x′

ν
−ζ
)

. (54)



Propagation of Traveling Pulses 419

3.4 Theory of Propagation of Fast and Slow Pulses

A main goal of this section is to study the effects of inhibition on pulse propagation.
Therefore, we emphasize the effects of the parameter gIE and study how it modifies
the system dynamics under various conditions. Effects of other parameters are also
studied.

3.4.1 Effects of I-to-E Inhibition and Slow E-to-E Excitation

In Fig. 7A, B, C, the dependence of ν (upper and middle panels) and ζ (lower pan-
els) on gIE is shown for the reference parameter set, three values of gf

EI and two
values of gs

EE: 0 (thin lines) and 10 (thick lines). We first describe the situation for
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Fig. 7 The velocity ν of propagating pulses (upper and middle panels) and the difference ζ be-
tween the firing times of inhibitory and excitatory cells at the same position (lower panels) as
functions of inhibitory-to-excitatory synaptic strength gIE for the reference parameter set and three
values of the excitatory-to-inhibitory synaptic strength gf

EI: A. gf
EI = 15. B. gf

EI = 30. C. gf
EI = 45.

Thin lines represent pulses with gs
EE = 0 and thick lines represent pulses with gs

EE = 10. Solid lines
represent stable pulses and dashed lines represent unstable pulses. In the middle panels, which are
expansions of the upper panels, Hopf bifurcations are denoted by open circles. Bistability of fast
and slow pulses is observed in a small gIE regime for moderate values of gf

EI and gIE. Adapted
from [23]
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gs
EE = 0. At low gf

EI values, there is only one stable branch of “fast” pulses, and
it terminates at a SNB. At intermediate gf

EI values, bistability exists, and at inter-
mediate gIE values, both the fast pulse and the slow pulse can propagate. The gIE

regime, in which slow pulses exist, is rather restricted, because the slow pulse is
terminated by a HB. At large gf

EI values, there is a cross-over between fast pulses
and a slow pulse as gIE increases. The slow pulse is still destabilized by a HB at a
certain gIE value. Whereas our theory cannot determine what happens for gIE larger
than its value at the HB, extensive numerical simulations indicate that no pulse
can propagate in that regime. This situation is different from the case of excitatory
networks with delay, described in the previous section, where the HB leads to the
propagation of discontinuous, lurching pulses. Increasing gs

EE to 10 modifies the
ν–gIE curve in two aspects. First, the branch in the bifurcation diagram correspond-
ing to the slow pulse extends for a wider gIE region. Second, there is no HB. As
a result, the slow E-to-E excitation increases the regime where stable slow pulses
can propagate. For all the gs

EE and gf
EI values, the time difference |ζ | increases as ν

decreases, and therefore the time lead of the I cell is larger for the slow pulse than
for the fast pulse.

For all the parameter regimes we have examined, E cells fire before or slightly
after the I cells during the fast pulse, and the values of ζ are small positive or neg-
ative values, of order 1 ms. In contrast, during the propagation of the slow pulse, E
cells fire well after the I cells, and ζ is negative and of the order of a few tens of
ms. The slow pulse can therefore be viewed as a front of I-cells’ spikes pushed from
behind by the E cells’ spikes; because each E cell receives strong inhibition from
neurons in front of it, the pulse propagates slowly.

The voltage profile of neurons that have not fired yet at time t = 0 (54) is shown
in Fig. 8 for the reference parameter set. With this set of parameters, the fast pulse
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V
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V
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0 5 0 5
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−ζν −ζν
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Fig. 8 The potentials V of excitatory neurons (solid line) and inhibitory neurons (dashed line) that
have not fired yet at time t = 0 are plotted as a function of their position. The reference parameter
set is used; in particular, gIE = 5.2 and gs

EE = 10. A. Potentials during the fast pulse. B. Potentials
during the slow pulse. Adapted from [23]
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and the slow pulse co-exist. During the fast pulse, the membrane potential of a
neuron at a position x decays monotonically with distance from the pulse. During
the slow pulse, the potential of the I cells also decays monotonically. However,
during the slow pulse, the potential of the E cell first decays rapidly and reaches
a negative value. Then, it increases to positive values and then decreases again.
Note that a mirror image of the same profile, with the abscissa stretched by a factor
1/ν , describes the temporal behavior of the pulse at a constant position x. This
means that, during the slow pulse, each excitatory neuron is first excited, but then
is affected by strong inhibition and its potential becomes negative. Only when the
pulse continues to propagate and the effect of inhibition is diminished, is the neuron
again affected by excitation and so can reach threshold and fire.

Plotting the voltage profile as a function of x (Fig. 8) demonstrates a case in
which ν and ζ differ for the fast pulse and the slow pulse, whereas the value of
νζ is similar. Since the footprint ranges in the model are of order 1, the value |νζ |
should be of order 1 or less, otherwise the spikes emitted by neurons from one
population do not affect neurons in the other population. Hence, lower ν enables ζ
to have larger values. In principle, these can be negative or positive.

To further demonstrate that gs
EE increases the regime of slow pulse propagation,

we present in Fig. 9 two-dimensional bifurcation diagrams in the gf
EI–gIE plane, for

gs
EE = 0 (A) and gs

EE = 10 (B). The fast pulse exists for gIE>∼0 for all gf
EI values.

Three lines of SNB are plotted. The lower SNB line (dashed), corresponding to the
minimal gIE value above which the fast pulse can propagate, is bounded by two
codimension-2 cusp bifurcations [32]. The cusp at low gf

EI, denoted by the asterisk,
produces the slow-pulse branch as a “ripple” on an unstable solution (see Fig. 7A,
thick line). The cusp at high gf

EI, denoted by the diamond, connects the slow and the
fast branches and eliminates the unstable branch between them. At higher gf

EI values,
there is a continuous cross-over between the fast branch and the slow branches as
gf

EI increases. For gs
EE = 0, but not for gs

EE = 10, there is a line of HB representing
the maximal gIE above which the slow pulse is unstable. Comparing panels A and
B in Fig. 9 shows that in B, the slow-pulse regime and also the bistable regime (in
which the two pulse types can propagate) have larger areas in the two-parameter
space for two reasons. First, the slow branch is terminated by a SNB at higher gIE

values. Second, the slow branch is not destabilized by a HB if gs
EE is large enough.

3.4.2 Response to Shock Initial Conditions

Even if a pulse exists and is stable for a particular set of parameters, it does not
mean that it can be generated using a particular choice of initial conditions. Since
the space of initial conditions has, in principle, an infinite dimension, we cannot
determine the volume of the basins of attraction for a particular propagating state
in that space. Instead, we chose to use one type of initial condition, the “shock”
initial condition. All the neurons in a region 0 < x < 2.5 are excited at t = 0, and we
follow which type of pulse, if any, is generated. The shock initial condition is chosen



422 D. Golomb

5

10

15

20

0 20 40

5

10

15

20

g I
E

g I
E

gEI
f

A B C

C.T.

C
on

tin
uo

us
T

ra
ns

iti
on

Slow Pulse
Bistable
Fast Pulse

SNB

Fast Pulse: Max
Slow Pulse: Min
Slow Pulse: Max

HB

Slow Pulse: Max

Minimal gEI for I firingf

B. gEE = 10s

A. gEE = 0
s

Fig. 9 Regimes of existence and stability of fast and/or slow pulses in the gf
EI–gIE plane for the

reference parameter set and gs
EE = 0 (A) and gs

EE = 10 (B). Saddle-node bifurcation curves are
denoted by thick lines: dotted line – the maximal gIE value of the fast pulse; dashed line – the
minimal gIE value of the slow pulse; solid line – the maximal gIE value of the slow pulse. The
Hopf bifurcation curve in (A) is denoted by the dot-dashed line. No such curve appears in (B). For
a gs

EI value smaller than that of the thin long-dashed line, only excitatory cells fire, and inhibitory
cells are quiescent. Shadings: dark gray – bistable regime; light gray – regime in which only slow
pulses can propagate; mesh of diagonal lines – regime in which only fast pulses can propagate;
“continuous transition” (or “C.T.” in (A)) – regime of continuous transition from fast-pulse behav-
ior for gIE values near 0 to slow-pulse behavior as gIE increases. In all the other white regimes,
no pulse can propagate. The cusps of the SNB lines are denoted by an ∗ (left) and by a � (right).
The three arrows below the abscissa in (B) represent the three values of gf

EI in Fig. 7. Slow exci-
tation substantially increases the parameter regime in which slow pulses can propagate. Adapted
from [23]

because it replicates the experimental situation, in which propagating discharges are
initiated by a brief spatially localized stimulation [1].

The system’s response to shocks is described in Fig. 10 for two values of gs
EE: 0

(A and B) and 10 (C and D). We compare the responses for two values of ν . We keep
all the parameters at their reference values except for gIE, which we tune in order to
obtain the desired value of ν . These gIE and ν values are shown in Fig. 10E, which
is the same as Fig. 7B (middle panel). For gs

EE = 0 and ν = 0.085ms−1 (Fig. 10A),
the slow pulse is the only attracting pulse. A shock stimulus initiates a transient fast
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Fig. 10 Network responses to a “shock” stimulus are shown in rastergrams (A, B, C, D). Firing
times of excitatory cells are denoted by solid circles and firing times of inhibitory cells are denoted
by open squares. There are ρ = 20 neurons of each type within each unit length (σEE), and spikes
of only one out of every 20 neurons are plotted. The number of neurons in each population is
N = 1000, and the reference parameter set is used. The network is initiated by an abrupt activation
of all the excitatory and inhibitory neurons on the “left” (0 < x < 2.5). Simulations are carried
out for two values of gs

EE and two values of ν : A. gs
EE = 0, ν = 0.085 (gIE = 4.8); B. gs

EE = 0,
ν = 0.072 (gIE = 5); C. gs

EE = 10, ν = 0.085 (gIE = 6.08); D. gs
EE = 10 ν = 0.072 (gIE = 6.51). In

E, the values of gIE and the velocities ν of the slow pulses are shown. The curves, corresponding to
slow pulses, are identical to the curve shown in Fig. 7B (middle panel). Thick lines represent pulses
with gs

EE = 10 and thin lines represent pulses with gs
EE = 0. Solid lines represent stable pulses and

dashed lines represent unstable pulses. The circles labeled A–D correspond to the value of gIE and
ν in panels A, B, C, D. Without slow excitation, it is difficult to evoke slow pulses, even if they
exist and are stable. Adapted from [23]
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pulse which propagates along a considerable distance before it switches to a slow
pulse (at about x = 30). For ν = 0.072ms−1 (Fig. 10B), the slow pulse is also the
only attracting pulse, while a shock stimulus only generates localized activity which
does not propagate. When gs

EE is raised to 10, for both values of ν , the same shock
stimulus generates a slow pulse after a small interval of fast propagation (Fig. 10C),
or after two periods of “lurching” activity (Fig. 10D).

The effect of the slow excitation can be explained intuitively as follows. After
a shock stimulus, in order to generate a slow pulse, the firing times of the neurons
should reorganize so that the I cells fire before the E cells at the same position.
If there is slow excitation, a cell receives inhibition and excitation due to the fast
inhibitory and excitatory synapses, and then, for a prolonged time, receives slow
excitation that enables it to overcome the inhibition and fire. We note that when the
fast pulse is the only attractor, shock initial conditions generate it with or without
gs

EE for all the cases we examined (not shown).

3.4.3 I-to-I Conductance and Irregular Pulses

The I-to-I conductance gII was found to strongly affect the firing properties of net-
works under steady-state conditions [33, 34]. In order to examine how gII affects
pulse propagation, we study the regimes where various types of pulses can propa-
gate in a two-parameter, gII−gIE plane, as shown in Fig. 11. In this figure, solid and
dotted lines represent saddle-node bifurcations in which slow and fast pulses are
terminated, respectively, as gIE values are increased. In addition, pulses with large
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Fig. 11 Regimes of existence and stability of fast and/or slow pulses in the gII–gIE plane. Saddle-
node bifurcation lines: solid line – termination of the slow pulse; dotted line – termination of the
fast pulse. Terminations of solutions because of (33): dashed line – slow pulse; dot-dashed line –
fast pulse. Shadings: dark gray – bistable regime; light gray – regime in which only slow pulses can
propagate; mesh of diagonal lines – regime in which only fast pulses can propagate; bent diagonal
lines – irregular pulses. Adapted from [23]
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enough gII are terminated because the solution violates (33). Specifically,

dVI [−ζ ν , TI (−ζ ν)]
dt

> 0. (55)

Such a termination is denoted by a dashed line for the slow pulse and by a dot-
dashed line for the fast pulse. The bistable regime and the regimes in which either
slow or fast pulses can propagate are shaded, as in the other two-parameter figures.
The slow pulse can propagate only if gII is small enough, and its regime of existence
shrinks rapidly as gII increases. For low gII values, the slow pulse is terminated
by a SNB as gIE increases, and it is terminated because of (55) at higher values.
Fast pulses are terminated by a SNB (as gIE increases) for much larger gII values in
comparison with the slow pulses. At even larger gII values, however, these pulses
are terminated by the condition of (55).

