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0rganis@ dans le cadre de l'ann@e sp6ci~le sur les 

ph@nom@nes non lin6&ires, sous le patronage du CNRS et du MEN, le 

Colloque sur les probl@mes hyperboliques non lin6aires s'est tenu 

& Bordeaux, sur le campus de l'Universit@, dans les locaux de 

l'Amphi. Kastler du Lundi 13 Juin au Vendredi l? Juin 1988. 

Le Colloque a r@uni 120 participants de 13 nationalit~s 

diff6rentes (Alg@rie, Allemagne f6d6rale, Angleterre, Belgique, 

Cameroun, Chine, Etats-Unis d'Am@rique, France, Italie, Israel, 

Japon, Pologne, Su@de) dans la proportion de 80 participants 

fran$&is et 40 6trangers. On dolt ~ussi remarquer qu' il y avait 

28 participants non universitaires en provenance des secteurs 

industriels aussi bien public que priv@. 

Le financement du Colloque a @t@ assur@ grace &u concours 

de divers organismes CNRS-MEN, le Minist@re des Affaires 

Etrang@res, le Conseil R@gional d'Aquitaine, l'Universit@ de 

Bordeaux I, la SMAI, le GAMNI, la SMF, le CEA/CELV, le CEA/CESTA, 

la DRET, le CIMPA, le SERAM. 

Le but scientifique du Colloque @tait de favoriser les 

inter&ctions entre les multiples aspects de l'@tude des ondes 

hyperboliques non lin@aires. 

Les ondes hyperboliques non lin@aires mod@lisent en effet 

de tr@s nombreuses situations physiques (dynamique des fluides, 

@lastodynamique, 6coulements r@actifs, th6orie des champs...) et 

sent & l& base d'applic&tions scientifiques et industrielles tr@s 

importantes (a6ronautique, industrie p@troli@re, d@tonique, 

calcul d'impact, combustion...). 

Les aspects tant th@oriques que num@riques de ces probl@mes sent 

tr@s vari@s et imbriqu@s : @quations aux d@riv@es partielles, 

analyse, analyse num@rique, g@om@trie. 

Nous avons donc tent@ de ohoisir des conf@renciers 

repr@sentatifs de toutes les tendances de fa~on & ~ttirer des 

sp@cialistes du plus grand nombre de domaines de l'hyperbolique. 

Les 21 conf@rences ont @t6 ainsi donn@es uniquement sur 

invitation du Comit@ scientifique du Colloque constitu@ de :MM. 

C. Bardos, S. Klainerman, A.Y. Le Roux, A. Majda, S. Osher, J~ 

Kauch et du comit@ d'organisation form@ de : MM. C. Carasso, P. 

Charrier, B. Hanouzet et J.L. Joly. 



Le present document a Etd Etabli en execution du contrat n°88 1309 par la 

Direction des Recherches Etudes et Techniques Direction Scientifique. 

Section Soutien ?~ la Recherche DElEgation GEnErale pour rArmement. 
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APPROXIMATION TO NONLINEAR CONVECTION DIFFUSION EQUATIONS 

Said BENACHOUR 

Institut de Math6matiques, 
Universit~ des Sciences et Techniques Houari Boumedienne 
BP 9, Dar El Beida, Alger, ALGERIA 

Alain Yves LE ROUX 

and Marie No~lle LE ROUX 

UER Math6matiques et Informatique, 
Universit6 de Bordeaux i, 
33405 Talence, FRANCE. 

We t r y  t o  b u i l d  a s t r o n g  n u m e r i c a l  m e t h o d  f o r  c o n v e c t i o n  d i f f u s i o n  
e q u a t i o n s  i n  t h e  n o n l i n e a r  c a s e ,  w h i c h  g i v e s  L m and  Bo u n d ed  V a r i a t i o n  (=BV) 
s t a b i l i t y  on  t h e  g r a d i e n t  o f  t h e  s o l u t i o n .  T h i s  l e a d s  t o  a c o m p a c t n e s s  
a r g u m e n t  i n  L m f o r  t h e  a p p r o x i m a t e  s o l u t i o n  a n d  t h e n  t o  a p r o o f  o f  
c o n v e r g e n c e  on  a n o n l i n e a r  d i f f u s i o n  t e r m .  S e v e r a l  e x a m p l e s  a r e  r e p o r t e d  i n  
o r d e r  t o  s h o w  t h a t  h y p e r b o l i c  t e c h n i q u e s  a r e  s u i t a b l e  f o r  s u c h  n o n l i n e a r  
p a r a b o l i c  m o d e l s .  

T h i s  p a p e r  i s  d i v i d e d  i n t o  3 p a r t s .  A f i r s t  e x a m p l e  i s  d e t a i l e d  i n  
S e c t i o n  l ,  w h e r e  t h e  n u m e r i c a l  m e t h o d  i s  d e s c r i b e d  i n  a v e r y  s i m p l e  way. 
Then  t h e  same m e t h o d  i s  a d a p t e d  t o  t h e  p o r o u s  m e d i a  e q u a t i o n  i n  S e c t i o n  2. 
N e x t ,  S e c t i o n  3 i s  d e v o t e d  t o  t h e  two d i m e n s i o n  c a s e ,  i n c l u d i n g  some 
n u m e r i c a l  t e c h n i q u e s  a d a p t e d  t o  t h e  d i f f u s i o n  t e r m .  Then  a R i eman n  s o l v e r  
i s  p r o p o s e d  f o r  t h e  f i r s t  o r d e r  t e r m ,  w h i c h  comes  f r o m  t h e  d e r i v a t i o n  o f  
t h e  d i f f u s i o n  t e r m .  T h i s  l e a d s  t o  a two d i m e n s i o n  v e r s i o n  o f  t h e  Lax 
F r i e d r i c h s  s c h e m e ,  a n d  a c o n s t r u c t i o n  o f  t h e  Codunov  s c h e m e  u s i n g  t h e  same 
R iemann  s o l v e r .  

Other numerical methods presents same properties of stability, such as 
the one proposed in [8],[8],[9],[10] or [12]. However, the mathematical 
model studied here deals with the equation of velocity and the schemes 
proposed here too. 

I.- AN EXAMPLE - We consider the equation 

ut =[UUx? x 

together with the initial condition 

uCx, O) = UoCX) 

where 

u ~ WI'~(~) , u a 0 , with compact support. 
o o 

(1) 



For i e Z and n e ~, we denote by U n the approximate value of u(iAx,nAt), 
I 

for a space increment Ax and a time increment At. 
By the Euler scheme, we get 

n+1 = U n + At . , . ' ,  n + n,( n+l n+l. --(U7 + U n )(U n+l n+1)] (2) 
ul i 2---~2 Ltut+l uiJ Ut+I-Ul I l-1 i - U | - I  

which leads to the estimates, provided all U n to be non negative, 
l 

n + l  
V i e2 , u >-0 

i 

and 

~+I hi, Max]u ] ~ Max luj 
iEZ ]eZ 

un+l _ un+l U n n 
:E l  ~+, ~ I -~ X : I  j . , - u j l  

i~Z jeZ 

This means that the scheme repserves the positiveness of u , and is L m and 
BV (=Bounded Variation) stable (or is TVD, that is Total Variation 

Diminishing). 
Let @ be a test function in C2(~ x BR ). We set 

+ 

n = V)(iAx, nAt) ¢1 
a n d  

n l U n U n u - ( + ) 
1 + 1 / 2  2 i 1+1 

Then we get, 
n 

by multiplying the scheme (2) by ¢I and summing, 

n n-I n+ I n+l n n 

¢i-¢i u -u uln A ~  AtAx = ~" un i+I I 0i+I-¢I 

i+t /2 AX AX 
l)n l,n 

AtAx 

However the estimates given above are not sufficient to enable us to go to 
the limit (for any subsequence) on the product 

n + l  n + l  
U - U 

U n 1+1 i 

1 + 1 / 2  AX 

We need another estimate, 
T h i s  c a n  be  d e d u c e d  f r o m  L m a n d  BV e s t i m a t e s  on  u 

x 

In order to get it, we set 

V ---- - U 
x 

Then  we g e t  t h e  e q u a t i o n  

v + (v a) : (u v ) 
t x x x 

which can be the uniform convergence on u . 
instead of u as above. 

(3) 



This equation will be discretized into two steps. The first one is 
devoted to the second order term, which correspond to a diffusion term. We 

set m = n + 1/2 , which will be used as the upper index for an intermadiary 
value between the times nat and (n+l)At. We compute 

At [ n m m ~ ~ ~ ) 1 ( 4 )  
V m = V n + U (V --V ) -- U _l12(V -V -I 
i i ~-~2 I+112 I+I i 

As above, this scheme preserves L ~ and BV estimates for v . It is now 

L ~ sufficient to use a and BV stable scheme for the discretization of the 
first order term. This can be done by using the Godunov scheme. 

This scheme uses a Riemann solver associated with the scalar equation 

v + ( v 2 ) = 0 (5) 
t x 

which allows to compute the fluxes on both sides of the cells. 

T h i s  i s  performed a s  follows. 

m 
V 

I +1/2 

V m 
i 

= 0 

V m 
1+1 

We compute, for any i ~ Z , 

if v m ~ 0 and v m + V m a 0 , 
I i i + l  

if v m ~ 0 and v m z 0 , 
i I+I 

if v m ~ 0 and v m + v m ~ 0 . 
t + l  i 1+1 

and then, 

n+l = vm At[ + 1 / 2 ) 2  _i/2)2 ] 

This scheme is Lmand BV stable under the stability condition 

~I At 1 Maxlv ~ g 
J 

(7) 

We notice that this condition is the well known Courant Friedrichs Lewy 

I 
condition, and the coefficient ~ comes from the flux in (5), which is 2 v . 

This condition gives also the conservation of the positiveness of u , since 
we have 

As a matter of fact, 

n + l  = - ~ .  v n + l  AX -~ 0 
Ui+i/2 J 

j-<i 

by writing 

2 
= At m w m --~ V n+l V m + (V -- - 

J----[ j - ~ J ~-X +1/2 ) > i+1/2  
J-<i 

W m = ~ V m 
i+1 /2  J 



And since we have 

W m n 
= W 

t + I / 2  1+1/2  
At un [ wm - 2 wm +wm 1 + 
_.~ i+I/2 I+3/2 1-112 i-I/2 

we g e t  

~0 ~ V i ¢2~ w m --0 . 
i+I/2 

which is a linear system involving a M-matrix, 

V i E ~ W n 
I+I/2 

T h i s  p r o v e s  t h e  c o n s e r v a t i o n  o f  t h e  p o s i t i v e n e s s .  

2.- THE POROUS MEDIA EQUATION. We are now concerned with the equation 

au 
- A ¢ ( u )  

at 

where ¢ ¢ C2(~) i s  a nondecreasing function such that @'(0)=0. We set 

( 8 )  

¢(u) = ¢'(u) , 

and 

V = 

Then we get the convection equation 

¢(u) au  

U @X " 

u + ( u v )  =0. 
t x 

(9) 

Next we introduce 

~0 u 

p(u) = ¢(Y) 
y 

m dy 

which corresponds physically to a pressure if u is a concentration. Then we 

get 

v + Px  = 0 

w h i c h  i s  known a s  t h e  D a r c y  law; h e r e  v i s  a v e l o c i t y .  

( i o )  

From (9) and by using (I0), 

and obtain 

we c a n  d e r i v e  t h e  e q u a t i o n  o f  t h e  v e l o c i t y  

v + (v 2) = (¢(u) v ) 
t X xX 

i l )  

We p r o p o s e  a d i s c r e t i z a t i o n  o f  t h i s  e q u a t i o n .  

S i n c e  ¢ i s  n o n n e g a t i v e ,  t h e  p r e v i o u s  s c h e m e  w i l l  work  a n d  we g e t  L~and 
BV e s t i m a t e s  f o r  v We n o t i c e  t h a t  i n  t h e  f i r s t  s t e p  ( i . e .  t h e  
d i s c r e t i z a t i o n  o f  t h e  s e c o n d  o r d e r  t e r m ) ,  we o n l y  h a v e  t o  c h a n g e  u n 

i + 1 / 2  

i n t o  ~(um÷i/2)'t w h i c h  c a n  be  w r i t t e n  a s  a f u n c t i o n  o f  t h e  p r e s s u r e  p by  



using the Darcy law (I0). This will be denoted d(p) = ¢(u) , and for 
example 

dCp) - P if ¢(u) = u k 
k 

T h i s  i s  p o s s i b l e  o n l y  when t h e  p o s i t i v e n e s s  o f  t h e  p r e s s u r e  i s  
p r e s e r v e d  d u r i n g  t h e  two s t e p s  o f  t h e  scheme.  By w r i t i n g ,  f rom t h e  Darcy  
law (I0), 

m = m - v m Ax (12) 
Pt+l/2 P t - i / 2  ! 

and 

we get 

n = n ) y 
¢I+I12 d(Pi+il2 

m n Atn [m m m ] 
= p -2p +p 

Pi+il2 Pi+il2 + ~'X ~I+I/2 I+3/2 I+I/2 i-112 

which involves a M-matrix. Then we get 

n Z 0 V j e 2 PJ+I/2 V i E ~ m -- 0 • 
Pi+I/2 

Next we have, 

values in (12), 

n+1 n+l 
by computing pi÷I/2from the v] as for the intermediary 

n+l = m m )2 m a 0 
Pi÷I/2 Pi+I/2 + At (v +1/2 ~ Pi+1/2 " 

From these estimates we can deduce the convergence of a subsequence, 
from a compactness argument, towards a weak solution which can be defined, 
for example, as follows, 

For any test function ~ with a compact support in ~x~+, 

satisfy 

and 

v and p 

~I (v@t+V2@x)dXdt=II (d'(p) V2~x-d(p)V~xx)dXdt 

RxlR Rx~ 
÷ ÷ 

I ( v ~ - p ¢×) dx dt = 0 . 

~×~ 
÷ 

Here the convergence on each ~roduct is possible since we have a uniform 
convergence for p and a strong L- convergence for v. 



3. - THE TWO DIMENSION CASE. For a given non negative function ¢ in CI(~), 
with ¢(0) = O, we consider the two dimension equation 

w = div(¢(w) Vw ) ( 1 3 )  
t 

The two space variables will be denoted x and y. We set 

Then for 

we obtain the Darcy law 

¢(w) 

W 

IO w ¢(~) p = d~ (14) 

V + V p = O, ( 1 5 )  

and the convection equation 

w + div ( w V ) = O. (16) 
t 

Here p corresponds to a pressure, V is a velocity field and w is a 
concentration. This is physically meaningful when p and w has nonnegative 
values. 

As above in the one dimension case, we compute the time derivative of 
V . We obtain successively, 

V t - V Pt from (15) , 

= - V { ¢(w) wt } b y  u s i n g  ( 1 4 )  
w 

From 

= + V ( ¢(W)w div( w V ) } by using (16) . 

div (w V) = V . Vw + w div (V) , 

we get the equation of the velovity 

V t + V (IVI 2) = V (d(p) div(V) ) (17) 

since from (14) we can find a function d of the pressure such that 

d(p) = ¢(w) . 

We propose now a two step numerical scheme for the discretization of 
(17). The first step deals with the second order term. We can use here a 
classical technique for diffusion equations. 



For example, we can write 

q = div(V) 

which satisfies 

qt = A (d(p) q ) . 

This equation can be solved by using the implicit Euler method for the time 
discretlzation, and a finite difference method with a frosen d(p) for the 
space discretization. Then it remains to solve 

div (V) = q ; rot(V) = 0 , 

to get the velocity. Such an elliptic problem is studied in [3] or [5]. 

Other classical techniques can work too. Now, from this first step, we get 
intermediary values V m of the velocity field on each cell 

i,J 

1 1 

where Ax and Ay denote the space meshsizes. 
We are now concerned with the second step of the numerical scheme. 

This corresponds to a discretization of the non linear hyperbolic system 

2 2 
u + ( u + v ) = 0 , 
t x 

v + ( u2 + v 2 ) = 0 
t y 

(18) 

Either for a Godunov scheme using alternated directions or for a Lax 
Friedrichs scheme with modified fluxes, we need a one dimension Riemann 

solver. In the x-direction for example, we have to solve the Riemann 
problem 

u + ( u 2 + v ~ ) = 0 
t ( 1 9 )  

v = 0 , 
t 

with the constant piecewise intial condition 

(u(x,O),v(x,O)) = [ (ul'vl) for x < 0 , 

L (Ur'Vr) for x > 0 

where u I, vl, Ur, Vr are given real data. We can have either a wave 

travelling towards the right hand side (with a positive velocity), or a 
wave travelling towards the left hand side (with a negative velocity). This 

wave can be either a rarefaction wave or a shock wave. 



(U, V I 

In both cases we have a constant state (u,v) (in the first case) or 
F 

) (in the second case) between the line x=O and the wave. 

U U 

v 
U l V 1  r r r 

T h i s  v a l u e  u s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n ,  w h i c h  i s  a R a n k i n e  H u g o n i o t  
c o n d i t i o n  a l o n g  t h e  l i n e  x=O, 

2 2 2 2 
u + v = u + v (first case) 

r 1 1 

(20) 
2 2 2 2 

u + v = u + v ( s e c o n d  c a s e )  
1 r r 

For a shock wave with a positive velocity, we have necessary, 

entropy argument, 

u + u > 0 and u > 0 
r 

Then we need i n  t h i s  case, 

2 2 2 2 
u + v -~ u + v with u ~- 0 . 

I I r r 

For a rarefaction wave with a positive velocity, we have 

then we need 

0 < U ~ U 
r 

2 2 2 2 
U + V --< U + V with u -~ 0 . 

1 1 r r 

f r o m  a n  

For a shock wave with a negative velocity we have 

2 2 2 2 
u + v -< u + v with u -< 0 . 

1 I r r 

For a rarefaction wave with a negative velocity we have 

2 2 2 2 
u + v ~- u + v with u -~ 0 . 

1 l r r 

Another case can arise, when a rarefaction wave is spread on both 

sides of the line x=O . This is very seldom in practice, and we have 

u I < 0 < ur and Ivll = I%1- 



From these remarks, we can solve the Riemann problem as follows. 

2 2 2 2 
If u + v z u + v then we have 

1 I r r 

2 2 2 
if v ~ u + v and u < 0 , a rarefaction wave 

1 r r 1 

w i t h  a n e g a t i v e  v e l o c i t y ,  

else a shock wave with a positive velocity. 

2 2 2 2 
If u + v -< u + v then we have 

1 1 r r 

if v 2< 2 2 - u + v and u > 0 , a rarefaction wave 
r I I r 

with a positive velocity, 

else a shock wave with a negative velocity. 

Using this Riemann solver we are now able to compute 

2 2 
u + v 

Fx(Ul ,  Vl, u r ,  Vr ) . = 1 1 
2 2 u + v 

r r 

( i n  the first case) 

( i n  the second case) 

as for the first or the second case in (20), and 

C ( u , v , u , v )  
2 

At Ax 

[ Ax/2 At/z 

/J_Ax/2 ~o [ [ u ( x , t ) 2 + v ( x , t )  2] dx d t  

By the same way, a Riemann solver associated with the Riemann problem 

U = 0 , 
t 

V + (U2+V ~) = 0 
t y 

(21) 

( u ( x , O ) , v ( x , O ) )  = { ( u l , v  1) f o r  y < 0 , 

(Ur,V r)  f o r  y > 0 . 

can be built and we are also able to compute 

Fy(Ul,Vl,Ur,V r) and Gy(Ul,Vl,Ur,V r) 

We can notice that the same Riemann solver can be used since we have only 

to change u into v and v into u . 



10 

Now we can write the Godunov scheme as follows, 

F m = F x(um m m v m ) 
I+1/2, J + l , J '  V l + l , j '  Ul , j  ' l , J  

Fm Fy (um 1 m m V m = ,V ,U , ) 
t , J + l / 2  ,J+l  l , J + l  i , J  l , J  

n+l = u m At (F m _ F m 
U I , J  t , l  -- A--X i + 1 / 2 ,  l l - l / 2 , J  

, 

n+l V m At (Fm 
V : - - -  

l , l  f , l  AF I ,  J + I / 2  - F I ,  j _ I / 2  ) 

o r  t h e  m o d i f i e d  L a x  F r i e d r i c h s  s c h e m e  a s  f o l l o w s  

G m = G (u m ,v m m v m j) 
i+ l /2 , J  x l+ l , J  i + l , J '  U i , j '  I ,  

G m = G (u m v m m v m j) 
1 , J+ l /2  y i , J + l '  i , J + l ' U i , j '  I ,  

u ~  _ 1 ~ + u m + u m + u m ) 

i+1 /2 , J+1 /2  4 ( u  ,J i , J + l  t + l , j  i + l , j + l  

_ Art (Gin _ G ~ , j + , / 2  ) 
~X l + l , J + l / 2  

v ~ _ I (vm, j + I  v~ + vm + v~ J+1 ) 
i +1/2, j + l / 2  4 l + l , J  t , J + l  1+1, 

_ A__tt (Gm _ G ~ + I / e , j  ) 
~y I + I / 2 , l + I  

which c o r r e s p o n d s  to new i n t e r m e d i a r y  values denoted b y  ~), and 

G I~ = G (u I~ , v M u N v ~ ) 
t , J + l / 2  x 1+1/2, j+1/2  i + 1 / 2 , j + 1 / 2 '  i - 1 / 2 , j + 1 / 2 '  1 -1 /2 ,  J+1/2 

G ~ = G ( u ~ , v ~ , u ~* v ~ ) 
i +1/2, J y i +1/2, J+ l /2  I +1/2, J+ l /2  t +1/2, J - l / 2 '  f +1/2, J - l / 2  
n÷1 = l(u~ +u ~ +u ~ +u ~ ) 

Ul , j  Lt 1+1/2, J+1/2 i +1/2, J--l/2 i--1/2, j+l /2  t --1/2, j--l/2 

At 
- h--x (GI~+I/2,J - G~i-I/2,j) 

n+1 I +v N +v ~ +v N ) 
Vi , j  = 4 (V~+l /2 , J+ l /2  I+1/2 ,J -1 /2  I -1 /2 ,J+1/2  i -1 /2 , J -1 /2  

_ At (c~ _ a~ ) 

h y  i ,  J+ l /2  I ,  J - l / 2  

This scheme has been studied for the scalar equation in two dimensions and 

a proof of convergence is given in [2], Here the fluxes are different from 

those given in [4], by Conway and Smoller. In this case the authors use an 

average in the two directions, which spreads out the approximate solution 

n e a r  a s i n g u l a r i t y .  
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-CONCLUSION- The idea which consists in taking out a convection term 
from the term of nonlinear diffusion is not really a new one (see e.g. 
[7]). We think that to apply this method to the equation of the velocity 
seems to be a new one. This can be also adapted to the case of a second 
arder term which is not a degenerated one or when a convection term already 
lies in the equation . This is the case in interdiffusion problems(see 
[I]), in cellular division, population dynamics and many other topics. This 
technique has a good behaviour near a the free boundary corresponding to 
the degeneration point (here for u = 0 ), or when a boundary condition is 
to be taken in account. A Riemann solver of the same conception appears in 
some problems of combustion and allows to introduce pointwise boundary 
conditions (see [11]). An antidiffusion technique adapted to this version 
of the Lax Friedrichs method has been analysed in [2] ; sufficient 
conditions for convergence are given for the quasi linear equation. 
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DIFFERENCE SCHEMES FOR NONLINEAR HYPERBOLIC SYSTEMS 
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and ONERA, 29 av. Div. Leclerc, 92320 Ch~tillon, France 

ABSTRACT 
For a hyperbolic system of conservation laws, the general form of conservative 

difference schemes involving two time-levels in an explicit or implicit way is obtai- 

ned under natural assumptions. General results are shown on the schemes and this fra- 

mework is used to study implicit schemes of second-order accuracy. 

i .  INTRODUCTION 

After the pioneering works of Lax and Godunov in the late fifties, a lot of 

conservative difference schemes have been proposed for the solution of hyperbolic 

systems of conservation laws, using either a centred approximation in space or some 

upwinding. Since the late seventies, the schemes devised have been mostly implicit 

and free of severe stability constraints on the time step. Nowadays, a great number 

of explicit and implicit schemes are available and it would be useful to gather them 

in a general framework in order to unify their presentation, simplify their analysis, 

and make the search easier for new efficient methods. The aim of the present paper is 

to propose such a framework in the case of conservative schemes involving only two 

time - levels. 

The construction of the general form of the schemes is developed in Section 2. 

Then some examples are given in Section 3 showing that the usual schemes can be sim- 

ply identified. In Section 4, necessary and sufficient conditions are presented to 

obtain second-order accuracy, solvability, stability, dissipation and diagonal domi- 

nance. Section 5 describes the application of the general framework to the study of 

implicit schemes of second - order accuracy. Possible developments are indicated in 

the conclusions. 

2. CONSTRUCTION OF THE TWO-LEVEL SCHEHES 

Let us consider an initial-value problem for the system of m conservation 

laws : 
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w t + f(w) x = 0, xE~, t >0, (2.1) 

where the state-vector w(x,t) belongs to an open set ~ of ~m and the flux - function 

f : Q ~m is smooth. This system can also be written in the expanded form : 

w t + A(w) w x = 0 (2.2) 

with the jacobian matrix A(w) = df(w) / dw. 

System (2.1) is assumed to be hyperbolic, i.e. the matrix A(w) has m real eigenvalues 

and a complete set of eigenvectors. 

We approximate System (2.1) by a finite-difference scheme with 2 time - 

levels : 

S (wj_j, wj_j+ 1 ..... wj+j ; Awj_jl ..... Awj+jl ; o) = 0 (2.3) 

where w.~ w~ is the numerical solution at the old time-level t = n At for x = jAx, 
3 3 

Aw.~ w~ +I - w~ is the increment of the numerical solution during a time step and o 
3 ] 3 

denotes the step ratio : 

c = At / Z~x. 

Scheme (2.3) involves (at most) 2J+l points at the old time-level and 2Jl+l points at 

the new one. It is explicit if Jl = 0 or implicit otherwise. 

as : 

Scheme (2.3) is assumed to be conservative, which means it can be written 

AW. = - o (h h ) (2.4) 
1 i 

3 J +i J-2 

with a numerical flux : 

h 1 = h (wj_j+ 1 ..... wj+j ; Awj_jI+I ..... Awj+jI ; o) 
J+i 

where h is a Lipschitz-continuous function satisfying the consistency condition : 

h (u, u ..... u ; O, 0 ..... 0 ; c) = f (u), ue~. (2.5) 

Similarly as in the Lax and Wendroff paper for explicit schemes [1], one can easily 

show that if such a conservative scheme converges boundedly almost everywhere as Ax 

and At tend to zero, then it converges to a weak solution of System (2.1). 
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Furthermore, we assume that the scheme (2.4) involves essentially 3 ~ints, 

i.e. 

h (u_j+l, ..., U_l, u, u, u 2 .... , uj ; 

V Jl+l, . . . . .  ., V_l, 0, 0, v 2, , VJl; o) = f (u) , (2.6) 

for any u e ~, u ~ Q and v e ~m 
P P 

This property, first introduced for explicit schemes (see [2, Section 4] and [3]), is 

stronger than the consistency condition (2.5) , but it is satisfied by nearly all the 

schemes presently used in practice. Roughly speaking, it means that the consistency 

is ensured with the 3 central-points. 

Finally, the scheme (2.4) is supposed to be either explicit or linearly im- 

plicit, i.e. its numerical flux is of the form : 

= hexp I J 
h 1 . 1 + ~_~i (Hp)j+ 1 AWj+p (2.7) 
J+~ J+~ P =- ji+i 

with an explicit part : 

hexp I = hexp 1 
1 (wj_j+ 1 ..... wj+j; o) 

J+~ 

and an implicit part with mxm matrix coefficients : 

1 = Hp (wj_j+ 1 ..... wj+j; o), (Hp)j+ P=-JI +I' "''' Jl" 

With the numerical flux (2.7), the scheme (2.4) leads to the solution of an algebraic 

linear system at each time iteration. For simplicity reasons, all the usual schemes 

are explicit or linearly implicit. 

Let us now give the general form of the schemes satisfying the above assump- 

tions. To write this form down, we need two classical operators for the space-diffe- 

rencing : 
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1 
(#~) I E ~( ~j + ~j+l ) 

J+i 

(6~) I ~ ~j+l - ~j j + 

where ~j is a mesh function defined at x = jAx for integer values of 2j. 

Theorem 1 - Any conservative scheme (2.4) involving essentially 3 points and being 

explicit or linearly implicit can be written in the simple form : 

o 1 
Awj + ~ 6 ~ ~ (Aw~j - ~ 6 ~ 6(Aw~j + o (6h')j 

i 
= - o 6(~f)j + ~ 6 (Q 6w)j 

with three mxm - matrices depending on the old time-level : 

M i = M (wj_j+ 1 ..... wj+j ; o) 
J+i 

(2.8) 

P 
1 

J+ i 
= P (wj_j+ 1 ..... wj+j ; o) 

Q 1 
J+ i 

= Q (wj_j+ 1 ..... wj+j ; o) 

and a m-vector : 
Jl 

h' = ~ ( (6w , Aw ) 
i ~p) I 1 

J + 2- P=-JI +I J+ i J + i J+P 

where the (~p)j 
1 +5 

1 PJ+i 

are bilinear applications depending on the old-time level : 

= ~ (w ..... w ; o), for p#0 and 1 
p j-J+l j+J 

(~o). i = (~I) I = o .  
J+~ J+i 

R~rks : 

a) If Jl = 1 (only 3 points at the new time-level), then the most complicated 

term disappears : 

h t = 0. 
i J+7 

Such a scheme is entirely characterized by the data of M, P and Q. 
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b) If Jl = 0 (explicit scheme), then 

M = P = 0 and h' = 0 
1 1 1 

J +~ J +~ J +~ 

and the scheme is defined by the only datum of Q, as in the work by Tadmor [3]. 

proof of theorem I: For an explicit or linearly-implicit conservative scheme, the 

numerical flux function can be written as : 

h (U ; V; o) = hexpl(u ; o) + h impl (U ; V; o) (2.9) 

with 

Jl 

h impl (U ; V; o) = 
p=_jl+ 1 Hp (U ; o) Vp (2.10) 

where the argument list has been shortened by setting : 

U = (u_j+l , u_j+2 ..... uj) 

V = (V_Jl+l, V_Jl+ 2 ..... VJl). 

The scheme involving essentially 3 points, the function h must satisfy : 

h (U ° ; Vo; o) = f (u o) (2.11) 

where 

U ° = (u_j+i ..... U_l , Uo, Uo, u 2 ..... uj) 

V ° = (V_J l+  1 . . . . .  V_l , O, O, v 2 . . . . .  v J 1 ) .  

