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PREFACE

I spent the first twenty six years of my life in Rome. I used to go
for ice cream to a popular place near the Pantheon and I remem-
ber the excitement I felt, beyond the chocolate and whipped
cream, when I entered this ancient Roman temple. After staring
at the “shower” of light coming from the circular opening at the
center of the dome, as strong as a spotlight, I remember being
attracted almost hypnotically to the place below the opening. I
remember counting the coffers carving the concave dome, com-
posed in five rows of circular arrays, and could feel the power
and protection created by the concave space.

I also recall going every Sunday to Piazza San Pietro. This
Baroque square is well known for its colonnades, which have an
oval shape defined by two interlocking circles. For each of these
circles there is a mark, located approximately at its center, from
which the four aligned rows of columns appear as one. Before
entering the church, almost as a part of a ritual, I had to find the
mark in the pavement of the oval square. I was amazed by how
the rows of columns could appear and disappear according to my
position in relation to the mark.

I remember, too, spending summer evenings sitting on the
steps of the convex facade of Santa Maria della Pace. The
church faces a small square, enclosed by the walls of the adjacent

Xvi
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buildings. The perfect interpenetration between solids and
voids, concavity and convexity, made this public space feel as
protected as a living room.

These early experiences gave me the sense of architecture as
the expression of a tangible geometry. Buildings and public
spaces were “ideal” solids, defining a physical space where you
could walk and touch a perfect harmony of numbers and propor-
tions. I could feel how the power of these architectural and
urban spaces arose from an underlying geometry, which made it
possible to experience them directly. Later, as an architecture
student, my fascination continued at a more intellectual level. I
began to read with interest the treatises by Leon Battista Alberti,
Luca Pacioli, Filarete, and Sebastiano Serlio, who emphasized
the relation between architecture and geometry. These writings
deal with architecture as well as with geometry, graphic type
fonts, and perspective, all of which are integrated in a graphic
layout that powerfully expresses the contents. The rich visual
imagery and the outstanding logical continuity of these works,
inspired me to write this book; I was driven by the fantasy of a
contemporary treatise, but the main question was: What would
differentiate a contemporary treatise from the Renaissance ones?
I felt that, probably, the principal difference should be a consid-
eration of the effect of the information revolution and comput-
ers on architecture, which is more prominent than the difference
in construction technology and style.

If Serlio had written his eight books of architecture today, he
probably would have added a ninth book on computers. And,
given his prolific use of images to illustrate concepts, he probably
would also have enclosed a computer diskette or CD ROM with
the electronic models of his temples and columns. Today, com-
puter visualization is probably as influential in architecture as
perspective was in the Renaissance. The linking of geometry,
CAD, and architecture in the same book is similar to the inclusion
of geometry, perspective, building technology, and typologies
and graphics in the treatises. The difference in the aesthetic of



computer images versus traditional renderings inspired me to
use both to express two different processes that achieve the same
result: the representation of three-dimensional artifacts through
two-dimensional images.

The analogies with the Renaissance treatises mentioned here
and throughout the book may sound presumptuous. I hope that,
in spite of its many limitations, this book has at least the merit of
bringing these works to the reader’s attention; even though their
discussions of architectural typologies and construction tech-
nologies may be outdated, they can still excite us for their broad
view of architecture and the universality of their approach. In
the same spirit, I also hope that this book can inspire the reader
to consider the integration of contemporary technology with
historical foundations. I believe that only in understanding the
past can we grow in the present.

Daniela Bertol
Fune, 1994
New York City
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Computers and telecommunications have revolutionized tradi-
tional perceptions of space and time. The images we see and the
sounds we hear often do not come from the physical world of our
immediate surroundings but from a thousand miles away, thanks
to the ability to transform information about physical objects and
phenomena into electromagnetic media and then retrieve it as
images and sounds representative of the original. The equation
between physical reality and perception is no longer satisfied:
what was once the realm of science fiction has become an integral
part of our daily experience. The term cyberspace, likewise born in
science fiction, has been increasingly used in the media to denote
a digital world which exists in contrast to the physical one.

This transformed contemporary environment suggests the
need for an investigation of physical forms in their relation to
our modified visual perceptions. The disciplines dealing with
exploration of forms, such as architecture and intuitive geome-
try, also need to address the implications of the new digital
media. While in the past the means of communication in these
disciplines were limited mainly to signs made of ink on paper
(still the most common publishing medium) computers bring a
new approach. The issues raised by this new way of dealing with



visual forms in a digital world are the topic of this book. There
are two main interlaced themes: the analysis of digital models
seen from various perspectives, and the definition of geometric
procedures and laws for the generation of spatial configurations
to be used in the digital models. The viewpoint is that of archi-
tecture, the discipline concerned with forms from their ideation
to their physical creation. Although the book is not strictly about
architecture, the approach is that of an architect exploring space
in terms of intuitive and visually constructible forms, as opposed
to a strictly geometrical investigation of space. The digital uni-
verse we will be entering is that defined by computer-aided
design (CAD) which is at the heart of the computer application
for architectural and engineering design.

The aim of this book is not to create a “Theory of Everything”
for CAD, but to suggest an approach to the exploration of forms
using this remarkable tool. The focus is on geometry and archi-
tecture as “formal” expressions. Computers can enhance the cre-
ative process by placing clearly defined operations in the service
of the user’s intuition making possible a wide array of solutions to
a given design problem. This creative potential is evident in the
way that CAD makes it possible to construct models of three-
dimensional forms.

Long before the advent of computers, physical models served
as the tools for architecture and for mathematics and the physical
and social sciences, as well. But with CAD it is possible to build
visual models of three-dimensional forms. Such models are
defined by a data structure in the computer memory that contains
information about the geometric primitives constituting a partic-
ular form. In this way CAD, analogously to the visual perception
process, provides two-dimensional images from an electronic
model of a three-dimensional world. This visualization of
forms by means of two-dimensional projections is the essence
of CAD. Visualizing, however, should not be confused with view-
ing: in CAD, visualizing is synonymous with creating.
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In the course of this book we will examine the geometrical
principles that provide the foundations for the generation of
dynamic models of three-dimensional forms. The term dynamic is
used because, due to the data structure typical of CAD, the gen-
erated models can evolve into several different shapes. From this
perspective, architectural forms, too, can be derived from an evo-
lution of models of fundamental geometric forms. We will see
how geometry and form are closely related and how any man-
made form can be easily interpreted as a geometrical model.
Furthermore, any CAD operation in itself can be defined in
terms of geometry. We have made an effort to preserve a rigor-
ous mathematical language in an attempt to link any specific
CAD operation to its geometric background. Too often, archi-
tects and designers are not aware that a form can be axiomatically
defined; this prevents them from taking advantage of geometry as
an inspirational source, as well as a working aid.

The use of CAD in investigating man-made forms, from
geometry to architecture, is analyzed from an interdisciplinary
perspective, where concepts of geometry and linguistics are
applied to issues of visual perception. We start with a discussion
of theoretical principles and conclude by presenting final models
of three-dimensional forms listing the basic CAD commands
used for their generation. Many of the CAD models, illustrated
on paper are also provided as electronic files. Although all the
examples have been generated in AutoCAD, they can be of interest
to other CAD users because of the universality of form genera-
tion algorithms and design visualization procedures.

The book is organized in six chapters. Chapter I discusses
briefly the disciplines involved with computer-aided design, such
as geometry and architecture; it also introduces general concepts
such as space and form. A discussion of theoretical principles is
important in order to provide solid foundations for the more spe-
cific applications described in the following chapters. Readers
already familiar with these principles may elect to briefly review
them here, or skip this beginning chapter altogether. Chapter II

INTRODUCTION



explains the methods used in CAD in contrast with those of tra-
ditional design, and introduces a few basic AutoCAD commands.
This chapter represents a bridge between the interdisciplinary
introductory chapter and the actual proposed CAD theory and
applications which are discussed in the following chapters. In
Chapter III, a theory of generation and visualization of forms is
established through a series of operations based on primitives and
relations borrowed from geometry. Chapter IV applies the estab-
lished theory for the generation of models of geometric forms.
All these forms, although they belong to the realm of geometry,
can evolve into architectural models. The discussion then more
specifically addresses architecture in Chapters V and VI. The
geometric forms generated and visualized in Chapter V are the
models of architectural elements commonly used in traditional
buildings. In Chapter VI these basic elements are articulated to
create architectural compositions according to the same type of
rules and diagrams used for more generic forms. Following the
same approach, models of famous historical buildings, from clas-
sic architecture to modern, are defined and visualized as a
demonstration of our initial assumption that forms may be creat-
ed by using geometry and logical deductive processes as an aid for
creative intuition.

VISUALIZING WITH CAD XXt
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Some of the three-dimensional models described in Chapters IV,
V, and VI are also provided as electronic AutoCAD (*.dwg) files
in the enclosed diskette. The models included on the diskette are

indicated by the icon

in the margin next to the paragraph discussing the model.

AutoLISP files are also included for some of the generated
models. Each AutoLISP routine can be run from AutoCAD and
the corresponding model will be automatically generated accord-
ing to parameters defined by the user. The AutoLISP routine can
also be listed and modified as a text file. The AutoLISP routine
and electronic models provided here can be used only from the
AutoCAD software. Additional information is provided in the
Appendix.

Chapters IT and III include a tutorial which takes the following
format. Each section contains a general description of the topics
indicated. The general definitions can be applied to a CAD soft-
ware. At the end of each section, a brief AutoCAD implementa-
tion of the given definitions is presented. The tutorial segments



are set off by a border and changes in font style so that readers
who are not AutoCAD users can skip this section. The tutorial is
provided for those readers who wish to implement the discussed
models, as well as their own. These segments provide only the
commands for the implementation of three-dimensional models,
generated according to the theory illustrated in Chapter III.

XXV






A FEW CONSIDERATIONS
ABOUT SPACE, ARCHITECTURE,

DESIGN, AND COMPUTERS

Space and perception represent,
at the core of the subject, the fact of his
birth, the perceptual contribution of his
bodily being, a communication with

the world more ancient than thought

Maurice Merleau-Ponty

The focus of this book is the theory and practice of developing com-
puter-aided design (CAD) models as a way to optimize the genera-
tion of form—a process that may evolve into building design.
Generation of form, in turn, requires an understanding of space, the
investigation of which can be approached from a variety of
disciplines, using definitions and analysis from philosophy, psy-
chology, mathematics, semiotics, and other areas. Although these
fields may seem somewhat extraneous to the applications discussed
in this book, a more theoretical approach reveals that CAD has a
deeper relation to such disciplines than is suggested by its role as a
mere tool.

WHAT IS SPACE?

Few words in our language have as many connotations as space. We
can complain, on a crowded subway, of not having enough of it; we
can also claim that it comfortably contains entire galaxies. As defined
in different contexts, such as geometry, physics, or architecture, the
term can have different meanings and properties. Physics, astronomy;,
philosophy, chemistry, mathematics, and architecture all deal with
space, but each offers a different interpretation and analysis, although
their formulations often find a common ground. For example,
building design, which uses geometric models of architectural space,
shares with physics a mathematical interpretation of space.

Unlike philosophy, physics, and geometry, however, in which space
is often treated as an abstract concept and investigated by means of
verbal descriptions or mathematical equations, architecture is con-
cerned with the physical space of our everyday experience, and its
transformation. The physical space of CAD itself might be the elec-
tronic two-dimensional array of pixels of the computer screen, but the
space which CAD images allude to is physical three-dimensional space.

SPACE AS A PERCEPTUAL FIELD: FORMS

Regardless of the particular context, space can be defined as a
field—a sort of “container”—in which we move and which we



perceive through all our senses. Objects in space have extension
(that is, they “take up space”). Our own bodies extend and move in
space; spatial existence, as the philosopher Maurice Merleau-Ponty
wrote, is “the primary condition of all living experience.” Further,
our bodies have position and orientation with respect to other
objects in space. Relative to such objects, we can move forward or
backward, up or down, left or right. Thus, space itself, like the
objects it contains, can be viewed in terms of three dimensions: We
can define spatial extension as a physical quantity measured by
width, length, and depth. As is shown in a later section concerning
geometry, position in space and spatial extension are recurrent fun-
damental concepts that also have several applications in architec-
ture and computer graphics.

The complementary views of space suggested here—in terms of
both container and the objects contained—lead to the concept of form.
Form, like space, has several meanings and is a subject for many disci-
plines, from biology to philosophy, from mathematics to psychology.
Plato defined form (1800 (eidos), synonymous with 13ec (idea)) as the
permanent ideal reality of things, as opposed to their temporary attri-
butes. According to Aristotle, form (€1800) is what makes things
emerge from an undifferentiated primordial matter (VAn). In our dis-
cussion, form means physical form or shape as a perceivable entity,
characterized by spatial extension and dimension, that creates distinc-
tions in an otherwise amorphous field. According to our perception
(which provides us with our first and most immediate knowledge of the
world outside ourselves), the world is a three-dimensional space
ordered and defined by constant or changing forms. Forms are really
what make space perceptible; they provide a series of contrasts, like
solid and void, inside and outside, figure and ground, positive and neg-
ative, and contrast between different colors. We can perceive all these
oppositions because of boundaries, which create discontinuities in an
otherwise uniform field. Therefore, space cannot be defined without
the boundaries that give shape to forms.

An interesting definition of form (which finds application in

VISUALIZING WITH CAD



Figure-ground perception and
ambiguities.

a. The black square is recognized as a
figure, while the white square can
be perceived either as a
figure or ground.

b. Small shapes are perceived as
figures. When their size increases,
shapes become ground
(from Arnheim).

c. Another example of figure-ground
reversal.

Chapter III) can be found in a book of mathematical logic by
G. Spencer Brown: “A distinction is drawn by arranging a boundary
with separate sides so that a point on one side cannot reach the other
side without crossing the boundary. . . Call the space cloven by any
distinction, together with the entire content of the space, the form of
the distinction. Call the form of the first distinction the form.” Even
in this context the primary characteristics of form are given by
boundaries, which determine distinctions.

Figure and Ground

Among the contrasts that form gives rise to, that of figure and
ground (figure I-1) is one of the most fundamental for our percep-
tion: Boundaries define an object (figure) with respect to surrounding

A FEW CONSIDERATIONS 5
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Relativism of figure-ground in
an architectural context.

environment (ground); therefore a form becomes a figure distinct
from the ground. In two-dimensional images, either on paper or on
the computer monitor, figure and ground are distinguished by fields
of different colors. In the context of architectural space, a built envi-
ronment usually becomes figure, while the surrounding landscape is
the ground [Norberg-Schulz 1980].

It may be erroneous, however, to consider a figure as a defined
object against a boundless, amorphous field or ground: The figure-
ground distinction does not necessarily represent a fixed relation, but
mainly defines qualitatively different spatial attributes. What is figure
in one context can become ground in another. In figure I-2, for
example, which shows different views from a model of the Palazzo
Strozzi (see Chapter VI), the building as a whole reads as a figure in
the urban context (figure I-2a); viewed from the courtyard, however,
the building reads as ground (figure I-2b). In fact, the figure-ground
relation has a greater presence in the subject’s perception than as a
characteristic belonging to a physical object. Figure and ground are
often ambiguously defined and can be alternatively perceived, partic-
ularly in two-dimensional imagery (figure I-3).

Solid and Void

In the perception of space, the relationship of solid and void is
another fundamental dichotomy which configures form (figure
I-4). The perception of solid (mass) and void (empty space) gives the
most primitive information about space. This distinction is perceiv-
able not just visually but through all our senses; sounds, for example,
will be perceived differently depending on whether the listener is
inside or outside an enclosure. Our body itself can be generically seen
as a solid. If a solid occupies a position in space, no other solid can
have the same position at the same time. In the same way that space
can be viewed in terms of both container and extension, the percep-
tual field of space is articulated through a series of solids separated by
voids. Often in architecture solid is defined as positive space and void
as megative space; they are complementary to each other and one

A FEW CONSIDERATIONS 7



a. A famous example of
figure-ground ambiguity.

b. The ambiguity tends to disappear when
one of the ambiguous elements is
represented in perspective view.
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1-4 >

Voids are shaped by the
enclosing solids.

could not exist without the other. Thus, room is defined both by the
walls (solids) and the enclosure (void) which the walls create, and the
room’s spatial qualities are a result of both.

The meaning of so/id in perception can be different from its
meaning in physics, where it refers to a state of matter in which the
binding forces are strong enough to restrict the movement of atoms,
as a result of which solids have both definite volume and shape. In
perception, a solid-void configuration can be seen as an on-off state,
like the presence or absence of matter. Solid-void can also be seen in
terms of density, in the same way that, in two-dimensional images,
the perception of figure against background is due to the contrast of
inked areas over the blank background.

"The solid-void relationship can be found at the macrocosm level
(planets, galaxies), or at the level of our everyday life experience down
to a microscopic scale. It can also be hierarchical; an initially solid
form might be further divided into solid-void relations, for example,
at atomic and subatomic levels.

A FEW CONSIDERATIONS 9
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A torus as a solid boundary, seen from.

a. Outside.

b. Inside.

Surfaces are the perceptual boundaries which separate a solid from
the surrounding void. What we actually perceive of a solid object are
just the surfaces bounding it. Anything beneath the most superficial
layers is perceptually unknown. Previous knowledge or experience
might suggest what a physical object is like in its totality, but the per-
ceptual experience is only of its external surfaces. For example, a golf
ball is perceived only as the external hard plastic facing which bounds
it; one must section it to see the inner core of wound string and solid
rubber, and even a sectional view will reveal only the surfaces delim-
iting the sectioned parts.

Walls, which are one of the primary solid elements of a building,
can be considered as boundaries and they offer a clear example of how
the same element can be considered both solid and void according to
the level of observation. Walls at a first glance appear as solid, but upon
detailed analysis their solidity is fragmented by the window openings.
As we will see in the next chapters, the interpretation of forms in terms
of solid and void is one of the first approaches in architectural design,
where the solid element is often called 7zass. The rhythm of the com-
position is given by the proportion and alternation of the masses. It is
the solid-void articulation which gives shape to a building and defines
its primary visual and functional characteristics.

