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PREFACE

The Boundary Integral Equation (BIE) method has occupied me to
various degrees for the past twenty-two years. The attraction of BIE
analysis has been its unique combination of mathematics and practical
application. The BIE method is unforgiving in its requirement for mathe-
matical care and its requirement for diligence in creating effective
numerical algorithms. The BIE method has the ability to provide critical
insight into the mathematics that underlie one of the most powerful and
useful modeling approximations ever devised--elasticity. The method has
even revealed important new insights into the nature of crack tip plastic
strain distributions. I believe that BIE modeling of physical problems is
one of the remaining opportunities for challenging and fruitful research
by those willing to apply sound mathematical discipline coupled with phys-
ical insight and a desire to relate the two in new ways.

The monograph that follows is the summation of many of the successes
of that twenty-two years, supported by the ideas and synergisms that come
from working with individuals who share a common interest in engineering
mathematics and their application. The focus of the monograph is on the
application of BIE modeling to one of the most important of the solid
mechanics disciplines--fracture mechanics. The monograph is not a trea-
tise on fracture mechanics, as there are many others who are far more
qualified than I to expound on that topic.

Rather, the monograph is a compilation of the various modeling strat-
egies in which I have been involved, in advancing the use of BIE methods
as a tool of computational mechanics, as applied to the analysis of
cracked structures. The first chapter concerns some of the key historical
developments, while Chapter 2 gives the briefest possible review of
crucial fracture mechanics notions. Chapter 3 is of greatest importance
to those not familiar with the BIE method. The purpose of this chapter is
to define the basic mathematics of the BIE method in a manner consistent
with my attitude towards mathematics--minimum reliance on theorems; maxi-
mum use of careful analysis. Chapter 4 is written to show that fracture
mechanics is a poorly posed problem of elasticity, and that special mathe-
matical treatments are required to deal with the posit that two surfaces
can be in the same location--the usual definition of a crack.

Chapter 5 demonstrates one of the most powerful aspects of integral
equation formulations, that the principal geometric feature of a problem
(in this case the crack) may be included analytically in the formulation.
Such an approach eliminates the need for modeling the crack. While limit-
ed to two dimensions, the resulting numerical technique is the best
analysis method for two-dimensional cracks that is available. Chapter 6
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demonstrates more recent work in extending this two-dimensional formula-
tion to elastoplastic problems. Some unique insights into the plastic
response around cracks have been established, and they warrant further
study.

Chapters 7 and 8 are further, detailed applications of the BIE formu-
lation to fracture mechanics modeling approaches that are still more in
the research category. Thus, the algorithms reported are expected to
undergo further development and improvement in the years ahead.

I owe much to many for the opportunity to have been actively involved
in this area of research over the years. Each of these individuals shares
one essential attribute--a commitment to excellence in research.
Professor Frank J. Rizzo, who introduced me to the method and whose con-
tributions underlie the BIE method; Professor J. L. Swedlow, who asked me
to try modeling three-dimensional cracks and provided critical nurturing
in my early research career; Dr. R. B. Wilson, who provided discipline and
insight into the numerical issues; Dr. Jean-Claude Lachat, who saw the
engineering potential of BIE analysis; and Professor John Watson, whose
programming puts mine to shame. Additionally, I owe much to Professor
C. L. Dym, who continues to challenge me to excellence of thought. The
skilled preparation of this typescript is the result of the outstanding
effort of Mrs. Maria Martinez; additionally, I wish to acknowledge the
excellent support of my Administrative Assistant, Mrs. Cathy Dean, who
brought the whole effort together, and the assistance of Ms. Deborah
Stowitts and Ms. Maxine Hall.

Ultimately, when reflecting on the product of a significant part of
one's research career, each must acknowledge the critical role of timing
and circumstances in creating opportunities and revealing new directions.
Over these years I have had the steadfast and foundational support of a
person more talented than I--my wife, Kathy. And, when reflecting on the
beauty of the mathematics that underlie all of this work, I acknowledge
the One who created it all.
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1.0 An Historical Perspective

1.1 Boundary Integral Equation Development

In the view of this author, the finite element and boundary element
methods have a common root in the pioneering work of E. Betti (1872).
Betti formulated a reciprocal work theorem, considering the work done by
stresses in one solution state doing work on the strains of a distinct
solution state. Such a "work" is work only in the mathematical sense and
obviously has no physical counterpart.

However, structural engineers have long used the influence function
approach formalized in the Castigliano theorems. These theorems have
their basis in the Betti reciprocal work theorem and led into one of the
ma jor streams of early finite element developments. The notion of influ-
ence functions is also one of the easier ways to explain the BIE formula-
tion to the non-mathematical engineer. Thus, a common origin between the
boundary-integral equation and finite element methods may be said to
exist.

The significant differences between the two methods, however, should
not be discounted. Finite element methods approximate (in the usual form-
ulations) the strain energy distribution through assumed displacement
interpolations. Minimizing the energy functional with respect to the
unknown displacement parameters produces an approximate equilibrium solu-
tion for the posed boundary conditions.

The boundary-integral equation formulation for the elasticity problem
begins with a restatement of the equilibrium equations in integral form,
using the reciprocal work theorem previously cited. Allowing one of the
solution states to be one which exactly satisfies the equilibrium condi-
tions in the infinite body has the result that the unknown solution also
satisfies the equilibrium conditions, except possibly at the boundary.
This analytical equilibrium solution is generally referred to as the fund-
amental solution for the linear, homogeneous differential equation govern-
ing the selected problem class. Formulation of the method is discussed in
some detail in Chapter 3.

Somigliana (1885) is credited with the first use of the Betti recip-
rocal work theorem to derive the form of the integral solution identities
based on these fundamental solutions. His work was in terms of the clas-
sical Laplace's equation for potential theory applications. It is 'most
important to understand that the Somigliana reformulation of the potential
theory problem corresponds, analytically, to the exact solution to
Laplace's equation.



The fact that the Somigliana integral identities were fully equiva-
lent to the exact, analytical solution led to their use by Fredholm
(1905), for the development of existence and uniqueness proofs for the
solutions. The Fredholm alternative theorems are quite elegant, but are
quite limited in applicability. There is but one form of the Somigliana
identity which results in the proper form of integral equation for appli-
cation of these existence and uniqueness theorems.

A number of analytical solutions to potential theory problems have
been obtained for very simple geometry and loading conditions. The
Fredholm forms of the Somigliana identities for Laplace's equation have a
particular relation to the force potential between mass distributions,
from which the potential theory name developed. Some of the better
sources of mathematical developments and applications of these methods are
given in Lovitt (1950), Kellogg (1953), MacMillan (1958), and Courant and
Hilbert (1962).

Application of the mathematics of integral formulations to elasticity
problems was largely pursued by the Russian academics Muskhelishivili
(1963) and by Kupradze (1965). In the former, the formulation depends on
the Cauchy integrals of complex variable theory and is thereby limited to
two-dimensional problems. In the latter, the Fredholm type of equations
is derived such that existence and uniqueness questions may be posed and
answered. The elasticity formulation results in integral equations which
are said to be singular as compared to those for potential theory applica-
tions. Additional mathematical considerations, beyond those developed by
Fredholm, had to be resolved, as discussed by Mikhlin (1965).

The complex variable formulation of the elasticity problem provided a
significant tool for the solution of a variety of two-dimensional boundary
value problems. The method requires a known or approximate geometric map-
ping function, capable of transforming the actual boundary shape into a
unit circle, upon which the boundary conditions can be decomposed into
Fourier components. The method is not applicable for problems with very
complex shapes, or for mixed boundary conditions.

The digital computer became an engineering tool in the late 1950's
and soon found application in the numerical solution of Fredholm type of
integral equations (nonsingular). Early examples of this include the
works of Friedman and Shaw (1962), Jaswon (1963), Banaugh and Goldsmith
(1963), and Massonet (1965). The first, and certainly most critical,
development of a viable computer solution to the singular elasticity for-
mulation was that of Rizzo (1967). Following the paper of Rizzo, the
numerical solution of integral equation formulations has been expanding at
an ever increasing rate.

1.2 Boundary Formulations and Discretizations

As stated in the Section above, the integral equation formulation is
one which exactly satisfies the governing differential equation. In the
case of elasticity, this equation is the Navier equation of equilibrium,
written in terms of the field displacements. The integral equations may
be specifically developed for proofs of existence and uniqueness, or they
may be developed for solving engineering problems. In general, one cannot
have both.



In order to reduce the elasticity problem for traction boundary con-
ditions to the proper form of the Fredholm equation for mathematical
proofs, namely the Second Kind integral equation, it is necessary to
replace the actual boundary conditions by non-physical surface density
functions. The resulting integral equation has singularities in the den-
sity functions at any corner or edge of the geometry, as discussed by

Cruse (1969).

Such singularities are inherent in all of the above-cited work except
for that of Jaswon (1963) and Rizzo (1967). The radical departure from
tradition started by Jaswon was crucial to the development of a viable
method for the solution of engineering problems using integral equations.
Jaswon's approach was to forego the ability to make elegant proofs of
existence and uniqueness and make direct use of the full Somigliana
integral identities. These identities are written directly in terms of
the physical boundary conditions, regardless of the nature of the mixed
boundary conditions being considered. Rizzo (1967) extended this direct
approach to elasticity with great success. Thus, Cruse (1969) refers to
the classical as the indirect (potential) method, and that of Jaswon and
Rizzo as the direct (potential) method.

The term "direct potential method" was deemed by an editor to be a
clumsy and obscure definition of a formulation. The direct formulation
was then given the name boundary-integral equation (BIE) method by Swedlow
and Cruse (1971). Somewhat after that time, other authors, notably
Professors Banerjee and Brebbia, saw the need to relate the numerical cap-
ability of the method to the finite element method, and the name boundary
element method (BEM) was coined. In this book, the formulation is
referred to as the BIE, while the method of numerical implementation is
referred to as the BEM.

The BIE formulation has been determined, by its nature, to be totally
equivalent in elasticity to the equilibrium equation. Again, it is impor-
tant to note the fundamental difference with finite element formulations
which are in terms of the total strain energy or a virtual work represen-
tation. The numerical modeling of the BIE is in terms of approximations
made to the boundary data--either specified or unknown.

The earliest numerical implementations of the BIE formulation used
piecewise-constant models of the boundary data. In general, except for
potential theory problems, this is not sufficiently accurate for any real
problems. Later, Cruse (1974) implemented a piecewise-linear interpola-
tion of both the surface geometry and boundary conditions. This resulted
in a great improvement in accuracy, with some increase in the cost of com-
puting the necessary terms in the algebraic system of equations.

Lachat and Watson (1976) were the first to implement the finite ele-
ment-developed isoparametric representation for linear, quadratic, and
cubic surface interpolatives. The method required numerical integration
of the BIE terms and thereby required a very elaborate and painstaking set
of algorithms, specially developed for the singular integral equations.
The cost of computing the integrals increased significantly, but the
modeling accuracy also increased. Since that time, little fundamentally
new has been added to the formulation or numerical solution for elasticity
problems.



The numerical form of the BIE 1is itself an equilibrium solution.
That 1is, the internal variables fully satisfy the equations of equili-
brium, due to the use of the fundamental solutions in the reciprocal work
theorem. However, due to the boundary approximations, the numerical BIE
is no longer the same equilibrium problem first posed. Rather, it is an
equilibrium state that is trying to satisfy the sometimes contradictory
states of piecewise variations of surface tractions and surface displace-
ments. In fact, the equilibrium state includes various degrees of stress
singularities at the interfaces between boundary elements, the strength of
which depends on the types of elements and boundary data approximations
being used. A proper understanding of this point is necessary before one
can really see the significant and important differences between BIE and
finite element methods. Further, a proper appreciation of this point is
required in order to understand how little has really been accomplished in
the way of a systematic investigation of numerical errors in BEM analysis.

1.3 Fracture Mechanics Problems

Fracture mechanics problems are among the most difficult to solve
Wwith reasonable numerical accuracy. The reason, of course, stems from the
presence of a singular surface condition--two coplaner surfaces sharing a
line connection (the crack front). This is a terribly ill-posed problem,
and for some years the elasticians argued as to whether a solution should
even be considered.

The reality of engineering structures and the success of a variety of
numerical models, especially in two dimensions, led to a diminishing of
theoretical criticisms. Nonetheless, the challenge for accuracy and gen-
erality of modeling capability was very great, especially in three dimen-
sions. The BIE formulation has been found to be both strong and weak in
its fracture mechanics modeling capabilities.

The weakness derives specifically from the ill-posed boundary of two
coplaner surfaces. Special modeling approaches had to be developed to
overcome the theoretical constraint, and these are discussed fully in
Chapter 4. The strength is in the ability of the BIE to accurately repre-
sent steep solution gradients in elastic bodies. This ability comes from
the fact that the BIE does not approximate the internal equilibrium solu-
tion or internal variables of the problem. This strength will also be
discussed in Chapter 4.

Additionally, the BIE formulation has the ability to provide nearly
analytical solutions and theoretical insight into the fracture mechanics
problem. Again, this derives from the close tie between the method and
the underlying equilibrium equations. Chapters 4 through 8 will make this
point. The finite element method is, in fact, a more general tool than the
BIE method in that energy methods can be used to approximate just about
any physical phenomenon; however, the generality 1is achieved at the
expense of significant approximation requirements.

Thus, in the end, the analyst must make the choice. The remaining
chapters seek to provide analysts with the necessary support to understand
the BIE method and to evaluate its applicability to a given problem class.
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2.0 Fracture Mechanics

2.1 Introduction

The present monograph is concerned principally with boundary-integral
equation methods, especially on their application to fracture mechanics
modeling. The literature on fracture mechanics is quite extensive. For a
comprehensive treatment of fundamentals, the reader is directed to Broek
(1986), and for advanced discussions, to Kanninen and Popelar (1986).

The current Chapter is intended to define some of the basic concepts
and terminologies of fracture mechanics as needed to support later
discussions. Thus the review will define basic terms and cite principal
mathematical results in two and three dimensions. For a review of non-BEM
fracture mechanics modeling approaches (these are generally collocation
and finite element results), the reader is directed to the aforementioned
references and to their extensive bibliographies. Further, the literature
on BEM treatments of various fracture mechanies problems 1is also
extensive. The current monograph is not intended to be a review of these
results; for that, the reader is directed to the article by Cruse (1987).

2.2 Some Definitions

In general, we will be concerned with the analysis of regular regions
containing internal or edge surfaces across which the displacements are
discontinuous. These cracks are usually flat, but may grow along curved
paths or surfaces. In the current treatment we will be concerned with
flat cracks.

Figure 2.1 illustrates the essential crack geometry features. In
two-dimensional (plane strain) problems the crack will extend indefinitely
in a direction normal to the plane of the figure. In three-dimensional
problems, the crack front will form a curve in the y=0 plane (again, for
the flat crack).

The crack-tip displacement field is decomposed into simple vector

components according to Fig. 2.2. In the left-hand subfigure the crack
deformation is symmetric with respect to the plane of the crack and is
called Mode I response. The middle subfigure shows in-plane shear
response



(v_. ) and is called Mode Il response. The antiplane shear on the right
is called Mode III response. Two-dimensional problems generally consist
of Mode I and Mode II deformations, while three-dimensional problems may

involve all three modes.

1//"

S
LY
y
Crack
surfaces r
0
| X
Figure 2.1. Crack geometry definition
y
y y
X x .
z

Figure 2.2. Three modes of crack tip motion



Three-dimensional cracks often are modelled as having elliptical
shapes. Figure 2.3 defines the principal geometric terms for buried
elliptical cracks. When the elliptical crack is at a free surface of the
body, it is generally the case that the free surface is taken to be the
plane z=0. Then, the total surface length of the crack is taken as 2¢
instead of 2a in Fig. 2.1. The crack depth is then given by the size
parameter a.

i x2+ZZ=C2
i
} ,
//I
c / | 2 2
/ | X+l =1
i3 / | 2 &
l S (xy)
a // X =Ccosd
//\ y=asin¢
e
1 \

Figure 2.3. Geometry terms for elliptical crack solution

2.3 Some Fundamental Results

The earliest effort to characterize the strength of brittle materials
in a manner that recognized the size of the defect or crack was that of
Griffith (1920). In his analysis, the basic energy balance for a virtual
crack length extension was first derived in terms of the elastic stored
energy per unit thickness, U

G = -3U/3a (2.1)

where a is the half crack length, éa is the crack length change, and G is
the strain energy release rate. Equating the release in stored energy to
the increase in crack surface area energy (material property), for the
Inglis (1913) plane strain problem of a central slit in tension, Griffith
obtained the following basic relation

G = (1-v2)1r02a/E (2.2)
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which applies up to the point of crack growth instability. In (2.2), o is
the applied far-field stress and E, v are the usual material constants.

Irwin (1957) considered the state of stress ahead of the crack under
load and recognized that the Griffith energy release rate could be
described in terms of a parameter which characterized the state of stress
or strain in the region around the crack tip. This parameter K, the
stress intensity factor, is related to the energy release rate by the
following

K2/E (plane stress) (2.3)

= (1-v2) K2/E (plane strain)

[op}
"

The key feature recognized by Irwin which became the foundation of linear
elastic fracture mechanics (LEFM) is the fact that, for limited
plasticity, the stress intensity factor (SIF) characterizes the state of
material loading over a volume of sufficient size that the fracture
strength of many engineering materials can be given in terms of the
critical (maximum) stress intensity factor, K.

Williams (1952) treated the general class of problems associated with
a vertex in the material under load for various types of boundary
conditions on the edges of the vertex as an eigenvalue problem. He
deduced that the transcendental equation

sin z = * [(sin a)/alz; Z = Aa (2.4)

gives the power A of the inverse singularity of stress or strain at the
vertex tip for the case of stress-free edges near the tip. FErom (2.4),
the stress singularity at the tip of the vertex is given by r"  '; a is the
total included material angle at the vertex. The crack-tip stress
solution for the case of a = 2n for remote loading is given by

o = aor-1/2 +a,+ a2r+1/2 4+ e (2.5)

The leading term in (2.5) is seen to be singular at the crack tip, and
thus for some region near the crack tip, dominates the near field stress
and strain field. The coefficient of this leading term in Williams'
solution is proportional to the SIF defined by Irwin. Using the current
SIF definition, the leading term for the two-dimensional stress and
displacement field near the crack tip (crack along x-axis) is given for
plane strain by



T
Xy

T
Xy
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T
yz

I ] .0 . 38
4 1 - = 22
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K
I in 8 8 38
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(2nr) /2 cos 3 2 2
K
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K11 1/2 8 29
—= (r/2m) cos = (1 - 2v + sin® 2)
M 2 2
K1 e
- (20r) /2 sin 3
KIII cos 8
(2nr)1/2 2
KII

I (21"/11)1/2 sin 8
u 2

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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In egs.

plane of crack prolongation given in Fig. 2.1.
in these equations refer to the three,

terms

2.6)-(2.11),

u is the shear modulus; 6

is the angle from the

The subscripts on the SIF

modes of crack-tip motion as shown in Fig. 2.2.

kinematically

independent

The above results apply to the case of isotropic material behavior.

While

strains
term
Let 8. .

the essential singular
is retained
results
describe the

in egs.

full

(2.6)-(2.1
(2D)

i
constafts in the general 3D case).

11"

3
- 28 6“

1)

are
material

behavior of the crack
in the rectilinearly anisotropic case,

somewhat
compliance matrix

tip stresses

more

and
the leading
complicated.

(up to 21

The governing differential equations
for planar problems with elastic mid-plane symmetry are integrable along
the complex directions given by the roots of the following characteristic
equation (Sih and Liebowitz (1968))

2
pgr” * (2Byp + Bgglut - 28,0 + By, = 0

(2.12)

The roots of (2.12) given in complex conjugates ”k';k are dimension-

less quantities.

as

where Im{ } denotes the imaginary part.

by
a
X
T
Xy
a
y
where
d

5y B

K? (u1
Im

K HiHo
= —— Re [———
/a2nr Hq=Hy
K U
172
/énr Re [u -u
172
KI el 1
venr Hy=Hs

(cose + ujsine)

<:—§':_1”+
(%;-;—zn
(3—2-%)]
1/2

The energy release rate is given for mode I,

11 loading

(2.13)

The crack tip stresses are given

2
1
—) 1]
d
u
2
-] (2.14)
d;
1
—)]
d
(2.15)
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2.4 Some Stress Intensity Factors

The SIF terms in egs. (2.6)-(2.11) for two-dimensional results have
been widely published in a number of handbooks. Other results, for cases
not included in the handbooks, are developed by numerical stress analysis
of the cracked geometry and loading conditions. The use of BIE methods
for such problems is well developed and will be discussed in detail in the
next chapters.

Three-dimensional SIF results are not as widely available as for two-
dimensional problems. The earliest, classical result is by Green and
Sneddon (1950) for the case of the buried, elliptical plan-form crack.
The solution, in terms of the quantities defined in Fig. 2.3, is given by

_o/mag_. 2 2,2 2.1/4
KI z E(k){Sln ¢ + a“/b“cos e} ' (achb)
/2
. 2.2
with E(k) = | /1-k“sin“s do = /Q (2.16)
0
and k2 =1 - a2/b2

The elliptic integral, in eq. (2.16), is the square root of the shape
factor (Q) for elliptical cracks and is often used as a normalizing
parameter for surface crack results. An extensive set of finite element
numerical results for surface cracks in plates under tension and bending

was curve fit by Newman and Raju (1981). Their results are reproduced
below
- apaac
Ky = (S, + HS )/ 3 F(£,2,500)
Q = 1. tugy (385 @y,
- : c c - ’
. a2 a4
B My + My(0)7 « Mo(D)IF Bf
- - a
My = 1.13 - 0.09(3)
_ 0.89
Ma = 054 v S )
A 1.0 a2l
M3 05 - 55y ag t MU0 - D)
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g =1+ [0.1+ 0.35(%)2](1 - sine)°
2
£, = 1) cos®e + sine))' 5 @.17)
nc a 172
fw = [sec(gg/g)]
Ho= Ho+ (H, - H1)sinp¢
p = 0.2+ % + 0.6 %
_1 a _ a a
Hy=1-0382-0m 3
a a,2
H2 = 1 + G'I(E) + GZ(E) .
a
G, = - 1.2 - 0.12(5)
- a,0.75 a 1.5
G, = 0.55 - 1.05(5) + 0.47(2)

In eq. (2.17), t is the section thickness, a the crack depth, ¢ the crack
half surface length, ¢ the elliptic angle (Fig. 2.3)2 b the plate half-
width, 7 the shape factor (1.16), H = E, or E/(1- v° ), and S¢y Sy the
remote applied tensile and bending stresses. These results generally
agree, for shallow cracks in tension, with the earlier BIE results of
Cruse and Meyers, (1977), but are more comprehensive and are of great
engineering utility.

Extensive collections of stress intensity factors have been published
in handbook form by Tada (1973) and Rooke and Cartwright (1976). Most of
these solutions are for two-dimensional problems, while Newman and Raju
(1981) should be used for surface cracks. Very powerful methods for
constructing K-solutions from the uncracked stress fields have become
popular, including the weight function method as summarized by Besuner
(1977), and the influence function method, also called the Green's
function method by Cartwright and Rooke (1979). In the latter approach,
K-solutions for point loads on the two-dimensional crack surface are
superimposed to match the uncracked stresses.
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3.0 Boundary-Integral Equation Formulation and Solution

3.1 Introduction

The basis of any boundary integral equation (BIE) formulation is
rooted in classical elasticity theory as the reciprocal work theorem of
Betti (1872) and the application of elastic potentials to satisfy
equilibrium by Somigliana (1885). Much of the literature in the past ten
years of BIE formulations has made use of the method of weighted
residuals. While simple to apply, especially by those who have a finite
element background, the method of weighted residuals masks much of the
essentials to a full understanding of the strengths and weaknesses of the
BIE method. We shall thus take the high road of the classical approach to
the BIE method in what follows.

