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Abstract

The content of this book is essentially theoretical. We present and develop
some very important concepts of speech enhancement in a simple but rigorous
way. Many ideas are new; not only they shed light on this old problem but also
give good hints on how to make things work better than some well-known con-
ventional approaches. With the proposed presentation, all aspects of speech
enhancement, from single channel, multichannel, beamforming, time domain,
frequency domain, time-frequency domain, to binaural, are unified in a clear
and flexible framework. We start with an exhaustive discussion on the funda-
mental best (linear and nonlinear) estimators, from which we show how they
are connected to some important measures such as the coefficient of determi-
nation, the correlation coefficient, the conditional correlation coefficient, and
the SNR. Then, in the subsequent chapters, we show how to exploit these
measures in order to derive all kinds of noise reduction algorithms that can
compromise in a very accurate and versatile way between noise reduction and
speech distortion.
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Chapter 1
Introduction

In this chapter, we briefly explain what is speech enhancement and describe
its general formulation. Then, we present the organization of this study.

1.1 General Formulation of the Speech Enhancement
Problem

We are routinely surrounded by undesired signals, i.e., noise and interfer-
ences. In all applications that are related to speech, from sound recording,
cellular phones, hands-free communication, teleconferencing, hearing aids, to
human-machine interfaces, a speech signal of interest captured by micro-
phones is always contaminated by noise and interferences. Therefore, speech
enhancement algorithms are required in order to clean the noisy signals from
their disturbances. A solution to this problem was first proposed and devel-
oped five decades ago by Schroeder at Bell Laboratories [1], [2]. Since then,
a lot of progress has been made and many approaches have been derived to
solve this fundamental problem with a single microphone, multiple micro-
phones, and in different domains; see [3], [4], [5], [6] and references therein to
have a pretty good idea on how this topic has evolved.
The very general way to formulate the speech enhancement problem is

y=x+v, (1.1)

where the three vectors y, x, and v, of the same length, are the observed
(or noisy), speech, and additive noise signals, respectively. All signals are
zero mean, and x and v are assumed to be independent. The disturbance
is due, obviously, to the signal vector v, which affects both the quality and
intelligibility of the signal vector of interest x. Depending on the context
and how we want things to be processed, the desired signal can be the first
element, z1, of x, a part of x, or the whole vector x. Then, the objective of
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2 1 Introduction

speech enhancement is to estimate this desired signal from the observed signal
vector, y. For that, we need at least to estimate the second-order statistics
of y, i.e., its covariance matrix ®,,.

With a single sensor and in the time domain, (1.1) is expressed as

y(t) = [y y(t —1) - y(t —L+1)]"
=x(t) + v(t), (1.2)

where t is the discrete-time index, the superscript 7 is the transpose operator,
and x(t) and v(t) are defined similarly to y(¢). The goal is then to estimate
x(t), the first component of x(t), from the observed signal vector, y(¢), which
contains L successive time samples picked up by the microphone.

Continuing with the single-channel case but in the time-frequency domain,
we can write (1.1), thanks to the short-time Fourier transform, as

Y(k,n) = X(k,n) +V(k,n), (1.3)

where k and n are the frequency bin and the time frame, respectively. Again,
the objective is to estimate X (k,n) from Y (k,n).

In the multichannel scenario, i.e., with multiple (M) microphones, and in
the frequency domain, (1.1) becomes

y(f) = X(HA(f) +v(f), (1.4)

where y(f) is a vector of length M containing all the microphone signals at
the frequency index f and d is the known steering (or transfer function ratio)
vector whose first element is 1. Then, the objective of multichannel speech
enhancement or beamforming is to estimate X (f) from y(f).

In this book, we discuss these different (and more) aspects of speech en-
hancement in a unified way.

1.2 Organization of the Work

This work is organized into six chapters including this one. The best (linear
and nonlinear) estimators are great tools in statistical signal processing. In
Chapter 2, we show how they are applied to the frequency-domain speech
enhancement problem. We also write these best estimators as a function of
some important performance measures, which will be very useful in the rest
of this study. In Chapter 3, we continue our investigation of the best esti-
mators but in the time domain. We also deal with the best binaural speech
enhancement estimator. In Chapter 4, we focus on the linear case and show
how the most relevant noise reduction filters as well as new ones can be easily
derived from the correlation coefficient. In Chapter 5, we discuss the impor-
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tance of the output SNR and show how it can be used to find fundamental
noise reduction filters and beamformers. Finally, in Chapter 6, we explain
why the fullmode output SNR is of great interest and from this measure we
derive a whole family of filters that can compromise very smoothly between
noise reduction and speech distortion.
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Chapter 2

Best Speech Enhancement Estimator
in the Frequency Domain

This chapter gives a fresh perspective on the best speech enhancement esti-
mator in the frequency domain. We consider the general nonlinear case. In
the first part, we deal with the single-channel scenario, where an example is
studied with gamma distributions and a best quadratic estimator is derived.
Then, in the second part, we focus on the multichannel scenario. Along this
study, a great emphasis is put on some important performance measures
(such as the coefficient of determination in the general nonlinear case and
the correlation coefficient in the particular linear case) that can accurately
tell us how the best estimators behave.

2.1 Signal Model and Problem Formulation

In all this chapter, we drop the dependence on the frequency, f, to simplify
the notation. Therefore, for example, when we mention the random variable
A, we mean A(f).

Let X and V be two zero-mean, independent, and circular complex ran-
dom variables belonging to the same probability space. The signal model
considered in a large part of this chapter is [1], [2], [3]

Y=X+V, (2.1)

where Y, X, and V are the observed, desired (speech), and noise signals,
respectively. Our objective is to estimate X in the best possible way in some
sense given Y. We can, equivalently, estimate V given Y first and then sub-
tract this estimate from the observed signal to obtain the estimate of the
speech signal.

Assuming that all variances are finite, the variance of Y is
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6 2 Best Estimator in the Frequency Domain

var (Y) = E (|Y\2) (2.2)
= var (X) + var (V)
where E(-) is the mathematical expectation, and var (X) and var (V') are the
variances of X and V, respectively. From (2.2), it is easy to see that the input
signal-to-noise ratio (SNR) is
var (X)

iSNR = var (V)

(2.3)

We recall that the SNR is one of the most meaningful measures in speech
enhancement.

2.2 Laws of Total Expectation and Total Variance

We start this section by giving two important properties: the law of total
expectation (or the law of iterated expectations) and the law of total variance
(or Eve’s law).

Let A and B be two circular complex random variables. The conditional
expectation of A given B is the random variable E (A |B), whose randomness
is inherited from B. The law of total expectation says that A and F (A |B)
have the same mean, i.e., [4]

E(A)=FE[E(A|B)], (2.4)

where the outer expectation on the right-hand side of (2.4) is over the distri-
bution of B. In fact, we can easily show the more general result:

E[f(B)Al = E{E[f(B)A[B]} (2.5)
= E[f(B)E(A[B)],

where f(B) is any function of B.
The law of total variance states that [4]

var (A) = E [var (A|B)] + var [E (A|B)], (2.6)

where the outer expectation and the outer variance on the right-hand side of
(2.6) are over the distribution of B. This property can be proved by using the
law of total expectation. Basically, (2.6) says that the conditional variance
on average is smaller than the variance, which actually makes perfect sense
since the uncertainty is reduced.

Since variances are always nonnegative, we deduce from (2.6) that
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var [E (A|B)]
Tar(d) <1. (2.7)

As a result, the classical magnitude squared coherence function can be gen-
eralized to

2 E|var (A |B
hA‘B| - [Var((A|) )
var [E (A |B)]

var (A)

(2.8)

This expression is often called the coefficient of determination in the literature
of statistics [5]. If A and B are independent, then var (4 |B) = var (A). As a
consequence, ’yA‘B|2 = 0. Conversely, if ’7A|B{2 =0, then var [E (A|B)] =0,
which implies that A and B are independent. At the other limiting case,
if A = B, then var(B|B) = 0, which leads to ’7A|B‘2 = 1. In fact, for
A= f(B), we have E (A|B) = E[f(B)|B] = f(B); as a result, |ya5|" = 1.
This coefficient of determination, which is a direct consequence of the law
of total variance and measures how close A is to E (A |B), plays a key role
in the best estimator in general and in speech enhancement in particular.
It can be used as a powerful performance measure in all aspects of speech
enhancement as explained in great details in the rest.

2.3 Best Estimator

Returning to our signal model in (2.1), it is well known that the best estimator
of X in the minimum mean-squared error (MMSE) sense is the conditional
expectation of X given Y [6], i.e.,

E(X|Y)=2Zx(Y). (2.9)
Indeed, let fx(Y) be any (linear or nonlinear) function of Y, we always have
BlIX - zx(V)P| =B (1exP) < B[IX - ix()P], (210)

where Ex = X — E (X |Y') is the error signal between the desired signal and
its best estimator. By virtue of the law of total expectation, the two random
variables X and Zx (YY) have the same mean, i.e.,

E[Zx(Y)] = E(X) = 0. (2.11)

It can also be verified that the MMSE is
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E (\5X\2) = Evar (X |Y)] (2.12)
= var (X) — var [Zx (Y]

= var (X) (1 - |'YX\Y|2) )

which clearly depends on the coefficient of determination.
In the same way, the best estimator of V' in the MMSE sense is the con-
ditional expectation of V' given Y, i.e.,

E(VI|Y)=Zy(Y) (2.13)

and for any (linear or nonlinear) function of Y, fy (Y), we always have
B[V-zv0P] =B (& P) < B[V - P, @19

where &y =V — E(V'|Y)) is the error signal between the noise and its best
estimator. By virtue of the law of total expectation, the two random variables
V and Zy (Y') have the same mean, i.e.,

E[Zy(Y)]=E(V) =0. (2.15)
We also deduce that the MMSE is
E (|5V\2) = var (V) (1 - }W‘Yf) . (2.16)

By adding together the best estimator of X and the best estimator of V,
we obtain the observed signal, i.e.,

Y =E(X|Y)
—E(X[Y)+E(V|Y). (2.17)

The above property is very interesting. As expected, it shows that the esti-
mation errors of both estimators cancel out. In other words, the best esti-
mator of X can be found, equivalently, from the best estimator of V. In the
best estimator of X, E (X |Y') gives the speech distortion perspective while
Y — E(V|Y) gives the noise reduction perspective. From (2.17), we easily
see that £Ex = —&y and, as a result, F/ (|5X|2> =F (|5V|2). Then, equating
(2.12) and (2.16), we obtain

iSNR + |y |* = 1 +iSNR x [yx v |*- (2.18)

From the previous expression, we have
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2
li =1 2.1
iSNllIXILOMV‘Y| ’ (2.19)

2
i =1. 2.2
i, (117 ] (2:20)

In words, the best estimator is able to completely remove the noise when the
input SNR is close to 0 and fully recover the desired signal when the input
SNR approaches infinity. However, (2.18) does not give us any information
about speech distortion in the first case and noise reduction in the second one.
These statements make intuitively sense and confirm what we have always
observed for the best estimator. We also see from (2.18) that there is not

such a thing such as distortionless (i.e., |’Yx‘y |2 = 1) with the best estimator

in general, unless the noise is completely removed (i.e., hv‘y|2 = 1) at the
same time.

In the pathological scenario where X and V are independent and identi-
cally distributed (i.i.d.), we have

E(X\Y):E(V|Y):§. (2.21)

As a result, single-channel speech enhancement is not feasible with the best
estimator. So when the distribution of the noise resembles the one of the
speech, we should not expect much noise reduction, not because of the prob-
lem of estimating statistics of nonstationary signals but because the distri-
butions of the speech and noise may be similar. In this difficult scenario, the
only way to attenuate the level of the noise is to use more than one sensor
(see Section 2.6).

Best Linear Estimator

It is of great interest to study the best linear estimator because of its simple
form. The study of this very important particular case can also lead to better
insights into the best estimator in general.

It is well known that the best linear estimator of X in the MMSE sense is

EX|Y)=HxwY, (2.22)
where
var (X)
H = v 7 2.2
W Sar (Y) (2.23)
_iSNR
- 1+iSNR

is the celebrated Wiener gain. In this case, the coefficient of determination
and the MMSE are, respectively,
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2
lvxy|”=Hxw <1 (2.24)

and
E (\X - HX’WY|2) = var (X) (1 — Hx.w). (2.25)
The coefficient of determination, |7X|y|2, is a good measure of the desired

signal distortion; a value close to 1 (resp. 0) means low (resp. large) distortion.
In the same manner, the best linear estimator of V' in the MMSE sense is

E(VIY) = HywY, (2.26)
where
var (V)
H = 2.2
VW T ar (Y) (2.27)
_ 1
~ 1+iSNR’

We deduce that the coefficient of determination and the MMSE are, respec-
tively,

2
|| =Hyw <1 (2.28)
and

E (|v - HVVWY|2> = var (V) (1 — Hyw). (2.29)

The coefficient of determination, ’Yv‘y|2, is a good measure of noise reduc-
tion; a value close to 1 (resp. 0) means large (resp. low) noise reduction.
It is clear that

Y=EXI|Y)+E(VI|Y) (2.30)
or, equivalently,
1= HX,W"‘HV,W- (2.31)

We also have

2

1= "7X\Y|2 + "YV\Y , (2.32)

which is only true for the best linear estimator. This relation shows the
fundamental compromise between noise reduction and speech distortion, in
. . . . 2 2
the single-channel case and with Gaussian signals, as "YX|y| and "Yv‘y| go
in opposite directions. For large noise reduction (resp. low speech distortion),
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|’ley|2 (resp. }7X|y|2) is rather close to 1, so that |’Yx‘y|2 (resp. |’Yv‘y|2) is
close to 0 implying large speech distortion (resp. low noise reduction).

We can state that nonlinear noise reduction in the single-channel case is
extremely efficient if the following condition holds

x|+ |~ 2 (2.33)

Under this condition, which can be fulfilled depending on the distributions of
X and V but certainly not when they are both Gaussians, we can have large
noise reduction and low speech distortion. It can be very instructive to find
some distributions for which (2.33) is more or less fulfilled. This is certainly
. . 2 2 . .

possible since "yx‘y| = |’Yv|y| =1 is a solution of (2.18).

This study suggests that, in the general case, we can combine the speech
distortion and noise reduction measures into one convenient measure:

0sc = |’)’X|y|2 + |’YV|Y}2, (2.34)

where 1 < pg¢ < 2, with the subscript g¢ standing for single channel. For gogc
close to 2, we have the almost perfect estimator while for pgc close to 1, we
deal with the linear case and the well-known unavoidable compromise. There-
fore, the larger is pgc, the less the compromise between speech distortion and
noise reduction.

We conclude this part by saying that ”Yx‘y Wiy 2, and psc are accu-
rate, convenient, and most useful performance measures for the evaluation
of the single-channel speech enhancement problem with the best estimator.
The first measure quantifies distortion of the desired signal, the second one
evaluates noise reduction, and the last one tells us about the compromise.

2
3

2.4 Example with Gamma Distributions

The study of this section is somewhat an extension of the works presented in
(7], 18], [9], [10].

2.4.1 Reformulation of the Problem and

Approximation

We can also express (2.1) as

V]! = |X|e?* 4 |V ]!V, (2.35)
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where 7 is the imaginary unit, and 6y, fx, and 6y are the phases of Y, X,
and V, respectively. In the rest, we will use the approximation:

Y=Y~ X+V=|X|+|V] (2.36)

as it is very often the case in the single-channel speech enhancement problem
in the frequency domain. Therefore, we have Y € [0,00) and X,V € [0,Y].

As a result, when the estimator X is derived for the magnitude of the speech,
the estimator of X is

X = Xel (2.37)

Then, our objective is to derive and evaluate the best estimator of X , from
an MMSE perspective, with gamma distributions.

2.4.2 Best Estimator

It is well known that the modulus of the desired speech signal can be well
modeled with the gamma distribution:

= A Sl AR v
~ — & > .
g (X) Fa ST K20 (2.38)

where o > 0 is the shape parameter, A > 0 the scale parameter, and I'(-) the
gamma function. The gamma distributed random variable X is denoted

X ~ Ty (2.39)
The mean of X can be easily calculated; it is given by

E (5() - % (2.40)

The magnitude of the noise can also be modeled with the gamma distri-
bution but with a different shape parameter, 8 > 0, i.e.,

~ A~ ~ -
o (V) - mvﬂfle*”, V>0, (2.41)

which we denote V ~ I . The mean of V is then

E (17) - § (2.42)

It can be verified that
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oo (7) = pse (7)

Y

:/ g (X)pf, (Y—X)dX
0

_ AtP }7a+6—167,\17

=Tt d , (2.43)

meaning that Y is also a gamma distributed random variable, i.e., Y ~

Lot N B
The joint distribution of ¥ and X is

p?))} (?,X) pr/’)} (}7 —X,X)
—pp (V= X) g (X), (2.44)

where the last equation is the consequence of the fact that X _and V are
independent. Therefore, the conditional distribution of X given Y is

(%l :M
Px|y( ‘ ) p;(?)

o (V- %) rx (5)
= £ . (2.45)
vy (V)
Substituting (2.38), (2.41), and (2.43) into (2.45), we easily find that

~\ « ~\ B-1
o\ Ta+p) 1 (X X

Now, we have everything to find the best estimator in the MMSE sense:

~

)?:E()?‘f/)
:/Oy)zpﬁ (X[7)ax

_ — a ~\ B-1
:zm/oY (;) (1_);) ax. (2.47)

Making the change of variables U = X / }77 we can write the previous expres-
sion as
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~ I'(a+p)

E(X ‘ff V2P Bla+1 2.4
where
1
B(a, B) :/ vt -u)tau (2.49)
0
_ () I (B)
I'(a+p)
is the beta function. Using the relationship:
I'a+1)=al (o), (2.50)
the best estimator simplifies to
E(X[V)=7- T3
- E(%)
=Y (2.51)

B(X)+E(V)
Obviously, the estimator in (2.51) leads to the MMSE, assuming the approx-
imation in (2.36). We see that noise reduction is possible because the two

distributions of the speech and noise have different shapes.
Finally, we deduce that our estimator is

X¢ = HgY, (2.52)

where

__ Egx)
e = FUxD + BQV) 259

is a positive gain. It is of interest to compare this approach to the classical
Wiener gain technique:

Xw = HwY, (2.54)

where

e E(xP)
VT E(XP+E(VE

(2.55)

From (2.52), we easily find that the noise reduction factor and the speech
distortion index are, respectively,
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1

fnr (HG) = Hié (256)

and

vsa (Hg) = (1 — Hg)?. (2.57)

2.5 A Brief Study of the Best Quadratic Estimator

From Section 2.3, we know that any random variable X can be decomposed
as

X=E(X|Y)+&x, (2.58)

where £x is a zero-mean random variable with E(Ex|Y) = 0 and
E[f(Y)Ex] = 0, and f(Y) being any function of Y. Obviously, the same
decomposition applies for the noise signal, V. In this section, we assume that
at least one of the two signals X and V is not Gaussian. Therefore, we can
generalize the linear model to the quadratic one:

E(X|Y)=Hy, Y + Hy,Y|Y| =hily, (2.59)
E(V|Y)=Hy,Y + Hy,Y[Y| = hily, (2.60)
where the superscript * and f are the complex-conjugate and conjugate-

transpose operators, hx and hy are two complex-valued filters of length 2,
and

~ T
y = [Y Y|Y|] .