Inside and Outside

As we have already seen, forms are characterized by oppositions, in a
sort of dialectical relation. Another fundamental relationship based
on opposites is inside-outside, directly derived from that of solid and
void. A closed solid boundary (as distinct from the surface boundaries
of solids themselves) encloses a void space. The solid boundary
becomes a limit between outside and inside space (figure
I-5a,b). In this view, all man-made constructions, or “architecture,”
can be seen as enclosures or boundaries separating an inside from the
outside, where functionally the inside represents a space sheltered
from the outside elements. (Note that an inside requires a solid
boundary, whereas solid elements, do not necessarily delimit an
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<4 I-6

A set of solids does not necessarily
create a physical enclosure.

< 1-7

A spiral extrusion creates ambiguous
inside-outside relations.

enclosure (figure I-6)). As with solid-void, the inside-outside opposi-
tion can be perceptually ambiguous: A spiral (or its extrusion as
shown in figure I-7) offers a configuration of space where the inside
is not completely bounded by the outside and the same part of space
can be alternatively perceived as outside or inside, relative to different
elements. In terms of the figure-ground relationship, an enclosure
can be variously perceived: Seen from the outside, its boundaries rep-
resent a figure (as a building is seen as a figure against an urban
ground), while from an inside view they become the ground (as, in
figure I-2b, the interior walls become the ground against which the
columns are seen as figures).

In the design of forms, where the focus is on the boundaries that
distinguish an interior space from an exterior one, inside-outside, like
solid-void, can be part of a hierarchical succession. The urban texture
represents a clear example of how these relations become intercon-
nected and exchangeable at different hierarchical levels, relative to
different positions and scales of observation. From inside a building,
the walls are perceived as solid (or “figure”), while the building is per-
ceived as an interior space, or void (the “ground” for the building’s
interior elements). From the outside, the building is perceived as
solid (“figure”) in relation to the void of the street (“ground”), which
at this scale represents the inside space, while the landscape sur-
rounding the city becomes the outside. The next level of scale would
be represented by an aerial view of the city, in which the city as a
whole becomes the solid, or figure, in the void of the surrounding
landscape, which is now the inside space, or ground. A clear visual
reading of this succession is given by maps of different scales, from
architectural to territorial. In maps the figure-ground opposition is
representative of solid-void elements.

It is interesting to note that the inside-outside relation does not
belong just to the perception of space, but is literally and metaphori-
cally used as a dualism in other disciplines. The French philosopher
Gaston Bachelard writes about outside and inside as a dialectic,
which is reminiscent of the opposites of being and not being. There
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are several other philosophical and psychological associations: inside
as a center and outside as the universe radiating from it, the “I” and
the external world, the mind and the physical experience—these are
only a few of the dialectic oppositions emanating from this dualism.

FORM AS AN ABSTRACT SYSTEM:
ELEMENTS AND RELATIONS

The succession of forms constitutes our basic spatial perception, and
the perceptual characteristics of forms are determined by bound-
aries. A form can also be interpreted as a whole made of parts. The
psychologist Rudolph Arnheim distinguishes between parts in a
quantitative sense (“any section of a whole”) and “genuine parts,”
which he defines as “sections representing a segregated sub whole
within the total context.” A form cannot, however, be considered
just as a collection of parts. The interpretation of form as a whole
that is more the sum of its parts is typical of gestalt theory, from
which many of the previously discussed ideas about perception
arise.! The principle behind gestalt investigation of form is that the
perception of an element is determined by its context. As Arnheim
states, “the appearance of any part depends, to a greater or lesser
extent, on the structure of the whole, and the whole, in turn, is influ-
enced by the nature of its parts.”

For our purposes, we can encompass the gestalt classification of
parts and whole in a more general view of specific forms as systems of
elements and relations linking the elements together. In the present
context we focus only on the spatial properties of forms and ignore
other properties, such as color or material characteristics, of the
material the form is made of. In this case, relations among elements
are given only by the spatial extension and position of each element.
The relations involving position are those like above, below, left,
right, back or in front, between, surrounding, outside and inside,
often defined as topological relations [Piaget 1969]. In terms of
extension, one form may;, in relation to another, be equal, smaller or
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Shape generated from
the fusion of other shapes.

and

larger. Relations of both position and extension can be ordered and
grouped according to the geometrical transformations of translation,
rotation, reflection, and scaling (see Chapter III).

Sometimes an element can be generated by the fusion of two or
more individually recognizable forms (figure I-8). The relations
involved are then of a different type and can be defined according to
the so-called Boolean operations of union, difference, and intersec-
tion (see Chapter II).

Each element can have a dual existence, as a whole by itself or as a
simple part of a more complex system. Figure I-9 is an example of
how a whole can be generated from parts. The simple elements grow
in complexity as they are articulated in a series of relations. Once
again, part and whole are not definite attributes but are relative to a
context; an element that is a part at one scale can be a whole at a
smaller scale, in a series of hierarchical relations.

Natural and Man-Made Forms

Viewed in the more abstract way suggested above rather than as col-
lections of specific elements, forms can be classified in terms of the
relations among their elements and the articulation and complexity
of those relations. In this way we can unite two classes of forms that
appear to be completely different: forms found in nature and man-
made forms. Natural and artificial forms can both be viewed as sets of
elements linked by relations such as above/below, in front/behind,
and so on: The ceiling is above the floor, the tree trunk is above the
roots. Natural forms, however, to a much greater extent than man-
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< 1I-9

The whole is recognized as a hierarchical
composition of the individual parts.

a. Individual parts.

made forms, are characterized by transformation in time as well as by
spatial configuration. This is evident in the growth of organisms, the
flow of water, the shapes of clouds and flames, to mention just a few
examples of forms in continuous transformation. Although our con-
cern is with man-made forms, which are very regular, and can be
interpreted through geometric models, the methods of form genera-
tion methods require an awareness of the parallels between organic
and inorganic forms.

Neither type of form is characterized by confusion and chance;
both are ordered systems, recognizable and subject to classification.
As with man-made forms, the relations between the elements of
natural forms can usually be interpreted through their geometric
properties. There is a branch of biology, morphology, which deals
with the form and structure of animals and plants, without recourse
to their function. Goethe used the word morphology specifically
for botany, where he pursued a classification method based on
forms and their transformation. Goethe’s method was developed
beyond botany by D’Arcy Thompson. His famous book On Growth
and Form, published in 1917, despite its outdated mathematical
method, represents the most outstanding analysis of biological
forms and processes in terms of their mathematical and geometrical
descriptions. The relation between forms in nature and geometric
shapes is exemplified in figure I-10, taken from Ernst Haeckel’s
plates, often used by D’Arcy Thompson.? Forms in nature (to use
D’Arcy Thompson’s examples) such as “the waves of the sea, the
little ripples on the shore, the sweeping curve of the sandy bay
between the headlands, the outline of the hills, the shape of the
clouds,” and the human body itself, can still be interpreted through
geometric models. Cells are shaped as minimal surfaces, shells have
spiral configurations and some skeletons resemble tetrahedra and
hexagonal meshes. The geometric properties of these and many
other examples reflect that, again in D’Arcy Thompson’s words
“the form of an object is a diagram of forces.”
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Skeletons of Radiolaria resemble
complex geometric models
(reprinted with permission from
Dover Pictorial Archive Series).

SPACE AS INTELLECTUAL
CONSTRUCTION: GEOMETRY

As suggested by the brief digression on morphology above,
geometry is fundamental to the study of form and space. The phys-
ical space that we experience is often different from geometrical
space: Geometry is independent from empirical observations; geo-
metric models of space arise instead from generalization and
deduction.

The word geornetry comes from the two Greek words: Yeoo (geos),
which means earth, and petpov (zzetron), meaning measure. Geom-
etry was used by the ancient populations, Egyptians, Chinese, Baby-
lonians, Romans, and Greeks, for practical applications in surveying,
navigation, and astronomy. The practical applications of geometry
were generalized and systematized by the Greeks, who developed
logical reasons and relationships among them. Deductive methods
made it possible to demonstrate propositions or theorems using log-
ical reasoning rather than empirical arguments. In this way, geom-
etry, which started from empirical observations, became a
theoretical science, and its discoveries were eventually compiled and
systemized in Euclid’s Elements, around 300 B.C. This fundamental
text has been in use for over 2000 years and is the basis of Euclidean
geometry that we know from high school. Euclidean geometry is
based on five postulates, which are specifically geometric, and five
axioms, which are related to arithmetic concepts. All further defini-
tions and theorems rest on these postulates and axioms or on theo-
rems derived from them.

Beyond Euclidean Geometry

The truth of Euclid’s postulates is considered to be self-evident
without recourse to logical proof; their validity can also be found in
analogies with objects in the physical world. The fifth postulate,
however, known as the parallel postulate, does not rest on the same
evidence as the others.? This postulate states that, “given a line / and
a point P not on /, there exists exactly one line 7, in the plane of P
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The parallel postulate.

and /, that is parallel to / (figure I-11). Although geometers tried
(without success) to derive the fifth postulate as a theorem from the
other postulates, Euclidean geometry, with all its postulates and
axioms, was considered irrefutable until the nineteenth century.
Mathematicians then began to consider the possibility of replacing
the fifth postulate, which is logically independent of the others.
From this effort non-Euclidean geometries were born and, with
them, questions about the validity of geometry and its correspon-
dence to the physical world. In the hyperbolic geometry, developed
by N. I. Lobachevski and F. Bolyai, numerous lines can be drawn
through a point lying outside a given line, all of which are parallel to
that line. In the other non-Euclidean geometry, the elliptic geom-
etry, the mathematician G. E. B. Riemann replaced the fifth postu-
late with the statement that no such parallel line can be drawn
through the given point [Coxeter 1967].

Non-Euclidean geometries may appear extraneous to the gen-
eral discussion: The geometry used for computer-aided design is
based on Euclidean space, and alternative versions of the fifth pos-
tulate are irrelevant. Nevertheless, non-Euclidean geometries need
to be mentioned for several reasons. They are one of the most
famous examples of how geometric ideas can be generalized, and
thus they underscore the abstract nature of those ideas. Geometry
is concerned with entities such as points, lines, and planes, and with
concepts such as continuity, regularity, and infinity, which are ideal-
izations of physical objects and their properties. Geometric models,
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even those starting from intuitive considerations, become ideal
abstractions of natural forms. For instance, a dot drawn by pencil
can be visualized as an extremely small object, but there is nothing
in the physical world that corresponds to a geometric point, which
has no dimension. Similarly, it is impossible to find objects in our
experience that are infinite or (in the mathematical sense) contin-
uous. The space of Euclidean geometry, however, while not per-
fectly corresponding to the physical space of experience, can still
serve as a model for it, because geometric propositions are valid,
not for their correspondence with real objects, but by virtue of their
logical relationships.

Indeed, even non-Euclidean spaces, which are so contrary to our
intuition, can themselves serve as models: Riemann elliptic geometry
was found to describe the space that lies outside our experience or
visualization better than Euclidean geometry. In physics, the general
theory of relativity found a description of the curvature of physical
space in Riemann geometry, which provides more interpretative
models for curvature resulting from a gravitational field than does
Euclidean geometry.

Analytic Geometry and Infinitesimal Calculus

Euclidean and non-Euclidean geometries do not represent the only
geometric descriptions of space. In the seventeenth century, the
philosopher and mathematician René Descartes developed analytic
geometry, introduced a numerical and algebraic interpretation of
space. According to analytic geometry, space can be characterized
numerically by the use of coordinates. Initially, coordinates were
applied only to the geometry of the plane, where a pair of numbers
assigns a position to a point (figure I-12a). From the eighteenth cen-
tury on, analytic geometry was also developed for three-dimensional
space: a set of three numbers, or coordinates, can be assigned to each
point, thus defining its position in space (figure I-12b). The coordinate
definition is extremely useful in dealing with complex geometric con-
figurations because it allows their components to be given algebraic
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a. Analytical geometry in the plane.

b. Analytical geometry in
three-dimensional space.

————— 1P(x.y) POer.2)

expression. A line, for example, can be defined by an equation. Analytic
geometry also takes our geometric perception of space into the realm
of numbers; it goes beyond geometrical intuition based on visual
images and adopts numerical methods. Thus, for instance, a circle is
represented not just by a shape, but by a mathematical expression. Sdll,
the coordinate definition responds to one of our most basic empirical
experiences of space, that of our bodies as objects characterized by a
position relative to the position of other objects. Furthermore, analytic
geometry offers a practical approach to geometrical problems: It is not
by chance that all the procedures in computer graphics and computer-
aided design use methods from analytic geometry.

The relation between geometry and algebra, initiated with ana-
lytic geometry, was further developed by Newton and Leibnitz in the
seventeenth century with integral and differential calculus. Calculus
deals with infinitesimal quantities and offers a numerical approach to
otherwise unsolvable geometric problems. Problems common to
physics and mathematics, such as the trajectory of a projectile, the
area under a curve, the volume of a irregularly shaped solid, need cal-
culus to be interpreted and solved.

More Geometries

In the last century, particularly since the development of non-
Euclidean geometries, the abstract character of geometry became
more pronounced. The validity of a particular geometry became a
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Projective transformations.

a. Correspondence between sets
of points of two lines.

b. Central projection of a cubic
shape on a plane.

problem of an epistemological nature, and geometry became a science
based more on logical relations than on an intuitive interpretation of
space. In 1872, the mathematician Felix Klein proposed a classifica-
tion from which emerged the validity of several different geometries,
such as metric geometry, which includes Euclidean geometry, pro-
jective geometry, and analysis situs, or topology [Coxeter 1967].
Projective geometry is concerned with the properties of shapes
projected on to a plane from a point representing a projection center.
Although the shape is transformed through projection, features of
the initial shape can still be recognized in the projected shape (figure
I-13). Projective geometries deal with the properties of the shape
which are unchanged after projective transformations. A perspective

55555
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Topological transformations.

drawing is an example of a projective transformation. The study of
perspective in art, formalized by Leon Battista Alberti in 1432, intu-
itively anticipated the development of projective geometry in the
nineteenth century.

The most general and comprehensive type of geometric transfor-
mations are topological transformations. Topology—often called
"rubber sheet" geometry—deals with the properties of a shape that
remain unchanged after the shape is deformed, compressed, or
stretched; an example is the deformation of a pyramid into a sphere
(figure I-14). The properties that distinguish individual solids under
metric and projective geometries are largely irrelevant; instead, dif-
ferent classes of shapes are distinguished by relations such as inside
and outside or continuity and separation. Topology is also concerned
with the qualities of juxtaposition and proximity. It is interesting to
note that topological relations are the spatial properties that infants
perceive first. The psychologist Jean Piaget asserts that a child's first
spatial intuitions are of topological properties—such as whether a
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Fractal shapes.

a. Snowflake.

b. Sierpinski carpet.

shape is open or closed, continuous or separate, two-dimensional or
three-dimensional—rather than of metric Euclidean properties that
depend on measurements or reference systems.

A final type of geometry worth mentioning is fractal geometry, a
very popular subject in computer graphics. Fractal geometry was
developed by the mathematician Benoit Mandelbrot, who in 1975
coined the word fractal to describe self-similar and irregularly frag-
mented shapes. Examples of fractal shapes are Sierpinski gaskets and
carpets, Julia sets, and snowflake curves (figure I-15). Whereas fig-
ures from classical geometry have clearly identified dimensions—
lines are one-dimensional, polygons are two-dimensional, solids are
three-dimensional—fractal shapes usually have fractional dimension.
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Exponential growth of a shape
according to its dimensions.

a. Line, square, cube.

b. Sierpinski gasket.

Self-similarity is characteristic of
fractal shapes.

This arises from a curious fact: For familiar geometric figures, a
change in scale resulting from a uniform change in the length of a
figure's sides or edges can be expressed in terms of the figure's
dimension (doubling the length of a square's sides or a cube's edges
produces an increase of four times (22) the area of the square, eight
times (2°) the volume of the cube, and so on, where the exponents
correspond to the dimension of the respective figures); by contrast,
for fractal shapes such scaling factors usually involve fractional rather
than integral exponents (figure I-16).

The other distinctive feature of fractals is self-similarity, the property
that the parts of a figure have the same shape as the whole. This charac-
teristic is evident in the visual representation of fractals (figure I-17).

Fractal models offer a better description of natural phenomena
than most other geometries. Images of clouds, mountains, water, and
other natural forms can be generated using fractal geometry. This
geometry has become popular not just among mathematicians, but
also among a broader audience, for the beauty and complexity of the
pictures resulting from its underlying mathematics.

Applications in Design

Architects, artists, and designers should be aware that geometry is an
essential tool for the generation of forms, especially in the schematic
design phase, where forms are often represented as simple geometric
models. Designers, whose interest in geometry is mainly pragmatic,
will have recourse more to the intuitive empirical aspects of geom-
etry than to its logical deductive aspects. Metric geometry offers the
best interpretation of those properties of space relevant to the design
of simple forms, while analytic geometry is used for its computational
methods. From projective geometry are derived graphic representa-
tion methods such as perspective, by which three-dimensional forms
are given two-dimensional representation.

The other lesson learned from the classification of geometries is
that, notwithstanding their different descriptions of space, they are
all, in essence, formalized systems of relations, based on primitive
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Our visual perception is based on
perspective representations.

axioms, from which rules are derived for creating and recognizing
shapes. This allows the creation, as is often required in computer
graphics, of a purpose-oriented set of geometric rules.

SPACE AND DEPTH

Returning to a perceptual analysis of form and space, let us consider
in more detail the visual perception of space. The three-dimensional
space of our experience is received as an image projected on the two-
dimensional surface of the retina. The stereoscopic effect, which
causes the perception of depth, is given by our binocular vision. Of
the three physical dimensions of space—width, height, and depth—
depth is the most “subjective,” since it is related more to the way
visual perception works than to the physical reality of the objects per-
ceived. Merleau-Ponty defines depth as “the most existential of all
dimensions” since “it is not impressed upon the object itself, [but]
quite clearly belongs to the perspective and not to things.”