Much of the older (greater than twenty years) literature on integral
equation formulations in mechanics ties back to classical work on gravity
and electrostatic potentials. In fact, the BIE formulation for scalar
problems such as steady-state heat transfer or potential flow use exactly
the same integral equations as developed for gravity and electrostatic
potentials. Thus, a familiarity in potential theory such as the books by
Kellogg (1953) and Kupradze (1965) is essential for a full understanding
of the BIE literature.

3.2 Governing Equations of Elasticity in Two and Three Dimensions

The current discussion will treat isotropic elastic continua,
deferring to the next section the development for anisotropic materials.

Equilibrium in the presence of body forces (per unit volume) X; is given
by the gradient of the stress tensor oij as
oij,j + Xi =0 (i, j=1,2,3) (3.1)

Taking Hooke's law for the material to be given in terms of the shear
modulus p and Poisson's ratio v, we obtain

_2uy

cij = To0 Gijsmm + 2u€i. (i,j,m=1,2,3) (3.2)

J
17
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co= o (u, o+ uj .)/2 (3.3)

Combining egs. (3.1)-(3.3), we obtain the Navier equations of
equilibrium in terms of the displacements

2
ui,ij/(1-2v) + v uj + xj/u =0 (3.4)

where V2 is the usual Laplacian operator. Equation (3.4) is the governing
set of partial differential equations to be satisfied in the body, denoted
herein as R. In order to facilitate later solutions of eq. (3.4), we
first seek to find a function of the displacements, such that the new
governing equation lends itself more readily to analytical solution. The
Galerkin vector Gi is one such function, although certainly not the only
(see Pearson, 1959); the displacements are given in terms of derivatives
of G; as

u, = V2G !

i i_mcj,ij (3.5)

The combination of terms in eq. (3.5) was originally selected such that
substitution into the Navier -equations (3.4) yields the following
biharmonic equation

v2(v2Gi) + X /uz0 (3.6)

Equation (3.6) applies for both the three-dimensional and two-dimensional
problems.

Solution of eq. (3.6) for a ‘'specified body force provides, by the
previous equations in this section, a solution of the stress state in R,
subject to the imposed boundary conditions. In the general fracture
mechanies problem, the necessary boundary conditions will be imposed on
the regular surface S and on the crack surface I'. The next section
considers the solution to eq. (3.6) for the special or fundamental
problems of point ,loads in infinite regions R”.
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3.3 Fundamental Solutions

Fundamental solutions are singular solutions to eq. (3.6) for the
infinite region. There are, in fact, an infinity of singular solutions of
increasing order. Several of the lowest order singularities are the pole
(point force), dipole (point twist), and the point pinch, depending on the
application.

The properties of the singular solution play a crucial role in the
BIE formulation. However, practical experience in terms of numerical
solutions limits us to the use of the pole or point-force fundamental
solution.

The point body force distribution will be taken to be represented by
the Dirac delta function, as the amplitude times unit basis vectors
(ei:1,2,3), as follows

X = cs(p-q)e.l (3.7a)

Figure 3.1 illustrates the terminology to be used herein. The point force
is applied at an internal point p(x); the response point is given
as q(x).

Two of the necessary conditions for the representation given by eq.
(3.7a) to be a point load at p(x) are

(3.7b)

In the first of these, the body force distribution is identically zero,
except at the source point for the load, p(x). Second, the net magnitude
of the distribution is unity. Higher order terms such as net moments
being zero are satisfied by the usual properties of the Dirac delta
function.

The fundamental solution for the 1isotropic elastic problem is
obtained by finding the solution to eq. (3.6) using eq. (3.7) fgr the body
force. Denoting the fundamental Galerkin vector solution as Gi we obtain
as the governing equation

v2<v2c’i‘> + 6(p=a)e /u = 0 (3.8)
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As discussed by Cruse (1977) and numerous earlier classical texts,
the three-dimensional solution to eqg. (3.8) is given by

* 1
G = 8 r(p,q)ei (i=1,2,3) (3.9)

where r{(p,q) is the scalar distance between p(x) and q(x), as shown 1in
Fig. 3.1. The two-dimensional, fundamental Galerkin vector is given by

Figure 3.1. Some geometric definitions

* 1

6, = g r2(1 + log %)ei (i=1,2) (3.10)

By

In the two-dimensional case, the re term leads to a rigid body displace-

ment; only the log(1/r) term actually gives rise to non-zero, singular
stresses.

The displacements at the field point q(§) for the point load applied
at p(x) are obtained by differentiation of the Galerkin vector represen-
tations of eqs. (3.9) and (3.10) according to eq. (3.5). Of course, the
differentiation is at gq(x), which is not taken to be equal to p(x). The
derivatives of r(p,q) are then given by .
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The displacement solutions are found for three dimensions to be

*
ui(p,q) = [(3—4v)<5ij + r’ir,j]ej/[%nu(1-v)r(p,q)] (i,j=1,2,3) (3.12)

where sij is the usual Kronecker delta; and, for two dimensions

u:(p,q) = [(3-4w)s, log(1/0) « v v Je /(Bru(1-v)]  (1,3=1,2)  (3.13)

’

These fundamental displacement solutions may be redefined in terms of the
second-order tensor Uji(p,q) as

*
u, (p,a) = Uji(p,q)ej (3.14)

The displacements can be differentiated according to eq. (3.3) to
obtain strains; these in turn are transformed through Hooke's law (3.2)

into stress. The tractions along an arbitrary surface S within R with
outward normal nj, are given by
ti = cijnj (3.15)

such that the fundamental traction vector for three dimensions is given by

*
ti = Tji(p,q)ej = - {(dr/dn)[(1-2v)s,, + 3r ]

i] it (3.16)

2
- (1—2v)[njr [T nyr J.]}ej/[8w(1-\))r (p,q)]

’ ’

and in two dimensions by



22

*
t.l = Tji(p,q)ej z - t(dr/dn)[(1-2v)6ij + 2r,ir,j] (3.17)

- (1-2v)[njr {omr J]}ej/{UnH—v)r‘(p,q)]

’ 1

It should be noted that all of the fundamental solutions are well
behaved as v+0.5. In fact, experience shows that the numerical solution
of the BIE (yet to be derived herein) is quite acceptable at v=0.5.

Finally, it is easily shown that the fundamental traction solutions,
eqs. (3.16) and (3.17), may be integrated over small spherical or circular

surfaces S_ near the point load point p(x). The result obtained is given
for a small radius e by

*
Lim [ t, dS = 6, e, (3.18)
€+0 S_ ! thJ

Thus, the net unit applied load solution is recovered.

3.4 Two-Dimensional Anisotropic Fundamental Solution

Consider first a rectilinear, anisotropic, elastic material with no
symmetry in any of the three cartesian directions. It is well known (see
Leknitskii, 1963) that there are 21 independent material elastic constants

o5 = cijm kg (i,--+,2=1,2,3) (3.19)

because

Ciske 7 Cjike = Cijak * Ckaij (3.20)

It is convenient and usual to introduce a more compact notation,
using symmetry of the stress and strain tensors. The independent
components are arranged as a vector, such as shown for the stresses



23

%1 %11
%2 922
{o,) = R (3.21)
%y %23
s 731
| %6 12 |

g. = 6.4 €. (i,j=1,+++,6) (3.22)

€. =S.. o, (i,j=1,-+-,6) (3.23)

Assume that the material is symmetric with respect to the x, direc-
tion. It is possible to show by reflecting the relations eqg. (3.22)
about x,=0 for simple tensile stresses that

~ ~

Cy; = c51 =0 (i=1,3) (3.24)

and for simple shear stresses that

Ciu H Ci5 =0 (i=1,3) (3.25)
For the case of an applied shear stress o reflected about x,=0, it can
23 3
be shown that
CU6 = C56 =0 (3.26)

Finally, the Hooke's law relationship for this state of symmetry has
been reduced to thirteen constants
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Ciiv Gy Gy O 0 16
22 Co3 O 0 €6
R Cy3 0 0 36
[Cij] z ) X (3.27)
Symmetry Coo Cug O
Ciy O
66
—

For plane strain or plane stress conditions, eq. (3.27) reduces
further to needing six independent material constants. In the case of
plane stress, the compliance relationship (3.23) becomes

x VEy = vyp/Byy - vie/Eyy %%
ey = | - vy /Esy  VEsy = vae/Ess o (3.28)
Yy = Vg1 Gy = ve/Gyp VG, Txy

For the more usual case of an orthotropic layer, ViV =0 and v61:v62=0.
The remainder of the constants in eq. (3.28) are the usual engineering
constants of Young's modulus and Poisson's ratio.

The fundamental solution for the two-dimensional problem with
material symmetry about x3;=0 is easily oObtained from an Airy stress
function formulation of the problem. Following the usual approach
(Leknitskii, 1963), equilibrium is satisfied by taking stresses in terms
of derivatives of the stress function F(x,y) as

o = a2F/ay2 ;0 = 82F/ax2 I -32F/axay (3.29)
X y Xy

The equation of compatibility in terms of the strains is given as

N . lxy (3.30)
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Hooke's law for the compliance form (3.28) will be taken in the
following manner

€. = B, .0, (i,j=1,2,6) (3.31)

Combining these last three equations, we obtain the governing equation for
F(x,y) as

o' -2 e v (28,5 + Bg() v
B2z, I 26“3ay 66" 20y
(3.32)
4 4
- 2516—3—55 . 811§—% = 0
axXay 3y

We now seek a solution to (3.22) in terms of a complex coordinate

Z = X +yy (3.33)

where

u=a+ib ; i=v-1 (3.34)

Substituting eq. (3.34) into (3.32) we obtain the characteristic equation
for u as

2 3

For nontrivial solutions to the stress function formulation, the term
in square brackets must be identically zero. The 2zeros of this
characteristic equation are distinct, so long as the material is
anisotropic. It may be shown that to have a positive definite strain
energy the roots of eq. (3.35) must be imaginary or complex (conjugate
pairs). As an example, if we take the orthotropic plane stress problem
(see eq. 3.28) and assign engineering constants as follows,

E,, = 30 x 106 psi
E = 3 X 106 psi
6 (3.36)
G12 = 1 x 10 psi

v = 0.30
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then the following roots to eq. (3.35) are obtained

LRI P 0.5731 (3.37)

U3 = 'Uu = 5.““1

/-1

where again i
The most general form of the stress function F(x,y) for the
anisotropic problem may be expressed in terms of two complex coordinates

Zk = X + uky (k=1,2) (3.38)

where yu ,u,_are the four complex roots of eq. (3.35). The bar on the
second root denotes the conjugate root. The stress function may then be
written as (Re denotes the real part)

F(z,2,) = Fy(z)) + Fy(2) + Fi(z,) + F(z,) (3.39)

2Re[F(2;) + Fy(z,)]

The stresses corresponding to this stress function are then given by
differentiation of eq. (3.39) according to the definitions in eq. (3.29)
such that

d°F d°F
1
oy = 2Re [“? 2 ¢ “g 22]
dz1 dz2
d2F1 d2F2
cy = 2Re [ N ] (3.40)
dz1 dz2
d°F d4°F
1 2
Txy = - 2Re [u1——§— iy 5 ]
dz1 dz2

The displacements corresponding to these stresses can be obtained by
application of Hooke's law followed by one integration of the stress
functions. If we let ¢, = dF./dz., (no summation on the subscript -i), then
it is possible to show that, within rigid body terms, the x- and y-
displacements are
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u(x,y) = 2Re[p1¢1 + p2¢2] (3.41)

where
s 8. ul e B 8
P = Boie ™ B 7 By
and
A = Bop/Hy *+ Bk - Byg- (3.42)

If we consider a closed contour S surrounding the point load for the
fundamental solution, the net force on S is given by the following
components, P, and Py

2
P = [lw o, + uo ]l
ké Kk T Mtk

(3.43)

where the double brackets denote the jump in the function for a closed
contour surrounding the point load.

To ensure that the fundamental solution has single valued displace-

ments, it is necessary that
2

((Re (] P2 )11 =0

k=1 (3.44)

2
[[Re ( q, ¢ )] =
kZ‘I kk

m
o

The fundamental solutions for the anisotropic two-dimensional
problems are given in terms of the following logarithmic functions

o, = A log(z) (3.45)

where the index i refers to the component of the applied load. If we take
PX=Py:1, then eq. (3.43) results in the following
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(3.46)

2
- Z (ukAjk - ukAjk) = 6j1/2ni

Continuity of the displacements for the fundamental solutions is satisfied
by the following relations

2

(p A -
kZ1 k™ Jk

) =0

T

kA gk
(3.47)

QB - qhy) =0

0 ~1N0

k=1

where p , q, are given by eq. (3.42).

The equations, (3.46) and (3.47), constitute a sufficient set of
equations for the complex constants A-k. In turn, these constants define
the fundamental solution, eq. (3.45), for which the stresses are given by
eq. (3.40) and the displacements by eq. (3.41).

The reduction of the anisotropic fundamental solution to that for the
isotropic case can be made. In order to do so it is necessary to expand
the characteristic equation, (3.32), in terms of a perturbed isotropic
material. A satisfactory perturbation is to take the shear modulus to be
nearly equal to its isotropic value.

G12 = (1-e) E/[2(1+v)] (3.48)

where ¢ is a small number; and to take E11 = E22 = E, and Vip = V.

3.5 Three-Dimensional Anisotropic Fundamental Solution

The three-dimensional fundamental solution for the generally
anisotropic material cannot be developed in closed form. The basic
theoretical development follows that of F. John (1955) and of Vogel and
Rizzo (1973). The actual algorithm to be described was developed by
Wilson and Cruse (1978).

Based on the work of F. John, the fundamental displacement solution
may be written as
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S -1
U;5(pha) = 9 K[ .(x)ds (3.49)

8n2r(D,Q) |£|:1

where r(p,q) is as previously defined, and Kij(g) is given in the global

coordinates X; as

K. . (x) =C

RLE: ijkmxkxm (3.50a)

The quadratic polynomial in eq. (3.50) is formed from the stiffness matrix
of eqg. (3.19). The path integral in eq. (3.49) is integrated on a unit
circle in a plane normal to the line between p,q.

In the case of an isotropic material, eq. (3.50) may be written as

\Y
Ky (0 = 2255 8 ¥ty + %X, (3.50b)

The polynomial for the isotropic material can be inverted to form

=

—
1

~
"

[sij-xixj/2(1-v)]/u (3.51)

Substitution of eq. (3.51) into the path integral in eq. (3.49) results in
the original three-dimensional displacement fundamental solution, given by
eq. (3.12).

In the case of anisotropic materials, the integral in eq. (3.49) must
be approximated.*® The first step is to transform the modulation kernel,

*
The only exception is transversely isotropic material, as shown by Pan
and Chou (1976).
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eq. (3.49), into a local coordinate system. The new coordinate system y
is constructed such that the y, axis is along the p,q line; Yq1¥, are in
the plane of the unit circle. ?he transformation may be written as

Yi T ARy (3.52)

in the usual sense of cartesian transformations. The parameters of a;;
may conveniently be taken as ¢,0, the spherical coordinates of the 1line
segment.

The fundamental traction solution and other higher derivatives are
also needed. The first derivative of the modulation kernel in eq. (3.49)
is given by

-1 -1
ik = Kijrada,k (3.53)

where v =(¢,0). Further, for convenience, the inverse form in eq. (3.53)
can be calculated from the following identity

-1
Kij Kjk =8, (3.54)
such that
A T (az1,2) (3.55)
ij,a ik "ke,a 2] ! :

Equation (3.55) makes use of analytical differentiation of the kernel
Kkl(va),obtained by substituting the spherical coordinate transformation

(3.52) into the quadratic form (3.50).

The fundamental solution and its derivatives are obtained by a
numerical integration of eq. (3.47) and its .derivatives around the unit
circle. Since the integrand depends on the orientation of the p,q line,
it 1is convenient to calculate these results for a given anisotropic
material in a tabular form, for the full range of values of v . Wilson and
Cruse (1978) detail this procedure and show that good accuracy is achieved
with relatively little computational effort.

The table of values for the modulation integral in eq. (3.49) and for
its derivatives forms the basis for evaluation the fundamental
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solutions. As the line p,q changes orientation during the actual
computation of the BIE model, the values of the modulation integral are
obtained by interpolation on v . Again, as shown by Wilson and Cruse

(1978), this approach leads to fundamental solutions with satisfactory
accuracy for computational modeling.

3.6 Somigliana Identities

The reciprocal work theorem of Betti (1872) forms the basis of the
BIE formulation. The reciprocal work theorem begins with the following
identity for the elastic problem

f 01. e?. dv = f Oi; E.T dv (3.56)

where the superscripts denote two different solution states. The validity
of the identify is easily established by substituting the form of Hooke's
law from eq. (3.19) for stress state-1

foleav=0c el e?au (3.57)

Reversal of the strain terms is achieved by recognizing the symmetry
Cijk1 = Ckzij such that eq. (3.57) becomes

12 2 1
5 %55 €1 dv = 5 Oty 4V (3.58)

completing the proof.

Substitution of the displacement gradient tensors for the strain
tensors in eq. (3.58) then gives

o lu? avs[o2u' av (3.59)

Oi ‘Ui s
ARSI

Let state-1 be a well-posed boundary value problem and let state-2 be the
fundamental solutions. Integrating first by parts we obtain from eq.

(3.59)

* * *

dv = 5 (o5 u;) 4 dv - [

Coou dv .60
ij 1,3 3 v (3-60)

o.. .U,
13,01

[
v

and then apply the divergence theorem to obtain
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/ Y[t *av 61
! 0y54q,54 = [ tyup dS e f X u, (3.61)

The usual formulation will be for xiso, so that the last term in eq.
(3.61) may be dropped. Applying the same integration by parts with the
divergence theorem on the right-hand side of eq. (3.59), and recalling the
singular property of the fundamental solution in eq. (3.7), we obtain

* dv = | 0. ds [ dv 6
5 cijui,j = . £y + ! 8(p-q) e U (3.62)

The properties of the Dirac body force term in eq. (3.62) reduce the
volume integral to a free-term expression involving u; evaluated at the
source point p(x)

*
{ o, u, . dv =] £, u; dS +uje; (3.63)

Using the terminology for the fundamental solutions given in egs.
(3.14) and (3.16), and slightly rearranging terms, the Somigliana (1885)
identity is obtained

u; (p) = g Upj(p,@)E (@) aS - [ Ty

! J(p,Q)uj(Q) ds

(3.64)

The boundary points in eq. (3.64) and in what follows are denoted by upper
case letters.

The function of the fundamental solutions in the formulation of
integral operator solutions to elasticity problems may now be
elucidated. Equation (3.64) states that the interior displacements at an
arbitrary point are now known to depend on surface data only. Further,
eq. (3.64) is differentiable; that is, since p(x) is an arbitrary point
inside the body, derivatives, of eq. (3.64) may be computed as follows

3u; . (p,Q) 3T, . (p,Q)
u; (P) = [ —i——t. (@) as - [ —Ll—u (Q) as (3.65)
' 5 klp 3 S klp

Since the kernels Uij(p,Q) and Tij(pvQ) in eq. (3.65) depend only on the
distance r(p,Q) and its derivatives and given that

ar - - ar (3.66)

|p K|q
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we can write eq. (3.65) as follows

U (P) = - g 19,(PQES(Q) S + g Ti (P Qu Q) ds (3.67)

ij,k

The derivatives of the kernels in eq. (3.67) and in subsequent formulas
will be assumed to be with respect to Q(§), except when otherwise given.

Application of Hooke's law to eq. (3.67) results in the Somigliana
identity for the interior stresses

o, (p) = [ ujkj (p,Q)tj(Q) ds - [ Tjkj (p,Q)uj(Q) ds . (3.68)
S S

The detailed forms of the kernels for the various isotropic cases are
given by Rizzo (1967) and Cruse (1969), for the two-dimensional
anisotropic formulation by Snyder and Cruse (1975), and implicitly, for
three-dimensional anisotropic elasticity by Wilson and Cruse (1978).

The point of greatest importance to a proper understanding of the
integral formulation and the role of the point-load fundamental solution
is that the stresses in eq. (3.68) fully satisfy equilibrium at all
interior points, irrespective of boundary modeling. This essential
conclusion comes from the property of differentiability in egs. (3.64) and
(3.68), and the fact that the fundamental solutions, or kernels U;. and
Tij' are each equilibrium solutions. Application of the equ111%r1um
operation in eq. (3.1) to eq. (3.68) results in the following identities

n
(e]

(p,Q) = p=Q

1kJ K
(3.69)

1k3 k(p Q) =0 p#Q

Thus, the fundamental solution using the point-load representation
leads to the Somigliana identities, eqs. (3.64) and (3.68), with the key
solution variables on the interior as free variables. Then, the
properties of the fundamental solution kernels in these integral
identities guarantee satisfaction of internal equilibrium.
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3.7 Boundary-Integral Equations

The Somigliana identities do not, of course, represent a solution to
a boundary value problem. These identities require for evaluation that
the totality of boundary data be specified--the tractions and displace-
ments at all surface points. The critical and significant contributions
of Jaswon and Ponter (1963) and Rizzo (1967) was the simple operation of
taking the interior point to the surface in eqg. (3.64), or its equivalent
in potential theory.

In essentially all of the integral equation formulations for
potential theory and elasticity to that time and ongoing today, these
early developments all led into the cul-de-sac of the Fredholm theorems.
The historical break of Jaswon and Rizzo cannot be overstated, as the
classical efforts resulted in formulations which could not be applied
practically to physical problems involving bodies which had non-smooth
surfaces.

A proper discussion of the two paths of integral equation
developments cannot be given here. In order to properly distinguish
between the two developments, Cruse (1969) denoted the classical efforts
as indirect potential methods, and those leading to the BIE as direct
potential methods. The notion of direct has to do with the nature of the
unknowns in the BIE and will be discussed further below. A more detailed
derivation and discussion of both approaches is given in Cruse (1977).

The now well-known discontinuity property in the Somigliana identity
(3.64) is now briefly reviewed. Let the surface of the body be separated
into two surfaces--one a small region S surrounding a surface point
denoted P(x); the second surface is then $-s . Equation (3.64) may be
written then as follows ¢

: = .. (py . - (P, ; d
u, (p) £_S U; ;(p,Q)t(Q)dS é-s T, 4(p,Q) uy(Q) ds

€ €

(3.70)

. . - . .(p,Qu. ds
+£€ UlJ(p,Q)tJ(Q) ds £ TlJ(p Q)uJ(Q)

€

All of the integrals on S-S_ are regular as p(x) -~ P(x), and the size
parameter ¢ is taken in the limit to zero. These Entegrals are then known
as principal value integrals. The prinecipal value integral on S is
denoted as <S>.

Consider now the integrals on S . The order of the singularity due
to r(p,P)» 0 in the fundamental solution kernels in eq. (3.70) for three-
dimensional problems 1is 1/e¢ and 1/¢, respectively. Since the surface
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area of the deleted region is necessarily of order 52, the integral of
Uij(p’P) in the limit on SE as e~0 is zero.

To obtain the limiting form for the last integral in eq. (3.70), the
integral can be regularized as follows

[ T..(p,Qu (Q)dS = j T, (p Q1 u (Q)- -u; (P)] ds
3 1 J

E

(3.71)

+uy(P) £ T;;(p,Q) dS

€

The effect of regularization is that the term [u (Q)-u.(P)] is of order ¢
due to continuity of the displacements; thus, the integral of the
bracketed term in eq. (3.71) is of order ¢ and vanishes in the limit
as e~0.