For convenience, we also define the two vectors of length 2:
x=[X x|x|]",
v=[vviv]]".

The minimization of E <|5X|2) and F (\5V|2> leads to the best quadratic
estimators:

hy g = cov ! (¥) cov (¥,X

~—

i, (2.61)
hy,q = cov™! (§) cov (7, ¥) i, (2.62)

where cov (y) = F (??H), cov(y,x)=F (?iH), cov(y,v) =F (?VH), and
i= [1 O]T. It is clear that
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hy oy +hii gy =Y. (2.63)

We deduce that the MMSEs are

- 2
E (‘X - thy’ > = var (X) (1 - |§X‘Y|2) , (2.64)
~ 2 o
E(’V—hg{Qy‘ ) = var (V) (1— Fviv] ) (2.65)
where
T ~ ~ 1/~ ~ o~ .
- 2 itcov(x,y)cov ' (y)cov(y,x)i
= 2»
|7X\Y| var (X) ) (2.66)
T ~ ~ 1~ ~ ~\ .
- 2 itcov(v,y)cov ! (y)cov(y, V)i
= 2.
"YV\Y| var (V) (2.67)
Property 2.1. We have
~ 2 2
{7X|Y| > |'YX\Y| ; (2.68)
~ 2 2
hV\Y‘ > "7V|Y ) (2.69)

where |7x|y‘2 = var (X) /var (Y) and |’yV|y|2 = var (V) /var (Y) are the
coefficients of determination for the best linear estimators (see Section 2.3).

Proof. Let us define the normalized covariance matrix:

cov (¥,X)

covn (y,X) = ar (X)

(2.70)

It is easy to verify that the first element of the vector covn (y,X)1iis 1. We
can express (2.66) as

HX\Y|2 = var (X) il covn (X,¥) cov ! (¥) covn (¥, X) i. (2.71)

Using the Cauchy-Schwarz inequality:

[i"covn (X,¥) cov ™! (¥) covn (¥, %) i] [iT cov (¥) ]

> [iTcovn (3, %) i|° = 1 (2.72)
and substituting this result into (2.71), we find the inequality in (2.68). The
inequality in (2.69) can be shown in the exact same way. Inequalities in (2.68)
and (2.69) are also consequences of the MMSE.

From Property 2.1, we can say that the best quadratic estimator reduces
more noise and distorts less the desired speech than the best linear estimator.
We also have
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gsc = x|t + Fvie|) > 1, (2.73)

which means that the best quadratic estimator better compromises between
noise reduction and speech distortion than the best linear estimator.

2.6 Generalization to the Multichannel Case

In the multichannel context, we assume that we have M sensors and, hence,
M observations. Therefore, the observation signal vector is given by [11]

y=[Y1Ys - Yy
— Xd +v, (2.74)

]T

where X is the zero-mean random desired signal, d is the known steering (or
transfer function ratio) vector whose first element is 1, and v is the zero-mean
random noise vector. Assuming that X and v are independent, we deduce
that the covariance matrix of y is

cov (y) = E (yy™) (2.75)
= cov (x) + cov (V)
= var (X)dd? + cov (v),
where var (X) is the variance of X, and cov (x) and cov (v) are the covariance
matrices of x and v, respectively.

Considering the random variable X and the random vector y from the
signal model in (2.74), the law of total variance is

var (X) = FEvar (X |y)] +var[E (X |y)]. (2.76)

As a consequence, the coefficient of determination is

oyl =1~ Ele ) om
_ var[E (Xy)]
var (X)

This measure is close to 1 when there is little noise and may get smaller
when the noise increases. Let Vi be the first component of v. The law of
total variance and the coefficient of determination are, respectively,

var (V1) = B [var (Vi |y )] + var [ (Vi |y )] (2.78)

and



18 2 Best Estimator in the Frequency Domain

2_ |
|'7V1|Y‘ =1 var (Vl) (279)
v [E(Vily)
 var(Vy)

where var (V4) is the variance of V;. We see that when the noise dominates,

|7v1|y|2 is close to 1.
Similar to the single-channel case, the best estimator of X in the MMSE
sense is

E(Xy)=2x(y) (2.80)
and the MMSE is
E|1X = Zx(y)P| = B [var (X |y)] (2.81)
= var (X) — var [Zx(y)]
2
= var (X) (1 — |rxyl ) .
Also, the best estimator of V7 in the MMSE sense is
EWly) =2Zv(y) (2.82)
and the MMSE is
E[IVi = 2, ()] = Blvar (X |y) (2.83)
= var (V1) — var [Zy, (y)]
2
= var (V1) (1 — |’yVl‘y’ ) .
Let Y7 = X + Vi be the first component of y. We have

Yi=EMly) (2.84)
=EXy)+EMWly).

This means that if we know E (X |y), we can deduce E (V1 ]y), and vice
versa. Also, in the best estimator of X, F (X |y) gives the speech distortion
perspective while Y1 — FE (V; |y) gives the noise reduction perspective. We
have the fundamental relation:

. 2 . 2
iSNRgc + "yvl‘y| =1+ iSNRgc x |'7X|y‘ , (2.85)
where
. var (X)
N = 2.
iSNRsc = — ) (2.86)
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is the input SNR at the first sensor, which is equivalent to the single-channel
input SNR.

Now, let us focus on the best linear estimators for X and V; in the MMSE
sense. For X, we have

E(X|y) =h¥ wy, (2.87)
where
hyw = var (X)cov ! (y)d (2.88)

is the multichannel Wiener filter. We find that the coefficient of determination
is
|7X‘y|2 = var (X)d"cov™! (y)d (2.89)
~ var(X)d¥cov ! (v)d
~ 1+var(X)dHcov—!(v)d’

which is a good measure of speech distortion. By analogy to the single-channel
case, another interesting way to define the input SNR in the multichannel
case is the fullmode input SNR (see Chapter 5 for a detailed discussion on
this measure):
-1
ISNRpny — tr [cov™! (v) cov (x)] (2.90)
M
var (X)dfcov~! (v)d
M )

where tr[-] is the trace of a square matrix. Therefore, we can express (2.89)
as

M x iSNRpym

2
= <1 2.91
"Yle‘ 14+ M x iSNRpym — ( )

which strongly depends on M. As the number of microphones increases, this
measure gets closer to 1, which of course makes sense since increasing M
improves the estimator. For Vi, we have

E(Vily) =h{, wy, (2.92)
where
hy, w = cov ™! (y) cov (v)i (2.93)

is the multichannel Wiener filter for the estimation of V4, with i being the first
column of the M x M identity matrix I,;. The coefficient of determination
is then
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iT

2 cov (v) cov! (y)cov (v)i
= 2.94
|7V1\Y| var (V1) ( )
. 1+ M x iSNRgym — iSNRgc <1
B 1+ M x iSNRpm -7
which is a good measure of noise reduction.
We now give an important property.
Property 2.2. Let
2 2
oMC = |7x|y| + "le\y’ (2.95)

be the combined speech distortion and noise reduction measures in the mul-
tichannel case. With the best linear estimators, we always have

omc > L. (2.96)

Proof. Using (2.91) and (2.94), it is easy to see that

. M x iSNRFM — iSNRSC
omc =1+ 1+ M % iSNRp . (2.97)

We need to show that the quantity M x iSNRgpy — iSNRge is positive, i.e.,

M x iSNRpy — iSNRgc = var (X) [df cov™ (v)d — () (2.98)
> 0.
From the Cauchy-Schwarz inequality, we have
’de|2 =1< [iTcov(v)i] [d7cov (v)d], (2.99)
implying that
dfcov ! (v)d > ﬁ(%)' (2.100)

As a result, onic > 1.

Therefore, we always have 1 < oy < 2. This is the fundamental differ-
ence with the single-channel case, where psc = 1, showing the compromise
between noise reduction and speech distortion, while in the multichannel sce-
nario, we can limit this distortion and have more noise reduction by using
more microphones. In fact, it is easy to show that |7X‘y|2 > |’Yx‘y|2 and

|7V|y|2 > |’yV|y{2, meaning that the multichannel best linear estimator dis-
torts less the desired speech and reduces more noise than the single-channel
best linear estimator. One can also verify that
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N}i_r)noO oMc = 2. (2.101)
It can be checked that
Vi=EX|y)+EWily) (2.102)
or, equivalently,
i=hxw+hy, w. (2.103)

It is interesting to observe that the coefficients of determination can also be
expressed as

2
lvx)y|” =h¥ wd (2.104)
and

h{f weov (v)i

AR (2.105)

}7V1\Y|2 =

which are well-known measures of the desired signal distortion and noise
reduction in the multichannel case with linear estimators. Indeed, the
closer h?wd is to 1, the less distorted the speech signal, and the closer
h{l wcov (v)iis to var (V1), the more noise reduction.

From (2.85) and (2.95), we deduce for the best estimator (linear or not)
that

2 iSNRgc — 1+ omc
= 2.106
il 1+ iSNRgo (2.106)
and
2 ovc X iISNRge + 1 — iSNRge
[yl = . (2.107)

1+ iSNRgc

The two previous expressions tell us the following. For a low input SNR,
thly‘z is close to 1, meaning that there is a good amount of noise reduction;
however, ’fyx‘y |2 depends mostly on gyic—1, meaning that distortion depends
on the number of microphones and the distributions of X and V;. For a
large input SNR, |7X|y|2 is close to 1, meaning that there is low distortion;

however, ’7V1|y‘ is close to omc — 1, meaning that noise reduction depends
on the number of microphones and the distributions of X and Vj. For a
large number of sensors, the effect of the distributions of X and V' on the
performance of the multichannel best estimator becomes negligible.
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Chapter 3

Best Speech Enhancement Estimator
in the Time Domain

In this chapter, we study the best speech enhancement estimator in the time
domain. The first part focuses on the single-channel scenario, where impor-
tant insights are given thanks to different kinds of correlation coefficients;
in the linear case, we obtain the well-known Wiener filter whose functioning
is explained within this general framework. The second part deals with the
best binaural speech enhancement estimator; the approach taken here is by
the reformulation of the binaural problem into a monaural one thanks to
complex random variables. As a consequence, the linear case results in the
widely linear Wiener filter.

3.1 Signal Model and Problem Formulation

In the first part of this chapter, we are concerned with the speech enhance-
ment (or noise reduction) problem, in which the time-domain desired signal,
x¢, with ¢ being the discrete-time index, needs to be recovered from the noisy
observation [1], [2], [3], [4]:

Yt = Ty + Vg, (3.1)

where v; is the unwanted additive noise signal, which is assumed to be in-
dependent of x;. All signals are considered to be real, zero mean, stationary,
and broadband.

The signal model given in (3.1) can be put into a vector form by considering
the L most recent successive time samples, i.e.,

T
Yt = [yt Ye—1 -~ yt—L+1]
= X¢ + Vg, (32)
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where y; is a vector of length L, and x; and v; are defined in a similar way

to y¢.
Since z; and v are independent by assumption, the covariance matrix (of
size L x L) of the noisy signal can be written as

cov (y:) = E (yey7) (33)
= cov (x¢) + cov (vy),

where cov (x;) and cov (v¢) are the covariance matrices of x; and vy, respec-
tively. From (3.3), we deduce that the input SNR is

(3.4)

where var (z;) = E (27) and var (v;) = E (v}) are the variances of z; and v,

respectively.

Another important measure in the context of speech enhancement is the
squared Pearson correlation coefficient (SPCC) [1], [5]. It is easy to see that
the SPCC between x; and y; is

cov? (4, i)
var (z;) var (y)
_ E? (wye)

E(27) E (y7)
~iSNR
1 +iSNR’

2 _
pzuyt -

In the same way, the SPCC between v; and y; is

02 = E? (viy)
v E(vf) E(y7)
1

T 1+iSNR’ (3.6)

As a result,

L=02, 4 + Pors (3.7)

This shows how the important correlation coefficients are naturally related
to the input SNR since they also equivalently tell us how the observed signal
is noisy.

As it can be guessed, in this single-channel noise reduction problem, our
desired signal is x; that we would like to estimate from the observation signal
vector, y¢, in an optimal way thanks to the best estimator.
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3.2 Best Estimator

Considering the random variable x; and the random vector y;, and using
conditional expectations, we can decompose the variance of x; as

var (z¢) = FE [var (x4 |y )] + var [E (z¢ |yt )] (3.8)

where the outer expectation and the outer variance on the right-hand side of
(3.8) are over the distribution of y;. This property is called the law of total
variance [6]. Since variances are always nonnegative, we deduce from (3.8)
that

var [E (z¢ |y:)]

0<
var ()

<1 (3.9)

As a result, the SPCC can be generalized to

i, =1 - el (3.10)

_ var Bz lye)]
var ()

This expression is often called the coefficient of determination in the literature
of statistics [7]. If z; and y, are independent, then var (z¢ ly;) = E (27 |y ) —
E? (x4 |y:) = var (z;). As a consequence, pitl}’t = 0. Conversely, if pit‘yt =0,
then var [E (x¢ |y; )] = 0, which implies that x; and y, are independent. At the
other limiting case, if x; = y¢, then var (y; |y: ) = 0, which leads to pit =1
In fact, for x; = f(y:), we have E (z¢ |y:) = E[f(yt) lyt] = f(y1); as a result,
pitl)’t = 1. This coefficient of determination, which is a direct consequence
of the law of total variance and measures how close z; is to E (x¢ |y: ), plays
a key role in the best estimator in general and in speech enhancement in
particular. It can be used as a powerful performance measure in all aspects
of speech enhancement as explained in great details in the rest.

In the same manner, we can decompose the variance of v; as

var (vy) = E [var (v |y )] + var [E (v |yt )], (3.11)

from which we deduce the coefficient of determination:

E[var (v |y+)]

o () (3.12)

2 _
’Ovt|}’t, =1-

_ var [E (v |y)]
var (vy)

It is well known that the best estimator of x; in the MMSE sense is the
conditional expectation of z; given y; [8], i.e.,
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E(zt|yt) = 2z2,(yt) (3.13)
Indeed, let

ez, =T — E(z |yr) (3.14)

t

be the error signal between the desired signal and its best estimator, and let
fx,(y+) be any (linear or nonlinear) function of y;. We always have

B(3) = EB{lr -2 0P} < B{lo - L} (315)

By virtue of the law of total expectation, the two random variables x; and
2z, (yt) have the same mean, i.e.,

E 2y, (yt)] = E (x) = 0. (3.16)
It can also be verified that the MMSE is

E (eit) = E[var (a1 |y )] (3.17)

= var (x4) — var [zq, (y¢)]

= var (x4) (1 - piglyz) .
The MMSE clearly depends on the coefficient of determination, pit‘yt, which
can be seen as a good measure of distortion of the desired signal, x;. The closer
is pit‘yt to 1, the less distorted the desired signal with the best estimator.

Then, we can deduce a distortion measure, which is close to the conventional
speech distortion index, i.e.,

EeQ)

Xt

Vg = =1-02, . (3.18)

var ()

We also notice in (3.17) the law of total variance since E (€2 |y;) =
var (z; |y:) and E [E (€2, |y:)] = E (€2,).

Tt
In the same way, the best estimator of v; in the MMSE sense is the con-

ditional expectation of v; given yy, i.e.,

E (vt |yt) = z0,(yt) (3.19)

and for any (linear or nonlinear) function of y¢, f,(y:), we always have

B(e2) = B{lo =20 } < B{lo~ fuy)}. (3:20)
where

e, = vt — E (v |ye) (3.21)

t
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is the error signal between the noise and its best estimator. By virtue of the
law of total expectation, the two random variables v; and z,, (y:) have the
same mean, i.e.,

E [z, (y1)] = E (vt) = 0. (3.22)

We also deduce that the MMSE is
E (e2,) = var (v;) (1 - p?}tlyt) : (3.23)

The coefficient of determination, pf}fl}'t’ is a good measure of noise reduction.

The closer is pgt Ve to 1, the more noise reduction with the best estimator.

In the pathological scenario where z; and v; are independent and identi-
cally distributed (i.i.d.), we have

Yt
E(zilye) = E(velye) = 5 (3.24)

and pit‘yt = pf}t‘yt = 1/2. As a result, single-channel speech enhancement in
the time domain is not feasible with the best estimator.