By c h o o s i n g  v = 0 f o r  any  p ,  f rom ( 2 . 9 ) ,  ( 2 . 1 0 )  and  ( 2 . 1 1 )  we c a n  d e d u c e  : 
P 

h e x p l  (Uo; o) = f (Uo) .  ( 2 . 1 2 )  

Hence : 

~ Hp (U ° ; o) 
p e H  

o 

v =0 
P 

where 9 o = {- Jl+l, - Jl+2 ..... -I} U {2, 3 .... , Jl }. 

This relation being valid for any value of Vp, we have ; 

Hp (U ° ; o) = 0, p e 9 ° (2.13) 
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Since the numerical flux is Lipschitz continuous, so is the function H 
P 

there exists some bilinear application Up (U ; o) such that : 

Hp (U ; c) = Hp (U ° ; c) + "~p (U ; c) (u I - u o, . ) 

~ep (U ; c) (u I - u o, . ), p e 9 ° 

Therefore, the implicit part of the numerical flux can be expressed as : 

with 

and 

h impl (U ; V ; a) = H ° (U ; c) Vo + H 1 (U ; a) v I + h' (U ; V ; c) 

Jl 

h' (U ; V ; a) = P =/--~i+ I_~ ggp (U ; a) (u I - u o , Vp) 

~o = ~i = O. 

By introducing new matrices : 

M (U ; o) = 2 (Ho+ H I ) (U ; a) 

and 

P (U ; o) = 2a ( H ° - H I ) (U ; a) 

we can rewrite h impl as : 

1 _ i 
h impl (U ; V ; c) = ~ M (U ; c) (v ° + v I) ~ P (U ; a) (v I - Vo)+ h' (U ; V ; c). 

Let us now consider the explicit part of the numerical flux. There exists some 

matrices A (Uo, u I) and B(U ; a) such that : 

f (U I) = f (u o) + A (u O, u I) (u I - u O) 

h expl (U ; o) = h expl (U ° ; g) + B (U ; a) ( u I - Uo). 

Thus, by using the condition (2.12), we obtain : 

h expl (U ; c) = 21 [f(u o) + f(ul~ + EB(U ; o) _ ~i ~ (no, ul 8 ( ul _ u° ) 

= ! [f(Uo) + f(ul ~ l 2 - ~ Q (U ; c) (u I -u o) 

where 

Q(U ; c) = c A(Uo, u I) - 2o B(U ; a). 



18 

Finally by taking Up = Wj+p and Vp 

1 
h i = E: f - :-oa Q 6w 
J+ : 

1 
= AWj+p, we find the numerical flux at j+ 

1 1 1 + : M N(Aw) - ~o P 8(Aw) + h~j+ 

corresponding to the scheme (2.8). 

~. SOME EXAMPLES 

3.1 Explicit schemes : 

For an explicit scheme, the general form reduces to : 

1 
Awj = - o 6(Bf),3 + ~ 6(Q 6 w)j.. (3.1) 

Here, we want to emphasize that we are able to exhibit the Q - matrix for the usual 

schemes, even though they are defined in several steps. 

a) Lax scheme 

The Lax scheme [4] can be defined simply by : 

Q : =: 
J+: 

where I is the mxm identity matrix. 

(3.2) 

b) First-order Roe scheme 

It is based on the splitting of some mmn-matrix calculated from the "Roe avera- 

ge" [5] : 

(AR). I = A R (wj, wj+ I) 
j + : 

which is defined by the following properties : 

• f(v) - f(u) AR(U, v) (v-u), u, v e n (3.3) 

• ~(U, u) = A(u), uefl (3.4) 

• ~(u, v) has real eigenvalues and a complete set of eigenvectors for any u and v 

in ~. 

Roe has constructed this average for gas dynamics. Later, Harten and Lax have 

shown [6] that such an average exists for any hyperbolic system having a strictly 

convex entropy. 

Splitting up the Roe matrix according to the sign of its eigenvalues : 

= + AR. A R A R + 

and using an upwind differencing in space, one obtains the first-order Roe scheme [5]: 
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Awj = - o E(AR 6w) 1 + (~ 6W) i]' 

J +2 J 2 

This scheme is really conservative and corresponds to 

Q i =o IA R I 1 
J+i J+~ 

+ 
where I ARI = A R AR. 

(3.5) 

c )  L a x  - Wendroff scheme 

It is a centred scheme [I] defined as : 

= o ~ 
Awj -o 6(wf)j + ~- ~(DA) 6f]j 

To find the Q - matrix of the Lax - Wendroff scheme, one can use the Roe average. 

From the relation (3.3), we deduce : 

2 

Q 1 = o (wA) i (AR). 1 (3.6) 
J+~ J+i J+i 

a s c h e m e s  d) S~ 

These predictor - corrector schemes [7] can be expressed as : 

- n+e 
w j+~ = (l-~)wj + ~ wj+ 1 - ~o (fj+l- fj) 

] 
= _ O__ ~=_~) + (2~-i) fj + (l-a-~) fj-I + ~ n+= _ 

n+~ 
Awj 2~ fj+l j+~ j+~-~ 

where f n+~ = f(~ n+~ j+~ j+~), a and ~ being two parameters (real numbers, a ~ 0). 

This class of schemes contains some popular explicit methods such as the Richt- 
1 

myer scheme [8] (~ = ~ = ~) or the MacCormack scheme [9] (~ = i, ~ = O) 

It is possible to write the S B schemes in a single step by using again the Roe 

average. After some computation, one can express these schemes in the general form 

with 

where 

2 

Q 1 = o ~c{ (AR - 4 ). i + o ( 4 ) .  i (AR) I +. i (3.7) 
J+~ J+~ J+~ 

(4) . 1 = AR (wj, w j+~ ). 
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3.2 Implicit schemes : 

Let us consider the Beam and Warming schemes [I0] : 

• +oo 6 (A w)3j° o 6( f)j Aw 3 

where 8 is a parameter (e e ~). 

In the general form (2.8), these implicit schemes correspond to h' 
1 

J+~ 
= 0 and : 

M 1 = 2 8 (pA) i ' P i = - @o (6A) i (3.8) 

J +~ J +~ J +~ J+~ 

Q 1 = 0. (3.9) 

4. GENERAL RESULTS 

4 .1  Order  o f @ c c u r a c y  

Theorem 2 - Suppose that the exact flux and the numerical flux are sufficiently 
3 2 I 

smooth (more precisely f is C , M and Q are C , P and ~ are C ) and the step ratio 

a is constant as At and Ax tend to zero. Then, the general two-level scheme (2.8) is 

at least second-order accurate if and only if : 

2 2 

Q (u, u, ..., u ; c) = c EA (u) - M(u,u ..... u ; a)A (u)~, ueQ. (4.1) 

Otherwise, the scheme is first-order accurate. 

Remarks : 

a) The condition for second-order accuracy is independent of the functions P 

and~ p, p = -Jl+l, .... Jl" This means that in the scheme, the terms associated 

with P and h' are of order 2, at least. 

b) For an explicit scheme, this condition reduces to : 

Q(u,u .... u ; s) = c 2 AS(u), ue~. (4.2) 

Proof of theorem 2 : The local truncation error of the scheme (2.8) can be written 

as : 

6 

~.(At3 ; o) = ~=q: (eq)j 
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where 

Aw At AW ~, e3 i 6 ~ 6 ( Aw 
el = A-~ ' e2 = 2 Ax 6 ~M ~ ( ~-{ = - ~ ~-~- ~ 

6h' ~ e~ i 
e4 = ~-- ' e5 = Ax ' 2 At 6(Q 6w) 

and w. is here a smooth solution of the exact system (2.1) at x=jAx and t = n At. 
3 

By making Taylor expansions of the truncation-error terms, we obtain : 

e I 
aw 6__tt a---Z-w + 0 (At 2) 

= ~ + 2 at 2 

At a aw 2 
(w, .. w ; o) ] + 0 (at) + 0 (At Ax) e2 = 2 ax " ' 

af(w) + 0 (AX 2 ) e~ = 0 (Ax), e 4 = 0 (At Ax), e s = ax 

At a 
EQ(w . . . .  w ; o) "~ ~ a ~ J  es = 2 ax ' v ^  + 0 (At Ax). 

2o 

Since w satisfies System (2.1), one can express the time derivatives in terms 

of space derivatives : 

8w 8f(w) aw 
= - A(w) 

at ax ax 

a w a Faf(w) a ~(w) aw a [A 
= - ax ~:f-] = - 7x :-] = ~-~ (w) 

a t  

~w 
ax ~ " 

Upon eliminating the time derivatives, we get : 

e~ (At ; o) At a I FA2(w) - M (w, .. w ; o) A(w) 
2 8x L-- "' J 

: aw} 
2 Q (w, .... w ; o)] ~ j + 0 (At 2) 

o 

as At ~ 0 with o= const. , which leads to the condition (4.1) for second - order ac- 

curacy. 

Examples - Application of theorem 2 to the 3-point schemes introduced in the pre- 

vious section is summarized in Table i. For Roe, Lax-Wendroff and S~ schemes, we have 

computed Q (u, u ; o) by using the property (3.4) of the Roe average. 
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SCHEME Q(u,u ; o) I M(u,u ; o) ORDER 

Lax 

Roe 

LW 

C~ s~ 

BW 

o IA(u)] 

2 2 

o A (u) 

2 2 

o A (u) 

2 8 A(u) 

1 

2, if {9 =- 

2 

i, otherwise 

Table 1 : Order of accuracy of various schemes. 

4.2 Solvability, stability, dissipation and diagonal dominance 

To analyse the solvability, stability and dissipation of the general two-level 

scheme (2.8), we linearise the problem by assuming that the jacobian matrix A is 

constant. Similarly, we suppose that the matrices M 1 ' P 1 and Q 1 does 
J +~ J +~ J +~ 

not really depend on j (we drop the subscripts) and that the bilinear applications 

( ~p)j fare null, so that the scheme (2.8) is linear too. Often, the linearity of 
+i 

the scheme results from the linearity of the exact system. 

We assume also that the matrices M, P and Q have the same eigenvectors as A and 

have real eigenvalues, which is true for all the usual schemes. We shall denote by 

k(~ )~ the k th eigenvalue of some matrix D (D = A, M, P and Q, k = i, 2 .... m). 

By making a spatial Fourier analysis, we have obtained the following results 

for the discrete initial-value problem in L 2 : 

Theorem 3 - The scheme (2.8) is linearly solvable (in L 2) if and only if 

(i + k~ k) > 0) o_[r (i + l~ k) < 0 and AM(k) # 0) (4.3) 

for k = i, 2, ..., m. 
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Re~arks 

a) Of course, the condition (4.3) involves only the matrices M and P relative 

to the implicit part of the numerical flux. It is trivially satisfied for an explicit 

scheme (h (k) = 0). 
P 

b) Theorem 3 yields that the scheme is not admissible if one of the eigenvalue 

of P is equal to -I. However in pratice, we cannot admit either a scheme satisfying 

the second possibility in (4.3) for some k, since it can proved that such a scheme is 

not stable, provided its matrices M and P be defined as continuous functions of A. 

Thus, we are usually interested in schemes for which all the eigenvalues of P are 

strictly greater than - i. 

Theorem 4 - Suppose that the scheme (2.8) is linearly solvable. Then it is linearly 

stable (in L 2) if and only if : 

2 ~k) .(k), 
0 (h - A M ) 

and 

hA(k) ~ h (k) (4.4) 

for k = i, 2 .... , m. 

h~k) ..(k) _ h~k) ~^Q - I) ~ 0 (4.5) 

Remark - For an explicit scheme, conditions (4.4) - (4.5) reduce to : 

.(k) ~ i (4.6) (o k k)) 2 < ^Q 

Theorem 5 - Suppose that the scheme (2.8) is linearly solvable. Then it is linearly 

dissipative (in the sense of Kreiss) if it and only if is linearly stable and 

satisfies 

A~k) # 0 and ~k) , i + h~ k) (4.7) 

for k = i, 2, .... m. 

Remark - When the scheme is linearly dissipative, the order of dissipation is 4 if 

condition (4,1) holds, or 2 otherwise. 

We can also express in terms of the eigenvalues of M and P a simple condition 

ensuring a good numerical resolution of the algebraic problem to solve at each time 

iteration. Consider a linear scheme in the form : 

L 

~-- B (Aw)j+p = nw? xpl 
p=-L p 3 
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where the coefficients B are constant nmsn matrices having the same eigenvectors. We 
P 

shall say that this scheme is SDD (strictly diagonally dominant) if : 

L 
, 4 > , 

o p 
p#O 

Using this definition, one can prove the next theorem. 

k = i, 2, ..., m. 

Theorem 6 The scheme (2.8) is linearly SDD if and only if : 

1 + k~k) > 0 and o IA(k) l < 2+ A~ k) (4.8) 

for k = i, 2, ..., m. 

Remark Note that condition (4.8) is stronger than the solvability condition (4.3) 

~amples - Application of theorems 3-6 to some schemes introduced in Section 3 is 

sunmlarized in Table 2. The CFL number is : 

Scheme 

Roe 

LW 

BW 

o:~  -. 1 
2 

CFL = o m~x IAik) l. 

A(k),  hp(k), h(k) Solvability Stability Dissipation 

O, o, o l A i k )  l 

O, O, (o ~Ik))  z 

20 A~ k) , O, 0 

always 

always 

always 

CFL K 1 

CFL K i 

always 

CFL < 1 

X~ k) # 0 

CFL < 1 
X~ k) ¢ 0 

never 

SDD 

always 

always 

1 
CFL < 

Table 2: Necessary and sufficient conditions for solvability, stability, dissipation 

and SDD. 

• A CLASS OF CENTRED IHPLICIT SCHEMES 

We now purpose using our general framework for systematically constructing an 

interesting class of implicit schemes. We look for two - level conservative schemes 

which are linearly implicit and involve only 3 points at each time - level. These 

schemes are of the form (2.8) with h'j+ 21 = 0 and the matrices Mj+ 21' Pj+ 21' Qj+ 21 

depend only on wj, wj+ I and on the step ratio a. 
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An economical choice of these matrices consists in the polynomial expressions : 

oM 1 cM~+ c~ (oX i) + c~ cox i)' 
o J+ i J+ ~ J+ 

j+ 2 o j+ 2 j+ 

= c QI + c Q (o~ i) + c Q (o~ i )~ Q i o 
J+ i J+ i J+ i 

where the (nondimensionalized) polynomial coefficients are scalar and independent of 

wj, wj+ 1 and o ; the matrix A 1 denotes some average of Aj and Aj+ 1 defined by 
J+~ 

1 = ~ (wj, wj+ I) 
J+ 

with : 

(v, u) = A (u, v), u, v e (5.1) 

(u, u) = A (u), u e ~. (5.2) 

For example, we can choose one of the following average formulas : 

1 = (~A) i' A ~w) 1 ] or (A~)j+~, 1 
J+ 2 J+ i J+ i 

where A_ R is the Roe average defined in Section 3.1. 

For simplicity, we want the schemes to be centered in space, i.e. their numeri- 

cal flux to satisfy : 

h (wj, wj+ I ; Awj, Awj+ 1 ; o) = h (Wj+l, wj ; AWj+l, Awj, - o). 

This condition is equivalent to : 

M (wj, wj+ 1 ; o) = M (Wj+l, wj ; -o) (5.3) 

P (wj, wj+ 1 ; o) = P (Wj+l, wj ; -o) (5.4) 

Q (wj, wj+ 1 ; o) Q (Wj+l, wj ; -o), (5.5) 

which gives : 

M M e 
c o : c 2 : 0, c I = 0 and c = 0. (5.6) 
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We also prescribe second-order accuracy, that is the condition (4.1). Using 

(5.2), this condition becomes : 

cQ Io + (c? + Co M) (cA) + (c? + c M - I) (cA) 2 + c M (cA) ~= 0. 

Taking into account (5.6), we obtain the additional requirements : 

c? = i- c M and c Q = O. (5.7) 
0 

Finally, the 9 polynominal coefficients must satisfy the 6 independent linear equa- 

tions (5.6) and (5.7). Thus, the schemes depend on 3 real parameters that we denote 

by ~, ~ and T and that we define as : 

M P P 
C I = 2a, C 2 = -26, c o = -2T. (5.8) 

These schemes are characterized by the matrices : 

1 = 2~ A i' P 1 = -2~ (oA 1 )2 - 2ZI 
Mj+ 2 J+ 2 J+ 2 J+ 

and Q 1 = (l-2a) (02 1 )2 
J+ ~ J+ 

One can slightly modify these matrices by using not only one average A but se- 

veral ones and also by adding some terms compatible with the centring in space and 

the second-order accuracy. For instance, one can consider : 

i = 2a (BA) i 
Mj+ ~ j+ ~ (5.9) 

P 1 = - 26 0 2 (BA) 2 1 - 2T I - ~o (6A) i (5.10) 

J+ 2 J+ ~ J+ i 

2 

Qj+ 21 = (I-2~) o (~A)j+ 21 (AR)j+ 21 
(5.11) 

This choice satisf|~(5.3) - (5.5) and also (4.1). Its advantage is to contain as a 

particular case the scheme of Lax and Wendroff (a = ~ = T = 0) and also the scheme of 

Beam and Warming with O = 1/2 (==i/2, ~ = y = 0). Inserting the matrices (5.9) - 

(5.11) in the general form of the scheme, we obtain : 

0 2 

Awj + a o 6 ~ (A Aw~j + ~ T 6 ~A) 2 6(Aw~j + ~ 62 (Aw)j 

0 2 

= -o 6 (~f)j + (l-2a) T 6 ~A) 6f]j (5.12) 

This class of schemes was first proposed in [ii]. 
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Using the general results of Section 4, we can easily select a scheme in the 

class (5.12). Using theorems 3, 4 and 5 we find that the implicit schemes (5.12) are 

linearly solvable, stable and dissipative without condition (on the CFL and thus 

on At) if and only if : 

1 1 1 
< ~, ~ ~ = - ~ and Z < ~ . (5.13) 

Furthermore, theorem 6 shows that the schemes are linearly SDD without condition if 

and only if : 
z 

< 4(I-r) " (5.14) 

To end the selection of the parameters, one can use other criterions. For an uns- 

teady problem, one can minimize the evolutionary truncation error as in [II]. For a 

steady problem solved as the limit of a time - dependent problem, it is more effi- 

cient to optimize the convergence rate to the steady state as in [12]. This gives 

the condition : 

= 2~ - 1 (5.15) 

The simplest choice satisfying (5.13) - (5.15) is : 

= 0, ~ = -i and y = 0 (5.16) 

which corresponds to : 

2 

Aw.3 o2 6 E(~A) 2 6 (Aw)] j 

= - o 6 (~f)j + T 6 E(DA) 6f~j (5.17) 

Various applications have been developed with the extension of this scheme in two 

and three space-dimensions. Let us mention here the transonic calculations without 

artificial viscosity presented in [13]. 

6 . CONCLUSION$ 

A general framework has been presented for two-level approximations of hyper- 

bolic systems of conservation laws in one-space dimension. This framework applies 

to explicit and implicit schemes, with centred or upwind spatial-differencing. 

Using this framework, we have shown that it is very easy to deduce the basic pro- 

perties of a particular approximation. Moreover, the framework is useful for sys- 

tematically constructing a scheme submitted to some requirements. 
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Some properties of difference schemes have not been considered in the present 

paper, for instance the property of the numerical solution to be total-variation 

diminishing (for a single conservation law) or the property of satisfying a discre- 

te entropy inequality. The former property can be investigated with the present 

framework, at least for explicit approximations (see [2] and [3] ). The latter is 

more difficult to study ; however general results can be obtained when the scheme 

is applied only to reach a steady-state, by using some results of Osher [14] and 

Tadmor [15] on semi-discrete schemes. Following this idea, entropy corrections of 

implicit schemes have been proposed in [i~ . Finally, the generalization of the 

framework to the case of several space-dimensions, can be possible subject to in- 

creasing technical difficulties. 
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1. I n t r o d u c t i o n  

Consider the Euler equations that model the time dependent flows of an inviscid, compres- 

sible, reactive fluid through a duct of smoothly varying cross-section. In addition to the hydro- 

dynamical pressure force, we allow an external conservative field, which does not vary with 

time. We are using here the quasi one-dimensional approximation, namely, the hypothesis that 

all flow variables are uniform across a fixed cross section. Note that our treatment applies in 

particular to all problems with planar, cylindrical or spherical symmetry. The latter arise, e.g., 

in astrophysics [8]. Denoting by r the spatial coordinate and by A ( r )  the area of the cross 

section at r ,  our equations are 

cO cO ( A F ( U ) ) +  A cO A - ~  U +-~r  ~ r  G ( U ) + A H ( U ) = O ,  

p~  pC, (1.1) 
U = | p E  ' F ( U ) =  (pE + p ) u  ' G ( U ) . . ~  , H ( U ) =  

pz pzu [ k p 

where p,p ,u are, respectively, density, pressure and velocity, z is the mass fraction of the 

unburnt  fluid, that is, z = 1 (resp. z = 0) represents the completely unburnt  (resp. burnt) 

1 2 fluid. The total specific energy E is given by E = e + ~- u + ¢ ,  where ¢ = ¢ ( r )  is the 

external potential whose derivative ¢' ( r )  is the external force field in (1.1) and e is the 

specific internal energy (including chemical energy). We are assuming an equation-of-state of 

the form p ~ p (e ,p,z). The reaction rate k ----- k (e ,p,z) is assumed to be a positive func- 

dz tion. Along a particle path we have -~- = - k .  

Our purpose in this paper is to present a robust, high-resolutlon numerical scheme for the 

time integration of the equations (1.1). We work within the general technique of the GRP 

(Generalized Riemann Problem) method [1,2], which is an analytic extension of Godunov's 

first-order scheme, and has its origins in the work of van-Leer [7]. The basic ingredient in our 

approach is a careful analysis of solutions of (1.1) in the neighborhood of a jump discontinuity, 

where, unlike the standard Riemann problem, the initial values of the flow variables are not 

piecewise constant and their slopes are allowed to have a jump at the discontinuity. It is 
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important to emphasize that a sharp resolution of discontinuities in the case at hand is much 

more crucial than in the non-reactive fluid dynamical case. Indeed, if "viscous" shocks can be 

tolerated in the latter case, smearing discontinuities over a few computational zones, they must 

be totally avoided in the first case. If not avoided, they interfere with the fine structure of the 

reaction zone, leading to non-physical bifurcating solutions. The reader is referred to [1,4] for 

more background material on the structure of reacting waves and the numerical difficulties 

encountered in their calculations. 

2. T h e  G R P  (Genera l i zed  R i e m a n n  P r o b l e m )  M e t h o d  

The GRP can be described as follows: Let U(r ,t ) be the (correct entropy) solution of 

(1.1), where the initial values (t = 0) are linearly distributed with a jump at r = 0, 

t 

V o ( r ) = V ± + V ±  r for ± r > 0 .  (2.1) 

/ 

Here U±,U± are constant vectors. 

0 U(r  ,t ) at the initial discontinuity, The problem is: Find the values of U(r  ,t ) and 

namely, 

= lim U(O,t), [ ] = lim 0 (O,t) (2.2) 

We define the "Associated Riemann Problem" as the initial value problem for (1.1) where, 
l 

however, we set U± ~ 0 in (2.1) and assume that in (1.1), 

A (r)---~--1, H(U)-~O. (2.3) 

This, of course, leads to a (self-similar) solution depending only on r .  It is known [1] that the 
t 

wave patterns for the GRP and its associated RP are the same, and, furthermore, they have a 

common limiting value U 0 (see (2.2)). Thus, the determination of U 0 is reduced to the set of 

algebraic equations encountered in the solution of the Riemann problem. However, while 

[coU] =Onecessarilyf°rtheRiemannpr°bIem(self'similarity)'itsdeterminati°ninthe-'~o 

GRP case is far from trivial. In what follows we shall outline our method for solving the GRP, 

trying to highlight the main ideas in the proofs. The reader may find the detailed treatment in 

[1,2,31. 
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Recall that  the wave pat tern for the solution of the GRP involves the non-linear waves, 

associated with the characteristic values u + e ,  separated by the linearly degenerate contact 

discontinuity.  Across the latter,  the pressure p and velocity u are continuous,  hence the same 

is true for their directional derivatives along dr -~-udt, i.e., the t ime derivatives in the 

"Lagrangian frame".  Denoting these derivatives by " ~  J ' (  dt , one has: 

Theorem 2.1. The derivatives Idol* Idpl* - ~  ; , ( --~ ; , satisfy a pair of linear (algebraic) equations, 

a+ - ~  + b± dt ) -~- d ± , (2.4) 

where a +,b +,d + (resp. a , b_d_ )  can be determined explicitly from the values of U o (see (2.2)) 

~nd u +,u~ (resp U_,U'_ ) (~ee (Zl)) 

The idea of the proof is as follows. Suppose that  the wave travelling to the right is a 

shock wave. Then,  parameterizing its strength by u ,  say, we have a Rankine-Hugoniot  rela- 

t ion p -~- p (u) ,  where p is the pressure behind the shock (note that  this relation involves the 

state ahead of the shock as a parameter).  Differentiating this relation and using the system 

(1.1) to replace spatial (resp. time) derivatives behind (resp. ahead of) the shock one gets a 

linear relation of the type (2.4). Of course, the s i tuat ion is more complicated if instead of the 

shock we have a centered rarefaction wave. In this case, the argument  above can be imple- 

mented in order to derive an equation of the type (2.4), provided tha t  the derivatives along the 

tail characteristic of the rarefaction wave are known (they should replace the initial spatial 

derivatives in the first part  of the argument) .  But  clearly the initial conditions (2.1) yield only 

the derivatives along the head characteristic. Thus,  we should look for a suitable technique 

which would enable us to propagate directional derivatives across a centered rarefaction wave. 

Indeed, this is the analogue of the Rankine-Hugoniot  relation ment ioned above in the case of a 

shock. Such a technique is readily provided by the well-known "propagat ion of singularities" 

method. To be specific, assume that  we have a centered rarefaction wave travelling to the left. 

Thus,  we have F--characteristics (slope u - c  ) fanning out  of the singulari ty at r = t = 0. 

The family of F+-characteristics intersects the wave transversally. 

Let us use characteristic coordinates (a,/?) throughout  the rarefaction, so tha t  /~----- const. 

(resp. a = const.) corresponds to a F-  (resp. F +) characteristic. It is convenient  to take 3 as 

the (normalized) slope of the F-  curves at the origin and to take a in such a way that  a -~ 0 

for F + curves approaching the origin. Observe that  the origin itself can be viewed as a "degen- 

erate F + characteristic", to which we assign the value a - ~  0. Also, we let /? = 1 (resp. 

/? =/~*)  be the head (resp. tail) characteristic of the rarefaction wave. Thus, throughout  the 
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wave, every flow variable Q (including the coordinates r ,t themselves!) becomes a function 

Q (a,8), defined in a rectangle 0 < a < a*, 8 '  ~_ 8 ~_ 1, for some a* > 0. 

According to the remarks following (2.3) the value ~* is determined by the associated RP 

(actually, it is the normalized slope of the tail characteristic of the corresponding centered 

wave in the RP). Using this framework, the derivatives along F- curves, at the origin, are 

OQ (~ = o3), 8" given by ~ ~ 8 _~ 1. The information which is readily available to us, via the 

0Q ( a = 0 , 8 = 1 ) ,  for all variables Q and we initial conditions, consists of the values of ~ 

need to find the corresponding derivatives at 8 ~ 8*. 

Recall that  the standard "propagation of singularities" principle, applied to first order 

hyperbolic systems [5], states that along characteristic curves, where the Cauchy problem is not 

normally solvable, the transversal derivatives satisfy a (usually coupled) system of first order 

ordinary differential equations. In our case, we want to apply the principle along the degen- 

erate F + curve a --~ 0 (parameterized by 8). Remarkably, it turns out that the resulting sys- 

OQ (a = 0,8), is particularly simple. More precisely, we tern for the transversal derivatives 

have the following theorem. 

0S Oz Theorem 2.2. Let S (e  ,p,z ) be the entropy. The functions -~a (0,8), ~ (0,8) can be obtained 

by simple integrations involving the Riemann invariants for the associated RP. The function 
au 

a (•): = ~ ' a  (0,8) satisfies a differential relation of the form, 

t 

a (8 )=  w(8) ,  (zb) 

where W (8) is a known function in terms of -~aOS (0,8), ~0z (0,8) and the solution of the associ- 

ated RP. 

The proof is carried out by first casting the system (1.1) in characteristic coordinates and 

then using a suitable (straightforward) elimination procedure, singling out a (8). Full details 

can be found in [3]. However, let us point out the following. Throughout the centered rarefac- 

tion wave there cannot be any jumps in S ,z  or any other flow variable (in fact, z can jump 

only across a contact discontinuity). Nevertheless, S and z vary along streamlines due to the 

presence of a thermodynamical "source term" (or "heat release") k p in (1.1) (the external field 

is conservative). Thus, in contrast with the non-reactive fluid dynamical case (z ~ const.), 

the entropy is not invariant along streamlines (the flow is not adiabatic). The rate of change 

of S reflects the strength of the "coupling" between the fluid dynamical and the chemical 

phases of the flow. For a strong coupling, the attempt to split the two phases in a numerical 
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calculation, could lead to non-physical solutions. This point is discussed in [1]. 

3. N u m e r i c a l  E x a m p l e s  

The numerical diseretization of (1.1) is straightforward. Suppose that  we use equally 

spaced grld-polnts r i ~ i .Ar  along the r-axis  and equal time intervals of size A t .  By "cell 

i " we shall refer to the interval extending between the "cell-boundaries" 

[ 1 ] A t  ' V e l e t  Q i ~ d e n o t e t h e a v e r a g e v a l u e o f a q u a n t i t y  Q o v e r c e I l i  at ri + l = i ~z -~ . 

time t,  = n . A t .  Similarly, we denote by Qi+-a the value of Q at the cell-boundary r.~+_l, 
2 2 

averaged over the t ime interval between t n and t n +1" Our "Godunov- type"  difference scheme 

for (1.1) is now given by, 

v'"+~-v'" = -k---ff A(r÷~)e(V), -A(r })r(V), ~_ 
(a.1) 

ArAt a(U)~ a ( u ) _ 7 .  , 

r + }  

where AV i = f A (r )dr .  
r i 

n+L 
In order to evaluate the boundary  terms U 1 ~ in (3.1), we are using the GRP solution. 

t + - -  
2 

Thus, assume that  at t ime t ~--~tn the variat ion of U across cell i is given by ( A U ) i  n. Take in 

(2.1), 

U n 
I ( A u ) 5 .  ( A ) ; + ~  (3.2)(a) 

u + = u ; \ l  -~ u +  - -  Ar ' 

1 ( A U ) i .  ' U ~ U =U~"+2 _ _  (£~ U)i" (3.2)(b) 
Ar  ' 

then  finding the solution (2.2) for the resulting GRP we set, 
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u" [ Ou ] " { ou } 
= u 0 ,  o'  

(3 3) 

and finally, in (3.1), we have, 

n + l  
U 1 z 

i + ~  
u" [ oul" = + y  (3.4) 

Thus, the difference scheme (3.1) is linked directly to the analytic solution of the GRP, with a 

minimal amount of additional processing (such as dissipative mechanisms). The reader is 

referred again to [3] for more details related to the scheme (3.1) as well as the numerical exam- 

ples which will be described next (very briefly). 