Thus, only the last term in eq. (3.71) is of importance. Taking the
distance from p(x) to P(x) to be &, where §<<e, the result can in many
cases be directly~computéa. For smooth surfaces, Cruse (1977) details the
integrations in two and three dimensions; Cruse et al. (1977) detail the
axisymmetric results. In general, we may replace the last integral in eq.
(3.71) by its limiting value

C,+(P) = Lim (Lim { T, (p,Q) ds ) (3.72)
J e+0  8»0 S_

The well-known result for flat surfaces is that Cij(P) = Gij/2.

When the surface is not flat, the value of Cij(P) may be found
analytically in two dimensions; the three-dimensional result is not easily
obtained in a general way. Cruse (1974) introduced the simple device of
equilibrium for the fundamental solution to write

C..(P) = - T. (P, )
15 {S> 15(PyQ) ds (3.73)

In general, the principal value integral in eq. (3.73) may be computed
Wwith good accuracy using data which is readily available in the numerical
quadrature of the BIE.
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The boundary-integral equation for linear elasticity may now be
written

C; ju;(P) +<£> T;;(P,Q) u;(Q) ds = (g) U; ;(P,Q)t4(Q) ds (3.74)

The BIE is a formal constraint equation between the physical boundary
data. The BIE is a direct means for computing unknown boundary data from
known boundary data. As briefly stated in the previous section, the
direct solution method for integral equation models offers overwhelming
advantages over the classical, indirect methods for the usual engineering
geometries with corners and cracks.

3.8 Numerical Quadrature of the BIE

Reduction of the BIE to an algebraic form requires that the boundary
data be approximated in some systematic manner. The approximations first
involve replacing the boundary by a complete set of surface patches or
segments (these are conveniently called boundary elements). The boundary
data is then interpolated over each boundary element, thereby reducing eq.
(3.74) to algebraic form.

Two approaches will be used in this monograph, reflecting the two
principal computer codes that will be illustrated. Each of the two has
its own advantages and limitations. In the first, the boundary elements
are taken to be flat (planes or lines) and the boundary data is linearly
interpolated over the segments. This approach will be illustrated for the
two-dimensional problem.

Figure 3.2 shows one-quarter of a plate with a hole. Linear boundary
elements are shown for the modeled surfaces. The horizontal x-axis is a

plane of symmetry, as is the vertical y-axis. Two symmetry modeling
approaches will be described. The surfaces to be modeled are represented
by the nodes shown, connected by straight-line segments. The hole is

modeled with emphasis near the horizontal axis where the stress
concentration is of interest.

The vertical axis of symmetry is treated as a modeled surface with
roller boundary conditions used to satisfy the symmetry conditions for
zero normal displacements and zero shear stresses. The horizontal
symmetry line is not modeled; rather, the entire model for y>0 is
reflected about the x-axis by the computer algorithm in order to generate
the entire modeled surface. However, the number of unknowns is set by the
nodes shown in Fig. 3.2, as the solution is also symmetric. This symmetry
algorithm is usually available in all modern BEM codes.
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Figure 3.2. BEM mesh for piecewise linear model of notched plate

Figure 3.3 1illustrates the view of one boundary segment containing
the integration point Q(x), as seen from P(x). The approach in building
an algebraic system to model eq. (3.74) will be to select P(x), and then
to integrate the Q(x) over all of S; this is followed by moving to the
next P(x) and repeating the integration process.

Let us interpolate the boundary data on the element shown as a linear
interpolation. For convenience, let Q,P be vectors defining the point
positions relative to a global coordinate system. The origin of that
system may be moved to P(x) without any loss of generality. Finally, let
any boundary data be given as the vector quantity
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m

:>|uOI
N

Q
3 ]fim} (3.75)

2 1 m
£0Q = ] U5 - (-1
m=1

+ (=1

where the centroid § and arc length vector AS are given by

Ol
1"
N —
O
+
0
~N
-

(3.76)

and where fim is the set of nodal values at the two ends of the line
segment.

Figure 3.3. Single boundary segment

Equation (3.75) may be understood by moving Q to the end segment
points Q,and Q, and finding

£,(Q) = fim (3.77)
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Further, the interpolation algorithm in eq. (3.75) contains two constant
terms and a linear term. Each square bracketed term must be integrated
against the kernels in eq. (3.74) to obtain an algebraic system

NSEG 2 ] a9
Cjjuy(Py) + M; Ag {m; ([3 - ¢n i (-1 KSI uy) T (Py,Q) dS)
M
(3.78)
NSEG 2 . Q a9
- - (D" =+ -0 =] ™ U, (P,,Q) dS
M§1 {SM (mZ1 ( v 43 -1 A§l 3 Uiy By @ s

The three-dimensional algorithm equivalent to eq. (3.78) is given in Cruse
(1974).

The terms in eq. (3.78) require integration of the kernel functions
times constant and linear variation coordinate terms. For flat segments
in two and three dimensions, these integrals have been obtained in closed
form.

The traction components in eq. (3.78) must be allowed to be
discontinuous at nodes in order to model sensible engineering problems.
While some have dealt with this issue through the use of double nodes, a
much simpler algorithm suffices.

Essentially, the approach 1is to treat displacements as nodal
variables in the storage algorithm. This results in continuity of the
boundary displacements. The boundary tractions on the other hand are
treated as element variables, having distinct values at each end of the
corner of the boundary element.

If the tractions are discontinuous, the discontinuous values are
either specified, by reference to the appropriate segment, or at most one
of the two values may be unknown. The input data logic requires only that
information defining which segment carries the unknown traction be
supplied. I[f the unknown traction 1is shared by two segments, the
tractions are continuous. These conditions fully reflect physically
plausible boundary conditions for tractions.

[f we let the values of the kernel integrals in eq. (3.78) be denoted
as AUij and ATij then the full algebraic system of equations becomes
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[Cij] (uj} + [ATij] iuj} = [AUij] (tj} (3.79)

(2Nx2N) (2Nx1) (2Nx2N) (2Nx1) (2NxU4M) (uMx1)

In the two-dimensional problem of eq. (3.79), N is the number of nodes and
M is the number of segments, with two ends per segment. When there is
symmetry, the number of columns is doubled for each degree of symmetry (1
or 2).

In actual practice, the full ATi' and AUi’ matrices are never stored
according to these sizes. As the syétem of équations is generated, the
known boundary conditions are multiplied out to generate a right-hand-side
(RHS) vector; the coefficients of the unknown terms {x} populate a
coefficient matrix [A] such that

[Aij

(2Nx2N) (2Nx1) (2Nx1)

] {Xj} = {RHS} (3.80)

is the working form of eq. (3.79). Equation (3.80) is solved by normal
matrix reduction methods.

The second approach, first used by Lachat and Watson (1976), is to
model the surface geometry and the boundary data by quadratic
isoparametric interpolation functions. In this case the boundary
coordinates and boundary data are given on a given boundary element in
terms of shape-functions Na(g)

xi(Q) = Naxl
ui(Q) =Nu (3.81)
ti(Q) =Nt

In eq. (3.81), a ranges over the number of nodes for a given element. In
two-dimensional elements with quadratic data the range is three; in three-
dimensional surface elements with quadratic data the range is eight for
quadrilateral elements and six for triangular elements. The shape
functions in eq. (3.81) are given in eq. (4.20).

Application of the isoparametric modeling for the general boundary
value problem follows the same logic as used above for linear variation.
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This logic includes that for discontinuous tractions and for symmetry.
The system equations (3.79) and (3.80) also hold.

Figure 3.4 illustrates in a three-dimensional stress analysis model
of a compound notch (a), equivalent boundary element models using linear
flat triangles (b), and quadratic isoparametric elements (c). Table 3.1
summarizes the computer run times and modeling data for the two cases. The
linear code BINTEQ uses exact integration for the linear interpolations.
The quadratic BIE code can also use linear interpolation by suppressing
the mid-side node freedoms. Those results, while the least expensive, are
also the least accurate. The extra effort required to generate the
numerical integrals for the quadratic data model seems justified by the
difference in the predicted stress concentrations.

(a) Geometry

(b) BINTEQ: Linear Triangles (c) BIE3D: Quadratic Elements

Figure 3.4. Structural detail with intersecting stress concentrations
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Table 3.1. Three-dimensional notch model data

BINTEQ

(Linear) (Linear) (Quadratic)
No. of Elements 115 24 24
No. of Nodes 70 23 69
Planes of Symmetry 2 2 2
Degrees-of-Freedom 840 276 828
CPU Seconds (VAX) 1578 1045 3404
Kr 7.07* 6.71%% 7.63%*

* Based on the element centroidal value of stress.
** Based on the nodal value of stress.
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4.0 BIE Modeling of Crack Surfaces

4.1 Introduction

The boundary-integral equation formulation of elasticity problems was
shown in Chapter 3 to have the powerful characteristic of being able to
fully satisfy interior equilibrium, for a given boundary solution. The
source of modeling error for BEM analyses is therefore not the volume
discretization, as in the FEM, but rather the boundary discretization.

The essential closeness of the BIE formulation to the full equilibrium
differential equations also contrasts with FEM formulations which rely on
variational or Galerkin methods. This closeness results in a major
limitation for BEM analysis of fracture mechanics problems: the BIE
formulation degenerates for a body with two surfaces occupying the same
location (e.g., a crack)! Of course, any mathematical theory of elasticity
excludes such irregular surface definitions in order to have a properly
posed theory.

This chapter defines the degeneration of the BIE formulation and
describes the modeling approaches for eliminating this limitation.
Numerical results for the use of the BEM for fracture mechanics problems
demonstrate both the accuracy and modeling efficiency of the method.

4.2 Degeneration of the BIE for Co-Planar Surfaces

The formulation of the BIE for elasticity was presented in Chapter 3.
The formulation combined the analytical fundamental solution with the
desired solution of the modeled problem, through Betti's reciprocal work
theorem. The property of the fundamental solution led directly to internal
solutions which identically satisfy internal equilibrium for displacements
and stresses. These Somigliana identities are valid for very general
boundaries, even non-smooth boundaries.

A simple description of a crack is two coplanar surfaces which are
closed over some curve. Figure 4.1 serves to define some essential
geometric terms for a three-dimensional crack. While the figure is for a
crack lying in the X=X plane, there is no inherent restriction that the
crack be in a plane.

45
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Figure 4.1. Flat crack modeling terms

The upper and lower <crack surfaces are denoted r* and r-, with
normals n(+) and n(-), respectively. In the limit these two surfaces are
defined as ' (defined to have the normal n(+)), but with opposite direction
normals. In two-dimensional plane strain problems the crack has length 2a
and indefinite depth (x3 direction).

Consider the Somigliana displacement identity of eq. (3.64), written

for the crack surfaces I and for a regular surface S (which may intersect
r), written as

u;(p) = g U; (P, @t (Q)dS + {+ Uj;(p,Q)t(Q) dS

+ [ U (p,Qt (Q) ds
! - ’ (4.1)

- T, .(p, (Q)dS - T. .(p, ; ds
£ 1 5(P, QU (Q)dS {+ i 5(PQu;(Q)

- {_ T; (P, Qu;(Q) ds
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The fundamental solution kernels, (p Q) and T; (p Q), in eq. (4.1)
for the crack surface T are symmetrlc and antlsymmetrlc, respectively,
for r* and r”. Dropping the integral on the regular surface S, without

loss of generality, eq. (4.1) may be written on the midsurface T as

I U; (P, t‘<o*> + £,(Q0)] ds

[Ty ;(0,Q) u.(o*> - uj<o‘)1 ds

In the usual problems of fracture mechanics analysis, the tractions on
the two crack surfaces are equal and opposite, such that

+ -
tj(Q ) = - tJ(Q ) (4.3a)

The antisymmetry of eq. (4.3a) causes the square bracket traction term in
eq. (4.2) to be identically zero for any equilibrated loading of the crack.
If we define the difference in crack surface displacements as follows

+ -
Auj(Q) = uj(Q ) - uj(Q ) (4.3b)

then eq. (4.2) may be written as a new Somigliana identify for crack
problems

u,(p) = - { Tij<p,o> Auj(Q) ds (4.4)

The BIE corresponding to the Somigliana identity for crack is obtained
in the same manner as for eq. (3.74) as

u.(P) - du.(P)/2 + [ T, (P Q) bu (Q) ds =0 (4.5)
! J <>

where P(x) is taken to be on r*. The BIE that is obtained by letting p(x)
> P(x) on T~ (denoted P7) may be found by remembering the normal in
(P Q) is for r*

u.(P7) + au (P)/2 + | T, (P Q)Au (Q) ds = 0 (4.6)
! J >

where the kernel in the integral is the same for both equations. Addition
of eq. (4.5) to eq. (4.6) gives

Lu(P)/2 + [ T, (P,Q) au.(Q) dS = 0 (4.7)
<I> J

Equations (4.5-4.7) are identically the same and show that the usual
BIE formulation for the fracture mechanics problem results in an integral
eq. (4.7) in two unknowns, Zui and Aui. Further, the solution is not
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unique since any equilibrated applied tractions will give the same answer.

None of the cited BIE relations provides a means for the numerical
solution of fracture mechanics problems. This was first noted by Cruse
(1972) and expanded upon in two subsequent publications: Cruse (1974) and
Cruse (1978). Figure 4.2 summarizes the early modeling approaches that
were used to circumvent the degeneration of the BIE formulation for cracks.

Figure 4.2(a) gives a two-dimensional fracture mechanics problem with
symmetry about the crack plane. Figure U4.2(b) illustrates the desired
modeling approach, but with a degenerate crack surface model. The earliest
successful treatment of the fracture mechanics problem by Cruse and Van
Buren (1971) replaced the actual crack by an open notch, as in Fig. 4.2
(e). The open notch is of limited use, as the numerical conditioning im-
proves with crack surface separation, but the crack approximation fidelity
decreases. The accuracy of crack modeling for symmetric problems was seen
to improve in Cruse (1974) by the modeling approach in Fig. 4.2(d). In
this case the material surface ahead of the crack is replaced by a set of
boundary elements with symmetric loading conditions.
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4.3 Multiregion BIE Applications

A substantial gain in BIE modeling was made by Lachat and Watson
(1976) who wrote the first BIE code with a multiregion modeling capability.
Consider two elastic bodies (a=1,2) joined along mutual surfaces S. The BIE
for each region is given by

a a Q a a a
Cyjuj + f L Ty (P,Quy(Q) ds I T, (P,Q) uj(Q) ds
<S7-S> <S>
(4.8)
a a a a
= . Uy (P,Q) £4(Q) dS « I U;j (P,Q)t(Q) ds
(ST-S> <S>

In eq. (4.8), the superscript o is not summed.

The boundary conditions are those imposed separately on SG-S, and the
interface conditions on S

2

u} (@ = v (@

Ty o 2
tj(Q) = tJ.(Q)

The conditions in eq. (4.11) imply fully welded conditions. Sliding or
friction boundary conditions may be imposed by using local boundary
conditions (normal and tangential directions denoted by N,T)

N, 2N

@ = vl

t;T(Q) = 677(Q) = 0 Q¢S (4.10)
N 2N

£(Q) = - t5(Q)

The multiregion modeling approach was first exploited for crack
modeling by Blandford et al. (1981). Figure 4.3 reproduces their mesh for
a two-dimensional, nonsymmetric crack geometry. Material 1is defined on
both sides of the crack and is joined along arbitrary uncracked ligaments.
The question of how to select the ligament is not insignificant, but the
modeling approach is quite successful. More will be said on this in
Section 4.4 on crack surface interpolations.

The system BIE model for multiregion problems is made up of non-zero
terms for eq. (4.8) for each material, but is not a full system of
equations. Significant blocks of zero terms occur after imposing boundary
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conditions such as (4.9) and (4.10), and should be taken into account by
the equation solution algorithm. The paper by Lachat and Watson (1976)
should be consulted as well as numerous subsequent papers by various

authors.
F I
H
W oy ZONE2 «&B ZONE 1 Yo 1Kl
*
\\Vl

CRACK AND INTERFACE MESH

Figure 4.3. Multiregion crack modeling

4.4 Strain Energy Based Crack Tip Modeling

The direct application of standard BIE analysis of crack geometries
has been shown to involve modeling of entire crack planes--the crack and
the ligament. The crack opening displacements for points asymptotically
close to the crack tip were shown in Chapter 2 to be related to the stress
intensity factor K in the form

o . lim /2w %'
8~ 7%

(8=I,II,III) (4.11)

Ve

In eq. (M.§3), g8 refers to the mode of crack tip response or loading,
H = E/(1-v°) in three dimensions and in plane strain, e is the distance
from the crack tip, and 68 is the crack tip motion.

As in finite element modeling of crack problems, crack tip motion,
§(e), is the most reliable measure or estimate for the stress intensity
factor. Equation (4.11) has been used to obtain K by graphical or a
numerical limiting process, as in Cruse (1974). Another very successful
and more accurate method uses §(e) in an energy context, as developed by
Cruse and Meyers (1977).



51

As discussed in Chapter 2, the stress intensity factor is directly
related to the strain energy release rate (G) for crack extension

K~ = HG (b.12)

for two-dimensional problems. The strain energy release rate may be
numerically estimated by a finite difference of the strain energy

(4.13)

where the subscripts 1,2 refer to the original and the larger crack size.
The strain energy U for the elastic body is equal to the work done by the
boundary fractions, and is easily and directly computed from the BIE
solution. The sign changes in eq. (4.13) from eq. (2.1) due to the
difference in fixed versus non-fixed boundary conditions remote from the
crack.

For three-dimensional problems, the stress intensity factor is a
function of position along the crack front. The three-dimensional solution
for an elliptical crack is summarized in eq. (2.16), where it is shown
that, for uniform symmetrical loading of the crack,

{sin%s + (asb)° cose} /M ach (4.14)

c/FE
K1 = 80

In eq. (4.16), a and b are elliptical semi-minor and semi-major axis
lengths, o is the uniform applied stress, and ¢ is the elliptical angle as
shown in Fig. 2.3. As will be demonstrated in Chapter 6, the crack opening
displacements for the three-dimensional problem near the crack tip are
given by combining the stress solution in eq. (4.14) with the asymptotic
crack opening equation obtained by inverting eq. (4.11).

For problems with varying K(s), along the crack front parameter, s,
the strain energy release rate for a small crack front change was shown by
Cruse and Meyers (1977) to be given by

1

G = o {A K2(s) s2(s) ds (4.15)

where §2(s) is the small distance of crack extension, measured normal to
the original crack front; AA is the new crack surface area; and H
is E/(1-v7). As done by Cruse and Besuner (1975) and by Cruse and Meyers
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(1977), a weighted root-mean-square stress intensity factor, K, is obtained
by combining egs. (4.12) and (4.16)

Rz = GH = o [ Ki(s) sa(s) ds (4.16)
28

where G is computed by eq. (4.13).

Figure 4.4 illustrates two approaches to the application of eq. (4.16)
to three-dimensional crack front modeling. In the first half of the
figure, all the crack front nodes are perturbed (the figure exaggerates the
pertubation considerably), while in the second half of the figure only one
node is perturbed. The first approach was used by Cruse and Besuner (1975)
to reduce elliptical cracks to two degrees of freedom by allowing
elliptical cracks to be distorted into other elliptical cracks, changing
only the size parameters (a,b). This approach smears the K-distribution
out some along the crack front. The local pertubation approach provides a
good estimate of the local value of K(s), and is not limited to elliptical
cracks; of course, the number of degrees of freedom is greatly increased.

Figure 4.4. Crack front perturbation approaches
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Table 4.1 compares local stress intensity factor values computed for a
linear variation BEM model of the crack, given by Cruse and Meyers (1977)
for a 2:1 aspect ratio buried crack subject to simple tension (see eq.
(4.14). The BEM mesh for this problem is given in Figs. 4.5 and 4.6, where
symmetry conditions are imposed to model the buried crack. The data in
the first column are K-estimates taken from the crack opening at the near-
tip nodes, using eqg. (4.11). The errors are about 8% at each of the crack
front locations.

Table 4.1. Comparison of method for opening values of K for 2:1
buried ellipse

¢* Kcod/Kexacﬂ:b’C Kg/Kexactb'd
[&D) (2) (4)
0 0.916 0.951
15 0.923 0.958
30 0.023 0.959
45 0.924 0.960
60 0.925 0.961
75 0.929 0.965
90 0.937 " 0.974

*elliptical angle from ellipse major axis.

bgexact _ oyact value of K.
cgeod . yalues of K using crack opening displacements.
KG = values of K using strain energy rate procedure.

A local distribution for K(s) was obtained by normalizing the crack
opening values to a reference node such that

K(s) /K gp = [8(s)/8 op] X [Eref‘/E(s)]Uz (4.17)
* *
= § (s)/ve (s)
Combining eq. (4.17) with (4.16) we obtain
- s(s)2 s2(s) ds (4.18)

1
GH=—= [ K —=1
AA AR ref ?

The reference value of K can be obtained by rearranging the terms in eq.
(4.20) to obtain

2

-1
re AA 2 e (s)

* 2 N
(8 (s)] 62(;)d5 (4.19)
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FOLD QUT OF BIE MODEL

BIE
MODELED
REGION

- . -
/ =~ I X
~

5‘ DETAILS OF CRACK PLANE

’\ y (REGION A}

AREA OF QUARTER ELLIPSE =%IN.2

bsa = 0.25, 0.50, 0.67, 1.0, 1.5, 2.0, 4.3

Figure 4.5. Cube containing buried
elliptical crack
Figure 4.6. BIE model for buried
elliptical crack in
cube

The values of 6*(5), s*(s) are obtained from the BEM model of the
unperturbed crack. G is estimated from the change in strain energy
computed for a given change in crack shape given by §%(s). Values of K(s)
then come from eq. (4.17).

The second column of data in Table U4.1 shows the values of K(s)
obtained in this manner by taking a small, constant distribution, &(s) =
constant, and using strain energy calculation as in eq. (4.19). The error
is seen to reduce by about 1/2 to 4%, for this BEM model. The results
obtained by a local perturbation of the crack front were within *1.5% of
these latter values.

Thus, the energy-based, crack extension method is seen to obtain good
accuracy for three-dimensional problems, at the cost of an additional BEM
analysis. The next section shows a substantial gain in accuracy through
the use of improved boundary data interpolation near the crack tip.
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4.5 Crack Surface Interpolations

The data just reported for three-dimensional cracks used standard,
linear interpolation of the boundary data; no special treatment of the
crack opening shape near the tip was used. Finite element models (FEM) of
cracks demonstrated the need for special crack tip modeling in order to
achieve even reasonable numerical accuracy. Barsoum (1976) exploited a
special feature of the quadratic shape functions available in most FEM
codes to substantially improve FEM accuracy for fracture mechanics
problems.

What Barsoum found was that the strain field obtained by differen-
tiation of these displacement shape functions could be singular for a range
of locations of the side nodes, for element sides focusing at the crack
tip. When the side nodes were placed at one-quarter of the length of the
side, away from the tip, a square-root-distance singularity in strain (and
hence stress) was obtained.

While the results of Barsoum applied to the continuum modeling of the
FEM, it is possible to exploit a similar approach for BEM models of crack
surfaces. Consider the rectangular boundary element shown in Fig. U4.7.
The displacement field for this element is to be interpolated using the
eight-noded, isoparametric shape functions
N, (g) = (g+1) (n+1) (g+n-1)/4
Ny(g) = (g-1) (n+1) (g-n+1)/4
No(g) = (1-8) (n=1) (g+n+1)/4
Ny(g) = (g+1) (n-1) (n-g+1)/4
5 (4.20)
N_(g) = (g+1) (1-n7)/2
2
Ng(£) = (ne1) (1-£%)/2
2
N.(g) = (g-1) (n"-1)/2
2
Ng(€) = (1-n) (1-£7)/2
Recalling from eq. (3.81) that the geometry model uses the same shape

functions, we find that the geometry coordinate (y) is given for this
element as

y = L(n—1)2 /4 (4.21)



56

where n is the second intrinsic (or unit square mapping) coordinate.
Rewriting eq. (4.21) we obtain

n = 1+2(y/L)1/2 (4.22)

gx

\CRACK

FRONT

3 8 4

LL/‘-

Figure 4.7. Quarter-point modeling approach

Since the crack surface motion is also written using eq. (3.81) in terms of
linear and quadratic terms in n, the quarter-point geometry mapping
produces crack surface motions of the general form

U~ A+ By/L) 2 e clysL) & - (4.23)

where A=0 for the crack tip problem.