What happens beyond the curve on which a pulse is terminated by condition
(55)? Surprisingly, we find in numerical simulations that irregular pulses can propa-
gate. Three examples of such pulses are shown in the rastergrams of Fig. 12. These
pulses are characterized by the fact that excitatory cells fire almost as in regular
traveling pulses, whereas inhibitory cells segregate into two spatio-temporal clus-
ters. Neurons in the first cluster fire before their excitatory neighbors with an almost
constant time delay, |ζ1|. Neurons in the second cluster fire after their inhibitory
neighbors from the first clusters, and often (as in Fig. 12A, gII = 50) also after their
neighboring excitatory neurons. The pulses in Fig. 12A have the characteristics of a
fast pulse in that inhibitory cells fire either less than 1 ms before neighboring excita-
tory cells or just after them, and ν is large (1.45 1/ms in (I) and 0.91 1/ms in (II)). In
Fig. 12B (gII = 10), all the inhibitory neurons fire before the neighboring excitatory
neurons, and the segregation into two clusters is less strict. The pulse in Fig. 12B
has the characteristics of a slow pulse in that inhibitory cells fire tens of ms before
their neighboring excitatory cells, and ν is small (0.06 1/ms).

In order to define the border of the appearance of the irregular pulses, we car-
ried out numerical simulations in which we started from a shock initial condition
and found out whether or not a pulse could propagate. The results are shown in the
regime shaded by the bent diagonal lines in Fig. 11. We cannot rule out the possibil-
ity that pulses which are excited by other initial conditions also propagate outside
of this regime.

We can understand the appearance of irregular pulses using the following argu-
ment. The strong mutual inhibition between inhibitory neurons at large gII values
prevents the propagation of a regular traveling pulse because when one I cell fires, it
reduces the propensity of its neighboring I cell to fire afterward. As a result, neigh-
boring I cells tend to fire with time delays between them.

3.4.4 Lurching Pulses

Can lurching pulses with more complicated spatio-temporal forms be obtained in
our model, without synaptic delays? We find such lurching pulses, with spatio-
temporal periodicity in the firing pattern, if the E-to-E excitation is made slow,
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while all the other synapses decay rapidly. A typical rastergram of a lurching pulse
is shown in Fig. 13; the parameter set is characterized by a slow τsEE (50 ms) and
large gEE (250). A group of firing E cells inhibit other excitatory neurons through the
neighboring inhibitory neurons, but the E-to-E excitation is sufficiently prolonged
to recruit a new group of excitatory cells into the pulse at a later time. Surprisingly,
during a lurching pulse, the firing time of the spikes is not a monotonic function of
the spatial position (see Fig. 13). As the parameter gIE increases, the system switches
from a continuous to a lurching pulse, although not through instability. Instead, the
continuous pulse ceases to exist because the solution violates (33), and a lurching
pulse emerges. At even higher gIE values, no pulse can propagate.

4 Discussion

4.1 Types of Propagating Pulses

Three main types of traveling pulses were described in this chapter: continuous
pulses, lurching pulses and irregular pulses . The continuous pulses belong to two
types: fast and slow. The two types of continuous pulses are only well defined in
the bistable regime, where both exist. In other regimes of the parameter space, they
are characterized by their similarity to the fast or slow pulses in the bistable regime.
Here we summarize the properties of the various pulse types.

Fast pulses can propagate in networks of excitatory neurons. In networks with
inhibition, they can be regarded as a continuation of propagating pulse states in the
excitatory-only case. They are characterized by E cells firing before or just after
neighboring I cells, and by a monotonic increase of the neuronal potential before
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Fig. 12 Examples of neuronal firing times during the propagation of irregular pulses are shown for
the reference parameter set and: AI: gII = 50, gIE = 7.5, ν = 1.45 1/ms; AII: gII = 50, gIE = 12.5,
ν = 0.91 1/ms; B: gII = 10, gIE = 6.5, ν = 0.06 1/ms. Firing times of excitatory cells are denoted
by solid circles, and firing times of inhibitory cells are denoted by open squares. There are ρ = 20
neurons of each type within each unit length (σEE), and spikes of all the neurons are plotted. The
number of neurons in each population is N = 1000 and the total length of the system is 50 σEE.
Adapted from [23]
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Fig. 13 A lurching pulse
is shown in a rastergram
obtained by simulations of the
neuronal dynamics. Methods
and symbols are as in Fig. 6.
The pulses were initiated
by a “shock” for x < 0.5.
Parameters that are different
from those in Fig. 6 (B) are:
τsEE = 50 ms, τsEI = 2 ms,
τsIE = τsII = 5 ms, gEE = 250,
gIE = 21, σIE = 0.7, gEI = 20,
gII = 17. Adapted from [22]
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the firing. Fast pulses are robust with respect to initial conditions. If they are stable,
a strong enough initial shock will evoke them. Fast pulses are hardly affected by
slow excitation, as was shown in models of networks of excitatory neurons [1]. At
high gII values, fast traveling pulses cannot propagate because of the “repulsive”
interaction between inhibitory interneurons. Instead, the network exhibits irregular
pulses.

Slow pulses are characterized by E cells firing significantly after the I cells and by
a decrease in the potential of the E cells, before a subsequent potential increase until
the neuron reaches threshold and fires. Slow pulses can propagate even without slow
excitation, but the parameter regime in which they are stable strongly expands as the
level of slow E-to-E excitatory conductance gs

EE increases. Slow pulse are not robust.
Even if they are stable, an initial shock often does not evoke them, and, even if it
does, the system dynamics can converge into this state after a long transient with fast
or lurching pulse characterization. Slow excitation increases the basin of attraction
of slow pulses and the possibility of evoking them with shock initial conditions.
Enhancing the I-to-I conductance gII decreases, and then eliminates, the regime in
which slow pulses can propagate.

Transition between continuous pulses. As a parameter of the system varies, the
transition from a fast-pulse parameter regime to a slow-pulse parameter regime can
occur through a bistable regime, in which both types of pulses can propagate. It can
also occur continuously, as the velocity of the pulses decreases and the time lead of
I cell firing increases relative to E cell firing. A third possibility is that the fast pulse
stops propagating when a parameter is varied, and a slow pulse appears in a distant
parameter regime.

Lurching pulses are characterized by periodicity in both space and time, and by
a time interval between two successive cycles of activity, in which the network is
silent. These pulses are generated by an excitatory network if the synaptic delay
is large enough. The parameter regime of their existence depends strongly on the
footprint synaptic shape – for exponential shape, they appear for lower delay τd

than for square shape. To enable the appearance of lurching pulses in networks of
excitatory and inhibitory neurons without any delay, the E-to-E excitation should be
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large and slowly decaying, whereas the E-to-I excitation and the I-to-E inhibition
should decay quickly. Under these conditions, the feedback inhibition terminates
the activity in each cycle, and the slow inhibition initiates a new cycle of activity.
The slow excitation, together with fast feedback inhibition, mimics a situation of an
effective excitation with delay.

Irregular pulses appear for large gII. They almost look like continuous traveling
pulses with respect to the excitatory population, but inhibitory neurons segre-
gate into two groups which fire with two different delay times with respect to
their neighboring excitatory cells. Irregular pulses can be regarded as pulses with
“spatio-temporal clustering” of inhibitory cells. These pulses are different from
lurching pulses. Lurching pulses are characterized by periods of activity propaga-
tion followed by periods of silence and no propagation. During irregular pulses,
activity does not stop, there are no silent periods, and the excitatory population
is constantly active, cell after cell. The irregular pulses have spatio-temporal pe-
riodicity, at least approximately. From this respect, they are similar to lurching
pulses.

4.2 Effects of Approximations

The model described here is based on two approximations. First, the sub-threshold
neuronal dynamics are described by an integrate-and-fire model. Second, each neu-
ron is allowed to fire only one spike. The first approximation does not seem to
affect the main results presented, because the key issue here is that a neuron re-
sponds to propagating pulses by integrating the responses of other excitatory and
inhibitory neurons and firing if the time-integrated amount of excitation is strong
enough. To further support this claim, we replaced the integrate-and-fire scheme
by the Morris–Lecar model, which is a version of a conductance-based model
[35], and found regimes of fast and slow pulses with bistability between them (not
shown).

The one-spike approximation is exact in the limit of a very prolonged refractory
period or very strong synaptic depression. In the first case, a neuron cannot fire a
second spike before the pulse has completely passed. In the second case, spikes
other than the first one do not generate any post-synaptic effect. Far from these lim-
its, however, this approximation can have an effect on the dynamical mechanisms
of the slow-pulse propagation. In networks with excitatory populations only, the re-
sults of this model are qualitatively similar to the results obtained in simulations of
conductance-based models (compare [5, 25] and the results described here with [1]).
For example, if we assume that only the first spike elicits an EPSP for the parame-
ters of Fig. 8 in [1], the velocity decreases by only 15%. In two-population systems,
however, other scenarios can occur. For example, in our model, the potential of exci-
tatory neurons becomes negative (hyperpolarized) before it becomes positive again
and the neuron can fire. If the I cells can fire several fast spikes, they can prevent
the E cell from firing. The model described in this work can be regarded, therefore,
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as a paradigm for illuminating a possible mechanism for slow-pulse propagation,
which is the advanced firing of I cells. We have carried out preliminary simulations
of conductance-based neuronal models, in which cells can fire many spikes, and
these demonstrated a transition from a fast pulse to a slow pulse as gIE increases.
As in the one-spike model, inhibitory cells lead significantly in firing during the
slow pulse, but not during the fast pulse, and slow E-to-E excitation was found
to be important for propagation of slow, but not fast, pulses. Similar results were
obtained in [36, 37] in simulations of conductance-based models. Further analytical
and numerical investigation of models with more spikes should be carried out to see
whether there are alternative mechanisms for slow-pulse propagation, in addition to
the mechanism described here.
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Wave Phenomena in Neuronal Networks

W.C. Troy

Abstract We study traveling wave solutions of a system of integro-differential equa-
tions which describe the activity of large-scale networks of excitatory neurons on
spatially extended domains. The independent variables are the activity level, u, of a
population of excitatory neurons which have long-range connections and a recovery
variable, v. There is a critical value of the parameter β (β∗ > 0) that appears in the
equation for v, at which the eigenvalues of the linearization of the system around the
rest state (u,v) = (0,0) change from real to complex. In contrast to previous stud-
ies which analyzed properties of traveling waves when the eigenvalues are real, we
examine the range β > β∗, where the eigenvalues are complex. In this case, our nu-
merical experiments indicate that there is a range of parameters over which families
of wave fronts and solitary and multi-bump waves can coexist as stable solutions.
In two-space dimensions, we show how single-bump, double-bump and multi-ring
waves form in response to a Gaussian-shaped stimulus. We also show how a sta-
ble, one-armed rotating spiral wave can form and fill the entire domain. All of these
phenomena can be initiated at any point in the medium, as they are not driven by
an underlying time-dependent periodic pacemaker, and they do not depend on the
presence of a persistent external input.

1 Introduction

Functional behavior of the central nervous system includes such diverse phenomena
as information processing from different receptor zones, sleep and the control of
autonomic functions [14, 28, 29, 38]. These processes require cooperation between
ensembles of cells organized into large-scale, spatially extended neuronal networks.
Considerable attention has been given to the study of traveling waves of activity in
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such networks. This includes both experimental [4, 5, 6, 8, 10, 16, 25, 32, 35, 36,
42, 43, 46, 47, 48, 49, 52] and theoretical [1, 2, 3, 7, 12, 13, 15, 17, 18, 19, 20, 21,
22, 23, 24, 31, 37, 38, 39, 40, 44, 51, 53] studies.

In 1973, Wilson and Cowan [51] derived a two-variable system of integro-
differential equations to describe the behavior of populations of excitatory and
inhibitory neurons in neuronal networks. In a landmark 1977 paper, Amari [1] gave
a detailed mathematical analysis of the Wilson–Cowan-type system:

∂E
∂ t

=
∫ ∞

−∞
wEE(x− x′) f (E)dx′ −

∫ ∞

−∞
wIE(x− x′) f (I)dx′ −E +h1 +Ψ1,

τ
∂ I
∂ t

=
∫ ∞

−∞
wEI(x− x′) f (E)dx′ −

∫ ∞

−∞
wII(x− x′) f (I)dx′ − I +h2 +Ψ2,

(1)

where E(x, t) denotes the activity (i.e., voltage) of a population of excitatory neu-
rons located at position x and time t and I(x, t) represents the activity of a population
of inhibitory neurons. The connection functions wi j are positive, even, continuous
and integrable; h1, h2 and τ are constants, and external input is given by Ψ1(x, t)
and Ψ2(x, t). The firing rate function, f , is non-negative and sigmoidal-shaped. For
simplicity, Amari assumes that Ψ1 = Ψ2 = 0 and f (s) = H(s) ∀s ∈ R, where H is
the Heaviside function. He shows that there is a range of parameters over which (1)
has solitary traveling wave solutions. These solutions are essentially dissipative soli-
tons. They have fixed shape and speed and they are annihilated in collisions. Pinto
and Ermentrout [39] extended Amari’s analysis and studied properties of solitary
traveling waves in a simplified version of (1).