E x a m p l e  1 ( Inf in i te  Ref l ec t ed  Shock) .  This is a test problem proposed by W.F. Noh 

[6]. It has no chemistry, but its significance lles in the fact that  it has spherical symmetry 

(hence a singularity at r = 0) and yet possesses an exact analytic solution. So, take an 

infinite sphere of gas which is initially cold (hence p = 0 and p ~--1, say) and collapsing 

toward the center at a uniform (radial) speed, say u = - 1 .  It is not difficult to see that the 

resulting flow consists of an outgoing shock wave (at maximal density ratio, i.e., "infinitely 

strong") which brings the incoming gas to rest. The density profile ahead of the shock reflects 

the effect of geometrical convergence. Figure 1 shows the resulting velocity and pressure 

profiles after 900 cycles (at A t  ~ 0.25). The analytic solution is plotted by a solid line and 

has an excellent matching with the computer solution depicted by dots. 

VELOCITY F~T T:  2 2 5 . 0  PRESSURE AT T= 2 2 5 . 0  

-,I1E*O 
O-OOE+O0 

O.OOE*OC 
.IOE÷03 O.OOE+O0 

.IOE+03 

Fig. 1. Infinite reflected shock 
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Example  2. (Reac t ing  gas in cluster) .  This example is of astrophysical character, 

where the geometry is again spherical. It is taken from [8]. We consider a uniform gas, ini- 

tially at rest, and subject to an external potential simulating gravity. The gas starts to col- 

lapse under the external force (directed inward) and pressure, density and temperature begin to 

rise. When the temperature reaches a critical level, the gas is ignited (at the center) and the 

resulting outgoing reaction brings the gas to a halt (in a sphere around the center), balancing 

external force against pressure gradient. Profiles of pressure and velocity are shown in Figure 

2, where the reaction front is moving out (ignition started at r = 0). 

VELOCITY RT T :  2 . 4 0 0  PRESSURE I:qT T= 2 . 4 0 0  

.,,,'•" 

BOE*OI  I 

- ,BOE*O0 
O-OOE+O0 .30E+Ol .30E*~ ]  

0.0 D E * 0 0 '==='= "=~=='='=~'===~:~-----'=~'=~ "~"~""=="= 
0.00E+O0 

Fig. 2. Reacting gas in cluster 
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Le probl~me de Riemann consiste A calculer ~ l'aide des ~quations de l'hydro- 

dynamique l'~coulement r~sultant de la juxtaposition de deux fluides ayant des ~tats 

priori diff~rents. Dans les codes num~riques un tel probl~me se pose A chaque 

interface entre deux mailles et sa solution est fournie par un solveur de Riemann. 

Les m~thodes num~riques faisant appel gun solveur de Riemann ont connu un 

grand d~veloppement ces derni~res armies. Par contre, leur introduction dans les 

codes d'hydrodynamique n'a pas eu le m~me succ~s. L'une des principales raisons en 

est que la plupart des solveurs de Riemann ont ~t~ ~crits pour des gaz parfaits et 

ne s'appliquent pas ~ des ~quations d'~tat quelconques. En outre, si un solveur de 

Riemann s'introduit facilement dans un code unidimensionnel il n'en est plus de m~me 

pour les codes lagangiens multidimensionnels car il faut alors trouver la vitesse 

des noeuds qui n'est plus fournie par le solveur de Riemann. 

Le but de cet article est de presenter plusieurs types de solveur de Riemann 

et de montrer comment ils ont ~t~ introduits dans diff~rents codes de caloul : un 

code ~ grille variable, un code eul~rien multifluide et un code eul~rien pour les 

~coulements r~actifs. 

I - LES SOLVEURS DE RIEI'~NN 

Suivant le type de schema qui est considerS, plusieurs solveurs de Riemann 

peuvent ~tre envisages. 

• Le solveur de Riemann simple est utilis~ dans les codes lagangiens et dans 

les codes eul~riens ou ~ grille variable, comportant une phase lagrangienne. Ii 

calcule la pression et la vitesse g l'interface pour le probl~me de Riemann consi- 

derS. 
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• Le solveur de Riemann direct est utilis~ dans les codes eul~riens, ou 

grille variable, sans phase lagrangienne. II calcule directement les flux de masse, 

de quantit@ de mouvement et d'@nergie, A travers l'interface consid~r~e en fonction 

de la vitesse de grille. 

• Le solveur de Riemann g~n@ralis~ /I/ est utilis~ dans les codes faisant appel 

un schema d'ordre 2 de type Van Leer. II peut ~tre direct ou non et il calcule la 

solution du probl~me de Riemann et sa d@riv~e par rapport au temps ~ l'aide non 

seulement des ~tats de part et d'autre de l'interface mais aussi des gradients des 

quantit~s consid~r~es. 

II est possible de r~soudre un probl~me de Riemann quelle que soit l'~quation 

d'~tat. N~anmoins, afin d'~viter des calculs trop longs, il est preferable que 

l'~quation d'~tat permette de d~finir analytiquement les isentropiques et les 

courbes de choc. La plus simple des ~quations d'~tat ayant cette propri~t~ est 

l'~quation d'~tat binomiale : 

P + T  P 
o (c + ~o ) - e e (T + 1) o 

Cette ~quation d'~tat est une g~n~ralisation de l'~quation d'~tat des gaz 

parfaits qui permet de consid@rer non seulement des gaz (Po = 0) mais aussi des 

solides. Le solveur de Riemann est alors, & l'introduction pros des param~tres P et 
O 

TO, identiq~e A ceux utilis~s pour l'@quation d'~tat des gaz parfaits. Dans ce qui 

suit T o est toujours nul et, T, Poet e ° sont d~termin~s, pour chaque mat~riau, de 

faqon ~ bien approcher la courbe d'Hugoniot d~finie ~ partir de l'~tat initial du 

mat~riau. Les calculs avec les diff@rents codes montrent que le choix des param~tres 

n'influence que faiblement les r@sultats ~ condition de faire appel g la v~ritable 

@quation d'~tat pour tout ce qui ne concerne pas le solveur de Riemann. 

I I  -APPLICATIONS El" R E S U L T A T S M J , ~  

I I .1  - GA.L~ : UN CODE D'HYDRODYNAMIQUE BIDIHENSIONNEL ET A 6RILLE VARIABLE. 

GAIA est un code bidimensionnel qui utilise plusieurs m~thodes d~riv~es des 

travaux de Godounov et ses collaborateurs. A chaque bras le solveur de Riemann 

direct est employ~ de sorte qu'il n'y a ni phase lagrangienne ni phase de projec- 

tion. Le code ne fait pas appel ~ la m~thode des directions altern~es 

SCHC'HAS DE GODOUNOV (X,Y) ET (~,rl)  
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Les ~quations de l'hydrodynamique en variables eul~riennes : 

8U + 8 8 
a-% ~ F(U) + ~y G(U) = 0 

p pu p v  

U = pu F(U) = Pu2 + p G(U) = puv 
pv ' puv ' pv 2 + p 
pe (pe + p)u (pe + p)v 

s'~crivent sous forme int@grale : ff U dx dy + F dy dt + G dt dx = O. 

/ o Fig. a 

• Le schema de Godounov grille variable cart6sien est construit (cf. fig. a) en 

appliquant cette formulation ~ la surface ferm~e (i', 2', 3', 4', i", 2", 3", 4") 

d~limit~e par les 4 sommets d'une maille au cours de son d@placement arbitraire sur 

le pas de temps At. En adoptant les notations : 

~n+l= ff(i",2",3",4") dx dy , ~n = ff(i',2',3',4') dx dy 

~ij: ff(i',j',j",i') dx dy , ~ij : ff(i',j',j",i") dy dt , 

~ij = ff(i,,j,,j.,i,.)dt dx 'Qij = Uij ~ij + Fij #ij + Gij #ij 

o~ Uij, Fij , Gij d~signent les valeurs moyennes des quantit~s U, F et G sur le c6t@ 

[ij] A l'instant t + At/2, le schema num~rique reliant U n A U n+l, quantit~s conser- 

vatives au centre de la maille aux instants t et t+At, s'6crit : 

un+l ~n+l U n ~n 
= - QI2 Q23 - Q34 - Q41 

En calculant les positions moyennes des sommets : 

i I 
xi = 2 (xi + xi") ' Yi = 2 (Yi' + Yi ") 
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en approchant les surfaces ~ij' #ij' ~ij par : 

1 
nij = ~ [(xj.-xi,)(Yi,,-Yj,)-(xi.-x j,)(yj,,-y~,)] , ~ij = At(yj-Yi), ~ij = At(xi-x j 

puis en d~finissant une vitesse de grille W.. telle que : 
13 

~.. = At ~.. W.. avec 
IJ 13 13 ~ij = 6 (Xj - xi)2 + (Yi - Yi )2 

le flux num~rique Qij prend la forme : 

W* Qij = Uij At ~ij ij + Fij At (yj - yi ) - Oij At (xj w i) 

Cette expression devient, en introduisant les cosinus directeurs de la nor- 

male au c6t~ =ij = - (Yj - Yi)/~ij ' ~ij = (xj - xi)/~ij 

Qij = At ~ij (Uij Wij - Fij ~ij - Gij ~ij ) 

ou encore, en faisant apparaitre la composante normale de vitesse mati~re 

Nij = ~ij Uij + ~ij Vij 

* 

R(W. - N) 
RU(W. - N) - ~P 

Qij = At ~ij RV(W. - N) - SP 
RE(W - N) - NP ij 

Les quantit~s (R, P, N, E).. sont calcul~es par r@solution du probl~me de 
13 , 

Riemann selon la direction normale au c6t~. Si U.. d@signe la vitesse de la discon- 
i] 

tinuit@ de contact, la composante tangentielle de vitesse mati~re est choisie 

d'apr~s : 

tg~ uche , si W.. < U.. 
T.. = ij Ij ij 
13 T~[ °ire si W. > U. 

13 13 13 

Les composantes cart~siennes de vitesse n~cessaires au calcul du flux num~ri- 

= = 6..N..-~..T... que Qij sont reconstitutes par Uij ~ijNij + ~ijTij ' Vii 13 13 13 13 

• La version curviligne du schema de Godounov 2-D est sensiblement plus com- 

plexe. 
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Un rep~re curviligne local (~, n) est d~fini pour chaque maille en d~but de 

chaque pas de temps. Les ~quations d'Euler sont consid~r~es selon les composantes 

intrins~ques de vitesse (~k' ~n ) [resp. (~k' Pn )] pour chaque ligne de coordonn~e 

[resp. q]. Les schemas num~riques grille variable est alors b~ti comme dans le cas 

cart~sien, par integration sur l'~l~ment de volume. Des termes apparaissent en 

second membre des ~quations de l'impulsion, en raison de la courbure des lignes de 

coordonn@e et de la non-orthogonalit~ du maillage. 

La d~rivation compl~te figure dans l'ouvrage [2]. La variante implant~e dans 

le code GAIA est donn~e en r@f~rence [5]. 

£XTENSZONTVD D'ORDRE 2 

a - Equation de l'advection 

8__~u + 8 
8t ~x f(u) = 0 o~ f(u) = a u , a = cste 

Le schema d~centr~ et le schema de Lax-Wendroff, schemas respectivement 

d'ordre iet 2, s'~crivent en posant c = aAx/At : 

n+l = u9 At 
ui I - ~ (fi+~ - fi-~ ) 

fd 1 sign(o) _ fi ) 
i+~ = 2 (fi + fi+l ) - 2 (fi+l 

LW 1 _ c _ fi ) 
fi+~ = 2 (fi + fi+l ) 2 (fi+l 

Une large classe de schemas TVD "quasi" d'ordre 2 s'obtient pour cette ~qua- 

tion (voir par exemple /4/, /5/) en introduisant un limiteur ¢ permettant de 

retrouver le schema d'ordre 1 sur les discontinuit~s, 14 o~ le schema d'ordre 2 

g~n~rerait des oscillations. 

= fd LW d 
fi+~ i+~ + ¢ [fi+~ - fi+~ ] avec O ~ • ~ i. 

b - Syst~me hyperbolique non lin~aire de lois de conservation 

8U 8 8F 
3-~ + ~ F(U) =.0 o~ A = ~, A A valeurs propres r~elles. 

La m~thode de lin~arisation de Roe, ~tablie pour les ~quations de la dynami- 

que des gaz dans le cas gaz parfait, peut s'appliquer avec l'~quation d'~tat bino- 
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- = A R°e miale. En calculant la matrice Al+ ~ (F i , Fi+ I) de valeurs propres (ki+~), de 

vecteurs propres (ek+~), en d@terminant (k+~)d'apr@s : 

= -k - (~i+~) Fi+ 1 - F i Z (ai+ ~) (Xi+ ~) 
k 

le schema scalaire "quasi" d'ordre 2 precedent s'~crit pour le syst~me lin~aris~, 

apr~s quelques manipulations alg@briques. 

1 _ (~k+~) r~k+~l(ek+~)2 k Fi+~ = ~ (Fi+Fi+l) kZ + 1 E ~k [sign(°k)- Ok](kk+~ ) (ek+~)r 

Les deux premiers termes constituent le flux d~centr~ de Roe qui, pris isol~- 

ment, aboutit ~un schema num~rique du premier ordre. Le dernier terme s'interpr~te 

ainsi comme un flux d'antidiffusion. 

La sp~cificit~ du schema num~rique d'ordre 2 d~velopp~ dans le code GAlA est 

d'utiliser ce flux d'antidiffusion de Roe avec le flux de Godounov (i.e. solution du 

probl~me de Riemann). 

c - Hydrodynamique 2-D grille variable (~, q) 

L'implantation en deux dimensions d'espace est r~alis~e par la m~thode tradi- 

tionnelle de "splitting", mais en variables curvilignes c'est-~-dire en consid~rant 

dans la d~termination du flux num~rique selon la direction ~ du maillage logique 

I 
8 A' 8 ' (resp. q) ~ ~ + ~ 

,! 

' 8 A"- " ' = B, [resp. ~ ~ + - B ]avec ~ = 
~n ,,= 

~k ' 

P 
P 

n 

Pk 

P 
P 

Les flux d'antidiffusion son, calcul~s par la m@thode pr~c~demment expos@e 

pour ~tre ajout@s aux flux de Godounov. 

A l'heure actuelle la discr~tisation de certains termes sources, notarmment 

ceux de non-orthogonalit@ du maillage, est encore r~alis~e ~ l'ordre i. 

RJ~SULTATS NUM~RZOUES 

i/ Implosion sph~rique 
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Les performances du code GAlA en calcul d'implosion sont illustr~es fig. i, 

2, par le cas test s~v~re propos~ par W. NOH /6/ associant une forte compression 

isentropique gun choc d'intensit~ infinie. Le schema num~rique de von Neumann- 

Richtmyer concede, en utilisant la formulation classique de pseudoviscosit~, d'im- 

portantes erreurs au p61e et sur le niveau du choc retour. Ces erreurs sont particu- 

li~rement bien corrig~es par le schema GAIA d'ordre 2. 

2/ Choc oblique 

L'exemple suivant permet de v@rifier la qualit@ du schema quant aux ph~no- 

m~nes 2-D d'interaction entre mat@riaux. La figure 3 montre une g@om@trie correspon- 

dant ~ une transmission de choc (41,5 Gpa) d'un mat~riau d'imp~dance forte vers un 

autre mat~riau d'imp~dance faible avec une incidence de 17 degr~s. Sur les figures 4 

et 5, la tr~s bonne lin~arit@ des isobares et isodensit~s pour les chocs incidents 

transmis, ainsi que pour la d@tente r~fl~chie souligne l'excellente pr@cision en 

presence d'un maillage grossier a priori imparfaitement adapt~ ~ la simulation du 

ph~nom~ne. 

3/ Rel~vement de cylindre 

Le dernier exemple pr~sente un rel~vement de cylindre (explosif TATB-cuivre) 

obtenu en utilisant un maillage relativement grossier (cf. fig. 6). Nous donnons 

fig.7 et 8 le maillage utilis~ avec le code GAIA traitant en grille variable le 

glissement et l'advection dans le sens longitudinal et le maillage utilis@ avec un 

code lagrangien multibloc. Les courbes de la figure 9 soulignent ~ nouveau la par- 

faite "propret~" de la mise en vitesse. 

I I . 2  - CEE-R : UN CODE EUL~RIEN HULTIFLUIDE 

Le code CEE-R est un code bidimensionnel qui utilise la m~thode des direc- 

tions altern@es. En outre, le schema employ@ dans chaque direction est d'ordre 1 et 

se d~compose en une phase lagrangienne utilisant un solveur de Riemann et une phase 

de projection bas~e sur la m~thode SLIC. 

Le code est multifluide, d'o~ quelques difficult~s pour introduire un sol- 

veur de Riemann. Chaque maille peut contenir plusieurs mat~riaux et pour le solveur 

de Riemann il faut d~finir un ~tat et une ~quation d'@tat de chaque c6t~ du bras 

considerS. 

L'~quation d'~tat de m~lange est obtenue ~ partir de la relation : 
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IMPLOSION SPHERIQUE : cas test de Noh ( r ~  = 1, p = 1, ur = -1, p = 0, T = 1.4 ) 

Fig 1.a Maillage initial GAIA 

Fig 1.b MaiUage final GAIA 

Fig 2. Profils de densit6 Max (PtA~orique = 64) 

- courbe 1: schema 1-D de Rytehmyer  (pseudo quadratique) 100 couches 

- courbe 2: sch6ma 1-D de Rytchmyer  (pseudo quadratique) 400 couches 

- courbe 3: schema 2-D GAIA 100 couches 
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me = Z ~ e ~ ,  

k 

d~finissant l'@nergie interne sp~cifique (e) d'une maille mixte (i.e. contenant 

plusieurs mat~riaux) ~ l'aide des ~nergies internes sp~cifiques de chacun des mat~- 

rlaux (ek). En introduisant l'~quation d'@tat binomiale pour le m~lange et pour 

chaque mat~riau la relation devient : 

o 
Pk + Yk Pk 

(III.i) p V P + TP° = ~ Pk Vk 
(y-l) p (Yk -I) Pk 

Cette relation doit ~tre toujours v~rifi~e. En particulier sJ le m~lange est 

isobare elle s'@crit : 

0 

P + T pO V = E P + Tk Pk Vk 
T- 1 (~.  - 1) k 

Cette derni~re ~galit~ est valable quelle que soit la valeur de P, par con- 

s~quent nous obtenons : 

et 

V 
~'= i+ Vk, 

l 

k [k-i 

0 

Yk Pk 
pO = ~-I E Vk" 

ZV k Yk-I 

Reste maintenant ~ d~finir des valeurs moyennes dans les mailles mixtes. 

S'il est facile d'obtenir une densit~ moyenne ~ partir de la masse totale des mat~- 

riaux et une vitesse moyenne ~ partir de la quantlt~ de mouvement totale, le cas de 

la pression eat plus d~licat. Pour cela, il faut revenir ~ la relation (III.l) qui, 

en faisant intervenir la d~finition de yet pO de simplifie pour donner : 

soit 

PV Pk Vk 

T-I k Yk-I 

P = (T-l) E Pk Vk 

V k (Tk-i)" 

Le solveur de Riemann peut donc ~tre utilis~ ~ chaque bras, m~me dans le cas 

de mailles mixtes, et d~finit une pression et une vitesse sur le bras considerS. Si 
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is phase lagrangienne s'effectue classiquement (en appliquant les lois de conserva- 

tion) pour les mailles pures (avec un seul mat@riau), pour les autres il faut non 

seulement calculer les accroissements (alg@briques) de volume, de quantit~ de mouve- 

ment et d'@nergie mais aussi r@partir ces accroissements entre les divers mat@riaux 

constituant la maille consid~r~e. 

Tout d'abord, les accroissements de volumes 6V k sont r@partis en fonction 

des accroissements calcul@s ~ l'aide des @quations d'~tat simplifi@es. Les accrois- 

sements de quantit@ de mouvement sont r~partis au prorata des masses. Cette r~parti- 

tion faite il est possible de calculer un aceroissement d'~nergie cin~tique pour 

chaque mat@riau et donc aussi pour la maille. Finalement, l'accroissement d'~nergie 

interne, obtenu par diff@rence entre l'accroissement d'~nergie totale et celui 

d'~nergie cin~tique, est r@parti en fonction des produits Pk" 8Vk" 

P~SULTATS NUM~RIQUES 

i/ Instabilit~s de Rayleigh-Taylor 

L'utilisation d'un solveur de Riemann a permis de passer des ealculs d'ins- 

tabilit@s en milieu quasi incompressible et d'obtenir des r~sultats dont la qualit~ 

peut @tre appr@ci@e sur la planche 10 qui repr@sente l'@tat de l'interface entre le 

gaz iourd et le gaz leger A diff~rents instants. 

2/ Implosion sph@rique 

Les figures de la planche ii montrent l'~volution d'une sphAre compos~e de 

trois mat~riaux concentriques (tantale, molybdAne et air) et soumise A une pression 

ext@rieure de 500 kilobars. Bien que la m~thode soit eulArienne et d'ordre un, la 

sph@ricit~ est bien conserv@e. 

II.3- ARES : LIN CODE 

Pour r@soudre 

~+V~r ~t 

a-Xv + v 8v 
at 7r 

aE + v 8E a-~ 

POUR LES ~COULEHENTS REACTZFS 

les ~quations de l'hydrodynamique, 

av 
+ P ~r + X PV : O, 

1 8P +~=o, 

+ 1 8(Pv) + X Pv a-V- ~-=o; 
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coupl~es & la cin~tique chimique 

a~w + vaw 
8t ~r = f(P,p,w), 

et ~ l'~quation d'~tat binomiale. 

P + TP° -e ° o~ e = E - I e = (y_l)D ~ u2; T,P ° et e ° sont des fonctions de m ; X est une 

fonction de r, la m~thode utilis~e dans ARES et bas~e & quelques d~tails pros sur le 

schema de B.Van Leer /7/ se d6compose en deux phases : une phase lagrangienne qui 

permet de calculer l'6volution du fluide consid~r~ et une phase de remaillage qui 

traduit cette ~volution sur un maillage donn~ (en g~n~ral eul~rien). Apr~s chacune 

de ces phases, une proc6dure de correction est n~cessaire pour assurer une bonne 

stabilit6 au sch6ma. Chaque phase d~finit des valeurs moyennes et des gradients pour 

chaque maille ; les gradients sont modifi6s lors des proc6dures de correction afin 

que le sch6ma soit monotone. L'ordre 2 est obtenu en utilisant une projection d'or- 

dre 2 et un solveur pour le probl~me de Riemann g~n~ralis6 tenant compte de la cin6- 

tique chimique. Cette m~thode a ~t6 choisie car c'est une amelioration du schema de 

GODOUNOV qui est consid~r~ comme le meilleur sch6ma monotone d'ordre i. Par ail- 

leurs, la d~composition en deux phases permet de greffer plus facilement une m6thode 

de suivi de front. 

Pour les ~coulements r~actifs la m~thode des directions altern~es est 

l~g~rement modifi~e en raison de la cin~tique chimique. En effet, celle-ci ne peut 

~tre trait~e g chaque balayage car la m~thode ferait alors d~gager l'~nergie deux 

fois trop vite. Pour palier cet inconvenient, la cin~tique n'intervient g chaque pas 

de temps que lors du second balayage, le premier balayage se contentant de convecter 

les fractions brfll~es. Cette m~thode a l'avantage d'etre moins diffusive que celle 

qui consisterait ~ appliquer la cin~tique ~ chaque balayage mais pour un demi pas de 

temps. Elle permet en particulier d'utiliser des maillages plus grossiers sans trop 

d~t&riorer la solution. 

Suivi de front unidimensionnel 

Lors de la phase de projection d'un calcul unidimensionnel, le maillage sur 

lequel on projette la solution obtenue apr@s la phase lagrangienne peut ne pas ~tre 

fixe mais varier d'un instant g l'autre (i.e. la m~thode qui a ~t~ mise en oeuvre 

peut s'appliquer aussi bien en Euler qu'en grille variable). En effet, pour am~lio- 

rer la precision du calcul il est parfois utile de pouvoir suivre un front de dis- 

continuit~ (front de d~tonation, choc, discontinuit~ de contact). 

Pour introduire la position du front A un instant donn~ dans le maillage la 
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premiere m~thode envisag~e consiste simplement g remplacer le noeud qui suit imm~- 

diatement le front par le front lui-m~me (voir figure PI). Mais cette m~thode pr~- 

sente l'inconv~nient d'introduire parfois des mailles de dimensions trop faibles. 

C'est pourquoi il est alors preferable de remplacer le noeud le plus proche du front 

et non plus syst~matiquement celui qui suit (volt figure P2). 

Quelle que soit la m~thode choisie il n'y a pas de modification g apporter 

la phase de projection, une fois que le nouveau maillage a ~t~ d~fini. Par contre, 

pour la phase lagrangienne, il convient de distinguer entre les discontinuit~s de 

contact qui sont des surfaces fluides et les autres fronts. 

Dans le premier cas la phase lagrangienne ne subit aucune modification et 

permet de d~finir la nouvelle position du front (voir figures Q1 et Q2). 

Dans le second cas il convient d'ajouter ~ nouveau une maille correspondant 

la masse de fluide travers~e par le front entre l'instant t et l'instant t+At 

(voir figure R). Les valeurs moyennes dans les mailles de part et d'autre de la 

position du front A l'instant t+At sont d~termin~es par la conservation de la masse, 

de la quantit~ de mouvement et de l'~nergie totale. Les pentes sont calcul~es 

l'aide des valeurs connues ou obtenues de part et d'autre du front. Dans le cas 

d'une d~tonation C-J ces quantit~s sont fournies par la th~orie, tandis que dans le 

cadre d'une discontinuit~ de contact ou d'un choc, elles sont donn~es par la solu- 

tion du probl~me de Riemann g~n~ralis~ correspondant A la discontinuit~ consid~r~e. 

Les deux versions (bidimensionnelle et unidimensionnelle avec suivi du choc 

initiant la d~tonation) du code ARES ont ~t~ test~es. 

Dans le cas unidimensionnel l'exemple trait~ est une transition choc- d~to- 

nation de type Forest Fire. Le choc initiant la d~tonation est r~actif, c'est-~-dire 

qu'une partie de l'explosif est d~compos~e lors du passage du choc. La planche 12 

repr~sente les "Pop Plot" th~orique et num~rique reliant la pression (P) ~ la dis- 

tance parcourue par le choc (x), les profils de pression et de fraction br~l~e A 

diff~rents instants et enfin les courbes de vitesse du choc et de pression sur le 

choc en fonction du temps. 

Dans le cas bidimensionnel l'exemple trait~ est le contournement d'un coin 

par une onde de d~tonation. La planche 13 repr~sente les isocontours de pression, 

densitY, vitesses et fraction br~l~e A l'issue du calcul. 
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Les exemples precedents montrent qu'il est possible d'introduire avec suce~s 

les m~thodes num~riques utilisant un solveur de Riemann dans des codes d'hydrodyna- 

mique. 

Ii faut noter eependant qu'aucun des codes pr~sent~s n'est lagrangien. En 

fait, si le solveur de Riemann fournit une vitesse au milieu des bras, les codes 

lagrangiens ont besoin d'une vitesse aux noeuds. Malgr~ de nombreux travaux /8/, il 

semble qu'aucune solution vraiment satlslalsante n'ait ~t~ trouv~e. 
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Abstract 

Lattice gases are first defined as a new way to perform molecular dynamics calculations 

in a simplified manner but at large speeds thus allowing to consider enough particles to 

simulate real flows. Some results of the statistical analysis of lattice gases are summa- 

rized showing that  their macroscopic behaviour follows closely that of real fluid flows at 

low Mach numbers. An example of a two-dimensional flow simulation using a simple 

lattice gas model is given. Finally new results are presented concerning one-dimensional 

shocks studied by numerical simulations for two-dimensional lattice gases, showing good 

agreement with theoretical analysis. 

I Introduction 

Among the various techniques used to analyze fluid flows a general yet rarely used method 

for numerical simulations, consists in describing the fluid as a collection of interacting particles. 

This is called Molecular Dynamics. Usually N particles are considered. Their locations r i( t)  

ca.u be cMculated by solving numerically Newton's equations with interparticle forces that  are 

derived from a two-body potential V(r/  - r i ) .  This has been used for the last 30 years or so, 

mostly to obtain detailed information about dense gases and liquids. In those cases where the 

aim was to determine thermodynamical and transport  properties[I], usually a fairly small number 

of particles were required, typically N ~_ 1000. These numbers are obviously too small to be 

represent any macroscopic flow where macroscopic scales are equal to many times the particle 

mean free path,  itself usually larger than the range of the interparticle potential. As a result the 

numerical calculations have to be performed with a discretized time scale that  is much smaller 

than any macroscopic time scale of the system. With  the availability of powerful computers some 

studies have been performed with significantly larger numbers of particles, 10 s or more, and a few 

results of true molecular dynamics calculations of real flows are available in the literature[2]. 
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In the context of the theory of fluids, the microscopic nature of real systems is usually con- 

sidered in the framework of the Boltzmann equation. A large body of literature has been devoted 

to the question of the relationship between the microscopic and the macroscopic descriptions of 

fluids. Due to the difficulty of the problem, several approximate ways have been used. One of 

them consists in limiting drastically the phase space by taking a discrete set of possible velocities 

for the particles : the Broadwell gas[3] is a typical example of this approach that  has allowed to 

obtain important  results on shock waves[4]. Lattice gases, as first introduced by Hardy, de Pazzis 

and Pomeau (HPP)[5], involve even more drastic approximations. Particles move along the links 

of a regular lattice and time is discretized in such a way that particles occupy successively the 

nodes ot the lattice. "Collision" events occur between particles that  occupy the same node of the 

lattice at a given time. As we have not specified the detailed dynamics of collisions of these point 

particles on nodes of the lattice there is no way to determine the outcome of a given precollision 

state. However we can choose at will the result of any collision event but it is preferable to try and 

satisfy conservation laws of physics if we wish to design models that have some physical relevance. 

For point particles we shall impose conservation of mass, linear momentum and energy. 