By adding together the best estimator of z; and the best estimator of vy,
we obtain the observed signal, i.e.,

Yt = E (ye|ye)
=E(z|ye) + E(velye)- (3.25)

The above property shows that the estimation errors of both estimators cancel
out. In other words, the best estimator of x; can be found, equivalently, from
the best estimator of v¢. In the best estimator of x;, E (z;|y:) gives the
speech distortion perspective while y; — E (v; |y:) gives the noise reduction
perspective. From (3.25), we easily see that e,, = —e,, and, as a result,
E (€2)) = E (e2,). Then, equating (3.17) and (3.23), we obtain

Tt

iISNR + p7, |, = 1 +iSNR x p3, | . (3.26)
From the previous expression, we have
. 2 o
isllfllgunﬁ() Puly. =L (3.27)
li 2 . =1 2
iSNll{H—lmo Py (3.28)

In words, the best estimator is able to completely remove the noise when the
input SNR is close to 0 and fully recover the desired signal when the input
SNR approaches infinity. However, (3.26) does not give us any information
about speech distortion in the first case and noise reduction in the second
one. Using the fact that
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2 1— 2
iSNR = Zzew 2 Pow (3.29)
pvt,yt 1- plt’yt
we can also express (3.26) as
2 1—p?
Povwe _ Doy _jgNR. (3.30)
pvullt 1 - pwt|yt
Property 3.1. We have
pitlyt 2 pit,yt’ (3'31)
p12)t|b’t 2 p%tyyt' (332)
As a consequence,
Prilye T Py, = L. (3.33)

Proof. Let us consider an estimate of the desired signal that is proportional
to the observation, i.e.,

21*; (yt) = a@yta (334)
var (y;)

where a # 0 is an arbitrary real number. In this case the MSE is

E (@) = E{lo -z, (vl } (3.35)
=var (z;) [(1 4 &) — 2004, 4,] -

Since E (€2,) > E (€2,), we deduce that

pitl)’t > —a® + 2004, 4, (3.36)

For the particular value of o = p,, ,, in the previous expression, we find that
pitlyt > pit,yt. We can use a very similar proof to show the inequality in

(3.32).

The above suggests that we can combine the speech distortion and noise
reduction measures into one convenient measure:

e= pitb/t + p12)t|)’t’ (337)

where 1 < p < 2. Fundamentally, ¢ measures the compromise between speech
distortion and noise reduction. For o close to 2, we have the almost perfect
estimator with the best estimator in the sense that the noise is almost all
removed and speech distortion is almost nonexistent. For o = 1, the observed
signal is fundamentally not affected; this will happen only when speech and
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. .. 2 _ 2
noise are i.i.d., so that. Pailye = Poilys
deduce for the best estimator that

= 1/2. From (3.26) and (3.37), we

, _ 0—1+iSNR
Prdy: = 711 ISNR (3.38)
=ps, 4 (0= 1)+ 13, .,
and
(0 —1)iSNR + 1
Palye = (3.39)

1+ iSNR
= pit,yt (Q - 1) + p%t,yt'

The two previous expressions tell us the following. For a low input SNR,
pzt‘yt is close to 1, meaning that there is a good amount of noise reduction;

however, pi depends mostly on ¢ — 1, meaning that distortion depends

tlyt
on the distributions of x; and v;. For a large input SNR, pitlyt is close to 1,

meaning that there is low distortion; however, pitlw is close to o— 1, meaning

that noise reduction depends on the distributions of x; and wvy.
While the SPCCs pihyt and pghyt give a very good indication on the state
of the noisy signal (since they are related to the input SNR), the coefficients

of determination piflyt and pi\yf’ as well as o give a very good indication on

the enhanced noisy signal with the best estimator since pitlyt and pitl)’t are
good measures of speech distortion and noise reduction, respectively, and o
is a good measure on the compromise between the two.

From Property 3.1, we can also define the gain in SNR of the best estima-
tor:

oSNR

~ iSNR

P’ ?
e e 3.40
(1_p12)t|Yt> T ( )

where 0SNR is the output SNR of the best estimator®. This definition of the
gain in SNR is justified by the facts that G is always greater than or equal to
1 and for i.i.d. speech and noise, G = 1. Using (3.30), we easily see that the
output SNR in (3.40) is

1 It is important to keep in mind that a rigorous definition of the output SNR of the
best estimator in general may not be possible since the output SNR is a second-order
measure while the best estimator depends on distributions. This is why the coefficients of
determination may be the most natural and reliable measures in this context.
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P> ’
0SNR = iSNR x [ ¥t
1 - pﬂt|Yt

ot
- zelye > iSNR. (3.41)

(1 N pitb’t) (1 o pitb’t)

One can check from the previous expression that when speech is large as
compared to noise, the output SNR is also large, and when speech is small as
compared to noise, the output SNR is also small; this is consistent with the
definition of the output SNR. In this context, we define the speech reduction
factor and the noise reduction factor as, respectively,

o= (3.42)

pﬂ?tb’t
and

Sor = _ (3.43)

9 2
(1-r)

As a consequence, we deduce the fundamental relationship for the best esti-
mator:

Enr B oSNR
& iSNR’

(3.44)

which is well known in the linear case. This is an even more insightful way to
explain the compromise between noise reduction and speech distortion with
more intuitive measures. It is quite remarkable that these measures, which
should resemble the conventional ones with linear filtering, are derived in such
a simple way for the whole class of best estimators (linear and nonlinear).

Another interesting measure is the conditional correlation coefficient
(CCC). The CCC between x; and v; given y; is

s = cov (x4, ve|y+) (3.45)
poe L var (zelye) var (vely:)

where

cov (zy, velye) = E{[ze — E (ze|ye)] [ve — E (velyd)] [ye} (3.46)
= E ez, eq,|yi]
= —var (z¢|y:)
= —var (v]yy) .

Therefore, we deduce that
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Pz vlye = -1 (347)

While p, ., = 0, the magnitude of the CCC, |p,, v,|y, |, is maximized; this is
due to the fact that the best estimators of x; and v; are conditionally fully

correlated. The minus sign in (3.47) comes from the fact that e, = —e,,.

3.3 Best Linear Estimator

The best linear estimator is a very important and extremely useful particular
case of the best estimator in general. It is well known that the best linear
estimator of x; in the MMSE sense is

E (z¢]y:) = hl wyt, (3.48)
where
h,, w = cov™ ! (y¢) cov (x¢) i (3.49)

is the classical single-channel Wiener filter in the time domain [1], with i
being the first column of the L x L identity matrix I;,. We deduce that the
square of the coefficient of determination is

icov (x;) cov™! (y¢) cov (x¢) i ?

4
= 3.50
pa;t lye var (xt) ( )

_ hfﬁwcov (x¢) i cov (x¢) hy, w o

— Ssr

var? ()

which is a good measure of speech distortion. This measure is very similar to
the inverse of the conventional speech reduction factor [1]:

hT cov(x¢) hy, w
1 (h,, w) = —eW S 3.51

From the Cauchy-Schwarz inequality, i.e.,

[hft’wcov (xt) i] ? < hft’wcov (x¢) hy, w x var (zy), (3.52)

it results that

fsr > gsr (haft,W) . (353)

The vector x; can be decomposed into two orthogonal components; one
proportional to the desired signal, z;, and the other to what we may consider
as an interference [4]:
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Xt = T4y, + X i (3.54)
where
cov (x¢) 1
=t/ 3.55
Vo var () ( )

is the normalized correlation vector between between x; and x;,
Xti = Xt — TV, (3.56)
is the interference signal vector, and
E (x4ix¢) = 0. (3.57)

Obviously, we can express the square of the coefficient of determination in
(3.50) as

Phiye = (00 wya) (3.58)

which may give a better perspective on distortion since when hi,w'frt is
close to 1, the desired signal, x, is well recovered. If cov (x;) is of rank 1, i.e.,
Xy = 0, then cov (x;) = var (z;) v,,vZ, and hy, w = var (z;) cov ! (y1) vy, -
As a consequence,

gsr = gsr (hmt,W) . (359)

Also, the best linear estimator of v; in the MMSE sense is
E (vt ]yt) = hy, wyt, (3.60)
where
h,, w = cov™ ! (y;) cov (v¢) i (3.61)

is the Wiener filter for the estimation of v;. Then, the coefficient of determi-
nation is

iTcov (v¢) cov™! (y;) cov (vy) i

2
= .62
Pulye var (Ut) (3 6 )

hfhwcov (vi)i

)

var (v¢)
which is a good measure of noise reduction. It is not hard to see that
i=h,, w+hy, w. (3.63)

Therefore, (3.62) can be rewritten as
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(1 2 )2 _ h! cov (vy)ii’ cov (vi) by, w
velye var? (vg)
=& (3.64)

2
The measure (1 — pitm) is very similar to the inverse of the conventional
noise reduction factor [1]:

hft weov (ve) hy, w

ér?rl (hxmw) = : var (Ut) (365)

and one can verify that

gnr > gnr (hmt,W) . (366)

Using our definition of the output SNR in (3.41) of the best estimator, we
have

hT cov (x;)iil cov (x¢) h,, w/var (z
0SNR = W ( t)_,T (1) B, o/ var (@) (3.67)
hy weov (vi)iiTcov (v¢) hy, w/var (vr)
which resembles the conventional output SNR:
h? . cov(x;) hy
0SNR (hy, w) = —2W () B, w (3.68)

B hft,wcov (vi)hg, w

Now, if we compute the SPCC between z; and hft,Wth and the the SPCC

between v; and hfi

wYt, it is easy to verify that
2 _ 2
prt,hft,ww = Paily

2 _ 2
pvuh?;tVWYt - p”tb’t'

Let us open a short parenthesis on the so-called partial correlation co-
efficient (PCC), whose function is to evaluate the correlation between two
variables after eliminating the effect of another variable on these two vari-
ables. The PCC between x; and v; with respect to y¢, denoted pz, v,.y,, is
computed in two steps. In the first step, we find the two filters h,, and h,,
that minimize the error signals e;, = z+ — hft y: and e,, = vy — hgt Y¢, respec-
tively. We get the Wiener filters h,, w and h,, w. Substituting these filters
back into the errors, we obtain the two residuals e;, w and e,, w. Then, in
the second step we compute the correlation coefficient between e, w and
€y W 1€,
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E (eﬂluwevt,w)

Pzoveys = . (3.69)
¢E (,00) B ()
It is easy to check that (3.69) simplifies to
Pziviye = _17 (370)

showing that CCC and PCC are strictly equivalent in the linear case.

3.4 Generalization to the Binaural Case

3.4.1 Problem Formulation

In binaural speech enhancement, we need to extract two “clean” signals from
the sensor array that will be delivered to the left and right ears of a human
subject.

Without loss of generality, we consider the signal model in which an array
consisting of 2M sensors capture a source (speech) signal convolved with
acoustic impulse responses in some noise field. The signal received at the ith
sensor is then expressed as [9]

Y = Grq * T+, (3.71)
=i, + v, i=1,2,...,2M,

where gg’i is the acoustic impulse response from the unknown desired source,
¢, location to the ith sensor,  stands for linear convolution, and v ; is the
additive noise at sensor ¢. We assume that the impulse responses are time
invariant and that the signals x; ; = g; ;2 and v; ; are mutually independent,
zero mean, real, broadband, and stationary.

Since we are interested in binaural estimation, it is more convenient to
work in the complex domain in order that the original (binaural) problem is
transformed into the conventional (monaural) noise reduction processing with
a sensor array [10]. In other words, instead of having two real-valued outputs,
we will have one complex-valued output. Indeed, from the 2M real-valued
microphone signals given in (3.71), we can artificially build M complex-valued
sensor signals as

Yt,m = y;m + jy£7M+m (372)

=Zpm +Vem, m=1,2,..., M,

where
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Tem = Ty + IT prms M= 1,2,..., M (3.73)
is the complex desired speech signal and
Viom =Vt + W0t pppm> m=1,2,..., M (3.74)

is the complex additive noise at the complex sensor m.
It is customary to work with blocks of L successive time samples, i.e.,
T
Ytm = [yt,m Yt—1,m - ythJrl,m]
=Xym + Vim, m=1,2,..., M, (3.75)

where X ,, and vy, are defined in a similar way to y; ,,. Concatenating all
the observations together, we get the vector of length M L:
T
Yy, = [yfl YZQ ny]
=X; + ¥y, (3.76)

where x, and v, are also concatenated vectors of x; ,, and v; ,,,, respectively.
We deduce that the ML x ML covariance matrix of Y, is

cov (L) =F (LX?) (3.77)

= cov (x;) + cov (v,),

where cov (x,) and cov (v,) are the covariance matrices of x, and v,, respec-
tively.

Obviously, from the model given in (3.72), we deal with complex random
variables (CRVs) and it can be verified that, in general, z;,, and v;,, are
highly noncircular CRVs [11]. Let a be a zero-mean CRV, a good measure
of the second-order circularity is the circularity quotient [12] defined as the
ratio between the pseudo-variance and the variance of a, i.e.,

E (a?)

= (P o

This measure coincides with the coherence function between a and a*. Since
Z¢ m and/or vy, are noncircular CRVs, the vector X: should also be included
as part of the observations [13], [14]. Therefore, we define the augmented
observation vector of length 2M L as

=%+, (3.79)
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where X; and v, are defined similarly to y, . We deduce that the 2M/ L x 2M L
covariance matrix of y ;s

cov (i) = cov (X;) + cov (V) (3.80)

where cov (X,) and cov (v,) are the covariance matrices of X, and v,, respec-
tively.

In the rest, we consider the first complex sensor signal, i.e., ¥ 1, as the
reference. Therefore, our aim is to recover the complex desired speech signal,
Z¢,1, from the augmented complex observation vector, yt, in the best possible

way. Using this reference, we define the input SNR as

var (x4.1)

iSNR = (3.81)

var (ve,1)’

where var (z,1) = E (|xt71|2> and var(v1) = E <|vt71\2) are the variances
of w1 and vy 1, respectively.

Another perspective in the context of binaural speech enhancement is from
the magnitude squared Pearson correlation coefficient (MSPCC) [1], [5]. It is
easy to see that the MSPCC between x;; and ¥ is

|2 _ ‘E(xt,lyzil)|2 (382)

E (\It,1|2> E <|yt,1|2>
~iSNR
~ 1+iSNR’

|p$t,17yt,1

In the same way, the MSPCC between vy ; and ;1 is

|2 _ |E(Ut,1y;1)‘2 (383)

E (Joeal) B (Jyea )

1
1+4iSNR’

|Pvt,1,yt,1

As a result,
2 2
1 = ’pIt,l,yt,l‘ + ’pvt,hyt,l‘ (384)

This shows how the important correlations are related to the input SNR.
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3.4.2 Best Estimator

Considering the CRV z;; and the complex random vector it, and using
conditional expectations, we can express the law of total variance [6] with
respect to x4 1 as

var (1) = E {var (xtvl ‘itﬂ + var [E (%,1 ‘itﬂ , (3.85)
where the outer expectation and the outer variance on the right-hand side of

(3.85) are over the distribution of y . Since variances are always nonnegative,
we deduce from (3.85) that

var {E (mt’ 1

itﬂ <1. (3.86)

0<
- var (x,1) -

Therefore, the MSPCC can be generalized to

2 E [var (xm ‘it)]
Paialy,| = 1— var (e1) (3.87)
ol (o)
var (z¢,1) '

This expression is often called the coefficient of determination in the liter-

ature of statistics [7]. If ;1 and y,  are independent, then var (%,1 ‘it) =
2 2

‘ = 0. Conversely, if ‘

var (z;,1). As a consequence, =0,

pIt,llit prtl&t

then var [E (a:tl

it)} = 0, which implies that x;, and y, are indepen-

dent. At the other limiting case, if x;1 = w1, then var (ym ’if) = 0,
2

which leads to ‘

= 1. In fact, for wy1 = f(ye,1,vi1), we have
’2

pmt,1 |gt

E (mm ‘i:) =F [f(yt,l,yf,l) ’it] = f(ye.1, 95 1); as a result, ‘pxm&t =1.
This coefficient, which is a direct consequence of the law of total variance
and measures how close x;; is to E (:ﬂm ‘i», plays a key role in the best
estimator in general and in binaural speech enhancement in particular. It can
be used as a powerful performance measure in all aspects of binaural speech
enhancement as explained in the rest.

In the same manner, we can express the variance of v; ; as

9,)] +var [B (v

v, )} : (3.88)

var (v;1) = E {Val“ (Um

from which we deduce the coefficient of determination:
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.y
e~

o[£ 0 1.

- var (ve,1) '

The best estimator of x;; in the MMSE sense is well known to be the
conditional expectation of x; 1 given y, [8], i.e.,

FE (33“

it) = Za,, (it) : (3.90)

Indeed, let f, (i) be any (linear or nonlinear) function of y , we always

have
9 N2
E (‘eibt,1| ) = E |:xt,1 - ZIt,l (Zt) :|
N2
<E {xt,l — faua (zt)‘ } ) (3.91)
where ez, , = w31 — E (%,1 ’&) is the error signal between the desired

signal and its best estimator. By virtue of the law of total expectation, the

two random variables x; 1 and 2, , (Z) have the same mean, i.e.,

B {Zx (L)} = E(211) = 0. (3.92)
It can also be verified that the MMSE is
E (|emm |2) - E [Var (xm ‘gt)} (3.93)
= var () = var [z, ()]

—ar (o) (1 - 3t

The MMSE clearly depends on the coefficient of determination,

pwhl |gf

2

)

pzt,l\zt
which can be seen as a good measure of distortion of the desired signal, x ;.