In 2001, Pinto and Ermentrout [40] proposed a modification of (1) in order to
model the spread of excitation waves in slices of brain cortex in which synaptic
inhibition is pharmacologically blocked [8, 10, 30, 52]. Their model consists of the
system

∂u
∂ t

= −u− v+
∫ ∞

−∞
w(x− x′)H(u(x′, t)−θ)dx′,

τ
∂v
∂ t

= (u−βv),

(2)

where the activity u of excitatory neurons is modulated by a local recovery variable,
v, which could represent “spike frequency adaptation, synaptic depression or some
other slow process that limits excitation of the network.” The coupling, w, is posi-
tive, even, continuous and integrable. The firing rate, H, is the Heaviside function
which we define by

H(u−θ) =

{
1 ∀u ≥ θ ,

0 ∀u < θ ,
(3)

where θ > 0 is the threshold level for u. Pinto and Ermentrout studied solitary travel-
ing waves in parameter regimes where the linearization of (4) around the rest state
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(u,v) = (0,0) has real eigenvalues. Subsequently, Pinto et al. [41] generalized the
results in [40] and used topological shooting and Evans function methods to study
the existence and stability properties of solutions. Richardson et al. [45] make use of
the results in [39, 40, 41] to study the effects of electric fields on solitary traveling
waves in the mammalian cortex. Reviews are given in [11, 26].

The studies described above assumed that the linearization of the system around
the rest state had real eigenvalues. In this chapter, we investigate properties of
traveling wave solutions when the eigenvalues are complex. For this, we fol-
low [17, 18, 39, 45] and study the modification of (2) given by

∂u
∂ t

= −u− v+
∫ ∞

−∞
w(x− x′)H(u(x′, t)−θ)dx′,

∂v
∂ t

= ε(βu− v),

(4)

where

w(x) =
1
2

e−|x| ∀x ∈ R, (5)

and ε > 0, β > 0 are constants. We focus our attention on the range 0 < ε < 1. In this
setting, we will see, in Sect. 2, that the eigenvalues change from real to complex as β
passes through the critical value β ∗ = (ε−1)2

4ε from below. When β > β ∗, we find that
the dynamics of (4) are richer than in the real eigenvalue case. Furthermore, these
dynamics closely resemble electrophysiological phenomena observed in clinical and
experimental studies [4, 5, 6, 16, 30, 38, 52].

In one-space dimension (Sects. 2, 3, 4, 5), we study families of wave fronts, soli-
tary and multi-bump traveling waves. There is a range of parameters where these
different types of waves can coexist as stable solutions. Because the eigenvalues are
now complex, technical difficulties arise which make existence proofs more chal-
lenging than in the real eigenvalue case. These difficulties lead to several open prob-
lems which will be stated as we proceed.

We extend our investigation to two-space dimensions in Sect. 6. By analogy with
the one-dimensional case, we study both single- and multi-bump traveling waves.
Classical in vivo experiments showed that such waves exist in the feline cortex [4,
5, 6], and recently, they have been discovered in the intact brain of freely moving
mice [16]. They have also been found in both tangential and coronal brain slice
experiments [30, 52]. Our numerical experiments show how single- and multi-bump
waves can form in response to an initial stimulus. We also show how a perturbation
of a traveling wave can evolve into a stable, one-armed spiral wave which fills the
entire domain. These phenomena can be initiated at any point in the medium, as
they are not driven by an underlying time-dependent periodic pacemaker, and they
do not depend on the presence of a persistent external input. The analysis of spiral
wave formation has practical significance, since it recently led to the discovery of
rotating waves in the rat neocortex [30].

Conclusions and suggestions for future research are given in Sect. 7.
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2 Traveling Waves

Traveling wave solutions of (4) have the form (u,v) = (U(z),V (z)), where z = x+ct,
and satisfy

cU ′(z) = −U −V +
∫ ∞

−∞
w(z− z′)H(U(z′)−θ)dz′,

cV ′(z) = ε(βU −V ),
(6)

where w(z− z′) = 1
2 e−|z−z′|. It is easily verified that (6) is equivalent to

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = c d
dz

∫ ∞
−∞ w(z− z′)H(U −θ)dz′ (7)

+ε
∫ ∞
−∞ w(z− z′)H(U −θ)dz′.

Linearizing (7) around the rest state U = 0, we obtain

c2H ′′ + c(1+ ε)H ′ + ε(β +1)H = 0. (8)

Following [41] and [50], we assume, without loss of generality, that c > 0. The
eigenvalues associated with (8) are

μ± =
λ±

c
=

−(ε +1)± i
√

4βε − (ε −1)2

2c
. (9)

It follows from (9) and the restriction 0 < ε < 1 that

μ± are real ⇐⇒ 0 < β ≤ β∗ =
(ε −1)2

4ε
. (10)

The properties of traveling waves were examined in [17, 18, 19, 39, 41, 45] for
real eigenvalues. In [50], we recently studied the properties of traveling waves when
β > β∗ and μ± = α ± γi, where

α = Re(μ±) =
−(ε +1)

2c
< 0 and γ = Im(μ±) =

√
4εβ − (ε −1)2

2c
> 0. (11)

When μ± are complex, we found that stable traveling waves can exist if

0 < ε < 1, 0 < θ < min

(
2ε

(ε +1)2 ,
1

4(ε +1)

)
, β > β∗ =

(ε −1)2

4ε
. (12)

The first two sets of inequalities in (12) are mild restrictions which allow technical
arguments to be completed, and the third inequality means that μ± are complex.

Whether μ± are real or complex, the non-local terms in (6) and (7) lead to tech-
nical difficulties which make existence proofs especially challenging. Below, we
will review how these difficulties arise in the analysis of wave fronts, solitary trav-
eling waves and multi-bump waves. Several open problems will be discussed as we
proceed.
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3 Wave Fronts

Wave front solutions satisfy

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = c
d
dz

∫ ∞

0
w(z− z′)dz′ + ε

∫ ∞

0
w(z− z′)dz′, (13)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

U(z) < θ ∀z < 0,

(U(z),U ′(z)) → (0,0) as z →−∞,

U(0) = θ , U(z) > θ ∀z > 0,

U ′(z) → 0 as z → ∞.

(14)

Numerical experiments. To understand how solutions of (13) and (14) arise, we
consider specific β values and solve the problem

ut(x, t) = −u− v+
1
2

∫ 100

−100
e−|x−x′|H(u(x′, t)−θ)dx′,

vt(x, t) = ε(βu− v),

u(x,0) = Me−x2
and v(x,0) = 0 ∀x ∈ [−100,100],

(15)

where the limits (−∞,∞) in the integral term in (4) are replaced with [−100,100].
To compute the wave front solution shown in Fig. 1, we set M = 0.6 and solve (15).
In [50], our numerical study indicated the existence of at least two branches of wave
fronts (Fig. 2). The upper branch, Γ+

0 , consists of stable solutions which exist for
all β ∈ (0,6.45). Further details are given below. The lower branch, denoted by Γ−

0 ,
consists of a family of unstable solutions. Its properties are described in [50].
Analysis. To begin, we recall that w(x) = 1

2 e−|x|. Then (13) becomes

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = g(z), (16)

where

g(z) =

⎧⎪⎨
⎪⎩

0.5(c+ ε)ez ∀z ≤ 0,

0.5(c− ε)e−z + ε if z > 0.
(17)

Fig. 1 Stable wave front
when (ε,θ) = (0.1,0.1) and
β = 2.1 > β∗ = 2.025. This
solution lies on a branch Γ+

0
of stable solutions which
exist for all β ∈ (0,6.45) (see
Fig. 2)

β = 2.1u

z10

.5

θ

0

c = 3.94
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(6.45,3.83)

β∗ 2θ
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θ 11

.5

U

θ
z

0 24

β = 6

β0 = 6.45

Fig. 2 Left panel: branches Γ−
0 and Γ+

0 of wave front solutions when (ε,θ) = (0.1,0.1). The
horizontal axis gives β values and the vertical axis represents the wave speed, c. Solutions along
Γ+

0 are stable and correspond to wave speed c2. Solutions along Γ−
0 are unstable and correspond

to the lower wave speed c1. Right panel: two solutions defined by (30) and (31). The solution at
β = 6 lies on Γ+

0 and is a wave front since it remains strictly above θ on (0,∞). The solution at
β = 6.45 is not a wave front since it is tangent to U = θ at z ≈ 24. When β > 6.45, the functions
defined by (30) and (31) dip below θ ; hence they are not wave fronts

On (−∞,0] , the general solution of (16) is

U0(z) = b1eαz cos(γz)+b2eαz sin(γz)+P0(z), (18)

where b1 and b2 are constants and P0(z) is the particular solution

P0(z) =
0.5(ε + c)

c2 +(1+ ε)c+ ε(β +1)
ez ∀z ≤ 0. (19)

The oscillatory terms b1eαz cos(γz) and b2eαz sin(γz) in (18) are due to the fact
that μ± are complex. Recall from (11) that α = Re(μ±) < 0. Thus, to satisfy the
condition U0(−∞) = U ′

0(−∞) = 0, we conclude that b1 = b2 = 0, and (18) and (19)
reduce to

U0(z) =
0.5(ε + c)

c2 +(1+ ε)c+ ε(β +1)
ez ∀z ≤ 0. (20)

Substituting the condition U0(0) = θ into (20) gives the algebraic equation

0.5(ε + c)
c2 +(1+ ε)c+ ε(β +1)

= θ . (21)

It follows from (20) and (21) that

U0(z) = θez ∀z ≤ 0. (22)

Note that U0(z) < θ on (−∞,0) and (U0(−∞),U ′
0(−∞)) = (0,0), as required

by (14). It remains to determine the behavior of solutions when z > 0. The first
step is to solve (21) for c. This gives the two values

c1 =
0.5−θ(ε +1)−

√
(0.5−θ(1+ ε))2 −4εθ (θ(β +1)−0.5)

2θ
(23)
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and

c2 =
0.5−θ(ε +1)+

√
(0.5−θ(1+ ε))2 −4εθ (θ(β +1)−0.5)

2θ
. (24)

Recall from (12) that 0 < ε < 1 and 0 < θ < 1
4(ε+1) . This and (23) and (24) imply

that
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

c1 < 0 and c2 > 0 if β∗ < β < 1
2θ −1,

c1 = 0 and c2 > 0 if β = 1
2θ −1,

0 < c1 ≤ c2 if 1
2θ −1 < β ≤ 1

2θ −1+ 1
4εθ 2 (0.5−θ(1+ ε))2 ,

c1 and c2 are complex if β > 1
2θ −1+ 1

4εθ 2 (0.5−θ(1+ ε))2 .

(25)

The interval (0,∞). When z > 0, the general solution of (16) is

U1(z) = k1eαz cos(γz)+ k2eαz sin(γz)+P1(z), (26)

where α and γ are defined in (11) and P1(z) is the particular solution

P1(z) =
0.5(c− ε)

c2 − (1+ ε)c+ ε(β +1)
e−z +

1
β +1

. (27)

To preserve continuity at z = 0, we require that (U1(0),U ′
1(0)) = (U0(0),U ′

0(0)).
This and (26) and (27) show that k1 and k2 are uniquely defined by

k1 = θ −P1(0) and k2 =
1
γ

(
θ(1−α)−P1

′(0)+αP1(0)
)
. (28)

To complete the proof that a solution satisfies conditions (14) for a traveling wave
front, we need to show that U1(z) satisfies

U1(z) > θ ∀z > 0 and lim
z→∞

U ′
1(z) = 0. (29)

Thus, if (29) holds, then the full solution of (13) and (14) is given by

U(z) =

⎧⎪⎨
⎪⎩

θez < θ ∀z < 0,

U1(z) > θ ∀z > 0.
(30)

The Upper Branch. The upper branch Γ+
0 of wave fronts corresponds to the faster

wave speed c = c2 defined in (24). Our study of the example (ε,β ) = (0.1,0.1) in-
dicates that Γ+

0 extends below β = β∗ down to β = 0 (Fig. 2, left panel). When
0 < β ≤ β∗ = 2.025, the eigenvalues μ± are real, and solutions along Γ+

0 are
monotonic for large z. When β > β∗, the eigenvalues are complex, and solutions
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have an oscillatory component when z > 0. In particular, when c = c2, it follows
from (26), (27) and (28) that

U1 = k1eαz cos(γz)+ k2eαz sin(γz) (31)

+
0.5(c2 − ε)e−z

(c2)2 − (1+ ε)c2 + ε(β +1)
+

1
β +1

. (32)

If U1(z) > θ ∀z > 0, then (31) implies that U ′
1(z) → 0 as z → ∞, and therefore (29)

holds. Thus, it is sufficient to show that

U1(z) > θ ∀z > 0. (33)

However, it is difficult to prove (33) when β > β∗, since the oscillatory component
k1eαz cos(γz)+k2eαz sin(γz) of (31) can cause U1(z) to dip below the threshold level
θ at some point in (0,∞). Figure 2 (right panel) illustrates the behavior of solutions
for two different values of β . The solution at β = 6 qualifies as a wave front since it
remains strictly above θ on the entire interval (0,∞). However, when β = 6.45, the
solution is tangent to U = θ at z ≈ 24, and hence it does not satisfy (29). Likewise,
when β > 6.45, the function U1 does not satisfy (29) since it dips below θ at a pos-
itive value of z. Thus, we conjecture that the interval of existence of Γ+

0 is (0,6.45).
Because of the technical difficulties in proving (29), the proof of this conjecture is
beyond the scope of our investigation and remains an open problem. Along Γ+

0 , our
numerical study indicates that solutions are stable. The proof of stability might be
accomplished by an extension of the Evans function methods in [12].