Equation (4.23) contains all of the essential crack surface motion
terms obtained by a Taylor series expansion of the exact solution. The
form of eq. (U4.23) with the correct square-root behavior applies only if
the element is rectangular, as shown in Fig. 4.7. When the crack front is
curved, the quarter-point modeling system does not achieve the correct
square-root power term. However, for elements with large radius of
curvature of "L" ratios, the power is very close to square-root.

The modeling scheme discussed in Section 4.2 and shown in Fig. 4.2(d)
also requires that the stresses (tractions) ahead of the crack tip be
interpolated. The boundary tractions, of course, are modeled using the
same shape functions as the displacements, as given by Eq. (3.81). Unlike
the FEM approach, there is no direct way to induce singular tractions in
eq. (3.81) through simple manipulation of the side-node locations.
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Cruse and Wilson (1978) first introduced the notion of singular crack
surface tractions by an explicit singular term. This was exploited
extensively by Heliot et al. (1979) and his co-workers for a variety of
surface crack problems.

The essential step is to take the tractions to be given by

/2

t.l(Q) = Ei(Q) (-y/L)1 (4.24)

in the surface integral in the BIE, for the rectangular problem shown in
Fig. 4.7. The negative-y is depicted in order to convey the notion that we
are now dealing with points ahead of the crack (y<0) in Fig. 4.7. The
igoparametric shape functions are then used to interpolate £.(Q) in eq.
(4.24). Combination of eq. (L.2U4) with eq. (4.23) résults in a near-tip
stress expansion that contains the square-root singular stress term, a
constant stress term, and higher order terms. These accurately reflect the
full exact solution near the crack tip.

Table 4.2 summarizes the results for crack tip stress intensity factor
accuracy, for the problem of a circular bar with a circular buried crack.
The BEM mesh is shown in Fig. 4.8. The problem is simple tension
transverse to the crack plane. Mode I stress intensity factors are
calculated using the displacement relations from eq. (4.13) for the first
node behind the crack tip.

Table 4.2. Crack singularity model results

Method K1/K;(exact)
Standard BEM 1.10
Quarter Points Only 1.04
Quarter Points with

Traction Singularity 1.01

The second quarter-point model used quarter points for elements behind
and ahead of the crack front. The results for this approach are better
than for just the displacement element because the quarter-point approach
puts more Gaussian integration points near the crack tip; this 1is
especially needed because of the stress gradient at the tip.

The use of the quarter-point modeling with the traction singular
element is seen to produce very good accuracy, even for the relatively
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crude mesh used. The numerical results for t. in eq. (4.24) for the crack
tip nodes are not as accurate an estimate of ehe stress intensity factor as
is the crack opening displacement. Improved accuracy in t, is seen as the
order of the Gaussian integration is increased, showing the impact on
accuracy of the singular weight function in eq. (4.24).

Figure 4.9 compares the BEM data from the mesh in Fig. 4.10 to the FEM
results of Newman and Raju (1979). The agreement, using the traction
singular mesh, is quite satisfactory. A comparison of the BEM mesh with
the FEM mesh of Newman and Raju (1979) will convince all but true FEM die-
hards of the modeling efficiency of the BEM over the FEM for crack
problems.

16
I: o 090
& ©° ¥
12
t |
208 -
x |
- 0 Quarter Point
0.4 :_ © Raju and Newman
g + Traction Singular
0.1 — Plane Strain
’ A 1 ) ]
0.0 0.2 0.4
y/t

Figure 4.9. Stress intensity
factor comparison
Figure 4.8. Circular buried
crack geometry
(1/8 symmetry)



Figure 4.10.

Center cracked test specimen geometry and BEM mesh
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5.0 Green's Function Formulation in Two Dimensions

5.1 Introduction

The previous chapter outlined some of the major issues in the direct
application of the BIE to modeling crack problems. The fact that the BIE
ceases to be meaningful for problems with two coplanar crack surfaces
forces the use of multiregion or symmetric crack plane models. Both of
these procedures require modeling of some surface connecting the crack tip
surface(s) with other surfaces. In addition, special interpolation methods
are required to achieve good engineering accuracy at reasonable cost.

Two-dimensional elasticity formulations have access to the powerful
tools of complex variable functions for the analytical treatment of a wide
variety of special boundary shapes. These tools have provided the means
of formulation for a very efficient and accurate BIE method for certain
classes of two-dimensional elastic fracture mechanics problems.

In the current formulation, the fundamental solution for the
anisotropic elasticity problem (see Section 3.4) is modified to include an
exact solution for a stress-free crack as shown in Fig. 5.1. The surface
L(x) 1is flat and extends from x = -a to X = +a. The use of special
geometric features for which the boundary conditions are treated exactly is
referred to in the mathematics of integral equations as Green's functions
for that geometry; see for example, Greenberg (1971).

Figure 5.1. Two-dimensional crack geometry
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We shall see in the subsequent sections of this Chapter how beneficial
Green's functions can be to BIE formulations. Special Green's functions
for geometries other than the single crack, such as the elliptical hole,
curved crack, and multiple crack problems may be derived in much the same
way as for the crack.

5.2 Formulation of the Anisotropic Green's Function

The fundamental solution corresponding to the point load in the two-
dimensional anisotropic plane was developed in Section 3.4. Let this
function be given by

o
¢jk = Ajklog(zk-ck) (5.1)

where the anisotropic coefficients A; are defined in eq. (3.45), where
2, 7%+ u Y, and My is defined by eq. {3.35), and where ¢, is the point of
load app%ication.

The Green's function formulation is based on combining the point-load
solution ng with a second solution ¢.; (zk) such that the crack boundary
conditions™ are identically satisfied. For the current development of a
single, straight crack along the x-axis, the boundary conditions from eq.
(3.40) may be written

—_

(5.2)

iz=v/-

IA
]
IA
(8]

cy + irxy = B(x) -a

where B(x) is the applied stress on the crack surface L(x). Using the
complex variable stress functions, the general form of eq. (5.2) may be

written, remembering that ¢jk = dij/dzky as

* _ % _ ) *
[de. /dz, + do. /dzk - 1ukd¢Jk/dzk

— _ % _
3797 ik - lukdﬁjk/dzk] = 8(z) (5.3)

k=1

where i=/-1 and the subscript -j refers to the direction of the point load.
Eq. (5.3) may be simplified by letting Y, ® 1 - iuk and Sk =1+ iuk, such
that

2 * _ _ % _
kz1 [yk d@Jk/dzk + de@jk/dzk] = sj(z) (5.4)

or
hj(Z) + kj(Z) = Bj(Z) (5.5)
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where

hj(z)

"
"o~
—
o
o
.
E 3
S~
o
N
~

(5.6)

1

[Tl o 1)V
—
O

and k. (z)
J(

The boundary conditions are then imposed by evaluation of eqg. (5.4)
for both the wupper and lower crack surfaces, assuming that 8" (x)
and B.(x) are equal and opposite (equilibrated) stresses. The boundary
condigions become

hj(x) + kj(x) = Sj(x)

c;a<x<a (5.7)

hj(x) + kj(x) sj(x)

The reversal in the sign symbols in eq. (5.7) occurs due to the conjugation
relation on z _ in eq. (S‘E); that is, an upper surface point z
to a lower surface point 2y

K corresponds

The general form of the problem in eq. (5.7) is a Hilbert problem, as
discussed for example, in the book by England (1971), and discussed in
depth for this problem by Snyder (1973). The solution to the Hilbert
problem for eq. (5.7) is given as

h(z) + k.(2) = X“i " + P.(2) x(2) (5.8)
J J Ly (t)(t-z) I

and
hj(z) - kj(z) = Qj(z) (5.9)

where P.(z), Q.(z) are positive power polynomials. For the single crack,
L(x), ffom x ="-a to x = +a, x(z) is given by

2 2,-1/2
-a)

x(z) = (z (5.10)
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The polynomials P.(z), Q;(z) may be determined from the stress conditions
at infinity and, to within a rigid body term, are zero.

Setting Pj(x) = Qj(z) = 0 in eq. (5.8) and (5.9) results in the
relation

1 +a /[a2-t2] sj(t) dt

h.(z) = k. (2) = (5.11)
J J 2n/z°-a°  -a t-2

Solving eq. (5.6) for the derivatives of the stress functions, we find that

. - -
d¢j1 . ézhi(z) - y2kj(z) . (z )-v, J(z ) (5.12)
dz, 2i(uq-u,) 2i(uy-u,) .
2 1 2 1
* - —_
d¢j2 . - 61hj(z) + Y.ij(z) ] - 61hi(22) - Y1ki(22) (5.13)
dz, 2i(uy-uy) 2i(uy-uy) )

That eq. (5.12) and (5.13) are functions of 24,2, respectively, follows
from the analytical nature of the functions and that 2, =2, =2zo0n L(x).

For the point-load stress functions in eq. (5.1) and the definitions
in Section 3.10, it can be shown that the stresses from the point load are
on the line of the crack location given by

2 yA, A,
(o, + i, )J = - 8.(x) = z [—E—JE + _5:151 (5.14)
y y J k=1 X-C X-C
k k
where ¢, = x_ + u Yoo the location of the point 1load. Then, from eq.

o}
(5.11), the necessary auxiliary solution to create a stress-free crack is
given by

1 3 (2%-t9) A k® ik
h(z) = k(z) = - —— [ Ha=t)(y [l ———i—] (5.15)
J J 2w/(22-a2) -a t-z kz Cx t-c

k
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The integrals may be computed to obtain

h(z) = k(z) = - ———a |
J J 21/(2%-a%) ki1 2% (5.16)
5 )
+ == [1(2)-1(8)1)]
Z-C
K
where
a 2 .2
(z) = | fié—g%gl-gi = wl/(2%-a%) - z] (5.17)
-a

The results in eq. (5.16) can be substituted into eg. (5.12) and
(5.13) and integrated to obtain the stress function for the stress-free
crack. Combined with the point-load stress function, eq. (3.44), we
obtain, following Snyder (1973)

1

¢jk(zk) = - 5;(;;:;;7 [(ul-uk)Aij (Zk’ck)
(5.18)
+ Cugmug) Ry J(zpae) + upmw) By 9 (z,¢,)]
+ Ajklog(zk-ck)
where & = 3-k, and where J(z,c) is given as the integral
J(z,e) = | Az) - e) dz (5.19)

(z-c) /(ze-az)

Snyder's (1973) results, reported by Snyder and Cruse (1975), used an
integral result for eq. (5.19) that was correct, to within a complex
constant of integration. In order to avoid violating the branch cut of the
crack line, Cruse (1978) showed the correct integral of eg. (5.19) was
given by

/(zz—az) /(cz-az) + cz—a2
2_2 2 2 (5.20)
(z+v(z27-a")] [e+v/(c-a")]

J(z,e) = log {
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The fundamental displacement Green's function 1is given, for each
component of the point load (denoted by the j-index), by substitution of
eq. (5.18) into eq. (3.41)

2
Uj;(p.g;a)= 2Re [kzT Pik@jk(zk,ck)] (5.21)

where the matrix for Pik is given by

2
BipHe * Bio Baghy

8

(5.22)
Boo M * Bk ~ By

{Pik} = {

The explicit functional dependence of the Green's function fundamental
solution in eq. (5.21) on the crack length is emphasized by the notation in
the parenthetical terms.

The fundamental traction Green's function corresponding to the
displacement solution (5.21) is given by the usual combination of stress
terms and the unit outward normal vector n;. After some manipulation, the
general form is given by

2
Tji(p,q;a) = 2Re [kz10ik(uknl—nz)d@k(zk,ck)/dzk] (5.23)
where the matrix Qik is given by
u
= (9 (5.24)

Letting Bk = (”knx'“z) the expansion of terms for the traction Green's
function is given by

2 Q.. B ad(z, ,c )
oy 1 _ ik 'k _ k'k
T;i(pya;a) = 2Re {kZ1 [QikBkAJk(zk-ck) 21 (ug-uy) () ik 9z,
(5.25)
aJ(z, ,c ) ad(z,,c,.)
- = k'e - - k’k
+ lugmug)hyy 9z, v Cugmu) By 9z, J
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The first term in eq. (5.25) is the simple pole for the two-dimensional
point-load solution. All of the remaining terms assure that the crack is
stress free for any location of p,q, including on the crack surface. These
additional terms contain the information on crack size, location, and
orientation.

5.3 Somigliana Identities for the Anisotropic Green's Function Formulation

The formulation of the Somigliana identities given in Section 3.6
applies to the Green's function formulation of this Chapter. The problem
currently posed is anisotropic, linear elastic such that eq. (3.59) applies
throughout the volume.

Consider a finite geometry bounded by the regular surface S and
containing the crack denoted r. The crack surface and the regular surface
may intersect at any finite number of points not at the crack tips. The
Green's function formulation in Section 5.2 assumes the origin to be at the
center of the crack and that the crack is along the +/- x-axis. Application
of an origin shift and axis rotation to the Green's function formulation is
simply accomplished and nothing further will be presented on this
modification.

Following the notation of eq. (3.60), the fundamental solution is

denoted by the superscript asterisk, and as previously shown

*
fci. u, . dv = t,u, ds (5.30)
v Jo 1] S+T
where the body force for the posed problem is taken to be zero.
Further, assume that the problem to be solved has =zero applied
traction on the crack surface I; i.e.,
£,(Q =0 QerT (5.31)

This boundary condition corresponds to the assumed loading in the Green's
function formulation of Section 5.2.

Application of the divergence theorem as in eq. (3.62) results in the
following identity

*
{ Jf u; 5 dv o= f £y ug ds + ue; (5.32)
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The free term exists as before due to the fundamental solution inverse
r(p,q) term in eqg. (5.25). Equating the two volume integrals from eq.
(5.31) and (5.32), and recognizing zero crack surface tractions, we obtain
the Somigliana displacement identity

u;(p) = g U;5(p,Q;2)t4(Q) dS - g T;,(p,Q52)u;(Q) ds (5.33)

We thus see that the displacement solution to the fracture mechanics
problem does not include any integrals on the crack surface.

If, in fact, the applied traction on the crack is non-zero, the
Green's function boundary conditions, eq. (5.14), are augmented by the
addition of the physical tractions. The stress function for the added
tractions may be obtained from integration of eg. (5.15) for the augmented
traction term. The resulting augmented solution displacement field is the
infinite plate solution, of course, for the applied loading. It can be
shown that application of the reciprocal work theorem will result in
cancellation of the crack surface loading terms from both sides of the
equality. While the form of the Somigliana identity is equivalent to eq.
(5.33), the Green's function displacement kernel contains the effect of the
applied crack surface traction. This 1is functionally equivalent to
application of superposition to eliminate the crack surface loading term.
Thus, without loss of generality, the zero traction form of the Somigliana
identity is complete.

The displacement identity in eq. (5.33) is valid for any points p(x)
including p(x)el. Some care must be exercised in evaluating the kernels,
but upper and lower crack surface limiting forms exist. As a practical
matter, the application of eq. (5.33) for crack surface points is most
easily made after discretizing the integrals.

The displacement identity may be differentiated at p(x) as in eq.
(3.65). Taking the symmetric part of the gradient operator on eq. (5.33)
we obtain the interior strain identity

€ . - € .
e;(P) = g U ji(PrQ5a) £ (@S g T ji(PyQ3a)u, (Q)dS (5.34)

Differentiation of the displacement Green's function terms due ~to the
crack, to obtain eq. (5.34), is straightforward, although cumbersome due to
the form of such terms as (5.20) in eq. (5.21) and eq. (5.25). It can be
shown that each of these terms is of the form

F(z,c;a)//(zz-az) (5.35)
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where F(z,c;a) is a regular function.

The presence of this inverse singular term is, of course, fully
expected from eq. (5.10) in the formulation of the Green's function for the
crack problem. The form of eq. (5.35) for points near either crack tip,
z = *(aspa) for Aa/a<<1, leads to the usual /R singularity in strains
where R=Aa, the distance from the crack tip. As shown in Chapter 2, the
regular coefficient of this singular term is proportional to the strain
intensity factor K®

e _ Lim

2 haso (v/2nba e[*(azna)l) (5.36a)

The formal limit in eq. (5.36a) may be taken on eq. (5.35) with the
symbolic result

€

KE = = /(g) F(z,c;*a) (5.36b)

Application of Hooke's law for the anisotropic material, eq. (3.22), to the
strain intensity factors results in stress intensity factors at each crack
tip (depending on which one is used in the limits).

K = C21Kx + C22Ky + 2c26 .
(5.37)
_ Ayt
Kip = Coafy Cez * 2C66 xy

5.4 Linear Variation Boundary Element Implementation

Application of the special Green's function method to the accurate
fracture mechanics analysis of finite geometries with cracks has been very
successful. The numerical implementation of a linear boundary element
model has proven to be quite satisfactory for most problems of engineering
interest. Beam bending problems (geometry aspect ratios on the order of
ten or greater) are not solved as accurately without the addition of many
boundary elements. A quadratic boundary data model is recommended for
those aspect ratios in bending stress fields.

The geometry is to be a set of linear segments so that the
integrations of the Green's functions can be performed exactly. Exact
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integration 1is generally faster than numerical integration for a level of
reasonable numerical accuracy. Consider the boundary element in Fig. 5.2.

Ko

Figure 5.2. Local coordinates for
piecewise linear integration

The origin of the coordinate system (x°,y”) is taken to be the point
of application of the point load p(x“,y”). The axes (x”,y”) are taken for
convenience to be parallel to (x,y) centered at the crack, as shown in Fig.
5.1. However, transformation of these results to rotated coordinates is
straightforward.

The complex coordinates of the source point p(x“,y”) and of the field,
or integration, point Q(x“,y”) are given as follows

k= %+ ey
P P (5.38)
xa + ukyé

where the distinct characteristic roots W are given by solution of eq.
3.35.

The local coordinates in Fig. 5.2 can be used to construct the vector
from p(x”,y") to Q(x7,y")

VA -

K "% * D(Ak+B tano) (5.39)

k
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A = “ke1(2) +e. (1)

1
(5.40)

B, = uke1(1) - e1(2)

The basis vector é1 is the outward normal direction to the line segment
from Q1 to 02 and has components with respect to x°,y” of ej(i),ei(E).

The differential line segment for the integral equations is also
determined from the Fig. 5.2 construction as

B dS = dz, (5.41)

The linear interpolation algorithm in eq. (3.75) can then be written as

g 1 m 26 m zQ m
£i(zg) = mZ1 {[5 - DT e (1) ZE] £} (5.42)
where f.(z.) is the interpolation vector field variable, fim are the end
point values for the linear interpolation model and

Zx = (z1+z )/2

Q 2

(5.43)
Az = 22-21
The interpolation of the boundary displacements 1is taken to be
continuous, while the boundary tractions are allowed to be discontinuous.
As discussed in Section 3.8, the tractions may have only as many as one or
two unknowns per node, depending on whether or not the corresponding nodal
displacements are specified. The numerical algorithm will be based on
nodal displacements and segmental tractions (a value of traction vector for
each end of each segment). The BIE formulation of eq. (3.78) holds for the
current discussion.

Substitution of the linear algorithm of eq. (5.42) into eqg. (3.78)
obtains

NSEG 2 ] m 26
C; ju;(By) - L {m; (5 {S T; (B @dSy - (-1) E{s T; (P, QS
m m
] B
+ (=1)" — z . T. (P,.,Q)dS u,; = = U, .(p,,Q)ds
b2 bs_ QI VNIRRT Iy i las HONTTTQ

(5.44)

m “Q m 1 m
(-n" =1 Uj (P dSy + (<D 2 £s 2q Uy (Pys@ dSQ]tJ }
m
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where the kernels T, . and Ui' are given in eqg. (5.25) and eq. (5.21). The
boundary term CiJ(PNf is dependent on the shape of the boundary and will be
computed directly in a manner to be described further in this section.

The integrals in eq. (5.44) will be performed in closed form using
complex variable integration. The integrals will be for a fixed source
point node (N) and segment (M). The case where the source point is at one
or the other end of the segment will be treated separately.

AOTO(PN,QM;k) - f E—‘_’S— - é—- [ - _‘c‘ (5.45)
K% Pk Tz, P
aS 1
M
0,0 M %2
AT (PN,Q k) = log(zk-ck)/Bk |21 (5.46)

where the symbol AO refers to those integrals in eq. §5.44) where z, does
not occur (or occurs to the zero power). The symbol A refers to the linear
interpolation integrals, such as

1
A1TO(PN QM;k) . T I 2 zk-ck
! k Z1 k Tk
(5.47)
z z
1.0 Mooy 1
AT (PN,Q k) = B, (zk [21 + cklog(zk—ck) Iz1 )

The Green's function terms in eq. (5.25) can be integrated in a single
form given for the piecewise constant integral

" z, dJd(z ,c)
Ot eyt s [ 2 K

(5.48)

|
o
[
—~
N
~
(]
~
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n

*
A1T (PN QM;k)
?

where ¢ = (ck,cg

(5.17).
Following

kernels to obtai

0,0 M
4707 (Py,Q

1,0 M
AU (PN,Q

%
2% (PN,QM

1% M
AU (PN,Q ;
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ar variation integral by

z 3Jd(z, ,c)
%‘ I ° Zk azk dzk
k z, k (5.49)
1 2 2 2 2 %5
§; {cJ(zk,c) vz, - /(zk-a ) - I(c)log[zk+/(zk-a )1} |Z

1

,Ek) as in eq. (5.25) and where I(c) is given by eq.

the same procedures we may integrate the displacement
n

) = 2
ik) = 5= [z, logz, - 2, ] | (5.50)
k z
1
k) = L [22 log 2z, - 22/2] |22 (5.51)
T 2B, &2 ~ % '
%
. 1 _ - 2_ 2
k) = Bk {(zk c)J(zk,c) Z, * ./(zk a’)
(5.52)
2 2 Z2
+ I(c) log [zk+/(zk-a )]} |21
k) = %; {(zk-c)zJ(z,c)/Z + C AOU*Bk
+ o2, ~/(25-2%) - 1(c)log (z, v (zE-a®)]/2 - 22/
(5.53)

+ [/(cz-az) /(zi-a2)]/2 - c/(zi—az)/Z + zk/(zi-az)/u
%2

Z

+ azlog[zk + /(zi-az)]/u} |
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For later convenience let us take the following notation for these
integrals and related terms in eq. (5.44) and (5.25)

Q. B

ik 'k [ 0.*
- 2"(uq’_uk) [(Ug‘uk)AJk[A T (zk)ck)]

2
0 0,0
ATji = kZ1 [QikBkAjk(A T)
(5.51)

- = [ - _ - 0 % -
+ (ul—uQ)Ajg (6T (z,8)] + (ul-uk)Ajk [aT (zk,ck)]}] ; 2=3-k

and from eq. (5.18) and eq. (5.21)

2 P
0 _ 0,,0 ik 0, *
by = kZ1 (PikAjk(A u) - e, 00 {+ (upmm )y [8°07(zy e )]
(5.55)
- = 0 * - R — 0. % - .
+ (ugmug By 1870 (200 ]+ G-y Ay, (870 (z e ) 1) 5 e=3-k

Further, let AT!i’ AU}i be obtained by the same forms as eg. (5.54) and

(5.55), except ELat

Al o« 2= 2%T/02
Q
AU « 75 2%u/az

(5.56)

from the boundary interpolation in eq. (5.43). Also let AT?i and AU?.l be
obtained as in eq. (5.54) and (5.55), except that

22T « 8'T/nz

(5.57)
220 « a'u/az

Then, from the boundary interpolation, eq. (5.42), we may define

AT.. = Re (aT.0 - 2(-1)™ [aT.1-aT °]} (5.58)
jt ji 3T
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and

0 m 1 2
AUJ.1 = Re (AUji - 2(-1) [AUJ.l - AUJi]} (5.599)

resulting in a simplified form of the discretized boundary-integral
equation from eqg. (5.44)

NSEG 2 NSEG 2

m _ m
cji(PN)ui(PN) + ng {me (ATJiui)} - Mz1 {m§1 (AUjiti)} (5.60)

It is now necessary to discuss the evaluation of the free term
coefficient C'i(PN)' As first shown by Cruse (1974), eq. (5.60) may be
written for t%e zero traction case as

- NSEG

2 .
m
Cji<PN)ui(PN) + M§1 {m§1(ATjiui)} =0 (5.61)

The hats on the displacements in eq. (5.61) are for the rigid body
displacement fields corresponding to the =zero stress case (no applied
tractions). If the displacements at the nodes are taken to be unit rigid
translations in the x,y directions as

§.
W) = (5.62)
i2

then

NSEG 2

_ 0
Cji(PN) B MZ1 {m§1 (ReATji)} (5.63)

The evaluation of the integrals in the terms AT.? for the source point in
the segment of integration are performed in tﬁe usual Cauchy principal
value sense. That is, the integral excludes a small segment of vanishing
length from the end of the segment. A careful study of this process in two
dimensions shows that the parameter (say e) describing the length of the
excluded segment adjacent to Py cancels from the BIE discretization
equations as the exclusion lengths from both sides of Py are accounted for.