2
The closer is |pg, ,|7 ‘ to 1, the less distorted the desired signal with the best
LA

binaural estimator.
In the same way, the best estimator of v,; in the MMSE sense is the
conditional expectation of v; 1 given it, ie.,

E (”tvl ’Ze) = Zuia (Et) (3.94)
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and for any (linear or nonlinear) function of y , fu, , (i t), we always have

S

<E {vt,l ~ for (yt)ﬂ : (3.95)

where e,, , =v;1 — FE (’Ut,l ‘it) is the error signal between the noise and its
best estimator. By virtue of the law of total expectation, the two random

variables v; 1 and z, y. ] have the same mean, i.e.
5 t,1 \ Xy ) )

E {va (itﬂ = E(v,1) = 0. (3.96)
We also deduce that the MMSE is

E (’evt,1 |2) = var (vg,1) (1 -

2
, is a good measure of noise re-

2) . (3.97)

pvt,1 |it

The coefficient of determination,
’2

p“t«l‘it

duction. The closer is to 1, the more noise reduction with the best

Puy 1 \it

binaural estimator.
Now, if we add together the best estimator of z; ; and the best estimator
of v; 1, we obtain the observed signal, i.e.,

Y=~ (yt,l ’i)

:E(l‘tl )—I—E(’Utl

) . (3.98)

The above property shows that the estimation errors of both estimators cancel
out. In other words, the best estimator of 2 ; can be found, equivalently, from

the best estimator of v; ;. In the best estimator of z; 1, E (acm ‘it) gives

the speech distortion perspective while y:1 — E ('Ut,l ‘i t) gives the noise

reduction perspective. From (3.98), we easily see that e,, , = —e,, , and, as

a result, F (‘ezm|2) =F (|evm|2). Then, equating (3.93) and (3.97), we
obtain

2 2

iSNR + [py,, 5, [ =1+ iSNR x |

Pocly, (3.99)

From the previous expression, we have
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2

y y,| =1 1

isNRL0 |[Poea ¥, : (3.100)
2

S o pmlit‘ kst (3.101)

In words, the best binaural estimator is able to completely remove the noise
when the input SNR is close to 0 and fully recover the desired signal when
the input SNR approaches infinity. However, (3.99) does not give us any
information about speech distortion in the first case and noise reduction in
the second one. Using the fact that

2
iSNR = ‘pwlivlt (3.102)
’pvt,17yt,1|
we can also express (3.99) as
) 2
L — Py 1= pxt,llit’
evspal 7. (3.103)
1-— |pvt,1»yt,1| 1— Poir|y ’
Property 3.2. We have
2 2
pwt,ﬂzt Z |p9€t,,17yt,,1| ) (3104)
2 2
p“t,l\it 2 ‘pmt,lyyt,1| . (3105)
As a consequence,
2 2
melit’ + ngt‘ > 1. (3.106)

Proof. Let us consider an estimate of the desired signal that is proportional
to the observed signal at the reference sensor, i.e.,

- var (x
Zos (3,) = RVALLICRVI (3.107)
var (Y1)

where a # 0 is an arbitrary complex number. In this case the MSE is

E (|Ezm|2) =K l:xt,l — Zaa (?t)ﬂ (3.108)

—var (2.,1) [ (14 [al*) = (@ + ") par e

Since E (|Emt’1 }2) >F <|egﬁt’1 |2), we deduce that
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2
2 *
pronls,| = =l + (@ +0") prysn (3.109)

2. we find

For the particular value of o = py, , 4, , in the previous expression
that

inequality in (3.105).

2
2 -
pft-ﬂit‘ > |pzt,1’yt71| . We can use a very similar proof to show the

Property 3.2 suggests that we can combine the speech distortion and noise
reduction measures into one convenient measure:
) )

+

Q: pxt,1|gt pvt,1|gt ) (3’]‘10)
where 1 < ¢ < 2. Fundamentally, o measures the compromise between speech
distortion and noise reduction. For g close to 2, we have the almost perfect
estimator with the best binaural estimator in the sense that the noise is
almost all removed and speech distortion is almost nonexistent. From (3.99)

and (3.110), we deduce for the best binaural estimator that

2 p—1+iSNR

S| = - 11
p’”t,1|zt 1 + ISNR (3 )
2 2
= |pvt,1,yt,1} (Q - 1) + ’pIt,layt,l|
and
2 (p—1)iSNR + 1
< | = 3.112
pvt,llxt 1 + ISNR ( )

= ’pm,hyt,l ‘2 (Q - 1) + ’pvt,layt,l |2

The two previous expressions tell us the following. For a low input SNR,
‘2

is close to 1, meaning that there is a good amount of noise reduction;
‘2

pvt,l |gt

depends mostly on p— 1, meaning that distortion depends
‘2

however,

Pz 1|y,

on the distributions of x¢; and vy ;. For a large input SNR, Peoaly,| 1 close

2

to 1, meaning that there is low distortion; however, |p., , |5 ’ is close to 0 —1,
Ly

meaning that noise reduction depends on the distributions of z;; and vy ;.

While the MSPCCs |pfct,17yt,1 ’2 and |pvt,1,yt,1 }2 give a very good indication

on the state of the noisy signal (since they are related to the input SNR),
2
the coefficients of determination ’ and

2
P13, pvu@t‘ , as well as p give

a very good indication on the enhanced noisy complex signal with the best
2 2
‘ and Pu.aly, ‘ are good measures of speech

binaural estimator since

pwt,l |gt

2 One can check that Pz, 1,y¢.1 18 & real number, i.e., pr, |y = 71ﬁg§R-
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distortion and noise reduction, respectively, and g is a good measure on the
compromise between the two.
3.4.3 Best Widely Linear Estimator

From the recent literature [10], [13], [14], it is known that the best widely
linear estimator of ;; in the MMSE sense is

E (ﬂCt,1

y,)=hi, Wy, (3.113)

where
h,, ,w= cov™! (it) cov (X,;) 1 (3.114)

is the widely linear Wiener filter in the time domain [10], with i being the
first column of the 2M L x 2M L identity matrix Ispsr. We deduce that the
coefficient of determination is

o ilcov (x,)cov! (it) cov (X,)1i
= (3.115)
var (z¢1)

pmt,l\it

B hithOV (x)1

var (z,1)

which is a good measure of speech distortion. This measure is very much
related to the inverse of the conventional speech reduction factor [1]:

hi{t,l,wcov (gt> hIt,l,W

var (1.1) (3.116)

gs_rl (hﬂit,LW) =
Also, the best widely linear estimator of v;; in the MMSE sense is

E (Ut,1

¥,) =hil, w3, (3.117)
where
h,, , w = cov? (gt) cov (v,)i (3.118)

is the widely linear Wiener filter for the estimation of v; ;. Then, the coeffi-
cient of determination is
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2 iTcov (¥,) cov ! (yt) cov (¥,)

Poaly,| = var (0e1) (3.119)
B hgthcov (v,)i
var (vy,1)

which is a good measure of noise reduction. It is easy to check that

i= hxt,hW + th,J,W' (3120)
Therefore, (3.119) can be rewritten as
2 hil  eov (¥,)i

Poaly,| =1 o) (3.121)

2
The measure 1 — |p,, |5 ’ is very much related to the inverse of the conven-
o1y

tional noise reduction factor [1]:

hZPZItJ,WCOV (it) hEt,hW

var (vg,1)

e (B w) = (3.122)
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Chapter 4

Speech Enhancement Via Correlation
Coefficients

In the previous two chapters, we showed the importance of different kinds of
correlation coefficients in the formulation and analysis of the best estimators
for speech enhancement. In this chapter, we focus on the linear case and
show how the most relevant noise reduction filters as well as new ones can be
easily derived from the Pearson correlation coefficient. We work in the time
domain but the extension of these ideas to the more convenient short-time
Fourier transform domain is straightforward. Also, to simplify derivations
and make things as clear as possible, we only focus on the single-channel
case; generalization to the multichannel scenario is immediate.

4.1 Signal Model and Problem Formulation

The contribution in this chapter is an extension and a generalization of the
work presented in [1], [2], [3], [4].

We consider the single-channel noise reduction problem in the time domain
described in Chapter 3 (Section 3.1), i.e.,

y(t) = x(t) + v(t), (4.1)

where y(t), z(t), and v(t) are the microphone, desired, and noise signals,
respectively!. In a vector form, (4.1) is

y(t) = [y®) y(t—1) -yt —L+1)]"
= x(t) + v(1). (4.2)

Thus, the covariance matrix (of size L x L) of the noisy signal is

! In this chapter, we slightly change the notation for convenience.
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Ry = E[y(t)y" (1)]
=R, +R,, (4.3)

where Ry = E [x(t)x” (¢)] and Ry = E [v(t)v7(t)] are the covariance matri-
ces of x(t) and v(t), respectively. Then, our objective is to estimate x(t) from
the observations, in different ways and different levels of compromises, thanks
to the many forms of the squared Pearson correlation coefficient (SPCC)
among all signals of interest.

We end this section by recalling the definition of the input SNR:

|

g

iSNR = 2 (4.4)

|

where 02 = F [2%(t)] and 02 = E [v?(t)] are the variances of z(t) and v(t),
respectively.

4.2 Linear Filtering and Correlation Coefficients

In this chapter, we estimate the desired signal sample, z(t), or the noise
signal sample, v(t), by applying a real-valued filter, h, of length L, to the
observation signal vector, y(t), i.e.,

(1) = W'y (1) (4.5)
= l‘fd(t) + Ufn(t),

where z(t) can be either the estimate of z(t) or v(t),

wa(t) = hx(1) (4.6)
is the filtered desired signal, and

v (t) = hTv (1) (4.7)

is the filtered noise signal. If z(t) is the estimate of v(t), then the estimate of
z(t) is

B(t) = y(t) — =(t) (4.8)

where 1 is the first column of the L x L identity matrix I. In the rest, we
will also use the notation h, and h,. The first filter, h,, corresponds to the
estimation of x(¢) while the second filter, h,,, corresponds to the estimation



4.2 Linear Filtering and Correlation Coefficients 47
of v(t). Obviously, from (4.8), we have the relationship:
h, +h, =i, (4.9)

which will extensively be used in all this chapter. Therefore, when v(t) is
estimated with h,, we can estimate z(¢t) with h,, thanks to the relation in
(4.9).

It is of great interest to know how much of x(t) [resp. x4 ()] or v(t) [resp.
v (t)] is contained in the estimator z(¢). The best second-order statistics
based measure to evaluate this is via the SPCC [1]. Next, we propose four
different forms of the SPCC.

We define the SPCC between z(t) and x(t) as

o B [(0)a(t)]
Pza B = B E2(0) (4.10)
o2 (h'y,)"
hTR h
_ h’Ry,h
~ h™Ryh’

where

Yo = M (4.11)

is the normalized correlation vector between x(¢) and z(t), and
R, = 037,72 (4.12)

is a rank-1 matrix. In fact, we know from Chapter 3 that we can decompose
Ry as

Ry = 027,71 + E [xi(t)x{ (1)]
= Ry, + Ry, (4.13)

where Ry, is defined in (4.12) and Ry, is the covariance matrix of the so-
called interference signal, x;(t), with E [x;(¢)z(t)] = 0.
In the same manner, we define the SPCC between z(t) and v(t) as
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(4.14)

where «, is the normalized correlation vector between v(t) and v(t), and
Ry, =007, Vy (4.15)
is a rank-1 matrix. We also have

Ry = 037, %, + B [va(t)vy ()]
=Ry, + Ry, (4.16)
where Ry, is the covariance matrix of v, (t) = v(t) — v(t)~,, and this latter

vector is uncorrelated with v(t).
The SPCC between z(t) and x¢q(t) is also of great interest. It is given by

h"R,h
2 X
Pz e (B) = : (4.17)
fd hTRyh
Using the decomposition in (4.13), (4.17) can be expressed as
h”R,h
2 2 i
P g (M) = 0%, (h) + (4.18)
s h7R,h
=p2. () +p2 ., (h)
= g,m (h) ’

where pZ . (h) is the SPCC between z(t) and the filtered interference, i.e.,
z(t) = hTx;(t). Expression (4.18) tells us that z(t) and z¢4(t) are more
correlated than z(¢) and z(t) are.

Finally, the last SPCC of interest is the one between z(t) and v (2), i.e.,

h"R,h
2 _ v

pz,vfn( ) - hTRyh' (419)

With the help of (4.16), we can decompose (4.19) as

h"R, h

2 =p? a2 vt
pZ,Ufn (h) - pz,v (h) + hTRyh (420)

=p2, () +p2,, (h)
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where p2 , (h) is the SPCC between z(t) and the filtered uncorrelated noise,
i.e., vpa(t) = hTvy(t). We can observe from (4.20) that z(t) and vg,(t) are
more correlated than z(t) and v(t) are.

It can easily be checked that

pg,xfd (h) + pg,vfn (h) = ]-7 (421)
but
p2 . () +p2, () =1—p%  (h)—p2,  (h) (4.22)
<1

We see that the four SPCCs defined above depend explicitly on the filter,
h, and measure different kinds of correlation. So it makes intuitively sense to
optimize them in order to get different kinds of noise reduction filters.

4.3 Optimal Filters

4.3.1 SPCC Between Filter Output and Desired Signal

In this subsection, we consider the SPCC between z(t) and z(t). A maximal
(resp. minimal) value of the SPCC implies that z(¢) could be the estimate of

x(t) [resp. v(t)].

4.3.1.1 Maximization of the SPCC

It is obvious that the maximization of (4.10) leads to the estimate of the
desired signal since, in this case, z:(t) will be maximally correlated with its
estimate, z(t). In (4.10), we recognize the generalized Rayleigh quotient [5].
It is well known that this quotient is maximized with the eigenvector, aj,
corresponding to the maximum eigenvalue of the matrix Ry 'Ry, ?. Let us
denote Ay, this maximum eigenvalue. Since the rank of the mentioned matrix
is equal to 1, we have

-1

a; = yi%, (4.23)
VYERy 1,

Aa; = aiva;lfyx, (4.24)

2 In the rest of this chapter, we will use some well-known properties of joined diagonalized
matrices in order to simplify some of the expressions of the derived noise reduction filters.
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and the maximum SPCC is

P2 (a1) = Aay. (4.25)
As a result, the optimal filter is proportional to aq, i.e.,

h, = oRy'y,, (4.26)

where o # 0 is an arbitrary real number, whose value is important in practice
when we deal with nonstationary signals such as speech?; its value is even
more important when h, is implemented in another domain such as the STFT
domain, where a frequency-dependent scaling does not affect the subband
performance measures but greatly affects the fullband ones. Hence, with h,
in (4.26), the estimate of x(t) is

#(t) = Iy (1) (4.27)
and the output SNR is given by

_ hTRh,

oSNR (ho) = {1 T,
x v T

> iSNR. (4.28)

Now, we need to determine «. There are at least three ways to find this
parameter. The first one is from the mean-squared error (MSE) criterion
between z(t) and Z(t), i.e.,

2
J(0) = B{[=(t) - nly(®)]’}
_ 2
=F { [z(t) — a'yzRyly(t)] } . (4.29)
The minimization of J («) with respect to « leads to

a=o2. (4.30)

x

Substituting this value into (4.26), we get the conventional Wiener filter [2]:

hy =0.Ry 'y,
=R, 'Ry, i
_R-1p.;
= Ry R,i
= (I - Ry'Ry) i. (4.31)

3 Obviously, for stationary signals, the value of « is not relevant at all as long as it is
different from zero.
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Obviously, this filter maximizes the SPCC in (4.10) but it does not maximize
the output SNR. We will see later which kind of the SPCC whose maximiza-
tion is equivalent to maximizing the output SNR.

The second possibility is from the distortion-based MSE; i.e.,

Ja(a)=E { [(t) — hfx(t)]z}
-y { [2(t) — a»yfR;lx(t)]z} . (4.32)
By minimizing Jq () with respect to «, we obtain

Aay
o= AT (4.33)

and substituting the previous result into (4.26) gives the minimum distortion
(MD) filter:

— /\al R;L‘Yz
ViRy 'RxRy 'y,

hvp (4.34)

Clearly, as far as the output SNR is concerned, the two filters hyw and hyp
are equivalent but when implemented in the STFT domain, they will give
much different values of the fullband output SNR.

Finally, the last manner to find « is by plugging h, =i — aRy 1y, into
(4.10). We get
. _ T . —
52 (a) = (1 — aRylfyI) Ry, (1 — aRylfyx)
%,z . — T . —
(i-aRy 1'73:) Ry (i- aRyl'Y;c)
02 (1 - oy R 1y,)?
_ o (1o Ryy,) (4.35)

02 —2a+ a?>yIRy 'y,

Since h, is involved in the SPCC, we need to minimize this latter. Minimizing
the previous expression is equivalent to minimizing its numerator. Therefore,
we have

1

=Y x

As a result, we deduce the so-called minimum variance distortionless response
(MVDR) filter [6]:

—1
y Yz

oy e (4.37)
YRy ',

hyvpr =
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Indeed, one can check that hijypry, = 1, which means that the desired
signal is recovered if x;(¢) is considered as an interference. This filter works
very well in the STFT domain [7], [8], [9], [10].

4.3.1.2 Minimization of the SPCC

Another perspective is to find the filter that minimizes (4.10). Therefore, the
filter output will be the estimate of v(t). The matrix Ry 'Ry, has L — 1
eigenvalues equal to 0, since its rank is equal to 1. Let as,as,...,ar be the
corresponding eigenvectors and let us consider the filter, which is a linear
combination of these eigenvectors:

L
hv = Zaiai (438)
=2
= AQO[,
where
A2 = [ag ag - aL] (439)

is a matrix of size L x (L — 1) and
a=|ayaz--- aL]T;téO (4.40)
is a vector of length L — 1. It is clear that h, in (4.38) minimizes (4.10), since
02, (h,) = 0. (4.41)

Therefore, the estimates of v(t) and z(t) are, respectively,

3(t) = W7y (1) (1.42)
and
7() = y(t) - 5(0)
=hyy(t), (4.43)
where
h,=i—h, (4.44)

is the equivalent filter for the estimation of z(t).
There are at least two interesting ways to find c. The first one is from the
power of the residual noise, i.e.,
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J: () = hIRyh,
= (i - hU)T RV (i - hv)
=0} —2a"AJR,i+ " ATR, Asar (4.45)

and the second one is from the MSE between z(t) and Z(t), i.e.,
J (@) = BE{[a(t) - Iy (1)}
=5 { [ol0 - G- )" v00)] |

—E { [v(t) — aTAQTy(t)]Q} . (4.46)

—

The minimization of J; (a) with respect to o gives
o= (ATRyA,) AR, (4.47)

As a result, we obtain the minimum noise (MN) filter for the estimation of

x(t):
by = [I — A2 (AJRVA;) ' ATR, . (4.48)

While this filter may reduce quite a lot of noise, it may introduce an unac-
ceptable amount of distortion to the desired signal.
By minimizing the MSE, we find that

o= (ATRyA,) " AR,
= ATR,i. (4.49)

We deduce the MVDR filter for the estimation of z(t):

hyvpr =i— AsATRLE
=i— (Ry' —aja] ) Ryi
=hw + (af Ryi) &
=hw + (a] Ryi — a] Ry,i) a;
= (a?Ryi) a;
-1
- ﬂfy{i;lzx' (4.50)

As far as the output SNR is concerned, the two filters hw and hyyvpgr are
equivalent. However, in the STFT domain, hyw and hyyvpgr will behave differ-
ently. Another insightful way to derive hyyvpg is by substituting h, = i—Asa
into the SPCC in (4.10). We get
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(i— Asa)’ Ry, (i— Asa)

(i—Asa)" Ry (i— Aya)

0.2

= L . 4.51
02 —2aTAIRyi+ala (4:51)

Pl () =

)

Maximizing the previous expression is equivalent to minimizing its denomi-
nator. We easily obtain

a=AlR,i
= AR, i+ ATR,i
= AR, i+ ATR,i
= ATR,i, (4.52)
which leads to hyvpr. It is clear from the above that

o2 >a’a. (4.53)

Therefore, with hw or hyypr, we can express the SPCC between z(t) and
x(t) as

pi,m (hW) = )‘31
2

_ Oy
Col-ala
iISNR
S , (4.54)

—a'a
N
UU
which shows a very interesting relationship between the eigenvalue of interest
and the input SNR. We always have

iSNR

1 +iSNR’ (4:55)

where p2 , is the SPCC between x(t) and y(t). The previous expression tells

us that z(t) (with the Wiener filter) and z(t) are more correlated than y(t)
and x(t) are, which basically means that the SNR of z(t) is better than that

of y(t).
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4.3.2 SPCC Between Filter Output and Noise Signal

In this subsection, we consider the SPCC between z(¢) and v(t). A maximal
(resp. minimal) value of the SPCC implies that z(¢) could be the estimate of

v(t) [resp. z(t)].