Finally, we point out that, although generalizations and insightful approxima-
tions have previously been given [17, 39], the complete set of requirements (14)
for the existence of non-stationary wave fronts has not yet been verified, even for
the real eigenvalue regime. In particular, the property U(z) > θ ∀z > 0 has not yet
been proved when μ± are real. Thus, whether μ± are real or complex, the proof of
existence of wave fronts remains a challenging open problem.

4 Solitary Traveling Waves

In this section, we analyze properties of solitary traveling wave solutions when the
eigenvalues μ± are complex. These solutions satisfy

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = c
d
dz

∫ a

0
w(z− z′)dz′ + ε

∫ a

0
w(z− z′)dz′, (34)

where c > 0, and
⎧⎪⎨
⎪⎩

U(0) = U(a) = θ for some a = a(c) > 0,

U(z) �= θ if z �= 0 or z �= a,

(U(z),U ′(z)) → (0,0) as |z| → ∞.

(35)
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Because w(x) = 1
2 e−|x|, (34) can be written in the equivalent form

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = s(z), (36)

where

s(z) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0.5(c+ ε)ez(1− e−a) ∀z ≤ 0,

0.5c
(

e−z − e(z−a)
)

+0.5ε
(

2− e−z − e(z−a
)

if 0 < z < a,

0.5(ε − c)(ea −1)e−z ∀z ≥ a.

(37)

Numerical experiments. To understand how solitary traveling waves arise, we pro-
ceed as in the last section and solve (15). Figure 3 shows a stable solution computed
by solving (15) with β = 4 and M = 5. This solution lies on a branch, Γ+

1 , of stable
solitary traveling waves (Fig. 5). It co-exists with the stable wave front predicted by
the bifurcation diagram for the branch Γ+

0 in Fig. 2. Below, we outline an analyti-
cal approach developed in [50] for analyzing solitary traveling waves. To show that
conditions (35) hold, we need to analyze the behavior of solutions over the separate
intervals (−∞,0], (0,a] and (a,∞) (see Fig. 3). As we proceed, we will explain how
conditions (35) are violated when β ≥ 16 , so that the interval of existence of Γ+

1 is
β∗ < β < 16. Several open problems are presented.
The interval (−∞,0]. On the interval (−∞,0], the problems (36) and (37) reduce to

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = 0.5(c+ ε)(1− e−a)ez ∀z ≤ 0. (38)

The general solution of (38) is

U2 = h1eαz cos(γz)+h2eαz sin(γz)+P2(z), (39)

10 z

θ

.5
β = 4

a

c = 3.9

U4

U3U2

U

Fig. 3 Solitary traveling wave when (β ,ε,θ) = (4, .1, .1). The component U2 of the solution is
defined by U2(z) = θez ∀z ≤ 0. The component U3(z) is defined on [0,a] = [0,25] and has the
form given by (45) and (46). The component U4(z) is defined on [a,∞) = [25,∞) and has the form
given by (57) and (58)
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where α and γ are defined in (11) and P2(z) is the particular solution

P2 =
0.5(ε + c)(1− e−a)

c2 +(1+ ε)c+ ε(β +1)
ez ∀z ≤ 0. (40)

We need to show that there are values c > 0 and a > 0 such that

U2(z) < θ ∀z ∈ (−∞,0), U2(−∞) = U ′
2(−∞) = 0 and U2(0) = θ . (41)

Recall from (11) that α = Re(μ±) < 0. Thus, to satisfy the condition U2(−∞) =
U ′

2(−∞) = 0, we conclude from (39) that h1 = h2 = 0, and therefore

U2(z) =
0.5(ε + c)(1− e−a)

c2 +(1+ ε)c+ ε(β +1)
ez ∀z ≤ 0. (42)

Substituting the requirement U2(0) = θ into (42) leads to

0.5(ε + c)(1− e−a)
c2 +(1+ ε)c+ ε(β +1)

= θ . (43)

Combining (42) and (43) gives U2(z) = θez ∀z ≤ 0 (see Fig. 3). Note that U2(z) =
U0(z), where U0(z) was defined in (22).
The interval (0,a]. On the interval (0,a], the problems (36) and (37) reduce to

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = 0.5c
(

e−z − e(z−a)
)

+0.5ε
(

2− e−z − e(z−a
)

.

(44)
The general solution of (44) is

U3(z) = m1eαz cos(γz)+m2eαz sin(γz)+P3(z), (45)

P3(z) =
0.5(c− ε)e−z

c2 − (1+ ε)c+ ε(β +1)
− 0.5(ε + c)ez−a

c2 +(1+ ε)c+ ε(β +1)
+

1
β +1

. (46)

We need to show that there are values c > 0 and a = a(c) > 0 which satisfy the
algebraic condition (43), and such that

U3(0) = U2(0) = U ′
3(0) = U ′

2(0) = θ , U3(z) > θ ∀z ∈ (0,a), U3(a) = θ . (47)

The first step in proving (47) is to keep ε in (0,1) fixed and solve (43) for e−a. This
gives

e−a(c) =
0.5(ε + c)−θ

(
c2 +(1+ ε)c+ ε(β +1)

)
0.5(ε + c)

. (48)
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Fig. 4 The function a(c), as
defined in (48), when (ε,θ) =
(1,0.1) and β = 1

2θ −1 = 4

2 c2c

a

0

5

a(c)

Since the right-hand side of (48) is zero at c = c1 and c = c2, it follows that
(see Fig. 4)

a(c) > 0 ∀c ∈ (c1,c2) and lim
c→c−2

a(c) = lim
c→c+

1

a(c) = ∞. (49)

To preserve continuity at z = 0, we require that (U3(0),U ′
3(0)) = (U2(0),U ′

2(0)) =
(θ ,θ). Combining this with (45) and (46) shows that m1 and m2 in (45) are defined
by

m1 = θ −P3(0) and m2 =
1
γ

(
θ(1−α)−P′

3(0)+αP3(0)
)
. (50)

Substituting (45) into the requirement U3(a) = θ gives

m1eαa cos(γa)+m2eαa sin(γa)+P3(a) = θ , (51)

where a = a(c) satisfies (48). Thus, to prove that solitary traveling waves exist, it is
necessary to show that there are values c > 0 such that the function

g(c) = m1eαa(c) cos(γa(c))+m2eαa(c) sin(γa(c))+P3(a(c))−θ (52)

satisfies g(c) = 0. For general β , it is difficult to analyze g(c). However, when β =
1

2θ − 1, the analysis is more tractable, and, in [50], we used (48), (49) and (50) to
show that g(c) has infinitely many zeros on (c1,c2) when β = 1

2θ −1. In particular,
we proved the following result:

Theorem 1. (Troy and Shusterman [50]) Let (ε,θ) satisfy (12), and let β = 1
2θ −1.

There are infinitely many values c ∈ (c1,c2) and corresponding solutions U of (7),
such that a(c) > 0 and

U(z) =

⎧⎪⎨
⎪⎩

θez ∀z ≤ 0,

U3(z) 0 < z < a(c),
(53)
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where U3(z) is defined in (45) and (46), and satisfies

U3(0) = U ′
3(0) = U3(a(c)) = θ . (54)

Remarks. To complete the proof that the solutions described in Theorem 1 are soli-
tary traveling waves, one must show that the function U(z)− θ has exactly two
zeros, z = 0 and z = a, on (−∞,∞). That is,

U(z) < θ ∀z < 0, U(z) > θ ∀z ∈ (0,a) and U(z) < θ ∀z > a. (55)

Numerical experiments. Proving that condition (55) holds is a challenging prob-
lem which has not yet been resolved. To gain insight, we have performed extensive
numerical experiments. Figure 5 shows the different types of behavior that are pos-
sible for the representative parameter set (ε,θ) = (0.1,0.1). The right panel shows a
solution computed at β = 1

2θ −1 = 4. Its graph indicates that all of the conditions for
a solitary traveling wave are satisfied. The bifurcation curve Γ+

1 (left panel) denotes
the family of solitary traveling waves which form a continuation of the solution
computed at β = 4. This branch extends from β = β∗ = 2.025, where μ± become
complex, to β = 16. The solution at β = 16 (right panel) is tangent to U = θ at
z = a ≈ 21 and therefore does not satisfy (55). When β > 16, solutions intersect
U = θ more that twice, and these functions cannot be solitary traveling waves ei-
ther. Thus, we conjecture that the branch Γ+

1 ends at β = 16. Our results also suggest
that solutions on Γ+

1 are stable.
The interval (a,∞). To prove that the solutions in Theorem 1 are solitary traveling
waves, one must show that condition (55) holds. The final requirement of (55) is to
prove that U(z) < θ when z > a. On (a,∞), the problems (36) and (37) reduce to

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U = 0.5(ε − c)(ea −1)e−z. (56)

Q1

2.3

c

β

Γ1
+

0
4 16

Q2

β∗

21 z

U

θ

.35

β = 4

β = 16

Fig. 5 Left panel: the bifurcation curve Γ+
1 for a branch of solitary traveling waves when (ε,θ) =

(0.1,0.1). The vertical axis gives wave speed, c, and the horizontal axis denotes values of β . The
branch Γ+

1 extends from β = β∗ = 2.025 to β = 16. Right panel: solutions on Γ+
1 at Q1 where

β = 1
2θ − 1 = 4 and c ≈ 3.9, and at Q2 where (β ,c) = (16,3.56). The solution at Q2 is not a

solitary traveling wave since it is tangent to U = θ at z ≈ 21. When β > 16, the solutions rise
above θ at the second maximum, so they are not solitary traveling waves. Thus, Γ+

1 ends at β = 16
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The general solution of (56) is

U4(z) = m3eαz cos(γz)+m4eαz sin(γz)+P4(z), (57)

P4(z) =
0.5(ε − c)(ea −1)

c2 − c(1+ ε)+ ε(β +1)
e−z. (58)

The values m3 and m4 are uniquely determined by the continuity condition

U4(a) = U3(a) and U ′
4(a) = U ′

3(a). (59)

We need to show that

U4(z) < θ ∀z > a, and (U4(z),U ′
4(z)) → (0,0) as z → ∞. (60)

If U4(z) < θ ∀z > a, then (57) and (58) imply that (U4(z),U ′
4(z))→ (0,0) as z → ∞.

However, it is difficult to prove that U(z) remains below θ on (a,∞), since the oscil-
latory component m3eαz cos(γz)+ m4eαz sin(γz) of (57) can cause U4(z) to exceed
the threshold level, θ , at some point in (a,∞). Thus, the proof that (60) holds when
μ± are complex remains an open problem.

Finally, we point out that solitary traveling waves can also exist when μ± are
real [17, 39, 45]. In this setting, the proof that condition (55) holds has not yet been
given. As a first step toward resolving this issue, in [50] we considered the real
eigenvalue case when w(x) = 1

2 e−|x| and developed a comparison argument to prove
that U(z) < θ on (a,∞). It is hoped that extensions of our methods will allow all of
the conditions (55) to be proved, in both the real and complex eigenvalue regimes.

5 Multi-bump Waves

In this section, we briefly examine multi-bump traveling waves. In [50], we used
a Sturm–Liouville comparison argument to explain why such solutions are not ex-
pected when μ± are real. However, when μ± are complex, our numerical experi-
ments indicate that the structures of solutions are much richer, and families of sta-
ble multi-bump solutions can coexist. Below, we formulate the two-bump traveling
wave problem. We also discuss the generalization to N-bump solutions.

