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Preface

The deformation of elastic cylinders has been a subject of intensive study.
In the theory of classical elasticity, the deformation of homogeneous elastic
beams has been of interest for many years and has been studied from numer-
ous aspects. In contrast, the case when the material is inhomogeneous has
received relatively little attention. Recently, research activity on functionally
graded materials, that is, materials with continuum varying material prop-
erties designed for specific engineering applications, has stimulated renewed
interest in problems of inhomogeneous elasticity. A major part of this book
is concerned with the study of inhomogeneous beams. Interest in the con-
struction of a theory for the deformation of elastic cylinders dates back to
Coulomb, Navier, and Cauchy. However, only Saint-Venant has been able to
give a solution to the problem.

The importance of Saint-Venant’s celebrated memoirs [291,292] on what
has long since become known as Saint-Venant’s problem requires no empha-
sis. To review the vast literature to which the work contained in Refs. 291 and
292 has given impetus is not our intention. An account of the historical de-
velopments as well as references to various contributions may be found in the
books and some of the works cited. We recall that Saint-Venant’s problem con-
sists of determining the equilibrium of a homogeneous and isotropic linearly
elastic cylinder loaded by surface forces distributed over its plane ends. Saint-
Venant proposed an approximation to the solution of the three-dimensional
problem, which requires only the solution of two-dimensional problems in the
cross section of the cylinder. Saint-Venant’s formulation leads to the four basic
problems of extension, bending, torsion, and flexure. His analysis is founded
on physical intuition and elementary beam theory. Saint-Venant’s approach
to the problem is based on a relaxed statement in which the pointwise assign-
ment of the terminal tractions is replaced by prescribing the corresponding
resultant force and resultant moment. Justification of the procedure is twofold.
First, it is difficult, in practice, to determine the actual distribution of applied
stresses on the ends, although the resultant force and moment can be mea-
sured accurately. Second, one invokes Saint-Venant’s principle. This principle
states, roughly speaking, that if two sets of loadings are statically equivalent
at each end, then the difference in stress fields and strain fields is negligible,
except possibly near the ends. The precise meaning of Saint-Venant’s hypoth-
esis and its justification has been the subject of many studies, almost from
the time of the original Saint-Venant’s papers. References to some of the early
investigations of the question can be found in [211, 313, and 315]. The classic

ix
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work on linear elasticity is given by Toupin [329] (see also Refs. 90, 91, 182,
and 282 for further important developments). For the history of the problem
and the detailed analysis of various results on Saint-Venant’s principle, we
refer to the works of Gurtin [119], Fichera [89], Horgan and Knowles [129],
and Horgan [130,131]. Saint-Venant’s problem continues to attract attention
from both mathematical and technical points of view. Recently, elastic rods
have been used as continuum-type model of DNA.

The relaxed statement of the problem fails to characterize the solution
uniquely. This fact led various authors to establish characterizations of Saint-
Venant’s solution. Clebsch [52] proved that Saint-Venant’s solution can be
derived from the assumption that the stress vector on any plane normal to
the cross sections of the cylinder is parallel to its generators. Voigt [342] re-
discovered Saint-Venant’s solution by using another assumption regarding the
structure of the stress field. Thus, Saint-Venant’s extension, bending, and tor-
sion solutions are derived from the hypothesis that the stress field is indepen-
dent of the axial coordinate, and Saint-Venant’s flexure solution is obtained
if the stress field depends on the axial coordinate at most linearly.

Sternberg and Knowles [322] characterized Saint-Venant’s solutions in terms
of certain associated minimum strain-energy properties. Other intrinsic cri-
teria that distinguish Saint-Venant’s solutions from all the solutions of the
relaxed problem were established in the work [159]. The work [159] presents
a new method of deriving Saint-Venant’s solutions. The advantage of this
method is that it does not involve artificial a priori assumptions. The method
permits construction of a solution of the relaxed Saint-Venant’s problem for
other kinds of constitutive equations (anisotropic media, Cosserat continua,
etc.) where the physical intuition or semi-inverse method cannot be used. The
work [159] points out the importance of the plane strain problem in solving
Saint-Venant’s problem.

Truesdell [331,334,336] proposed a problem which, roughly speaking, con-
sists of the generalization of Saint-Venant’s notion of twist which could be
applied to any solution of the torsion problem. An elegant solution of Trues-
dell’s problem has been established by Day [62].

A generalization of Saint-Venant’s problem consists of determining the equi-
librium of an elastic cylinder which, in the presence of body forces, is subjected
to surface tractions arbitrarily prescribed over the lateral boundary and to ap-
propriate stress resultants over its ends. Study of this problem was initiated
by Almansi [6] and Michell [221] and was developed in various later works
[68,163,175,313]. Saint-Venant’s results were established within the equilib-
rium theory of homogeneous and isotropic elastic bodies. A large number of
works are concerned with the relaxed Saint-Venant’s problem for other kinds
of elastic materials [32,85,204,209].

This book attempts to present several results established in the theory of
deformation of elastic cylinders from a unified point of view. An effort is made
to provide a systematic treatment of the subject. The theory of prestressed
cylinders and the case of finite deformations are not considered here. The
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Preface xi

reader interested in these subjects will find an account in Refs. 7, 108, 164,
217, 222, and 280.

Chapter 1 is concerned mainly with results with which Saint-Venant’s so-
lutions are involved. We give a method of construction of these solutions and
then we characterize them in terms of certain associated minimum strain-
energy properties. A study of Truesdell’s problem is presented. This chapter
also includes a proof of Saint-Venant’s principle and a study of the plane strain
problem.

Chapter 2 deals with the generalization of Saint-Venant’s problem to the
case when the cylinder is subject to body forces and surface tractions on the
lateral boundary. We study the problems of Almansi and Michell and present
a scheme for deriving a solution of Almansi–Michell problem.

Chapter 3 is concerned with the deformation of nonhomogeneous and iso-
tropic cylinders, where the elastic coefficients are independent of the axial
coordinate. First, the plane strain problem is investigated. Then, the Saint-
Venant’s problem is reduced to the study of certain plane strain problems.
The method is used to study the deformation of elastic cylinders composed of
different materials. The problems of Almansi and Michell are also investigated.

Chapter 4 is devoted to anisotropic elastic bodies. We first establish a solu-
tion of Saint-Venant’s problem. The method does not involve artificial a priori
assumptions and permits a treatment of the problem even for nonhomogeneous
bodies. Then, the problem of loaded anisotropic elastic cylinders is studied.
The deformation of cylinders composed of different anisotropic materials is
also investigated. The results are specialized for orthotropic elastic cylinders.

In Chapter 5, we study the deformation of cylinders within the linearized
theory of homogeneous Cosserat elastic solids. We first present some results
concerning the plane strain problem. Then, a solution of Saint-Venant’s prob-
lem is established. A generalization of the problems of Almansi and Michell
is also investigated.

Chapter 6 is concerned with the deformation of nonhomogeneous Cosserat
cylinders. Saint-Venant’s problem and the problem of loaded cylinders are
studied.

Chapter 7 is devoted to the study of porous elastic cylinders. In the first
part of the chapter, we study the plane strain problem. Then, the solution
to the problem of extension, bending, and torsion is expressed in terms of
solutions of certain plane strain problems.

The applications included are problems considered relevant to the purpose
of the text. By no means can any claim be made with regard to completeness
of the coverage. We have tried to maintain the level of rigor now customary in
applied mathematics. However, to ease the burden of the reader, many results
are stated with hypotheses that are more stringent than necessary. No attempt
is made to provide a complete list of works on Saint-Venant’s problem. Neither
the list of works cited nor the contents is exhaustive. Nevertheless, it is hoped
that the developments presented reflect the state of knowledge in the study
of the problem.
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Chapter 1

Saint-Venant’s Problem

1.1 Preliminaries

We consider a body that at some instant occupies the region B of
Euclidean three-dimensional space E3. In what follows, unless specified to
the contrary, B will denote a bounded regular region [119]. We let B denote
the closure of B, call ∂B the boundary of B, and designate by n the outward
unit normal of ∂B. The deformation of the body is referred to the reference
configuration B and a fixed cartesian coordinate frame. The cartesian coor-
dinate frame consists of the orthonormal basis {e1, e2, e3} and the origin O.
We identify a typical particle x of the body B with its position x in the ref-
erence configuration. Letters in boldface stand for tensors of an order p ≥ 1,
and if v has the order p, we write vij...k (p subscripts) for the rectangular
cartesian components of v. We shall employ the usual summation and dif-
ferentiation conventions: Greek subscripts are understood to range over the
integers (1, 2), whereas Latin subscripts, unless otherwise specified, are con-
fined to the range (1, 2, 3); summation over repeated subscripts is implied and
subscripts preceded by a comma denote partial differentiation with respect to
the corresponding cartesian coordinate. The inner product of two vectors a
and b will be designated by a ·b. We denote the vector product of the vectors
a and b by a × b.

We assume that the body occupying B is a linearly elastic material. In what
follows, we restrict our attention to the equilibrium theory of elastic bodies.
Let u be a displacement field over B,

u = u(x1, x2, x3), (x1, x2, x3) ∈ B

The strain field associated with u is given by

eij(u) =
1
2
(ui,j + uj,i) (1.1.1)

The stress–strain relations for an anisotropic medium are

tij(u) = Cijrsers(u) (1.1.2)

Here t(u) is the stress field associated with u, whereas C stands for the elas-
ticity field. We assume that C is positive-definite, smooth on B, and satisfies

1
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the symmetry relations
Cijrs = Cjirs = Crsij (1.1.3)

If the body is homogeneous, then C is independent of x. For the particular case
of an isotropic elastic medium, the tensor field C admits the representation

Cijrs = λδijδrs + μ(δirδjs + δisδjr)

where λ and μ are the Lamé moduli and δij is the Kronecker delta. In this
case, the constitutive equations 1.1.2 reduce to

tij(u) = λerr(u)δij + 2μeij(u) (1.1.4)

If the material is isotropic, then the positive definiteness of C is equivalent to

3λ+ 2μ > 0, μ > 0 (1.1.5)

The stress–strain relations 1.1.4 may be inverted to give

eij(u) =
1
E

[(1 + ν)tij(u) − νδijtss(u)] (1.1.6)

where

E =
μ(3λ+ 2μ)
λ+ μ

, ν =
λ

2(λ+ μ)
(1.1.7)

The constitutive coefficient E is known as Young’s modulus and ν is known
as Poisson’s ratio.

The equations of equilibrium, in the absence of body forces, are

tji(u),j = 0 (1.1.8)

on B. In view of Equations 1.1.1 and 1.1.3, the constitutive equations 1.1.2
can be written in the form

tij(u) = Cijrsur,s (1.1.9)

Equation 1.1.8 imply the displacement equations of equilibrium

(Cijrsur,s),j = 0 (1.1.10)

on B. We call a vector field u an equilibrium displacement field for B if u ∈
C2(B) ∩ C1(B) and u satisfies Equations 1.1.10 on B.

Let s(u) be the surface traction at regular points of ∂B belonging to the
stress field t(u) defined on B, that is,

si(u) = tji(u)nj (1.1.11)
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The strain energy U(u) corresponding to a smooth displacement u on B is

U(u) =
1
2

∫
B

Cijrseij(u)ers(u)dv (1.1.12)

In what follows, two displacement fields differing by an infinitesimal rigid
displacement will be regarded identical.

The functional U(·) generates the bilinear functional

U(u,v) =
1
2

∫
B

Cijrseij(u)ers(v)dv (1.1.13)

The set of smooth vector fields over B can be made into a real vector space
with the inner product

〈u,v〉 = 2U(u,v) (1.1.14)

This inner product generates the energy norm

‖u‖2
e = 〈u,v〉 (1.1.15)

Let u and v be any equilibrium displacement fields. It follows from Equa-
tions 1.1.10 and the divergence theorem that

〈u,v〉 =
∫

∂B

u · s(v)da (1.1.16)

In view of Equations 1.1.3, 1.1.13, 1.1.14, and 1.1.16, we get the reciprocity
relation ∫

∂B

u · s(v)da =
∫

∂B

v · s(u)da (1.1.17)

We note that the strain field e(u) associated with a class C3 displacement
field over B satisfies the following equations of compatibility

εipqεjrsepr,qs = 0 (1.1.18)

where εijk is the three-dimensional alternator. Conversely, let B be simply-
connected, and let e be a class C2 symmetric tensor field on B that satisfies
the Equations 1.1.18. Then there exists a displacement field u of class C3 on
B such that e and u satisfy the strain–displacement relations 1.1.1 [119,241].

1.2 Formulation of Saint-Venant’s Problem

We assume that the region B from here on refers to the interior of a right
cylinder of length h, with open cross section Σ and the lateral boundary Π.
The rectangular cartesian frame is supposed to be chosen in such a way that
the x3-axis is parallel to the generators of B and the x1Ox2 plane contains
one of the terminal cross sections. We denote by Σ1 and Σ2, respectively, the
cross section located at x3 = 0 and x3 = h (Figure 1.1).
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o

x1

x2

x3

FIGURE 1.1 A prismatic bar.

We assume that the generic cross section Σ is a simply-connected regular
region. We denote by Γ the boundary of Σ1. In view of the foregoing agree-
ments, we have

B = {x : (x1, x2) ∈ Σ, 0 < x3 < h},
Π = {x : (x1, x2) ∈ L, 0 ≤ x3 ≤ h}

Σ1 = {x : (x1, x2) ∈ Σ, x3 = 0} , Σ2 = {x : (x1, x2) ∈ Σ, x3 = h}
We consider the equilibrium problem of the cylinder which, in the absence

of body forces, is subjected to surface tractions prescribed over its ends and
is free from lateral loading. Thus, the problem consists in the determination
of an equilibrium displacement field u on B subjected to the requirements

s(u) = 0 on Π, s(u) = s(α) on Σα, (α = 1, 2) (1.2.1)

where s(α) is a vector-valued function preassigned to Σα. Necessary conditions
for the existence of a solution to this problem are given by∫

Σ1

s(1)da+
∫

Σ2

s(2)da = 0,
∫

Σ1

x× s(1)da+
∫

Σ2

x× s(2)da = 0 (1.2.2)

where x is the position vector of a point with respect to O.
Under suitable smoothness hypotheses on Γ and on the given forces, a

solution of the problem exists [88].
The importance of Saint-Venant’s celebrated memoirs [291,292] in the study

of this problem requires no emphasis. Saint-Venant’s approach of the prob-
lem is based on a relaxed statement in which the pointwise assignment of the
terminal tractions is replaced by prescribing the corresponding resultant force
and resultant moment. Justification of the procedure is twofold. First, it is
difficult in practice to determine the actual distribution of applied stresses
on the ends, although the resultant force and moment can be measured ac-
curately. Second, one invokes Saint-Venant’s principle. This states, roughly
speaking, that if two sets of loadings are statically equivalent at each end,
then the difference in stress fields and strain fields are negligible, except pos-
sibly near the ends. The precise meaning of Saint-Venant’s hypothesis and its
justification has been the subject of many studies, almost from the time of the
original Saint-Venant’s works. A proof of Saint-Venant’s principle is presented
in Section 1.10.
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In the formulation of Saint-Venant, the conditions 1.2.1 are replaced by

s(u) = 0 on Π, R(u) = F, H(u) = M (1.2.3)

where F and M are prescribed vectors representing the resultant force and
the resultant moment about O of the tractions acting on Σ1. Accordingly,
R(·) and H(·) are the vector-valued linear functionals defined by

R(u) =
∫

Σ1

s(u)da, H(u) =
∫

Σ1

x × s(u)da (1.2.4)

Saint-Venant’s problem consists in the determination of an equilibrium dis-
placement field u on B subject to the conditions 1.2.3.

If εαβ is the two-dimensional alternator, Equations 1.2.4 appear as

Ri(u) = −
∫

Σ1

t3i(u)da

Hα(u) = −
∫

Σ1

εαβxβt33(u)da, H3 = −
∫

Σ1

εαβxαt3β(u)da
(1.2.5)

The necessary conditions 1.2.2 for the existence of a solution to Saint-
Venant’s problem lead to the following relations, which are needed subse-
quently∫

Σ2

t3i(u)da = −Ri(u),
∫

Σ2

εαβxαt3β(u)da = −H3(u)
∫

Σ2

xαt33(u)da = −hRα(u) + εαβHβ(u)
(1.2.6)

It is obvious that the relaxed statement of the problem fails to characterize
the solution uniquely.

By a solution of Saint-Venant’s problem, we mean any equilibrium displace-
ment field that satisfies Equations 1.2.3.

Saint-Venant’s formulation leads to the four basic problems of extension,
bending, torsion, and flexure, characterized by

1. Extension : Fα = 0, Mi = 0

2. Bending : Fi = 0, M3 = 0

3. Torsion : Fi = 0, Mα = 0

4. Flexure : F3 = 0, Mi = 0

In the next section, we shall study the problems listed above by using the
Saint-Venant’s semi-inverse method of solution. This consists in making cer-
tain assumptions about the components of stress or displacement and leav-
ing enough freedom to satisfy the basic equations and boundary conditions.
Saint-Venant’s results were established within the equilibrium theory of ho-
mogeneous and isotropic cylinders. In Section 1.7, we shall present a rational
method of deriving Saint-Venant’s solutions.
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1.3 Saint-Venant’s Solutions

Let B be occupied by an isotropic and homogeneous material. In this case,
Saint-Venant’s problem consists in the determination of a solution of the Equa-
tions 1.1.1, 1.1.4, and 1.1.8 on B which satisfies the boundary conditions 1.2.3.
For convenience, in what follows, unless otherwise specified, we shall write eij

for eij(u) and tij for tij(u). It follows from Equations 1.1.11 and 1.2.3 that
the conditions on the lateral boundary can be written in the form

tαinα = 0 on Π (1.3.1)

1.3.1 Extension

In this case, the conditions on the ends reduce to∫
Σ1

t3αda = 0,
∫

Σ1

εαβxαt3βda = 0 (1.3.2)

∫
Σ1

t33da = −F3 (1.3.3)

∫
Σ1

xαt33da = 0 (1.3.4)

The extension problem consists in the determination of the functions ui ∈
C2(B) ∩ C1(B) that satisfy the Equations 1.1.1, 1.1.4, and 1.1.8 on B and
the boundary conditions 1.3.1, 1.3.2, 1.3.3, and 1.3.4, where F3 is a given
constant.

Let us suppose that the rectangular cartesian coordinate frame is chosen in
such a way that the origin O coincides with the centroid of Σ1. Thus, we have∫

Σ1

xαda = 0 (1.3.5)

Following Saint-Venant, we try to solve the extension problem assuming that

tαβ = 0, t33 = C, tα3 = 0 (1.3.6)

where C is an unknown constant. Clearly, the equilibrium equations 1.1.8 are
satisfied. From the constitutive equations 1.1.6, we find that

eαβ = − ν

E
Cδαβ , e33 =

1
E
C, e3α = 0 (1.3.7)

The equations of compatibility are identically satisfied. From Equations 1.1.1
and 1.3.7, we obtain

uα,β + uβ,α = −2ν
E
Cδaβ , u3,α + uα,3 = 0, u3,3 =

1
E
C
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A simple calculation gives

uα = − ν

E
Cxα, u3 =

1
E
Cx3, (x1, x2, x3) ∈ B (1.3.8)

modulo an infinitesimal rigid displacement. We eliminate the rigid displace-
ment by assuming that u and curlu vanish at origin.

The conditions on the lateral boundary 1.3.1 and the conditions 1.3.2 are
satisfied on the basis of the relations 1.3.6. It follows from Equations 1.3.5 that
the conditions 1.3.4 are identically satisfied. By Equations 1.3.3 and 1.3.6 we
conclude that

C = − 1
A
F3 (1.3.9)

where A is the area of the cross section.
Thus, the solution of the extension problem is given by the relations 1.3.8,

where C is determined by Equation 1.3.9.
Let xi be the coordinates of the point P0 in the reference configuration,

and let yi be the coordinates of the corresponding point P in the deformed
configuration. Then we have yi = xi + ui. From Equations 1.3.8 and 1.3.9,
we get

yα =
(
1 +

ν

EA
F3

)
xα, y3 =

(
1 − 1

EA
F3

)
x3

Let F3 = −p, p > 0. In this case the resultant force of the tractions acting
on the end located at x3 = h is pe3 and the point O is fixed. The point N0

which, prior to deformation, had the coordinates (0, 0, h) goes into point N
with the coordinates (0, 0, h′), where

h′ =
(

1 +
1
EA

p

)
h

A tensile test on an elastic specimen could be utilized to obtain the material
constants.

1.3.2 Bending by Terminal Couples

We assume that F = 0 and M = M1e1. The conditions on Σ1 become∫
Σ1

t3αda = 0,
∫

Σ1

εαβxαt3βda = 0 (1.3.10)

∫
Σ1

x2t33da = −M1 (1.3.11)

∫
Σ1

t33da = 0,
∫

Σ1

x1t33da = 0 (1.3.12)

The bending problem consists in the determination of a solution of the
Equations 1.1.1, 1.1.4, and 1.1.8 on B which satisfies the conditions 1.3.1,
1.3.10, 1.3.11, and 1.3.12.
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We choose the cartesian coordinate frame in such a way that the xα-axes
are principal centroidal axes of the cross section Σ1, that is,∫

Σ1

xαda = 0,
∫

Σ1

x1x2da = 0 (1.3.13)

We seek the solution of the bending problem assuming that

tαβ = 0, t33 = C1x2, t3α = 0 (1.3.14)

where C1 is an unknown constant. It is obvious that the equations of equilib-
rium 1.1.8 are satisfied. The conditions 1.3.1 and 1.3.10 are satisfied on the
basis of the assumptions 1.3.14. It follows from Equations 1.3.13 and 1.3.14
that the conditions 1.3.12 are also satisfied. By Equations 1.3.11 and 1.3.14
we obtain

C1 = −1
I
M1 (1.3.15)

where I is the moment of inertia of the cross section about the x1-axis,

I =
∫

Σ1

x2
2da

From Equations 1.1.6 and 1.3.14, we get

eαβ = − ν

E
C1x2δαβ , e33 =

1
E
C1x2, e3α = 0 (1.3.16)

Thus, in view of Equations 1.1.1, we obtain the following equations for the
functions ui

uα,β + uβ,α = −2ν
E
C1x2δαβ

u3,α + uα,3 = 0, u3,3 =
1
E
C1x2

(1.3.17)

The equations of compatibility are satisfied. We assume that there is no rigid
displacement at the origin. The integration of Equations 1.3.17 yields

u1 =
M1ν

EI
x1x2, u2 =

M1

2EI
[
x2

3 + ν(x2
2 − x2

1)
]

u3 = −M1

EI
x2x3, (x1, x2, x3) ∈ B

(1.3.18)

The coordinates of a generic point in the deformed configuration are

y1 =
(
1 +

ν

EI
M1x2

)
x1

y2 = x2 +
1

2EI
M1

[
x2

3 + ν
(
x2

2 − x2
1

)]

y3 =
(

1 − 1
EI

M1x2

)
x3, (x1, x2, x3) ∈ B

(1.3.19)
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Since the displacements are infinitesimal we can see that M1/(EI) is infinites-
imal. Then we can write

y3 =
(

1 − 1
EI

M1y2

)
x3

It follows that the points located at the plane x3 = const. remain in a plane
after deformation. By the relations 1.3.19, we see that the points on the x3-axis
go into the parabola

y1 = 0, y2 =
1

2EI
M1x

2
3, y3 = x3

The curvature of this curve is M1/(EI). This result is known as Bernoulli–
Euler law.

Similarly, we can study the case when M = M2e2.

1.3.3 Torsion

We now suppose that F = 0 and M = M3e3. Thus, the conditions for
x3 = 0 reduce to ∫

Σ1

t3αda = 0 (1.3.20)

∫
Σ1

t33da = 0,
∫

Σ1

xαt33da = 0 (1.3.21)

∫
Σ1

(x1t32 − x2t31)da = −M3 (1.3.22)

The torsion problem consists in the determination of the vector field u ∈
C2(B) ∩ C1(B) that satisfies the Equations 1.1.1, 1.1.4, and 1.1.8 on B and
the boundary conditions 1.3.1, 1.3.20, 1.3.21, and 1.3.22.

We seek the solution of the torsion problem in the form

u1 = −τx2x3, u2 = τx1x3, u3 = τϕ(x1, x2) (1.3.23)

where ϕ is an unknown function of x1 and x2, ϕ ∈ C2(Σ1)∩C1(Σ1), and τ is
an unknown constant. From Equations 1.1.1 and 1.3.23, we obtain

eαβ = 0, e33 = 0, 2e13 = τ(ϕ,1 − x2), 2e23 = τ(ϕ,2 + x1)

so that Equation 1.1.4 implies that

tαβ = 0, t33 = 0, t13 = μτ(ϕ,1 − x2), t23 = μτ(ϕ,2 + x1) (1.3.24)

The equations of equilibrium 1.1.8 reduce to

t13,1 + t23,2 = 0 (1.3.25)
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It follows from Equations 1.3.24 and 1.3.25 that the equilibrium equations will
be satisfied if ϕ satisfies the equation

Δϕ = 0 on Σ1 (1.3.26)

where Δ is the two-dimensional Laplacian. Since tαβ = 0, the conditions 1.3.1
reduce to

t13n1 + t23n2 = 0 on Γ (1.3.27)

In view of Equations 1.3.24, the condition 1.3.27 becomes

∂ϕ

∂n
= x2n1 − x1n2 on Γ (1.3.28)

where ∂ϕ/∂n = ϕ,αnα. Thus, the torsion function ϕ satisfies the Neumann
problem 1.3.26 and 1.3.28.

Let us consider the boundary-value problem

Δw = f on Σ1,
∂w

∂n
= g on Γ (1.3.29)

It is known that a necessary condition for the existence of a solution of this
problem is ∫

Σ1

fda−
∫

Γ

gds = 0 (1.3.30)

If Γ is a regular curve [119, Section 5], f is continuous on Σ, and g is piecewise
continuous on Γ, then the condition 1.3.30 is sufficient [55] for the existence
of a solution of the boundary-value problem 1.3.29.

We note that
∫

Γ

(x2n1 − x1n2)ds =
∫

Γ

x1dx1 + x2dx2 = 0

Thus, in the case of the boundary-value problem 1.3.26 and 1.3.28, the con-
dition 1.3.30 is satisfied. The function ϕ is determined to within a constant.
This constant is nonessential since it generates a rigid body translation.

The conditions 1.3.20 are satisfied on the basis of the equilibrium equa-
tions and the conditions on the lateral boundary. Thus, with the aid of Equa-
tions 1.3.25, 1.3.27, and the divergence theorem, we have

∫
Σ1

t3αda =
∫

Σ1

(t3α + xαtβ3,β)da =
∫

Σ1

(xαtβ3),βda =
∫

Γ

xαtβ3nβds = 0

Since t33 = 0, it follows that the conditions 1.3.21 are satisfied. By Equa-
tions 1.3.22 and 1.3.24, we obtain

τD = −M3 (1.3.31)
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where the constant D is defined by

D = μ

∫
Σ1

(
x2

1 + x2
2 + x1ϕ,1 − x2ϕ,1

)
da (1.3.32)

Let us show that D is different from zero. If we take into account Equa-
tions 1.3.26, 1.3.28, and the divergence theorem, then we get

∫
Σ1

(x1ϕ,2 − x2ϕ,1)da =
∫

Σ1

[(x1ϕ),2 − (x2ϕ),1]da =
∫

Γ

ϕ(x1n2 − x2n1)ds

= −
∫

Γ

ϕ
∂ϕ

∂n
ds = −

∫
Σ1

ϕ,αϕ,αda

Thus, we have ∫
Σ1

(x1ϕ,2 − x2ϕ,1 + ϕ,αϕ,α)da = 0 (1.3.33)

It follows from Equations 1.3.32 and 1.3.33 that

D = μ

∫
Σ1

[(ϕ,2 + x1)2 + (ϕ,1 − x2)2]da (1.3.34)

If we take into account the relations 1.1.5 and the fact that ϕ is of class C2,
then we conclude from Equation 1.3.34 that

D > 0 (1.3.35)

Thus, the constant τ is determined by Equation 1.3.31. The constant D is
called the torsional rigidity of the cylinder.

The solution of the torsion problem is given by the relations 1.3.23, where
ϕ satisfies the boundary-value problem 1.3.26 and 1.3.28, and τ is given by
Equation 1.3.31.

Let us show that the Neumann problem 1.3.26 and 1.3.28 can be reduced
to a Dirichlet problem. Since ϕ is harmonic, there exists an analytic function
q such that ϕ is the real part of q,

q(z) = ϕ(x1, x2) + iψ(x1, x2), (x1, x2) ∈ Σ1

where z = x1 + ix2, and ψ is related to ϕ by Cauchy–Riemann equations

ψ,1 = −ϕ,2, ψ,2 = ϕ,1 (1.3.36)

The function ψ satisfies the equation

Δψ = 0 on Σ1 (1.3.37)

We assume that the curve Γ is a piecewise smooth curve parametrized by its
arc length s,

xα = x̂α(s), s ∈ [0, s∗] (1.3.38)
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Then, we have

n1 =
dx2

ds
, n2 = −dx1

ds
(1.3.39)

so that the condition 1.3.28 becomes

dψ

ds
=

1
2
d

ds

(
x2

1 + x2
2

)
on Γ

The above condition can be written in the form

ψ =
1
2
(
x2

1 + x2
2

)
+ k on Γ (1.3.40)

where k is an arbitrary constant. From Equations 1.3.36, we see that the
replacement of ψ by ψ + c, where c is an arbitrary constant, does not change
the function ϕ. Since the domain Σ1 is simply-connected, we can replace the
above condition by

ψ =
1
2
(
x2

1 + x2
2

)
on Γ (1.3.41)

In the case of a multiply-connected domain, the constant k in Equation 1.3.40
may have a different value on each contour forming the boundary of Σ1 and
only on one of these contours it can be fixed arbitrarily. For the study of the
torsion problem in this case, we refer to the works of Mushelishvili [241] and
Solomon [315].

We note that the function ψ satisfies the Dirichlet problem 1.3.37 and 1.3.41.
We introduce the stress function of Prandtl by

Ψ = ψ(x1, x2) − 1
2
(
x2

1 + x2
2

)
, (x1, x2) ∈ Σ1 (1.3.42)

It follows from Equations 1.3.37, 1.3.41, and 1.3.42 that the function Ψ satisfies
the equation

ΔΨ = −2 on Σ1 (1.3.43)

and the boundary condition
Ψ = 0 on Γ (1.3.44)

In view of Equations 1.3.24, 1.3.36, and 1.3.42, we find that

t13 = μτΨ,2, t23 = −μτΨ,1 (1.3.45)

Moreover, by Equations 1.3.34, 1.3.36, 1.3.42, 1.3.44, and the divergence the-
orem we obtain

D = −μ
∫

Σ1

(x1Ψ,1 + x2Ψ,2)da

= −μ
∫

Σ1

[(x1Ψ),1 + (x2Ψ),2 − 2Ψ]da = 2μ
∫

Σ1

Ψda (1.3.46)
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Thus, instead of solving the boundary-value problem 1.3.37 and 1.3.41, we
can solve the Dirichlet problem 1.3.43 and 1.3.44.

We denote by P the magnitude of the stress vector

t3 = t13e1 + t23e2

It follows from Equations 1.3.45 that

P 2 = μ2τ2[(Ψ,1)2 + (Ψ,2)2] = μ2τ2Ψ,βΨ,β

Let f be a function of class C2 on Σ1 that satisfies the inequality

Δf ≥ 0 on Σ1

Then f is either identically a constant or else it attains its maximum on the
boundary of Σ1. Clearly,

ΔP 2 = (P 2),αα = (2μ2τ2Ψ,βαΨ,β),α

= 2μ2τ2(Ψ,βαΨ,βα + Ψ,βααΨ,β) = 2μ2τ2Ψ,βαΨ,βα ≥ 0

We conclude that in the case of torsion, the maximum of the shear stress
occurs on the boundary of Σ1.

1.3.4 Flexure

Let us suppose that F = F1e1 and M = 0. In this case, the conditions on
Σ1 become ∫

Σ1

t31da = −F1,

∫
Σ1

t32da = 0 (1.3.47)

∫
Σ1

t33da = 0,
∫

Σ1

xαt33da = 0 (1.3.48)

∫
Σ1

(x1t32 − x2t31)da = 0 (1.3.49)

where F1 is a given constant.
The flexure problem consists in the determination of a solution of the Equa-

tions 1.1.1, 1.1.4, and 1.1.8 on B which satisfies the conditions 1.3.1, 1.3.47,
1.3.48, and 1.3.49. We suppose that the cartesian coordinate frame is chosen
in such a way that the relations 1.3.13 hold.

We try to solve the problem assuming that

tαβ = 0 on B (1.3.50)

Then, the equations of equilibrium become

t31,3 = 0, t32,3 = 0, tj3,j = 0 (1.3.51)
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By Equations 1.1.6 and 1.3.50,

e11 = e22 = − ν

E
t33, e33 =

1
E
t33

eα3 =
1 + ν

E
tα3, e12 = 0

(1.3.52)

It follows from Equations 1.3.51 that tα3 are independent of x3 and that
t33 is a linear function of x3. Thus, in view of Equations 1.3.52, the equations
of compatibility 1.1.18 reduce to

t33,11 = 0, t33,22 = 0, t33,12 = 0 (1.3.53)

(t23,1 − t13,2),1 =
ν

1 + ν
t33,23

(t23,1 − t13,2),2 = − ν

1 + ν
t33,13

(1.3.54)

Since t33 depends on the axial coordinate at most linearly, from Equa-
tions 1.3.53, we obtain

t33 = E[(A1x1 +B1x2 + C1)x3 +A2x1 +B2x2 + C2] (1.3.55)

where Aα, Bα, and Cα are arbitrary constants. By Equations 1.3.13 and 1.3.48,
we find that A2 = B2 = C2 = 0, so that

t33 = E(A1x1 +B1x2 + C1)x3 (1.3.56)

We note that on the basis of equations of equilibrium 1.1.8 and the boundary
conditions 1.3.1, we can write

∫
Σ1

t3αda =
∫

Σ1

[tα3 + xα(t13,1 + t23,2 + t33,3)]da

=
∫

Γ

xαtβ3nβds+
∫

Σ1

xαt33,3da =
∫

Σ1

xαt33,3da (1.3.57)

Thus, the conditions 1.3.47 reduce to

∫
Σ1

x1t33,3 = −F1,

∫
Σ1

x2t33,3da = 0 (1.3.58)

From Equations 1.3.56 and 1.3.58, we obtain

A1 = − 1
EI∗

F1, B1 = 0 (1.3.59)
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where
I∗ =

∫
Σ1

x2
1da

In view of Equation 1.3.56, the relations 1.3.54 become

(t23,1 − t13,2),1 = 0, (t23,1 − t13,2),2 = − ν

1 + ν
EA1

so that
t23,1 − t13,2 =

E

1 + ν
(τ −A1νx2) (1.3.60)

where τ is an arbitrary constant. The relation 1.3.60 can be written in the
form [

t23 − E

2(1 + ν)
τx1

]
,1

=
[
t13 − E

2(1 + ν)
(
A1νx

2
2 − τx2

)]
,2

We conclude that there exists a function G ∈ C2(Σ1) ∩ C1(Σ1) such that

t23 =
E

2(1 + ν)
(G,2 + τx1)

t13 =
E

2(1 + ν)
(
G,1 +A1νx

2
2 − τx2

)
, (x1, x2) ∈ Σ1

(1.3.61)

The stress tensor satisfies the equations of equilibrium 1.3.51 if the function
G satisfies the equation

ΔG = −2(1 + ν)(A1x1 + C1) (1.3.62)

The first two conditions of Equations 1.3.1 are satisfied on the basis of
the relation 1.3.50. From the last relation of Equations 1.3.1, we obtain the
following condition for the function G,

∂G

∂n
= −νA1x

2
2n1 + τ(x2n1 − x1n2) on Γ (1.3.63)

If we take into account the relations 1.3.30 and 1.3.13, then the necessary
and sufficient condition to solve the boundary-value problem 1.3.62 and 1.3.63
implies that

C1 = 0 (1.3.64)

We introduce the function Φ by

G = Φ + τϕ (1.3.65)

where ϕ is the torsion function. It follows from Equations 1.3.26, 1.3.28, 1.3.62,
1.3.63, and 1.3.64 that the function Φ satisfies the equation

ΔΦ = −2(1 + ν)A1x1 on Σ1 (1.3.66)



© 2009 by Taylor & Francis Group, LLC

16 Classical and Generalized Models of Elastic Rods

and the boundary condition

∂Φ
∂n

= −νA1x
2
2n1 on Γ (1.3.67)

The necessary and sufficient condition for the existence of a solution to the
boundary-value problem 1.3.66 and 1.3.67 is satisfied. In what follows we
assume that the functions ϕ and Φ are known.

From the relations 1.3.61 and 1.3.65, we get

t23 = μ[Φ,2 + τ(ϕ,2 + x1)], t13 = μ
[
Φ,1 + τ(ϕ,1 − x2) + νA1x

2
2

]
The condition 1.3.49 reduces to

τD = −M∗ (1.3.68)

where D is the torsional rigidity and M∗ is given by

M∗ = μ

∫
Σ1

(x1Φ,2 − x2Φ,1)da (1.3.69)

Since D 	= 0, the relation 1.3.68 determines the constants τ .
The equations of compatibility 1.1.18 are satisfied so that we can determine

the displacement field. From Equations 1.1.1, 1.3.52, 1.3.56, 1.3.59, 1.3.61, and
1.3.64, we obtain the following system of equations

u1,1 = −νA1x1x3, u2,2 = −νA1x1x3, u3,3 = A1x1x3

u1,2 + u2,1 = 0, u2,3 + u3,2 = G,2 + τx1

u1,3 + u3,1 = G,1 + νA1x
2
2 − τx2

The integration of the above equations yields

u1 = −1
6
A1x

3
3 −

1
2
νA1x3(x2

1 − x2
2) − τx2x3

u2 = −νA1x1x2x3 + τx1x3 (1.3.70)

u3 =
1
2
A1x1x

2
3 +

1
2
νA1x1

(
1
3
x2

1 + x2
2

)
+ τϕ+ Φ, (x1, x2, x3) ∈ B

In a similar manner we can study the case in which F = F2e2 and M = 0.

1.4 Unified Treatment

In Ref. 52, Clebsch proved that Saint-Venant’s solution can be derived from
the assumption that the stress vector on any plane normal to the cross sections
of the cylinder is parallel to its generators. In this section, we present a unified



© 2009 by Taylor & Francis Group, LLC

Saint-Venant’s Problem 17

treatment of Saint-Venant’s problem which rests only on the hypotheses 1.3.50.
The solution is established without any special choice of the cartesian coordi-
nate frame.

We consider the general problem in which the conditions for x3 = 0 are
∫

Σ1

t3αda = −Fα (1.4.1)

∫
Σ1

t33da = −F3 (1.4.2)

∫
Σ1

xαt33da = εαβMβ (1.4.3)

∫
Σ1

εαβxαt3βda = −M3 (1.4.4)

where Fk and Mk are prescribed constants. In this case, the problem consists
in the determination of the displacement field u which satisfies the Equa-
tions 1.1.1, 1.1.4, and 1.1.8 on B and the boundary conditions 1.3.1 and
the conditions for x3 = 0. We try to solve the problem assuming that Equa-
tions 1.3.50 holds. Then, the equilibrium equations reduce to Equations 1.3.51,
and the constitutive equations can be written in the form 1.3.52. The compat-
ibility equations 1.1.18 reduce to Equations 1.3.53 and 1.3.54. We conclude,
as in the preceding section, that Equation 1.3.55 holds.

Now, from Equations 1.3.54 and 1.3.55 we obtain

t23,1 − t13,2 =
E

1 + ν
(B1νx1 −A1νx2 + τ)

where τ is an arbitrary constant. The above relation can be expressed as
[
t23 − E

2(1 + ν)
(νB1x1 + τ)x1

]
,1

=
[
t13 − E

2(1 + ν)
(νA1x2 − τ)x2

]
,2

Thus, there exists a function S of class C2 on Σ1 such that

t23 =
E

2(1 + ν)
(S,2 + νB1x

2
1 + τx1)

t13 =
E

2(1 + ν)
(S,1 + νA1x

2
2 − τx2)

(1.4.5)

From the equations of equilibrium, we find that S satisfies the following
equation

ΔS = −2(1 + ν)(A1x1 +B1x2 + C1) on Σ1 (1.4.6)
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The first two conditions on the lateral boundary are identically satisfied.
The third condition of the relations 1.3.1 becomes

∂S

∂n
= −ν(A1x

2
2n1 +B1x

2
1n2

)
+ τ(x2n1 − x1n2) on Γ (1.4.7)

In view of Equation 1.3.30, the necessary and sufficient condition for the
existence of a solution to the boundary-value problem 1.4.6 and 1.4.7 is

C1 = −A1x
0
1 −A2x

0
2 (1.4.8)

where x0
α are the coordinates of the centroid of Σ1,

Ax0
α =

∫
Σ1

xαda, A =
∫

Σ1

da (1.4.9)

It follows from the relations 1.4.2 and 1.3.55 that

C2 = − 1
EA

F3 −A2x
0
1 −B2x

0
2 (1.4.10)

In view of the relations 1.4.8 and 1.4.10,

t33 = E
{[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
x3

+ A2

(
x1 − x0

1

)
+B2

(
x2 − x0

2

)} − 1
A
F3 (1.4.11)

If we use Equations 1.3.57 and 1.4.11, then the conditions 1.4.1 reduce to the
following system for the constants A1 and B1,

Jα1A1 + Jα2B1 = − 1
E
Fα (1.4.12)

where
Jαβ =

∫
Σ1

(
xα − x0

α

)(
xβ − x0

β

)
da

Since J11J22−J2
12 	= 0, from Equations 1.4.12, we can determine the constants

A1 and B1. By Equations 1.4.11 and 1.4.3, we obtain the system

Jα1A2 + Jα2B2 =
1
E

(
εαβMβ + x0

αF3

)
(1.4.13)

which determines the constants A2 and B2. In what follows we assume that
Aα and Bα are known.

Let us introduce the function χ by

S = χ+ τϕ (1.4.14)

where ϕ is the solution of the boundary-value problem 1.3.26 and 1.3.28. By
Equations 1.4.6, 1.4.7, 1.4.14, 1.3.26, and 1.3.28 we find that χ satisfies the
equation

Δχ = −2(1 + ν)(A1x1 +B1x2 + C1) on Σ1 (1.4.15)



© 2009 by Taylor & Francis Group, LLC

Saint-Venant’s Problem 19

and the boundary condition

∂χ

∂n
= −ν(A1x

2
2n1 +B1x

2
1n2) on Γ (1.4.16)

We note that A1 and B1 are given by Equations 1.4.12, and that the neces-
sary and sufficient condition for the existence of a solution to the boundary-
value problem 1.4.15 and 1.4.16 is satisfied. By Equations 1.4.5 and 1.4.14,
we get

t23 = μ
[
χ,2 + τ(ϕ,2 + x1) + νB1x

2
1

]
t13 = μ

[
χ,1 + τ(ϕ,1 − x2) + νA1x

2
2

]

so that the condition 1.4.4 reduces to

τD = −M3 − M̂ (1.4.17)

where D is given by Equation 1.3.34 and M̂ is defined by

M̂ = −μ
∫

Σ1

[
x1

(
χ,2 + νB1x

2
1

) − x2

(
χ,1 + νA1x

2
2

)]
da

In view of the relation 1.3.35, we can determine τ by Equation 1.4.17.
Since the equations of compatibility are satisfied, we can find the displace-

ment field. It follows from Equations 1.1.1, 1.3.52, 1.4.5, and 1.4.11 that

u1,1 = −ν{[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
x3

+A2(x1 − x0
1) +B2

(
x2 − x0

2

)}
+

ν

EA
F3

u2,2 = −ν{[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
x3

+A2

(
x1 − x0

1

)
+B2

(
x2 − x0

2

)}
+

ν

EA
F3

u3,3 =
[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
x3 +A2

(
x1 − x0

1

)

+B2

(
x2 − x0

2

) − 1
EA

F3

u1,2 + u2,1 = 0

u2,3 + u3,2 = S,2 + νB1x
2
1 + τx1

u1,3 + u3,1 = S,1 + νA1x
2
2 − τx2

(1.4.18)
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The first three equations of 1.4.18 imply that

u1 = −νx1

{[
A1

(
1
2
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
x3

+A2

(
1
2
x1 − x0

1

)
+B2

(
x2 − x0

2

)}
+

ν

EA
F3x1 + f1(x2, x3)

u2 = −νx2

{[
A1

(
x1 − x0

1

)
+B1

(
1
2
x2 − x0

2

)]
x3

+A2

(
x1 − x0

1

)
+B2

(
1
2
x2 − x0

2

)}
+

ν

EA
F3x2 + f2(x1, x3)

u3 =
{

1
2
[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
x3

+A2(x1 − x0
1) +B2

(
x2 − x0

2

)}
x3 − 1

EA
F3x3 + f3(x1, x2)

(1.4.19)

where fk are arbitrary functions. Substituting the functions 1.4.19 into the
last three equations of 1.4.18, we find

f1,2 + f2,1 = νx3(A1x2 +B1x1) + ν(A2x2 +B2x1)

f2,3 + f3,2 = S,2 + ν

[
A1

(
x1 − x0

1

)
+B1

(
1
2
x2 − x0

2

)]
x2

+ νB1x
2
1 + τx1 −B2x3 − 1

2
B1x

2
3

f3,1 + f1,3 = S,1 + ν

[
A1

(
1
2
x1 − x0

1

)
+B1(x2 − x0

2)
]
x1

+ νA1x
2
2 − τx2 −A2x3 − 1

2
A1x

2
3

(1.4.20)

It follows from Equations 1.4.20 that

f1,22 = ν(A1x3 +A2), f1,33 = −A1x3 −A2, f1,23 = νA1x2 − τ

f2,11 = ν(B1x3 +B2), f2,33 = −B1x3 −B2, f2,13 = νB1x1 + τ

f3,11 = S,11 + ν
[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
(1.4.21)

f3,22 = S,22 + ν
[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
f3,12 = S,12 + ν(B1x1 +A1x2)

It is easy to find the functions fk from Equations 1.4.21. These functions
must be so determined as to satisfy Equation 1.4.20. Finally, from the
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relations 1.4.19 we obtain

u1 = −1
6
A1x

3
3 −

1
2
A2x

2
3

−x3

{
νx1

[
A1

(
1
2
x1 − x0

1

)
+B1

(
x2 − x0

2

)] − 1
2
νA1x

2
2

}
− τx2x3

− νx1

[
A2

(
1
2
x1 − x0

1

)
+B2

(
x2 − x0

2

) − 1
EA

F3

]
+

1
2
νA2x

2
2

u2 = −1
6
B1x

3
3 −

1
2
B2x

2
3

−x3

{
νx2

[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)] − 1
2
νB1x

2
1

}
+ τx1x3

− νx2

[
A2

(
x1 − x0

1

)
+B2

(
1
2
x2 − x0

2

)
− 1
EA

F3

]
+

1
2
νB2x

2
1

u3 =
1
2
x2

3

[
A1

(
x1 − x0

1

)
+B1

(
x2 − x0

2

)]
+ x3

[
A2

(
x1 − x0

1

)

+B2

(
x2 − x0

2

) − 1
EA

F3

]
+

1
2
νx2

1

[
A1

(
1
3
x1 − x0

1

)
+B1

(
x2 − x0

2

)]

+
1
2
νx2

2

[
A1

(
x1 − x0

1

)
+B1

(
1
3
x2 − x0

2

)]
+ τϕ+ χ (1.4.22)

modulo an infinitesimal rigid displacement.
Thus, the solution of the problem is given by the relations 1.4.22, where

Aα, Bα, and Cα are given by Equations 1.4.12, 1.4.13, 1.4.8, and 1.4.10, ϕ is
the torsion function, χ is characterized by Equations 1.4.15 and 1.4.16, and τ
is defined by Equation 1.4.17.

1.5 Plane Deformation

In this section, we present some results concerning the plane strain prob-
lem of homogeneous and isotropic elastic cylinders. The relationship between
the plane strain problem and Saint-Venant’s problem will be discussed in
Section 1.7.

1.5.1 Statement of Problem

Throughout this section, we assume that the body occupying the cylinder
B is a homogeneous and isotropic elastic material, and that a continuous
body force f is prescribed on B. We consider that on the lateral boundary is
prescribed the surface displacement ũ or the surface force t̃. We suppose that
the surface displacement ũ, the surface traction t̃, and the body force f are
all independent of x3 and parallel to the x1, x2-plane.
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The state of plane strain, parallel to the x1, x2-plane, of the cylinder B is
characterized by

uα = uα(x1, x2), u3 = 0, (x1, x2) ∈ Σ1 (1.5.1)

The above restrictions, in conjunction with the strain–displacement rela-
tions 1.1.1 and the stress–strain relations 1.1.4, imply that eij and tij are
all independent of x3.

The nonzero components of the strain tensor are given by

eαβ =
1
2
(uα,β + uβ,α) (1.5.2)

The constitutive equations show that the nonzero components of the stress
tensor are tαβ and t33. Further,

tαβ = λeρρδαβ + 2μeαβ (1.5.3)

and t33 = λμρ,ρ. The equilibrium equations reduce to

tβα,β + fα = 0 on Σ1 (1.5.4)

If the displacement field is prescribed on the lateral boundary, then we have
the boundary conditions

uα = ũα on Γ (1.5.5)

where ũα are continuous functions. The associated problem is called the first
boundary-value problem (or the displacement problem).

If the stress vector is prescribed on Π, then the boundary conditions reduce
to

tβαnβ = t̃α on Γ (1.5.6)

where t̃α are piecewise regular functions. In this case we refer to the resulting
problem as the second boundary-value problem (or the traction problem).

In view of Equations 1.5.2, the relation 1.5.3 becomes

tαβ = λuρ,ρδαβ + μ(uα,β + uβ,α) (1.5.7)

Thus, Equations 1.5.4 imply the following displacement equations of equilib-
rium for plane strain

μΔuα + (λ+ μ)uβ,βα + fα = 0 on Σ1 (1.5.8)

The first boundary-value problem consists in the determination of the func-
tions uα ∈ C2(Σ1) ∩ C0(Σ1) that satisfy Equations 1.5.8 on Σ1 and the
boundary conditions 1.5.5.

In view of Equations 1.5.7, the boundary conditions 1.5.6 can be expressed as

[λuρ,ρδαβ + μ(uα,β + uβ,α)]nβ = t̃α on Γ (1.5.9)
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The second boundary-value problem consists in finding of the functions
uα ∈ C2(Σ1)∩C1(Σ1) which satisfy Equations 1.5.8 on Σ1 and the boundary
conditions 1.5.9 on Γ.

The component t33 can be determined after the displacements uα are found.
Thus, we can calculate the surface tractions over the ends, which maintain
the cylinder in equilibrium. If the ends of the cylinder are free, the solution
can be found by superposing, on the solution of the plane strain problem, the
solution of a Saint-Venant’s problem.

1.5.2 Uniqueness Results

The elastic potential associated with u, in the case of the plane strain, is
defined by

W∗(u) =
1
2
λeρρ(u)eγγ(u) + μeαβ(u)eαβ(u) (1.5.10)

To avoid repeated regularity assumptions, we suppose that

(i) fα are continuous on Σ1

(ii) ũα are continuous on Γ

(iii) t̃α are piecewise regular on Γ

(iv) Γ is a piecewise smooth curve

Theorem 1.5.1 Assume that the elastic potential W∗ is a positive definite
quadratic form.Then

(α) the first boundary-value problem has at most one solution;

(β) any two solutions of the second boundary-value problem are equal, mod-
ulo a plane rigid displacement.

Proof. It follows from Equations 1.5.3 and 1.5.10 that

tαβeαβ = 2W∗ (1.5.11)

On the other hand, by Equations 1.5.2, 1.5.3, and 1.5.4, we find

tαβeαβ = tαβuα,β = (uαtβα),β + fαuα (1.5.12)

From the relations 1.5.11 and 1.5.12, we get

2W∗ = (uαtβα),β + fαuα

If we integrate this relation over Σ1, we conclude, with the aid of divergence
theorem, that

2
∫

Σ1

W∗da =
∫

Γ

uαtβαnβds+
∫

Σ1

fαuαda (1.5.13)
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Suppose that there are two solutions of a boundary-value problem. Then their
difference u0 is a solution of a plane strain problem corresponding to null
external data. From Equation 1.5.13, we obtain∫

Σ1

W∗(u0)da = 0 (1.5.14)

Since the elastic potential is positive definite, from Equation 1.5.14, we find
eαβ(u0) = 0 and therefore

u0
1 = α1 − β3x2, u0

2 = α2 + β3x1 (1.5.15)

where αρ and β3 are arbitrary constants. In the case of the first boundary-
value problem, we get αρ = 0, β3 = 0. �

The functions u0
α given by Equations 1.5.15 are the components of a plane

rigid displacement.
Let us note that W∗ is positive definite if and only if

μ > 0, λ+ μ > 0 (1.5.16)

We record the following existence results [194,241].

Theorem 1.5.2 Assume that the hypotheses (i)–(iv) hold and that W∗ is
positive definite. Then

(α1) the first boundary-value problem has solution;

(β1) the second boundary-value problem has solution if and only if f and t̃
satisfy the conditions∫

Σ1

fαda+
∫

Γ

t̃αds = 0,
∫

Σ1

εαβxαfβda+
∫

Γ

εαβxαt̃βds = 0 (1.5.17)

The conditions 1.5.17 demand that the external forces be in equilibrium.

1.5.3 Airy Function

In what follows we assume that Equation 1.5.16 hold. Let us suppose that
the body forces vanish. Then, the equilibrium equations become

tβα,β = 0 (1.5.18)

Let χ be a scalar field of class C4 on Σ1, and let

tαβ = δαβΔχ− χ,αβ (1.5.19)

Then, the stresses tαβ given by the relations 1.5.19 satisfy Equations 1.5.18.
The representation 1.5.19 is due to G. Airy (1863). Since

tρρ = 2(λ+ μ)eαα
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from Equations 1.5.3 and 1.5.19, we get

2μeαβ = tαβ − νtρρδαβ = (1 − ν)δαβΔχ− χ,αβ (1.5.20)

where ν is defined by Equations 1.1.7. In the case of a plane strain, the com-
patibility equations 1.1.18 reduce to

e11,22 + e22,11 = 2e12,12 (1.5.21)

It follows from Equations 1.5.20 and 1.5.21 that the function χ satisfies the
equation

ΔΔχ = 0 on Σ1 (1.5.22)

The relations 1.5.19 can be written in the form

tαβ = εαλεβτχ,λτ (1.5.23)

The function χ is called the Airy function. We note that any two Airy functions
χ and χ̃ generating the same stresses differ by a linear function,

χ(x1, x2) = χ̃(x1, x2) + Cαxα + C0 (1.5.24)

where Cα and C0 are arbitrary constants.
In the case of the second boundary-value problem, the conditions 1.5.6

become
εαρεβγχ,ργnβ = t̃α on Γ (1.5.25)

Thus, if the body forces are absent, then the second boundary-value prob-
lem reduces to finding a biharmonic function χ that satisfies the boundary
conditions 1.5.25.

The boundary conditions 1.5.25 can be presented in another form. Thus, in
view of Equations 1.3.39 and 1.5.19, we find that

tβ1nβ =
d

ds
(χ,2), tβ2nβ = − d

ds
(χ,1) (1.5.26)

on Γ. It follows from Equations 1.5.6 and 1.5.26 that

χ,α = gα + cα on Γ (1.5.27)

where cα are constants of integration, and gα are given by

gα(s) = −
∫ s

0

εαβ t̃β(σ)dσ, s ∈ [0, s∗] (1.5.28)

By Equation 1.5.27, we get

χ = G1 + cαxα + c0,
∂χ

∂n
= G2 + c1

dx2

ds
− c2

dx1

ds
on Γ (1.5.29)
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where c0 is an arbitrary constant, and Gα are defined by

G1(s) =
∫ s

0

gα(σ)
dxα

ds
(σ)dσ

G2(s) =
∫ s

0

[
g1(σ)

dx2

ds
(σ) − g2(σ)

dx1

ds
(σ)

]
dσ, s ∈ [0, s∗]

(1.5.30)

In view of Equation 1.5.24, we can choose the constants Cα and C0 such that
χ satisfies the boundary conditions

χ = G1,
∂χ

∂n
= G2 on Γ (1.5.31)

Thus, the second boundary-value problem reduces to finding a biharmonic
function χ that satisfies the boundary conditions 1.5.31. If Σ1 is multiply-
connected, then its boundary is the union of a finite number of closed curves
Γ1,Γ2, . . . ,ΓM . In this case the relations 1.5.29 will hold on each Γk, the
constants of integration will, in general, be different on each curve forming
the boundary of Σ1,

χ = G1 + c(k)
α xα + c

(k)
0

∂χ

∂n
= G2 + c

(k)
1

dx2

ds
− c

(k)
2

dx1

ds
on Γk (k = 1, 2, . . . ,M)

(1.5.32)

The constants c(k)
α and c

(k)
0 can be set equal to zero on one of the curves

Γk, (k = 1, 2, . . . ,M), while the other constants can be determined from the
conditions that the displacements be single-valued (see, e.g., [113,119,241]).

Remark. From Equations 1.5.22, 1.5.23, and 1.5.31, we conclude that the
stresses corresponding to a solution of the second boundary-value problem for
a simply-connected domain Σ1 are independent of the elastic constants. This
result is due to M. Lévi (1898).

1.5.4 Complex Potentials

For the remainder of this section we continue to assume that the body forces
are zero and that the relations 1.5.16 hold. We now establish a representation
of the displacements in terms of a pair of complex analytic functions of the
complex variable z = x1 + ix2. The boundary-value problems can be reduced
to the determination of these functions from prescribed values of certain com-
binations of these functions on the boundary of Σ1. We introduce the complex
coordinates z and z on Σ1 by

z = x1 + ix2, z = x1 − ix2 (1.5.33)

We define the complex displacement w by

w = u1 + iu2 (1.5.34)
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The constitutive equations 1.5.7 can be expressed in the form

t11 + t22 = 2(λ+ μ)uρ,ρ

t11 − t22 + 2it12 = 2μ[u1,1 − u2,2 + i(u1,2 + u2,1)]
(1.5.35)

We note that
∂w

∂z
=

1
2
[u1,1 + u2,2 + i(u2,1 − u1,2)]

∂w

∂z
=

1
2
[u1,1 + u2,2 − i(u2,1 − u1,2)]

∂w

∂z
=

1
2
[u1,1 − u2,2 + i(u1,2 + u2,1)]

(1.5.36)

where a bar over a letter designates the complex conjugate. Thus, the consti-
tutive equations 1.5.35 can be written in the form

t11 + t22 = 2(λ+ μ)
(
∂w

∂z
+
∂w

∂z

)

t11 − t22 + 2it12 = 4μ
∂w

∂z

(1.5.37)

We note that

uβ,β =
∂w

∂z
+
∂w

∂z
, Δ = 4

∂2

∂z∂z
(1.5.38)

In complex coordinates, the system of equations of equilibrium 1.5.8, with
zero body forces, can be expressed in the form

2μ
∂2w

∂z∂z
+ (λ+ μ)

∂

∂z

(
∂w

∂z
+
∂w

∂z

)
= 0 (1.5.39)

Equation 1.5.39 may be integrated to give the result

2μ
∂w

∂z
+ (λ+ μ)

(
∂w

∂z
+
∂w

∂z

)
=

2(λ+ 2μ)
λ+ μ

Ω′(z) (1.5.40)

where Ω is an arbitrary analytic complex function on z, and Ω′(z) = dΩ(z)/dz.
The conjugate of this relation is

2μ
∂w

∂z
+ (λ+ μ)

(
∂w

∂z
+
∂w

∂z

)
=

2(λ+ μ)
λ+ μ

Ω
′
(z) (1.5.41)

It follows from Equations 1.5.40 and 1.5.41 that

∂w

∂z
+
∂w

∂z
=

1
λ+ μ

[Ω′(z) + Ω
′
(z)] (1.5.42)

In view of Equation 1.5.42, Equation 1.5.40 becomes

2μ
∂w

∂z
= κΩ′(z) − Ω

′
(z) (1.5.43)
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where
κ = 3 − 4ν (1.5.44)

Equation 1.5.43 may be integrated to give

2μw = κΩ(z) − zΩ
′
(z) − ω(z) (1.5.45)

where ω is an arbitrary analytic complex function on z. The relation 1.5.45
gives a representation of complex displacement in terms of the complex ana-
lytic functions Ω and ω.

A simple calculation shows that the constitutive equations 1.5.37 may be
written as

t11 + t22 = 2[Ω′(z) + Ω
′
(z)]

t11 − t22 + 2it12 = −2[zΩ
′′
(z) + ω′(z)]

(1.5.46)

The functions Ω and ω are called the complex potentials. The representations
1.5.45 and 1.5.46 were deduced by Kolosov [186] (see also Refs. 113, 119, 313,
315, 324).

It follows from Equations 1.1.11 that

s1 + is2 = (tβ1 + itβ2)nβ (1.5.47)

In view of the relations 1.3.39 and 1.5.33, we obtain

n1 = −1
2
i

(
dz

ds
− dz

ds

)
, n2 = −1

2

(
dz

ds
+
dz

ds

)
(1.5.48)

By Equations 1.5.47 and 1.5.48,

2(s1 + is2) = −i(t11 + t22)
dz

ds
+ i(t11 − t22 + 2it12)

dz

ds
(1.5.49)

From Equations 1.5.46 and 1.5.49, we get

s1 + is2 = −i d
ds

[Ω(z) + zΩ
′
(z) + ω(z)] (1.5.50)

Let Rα be the components of the resultant vector associated to the contour
C. It follows from Equation 1.5.50 that

R1 + iR2 =
∫
C
(s1 + is2)ds = −i{Ω(z) + zΩ′(z) + ω(z)}P

P (1.5.51)

where {g}P
P denotes the change in value of the function g on passing once

round the contour C in the conventional sense.
Let us investigate the arbitrariness and the structure of complex potentials

for several domains of interest. First, we investigate what is the difference in
the forms of two sets of potentials (Ω, ω) and (Ω∗, ω∗) that correspond to the
same stresses. The relations 1.5.46 demand that


e [Ω′(z)] = 
e [Ω′
∗(z)], zΩ′′(z) + ω′(z) = zΩ′′

∗(z) + ω′
∗(z) (1.5.52)
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where 
e [f ] denotes the real part of f . From Equation 1.5.52, we conclude
that

Ω(z) = Ω∗(z) + icz + α, ω(z) = ω∗(z) + β (1.5.53)

where c is a real constant, and α and β are complex constants. If the origin
O is taken within Σ1, the functions Ω and ω will be determined uniquely if
c, α, and β are chosen so that

Ω(0) = 0, �m[Ω′(0)] = 0, ω(0) = 0 (1.5.54)

Here, �m [f ] denotes the imaginary part of f .
Consider now the situation in which the two sets of potentials correspond

to the same displacements. In this case the extent of arbitrariness in choosing
the potentials cannot be greater than that indicated in Equation 1.5.53. From
Equation 1.5.45, the equality of displacements requires that

c = 0, κα = β (1.5.55)

In this case we can choose α so that

Ω(0) = 0 (1.5.56)

We note that in a bounded simply-connected region, Ω and ω are single-valued
analytic functions. Let us consider the case when the domain Σ1 is multiply-
connected and bounded.

We assume that the boundary of Σ1 consists of m + 1 simple closed con-
tours Γk such that the exterior contour Γm+1 contains within it the contours
Γk, (k = 1, 2, . . . ,m) (Figure 1.2).

In what follows we assume that the functions uα and tαβ are single-valued.
From Equation 1.5.461 we see that the real part of Ω′ is single-valued, but,
in describing once each interior contour Γk, the imaginary part of Ω′ acquires
a constant increment denoted by 2πAk. Since the function Ω′ acquires the

FIGURE 1.2 A multiply-connected domain.
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increment 2πiAk, then the function

G(z) = Ω′(z) −
m∑

k=1

Ak log(z − zk) (1.5.57)

where zk is a point in the simply-connected region Sk, bounded by Γk, is
single-valued and analytic in Σ1. By integration of Equation 1.5.57 we get

Ω(z) = z
m∑

k=1

Ak log(z − zk) +
m∑

k=1

γk log(z − zk) + Ω0(z) (1.5.58)

where γk are complex constants, and Ω0 is an analytic and single-valued func-
tion on Σ1. Since Ω′′ is a single-valued function and the left-hand members of
Equations 1.5.46 are single-valued, it follows that ω′ is also single-valued on
Σ1. Thus, we have

ω(z) =
m∑

k=1

Ck log(z − zk) + ω0(z) (1.5.59)

where Ck are complex constants, and ω0 is analytic and single-valued on Σ1.
If we assume that uα are single-valued functions, then from Equations 1.5.45,

1.5.58, and 1.5.59, we find that

2πi[(1 + κ)Akz + κγk + Ck] = 0

so that
Ak = 0, κγk + Ck = 0, (k = 1, 2, . . . ,m) (1.5.60)

In the case of the second boundary-value problem we denote by (Xk, Yk)
the resultant vector of external forces applied to the contour Γk,

Xk + iYk =
∫

Lk

(t̃1 + it̃2)ds, (k = 1, 2, . . . ,m) (1.5.61)

It follows from Equations 1.5.51, 1.5.58, 1.5.59, and 1.5.60 that

Xk + iYk = −2π(γk − Ck) (1.5.62)

By Equations 1.5.60 and 1.5.62, we find

γk = − 1
2π(1 + κ)

(Xk + iYk), Ck =
κ

2π(1 + κ)
(Xk − iYk) (1.5.63)

Thus, in this case the complex potentials have the forms

Ω(z) = − 1
2π(1 + κ)

m∑
k=1

(Xk + iYk) log(z − zk) + Ω0(z)

ω(z) =
κ

2π(1 + κ)

m∑
k=1

(Xk − iYk) log(z − zk) + ω0(z)

(1.5.64)
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We suppose now that the domain Σ1 is unbounded, with certain contours
Γ1,Γ2, . . . ,Γm as internal boundaries. We assume that the origin of coordi-
nates is taken outside Σ1, and that the stresses are bounded in the neighbor-
hood of the point at infinity. We consider the circle CR of equation |z| = R,
and suppose that R is so large that CR contains within it the contours Γk, (k =
1, 2, . . . ,m). Then, for any z such that |z| > R, we have |z| > |zk|, so that

log(z − zk) = log z − zk

z
− 1

2

(zk

z

)2

− · · · = log z + h(z)

where h is a single-valued analytic function in the region |z| > R. It follows
from Equations 1.5.64 that

Ω(z) = − 1
2π(1 + κ)

(X + iY ) log z + Ω∗(z)

ω(z) =
κ

2π(1 + κ)
(X − iY ) log z + ω∗(z)

(1.5.65)

where

X =
m∑

k=1

Xk, Y =
m∑

k=1

Yk (1.5.66)

and Ω∗ and ω∗ are single-valued analytic functions for |z| > R. For sufficiently
large |z|, the functions Ω∗ and ω∗ can be represented in the forms

Ω∗(z) =
∞∑
−∞

anz
n, ω∗(z) =

∞∑
−∞

bnz
n

Since the stresses are bounded at infinity, then


eΩ′(z) and zΩ′′(z) + ω′(z)

must be bounded at infinity. It follows that

an = an = 0, bn = 0 for n ≥ 2

Thus, we find

Ω(z) = − 1
2π(1 + κ)

(X + iY ) log z + (B + iC) + Ω̃(z)

ω(z) =
κ

2π(1 + κ)
(X − iY ) log z + (B1 + iC1)z + ω̃(z)

(1.5.67)

where Ω̃ and ω̃ are single-valued analytic functions on Σ1 including the point
at infinity,

Ω̃(z) =
∞∑

n=0

cn
zn
, ω̃(z) =

∞∑
n=0

bn
zn

(1.5.68)
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Let g(∞) be the limiting value of g(P ) as the point P tends to infinity. It
follows from Equations 1.5.46 that

2B −B1 = t
(∞)
11 , 2B +B1 = t

(∞)
22 , C1 = t

(∞)
12 (1.5.69)

The constant C is related to the rigid rotation at infinity. We introduce the
notation

ε =
1
2
(u2,1 − u1,2) (1.5.70)

It follows from Equations 1.5.36 and 1.5.45 that

ε = �m
(
∂D

∂z

)
=

1 + κ

4πi
[Ω′(z) − Ω

′
(z)] (1.5.71)

By Equations 1.5.67, 1.5.68, and 1.5.71, we get

ε(∞) =
1 + κ

2μ
C (1.5.72)

In view of the relations 1.5.67 and 1.5.68, from Equation 1.5.45 we find that

2μw = − κ

2π(1 + κ)
(X + iY ) log(zz)

+ [(κ− 1)B + i(1 + κ)C]z − (B1 − iC1)z + g(z)

where g is bounded at infinity. If the displacements are to be bounded at
infinity, then

X = Y = 0, B = C = B1 = C1 = 0

We note that the requirement for the displacements to be bounded at infinity
imply that the stresses vanish at infinity.

Let us show that the boundary-value problems can be reduced to the deter-
mination of the functions Ω and ω from prescribed values of certain combina-
tions of these functions on Γ. We consider a generic point P ∈ Γ, and denote
by x̂α(s) the cartesian coordinates of P . Let

σ = x̂1(s) + ix̂2(s), s ∈ [0, s∗] (1.5.73)

In the case of the second boundary-value problem, the boundary conditions
1.5.6 can be written in the form

s1 + is2 = t̃1 + it̃2 on Γ

In view of Equation 1.5.50, these conditions reduce to

Ω(σ) + σΩ
′
(σ) + ω(σ) = T (σ) + d on Γ (1.5.74)

where

T (σ) = T1(σ) + iT2(σ) = i

∫ s

0

[t̃1(s′) + it̃2(s′)]ds′, s ∈ [0, s∗] (1.5.75)



© 2009 by Taylor & Francis Group, LLC

Saint-Venant’s Problem 33

and d is an arbitrary complex constant. We saw that the replacement of Ω
by Ω + icz + α and of ω by ω + β does not change the state of stress. The
relation 1.5.74 becomes

Ω(σ) + σΩ
′
(σ) + ω(σ) + α+ β = T (σ) + d on Γ

We can choose α and β so that α+ β = d.With this choice we can impose only
two conditions: �m {Ω′(0)} = 0 and one of the conditions Ω(0) = 0, ω(0) = 0.
If the domain Σ1 is multiply-connected, the constant d can be set equal to
zero on one of the curves forming the boundary of Σ1. On the remaining
curves, the integration constants can be evaluated using the requirement that
the displacement be single-valued [113,119,241].

In the case of the first boundary-value problem, from Equations 1.5.5 and
1.5.45, we obtain the following form of the boundary conditions

κΩ(σ) − σΩ
′
(σ) − ω(σ) = 2μ(ũ1 + iũ2) on Γ (1.5.76)

Thus, the first boundary-value problem is reduced to the finding of the com-
plex analytic functions Ω and ω on Σ1 which satisfy the boundary condi-
tion 1.5.76.

The boundary conditions 1.5.74 and 1.5.76 can be used to obtain Fredholm
integral equations for determination of the complex potentials. The existence
of the functions Ω and ω which satisfy the above boundary conditions has
been investigated in many studies (see, e.g., [241]). Existence theorems for
the boundary-value problems of the plane strain problem follow directly from
the results presented in Section 4.9.

We now investigate how the relations 1.5.74 and 1.5.76 transform under
conformal representation. We suppose that Σ1 is simply-connected. Let

z = ϑ(ζ) (1.5.77)

be the function that maps Σ1 on the unit circle |ζ| ≤ 1. Clearly, dϑ(ζ)/dζ 	= 0.
We introduce the notations

Ω1(ζ) = Ω[ϑ(ζ)], ω1(ζ) = ω[ϑ(ζ)] (1.5.78)

Since
Ω′(z) =

1
ϑ′(ζ)

Ω′
1(ζ)

the relations 1.5.45 and 1.5.50 become

2μw = κΩ1(ζ) − ϑ(ζ)

ϑ
′
(ζ)

Ω
′
1(ζ) − ω1(ζ)

s1 + is2 = −i d
ds

[
Ω1(ζ) +

ϑ(ζ)

ϑ
′
(ζ)

Ω
′
1(ζ) + ω1(ζ)

]
, |ζ| ≤ 1
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The conditions 1.5.74 and 1.5.76 become

Ω1(η) +
ϑ(η)

ϑ
′
(η)

Ω
′
1(η) + ω1(η) = N1(η) on |η| = 1

−κΩ1(η) +
ϑ(η)

ϑ
′
(η)

Ω
′
1(η) + ω1(η) = N2(η) on |η| = 1

(1.5.79)

respectively, where Nα are uniquely determined by the prescribed data. From
the relations 1.5.75 and 1.5.77, we get

N1(η) = T [ϑ(η)]

If Σ1 is a bounded simply-connected region, then Ω1 and ω1 have the rep-
resentations

Ω1(ζ) =
∞∑

n=0

anζ
n, ω1(ζ) =

∞∑
n=0

bnζ
n, |ζ| ≤ 1 (1.5.80)

The substitution of Ω1 and ω1 from Equations 1.5.80 into 1.5.79 leads to a
system of equations for the coefficients an and bn.

An account of the historical development of the complex variable technique
as well as references to various contributions may be found in the works of
Muskhelishvili [241], Green and Zerna [113], and Gurtin [119].

1.6 Properties of Solutions
to Saint-Venant’s Problem

In what follows we denote by (P) the Saint-Venant’s problem corresponding
to the resultants F and M. Let K(F,M) denote the class of solutions to the
problem (P). The classification of the problem rests on various assumptions
concerning the resultants F and M. Throughout this section it is convenient
to use the decomposition of the problem into problems (P1) and (P2) charac-
terized by

(P1) (extension–bending–torsion): Fα = 0
(P2) (flexure): F3 = Mi = 0

For further economy it is helpful to denote by KI(F3,M1,M2,M3) the class of
solutions to the problem (P1) and by KII(F1, F2) the class of solutions to the
problem (P2). We assume for the remainder of this chapter that the material
is homogeneous and isotropic.

We denote by D the set of all equilibrium displacement fields u that satisfy
the condition s(u) = 0 on the lateral boundary. Theorem 1.6.1 will be of
future use.
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Theorem 1.6.1 ([159]). If u ∈ D and u,3 ∈ C1(B), then u,3 ∈ D and

R(u,3) = 0, Hα(u,3) = εαβRβ(u), H3(u,3) = 0 (1.6.1)

Proof. We note that the first assertion follows at once from the fact that
t(u,3) = ∂t(u)/∂x3 and the proposition: if u is an elastic displacement field
corresponding to null body forces, then so also is u,k = ∂u/∂xk (cf. [119], Sec-
tion 42). Next, with the aid of the equations of equilibrium 1.1.8 we find that

t3i(u,3) = (t3i(u)),3 = −(tρi(u)),ρ

εαβxβt33(u,3) = −εαβxβ(tρ3(u)),ρ = −εαβ [(xβtρ3(u)),ρ − tβ3(u)]

εαβxαt3β(u,3) = −εαβxα(tρβ(u)),ρ = −εαβ(xαtρβ(u)),ρ + εαβtαβ(u)

In view of Equations 1.2.5, the divergence theorem, and the symmetry of S,
we find

R(u,3) =
∫

Γ

s(u)ds

Hα(u,3) =
∫

Γ

εαβxβs3(u)ds+ εαβRβ(u)

H3(u,3) =
∫

Γ

εαβxαsβ(u)ds

(1.6.2)

The desired result follows from Equations 1.6.2 and hypothesis. �

Since u is an equilibrium displacement field, u is analytic (cf. [119], Sec-
tion 42). Theorem 1.6.1 has the following immediate consequences.

Corollary 1.6.1 If u ∈ KI(F3,M1,M2,M3) and u,3 ∈ C1(B), then u,3 ∈ D
and

R(u,3) = 0, H(u,3) = 0

Corollary 1.6.2 If u ∈ KII(F1, F2) and u,3 ∈ C1(B), then

u,3 ∈ KI(0, F2,−F1, 0)

Corollary 1.6.3 If u ∈ D and ∂nu/∂xn
3 ∈ C1(B), then ∂nu/∂xn

3 ∈ D and

R
(
∂nu
∂xn

3

)
= 0, R = H

(
∂nu
∂xn

3

)
= 0 for n ≥ 2

1.7 New Method of Solving Saint-Venant’s Problem

In this section, we shall prove that Corollary 1.6.1 allows us to establish a
simple method of deriving Saint-Venant’s solution to the problem (P1). We
denote byQ the class of solutions to the Saint-Venant’s problem corresponding
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to F = 0 and M = 0. We note that if u ∈ KI(F3,M1,M2,M3) and u,3 ∈
C1(B), then by Corollary 1.6.1, u,3 ∈ Q. Let us note that a rigid displacement
field belongs to Q. It is natural to enquire whether there exists a solution v
of the problem (P1) such that v,3 is a rigid displacement field. This question
is settled in Theorem 1.7.1.

Theorem 1.7.1 Let v ∈ C1(B) ∩C2(B) be a vector field such that v,3 is a
rigid displacement field. Then v is a solution of the problem (P1) if and only
if v is Saint-Venant’s solution.

Proof. We suppose that v ∈ C1(B) ∩ C2(B) is a vector field such that

v,3 = ααα+ βββ × x (1.7.1)

where ααα and βββ are constant vectors. Then,

vα = −1
2
aαx

2
3 − a4εαβxβx3 + wα(x1, x2)

v3 = (a1x1 + a2x2 + a3)x3 + w3(x1, x2)
(1.7.2)

except for an additive rigid displacement field. In Equations 1.7.2 w is an
arbitrary vector field independent of x3, and we have used the notations aα =
εραβρ, a3 = α3, a4 = β3. Let us prove that the functions wi and the constants
as, (s = 1, 2, 3, 4) can be determined so that v ∈ KI(F3,M1,M2,M3). The
stress–displacement relations imply that

tαβ(v) = λ(aρxρ + a3)δαβ + Tαβ(w)

t3α(v) = μ(w3,α − a4εαρxρ)

t33(v) = (λ+ 2μ)(aρxρ + a3) + λwρ,ρ

(1.7.3)

where
Tαβ(w) = μ(wα,β + wβ,α) + λδαβwρ,ρ (1.7.4)

The equations of equilibrium and the conditions on the lateral boundary
reduce to

(Tαβ(w)),β + fα = 0 on Σ1, Tαβ(w)nβ = pα on Γ (1.7.5)

Δw3 = 0 on Σ1,
∂w3

∂n
= a4εαβnαxβ on Γ (1.7.6)

where
fα = λaα, pα = −λ(aρxρ + a3)nα (1.7.7)

Clearly, Equations 1.7.4, 1.7.5, and 1.7.7 constitute a two-dimensional
boundary-value problem (cf. Section 1.6). The necessary and sufficient condi-
tions to solve this problem are∫

Σ1

fαda+
∫

Γ

pαds = 0,
∫

Σ1

εαβxαfβda+
∫

Γ

εαβxαpβds = 0 (1.7.8)
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From Equations 1.7.7 and the divergence theorem, we see that the conditions
1.7.8 are satisfied. We note that the boundary-value problem 1.7.5 is satisfied
if one chooses

Tαβ(w) = −λ(aρxρ + a3)δαβ

The above stresses satisfy the compatibility condition. It follows from Equa-
tions 1.7.4 that

w1,1 = w2,2 = − λ

2(λ+ μ)
(aρxρ + a3), w1,2 + w2,1 = 0

The integration of these equations yields

wα = a1w
(1)
α + a2w

(2)
α + a3w

(3)
α

where

w(β)
α = ν

(
1
2
xρxρδαβ − xαxβ

)
, w(3)

α = −νxα (1.7.9)

modulo a plane rigid displacement. Here ν designates Poisson’s ratio defined
in Equations 1.1.7. It follows from Equations 1.7.6 that w3 = a4ϕ, where ϕ is
the torsion function, characterized by

Δϕ = 0 on Σ1,
∂ϕ

∂n
= εαβnαxβ on Γ (1.7.10)

The vector field v can be written in the form

v =
4∑

j=1

ajv(j) (1.7.11)

where the vectors v(j), (j = 1, 2, 3, 4), are defined by

v(β)
α = −1

2
x2

3δαβ + w(β)
α , v

(β)
3 = xβx3, (β = 1, 2)

v(3)
α = w(3)

α , v
(3)
3 = x3, v

(4)
α = εβαxβx3, v

(4)
3 = ϕ

(1.7.12)

It is easy to see that v(j) ∈ D , (j = 1, 2, 3, 4). The conditions on the end Σ1

furnish the following system for the unknown constants

E(Iαβaβ +Ax0
αa3) = εαβMβ

EA(a1x
0
1 + a2x

0
2 + a3) = −F3, Da4 = −M3

(1.7.13)

where A is the area of the cross section, x0
α are the coordinates of the centroid

of Σ1, E designates Young’s modulus, D is the torsional rigidity defined by
Equation 1.3.32, and

Iαβ =
∫

Σ1

xαxβda (1.7.14)
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If the rectangular cartesian coordinate frame is chosen in such a way that
the xα-axes are principal centroidal axes of the cross section Σ1, then
Equations 1.7.11 and 1.7.13 lead to the Saint-Venant’s solutions presented
in Section 1.3. �

We present Saint-Venant’s solution which are needed subsequently.

1. Saint-Venant’s extension solution:

v = a3v(3), v(3)
α = −νxα, v

(3)
3 = x3

tαβ(v) = 0, t3α(v) = 0, t33(v) = Ea3

(1.7.15)

where
F3 = −EAa3 (1.7.16)

The relation 1.7.16 is known as Saint-Venant’s formula for extension.

2. Saint-Venant’s bending solution:

v = a1v(1), v
(1)
1 =

1
2
(
νx2

2 − νx2
1 − x2

3

)

v
(1)
2 = −νx1x2, v

(1)
3 = x1x3

tαβ(v) = 0, t3α(v) = 0, t33(v) = Ea1x1

(1.7.17)

where
M2 = EI11a1 (1.7.18)

The relation 1.7.18 is called Saint-Venant’s formula for bending.

3. Saint-Venant’s torsion solution:

v = a4v(4), v(4)
α = εβαxβx3, v

(4)
3 = ϕ

tαβ(v) = 0, t33(v) = 0, t3α(v) = μa4(ϕ,α − εαρxρ)
(1.7.19)

where
M3 = −Da4 (1.7.20)

The relation 1.7.20 is known as Saint-Venant’s formula for torsion.

We note that the vectors v(j), (j = 1, 2, 3, 4), defined by the relations 1.7.12
depend only on the cross section and the elasticity field. Let â be the four-
dimensional vector (a1, a2, a3, a4). We will write v{â} for the displacement
vector v defined by Equations 1.7.11 and 1.7.12, indicating thus its dependence
on the constants as, (s = 1, 2, 3, 4).

On the basis of Corollaries 1.6.1 and 1.6.2 and Theorem 1.7.1, it is natural
to seek a solution of the problem (P2) in the form

u0 =
∫ x3

0

v{b̂}dx3 + v{ĉ} + w0 (1.7.21)
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where b̂= (b1, b2, b3, b4) and ĉ= (c1, c2, c3, c4) are two constant four-
dimensional vectors, and w0 is a vector field independent of x3 such that
w0 ∈ C1(Σ1) ∩ C2(Σ1).

Theorem 1.7.2 The vector field u0 defined by 1.7.21 is a solution of the
problem (P2) if and only if u0 is Saint-Venant’s solution.

Proof. We have to prove that the vector field w0 and the constants bs, cs, (s =
1, 2, 3, 4), can be determined so that u0 ∈ KII(F1, F2). It is interesting to
note that the determination of b̂ from the condition u0 ∈ KII(F1, F2) can be
made in a simple way. Thus, if u0 ∈ KII(F1, F2), then by Corollary 1.6.2 and
Equation 1.7.21

v{b̂} ∈ KI(0, F2,−F1, 0) (1.7.22)

With the help of Equations 1.7.13 and 1.7.22, we get

E(Iαβbβ + ax0
αb3) = −Fα, bρx

0
ρ + b3 = 0, b4 = 0 (1.7.23)

From Equations 1.7.11, 1.7.12, 1.7.21, and 1.7.23, we obtain

u0
α = −1

6
bαx

3
3 −

1
2
cαx

2
3 − c4εαβxβx3 +

3∑
j=1

(cj + x3bj)w(j)
α + w0

α

u0
3 =

1
2
(bρxρ + b3)x2

3 + (cρxρ + c3)x3 + c4ϕ+ ψ

where we have used the notation w0
3 = ψ. The stress–displacement relations

imply that

tαβ(u0) = Tαβ(w0)

tα3(u0) = μ

[
c4(ϕ,α − εαβxβ) − νxα(bρxρ + b3) +

1
2
bανxρxρ + ψ,α

]

t33(u0) = E[(bρxρ + b3)x3 + cρxρ + c3] + λw0
ρ,ρ

where
Tαβ(w0) = μ(w0

α,β + w0
β,α) + λδαβw

0
ρ,ρ (1.7.24)

The equations of equilibrium and the conditions on the lateral boundary
reduce to

(Tαβ(w0)),β = 0 on Σ1, Tαβ(w0)nβ = 0 on Γ (1.7.25)

Δψ = −2(bρxρ + b3) on Σ1

∂ψ

∂n
= bανxρ

(
xαnρ − 1

2
nαxρ

)
+ b3νxαnα on Γ

(1.7.26)

We see from Equations 1.7.24 and 1.7.25 that w0
α and Tαβ(w0) characterize a

plane elastic state corresponding to zero body forces and null boundary data.
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We conclude that w0
α = 0 (modulo a plane rigid displacement). Thus, the equa-

tions of equilibrium and the conditions on the lateral boundary are satisfied
if and only if the function ψ is characterized by Equations 1.7.26 and w0

α = 0.
The necessary and sufficient condition to solve the boundary-value prob-
lem 1.7.26 is satisfied on the basis of the second relation of Equation 1.7.23.

The conditions R3(u0) = 0 and H(u0) = 0 are satisfied if

Iαβcβ +Ax0
αc3 = 0, cρx

0
ρ + c3 = 0

Dc4 = −μ
∫

Σ1

εαβxα

(
ψ,β +

1
2
bβνxρxρ

)
da

(1.7.27)

Since Hα(u0, 3) = εαβRβ(u0) and u0
,3 = v{b̂} ∈ KI(0, F2,−F1, 0), it follows

that Rα(u0) = Fα. We conclude that b̂ is determined by Equations 1.7.23, ψ is
characterized by Equations 1.7.26, ci = 0, and c4 is given by Equations 1.7.27.
If the rectangular cartesian coordinate frame is chosen in such a way that xα-
axes are principal centroidal axes of the cross section Σ1, then u0 reduces to
Saint-Venant’s solution. �

We have established Equations 1.7.27 from the conditions R3(u0) = 0 and
H(u0) = 0. If we replace these conditions by R3(u0) = F3 and H(u0) = M,
then we arrive at

E(Iαβcβ +Ax0
αc3) = εαβMβ , AE(cρxρ + c3) = −F3

Dc4 = −M3 − μ

∫
Σ1

εαβxα

(
ψ,β +

1
2
bβνxρxρ

)
da

(1.7.28)

If b̂ is given by Equations 1.7.23, ψ is characterized by Equations 1.7.26, and
ĉ is determined by Equations 1.7.28, then u0 ∈ K(F,M). Thus, we have the
following result.

Theorem 1.7.3 The vector field u0 defined by Equation 1.7.21 is a solution
of the problem (P ) if and only if u0 is Saint-Venant’s solution.

Theorem 1.7.4 presents a property of solutions of the problem of flexure.