4.3.2.1 Maximization of the SPCC

The rank of the matrix Ry 'R,, is equal to 1, so its only non-null and positive
eigenvalue is

Aoy = oI RS, (4.56)

whose corresponding eigenvector is

Rfl
b= ¥y v (4.57)
Ve Ry,
As a result, the filter that maximizes (4.14) is
_ sp-1
hv = BRy Yo (458)

where 8 # 0 is an arbitrary real number, and the maximum SPCC is

P20 (b1) = Ap, (4.59)
This filter output gives the estimate of v(t), i.e.,

9(t) = hly(t). (4.60)
We deduce that the estimate of the desired signal is

#(t) = y(t) — (t)
—nly(t), (4.61)

where
h,=i—h, (4.62)

is the equivalent filter for the estimation of z(t).
One way to find § is from the MSE between z(t) and Z(t) [or, equivalently,
v(t) and v(t)], i.e.,
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2
J(8) = B{[v®) ~nly(®)]"}
_ 2
= E{[o(t) - BvIR;'y(1)] "} (4.63)

Indeed, the optimization of the previous expression leads to

B =02 (4.64)
Therefore, we have
h, = o,R, 'y, (4.65)
and from (4.62),
hy = (I, - Ry 'Ry ) i, (4.66)

which is the classical Wiener filter.
The second way to find § is from the power of the residual noise, i.e.,

. _ T . _
Jr (B) = (i— Ry 'v,)” Ry (i—BR,'y,) (4.67)
=02 - 28yT R, 'Ryi+ 2Ry 'Ry R; 1,

After minimizing J; (8) and substituting the obtained value of 8 into (4.58),
we easily find that the MN-type filter for the estimation of z(t) is

R, 'R,
tr (Ry'RvRy'Ry,)

hyine = |Ip — R;le i. (4.68)

Finally, the last way to find 3 is by plugging h, =i— ﬁR;l'yv into (4.14).
We get
(i-ARy'v,)" Ry, (i-BRy',)
(i BRy',) Ry (i~ ARy ,)
2 (1-BIR, )"
0220+ TRy,

P2, (B) =

(4.69)

Minimizing the previous expression is equivalent to minimizing its numerator.

This leads to
1
TR, o)

As a result, we find the null constraint (NC) filter for the estimation of z(t):
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Rfl T
hne = I — —2 220 ) g (4.71)
’Yu Ry PY’U

Indeed, it can easily be verified that hl-v, = 0, which means that the
correlated noise is completely canceled.
4.3.2.2 Minimization of the SPCC

Let bo, bs, ..., by be the eigenvectors corresponding to the L — 1 null eigen-
values of the matrix Ry 'R,,. Let us form the filter:

h, = i Bibi
i=2
=B, (4.72)
where 3;, i = 2,3, ..., L are arbitrary real numbers with at least one of them
different from 0,
By =[bybs - by ] (4.73)

is a matrix of size L x (L — 1), and

B=[BBs-- B8] #0 (4.74)

is a vector of length L — 1. It can be verified that h, in (4.72) minimizes
(4.14), since

o2, (hy) = 0. (4.75)

Therefore, the filter output can be considered as the estimate of the desired
signal, i.e.,

Z(t) = hly(t). (4.76)

The MSE between z(t) and Z(t) is then

J(B) = E{[z(t) - nly(®)]’} (4.77)
=02 -28"BIR,i+ 873
=02 - 28"BIR,i+ B'BIR,B.3 + 3'BIR,B,3
=Ja(B)+ J: (B).

From (4.77), we observe that we have at least two obvious options to find 3.
The first one is to minimize J (3). The second option is to minimize Jq (3).
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From the first option, we obtain the NC filter:

hye = BoBIR,i
= (Ry' —bib]) (Ry — Ry)i
=i-R,'Ryi—bib] Ryi+bib] Ry,i
=hw + (b]{ Ryi) (Ab, b1 — by)
Ry ',
TRy,

Rfl T
S § P ERUALE §) (4.78)
Yo RY Yo

=i

The second option gives the MD-type filter:
hyp o = By (BIRyBs) ' BI R4, (4.79)

where it is assumed that the rank of Ry is at least equal to L — 1.
Now, let us find 3 from the SPCC. Substituting h, = i — B3 into the
SPCC in (4.14), we obtain

(i—ByB)" Ry, (i— B2g)

(i—B2B)" Ry (i—B2p)

0_2

U
= . . (4.80)
o2 —28"BIR,i+ 8" 3

p:.,(B) =

Maximizing the previous expression is equivalent to minimizing its denomi-
nator. We get

B = BIRyi
= BIR,i + BIR,i
=BIR,i+BIR,,i
= BIR,i, (4.81)
which leads to hye. It is clear from the above that
o2 > BB (4.82)

Therefore, we can express the maximum value of the SPCC between z(t) and
v(t) as
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pz,v (bl) = )\bl
or
o2 — JeRNe]
1
_ 4.83)
2 _ AT’ (
1 4iSNR x Zz =P B

2
Oz

which shows a very interesting relationship between the eigenvalue of interest
and the input SNR. We always have

1

2 S 2 )
Pzw(b1) 2 0y = 7 TIONR (4.84)

where p?  is the SPCC between v(t) and y(t). The previous expression tells
us that z(t) (which is here the estimate of v(t) with a filter proportional
to by) and x(t) are more correlated than y(t) and v(t) are, which basically
means that the SNR of y(t) — z(t) is better than that of y(¢).

4.3.3 SPCC Between Filter Output and Filtered
Desired Signal

This subsection is concerned with the SPCC between z(t) and z4q(t). A max-
imal (resp. minimal) value of the SPCC implies that z(¢) is the estimate of

x(t) [resp. v(t)].

4.3.3.1 Maximization of the SPCC

Let A¢, be the largest eigenvalue, with multiplicity P, of the matrix Ry 'Ry*.

We denote tq,ts,...,tp the corresponding eigenvectors. It is clear that the
filter:
P
h, = 6t (4.85)
p=1
where 8,, p=1,2,..., P are arbitrary real numbers with at least one of them

different from 0, maximizes (4.17), and the maximum SPCC? is

pi,lfd (hCU) = )\tl' (486)

4 In practice, we may consider the P largest eigenvalues of R;le. In this case, they are
denoted Agq, Atys--- ) Atp-
5 In case we take the P largest eigenvalues, we have p;xm (hy) = 25:1 A, /P.
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We can rewrite (4.85) as

h, =T6, (4.87)
where
T=t;ts - tp] (4.88)
is a matrix of size L x P and
0=1[005---0p]" #0 (4.89)

is a vector of length P. It can be checked that the SPCC can be written as

0SNR (h,)

2 _
pZ,Ifd ( 17) - 1 4 OSNR (hx)v (490)

which means that h, in (4.85) or in (4.87) also maximizes the output SNR.
The estimate of x(t) is

z(t) = hly(t). (4.91)
The MSE between z(t) and Z(t) is then

2
J(@) =E { [2(t) — hly(t)] } (4.92)
=02 -20"TTR,i+ 6070
=02 -20"TTR,i+ 0" TTR,TO + 6" TTR, TH

=Ja(0)+ J. (0).

From (4.92), we observe that we have at least two obvious options to find 6.
The first one is to minimize J (). The second option is to minimize Jq (0).
From the first option, we obtain the Wiener-type filter:

hy.s = TT Ry (4.93)
The second option gives the MD-type filter:
hyp s = T (TTR,T) ' TTRyd. (4.94)
In the assumed case where we have a maximum eigenvalue, A¢,, with multi-
plicity P, we have TTR,T = A¢, Ip, where Ip is the P x P identity matrix.
As a result,
hyp 3 = At hw 2. (4.95)

Now, substituting h, =i — T8 into (4.17), we get
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(i—T6)" Ry (i— TO)

(i—TO)" Ry (i —TO)

02 — 20" TTR,i + 6" TTR,TO
02 —20"TTR,i+ 6076

P2 e (0) = (4.96)

It is clear that minimizing (4.96) is the same as minimizing its numerator.

This leads to 8 = (TTRXT)f1 TTR,i and then to hyip 3. This is another
way to derive the MD-type filter given in (4.94).

4.3.3.2 Minimization of the SPCC

Let A¢, be the smallest eigenvalue, with multiplicity @, of the matrix
R;leﬁ. We denote tr_gy1 = t,tr_gy2 = th,...,tp = tb the corre-
sponding eigenvectors. The filter:

Q
h, =) 6t (4.97)
qg=1
where 9’q, qg=1,2,...,Q are arbitrary real numbers with at least one of them

different from 0, minimizes (4.17), and the minimum SPCC7 is
pg,(l?fd (hv) = )\tL' (498)

A more convenient way to write (4.97) is

h, =T'¢, (4.99)
where
T = [t) ty - t] (4.100)
is a matrix of size L x @ and
o' =[6,6,--0,]" #0 (4.101)

is a vector of length Q. Therefore, the estimates of v(t) and x(t) are, respec-
tively,

o(t) = hly(t) (4.102)

and

6 In practice, we may consider the Q smallest eigenvalues of Ry 'R,. In this case, they
are denoted )‘tL—Q+17)‘tL—Q+27 c At

7 In case we take the Q smallest eigenvalues, we have pi,m (hy) = Zqul Aep g /@
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z(t) = y(t) —o(t)
=hTly(t), (4.103)

where
h,=1i—-h, (4.104)

is the equivalent filter for the estimation of z(t).
There are at least two interesting ways to find 8. The first one is from the
power of the residual noise, i.e.,

J(0) =E { [v(t) - 0'TT'Tv(t)} 2} (4.105)
and the second one is from the MSE between z(t) and Z(t), i.e.,
J(0)=E { [v(t) - 0'TT’Ty(t)} 2} . (4.106)
The minimization of J; (0’) with respect to 8’ gives
0' = (T"R,T') " TR,i. (4.107)
As a result,
h, = T (TR, T') " T"Ryi (4.108)

and the MN-type filter for the estimation of x(t) is
b = [T, - T/ (T7R,T) ™ TTR | i (4.109)

By minimizing the MSE, we find the Wiener-type filter for the estimation
of x(t):

hw,s = [I, = T' (TR, T) ' T7R,|i
= (I, -T'T"R,)i (4.110)

Now, let us see what happens from the SPCC perspective. Plugging h, =
i— T8 into (4.17), we get
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i—Te) R, (i—T0
P2 e (0') = (_ /)T (. /) (4.111)
(1—T’0) Ry (1—T’9)
02— 20" T "R,i+ 0T T TR, T
02 — 20" TTR,i+ 070

o2 — e, (29’TT'Tin - 9’T9’)

02— (20T Ryi - 070

Maximizing the previous expression is equivalent to minimizing the quantity
29’TT’TRyi —0'70’. Therefore, we get another Wiener-type filter:

hwa= (I - T'T"Ry)i. (4.112)

Because of the relation (4.21), the optimization of the SPCC between the
filter output and the filtered noise signal, i.e., qum (h), will lead to the same
optimal filters derived in this subsection.

4.3.4 Other Possibilities

Obviously, it is possible to derive other noise reduction filters by combining
some of the defined SPCCs. Here, we briefly discuss one valuable possibility.
In this approach, we combine the two SPCCs:

h” (R, + Ry)h
P2, () + 924, () = h;Ryh (4.113)

= pi,’vfn-‘rmﬁ (h) ’

where x;(t) is considered as an uncorrelated interference vector. Clearly, the
filter that minimizes (4.113) will make z(¢) the estimate of x(¢). A maximal
value of pZ , . (h) implies that z(¢) will be the estimate of v(t)+x;(t) and,
as a result, the estimate of z(t) will be y(t) — z(¢). It is easy to derive all
relevant filters by following the same steps as above.
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Chapter 5

On the Output SNR in Speech
Enhancement and Beamforming

The output SNR is a well-known and accurate measure of the SNR after the
filtering /beamforming operation; it is widely used to evaluate all kinds of
optimal filters/beamformers for speech enhancement. However, it has never
really been fully exploited for the derivation of other noise reduction filters
than the classical maximum SNR filter. In this chapter, we first show how
the output SNR is related to the fullmode input SNR and, then, derive very
interesting filters/beamformers by alternating between two related filters in
the maximization and minimization of the output SNR.

5.1 Signal Model and Problem Formulation

We consider the signal model in which we have M observed signals in a vector
form [1]:

T
=X+, (5.1)

where y is the noisy (observed) signal vector, x is the speech signal vec-
tor, v is the noise signal vector, and vectors x and v are defined similarly
to vector y. All signals are assumed to be random, complex, circular, zero
mean, and stationary. Furthermore, the vectors x and v are assumed to be
uncorrelated, i.e., F (XVH) = 0. It can be verified that the signal model in
(5.1) encompasses all aspects of speech enhancement and beamforming, from
the single-channel to the multichannel scenario, in the time, frequency, and
time-frequency domains. In the particular case of beamforming and taking
the first microphone as the reference, (5.1) is expressed as [1], [2]

y=Xid+v, (5.2)
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where d is the (deterministic) steering vector of length M, whose first entry
is equal to 1.

Then, with the first element of y being the reference, which will always be
true here, our objective in the general case is to estimate X7, i.e., the first
element of x, given y uniquely from the output SNR, which is a good measure
of the SNR after linear processing. We want to show that the output SNR
is also an excellent criterion from which optimal filters/beamformers can be
derived.

From (5.1), we deduce that the covariance matrix (of size M x M) of y is

&, =F (yyH) (5.3)
= éx + Qv,

where ®, = F (XxH ) and &, = F (vvH ) are the covariance matrices of x
and v, respectively. It will always be assumed that ®,, has full rank. For the
covariance matrix ®, we are interested in three cases that often appear in the
problem of speech enhancement. They are the following. Case 1: rank (®y) =
1 Jand corresponds to the signal model in (5.2)], which implies that ®yx =
bx,dd | where ¢px, = F (|X1|2) is the variance of X;. Case 2: rank (®y) =

P, where 1 < P < M. Case 3: rank () = M, i.e., 4 has full rank. From
(5.3), we can define the input SNR as

tr (Px)
tr (@)
_ o
Con

iSNR =

(5.4)

where ¢y, = E (|V1|2> is the variance of V1, i.e., the first component of v. In

(5.4), it is explicitly assumed that ¢x, ~ tr (®x) /M and ¢y, ~ tr (Py) /M,
which is almost always the case in practice. With this conventional definition
of the SNR, we conclude this section.

5.2 Linear Filtering, Output and Fullmode Input SNRs

In this chapter, we estimate the desired speech signal, X7, or the noise signal,
V1, by applying a complex-valued filter, h, of length M, to the noisy signal
vector, y, i.e.,
Z =h'y (5.5)
= de + ‘/fna

where Z can be either the estimate of Xy or Vi,
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Xiq = hf'x (5.6)
is the filtered desired signal, and
Vi = hily (5.7)

is the filtered noise signal. If Z is the estimate of V7, then the estimate of X3
is

X,=Y1-Z (5.8)
=Y; —h'ly
= (i - h)H Yy,

where i is the first column of the M x M identity matrix I;. In the rest, we
will also use the notation hy and hy . The first filter, hx, corresponds to the
estimation of X7 while the second filter, hy , corresponds to the estimation
of V4. Obviously, from (5.8), we have the relationship:

hx + hy =i (5.9)

Therefore, when V; is estimated with hy, we can estimate X; with hx,
thanks to the relation in (5.9). From (5.5), we see that the variance of Z is

oz =E(121") (5.10)
= Oxtq + OV
where
¢xi = DT ®sh, (5.11)
¢vi, = h & h. (5.12)

As a result, the output SNR can be defined as

_ hf®.h

(5.13)

When the output SNR is maximized (resp. minimized), we write oSNR (hx)
[resp. oSNR (hy )] since in this case, the filter hx (resp. hy) corresponds to
the estimation of X; (resp. V7). We will see that by alternating between the
two filters hy and hy in the optimization (i.e., maximization or minimiza-
tion) of the output SNR, we can derive very interesting filters/beamformers.

Given the structure of the output SNR, which is simply the generalized
Rayleigh quotient, joint diagonalization is going to be a very natural tool to
exploit here. The two Hermitian matrices ®, and ®,, can be jointly diago-
nalized as follows [3]:
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AFP A = A, (5.14)
AP A =1y, (5.15)

where
A= [al ag - aM] (516)

is a full-rank square matrix (of size M x M) and
A:diag()\l,)\g,...7)\M) (517)

is a diagonal matrix whose main elements are real and nonnegative. The
eigenvalues of <I>;1<I>X are ordered as A\; > Ay > .-+ > Ay > 0. We also
denote by aj,as,...,aps, the corresponding eigenvectors.

The procedure for jointly diagonalizing ®x and ®, consists of two steps

[4].

(i) Calculate A and A’, the eigenvalue and (unnormalized) eigenvector ma-
trices, respectively, of ®1®,, i.e.,

1P, A= A'A. (5.18)

(ii) Normalize the eigenvectors of ®;1®, such that (5.15) is satisfied. De-
noting by a/,,, m = 1,2,..., M the (unnormalized) eigenvectors of ' ®,,
then we need to find the constants C,,’s such that a,, = C,,al, satisfy
aﬁ@vam = 1. Hence,

Cp=——— m=1,2 ..., M. (5.19)

Thus, we have
A=A'C, (5.20)

where C is a diagonal normalization matrix with the elements
{C1,C4,...,Cy} on its main diagonal.