It follows from (7) that two-bump traveling waves are solutions of the problem

c2U ′′ + c(1+ ε)U ′ + ε(β +1)U =c
d
dz

∫ a

0
w(z− z′)dz′ + ε

∫ a

0
w(z− z′)dz′

+ c
d
dz

∫ d

b
w(z− z′)dz′ + ε

∫ d

b
w(z− z′)dz′,

(61)
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β = 11
u

z28
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θ

c = 3.7
β = 11.5

u

z28

.5

θ

c = 3.69

Fig. 6 Two-bump and three-bump traveling wave solutions when (ε,θ) = (0.1,0.1)

where
⎧⎪⎨
⎪⎩

U(0) = U(a) = U(b) = U(d) = θ for some d > b > a > 0,

U(z) �= θ if z /∈ {0,a,b,d},
(U(z),U ′(z)) → (0,0) as |z| → ∞.

(62)

A simple extension of (61) and (62) gives the criteria satisfied by N-bump traveling
waves. Figure 6 illustrates stable two-bump and three-bump traveling wave solutions
when β = 11 and β = 11.5, respectively. To compute these solutions, we solved (15)
with M = 0.6 as the amplitude of the initial condition. Our numerical experiments
also indicate that when the amplitude is of lesser magnitude, e.g., M = 0.13, solitary
traveling waves can form and coexist with these solutions. In general, to show that
an N-bump wave exists, it is necessary to prove that the solution satisfies U(z) = θ
exactly 2N times in (−∞,∞). As with wave fronts and solitary traveling waves,
the non-local terms in (61) lead to formidable technical difficulties in proving this
property, and, up till now, there are no rigorous results. In contrast, non-local terms
do not appear in reaction-diffusion equations, where the existence of multibump
solutions can be shown using topological shooting methods [27]. Thus, proving the
existence and stability of N-bump waves remains a challenging open problem.

6 Two Dimensions

In this section, we extend (4) to the two-dimensional system

ut = −u− v+
∫ ∞

−∞

∫ ∞

−∞
w(x− x′,y− y′)H(u−θ)dx′dy′ +ζ (x,y, t),

vt = ε(βu− v).
(63)

Here w(x− x′) = 1
2 e−|x−x′| in (4) has been replaced with

w(x− x′,y− y′) = w

(√
(x− x′)2 +(y− y′)2

)
. (64)
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The function ζ (x,y, t) denotes external input. Rigorous analysis of (63) is difficult
because of the non-local term, and, up till now, there are few mathematical results.
Thus, as a first step toward understanding the dynamics of wave formation in (63)
and (64), we follow [33, 34] and show how to use a Fourier transform method to re-
place (63) with an equivalent PDE system. The two-dimensional Fourier transform
is defined by

F̂(ρ) ≡ (2π)−1
∫ ∫

R2

exp(−i(αx+βy))ρ(x,y)dxdy, (65)

where α and β are real. Applying (65) to the first equation in (63), and using the
convolution property, we obtain

F̂(ut +u+ v−ζ ) = F̂(w)F̂(H(u−θ)). (66)

When w(x,y) depends only on
√

x2 + y2, it is known (e.g., see [34], Appendix) that
F̂(w) is a function of

√
α2 +β 2. The coupling, w, in (63) and (64) has this property.

However, the form of F̂(w) is complicated for the couplings of our specific interest.
Thus, to make the analysis more tractable, we approximate F̂(w) with a rational
function of

√
α2 +β 2. Following [34], we assume that F̂(w) has the simplified

form:

F̂(w) =
A

B+(α2 +β 2 −M)2 . (67)

Substituting (67) into (66), multiplying both sides by B+(α2 +β 2 −M)2 and mak-
ing use of the identities

(α2 +β 2)2F̂(p) = F̂(∇4 p) and (α2 +β 2)F̂(p) = −F̂(∇2 p), (68)

we obtain

F̂
((

∇4 +2M∇2 +B+M2)(ut +u+ v−ζ )
)

= F̂ (AH(u−θ)) . (69)

Applying the inverse transform to both sides of (69) gives the PDE
(
∇4 +2M∇2 +B+M2)(ut +u+ v−ζ ) = AH(u−θ). (70)

Thus, the system (63) is formally equivalent to

(
∇4 +2M∇2 +B+M2)(ut +u+ v−ζ (x,y, t)) = AH(u−θ),

vt = ε(βu− v).
(71)

By way of example, we assume, throughout the rest of this section, that w(x,y)
in (63) has the specific form

w(x,y) = w(r) = 2.1e−r, r =
√

x2 + y2. (72)
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Fig. 7 Solid curve denotes
the function w(r) = 2.1e−r

defined in (72). The open
circles denote the function
wapprox, defined in (73), which
approximates w(r) to within
0.03 absolute error

w
2.1

1

0
r0 5

Applying the inverse Fourier transform to both sides of (67), we approximate the
coupling function in (72) by

wapprox = F̂−1
(

A
B+(α2 +β 2 −M)2

)
where (A,B,M) = (7,0.52,−2.5). (73)

Figure 7 shows that the function wapprox, defined in (73), is a close approximation to
the coupling, w(r), in (72). Thus, we replace the integro-differential equation sys-
tem (63), (64), (65), (66), (67), (68), (69), (70), (71), (72) with the equivalent PDE
system (71), where (A,B,M) = (7,0.52,−2.5). We solve (71) with an Euler time
step of length Δt = 0.35, using finite differences to approximate spatial derivatives
on disk-shaped spatial domains Ω = {(x,y)|x2 + y2 < R2}, and with Neumann con-
ditions on the boundary. Wave activity can be initiated by setting ζ (x,y, t) ≡ 0 and
using initial conditions of the form

(u(x,y,0),v(x,y,0)) =
(

Me−λ
√

(x−x̄)2+(y−ȳ)2
,0

)
, x2 + y2 ≤ R2. (74)

Alternatively, we can keep u and v initially at rest, i.e., (u(x,y,0),v(x,y,0))≡ (0,0),
and initiate waves with an external stimulus.

As in Sect. 5, we investigate the dynamics of wave formation in the range β > β∗,
where μ± are complex. Below, we give a brief description of the results of our
numerical simulations. These include

– (i) Two-dimensional traveling waves.
– (ii) Spiral wave formation.

(i) Two-dimensional Traveling Waves

Classical in vivo experiments showed that multi-bump waves exist in the feline
cortex [4, 5, 6], and recently, they have been discovered in the intact brain of
freely moving mice [16]. They have also been found in both tangential and coro-
nal brain slice experiments [30, 52]. Here, we assume that ζ (x,y, t) ≡ 0 ∀t ≥
0, and initiate two-dimensional wave formation with starting conditions of the
form (74). Figure 8 illustrates a stable solitary traveling wave which propagates
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Fig. 8 A solitary traveling wave solution of (71) is initiated at (x̄, ȳ) = (−14,0) and prop-
agates across the domain Ω = {(x,y)| 0 ≤ x2 + y2 ≤ 152} from left to right. The parame-
ters are (A,B,M) = (7,0.52,−2.5) and (β ,ε,θ) = (4,0.1,0.1). The initial values are given
in (75). The left panel shows the wave at t = 5 shortly after it has been formed. The
right panel shows the solution when t = 15. The movie showing this wave can be found at
www.math.pitt.edu/∼troy/springer/singlebumpwave.mpg

across the region Ω = {(x,y)| 0≤ x2 +y2 ≤ 152}. This solution is initiated at (x̄, ȳ) =
(−14,0) by

(u(x,y,0),v(x,y,0)) =
(

0.5e−0.1
√

(x+14)2+y2
,0

)
, (x,y) ∈ Ω. (75)

Figure 9 shows stable double-bump traveling waves which coexist with the stable
solitary traveling wave described above. For clarity, the domain has been expanded
in size to Ω = {(x,y)| 0 ≤ x2 +y2 ≤ 252}. The solution in the left panel is similar to

Fig. 9 Double-bump traveling wave solutions of (71). The parameters are (A,B,M) =
(7,0.52,−2.5) and (β ,ε,θ) = (4,0.1,0.1). These solutions coexist with a stable solitary travel-
ing wave. The solution in the left panel is similar to a plane wave and is initiated at (x̄, ȳ) =
(−24,0) with starting values given in (76). The two-ring wave in the right panel is initiated at
(x̄, ȳ) = (0,0) with starting values given in (77). The movie showing the wave in the left panel is at
www.math.pitt.edu/∼troy/springer/doulebumpwave.mpg
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a two-bump plane wave and is initiated at (x̄, ȳ) = (−24,0) by

(u(x,y,0),v(x,y,0)) =
(

20e−0.02
√

(x+24)2+y2
,0

)
, (x,y) ∈ Ω. (76)

The double-ring-shaped wave in the right panel is initiated at (x̄, ȳ) = (0,0) by

(u(x,y,0),v(x,y,0)) =
(

20e−0.05
√

x2+y2
,0

)
, (x,y) ∈ Ω. (77)

As β increases further, our numerical experiments indicate that the number of bumps
in the traveling wave solutions also increases. Proofs of the existence and stability
of these solutions remain as open problems.

(ii) Spiral Wave Formation

Our analysis of spiral waves has practical significance, since it has recently led to
the discovery of rotating waves in the rat neocortex [30]. As a first step, we study
the simplified class of solutions known as rigid rotating waves. These have the form

(u,v) = (u(r,φ),v(r,φ)) , r =
√

x2 + y2 and φ = θ −ωt. (78)

We let f = H(u−θ) and ζ (x,y, t) ≡ 0 in (71), substitute (78) and obtain

(
∇4 +2M∇2 +B+M2)(u+ v−ω

∂u
∂φ

) = AH(u− th),

−ωτ
∂v
∂φ

= βu− v.
(79)

For the parameter set (β ,ω) = (0,−1), we define the limiting solution

(u,v) =

⎧⎪⎨
⎪⎩

(
A

B+M2 +
(

θ − A
B+M2

)
er−φ ,0

)
, r > 0 and φ > r,

(0,0), r ≥ 0 and φ ≤ r,

where 0 < θ < A
B+M2 . The function defined in (80) is a continuous solution of (79)

on the set {r > 0, φ �= r} and is discontinuous along the curve {r ≥ 0, φ = r} (see
Fig. 10).
Numerical experiments. To gain insight when β > 0, we describe the results of
our numerical simulations. First, we note that, when β = 0, the tip of the spiral
wave remains fixed at the point (0,0) (see Fig. 10). However, when β > 0, the tip
moves and spiral waves drift as they rotate (see Fig. 11). We describe two ways
in which such waves can form. Firstly, we set ζ (x,y,0) ≡ 0 and assume that the
initial conditions are given by (76). Initially, a traveling wave, which is similar to
the solution shown in Fig. 8, forms at (x,y) = (−14,0). Shortly after the wave has
formed, an external stimulus is applied, and this causes a break at one end of the
solution. The free end begins to curl inward and a spiral wave forms and quickly fills
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Fig. 10 The projection onto the (x,y) plane of the u component of the rigid rotating wave
defined in (80). Here, (β ,ω) = (0,−1) and v ≡ 0. The movie showing this spiral can be found
at www.math.pitt.edu/∼troy/springer/rigidspiral.mpg

the entire domain (Fig. 11). As the solution rotates, it drifts across the domain, and
its tip passes through the square marker placed at (x,y) = (−4,2). The right-hand
panel of Fig. 11 shows the time course of the solution at (−4,2). When t > 160, the
amplitudes of the oscillations increase as the tip of the spiral wave passes through
(−4,2).

In [50], we recently demonstrated a second method of spiral wave formation.
Here, the coupling is inhomogeneous and a sequence of appropriately timed exter-
nal stimuli is applied at the point (x,y) = (0,0). At first this causes ring-shaped
waves to form and propagate outward from (0,0). There is a point on the leading
edge of each wave where the amplitude of the activity is a minimum because the
coupling is inhomogeneous. Repeated stimulation of the system causes the leading
edge of the waves to weaken at the point of minimal amplitude, and eventually a
small break occurs at this point. Subsequently, the solution evolves into a stable,
one-armed spiral wave which fills the entire domain. This technique of spiral wave
formation can be initiated at any point in the medium, is not driven by an underlying
time-dependent periodic pacemaker and does not depend on the presence of a con-
stant external input. In a previous study, Chu, Milton and Cowan [9] used a similar
technique to produce spiral waves in a discrete integrate-and-fire network.

As β increases from β = 0, we conjecture that a functional analysis-based con-
tinuation method will allow for the continuation of the limiting case solution (80)
into a spiral wave solution of (63) which is continuous on the entire domain. How-
ever, to date, there are no rigorous results other than our limiting solution, and the
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u(−3.8,1.8,t)

Fig. 11 Spiral wave solution of (71) when β = 3, (ε,θ) = (.1, .1) and (A,B,M) = (7,0.52,−2.5).
The left panel shows the solution at t = 55. A square has been placed at (x,y) = (−4,2),
and the right panel shows the time course of the solution at this point. As the rotating wave
drifts across the domain, its tip crosses the point (−4,2). This is indicated by the increasing
amplitudes in the oscillations when t > 200. The movie showing this spiral can be found at
www.math.pitt.edu/∼troy/springer/nonrigidspiral.mpg

proof of existence of spiral waves when β > 0 remains an open problem. As with
the traveling wave solutions, we also note that our spiral wave results apply to the
PDE system (71). It is hoped that future extensions of our work will lead to new
results for the full integro-differential equation model (63), (64), (65), (66), (67),
(68), (69), (70), (71), and (72).