A l~.ttice gas will therefore be defined by the geometry of the lattice~ the rules of their motions 

from node to node on the lattice and the choice of "collision" events. A description of some lattice 

gases will be given in part  II of this review together with a summary of the theoretical analysis of 

such systems. Part  III  will give some information concerning their use for flow simulations. Part  

IV will present new results concerning shock waves in these systems that  appear to be of interest 

in a situation which was considered by previous studies beyond their range of application. 

II Lattice gas models 

As indicated in the introduction to define a lattice gas we first need to choose a regular lattice. 

The early work of HPP used a square lattice with particles hoping from one node to one of its 

nearest neighbour. Particles are undistinguishable so that  instead of using a lagrangian description, 

as it is commonly done in molecular dynamics, an eulerian description is preferred. The system is 

fully determined b y t h e  set of numbers hi(r / ,  tk) where i • {1 , . . . ,  4} represents the four directions 

of space from one node to its four nearest neighbours and r j  labels the nodes of the lattice. An 

additional assumption, which simplifies the subsequent numerical simulations, is the introduction 

of a Boolean character for the particles, which means that any of the numbers n i  is equal to 0 or 1. 

In a physicist 's language one speaks of an exclusion principle like for electrons in a semiconductor 

where distribution functions are of the Fermi-Dirac type. Time tk runs in a discrete manner, 

tk = kr. If I is the distance between adjacent nodes of the lattice, one may define a unit velocity 

c = l/~". Most of the subsequent expressions will be given in terms of reduced values of time, 

velocity and mass if all particles have the same mass m. 

The early HPP model has been extended in recent years to different lattice geometries[6,7] 

and in some cases to larger velocity spaces than just considering elementary motions to the nearest 

neighbours[8]. In addition in some cases particles carry a label as will be indicated later when 

discussing simulations of reaction-diffusion phenomenal9]. 

The microdynamics of the lattice gas is defined as the knowledge of the set of numbers n i ( r j ,  t k )  

for i = 1 , . . . ,  b if b is the number of possible velocities ci, for all j E ~,  if £: includes all the nodes 

of the lattice and for all values of the discretized time tk. 
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Following the indications for the dynamics of the system given in the introduction, this is 

obtained by considering a succession of steps : a propagation step and a collision step for each 

time increment. 

Both these steps can be represented by operators : 

s :  .~(r,t  + 1) -~ ~ ( r -  c~,t) 

for the propagation step and 

C: n i ( r , t )  -4 hi(r) + Ai(n(r)). 

for the collision step. One complete time step of the evolution of the system is thus described by 

the microdynamical equation of motion 

The propagation step is deterministic, whereas the collision step can either be deterministic or not 

depending whether a given input precollision state {ni} leads to one or a number of postcollision 

state {n~} with a probability A({ni} -* {n~}). Most lattice gas models involve only local collision 

which means that preeollision states depend only upon the particles present on one node. 

The collision probabilities A satisfy general properties. If we call s the initial precollision state 

{ni} and s' the postcollision state {n~} we have 

A( s -* s') >_ 0 

A (  ~ ~ s ' )  = l v s  
#x 

~-~(n~ -- n i ) A ( s  --~ s')a~ = O, Vs, s' 
i 

where a~ is one of the appropriate functions of the cartesian components of the velocities ci, chosen 

in order to express conservation of mass, linear momentum or energy in collisions. 

The microdynamics is well suited for numerical simulations on a digital computer, as ,.q in- 

volves changes of address in the computer memory and d involves either consultation of a table of 

predetermined values of the outcome of a collision event or a small number of boolean operations 

to compute the value of the quantity Ai(n(r)). 

However, as stated in the introduction we are interested in the macroscopic behaviour of the 

system. Thus we don't need to have a full microscopic description of the lattice gas. We could 

view the problem as a statistical one where we have to perform ensemble averages over microscopic 

realisations of the same macroscopic situation. However the lattice gas may present a non linear 

behaviour and thus ensemble averages are not appropriate, and thus we consider the behaviour 

of one system as a function of time (assuming ergodicity) and perform spatial averages of the 

required quantities over a small volume of space (for instance over 16 x 16 sites in the case of a 

two dimensional problem). 

We shall summarize the results of statistical analysis first performed for the simpler lattice 

gases by HPP for the square model, then by several authors for other lattices[10-12]. Let F be 

the phase space of the lattice gas, a particular state of the gas is defined by the set of numbers 
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s(.) = {ni(r*),i = 1,... ,b, r* • /~}.  First we have to define ensemble averages of the numbers ni 
over a set of representations s(.) that  occur with probability P(0, s(.)) > 0 and such that  

~_, P(O,s(.)) = 1. 
~(.)~p 

Ni(r,t) = ~ P(O,s(.))ni(r,t). 
,(-)er 

From the knowledge of the average quantities Ni, one may derive values for the local fluid density, 

mass flux and velocity 

p(r, t) = ~ Ni(r,  t). 
i 

j ( r , t )  = ~ e i Y i ( r , t ) .  
i 

j ( r ,  t) = p(r, t )u(r ,  t). 

Although it has not been proven that the system is ergodie, it is possible to analyze the 

problem using tools similar to those developped for standard continuous models of real gases. In 

particular one may define an entropy 

S = ~ ~ Ni(r*)log(Ni(r')) + (1 - Ni(r*))log(1 - Ni(r*)). 
i r * E £  

Similarly one may write a discrete Liouville equation for the time evolution of the probability 

distribution P 

P(t + 1,Ss ' ( . ) )  = ~ H A(s(r*) ~ s'(r*))P(t,s(.)). 
*( . )EF r* E £  

This equation just expresses that  the probability at t + 1 of a given configuration s '( .)  is the sum 

of the probabilities at t of all possible original configurations s(.) times the transition probability. 

At equilibrium and assuming that  there is decoupling of the probability distributions on different 

sites, the local distribution can be calculated from the collision transitions A(s --~ s'). When these 

collision transitions satisfy the so-called semi-detailed balance condition 

Z A(s--* s ' )= I' Vs', 
s 

then the Ni are given by Fermi-Dirac distributions 

1 
N~= 

1 + exp(h + q .  ei)" 

where h is a real number and q is a D-dimensional vector that are functions of the macroscopic 

properties (density and velocity). 

From these values of the mean populations Ni, we may calculate the local density p and particle 

flux and thus the local velocity u. Assigning wlues to the density and velocity, it is possible to 
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obtain expressions for h and q when the speed is small compared to the particle velocities c. To 

second order in u, one gets 

where 

p pD N~(p, u) = ~ + ~ c ~ . ~  + p a ( p ) Q ~ u ~  + o (~ ) ,  

C 2 
D 2 b - 2p and Qi,~ = ci,~ci~ - - '~£~, 

a (p )  = 2 e b  b - p  

D is the dimensionality of space and greek indices axe related to the spatial caxtesian coordinates. 

Note the presence of the factor G(p) which vanishes for p = b/2, that  is when there is an equal 

density of particles and "holes". The presence of this factor G(p) is directly linked to the boolean 

character of the particles. It is possible to change its value by taking slightly more complicated 

models. Its effect will be seen on the macroscopic equations of motion of the system, but even for 

equilibrium properties it leads to the lack of galilean invaxianee of the model. 

We now turn to the macrodynamical equations of the lattice gas .  This can be done in several 

ways. We may perform an asymptotic analysis of situations in which macroscopic quantities 

(density and velocity) vary over a large spatial scale O(e -1) in terms of the number of lattice 

sites. We then "glue" together local thermodynamieal equilibria with slowly varying parameters. 

We expect relaxation to local equilibrium to occur with a time scale e °, density perturbations 

propagating as sound waves to evolve on a time scale e -1 and amplitude of waves to relax on a 

time scale e -2. This leads us to use several temporal and spatial variables : t ,  (discrete), tl = et., 

t2 = e2t., r .  (discrete) and r l  = er. for a multi-scale analysis. In the first order we obtain the 

"macrodynamical Euler equations" 

O, lp + O~(pu~) = 0, 

and 

with 

O. (pu~) + 01~P~ = o. 

Pa~ is the momentum-flux tensor which is given (to leading order in u) by, 

i 

c 2 

= - 5 # ~  + pV(p)T~.,  + O(u'), 

T ~  = E ci~ci~Qi~ 
i 

where G(p) and Q i ~  axe given above. 

We shall discuss later the implication of the tensor T ~ 6  upon the isotropy of the system. 

These equations allow to define a speed of sound that depends upon the geometry of the lattice, 

the set of velocities and the collision probabilities A. For the simple HPP gas the speed of sound 

co is c / v ~  in terms of the particle speed c. 
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In the next order in the e development we obtain the "macrodynamical Navier-Stokes equa- 

tions" in the form 
0,p + o~(pu~) = 0, 

¢2 
o,(pu~) + O~(pa(p)T~.~,,.,,,~ + -~o~)  

D 
+ 0~ [(¢(p) + ~c2b)T,l~.y~c3.~(pus)] 
= o(~u 3) + o(~2u 2) + v(~au). 

The first of these macrodynamical equations is identical to the usual continuity equation for 

standard fluids. The second one bears a strong resemblance to the Navier-Stokes equation. As 

particles all have the same speed there is no additional equation similar to the heat equation. 

This can be obtained when considering more complicated models with larger velocity sets. A 

major feature of real fluids is their spatial isotropy. In order for the lattice gas to be isotropic we 

have to look for situations in which the tensor T ~  is isotropic under arbitrary rotations. This 

question has been addressed by Frisch, Hasslacher and Pomean[6] who replaced the early square 

model of HPP by a model constructed on a triangular lattice: the so-called FHP model. For three 

dimensional situations there is no lattice allowing to get an isotropic model where all particles 

have the same speed, however it is possible to find a four-dimensional model, the so-called Face- 

Centered-Hypercubic model (FCHC) which meets the requirements of isotropy[7]. In this model 

the set of velocity includes 24 elements given by 

( + 1 , + 1 , 0 ,  O) ( + 1 ,  0 ,±1 ,  O) 

( ± 1 ,  0 , 0 , + 1 )  ( 0 , + 1 , ± 1 ,  0) 

( 0 , 4 - 1 , 0 , + 1 )  ( 0, 0, i1,:1:1) 

This four-dimensional model can then be projected onto three-dimensional space taking the 

fourth component of the velocity as a passive scalar, thus giving rise to pseudo-four dimensional 

three-dimensional model. 

When using models with particles of different speeds it is possible to take a lattice that was 

not satisfactory in the simpler case by choosing properly the ratio of particles of different speeds. 

For instance in the two-dimensional case one may take[13] the HPP square lattice and a velocity 

set including 9 components: 1 corresponding to particles at rest, 4 corresponding to particles of 

speed 1 (that move to the nearest-neighbour) and 4 corresponding to particles of speed v~  (that 

move to the next nearest-neighbour). If do, dl and d2 are respectively the densities per velocity 

component of these three types of particles, then isotropy is obtained when 

d~(1  - < ) ( 1  - 2 < )  = 4 d ~ ( 1  - d ~ ) ( t  - 2 d ~ )  

The rest particles are created in collision events of the type: two speed 1 particles colliding at 

right angle produce a rest particle and a particle of speed v ~  in such a way that momemtum is 

conserved. They are destroyed in the reverse process. This shows the crucial importance of the 

rest particles to couple the two HPP model: one with speed 1 and one with speed v/2 lying on a 

lattice rotated by ~r/4 from the first one. In that case the densities do, dl and d2 are related by 

c l o d 2 0  - d l  ) 2 = d~ (1 - d o ) ( 1  - 4 )  
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For models that  satisfy the required isotropy we replace the coefficient G(p)T,~#v, in the 

advection term of the "Navier-Stokes" equation by g(p). This coefficient depends upon the density. 

If we consider incompressible or slightly compressible flows, then g(P) is a constant that  may be 

eliminated by making a change of scale of the velocities by a factor g(p). We then recover a 

satisfactory expression for the adveetion term, however the question of galilean invariance is not 

solved by this renormalization of the velocities. The term involving ¢(p)  on the right hand side of 

the "Navier-Stokes" equation is related to the viscosity of the fluid. 

The actual determination of the viscosity is performed in the Boltzmann approximation either 

starting from a microscopic analysis of a Couette flow situation, as performed by Hfnon[14], or by 

solving the linearized Boltzmann equation as performed by Rivet and Frisch[10]. 

These analysis are performed assuming that molecular chaos is satisfied and that  higher order 

distribution functions can be factorized in terms of one velocity distribution functions. Under 

these assumptions closed form expressions for the kinematic viscosity can be derived. In the case 

of models with rest particles there is a bulk viscosity, the determination of which involves the 

calculation of an appropriate eigem-alue of the linearized collision operator. As we shall be mostly 

interested in using lattice gases to study low speed flows then the significant fluid property is the 

kinematic shear viscosity that  enters the definition of the Reynolds number. Here we used an 

effective Reynolds number following the renormalization of the velocities in the form 

~ f r  - g(p)VL 
tJ 

where V and L are typical velocities and dimensions of the flow and u is the kinematic shear 

viscosity. 

As mentionned above the viscosity coefficient can be obtained from a linearized analysis of 

the Boltzmann equation, thus it is possible to choose its value by a proper choice of the collision 

matrix elements A(s ~ sl). 
For models with b velocities and local collisions, the set of possible precollision states s includes 

2 b states. For small values of b it is possible to adjust the collision matrix A by inspection, however 

for models like the FCHC model with b = 24 it is necessary to find some algorithm to perform 

that task. This has been done by HSnon[15] in order to minimize the value of the shear viscosity 

of the FCHC modeh 

In conclusion of this review of the properties of lattice gas models, it is possible to state 

that provided a lattice of the right symmetry is chosen, lattice gases can be used as a new fluid 

to simulate hydrodynamical flows at low Mach numbers. At the macroscopic level, they follow 

equations of motion similar to those of real fluids 

Otp + div(pu) = 0 

O,(pu,~) + O#(g(p)pu,~u#) = -Oe, P(p, u 2) + O#(vO#(pu¢,)) + 0,~ (Cdiv(pu)) 

with 
1 - 2 d  P • ~ P c 2 g ( P ) =  P(P'U~) = 2 2 9(p)(4 " - 1)u~ 2pro 1 - d ' 

where p is the total  density, Pm the density of moving particles, d the mean number of particles per 

link of the lattice, cs the velocity of sound and u and ~ respectively the shear and bulk kinematic 

viscosities. 
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III Results of lattice gas simulations 

Lattice gas simulations are fairly easy to perform on a digital computer. As indicated above 

they involve essentially two steps: displacement and collisions. In addition collisions with bound- 

aries can be provided for instance by allowing particles that  hit a boundary to reverse their velocity 

("bounce-back condition" that  corresponds to the stick condition) or to be specularly reflected by 

the boundary ( that  corresponds to the free-slip condition). Finally initial conditions can be set 

by starting some macroscopic distribution for the flow and taking microscopic conditions at ran- 

dom according to the Fermi-Dirac equilibrium distribution corresponding to the local values of the 

density and velocity of the fluid. More or less efficient algorithms have been wr i t t en .  The main 

choice is how to store the da ta  in the computer memory. A natural  way is to assign one memory 

location for one lattice site, provided the computer words include more bits than b the number of 

velocities of the model. A more efficient technique consists in storing in one word of the computer 

memory the value for a given velocity component for a number of sites equal to the number B 

of bits in the computer word (usually B =  32 or 64). The most time consuming operation is the 

collision step. In the first case the value of the particle distribution at each site is used as address 

for a collision table (the so-called look-up table technique). In the second case the postcollision 

situation is computed for B sites simultaneously through a series of logical operations (the so-called 

logical technique). Examples of the logical operations that can be used for various two-dimensional 

models are given in Ref. 16. For models with a large number of velocities (for instance b = 24 

for the FCHC model) it has not been possible to find a logical expression so that a look-up table 

technique is used. This obviously requires a computer with a very large random-access memory 

(224 memory locations are required for the collision table, plus obviously the storage of the state 

of the lattice). The three-dimensional simulations have been performed on a Cray-2 machine[17]. 

Work is in progress to try and adapt the logical technique to the FCHC model. 

We now give a summary of the work on lattice gas simulations. 

Linear situations like sound wave or shear wave relaxation lead to accurate values for the speed 

of sound and the viscosity coefficients. The measured values of cs agree with the theoretical one 

to better than a few 103 (limited by experimental errors). There is a remarkably good agreement 

between the measured values of the kinematic shear viscosity (to about 1%)  with the theoretical 

values obtained in the framework of the Boltzmann approximation[16]. This means that  higher 

order distribution functions are well represented by products of one velocity distribution functions 

and that  long time tail effects, as conjectured in real fluids, are not very important.  There are 

however size dependent effects on the value of the viscosity both for two dimensional models[18] 

and for one dimensional models [19]. 

Non linear situations, that  is study of flows around obstacles or inhomogeneous flows, have 

given quantitative agreement with real experiments or results of numerical results obtained by 

applying s tandard techniques to the continuous macroscopic Navier-Stokes equations. This was 

obtained provided velocity renormalization is properly performed[16]. 

As an example we consider a two-dimensional situation with a flow between linear boundaries 

with a sudden expansion. This problem of the backward facing step has been studied both exper- 

imentally and by numerical methods. The lattice gas technique has been apphed in the following 
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conditions: the FHP model with rest particles has been used with the set of collisions chosen to 

minimize the shear viscosity (FHP III model). The lattice includes 4096 x 512 nodes and at the 

input side the width of the channel is 256 over a length of 512. The FHP lattice being hexagonal, 

we have to specify the orientation of the channel with respect to the lattice. Here the axis of the 

channel is parallel to one of the 6 possible velocities. The sides of the lattice are set with the 

"bounce-back" condition to ensure vfl = 0. The Reynolds number is computed using the maximum 

speed in the input region (close to a parabolic profile) and the height of the step. Starting from 

a not very physical flow: Poiseuille profile in the region before the step with maximum velocity 

vx and an other Poiseuille profile beyond the step with maximum velocity vx/2, we first observe a 

transient during which a recirculation zone develops beyond the step, with formation of a region 

of low velocity near the other side of the channel located beyond the step. The Reynolds numbers 

used in these simulations were not large enough to obtain recirculation in that  region. Lattice 

gases involve small numbers of particles at each node of the lattice and thus velocity fields that 

are determined by this technique are very noisy. This can be improved by taking spatial averages 

over a number of neighbouring sites, typically 8 x 8 or 16 x 16 and, when the situation is either 

steady or slowly varying in time, this can be further improved by taking time averages. This was 

done in order to determine the length Lr of the recirculation zone defined by the distance between 

the step and the point near the boundary where the component v~ changes sign. The results for 

tile ratio Lr / s t ep  height are the following: 

Reynolds measured Lr 

53 2.1 

92 2.8 

129 3.5 

These values are plotted in Fig. 1 together with results of standard calculations[20]. 
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Fig. 1 Location of the reattachment point beyond a backward facing step. 

Crosses are obtained by standard resolution of the Navier-Stokes equation[20], 

boxes are computed by the lattice gas technique 
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IV Study of one dimensional shock waves 

We are going now to describe the study of one-dimensional shocks using the FHP III model, 

as above. Let us give the particular values of the coefficients involved in the macrodynamical 

equations of motion ot that system. For the FHP model, the pressure P is given by 

with 
7 7 - 2 p  

g(p) = 
12 7 - p  " 

As we shall study one-dimensional shocks propagating either in direction x or y, we can 

simplify the equations of motion for our particular case, and we rewrite them in terms of the 

density p and momentum j = pu. 

at/) -[- O,j ---- 0, 

9 g-z 2 
O,j + -i~O,(-y ) = --c,O~p. 

Applying the transformation x' = x - ~t, t ~ = t, and searching for steady state solutions with a 

jump o f j  from j l  to j2 and of p from Pl to p2 on either side of a front, we find expressions similar 

to the Rankine-Hugoniot relationships 

~(p2 - pl) - (j2 - j l )  -- 0. 

9 ,g(Pl).2 g(P2)z2~ 2 
¢(J, - J 2 )  - - ~ - ~ - ' p ' - ~ 1 3 1  - P~ J 2 )  - c,(p2 - pl) = O. 

To obtain ~ we have to solve 

9 ,g~.2 ~ j ~ ) ~ - c ~ = O .  
~2 _ 1 4 ( j ~  - J l )  [p-~J~ - 

For the cases to be studied latter, j is chosen equal to 0 on one side of the front, so that we get 

Numerical study 

9 gj  t /  81 g2j2 
= ~ + C, v1 + 392 p ~  

A FHP lattice including 4096 × 512 nodes has been considered to obtain data on the propa- 

gation of shock waves. In a first study, the long side of the lattice is set perpendicular to one the 

velocities of the particles and we measure the behaviour of waves propagating parallel to the small 

side (Ox case). The lattice is given periodic boundary conditions along the long side. In the other 

direction solid boundaries are set with "bounce-back" conditions. Initial conditions are set so that 

the density is uniform and equal to P0, and the velocity is uniform and equal to u0 perpendicular 

to the solid boundaries. By reflection against these boundaries, two fronts appear. Velocities are 

0 towards the wall, u0 in the center of the lattice, whereas the density is p0 in the center of the 

lattice. We then determine at various times the mean values of the density and momentum as a 
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function of the space coordinate along Oz. Fronts are found. They are analyzed by a least square 

fit to the following shape 

1 1 x - x 0  
p(=) = ~(p0 + m) + 5(p0 - m) ta=h(- - -#- - )  

where x0 is the location the front and g is related to its width. 

The velocity of the compression shock is found to be smaller than that of the rarefaction wave. 

We first checked that the relationship between the change in p and that in j is verified. We then 

determined ~ both for the compression wave and for the depletion wave. The value of ~ - c~ varies 

approximately linearly with j ,  so that we can determine the value of z in ~ = cs + zj .  Fig. 2 

presents our measurements of the shock velocities as a function of the initial density, together with 

its theoretical value for a given value of the initial velocity of the gas u0(= 3/14). Note that for 

p > 0.5, the lattice can be considered as being filled with "holes" at a density 1 - p and therefore 

we should obtain the same values for z. This is well verified. We then studied the case where the 

long side of the lattice is parallel to one of the particle velocities, (Oy case). By comparing the 

data obtained for the two geometries, propagation along Ox or Oy, we test the isotropy of the 

model. We have obtained the same values of z for the two cases, which allows us to say that the 

model is isotropic. 
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Fig. 2 Velocity of shock waves vs value of the particle density d per lattice link. 

Boxes are results of simulations, solid line is theoretical 

The depletion wave broadens as a function of time, whereas the width of the compression wave 

reaches a steady state value when starting either from a very sharp front or from a wide front. The 

steady state width depends upon the density and the strength of the shock. It is of the order of a 

few mean free path. Its value does not agree with that derived from the Navier-Stokes equations. 

A microscopic analysis is required. 
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The very good agreement between the "experimental" data and the theoretical predictions for 

the propagation velocities of both the compression and depletion shocks show that  higher order 

terms in the macroscopic equations of motion of the FHP lattice gas play no significant role. This 

shows that lattice gases may be useful in a situation not considered in previous studies that were 

limited to weakly compressible flows. 

In conlusion of this review it is possible to state that lattice gas models can be used as a new 

'Tluid" to simulate fluid flows in complex geometries. Their implementation on digital computers 

is much simpler than that of standard techniques used nowadays to compute the solutions of the 

continuous Navier-Stokes equations. The theoretical analysis show that lattice gases can be used 

only in incompressible situations. Experience acquired since the revival of the field by the paper of 

FHP shows that  they are not limited to small values of the Mach number. However the Reynolds 

numbers of situations that  can be studied are limited to moderate values unless extremely large 

lattices are considered. Efforts are being made to reduce the value of the viscosity and thus increase 

the Reynolds number. Finally we can just mention here that extensions of the simple FHP lattice 

gas model with either several speeds or with particle labelling allow thermal or reaction-diffusion 

situations to be simulated in an efficient way. This is especially true for problems with free fronts 

as lattice gas models exist in which phase separation phenomena occur naturally[9,21]. 
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O N  T H E  E Q U A T I O N S  O F  M U L T I - C O M P O N E N T  
P E R F E C T  O F  R E A L  G A S  I N V I S C I D  F L O W  

B. LARROUTUROU and L. FEZOUI 
INRIA, Sophia-Antipolis, 06560 VALBONNE, FRANCE 

1. I N T R O D U C T I O N  

In the last years, the development of efficient algorithms for the numerical solution of fluid 
dynamics problems and the increase of the available computing power has made possible to consider 
the numerical simulation of more and more complex fluid flows, whose investigation was out of 
reach in the previous decade. Among these newcomers in the set of problems addressed by the 
"computational fluid dynamicists" are the flows of mixtures of several gaseous species, and in 
particular the chemically reacting flows. 

In fact, there exist many different kinds of multi-component flows, whose numerical simulations 
involve different difficulties. For example, most flame propagation phenomena are highly subsonic; 
then, except in some particular situations (for instance if one is interested in the flame-acoustics 
interaction), the hyperbolic effects play a minor role in these phenomena, which are dominated by 
the purely hydrodynamic (quasi-incompressible), the diffusive and the reactive effects (see e.g. [27] 
and the references therein). On the other hand, the aspects of wave propagation in the gaseous 
mixture, in other words the hyperbolic aspects, are of first importance in several other situations, 
including detonations (see e.g. [7], [12], [32]), transonic combustion (see e.g. [10]) or hypersonic 
reacting flows (see e.g. [9], [14], [33]). 

The present paper is devoted to this last kind of multi-component flows; more precisely, the 
emphasis will be put on the hyperbolic aspects of multi-species flows. 

To be more specific, we will neglect in the whole paper the effects of diffusion and chemical 
reactions in the gaseous mixture; we will also always assume that all species in the mixture are 
at thermal equilibrium (in other words, that one can use a single temperature, which may vary 
in space and time, but which is the same for all species), and that  the total pressure in the 
mixture is the sum of the partial pressures of the individual components (Dalton's law). With 
these assumptions, we will consider the equations describing the inviscid one-dimensional flow of 
a gaseous inixture. These equations will take the form: 

{ p~ + (pu)~ = 0 ,  

(pu), + (pu 2 + p)~ = 0 ,  (1.1) 
E~ + [u(E + p)]~ = 0 ,  
(pYk) t+ (PuYk)~=0  for 1 < k < N - 1 .  

(see Section 2 below for the definition of the notations). 

Essentially two different strategies can be applied for the numerical solution of this system. 
Either one uses for the first three equations in (1.1) one of the numerous available schemes aimed 
at solving the Euler equations (based on approximate Riemann solvers, or TVD, flux-splitting, 
flux-corrected transport  methods or other approaches...), and one solves separately the species 
equations (last line in (1.I)), with an ad hoc upwind or viscosity term (for instance with a donor- 
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cell type approximation); or one considers the whole system (1.1) as a system of conservation 
laws and solves all equations in a coupled way by extending to (1.1) one of the above mentioned 
schemes designed for the solution of the single-component Euler equations. The first approach has 
been used for instance in [6], [14], [25]; the second approach has been employed in e.g. [1], [4], [9], 
[16]. In particular, some comparisons between both approaches are presented in [16], where the 
advantages of treating system (1.1) as a whole (that is, the advantages of the second approach) 
are clearly shown, from both points of view of accuracy and of preserving the positivity of those 
variables which need to remain positive (such as the densities of all species). 

We review and discuss in this paper a set of problems related to this second approach. More 
precisely, considering (1.1) as a system of N + 2 conservations laws (which will appear to be 
hyperbolic), we essentially address two questions: the exact solution of the Riemann problem for 
this system, and the extension to this multi-component flow of the most classical numerical schemes 
used in the single-component case (i.e. for the Euter equations). We will first examine in Section 2 
the case where alt species in the mixture behave as perfect gases, and then investigate in Section 
3 the case of real gas mixtures. 

The questions addressed in this paper have been the subject of a few recent papers [1], [4], 
[16], and also have relations with the problem of a single real gas investigated in [21], [30], [33]; for 
the sake of completeness, we will recall below some of the results of these works. 

2. M U L T I - C O M P O N E N T  P E R F E C T  GAS F L O W  

We consider in this section the one-dimensional inviscid flow of a mixture of N species ~1, ~2 
• .- ~N, each component being assumed to behave as a perfect gas. 

2.1. G o v e r n i n g  e q u a t i o n s  

The governing equations for this flow express the conservation of mass for each component, 
the conservation of momentum and of the total  energy. They take the form (see e.g. [43]): 

{ (pYk), + (p~Y~). = 0 for 
(p~), + (p~ + p)~ = 0 ,  
E~ + [~(£ + p)]~ = 0 ,  

l < k < N ,  
(2.1) 

where p is the mixture density, Yk is the mass fraction of species Nk (that is, PYk is the separate 
N density of species Nk, and ~ k = l  Yk = 1), u is the mixture velocity (which is also the velocity of 

each species, since we neglect molecular diffusion), p is the total pressure in the mixture, and £ is 

the total energy per unit volume. 

We assume here that  each species ~k obeys the perfect gas laws, and in particular has constant 
specific heats at constant volume and pressure C.k and Cpk. We will also denote ")'k the ratio 

Cpk and Mk the molecular weight of species ~k, which satisfies Mayer's relation: 
7k = Cv---T ' 

Mk(Cvk - C,k) = R ,  (2.2) 

the universal gas constant. The total  pressure p is then given by Dalton's law: 
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N 

P = E P / c '  (2.3) 
k : l  

the partial pressure Pk of species Ek being given by: 

p~ = pY~ ; (2.4) 

T is the temperature of the mixture (the same for all species). Considering that  the N species may 
have different specific heats of formation h ° , we write the total energy g as (see e.g. [8], [43]): 

E = ~ (lpYku2 + pY/cC,,kT + pYkh°) . (2.5) 
/C=I 

Since the temperature and the partial pressures do not appear in the conservation relations 
(2.1), we can eliminate them and consider that,  in equations (2.1), the pressure p is given by the 
following relation, which is deduced from (2.2)-(2.5): 

P = ( 3 ' -  1) g - -~pu - pYkh , (2.6) 

7 being the local ratio of the specific heats of the mixture: 

E E Y cv 3'/c 
- ( 2 . 7 )  3"= (co)m, ,o.o Zy c /c 

/c /c 

The last equality in (2.7) shows that  the local value of 3' (which depends on the mixture composi- 
tion) is a linear convex combination of the 7k's. 