In the particular case of rank (®) = 1, we have

A=[a Ay], (5.21)
A = diag (A,0,...,0), (5.22)
where
®-1d
a = —2 (5.23)

VdE®Sd

and
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A\ = ox, d7®;1d. (5.24)

It is always possible to write h in a basis formed from the vectors a,,, m =
1,2,..., M, ie.,

h = Aq, (5.25)

where the components, a,,, m =1,2,..., M, of the vector a are the coordi-
nates of h in the new basis. As a consequence, the output SNR in (5.13) can
be rewritten, equivalently, as

aAa

oSNR (o) = PP

(5.26)

Another possible measure of the SNR, which can be close to the input
SNR, is the fullmode input SNR defined as

) tr (<I>;1<I>x)
_tr (AAHQX)
M

_tr(A)

==
From the previous expression, we define the mth (m =1,2,..., M) spectral
mode input SNR:

iISNR,, = Ap. (5.28)

The number of nonnull spectral modes is obviously equal to the rank of
®,. So in the case of rank (®5) = 1, the first spectral mode input SNR is
equal to M times the fullmode input SNR, i.e., iSNR; = M x iSNRgy and
iSNR; =0, i =2,3,..., M. As a result, we can express the fullmode input
and output SNRs as, respectively,

M .
SNR,»,
iSNRFM::ZQEEﬁ%A—Af (5.29)
and
M 2.
|2 iSNR»,
oSNR(a)::E:m:g$* i . (5.30)
Zm:1 |ovm|
Since
r (B51@y) > = (@)
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it follows that

. iSNR
iSNRpy > =, (5.31)
or, equivalently,
M
> iSNR,, > iSNR. (5.32)
m=1
Property 5.1. Let
A ('I’V)
d(®y) = ——F% 5.33
cond (&) = {208 (533)

be the condition number of the matrix ®, where A\; (®) and Ay (®y,) are,
respectively, the largest and smallest eigenvalues of ®,,. We have
iSNR
———— — < iSNRrum < cond (®,,) x iSNR, .34
Cond(i’v)*ls rM < cond () x iS (5.34)
with iISNRpym = iSNR if and only if cond (@) = 1.

Proof. Since ®,, is a positive definite matrix and Py is a positive semidefinite
matrix, it can be shown that

tr (®Py) 1 tr (@)
<tr (®21@,) < ——x) 5.35
M (®y) r(® ) Mot (D) (5.35)
But
tr (1 ®y) tr(®y) .
<
M = Miy (@v)ISNR
M, (®y)
RaRRGAZETIN
S M, ((I)v)ls R
< cond (@) x iISNR (5.36)
and
tr (&1 ®y) tr (®y) .
>
T W ((I)V)ISNR
Z T (By) ONR
iSN
ISNR (5.37)

~ cond (®y)’
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What does the fullmode input SNR mean? We can see that it has the
potential to be quite large and much larger than the conventional input SNR,
depending on the condition number of ®,,. The most interesting and insightful
part of the fullmode input SNR is its decomposition into different spectral
modes, which clearly shows the repartition of the SNR at different spectral
bands. So when cond (®,) is large, this means that the fullmode input SNR
is mostly governed by its largest modes. A great consequence of this is that it
tells us what amount of the output SNR we can expect with a linear filter since
this amount is always upper bounded by the maximum spectral mode input
SNR. In other words, the fullmode input SNR gives us great insights into the
potential of noise reduction while the conventional input SNR, definition does
not lead to much interpretation except for its main purpose.

From the formulation of the output SNR in (5.30), which weights the
different spectral modes of the fullmode input SNR, three obvious particular
cases of a appear naturally. The first one is the equal-coordinate filter, i.e.,
a=aol =« [1 1--- 1]T, where « # 0, which equally weights the different
modes; therefore

0SNR (a1) = 0SNR (1) = iSNRppy.

The second particular case is the maximum SNR filter, i.e., amax

[al 0--- O]T, where a7 # 0, which gives the maximum value of the out-
put SNR, i.e.,

0SNR (amax) = iSNRy > oSNR (a), Va # 0,
or, equivalently,
0SNR (hpax) = A1 > 0SNR (h), Vh # 0,

where hp .y = Aaayx. Finally, the last one is the minimum SNR filter, i.e.,

Qin = [0 -+ 0 aM]T, where ajps # 0, which gives the minimum value of
the output SNR, i.e.,

0SNR (@min) = iISNRjy; < 0SNR (a), Ve #£ 0,
or, equivalently,
0oSNR (hpin) = Ay < 0SNR (h), Vh # 0,

where hp;, = Aaygy,. Also, by playing on the values of the a,,’s, we can
precisely manipulate the different spectral modes of the fullmode input SNR
as we wish for speech enhancement. In other words, improving the SNR, with
a linear filter is just a matter of adjusting the different spectral mode input
SNRs, showing the importance of the fullmode input SNR definition. From
the above, we see that we always have
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iSNR s < iSNRpym < iSNRy,
iSNR); < oSNR () < iSNR;, Va # 0.

Of course, for the estimation of the desired signal, X7, we must always ensure
that

0SNR (hx) > oSNR (i) = iSNR. (5.38)

5.3 Optimal Filters

In this section, we develop a large class of optimal filters from the output
SNR depending on the rank of the speech covariance matrix.

5.3.1 Rank-One Speech Covariance Matriz

When the rank of ® is equal to 1, it is clear that the filter that maximizes
the output SNR is proportional to a; [see (5.23)], i.e.,

hx = a®,'d, (5.39)

where o # 0 is an arbitrary complex number.

Now, we need to determine «. This can be done by observing that while
h x maximizes the output SNR and gives the estimate of X7, the output SNR
with the filter hy = i — a®,'d can also be minimized in order to get the
estimate of V7. Substituting hy into (5.13), we get

_ ox, (i-a®y'd)" dd” (i - a®@,'d)

oSNR («) - — - -
(1 — adPy, d) P, (1 — ady, d)

(5.40)

Minimizing the previous expression is equivalent to minimizing its numerator.
Therefore, we have

1

= — 5.41
dE®;'d (5.41)

(67

Substituting « back into (5.40), we see that oSNR («) = 0, proving that
the output SNR is indeed minimized. As a result, we deduce the celebrated
MVDR filter:

o, d

hyvpr = m (5.42)
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Let us turn our attention to the estimation of V; in the first step. It is
cleat that the filter:

hv = A2a2, (543)

where az # 0 is a vector of length M — 1, minimizes the output SNR since
oSNR (hy) = 0. To obtain the estimate of Xy, we plug hy =i — Asas in
the definition of the output SNR, resulting in

SN (o) — 2201 A202) AT (= Ascr)
(i — Agag) ‘Pv (i — Agag)
ox,
— . 5.44
(i— Asa)” &, (i— Azas) (5.44)

The maximization of 0SNR (a2) is equivalent to the minimization of its de-
nominator. We easily get

oy = Al® i (5.45)
and the optimal filter for the estimation of X; is
hy =i— A, A®, i (5.46)
=i- (<I>;1 — alafI) ®,i
= (af@vi) a
&, 'd

= — = h s 5.47
QHP.Tq  IMVDR (5.47)

which is again the MVDR filter.

5.3.2 Rank-Deficient Speech Covariance Matriz

In this subsection, we focus on the case where rank () = P with 1 < P <
M. We already know that the filter that maximizes the output SNR is

hX = «1aj, (548)

where a1 # 0 is an arbitrary complex number. To find oy, we use the filter
hy =i — aja; in the output SNR, which leads to
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(i — alal)H éx (i — alal)

oSNR (a1) = — - (5.49)
(1 — alal)H q’v (1 — Oélal)
¢X1 — Al [2§R (aliT@val) — |Oél|2:|
(bv1 — {2% ((X1iT@Val) — |0¢1‘2:|
and whose minimization gives
ap =al @i
H .
Py
= M7 (5.50)
A1

where R(-) is the real part of a complex number. We deduce the maximum
SNR filter with minimum distortion (MD):

ala{I<I>xi
A1
= ala{{{)vi.

huvp = (5.51)

Obviously, this filter is very much different from the MVDR filter in (5.42)
since a; does not have the form in (5.23), in general. In fact, the larger the
value of P, the more different are the two filters. While hy,\p gives the
maximum possible output SNR, speech distortion worsens as P increases.
However, for P = 1, hyyypr and hy,vp are identical.

Now, let us derive the optimal filter when V7 is estimated first. Define the
matrix of size M x (M — P):

Apii = [apyiap - ay|. (5.52)
One can verify that the filter:
hV = AP+1ap+1, (553)

where ap i1 # 0 is a vector of length M — P, minimizes the output SNR since
0oSNR (hy) = 0. To get the estimate of X, we insert hy =i — Apj1api
in the definition of the output SNR, resulting in

(i—Appiapi)” @ (i— Appiapi)

i—Apap )@, (i—Apyiapi)

- 2! : (5.54)

(i—Apyiapi)” @, (i— Apiiapir)

oSNR (apy1) =

The maximization of the previous expression gives

api =AL  ®,i (5.55)
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As a result, we obtain the distortionless (DL) filter:

hp, =i—-Ap AR & (5.56)
This filter is, indeed, distortionless since

hiix=X; —i"®,Ap A7 x
=X, (5.57)

where we used the fact that A%, x = 0 [derived from (5.14)]. For P = 1,
one can check that hpy, and hyyypr are identical. As P increases, the output
SNR of hpy, decreases.

5.3.3 Full-Rank Speech Covariance Matrix

When &, = M, we can also derive the maximum SNR filter with minimum
distortion, i.e., hy,vp. However, this filter may lead to very large distortions
since it considers only the main direction of the desired signal as compared
to the noise, i.e., the maximum spectral mode of the fullmode input SNR. In
order to reduce distortion, we need to consider more than one spectral mode
but at the price of a lower output SNR. This is the classical compromise
between noise reduction and speech distortion that we clearly see from this
formulation, which can lead to much more accurate compromises than those
obtained from some conventional approaches.

Let us consider the @ (1 < Q < M) largest spectral modes of the fullmode
input SNR. For that, we define the matrix of size M x Q:

AI:Q = [al agz - aQ] . (558)
We choose filters of the form:
hy o= A1qa1.9; (5.59)

where ay.9 # 0 is a vector of length Q. To find a.g, we use the filter
hy o =i— Ai.gai.¢ in the output SNR, which leads to

(i— Angon)” @y (i— Argaug)

(i—Argaig)” @y (i— Argarg)

dx, — 2R (IT®vALQALQa1Q) — aflgALgarg]
bvy — [23% (T®,A0.q) — a{{QaLQ]

oSNR (a1.g) = (5.60)

)

where
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Ai.g =diag (A1, A2,..., Ag) . (5.61)
The minimization of (5.60) gives
o = A{{Q‘I)vi
= AL ATy (5.62)
We deduce the first class of compromising filters:
hx1,0 = ALQALHA P (5.63)
= A1gAl D

For @ = 1, we have the maximum SNR filter with MD, i.e., hx 1 o = hmmp,
and for @ = M, we have the identity filter, i.e., hx 1 s = i. We should always
have

oSNR (hX71,1) Z oSNR (hX71,2) Z ce Z oSNR (hX,l,M) = iSNR. (564)
A very interesting particular case of (5.59) is
hX,l,Q = OzAlell:Q, (565)

where o # 0 and 1;.¢ is a vector of length @ whose all elements are 1’s. the
parameter « is obtained as explained above. We get

1T AL i
o= % (5.66)

As a result, the filter in (5.65) is

Ai.011.017 JAH & i
hxig = 1:Q11:Q éQ 1:Q . (5.67)

What makes this filter so interesting is that its output SNR is
1Al @A 1Ql1q
1A VA1 QL1
E - 1SNR

Q

0SNR (hx.1.q) =

(5.68)

Therefore,
oSNR (hx,1,1) > oSNR (hx 12) > --- > 0SNR (hx 1 ) = iISNRpm. (5.69)

However, this filter may distort more the speech signal than hx ; .
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Now, let us consider the M — R (0 < R < M — 1) smallest spectral modes
of the fullmode input SNR and define the filters:

hy r = Apt10r+1, (5.70)
where
Agpy1 = [agi1 agpi2 - ay| (5.71)

is a matrix of size M x (M — R) and agry1 # 0 is a vector of length M — R.
Substituting hx g =i — Agyi1apry; into the output SNR, we get

(i— Apiiarin)” & (i— Api10pi)

oSNR (ary1) = = - (5.72)
(i—Apriapi)” @ (i— Apiiops)
_ ox, — 2R (" ®vARAR1QRN) — @ AQar i)
¢v, — 2R (T @vAR1apt1) — aff,  0pt 7
where

Ary1 = diag (Art1, Art1,- -5 ) - (5.73)
From the maximization of (5.72), we obtain

QR+1 = Angl(I)Vi
= AR AL Dy (5.74)

We deduce the second class of compromising filters:

hxor=1—Ap1 ARl AL By (5.75)

. H .
=1— AR+1AR+1¢'v17

which is equivalent to the first class.

5.4 Application to Fixed and Superdirective
Beamforming

We consider a plane wave, in the farfield, that propagates in an anechoic
acoustic environment at the speed of sound, i.e., ¢ = 340 m/s, and impinges on
a uniform linear array (ULA) consisting of M omnidirectional microphones,
where the distance between two successive sensors is equal to §. The direction
of the source signal to the array is parameterized by the azimuth angle 6. In
this context, the steering vector (of length M) is given by
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dg _ [1 67]27rf7'0 cosf . e*](M*]-)Qﬂ'fTO COSO]T, (576)

where j = v/—1 is the imaginary unit, f > 0 is the temporal frequency, and
7o = d/c is the delay between two successive sensors at the angle § = 0. Like
in superdirective beamforming [5], [6], we assume that the main lobe is at
the angle § = 0 (endfire direction) and the desired signal propagates from
the same angle, so that the corresponding steering vector is dg. It will also
be assumed that ¢ is small.

From the gain in SNR, two important measures, which do not depend on
the statistics of the signals but on some noise models, are derived for fixed
beamforming. They are the white noise gain (WNG):

hd,|?
h = 7‘ N
W (h) Wih (5.77)
and the directivity factor (DF):
',
where the elements of I'y are given by
sin 27 f(j — ) 7o)
[I‘d]ij = T
2rf(j — )7
= sinc 27 f(j — i)70] - (5.79)

The WNG is a measure of the sensitivity of the microphone array to some of
its imperfections, such as sensor noise, while the DF quantifies how the same
array performs in the presence of reverberation.

From the maximization of the WNG, we find the well-known delay-and-
sum (DS) beamformer [4]:

d
hpg = MO (5.80)

with W (hpg) = M = Winax. While the DS beamformer maximizes the WNG,
it never amplifies the diffuse noise since D (hpg) > 1. However, this DF is not
very large and the beampattern of the DS beamformer is very frequency de-
pendent. If we maximize the DF, we easily get the superdirective beamformer

[4], [5], [6]:

r';'dy

hg = -4 0
* 7 dlir;d,

(5.81)
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with D (hg) = df I‘gldo = Dpax. While the superdirective beamformer max-
imizes the DF (leading to supergains), its WNG may be smaller than 1, which
implies white noise amplification, especially at low frequencies.

Now, let us develop things from our perspective. Let us start by defining
the set S = {dy,i2,...,ip} containing M linearly independent vectors that
span the M-dimensional Euclidean space, where i; is the ¢th column of I,;.
Thanks to the Gram-Schmidt orthonormalization process, we can easily gen-
erate from S another set S, = {uy, ua,...,uy} whose orthonormal vectors
span the same space. It is cleat that

= Yo _ do (5.82)

Vafld, v
and
ufdy=0,i=2,3,..., M. (5.83)
From S,, we can form the M x M unitary matrix:
U= [ul u - uM] (5.84)
= [u U],

where UUH = UAU =1,.
The beamformer that minimizes both the WNG and the DF has the form:

hV = U2a2, (585)

where ap # 0 is an arbitrary complex-valued vector of length M — 1. Indeed,
one can check that W (hy) = D (hy) = 0. Therefore, with hy, we can have
the estimate of the diffuse-plus-white noise at the reference sensor. To have
the estimate of the desired signal, we use the beamformer:

hy = i— Usas. (5.86)
Substituting (5.86) into the definition of the WNG, we get

) — (i— Usan)” dodf (i — Usay)
W ( 2) B (i — UQ(IQ)H (i — U2a2) (587)
1

T 1-2R (aZUT) + allay’

whose maximization leads to
o, = UM (5.88)

As a consequence, the beamformer in (5.86) becomes
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hx =i- U, Ui
=i- (IM —ulu{i)i
= (ufli) ug
= hpg, (5.89)

which is another way to derive the DS beamformer.
Using again (5.86) but in the definition of the DF gives

(i— Usan)? dod (i — Usay)
(i — Ugag)H Fd (i — UQQQ)
1
C1-2R (UL 4i) + ol UY T Usas’

D(az) =

(5.90)

From the maximization of the previous expression, we get
-1 .
as = (UYTU,) Ui (5.91)
As a result, the beamformer in (5.86) becomes

hy =i- Us (UYT,U,) " UYL
_ 1 )
=Ty 1z [IM - 1—‘(11/2U2 (UngUg) Ugl_‘;/ﬂ 1—‘(11/21

—1/2 ~1/2
2 Ty / uui' T / /2%
d wlT 'y d

= hg, (5.92)

which is another way to derive the superdirective beamformer, where we have
used the fact that

I‘d_l/2u1u{11";1/2

_ l/2 -1 1/2
Iy =T)"U, (UJT4U,)  UIT/" + T,

(5.93)

Now, if we want to compromise between supergains and white noise am-
plification, we propose to maximize the DF subject to a constraint on the
WNG, the same way it was done in [6]. This is equivalent to minimizing
1/D (e2) with a constraint on 1/W (a), i.e., minimizing

=1-2R (U i Tullryu
D (e2) W (as) (a2 2 d1)+a2 2 hdTa

+e[1-2R (adULH) + af as], (5.94)
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where € > 0 is a Lagrange multiplier. We easily find that
oy = (UIT.,.U,) " UlT, i, (5.95)
where
Fae=Tq+ ey (5.96)

Therefore, the robust superdirective beamformer is
hg,. =i— U, (UFT, Us) " UHT, i (5.97)

It is clear that hg ¢ = hg and hg o = hps.
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Chapter 6

Speech Enhancement from the
Fullband Output SNR Perspective

Most of the speech enhancement algorithms are implemented in the time-
frequency domain, i.e., the short-time Fourier transform (STFT) domain.
The two main advantages of the STFT are that the algorithms can be im-
plemented very efficiently and the different frequency bins can apparently be
manipulated in a very flexible way in order to better compromise between
noise reduction and speech distortion. Therefore, it is important to under-
stand how things work from the fullband output SNR perspective and how
gains/filters for noise reduction can be improved by fully exploiting all facets
of this fundamental measure. This is the objective of this chapter, where two
cases of the single-channel problem are discussed as well as the multichannel
scenario.