7 Conclusions

In this chapter, we analyzed the dynamic behavior of a system of integro-differential
equations that models the activity of excitatory neurons on large-scale, spatially ex-
tended domains. The independent variables represent the activity level of a popu-
lation of excitatory neurons with long-range connections (u) and recovery (v). We
considered positive connection functions and a Heaviside firing rate. In one-space
dimension, we assumed symmetric connections and examined the existence of trav-
eling wave solutions in different parameter regimes where the linearization of the
system around the rest state (u,v)=(0,0) has complex eigenvalues. When the eigen-
values are real, both wave fronts and solitary traveling waves can exist. By contrast,
when the eigenvalues are complex, the range of behavior is much richer, and our
numerical experiments show that wave fronts, solitary traveling waves and multi-
bump waves can coexist as stable solutions. In all these cases, formidable technical
difficulties preclude the completion of existence proofs. In a related paper [50], we
considered a particular coupling and developed a technique which, for the first time,
overcomes these difficulties and completes the proof of existence of solitary trav-
eling waves in the real eigenvalue regime. However, in general, the extension of
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our methods to allow existence proofs to be completed when the eigenvalues are
complex remains an open problem.

Our one-dimensional results have facilitated the study of wave formation in two-
space dimensions. Here, for the non-local model, we considered a PDE approxi-
mation which includes both symmetric and asymmetric couplings. For symmetric
couplings, we showed numerically how single- and double-bump traveling waves
can form. In addition, we described how an appropriately timed stimulus causes a
break in a wave, and subsequently the solution evolves into a spiral wave which
fills the entire two-dimensional domain. It remains an open problem to extend our
results for the PDE system to the full non-local model.

Our theoretical results may have important experimental implications for future
research. In particular, we found that the dynamics of the system undergo a qualita-
tive transition when the eigenvalues of the linearization around the rest state become
complex; this suggests that identifying these bifurcation points might be possible ex-
perimentally by tracking changes in the functional behavior of neuronal networks.

Acknowledgments The author thanks Jack Cowan for useful discussions, and especially for
pointing out the early papers of Burns and his colleagues. This research was supported by NSF
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Spiral Waves and Dissipative Solitons in Weakly
Excitable Media

V.S. Zykov

Abstract Spiral waves are among the most prominent examples of spatio-temporal
patterns in various excitable media, including heart muscle, the retina of the eye,
social amoeba colonies and the chemical Belousov–Zhabotinsky reaction. Recent
studies have shown that, in addition to spiral waves, there is another possible wave-
form, viz. a propagating wave segment that is stationary in size and shape. Such
localized spatio-temporal structures in nonlinear dissipative media exhibit all the
basic features of dissipative solitons. In this chapter, a free boundary model is pre-
sented to describe the shape and velocity of the wave segments. It turns out that a
generalization of this model allows us to determine the shape and angular velocity
of a spiral wave that is rotating rigidly in a medium of low excitability. Thus, our
study demonstrates that dissipative solitons (propagating wave segments) and spiral
waves are closely connected to each other and that they represent different solutions
in the framework of a common theoretical model.

1 Introduction

Wave structures propagating in excitable media play a very important role in diverse
physical, chemical and biological processes and represent a broad and intensively
developed field of study in nonlinear dynamical systems [1, 2, 3, 4]. Spiral waves
are among the most prominent examples of spatio-temporal patterns in excitable
and oscillatory media. They have been observed in systems with quite distinct na-
tures such as social amoeba colonies [5], the chemical Belousov–Zhabotinsky (BZ)
reaction [6, 7], heart muscle [8, 9], the retina of the eye [10], the oxidation of CO
on platinum single-crystal surfaces [11] and so on.
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The light-sensitive version of the BZ reaction has proven to be a very suitable ex-
perimental system for studying the dynamics of wave processes in excitable media,
since the medium excitability can easily be affected by the illumination intensity
[12, 13]. Spatio-temporal variations of the reagent concentrations in this system
emerge in the form of traveling excitation waves. They can be visualized on-line
with reliable optical tools. Figure 1a shows a snapshot of a rotating spiral wave
observed in a thin layer of the BZ reaction [14]. An open end of the wave, the so-
called spiral tip, describes a circular pathway which restricts the spiral wave core.
Both the spiral wavelength and the size of the spiral core increase as excitability of
an excitable medium decreases, until, at the excitable/sub-excitable boundary, they
become infinite. At this critical excitability, the unbounded spiral wave has opened
up to form an unbounded, nearly planar wave with a free end, which is the critical
finger [15]. At lower excitabilities, in the sub-excitable regime, this wave contracts
tangentially at its free end.

Recent studies of the photosensitive BZ reaction have shown that, in addition to
spiral waves and critical fingers, there is another possible waveform with a free end,
viz. a propagating wave segment that is stationary in size and shape [16, 17, 18].
These constant velocity waves have two free ends, and their size and shape are
uniquely determined by the excitability of the medium. They are inherently unsta-
ble, but they can be easily stabilized by applying an appropriate feedback to the
excitability of the medium.

Figure 1b shows an example of a stabilized wave segment propagating through a
thin layer of the photosensitive BZ reaction [16, 17]. This wave segment was stabi-
lized by varying the illumination intensity imposed on the reaction medium (thereby
varying the excitability) in proportion to the wave size. The locus of the wave size as
a function of excitability defines a separatrix that delineates the boundary between
spiral wave behavior and contracting wave segments. For a particular excitability,
there is an unstable wave segment with a particular size (and shape). In the absence
of stabilizing feedback, it will either form two counter-rotating spiral waves or con-
tract tangentially at its free ends and eventually disappear. The asymptote of the

ba1 mm

Fig. 1 Spiral wave (a) and stabilized wave segment (b) in the photosensitive BZ reaction. Different
gray levels represent spatial variation of the inhibitor concentration. Thin solid line in (a) depicts
the trajectory of the spiral wave tip. Superimposed snapshots in (b) are shown with an interval of
40.0 s; panels ca. 0.95 cm × 1.45 cm
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locus of wave size as a function of excitability, where the wave size is infinite, is
exactly the same excitability boundary between excitable and sub-excitable media
as is defined by the critical finger [16, 17].

We note that particle-like waves, similar to the one shown in Fig. 1b, have been
found in previous theoretical studies, such as active Brownian particles [19, 20],
moving spots in reaction–diffusion systems [21, 22] and filaments in semiconduc-
tors [23]. Particle-like waves have also been experimentally observed in a gas dis-
charge system [24, 25] and in the oxidation of CO on single-crystal Pt [26].

These localized spatio-temporal structures in nonlinear dissipative media exhibit
all the basic features of dissipative solitons, in contrast to spiral waves which are
unrestricted in space. Nevertheless, the purpose of this chapter is not to stress differ-
ences, but to demonstrate the close relationship between wave segments and spiral
waves in weakly excitable media.

The main tool in our study is a free boundary formulation. This approach has
been used by many authors to study pattern selection in two-dimensional excitable
media [27, 28, 29, 30, 31, 32, 33, 34]. It reduces the problem of wave propaga-
tion in a nonlinear reaction–diffusion system to the kinematics of a sharp interface
separating regions of excited and resting states of the medium.

In the next section, we introduce a generic reaction–diffusion system which will
set up our study. Then we describe a wave front interaction model which has been
proposed recently to specify the shape and velocity of the wave segments [35]. Later,
it will be shown that a generalization of this model allows us to determine the shape
and angular velocity of an excitation spot moving near a disk boundary, as well as
the parameters of a spiral wave rigidly rotating in a medium of low excitability.
Thus, our study demonstrates that dissipative solitons (propagating wave segments)
and spiral waves are closely connected to each other and represent different solu-
tions in the framework of a common free boundary problem.

2 Excitable Medium Model

Our aim is to elaborate a universal kinematic description for wave patterns propa-
gating in excitable media with various kinetics. As a basis for this study, a generic,
two-variable reaction–diffusion model for excitable media is applied:

∂u
∂ t

= D∇2u+F(u,v), (1)

∂v
∂ t

= εG(u,v), (2)

where the variables u(x,y, t) and v(x,y, t) represent, respectively, the activator and
the inhibitor in a two-dimensional medium with a diffusion constant D, and for the
other parameter, we typically have ε � 1.



456 V.S. Zykov

For the functions F(u,v) and G(u,v), we take the FitzHugh–Nagumo type forms
[36, 37] which have been widely used previously [31, 33, 35, 38]:

F(u,v) = 3u−u3 − v, (3)

G(u,v) = u−δ ,

with δ = −1.6797. This system has a single uniform resting state, (u0,v0) =
(δ ,3δ −δ 3), which is stable with respect to small perturbations. However, a supra-
threshold perturbation applied to the resting state (or specific initial condition) gives
rise to an undamped, propagating excitation wave. In the excited state, the value of
the variable is u = ue ≈

√
3, which is the largest root of the equation F(u,v0) = 0.

The small parameter ε varies in the range 0.001 < ε < 0.002. Unless ε is small,
the transition from the resting state to the excited one looks like a sharp interface
propagating through the two-dimensional medium. For ε = εc ≈ 0.002, the ex-
citability of the medium corresponds to the boundary between the excitable and sub-
excitable medium, where the critical finger is observed. When ε > εc, the medium
is sub-excitable. This means that the propagation of pulses is still supported in the
one-dimensional medium, while propagating wave segments with open ends con-
tract and disappear in the two-dimensional medium. For ε < εc, the medium is ex-
citable and rotating spiral waves can be created by a specific choice of the initial
conditions [39]. However, the initial conditions do not influence the rotation veloc-
ity and the shape of these waves, as they are completely determined by the medium
excitability.

Within the same range of the parameter ε , propagating wave segments of differ-
ent sizes, corresponding to different excitabilities, can be induced and stabilized by
feedback to the excitability of the medium [16, 35]. To realize a stabilizing feedback,
we assume the wave segment propagates in the x direction and consider its width as
the order parameter. Choosing the symmetry line of the segment as the x-axis, we
follow the location, ymax(t), of the tip of the wave along the y-axis, orthogonal to
the propagation direction. Then the control signal, I(t), is computed in accordance
with a simple proportionality law

I(t) = kfb[ymax(t)− yd], (4)

where yd determines a desirable segment size. The wave segment is stabilized by
negative feedback to the medium excitability with respect to the wave width. To
create this type of feedback, the control signal has to suppress the excitability, e.g.,
to increase the inhibitor production. To this end, the control signal can be simply
added to the right-hand side of (2), as was done in [35]. Another method employed
in this paper is to increase the value of the small parameter ε in proportion to I(t):

ε = ε̄ + I(t). (5)

Figure 2 shows the trajectory of the tip of wave segments (x(t),ymax(t)) com-
puted for the reaction–diffusion model (1), (2), (3) under the feedback determined



Spiral Waves and Dissipative Solitons 457

x
0

120

100

80

60

40

20

0
100 200 300 400 500

y

Fig. 2 Stabilization of a propagating wave segment by feedback (4), (5), computed for the
reaction–diffusion model (1), (2), (3) with kfb = 0.00005, yd = 100 and ε̄ = 0.00197. The tra-
jectory of the segment tip (dashed line) and the final shape of the wave segment are shown. In
the shaded region, u(x,y, t) > 0.2. A computational grid of 500× 500 elements was used; it is
co-moving with the propagating wave, with time and space steps Δt = 0.02 and Δx = 0.3

by (4), (5). After transient processes, an asymptotic shape of a wave segment is
reached with a width W = ymax(t → ∞). The thick line depicts the wave front, while
the thin one specifies the back of the segment.

These computations demonstrate the existence of stabilized wave segments in a
reaction–diffusion system. The factors which determine the shape and velocity of
the segment are discussed in the next section.

3 Free Boundary Problem for Stabilized Wave Segments

As mentioned above, the boundary of the propagating excited region is very thin
compared with the thickness of the wave segment. This is due to the great difference
in the characteristic time scales for the activator u and the inhibitor v, induced by
the small parameter ε . Obviously, this creates perfect conditions for the application
of a free boundary approach for analyzing stabilized wave segments.