The two-dimensional projection of spatial objects that is the basis
for perception differs from the three-dimensional reality of those
objects. Perceptual space can therefore be different from physical
space, as is evident from our most basic visual perceptions (figure I-
18): Objects appear smaller at a distance, rectangles are perceived as
trapezoids, angles change in apparent size, parallel lines meet in a
point called the vanishing point, and parallel planes meet in a line—
the horizon (familiar from everyday experience as the place where
the sky meets the earth). Only the relations of objects parallel to the
picture plane (i.e., the plane in which the two-dimensional represen-
tation is formed) are conserved. Nevertheless, we interpret forms
according to their physical reality: We recognize that forms per-
ceived as trapezoids are actually rectangles, and know that rails that
appear to converge do not actually meet. Past experience, stereo-
scopic vision, the sense of touch and kinesthetic experiences, among
other factors, allow us to recognize in our visual perceptions the
physical reality of space [Arnheim 1974].

A FEW CONSIDERATIONS 29



30

VISUALIZING WITH CAD



Two different categories of images.

a. Images representing two-
dimensional shapes.

b. Images representing three-
dimensional shapes.

Visualization

The relation between physical space and its visual perception is of
fundamental importance for every type of visual representation, or
visualization. Essentially visualizations are composed of the spatial
boundaries of a form in terms of figure-ground, which provide infor-
mation about visual characteristics such as contours, lines, area of
colors, gradients, and so forth. In psychophysical terms, the visual
characteristics of an object are only those given by the retinal stimu-
lation which is induced by light radiation. Other physical qualities,
such as density, weight, and viscosity, are not reflected in visualiza-
tion, even though certain visual characteristics may allude to these
nonvisual properties.

Visual representations are two-dimensional images, which can be
classified in two ways. They can be regarded strictly as compositions,
which take on meaning purely as two-dimensional systems of graphic
signs, as in the examples in figure I-19a. As a subclass of all such
images, we can consider all those that are two-dimensional represen-
tations of three-dimensional forms (figure I-19b). The perceiver,
referring to the context of an image, interprets the image according
to these two different possibilities. The representation of a three-
dimensional object has therefore two semantic contents, consisting
respectively of the two-dimensional composition and the three-
dimensional object the image represents. Usually there is immediate
correspondence between a two-dimensional image and the three-
dimensional form the image represents.

In this second category of images, the problem of visualization
recalls the geometrical interpretation of space previously investi-
gated. Euclidean geometry, which is concerned with the metric
(measurable) properties of objects, is not appropriate to describe the
geometrical properties of vision, which can instead be expressed by
projective geometry.
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Optical illusions: the Ames room.

a. Floor plan showing the real trapezoidal
shape and the rectangular room
(shaded area) as perceived.

b. The perspective representation of
the room from a determined viewpoint
shows the illusion: two persons of
similar height, standing at two
opposite corners, are perceived to be
of exaggeratedly different sizes.

Visual Illusions

Visual perception of space is often illusionary, in the sense that some
physical forms can be mistaken for others. In Visual Illusions,
M. Luckiesh writes: “In a broad sense, any visual perception which
does not harmonize with physical measurements may be termed as
an ‘illusion.” ”

Ilusions figure greatly in the study of visual perception. Seeing is
often deceptive; the perception of space we have through one of our
senses has to be confirmed by the others, otherwise it generates illu-
sions. Often, optical illusions are the result of our natural tendency to
identify simple forms. If a perception can be the same for different
physical spaces, the perceiver tends to believe the simplest one to be
the object of the perception. A well-documented example is the
Ames room (figure I-20), in which an irregularly shaped trapezoidal
space is perceived, from a particular viewpoint, as a rectangular
room. The Ames room demonstrates that perception of a three-
dimensional space can be distorted through careful control of view-
point and proportions.

Interest in visual illusions is not restricted to research in psy-
chology and optics. Often illusions like trompe ’oeil imagery and
false perspectives have been used in architecture, with the purpose of
modifying an existing space through the use of images rather than
three-dimensional construction. Baroque architecture offers several
examples of two-dimensional imagery used to add a theatrical
dimension. These topics will be considered again in the next chapter,
dealing with representation methods in CAD.

CONTINUITY AND DISCRETENESS

The geometrical and perceptual properties of space reveal another
dichotomy defined by the concepts of “continuity” and “discrete-
ness,” which represent two mathematical descriptions of the world.
This dualism goes beyond geometry: From intuitive observation, any
form, natural or artficial, can be defined in these terms, at least at a
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Discrete approximation of
a continuous form.

macroscopic level. Continuous entities are infinitely divisible; discrete
are composed of separate elements. Continuous and discrete are not
always (in their nonmathematical senses) antithetical terms, but can
coexist at different descriptive levels.

"The concepts of continuity and discreteness can be applied even to
physical descriptions of the world. In spite of our perception of the nat-
ural world as continuous (exemplified, for example, by the flow of
water, the sky around us, or the movement of fire), the microscopic
level of atomic particles reveals a discrete reality, as represented by the
discrete packets of energy in quantum physics or the discontinuities in
the spectra of light. At the macroscopic level, however, where New-
tonian mechanics are valid, phenomena are regarded as continuous.
Almost every physical phenomenon in classical physics—e.g., gravity,
Newton’s laws, heat, waves—can be described through mathematical
methods, such as differential calculus, that are based on continuity.

Even though the notions of discreteness and continuity may seem
unreconcilable, each can sometimes be used as an acceptable approx-
imation of the other. Even in mathematics and physics, continuity
problems, sometimes impossible to solve with differential calculus,
can be solved approximately with discrete numerical methods.

The mapping of a form into a computer model often presents the
fundamental problem of whether a continuous or a discrete method
will be used to define a geometric model. The approach used in the
next chapters for generation of form will be based on a discrete inter-
pretation of space, and geometrically continuous shapes will be
approximated by corresponding discrete models (figure I-21). This
approach can be appropriate for several reasons. As previously dis-
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cussed, a form is defined by its boundaries and boundaries imply dis-
continuity. The definition of form in terms of its boundaries there-
fore suggests a discrete approach. Moreover, as discussed in Chapter
IV, even forms that appear to be geometrically continuous can be
approximated by a finite number of segments.

WHAT IS ARCHITECTURE?

Obviously, one of the primary applications of form generation is in
architecture. Architecture is concerned with space and its molding,
including its physical, existential, and functional aspects. While
geometry investigates the properties of space through mathematical
expressions, drawings, or verbal descriptions, and psychology investi-
gates the perception of space, architecture not only deals with space
in a theoretical way, but also involves its physical transformation.

The word architecture comes from the Greek words apke (arke),
which means origin or beginning, and textov (tekton), which
means building. The Oxford Dictionary defines architecture as
“The art or science of building or constructing edifices of any kind
for human use.” Another definition, often quoted in architectural
history textbooks [Benevelo 1977], was given by William Morris in
1881: “Architecture embraces the consideration of the whole sur-
rounding of the life of man: we cannot escape from it if we would,
so long as we are part of civilization, for it means the molding and
altering to human needs of the very face of the earth itself, except in
the outermost desert.” From these definitions—although extremely
broad—it is clear that architecture is mainly concerned with man-
made or artificial environments. More particularly, the architec-
tural theoretician Christian Norberg-Schulz identifies three main
elements of the language of architecture: morphology, which con-
cerns the creation of forms; topology, which concerns the spatial
attributes of proximity, continuity, and closure; and #ypology, which
concerns the different categories of human settlement [Norberg-
Schulz 1985].
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Form, building technology, function
in the design of a house
(courtesy of David Foell).

Architecture deals with physical space in the creation of an artificial
environment that satisfies certain specific functions, including psycho-
logical and social functions. One of the tasks of architecture is to
endow a certain spatial organization with a character beyond its phys-
ical configuration. Norberg-Schulz writes: "Whereas 'space’ denotes
the three-dimensional organization of the elements which make up a
place, 'character' denotes the general 'atmosphere’ which is the most
comprehensive property of any place" [Norberg-Schultz 1980].

Aesthetic judgments and feelings are associated with certain spa-
tial memories and sensations. The forms perceived as boundaries
between solid and void may have several psychological and
semantic meanings. A wall at the most basic level is perceived as
solid, geometrically defined as a parallelepiped bounded by rectan-
gular faces. At different semantic levels, the same wall may be
viewed as made of brick, or as part of a house, or as the wall sepa-
rating the living room from the bedroom. Starting from the most
basic perceptual level, at which geometric characteristics are the
primary features, a space can become familiar to us as our home, or
as the street and the city in which we live. The physical forms
determining the space around us become identified with the values
we attribute to them and the feelings they evoke. In this context
space can be defined as a “place” that transcends the spatial proper-
ties which define its physical organization.

So far we have mainly considered just the perceptual characteris-
tics of forms; beyond an abstract inquiry of this type, however, archi-
tecture involves the physical construction of spaces that serve social
functions. To become built architecture, designed shapes have to sat-
isfy requirements going beyond their formal configuration.

Form, Building Technology, and Function

The development of an architectural work involves three funda-
mental considerations: form, building materials and technology,
and function (figure I-22). This classification dates back to Vitru-
vius, who, in the first century B.C., identified these elements as
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venustas, firmitas, and utilitas.* The architectural solution to the
problem of human settlement comes from the interrelation of these
elements. All three must be considered together; they can be indi-
vidually analyzed at an initial stage, but the final architectural
product is necessarily a result of their interaction. The relation
between form and function has been one of the most debated issues
in the history of architecture. Louis Sullivan’s statement that “form
follows function” has been one of the most recognizable catch
phrases of the modern movement of architecture, where the archi-
tectural form is often nothing more than a container. More
recently, however, form has been reconsidered and the relation
between form and function has become more balanced.

In the present discussion, as part of a more general exploration of
forms, architecture will be investigated as man-made transformation
of the environment through the creation of three-dimensional forms,
which is the aspect Norberg-Schulz defines as morphology. Tradi-
tional architectural elements will be analyzed together with forms of
a more generic type since, in this conception, architecture is con-
cerned not just with traditional buildings, but with every physically
constructable or visualizable form. It should be emphasized that only
the formal aspect of architecture will be considered, without any
investigation of materials and functions. The only prerequisite is that
a form can be geometrically described through a three-dimensional
coordinate system.

Aprchitectural Style

An architectural solution to a functional problem is a form realized
with a certain technology and materials. The set of formal charac-
teristics of an architectural product is what defines a style. Archi-
tectural styles are typical of an historical and geographical context
as well as being the creations of individuals. For example, we speak
of Gothic style or the style of Frank Lloyd Wright. A style can go
beyond its historical and geographical context; for example, clas-
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sical architecture can be found in several locations from various
centuries.

The elements of style constitute what is often called architectural
language. A style is determined by a set of formal rules, or grammar.
The definition of the rules of a grammar and their permutations is
one of the areas where computer-aided design offers a new and pow-
erful approach [Kalay 1986].

Architecture and Form: Geometry

Architectural forms, with few exceptions, can be clearly identified by
means of geometric coordinate systems and can be assimilated to
geometric elements. For instance, walls and floors can be assimilated
to planes, domes to spheres or surfaces of revolution, floor patterns
to tessellations in the plane, and so on. The association with geom-
etry can be more or less explicit.

Historically, in fact, architectural forms were not just interpreted
through geometric models, but were explicitly inspired by geometry,
and, more specifically, by Euclidean geometry. There are clear exam-
ples of this in the central symmetry of urban and architectural plans,
the spherical surfaces of domes, the complex concave-convex vol-
umes in Baroque architecture, and the canons of proportion of a
facade (figure I-23).

Mathematics and geometry are related to architecture in two prin-
cipal ways. First, they are a source of meaning for architecture
[Perez-Gomez 1985]. This tendency can be found in architectural
manuscripts of almost every historical period. Geometrical shapes
and mathematical numerical relations have always represented an
ideal static order which contrasted with a physical reality dominated
by chaos and change. In particular, in Renaissance and Baroque
architecture the use of geometric forms became a symbol of the
power of human reason over nature. A philosophy of architecture
based on mathematical principles emerged from the writings of
Filarete, Hersey, Serlio, Scamozzi, and Alberti. The polygonal shapes
of the grids of their ideal cities and the rotational symmetry and
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Geometry and architecture.

geometric operations in domes and vaults affirm the ideal perfection
of Euclidean geometry.

The other relationship between architecture and mathematics is
more pragmatic. Geometric laws have practical applications in sur-
veying, measuring, and stereotomy. Mathematics is indispensable in
structural analysis. Two-dimensional architectural representations
are made possible by geometric projections; in particular, perspective
representation uses descriptive geometry.

Thus, geometry in architectural design is mainly expressed in two
ways: as inspiration for forms and for their representation on paper.
This principle is central and will be illustrated in the chapters that
follow.

WHAT IS DESIGN?

The human creation of a form is a design problem and the following
considerations about design, while referring explicitly to architecture,
can be applied to the creation of form in general.

Clearly there are conceptual differences between architecture,
regarded as a physical configuration of space, and architectural
design. Design is a way of developing and expressing ideas that pre-
cedes the realization of the artifact. The materials of design are not
the physical materials which compose the architectural artifacts, but
two-dimensional representations on paper, scale models, or data
structures in the computer memory, media which use geometry to
define the visual form of a work of architecture. Thus, design can be
viewed as a bridge between a geometrical description of space and
built architecture.

Even from a perceptual perspective, built architecture and design
are distinct. As previously noted, forms are recognizable from the
surfaces that bound them, and in the physical world surfaces are per-
ceived tactically as well as visually. In a design representation on
paper, the boundaries of a form are distinguished only visually.
Design, as a process of creation and communication through a
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system of signs, must constantly relate the different signs which
define a form to the physical materials of an artifact.

Design as Problem Solving

Design is a discipline pertinent not only to architecture but to many
other fields, such as engineering, business, and medicine. Herbert
Simon, one of the pioneers in the field of artificial intelligence,
wrote: “Everyone designs who devises courses of action aimed at
changing existing situations into preferred ones.” Design is largely
an exercise in problem solving; in architectural design, this involves
the conception and representation of an artifact satisfying certain
initial requirements and conditions. As suggested by Le Corbusier
in the title of a well-known book, "creation is a patient search.”
Design is not necessarily an inspirational act; the search for form can
be a combination of creative and deductive processes. Heuristic
methods in design have an extensive literature [Rowe 1986, Simon
1969], and even a rigorous approach based on computational
methods can be suitable for architectural design. The approach to
design considered in this book relies on the definition of several
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alternatives, which allows the possible evolution of one solution into
another. A search conducted by various methods can lead to such
alternative solutions; once these are defined, it becomes a decision-
making problem to choose the best one for the specific situation
(figure 1-24).

Description and Simulation: Models

In addition to its problem-solving aspect, design can also be charac-
terized by two different processes: description and simulation. In
architectural design the descriptive phase usually consists of two-
dimensional drawings, which provide all the information necessary to
build the product. Architectural plans, elevations, and sections are
necessary descriptive construction documents (figurel-25), but do
not indicate how the built project will be visually perceived.

Simulation, as a means of imitating a real system and predicting its
behavior, is an essential phase of an efficient design process. Models
are used not just in architectural and engineering design, but also in
physics, mathematics, and natural and social sciences. A model
(figure I-26) is constructed to simulate both the visual aspects of a
design and its structural and behavioral characteristics. An example of
simulation in architectural design is given by a physical scale model.
Even though a scale model may differ in materials and function from
the real architectural artifact, formally it establishes a perfect corre-
spondence. A traditional architectural model is a three-dimensional
object, so it retains all the spatial characteristics of the configurations
it represents except for size. Models have the disadvantage, however,
of being costly and painstaking to construct, and do not always incor-
porate sufficient detail.

A much more efficient type of simulation is visualization, which
provides an easily understandable graphic image of the model. In
the design of forms, visualization consists of the two-dimensional
representation of a three-dimensional object. Visualization as two-
dimensional projection is the one of the main tasks of CAD, which
provides—in a way analogous to the visual perception process—
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Working drawings provide description.

A model as visual simulation.

two-dimensional images from an electronic model of a three-
dimensional world. The most faithful and powerful type of visual-
ization is perspective projection; a series of perspective renderings
can recreate the images we would experience if we were to walk
through the built space.

Again, the distinction between the processes of definition and
visualization should be stressed, even if in computer-aided design
(and in traditional design as well) they overlap. The definition of a
form is the description of its three-dimensionality in terms of plans,
sections, and elevations, or even a set of numbers in the computer
database. Visualization is the two-dimensional projection of the
three-dimensional form, as it would be visually perceived by the
human eye.

Language and Design

From the etymological roots of the word design—the Latin de,
which means “out” or “from,” and signare or signum, meaning
“mark” or “sign”—it is clear that design deals with signs as a means
to communicate a certain content. Thus, the relation between a
design and the acutal construction can be described in terms of semi-
otics (that is, a doctrine of signs). Although the present discussion is
concerned only with the very specific nature of signs in design, the
study of semiotics in architecture [Preziosi 1979] is part of a more
general investigation of nonverbal communication based on visual
semiosis. Human language, however, can also be studied in semiotic
theory, and parallels with language can be useful in a description of
forms. A linguistic sign is composed of a signifier (the perceived
sound of a word) and a signified (the meaning of the word) [de Saus-
sure 1966]. A semiotic reading of the graphic signs—the signifiers—
used to generate forms can be applied to their translations into
models—the thing signified.

A language consists of an alphabet, a vocabulary, and a grammar.
The alphabet is a set of the simplest, irreducible elements or signs
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Semantic ambiguity: two-dimensional
representations can have different
three-dimensional interpretations.

[Eco 1986]. Some combinations of elements from the alphabet gen-
erate words in the vocabulary. The grammar associates words from
the vocabulary according to a syntax, which is a set of rules, to pro-
duce a sentence. The syntax defines only the relations between
words, independently from the meaning of the sentence. The rela-
tion between syntax and semantics, which generates questions such
as “how can you construct a grammar with no appeal to meaning?”
[Chomsky 1957], is largely discussed in linguistics, but it is also sig-
nificant in form generation.

Ferdinand de Saussure, considered the founder of modern linguis-
tics, recognized "the arbitrary nature of the sign" from the fact that
there is no necessary natural association betweeen the signifier and
the signified; for example, different words in different languages can
have the same meaning. In physical architectural forms, the semantic
content (as well as the syntactic arrangement) is usually easily recog-
nizable, but unbuilt designs may be ambiguous, because a system of
graphic signs can have many different possible meanings in physical
construction. For instance, figure I-27, in plan view a square (signi-
fier), has associated meanings going beyond its geometric definition:
It can be read as a solid (e.g., a box) or a void (e.g, a hole). There are
always several different meanings in the set of graphic signs which
make a drawing. This ambiguity, however, can generate alternative
design solutions.