6.1 Signal Model and Problem Formulation

The work developed in this chapter is an important generalization and ex-
tension of some of the ideas presented in [1].

Let us take the single-channel speech enhancement problem in the time
domain of Section 4.1 (Chapter 4), i.e.,

y(t) = z(t) + v(¢), (6.1)

where y(t), z(t), and v(t) are the microphone, desired, and noise signals,
respectively. Using the short-time Fourier transform (STFT), (6.1) can be
rewritten in the time-frequency domain as [2]

Y(k,n) = X(k,n)+ V(k,n), (6.2)

where the zero-mean complex random variables Y (k,n), X (k,n), and V(k,n)
are the STFTs of y(t), x(¢), and v(t), respectively, at the frequency bin k €
{0,1,..., K — 1} and the time frame n. In order to simplify the notation, we
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drop the dependence on the time frame; therefore, (6.2) for example is written
as Y (k) = X(k)+ V (k). Since z(t) and v(t) are uncorrelated by assumption,
the variance of Y (k) is

oy (k) = B [[Y (R)]*] (6.3)
= ¢x (k) + v (k),

where ¢x (k) = F {|X(k)|2} and ¢y (k) = E “V(k)ﬂ are the variances of
X (k) and V(k), respectively. From (6.3), we can define the subband input
SNR:

iSNR(k) = Z)‘j E:i (6.4)
and the fullband input:
iSNR = Zicn ¢X(k). (6.5)
Zk 0 ¢V(k)
It can be seen that
miniSNR(k) < iSNR < maxiSNR(k). (6.6)

In words, the fullband input SNR can never exceed the maximum subband
input SNR and can never go below the minimum subband input SNR.

Then, our objective is the estimation of the desired signal, X (k), from the
observed signal, Y (k), in the best possible (or flexible) way from the fullband
output SNR that will be defined in the next section.

6.2 Speech Enhancement with Gains

The simplest and most effective way to perform speech enhancement in the
STFT domain is by applying a complex gain, H(k), to the observed signal,
Y (k), i.e.,

Z(k) = H(E)Y (k) (6.7)
= de(k) + ‘/}n(k)a

where Z (k) is either the estimate of X (k) or V(k), X¢q(k) = H(k)X (k) is the
filtered desired signal, and Vi, (k) = H(k)V (k) is the filtered noise. If Z(k) is
the estimate of V (k), then the estimate of X (k) is X (k) = Y (k) — Z(k). The
variance of Z(k) is then
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oz (k) = |H(k)? py (k) (6.8)
= ¢de (k) + ¢an(k)v

where ¢x,, (k) = [H(K)|” ¢x (k) and ¢, (k) = |H(k)|> ov (k) are the vari-
ances of Xq(k) and Vi, (k), respectively.
It is clear that the subband input and output SNRs are equal, i.e.,

_ ¢de (k)
oSNR [H (k)] = v (F) (6.9)
= iSNR(k).
However, the fullband output SNR is
K—1
oSNR [H(:)] = M (6.10)
> k=0 Vi (k)

Therefore, our aim is to find the K subband gains, H(k), k=0,1,..., K —1,
in such a way that the fullband output SNR is greater than the fullband
input SNR, i.e., oSNR [H(:)] > iSNR.

For convenience, we propose to use the index k;, + = 0,1,..., K — 1 and
k; € {0,1,..., K — 1}, which allows us to order the K subband input SNRs
from the largest to the smallest, i.e.,

iSNR(ko) > iSNR(ky) > - - > iSNR(kx_1). (6.11)

We can also express the fullband output SNR as

_ h"Dxh
_ Yo H (k) ¢x (ki)
Sico [H k)P ov (k)
where
h=[H(ko) H(ki) - H(kx-1)]" (6.13)
is a filter of length K containing all the subband gains and
DX :dlag [¢X(k0),¢x(k1),...,(bx(kK,]_)] (614)
DV = diag [¢V(k0),¢v(k1),...Jbv(k[{,l)} (615)

are two diagonal matrices. It is assumed that ¢y (k;) # 0, Vk; € {0,1,..., K—
1}. Let

A(k;) = iSNR(k;), i =0,1,..., K — 1. (6.16)
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It is worth noticing that
D, 'Dx = diag [A(ko), A(k1), .-, Mk —1)] (6.17)

is also a diagonal matrix containing all the K subband input SNRs ordered
from the largest to the smallest.
Now, we give two important properties.

Property 6.1. Let A(ko) > Mk1) > -+ > Mkr—1) > 0. We have

Siso leal® ki) _ 3057 feal* Mk:) _
Y el T T el

Yo lol* A(k:)
o laal®

- <

< < (ko) (6.18)

or, equivalently,
Sico loal® dx (ki) _ 305 ol ox (ki)
Sy el dv (k) X0 el dv (ki)
< Tigloil® éx (ki) _ ¢x (ko)

e < < , (6.19)
Sisoloal® év (ki) ~ dv (ko)
where «;, ¢ = 0,1,..., K — 1 are arbitrary complex numbers with at least
one of them different from 0.
Proof. The previous inequalities can be easily shown by induction.
Property 6.2. Let M(ko) > A(k1) > -+ > Mkg—1) > 0. We have
1 2
, Pk
Akge_y) < Zizo Pl Al
> im0 |Br—1-il
K—2 2 K—1 2
< Zi:o ‘5K7171| )\(kalfz) < Zi:o ‘5K7172| )‘(kalfz) (6.20)

K—2 2 K-1 2
Yo 1Br—1-d >imo |Br—1-il

or, equivalently,

ox (kr—1) < 23:0 1B -1l dx (kr—1-:)
ov(kr-1) = S0 |Br—1-i|" ¢v(kr—1-:)
< Zfi_oz 1B —1-i|” dx (k-1 < ZiK:_Ol 1Br—1-i* dx (kr—1-4)

B Zfif 1Br—1-i* dv (kx—1-4) Zfiﬁl 1Br 14" v (kx_1-4)
(6.21)

where Sx_1_4, i = 0,1,..., K — 1 are arbitrary complex numbers with at
least one of them different from O.
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Proof. The previous inequalities can be easily shown by induction.
It follows from the previous properties that!
iSNR(kg—_1) < 0oSNR (h) < iSNR(kg), Vh, (6.22)

as well as the inequalities in (6.6). Clearly, both the fullband input and output
SNRs can never exceed the maximum subband input SNR.

6.3 Determination of the Optimal Gains

There are two approaches to find the optimal gains from the fullband output
SNR in order to perform speech enhancement. The first one considers the
largest subband input SNRs. In this case, we get the estimate of the desired
signal directly. The second method considers the smallest subband input
SNRs. As a result, we get the estimate of the noise signal from which we
easily deduce the estimate of the desired signal.

6.3.1 Maximization of the Fullband Output SNR

The filter, h, that maximizes the fullband output SNR given in (6.12) is sim-
ply the eigenvector corresponding to the maximum eigenvalue of the matrix
D‘_,lD x - Since this matrix is diagonal, its maximum eigenvalue is its largest
diagonal element, i.e., A(ko). As a consequence, the maximum SNR filter is

hmax = Ol(ko)il, (623)

where (ko) # 0 is an arbitrary complex number and i is the first column
of the K x K identity matrix, Ix. Equivalently, we can write (6.23) as

Hmax(ko) = Oé(/{o)
{Hmax(ki) :O, 7= 1’2’.“’K_1 . (624)

With (6.23), we get the maximum possible fullband output SNR, which is
0oSNR (h,,...) = A(ko) = m]?xiSNR(k) > iSNR. (6.25)
As a result,

oSNR (h,,,,) > oSNR (h), Vh. (6.26)

I This is also a consequence of the definition of the fullband output SNR. in (6.12), whose
form is the generalized Rayleigh quotient.
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We deduce that the estimate of the desired signal is

. 6.27
Xrnax(ki):()7 Z:1,2, K—-1 ( )

)

{):(max(kO) = Hmax(ko)Y(ko)

Now, we need to determine a(kg). There are at least two ways to find this
parameter. The first one is from the MSE between X (ko) and Xpax(ko), i-e.,

I a(ko)] = B [|X (ko) = alko)Y (ko)[*] (6.28)
The second possibility is to use the distortion-based MSE, i.e.,
Ja lako)] = E [|X (ko) — (ko) X (ko)[* | (6.29)

The minimization of J [a(ko)] leads to the Wiener gain at the frequency
bin ko, i.e.,

aw (ko) = 1‘1"8?;}{1\%’ (6.30)

while the minimization of Jy [a(ko)] gives the unitary gain at the frequency
bin ko, i.e.,

ay (ko) = 1. (6.31)

Even though this method maximizes the fullband output SNR, it is ex-
pected to introduce a huge amount of distortion to the desired signal, since
all its frequency bins are put to 0 except at kg. A much better approach when
we deal with broadband signals such as speech is to form the filter from a
linear combination of the eigenvectors corresponding to the P(< K) largest
eigenvalues of D‘_/lDX7 ie.,

P—1
hp = Z a(kp)ipt1, (6.32)

p=0
where a(k,), p=0,1,..., P—1 are arbitrary complex numbers with at least

one of them different from 0 and i,1 is the (p 4+ 1)th column of I. We can
also express (6.32) as

-1

(kp), p=0,1,...,P
K—-1"

(0%
Hp(ki):(), 1=PP+1,... (633)

)

Hence, the estimate of the desired signal is
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{)E'p(kp) = Hp(ky)Y (kp), p=0,1,....P =1 (6.34)

Xp(k))=0,i=P,P+1,... K—1

To find the a(k,)’s, we can either optimize J [a(ky)] or Jg [a(k,)]. The first
one leads to the Wiener gains at the frequency bins k,, p=0,1,..., P -1,
ie.,

_iSNR(k)
aw (ky) = T+ iSNR(ky)’ (6.35)

while the second one gives the unitary gains at the frequency bins k,, p =
0,1,...,P—1,1ie,

ay(ky) = 1. (6.36)

The filters (of length K') corresponding to (6.35) and (6.36) are, respectively,

hpyw = [aw (ko) -+ aw(kp_1) 0"'0}T (6.37)

and

hpy=[1---10---0]". (6.38)

For P = K, hp y corresponds to the classical Wiener approach [2] and
hy y is the identity filter, which does not affect the observations. Clearly,
hp; corresponds to the ideal binary mask [3], since the subband observation
signals with the P largest subband input SNRs are not affected while the
K — P others with the smallest subband input SNRs are put to 0. We should
always have

0SNR (hp ;) < 0SNR (hpy)- (6.39)
From Property 6.1, we deduce that

iSNR < 0SNR (hy ) < 0SNR (hy ;) <--- <0SNR (h,; ) = A(ko)
(6.40)

and

iSNR = 0SNR (h ;) < 0SNR (hy_; ) < -~ < 0SNR (h, 1) = (ko).
(6.41)
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6.3.2 Minimization of the Fullband Output SNR

It is clear that the filter denoted hy, that minimizes the fullband output SNR
given in (6.12) is the eigenvector corresponding to the minimum eigenvalue
of the matrix D(,lDX, which is AM(kx —1). Therefore, the minimum SNR filter
is

hy = B(kk-1)ik, (6.42)

where 8(kx—1) # 0 is an arbitrary complex number and ig is the Kth column
of Ix. Equivalently, we can write (6.42) as

{Hv(ki) —0,i=0,1,...,K —2
Hy (kr-1) = B(kx-1) '

With (6.42), we get the minimum possible fullband output SNR, which is

(6.43)

oSNR (hy) = A(kx—1) = miniSNR(k) < iSNR. (6.44)

As a result,
oSNR (hy) <0oSNR (h), Vh. (6.45)

We deduce that the estimates of the noise and desired signals are, respectively,

P e 045
and
{);(\'(ki)—Y(kZL i=01.. K-2 (6.47)
Rkx) = Hx (k)Y (kxe_1)
where
Hx(kg-1) =1— Hy(kk-1) (6.48)
is the equivalent gain for the estimation of X (kx—1).
The MSE between X (kx_1) and Xg, ,(kx_1) is
T Blkic—)) = B IV (kic—1) = Blkae—)Y (ki) (6.49)

= 18(kx—1))? ¢x (k1) + |1 = Blkr—1)” ov (kx_1)
= Ja [Blkx-1)] + J: [B(kx-1)].
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From the previous expression, we see that there are at least two ways to find
B(kk—1). The minimization of J [B(kx_1)] leads to

1

BW(/CKfl) = MSN—R(kK_l), (6.50)

which is the Wiener gain at the frequency bin ki _; for the estimation of
V(kx_1) or, equivalently,

aw(kK_l) =1- BW(kK—l) (651)
_iSNR(kk_1)
" 1+iSNR(kg_1)’

which is the Wiener gain at the frequency bin kx_; for the estimation of
X (kg—1). The minimization of the power of the residual noise, J; [B(kx—1)],
gives

Bu(kk-1) =1, (6.52)

which is the unitary gain at the frequency bin kx_; for the estimation of
V(kk—1) or, equivalently,

an(kx-1) =1— Pu(kr-1) (6.53)
-0,

which is the null gain at the frequency bin kx_; for the estimation of
X(krk-1).

Obviously, the approach presented above is not meaningful for broadband
signals, since only one frequency bin is processed while all the others are not
affected at all. This is far to be enough as far as noise reduction is concerned,
even though very little distortion is expected. A more practical approach is
to form the filter from a linear combination of the eigenvectors corresponding
to the Q(< K) smallest eigenvalues of D(,lDX, ie.,

Q-1
hyg =Y Blkk-q+)ik-Qrat, (6.54)

q=0

where B(kxk—g+q), ¢ =0,1,...,Q — 1 are arbitrary complex numbers with
at least one of them different from 0 and ix_gQ+q¢+1 is the (K —Q + ¢+ 1)th
column of I. Therefore, the equivalent filter for the estimation of the desired
signal at the different frequency bins is

hyo=1-hy,, (6.55)

where 1 is a vector of length K with all its elements equal to 1. We can also
express (6.55) as
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{Hx@(ki):l,i:O,l,...,K—Q—l  (656)
HX7Q(kK—Q+q) =1- B(kK—Q+q)7 q= 07 13 ) Q -1
Hence, the estimate of the desired signal is
)?( (k), i=0,1,..., K—Q—1 . (657)
X(kK Q+q) = Hx q(kr—q+q)Y (kxk—qQ+q), ¢=0,1,...,Q — 1
Following the same steps as above, we deduce the two filters of interest:
T
hyxow= [1 - Law(kk—q) -+ aw(k‘K—1)] (6.58)
and
hyon=[1---10---0]". (6.59)

For @ = K, hyx jw = hg  corresponds to the classical Wiener approach
and hy x n = 0 is the null ﬁlter which completely cancels the observations.
The filter hy o w can be seen as a combination of the ideal binary mask
and Wiener, where the observations with large subband input SNRs are not
affected while the ones with small subband input SNRs are processed with
the Wiener gains. The filter hy ; v is, obviously, the ideal binary mask. We
should always have

oSNR (hX,Q,N) Z oSNR (hXVva) . (660)
We can also deduce that

OSNR (hX,K,W> 2 OSNR (hX,Kfl,W) Z A 2 OSNR (hX,l,W) Z ISNR
(6.61)

and

0SNR (hy xx) > 0SNR (hy x ;x) > -+ > 0SNR (hy ; x) > iSNR.
(6.62)

6.4 Taking the Interframe Correlation Into Account

It is well known that a speech signal at successive time frames in the STF'T
domain is highly correlated. Therefore, if we wish to improve the performance
of noise reduction, we need to take this interframe correlation into account.

Let us consider the L > 1 most recent time frames of Y (k). Then, we can
express (6.2) as
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y(k) = [Y(k,n) Y(kn—1) - Y(kn—L+1)]"
= x(k) +v(k), (6.63)

where x(k) and v(k) are defined similarly to y(k). The L x L covariance
matrix of y(k) is

@y ()

E [y(k)y" (k)] (6.64)
— B (k) + By (),

where ®4(k) and @, (k) are the covariance matrices of x(k) and v(k), re-
spectively.

The two Hermitian matrices @ (k) and @ (k) in (6.64) can be jointly
diagonalized as follows [4]:

AH ()@, (k)A(k) = A(k), (6.65)
AT (B)®,(K)A(k) =11, (6.66)

where A(k) is a full-rank square matrix (of size L x L), A(k) is a diagonal
matrix whose main elements are real and nonnegative, and Iy, is the L x L
identity matrix. Furthermore, A(k) and A (k) are the eigenvalue and eigen-
vector matrices, respectively, of ®,1(k)®(k), i.e.,

v

B (k) By (k) A (k) = A(k)A(K). (6.67)

The eigenvalues of ®,!(k)®x(k), denoted \;(k), I = 1,2,..., L, are ordered
as A1(k) > Xa(k) > -+ > Ap(k) > 0 and the corresponding eigenvectors
are denoted aj(k),az(k),...,ar(k). Obviously, the noisy signal covariance
matrix can also be diagonalized as

AR (B)®,(k)A(k) = A(k) +1L. (6.68)

We will see a bit later that this joint diagonalization is going to be very
useful.

Since the interframe correlation is now taken into account, X (k) is esti-
mated by applying a complex-valued filter, h(k) of length L, to the observa-
tion signal vector, y(k), i.e.,

Z(k) = b (k)y (k) (6.69)
- de(k) + ‘/rn(k)a
where Z(k) is the estimate of X (k)?, Xiq(k) = h¥(k)x(k) is the filtered

desired signal, and V;, (k) = h¥ (k)v(k) is the residual noise. Obviously, the
case L = 1 corresponds to the conventional single-channel noise reduction

2 In this section, we only focus on the estimation of X (k); the extension of this approach
to the estimation of V (k) is straightforward.