Special care is needed for the case of P,el'. The problem is best
understood in terms of Fig. 5.3, where both crack surfaces are separately
shown. Py 1is restricted to exclude being placed at either crack tip,
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X = ta. In Fig. 5.3, the regular surface S is taken to cross I in the
manner shown. The approach 1s appropriate for any manner of intersection
of S and T, not at the crack tips, x = *a. The complex coordinate for PN,
denoted cy, is shown, along with its conjugate position EM‘
s* * Y
r!+
Cn
— X
= +
-a CN a
r-
5=

Figure 5.3. Limiting approaches to crack surface

Consider the Green's function term from eq. (5.20)

2 2 2 2 2
[/(z -a“)/(c-a”) + cz-a (5.64)

J(z,e) = n log
[2-/(22-a%) ][ c+v(c2-a))

Let z = c+Az where Az approaches the crack surface from the opposite side
from the source point c; that is

/(22-a2) = - /(cz—az) (5.65)

for Az-o. Expansion of eq. (5.64) for this case results in the limiting
form for J(z,c) for small Az

__-_——-AZ ] X<a ) (566)

J(z,c) » 2 log (
ti/(az-xz)

The sign of i = /-1 is to be taken in conformance with the branch cut for
J(z,c): -n<argsm,
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o < arg(z-c) < « J(z,c) = 27 log [——A—S—T\
iv(a™=x"7)
(5.67)
Az
- _arg(z-c) <o J(z,c) = 27 log (- > 2)
iva -x

There are two cases of concern for the principal value integrals at
the crack. In the first case, the point load is on one side of the crack
(say on S*) and the field point is on the segment across from the source
point (S7). The log-term in AT-? has a singularity for this condition,
even though the point load is ogly applied to the upper crack surface. The
Green's function terms in AT,; from eq. (5.67) contain the cancelling
singularity. For the descrlbed case, the appropriate form for the ATJl is
the second one in eq. (5.67)

ik

2
Z {Qlk ik log (az) + §;TE—“—-— [(u Hy )A

(5.68)
AZ
1/(a2-x2

2nlog (- ) + Regular Terms |} ; 2=3-k

As can be seen by inspection, the two log(Azk) terms cancel for this case.

The second case is the principal value problem when the source point
and the field point are on the same side of the crack. In this case the
second and third terms in ATJT are singular

2 Q.
ik
AT,. = A1 Az —— |R 1 t
i kZ1 {Qlk ik og(az), + PRI [Regular term

(5.69)
5 By log (—k—) S R tog (—ab5)])

+ 2n(u,-u,) A, log (——=—=) + 2n(u,-y,) A, log (——=—

LM P i/(az_xz) Lk Tk i/(aZ_X)Z

The terms in log(Azk) can be grouped, using the terms in eq. (3.45) for the
Ajk quantities to obtain

2 uo 8.4 +
) {Qik 5;:%———;—%— log (z,-c,) + Regular Terms | (5.70)
= 2k

The coefficient of the log term can be shown to properly reflect a corner
singularity at I, for S intersecting at right angles.
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Numerical implgmentation to compute C'i(PN) for these cases is as
before, but this time neglecting all log terms at the singularity and using
the proper limiting forms for J(z,c), as taken from eq. (5.67), without
the Az contribution.

The Somigliana identity calculations for interior strains and the
stress intensity factor are calculated in the same manner as the terms for
the BIE implementation. The key terms for the strain kernels in eq. (5.34)
are obtained by differentiation of the T and U.. kernels with respect to
the source point coordinates. Beglnnlng with UJ i) we differentiate with
respect to x or y (denoted 3x,3y)

au .. P

2 .
i ! . — 1K
ax,ay - °he {kET(-Pik Ajk(zk-ck)(1 b MERIERE (Cug)
R 3 (zoe) () + (=) Bo'(z,e) (i) (5.71)
+ =By I (zpe) ()]

where J (z,c) = 3J/3c.

The necessary boundary integrals for the functions within eq. (5.71)
can be computed as before

VA
*
%" (p,Q"ik) = - 10g (2 -c) 1, (5.72)
k i
00 (o, aMik) = L (2 -c) 9 ) + 2L tog [z, +v(22ead)] | 2 (5.73)
PRk = B, K 7T e OB LB 2, 2
Qi) = 2 [z, + ¢ log(z,-c)] ‘2 (5.74)
S T i A" ‘

Kk 1
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1,.e¥ M. 1 2 - 0. *
U® (p,Q k) = B [—(zk-c)J + (z,-¢)%J + BA"U

+ ca(AOU*)/ac - (zk +/(22-a2) (5.75)

. I(c)log[zk+/(z§—a2)])/2 - ¢(al/ac)

22
e/(z, - 1 2 2. %2
IR

2/(c™-a") 1

2 2
log [zk+/(zk-a Y172 +

f\)?\“[\)

The derivatives of the traction kernels for the Somigliana strain
identity are denoted

aT .. 2
L. 2re (] [a,, B, A ——— (1,u)
3%,y K1 ik "k Jk(z e )2 k (5.76)
k "k
Q. B ‘ ‘
ik "k 3J
METTIRES) {(“1 ) AJk 32 (o) + (u —u ) A . 3z (1,u1)
k "¢ k
+ Cugmm )Ry, az <1,uk )1

The necessary boundary integrals for these functions are given by

O,.e* M 1 1 2
T  (p,Q ;k) = z— | (5.77)
B 2k %y
2 2
OTE*( My oL '22 ] ' (c/(zk-a )
PN 3K) = g z, 2 2. .2 2 2 2 2
k 1 /(c -a )/(zk-a )+czk—a /(c =-a")
(5.78)
V4
+ Zk |Z2
1
€0, M 1 c %
(p,Q ;k) = 5 [log (zk—cz) - E__E] |Z (5.79)
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1 2

1_e¥* M - 31 2 2 2
8 TS (p,Q k) = B {040 - = log [z, +/ (2 -a%) |} 121 (5.80)

The directional derivatives in eq. (5.71) and (5.76) are denoted
therein 1in parenthetical terms. If we denote the direction of the
derivative as xr(r:1,2) then we can define material terms

(R} - {;k} (5.81)
(s, } - {;—k} (5.82)

The strain kernels are then written, following the notation, of eq.
(5.54) as

€0 g 0.0
BTyip = kZ1 [B A (87T (Q R #Q Ry )
B *
- s {(uy-u )A (8% TETY(Q R 4@ R) (5.83)
arlugny T gk ik ek ek ik .
- = 0.e* - = 0,.c*
+ (“g'“g)Ajg(A T )(Qiksr2+orksil) + (ul-“k)Ajk(A T )
(Q S, * QS jee3k
and as
€0 g 0,,€0
aU%, = k§1 [Ajk(A UST) (P R +PR)
] 0, e¥*
R {Cugmm) A5 (8 TUT DBy R #P Ry ) (5.84)
- - 0 e* -\ 0. e*
+ (“l'uz)Ajl(A U (P Spg*PriSiy) + (“l'uk)Ajk(A U )

(P S PriSi 12=3-k
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The additional terms to complete the linear variation algorithm for
internal strains are given by the same substitutions as in eg. (5.56),
(5.57) using the terms in (5.74), (5.75) and (5.79), (5.80). The total
strain kernels are then assembled as in eq. (5.58), (5.59), such that

NSEG 2 . m
EJl(p) - M§1 {mz1(A Tjir r)}
(5.85)
NSEG 2 . m
-3y (vl el

The necessary integrals for evaluating the strain terms from eq.
(5.36b) are derived from the limiting operator on egs. (5.73), (5.75),
(5.78), and (5.80). It may be shown that the limiting process for the
X = +a crack tip results in the following terms

RO(k) & LIT (/2R 2Oue") - = /(3 (V[(z/a)?-1]
Kk (5.86)
2 %2
+ log{(z/a)+/[(z/a)"-11}) lz
1
im ( s— 1e¥ ]
R'() & 1 (/208 2 '0%) = = /(D) (K + /(2520
k (5.87)
2z
+ % log[z + /(22-32)]} IZ?
O,y & Lim (5= O-e*y _ 1 m (1 /(zea)y 22
L (k) = ¢ 5 (v2nR 7157 ) = - B /(3) (a /(Z_a)] |21 (5.88)
Ly 8 ;ig‘ (v2mR A1T€*] - é— /(%) {log [z + /(ze-az)l
k (5.89)
/(z+a)} |22
T V(z-a)! Iz

1

Substitution of the results in eqs. (5.86)-(5.89) into the piecewise
constant terms in egs. (5.83) and (5.84), and into their linear equiva-
lents, provides the strain intensity factor integrals for eq. (5.38) in
order to obtain K; and K;; at the crack tip (x = +a). Similar results can
be obtained for the negative crack tip stress intensity factors.
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5.5 Applications

The computer implementation of the integrals in Section 5.4 has been
accomplished and is available for Personal Computer or mainframe analysis.
The code is referred to as BIE/CRX for crack analysis. While the current
code does not include quadratic data variation and curved surface elements,
it has been found to give exceptionally good accuracy for many engineering
applications.

The first benchmark problems are shown in Fig. 5.4 for the center-
crack and edge crack configurations. These models are for a/w=0.5. Various
BEM models are 'shown for the symmetric part of each geometry. Table 5.1
compares the BIE/CRX results for these models to the collocation results of
Tada (1973). Tada's results are cited as being within 0.5% of the estimated
true value. The BIE/CRX models were selected to be crude, but the compar-
ison to Tada is quite satisfactory. The edge crack geometry involves
significant rotation effects in the displacements, which are not as well
modeled for the piecewise linear data model used. It can be argued that
the use of a quadratic integral term added to the linear terms in eq.
(3.78) would bring the edge crack accuracy to that of the center crack
results. The same effect can be achieved with many more boundary elements,
but convergence is slow.

JEERED N ERRE

{ oN = 28(7) oN = 28(14)
XN = 16(4) X N = 14(7)
ON = 123} ON = 10(s)
[ ®
]
H
2a/W =0.5
X > §
| CRACK g CRACK
-—L==;—- - $ - -

2 —]

A) CENTRE-CRACKED PLATE B) EDGE-CRACKED PLATE

Figure 5.4. Benchmark BIE/CRX models
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Figure U4.3 shows the problem of a tension plate containing an angle
crack. Three BIE/CRX models were used with 16, 24, and 40 nodes on S
without the multiregion mesh on the interior. Table 5.2 demonstrates the
BIE/CRX convergence results for this problem.

Table 5.1. Benchmark BIE/CRX modeling results
N K1/0/na Time (sec) % Diff.
Center-crack  12(3) 1.169 1.5 1.6
16(4) 1.180 2.4 0.6
28(7) 1.196 6.4 -0.7
Edge-crack 10(5) 2.703 1.7 4.6
W(7) 2.697 3.2 4.9
28(14) 2.791 11.8 1.3

Table 5.2. Mixed-mode stress intensity
factor data from BIE/CRX

% Deviation

No. Nodes KI/c/na KII/o/na K1 KII
16 0.671 0.562 +5.7 +4.8
24 0.710 0.577 +0.2  +2.3
40 0.712 0.590 - -

Figure 5.5 is for a tension plate with symmetry along both the x and y-
axes, although the y-axis symmetry is simulated with rollers. The BEM
model contains 26 nodes and treats the hole as a series of straight-line
segments. The BIE/CRX model for zero crack length was determined from the
strain in the smallest boundary segment near the x-axis to be K; = 3.29.
Table 5.3 summarizes the obtained stress intensity factor results for
various crack sizes. Each result is obtained for the same mesh by changing
only the crack length parameter in the BIE/CRX code.
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—
Table 5.3. Stress intensity factors
for crack at hole
D
a/R KI/c/na
0.05 3.30
0.25 2.49
0.50 2.06
e 1.00 1.80
1.50 1.83
b
>
Mathematical
Crack

Figure 5.5. BIE/CRX model for edge
cracks at circular hole

The fracture mechanics model considered is for symmetric edge cracks
at the (x = *R, y = 0) locations. The BIE/CRX result can be obtained by
letting a>R and centering the crack at (x = 0, y = 0). It is also possible
to place the center of the crack at (x = R, y = 0) and get essentially the
same numerical results.

More recently, the BIE/CRX code was applied to the fracture mechanics
analysis of single crystals by Chan and Cruse (1986). The cracks grow in
directions set by the slip systems in the single crystals, and these are
generally inclined to the specimen axes. Figures 5.6-5.7 show two BEM
models, both using 43 nodes, for different angled crack conditions. The
crack length (2a) is positioned in these models of a compact tension
specimen such that the negative crack tip is just external to the modeled
region (in the open notch), while the remainder of the crack length extends
into th specimen, as shown. This modeling approach was validated for
the 8=0" case and for various crack lengths. Results for K; and Ky were
obtained from this model and used by Chan to generate crack growth rate
models.
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It is seen that the BIE/CRX models in Figs. 5.5-5.7 eliminate the need
to model the crack. Further, the boundary element models are simple and
easily constructed. While some modeling change is made between the two
maps in Figs. 5.6 and 5.7, these are of a minor nature.

©

36 28
—- 6 19
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b L a3f\ s = 75°
H 1 39 < X
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Figure 5.6. Compact tension model Figure 5.7. Compact tension model

with 30° angled crack with 75° angled crack
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6.0 Elastoplastic Fracture Mechanics Analysis

6.1 Introduction

The developments so far have been limited to elastic material
behavior. However, it is well understood that, for many problems, the
plastic response of the near-crack 'tip material results in local damage
that 1is not described accurately by linear elastic fracture mechanics
analysis. While the stresses are limited to finite values due to plastic
effects, the local strain intensity will generally be greater than the
elastic case. While non-continuum slip or void formation damage may occur,
the present discussion is limited to classical continuum behavior.

BIE analysis 1is most properly seen as an elastic methodology.
Inelastic response will be seen to require volume (three-dimensional) or
two-dimensional) discretization in addition to boundary modeling. The
substantial advantage of the BEM over the FEM for fracture mechanics
analysis may be much less for the elastoplastic case. However, use of the
special Green's function formulation of Chapter 5 results in some
significant insight for the two-dimensional elastoplastic fracture
mechanics problem. Therefore, that approach is now to be developed.

The elastoplastic formulation for the BIE method was first developed
by Swedlow and Cruse (1971) for three dimensions. Riccardella (1973) made
a first, and partially successful, numerical implementation in two
dimensions, as did Mendelson (1973). The two-dimensional elastoplastic
formulation was corrected by Mukherjee (1977). Bui (1978) added further,
critical insight into the elastoplastic BIE formulation for the internal
strain evaluations. The books by Mukherjee (1982) and Telles (1983) are
ma jor compendia of elastoplastic BIE results.

The elastoplastic BIE formulation for the fracture mechanics problem
was first given by Morjaria and Mukherjee (1981) for the case of a plate
Wwith a narrow ellipse; a special Green's function was used. Cruse and
Polch (1986) reported on the successful implementation of the elastoplastic
BIE formulation for the special Green's function of an ideal crack, as
described in Chapter 5. It is this formulation which is detailed in the
following sections.
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6.2 Fundamental Elastoplastic Relations

The classical theory of incremental elastoplasticity for work
hardening materials will be used. Isotropic hardening is implied, but
other hardening rules are easily incorporated in the final computer
program.

We begin with the notion of a loading function F(Uij,Ei_,K) which
satisfies Prager's consistency relation, requiring that the loahing from
one plasticity state leads smoothly to another plasticity state. The
plastic strains are denoted €l and the yield surface hardening parameter
is given by «. The selected fd%m for the loading function is given by

P P
F(cij,eij,r) = Q(Sij) - K(eij,wp) =0 (6.1)

where wp, the plastic work, is given by

P

€. .

ij P
W= S, de- | 6.2
p g 137°13 (6.2)

and where S;, are the components of the deviatoric stress. The form of the
yield surface function ¢(Sij) precludes a mean stress dependence on yield.

For continued yielding, the incremental or slow rate change

SF(oij,sij,m) must be zero, such that

aF aF P aF = (6.3)

3¢ Ak P K p P
35 Gsij - Geij -3 P Geij =0 (6.4)
ij de, . p de. .
ij ij

Drucker's hypothesis states that no useful work can be done (over and
above the amount of -elastic work) through the application of small
additional external stresses and then their removal. From his hypothesis
we know that the increment in plastic strain must be normal to all smooth
parts of the yield surface ¢(Sij), or

seb. = 2 =22 (6.5)
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Substituting eq. (6.5) into eq. (6.4) we obtain for the magnitude i

3¢/3S, .) S, .
A= 5 (be/25,) 54 (6.6)
(ac/ae, , + sKgaK/awp][a¢/asKl]
such that
(
o (a¢/asanésmn\a¢/aSij]

Se, ., = (6.7)

H [aK/asS2 +S 3(/2Wp)(3¢/BSK1]

[

Equation (6.7) demonstrates the well-known quasilinear relationship between
increments of deviatoric stress and plastic strain. Reduction of the
nonlinear elastoplastic problem to a quasilinear form permits implemen-
tation of these theories into incremental analysis computer codes.

The elastic strain increment, of course, is still governed by Hooke's
law

= §0.. + — 68a §. . (6.8)

Potential confusion is to be averted by noting the difference between
incremental variables (&e,80) and the Kronecker delta, 6. ., in eq. (6.8).
Changing stresses into deviatoric stresses, eq. (6.8) may be rewritten to
obtain

P
Ssij = Zu(éeij-éemméij/:%] - EUGEij (6.9)

Multiplying both sides of eq. (6.9) by (a¢/asi.)/2u and combining with eq.
(6.6) we find J

(a¢/3s_)(s_ 8¢ . - &_ & /3) 8¢
\ = mn mk™ "ng mn k4 ke (6.10)

P
[[a¢/asij][a¢/asij] + (ax/asij+a</awpsij)(a¢/asij)]/2u

or

>
"

p
Bij(S,e ,K) 6€ij (6.11)

The results so far are for the three-dimensional problem. Based on
eq. (6.9) and (6.11), the increment in the total stress is given by

Gcij /2u = Gsij + semmsij-(a¢/as..)8 Se (6.12)

1-2v 1j° mn mn
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For plane strain problems (letting x, denote the thickness direction), eq.
(6.12) continues to be valid, using a range of 2 on the indices. The plane
stress result must be derived separately to obtain

v
Gaij/Zu = 8e,. + ™ 8¢ & - (———

ij 1-v "Taa 1] -v 6assij+6

) x(ao/asa (6.13)

aiéej B]

where a,8 have the range of 2.

In the case of isotropic work hardening K=K(W ); taking the von Mises
ellipsoid for the yield surface, ¢:S.jsij/2:J2, the second stress
invariant, we obtain from eq. (6.6)

S, .8S, .
ij7i

A= (3K/3Wp)5k15kg = &J /(2K‘J2) (6.14)

2

For the case of uniaxial loading, J2:002/3, the derivative of the work
hardening parameter can be computed as

do

o

4 2u/3 (6.15)

I
u
win

de

oo

where co,eg are the uniaxial stress and the plastic strain. The slope of
the stress plastic strain curve is taken to be H. The associated von Mises
flow rule then is given by the relation

S
o (ke
o= 2J, (1+H/3u) 8eq (6.16)
and eq. (6.12) becomes
S..S
v 17k
Soyy/ = 8oy ¥ T2y fmm Ciy T 20, (T+H/3W) Cke (6.17)

6.3 The Somigliana Identities in Three-Dimensional Elastoplasticity

Elastoplasticity is, of course, nonlinear behavior of the material.
The Navier equations of equilibrium for elastoplasticity may be obtained
from eq. (6.17) by differentiation and application of the strain-
displacement relationship to obtain

8 su, . /(172v) - [s; ;s

Uyt 8y g ; kg&uk,l/J2(1+H/3u)],j =0 (6.18)
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The differential equation of equilibrium is linear in the increments of the
unknown displacements, but clearly inhomogeneous and history dependent due

to the bracketed term. A fundamental solution to eq. (6.18) does not
exist. Thus, the formulation of Somigliana identities for the elastoplastic
problem requires a special approach. Further, as we shall see, the

formulation requires some compromises.

The application of Betti's theorem to the linear elastic problem was
given in Section 3.3. It was seen that reciprocity in a form of strain
energy type of variable was achieved due to the Hooke's law relation
between the stress and strain variables in eq. (3.56). In order to achieve
a reciprocity relationship in the elastoplastic problem, we will use the
elastic fundamental solution and the elastic strain increment for the
desired solution. Then it is easily proven that

f 0* (8¢ -s€P )dv = I e* §ao dv (6.19)
v ij ij ij v 1771 )

The parenthetical term in eq. (6.19) is the increment in elastic
strain, while the starred terms refer to the usual elastic fundamental

solutions. The increments of solution for the unknown problem are used
rather than total values because it is not possible in many problems to
determine the total plastic strain distribution over the volume. An

incremental approach which accumulates the prior history terms, as in the
finite element method, achieves solutions to all reasonable problems. More
details on the incremental solution will be presented in a later section.

The divergence theorem may be used for transforming the first and
third terms in eqg. (6.19) to surface integrals. Following the approach in
Section 3.3 and taking the body force to be zero, we introduce the
displacement gradients as follows

[ o 6u. AV - o 8P av = [ou 60, .dv (6.20)
v 1%, 9% 15%0 T Mgt :

The gradient terms, in the absence of body forces, may then be integrated
to the surface such that for any interior point

* * ) *
[t suds + sue. - [ o 8e?.dV = [ u, 6t dS (6.21)
g Lot iy i ij g ii

The Somigliana displacement identity is then given by rearrangement of eq.
(6.21), and the use of the fundamental solutions from egs. (3.12) and
(3.16) to obtain
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T. .(p,Q)su.(Q)dS + [ U. .(p,Q)st .(Q)dS
lJ(p Q) uJ(Q) é lJ(D Q)3 J(Q) 6.2}

+
<=t e

P
Zijk(p,q) 5 (q) @

The volume kernel in eq. (6.22) is the stress kernel in three dimensions
given by

Lije(pa) = - [(1-2v)(Sijr,k+6ikr,j'5jkr,i] (6.23)

+ 3r,ir,jr,k]/[8n(1-v]r2]

It is seen from eq. (6.22) that the boundary-integral equation for the
elastoplastic problem may be obtained as in the elastic case. The
Somigliana identity may be integrated in the principal value sense of the
surface <S> and the small area S€ surrounding P(x), the boundary point.
Then eq. (6.22) becomes

: = - T, .(P,Q)du _(Q)dS U, .(P,Q)ét .(Q)dS
su; (P) <£> 1 3(PyQ)8u,(Q)dS + <£> 15(PyQ)8E(Q)

[ Tij(P,Q)[Guj(Q)-Guj(P)]dS

S
€

(6.24)

su (P) Lim [ T, (p,Q)dS
]
p+P Se

+

P
5 Zijk(P,q) Gejk(q)dV

No regularization is needed for the volume term, and thus we obtain the BIE
as in the elastic case

cijauj(P) + f Tij(P'Q) suj(Q)dS = UiJ(P,Q)stJ(Q)dS

<S> <S> (6.25)

P
+ 5 zijk(P,q)aejk(q)dv
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The BIE for the elastoplastic problem is not sufficient for numerical
evaluation unless the elastoplastic strains are specified. In general,
these strains result from the application of the loading and must
themselves be treated as unknown.