Thus, the generation of forms can be explored in terms of lin-
guistic analogies, especially in the case of computer-assisted design.
The use of models—in which the elements of design compositions
are viewed as alphabet and vocabulary while the relations between
the elements are explained in terms of a grammar—can clarify the
characteristics of an architectural style. The insight that a work of
architecture can also be explained in terms of syntactic rules and
semantic content can promote a better use of design media and offer
further possibilities for exploration. This view provides a tool for
analysis and can also help to generate design solutions.
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COMPUTERS AND FORMS: CAD

Computer graphics can be generically described as the generation
and manipulation—synthesis and processing—of images through a
computer. The interest here is computer visualization of three-
dimensional forms, which can be accomplished either by solid mod-
eling or by computer-aided design (CAD). While the focus of this
discussion is the use of CAD to generate forms, which is a specific
application of computer graphics in the design process, it may be
worth mentioning a few other recent developments.

Computer as Representation Tool:
From Space to Cyberspace

Almost three decades have passed since the first breakthrough in
computer graphics was introduced by Ivan Sutherland in 1962 at the
Massachusetts Institute of Technology. With “Sketchpad,” an inter-
active computer graphics system, the user could point at the screen
with a “light pen” to define points, which were then connected in
lines and polygons. The software and hardware for graphic repre-
sentation have since developed at an exponential pace. We stand
today at the gateway to a new level of computer simulation known
as virtual reality. Virtual reality (VR) is a computer-simulated world,
often referred to as cyberspace [Gibson 1984], in which the viewer
experiences illusionary perceptual effects. These systems can be
classified according to the interactive sensory devices used to experi-
ence the computer-generated world. Some popular systems use
liquid crystal display video screens mounted into goggles together
with sensor gloves. The images on the screens offer perspective rep-
resentation from view points aligned with the viewer’ eyes in order
to achieve the stereoscopic effect necessary for immersion into the
virtual world. This world can be computer generated or derived
from video images of existing places (telepresence). The software is
interactive, so the machine can also receive data through the sen-
sorized clothing as it is manipulated by the participant. Because of
the extreme realism of the simulation, this interaction with the vir-
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tual world produces illusionary effects—the experience of views,
sounds, or even tactile sensations of the simulated environment,
according to the head and body movements of the participant (the
term viewer is no longer correct).

Virtual reality has several applications, in the military and medi-
cine, from INASA space mission simulations to entertainment (where
VR systems represent the most sophisticated arcade machines)
[Rheingold 1991]. In architecture, VR simulations can offer the spa-
tial experience of walking through a building before it is built.
Beyond its more explicit applications, however, VR suggests a
broader concept of space, based less on physical attributes than on
information. Just as telecommunications have revolutionized our
notion of distance, cyberspace changes the nature of spatial percep-
tion by dematerializing space itself. The idea of cyberspace in archi-
tecture is important not only for the realism of the representation,
which offers an optimal simulation of an unbuilt architectural space,
but mainly for offering an expanded vision. In cyberspace, architec-
ture is no longer characterized by permanent construction, because,
its configurations rely on an ephemeral environment created by elec-
tronic media with elements new to the architectural vocabulary.

Computer as Exploratory Tool

Since the 1960s, in the pioneering years of CAD, computers have
been enthusiastically embraced. Nicholas Negroponte, from the
Massachusetts Institute of Technology, in his book The Architecture
Machine, discussed theories and ideas for the use of artificial intelli-
gence in architecture, investigating the possible relationships
between architect and machine, including that of a partnership, in
which the machine and the architect would learn and grow from
their interaction. The computer has been considered an integral part
of the design process, and the discipline of architecture as a whole,
revolutionizing its methods.

Academic research has progressed prolifically, establishing the the-

oretical foundations of CAD as well as advanced computational
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methods. One of the most interesting current areas of research in
CAD is represented by the implementation of shape grammars. This
approach, developed in the work of George Stiny, William Mitchell,
Ulrich Flemming and others [McCullough 1990], was initiated both
as a CAD theory and a general methodology to develop shapes. Shape
grammars focus on the generation of new shapes from an initial set,
using a given collection of rules which make a grammar. The estab-
lished grammar can be usefully applied in the definition of an archi-
tectural style, since its rules define the style characteristics. Shape
grammars are useful in generating new designs, but, they can also be
applied to analyze and interpret existing works of architecture.

Knowledge base systems (KBSs) represent a prolific field in artifi-
cial intelligence that offers great potential for applications in CAD.
By incorporating the knowledge about a certain architectural ele-
ment or type necessary for the design process, knowledge bases
would allow a CAD system to be used not just as a tool, but as a
design assistant [Kalay 1986]. In the words of Richard Frost, “A
‘knowledge base system’ is a set of resources—hardware, software
and possibly human—whose collective responsibilities include
storing the knowledge base, maintaining security and integrity, and
providing users with the required input/output routines, including
deductive retrieval facilities, so that the knowledge base can be
accessed as required.” Such a system would “typically contain explic-
itly represented rules as well as simple facts.” By combining specifi-
cally designed hardware, a database, and formal logic rules, a KBS
would allow the designer optimal interaction with the computer.

In spite of these developments in research, the commercial appli-
cations used in the architectural office have mainly focused on CAD
as a production drafting tool. At present, most designers use com-
puters in various aspects of the profession, from drafting to data pro-
cessing operations, but very few think of the computer as a design
medium. In architectural practice, the computer is used mainly as an
alternative to pencil and paper, which overlooks the fact that com-
puter-aided design can also enhance the creative part of the design
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process. Even disregarding the most advanced applications, the way
in which the computer makes geometry an accessible tool is itself a
design aid. The sometimes complex computations involved in the
geometric operations used to generate forms are performed accu-
rately and rapidly by the computer. Thus, an understanding of geom-
etry and the correct use of CAD procedures can make the design
process more productive. Above all, however, CAD models provide
an excellent means of visualization.

Visualization Through Computer Models

One of the most powerful means of computer generation and visual-
ization of three-dimensional forms is provided by CAD models. As
already emphasized, the construction of models contributes greatly to
the development of a theory, in architecture and in other fields. With
CAD it is possible to create models that incorporate different types of
information about an object, from its spatial definition to its physical
characteristics—information that is included in a data structure in the
computer memory. Here, the emphasis will be on CAD visual models
of three-dimensional forms and their spatial definition, where the
computer database contains information about the geometric primi-
tives (point, line, surface; see Chapter III) that constitute each form.
The resulting visualization by means of projection provides two-
dimensional images from an electronic model of a three-dimensional
world (in a way analogous to the visual perception process).

The model of a form—taken from either the physical world or
the mathematical universe—is constructed through a series of map-
pings. There are two processes in creating an electronic model. The
imagined or existing form may be mapped into sets of points, which
determine geometric entities such as lines, surfaces, solids, and
meshes; conversely, a model can represent a form resulting from,
say, algebraic equations, mathematical functions, or sets of logical
rules. In both cases, a mapping is established between geometric
primitives and the spatial definition of a form. Each geometric prim-
itive is represented by means of three-dimensional coordinates
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(%, ¥, 2), and the set of all such representations composes a computer
database. At this stage, the electronic model is defined by sets of
numbers and cannot be visually perceived. The three-dimensional
coordinates of the database, in order to be represented by the pixel
of the screen or vectors plotted on paper, must be mapped once
again into two-dimensional coordinates. Coordinates that define the
point of view (POV) from which the model is visualized must also be
provided, together with other information intrinsic to the viewing
condition desired.

The mapping from three dimensions into two expresses the main
characteristic of CAD electronic models: They are visual—that is,
they consist of two-dimensional images—in contrast to traditional
architectural models, which are three-dimensional physical objects.
Unlike physical models, in which the dimensions and details different
from those of the real form, electronic models can establish an
optimal spatial correspondence. Also, the ability to change viewing
conditions at will allows a visualization from the macroscopic to the
microscopic level of detail.

As with physical forms, electronic models provide one of the most
powerful kinds of visualization of geometric shapes. In fact, because
geometric shapes can usually be defined through data points derived
directly from mathematical functions of two variables—of the type
z = f(x,y)—construction of an electronic model requires only that
the set of coordinates defining the form be translated into a computer
database. The accuracy of the representation is present in any of the
different views. Even animated sequences that effectively describe the
geometric shape can be obtained with no extra human effort.

THE PURPOSE OF THIS BOOK

In this chapter concepts such as space and form have been intro-
duced in general terms, in the context of disciplines ranging from
psychology to geometry, in the belief that a rigorous approach
requires a consideration of the fundamental operations and defini-
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Relations and processes in
architectural design.

function geometric
model

boundaries (inside—outside

design form definition solid—void)
building perceptual
technology characteristics

tions that underly the process of creating forms (figure I-28). In the
course of this book, an approach to form generation and evolution
will be developed, often following analogies with linguistic models,
which provide interpretative categories. The generation of forms can
be systematized as a set of rules and definitions, and the computer is
part of the creative process, performing all the necessary geometric
operations. This systemization starts from a perceptual analysis of
form as a set of relations between boundaries that create a solid-void
distinction. Any physical boundary of a form can be described in
terms of its position and extension, defined by three-dimensional
coordinates, and therefore can be interpreted through geometry. The
use of geometric operations can also generate complexity from the
elaboration of simple primitive elements.

Dynamic Models: From Geometry to Architecture

The geometric definition of form is therefore a necessary condition,
not just for models of shapes belonging to the realm of geometry, but
also for the articulation of more semantically complex models. Con-
versely, a static geometric definition of a model is not sufficient when
we consider a different context, such as architecture. Even in the con-
text of geometry, the model of a form sometimes needs a dynamic
definition to evolve from a general case to more specific applications
(figure I-29a). The data structures of computer-aided design systems,
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a. A “dynamic model” and its
geometric evolution.

b. Evolution in a different
semantic context.

c. Evolution in a different
semantic context.
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A “dynamic model” and design
alternatives.

as we will see in the following chapters, satisfy the requirement of a
dynamically evolving model. Our initial geometric model of form
can therefore be structured as a dynamic model, which may evolve
from one semantic description to a different one (figure I-29b-c) and
so represent different design alternatives (figure I-30).

It is important in this evolutionary process to distinguish between
the semantic levels of geometric versus architectural form. In the
transformation of a geometric model into architectural form, func-
tional aspects must also be considered, with all the constraints that
they will bring to the geometric form.

The present investigation of architectural models will be restricted
to three-dimensional forms. The choice of basing design on three-
dimensional models rather then on floor plan articulation—a method
often followed in computer-aided design—is, once again, motivated
by a perceptual approach. Additionally, architecture is three-dimen-
sional; therefore a study of architectural forms should, from the very
beginning, be concerned with three-dimensional models. Further-
more, the visual simulation of a three-dimensional model in itself can
offer insights for design exploration, especially for models that are
geometrically complex. Access to models of ready-made geometric
configurations provides several design alternatives and becomes an
aid in the design process.

Computer Model Implementation

This discussion will be oriented toward and implemented in the
commercial CAD application AutoCAD.5 For some of the most
interesting operations and models, a listing of AutoCAD commands
will follow the general description. An AutoLISP file will also be pro-
vided for some of the models described and illustrated in the book.
The AutoCAD models will be structured in such a way that they can
evolve according to parameters given by the reader.

The choice of a software such as AutoCAD, which is often used
only for drafting, shows that an efficient approach to computer-aided
design can be independent of the software used. What matters most
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is the methodology followed by the designer/user in defining design
operations. The object here will be to show how even a commercial
system, developed for general purposes, can be customized to offer a
structured design language.
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NOTES

1 The German word gestzlt means form or shape. From the
beginning of this century, several experimental and theoretical
studies in visual perception were grouped under this name.

2 Ernst Haeckel (1834-1919) was a biologist/philosopher and
an exponent of Darwinism. His biological studies were illustrated by
elaborate lithographic plates.

3 In its original form, Euclid’ fifth postulate asserts that “If a
straight line falling on two straight lines makes the interior angles on
the same side less than two right angles, the two straight lines, if
produced indefinitely, meet on that side on which the angles are less
than two right angles.”

4  See Vitruvius, The Tén Books on Architecture, Book I, Chapter I11.
This work on architecture provided inspiration for Leon Battista
Albert’s treatise of the same name.

5  AutoCAD is a trademark of Autodesk.
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COMPUTER-AIDED DESIGN

METHODOLOGY

Neither natural ability without instruction
nor instruction without natural ability can
make the perfect artist.

Vitruvius

Having examined the more theoretical foundations of form modeling
in relation to computer-aided design, we now consider its technical
aspects and analyze specific methods. As previously indicated, form
modeling and design are terms used in several disciplines; but in this
chapter the term computer-aided design will be used specifically with
reference to architectural forms. Nevertheless, the generation of
forms in other disciplines should not be considered an extraneous
application, since any three-dimensional form can be constructed and
visualized using the processes described here.

The specific CAD program chosen for our applications is
AutoCAD, but almost all CAD software follows the same system-
atic approach. The nomenclature can vary from one software to
another, but the methodology is shared and therefore the general
definitions given here are valid for any CAD user or for anyone
interested in the more general study of computer-aided generation
of visual forms.

The objective of this chapter is to provide an overview of how a
CAD system is structured and how its media are different from
those of traditional design. This information is essential for readers
unfamiliar with CAD, and valuable for those who have used CAD
mainly as a drafting tool. The actual definition and implementation
of CAD dynamic models will be introduced in Chapter III. This
chapter supplies the terminology and tools to implement all the
further developments.

NOTE TO THE READER

Chapters II and IIT contain a tutorial; each section discusses a partic-
ular topic and introduces general definitions that can be applied to
any CAD software. At the end of each section there is a brief
AutoCAD implementation of the given definitions; these tutorial
segments are clearly set off, so that readers who are not AutoCAD
users can skip them. Throughout the tutorial segments, different
typefaces are used: Words in boldface are commands to be typed,

63



64

those in stalics are AutoCAD prompts, and words between <brackets>
represent actions to be performed using the keyboard or pointing
devices.

The tutorials are provided for those readers interested in using
AutoCAD to implement the discussed models as well as their own.
Usually, only those commands to be used in the implementation of
three-dimensional models, generated according to the theory illus-
trated in Chapter III, will be shown. Unless otherwise specified, all
discussion of AutoCAD refers to Release 12.

INTERACTIVE CAD SYSTEMS

The use of CAD in the design of an artifact of any type involves two
processes. The first is the creation of a data structure containing the
information necessary to describe the object; the second is the visual
display of this information. Because of the interactivity of the CAD
software, visual elements are drawn as soon as the information that
describes them is given.

Like most other computer graphics software, CAD is an interactive
program, structured in the form of languages, that is implemented
through commands given by the user. Interactive computer graphics
have some hardware requirements. The basic hardware configuration
consists of the computing unit, a memory storage device, a video dis-
play screen (the output device on which the graphics and text are dis-
played), and a keyboard (the simplest device to enter programs and
data; a light pen, mouse, joystick, or graphics tablet or digitizer can
also be used). Optional hard copy output devices include various types
of printers, plotters, and film recorders.

Often software commands are organized in lists called menus,
displayed in portions of the screen. The way in which commands are
organized in menus usually gives the user a first understanding of
how the software works and what it is intended to achieve. Com-
mands are words which usually correspond semantically to words
from common language (with the verb implicitly given by the menu
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from which the command originated). For example, the command
line taken from the draw menu will create an entity in the data struc-
ture corresponding to a geometric line segment. Menus will be dis-
cussed in more detail later in this chapter.

The definitions and tutorials that follow do not require a specific
hardware configuration, only the basic keyboard and video display
screen.

REPRESENTATIONS AND PHASES
OF ARCHITECTURAL DESIGN

Architectural design uses graphics representations to communicate
ideas (although such images are subject to different interpretations,
both as representations of objects and as pure images. Drawings are
by definition two-dimensional representations, but they can simu-
late three-dimensionality. This is illustrated in figure II-1, which
shows examples of two-dimensional architectural representations.
There are two ways to represent three-dimensional forms. The first
type of representation is given by orthographic projections—plan,
section and elevation (figure II-1). These representations are dia-
grammatic images: They contain a description of a physical form—
often with references to dimensions and other quantitative
information—but they do not offer any visual simulation of how
the real form looks. By contrast, representations of the second
type—perspective and axonometric projections (figure II-13d,e)—
and in particular perspective, which is much more realistic than
axonometric projection, do offer a visual simulation. Orthographic
projections and perspective views therefore complement each other
and are equally important for a complete design. The former pro-
vide a quantitative description necessary for physical construction
and the latter give a qualitative preview of the design, based on
visual simulation.

These considerations are generic and can refer to CAD as well as
to traditional design. In both cases the design output is a drawing,
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<« II-1

Two-dimensional representations
in architecture.

realized with different media. In traditional design, a drawing is real-
ized in paper and pencil, while in CAD the image is electronic, even
though it can eventually be printed on paper. The end output may be
the same, but the process behind it is different.

Architectural design is usually not completed in just one phase.
According to the type and size of the project, there are different
descriptive methods and presentation tools. Usually there are three
types of graphics involved (figure II-2): sketches, presentation ren-
derings (included in the so-called design development), and working
drawings, which represent a phase completely different from the
others in that they allow a design on paper to be realized in construc-
tion. Design as exploration is not pursued in this last phase, although
architectural construction details may still be designed. The use of
CAD can overcome the need for different types of graphics, which is
due to the impossibility of presenting all information at once through
a physical medium such as paper. Electronic storage of information
electronically allows the development of a unified model that con-
tains all the data pertinent to each phase. In this way, the overlapping
of information can be eliminated, making the whole process more
efficient.

COMPUTER-AIDED DESIGN AND
COMPUTER-AIDED DRAFTING

The separate phases in architectural design also usually reflect another
division, that between design and drafting. Both syntactically and
semantically, design and drafting represent completely different
processes. While design is an exploratory process that results in a
three-dimensional artifact, drafting is confined to the two-dimen-
sional world of drawings, and takes place when the exploration is over
and decisions have been made. The graphic signs used in drafting
consist mainly of symbolic conventions and diagrams used to repre-
sent elements in the physical world: A circle may represent a column,
or two parallel lines may signify a wall. In contrast, the design process
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Different graphics representations
in architecture.

requires a type of representation that can produce a simulative model
in order to communicate completely. Therefore the graphics used in
design should provide both two-dimensional and three-dimensional
visualization.