Theorem 1.7.4 Let u be a solution of the problem (P2). Then u admits the
decomposition

u = u′ + u′′ (1.7.29)

where u′ ∈ D , u′
,3 ∈ KI(0, F2,−F1, 0) and

u′′ ∈ KI(−R3(u′),−H1(u′),−H2(u′),−H3(u′))

Proof. We suppose that u′ ∈ D ,u′
,3 ∈ KI(0, F2,−F1, 0). In view of Theo-

rem 1.6.1, we find
Rα(u′) = εβαHβ(u′

,3) = Fα



© 2009 by Taylor & Francis Group, LLC

Saint-Venant’s Problem 41

We consider u ∈ KII(F1, F2). If we define u′′ by u′′ = u − u′, then u′′ ∈ D
and

Rα(u′′) = Rα(u) −Rα(u′) = 0

R3(u′′) = −R3(u′), H(u′′) = −H(u′)

We conclude that the decomposition 1.7.29 holds. �

We assume for the remainder of this chapter that the xα-axes are principal
centroidal axes of Σ1. In this case, from u0 ∈ KII(F, 0) and Equations 1.7.23,
it follows that b1 = b, b2 = b3 = b4 = 0, where b is given by

F = −EI11b (1.7.30)

This is Saint-Venant’s formula for flexure.
This method of deriving Saint-Venant’s solutions has been established in

Ref. 159.

1.8 Minimum Energy Characterizations of Solutions

In Ref. 322, Sternberg and Knowles have characterized Saint-Venant’s
solutions in terms of certain associated minimum strain-energy properties.
Thus, the extension and bending solutions are uniquely determined by the
fact that they render the total strain energy an absolute minimum over that
subset of the solutions to the respective relaxed problem which results from
holding the resultant load or bending couple fixed and from requiring the
shearing tractions to vanish pointwise on the ends of the cylinder. Similarly,
among all solutions of the torsion problem that correspond to a fixed torque
and to vanishing normal tractions on the ends of the cylinder, Saint-Venant’s
solution is uniquely distinguished by the fact that it furnishes the absolute
minimum of the total strain energy. Other results concerning the status of
Saint-Venant’s solutions as minimizers of energy have been established by
Maisonneuve [213] and Ericksen [80]. In this section, we present the result of
Sternberg and Knowles [322] concerning the minimum strain-energy charac-
terizations of Saint-Venant’s extension, bending, and torsion solutions.

Let YE denote the set of all equilibrium displacement fields u that satisfy
the conditions

s(u) = 0 on Π, t3β(u) = 0 on Σα, R3(u) = F (1.8.1)

Theorem 1.8.1 Let v be Saint-Venant’s extension solution corresponding
to a scalar load F . Then

U(v) ≤ U(u)

for every u ∈ YE, and equality holds only if u = v modulo a rigid displacement.



© 2009 by Taylor & Francis Group, LLC

42 Classical and Generalized Models of Elastic Rods

Proof. We consider u ∈ YE and define

u′ = u − v (1.8.2)

Then u′ is an equilibrium displacement field that satisfies

s(u′) = 0 on Π, t3β(u′) = 0 on Σα, R3(u′) = 0 (1.8.3)

From Equations 1.1.12, 1.1.14, and 1.8.2, we get

U(u) = U(u′) + U(v) + 〈u′,v〉

It follows from Equations 1.1.16, 1.1.17, 1.2.6, 1.7.15, and 1.8.3 that

〈u′,v〉 =
∫

Σ2

t3i(u′)vida−
∫

Σ1

t3i(u′)vida = −a3hR3(u′) = 0

Thus U(u) ≥ U(v) and U(u) = U(v) only if u′ is a rigid displacement. �

We denote by YB the set of all equilibrium displacement fields u that satisfy
the conditions

s(u) = 0 on Π, t3β(u) = 0 on Σα, H2(u) = M2 (1.8.4)

Theorem 1.8.2 Let v be Saint-Venant’s bending solution corresponding to
a couple of scalar moment M2. Then

U(v) ≤ U(u)

for every u ∈ YB, and equality holds only if u = v modulo a rigid displacement.

Proof. We consider u ∈ YB. Since v ∈ YB it follows that the field

u′ = u − v

is an equilibrium displacement field that satisfies

s(u′) = 0 on Π, t3β(u′) = 0 on Σα, H2(u′) = 0 (1.8.5)

With the help of Equations 1.1.16, 1.1.17, 1.2.6, 1.7.17, and 1.8.5, we find

〈u′,v〉 =
∫

Σ2

t33(u′)v3da−
∫

Σ1

t33(u′)v3da = ha1H2(u′) = 0

Thus,
U(u) = U(u′) + U(v)

The conclusion is immediate. �
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It is a simple matter to verify that the above minimum strain-energy char-
acterizations also hold if the conditions

t3β(u) = 0 on Σα

which appear in Equations 1.8.1 and 1.8.4 are replaced by

Rα(u) = 0, [t3β(u)](x1, x2, h) = [t3β(u)](x1, x2, 0), (x1, x2) ∈ Σ1

We denote by YT the set of all equilibrium displacement fields u that satisfy
the conditions

s(u) = 0 on Π, t33(u) = 0 on Σα, H3(u) = M3 (1.8.6)

Theorem 1.8.3 Let v be Saint-Venant’s torsion solution corresponding to
the scalar torque M3. Then

U(v) ≤ U(u)

for every u ∈ YT , and equality holds only if u = v modulo a rigid displacement.

Proof. Clearly, v ∈ YT . We consider u ∈ YT , and define u′ by u′ = u − v.
Then u′ is an equilibrium displacement field such that

s(u′) = 0 on Π, t33(u′) = 0 on Σα, H3(u′) = 0 (1.8.7)

If we apply Equations 1.1.16 and 1.1.17, we conclude, with the aid of Equa-
tions 1.8.7 and 1.7.19, that

〈u′,v〉 = −a4h

∫
Σ2

εαβxβt3α(u′)da = −a4hH3(u′) = 0

Thus,
U(u − v) = U(u) − U(v) (1.8.8)

The proof follows from Equation 1.8.8. �

If we replace in Equations 1.8.6 the conditions

t33(u) = 0 on Σα

by
[t33(u)](x1, x2, h) = [t33(u)](x1, x2, 0), (x1, x2) ∈ Σ1

the above theorem also remains valid.
We denote by YF the set of all equilibrium displacement fields u that satisfy

the conditions

u,3 ∈ C1(B), s(u) = 0 on Π, Rα(u) = Fα

[t3β(u,3)](x1, x2, h) = [t3β(u,3)](x1, x2, 0), (x1, x2) ∈ Σ1

(1.8.9)
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Theorem 1.8.4 Let u0 be Saint-Venant’s flexure solution corresponding to
the scalar loads F1 and F2. Then

U(u0
,3) ≤ U(u,3)

for every u ∈ YF , and equality holds only if u,3 = u0
,3.

Proof. We consider u ∈ YF and define u′ = u−u0. Then u′ is an equilibrium
displacement field that satisfies

u′
,3 ∈ C1(B), s(u′) = 0 on Π, Rα(u′) = 0

[t3β(u′
,3)](x1, x2, h) = [t3β(u′

,3)](x1, x2, 0), (x1, x2) ∈ Σ1

(1.8.10)

With the help of Equations 1.1.12 and 1.7.21 and Theorem 1.7.1, we find

U(u,3) = U(u′
,3 + u0

,3) = U(u′
,3 + v{b̂}) = U(u′

,3) + U(u0
,3) + 〈u′

,3,v{b̂}〉.
On the basis of Theorem 1.6.1 and Equations 1.2.6 and 1.8.10, we get

〈u′
,3,v{b̂}〉 = −1

2
bαh

2Rα(u′
,3) + h[b1H2(u′

,3) − b2H1(u′
,3)] = 0

Thus,
U(u,3) − U(u0

,3) = U(u,3 − v{b̂})
The desired conclusion is immediate. �

The above results concerning the minimum strain-energy characterizations
of Saint-Venant’s solutions are based on a comparison with a subset rather
than with the complete class of solutions to the corresponding problem. It is
natural to seek also those members of the class of solutions to each of the four
problems that minimize the strain energy over the complete class of solutions
to the corresponding problem.

1.9 Truesdell’s Problem

It is well-known that in the Saint-Venant’s solution of the torsion problem,
corresponding to a couple of scalar moment M3, the specific angle of twist
a4 is given by Equation 1.7.20. We denote by KT the set of all displacement
fields that correspond to the solutions of the foregoing torsion problem. In
Refs. 331, 334, and 336, Truesdell proposed the following problem: to define
the functional τ(·) on KT such that

M3 = −Dτ(u), for each u ∈ KT

Following Day [62], τ(u) is called the generalized twist at u. In Ref. 62, Day
established a solution of Truesdell’s problem. A study of Truesdell’s problem
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rephrased for extension and bending is presented in Ref. 271. Solution of
Truesdell’s problem for flexure has been established in Ref. 159. In this section
we present these results.

We denote by QT the set of all equilibrium displacement fields u that satisfy
the conditions

s(u) = 0 on Π, t33(u) = 0 on Σα, Rα(u) = 0, H3(u) = M3

(1.9.1)
If u ∈ QT , then R3(u) = 0,Hα(u) = 0, so that u ∈ KT . Day [62] considered
the real function

α→ ‖u − αv(4)‖2
e (1.9.2)

where u ∈ QT and v(4) is the displacement field given by the relations 1.7.19.
The field αv(4) is called the torsion field with twist α.

The function 1.9.2 attains its minimum at

γ(u) =
〈u,v(4)〉
‖v(4)‖2

e

(1.9.3)

Thus, γ(u) is the twist of that torsion field which approximates u most closely.
Let us prove that

γ(u) = τ(u), for every u ∈ QT

With the help of Equations 1.1.16, 1.1.17, 1.2.6, 1.7.19, and 1.9.1, we find

〈u,v(4)〉 =
∫

∂B

s(u) · v(4)da =
∫

Σ2

[hεβαxβt3α(u) + ϕt33(u)]da

= h

∫
Σ2

εβαxβt3α(u)da = −hH3(u)

‖v(4)‖2
e = h

∫
Σ2

εβαxβt3α(v(4))da = hD

(1.9.4)

From Equations 1.9.3 and 1.9.4, we get

H3(u) = −Dγ(u)

for any u ∈ QT . Clearly, γ(u) = τ(u) for each u ∈ QT . Thus, Saint-Venant’s
formula 1.7.20 applies to the displacement fields u which belong to QT .

By Equations 1.1.16 and 1.7.19, we find

〈u,v(4)〉 = μ

[∫
Σ2

uα(ϕ,α − εαρxρ)da−
∫

Σ1

uα(ϕ,α − εαρxρ)da
]

(1.9.5)

We conclude from Equations 1.9.3, 1.9.4, and 1.9.5 that the generalized twist
τ(u) associated with any u ∈ QT is given by

τ(u) =
μ

hD

[∫
Σ2

uα(ϕ,α − εαρxρ)da−
∫

Σ1

uα(ϕ,α − εαρxρ)da
]
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Since divv(4) = 0, it follows that

〈u,u(4)〉 = μ

∫
B

eij(u)eij(v(4))dv

Thus, the energy norm which appears in the relation 1.9.2 can be replaced by
the strain norm.

We consider now Saint-Venant’s formula 1.7.16. Truesdell’s problem can be
set also for the extension problem. Let QE denote the set of all equilibrium
displacement fields u that satisfy the conditions

s(u) = 0 on Π, t3β(u) = 0 on Σα, Hα(u) = 0, R3(u) = F3

(1.9.6)
Clearly, if u ∈ QE , then Rα(u) = 0 and H3(u) = 0, so that u ∈ KI(F3, 0, 0, 0).
Following Ref. 62, we consider the function

β → ‖u − βv(3)‖2
e (1.9.7)

where u ∈ QE and v(3) is the displacement field given by Equations 1.7.15.
The field βv(3) is called the extension field with axial strain β. The function
1.9.7 attains its minimum at

ε(u) =
〈u,v(3)〉
‖v(3)‖2

e

(1.9.8)

From Equations 1.1.16, 1.1.17, 1.2.6, 1.7.15, and 1.9.6, we get

〈u,v(3)〉 =
∫

∂B

s(u) · v(3)da = h

∫
Σ2

t33(u)da = −hR3(u)

‖v(3)‖2
e = hEA

(1.9.9)

In view of the relations 1.9.8 and 1.9.9,

R3(u) = −EAε(u)

for each u ∈ QE . Thus, Saint-Venant’s formula 1.7.16 applies to any displace-
ment field u ∈ QE . We call ε(u) the generalized axial strain associated with
the displacement field u. From the relations 1.1.16 and 1.7.15, we have

〈u,v(3)〉 =
∫

∂B

s(v(3)) · uda = E

(∫
Σ2

u3da−
∫

Σ1

u3da

)
(1.9.10)

In view of Equations 1.9.8 and 1.9.9, we conclude that the generalized axial
strain ε(u) associated with any u ∈ QE is given by

ε(u) =
1
hA

(∫
Σ2

u3da−
∫

Σ1

u3da

)
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Let us consider the bending problem. We denote by QB the set of all equi-
librium displacement fields u that satisfy the conditions

s(u) = 0 on Π, t3β(u) = 0 on Σα

R3(u) = 0, H1(u) = 0, H2(u) = M2

If u ∈ QB , then u ∈ KI(0, 0,M2, 0). In the same manner, we are led to
generalized axial curvature κ(u), associated with any u ∈ QB ,

κ(u) =
1

hI11

( ∫
Σ2

x1u3da−
∫

Σ1

x1u3da

)

Moreover, the formula of Saint-Venant’s type

H2(u) = EI11κ(u)

applies for each u ∈ QB .
Next, we study Truesdell’s problem for flexure. Let QF denote the set of all

equilibrium displacement fields u that satisfy the conditions

u,3 ∈ C1(B), t3β(u,3) = 0 on Σα
(1.9.11)

s(u) = 0 on Π, R1(u) = F, R2(u) = 0, R3(u) = 0, H(u) = 0

Clearly, if u ∈ QF , then u ∈ KII(F, 0). Moreover, if u ∈ QF , then by Corol-
lary 1.6.2, u,3 ∈ KI(0, 0,−F, 0) and t3ρ(u,3) = 0 on Σα. In view of Theo-
rem 1.8.4 we are led to consider the function

ξ → ‖u,3 − ξv(1)‖2
e (1.9.12)

where u ∈ QF and v(1) is the displacement field defined by Equations 1.7.17.
The function 1.9.12 attains its minimum at

η(u) =
〈u,3,v(1)〉
‖v(1)‖2

e

(1.9.13)

From Equations 1.1.16, 1.1.17, 1.2.6, 1.7.17, and 1.9.11, we find that

〈u,3,v(1)〉 =
∫

∂B

s(u,3) · v(1)da = hH2(u,3) − h2R1(u,3)

With the help of Theorem 1.6.1, we get

〈u,3,v(1)〉 = −hR1(u) (1.9.14)

A simple calculation using t3i(v(1)) = Ex1δi3 yields

‖v(1)‖2
e = hEI11 (1.9.15)
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From the relations 1.9.13 and 1.9.14, we get

R1(u) = −EI11η(u)

for every u ∈ QF . Thus, we have obtained a formula of Saint-Venant’s type
applicable to any displacement field u ∈ QF .

In view of Equation 1.1.16 we find

〈u,3,v(1)〉 =
∫

∂B

s(v(1)) · u,3da = E

(∫
Σ2

x1u3,3da−
∫

Σ1

x1u3,3da

)
(1.9.16)

We conclude from Equations 1.9.13, 1.9.15, and 1.9.16 that

η(u) =
1

hI11

(∫
Σ2

x1u3,3da−
∫

Σ1

x1u3,3da

)

and interpret the right-hand side as the global measure of strain appropriate
to flexure, associated with the displacement field u ∈ QF .

1.10 Saint-Venant’s Principle

In this section we present a study of Saint-Venant’s principle. The broader
significance of Saint-Venant’s solutions to the problem for load distributions
that are statically equivalent to, but distinct from those implied by Saint-
Venant’s results, depends on the validity of the principle bearing his name.
Saint-Venant’s principle was originally enunciated in order to justify the use
of Saint-Venant’s solutions. This principle is usually taken to mean that a
system of loads having zero resultant force and moment at each end produces
a strain field that is negligible away from the ends. The first general statement
of Saint-Venant’s principle was given by Boussinesq [29]. Mises [232] pointed
out that the formulation presented in Ref. 29 is ambiguous, and suggested an
amended version of the principle.

The first precise general treatment of any version of Saint-Venant’s principle
was that of Sternberg [321], who formulated and proved the version suggested
by Mises. Two alternative versions of Saint-Venant’s principle were established
by Toupin [329] and Knowles [182]. These authors arrived at estimates for the
strain energy Uz contained in that portion of the body which lies beyond a
distance z from the load region. The idea of using Uz in the formulation of
Saint-Venant’s principle is due to Zanaboni [343,344]. Knowles’ results are
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confined to the case of the two-dimensional problems. Toupin considered the
problem of an anisotropic elastic cylinder of arbitrary length subject to self-
equilibrated surface tractions on one of its ends, and free of surface tractions
on the remainder of its boundary. In Ref. 90, Fichera extended Toupin’s result
to the case of an elastic cylinder subject to self-equilibrated surface tractions
on each of its ends, and free of surface traction on the lateral boundary. This
is the case involved by Saint-Venant’s conjecture.

Various authors have studied a nonlinear version of Saint-Venant’s principle.
We mention the works by Roseman [283], Breuer and Roseman [31], Muncaster
[236], Horgan and Knowles [128], and Knops and Payne [180]. For the history
of the problem and the detailed analysis of various results on Saint-Venant’s
principle, we refer to the works of Gurtin [119], Djanelidze [68], Fichera [89],
Horgan and Knowles [129], and Horgan [130].

In what follows, we present the results due to Toupin [329] and Fichera
[90], which provide the mathematical formulation and proof of Saint-Venant’s
principle in the context for which it was originally intended.

Let u′ be Saint-Venant’s solution of the relaxed Saint-Venant’s problem,
and let u′′ be the solution of Saint-Venant’s problem with the pointwise as-
signment of the terminal tractions. We define the displacement field u on B by
u = u′′ − u′. Then, u is an equilibrium displacement field that satisfies the
conditions

s(u) = 0 on Π∫
Σα

s(u)da = 0,
∫

Σα

x × s(u)da = 0, (α = 1, 2)
(1.10.1)

We conclude that u is a displacement field corresponding to null body forces
and to surface tractions which vanish on the lateral boundary and are self-
equilibrated at each end.

We denote by Bz the cylinder defined by

Bz = {x : (x1, x2) ∈ Σ1, z < x3 < h−z},
(

0 ≤ z <
h

2

)
(1.10.2)

We denote by Uz(u) the strain energy corresponding to the equilibrium
displacement field u on Bz,

Uz(u) =
1
2

∫
Bz

Cijrseij(u)ers(u)dv (1.10.3)

The positive-definiteness of C implies that Uz(u) is a nonincreasing function
of z.

Theorem 1.10.1 Assume that B is homogeneous and anisotropic, and as-
sume that the elasticity tensor is symmetric and positive definite. Let u be
an equilibrium displacement field that satisfies the conditions 1.10.1. Then the
strain energy Uz(u) satisfies the inequality

Uz(u) ≤ U0(u)e−(z−	)/k(	), (z ≥ �) (1.10.4)
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for any � > 0, where
k(�) = (μM/λ(�))1/2

μM is the maximum elastic modulus, and λ(�) is the lowest nonzero charac-
teristic value of free vibration for a slice of the cylinder, of thickness �, taken
normal to its generators and that has its boundary traction-free.

Proof. From Equations 1.1.12, 1.1.14, 1.1.16, and 1.10.1, we get

Uz(u) =
1
2

∫
∂Bz

s(u) · uda =
1
2

{∫
Sh−z

uit3i(u)da−
∫

Sz

uit3i(u)da

}
(1.10.5)

Here Sz denotes the cross section located at x3 = z.
The resultant force and resultant moment on every part of the cylinder

must vanish in equilibrium. We denote by B(t1, t2), (0 ≤ t1 < t2 ≤ h), the
cylinder

B(t1, t2) = {x : (x1, x2) ∈ Σ1, t1 < x3 < t2}
The conditions of equilibrium for the parts B(0, z) and B(h − z, h) of the

cylinder, and the conditions 1.10.1 imply that
∫

Sz

s(u)da = 0,
∫

Sz

x × s(u)da = 0

∫
Sh−z

s(u)da = 0,
∫

Sh−z

x × s(u)da = 0
(1.10.6)

We introduce the vector fields u(α), (α = 1, 2), defined by

u(α) = u + a(α) + b(α) × x, (α = 1, 2) (1.10.7)

where a(α) and b(α) are arbitrary constant vectors. Clearly, the vector fields
u(α) differ from u by a rigid displacement. In view of Equations 1.10.6, the
displacement field u which appears in the integrands of Equation 1.10.5 may
be replaced by u(α) such that

Uz(u) =
1
2

{ ∫
Sh−z

u
(1)
i t3i(u)da−

∫
Sz

u
(2)
i t3i(u)da

}
(1.10.8)

If we apply the Schwartz inequality, we find that

Uz(u) ≤ 1
2

{(∫
Sh−z

|u(1)|2da
∫

Sh−z

|t(u)|2da
)1/2

+
(∫

Sz

|u(2)|2da
∫

Sz

|t(u)|2da
)1/2} (1.10.9)

where |t| = (t · t)1/2.
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We shall use the geometric–arithmetic mean inequality

√
ab ≤ 1

2

(
αa+

b

α

)

for all nonnegative scalars a, b, and α, with α > 0. If we apply this inequality
to Equation 1.10.9, we obtain

Uz(u) ≤ 1
4

{
α

∫
Sh−z

|t(u)|2da+
1
α

∫
Sh−z

|u(1)|2da+ α

∫
Sz

|t(u)|2da

+
1
α

∫
Sz

|u(2)|2da
} (1.10.10)

where α is an arbitrary positive constant.
Since C is symmetric and positive definite, the characteristic values of C

(considered as a linear transformation on the six-dimensional space of all
symmetric tensors) are all strictly positive. Following Toupin [329], we call
the largest characteristic value the maximum elastic modulus, the smallest
the minimum elastic modulus. We denote the maximum and minimum elastic
moduli by μM and μm, respectively. It follows that

μm|A|2 ≤ A · C[A] ≤ μM |A|2 (1.10.11)

for any symmetric tensor A. The elastic potential associated with the dis-
placement field u is defined by

W (u) =
1
2
Cijrseij(u)ers(u) (1.10.12)

It follows from Equations 1.1.11 and 1.1.3 that

W (u) =
1
2
∇u · C[∇u]

where ∇u denotes the displacement gradient.
Since the characteristic values of C2 are the square of the characteristic

values of C, we have

|t(u)|2 = C[∇u] · C[∇u] = ∇u · C2[∇u] < μM∇u · C[∇u] = 2μMW (u)
(1.10.13)

From the relations 1.10.5 and 1.10.13, we get

Uz(u) ≤ 1
4

{
2αμM

∫
Sh−z

W (u)da+
1
α

∫
Sh−z

|u(1)|2da

+ 2αμM

∫
Sz

W (u)da+
1
α

∫
Sz

|u(2)|2da
}

(1.10.14)
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We choose � such that 0 < � < h/2 and let

Q(z, �) =
1
�

∫ z+	

z

Ut(u)dt (1.10.15)

If we integrate the inequality 1.10.14 between the limits z and z + �, then
we find that

�Q(z, �) ≤ 1
4

{
2αμM

∫
V1

W (u)dv +
1
α

∫
V1

|u(1)|2dv

+ 2αμM

∫
V2

W (u)dv +
1
α

∫
V1

|u(2)|2dv
}

(1.10.16)

where
V1 = B(h− z − �, h− z), V2 = B(z, z + �)

We denote by λ(�) the lowest nonzero characteristic value of free vibration
for the portion V = B(0, �) of B. According to the minimum principle from
the theory of free vibrations (cf. [119], Section 76),

λ(�)
∫

V

v2dv ≤ 2
∫

V

W (v)dv

for every v ∈ C1(V ) ∩ C2(V ) that satisfies
∫

V

v2dv 	= 0,
∫

V

vdv = 0,
∫

V

x × vdv = 0

The constant vectors a(α) and b(α), (α = 1, 2), can be chosen so that
∫

V1

u(1)dv = 0,
∫

V1

x × u(1)dv = 0

∫
V2

u(2)dv = 0,
∫

V2

x × u(2)dv = 0

We can write∫
V1

|u(1)|2dv ≤ 2
λ(�)

∫
V1

W (u)dv,
∫

V2

|u(2)|2dv ≤ 2
λ(�)

∫
V2

W (u)dv

(1.10.17)
By using the relations 1.10.16 and 1.10.17, we find

�Q(z, �) ≤ 1
2

(
αμM +

1
αλ(�)

)[∫
V1

W (u)da+
∫

V2

W (u)dv
]

(1.10.18)

With the help of the relations 1.10.3, 1.10.12, and 1.10.15, we obtain

�
∂

∂z
Q(z, �) = Uz+	(u) − Uz(u) = −

∫
V1

W (u)dv −
∫

V2

W (u)dv (1.10.19)
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From inequality 1.10.18 and 1.10.19, we get

g(α, �)
∂

∂z
Q(z, �) +Q(z, �) ≤ 0 (1.10.20)

where

g(α, �) =
1
2

(
αμM +

1
αλ(�)

)

From the geometric–arithmetic mean inequality, we have

g(α, �) ≥ [μM/λ(�)]1/2 = k(�)

for any α > 0. The inequality 1.10.20 implies that

k(�)
∂

∂z
Q(z, �) +Q(z, �) ≤ 0

Therefore, one has
∂

∂z
(ez/k(	)Q(z, �)) ≤ 0 (1.10.21)

The relation 1.10.21 implies that

Q(t2, �) ≤ e−(t2−t1)/k(	)Q(t1, �) (1.10.22)

for t2 ≥ t1. Since Uz(u) is a nonincreasing function of z, and Q(z, �) is the
mean value of Uz(u) in the interval [z, z + �], we have

Uz+	(u) ≤ Q(z, �) ≤ Uz(u) (1.10.23)

From the inequalities 1.10.22 and 1.10.23, we obtain

Ut2+	(u) ≤ e−(t2−t1)/k(	)Ut1(u) (1.10.24)

The inequality 1.10.24 implies the relation 1.10.4. �

According to Toupin, the parameter � > 0 is to be chosen in a manner
which will provide a small value for k(�). From the inequality 1.10.4, we see
that, given ε > 0, we have

Uz(u)
U0(u)

< ε

provided

z > �+ k(�) ln
1
ε

In Ref. 329, Toupin employs a mean value theorem due to Diaz and Payne
[67], to obtain a pointwise estimate for the magnitude of the strain tensor at
interior points of the cylinder. A similar estimate was established by Fichera
[90] for an isotropic cylinder. We present here the estimate obtained in Ref. 90.
Let D0 be a bounded regular region.
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Lemma 1.10.1 Let f be a biharmonic scalar field on D0, and suppose that
f ∈ L2(D0). Let d be the distance of the point x of D0 from ∂D0. Then, the
following estimate holds

|f(x)| ≤ 1.9144d−3/2

(∫
D0

|f |2dv
)1/2

(1.10.25)

Proof. We denote by Ω the ball of center x and unit radius. For each y ∈ D0

we set y = x + rζζζ, where ζζζ ∈ ∂Ω. With the help of spherical coordinates, the
Laplacian operator

Δ =
∂2

∂yi∂yi

appears as

Δ = Δ0 + Δ∗, Δ0 = r−2 ∂

∂r

(
r2
∂

∂r

)

Δ∗ =
1

sin θ
∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂ϕ2

On the basis of the relation∫
∂Ω

Δ∗f(y)da = 0

the equation
ΔΔf = 0

yields

Δ0Δ0

∫
∂Ω

f da = 0

Thus we obtain,
∫

∂Ω

f(y)da = c1r
−1 + c2 + c3r + c4r

2

where c1, c2, c3, and c4 are real constants. Since

lim
r→0

f(y) = f(x), lim
r→0

rΔ0f(y) = 0

uniformly with respect to ζζζ, we obtain c1 = c3 = 0, and c2 = 4πf(x). Thus,
we find ∫

∂Ω

f(y)da = 4πf(x) + r2c4

If y∗ = x + αrζζζ, with 0 < α < 1, then
∫

∂Ω

f(y∗)da = 4πf(x) + α2r2c4
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Thus, we obtain

f(x) =
1

4π(1 − α2)

(∫
∂Ω

f(y∗)da− α2

∫
∂Ω

f(y)da
)

Multiplying the last equality by r2 and integrating with respect to r from
r = 0 to r = d, we find

1
3
d3f(x) =

1
4π(1 − α2)

(
1
α3

∫
S(αd)

fdv − α2

∫
S(d)

fdv

)

where S(ρ) is the ball with radius ρ and center at x. If we apply the Schwartz
inequality, we obtain

|f(x)| ≤ g(α)d−3/2

(∫
D0

|f |2dv
)1/2

where

g(α) =
√

3
2
√
π

1 + α7/2

(1 − α2)α3/2
, 0 < α < 1

The function g attains an absolute minimum which is less that 1.9144. The
last inequality implies the estimate 1.10.25. �

The proof of the inequality 1.10.25 can be obtained by the mean value
theorem of Nicolesco [250]. The derivation used here follows that in Ref. 90.

If u is an equilibrium displacement field for a homogeneous and isotropic
body, then the strain tensor e(u) is biharmonic (cf. [119], Section 42).

If we use Lemma 1.10.1 for the function e(u) on Bz, we obtain

|{e(u)}(x)| ≤ 1.9144d−3/2

[ ∫
Bz

|e(u)|2dv
]1/2

(1.10.26)

From the relations 1.10.11 and 1.10.26, we get

|{e(u)}(x)| ≤ 1.9144
[

2
μmd3

Uz(u)
]1/2

When combined with energy inequality 1.10.4, the above inequality yields
pointwise exponential decay for the magnitude of the strain tensor at interior
points of the cylinder.

Pointwise estimates near the boundary have been obtained by Roseman
[282] and Fichera [90]. Roseman established a pointwise estimate for the stress
in a homogeneous and isotropic cylinder. When combined with Toupin’s en-
ergy inequality, this gives pointwise exponential decay for the stress through-
out the cylinder.
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1.11 Exercises

1.11.1 Study the torsion of a homogeneous and isotropic elastic cylinder
which occupies the domain

B =
{
x :

x2
1

a2
+
x2

2

b2
< 1, 0 < x3 < h

}
, (a > 0, b > 0)

1.11.2 Investigate the torsion problem for a homogeneous and isotropic
right cylinder whose cross section Σ1 is bounded by the circles C1

and C2 defined by

(C1): x2
1 + x2

2 − 2ax2 = 0
(C2): x2

1 + x2
2 = b2, (0 < b < 2a)

1.11.3 Study the flexure of an elliptical right cylinder made of a homoge-
neous and isotropic material.

1.11.4 A homogeneous and isotropic elastic material occupies a right hol-
low cylinder B with the cross section Σ1 = {x : R2

1 < x2
1 + x2

2 < R2
2,

x3 = 0}. The body is in equilibrium in the absence of body forces. In-
vestigate the plane strain of the cylinder when the lateral boundaries
are subjected to constant pressures.

1.11.5 Show that

χ =
1

40a3
qx5

2 −
1

8a3
qx2

1x
3
2 −

1
4a3

(
m+

1
5
qa2 − 1

2
qh2

)
x3

2

+
3
8a
qx2

1x2 +
1
4
qx2

1

where a, q, h, and m are constants, is suitable for use as an Airy
stress function and investigate the stress state in the plane domain
Σ1 = {(x1, x2) : −h < x1 < h,−a < x2 < a}.

1.11.6 Determine, with the use of the complex potentials, the solution of
the plane strain traction problem for a circular region in the absence
of the body forces.

1.11.7 Investigate, with the use of the complex potentials, the solution of
the plane strain traction problem for a circular ring.

1.11.8 A homogeneous and isotropic elastic right cylinder with the cross
section Σ1 = {x : x2

1/a
2 + x2

2/b
2 < 1, x3 = 0}, (a > 0, b > 0), is

subjected to extension and bending by terminal couples. Determine
the displacement field and the stress tensor.

1.11.9 Investigate the torsion of a homogeneous and isotropic right cylinder
whose cross section is an equilateral triangle.
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1.11.10 Study the flexure of a homogeneous and isotropic right cylinder with
rectangular cross section.

1.11.11 A homogeneous and isotropic elastic material occupies the domain
B = {x : a2

2 < x2
1 + x2

2 < a2
1, 0 < x3 < h}, (a1 > a2 > 0). Investigate

the torsion of the tube.

1.11.12 Investigate the flexure of a homogeneous and isotropic right cylinder
whose cross section is bounded by two confocal ellipses.
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Chapter 2

Theory of Loaded Cylinders

2.1 Problems of Almansi and Michell

This chapter is concerned with the generalization of Saint-Venant’s problem
to the case when the cylinder is subjected to body forces and surface tractions
on the lateral boundary. This problem was initiated by Almansi [6] and Michell
[221] and was developed in various later works [28,163,175,313].

We assume that a continuous body force field f is prescribed on B. By an
equilibrium displacement field on B, corresponding to the body force field f ,
we mean a vector field u∈C2(B) ∩ C1(B) that satisfies the displacement
equations of equilibrium

tji(u),j + fi = 0 (2.1.1)

on B. We assume that the boundary conditions 1.2.3 are replaced by

s(u) = t̃ on Π, R(u) = F, H(u) = M (2.1.2)

where t̃ is a vector-valued function preassigned on Π, and F and M are pre-
scribed vectors. Suppose that t̃ is piecewise regular on Π.

When f and t̃ are independent of the axial coordinate, the problem was
first considered by Almansi [6] and Michell [221]. This particular case defines
what is nowadays known in the literature as the Almansi–Michell problem.

In Ref. 6, Almansi also studied the case when the prescribed forces are
polynomials in the axial coordinate. This problem is known as the Almansi
problem.

We assume that the body is homogeneous and isotropic. Let us suppose that

fi =
r∑

k=1

Fik(x1, x2)xk
3 , (x1, x2, x3) ∈ B

t̃i =
r∑

k=1

pik(x1, x2)xk
3 , (x1, x2, x3) ∈ Π

(2.1.3)

where Fik and pik are prescribed functions.
Almansi problem consists in finding an equilibrium displacement filed on B

that corresponds to the body force field f and satisfies the boundary condi-
tions 2.1.2, when f and t̃ have the form 2.1.3.

59
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Let (A) denote the problem of determination of the functions uk ∈C2(B)∩
C1(B) that satisfy the Equations 1.1.1, 1.1.4, and 2.1.1 onB and the boundary
conditions 2.1.2, when f and t̃ have the form

fi = Fin(x1, x2)xn
3 , (x1, x2, x3) ∈ B

t̃i = pin(x1, x2)xn
3 , (x1, x2, x3) ∈ Π

(2.1.4)

where n is a positive integer or zero, and Fin and pin are prescribed functions.
Obviously, if we know the solution of the problem (A) for any n, then, accord-
ing to the linearity of the theory, we can determine the solution of Almansi
problem.

We denote by (A0) the problem (A) for n = 0, and by (B(s)) the problem
(A) when n = s, (s = 1, 2, . . . , r), and F = 0,M = 0. Let U(0) be a solu-
tion of the problem (A0), and let U(s) be a solution of the problem (B(s)),
(s = 1, 2, . . . , r). Then, the solution u of Almansi’s problem is given by

u =
r∑

m=0

U(m)

To solve Almansi problem, we use the method of induction. In Section 2.2,
we shall solve the Almansi–Michell problem (A0). Then, in Section 2.3, we
shall establish the solution of the problem (B(n+1)) once a solution of the
problem (B(n)) is known. Throughout this chapter, we assume that the cylin-
der is occupied by an isotropic and homogeneous material. Moreover, we sup-
pose that the elastic potential is a positive definite quadratic form in the
components of the strain tensor.

The researches devoted to the theory of loaded cylinders are based on the
semi-inverse method. Generally, the authors used various assumptions regard-
ing the structure of the stress field. In Ref. 145, the solution was presented, for
the first time, in terms of displacement vector field. In Section 2.4, we shall
present a generalization of the results from Section 1.7 to provide a ratio-
nal tool to solve Almansi problem. The method offers a systematic approach
which avoids artificial a priori assumptions.

2.2 Almansi–Michell Problem

We assume that

fi = Gi(x1, x2), (x1, x2) ∈ Σ1, t̃i = pi(x1, x2), (x1, x2) ∈ Γ (2.2.1)

The Almansi–Michell problem consists in the determination of the vector
field u ∈ C2(B) ∩ C1(B) that satisfies Equations 1.1.1, 1.1.4, and 2.1.1 on B
and the boundary conditions 2.1.2, when f and t̃ have the form 2.2.1.
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Following Ref. 161, we seek the solution of Almansi–Michell problem in the
form

uα = −1
2
aαx

2
3 −

1
6
bαx

3
3 −

1
24
cαx

4
3 + εβα

(
τ1x3 +

1
2
τ2x

2
3

)
xβ

+
3∑

k=1

(
ak + bkx3 +

1
2
ckx

2
3

)
w(k)

α + vα(x1, x2) (2.2.2)

u3 = (aρxρ + a3)x3 +
1
2
(bρxρ + b3)x2

3 +
1
6
(cρxρ + c3)x3

3

+ (τ1 + τ2x3)ϕ(x1, x2) + ψ(x1, x2) + x3χ(x1, x2), (x1, x2, x3)∈B

where w(k)
α are defined by the relations 1.7.9, ϕ is the torsion function defined

by Equations 1.3.26 and 1.3.28, ak, bk, ck, and τρ are unknown constants, and
vα, ψ, χ ∈ C2(Σ1) ∩ C1(Σ1) are unknown functions. Justification of the form
2.2.2 of solution is presented in Section 2.4.

It follows from Equations 2.2.2, 1.1.1, 1.1.4, and 1.7.9 that

tαβ = λ(χ+ τ2ϕ)δαβ + sαβ

t33 = E

[
aρxρ + a3 + (bρxρ + b3)x3 +

1
2
(cρxρ + c3)x2

3

]

+ (λ+ 2μ)(χ+ τ2ϕ) + λγρρ

tα3 = μ[(τ1 + τ2x3)(ϕ,α + εβαxβ) + x3χ,α + ψ,α]

+ μ

3∑
s=1

(bs + csx3)w(s)
α

(2.2.3)

where
sαβ = λγρρδαβ + 2μγαβ

γαβ =
1
2
(vα,β + vβ,α)

(2.2.4)

The first two equations of equilibrium 2.1.1 and the first two conditions on
the lateral boundary become

sαβ,β + gα = 0 on Σ1

sβαnβ = qα on Γ
(2.2.5)

where

gα = Gα + λ(χ+ τ2ϕ),α + μ[τ2(ϕ,α + εβαxβ) + χ,α] + μ
3∑

s=1

csw
(s)
α

qα = pα − λ(χ+ τ2ϕ)nα

(2.2.6)

Thus, from Equations 2.2.4 and 2.2.5, we conclude that vα are the displace-
ments in a plane strain problem corresponding to the body forces gα and
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to the surface forces qα. The necessary and sufficient conditions to solve the
boundary-value problem 2.2.4 and 2.2.5 are

∫
Σ1

gαda+
∫

Γ

qαds = 0,
∫

Σ1

εαβxαgβda+
∫

Γ

εαβxαqβds = 0 (2.2.7)

By the divergence theorem, and the relations 2.2.3 and 2.2.6, we get∫
Σ1

gαda+
∫

Γ

qαds =
∫

Σ1

Gαda+
∫

Γ

pαds+
∫

Σ1

tα3,3da

∫
Σ1

εαβxαgβda+
∫

Γ

εαβxαqβds

=
∫

Σ1

εαβxαGβda+
∫

Γ

εαβxαpβds+
∫

Σ1

εαβxαt3β,3da

(2.2.8)

In view of equations of equilibrium, we have

tα3,3 = [tα3 + xα(tj3,j +G3)],3 = (xαtβ3),β3 + xαt33,33 (2.2.9)

Thus, by using the divergence theorem and the conditions on the lateral
boundary, we obtain ∫

Σ1

tα3,3da =
∫

Σ1

xαt33,33da (2.2.10)

In view of the relations 2.2.3 and 2.2.10, the first two conditions from 2.2.7
reduce to

E
(
Iαβcβ +Ax0

αc3
)

= −
∫

Σ1

Gαda−
∫

Γ

pαds (2.2.11)

where Iαβ are defined in the relations 1.7.14, and x0
α and A are given by

Equation 1.4.9. It follows from the relations 2.2.3, 2.2.8, and 1.7.9 that the
third condition from Equations 2.2.7 can be written in the form

Dτ2 = −
∫

Σ1

εαβxαGβda−
∫

Γ

εαβxαpβda

− μ

∫
Σ1

εαβxα

(
χ,β +

1
2
νcβxρxρ

)
da (2.2.12)

The third equation of equilibrium implies that ψ and χ must satisfy the
following equations

μΔψ = −G3 − 2μ(bρxρ + b3) on Σ1 (2.2.13)

Δχ = −2(cρxρ + c3) on Σ1 (2.2.14)

In view of Equations 2.2.3 and 1.3.28, the last condition on the lateral bound-
ary implies that

μ
∂ψ

∂n
= p3 + μνnαxα(bρxρ + b3) − 1

2
bαμνnαxρxρ on Γ (2.2.15)
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and
∂χ

∂n
= cανxρ

(
xαnρ − 1

2
nαxρ

)
+ c3νxαnα on Γ (2.2.16)

The necessary and sufficient condition to solve the boundary-value problem
2.2.13 and 2.2.15 is

AE(bρx0
ρ + b3) = −

∫
Σ1

G3da−
∫

Γ

p3ds (2.2.17)

Let us consider now the boundary-value problem 2.2.14 and 2.2.16. The neces-
sary and sufficient condition to solve this boundary-value problem reduces to

cρx
0
ρ + c3 = 0 (2.2.18)

The system 2.2.11 and 2.2.18 can always be solved for c1, c2, and c3. Thus,
from Equations 2.2.14 and 2.2.16, we can determine the function χ. Then, the
relation 2.2.12 determines the constant τ2.

We consider now the conditions 1.4.1. Let us note that∫
Σ1

t13da =
∫

Γ

[t13 + x1(tj3,j +G3)]da

=
∫

Σ1

[(x1tα3),α + x1t33,3 + x1G3]da

=
∫

Σ1

x1G3da+
∫

Γ

x1p3ds+
∫

Σ1

x1t33,3da

∫
Σ1

t23da =
∫

Σ1

x2G3da+
∫

Γ

x2p3ds+
∫

Σ1

x2t33,3da

(2.2.19)

In view of Equations 2.2.19 and 2.2.3, the conditions 1.4.1 reduce to

E
(
Iαβbβ +Ax0

αb3
)

= −Fα −
∫

Σ1

xαG3da−
∫

Γ

xαp3ds (2.2.20)

In what follows, we consider that the constants bk are determined by the
system 2.2.17 and 2.2.20. We can assume that the functions ψ and vα are
known.

In view of relations 2.2.3, the conditions 1.4.2 and 1.4.3 become

EA
(
aρx

0
ρ + a3

)
= −F3 −

∫
Σ1

[(λ+ 2μ)(χ+ τ2ϕ) + λγρρ]da

(2.2.21)
E
(
Iαβaβ +Ax0

αa3

)
= εαβMβ −

∫
Σ1

xα[(λ+ 2μ)(χ+ τ2ϕ) + λγρρ]da

The system 2.2.21 determines the constants aj . From Equations 2.2.3 and
1.4.4, we obtain

Dτ1 = −M3 − μ

∫
Σ1

εαβxα

(
χ,β +

3∑
s=1

bsw
(s)
β

)
da (2.2.22)

The relation 2.2.22 determines the constant τ1.
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Thus, the displacement field 2.2.2 is a solution of Almansi–Michell problem
if the constants aj , bj , cj , and τα are given by Equations 2.2.21, 2.2.17, 2.2.20,
2.2.11, 2.2.18, 2.2.22, and 2.2.12, the functions ψ and χ are characterized
by the boundary-value problems 2.2.13, 2.2.15, 2.2.14, and 2.2.10, and the
functions vα are the displacements in the plane strain problem defined by
Equations 2.2.4 and 2.2.5.

We call the displacement vector field 2.2.2 the Almansi–Michell solution.

2.3 Almansi Problem

In the case of Almansi’s problem, the body forces fi and the tractions t̃i
have the form 2.1.3. In the previous section, we obtained a solution of the
problem (A0). Our task is to establish a solution of the problem (B(n+1))
once a solution of the problem (B(n)) is known.

By induction hypothesis, we know to derive a solution of the problem in
which

fi = Fi(n+1)(x1, x2)xn
3 , t̃i = pi(n+1)(x1, x2)xn

3 , Fi = 0, Mi = 0

Thus, the problem can be presented as follows: to find the functions uk ∈
C2(B) ∩ C1(B) which satisfy the equations

2eij(u) = ui,j + uj,i, tij(u) = λerr(u)δij + 2μeij(u)

(tji(u)),j + Λi(x1, x2)xn+1
3 = 0 on B

(2.3.1)

and the boundary conditions
∫

Σ1

t3i(u)da = 0,
∫

Σ1

εijkxjt3k(u)da = 0 (2.3.2)

tαi(u)nα = σi(x1, x2)xn+1
3 , (x1, x2, x3) ∈ Π (2.3.3)

when we know the solution of the equations

2eij(u∗) = u∗i,j + u∗j,i, tij(u∗) = λerr(u∗)δij + 2μeij(u∗)

(tji(u∗)),j + Λi(x1, x2)xn
3 = 0

(2.3.4)

on B, with the boundary conditions
∫

Σ1

t3i(u∗)da = 0,
∫

Σ1

εijkxjt3k(u∗)da = 0 (2.3.5)

tαi(u∗)nα = σi(x1, x2)xn
3 , (x1, x2, x3) ∈ Π (2.3.6)

In the above relations, Λi and σi are prescribed functions. We assume that Λi

are continuous on Σ1 and that σi are piecewise regular on Γ.
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Following Ref. 6, we seek the solution in the form

ui = (n+ 1)
[ ∫ x3

0

u∗i dx3 + wi

]
(2.3.7)

where wi ∈C2(B) ∩ C1(B) are unknown functions. It follows from Equa-
tions 2.3.7 and 2.3.1 that

tij(u) = (n+ 1)
[ ∫ x3

0

tij(u∗)dx3 + τij(w) + kij

]
(2.3.8)

where

τij(w) = λγrr(w)δij + 2μγij(w), γij(w) =
1
2
(wi,j + wj,i) (2.3.9)

and

kαβ = λδαβu
∗
3(x1, x2, 0), k33 = (λ+ 2μ)u∗3(x1, x2, 0)

kα3 = k3α = μu∗α(x1, x2, 0), (x1, x2) ∈ Σ1

(2.3.10)

With the help of Equations 2.3.4 and 2.3.8, the equations of equilibrium
reduce to

τji(w),j + Pi = 0 on B (2.3.11)

where
Pi = kαi,α + [t3i(u∗)](x1, x2, 0) (2.3.12)

We note that the functions Pi are independent of x3. In view of Equations 2.3.6
and 2.3.8, the conditions 2.3.3 become

τβi(w)nβ = ηi on Π (2.3.13)

where
ηi = −kαinα

The functions ηi are independent of the axial coordinate. By Equations 2.3.8
and 2.3.5, the conditions 2.3.2 reduce to

∫
Σ1

τ3i(w)da = −Fi,

∫
Σ1

εijkxjτ3k(w)da = −Mi (2.3.14)

where
Fi =

∫
Σ1

k3ida, Mi =
∫

Σ1

εirsxrk3sda

We conclude that the functions wi satisfy Equations 2.3.9 and 2.3.11 on B
and the boundary conditions 2.3.13 and 2.3.14. Thus, wi satisfy an Almansi–
Michell problem. The solution of this problem was studied in the previous
section. The justification of the form 2.3.7 of the solution is presented in the
next section.
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2.4 Characterization of Solutions

Since the Almansi problem fails to characterize the solution uniquely, it is
natural to ask for intrinsic criteria that distinguish the above solutions among
all solutions of the problem. In the first part of this section, we present a
relation between the solutions of the Saint-Venant’s problem and the solution
of the Almansi–Michell problem. Then, a characterization of the Almansi–
Michell solution is established. A justification of the solution 2.3.7 is also
presented. The results we give here have been established in Ref. 161.

Let KIII(F,M,G,p) denote the class of solutions to the Almansi–Michell
problem (A0). Theorem 2.4.1 will be of future use.

Theorem 2.4.1 If u ∈ C2(B) ∩ C1(B), then

Ri(u,3) =
∫

Γ

si(u)ds−
∫

Σ1

[tji(u)],jda

Hα(u,3) =
∫

Γ

εαβxβs3(u)ds−
∫

Σ1

εαβxβ [tj3(u)],jda+ εαβRβ(u)

H3(u,3) =
∫

Γ

εαβxαsβ(u)ds−
∫

Σ1

εαβxα[tjβ(u)],jda

(2.4.1)

Proof. Let us note that tji(u,3) = [tij(u)],3. Thus, we have

t3i(u,3) = [tji(u)],j − [tαi(u)],α

εαβxβt33(u,3) = εαβxβ [tj3(u)],j − εαβ [xβtρ3(u)],ρ + εαβtβ3(u)

εαβxαt3β(u,3) = εαβxα[tjβ(u)],j − εαβ [xαtρβ(u)],ρ

(2.4.2)

By Equations 1.2.5 and 2.4.2, the divergence theorem, and Equation 1.1.11,
we obtain the desired result. �

Recall that K(F,M) denotes the class of solutions to the Saint-Venant’s
problem corresponding to the resultants F and M.

Theorem 2.4.2 If u ∈ KIII(F,M,G,p) and u,3 ∈ C2(B) ∩ C1(B), then
u,3 ∈ K(P,Q), where

P =
∫

Σ1

Gda+
∫

Γ

pds

Qα =
∫

Σ1

εαβxβG3da+
∫

Γ

εαβxβp3ds+ εαβFβ

Q3 =
∫

Σ1

εαβxαGβda+
∫

Γ

εαβxαpβds

(2.4.3)

Theorem 2.4.2 is a direct consequence of Theorem 2.4.1.
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The preceding theorem allows us to establish a simple method of deriv-
ing Almansi–Michell’s solution. Let u0 ∈ K(P,Q) be Saint-Venant’s solution
corresponding to the resultant force P and the resultant moment Q of the
tractions acting on Σ1. Theorem 2.4.2 asserts that the partial derivative with
respect to x3 of any solution u ∈ C3(B)∩C2(B) of the problem (A0) belongs
to K(P,Q). It is natural to enquire whether there exists a solution w of the
problem (A0) such that w,3 and u0 are equal modulo a rigid displacement.
This question is settled in Theorem 2.4.3. We assume that the material is
homogeneous and isotropic.

Theorem 2.4.3 Let u0 ∈ K(P,Q) be Saint-Venant’s solution. Let w∈
C3(B) ∩C2(B) be a displacement vector field such that w,3 and u0 are equal
modulo a rigid displacement. Then w ∈ KIII(F,M,G,p) if and only if w is
the Almansi–Michell solution.

Proof. Let u0 be Saint-Venant’s solution in the class K(P,Q). Following
Equation 1.7.21, the vector u0 has the form

u0 =
∫ x3

0

v{ĉ}dx3 + v{b̂} + w∗ (2.4.4)

where b̂= (b1, b2, b3, b4) and ĉ= (c1, c2, c3, c4) are two constant four-
dimensional vectors, and w∗ is a vector field independent of x3 such that
w∗ ∈ C2(Σ1)∩C1(Σ1).

In view of Theorem 1.7.3, Equations 1.7.23, 1.7.27, and 2.4.3, we conclude
that

E(Iαβcβ +Ax0
αc3) = −

∫
Σ1

Gαda−
∫

Γ

pαds

cαx
0
α + c3 = 0, c4 = 0

(2.4.5)

and w∗
α = 0, w∗

3 = χ, where χ is characterized by Equations 2.2.14 and 2.2.16.
Moreover, from Equations 1.7.28 and 2.4.3, we obtain Equations 2.2.17, 2.2.20,
and

Db4 = −
∫

Σ1

εαβxβ

[
Gβ + μ

(
χ,β +

1
2
νcβxρxρ

)]
da−

∫
Γ

εαβxαpβds

Let w be a vector field such that

w,3 = u0 +ααα+ βββ × x (2.4.6)
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where u0 is defined by Equation 2.4.4, and ααα and βββ are constant vectors.
Then, it follows from Equations 1.7.11, 1.7.12, 2.4.5, and 2.4.6 that

wα = −1
2
aαx

2
3 −

1
6
bαx

3
3 −

1
24
cαx

4
3 +

1
2
b4εβαx

2
3xβ

− τ1εαβxβx3 +
3∑

k=1

(
ak + bkx3 +

1
2
ckx

2
3

)
w(k)

α + vα(x1, x2)

w3 = (aρxρ + a3)x3 +
1
2
(bρxρ + b3)x2

3 +
1
6
(cρxρ + c3)x3

3

+ b4x3ϕ+ τ1ϕ+ x3χ+ ψ(x1, x2)

where vα and ψ are arbitrary functions independent of x3, and we have used
the notations aα = εαρβρ, a3 = α3, τ1 = β3. For convenience, on the basis
of the arbitrariness of the functions vα and ψ, we have introduced the terms∑3

k=1 akw
(k)
α and τ1ϕ. In Section 2.2, we have shown that we can determine the

functions vα, ψ and the constants ak and τ1, such that w ∈ KIII(F,M,G,p).
The proof is complete. �

Let us present now a justification of the form 2.3.7 of the solution.
Let Qn{Fnx

n
3 ,pnx

n
3}, (n = 1, 2, . . . , r), be the class of solutions to the

problem (B(n)). By induction hypothesis, we know to derive a solution û ∈
Qn{Fnx

n
3 ,pnx

n
3}. It follows that we also know a solution u∗ ∈ Qn{F(n+1)x

n
3 ,

p(n+1)x
n
3}. Thus we are led to the following problem: to find a vector field

u′′ ∈ Qn+1{F(n+1)x
n+1
3 ,p(n+1)x

n+1
3 } when u∗ ∈ Qn{F(n+1)x

n
3 , p(n+1)x

n
3} is

given. We refer to this problem as the problem (K). To solve this problem, we
need the following result.

Lemma 2.4.1 If u ∈ Qn+1

{
F(n+1)x

n+1
3 ,p(n+1)x

n+1
3

}
and u,3 ∈C2(B) ∩

C1(B), then
(n+ 1)−1u,3 ∈ Qn

{
F(n+1)x

n
3 ,p(n+1)x

n
3

}

Proof. Let u ∈ Qn+1{F(n+1)x
n+1
3 ,p(n+1)x

n+1
3 } such that u,3 ∈C2(B)∩C1(B).

It follows from Equations 2.1.1 and 2.1.2 that

tji(u,3),j + (n+ 1)Fi(n+1)x
n
3 = 0 on B

s(u,3) = (n+ 1)p(n+1)x
n
3 on Π

Since the theory under consideration is linear, the vector field u′ =
(n + 1)−1u,3 is an equilibrium displacement field on B that corresponds to
the body force field F(n+1)x

n
3 and satisfies the condition s(u′) = p(n+1)x

n
3 on

Π. In view of Theorem 2.4.1, we find R(u′) = 0, H(u′) = 0. This completes
the proof of the lemma. �

Lemma 2.4.1 allows us to solve the problem (K). Thus, in view of this
lemma, we are led to seek the vector field u′′ such that (n + 1)−1u′′

,3 = u∗
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modulo a rigid displacement, that is,

(n+ 1)−1u′′
,3 = u∗ +ααα+ βββ × x (2.4.7)

where ααα and βββ are constant vectors. Then it follows that

u′′α = (n+ 1)
[ ∫ x3

0

u∗αdx3 − 1
2
aαx

2
3 − a4εαβxβx3 + w∗

α(x1, x2)
]

u′′3 = (n+ 1)
[ ∫ x3

0

u∗3dx3 + (aρxρ + a3)x3 + w∗
3(x1, x2)

] (2.4.8)

except for an additive rigid displacement. Here w∗ is an arbitrary vector field
independent of x3, and we have used the notations aα = εραβρ, a3 =α3, α4 =β3.

Theorem 2.4.4 Let u∗ ∈ Qn{F(n+1)x
n
3 ,p(n+1)x

n
3}, and let Y be the set of

all vector fields of the form 2.4.8. Then there exists a vector field u′′ ∈ Y such
that u′′ ∈ Q(n+1){F(n+1)x

n+1
3 ,p(n+1)x

n+1
3 }.

Proof. Let us prove that the functions w∗
i and the constants as, (s = 1, 2, 3, 4),

can be determined so that u′′ ∈ Qn+1{F(n+1)x
n+1
3 ,p(n+1)x

n+1
3 }.

We introduce the vector field w′ by

w∗
α =

3∑
i=1

aiw(i)
α + w′

α, w∗
3 = a4ϕ+ w′

3

where the functions w(i)
α have the form 1.7.9, and the function ϕ is the torsion

function.
From Equations 2.4.8, we obtain

u′′1 = (n+ 1)
[ ∫ x3

0

u∗1dx3 − 1
2
a1x

2
3 − a4x2x3 − 1

2
a1ν
(
x2

1 − x2
2

)

− a2νx1x2 − a3νx1 + w′
1

]

u′′2 = (n+ 1)
[ ∫ x3

0

u∗2dx3 − 1
2
a2x

2
3 + a4x1x3 − a1νx1x2

− 1
2
a2ν
(
x2

2 − x2
1

)− a3νx2 + w′
2

]

u′′3 = (n+ 1)
[ ∫ x3

0

u∗3dx3 + (aρxρ + a3)x3 + a4ϕ+ w′
3

]

(2.4.9)
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The stress–displacement relations imply

tαβ(u′′) = (n+ 1)
[ ∫ x3

0

tαβ(u∗)dx3 + Tαβ(w) + λδαβu
∗
3(x1, x2, 0)

]

t33(u′′) = (n+ 1)
[ ∫ x3

0

t33(u∗)dx3 + E(aρxρ + a3) + λw′
ρ,ρ

+ (λ+ 2μ)u∗3(x1, x2, 0)
]

(2.4.10)

tα3(u′′) = (n+ 1)
[ ∫ x3

0

tα3(u∗)dx3 + μa4(ϕ,α − εαβxβ)

+ w′
3,α + μu∗α(x1, x2, 0)

]

We have

(tαi(u′′)),i = (n+ 1)
[ ∫ x3

0

(tαi(u∗)),idx3 + (Tαβ(w′)),β + gα

]

(t3i(u′′)),i = (n+ 1)
[ ∫ x3

0

(t3i(u∗)),idx3 + μΔw′
3 + g

] (2.4.11)

where
gα = [t3α(u∗)](x1, x2, 0) + λu∗3,α(x1, x2, 0)

g = [t33(u∗)](x1, x2, 0) + μu∗α,α(x1, x2, 0)
(2.4.12)

Since u∗ ∈Qn{F(n+1)x
n
3 ,p(n+1)x

n
3}, the equations of equilibrium and the

conditions on the lateral boundary reduce to

[Tαβ(w′)],β + gα = 0 on Σ1, Tαβ(w′)nβ = qα on Γ (2.4.13)

μΔw′
3 + g = 0 on Σ1, μ

∂w′
3

∂n
= q on Γ (2.4.14)

where

qα = −λnαu
∗
3(x1, x2, 0), q = −μnαu

∗
α(x1, x2, 0)

We conclude from Equations 2.4.13 that {w′
α, Tαβ(w′)} is a plane elastic

state corresponding to the body forces gα and to the surface forces qα. It is a
simple matter to see that the necessary and sufficient conditions to solve the
plane strain problem 2.4.13 are satisfied.

The function w′
3 is characterized by the boundary-value problem 2.4.14. On

the basis of Theorem 2.4.1, we find that Rα(u′′)= εβαHβ((n+1)u∗) = 0. The
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conditions R3(u′′) = 0, H(u′′) = 0 reduce to

E(Iαβaβ +Ax0
αa3) = −

∫
Σ1

xα[λwρ,ρ + (λ+ 2μ)u∗3(x1, x2, 0)]da

AE(aρx
0
ρ + a3) = −

∫
Σ1

[λw′
ρ,ρ + (λ+ 2μ)u∗3(x1, x2, 0)]da

Da4 = −μ
∫

Σ1

εαβxα[w′
3,β + u∗β(x1, x2, 0)]da

(2.4.15)

The system 2.4.15 determines a1, a2, a3, and a4. �

Remark. It follows from Equations 1.7.11, 1.7.12, 2.4.8, and 2.4.9 that the
solution u′′ may be written in the form

u′′ = (n+ 1)
[∫ x3

0

u∗dx3 + v{â} + w′
]

(2.4.16)

Here w′
α are the components of the displacement filed in the plane strain

problem 2.4.13, w′
3 is characterized by the problem 2.4.14 and â is determined

by Equations 2.4.15.
The above results yield a rational scheme to derive a solution to the Almansi

problem.

2.5 Direct Method

In this section, we present another method of solving Almansi problem. The
advantage of this method is that it does not involve the method of induction
and avoids the use of some auxiliary functions and constants. For convenience,
we assume that the body forces and the tractions applied on the lateral surface
are given in the form

fi =
m∑

k=0

1
k!
F

(k)
i xk

3 , t̃i =
m∑

k=0

1
k!
P

(k)
i xk

3 (2.5.1)

where F (k)
i and P

(k)
i are prescribed functions independent of the axial coor-

dinate.
The problem consists in the determination of a solution u ∈ C2(B)∩C1(B)

of Equations 1.1.1, 1.1.4, and 2.1.1 on B that satisfies the boundary conditions
on Σ1 and

tαinα = t̃i on Π (2.5.2)

when the body forces and the lateral loading have the form 2.5.1.
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The recurrence process presented in Section 2.3 lead us to seek the solution
in the form

uα =
m+2∑
k=0

⎡
⎣− 1

(k + 2)!
C(k)

α xk+2
3 +

1
k!
xk

3

3∑
j=1

C
(k)
j w(j)

α

⎤
⎦

+
m∑

k=0

1
k!
v(k)

α xk
3 + εβαxβ

m+2∑
k=1

1
k!
T (k)xk

3

u3 =
m+2∑
k=0

1
(k + 1)!

(
C

(k)
1 x1 + C

(k)
2 x2 + C

(k)
3

)
xk+1

3

+
m+1∑
k=0

1
k!
(
T (k+1)ϕ+ ψ(k+1)

)
xk

3

(2.5.3)

where C
(k)
j , (k = 0, 1, 2, . . . ,m + 2), and T (s), (s = 1, 2, . . . ,m + 2), are

unknown constants, v(k)
α (k= 0, 1, 2, . . . ,m) are unknown functions of class

C2(Σ1) ∩ C1(Σ1), independent of the axial coordinate, w(k)
α are defined by

relations 1.7.9, and ψ(r), (r = 1, 2, . . . ,m+ 2), are unknown functions of class
C2(Σ1) ∩ C1(Σ1) which depend only on x1 and x2. Let us prove that the
functions v(k)

α and ψ(r) and the constants C(k)
j and T (s) can be determined so

that u be a solution of Almansi problem.
We introduce the notations

γ
(k)
αβ =

1
2

(
v
(k)
α,β + v

(k)
β,α

)
, (k = 0, 1, 2, . . . ,m) (2.5.4)

It follows from Equations 1.1.1, 1.1.4, 1.7.9, and 2.5.3 that

tαβ =
m∑

k=0

1
k!
[
λ(T (k+2)ϕ+ ψ(k+2))δαβ + s

(k)
αβ

]
xk

3

t33 = λ

m∑
k=0

1
k!
γ(k)

ρρ x
k
3 + E

m+2∑
k=0

1
k!
(
C

(k)
1 x1 + C

(k)
2 x2 + C

(k)
3

)
xk

3

+ (λ+ 2μ)
m∑

k=0

1
k!

(T (k+2)ϕ+ ψ(k+2))xk
3

tα3 = μ

m+1∑
k=0

1
k!

⎡
⎣T (k+1)(ϕ,α + εβαxβ) + ψ(k+1)

,α

+
3∑

j=1

C
(k+1)
j w(j)

α

⎤
⎦xk

3 + μ
m−1∑
k=0

1
k!
v(k+1)

α xk
3

(2.5.5)

where
s
(k)
αβ = λγ(k)

ρρ δαβ + 2μγ(k)
αβ , (k = 0, 1, 2, . . . ,m) (2.5.6)
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It follows from Equation 2.5.5 that the first two equations of equilibrium
2.1.1 and the first two conditions on the lateral surface 2.5.2 reduce to

s
(k)
βα,β +G(k)

α = 0 on Σ1, s
(k)
βαnβ = q(k)

α on Γ, (k = 0, 1, 2, . . . ,m) (2.5.7)

where
G

(k)
α = F

(k)
α + λ

(
T (k+2)ϕ,α + ψ

(k+2)
,α

)
+ Γ(k)

α

Γ(k)
α = μ

[
ψ

(k+2)
,α + v

(k+2)
α + T (k+2)(ϕ,α + εβαxβ)

+
3∑

j=1

C
(k+2)
j w

(j)
α

]

q(k)
α = p

(k)
α − λ

(
T (k+2)ϕ+ ψ(k+2)

)
nα

k = 0, 1, 2, . . . ,m, v(m+ρ)
α ≡ 0, ρ = 1, 2

(2.5.8)

The last equation of equilibrium and the last condition on the lateral bound-
ary become

μΔψ(k) = g(k) on Σ1, μ
∂ψ(k)

∂n
= Λ(k) on Γ, (k = 1, 2, . . . ,m+ 2)

(2.5.9)
where

g(k) = −F (k−1)
3 − 2μ

(
C

(k)
1 x1 + C

(k)
2 x2 + C

(k)
3

)

− (λ+ 2μ)
(
T (k+2)ϕ+ ψ(k+2)

)− (λ+ μ)v(k)
ρ,ρ

Λ(k) = p
(k−1)
3 − μv(k)

α nα − μnα

3∑
j=1

C
(k)
j w(j)

α , (k = 1, 2, . . . ,m+ 2)

F
(m+1)
3 ≡ 0, ψ(m+2+ρ) ≡ 0, T (m+2+ρ) ≡ 0, ρ = 1, 2 (2.5.10)

The necessary and sufficient conditions to solve the boundary-value prob-
lems 2.5.9 are ∫

Σ1

g(k)da =
∫

Γ

Λ(k)ds, (k = 1, 2, . . . ,m+ 2) (2.5.11)

By using Equations 2.5.10, 1.7.9, and the divergence theorem, the conditions
2.5.11 reduce to

EA
(
C

(k)
1 x0

1 + C
(k)
2 x0

2 + C
(k)
3

)
= −

∫
Σ1

F
(k−1)
3 da−

∫
Γ

p
(k−1)
3 ds

−
∫

Σ1

[
λγ(k)

ρρ + (λ+ 2μ)
(
T (k+2)ϕ+ ψ(k+2)

)]
da, (k = 1, 2, . . . ,m+ 2)

(2.5.12)
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From Equations 2.5.4, 2.5.6, and 2.5.7, we conclude that the functions v(k)
α ,

(k = 0, 1, 2, . . . ,m), are the displacements in the plane strain problems corre-
sponding to the body forces G(k)

α and the tractions q(k)
α . The necessary and

sufficient conditions for the existence of the functions v(k)
α are

∫
Σ1

G(k)
α da+

∫
Γ

q(k)
α ds = 0

∫
Σ1

εαβxαG
(k)
β da+

∫
Γ

εαβxαq
(k)
β ds = 0, (k = 0, 1, 2, . . . ,m)

(2.5.13)

It follows from Equations 2.5.8 and the divergence theorem that
∫

Σ1

G(k)
α da+

∫
Γ

q(k)
α ds =

∫
Σ1

F (k)
α da+

∫
Γ

p(k)
α ds+

∫
Σ1

Γ(k)
α da (2.5.14)

By use of the same procedure as that used to prove Equations 2.2.9, we obtain

tα3,3 = (xαtβ3,3),β + xα(t33,33 + f3,3)

Thus, by using the divergence theorem and Equations 2.5.2, we find that
∫

Σ1

tα3,3da =
d

dx3

∫
Γ

xαt̃3ds+
∫

Σ1

xα(t33,33 + f3,3)da (2.5.15)

In view of the relations 2.5.5 and 2.5.8, from Equations 2.5.14, we get
∫

Σ1

Γ(k)
α da =

∫
Σ1

xαF
(k+1)
3 da+

∫
Γ

xαp
(k+1)
3 ds

+E
(
Iα1C

(k+2)
1 + Iα2C

(k+2)
2 +Ax0

αC
(k+2)
3

)

+
∫

Σ1

xα

[
λγ(k+2)

ρρ + (λ+ 2μ)
(
T (k+4)ϕ+ ψ(k+4)

)]
da

k = 0, 1, 2, . . . ,m, T (m+ρ) ≡ 0, ψ(m+ρ) ≡ 0, ρ = 3, 4 (2.5.16)

By Equations 2.5.14 and 2.5.16, the first two conditions from Equations 2.5.13
reduce to

E
(
Iα1C

(k+2)
1 + Iα2C

(k+2)
2 +Ax0

αC
(k+2)
3

)
= −

∫
Σ1

{
F (k)

α

+ xαF
(k+1)
3 + xα

[
λγ(k+2)

ρρ + (λ+ 2μ)
(
T (k+4)ϕ+ ψ(k+4)

)]}
da

−
∫

Γ

[
p(k)

α + xαp
(k+1)
3

]
ds, (k = 0, 1, 2, . . . ,m) (2.5.17)
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In view of the relations 2.5.8, the remaining condition from Equations 2.5.13
reduces to

DT (k+2) = −
∫

Σ1

εαβxαF
(k)
β da−

∫
Γ

εαβxαp
(k)
β ds− μ

∫
Σ1

εαβxα

[
ψ

(k+2)
,β

+ v
(k+2)
β +

3∑
j=1

C
(k+2)
j w

(j)
β

]
da, (k = 0, 1, 2, . . . ,m) (2.5.18)

where D is the torsional rigidity. Let us study now the conditions on Σ1. We
note that in the presence of body forces the relations 1.3.57 become

∫
Σ

t3αda =
∫

∂Σ

xαtβ3nβds+
∫

Σ

xα(t33,3 + f3)da

Thus, for x3 = 0, we obtain

∫
Σ1

t3αda =
∫

Γ

xαp
(0)
3 ds+

∫
Σ1

xαF
(0)
3 da

+
∫

Σ1

xα

[
λγ(1)

ρρ + (λ+ 2μ)
(
T (3)ϕ+ ψ(3)

)]
da

+E
(
Iα1C

(1)
1 + Iα2C

(1)
2 +Ax0

αC
(1)
3

)
(2.5.19)

In view of Equation 2.5.19, the conditions 1.4.1 reduce to

E
(
Iα1C

(1)
1 + Iα2C

(1)
2 +Ax0

αC
(1)
3

)
= −Fα −

∫
Σ1

xαF
(0)
3 da

−
∫

Γ

xαp
(0)
3 ds−

∫
Σ1

xα

[
λγ(1)

ρρ + (λ+ 2μ)
(
T (3)ϕ+ ψ(3)

)]
da (2.5.20)

From the condition 1.4.2 and 2.5.5, we obtain

EA
(
C

(0)
1 x0

1 + C
(0)
2 x0

2 + C
(0)
3

)

= −F3 −
∫

Σ1

[
λγ(0)

ρρ + (λ+ 2μ)
(
T (2)ϕ+ ψ(2)

)]
da (2.5.21)

The conditions 1.4.3 reduce to

E
(
Iα1C

(0)
1 + Iα2C

(0)
2 +Ax0

αC
(0)
3

)
= εαβMβ

−
∫

Σ1

xα

[
λγ(0)

ρρ + (λ+ 2μ)(T (2)ϕ+ ψ(2))
]
da (2.5.22)
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It follows from the condition 1.4.4 and 2.5.5 that

DT (1) = −M3 − μ

∫
Σ1

εαβxα

[
ψ

(1)
,β + v

(1)
β +

3∑
j=1

C
(1)
j w

(j)
β

]
da (2.5.23)

First, we determine the torsion function ϕ and calculate the torsional rigid-
ity D from Equation 1.3.32. Since γ(m+2)

ρρ = 0, T (m+4) = 0, ψ(m+4) = 0, we see
that from Equations 2.5.12, with k=m+ 2, and 2.5.17, with k=m, we can
determine the constants C(m+2)

j in terms of the body forces and lateral trac-
tions. Then, from Equations 2.5.9, for k=m + 2, we determine the function
ψ(m+2). We note that in the relations 2.5.10, we have T (m+4) = 0, ψ(m+4) = 0,
v
(m+2)
α = 0.Next, from Equation 2.5.18, we can determine T (m+2). Since C(m+2)

j ,
T (m+2) and ψ(m+2) are known, from the plane strain problem 2.5.4, 2.5.6,
and 2.5.7, for k=m, we can obtain the functions v(m)

α . Then, from Equations
2.5.12, with k=m + 1, and 2.5.17, with k=m − 1, we determine the con-
stants C(m+1)

i . From Equations 2.5.9, we determine the function ψ(m+1). The
constant T (m+1) is given by Equation 2.5.18. The plane strain problem 2.5.4,
2.5.6, and 2.5.7, with k=m− 1, determines the functions v(m−1)

α , and so on.
The constants C(1)

j are determined by Equations 2.5.12 and 2.5.20. The func-
tion ψ(1) is given by Equations 2.5.9 and the constant T (1) can be found from
Equations 2.5.23. Finally, from Equations 2.5.11 and 2.5.22, we obtain the
constants C(0)

j . Thus, we conclude that the displacement vector field defined
by Equations 2.5.3 is a solution of Almansi problem.

In the case of uniformly loaded cylinders, we have

fi = F
(0)
i , t̃i = p

(0)
i

From Equations 2.5.3, for m = 0, we obtain the following solution of
Almansi–Michell problem

uα =
2∑

k=0

[
− 1

(k + 2)!
C(k)

α xk+2
3 +

1
k!
xk

3

3∑
j=1

C
(k)
j w(j)

α

]

+ εαβxβ

(
T (1)x3 +

1
2
T (2)x2

3

)
+ v

(0)
α

u3 =
2∑

k=0

1
(k + 1)!

(
C

(k)
1 x1 + C

(k)
2 x2 + C

(k)
3

)
xk+1

3

+ T (1)ϕ+ ψ(1) + x3

(
T (2)ϕ+ ψ(2)

)

(2.5.24)

From Equations 2.5.12 and 2.5.17, we find the following system for the
constants C(2)

j

C
(2)
1 x0

1 + C
(2)
2 x0

2 + C
(2)
3 = 0

E
(
Iα1C

(2)
1 + Iα2C

(2)
2 +Ax0

αC
(2)
3

)
= −

∫
Γ

p(0)
α ds−

∫
Σ1

F (0)
α da

(2.5.25)
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The function ψ(2) is characterized by

Δψ(2) = −2
(
C

(2)
1 x1 + C

(2)
2 x2 + C

(2)
3

)
on Σ1

∂ψ(2)

∂n
= −nα

3∑
j=1

C
(2)
j w(j)

α on Γ
(2.5.26)

It follows from Equation 2.5.18 that the constant T (2) is given by

DT (2) = −
∫

Γ

εαβxαp
(0)
β ds−

∫
Σ1

εαβxαF
(0)
β da

− μ

∫
Σ1

εαβxα

⎡
⎣ 3∑

j=1

C
(2)
j w

(j)
β + ψ

(2)
,β

⎤
⎦da (2.5.27)

The constants C(1)
j are determined from Equations 2.5.12 and 2.5.20, so that

EA
(
C

(1)
1 x0

1 + C
(1)
2 x0

2 + C
(1)
3

)
= −

∫
Γ

p
(0)
3 ds−

∫
Σ1

F
(0)
3 da

E
(
Iα1C

(1)
1 + Iα2C

(1)
2 +Ax0

αC
(1)
3

)
= −Fα −

∫
Γ

xαp
(0)
3 ds−

∫
Σ1

xαF
(0)
3 da

(2.5.28)
From Equations 1.7.9 and 2.5.9, we obtain the following boundary-value prob-
lem for ψ(1)

μΔψ(1) = −F (0)
3 − 2μ

(
C

(1)
1 x1 + C

(1)
2 x2 + C

(1)
3

)
on Σ1

μ
∂ψ(1)

∂n
= p

(0)
3 − μnα

3∑
j=1

C
(1)
j w(j)

α on Γ
(2.5.29)

In this case, the constant T (1) is given by

DT (1) = −M3 − μ

∫
Σ1

εαβxα

⎡
⎣ 3∑

j=1

C
(1)
j w

(j)
β + ψ

(1)
,β

⎤
⎦da (2.5.30)

It follows from Equations 2.5.4, 2.5.6, and 2.5.7 that v(0)
α are the components

of the displacement vector in the plane strain problem characterized by the
geometrical equations

γ
(0)
αβ =

1
2
(
v
(0)
α,β + v

(0)
β,α

)
(2.5.31)

the constitutive equations

s
(0)
αβ = λγ(0)

ρρ δαβ + 2μγ(0)
αβ (2.5.32)
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the equilibrium equations

s
(0)
αβ,β + F

(0)
α + (λ+ μ)

(
T (2)ϕ,α + ψ

(2)
,α

)
+ μ

(
T (2)εβαxβ +

3∑
j=1

C
(2)
j w(j)

α

)
= 0

(2.5.33)
on Σ1 and the boundary conditions

s
(0)
αβnβ = p(0)

α − λ
(
T (2)ϕ+ ψ(2)

)
nα on Γ (2.5.34)

The constants C(0)
j are determined from the system 2.5.21 and 2.5.22.

If fi = 0 and t̃i = 0, then the solution 2.5.24 reduces to Saint-Venant’s
solution to the relaxed Saint-Venant’s problem.

2.6 Applications

2.6.1 Deformation of a Circular Cylinder Subject
to Uniform Load

Let us study the deformation of a homogeneous and isotropic circular cylin-
der that occupies the region B=

{
x : x2

1 + x2
2 < a2, 0 < x3 < h

}
, (a > 0) , and

is subjected to a uniform load. We assume that the lateral surface is subjected
to a constant pressure and that the body force is axial. Thus, we have

t̃α = Pnα, t̃3 = 0, fα = 0, f3 = Q (2.6.1)

where P and Q are given constants. Clearly, nα = xα/a so that we can take
ϕ = 0. From Equation 1.3.32, we obtain

D =
1
2
πa4μ (2.6.2)

By using Equations 1.7.14 and 2.6.1, and taking into account that p(0)
α = Pnα,

p
(0)
3 = 0, F (0)

α = 0, and F (0)
3 = Q, we have

Iαβ = Iδαβ , I =
1
4
πa4, x0

α = 0,
∫

Γ

p(0)
α ds = 0

so that the system 2.5.25 implies that

C
(2)
j = 0 (2.6.3)

From Equation 2.5.26, we conclude that ψ(2)= 0 on Σ1. Clearly, Equa-
tions 2.5.27 and 2.6.2 imply that T (2)= 0. It follows from Equation 2.5.28
that

C(1)
α = − 1

EI
Fα, C

(1)
3 = − 1

E
Q (2.6.4)
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The boundary-value problem 2.5.29 reduces to

Δψ(1) = − 1
μ
Q− 2

(
C

(1)
1 x1 + C

(1)
2 x2 + C

(1)
3

)
on Σ1

∂ψ(1)

∂n
=

1
2
νa
(
C

(1)
1 x1 + C

(1)
2 x2 + 2C(1)

3

)
on Γ

The solution of this problem is given by

ψ(1) = − 1
4EI

{F1

[
a2(3 + 2ν)x1 −

(
x3

1 + x1x
2
2

)]

+ F2

[
a2(3 + 2ν)x2 −

(
x3

2 + x2
1x2

)]}

− ν

2E
Q
(
x2

1 + x2
2

)
, (x1, x2) ∈ Σ1 (2.6.5)

In view of the relations 2.6.1, the equilibrium equations 2.5.33 reduce to

s
(0)
αβ,β = 0 on Σ1 (2.6.6)

The boundary conditions 2.5.34 become

s
(0)
αβnβ = Pnα on Γ (2.6.7)

The solution of the boundary-value problem 2.5.31, 2.5.32, 2.6.6, and 2.6.7 is
given by

v(0)
α =

1
2 (λ+ μ)

Pxα on Σ1 (2.6.8)

In view of Equations 1.7.9 and 2.6.5, from Equation 2.5.30, we obtain

DT (1) = −M3 (2.6.9)

It follows from Equations 2.5.21, 2.5.22, and 2.6.8 that the constants C(0)
j are

given by

C(0)
α =

1
EI

εαβMβ , C
(0)
3 = − 1

EA
F3 − 2ν

E
P (2.6.10)

We conclude that the solution of the problem has the form

uα =
1∑

k=0

[
− 1

(k + 2)!
C(k)

α xk+2
3 +

1
k!
xk

3

3∑
j=1

C
(k)
j w(j)

α

]
+ εαβT

(1)xβx3 + v(0)
α

u3 =
1∑

k=0

1
(k + 1)!

(
C

(k)
1 x1 + C

(k)
2 x2 + C

(k)
3

)
xk+1

3 + ψ(1)

Here, the constants C(k)
j , (k = 0, 1), are given by Equations 2.6.4 and 2.6.10,

T (1) and D are given by Equations 2.6.2 and 2.6.9, the function ψ(1) is defined
in Equations 2.6.5, v(0)

α are given by Equation 2.6.8, and the functions w(j)
α

have the expressions 1.7.9. If Q = 0 and P = 0, then we obtain the solution
of Saint-Venant’s problem.
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2.6.2 Thermoelastic Deformation of Cylinders

Let us use the results presented in Sections 2.2 and 2.3 to study the problem
of thermal stresses in homogeneous and isotropic cylinders within the linear
theory of thermoelastostatics.

Let T be the absolute temperature measured from the constant absolute
temperature in the reference configuration. In the equilibrium theory of lin-
ear thermoelasticity, the temperature field T can be found by solving the heat
boundary-value problem associated with the heat conduction and energy equa-
tions. In this section, we shall treat the temperature field T as having already
been so determined.

As is usual in thermoelastostatics, we assume that the mechanical loads are
absent. Thus, the principal attention is devoted to the deformation due to the
temperature field.

We consider a formulation of the problem in which the detailed assign-
ment of the terminal tractions is abandoned in favor of prescribing merely the
appropriate stress resultants.

According to the body force analogy (cf. [38], Section 11), the thermoelastic
problem reduces to the problem of finding an equilibrium displacement field
u on B that corresponds to the body force field f = −βgradT and satisfies
the conditions

s(u) = p on Π, Rα(u) = 0, R3(u) = −
∫

Σ1

βTda

Hα(u) = −
∫

Σ1

βεαρxρTda, H3(u) = 0
(2.6.11)

where p = βTn. Here β is the stress-temperature modulus. We refer to the
foregoing problem as the problem (Z).

2.6.3 Plane Temperature Field

We now consider the case when the temperature field is independent of the
axial coordinate, that is,

T = T0(x1, x2), (x1, x2) ∈ Σ1

where T0 ∈ C2(Σ1) ∩ C1(Σ1) is a prescribed field.
Clearly, in this case, the problem (Z) reduces to the Almansi–Michell prob-

lem which consists in finding a vector field u ∈ KIII (F,M, f ,p) where

Fα = 0, F3 = −
∫

Σ1

βT0da, Mα = −
∫

Σ1

βεαρxρT0da

(2.6.12)

M3 = 0, fα = −βT0,α, f3 = 0, pα = βT0nα, p3 = 0
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A solution of this problem is given by Equations 2.2.2. In view of the rela-
tions 2.6.12,

∫
Σ1

fαda+
∫

Γ

pαds = 0,
∫

Σ1

εαβxαfβda+
∫

Γ

εαβxαpβds = 0 (2.6.13)

It follows from Equations 2.2.11, 2.2.18, and 2.6.13 that ci =0. Clearly,
χ = 0 is a solution of the boundary-value problem 2.2.14 and 2.2.16. Then it
follows from Equations 2.2.17, 2.2.20, and 2.6.13 that bs = 0. Now we can see
that ψ= 0 is a solution of the boundary-value problem 2.2.13 and 2.2.15. The
functions vα are characterized by the plane strain problem

(sαβ(v)),β + fα = 0 on Σ1, sαβ(v)nβ = pα on Γ (2.6.14)

where fα and pα are given by the relations 2.6.12. The system 2.2.21 reduces to

E
(
Iαβaβ +Ax0

αa3

)
=
∫

Σ1

βxαT0da− λ

∫
Σ1

xαvρ,ρda

AE
(
aαx

0
α + a3

)
=
∫

Σ1

βT0da− λ

∫
Σ1

vρ,ρda

(2.6.15)

Thus we conclude that a solution of the problem is given by

u1 = −1
2
a1x

2
3 −

1
2
a1ν
(
x2

1 − x2
2

)− a2νx1x2 − a3νx1 + v1

u2 = −1
2
a2x

2
3 − a1νx1x2 − 1

2
a2ν
(
x2

1 − x2
2

)− a3νx2 + v2

u3 = (a1x1 + a2x2 + a3)x3

(2.6.16)

If T = T ∗, where T ∗ is a given constant, then

vα =
β

2(λ+ μ)
T ∗xα (2.6.17)

Let us suppose that the coordinate frame is chosen in such a way that the
origin O coincides with the centroid of Σ1. Then, it follows from Equations
2.6.15 and 2.6.17 that

aα = 0, a3 = βT ∗/(3λ+ 2μ)
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2.7 Exercises

2.7.1 Study the deformation of an isotropic and homogeneous elastic cylin-
der which is subjected to a temperature field that is a polynomial in
the axial coordinate.

2.7.2 Study the deformation of a homogeneous and isotropic circular cylin-
der which is subjected to the gravity force.

2.7.3 A homogeneous and isotropic material occupies the domain B = {x :
a2
2<x

2
1 + x2

2<a
2
1, 0<x3<h}, (a1> 0, a2> 0). Investigate the exten-

sion and bending of the cylinder if the lateral surfaces are subjected
to constant pressures.

2.7.4 Investigate the deformation of a circular cylinder when the lateral
boundary is subjected to a pressure which is linear in the axial coor-
dinate.

2.7.5 A homogeneous and isotropic elliptical cylinder is subjected to the
loads fj = 0, t̃α = Pnα, t̃3 = 0, F3 = Q, Fα = 0,Mj = 0, where P and
Q are prescribed constants. Study the deformation of the body.

2.7.6 Investigate the deformation of the right circular cylinder B= {x :
x2

1 + x2
2 < a2, 0 < x3 < h}, (a > 0) which is subjected on the lateral

surface to the tractions t̃1 = −px2x3, t̃2 = px1x3, t̃3 = 0, where p is a
constant.

2.7.7 Investigate the deformation of an isotropic and homogeneous elliptical
cylinder which is subjected to a temperature field that is a polynomial
in the axial coordinate, with constant coefficients.

2.7.8 Study the deformation of an isotropic and homogeneous circular cylin-
der subjected to the external loading {fα = 0, f3 =G, t̃α = (P0+P1x3+
P2x

2
3)nα, t̃3 =H,F1 =R,F2 =F3 = 0,Mj = 0}, whereG,P0, P1, P2,H,

and R are prescribed constants.