The usual approach for the elastoplastic problem is to formulate the
Somigliana identity for the interior strains. The strain identity,
together with the BIE, provides sufficient information for numerical
analysis, as will be described later in this chapter.

In order to compute the interior strains it 1is necessary to
differentiate eq. (6.22) at the point of load application. The only
problem in that operation is the singular order of the stress kernel, from
eq. (6.23). Bui (1978) was the first to properly recognize the special
requirements of this differentiation. Taking the derivative of eq. (6.22)
with respect to the coordinates of xh(p) we obtain

I g Tij,h(p,Q)GuJ(Q)dS -fu (p,Q)StJ(Q)dS

i 5 ij,h
(6.26)
i [ Lmarsef
. ..(p,q)éen, (q)dV
axhlp f ijk jk
The signs in the first two integrals change due to 3/dx| =-3/3x| . The

derivative of the kernel zi.k(p,q) in the 'third integral leads to a 1/r3
singularity, which requires special consideration.

Following Bui (1978), the last integral is rewritten in a principal
value sense by deleting a ball of radius ¢ centered at p(x). Noting that
the plastic strains inside the plastic domain are continuous, Bui obtains
the result

i = [ T, p(Pi Q@S - [ Uy p.0)st (@S

(6.27)

- Zikj,h(p,q)GEEj(q)dV - f Zikj(p,Q)nhéeij(Q)dS
<> SE

He shows that the third integral exists as a principal value. Further, the
fourth integral is due to the convection of the ball of radius e, as p(x)
is moved in differentiation. This convected integral contribution can be
evaluated on the surface SE to obtain

8-10v P

15(1-v) Geih(p) (6.28)

p
- £ Eikj<P’°’nh5€kj<°)dS z
€
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Equation (6.27) with the result in eq. (6.28) defines the distribution of
interior displacement gradient or strain increments. The incremental
equations of elastoplasticity in Section 6.2, together with the boundary
integral equation (6.25), form a sufficient set of equations for an
iterative-incremental solution of the field problem. The details of the
solution algorithm will be given in Section 6.5.

6.4 The Somigliana Identities in Two-Dimensional Elastoplasticity

We shall begin by considering the reduction of the Betti reciprocal
strain energy in eq. (6.19) to two-dimensional form. As first properly
reported by Mukherjee (1977), the reduction to the plane strain form
requires some attention to the three-dimensional equation.

Take x., to be the transverse direction for a body in plane strain such
that e 3%€4 -523:0. The same restriction holds for the strain increments
as weli. aowever, this restriction does not hold for the plastic normal
strain increment

P P
~8eqq T Seg + den (6.29)

33

which is derived from the constancy of volume hypothesis for plastic
strains. Using eq. (6.29) we can rewrite eq. (6.19), expanding the terms
into in-plane (a,8=1,2) and out-of-plane terms

* p * * p
{ %8 [Geae-deas]dA + { 933 5533dA - { 0335933dA

(6.30)
* *
= { €0a890gdh * { €33 8033dA
*
The integrals in eq. (6.30) involving &e and €33 aLe identically

zero for plane strain. The fundamental solution stress term o is replaced
by its plane strain equivalent, while eq. (6.29) is used for plastic strain
term to obtain

[o

P * P *
! B(aeas-se B)dA +v [ o, 8cggdh = f €88%0gdh (6.31)

a Q A

Using Hooke's law, it is shown that the two plastic strain terms may be
written as
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* P * p * p
GQBGEGB - vcaaéegs = 2hua,86€a8 (6.32)

Then using the divergence theorem, eq. (6.31) reduces to the Somigliana
identity for the interior displacement given for plane strain by

* .
Jteuds+sue -2ufu
a a a a

p *
Se_odh = [ u st ds (6.33)
5 A a,B a g @* ¢

For plane stress, the reduction to the displacement Somigliana
identity is more straightforward. TQe simplification is seen in eq. (6.30)
where the normal stress terms 033 and §o,, are zero. Writing the

fundamental stresses in terms of the displacement gradients we obtain the
plane stress interior Somigliana identity

* v *

* P ¥ 6.34
£ t, 0u dS + éu e - 2u { [uays - T uYYYGus)ée“SdA = g u 6t ds  (6.34)

The two-dimensional Somigliana identities can be written in the form
of eq. (6.22) as

su (p) = - £ T o(PrQ8u (Q)dS + g U g(P,Q)6t,(Q)dS
(6.35)
P
+ { XQBY(p,q)GeBY(q)dA
where, for plane strain
Lag,(Pr@) = 2005 (p,Q) (6.36)
and for plane stress
vV
Lag,(Pr@) = 2u[U g v 5 U o6, ] (6.37)

The two-dimensional BIE formulation is, of course, of the same form as eq.

(6.25).

The interior strain identity in two dimensions may be derived in the
same fashion as for three dimensions, although the convected integral gives
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different results. These results replace eq. (6.28) in three dimensions
and are given

- p p
g ZGBY nGGEBY - EQBYGGESY (6.38)

The planer terms in eq. (6.38) are not as simple as the three-dimensional
terms in eq. (6.28). The form of this solution is herein deferred to the
formulation of eq. (6.55).

6.5 The Somigliana Identities in Two-Dimensional Elastoplastic Fracture
Mechanics

The elastic Green's function for two-dimensional fracture mechanics
analysis was derived in Chapter 5. The fundamental solution was derived
for the generally anisotropic planer problem and contained two kinds of
terms. The first is the usual point load in an infinite plane, while the
second is the set of terms required to create a traction free crack
surface.

The Somigliana identity for the elastoplastic Green's function
formulation is obtained in the same steps as for eq. (6.35). That the
steps are the same is due to the fact that the point-load solution is
mathematically identical for the two problems (only the elastic constants
differ for isotropy versus anisotropy). The fundamental stress kernel in
the domain integral in eq. (6.35) differs for the anisotropic Green's
function formulation. Assuming the use of plane strain, nearly isotropic
material properties in eq. (3.32), and taking the kernel for plane strain
elastoplasticity from eq. (6.36), the Green's function kernel is given by

Ly, 1
z2e-e  2nlu-ug)

2
= 26 Re{ } (P, Q +PQ ][Ajk(

L i mk 2k {(ugmm 8y 37z 00,

2jim
(6.39)
+ (ul-ﬂl)ile‘(zk,El) + (ul-;k)ﬂij‘(zk,Ek)}]} (j,i,m=1,2; 2=3-k)

The constants in eq. (6.39) are defined in Chapter 5. The isotropic shear
modulus is now taken to be G for clarity.
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In order to evaluate the interior strain identity, (6.26), it is
necessary to differentiate eqg. (6.39) with respect to the cartesian
coordinates of the source point (x) as follows

2
{ ZjimdA = 2G Re {kz (P, Qp * P Q) [Ajk

(6.40)

f o5 log(z,-c) da} + -]}
h|p Z

The inverse of (z -c ) in eq. (6.39) is written as the integral term in eq.
(6.40). The nonSLngular terms in eq. (6.40) are replaced by dots, as they
do not contribute to the free term associated with the convected
derivative, see eq. (6.27).

In order to compute the convected derivative of the Green's function
domain integral in eq. (6.40), the kernel has been given in terms of the
derivative of the log function which is identical to the form in eq.
(6.39). Thus, we seek to evaluate the term (no sum on the index k)

3 { ] 3
—_ — log (z -c )dA} = Q. = [ £ log(z, -c )dz (6.41)
axh|p A azk hk ac Cp n 9%y k k' Tk

In order to evaluate eq. (6.41) we begin with the Green's theorem for a
real function which may be written in the form

aF  oF
{ (5 - ay]dA = ¢ F(dx+dy) (6.42)
If F(x,y) is taken as a function of zk’Ek then
of/az, |1 1 |7 |aF/ax
X - (6.43)
aF/azk M My aF/ay

Wwith the result that

aF 1 (= oF aF
( )

az, T = "k 3x T ay
MM

(6.44)

Taking the domain integral
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3F o - oF oF
{ 2 dxdy = I (u M 3e - adeA (6.45)

KM A

~
= |

we are able to use Green's theorem, (6.42), to find

£ aa = 1 § Faz (6.146)
z k
A k My~ Hy S

Thus, eq. (6.41) may now be written as

3 3 Qhk 9 =
Qhk BT f g log(zk_ck)dzk = BT & lOg(Zk-Ck)de (6’47)
k A k My mHy k S

In egs. (6.41) and (6.47), the area and path integrals are taken to exclude

the small region of the singularity at z,=¢,- Thus the path integral in
eq. (6.47) includes the external path, a small cirele surrounding y and an

associated branch cut, as shown in Fig. 6.1.

AS

AA
Figure 6.1. Integration path definitions

The derivative in the last term in eq. (6.47) may be formally written

as (dropping the subscript for clarity)
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%— § log(z-c)dz = lim {%— § log(z-c-ac)dz - ¢ log(z-c)dz} (6.48)
¢ peso °¢3 S

7]

This form is obtained by taking two origins for the integrals, one centered
at c(x) and the other c(x) + ac.

The two log terms cancel each other for the small circular paths
around the singular points c(x) and c(x) + 4c. The integrals around the
external path result in non-siﬁgular contributions given by the integral on
the external path

-4 (6.49)
s
The branch cut paths give a finite contribution to eq. (6.48). By
separately taking Ac=4x and Ac=uAy, the result is obtained
§ log(z-c) 7o dz + 2ni(u/u) (6.50)

nwen

The resulting terms from egs. (6.27) and (6.40) are then given by the
following constant plus integral terms

(2"/'1)Sh(k)}6€$n + integral terms (6.51)

where G is the isotropic shear modulus and

an(k) = PmkRn(k) + PnkRm(k) (no sum on k) (6.52)
and where
R0} = {1}
J By
(6.53)
b )
{s.(x)} = {=
J M
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Taking the linear combination of displacement gradients to obtain the
strain at p(x) in eq. (6.51) and defining the elastic matrix E;, . from the
free term in eq. (6.51), we can write the interior strain Somigliana
identity as

€ €
se;5(p) = g Upij (P,Q)6E,(Q)AS + g Ty;;(P,Q)6u, (Q)dS

(6.54)
p p
* { (zimn,j * zjmn,iJGEmn(q)dA * Eijmnssmn(p)
with
1 g Aikan(k)
E Eijmn = Re{kg1 —E:_—u;—(zm/_1)sj(k)} (655)

The bracketed result in eq. (6.55) is written in terms of the
anisotropic formulation used for the fracture mechaniecs fundamental

solution. However, the elastoplastic implementation in this section has
presumed that the material is nearly isotropic. Thus, eq. (6.55) is
equivalent to eq. (6.38). Should one desire to model anisotropy in the

elastic material, it would be necessary to re-derive Betti's theorem in eq.
(6.19) for the particular two-dimensional, plane strain case. For plane
stress one would use the plane stress kernel of the fundamental solution
from eq. (3.40) and derive the appropriate constant tensor for eq. (6.55).

The elastoplastic fracture mechanics formulation offers some important
insight into the crack tip field behavior. Eq. (6.54) may be written in
symbolic form as

aT®> {su} + L cavss {6t} + <ac> {seP} Eset (p) (6.56)

se(p) = 7o

1

/0
where p is the distance from the crack tip, assumed now to be small
relative to the crack dimension. That the two surface integrals are
inversely proportional to the square root of the distance from the crack
tip derived directly from eq. (5.34) and (5.35). In order to study the

behavior of the domain integral term, <aAG>, we must study the full form for
the kernel in eq. (6.54)

Assume that the plastic strains may be taken to be constant values
within a set of N cells. Then
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~
(o]
™

O
—
3
-

p
imn,j(p’q)ésmn(q)dA

)
A

The domain integral on the cell is given by

2
{A zimn,j(p,q) dA = 2Re {kZ1 [-Aikan(k)RJ(k)I1(k)

an<k)

+ 5;?;;?;;7 {(“Q'Hk)AikRj(k)IZ(k)

+ (ul-ul)AilSJ(i)I3(k)

+ <ul-Ek>Kiksj<k>1u<k>}]} i (2=3-k)

where
I, = § dz
Voo W% K
c
3d(z, ,c,.)
k’ "k =
I,: § ———dz
2 AS ack k
c
aJ(z ,c ) _
;= $ — 1t a7
AS ac
c A
ad(z,,c,) _
e s e g
ASc ack
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(6.57)

(6.58)

(6.59a)

(6.59b)

(6.59¢)

(6.59d)

If each cell is taken to be straight sided (e.g., triangular for each

side of the cell) eq. (5.41) gives

Bde = de

and



B dS = dz (6.60)

Taking triangular cells with three sides for the integrals in (6.59) and
dropping the k-subscripts we obtain

3
I, = .Z (B/B)i [[log(z-c)”i
i=1 (6.61)
3 = /(z -a )
I, = } n(B/B), {[[F5=2 ]}
i=1 /(
(6.62)
(-1 + —=—) [lan(zw(2®-aD)]]; - [[3(z,0)]];
/(c™-a")

The 1integrals for I,, I, followed by substituting ¢, ,c, for ¢, in eq.
(6.62). The double brackets denote in eq. (6.62) taking the difference for
each end of one side of the cell. From eq. (5.41) and the associated Fig.
5.2, we see that each cell side corresponds to a new value of (B/B) in egs.
(6.61) and (6.62).

Two important cases arise in the evaluation of eq. (6.56). In the
first case, the integration element, AS,, is taken to the limit of zero
size at the crack tip with the load point ¢ at a positive distance from the
crack tip. In this case, taking

|z/a| = e << 1 (6.63)
for integration points in eq. (6.62), it is possible to show that

L g 5/8). 0 2.a%) (6.64
5 = 121 n(B/B); 0(e)/v(c“-a .64)

where O(e) indicates the order of magnitude of the result. Thus, the
plastic strain domain integral in eqs. (6.54) and (6.56) should be
convergent for plastic strain singularities up to and including 1/¢, which
is the case for perfect plasticity.

If the solution point in eq. (6.56) is taken to be within the first
ring of cells around the crack tip, and the limit is taken as e+o from
(6.63), then it can be shown that the limiting terms in eq. (6.62) are of
order one. For elastoplastic fracture mechanics problems, the plastic
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strain is singular at the crack tip. Taking the order of the singularity
to be A(> 1/2) then eq. (6.56) has the limiting form

GEP = <AG>{6€P} + ESEP (6.65)

Equation (6.65) is an identity for cells taken very close to the crack tip
and does not provide an independent means for determining the value of i.

If the plastic strains are non-singular, it is possible to evaluate a
strain intensity factor from eq. (6.56). For non-singular plastic strains,
eq. (6.56) can be evaluated for the total accumulated solution and con-
verted into a strain intensity factor evaluation as follows

KE « 510 /0 e(o) = <aT®> u} + <aUS> (£t} + <aG> (P} (6.66)

The first two terms on the right-hand side of eqg. (6.66) have been derived
in Section 5.2. The additional domain term for eq. (6.66) is taken from

2 ann(k) C. .(k)

) = Re { 1l IS(k)} (6.67)

1 Lim(
Ko 1 2(uk-u2) v/2a

2G p~o Ozimn,j

where

kK k
15(k) = 0 [g—] ( ] dz (6.68)
and where

Cpj(k) = (upmm)Ay Ry(k) + <u1-H1)KilsJ(n) + (u

i . - A S, (k) (6.69)

)

Again using the triangular cell for piecewise constant plastic strains, the
integral in eq. (6.68) becomes

2 2)11.

3 2 2
Ig(k) = .z B /B, {Az [[/(z [ -2 [[Qn(/(zk-a )

k (6.70)

a)]l}

The final form of the strain intensity factor representation for
nonsingular plastic strains has been shown to exist. The analytical
representation is given by
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I,II I,1I
(K Kpp) = - g R;” (Qu (Q)as « [ L' (Q)t (Q)dS

S (6.71)

LII
+ { Mij(q>eij<q)dA

6.6 Numerical Implementation of the Elastoplastic BIE Formulation

The elastoplastic BIE can be reduced to a numerical quadrature in the
same manner as outlined for the elastic analyses in Section 3.8. The
elastoplastic strains will be taken to be piecewise constant within finite
two- or three- dimensional cells. Equation (6.25) can be reduced to the
form of eq. (3.79)

[C] (su} + [AT] (su} = [aU] (st} + [AZ] (6c )} (6.72)
while the interior strains identity becomes

(6e} = [ATS] (su} + [8US](st} + (8G] (6"} + E{se’} (6.73)

Hereafter, the free term at the end of eq. (6.73) will be included in
the [4G] matrix, on the diagonal.

The solution algorithm is outlined in Fig. 6.2 where the unknown
boundary data in eq. (6.72) is denoted by {éx}, and the known data is
applied to obtain

[A] {&x} = {8y} + [Ar] (GEP} (6.74)

as in eq. (3.79) for the elastic problem.

In_the first increment of loading, elastic response is assumed such
that ¢ =0 in eq. (6.72). Equation (6.73) is then used to solve for the
resulting (elastic) total strain increment line in each domain cell. The
total strain increment from eq. (6.74) is integrated to establish the
elastoplastic stresses for each cell. Using the plain strain flow rule,
(eq. 6.17), we integrate

CHERY [¢35mn] {depg) (6.75)
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Y |
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Figure 6.2. Elastoplastic solution algorithm (super-dots denote
incremental changes)

where the plane-strain elastoplastic stiffness [CEP] is given by eq. (6.12)

S..S
v ij"mn

1 _EP
im®jn * T22v ®i3%m - 2J2(1+H/3u)] (6.76)

2u Cijmn B [6

Eq. (6.75) is integrated by breaking the strain increment §e into a number
of subincrements, over each of which the subincrement in total strain is
taken to be constant. The number of subincrements is selected to achieve
an acceptable accumulation of error in tracking the stress-strain curve of
the material.

During evaluation of the stress increment from eq. (6.75), the plastic
strain increment is computed from eq. (6.7). The resulting increment in
plastic strain is substituted into eg. (6.74) to resolve for the increment
in the boundary solution. Internal strain increments are then corrected
from eq. (6.73).
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As shown in Fig. 6.2, the process iterates within the increment until
convergence 1is satisfied. Following convergence, the boundary data is
incremented, and the process is repeated.

6.7 Numerical Results in Two-Dimensional Elastoplasticity

The first application problem for the elastoplastic Green's function
algorithm is a center-cracked plate loaded in tension. The total width of
the plate is 8 units, with a crack size of 2 units. One-quarter of the
geometry was modeled using the finite element code ADINA (see Bathe
(1982)), as shown in Figs. 6.3 and 6.4. Extremely fine resolution of the
crack tip eléments was taken in order to minimize the error in the finite
element solution. The elastic stress intensity factor for this finite
element model, using the crack opening displacement at the gquarter-point
node, was in error relative to handbook values by about 2 percent.

The BEM mesh corresponding to the local finite element scale is shown
in Fig. 6.5. The elastic BEM stress intensity factor results were
indistinguishable from the handbook results. The FEM/BEM meshes were
selected so as to provide about three decades of plotting data in terms of
crack tip distance. The maximum size of the plastic zone was limited
solely for convenience in the current study.

Figure 6.3. Finite-element mesh for center-cracked plate
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Figure 6.4. Local finite-element mesh (%/a=0.001)

(L/a=0.001)

Figure 6.5. Boundary-element mesh for center-cracked plate
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Plane strain conditions were used for both mogels. The elastoplastic
material constants used were E:2.O37-1O5MN/m , o :3.&52'102MN/m2,
and v=0.27. y

The ADINA crack-tip model wused quadratic, 1isoparametric finite
elements with nine interior strain integration points. The BEM model used
constant strain triangles throughout. As noted above, both meshes were
identical in the crack tip region. The ADINA model used one layer of
collapsed quadratic elements adjacent to the crack tip. This approach
induces a (1/p) type of singularity in the displacement gradient within
this first layer of elements. No singularity modeling is used in the BEM
plastic strain distribution.

Loading history was identical for both models and spans the range of
load factors of 0.0310 to 0.2075. A value of 1.0 corresponds to yielding
of the whole plate. A total of 68 load steps was used for both models. The
load steps satisfy the conditions of Larsson and Carlsson (1973). Simply
stated, these conditions require that at most one element becomes plastic
at each load increment, and that the load increment should be smaller than

1 percent of the load corresponding to KImax:oy/(na). ‘'The range of load

factors has been chosen as the range to go from yielding the innermost
element to yielding the outermost element.

ADINA failed to converge for the first step until the stiffness

reformulation (BFGS) procedure was used. After the first load step
(requiring 20 iterations), the ADINA algorithm with reformulation generally
converged with five iterations. The BEM algorithm, using elastic

"stiffnesses,” converged in 10 to 50 iterations at each load step, with the
higher numbers occurring at the higher load levels. The total computer
time for the two models was essentially the same, although the BEM
calculations are cheaper per load step.

The crack-tip plastic strain distribution results are shown in Fig.
6.6 for two of the computed load levels. The data are taken from points
distributed near, but not on, a line at an angle of about 85° to the plane
of the crack. This angle corresponds to the line of maximum equivalent
elastic strain. The jaggedness of the curves is mostly due to the use of
triangular elements, as well as to the points having different angular
locations. The data is plotted in terms of the centroidal value of plastiec
strain. The innermost row of finite elements has three sampling points
radially, which accounts for the smaller radius plotted for these results.
The numerical results from ADINA show a tendency for a spurious peak in
plastic strain increments in the second row of elements. This péak is no
doubt induced by the lack of a singularity-transition element in the
current study.

It is significant to find that the numerical results are in such good
agreement. This confirms the accuracy of the BEM algorithm for piecewise
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constant plastic strains. The BEM results do not show the strength of the
plastic singularity as strongly in the first row of elements as do the
finite element results, with the imbedded 1/o0 singularity in displacement
gradient. However, both sets of results strongly indicate that the plastic
strain for localized plasticity possesses the same 1/p singularity that is
associated with fully developed plasticity for the case of zero strain
hardening. Clearly, the presence of the underlying elastic singularity
field plays an important role in enhancing the modeling accuracy for crack-

tip plasticity.

The second problem was selected to validate the stress intensity
factor algorithm for prior plasticity for any residual or thermal strain
field. The geometry selected is a simple tension specimen with the
boundary and internal mesh shown in Fig. 6.7. The mesh arrangement was
selected solely for convenience, as it is used as a portion of a later
mesh. The specimen was loaded to 110 percent of the yield stress for a
bilinear material response. This induced a wuniform plastic strain

throughout the specimen.

The next step in the validation of eq. (6.66) was to introduce a crack
along the bottom of the mesh as shown. The residual boundary solution
corresponding to the residual internal strains is computed for the cracked
case by eq. (6.74). Next, the internal strains for the residual boundary
and internal variables are computed from eq. (6.73). In the case of the
test problem, eq. (6.74) produced the uniform displacements compatible with
uniform residual strains; eq. (6.73) computed internal strains equal to the

residual strains.