CAD is often identified with drafting systems. In CAD, a drafting
system operates only in two-dimensions; it is just a computer-aided
version of manual drafting. The graphics information is organized in
extremely structured and efficient way, however. Features such as text
manipulation, graphics symbols templates, and separation of different
categories of information in layers make computer-aided drafting a
very powerful tool, faster and more accurate than manual drafting.
The initial graphics input is the same for CAD as for manual
drafting; that is, the basic construction depends on the same geo-
metric definitions—a line is defined by two points, a polygon by
three or more lines, and so on. CAD, however, has transformation
capabilities such as rotation, mirror, scaling, and stretching that make
it much more efficient than manual drafting. Nevertheless, in a two-
dimensional context, automated drafting systems are not very dif-
ferent from manual drafting.

Although many CAD systems were born as two-dimensional
drafting systems, they later acquired three-dimensional capabilities.
In the transition from two to three dimensions, the designer should
acknowledge the difference between the two types of representa-
tions and learn how to use one of CAD’s most amazing features: the
automatic generation of several views from the same three-dimen-
sional model.

WIREFRAME, SURFACE, AND SOLID MODELING

Three-dimensional CAD systems can be classified according the type
of primitive elements used in the generation and visualization of a
three-dimensional model. The simplest type is the wireframe model
(figure II-3a), where a form is described in terms of lines in three-
dimensions. This model contains only information about the linear
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Wireframe model and
its different interpretations.

Polygon-based model.

boundaries of the form; it does not describe the form’ spatial charac-
teristics in terms of solid-void boundaries. Thus, it is fully descriptive
only for forms made of wire; to fully understand displayed forms of
any other type, the viewer would require additional information not
provided by the visualization. For instance, in the wireframe set of
cubes represented in figure II-3a, several interpretations are possible
regarding its foreground and background and the faces of the cube
(figure II-3b,c).

The next category of three-dimensional system is visually repre-
sented by the polygon-based model in figure II-4, where a three-
dimensional model is described in terms of the polygons defining its
boundaries. The model so generated is fully descriptive of the spatial
characteristics of the form. As stated in Chapter I, a solid can be com-
pletely defined by the surfaces bounding it. The polygons, being
opaque, block out the hidden lines beyond them, producing a com-
prehensive visual simulation that clearly defines foreground and
background.

A third type of system is represented by solid modeling (figure
II-5), where the so-called primitive elements are represented by solid
shapes such as cubes, spheres, pyramids, wedges, tori, and so forth.
The geometry used to manipulate these shapes is called constructive
solid geometry. The Boolean operations of union, intersection, and
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Solid model.

subtraction allow the generation of unlimited shapes through the
combination and modification of two primitives, similar to the phys-
ical sculpting of forms by means of gluing and carving. This type of
modeling is most representative of physical reality. The visual simula-
tion it offers is similar to the polygon-based model, but it has the
additional advantage of production use in a CAD or CAM (com-
puter-aided manufacture) environment.

The CAD system referred to in the definitions and examples in
this book is based on polygon modeling, but some examples of solid
modeling will also be offered, primarily in cases where the explo-
ration of forms is more purposefully achieved by using the Boolean
operations.
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In early releases, AutoCAD was a drafting system with
only two-dimensional (2D) capabilities. Starting from
release 2.5, 3D features have been gradually intro-
duced. The first 3D constructions were just extrusions
of 2D entities, based on a two-dimensional coordinate
system. Later, three-dimensional coordinate systems
were introduced, together with commands for the con-
struction of quite complex surfaces. In releases 11

and 12, AutoCAD offers the optional program AME
(Advanced Modeling Extension), which uses solids
instead of surfaces as primitives. AME has complete
solid modeling features, providing Boolean operations
and even the possibility of assigning materials to
shapes and calculating physical attributes such as
mass, center of gravity, and moment of inertia, which
can be used for structural analysis.
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MENUS

Menus can enormously facilitate the use of a CAD interface. In
menus, the software commands are subdivided in a list, created
according to type of action they represent. Menus can also be cus-

tomized according to the type of application they serve.

AutoCAD has a default menu that is automatically
loaded (unless the user chooses otherwise) at the
beginning of a new session. Pull-down menus began
appearing in AutoCAD Release 9, and are visible when
the pointing device is moved to the top of the screen.
The pull-down menus—file, assist, draw, construct,
modify, view, settings, render, model—are located at
the top of screen. The name of the menu is explanato-
ry of the action. The menus are based on a hierarchical

structure in a top-down fashion. The first level can be
represented by commands to be invoked or can contain
more subdivision. For instance, the top-down sequence
to draw a sphere is the following:

draw-3Dsurface-3Dobject-sphere

The reader is invited to practice navigating the pull-
down areas. Observation of how the menus are struc-
tured can provide a good tutorial experience.

USE OF FULL SCALE:
FROM SCHEMATIC DESIGN
TO CONSTRUCTION DOCUMENTS

A necessary operation in architecture is the scaling of a proposed
design to fit a sheet of paper. Different scales are used according to
the level of detail desired. For example, architectural plans and eleva-
tions read well at a scale of 1/4"=1'0" or 1/8"=1'0", furnishing plans
often are drawn at 1/4"=1'0", while a wall detail may require a 1"=1'
scale. In manual drafting, problems of accuracy arise when a form is
scaled down in size, because measurements cannot be scaled with
extreme accuracy on paper and a change of scale requires a new
drawing.

With CAD, the use of full scale is possible. Every distance
between elements can therefore be electronically measured with
extreme accuracy. Another useful feature is the ability to plot
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drawings at different scales. This flexibility allows the representation
to grow in complexity without the visual confusion contributed by
information that is relevant only at a different scale.

In the settings menu we find scale and units. The ini-
tial choice of a type of unit can be changed at a later
time.

PAPER SPACE; MODEL SPACE

Another interesting feature of the latest releases of
AutoCAD is the differentiation of the model/drawing
environment to model space and paper space. Model
space represents the three-dimensional design/mod-

eling universe, where entities are representated at a
full scale. Paper space is the drawing universe and
provides the output on paper of the model created in
model space. Paper space is the real size of paper,
and includes annotations, borders, and other entities
that are not representational but serve only as a com-
munication tool. Model space is the default environ-
ment when we start a session; for our purposes, we
will be dealing only with model space.

COORDINATE SYSTEMS

A basic understanding of coordinate systems is a necessary founda-
tion for the use of CAD. The universe of our representation corre-
sponds to the mathematical representation of three-dimensional
space. While a paper drawing is limited by the size of the sheet in
relation to the chosen scale, in CAD the limit for the space of con-
struction of our model is extremely large, measured by the number of
digits allowed rather than inches.

Coordinate systems in CAD have the same characteristics and
properties as those in geometry. Cartesian coordinates (figure II-6a)
are most often used in CAD, as well as in geometry. In a Cartesian
system, a point P in three-dimensional space is defined by a set of
three numbers (x,y, 2), or coordinates, which specify respectively the
distances along three mutually perpendicular axes at which P lies
from the origin (the point at which the axes intersect, having coordi-
nates (0,0,0)). The origin in CAD is usually represented by the lower
left corner of the screen or viewport.
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a. Cartesian coordinates.

b. Polar coordinates.

Polar coordinates (7,0) of a point P (figure II-6b) are given by the
distance 7 from the origin O and the angle 6 (measured counter-
clockwise) formed by the line OP and a horizontal axis through O.
Relative coordinates, in AutoCAD, give the position of a point with
respect to the last-entered point (that is, the last-entered point is
treated as if it were the origin).

In AutoCAD the default plane is the x-y plane, identi-
fied with the screen with origin in the lower left corner.
The definition of an element (taken from the draw
menu) by means of Cartesian coordinates is accom-
plished as follows:

Command: line
from point: 5,15
to point: 55,65
to point: 30,65
to point: <enter>

The same lines can also be constructed using polar
coordinates:

Command: line

from point: 5,15

to point: @70.57<45
to point: @25<180
to point: <enter>

or relative coordinates:

Command: line

from point: 5,15
to point: @50,50
to point: @-25,0
to point: <enter>
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The user coordinate system (ucs) can easily be
changed. The new user coordinate system can be a
translation of the original world coordinate system
(wes) or, more radically, a rotation of all three axes
through any generic angle. A new x-y plane is defined,

Origin point <0,0,0>: <enter>

Point on positive portion of the X-axis <O’-1",
0-0”7,0-0”>: <enter>

Point on positive portion of the UCS X-Y Plane
<0’-0”,0-17,0-0">: 0,0,1

replacing the old one. To work in a different coordinate

system can be useful since there are many commands

To return to the original world coordinate system:

that can be used in the x-y plane but not in space. The

command to change coordinate systems is:

Command: ucs

Command: ucs

Origin/Zaxis/3point/Entity/View/X/Y/Z/Prev/
Restore/Save/Del/?/<World>: <enter>

Origin/Zaxis /3point/Entity/View/X/Y/Z/Prev/

Restore/Save/Del/?/<World>: 3p

Graphics primitives

Two-dimensional AutoCAD primitives:
a. Point b. Line c. Arc d. Circle
e. Polyline f. Bezier g. Ellipse
h. Polygon.

Three-dimensional AutoCAD primitives:
i. Cube j.Wedge k. Pyramid |. Cone
m. Torus n. Sphere o. Dome
p. Mesh.

GRAPHICS PRIMITIVES

CAD offers a series of graphics primitives, some of which correspond
to basic geometric elements. In an analogy with language, they repre-
sent the alphabet, from which it is possible to construct, say, a noun—
in our context, a form. A discussion about graphics and geometric
primitives in relaton to spatial form, although it pertains to CAD,
also involves more general concepts from geometry and logic (see
Chapter IIT). At the moment, however, it suffices to mention the exis-
tence of several CAD commands, the names of which correspond to
the graphics entities they define as database and drawing, according
to the user’ given parameters.

The CAD graphics primitives most often used are (figure II-7):
point, line, circle, ellipse, polyline (a set of lines, which may be
interpolated into a curve), polygon, face, and solid. Often, three-
dimensional shapes, such as a box, sphere, torus, or cylinder, which
are not primitives in a geometric sense (since they are composed of
simpler geometric primitives), are nevertheless referred to in CAD
and solid modeling as primitives.

Starting with this section, all descriptions of CAD features will focus
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Model of a spiral stair.

a. b. Primitives. c. d. Editing.

on the construction of a model of a spiral stair, a good initial example of
generation of a CAD dynamic model. The CAD model is imple-
mented in AutoCAD and shown in detail in the tutorial sections. The
sequence of illustrations follows the temporal sequence of construction
of the model. Figure II-8a,b shows how the basic elements of the stair

are constructed through the implementation of graphics primitives.

We are about to start the construction of a model of a
spiral stair. The sequence presented in this section is
illustrated in figure 1I-8a. The definition of the surfaces
defining each of stairs is implemented as follows:

To draw each circle, from the draw menu we choose
the command “circle”:

Command: circle
3P/2P/TTR/<Center point>: 0,0
Diameter<Radius>: 0.5

Command: circle
3P/2P/TTR/<Center point>: 0,0
Diameter<Radius>: 4.5
To divide one circle into 20 equal segments delimited
by nodes, from the construct menu we choose the
command “divide”:
Command: divide
Select object to divide: <pick one of the circles>
<Number of segments>/Block: 20
Repeat for the other circle. We can proceed to draw

the surface of the step determined by four nodes as
shown in figure 1I-8a3.

Command: 3dface
First point: <pick node 1>
Second point: <pick node 2>

Third point: <pick node 3>
Fourth point: <pick node 4>
Third point: <enter>

To draw a revolution surface, representing the balus-
ter (figure 11-8b2), the second “pline” is selected from
the “draw” menu:

Command: pline
from point: 0,0
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0,0.1
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0.2,0.1
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0.1,0.2
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0.1,0.3
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0.2,0.4
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0.1,1.9
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0.2,2.1
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: 0,2.1
Arc/Close/Halfwidth/Length/Undo/Width/
<Endpoint of line>: <enter>
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To draw the axis of revolution (figure 1I-8b2), the com- From the draw menu we invoice the command to draw

mand “line” is selected from the “draw” menu: a revolution surface (figure II-8b3):
Command: line Command: revsurf
from point: 0,-3 Select path curve: <pick the profile>
to point: 0,3 Select axis of revolution: <select the line>

to point: <enter>

LAYERS

Layering is the CAD structure that separates information related to
different aspects of a project. Each entity in the CAD model belongs
to a layer characterized by such attributes as name, color, and line-
type, which correspond to intrinsic aspects of the entity, for instance,
all the steel structural columns belong to a layer called column_2x12
and are displayed in red. When we enter a new entity, it is automat-
cally assigned to the current layer, but can be moved to a different
one later. Segregation of information can be based on such variables
as size, function, and material. For example, in the spiral stair model,
layers are created and named according to the different physical ele-
ments of the model—wall, step, railing.

Layers are also analogous to acetate overlay sheets in that they can
be turned on or off as they are needed in a specific drawing. There-
fore, several different paper drawings can be output from an elec-
tronic drawing, simply by turning layers on and off. Figure II-9
shows how the database representing a floor plan can be organized in
four different sets of layers to produce four different construction
drawings.

The use of layers to keep information separate has obvious advan-
tages in drafting, and also has application in three-dimensional
design. Sometimes a drawing can be thought of as a combination of
three-dimensional elements as well as two-dimensional entities, such
as text and graphics symbols. If the designer wants to generate a
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Layers create different construction
documents from the same floor plan
(Courtesy of Trimbach Interior
Design, Inc.).

a. Construction plan.

b. Reflected ceiling plan.
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Layers create different construction
documents from the same floor plan
(Courtesy of Trimbach Interior
Design, Inc.).

c. Furniture plan.

d. Power and communication plan.
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three-dimensional model of a building and at the same time use that
information for drafting construction documents, separate layers are
required for the elements belonging to the model and those needed
for the elaboration of working drawings.

In AutoCAD the default layer is O, and unless the layer
command is invoked, all entities are by default
assigned to layer O. The creation of new layers is quite
straightforward:

Command: layer

?/Make/Set/New,/ON/OFF/Color/Ltype/Freeze/
Thaw/LOck/Unlock: make

New current layer <O>: railing

?/Make/Set/New/ON/OFF/Color/Ltype/Freeze/
Thaw,/LOck/Unlock: color Color: 1

Layer name(s) for color 1 (red) <railing>: <enter>

?/Make/Set/New/ON/OFF/Color/Ltype/Freeze/
Thaw/LOck/Unlock: make

New current layer <railing>: step

?/Make/Set/New,/ON/OFF/Color/Ltype/Freeze/
Thaw/LOck/Uniock: color Color: 2

Layer name(s) for color 2 (yellow) <step>: <enter>

EDITING

?/Make/Set/New,/ON/OFF/Color/Ltype/Freeze/
Thaw/LOck/Unlock: <enter>

To change existing elements to a different layer:

Command: change

Select objects: <pick the baluster>
Select objects: <enter>
Properties/<Change point>: properties

Change what property(Color/Elev/Layer/Ltype/
Thickness)?: layer

New Layer: railing

Change what property(Color/Elev/Layer/Ltype/
Thickness)?: <enter>

Editing is one of the features that most distinguishes CAD drafting
from manual drafting. While the only editing tool in manual
drafting is the eraser, in CAD there are several possible ways to
transform a primitive or a set of primitives. The editing features
allow such changes as stretching of graphic entities (figure II-8c)
and more complex array replications (figure II-8d) of elements in
the drawing.

COMPUTER-AIDED DESIGN METHODOLOGY 83



09 5 é

VISUALIZING WITH CAD



We will use editing commands to generate the model
of a wall, made of diamond shaped stones. The Auto-
CAD editing commands are subdivided in two different
menus—construct and modify

Select objects: ¢ <draw a window to include the
common vertices of the four faces>

Base point or displacement: 0,0,0

Second point of displacement: 0,0,0.5

Base point or displacement: 0,0,0

To draw a stone, as shown in figure 11-8c:

Command: rotate3d

Command: 3dface

First point: -0.75,-0.75
Second point: 0.75,-0.75
Third point: 0,0.75
Fourth point: <enter>
Third point: <enter>

Command: array

Select objects: L

Select objects: <return>

Rectangular or Polar array (R/P): p
Center point of array: 0,0

Number of items: 4

Angle to fill (+=ccw, -=ccw) <360>: 360

Command: stretch
Select objects to stretch by window or polygon.

SYMBOLS

Select objects: <pick the four faces>

Select objects: <enter>

Axis by Entity/Last/View/X-axis/Y-axis/Z-axis/
<2 points>: 0,0

2nd point on axis: 5,0

<Rotation angle>/Reference angle: 90

Command: array

Select objects: L

Select objects: <return>

Rectangular or Polar array (R/P): r

Number of rows <1>: <enter>

Number of columns <1>: 10

Unit cell or distance between columns: 1.5

«

I-10

Symbols.

Symbols are one of the most amazing features of CAD. A symbol
(figure I1-8d1) is a set of elements of any nature (points, lines, faces,
text, or other symbols), grouped together with a name given by the
user. After a symbol is defined, it can be inserted repeatedly in dif-
ferent positions. The content of the symbol can be replaced with a
different set of graphic primitives (figure II-10a1,b1); all the symbols
in the data structure bearing the same name as the transformed one
will be automatically updated with the new information. For those
familiar with programming languages, symbols may be thought of as
similar to variables. A certain procedure, having variables as its
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argument, can be repeated in an unlimited number of contexts
defined by different variables, generating completely different
results. In a similar way, completely different forms (figure II-
10a2,b2) can be generated according to the content of the symbols
and their spatial position.

Symbols will be discussed again in Chapter III from a more gen-
eral perspective, since they represent the fundamental CAD data
structure which allows the evolution of a model.