94 6 Fullband Output SNR Perspective
approach in the STFT domain with gains [2]. The variance of Z(k) is then

bz(k) = b (k)®, (k)h(k) (6.70)
= ¢de(k) + (me(k)a
where ¢x,, (k) = hf(k)®,(k)h(k) and ¢y, (k) = hf(k)®,(k)h(k) are the

variances of Xq(k) and Vi (k), respectively. We deduce from (6.70) that the
subband and fullband output SNRs are, respectively,

oSNR [h(k)] = ?;EZ)) (6.71)
_ b7 (k) @y (k)h(k)
~ hH (k)@ (k)h(k)
and
oSNR [h(:)] = M (6.72)

K—1 :
Ek:() ¢Vm(k3)

As we did in previous sections, we propose to use the index k;, i =
0,1,...,K—1and k; € {0,1,..., K—1}, which allows us to order the K sub-
band eigenvalues A1(k), k =0,1,..., K — 1 from the largest to the smallest,
ie.,

M(ko) > M(k1) > - > M(kg—1). (6.73)

So, with this indexing, the subband filter is denoted as h(k;), which is as-
sumed in the rest to have the form:

h(k;) = ¥(k)as(k;:), (6.74)
where 1 (k;) is an arbitrary complex number and a; (k;) is the eigenvector cor-
responding to A;(k;). For 1(k;) # 0, it is clear that h(k;) in (6.74) maximizes
the subband output SNR, since

oSNR [h(k;)] = A (k;). (6.75)
As a result, with h(k;) in (6.74), (6.73) is equivalent to saying that
0SNR [h(ko)] > oSNR [h(k1)] > --- > oSNR [h(kx_1)] . (6.76)
Also, we have

(k) > iSNR(k;) (6.77)

and
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iSNR < Aq (ko). (6.78)
In the particular case of L = 1, we have A (k;) = A(k;) = iSNR(k;), which
corresponds to the study of previous sections.
Let
T
h= [hT(ko) hT (kp) - - hT(kK,l)] (6.79)

be a long filter of length KL containing all the ordered subband filters. We
can express the fullband output SNR as

h"'Ds h
0SNR (h) = ===, (6.80)
h"Ds h
where
D<1>x = diag [@x(k’o), @x(kl), ceey ‘I)x(k‘}{,l)] (681)
D<I>V = diag [(I)v(kO)v (I)v(kl)v R (I)v(kal)] (682)
are block diagonal matrices. It is worth noticing that
D;!Dg, Da =DaDay, (6.83)
where
D3! = diag [®, " (ko), @, " (k1),..., @, (kx—1)], (6.84)
D = diag [A(ko), A(ky), ..., Ak 1)), (6.85)
Dp = diag [A(ko), A(k1), ..., Alkk—1)]. (6.86)

Therefore, our objective is to find h in such a way that oSNR (h) > iSNR.
Since

S () [P M (k)
oSNR (h) = , 6.87
(®) St k)P (657

we deduce that

The filter, h, that maximizes the fullband output SNR given in (6.80) is
simply the eigenvector corresponding to the maximum eigenvalue, A1 (ko), of

the matrix D;},D@x. As a consequence, the maximum SNR filter (of length
KL)is

hmax = [7/)(ko)a1T(k0) OT]T; (689)
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where ¢(ko) # 0 . Equivalently, we can write (6.89) as

{ E::zng)) _ (z)/}(ljoiai(go) LK-1° (6.90)

With (6.89), we get the maximum possible fullband output SNR, which is
0SNR (h,...) = M (ko) > iSNR (6.91)
and
oSNR (h,,,,..) > oSNR (h), Vh. (6.92)

We deduce that the estimate of the desired signal is

)ﬁmax(kO) = hgax(ko)y(ko) . (693)
Kax(ki) =0, i =1,2,..., K — 1

Now, the parameter (ko) needs to be determined. There are at least two
ways to find it. The first one is from the MSE between X (ko) and Xpax(ko),

ie.,

T [(ko)] = B [|X (ko) — ¥ (ko)ad! (ho)y (o) °] (6.94)
The second possibility is to use the distortion-based MSE, i.e.,

Ja [W(ko)] = E [|X (ko) = w* (ko) (ko)x(ko) ] (6.95)

The minimization of J [¢)(k)] leads to the maximum SNR filter with min-
imum MSE at the frequency bin ky, i.e.,

g af’ x iy
hmax,l(ko) == (kO)l +(>]\Ci)2;:;) (kO) 3 (696)

while the minimization of Jq [1/(ko)] gives a minimum distortion filter at the
frequency bin kg, i.e.,

(ko)afl(ko)q’x(ko)h
A1 (ko) ’

hynax 2 (ko) = L (6.97)

where i; is the first column of Iy,.

Clearly, this method maximizes the fullband output SNR but it is expected
to introduce a huge amount of distortion to the desired signal, since all its
frequency bins are put to 0 except at kg. A much better approach when we
deal with broadband signals such as speech is to form the filter (of length
K L) from a concatenation of the eigenvectors corresponding to the P(< K)
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largest eigenvalues from the set {A1(k;), ¢ =0,1,..., K — 1}, i.e.,

T
hp = [¢(ko)af (ko) - Yp—1(kp-1)af (kp—1) 0T ] (6.98)

where ¥(kp,), p=0,1,..., P—1 are arbitrary complex numbers with at least
one of them different from 0. We can also express (6.98) as

hP(kP) w(kp)al(kp) - O? 1) A P -1 (6 99)

hp(k;) =0, z—PP+1 K —1 ’ '
Hence, the estimate of the desired signal is

Xp(ky) = b (ky)y(ky), p=0,1,....P—1 (6.100)

Xp(k/’l) =0,i=P,P+1,..., K—-1

To find the 9(k,)’s, we can either optimize J [¢(kp)] or Jq [¢(kp)]. The
first one leads to filters with minimum MSE at the frequency bins k,, p =
0,1,....,P—1, ie.,

a1 (kp)a{{ (kp)q’x(kp)il

h =
palip) T hl)

(6.101)

while the second one gives the minimum distortion filters at the frequency
bins k,, p=0,1,...,P -1, ie,

hpa(k,) = > au(ky ){;(k”) x(kp)i (6.102)

The filters (of length K'L) corresponding to (6.101) and (6.102) are, respec-
tively,

T
hp; = [hE (ko) -+ b, (kp-1) 07 ] (6.103)

and

T

hpy = [hf,(ko) -+ hpy(kp_1) OT] (6.104)

This approach can be seen as a generalization of the ideal binary mask [3],
since the subband observation signals of the microphone with the P largest
subband output SNRs are processed with filters with minimum MSE or min-
imum distortion, while the K — P others with the smallest subband output
SNRs are put to 0. We should always have

0SNR (hp,) < 0SNR (hp;). (6.105)

‘We can deduce that
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iSNR < 0SNR (hg ;) < 0SNR (hy_;;) <+ < 0SNR (hy ;) = i (ko)
(6.106)

and

iSNR < 0SNR (hg5) < 0SNR (hy_;5) < -+ < 0SNR (hy ) = A1 (ko).
(6.107)

6.5 Generalization to the Multichannel Case

We consider the conventional signal model in which a microphone array with
M sensors captures a convolved source signal in some noise field. The received
signals, at the time index ¢, are expressed as [5], [6]

ym(t) = gm(t) * l‘(t) + Um(t) (6'108)
=Ty (t) +op(t), m=1,2,..., M,

where g¢,,(t) is the acoustic impulse response from the unknown speech source,
x(t), location to the mth microphone, % stands for linear convolution, and
v (t) is the additive noise at microphone m. We assume that the signals
T () = gm () x 2(¢t) and vy, (t) are uncorrelated, zero mean, stationary, real,
and broadband. By definition, the convolved speech signals, x,,(t), m =
1,2,..., M, are coherent across the array while the noise signals, v, (t), m =
1,2,..., M, are typically only partially coherent across the array. Using the
STFT, (6.108) can be rewritten in the time-frequency domain as

Yi(k,n) = G (k)X (k,n) + Vi (k,n) (6.109)

= Xm(kﬂn) +me(kan)a m = 1727"'7M7
where Y,,,(k,n), Gn(k), X(k,n), Vin(k,n), and X,,,(k,n) are the STFTs of
Ym(t), gm(t), x(t), vm(t), and ., (t), respectively, at the frequency bin k €
{0,1,..., K — 1} and the time frame n. Assuming that the first sensor is the

reference and dropping the dependence on n, we can write the M STFT-
domain microphone signals in a vector notation as

(k) ( ) (6.110)

where

(6.111)
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and x(k) and v(k) are defined similarly to y(k). Since X,, (k) and V,,,(k) are
uncorrelated by assumption, we deduce that the M x M covariance matrix
of y(k) is
(k) = E [y(k)y" (k)] (6.112)
= ¢x, (k)d(k)d" (k) + @y (k)
= O (k) + By (k),

where ¢x, (k) = F [|X1(k)|2} is the variance of X;(k), and ®(k) and ®, (k)

are the covariance matrices of x(k) and v(k), respectively. It results that the
subband and input SNRs are, respectively,

iSNR(k) = v (F) (6.113)
and
. Sy b, (k)
iSNR = &k=0 721077 6.114
Yico owi (k) (o1

where ¢y, (k) = E [|V1(k)|2} is the variance of V;(k), the additive noise at

the first (reference) sensor. It is obvious that

mkin iSNR(k) <iSNR < ml?xiSNR(k:). (6.115)

As before, the two Hermitian matrices ®x(k) and ® (k) can be jointly
diagonalized as follows [4]:

AP (E)®.(k)A(k) = A(k), (6.116)
AT (E)®, (k) A(k) =1y, (6.117)

where A (k) is a full-rank square matrix (of size M x M), A(k) is a diagonal
matrix whose main elements are real and nonnegative, and I is the M x M
identity matrix. Furthermore, A(k) and A (k) are the eigenvalue and eigenvec-
tor matrices, respectively, of ®1(k)®x(k). Since the rank of ®, (k) is equal
to 1, the eigenvalues of ®;1(k)® (k) are A (k) = ¢x, (k)d" (k)@ (k)d(k)
and Aa(k) = A3(k) = -+ = Ap(k) = 0. In other words, the first and last
M — 1 eigenvalues of the matrix product ®;!(k)® (k) are positive and ex-
actly zero, respectively. We also denote a;(k),az(k),...,an(k), the corre-
sponding eigenvectors, where the first one can be expressed as

IR i
VA (037 (k) (k)

(6.118)
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Conventional multichannel speech enhancement in the STFT domain is
performed by applying a complex-valued filter, h(k) of length M, to the
observation signal vector, y(k), i.e.,

Z(k) = b (k)y (k) (6.119)
= Xta (k) + Vin(k),
where Z(k) is the estimate of Xi(k,n), Xu(k) = hf(k)x(k) =
X1 (k)h# (k)d(k) is the filtered desired signal, and V;,(k) = hf (k)v(k) is
the residual noise. The variance of Z(k) is then
bz(k) = h (k)®, (k)h(k) (6.120)
= ¢de (k) + qSVrn (k)7
where gy, (k) = o, (k) [0 (6)d(K)[> and dy,, (k) = h¥ (k)B, (K)h(k) are

the variances of Xgq(k) and Vin(k), respectively. We deduce from (6.120)
that the subband and fullband output SNRs are, respectively,

oSNR [h(k)] = i)v‘f((:)) (6.121)
 ox, (k) [h¥ ()d(k)|”
= ThE(k)®,(k)h(k
and
0SNR [h(:)] = M (6.122)

k:o (ZSVrn( )

Again, we propose to use the index k;, ¢ = 0,1,...,K — 1 and k; €
{0,1,..., K—1} to order the K subband eigenvalues A\; (k), k =0,1,..., K—1
from the largest to the smallest, i.e.,

M(ko) = Ai(ki) > - > M (kr—1). (6.123)

So, with this indexing, the subband filter is denoted as h(k;), which is as-
sumed in the rest of this section to have the form:

h(k;) = (ki)ai(k:), (6.124)

where 9(k;) is an arbitrary complex number and a;(k;) is the eigenvector
corresponding to A1 (k;). For ¢(k;) # 0, it is clear that h(k;) maximizes the
subband output SNR, since

= o, (k) [al (ko) d (k)|



6.5 Generalization to the Multichannel Case

As a result, (6.123) is equivalent to

0SNR [h(ko)] = oSNR [h(ky)] > -+ > oSNR [h(kx_1)] .

Also, we have
A1(k;) > iSNR(%;)
and
iSNR < Aq (ko).
Let

h = [h7 (ko) b7 (k1) - W (kre_1)]”
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(6.126)

(6.127)

(6.128)

(6.129)

be a long filter of length K M containing all the ordered subband filters. We

can express the fullband output in (6.122) as

h"Dg h
oSNR(b) =
1 P 11

where

Dg, = diag [®x(ko), Px(k1),. .., Px(kr_1)]
Dg, = diag [®+(ko), ®v(k1),. .., Pyv(kx_1)]

are block diagonal matrices. It is worth noticing that

D;. Dg,Da = DaDay,

where
Dy, = diag [®, " (ko), &, (k1),..., By (kx-1)],
DA = dla‘g [A(k0)7 A(k1)7 . 7A(kK—1)] ;
Dy = diag[A(ko), A(k1), ..., A(kr—1)]
Since

S (k)P M (ki)
S (k)P

oSNR (h) =

we deduce that

/\l(kK—l) S oSNR (h) S /\1(]€0)

(6.130)

(6.131)
(6.132)

(6.133)

(6.134)

(6.135)
(6.136)

(6.137)

(6.138)

Therefore, our objective is to find h in such a way that oSNR (h) > iSNR.
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The filter, h, that maximizes the fullband output SNR given in (6.130)
is the eigenvector corresponding to the maximum eigenvalue, A1 (kop), of the
matrix D;}’Dq,x. As a consequence, the maximum SNR filter (of length K M)
is

bmax = [’lr/)(kO)a?(kO) OT]T; (6139)

where 1(ko) # 0 is an arbitrary complex number. Equivalently, we can write
(6.139) as

hmax(k ): ’l/J(k )a (kj )
{hmax(k’?) =0, ioz 172?“.7[{_ 1 (6140)

With (6.139), we get the maximum possible fullband output SNR, which is

OSNR( ) = )\1(]{?0) Z iSNR (6.141)

max

and

oSNR (h,,,.) > oSNR (h), Vh. (6.142)

IH&X)
We deduce that the estimate of the desired signal is

)/(:l,max<k70) - max(ko) (k’o) . (6143)
Xl,max(ki) *0, 1= 1,2,...,K*1

Now, we need to find (ko). The first possibility is from the MSE between
Xl(ko) and Xl’max(ko), ie

T [(ko)] = E [| X1 (ko) — ¥ (ho)al! (ko)y (ko) *]. (6.144)

The second possibility is to use the distortion-based MSE, i.e.,
N 2
Ja [t (ko)] [|X1 (ko) — v* (ko)al (ko)x(ko)| } . (6.145)

From the minimization of J [¢)(ko)], we get the classical Wiener filter at
the frequency bin kg, i.e.,

éx, (ko) A1 (ko)
1+ A1 (ko)
_ dx, (ko) @5 " (ko)d (ko)

1+ ¢x, (ko)dH (ko) @+ " (ko)d(ko)’

while the minimization of Jyg [¢(ko)] gives the well-known MVDR filter at the
frequency bin kg, i.e.,

hmax,W (k()) =

au (ko) (6.146)
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éx, (ko) A1 (ko)
)\1(/60)

_ D! (ko)d(ko)
d? (ko)®y " (ko)d(ko)

Even though this method maximizes the fullband output SNR, it is ex-
pected to introduce a large distortion to the desired signal, since all its fre-
quency bins are put to 0 except at kg. A more practical approach when we
deal with broadband signals such as speech is to form the filter (of length
K M) from a concatenation of the eigenvectors corresponding to the P(< K)
largest eigenvalues from the set {\(k;), i =0,1,..., K — 1}, i.e.,

hmax,D(kO) = al(kO) (6147)

T
hp = [¥(ko)al (ko) -+ ¥(kp_1)al (kp_1) 0T ], (6.148)
where ¢(k,), p=0,1,..., P—1 are arbitrary complex numbers with at least
one of them different from 0. We can also express (6.148) as
plkp) =¥(kp)ai(ky), p=0,1,...,P—1
{hp(kz)o R : (6.149)

Hence, the estimate of the desired signal is

X1,p(ky) = b (k)y(ky), p=0,1,....P—1 (6.150)
X1.p(ki)=0,i=P,P+1,...,K—1
To find the ¢(k,)’s, we can either optimize J [¢(k,)] or Jq [¢(kp)]. The first
one leads to the Wiener filters at the frequency bins k,, p=0,1,..., P -1,
ie.,
k)@, (ky)d(k
hP,W(kp) — $x, ( p) v ( p) ( p) (6.151)

1+ ¢X1 (kp)dH (kp)(P;l (kp)d(kp) ’

while the second one gives the MVDR filters at the frequency bins k,, p =
0,1,...,P—1,1ie,

b () — — 25 (kp)d (k)

a7 )y (k) (k) (6.152)

The filters (of length K M) corresponding to (6.151) and (6.152) are, respec-
tively,

T
hpw = [hhw(ko) - hfy(kp_1) 07] (6.153)

and
] T

hpp = [hEp(ko) -+ hpp(kp1) OF (6.154)
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For P = K, hy w and hy p, correspond to the classical multichannel Wiener
and MVDR approaches, respectively. The case hpp, can be seen as a gen-
eralization of the ideal binary mask [3] to the multichannel case, since the
subband observation signals of the reference microphone with the P largest
subband output SNRs are processed in such a way that the desired signals
are undistorted while the K — P others with the smallest subband output
SNRs are put to 0. We should always have

oSNR (hP,D) < oSNR (hp,w) . (6.155)
We also deduce that

iSNR < 0SNR (hg ) < 0SNR (hy_; w) < --- < 0SNR (hy ) = A1 (ko)
(6.156)

and

iSNR < 0SNR (hy ) <0SNR (hg ;) <--- <0SNR (h; p) = A1 (ko).
(6.157)
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