2.7.9 An elliptical right cylinder is made of a homogeneous and isotropic
elastic material. Let (τ1, τ2, 0) designate the tangent unit vector along
the boundary of the generic cross section. Study the deformation of
the body which is subjected on the lateral boundary to the tractions
t̃1 = Pτ1, t̃2 = Pτ2, t̃3 = 0, where P is a given constant.
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Chapter 3

Deformation of Nonhomogeneous
Cylinders

3.1 Preliminaries

This chapter is devoted to the study of the deformation of nonhomogeneous
and isotropic cylinders. Most of the works concerned with Saint-Venant’s
problem are restricted to homogeneous cylinders. However, some investiga-
tions are devoted to Saint-Venant’s problem for nonhomogeneous cylinders
where the elastic coefficients are independent of the axial coordinate, they
being prescribed functions of the remaining coordinates. This theory is of in-
terest from both the mathematical and technical points of view [3,75,88,130].
According to Toupin [329], the proof of Saint-Venant’s principle presented in
Section 1.10 also remains valid for this kind of nonhomogeneous elastic bodies.
The study of Saint-Venant’s problem for nonhomogeneous cylinders was ini-
tiated by Nowinski and Turski [256] and was developed in various later works
[150,279,303,318]. An account of the historical developments of the theory of
nonhomogeneous elastic bodies as well as references to various contributions
may be found in Refs. 175, 209, 219, and 290. Many works concerned with
Saint-Venant’s problem for nonhomogeneous cylinders are restricted to the
case when the Poisson’s ratio is constant. A method to solve the problem,
which avoids this restriction, was presented in Ref. 149.

The equilibrium problem for heterogeneous elastic bodies was studied in
various works [88,196,241]. Fichera [88] was the first to consider the case of
the bodies compounded of different nonhomogeneous and anisotropic elas-
tic materials. The deformation of cylinders compounded of different homoge-
neous and isotropic materials was first studied by Muskhelishvili [241] and his
treatment was extended in various works [28,175,204,313]. Most of the works
dealing with this problem are restricted to piecewise homogeneous cylinders.
In Refs. 151 and 152, we established a solution of Saint-Venant’s problem for
a cylinder composed of two different nonhomogeneous elastic materials, where
the elastic coefficients are independent of the axial coordinate. The mathe-
matical formulation of the problems of extension, bending, torsion, and flex-
ure of compound cylinders differs from that for homogeneous cylinders only
in added boundary conditions on the interfaces of the media with different

83



© 2009 by Taylor & Francis Group, LLC

84 Classical and Generalized Models of Elastic Rods

elastic properties. We shall assume that Σ1 is a C1-smooth domain ([88],
p. 369). Let Γ1 and Γ2 be complementary subsets of Γ and let Γ0 be a curve
contained in Σ1 with the property that Γ0 ∪ Γρ, (ρ = 1, 2), is the boundary
of a regular domain Aρ contained in Σ1 such that A1 ∩ A2 = ∅. We denote
by Bρ the cylinder that is defined by Bρ = {x : (x1, x2) ∈ Aρ, 0 < x3 < h},
(ρ = 1, 2). We assume that Bρ is occupied by an elastic material with the
elasticity field C(ρ), (ρ = 1, 2), and that C(ρ) is symmetric, positive definite,
and smooth on Bρ. Let Π0 denote the surface of separation of the two ma-
terials. Clearly, Π0 = {x : (x1, x2) ∈ Γ0, 0 ≤ x3 ≤ h}. We can consider
that the cylinder B is composed of two materials which are welded together
along Π0. Let Π1 and Π2 be the complementary subsets of Π defined by
Πρ = {x : (x1, x2) ∈ Γρ, 0 ≤ x3 ≤ h}. Assume that in the course of defor-
mation, there is no separation of material along Π0. The displacement vector
field and the stress vector field are continuous in passing from one medium to
another. Accordingly, we have the conditions

[ui]1 = [ui]2, [tiβ(u)]1n0
β = [tiβ(u)]2n0

β on Π0 (3.1.1)

where we have indicated that the expressions in brackets are calculated for the
material corresponding to the regions B1 and B2, respectively, and (n0

1, n
0
2, 0)

are the components of the unit normal n0 of Π0, outward to B1.
In the first part of this chapter, we study the deformation of nonhomo-

geneous and isotropic cylinders when the elastic coefficients are independent
of the axial coordinate. Then, the case of elastic cylinders composed of dif-
ferent nonhomogeneous and isotropic materials is investigated. This chapter
points out the importance of the plane strain problem in the treatment of
Saint-Venant’s problem.

3.2 Plane Strain Problem: Auxiliary Plane
Strain Problems

3.2.1 Basic Equations

In Section 1.5, we have studied the plane strain problem for homogeneous
and isotropic elastic cylinders. In this section, we suppose that the cylinder B
is made of a nonhomogeneous and isotropic elastic material for which the
constitutive coefficients are independent of the axial coordinate, that is,

λ = λ(x1, x2), μ = μ(x1, x2), (x1, x2) ∈ Σ1 (3.2.1)

We suppose that the domain Σ1 is C∞-smooth [88], and that the functions
λ and μ belong to C∞ and satisfy the conditions 1.5.16. We restrict our
attention to the second boundary-value problem and assume that fα and t̃α
are independent of x3 and are prescribed functions of class C∞. We consider
only a C∞-theory but it is possible to get a classical solution of the problem
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for more general domains and more general assumptions of regularity for the
above functions [88]. We have chosen these hypotheses to best emphasize the
method for the solving of Saint-Venant’s problem.

The second boundary-value problem consists in finding of the functions uα

of class C2(Σ1)∩C1(Σ1) that satisfy Equations 1.5.2, 1.5.3, and 1.5.4 and the
boundary conditions 1.5.6, when λ and μ are prescribed functions of the form
3.2.1. The first boundary-value problem can be introduced as in Section 1.5.

Under the above assumptions of regularity for the domain Σ1 and the pre-
scribed functions, Fichera [88] established the following result.

Theorem 3.2.1 The second boundary-value problem has solution belonging
to C∞(Σ1) if and only if the conditions 1.5.17 hold.

We note that Theorem 1.5.1 remains valid for the nonhomogeneous bodies
considered in this section.

From the basic equations, we obtain the equations of equilibrium expressed
in terms of the displacement vector field,

μΔu1 + (λ+ μ)
∂ϑ

∂x1
+ ϑ

∂λ

∂x1
+ 2

∂μ

∂x1

∂u1

∂x1
+

∂μ

∂x2

(
∂u1

∂x2
+
∂u2

∂x1

)
+ f1 = 0

μΔu2 + (λ+ μ)
∂ϑ

∂x2
+ ϑ

∂λ

∂x2
+ 2

∂μ

∂x2

∂u2

∂x2
+

∂μ

∂x1

(
∂u1

∂x2
+
∂u2

∂x1

)

+ f2 = 0 on Σ1
(3.2.2)

where we have used the notation ϑ=uρ,ρ. Thus, we have an alternative for-
mulation of the second boundary-value problem: to find the functions uα of
class C∞(Σ1) that satisfy Equations 3.2.2 on Σ1 and the boundary conditions
1.5.9 on Γ. It follows from Equations 1.1.7 that

λ =
2νμ

1 − 2ν
(3.2.3)

Let us assume that the Poisson’s ratio is constant. Then, in view of Equa-
tion 3.2.3, Equations 3.2.2 reduce to

Δu1 + η
∂ϑ

∂x1
+ 2

∂ lnμ
∂x1

(
∂u1

∂x1
+ νηϑ

)
+
∂ lnμ
∂x2

(
∂u1

∂x2
+
∂u2

∂x1

)
+

1
μ
f1 = 0

Δu2 + η
∂ϑ

∂x2
+ 2

∂ lnμ
∂x2

(
∂u2

∂x2
+ νηϑ

)
+
∂ lnμ
∂x1

(
∂u1

∂x2
+
∂u2

∂x1

)

+
1
μ
f2 = 0 on Σ1 (3.2.4)

where η is defined by

η =
1

1 − 2ν
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3.2.2 Airy Function

If the body forces vanish, then the equations of equilibrium 1.5.4 reduce
to Equations 1.5.18. These equations are satisfied if the stresses tαβ are ex-
pressed by Equation 1.5.19 in terms of the Airy function χ. Let us impose
the compatibility equation 1.5.21. As in Ref. 209, we express the constitutive
equations 1.5.3 in the form

eαβ = (γ − q)tρρδαβ + qtαβ (3.2.5)

where

γ =
1 − ν2

E
, q =

1 + ν

E

It follows from Equations 1.5.19 and 3.2.5 that

eαβ = δαβγΔχ− qχ,αβ (3.2.6)

In view of Equation 3.2.6, the compatibility equation 1.5.21 reduces to the
following equation [209]

Δ(γΔχ) = q,22χ,11 + q,11χ,22 − 2q,12χ,12 on Σ1 (3.2.7)

When the body is homogeneous, Equation 3.2.7 takes the form 1.5.22.
We assume that Σ1 is a simply-connected domain. Then, in the case of

nonhomogeneous bodies, the second boundary-value problem reduces to find-
ing of the Airy function χ that satisfies Equation 3.2.7 on Σ1 and the boundary
conditions 1.5.25 on Γ.

In contrast with the case of homogeneous bodies, the stresses tαβ depend on
the constitutive coefficients. Other results concerning the plane strain problem
and the solutions of particular problems may be found in the work of Lomakin
[209].

3.2.3 Auxiliary Plane Strain Problems

We will have occasion to use three special problems D(k), (k = 1, 2, 3), of
plane strain. The problem D(1) is characterized by the body forces

fα = (λx1),α on Σ1

and the following tractions

t̃α = −λx1nα on Γ

In the problem D(2), the body forces are given by

fα = (λx2),α on Σ1

and the tractions are
t̃α = −λx2nα on Γ
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The problem D(3) is characterized by the body forces

fα = λ,α on Σ1

and the tractions
t̃α = −λnα on Γ

In what follows, we denote by u(k)
α , e

(k)
αβ , and t

(k)
αβ , respectively, the compo-

nents of the displacement vector, the components of the strain tensor, and the
components of the stress tensor from the problems D(k). The problems D(k)

are characterized by the strain–displacement relations

e
(k)
αβ =

1
2
(u(k)

α,β + u
(k)
β,α) (3.2.8)

the constitutive equations

t
(k)
αβ = λe(k)

ρρ δαβ + 2μe(k)
αβ (3.2.9)

the equations of equilibrium

t
(1)
βα,β + (λx1),α = 0, t

(2)
βα,β + (λx2),α = 0

t
(3)
βα,β + λ,α = 0 on Σ1

(3.2.10)

and the following boundary conditions

t
(1)
βαnβ = −λx1nα, t

(2)
βαnβ = −λx2nα, t

(3)
βαnβ = −λnα on Γ (3.2.11)

It is easy to prove that the necessary and sufficient conditions 1.5.17 for the
existence of the solution are satisfied for each boundary-value problem D(k).

We note that the solutions of the problem D(k) depend only on the domain
Σ1 and the elastic coefficients.

It is easy to see that for homogeneous and isotropic bodies, the solutions of
the problems D(k) are

u
(1)
1 = − λ

4(λ+ μ)
(
x2

1 − x2
2

)
, u

(1)
2 = − λ

2(λ+ μ)
x1x2

u
(2)
1 = − λ

2(λ+ μ)
x1x2, u

(2)
2 =

λ

4(λ+ μ)
(
x2

1 − x2
2

)

u(3)
α = − λ

2(λ+ μ)
xα, (x1, x2) ∈ Σ1

(3.2.12)

Remark. In the case of homogeneous and isotropic elastic bodies, the solu-
tions u(k)

α of the problems D(k) are identical with the functions w(k)
α defined

in Equations 1.7.9.
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3.3 Extension and Bending of Nonhomogeneous
Cylinders

Let the loading applied on Σ1 be statically equivalent to a force F = F3e3

and a moment M = Mαeα. Thus, the conditions on Σ1 reduce to
∫

Σ1

t3αda = 0,
∫

Σ1

εαβxαt3βda = 0 (3.3.1)

∫
Σ1

t33da = −F3,

∫
Σ1

xαt33da = εαβMβ (3.3.2)

The problem consists in the finding of a displacement vector field that
satisfies Equations 1.1.1, 1.1.4, and 1.1.8 on B and the boundary conditions
1.3.1, 3.3.1, and 3.3.2, when λ and μ have the form 3.2.1.

The results presented in this section have been established in Ref. 149. We
seek the solution in the form

uα = −1
2
aαx

2
3 +

3∑
k=1

aku
(k)
α , u3 = (a1x1 + a2x2 + a3)x3 (3.3.3)

where u(k)
α are the components of displacement vector field from the problem

D(k), (k = 1, 2, 3), and ak are unknown constants. From Equations 1.1.1 and
3.3.3, we obtain

eαβ =
3∑

k=1

ake
(k)
αβ , eα3 = 0, e33 = a1x1 + a2x2 + a3 (3.3.4)

where e(k)
αβ are given by Equation 3.2.8. By Equations 1.1.4 and 3.3.4, we get

tαβ = λ(a1x1 + a2x2 + a3)δαβ +
3∑

k=1

akt
(k)
αβ , tα3 = 0

t33 = (λ+ 2μ)(a1x1 + a2x2 + a3) + λ

3∑
k=1

ake
(k)
αα

(3.3.5)

where t(k)
αβ are the stresses from the plane strain problem D(k). The equations

of equilibrium 1.1.8 and the boundary conditions 1.3.1 are satisfied on the
basis of Equations 3.2.10 and 3.2.11.

The conditions 3.3.1 are identically satisfied on the basis of the relations
3.3.5. By Equations 3.3.2 and 3.3.5, we obtain the following system for the
unknown constants a1, a2, and a3

Dijaj = Ci (3.3.6)
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where

Dαβ =
∫

Σ1

xα

[
(λ+ 2μ)xβ + λe(β)

ρρ

]
da

Dα3 =
∫

Σ1

xα

[
λ+ 2μ+ λe(3)ρρ

]
da

D3α =
∫

Σ1

[
(λ+ 2μ)xα + λe(α)

ρρ

]
da

D33 =
∫

Σ1

[
λ+ 2μ+ λe(3)ρρ

]
da

(3.3.7)

and
Cα = εαβMβ , C3 = −F3 (3.3.8)

Clearly, the constants Dij can be calculated after the displacement u(k)
α are

determined. Let us prove that the system 3.3.6 can always be solved for a1, a2,
and a3. The relations 3.3.3 and 3.3.5 can be written in the form

ui =
3∑

k=1

akω
(k)
i , tij =

3∑
k=1

akτ
(k)
ij (3.3.9)

where

ω(b)
α = −1

2
x2

3δαβ + u(β)
α , ω(3)

α = u(3)
α , ω

(α)
3 = xαx3

ω
(3)
3 = x3, τ

(ρ)
αβ = λxρδαβ + t

(ρ)
αβ , τ

(3)
αβ = λδαβ + t

(3)
αβ

τ
(k)
α3 = 0, τ

(ρ)
33 = (λ+ 2μ)xρ + λe(ρ)

αα, τ
(3)
33 = λ+ 2μ+ λe(3)αα, (ρ = 1, 2)

(3.3.10)
In view of Equations 1.1.12, 1.1.13, and 3.3.9,

U(u) =
3∑

i,j=1

U(ωωω (i),ωωω (j))aiaj (3.3.11)

By Equations 1.1.14, 1.1.16, and 1.1.17, we get

U(ωωω (i),ωωω (j)) = U(ωωω (j),ωωω (i)) (3.3.12)

2U(ωωω (i),ωωω (j)) =
∫

∂B

ω
(i)
k τ

(j)
pk npda (3.3.13)

Since the elastic potential is positive definite, we have

det(U(ωωω (i),ωωω (j))) �= 0 (3.3.14)



© 2009 by Taylor & Francis Group, LLC

90 Classical and Generalized Models of Elastic Rods

Let us apply the relations 3.3.13 for ωωω(1) and ωωω(2). We note that on Σ2 we
have

ω(β)
α = −1

2
h2δαβ + u(β)

α , ω
(α)
3 = xαh

τ (β)
pα np = τ

(β)
3α = 0, τ

(β)
p3 np = τ

(β)
33 = (λ+ 2μ)xβ + λe(β)

αα

(3.3.15)

Similarly, on Σ1 we get

τ (β)
pα np = 0, ω(β)

α = u(β)
α , ω

(β)
3 = 0 (3.3.16)

It follows from Equations 1.3.1, 3.3.7, 3.3.13, 3.3.15, and 3.3.16 that

2U(ωωω (1),ωωω (2)) =
∫

∂B

ω
(1)
k τ

(1)
pk npda

= h

∫
Σ1

x1[(λ+ 2μ)x1 + λe(1)ρρ ]da = hD11

2U(ωωω (1),ωωω (2)) = hD12

In a similar way, we find

2U(ωωω (i),ωωω (j)) = hDij (3.3.17)

We note that Equations 3.3.12 and 3.3.17 imply that Dij = Dji. By Equa-
tions 3.3.14 and 3.3.17,

det(Dij) �= 0 (3.3.18)

so that the system 3.3.6 uniquely determines the constants ak. Thus, we con-
clude that the constants ak can be determined so that the functions 3.3.3 be
a solution of the problem of extension and bending.

If the material is homogeneous and isotropic, then Equations 3.2.12 and
3.3.7 imply

Dαβ = EIαβ , Dα3 = D3α = EAx0
α, D33 = EA (3.3.19)

where Iαβ , x
0
α, and A are defined by Equations 1.4.9 and 1.7.14. It is easy to

see that in this case we rediscover the Saint-Venant’s solution of the problem.

Remark. The form 3.3.3 of the solution is justified by Theorem 1.7.1, which
holds also when λ and μ are functions of the variables xα.

3.4 Torsion

The torsion problem consists in the determination of a displacement vector
field that satisfies Equations 1.1.1, 1.1.4, and 1.1.8 on B and the boundary
conditions 1.3.1 and the condition for x3 = 0, when the elastic coefficients are
functions independent of x3.
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We seek a solution of the torsion problem in the form 1.3.23, where ϕ is an
unknown function of x1 and x2, and τ is an unknown constant. It follows from
Equations 1.1.1, 1.1.4, and 1.3.23 that the components of the stress tensor are
given by Equations 1.3.24. The equations of equilibrium 1.1.8 are satisfied if
the function ϕ satisfies the equation

(μϕ,α),α = ερβ(μxβ),ρ on Σ1 (3.4.1)

In view of Equations 1.3.24, the conditions 1.3.1 on the lateral boundary
reduce to

∂ϕ

∂n
= εαβxβnα on Γ (3.4.2)

Let us consider the boundary-value problem

(μu,α),α = F on Σ1, μu,αnα = G on Γ (3.4.3)

where μ, F , and G are prescribed functions of class C∞. Necessary and suffi-
cient condition to solve the boundary-value problem 3.4.3 is (cf. [55,88])

∫
Σ1

Fda =
∫

Γ

Gds (3.4.4)

It is easy to see that in the case of the boundary-value problem 3.4.1 and
3.4.2, the condition 3.4.4 is satisfied. In what follows, we shall assume that
the function ϕ is known.

In view of Equations 1.3.24 and 1.3.57, the conditions 1.3.20 and 1.3.21 are
identically satisfied. The condition 1.3.22 reduces to

D∗τ = −M3 (3.4.5)

where
D∗ =

∫
Σ1

μ(εαβxαϕ,β + xρxρ)da (3.4.6)

By using Equations 3.4.1, 3.4.2, and divergence theorem,∫
Σ1

μεαβxαϕ,βda =
∫

Γ

μεαβxαϕnβds−
∫

Σ1

ϕ(μεαβxα),βda

= −
∫

Γ

μϕϕ,αnαds+
∫

Σ1

ϕ(μϕ,α),αda

= −
∫

Σ1

μϕ,αϕ,αda

Thus, we can express the constant D∗ in the form

D∗ =
∫

Σ1

μ(ϕ,αϕ,α + 2εαβxαϕ,β + xρxρ)

=
∫

Σ1

μ(ϕ,α + εβαxβ)(ϕ,α + εραxρ)da
(3.4.7)
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It follows from the relations 1.1.5 and 3.4.7 that D∗ > 0. The relation 3.4.5
determines the constant τ . We conclude that the displacement vector field
1.3.23, where ϕ is the solution of the boundary-value problem 3.4.1, 3.4.2,
and τ is given by Equation 3.4.5, is a solution of the torsion problem. Clearly,
if the material is homogeneous, then we rediscover Saint-Venant’s solution.

We note that Equation 3.4.1 can be written as follows

Δϕ+ (lnμ),α(ϕ,α − εαβxβ) = 0 on Σ1 (3.4.8)

A form for μ that is commonly used [209] is

μ = μ0 exp(αx1 + βx2) (3.4.9)

where μ0, α, and β are prescribed constants. For the law 3.4.9, Equation 3.4.8
becomes

Δϕ+ α(ϕ,1 − x2) + β(ϕ,2 + x1) = 0 on Σ1 (3.4.10)

The torsion problem can be formulated in terms of the stress function χ
defined by

μ(ϕ,1 − x2) = χ,2, μ(ϕ,2 + x2) = −χ,1 (3.4.11)

It follows from Equation 3.4.11 that χ satisfies the following equation(
1
μ
χ,α

)
,α

= −2 on Σ1 (3.4.12)

In view of Equations 1.3.39 and 3.4.11, the function χ satisfies the following
condition on the boundary of the simply-connected domain Σ1

χ = 0 on Γ (3.4.13)

By Equations 1.3.24 and 3.4.11, we find that

t13 = τχ,2, t23 = −τχ,1 (3.4.14)

Using Equations 3.4.6, 3.4.11, and 3.4.13, we can express D∗ as follows

D∗ = 2
∫

Σ1

χda (3.4.15)

Consider the family of curves in Σ1 defined by

χ(x1, x2) = 0 (3.4.16)

By Equations 1.3.39, for any curve of this family we have

χ,1n2 − χ,2n1 = 0

In view of Equation 3.4.14, the last relation implies that the stress vector
T = tα3eα is directed along the tangent to the curve. The curves 3.4.16 are
called the lines of shearing stress. The magnitude of the tangential stress T is

|T| = μ(χ,αχ,α)1/2

We note that, instead of solving the Neumann problem 3.4.1 and 3.4.2, we
can equally well solve the Dirichlet problem 3.4.12 and 3.4.13.
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3.5 Flexure

We assume that the loading applied on Σ1 is statically equivalent to the
force F = Fαeα and the moment M = 0. The conditions on Σ1 are given
by Equations 1.3.48, 1.3.49, and 1.4.1. The flexure problem consists in the
finding of a displacement vector field that satisfies the Equations 1.1.1, 1.1.4,
and 1.1.8 on B and the boundary conditions 1.3.1, 1.3.48, 1.3.49, and 1.4.1,
when λ and μ have the form 3.2.1.

In view of Theorem 1.7.2, we seek the solution of the flexure problem in the
form

uα = −1
6
bαx

3
3 + x3

3∑
k=1

bku
(k)
α − τεαβxβx3

u3 =
1
2
(b1x2 + b2x2 + b3)x2

3 + τϕ+G(x1, x2)

(3.5.1)

where u(k)
α are the components of displacement vector from the problem D(k),

(k = 1, 2, 3), ϕ is the solution of the boundary-value problem 3.4.1 and 3.4.2,
G is an unknown function of x1 and x2, and bj and τ are unknown constants.

By Equations 1.1.1, 1.1.4, and 3.5.1, we get

tαβ = λ(b1x1 + b2x2 + b3)x3δαβ + x3

3∑
k=1

bkt
(k)
αβ

tα3 = μτ(ϕ,α − εαβxβ) + μ

[
G,α +

3∑
k=1

bku
(k)
α

]

t33 = (λ+ 2μ)(b1x1 + b2x2 + b3)x3 + λx3

3∑
k=1

bke
(k)
αα

(3.5.2)

where t(k)
αβ are given by Equations 3.2.8 and 3.2.9.

The first two equations of equilibrium 1.1.8 and the first two conditions
1.3.1 are satisfied on the basis of the relations 3.2.10 and 3.2.11. In view of
Equations 3.4.1 and 3.5.2, the third equation of equilibrium 1.1.8 reduces to

(μG,α),α = p on Σ1 (3.5.3)

where

p = −(λ+ 2μ)(b1x1 + b2x2 + b3) −
3∑

k=1

bk
[(
μu

(k)
β

)
,β

+ λe(k)
ρρ

]
(3.5.4)

By Equations 3.4.2 and 3.5.2, we see that the last of conditions 1.3.1 on the
lateral boundary becomes

μG,αnα = q on Γ (3.5.5)
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where

q = −μnα

3∑
k=1

bku
(k)
α (3.5.6)

Thus, the function G is solution of the boundary-value problem 3.5.3 and
3.5.5. It follows from Equations 3.3.7, 3.5.4, and 3.5.6 that

∫
Σ1

pda−
∫

Γ

qds = −
∫

Σ1

[
(λ+ 2μ)(b1x1 + b2x2 + b3) + λ

3∑
k=1

bke
(k)
ρρ

]
da

= −D3jbj

so that the necessary and sufficient condition to solve the boundary-value
problem 3.5.3 and 3.5.5 is

D3jbj = 0 (3.5.7)

In view of Equations 1.3.57, 3.3.7, and 3.5.2, we find that the conditions
1.4.1 reduce to

Dαjbj = −Fα (3.5.8)

It follows from the relation 3.3.18 that the systems 3.5.7 and 3.5.8 determine
the constants b1, b2, and b3. We consider that in the functions 3.5.4 and 3.5.6,
the constants bk are given by Equations 3.5.7 and 3.5.8. In what follows, we
suppose that G is known.

If we use Equations 3.4.6 and 3.5.2, we find that the condition 1.3.49
reduces to

D∗τ = −M (3.5.9)

where

M =
∫

Σ1

μεαβxα

[
G,β +

3∑
k=1

bku
(k)
β

]
da (3.5.10)

We conclude that the constant τ is determined by Equation 3.5.9. The condi-
tions 1.3.48 are identically satisfied. Thus, the flexure problem has a solution
of the form 3.5.1.

3.6 Elastic Cylinders Composed of Different
Nonhomogeneous and Isotropic Materials

In this section, we study the deformation of composed cylinders introduced
in Section 3.1. We suppose that Bρ is occupied by an isotropic material with
the Lamé moduli λ(ρ) and μ(ρ), and that

λ(ρ) = λ(ρ)(x1, x2), μ(ρ) = μ(ρ)(x1, x2), (x1, x2) ∈ Aρ (3.6.1)
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We can consider B as being occupied by an elastic medium which, in general,
has elastic coefficients discontinuous along Π0. We assume that λ(ρ) and μ(ρ)

belongs to C(∞) and that the elastic potential corresponding to the material
which occupies Bρ is positive definite.

Saint-Venant’s problem for heterogeneous cylinders consists in finding of a
displacement vector field u ∈ C2(B1) ∩ C2(B2) ∩ C1(B1) ∩ C1(B2) ∩ C0(B)
that satisfies Equations 1.1.1, 1.1.4, and 1.1.8 on Bρ, the conditions 3.1.1 on
the surface of separation Π0, the conditions for x3 = 0 and the boundary
conditions 1.3.1.

3.6.1 Auxiliary Plane Strain Problems

Let us consider the state of plane strain of composed cylinders. The displace-
ment field has the form 1.5.1. Given elastic coefficients λ(ρ) and μ(ρ), body
forces f (ρ) on Bρ, surface tractions t̃(ρ) on Πρ, with f (ρ) and t̃(ρ) independent
of x3 and parallel to the x1, x2-plane, the second boundary-value problem
consists in finding an elastic state on B that satisfies the strain–displacement,
the stress–strain relations, the equations of equilibrium, the conditions on the
surface of separation, and the tractions condition. The first boundary-value
problem can be defined as in Section 1.5. In what follows, we restrict our
attention to the second boundary-value problem. The basic equations of the
plane strain problem consist of the strain–displacement relations

eαβ =
1
2
(uα,β + uβ,α) (3.6.2)

the stress–strain relations

tαβ = λ(ρ)eηηδαβ + 2μ(ρ)eαβ (3.6.3)

and the equations of equilibrium

tβα,β + f (ρ)
α = 0 (3.6.4)

on Aρ. The conditions on the surface of separation Π0 reduce to

[uα]1 = [uα]2, [tβα]1 n
0
β = [tβα]2 n

0
β on Γ0 (3.6.5)

The conditions on the lateral boundary become

[tβαnβ ]ρ = t̃ (ρ)
α on Γρ (3.6.6)

We assume that the functions f (ρ)
α and t̃

(ρ)
α belong to C∞. From the general

theory developed by Fichera ([88], Section 13), it follows that under suitable
smoothness hypotheses on the arcs Γρ and Γ0, a solution uα ∈C(∞)(A1) ∩
C∞(A2) ∩ C∞(Σ1) of the second boundary-value problem exists if and
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only if
2∑

ρ=1

[ ∫
Aρ

f (ρ)
α da+

∫
Γρ

t̃ (ρ)
α ds

]
= 0

2∑
ρ=1

[ ∫
Aρ

εαβxαf
(ρ)
β da+

∫
Γρ

εαβxαt̃
(ρ)
β ds

]
= 0

(3.6.7)

In what follows, we assume that the requirements which insure this result are
fulfilled. It can be shown that if the conditions 3.6.5 are replaced by

[uα]1 = [uα]2, [tβα]1 n
0
β = [tβα]2 n

0
β + gα on Γ0 (3.6.8)

where gα are C∞ functions, then the conditions 3.6.7 are replaced by

2∑
ρ=1

[ ∫
Aρ

f (ρ)
α da+

∫
Γρ

t̃ (ρ)
α da

]
+
∫

Γ0

gαds = 0

2∑
ρ=1

[ ∫
Aρ

εαβxαf
(ρ)
β da+

∫
Γρ

εαβxαt̃
(ρ)
β ds

]
+
∫

Γ0

εαβxαgβds = 0

(3.6.9)

These conditions have been established by Sherman [308] and Muskhelishvili
[241] within the theory of piecewise homogeneous cylinders.

We will have occasion to use three special problems P(κ), (k = 1, 2, 3),
of plane strain for the composed cylinder B. In what follows we denote by
v
(k)
α , γ

(k)
αβ , and σ

(k)
αβ the components of displacement vector, the components

of the strain tensor, and the components of the stress tensor for the problem
P(k), respectively. The problems P(k) are characterized by the equations

γ
(k)
αβ =

1
2

(
v
(k)
α,β + v

(k)
β,α

)
(3.6.10)

σ
(k)
αβ = λ(ρ)γ(k)

ηη δαβ + 2μ(ρ)γ
(k)
αβ (3.6.11)

σ
(κ)
βα,β +

(
λ(ρ)xκ

)
,α

= 0, σ
(3)
βα,β + λ(ρ)

,α = 0 on Aρ, (κ = 1, 2) (3.6.12)

and the conditions

[v(k)
α ]1 = [v(k)

α ]2, [σ(k)
βα ]1n0

β = [σ(k)
βα ]2n0

β + g(k)
α on Γ0 (3.6.13)

[σ(κ)
βαnβ ]ρ = −λ(ρ)xκnα, [σ(3)

βαnβ ]ρ = −λ(ρ)nα on Γρ (3.6.14)

where

g(k)
α = (λ(2) − λ(1))xκn

0
α, g(3)

α = (λ(2) − λ(1))n0
α, (κ = 1, 2) (3.6.15)

It is easy to prove that the necessary and sufficient conditions 3.6.9 for the
existence of the solution are satisfied for each boundary-value problem P(k).
In what follows, we shall consider that the functions v(k)

α , γ(k)
αβ , and σ

(k)
αβ are

known.
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3.6.2 Extension and Bending

The problem of extension and bending for the composed cylinder B con-
sists in the determination of a displacement vector field that satisfies Equa-
tions 1.1.1, 1.1.4, and 1.1.8 on Bρ, the conditions 3.1.1 on Π0, the conditions
3.3.1 and 3.3.2 on Σ1, and the conditions 1.3.1 on Π. On the basis of Theo-
rem 1.7.1, we try to solve the problem assuming that the displacement vector
field has the form

uα = −1
2
dαx

2
3 +

3∑
k=1

dkv
(k)
α , u3 = (d1x1 + d2x2 + d3)x3 (3.6.16)

where v(k)
α are the solutions of the problems P(k), (k = 1, 2, 3), and the dk are

unknown constants. It follows from Equations 1.1.1, 1.1.4, and 3.6.16 that

tαβ = λ(ρ)(d1x1 + d2x2 + d3)δαβ +
3∑

k=1

dkσ
(k)
αβ , tα3 = 0

t33 = (λ(ρ) + 2μ(ρ))(d1x1 + d2x2 + d3) + λ(ρ)

3∑
k=1

dkγ
(k)
αα on Aρ

(3.6.17)

where γ(k)
αβ and σ

(k)
αβ are given by Equations 3.6.10 and 3.6.11, respectively.

It is easy to verify that the equations of equilibrium 1.1.8 and the boundary
conditions 1.3.1 on Π are satisfied on the basis of the relations 3.6.12 and
3.6.14. The conditions 3.1.1 on the surface of separation Π0 are satisfied in
view of the relations 3.6.13 and 3.6.15.

If we take into account Equation 3.6.11, we see that the conditions 3.3.1
are satisfied. It follows from Equations 3.3.2 and 3.6.11 that the constants dk

satisfy the following equations

Lαjdj = εαβMβ , L3jdj = −F3 (3.6.18)

where

Lαβ =
2∑

ρ=1

∫
Aρ

xα

[(
λ(ρ) + 2μ(ρ)

)
xβ + λ(ρ)γ(β)

ηη

]
da

Lα3 =
2∑

ρ=1

∫
Aρ

xα

[
λ(ρ) + 2μ(ρ) + λ(ρ)γ

(3)
ββ

]
da

L3α =
2∑

ρ=1

∫
Aρ

[(
λ(ρ) + 2μ(ρ)

)
xα + λ(ρ)γ

(α)
ββ

]
da

L33 =
2∑

ρ=1

∫
Aρ

(
λ(ρ) + 2μ(ρ) + λ(ρ)γ(3)

αα

)
da

(3.6.19)
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As in Section 3.3, we can show that the system 3.6.18 uniquely determines the
constants dk. Let W (ρ)(u) be the elastic potential associated with u on Bρ.
Clearly,

W (ρ)(u) =
1
2
λ(ρ)err(u)ess(u) + μ(ρ)eij(u)eij(u) =

1
2

[tij(u)eij(u)]ρ (3.6.20)

We continue to assume that W (ρ) is a positive definite quadratic form in the
variables ers(u). Let us consider two displacement vector fields u′ and u′′ that
satisfy Equations 1.1.1, 1.1.4, and 1.1.8 on Bρ and the conditions 3.1.1 on Π0.
We denote

W (ρ)(u′,u′′) =
1
2
λ(ρ)err(u′)ess(u′′) + μ(ρ)eij(u′)eij(u′′) =

1
2
[tij(u′)eij(u′′)]ρ

(3.6.21)
Clearly,

W (ρ)(u′,u′′) = W (ρ)(u′′,u′), W (ρ)(u,u) = W (ρ)(u) (3.6.22)

In view of Equations 1.1.1, 1.1.8, 3.1.1, and the divergence theorem, we find
that

2
2∑

ρ=1

∫
Bρ

W (ρ)(u′,u′′)dv =
∫

∂B

tji(u′)nju
′′
i da =

∫
∂B

tji(u′′)nju
′
ida (3.6.23)

The strain energy U(u) corresponding to a displacement vector field u on
B1 ∪B2 is given by

U(u) =
2∑

ρ=1

∫
Bρ

W (ρ)(u)dv (3.6.24)

By Equations 3.6.22 and 3.6.23,

U(u) =
1
2

∫
∂B

tji(u)njuida (3.6.25)

It follows from Equations 3.6.16 and 3.6.17 that

u =
3∑

j=1

djû(j), tij =
3∑

k=1

dks
(k)
ij (3.6.26)

Clearly, û(j) satisfy Equations 1.1.1, 1.1.4, and 1.1.8 on Bρ and the condi-
tions 1.3.1 and 3.1.1. By Equations 3.6.25 and 3.6.26,

U(u) = Uijdidj (3.6.27)

where

Uij =
2∑

ρ=1

∫
Bρ

W (ρ)(û(i), û(j))dv (3.6.28)
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In view of Equations 3.6.16, 3.6.17, and 3.6.26, we find that

û(β)
α = −1

2
h2δαβ + v(β)

α , û
(α)
3 = hxα, û(3)

α = v(3)
α , û

(3)
3 = h

s
(k)
jα nj = s

(k)
3α = 0, s

(α)
j3 nj = (λ(ρ) + 2μ(ρ))xα + λ(ρ)γ

(α)
ββ (3.6.29)

s
(3)
j3 nj = λ(ρ) + 2μ(ρ) + λ(ρ)γ(3)

αα on Σ2

s
(k)
jα nj = 0, û

(k)
3 = 0, û(k)

α = v(k)
α on Σ1

Using the relations 1.3.1, 3.6.22, 3.6.23, 3.6.28, and 3.6.29, we find that

2U11 =
∫

Σ1∪Σ2∪Π

s
(1)
ji nj û

(1)
i da =

∫
Σ2

s
(1)
33 û

(1)
3 da = hL11

Similarly,
2Uij = hLij

It follows from Equations 3.6.24, 3.6.27, and 3.6.28 that Lij = Lji and

det(Lij) �= 0 (3.6.30)

so that the system 3.6.18 can always be solved for d1, d2, and d3. Thus, the
solution of the problem has the form 3.6.16, where v(k)

α are characterized by
the problem P(k) and dj are given by Equation 3.6.18.

3.6.3 Torsion and Flexure

Let us suppose that F = Fαeα and M = M3e3. Then, the conditions on
Σ1 are given by Equations 1.3.21, 1.3.22, and 1.4.1. The problem of torsion
and flexure consists in the finding of a displacement vector field that satisfies
Equations 1.1.1, 1.1.4, and 1.1.8 on Bρ, the conditions 3.1.1 on the surface of
separation Π0, the conditions 1.3.21, 1.3.22, and 1.4.1 on Σ1, and the condi-
tions 1.3.1 on the lateral boundary of the cylinder B. Following Ref. 151, we
seek a solution of the problem in the form

uα = −1
6
bαx

3
3 − τεαβxβx3 + x3

3∑
j=1

bjv
(j)
α

u3 =
1
2
(b1x1 + b2x2 + b3)x2

3 + Φ(x1, x2)

(3.6.31)

where v
(j)
α are the components of the displacement vector in the auxiliary

plane strain problem P(j),Φ ∈ C2(A1)∩C2(A2)∩C1(A1)∩C2(A2)∩C0(Σ1)
is an unknown function, and bk and τ are unknown constants. In view of
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Equations 1.1.1, 1.1.4, and 3.6.31, we get

tαβ = λ(ρ)(b1x1 + b2x2 + b3)x3δαβ + x3

3∑
j=1

bjσ
(j)
αβ

tα3 = μ(ρ)

(
Φ,α − τεαβxβ +

3∑
j=1

bjv
(j)
α

)

t33 = (λ(ρ) + 2μ(ρ))(b1x1 + b2x2 + b3)x3 + λ(ρ)x3

3∑
j=1

bjγ
(j)
αα on Bρ

(3.6.32)

where γ(j)
αβ and σ(j)

αβ are defined by Equations 3.6.10 and 3.6.11.
Clearly, the conditions 1.3.21 are satisfied on the basis of Equations 3.6.32.

It follows from the equations which characterize the auxiliary plane strain
problems and 3.6.32 that the equations of equilibrium and the conditions 1.3.1
and 3.1.1 are satisfied if the function Φ satisfies the equation

(μ(ρ)Φ,α),α = −p(ρ) on Aρ (3.6.33)

and the conditions

[Φ]1 = [Φ]2, μ(1)

[
∂Φ
∂n0

]
1

= μ(2)

[
∂Φ
∂n0

]
2

+ q on Γ0 (3.6.34)

μ(ρ)

[
∂Φ
∂n

]
ρ

= m(ρ) on Γρ (3.6.35)

where

p(ρ) = (λ(ρ) + 2μ(ρ))(b1x1 + b2x2 + b3) + λ(ρ)
3∑

j=1

bjγ
(j)
αα

−
[
μ(ρ)

(
τεαβxβ −

3∑
j=1

bjv
(j)
α

)]
,α

q = (μ(1) − μ(2))
(
τεαβxβ −

3∑
j=1

bjv
(j)
α

)
n0

α

m(ρ) = μ(ρ)

(
τεαβxβ −

3∑
j=1

bjv
(j)
α

)
nα

(3.6.36)

Let us consider the boundary-value problem

(μ(ρ)χ,α),α = −f (ρ) on Aρ, μ(ρ)

[
∂χ

∂n

]
ρ

= ξ(ρ) on Γρ

[χ]1 = [χ]2, μ(1)

[
∂χ

∂n0

]
1

= μ(2)

[
∂χ

∂n0

]
2

+ ζ on Γ

(3.6.37)
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where f (ρ), ξ(ρ), and ζ are C∞ functions. Necessary and sufficient condition
to solve the boundary-value problem 3.6.37 is (cf. [88,241,308])

2∑
ρ=1

(∫
Aρ

f (ρ)da+
∫

Γρ

ξ(ρ)ds

)
+
∫

Γ0

ζda = 0 (3.6.38)

By Equations 3.6.19 and 3.6.36, we obtain

2∑
ρ=1

(∫
Aρ

p(ρ)da+
∫

Γρ

m(ρ)ds

)
+
∫

Γ0

qds = L3jbj

Thus, the necessary and sufficient condition for the existence of a solution to
the boundary-value problem 3.6.33, 3.6.34, and 3.6.35 reduces to

L3jbj = 0 (3.6.39)

It is easy to verify that the relations 1.3.57 are valid in the present circum-
stances.

By Equations 1.3.57, 3.6.19, and 3.6.32, we conclude that the conditions
1.4.1 reduce to

Lαjbj = −Fα (3.6.40)

In view of Equation 3.6.30, the system 3.6.39 and 3.6.40 determines the con-
stants b1, b2, and b3. We introduce the function ϕ∈C2(A1)∩C2(A2)∩C1(A1)∩
C1(A2) ∩ C0(Σ1) which satisfies equation

(μ(ρ)ϕ,β),β = εαβ(μ(ρ)xβ),α on Aρ (3.6.41)

and the conditions

[ϕ]1 = [ϕ]2

μ(1)

[
∂ϕ

∂n0

]
1

= μ(2)

[
∂ϕ

∂n0

]
2

+ (μ(1) − μ(2))εαβxβn
0
α on Γ0

[
∂ϕ

∂n

]
ρ

= εαβxβnα on Γρ

(3.6.42)

It is easy to show that the necessary and sufficient condition 3.6.38 for the
existence of a solution to the boundary-value problem 3.6.41 and 3.6.42 is
satisfied. We introduce the function ψ by

Φ = τϕ+ ψ (3.6.43)

It follows from the above equations that the function ψ satisfies the equation

(μ(ρ)ψ,α),α = −(λ(ρ) + 2μ(ρ))(b1x1 + b2x2 + b3)

− λ(ρ)
3∑

j=1

bjγ
(j)
αα −

(
μ(ρ)

3∑
j=1

bjv
(j)
α

)
,α

on Aρ

(3.6.44)
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and the conditions

[ψ]1 = [ψ]2

μ(1)

[
∂ψ

∂n0

]
1

= μ(2)

[
∂ψ

∂n0

]
2

− (μ(1) − μ(2))
3∑

j=1

bjv
(j)
α n0

α on Γ0

[
∂ψ

∂n

]
ρ

= −
3∑

j=1

bjv
(j)
α nα on Γρ

(3.6.45)

In what follows, we shall treat ϕ and ψ as known functions. By Equations 3.6.32
and 3.6.43, we obtain

tα3 = τμ(ρ)(ϕ,α − εαβxβ) + μ(ρ)

(
ψ,α +

3∑
j=1

bjv
(j)
α

)
on Bρ (3.6.46)

In view of Equation 3.6.46, the condition 1.3.22 reduces to

D0τ = −M3 −M∗ (3.6.47)

where D0 is the torsional rigidity defined by

D0 =
2∑

ρ=1

∫
Aρ

μ(ρ)εαβxα(ϕ,β − εβηxη)da (3.6.48)

and

M∗ =
3∑

ρ=1

∫
Aρ

εαβμ
(ρ)xα

(
ψ,β +

3∑
j=1

bjv
(j)
β

)
da (3.6.49)

As in Section 3.4, we can prove that D0 > 0. From Equation 3.6.47, we can
determine the constant τ . Thus, the problem of torsion and flexure is solved.

3.6.4 Uniformly Loaded Cylinders

We shall now consider the Almansi–Michell problem for heterogeneous cylin-
ders. We assume that the body forces have the form

fi = G
(ρ)
i (x1, x2), (x1, x2) ∈ Aρ (3.6.50)

Let us consider the following conditions on the lateral boundary

[tjinj ]ρ = p
(ρ)
i on Πρ (3.6.51)

We suppose that G(ρ)
i and p

(ρ)
i are C∞ functions which are independent of

the axial coordinate.
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The Almansi–Michell problem consists in finding of a displacement vec-
tor field u ∈ C2(B1) ∩ C2(B2) ∩ C1(B1) ∩ C1(B2) ∩ C0(B) that satisfies
Equations 1.1.1, 1.1.4, and 2.1.1 on Bρ, the conditions for x3 = 0, the con-
ditions 3.1.1 on the surface of separation Π0, and the boundary conditions
3.6.51, when the body forces and the surface tractions are independent of x3.
Following the results of Section 2.4, we seek the solution of Almansi–Michell
problem in the form

uα = −1
2
aαx

2
3 −

1
6
bαx

3
3 −

1
24
cαx

4
3 + εβα

(
τ1x3 +

1
2
τ2x

2
3

)
xβ

+
3∑

k=1

(
ak + bkx3 +

1
2
ckx

2
3

)
v(k)

α + wα(x1, x2)

u3 = (aηxη + a3)x3 +
1
2
(bηxη + b3)x2

3 +
1
6
(cηxη + c3)x3

3

+ (τ1 + τ2x3)ϕ+ Ψ(x1, x2) + x3Λ(x1, x2), (x1, x2, x3) ∈ B

(3.6.52)

where v(k)
α are the displacements from the plane strain problem P(k), ϕ is

torsion function characterized by Equations 3.6.41 and 3.6.42, Ψ and Λ are
unknown functions, and ak, bk, ck, and τα are unknown constants.

We introduce the notations

2γαβ = wα,β + wβ,α, παβ = λ(ρ)γννδαβ + 2μ(ρ)γαβ on Aρ (3.6.53)

By Equations 1.1.1, 1.1.4, 3.6.10, 3.6.11, 3.6.52, and 3.6.53, we get

tαβ = λ(ρ)

[
aηxη + a3 + (bηxη + b3)x3 +

1
2
(cηxη + c3)x2

3

]
δαβ

+ λ(ρ)(Λ + τ2ϕ)δαβ +
3∑

j=1

(
aj + bjx3 +

1
2
cjx

2
3

)
σ

(j)
αβ + παβ

t33 = (λ(ρ) + 2μ(ρ))
[
aηxη + a3 + (bηxη + b3)x3

+
1
2
(cηxη + c3)x2

3

]
+ (λ(ρ) + 2μ(ρ))(Λ + τ2ϕ)

+ λ(ρ)
3∑

j=1

(
aj + bjx3 +

1
2
cjx

2
3

)
γ(j)

αα + λ(ρ)γαα

tα3 = μ(ρ)

[
(τ1 + τ2x3)(ϕ,α + εβαxβ) + Ψ,α + x3Λ,α

+
3∑

j=1

(bj + cjx3)v(j)
α

]

(3.6.54)
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By using Equations 3.6.12, 3.6.41, and 3.6.54, we find that the equations of
equilibrium 2.1.1 reduce to

πβα,β +H(ρ)
α = 0 (3.6.55)

(μ(ρ)Ψ,α),α = g(ρ) (3.6.56)

(μ(ρ)Λ,α),α = h(ρ) (3.6.57)

on Aρ, where

H(ρ)
α = G(ρ)

α + [λ(ρ)(Λ+ τ2ϕ)],α +μ(ρ)[τ2(ϕ,α + εβαxβ)+Λ,α] + μ(ρ)
3∑

j=1

cjv
(j)
α

g(ρ) = −G(ρ)
3 − (λ(ρ) + 2μ(ρ))(bηxη + b3) −

3∑
j=1

bj
[(
μ(ρ)v(j)

α

)
,α

+ λ(ρ)γ(j)
αα

]

h(ρ) = −(λ(ρ) + 2μ(ρ))(cηxη + c3) −
3∑

j=1

cj
[(
μ(ρ)v(j)

α

)
,α

+ λ(ρ)γ(j)
αα

]
(3.6.58)

In view of Equations 3.6.13, 3.6.42, and 3.6.54, the conditions 3.1.1 on the
surface of separation become

[wα]1 = [wα]2, [πβα]1n0
β = [πβα]2n0

β + (λ(2) − λ(1))(Λ + τ2ϕ)n0
α (3.6.59)

[Ψ]1 = [Ψ]2, μ(1)

[
∂Ψ
∂n0

]
1

= μ(2)

[
∂Ψ
∂n0

]
2

+ n0
α(μ(2) − μ(1))

3∑
j=1

bjv
(j)
α

(3.6.60)

[Λ]1 = [Λ]2, μ(1)

[
∂Λ
∂n0

]
1

= μ(2)

[
∂Λ
∂n0

]
2

+ n0
α(μ(2) − μ(1))

3∑
j=1

cjv
(j)
α

(3.6.61)
on Γ0. Using Equations 3.6.14, 3.6.42, and 3.6.54, we find that the conditions
(3.6.51) reduce to

[πβαnβ ]ρ = P (ρ)
α (3.6.62)

μ(ρ)

[
∂Ψ
∂n

]
ρ

= Q(ρ) (3.6.63)

μ(ρ)

[
∂Λ
∂n

]
ρ

= K(ρ) (3.6.64)

on Γρ, where

P (ρ)
α = p(ρ)

α − λ(ρ)(Λ + τ2ϕ)nα

Q(ρ) = p
(ρ)
3 − μ(ρ)nα

3∑
j=1

bjv
(j)
α , K(ρ) = −μ(ρ)nα

3∑
j=1

cjv
(j)
α (3.6.65)
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Thus, from Equations 3.6.53, 3.6.59, and 3.6.62, we conclude that wα are
the displacements in a plane strain problem. By Equations 3.6.58, 3.6.59, and
3.6.62, we find that the necessary and sufficient conditions 3.6.9 to solve this
problem become

2∑
ρ=1

{∫
Aρ

G(ρ)
α da+

∫
Γρ

p(ρ)
α ds

}
+
∫

Σ1

t3α,3da = 0

3∑
ρ=1

{∫
Aρ

εαβxαG
(ρ)
β da+

∫
Γρ

εαβxαp
(ρ)
β ds

}
+
∫

Σ1

εαβxαt3β,3da = 0

(3.6.66)
It follows from Equations 2.2.10, 3.6.19, and 3.6.54 that

∫
Σ1

t3α,3da = Lαjcj

Thus, the first two conditions from Equation 3.6.66 reduce to

Lαjcj = −
2∑

ρ=1

[ ∫
Aρ

G(ρ)
α da+

∫
Γρ

p(ρ)
α ds

]
(3.6.67)

Let us consider now the boundary-value problem 3.6.57, 3.6.61, and 3.6.64.
The necessary and sufficient condition to solve this problem becomes

L3jcj = 0 (3.6.68)

where L3j are given by Equation 3.6.19. Thus, in view of Equation 3.6.31, we
conclude that the system 3.6.67 and 3.6.68 uniquely determines the constants
c1, c2, and c3. In what follows we shall consider Λ as a known function. By
Equations 3.6.54, the last condition of Equations 3.6.66 reduces to

D0τ2 = −
2∑

ρ=1

⎡
⎣
∫

Aρ

εαβxαG
(ρ)
β da+

∫
Γρ

εαβxαp
(ρ)
β ds

+
∫

Aρ

εαβxαμ
(ρ)

⎛
⎝Λ,β +

3∑
j=1

cjv
(j)
β

⎞
⎠da

⎤
⎦ (3.6.69)

where D0 is given by Equation 3.6.48. The constant τ2 is determined by Equa-
tion 3.6.69.

Let us consider now the boundary-value problem 3.6.56, 3.6.60, and 3.6.63.
The necessary and sufficient conditions to solve this problem can be expressed
in the form

L3jbj = −
3∑

j=1

[ ∫
Aρ

G
(ρ)
3 da+

∫
Γρ

p
(ρ)
3 ds

]
(3.6.70)
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As in Section 2.2, we can prove that

∫
Σ1

t3αda =
∫

Σ1

xat33,3da+
2∑

ρ=1

[ ∫
Aρ

xαG
(ρ)
3 da+

∫
Γρ

xαp
(ρ)
3 ds

]
(3.6.71)

In view of Equations 3.6.54 and 3.6.71, the conditions 1.4.1 reduce to

Lαjbj = −Fα −
2∑

ρ=1

[ ∫
Aρ

xαG
(ρ)
3 da+

∫
Γρ

xαp
(ρ)
3 ds

]
(3.6.72)

The system 3.6.70 and 3.6.71 determines the constants b1, b2, and b3. By
Equations 3.6.54, the conditions 1.4.2 and 1.4.3 become

Likak = Ni (3.6.73)

where

Nα = εαβMβ −
2∑

ρ=1

∫
Aρ

xα

[
(λ(ρ) + 2μ(ρ))(Λ + τ2ϕ) + λ(ρ)γαα

]
da

N3 = −F3 −
2∑

ρ=1

∫
Aρ

[
(λ(ρ) + 2μ(ρ))(Λ + τ2ϕ) + λ(ρ)γαα

]
da

(3.6.74)

In view of the relation 3.6.30, the system 3.6.73 can always be solved for a1, a2,
and a3. The condition 1.4.4 reduces to

D0τ1 = −M3 −
2∑

ρ=1

∫
Aρ

εαβxαμ
(ρ)

⎛
⎝Ψ,β +

3∑
j=1

bjv
(j)
β

⎞
⎠ da (3.6.75)

where D0 is defined by Equation 3.6.48. The relation 3.6.75 determines the
constant τ1. Thus, the Almansi–Michell problem is solved.

3.6.5 Almansi Problem

We now suppose that the body forces and the tractions on the lateral surface
of the cylinder B have the form

fi =
r∑

k=1

F
(ρ)
ik (x1, x2)xk

3 , (x1, x2, x3) ∈ Bρ

t̃i =
r∑

k=1

p
(ρ)
ik (x1, x2)xk

3 , (x1, x2, x3) ∈ Πρ

(3.6.76)

where F (ρ)
ik and p(ρ)

ik are prescribed functions. The Almansi problem for hetero-
geneous cylinders consists in determination of a displacement vector field u ∈
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C2(B1)∩C2(B2)∩C1(B1)∩C1(B2)∩C0(B) that satisfies Equations 1.1.1,
1.1.4, and 2.1.1 on Bρ, the conditions for x3 = 0, the conditions 3.1.1 on the
surface of separation Π0, and the boundary conditions 2.5.2 on the lateral
boundary, when the body forces and the surface tractions are given by Equa-
tion 3.6.76. As in Section 2.3, the Almansi problem reduces to the following:
to find the functions ui which satisfy the equations

tji,j + Λ(ρ)
i (x1, x2)xn+1

3 = 0

tij = λ(ρ)errδij + 2μ(ρ)eij , 2eij = ui,j + uj,i on Bρ

(3.6.77)

and the conditions

[ui]1 = [ui]2, [tαi]1n0
α = [tαi]2n0

α on Π0 (3.6.78)

[tαinα]ρ = σ
(ρ)
i (x1, x2)xn+1

3 on Πρ (3.6.79)
∫

Σ1

t3ida = 0,
∫

Σ1

εijkxjt3kda = 0 (3.6.80)

when the solution of the equations

t∗ji,j + Λ(ρ)
i (x1, x2)xn

3 = 0

t∗ij = λ(ρ)e∗rrδij + 2μ(ρ)e∗ij , 2e∗ij = u∗i,j + u∗j,i on Bρ

(3.6.81)

with the conditions

[u∗i ]1 = [u∗i ]2, [t∗αi]1n
0
α = [t∗αi]2n

0
α on Π0 (3.6.82)

[t∗αinα]ρ = σ
(ρ)
i (x1, x2)xn

3 on Πρ (3.6.83)
∫

Σ1

t∗3ida = 0,
∫

Σ1

εijkxjt
∗
3kda = 0 (3.6.84)

is known. In the above relations, Λi and σi are prescribed functions which
belong to C∞. As in Section 2.4, we seek the solution of the problem in the
form

ui = (n+ 1)
[ ∫ x3

0

u∗i dx3 + vi

]
(3.6.85)

where vi are unknown functions. By Equations 3.6.85 and 3.6.77, we get

tij = (n+ 1)
[∫ x3

0

t∗ijdx3 + sij + k
(ρ)
ij

]
(3.6.86)

where
sij = λ(ρ)ηrrδij + 2μ(ρ)ηij , 2ηij = vi,j + vj,i (3.6.87)
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and

k
(ρ)
αβ = λ(ρ)u∗3(x1, x2, 0)δαβ , k

(ρ)
α3 = k

(ρ)
3α = μ(ρ)u∗α(x1, x2, 0)

k
(ρ)
33 = (λ(ρ) + 2μ(ρ))u∗3(x1, x2, 0), (x1, x2) ∈ Aρ

(3.6.88)

In view of Equations 3.6.81 and 3.6.86, the equations of equilibrium reduce to

sji,j + �
(ρ)
i = 0 on Bρ (3.6.89)

where
�
(ρ)
i = k

(ρ)
αi,α + t∗3i(x1, x2, 0) (3.6.90)

Clearly, the functions �(ρ)
i are independent of the axial coordinate. By Equa-

tions 3.6.82, 3.6.83, 3.6.85, and 3.6.86, we find that the conditions 3.6.78 and
3.6.79 become

[vi]1 = [vi]2, [sαi]1n0
α = [sαi]2n0

α + κi on Π0 (3.6.91)

[sαinα]ρ = τ
(ρ)
i on Πρ (3.6.92)

where
κi = (k(2)

αi − k
(1)
αi )n0

α, τ
(ρ)
i = −k(ρ)

αi nα (3.6.93)

We note that the functions κi and τ
(ρ)
i are independent of x3. In view of

Equations 3.6.84 and 3.6.86, we conclude that the conditions 3.6.80 reduce to∫
Σ1

s3ida = −Ti,

∫
Σ1

εijkxjs3kda = −Ni (3.6.94)

where

Ti =
2∑

ρ=1

∫
Aρ

k
(ρ)
i3 da, Ni =

2∑
ρ=1

∫
Aρ

εirsxrk
(s)
3s da

Thus, the functions vi are characterized by Equations 3.6.87 and 3.6.89
on Bρ, the conditions 3.6.91 on the surface Π0, the conditions 3.6.92 on the
lateral boundary, and the conditions 3.6.94 on Σ1. If κi were to vanish, then
this problem would reduce to the Almansi–Michell problem studied in the
preceding section. However, it is easy to see that for κi �= 0 as well the solution
of this problem has the form 3.6.52. Moreover, in this case, the solution has the
form 3.6.52 with ci = τ2 = bi = 0,Λ = 0. Thus, the Almansi–Michell problem is
solved. The results presented in this section have been established in Ref. 151.

Remark 1. It is easy to extend the solution to the case when B is composed
of n elastic bodies with different elasticities.

Remark 2. The results presented in this section continue to hold when we
consider the following distribution of the two materials. Let L be a closed
curve contained in Σ1, which is the boundary of a regular domain A∗

2 con-
tained in Σ1. We assume that L and Γ have no common points. We de-
note by A∗

1 the regular domain bounded by the curves L and Γ. Clearly,
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A∗
1 ∩ A∗

2 = ∅, A∗
1 ∪ A∗

2 ∪ L = Σ1. We denote by B∗
ρ the cylinder defined by

B∗
ρ = {x : (x1, x2) ∈ A∗

ρ, 0 < x3 < h}, (ρ = 1, 2). We assume that B∗
ρ is oc-

cupied by an isotropic elastic material with the constitutive coefficients λ(ρ)

and μ(ρ). We continue to denote by Π0 the surface of separation of the two
materials.

The solutions 3.6.16, 3.6.31, and 3.6.52 continue to hold in this case if we
consider that v(k)

α are the solutions of the problems P(k)
0 characterized by

Equations 3.6.10, 3.6.11, and 3.6.12 on A∗
ρ and the conditions

[v(k)
α ]1 = [v(k)

α ]2, [σ(k)
βα ]1n0

β = [σ(k)
βα ]2n0

β + g(k)
α on L (3.6.95)

[σ(κ)
βαnβ ]1 = −λ(1)xκnα, [σ(3)

βαnβ ]1 = −λ(1)nα on Γ (3.6.96)

where g(k)
α are defined by Equation 3.6.15. The torsion function ϕ is the solu-

tion of the equation

(μ(ρ)ϕ,β),β = εαβ(μ(ρ)xβ),α on A∗
ρ (3.6.97)

with the conditions

[ϕ]1 = [ϕ]2, μ(1)

[
∂ϕ

∂n0

]
1

= μ(2)

[
∂ϕ

∂n

]
2

+ (μ(1) − μ(2))εαβxβn
0
α on L

[
∂ϕ

∂n

]
1

= εαβxβnα on Γ (3.6.98)

In this case, in the relations 3.4.67, 3.6.19, 3.6.48, 3.6.49, 3.6.69, and 3.6.75,
we have to replace Aρ by A∗

ρ and to take Γ2 = 0,Γ1 = Γ, p(1)
j = pj . The other

boundary conditions can be modified as in the case of the boundary-value
problem 3.6.97 and 3.6.98.

3.7 Piecewise Homogeneous Cylinders

Muskhelishvili [241] was the first to solve Saint-Venant’s problem for cylin-
ders composed of different homogeneous and isotropic materials. The solu-
tions for several problems of interest from a technical point of view have been
established in various works [307,313,340]. An account of the historical devel-
opments of the theory as well as references to various contributions may be
found in the books by Sokolnikoff [313], Bors [28], and Khatiashvili [173,175].

In this section, we derive the results established by Muskhelishvili by using
the theory developed in Section 3.6. Throughout this section, we assume that
the elastic coefficients λ(ρ) and μ(ρ) are constants. Thus, we consider that
cylinder B is composed of two homogeneous and isotropic materials which
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A*
1

L

�

A*
2

FIGURE 3.1 Cross section of a piecewise homogeneous cylinder.

are welded together along the surface Π0. We assume that the materials are
distributed as in Section 3.6, Remark 2. (Figure 3.1)

3.7.1 Alternative Form of Auxiliary Plane
Strain Problems

We introduce the functions v∗(k)
α on A∗

ρ by

v
∗(1)
1 = v

(1)
1 +

1
2
ν(ρ)(x2

1 − x2
2), v

∗(1)
2 = v

(1)
2 + ν(ρ)x1x2

v
∗(2)
1 = v

(2)
1 + ν(ρ)x1x2, v

∗(2)
2 = v

(2)
2 − 1

2
ν(ρ)(x2

1 − x2
2)

v
∗(3)
1 = v

(3)
1 + ν(ρ)x1, v

∗(3)
2 = v

(3)
2 + ν(ρ)x2

(3.7.1)

where

ν(ρ) =
λ(ρ)

2(λ(ρ) + μ(ρ))
on A∗

ρ, (ρ = 1, 2) (3.7.2)

We define e∗(k)
αβ and σ∗(k)

αβ by

γ
∗(k)
αβ =

1
2

(
v
∗(k)
α,β + v

∗(k)
β,α

)

σ
∗(k)
αβ = λ(ρ)γ

∗(k)
ηη δαβ + 2μ(ρ)γ

∗(k)
αβ , (k = 1, 2, 3)

(3.7.3)

By Equations 3.6.10, 3.6.11, 3.7.1, and 3.7.3, we find that

γ
∗(κ)
αβ = γ

(κ)
αβ + ν(ρ)xκδαβ , γ

∗(3)
αβ = γ

(3)
αβ + ν(ρ)δαβ

σ
∗(κ)
αβ = σ

(κ)
αβ + λ(ρ)xκδαβ , σ

∗(3)
αβ = σ

(3)
αβ + λ(ρ)δαβ

(3.7.4)

From Equations 3.6.12 and 3.7.4, we obtain the following form of the equations
of equilibrium

σ
∗(k)
βα,β = 0 on A∗

ρ (3.7.5)
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In view of Equations 3.7.1 and 3.7.4, the conditions 3.6.95 reduce to

[
v∗(k)

α

]
1

=
[
v∗(k)

α

]
2

+ h(k)
α ,

[
σ
∗(k)
βα

]
1
n0

β =
[
σ
∗(k)
βα

]
2
n0

β on L (3.7.6)

where

h
(1)
1 =

1
2
(
ν(1) − ν(2)

)(
x2

1 − x2
2

)
, h

(1)
2 =

(
ν(1) − ν(2)

)
x1x2

h
(2)
1 = h

(1)
2 , h

(2)
2 = −h(1)

1 , h(3)
α =

(
ν(1) − ν(2)

)
xα

(3.7.7)

It follows from Equations 3.7.4 that the conditions 3.6.96 become

[σ∗(k)
βα nβ ]1 = 0 on Γ, (k = 1, 2, 3) (3.7.8)

We denote by P(k)
∗ , (k = 1, 2, 3), the plane strain problem characterized

by Equations 3.7.3 and 3.7.5 on A∗
ρ, and the conditions 3.7.6 and 3.7.8. The

problems P(k)
∗ have been introduced by Muskhelishvili [241] to solve Saint-

Venant’s problem for composed cylinders. The existence of solutions of these
problems has been established by Sherman [308].

Muskhelishvili [241] studied the plane strain problems P(k)
∗ with the aid of

the method of functions of a complex variable, presented in Section 1.5. Thus,
in the case of the problem P(1)

∗ , the relation 1.5.45 implies that

v
∗(1)
1 + iv

∗(1)
2 = α(ρ)Ω(z) − β(ρ)zΩ

′
(z) − β(ρ)ω(z) on A∗

ρ (3.7.9)

where
α(ρ) =

1
2μ(ρ)

(3 − 4ν(ρ)), β(ρ) =
1

2μ(ρ)
(3.7.10)

and Ω and ω are arbitrary analytic complex functions on A∗
ρ. It follows from

Equations 1.5.50 and 3.7.8 that

Ω(z) + zΩ
′
(z) + ω(z) = const. on Γ (3.7.11)

By Equations 3.7.9 and 1.5.50, the conditions 3.7.6 imply
[
α(1)Ω(z) − β(1)zΩ

′
(z) − β(1)ω(z)

]
1

−
[
α(2)Ω(z) − β(2)zΩ

′
(z) − β(2)ω(z)

]
2

= f

[
Ω(z) + zΩ

′
(z) + ω(z)

]
1

=
[
Ω(z) + zΩ

′
(z) + ω(z)

]
2

+ const. on L

(3.7.12)

where, in the case of the problem P(1)
∗ , we have

f ≡ f (1) = h
(1)
1 + ih

(1)
2 =

1
2
(ν(1) − ν(2))z2 (3.7.13)
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Thus, the problem P(1)
∗ is reduced to the finding of the complex analytic

functions Ω and ω on A∗
ρ which satisfy the conditions 3.7.11 and 3.7.12. In a

similar way, we can formulate the problems P(2)
∗ and P(3)

∗ with the aid of the
complex potentials.

3.7.2 Extension and Bending of Piecewise Homogeneous
Cylinders

In view of Equations 3.7.1, the solution 3.6.16 can be expressed in the form

u1 = −1
2
d1

[
x2

3 + ν(ρ)(x2
1 − x2

2)
]
− d2ν

(ρ)x1x2 − d3ν
(ρ)x1 +

3∑
k=1

dkv
∗(k)
1

u2 = −d1ν
(ρ)x1x2 − 1

2
d2

[
x2

3 − ν(ρ)(x2
1 − x2

2)
]
− d3ν

(ρ)x2 +
3∑

k=1

dkv
∗(k)
2

u3 = (d1x1 + d2x2 + d3)x3 (3.7.14)

where v∗(k)
α are the displacements in the problems P(k)

∗ , (k = 1, 2, 3). By using
Equations 3.7.4, we find that the constants Lij defined by Equations 3.6.19
have the form

Lαβ = Lβα = Iαβ + Kαβ , Lα3 = Iα3 + Kα3 = L3α

L33 = I33 + K33

(3.7.15)

where

Iαβ =
2∑

ρ=1

∫
A∗

ρ

E(ρ)xαxβ , Kαβ =
2∑

ρ=1

∫
A∗

ρ

λ(ρ)xαγ
∗(β)
ηη da

Iα3 = I3α =
2∑

ρ=1

∫
A∗

ρ

E(ρ)xαda, Kα3 =
2∑

ρ=1

∫
A∗

ρ

λ(ρ)xαγ
∗(3)
ηη da

I33 =
2∑

ρ=1

∫
A∗

ρ

E(ρ)da, K33 =
2∑

ρ=1

∫
A∗

ρ

λ(ρ)γ∗(3)ηη da

(3.7.16)

The constants dj are determined by the system 3.6.18. The solution 3.7.14
has been established by Muskhelishvili ([241], Section 146).
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3.7.3 Torsion and Flexure

By using the relations 3.7.1 and 3.6.43, we can write the solution 3.6.31 in
the form

u1 = −1
2
b1

[
1
3
x2

3 + ν(ρ)
(
x2

1 − x2
2

)]
x3 − b2ν

(ρ)x1x2x3

− b3ν
(ρ)x1x3 − τx2x3 + x3

3∑
k=1

bkv
∗(k)
1

u2 = −b1ν(ρ)x1x2x3 − 1
2
b2

[
1
3
x2

3 − ν(ρ)(x2
1 − x2

2)
]
x3

− b3ν
(ρ)x2x3 + τx1x3 + x3

3∑
k=1

bkv
∗(k)
2

u3 =
1
2
(b1x1 + b2x2 + b3)x2

3 + τϕ+ ψ

(3.7.17)

In this case, the torsion function ϕ satisfies the equation
Δϕ = 0 on A∗

ρ (3.7.18)
and the conditions

[ϕ]1 = [ϕ]2

μ(1)

[
∂ϕ

∂n0

]
1

− μ(2)

[
∂ϕ

∂n0

]
2

= (μ(1) − μ(2))εαβxβn
0
α on L

[
∂ϕ

∂n

]
1

= εαβxβnα on Γ

(3.7.19)

In view of Equations 3.6.44, 3.6.45, and 3.7.1, we find that the function ψ is
the solution of the following boundary-value problem

Δψ = −2(b1x1 + b2x2 + b3) − 1
μ(ρ)

(λ(ρ) + μ(ρ))
3∑

k=1

bkγ
∗(k)
αα on A∗

ρ

[ψ]1 = [ψ]2, μ(1)

[
∂ψ

∂n0

]
1

− μ(2)

[
∂ψ

∂n0

]
2

= σ on L
[
∂ψ

∂n

]
1

= η on Γ

(3.7.20)

where

σ = (μ(2) − μ(1))
3∑

j=1

bjv
∗(j)
α n0

α − (μ(2)ν(2) − μ(1)ν(1))
[
1
2
(x2

1 − x2
2)

(
b1n

0
1 − b2n

0
2

)
+ x1x2

(
b1n

0
2 + b2n

0
1

)
+ b3xαn

0
α

]

η = −
3∑

j=1

bjv
∗(j)
α nα +

1
2
ν(1)(b1n1 − b2n2)

(
x2

1 − x2
2

)

+ ν(1)(b1n2 + b2n1)x1x2 + b3ν
(1)xαnα

(3.7.21)
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The constants b1, b2, and b3 are determined by the system 3.6.39 and 3.6.40,
where Lij are given by Equation 3.7.15.

Readers interested in further details can find them in Ref. 241.

3.8 Applications

3.8.1 Nonhomogeneous Cylinders with Constant
Poisson’s Ratio

In what follows, we use the results of Sections 3.3 and 3.5 to study the
deformation of nonhomogeneous and isotropic elastic cylinders when the con-
stitutive coefficients have the form

E = E(x1, x2), ν = const., (x1, x2) ∈ Σ1 (3.8.1)

This case has been studied in many works [209,279]. It is easy to verify that
the solution of the problem D(1), defined in Section 3.2, is

u
(1)
1 = −1

2
ν
(
x2

1 − x2
2

)
, u

(1)
2 = −νx1x2 (3.8.2)

By Equations 3.2.8, 3.2.9, 3.8.1, and 3.8.2, we get

e
(1)
11 = −νx1, e

(1)
22 = −νx1, e

(1)
12 = 0

t
(1)
11 = −2νx1(λ+ μ) = −λx1, t

(1)
22 = −λx1, t

(1)
12 = 0

(3.8.3)

The solutions of the problems D(2) and D(3) are given by

u
(2)
1 = −νx1x2, u

(2)
2 =

1
2
ν
(
x2

1 − x2
2

)

u
(3)
1 = −νx1, u

(3)
2 = −νx2

(3.8.4)

From Equation 3.8.4, we obtain

e
(2)
11 = e

(2)
22 = −νx2, e

(2)
12 = 0, e

(3)
11 = e

(3)
22 = −ν, e

(3)
12 = 0 (3.8.5)

It follows from Equations 1.1.7, 3.8.3, and 3.8.5 that

λ+ 2μ+ λe
(3)
ρρ = λ+ 2μ− 2νλ = E

(λ+ 2μ)xβ + λe(β)
ρρ = Exβ

(3.8.6)

In view of Equations 3.3.7 and 3.8.6, we find that the coefficients Dij of the
system 3.3.6 are given by

Dαβ = I∗αβ , Dα3 = D3α = Ωξ0α, D33 = Ω (3.8.7)
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where

I∗αβ =
∫

Σ1

xαxβE(x1, x2)da, ξ0α =
1
Ω

∫
Σ1

xαE(x1, x2)da

Ω =
∫

Σ1

E(x1, x2)da
(3.8.8)

Thus, the system 3.3.6 becomes

I∗αβaβ + Ωξ0αa3 = εαβMβ

a1ξ
0
1 + a2ξ

0
2 + a3 = − 1

Ω
F3

(3.8.9)

It follows from Equations 3.3.3, 3.8.2, and 3.8.4 that the solution of exten-
sion and bending problem is

u1 = −1
2
a1

(
x2

3 + νx2
1 − νx2

2

)− a2νx1x2 − a3νx1

u2 = −a1νx1x2 − 1
2
a2

(
x2

3 − νx2
1 + νx2

2

)− a3νx2

u3 = (a1x1 + a2x2 + a3)x3

(3.8.10)

where the constants a1, a2, and a3 are given by Equations 3.8.9.
Clearly, the solution of the torsion problem, presented in Section 3.4, cannot

be simplified by the assumption that ν is constant.
By Equations 3.5.1, 3.8.2, and 3.8.4, we find that the solution of the flexure

problem is given by

u1 = −1
6
b1x

3
3 −

1
2
b1ν
(
x2

1 − x2
2

)
x3 − b2νx1x2x3 − b3νx1x3 − τx2x3

u2 = −1
6
b2x

3
3 − b1νx1x2x3 − 1

2
b2ν
(
x2

2 − x2
1

)
x3 − b3νx2x3 + τx1x3

u3 =
1
2
(b1x1 + b2x2 + b3)x2

3 + τϕ+G

(3.8.11)

From Equations 3.5.7, 3.5.8, and 3.8.7, we find that the constants b1, b2, and
b3 are determined by the following system

I∗αβbβ + Ωξ0αb3 = −Fα

b1ξ
0
1 + b2ξ

0
2 + b3 = 0

(3.8.12)

It is easy to see that the function G satisfies the equation

(μG,α),α = −2μ(b1x1 + b2x2 + b3) + μ,1ν

[
1
2
b1
(
x2

1 − x2
2

)
+ b2x1x2 + b3x1

]

+ μ,2ν

[
b1x1x2 +

1
2
b2
(
x2

2 − x2
1

)
+ b3x2

]
on Σ1 (3.8.13)
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and the boundary condition

G,αnα = ν

[
1
2
b1
(
x2

1 − x2
2

)
+ b2x1x2 + b3x1

]
n1

+ ν

[
b1x1x2 +

1
2
b2
(
x2

2 − x2
1

)
+ b3x2

]
n2 on Γ (3.8.14)

The constant τ is given by Equation 3.5.9, where M has the form

M =
∫

Σ1

μ

[
x1G,2 − x2G,1 − 1

2
ν
(
x2

1 + x2
2

)
(b1x2 − b2x1)

]
da (3.8.15)

The torsional rigidity D∗ is given by Equation 3.4.6, where ϕ is the torsion
function.

3.8.2 Deformation of a Nonhomogeneous Circular Cylinder

Let us study the extension, bending, and torsion of a nonhomogeneous and
isotropic cylinder that occupies the domainB= {x : x2

1+x
2
2 < a2, 0 < x3 < h},

(a > 0). We assume that

E = E(r), ν = const. (3.8.16)

where
r =

(
x2

1 + x2
2

)1/2 (3.8.17)

It follows from Equations 3.8.8 and 3.8.16 that

I∗11 = I∗22 = π

∫ a

0

r3E(r)dr, I∗12 = 0

ξ0α = 0, Ω = 2π
∫ a

0

rE(r)dr
(3.8.18)

By Equations 3.8.9 and 3.8.18, we obtain

a1 =
M2

I∗11
, a2 = −M1

I∗22
, a3 = − 1

Ω
F3 (3.8.19)

The solution of extension and bending problem has the form 3.8.10 where
the constants ak are given by Equations 3.8.19. In this case, the extension is
not influenced by the bending of terminal couples.

To solve the torsion problem, we consider the boundary-value problem
3.4.12 and 3.4.13. We assume that the functions ϕ and χ depend only on r.
Let us introduce the function H by

1
μ
χ,α = H,α (3.8.20)



© 2009 by Taylor & Francis Group, LLC

Deformation of Nonhomogeneous Cylinders 117

We note that the condition(
1
μ
χ,α

)
,β

=
(

1
μ
χ,β

)
,α

is satisfied on the basis of relations(
1
μ

)
,β

=
xβ

r

d

dr

(
1
μ

)
, χ,α = χ′xα

r
, χ′ =

dχ

dr

Thus, the function H exists. From Equation 3.4.12, we see that H satisfies
the equation

ΔH = −2 on Σ1 (3.8.21)

By Equations 3.4.14 and 3.8.20, we find that the stresses tα3 are given by

t13 = μτH,2 t23 = −μτH,1 (3.8.22)

The conditions on the lateral surface are satisfied if

H = 0 on r = a (3.8.23)

The solution of the boundary-value problem 3.8.21 and 3.8.23 is

H =
1
2
(a2 − r2) (3.8.24)

Thus, from Equations 3.8.22 and 3.8.24, we obtain

t13 = −μ(r)τx2, t23 = μ(r)τx1 (3.8.25)

By Equations 3.4.11, 3.8.20, and 3.8.24, we find that ϕ = 0. In view of Equa-
tion 3.4.6, we obtain the torsional rigidity,

D∗ = 2π
∫ a

0

r3μ(r)dr (3.8.26)

The constant τ is given by Equation 3.4.5. We note that from Equations 3.8.20
and 3.8.24, we find that

χ(r) = −
∫ r

0

tμ(t)dt

3.8.3 Extension, Bending, and Torsion
of Nonhomogeneous Tube

First, we study the plane strain problems D(k) defined in Section 3.2, for a
hollow cylinder. We assume that the domain Σ1 is bounded by two concentric
circles of radius R1 and R2, Σ1 = {x : R2

1 < x2
1 + x2

2 < R2
2, x3 = 0}. We sup-

pose that the cylinder is occupied by an isotropic material with the following
constitutive coefficients

λ = λ0r
−m, μ = μ0r

−m, m > 0 (3.8.27)
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where r is given by Equation 3.8.17 and λ0, μ0, andm are prescribed constants.
This kind of inhomogeneity has been investigated by Lekhnitskii [205] and
Lomakin [209]. Let us prove that the solution of the problem D(1) is given by

u
(1)
1 = −1

2
ν0
(
x2

1 − x2
2

)
, u

(1)
2 = −ν0x1x2 (3.8.28)

where
ν0 =

λ0

2(λ0 + μ0)
(3.8.29)

In view of Equations 3.2.8 and 3.8.2, we obtain

e
(1)
11 = −ν0x1, e

(1)
22 = −ν0x1, e

(1)
12 = 0 (3.8.30)

By the constitutive equations 3.8.9 and the relations 3.8.27, 3.8.29, and 3.8.30,
we find that

t
(1)
11 = −2ν0x1(λ+ μ) = −2ν0x1(λ0 + μ0)r−m

= −λ0x1r
−m = −λx1

t
(1)
22 = −λx1 t

(1)
12 = 0

(3.8.31)

It is easy to see that the stresses 3.8.31 satisfy the equations of equilibrium
3.2.10 and the boundary conditions 3.2.11. In a similar way, we can prove that

u
(2)
1 = −ν0x1x2, u

(2)
2 =

1
2
ν0
(
x2

1 − x2
2

)
, u(3)

α = −ν0xα (3.8.32)

By Equations 1.1.7 and 3.8.27, we find

E = E0r
−m (3.8.33)

where

E0 =
μ0(3λ0 + 2μ0)

λ0 + μ0

With the aid of Equations 3.8.30, 3.8.32, and 3.8.33, we obtain

λ+ 2μ+ λe(3)ρρ = λ+ 2μ− 2λν0 = (λ0 + 2μ0 − 2λ0ν0)r−m = E

(λ+ 2μ)xβ + λe(β)
ρρ = Exβ

(3.8.34)

It follows from Equations 3.3.7, 3.8.33, and 3.8.34, that

D11 = D22 = J D12 = D21 = Dα3 = D3α = 0 D33 = J∗

J =
π

4 −m

[
R4

2E(R2) −R4
1E(R1)

]
=

π

4 −m
E0

(
R4−m

2 −R4−m
1

)
, for m �= 4

J = 2πE0 ln(R2/R1), for m = 4

J∗ =
2π

2 −m
E0(R2−m

2 −R2−m
1 ), for m �= 2

J∗ = 2πE0 ln (R2/R1), for m = 2 (3.8.35)
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By Equations 3.3.6 and 3.8.5, we obtain

a1 =
M2

J
, a2 = −M1

J
, a3 = −F3

J∗
(3.8.36)

Thus, the solution of extension and bending problem is given by

u1 = −1
2
a1

(
x2

3 + ν0x
2
1 − ν0x

2
2

)− a2ν0x1x2 − a3ν0x1

u2 = −a1ν0x1x2 − 1
2
a2

(
x2

3 − ν0x
2
1 + ν0x

2
2

)− a3ν0x2

u3 = (a1x1 + a2x2 + a3)x3

(3.8.37)

where ak are defined by Equations 3.8.36 and 3.8.35. In view of Equations 3.8.27,
we find that

ερβ(μxβ),ρ = ερβ

(
dμ

dr
xρxβr

−1 + μδρβ

)
= 0

so that Equation 3.4.1 for the torsion function becomes

(μϕ,α),α = 0 on Σ1

Clearly, for r = R1 and r = R2, we have

εαβxβnα = 0

and the boundary condition 3.4.2 reduces to

ϕ,αnα = 0 on Γ

Thus, in this case, we find that

ϕ = 0 on Σ1 (3.8.38)

From Equation 3.4.6, we obtain the torsional rigidity,

D∗ =
2π

4 −m
μ0

(
R4−m

2 −R4−m
1

)
, for m �= 4

D∗ = 2πμ0 ln (R2/R1), for m = 4
(3.8.39)

The solution of the torsion problem is

uα = τεβαx3xβ , u3 = 0

where the constant τ is given by Equations 3.4.5 and 3.8.39.

3.8.4 Flexure of Hollow Cylinder

We now study the flexure of the hollow cylinder defined in the Section 3.8.3.
We continue to assume that the elastic coefficients are given by Equations 3.8.27.
We suppose that the loading applied on the end located at x3 = 0 is statically
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equivalent to the force F=F1e1 and the moment M=0. The form of the
solution is given by the functions 3.5.1. Since the Lamé moduli are speci-
fied by Equations 3.8.27, the solutions of the problems D(k) are given by
Equations 3.8.28 and 3.8.32. Moreover, we have seen that for the considered
cylinder, the torsion function is zero. The constants b1, b2, and b3 which ap-
pear in Equations 3.5.1 are determined by Equations 3.5.7 and 3.5.8. In view
of Equations 3.8.35, we find that

b1 = −F1

J
, b2 = 0, b3 = 0 (3.8.40)

Thus, the boundary-value problem 3.5.3 and 3.5.5 reduces to the equation

(μG,α),α = −2μb1x1 − b1μ,βu
(1)
β on Σ1 (3.8.41)

and the boundary condition

G,αnα = −b1u(1)
β nβ on Γ (3.8.42)

In view of Equations 3.8.30 and 3.8.37, we find that

μ,βu
(1)
β =

1
2
ν0μmx1

so that Equation 3.8.41 takes the form

μΔG+ μ,αG,α = −μ
(

2 +
1
2
ν0m

)
b1x1 on Σ1 (3.8.43)

We seek the solution of this equation in the form

G = x1Φ(r) (3.8.44)

where r is given by Equation 3.8.17 and Φ is an unknown function.
With the aid of relations

ΔG = x1(Φ′′ + 3r−1Φ′), μ,αG,α = −μmr−2x1(Φ + rΦ′)

we find that Equation 3.8.43 reduces to

Φ′′ + (3 −m)
1
r
Φ′ − m

r2
Φ = −

(
2 +

1
2
mν0

)
b1 (3.8.45)

A particular solution of this equation is

Φ∗ = Br2 (3.8.46)

where

B =
1

3m− 8

(
2 +

1
2
mν0

)
b1
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The general solution for Φ is

Φ = C1r
k1 + C2r

k2 +Br2 (3.8.47)

where C1 and C2 are arbitrary constants, and

k1 =
1
2
[m− 2 + (m2 + 4)1/2], k2 =

1
2
[m− 2 − (m2 + 4)1/2] (3.8.48)

In view of Equations 3.8.28 and 3.8.44, the condition 3.8.42 reduces to

Φ(r) + rΦ′(r) =
1
2
ν0b1r

2 on r = R1 and r = R2 (3.8.49)

By Equation 3.8.47, the conditions 3.8.49 take the form

(1 + k1)Rk1
1 C1 + (1 + k2)Rk2

1 C2 =
(

1
2
ν0b1 − 3B

)
R2

1

(1 + k1)Rk1
2 C1 + (1 + k2)Rk2

2 C2 =
(

1
2
ν0b1 − 3B

)
R2

2

(3.8.50)

Since
(1 + k1)(1 + k2) �= 0, k1 �= k2

we conclude that the system 3.8.50 can always be solved for the constants
C1 and C2. The constant τ is given by Equation 3.5.9. It follows from Equa-
tions 3.8.28, 3.8.40, and 3.8.44 that

M = −
∫

Σ1

x2μ

(
Φ +

1
2
ν0b1r

2

)
da = 0

so that τ = 0
From Equations 3.5.1, 3.8.28, 3.8.38, 3.8.40, and 3.8.44, we find the solution

of the flexure of a hollow cylinder,

u1 = −1
2

(
1
3
x2

3 + ν0x
2
1 − ν0x

2
2

)
b1x3, u2 = −b1ν0x1x2x3

u3 =
1
2
b1x1x

2
3 + x1Φ

where Φ has the form 3.8.47 and b1 is given by Equation 3.8.40.

3.8.5 Plane Strain of Nonhomogeneous Tube

In this section, we investigate the plane strain traction problem for the
domain Σ1 = {x : R2

1<x
2
1 +x2

2<R
2
2, x3 = 0}, (R2>R1> 0), when the cylinder

is in equilibrium in the absence of body forces, and the lateral boundaries are
subjected to constant pressures. We assume that the tube is occupied by a
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nonhomogeneous and isotropic elastic material with Lamé moduli given by
Equations 3.8.27. The equilibrium equations become

tβα,β = 0 on Σ1 (3.8.51)

The boundary conditions are

tβαnβ = −p1nα on r = R1

tβαnβ = −p2nα on r = R2

(3.8.52)

where pα are prescribed constants and r = (x2
1 + x2

2)
1/2.