86

The four faces making the geometric model of a Command: insert
diamond stone can be grouped into a symbol. The def- Block name (or ?): diamond
inition and insertion of a symbol is comprised of the Insertion point: 0,0,0
following steps: X scale factor <1>/Corner/XYZ: <enter>
- Y scale factor (default=X): <enter>
Command: block Rotation angle <O>: <enter>
Block name (or ?): diamond
Insertion point: 0,0,0 We can in a similar fashion create symbols for the
Select objects: <pick the four “3dfaces” > step and for the baluster.

Select objects: <enter>

HIERARCHICAL DATA STRUCTURE

Symbols represent one example of a feature often used in CAD: the
hierarchical organization of a data structure. A data structure in CAD
applications contains information about the coordinates and nature
of the elements of a form. Any type of form can be thought of as
organized according to such a hierarchy (figure II-11). For example, a
building consists of different groups of elements such as floor, exte-
rior and interior walls, windows, stairs, reflected ceiling, structure,
mechanical features, furniture, and so on.

Grouping elements by means of symbols makes the hierarchical
structure clearly recognizable and the number of nested symbols can
identify the hierarchical level. It is important for purposes of data
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Model of a spiral stair:
hierarchy of elements.

organization to define the hierarchical level of an element and its
relation to other elements.

NAMES

As we have already seen in the AutoCAD implementations, entities
such as symbols and layers must be named by the user, and the names
assigned to these graphics entities are extremely important. Names—
the means by which we identify things in language—can give us a
sense of the type of element, its hierarchical level, whether it is two-
dimensional or three-dimensional, and the type of view.

For each project, names should be assigned in a consistent way.
Names can be universal, but each project has its own organization. It
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Viewing in a two-dimensional worid: zoom
(Courtesy of Trimbach Interior
Design, Inc.).
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is important to give a suffix indicatng the level of information. For
instance, elements defining a column should belong to the layer
column, and if there are different types of columns in the same model,
the name of the layer should contain more information about the
characteristics of the column (e.g., column_12x18_steel).

VIEWING AS PROJECTION

Viewing in CAD means the establishment of a correspondence, or
mapping, between the graphic elements, stored as an array of num-
bers in the computer memory, and the grid of pixels of a raster dis-
play screen.

There is a major difference between viewing in a two-dimensional
world and viewing in a three-dimensional world. Representations of
a two-dimensional world are just transformations of the coordinates
of the constructed form into the points of a viewport on the screen.

The command mostly used for viewing in a two-dimensional world is:

Command: zoom
All/Center/Dynamic/Extents/Left/Previous?Vmax/Windows /<Scale(X/XP): <select the desired view>

To view a three-dimensional form on the screen (or on a sheet of
paper), it must be projected onto a two-dimensional plane by a
series of operations from projective geometry. The three-dimen-
sional coordinates of the points defining the model must be trans-
formed into two-dimensional coordinates, which is achieved
through one of two types of projections—parallel or central. Both
are used for graphics representations. A projection maps a three-
dimensional configuration into a two-dimensional configuration
(image) in the picture plane. In a parallel projection, the projection
lines connecting each point of the three-dimensional configuration
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to its image are all parallel. Parallel projections can be classified
according to the angle that the projection lines make with the pic-
ture plane: If these lines are perpendicular to the picture plane, the
projection is orthographic; otherwise it is oblique. If the projection
lines are not parallel, but instead radiate from a single point (called
the center of projection), this is known as a central projection, or

perspective.

Orthographic Projections
Since orthographic projection lines are perpendicular to the picture
plane, if the picture plane is itself perpendicular to one of the three
coordinate axes, any line of the initial three-dimensional configura-
tion that is parallel to that axis (i.e., perpendicular to the picture
plane) is projected as a point, and the plane surfaces perpendicular to
the picture plane are projected as lines. For elements parallel to the
picture plane, measurements and other geometric relations are per-
fectly preserved. Orthographic parallel projections are the most fre-
quently used in architectural design. They are familiar to us as plan
and elevation (figure II-13a,b). A section view represents what
would be seen if the picture plane intersected the three-dimensional
object (figure II-13c). A plan also can be thought of as a section,
where the picture plane is parallel to the x-y plane and cuts through
the model. The different orthogonal views are classified as two-
dimensional projections parallel, respectively, to the x-y, x-z, or y-z
planes. More specifically, the plan is the view parallel to the x-y (hor-
izontal) plane, while section and elevation views are parallel to the
vertical planes. Orthographic representations are diagrammatic
images, since they contain a description of a physical form, often
with references to dimensions and other quantitative information,
but do not offer any visual simulation of the real form.

While the nomenclature used in the construction of a data struc-
ture is very similar in all CAD software, the viewing procedures can
be very different; the following AutoCAD implementations may not
be completely transferable to other software.
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Model of a spiral stair.

a. Plan. b. Elevation.
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Model of a spiral stair.

c. Section.
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In AutoCAD, the default view—the view in which ele- The elevation view parallel to the x-z plane is obtained
ments are visualized as soon as drawing is started— in this way:
is the plan view. If we want to invoke the plan view

from a different type of view:

Command: plan
<Current UCS>,/UCS/World:

Command: vpoint
Rotate/<View point><1.0000,1.0000,1.0000>:
0,1,0

For the elevation view parallel to the y-z plane:

A more general command for any type of view obtained

from orthographic projections:

Command: vpoint

Command: vpoint
Rotate/<View point><1.0000,1.0000,1.0000>:
1,0,0

Rotate/<View point><1.0000,1.0000,1.0000>:

0,0,1

Axonometric Projections

An axonometric projection is a type of orthographic projection in
which the picture plane is perpendicular to the direction of projection
but not to the direction of any of the three coordinate axes. In axono-
metric representations (figure II-13d), none of the angles are preserved
and lines parallel to any of the axes are proportional in length to their
projected images. In isometric projections, the lines of projection form
equal angles with each of the three axes; measurements along lines par-
allel to any of the axes have the same proportionality constant.

To obtain an isometric view:

Command: vpoint

Rotate/<View point><1.0000,1.0000,1.0000>: 1,1,1

Oblique Projections
In oblique projections, the direction of projection is not perpendic-
ular to the picture plane (which is itself taken to be perpendicular to
one of the three axes). The result is that the elements parallel to the
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Model of a spiral stair.

d. Axonometric.
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picture plane conserve their metric and angular characteristics, while
the others preserve only certain geometric attributes, such as paral-
lelism of lines and proportions, such that they can stll be measured.
The measures of the projections of the nonparallel elements will not
be the same as the measures in the three-dimensional configuration,
but will be proportional to them.

Perspective

Perspective (figure II-13e,f) preserves metric and other geometric
characteristics, such as angles and parallelism, only for the elements
lying in a plane parallel to the picture plane. All parallel lines not par-
allel to the picture plane converge to a point, and all parallel planes
not parallel to the picture plane converge to a line. The converging
point is called the vanishing point and the converging line for all
horizontal planes is defined as the horizon. The center of projection
is the point of view. Perspective projection represents the geometry
of our visual perception, where the eye is the center of projection and
the direction in which we look is perpendicular to the picture plane.
For this reason, perspective is the most realistic type of representa-
tion. Perspective offers a visual simulation, a preview of the experi-
ence of looking at the designed three-dimensional forms once they
are built. This allows a qualitative approach to design based on spatial
characteristics.

The user can define several different parameters to
obtain a perspective view. An analogy can be estab-
lished between the command and the use of the opti-
cal components of a camera, such as lens, target
point, eye point. This is shown also in the nomencla
ture of the parameters of the command dview (dynam-
ic view), which is invoked to generate a perspective.

The most accurate way to generate a one-point per-
spective is to input the coordinates of the viewpoint
and target point:

Command: dview

Select objects: <pick the desired entities>

Camera/Target/Distance/POints/PAn/Zoom/
Twist/Clip/Hide/Off/Undo/eXit: PO
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Model of a spiral stair.
e. Perspective (hidden line).

f. Perspective (rendering).
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Target point: <0,0,0> Camera/Target/Distance/PQints/PAn/Zoom/

Camera point <0,0,100> (two coordinates of the Twist/Clip/Hide /Off/Undo/eXit: <select the
viewpoint have to be the same as the target) other parameters until done>
RENDERINGS

Renderings are manipulations of the views obtained as geometric
projections of a constructed computer model. They do not add to the

< Mma geometrical definition of a given form, but they can offer a qualitative
. type of information.
Renderings. Renderings can be classified in the same way as the different types
a. Wireframe.  b. Hidden line. of three-dimensional computer graphics systems. The most basic

type of representations are wireframe (figure II-14a) and hidden
line (figure II-14b). Hidden line renderings afford the clearest visual
simulation of an object’s spatial form and boundaries. In a hidden line
drawing, hatching can be added to emphasize the different planes to
which the surfaces belong and to simulate shading. This type of ren-
dering is often referred to as pen and ink (figure II-14c).

c. Pen and ink. d. Shaded.

The wireframe representation is the default. To obtain a hidden line representation:

Command: hide

Shaded models (figure II-14d) further suggest the perceptual
characteristics of an object, according to the attributes of its surfaces
and one or more light sources. Figures II-15a-d show the same geo-
metric model (a sphere) with different surface chacteristics; in figure
II-15a, the sphere is made of reflective surfaces, while in figure II-15b,
the surfaces are transparent. Other surface characteristics are bumps
(figure II-15¢) or texture mapping (figure II-15d).
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Shaded models and different type
of surfaces.

a. Reflective surfaces.

b. Transparent surfaces.
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Shaded models and different
type of surfaces.

c. Bumps. d. Texture mapping.
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Starting with Release 12, AutoCAD has a rendering
feature. To render a scene, just invoke the command:

Command: render

From the render menu more commands can be select-
ed to change the other parameters, such as light,
view, finishes, shading. Photorealistic effects can be
achieved from AutoCAD® using AutoVision™.

A surface model constructed using AutoCAD® can be
translated into a format that can be used by several

third party rendering programs. The model of a sphere
shown in figure [I-15 has been rendered using Auto-
desk 3D Studio; this is not just a rendering program,
but a modeling and animation software as well. An
AutoCAD model can be imported into 3D Studio as a
dxf file.

Command: dxfout
(enter filename)

Enter decimal places of accuracy
(O to 16)/Entities/Binary <6>: <enter>

CUSTOMIZING

Macros provide a powerful tool to customize the use of a generic
CAD software for specific purposes. Macros range in complexity
from a simple sequence of software commands for executing a given
task to more complex routines constructed according to the rules of a
programming language. Macros become useful when there is a
recurrent procedure to be executed with varying parameters.

Some of the models implemented in the next chapters are accom-
panied by a macro (AutoLISP routine) contained in the enclosed
diskette (see Appendix).

102

In AutoCAD, the most efficient way to create macros
is to use AutoLISP. AutoLISP is a derivation of the LISP
programming language. A discussion of AutoLISP is

too specific for this context. The interested reader can
refer to the bibliography.
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FORM GENERATION AND

EVOLUTION

Ubi materia, ibi geometria

FJobannes Kepler

This chapter investigates the creation of CAD models of three-
dimensional forms according to the foundations established in
Chapter I. The syntax used in generating models of architectural
forms is the same as that used in creating geometrical forms, espe-
cially in computer-aided design, where any architectural configura-
tion is defined initially by its geometric interpretation. Forms in
architecture and in geometry clearly have two different semantic con-
tents. As already emphasized, while geometric forms exist in “intel-
lectual space” and are subject only to logical relations, architectural
forms deal with the constraints of the physical world as well as func-
tional requirements. Nevertheless, at the syntactic level, architectural
and geometric forms can both be investigated in terms of their
descriptions as sets of points, lines, and surfaces in three-dimensional
space, and how they determine a series of perceptual dualistic rela-
tions, particularly those of solid-void and inside-outside.

FORM AS A SET OF ATOMS AND
RELATIONS IN THREE-DIMENSIONAL SPACE

A form can be considered an aggregate of primitive elements, or
atoms (figure ITI-1). Atoms (the word, as used here, does not have the
same meaning as in physics) cannot be decomposed into simpler ele-
ments; they are the simplest elements that have geometric meaning.
The configuration, or geometric relation, of several atoms identitfies
them as a set, and differentiates each such set of atoms. Atom set A
can be changed into atom set B through geometric operations called
transformations. A series of transformations also determines the
complexity of a form.

A form can also consist of just one primitive, or can be composed
of parts or subshapes more complex than primitives. By decomposi-
tion of all its subshapes, a form can always be reduced to an elemental
level consisting of primitives.

As before, in the discusion that follows, a three-dimensional coor-
dinate system will be used to define a form in terms both of its spatial
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A surface-bounded form as an aggregate
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of simple elements.

extension and its position. Some constructions may require the use
of only two coordinates, but it should emphasized that all operations
can be transferred to three-dimensional space.

PHYSICAL CHARACTERISTICS AND
DESIGN DEFINITIONS

As discussed in Chapter I, there is a difference between objects in the
physical universe and their forms in the design universe. Not all the
visual characteristics of physical shapes can be perceived in their
models. For instance, in the physical world, surfaces are characterized
not just by their spatial extension, but also by texture and color, which
are functions of the materials they are made of and the effect of light.
The geometric definition of spatial characteristics is the first neces-
sary condition for the generation of a model in CAD. Perceptual
aspects such as solid-void and inside-outside are determined by geo-
metric boundaries and represent the basic physical characteristics of
objects in the design universe.

Usually in CAD the geometry of forms can be associated with dif-
ferent colors. Some CAD and solid-modeling systems also offer
material attributes such as lighting effects (shininess, transparency,
reflectivity), texture patterns, and bumps (see Chapter II). The form,
if modeled as a set of “solids” (see Solids or Volumes, below) can be
assigned properties related to its mass, as well as material properties
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such as density, elasticity, stress, and thermal characteristics
[AutoCAD®, Advanced Modeling Extension®, 3D Studio™.

GEOMETRIC PRIMITIVES AND BOUNDARIES

The term primitive as used here is not to be confused with the primi-
tives that often appear in CAD system menus as part of constructive
solid geometry (which include three-dimensional forms such as
cubes, spheres, pyramids, wedges, and tori). These shapes are not
really primitives according to the geometric meaning of the term,
which will be followed here.

Using language as an analogy to describe form generation, geo-
metric primitives can be compared to an alphabet; they are the atoms
in the universe of computer-aided design. As in Euclidean geometry,
point, line, and surface represent the primitive elements, undefined
in terms of other geometric elements and operations, but understood
in an intuitive way. All further constructions will use these elements.
Form, as emphasized in Chapter I, is the intersection of regions of space
delimited by boundaries. Therefore a solid, for example, as an enclosed
portion of space, can be defined by the surfaces which bound it. Each
primitive must be defined in terms of the coordinates of its position
in space and also by its boundaries. (Note that lines are bounded by
points and surfaces are bounded by lines.)

Points

A point P (figure III-2a), because it has no extension, can be consid-
ered zero-dimensional; it is just a position in space, defined by a set of
three coordinates (x,y,2). A point does not have any physical value,
except as a reference.

In AutoCAD:
Command: point
Point: 4,3,2
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< 111-2 In other systems, although terms such as zode or vertex can be used

in place of the term point, the implementation is still the same.

Geometric primitives: Points have no boundaries—or rather a point is a boundary of
a. Point.  b. Line. c. Surface. itself—but they can become the boundaries for all other primitives.
d. Volume.
Lines

A line (figure III-2b) has extension just in one dimension; it has
length, but no thickness or width. It can be defined by any two
points, P, (x,,y,, 2,) and P, (x5, ,, 2,), that lie on the line. While a
line as a geometric entity is unlimited in its extent, in reality we deal
just with line segments; this is also true in CAD, where we deal only
with segments, defined by their end points. Lines can also be classi-
fied as straight or curved. Here, however, the word /ne will indicate
just a segment of a straight line.

A line is bounded by two points at its extremities. A set of lines can

become the boundary of a surface.
In AutoCAD a line is constructed by defining the coor- Command: line
dinates of its endpoints. Cartesian coordinates can be From point: 4,3,2
combined with a polar coordinate system, where the To point: 9,8,5
origin is represented by the last defined endpoint: To point: @9<<72

To point: <enter>

Associated with lines are geometrical characteristics such as per-
pendicularity, parallelism, and bisection. CAD systems usually pro-
vide commands to create lines according to these geometrical
relations.
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The coordinates of the endpoints of a line (as well as
the other primitives) can be defined in conjunction with
other geometric constraints. These are defined in the
AutoCAD osnap modes.

Command: line
From point: 4,3,2
To point: per

Surfaces

Perpendicular to: <pick the desired entity>
To point: mid

midpoint of: <pick the desired entity>

To point: <enter>

A surface (figure ITI-2¢) extends in two dimensions; it has length and
width but no thickness. In this context, surfaces are portions of plane
surfaces, with boundaries represented by coplanar lines, and there-
fore by the points bounding the lines. Surfaces that do not lie in a
single plane cannot be considered primitives, since they can be
decomposed into planar surfaces. Surfaces are boundaries for a
volume, which is an enclosed portion of space.

In AutoCAD:
Command: 3dface
From point: -5,-5,-5
Second point: 5,-5,-5
Third point: 5,5,5
Fourth point: -5,5,5
Third point: <enter>

Surfaces are called polygons in several CAD systems.
The polygons in the AutoCAD command should not be
mistaken for regular polygons in Euclidean geometry.
In AutoCAD, the command polygon does not generate
an enclosed surface, but only a perimeter made of
lines of the same length.

Solids or Volumes

The last element, the solid (figure III-2d), has different characteris-
tics from the others and may not be considered a primitive in our
discussion of the perception of surfaces. A solid is extended in three
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dimensions: length, width, and depth (thickness). It is an enclosed
portion, or volume, of three-dimensional space, which is surfaces.
Therefore, the boundary primitives defining a volume can be
reduced to the lines and points that determine its surface bound-
aries. Since a solid may be decomposed into simpler surface bound-
aries, it is no longer a primitive. In the generation of three-
dimensional forms we are really concerned more with the bound-
aries than with the enclosed volume. At this semantic level, since
forms will be treated just as visual models rather than physically built
objects, the solidity of forms—the matter enclosed in the surface
boundaries—is of no concern. (This is consistent with the percep-
tual phenomena discussed in Chapter I: We visually perceive only
the surfaces bounding an object.)