1.‘5
E o — ADINA
o A -~ BIE
10! S
" E LOAD FACTOR = 0.2075
€ [
off B
102
; B FACTOR = 0.115
10°
1.“4 L 11111(111 L L1l
1 1 102 10"

r/a

Figure 6.6. Comparison of plastic strain distributions
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Z/CRACK

Figure 6.7. Test problem for uniform strains

The next step in the validation of eq. (6.66) was to introduce a crack
along the bottom of the mesh as shown. The residual boundary solution
corresponding to the residual internal strains is computed for the cracked
case by eq. (6.74). Next, the internal strains for the residual boundary
and internal variables are computed from eq. (6.73). In the case of the
test problem, eq. (6.74) produced the uniform displacements compatible with
uniform residual strains; eq. (6.73) computed internal strains equal to the
residual strains.

The elastic stress intensity factor for the problem was then computed
for the residual boundary terms computed from eq. (6.74). If there were
further changes in the residual strains due to unloading plasticity, these
would modify the elastic strain intensity factor through the appropriate
term in eq. (6.66). As required for this simple case, the residual stress
intensity factor was zero. The residual values in the first and third
terms in eq. (6.66) cancel each other to within computer accuracy.
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Figure 6.8 shows the residual stress in a large plate containing a
simulated weld bead. The weld is simulated by a narrow (b/W=1/400) strip
of material with plastic strains equivalent to 100 ksi elastic strains in

an infinite sheet. Both plane-strain and plane-stress solutions were
used. The plastic strains simulate the behavior of material which is
heated to yielding in a confined region and then allowed to cool. The

slight accommodation of the plate to equilibrate the residual welding
stresses is seen in Fig. 6.8.

The BEM analysis was used to obtain K-solutions for various central
crack sizes for cracks transverse to the weld bead. The only reason for
this configuration is to be able to compare the numerical results to an
exact solution for the residual stresses in Fig. 6.8.

'}
UNCRACKED
STRESS Y
100 =1 99,511 i
¥ WeLD ResiDuAL
STRAIN REGION
75 400
- S
50 W - X
25 |-
0 ! | -
5 10 X

Figure 6.8. Simulated residual stresses due to welding

The approach taken is to solve eq. (6.74) to establish the boundary
solution corresponding to the residual strains. Two triangles were used to
integrate the plastic strains in egs. (6.74-6.66); a single quadrilateral
element would also suffice.



112

The results of K(a) are compared to the analytical results using an
influence function approach of Tada and Paris (1983) in Fig. 6.9. The
agreement is essentially exact, as expected. The volume integral in (6.66)
contributes the bulk of the K-solution, as the boundary displacements
associated with the weld plastic strains are very localized.

The algorithm in (6.66) is therefore seen to be a very powerful
solution for residual plastic strains for geometries without known Green's
functions or influence functions. Furthermore, by slight reformulations of
the volume terms, other non-elastic strains, such as thermal strains or
body-force strains, can be analyzed in the same manner.

1.0
ZONE OF RESIDUAL STRAIN
0.8 ’//
” o = 99.511 KSI
W = 400"
0.8 _i
—-l L-—z.
(-]
2
= 04
0.2
0
0 2 4 6 8 10

CRACK HALF-LENGTH (a)

Figure 6.9. Stress intensity factor distribution for
center crack in simulated welded plate

An important engineering application of this approach 1is the
calculation of K(a) for cracks at notches (holes, fillets, etc.) which have
plastic strains due to overloads or cold working. To simulate this
problem, a bolt-hole specimen was modeled as shown in Fig. 6.10. The plate
was loaded in plane strain to 80 percent of the net section plane-strain
stress (Ft =55.8 ksi). Fig. 6.11 shows the progressive development of the
plastic st¥ains, computed by the BEM program with zero crack length.
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An elastic crack was then simulated for A/R=0.05, 0.50. The solution,
as before, requires an equilibrium adjustment to account for the crack in
the boundary solution (6.72), and a K-calculation from eq. (6.71).

Table 6.1 presents the elastic and plasticity-modified stress
intensity factors for the two crack lengths. The approach used is to
calculate K(a) from eq. (6.71) at no load. Table 6.1 gives the values of
K(a) at no load and full load through an addition of the elastic result to
the no-load solution. The results clearly demonstrate how notch plasticity
causes substantial crack closure (K(a) < 0), thereby reducing the stress
intensity factors at full load.

L]

\VAVAVA VARV,

————— l - —— e

Figure 6.10. BIE model of 2:1 plate with central
circular hole (R/W=0.25)
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Table 6.1. Stress intensity factor results (K,/ovna)

a/R=0.05 a/R=0.5
Elastic
-Max. load 3.41 2.070
-Zero load 0 0
Plastic
-Max. load 0.843¢ 1.787¢
-Zero load -2.568% -0.283%

t+ Maximum load values (elasticity) = elastic + zero load values.
% Negative values of K, imply crack closure at positive load.

Figure 6.11. Progressive generation of plastic zone at hole
(tension only)
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7.0 Displacement Discontinuity Modeling of Cracks

7.1 Introduction

The limitations inherent to the BIE formulation of fracture mechanics
problems were outlined in Chapter 4. It was shown that the integral
equations degenerate when two surfaces of the same region become
arbitrarily close.

Two methods for dealing with the degeneration of the BIE fracture
mechanics formulation have been presented. Chapter 4 presents the
multiregion implementation wherein the body is divided into at least two
regions, each containing one of the crack surfaces. Each subregion now has
a regular surface and contains a well-posed elasticity problem. The
subregions are joined at mutual surfaces through continuity relations.

While the solution technique using multiple regions provides quite
satisfactory numerical results, the dividing surface between the subregions
is arbitrary, except for the crack itself. Further, the use of surfaces on
the inside of the continuum has some degrading effect on the accuracy of
the solution. Finally, for fatigue crack growth modeling, crack extension
following some growth criteria will likely result in the need for a full
internal remeshing to keep the crack surface a part of the subregion
boundaries.

The second method for eliminating the problem of the BIE degeneration
is the Green's function method presented in Chapter 5. While the Green's
function can, in theory, be applied to a wide range of crack shapes, the
method is 1limited to two dimensions and requires considerable extra
programming effort. The accuracy of the Green's function solutions is
essentially superior to any numerical approach strictly, as the crack field
is exactly contained in the internal Somigliana identities.

A third method exists, and this 1is referred to herein as the
displacement discontinuity method. In this formulation the crack is
directly treated as a single surface across which the displacements are
discontinuous. An integral equation written in terms of the applied crack
surface fractions can then be formulated and solved numerically. While
still an area of research, the displacement discontinuity method deserves
review in this chapter. Further research progress in this area is needed
and is, in fact, in various stages of the archival publication process.

117
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7.2 Formulation of the Three-Dimensional Traction BIE for Flat Cracks

The initial formulation steps for the flat crack problem are outlined
in Section 4.2. The crack surface geometry is defined in terms of an upper
(+) and lower (-) surface, as shown in Fig. 7.1. For the case of equal
applied tractions on the two crack surfaces, eq. (4.2) gives the Somigliana
identity for internal displacements

u,(p) = - { T;;(P,Q) du;(Q) dS (7.1)
where
Auj = uj(Q ) - uj(Q ) (7.2)

In the case of an additional surface S, the term in eq. (7.1) must be
augmented by the full integrals on S given in eq. (4.1).

As outlined in Section 3.6, the internal stress at the source
point p(x) is obtained by differentiation of eq. (7.1) resulting in

a
Oij(p) = - { Tkij (p,Q) by, (Q) dS (7.3)

X3

Figure 7.1. Definition of flat crack modeling terms
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where

o4 2v 2 2 2 2
8n Tkij[p’Q]/“ 15 (Sijv Lrgs * 6k3V r'ij) + 6kjv r,3i + ékiv r,3j
(7.4)
2 2 2
+ 63JV r’ki + 631V r'kj T 1 r’ijk3

Equation (7.4) 1is written in a form that is convenient for the
geometry shown in Fig. 7.1, where x, is the coordinate normal to the crack
surface. Note the change of coordinates from Fig. 4.1 made for current
convenience. The distance between the source point p(x) and the field
point q(x) or Q(x) is given by the usual distance term

1 (xip-xiQ) (7.5)

Equation (7.3) is generally referred to as hyper-singular in
that p(x) - P(x) results in an unbounded result for r » o. The hyper-
singularity will be removed through an integration-by-parts of eqg. (7.3).
The following three-dimensional identities are useful

vur(p,Q) = 0 p*Q (7.6)
Chy (Gij-r,ir,j]/r(p,Q] (7.7)
¥’r(p,Q) = 2/r(p,Q) (7.8)

Combining eq. (7.8) and eq. (7.7), we find that

V2r .. o= - 8(s,.-r

1] SRLRI (7.9)

Three traction components constitute loading on the crack surface.

These tractions are given for the global coordinate system in Fig. 7.1, as
the negative of the stresses

ti(P) = - 013(P) (7.10)

Letting two internal points (p+,p') be selected as shown in Fig. 7.1, the
stresses from eq. (7.3) are given as
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S lew )
oy3(p7) = - & {[1 %373 3,13’
(7.11)
2 2 2
+ 847 r733 + v F,ki - T r,ik33]Auk[Q] ds}

Integration-by-parts of eq. (7.11) can be performed for derivatives in
the x 1 %5 plane. Letting the Greek subscripts a,8=1,2 refer to these in-
plane directions, the following identity will be used

af K
fg—— = § f oudx - f'f ds (7.12)
r “a C r a

Using the properties of the operators in eq. (7.6) to (7.9), we write

2 .
Pik33 TV Tk T T ik T k22 (7.13)

Equation (7.13) can be used in eq. (7.11) to eliminate nonintegrable r,
terms and odd-order derivatives of r(p,Q) with respect to x,. It is ééen

possible to add the 013(p+) and 0\3(p—) terms to obtain "the following
traction terms

r
0 + 2]
013(9 ) = [ 13(p )+ 013(p )]/2' f [ 2,2] r2
"2
+ (1= v) (duy 5 - Au 1);_;_—] ds
(7.14)
" "2
-g [(ou; == - (1 - v)su, =) dx,
r r
o F2
+ (buy %=+ (1 - v) duy —F) dx2]}

r r
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1
+ (1 - v)(Au2,1 - duy L) 3] s
r (7.15)
l"2 l"1

-4 [[Au2 == - (1 - veu, ) dx,

C r r

1"2 r

+ (Au1 ;5— + (1= v)du, = ]dx1 }

(7.16)
r r
1 2
- ¢ [au, == dx, + au, —2< dx ]}
¢ 3,2 1 3 2 2

Equations (7.14) and (7.15) are coupled in-plane responses for the
shear-loaded crack. As will be shown in Section 7.4, these responses
correspond to the coupled Mode II and Mode III responses of three-
dimensional cracks. The third traction BIE, (7.16), is the uncoupled Mode
I response. All three equations are mathematically equivalent for
numerical analysis. Equations (7.14) to (7.16) apply to the case of equal
tractions on the upper and lower crack surfaces as p(x) » P(x).

Limiting forms of egs. (7.14) to (7.16) without the hyper-singularity
at r(P,Q)=0 are obtained if it is assumed that the displacement derivatives
are continuous at P(x). In that case the integrals may be evaluated for a
small circular disk f; centered at P(x) as follows

"8 "8
{ bu; (@) 3= dS = au; (P { (=3) as

r r
€ €

a1

. { [Aui'a(Q) -t ()] (£2) as
€

~

The first term on the right-hand side of eq. (7.17) is easily seen to be

zero due to the odd order trigonometric term r _. The second term has zero
limiting value forzcontinuity, as the square bracket is of order ¢ and the
area is of order ¢ . Thus, the integral over I is zero, and the principal

€
value of egs. (7.14) to (7.16) exists as p(x) » P(x). Note that the
strength of the principal value interpretation relies on the odd-
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trigonometric term in eq. (7.17); this is much weaker than for the usual
BIE discussed in Section 3.7. The weakness has much to do with the problem
of obtaining direct numerical solutions to egs. (7.14) to (7.16).

Then, taking the principal values of‘}he integrals in egs. (7.14) to
(7.16), we are able to replace p+(§) by P (x) to obtain the traction BIE

for flat crack analysis.

7.3 Formulation of the Two-Dimensional Traction BIE

Let the surface of discontinuity be as shown in Fig. 4.1, with
xpnormal to the crack plane. Also consider the problem to be limited to
plane stress or plane strain such that the Mode III response is zero. The
Mode I and Mode II responses are then uncoupled and have the same
mathematical form. Only the Mode I formulation is considered herein.

The Galerkin vector for the two-dimensional fundamental ‘solution is
given from eq. (3.10) as

* 2
Gy =r (1-log r)ei/Bnu (7.18)

and the displacements as

vt -6 s2(1-y) (7.19)

u; = v i 76y -v .19
where

P - 32/8r2 + (1/r)a/ar (7.20)

The interior displacement Somigliana identity for the case Au1 =0 1is
given by

v 2 2 1
um(p) =¥ { [T:G v G,m * 26m2y G,2 T -y G,m22] Au2 ds (7.21)

for integration as

where we can replace G1m22

G = VG _ -G (7.22)

The appropriate interior stress term for the Mode I traction BIE is
given from Hooke's law as
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u 2

w o= 1-2v m,m *

955 L1212 (7.23)

such that the Somigliana identity for stress is given by

2 12 1
0,5/2u" = - { (- =7 G 1y *+ 725 G pppy] duy S (7.24)

Taking the x,-derivative for integration by parts we obtain

1

X1=-

2 1 2
/2y = -1—:; {[V G—G’221,1AU2IX‘|

a
2
955 T { (v 011-01221] b, ds} (7.25)

=+
which is equivalent to eq. (7.16).

The terms in eq. (7.18) may be substituted into eq. (7.25) to obtain
the needed form of the Somigliana identity

r 1(1+r
2(1-v)n 022/u = { 1

252" )

r

Auz’1 ds (7.26)

As in the three-dimensional case, eq. (7.26) is taken for p+ and p_, and
the 1limiting form of the sum of the two equations 1is obtained
for p(x) » P(x). The traction loading on I is again taken to be equal on
both crack surfaces such that the traction BIE is obtained

a
2(1-v)m 055(x ) /0 = - f —T:L_ dg (7.27)

As in the three-dimensional case, the traction BIE is to be interpreted in
the principal value sense.

Using the full two-dimensional equations, it is equally easy to derive
the uncoupled shear loading traction BIE as follows

a Au

) 1,1
2(1=v)7 0,5 (x,)/u = - {a ;T:é: dg, (7.28)

The two-dimensional traction BIE, (7.27), has an analytical solution,
as shown by Kanwal (1971) to be

3 172 1/2
e = (7.29)

T S a 2 932084048,
n

u
- 2
v ax1 a-x, la a+g, £4-%4

- ic/n/(a®x
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The constant of integration C in eq. (7.29) is used to eliminate singular
terms from integrating the loading in eqg. (7.29).

As an example, take the problem of a uniform crack surface traction
022(g1):-p. Then, integrating eq. (7.29) we obtain

a dET _pla+x)n  _ iC

1) /(az—x?) /(az-xl)

u
w2, 2_2y 7
1y 3%, - P@-x) ) (7.30)

v 3%y “a /(a%-62) (g, ~x

Taking C=pmai, the last two terms in eq. (7.30) cancel, and the principal
value integral is evaluated with the final result given by

wa,/ax,/(1-v) = - px,//(a%=x5) (7.31)
which may be integrated to obtain
2
buy/(1-v) = p/(a®-x5) (7.32)

7.4 Near Crack Tip Solution to BIE

The traction BIE formulation from eq. (7.14) to eq. (7.16) forms the
basis of a study of the three-dimensional crack front stresses. The point
p(x) will be taken in the plane of the crack I, taken for now to be x,=0,
and a slight distance § ahead of the crack front. Let x, be normal to the
crack front, directed along the crack surface, and x, along the crack
front. The relative crack surface motions near the crack tip are
represented asymptotically by

A
bu; = 2C.l(x1)x2 (7.33)

where Ci(x1) is a smooth function, and x» > O.

The in-plane gradients of the relative crack surface motion are given
by

A
Au, 2(dC./dx,)x
i1 i 1772
! ‘] (7.34)

Au 2

i2° 2xCi(x1)x
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Let p(x) be located at (x,, - §,0), where § is taken to be very small
relative to the in-plane dimensions of the crack, and let r(p,Q) be the
Cartesian distance between p(x) and the integration point. Then eq. (7.16)
can be rewritten for the case of Mode I response the limit as §-+0

® X @ X
L ¢ 1 r,a 2
0y2(P) = oy [ A [ osu 5 d (60) (7.35)
33 m(1-v) .8 o 3,a (r/é) )
2 2 .2 . ¥
Now let g=x,/8 and n=x,/8 such that (r/8)=(1+n)"+g". It is easily
established that the term for Au gives a =zero result in eq. (7.20).

Taking then the crack opening term'in eq. (7.19) with r,1:(1+n)/(r/6), eq.
(7.20) becomes

__us B . A-1 (1+n)dn
(®) = phrisoy [m de [ 2Cyn TOROEIEE (7.36)

33
In the local vicinity of &,

(g) is approximately constant such that the
first integral can be evaluateé

X 1 X—‘|dn
ux&*'1c3
S v Cosecant[(1-A)w] (7.38)

It can be established separately, for o to be finite and real on the
crack surface, that x=1/2, with the following result

‘3

- A2
533(P) = 7 (32 (7.39)

==

In the case of the two-dimensional crack opening displacement solution

C3 = 2(1-v)KI/u/(2ﬂ) (7.40)

Use of eq. (7.39) in eq. (7.40) results in the crack tip stress for the
three-dimensional problem

033(p) = K //(2m6) (7.41)
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which, of course, is the same as the two-dimensional result.

Thus, it is seen that for any interior point p(x) the stress state
ahead of the three-dimensional crack has a 1//68 singularity identical to
the two-dimensional results. In fact, if the crack surface is only taken
to be from zero to infinity (corresponding to p(x) at the surface) then the
result is still that for the two-dimensional case, eq. (7.25), except for a
division by a factor of 2. By inversion, finite crack surface applied
stresses must lead to a square-root singular stress (strain) field ahead of
the crack.

7.5 Current Numerical Method

The current numerical method uses a finite element interpolation
scheme for the unknown displacement discontinuities at the crack surface
and their derivatives. In the following, the term "displacements" is used
for "displacement discontinuities" for brevity. By themselves, boundary
element interpolations produce undesirable discontinuities of displacement
derivatives at boundaries of the elements; thus, higher order derivatives
are used as nodal quantities.

A special interpolation procedure is used to satisfy continuity
requirements for the displacement gradients. Displacement fields on the
crack surface are modeled using quadratic 8-noded isoparametric elements
(with quarter-point modeling of O(vR) displacement variation) to the crack
front. The same type of interpolation is used for displacement gradients,
excep? at the crack front, where the explicit crack front singularity
of 0(-5) (where R is the distance from the crack front) is introduced. The
relationship between these two interpolations is established by the
following schemes.

The interpolation of the displacements on a crack is given by the
relation

V.(P) = au,(P) = N(P)au,X= N¥(p) - v.K (7.42)

i i i i
where

i = 1,3

k = 1,n

P = point on the crack surface

n = number of nodes of the mesh

Nk(P) = shape function for node number k (quadratic serendipity

shape function)

Differentiation of Vi(P) with respect to global variable X, will provide
the in-plane displacement gradient field



127

av

k
Vi,a(P = ———( ) = ax (P) . Vi (a=1,2) (7.43)

This field will be, in general, discontinuous at the element boundaries as
are the stresses and strains in standard finite elements.

To find a continuous displacement gradient field corresponding to the
original displacement field, the same mesh 1is wused to interpolate
displacement gradients and to establish a relationship between the set of
nodal displacements and the set of nodal displacement gradients. The
interpolation of displacement gradients will be given by the relation

v. (p) = mI(pyv J (7.44)
i,a i,a

where

1,m

.
H

MJ(P) = shape function for mode number j (quadratic serendipity
function for noncrack front elements; explicit singularity
serendipity function for -elements adjacent to the crack
front).

The nodal values of displacement gradients are found by minimizing the
difference between the two interpolations, (7.43) ‘and (7.44). The
difference between the interpolations on the whole crack surface (indices
k,J running through all nodes of the crack model) can be written in shorter
form as Eia

k:?,n
SO NIRRT =00 (7.45)
ia T i - i,a i=1,3 ‘
a
a=1,2
Using the least-squares procedure, we obtain
r=1,n
jx-: L (P)ds] /av =0 i=1,3 (7.46)
! a=1,2
Substitution of eq. (7.44) results in
j(ﬁv M° - mlvd MT)ds = o r=1,n (7.47)

ax i 1 ,a
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or

. . K
[uwldfas - v o A s Ly K r=1,n (7.48)
. i, a . axa i

The matrix representation of eq. (7.48) takes on the following form

(] {v, b =[] {v} (7.49)
where
[MM] = square matrix of dimensions 6n x 6n
. - Jur
with MMj,. = { MM dS
[NM] = rectangular matrix of dimensions 6n x 3n

aNk
with WM = [ £=Mgs
kra X
r a
} = column vector of nodal displacement gradients
(dimension 6n x 1)

{v.} = column vector of nodal displacements
(dimension 3n x 1)

The above relationships hold for all the nodes except those on the crack
front. Inspection of the integrals in (7.48) reveals that for the nodes
lying on the crack front, the integrals are unbounded. Since MJ(P) -~ O(;ﬁ)
because of the explicit displacement gradient singularity, and

an

Pyl O(}ﬁ) because of the implicit singularity of displacement gradients
[}

obtained from quarter-point elements, we have

[ MIMlds - fo(;ﬁ)0(7%)ds = fo(%)ds z (7.50)
r r r

as well as
J iﬁimjds : jo(l—)o(l—)ds - fO(l)dS e (7.51)
L AX T /RUI/RTE TR T '

for subscript j corresponding to the nodes on the crack front. To remedy
this problem, we rewrite eq. (7.47)
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PNy Ky dy -
M (axa VT - MY ,a]dS =0 (7.52)

for r corresponding to the nodes on the crack front and the domain of
integration rr being a patch of elements containing node number r (the area
on which shape function M" is different from zero). In order for integral
(7.52) to vanish, we may impose

K
N Kk ydy J
axavi = My ,a (7.53)

on T (that is for all subscripts k and j corresponding to the nodes of the
element patch T of Fig. 7.2).

Figure 7.2. Crack front modeling

If the terms on both sides of eq. (7.53) have the same expansion in
terms of in-plane coordinates, then eq. (7.53) can be satisfied exactly by
matching the coefficients of these expansions. The match of the
coefficients can be accomplished by collocating eq. (7.53) at the same
number of points as the number of terms in the expansion. For example, in
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a one-dimensional case, we have Henshell and Shaw (1975) (R is the crack
tip distance):

k
aN k .
5;; V;" = A//R + By, (7.5%)

and if shape functions MJ are selected such that

Jy J .
M vi = A2//R + Bz, (7.55)

b

it is possible to match the coefficients A; to A, and By to B, by
collocating at two points on an element. In the case considered (two
dimensions) the exact match is impossible because of the presence of
certain different terms on the left- and ri%qeéhand sides of eg. (7.53).
However, the match of the principal terms O(R ) and 0(1) (where R is the
local crack front distance) between left and right sides of eq. (7.53),
obtained by collocating the equation at five points of each crack front
element (three nodes at the crack front and two quarter points, Fig. 7.2),
gives a very good match of displacement gradients.