We seek the solution in the form

uα = xαr
−1G (3.8.53)

where G is an unknown function of r. Then, we have

uα,β = δαβr
−1G− xαxβr

−3G+ xαxβr
−2G′

uρ,ρ = r−1G+G′ G′ =
dG

dr

tαβ = λ
(
r−1G+G′)δαβ

+ 2μ(δαβr
−1G− xαxβr

−3G+ xαxβr
−2G′)

Δuα = uρ,ρα = xα

(
r−1G′′ + r−2G′ − r−3G

)

(3.8.54)

We note that

tβα,β = μΔuα + (λ+ μ)uρ,ρα + λ,αuρ,ρ + μ,β(uα,β + uβ,α) (3.8.55)

By using Equations 3.8.54, 3.8.55, and the relations

λ,α = λ′xαr
−1, μ,α = μ′xαr

−1

we obtain

tβα,β = xαr
−1
[
(λ+ 2μ)(G′′ + r−1G′ − r−2G) + r−1λ′G+ (λ′ + 2μ′)G′]

(3.8.56)

From Equations 3.8.51 and 3.8.56, we conclude that the equilibrium equations
are satisfied if the function G satisfies the equation

G′′ +
(

1
r

+
M ′

M

)
G′ −

(
1
r2

− λ′

rM

)
G = 0 (3.8.57)

where
M = λ+ 2μ (3.8.58)
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By Equations 3.8.27 and 3.8.58,

M ′ = −mr−1M, λ′ = −mr−1MN0, N0 = λ0/(λ0 + 2μ0) (3.8.59)

so that Equation 3.8.57 reduces to

G′′ +
1
r
(1 −m)G′ − 1

r2
(1 +mN0)G = 0 (3.8.60)

In view of relations 1.1.5, we obtain

1 −N2
0 > 0 (3.8.61)

The general solution for G is

G(r) = C1r
k1 + C2r

k2 (3.8.62)

where

k1 =
1
2

[
m+ (m2 + 4mN0 + 4)1/2

]
, k2 =

1
2

[
m− (m2 + 4mN0 + 4)1/2

]

(3.8.63)

and C1 and C2 are arbitrary constants. It follows from inequality 3.8.61 that

m2 + 4mN0 + 4 = (m+ 2N0)2 + 4
(
1 −N2

0

)
> 0

so that k1 and k2 are real and distinct. On the boundary of Σ1, we have

nα = −xα

R1
on r = R1, nα =

xα

R2
on r = R2

so that the conditions 3.8.52 reduce to

tβαxβ = −pρxα on r = Rρ (3.8.64)

It follows from Equations 3.8.27, 3.8.54, and 3.8.62 that

tβαxβ = xα[λr−1G+ (λ+ 2μ)G′]
= xαr

−m{[λ0 + (λ0 + 2μ0)k1]C1r
k1−1 + [λ0 + (λ0 + 2μ0)k2]C2r

k2−1}
(3.8.65)

Thus, the boundary conditions 3.8.64 become

[λ0 + (λ0 + 2μ0)k1]Rk1−1
1 C1 + [λ0 + (λ0 + 2μ0)k2]Rk2−1

1 C2 = −p1R
m
1

[λ0 + (λ0 + 2μ0)k1]Rk1−1
2 C1 + [λ0 + (λ0 + 2μ0)k2]Rk2−1

2 C2 = −p2R
m
2

(3.8.66)
The determinant of this system is

(λ0 + 2μ0)2(N0 + k1)(N0 + k2)Rk2−1
1 Rk1−1

2

[(
R1

R2

)k1−1

−
(
R1

R2

)k2−1
]

By the relations 1.1.5, 3.8.59, and 3.8.63, we get

λ0 + 2μ0 > 0, k1 �= −N0, k2 �= −N0, k1 �= k2

so that the system 3.8.66 uniquely determines the constants C1 and C2. Thus,
the solution of the problem is given by Equations 3.8.53, 3.8.62, and 3.8.66.
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3.8.6 Special Solutions of Plane Strain Problem

We consider the plane strain problem for nonhomogeneous bodies when the
body forces vanish. In Section 3.2, we have seen that the stresses tαβ can be
expressed in terms of the Airy function which satisfies Equation 3.2.7. First,
we assume that

q = d1x1 + d2x2 + d3, γ = d4 (3.8.67)

where dk, (k = 1, 2, 3, 4), are constants. In this case, Equation 3.2.7 reduces to

ΔΔχ = 0 on Σ1

We note that the boundary conditions 1.5.25 also hold for nonhomogeneous
bodies. By Equations 1.5.19, 1.5.22, and 1.5.25, we see that the stresses tαβ

in the nonhomogeneous material defined by Equations 3.8.67 are the same as
the corresponding stresses in a homogeneous material, provided the material
occupy cylinders of the same shape and are subject to the same surface forces.
It is simple to verify that the conditions 3.8.67 correspond to the following
constitutive coefficients

E =
2(d1x1 + d2x2 + d3) − d4

(d1x1 + d2x2 + d3)2
, ν = 1 − d4

d1x1 + d2x2 + d3

Let us consider now the traction problem for a simply-connected region Σ1

and for the following surface tractions

t̃α = −pnα (3.8.68)

where p is a given constant. In the case of homogeneous bodies, the solution
of the boundary-value problem 1.5.22 and 1.5.25 is

χ = −1
2
p
(
x2

1 + x2
2

)
, (x1, x2) ∈ Σ1 (3.8.69)

The corresponding stresses are

tαβ = −pδαβ on Σ1 (3.8.70)

Let us determine the class of nonhomogeneous materials which, subjected
to the tractions 3.8.68, generate the stresses 3.8.70. Substituting the func-
tion 3.8.69 into Equation 3.2.7, we get

Δ(2γ − q) = 0 (3.8.71)

The condition 3.8.71 can be written as

Δ
[
(1 + ν)(1 − 2ν)

E

]
= 0 (3.8.72)

If the Poisson’s ratio is constant, then Equation 3.8.72 reduces to

Δ(E−1) = 0 (3.8.73)
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Thus, if ν is constant and the Young’s modulus attains a maximum (or min-
imum) in interior of Σ1, then the tractions 3.8.68 cannot produce the plane
stress field 3.8.70.

For the remaining of this section, we assume that the Poisson’s ratio is
constant. Then, Equation 3.2.7 can be written in the form

Δ(γΔχ) =
1

1 − ν
(γ,22χ,11 + γ,11χ,22 − 2γ,12χ,12) (3.8.74)

By using the relations 1.5.19, this equation can be expressed in terms of the
stresses tαβ ,

Δ(γtαα) =
1

1 − ν
(γ,11t11 + γ,22t22 + 2t12γ,12) (3.8.75)

This equation has been established by Olszak and Rychlewski [260].
Let us assume that the loading generates the plane elastic state character-

ized by
t12 = T, t11 = t22 = 0 (3.8.76)

where T is a given constant. Then, from Equation 3.8.75, we find that

γ,12 = 0

The plane stress field 3.8.76 is possible to exist if and only if

γ = h1(x1) + h2(x2)

where h1 and h2 are arbitrary functions.
We now consider the plane elastic state for which

t11 = P, t22 = t12 = 0 (3.8.77)

where P is a given constant. In this case, Equation 3.8.75 reduces to

− ν

1 − ν
γ,11 + γ,22 = 0

The general solution of this equation is

γ = g1(x2 + κx1) + g2(x2 − κx1), κ =
(

ν

1 − ν

)1/2

where g1 and g2 are arbitrary functions. Thus, for example, we can say that
for nonhomogeneous bodies with

γ = x3
1 +A1x

2
1 +A2x1 +A3

where Ak are constants, it is not possible to have the plane stress field 3.8.77.
Other special plane elastic states have been discussed in Ref. 260.
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3.9 Exercises

3.9.1 A continuum body occupies the domain B = {x : (x1, x2) ∈ Σ1, 0 <
x3 < h} where the cross section Σ1 is the assembly of the regions A1 =
{x : −α1 < x1 < 0,−β < x2 < β}, A2 = {x : 0 < x1 < α2,−β < x2 <
β}, (α1 > 0, α2 > 0, β > 0). The domains B1 = {x : (x1, x2) ∈ A1,
0 < x3 < h} and B2 = {x : (x1, x2) ∈ A2, 0 < x3 < h} are occupied
by different homogeneous and isotropic elastic materials. Study the
torsion of cylinder B.

3.9.2 Determine the solutions of auxiliary plane strain problems defined in
Section 3.7 when L and Γ are two concentric circles.

3.9.3 Investigate the extension and bending of a piecewise homogeneous
circular cylinder.

3.9.4 Study the plane strain of a circular cylinder composed of two homo-
geneous and isotropic elastic materials and subjected on the lateral
surface to a constant pressure.

3.9.5 Investigate the deformation of a piecewise homogeneous circular cylin-
der which is subjected to a constant temperature variation.

3.9.6 An inhomogeneous and isotropic elastic cylinder occupies the domain
B = {x : x2

1 + x2
2 < a2, 0 < x3 < h}, (a > 0). The constitutive coeffi-

cients are given by

λ = λ0e
−κr, μ = μ0e

−κr, κ > 0

where λ0, μ0, and κ are prescribed constants and r = (x2
1 + x2

2)
1/2.

Study the deformation of the considered cylinder when it is subjected
to the loads

fα = −U,α, f3 = 0, t̃α = Unα, t̃3 = 0,

Fα = 0, F3 = Q, Mj = 0

where U = U0e
−κr, and Q and U0 are given by constants.

3.9.7 A nonhomogeneous and isotropic elastic cylinder has the constitutive
coefficients independent of the axial coordinate. The body is subjected
to a temperature field that is a polynomial in the axial coordinate.
Study the deformation of the cylinder.
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Chapter 4

Anisotropic Bodies

4.1 Preliminaries

The Saint-Venant’s problem for anisotropic elastic bodies has been exten-
sively studied [28,175,204,313]. We note that the researches devoted to Saint-
Venant’s problem are based on various assumptions regarding the structure of
the prevailing fields of displacement or stress. It is the purpose of this chapter
to extend the results derived in the previous chapters to the case of anisotropic
elastic bodies with general elasticities. The procedure presented in this chap-
ter avoids the semi-inverse method and permits a treatment of the problem
even for nonhomogeneous bodies, where the elasticity tensor is independent
of the axial coordinate. Saint-Venant’s problem for nonhomogeneous elastic
cylinders where the elastic coefficients are independent of the axial coordinate
has been studied in various works [150,152,318]. According to Toupin [329],
the proof of Saint-Venant’s principle presented in Section 1.10 also remains
valid for this kind of nonhomogeneous elastic bodies.

In the first part of the chapter, we present a solution to the Saint-Venant’s
problem for anisotropic elastic bodies. This solution coincides with that given
in Ref. 150 and incorporates the solutions presented in Refs. 28, 175, and 204.
Then, minimum energy characterizations of the solutions are established. The
results of Section 1.9 are extended to study Truesdell’s problem for anisotropic
elastic cylinders. We also present a study of the problems of Almansi and
Michell. The theory is used to study the deformation of orthotropic cylinders.
Finally, the Saint-Venant’s problem for elastic cylinders composed of different
anisotropic materials is analyzed.

We assume for the remainder of this chapter that the elasticity field C is
independent of the axial coordinate, that is,

Cijkl = Cijkl(x1, x2), (x1, x2) ∈ Σ1 (4.1.1)

Moreover, we continue to assume that C is symmetric and positive definite.
We denote by D∗ the set of all equilibrium displacement fields u that satisfy

the condition s(u) = 0 on the lateral boundary. The following results hold
true for anisotropic elastic bodies.

127
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Theorem 4.1.1 If u ∈ D∗ and u,3 ∈ C1(B) ∩ C2(B), then u,3 ∈ D∗ and

R(u,3) = 0, Hα(u,3) = εαβRβ(u), H3(u,3) = 0

The proof of this theorem, which we omit, is analogous to that given for
Theorem 1.6.1. We continue to use notations from Section 1.6. Theorem 4.1.1
has the following consequences.

Corollary 4.1.1 If u ∈ KI(F3,M1,M2,M3) and u,3 ∈ C1(B) ∩ C2(B),
then u,3 ∈ D∗ and

R(u,3) = 0, H(u,3) = 0

Corollary 4.1.2 If u ∈ KII(F1, F2) and u,3 ∈ C1(B) ∩ C2(B) then

u,3 ∈ KI(0, F2,−F1, 0)

4.2 Generalized Plane Strain Problem

The state of generalized plane strain of cylinder B is characterized by

u = u(x1, x2), (x1, x2) ∈ Σ1 (4.2.1)

This restriction, in conjunction with the stress–displacement relation, implies
that tij = tij(x1, x2). Further,

tiα(u) = Ciαkβuk,β (4.2.2)

By an admissible displacement field, we mean a vector field with the properties

(i) u is independent of x3 and

(ii) u ∈ C1(Σ1) ∩ C2(Σ1)

Given body force f on B and surface force p on Π, with f and p independent
of x3, the generalized plane strain problem consists in finding an admissible
displacement field u which satisfies the equations of equilibrium

(tiα(u)),α + fi = 0 on Σ1 (4.2.3)

and the boundary conditions

tiα(u)nα = pi on Γ (4.2.4)

We note that the stress t33(u) can be determined after the displacement field
u is found.
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The generalized plane strain problem for homogeneous bodies was studied
in various works (e.g., [204]).

The conditions of equilibrium for cylinder B are equivalent to
∫

Σ1

fda+
∫

Γ

pds = 0,
∫

Σ1

εαβxαfβda+
∫

Γ

εαβxαpβds = 0 (4.2.5)

∫
Σ1

xαf3da+
∫

Γ

xαp3ds =
∫

Σ1

t3α(u)da (4.2.6)

From Equations 4.2.3, 4.2.4, and the divergence theorem, we get
∫

Σ1

t3α(u)da =
∫

Σ1

{t3α(u) + xα[(t3ρ(u)),ρ + f3]}da

=
∫

Σ1

[(xαt3ρ(u)),ρ + xαf3]da =
∫

Γ

xαp3ds+
∫

Σ1

xαf3da

Thus, the conditions 4.2.6 are identically satisfied.
We assume for the remainder of this chapter that C ∈ C∞(Σ1) and that the

domain Σ1 is C∞-smooth. Moreover, we assume that f and p belong to C∞.
We denote by P the set of all admissible displacement fields. Let L be the

operator on P defined by

Liu = −(Ciαkβuk,β),α

The equations of equilibrium 4.2.3 take the form

Lu = f on Σ1 (4.2.7)

The conditions 4.2.4 can be written as

s(u) = p on Γ (4.2.8)

We assume that u,v ∈ P. By the divergence theorem, we find
∫

Σ1

(Lu) · vda = 2
∫

Σ1

Ŵ (u,v)da−
∫

Γ

s(u) · vds (4.2.9)

Here
2Ŵ (u,v) = Ciαkβeiα(u)ekβ(v)

is the bilinear form corresponding to the quadratic form

2Ŵ (u) = Ciαkβeiα(u)ekβ(u)

Let u∗ be a solution of the boundary-value problem 4.2.7 and 4.2.8 corre-
sponding to f = 0 and p = 0. We assume that Ŵ (u) is positive definite in
the variables esβ(u). It follows from Equation 4.2.9 that

u∗α = aα + εαβbxβ , u∗3 = a3 (4.2.10)



© 2009 by Taylor & Francis Group, LLC

130 Classical and Generalized Models of Elastic Rods

where ai and b are arbitrary constants. Let us consider the boundary condition

s(u) = 0 on Γ (4.2.11)

Following Fichera [88], a C∞ solution in Σ1 of the boundary-value problem
4.2.7 and 4.2.11 exists if and only if∫

Σ1

f · u∗da = 0

for any displacement field u∗ given by Equation 4.2.10. Thus, we derive the
following result.

Theorem 4.2.1 Let f be a vector field of class C∞ on Σ1. The boundary-
value problem 4.2.7 and 4.2.11 has solutions belonging to C∞(Σ1) if and only if∫

Σ1

fda = 0,
∫

Σ1

εαβxαfβda = 0 (4.2.12)

It is easy to see that in the case of the boundary-value problem 4.2.7 and
4.2.8, the conditions 4.2.12 are replaced by conditions 4.2.5.

4.3 Extension, Bending, and Torsion

We denote by R the set of all rigid displacement fields. In view of Corol-
lary 4.1.1, we are led to seek a solution u0 of the problem of extension, bending,
and torsion such that u0

,3 ∈ R.

Theorem 4.3.1 Let I be the set of all vector fields u ∈ C1(B)∩C2(B) such
that u,3 ∈ R. Then there exists a vector field u0 ∈ I which is solution of the
problem (P1).

Proof. We consider u0 ∈ C1(B) ∩ C2(B) such that

u0
,3 = ααα+ βββ × x

where ααα and βββ are constant vectors. Then we get

u0
α = −1

2
aαx

2
3 − a4εαβxβx3 + wα

u0
3 = (aρxρ + a3)x3 + w3

(4.3.1)

modulo a rigid displacement field. Here w is an arbitrary vector field indepen-
dent of x3 such that w ∈ C1(Σ1) ∩ C2(Σ1), and we have used the notations
aα = εραβρ, a3 = α3, and a4 = β3. From Equation 4.3.1, we obtain

u0
k,α = aαx3δk3 − a4εβαx3δkβ + wk,α

u0
k,3 = (aρxρ + a3)δk3 − δkαaαx3 − δkαa4εαβxβ
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The stress–displacement relations imply that

tij(u0) = Cij33(aρxρ + a3) − a4Cijα3εαβxβ + Tij(w) (4.3.2)

where
Tij(w) = Cijkαwk,α (4.3.3)

The functions Tij(w) are independent of the axial coordinate.
The equations of equilibrium and the conditions on the lateral boundary

reduce to

(Tiα(w)),α + gi = 0 on Σ1, Tiα(w)nα = qi on Γ (4.3.4)

where

gi = aρ(Ciα33xρ),α + a3Ciα33,α − a4ερβ(Ciαρ3xβ),α

qi = (a4ερβCiαρ3xβ − aρCiα33xρ − a3Ciα33)nα

(4.3.5)

We note that the relations 4.3.3, 4.3.4, and 4.3.5 constitute a generalized
plane strain problem. It follows from the relations 4.3.5 and the divergence
theorem that the necessary and sufficient conditions to solve this problem are
satisfied for any constants a1, a2, a3, and a4. We denote by w(j) a solution
of the boundary-value problem 4.3.4 when ai = δij , a4 = 0, and by w(4) a
solution of the boundary-value problem 4.3.4 corresponding to ai = 0, a4 = 1.
We can write

w =
4∑

i=1

aiw(i) (4.3.6)

The functions w(s) are characterized by the equations

(Tiα(w(β))),α + (Ciα33xβ),α = 0, (β = 1, 2)

(Tiα(w(3))),α + Ciα33,α = 0

(Tiα(w(4))),α − ερβ(Ciαρ3xβ),α = 0 on Σ1

(4.3.7)

and the boundary conditions

Tiα(w(β))nα = −Ciα33xβnα, Tiα(w(3))nα = −Ciα33nα

Tiα(w(4))nα = ερβCiαρ3xβnα on Γ
(4.3.8)

We assume that the displacement fields w(s), (s = 1, 2, 3, 4), are known. The
vector field u0 can be written in the form

u0 =
4∑

j=1

aju(j) (4.3.9)
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where u(j) are defined by

u(β)
α = −1

2
x2

3δαβ + w(β)
α , u

(β)
3 = xβx3 + w

(β)
3 , (β = 1, 2)

u(3)
α = w(3)

α , u
(3)
3 = x3 + w

(3)
3 , u(4)

α = εβαxβx3 + w(4)
α , u

(4)
3 = w

(4)
3

(4.3.10)
From Equations 4.3.2 and 4.3.9, we get

tij(u0) =
4∑

k=1

aktij(u(k)) (4.3.11)

where

tij(u(α)) = Cij33xα + Tij(w(α))

tij(u(3)) = Cij33 + Tij(w(3)), tij(u(4)) = −Cijα3εαβxβ + Tij(w(4))
(4.3.12)

By Equations 4.3.7 and 4.3.8,

(tki(u(j))),k = 0 on B, s(u(j)) = 0 on Π, (j = 1, 2, 3, 4) (4.3.13)

so that u(j) ∈ D∗, (j = 1, 2, 3, 4).
The conditions on the end Σ1 are

Rα(u0) = 0, R3(u0) = F3, H(u0) = M (4.3.14)

In view of Theorem 4.1.1 and u0
,3 ∈ R, we obtain

Rα(u0) = εβαHβ(u0
,3) = 0

so that the first two conditions 4.3.14 are satisfied. The remaining conditions
furnish the following system for the constants as, (s = 1, 2, 3, 4),

4∑
i=1

D∗
αiai = εαβMβ ,

4∑
i=1

D∗
3iai = −F3,

4∑
i=1

D∗
4iai = −M3 (4.3.15)

where

D∗
αi =

∫
Σ1

xαt33(u(i))da, D∗
3i =

∫
Σ1

t33(u(i))da

D∗
4i =

∫
Σ1

εαβxαt3β(u(i))da, (i = 1, 2, 3, 4)
(4.3.16)

The constants D∗
rs, (r, s = 1, 2, 3, 4), can be calculated after the displacement

fields w(i), (i = 1, 2, 3, 4), are determined. Let us prove that the system 4.3.15
can always be solved for a1, a2, a3, and a4.
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By Equations 1.1.2 and 4.3.9,

U(u0) =
1
2

4∑
i,j=1

〈u(i),u(j)〉aiaj

Since C is positive definite and u(i) is not a rigid displacement, we find that

det 〈u(i),u(j)〉 �= 0 (4.3.17)

We note that u(i) ∈ D∗, (i = 1, 2, 3, 4). It follows from Equations 4.3.10,
4.3.12, 1.1.16, and 1.1.17 that

〈u(i),u(α)〉 =
1
2
h2Rα(u(i)) + hD∗

αi

〈u(i),u(3)〉 = hD∗
3i, 〈u(i),u(4)〉 = hD∗

4i, (i = 1, 2, 3, 4)

Since u(i) ∈D∗ and u(i)
,3 ∈R, by Theorem 4.1.1, we have Rα(u(i)) = 0, (i =

1, 2, 3, 4). Thus, we obtain

〈u(i),u(j)〉 = hD∗
ji (4.3.18)

From relations 4.3.17 and 4.3.18, we find

det (D∗
rs) �= 0 (4.3.19)

so that the system 4.3.15 uniquely determines the constants ai, (i = 1, 2, 3, 4).
Thus, we have proved that the constants as, (s = 1, 2, 3, 4), and the vector
field w can be determined so that u0 ∈ KI(F3,M1,M2,M3). �

Remark. Theorem 4.3.1 offers a constructive procedure to obtain a solution
of the problem (P1) for anisotropic elastic bodies. This solution is given by
Equations 4.3.9 and 4.3.10 where the vector fields w(j), (j = 1, 2, 3, 4), are
characterized by the boundary-value problems 4.3.7 and 4.3.8, and the con-
stants as, (s = 1, 2, 3, 4), are determined by Equations 4.3.15.

4.4 Flexure of Anisotropic Cylinders

The flexure problem consists in finding an equilibrium displacement field u
that satisfies the conditions

s(u) = 0 on Π, Rα(u) = Fα, R3(u) = 0, H(u) = 0

We denote by â the four-dimensional vector (a1, a2, a3, a4). We shall write
u0{â} for the displacement vector u0 defined by Equation 4.3.9, indicating
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thus its dependence on the constants a1, a2, a3, and a4. In view of Corollar-
ies 4.1.1 and 4.1.2 and Theorem 4.3.1, it is natural to seek a solution of the
flexure problem in the form

u =
∫ x3

0

u0{b̂}dx3 + u0{ĉ} + w′ (4.4.1)

where b̂ = (b1, b2, b3, b4) and ĉ = (c1, c2, c3, c4) are two constant four-
dimensional vectors, and w′ is a vector field independent of x3 such that
w′ ∈ C1(Σ1) ∩ C2(Σ1).

Theorem 4.4.1 Let Y be the set of all vector fields of the form 4.4.1. Then
there exists a vector field u′ ∈ Y which is solution of the flexure problem.

Proof. We have to prove that the vector field w′ and the constants bi, ci, (i =
1, 2, 3, 4), can be determined so that u′ ∈ KII(F1, F2). First, we determine
the vector b̂. If u′ ∈ KII(F1, F2), then by Corollary 4.1.2 and Equation 4.4.1,

u0{b̂} ∈ KI(0, F2,−F1, 0) (4.4.2)

By Equations 4.3.15 and 4.4.2, we find that

4∑
i=1

D∗
αibi = −Fα

4∑
i=1

D∗
3ibi = 0,

4∑
i=1

D∗
4ibi = 0

(4.4.3)

From the system 4.4.3, we can determine b1, b2, b3, and b4.
It follows from Equations 4.3.9, 4.3.10, and 4.4.1 that

u′α = −1
6
bαx

3
3 −

1
2
cαx

2
3 −

1
2
b4εαβxβx

2
3 − c4εαβxβx3

+
4∑

j=1

(cj + x3bj)w(j)
α + w′

α

u′3 =
1
2
(bρxρ + b3)x2

3 + (cρxρ + c3)x3 +
4∑

j=1

(cj + x3bj)w
(j)
3 + w′

3

(4.4.4)

By Equations 1.1.2 and 4.3.12, we obtain

trs(u′) =
4∑

i=1

(ci + x3bi)trs(u(i)) + Trs(w′) + krs (4.4.5)

where

kij =
4∑

r=1

Cijk3brw
(r)
k
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If we substitute Equation 4.4.5 into equations of equilibrium, then we find,
with the aid of Equation 4.3.13, that

(Tiα(w′)),α + f ′i = 0 on Σ1 (4.4.6)

where

f ′i = kiα,α +
4∑

j=1

bjti3(u(j))

With the help of Equations 4.3.13, the conditions on the lateral boundary
reduce to

Tiα(w′)nα = p′i on Γ (4.4.7)

where p′i = −kiαnα. The relations 4.4.6 and 4.4.7 constitute a generalized
plane strain problem. The necessary and sufficient conditions for the existence
of a solution of this problem are

∫
Σ1

f ′ida+
∫

Γ

p′ids = 0,
∫

Σ1

εαβxαf
′
βda+

∫
Γ

εαβxαp
′
βds = 0

We can verify that these conditions become

4∑
j=1

bj

∫
Σ1

ti3(u(j))da = 0,
4∑

j=1

bj

∫
Σ1

εαβxαtβ3(u(j))da = 0 (4.4.8)

It follows from Equation 4.4.3 and Rα(u(j)) = 0, (j = 1, 2, 3, 4), that the
conditions 4.4.8 are satisfied. In what follows, we assume that the displacement
field w′ is known.

Since Hα(u′
,3) = εαβRβ(u′) and u′

,3 ∈ KI(0, F2,−F1, 0), it follows that
Rα(u′) = Fα. The conditions R3(u′) = 0, H(u′) = 0 are satisfied if and only
if

4∑
j=1

D∗
ijcj = Ai, (i = 1, 2, 3, 4) (4.4.9)

where

Aα = −
∫

Σ1

xα[k33 + T33(w′)]da, A3 = −
∫

Σ1

[k33 + T33(w′)]da

A4 = −
∫

Σ1

εαβxα[kβ3 + Tβ3(w)]

On the basis of relation 4.3.19, the system 4.4.9 can always be solved for
c1, c2, c3, and c4. Thus, if b̂ and ĉ are defined by Equations 4.4.3 and 4.4.9,
respectively, and the displacement field w′ is characterized by the generalized
plane strain problem 4.4.6 and 4.4.7, then the displacement field u′ defined
by Equations 4.4.4 is a solution of the flexure problem. �



© 2009 by Taylor & Francis Group, LLC

136 Classical and Generalized Models of Elastic Rods

We have obtained the system 4.4.9 from the conditions R3(u′) = 0,
H(u′) = 0. If we replace these conditions by R3(u′) = F3, H(u′) = M,
then we arrive at

4∑
i=1

D∗
αici = εαβMβ +Aα

4∑
i=1

D∗
3ici = A3 − F3,

4∑
i=1

D∗
4ici = A4 −M3

(4.4.10)

If b̂ is defined by Equation 4.4.3, ĉ is defined by Equation 4.4.10, and w′ is char-
acterized by the boundary-value problem 4.4.6 and 4.4.7, then u′ ∈ K(F,M).

4.5 Minimum Energy Characterizations of Solutions

In this section, we present minimum strain-energy characterizations of the
solutions obtained in Sections 4.3 and 4.4. Similar results for homogeneous
and isotropic bodies were given by Sternberg and Knowles [322].

We denote by QI the set of all equilibrium displacement fields u that satisfy
the conditions

[t3i(u)](x1, x2, 0) = [t3i(u)](x1, x2, h), (x1, x2) ∈ Σ1

Rα(u) = 0, R3(u) = F3, H(u) = M

s(u) = 0 on Π

(4.5.1)

Theorem 4.5.1 Let u0 be the solution 4.3.9 of the problem (P1) correspond-
ing to the scalar load F3 and the moment M.Then

U(u0) ≤ U(u)

for every u ∈ QI , and equality holds only if u = u0 modulo a rigid displace-
ment.

Proof. Let u ∈ QI and define

v = u − u0

Then v is an equilibrium displacement field that satisfies

[t3i(v)](x1, x2, 0) = [t3i(v)](x1, x2, h), (x1, x2) ∈ Σ1

s(v) = 0 on Π, R(v) = 0, H(v) = 0
(4.5.2)
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From Equations 1.1.12 and 1.1.13, we obtain

U(u) = U(v) + U(u0) + 〈v,u0〉
If we apply Equations 1.1.16 and 1.1.17, then we conclude, with the aid of
Equations 4.3.9, 4.3.10, and 4.5.2, that

〈v,u0〉 =
∫

Σ2

t3i(v)u0
i da−

∫
Σ1

t3i(v)u0
i da = −1

2
h2aαRα(v)

+ h[εαβaαHβ(v) − a3R3(v) − a4H3(v)] = 0

We can write
U(u) = U(v) + U(u0)

Thus U(u) ≥ U(u0), and U(u) = U(u0) only if v is a rigid displacement. �

We denote by QII the set of all equilibrium displacement fields u that
satisfy the conditions

u,3 ∈ C1(B) ∩ C2(B), s(u) = 0 on Π, Rα(u) = Fα

[t3i(u,3)](x1, x2, 0) = [t3i(u,3)](x1, x2, h), (x1, x2) ∈ Σ1

(4.5.3)

Theorem 4.5.2 Let u′ be the solution 4.4.4 of the flexure problem corre-
sponding to the loads F1 and F2. Then

U(u′
,3) ≤ U(u,3)

for every u ∈ QII , and equality holds only if u,3 = u′
,3 (modulo a rigid dis-

placement).

Proof. We consider u ∈ QII . Since u′ ∈ QII it follows that the field

v = u − u′

is an equilibrium displacement field that satisfies

v,3 ∈ C1(B) ∩ C2(B), s(v) = 0 on Π, Rα(v) = 0

[t3β(v,3)](x1, x2, 0) = [t3β(v,3)](x1, x2, h), (x1, x2) ∈ Σ1

(4.5.4)

With the help of Equations 1.1.12 and 4.4.1 and Theorem 4.3.1, we find

U(u,3) = U(v,3 + u′
,3) = U(v,3 + u0{b̂}) = U(v,3) + U(u′

,3) + 〈v,3,u0{b̂}〉
By Equations 4.3.9, 1.1.16, 1.1.17, and 4.5.4,

〈v,3,u0{b̂}〉 = −1
2
bαh

2Rα(v,3) + h[b1H2(v,3)

− b2H1(v,3) − b3R3(v,3) − b4H3(v,3)]

In view of Theorem 4.1.1 and Equations 4.5.4, we conclude that
〈v,3,u0{b̂}〉 = 0. We find that

U(u,3) = U(v,3) + U(u′
,3)

The desired conclusion is now immediate. �
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4.6 Global Strain Measures

Truesdell’s problem as formulated in Section 1.9 can be set also for aniso-
tropic bodies. Thus we are led to the following problem: to define the func-
tionals τi(·), (i = 1, 2, 3, 4), on KI(F3,M1,M2,M3) such that

4∑
j=1

D∗
αjτj(u) = εαβMβ

4∑
j=1

D∗
3jτj(u) = −F3,

4∑
j=1

D∗
4jτj(u) = −M3

(4.6.1)

hold for each u ∈ KI(F3,M1,M2,M3). We consider the set QI of all equilib-
rium displacement fields u that satisfy the conditions 4.5.1. Clearly, if u ∈ QI

then u ∈ KI(F3,M1,M2,M3). In view of Theorem 4.5.1, we are led to consider
the real function f of the variables ξ1, ξ2, ξ3, and ξ4 defined by

f =
∥∥∥∥u −

4∑
j=1

ξju(j)

∥∥∥∥
2

e

where u ∈ QI and u(j), (j = 1, 2, 3, 4), are given by Equations 4.3.10. By
Equation 4.3.18,

f = h

4∑
i,j=1

D∗
ijξiξj − 2

4∑
i=1

ξi〈u,u(i)〉 + ‖u‖2
e

Since the matrix (D∗
ij), (i, j = 1, 2, 3, 4), is positive definite, f will be a mini-

mum at (α1(u), α2(u), α3(u), α4(u)) if and only if (α1(u), α2(u), α3(u), α4(u))
is the solution of the following system of equations

h

4∑
j=1

D∗
ijαj(u) = 〈u,u(i)〉, (i = 1, 2, 3, 4) (4.6.2)

From Equations 4.3.18, 1.1.16, 1.1.17, and 4.5.1, we obtain

〈u,u(1)〉 =
∫

∂B

s(u) · u(1)da = h

∫
Σ2

x1t33(u)da− 1
2
h2

∫
Σ1

t31(u)da

= −1
2
h2R1(u) + hH2(u) = hH2(u)

Similarly,

〈u,u(α)〉 = hεαβHβ(u), 〈u,u(3)〉 = −R3(u), 〈u,u(4)〉 = −H3(u)
(4.6.3)
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It follows from Equations 4.6.1, 4.6.2, and 4.6.3 that τi(u) = αi(u),
(i = 1, 2, 3, 4), for each u ∈ QI .

On the other hand, by Equation 1.1.16 we find

〈u,u(r)〉 = Ar(u), (r = 1, 2, 3, 4) (4.6.4)

where
Ar(u) =

∫
Σ2

t3i(u(r))uida−
∫

Σ1

t3i(u(r))uida (4.6.5)

From Equations 4.6.2 and 4.6.4, we get
4∑

j=1

D∗
ijτj(u) =

1
2
Ai(u), (i = 1, 2, 3, 4) (4.6.6)

The system 4.6.6 defines τi(u), (i = 1, 2, 3, 4), for every displacement field
u ∈ QI .

Truesdell’s problem can be set also for the flexure of anisotropic cylinders:
to define the functionals γi(·), (i = 1, 2, 3, 4), on KII(F1, F2) such that

4∑
i=1

D∗
αiγi(u) = −Fi,

4∑
i=1

D∗
3iγi(u) = 0,

4∑
i=1

D∗
4iγi(u) = 0 (4.6.7)

hold for each u ∈ KII(F1, F2).
We denote by H the set of all equilibrium displacement fields u that satisfy

the conditions

u,3 ∈ C1(B) ∩ C2(B), s(u) = 0 on Π

Rα(u) = Fα, R3(u) = 0, H(u) = 0

[t3i(u,3)](x1, x2, 0) = [t3i(u,3)](x1, x2, h), (x1, x2) ∈ Σ1

(4.6.8)

If u ∈ H then u ∈ KII(F1, F2). Let g be the real function of the variables ζi,
(i = 1, 2, 3, 4), defined by

g =
∥∥∥∥u,3 −

4∑
i=1

ζiu(i)

∥∥∥∥
2

e

where u ∈ H and u(i), (i = 1, 2, 3, 4), are given by Equations 4.3.10. Clearly, g
will be a minimum at (β1(u), β2(u), β3(u), β4(u)) if and only if (β1(u), β2(u),
β3(u), β4(u)) is the solution of the following system of equations

h

4∑
j=1

D∗
ijβj(u) = 〈u,3,u(i)〉, (i = 1, 2, 3, 4) (4.6.9)

Let us prove that βi(u) = γi(u), (i = 1, 2, 3, 4), for every u ∈ H. By Equa-
tions 4.3.10, 1.1.16, and 4.6.8, we obtain

〈u,3,u(1)〉 =
∫

∂B

s(u,3) · u(1)da = −1
2
h2R1(u,3) + hH2(u,3)
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With the help of Theorem 4.1.1, we get

〈u,3,u(1)〉 = −hR1(u)

Similarly,

〈u,3,u(α)〉 = −hRα(u), 〈u,3,u(2+α)〉 = 0, (α = 1, 2) (4.6.10)

It follows from Equations 4.6.7 and 4.6.9 that γi(u)=βi(u), (i= 1, 2, 3, 4), for
any u ∈ H. By Equation 1.1.16, we obtain

〈u,3,u(i)〉 = Bi(u), (i = 1, 2, 3, 4) (4.6.11)

where

Bj(u) =
∫

Σ2

t3i(u(j))ui,3da−
∫

Σ1

t3i(u(j))ui,3da

Thus, from Equations 4.6.9 and 4.6.11, we conclude that

4∑
j=1

D∗
ijγj(u) =

1
h
Bi(u), (i = 1, 2, 3, 4)

for each u ∈ H. This system defines γi(·) on the subclass H of solutions to
the flexure problem.

4.7 Problem of Loaded Cylinders

In the first part of this section, we consider the Almansi–Michell problem. It
is easy to verify that Theorem 2.4.1 also remains valid for anisotropic bodies
where the elasticity field is independent of the axial coordinate. As in Section
2.4, we are led to consider the set V of all vector fields of the form

∫ x3

0

∫ x3

0

u0{b̂}dx3dx3 +
∫ x3

0

u0{ĉ}dx3 + u0{d̂} + x3w′ + w′′ (4.7.1)

where b̂, ĉ, and d̂ are four-dimensional constant vectors, and w′ and w′′ are
vector fields independent of x3 such that w′,w′′ ∈C1(Σ1) ∩ C2(Σ1). Here
u0{â} is defined by Equation 4.3.9. We assume that the body force and surface
force belong to C∞.

Theorem 4.7.1 Let B be anisotropic and assume that the elasticity field is
independent of the axial coordinate. Then there exists a vector field u′′ ∈ V
such that u′′ ∈ KIII(F,M,G,p).
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Proof. If u′′ ∈ V and u′′ ∈ KIII(F,M,G,p), then by Theorems 2.4.2 and
4.3.1 and Equation 4.7.1,

∫ x3

0

u0{b̂}dx3 + u0{ĉ} + w′ ∈ K(P,Q)

where P and Q are defined by Equation 2.4.3. From Equations 4.4.3 and 4.4.6,
we find that b̂ is given by

4∑
i=1

D∗
αibi = −

∫
Σ1

Gαda−
∫

Γ

pαds

4∑
i=1

D∗
3ibi = 0,

4∑
i=1

D∗
4ibi = 0

(4.7.2)

and w′ is characterized by

(Tiα(w′)),α +
4∑

r=1

br[(Ciαk3w
(r)
k ),α + ti3(u(r))] = 0 on Σ1

Tiα(w′)nα = −
4∑

r=1

Ciαk3brw
(r)
k nα on Γ

(4.7.3)

In view of Equation 4.4.10, the vector ĉ is determined by

4∑
j=1

D∗
ijcj = Ci, (i = 1, 2, 3, 4) (4.7.4)

where

Cα = −
∫

Γ

xαp3ds−
∫

Σ1

xαG3da− Fα −
∫

Σ1

xα[k33 + T33(w′)]da

C3 = −
∫

Γ

p3ds−
∫

Σ1

G3da−
∫

Σ1

[k33 + T33(w′)]da

C4 = −
∫

Γ

εαβxαpβds−
∫

Σ1

εαβxαGβda−
∫

Σ1

εαβxαβ [kβ3 + Tβ3(w′)]da

kij =
4∑

r=1

Cijk3brw
(r)
k

From Equations 4.3.9, 4.3.10, and 4.7.1, we get

u′′α = − 1
24
bαx

4
3 −

1
6
cαx

3
3 −

1
2
dαx

2
3 − εαβxβ

(
1
6
b4x

3
3 +

1
2
c4x

2
3 + d4x3

)

+
4∑

j=1

(
dj + cjx3 +

1
2
bjx

2
3

)
w(j)

α + x3w
′
α + w′′

α
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u′′3 =
1
6
(bρxρ + b3)x3

3 +
1
2
(cρxρ + c3)x2

3 + (dρxρ + d3)x3

+
4∑

j=1

(
dj + cjx3 +

1
2
bjx

2
3

)
w

(j)
3 + x3w

′
3 + w′′

3

(4.7.5)

By Equations 1.1.2, 4.3.12, and 4.7.5,

tij(u′′) =
4∑

r=1

(
dr + crx3 +

1
2
brx

2
3

)
tij(u(r)) + x3kij + k′ij

+ Tij(w′′) + x3Tij(w′) (4.7.6)

where

k′ij = Cijk3w
′
k +

4∑
s=1

csCijk3w
(s)
k

The equations of equilibrium and the conditions on the lateral boundary
reduce to

(Tiα(w′′)),α + hi = 0 on Σ1

Tiα(w′′)nα = qi on Γ
(4.7.7)

where

hi = Gi + k′iα,α + Ti3(w′) + ki3 +
4∑

r=1

crti3(u(r))

qi = pi − k′iαnα

Using the divergence theorem, we find that
∫

Σ1

hida+
∫

Γ

qids =
∫

Σ1

Gida +
∫

Γ

pids−Ri(u′′
,3) = Pi −Ri(u′′

,3)∫
Σ1

εαβxαhβda+
∫

Γ

εαβxαqβds =
∫

Σ1

εαβxαGβda+
∫

Γ

εαβxαpβda

− H3(u′′
,3) = Q3 −H3(u′′

,3)

The conditions
Ri(u′′

,3) = Pi, H3(u′′
,3) = Q3

were used to obtain Equations 4.7.2 and 4.7.4.
We conclude that the necessary and sufficient conditions for the existence

of a solution of the boundary-value problem 4.7.7 are satisfied.
From Equations 4.7.4 and 4.7.6, we obtain

Hα(u′′
,3) = εβα

( 4∑
i=1

D∗
βici +

∫
Σ1

xβ [k33 + T33(w′)]da
)

= εβα

(∫
Γ

xβp3ds+
∫

Σ1

xβG3da

)
+ εαβFβ

(4.7.8)



© 2009 by Taylor & Francis Group, LLC

Anisotropic Bodies 143

With the help of Theorem 2.4.1, we get

Hα(u′′
,3) = εαβ

(∫
Γ

xβp3ds+
∫

Σ1

xβG3da

)
+ εαβRβ(u′′) (4.7.9)

It follows from Equations 4.7.8 and 4.7.9 that Rα(u′′) = Fα. The conditions
R3(u′′) = F3, H(u′′) = M reduce to

4∑
s=1

D∗
rsds = Er, (r = 1, 2, 3, 4) (4.7.10)

where
Eα = εαβMβ −

∫
Σ1

xα[k′33 + T33(w′′)]da

E3 = −F3 −
∫

Σ1

[k′33 + T33(w′′)]da

E4 = −M3 −
∫

Σ1

εαβxα[k′β3 + Tβ3(w′′)]da

The system 4.7.10 determines the vector d̂. Thus we have determined the vec-
tors b̂, ĉ, and d̂, and the vector fields w′ and w′′ to have u′′ ∈ KIII(F,M,G,p).

�

Let us consider the Almansi problem. Let u∗ be an equilibrium displacement
field onB corresponding to the body force f = gxn

3 that satisfies the conditions

s(u∗) = qxn
3 on Π, R(u∗) = 0, H(u∗) = 0 (4.7.11)

where g and p are vector fields independent of x3, and n is a positive integer
or zero.

We denote by u an equilibrium displacement field on B, corresponding to
the body force f = gxn+1

3 that satisfies the conditions

s(u) = qxn+1
3 on Π, R(u) = 0, H(u) = 0 (4.7.12)

With the help of the results obtained in Section 2.4, the Almansi problem
reduces to the problem of finding a vector field u once the vector field u∗ is
known. As in Section 2.4, we are led to seek the vector field u in the form

u = (n+ 1)
[ ∫ x3

0

u∗dx3 + u0{â} + w
]

(4.7.13)

where â = (a1, a2, a3, a4) is an unknown vector, u0{â} is given by Equa-
tion 4.3.9, and w is an unknown vector field independent of x3.

By Equations 4.3.12 and 4.7.13,

tij(u) = (n+ 1)
[ ∫ x3

0

tij(u∗)dx3 +
4∑

r=1

artij(u(r)) + Tij(w) + gij

]
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where
gij = Cijk3u

∗
k(x1, x2, 0)

The equilibrium equations and the conditions on the lateral boundary
reduce to

(Tiα(w)),α + h′i = 0 on Σ1

Tiα(w)nα = q′i on Γ
(4.7.14)

where
h′i = giα,α + [ti3(u∗)](x1, x2, 0), q′i = −giαnα

We can write ∫
Σ1

h′ida+
∫

Γ

q′ids = −Ri(u∗) = 0
∫

Σ1

εαβxαh
′
βda+

∫
Γ

εαβxαq
′
βds = −Q3(u∗) = 0

The necessary and sufficient conditions for the existence of a solution to the
boundary-value problem 4.7.14 are satisfied. We conclude that the vector field
w is characterized by the generalized plane strain problem 4.7.14.

With the help of Theorem 2.4.1, we get Rα(u) = εβαHβ [(n + 1)u∗] = 0.
The conditions R3(u) = 0 and H(u) = 0 imply that

4∑
s=1

D∗
rsas = kr, (r = 1, 2, 3, 4) (4.7.15)

where
kα = −

∫
Σ1

xα[T33(w) + g33]da

k3 = −
∫

Σ1

[T33(w) + g33]da

k4 = −
∫

Σ1

εαβxα[T3β(w) + g3β ]da

Thus, the constant vector â is determined by Equation 4.7.15.
The solution presented in this section coincides with the solution established

in Ref. 150 using the semi-inverse method. Various applications are presented
in Ref. 175.

4.8 Orthotropic Bodies

A large number of works are devoted to the deformation of anisotropic cylin-
ders with various symmetry properties of the material. The torsion problem
for an orthotropic material was first studied by Saint-Venant [291]. An account
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of the historical development of the subject as well as references to various
contributions may be found in the works of Lekhnitskii [204], Sokolnikoff [313],
Borş [28], and Khatiashvili [175].

In the first part of this section, we study Saint-Venant’s problem when the
material is homogeneous and orthotropic. The solution for the case when
the medium is homogeneous and has a plane of elastic symmetry, normal to
the axis of cylinder, can be obtained in the same manner. In the second part
of this section, we present the solution of Almansi–Michell problem.

For an orthotropic material, the nonzero components of the elasticity tensor
are C1111, C1122, C1133, C2222, C2233, C3333, C2323, C3131, and C1212. In what
follows, we use the notations

A11 = C1111, A22 = C2222, A33 = C3333, A12 = A21 = C1122

A13 = A31 = C1133, A23 = A32 = C2233 (4.8.1)
A44 = C2323, A55 = C3131, A66 = C1212

The constitutive equations 1.1.2 reduce to

t11 = A11e11 +A12e22 +A13e33

t22 = A12e11 +A22e22 +A23e33

t33 = A13e11 +A23e22 +A33e33

t23 = 2A44e23, t31 = 2A55e31, t12 = 2A66e12

(4.8.2)

where, for convenience, we have suppressed the argument u in the components
of the stress tensor and the strain tensor. We assume that the constitutive
coefficients are constant. The condition that C is positive definite implies

A11 > 0, A11A22 −A2
12 > 0, det (Aij) > 0, A44 > 0,

A55 > 0, A66 > 0 (4.8.3)

In this section, we apply the results established in the preceding sections
to obtain the solution of Saint-Venant’s problem for orthotropic bodies. The
constitutive equations 4.2.2 for the generalized plane strain problem become

t11 = A11u1,1 +A12u2,2, t22 = A12u1,1 +A22u2,2

t33 = A13u1,1 +A23u2,2, t23 = A44u3,2

t31 = A55u3,1, t12 = A66(u1,2 + u2,1)

(4.8.4)

The equations of equilibrium 4.2.3 reduce to
(
A11

∂2

∂x2
1

+A66
∂2

∂x2
2

)
u1 + (A12 +A66)

∂2u2

∂x1∂x2
+ f1 = 0

(A12 +A66)
∂2u1

∂x1∂x2
+
(
A66

∂2

∂x2
1

+A22
∂2

∂x2
2

)
u2 + f2 = 0

(
A55

∂2

∂x2
1

+A44
∂2

∂x2
2

)
u3 + f3 = 0 on Σ1

(4.8.5)
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The boundary conditions 4.2.4 can be expressed in the form

(A11u1,1 +A12u2,2)n1 +A66(u1,2 + u2,1)n2 = p1

A66(u1,2 + u2,1)n1 + (A12u1,1 +A22u2,2)n2 = p2

A55u3,1n1 +A44u3,2n2 = p3 on Γ

(4.8.6)

It follows from Equations 4.8.5 and 4.8.6 that in the case of orthotropic
bodies the generalized plane strain problem reduces to the solution of two
boundary-value problems. The first boundary-value problem consists in the
determination of the functions u1 and u2 which satisfy Equations 4.8.51,2 and
the boundary conditions 4.8.61,2. This is a plane strain problem for homoge-
neous and orthotropic cylinders. The study of this problem will be presented
in Section 4.9. The second boundary-value problem consists in the finding of
the function w3 which satisfies Equation 4.8.53 and the boundary condition
4.8.63. This is an antiplane problem for the considered cylinder.

4.8.1 Extension, Bending, and Torsion
of Orthotropic Cylinders

We shall use the solution 4.3.1 to obtain the displacement vector field cor-
responding to the problem of extension, bending, and torsion of homogeneous
and orthotropic cylinders. The vector field w from Equation 4.3.1 has the
form 4.3.6, where w(k) are the solutions of the generalized plane strain prob-
lems 4.3.7 and 4.3.8. Thus, for homogeneous and orthotropic bodies, the vector
field w(1) satisfies the equations

A11w
(1)
1,11 +A66w

(1)
1,22 + (A12 +A66)w

(1)
2,12 +A13 = 0

(A12 +A66)w
(1)
1,12 +A66w

(1)
2,11 +A22w

(1)
2,22 = 0

A55w
(1)
3,11 +A44w

(1)
3,22 = 0 on Σ1

(4.8.7)

and the boundary conditions

(A11w
(1)
1,1 +A12w

(1)
2,2)n1 +A66(w

(1)
1,2 + w

(1)
2,1)n2 = −A13x1n1

A66(w
(1)
1,2 + w

(1)
2,1)n1 + (A12w

(1)
1,1 +A22w

(1)
2,2)n2 = −A23x1n2

A55w
(1)
3,1n1 +A44w

(1)
3,2n2 = 0 on Γ

(4.8.8)

We seek the solution of the boundary-value problem 4.8.7 and 4.8.8 in the
form

w
(1)
1 = −1

2
(ν1x2

1−ν2x2
2), w

(1)
2 = −ν2x1x2, w

(1)
3 = 0, (x1, x2) ∈ Σ1

(4.8.9)
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where ν1 and ν2 are unknown constants. It is easy to see that Equations 4.8.7
and the boundary conditions 4.8.8 are satisfied if

A11ν1 +A12ν2 = A13

A12ν1 +A22ν2 = A23

In view of the relations 4.8.3, we can determine ν1 and ν2,

ν1 =
1
δ1

(A13A22 −A23A12), ν2 =
1
δ1

(A23A11 −A13A12) (4.8.10)

where
δ1 = A11A22 −A2

12 (4.8.11)

Similarly, we find that

w
(2)
1 = −ν1x1x2, w

(2)
2 =

1
2
(ν1x2

1 − ν2x
2
2), w

(2)
3 = 0

w
(3)
1 = −ν1x1, w

(3)
2 = −ν2x2, w

(3)
3 = 0, (x1, x2) ∈ Σ1

(4.8.12)

It follows from Equations 4.3.7 and 4.3.8 that the vector field w(3) satisfies
the equations

A11w
(3)
1,11 +A66w

(3)
1,22 + (A12 +A66)w

(3)
2,12 = 0

(A12 +A66)w
(3)
1,12 +A66w

(3)
2,11 +A22w

(3)
2,22 = 0

A55w
(3)
3,11 +A44w

(3)
3,22 = 0 on Σ1

(4.8.13)

and the boundary conditions

(A11w
(3)
1,1 +A12w

(3)
2,2)n1 +A66(w

(3)
1,2 + w

(3)
2,1) = 0

A66(w
(3)
1,2 + w

(3)
2,1)n1 + (A12w

(3)
1,1 +A22w

(3)
2,2)n2 = 0

A55w
(3)
3,1n1 +A44w

(3)
3,2n2 = A55x2n1 −A44x1n2 on Γ

(4.8.14)

The solution of the boundary-value problem 4.8.13 and 4.8.14 is given by

w
(4)
1 = 0, w

(4)
2 = 0, w

(4)
3 = ϕ(x1, x2), (x1, x2) ∈ Σ1 (4.8.15)

where ϕ satisfies the equation

A55ϕ,11 +A44ϕ,22 = 0 on Σ1 (4.8.16)

and the boundary condition

A55ϕ,1n1 +A44ϕ,2n2 = A55x2n1 −A44x1n2 on Γ (4.8.17)
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It follows from Equations 4.3.1, 4.3.6, 4.8.9, 4.8.12, and 4.8.15 that the solution
of the problem of extension, bending, and torsion for orthotropic cylinders is
given by

u0
1 = −1

2
a1(x2

3 + ν1x
2
1 − ν2x

2
2) − a2ν1x1x2 − a3ν1x1 − a4x2x3

u0
2 = −a1ν2x1x2 − 1

2
a2(x2

3 − ν1x
2
1 + ν2x

2
2) − a3ν2x2 + a4x1x3

u0
3 = (a1x1 + a2x2 + a3)x3 + a4ϕ(x1, x2), (x1, x2, x3) ∈ B

(4.8.18)

where the constants ak, (k = 1, 2, 3, 4), are determined from Equations 4.3.15.
For homogeneous and orthotropic cylinders, the system 4.3.15 has a spe-
cial form. Let us study the coefficients D∗

rs, (r, s = 1, 2, 3, 4). From Equa-
tions 4.3.10 and 4.8.9, we get

u
(1)
1 = −1

2
(x2

3 + ν1x
2
1 − ν2x

2
2), u

(1)
2 = −ν2x1x2, u

(1)
3 = x1x3

so that

t33(u(1)) = −(A13ν1 +A23ν2 −A33)x1, t3β(u(1)) = 0 (4.8.19)

By Equations 4.3.16 and 4.8.19, we obtain

D∗
α1 = (A33 −A13ν1 −A23ν2)Iα1

D∗
31 = (A33 −A13ν1 −A23ν2)Ax0

1, D∗
41 = 0

(4.8.20)

where Iαβ , x
0
α, and A are defined by Equations 1.7.14 and 1.4.9. In view of

Equations 4.8.10, we get

A33 −A13ν1 −A23ν2 =
δ2
δ1

(4.8.21)

where δ2 = det (Aij), and δ1 is given by Equation 4.8.11. If we introduce the
notation

E0 =
δ2
δ1

(4.8.22)

then from Equations 4.8.20, we find that

D∗
α1 = E0Iα1, D∗

31 = Ax0
1, D∗

41 = 0

In the same manner, we arrive at

D∗
αβ = E0Iαβ , D∗

3α = E0Ax
0
α, D∗

4α = 0

D∗
33 = E0A, D∗

43 = 0, D∗
44 = D0

(4.8.23)

where
D0 =

∫
Σ1

[A44x1(ϕ,2 + x1) −A55x2(ϕ,1 − x2)]da (4.8.24)
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The system 4.3.15 reduces to

E0(Iαβaβ +Ax0
αa3) = εαβMβ

E0A(a1x
0
1 + a2x

0
2 + a3) = −F3, D0a4 = −M3

(4.8.25)

We note that the torsion problem can be treated independently of the ex-
tension and bending problems.

The solution of the torsion problem is

uα = a4εβαxβx3, u3 = a4ϕ (4.8.26)

where ϕ satisfies the boundary-value problem 4.8.16 and 4.8.17, and the con-
stant a4 is given by Equation 4.8.25.

Remark. The finding of the torsion function for homogeneous and orthotropic
cylinders can be reduced to the determination of the torsion function for
certain homogeneous and isotropic cylinders. We introduce new independent
variables ξk by

x1 = ξ1

(
2A55

A44 +A55

)1/2

, x2 = ξ2

(
2A44

A44 +A55

)1/2

, x3 = ξ3

(4.8.27)
Let Σ∗

1 be the image of Σ1 under the mapping 4.8.27.
We assume that the curve Γ admits the representation

f(x1, x2) = 0, x3 = 0

and denote
f∗(ξ1, ξ2) = f [x1(ξ1), x2(ξ2)]

Let Γ∗ be the curve described by the equations

f∗(ξ1, ξ2) = 0, ξ3 = 0

We introduce the function G defined by

G(ξ1, ξ2) =
A44 +A55

2
√
A44A55

ϕ[x1(ξ1), x2(ξ2)]

Clearly,

∂G

∂ξ1
=
(
A44 +A55

2A44

)1/2
∂ϕ

∂x1
,

∂G

∂ξ2
=
(
A44 +A55

2A55

)1/2
∂ϕ

∂x2

∂2G

∂ξ21
=
(
A55

A44

)1/2
∂2ϕ

∂x2
1

,
∂2G

∂ξ22
=
(
A44

A55

)1/2
∂2ϕ

∂x2
2

∂f∗

∂ξ1
=
(

2A55

A44 +A55

)1/2
∂f

∂x1
,

∂f∗

∂ξ2
=
(

2A44

A44 +A55

)1/2
∂f

∂x2
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It follows from Equation 4.8.16 that the function G satisfies the equations

∂2G

∂ξ21
+
∂2G

∂ξ22
= 0 on Σ∗

1

The boundary condition 4.8.17 reduces to

∂G

∂ξ1
n∗1 +

∂G

∂ξ2
n∗2 = ξ2n

∗
1 − ξ1n

∗
2 on Γ∗

where (n∗1, n
∗
2) are the components of the outward normal unit vector along Γ∗.

We conclude that G is the torsion function for a homogeneous and isotropic
cylinder with the cross section Σ∗

1.

4.8.2 Flexure

In the case of homogeneous and orthotropic elastic materials, the solu-
tion 4.4.4 takes a special form. First, from Equations 4.4.3 and 4.8.23, we
obtain the following system for the constants bk, (k = 1, 2, 3, 4),

E0

(
Iαβbβ +Ax0

αb3
)

= −Fα

E0A
(
b1x

0
1 + b2x

0
2 + b3

)
= 0, b4 = 0

(4.8.28)

By Equations 4.3.10, 4.8.9, 4.8.12, 4.8.15, and 4.8.19, we get

t33(u(α)) = E0xα, t3β(u(α)) = 0

t33(u(3)) = E0, t3α(u(3)) = 0, t33(u(4)) = 0

t31(u(4)) = A55(ϕ,1 − x2), t32(u(4)) = A44(ϕ,2 + x1)

(4.8.29)

so that the functions krs which appear in Equation 4.4.5 are given by

kαβ = kβα = 0, k33 = 0

k31 = k13 = A55

(
b1w

(1)
1 + b2w

(2)
1 + b3w

(3)
1

)
k23 = k32 = A44

(
b1w

(1)
2 + b2w

(2)
2 + b3w

(3)
2

) (4.8.30)

Here, w(k)
α are defined in Equations 4.8.9 and 4.8.12. The body forces f ′i for

the generalized plane strain problem 4.4.6 and 4.4.7 reduce to

f ′1 = 0, f ′2 = 0, f ′3 = (E0−A55ν1−A44ν2)(b1x1+b2x2+b3) (4.8.31)

The surface tractions p′i associated to this problem become

p′1 = 0, p′2 = 0, p′3 = Q (4.8.32)

where

Q = A55

[
1
2
b1
(
ν1x

2
1 − ν2x

2
2

)
+ b2ν1x1x2 + b3ν1x2

]
n1

+ A44

[
b1ν2x1x2 +

1
2
b2
(
ν2x

2
2 − ν1x

2
1

)
+ b3ν2x2

]
n2 (4.8.33)
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By using Equations 4.8.5, 4.8.6, 4.8.31, and 4.8.32, we conclude that the so-
lution of the generalized plane strain problem 4.4.6 and 4.4.7 is given by

w′
1 = 0, w′

2 = 0, w′
3 = ψ (4.8.34)

where the function ψ satisfies the equation

A55ψ,11 +A44ψ,22 = (A55ν1 +A44ν2 −E0)(b1x1 + b2x2 + b3) on Σ1 (4.8.35)

and the boundary condition

A55ψ,1n1 +A44ψ,2n2 = Q on Γ (4.8.36)

From Equations 4.3.3, 4.8.1, and 4.8.34, we get

T33(w′) = 0, T23(w′) = A44ψ,2, T13(w′) = A55ψ,1 (4.8.37)

so that the system 4.4.9 reduces to

E0(Iαβcβ +Ax0
αc3) = 0

c1x
0
1 + c2x

0
2 + c3 = 0

(4.8.38)

and

D0c4 =
∫

Σ1

[
A55x2ψ,1 −A44x1ψ,2 +

3∑
j=1

(
A55x2bjw

(j)
1 −A44x1bjw

(j)
2

)]
da

(4.8.39)
By Equation 4.8.38, we find that

ci = 0, (i = 1, 2, 3) (4.8.40)

The constant c4 is given by Equation 4.8.39.
It follows from Equations 4.4.4, 4.8.28, 4.8.34, 4.8.40, 4.8.9, 4.8.12, and

4.8.15 that the solution of the flexure problem for homogeneous and or-
thotropic cylinders is

u′1 = −1
2
b1

(
1
3
x2

3 + ν1x
2
1 − ν2x

2
2

)
x3 − b2ν1x1x2x3 − b3ν1x1x3 − c4x2x3

u′2 = −b1ν2x1x2x3 − 1
2
b2
(
x2

3 − ν1x
2
1 + ν2x

2
2

)
x3 − b3ν2x2x3 + c4x1x3

u′3 =
1
2
(b1x1 + b2x2 + b3)x2

3 + c4ϕ(x1, x2) + ψ(x1, x2), (x1, x2, x3) ∈ B

(4.8.41)
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4.8.3 Uniformly Loaded Cylinders

The solution 4.7.5 of the Almansi–Michell problem will now be specialized
to the case of homogeneous and orthotropic bodies. In view of Equations
4.8.23, the system 4.7.2 takes the form

E0

(
Iαβbβ +Ax0

αb3
)

= −
∫

Σ1

Gαda−
∫

Γ

pαds

b1x
0
1 + b2x

0
2 + b3 = 0

b4 = 0

(4.8.42)

It follows from Equations 4.8.9, 4.8.12, 4.8.15, 4.8.29, and 4.8.30 that the
solution of the boundary-value problem 4.7.3 is

w′
1 = 0, w′

2 = 0, w′
3 = ψ (4.8.43)

where ψ is characterized by the boundary-value problem 4.8.35 and 4.8.36
with bk defined by Equations 4.8.42.

The system 4.7.4 reduces to

E0(Iαβcβ +Ax0
αc3) = −

∫
Σ1

xαG3da−
∫

Γ

xαp3ds− Fα

E0A(c1x0
1 + c2x

0
2 + c3) = −

∫
Σ1

G3da−
∫

Γ

p3ds

D0c4 = −
∫

Σ1

εαβxαGβda−
∫

Γ

εαβxαpβds+
∫

Σ1

[
A55x2ψ,1

− A44x1ψ,2 +
3∑

j=1

(
A55x2bjw

(j)
1 −A44x1bjw

(j)
2

)]
da

(4.8.44)

The boundary-value problem 4.7.7 reduces to the solution of two indepen-
dent boundary-value problems. The first problem consists in finding of the
functions w′′

α which satisfy the equations of the plane strain problem

A11w
′′
1,11 +A66w

′′
1,22 + (A12 +A66)w′′

2,12 + h1 = 0

(A12 +A66)w′′
1,12 + (A66w

′′
2,11 +A22w

′′
2,22) + h2 = 0 on Σ1

(4.8.45)

and the boundary conditions

(A11w
′′
1,1 +A12w

′′
2,2)n1 +A66(w′′

1,2 + w′′
2,1)n2 = q1

A66(w′′
1,2 + w′′

2,1)n1 + (A12w
′′
1,1 +A22w

′′
2,2)n2 = q2 on Γ

(4.8.46)

where

h1 = G1 + (A13 +A55)(ψ,1 + c4ϕ,1) +A55

( 3∑
j=1

bjw
(j)
1 − c4x2

)

h2 = G2 + (A23 +A44)(ψ,2 + c4ϕ,2) +A44

( 3∑
j=1

bjw
(j)
2 + c4x1

)

q1 = p1 −A13(ψ + c4ϕ)n1, q2 = p2 −A23(ψ + c4ϕ)n2

(4.8.47)



© 2009 by Taylor & Francis Group, LLC

Anisotropic Bodies 153

We have seen in Section 4.7 that the necessary and sufficient conditions for
the existence of a solution of the boundary-value problem 4.8.45 and 4.8.46
are satisfied. In what follows, we assume that w′′

α are known functions.
We introduce the notation w′′

3 = χ. The second boundary-value problem
derived from Equation 4.7.7 consists in the determination of the function χ
which satisfies the equation

A55χ,11 +A44χ,22 = −G3 − (E0 −A55ν1 −A44ν2)(c1x1 + c2x2 + c3) on Σ1

(4.8.48)
and the boundary condition

A55χ,1n1 +A44χ,2n2 = p3 −
3∑

j=1

cj(A55w
(j)
1 n1 +A44w

(j)
2 n2) on Γ (4.8.49)

We note that T33(w′′) = 0, T31(w′′) = A55χ,1 and T32(w′′) = A44χ,2. Thus,
Equations 4.7.10 reduce to

E0

(
Iαβdβ +Ax0

αd3

)
= εαβMβ −

∫
Σ1

xαA33(ψ + c4ϕ)da

E0A
(
d1x

0
1 + d2x

0
2 + d3

)
= −F3 −

∫
Σ1

A33(ψ + c4ϕ)da

D0d4 = −M3 −
∫

Σ1

⎡
⎣A44x1χ,2 −A55x2χ,1

+
3∑

j=1

cj
(
A44x1w

(j)
2 −A55x2w

(j)
1

)
⎤
⎦ da

(4.8.50)

By Equation 4.7.5, we conclude that the solution of Almansi–Michell prob-
lem for homogeneous and orthotropic cylinders is given by

u′′1 = −1
4
b1

(
1
6
x2

3 + ν1x
2
1 − ν2x

2
2

)
x2

3 −
1
2
b2ν1x1x2x

2
3 −

1
2
b3ν1x1x

2
3

− 1
2
c1

(
1
3
x2

3 + ν1x
2
1 − ν2x

2
2

)
x3 − c2ν1x1x2x3 − c3ν1x1x3

− 1
2
d1

(
x2

3 + ν1x
2
1 − ν2x

2
2

)− d2ν1x1x2 − d3ν1x1

−
(

1
2
c4x

2
3 + d4x3

)
x2 + w′′

1

u′′2 = −1
2
b1ν2x1x2x

2
3 −

1
4
b2

(
1
6
x2

3 − ν1x
2
1 + ν2x

2
2

)
x2

3 −
1
2
b3ν2x2x

2
3

− c1ν2x1x2x3 − 1
2
c2

(
1
3
x2

3 − ν1x
2
1 + ν2x

2
2

)
x3 − c3ν2x2x3
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− d1ν2x1x2 − 1
2
d2(x2

3 − ν1x
2
1 + ν2x

2
2) − d3ν2x2

+
(

1
2
c4x

2
3 + d4

)
x1 + w′′

2

u′′3 =
1
6
(bαxα + b3)x3

3 +
1
2
(cαxα + c3)x2

3 + (dαxα + d3)x3

+ (c4x3 + d4)ϕ+ x3ψ + χ (4.8.51)

The constants bs, cs, and ds, (s = 1, 2, 3, 4), are given by Equations 4.8.42,
4.8.44, and 4.8.50, respectively.

By using the results of Sections 2.3 and 4.7, we can also derive the solution
of Almansi problem.

4.9 Plane Strain Problem of Orthotropic Bodies

In the previous section, we have seen the important role of the plane strain
problem in the study of Saint-Venant’s problem for orthotropic cylinders. The
state of plane strain of cylinder B is defined by Equations 1.5.1. It is easy to
see that the basic equations of the plane strain of orthotropic cylinders consist
of the equations of equilibrium

tβα,β + fα = 0 (4.9.1)

the constitutive equations

t11 = A11e11 +A12e22, t22 = A12e11 +A22e22, t12 = 2A66e12 (4.9.2)

and the geometrical equations

2eαβ = uα,β + uβ,α (4.9.3)

on Σ1. We restrict our attention to homogeneous bodies so that the constitu-
tive coefficients Aαβ and A66 are prescribed constants. We continue to assume
that the elastic potential is a positive definite quadratic form. This fact implies
that

A11 > 0, A11A22 −A2
12 > 0, A66 > 0 (4.9.4)

The nonzero surface tractions acting at a point x on the curve Γ are given by

sα = tβαnβ (4.9.5)

where nα = cos(nx, xα), and nx is the unit vector of the outward normal to
Γ at x.

In the case of the first boundary-value problem, the boundary conditions are

uα = ũα on Γ (4.9.6)
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The first boundary-value problem consists in the determination of the func-
tions uα ∈ C2(Σ1) ∩ C0(Σ1) that satisfy Equations 4.9.1, 4.9.2, and 4.9.3 on
Σ1 and the boundary conditions 4.9.6.

The second boundary-value problem is characterized by Equations 4.9.1,
4.9.2, and 4.9.3 the following boundary conditions

tβαnβ = t̃α on Γ (4.9.7)

The plane strain problems for homogeneous and orthotropic bodies can be
studied with the aid of the method of functions of complex variables [113,204].
For isotropic bodies, this method has been presented in Section 1.5. In this
section, we present the method of potentials [194,196]. This method has been
applied for anisotropic bodies by various authors. Here we present some of
the results established by Basheleishvili and Kupradze [10] and Basheleishvili
[13]. We note that the method of potentials is a constructive one.

The equations of equilibrium can be expressed in terms of displacement
vector field,

A11u1,11 +A66u1,22 + (A12 +A66)u2,12 + f1 = 0

(A12 +A66)u1,12 +A66u2,11 +A22u2,22 + f2 = 0
(4.9.8)

on Σ1.

4.9.1 Galerkin Representation

We present a counterpart of the Boussinesq–Somigliana–Galerkin solution
in the classical elastostatics. We introduce the notation

M = A11A66
∂4

∂x4
1

+(A11A22 −A2
12 − 2A12A66)

∂4

∂x2
1∂x

2
2

+A22A66
∂4

∂x4
2

(4.9.9)

Theorem 4.9.1 Let

u1 =
(
A66

∂2

∂x2
1

+A22
∂2

∂x2
2

)
G1 − (A12 +A66)

∂2G2

∂x1∂x2

u2 = −(A12 +A66)
∂2G1

∂x1∂x2
+
(
A11

∂2

∂x2
1

+A66
∂2

∂x2
2

)
G2

(4.9.10)

where the fields Gα of class C4 satisfy the equations

MG1 = −f1, MG2 = −f2 (4.9.11)

Then u1 and u2 satisfy Equations 4.9.8.
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Proof. By Equations 4.9.10,

A11u1,11 +A66u1,22 + (A12 +A66)u2,12

=
(
A11

∂2

∂x2
1

+A66
∂2

∂x2
2

)[(
A66

∂2

∂x2
1

+A22
∂2

∂x2
2

)
G1

− (A12 +A66)
∂2G2

∂x1∂x2

]

+ (A12 +A66)
∂2

∂x1∂x2

[(
A11

∂2

∂x2
1

+A66
∂2

∂x2
2

)
G2

− (A12 +A66)
∂2G1

∂x1∂x2

]
= MG1

(4.9.12)

Similarly, we get

(A12 +A66)u1,12 +A66u2,11 +A22u2,22 = MG2 (4.9.13)

From Equations 4.9.11, we obtain the desired result. �

4.9.2 Fundamental Solutions

We now apply the representation 4.9.10 to derive the fundamental solutions
of the field equations 4.9.8. First, we assume that

f1 = δ(x− y), f2 = 0

where δ(·) is the Dirac delta and y(yα) is a fixed point. If we take G1 = g and
G2 = 0, then Equations 4.9.11 are satisfied if g satisfies the equation

Mg = −δ(x− y) (4.9.14)

From Equations 4.9.10, we obtain the following displacements

u
(1)
1 = A66g,11 +A22g,22, u

(1)
2 = −(A12 +A66)g,12 (4.9.15)

In the case of the following body forces

f1 = 0, f2 = δ(x− y)

Equations 4.9.11 are satisfied if G1 = 0 and G2 = g. By Equations 4.9.10, we
find the corresponding displacements

u
(2)
1 = −(A12 +A66)g,12, u

(2)
2 = A11g,11 +A66g,22 (4.9.16)

The functions u(β)
α given by Equations 4.9.15 and 4.9.16 represent the funda-

mental solutions of the system 4.9.8.
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In view of relations 4.9.4, we conclude that the system 4.9.8 is elliptic. We
consider the characteristic equation

A22A66α
4 +

(
A11A22 −A2

12 − 2A12A66

)
α2 +A11A66 = 0 (4.9.17)

The roots of Equation 4.9.17 have the form

αρ = aρ + ibρ, αρ = aρ − ibρ, bρ > 0, ρ = 1, 2 (4.9.18)

We assume that α1 �= α2. The equality α1 = α2 holds only for isotropic bodies.
We introduce the notations

A =

∥∥∥∥∥∥∥∥∥

1 α1 α2
1 α3

1

1 α1 α2
1 α3

1

1 α2 α2
2 α3

2

1 α2 α2
2 α3

2

∥∥∥∥∥∥∥∥∥
, d = detA (4.9.19)

and denote by dk the cofactor of α3
k divided by d. Following Levi [208] (see

also Kupradze [194]), the solution of Equation 4.9.14 is

g = a�m
2∑

k=1

dkσ
2
k lnσk (4.9.20)

where

σk = x1 − y1 + αk(x2 − y2), a = − 1
2πA22A66

(4.9.21)

It is easy to verify that

d = −4b1b2
[
(a1 − a2)2 + (b1 − b2)2

][
(a1 − a2)2 + (b1 + b2)2

]
2∑

k=1

dk = −1
2
iC,

2∑
k=1

αkdk = −1
2
iA,

2∑
k=1

α2
kdk = −1

2
iB

A = 2(a2b1 + a1b2)γ, B = 2
[
b1
(
a2
2 + b22

)
+ b2

(
a2
1 + b21

)]
γ

C = 2
(
b1 + b2

)
γ, γ−1 = 2b1b2

[
(a1 − a2)2 + (b1 + b2)2

]
(4.9.22)

Let Γ(x, y) be the matrix of fundamental solutions of the system 4.9.8

Γ(x, y) = ‖Γαβ(x, y)‖2×2 (4.9.23)

where
Γαβ = u(β)

α (4.9.24)

Substituting function 4.9.20 into Equations 4.9.15 and 4.9.16, we find that

Γ(x, y) = �m
2∑

k=1

∥∥∥∥∥
Ak Bk

Bk Ck

∥∥∥∥∥ lnσk (4.9.25)
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where

Ak = 2a
(
A22α

2
k +A66

)
dk

Bk = −2a(A12 +A66)αkdk, Ck = 2a
(
A66α

2
k +A11

)
dk

(4.9.26)

We note that

AkCk −B2
k = 0, (k = 1, 2) (4.9.27)

Clearly, we have

Γ(x, y) = Γ∗(x, y) (4.9.28)

where M∗ is the transpose of the matrix M . If x �= y, each column Γ(s)(x, y),
(s = 1, 2), of the matrix Γ(x, y) satisfies at x the homogeneous system 4.9.8.

We introduce the matricial differential operator

D

(
∂

∂x

)
=
∥∥∥∥Dαβ

(
∂

∂x

)∥∥∥∥
2×2

(4.9.29)

where

D11

(
∂

∂x

)
= A11

∂2

∂x2
1

+A66
∂2

∂x2
2

D12

(
∂

∂x

)
= D21

(
∂

∂x

)
= A12

∂2

∂x1∂x2

D22

(
∂

∂x

)
= A66

∂2

∂x2
1

+A22
∂2

∂x2
2

(4.9.30)

The system 4.9.8 can be written in matricial form. Following Kupradze
[195], the vector v = (v1, v2, . . . , vm) shall be considered as a column ma-
trix. Thus, the product of the matrix A = ‖aij‖m×m and the vector v =
(v1, v2, . . . , vm) is an m-dimensional vector. The vector v multiplied by the
matrix A will denote the matrix product between the row matrix ‖v1, v2, . . . ,
vm‖ and the matrix A. We denote

u = (u1, u2), F = (f1, f2) (4.9.31)

The system 4.9.8 can be written in the form

D

(
∂

∂x

)
u = −F (4.9.32)

We introduce the matricial operator

H

(
∂

∂x
, nx

)
=
∥∥∥∥Hαβ

(
∂

∂x
, nx

)∥∥∥∥
2×2

(4.9.33)
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where

H11

(
∂

∂x
, nx

)
= A11n1

∂

∂x1
+A66n2

∂

∂x2

H12

(
∂

∂x
, nx

)
= A66n2

∂

∂x1
+A12n1

∂

∂x2

H21

(
∂

∂x
, nx

)
= A12n2

∂

∂x1
+A66n1

∂

∂x2

H22

(
∂

∂x
, nx

)
= A66n1

∂

∂x1
+A22n2

∂

∂x2

(4.9.34)

If we denote

T = (s1, s2) (4.9.35)

then the relations 4.9.5 reduce to

T = H

(
∂

∂x
, nx

)
u (4.9.36)

LetHi(∂/∂x, nx) be the row matrix with the elementsHij(∂/∂x, nx), (i, j =
1, 2). Clearly,

sα = Hα

(
∂

∂x
, nx

)
u (4.9.37)

For convenience, we denote

T (x)
α u = Hα

(
∂

∂x
, nx

)
u (4.9.38)

Let us introduce the matrix

TyΓ(x, y) = H

(
∂

∂y
, ny

)
Γ(x, y) (4.9.39)

If we use the relations

A11Ak +A12αkBk = −αkA66(Akαk +Bk)

A11Bk +A12αkCk = −αkA66(Bkαk + Ck)

A66(Bk +Akαk) = −αk(A12Ak +A22Bkαk)

A66(Bkαk + Ck) = −αk(A12Bk +A22αkCk)
∂

∂sy
lnσk =

∂ lnσk

∂y2
cos(ny, x1) − ∂ lnσk

∂y1
cos(ny, x2)

=
1
σk

[cos(ny, x2) − αk cos(ny, x1)]
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then we obtain

T
(y)
1 Γ(1)(x, y) = �m

2∑
k=1

Lk
∂

∂sy
lnσk

T
(y)
2 Γ(1)(x, y) = �m

2∑
k=1

Mk
∂

∂sy
lnσk

T
(y)
1 Γ(2)(x, y) = �m

2∑
k=1

Nk
∂

∂sy
lnσk

T
(y)
2 Γ(2)(x, y) = �m

2∑
k=1

Pk
∂

∂sy
lnσk

(4.9.40)

Here we have used the notations

Lk =
1
2π

[2(b1b2 − a1a2)αkdk − (−1)kαk/(α1 − α2)], Mk = −Lk/αk

Nk =
1
2π

[2(b1b2 − a1a2)α2
kdk − (−1)kα1α2/(α1 − α2)], Pk = −Nk/αk

(4.9.41)
We denote by Λ(x, y) the matrix obtained from Equation 4.9.39 by inter-

changing the rows and columns,

Λ(x, y) =
[
H

(
∂

∂y
, ny

)
Γ(x, y)

]∗
(4.9.42)

In view of Equations 4.9.40, we can write

Λ(x, y) = �m
2∑

k=1

∥∥∥∥∥
Lk Mk

Nk Pk

∥∥∥∥∥
∂

∂sy
lnσk (4.9.43)

It follows from Equations 4.9.21, 4.9.22, 4.9.26, and 4.9.41 that

2∑
k=1

Lk =
1
2π

(1 − iκA),
2∑

k=1

Mk =
1
2π
iκC,

2∑
k=1

Nk = − 1
2π
iκB

2∑
k=1

Pk =
1
2π

(1 + iκA), κ = b1b2 − a1a2 (4.9.44)

where A,B, and C are defined by relations 4.9.22.
It is easy to verify that for x �= y, each column of the matrix Λ(x, y) satisfies

at x the homogeneous system 4.9.8.

4.9.3 Somigliana Relations

Let us consider two states of plane strain for the domain Σ, characterized
by the displacements u(κ)

α , the components of the strain tensor e(κ)
αβ , and the
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components of the stress tensor t(κ)
αβ , (κ = 1, 2). We assume that the state

{u(κ)
α , e

(κ)
αβ , t

(κ)
αβ } corresponds to the body forces f (κ)

α . Thus, we have

e
(κ)
αβ =

1
2
(
u

(κ)
α,β + u

(κ)
β,α

)
, t

(κ)
βα,β + f (κ)

α = 0

t
(κ)
11 = A11e

(κ)
11 +A12e

(κ)
22 , t

(κ)
12 = 2A66e

(κ)
12 , t

(κ)
22 = A12e

(κ)
11 +A22e

(κ)
22

(4.9.45)
on Σ, (κ = 1, 2). If we denote

Wρκ = t
(ρ)
αβe

(κ)
αβ (4.9.46)

then, with the aid of the constitutive equations, we get

W12 = W21 (4.9.47)

On the other hand, by using the strain–displacement relation and the equa-
tions of equilibrium, we find that

Wρκ = t
(ρ)
βαu

(κ)
α,β =

(
t
(ρ)
βαu

(κ)
α

)
,β

+ f (ρ)
α u(κ)

α (4.9.48)

If we integrate this relation over Σ and use the divergence theorem, then we
obtain ∫

Σ

Wρκda =
∫

∂Σ

t
(ρ)
βαnβu

(κ)
α ds+

∫
Σ

f (ρ)
α u(κ)

α da (4.9.49)

By Equations 4.9.47 and 4.9.49, we arrive at the following reciprocity relation
∫

Σ

f (1)
α u(2)

α da+
∫

∂Σ

t
(1)
βαnβu

(2)
α ds =

∫
Σ

f (2)
α u(1)

α da+
∫

∂Σ

t
(2)
βαnβu

(1)
α ds (4.9.50)

In the case of the plane strain of orthotropic bodies, the elastic potential is
given by

2W0 = A11e
2
11 +A22e

2
22 + 2A12e11e22 + 4A66e

2
12 (4.9.51)

It follows from relations 4.9.4 that W0 is a positive definite quadratic form.
As in Section 1.5, we find that

2
∫

Σ

W0da =
∫

Σ

fαuαda+
∫

∂Σ

tβαnβuαds (4.9.52)

Thus we are led to the following theorem, the proof of which is strictly anal-
ogous to that given in Section 1.5.2.

Theorem 4.9.2 Assume that relations 4.9.4 holds. Then

(i) The first boundary-value problem has at most one solution

(ii) Any two solutions of the second boundary-value problem are equal mod-
ulo a rigid displacement.
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Let Σ+ be a domain in R
2 bounded by a simple closed C2-curve L, and

Σ− = R
2\Σ+

. Let u = (u1, u2) and v = (u′1, u
′
2) be two vector fields on Σ+

such that u, v ∈ C2(Σ+) ∩ C1(Σ
+
). The reciprocity relation 4.9.50 leads to

∫
Σ+

[
uD

(
∂

∂x

)
v − vD

(
∂

∂x

)
u

]
da

=
∫

L

[
uH

(
∂

∂x
, nx

)
v − vH

(
∂

∂x
, nx

)
u

]
ds

(4.9.53)

From Equation 4.9.52, we get

2
∫

Σ+
W0da = −

∫
Σ+

uD

(
∂

∂x

)
uda+

∫
L

uH

(
∂

∂x
, nx

)
uds (4.9.54)

Let Σ(y; ε) be the sphere with the center in y and radius ε. Let y ∈ Σ+ and let
ε be so small that Σ(y; ε) be entirely contained in Σ+. Then the relation 4.9.53
can be applied for the region Σ+\Σ(y; ε) to a regular vector field u = (u1, u2)
and to vector field v(x) = Γ(s)(x, y), (s = 1, 2). We obtain the following
representation of Somigliana type

u(y) =
∫

L

{
Γ∗(x, y)H

(
∂

∂x
, nx

)
u(x) −

[
H

(
∂

∂x
, nx

)
Γ(x, y)

]∗
u(x)

}
dsx

−
∫

Σ+
Γ∗(x, y)D

(
∂

∂x

)
u(x)dax (4.9.55)

In view of Equations 4.9.28 and 4.9.42, the relation 4.9.55 implies that

u(x) =
∫

L

[
Γ(x, y)H

(
∂

∂y
, ny

)
u(y) − Λ(x, y)u(y)

]
dsy

−
∫

Σ+
Γ(x, y)D

(
∂

∂y

)
u(y)day (4.9.56)

4.9.4 Existence Results

In what follows, we restrict our attention to the equation

D

(
∂

∂x

)
u = 0 (4.9.57)

In this case, Equation 4.9.54 becomes
∫

L

uH

(
∂

∂x
, nx

)
uds = 2

∫
Σ+

W0ds (4.9.58)

We say that the vector field u = (u1, u2) is a regular solution of Equation 4.9.57
in Σ+ if the formula 4.9.58 can be applied to u, and if u satisfies Equa-
tion 4.9.57 in Σ+.
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Let x ∈ Σ−. We describe around x a circle CR of sufficiently large radius
R, containing the region Σ+. We denote by ΣR the region bounded by L and
CR. From Equations 4.9.54 and 4.9.57, we get∫

L+CR

uH

(
∂

∂x
, nx

)
uds = 2

∫
ΣR

W0da (4.9.59)

If u satisfies the condition

lim
R→∞

R

∫ 2π

0

uH

(
∂

∂x
, nx

)
udθ = 0 (4.9.60)

then from Equation 4.9.59, we obtain∫
L

uH

(
∂

∂x
, nx

)
uds = −2

∫
ΣR

W0da (4.9.61)

We say that the vector field u is a regular solution of Equation 4.9.57 in Σ−

if formula 4.9.61 can be applied to u in Σ−, and if u satisfies Equation 4.9.57
in Σ− and the condition 4.9.60.

We consider the following boundary-value problems:
Interior problems. To find a regular solution in Σ+ of Equation 4.9.57 sat-

isfying one of the conditions

lim
x→y

u(x) = f1(y) (I1)

lim
x→y

H

(
∂

∂x
, nx

)
u(x) = f2(y) (I2)

where x ∈ Σ+, y ∈ L, and f1 and f2 are prescribed vector fields.
Exterior problems. To find a regular solution in Σ− of Equation 4.9.57

satisfying one of the conditions

lim
x→y

u(x) = f3(y) (E1)

lim
x→y

H

(
∂

∂x
, nx

)
u(x) = f4(y) (E2)

where x ∈ Σ−, y ∈ L, and f3 and f4 are given.
We assume that f1 and f3 are Hölder continuously differentiable on L, and

f2 and f4 are Hölder continuous on L.
We denote by (I0

α) and (E0
α) the homogeneous problems corresponding to

(Iα) and (Eα), respectively. We introduce the potential of a single layer

V (x; ρ) =
∫

L

Γ(x, y)ρ(y)dsy (4.9.62)

and the potential of a double layer

W (x; ν) =
∫

L

Λ(x, y)ν(y)dsy (4.9.63)
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where ρ = (ρ1, ρ2) is Hölder continuous on L and ν = (ν1, ν2) is Hölder con-
tinuously differentiable on L. As in the classical theory of potentials [55,175],
we have the following results.