System (2.1)-(2.6) (with 3' given by (2.7)) can be rewritten in a different way. Defining E as 
the sum of the kinetic and thermal energies per unit volume: 

N N 

k = l  k = l  

we can rewrite (2.1)-(2.6) as: 

{ (PYk)t+(puYk)~ =O for 1 < k < N ,  
(~), + (pu 2 + p)~ = 0 ,  
E,  + [~(E + p)]~ = 0 ,  

(2.9) 

_lpu2 2 ) ,  (2.10) 
(the energy equation in (2.9) is a linear combination of the energy and species conservation equa- 
tions in (2.1)). Summing all species equations in (2.9), one can also get an equation for the total 
density p and rewrite (2.9) as: 
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{ p~ + (pu)~ = o ,  
(p~)~ + (pu~ + p)~ = o ,  
E, + [~(E + p)]~ = 0,  
(pVk)~ + (p~rk)~ = 0 for l < k < N - 1 .  

(2.11) 

R e m a r k  1: At this point, one may wonder if the three systems of conservation laws (2.1), (2.9) and 
(2.11) are really equivalent, from both points of view of the exact solutions of the corresponding 
initial value problem and of their numerical approximation using conservative schemes. The answer 
is of course positive, since only linear combinations of the conservative equations are used to 
transform one of these systems into another. Indeed, if we denote Wt + F~ = 0, with W E ~ g + 2 ,  
F E ~N+2 the vector form of (2.1), system (2.9) can be written in the form }a¢,~ + 9v = 0, with 
}IV = M W  and .T = MF ,  M being an N + 2 × N + 2 matrix which is independent of W. It 
is then straightforward to check that solving an initial value problem for ~¥~ + F~ = 0~ either 
exactly or using any of the conservative schemes considered below, is equivalent to solving it for 

the transformed system F~ + 5r~ = 0. 

This shows that using instead of (2.9) the system (2.11), where the N ~h species does not play 
the same role as the other N - 1 components, has no importance, from both mathematical and 
numerical points of view. We will in fact use the form (2.11), where the three first equations are 
the familiar Euler equations. The preceding arguments also show that treating the system (2.1)- 
(2.6) where the N species have different heats of formation exactly amounts to treating the system 

(2.9)-(2.10) where all heats of formation are equal to O. • 

2.2. H o m o g e n e i t y  a n d  hype rbo l i c i t y  

From now on, we will restrict our attention to the case of a mixture made of only two species 
~1 and ~2 ; but all results presented below can be straightforwardly extended to mixtures consisting 
of any nuinber of components N.  Simply denoting Y the mass fraction Y1 of the first species, we 

consider the system: 

PU2 + P (2.12) 
+ ~ ( E + p )  = 0 ,  

\ PY / t \ puY 

with: 

and: 

{ l p u  
p : / (2.13) 

YCvlV1 + (1 - Y)C.2~2 (2.14) 
"r = YCvl + (1 - Y)C~= 

We will use the classical notations W and F for the vectors of the conservative variables and of 

the fluxes: 

pu 2 + p F2 (2.15) 
w =  = ~ : w3W~ , F :  [ u ( ~ + p )  = r3 

\ pY I p' W4 \ pY t;'4 

Then, we have the two following simple results, which are also shown in e.g. [1], [4], [9], [16]: 
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P r o p o s i t i o n  1: 

The flux vector F is an homogeneous function of degree 1 of W. * 

P r o p o s i t i o n  2: 
If the specific heat ratio 7k of each species in the mixture satisfies the inequality: 

v k > l ,  (2.16) 

then the system (2.12) is hyperbolic. * 

PROOF of Proposition 1: Since we can write: 

we have: 

p'Cvlv1 + (p - p')Cv272 = V(P,P') = v(W) , (2.17) 
"{ = p 'Cvl  + (p -- pt)Cv2 

m 

(m2) 
- 7  + ( 7 ( W ) - l )  E - ~ p  

F =  m ( m ~ )  ' (2.18) 
P v ( W ) E -  ( v ( W )  - 1) 

mp~ 

p 

which shows that  the fluxes only depend on the conservative variables: F = F ( W ) .  Moreover, one 
can notice on (2.17) that  the function ~,(W) is homogeneous of degree 0: 

vr > o ,  ~ ( rw)  = ~ ( w ) ,  (2.19) 

which implies that  F is homogeneous of degree 1, as in the single component case: 

Yr > O , F ( r W )  = r F ( W )  . * (2.20) 

PROOF of Proposition 2: 

matrix A ( W )  = D F  has the following expression: 

A ( W )  = 

Let us first say that  (2.7) and (2.16) imply 7 > 1. Now, the Jacobian 

( 7 -  3) uZ + X ( 3 -  7)u 7 -  1 X' 
2 

( 7 - 1 ) u 3 _ u H + u X  H - ( 7 - 1 )  u2 7 u uX' 
2 

- u Y  Y 0 u 

in (2.21), we have set H = E + p  ( H  is the specific enthalpy of the mixture), X = P 
p 7 - 1  7p ' 

X ' =  P 7 - 1 7p' , where 7p and 7# are the partial derivatives of 7 given by (2.17). A straightforward 

calculation then shows that the eigenvalues of A ( W )  are the roots of the polynomial: 

; (2.21) 

0 1 0 0 
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det[A(W)-  Xdl = [ lu-  (X + YX'I] . I2.22  
L P J 

But X + YX '  = P (Tp 4- YTR') = P 7 -- 1 P(7 -- 1) (p% + p 70' ), which is identically 0 since 7(P, P') is 

homogeneous of degree 0 (we use here Euler 's property of homogeneous functions). Therefore, the 
eigenvalues of A(W) are: 

A I = u - c ,  A z = u ,  A 3 = u ,  A 4 = u + c ,  (2.23) 

where the sound speed c has the usual expression: 

c = ~ p P ,  (2.24) 

but  with 7 = 7(P, PP). We should say at this point that  this expression of the sound speed in the 
two-component mixture, which we have derived by evaluating the eigenvalues of the flux Jacobian 

0p 
matrix A, is equivalent to the usual expression c = ~p Is (derivative at constant  entropy). 

A set of right eigenvectors is easily found; one can take: 

( 1 )  , 
u - c = Xp u + c (2.25) r 2  ~ U 2 X T3 r 4  ~ 

y 2 7 - 1  

0 

(of course, any combination of r2 and r3 is also a right eigenvector a~ssoeiated to the eigenva]ue u). 
We have therefore found four independent eigenveetors, which shows that (2.12) is an hyperbolic 
system of conservation laws (although non strictly hyperbolic since ,k2 =- )~3; in this respect, a one- 
dimensional two-component flow has some similarity with a single-component two-dimensional 
flow: in both cases, the velocity becomes a double eigenvalue). * 

R e m a r k  2: The following relations are easy ~o check and will be useful in the sequel: 

72 2 C 2 

H =  -~- + - - 7 _ 1  , (2.26) 

x '  - P c ~ 1 c v 2 ( 7 1  - 72 )  ¢ ' ~ 1 c ~ 2 ( ~  - 7 2 ) T  . .  (2.27) 
")' - 1 p[YCvI + (1 - Y)C~2] 2 YC~a + (1 - Y)C~,2 

2.3. The Riemann problem 

Let us now examine the solution of a Riemann problem for system (2.12). Using again the 
notations (2.14)-(2.15) and introducing two states WL and WR, we consider the problem: 

{ W t + F ( W ) ( = O  for x E I R ,  t>_O, 
W(x,O)= WL if x < 0 ,  (2.28) 

WR i f x > 0 .  

When t rying to solve this problem, a first impor tant  question concerns the genuine nonlineari ty 
or the degenera~:y of the characteristic fields (see [28], [36]). As in the single-component case, the 
answer is here that  the first and last characteristic fields are genuinely non linear, since: 

~ 0 ~  (7 + 1)_______c 
v ~ . ~  = ~,,,~-w:. '(~)~ - 2p < o ,  (2.29) 

/ = 1  



75 

~ 0 A 4  (7 + 1)c 
V W ) ~ 4 " r 4  ----- ~'W1 "(r4)/ - 2----~ > 0 ,  (2.30) 

/----1 

whereas the  characteristic fields associated with the eigenvalue u are linearly degenerate,  since: 

V w u . ( a ~ r 2  + ~3r3)  - 0 (2.31) 

for any pair of real numbers (a2 ,a3) .  

Therefore, each characteristic field is either genuinely non linear or linearly degenerate. In the 

case of a strictly hyperbolic problem, this information is sufficient to s tate an existence result and 

describe the structure of the exact solution of the Riemann problem provided that  the two states 

WL and l ~  are close enough to another.  In the present case, further informations are needed 

since (2.28) is not strictly hyperbolic and since the states WL and WR are not necessarily close to 

each other. In fact, it is possible to construct an entropic solution to problem (2.28), exactly as 

in the case of the single-component Euler  equations, by analysing the shock or rarefaction waves 

associated with each of the non linear characteristic fields. We refer the reader to the Appendix  and 

the references mentioned therein for the technical details and simply describe here the s tructure 

of this solution. 

A contact 
;discontinuity 
/ 

/ 

\ / 
\ 

1-rarefaction - \ W 2 / \ 
\ \ . .  \ W 2 / ~. \ \  :' 

\ : W 3 
-. \ 4-shock 

" ~ " ~  ~'..~ . " ~ \  \ \  ~/ ~ "~L 4__._~,.,' - / 

W 1 = WL 

X 

F i g u r e  1: The  solution of the mult i -component  Riemann problem 

X 
This solution is of course self-similar (i.e. W ( x ,  t) only depends on the ratio -~), and consist, 

as in the single-component case, of four constant  states W 1 , W 2 , W 3, W 4 separated by shocks, 

rarefaction waves or a contact  discontinuity. More precisely, as shown on Figure 1, W 1 -- WL 

and W 2 are separated by a 1-wave (i.e. a wave associated with the first characterist ic field, either 

a 1-shock or a 1-rarefaction wave); W 2 and W 3 are separated by a 2-discontinuity or contact  
discontinuity; and W 3 and W 4 = WE are separated by a 4-wave. Also, the pressure p and the 

velocity u are continuous across the contact  discontinuity. Last but  not least, the  mass fraction Y 

remains constant across the 1-wave and the 4-wave (whatever these waves are, shocks or rarefac- 
tions). This  fact has impor tant  consequences. Indeed, 3' is constant on each side of the contact 
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discontinuity.  On the left side of the discontinuity, the mixture has the composition of the state W L ,  

and behaves as a single perfect gas whose specific heat ratio is ")'L --~ ")'(WL ). Analogous conclusions 
hold for W ~ and WR on the right side of the contact discontinuity. It is then straightforward to 
extend a single-component perfect gas Riemann solver into a multi-component perfect gas Riemann 
solver (see Remark A4 in the Appendix). 

R e m a r k  3: These results are not surprising if one keeps in mind that the first and fourth equations 
in (2.12) yield the following non conservative mass fraction equation: 

Yt + uYx = 0 , (2.32) 

which shows that Y is constant along each "particle path", and if one realizes that the contact 
discontinuity is the trajectory of the "particle" which is initially located at x = 0. Then the left 
(rasp. right) side of the contact discontinuity is filled with "particles" coming from the domain 
x < 0 (rasp. x > 0), and therefore the mixture has there the composition of the state W L  (resp. 

WR). 

In fact, this simple and convincing empirical argument is not rigorous since the non conser- 
vative equation (2.32) does not a priori hold across a shock wave. • 

2.4. N u m e r i c a l  schemes 

We now turn to the numerical solution of an initial value problem associated with system 
(2.12): 

{ W t + f ( W ) ~  = 0  for x e / R ,  t_>O, (2.33) 
w(x,o) = W°(x) for x e ~ .  

We will restrict our attention to explicit, three-point, first-order accurate schemes written in con- 
servative form. In other words, using very classical notations, we consider numerical schemes of 
the form: 

w y l - w ;  F '~ _ F , ~  j+1/2 j - 1 / 2  + = O, (2.34) 
At Ax 

where the numerical flux Fy+~/2 is evaluated using a "numerical flux function" O: 

F;\~/~ = ¢ ~ w ~  w , ~  : (2 .35 )  \ " j  , j+ l ]  • 

There exists many schemes of this type for the single-component Euler equations (see for 
instance [26] and the references mentioned below). We are going to show how four of these schemes, 
namely the Stager and Warming, Van Leer, Roe and Osher schemes can be extended to the solution 
of the two-component problem (2.33). We will very briefly recall the definition of each of these 
schemes for the Euler equations, using the notations: 

W E  = pu , FE = pu 2 + p . (2.36) 
\ u(E + ;) / 

We refer to e.g. [15], [41] for comparisons of the qualities and defects of these four schemes, 
but recall that all of them are very widely used for gas dynamics calculations. Even the splitting of 
Steger and Warming, which may be considered as the most diffusive and therefore the least accurate 
of these schemes for a large class of problems is still very useful because of its very simplicity (for 
instance for the treatment of boundary conditions or for the design of implicit schemes ; see e.g. 
[13], [19], [25]). 
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2.4.1. T h e  S t e g e r  a n d  W a r m i n g  s c h e m e  

The scheme proposed by Steger and Warming [38] for the Euler equations is based on the 
homogeneity proper ty  of the flux vector (FE(rWE) = r F E ( W E )  for any r > 0), which implies: 

F ~ ( W E )  = A ~ ( W ~ ) W ~  , (2.37) 

DFE 
where AE = DWE" 

We need here to introduce a (classical) notation:  if B is a diagonalisable matr ix,  and if f 
maps ~ into itself, we define the mat r ix  f ( B )  as follows: we write the diagonalisat ion of B as: 

S = TAT  -1 , A = Diag[pl ,#2""#n] , (2.38) 

a~d set: 

B = T f ( A ) T  -1 , where f (A)  = Diag[f(#l),  f ( # 2 ) " "  f (#n)]  , (2.39) 

(in practice, we will use this definition for f (x)  =[ x [, f (x )  = x + = max(x,  0) or f (x )  = x -  = 
min(x,  0)). 

Using now (2.38)-(2.39), we can define A + and A E. Since A + + A E = AE, it follows from 
(2.37) tha t  the Steger and Warming  numerical flux function: 

1 2 + 1 1 cE(wk ,  WE) = + A E ( W ~ ) W  k A E ( W ~ ) W  ~ (2.40) 

is consistent with the Euler equations (i.e. satisfies CE(WE, WE) = FE(WE)). 

Extending this scheme to the mult i -component  case is s traightforward since the basic homo- 
geneity proper ty  still holds for mixtures.  We just  set: 

¢(WL, WR) = A + (WL)WL + A - ( W R ) W R  • (2.41) 

As in the single-component case, the extended Steger and Warming scheme is a "flux-vector- 
spli t t ing" scheme (see [26]) since, set t ing F+(W) = A+ ( W ) W ,  F - ( W )  = A - ( W ) W ,  we have: 

F ( W )  = F+(W)  + F - ( W ) ,  (2.42) 

and: 

¢(WL, WR) = F + (WL) + F -  (WR) • (2.43) 

We also have here the proper ty  that ,  if all characterist ic  wave speeds associated with the s ta te  
W are posit ive (resp. negative),  i.e. if u _> c (resp. u < - c ) ,  then F+(W)  = F ( W )  (resp. 
F - ( W )  = F(W)) .  At this point arises the question of the validi ty of this flux decomposit ion,  or 
of the s tabi l i ty  of the result ing scheme: the scheme uses an upward (resp. downward) differencing 
for F + (resp. F - ) ,  clearly because all wave speeds associated with F + (resp. F - )  are expected 
to  be positive (resp. negative).  But  is it  actual ly  the case ? The answer is given by: 

P r o p o s i t i o n  3: 
If the specific heat rat io 7k of each species in the mixture  satisfies the inequality: 
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5 1 < "r~ < ~ ,  (2.44) 

DF+ (resp. D F -  then all eigenvalues of the Jacobian matr ix  ~ -~ - -~ )  are real and positive (resp. nega- 

t i v e ) . .  

The proof  is roughly analogous to  the one of Lerat  [29] who proved the same result in the 
D F  + 

single-component case. Since it is ra ther  lengthy and technical (of course, the mat r ix  ~ is not 

equal to A + !), we will omit  it, referring to [18] for the details. 

2.4.2. T h e  V a n  Leer  s c h e m e  

The above Steger and Warming scheme has the drawback tha t  the derivatives of the split  
fluxes F + and F -  are discontinuous when one of the eigenvalues of A changes sign (i.e. at sonic 
and s tagnat ion points).  To remedy this, Van Leer [40] introduced a continuously differentiable 
split t ing. In the single-component case, this spl i t t ing is defined by the following expressions: 

* if u > c, F +  ( I4~)  = FE(WE),  F E ( W E )  = 0; 

F + ~ ( ~ )  = 11:2+ = 
\ F :  

F ~ ( W ~ )  = F ;  = 
F;- 

* i f - c  < u < c, 

~c (~ + e) 2 

~2 (F2)2 
2(9 '2 - 1) F + 

- ~ ( u  - c) 2 

~2 (F~-) = 
2(~2 - 1) F~- 

(2.45) 

; (2.46) 

* if u <_ - c ,  F+(WE) = O, FE(WE ) = FE(WE). 

We emphasize here tha t  7 is a constant  in (2.45)-(2.46) since these expressions concern the 

single-component case. 

There is a natura l  way of extending this flux decomposit ion to  the two-component  case. We 
s imply set F + ( W )  = F ( W )  when u > c, F + ( W )  = 0 when u <_ - c ,  and: 
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IF?\  
F+ (W) = | F: I 

I F : I  = \F+ / 

~ ( ~  + c) 2 

u 

.? ( F? ) 2 
2(~2 - 1) v ?  

rF? 

(2.47) 

when - c  < u < c. In (2.47), 3' is the local (non constant) specific heat ratio (2.17). We define F -  
by analogous formulae (or by the identity (2.42)). This flux splitting can be used to define a stable 
conservative scheme (using (2.43)) since we have the following result: 

Proposition 4: 
If the specific heat ratio 7k of each species in the mixture satisfies the inequality: 

1 < 7k < 3 ,  (2.48) 

DF+ (resp. D F -  then all eigenvalues of the Jacobian matrix ~ --~-~-) are real and positive (resp. nega- 

tive). • 

D F  + 
PROOF: We only need to examine the case where - c  < u < c; we present the proof for D-----W- 

D F -  (the result for ~ follows by symmetry). To evaluate the eigenvalues of the Jacobian matrix 

DF+ ( DF+ - A i d )  for)~C ~ ( b u t  we do not D W  ' we need to consider the determinant D = det \ D W  

want to evaluate all terms in this matrix !). The main idea is then to consider each component of 
F + as a function of W1, W2, W3 and Y (which itself depends on W1 and W4), instead of seeing 
these components as functions of the four conservative variables Wt (1 < l < 4). It can indeed be 
noticed that  all components (2.47) of F + actually depend on Y through (2.24) and (2.14). Thus, 

we write, for 1 < l < 4: 
F~ + = t~ + [wl,  w2, w~; r ( w 1 ,  w4) ] .  (2.4o) 

Keeping in mind that  F + = Y F  + , we get: 

:P = 

OF? OF~ + Or OF? OF? OF~+ or  
OWl t- O~ OWl )~ OW2 OW3 OY OW4 

OF:+ OF: OY OF: :, OF: OF~+ OY 
OWl OY OWl OW2 OW3 OY OW4 

OF + OF + OY OF+ OF+ A OF + OY 
O ~  + O---Y 0--~ OW2 0---~3 - OY OW4 

_+ OY OF + OF + OY y OF + OF + OY . OF + OY 
; 1~ - O ' ~ + Y - o - ~  + Y  OY OWl OW2 Y-g-~3 F+O-~4 + r  O--Y OW4 

(2.50) 
Replacing now the first column of this determinant by the sum of itself and of the fourth column 

multiplied by Y, and using the relation: 
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o---~ + Y o--~ - w1 w ~ b - ~  + w4 = o ,  (2.51) 

which follows from the fact that. Y = Y(W1,W4) = W1 . W44 is a homogeneous function of degree O, we 

obtain:  

iP = 

oF: ~, OF1 + Or? OF? OY 
OW~ OW2 OW3 OY OW4 

oF: oF¢ ~, or:  oF: oY 
OW~ OW2 OW3 OY OW4 

OF+ OF+ OF+ A OF + OY 
OW~ OW2 OW3 OY OW4 

OF + YOF + OF + OY , , .OF + OY 
Y'O-W71 - )~y OW2 Y"o~a F+-ff~4 ± *-O-Y OP¢~ 

Substracting now of the fourth row Y times the first row, we further get: 

(z.52) 

0Wl 
D =  

0wl 

0 

OF+ 0t~+ OF? OY 
OW2 OW3 OY OW4 

OF+ A OF+ OF + OY 
OW2 OW3 OY OW4 

OF+ OF+ A OF + OY 
OW2 OW3 OY OW 4 

F+ OY 
0 0 1-0--~4-)~ 

(2.53) 

Since - -  
OY 1 

-- - ,  we finally get: 
OW4 P 

or+ oF+ 

OF+ OF+ 
OWl OW2 

OF + OF + 
Owl o ~  

OW3 

_ _  _ ~, oF+ 
OW3 

OF + 
OW3 

(2.54) 

The determinant  in the r ight-hand side of (2.54) is clearly the determinant  of the 3 x 3 matrix 

DF+ Aid, which corresponds to the single component case; in other words, the Y-dependence 
DWE 
has been removed in this 3 × 3 determinant  which can be evaluated with 7 = "r(Y) considered 
as fixed. This single-component case has been analysed by Van Leer [40]: under  the hypothesis 

De+ 
1 < 7 < 3, the matr ix  ~ has one eigenvalue equal to zero and two positive eigenvalues. Thus, 

(2.54) says that  considering a two-component mixture just  introduces an additional eigenvalue 

A = F +  = ! u +  c) 2 which is positive. This completes the proof of Proposition 4. * 
p 4c 
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R e m a r k  4: We have seen in Section 2.2 that  adding a second component introduces (with respect 
to the single-component case) an additional eigenvalue equal to the velocity u for the flux Jacobian 

DF 
matrix A - DW" In a completely similar way, considering a second component introduces for 

DF + 
the split flux Jacobian matr ix  ~ the additional eigenvalue (u +4c c)2 , which, according to the 

splitting: 

= ~'c)-------2(u + (z' - c)~ - u+ + u -  (2.55) 
4c 4c 

used to define F + = pu + and F l- = pu- ,  is nothing but  the "positive part u + of the velocity". • 

2.4.3. T h e  R o e  s c h e m e  

Roe [35] has proposed a conservative upwind scheme which uses an approximate Riemann 
solver based on a linearization of the fluxes. We refer the reader to [35] and also to [26], where a 
very clear presentation of this scheme inside the framework of the Godunov-type schemes is given. 
We simply recall here the basic results concerning this scheme in the single-component case, before 
considering its extension to t~he two-component case. 

The numerical flux function of this scheme has the form: 

2 FE(W~) + FE(W~) 1 
+E(WE, Wk)  = 2 + 2 I fiE I(WE -- W~) , (2.56) 

where AE = AE(W~,  W~) is a diagonalisable matrix which satisfies the property: 

FE(W}) - FE(W~) = fi~(Wk - w~)  ; (2.57) 

This property has many interesting consequences (mainly because of its similarity with the 
Rankine-Hugoniot relations; see [26], [35]). In particular, it yields simpler expressions of the 
numerical flux function: 

CE(WL W~)= FE(W~) - ; ~ ( w ~  - w~)  
~+ 1 = FE(W~) + A E ( W  ~ - W~) . 

( 2 . 5 8 )  

There are several different ways of choosing a matr ix  AE satisfying (2.57). Roe [35] proposed 
to define f i e  as follows: ~Z~ E is equal to the flux Jacobian matrix AE evaluated for some state 
~VE = "¢VE(W~ W~) known as "Roe's average of W~ and TjZ2,,E,, • More precisely: 

fiE = AE[I]VE(W~, W~)] , (2.59) 

where WE = (P, P6,/~)T is defined by the relations: 

p,4_Z+p~/_ z ) "le'e+"~ 
= ~ = ( 2 . 6 0 )  

v ~ Z + d 7  ' 4 7 + 4 Y  ' 

~ / 7  + ~ ' (2.61) 

(in fact, defining ~ is not useful here since only fi and /7 /a re  needed to evaluate the Jacobian matrix 
AE(~VE)). 
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The extension of Roe's scheme to the two-component system (2.33) has been derived indepen- 
dently by Abgrall [1] and Fernandez and Larrouturou [16]. The two-component scheme relies on 
the relations: 

+(WL, WR) = F ( W L ) + F ( W ~ )  1 
2 + ~ I A I(WL - w . )  

= F(WL) - -4-(WL - WR) (2.62) 

: F ~ ( W . )  + A+(W~ - W R ) ,  

where A = A(WL, WR) satisfies the property: 

F(WL) - F(WR) : ~i(~% - WR) • (2.63) 

Again we can define the averaged state I~V : 05, jS~,/~, ~1>)T by: 

: p L ~ / ~  + p ~  ~ : , (2.64) 

= H ~  + U , ~  (2.65) 
~ + ~  ' 

1> : Y L v ~  + Y . v / - ~  + ~ , (2.66) 

(again determining ~ is not necessary). But in this two-component context (unless both species 
in the mixture have the same specific heat ratio 71 = 72, that is unless 7 = 7(W) is a constant), 
the flux Jacobian matrix A(I]V) does not satisfy property (2.63), Therefore, the matrix A is to be 
chosen different from A(I~V) (but close to the latter since we want our extension to reduce to the 
usual Roe scheme when both species are the same). The result given in [1], [16] is the following: 

A = 

0 1 0 0 

(@ - 3) g2 _ i > 2 ,  (3 - ~/)fi @ - 1 X '  
2 

+ ~ 3  _ {1>2' f1 - (~ - 1)~ 2 ~ 

- ~ ?  ? 0 

(2.67) 

where ~ = 7(17V), but where J( '  is not equal to X'(izd) given by (2.27). In order to insure that  
property (2.63) holds, one has to choose: 

with: 

2 '  = C~1C~2(7a - 72)2r (2.68) 
1>C~1 + (1 - Y)Cv2 ' 

= TLv~T + TRv~ # T(~V). 
~+~ 

(2.69) 

The matrix _4 defined by (2.67)-(2.69) is then diagonalisable: its eigenvalues are fi - fi, ~, fi, 
- -  

7P if one actually defines ~), and its f i + e ,  where ~ = ( ' ) -  1) / t -  from (2.26) (or ~ = --=- 
P 

eigenvectors are given by expressions which are analogous to (2,25). 
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We leave it to the reader to check that  .4 defined by (2.67)-(2.69) actually satisfies (2.63) (the 
details of the proof can also be found in [1]). This verification is easily done using the following 
arithmetic rules, which hold for any variable U: 

where: 

AU=UL--UR,  

A u v  = ~ v  + ? ~ u  , (pT:) = i ,~  , (2.70) 

(7 = ULx/-~ + U, Vz~ > ( /=  ULVf~ + UR~./-~ (2.71) 
V~Z-~ + V ~  . / ~  + v ~  

R e m a r k  5: We have said in Remark 1 that both systems (2.9) (with one equation for each species) 
and (2.11) (with one equation for the mixture density p and one equation for all but one species) 
are equivalent. Of course we found it helpful for all preceding calculations to use system (2.11) 
whose first three equations have the form of the usual Euter equations. But this formulation (2.11) 
(or (2.12) in the case of two species) also has a small drawback: the expression (2.68) for the 
extended Roe scheme is less easy to extend to N-component mixtures that the expression given in 
[1], which is equivalent to (2.68), but which is derived by using a system written under the form 
(2.9) where all species play the same role. • 

2.4.4. T h e  O s h e r  s c h e m e  

The scheme proposed by Osher and Solomon [34], which is referred to as Osher's scheme, is 
based on the following expression of the numerical flux function: 

1 2 FE(W}) ÷ FE(W}) w~ 
'~E(WD,WD) = + f [AE(WE) IdWE , (2.72) 

2 dwi 

where the integration is carried out on a path connecting W~ and W~ in the state-space. The 
integration path proposed in [34] is piecewise parallel to the right eigenvectors of the flux Jacobian 
matrix AE,  and the evaluation of the integral in (2.72) relies on the knowledge of the Riemann 
invariants associated with each eigenvectors (see [34] for the details). 

The extension of Osher's scheme to multi-component flows is straightforward (exactly in the 
same way as the extension of exact Riemann solvers is straightforward, as we have seen in Section 
2.3), and has been done by Abgrall and Montagn~ [4]. The extended scheme is of course defined 
by the analogue of (2.72): 

¢(wL, wR) = F(WL) + F(WR) + f~:R I A ( W )  I d W  , (2.73) 

and the evaluation of the integral again uses the Riemann invariants. Let us recall here that  
¢(m) = ¢(m)(W) is an m-Riemann invariant if: 

~0¢(m)  Vw¢(m)(W).rm(W) = --b--~.(r~), = 0 ; (2.74) 
l = l  
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as a consequence, a m-Riemann invariant is constant along a curve W(s) in the state-space which 
dW 

is parallel to the mth right eigenvector of the Jacobian matrix A, i.e. along which ~ s  is always 

colinear with r,~(W(s)). 

Using the expression (2.25) of the right eigenvectors, it is easy to check that the following 
quantities are Riemann invariants: 

1 4 

u - c  u t u I u + c  

2c 2c u + - -  u u u 
7 ( W ) -  1 

¢(m) P 
pT(W) P P 

,~(w)-  1 

P 
p~(W) 

Y pY P Y 

Table  1: Riemann invariants in the two-component case. 

Several comments are needed here. In each column of Table 1, the two first Riemann invariants are 
the Riemann invariants of the single-component case (but 7 is no longer a constant). In particular, 

P the invariant ~ can still be interpreted as a function of the entropy (of the two-component 

mixture). Beside this, the fact that the velocity u is an m-Riemann invariant for m = 2 and m = 3 
was already known from (2.31). Lastly, we should keep in mind here that, the system being not 
strictly hyperbolic, there is some arbitrariness in our choice of the eigenvectors associated with the 

double eigenvalue u. Thus, if a2(W) and a3(W) are real numbers, then: 

r~(w) = ~ ( w ) r 2 ( w )  + ~3(w)r3(w) (2,75) 

is also an eigenvector of the Jacobian matrix, and one may consider the equation: 

4 0 ¢  
v w ¢ ( w ) . ~ , d w )  = 0 ~ 5  (r~,)~ = 0 (2.76) 

It is clear that ¢ = u and ¢ = p satisfy (2.76) for any choice of a2 and a3 in (2.75). But such is 
not the case for the other invariants pY and p appearing on the last line of Table 1. Therefore, u 
and p are the only "intrinsic Pdemann invariants associated with the eigenvalue u" (there are only 
two such intrinsic Riemann invariants because u is a double eigenvalue). 

Once the Riemann invariants are known, the problem of evaluating the integral in (2.73) is 
essentially analogue to the similar problem in the single-component case, since Y (and therefore 
9') is constant along those pieces of the integration path which are parallel to either rl  or r4. We 
refer the reader to [4] for the details. 