In the computer implementation, the rows of matrix eq. (7.50)
corresponding to the nodes on the crack front as well as the quarter points
are replaced by the matrix form of eq. (7.53)

"non
—_
n w

(7.56)

R -

(N {v,} = (MI{v; _}

i,a

evaluated at the collocation points. The positioning of collocation points
corresponding to the crack front nodes takes into ‘account the loss of
singularity for the curved serendipity quarter-point element.

The matrix MM of eg. (7.49) has the same structure as the finite
element consistent mass matrix; clearly, MM is positive definite. Nodal
values of the displacement gradients are then calculated by

-1
{vi,a} = [MM ][NM]{Vi} (7.57)
This process very closely resembles global stress smoothing sometimes used
in the finite element method, Hinton and Campbell (1974). Since MM is
positive definite and has a strongly dominant diagonal, its inversion does
not present any problems. In short, the global relationship between nodal
displacement gradients and displacements can be written as

{vi OI} = [MNM] {vi} (7.58)
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where

1

[MNM] = [MM™ ][NM]

6mx3m

The numerical solution of the traction BIE, (eq. 7.17), wuses the
collocation method to form the equivalent system of algebraic equations for
the unknowns. Since there are 3n displacement unknowns at n nodes, we take
these nodal locations as collocation points.

The continuous representation of displacement gradients given by eq.
(7.44) allows for easy and natural treatment of the principal value
integrals appearing in eq. (7.17). It can be easily proven that the basic
component of all integrals in eq. (7.17) vanishes as the radius of an
exclusion circle Fe around the source point goes down to zero, viz.,

r,,(P,Q) i=1,3
Iiog(P) = lim fv.l (Q ——ds(Q) = 0 a=1,2 (7.59)
¢ -0 T 1@ r°(P,Q) 8=1,2

Similarly, on any rectangular patch of elements, symmetrical with respect
to the source point at its center (Fig. 7.3), the integral will vanish
identically. Any nonsymmetry of the element patch, with respect to a
source point, however, results in a rapid growth of this term. The
numerical technique employed for the evaluation of integrals resulting from
discretization of eq. (7.17) by the interpolation scheme, eq. (7.44), uses
the regularization approach

J . .
M (Q)F,G(P,Q) . J_ MJ(Q) - MJ(P)

i=1,n
S(Q) - r, (P,Q)ds(Q) s
r, rz(P,Q) r, rZ(P,Q) @ azl,2
J J
(7.60)
j FYQ(P,Q)
+ M(P) [ ——dS(Q)
r, r(p,Q)
J
where
Fj = patch of elements containing node j,

p = source point, located at node j.
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Figure 7.3. Element patches for evaluation of singular integrals

This approach allows for the decrease in the order of singularity of the
integrand from (1/r2) to (1/r) by virtue of the presence of MJ(Q) - MJ(P)
term, which is of the order O(r). The first integral of the right-hand
side of (7.60), having (1/r) singularity, can now be integrated using the
polar coordinate transformation of Rizzo and Shippy (1977). The second
integral of the right-hand side of (7.60), containing the nonintegrable (in
an ordinary sense) singularity, is handled by the following conversion to a
line integral

- dy .
‘:Er. r o
1 J
r,a _
f s = - I (2),,ds = dx (7.61)
r.r T, + [ = a=2
J J ar T

where ari is the boundary of rj.

Both terms on the right-hand side of (7.60) can now be handled
numerically. A high order of integration is necessary, though, for both
surface and line integrals when the source point is located off-center of
the patch rj.

The case when a source point lies outside the patch I', of integration
is less critical 1in the sense that the integrals in%olved are not
singular. When the source point is close to the element integrated upon,
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on the order of shortest element side length away, a very high order of
numerical integration 1is necessary to preserve accuracy. Alternative
schemes, like element subdivision, may also be used in this case. In the
current numerical implementation, a regular Gauss integration procedure is
used with orders of up to 12. C(learly, an improved numerical integration
algorithm is needed.

Discretization of the set of egs. (7.14)-(7.16) with the interpolation
scheme of eq. (7.42) at n collocation points (nodes) gives the following
system of equations

i=1,3

[vv] {vi,a} = {013} az1,2 (7.62)
2=1,3

where
[vv] = 3nxbn array of coefficients
{Vi a} = 6nx1 column vector of unknown displacement gradients
1
{013} = 3nx1 column vector of known surface stresses (tensions)

This underdetermined system cannot be solved directly for the displacement
gradients. To reduce the number of unknowns, we use relation (7.58), thus
changing the unknowns to displacements. We obtain

] el (v} s foggb b ]g (7.63)
or
_ g = 1,3
[vx][vi} E {013} P13 (7.64)
where
(VK13 30 = [VVIIMNM]

is the final array of coefficients. Equation (7.64) has 3n displacement
components as unknowns and 3n equations formulated at n nodes df the
mesh. It can be solved using any convenient linear equation solver after
application of displacement boundary conditions at the crack front

V.. =0 (i=1,3; k=boundary node numbers) (7.65)
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The structure of eq. (7.64) shows that, for the current formulation
for planer cracks, the problem may be separated into two systems of
equations. Crack opening displacements are not coupled through the
equations with in-plane displacements; thus, the system effectively splits
into two systems of equations

, 2
'S (7.66)
[VK_] - {v3} - {033} (7.67)

This property allows for greater efficiency of numerical solution-systems
of egs. (7.66) to (7.67), for the separate subproblems are smaller than the
full system. The decoupling of the system is used in the computer
implementation of the method. After solution of egs. (7.66) and (7.67),
the displacement gradients at nodes can be obtained using eq. (7.58).

Stresses at any location of the infinite body due to crack loading,
except for the crack surface itself, can then be obtained using egs. (7.14)
to (7.16)

o, (p) = - { sjia(p,mvj(o)dsm) (7.68)

Eq. (7.68) presents no particular numerical problem, since the integral is
proper. Higher order numerical integration is necessary only when the
source point p is located close to the crack surface.

Stress intensity factors at nodes of crack front are calculated using
the usual two-dimensional fracture mechanics formulas for plane strain

I 27
K, = ———= /(58 (7.69)
L7818 @
V.. E
K = —— /(2) (7.70)
8(1-v)
V,..E
111 2n
K111 = 501=9) /(a—] (7.71)
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where VI is an opening displacement (V,), VII 1s an in-plane displacement
component normal to the crack front, and VIII Is an in-plane displacement
component tangent to the crack front. The above displacements are for the
nodes closest to the crack front, their distance to the crack being d.

7.6 Numerical Results

The computational algorithm presented in the preceding section 1is
composed of two independent parts: the differentiation operator
(calculation of nodal values of displacement gradients from nodal
displacements) and the traction BIE discretization with respect to nodal
displacement gradients. Previous experience [Polch, et al. (1985)] showed
that the accuracy of the differentiation operator, eq. (7.59), is crucial
to the accuracy of the overall method.

The test of accuracy of differentiation operator consisted of imposing
a nodal displacement pattern corresponding to the solution of a buried
crack problem under constant pressure on a grid in Fig. 7.4. The resulting
pattern of nodal displacement gradients was compared with exact
displacement gradients.

Figure 7.5 shows the predicted crack opening displacement gradient
relative to the exact solution. Some 1irregularities were noted at the
interface between the regular mesh and the crack front mesh. The midside
nodes of the second and third row of elements behind the crack front (see
Fig. 7.6) were relocated to positions that created an implied crack opening
gradient singularity at the actual crack front. The use of these
transition elements smoothed the numerical results.

Figure 7.4. Circular crack model
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Figure 7.5. Radial distribution of displacement gradients
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Figure 7.6. Transition element model
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The second part of the algorithm, the traction BIE discretization, was
checked in a similar fashion to the differentiation operator. A set of
nodal displacement gradients corresponding to the exact solution of a
buried crack under constant pressure was applied to the discretized
traction BIE (7.64). The resulting traction pattern was constant within 9%
for the standard mesh and within 5% for the transition mesh as seen in Fig.
7.7. Again, the application of transition -elements brought about
significant improvement of results.

1.2

1.1

933

T b @
o — 9%3(applied)

09
08 -

0.7

V3

—3_ 06 | A — STRESS FROM EXACT SOLUTION
V3 max

05 - + — NUMERICAL DISPLACEMENTS

04 —— — EXACT DISPLACEMENTS

03

0.1 |

0.0 1 1 A i 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1
r/a

Figure 7.7. Results of computations for circular crack under
constant pressure

The full combined algorithm for solution of the buried crack problem
was applied to circular and elliptical cracks, as in Fig. T7.8. The
circular crack was analyzed with four kinds of loadings: constant pressure,
bending moment, and V-shaped and roof-shaped pressure distributions. The
loadings were selected in order to compare the results of the method with
the exact solutions. The elliptical (a/b=4) crack was analyzed with
constant pressure load only. The results of the constant pressure case in
terms of crack opening displacement are presented in Fig. 7.7. The error
of nodal displacements (and, hence the stress intensity factors from eq.
(7.69) is less than 2%.
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Figure 7.8. Elliptical crack model

The results for the other loading cases are given in Table 7.1, in
terms of stress intensity factors at the crack front, as well as the center
point crack opening displacement. These results are slightly inferior to
those of constant pressure cese. Only at the points of abrupt loading
change do the results degrade noticeably. Otherwise, the accuracy of
results is good.

Table 7.1. Circular crack under various loadings

Moment Loading (o3 = ) ¥ Shaped Loading (o, = P L:l ) Roof-shaped Loading (o3 = P(1 - L,
Numerical Exact Error Numerical Exact Error Numerical Exact Eccor
§]X=0 0 0 0 0.0308 0.0393 -21.6% 0.1274 0.1178 +8.1%
a K| /P/sa Ky /P/ra K[ /P/ra
0° 0.41 0.424 -3.1% 0.438 0.458 -4.u3 0.185 0.179 +3.41
30° 0.354 0.365 -3.0% 0.392 0.404 -3.0% 0.232 0.233 -0.41
60° 0.206 0.211 -2.43 0.254 0.261 -2.7% 0.369 0.375 -1.6%

90° 0.000 0 0 0.085 0.106 -19.8% 0.539 0.531 +1.5%
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8. Two-Dimensional Weight Function Evaluation

8.1 Introduction

The weight function method is based on Rice's (1972) interpretation of
Bueckner's (1971) original paper. The weight function for a crack problem
is generally taken to be the normalized rate of change of surface displace-
ments with respect to crack size for a reference state of loading. As
shown by Rice (1972), this weight function acts as a Green's function for
the crack problem. That is, the solution to any fracture mechanics problem
for the same geometry but different loading conditions can be obtained from
the weight function for the reference set of loading conditions. The
process involves an integration of the uncracked stress field times the
weight function to arrive at the crack tip stress intensity factor for
those imposed stresses.

The singular advantage of the weight function method is efficiency of
computation of the crack tip stress intensity factor for a variety of crack
sizes and loading conditions. Crack size effects such as finite width
effects on stress intensity factor, or size effects where crack size
changes the applied loads (stiffness effects), need to be included in the
weight function. The method reported herein addresses the computational
problem of generating weight functions in a direct and efficient manner,
while providing a general method for the mixed-mode, mixed-boundary value
problem.

The weight function method discussed herein excludes the related,
Green's function method for stress intensity factor evaluation. In the
Green's function method, many of which are given in Rooke and Cartwright
(1976), the stress intensity factor for the reference problem is given in
generalized terms as the response to a point load on the crack surface.
The point load solution is then integrated as a weighted integral of the
applied tractions.

While the Green's function and weight function methodologies are
closely related, the computational approaches for the two methods are
distinct. The current approach focuses on the numerical evaluation of
surface displacement derivatives and tractions to establish the weight
function. The approach is based on the boundary element method for two-
dimensional fracture mechanics, given in Chapter 5.

141
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Most numerical methods for the development of weight functions are
based on boundary integral equation [Besuner (1977)] or finite element
methods [Parks and Kamenetzky (1979)]. The boundary integral equation
solutions have been based upon numerical differentiation of the numerical
results as in Chapter 4. That is, the crack surface displacement numerical
solutions are obtained for two slightly different crack lengths. The
finite element method was modified by Parks (1979) to include in the
virtual work principle an explicit derivative with respect to crack size.
This permitted the FEM-based approach to be more efficient than numerical
differentiation. This approach has been exploited to a great extent by Sha
and Yang (1985).

A second approach to the numerical problem is that proposed originally
by Paris, McMeeking, and Tada (1976). In this method, the weight function
is computed for the problem of cracked body subject to the elastic
singularity tractions on a small circular path surrounding the crack tip.
While most of the results were obtained using the FEM, Cartwright and Rooke
(1985) used the BEM to obtain very satisfying numerical results. Others,
e.g., Grandt (1975) and Petroski and Achenbach (1978), have developed very
efficient means of estimating weight functions for a limited number of
specific geometries.

8.2 Formulation of the Weight Function BIE

A general purpose numerical evaluation of crack surface weight
functions has been developed based on the use of the Green's function
boundary element formulation of the two-dimensional fracture mechanics
problem. The following sections will present a brief definition of crack
surface weight functions and their use. The basic references for these
discussions are Rice (1972) for the weight functions and Cruse (1978) for
the boundary element method. The general weight function approach of
Bortman and Banks-Sills (1983) will be followed.

Consider two loading states for a specified geometry. Applying the
reciprocal work theorem

f t;uids + f tiul
S+T S+T

ds (8.1)

where uj and ti are displacements and tractions, respectively, S is the
surface of the body excluding the crack, and r is the crack surface.

Consider the virtual extension (Aa) of the crack in loading state 2.
A singular traction field, t?, Wwith the usual inverse-square root behavior,
is taken as state (1) to close the extended part of the crack. The
tractions of state (2) ahead of the crack are released, thereby creating
the square-root displacement field u$. The reciprocal work theorem applied
to modified states yields (assuming no changes in applied loading),
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[ tlAu?dS = f Atiulds (8.2)
S+T+AT S+l

where Au, and At, indicate the changes in the displacement and traction
fields, and AT is the change in crack length . Since the integral over AT
on the right-hand side of eq. (8.2) is zero, letting the crack surface to
be stress free, we obtain

ft;Aude + [ tSufar = fAt?uldS (8.3)
S ar S

Using the well-known expansions for the crack-tip fields, t? and u?, and
taking both crack tips to have identical fields, we obtain

[ e5u$ ar = - la

+ K. -K
AT H

II1I

2k &5 (8.4)

1
I

where H = E/(1-v2) for plane strain, H=E for plane stress, and KI and KII
are modes I and II stress intensity factors, respectively.

By using the relationship (8.4), eq. (8.3) can be reduced to the
required relationship, at the limit aa=0
2 ot
au, .
12 12 79Uy 1 9%
(Kp Ky + Ko Kep) = gti 5 dS - gui ds (8.5)

Tl=

9a

Assuming that the boundary conditions are specified over the same section
of the body for both load cases, we have

8u2 at%

y 12 1.2 1 %Y 1 %5
g (K[KT + KpKT;) = g t; 35 95 - g u; 33 ds (8.6)
t u

The boundary has been divided into the part for specified tractions
(St) and that for specified displacements (Su). Since state 2 is general,
we can compute eq. (8.6) from another general independent solution (state -
3). The reciprocal energy release rate is then given by

3 at3

au

4 1,3 1.3 _ 1 i 1 i

o (KIKI + KIIKII] - g t, =5 dS - g u, 5= ds (8.7)
t u
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Combining eqgs. (8.6) and (8.7), we can solve for the stress intensity

factors for the desired problem (state 1) in terms of the solution of the
reference problems (states 2 and 3).

2 2
u, at.
H 3 t i i
Kp = ag (K l] o 598 - [ 55 vy as)
S
t u
(8.8)
3 3
e e - [ bl )]
B S S AR I Ful i P
S
t u
3 3
au 9L’
1 H ,2 1 i i
Ky =g [ ([ ey 5 a8 - [ 55 vy o8]
S
t u
(8.9)
3 1 auf ati
- K7 {(Jt, 57 d8-[57u ds}]
S S
t u
where
.2 .3 3
K = KI KII - KII KI + 0 (8.10)
In the case of symmetric loading, eq. (8.8) reduces to
1 H ; ou e
KI:?(J‘ ti;;ds—fgg—ui ds) (8.11)
UK-KS S S
I t u

This is the same form as developed by Rice (1972), except for the
introduction of mixed boundary conditions. The solution approach using
weight functions is normally given for Su = 0, such that

Ky == (&) —Las = [t ndas) (8.12)
S S
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where h.(S) 1is the weight function. For the mixed boundary value problem,
no single weight function can be written down, and the full form of
equation (8.11) has to be used

k] = ] eln?™ as o [ uled(® as (8.13)
3 1 1 3 11
£ £
where
2
2 _H auy
i T 227%a
bKTKS
and (8.14)
2
200 | _H oty
i .22
UKCKS

Thus, for the general weight function method, one needs an efficient
means for solving the vreference geometry fracture mechanics problem,
subject to any fixed displacement or compliant boundary conditions, to
obtain the rate of change in boundary displacements and tractions and the
crack tip stress intensity factors. The fracture mechanics BEM presented
in Chapter 5 provides the most direct and efficient means for providing
this data in the appropriate manner.

The boundary element formulation of the two-dimensional fracture
mechanics problem is based on the solution of the following boundary
integral equation

* *
Cu+ [Tuds=/[Utds (8.15)
S S

where the physical variables are the boundary displacement and traction
vectors, u, t. The kernel functions U®*, T* in (8) are the displacement and
traction (on S) solutions to the elasticity problem for the infinite plane
subject to a point force loading.

The weight function method requires the solution in terms of the rate
of change of the boundary conditions, as a function of crack length.
Differentiation of eq. (8.15) with respect to crack length is completely
straightforward due to the explicit dependence on crack length of the
kernels of the integral operators. Thus, we obtain the following boundary
identity
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* *
c—+IT*—“ j*—t --fg—— f—ltds (8.16)
5 ‘8 S

The boundary has been denoted as S = 5, + S¢ to denote the notions of both
displacement and traction boundary conditions on portions of the surface.
In general, the mixed boundary conditions involve somewhat more complexity
than is denoted by this notation, but the terms in eq. (8.16) convey the
essential notion of the algorithm.

Letting the vector (3x/3a} correspond to the derivative of unknown
boundary values (both traction and displacement components), and {y} the
known boundary values, a symbolic form of (9) may be written

(a1 {3722} - (a] (ex/2a} = [3B/3aliy} - [aA/2a] (x) (8.17)

Equation (8.17) is obtained from eq. (8.16) by the imposition of a boundary
interpolation system. In the current application, the boundary data is
assumed to vary in a piecewise linear fashion, with x, y representing nodal
variables. The algorithm for the solution of eq. (8.17) consists of

setting up the discrete form of (8) to obtain A,

storing A for later use,

solving for the unknown boundary data,

computing the elements of [3B/3a] and [3A/3a], and

solving eq. (8.17) using the entirety of the boundary conditions.

g =W -

The derivative of the Somigliana identity for the interior displacements
corresponding to the boundary solution of eq. (8.16) is given by

*

* *
wioa = - [T Bass [u Las - gluds I:Ltds (8.18)
s S 5 % a

Equation (8.18) is equally true for interior points or crack surface
points, although care must be exercised in the evaluation of the kernel
functions for crack surface points. The numerical solution of eq. (8.18)
completes the weight function description, in a formal way. That is, by
specifying a suitable number of crack surface locations, the analyst is
given a complete description of the rate of boundary condition change with
respect to crack length, as needed in eq. (8.11).

However, the term from eq. (8.18) for the point at the crack tip is
singular and requires special treatment as discussed in the next section.
It should be noted that even though two sets of weight functions are
required at the boundary point for the solution of mixed boundary value
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problems, only one set is required at the crack surface points, where by
superposition, a mixed boundary condition problem can be reduced to an
uncracked problem subjected to given boundary loadings and to a crack
problem with zero displacements specified over 5, section of boundary.

Three example reference problem calculations are presented which
illustrate the essential numerical capabilities of the weight function
calculation procedure. The first is more in the way of a validation
example, as the problem considered is a simple square plate with a central
crack, Fig. 8.1. The plate is loaded in simple tension transverse to the
crack as shown; this loading results in Mode [ response of the crack. The
crack sizes range from a/W = 0.01 to 0.5.

3
-t w
|
|
w
|
Crack Location
. /_ o
— ¥
8 ————

Figure 8.1. Validation example: square plate with central crack

The smallest crack size is essentially equal to the infinite plate
problem. The computer code calculated stress intensity factors for each
case; for the short crack case the accuracy to the infinite plate result
was to five significant figures. Figure 8.2 plots the normalized crack
opening displacement derivative results for the four cases. In all cases
the resulting distribution is quite smooth over most of the crack; the
finite width effect is seen for the cases of a/w > 0.1. The normalized

crack tip singular behavior is also seen in Fig. 8.2 to be essentially
identical for each of the cases.
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Figure 8.2. Weight function data: tension plate with center crack

Figure 8.3 shows the BEM mesh for the second reference problem
considered in this study. The problem is a plate with a central hole and
an edge crack from the hole. The mesh was established in a manner that
represented mixed boundary conditions, as the left-hand side is taken as a

plane of simulated symmetry. The boundary mesh consisted of 27 nodes and
was discussed in Chapter 5.

The crack is taken to be located at the horizontal symmetry line,
extending from the edge of the crack. It is to be re-emphasized that the
BEM algorithm being used does not model the surface of the crack, as this
surface is explicitly and exactly accounted for in the formulation of the
integral equations. The plate is taken to be sixteen units long, with a
width of eight units and a hole radius of two units.

Figure 8.4 plots the computed stress intensity factors for five crack
sizes (a/R=1.5, 1, 0.5, 0.25, 0.05). The stress concentration factor for
the hole is computed to be 3.59 versus the value of 3.54 from Peterson
(1974). The stress intensity factor for an infinitesimally short edge
crack at the hold is then given by

KI = 1.122 KT o /ma (8.19)
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Figure 8.3. BEM mesh for plate with central
hole and edge crack

The value of normalized stress intensity factor for A/R=0, therefore,
is predicted to be 4.028. The stress intensity factor is seen to decrease
with increasing crack size for short crack lengths due to the effect of the
stress gradient. For longer crack lengths, the values are seen to begin to
rise, as would be expected due to finite width effect. The second curve in

Fig. 8.4 simply normalizes the stress intensity factor such that the value
of a/R=0 is zero.
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Figure 8.4, Stress intensity factors: tension plate with hole

Figures 8.5 and 8.6 present the numerical results for the normalized
weight function of the Mode I reference problem. The results in Fig. 8.5
are essentially of the same shape as in Fig. 8.2, although the zero
intercept is elevated due to the free edge effect. Also, the order of the
curves is affected by a/R. Figure 8.6 normalizes these results by the
numerical results for the center cracked panel (a/W=0). The case for
A/R=0.05 clearly shows the influence of the free edge effect for short
cracks, while the others begin to look more like the results for a center
cracked panel of crack length equal to 2(a+R). The singular behavior of
all of these solutions is essentially identical to the center cracked
results in the normalized presentation of Figs. 8.2 and 8.5.

The final example selected is a validation example for the mixed-mode
case, where a rectangular plate with an inclined crack, Fig. 8.7, is
considered. Weight functions computed at crack surface points for two
solution states are shown in Fig. 8.8. The stress intensity factor for a
third case where the plate is loaded in simple tension was evaluated using
the uncracked stresses and the equivalent form of eq. (8.8) at crack
surface points. The computed values for normalized stress intensity
factors, K. /o/ma and K I/a/na, are 0.720 and 0.593, respectively, which are
essentially identical %o the values directly computed from eg. (5.38).
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Weight function data: tension plate with hole

Figure 8.6. Weight function data: tension plate with hole/center crack
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W =1.0 in.
H = 1.5 in.
2 = /Y2 in.
g = 45°

Figure 8.7. Mixed mode example: plate

Wwith slant center crack
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