Theorem 4.9.3 The potential of a single layer is continuous on R
2.

Theorem 4.9.4 The potential of a double layer has finite limits when the
point x tends to y ∈ L from both within and without, and these limits are
respectively equal to

W+(y; ν) = −1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz

W−(y; ν) =
1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz

(4.9.64)

Theorem 4.9.5 H(∂/∂x, nx)V (x; ρ) tends to finite limits as the point x
tends to the boundary point y ∈ L from within or without, and these limits
are respectively equal to
[
H

(
∂

∂y
, ny

)
V (y; ρ)

]+
=

1
2
ρ(y) +

∫
L

[
H

(
∂

∂y
, ny

)
Γ(y, z)

]
ρ(z)dsz

[
H

(
∂

∂y
, ny

)
V (y; ρ)

]−
= −1

2
ρ(y) +

∫
L

[
H

(
∂

∂y
, ny

)
Γ(y, z)

]
ρ(z)dsz

(4.9.65)

Theorem 4.9.6 The potentials V (x; ρ) and W (x; ν) satisfy Equation 4.9.57
on Σ+ ∪ Σ−.

We seek the solutions of the problems (I1) and (E1) in the form of a double-
layer potential and the solutions of the problems (I2) and (E2) in the form
of a single-layer potential. In view of Theorems 4.9.4 and 4.9.5, we obtain for
the unknown densities the following singular integral equations

−1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz = f1(y) (I1)

1
2
ρ(y) +

∫
L

Λ∗(y, z)ρ(z)dsz = f2(y) (I2)

1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz = f3(y) (E1)

−1
2
ρ(y) +

∫
L

Λ∗(y, z)ν(z)dsz = f4(y) (E2)

where y ∈ L. The homogeneous equations corresponding to equations (I1),
(I2), (E1), and (E2) for fs = 0, (s = 1, 2, 3, 4), will be denoted by (I0

1 ), (I0
2 ),
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(E0
1), and (E0

2), respectively. The equations (I1) and (E2), (I2) and (E1) are
pairwise mutually associate equations.

If we introduce the notations

σ = x1−y1+i(x2−y2), r = [(x1−y1)2+(x2−y2)2]1/2, r = (xa−yα)eα

then we can write

∂

∂sy
lnσk =

∂

∂sy
ln
σk

r
+

∂

∂sy
ln r =

∂

∂sy
ln r

+
i− αk

σσk
r cos(r,ny) − i

r
cos(r,ny) (4.9.66)

We note that
∂

∂sy
ln rdsy =

dr

r
=

dt

t− t0
− idθ (4.9.67)

where t and t0 are the affixes of the points y and x.
Taking into account Equations 4.9.66, 4.9.67, and 4.9.44 and pointing out

the characteristic part of the singular operator, the system (I1) can be written
in the form

ν(t0) +
1
π

∥∥∥∥−κA κC
−κB κA

∥∥∥∥
∫

L

ν(t)
t− t0

dt+ K(t0) = −2f1(t0) (4.9.68)

It is not difficult to prove that the index of the system 4.9.68 is zero [194].
Thus, the system (I1) is a system of singular integral equations for which
Fredholm’s basic theorems are valid (cf. [196,242]). We note that the index of
the system (I2) is also zero [194].

Let us consider the problems (I1) and (E2). The homogeneous equations
(I0

1 ) and (E0
2),

−1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz = 0 (I0
1 )

−1
2
ρ(y) +

∫
L

Λ∗(z, y)ρ(z)dsz = 0 (E0
2)

have only trivial solutions. We assume the opposite and suppose that ρ0 is a
solution of equation (E0

2), not equal to zero. Then the single-layer potential

V (x; ρ0) =
∫

L

Γ(x, y)ρ0(y)dsy

satisfies the condition
[
H

(
∂

∂y
, ny

)
V (y; ρ0)

]−
= 0, y ∈ L (4.9.69)
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When x tends to a point at infinity and y remains fixed on L, then u(β)
α tends

at infinity as δαβ ln r. If the density ρ = (ρ1, ρ2) of the potential of a single
layer satisfies the conditions

∫
L

ραds = 0, (α = 1, 2) (4.9.70)

then the potential V (x; ρ) satisfies the asymptotic relations

V = O(r−1),
∂V

∂R
= O(r−2) as r → ∞ (4.9.71)

where R is an arbitrary direction.
As in classical theory of potentials [55,172], we find that

∫
L

Hα

(
∂

∂x
, nx

)
Γ(β)(x, y)dsx = −ζ(y)δαβ (4.9.72)

where

ζ(y) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, y ∈ Σ+

1
2
, y ∈ L

0, y ∈ Σ−

If we multiply the equation (E0
2) by dsy and integrate on L, on the basis of

Equation 4.9.72, we obtain
∫

L

ρ0
α(y)dsy = 0, (α = 1, 2)

so that the potential V (x; ρ0) satisfies the relations 4.9.71. This fact implies
that V (x; ρ0) satisfies the relation 4.9.60. Thus, we conclude that (i) V (x; ρ0)
satisfies Equation 4.9.57 on Σ− and the condition 4.9.69 on L; (ii) the formula
4.9.61 can be applied to V (x; ρ0); and (iii) V (x; ρ0) satisfies the asymptotic
relations 4.9.71. It follows that

V (x; ρ0) = 0 on Σ− (4.9.73)

According to the continuity of the single-layer potential, we have

[V (x; ρ0)]+ = 0 on L

Taking into account that V (x; ρ0) satisfies Equation 4.9.57 on Σ+, from the
uniqueness theorem, we get

V (x; ρ0) = 0 on Σ+ (4.9.74)
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It follows from Equations 4.9.65, 4.9.73, and 4.9.74 that

ρ0(y) =
[
H

(
∂

∂y
, ny

)
V (y; ρ0)

]+
−
[
H

(
∂

∂y
, ny

)
V (y; ρ0)

]−
= 0

Thus, our statement concerning the equation (E0
2) is valid.

Since the equations (I0
1 ) and (E0

2) form an associate set of integral equations,
(I0

1 ) has also no nontrivial solution. We note that from Equation 4.9.72 and
the equation (E2), with f4 = (f41, f42), we obtain

−
∫

L

ρα(y)dsy =
∫

L

f4αds, (α = 1, 2)

We have derived the following results.

Theorem 4.9.7 The problem (I1) has solution for any Hölder continuously
differentiable vector field f1. This solution is unique and can be expressed by
a double-layer potential.

Theorem 4.9.8 The problem (E2) can be solved if and only if
∫

L

f4αds = 0, (α = 1, 2)

We now consider the equations (I0
2 ) and (E0

1). We note that the vector field

ω(x) = (c1 − c3x2, c2 + c3x1)

where ci are arbitrary constants, satisfies the boundary-value problem

D

(
∂

∂x

)
ω(x) = 0, x ∈ Σ+, H

(
∂

∂x
, nx

)
ω(x) = 0 on L (4.9.75)

From Equation 4.9.56, we obtain

ω(x) = −
∫

L

Λ(x, y)ω(y)dsy, x ∈ Σ+ (4.9.76)

Passing to the limit in Equation 4.9.76 as the point x approaches the boundary
point x0 ∈ L from within, according to Equation 4.9.64, we get

1
2
ω(x0) +

∫
L

Λ(x0, y)ω(y)dsy = 0

Hence, the matrix ω(x) satisfies the equation (E0
1). Clearly, the vector fields

ω(1) = (1, 0), ω(2) = (0, 1), ω(3) = (−x2, x1)
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are linearly independent solutions of the equation (E0
1). According to the

second Fredholm theorem, the equation (I0
2 ) has at least three linearly inde-

pendent solutions v(i), (i = 1, 2, 3). It is not difficult to prove that v(i) form a
complete system of linearly independent solutions of the equation (I0

2 ) [194].
This fact implies the completeness of the associate system (ω(1), ω(2), ω(3)).
Hence, the necessary and sufficient conditions to solve the equation (I2) have
the form ∫

L

ω(j)(x)f2(x)dsx = 0, (j = 1, 2, 3) (4.9.77)

If we take f2 = (t̃1, t̃2), then the condition 4.9.77 can be written in the form
∫

L

t̃αds = 0,
∫

L

(x1t̃2 − x2t̃1)ds = 0 (4.9.78)

Thus, we have proved the following theorem.

Theorem 4.9.9 The problem (I2) can be solved if and only if the conditions
4.9.78 hold. The solution can be represented as a single-layer potential and is
determined within an additive rigid-displacement vector field.

In the same manner, we can study the problem (E1). The method of poten-
tials has been applied to study the plane strain problems for cylinders com-
posed of different homogeneous and anisotropic materials [14,194,285,320].
The generalized plane strain problem for homogeneous elastic solids was in-
vestigated by this method in various works (see, for example, Ref. 35).

4.10 Deformation of Elastic Cylinders Composed of
Nonhomogeneous and Anisotropic Materials

The results presented in Section 3.6 for elastic cylinders composed of dif-
ferent nonhomogeneous and isotropic materials can be extended to the case
of anisotropic bodies. In this section, we study Saint-Venant’s problem when
cylinder B is composed of different nonhomogeneous and anisotropic materi-
als. The results presented in this section have been established in Ref. 152.

We assume that Bρ is occupied by an anisotropic material with the elastic
coefficients C(ρ)

ijkl. We consider nonhomogeneous bodies characterized by

C
(ρ)
ijkl = C

(ρ)
ijkl(x1, x2), (x1, x2) ∈ Aρ (4.10.1)

The elastic coefficients are supposed to belong to C∞, and the elastic potential
corresponding to the material which occupies Bρ is assumed to be a positive
definite quadratic form. Saint-Venant’s problem consists in the determination
of a displacement vector field u ∈ C2(B1)∩C2(B2)∩C1(B1)∩C1(B2)∩C0(B)
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that satisfies Equations 1.1.1, 1.1.2, and 1.1.8 on Bρ, the conditions 3.1.1 on
the surface of separation Π0, the conditions for x3 = 0, and the boundary
conditions 1.3.1.

4.10.1 Generalized Plane Strain Problem
for Composed Cylinders

We assume that cylinder B is composed of different nonhomogeneous and
anisotropic materials which occupy the domains B1 and B2 introduced in
Section 3.1. For the generalized plane strain of this cylinder, the displacement
vector field has the form

uj = uj(x1, x2), (x1, x2) ∈ Σ1

We assume that the cylinder is subject to body forces f (ρ)
k and to surface

tractions p(ρ)
k , associated to domain Bρ, and suppose that f (ρ)

k and t̃
(ρ)
k are

independent of x3. We restrict our attention to Neumann problem since this
problem is involved in the solution of Saint-Venant’s problem. In what follows,
we assume that f (ρ)

i and t̃ (ρ)
i belong to C∞.

The basic equations of the generalized plane strain problem consist of the
constitutive equations

tiα = C
(ρ)
iαkβuk,β (4.10.2)

and the equations of equilibrium

tαi,α + f
(ρ)
i = 0 (4.10.3)

on Aρ. The conditions on the surface of separation reduce to

[ui]1 = [ui]2, [tαi]1n0
α = [tαi]2n0

α on Γ0 (4.10.4)

The conditions on the lateral boundary take the form

[tαinα]ρ = t̃
(ρ)
i on Γρ (4.10.5)

Following Fichera [88], a solution uk ∈ C∞(A1) ∩ C∞(A2) ∩ C0(Σ1) of the
generalized plane strain problem exists if and only if

2∑
ρ=1

[ ∫
Aρ

f
(ρ)
i da+

∫
Γρ

t̃
(ρ)
i ds

]
= 0

2∑
ρ=1

[ ∫
Aρ

εαβxαf
(ρ)
β da+

∫
Γρ

εαβxαt̃
(ρ)
β ds

]
= 0

(4.10.6)

It is easy to show that if the conditions 4.10.4 are replaced by

[ui]1 = [ui]2, [tαi]1n0
α = [tαi]2n0

α + gi on Γ0 (4.10.7)
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where gk are C∞ functions, then the conditions 4.10.6 are replaced by

2∑
ρ=1

[∫
Aρ

f
(ρ)
i da+

∫
Γρ

t̃
(ρ)
i ds

]
+
∫

Γ0

gids = 0

2∑
ρ=1

[∫
Aρ

εαβxαf
(ρ)
β da+

∫
Γρ

εαβxαt̃
(ρ)
β ds

]
+
∫

Γ0

εαβxαgβds = 0

(4.10.8)

We introduce the generalized plane strain problems P (s), (s = 1, 2, 3, 4),
characterized by the constitutive equations

π
(s)
iα = C

(ρ)
iαkβv

(s)
k,β on Aρ, (s = 1, 2, 3, 4), (4.10.9)

the equilibrium equations

π
(β)
αi,α + (C(ρ)

iα33xβ),α = 0, (β = 1, 2)

π
(3)
αi,α + C

(ρ)
iα33,α = 0

π
(4)
αi,α − εηβ(C(ρ)

iκη3xβ),κ = 0 on Aρ

(4.10.10)

and the following conditions

[v(s)
i ]1 = [v(s)

i ]2, [π(s)
αi ]1n0

α = [π(s)
αi ]2n0

α + g
(s)
i on Γ0 (4.10.11)

[π(β)
αi nα]ρ = −C(ρ)

iα33xβnα, (β = 1, 2), [π(3)
αi nα]ρ = −C(ρ)

iα33nα

[π(4)
αi nα]ρ = εηβC

(ρ)
iαη3xβnα on Γρ

(4.10.12)

where

g
(β)
i = (C(2)

iα33 − C
(1)
iα33)xβnα, g

(3)
i = (C(2)

iα33 − C
(1)
iα33)nα

g
(4)
i = εβη(C(2)

iαη3 − C
(1)
iαη3)xβnα

(4.10.13)

It is easy to verify that the necessary and sufficient conditions 4.10.8 for the
existence of the solution are satisfied for each boundary-value problem P (s).

4.10.2 Extension, Bending by Terminal
Couples, and Torsion

We assume that the loading applied on the end Σ1 is statically equivalent to
a force F = F3e3 and a moment M = Mkek. Thus, the conditions for x3 = 0
have the form ∫

Σ1

tα3da = 0 (4.10.14)

∫
Σ1

t33da = −F3,

∫
Σ1

xαt33da = εαβMβ

∫
Σ1

εαβxαtβ3da = −M3

(4.10.15)
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The problem consists in the finding of a displacement vector field that satisfies
Equations 1.1.1, 1.1.2, and 1.1.8 on Bρ, the conditions 3.1.1 on Π0, and the
boundary conditions 1.3.1, 4.10.14, and 4.10.15.

We seek the solution in the form

uα = −1
2
aαx

2
3 − a4εαβxβx3 +

4∑
s=1

asv
(s)
α

u3 = (a1x1 + a2x2 + a3)x3 +
4∑

s=1

asv
(s)
3

(4.10.16)

where v
(s)
k are the components of the displacement vector in the problem

P (s) and aj are unknown constants. By Equation 4.10.16 and the constitutive
equations, we get

tij = C
(ρ)
ij33(a1x1 + a2x2 + a3) − C

(ρ)
ijα3εαβa4xβ +

4∑
s=1

asπ
(s)
ij on Bρ (4.10.17)

where π(s)
iα are given by Equation 4.10.9 and

π
(s)
33 = C

(ρ)
33iβv

(s)
i,β

The equilibrium equations 1.1.8 and the boundary conditions 1.3.1 are sat-
isfied on the basis of the relations 4.10.10 and 4.10.12. The conditions 3.1.1
are satisfied in view of relations 4.10.11.

We can show that, on the basis of the equilibrium equations and the con-
ditions 3.1.1 and 1.3.1, the relation 1.3.57 also holds in the case of composed
cylinders. Since t33 is independent of x3, we conclude that the conditions
4.10.14 are identically satisfied. From Equations 4.10.15 and 4.10.17, we ob-
tain the following system for the unknown constants

4∑
s=1

L0
αsas = εαβMβ ,

4∑
s=1

L0
3sas = −F3,

4∑
s=1

L0
4sas = −M3 (4.10.18)

where we have used the notations

L0
αβ =

2∑
ρ=1

∫
Aρ

xα(C(ρ)
3333xβ + π

(β)
33 )da

L0
α3 =

2∑
ρ=1

∫
Aρ

xα(C(ρ)
3333 + π

(3)
33 )da, L0

3α =
2∑

ρ=1

∫
Aρ

(C(ρ)
3333xα + π

(α)
33 )da

L0
α4 =

2∑
ρ=1

∫
Aρ

xα(C(ρ)
33η3εβηxβ + π

(4)
33 )da, L0

33 =
2∑

ρ=1

∫
Aρ

(C(ρ)
3333 + π

(3)
33 )da

L0
34 =

2∑
ρ=1

∫
Aρ

(C(ρ)
33α3εβαxβ + π

(4)
33 )da

(4.10.19)
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L0
4α =

2∑
ρ=1

∫
Aρ

εηβxη(C(ρ)
β333xα + π

(α)
β3 )da

L0
43 =

2∑
ρ=1

∫
Aρ

εηβxη(C(ρ)
β333 + π

(3)
β3 )da

L0
44 =

2∑
ρ=1

∫
Aρ

εηβxη(C(ρ)
β3ν3ελνxλ + π

(4)
β3 )da

Let us prove that the system 4.10.18 uniquely determines the constants ak,
(k = 1, 2, 3, 4). We have assumed that the elastic potentials

W (ρ)(u) =
1
2
C

(ρ)
ijrseij(u)ers(u) =

1
2
[tij(u)eij(u)]ρ

are positive definite quadratic forms in the variables ers(u). Let u′ and u′′ be
displacement vector fields that satisfy Equations 1.1.1, 1.1.2, and 1.1.8 on Bρ,
and the conditions 3.1.1 on Π0. If we denote

W (ρ)(u′,u′′) =
1
2
C

(ρ)
ijrseij(u′)ers(u′′)

then we can see that the relations 3.6.22, 3.6.23, and 3.6.25 hold.
The relations 4.10.16 and 4.10.17 can be written in the form

ui =
4∑

s=1

asu
(s)
i , tij =

4∑
s=1

ast
(s)
ij (4.10.20)

where

u(β)
α = −1

2
x2

3δαβ + v(β)
α , u

(β)
3 = x3xβ + v

(β)
3 , u

(3)
i = δi3x3 + v

(3)
i

u(4)
α = εβαxβx3 + v(4)

α , u
(4)
3 = v

(4)
3

t
(α)
ij = C

(ρ)
ij33xα + π

(α)
ij , t

(3)
ij = C

(ρ)
ij33 + π

(3)
ij , t

(4)
ij = π

(4)
ij − C

(ρ)
ijα3εαβxβ

(4.10.21)
on Aρ. It follows from Equations 3.6.24 and 4.10.20 that

U(u) =
4∑

r,s=1

Λrsaras (4.10.22)

where

Λrs =
2∑

ρ=1

∫
Bρ

W (ρ)(u(r),u(s))dv, (r, s = 1, 2, 3, 4) (4.10.23)

Clearly, we have

t
(s)
αi,α = 0 on Aρ, [t(s)αi ]1n0

α = [t(s)αi ]2n0
α on Γ0

[t(s)αi nα]ρ = 0 on Γρ

(4.10.24)
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On the basis of Equations 4.10.24, we obtain
∫

Σ1

t
(s)
α3da = 0, (s = 1, 2, 3, 4) (4.10.25)

Let us apply the relations 3.6.23 and 3.6.24 to the displacement fields u(s)
i

(s = 1, 2, 3, 4). In view of Equations 4.10.23 and 4.10.17, we find that

2Λrs = hL0
rs, (r, s = 1, 2, 3, 4) (4.10.26)

In view of Equations 4.10.22 and 4.10.26,

det(L0
rs) > 0 (4.10.27)

In view of the relation 4.10.27, we conclude that the system 4.10.18 determines
the constants ak, (k = 1, 2, 3, 4).

4.10.3 Flexure

We assume now that F = Fαeα and M = 0. The conditions on the end
located at x3 = 0 are ∫

Σ1

tα3da = −Fα (4.10.28)

∫
Σ1

t33da = 0,
∫

Σ1

xαt33da = 0,
∫

Σ1

εαβxαtβ3da = 0 (4.10.29)

The flexure problem consists in the determination of a displacement vector
field that satisfies Equations 1.1.1, 1.1.2, and 1.1.8 on Bρ, the conditions 3.1.1
on Π0, and the boundary conditions 1.3.1, 4.10.28, and 4.10.29. We seek the
solution in the form

uα = −1
2
aαx

2
3 − a4εαβxβx3 − 1

6
bαx

3
3 −

1
2
b4εαβxβx

2
3

+
4∑

s=1

(as + bsx3)v(s)
α + vα(x1, x2)

u3 = (a1x1 + a2x2 + a3)x3 +
1
2
(b1x1 + b2x2 + b3)x2

3

+
4∑

s=1

(as + bsx3)v
(s)
3 + v3(x1, x2)

(4.10.30)

where v(s)
i are the components of displacement vector in the problem P (s), vk

are unknown functions, and as, bs, (s = 1, 2, 3, 4), are unknown constants.



© 2009 by Taylor & Francis Group, LLC

174 Classical and Generalized Models of Elastic Rods

It follows from Equations 1.1.9 and 4.10.30 that

tij = C
(ρ)
ij33[a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3]

− C
(ρ)
ijα3(a4 + b4x3)εαβxβ

+
4∑

s=1

(as + bsx3)π
(s)
ij + σij + k

(ρ)
ij on Bρ (4.10.31)

where
σij = C

(ρ)
ijkαvk,α (4.10.32)

and

k
(ρ)
ij =

4∑
s=1

C
(ρ)
ijk3bsv

(s)
k (4.10.33)

With the aid of notations 4.10.21, the stress tensor can be written in the form

tij =
4∑

s=1

(as + x3bs)t
(s)
ij + σij + k

(ρ)
ij on Bρ (4.10.34)

In view of Equations 4.10.10, the equilibrium equations reduce to

σαi,α + F
(ρ)
i = 0 on Aρ (4.10.35)

where

F
(ρ)
i = k

(ρ)
iα,α +

4∑
s=1

bst
(s)
i3 (4.10.36)

On the basis of the relations 4.10.12, the conditions 1.3.1 become

[σαinα]ρ = q
(ρ)
i on Lρ (4.10.37)

where we have used the notations

q
(ρ)
i = −k(ρ)

αi nα (4.10.38)

By Equations 4.10.31 and 4.10.10, we find that the conditions 3.1.1 reduce to

[vi]1 = [vi]2, [σαi]1n0
α = [σαi]2n0

α + pi on Γ0 (4.10.39)

where
pi = (k(2)

iα − k
(1)
iα )n0

α (4.10.40)

Thus, the functions vi are the components of the displacement vector field
in the generalized plane strain problem 4.10.32, 4.10.35, 4.10.37, and 4.10.39.
The necessary and sufficient conditions to solve this problem are

2∑
ρ=1

(∫
Aρ

F
(ρ)
i da+

∫
Γρ

q
(ρ)
i ds

)
+
∫

Γ0

pids = 0

2∑
ρ=1

(∫
Aρ

εαβxαF
(ρ)
β da+

∫
Γρ

εαβxαq
(ρ)
β ds

)
+
∫

Γ0

εαβxαpβds = 0

(4.10.41)
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The first two conditions 4.10.41 are satisfied on the basis of the relations
4.10.36, 4.10.38, 4.10.40, and 4.10.25. From the remaining conditions, we ob-
tain

4∑
s=1

L0
rsbs = 0, (r = 3, 4) (4.10.42)

where L0
rs are defined in Equations 4.10.19.

By using Equations 4.10.31, 1.3.57, and 4.10.19, the conditions 4.10.28
reduce to

4∑
s=1

L0
αsbs = −Fα (4.10.43)

In view of relation 4.10.27, the system 4.10.42 and 4.10.43 uniquely determines
the constants bk, (k = 1, 2, 3, 4). As the conditions 4.10.41 are satisfied, we
can assume that the functions vi are known.

It follows from Equations 4.10.31 and 4.10.29 that the constants as, (s =
1, 2, 3, 4), satisfy the equations

4∑
s=1

L0
rsas = dr (4.10.44)

where

dα = −
2∑

ρ=1

∫
Aρ

xα

(
σ33 + k

(ρ)
33

)
da, d3 = −

2∑
ρ=1

∫
Aρ

(
σ33 + k

(ρ)
33

)
da

d4 = −
2∑

ρ=1

∫
Aρ

εαβxα

(
σβ3 + k

(ρ)
β3

)
da

Clearly, the system 4.10.44 can always be solved for ar, (r = 1, 2, 3, 4). Thus,
the flexure problem is solved.

4.11 Cylinders Composed of Different
Orthotropic Materials

The deformation of cylinders composed of different orthotropic and homo-
geneous elastic materials has been studied in various works [28,175,205,339].
In this section, we present the solution of Saint-Venant’s problem when cylin-
der B is composed of different nonhomogeneous and orthotropic materials.
We denote by A(ρ)

ij the elastic coefficients 4.8.1 of the material which occupies
the domain Bρ, and assume that

A
(ρ)
ij = A

(ρ)
ij (x1, x2), (i, j = 1, 2, . . . , 6), (x1, x2) ∈ Aρ (4.11.1)
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Saint-Venant’s problem consists in the determination of a vector field
u ∈ C2(B1)∩C2(B2)∩C1(B1)∩C1(B2)∩C0(B) that satisfies Equations 1.1.1,
4.8.2, and 1.1.8 on Bρ, the conditions 3.1.1 on the surface of separation Π0,
the conditions for x3 = 0, and the boundary conditions 1.3.1.

4.11.1 Plane Strain Problem

The plane strain problem for homogeneous and orthotropic cylinders has
been studied in Section 4.9. When cylinder B is composed of different ma-
terials, the equations of the plane strain problem consist of the equations of
equilibrium

tβα,β + f (ρ)
α = 0 (4.11.2)

the constitutive equations

t11 = A
(ρ)
11 e11+A

(ρ)
12 e22, t22 = A

(ρ)
12 e11+A

(ρ)
22 e22, t12 = 2A(ρ)

66 e12 (4.11.3)

and the geometrical equations

2eαβ = uβ,α + uα,β (4.11.4)

on Aρ. The conditions on the surface of separation become

[uα]1 = [uα]2, [tαβ ]1n0
α = [tαβ ]2n0

α on Γ0 (4.11.5)

In the case of the second boundary-value problem, the boundary conditions
are

[tαβnα]ρ = t̃
(ρ)
β on Γρ (4.11.6)

We suppose that the body forces f (ρ)
α and the surface forces t̃ (ρ)

α are indepen-
dent of x3 and are prescribed functions of class C∞. We continue to assume
that A(ρ)

rs belongs to C∞ and that the elastic potential corresponding to the
material which occupies Bρ is positive definite. If the domains A1 and A2 sat-
isfy some conditions of regularity, then the second boundary-value problem
has a solution uα ∈ C∞(A1 ∪ Γ1) ∩ C∞(A2 ∪ Γ2) ∩ C0(Σ1) if and only if the
functions f (ρ)

α and t̃
(ρ)
α satisfy the conditions 3.6.7 (cf. [88]). In what follows,

we will have occasion to consider the boundary-value problem characterized
by Equations 4.11.2, 4.11.3, and 4.11.4 on Aρ, the boundary conditions 4.11.6,
and the conditions

[uα]1 = [uα]2, [tαβ ]1n0
β = [tαβ ]2n0

β + gα on Γ0 (4.11.7)

where gα are prescribed functions of class C∞. In this case, the necessary
and sufficient conditions for the existence of the solution are given by the
relations 3.6.9.

We introduce three plane strain problems Q(k), (k = 1, 2, 3), characterized
by the equations of equilibrium

t
(k)
βα,β + F

(ρ)
(k)α = 0 (4.11.8)
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the constitutive equations

t
(k)
11 = A

(ρ)
11 e

(k)
11 +A

(ρ)
12 e

(k)
22 , t

(k)
22 = A

(ρ)
12 e

(k)
11 +A

(ρ)
22 e

(k)
22 , t

(k)
12 = 2A(ρ)

66 e
(k)
12

(4.11.9)
and the geometrical equations

2e(k)
αβ = u

(k)
α,β + u

(k)
β,α (4.11.10)

on Aρ, where

F
(ρ)
(1)1 = (A(ρ)

13 x1),1, F
(ρ)
(1)2 = (A(ρ)

23 x1),2, F
(ρ)
(2)1 = (A(ρ)

13 x2),1

F
(ρ)
(2)2 = (A(ρ)

23 x2),2, F
(ρ)
(3)1 = A

(ρ)
13,1, F

(ρ)
(3)2 = A

(ρ)
23,2 on Aρ

(4.11.11)

To Equations 4.11.8, 4.11.9, and 4.11.10, we add the conditions

[u(k)
α ]1 = [u(k)

α ]2, [t(k)
βα ]1n0

β = [t(k)
βα ]2n0

β +G(k)
α on Γ0 (4.11.12)

and
[t(k)

βαnβ ]ρ = T̃
(ρ)

(k)α on Γρ (4.11.13)

where

G
(1)
1 = (A(2)

13 −A
(1)
13 )x1n

0
1, G

(1)
2 = (A(2)

23 −A
(1)
23 )x1n

0
2

G
(2)
1 = (A(2)

13 −A
(1)
13 )x2n

0
1, G

(2)
2 = (A(2)

23 −A
(1)
23 )x2n

0
2

G
(3)
1 = (A(2)

13 −A
(1)
13 )n0

1, G
(3)
2 = (A(2)

23 −A
(1)
23 )n0

2

T̃
(ρ)

(1)1 = −A(ρ)
13 x1n1, T̃

(ρ)
(1)2 = −A(ρ)

23 x1n2, T̃
(ρ)

(2)1 = −A(ρ)
13 x2n1

T̃
(ρ)

(2)2 = −A(ρ)
23 x2n2, T̃

(ρ)
(3)1 = −A(ρ)

13 n1, T̃
(ρ)

(3)2 = −A(ρ)
23 n2

(4.11.14)

It is easy to prove that the necessary and sufficient conditions 3.6.9 for the
existence of the solution are satisfied for each boundary-value problem Q(k),
(k = 1, 2, 3). We shall assume that the functions u(k)

α are known.

4.11.2 Extension and Bending of Composed Cylinders

Let the loading applied at the end Σ1 be statically equivalent to the force
F = F3e3 and the moment M = Mαeα. The problem of extension and bend-
ing consists in the determination of a displacement vector field that satisfies
Equations 1.1.1, 4.8.2, and 1.1.8 on Bρ, the conditions 3.1.1 on Π0, the bound-
ary conditions 1.3.1 on Π, and the conditions 3.3.1, and 3.3.2 on Σ1. We try
to solve the problem assuming that

uα = −1
2
cαx

2
3 +

3∑
j=1

cju
(j)
α , u3 = (cρxρ + c3)x3 (4.11.15)
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where cj are unknown constants and u(j)
α are the components of the displace-

ment vector in the problem Q(j), (j = 1, 2, 3). By Equations 4.11.15 and
4.11.10, we obtain

eαβ =
2∑

j=1

cje
(j)
αβ , eα3 = 0, e33 = cρxρ + c3

It follows from Equations 4.8.2 and 4.11.3 that

t11 = A
(ρ)
13 (c1x1 + c2x2 + c3) +

3∑
j=1

cjt
(j)
11

t22 = A
(ρ)
23 (c1x1 + c2x2 + c3) +

3∑
j=1

cjt
(j)
22

t12 =
3∑

j=1

cjt
(j)
12 , tα3 = 0

t33 = A
(ρ)
33 (c1x1 + c2x2 + c3) +

3∑
j=1

cj
(
A

(ρ)
13 e

(j)
11 +A

(ρ)
23 e

(j)
22

)
on Aρ

(4.11.16)

The equilibrium equations and the boundary conditions 1.3.1 are satisfied
on the basis of the relations 4.11.8, 4.11.11, 4.11.13, and 4.11.14. The condi-
tions 3.1.1 on the surface of separation are satisfied in view of the relations
4.11.12 and 4.11.14. The conditions 3.3.1 are identically satisfied. From Equa-
tions 3.3.2 and 4.11.16, we obtain the following equations for the unknown
constants,

Γαjcj = εαβMβ , Γ3jcj = −F3 (4.11.17)

where

Γαβ =
2∑

ρ=1

∫
Aρ

xα

(
A

(ρ)
33 xβ +A

(ρ)
13 e

(β)
11 +A

(ρ)
23 e

(β)
22

)
da

Γα3 =
2∑

ρ=1

∫
Aρ

xα

(
A

(ρ)
33 +A

(ρ)
13 e

(3)
11 +A

(ρ)
23 e

(3)
22

)
da

Γ3α =
2∑

ρ=1

∫
Aρ

(
A

(ρ)
33 xα +A

(ρ)
13 e

(α)
11 +A

(ρ)
23 e

(α)
22

)
da

Γ33 =
2∑

ρ=1

∫
Aρ

(
A

(ρ)
33 +A

(ρ)
13 e

(3)
11 +A

(ρ)
23 e

(3)
22

)
da

(4.11.18)

As in Section 4.3, we can prove that Γij = Γji and that det(Γij) �= 0. The
system 4.11.17 determines the constants c1, c2, and c3.
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4.11.3 Flexure and Torsion

We assume now that F = Fαeα and M = M3e3. The conditions on the end
Σ1 are given by Equations 1.4.1, 1.3.21, and 1.3.22. The problem consists in
the finding of the functions uk that satisfy Equations 1.1.1, 4.8.2, and 1.1.8
on Bρ, the conditions 3.1.1 on Π0, the boundary conditions 1.3.1, and the
conditions 1.4.1, 1.3.21, and 1.3.22 on Σ1. We seek the solution in the form

uα = −1
6
dαx

3
3 − τεαβxβx3 + x3

3∑
j=1

dju
(j)
α

u3 =
1
2
(d1x1 + d2x2 + d3)x2

3 + Ψ(x1, x2)

(4.11.19)

where u(j)
α are the solutions of the problems Q(j), Ψ is an unknown function,

and dk and τ are unknown constants. By Equations 4.11.19, 1.1.1, and 4.8.2,
we obtain

t11 = A
(ρ)
13 (d1x1 + d2x2 + d3)x3 + x3

3∑
j=1

djt
(j)
11

t22 = A
(ρ)
23 (d1x1 + d2x2 + d3)x3 + x3

3∑
j=1

djt
(j)
22 , t12 = x3

3∑
j=1

djt
(j)
12

t33 = A
(ρ)
33 (d1x1 + d2x2 + d3)x3 + x3

3∑
j=1

dj(A
(ρ)
13 e

(j)
11 +A

(ρ)
23 e

(j)
22 )

t23 = A
(ρ)
44

(
Ψ,2 + τx1 +

3∑
j=1

dju
(j)
2

)

t31 = A
(ρ)
55

(
Ψ,1 − τx2 +

3∑
j=1

dju
(j)
1

)
on Bρ

(4.11.20)

The conditions 1.3.21 are identically satisfied. If we use Equations 4.11.20,
4.11.8, 4.11.11, and 4.11.14, then we find that the equations of equilibrium
1.1.8 and the conditions 3.1.1 and 1.3.1 are satisfied if the function Ψ satisfies
the equation (

A
(ρ)
55 Ψ,1

)
,1

+
(
A

(ρ)
44 Ψ,2

)
,2

= −q(ρ) on Aρ (4.11.21)

and the conditions

[Ψ]1 = [Ψ]2,
[
A

(1)
55 Ψ,1n

0
1 +A

(1)
44 Ψ,2n

0
2

]
1

=
[
A

(2)
55 Ψ,1n

0
1 +A

(2)
44 Ψ,2n

0
2

]
2

+ h on Γ0

A
(ρ)
55 Ψ,1n1 +A

(ρ)
44 Ψ,2n2 = κ(ρ) on Γρ

(4.11.22)
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where

q(ρ) = A
(ρ)
33 (d1x1 + d2x2 + d3) − τ

[(
A

(ρ)
55 x2

)
,1
− (A(ρ)

44 x1

)
,2

]

+
3∑

j=1

dj [
(
A

(ρ)
55 u

(j)
1

)
,1

+
(
A

(ρ)
44 u

(j)
2

)
,2

+A
(ρ)
13 e

(j)
11 +A

(ρ)
23 e

(j)
22

]

h = τ
[(
A

(1)
55 −A

(2)
55

)
x2n

0
1 −

(
A

(1)
44 −A

(2)
44

)
x1n

0
2

]

+
3∑

j=1

dj

[(
A

(2)
55 −A

(1)
55

)
u

(j)
1 n0

1 +
(
A

(2)
44 −A

(1)
44

)
u

(j)
2 n0

2

]

κ(ρ) = τ
(
A

(ρ)
55 x2n1 −A

(ρ)
44 x1n2

)

−
3∑

j=1

dj

[
A

(ρ)
55 u

(j)
1 n1 +A

(ρ)
44 u

(j)
2 n2

]

(4.11.23)

The necessary and sufficient condition for the existence of the solution of
the boundary-value problem 4.11.21 and 4.11.22 is (cf. [55,88])

2∑
ρ=1

(∫
Aρ

q(ρ)da+
∫

Γρ

κ(ρ)ds

)
+
∫

Γ0

hds = 0 (4.11.24)

Substituting the relations 4.11.23 into Equation 4.11.24, we get

Γ3jdj = 0 (4.11.25)

where Γ3j are defined by Equations 4.11.18. In view of Equations 1.3.57,
4.11.20, and 4.11.18, we find that the conditions 1.4.1 reduce to

Γαjdj = −Fα (4.11.26)

The system 4.11.25 and 4.11.26 uniquely determines the constants dk.
Let us introduce the function ϕ ∈ C2(A1) ∩ C2(A2) ∩ C1(A1) ∩ C1(A2) ∩

C0(Σ1) which satisfies the equation
(
A

(ρ)
55 ϕ,1

)
,1

+
(
A

(ρ)
44 ϕ,2

)
,2

=
(
A

(ρ)
55 x2

)
,1
− (A(ρ)

44 x1

)
,2

on Aρ (4.11.27)

and the conditions

[ϕ]1 = [ϕ]2,
[
A

(1)
55 ϕ,1n

0
1 +A

(1)
44 ϕ,2n

0
2

]
1

=
[
A

(2)
55 ϕ,1n

0
1 +A

(2)
44 ϕ,2n

0
2

]
2

+
(
A

(1)
55 −A

(2)
55

)
x2n

0
1 −

(
A

(1)
44 −A

(2)
44

)
x1n

0
2 on Γ0

A
(ρ)
55 ϕ,1n1 +A

(ρ)
44 ϕ,2n2 = A

(ρ)
55 x2n1 −A

(ρ)
44 x1n2 on Γρ (4.11.28)

It is not difficult to verify that the necessary and sufficient condition for the
existence of the function ϕ is satisfied. We introduce the function χ by

Ψ = τϕ+ χ (4.11.29)
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In view of Equations 4.11.21, 4.11.22, 4.11.23, and 4.11.27, we find that the
function χ satisfies the equation

(
A

(ρ)
55 χ,1

)
,1

+
(
A

(ρ)
44 χ,2

)
,2

= g(s) on Aρ (4.11.30)

and the conditions

[χ]1 = [χ]2,
[
A

(1)
55 χ,1n

0
1 +A

(1)
44 χ,2n

0
2

]
1

=
[
A

(2)
55 χ,1n

0
1 +A

(2)
44 χ,2n

0
2

]
2

+ f on Γ0

A
(ρ)
55 χ,1n1 +A

(ρ)
44 χ,2n2 = k(ρ) on Γρ (4.11.31)

where

g(ρ) = −A(ρ)
33 (d1x1 + d2x2 + d3) −

3∑
j=1

dj

[(
A

(ρ)
55 u

(j)
1

)
,1

+
(
A

(ρ)
44 u

(j)
2

)
,2

+ A
(ρ)
13 e

(j)
11 +A

(ρ)
23 e

(j)
22

]

f =
3∑

j=1

dj

[(
A

(2)
55 −A

(1)
55

)
u

(j)
1 n0

1 +
(
A

(2)
44 −A

(1)
44

)
u

(j)
2 n0

2

]

k(ρ) = −
3∑

j=1

dj

(
A

(ρ)
55 u

(j)
1 n1 +A

(ρ)
44 u

(j)
2 n2

)
(4.11.32)

It follows from Equations 4.11.20, 4.11.29, and 1.3.22 that

D∗τ = −M3 − M (4.11.33)

where D∗ is the torsional rigidity defined by

D∗ =
2∑

ρ=1

∫
Aρ

[
A

(ρ)
44 x1(ϕ,2 + x1) −A

(ρ)
55 x2(ϕ,1 − x2)

]
da (4.11.34)

and M is given by

M =
2∑

ρ=1

∫
Aρ

⎡
⎣x1A

(ρ)
44 χ,2 − x2A

(ρ)
55 χ,1 +

3∑
j=1

dj

(
A

(ρ)
44 x1u

(j)
2 −A

(ρ)
55 x2u

(j)
1

)
⎤
⎦ da

(4.11.35)
The constant τ is determined by Equation 4.11.33.

If Fα = 0, then from Equations 4.11.25 and 4.11.26, we obtain dk = 0,
so that χ = 0 and M = 0. In this case, from Equation 4.11.19, we find the
solution of the torsion problem.
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4.12 Exercises

4.12.1 A homogeneous and orthotropic elastic cylinder occupies the domain

B =
{
x :

x2
1

a2
+
x2

2

b2
< 1, 0 < x3 < h

}
, (a > 0, b > 0)

Investigate the torsion of the cylinder.

4.12.2 Study the flexure of an elliptical right cylinder made of a homoge-
neous and orthotropic elastic material.

4.12.3 Investigate the torsion of a right cylinder of rectangular cross section,
composed of two homogeneous orthotropic elastic materials.

4.12.4 Study extension, bending, and torsion of a circular cylinder B = {x :
x2

1 +x2
2 < a2, 0 < x3 < h} made from a nonhomogeneous orthotropic

material with the following constitutive coefficients

Aij = A∗
ije

−αr, α > 0, (i, j = 1, 2, . . . , 6)

where A∗
ij and α are prescribed constants, and r = (x2

1 + x2
2)

1/2.

4.12.5 Study the deformation of a circular cylinder made of a homogeneous
and orthotropic elastic material when the lateral boundary is sub-
jected to a constant pressure.

4.12.6 Investigate the Almansi–Michell problem for homogeneous and or-
thotropic elastic cylinders.

4.12.7 Study the extension, bending, and torsion of an anisotropic elastic
cylinder for the case when the medium is homogeneous and has a
plane of elastic symmetry, normal to the axis of cylinder.

4.12.8 A homogeneous and orthotropic elliptical cylinder is in equilibrium
in the absence of body forces. The cylinder is subjected on the lateral
surface to the tractions t̃1 = 0, t̃2 = 0, t̃3 = Px3, where P is a given
constant. Investigate the deformation of the body.

4.12.9 Investigate the Almansi problem for inhomogeneous and orthotropic
elastic cylinders.
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Chapter 5

Cosserat Elastic Continua

5.1 Basic Equations

In a remarkable study, E. Cosserat and F. Cosserat [54] gave a systematic
development of the mechanics of continuous media in which each point has the
six degree of freedom of a rigid body. The orientation of a given particle of such
a medium can be represented mathematically by the values of three mutually
perpendicular unit vectors which Ericksen and Truesdell [76] called directors.
In the 1960s, the subject matter was reopened in the works [81,110,228]. These
early theories were discussed in Refs. 85,193,332. The Cosserat elastic contin-
uum has been used as model for bones and for engineering materials like
concrete and other composites (see [85] and references therein).

In this section, we present the basic equations of the linear theory of an
elastic Cosserat medium. This theory is usually called theory of micropolar
elasticity (cf. [83,254]). An account of the historical developments of the theory
as well as references to various contributions may be found in the works by
Eringen and Kafadar [84], Nowacki [255], Dyszlewicz [74], and Eringen [85].
In Chapters 5 and 6, we present a study of the deformation of right cylinders
made of a Cosserat elastic material. The particular rod theory based on the
concept of a Cosserat curve is not considered here. The reader interested in
this subject will find an account in Ref. 284.

As remarked above, a Cosserat medium is a continuum in which each point
has the degrees of freedom of a rigid body. Thus, the deformation of such a
body is described by

u = u(x, t), ϕϕϕ = ϕϕϕ(x, t), (x, t) ∈ B × I (5.1.1)

where u is the displacement vector field, ϕϕϕ is the microrotation vector field,
and I is a given interval of time. We consider an arbitrary region P of
the continuum, bounded by a surface ∂P at time t, and we suppose that
P is the corresponding region at time t0, bounded by the surface ∂P. We
postulate the energy balance in the form [85,332]∫

P

ρ0(u̇iüi + Yijϕ̇iϕ̈j + ė)dv

=
∫

P

ρ0(Φiu̇i +Giϕ̇i)dv +
∫

∂P

(siu̇i +miϕ̇i)da (5.1.2)

183
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where ρ0 is the density in the reference configuration, Yij are coefficients of
inertia, e is the internal energy per unit mass, ΦΦΦ is the body force per unit
mass, G is the body couple per unit mass, s is the stress vector associated
with the surface ∂P but measured per unit area of the surface ∂P, m is the
couple stress vector associated with the surface ∂P but measured per unit
area of ∂P, and a superposed dot denotes the material derivative with respect
to the time. We suppose that the body has arrived at a given state at a
time t through some prescribed motion. Following Green and Rivlin [109],
we consider a second motion which differs from the given motion only by a
constant superposed rigid body translational velocity, the body occupying the
same position at time t, and we assume that e, ΦΦΦ, G, s, and m are unaltered
by such superposed rigid velocity. If we use Equation 5.1.2 with u̇i replaced
by u̇i + ai, where ai is an arbitrary constant, we obtain

∫
P

ρ0üidv =
∫

P

fidv +
∫

∂P

sida (5.1.3)

where fi = ρ0Φi. From Equation 5.1.3, by the usual methods, we obtain

si = tjinj (5.1.4)

and
tji,j + fi = ρ0üi (5.1.5)

In view of Equations 5.1.4 and 5.1.5, the relation 5.1.2 reduces to
∫

P

ρ0(ė+ Yijϕ̇iϕ̈j)dv =
∫

P

(giϕ̇i + tjiu̇i,j)dv +
∫

∂P

miϕ̇ida (5.1.6)

where gi = ρ0Gi. With an argument similar to that used in obtaining Equa-
tion 5.1.4, from Equation 5.1.6, we obtain

(mi −mjinj)ϕ̇i = 0 (5.1.7)

wheremji is the couple stress tensor. If we use Equation 5.1.7 in Equation 5.1.6
and apply the resulting equation to an arbitrary region, then we find the local
form of the conservation of energy

Ẇ = (mji,j + gi − ρ0Yijϕ̈j)ϕ̇i + tjiu̇i,j +mjiϕ̇i,j (5.1.8)

where W = ρ0e. Let us now consider a motion of the body which differs
from the given motion only by a superposed uniform rigid body angular
velocity, the body occupying the same position at time t, and let us assume
that W , tij ,mij , gi−ρ0Yijϕ̈j are unaltered by such motion. In this case, ϕ̇i are
replaced by ϕ̇i + bi, where bi are arbitrary constants, and u̇i are replaced by
u̇i + εijkbjxk, where εijk is the alternating symbol. Equation 5.1.8 holds when
u̇i,j is replaced by u̇i,j + εjikbk and ϕ̇i by ϕ̇i + bi. It follows that

Ẇ = (mji,j + gi − ρ0Yijϕ̈j)(ϕ̇i + bi) + tji(u̇i,j + εjirbr) +mjiϕ̇i,j
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With the help of Equation 5.1.8 and the arbitrariness of the constants bk, we
obtain

mji,j + εirstrs + gi = ρ0Yijϕ̈j (5.1.9)

By Equations 5.1.8 and 5.1.9, we get

Ẇ = tij ėij +mij κ̇ij (5.1.10)

where
eij = uj,i + εjikϕk, κij = ϕj,i (5.1.11)

We restrict our attention to the linear theory of elastic materials where the
independent constitutive variables are eij and κij . It is simple to see that
eij and κij are invariant under superposed rigid-body motions. We assume
that W , tij ,mij , and mi are functions of eij , κij , and xm, consistent with the
assumption of the linear theory, and that there is no internal constraint. From
Equation 5.1.7, we obtain

mi = mjinj (5.1.12)

On the basis of constitutive equations, from Equation 5.1.10, we find that

tij =
∂W

∂eij
, mij =

∂W

∂κij
(5.1.13)

In the linear theory, and assuming that the initial body is free from stresses
and couple stresses, we have

W =
1
2
Aijrseijers +Bijrseijκrs +

1
2
Cijrsκijκrs (5.1.14)

where Aijrs, Bijrs, and Cijrs are smooth functions on B which satisfy the
symmetry relations

Aijrs = Arsij , Cijrs = Crsij (5.1.15)

In the case of homogeneous bodies, the constitutive coefficients Aijrs, Bijrs,
and Cijrs are constants. By Equations 5.1.13 and 5.1.14, we find the following
constitutive equations

tij = Aijrsers +Bijrsκrs

mij = Brsijers + Cijrsκrs

(5.1.16)

In the case of an isotropic and centrosymmetric material, the constitutive
equations 5.1.16 become

tij = λerrδij + (μ+ κ)eij + μeji

mij = ακrrδij + βκji + γκij

(5.1.17)

where λ, μ, κ, α, β, and γ are constitutive coefficients.
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If we assume that W is a positive definite quadratic form in the variables
eij and κij , then we find that the constitutive coefficients of an isotropic body
satisfy the inequalities [85]

3λ+ 2μ+ κ > 0, 2μ+ κ > 0, κ > 0

3α+ β + γ > 0, γ + β > 0, γ − β > 0
(5.1.18)

In what follows, we restrict our attention to the linear theory of equilibrium.
The basic equations of the theory of elastostatics consist of the equations of
equilibrium

tji,j + fi = 0, mji,j + εirstrs + gi = 0 on B (5.1.19)

the constitutive equations 5.1.16, and the geometrical equations 5.1.11. To
these equations, we adjoin boundary conditions. In the first boundary-value
problem, the boundary conditions are

ui = ũi, ϕi = ϕ̃i on ∂B (5.1.20)

where ũi and ϕ̃i are given. The second boundary-value problem is characterized
by the boundary conditions

tjinj = t̃i, mjinj = m̃i on ∂B (5.1.21)

where t̃i and m̃i are prescribed functions.
We assume that (i) B is a bounded regular region; (ii) fi and gi are con-

tinuous on B; (iii) Aijrs, Bijrs, and Cijrs are smooth on B and satisfy the
conditions 5.1.15; (iv) t̃i and m̃i are piecewise regular on ∂B; and (v) ũi and
ϕ̃i are continuous on ∂B.

The first boundary-value problem consists in finding the functions ui, ϕi ∈
C2(B) ∩ C0(B) that satisfy the Equations 5.1.11, 5.1.16, and 5.1.19 on B,
and the boundary conditions 5.1.20 on ∂B. The second boundary-value prob-
lem consists in the determination of the functions ui, ϕi ∈C2(B) ∩ C1(B)
that satisfy the Equations 5.1.11, 5.1.16, and 5.1.19 on B, and the boundary
conditions 5.1.21.

The existence and uniqueness of solutions of the boundary-value problems
of linear elastostatics have been studied in various works [126,164,196]. We
recall the following existence result.

Theorem 5.1.1 Assume that W is positive definite and that the hypotheses
(i)–(iv) hold. Then the second boundary-value problem has solution if and
only if
∫

B

fidv +
∫

∂B

t̃ida = 0,
∫

B

(εirsxrfs + gi)dv +
∫

∂B

(εirsxr t̃s + m̃i)da = 0

(5.1.22)
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Any two solutions of the second boundary-value problem are equal, modulo a
rigid deformation.

We note that a rigid deformation has the form

ui = ai + εijrbjxr, ϕi = bi

where aj and bj are constants.
We assume for the remainder of this chapter that the material is homoge-

neous and isotropic, and that the elastic potential W is positive definite.

5.2 Plane Strain

With a view toward deriving a solution of Saint-Venant’s problem, we
present some results concerning the plane deformation of homogeneous and
isotropic elastic cylinders. Throughout this section, we assume that the region
B refers to the interior of the right cylinder considered in Section 1.2. We
suppose that the vector fields f ,g, ũ, ϕ̃ϕϕ, t̃, and m̃ are independent of the axial
coordinate, and parallel to the x1, x2-plane. The state of plane strain of the
cylinder B is characterized by

uα = uα(x1, x2), u3 = 0, ϕα = 0, ϕ3 = ϕ3(x1, x2), (x1, x2) ∈ Σ1

(5.2.1)
These restrictions, in conjunction with the constitutive equations, imply that
the stress tensor and couple stress tensor are independent of the axial coordi-
nate. It follows from Equations 5.1.11 and 5.2.1 that

eαβ = uβ,α + εβαϕ3, κα3 = ϕ3,α (5.2.2)

The constitutive equations 5.1.17 show that nonzero components of the stress
tensor and couple stress tensor are tαβ ,mα3, t33, and m3α. Further,

tαβ = λeρρδαβ + (μ+ κ)eαβ + μeβα, mα3 = γκα3 (5.2.3)

The equations of equilibrium 5.1.19 reduce to

tβα,β + fα = 0, mα3,α + εαβtαβ + g3 = 0 (5.2.4)

on Σ1. The nonzero surface loads acting at a regular point x on the curve Γ
are given by

sα = tβαnβ , m3 = mα3nα (5.2.5)

where nα = cos(nx, xα) and nx is the unit vector of the outward normal to Γ
at x.
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By Equations 5.2.2 and 5.2.3, we can express the equations of equilibrium
of homogeneous and isotropic solids in terms of the functions uα and ϕ3,

(μ+ κ)Δuα + (λ+ μ)uβ,βα + κεαβϕ3,β = −fα

γΔϕ3 + κεαβuβ,α − 2κϕ3 = −g3
(5.2.6)

on Σ1. In the case of the first boundary-value problem, the boundary condi-
tions are

uα = ũα, ϕ3 = ϕ̃3 on Γ (5.2.7)

where ũα and ϕ̃3 are prescribed functions. The second boundary-value prob-
lem is characterized by the boundary conditions

tβαnβ = t̃α, mα3nα = m̃3 on Γ (5.2.8)

where t̃α and m̃3 are given.
The functions t33 and m3α can be determined after the functions uα and

ϕ3 are found.

5.2.1 Polar Coordinates

In the solution of various boundary-value problems, it is convenient to em-
ploy the polar coordinates (r, θ), such that x1 = r cos θ, x2 = r sin θ. The
equations of equilibrium can be written in the form

∂trr

∂r
+

1
r

∂tθr

∂θ
+

1
r
(trr − tθθ) + fr = 0

∂trθ

∂r
+

1
r

∂tθθ

∂θ
+

1
r
(trθ + tθr) + fθ = 0

∂mrz

∂r
+

1
r

∂mθz

∂θ
+

1
r
mrz + trθ − tθr + g3 = 0

(5.2.9)

on Σ1, where trr, tθθ, trθ, and tθr are the physical components of the stress
tensor, mrz and mθz are physical components of couple stress tensor, and
fr and fθ are the physical components of the body force. The constitutive
equations become

trr = (λ+ 2μ+ κ)err + λeθθ, trθ = (μ+ κ)erθ + μeθr

tθθ = λerr + (λ+ 2μ+ κ)eθθ, tθr = (μ+ κ)eθr + μerθ

mrz = γκrz, mθz = γκθz

(5.2.10)

where

err =
∂ur

∂r
, eθθ =

1
r

(
∂uθ

∂θ
+ ur

)
, erθ =

∂uθ

∂r
− ϕ3

eθr =
1
r

(
∂ur

∂θ
− uθ

)
+ ϕ3, κθz =

1
r

∂ϕ3

∂θ
, κrz =

∂ϕ3

∂r

(5.2.11)
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Here, ur and uθ are the physical components of the displacement vector field,
so that ur + iuθ = (u1 + iu2)e−iθ. The equations of equilibrium 5.2.9 can be
expressed in terms of the functions ur, uθ, and ϕ3. Thus we obtain

(λ+ 2μ+ κ)
(
∂2ur

∂r2
+

1
r

∂ur

∂r
− 1
r2
ur +

1
r

∂2uθ

∂r∂θ
− 1
r2
∂uθ

∂θ

)

− (μ+ κ)
1
r

(
∂2uθ

∂r∂θ
+

1
r

∂uθ

∂θ
− 1
r

∂2ur

∂θ2

)
+ κ

1
r

∂ϕ3

∂θ
+ fr = 0

(λ+ 2μ+ κ)
(

1
r2
∂2uθ

∂θ2
+

1
r

∂2ur

∂r∂θ
+

1
r2
∂ur

∂θ

)
− (μ+ κ)

×
(

1
r

∂2ur

∂r∂θ
− 1
r2
∂ur

∂θ
− ∂2uθ

∂r2
− 1
r

∂uθ

∂r
+

1
r2
uθ

)
− κ

∂ϕ3

∂r
+ fθ = 0

γ

(
∂2ϕ3

∂r2
+

1
r

∂ϕ3

∂r
+

1
r2
∂2ϕ3

∂θ2

)
+κ

(
∂uθ

∂r
+

1
r
uθ − 1

r

∂ur

∂θ
− 2ϕ3

)
+ g3 = 0

(5.2.12)

Let t̃r and t̃θ be the physical components of the given traction vector. Then
the conditions 5.2.8 can be expressed in the form

trrnr + tθrnθ = t̃r, trθnr + tθθnθ = t̃θ

mrznr +mθznθ = m̃3 on Γ
(5.2.13)

where nr and nθ are physical components of the vector n.
The plane strain problems for homogeneous and isotropic bodies can be

studied with the aid of the method of functions of complex variables [8]. In
this section, we use the method of potentials [140,195] to derive existence and
uniqueness results.

5.2.2 Solution of Field Equations

We now give a representation of solutions of Equations 5.2.6. We introduce
the operator

Ω =
1
b
ΔΔ(Δ − κ2) (5.2.14)

where

b−1 = γ(μ+ κ)(λ+ 2μ+ κ), k =
[
κ(2μ+ κ)
γ(μ+ κ)

]1/2

(5.2.15)

We note that the relations 5.1.18 imply that b and k2 are strictly positive.

Theorem 5.2.1 Let

uα = (λ+ 2μ+ κ)Δ(γΔ − 2κ)Gα − [γ(λ+ μ)Δ

−κ(2λ+ 2μ+ κ)]Gβ,βα + κ(λ+ 2μ+ κ)εβαΔG3,β

ϕ3 = (λ+ 2μ+ κ)[κεαβΔGα,β + (μ+ κ)ΔΔG3]

(5.2.16)
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where Gj are fields of class C6 on Σ1 that satisfy the equations

ΩGα = −fα, ΩG3 = −g3 (5.2.17)

Then uα and ϕ3 satisfy Equations 5.2.6 on Σ1.

Proof. In view of Equations 5.2.16, we find that

(μ+ κ)Δuα + (λ+ μ)uβ,βα + κεαβϕ3,β

= (μ+ κ)(λ+ 2μ+ κ)ΔΔ(γΔ − 2κ)Gα − (μ+ κ)[γ(λ+ μ)ΔΔ

− κ(2λ+ 2μ+ κ)Δ]Gβ,βα + κ(λ+ 2μ+ κ)(μ+ κ)εβαΔΔG3,β

+ (λ+ μ)(λ+ 2μ+ κ)Δ(γΔ − 2κ)Gβ,βα − (λ+ μ)[γ(λ+ μ)Δ

− κ(2λ+ 2μ+ κ)]ΔGβ,βα + κ(λ+ 2μ+ κ)[κΔGα,ββ

− κΔGβ,αβ + εαβ(μ+ κ)ΔΔG3,β ]

= γ(μ+ κ)(λ+ 2μ+ κ)ΔΔ(Δ − k2)Gα

(5.2.18)

Similarly, we obtain

γΔϕ3 + κεαβuβ,α − 2κϕ3

= γ(λ+ 2μ+ κ)[κεαβΔΔGα,β + (μ+ κ)ΔΔΔG3]

+ κ(λ+ 2μ+ κ)Δ(γΔ − 2κ)εαβGβ,α + κ2(λ+ 2μ+ κ)ΔG3,αα

− 2κ(λ+ 2μ+ κ)[κεαβΔGα,β + (μ+ κ)ΔΔG3]

= γ(λ+ 2μ+ κ)(μ+ κ)(Δ − k2)ΔΔG3

(5.2.19)

In view of Equation 5.2.17, from Equations 5.2.18 and 5.2.19, we obtain the
desired result. �

5.2.3 Fundamental Solutions

We use Theorem 5.2.1 to establish the fundamental solutions of Equa-
tions 5.2.6. First, we assume that

f1 = δ(x− y), f2 = 0, g3 = 0

where δ(·) is the Dirac measure and y(yα) is a fixed point. In this case, we
take in Equations 5.2.16, G1 = f,G2 = 0, and G3 = 0. From Equations 5.2.17,
it follows that the function f satisfies the equation

ΔΔ(Δ − k2)f = −bδ(x− y) (5.2.20)

In general, if fα = δαβδ(x− y), g3 = 0, then we take Gα = fδαβ , G3 = 0, where
f is a solution of Equation 5.2.20. In this case, from Equations 5.2.16, we
obtain the functions u(β)

α and ϕ(β)
3 . If we assume that

fα = 0, g3 = δ(x− y)
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then we take Gα = 0, G3 = f, where f satisfies Equation 5.2.20. We denote
by u(3)

α and ϕ
(3)
3 the functions resulting from Equations 5.2.16 when Gα = 0

and G3 = f. Thus, we obtain

u
(β)
α = δαβ(λ+ 2μ+ κ)Δ(γΔ − 2κ)f − [γ(λ+ μ)Δ − κ(2λ+ 2μ+ κ)]f,αβ

ϕ
(β)
3 = (λ+ 2μ+ κ)κεβαΔf,α

u(3)
α = κ(λ+ 2μ+ κ)εβαΔf,β

ϕ
(3)
3 = (λ+ 2μ+ κ)(μ+ κ)ΔΔf

(5.2.21)

The functions u(j)
α and ϕ(j)

3 represent the fundamental solutions of the system
5.2.6.

Let us study Equation 5.2.20. We note that if the functions Hk satisfy the
equations

ΔΔH1 = S, ΔH2 = S, (Δ − k2)H3 = S

then the solution of the equation

ΔΔ(Δ − k2)H = S

can be written in the form

H = − 1
k4

(k2H1 +H2 −H3) (5.2.22)

If S = −bδ(x− y), then

H1 = − b

8π
r2 ln r, H2 = − b

2π
ln r, H3 =

b

2π
K0(kr)

r = [(x1 − y1)2 + (x2 − y2)2]1/2

(5.2.23)

where Kn is the modified Bessel function of order n. It follows from Equa-
tions 5.2.22 and 5.2.23 that the solution of Equation 5.2.20 is given by

f =
b

8πk4

[
k2r2 ln r + 4 ln r + 4K0(kr)

]
(5.2.24)

Let us note that

∂2

∂xα∂xβ
= (xα − yα)(xβ − yβ)r−2 d

2

dr2

+ [δαβr
2 − (xα − yα)(xβ − yβ)]r−3 d

dr
d

dr
K0(kr) = −kK1(kr),

d2

dr2
K0(kr) = k2K0(kr) + kr−1K1(kr)

(5.2.25)



© 2009 by Taylor & Francis Group, LLC

192 Classical and Generalized Models of Elastic Rods

Moreover, for x �= y, we have

f,α =
b

8πk4
(xα − yα){k2(1 + 2 ln r) + 4r−2[1 − krK1(kr)]}

f,αβ =
b

8πk4
{k2[2δαβ ln r + δαβ + 2r−2(xα − yα)(xβ − yβ)]

+ 4r−4[r2δαβ − 2(xα − yα)(xβ − yβ)][1 − rkK1(kr)]

+ 4k2r−2(xα − yα)(xβ − yβ)K0(kr)}
Δf =

b

2πk2
[1 +K0(kr) + ln r], ΔΔf =

b

2π
K0(kr)

(5.2.26)

We have the following expansions in series

K0(x) = − lnx− 1
4
x2 lnx− 1

64
x4 lnx− · · ·

K1(x) =
1
x

+
1
2
x lnx+

1
16
x3 lnx+ · · ·

(5.2.27)

Let Γ(x, y) be the matrix of fundamental solutions

Γ(x, y) = ‖Γmn(x, y)‖3×3 (5.2.28)

where
Γαβ = u(β)

α , Γα3 = u(3)
α , Γ3k = ϕ

(k)
3 (5.2.29)

We note that
Γ(x, y) = Γ∗(y, x) (5.2.30)

We write A∗ for the transpose of A. Let us denote by Γ(k), (k = 1, 2, 3), the
columns of the matrix Γ(x, y).

It follows from Equations 5.2.21 and 5.2.24 that

Γ = − 1
2π

∥∥∥∥∥∥
d 0 0
0 d 0
0 0 γ−1

∥∥∥∥∥∥ ln r + Ω, d =
λ+ 3μ+ κ

2(λ+ 2μ+ κ)(μ+ κ)
(5.2.31)

where we have pointed out the terms with singularities.
We introduce the matricial differential operator

D

(
∂

∂x

)
=
∥∥∥∥Dij

(
∂

∂x

)∥∥∥∥
3×3

(5.2.32)

where

Dαβ

(
∂

∂x

)
= (μ+ κ)δαβΔ + (λ+ μ)

∂2

∂xα∂xβ

Dα3

(
∂

∂x

)
= κεαβ

∂

∂xβ

D3β

(
∂

∂x

)
= κερβ

∂

∂xρ
, D33

(
∂

∂x

)
= γΔ − 2κ

(5.2.33)
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The system 5.2.6 can be written in matricial form. As in Ref. 195, the vector
v = (v1, v2, . . . , vm) shall be considered as a column matrix so that the product
of the matrix A = ‖aij‖m×m and the vector v is an m-dimensional vector. The
vector v multiplied by the matrix A will denote the matrix product between
the row matrix ‖v1, v2, . . . , vm‖ and the matrix A. We denote

u = (u1, u2, ϕ3), F = −(f1, f2, g3) (5.2.34)

Equations 5.2.6 can be written in the form

D

(
∂

∂x

)
u = F (5.2.35)

We introduce the matricial operator

T

(
∂

∂x
, nx

)
=
∥∥∥∥Tij

(
∂

∂x
, nx

)∥∥∥∥
3×3

(5.2.36)

where

Tαβ

(
∂

∂x
, nx

)
= (μ+ κ)δαβ

∂

∂nx
+
(
λnα

∂

∂xβ
+ μnβ

∂

∂xα

)

Tα3

(
∂

∂x
, nx

)
= κεαβnβ , T3α

(
∂

∂x
, nx

)
= 0, T33

(
∂

∂x
, nx

)
= γ

∂

∂nx

(5.2.37)

If we denote
T = (t1, t2,m3) (5.2.38)

then the relations 5.2.5 can be written as

T = T

(
∂

∂x
, nx

)
u (5.2.39)

Let Ti(∂/∂x, nx) be the row matrix with the elements Tij(∂/∂x, nx). The
relations 5.2.5 become

tα = Tα

(
∂

∂x
, nx

)
u, m3 = T3

(
∂

∂x
, nx

)
u (5.2.40)

We denote by Λ(x, y) the matrix obtained from T (∂/∂x, nx)Γ(x, y) by
interchanging the rows and columns and replacing x by y, that is,

Λ(x, y) =
[
T

(
∂

∂y
, ny

)
Γ(y, x)

]∗
(5.2.41)

We can verify that

D

(
∂

∂x

)
Λ(x, y) = 0 for x �= y (5.2.42)
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It follows from Equations 5.2.21, 5.2.24, 5.2.28, and 5.2.36 that

Λ = M + Z, M = ‖Mij‖3×3, Z = ‖Zij‖3×3 (5.2.43)

where

M11 = M22 = M33 = − 1
2π

∂

∂ny
(ln r)

M12 = −M21 = − c

2π
d

dsy
(ln r), Mα3 = M3α = 0

Zij = O(ln r) as r → 0

c =
2μ2 + μκ− λκ

2(λ+ 2μ+ κ)(μ+ κ)
,

d

dsx
=

∂

∂x2
n1 − ∂

∂x1
n2

(5.2.44)

If x �= y, then each column Γ(j)(x, y), (j= 1, 2, 3), of the matrix Γ(x, y) satisfies
at x the homogeneous system 5.2.6, that is,

D

(
∂

∂x

)
Γ(x, y) = 0 (5.2.45)

5.2.4 Somigliana Relations

We consider two states of plane strain defined on the domain Σ and charac-
terized by the displacements u

(ρ)
α , the microrotations ϕ

(ρ)
3 , the strain

measures e(ρ)
αβ and κ

(ρ)
α3 , the components of the stress tensor t(ρ)

αβ , and the
components of the couple stress tensor m

(ρ)
α3 , (ρ = 1, 2). We assume that

the state A(ρ) = {u(ρ)
α , ϕ

(ρ)
3 , e

(ρ)
αβ , κ

(ρ)
α3 , t

(ρ)
αβ ,m

(ρ)
α3 } corresponds to the body loads

I(ρ) = {f (ρ)
α , g

(ρ)
3 }. We denote

t(ρ)
α = t

(ρ)
βαnβ , m

(ρ)
3 = m

(ρ)
α3nα (5.2.46)

In what follows, we shall use the following reciprocal theorem.

Theorem 5.2.2 If A(ρ) are elastic states corresponding to the body loads
I(ρ), then ∫

Σ

(
f (1)

α u(2)
α + g

(1)
3 ϕ

(2)
3

)
da+

∫
∂Σ

(
t(1)α u(2)

α +m
(1)
3 ϕ

(2)
3

)
ds

(5.2.47)

=
∫

Σ

(
f (2)

α u(1)
α + g

(2)
3 ϕ

(1)
3

)
da+

∫
∂Σ

(
t(2)α u(1)

α +m
(2)
3 ϕ

(1)
3

)
ds

Proof. We introduce the notation

2Wνη = t
(ν)
αβ e

η)
αβ +m

(ν)
α3 κ

(η)
α3 (5.2.48)

It follows from Equations 5.2.3 that

W12 = W21 (5.2.49)
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On the other hand, from Equations 5.2.2 and 5.2.4, we get

2Wνη = f (ν)
α u(η)

α + g
(ν)
3 ϕ

(η)
3 +

(
t
(ν)
βαu

(η)
α +m

(ν)
β3 ϕ

(η)
3

)
,β

(5.2.50)

so that

2
∫

Σ

Wνηda =
∫

Σ

(
f (ν)

α u(η)
α + g

(ν)
3 ϕ

(η)
3

)
da+

∫
∂Σ

(
t(ν)
α u(η)

α +m
(ν)
3 ϕ

(η)
3

)
ds

(5.2.51)
By Equations 5.2.49 and 5.2.51, we obtain the desired result. �

The elastic potential W̃ in the case of the plane strain is defined by

2W̃ = λeννeρρ + (μ+ κ)eαβeαβ + μeβαeαβ + γκα3κα3 (5.2.52)

Theorem 5.2.3 Assume that W̃ is a positive definite quadratic form. Then

(i) The first boundary-value problem has at most one solution

(ii) Any two solutions of the second boundary-value problem are equal mod-
ulo a plane rigid deformation

Proof. It follows from Equations 5.2.2, 5.2.4, and 5.2.52 that

2W̃ = tαβeαβ +mα3κα3 = fαuα + g3ϕ3 + (tβαuα +mβ3ϕ3),β

If we integrate this relation over Σ and use the divergence theorem, then we
obtain

2
∫

Σ

W̃da =
∫

Σ

(fαuα + g3ϕ3)da+
∫

∂Σ

(tβαnβuα +mβ3nβϕ3)ds (5.2.53)

Let (u′α, ϕ
′
3) and (u′′α, ϕ

′′
3) be two solutions of a boundary-value problem, and

u0
α = u′α − u′′α, ϕ

0
3 = ϕ′

3 − ϕ′′
3 . Clearly, (u0

α, ϕ
0
3) is a solution corresponding to

fα = 0, g3 = 0, and to null boundary data. Since W̃ is positive definite, from
Equation 5.2.53, we obtain

u0
β,α + εβαϕ

0
3 = 0, ϕ0

3,α = 0

so that

u0
1 = c1 − c3x2, u0

2 = c2 + c3x1, ϕ0
3 = c3 (5.2.54)

where ck are arbitrary constants. In the first boundary-value problem, we find
that ck = 0. �
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Let Σ+ be a domain in the x1, x2-plane, bounded by a simple closed C2-
curve L, and let Σ− be the complementary of Σ+ ∪ L to the entire plane.
Let u= (u1, u2, ϕ3) and v= (u′1, u

′
2, ϕ

′
3) be two vector fields on Σ+ such that

u, v ∈ C2(Σ+) ∩ C1(Σ
+

). The reciprocity relation 5.2.47 leads to∫
Σ+

[
uD

(
∂

∂x

)
v − vD

(
∂

∂x

)
u

]

=
∫

L

[
uH

(
∂

∂x
, nx

)
v − vH

(
∂

∂x
, nx

)
u

]
ds (5.2.55)

From Equation 5.2.53, we get

2
∫

Σ+
W̃da = −

∫
Σ+

uD

(
∂

∂x

)
uda+

∫
L

uH

(
∂

∂x
, nx

)
uds (5.2.56)

Let Σ(y; ε) be the sphere with the center in y and radius ε. Let y ∈Σ+ and
let ε be so small that Σ(y; ε) be entirely contained in Σ+. Then the relation
5.2.55 can be applied for the region Σ+\Σ(y; ε) to a regular vector field u =
(u1, u2, ϕ3) and to vector field v(x) = Γ(s)(x, y), (s = 1, 2, 3). We obtain the
following representation of Somigliana type

u(y) =
∫

L

{
Γ∗(x, y)H

(
∂

∂x
, nx

)
u(x) −

[
H

(
∂

∂x
, nx

)
Γ(x, y)

]∗
u(x)

}
dsx

−
∫

Σ+
Γ∗(x, y)D

(
∂

∂x

)
u(x)dax (5.2.57)

In view of Equations 5.2.30 and 5.2.41, the relation 5.2.57 implies that

u(x) =
∫

L

[
Γ(x, y)H

(
∂

∂y
, ny

)
u(y) − Λ(x, y)u(y)

]
dsy

−
∫

Σ+
Γ(x, y)D

(
∂

∂y

)
u(y)day (5.2.58)

5.2.5 Existence Theorems

In what follows, we restrict our attention to the equation

D

(
∂

∂x

)
u = 0 (5.2.59)

In this case, Equation 5.2.56 becomes∫
L

uH

(
∂

∂x
, nx

)
uds = 2

∫
Σ+

W̃da (5.2.60)

We say that the vector field u= (u1, u2, ϕ3) is a regular solution of Equa-
tion 5.2.59 in Σ+ if the formula 5.2.60 can be applied to u and if it satisfies
Equation 5.2.59 in Σ+.
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Let x∈Σ−. We describe around x a circle CR of sufficiently large radius
R, containing the region Σ+. We denote by ΣR the region bounded by L and
CR. From Equations 5.2.53 and 5.2.59, we get

∫
L+CR

uH

(
∂

∂x
, nx

)
uds = 2

∫
ΣR

W̃da (5.2.61)

If u satisfies the condition

lim
R→∞

R

∫ 2π

0

uH

(
∂

∂x
, nx

)
udθ = 0 (5.2.62)

then from Equation 5.2.61, we obtain
∫

L

uH

(
∂

∂x
, nx

)
uds = −2

∫
ΣR

W̃da (5.2.63)

We say that the vector field u is a regular solution of Equation 5.2.59 in Σ− if
the formula 5.2.63 can be applied to u in Σ− and if u satisfies Equation 5.2.59
in Σ− and the condition 5.2.62.

We consider the following boundary-value problems.

Interior problems. To find a regular solution in Σ+ of Equation 5.2.59 sat-
isfying one of the conditions

lim
x→y

u(x) = f1(y) (I1)

lim
x→y

H

(
∂

∂x
, nx

)
u(x) = f2(y) (I2)

where x ∈ Σ+, y ∈ L, and f1 and f2 are prescribed vector fields.

Exterior problems. To find a regular solution in Σ− of Equation 5.2.59
satisfying one of the conditions

lim
x→y

u(x) = f3(y) (E1)

lim
x→y

H

(
∂

∂x
, nx

)
u(x) = f4(y) (E2)

where x ∈ Σ−, y ∈ L, and f3 and f4 are given.
We assume that f1 and f3 are Hölder continuously differentiable on L, and

f2 and f4 are Hölder continuous on L.
We denote by (I0

α) and (E0
α) the homogeneous problems corresponding to

(Iα) and (Eα), respectively. We introduce the potential of a single layer

V (x; ρ) =
∫

L

Γ(x, y)ρ(y)dsy (5.2.64)
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and the potential of a double layer

W (x; ν) =
∫

L

Λ(x, y)ν(y)dsy (5.2.65)

where ρ = (ρ1, ρ2, ρ3) is Hölder continuous on L and ν = (ν1, ν2, ν3) is Hölder
continuously differentiable on L. As in the classical theory [55], we have the
following results.

Theorem 5.2.4 The potential of a single layer is continuous on R
2.

Theorem 5.2.5 The potential of a double layer has finite limits when point
x tends to y ∈ L from both within and without, and these limits are respectively
equal to

W+(y; ν) = −1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz

W−(y; ν) =
1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz

(5.2.66)

the integrals being conceived in the sense of Cauchy’s principal value.

Theorem 5.2.6 H(∂/∂x, nx)V (x; ρ) tends to finite limits as point x tends
to the boundary point y ∈L, from within or without, and these limits are
respectively equal to

[
H

(
∂

∂y
, ny

)
V (y; ρ)

]+
=

1
2
ρ(y) +

∫
L

[
H

(
∂

∂y
, ny

)
Γ(y, z)

]
ρ(z)dsz

[
H

(
∂

∂y
, ny

)
V (y; ρ)

]−
= −1

2
ρ(y) +

∫
L

[
H

(
∂

∂y
, ny

)
Γ(y, z)

]
ρ(z)dsz

(5.2.67)

Theorem 5.2.7 The potentials V (x; ρ) and W (x; ν) satisfy Equation 5.2.59
on Σ+ ∪ Σ−.

We seek the solutions of the problems (I1) and (E1) in the form of a double-
layer potential and the solutions of the problems (I2) and (E2) in the form
of a single-layer potential. In view of Theorems 5.2.5 and 5.2.6, we obtain for
the unknown densities the following singular integral equations

−1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz = f1(y) (I1)

1
2
ρ(y) +

∫
L

Λ∗(z, y)ρ(z)dsz = f2(y) (I2)
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1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz = f3(y) (E1)

−1
2
ρ(y) +

∫
L

Λ∗(z, y)ρ(z)dsz = f4(y) (E2)

where y ∈ L. The homogeneous equations corresponding to equations (I1),
(I2), (E1), and (E2) for fs = 0, (s = 1, 2, 3, 4), will be denoted by (I0

1 ), (I0
2 ),

(E0
1), and (E0

2), respectively. The equations (I1) and (E2), and (I2) and (E1)
are piecewise mutually associate equations.

We note that
d ln r
dsz

dsz =
dr

r
=

dt

t− t0
− idθ (5.2.68)

where t and t0 are the affixes of the points z and y. Taking into account
Equations 5.2.43 and 5.2.68 and pointing out the characteristic part of the
singular operator [242], the system (I1) can be written in the form

ν(t0) +
1
π

∥∥∥∥∥∥
0 c 0
−c 0 0
0 0 0

∥∥∥∥∥∥
∫

L

ν(t)
t− t0

dt+ Kν(t0) = −2f1(t0) (5.2.69)

Let us denote by [h(t)]L the increment of the function h as the point t describes
once the curve L in the direction leaving the domain Σ+ on the left. The index
of the system 5.2.69 is

n =
1
2π

[
arg
(

detD
detS

)]
L

where

D = ‖dij‖3×3, S = ‖sij‖3×3

dmn = smn = 1 for m = n, d21 = −d12 = s12 = −s21 = ic

dα3 = d3α = 0, sα3 = s3α = 0

Since in our case we have n = 0, the system (I1) is a system of singular
integral equations for which Fredholm’s basic theorems are valid [196]. In a
similar way, we can prove that the index of the system (I2) is zero.

Let us consider the problems (I1) and (E2). The homogeneous equations
(I0

1 ) and (E0
2)

−1
2
ν(y) +

∫
L

Λ(y, z)ν(z)dsz = 0
(
I0
1

)

−1
2
ρ(y) +

∫
L

Λ∗(z, y)ρ(z)dsz = 0
(
E0

2

)

have only trivial solutions. We assume the opposite and suppose that ρ0 is a
solution of equation (E0

2), not equal to zero. Then, the single-layer potential

V (x; ρ0) =
∫

L

Γ(x, y)ρ0(y)dsy
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satisfies the condition
[
H

(
∂

∂y
, ny

)
V (y; ρ0)

]−
= 0, y ∈ L (5.2.70)

When x tends to a point at infinity and y remains fixed on L then u(β)
α tends

at infinity as δαβ ln r. If the density ρ = (ρ1, ρ2, ρ3) of the potential of a single
layer satisfies the conditions

∫
L

ραds = 0, (α = 1, 2) (5.2.71)

then the potential V (x; ρ) satisfies the asymptotic relations

V = O(r−1),
∂V

∂R
= O(r−2) as r → ∞ (5.2.72)

where R is an arbitrary direction. As in classical theory of elasticity, we have
∫

L

Hα

(
∂

∂x
, nx

)
Γ(β)(x, y)dsx = −ζ(y)δαβ (5.2.73)

where

ζ(u) =

⎧⎪⎨
⎪⎩

1, y ∈ Σ+,
1
2 , y ∈ L,

0, y ∈ Σ−

If we multiply the equation (E0
2) by dsy and integrate on L, on the basis of

Equation 5.2.73, we obtain
∫

L

ρ0
α(y)dsy = 0, (α = 1, 2)

so that the potential V (x; ρ0) satisfies Equation 5.2.72. This fact implies that
V (x; ρ0) satisfies the relation 5.2.62. Thus, we conclude that (i) V (x; ρ0) sat-
isfies Equation 5.2.59 on Σ− and the condition 5.2.70 on L; (ii) the formula
5.2.63 can be applied to V (x; ρ0); and (iii) V (x; ρ0) satisfies the asymptotic
relations 5.2.72. It follows that

V (x; ρ0) = 0 on Σ− (5.2.74)

According to the continuity of the single-layer potential, we have

[V (x; ρ0)]+ = 0 on L

Taking into account that V (x; ρ0) satisfies Equation 5.2.59 on Σ+, from the
uniqueness theorem, we get

V (x; ρ0) = 0 on Σ+ (5.2.75)
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It follows from Equations 5.2.67, 5.2.74, and 5.2.75 that

ρ0(y) =
[
H

(
∂

∂y
, ny

)
V (y; ρ0)

]+
−
[
H

(
∂

∂y
, ny

)
V (y; ρ0)

]−
= 0

Thus, our statement concerning the equation (E0
2) is valid.

Since the equations (I0
1 ) and (E0

2) form an associate set of integral equations,
(I0

1 ) has also no nontrivial solution. We note that from Equation 5.2.73 and
the equation (E2), with f4 = (f41, f42, f43), we obtain

−
∫

L

ρα(y)dsy =
∫

L

f4αds, (α = 1, 2)

Thus we obtain the following results.

Theorem 5.2.8 Problem (I1) has solution for any Hölder continuously dif-
ferentiable vector field f1. This solution is unique and can be expressed by a
double-layer potential.

Theorem 5.2.9 Problem (E2) can be solved if and only if
∫

L

f4αds = 0, (α = 1, 2)

We now consider the equations (I0
2 ) and (E0

1). We note that the vector field

ω(x) = (c1 − c3x2, c2 + c3x1, c3)

where ci are arbitrary constants, satisfies the equations

D

(
∂

∂x

)
ω(x) = 0, x ∈ Σ+, H

(
∂

∂x
, nx

)
ω(x) = 0 on L (5.2.76)

From Equation 5.2.58, we obtain

ω(x) = −
∫

L

Λ(x, y)ω(y)dsy, x ∈ Σ+ (5.2.77)

Passing to the limit in Equation 5.2.77 as the point x approaches the boundary
point x0 ∈ L from within, according to Equation 5.2.66, we get

1
2
ω(x0) +

∫
L

Λ(x0, y)ω(y)dsy = 0

Hence, the matrix ω(x) satisfies the equation (E0
1). Clearly, the vector fields

ω(1) = (1, 0, 0), ω(2) = (0, 1, 0), ω(3) = (−x2, x1, 1)
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are linearly independent solutions of the equation (E0
1). According to the

second Fredholm theorem, the equation (I0
2 ) has at least three linearly

independent solutions v(i), (i = 1, 2, 3). As in classical theory [194], we can
prove that v(i) forms a complete system of linearly independent solutions of
the equation (I0

2 ). This fact implies the completeness of the associate system
(ω(1), ω(2), ω(3)). Hence, the necessary and sufficient conditions to solve the
equation (I2) have the form

∫
L

ω(j)(x)f2(x)dsx = 0, (j = 1, 2, 3) (5.2.78)

If we take f2 = (t̃1, t̃2, m̃), then the conditions 5.2.78 can be written in the
form ∫

L

t̃αds = 0,
∫

L

(x1t̃2 − x2t̃1 + m̃)ds = 0 (5.2.79)

Thus, we have the following result.

Theorem 5.2.10 Problem (I2) can be solved if and only if the conditions
5.2.79 hold. The solution can be represented as a single-layer potential and is
determined within an additive plane rigid deformation.

As in classical theory, we can study the problem (E1). These results have
been established in Ref. 140.

On the basis of Theorem 5.2.10, we find that the second boundary-value
problem has solution if and only if

∫
Σ1

fαda+
∫

Γ

t̃αds = 0

∫
Σ1

(εαβxαfβ + g3)da+
∫

Γ

(εαβxαt̃β + m̃3)ds = 0
(5.2.80)

5.3 Saint-Venant’s Problem for Cosserat Cylinders

In this section, we study the Saint-Venant’s problem within the linear the-
ory of Cosserat elastic bodies. We show that the method of Section 1.7 can
be extended to derive a solution of Saint-Venant’s problem. Minimum prin-
ciples characterizing the solutions of extension, bending, torsion, and flexure
problems are presented in Section 5.4. These principles lead to a solution of
Truesdell’s problem for Cosserat cylinders.

Saint-Venant’s problem for Cosserat elastic bodies has been studied in var-
ious works [85,141,143,154,188,338].
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5.3.1 Preliminaries

We assume for the remainder of this chapter that the domain B is occupied
by a homogeneous and isotropic material. We denote by u the six-dimensional
vector field on B, defined by u = (u1, u2, u3, ϕ1, ϕ2, ϕ3) = (ui, ϕi), where uj

are the components of the displacement vector field, and ϕk are the com-
ponents of the microrotation vector field. Let us denote the strain measures
associated with u by eij(u) and κij(u), that is

eij(u) = uj,i + εjikϕk, κij(u) = ϕj,i (5.3.1)

We note that eij(u) = 0, κij(u) = 0 if and only if ui = ai + εijkbjxk, ϕi = bi,
where ak and bk are arbitrary constants. Let

R∗ =
{
u0 : u0 =

(
u0

i , ϕ
0
i

)
, u0

i = ai + εijkbjxk, ϕ
0
i = bi

}
(5.3.2)

where ai and bi are constants. If u ∈ R∗, then u is called a rigid deformation.
We denote by tij(u) andmij(u) the components of the stress tensor and couple
stress tensor, associated with u. In the case of isotropic and homogeneous
bodies, we have

tij(u) = λerr(u)δij + (μ+ κ)eij(u) + μeji(u)

mij(u) = ακrr(u)δij + βκji(u) + γκij(u)
(5.3.3)

where λ, μ, κ, α, β, and γ are given constants. Over the past decade, a deter-
mination of the constitutive constants has become possible (see [30,259,260]
and references therein).