2.5. R e m a r k s  

We gather in this section several remarks concerning the numerical approximation of the 
two-component problem (2.33). 
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R e m a r k  6: We have restricted in Section 2.4 our a t tent ion to explicit first-order accurate schemes 
for the one-dimensional problem (2.33). But the results of tha t  section can be used for many  
further extensions: the generalization to N-component  flows is straightforward, and the extensions 
to implicit schemes, second-order accurate schemes or even schemes operating on unst ructured 
meshes for the simulation of multi-dimensional  mult i -component  flows can be done exactly as in 
the case of the Euler equations (see e.g. [10], [13], [17], [19]). • 

R e m a r k  7: For the sake of simplicity, we have just  presented the extension of the considered 
schemes to the two-component case, and we have not discussed how the different properties of 
these schemes (such as: exact resolution of discontinuities, need for entropy corrections ...) are or 
are not modified in the mult i-component case. Concerning this matter,  the general answer is that  
most of the conclusions which hold for a single perfect gas will also hold for a mixture of perfect 
gases. But there are exceptions to this ' ru le '  one of these exceptions is presented below. 

When using the extended Roe scheme presented in Section 2.4.3 for a two-component shock 
tube  problem, Abgrall [1] noticed slight pressure oscillations at the contact discontinuity. We now 
show that  this difficulty may well appear with any upwind schemes and is intrinsically related to 
the presence of several species. 

Following Abgrall [I], we consider a Riemann problem (2.28) where the two states WL and 

WR are supersonic and can be separated by a contact discontinuity (more precisely, we assume 
that  uL = UR = fi, UL > CL, UR > CR, PL = PR = P), and we further assume that  we use an 
upwind scheme which satisfies: 

+ ( W L ,  WR)  = F ( W L )  , (2.77) 

a natural  condition since the states WL and WR are supersonic. After spatial discretization, we 
have at t ime t = 0: W ° = WL for j < i -- 1, 14~ ° = 14~ for j > i. Using the consistency relation 
¢ ( W , W )  = F ( W ) ,  it is easy to see that  the values W] (updated values after one t ime step) axe 
equal to W ° for all j # i, and that  W~ is given by: 

At 
W) = WR - ~xx [ F ( W R ) -  F ( W L ) ] .  (2.78) 

t a t  
Calling v = Ax the Courant  number  (0 < ~ < 1 from the CFL stability condition), we easily 

deduce from (2.78) that:  

p~ : (1 - v)pR + ~'PL , (2.79) 

~ = (1 - ")PRYR + "PLYL (2.80) 
(1 - ~ ) P l t  + v p i  ' 

an d: 

u~ = ~, (2.81) 

p~ ( 1 - ~  ~ ) (2.82) 
~/(Y~.I) - 1 = / )  ( ; ~ : 1  + ~(YL)-- 1 " 

Thus, after one t ime step, the velocity has the correct value at each node, but  the pressure is 
modified at node i (since in general p~ ¢ fi). This  inabil i ty of the scheme to reproduce from one 
time level to another the constant  pressure/5 may well cause after several t ime steps the oscillations 
observed in [1], and is directly related to the fact that  ~/is not constant,  i.e. that  the fluid is a 
mixture of several species. 

To conclude this remark, we want to point out that  the preceding observation holds as soon 
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as the assumption (2.77) is satisfied; in particular it holds even if an exact Pdemann solver is used 
at each mesh interface xj+t/2, as in the Godunov method [23]. Only Gl imm's  scheme [22], which 
does not  use the average process involved in Godunov-type schemes, would provide the correct 
pressure pl  =/5. • 

R e m a r k  8: Incidentally, the preceding remark rises the following question: with the different 
conservative schemes considered in Section 2.4, is the relation (2.77) automatically true as soon as 
WL and WR are supersonic and satisfy UL 7> CL, UR _> CR ? The answer to this question is obviously 
positive~for the Steger and Warming scheme and Van Leer's scheme; it is also positive for Osher's 
scheme. But  the answer is negative for Roe's scheme, even in the single-component case ! Even 
if we further assume, as in Remark 7, that  the supersonic states WL and WR are separated by a 
contact discontinuity (i.e. satisfy uL = uR, PL = PR), then the relation (2.77) is not automatically 
true in the two-component case (we leave it to the reader to find counter examples; using the 
second equality in (2.62), it suffices to examine if A -  = 0). This particularity of Roe's scheme, 
which does not seem to have a major importance in practice, does not contradict the fact tha t  this 
scheme is an upstream scheme in the sense of the definition given in [26]. Furthermore,  what is 
observed here for Roe's scheme is also true for other schemes, like the Q-scheme [39] or the scheme 
of Vijasundaram [42]. • 

3. M U L T I - C O M P O N E N T  R E A L  G A S  F L O W  

We now consider the one-dimensional inviscid flow of an N-component  real gas mixture. As 
we have said in the introduction,  we will still neglect diffusion and chemical reactions and still use 
a thermal equilibrium assumption and Dalton 's  law. 

3.1. G o v e r n i n g  e q u a t i o n s  

We give below three examples of equations which describe the class of real gas mixtures which 
we are going to consider: 

E x a m p l e  1: 
We consider here a gaseous mixture in which Dalton 's  law (2.3) still holds, in which the 

partial  pressure of each component is still given by the perfect gas equation (2.4), but  in which the 
expression of the total energy £ is more complex than  (2.5) and has the form: 

N 
1 2 ~ p Y k e k ( T )  , (3.1) £ = ~ p u  + - p -  

k_- t 

such a case may happen for instance if the specific heats Cvk of the species are assumed to depend 
on the temperature,  leading to: 

£ lpu2 + ~_, pYk h°k + Cpk(T')dT' • (3.2) - - 2  - P '  
k=l 

a relation like (3.1) also arises when vibrational energies of mult i-atome species are taken into 
account, as in [14]: 
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1 2 N / R Ok 
£=2PU +EPY4k=I Cr'4T+h°k+ M4exp(~)  1 - p ,  (3.3) 

To summarize, in this first example, the governing equations consist of the system of conservation 
laws (2.1), with the additional relations (3.1) and: 

N 

p :  EpykR--~--~T.. (3.4) 
k 

4 = 1  

E x a m p l e  2: 
In this second more general example, we consider a case where the energy is again given by 

(3.1), where Dalton's law still holds, but where the partial  pressure pk of the component Ek is 
given by: 

Pk = pY4fk(T) . (3.5) 

In other words, we assume that  each separate component obeys Boyle's law (also known as Mari- 
P4 otte 's  law: the ratio ~ only depends on the temperature; see e.g. [5], [24]). 

Therefore, we consider in this second example that  the system of conservation laws (2.1) is 
completed with two relations of the form: 

N 

P = E pY4f4(T), (3.6) 
k = l  

N 

£ = lpu2 + E pYt¢g4(T) (3.7) 2 
k : l  

(we have used (3.6) to rewrite (3.1) under the form (3.7)). * 

E x a m p l e  3: 
In the framework of Example 2, one may often assume that  equation (3.7) can always be 

solved for the temperature, in other words that  (3.7) uniquely determines T as a function of £ ,  p, 
u and the mass fractions Y4's (this is the case if all functions g4 are monotone increasing): 

1 pu2, pY4 T = T ( $ -  2 ) . (3.8) 

Thus, (3.6) now gives the pressure as a function of the same arguments: 

!p~, pY4 p=p(£- -  2 ) . (3.9) 

In this third example, we simply consider that  the system of conservation laws (2.1) is completed 
by a pressure equation of the form (3.9). * 

R e m a r k  9: Of course, we are not claiming that  all equations of state used in practice to describe 
real gases belong to the framework of Examples 2 or 3. In particular, using the Van der Waals 
or the Virial equations for the partial pressure P4 would not lead to an expression like (3.6) (see 
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e.g. [5], [24]). But equations (3.6)-(3.7) are nevertheless very general, and may be considered 
as sufficient to adequately describe mixtures at low or moderate pressures, in a wide range of 
temperature (since Boyle's law essentially fails at high pressures and very high temperatures; see 
[5], [24]). • 

3.2. Homogeneity and hyperbolicity 

For the sake of simplicity, we will restrict our attention as in Section 2.2 to a two-component 
mixture; but again, all results presented below can be straightforwardly extended to N-component 
mixtures. In the framework of Example 3, we consider again the equations (we now write E instead 
of C in order to use the same notations as in Section 2.2): 

with now: 

i: l ( 
\ pY / ~ puY 

= 0 ,  (3.10)  

p =  p ( E -  l p u 2 , p , p ' )  . (3.11) 

We will denote e = E - lpu2 the internal energy per unit volume of the mixture. 
2 

Again it is easy to see that the flux vector F only depends on the conservative variables: 
F = F(W) .  But an important remark is the following: 

P r o p o s i t i o n  5: 
Under the hypotheses of Example 2, the flux vector F is an homogeneous function of degree 

l o f W .  • 

PROOF: Let r > 0. Clearly, if we replace E by rC, p by rp and do not modify u nor the Yk's in 
(3.7), we do not modify the value of the temperature. Hence T ( W )  is an homogeneous function 
of degree 0, and (3.6) then implies that p(W)  is an homogeneous function of degree 1, which ends 
the proof. • 

Because of this result, we will restrict from now on our attention to cases where the function 
p appearing in (3.11) is homogeneous of degree 1: 

Vr > 0 ,  p(r~,rp, rp') = p(~,p,p ' ) .  (3.12) 

R e m a r k  10: This homogeneity property should not be seen as a restrictive hypothesis; this as- 
sumption is by no means essential since most of the results presented below still hold without (3.12) 
(see [18]; but (3.12) wilt appear to bring in the following developments several nice simplifications 
which may result in a non negligible saving in computer time). Anyway, it appears in Proposition 
5 that the flux homogeneity is an intrinsic property of gas flow under the very general conditions 
described in Remark 9. • 

R e m a r k  11: SeverM authors have recently studied the numerical simulation of an inviscid flow 
of a single real gas, with no homogeneity assumption (see [14], [21], [30], [33]). In several of these 
works, the single real gas is in fact a mixture for which one assumes chemical equilibrium. The 
mixture is then described by equations like (3.6)-(3.7), but one considers that the mass fractions, 
instead of being independent variables, can be evaluated as functions of p and T using the laws 
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of chemical equilibrium (see [14]). It appears clearly now that this is the chemical equilibrium 
assumption which makes the flux vector non homogeneous in these studies; this contributes to 
make the simulation of equilibrium flows (which moreover involves the solution of the non linear 
chemical equilibrium equations) not really simpler than the simulation of non equilibrium flows, s 

We can now turn to the question of the hyperbolicity of problem (3.10)-(3.11). We first 

evaluate the Jaeobian matrix A(W)  = D F  
DW: 

0 1 0 0 

U 2 

(po - 2 ) 3 -  + p~ (2 - p~)~ po , #  
A ( w )  = 

U 3 

p ~ - f - u H + u p p  H - p ~ u  2 u ( l + p ~ )  up¢ 

- u Y  Y 0 u 

; (3.13) 

the enthalpy H is still defined here by H - E + p,  and p,,  pp, pc  are the derivatives of the function 
P 

p in (3.11). A straightforward calculation then shows that  the determinant det[A(W) - Aid] can 
be put in the form: 

d e t [ A ( W ) - ) ~ I d ] = ( u - A ) e  ( ( u - A ) 2 -  [ p p + Y p ¢ + p ~ e - - ~ - ] }  . (3.14) 

Thus, the system (3.10)-(3.11) can be hyperbolic only if the quantity between brackets is positive 
(this quantity will be the squared sound speed c2). But the homogeneity property (3.12) implies 
(using again Euler's property of homogeneous functions): 

p = ep~ + ppp +ptp¢ . (3.15) 

Therefore, the homogeneity property substantially simplifies the expression of the sound speed: 

c2 = Pp + YPv' + P~- + P~P 
P P 

= (p~ + 1) p- . 
P 

(3.16) 

We are then led to introduce the notation: 

v ( w )  = p ~ ( w )  + 1 ; (3.17) 

with this notation, relations (3.13)-(3.16) can be summarized as follows. The Jacobian matrix: 
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A(W) = 

0 1 0 

(7  - 3 ) u 2  + Pp (3 - 7 ) u  7 - 1 
2 

( 7 - 1 ) u 3 _ u H + u p p  H - ( 7 - 1 )  u2 7 u 
2 

- u Y  Y 0 

ppt  

u p p ,  

(3.1s) 

hasalmost  the same f o r m a s i n  (2.21). The eigenvalues of A are: 

~1 = u - c ,  A 2 = u ,  A 3 = u ,  A 4 = u + c ,  (3,19) 

where the sound speed c still has its usual expression: 

c = ~ P p  p !  (3.20) 

Lastly, we can exhibit a complete set of eigenvectors: 

r 1 = 
c) 

U C  ~ r 2  = 

1 
~t 

U 2 p p  ~ ~3 ~ 

2 "7-1 

0 

/ x ) 
: U - 4 - C  

' r4  ~ HyUC , (3.21) 

which are almost the same as in (2.25). We have therefore proved the analogue of Proposition 2: 

P r o p o s i t i o n  6: If the pressure equation (3.11) satisfies (3.12) and is such that,  for any state W, 
p~(W) > 0 (or equivalently 7(W) > 1), then system (3.10) is hyperbolic. • 

R e m a r k  12: In the studies [14], [21], [30], [33] of a single real gas with no homogeneity assumption, 

it  is not clear to decide which (if any) of the quantities PC--~2, P- + 1 or p~ + 1 should be called 7; 
p e 

most of the referenced authors introduce in fact several 7's corresponding to several of these 
quantities (which all coincide in the case of a single- or multi-component perfect gas). In the 
present framework where the homogeneity assumption holds, there is a natural and obvious choice 
for 7 : 7  is defined by (3.17), the usual expression of the sound speed still holds, and the perfect 
gas relation p = (3~ - 1)e is replaced by: 

P : (7 -- 1)¢ + ppp A- p'pp, , (3.22) 

which follows from (3.15) and (3.17). Of course, our definition (3.17) of 7, which involves a 
pressure derivative, may not be convenient in cases where the pressure is not given by an analytical 
expression but evaluated using tabulated data  (see for instance [33] where a MoUier diagram is 
used). • 

3.3.  T h e  R i e m a n n  p r o b l e m  

Although the results of the preceding section are very close to those obtained in Section 2.2 
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for a perfect gas mixture, we will now meet much more difficulties than in Section 2.3 to describe 
the solution of a Riemann problem for system (3.10)-(3.11). 

In particular, the first and fourth characteristic fields are no longer necessarily genuinely non 
linear, since the quantities: 

(3.23) 

VwX4.r4 = ~p ( 7 +  1) + p~¢ (3.24) 

may vanish in the absence of additional assumptions. The evaluation of the quantities (3.23)-(3.24) 
is straightforward and uses the relation ep~ + ppp~ + ptpp,~ = 0 which follows from the homogeneity 
of p~ (much more complex expressions would be obtained in the absence of the homogeneity 
assumption). Beside this, we still have the degeneracy relatiOn: 

Vwu.(a2r2 + a3r3) - 0 ,  (3.25) 

for any pair of real numbers (a2, a3). 

It is shown in the Appendix that,  as in the case of a perfect gas mixture, the mass fraction 
Y is locally constant everywhere in the (x, t)-plane except possibly on a contact discontinuity 
associated with the degenerate eigenvalue (it is also shown that u and p are continuous across such 
a discontinuity). But fully describing the solution of the B.iemann problem in the present context 
remains a much more complex task than in the case of a perfect gas mixture (see Remark A3 in 
the Appendix). 

3.4. N u m e r i c a l  s chemes  

We now examine how the Steger and Warming, Van Leer, Roe and Osher schemes can be 
extended to the simulation of multi-component real gas flows governed by system (3.10)-(3.11). 

3.4.1. T h e  S t e g e r  a n d  W a r m i n g  s c h e m e  

Since we still have F ( W )  = A ( W ) W  from Proposition 5, there is no difficulty in extending the 
Steger and Warming scheme. We again set: 

F + ( W ) =  A + ( W ) W  , F - ( W ) =  A - ( W ) W  . (3.26) 

This generalization is much simpler than the extensions proposed in [30] and [33] for a single real 
non homogeneous gas, which involve more or less arbitrary choices. Apart  from this, it seems that  
there is no chance to prove without additional assumptions that  all wave speeds associated with 
F + (resp. F - )  are positive (resp. negative) (see the discussion of this point in [33], for a different 
extension of the Steger and Warming scheme). 

3.4.2. T h e  V a n  Leer s c h e m e  

A generalization of the Van Leer scheme for a single real gas has been proposed in [30] and 
[33], leading to a one-parameter family of flux-splitting schemes. Referring to [30], [33] for the 
details, we mention the result: when - c  < u < c, F + is defined by the relations (we adopt the 
formulation of [30] for the energy split flux; the result of [33] is equivalent, although expressed 
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under a different form): 

as for a perfect gas, and: 

F + = P ( u  + c) 2 , (3.27) 

( ~ - 2 c )  
F + = F  + u - - -  , (3.28) 

7 

F + = F  + [ H - x ( u  c) 2], (3.29) 

where x is a real number to be chosen. 

To extend these results to the present two-component case, we simply add to relations (3.27)- 
(3.29) the following relation: 

F + = Y F  + . (3.30) 

We can still apply to this real gas splitting scheme the arguments of the proof of Proposition 
DF + (u + c) 2 

4: the matrix ~ has the eigenvalue u + - and its three other eigenvalues are the 
4c 

eigen~lues of the 3 x 3 Jacobian matrix D(F+' F+' F+) which can be evaluated with Y fixed. D(Wt, V¢~, ~ )  
Unfortunately, it has been observed in [30], [33] that  the latter eigenvalues do not always have 
the expected sign: therefore the wave speeds associated with F + (resp. F - )  are not necessarily 
positive (resp. negative). 

3.4.3. T h e  R o e  s c h e m e  

We now consider the extension of Roe scheme to a two-component real gas (we refer to [21], 
[30], [33] for generalizations of this scheme to a single real gas). Two states WL and WR being 
given, the major point is to find a diagonalisable matrix A satisfying Roe's property (2.63). We 
try to find A under the form: 

0 1 0 

~t 2 

A= ~ 
:~T_a_O+@~ ~ r _ ~  a(1+~1) 

-~? ? o 

P3 

@3 

(3.31) 

which is close to the form (3.13) of A(I~),  17V being again Roe's average defined by (2.64)-(2.66); 
but A is not equal to A(!]¢') since we will not choose ~1,/~2,/~3] equal to [p,(17V),pp(i~),pp,(l]¢')]. 
One can easily check that  the matrix A given by (3.31) satisfies the property (2.63) as soon as the 
following relation holds: 

Ap = filAe + 152Ap +/~3/"p ' , (3.32) 

(where the operator A is defined as in (2.71)). At this point, several choices are possible. A simple 
strategy inspired from [30] consists in choosing [Pl,/~2,/~3] which minimizes the quantity: 

~1 -p~(1~¢-)]2 + ~fi2 -Pv( l~ ) ]  2 + [P3 -Pv , ( l~) ]  2 (3.33) 
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among all possible candidates satisfying (3.32). Other choices are proposed in [21] and [33] 
for a single real gas. But it does not seem dear  that any of these choices actually guarantees that  

the matrix ,4 is diagonalisable (i.e. that  the quantity ~ =/52 + I2/33 +/31 ~ + _/~ is positive). This 
P 

difficulty does not seem to have appeared in the numerical experiments presented in [21], [30] and 

[33]. 

Finally, let us mention that  in the simpler framework of Example 2, and provided that  the 
functions fk and gk in (3.6)-(3.7) are monotone increasing, there exists a "natural" extension of 
Roe's scheme, as in the case of a perfect gas mixture (that is, without any arbitrary choice); the 
matrix fi, constructed in this natural extension is always diagonalisable (see [2]). 

3.4.4. T h e  O s h e r  s c h e m e  

It is easy to check that  u and p remain Riemann invariants associated with the degenerate 
eigenvalue, and that Y is still a Riemann invariant associated with the first and fourth characteristic 
fields. But we are not presently able to write the exact expressions of all Riemann invariants for 
system (3.10)-(3.11); thus, we cannot generalize the Osher scheme in the present context (see 
however an approximate generalization in [4]). 

Only in one particular case, namely when it is assumed that  the second derivative p~ iden- 
tically vanishes can we show that  all invariants given in Table 1 are still Riemann invariants for 
the system (3.10)-(3.11). Therefore, in the case where p~ -- 0, the first and fourth characteristic 
fields are genuinely non linear from (3.23)-(3.24), and analytical expressions are available for all 
Riemann invariants, a situation which is much favorable for constructing an exact Riemann solver 
and extending Osher's scheme. But this remark is probably of little interest in practice: in the 

)C~(T) 
framework of Example 2, the assumption p~ = 0 implies that  either ~ is a constant inde- 

)C~(T) g~(T) 
pendent of k and T or that  there exists a function )Co(T) such that all ratios ~ and )C0(T) 

are independent of T; one may wonder if, in practice, this does not happen only when all species 
behave as perfect gases [ 

4. C O N C L U S I O N S  

We have examined the system of equations governing the one-dimensional inviscid flow of a 
multi-component perfect or real gas. This system appears to be hyperbolic, which makes possible 
to solve it as a whole system of conservation laws by extending the available upwind schemes 
designed for the Euler equations instead of treating separately the mixture conservation equations 
and the species conservation equations. 

With  the assumption that  all species in the gaseous mixture obey the perfect gas laws, there 
is no difficulty in solving the multi-component Riemann problem; the extension to these mixtures 
of the most classical upwind schemes aimed at solving the Euler equations is also straightforward. 

The situation is more complex in the case of real gas mixtures. The homogeneity property of 
the fluxes has been shown to hold for a large class of real gas mixtures and to lead to a natural 
definition of 7. But several difficulties arise for the description of the exact solution of the Riemann 
problem and the definition of robust, accurate and efficient numerical schemes. 

We have not presented any numerical result; we refer the reader to [1], [4], [16] for results 
concerning one-dimensional flows of perfect gas mixtures, and to [21], [30], [33] for the simulation 
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of the one-dimensional flow of a single real gas. Some of the "multi-component schemes" presented 
in this paper have also been applied to two-dimensional reactive or inert flows in [9], [10], [16]. "We 
also refer to [18] for numerical experiments and comparisons which use the schemes presented in 
this paper (and also other schemes) to simulate mixture flows. 

A P P E N D I X  

We consider in this Appendix a general Riemann problem for either a perfect gas or a real gas 
multi-component mixture. We use very general hypotheses: in particular, no assumption of flux 
homogeneity or of genuine non linearity is needed in the sequel. 

Let us first briefly recall some facts about the general Riemann problem (i.e. the Riemann 
problem for a general system of conservation laws), referring to Liu [31] and the references therein 
for more details. A solution of this problem is sought in the class of self-similar solutions consisting 
of shocks, rarefactions and contact discontinuities; this solution may involve a quite complex set of 
waves; in particular contact discontinuities associated with any of the eigenvalues u - c, u or u + c 
may exist if the characteristic fields are not genuinely non linear (a contact discontinuity associated 
with the eigenvalue Ak is defined as a discontinuity whose speed coincides with the eigenvalue )~t¢ 
on each side of the discontinuity). 

We are going to prove the following result (which is stated here for a two-component mixture, 
but can be easily generalized to N-component flows): 

Proposition AI:  
If the general Riemann problem for an two-component mixture has a solution in the class of 

solutions consisting of shocks, rarefactions and contact discontinuities, then the mass fraction Y 
may change only across a contact discontinuity associated with the degenerate eigenvalue u. • 

At the end of the Appendix, we will explain why this result makes it straightforward to extend 
asingle-component perfect gas R~emann solver into a multi-component perfect gas Riemann solver. 

PROOF: To begin with, we consider a 1-rarefaction wave. This wave corresponds to a region of 

the (x,t)-plane where W ( x , t )  = V ( t ) ,  V being a C a function such that (we set a for x 
t ): 

~1 IV(a)] = a ,  (A.1) 

dV  
da being parallel to rl[Via)] (see e.g. Lax [28] or Smoller [36]). Then the quantity: 

( ) dv (A.2) 
d--~ ¢(1)[V(a)] =Vw¢(1)'-d-~-a 

identically vanishes for any 1-Riemann invariant. Since the mass fraction Y is always a 1-Riemann 
invariant (this is true under the most general hypotheses, in particular for a real gas mixture with 
no homogeneity assumption), this shows that Y is constant in a 1-rarefaction wave. 

The same argument applies for a 4-rarefaction wave. Beside this, a rarefaction wave associated 
with the degenerate eigenvalue u cannot exist; indeed, by differencing (A.1), it appears that one 

dV 
cannot construct a mapping V ( a )  satisfying (A.1) and such that ~ is parallel to an eigenvector 

associated with the degenerate eigenvalue. 

Let us now consider a discontinuity, located along a line x = st in the (x, t)-plane ( s is the 
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speed of the discontinuity); this discontinuity separates two states WL and W n  which satisfy the 
Rankine-Hugoniot  relations (see [28], [36]): 

F ( W L )  - F ( W R )  = s ( W L  -- WR) ; (A.3) 

in particular, (A.3) implies (we use the notation A U  for UL -- UR): 

A(pu) = s a p .  (A.4) 

A ( p Y u )  = s A ( p Y )  , (A.5) 

Using now the rules (2.70)-(2.71) for the operator A, we can rewrite (A.5) as: 

Y A ( p u )  + ~Ay -_ s ( Y A p  + ~ A Y )  , (A.6) 

which together with (A.4) yields: 

~(~ - s ) , ~ Y  = 0 .  (A .7)  

Therefore, the only discontinuities across which Y may change are such that  s = ~ (we assume 
that /5 > 0 since Y is not defined in a vacuum region). But (A.4) then writes A(pu) = flAp. Since 
(2.70) yields A(pu) --- ~Ap +/~Au, we obtain A u  = 0, whence: 

u L  = u n  = s , ( A . 8 )  

which shows that  the considered discontinuity is precisely a contact discontinuity associated with 
the degenerate eigenvalue u (furthermore, it is easy to deduce from (A.3) and (A.8) that  the 
pressure is Mso continuous across this discontinuity: PL = PR). • 

R e m a r k  A I :  We want to point out that  the above proof does not require the existence of a 
diagonalisable matr ix  .~ satisfying Roe's property (2.63). We have just  used (following an idea of 
Abgrall [3]) the arithmetic rules (2.70)-(2.71) of the operator A to analyse the Rankine-Hugoniot  
relations. • 

R e m a r k  A2: In the case where the first and fourth characteristic fields are genuinely non linear, 
one can also use Lax's conditions to deduce from (A.7) that  A y  = 0 across entropic 1-shocks or 
4-shocks. Indeed, an entropic 1-shock satisfies (see Lax [28]): 

u n - c R  < S < UL--CL , s < u n ,  (A.9) 

which shows that  s < min(uL, UR). But fi > min(uL, uR) from (2.64); thus fi - s > 0, and (A.7) 
implies AY = 0. • 

R e m a r k  A3: Proposition A1 implies that ,  except at a contact discontinuity associated with the 
eigenvatue u where its composition changes, the mixture behaves as a single real gas. Nevertheless, 
constructing an exact Riemann solver for real gas mixtures remains a difficult task and is still the 
subject of current research: under additional hypotheses on the pressure equation (3.11) which 
insure the genuine non linearity of the first and last characteristic fields (such as a convexity 
assumption p~  > 0), it  suffices to extend the results obtained by Colella and Glaz [11] for a single 
real gas; without such assumptions, one needs to extend the more general results of Liu [31]. • 
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R e m a r k  A4: In the case of a per fec t  gas mixture, the result of Proposition A1 makes possible to 
completely solve the Riemann problem. As in the single component case (see e.g. [20], [36], [37]), it 
is convenient to construct the solution of the Pdemann problem by intersecting in the (u,p)-plane 
the curve CL of those states W 2 which can be linked to VC'L by either a 1-rarefaction or an entropic 
1-shock (WL being on the left side of the rarefaction or shock wave), and the curve CR of those 
states W 3 which can be linked to W n  by either a 4-rarefaction or an entropic 4-shock ( W R  being 
on the right side of the rarefaction or shock wave). Proposition A1 implies that these curves can be 
described by the same analytical expressions as in the single-component case, with 7 constant and 
equal to v(WL) on the curve C L and 7 constant and equal to v(WR) on Cn. Then, it just remains 
to check that these curves actually intersect (see [1] and [4] for the details), and that two states 
which have the same velocity and the same pressure can be separated by a contact discontinuity. 
The argument for this last point is the same as in the single component case, since the equalities 
UL ----- UR, PL = PR  yield the Rankine-Hugoniot relations: 

F ( W L )  - F ( W n )  = u L ( W L  -- W R )  , (A.IO) 

which exactly says that. the states SVL and I~VR can be separated by a contact discontinuity moving 
at speed s = UL (no considerations on the entropy variation across this discontinuity is needed 
here since the fluid does not cross the discontinuity but moves parallel to it). i 
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G l o b a l  e x i s t e n c e  o f  l a r g e  a m p l i t u d e  s o l u t i o n s  

f o r  D i r a c - K l e i n - G o r d o n  s y s t e m s  in  M i n k o w s k i  s p a c e  

A l a i n  BACHELOT 

D ~ p a r t e m e n t  de M a t h ~ m a t i q u e s  A p p l i q u ~ e s  

U n i v e r s i t ~  d e  B o r d e a u x  I 

3 5 1 ,  C o u r s  d e  l a  L i b e r a t i o n  

3 3 4 0 5  TALENCE 

INTRODUCTION 

The purpose of this paper is to prove the existence of 

some global solutions, with large energy, of Dirac-Klein-Gordon 

systems with quadratic coupling and cubic autointeractions in 

Minkowski space. We know that some algebraic conditions on the 

nonlinearities, allow to solve the global Cauchy problem for 

classical fields with small initial data [2] [9] : the notion of 

compatibility of a product with a differential system, introduced 

by B. Hanouzet and J.L. Joly [5,6,7], and the null condition of 

S. Klainerman [9]. These both conditions are related to the 

L o r e n t z  i n v a r i a n c e .  

In this work we show that the global Cauchy problem is 

wellposed again for arbitrarly large initial data if the non 

linearities and the data satisfy some algebraic properties ; more 

precisely we assume the system is Lorentz-invariant and the 

polarization of the Cauchy data is such that the chira$ invmriaat 

is small. 