There are two factors which determine the normal velocity, cn, of an excitation
wave. First, the propagation velocity, cp, of a planar interface in a reaction–diffusion
system (1), (2) is a monotonically decreasing function of the slow variable, v, at the
moving boundary layer [28, 39]. This function vanishes at a value v = v∗ and, if v is
close to v∗, the wave velocity can be approximated by a linear relationship

cp(v) = α
√

D(v∗ − v). (6)

The constant α and the value v∗ are uniquely determined by F(u,v). For instance,
for the cubic function defined in (3), α =

√
1/2 and v∗ = 0. Second, the normal

velocity, cn, depends on the local interfacial curvature k [28, 39]:

cn = cp(v)−Dk. (7)
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The boundary of a moving wave segment includes parts where du/dt > 0 (front
of wave) and du/dt < 0 (back of wave), as shown in Fig. 2. These two parts coin-
cide at the so-called phase change point, where du/dt = 0 [40]. It is convenient to
parameterize the local curvature and the velocity of the spot boundary by the arc
length, s, measured from this point, assuming that s < 0 for sites at the back. Let
us denote the normal velocity by cn(s) and the local curvature of the boundary by
k(s). A relationship between these functions can be found from purely geometrical
considerations, as illustrated in Fig. 3.

At the midpoint of the stabilized wave segment, y = 0, the normal direction coin-
cides with the propagation direction of the segment as a whole along the x-axis, as
shown in Fig. 3. Let Θ+ (Θ−) specify the angle between the x-axis and the outward
pointing normal on the front (back) boundary. Then the normal velocity of the front
and of the back should be written in accordance with (7) as c+

n = cp(v+)−Dk+ and
c−n = cp(v−)−Dk−, where the local curvature of the front (back) is expressed as

k± = −dΘ±/ds. (8)

Near the front of a solitary wave v+ = v0, so the propagation velocity of the
planar wave front is determined, in accordance with (6), by the quantity Δ = v∗ −v0

and can be written as

c0 = αΔ
√

D. (9)

Let km be the local curvature at the midpoint of the stabilized wave. The prop-
agation velocity of the wave segment along the x-axis is therefore cs = c0 −Dkm.
Now ε << 1, so within the excited region we have u = ue(v), where ue(v) is the
largest root of equation F(u,v) = 0. Hence, the temporal variation of the variable v

Fig. 3 Boundaries of a
propagating wave segment
computed as the solution
of the free boundary prob-
lem (10), (11), (12) for
Km = 0.0402 and B = 0.5108.
The wave front (back) is
shown by a thick (thin) solid
line. Solutions computed for
the slightly different values
B = 0.5101 and B = 0.5110
are shown by dotted and
dashed lines, respectively X

Cn

Cs

+

+
–

Ymax
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within the excited region is completely determined by (2). Then, the free boundary
problem for the stabilized wave segment can be written as

c0 −Dk+ = cs cos(Θ+), (10)

c(v−)−Dk− = −cs cos(Θ−), (11)

csdv/dx = −εG(ue(v),v). (12)

Equations (10) and (11) describe the geometry of the front and back of the segment,
respectively, while (12) describes the evolution of the slow variable v along the
x-axis between the front and the back.

Using (8), one can transform (10) into an ordinary differential equation for the
angle Θ+:

D
dΘ+

ds
= cs cos(Θ+)− c0. (13)

Since dy+ = −dscos(Θ+) and dx+ = dssin(Θ+), it is straightforward to obtain
equations for the Cartesian coordinates (x+,y+) of the front [39, 41]:

dx+

dΘ+ =
Dsin(Θ+)

cs cos(Θ+)− c0
, (14)

dy+

dΘ+ = − Dcos(Θ+)
cs cos(Θ+)− c0

. (15)

For the conditions x+ = 0, Θ+ = π/2 and y+ = 0, Θ+ = 0, the solutions of (14) and
(15) have the form

x+

D
=

1
cs

ln
c0

c0 − cs cos(Θ+)
, (16)

y+

D
= −Θ+

cs
+

2c0

cs

√
c2

0 − c2
s

arctan
(c0 + cs) tan Θ+

2√
c2

0 − c2
s

. (17)

These expressions specify the shape of the wave front, x+ = x+(y+), for any km

within the interval 0 < km < c0/D.
In order to obtain the shape of the back of the wave, the value of the slow variable

v on this part of the boundary must be specified. We follow Karma [31] and consider
a limiting case, viz. Δ << 1. In the excited region, −Δ < v−v∗ < Δ, so the value of
the slow variable remains approximately equal to v∗ during the excited state. Thus,
one can use the approximation G(ue(v),v) = G∗, where G∗ = G(ue(v∗),v∗). With
this approximation, the value of the slow variable, v−, at the back of the wave can
be obtained from (12):

v− = v0 +
G∗ε
cs

[x+(y)− x−(y)]. (18)
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Substitution of (18) into (11) results in an equation for the back of the wave:

D
dΘ−

ds
= c0 −

G∗εα
cs

(x+ − x−)+ cs cos(Θ−). (19)

After rescaling of space (S = c0s/D, X± = c0x±/D and Km = Dkm/c0), (19)
becomes

dΘ−

dS
= 1− B(X+ −X−)

(1−Km)
+(1−Km)cos(Θ−), (20)

where

B =
G∗ε

α2Δ3 . (21)

In order to integrate this equation, we rewrite (16) and (17) in dimensionless
form and fix Km within the interval 0 < Km < 1. Numerical integration of (20) in the
reverse arc length direction, starting with Θ− = π/2, X− = 0 and Y− = Wc0/D at
S = 0, and taking into account that dY−/dS = −cos(Θ−) and dX−/dS = sin(Θ−),
produces a solution that depends on B. Using a trial-and-error method, one must
vary the value of B until the corresponding solution satisfies the second boundary
condition, Y− = 0, Θ− = π (see Fig. 3). Repetition of this process for different
Km yields the relationship between B and Km shown in Fig. 4. For Km � 1, this
dependence is well approximated by the linear relationship

Km = (Bc −B)/β , (22)

where β = 0.63. We note that for Km = 0, the wave segment is identical to the critical
finger studied in [31, 33], and the corresponding value of Bc, computed for the free
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Fig. 4 Values of the curvature, Km, at the segment midpoint computed for the free boundary prob-
lem (10), (11), (12) vs. the parameter B
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boundary problem (10), (11), (12), practically coincides with the value Bc = 0.535
found for the critical finger [31].

The value km = Kmc0/D determines the width of the wave segment W , in ac-
cordance with (17) after the substitution Θ+ = π/2. In the case of small curvature
(Dkm/c0 � 1), this relationship is given by the expression (cf. [16, 17])

W 2 =
π2D

2c0km
. (23)

Substitution of (22) into (23) results in the important relationship

W =
πD

c0
√

2(Bc −B)/β
. (24)

We note that relationship (24) is universal, as it contains only the general character-
istics of the two-component model (1), (2). It also describes the limiting case of the
critical finger when the size of the wave segment goes to infinity. If an external factor
influences the value of B, then it determines the value of km and, in turn, the width of
the wave segment. In particular, it provides a qualitative explanation for the similar
relationships obtained in experiments with the light-sensitive BZ reaction and for
the Oregonator model [17, 16].

As mentioned above, the propagation velocity, cs, of the stabilized wave segment
along the x-axis depends on the curvature, km, at the midpoint. Hence, the velocity is
also determined by the value of B and, taking into account (22), can be expressed as

cs = c0[1− (Bc −B)/β ]. (25)

Thus, the simplified kinematic description completely determines the shape and
propagation velocity of a stabilized wave segment as a function of the dimensionless
parameter B.

0.600.550.50
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0.60

0.70

0.80

C
s 
/C

0

0.90

1.00

Fig. 5 Velocity of the stabilized wave segments as a function of the parameter B, computed for the
system (1), (2), (3) subjected to feedback stabilization according to (4), (5) (solid line) and from
relationship (25) (dashed line)
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In order to obtain quantitative results for the reaction–diffusion model (1), (2),
(3), we note that the computed propagation velocity of a planar wave is c0 = 0.212.
Substituting this value into (25), we find the velocity, cs, of the wave segment as
a function of B, as shown in Fig. 5. The dashed line, representing the theoretical
results, is in quantitative agreement with the direct integration of the reaction–
diffusion model (1), (2), (3), as shown by the solid line. These numerical data
are obtained for computations performed with parameter ε varying over the range
0.0018 < ε < 0.00198.

4 Wave Spots Rotating Along a Disk Boundary

The wave segment computed for the model system (1), (2), (3) and shown in Fig. 2
undergoes translational motion. In order to simulate the experimental situation re-
produced in Fig. 1b, the x-axis is considered here as a symmetry line. On the other
hand, one can imagine that this line specifies a no-flux boundary with an infinitely
large curvature radius.

In this section, we are interested in a study of a more general case of propagation
of a wave segment near a curved boundary. For example, let us assume that a wave
segment circulates along the no-flux boundary of a disk of radius rD. Corresponding
computations performed for the system (1), (2), (3) are illustrated in Fig. 6. In this
case, a wave segment looks like a small excitation spot pinned to the disk boundary
and moving along it. This motion is unstable and, if there is no stabilized feedback,
the spot either disappears or develops into a rotating spiral wave. To stabilize the
wave spot, the feedback signal is computed in a form similar to (4):

I(t) = kfb(rt − rq). (26)

Here rq is the distance between the spot tip and the disk center, and rt is the desired
radius of the tip trajectory. This signal must be substituted into (5) to induce negative
feedback.

Figure 7 illustrates the kinematics of an excitation spot moving along the no-
flux boundary of a disk. The boundary of the excited spot includes parts where
du/dt > 0 (front of wave) and du/dt < 0 (back of wave). These two parts coincide at
the phase change point, q, where du/dt = 0. Let us parameterize the local curvature
and the velocities of the spot boundary by the arc length, s, measured from this
point, assuming that s < 0 for the points of the back and denote the normal velocity
by cn(s), the tangential velocity by cτ(s) and the local curvature of the boundary by
k(s). It has been shown [39] that these three functions obey the following system of
differential equations:

dcn

ds
= ω + kcτ, (27)

dcτ

ds
= −kcn, (28)

where ω is the angular velocity of the rigidly rotating pattern.
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Fig. 6 Stabilization of a wave spot by feedback (26), (5), computed for the reaction–diffusion
model (1), (2), (3) with kfb = 0.0001, rt = 26.6 and ε̄ = 0.001337. The trajectory of the segment
tip (dashed line) and the stabilized shape of the wave segment are shown. In the shaded region, we
have u(x,y, t) > 0.2

In accordance with (2), within the excited region, the slow variable v varies along
a circle of radius r as

ω dv/dγ = −εG(ue(v),v), (29)

where γ is the polar angle.
For Δ � 1, the value G(ue(v),v) in this equation remains practically constant,

G∗ = G(ue(v∗),v∗), and the value of the slow variable at the back of the wave
reads

v−(r) = v0 +
G∗ε
ω

[γ+(r)− γ−(r)], (30)

where γ+ (γ−) specifies the location of the front (the back) of the spot. Substitution
of this expression into (6) and (7) yields the velocity of the back:

c−n (r) = c0 −
G∗εα

√
D

ω
[γ+(r)− γ−(r)]−Dk−(r). (31)

After rescaling (S = sc0/D, R = rc0/D, C = c/c0, K = Dk/c0, Ω = ωD/c2
0) (27),

(28), (7) and (31) transform into the dimensionless form
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Fig. 7 Excitation spot moving along the disk boundary with angular velocity Ω = 0.049. The
front (thick solid line) and the back (thin solid line) of the pattern obey (32), (33), (34), (35) with
B = 0.3247

dCn

dS
= Ω+KCτ, (32)

dCτ

dS
= −KCn, (33)

C+
n = 1−K+, (34)

C−
n (R) = 1− B

Ω
[γ+(R)− γ−(R)]−K−(R), (35)

where the dimensionless parameter B is determined by (21) and characterizes the
excitability of the medium, as well as the case of a propagating wave segment. Our
aim now is to show that the parameter B determines the angular velocity and the
shape of the rotating spot.

Let KDR be the curvature of the front at the disk boundary. Then, the angular
velocity, Ω, is given by the simple expression

Ω = (1−KDR)/RD, (36)

where RD is the disk radius. In addition, since the front is orthogonal to the no-flux
boundary of the disk, the tangential velocity has to be zero there. Thus, in order to
determine the front shape, we need to integrate the system (32), (33), (34) with Ω
determined by (36) and with the following initial conditions:
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K+(S+
DR) = KDR, Cτ(S+

DR) = 0, (37)

where S+
DR is the arc length of the front at the disk boundary. Integration of the

system (32), (33), (34) in the reverse arc length direction up to the phase change
point, where cn = 0, uniquely determines the shape of the front for a given KDR > 0.
In particular, the Cartesian and polar coordinates of the front and the tangential
velocity of the phase change point, Ct, must be determined.

These data are necessary to integrate (32), (33), (35) for the back of the spot with
Ω determined by (36). The initial conditions for this integration are

K−(0) = 1, C−
τ (0) = Ct. (38)

These initial conditions completely determine the solution, which will, however,
still depend on the parameter B. Using a trial-and-error method, one must vary the
value of B until the corresponding solution satisfies another boundary condition, viz.