We call a six-dimensional vector field u an equilibrium vector field for B if
u ∈ C1(B) ∩ C2(B) and

(tji(u)),j = 0, (mji(u)),j + εijktjk(u) = 0 (5.3.4)

hold on B.
Let si(u) and mi(u) be the components of the stress vector and couple

stress vector at regular points of ∂B, corresponding to the stress tensor tij(u)
and couple stress tensor mij(u) defined on B, that is,

si(u) = tji(u)nj , mi(u) = mji(u)nj (5.3.5)

The elastic potential corresponding to u is given by

2W (u) = λerr(u)ess(u) + (μ+ κ)eij(u)eij(u) + μeij(u)eji(u)
+ ακrr(u)κss(u) + βκij(u)κji(u) + γκij(u)κij(u) (5.3.6)

We assume that the elastic potential is a positive definite quadratic form
in the variables eij(u) and κij(u).

The strain energy U(u) corresponding to u is defined by

U(u) =
∫

B

W (u)dv (5.3.7)
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In the following, two six-dimensional vector fields differing by a rigid defor-
mation will be regarded identical.

The functional U(·) generates the bilinear functional

U(u, v) =
1
2

∫
B

[λerr(u)ess(v) + (μ+ κ)eij(u)eij(v) + μeij(u)eji(v)

+ ακrr(u)κss(v) + βκij(u)κji(v) + γκij(u)κij(v)]dv (5.3.8)

The set of smooth vector fields u over B can be made into a real vector space
with the inner product

〈u, v〉 = 2U(u, v) (5.3.9)

This inner product generates the energy norm ‖u‖2
e = 〈u, u〉. As in Theo-

rem 5.2.2, we can prove that for any equilibrium vector fields u = (ui, ϕi) and
v = (vi, ψi), one has

〈u, v〉 =
∫

∂B

[visi(u) + ψimi(u)]da (5.3.10)

which implies the reciprocity relation∫
∂B

[uisi(v) + ϕimi(v)]da =
∫

∂B

[visi(u) + ψimi(u)]da (5.3.11)

We assume that the region B from here on refers to the interior of the
right cylinder defined in Section 1.2. We consider the equilibrium problem of
cylinder B which, in the absence of body forces and body couples, is sub-
jected to surface forces and surface couples prescribed over its ends and is free
from lateral loading. Thus, the problem consists in the determination of an
equilibrium six-dimensional vector field u on B, subject to the requirements

si(u) = 0, mi(u) = 0 on Π

si(u) = t̃
(α)
i , mi(u) = m̃

(α)
i on Σα, (α = 1, 2)

(5.3.12)

where t̃ (α)
i and m̃(α)

i , (α = 1, 2), are prescribed functions. We assume that the
hypotheses of Theorem 5.1.1 hold. It follows from Equations 5.3.10 and 5.1.22
that the necessary and sufficient conditions for the existence of a solution to
this problem are given by∫

Σ1

t̃
(1)
i da+

∫
Σ2

t̃
(2)
i da = 0

∫
Σ1

(
εijkxj t̃

(1)
k + m̃

(1)
i

)
da+

∫
Σ2

(
εijkxj t̃

(2)
k + m̃

(2)
i

)
da = 0

(5.3.13)

In the formulation of Saint-Venant, the conditions 5.3.12 are replaced by

si(u) = 0, mi(u) = 0 on Π

Ri(u) = Fi, Hi(u) = Mi

(5.3.14)
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where F and M are given vectors representing the resultant of surface forces
and the resultant moment about O of the surface forces and surface couples
acting on Σ1. Here, Ri(·) and Hi(·) are the linear functionals defined by

Ri(u) = −
∫

Σ1

t3i(u)da

Hα(u) = −
∫

Σ1

[εαβxβt33(u) +m3α(u)]da

H3(u) = −
∫

Σ1

[εαβxαt3β(u) +m33(u)]da

(5.3.15)

Saint-Venant’s problem for Cosserat elastic cylinders consists in the deter-
mination of an equilibrium vector field u = (ui, ϕi) on B that satisfies the
conditions 5.3.14. Let K(F,M) be the class of solutions to this problem. We
continue to denote by KI(F3,M1,M2,M3) the set of all solutions of the exten-
sion, bending, and torsion problems (the problem (P1)), and by KII(F1, F2)
the set of all solutions of the flexure problem (the problem (P2)).

From the conditions of equilibrium of cylinder B, we obtain
∫

Σ2

t3i(u)da = −Ri(u)
∫

Σ2

[xαt33(u) + εβαm3β(u)]da = εαβHβ(u) − hRα(u)
∫

Σ2

[εαβxαt3β(u) +m33(u)]da = −H3(u)

(5.3.16)

We denote by Λ the set of all equilibrium vector fields u that satisfy the
conditions

si(u) = 0, mi(u) = 0 on Π

Theorem 5.3.1 If u ∈ Λ and u,3 ∈ C1(B) ∩ C2(B) then u,3 ∈ Λ and

R(u,3) = 0, Hα(u,3) = εαβRβ(u), H3(u,3) = 0 (5.3.17)

Proof. The first assertion follows at once from the fact that tij(u,3) = (tij(u)),3,
mij(u,3) = (mij(u)),3 and hypotheses. From Equations 5.3.4, we arrive at

t3i(u,3) = (t3i(u)),3 = −(tαi(u)),α

εαβxβt33(u,3) + m3α(u,3) = (m3α(u)),3 + εαβxβ(t33(u)),3

= −(mρα(u)),ρ − εαijtij(u) − εαβxβ(tρ3(u)),ρ

= −(mρα(u)),ρ − εαijtij(u) − εαβ [(xβtρ3(u)),ρ − tβ3]

= −[mρα(u) + εαβxβtρ3(u)],ρ − εραt3ρ(u)

εαβxαt3β(u,3) + m33(u,3) = −εαβxα(tρβ(u)),ρ − (mρ3(u)),ρ − εαβtαβ(u)

= −[εαβxαtρβ(u) +mρ3(u)],ρ

(5.3.18)
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Using the divergence theorem, Equations 5.3.15 and 5.3.18, we obtain

R(u,3) =
∫

Γ

s(u)ds

Hα(u,3) =
∫

Γ

[εαβxβs3(u) +mα(u)]ds+ εαρRρ(u)

H3(u,3) =
∫

Γ

[εαβxαsβ(u) +m3(u)]ds

The desired result is now immediate. �

Theorem 5.3.1 has the following immediate consequences.

Corollary 5.3.1 If u∈KI(F3,M1,M2,M3) and u,3 ∈C1(B)∩C2(B), then
u,3 ∈Λ and R(u,3) = 0,H(u,3) = 0.

Corollary 5.3.2 If u∈KII(F1, F2) and u,3 ∈C1(B) ∩ C2(B), then u,3 ∈
KI(0, F2,−F1, 0).

The above results will be used to establish a solution of Saint-Venant’s
problem.

We note that in Ref. 21, Berglund extended Toupin’s version of Saint-
Venant’s principle to the case of Cosserat elastic cylinders.

5.3.2 Extension, Bending, and Torsion

Corollary 5.3.1 allows us to establish a method to derive a solution to the
problem (P1). Let A∗ be the class of solutions to the Saint-Venant’s problem
corresponding to F = 0 and M = 0. In view of definition 5.3.2, it follows that
R∗ ⊂A∗. We note that if u ∈ KI(F3,M1,M2,M3) and u,3 ∈ C1(B)∩C2(B),
then by Corollary 5.3.1, u,3 ∈A∗. It is natural to seek a solution v of the
problem (P1) such that v,3 is a rigid deformation.

Theorem 5.3.2 Let S be the set of all vector fields u∈C1(B)∩C2(B) such
that u,3 ∈R∗. Then there exists a vector field v ∈S which is solution of the
problem (P1).

Proof. Let v ∈C1(B) ∩ C2(B), v = (vi, ωi), such that

v,3 = (αi + εijkβjxk, βi)

where αi and βi are constants. We find

vα = −1
2
aαx

2
3 − a4εαβxβx3 + wα(x1, x2)

v3 = (aρxρ + a3)x3 + w3(x1, x2)

ωα = εαβaβx3 + χα(x1, x2), ω3 = a4x3 + χ3(x1, x2)

(5.3.19)
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modulo a rigid deformation. Here w = (wi, χi) is an arbitrary vector field
independent of x3, and we have used the notations aα = εραβρ, a3 =α3, a4 =β3.
Now we prove that the functions wi and χi, and the constants as, (s= 1, 2, 3, 4),
can be determined so that v ∈KI(F3,M1,M2,M3). By Equations 5.3.1 and
5.3.19,

eαβ(v) = eαβ(w0), e3α(v) = −εαβ(a4xβ + χβ)

eα3(v) = eα3(v′), e33(v) = aρxρ + a3

καβ(v) = καβ(w′), κ3α(v) = εαβaβ

κα3(v) = κα3(w0), κ33(v) = a4

where

w0 = (w1, w2, 0, 0, 0, χ3), w′ = (0, 0, w3, χ1, χ2, 0) (5.3.20)

Clearly,

tαβ(v) = λ(aρxρ + a3)δαβ + Tαβ(w0), tα3(v) = Pα(w′) − μa4εαρxρ

t3α(v) = Qα(w′) + (μ+ κ)a4εβαxβ

t33(v) = (λ+ 2μ+ κ)(aρxρ + a3) + λeρρ(w0)

mνη(v) = αa4δνη +Hνη(w′), mα3(v) = βεαρaρ +Mα3(w0)

m3α(v) = γεαρaρ + βχ3,α, m33(v) = (α+ β + γ)a4 + αχρ,ρ

(5.3.21)

where

Tαβ(w0) = λeρρ(w0)δαβ + (μ+ κ)eαβ(w0) + μeβα(w0)

Mα3(w0) = γκα3(w0), Pα(w′) = (μ+ κ)w3,α + κεαβχβ

Qα(w′) = μw3,α + κεβαχβ , Hνη(w′) = αχρ,ρδην + βχν,η + γχη,ν

(5.3.22)

We introduce the following notations

w3 = a4ϕ, χα = a4ψα, ŵ = (0, 0, ϕ, ψ1, ψ2, 0) (5.3.23)

Clearly, w=w0+a4ŵ. Let T be the set of all vector fields ŵ ∈ C1(B)∩C2(B)
such that ŵ= (0, 0, ϕ, ψ1, ψ2, 0). We introduce the operators Li on T
defined by

Lνŵ = γΔψν + (α+ β)ψρ,ρν + κενβϕ,β − 2κψν

L3ŵ = (μ+ κ)Δϕ+ κεαβψβ,α

(5.3.24)

With the help of Equations 5.3.21, 5.3.23, and 5.3.24, the equations of equi-
librium and the conditions on the lateral boundary reduce to
(
Tβα(w0)

)
,β

+ f0
α = 0,

(
Mρ3(w0)

)
,ρ

+ εαβTαβ

(
w0
)

= 0 on Σ1

Tβα(w0)nβ = t0α, Mα3(w0)nα = m0
3 on Γ

(5.3.25)
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and
Liŵ = hi on Σ1, Niŵ = ζi on Γ (5.3.26)

where

f0
α = λaα, t0α = −λ(aρxρ + a3)nα, m0

3 = βεραaρnα

hα = κxα, h3 = 0, ζν = −αnν , ζ = μεαβxβnα

(5.3.27)

and
Nνŵ = (αψρ,ρδην + βψη,ν + γψν,η)nη

N3ŵ = (μ+ κ)
∂ϕ

∂n
+ κεαβψβnα

(5.3.28)

From Equations 5.3.20, 5.3.22, and 5.3.25, we conclude that w0 is charac-
terized by a plane strain problem (cf. Section 5.2). It is easy to verify that
the necessary and sufficient conditions to solve the boundary-value problem
5.3.25 are satisfied. Thus, the boundary-value problem 5.3.25 has solutions
for any constants a1, a2, and a3. We denote by w(i) = (u(i)

1 , u
(i)
2 , 0, 0, 0, ϕ(i)

3 ),
(i = 1, 2, 3), a solution of the boundary-value problem 5.3.25 when aj = δij .
We can write

w0 =
3∑

i=1

aiw
(i) (5.3.29)

where w(i) are characterized by the equations
(
Tβα(w(ρ))

)
,β

+ λδαρ = 0,
(
Tβα(w(3))

)
,β

= 0(
Mρ3(w(i))

)
,ρ

+ εαβTαβ(w(i)) = 0 on Σ1

(5.3.30)

and the boundary conditions

Tβα(w(ρ))nβ = −λxρnα, Tβα(w(3))nβ = −λnα

Mα3(w(ρ))nα = βεραnα, Mα3(w(3))nα = 0 on Γ
(5.3.31)

In what follows, we shall assume that the vector fields w(i), (i = 1, 2, 3), are
known.

We consider now the boundary-value problem defined by

Liŵ = ηi on Σ1, Niŵ = ρi on Γ (5.3.32)

where ηi and ρi are C∞ functions. It is known (cf. [141,154]) that the boundary-
value problem 5.3.32 has a solution ŵ ∈ C1(Σ1) ∩ C2(Σ1) if and only if

∫
Σ1

η3 −
∫

Γ

ρ3ds = 0 (5.3.33)

The necessary and sufficient condition for the existence of a solution of the
boundary-value problem 5.3.26 is satisfied.
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By Equations 5.3.19, 5.3.20, 5.3.23, and 5.3.29, we see that the vector field
v can be written in the form

v =
4∑

j=1

ajv
(j) (5.3.34)

where the vector fields v(j) = (v(j)
i , ω

(j)
i ), (j = 1, 2, 3, 4), are defined by

v(β)
α = −1

2
x2

3δαβ + u(β)
α , v(3)

α = u(3)
α , v(4)

α = εβαxβx3

v
(β)
3 = xβx3, v

(3)
3 = x3, v

(4)
3 = ϕ, ω(β)

α = εαβx3

ω(3)
α = 0, ω(4)

α = ψα, ω
(i)
3 = ϕ

(i)
3 , ω

(4)
3 = x3

(5.3.35)

Clearly, v(j) ∈ Λ, (j = 1, 2, 3, 4). The relations 5.3.34 and 5.3.35 lead to

vα = −1
2
x2

3aα + a4εβαxβx3 +
3∑

i=1

aiu
(i)
α , v3 = (aρxρ + a3)x3 + a4ϕ

ωα = εαβaβx3 + a4ψa, ω3 = a4x3 +
3∑

i=1

aiϕ
(i)
3 (5.3.36)

By Equations 5.3.21, 5.3.23, and 5.3.29, we arrive at

tij(v) =
4∑

s=1

astij(v(s)), mij(v) =
4∑

s=1

asmij(v(s)) (5.3.37)

where

tαβ(v(ρ)) = λxρδαβ + Tαβ(w(ρ)), tαβ(v(3)) = λδαβ + Tαβ(w(3))

tαβ(v(4)) = 0, tα3(v(i)) = 0, tα3(v(4)) = Pα(ŵ) − μεαβxβ

t3α(v(i)) = 0, t3α(v(4)) = Qα(ŵ) + (μ+ κ)εβαxβ

t33(v(ρ)) = (λ+ 2μ+ κ)xρ + λu
(ρ)
α,α, t33(v(3)) = λ+ 2μ+ κ+ λu

(3)
α,α

t33(v(4)) = 0, mνη(v(i)) = 0, mνη(v(4)) = αδνη +Hνη(ŵ)

mα3(v(ρ)) = βεαρ +Mα3(w(ρ)), mα3(v(3)) = Mα3(w(3)), mα3(v(4)) = 0

m3α(v(4)) = 0, m33(v(i)) = 0, m33(v(4)) = α+ β + γ + αψρ,ρ

m3α(v(ρ)) = γεαρ + βϕ
(ρ)
3,α, m3α(v(3)) = βϕ

(3)
3,α

(5.3.38)
The conditions on the end Σ1 are

Rα(v) = 0, R3(v) = F3, Hi(v) = Mi (5.3.39)

Since v,3 ∈R∗, by Theorem 5.3.1, we find thatRα(v) = 0. The other conditions
from Equations 5.3.39 furnish the following system for the constants a1, a2, a3,
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and a4

Dαjaj = εαρMρ, D3jaj = −F3, Da4 = −M3 (5.3.40)

where

Dαη =
∫

Σ1

{
xα

[
(λ+ 2μ+ κ)xη + λu(η)

ν,ν

]− βεαρϕ
(η)
3,ρ + γδαη

}
da

Dα3 =
∫

Σ1

{
xα

(
λ+ 2μ+ κ+ λu(3)

ν,ν

)− βεαρϕ
(3)
3,ρ

}
da

D3α =
∫

Σ1

[
(λ+ 2μ+ κ)xα + λu(α)

ν,ν

]
da (5.3.41)

D33 =
∫

Σ

[
λ+ 2μ+ κ+ λu(3)

ρ,ρ

]
da

D =
∫

Σ1

[μεαβxαϕ,β + κxαψα + (μ+ κ)xρxρ + αψρ,ρ + α+ β + γ]da

We note that the constants Dij and D can be calculated after the functions
{u(i)

α , ϕ
(i)
3 }, (i = 1, 2, 3), and (ϕ,ψ1, ψ2) are found.

Let us prove that the system 5.3.40 can always be solved for a1, a2, a3, and
a4. In the view of Equations 5.3.7 and 5.3.34,

U(v) =
1
2

4∑
i,j=1

〈v(i), v(j)〉aiaj

Since W (v) is positive definite and v(i) is not a rigid deformation, it follows
that

det〈v(i), v(j)〉 �= 0, (i, j = 1, 2, 3, 4) (5.3.42)

By Equations 5.3.10, 5.3.11, 5.3.35, 5.3.38, and v(i) ∈ Λ, (i = 1, 2, 3, 4),

〈v(α), v(β)〉 =
∫

∂B

[
v
(α)
j sj(v(β)) + ω

(α)
j mj(v(β))

]
da

= −1
2
h2

∫
Σ2

t3α(v(β))da+ hDαβ

〈v(α), v(3)〉 = hDα3, 〈v(3), v(3)〉 = hD33

〈v(i), v(4)〉 = 0, 〈v(4), v(4)〉 = hD

If we use the relations v(i) ∈Λ and v
(i)
,3 ∈R∗, then by Theorem 5.3.1 and

Equations 5.3.16, we find that Rα(v(i)) = 0. Thus,

〈v(i), v(j)〉 = hDij , 〈v(i), v(4)〉 = 0, 〈v(4), v(4)〉 = hD (5.3.43)
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It follows from Equations 5.3.11, 5.3.42, and 5.3.43 that Dij = Dji and

det(Dij) �= 0, D �= 0 (5.3.44)

Thus, the system 5.3.40 uniquely determines the constants a1, a2, a3, and a4.
�

Remark 1. The proof of this theorem offers a constructive procedure to
obtain a solution of the extension–bending–torsion problem. This solution
has the form 5.3.36 where the functions u(i)

α , ϕ
(i)
3 , (i = 1, 2, 3), are solutions

of the plane strain problems 5.3.30 and 5.3.31, the set of functions (ϕ,ψ1, ψ2)
is characterized by the boundary-value problem 5.3.26, and the constants
a1, a2, a3, and a4 are determined by Equations 5.3.40.

Remark 2. The functions u(3)
α and ϕ

(3)
3 can be determined in the following

way. The corresponding equilibrium equations and boundary conditions are
satisfied if one choose

Tβα(w(3)) = −λδαβ , Mα3(w(3)) = 0

Since λ is constant, the above functions satisfy the compatibility conditions [83].
By the constitutive equations,

u
(3)
1,1 = u

(3)
2,2 = −ν, u

(3)
1,2 + ϕ

(3)
3 = u

(3)
2,1 − ϕ

(3)
3 = 0, ϕ

(3)
3,α = 0

where ν = λ(2λ+ 2μ+ κ)−1. The integration of these equations yields

u(3)
α = −νxα, ϕ

(3)
3 = 0

modulo a plane rigid displacement.
From Equations 5.3.41, we get

Dα3 = D3α = AEx0
α, D33 = EA (5.3.45)

where A is the area of the cross section, x0
α are the coordinates of the centroid

of Σ1 and
E = (2μ+ κ)(3λ+ 2μ+ κ)/(2λ+ 2μ+ κ)

We note that we established the relations D3α =AEx0
α without recourse to

the determination of u(ρ)
ν .

Remark 3. If the rectangular cartesian coordinate frame is chosen in such a
way that the origin O coincides with the centroid of the cross section Σ1, then
the problems of extension and bending can be treated independently one of
the other.
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In view of Equations 5.3.36, 5.3.40, and 5.3.45, if x0
α = 0, then we find the

following solutions:

1. Extension solution (Fα = 0,Mi = 0)

uα = −a3νxα, u3 = a3x3, ϕi = 0

where
EAa3 = −F3

2. Bending solution (Fi = 0,M3 = 0)

uα = −1
2
aαx

2
3 +

2∑
ρ=1

aρu
(ρ)
α , u3 = aβxβx3

ϕα = εαβaβx3, ϕ3 =
2∑

ρ=1

aρϕ
(ρ)
3

(5.3.46)

where the functions u(ρ)
α , ϕ

(ρ)
3 , (ρ = 1, 2), are solutions of the corre-

sponding plane strain problems from Equations 5.3.30 and 5.3.31, and
the constants a1 and a2 are determined by

Dαβaβ = εαηMη

3. Torsion solution (Fi = 0,Mα = 0)

uα = εβαa4xβx3, u3 = a4ϕ, ϕα = a4ψα, ϕ3 = a4x3 (5.3.47)

where the torsion functions ϕ,ψ1, and ψ2 are characterized by the
boundary-value problem 5.3.26 and a4 is given by

Da4 = −M3

D is the torsional rigidity for micropolar cylinders.

The solution of the torsion problem for a circular cylinder has been pre-
sented in Refs. 188 and 338 (see the solution of Exercise 5.7.3). The extension
and bending of a circular cylinder has been studied in Refs. 188–190 (see the
solution of Exercise 5.7.2).

5.3.3 Flexure

By a solution of flexure problem, we mean a vector field u ∈ Λ that satisfies
the conditions

Rα(u) = Fα, R3(u) = 0, Hi(u) = 0 (5.3.48)
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Let â = (a1, a2, a3, a4). We denote, for the remainder of this chapter, by v{â}
the vector field v defined by Equation 5.3.36.

With the help of Corollaries 5.3.1 and 5.3.2 and Theorem 5.3.2, we are led
to seek a solution of the flexure problem in the form

u =
∫ x3

0

v{b̂}dx3 + v{ĉ} + w′ (5.3.49)

where b̂= (b1, b2, b3, b4) and ĉ=(c1, c2, c3, c4)are two constant four-dimensional
vectors, and w′ = (w′

i, χ
′
i) is a vector independent of x3 such that w′ ∈ C1(Σ1)∩

C2(Σ1).

Theorem 5.3.3 Let Y be the set of all vector fields of the form 5.3.49. Then
there exists a vector field u0 ∈ Y which is solution of the problem (P2).

Proof. Let u0 ∈ Y. Next, we prove that the vector field w′ = (w′
i, χ

′
i) and the

constants bi, ci, (i = 1, 2, 3, 4), can be determined so that u0 ∈KII(F1, F2).
First, we determine the vector b̂. Thus, if u0 ∈KII(F1, F2), then by Corol-
lary 5.3.2 and Equation 5.3.49,

v{b̂} ∈ KI(0, F2,−F1, 0) (5.3.50)

In view of Equations 5.3.40 and 5.3.50, we obtain

Dαjbj = −Fα, D3jbj = 0, b4 = 0 (5.3.51)

This system determines b1, b2, and b3. From Equations 5.3.36, 5.3.49, and
5.3.51, we find that

u0
α = −1

6
bαx

3
3 −

1
2
cαx

2
3 − c4εαβxβx3 +

3∑
i=1

(bix3 + ci)u(i)
α + w′

α

u0
3 =

1
2
(bρxρ + b3)x2

3 + (cρxρ + c3)x3 + c4ϕ+ w′
3

ϕ0
α =

1
2
εαβbβx

2
3 + εαβcβx3 + c4ψα + χ′

α

ϕ0
3 = c4x3 +

3∑
i=1

(bix3 + ci)ϕ
(i)
3 + χ′

3

(5.3.52)

where (u(i)
α , ϕ

(i)
3 ), (i= 1, 2, 3), are characterized by Equations 5.3.30 and 5.3.31.

It follows from Equations 5.3.1, 5.3.3, and 5.3.52 that

tαβ(u0) = λ[(bρxρ + b3)x3 + cρxρ + c3]δαβ

+
3∑

i=1

(bix3 + ci)Tαβ(w(i)) + Tαβ(ω0)

t33(u0) = (λ+ 2μ+ κ)[(bρxρ + b3)x3 + cρxρ + c3]

+ λ

3∑
i=1

(bix3 + ci)u(i)
ρ,ρ + λw′

ρ,ρ
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tα3(u0) = Pα(w) + c4[Pα(ŵ) + μεβαxβ ] + μ

3∑
i=1

biu
(i)
α

t3α(u0) = [Qα(w) + (μ+ κ)εβαxβ ] + (μ+ κ)
3∑

i=1

biu
(i)
α

mλν(u0) = Hλν(w) + c4[αδλν +Hλν(ŵ)] + αδλν

3∑
i=1

biϕ
(i)
3

m33(u0) = α(c4ψρ,ρ + χ′
ρ,ρ) + (α+ β + γ)

(
c4 +

3∑
i=1

biϕ
(i)
3

)

mα3(u0) = βεαν(bνx3 + cν) +
3∑

i=1

(bix3 + ci)Mα3(w(i)) +Mα3(ω0)

m3α(u0) = γεαν(bνx3 + cν) + β

3∑
i=1

(bix3 + ci)ϕ
(i)
3,α + βχ′

3,α

(5.3.53)

where we have used the notations

ω0 = (w′
1, w

′
2, 0, 0, 0, χ

′
3), w = (0, 0, w′

3, χ
′
1, χ

′
2, 0)

If we substitute Equation 5.3.53 into equations of equilibrium, we find, with
the aid of Equations 5.3.26 and 5.3.30, that

(Tβα(ω0)),β = 0, (Mρ3(ω0)),ρ + εαβTαβ(ω0) = 0 on Σ1 (5.3.54)

and
Liw = ξi on Σ1 (5.3.55)

where

ξν = −γενρbρ −
3∑

i=1

bi
[
(α+ β)ϕ(i)

3,ν − ενβκu
(i)
β

]

ξ3 = −(λ+ 2μ+ κ)(bρxρ + b3) − (λ+ μ)
3∑

i=1

biu
(i)
ρ,ρ

In view of Equations 5.3.26 and 5.3.31, the conditions on the lateral boundary
reduce to

Tβα(ω0)nβ = 0, Mα3(ω0)nα = 0 on Γ (5.3.56)

and

Nρw = −αnρ

3∑
i=1

biϕ
(i)
3 , N3w = −μnα

3∑
i=1

biu
(i)
α on Γ (5.3.57)

The relations 5.3.54 and 5.3.56 constitute a plane strain problem corre-
sponding to null data. We conclude that w′

α = 0 and χ′
3 = 0. The necessary
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and sufficient condition for the existence of a solution to the boundary-value
problem 5.3.55 and 5.3.57 reduces to

D3ibi = 0

This condition is satisfied on the basis of Equations 5.3.51. Thus, the functions
w′

3 and χ′
α are characterized by the boundary-value problem 5.3.55 and 5.3.57.

The conditions Rα(u) = Fα are satisfied by Equations 5.3.50 and 5.3.51 and
Theorem 5.3.1. The conditions R3(u) = 0, H(u) = 0 reduce to

Dijcj = 0 (5.3.58)

and

Dc4 = −
∫

Σ

{
εαβxα

[
μw′

3,β + ενβκχ
′
ν + (μ+ κ)

3∑
i=1

biu
(i)
β

]

(5.3.59)

+ (α+ β + γ)
3∑

i=1

biϕ
(i)
3 + αχ′

ρ,ρ

}
da

By Equations 5.3.44 and 5.3.58, we conclude that ci = 0. The constant c4 is
given by Equation 5.3.59. �

The flexure problem for a circular cylinder was investigated in Refs. 189
and 190.

Remark 4. The above theorem offers a constructive procedure to obtain
a solution of the flexure problem. This solution has the form 5.3.52 where
w′

α = χ′
3 = 0, ci = 0, the functions u(i)

α , ϕ
(i)
3 , (i = 1, 2, 3), are solutions of

the plane strain problems 5.3.30 and 5.3.31, the functions ϕ and ψα are char-
acterized by the boundary-value problem 5.3.36, the functions w′

3 and χ′
α

are characterized by the boundary-value problem 5.3.55 and 5.3.57, and the
constants bi and c4 are determined by Equations 5.3.51 and 5.3.59.

Remark 5. If the rectangular cartesian coordinate frame is chosen in such
a way that the origin O coincides with the centroid of the cross section Σ1,
then Equation 5.3.45 implies D3α = 0. It follows from Equation 5.3.51 that
b3 = 0. In this case, Equation 5.3.52 yields the following solution of the flexure
problem

u0
α = −1

6
bαx

3
3 + c4εβαxβx3 + x3

2∑
ρ=1

bρu
(ρ)
α

u0
3 =

1
2
(b1x1 + b2x2)x2

3 + c4ϕ+ w′
3

ϕ0
α =

1
2
εαβbβx

2
3 + c4ψα + χ′

α

ϕ0
3 = c4x3 + x3

2∑
ρ=1

bρϕ
(ρ)
3

(5.3.60)
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where the constants bα are determined by

Dαβbβ = −Fα

and c4 is given by Equation 5.3.59.
The stress tensor and couple stress tensor are

tαβ(u0) = λbρxρx3δαβ + x3

2∑
ρ=1

bρTαβ(w(ρ))

t33(u0) = (λ+ 2μ+ κ)bρxρx3 + x3λ

2∑
ρ=1

bρu
(ρ)
ν,ν

tα3(u0) = Pα(w) + c4[Pα(ŵ) + μεβαxβ ] + μ

2∑
ρ=1

bρu
(ρ)
α

t3α(u0) = Qα(w) + c4[Qα(ŵ) + εβα(μ+ κ)xβ ] + (μ+ κ)
2∑

ρ=1

bρu
(ρ)
α

mλν(u0) = Hλν(w) + c4[Hλν(ŵ) + αδλν ] + αδλν

2∑
ρ=1

bρϕ
(ρ)
3

m33(u0) = α(c4ψρ,ρ + χ′
ρ,ρ) + (α+ β + γ)

(
c4 +

2∑
ρ=1

bρϕ
(ρ)
3

)

mα3(u0) = βεανx3bν + x3

2∑
ρ=1

bρMα3(w(ρ))

m3α(u0) = γεανbνx3 + βx3

2∑
ρ=1

bρϕ
(ρ)
3,α

Remark 6. If we replace Equations 5.3.58 and 5.3.59 by

Dαjcj = εαρMρ, D3jcj = −F3

Dc4 = −M3 −
∫

Σ1

{
εαβxα

[
μw′

3,β + ενβκχ
′
ν + (μ+ κ)

3∑
i=1

biu
(i)
β

]

+ (α+ β + γ)
3∑

i=1

biϕ
(i)
3 + αχ′

ρ,ρ

}
da

then the vector field u0 defined by Equation 5.3.52 belongs to K(F,M).

Remark 7. The plane problems 5.3.30 and 5.3.31 can be reduced to plane
strain problems without body loads. Let us introduce the functions u∗(η)

α ,



© 2009 by Taylor & Francis Group, LLC

Cosserat Elastic Continua 217

ϕ
∗(η)
3 , (η = 1, 2), by

u
∗(1)
1 = u

(1)
1 +

1
2
ν
(
x2

1 − x2
2

)
, u

∗(1)
2 = u

(1)
2 + νx1x2, ϕ

∗(1)
3 = ϕ

(1)
3 + νx2

u
∗(2)
1 = u

(2)
1 + νx1x2, u

∗(2)
2 = u

(2)
2 − 1

2
ν
(
x2

1 − x2
2

)
, ϕ

∗(2)
3 = ϕ

(2)
3 − νx1

(5.3.61)
where

ν = λ/(2λ+ 2μ+ κ) (5.3.62)

We define e∗(η)
αβ , κ

∗(η)
α3 , t

∗(η)
αβ , and m∗(η)

α3 by

e
∗(η)
αβ = u

∗(η)
β,α + εβαϕ

∗(η)
3 , κ

∗(η)
α3 = ϕ

∗(η)
3,α

t
∗(η)
αβ = λe∗(η)

ρρ δαβ + (μ+ κ)e∗(η)
αβ + μe

∗(η)
βα , m

∗(η)
α3 = γκ

∗(η)
α3 , (η = 1, 2)

(5.3.63)
It follows from Equations 5.3.1, 5.3.29, 5.3.61, and 5.3.62 that

eαβ(w(η)) = e
∗(η)
αβ − νδαβxη, κα3(w(η)) = κ

∗(η)
α3 + εαην

Tαβ(w(η)) = t
∗(η)
αβ − λδαβxη, Mα3(w(η)) = m

∗(η)
α3 + γεαην

(5.3.64)

By Equations 5.3.30, 5.3.31, and 5.3.64, we obtain the equations

t
∗(η)
βα,β = 0, m

∗(η)
α3,α + εαβt

∗(η)
αβ = 0 on Σ1 (5.3.65)

and the boundary conditions

t
∗(η)
βα nβ = 0, m

∗(η)
α3 nα = (β + γν)εηαnα on Γ (5.3.66)

We denote by M(η), (η = 1, 2), the plane strain problem characterized by
Equations 5.3.63 and 5.3.65 on Σ1, and the boundary conditions 5.3.66 on Γ.
If we substitute Equation 5.3.61 into Equation 5.3.36 and use the relations
u

(3)
α = −νxα, ϕ(3)

3 = 0, then the solution of the problem of extension and
bending can be written in the form

u1 = −1
2
a1

[
x2

3 + ν
(
x2

1 − x2
2

)]− a2νx1x2 − a3νx1 + a1u
∗(1)
1 + a2u

∗(2)
1

u2 = −a1νx1x2 − 1
2
a2

[
x2

3 − ν
(
x2

1 − x2
2

)]− a3νx2 + a1u
∗(1)
2 + a2u

∗(2)
2

u3 = (a1x1 + a2x2 + a3)x3, ϕα = εαβaβx3

ϕ3 = −a1νx2 + a2νx1 + a1ϕ
∗(1)
3 + a2ϕ

∗(2)
3

(5.3.67)

where {u∗(η)
α , ϕ

∗(η)
3 } is the solution of the problem M(η). Similarly, on the

basis of Equations 5.3.61 and 5.3.52, we can express the solution of the flexure
problem in terms of the solutions of the problems M(η).
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5.4 Minimum Principles

In this section, we present minimum strain-energy characterizations of the
solutions obtained in Section 5.3. We assume that the origin O coincides with
the centroid of Σ1. Since in the extension solution the microrotation vector
vanishes, we renounce to study this solution. First, we study the bending
problem. We denote by AI the set of all equilibrium vector fields u that
satisfy the conditions

si(u) = 0, mi(u) = 0 on Π, t3ρ(u) = 0,

m33(u) = 0 on Σβ , Hα(u) = M
(5.4.1)

Theorem 5.4.1 Let v be the solution 5.3.46 of the bending problem, corre-
sponding to a couple of moment M(M1,M2, 0). Then

U(v) ≤ U(u)

for every u ∈ AI , and equality holds only if u = v (modulo a rigid deformation).

Proof. We note that v= (vi, ωi) ∈ AI . Let u∈AI and define u′ =u−v. Then
u′ is an equilibrium vector field that satisfies

si(u′) = 0, mi(u′) = 0 on Π, t3ρ(u′) = 0,

m33(u′) = 0 on Σβ , Hα(u′) = 0
(5.4.2)

We can write,
U(u) = U(u′) + U(v) + 〈u′, v〉. (5.4.3)

It follows from Equations 5.3.10, 5.3.16, 5.3.46, and 5.4.2 that

〈u′, v〉 =
∫

∂B

[visi(u′) + ωimi(u′)]da

=
∫

Σ2

[vit3i(u′) + ωim3i(u′)]da−
∫

Σ1

[vit3i(u′) + ωim3i(u′)]da

= h

∫
Σ2

[(a1x1 + a2x2)t33(u′) + εαβaβm3α(u′)]da (5.4.4)

= haα[εαβHβ(u′) − hRα(u′)] = 0

From Equations 5.4.3 and 5.4.4, we see that U(u) ≥ U(v), and U(u) = U(v)
only if u′ is a rigid deformation. �

We denote by AII the set of all equilibrium vector fields u that satisfy
conditions

si(u) = 0, mi(u) = 0 on Π, t33(u) = 0,

m3α(u) = 0 on Σβ , H3(u) = M3

(5.4.5)
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Theorem 5.4.2 Let v be the solution 5.3.47 of the torsion problem corre-
sponding to the scalar torque M3. Then

U(v) ≤ U(u)

for every u ∈ AII , and equality holds only if u = v.

Proof. We consider u∈AII and v = (vi, ωi). Since v ∈AII , it follows that the
field u′ = u− v is an equilibrium vector field that satisfies

si(u′) = 0, mi(u′) = 0 on Π, t33(u′) = 0

m3α(u′) = 0 on Σρ, H3(u′) = 0
(5.4.6)

In view of Equations 5.3.10, 5.3.16, 5.3.47, and 5.4.6 we obtain

〈u′, v〉 = a4h

∫
Σ2

[εβαxβt3α(u′) +m33(u′)]da = −a4hH3(u′) = 0

Thus,
U(u) − U(v) = U(u− v)

The conclusion is now immediate. �

Let E denote the set of all equilibrium vector fields u that satisfy the con-
ditions

u,3 ∈ C1(B) ∩ C2(B), si(u) = 0, mi(u) = 0 on Π

[t3α(u,3)](x1, x2, 0) = [t3α(u,3)](x1, x2, h)

[m33(u,3)](x1, x2, 0) = [m33(u,3)](x1, x2, h) (x1, x2) ∈ Σ1

Rα(u) = Fα

Theorem 5.4.3 Let u0 be the solution 5.3.60 of the flexure problem corre-
sponding to the loads F1 and F2. Then

U(u0
,3) ≤ U(u,3)

for every u ∈ E, and equality holds only if u,3 = u0
,3.

Proof. We assume that u ∈ E . Since u0 ∈ E , it follows that the vector field
u′ defined by u′ = u− u0 is an equilibrium displacement field that satisfies

u′,3 ∈ C1(B) ∩ C2(B), si(u′) = 0, mi(u′) = 0 on Π

[t3α(u′,3)](x1, x2, 0) = [t3α(u′,3)](x1, x2, h)

[m33(u′,3)](x1, x2, 0) = [m33(u′,3)](x1, x2, h) (x1, x2) ∈ Σ1, Rα(u′) = 0

(5.4.7)

We can write,
U(u,3) = U(u′,3) + U(u0

,3) + 〈u′,3, u0
,3〉
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From Equations 5.3.10, 5.3.16, 5.3.60, and 5.4.7,

〈u′,3, u0
,3〉 =

∫
∂B

[
u0

i,3si(u′,3) + ϕ0
i,3mi(u′,3)

]
da = −1

2
bαh

2

∫
Σ2

t3α(u′,3)da

+ hbα

∫
Σ2

[xαt33(u′,3) + εβαm3β(u′,3)]da

=
1
2
bαh

2Rα(u′,3) + hbα[εαβHβ(u′,3) − hRα(u′,3)]

= −1
2
bαh

2Rα(u′,3) + hbαεαβHβ

(
u′,3
)

In view of Theorem 5.3.1 and Equation 5.4.7, we find

〈u′,3, u0
,3〉 = 0

so that
U(u,3) = U(u′,3) + U(u0

,3)

The conclusion is now immediate. �

5.5 Global Strain Measures

In this section, we study Truesdell’s problem for Cosserat elastic cylinders.
We first consider Truesdell’s problem for the torsion of Cosserat elastic

cylinders. We denote by T the set of all solutions of the torsion problem
corresponding to the scalar torqueM3. We have to solve the following problem:
to define the functional τ(·) on T such that

M3 = Dτ(u) for every u ∈ T (5.5.1)

Let T0 be the set of all equilibrium vector fields u that satisfy the conditions

si(u) = 0, mi(u) = 0 on Π, t33(u) = 0, m3α(u) = 0 on Σβ

Rα(u) = 0, H3(u) = M3 (5.5.2)

If u∈T0, then R3(u) = 0, Hα(u) = 0, so that u∈T. We define the real function

ξ → ‖u− ξv(4)‖2
e

where u ∈ T0 and v(4) is given by Equation 5.3.35. This function attains its
minimum at

γ(u) = 〈u, v(4)〉/‖v(4)‖2
e (5.5.3)

Let us prove that γ(u) = τ(u) for every u ∈ T0. By Equations 5.3.10, 5.3.35,
and 5.5.2, we find that

〈u, v(4)〉 = hH3(u) (5.5.4)
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In view of the relations 5.3.38, we obtain

‖v(4)‖2
e = hD (5.5.5)

where D is defined in Equation 5.3.41. Thus, from Equations 5.5.3, 5.5.4, and
5.5.5, we arrive at

H3(u) = Dγ(u) (5.5.6)

From Equations 5.5.1 and 5.5.6, we see that τ(u) = γ(u) for each u ∈ T0. On
the other hand, by Equations 5.3.10, 5.3.11, and 5.3.35, we find that

〈u, v(4)〉 = N(u) (5.5.7)

where

N(u) =
∫

Σ2

{
uα

[
μϕ,α + κεβαψβ +

1
2
εβα(2μ+ κ)xβ

]

+ ϕ3(αψρ,ρ + β + γ)
}
da

−
∫

Σ1

{
uα

[
μϕ,α + κεβαψβ +

1
2
εβα(2μ+ κ)xβ

]

+ ϕ3(αψρ,ρ + β + γ)
}
da

In view of Equations 5.5.3, 5.5.5, and 5.5.7, we get

τ(u) =
1
hD

N(u) for each u ∈ T0

This relation defines the generalized twist on the subclass T0 of solutions to
the torsion problem. By Equation 5.5.1, we interpret the right-hand side of
the above relation as the global measure of strain appropriate to torsion.

In what follows we assume that the rectangular cartesian coordinate is
chosen in such a way that the origin O coincides with the centroid of the cross
section Σ1.

Truesdell’s problem can be set also for the flexure. Thus we are led to the
following problem: to define the functionals ηα(·) on KII(F1, F2) such that

Dαρηρ(u) = −Fα (5.5.8)

for each u ∈ KII(F1, F2).
We denote by G the set of all equilibrium vector fields u that satisfy the

conditions

u,3 ∈ C1(B) ∩ C2(B), si(u) = 0, mi(u) = 0 on Π

[t3α(u,3)](x1, x2, 0) = [t3α(u,3)](x1, x2, h)

[m33(u,3)](x1, x2, 0) = [m33(u,3)](x1, x2, h), (x1, x2) ∈ Σ1

Rα(u) = Fα, R3(u) = 0, H(u) = 0

(5.5.9)
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If u ∈ G, then u ∈ KII(F1, F2). Let us consider the real function f defined by

f(ξ1, ξ2) = 2U
(
u,3 − ξ1v

(1) − ξ2v
(2)
)

(5.5.10)

where u ∈ G and v(ρ), (ρ = 1, 2), are given by Equations 5.3.35. By Equa-
tions 5.3.43 and 5.5.10,

f = hDαβξαξβ − 2ξα〈u,3, v
(α)〉 + 〈u,3, u,3〉

Since Dαβ is positive definite, f will be a minimum at (ρ1(u), ρ2(u)) if and
only if (ρ1(u), ρ2(u)) is the solution of the following system of equations

hDαβρβ(u) = 〈u,3, v
(α)〉 (5.5.11)

Let us prove that ρα(u) = ηα(u), (α = 1, 2), for every u ∈ G. By Equa-
tions 5.3.10, 5.3.16, 5.3.35, and 5.5.9, we obtain

〈u,3, v
(α)〉 =

∫
∂B

[
v
(α)
i si(u,3) + ω

(α)
i mi(u,3)

]
da

(5.5.12)
= −1

2
h2Rα(u,3) + hεαβHβ(u,3)

By Equation 5.5.12 and Theorem 5.3.1, we find

〈u,3, v
(α)〉 = −hRα(u) (5.5.13)

It follows from Equations 5.5.11 and 5.5.13 that

Dαβρβ(u) = −Rα(u) (5.5.14)

Thus, from Equations 5.5.8, 5.5.9, and 5.5.14, we conclude that ηα(u) =
ρα(u), (α = 1, 2), for each u ∈ G.

On the other hand, by Equations 5.3.10, 5.3.11, and 5.3.38, we find

〈u,3, v
(α)〉 =

∫
∂B

[
ui,3t3i(v(α)) + ϕi,3m3i(v(α))

]
da = Sα(u) (5.5.15)

where

Sρ(u) =
∫

Σ2

{
u3,3

[
(λ+ 2μ+ κ)xρ + λu(ρ)

ν,ν

]
+ ϕα,3

[
γεαρ + βϕ

(ρ)
3,α

]}
da

−
∫

Σ1

{
u3,3

[
(λ+ 2μ+ κ)xρ + λu(ρ)

ν,ν

]
+ ϕα,3

[
γεαρ + βϕ

(ρ)
3,α

]}
da

for each u = (ui, ϕi) ∈ G.
From Equations 5.5.11 and 5.5.15, we get

Dαβηβ(u) =
1
h
Sα(u), (α = 1, 2)

for every u ∈ G. This system defines ηα(·) on the subclass G of solutions to
the flexure problem. We can interpret ηα(u) as the global measures of strain
appropriate to flexure, associated with u ∈ G.

Truesdell’s problem can be set and solved also for extension and bending.
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5.6 Theory of Loaded Cosserat Cylinders

Now we consider that the body force f and the body couple g are prescribed
on B. By an equilibrium vector field on B corresponding to the body loads
{f ,g} we mean a six-dimensional vector field u ∈ C1(B)∩C2(B) that satisfies
the equations

(tji(u)),j + fi = 0, (mji(u)),j + εijktjk(u) + gi = 0 (5.6.1)

on B. We assume that the conditions 5.3.14 are replaced by

si(u) = pi, mi(u) = ki on Π, R(u) = F, H(u) = M (5.6.2)

where p and k are prescribed vector fields, and F and M are prescribed
vectors. The problem of loaded cylinder consists in finding an equilibrium
vector field on B that corresponds to the body loads {f ,g} and satisfies the
conditions 5.6.2.

When f ,g,p, and k are independent of the axial coordinate, we refer to
this problem as Almansi–Michell problem. We denote by (P3) the Almansi–
Michell problem corresponding to the system of loads {F,M, f ,g,p,k}. Let
KIII(F,M, f ,g,p,k) denote the class of solutions to the problem (P3).

Theorem 5.6.1 If u ∈ C1(B) ∩ C2(B), then

Ri(u,3) =
∫

∂Σ1

si(u)ds−
∫

Σ1

(tji(u)),jda

Hα(u,3) =
∫

∂Σ1

[εaβxβs3(u) +mα(u)]ds−
∫

Σ1

[εαβxβ(tj3(u)),j

+ (mjα(u)),j + εαrstrs(u)]da+ εαβRβ(u)

H3(u,3) =
∫

∂Σ1

[εαβxαsβ(u) +m3(u)]ds−
∫

Σ1

[εαβxα(tjβ(u)),j

+ (mj3(u)),j + εαβtαβ(u)]da

The proof of this theorem is analogous to that given for Theorem 5.3.1.
Let us consider the problem (P3). Theorem 5.6.1 has the following

consequence.

Corollary 5.6.1 If u∈KIII(F,M, f ,g,p,k) and u,3 ∈C1(B)∩C2(B), then
u,3 ∈ K(G,Z) where

G =
∫

Γ

pds+
∫

Σ1

fda

Zα =
∫

Γ

(εαβxβp3 + kα)ds+
∫

Σ1

(εαβxβf3 + gα)da+ εαβFβ

Z3 =
∫

Γ

(εαβxαpβ + k3)ds+
∫

Σ1

(εαβxαfβ + g3)da

(5.6.3)
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With the help of Corollary 5.6.1 and Equation 5.3.49, we are led to seek a
solution of the problem (P3) in the form

u =
∫ x3

0

∫ x3

0

v{b̂}dx3dx3 +
∫ x3

0

v{ĉ}dx3 + v{d̂} + x3u
′ + u0 (5.6.4)

where b̂, ĉ, and d̂ are unknown constant vectors, u′ and u0 are unknown vector
fields independent of x3, and v{â} is defined by Equations 5.3.36.

Theorem 5.6.2 Let V be the set of all vector fields of the form 5.6.4. Then
there exists a vector field û ∈ V which is solution of the problem (P3).

Proof. Let us determine b̂, ĉ, d̂, u′, and u0 such that û∈KIII(F,M, f ,
g,p,k). If û∈KIII(F,M, f ,g,p,k), then by Corollaries 5.3.1, 5.6.1, and
Equation 5.6.4, ∫ x3

0

v{b̂}dx3 + v{ĉ} + u′ ∈ K(G,Z)

By Theorem 5.3.3 and Equation 5.3.51, we obtain

Dαjbj = −Gα, D3jbj = 0, b4 = 0 (5.6.5)

and u′ = (0, 0, χ, χ1, χ2, 0) is characterized by

Lνu
′ = −γενρbρ −

3∑
i=1

bi
[
(α+ β)ϕ(i)

3,ν − κενβu
(i)
β

]

L3u
′ = −(λ+ 2μ+ κ)(bρxρ + b3) − (λ+ μ)

3∑
i=1

biu
(i)
ρ,ρ on Σ1

Nρu
′ = −αnρ

3∑
i=1

biϕ
(i)
3 , N3u

′ = −μnα

3∑
i=1

biu
(i)
α on Γ

(5.6.6)

Moreover, the constant vector ĉ is determined by

Dαjcj = εαρGρ, D3jcj = −G3

Dc4 = −Z3 −
∫

Σ1

{
εαβxα

[
μχ,β + κενβχν + (μ+ κ)

3∑
i=1

biu
(i)
β

]

+ (α+ β + γ)
3∑

i=1

biϕ
(i)
3 + αχρ,ρ

}
da

(5.6.7)
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From Equations 5.6.4 and 5.6.5, we get

ûα = − 1
24
bαx

4
3 −

1
6
cαx

3
3 −

1
2
dαx

2
3 −

1
2
c4εαβxβx

2
3

− d4εαβxβx3 +
3∑

i=1

(
dj + cjx3 +

1
2
bjx

2
3

)
u(i)

α + wα

û3 =
1
6
(bρxρ + b3)x3

3 +
1
2
(cρxρ + c3)x2

3 + (dρxρ + d3)x3

+ (c4x3 + d4)ϕ+ x3χ+ Ψ

ϕ̂α = εαβ

(
1
6
bβx

3
3 +

1
2
cβx

2
3 + dβx3

)
+ (c4x3 + d4)ψα + x3χα + Ψα

ϕ̂3 =
3∑

i=1

(
1
2
bix

2
3 + cix3 + di

)
ϕ

(i)
3 +

1
2
c4x

2
3 + d4x3 + w3

(5.6.8)

where u0 = (w1, w2,Ψ,Ψ1,Ψ2, w3). The constitutive equations imply that

tαβ(û) = λ

[
1
2
(bρxρ + b3)x2

3 + (cρxρ + c3)x3 + dρxρ + d3

]
δαβ

+ λ(χ+ c4ϕ)δαβ +
3∑

i=1

(
1
2
bix

2
3 + cix3 + di

)
Tαβ(w(i)) + Tαβ(ω0)

t33(û) = (λ+ 2μ+ κ)
[
dρxρ + d3 + (cρxρ + c3)x3 +

1
2
(bρxρ + b3)x2

3

]

+(λ+ 2μ+ κ)(χ+ c4ϕ) + λ

3∑
i=1

(
1
2
bix

2
3 + cix3 + di

)
u(i)

ρ,ρ + λwα,α

tα3(û) = Pα(ω) + x3Pα(u′) + (d4 + c4x3)[Pα(ŵ) + μεβαxβ ]

+ μ
3∑

i=1

(ci + bix3)u(i)
α

t3α(û) = Qα(ω) + x3Qα(u′) + (d4 + c4x3)[Qα(ŵ) + (μ+ κ)εβαxβ ]

+ (μ+ κ)
3∑

i=1

(ci + bix3)u(i)
α

mλν(û) = Hλν(ω) + x3Hλν(u′) + (d4 + c4x3)[Hλν(ŵ) + δλν ]

+ αδλν

3∑
i=1

(ci + bix3)ϕ
(i)
3

m33(û) = (α+ β + γ)
[
d4 + c4x3 +

3∑
i=1

(ci + bix3)ϕ
(i)
3

]

+ α(d4 + c4x3)ψρ,ρ + α(Ψρ,ρ + x3χρ,ρ)
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mα3(û) = βεαν

(
dν + cνx3 +

1
2
bνx

2
3

)
+ β(χα + c4ψα)

+
3∑

i=1

(
di + cix3 +

1
2
bix

2
3

)
Mα3(w(i)) +Mα3(ω0)

(5.6.9)

m3α(û) = γεαν

(
dν + cνx3 +

1
2
bνx

2
3

)
+ γ(χα + c4ψα)

+ β

3∑
i=1

(
di + cix3 +

1
2
bix

2
3

)
ϕ

(i)
3,α + βw3,α

where ω0 = (w1, w2, 0, 0, 0, w3), ω = (0, 0,Ψ,Ψ1,Ψ2, 0).
The equations of equilibrium and the conditions on the lateral boundary

reduce to (
Tβα(ω0)

)
,β

+ hα = 0(
Mα3(ω0)

)
,α

+ εαβTαβ(ω0) + g = 0 on Σ1

Tβα(ω0)nβ = p0
α, Mα3(ω0)nα = q0 on Γ

(5.6.10)

and

Liω = γi on Σ1, Niω = ρi on Γ, (5.6.11)

where

hα = λ(χ+ c4ϕ),α +Qα(u′) + c4[Qα(u′) + (μ+ κ)εβαxβ ]

+ (μ+ κ)
3∑

i=1

biw
(i)
α + fα

g = β(χα + c4ψα),α + (α+ β + γ)
(
c4 +

3∑
i=1

biϕ
(i)
3

)

+ α(χρ + c4ψρ),ρ + g3

p0
α = pα − λ(χ+ c4ϕ)nα, q0 = k3 − β(χα + c4ψα)nα

γν = −
3∑

i=1

ci
[
αϕ

(i)
3,ν + βϕ

(i)
3,ν − κενβu

(i)
β

]− γενβcβ − gν

γ3 = −(λ+ μ)
3∑

i=1

ciw
(i)
α,α − (λ+ 2μ+ κ)(cρxρ + c3) − f3

ρν = kν − nνα

3∑
i=1

ciϕ
(i)
3 , ρ3 = p3 − μ

3∑
i=1

ciw
(i)
α nα

(5.6.12)
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With the help of Equations 5.6.5, 5.6.7, and 5.6.12, the divergence theorem,
and Theorem 5.6.2, we get∫

Σ1

hαda+
∫

Γ

p0
αds = Gα −Rα(û,3) = Gα − εβαHβ(û,33)

= Gα +Dαibi = 0∫
Σ1

(εαβxαhβ + g)da+
∫

Γ

(εαβxαp
0
β + q0)ds = Z3 −H3(û,3) = 0

∫
Σ1

γ3da−
∫

Γ

ρ3ds = −
∫

Σ1

f3da−
∫

Γ

p3ds−D3jcj = 0

We conclude that the necessary and sufficient conditions to solve the boundary-
value problems 5.6.10 and 5.6.11 are satisfied.

It follows from Equations 5.3.15, 5.6.7, and 5.6.9 that

Hα(û,3) = εβαDβici =
∫

Γ

(εαβxβp3 + kα)ds+
∫

Σ1

(εαβxβf3 + gα)da+ εαβFβ

By Theorem 5.6.1,

Hα(û,3) =
∫

Γ

(εαβxβp3 + kα)ds+
∫

Σ1

(εαβxβf3 + gα)da+ εαβRβ(û)

The last two relations imply that Rα(û) = Fα.
The conditions R3(û) = F3 and H(û) = M reduce to

Dijdj = ri

Dd4 = −M3 −
∫

Σ1

{
εαβxα

[
μΨ,β + κενβΨν + (μ+ κ)

3∑
i=1

ciw
(i)
β

]

+ (α+ β + γ)
3∑

i=1

ciϕ
(i)
3 + αΨν,ν

}
da (5.6.13)

where
rα = εαβMβ −

∫
Σ1

{xα[λwρ,ρ + (λ+ 2μ+ κ)(χ+ c4ϕ)]

− εαβ [γ(χβ + c4ψβ) + βw3,β ]}da
r3 = −F3 −

∫
Σ1

[(λ+ 2μ+ κ)(χ+ c4ϕ) + λwα,α]da

The vector d̂ is defined by Equation 5.6.13. �

Next, we study the Almansi problem. Let u∗ be an equilibrium vector field
on B which corresponds to the body loads {f = f∗xn

3 ,g = g∗xn
3}, and satisfies

the conditions

si(u∗) = p∗i x
n
3 , mi(u∗) = k∗i x

n
3 on Π, R(u∗) = 0, H(u∗) = 0

(5.6.14)
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where f∗,g∗,p∗, and k∗ are prescribed vector fields independent of x3, and n
is a positive integer or zero. Let u be an equilibrium vector field on B which
corresponds to the body loads {f = f∗xn+1

3 ,g = g∗xn+1
3 } and satisfies the

conditions

si(u) = p∗i x
n+1
3 , mi(u) = k∗i x

n+1
3 on Π, R(u) = 0, H(u) = 0

(5.6.15)
As in Section 2.3, we can prove that Almansi problem reduces to the finding
a vector field u once the vector field u∗ is known. Moreover, we are led to seek
the vector field u in the form

u = (n+ 1)
[ ∫ x3

0

u∗dx3 + v{â} + w

]
(5.6.16)

where â = (a1, a2, a3, a4) is an unknown four-dimensional vector and w is
an unknown vector field independent of x3. From Equation 5.6.16 and the
constitutive equations, we have

tij(u) = (n+ 1)
[ ∫ x3

0

tij(u∗)dx3 +
4∑

r=1

artij(v(r)) + tij(w) + kij

]

mij(u) = (n+ 1)
[ ∫ x3

0

mij(u∗)dx3 +
4∑

r=1

armij(v(r)) +mij(w) + hij

](5.6.17)

where

kαβ = λδαβu
∗
3(x1, x2, 0), k33 = (λ+ 2μ+ κ)u∗3(x1, x2, 0)

kα3 = μu∗α(x1, x2, 0), k3α = (μ+ κ)u∗α(x1, x2, 0)

hην = αδηνϕ
∗
3(x1, x2, 0), h33 = (α+ β + γ)ϕ∗

3(x1, x2, 0)

hα3 = βϕ∗
α(x1, x2, 0), h3α = γϕ∗

α(x1, x2, 0)

The equations of equilibrium and the conditions on the lateral boundary
reduce to (

Tβα(ω)
)
,β

+ Eα = 0(
Mρ3(ω)

)
,ρ

+ εαβTαβ(ω) + J = 0 on Σ1

Tβα(ω)nβ = p′α, Mα3(ω)nα = q′ on Γ

(5.6.18)

and
Liω

∗ = ζi on Σ1, Niω
∗ = ξi on Γ (5.6.19)

where

w = (v1, v2, v3, χ1, χ2, χ3), ω = (v1, v2, 0, 0, 0, χ3)

ω∗ = (0, 0, v3, χ1, χ2, 0), Eα = kρα,ρ + [t3α(u∗)](x1, x2, 0)

J = hα3,α + [m33(u∗)](x1, x2, 0), p′α = −kραnρ, q
′ = −hρ3nρ

ζα = −hρα,ρ − [m3α(u∗)](x1, x2, 0)

ζ3 = −kρ3,ρ + [t33(u∗)](x1, x2, 0), ξα = −hραnρ, ξ3 = −kρ3nρ

(5.6.20)
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From Equation 5.6.20, we get∫
Σ1

Eαda+
∫

Γ

p′αds = −Rα(u∗) = 0
∫

Σ1

(εαβxαEβ + J)da+
∫

Γ

(εαβxαp
′
β + q′)ds = −H3(u∗) = 0

∫
Σ1

ζ3da−
∫

Γ

ξ3ds = −R3(u∗) = 0

Thus, the necessary and sufficient conditions to solve the boundary-value
problems 5.6.18 and 5.6.19 are satisfied. We shall assume that the functions
vi and χi are known.

In view of Theorem 5.6.1, we have Rα(u) = εβαHβ [(n + 1)u∗] = 0. The
conditions R3(u) = 0, H(u) = 0 reduce to

Dαjaj = −
∫

Σ1

[xα(k33 + t33(w)) − εαρ(h3ρ +m3ρ(w))]da

D3jaj = −
∫

Σ1

[k33 + t33(w)]da

Da4 = −
∫

Σ1

{εαβxα[k3β + t3β(w)] +m33(w) + h33}da

This system can always be solved for a1, a2, a3, and a4.
The problems of Almansi and Michell for Cosserat elastic bodies have been

studied in Refs. 155 and 287 using the semi-inverse method.

5.7 Exercises

5.7.1 A homogeneous and isotropic Cosserat elastic material occupies a right
cylinder B with the cross section Σ1 = {x : x2

1 + x2
2 < a2, x3 = 0},

(a > 0). The body is in equilibrium in the absence of body forces and
body couples. Investigate the plane strain of the cylinder when the
lateral boundary is subjected to the loading

t̃α = 0, m̃3 = q1n1 + q2n2

where qα are prescribed constants.

5.7.2 Study the extension and bending of a homogeneous and isotropic
Cosserat elastic cylinder that occupies the domain B = {x : x2

1 +x2
2 <

a2, 0 < x3 < h}, (a > 0).

5.7.3 Study the torsion problem of a right circular cylinder of radius a, made
of a homogeneous and isotropic Cosserat elastic material.
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5.7.4 Investigate the torsion of a homogeneous and isotropic Cosserat elastic
cylinder with square cross section.

5.7.5 Investigate the deformation of a homogeneous and isotropic Cosserat
elastic circular cylinder which is subjected to a temperature field in-
dependent of the axial coordinate.

5.7.6 Study the Saint-Venant’s problem for a homogeneous and hemitropic
Cosserat elastic right cylinder.

5.7.7 A homogeneous and isotropic Cosserat elastic continuum occupies the
domain B = {x : x2

1+x
2
2<a

2, a<x3<h}, (a> 0). Study the extension
of cylinder B which is subjected to a uniform pressure on the lateral
surface.

5.7.8 Investigate the torsion of a homogeneous and orthotropic Cosserat
elastic cylinder.

5.7.9 Study the problem of loaded cylinders in the theory of homogeneous
and hemitropic Cosserat elastic solids.
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Chapter 6

Nonhomogeneous Cosserat Cylinders

6.1 Plane Strain Problems

In this chapter, we study the deformation of nonhomogeneous Cosserat
elastic cylinders, when the constitutive coefficients are independent of the
axial coordinate. In the first part of the chapter, we consider the case of
isotropic bodies and assume that

λ = λ(x1, x2), μ = (x1, x2), . . . , γ = γ(x1, x2), (x1, x2) ∈ Σ1

(6.1.1)
We suppose that the domain Σ1 is C∞-smooth [88], and that the elastic

coefficients belong to C∞. The basic equations of the plane strain, parallel to
the x1, x2-plane, consist of the equations of equilibrium

tβα,β + fα = 0, mα3,α + εαβtαβ + g3 = 0 (6.1.2)

the constitutive equations

tαβ = λeρρδαβ + (μ+ κ)eαβ + μeβα, mα3 = γκα3 (6.1.3)

and the geometrical equations

eαβ = uβ,α + εβαϕ3, κα3 = ϕ3,α (6.1.4)

on Σ1. We restrict our attention to the second boundary-value problem, so
that we consider the boundary conditions

tβαnβ = t̃α, mα3nα = m̃3 on Γ (6.1.5)

We assume that fα, g3, t̃α, and m̃3 are functions of class C∞, and that the elas-
tic potential W̃ is a positive definite quadratic form in the variables eαβ

and κα3.
The second boundary-value problem consists in the determination of the

functions uα and ϕ3 of class C2(Σ1) ∩ C1(Σ1) that satisfy Equations 6.1.2,
6.1.3, and 6.1.4 on Σ1 and the boundary conditions 6.1.5 on Γ, when the
constitutive coefficients are given by Equation 6.1.1.

We note the following existence result (cf. [88,142,147]) which holds under
the above assumptions of regularity.

231
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Theorem 6.1.1 The second boundary-value problem has solutions belonging
to C∞(Σ1) if and only if the functions fα, g3, t̃α, and m̃3 satisfy the conditions
5.2.80.

We denote by A (1) the plane strain problem characterized by the loading

fα = (λx1),α, g = −β,2, t̃α = −λx1nα, m̃3 = βn2

and by A (2) the plane strain problem with the loads

fα = (λx2),α, g = β,1, t̃α = −λx2nα, m̃3 = −βn1

Let us denote by A (3) the plane strain problem where

fα = λ,α, g = 0, t̃α = −λnα, m̃ = 0

In what follows, we denote the components of displacement vector, mi-
crorotation vector, strain tensor, stress tensor, and couple-stress tensor from
the problem A (s), (s = 1, 2, 3), by v(s)

α , ψ
(s)
3 , γ

(s)
αβ , σ(s)

αβ , and μ(s)
α3 , respectively.

Thus, we have

σ
(η)
βα,β + (λxη),α = 0, σ

(3)
βα,β + λ,α = 0

μ
(η)
β3,β + εαβσ

(η)
αβ + εαηβ,α = 0, μ

(3)
β3,β + εαβσ

(3)
αβ = 0

σ
(s)
αβ = λγ(s)

ηη δαβ + (μ+ κ)γ(s)
αβ + μγ

(s)
βα , μ

(s)
α3 = γψ

(s)
3,α

γ
(s)
αβ = v

(s)
β,α + εβαψ

(s)
3 on Σ1

(6.1.6)

and the boundary conditions

σ
(η)
βαnβ = −λxηnα, σ

(3)
βαnβ = −λnα

μ
(η)
α3 nα = εηνβnν , μ

(3)
α3nα = 0 on Γ

(6.1.7)

The necessary and sufficient conditions 5.2.80 for the existence of the solu-
tion are satisfied for each boundary-value problem A (s). In what follows, we
assume that the functions v(s)

α and ψ(s)
3 have been determined.

6.2 Saint-Venant’s Problem

We assume that the right cylinder B is occupied by an isotropic and non-
homogeneous Cosserat elastic material with the constitutive coefficients 6.1.1.
We suppose that the elastic potential 5.3.6 is positive definite. In the absence
of body forces and body couples, the equilibrium equations are

tji,j = 0, mji,j + εijktjk = 0 on B (6.2.1)
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We suppose that the cylinder is free of lateral loading, so that we have the
conditions

tαinα = 0, mαinα = 0 on Π (6.2.2)

Let the loading applied on the end Σ1 be statically equivalent to a force
F = Fkek and a moment M = Mkek. Thus, for x3 = 0 we have the following
conditions ∫

Σ1

t3αda = −Fα (6.2.3)

∫
Σ1

t33da = −F3 (6.2.4)

∫
Σ1

(xαt33 − εαβm3β)da = εαβMβ (6.2.5)

∫
Σ1

(εαβxαt3β +m33)da = −M3 (6.2.6)

Saint-Venant’s problem consists in the finding of the functions ui and ϕi

that satisfy Equations 5.1.11, 5.1.17, and 6.2.1 on B, the conditions 6.2.2 on
Π, and the conditions for x3 = 0. As in the classical theory of elasticity, the
problem will be reduced to the study of plane problems.

6.2.1 Extension and Bending of Cosserat Cylinders

We suppose that the resultant force and the resultant moment about O of
the loads acting on Σ1 are given by F = F3e3 and M = Mαeα, respectively.
In this case, the conditions on the end Σ1 reduce to∫

Σ1

t3αda = 0,
∫

Σ1

(εαβxαt3β +m33)da = 0 (6.2.7)

∫
Σ1

t33da = −F3,

∫
Σ1

(xαt33 − εαβm3β)da = εαβMβ (6.2.8)

The problem of extension and bending consists in the determination of the
displacements uk and microrotations ϕk that satisfy Equations 5.1.11, 5.1.17,
and 6.2.1 on B and the boundary conditions 6.2.2, 6.2.7, and 6.2.8, when the
constitutive coefficients are prescribed functions of the form 6.1.1.

We seek the solution of the problem in the form

uα = −1
2
aαx

2
3 +

3∑
s=1

asv
(s)
α , u3 = (a1x1 + a2x2 + a3)x3

ϕα = εαβaβx3, ϕ3 =
3∑

s=1

asψ
(s)
3

(6.2.9)

where v(s)
α and ψ(s)

3 are the solutions of the problems A (s), and as are unknown
constants.
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From Equations 5.1.11, 5.1.17, and 6.2.9, we obtain

tαβ = λ(a1x1 + a2x2 + a3)δαβ +
3∑

s=1

asσ
(s)
αβ

t33 = (λ+ 2μ+ κ)(a1x1 + a2x2 + a3) + λ
3∑

s=1

asγ
(s)
αα

tα3 = t3β = 0, mαβ = m33 = 0

mα3 = εανβaν +
3∑

s=1

asμ
(s)
α3 , m3α = εανγaν +

3∑
s=1

asμ
(s)
3α

(6.2.10)

Using Equations 6.1.6, 6.1.7, and 6.2.1, we see that the equilibrium equa-
tions 6.2.1 and the boundary conditions 6.2.2 are satisfied. It follows from
Equation 6.2.1 that the conditions 6.2.7 are identically satisfied. The con-
ditions 6.2.8 lead to the following system for the unknown constants a1, a2,
and a3,

Arsas = Br (6.2.11)
where

Aαβ =
∫

Σ1

{
xα

[
(λ+ 2μ+ κ)xβ + λγ(β)

ηη

] − εαλ(ελβγ + μ
(β)
3λ )

}
da

Aα3 =
∫

Σ1

{
xα

[
λ+ 2μ+ κ+ λγ(3)

ηη

] − εαλμ
(3)
3λ

}
da

A3α =
∫

Σ1

[
(λ+ 2μ+ κ)xα + λγ(α)

ηη

]
da

A33 =
∫

Σ1

[
λ+ 2μ+ κ+ λγ(3)

ηη

]
da, Bα = εαβMβ , B3 = −F3

(6.2.12)

As in Section 5.3 we can prove that

det(Ars) �= 0 (6.2.13)

It follows that the system 6.2.11 uniquely determines the constants as. Thus,
the solution is given by Equations 6.2.9 where {v(s)

α , ψ
(s)
3 } is the solution of

the problem A (s), and aj are given by Equations 6.2.11.

6.2.2 Torsion

Let us suppose that F = 0 and M = M3e3. Then the conditions on the end
Σ1 become ∫

Σ1

t3αda = 0 (6.2.14)
∫

Σ1

t33da = 0,
∫

Σ1

(xαt33 − εαβm3β)da = 0 (6.2.15)
∫

Σ1

(εαβxαt3β +m33)da = −M3 (6.2.16)
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The problem of torsion consists in the determination of the functions ui, ϕi ∈
C2(B) ∩ C1(B) that satisfy Equations 5.1.11, 5.1.17, and 6.2.1 on B, the
conditions for x3 = 0 and the boundary conditions 6.2.2. We seek the solution
of this problem in the form

uα = εβατxβx3, u3 = τΦ(x1, x2)

ϕα = τΦα(x1, x2), ϕ3 = τx3

(6.2.17)

where Φ and Φα are unknown functions and τ is an unknown constant.
Let V = (G,G1, G2) be an ordered triplet of functionsG,G1, andG2 defined

on Σ1. We introduce the notations

TαV = (μ+ κ)G,α + κεαβGβ , SαV = μG,α + κεβαGβ

MνρV = αGη,ηδνρ + βGν,ρ + γGρ,ν

LαV = (MβαV ),β + εαβ(TβV − SβV )

L3V = (TαV ),α

NαV = (MβαV )nβ , N3V = nαTαV

(6.2.18)

By Equations 5.1.11, 5.1.17, and 6.2.17, we obtain

tαβ = 0, t33 = 0, tα3 = τ(TαΛ + μεβαxβ)

t3α = τ [SαΛ + (μ+ κ)εβαxβ ], mην = (MηνΛ + αδην)

mα3 = m3α = 0, m33 = τ(αΦν,ν + α+ β + γ)

(6.2.19)

where Λ = (Φ,Φ1,Φ2). The equilibrium equations 6.2.1 reduce to

LνΛ = xνκ− α,ν , L3Λ = εαβ(μxβ),α on Σ1 (6.2.20)

The boundary conditions 6.2.2 become

NνΛ = −αnν , N3Λ = μεαβxβnα on Γ (6.2.21)

Let us consider the boundary-value problem

LiV = ξi on Σ1, NiV = ζi on Γ (6.2.22)

where ξi and ζi are C∞ functions. We have the following result (cf. [137]).

Theorem 6.2.1 The boundary problem 6.2.22 has solutions belonging to
C∞(Σ1) if and only if ∫

Σ1

ξ3da =
∫

Γ

ζ3ds (6.2.23)

The necessary and sufficient condition 6.2.23 for the existence of the solution
of the boundary-value problem 6.2.20 and 6.2.21 is satisfied. In what follows,
we assume that the functions Φ and Φα are known.
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From Equations 6.2.16 and 6.2.19, we obtain

τD∗ = −M3 (6.2.24)

where

D∗ =
∫

Σ1

(εαβxα{μΦ,β +ενβ [κΦν +(μ+κ)xν ]}+αΦν,ν +α+β+γ)da (6.2.25)

The positive definiteness of the elastic potential implies that D∗ > 0, so that
the relation 6.2.24 determines the constant τ .

The conditions 6.2.14 are satisfied on the basis of the equations of equilib-
rium and the boundary conditions. Thus, for the first of 6.2.14 we have∫

Σ1

t31da =
∫

Σ1

(t13 −mα3,α)da =
∫

Σ1

(t13 + x1tα3,α −mα2,α)da

=
∫

Σ1

[(x1tα3),α −mα2,α]da =
∫

Γ

(x1tα3nα −mα2nα)ds = 0

In a similar way we can prove that the second condition of 6.2.14 is satisfied.
We conclude that Equation 6.2.17, where (Φ,Φ1,Φ2) satisfies the boundary-
value problem 6.2.20 and 6.2.21 and τ is given by Equation 6.2.24, is a solution
of the torsion problem. This solution was established in Ref. 137.

6.2.3 Flexure

We assume that the loading applied on Σ1 is statically equivalent to the
force F = Fαeα and the moment M = 0. The conditions on Σ1 are given by∫

Σ1

t3αda = −Fα (6.2.26)

∫
Σ1

t33da = 0,
∫

Σ1

(xαt33 − εαβm3β)da = 0 (6.2.27)
∫

Σ1

(εαβxαt3β +m33)da = 0 (6.2.28)

The flexure problem consists in the solving of Equations 5.1.11, 5.1.17, and
6.2.1 on B with the boundary conditions for x3 = 0 and 6.2.2. On the basis
of Theorem 5.3.3, we try to solve the problem assuming that

uα = −1
6
bαx

3
3 + x3

3∑
s=1

bsv
(s)
α + εβατxβx3

u3 =
1
2
(b1x1 + b2x2 + b3)x2

3 + τΦ + Ψ(x1, x2)

ϕα =
1
2
εαβbβx

2
3 + τΦα + Ψα(x1, x2)

ϕ3 = x3

3∑
s=1

bsψ
(s)
3 + τx3

(6.2.29)
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where Φ and Φα satisfy the boundary-value problem 6.2.20 and 6.2.21, v(s)
α

and ψ
(s)
3 are the solutions of the problems A (s), Ψ and Ψα are unknown

functions, and bk and τ are unknown constants. From Equations 5.1.11, 5.1.17,
and 6.2.29, we obtain

tαβ = λx3(b1x1 + b2x2 + b3)δαβ + x3

3∑
s=1

bsσ
(s)
αβ

t33 = (λ+ 2μ+ κ)(b1x1 + b2x2 + b3)x3 + λx3

3∑
s=1

bsγ
(s)
αα

tα3 = τ(TαΛ + μεβαxβ) + Tαω + μ

3∑
s=1

bsv
(s)
α

t3α = τ [SαΛ + εβα(μ+ κ)xβ ] + Sαω + (μ+ κ)
3∑

s=1

bsv
(s)
α

mην = τ(MηνΛ + αδην) +Mηνω + αδην

3∑
s=1

bsψ
(s)
3

mα3 = βεαρbρx3 + x3

3∑
s=1

bsμ
(s)
α3

m3α = γεαβbβx3 + x3

3∑
s=1

bsμ
(s)
3α

m33 = (α+ β + γ)
(
τ +

3∑
s=1

bsψ
(s)
3

)
+ α(τΦν,ν + Ψν,ν)

(6.2.30)

where Λ = (Φ,Φ1,Φ2) and ω = (Ψ,Ψ1,Ψ2).
With the help of the relations 6.1.6, 6.1.7, 6.2.20, and 6.2.21 we see that

the equilibrium equations 6.2.1 and the boundary conditions 6.2.2 reduce to

Lνω = −γενβbβ −
3∑

s=1

bs
[(
αψ(s)

)
,ν

+ μ
(s)
3ν − ενβκv

(s)
β

]

L3ω = −(λ+ 2μ+ κ)(b1x1 + b2x2 + b3) −
3∑

s=1

bs
[
λγ(s)

αα +
(
μv(s)

α

)
,α

]
on Σ1

(6.2.31)
and

Nνω = −αnν

3∑
s=1

bsψ
(s)
3 , N3ω = −μnα

3∑
s=1

bsv
(s)
α on Γ (6.2.32)

The condition 6.2.23 for the existence of the solution of the boundary-value
problem 6.2.31 and 6.2.32 takes the form

A3sbs = 0 (6.2.33)

where A3s are given by Equations 6.2.12.
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Let us impose the conditions 6.2.26. With the aid of Equations 6.2.1 and
6.2.2, we can write∫

Σ1

t31da =
∫

Σ1

(t13 −mj2,j + x1ti3,i)da =
∫

Γ

(x1tα3nα −mα2nα)ds

+
∫

Σ1

(x1t33 −m32),3da =
∫

Σ1

(x1t33 −m32),3da (6.2.34)

In a similar way, we obtain∫
Σ1

t32da =
∫

Σ1

(x2t33 +m31),3da (6.2.35)

By Equations 6.2.29, 6.2.34, and 6.2.35, the conditions 6.2.26 reduce to

Aαsbs = −Fα (6.2.36)

The system 6.2.33 and 6.2.36 uniquely determines the constants bk. From
Equations 6.2.16 and 6.2.30, we obtain

τD∗ = −
∫

Σ1

{
εαβxα

[
μΨ,β + ενβκΨν + (μ+ κ)

3∑
s=1

bsv
(s)
β

]

+ (α+ β + γ)
3∑

s=1

bsψ
(s)
3 + αΨν,ν

}
da

where D∗ is given by Equation 6.2.25. The above relation determines the
constant τ .

The conditions 6.2.27 are satisfied on the basis of Equation 6.2.30. Thus,
the solution of the flexure problem has the form 6.2.29.

The results presented in this section generalize the results established in
Ref. 149 for the classical theory of elasticity.

6.3 Problems of Almansi and Michell

In this section, we study the problem of loaded cylinders made of non-
homogeneous and isotropic Cosserat elastic materials. We assume that the
constitutive coefficients are independent of the axial coordinate.

6.3.1 Uniformly Loaded Cylinders

We study first the Almansi–Michell problem stated in Section 5.6. In this
case the equilibrium equations are given by Equation 5.1.19, where

fi = f
(0)
i (x1, x2), gi = g

(0)
i (x1, x2), (x1, x2) ∈ Σ1 (6.3.1)
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Here, f (0)
i and g

(0)
i are prescribed functions. The conditions on the lateral

surface have the form

tαinα = t̃
(0)
i , mαinα = m̃

(0)
i on Π (6.3.2)

where t̃ (0)
i and m̃(0)

i are independent of the axial coordinate.
The Almansi–Michell problem consists in the finding of the functions ui, ϕi ∈

C2(B) ∩ C1(B1) that satisfy Equations 5.1.11, 5.1.17, and 5.1.19 on B, the
conditions 6.3.2 on Π, and the conditions on the end Σ1, when the body loads,
the constitutive coefficients and t̃ (0)

i , m̃
(0)
i are independent of x3. We seek the

solution in the form

uα = −1
2
aαx

2
3 −

1
6
bαx

3
3 −

1
24
cαx

4
3 + εβα

(
τ1x3 +

1
2
τ2x

2
3

)
xβ

+
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
v(s)

α + vα(x1, x2)

u3 = (a1x1 + a2x2 + a3)x3 +
1
2
(b1x1 + b2x2 + b3)x2

3

+
1
6
(c1x1 + c2x2 + c3)x3

3 + (τ1 + x3τ2)Φ + Ψ(x1, x2) + x3χ(x1, x2)

ϕα = εαβ

(
aβx3 +

1
2
bβx

2
3 +

1
6
cβx

3
3

)
+ (τ1 + x3τ2)Φα

+ Ψα(x1, x2) + x3χα(x1, x2)

ϕ3 =
3∑

s=1

(
as + x3bs +

1
2
csx

2
3

)
ψ

(s)
3 + τ1x3 +

1
2
τ2x

2
3 + w(x1, x2) (6.3.3)

where v
(s)
α , ψ

(s)
3 are the solutions of the problems A (s), Φ and Φα satisfy

the boundary-value problem 6.2.20 and 6.2.21; Ψ,Ψα, χ, χα, vα, and w are
unknown functions, and ai, bi, ci, τ1, and τ2 are unknown constants. From
Equations 5.1.11, 5.1.17, and 6.3.3, we obtain

tαβ = λ

[
a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3

+
1
2
(c1x1 + c2x2 + c3)x2

3

]
δαβ

+ λ(χ+ τ2Φ)δαβ +
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
σ

(s)
αβ + σαβ

t33 = (λ+ 2μ+ κ)
[
a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3

+
1
2
(c1x1 + c2x2 + c3)x2

3

]
+ (λ+ 2μ+ κ)(χ+ τ2Φ)

+ λ

3∑
s=1

(
as + bsx3 +

1
2
csx

2
3

)
γ(s)

αα + λγαα
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tα3 = TαΩ + x3TαV + (τ1 + τ2x3)(TαΛ + μεβαxβ)

+ μ

3∑
s=1

(bs + csx3)v(s)
α

t3α = SαΩ + x3SαV + (τ1 + τ2x3)[SαΛ + (μ+ κ)εβαxβ ]

+ (μ+ κ)
3∑

s=1

(bs + csx3)v(s)
α

mλν = MλνΩ + x3MλνV + (τ1 + τ2x3)(MλνΛ + δλν)

+ αδλν

3∑
s=1

(bs + csx3)ψ
(s)
3

m33 = (α+ β + γ)
[
τ1 + τ2x3 +

3∑
s=1

(bs + csx3)ψ(s)

]

+ α(τ1 + τ2x3)Φλ,λ + α(Ψλ,λ + x3χλ,λ)

mα3 = βεαν

(
aν + bνx3 +

1
2
cνx

2
3

)
+ β(χα + τ2Φα)

+
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
μ

(s)
α3 + μα3

m3α = γεαν

(
aν + bνx3 +

1
2
cνx

2
3

)
+ γ(χα + τ2Φα)

+
∑
s=1

(
as + bsx3 +

1
2
csx

2
3

)
μ

(s)
3α + μ3α (6.3.4)

where we have used the notations Λ = (Φ,Φ1,Φ2), Ω= (Ψ,Ψ1,Ψ2), V = (χ, χ1,
χ2) and

σαβ = λγννδαβ + (μ+ κ)γαβ + μγβα

μα3 = γw,α, μ3α = βw,α, γαβ = vβ,α + εβαw
(6.3.5)

With the help of Equations 6.1.6, 6.2.20, and 6.3.4, the equilibrium equa-
tions 5.1.19 reduce to

σβα,β +Hα = 0, μα3,α + εαβσαβ +H = 0 (6.3.6)

LiΩ = Gi (6.3.7)

LiV = Ki (6.3.8)
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on Σ1, where

Hα = [λ(χ+ τ2Φ)],α + SαV + τ2[SαΛ + (μ+ κ)εβαxβ ]

+ (μ+ κ)
3∑

s=1

cav
(s)
α + f (0)

α

H = [β(χα + τ2Φα)],α + (α+ β + γ)
(
τ2 +

3∑
s=1

csϕ
(s)

)

+ α(χν + τ2Φν),ν + g
(0)
3

Gν = −
3∑

s=1

bs
[(
αψ

(s)
3

)
,ν

+ μ
(s)
3ν − ενβκv

(s)
β

] − γενβbβ − g(0)
ν (6.3.9)

G3 = −
3∑

s=1

bs
[
λγ(s)

αα +
(
μv(s)

α

)
,α

] − (λ+ 2μ+ κ)(b1x1 + b2x2 + b3) − f
(0)
3

Kν = −
3∑

s=1

cs
[(
αψ

(s)
3

)
,ν

+ μ
(s)
3ν − ενβκv

(s)
β

] − γενβcβ

K3 = −
3∑

s=1

cs
[
λγ(s)

αα +
(
μv(s)

α

)
,α

] − (λ+ 2μ+ κ)(c1x1 + c2x2 + c3)

Using Equations 6.1.7, 6.2.21, and 6.3.4, the conditions 6.3.2 become

σαβnα = Sβ , μα3nα = S (6.3.10)

NiΩ = Ni (6.3.11)

NiV = Pi (6.3.12)

on Γ, where

Sβ = t̃
(0)
β − λ(χ+ τ2Φ)nβ , S = m̃

(0)
3 − β(χα + τ2Φα)nα

Nν = m̃ (0)
ν − nνα

3∑
s=1

bsψ
(s)
3 , N3 = t̃

(0)
3 − μ

3∑
s=1

bsv
(s)
α nα

Pν = −αnν

3∑
s=1

csψ
(s)
3 , P3 = −μ

3∑
s=1

csv
(s)
α nα

(6.3.13)

From Equations 6.3.5, 6.3.6, and 6.3.10, it follows that the functions vα and w
satisfy the equations and the boundary conditions in a plane strain problem.
The necessary and sufficient conditions 5.2.80 for the existence of the solution
of this problem are ∫

Σ1

Hα +
∫

Γ

Sαds = 0
∫

Σ1

(εαβxαHβ +H)da+
∫

Γ

(εαβxαSβ + S)ds = 0
(6.3.14)
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Using Equations 6.3.9 and 6.3.13 and the divergence theorem, we obtain
∫

Σ1

Hαda+
∫

Γ

Sαds =
∫

Σ1

f (0)
α da+

∫
Γ

t̃ (0)
α ds+

∫
Σ1

t3α,3da

∫
Σ1

(εαβxαHβ +H)da+
∫

Γ

(εαβxαSβ + S)ds =
∫

Σ1

(
εαβxαf

(0)
β + g

(0)
3

)
da

+
∫

Γ

(
εαβxαt̃

(0)
β + m̃

(0)
3

)
ds+

∫
Σ1

(εαβxαt3β,3 +m33,3)da (6.3.15)

With the help of equilibrium equations 5.1.19 and 6.3.1, we have

t31,3 = (t13 −mj2,j),3 = (t13 −mj2,j + x1ts3,s),3

= x1t33,33 −m32,33 + (x1tα3),α3

t32,3 = x2t33,33 +m31,33 + (x2tα3),α3

so that, taking into account the conditions 6.3.2, we obtain
∫

Σ1

t3α,3da =
∫

Σ1

(xαt33,33 − εαβm3β,33)da (6.3.16)

Substituting Equations 6.3.4 into Equation 6.3.16, we find that
∫

Σ1

t3α,3da = Aαici

so that the condition 6.3.141 can be written in the form

Aαici = −
∫

Σ1

f (0)
α da−

∫
Γ

t̃ (0)
α ds (6.3.17)

Let us consider the boundary-value problem 6.3.8 and 6.3.12. The necessary
and sufficient condition for the existence of the solution of this problem is

∫
Σ1

K3da−
∫

Γ

P3ds = 0 (6.3.18)

Using Equations 6.2.12, 6.3.9, and 6.3.10, from Equation 6.3.18 we obtain

A3ici = 0 (6.3.19)

In view of Equation 6.2.13, the system 6.3.17 and 6.3.19 uniquely determines
the constants ci. Let us consider now the boundary-value problem 6.3.7 and
6.3.11. The necessary and sufficient condition for the existence of the solution
of this problem is ∫

Σ1

G3da−
∫

Γ

N3ds = 0 (6.3.20)
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By using Equations 6.2.12, 6.3.9, and 6.3.13, the condition 6.3.20 reduces to

A3sbs = −
∫

Σ1

f
(0)
3 da−

∫
Γ

t̃
(0)
3 ds (6.3.21)

Let us impose the conditions 6.2.3. We can write∫
Σ1

t31da =
∫

Σ1

(
t13 −mj2,j − g

(0)
2

)
da

=
∫

Σ1

[
t13 −mj2,j + x1

(
ts3,s + f

(0)
3

) − g
(0)
2

]
da

=
∫

Σ1

[
(x1tα3),α −mα2,α + x1t33,3 −m32,3 − g

(0)
2

]
da

=
∫

Γ

(
x1t̃

(0)
3 − m̃

(0)
2

)
ds+

∫
Σ1

(
x1f

(0)
3 − g

(0)
2

)
da

+
∫

Σ1

(x1t33,3 −m32,3)da

∫
Σ1

t32da =
∫

Σ1

(
x2f

(0)
3 + g

(0)
1

)
da+

∫
Γ

(
x2t̃

(0)
3 + m̃

(0)
1

)
ds

+
∫

Σ1

(x2t33,3 +m31,3)da

(6.3.22)

By using Equations 6.3.4 and 6.3.22, the conditions 6.2.3 become

Aαsbs = −Fα −
∫

Σ1

(
xαf

(0)
3 + εβαg

(0)
β

)
da−

∫
Γ

(
xαt̃

(0)
3 + εβαm̃

(0)
β

)
ds (6.3.23)

Equations 6.3.21 and 6.3.23 determine the constants bs. In what follows we
assume that the functions χ, χα,Ψ, and Ψα, and the constants bi and ci are
known.