Let's q.onsider the mass Dirac-Klein-Gordon system in 

Minkowski space ~3+i with Lorentz metric g~,~=diag(l,-l,-l,-l) 

-i¥~8~ + M~ = f(~,~), (i) 

D~ + m2~ = g(~,~) (2) 

We s u p p o s e  t h e  m a s s e s  a r e  n o n  n u l l  

M / 0 , m ¢ 0 (3) 
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Now we introduce the Lorentz invariants 

[~ = ~o~, ~=transposate conjugate of ~, 

and we define the vector space ~ of 4×4 matrices 

= {~l+iB~ ~ , (q,B)6~ 2} 

The hypotheses on the nonlinearities are following : 

f (~,~) :~V~+F (~, i ~ )  

where V is a 4x4 matrix with constant coefficients and 

V~, F~C'(~,~), I F ( u , v )  l : O ( l u l + l v l ) , l u l +  vl*0 , 

where k is a real constant and 

GEC ® (~2,~),iG(u,v) I : O ( l u l + l v l ) , l u l + l v l ~ O  

Obviously, to obtain large solutions, we must assume 

(4) 

(5) 

(8) 

(7) 

k ~ o (8) 

Many models of the relativistic fields theory satisfy these hypo- 

theses : the scalar and pseudoscalar Yukawa models of the nuclear 

forces, the interactions of Heisenberg, Federbusch, the magnetic 

monopole of G. Lochak. 

Now, we recall that J. Chadam and R.T. Glassey established 

in [4] the existence of global solutions to the scal&r Yukawa 

model, for which the Dirac system and the Klein-Gordon equation 

are decoupled and ~mO. 

Here, we solve the global Cauchy problem for (1)- (8) in 

a neighborhood of such a decoupling solution. More precisely, we 

choose 

~J : ~o + ~ o  , O<e (9)  

I t = O  

~o, ~oE~(~,~ 4) (io) 
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~I = ~o, 8t~ I = ~ 1  
t = O  t = O  

~jE~(~ ,~) 

(ll) 

(12) 

The &igebr~ic hypothese on the polarization of ~o is 

• o=z~,zE~,[z[=l,~=conjugate of ~o (l~) 

w h e r e  

0 G 2 0 -i 

- ~  0 i 0 

(13) is Majorana's condition generalized by G. Lochak [Ii]. 

In the first part we prove condition (13) is time independent for 

the solution of a Dirac system with scalar or pseudoscalar time 

dependent potential. 

In the second part we make energy estimates and uniform decay 

estimates in Sobolev spaces associated with Lorentz metric for 

the nonlinear Klein-Gordon equation 

We solve global Cauchy problem (I)-(13) in part IIl ; we obtain 

asymptotically free solutions. 

I - CHIRAL INVARIANT OF DIRAC FIELD. 

We consider a solution ~ of the Dirac system 

-i~"8.~ + M~ = A~, ME~ (14) 

where the time dependent potential A satisfies 

A, 8,AEL~ (~tX~;~) . (is) 

Following G. Lochak [ii] we introduce the chira~ invariant of ~, 
~(~) 

p' = I~I ~ + I~I ~ (16) 

We are concerned by the solution ~ for which the Chiral invariant 

is null. 
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PI~OPOSITION I . i  : 

Let ~ be a solution of (14) and ~C° (~t (L2 (~))~) , 

*l t=o=*°~ (L~ (IR~))4 

Then the following ~ssertions are equivalent : 

(i) 

(ii) 

(iii) 

~o --z~2~+o, zEC, ]z]=l, ~+o conjugate of $o, 

Vx6~ 3. ~(*o (x)) = 0, 

V(t,x)6~ ~+3, ~(~(t,x)) = 0 

Proof : 

* = 2-~(~°+~5)( ) ' ~'~E~ 

We verify easily that 

Therefore p=O if mnd only if 

(+~ = 0 

This condition is equivalent to 

= ze~ ÷ , zEC , Izl=l 

By using (iV) we see that this equality means 

= z~ + 

and we conclude that 

= z¥2~ + ~=~ P(~) = 0 (18) 

Now it is obvious that it is sufficient to prove (ii) ¢=$ (iii) 

for ~o E (H I (~) 4 with compact support. Equation (14) can be 

written 

3 
8o~+ f ~°¥JSj~+iM¥°~=i¥°A~ (19) 

j=l 

We use the bispinori&l representation of Weyl by putting 

(17) 
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By multiplying (19) by ~ we find 

3 

a ° t ~ l  ~ + ~ a,(~°~'~) = o 
j = l  

We integrate (20) over N~ and we obtain the charge conservation 

I = cst It# ( t , x )  I 2dx  
IR 3 

(21) 

Now we m u l t i p l y  ( 1 9 )  b y  t ~ 2  t~ i s  t h e  t r a n s p o s a t e  o f  ~ a n d  i t  

f o l l o w s  

3 

j = l  

We integrate over N~ again and we obtain the conservation law 

I = cst t~ (t,x) X2~ (t,x)dx 
~3 

Let z be a complex number of modulus one. We have 

(22 )  

Then we have thanks to (21) and (22) 

f [~(t,x)-z~+(t,x) [~dx = cst (23) 
~3 

By (18) and (23) we conclude that ~(~o) is equivalent to p(~)-=0. 
Q.E.D. 

I I  - ESTIMATES FOR THE NONLINEAR KLEIN-GORDON EQUATION. 

We define the Sobolev norms associated with the Lorentz 

metric ; for any test function uE@(~t×R~) and any integer N, we 

put 

tlu(t) ll~ = ~ IIr~u(t) II ~ 3 (24) 
I A f ~N L (R ) 

x 

lu(t) i~ = Sup Ir~u(t) I ~ 3 (25) 
I A{ ~N L (m ) 

x 



104 

where 

A 
F~=FII...F~ ° , A6~ I° 

Iil=i1+...ilo , 

and (F~) I~io are the generators of Poincar~ group 

8 

(?~)~o~i0 = (8.- , x.8~-x~8.)0~..~ 3 (26) 

8x ~ 

We will writte so 

8o=8 t , x°=t , x=(x 1,x ~,x 3) • 

In this part. our purpose is to estimate with these norms the so- 

lution u of the nonlinear Klein-Gordon equation 

Du + u = -gu 3 , 0~<g , (27) 

U I t=0 E~) (~: ,~),StU I t=0 E~(~: ,~) , (28) 

P R O P O S I T I O N  I I  .i - 

The solution u of (27) (28) satisfies for ~ny integer N : 

Sup IIu(t) tJ~ < +~ (29) 

tg~ 

Sup (l+JtJ)~/S[u(t) [~ < +co (30) 

tg~ 

Proof : First, we prove by iteration on N the following assertion 

PN : 

(PN) 

i there exists dN>l such that d 

Sup (Hu(t) IIN+I[U ' (t)l[N+(l+~tl) N[u(t) [N_I)<¢0 

tER 

where u' =(8.u) o~ 3 
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R e c a l l  t h e  r e s u l t  o f  C. M o r a w e t z  a n d  W. S t r a u s s  [ 1 2 ]  : 

S u p  ( l + I t I )  ~ 2  l u ( t )  Io < +~ (31)  

t E ~  

Now we n o t e  QN a n  e l e m e n t  o f  o r d e r  ~<N, o f  t h e  L i e  a l g e b r a  s p a n n e d  

by  t h e  g e n e r a t o r s  o f  P o i n o a r @  g r o u p  

a N -- ~- C~F ~, C~E~,  kE~ 1 ° ,  I}~[~<N (32)  

f i n i t e  

The L o r e n t z  i n v a r i a n e e  o f  t h e  K l e i n - G o r d o n  e q u a t i o n  i m p l i e s  

O~iU+fliU = -g•i (U3) " 

It follows 

f l l u  ( t )  U ~ + t l u '  ( t )  II 1~<C (1+ f l u ( s )  I11 l u ( s )  I ~ d s )  
o 

a n d  by  u s i n g  G r o n w a l l '  s l e m m a  

Sup (Hu(t) Iii+Iiu' (t) HI)~<c exp(Cr~u(s) [2ods) . (33)  

t E ~  J 

We c o n c l u d e  b y  (31 )  a n d  (33)  t h a t  (t=1) i s  v e r i f i e d .  Now, a s s u m e  

(PN) i s  p r o v e d  ; we h a v e  a g a i n  

O~N+ ILt+~N+IU -- -g~N÷ i (U3) 

and thus 

ll~+~u(t) llo +ll~+lu' (t)llo ~<C(l+ lla~+~(u 3) (s) llo ds). 
o 

We note 

3 

9~+i(uS)= ~" <(~N÷lu) u2+(~u) (~u) u+ II (~ u)} 
finite ) = i ) 

where 

3 

p~ ~< N-1 , ~ pj ~< N+I 
I 
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a n d  then 

flu ~(s) II~+1-<c(IIu(s)ll~+~lu(s)l ~+llu(s) ll~-~lu(s)l[- o i 

+ X II~Nu<s)II 4 3 'll~lu<s)ll ~ 3 
finite L (~ ) L (~ ) 

x x 

l u ( s )  Io) • 

Thanks to the Sobolev injection H' (~)CL 4 (~) , (PI 

find 

~t -d 

flu(t) fIN+ ~+IIu ' (t) fIN+ ~C (l+l flu(s) ]IN+ ~ (l+lsl) 

o 

a n d  G r o n w a l t ' s  l e m m a  g i v e s  

a n d  (PN)  we 

~dsl) 

S u p  (llu(t)ll~+z+l[u' (t) II~+1 <+~ 
t6~ 

N o w ,  we r e c a l l  t h a t  t h e  s o l u t i o n  v o f  

! 

OV+V n 0, V I = 0 

I t=O 
verifies for 0~i 

8°v It=o (x)=g(x), 

Iv(t) lo~<Cltl -~-<I-= ( s : ' 2 >  l l g i i = l  , 1 
w 

Iv (t)I o~<ClIgll 1,2 3 , 
w (m 

x 

w h e r e  

3 |I~H 12¢ i 3 ' 

(m ) w (~ ) 
x x 

W (S ) t ¢ I ~ n  L (S ) 
x x 

I t  f o l l o w s  t h a t  [' 
l~Nu(t) lo~C[(l+Itl)-~/~+l (l+It-sl) -~-(I-~)(S/2) 

*O 

( l l ~ N u ~ ( s ) l l  1 , 3  3 + l l ~ u ~ ( s ) t l ' 1 , 1  3 i [ 2 ~ u 3 ( s )  l l ~ , l  
w (~ ) w (m ) w 

x x 
We w r i t e  a g a i n  

3 
~N (U3)= ~-' { (~NU) U2 + (~N_ i U) (~ i U) U+ II (~p u)} 

finite j : i j 

w h e r e  

p j  ~< N - 2  

( 3 4 )  

(35) 

3 dsl] 
x 
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Then  h y p o t h e s e  (PN) a n d  (34) i m p l y  

W (m )SW (t~ ) 
x x 

and thanks to (34) 

- d  
N (36) 

Sup IIQN(u 3) (s)ll ~.I s <+~ 
tEN w (~ ) 

x 

(37) 

The inequalities (35) (36) (37) yield 

~ t lu(t) l~<C((l+]t])-3/~+ I (l+It-sl)-~- (i-~>3/2 (l+Isl) 

O 

We choose 

-d 

Ndsl) . 

= 3(2d~+l)-IE]d~1,1[ , 

d~ I = (r+(l-~) (3/2)=~d~>1 

Thus 

-d 

[u(t) [ N ~ C(l+ltl) N*I 

this ends the proof of (PN+I) • To obtain the uniform decay of t -3/2 

we apply the L~-L ® estimate for the Klein-Gordon equation [2] : 

r 
lu(t) IN~<C(I+It]) -S/~ (I+ i flu 3 (S) ll~4ds) 

J N 

(PN+ 5) implies 

-2d 

[[Us (s)ll~+4~C(l+ls[) N+SELI (N~) 

and we conclude that 

Sup(l+It[)S/2lu(t) ]N<+~ Q.E.D 

tEN 
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I I I  - G L O B A L  E X I S T E N C E  O F  L A R G E  A M P L I T U D E  S O L U T I O N S .  

MAIN THEOREM 

There exists go>0 depending only on the derivatives of 

initial data ~o, Xo, ~o,~I of order ~<i0, such that for any 

0~<g~<go, the Cauchy problem (1) to (13) has a unique solution 

(~,~) in C ® (~4) . Moreover, this solution is asymptotically free : 

there exists ~ , ~: satisfying : 

O'*EAck(~t,HlO-k(~3x) ) ,-i~"8.~+M~=O , 
k 

~"ENCk ( ~ t '  H ~ - k ( o ~ ) ) ' D ~ ' + m 2 ~ ' = O  , 
k 

Yk6~, lira llStk~(t)-Dtk~' (t)ll ~o-~ +II3~m(t)-3kt ~' (t)II 1~-k =0 

where H s is the Sobolev space W ~'~ (~) . 

Proof : Let (~,@) be the solution of 

-i~8~ + M~ = CV~ , (38) 

D~ + m2¢ : -k~ ~ , (39) 

~1 : ~o , (40) 

I t=O 

~9 I t=O = (Po' ~t~D I t=O =~i (41) 

Lochak-Majorana' s condition (13) and Froposition I.l imply 

~ = ~5~ =_ 0 (42) 

Now we put 

= ~+X , ~ = ~ + u  (43) 

and to solve the Cauchy problem for ($,~) we study the problem 

-i¥~8~Y+MZ = f (%,u;~,@) (44) 

~u+m~u = g ( X , u ; @ ' , ¢ )  (45)  
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where f and g are C ® functions of its variables and verify 

lh(~,u;~,¢)l=0((l~l+lul) (IZl+lul+l~l+l¢l) (l+l~l+lul+I~l+l¢l)) 

as 

l~l+lul --, o. h -- ~,~ (47) 

As usual we define the sequence (~",u~) ~m0 by putting 

%o . 0, u ° m 0 , (48) 

and for ~)l 

_ i ¥ ~ 8 ~ + M % ~ = ~  ( % . -  1 , u  p-  1 ; ~ , q b )  , ( 4 9 )  

~u~+m~u~:~ (~ - i ,u"- I;~,~) , (50) 

~(" t=o:~Y°' u~ I t.oatu~ It=o= 0 (51) 

To estimate the norms ]I~ ~ (t)llN we repl~ce in (24) (25) the opera- 

tors (F~)i~io by the Fermi operators 

(Po)i~o~io = (8~,x~8.-x~a.+½~.)o~,.~ 
which define obviously equivalent norms, and commute with the 

Dirac system. The commutation relations for F~ the charge conser- 

vation for the Dirac system ~nd the usual energy equality for the 

Klein-Gordon equation imply 

ll~" (t) llN+llu ~ (t) IIN+II (u") ' (t) II~ -< 

-<C[~+l (ll~" " ~ (s) ll~+llu~ - ~ (s) II~) 
o 

x(l~ "-~(s) IcN~+lu ~-1(s) l~J+l~(s)l~+l¢(s)l~) 

x(l+l~- i (s) I ~.,~+lu ~-i (s) I ~ ~+l~(s) I ~+lq~ (s) I~) dsl] 

where 

(u")' = (8~ u~)o~.~ 

Following Proposition II.I, we have 

l~(s) l~+l~(s)l~ ~< C~(l+Isl) ""~ 
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Then we have 

b.(t)~C(e+l a._1 (s) (l+b._1 (s))2 (l+Isl)-S/'dsl). (55) 

--O 

Relations (53) and (55) show that if an-1 and b~_ I are in L~oc (~), 

then a n and b~ are in L~o c (~) . Now ao=bom0, then 

VnE~, a n , b ~ E L t o  ~ (~) . (56) 

We can apply the Gronwall lemma to (83) by noting &n (t) and b. (t) 

are creasing functions of n ~nd t 

a. (t)gC~ exp{C (l+b n_i (t)) ~} 

where C is independing on n 

Let A., B. be 

A n = Sup a. (t) , B n = Sup b n (t) 

tEIR tE~ 
( 5 5 )  a n d  ( 5 7 )  i m p l y  

B ~ C  ( ~ + A  n _ l  ( I + B . _ I )  2 

a n d  we  h a v e  

A o = B o = 0 

We choose 0<~ o such that 

C~(I+4C exp 4C) ~ 1 

Suppose 

0~<~<~o , A ~ _ l ~ < C ~ e x p 4 C  ~ Bn.1~<l , 

( 5 8 )  a n d  ( 6 2 )  i m p l y  

A .  ~< C6 e x p  4C , 

a n d  ( 5 9 )  a n d  ( 6 2 )  i m p l y  

(ST)  

(58) 

(s9) 

(60) 

(61) 

(62) 

(63) 

B .  ~ C ( a + 4 C g  e x p  4C) , 
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and thanks to (61)  

Bn ~ I 

We conclude by (60) (62) (63) (641 that 

(641 

S u p ( A . + B . )  <+~ (65) 

n 

Now, the existence of global solution follows from classical method 

(see e.g.[2]) . At present we prove the asymptotic freedom. We note 

respectively D(t) and U(t) the propagators associated to the free 

equations of Dirac and Klein-Gordon 

D(t)=exp it ~ , ~ = i¥°~JSj-M~ ° 
j=i [0 

U(t)=exp it A , A = -i 

~x-m s , 0 

To obtain e' , ~' it is sufficient to prove the convergence of 

D(-t)~(t) and U(-t)(e(t),St~(t)1 respectively in (H1°(~)) 4 and x 

We have 

D (- t )  * (t) =* I t=o+~ tD(-slf ( ~ ( s 1 0  , * (s ) )ds  

u( - t )  ( ~ ( t ) ' a t  ~ ( t ) ) :  ( ~ ' a ~ )  I too +~ t~ ( - s ) o  (o, g (~ (s ) , ,  (s)) ds. 

The propagators D(t) and U(t) being uniformly bounded on the 

Sobolev spaces we have to prove only 

Ill (e (s) ,e ( s ) )  II t o  3 4EL1 (IR~) (66) 
(H (m )) 

x 

I Ig (~(s / ,~(s l l l l  ~o 3 EL I (~ )  (671 
x 

We d e d u c e  f r o m  (65) t h a t  

Sup{II~ (t)II to+U~ (t)I[io+ (l+[tl)s/~ (I~ (t)I 5+I~ (t) I 5)}<+m 

t 

We conclude that the norms in (66) and (67) are 0((l+[t[)-s/2)and 

this ends the proof. 
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A N A L Y S E  M I C R O L O C A L E  E T  S I N G U L A R I T I E S  N O N  LINl~AIRES 

Jean-Michel Bony 
Centre de Mathdmatiques, t~cole Polytechnique 
91128 Palaiseau 

Cet expos6 a pour but de donner une idSe des r6sultats concernant la propagation et l'interaction 
des singularitSs pour les dquations aux ddrivdes partielles non linSaires, obtenus depuis une dizaine 
d'ann~es par des mdthodes d'analyse microlocale. Cette nouvelle branche de l'analyse, qui a permis 
des d~veloppements spectaculaires de la th$orie des dquations aux dSrivSes partietles lin6aires, 
s'av~re aussi indispensable dans le cas non lindaire pour obtenir des renseignements prdcis, non 
seulement sur l'existence ou l'absence de singularit6s, mMs sur leur tocalisation. 

Nous ne traiterons ici que de singutaritds faibles (grosso modo plus r6guli~res que les ondes 
de choc), renvoyant £ l'expos$ de G. M6tivier pour les interventions de l'analyse microlocale pour 
des singularit6s plus fortes. AprSs avoir rappel$ au § 1 les concepts fondarnentaux et les %sultats 
relatifs aux 6quations linSaires, nous d6crivons au § 2 la problSmatique gSn6rale. Les §§ 3, 4 et 5 
sont consac%s aux r6sultats, de plus en plus raffin~s mais aux hypothbses de plus en plus strictes, 
sur la propagation non linSaire. 

Si nous avons essayd de donner une id6e des mdthodes utilisdes, il est clair qu'il dtait impossible 
dans le cadre de cet exposd de donner des preuves. Nous nous sommes contentSs de donner des 
Snoncds prdcis, en renvoyant aux mSmoires originaux pour les ddmonstrations. 

1 l ~ q u a t i o n s  l i n d a i r e s  e t  a n a l y s e  m i c r o l o c a l e  

1.1 Rdgularitd locale 

Nous nous placerons dans l'espace R", dont la derni~re coordorm6e x, sera parfois notde t, en 
posant x' = (x l , . . .  ,x,_~). Nous ne considbrerons pour simplifier que des op6rateurs diff6rentiels 
strictement hyperboliques 

P(~,o)= E a.(x)a'. 
I~L<m 

off a d~signe un multiindice ( a s , . . . ,  a=) E N ", et off lal = a l  + - "  + am est l'ordre de la ddrivation 
/~. La condition d'hyperbolicit6 stricte signifie que l'dquation en T 

p ~ ( x ' , ~ , ¢ , T )  = 0 

admet m raeines rdetles distinctes, pour tout (x' , t)  E R ~ et ~' E (R ~-~ \ 0). On a not6 p.~ le 
symbole principal de l'op6rateur 

p~(~,~) = ~ a~(x)~ o , (1) 
H=m 

oh ~ est le mon6me ~1 . . .  ~ .  
Pour de tels op6rateurs, on dispose de th6or~mes d'existenee, d'unieitd et de r6gularitd du 

probl6me de Cauchy, une solutions u appartenant $ l'espaee de Sobolev H ~ lorsque les dormdes 
de Cauehy ~ u ( z ' , 0 )  appartiennent respectivement ~ H "-j , j = 0 , . . . , m  - 1. Toutefois, de 
tels rdsultats d'appartenaace K un espace fonetionnel ne fournissent pas de r6ponse satisfaisante 
lorsque les donnSes de Cauchy appartiennent k H" partout mais sont plus r6guli~res en dehors d 'un 
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ensemble donn~. On souhaiterait alors pouvoir en d~duire que la solution u est elte-mSme plus 
r~guli~re en dehors d 'un certain ensemble et d~terminer celui-ci. 

Les concepts adapt~s £ ce type de questions sont les suivants. 

D~f in l t ion  1.1 On dit que u appartient ~ H" localement au point Xo , ce que l'on notera u E H~ o, 
s'il eziste un voisinage w de Xo tel que, pour route fonction ~ de classe C ¢¢ ~ support dans w, on 
ai~ ~au E H ' ,  ce qui ~'exprime encore par 

~-~(~) (1 + I~,1~) "/~ e L~(rt"). 

Le support singulier d'ordre s de u est par dgfinition l'ensemble des points x tel~ que u 
n'appartienne pas d H~. C'est un sous-ensemble fermd not~ H' -Supp  Sing(u). Le cas ~ = +cx~ 
correspond bien sat  ~ la r~gularitg locale C ¢¢. 

La connaissance des supports singuliers d'une fonction u donne tree description g~om6trique 
tr~s satisfaisante de la rSgularitd de u. L'inconv~nient est qu'il n'existe pas de bons th~orSmes 
relatifs £ ces concepts. La connaissance du support singulier d'une solution darts le pass~ (ou la 
connaissance du support singulier des donndes de Cauchy) ne ddtermine pas celui-ci dans l'avenir. 

Par exemple, si une solution de l'dquation des ondes est singuli~re en un point (x~,t0), on peut 
affirmer qu'elle est singuli~re le long de l'une au moins des g6n~ratrices du cSne d'onde issu de 
ce point, ma~s pour dSterminer laquelle ou lesqueltes de ces gSn~ratrices portent effectivement des 
singularit6s, des informations suppl6mentaires sont n~cessaires. 

1.2 R6gularit6 microlocale 

L'une des idles principales de l 'analyse microlocale est d'associer ~ u des sous-ensembles de l'espace 
des phases P~= x ( R " \ 0 ) ,  et non plus de R ~, qui donnent une reprdsentation plus fine des singularit6s 
de u. 

D6f ln i t ion  1.2 Soient Xo E R n e t  ~o E R ~ \ O. On dit que u appartient h H '  microlocalement en 
(x0,~0) , c e  que l'on notera u E H~o~o s'il existe un voisinage w de xo et un voisinage conique P 
de ~o tels que l'on air 

~ ( { )  (1 + i~'1~) "/~ e L2(r). 
On appelle front d 'onde d'ordre s de u (on dit s implement front d'onde Iorsque s = +¢x~) l '  ensemble 
des points (x ,~)  tels que u n'appartienne pas d H~,~. C'est un sous-ensemble fet ing et eonique en 

notd W F , ( u ) .  

L'exemple suivant donne une borme idle  de ce que signifie cette localisation des singularitgs £ la 
fois dans l 'espace ambiant R~ et dans Tespace des frgquences' P~. Consid~rons une fonction u qui 
est de cIasse C ~ jusqu'au bord de part et d 'autre d'une hypersurface lisse 5] mais qui peut avoir 
un saut le long de ~. Le front d'onde de u est alors eontenu dans l'ensemble des (x,~) tels que x 
appartienne h E et que ~ soit normal h ~3 au point x. 

La connaissance des r~gularit~s microlocales de u entralne la connaissance des r~gularit~s lo- 
cales. Pour que u appartienne ~ HzS0, il faut et il suffit que pour tout ~ ~ 0, on ait u E HrS0,¢. En 
d'autres termes, le support singulier d'ordre s de u est la projection sur R" de WF~(u) .  

Les th~or~mes qui vont suivre assurent que la propagation des singularit~s se d~crit de maxri~re 
tr~s simple au niveau des r~gularit~s microlocales. Au niveau des rdgutarit~s locales, il s 'aglt donc 
de la projection sur R ~ d 'un comportement tr~s simple dans R 2~, ce qui peut appara~tre comme 
fort complexe et difficilement comprehensible si on reste h ce niveau. 
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1.3 Propagation des singularltgs 
Le symbole principM pm de l 'ol~rateur diff~rentiel P d~fini par (1) est une fonction d~finie sur 
l'espace des phases £ laqueUe sont attaches deux concepts g~om~triques importants. 

On appelle varigtd caract~ri~tique de P l'ensemble Car(P) des points (x,~) v6rifiant 
pro(x, ~) = 0. Un point de l'espace des phases appartenant ~ Car(P) est dit caractdristique. 

On appelle bicaractdristique une courbe int6grale du champ hamiltonien de pro, c'est-g-dire 
une courbe s ~-~ (x(s) ,  ( ( s ) )  solution du syst~me diff6rentiel 

dx~ Opm d~i _ 0 ~  

W = O~i' (= (~) '~ (~) )  ' d~ _ _ ( ~ ( ~ ) ' ~ ( ~ ) )  " 

I1 est facile de voir que p,, reste constant le long d'une bicaruct~ristique. Si une bicaract~ristique 
contient ua point de Car(P) elle est donc tout enti~re trac~e sur Car(P). Nous n'aurons £ consid~rer 
que des bicaract~ristiques de ce type, dites bicaract~ristiques nulles. 

Bien entendu, ~tant donn~ un point (x0, (0) de Car(P), il existe d'apr&s le th~or~me de Canehy- 
Lipschitz une et une seule bicaract~ristique nulle passant par (x0, ~0)- 

Les r~sultats fondamentaux suivants sont dfis £ HSrmander (voir [20]), et n'exigent pas toutes 
les hypotheses que nous avons faites sur l'op~rateur P (il suffit que la pattie principale de l'op~rateur 
soit £ coefficients r~els). 

Th4or~me  1.3 Soit s ~ R et ~oit u une solution de t'dquation P u  = f ,  o~ f ~ H ~-'~+~. 
ic/'~+l (a) En gout point (xo, ~o) non caractdristique, on a u ~ --=o,~o" 

(b) Si (x~, ~ )  est un point caractdristique, et si (x~, ~ )  est situ~ sur la m~me bicaractdristique, on 
a l'dquivalence suivante 

Ce th~or~me permet de d~terminer compl&tement et simplement la r~gularit~ de u en chaque 
point xo -- (x~, to) avec to > 0, connaissant la r~gularit~ de u dans le passe. Pour prouver que 
u e H~., nous avons vu qu'il est ~quivMent de montrer que, pour tout ~ ~ R " \ 0, on a u e H~o.~. 
Si le point (x0, ~) est non caract~ristique, la partie (a) du th~or~me nous assure qu'it en est bien 
ainsi. Pour chaque ~ tel que (x0, ~) soit caraet~ristique, on consid&re ta bicaract~ristique issue de 
ce point, et on choisit un point (x~, ~ )  de cette bicaract~ristique situ~ dans le passe, l'hyperbolicit~ 
stricte assurant que de tels points existent. De deux choses l 'une : 
• ou bien, pour chaque ~, la distribution u appartient microlocalement £ H ~ au point (x : ,~ )  
associ~. D'apr~s la partie (b) du th6or~me, on a alors u • H~0,~ pour tout ~ et donc u • H~0. 
• ou bien il exisfie un ~ tel que u n'appartienne pas microlocalement ~ H ~ au point (x2, ~ )  associ6, 
et il en r6sulte que u n'appartient pas localement ~ H * au point Xo. 

2 ]~quations non l ingaires : pos i t ion  du p r o b l h m e  

Nous consid~rerons maintenant une 6quation non lin6aire d'ordre m, dont la forme g~n~rale est la 
suivante 

r (= ,  u, V u , . . . ,  Vmu) = 0.  (2) 

Si u est une solution suffisamment r~guli&re de 2, on pent ddfinir l 'ol~rateur lin~aris~ le long 
de u (en notant u~, la variable de F correspondant £ O"u) 

OF z ~ =  ~ z-m-(x,u,...,Wu)O"~. 

Si u appartient £ H * avec s > n /2  + m (cette hypoth~se pent ~tre affaiblie lorsque (2) n'est pas 
totalement non lin~aire), L~ est un ol~rateur lin~aire £ coefficients de classe H °-m, et on pent 
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d6finir son symbole principal 

/(x,~) = ,~1~=-~ 0 ~ ( x ,  u , . . . ,  Vmu)~ . 

Ce symbole d6pend en g6n6ral non seulement de l'6quation, mais de la solution u elle-m6me. Cela 
dit, il en est ind6pendant dans le cas important des 6quations semi-lindairea o0 la fonction F de (2) 
est lin6aire (g coefficients ne d6pendant que de x) par rapport aux d6riv6es d'ordre maximum de u. 
Dans tous les cas, on d6finit Car(£:~) et les bicaract6ristiques £ partir de l (x ,~) comme au n°l.3. 

Pour pouvoir obtenir des r6sultats semi-globaux, nous supposerons la solution u d6finie dans 
un ouvert f~ de 1~. ~ contenant l'origine. Nous poserons ~'/e = nN{+t  > 0} et nous ferons les 
hypotheses suivazites : 

• L'op6rateur lin6aris6 L:, est strictement hyperbolique darts fL Cette condition d6pend, sauf 
dans le cas semi-lin6aire, de la solution u elle-m~me, mais est une condition ouverte. 

• L'ouvert ~+ est indus darts le domaine d'influence de f~-. Cela signifie que les bicar- 
act6ristiques nulles issues d'un point de fl+ x R" et dirig6es vers le pass6 rencontrent ~ -  x P~" 
avant de sortir de g/x R". 