Although solids are not primitives in the geometric sense that we
are using here, the primitives of solid modeling usually refer to geo-
metric solids, such as parallelepipeds, cylinders, cones, spheres, and
wedges. Even if we disregard this approach in the construction of
dynamic models, this view of primitives can provide a hint for the
design of certain models.

RELATIONS

As discussed in Chapter I, a form, considered as a whole, is defined
not just by a sum of parts, but also by the relations between them. In
the same way, in a CAD model, a form is composed of parts and
each part is a set of primitives and relations. The basic topological
relations among parts, and primitives as well, are separation,
touching, and interpenetration (figure III-3). Two parts are sepa-
rated when they have no common boundaries; they touch when they
share, partially or totally, one or more boundaries; and they inter-
penetrate if they share an enclosure. The position of two separated
or touching elements or primitives can be interpreted by geometric
transformations while the interpenetration can be defined by
Boolean operations.
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The basic topological relations.

a. Separation. b. Touching.
c. Interpenetration.

< 111-4

Geometric transformations.

Orthogonal Transformation:
a. Translation. b. Rotation.
c. Reflection.

Similarity transformation:
d. Scaling.

GEOMETRIC TRANSFORMATIONS

Geometric transformations represent one of the most common
mathematical operations in computer graphics. They allow the evo-
lution of a complex shape from a set of the primitive elements dis-
cussed above.

Transformations are a fundamental topic in modern geometry. In
the Erlangen Program (the inaugural speech at the University of
Erlangen, source of the modern classification of geometry), Felix
Klein classified different geometries according to the group of trans-
formations under which the properties of a given manifold (the
higher-dimensional analogue of a surface) are unchanged [Coxeter
1967]. Readers interested in the developments in geometry arising
from the study of transformations can refer to the extensive literature
on the topic [Coxeter 1973, Yaglom 1962, Modenov 1965].

In computer-aided design, the operations of transformation and
replication are often used simultaneously, so that the initial element
remains in the initial position.

The following discussion of transformations will focus on the geo-
metric meaning of these relatons. The transformed elements can be
primitives—points, lines, and surfaces—or more complex shapes.
The designer will be surprised to discover how operations and termi-
nology used implicitly in the graphics and design process are given
rigorous definition in more specialized areas of geometry.

Orthogonal Transformations

Orthogonal transformations change the position of an initial config-
uration without changing its shape (or dimensions). Therefore
orthogonal transformation displaces a rigid body from one position
in space to another position.

The following discussion of transformations will deal mainly
with points, the most basic primitive. Transformations are used to
create a more complex shape from an initial set of primitives, but
they can also be applied in the definition of primitives themselves.
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In fact, transformations of an initial set of one or more points
generate the boundaries for higher-dimensional primitives such as
lines and surfaces.

Translation
A translation (figure ITI-4a) is a displacement of a configuration of
points to a new position, where for each point P of the initial configu-
ration there is a correspondent P". The distance PP’ is always the same
for each point of the configuration. We can substitute lines and faces
for points while the relation remains the same. In terms of coordinates,
for each point P (x,y, z) the translated point P’'(x}y,2") is given by:

X'=x+a

y=y+b

z'=2+c

114

The AutoCAD command is:

Command: move

The replication and translation of an element is given
by just one command:

Select objects: <pick the desired entities> Command: copy

Base point or displacement: 5,10,15

Second point or displacement: @21<30

Select objects: <pick the desired entities>
Base point or displacement: 5,10,15
Second point or displacement: @21<30

ROTATION

The counterclockwise rotation of a configuration (figure III-4b)
through an angle 6 about the z-axis takes each point P (x,y, z) of the
configuration into a new point P’'(x,y,2"'). The new position of
P'(x,y,2") is calculated as:

x'=xcos 0-ysin 0
y'=xsin 6+ ycos 0

2'=2
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Rotations about the other axes are described in the same way; about
the x-axis, for instance, x is fixed and the values of y and z allowed to
change as functions of 0 as above.

In AutoCAD the implementation of rotations is differ-
ent from the other transformations, which are auto-
matically executed in three-dimensional space.
Rotation instead happens implicitly in the x-y plane,
about an axis parallel to the zaxis:

Command: rotate

Select objects: <pick the desired entities>
Select objects: <enter>

Base point: 4,6,9

<Rotation angle>/Reference: -36

The implementation of a rotation about an arbitrary
axis in space can be obtained using a specific com-
mand. To rotate entities about an axis parallel to the
yaxis:

Command: rotate3d

Select objects: <pick the desired entities>

Select objects: <enter>

Axis by Entity/Last/View/Xaxis/yaxis/zaxis/
<2points>: 15,0,0

Second point on axis: 15,5,0

<Rotation angle>/Reference: 60

REFLECTION

The replication and rotation of an element can be
obtained by using a single command. In the x-y plane:

Command: array

Select objects: <pick the desired entities>
Select objects: <enter>

Rectangular or Polar array (R/P): p

Center point of array: 5,2

Number of items: 5

Angle to fill (+=ccw, -=cw) <360>: 75

For an array replication in three-dimensional space:

Command: 3darray

Select objects: <pick the desired entities>
Select objects: <enter>

Rectangular or Polar array (R/P): p

Center point of array: 5,2

Number of items: 5

Angle to fill (+=ccw, -=cw) <360>: 75

Reflection (figure ITI-4c) is a transformation about a line called the
mirror. In a given configuration, the reflection of each point
P (x,y,2) not belonging to the mirror is the point P’'(xy;2") located
on the line perpendicular to the mirror such that PP’ is bisected by

FORM GENERATION AND EVOLUTION 115



the mirror. If we assume the y-axis to be the mirror, P'(x,y,2") is
determined as:

X'=-x
,—
y=y

’
2=z

For a mirror defined by any given line in space, we can use the
same relations, changing only the coordinate system in such a way
that the mirror is identified with the y-axis.

Command: mirror3d

Select objects: <pick the desired entities>
Select objects: <enter>

Plane by Entity/Last?zaxis?View/XY/YZ/ZX/

In AutoCAD a reflection transformation in the x-y plane
can be implemented as follows:

Command: mirror

Select objects: <pick the desired entities>
Select objects: <enter>

First point of mirror line: 5,0

Second point: @5<30

<3points>: <enter>
First point on plane: 0,0,0
Second point on plane: 0,5,0
Third point on plane: 10,10,5

Delete old objects? <N>: <enter> Delete old objects? <N>: <enter>

If the mirror lies in an arbitrarily defined plane (a rota-
tion of the x-y plane about the y-axis in the following
example):

Reflection transformations create symmetry, which is one of the
most important relations in architecture as well as in geometric and
organic forms. There are several types of symmetry relations; the
simplest is bilateral symmetry, which is present even in the human
body, the left side of which is the mirror image of the right. Rotations
also can be interpreted as a symmetric movement. In fact, a series of
successive reflections gives the same configuration that would be
obtained by a rotation about the axis passing through the point of
intersection of all the mirrors.
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Similarity Transformation: Scaling
In computer graphics, scaling (figure III-4d) is treated similarly to
translation and rotation, while in geometry it is considered a different
type of transformation. Recall that translation, rotation, and reflec-
tion, all defined as orthogonal transformations, leave both the shape
and the size of the initial configuration unchanged. Scaling, by con-
trast, does not change the object’s shape but instead transforms its
size. In geometry this is referred to as a similarity transformation.

Each point P (x,y, ) of a given configuration can be scaled by a
scaling factor s about the origin. The scaled point P’'(xy;2") can be
calculated as:

xX'=xs
,—

y=ys

z'=zs

It is also possible to scale an element by different scaling factors for
each axis:

x'=x5,
y'=ysy

’
2 =28,

In AutoCAD, only a global scaling about all the three
axes is possible:

Command: scale

Select objects: <pick the desired entities>
Select objects: <enter>

Base point: 5,2,8

<Scale factor>/Reference: 1.25

The implementation of a scaling transformation about
only one of three axes is not immediate, since there is
no command which directly performs it. We have first
to create a block of the elements we want to scale by
different factors, then insert the block. Thus, we will
be prompted by the computer to supply the scale fac-
tors about x, y, and z.
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<« 11I-5 COMBINED TRANSFORMATIONS

The transformations described above represent the possible simple
Combined transformations. movements in a plane or in three-dimensional space. Interesting
a. Twist.  b. Spiral. results are obtained by combining two or more simple transforma-

tions into a complex movement.

Twist
A twist is generated by the product of a rotation and a translation
along the axis of rotation (figure ITI-5a). A point moving in three-
dimensional space according to a continuous twist traces a curve

called a helix, which in plan projection appears as a circle. The helix
will be discussed in the paragraph on helicoids (Chapter IV).

< 111-6

Equiangular Spiral
Transformations beyond metric 7 gu . P . . .
properties: stretching. The combination of rotation with scaling generates relations among

elements similar to those represented by an equiangular spiral, a

a. In two-dimensions. . . . . .
curve traced by a point moving continuously according to this com-

b. In threedimensions. bination of movements (figure III-5b).
To create a spiral made of discrete elements, the fol- Command: scale
lowing commands are repeated the desired number of Select objects: <pick the desired entities>
times, using the most recently generated elements in Select objects: <enter>
each new iteration: Base point: 5,2

Command: array <Scale factor>/Reference: 2.5

Select objects: <pick the desired entities>
Select objects: <enter>

Rectangular or Polar array (R/P): p

Center point of array: 5,2

Number of items: 2

Angle to fill (+=ccw, =cw) <360>: 15
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TRANSFORMATIONS BEYOND
METRIC PROPERTIES: STRETCHING

Stretching is a transformation of a completely different type from the
others thus far described. Translation, rotation, and reflection con-
serve both the metric and angular properties of a shape; scaling,
though it does not preserve metric relations, nevertheless maintains a
morphological similarity, by preserving the angles between elements.
Stretching—sometimes called one-way stretching—instead changes
the position only of some points of a configuration, leaving the others
fixed (figure III-6a). The result is that, if the original set of points
defines lines or surfaces, these elements become completely distorted
under the transformation, losing their original metric and angular
properties. In a certain way, the stretching can be considered a topo-
logical transformation, in which the configuration to be transformed
takes on rubber-like qualities.

Stretching also allows some operations of projective geometry,
such as reducing an #-dimensional configuration of points to one of
n-1 dimensions. The example of figure ITI-6b shows how the three-
dimensional configuration of faces defining a cube (with one face
missing) can be reduced to a two-dimensional configuration through
a series of consecutive stretching transformations.

The AutoCAD implementation is quite simple: Select objects: <enter>
Base Point: 5,8,12

Command: stretch New point: @5<24

Select objects to be stretched by window:
<pick the desired entities using a window>

POINTS AND CONNECTIVITY

The definitions of geometric primitives and transformations need to
be clarified to be complete and consistent with a more rigorous geo-
metric interpretation. Recall that there are four types of primitives—
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point, line, solid, and surface (and for our purposes we exclude
solids)—that are the most elemental geometric constituents of form.
Now that the concept and applications of transformations have been
introduced, a further distinction must be made between points and
the other primitives. Although they are all regarded as indecompos-
able elements of a spatial configuration—that is, lines and surfaces
cannot be decomposed into points—points are nevertheless simpler
than the other elements in the sense that a configuration of points
can determine lines and surfaces. Still, even though lines and surfaces
(that is, their boundaries) can be defined in terms of points, they must
be considered primitives because of their unique geometric and per-
ceptual characteristics.

If the primitve elements are considered not just in terms of their
geometric definitions, but in regard to how they can generate per-
ceivable forms, surfaces are the only elements that can characterize a
form in physical three-dimensional space. Points can mark a location
in space, or position, but are not perceivable; lines may enclose a por-
tion of a plane, but they can not enclose a three-dimensional space.
(Solids, although the exclusive constituents of the material world, are
redundant elements in a geometric description, since they can be
perfectly defined by surfaces.) The method of constructing three-
dimensional geometric forms, therefore, is mainly a matter of
defining boundary surfaces.

A surface defined by points may be obtained through transfor-
mations—by translation, rotation, scaling, or reflecion—of an ini-
tial point. A configuration of points obtained in this way, however,
can define different surfaces according to the way the points are
connected. For example, the eight points that determine the ver-
tices of a cube can create several spatial configurations, depending
on which points are connected to define a surface (figure III-7).
From this example it is clear that a single configuration of points,
variously connected to form different surfaces, can also generate
different perceptual spatial relations—in particular, solid-void and
inside-outside relations. These observations represent an intuitive
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<« 111-7

Points and connectivity.

view of connectivity, a topological relation that will be discussed
later in regard to polyhedra.

BOOLEAN OPERATIONS

Boolean operations (named for George Boole (1815-1864)) are used
when two primitives (or parts) are interpenetrating. The Boolean
operations are those of difference, union, and intersection and can
be used with respect to lines, surfaces, or solids (figure III-8). To be
combined according to Boolean operations, primitives must inter-
penetrate; that is, they must share a portion of a line, surface, or solid,
in one, two, or three dimensions respectively. Some CAD systems are
provided with solid-modeling features (see Chapter II) that can per-
form Boolean operations directly from software commands.

AutoCAD offers Boolean operations in a two-dimen- can be loaded from AutoCAD. AME™ is provided with
sional environment as a function of a region modeler solid-modeling capabilities. After loading AME™, we can
from the model menu. For Boolean operations in invoke the Boolean operations to be found in the
space we have to use AME™, an optional module that model menu.

« 111-8

The Boolean operations: union (left),

intersection (center), difference (right).

a. In one dimension.

b. In two dimensions.

c. In three dimensions.

GROUPING OF PRIMITIVES IN
PARTS AND SYMBOLS

A set of primitives can be grouped together according to their spatial
characteristics or according to their functions to construct con-
stituent parts of a form. For instance, the six surfaces defining a paral-
lelepiped can be grouped together to create a solid component of a
larger form. Each part can represent all, part, or a subpart of the
whole form. There are different criteria for grouping elements, each
motivated by the final form to be created.
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111-2 >

Three possible criteria to group primitives
in a symbol:

a. As a set of solids. b. As an enclosure.

c. As a solid with a hole.

124

Perception of forms determines one of the most basic criteria by
which to group primitives into parts. This criterion will be followed
to generate almost all the forms in the sample models. According to
this approach, a set of primitives can be classified as (figure II1-9):

+  the boundary surfaces delimiting a solid;
- the boundary surfaces delimiting a void; or
+ asolid with a hole.

Even if this is the most logical way of identifying parts, sometimes
it is more appropriate to ignore the solid-void characteristics. For
instance, a part may be composed of surfaces that do not enclose a
solid but will become boundaries for an enclosure once they are
related to other parts. This approach will be clearly demonstrated in
the discussion of forms based on recursions.

CAD systems provide a way to identify parts directly in the data
structure. Blocks, symbols, and groups are recognizable commands
to create a part in some of the most popular CAD systems. Each part
(block, symbol, or group) in a CAD model can be named by the
designer and manipulated according to the discussed transforma-
tions. The name of a part can provide useful information about its
semantic content.
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The form generation diagram.
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| 1I-11A-D

Generation of a form as process.

THE GENERATION PROCESS

We are ready now to show how complex shapes can be generated
from a foundation of geometric primitives in a systematic way using
the operations previously discussed. This systematic process, called
form generation and evolution, determines the syntactic structure.
Figure III-10 shows the separate steps in this process, which is
described below. Figure ITI-11 illustrates graphically the generation
of a space frame structure according to these steps.

I. Creation of primitives or atoms

Points can be repeated and transformed to generate
boundaries for lines or surfaces (figure III-11a).

Lines can be repeated and transformed to generate
boundaries for surfaces.

Surfaces.

Geometric transformations of #-1-dimensional primitives can
be used to generate #-dimensional primitives, which also can
be arbitrarily defined. If one or more primitives define a
repeatable element, they can be grouped as a symbol
(figures ITI-11a3 and ITI-11b1,2).
II. Replication and transformation of the

initial set of primitives
One or more combined geometric transformations (translation,
rotation, scaling, and reflection) and Boolean operations can be
used to generate and combine primitives (figure IIT-11b,c,d).

III. Grouping in parts or symbols
After a set of primitives is created, it can be grouped in a part as

soon as it satisfies one of the following conditions (partial list):

« 'The primitives bound an enclosure and thus define a
solid or a void (figures ITI-11b2,c2,d2).
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+ 'The primitives, though not boundaries for a solid, have a
recognizable geometric configuration appropriate for
further development of the form.

- The primitives can be associated according to a semantic
value, such as a decorative pattern or a structural element
(figure ITI-11b3,c2,d3).

One or more combined geometric transformations (transla-
tion, rotation, scaling, and reflection) and Boolean operations
are used to generate and combine the parts (figure III-11c3,d3)

Steps L, II, and III are the initial procedures. The designed form can
be completed after these steps (or even just after step I) or may grow
as part of a more complex form. In the latter case, we have:

IV. Three possible situations

Replication or transformation of the initial part, using
geometric transformations and Boolean operations.

Creation of a new part (repeat steps I-1II).
Both of the above (figure III-11e).
V. Grouping in parts

Step V may represent the end of our form generation process or just
the creation of a more complex part. In the latter case, the next step
entails a repetition of step III, with the initial symbol replaced by the
last-created symbol (figure III-11f,g). Obviously, a more complex
form can be achieved by repeating the described steps in a loop
process until the form is completed.

Forms generated according to this process consist of clearly iden-
tifiable parts and relations. Each of the described steps can be gen-
erally valid whether the semantic value of the constructed part is
geometric or architectural; for the purpose of these steps, the
semantic distinction lies in the fact that in a geometric form the parts
are depicted by a group of vertices or sides, while in a building the
parts consist of such elements as the roof or columns.
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Ini-11rFf,G6

The identification of a geometric primitive or part with a symbol
is essential for the development of design. Geometric primitives at
this stage have two values: The first is that of a geometric entity, the
other is that of element with a potential semantic content. In the
change from one semantic content to another, that which has been
identified with a point may become, for example, a joint in a frame
structure (as in the model of figure III-11) or a node in a urban con-
text (see Chapter VI).
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Solid-void reversal through
symbol replacement.