With the help of Equations 6.3.152 and 6.3.4, the condition 6.3.152

reduces to

τ2D
∗ = −

∫
Σ1

(
εαβxαf

(0)
β + g

(0)
3

)
da+

∫
Γ

(
εαβxαt̃

(0)
β + m̃

(0)
3

)
ds

−
∫

Σ1

{
εαβxα

[
μχ,β + ενβκχν + (μ+ κ)

3∑
s=1

csv
(s)
β

]

+ (α+ β + γ)
3∑

s=1

csψ
(s)
3 + αχν,ν

}
da

where D∗ is given by Equation 6.2.25. The above relation permits the de-
termination of the constant τ2. From Equations 6.2.4, 6.2.5, and 6.3.4, we
obtain

Aijaj = Ci (6.3.24)
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where
Cα = εαβMβ −

∫
Σ

{xα[λγνν + (λ+ 2μ+ κ)(χ+ τ2Φ)]

− εαβ [γ(χβ + τ2Φβ) + μ3β ]}da
C3 = −F3 −

∫
Σ

[(λ+ 2μ+ κ)(χ+ τ2Φ) + λγαα]da

Equations 6.3.24 determine the constants aj . By Equations 6.2.6 and 6.3.4,
we find that

τ1D
∗ = −M3 −

∫
Σ

{
εαβxα

[
μΨ,β + ενβκΨν + (μ+ κ)

3∑
s=1

bsv
(s)
β

]

+ (α+ β + γ)
3∑

s=1

bsψ
(s) + αΨν,ν

}
da

This relation determines the constant τ1. The Almansi–Michell problem is
therefore solved.

6.3.2 Almansi’s Problem

We assume that fi, gi, t̃i, and m̃i are polynomials of degree r in the axial
coordinate, namely

fi =
r∑

k=0

Fik(x1, x2)xk
3 , gi =

r∑
k=0

Gik(x1, x2)xk
3

t̃i =
r∑

k=0

pik(x1, x2)xk
3 , m̃i =

r∑
k=0

qik(x1, x2)xk
3

(6.3.25)

where Fik, Gik, pik, and qik are prescribed functions of class C∞. In the case of
nonhomogeneous Cosserat cylinders, the problem of Almansi consists in find-
ing of the functions ui, ϕi ∈ C2(B)∩C1(B) that satisfy the Equations 5.1.11,
5.1.17, and 5.1.19 on B, the conditions

tαinα = t̃i, mαinα = m̃i on Π (6.3.26)

and the conditions on the end Σ1, when fi, gi, t̃i, and m̃i are given by Equa-
tion 6.3.25 and the constitutive coefficients have the form 6.1.1. As in Section
2.3, the Almansi problem can be reduced to the following problem: to find the
functions ui, ϕi ∈ C2(B) ∩ C1(B) which satisfy the equations

tji,j + Fi(x1, x2)xn+1
3 = 0, mji,j + εirstrs + Hi(x1, x2)xn+1

3 = 0

tij = λerrδij + (μ+ κ)eij + μeji

mij = αϕr,rδij + βϕi,j + γϕj,i, eij = uj,i + εjirϕr on B

(6.3.27)
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and the boundary conditions
∫

Σ1

t3ida = 0,
∫

Σ1

(εijkxjt3k +m3i)da = 0 (6.3.28)

tαinα = pi(x1, x2)xn+1
3 , mαinα = qi(x1, x2)xn+1

3 on Π (6.3.29)

when the solution of the equations

t∗ji,j + Fi(x1, x2)xn
3 = 0, m∗

ji,j + εirst
∗
rs + Hi(x1, x2)xn

3 = 0

t∗ij = λe∗rrδij + (μ+ κ)e∗ij + μe∗ji

m∗
ij = αϕ∗

r,rδij + βϕ∗
i,j + γϕ∗

j,i, e∗ij = u∗j,i + εjirϕ
∗
r

(6.3.30)

with the conditions∫
Σ1

t∗3ida = 0,
∫

Σ1

(εijkxjt
∗
3k +m∗

3i)da = 0 (6.3.31)

t∗αinα = pi(x1, x2)xn
3 , m∗

αinα = qi(x1, x2)xn
3 on Π (6.3.32)

is known. In the above relations, Fi,Hi, pi, and qi are prescribed functions
which belong to C∞. We seek the solution of Almansi problem in the form

ui = (n+ 1)
[ ∫ x3

0

u∗i dx3 + vi

]
, ϕi = (n+ 1)

[ ∫ x3

0

ϕ∗
i dx3 + ψi

]
(6.3.33)

where vi and ψi are unknown functions. From Equations 6.3.27 and 6.3.33,
we obtain

tij = (n+ 1)
[ ∫ x3

0

t∗ijdx3 + τij + kij

]

mij = (n+ 1)
[ ∫ x3

0

m∗
ijdx3 + μij + hij

] (6.3.34)

where

τij = λγrrδij + (μ+ κ)γij + μγji

μij = αψr,rδij + βψi,j + γψj,i, γij = vj,i + εjikψk

(6.3.35)

and

kαβ = λδαβu
∗
3(x1, x2, 0), k33 = (λ+ 2μ+ κ)u∗3(x1, x2, 0)

kα3 = μu∗α(x1, x2, 0), k3α = (μ+ κ)u∗α(x1, x2, 0)

hην = αδηνϕ
∗
3(x1, x2, 0), h33 = (α+ β + γ)ϕ∗

3(x1, x2, 0)

hα3 = βϕ∗
α(x1, x2, 0), h3α = γϕ∗

α(x1, x2, 0)

(6.3.36)

By using Equations 6.3.30, the equilibrium equations reduce to

τji,j + Yi = 0, μji,j + εirsτrs + Zi = 0 (6.3.37)
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where

Yi = kαi,α + t∗3i(x1, x2, 0), Zi = hαi,α +m∗
3i(x1, x2, 0) (6.3.38)

Let us note that Yi and Zi are independent of the axial coordinate.
With the help of Equations 6.3.32 and 6.3.34, the conditions 6.3.29 become

τβinβ = ρi, μβinβ = ηi on Π (6.3.39)

where
ρi = −kαinα, ηi = −hαinα

From Equations 6.3.28 and 6.3.31, we obtain
∫

Σ1

τ3ida = −Ti,

∫
Σ1

(εijkxjτ3k + μ3i)da = −Ωi (6.3.40)

where

Ti =
∫

Σ1

k3ida, Ωi =
∫

Σ1

(εijsxjk3s + h3i)da

Thus, the functions vi and ψi satisfy Equations 6.3.7 and 6.3.35 on B
and the boundary conditions 6.3.39 and 6.3.40. This problem was studied
in Section 6.3.1. The solution has the form 6.3.3 in which ci = bi = τ2 = 0,
χ = χα = 0. Thus, the considered problem is solved.

The results presented in this chapter were established in Ref. 155.

6.4 Anisotropic Cosserat Cylinders

This section is concerned with the deformation of nonhomogeneous and
anisotropic Cosserat elastic cylinders. Throughout this section we consider
nonhomogeneous materials where the elastic coefficients are independent of
the axial coordinate, namely

Ajikl = Aijkl(x1, x2), Bijkl = Bijkl(x1, x2)

Cijkl = Cijkl(x1, x2), (x1, x2) ∈ Σ1

(6.4.1)

We suppose that the functions Aijrs, Bijrs, and Cijrs belong to C∞, and
that the domain Σ1 is C∞-smooth. We consider only a C∞-theory but it
is possible to get a classical solution under more general assumptions of
regularity [88].
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6.4.1 Generalized Plane Strain

We assume that the cylinder B is occupied by an anisotropic elastic material
for which the constitutive coefficients are independent of x3. We define the
state of generalized plane strain of the cylinder B to be that state in which
the displacement vector and microrotation vector are independent of the axial
coordinate,

ui = ui(x1, x2), ϕi = ϕi(x1, x2), (x1, x2) ∈ Σ1 (6.4.2)

This restriction implies that eij , κij , tij , and mij are independent of x3. We
assume that on the lateral surface of the cylinder, there are prescribed stress
vector and the couple stress vector, and that the loads are independent of the
axial coordinate. In the case of the generalized plane strain, the equations of
equilibrium are

tαi,α + fi = 0, mαi,α + εijktjk + gi = 0 on Σ1 (6.4.3)

The geometrical equations imply that

eαi = ui,α + εiαkϕk, e3i = εi3kϕk, καi = ϕi,α, κ3i = 0 (6.4.4)

The constitutive equations reduce to

tαi = Aαijkejk +Bαiβjκβj , t3α = A3αjkejk +B3αβjκβj

mαi = Bjkαiejk + Cαiβjκβj

(6.4.5)

and

t33 = A33jkejk +B33βjκβj , m3i = Bjk3iejk + C3iβjκβj (6.4.6)

On the lateral surface of the cylinder, we have the boundary conditions

tαinα = t̃i, mαinα = m̃i on Γ (6.4.7)

The generalized plane strain problem consists in the determination of the
functions ui and ϕi which satisfy Equations 6.4.3, 6.4.4, and 6.4.5 on Σ1 and
the boundary conditions 6.4.7 on Γ. The functions t33 andm3i can be calculated
from Equations 6.4.6 after the components ui and ϕi have been determined.

The conditions of equilibrium of the cylinder B can be written in the form∫
Σ1

fida+
∫

Γ

t̃ids = 0
∫

Σ1

(εαβxαfβ + g3)da+
∫

Γ

(εαβxαt̃β + m̃3)ds = 0
(6.4.8)

and ∫
Σ1

(x2f3 + g1)da+
∫

Γ

(x2t̃3 + m̃1)ds−
∫

Σ1

t32da = 0
∫

Σ1

(x1f3 − g2)da+
∫

Γ

(x1t̃3 − m̃2)ds−
∫

Σ1

t31da = 0
(6.4.9)
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The conditions 6.4.9 are identically satisfied on the basis of the relations
6.4.3 and 6.4.7. Thus, for the first of Equation 6.4.9, we have

∫
Σ1

t32da =
∫

Σ1

(t23 + g1 +mα1,α)da

=
∫

Σ1

[t23 + x2(tα3,α + f3) +mα1,α + g1]da

=
∫

Σ1

[(x2tα3),α + x2f3 + g1 +mα1,α]da

=
∫

Γ

(x2tα3 +mα1)nαds+
∫

Σ1

(x2f3 + g1)da

=
∫

Γ

(x2t̃3 + m̃1)ds+
∫

Σ1

(x2f3 + g1)da

In a similar way, we can prove that the second condition 6.4.9 is satisfied.
The elastic potential in the case of generalized plane strain is given by

2W 0 = Aαijkeαiejk +A3αjke3αejk +Bαiβjeαiκβj

+ B3αβje3ακβj +Bjkαiejkκαi + Cαiβjκαiκβj

We suppose that W 0 is a positive definite quadratic form in the variables
eαi, e3α, and καi. We recall the following result (cf. [88,154]).

Theorem 6.4.1 The generalized plane strain problem has a solution be-
longing to C∞(Σ1) if and only if the functions fi, g3, t̃i, and m̃3 satisfy the
conditions 6.4.8.

In what follows we will use four special problems C(s), (s = 1, 2, 3, 4), of
generalized plane strain. The problems C(s) correspond to the systems of
loading f (s)

i , g
(s)
i , t̃

(s)
i , m̃

(s)
i , where

f
(β)
i = (Aαi33xβ + ενβBαi3ν),α, f

(3)
i = Aαi33,α

f
(4)
i = (Aαi3νεβνxβ +Bαi33),α

g
(β)
i = (B33αixβ + ενβCαi3ν),α + εijk(Ajk33xβ + ενβBjk3ν)

g
(3)
i = B33αi,α + εijkAjk33

g
(4)
i = (B3ναiεβνxβ + Cαi33),α + εijk(Ajk3νεβνxβ +Bjk33)

t̃
(β)
i = −(Aαi33xβ + ενβBαi3ν)nα, t̃

(3)
i = −Aαi33nα

t̃
(4)
i = −(Aαi3νεβνxβ +Bαi33)nα

m̃
(β)
i = −(B33αixβ + ενβCαi3ν)nα, m̃

(3)
i = −B33αinα

m
(4)
i = −(B3ναiεβνxβ + Cαi33)nα

(6.4.10)
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We denote by u
(s)
i and ϕ

(s)
i , respectively, the components of the displace-

ment vector and the components of the microrotation vector from the prob-
lem C(s).

The problem C(s) is characterized by the equations

t
(s)
αi,α + f

(s)
i = 0, m

(s)
αi,α + εijkt

(s)
jk + g

(s)
i = 0

t
(s)
αi = Aαijke

(s)
jk +Bαiβjκ

(s)
βj , t

(s)
3α = A3αjke

(s)
jk +B3αβjκ

(s)
βj

m
(s)
αi = Bjkαie

(s)
jk + Cαiβjκ

(s)
βj

e
(s)
αi = u

(s)
i,α + εiαkϕ

(s)
k , e

(s)
3i = εi3kϕ

(s)
k , κ

(s)
αi = ϕ

(s)
i,α

(6.4.11)

on Σ1, and the boundary conditions

t
(s)
αi nα = t̃

(s)
i , m

(s)
αi nα = m̃

(s)
i on Γ (6.4.12)

We denote

t
(s)
33 = A33jke

(s)
jk +B33βjκ

(s)
βj , m

(s)
3i = Bjk3ie

(s)
jk + C3iβjκ

(s)
βj

It is a simple matter to see that the necessary and sufficient conditions 6.4.8
for the existence of the solution are satisfied for each boundary-value problem
C(s). In what follows we assume that the functions u(s)

i and ϕ(s)
i are known.

6.4.2 Extension, Bending, and Torsion

Let us study the deformation of the cylinder B when the loading applied
on the end Σ1 is statically equivalent to a force F = F3e3 and a moment
M = M3e3. The problem consists in the solving of Equations 5.1.11, 5.1.16,
and 6.2.1 on B, with the conditions 4.10.14, 4.10.15, and 6.2.20. We seek the
solution in the form

uα = −1
2
aαx

2
3 + εβαa4x3xβ +

4∑
s=1

asu
(s)
α

u3 = (a1x1 + a2x2 + a3)x3 +
4∑

s=1

asu
(s)
3

ϕα = εαβaβx3 +
4∑

s=1

asϕ
(s)
α , ϕ3 = a4x3 +

4∑
s=1

asϕ
(s)
3

(6.4.13)

where u(s)
i and ϕ(s)

i are the solutions of the problems C(s) and as are unknown
constants. From Equations 5.1.11, 5.1.16, and 6.4.13, we obtain

tij =
4∑

s=1

asτ
(s)
ij , mij =

4∑
s=1

asμ
(s)
ij (6.4.14)



© 2009 by Taylor & Francis Group, LLC

250 Classical and Generalized Models of Elastic Rods

where

τ
(α)
ij = t

(α)
ij +Aij33xα + εναBij3ν , τ

(3)
ij = t

(3)
ij +Aij33

τ
(4)
ij = t

(4)
ij +Aij3νεβνxβ +Bij33, μ

(α)
ij = m

(α)
ij +B33ijxα + εναCij3ν

μ
(3)
ij = m

(3)
ij +B33ij , μ

(4)
ij = m

(4)
ij +B3νijεβνxβ + Cij33 (6.4.15)

The equilibrium equations 6.2.1 and the boundary conditions 6.2.2 are sat-
isfied on the basis of the relations 6.4.11 and 6.4.12. As in Section 6.2, we can
prove that the conditions 4.10.14 are identically satisfied. From 4.10.15 and
6.4.14, we find that

4∑
s=1

Dαsas = εαβMβ ,

4∑
s=1

D3sas = −F3,

4∑
s=1

D4sas = −M3 (6.4.16)

where

Dαs =
∫

Σ1

(xατ
(s)
33 + εβαμ

(s)
3β )da, D3s =

∫
Σ1

τ
(s)
33 da

D4s =
∫

Σ1

(εαβxατ
(s)
3β + μ

(s)
33 )da

(6.4.17)

As in Section 4.3, we can prove that

det(Drs) �= 0 (6.4.18)

so that the system 6.4.16 uniquely determines the constants as, (s = 1, 2, 3, 4).

6.4.3 Flexure

The problem of flexure consists in the determination of a solution of the
Equations 5.1.11, 5.1.16, and 6.2.1 on B which satisfies the conditions 6.2.2
and the conditions for x3 = 0. We seek the solution in the form

uα = −1
2
aαx

2
3 −

1
6
bαx

3
3 + εβα

(
a4x3 +

1
2
b4x

2
3

)
xβ

+
4∑

s=1

(as + bsx3)u(s)
α + vα(x1, x2)

u3 = (a1x1 + a2x2 + a3)x3 +
1
2
(b1x1 + b2x2 + b3)x2

3

+
4∑

s=1

(as + bsx3)u
(s)
3 + v3(x1, x2)

ϕα = εαβ

(
aβx3 +

1
2
bβx

2
3

)
+

4∑
s=1

(as + bsx3)ϕ(s)
α + ψα(x1, x2)

ϕ3 = a4x3 +
1
2
b4x

2
3 +

4∑
s=1

(as + bsx3)ϕ
(s)
3 + ψ3(x1, x2)

(6.4.19)



© 2009 by Taylor & Francis Group, LLC

Nonhomogeneous Cosserat Cylinders 251

where u
(s)
i and ϕ

(s)
i are the solutions of the problems C(s), vi and ψi are

unknown functions, and ak and bk, (k = 1, 2, 3, 4), are unknown constants.
From Equations 5.1.11, 5.1.17, and 6.4.19, we obtain

tij =
4∑

s=1

(as + bsx3)τ
(s)
ij + τij +Kij

mij =
4∑

s=1

(as + bsx3)μ
(s)
ij + μij +Hij

(6.4.20)

where τ (s)
ij and μ(s)

ij are given by Equations 6.4.15, τij and μij are defined by

τij = Aijrsγrs +Bijrsνrs, μij = Brsijγrs + Cijrsνrs

γαi = vi,α + εiαkψk, γ3i = εi3kψk, ναi = ψi,α, ν3i = 0
(6.4.21)

and

Kij =
4∑

s=1

bs
(
Aij3ku

(s)
k +Bij3kϕ

(s)
k

)
, Hij =

4∑
s=1

bs
(
B3kiju

(s)
k + Cij3kϕ

(s)
k

)

(6.4.22)
With the help of Equations 6.4.11 and 6.4.20, the equilibrium equations 6.2.1

reduce to

ταi,α +Qi = 0, μαi,α + εijkτjk +Gi = 0 on Σ1 (6.4.23)

where

Qi = Kαi,α +
4∑

s=1

bsτ
(s)
3i , Gi = Hαi,α + εijkKjk +

4∑
s=1

bsμ
(s)
3i (6.4.24)

In view of the relations 6.4.20 and 6.4.12, the conditions on the lateral
surface become

ταinα = pi, μαinα = qi on Γ (6.4.25)

where
pi = −Kαinα, qi = −Hαinα (6.4.26)

Thus, the functions vi and ψi are the components of the displacement vector
and the components of the microrotation vector in the generalized plane strain
problem 6.4.21, 6.4.23, and 6.4.25. The necessary and sufficient conditions to
solve this problem are

∫
Σ1

Qida+
∫

Γ

pids = 0

∫
Σ1

(εαβxαQβ +G3)da+
∫

Γ

(εαβxαpβ + q3)ds = 0
(6.4.27)
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It is a simple matter to see that we have

τ
(s)
αi,α = 0, μ

(s)
αi,α + εijkτ

(s)
jk = 0 on Σ1 (6.4.28)

and
τ

(s)
αi nα = 0, μ

(s)
αi nα = 0 on Γ (6.4.29)

Using Equations 6.4.28 and 6.4.29, we find that
∫

Σ1

τ
(s)
3α da =

∫
Σ1

[
τ

(s)
α3 + εβαμ

(s)
ρβ,ρ

]
da =

∫
Σ1

[
τ

(s)
α3 + xατ

(s)
ν3,ν + εβαμ

(s)
ρβ,ρ

]
da

=
∫

Σ1

[(
xατ

(s)
ν3

)
,ν

+ εβαμ
(s)
ρβ,ρ

]
da =

∫
Γ

[
xατ

(s)
ν3 nν + εβαμ

(s)
ρβ nρ

]
ds = 0

(6.4.30)

By Equations 6.4.24, 6.4.26, and 6.4.30, we find that the first two conditions
6.4.27 are identically satisfied. From the remaining conditions, we get

4∑
s=1

Drsbs = 0, (r = 3, 4) (6.4.31)

where Drs are given by Equations 6.4.17. Taking into account the equilibrium
equations and the boundary conditions 6.2.2, we obtain

∫
Σ1

t3αda =
∫

Σ1

(tα3 + εβαmjβ,j)da =
∫

Σ1

(tα3 + xαti3,i + εβαmjβ,j)da

=
∫

Γ

(xαtν3 + εβαmνβ)nνds+
∫

Σ1

(xαt33,3 + εβαm3β,3)da

=
∫

Σ1

(xαt33 + εβαm3β),3da (6.4.32)

Using Equations 6.4.20 and 6.4.32, the conditions 6.2.26 reduce to

4∑
s=1

Dαsbs = −Fα (6.4.33)

The system 6.4.31 and 6.4.33 can always be solved for the constants cs.
Thus the conditions 6.4.27 are satisfied. In what follows we assume that the
functions vj and ψi have been determined.

In view of Equations 6.4.20, from the conditions 6.2.27 and 6.2.28, we obtain
the following equations for the unknown constants as

4∑
s=1

Drsas = dr, (r = 1, 2, 3, 4) (6.4.34)
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where

dα = −
∫

Σ1

[xα(τ33 +K33) − εαβ(μ3β +H3β)]da

d3 = −
∫

Σ1

(τ33 +K33)da

d4 = −
∫

Σ1

[εαβxα(τ3β +K3β) + μ33 +H33]da

(6.4.35)

Equations 6.4.34 uniquely determine the constants as, (s = 1, 2, 3, 4), so
that the flexure problem is solved.

6.4.4 Uniformly Loaded Cylinders

Let us consider the Almansi–Michell problem for anisotropic elastic bodies.
The problem consists in the determination of the functions ui, ϕi ∈
C2(B) ∩ C1(B) that satisfy the Equations 5.1.11, 5.1.16, and 5.1.19 on B,
the conditions on the end Σ1, and the conditions 6.3.2 on Π, when the body
loads have the form 6.3.1.

Following Ref. 161, we try to solve the problem assuming that

uα = −1
2
aαx

2
3 −

1
6
bαx

3
3 −

1
24
cαx

4
3 + εβα

(
a4x3 +

1
2
b4x

2
3 +

1
6
c4x

3
3

)
xβ

+
4∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
u(s)

α + wα(x1, x2) + x3vα(x1, x2)

u3 = (a1x1 + a2x2 + a3)x3 +
1
2
(b1x1 + b2x2 + b3)x2

3

+
1
6
(c1x1 + c2x2 + c3)x3

3

+
4∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
u

(s)
3 + w3(x1, x2) + x3v3(x1, x2)

ϕα = εαβ

(
aβx3 +

1
2
bβx

2
3 +

1
6
cβx

3
3

)
+

4∑
s=1

(
as + bsx3 +

1
2
csx

2
3

)
ϕ(s)

α

+ χα(x1, xα) + x3ψα(x1, x2)

ϕ3 = a4x3 +
1
2
b4x

2
3 +

1
6
c4x

3
3 +

4∑
s=1

(
as + bsx3 +

1
2
csx

2
3

)
ϕ

(s)
3

+ χ3(x1, x2) + x3ψ3(x1, x2)
(6.4.36)

where u(s)
i and ϕ

(s)
i are the solutions of the problems C(s), vi, ψi, wi, and

χi are unknown functions, and as, bs, and cs, (s = 1, 2, 3, 4), are unknown
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constants. By Equations 5.1.11, 5.1.16, and 6.4.36, we get

tij =
4∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
τ

(s)
ij + τij + x3σij + kij + x3Kij

mij =
4∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
μ

(s)
ij + μij + x3νij + hij + x3Hij

(6.4.37)

where τ (s)
ij and μ(s)

ij are given by Equation 6.4.15, τij and μij are defined by

τij = Aijrsξrs +Bijrsηrs, μij = Brsijξrs + Cijrsηrs

ξαi = wi,α + εiαkχk, ξ3i = εi3kχk, ηαi = χi,α

(6.4.38)

the functions σij and νij have the expressions

σij = Aijrsγrs +Bijrsζrs, νij = Brsijγrs + Cijrsζrs

γαi = vi,α + εiαkψk, γ3i = εi3kψk, ζαi = ψi,α

(6.4.39)

and we have used the notations

kij = Aij3rvr +Bij3rψr +
4∑

s=1

bs(Aij3ru
(s)
r +Bij3rϕ

(s)
r )

Kij =
4∑

s=1

cs
[
Aij3ru

(s)
r +Bij3rϕ

(s)
r

]

hij = B3rijvr + Cij3rψr +
4∑

s=1

bs
[
B3riju

(s)
r + Cij3rϕ

(s)
r

]

Hij =
4∑

s=1

cs(B3riju
(s)
r + Cij3rϕ

(s)
r )

(6.4.40)

The equations of equilibrium 5.1.19 reduce to

ταi,α + kαi,α +
4∑

s=1

bsτ
(s)
3i + σ3i +K3i + f

(0)
i = 0

μαi,α + εijkτjk + g
(0)
i + hαi,α +

4∑
s=1

bsμ
(s)
3i + ν3i +H3i + εijrkjr = 0

(6.4.41)

and

σαi,α +Kαi,α +
4∑

s=1

csτ
(s)
3i = 0

ναi,α + εijkσjk +Hαi,α + εijkKjk +
4∑

s=1

csμ
(s)
3i = 0 on Σ1

(6.4.42)
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The boundary conditions 6.3.2 become

ταinα = Pi, μαinα = Qi on Γ (6.4.43)

and
σαinα = Ti, ναinα = Si on Γ (6.4.44)

where

Pi = t̃
(0)
i − kαinα, Qi = m̃

(0)
i − hαinα, Ti = −Kαinα, Si = −Hαinα

The necessary and sufficient conditions to solve the generalized plane strain
problem 6.4.39, 6.4.42, and 6.4.44 reduce to

∫
Σ1

4∑
s=1

csτ
(s)
3i da = 0,

∫
Σ1

4∑
s=1

cs
[
εαβxατ

(s)
3β + μ

(s)
33

]
da = 0 (6.4.45)

By using Equation 6.4.30, it follows that the first two conditions 6.4.45 are
satisfied. The remaining conditions imply

4∑
s=1

Drscs = 0, (r = 3, 4) (6.4.46)

The necessary and sufficient conditions for the existence of the solution of
the generalized plane strain problem 6.4.38, 6.4.41, and 6.4.43 are∫

Σ1

f
(0)
i da+

∫
Γ

t̃
(0)
i ds+

∫
Σ1

t3i,3da = 0

∫
Σ1

(
εαβxαf

(0)
β + g

(0)
3

)
da+

∫
Γ

(
εαβxαt̃

(0)
β + m̃

(0)
3

)
ds

+
∫

Σ1

(εαβxαt3β,3 +m33,3)da = 0

(6.4.47)

By using Equation 6.3.16, the first two conditions 6.4.47 reduce to
4∑

s=1

Dαscs = −
∫

Σ1

f (0)
α da−

∫
Γ

t̃ (0)
α ds (6.4.48)

The system 6.4.46 and 6.4.48 determines the constants cs, (s = 1, 2, 3, 4).
Thus, the conditions 6.4.45 are satisfied, and in what follows we can as-
sume that the functions vi and ψi are known. The remaining conditions from
Equation 6.4.47 become

4∑
s=1

D3sbs = −
∫

Σ1

f
(0)
3 da−

∫
Γ

t̃
(0)
3 ds−

∫
Σ1

(σ33 +K33)da

4∑
s=1

D4sbs = −
∫

Σ1

(
εαβxαf

(0)
β + g

(0)
3

)
da−

∫
Γ

(
εαβxαt̃

(0)
β + m̃

(0)
3

)
ds

−
∫

Σ1

[εαβxα(σ3β +K3β) + ν33 +H33]da

(6.4.49)
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With the help of Equation 6.3.22, the conditions 6.2.3 take the form

4∑
s=1

Dαsbs = −Fα −
∫

Γ

(
xαt̃

(0)
3 + εβαm̃

(0)
β

)
ds−

∫
Σ1

(
xαf

(0)
3 + εβαg

(0)
β

)
da

−
∫

Σ1

[xα(σ33 +K33) + εβα(ν3β +H3β)]da (6.4.50)

In view of Equation 6.4.18, the system 6.4.49 and 6.4.50 determines the con-
stants bs, (s = 1, 2, 3, 4). The conditions 6.4.47 are satisfied so that we can
consider that the functions wi and χi are given.

From Equations 6.2.4, 6.2.5, and 6.2.6, we obtain the following system for
the constants as

4∑
s=1

Drsas = ζr, (r = 1, 2, 3, 4) (6.4.51)

where
ζα = εαβMβ −

∫
Σ1

[xα(τ33 + k33) + εβα(μ3β + h3β)]da

ζ3 = −F3 −
∫

Σ1

(τ33 + k33)da

ζ4 = −M3 −
∫

Σ1

[εαβxα(τ3β + k3β) + μ33 + h33]da

On the basis of Equation 6.4.18, from Equation 6.4.51, we can find the con-
stants a1, a2, a3, and a4.

6.4.5 Recurrence Process

In this case the problem of Almansi reduces to the finding of the functions
ui, ϕi ∈ C2(B) ∩ C1(B) that satisfy the equations

tji,j + Fi(x1, x2)xn+1
3 = 0, mji,j + εirstrs + Hi(x1, x2)xn+1

3 = 0

tij = Aijrsers +Bijrsκrs, mij = Brsijers + Cijrsκrs

eij = uj,i + εjikϕk, κij = ϕj,i on B

(6.4.52)

and the boundary conditions 6.3.28 and 6.3.29, when the solution of the
equations

t∗ji,j + Fi(x1, x2)xn
3 = 0, m∗

ji,j + εirst
∗
rs + Hi(x1, x2)xn

3 = 0

t∗ij = Aijrse
∗
rs +Bijrsκ

∗
rs, m∗

ij = Brsije
∗
rs + Cijrsκ

∗
rs

e∗ij = u∗j,i + εjikϕ
∗
k, κ∗ij = ϕ∗

j,i on B

(6.4.53)

with the conditions 6.3.31 and 6.3.32, is known. We seek the solution of
this problem in the form 6.3.33, where vi and ψi are unknown functions.
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By Equations 6.3.33, 6.4.52, and 6.4.53, we get

tij = (n+ 1)
( ∫ x3

0

t∗ijdx3 + τij + Tij

)

mij = (n+ 1)
( ∫ x3

0

m∗
ijdx3 + μij +Mij

)

where τij and μij are defined by

τij = Aijrsξrs +Bijrsηrs, μij = Brsijξrs + Cijrsηrs

ξij = vj,i + εjikψk, ηij = ψj,i

and we have used the notations

Tij = Aij3ru
∗
r(x1, x2, 0) +Bij3rϕ

∗
r(x1, x2, 0)

Mij = B3riju
∗
r(x1, x2, 0) + Cij3rϕ

∗
r(x1, x2, 0)

The equilibrium equations reduce to

τji,j + Pi = 0, μji,j + εirsτrs +Qi = 0 on B

Here we have used the notations

Pi = Tji,j + t∗3i(x1, x2, 0), Qi = Mji,j +m∗
3i(x1, x2, 0)

The conditions on the lateral surface become

ταinα = si, μαinα = ri on Π

where

si = −Tαinα, ri = −Mαinα

One can see that Pi, Qi, si, and ri are independent of the axial coordinate. In
view of Equations 6.3.31, from Equations 6.3.28, we obtain

∫
Σ1

τ3ida = −Ãi,

∫
Σ1

(εijkxjτ3k + μ3i)da = −B̃i

where

Ãi =
∫

Σ1

T3ida, B̃i =
∫

Σ1

(εijkxjT3k +M3i)da

Thus, for the unknown functions vi and ψi, we have obtained a problem of
Almansi–Michell type. The solution of this problem has the form 6.4.36.
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6.5 Cylinders Composed of Different Elastic Materials

This section is concerned with the deformation of a cylinder composed
of different isotropic Cosserat elastic materials. We now assume that B is
a composed cylinder, as described in Section 3.1. We suppose that the do-
main Bρ is occupied by an isotropic material with the constitutive coefficients
λ(ρ), μ(ρ), . . . , γ(ρ) and that

λ(ρ) = λ(ρ)(x1, x2), μ(ρ) = μ(ρ)(x1, x2), . . . , γ(ρ) = γ(ρ)(x1, x2)

(x1, x2) ∈ Aρ

(6.5.1)

We assume that the elastic coefficients belong to C∞ and that the elastic
potential corresponding to the body which occupies Bρ is a positive definite
quadratic form. We can consider B as being occupied by an elastic medium
which, in general, has elastic coefficients discontinuous along Π0.

The functions ui, ϕi, ti, and mi must be continuous in passing from one
medium to another so that we have the conditions

[ui]1 = [ui]2, [ϕi]1 = [ϕi]2

[tβi]1n0
β = [tβi]2n0

β , [mβi]1n0
β = [mβi]2n0

β on Π0

(6.5.2)

where it has been indicated that the expressions in brackets are calculated for
the domains B1 and B2, respectively. Here, n0

β are the direction cosines of the
vector normal to Π0, outward to B1.

6.5.1 Plane Strain Problems

The plane strain problem for Cosserat elastic solids has been introduced in
Sections 5.2 and 6.1. Let us consider now the problem of the plane strain asso-
ciated to the cylinder B, which is occupied by two materials. The equilibrium
equations for the plane strain can be written in the form

tβα,β + f (ρ)
α = 0, mβ3,β + εαβtαβ + g

(ρ)
3 = 0 on Aρ (6.5.3)

We assume that the functions f (ρ)
α and g

(ρ)
3 belong to C∞. The constitutive

Equations 6.1.3 lead to

tαβ = λ(ρ)eηηδαβ + (μ(ρ) + κ(ρ))eαβ + μ(ρ)eβα

mα3 = γ(ρ)ϕ3,α on Aρ

(6.5.4)

Since the displacement vector, the microrotation vector, the stress vector, and
the couple-stress vector are continuous in passing one medium to another, in
the plane strain we have the conditions

[uα]1 = [uα]2, [ϕ3]1 = [ϕ3]2

[tαβ ]1n0
α = [tαβ ]2n0

α, [mα3]1n0
α = [mα3]2n0

α on Γ0

(6.5.5)
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We consider the following boundary conditions

[tβαnβ ]ρ = h(ρ)
α , [mα3nα]ρ = q(ρ) on Γρ (6.5.6)

where h
(ρ)
α and q(ρ) are functions of class C∞. If the domains Aρ satisfy

some conditions of regularity [88], then the above plane strain problem has a
solution if and only if

2∑
ρ=1

[ ∫
Aρ

f (ρ)
α da+

∫
Γρ

h(ρ)
α da

]
= 0

2∑
ρ=1

[ ∫
Aρ

(
εαβxαf

(ρ)
β + g

(ρ)
3

)
da+

∫
Γρ

(
εαβxαh

(ρ)
β + q(ρ)

)
ds

]
= 0

(6.5.7)

In what follows, we assume that the requirements which insure this result are
fulfilled. If the conditions 6.5.5 are replaced by

[uα]1 = [uα]2, [ϕ3]1 = [ϕ3]2
[tαβ ]1n0

α = [tαβ ]2n0
α + pβ , [mα3]1n0

α = [mα3]2n0
α + q on Γ0

(6.5.8)

where pα and q are functions of class C∞, then the conditions 6.5.7 are re-
placed by

2∑
ρ=1

[ ∫
Aρ

f (ρ)
α da+

∫
Γρ

h(ρ)
α ds

]
+

∫
Γ0

pαds = 0

2∑
ρ=1

[ ∫
Aρ

(
εαβxαf

(ρ)
β + g

(ρ)
3

)
da+

∫
Γρ

(
εαβxαh

(ρ)
β + q(ρ)

)
ds

]

+
∫

Γ0

(εαβxαpβ + q)ds = 0

(6.5.9)

We will have occasion to use three special problems E(s), (s = 1, 2, 3),
of plane strain. In what follows, we denote by u

(s)
α , ϕ(s), e

(s)
αβ , t(s)ij , and m

(s)
ij

the solution of the problem E(s). The problems E(s) are characterized by the
equations of equilibrium

t
(η)
βα,β + (λ(ρ)xη),α = 0, t

(3)
βα,β + λ(ρ)

,α = 0, (η = 1, 2)

m
(η)
β3,β + εαβt

(η)
αβ + εαηβ

(ρ)
,α = 0, m

(3)
β3,β + εαβt

(3)
αβ = 0

(6.5.10)

the constitutive equations

t
(s)
αβ = λ(ρ)e(s)ηη δαβ + (μ(ρ) + κ(ρ))e(s)αβ + μ(ρ)e

(s)
βα, m

(s)
α3 = γ(ρ)ϕ

(s)
3,α (6.5.11)

the geometrical equations

e
(s)
αβ = u

(s)
β,α + εβαϕ

(s)
3 , κ

(s)
α3 = ϕ

(s)
3,α (6.5.12)
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on Aρ, and the following conditions

[
u(s)

α

]
1

=
[
u(s)

α

]
2
,

[
ϕ

(s)
3

]
1

=
[
ϕ

(s)
3

]
2[

t
(s)
βα

]
1
n0

β =
[
t
(s)
βα

]
2
n0

β + P (s)
α ,

[
m

(s)
α3

]
1
n0

α =
[
m

(s)
α3

]
2
n0

α +Q(s) on Γ0

(6.5.13)

[t(η)
βαnβ ]ρ = −λ(ρ)xηnα, [t(3)βαnβ ]ρ = −λ(ρ)nα

[m(η)
α3 nα]ρ = εηνβ

(ρ)nν , [m(3)
α3nα]ρ = 0 on Γρ

(6.5.14)

where we have used the notations

P (η)
α = (λ(2) − λ(1))xηn

0
α, P (3)

α = (λ(2) − λ(1))n0
α

Q(η) = εηα(β(1) − β(2))n0
α, Q(3) = 0

(6.5.15)

The necessary and sufficient conditions for the existence of the solution are
satisfied for each boundary-value problem E(s).

6.5.2 Extension and Bending

The problem of extension and bending for a composed cylinder consists in
the solving of the Equations 5.1.11, 5.1.17, and 6.2.1 on Bρ with the conditions
6.2.2, 6.2.7, 6.2.8, and 6.5.2 when the constitutive coefficients have the form
6.5.1. We try to solve this problem assuming that

uα = −1
2
aαx

2
3 +

3∑
s=1

asu
(s)
α , u3 = (a1x1 + a2x2 + a3)x3

ϕα = εαβaβx3, ϕ3 =
3∑

s=1

asϕ
(s)
3

(6.5.16)

where u(s)
α , ϕ

(s)
3 are the solutions of the problems E(s), and as are unknown

constants. From Equations 5.1.11, 5.1.17, and 6.5.16, we get

tαβ = λ(ρ)(a1x1 + a2x2 + a3)δαβ +
3∑

s=1

ast
(s)
αβ

t33 = (λ(ρ) + 2μ(ρ) + κ(ρ))(a1x1 + a2x2 + a3) + λ(ρ)
3∑

s=1

ase
(s)
αα

tα3 = t3α = 0, mαβ = m33 = 0, mα3 = εανβ
(ρ)aν +

3∑
s=1

asm
(s)
α3

m3α = εανγ
(ρ)aν +

3∑
s=1

asm
(s)
3α (6.5.17)
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By using Equations 6.5.13, 6.5.14, and 6.5.15, it follows that the conditions
6.2.2 and 6.5.2 are satisfied. The conditions 6.2.7 are satisfied on the basis of
the relations 6.5.17. From Equations 6.2.8 and 6.5.17 we obtain the following
system for the unknown constants ak,

Yrsas = Cr (6.5.18)

where

Yαβ =
2∑

ρ=1

∫
Aρ

{
xα

[
(λ(ρ) + 2μ(ρ) + κ(ρ))xβ + λ(ρ)e(β)

ηη

]

− εαλ

(
ελβγ

(ρ) +m
(β)
3λ

)}
da

Yα3 =
2∑

ρ=1

∫
Aρ

{
xα

[
λ(ρ) + 2μ(ρ) + κ(ρ) + λ(ρ)e(3)ηη

] − εαλm
(3)
3λ

}
da

Y3α =
2∑

ρ=1

∫
Aρ

[(
λ(ρ) + 2μ(ρ) + κ(ρ)

)
xα + λ(ρ)e(α)

ηη

]
da

Y33 =
2∑

ρ=1

∫
Aρ

[
λ(ρ) + 2μ(ρ) + κ(ρ) + λ(ρ)e(3)ηη

]
da

Cα = εαβMβ , C3 = −F3

(6.5.19)

Following the procedure from Section 3.6 we can prove that det(Yrs) �= 0, so
that the system 6.5.18 determines the constants as.

6.5.3 Torsion

The problem of torsion for a cylinder composed of two materials consists
in the finding of the functions ui and ϕi that satisfy Equations 5.1.11, 5.1.17,
and 6.2.1 on Bρ, the conditions 6.5.2 on the surface of separation Π0, the
conditions on the end Σ1, and the conditions 6.2.2 on the lateral boundary of
the cylinder B. Following Ref. 141 we seek the solution in the form

uα = εβατxβx3, u3 = τΦ(x1, x2), ϕα = τΦα(x1, x2), ϕ3 = τx3

(6.5.20)

where Φ,Φ1, and Φ2 are unknown functions, and τ is an unknown constant.
Let Ṽ = (G,G1, G2) be an ordered triplet of functions G,G1, and G2. We



© 2009 by Taylor & Francis Group, LLC

262 Classical and Generalized Models of Elastic Rods

introduce the notations

T
(ρ)
α Ṽ = (μ(ρ) + κ(ρ))G,α + κ(ρ)εαβGβ , S(ρ)

α Ṽ = μ(ρ)G,α + κ(ρ)εβαGβ

M
(ρ)
αβ Ṽ = α(ρ)Gν,νδαβ + β(ρ)Gα,β + γ(ρ)Gβ,α

L(ρ)
ν Ṽ =

(
M

(ρ)
βν Ṽ

)
,β

+ ενβ

(
T

(ρ)
β Ṽ − S

(ρ)
β Ṽ

)
=

(
α(ρ)Gλ,λ

)
,ν

+
(
β(ρ)Gλ,ν

)
,λ

+
(
γ(ρ)Gν,λ

)
,λ

+ ενβκ
(ρ)G,β − 2κ(ρ)Gν

L(ρ)
3 Ṽ =

(
T (ρ)

α Ṽ
)
,α

=
[
(μ(ρ) + κ(ρ))G,α

]
,α

+ εαβ

(
κ(ρ)Gβ

)
,α

N (ρ)
ν Ṽ =

(
M (ρ)

αν Ṽ
)
nα = α(ρ)Gλ,λnν + β(ρ)Gλ,νnλ + γ(ρ)Gν,λnλ

N (ρ)
3 Ṽ =

(
T (ρ)

α Ṽ
)
nα = (μ(ρ) + κ(ρ))G,αnα + κ(ρ)εαβGβnα

(6.5.21)
Taking into account Equations 5.1.11, 5.1.17, and 6.5.20, we obtain

tαβ = 0, t33 = 0, tα3 = τ
[
T (ρ)

α Λ + μ(ρ)εβαxβ

]
t3α = τ

[
S(ρ)

α Λ + (μ(ρ) + κ(ρ))εβαxβ

]
, mην = τ

[
M (ρ)

ην Λ + α(ρ)δην

]
mα3 = m3α = 0, m33 = τ

[
α(ρ)Φν,ν + α(ρ) + β(ρ) + γ(ρ)

]
on Aρ

(6.5.22)
where Λ = (Φ,Φ1,Φ2). The equations of equilibrium 6.2.1 reduce to

L(ρ)
i Λ = F

(ρ)
i on Aρ (6.5.23)

where
F (ρ)

ν = xνκ
(ρ) − α(ρ)

,ν , F
(ρ)
3 = εαβ(μ(ρ)xβ),α (6.5.24)

The boundary conditions 6.2.2 become

N
(ρ)

i Λ = σ
(ρ)
i on Γρ (6.5.25)

where
σ(ρ)

ν = −α(ρ)nν , σ
(ρ)
3 = μ(ρ)εαβxβnα (6.5.26)

The conditions 6.5.2 reduce to

[
N

(1)
i Λ

]
(n0) − [

N
(2)

i Λ
]
(n0) = ki on Γ0 (6.5.27)

where we have used the notations

kν = (α(2) − α(1))n0
ν , k3 = (μ(1) − μ(2))εαβxβn

0
α (6.5.28)

and [N (ρ)
i ](n0) denotes the operator N

(ρ)
i for nα = n0

α. Following Refs. 88,
137, and 154, the necessary and sufficient condition for the existence of the
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solution of the boundary-value problem 6.5.23, 6.5.25, and 6.5.27 is

2∑
ρ=1

[ ∫
Aρ

F
(ρ)
3 da−

∫
Γρ

σ
(ρ)
3 ds

]
−

∫
Γ0

k3ds = 0

By using Equations 6.5.24, 6.5.26, and 6.5.28, it is easy to see that this condi-
tion is satisfied. We assume that the functions Φ and Φα are known. Taking
into account Equations 6.5.22 it follows that the conditions 6.2.15 are satis-
fied. As in Section 6.2.2, we can prove that the conditions 6.2.14 are identically
satisfied. From Equation 6.2.16 we determine the constant τ . Thus, by using
Equations 6.5.22, the condition 6.2.16 reduces to

τD′ = −M3 (6.5.29)

where D′ is the torsional rigidity

D′ =
2∑

ρ=1

∫
Aρ

(εαβxα{μ(ρ)Φ,β + ενβ [κ(ρ)Φν + (μ(ρ) + κ(ρ))xν ]}

+ α(ρ)Φν,ν + α(ρ) + β(ρ) + γ(ρ))da (6.5.30)

By using the method presented in Section 5.3 we can prove that D′ �= 0, so
that the relation 6.5.29 determines the constant τ .

6.5.4 Flexure

We suppose that the loading applied on Σ1 is statically equivalent to the
force F = Fαeα and the moment M = 0. The problem consists in the de-
termination of the displacement and microrotation vector fields that satisfy
Equations 5.1.11, 5.1.17, and 6.2.1 on Bρ, the conditions 6.5.2 on the surface
of separation, the conditions on the end Σ1, and the conditions 6.2.2 on the
surface Π. Following Ref. 155, we seek the solution in the form

uα = −1
6
bαx

3
3 + x3

3∑
s=1

bsu
(s)
α + εβατxβx3

u3 =
1
2
(b1x1 + b2x2 + b3)x2

3 + τΦ + Ψ(x1, x2)

ϕα =
1
2
εαβbβx

2
3 + τΦα + Ψα(x1, x2)

ϕ3 = x3

3∑
s=1

bsϕ
(s)
3 + τx3

(6.5.31)

where Φ,Φ1, and Φ2 satisfy Equations 6.5.23 and the conditions 6.5.25 and
6.5.27; u(s)

α and ϕ
(s)
3 are the solutions of the problems E(s); Ψ,Ψ1, and Ψ2
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are unknown functions, and bi and τ are unknown constants. By Equations
5.1.11, 5.1.17, and 6.5.31, we find that

tαβ = x3

3∑
s=1

bst
(s)
αβ + λ(ρ)x3(b1x1 + b2x2 + b3)δαβ

t33 = (λ(ρ) + 2μ(ρ) + κ(ρ))(b1x1 + b2x2 + b3)x3 + λ(ρ)x3

3∑
s=1

bse
(s)
αα

tα3 = τ
[
T (ρ)

α Λ + μ(ρ)εβαxβ

]
+ T (ρ)

α Ω + μ(ρ)
3∑

s=1

bsu
(s)
α

t3α = τ
[
S(ρ)

α Λ + εβα(μ(ρ) + κ(ρ))xβ

]
+ S(ρ)

α Ω + (μ(ρ) + κ(ρ))
3∑

s=1

bsu
(s)
α

mην = τ
[
M (ρ)

ην Λ + α(ρ)δην

]
+MηνΩ + α(ρ)δην

3∑
s=1

bsϕ
(s)

m3α = x3

3∑
s=1

bsm
(s)
3α + γ(ρ)εαβbβx3

mα3 = β(ρ)εαβbβx3 + x3

3∑
s=1

bsm
(s)
α3

m33 = (α(ρ) + β(ρ) + γ(ρ))
(
τ +

3∑
s=1

bsϕ
(s)
3

)
+ α(ρ)(τΦα,α + Ψα,α)

(6.5.32)

where Ω = (Ψ,Ψ1,Ψ2). On the basis of the relations 6.5.10 and 6.5.15, we
conclude that the equilibrium equations 6.2.1 and the conditions 6.2.2 and
6.5.2 reduce to

L(ρ)
ν Ω = −γ(ρ)ενβbβ −

3∑
s=1

bs
[(
α(ρ)ϕ

(s)
3

)
,ν

+m
(s)
3ν − ενβκ

(ρ)u
(s)
β

]

L(ρ)
3 Ω = −

3∑
s=1

bs
[
λ(ρ)e(s)αα + (μ(ρ)u(s)

α

)
,α

]

− (λ(ρ) + 2μ(ρ) + κ(ρ))(b1x1 + b2x2 + b3) on Aρ

(6.5.33)

[Ψ]1 = [Ψ]2, [Ψα]1 = [Ψα]2
(6.5.34)[

N (1)
η Ω

]
(n0) − [

N (2)
η Ω

]
(n0) = (α(2) − α(1))νη

3∑
s=1

bsϕ
(s)
3
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[
N

(1)
3 Ω

]
(n0) − [

N
(2)

3 Ω
]
(n0) = (μ(2) − μ(1))να

3∑
s=1

bsu
(s)
α on Γ0

N (ρ)
ν Ω = −α(ρ)nν

3∑
s=1

bsϕ
(s), N

(ρ)
3 Ω = −μ(ρ)nα

3∑
s=1

bsu
(s)
α on Γρ

(6.5.35)
The necessary and sufficient condition for the existence of the solution of this
boundary-value problem becomes

Y3sbs = 0 (6.5.36)

where Y3s are given by 6.5.19. Let us impose the conditions 6.2.26. As in
Section 6.2, we can prove that the relations 6.2.34 and 6.2.35 hold. Thus,
taking into account 6.5.32, the conditions 6.2.26 reduce to

Yαsbs = −Fα (6.5.37)

The system 6.5.36 and 6.5.37 determines the constants bs. Since the condi-
tions 6.5.36 are satisfied, we shall consider that the functions Ψ and Ψα are
known.

From Equations 6.2.28 and 6.5.32, we obtain

τD′ = −
2∑

ρ=1

∫
Aρ

{
εαβxα

[
μ(ρ)Ψ,β + ενβκ

(ρ)Ψν + (μ(ρ) + κ(ρ))
3∑

s=1

bsu
(s)
β

]

+ (α(ρ) + β(ρ) + γ(ρ))
3∑

s=1

bsϕ
(s)
3 + α(ρ)Ψα,α

}
da

where D′ is given by Equation 6.5.38. The above relation determines the
constant τ . The conditions 6.2.27 are identically satisfied on the basis of the
relations 6.5.32. Thus, the flexure problem is solved.

6.5.5 Problem of Loaded Cylinders

In order to solve the Almansi problem, we first investigate the problem of
uniformly loaded cylinders. We assume that the body loads have the form

fi = R
(ρ)
i (x1, x2), gi = L

(ρ)
i (x1, x2) on Aρ (6.5.38)

and consider the boundary conditions

[tαinα]ρ = p
(ρ)
i (x1, x2), [mαinα]ρ = q

(ρ)
i (x1, x2) on Πρ (6.5.39)

Let us establish a solution of the Equations 5.1.11, 5.1.17, and 5.1.19 on Bρ

which satisfies the conditions on the end Σ1, the conditions 6.5.39 on Πρ

and the conditions 6.5.2 on Π0, when the body loads are given by Equa-
tion 6.5.38. On the basis of Theorem 5.6.2, we try to solve the problem
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assuming that

uα = −1
2
aαx

2
3 −

1
6
bαx

3
3 −

1
24
cαx

4
3 + εβα

(
τ1x3 +

1
2
τ2x

2
3

)
xβ

+
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
u(s)

α + vα(x1, x2)

u3 = (a1x1 + a2x2 + a3)x3 +
1
2
(b1x1 + b2x2 + b3)x2

3

+
1
6
(c1x1 + c2x2 + c3)x3

3 + (τ1 + x3τ2)Φ + Ψ(x1, x2) + x3χ(x1, x2)

ϕα = εαβ

(
aβx3 +

1
2
bβx

2
3 +

1
6
cβx

3
3

)

+ (τ1 + τ2x3)Φα + Ψα(x1, x2) + x3χα(x1, x2)

ϕ3 =
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
ϕ

(s)
3 + τ1x3 +

1
2
τ2x

2
3 + w(x1, x2) (6.5.40)

where u(s)
α and ϕ(s)

3 are the solutions of the problems E(s); Φ,Φ1, and Φ2 are
the torsion functions considered in Section 6.5.3; Ψ,Ψα, χ, χα, vα, and w are
unknown functions, and as, bs, cs, τ1, and τ2 are unknown constants. In view
of Equations 5.1.11, 5.1.17, and 6.5.40, we find that

tαβ = λ(ρ)
[
a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3

+
1
2
(c1x1 + c2x2 + c3)x2

3

]
δαβ + λ(ρ)(χ+ τ2Φ)δαβ

+
3∑

s=1

(
as + bsx3 + 1

2csx
2
3

)
t
(s)
αβ + σαβ

t33 = (λ(ρ) + 2μ(ρ) + κ(ρ))
[
a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3

+
1
2
(c1x1 + c2x2 + c3)x2

3

]
+ (λ(ρ) + 2μ(ρ) + k(ρ))(χ+ τ2Φ)

+ λ(ρ)
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
e(s)αα + λ(ρ)γαα

tα3 = T (ρ)Ω + x3T
(ρ)
α Ṽ + (τ1 + τ2x3)(T (ρ)

α Λ + μ(ρ)εβαxβ)

+ μ(ρ)
3∑

s=1

(bs + csx3)u(s)
α

t3α = S(ρ)
α Ω + x3S

(ρ)
α Ṽ + (τ1 + τ2x3)

[
S(ρ)

α Λ + (μ(ρ) + κ(ρ))εβαxβ

]

+ (μ(ρ) + κ(ρ))
3∑

s=1

(bs + csx3)u(s)
α
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mλν = M
(ρ)
λν Ω + x3M

(ρ)
λν Ṽ + (τ1 + τ2x3)

(
M

(ρ)
λν Λ + α(ρ)δλν

)

+ α(ρ)δλν

3∑
s=1

(bs + csx3)ϕ
(s)
3

mα3 = β(ρ)εαν

(
aν + bνx3 +

1
2
cνx

2
3

)
+ β(ρ)(χα + τ2Φα)

+
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
m

(s)
α3 + μα3

m3α = γ(ρ)εαν

(
aν + bνx3 +

1
2
cνx

2
3

)
+ γ(ρ)(χα + τ2Φα)

+
3∑

s=1

(
as + bsx3 +

1
2
csx

2
3

)
m

(s)
3α + μ3α

m33 = (α(ρ) + β(ρ) + γ(ρ))
[
τ1 + τ2x3 +

3∑
s=1

(bs + csx3)ϕ(s)

]

+ α(ρ)(τ1 + τ2x3)Φλ,λ + α(ρ)(Ψλ,λ + x3χλ,λ) (6.5.41)

where Ω = (Ψ,Ψ1,Ψ2), Ṽ = (χ, χ1, χ2) and

σαβ = λ(ρ)γννδαβ + (μ(ρ) + κ(ρ))γαβ + μ(ρ)γβα

μα3 = γ(ρ)w,α, μ3α = β(ρ)w,α, γαβ = vβ,α + εβαw
(6.5.42)

Taking into account Equations 6.5.10 and 6.5.41, the equations of equilib-
rium lead to the following equations

σβα,β +H(ρ)
α = 0, μα3,α + εαβσαβ +H(ρ) = 0 on Aρ (6.5.43)

L(ρ)
i Ω = G

(ρ)
i on Aρ (6.5.44)

L(ρ)
i Ṽ = K

(ρ)
i on Aρ (6.5.45)

where we have used the notations

H(ρ)
α = [λ(ρ)(χ+ τ2Φ)],α + S(ρ)

α Ṽ + τ2
[
S(ρ)

α Λ

+ (μ(ρ) + κ(ρ))εβαxβ

]
+ (μ(ρ) + κ(ρ))

3∑
s=1

csu
(s)
α +R(ρ)

α

H(ρ) = [β(ρ)(χα + τ2Φα)],α + (α(ρ) + β(ρ) + γ(ρ))

(
τ2 +

3∑
s=1

csϕ
(s)

)

+ α(ρ)(χν + τ2Φν),ν + L
(ρ)
3
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G
(ρ)
3 = −

3∑
s=1

bs
[
λ(ρ)e(s)αα +

(
μ(ρ)u(s)

α

)
,α

]

− (λ(ρ) + 2μ(ρ) + κ(ρ))(b1x1 + b2x2 + b3) −R
(ρ)
3

G(ρ)
ν = −

3∑
s=1

bs
[(
α(ρ)ϕ(s)

)
,ν

+m
(s)
3ν − ενβκ

(ρ)u
(s)
β

]

− γ(ρ)ενβbβ − L(ρ)
ν

K
(ρ)
3 = −

3∑
s=1

cs
[
λ(ρ)e(s)αα +

(
μ(ρ)u(s)

α

)
,α

]

− (λ(ρ) + 2μ(ρ) + κ(ρ))(c1x1 + c2x2 + x3)

K(ρ)
ν = −

3∑
s=1

cs
[
(α(ρ)ϕ(s)),ν +m

(s)
3ν − ενβκ

(ρ)u
(s)
β

] − γ(ρ)ενβcβ (6.5.46)

The boundary conditions 6.5.39 are satisfied if we have

σαβnα = s
(ρ)
β , μα3nα = η(ρ) on Γρ (6.5.47)

N
(ρ)

i Ω = N
(ρ)
i on Γρ (6.5.48)

N
(ρ)

i Ṽ = Q
(ρ)
i on Γρ (6.5.49)

where

s
(ρ)
β = p

(ρ)
β − λ(ρ)(χ+ τ2Φ)nβ , η(ρ) = q

(ρ)
3 − β(ρ)(χα + τ2Φα)nα (6.5.50)

N
(ρ)
3 = p

(ρ)
3 − μ(ρ)

3∑
s=1

bsu
(s)
α nα, N (ρ)

ν = q(ρ)
ν − α(ρ)nν

3∑
s=1

bsϕ
(s)
3 (6.5.51)

Q
(ρ)
3 = −μ(ρ)

3∑
s=1

csu
(s)
α nα, Q(ρ)

ν = −α(ρ)nν

3∑
s=1

csϕ
(s)
3 (6.5.52)

The conditions 6.5.2 reduce to the following conditions on Γ0

[vα]1 = [vα]2, [w]1 = [w]2

[σαβ ]1n0
α − [σαβ ]2n0

α = Zβ , [μα3]1n0
α − [μα3]2n0

α = Z
(6.5.53)

[Ψ]1 = [Ψ]2, [Ψα]1 = [Ψα]2[
N

(1)
i Ω

]
(n0) − [

N
(2)

i Ω
]
(n0) = Xi

(6.5.54)

[χ]1 = [χ]2, [χα]1 = [χα]2[
N

(1)
i Ṽ

]
(n0) − [

N
(2)

i Ṽ
]
(n0) = Yi

(6.5.55)
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where

Zβ = (λ(2) − λ(1))(χ+ τ2Φ)n0
β , Z = (β(2) − β(1))(χα + τ2Φα)n0

α

Xβ = (α(2) − α(1))n0
β

3∑
s=1

bsϕ
(s)
3 , X3 = (μ(2) − μ(1))

3∑
s=1

bsu
(s)
α n0

α

Yβ = (α(2) − α(1))n0
β

3∑
s=1

csϕ
(s)
3 , Y3 = (μ(2) − μ(1))

3∑
s=1

csu
(s)
α n0

α

(6.5.56)
From Equations 6.5.42, 6.5.43, 6.5.47, and 6.5.53 it follows that the func-

tions vα and w satisfy the equations and the boundary conditions in a plane
strain problem. The necessary and sufficient conditions to solve this problem
are

2∑
ρ=1

[ ∫
Aρ

H(ρ)
α da+

∫
Γρ

s(ρ)
α ds

]
+

∫
Γ0

Zαds = 0

2∑
ρ=1

[∫
Aρ

(
εαβxαH

(ρ)
β +H(ρ)

)
da+

∫
Γρ

(
εαβxαs

(ρ)
β + η(ρ)

)
ds

]

+
∫

Γ0

(εαβxαZβ + Z)ds = 0

(6.5.57)

By using Equations 6.5.46, 6.5.50, and 6.5.53 and the divergence theorem, we
obtain

2∑
ρ=1

[ ∫
Aρ

H(ρ)
α da+

∫
Γρ

s(ρ)
α ds

]
+

∫
Γ0

Zαds

=
2∑

ρ=1

[ ∫
Aρ

R(ρ)
α da+

∫
Γρ

p(ρ)
α ds

]
+

∫
Σ1

t3α,3da (6.5.58)

In a similar way, the last condition from Equation 6.5.57 becomes

2∑
ρ=1

[ ∫
Aρ

(
εαβxαR

(ρ)
β + L

(ρ)
3

)
da+

∫
Γρ

(
εαβxαp

(ρ)
β + q

(ρ)
3

)
ds

]

+
∫

Σ1

(εαβxαt3β,3 +m33,3)da = 0 (6.5.59)

With the help of Equation 6.5.40, from Equation 6.3.16 we find that

∫
Σ1

t3α,3da = Yαici (6.5.60)
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From Equations 6.5.58 and 6.5.60 it follows that the conditions 6.5.571

reduce to

Yαici = −
2∑

ρ=1

[ ∫
Aρ

R(ρ)
α da+

∫
Γρ

p(ρ)
α ds

]
(6.5.61)

Let us consider the boundary-value problem 6.5.45, 6.5.49, and 6.5.55. The
necessary and sufficient condition for the existence of the solution of this
problem is

2∑
ρ=1

[ ∫
Aρ

K
(ρ)
3 da−

∫
Γρ

Q
(ρ)
3 ds

]
−

∫
Γ0

Y3ds = 0

Taking into account the relations 6.5.46, 6.5.52, and 6.5.56, the above condi-
tion becomes

Y3ici = 0 (6.5.62)

Equations 6.5.61 and 6.5.62 uniquely determine the constants ck. Let us study
now the boundary-value problem 6.5.14, 6.5.48, and 6.5.54. The necessary and
sufficient condition for the existence of the solution of this problem is

2∑
ρ=1

[ ∫
Aρ

G
(ρ)
3 da−

∫
Γ3

N
(ρ)
3 ds

]
−

∫
Γ0

X3ds = 0

By using Equations 6.5.46, 6.5.51, and 6.5.56, this condition reduces to

Y3sbs = −
2∑

ρ=1

[ ∫
Aρ

R
(ρ)
3 da+

∫
Γρ

p
(ρ)
3 ds

]
(6.5.63)

Let us investigate the conditions 6.2.3. We can write

∫
Σ1

t3αda =
2∑

ρ=1

[ ∫
Aρ

(
xαR

(ρ)
3 + εβαL

(ρ)
β

)
da+

∫
Γρ

(
xαp

(ρ)
3 + εβαq

(ρ)
β

)
ds

]

+
∫

Σ1

(xαt33,3 + εβαm3β,3)da (6.5.64)

With the help of Equations 6.5.40 and 6.5.64, the conditions 6.2.3 become

Yαibi = −Fα −
2∑

ρ=1

[ ∫
Aρ

(
xαR

(ρ)
3 + εβαL

(ρ)
β

)
da+

∫
Γρ

(
xαp

(ρ)
3 + εβαq

(ρ)
β

)
ds

]

(6.5.65)
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The Equations 6.5.63 and 6.5.65 determine the constants bk. In what follows,
we assume that the constants cs and bs, and the functions χ, χα, Ψ, and Ψα

are known.
Let us consider now the condition 6.5.573. Taking into account Equa-

tions 6.5.41 and 6.5.59, the last condition of 6.5.57 reduces to

τ2D
′ = −

2∑
ρ=1

[ ∫
Aρ

(
εαβxαR

(ρ)
β + L

(ρ)
3

)
da+

∫
Γρ

(
εαβxαp

(ρ)
β + q

(ρ)
3

)
ds

]

−
2∑

ρ=1

∫
Aρ

{
εαβxα

[
μ(ρ)χ,β + ενβκ

(ρ)χν + (μ(ρ) + κ(ρ))
3∑

s=1

csu
(s)
β

]

+ (α(ρ) + β(ρ) + γ(ρ))
3∑

s=1

csϕ
(s)
3 + α(ρ)χν,ν

}
da (6.5.66)

where D′ is given by Equation 6.5.30. The relation 6.5.66 determines the
constant τ2. By Equations 6.2.4, 6.2.5, and 6.5.41, we get

Yijaj = ri (6.5.67)

where

rα = εαβMβ −
2∑

ρ=1

∫
Aρ

{xα[λ(ρ)γνν + (λ(ρ) + 2μ(ρ) + κ(ρ))(χ+ τ2Φ)

− εαβ [γ(ρ)(χβ + τ2Φβ) + μ3β ]}da

r3 = −F3 −
2∑

ρ=1

∫
Aρ

[(λ(ρ) + 2μ(ρ) + κ(ρ))(χ+ τ2Φ) + λ(ρ)γαα]da

Equations 6.5.67 uniquely determine the constants ak. From Equations 6.2.6
and 6.5.41, we obtain

τ1D
′ = −M3 −

2∑
ρ=1

∫
Aρ

{
εαβxα

[
μ(ρ)Ψ,β + ενβκ

(ρ)Ψν

+ (μ(ρ) + λ(ρ))
3∑

s=1

bsu
(s)
β

]
+ (α(ρ) + β(ρ)

+ γ(ρ))
3∑

s=1

bsϕ
(s) + α(ρ)Ψλ,λ

}
da

so that we can determine the constant τ1. The problem is therefore solved.
On the basis of the method presented in Sections 2.1 and 5.6, we have to

study now the recurrence process. Let us determine the functions ui and ϕi
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that satisfy the equations

tji,j + F
(ρ)
i (x1, x2)xn+1

3 = 0, mji,j + εirstrs + L
(ρ)
i (x1, x2)xn+1

3 = 0

tij = λ(ρ)errδij + (μ(ρ) + κ(ρ))eij + μ(ρ)eji

mij = α(ρ)ϕr,rδij + β(ρ)ϕi,j + γ(ρ)ϕj,i

eij = uj,i + εjirϕr on Bρ

(6.5.68)

subjected to the conditions

[ui]1 = [ui]2, [ϕi]1 = [ϕi]2
[tβi]1n0

β = [tβi]2n0
β , [mβi]1n0

β = [mβi]2n0
β on Π0∫

Σ1

t3ida = 0,
∫

Σ1

(εirsxrt3s +m3i)da = 0

[tαinα]ρ = p
(ρ)
i (x1, x2)xn+1

3 , [mαinα]ρ = q
(ρ)
i (x1, x2)xn+1

3 on Πρ

(6.5.69)

when the solution of the equations

t∗ji,j + F
(ρ)
i (x1, x2)xn

3 = 0, m∗
ji,j + εirst

∗
rs + L

(ρ)
i (x1, x2)xn

3 = 0

t∗ij = λ(ρ)e∗rrδij + (μ(ρ) + κ(ρ))e∗ij + μ(ρ)e∗ji

m∗
ij = α(ρ)ϕ∗

r,rδij + β(ρ)ϕ∗
i,j + γ(ρ)ϕ∗

j,i, e∗ij = u∗j,i + εjirϕ
∗
r

(6.5.70)

with the conditions

[u∗i ]1 = [u∗i ]2, [ϕ∗
i ]1 = [ϕ∗

i ]2
[t∗βi]1n

0
β = [t∗βi]2n

0
β , [m∗

βi]1n
0
β = [m∗

βi]2n
0
β on Π0∫

Σ1

t∗3ida = 0,
∫

Σ1

(εijkxjt
∗
3k +m∗

3i)da = 0

[t∗αinα]ρ = p
(ρ)
i (x1, x2)xn

3 , [m∗
αinα]ρ = q

(ρ)
i (x1, x2)xn

3 on Πρ

(6.5.71)

is known. In the above relations F (ρ)
i , L

(ρ)
i , p

(ρ)
i and q

(ρ)
i are prescribed func-

tions which belong to C∞. We seek the solution of the problem 6.5.68 and
6.5.69 in the form 6.3.33, where vi and ψi are unknown functions. From Equa-
tions 6.5.68, 6.5.69, 6.5.70, and 6.3.33, we obtain

tij = (n+1)
[ ∫ x3

0

t∗ijdx3+τij+k
(ρ)
ij

]
, mij = (n+1)

[ ∫ x3

0

m∗
ijdx3+μij+h

(ρ)
ij

]

(6.5.72)
where we have used the notations

τij = λ(ρ)γrrδij + (μ(ρ) + κ(ρ))γij + μ(ρ)γji

μij = α(ρ)ψr,rδij + β(ρ)ψi,j + γ(ρ)ψj,i, γij = vj,i + εjikψk

(6.5.73)
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and

k
(ρ)
αβ = λ(ρ)δαβu

∗
3(x1, x2, 0), k

(ρ)
33 = (λ(ρ) + 2μ(ρ) + κ(ρ))u∗3(x1, x2, 0)

k
(ρ)
α3 = μ(ρ)u∗α(x1, x2, 0), k

(ρ)
3α = (μ(ρ) + κ(ρ))u∗α(x1, x2, 0)

h
(ρ)
λν = α(ρ)δλνϕ

∗
3(x1, x2, 0), h

(ρ)
33 = (α(ρ) + β(ρ) + γ(ρ))ϕ∗

3(x1, x2, 0)

h
(ρ)
α3 = β(ρ)ϕ∗

α(x1, x2, 0), h
(ρ)
3α = γ(ρ)ϕ∗

α(x1, x2, 0) (6.5.74)

By using Equations 6.5.701, the equations of equilibrium reduce to

τji,j +G
(ρ)
i = 0, μji,j + εirsτrs +H

(ρ)
i = 0 on Bρ (6.5.75)

where

G
(ρ)
i = k

(ρ)
αi,α + t∗3i(x1, x2, 0), H

(ρ)
i = h

(ρ)
αi,α +m∗

3i(x1, x2, 0)

The conditions on the surface of separation and the conditions 6.5.39 lead
to the following conditions

[vi]1 = [vi]2, [ψi]1 = [ψi]2
[τβi]1n0

β = [τβi]2n0
β + si, [μβi]1n0

β = [μβi]2n0
β + ri on Π0

[τβinβ ]ρ = t̃
(ρ)
i , [μβinβ ]ρ = m̃

(ρ)
i on Πρ

(6.5.76)

where
si = (k(2)

αi − k
(1)
αi )n0

α, ri = (h(2)
αi − h

(1)
αi )n0

α,

t̃
(ρ)
i = −k(ρ)

αi nα, m̃
(ρ)
i = −h(ρ)

αi nα

The conditions on the end Σ1 reduce to
∫

Σ1

τ3ida = −Ti,

∫
Σ1

(εijkxjτ3k + μ3i)da = −Ni (6.5.77)

where

Ti =
2∑

ρ=1

∫
Aρ

k
(ρ)
3i , Ni =

2∑
ρ=1

∫
Aρ

(
εirsxrk

(ρ)
3s + h

(ρ)
3i

)
da

We note that the functions G(ρ)
i ,H

(ρ)
i , t̃

(ρ)
i , m̃

(ρ)
i , si, and ri are independent of

the axial coordinate. We conclude that the functions vk and ψk are character-
ized by a problem of Almansi-Michell type. If si = ri = 0, then the solution
of this problem can be taken as in Equation 6.5.40. However, it is easy to see
that for si �= 0, ri �= 0, the solution has the same form. Thus, the Almansi
problem is solved.

It is easy to extend the solution to the case when B consists of n elastic
bodies with different elasticities.
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6.6 Exercises

6.6.1 A continuum body occupies the domain B∗ = {x : (x1, x2) ∈ Σ1, 0 <
x3 < h}, where the cross section Σ1 is the assembly of the regions
A∗

1 = {x : r22 < x2
1+x2

2 < r21, x3 = 0} and A∗
2 = {x : x2

1+x2
2 < r22, x3 =

0}, (r1 > r2 > 0). The domain A∗
1 is bounded by the circles L and

Γ∗, of radius r1 and r2, respectively. Study the torsion of the cylinder
B∗ if the domains B∗

ρ = {x : (x1, x2) ∈ A∗
ρ, 0 < x3 < h}, (ρ = 1, 2), are

occupied by different homogeneous and isotropic Cosserat elastic
materials.

6.6.2 Investigate the extension and bending of the nonhomogeneous cylinder
B∗ defined in the preceding exercise.

6.6.3 Study the deformation of a heterogeneous circular cylinder subjected
to a constant temperature variation.

6.6.4 Investigate the Saint-Venant problem for heterogeneous anisotropic
Cosserat elastic cylinders.

6.6.5 A nonhomogeneous and isotropic Cosserat elastic material occupies
the domain B= {x : x2

1 +x2
2<a

2, 0<x3<h}, (a> 0). The constitu-
tive coefficients are given by

λ = λ0e
−ξr, μ = μ0e

−ξr, κ = κ0e
−ξr

α = α0e
−ξr, β = β0e

−ξr, γ = γ0e
−ξr, ξ > 0

where λ0, μ0, κ0, α0, β0, γ0, and ξ are prescribed constants. Study the
extension problem.

6.6.6 Investigate the Almansi–Michell problem for inhomogeneous and
hemitropic Cosserat elastic cylinders.

6.6.7 Study the problem of uniformly loaded cylinders composed of different
inhomogeneous and anisotropic Cosserat elastic continua.
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1.11.1 In the boundary-value problem 1.3.43, and 1.3.44, the curve Γ is
defined by the equation

x2
1

a2
+
x2

2

b2
= 1 (A.1)

If we take the stress function of Prandtl in the form

Ψ = C

(
x2

1

a2
+
x2

2

b2
− 1
)
, (x1, x2) ∈ Σ1 (A.2)

where C is an unknown constant, then the function Ψ satisfies the condition
1.3.44. The stress function satisfies Equation 1.3.43 if

C = − a2b2

a2 + b2
(A.3)

By using the relations
∫

Σ1

x2
1da =

1
4
πa3b,

∫

Σ1

x2
2da =

1
4
πab3,

∫

Σ1

da = πab

from Equations 1.3.46 and A.2, we obtain the torsional rigidity,

D =
πa3b3μ

a2 + b2
(A.4)

It follows from Equations 1.3.31 and A.4 that

τ = −M3(a2 + b2)
πμa3b3

(A.5)

In view of Equations 1.3.36 and 1.3.42,

ϕ,1 = Ψ,2 + x2 =
(

2C
b2

+ 1
)
x2 =

b2 − a2

a2 + b2
x2

ϕ,2 = −Ψ,1 − x1 = −
(

2C
a2

+ 1
)
x1 =

b2 − a2

a2 + b2
x1

so that

ϕ =
b2 − a2

a2 + b2
x1x2, (x1, x2) ∈ Σ1 (A.6)

305
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Thus, the solution of the problem has the form 1.3.23 where ϕ is defined in
A.6 and the constant τ has the value A.5. From Equations A.2 and 1.3.45,
we get

t13 = 2μτCx2b
−2, t23 = −2μτCx1a

−2 (A.7)

The stress vector acting on any cross section is t3 = t13e1 + t23e2. The
magnitude of the vector t3 at the point M(x1, x2) on Γ is

P =
(
t213 + t223

)1/2 = 2μ|τC|
(
x2

1

a4
+
x2

2

b4

)1/2

(A.8)

The tangent line at the point M on Γ is given by

x1

a2
x1 +

x2

b2
x2 − 1 = 0

The distance between origin and this tangent line is

d =
(
x2

1

a4
+
x2

2

b4

)−1/2

Thus, by Equation A.8, we get

P =
2
d
μ|τC|

The maximum and minimum of P are given by

Pmax =
2a2b

a2 + b2
μ|τ |, Pmin =

2ab2

a2 + b2
μ|τ |

respectively. The maximum stress occurs at the extremities of the minor axis
of the ellipse.

1.11.2 If we introduce the notations r = (x2
1 + x2

2)
1/2, x1 = r cos θ, x2 =

r sin θ, then the circles C1 and C2 can be described by

(C1) : r = 2a sin θ, (C2) : r = b

We seek the stress function Ψ in the form

Ψ = α(r − 2a sin θ)
(
r − b2

r

)
(A.9)

where α is an unknown constant. Clearly, the function Ψ satisfies the condition
1.3.44. By using the relation

ΔΨ =
1
r

∂

∂r

(
r
∂Ψ
∂r

)
+

1
r2
∂2Ψ
∂θ2
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from Equations 1.3.43 and A.9, we obtain

α = −1
2

We can express Ψ in the form

Ψ = − 1
2
(
x2

1 + x2
2

)(x2
1 + x2

2 − 2ax2

)(
x2

1 + x2
2 − b2

)

It follows from Equations 1.3.46 and A.9 that

D = μ

π−arcsin(b/2a)∫

arcsin(b/2a)

⎡
⎣

2a sin θ∫

b

(2ar sin θ − r2 + b2 − 2ab2r−1 sin θ)dr

⎤
⎦dθ

= μ

{(
a4 − 2a2b2 − 1

2
b4
)[

1
2
π − arcsin(b/2a)

]

+ ab

(
7
4
b2 +

1
2
a2

)[
1 − (b/2a)2

]1/2
}

The torsion function is given by

ϕ = a

(
1 +

b2

r2

)
x1 on Σ1

It is not difficult to show that the maximum shearing stress is at the point
(0, b) ∈ Γ.

1.11.3 We suppose that the loading applied on the end located at x3 = 0 is
statically equivalent to the force F = F1e1 and the moment M = 0. In this
case, the solution of the flexure problem is given by Equations 1.3.70 where
A1 is given by Equation 1.3.59 and the function Φ satisfies the boundary-
value problem 1.3.66 and 1.3.67. We assume that the curve Γ is defined by
Equation A.1. In this case, from Equation 1.3.59, we obtain

A1 = − 4
πa3bE

F1 (A.10)

Let us study the boundary-value problem 1.3.66 and 1.3.67. We introduce the
function Λ on Σ1 by

Φ = −A1

[
Λ(x1, x2) − 1

3

(
1 +

1
2
ν

)(
x3

1 − 3x1x
2
2

)
+

1
3
(1 + ν)x3

1

]
, (x1, x2) ∈ Σ1

(A.11)
From Equations 1.3.66, 1.3.67, and A.11, we find that Λ satisfies the equation

ΔΛ = 0 on Σ1 (A.12)
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and the boundary condition

∂Λ
∂n

= −
[
1
2
νx2

1 +
(

1 − 1
2
ν

)
x2

2

]
n1 − (2 + ν)x1x2n2 on Γ (A.13)

We note that in Equation A.13, we have

n1 =
x1

a2
K, n2 =

x2

b2
K, K−1 =

(
x2

1

a4
+
x2

2

b4

)1/2

(A.14)

With the aid of Equation A.14, the condition A.13 reduces to

b2x1Λ,1 + a2x2Λ,2 = −
[
1
2
νx2

1 +
(

1 − 1
2
ν

)
x2

2

]
b2x1 − (2 + ν)a2x1x

2
2 on Γ

(A.15)
We seek the solution of the boundary-value problem A.12 and A.15 in the
form

Λ = γ1x1 + γ2

(
x3

1 − 3x1x
2
2

)
, (x1, x2) ∈ Σ1 (A.16)

where γ1 and γ2 are arbitrary constants. It is easy to see that Equation A.12
is satisfied. From Equations A.15 and A.16, we obtain the condition

[
γ1 + 3γ2

(
x2

1 − x2
2

)]
b2 − 6γ2a

2x2
2

= −
[
1
2
νx2

1 +
(

1 − 1
2
ν

)
x2

1

]
b2 − (2 + ν)a2x2

1 on Γ (A.17)

Since on Γ we have

x2
1 = a2 − a2

b2
x2

2

the condition A.17 implies that

γ1 + 3γ2a
2 = − 1

2νa
2

3(3a2 + b2)γ2 =
(
2 + 1

2ν
)
a2 +

(
1 − 1

2ν
)
b2

Thus, we find

γ1 = − a2

3a2 + b2
[2(1 + ν)a2 + b2]

γ2 =
1

3(3a2 + b2)

[(
2 +

1
2
ν

)
a2 +

(
1 − 1

2
ν

)
b2
] (A.18)

From Equations A.11 and A.16, we obtain

Φ = −A1

[
γ1x1 +

(
γ2 − 1

3
− 1

6
ν

)(
x3

1 − 3x1x
2
2

)
+

1
3
(1 + ν)x3

1

]
, (x1, x2) ∈ Σ1

(A.19)
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With the help of the relations

Φ,1 = −A1

[
γ1 +

(
3γ2 − 1 − 1

2
ν

)(
x2

1 − x2
2

)
+ (1 + ν)x2

1

]

Φ,2 = −A1(2 + ν − 6γ2)x1x2∫

Σ1

x2
1x2da =

∫

Σ1

x3
1da =

∫

Σ1

x1x
2
2da =

∫

Σ1

x3
2da = 0

(A.20)

from Equation 1.3.69, we find that M∗ = 0. In view of Equation 1.3.68, we
get τ = 0. Thus, from Equations 1.3.70, we obtain

u1 = −1
2
A1

[
1
3
x2

3 + ν(x2
1 − x2

2)
]
x3, u2 = −A1νx1x2x3

u3 =
1
2
A1

[
x2

3 + ν

(
1
3
x2

1 + x2
2

)]
x1 + Φ, (x1, x2, x3) ∈ B

The stress tensor is given by

tαβ = 0, t33 = A1Ex1x3

t23 = −2μA1(a−2γ1 + 1 + ν)x1x2

t31 = −μA1γ1a
−2

[
a2 − x2

1 +
(
a2

γ1
+ 1
)
x2

2

]

1.11.4 In this case, we have fα = 0. We seek the solution of Equations 1.5.8
in the form

uα = xαϕ(r), r =
(
x2

1 + x2
2

)1/2 (A.21)

where ϕ is an unknown function. By Equation A.21,

uα,β = δαβϕ+ xαxβr
−1ϕ′, ϕ′ =

dϕ

dr

uρ,ρ = 2ϕ+ rϕ′ =
1
r
(r2ϕ)′, uρ,ρα = (3r−1ϕ′ + ϕ′′)xα

uα,βγ = (δαβxγ + δαγxβ + δβγxα)r−1ϕ′

− r−3xαxβxγϕ
′ + xαxβxγr

−2ϕ′′

Δuα = (3r−1ϕ′ + ϕ′′)xα

(A.22)

In view of Equations A.12, the equilibrium equations 1.5.8 reduce to

(λ+ 2μ)xα(ϕ′′ + 3r−1ϕ′) = 0

Using the relations 1.1.5, we see that these equations are satisfied if and only if

ϕ′′ + 3r−1ϕ′ = 0 (A.23)
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Equation A.23 can be written in the form

(r3ϕ′)′ = 0

so that
ϕ(r) = C1r

−2 + C2 (A.24)

where Cα are arbitrary constants. From the constitutive equations 1.5.7 and
A.22, we obtain

tαβ = 2(λ+ μ)ϕδαβ + (λrδαβ + 2μxαxβr
−1)ϕ′ (A.25)

We have the boundary conditions

t = −p1n for r = R1, t = −p2n for r = R2 (A.26)

where pα are prescribed constants. Since

nβ = − 1
R1

xβ on r = R1, nβ =
1
R2

xβ on r = R2

the conditions A.26 reduce to

tβαxβ = −p1xα for r = R1

tβαxβ = −p2xα for r = R2

(A.27)

In view of Equations A.24 and A.25, we obtain

tβαxβ = 2xα[(λ+ μ)C2 − μr−2C1]

Thus, the boundary conditions A.27 reduce to

(λ+ μ)C2 − μR−2
1 C1 = −p1/2

(λ+ μ)C2 − μR−2
2 C1 = −p2/2

We find that

C1 =
R2

1R
2
2(p2 − p1)

2μ
(
R2

1 −R2
2

) , C2 =
p2R

2
2 − p1R

2
1

2(λ+ μ)
(
R2

1 −R2
2

)
The components of the stress tensor are given by

tαβ = 2μC1r
−2(δαβ − 2xaxβr

−2) + 2(λ+ μ)C2δαβ

t33 = 2λC2, tα3 = 0

1.11.5 Clearly, we have

χ,11 =
3
4a
qx2 − 1

4a3
qx3

2 +
1
2
q

χ,22 =
1

2a3
qx3

2 −
3

4a3
qx2

1x2 − 3
2a3

(
m+

1
5
qa2 − 1

2
qh2

)
x2

χ,12 =
3

4a3
qx1x

2
2 −

3
4a
qx1

χ,1111 = 0, χ,2222 =
3
a3
qx2, χ,1212 = − 3

2a3
qx2
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so that ΔΔχ = 0, and χ is a valid Airy stress function. The stresses tαβ are
given by

t11 = χ,22, t22 = χ,11, t12 = −χ,12

The stress vector on the face x2 = a is t = t1e1 + t2e2 where

t1 = t21 = 0, t2 = t22 = q

so that t= qe2. The stress vector on the face x2 =−a is zero. The stress vector
on x1 =h is given by

1
2a3

(
qx3

2 − 3mx2 − 3
5
qa2x2

)
e1 − 3

4
qh

(
1 − x2

2

a2

)
e2

The resultant force acting on x1 = h is R = −qhe2. The resultant moment
about O of the traction acting on x1 = h is M = (m − qh2)e3. The stress
vector on the face x1 = −h is

− 1
2a3

(
qx3

2 − 3mx2 − 3
5
qa2x2

)
e1 − 3

4a
qh

(
1 − x2

2

a2

)
e2

so that the resultant force acting on x1 =−h is −qhe2. If q < 0, then the
stresses are those of a beam which is supported at both sides, and has a
uniform distributed load.