C−
τ (S−DR) = 0. (39)

Repetition of these two steps for different KDR and RD yields the dependence
B = BPS(RD,KDR). Note that, since the angular velocity Ω is also a function of
RD and KDR due to (36), this process specifies the dependence Ω = ΩPS(B,RD).

Fig. 8 Front curvature near
the disk boundary (a) and
angular velocity of a spot (b)
vs. the parameter B computed
for the free boundary problem
(32), (33), (34), (35) for two
different disk radii RD. The
dashed line in (a) depicts the
relationship (22)
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Figure 8 shows selected values of the front curvature, KRD, and the angular ve-
locity, Ω, computed for two disk radii, RD = 8 and RD = 24. It can be seen that the
curvature, KRD, is a decreasing function of B and that it vanishes at some value of
B smaller than Bc. The curvature becomes larger with an increase in RD, but always
remains smaller than the curvature, Km, at the midpoint of the stabilized wave seg-
ment. The linear relationship (22), which can be treated as the limiting case RD →∞,
is shown for comparison.

The angular velocity is an increasing function of B, but it decreases with RD.
Obviously, the angular velocity vanishes when RD → ∞. In this limiting case, the
rotation of an excitation spot transforms into translational motion of a stabilized
wave segment with Ω = 0.

5 Spiral Waves Rotating Around a Disk Center

The spiral wave shown in Fig. 1a rotates rigidly, i.e., its angular velocity and shape
do not change in the course of time. This rotation occurs in a practically unbounded
medium, as the medium size is considerably larger than the spiral wavelength. If the
spiral rotates exactly around the disk center, then a similar rigid rotation is possible
within a disk of finite size. Such a centro-symmetric rotation can be unstable in
a disk of relatively small size [42, 43], and the rotation center of the spiral wave
starts to drift along the disk boundary. However, the centro-symmetric rotation can
be stabilized by the application of feedback to the medium excitability [42].

Figure 9 represents such a stabilized spiral wave rotating within a disk with the
same size as the disk with a rotating spot shown in Fig. 6. This solution is com-
puted for the model (1), (2), (3) under the stabilizing feedback specified by (26) and
(5). At a first glance, the shape of this rotating pattern is very similar to the one
shown in Fig. 6. However, the radius of the tip trajectory is considerably smaller
and the rotation frequency is larger than those in the case of the spot. It is easy to
see that, in contrast to the spot shown in Fig. 6, the curvature of the front at the
disk boundary is negative, i.e., K+(S+

DR) < 0. The shape of the pattern is more com-
plicated because of this. For instance, there is an inner point of the front, called
point Q, where the normal velocity is orthogonal to the radial direction, the tangen-
tial velocity vanishes and the point describes a closed pathway centered at the disk
center [39].

The point Q plays an important role in the description of the kinematics of the
rotating spiral wave illustrated in Fig. 10. Equations (32), (33), (34), (35) can be
applied to describe this rotating pattern, as well as the case of a spot moving along
the disk boundary, and the analysis remains similar to that considered in the previous
section.

Let KQ be the front curvature at the point Q. To determine the shape of the outer
part of the front, from point Q up to the disk boundary, the system (32), (33), (34)
has to be integrated, assuming that, at the point Q
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Fig. 10 Spiral wave rotating around the disk center at Ω = 0.1. The front (thick solid line) and the
back (thin solid line) of the patterns obey (32), (33), (34), (35) with B = 0.3247
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K+(SQ) = KQ, C+
τ (SQ) = 0. (40)

The solution obtained will depend upon the value of the angular velocity, Ω. Us-
ing a trial-and-error method, one must vary the value of Ω until the corresponding
solution satisfies another condition at the disk boundary:

C+
τ (S+

DR) = 0. (41)

The next step is to determine the inner part of the front. To this end, in analogy
with the rotating spot, we start the integration of the system (32), (33), (34) with the
boundary conditions

K+(SQ) = KQ, Cτ(SQ) = 0, (42)

taking into account the fact that Ω has already been determined during the previous
step. The integration has to be carried out in the reverse arc length direction up to
the phase change point, where C+

n = 0. As a result, the shape of the front and the
tangential velocity of the phase change point, Ct, are specified by the set values of
0 < KQ < 1 and RD.

The data obtained have to be used to integrate the system (32), (33), (35) for
the back of the spiral wave, with Ω determined for the outer part of the front. The
initial conditions for this integration are given by (38). They completely determine
the solution, which will depend only on the parameter B. Using a trial-and-error
method, one must vary the value of B until the corresponding solution satisfies an-
other boundary condition (39).

Repetition of these three steps for different KQ and RD yields the dependence
B = BRS(RD,KQ). Since the angular velocity Ω is also a function of these two
arguments, the method described here allows us to specify the dependence Ω =
ΩRS(B,RD).

Figure 11a shows selected values of the front curvature, KQ, and the angular
velocity, Ω, computed for two disk radii RD = 8 and RD = 24. It can be seen that
the curvature, KQ, is a decreasing function of B and that it vanishes at some value
of B which is smaller than Bc. This critical value of B is exactly the same as that for
vanishing spot curvature, KRD. Generally speaking, the curvature becomes larger
with an increase in RD. However, the values of KQ found for two different disk radii
practically coincide for B < 0.35 in Fig. 11a.

It can clearly be seen in Fig. 11b that the angular velocity, Ω, of a spiral is a
monotonically decreasing function of the parameter B, in contrast to the increasing
angular velocity of a spot. These two solutions co-exist below some critical value
of B, coincide at this critical point and do not exist above this point. Near the disk
boundary, as mentioned above, the curvature of the spot front is positive, while the
curvature of the spiral front is negative. Both these curvatures vanish at the critical
value of B. Hence, due to (36), both angular velocities approach Ω = 1/RD at the
critical point, as can be seen in Fig. 11b.
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Fig. 11 Front curvature at the point Q (a) and angular velocity of a spiral wave rotating around a
disk center (b) vs. the parameter B computed for the free boundary problem (32), (33), (34), (35)
for two different disk radii, RD. Thin dotted lines depict the data computed for spots, as shown in
Fig. 8

6 Spiral Waves in an Unbounded Medium

Analysis of a spiral wave rotating within a disk with a no-flux boundary can be
performed for an arbitrary disk radius, rD. A limiting case, rd → ∞, represents a
very interesting dynamical regime that is a spiral wave rotating in an unbounded
medium. In particular, this regime is commonly observed in experiments, while a
spiral rotation within a disk of a small size would have to be especially arranged.

The corresponding free boundary formulation is very similar to the one used for
a spiral within a disk. The system (32), (33), (34), (35) is valid in this case, as well
as in the two previous sections. On the front of an unbounded, freely rotating spiral,
there is a point Q, where the tangential velocity, Cτ, vanishes. The local curvature at
this point, KQ, is an important parameter of the free boundary problem.

First, one should determine the outer part of the front outside the point Q trajec-
tory and its angular velocity, Ω, for a given value of 0 < KQ < 1. The corresponding
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Fig. 12 Front curvature at
the point Q (a) and angu-
lar velocity (b) of a freely
rotating spiral wave vs. the
parameter B, computed for
the free boundary problem
(32), (33), (34), (35). Thick
and thin dotted lines depict
the data computed for spiral
waves within a disk and for
spots, respectively. The the-
oretical prediction following
from (45), (46) is shown by
the dashed line. Separate stars
show results of direct integra-
tions of the model (1), (2), (3)
in a medium of size 150×150
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solution of the system (32), (33), (34) has to satisfy the boundary conditions (40),
while the condition (41) should be changed to

C+
n (∞) = 1. (43)

The next step is to determine the inner part of the front and, in particular, the tan-
gential velocity of the tip, Ct. To this end, the system (32), (33), (34) has to be inte-
grated in the reverse arc length direction up to the phase change point, where Cn = 0.
After this, starting with the conditions (38) and using a trial-and-error method, one
must find out the value of B corresponding to the solution satisfying the boundary
condition

C−
n (−∞) = 1. (44)

Repetition of these three steps for different KQ yields the dependence B = BS(KQ).
Since the angular velocity, Ω, is also a function of KQ, we get the relationship
Ω = ΩS(B), which is shown in Fig. 12b. It can be seen that the dependencies
Ω = ΩRS(B), obtained for spirals rotating within a disk, approach this relationship
when B is small enough. The angular velocity vanishes at B = Bc ≈ 0.535, and the
spiral wave degenerates into a critical finger at this point.



Spiral Waves and Dissipative Solitons 471

The selected value of the curvature, KQ, is a decreasing function of B, vanishing
at B = Bc, as shown in Fig. 12a. It can be seen that KQ depends, not only on the
parameter B, but also on the disk radius, RD. Hence, the curvature of the front at the
point Q is an intermediate parameter of the free boundary problem, rather than an
independent characteristic of the medium, as was assumed earlier [39].

It turns out that, within the range Bc − B < 0.25, the curvature KQ for freely
rotating spirals can be approximated, with 5% accuracy, as

KQ = 0.691δB+0.6(δB)3/2 +8.5(δB)3 +48.0(δB)5, (45)

where δB = Bc−B. The linear term of this strongly nonlinear relationship coincides
with an asymptote derived in [33] and only provides about 10% accuracy within the
narrow region δB < 0.02.

Since an analytical expression for the angular velocity of an unbounded spiral as
a function of KQ is known [39],

Ω = 0.685K3/2
Q −0.06K2

Q −0.293K3
Q, (46)

(45) and (46) provide an analytical prediction for the angular velocity of an un-
bounded spiral within a broad range of the parameter B, as shown by the dashed
line in Fig. 12b.

To verify these theoretical predictions, we performed direct integrations of the
system (1), (2), (3) with D = 1. To reduce the medium refractoriness, we took ε = ε̄ ,
so that G(u,v) > 0, and ε = kε ε̄ , so that G(u,v) < 0 [44]. Varying ε̄ in the range
0.001 < ε̄ < 0.002 and taking kε = 400, we compute the values of the rotation
velocity of spirals within a domain of large size (150× 150) that corresponds to
almost freely rotating spirals. These computational results are depicted in Fig. 12b
by separate stars. It can be seen that the numerical data obtained are in quantitative
agreement with the theoretical predictions.

7 Discussion

In this chapter, we presented a unified approach which first allows us to formulate a
pattern selection principle for stabilized wave segments. This wave pattern exhibits
all the properties of a dissipative soliton. Then, the proposed approach was general-
ized to consider excitation spots rotating along the no-flux boundary of a disk and
spiral waves rotating around the disk center. It was shown that these two solutions
co-exist and coincide at a critical value of the excitability. A selection mechanism
for spiral waves, which are rigidly rotating in an unbounded medium, follows from
this unified description as a limiting case of a disk of infinitely large size. Thus, it
turns out that the study, which started with a soliton-like solution, is very useful in
investigating spiral wave dynamics.
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Excitation spots rotating along the boundary of a disk play a central role in this
study, and they connect dissipative solitons and spiral waves to each other in weakly
excitable media. Indeed, from one point of view, they are very closely related to
wave segments, while from another view, they are very similar to a spiral wave
rotating within a disk.

Up to now, excitation spots moving along a disk boundary have not been ob-
served in experimentally available reaction–diffusion systems. This is a challenge
for future experimental studies. One known analogy to such a spot is a stabilized
wave segment rotating in an unbounded medium in the presence of excitability gra-
dients [18]. Rotating excitation spots can also be associated with the phenomenon
of spin combustion, where a hot spot moves in a helical fashion along the surface of
a cylindrical sample of solid fluid [45, 46].

The free boundary approach, applied here for patterns rotating in excitable me-
dia, reveals the main selection mechanism, in which the dimensionless parameter B,
determined by (21), plays the crucial role. The solutions of the free boundary prob-
lem were found for excitation spots and for spiral waves rotating within a disk of an
arbitrary radius. It was shown that spots and spiral waves represent co-existing so-
lutions, bifurcating from a critical point. Both these solutions are unstable, but they
can be stabilized by application of feedback to the medium excitability, in analogy
with the stabilization experimentally performed for a wave segment [17, 35].

We note that the solutions of the free boundary problem obtained in dimension-
less form are universal. They can be easily applied to any weakly excitable systems,
since, for this purpose, only the general characteristics of a two-component model
need to be known. The solutions, computed numerically over a broad range of the
medium parameters, are also very important for the development of any kind of
analytical prediction. For instance, they are in perfect agreement with the limiting
case of the critical finger [31], the description of the translating motion of wave seg-
ments [35] and the asymptotic analysis of unbounded spirals [33]. Analysis of the
solutions obtained gives us the opportunity to evaluate the accuracy of the proposed
asymptotics.

The approach developed can be generalized to consider the role of the medium
refractoriness and opens perspectives on the study of the dynamics of non-stationary
wave processes.
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