REPLACEMENT

Substitution, or replacement, is one of the most useful operations in
computer-aided design. When the geometric definition of a part in
the data structure is replaced with different information, all parts in
the model that have the same name as the changed part will be glob-
ally changed to the new geometrical configuration. This operation is
particularly powerful in designs based on modular repetition since it
permits the transformation of the designed form beyond its geomet-
rical definitions and perceptual characteristics. In fact, the replace-
ment of a part that consists of a set of primitives or subparts can even
effect the transformation of inside into outside or solid into void
(figure III-12).

The AutoCAD implementation of a symbol (already dis- The replacement of the content of a symbol is realized

cussed in Chapter Il) is the following;:

Command: block
Block name (or ?): blockname
Insertion point: 0,0,0

with the redefinition of the symbol:

Command: block
Block name (or ?): blockname
The block <blockname> already exists,

Select objects: <pick the desired elements > Redefine it <N>7? Yes

Select objects: <enter>

Insertion of base point: <the following prompts
are the same as those from the first block
definition>

EVOLUTION THROUGH REPLACEMENT

Generation and evolution represent two different stages in the
process of creating and defining a form. While the generation
process determines the syntax of the form, evolution provides its
semantic transformation. So far we have shown how a higher level of
complexity can be obtained through the transformation and replica-
tion of a set of primitives or symbols. This process generates a form
that is characterized not just by its primitive elements and parts, but
primarily by the relations among them.
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< 1i-13

The replacement operation transforms
a torus into a shape with different
topological properties.

With the replacement operation, forms can evolve in a process
typical of computer-aided design, through the substitution of new
parts for some or all of the existing ones. In fact, the evolution of a
form can produce a new form with spatial attributes (and therefore
perceptual characteristics) completely different from the initial one.
After its evolution, the identity of a form is given solely by the rela-
tions amonyg its parts. Of the parts themselves, only their reference
position, or symbol origin, is conserved from the initial form. This
allows the possibility of designing with diagrams.

When we use replacement in a vocabulary of geometric forms, we
can go beyond the metric, projective, and even topological properties
of a form (figure I11-13). For instance, a torus can be transformed
into a revolution surface, with completely different topological char-
acteristics.

The process of evolution is quite simple. However, the boundary
conditions of each part to be replaced are to be considered if the parts
touch or create enclosures, and particular attention must be paid to
the nested parts, which represent the level of complexity of the form.
Several examples will be discussed in this and the following chapters
to illustrate the applications and differences between generation and
evolution.

FORM GENERATION AND EVOLUTION
FINALIZED TO DYNAMIC MODELS

The process of form generation so far described provides a method
for geometrically defining a configuration; this description is neces-
sary both for purely geometric shapes and for models in different
semantic contexts. Furthermore, the generation and evolution of
forms has been structured as a hierarchical composition of parts or
symbols. This approach allows the content of individual symbols to
be changed without changing the syntactic relations among parts,
and for this reason we refer to such models as dynamic.
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The different possible evolutions of a
dynamic model.

a. Change of dimensional parameters.

b. Solid-void reversal.

c. Different arrangement of parts.

There are several ways in which a dynamic model can evolve,
according to the different characteristics of each constituent part:

Each part/symbol, in the whole hierarchical scale, has associ-
ated parameters corresponding to its extension—that is, to
height, breadth, and depth. The substitution of parameters
with different proportionality can generate models with the
same topological characteristics but different metric attributes
(figure III-14a).

The geometric, or perceptual, definition of a part/symbol is
determined by its solid-void characteristics; thus, if the solid
elements of a part/symbol are replaced by voids, a completely
different enclosure will result (figure ITI-14b).

If a part is comprised of subparts, a variation in form can be
obtained by a different arrangement of these subparts (figure
II-14c).

HIERARCHY OF FORMS AND SELF-SIMILARITY

As already mentioned, many forms have a hierarchical structure. One
or more primitive elements are created, some of which may be
grouped in a symbol. The symbol is replicated and transformed. The
set of new symbols may be grouped in yet another symbol. This
process can be repeated many times. The final hierarchical form can be
represented by a tree diagram (figure ITI-15). An indication of the level
of hierarchical organization is given by the number of nested symbols.

A particular type of hierarchical relation is that of self-similarity
among sets of elements of different complexity levels; such a relation
is called recursive. A thorough discussion of self-similar shapes can be
found in the fractal geometry developed by Benoit Mandelbrot,
mentioned in Chapter I. A CAD model of a self-similar form is based
on an initial shape (generator) and a transformation that deter-
mines the self-similarity relation.
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< 11I-15 Menger Sponge

The Menger Sponge is a recursive shape for which the generator is a
Hierarchical structure of the cube and, under the transformation rule, at each step in the recursion
composition shown in figure VI-9. every cube is replaced by twenty cubes arranged as shown in figure
ITI-16a. Once the original cube is transformed, the transformation
rule is applied to each of the twenty cubes that replaced the generator
cube. This recursive process can be applied an unlimited number of
times. The resulting object has the property that, each time the trans-
merges™e  formation rule is applied, the ratio of volume to surface area
decreases. For the Menger Sponge shown in figure III-16b, the
transformation rule has been applied three times, producing a struc-
ture composed of 8,000 cubes. The transformation, which could be
quite laborious if executed manually, is easily achieved in CAD by
substituting for each cube symbol a twenty-cube symbol.

The form may evolve through the replacement of solids by voids.
Suppose the generator is still a cube, but the replacement shape is
the set of six cubes shown in figure III-17a, corresponding to the
void space of figure ITI-16a. If the twenty-cube symbol of the model
of figure III-16 is redefined by this new set of cubes, the previously
generated Menger Sponge automatically evolves into the shape of

figure III-17b.

Three-Dimensional Web
Inspired by the Sierpinski Gasket

If an equilateral triangle is used as a generator, the resulting recursive
figure is called a Sierpinski Gasket (figure ITI-18a); a three-dimensional
version of this form results when the generator is a tetrahedron. The
ansformation rule is the replacement of the generator by a shape con-
isting of four tetrahedra, arranged as shown in figure III-18b1. The
form shown in figure III-18b2 is generated by applying the transforma-
tion rule four times, resulting in a set of 256 tetrahedra. The form may
evolve analogously to the Menger Sponge, if voids are replaced with
solids, as shown in figure ITI-19a,b. The polyhedron that corresponds
to the void defined by the initial set of tetrahedra is an octahedron.

sierpins.dwg
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Menger Sponge.
a. Transformation rule.
b. Axonometric view.

c. Perspective view from inside.
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Hi-17

a. Transformation rule for the evolution of
the Menger Sponge obtained exchanging
solids with voids.

b. Evolution of the Menger Sponge
obtained exchanging solids with voids.
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al. Transformation rule for the generation
of a Sierpinski Gasket.

a2. Sierpinski Gasket.
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bl. Transformation rule for the generation
of a three-dimensional web inspired
by the Sierpinski Gasket.

b2. Three-dimensional web inspired
by the Sierpinski Gasket.

144

VISUALIZING WITH CAD



Ii-18c

c. A wireframe plan view of the
three-dimensional web inspired by the
Sierpinski Gasket.
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Evolution of the three-dimensional web
inspired by the Sierpinski Gasket obtained
exchanging solids with voids.

a. Transformation rule.

b. Axonometric view.
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FROM FORM GENERATION TO VISUALIZATION

In the course of this chapter we have developed the spatal definition
of a form in terms of geometric relations and primitives. The model
created in such a way carries strictly spatial properties given by the
coordinates of each point and the type of geometric primitives the
points define. Symbols can be associated to primitives to allow an
evolution of the form through their replacement. The three-dimen-
sional coordinate description of a form—with or without the associ-
ated symbols—provides the most basic spatial definition necessary to
visualize the form. In addition, the view from which we see the model
(plan, elevation, isometric, perspective) must be defined; this is
accomplished by a standard operation given by a software command
(see Chapter II). These are the essential procedures to create and
visualize an electronic model.

Note that the images of the forms used here as examples—the
Menger Sponge and the Sierpinski Gasket—are different views of
the same models. Our discussion of these forms has been concerned
only with the generation of the model in terms of geometric primi-
tives; but more information can be provided to the visual model.
Each piece of this additional information is associated with spatial
points in a way similar to coordinate definidon. For this reason it is
often referred to as dimension (not to be confused with the three
dimensions of Euclidean space). According to this terminology, phys-
ical qualities determined by light, such as color and surface texture,
provide these additional dimensions. It is not necessary to include
these dimensions in the initial spatial definition, but they can be easily
added for a more realistic visualization (see Chapter II). In the next
chapters, several complex geometric and architectural models will be
investigated and visualized in the accompanying images.
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CAD GENERATION AND
EVOLUTION FOR

GEOMETRIC FORMS

"To earth let us give the cubic form . . . that
solid which has taken the form of pyramid
shall be the element and seed of fire;
the second in order of generation
[octahedron] we shall affirm to be air, and

the third [icosahedron] water.

Plato

In this chapter we will provide applications of the syntactic rules
established in Chapter III for the generation and evolution of geo-
metric forms. Most of these two-dimensional and three-dimensional
forms are either taken directly from classical geometry or derived
from geometric shapes, but some of the models have been inspired
by more abstract geometries, such as topology, differential geometry,
and projective geometry.

Some of the generated forms can also be interpreted at a
semantic level other than that of geometry—in particular, that of
architecture, since architectural forms are often inspired by geom-
etry. In the transition from geometric shapes to designs of architec-
tural shapes that are eventually built, physical properties such as
gravity, mass, materials, and connections, as well as functional
requirements, must be considered. Any geometric shape satisfying
all these requirements and limitations can be used as a formal
model for a building in a second process that considers its structural
stability in relation to the materials to be used. In this transition,
the form can be given a different semantic content; a revolution
surface becomes a column, for example, or a helicoidal shape is
interpreted as a spiral staircase (figure I-29). The transition from
one semantic description to the next, from geometric content to
architectural, will be discussed in the last two chapters. The forms
investigated in this chapter comprise a “library” (see Chapter VI
and diskette) of dynamic models based on geometry. These shapes
can evolve as a CAD model for architectural components, with the
inclusion of further definitions for some properties belonging to
architecture.

As mentioned in Chapter I, a straightforward visualization of a
geometrically defined space is sometimes impossible. The geometric
property of continuity, for example, is impossible to represent
because of the physical limitations of our devices, so continuous geo-
metric shapes will be approximated by discrete forms that preserve
other geometric characteristics. In this way, any complex geometric
model can be constructed out of primitives that are grouped and
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identified by symbols in the computer data structure. This approach
will also be valuable when the geometric model becomes architec-
tural and the primitives are replaced by elements with different
semantic descriptions.

GRIDS AS REGULAR
CONFIGURATIONS OF POINTS

Grids are a perfect example of geometric systems based on discrete
elements since they are characterized by elements, such as points,
separated by regular relations of distance. The following discussion
will deal with connected grids—that is, grids defined by the connec-
tions of the points—and grids consisting of discrete points.

The semantic content of grids goes beyond the geometric one.
We can construct diagrammatic models of grids the points of which
are defined by symbols in such a way that, in architectural models,
they can be replaced by columns. Alternatively, if a two-dimensional
grid is superimposed on an elevation, the diagrammatic points can be
replaced by windows. At an urban scale, the grid points can be
replaced by buildings, trees, or whatever elements need to be modu-
larly repeated. Another very common architectural example of the
use of connected grids is in the formal and structural design of metal
space-frame structures. All these examples will be discussed and illus-
trated in Chapter VL.

Crystallography is another important applicaton of three-dimen-
sional regular grids. The model of an atom can be schematically con-
structed as a central point with equidistant points radiating from it
which correspond to the valence. The aggregations of atoms in mol-
ecules is indeed related to the characteristics of the grid formed by
the geometric model of the atom.

A quite interesting use of grids, in geometry as well as in design, is
that of tessellation or tling, in which a set of polygons is arranged in a
plane in such a way that they cover the entire plane without overlap-
ping [Grunbaum 1987]. Tiling, as the word suggests, addresses prob-
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gr_polar.dwg

lems involving patterns, such as the problem of covering a floor with
tiles. The artist M.. C. Escher often used tessellations in his artwork.

Two-Dimensional Grids
The simplest two-dimensional grid is the square grid (figure IV-1a),
generated by the following operations. A point/symbol is replicated
and translated z—1, 72—1 times in the x-axis, at a certain distance 4,
generating a row of z points/symbols. The row is then repeated and
translated the same distance # along the y-axis z—1, 72—1 times, gener-
ating 7z rows of z points. The grid created in this way can be thought
of as generated by the translaton of a square (hence its name), but as
shown in figure IV-1b, it can also be generated by the translation of
any parallelogram having grid points for vertices (provided the ver-
tices are the only grid points that lie inside or on the parallelogram).

A grid based on an equilateral triangle can be constructed as fol-
lows. A point/symbol A is translated once at a distance # along the
x-axis, creating point B. The new point is then rotated 60 degrees
about the initial point, generating point C. Point A is then translated
n—1, m—1 times in the x-axis, at distance #, generating a row of »
points. The row is then repeated and translated z—1, 7—1 times,
according to a distance determined by making 4 and C overlap, gen-
erating 7z rows of # points (figure IV-1c). The distance in the y-axis
between two successive rows of points is # x V3/2, which is the height
of an equilateral triangle with sides of length 4.

An example of grids that are irregular, but of interest for architec-
tural applications, are those obtained by rotations. First we generate
a row of z points/symbols as for the first row of a square grid, then
the row is repeated and rotated z—1, 7z—1 times at a certain angle 6
(equal to 360°/7z) about the first point of the row (figure IV-1d).

Three-Dimensional Grids

Three-dimensional grids are generated in a similar way as two-
dimensional grids. A cubic grid is created from the square grid
described earlier repeated and translated along the z-axis at the same
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istance # used to create the square grid (figure IV-2a). As with the
u]quare grid, the cubic grid can also be generated from parallelepipeds
grewevdwg  having grid points for vertices, with the condition no grid point lies
inside the parallelepiped or on its surface (figure IV-2b ). From a
cubic grid it is also possible to derive several other grids by, for
example, connecting the centers of the imaginary squares determined
by adjacent points of the grid.
A grid based on tetrahedra (see discussion of polyhedra below) can
e generated in a similar way, starting from the triangular configura-
ion of points/symbols in figure IV-1c, where the distance between
any two consecutive points is 2. The initial grid is then repeated and

gr_te_ev.dwg
translated in a single movement at a distance 4/2 along the x-axis,
1v-1 o o
o ,Q\
Two-dimensional grids. ’
o o y .
a. Square grid. o o o "y
b. Generation of square grid by ° ° o
translation of parallelograms. ° °©
o ° Q/ . . o
c. Grid based on equilateral triangles. ° . ° o z?
d. Grid generated by rotation. o o \ i
o o o [ ¢ j’,\ ‘;5—- 2]
° ,"" /
o ° \‘,‘A\\ ,r"‘ ,"’
° / ] /
° o/ TP /
o °© \ A -4
o \\‘u’/ //
o ) o x
° ° \‘\q/” po]
o o A
o \‘c"
o o
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Three-dimensional grids.
a. Cubic grid.

b. Generation of cubic grid by
translation of parallelepipeds.

c. d. Grid based on tetrahedra

and octahedra.

mk_grid.Isp

4 x \3/2 along the y-axis and # x V3/4 along the z-axis. The grid so
defined does not correspond to a division of space into tetrahedra,
however, as might intuitively be assumed by analogy with a grid based
on equilateral triangles. Instead, it divides the space into tetrahedra
and octahedra (figure IV-2d), or into cuboctahedra and octahedra.

Figure IV-3 shows some of the different possible evolutions for a
cubic grid. The grid shown in figure IV-4 is based on tetrahedra; in
this evolution of the original grid, the grid points have been replaced
by tetrahedra and the connecting lines by triangular prisms.
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< 1v-4 Tessellations

It is easy to create different types of tessellation using the framework
Evolution of a grid based on of a regular two-dimensional grid [Grunbaum 1987]. Several points

tetrahedra. of the grid are connected and become vertices of polygons that, if
infinitely repeated, would cover the plane without overlapping. Sev-
eral examples are shown in figure IV-5. Tessellations are also possible
in space, where polyhedra can fill space without overlapping; except
in the case of a regular grid filled with cubes, however, the construc-
tions are less immediate.

1IVv-5 »

Tessellations.
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Regular polygons.

REGULAR POLYGONS

A polygon is a shape enclosed by a set of segments, or sides, joining
consecutive pairs of points, or vertices. Two consecutive sides define
an angle. The number of sides is the same as the number of angles
and vertices. In a plane polygon, all the vertices belong to the same
plane. If the angles (and thus the sides) are all equal, the polygon is
called 7egular. Regular polygons, with the exception of the square, are
named according to the number of sides: triangle, pentagon,
hexagon, and so forth (figure IV-6). '

In CAD, the boundaries of a polygon are created by defining an
initial point (the center point of the polygon), replicating this point,
and rotating the second point about the center point. The rotation
angle is given by 360°/z, where 7 is the number of sides of the
polygon, and the points generated by the rotation transformation are
the vertices of the polygon. Thus, to generate a polygon as an
enclosed portion of a plane, we have to construct a surface deter-
mined by three points (the center of the polygon and any two consec-
utive points), which will then be replicated and rotated n—1 times

about the center at an angle 360°/7.

VISUALIZING WITH CAD




THE REGULAR POLYHEDRA

A convex polyhedron is an enclosed portion of space, bounded by
a set of plane polygons called faces. The term convex means that,
from the outside of the polyhedron, the angles between faces are all
greater than 180°. In a regular polyhedron all the faces are identical
regular polygons. Each face shares each side or edge with just one
other face and each set of three or more faces meets in a point called
a vertex. Certain types of polyhedra are characterized by a numerical
relation discovered by the eighteenth century Swiss mathematican
Léonard Euler:

V-E+F=2

where V, E, and F are the number of vertices, edges, and faces,
respectively. All polyhedra for which Euler’s formula is valid are
called simply connected. Euler’s formula may seem like an abstract con-
cept, but it can give practical hints about how forms can be evolved
by changing their solid-void and inside-out relations. Euler’s formula
will be further discussed regarding the topographical aspects of form
generation.

While there exists an infinite number of regular polygons, only five
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