1.11.6 We assume that Σ1 is defined by Σ1 = {x : x2
1 + x2

2 < a2, x3 = 0},
where a is a positive constant. We suppose that on the boundary Γ of the
domain Σ1 are imposed the conditions 1.5.6 where t̃α are piecewise regu-
lar functions. Since fα = 0, from Equations 1.5.17, we conclude that t̃α must
satisfy the relations

∫

Γ

t̃αds = 0,
∫

Γ

(x1t̃2 − x2t̃1)da = 0 (A.28)

First, we assume that on Γ acts a uniform pressure, so that

t̃1e1 + t̃2e2 = −Pn

where P is a given constant, and n is the outward unit normal of the circle Γ.
Thus, we can write

t̃1 = −1
a
Px1, t̃2 = −1

a
Px2, (x1, x2) ∈ Γ

In this case, the representation 1.3.38 of the curve Γ reduces to

x1 = a cos
s

a
, x2 = a sin

s

a
, s ∈ [0, 2πa] (A.29)
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The functions t̃α can be expressed as

t̃1 = −P cos
s

a
, t̃2 = −P sin

s

a
, s ∈ [0, 2πa] (A.30)

It is easy to verify that the conditions A.28 are satisfied. From Equation 1.5.73,
we obtain

σ = a
(
cos

s

a
+ i sin

s

a

)
, s ∈ [0, 2πa] (A.31)

In view of Equations A.30 and A.31, the relation 1.5.75 becomes

T (σ) = −iP
s∫

0

(
cos

s

a
+ i sin

s

a

)
ds = −Pa

(
cos

s

a
+ i sin

s

a

)
= −Pσ. (A.32)

The function 1.5.77 that maps Σ1 on the region |ζ| ≤ 1 is

z = ϑ(ζ) = aζ (A.33)

In this case,
ϑ(ζ)

ϑ
′
(ζ)

= ζ

It follows from Equations A.32 and A.33 that

N1(η) = T [ϑ(η)] = −Paη (A.34)

Thus, the boundary condition 1.5.791 becomes

Ω1(η) + ηΩ
′
1(η) + ω1(η) = −Paη, |η| = 1 (A.35)

The functions Ω1(ζ) and ω1(ζ) have the representations

Ω1(ζ) =
∞∑

n=1

anζ
n, ω1(ζ) =

∞∑
n=0

bnζ
n, |ζ| ≤ 1 (A.36)

In view of the arbitrariness of complex potentials discussed in Section 1.5, we
have taken Ω1(0) = 0. Let us impose the condition �m[Ω′

1(0)/ϑ′(0)] = 0. We
find that

a1 − a1 = 0 (A.37)

The insertion of the functions A.36 in Equation A.35 yields

a1 + a1 = −Pa, an = 0, n ≥ 2

bn = 0, n = 0, 1, 2, 3, . . .

Thus, we obtain

Ω1(ζ) = −1
2
Paζ, ω1(ζ) = 0
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so that
Ω(z) = −1

2
Pz, ω(z) = 0 (A.38)

By Equations 1.5.45 and A.38, we find that

uα = − κ

4μ
Pxα

We now consider the general case, when the traction t̃αeα is not a uniform
pressure. We assume that the function N1(η) can be represented in the form

N1(η) =
∞∑
−∞

Akη
k (A.39)

where Ak are prescribed complex coefficients. In this case, from Equa-
tion 1.5.791 and A.36, we obtain the following system for the coefficients ak

and bk,
a1 + a1 = A1, ak = Ak, k ≥ 2

bk = A−k − (k + 2)Ak+2, k = 0, 1, 2, . . .
(A.40)

By Equations A.37 and A.40, we get

a1 =
1
2
A1

Thus, we conclude that

Ω1(ζ) =
1
2
A1ζ +

∞∑
k=2

Akζ
k

ω1(ζ) =
∞∑

k=0

[A−k − (k + 2)Ak+2]ζk

Clearly,

Ω(z) = Ω1

(
1
a
z

)
, ω(z) = ω1

(
1
a
z

)

Remark. The first equation from Equations A.40 requires A1 to be real. Let
us show that this fact is the consequence of the vanishing of the resultant
moment of forces applied to the boundary,

∫

Γ

(x1t̃2 − x2t̃1)ds = 0 (A.41)

It follows from Equation 1.5.75 that

t̃1 =
dT2

ds
, t̃2 = −dT1

ds
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Thus, the condition A.41 becomes
∫

Γ

(x1t̃2 − x2t̃1)ds = −
∫

Γ

x1dT1 + x2dT2 =
∫

Γ

T1dx1 + T2dx2

= a

2π∫

0

(F2 cos θ − F1 sin θ)dθ = a�m
⎧⎨
⎩

2π∫

0

Te−iθdθ

⎫⎬
⎭ = 0

(A.42)

In view of the relations A.33 and A.39, we find that the condition A.42 reduces
to �mA1 = 0.

1.11.7 We consider the ring

R1 < |z| < R2

formed by a pair of concentric circles Lα of radii Rα, (α = 1, 2). We assume
that on the curves Lα are prescribed constant pressures. In this case, the
boundary conditions are A.26. From Equations 1.5.75 and A.26, we obtain

T (σ) = −p1σ on L1, T (σ) = −p2σ on L2

Thus, the boundary conditions A.26 can be written in the form

Ω(σ) + σΩ
′
(σ) + ω(σ) = −p1σ + d1 on L1

Ω(σ) + σΩ
′
(σ) + ω(σ) = −p2σ on L2

(A.43)

where d1 is an arbitrary constant. In the above relation, we have chosen ω(0)
to have no arbitrary constant on L2. By Equations 1.5.61 and A.20, we obtain

X1 + iY1 = −p1

∫

L1

(n1 + in2)ds = 0, X2 + iY2 = 0

Thus, from Equations 1.5.64, we find that Ω(z) = Ω0(z), ω(z) = ω0(z), where
Ω0 and ω0 are analytic and single-valued functions on Σ1,

Ω(z) =
∞∑
−∞

akz
k, ω(z) =

∞∑
−∞

bkz
k, R1 < |z| < |R2| (A.44)

Clearly, we can take Ω(0) = 0 and �mΩ′(0) = 0, so that

a0 = 0, a1 − a1 = 0 (A.45)
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From Equations A.43, A.44, and A.45, we obtain the following system for the
unknown coefficients

2R2
2a2 + b0 = 0

2a1R2 + b−1R
−1
2 = −p2R2

akR
k
2 + (2 − k)a2−kR

2−k
2 + b−kR

−k
2 = 0

2R2
1a2 + b0 = d1

2a1R1 + b−1R
−1
1 = −p1R1

akR
k
1 + (2 − k)a2−kR

2−k
1 + b−kR

−k
1 = 0, k �= 0, 1

(A.46)

From the above system, we find that the nonvanishing coefficients are

a1 =
1

2
(
R2

1 −R2
2

)(p2R
2
2 − p1R

2
1

)
, b−1 =

1
R2

1 −R2
2

(p1 − p2)R2
1R

2
2

We note that from Equation A.46, we obtain d1 = 0. Thus, we have

Ω(z) = a1z, ω(z) = b−1
1
z
, R1 < |z| < R2

The relation 1.5.45 implies that

2μ(u1 + iu2) =
[
(κ− 1)a1 − b−1(x2

1 + x2
2)
]
z

2.7.1 We assume that the temperature field is a polynomial of degree r in
the axial coordinate, namely

T =
r∑

k=0

Tkx
k
3

where Tk are independent of x3.
In this case, the problem (Z) considered in Section 2.6 reduces to the

Almansi problem. We denote by (Zn), (n = 0, 1, 2, . . . , r), the problem (Z)
corresponding to the temperature field T = Tnx

n
3 . Clearly, if we know the

solution of the problem (Zn), for any n, then we can establish a solution of
the problem (Z) when the temperature has the form 2.6.19. The solution of
the problem (Z0) has been established previously. We must derive the solution
u′′ of the problem (Zn+1) when the solution of the problem (Zn) is known.
As the solution of the problem (Zn) is known for any Tn, it follows that we
know the solution u∗ of the problem corresponding to the temperature field
T = Tn+1x

n
3 . According to Theorem 2.4.4, the vector field u′′ is given by

Equation 2.4.16, where w′ is characterized by Equations 2.4.13 and 2.4.14,
and â is determined by Equations 2.4.15.

If the temperature field is linear in x3,

T = T0 + T1x3
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where T0 and T1 are prescribed constants, then a simple calculation shows
that

uα =
β

3λ+ 2μ
xα(T0 + T1x3)

u3 =
β

3λ+ 2μ

[(
T0 +

1
2
T1x3

)
x3 − 1

2
T1xρxρ

]

3.9.1 It follows from Equations 3.6.41 and 3.6.42 that the torsion function
ϕ satisfies the boundary-value problem

Δϕ = 0 on Aρ

[ϕ]1 = [ϕ]2, μ(1)

[
∂ϕ

∂n0

]
1

= μ(2)

[
∂ϕ

∂n0

]
2

+ (μ(1) − μ(2))εαβxβn
0
α on Γ0

[
∂ϕ

∂n

]
ρ

= εαβxβnα on Γρ

If we introduce the functions Λ1 and Λ2 by

ϕ = Λ1 − x1x2 on A1, ϕ = Λ2 − x1x2 on A2

then we conclude that Λ1 and Λ2 satisfy the equations

ΔΛ1 = 0 on A1, ΔΛ2 = 0 on A2 (A.47)

and the conditions

Λ1 = Λ2, μ(1)Λ1,1 − μ(2)Λ2,1 = 2(μ(1) − μ(2))x2, (A.48)
(x1 = 0,−β ≤ x2 ≤ β)

Λ1,1 = 2x2, (x1 = −α1,−β ≤ x2 ≤ β),
(A.49)

Λ2,1 = 2x2, (x1 = α2,−β ≤ x2 ≤ β)

Λ1,2 = 0, (x2 = ±β,−α1 ≤ x1 ≤ 0),
(A.50)

Λ2,2 = 0, (x2 = ±β, 0 ≤ x1 ≤ α2)

We seek the functions Λ1 and Λ2 in the form of the series

Λ1 =
∞∑

n=0

(
A

(1)
2n+1 shmx1 +B2n+1 chmx1

)
sinmx2

Λ2 =
∞∑

n=0

(
A

(2)
2n+1 shmx1 +B2n+1 chmx1

)
sinmx2

(A.51)

where
m =

1
2β

(2n+ 1)π (A.52)
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Clearly, each term of Equations A.51 is a harmonic function. In view of Equa-
tions A.51 and A.52, we see that the conditions A.50 are satisfied. It is easy
to verify that Λ1 = Λ2 on Γ0. Let us study the remaining conditions from
Equations A.48 and A.49. The function f(x2) = 2x2, x2 ∈ (−β, β), can be
represented in the form

2x2 =
∞∑

n=0

mC2n+1 sinmx2, −β < x2 < β (A.53)

where

C2n+1 = (−1)n 32β2

(2n+ 1)3π3
(A.54)

mC2n+1 are the Fourier coefficients for the function defined on (−2β, 2β) by
F (x2) = 2x2, x2 ∈ (−β, β); F (x2) = 4β − 2x2, x2 ∈ (β, 2β); F (x2) = −4β −
2x2, x2 ∈ (−β,−2β). In view of Equation A.53, we find that the conditions
A.49 reduce to

A
(1)
2n+1chmα1 −B2n+1shmα1 = C2n+1

A
(2)
2n+1chmα2 +B2n+1shmα2 = C2n+1

(A.55)

The condition A.482 is satisfied if we have

μ(1)A
(1)
2n+1 − μ(2)A

(2)
2n+1 = 2(μ(1) − μ(2))C2n+1 (A.56)

From Equations A.55 and A.56, we can determine the coefficients A(1)
2n+1,

A
(2)
2n+1, and B2n+1. The functions Λ1 and Λ2 can be expressed as

Λ1 =
∞∑

n=0

1
dm

C2n+1{[μ(2) + (μ(1) − μ(2))chmα2]chm(x1 + α1)

+ μ(2)shmα2 shmx1 − μ(1)chmα2 chmx1} sinmx2

Λ2 =
∞∑

n=0

1
dm

C2n+1{[(μ(1) − μ(2))chmα1 − μ(1)]chm(x1 − α2)

+ μ(1) shmα1 shmx1 + μ(2) chmα1 chmx1} sinmx2

(A.57)

where
dm = μ(1) chmα2 shmα1 + μ(2) chmα1 shmα2

The above series are absolutely and uniformly convergent, so that the term-
by-term differentiation is justified. In view of Equation 3.6.48, we find that
the torsional rigidity is given by

D0 = μ(1)

∫

A1

(
2x2

2 + x1Λ1,2 − x2Λ1,1

)
da

(A.58)
+ μ(2)

∫

A2

(
2x2

2 + x1Λ2,2 − x2Λ2,1

)
da
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It follows from Equations A.57 and A.58 that

D0 =
8
3

(
μ(1)α1 + μ(2)α2

)
β3 +

(
4
π

)5

b4
∞∑

n=0

1
(2n+ 1)5dm

{(μ(1))2chmα2

+ (μ(2))2chmα1 − [(μ(1))2 + (μ(2))2]chmα1chmα2

− μ(1)μ(2)[chmα1 + chmα2 − chm(α1 − α2) − 1]}
The constant τ is given by

τ = − 1
D0

M3

The torsion problem for a homogeneous and isotropic elastic cylinder with
rectangular cross section has been solved by Saint-Venant (see, for example,
Ref. 211, Sections 221–225).

3.9.2 Let us study the plane strain problems P(k)
∗ , defined in Section 3.7,

when L and Γ are two concentric circles. The results have been established
by Muskhelishvili [241]. We assume that the domain A∗

1 is bounded by two
concentric circles of radius R1 and R2, where R1 < R2. The domain A∗

2 is
bounded by the circle of radius R1. We suppose that the domains A∗

1 and A∗
2

are occupied by two different homogeneous and isotropic elastic materials. Let
us study the problem P(1)

∗ , where the function f has the form 3.7.13. We try
to satisfy the relations 3.7.11 and 3.7.12 assuming that

Ω(z) = m1z
2, ω(z) = 0 on A∗

2

Ω(z) = m2z
2, ω(z) = m3z

−1 +m4 on A∗
1

(A.59)

where ms, (s = 1, 2, 3, 4), are real constants. We note that m4 has no influence
on the stress tensor. By Equations 3.7.10 and 3.7.12, we find that

m1 =
1
2
ρ
(
R4

2 −R4
1

)
, m2 = −ρR4

1, m3 = ρR4
1R

4
2

ρ =
ν(1) − ν(2)

2
[
β(2)R4

2 + α(2)R4
1 + α(1)

(
R4

2 −R4
1

)] (A.60)

It follows from Equations 1.5.38 and A.59 that

γ∗(1)ηη =
4m1x1

λ(2) + μ(2)
on A∗

2, γ∗(1)ηη =
4m2x1

λ(1) + μ(1)
on A∗

1 (A.61)

In the case of the plane strain problem P(2)
∗ , we have f = f (2), where

f (2) = h
(2)
1 + ih

(2)
2 = −1

2
i(ν(1) − ν(2))z2 (A.62)

We seek the solution of the problem P(2)
∗ in the form

Ω(z) = im∗
1z

2, ω(z) = 0 on A∗
2

Ω(z) = im∗
2z

2, ω(z) = im∗
3z

−1 + im∗
4 on A∗

1

(A.63)
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where m∗
k, (k = 1, 2, 3, 4), are real constants. From Equations A.63, 3.7.10,

and 3.7.12, we obtain

m∗
1 = −m1, m∗

2 = −m2, m∗
3 = m3 (A.64)

where mk are given in Equation A.60. By Equations 1.5.38 and A.63, we get

γ∗(2)ηη =
4m1x2

λ(2) + μ(2)
on A∗

2, γ∗(2)ηη =
4m2x2

λ(1) + μ(1)
on A∗

1 (A.65)

In the case of the problem P(3)
∗ , we take f = f (3), where

f (3) = h
(3)
1 + ih

(3)
2 = (ν(1) − ν(2))z (A.66)

We seek the solution in the form

Ω(z) = m0
1z, ω(z) = 0 on A∗

2

Ω(z) = m0
2z, ω(z) = m0

3z
−1 on A∗

1

(A.67)

where m0
k are real constants. The conditions 3.7.11 and 3.7.12 are satisfied if

2m0
2z +m0

3z
−1 = 0; on |z| = R2, 2m0

1z = 2m0
2z +m0

3z
−1 on |z| = R1

(α(1) − β(1))m0
1z = (α(2) − β(2))m0

2z − β(2)m0
3z

−1

+ (ν(1) − ν(2))z on |z| = R1 (A.68)

It follows from Equation A.68 that

2m0
2R

2
2 +m0

3 = 0, 2m0
1R

2
1 = 2m0

2R
2
1 +m0

3

(α(1) − β(1))m0
1R

2
1 = (α(2) − β(2))m0

2R
2
1 − β(2)m0

3 + (ν(1) − ν(2))R2
1

The constants m0
k are given by

m0
1 = σ(R2

2 −R2
1), m0

2 = −σR2
1, m0

3 = 2σR2
1R

2
2

σ =
ν(1) − ν(2)

2β(2)R2
2 + (α(2) − β(2))R2

1 + (α(1) − β(1))
(
R2

2 −R2
1

) (A.69)

In view of Equations A.67 and 1.5.38, we obtain

γ∗(3)ηη =
2m0

1

(λ(2) + μ(2))
on A∗

2, γ∗(3)ηη =
2m0

2

(λ(1) + μ(1))
on A∗

1 (A.70)

3.9.3 We use the solution 3.7.14 to solve the extension and bending problem
for a cylinder composed by two different homogeneous and isotropic elastic
materials. We assume that the curves L and Γ are concentric circles of radius
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R1 and R2, respectively. The solutions of the plane strain problems P(k)
∗ as-

sociated to the considered cylinder are given by Equations A.59, A.63, and
A.67. It follows from Equations 3.7.16, A.61, A.65, and A.70 that

I11 = E(1)

∫

A∗
1

x2
1da+ E(2)

∫

A∗
2

x2
1da =

π

4

[
E(1)

(
R4

2 −R4
1

)
+ E(2)R4

1

]

I22 = I11, I12 = I3α = Iα3 = 0, I33 = π
[
E(1)

(
R2

2 −R2
1

)
+ E(2)R2

1

]

K11 = λ(1)

∫

A∗
1

x1γ
∗(1)
ηη da+ λ(2)

∫

A∗
2

x1γ
∗(1)
ηη da

= 2π
[
m2ν

(1)
(
R4

2 −R4
1

)
+m1ν

(2)R4
1

]

K22 = K11, K12 = Kα3 = K3α = 0

K33 = 4πm0
2

[
ν(1)

(
R2

2 −R2
1

)
+ ν(2)R2

2

]
(A.71)

Thus, with the aid of Equations 3.7.15, we obtain

L11 = L22 = I11 + K11, L12 = Lα3 = 0, L33 = I33 + K33

so that the system 3.6.18 implies that

d1 =
M2

I11 + K11
, d2 = − M1

I11 + K11
, d3 = − F3

I33 + K33
(A.72)

where I11,I33,K11, and K33 are defined in Equations A.71. The solution
of the problem has the form 3.7.14 where the functions v∗(k)

α are defined by
Equations A.59, A.63, and A.67, and the constants dk are given by Equa-
tions A.72.

3.9.4 Let us consider a continuum body that occupies the region B = {x :
R2

2<x
2
1 + x2

2<R
2
1, 0<x3<h}, R1> 0, R2> 0. The cross section Σ1 is the

assembly of the regions A∗
1 and A∗

2, Σ1 = A∗
1∪A∗

2, where A∗
1 = {x : R2

0 < x2
1 +

x2
2<R

2
1, x3 = 0}, A∗

2 = {x : R2
2<x

2
1 + x2

2<R
2
0, x3 = 0}, R0> 0. The domains

B1 = {x : (x1, x2) ∈ A∗
1, 0<x3<h} and B2 = {x : (x1, x2) ∈ A∗

2, 0<x3<h}
are occupied by different homogeneous and isotropic elastic materials. We
denote by λ(ρ) and μ(ρ) the Lamé moduli of the material which occupies
the cylinder Bρ. We assume that cylinder B is in equilibrium in the absence
of the body forces. Let us investigate the plane strain of B, parallel to the
x1, x2-plane, when the lateral boundaries are subjected to constant pressures.
It follows from Equations 3.6.2 and 3.6.4 that the displacement vector field
satisfies the equations

μ(ρ)Δuα + (λ(ρ) + μ(ρ))uβ,βα = 0 on A∗
ρ, (ρ = 1, 2) (A.73)

We introduce the notation r= (x2
1 + x2

2)
1/2. The conditions (3.6.5) on the

surface of separation reduce to

[uα]1 = [uα]2, [tαβ ]1xβ = [tαβ ]2xβ on r = R0 (A.74)
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The conditions on the lateral surface become

[tβα]1xβ = −p1xα for r = R1, [tβα]2xβ = −p2xα for r = R2 (A.75)

We seek the solution in the form

uα = xαG
(ρ)(r) on A∗

ρ (A.76)

where G(1) and G(2) are unknown functions of r. With the help of Equa-
tions A.22 and A.24, we find that Equations A.73 are satisfied if and only if

G(1) = C1r
−2 + C2 on A∗

1, G(2) = C3r
−2 + C4 on A∗

2 (A.77)

where Ck, (k = 1, 2, 3, 4), are arbitrary constants. Using the constitutive equa-
tions 3.6.3 and A.77, we obtain

[tβα]1xβ = 2xα

[
(λ(1) + μ(1))C2 − μ(1)C1r

−2
]

[tβα]2xβ = 2xα

[
(λ(2) + μ(2))C4 − μ(2)C3r

−2
]

Thus, the conditions A.74 and A.75 reduce to

C1R
−2
0 + C2 = C3R

−2
0 + C4

(λ(1) + μ(1))C2 − μ(1)C1R
−2
0 = (λ(2) + μ(2))C4 − μ(2)C3R

−2
0

μ(1)R−2
1 C1 − (λ(1) + μ(1))C2 =

1
2
p1

μ(2)R−2
2 C3 − (λ(2) + μ(2))C4 =

1
2
p2

(A.78)

The determinant of the system A.78 is

δ1 = μ(1)(λ(1) + μ(1))
(

1
R2

0

− 1
R2

1

)(
λ(2) + μ(2)

R2
0

+
μ(2)

R2
2

)

+ μ(2)(λ(2) + μ(2))
(

1
R2

2

− 1
R2

0

)(
μ(1)

R2
1

+
λ(1) + μ(1)

R2
0

)

In view of the relations

μ(ρ) > 0, λ(ρ) + μ(ρ) > 0, R−2
2 > R−2

0 > R−2
1

we conclude that δ1 is different from zero. Thus, the system A.78 uniquely
determines the constants Cs, (s = 1, 2, 3, 4).

4.12.1 The solution of the torsion problem is given by

u1 = −τx2x3, u2 = τx1x3, u3 = τϕ,
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where ϕ is the solution of the boundary-value problem 4.8.16 and 4.8.17,
and τ is given by τ =−M3/D0. The torsional rigidity D0 is defined in Equa-
tion 4.8.24. The corresponding stress tensor has the components

tαβ = 0, t33 = 0, t23 = A44τ(ϕ,2 + x1), t13 = A55τ(ϕ,1 − x2)

(A.79)
We introduce the function F by

A44

(
ϕ,2 + x1) = −F1, A55(ϕ,1 − x2

)
= F,2 (A.80)

If F is given, then the integrability condition to determine the function ϕ is

1
A44

F,11 +
1
A55

F,22 = −2 on Σ1 (A.81)

The boundary condition 4.8.17 takes the form

F,2n1 − F,1n2 = 0 on Γ (A.82)

Since Σ1 is simply-connected, from Equations A.82 and 1.3.39, we obtain the
following boundary condition for the function F ,

F = 0 on Γ (A.83)

Thus, the function F is the solution of the boundary-value problem A.81 and
A.83. By Equations A.79 and A.80, we get

t23 = −τF,1, t13 = τF,2 (A.84)

As in Section 1.3, we can prove that the torsional rigidity can be written as

D0 = 2
∫

Σ1

Fda (A.85)

In our case, the curve Γ is defined by the equation

x2
1

a2
+
x2

2

b2
= 1 (A.86)

We seek the function F in the form

F = C1

(
x2

1

a2
+
x2

2

b2
− 1
)

(A.87)

where C1 is an unknown constant. Clearly, F satisfies the boundary condition
A.83. From Equation A.81, we find that

C1 = − A44A55a
2b2

a2A44 + b2A55
(A.88)



© 2009 by Taylor & Francis Group, LLC

Answers to Selected Problems 323

It follows from Equations A.85 and A.87 that the torsional rigidity is

D0 =
πA44A55a

3b3

a2A44 + b2A55
(A.89)

In view of Equations A.80 and A.87, we get

ϕ,1 = x2

(
1 +

2C1

b2A55

)
= Hx2, ϕ,2 = Hx1 (A.90)

where

H =
A55b

2 −A44a
2

A55b2 +A44a2

Thus we find that the torsion function is given by

ϕ = Hx1x2, (x1, x2) ∈ Σ1

We note that for a circular cylinder (b = a), we obtain

ϕ =
A55 −A44

A55 +A44
x1x2, (x1, x2) ∈ Σ1 (A.91)

In the case of isotropic circular cylinders, we find that ϕ = 0.

4.12.2 The solution of the flexure problem for a homogeneous and ortho-
tropic cylinder has the form 4.8.41, where the constants b1, b2, and b3 are
given by Equations 4.2.28, the function ϕ is the solution of the boundary-
value problem 4.8.16 and 4.8.17, the function ψ is characterized by Equations
4.8.35 and 4.8.36, and the constant c4 is defined by Equation 4.8.39. We
assume that F = F1e1. We suppose that Σ1 is bounded by the curve Γ,
defined by Equation A.86. In this case, from Equations 1.4.9 and 1.7.14, we
obtain

A =
∫

Σ1

da = πab, I11 =
∫

Σ1

x2
1da =

1
4
πa3b

I22 =
1
4
πab3, I12 = 0, x0

1 = x0
2 = 0

so that the system 4.8.28 implies that

b1 = − 4
πa3bE0

F1, b2 = 0, b3 = 0 (A.92)

Let us study the boundary-value problem 4.8.35 and 4.8.36. In view of Equa-
tions A.92, this problem reduces to the equation

A55ψ,11 +A44ψ,22 = qb1x1 on Σ1 (A.93)

and the boundary condition

A55ψ,1n1+A44ψ,2n2 =
1
2
A55b1

(
ν1x

2
1−ν2x2

2

)
n1+A44b1ν2x1x2n2 on Γ (A.94)
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where
q = A55ν1 +A44ν2 − E0 (A.95)

For the curve A.86, the components nα are given by Equations A.14. Thus,
the condition A.94 can be written as

b2A55ψ,1x1 + a2A44ψ,2x2 = b1

{
1
2
A55b

2
(
ν1x

2
1 − ν2x

2
2

)
+A44a

2ν2x
2
2

}
x1 on Γ

(A.96)
We seek the function ψ in the form

ψ = b1
(
α1x

3
1 + α2x1x

2
2 + α3x1

)
on Σ1 (A.97)

where α1, α2, and α3 are unknown constants. Thus, Equation A.93 becomes

6A55α1 + 2A44α2 = q (A.98)

If we take into account Equation A.97 and the relation

x2
2 = b2 − b2

a2
x2

1 on Γ

we find that the boundary condition A.96 reduces to

3A55α1 −
(

2A44 +
b2

a2
A55

)
α2 =

1
2
A55

(
ν1 +

b2

a2
ν2

)
−A44ν2 (A.99)

(
2a2A44 + b2A55

)
α2 +A55α3 = A44ν2a

2 − 1
2
A55b

2ν2 (A.100)

Thus, the constants α1 and α2 must satisfy Equations A.98 and A.99. The
determinant of the system A.98 and A.99 is

δ = −6A55

(
3A44 +

b2

a2
A55

)

In view of Equation 4.8.3, we conclude that δ �= 0 so that the system A.98 and
A.99 uniquely determines the constants α1 and α2. From Equation A.100, we
can obtain the constant α3. In view of Equations 4.8.9, A.20, and A.97, we
find that∫

Σ1

(
A55x2ψ,1 −A44x1ψ,2 +A55x2b1w

(1)
1 −A44x1b1w

(1)
2

)
da = 0

so that the relation 4.8.39 reduces to c4 = 0. Thus, the solution of the flexure
problem for an elliptic cylinder is

u1 = −1
2
b1

(
1
3
x2

3 + ν1x
2
1 − ν2x

2
2

)
x3, u2 = −b1ν2x1x2x3

u3 = b1

(
1
2
x2

3 + α1x
2
1 + α2x

2
2 + α3

)
x1, (x1, x2, x3) ∈ B
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We find that the stress tensor is given by

tαβ = 0, t33 = E0b1x1x3, t23 = A44b1(2α2 − ν2)x1x2

t13 = A55b1

[(
3α1 − 1

2
ν1

)
x2

1 +
(
α2 +

1
2
ν2

)
x2

2 + α3

]

4.12.3 We assume that the domain Σ1 has the form Σ1 = A1 ∪ A2, where
A1 = {x : −α1<x1< 0, −β <x2<β, x3 = 0}, A2 = {x : 0<x1<α2,
−β <x2<β, x3 = 0}, (α1 > 0, α2 > 0, β > 0). We define Bρ = {x : (x1, x2) ∈
Aρ, 0<x3<h} and assume that B1 and B2 are occupied by different homo-
geneous and orthotropic elastic materials.

We assume that the loading applied at the end Σ1 is equivalent to the force
F=0 and the moment M=M3e3. In Section 4.11, we have seen that the
solution of the torsion problem is given by

uα = τεβαxβx3, u3 = τϕ

where the constant τ is defined by

D∗τ = −M3 (A.101)

and the function ϕ satisfies the boundary-value problem 4.11.27 and 4.11.28.
The constant D∗ is given by Equation 4.11.34. Let us study the boundary-
value problem 4.11.27 and 4.11.28. We introduce the functions Gα by

G1 = ϕ+ x1x2 on A1, G2 = ϕ+ x1x2 on A2 (A.102)

From Equations 4.11.27 and 4.11.28, we find that the functions Gα satisfy the
equations

A
(1)
55 G1,11 +A

(1)
44 G1,22 = 0 on A1, A

(2)
55 G2,11 +A

(2)
44 G2,22 = 0 on A2

(A.103)
and the conditions

G1 = G2, A
(1)
55 G1,1 −A

(2)
55 G2,1 = 2

(
A

(1)
55 −A

(2)
55

)
x2

(x1 = 0,−β ≤ x2 ≤ β)
(A.104)

G1,1 = 2x2, (x1 = −α1,−β ≤ x2 < β)

G2,1 = 2x2, (x1 = α2,−β ≤ x2 ≤ β)
(A.105)

G1,2 = 0, (x2 = ±β,−α1 ≤ x2 < 0)

G2,2 = 0, (x2 = ±β, 0 ≤ x1 ≤ α2)
(A.106)

We seek the functions G1 and G2 in the form

Gα =
∞∑

n=0

H
(α)
2n+1(x1) sinmx2 (A.107)
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where

m =
1
2β

(2n+ 1)π (A.108)

Clearly, the functions Gα satisfy the conditions A.106. By Equations A.107
and A.103, we obtain

A
(α)
55

d2

dx2
1

H
(α)
2n+1 −A

(α)
44 m

2H
(α)
2n+1 = 0, (α = 1, 2)

so that
H

(α)
2n+1 = A

(α)
2n+1shμαmx1 +B

(α)
2n+1chμαmx1

where A(α)
2n+1 and B(ρ)

2n+1 are arbitrary constants and

μ2
α = A

(α)
44 /A

(α)
55 , (α = 1, 2)

From the condition A.1051, we obtain

B
(1)
2n+1 = B

(2)
2n+1

Thus the functions A.107 have the form

G1 =
∞∑

n=1

(
A

(1)
2n+1 shμ1mx1 +B2n+1chμ1mx1

)
sinmx2

G2 =
∞∑

n=1

(
A

(2)
2n+1shμ2mx1 +B2n+1chμ2mx1

)
sinmx2

(A.109)

We can write

2x2 =
∞∑

n=0

mC2n+1 sinmx2, −β < x2 < β

where

mC2n+1 = (−1)n 16β
π2(2n+ 1)2

The conditions A.105 reduce to

A
(1)
2n+1chμ1mα1 −B2n+1shμ1mα1 = μ−1

1 C2n+1

A
(2)
2n+1chμ2mα2 +B2n+1shμ2mα2 = μ−1

2 C2n+1

(A.110)

The condition A.1042 becomes

(
A

(1)
44 A

(1)
55

)1/2
A

(1)
2n+1 −

(
A

(2)
44 A

(2)
55

)1/2
A

(2)
2n+1 =

(
A

(1)
55 −A

(2)
55

)
C2n+1 (A.111)



© 2009 by Taylor & Francis Group, LLC

Answers to Selected Problems 327

From Equations A.110 and A.111, we obtain

A
(1)
2n+1 =

(−1)n16β2

(2n+ 1)3γπ2

[
ρ2(μ1shμ1mα1 + μ2shμ2mα2)

+ (A(1)
55 −A

(2)
55 )μ1μ2chμ2mα2shμ1mα1

]

A
(1)
2n+1 =

(−1)n16β2

(2n+ 1)3γπ2

[
ρ1(μ1shμ1mα1 + μ2shμ2mα2)

+
(
A

(1)
55 −A

(2)
55

)
μ1μ2chμ1mα1shμ2mα2

]

B2n+1 =
(−1)n16β2

(2n+ 1)3γπ2

[
ρ1ρ2

(
1

A
(1)
55

chμ1mα2 − 1

A
(2)
55

chμ2mα2

)

+
(
A

(1)
55 −A

(2)
55

)
μ1μ2chμ1mα1shμ2mα2

]

where

γ = A
(1)
44 μ2chμ2mα2shμ1mα1+A

(2)
44 μ1chμ1mα1shμ2mα2, ρα =

(
A

(α)
44 A

(α)
55

)1/2

The series A.109 are absolutely and uniformly convergent.

4.12.4 We denote by Π(k), (k = 1, 2, 3), the plane strain problems charac-
terized by the equations of equilibrium

t
(1)
β1,β + (A13x1),1 = 0, t

(1)
β2,β + (A23x1),2 = 0, t

(2)
β1,β + (A13x2),1 = 0

t
(2)
β2,β + (A23x2),2 = 0, t

(3)
β1,β +A13,1 = 0, t

(3)
β2,β +A23,2 = 0

(A.112)
the constitutive equations

t
(k)
11 = A11e

(k)
11 +A12e

(k)
22 , t

(k)
22 = A12e

(k)
11 +A22e

(k)
22 , t

(k)
12 = 2A66e

(k)
12

(A.113)
the geometrical equations

2e(k)
αβ = u

(k)
α,β + u

(k)
β,α (A.114)

on Σ1, and the boundary conditions

t
(1)
β1 nβ = −A13x1n1, t

(1)
β1 nβ = −A23x1n2, t

(2)
β1 nβ = −A13x2n1

t
(2)
β1 nβ = −A23x2n2, t

(3)
β1 nβ = −A13n1, t

(3)
β1 nβ = −A23n2 on Γ

(A.115)
The solution of the extension and bending problem is given by

uα = −1
2
aαx

2
3 +

3∑
k=1

aku
(k)
α , u3 = (a1x1 + a2x2 + a3)x3 (A.116)
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where the constants ak are determined by the following system

Hαjaj = εαβMβ , H3jaj = −F3 (A.117)

The coefficients Hij are defined by

Hαβ =
∫

Σ1

xα

(
A33xβ +A13e

(β)
11 +A23e

(β)
22

)
da

Hα3 =
∫

Σ1

xα

(
A33 +A13e

(3)
11 +A23e

(3)
22

)
da

H3α =
∫

Σ1

(
A33xα +A13e

(α)
11 +A23e

(α)
22

)
da

H33 =
∫

Σ1

(
A33 +A13e

(3)
11 +A23e

(3)
22

)
da

(A.118)

Let us prove that the solution of the problem Π(1) is

u
(1)
1 = −1

2
(
ν∗1x

2
1 − ν∗2x

2
2

)
, u

(1)
2 = −ν∗2x1x2 (A.119)

where

ν∗1 =
1
δ∗1

(A∗
13A

∗
22 −A∗

23A
∗
12), ν∗2 =

1
δ∗1

(A∗
23A

∗
11 −A∗

13A
∗
12)

δ∗1 = A∗
11A

∗
22 − (A∗

12)
2

(A.120)

In view of Equations A.114 and A.119,

e
(1)
11 = −ν∗1x1, e

(1)
22 = −ν∗2x1, e

(1)
12 = 0 (A.121)

By Equations A.113 and A.121, we get

t
(1)
11 = −(A11ν

∗
1 +A12ν

∗
2 )x1 = −(A∗

11ν
∗
1 +A∗

12ν
∗
2 )x1e

−αr

t
(1)
22 = −(A∗

12ν
∗
1 +A∗

22ν
∗
2 )x1e

−αr, t
(1)
12 = 0

It follows from Equations A.111, A.120, 4.8.10, and 4.8.11 that

ν1 = ν∗1 , ν2 = ν∗2

A∗
11ν

∗
1 +A∗

12ν
∗
2 = A∗

13, A∗
12ν

∗
1 +A∗

22ν
∗
2 = A∗

23

(A.122)

Thus we obtain

t
(1)
11 = −A∗

13x1e
−αr = −A13x1, t

(1)
22 = −A23x1, t

(1)
12 = 0 (A.123)
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Clearly, the stresses A.123 satisfy the equilibrium equations A.1121 and the
boundary conditions A.1151. Similarly, we can prove that the problems Π(2)

and Π(3) have the solutions

u
(2)
1 = −ν∗1x1x2, u

(2)
2 =

1
2
(
ν∗1x

2
1 − ν∗2x

2
2

)

u
(3)
1 = −ν∗1x1, u

(3)
2 = −ν∗2x2

(A.124)

From Equation A.124, we obtain

e
(2)
11 = −ν∗1x2, e

(2)
22 = −ν∗2x2, e

(2)
12 = 0

e
(3)
11 = −ν∗1 , e

(3)
22 = −ν∗2 , e

(3)
12 = 0

(A.125)

so that
t
(2)
11 = −A13x2, t

(2)
22 = −A23x2, t

(2)
12 = 0

t
(3)
11 = −A13, t

(3)
22 = −A23, t

(3)
12 = 0

By Equations 4.8.21, 4.8.22, and A.122, we obtain

A33 −A13ν
∗
1 −A23ν

∗
2 = E0 (A.126)

We can write
E0 = E∗

0e
−αr (A.127)

where
E∗

0 = A∗
33 −A∗

13ν
∗
1 −A∗

23ν
∗
2 (A.128)

We have Σ1 = {x : x2
1 + x2

2 < a2, x3 = 0}. In view of Equations A.118, A.121,
A.125, and A.126, we find that the constants Hij are given by

H11 = H22 =
π

α4
E∗

0 [6 − (6 + 6aα+ 3a2α2 + a3α3)e−aα]

H3α = Hα3 = H12 = 0

H33 =
2π
α2
E∗

0 [1 − (1 + aα)e−aα]

(A.129)

From Equation A.117, we obtain

a1 =
M2

H11
, a2 = −M1

H11
, a3 = − F3

H33
(A.130)

The solution of the extension and bending problem has the form A.116 where
u

(j)
α are given by Equations A.119 and A.124 and the constants ak are defined

by Equations A.130.
The solution of the torsion problem is u1 = −τx2x3, u2 = τx1x3, u2 = τϕ,

where ϕ is the solution of the boundary-value problem

(A55ϕ,1)1 + (A44ϕ,2),2 = (A55x2),1 − (A44x1),2 on Σ1

A55ϕ,1n1 +A44ϕ,2n2 = A55x2n1 −A44x1n2 on Γ
(A.131)
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The constant τ is equal to −M3/D0 where D0 is defined in Equation 4.8.24.
In this case, we have

(A55x2),1 − (A44x1),2 = A55,1x2 −A44,2x1 = −αe−αrx1x2r
−1(A∗

55 −A∗
44)

(A.132)
The condition on boundary can be written as

A55ϕ,1x1 +A44ϕ,2x2 = (A55 −A44)x1x2 on Γ (A.133)

We seek the function ϕ in the form

ϕ = kx1x2 (A.134)

where k is a constant. From Equations A.132 and A.133, we get

k =
A∗

55 −A∗
44

A∗
55 +A∗

44

It follows from Equations A.134 and A.4.8.24 that the torsional rigidity is

D0 =
π

α4
[(1 + k)A∗

44 + (1 − k)A∗
55][6 − (6 + 6aα+ 3α2a2 + a3α3)e−aα]

Thus, the problem of torsion is solved.

5.7.1 We shall use the polar coordinates (r, θ) and the relations 5.2.9 and
5.2.13. The problem consists in the finding of the functions ur, uθ, and ϕ3

which satisfy Equations 5.2.9, 5.2.10, and 5.2.11 with fr = fθ = 0, g3 = 0,
and the boundary conditions

trr = 0, trθ = 0, mrz = q1 cos θ + q2 sin θ for r = a (A.135)

We seek the solution of this problem in the form

ur = u(1)(r) cos θ + u(2)(r) sin θ, uθ = v(1)(r) cos θ + v(2)(r) sin θ

ϕ3 = ψ(1)(r) cos θ + ψ(2)(r) sin θ (A.136)

where u(α), v(α), and ψ(α) are functions only on r. It follows from Equations
5.3.10, 5.3.11, and A.136 that

trr = t
(1)
rr cos θ + t

(2)
rr sin θ, tθθ = t

(1)
θθ cosθ + t

(2)
θθ sin θ

trθ = t
(1)
rθ cos θ + t

(2)
rθ sin θ, tθr = t

(1)
θr cos θ + t

(2)
θr sin θ

mrz = m
(1)
rz cos θ +m

(2)
rz sin θ, mθz = m

(1)
θz cos θ +m

(2)
θz sin θ

(A.137)
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where

t(1)rr = (λ+ 2μ+ κ)
du(1)

dr
+ λ(u(1) + v(2))r−1

t(2)rr = (λ+ 2μ+ κ)
du(2)

dr
+ λ(u(2) − v(1))r−1

t
(1)
θθ = (λ+ 2μ+ κ)(u(1) + v(2))r−1 + λ

du(1)

dr

t
(2)
θθ = (λ+ 2μ+ κ)(u(2) − v(1))r−1 + λ

du(2)

dr

t
(1)
rθ = (μ+ κ)

dv(1)

dr
+ μ(u(2) − v(1))r−1 − κψ(1)

t
(2)
rθ = (μ+ κ)

dv(2)

dr
− μ(u(1) + v(2))r−1 − κψ(2)

t
(1)
θr = μ

dv(1)

dr
+ (μ+ κ)(u(2) − v(1))r−1 + κψ(1)

t
(2)
θr = μ

dv(2)

dr
− (μ+ κ)(u(1) + v(2))r−1 + κψ(2)

m(1)
rz = γ

dψ(1)

dr
, m(2)

rz = γ
dψ(2)

dr
, m

(1)
θz = γr−1ψ(2)

m
(2)
θz = −γr−1ψ(1)

(A.138)

The equilibrium equations 5.2.9 reduce to

dt
(1)
rr

dr
+
(
t
(2)
θr + t(1)rr − t

(1)
θθ

)
r−1 = 0

dt
(1)
rθ

dr
+
(
t
(2)
θθ + t

(1)
rθ + t

(1)
θr

)
r−1 = 0

dm
(1)
rz

dr
+
(
m

(2)
θz +m(1)

rz

)
r−1 + t

(1)
rθ − t

(1)
θr = 0

dt
(2)
rr

dr
+
(
t(2)rr − t

(2)
θθ − t

(1)
θr

)
r−1 = 0

dt
(2)
rθ

dr
+
(
t
(2)
rθ + t

(2)
θr − t

(1)
θθ

)
r−1 = 0

dm
(2)
rz

dr
+
(
m(2)

rz −m
(1)
θz

)
r−1 + t

(2)
rθ − t

(2)
θr = 0

(A.139)
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Substituting the functions A.138 into A.139, we obtain the equations

r2
d2u(1)

dr2
+ r

du(1)

dr
− (1 + d1)u(1) + (1 − d1)r

dv(2)

dr

− (1 + d1)v(2) = −d2rψ
(2)

d1

(
r2
d2v(2)

dr2
+ r

dv(2)

dr

)
− (1 + d1)v(2) − (1 − d1)r

du(1)

dr

− (1 + d1)u(1) = d2r
2 dψ

(2)

dr

r2
d2ψ(2)

dr2
+ r

dψ(2)

dr
− (1 + 2d3r

2)ψ(2) = −d3r(r
dv(2)

dr
+ v(2)) − d3ru

(1)

(A.140)

and

d1

(
r2
d2v(1)

dr2
+ r

dv(1)

dr

)
− (1 + d1)v(1) + r(1 − d1)

du(2)

dr

+(1 + d1)u(2) = d2r
2 dψ

(1)

dr

r2
d2ψ(1)

dr2
+ r

dψ(1)

dr
− (1 + 2d3r

2)ψ(1) = −d3r

(
r
dv(1)

dr
+ v(1)

)
+ d3ru

(2)

r2
d2u(2)

dr2
+ r

du(2)

dr
− (1 + d1)u(2) − (1 − d1)r

dv(1)

dr
+ (1 + d1)v(1) = d2rψ

(1)

(A.141)
where dj are defined by

d1 =
μ+ κ

λ+ 2μ+ κ
, d2 =

κ

λ+ 2μ+ κ
, d3 =

κ

γ
(A.142)

Let us study the system A.141. If we introduce the notations

r = et, Y =
d

dt

then the first two equations from Equations A.140 become

[Y 2 − (1 + d1)]u(1) + [(1 − d1)Y − (1 + d1)]v(2) = −d2e
tψ(2)

[
d1Y

2 − (1 + d1)
]
v(2) + [(d1 − 1)Y − (1 + d1)]u(1) = d2e

tY ψ(2)
(A.143)

The general solution which corresponds to a nonrigid displacement is

u(1) = A1t+A2e
2t +A3e

−2t +
1

2d1
d2

t∫
(e3s−2t − es)ψ(2)(s)ds

v(2) =
d1 − 1
d1 + 1

A1 −A1t− 3 − d1

1 − 3d1
A2e

2t +A3e
−2t

+
1

2d1
d2

t∫
(e3s−2t + es)ψ(2)(s)ds

(A.144)
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where Ai are arbitrary constants. The functions u(1) and v(2) must be bounded
for r = 0 so that from Equation A.144, we obtain

u(1) = A2r
2 − 1

2d1
d2

⎡
⎣

r∫

0

ψ(2)(x)dx− r−2

r∫

0

x2ψ(2)(x)dx

⎤
⎦

v(2) =
d1 − 3
1 − 3d1

A2r
2 +

1
2d1

d2

⎡
⎣

r∫

0

ψ(2)(x)dx+ r2
r∫

0

x2ψ(2)(x)dx

⎤
⎦

(A.145)

If we substitute u(1) and v(2) from Equation A.145 into A.1403, then we find
the equation

r2
d2ψ(2)

dr2
+ r

dψ(2)

dr
− (1 + k2r2)ψ(2) =

8r2

1 − 3d1
d3A2 (A.146)

where k is given by Equation 5.2.15. The solution of Equation A.146, which
is bounded for r = 0, has the form

ψ(2) = A4I1(kr) − 8(μ+ κ)r
(2μ+ κ)(1 − 3d1)

A2 (A.147)

where A4 is an arbitrary constant. We denote by In and Kn the modified
Bessel functions of order n. In view of Equation A.147, from A.145, we obtain

u(1) = Q1A2r
2 +

1
2d1k

d2A4[I2(kr) − I0(kd)]

v(2) = −Q2A2r
2 +

1
2d1k

d2A4[I2(kr) + I0(kr)]

(A.148)

where

Q1 = 1 +
κ

(2μ+ κ)(1 − 3d1)
, Q2 =

1
1 − 3d1

(
3 − d1 +

3κ
2μ+ κ

)
(A.149)

The solution of the system A.141 can be determined in a similar way. Thus,
we get

u(2) = Q1B2r
2 +

1
2d1k

d2B4[I0(kr) − I2(kr)]

v(1) = Q2B2r
2 +

1
2d1k

d2B4[I0(kr) + I2(kr)]

ψ(1) = B4I1(kr) +
8(μ+ κ)r

(2μ+ κ)(1 − 3d1)
B2

(A.150)

where B2 and B4 are arbitrary constants. It follows from Equations A.139,
A.147, A.148, and A.150 that

t
(1)
rr = N1A2r − kγr−1A4I2(kr), t

(2)
rr = N1B2r + kγr−1B4I2(kr)

t
(1)
rθ = N2B2r − kγr−1B4I2(kr), t

(2)
rθ = −N2A2r − kγr−1A4I2(kr)

m
(1)
rz = kγB4I

′
1(kr) + γQ3B2, m

(2)
rz = kγA4I

′
1(kr) − γQ3A2

(A.151)
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where

N1 = (3λ+ 4μ+ 2κ)Q1 − λQ2, N2 = μQ1 + (μ+ 2κ)Q2 − κQ3

Q3 = 8(μ+ κ)[(2μ+ κ)(1 − 3d1)]−1 (A.152)

It is easy to see that

1 − 3d1 =
λ− μ− 2κ
λ+ 2μ+ κ

, 3 − d1 =
3λ+ 5μ+ 2κ
λ+ 2μ+ κ

Q1 =
1
Q

[(2μ+ κ)(1 − 3d1) + κ], Q2 =
1
Q

[(3 − d1)(2μ+ κ) + 3κ]

Q3 =
8
Q

(μ+ κ), Q = (1 − 3d1)(2μ+ κ)

N1 +N2 = (λ+ 2μ+ κ)[(3 − d1)Q1 − (3 − d1)Q2] − κQ3

=
1
Q

(λ+ 2μ+ κ)
{

(3 − d1)[(2μ+ κ)(1 − 3d1) + κ]

− (1 − 3d1)[(3 − d1)(2μ+ κ) + 3κ] − 8κ(μ+ κ)
λ+ 2μ+ κ

}
= 0

We note that
t(1)rr = t

(2)
rθ , t(2)rr = −t(1)rθ (A.153)

It follows from Equations A.135 and A.137 that the boundary conditions
reduce to

t(1)rr = 0, t
(2)
rθ = 0, m(2)

rz = q2

t(2)rr = 0, t
(1)
rθ = 0, m(1)

rz = q1, for r = a
(A.154)

If we use Equations A.153 and A.151, then the conditions A.154 become

N1A2a− kγa−1A4I2(ka) = 0, kγA4I
′
1(ka) − γQ3A2 = q2

N1B2a+ kγa−1B4I2(ka) = 0, kγB4I
′
1(ka) + γQ3B2 = q1

We find that

A4 =
q2N1a

2

kγ[N1a2I ′1(ka) − γQ3I2(ka)]
, A2 =

kγ

N1a2
A4I2(ka)

B4 =
q1N1a

2

kγ[N1a2I ′1(ka) − γQ3I2(ka)]
, B2 = − kγ

N1a2
B4I2(ka)

(A.155)

Thus, the solution of the problem is given by Equation A.136, where u(α),
v(α), ψ(α) are given by Equations A.147, A.148, A.150, and A2, A4, B2, B4 are
defined in Equation A.155.

The plane strain problems for a circular ring-shaped region have been
studied by Chiu and Lee [48].
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5.7.2 The solution of the problem of extension and bending can be ex-
pressed by Equation 5.3.67, where (u∗(η)

α , ϕ
∗(η)
3 ) is the solution of the problem

M(η), (η = 1, 2), and the constants ak are given by Equations 5.3.40. We
shall study these problems by using the polar coordinates (r, θ). The problem
M(1) consists in the finding of the functions u(1)

r , u
(1)
θ , and ϕ(1)

3 which satisfy
Equations 5.2.9, 5.2.10, and 5.2.11 with fr = fθ = 0, g3 = 0, and the boundary
conditions

trr = 0, trθ = 0, mrz = (β + γν) cos θ for r = a (A.156)

The problem M(2) consists in the determination of the functions u(2)
r , u

(2)
θ ,

and ϕ
(2)
3 which satisfy Equations 5.2.9, 5.2.10, and 5.2.11 in the absence of

body loads, and the boundary conditions

trr = 0, trθ = 0, mrz = −(β + γν) sin θ for r = a (A.157)

The solution of the problem M(1) can be obtained from Equations A.136,
A.147, A.148, A.150, and A.155 if we take

q1 = 0, q2 = β + γν (A.158)

From Equations A.155 and A.158, we obtain

A2 = Z2, A4 = Z1, B2 = B4 = 0 (A.159)

where

Z1 =
N1a

2(β + γν)
κγ[N1a2I ′1(ka) − γQ3I2(ka)]

, Z2 =
kγ

N1a2
Z1I2(ka) (A.160)

Thus, the solution of the problem M(1) is

u(1)
r = u(1) cos θ, u

(1)
θ = v(2) sin θ, ϕ

(1)
3 = ψ(2) sin θ (A.161)

where u(1), v(2), and ψ(2) are given by Equations A.144 and A.147, and the
constants A2 and A4 are defined by Equations A.159 and A.160.

The solution of the problem M(2) can be obtained from Equations A.136,
A.147, A.148, A.150, and A.155 if we take

q1 = −(β + γν), q2 = 0 (A.162)

From Equations A.135 and A.162, we get

A2 = 0, A4 = 0, B2 = Z2, B4 = −Z1 (A.163)

The solution of the problem M(2) is

u(2)
r = u(2) sin θ, u

(2)
θ = v(1) cos θ, ϕ

(2)
3 = ψ(1) cos θ (A.164)
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where u(2), v(1), and ψ(1) are given by Equations A.150 with the constants B2

and B4 defined by Equations A.163 and A.160.
We note that the divergence of the displacement vector field and the com-

ponents mzr and mzθ of the couple stress tensor for the problem M(1) are
given by

div u = (3Q1 −Q2)Z2r cos θ, mzr = β[kZ1I
′
1(kr) −Q3Z2] sin θ

mzθ = βr−1[Z1I1(kr) −Q3Z2r] cos θ (A.165)

In the case of the problem M(2), we have

div u = (3Q1 −Q2)Z2r sin θ, mzr = −β[kZ1I
′
1(kr) −Q3Z2] cos θ

mzθ = βr−1[Z1I1(kr) −Q3Z2r] sin θ (A.166)

The functions (u∗(ρ)
α , ϕ

∗(ρ)
3 ) which satisfy the problems M(ρ), (ρ = 1, 2), are

given by

u
∗(1)
1 = u(1) cos2θ − v(2) sin2 θ, u

∗(1)
2 = (u(1) + v(2)) sin θ cos θ

u
∗(2)
1 = (u(2) − v(1)) sin θ cos θ, u

∗(2)
2 = u(2) sin2 θ + v(1) cos2 θ

ϕ
∗(1)
3 = ψ(2) sin θ, ϕ

∗(2)
3 = ψ(1) cos θ

(A.167)

where u(α), v(α), and ψ(α) are defined in Equations A.161 and A.164. We now
can determine Dij from Equations 5.3.41 and 5.3.45. Thus, we obtain

x0
α = 0, D12 = 0, Dα3 = 0, D33 = πa2E

D11 = D22 =
1
4
πEa4 + π(2γ + βν + βQ3Z2)a2 − πaZ1βI1(ka)

(A.168)

where E is introduced in Equation 5.3.45. Here we have used the relations

2I1(kr) + krI2(kr) = krI0(kr)
∫

Σ1

m
(1)
32 da = −

∫

Σ1

m
(2)
31 da = −β

∫

Σ1

[
ν +Q3Z2 − 1

2
kZ1I0(kr)

]
da

It follows from Equations 5.3.40 and A.168 that

aα =
1
D11

εαβMβ , a3 = − 1
πa2E

F3 (A.169)

The solution of extension and bending problem has the form 5.3.67 where
u

(η)
α and ϕ

(η)
3 , (η = 1, 2), are defined in Equation A.167 and the constants

ak are given by Equation A.169. The solution of Saint-Venant’s problem for
a circular cylinder has been established by Reddy and Venkatasubramanian
[188–190].
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5.7.3 In the case of the torsion of a Cosserat elastic cylinder, the displace-
ments and the microrotations have the form 5.3.47, where ϕ and ψα satisfy
the boundary-value problem 5.3.26, and the constant a4 is given by

a4 = −M3/D (A.170)

The torsional rigidity D is defined in Equation 5.3.41. We seek the functions
ϕ and ψα in the form

ϕ = 0, ψα = xαΨ(r) (A.171)

where Ψ is an unknown function, and r = (x2
1 + x2

2)
1/2. With the help of the

relations

ψα,β = Ψδαβ + xαxβr
−1Ψ′, ΔΨα = xα

(
Ψ′′ +

3
r
Ψ′
)
, Ψ′ =

dΨ
dr

we see that Equations 5.3.261 reduce to

Ψ′′ +
3
r
Ψ′ − s2Ψ = 0 (A.172)

where
s2 =

2k
α+ β + γ

(A.173)

If we introduce the function F by

F = rΨ

then Equation A.172 becomes

F ′′ +
1
r
F ′ −

(
1
r2

+ s2
)
F = 0 (A.174)

The solution of this equation is

F = A∗I1(sr) +B∗K1(sr) (A.175)

where A∗ and B∗ are arbitrary constants, and In and Kn are the modified
Bessel functions of order n. From Equations A.171, we get

ψ1 = F cos θ, ψ2 = F sin θ

To obtain a solution which is bounded for r = 0, we take B∗ = 0. Thus, we
have

ϕ = 0, ψα = xαr
−1F, F = A∗I1(sr), uα = εβατxβx3, u3 = 0

ϕα = τ

(
Ψ − 1

2

)
xα =

1
2
τr−1[2A∗I1(sr) − r]xα, ϕ3 = τx3

ur = 0, uθ = τzr, uz = 0,

ϕr = ϕ1 cos θ + ϕ2 sin θ = τ

[
A∗I1(sr) − 1

2
r

]

ϕθ = 0, ϕz = τz (A.176)
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The conditions 5.3.262 on the boundary Γ reduce to

a(α+ β + γ)Ψ′(a) + (2α+ β + γ)Ψ(a) =
1
2
(β + γ)

This condition can be written in the form

αF (a) + a(α+ β + γ)F ′(a) =
1
2
(β + γ)a (A.177)

Using the relation
xI ′1 + I1(x) = xI0(x)

from Equation A.177, we obtain

A∗ =
a(β + γ)

2(α+ β + γ)kI1(sa)

where

k =
asI0(as)
I1(as)

− β + γ

α+ β + γ

From Equations 5.3.41 and A.176, we find that

D =
1
4
πa4(2μ+ κ) + πa2(β + γ) + 2πκA∗

a∫

0

x2I1(sx)dx

+ 2πA∗α

a∫

0

[sxI ′1(sx) + I1(sx)]dx

With the help of the relations

[x2I2(x)]′ = x2I1(x), xI ′1(x) + I1(x) = [xI1(x)]′, I1(0) = 0

we obtain

D =
1
4
πa4(2μ+ κ) + πa2(β + γ) +

2
s
πκa2A∗I2(as) + 2πaαA∗I1(as)

The constant a4 is given by Equation A.170. The torsion problem for a
circular cylinder was studied in Refs. 188 and 338.

6.6.1 We use the cylindrical coordinate system (r, θ, z). From Equations 6.5.20,
it follows that the solution of the torsion problem has the form

ur = 0, uθ = τrz, uz = τΦ, ϕr = τΦr, ϕθ = τΦθ, ϕz = τz
(A.178)

where Φ,Φr, and Φθ are unknown functions of r and θ. Equations 6.5.23
become

L(ρ)
z Λ = 0, M (ρ)

r Λ =
1
2
(s(ρ))2r3, M

(ρ)
θ Λ = 0 on A∗

ρ (A.179)
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where Λ = (Φ,Φr,Φθ) and

L
(ρ)
z Λ = (D2

r +D2
θ)Φ + e(ρ)r(Dr + 1)Φθ − e(ρ)rDθΦr

M (ρ)
r Λ = [D2

r + b(ρ)D2
θ − (s(ρ))2r2 − 1]Φr

+ [(1 − b(ρ))Dr − (1 + b(ρ))]DθΦθ +
1
2
(s(ρ))2rDθΦ

M
(ρ)
θ Λ = [b(ρ)(D2

r − 1) − r2(s(ρ))2 +D2
θ ]Φθ

+ [(1 − b(ρ))Dr + (1 + b(ρ))]DθΦr − 1
2
r(s(ρ))2DrΦ

Dr = r
d

dr
, Dθ =

d

dθ
, e(ρ) = κ(ρ)(μ(ρ) + κ(ρ))−1

b(ρ) = γ(ρ)(α(ρ) + β(ρ) + γ(ρ))−1, (s(ρ))2 = 2κ(ρ)(α(ρ) + β(ρ) + γ(ρ))−1

The conditions 6.5.25 and 6.5.27 take the form

[Φ]1 = [Φ]2, [Φr]1 = [Φr]2, [Φθ]1 = [Φθ]2

T
(1)
z Λ − T

(2)
z Λ = 0, S

(1)
r Λ − S

(2)
r Λ = α(2) − α(1)

S
(1)
θ Λ − S

(2)
θ Λ = 0 on Γ∗

T (1)
z Λ = 0, S(1)

r Λ = −α(1), S
(1)
θ Λ = 0 on L

(A.180)

where
T (ρ)

z Λ =
1
r
(μ(ρ) + κ(ρ))DrΦ + κ(ρ)Φθ

rS(ρ)
r Λ = (α(ρ) + β(ρ) + γ(ρ))DrΦr + α(ρ)(DθΦθ + Φr)

rS
(ρ)
θ Λ = γ(ρ)DrΦθ + β(ρ)(DθΦr − Φθ)

We seek the solution of the problem A.179 and A.180 assuming that Φ,Φr,
and Φθ are functions only of r. Then we obtain

Φ = −e(2)A1

r∫
I1(δ(2)r)dr, Φr = A3I1(s(2)r) − 1

2
r

Φθ = A1I1(δ(2)r), for 0 ≤ r ≤ r2

Φ = −e(1)
r∫
[B1I1(δ(1)r) +B4K1(δ(1)r)]dr

+B5[1 + e(1)κ(1)(γ(1)δ(1)2)−1] ln r

Φr = B3I1(s(1)r) +B6K1(s(1)r) − 1
2
r

Φθ = B1I1(δ(1)r) +B4K1(δ(1)r) − 1
r
κ(1)(γ(1)δ(1)2)−1B5, for r2 ≤ r ≤ r1

(A.181)
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where In and Kn are the modified Bessel functions of order n, and As and Bs

are unknown constants, and

(δ(ρ))2 = (2 − e(ρ))σ(ρ), σ(ρ) = λ(ρ)(γ(ρ))−1

From Equations A.180 and A.181, we find that

A1 = B1 = B4 = B5 = 0, B3 = (c5c7 − c4c8)(c3c7 − c4c6)−1

B6 = (c3c8 − c5c6)(c3c7 − c4c6)−1, A3 = c1B3 + c2B6

(A.182)

where

c1 = I1(s(1)r2)/I1(s(2)r2), c2 = K1(s(1)r2)/I1(s(2)r2)

c3 = c1[(α(2) + β(2) + γ(2))I ′1(s
(2)r2) + α(2)I1(s(2)r2)(s(2)r2)−1]

− [(α(1) + β(1) + γ(1))I ′1(s
(1)r2) + α(1)I1(s(1)r2)/(s(1)r2)]s(1)/s(2)

c4 = c2[(α(2) + β(2) + γ(2))I ′1(s
(2)r2) + α(2)I1(s(2)r2)/(s(2)r2)]

− [(α(1) + β(1) + γ(1))K ′
1(s

(1)r2) + α(1)K1(s(1)r2)/(s(1)r2)]s(1)/s(2)

c5 = [(β(2) + γ(2)) − (β(1) + γ(1))]/(2s(2))

c6 = (α(1) + β(1) + γ(1))I ′1(s
(1)r1) + α(1)I1(s(1)r1)/(s(1)r1)

c7 = (α(1) + β(1) + γ(1))K ′
1(s

(1)r1) + α(1)K1(s(1)r1)/(s(1)r1)

c8 = (β(1) + γ(1))/(2s(1))

Thus, the solution of the problem A.179 and A.180 is

Φ = 0, Φr = −1
2
r +A3I1(s(2)r), Φθ = 0, for 0 ≤ r ≤ r2

Φ = 0, Φr = −1
2
r +B3I1(s(1)r) +B6K1(s(1)r), Φθ = 0, for r2 ≤ r ≤ r1

where A3, B3, and B6 are given by Equation A.182. From Equation 6.5.30, we
obtain

D′ =
1
4
(2μ(2) + κ(2))πr42 + (β(2) + γ(2))πr22

+
2
s(2)

πκ(2)A3r
2
2I2
(
s(2)r2

)
+ 2πα(2)A3r2I1

(
s(2)r2

)

+
1
4
(
2μ(1) + κ(1)

)
π(r41 − r42) +

(
β(1) + γ(1)

)
π
(
r21 − r22

)
+
{
B3

[
r21I2

(
s(1)r1

)− r22I2
(
s(1)r2

)]−B6

[
r21K2

(
s(1)r1

)
− r22K2

(
s(1)r2

)]}
2πκ(1)/s(1) + 2πα(1)

{
B3

[
r1I1

(
s(1)r1

)− r2I1
(
s(1)r2

)]
+ B6

[
r1K1

(
s(1)r1

)− r2K1

(
s(1)r2

)]}
The constant τ is given by Equation 6.5.29.
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6.6.2 We consider cylinder B∗ for which the cross section Σ1 is assembly
of the domains A∗

1 and A∗
2. The solution of extension and bending problem

has the form 6.5.16. First, we have to solve the plane strain problems E(s),
(s = 1, 2, 3). We introduce the notations

L(ρ)
r X =

(
D2

r + c(ρ)D2
θ − 1

)
ur

+ [(1 − c(ρ))Dr − (1 + c(ρ))]Dθuθ + d(ρ)rDθϕz

L
(ρ)
θ X = [(1 − c(ρ))Dr + (1 + c(ρ))]Dθur

+
[
c(ρ)(D2

r − 1) +D2
θ

]
uθ − d(ρ)rDrϕz

M (ρ)
z X = −σ(ρ)rDθur + σ(ρ)r(Dr + 1)uθ +

(
D2

r +D2
θ − 2σ(ρ)r2

)
ϕz

T (ρ)
r X = [(λ(ρ) + 2μ(ρ) + κ(ρ))Drur + λ(ρ)(Dθuθ + ur)]r−1

T
(ρ)
θ X = [(μ(ρ) + κ(ρ))Druθ + μ(ρ)(Dθur − uθ)]r−1 − κ(ρ)ϕz

S(ρ)
z X = r−1γ(ρ)Drϕz

where X = (ur, uθ, ϕz) and

c(ρ) = (μ(ρ)+κ(ρ))(λ(ρ)+2μ(ρ)+κ(ρ))−1, d(ρ) = κ(ρ)(λ(ρ)+2μ(ρ)+λ(ρ))−1

Using these notations, the problems E(s), (s = 1, 2, 3), become

L(ρ)
r X(1) = −(1 − 2c(ρ) + d(ρ))r2 cos θ

L
(ρ)
θ X(1) = (1 − 2c(ρ) + d(ρ))r2 sin θ, M (ρ)

z X(1) = 0 on A∗
ρ

[X(1)]1 = [X(1)]2, T (2)
r X(1) − T (1)

r X(1) = (λ(1) − λ(2))r2 cos θ

T
(2)
θ X(1) = T

(1)
θ X(1), S(2)

z X(1) − S(1)
z X(1) = (β(2) − β(1)) sin θ on Γ∗

T
(1)
r X(1) = −λ(1)r1 cos θ, T

(1)
θ X(1) = 0, S(1)

z X(1) = β(1) sin θ on L
(A.183)

L(ρ)
r X(2) = −(1 − 2c(ρ) + d(ρ))r2 sin θ

L
(ρ)
θ X(2) = −(1 − 2c(ρ) + d(ρ))r2 cos θ, M (ρ)

z X(2) = 0 on A∗
ρ

[X(2)]1 = [X(2)]2, T (2)
r X(2) − T (1)

r X(2) = (λ(1) − λ(2))r2 sin θ

T
(2)
θ X(2) = T

(1)
θ X(2), S(2)

z X(2) − S(1)
z X(2) = (β(1) − β(2)) cos θ on Γ∗

T (1)
r X(2) = −λ(1)r1 sin θ, T

(1)
θ X(2) = 0, S(1)

z X(2) = −β(1) cos θ on L

L(ρ)
r X(3) = 0, L

(ρ)
θ X(3) = 0, M (ρ)

z X(3) = 0, on A∗
ρ (A.184)

[X(3)]1 = [X(3)]2, T (2)
r X(3) − T (1)

r X(3) = λ(1) − λ(2)

T
(2)
θ X(3) = T

(1)
θ X(3), S(2)

z X(3) = S(1)
z X(3) on Γ∗

T (1)
r X(3) = −λ(1), T

(1)
θ X(3) = 0, S(1)

z X(3) = 0 on L

(A.185)

where X(s) = (u(s)
r , u

(s)
θ , ϕ

(s)
z ). Let us determine the solutions of these prob-

lems. First, we consider the problems E(β), (β = 1, 2). We seek the solutions
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of these problems in the form

X(β) =
(
A

(β)
1 cos θ +A

(β)
2 sin θ,B(β)

1 cos θ +B
(β)
2 sin θ, C(β)

1 cos θ + C
(β)
2 sin θ

)
(A.186)

where A
(β)
α , B

(β)
α , and C

(β)
α are functions of r. From Equations A.183 and

A.184, we obtain

A
(1)
2 = B

(1)
1 = C

(1)
1 = A

(2)
1 = B

(2)
2 = C

(2)
2 = 0

A
(1)
1 = A

(2)
2 = vr, B

(1)
2 = −B(2)

1 = vθ, C
(1)
2 = −C(2)

1 = ψz

where vr, vθ, and ψz satisfy the equations

(D2
r − 1 − c(ρ))vr + [(1 − c(ρ))Dr − (1 + c(ρ))]vθ + d(ρ)rψz

= −(1 + d(ρ) − 2c(ρ))r2

[(1 − c(ρ))Dr + (1 + c(ρ))]vr − [c(ρ)(D2
r − 1) − 1]vθ + d(ρ)rDrΨz

= −(1 + d(ρ) − 2c(ρ))r2

(D2
r − 1 − 2σ(ρ)r2)ψz + σ(ρ)r(Dr + 1)vθ + σ(ρ)rvr = 0 on A∗

ρ

(A.187)

and the conditions

[Y ]1 = [Y ]2, T
(2)
r Y − T

(1)
r Y = (λ(1) − λ(2))r2

T
(2)
θ Y = T

(1)
θ Y, S

(2)
z Y − S

(1)
z Y = β(2) − β(1) on r = r2

T (1)
r Y = −λ(1)r1, T

(1)
θ Y = 0, S

(1)
z Y = β(1) on r = r1

(A.188)

In the above relations, we have used the notations

Y = (vr, vθ, ψz)

T (ρ)
r Y = [(λ(ρ) + 2μ(ρ) + κ(ρ))Drvr + λ(ρ)(vr + vθ)]r−1

T
(ρ)
θ Y = [(μ(ρ) + κ(ρ))Drvθ − μ(ρ)(vr + vθ) − κ(ρ)rψz]r−1

S(ρ)
z Y = γ(ρ)r−1Drψz

The general solution of the system A.187 is

vr = C1 + (2 − 6c(2) + 3d(2))C2r
2

+ e(2)(2δ(2))−1C3[I1(δ(2)r) − I0(δ(2)r)] − 1
8
r2

vθ = −C1 − (6 − 2c(2) + d(2))C2r
2 + e(2)(d(2))−1C3I

′
1(δ

(2)r) − 5
8
r2

ψz = −8C2r + C3I1(δ(2)r) − r, for 0 ≤ r ≤ r2
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vr = D1 + (2 − 6c(1) + 3d(1))D2r
2 + e(1)(2δ(1))−1{D3[I2(δ(1)r)

− I0(δ(1)r) −D4[K2(δ(1)r) −K0(δ(1)r)]} +D5r
−2 − 1

2
d(1)D6

+ c(1)(2 + 2c(1) − d(1))D6 ln r − 1
8
r2

vθ = −D1 − (6 − 2c(1) + d(1))D2r
2 + e(1)(δ(1))−1[D3I

′
1(δ

(1)r)

+ D4K
′
1(δ

(1)r)] +D5r
−2 − 1

2
[2(1 − c(1))(2c(1) − d(1)) + d(1)]D6

− c(1)(2 + 2c(1) − d(1))D6 ln r − 5
8
r2

ψz = −8D2r +D3I1(δ(1)r) +D4K1(δ(1)r) − 2c(1)D6r
−1, for r2 ≤ r ≤ r1

(A.189)

where Ci,Di, and D3+i are unknown constants. From Equations A.189 and
A.187, we find that

D1 = C1 + 2r22[(2 − 2c(2) + d(2))C2 − (2 − 2c(1) + d(1))D2]

− e(2)(2δ(2))−1[C3I0(δ(2)r2) −D3I0(δ(1)r2) +D4K0(δ(1)r2)]

D2 = h1 + h2D4 + h3D5, D3 = h4 + h5D4 + h6D5, D6 = 0

D4 = (g1g2 − h8g3)(h7g1 − h8h9)−1, D5 = (h7g3 − h9g2)(h7g1 − h8h9)−1

C2 = g4 + g5D2 + g6D3 + g7D4 + g8D5

C3 = g9 + k1D2 + k2D3 + k3D4 + k4D5

where

h1 =
[
−1

4
δ(1)r21I

′
1

(
δ(1)r1

)− e(1)(δ(1)γ(1))−1(β(1) + γ(1))I2
(
δ(1)r1

)]
G−1

1

h2 =
[
I ′1
(
δ(1)r1

)
K2

(
δ(1)r1

)
+K ′

1

(
δ(1)r1

)
I2
(
δ(1)r1

)]
e(1)G−1

1

h3 = −2δ(1)I ′1
(
δ(1)r1

)(
r21G1

)−1

h4 = 2r21[(γ
(1))−1(β(1) + γ(1))(2 − 2c(1) + d(1)) − 1]G−1

1

h5 =
[− 2(2 − 2c(1) + d(1))δ(1)r21K

′
1

(
δ(1)r1

)
+ 8e(1)(δ(1))−1K2

(
δ(1)r1

)]
G−1

1

h7 = η(1)
[
K2(δ(1)r2) − h5I2

(
δ(1)r2

)]
+ 2r22

[
ρ(1)h2 − ρ(2)Q1

]
+ η(2)Q2I2

(
δ(2)r2

)
, h6 = −16

(
r21G1

)−1

h8 = −2r−2
2 − η(1)h6I2

(
δ(1)r2

)
+ 2r22

(
ρ(1)h3 − ρ(2)Q3

)
+ η(2)Q4I2

(
δ(2)r2

)
h9 = −K1

(
δ(1)r2

)
+ 8r2h2 − h5I1

(
δ(1)r2

)− 8r2Q1 +Q2I1
(
δ(2)r2

)
g1 = 8r2h3 − h6I1

(
δ(1)r2

)− 8r2Q3 +Q4I1
(
δ(2)r2

)
g2 = −2r22ρ

(1)h1 + η(1)h4I2
(
δ(1)r2

)
+ 2r22Q5ρ

(2) −Q6I2
(
δ(2)r2

)
η(2)

g3 = −8r2h1 + h4I1
(
δ(1)r2

)
+ 8r2Q5 −Q6I1

(
δ(2)r2

)



© 2009 by Taylor & Francis Group, LLC

344 Classical and Generalized Models of Elastic Rods

g4 =
[
(χ− 1)e(2)(δ(2)γ(2))−1(β(2) + γ(2))I2

(
δ(2)r2

)

+
1
4
(ω − 1)δ(2)r22I

′
1

(
δ(2)r2

)]
G−1

2

g5 = [8εη(2)I2(δ(2)r2) + 2ωρ(1)δ(2)r22I
′
1(δ

(2)r2)]G−1
2

g6 = [−εη(2)δ(1)I2(δ(2)r2)I ′1(δ
(1)r2) + ωe(1)ζI2(δ(1)r2)I ′1(δ

(2)r2)]G−1
2

g7 = −[εe(2)ζ−1I2(δ(2)r2)K ′
1(δ

(1)r2) + ωe(1)ζK2(δ(1)r2)I ′1(δ
(2)r2)]G−1

2

g8 = 2ωδ(2)I ′1(δ
(2)r2)(r22G2)−1, k1 = 16r22[ωρ

(1) − ερ(2)]G−1
2

g9 = 2r22
[
ω − 1 + ρ(2)(β(2) + γ(2))(γ(2))−1(1 − χ)

]
G−1

2

k2 =
[
8ωη(1)I2

(
δ(1)r2

)
+ 2ερ(2)δ(1)r22I

′
1

(
δ(1)r2

)]
G−1

2

k3 =
[− 8ωη(1)K2

(
δ(1)r2

)
+ 2ερ(2)δ(1)r22K

′
1

(
δ(1)r2

)]
G−1

2

k4 = 16ω
(
r22G2

)−1
, Q1 = g7 + h5g6 + h2g5

Q2 = k3 + h5k2 + h2k1, Q3 = g8 + h6g6 + h3g5, Q4 = k4 + h6k2 + h3k1

Q5 = g4 + h1k5 + h4g6, Q6 = g9 + h1k1 + h4k2, ρ(α) = 2 − 2c(α) + d(α)

ω = (2μ(1) + κ(1))(2μ(2) + κ(2))−1, ε = γ(1)(γ(2))−1

χ = (β(1) + γ(1))(β(2) + γ(2))−1, ζ = δ(2)(δ(1))−1

η(α) = e(α)(δ(α))−1, G1 = 8η(1)I2
(
δ(1)r1

)
+ 2ρ(1)δ(1)r21I

′
1

(
δ(1)r1

)
G2 = 8η(2)I2

(
δ(2)r2

)
+ 2δ(2)r22ρ

(2)I ′1
(
δ(2)r2

)
Therefore, the solutions of the problems E(σ), (σ = 1, 2), are

u(1)
r = vr cos θ, u(1) = vθ sin θ, ϕ(1)

z = ψz sin θ

u(2)
r = vr sin θ, u(2) = −vθ cos θ, ϕ(2)

z = −ψz cos θ
(A.190)

where vr, vθ, and ψz are given by Equations A.189. The constant C1 charac-
terizes a rigid translation. Let us consider now the problem E(3) defined by
Equations A.185. From Equation A.1851, we obtain

u(3)
r = E1r, u

(3)
θ = η(2)E2I1(δ(2)r), ϕ(3)

z = E2I0(δ(2)r), for 0 ≤ r ≤ r2

u(3)
r = F1r + F2r

−1, u
(3)
θ = η(1)[F3I1(δ(1)r) − F4K1(δ(1)r)] + F5r

−1

ϕ(3)
z = F3I0(δ(1)r) + F4K0(δ(1)r), for r2 ≤ r ≤ r1

where Eα and Fs are unknown constants. If we impose the conditions A.185,
we find that

E1 = −ν(1) +
[
r−2
2 + r−2

1 − 2ν(1)r−2
1

]
F2, F1 = −ν(1) + (1 − 2ν(1))r−2

1 F2

F2 = (ν(1) − ν(2))
[
(2μ(1) + κ(1))λ(2)(ν(2))−1

(
r−2
2 − r−2

1

)
+ r−2

1 + r−2
2 − 2ν(1)r−2

1

]−1

E2 = F3 = F4 = 0, ν(ρ) = λ(ρ)(2λ(ρ) + 2μ(ρ) + κ(ρ))−1
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so that the solution of the problem E(3) is

u
(3)
r = E1r, u

(3)
θ = 0, ϕ

(3)
z = 0, for 0 ≤ r ≤ r2

u(3)
r = F1r + F2r

−1, u
(3)
θ = 0, ϕ(3)

z = 0, for r2 ≤ r ≤ r1
(A.191)

With the help of Equations 6.5.16, A.190, and A.191, we obtain the solution
of the extension and bending problem in the form

ur =
(
−1

2
z2 + vr

)
(a1 cos θ + a2 sin θ) + a3u

(3)
r

uθ =
(

1
2
z2 + vθ

)
(a1 sin θ − a2 cos θ)

uz = rz(a1 cos θ + a2 sin θ) + a3z

ϕr = −(a1 sin θ − a2 cos θ)z, ϕθ = −(a1 cos θ + a2 sin θ)z

ϕz = (a1 sin θ − a2 cos θ)ψz

where the constants as can be determined from the system 6.5.18. From Equa-
tions 6.5.19, A.190, and A.191, we find that

Y12 = Y21 = Y3α = Yα3 = 0

Y33 = π(λ(2) + 2μ(2) + κ(2) + 2λ(2)E1)r22
+ π(λ(1) + 2μ(1) + κ(1) + 2λ(1)F1)

(
r21 − r22

)
Y11 = Y22 =

π

4
(2μ(2) + κ(2))r42 + π(β(2) + γ(2))r22

− πβ(2)r2
[
C3I1(δ(2)r2) − 8C2r2

]− 2πλ(2)(2c(2) − d(2))r42C2

+ πλ(1)D5(r1 − r2) +
π

4
(2μ(1) + κ(1))

(
r41 − r42

)
+ π(β(1) + γ(1))

(
r21 − r22

)
− πβ(1)

{
D3

[
r1I1(δ(1)r1) − r2I1(δ(1)r2)

]− 8D2(r21 − r22)

+ D4

[
r1K1(δ(1)r1) − r2K1(δ(1)r2)

]}− 2πλ(1)(2c(1) − δ(1))D2(r41 − r42)

so that, from Equation 6.5.18, we obtain

a1 =
1
Y11

M2, a2 = − 1
Y11

M1, a3 = − 1
Y33

F3

Thus, the problem is solved.
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[46] S. Chiriţă, Some growth and decay estimates for a cylinder made of an
elastic material with voids. Rev. Roum. Math. Pures et Appl., 39(1994),
17–26.
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[86] G. Ferrarese, Sulla compatibilità dei continui alla Cosserat. Rendiconti
di Mat., Serie VI, 4(1971), 1–23.

[87] G. Fichera, Sulla torsione elastica dei prismi cavi. Rend. Mat. Ser., 5,
12(1953) 163–176.

[88] G. Fichera, Existence Theorems in Elasticity, pp. 347–388 of Flügge’s
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Elastizitäts-theori., Z. Math. Phys., 62(1914), 383–409.

[187] J.B. Kosmatka, H.C. Lin and S.B. Dong, On Saint-Venant’s problem for
an inhomogeneous anisotropic cylinder-Part II: Cross Sectional Proper-
ties. J. Appl. Mech. Trans. ASME, 68(2001), 382–391.

[188] G.V. Krishna Reddy and N.K. Venkatasubramanian, Saint-Venant’s
problem for a micropolar elastic circular cylinder. Int. J. Engng. Sci.,
14(1976), 1047–1055.



© 2009 by Taylor & Francis Group, LLC

Bibliography 359

[189] G.V. Krishna Reddy and N.K. Venkatasubramanian, Flexure of a
micropolar elastic circular cylinder. Proc. Indian Acad. Sci., 86A(1977),
575–590.

[190] G.V. Krishna Reddy and N.K. Venkatasubramanian, On the flexural
rigidity of a micropolar elastic circular cylinder. J. Appl. Mech.,
45(1978), 429–431.

[191] S.A. Kuliev and F.G. Radzhabov, Torsion of prismatic beams reinforced
by a round rod. Izv. Akad. Nauk Azerbaidzhan SSR Ser. Fiz.-Tekhn.
4(1983), 143–148.

[192] I.A. Kunin, Elastic Media with Microstructure I, Springer Series in Solid
State Sciences 26, Springer-Verlag, Berlin, 1982.

[193] I.A. Kunin, Elastic Media with Microstructure II, Springer Series in
Solid State Sciences 44, Springer-Verlag, Berlin, 1983.

[194] V.D. Kupradze, Method of Potentials in Elasticity (in Russian). Gosu-
darstv. Izdat. Fiz., Mat. Lit., Moscow, 1963.

[195] V. Kupradze, Dynamical problems in elasticity. In Progress in Solid
Mechanics, vol. 3 (Edited by I.N. Sneddon), North-Holland Pub,
Amsterdam, 1963.

[196] V.D. Kupradze, T.G. Gegelia, M.O. Bashelishvili and T.V. Burchuladze,
Three Dimensional Problems of Mathematical Theory of Elasticity and
Thermoelasticity. North-Holland Publ., 1979.

[197] G.A. Kutateladze, On the torsion of hollow piecewise homogeneous
beams (in Russian). Dokl. Akad. Nauk, SSSR 198(1971), 1295–1298.
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Gos. Univ. Učen. Zap. Mat., 103(1963), 178–180.

[221] J.H. Michell, The theory of uniformly loaded beams. Quart. J. Math.,
32(1901), 28–42.

[222] A. Mielke, Saint-Venant’s problem and semi-inverse solutions in nonlin-
ear elasticity. Arch. Rational Mech. Anal., 102(1988), 205–229.

[223] S.G. Mikhlin, The Problem of the Minimum of a Quadratic Functional.
Holden-Day, Inc., San Francisco, 1965.

[224] S.G. Mikhlin, Multidimensional Singular Integrals and Integral Equa-
tions (in Russian). Nauka, Moskow, 1962.

[225] S.G. Mikhlin, Numerical Realization of Variational Methods (in
Russian). Moscow, 1966.

[226] L.M. Milne-Thomson, Antiplane Elastic Systems. Springer-Verlag,
Berlin, Göttingen-Heidelberg, 1962.

[227] R.D. Mindlin and H.F. Tiersten, Effects of couple stresses in linear elas-
ticity. Arch. Rational Mech. Anal., 11(1962), 415–448.

[228] R.D. Mindlin, Microstructure in linear elasticity. Arch. Rational Mech.
Anal., 16(1964), 51–78.

[229] R.D. Mindlin and N.N. Eshel, On first strain-gradient theories in linear
elasticity. Int. J. Solids Struct., 4(1968), 109–124.

[230] R.D. Mindlin, Galerkin stress functions for non-local theories of elastic-
ity. Int. J. Solids Struct., 8(1972), 1407–1411.

[231] R.D. Mindlin, Solution of Saint-Venant’s torsion problem by power se-
ries. Int. J. Solids and Struct., 11(1975), 321–328.

[232] R. Mises, On Saint-Venant’s principle. Bull. Amer. Math. Soc., 51(1945),
555–562.
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[279] A. Radu, Saint-Venant’s problem for nonhomogeneous bars (in
Romanian), An.St. Univ. “Al.I. Cuza”, Iaşi, s. Matematică, 12(1966),
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