• On connMt une r6gularit6 minimale de u dans tout f~, c'est-£-dire que u E Hs(~)) pour t ms  
donn6. 

• La r6gularit6 de u est colmue darts le pass6, c'est-£-dire que l'on connMt, pour chaque a, 
l'ensemble W F ~ ( u ) N  {t < 0}. 

Le probl&me pos6 est alors le suivant : 
E~ant donnds Xo E ~+ eg a > 8, peut on d~terminer , i  u apparfien~ ou non ~ H* au point x0? 

Nous ne pourrons donner de r6sultats significatifs que pour des solutions suffisamment 
r6gulibres, c'est-k-dire pour s sup6rieur $ un indice critique so qui ddpend de l'6quation. La 
valeur so = n /2  + m + 1 convient toujours, et cette valeur s'abaisse pour des 6quations quasi- 
ou semi-lin6aires, mais la r6gularit6 impos6e exige toujours la continuit6 des termes non lin6alres 
apparaissant darts (2) et exclut donc l 'appadtion de chocs. 

La solution du probl~me posd ci-dessus d6pend fortement des valeurs relatives de s e t  a. Le 
§3 6tudie le cas a _< 2s - so, pour lequel on obtient une r6ponse complSte : les singularit6s se 
propagent comme dans le cas lin~aire, et on ne perqoit pas d'interaction. 

Le §4 6tudie le cas a < 3s - Sl. On obtient une tr&s bonne r6ponse au problSme pos6. Les sin- 
gularit6s ne peuvent parvenir au point z0 que par propagation directe, ou par une seule interaction 
de singularitts propag6es. 

Le §5 6tudie le cas g6n6ral, a 6tant 6ventuellement 6gal £ +co. II faut alors prendre en compte 
la possibilit6 d 'un grand nombre d'interactions. A l'exception du cas de la dimension 1 d'espace, on 
n'obtient de r6sultats int6ressants qu'en supposant les singularit6s de type 'conormal' dans le pass& 
Sous cette hypoth$se, on dispose de r6sultats positifs dans un certain nombre de cas relativement 
simples, ainsi que de r6sultats tr~s g6n6raux lorsque la g6om6trie des singularit6s incidentes est 
analytique. 

3 Calcul paradiffdrentiel et singularit6s ~jusqu'h 2s' 

Le calcul paradiff6rentiel est un calcul symbolique, analogue au calcul pseudo-diff6rentiel, mais 
o0 les symboles ont une r6gularlt6 limit~e. I1 est particuli~rement adapt6 ~ 1'6rude des 6quations 
lin6aires h coefficients peu r6guliers et ~ eelle des 6quations non lin~aires. Plut6t que d'entrer 
dans les d6tails techniques, pour lesquels nous renvoyons h [6] (et £ [9] pour une pr6sentation plus 
616mentalre), nous nous bornerons h en d6crire quelques consequences. 
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Le 'principe '  suivant n 'est  bien stir pas un  th6orSme, mais il ddcrit bien £ la fois l'efficacit6 et 
les l imitations de ce calcul. 

P r i n c i p e  3.1 Si u est une solut ion de (5 .5)  appartenant  ~ H"  dans ~ ,  avec s > So, on peut  

• faire comme  si u dtait solut ion de son @uat ion  lindaris~e 

C~u = S (3) 

avec un second membre  f real connu mais  appartenant  ~ H2S-s°-m+l~ 

• faire  comme  si l 'opdrateur £= dtait d coej~icients C °°. 

'En gffndral', les conclusions que l 'on ddduira par des 'proc~dgs raisonnables '  de ces premisses 

]ausses seront  ezactes.  

Si le lecteur veut bien nous croire, il constatera que si on per turbe u par  une fonction de classe 
H ~8-'°+1, on obtient  une solution d 'une  ~quation (3) dont le second membre a chang$ mais a la 
marne r6gularit6. On ne petit donc espdrer, en ce qui concerne la r6gularitd de u que des rdsultats 
modulo H 2~-'°+1. D 'aut re  part,  si on voulait appliquer ce principe pour  s < So, le fait que le second 
membre appar t ienne £ H 2s-s°-m+l ne permettrai t  de controler la propagation des singularitds que 
jusqu '£  H ~ avec a < s (th6or~me 1.3), ce qui est sans intdr6t puisque l 'on a supposd u E H~(~). 

La raison de la vahdit6 de ce principe est la suivante. On peut  dSmontrer que u est solution 
d 'une  ~quation 

~:~u = f (4) 

oh f appart ient  £ H =~-~°-m+l, et o6 ~ est un opSrateur paradi f f f rent ie l  dont le symbole principal 
est le m~me que celui de £=. Et le calcul paradiffSrentiel est suffisamment proche du calcul pseudo- 
diffdrentiel usuel (que l 'on pourrait  appliquer £ £4 si ses coefficients 6talent C °°) pour que des 
dSmonstrations fond6es sur du calcul symbolique (inversion, conjugaison, . . .  ) ou des estimations 
d'6nergie, . . . ,  se laissent transposer (plus ou moins facilement) ~ la vraie 6quation (4). 

Par  exemple, le thdor~me suivant serait une 'consdquence' imm6diate du principe prdcddent et 
du thdor~me 1.3. Nous renvoyons £ [6] pour une v6ritable ddmonstration. 

T h f o r ~ m e  3.2 Soit  u une solut ion de (2 )  appartenant  h H ~ ( ~ ) ,  avec s > so. P o u r  tout  a <_ 
( 2 s -  So), on a alors 

Ha+l (a) E n  tout  po in t  (Xo,~o) non  caractdristique, on a u E =o~o" 

(b) Si  (Z l ,~ I )  est un  point  caract~ristique, et si (xz ,~2)  est si tu~ sur  la m ~ m e  bicaractdristique, on 

a l 'gquivalence suivante  

u E H ~ H ~ • x~,6 ~ u E =2¢~2 

On dispose main tenant  de thdor~mes analogues concernant la r~flexion ou la r~fraction des 
singularitds [29] ainsi que sur la diffraction. Les singularit6s d'ordre a se comportent  comme pour 
les ~quations lin6aires, £ condition de se limiter £ a < 2s - So. 

Remarque  3.3 Pour les 6quations non linSaires elliptiques, le calcul paradiffSrentiel ne redonne 
que des rdsultats connus. Par  contre, il permet d 'obtenir  des th$orSmes de r6gularit6 dans des 
situations off le linSaris$ est hypoelliptique. Nous renvoyons £ [31] [21] et ne d$crivons que le 
rdsultat ci-dessous, dfi £ Xu Chao Jiang [30]. 

Soit J u n e  fonctionnene du premier ordre darts £t C R ~ 

J(u)  = / ~  O (x, u(x), Vu(x))  d x ,  

o~ F est une fonction C °O de ses arguments. On suppose que u0 est une fonction rdalisant tm 
min imum local 'suffisamment strict '  de J au sens suivant : 
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avec a > 0. 
La conclusion est : si u0 est de classe C 3 alors u est de classe C °°. 
L'id6e est que le caract~re strict du min imum va entralner  une in6galit6 

IIvlI~- < C t ° ( l ( ~  I~)1 + II~IIL~2 ) 

pour le lin6aris~ /:~o de l '6quation d 'Euler-Lagrange et que cette in~galit6 v a s e  transf~rer E 
l 'opdrateur paradiff~rentiel ~,~ associ6 £ cette m~me ~quation. ILl est ensuite possible de trans- 
poser & l '~ tua t ion  (4) des arguments  classiques sur l 'hypoellipticit6 des ol~rateurs  lin~aires. 

4 P r e m i e r e  i n t e r a c t i o n  e t  s i n g u l a r i t d s  ~ j u s q u ' h  3s '  

I1 s 'agit de r~sultats dfis £ M. Beals [4] [5] pour des ~quations semi-lin~aires du  second ordre et 
£ J.-Y. Chemin [16] darts le cas g~n~ral. Nous d~crivons ici une forme simplifi~e du th~or&me 
principal. 

# 

Ii  , i 

X ! 

Figure 1: Pour une ~quation d'ondes non lin~aires ~ deux vitesses ( #  - c~A)(0t 2 - c~A) = ](u) deux 
bicaract~ristiques de F1, porteuses de singularit~s 'd'ordre s ', peuvent se croiser en arrivant en (x, ~1) 
et (x,~2). Le point (x, m) appartient alors ~ G1 et la bicaract~ristique issue de ce point, incluse dans 
F2 est en g~nSral porteuse d'une singularit~ 'd'ordre 2s' 

On consid~re une  solution de (2) qui appart ient  £ H'(f~) pour un s > So. A part i r  de l 'ensemble 
W F -  = (f~- x R ~) N W F u  qui d~crit les singularlt6s de u darts le passe, on d~finit les ensembles 
suivants. 

F1 = { ( x , ~ ) E  Car (Lu) I  il existe une bicaract~ristique orient~e vers} 
l'avenir joignant un point de WF -  ~ (x,~) 

L'ensemble G1 est la 'somme fibre £ fibre' de F1 et de lui-m~me, en y incluant  le cas limite 
d6crit par  G1 

G1 _= { ( x , ( )  il existe ~:l et {2 avec { = ~1 + (2 tels que} U G11 
(x,~l) et (x,~2) appartiennent ~. F1 

oh GI est d&Clni par 

Gll : { (x ,~)  il existe ,3 tel que (x,,3) appartienne ~ F1 et} 
que (~ - ~3) soit tangent ~ Car(~u)x en ~3 " 

on ~ not~ car(~.), rensemble des ~ te~ que (=,Q e Car(~.). 
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La raison de l ' introduction de G~ provient du fait suivant. Si (x,~l) et (x, ~2) appartiennent 
respectivement aux fronts d'onde de v et w, on voit facilement (en regaxdant la d~croissance du 
produit de convolution des transform~es de Fourier) que (x, ~ + ~2) appartiendra en g~n~ral au 
fron¢ d'onde du produit  vw.  

Si on pense que, par  propagation comme dans le cas lin~aire, les points de F1 ont toutes 
les chances d 'appartenir  £ W F u ,  les points de G~ ont alors toutes les chances d 'appartenir  au 
front d 'onde des termes non-lin4aires de l'~quation (2), et donc £ W F u  lui-m~me. Ces nouvelles 
singularit~s peuvent se propager le long des bicaract~ristiques nulles, ce qui justifie l ' introduction 
de l'ensemble suivant. 

F2 -- ( (x ,~)  ~ Car(/~u) il existe une bicaract~ristique orient~e vers l'avenir} 
joignant un point de Ga f3 Car(Eu) & (x,~) 

Le th~or~me g6n~ral est le suivant, o5 on devra prendre s~ -- n + 2rn + 2 dans le cas g~n~ral, 
mais o5 cette valeur s'abaisse pour des ~quations moins violemment non-lin~aires. 

T h ~ o r ~ m e  4.1 Avec le~ nota~ion~ prdcddentes, on a 
(a) La fonct ion u appartient microlocalemcnt h H ~'-'° en dehors de F~. 
(b) La fonc~ion u appar$ient microlocalement d H a'-'a en dehor~ de F~ tO G~ O F~. 

La pattie (a) n'est qu'une reformulation du th~or~me 3.2, et la patt ie (b) affirme que 'jusqu'£ 3s' 
on ne volt g~om~triquement que la propagation caract~ristique, assortie d'une interaction au plus. 

Remarque 4.2 Le th6or~me de Chemin [16] est plus precis : pour a ~ [s,3s - ~1], ~t partir  de la 
collection des ensembles WF~(u) [3 {t < 0}, on construit des ensembles F~,a, Gl,a et F2,a en.dehors 
desquels la solution appart iendra microlocalement £ H a. 

5 S ingular i tds  c o n o r m a l e s  et contr61e de l ' in teract ion  
' jusqu'h C a '  

Le th~or~me 4.1 pourrait  laisser esp~rer la construction d'une suite infinie F1, G1, F2, G2, . . .  de 
sous-ensembles de l 'espace des phases, exprimables ~ part ir  des singulaxit6s de u dans le pass6, 
et prenaaat en compte la posslbillt6 de 1 ,2 , . . .  interaction successives, tels que u soit grosso modo 
microlocalement de classe H k8 en dehors de F1UG1U...UFk. Malheureusement, il n'est pas possible 
d 'obtenir de tels r6sultats en g6n6ral, comrae le montrent des contre-exemples de M. Be~s [4] et 
de Chemin [16]. 

Par exemple (voir [4]), pour une 6quation f lu  T flu 3 = 0, o5/3 est une fonction de classe C °°, 
il existe des solutions u E H" dont les donn6es de Cauchy sont Coo hors de l'origine, alors que 
u est singuli~re non seulement ~ la surface du c6ne d~onde, mais aussi ~ l'int6rieur de ce c6ne 
(o5 elle n'est grosso modo que de classe H3~). Un tel contre-exemple semble compl~tement ruiner 
l'id~e de d6crire la propagation des singulaxit6s 'au-delg de 3s' ~ part ir  de la propagation sar les 
bicaract6ristique, et de l 'interaction. 

Toutefois, en faisant sur les singularit6s de u dans le pass6 des hypotheses un peu plus fortes 
que la seule locMisation du front d'onde (singularit6s conormales), nous a11ons voir qu'il est possible 
d'obtenir des th~or~mes de propagation des singularit6s jusqu'£ C °O conformes aux esp6rances ci- 
dessus, au moins dans les cas o5 la gg~om6trie est soit relativemcnt simple, soit (sous-)analytique. 

11 faut mettre ~ part le cas de la dimension 1 d'espace, 05 les r6sultats de Rauch et Reed [26] 
da~as le cas semi-lin~aire, et de Chemin [15] fournissent une r~ponse tr~s complete. A partir  de 
la connaissance d'une fonction p(x) telle que les donn~es de Cauchy de u appartiennent ~ H p(=) 
au voisinage de x, on peut d6terminer (par propagation caract6ristique et interactions successives) 
une fonction a(x,  t) telle que la solution u appartienne ~ H a(x't) au voisinage de (x, t). 
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5 .1  D i s t r i b u t i o n s  c o n o r m a l e s  

Nous ne donnerons une d6finition pr6cise que dmas le cas g6om$triquement le plus simple. 

D6flnition 5.1 Dgsignons par ~ soi~ une sous-vari~d lisse, soit la r~uniou de deuz hypersurfaces 
lisses ~1 et ~2 se coupant transversalemen~. On dit que u appartient ~ l'espace H~ "~ si u E H ~ et 
si on a pour l <_ k 

Z1 * Z~ o . . .  ° Ztu ¢ H" (5) 

quels que soient les champs de vec~eurs Zj (identifids h des op~rateurs diffdrentiet8 du premier 
ordre) tangentz ~ ~.  

Les exemples types d'~16ments de H~ '~° sont les fonctions homog~nes de la distance £ E dans 
le premier cas, et les produits de telles fonctions relatives £ ~ et ~ dans le second. 

Si u ~ H~ '~, il est facile de voir que u appartient tocalement b. H ~+k en dehors de ~. De plus, 
dans le cas oh ~ est lisse, WF~+~ u est contenu darts le conormal de ~ (ensemble des (x, ~) avec 
x ~ ~ et ~ orthogonal h ~ en x). Dans le cas off ~ = E~ U E~, l'ensemble W F u  est contenu dans 
la r6union des conormaux h ~ ,  £ ~2 et £ ~.~ ~ ~ .  

L'appartenance £ H~ '~ est toutefois une propri6t6 strictement plus forte que les inclusions du 
front d'onde ci-dessus. Par exemple, les distributions v6rifiant ces inclusions ne forment pas une 
alg~bre d&s que k d6passe s - n /2 ,  Mors que l'on a l e  r6sultat suiv~nt. 

Th6or~me 5.2 Pour s > n /2  ct k = 0 ,1 , . . . , oo  les espaces H~ 'k forment  une alg~bre pour la 
multiplication, et sont stable par u ~ f o u lorsque f ~ C °°. 

I1 s'agit d 'une cons6quence simple des formules de d6rivation d 'un produit et d'une fonction 
compos6e, et du fait que H" est une alg~bre pour s > n/2.  

5 . 2  Q u e l q u e s  c a s  g 6 o m 6 t r i q u e m e n t  s l m p l e s  

I n t e r a c t i o n  de deux  ondes  Le r6sultat suivant est d5 £ J.-M. Bony [8] pour les 6quations 
semi-lindMres, et & S. Alinhac [3] dans le cas g6n6ral. On consid~re une solution u de l%quation (2) 
appartenant £ H°(f~) , s > n / 2  + m + 4. On consid~re une sous vari6t6 F de codimension 2 et 
de classe C 1, ne rencontrant pas 12- et de type espace au sens suivaat : par F passent exacte- 
merit m (l'ordre de l'op6rateur) hypersurfaces caract~ristiques E l , . . - ,  E,~ de classe C 1 se coupant 
trmlsversalement sur F. 

Pour t < 0, on suppose que les hypersurfaces E1 et E2 sont de classe C °°, que la fonction u est 
C ~ hors de E1 U E2 et que pros de Ei on a u E H~'~ pour i = 1, 2. 

Th6or~me  5.3 Sous lea hypotheses prdcddentes, on a 
(a) La fouc~ion u es~ de classe C °O eu dehors de ~1, de ~2 et des demi-hypersurfaces ~+ , j = 
3 , . . .  , m  limitdes par F et tourndes vers l'avenir. 
(b) La soua-varidtd F est de classe C °°, et il en est de m~me de ~1, de ~2 et des ~+ en dehors de 
P. 
(c) LocaIement pros de ~, \ F, i = 1, Z ,  on a u e g~'~ ° 

• . .  , H 25-$o'OO (d) Zocateme,~t pros de ~+ \ r ,  j = 3, , m  o,~ a u e ~, 



122 

On a repr6sent6 ci-contre ce ph6nom~ne 
d ' interact ion pour  une 6quation d'ordre plus 
grand que 2. Pour une 6quation du sec- 
ond ordre, aucun ph6nom&ne d ' interaction 
n 'apparai t  g6om6triquement. En effet, les 
seules hypersurfaces caract6ristiques issues 
de F sont ~1 et E2 et, sous les hypotheses 
du th6or&me la solution est r6guli~re denis 
l 'avenir comme dans le pass6 en dehors de 
ces hypersurfaces. 
Pour une 6qut~tion d'ordre quelconque, si u 
n 'est  singulihre darts le pass6 que sur une 
hypersurface caract6ristique ~ (off elle a 
une singularit6 conormale), alors il e n e s t  
de m&me darts l 'avenir o6 elle appartient  ex- 
actement au m~me espace H ~  k (voir [7] [1] 
[2] [28]). 

I n t e r a c t i o n  de  t r o i s  o n d e s  On se limite ici £ une 6quation des ondes non  lin6aires en dimension 
2 d'espace 

12u = 02, u - o~u - 02~u = f ( t , x , y , u )  (6) 

off on suppose que la solution u appart ient  £ H ~, s > 3/2. On se donne trois surfaces car- 
act~ristiques ~1, ~2 et Es se coupant transversalement en un  point N situ~ dans ~+. On note F + 
le demi-c6ue d 'onde d 'avenir  issu de N. On a alors le r~sultat stfivant [10] [11] (un r6sultat tr~s 
voisin a ~t~ d~montr~ ind6pendaaTmaent par Melrose-Pdtter [25], d 'autre  part  J.-Y. Chemin [17] a 
~tendu ee r~sultat au cas o~t le membre de droite de (6) d~pend aussi du gradient de u). 

© 

© 

Figure 2: Interaction de trois ondes circulaires 

T h ~ o r ~ m e  5.4 Supposons que dtm~ f2-, la solution u appartienne ~ H °+k, avec a > 3/2, hors 
a,k des ~i ,  et appartienne d H~u~  j pros de ~i U ~ j .  On a alor~ pour tout at' < a 

(a) u e H a'+k hors de Uj~j  U F + 
tra"k prds de ~ j  \ (U~¢j~i U F +) (b) u E ,-~:~ 

(c) u E H ~  pros de F + \ ( U ~ j )  s i r  et l v~rifient ~- < a + k, v < 3a - 3 e~ ~- + t < a + k. 

On a repr6sent6 le film montrmlt  ce ph6nom~ne d'interaction. Des exemples de Rauch et 
Reed [27] montrent  que la cr6ation d 'une  nouvelle singularit6 sur F se produit  effectivement. 
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Prob l~me  de Cauchy  La figure 3 illustre trois cas off des r6sultats de propagation des singularitds 
non lindaires £ partir des donn6es de Cauchy sont connus. Les trois 6noncds sont du m6me type : 
on suppose que les dorm~es de Cauchy appartiennent £ des espaces H 8'°° (les Snonc6s existent pour 
H ~'k) par rapport £ un sous-ensemble donn$ dans l'hyperplan t = 0, et on en d$duit l'existence 
d'un sous-ensemble de l'espace4emps en dehors duquel la solution est de classe C °O et au voisinage 
duquel elle est de classe H °'k. Nous renvoyons aux articles cit6s ci-dessous pour les Snonc6s precis. 

Donndes de Cauchy singuli~res sur une hypersurface A [12] [3] Les solutions sont rdguli~res en 
dehors des m hypersurfaces caract~ristiques s'appuyant sur A. 

Donndes de Cauchy singuli~res sur p courbes de R 2 se coupant 2 d 2 transversalement en un point 
[12] Les solutions de l'dquation des ondes non linSaires en dimension 2 d'espace sont alors rSguli~res 
en dehors des 2p surfaces caract6ristiques issues des courbes et du c6ne d'onde issu de leur point 
d'intersection. 

Figure 3: Probl~me de Cauehy 

/ 

Donndes de Cauchy singuli~res en un point [18] [19] On consid~re une Squation totalement 
non lindaire (2), et une solution u dont les donnSes de Cauchy sont conormales par rapport £ 
l'origine, telles que l'~quation £ coefficients constants obtenue en gelant £ l'origine les coefficients 
de l'~quation lin6aris$e air son c6ne d'onde lisse. Les bicaractdristiques nulles issues de l'origine 
engendrent une hypersurface F, tangente £ ce cSne £ l'origine et C ¢¢ hors de l'origine. La solution 
u est rdguli~re en dehors de F. 

5 . 3  D d m o n s t r a t i o n s  e t  m i c r o l o c a l i s a t i o n s  d ' o r d r e  s u p d r i e u r  

L'id6e de ddpart est trbs simple, mais ne fonctiorme teUe queue que darts des cas eux aussi trbs 
simples. On considbre t'espace des champs de veeteurs tangents aux hypersurfaces qui doivent 
porter les singularitds, et un systbme fini de g6nSrateurs Zi de cet espace. L'appartenance de u 
H "'k dans le passd nous assure que les 

Z;u  ~ Z~, o Z~ 2 o.--  o Z~, u 

appartiennent ~ H 8 pour t < 0 lorsque l'entier l (la longueur Ill du multiindiee I)  est inf~rieur 
k, et il suffit de d~montrer qu'il en est de mSme dans l'avenir. 

On s'efforee done, en d~rivant l'~quation selon les Z~, d'obtenir un syst~me d'~quations por- 
tant sur la famille {Zlu [ 111 - , <  k}, £ laqueUe on pourra appliquer tm th6or~me de propagation de 
la r6gularit$ hyperbolique. On s aper~oit tr~s rite que l'on pourra obtenir ainsi un systSme clos 
d'$quations si de bomles relations de commutation existent entre l'dquation et les Zi (essentielle- 
ment, les commutateurs doivent pouvoir s'exprimer £ partir des Z~ et de l'dquation elle-m6me). 
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La m6thode fonctionne comme d6crit ci-dessus dans le cas des 6quations semi-lin6aires, et pour 
des solutions singuli~res dans le pass6 le long d'une hypersurface, ou bien de deux hypersurfaces si 
l 'ordre est 6gal £ 2. Pour le th~or~me 5.3, d~s que l 'ordre est > 2, et m~me dans le cas semi-lin6aire, 
on doit remplacer les Zi par des ol~rateurs pseudo-diff6rentiels P/, ce qui introduit une difficult6 
nouvelle : s'il existe une formule bien connue pour exprimer Zi ( f  o u), le m61ange d'opdrateurs 
pseudo-diff~rentiels et d'op6rations non lin6aires est plus d61icat. 

Pour les 6quations non semi-lin6aires, la situation est encore plus complexe : dans le 
th6or~me 5.3, ni les El ni les Zi (ou les op6rateurs qlfi les remplacent) ne sont C °° pros de F, 
et il faut dans une m~me r6currence prouver une r6gularit~ conormale limit6e des Zi, d6finir les 
distributions conormales associ6es et prouver la r6gularit~ de la solution. 

Lorsque la situation g6om6trique se compfique, les op~rateurs pseudo-diff~rentiels ne sufflsent 
plus (c'est-k-dire que l 'on ne peut plus trouver de syst~me d'op6rateurs pseudo-diff~rentiels tels 
que les relations de commutation escompt6es soient v6rifi~es). I1 faut faire appel £ des op~rateurs 
d'un type nouveau, o~ on dispose d 'un calcul symbolique, mats off on autorise les symboles £ ~tre 
singuliers le long de certaines sous-vari6t6s. 

Nous avons 6t6 ainsi amen6s g introduire dans ce contexte des op6rateurs ~-microdiffdrentiel~, £ 
symboles singuliers pr6s du point N pour d6montrer le th6orEme 5.4. Assez curieusement, alors que 
l 'analyse microlocale usuelle suffit pour 6tudier la propagation des singularitds dans le cas lin6aire 
(au moins dans le cas strictement hyperbolique), les 6quations non-lin6aires semblent exiger une 
analyse beaucoup plus ra~n~e (volt [111 [12] [25] [241). 

Pour pouvoir traiter des situations plus complexes~ nous avons introduit, avec N. Lerner, les 
microlocalisations d'ordre sup~rieur [13] [14]. I1 devient alors possible de d~finir les espaces de dis- 
tributions conormales par  rapport  £ des hypersurfaces ayant des singularit~s d'ordre arbitrairement 
~lev~. 

5 . 4  C a s  d e s  s i n g u l a r i t 6 s  l o c a l i s 6 e s  s u r  d e s  v a r i 6 t 6 s  a n a l y t i q u e s  

I1 s'agit de r~sultats de G. Lebeau relatifs au probl~me de Cauchy pour l'~quation des ondes 
non-lin~aire 

D~ = f (~)  (7) 

~1~=0 = ~0 (8)  

Ot Uit=0 = U 1 (9) 

On suppose que la solution u appartient ~ H'* pour .s > 2, et que les ul sont conormales relative- 
ment £ une hypersurface analytique rdelle ou que, plus g6n~rulelnent, les u~ sont des distributions 
int6grales de Fourier relatives £ une sous-vari6t6 lagrangienne analytique lisse de l'espace cotangent 

l 'hyperplan t = 0. On a alors le r6sultat suivant [22] [23]. 

T h ~ o r ~ m e  5.5 (a) Pour tout a E R,  il existe un ensemble sou~-analytique homog~ne tagrangien 
Lo de l'espace cotangent tel que WF~ u C Lo. En consdquence, pour tout entier k, la ~olution u 
est de elasse C k dans un ouvert dense de ft. 
(b) L'ensemble La peut ~tre ddtermind de mani~re explicite h partir de la varidtd lagrangienne 
a~socide aux donnde~ de Cauchy de u. 

Les ensembles L~ se calculent par une r~currence, un peu analogue ~ une poursuite de la 
construction des ensembles F1, G1, F2, " "  au § 4. I1 faut en fait consid~rer des ensembles de 
suites de zn, ~ complexes tendant vers des x, ~ r~els, faire intervenir les stabillt~s par propagation 
caract~ristique, par somme fibre £ fibre, et par  des proc4dures limites. 

Un cas particulier particuli~rement frappazlt est celui du pincement d'une onde simple, en 
dimension 2, dans le cas o~ les donn~es de Cauchy sont conormales par  rapport  £ (par exemple) 
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Figure 4: Caustique non lin@aire 

une parabole. Da~s le cas lin@aire, les singularit@s se propageraient sur une queue d'aronde de 
l 'espace-temps (apparition de caustiques), dont on a dessin@ une section £ t fix@ en trait gras. I1 
s'y ajoute dans le cas non-lin@aire un cSne d'onde issu du point de naisance de la singularit@s, dont 
la section est le cercle en traits fins. 

La solution u est de classe C ~° en dehors des surfaces pr@c@dentes. Ce r@sultat est fourni par 
le calcul explicite des L~, qui restent fixes £ part ir  d'une certaine valeur, et se projettent sur ces 
surfaces. 

Le r@sultat analogue lorsque les donn~es de Cauchy sont conormales relativement £ une courbe 
de classe C ¢~ est toujours un problbme ouvert. 
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The nonlinear stability of the Minkowski Metric 
in General Relativity 

D.  C h r i s t o d o u l o u  a n d  S. K l a i n e r m a n  

The aim of this report  is to provide a very short summary  of our work on the 
nonlinear gravit.ationM stability of the Minkowski space-time. This work, which is 
still in progress, accomplishes the following goals: 

1. It provides a constructive proof of global, smooth, nontrivial, solutions to the 
Einstein Vacumn Equations which look , in the large, like the Minkowski space. 
In particular, these solutions are free of black holes and singularities. 

2. It provides a detailed description of the sense in which these solutions are closed 
to the Minkowski space, in all directions, and gives a rigorous derivation of the 
laws of gravitational radiation proposed by Bondi. 

3. It obtains these solutions as dynmnic developments of all initial data. sets, which 
are close, in a precise manner,  to the initial data  set of the Minkowski space , 
and thus establishes the globM dynamic stability of the latter. 

4. Though our results are established only for developments of initial da~ta sets 
which are uniformly close to the trivial one, they should in fact be valid in the 
complement of the domain of influence of a sufficiently large compact subset of 
the initial manifold of any "strongly asymptotically flat" initial data  set. 

According to Einstein the underlying geometry of space-time is that  given by a 
pair ( M , g )  where M is a 3+1 dimensional manifold and g is an Einstein metric on M, 
that is, a. smooth, nondegenerat¢. 2-covariant tensor field with tile property that at each 
point one can choose 3+1 vectors e0, (!1,62, 63 such tha.t g(e~, et3) = 'l~#; n',/:t = 0, 1, 2, 3 
where ,! is tile diagonal matrix with entries -1,1A,1. The Einstein metric divides the 
nonzero vectors X in the tangent sl)ace at each point into time-like, null or spa.ce-like 
vectors according to whether the quadratic fi)rm < X , X  > =  ga#X~X ~ is, respectively, 
negative, zero or positive. 
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The set of null vectors form a double cone, called the null cone of the corresponding 
point. The  set of time-like vectors form the interior of this cone. It has two connected 
components  whose boundaries  are the corresponding components  of the null cone. The  
set of space-like vectors is the exterior of  the null cone, a connected open set. Any 
physically meaningful  space-time should be time orientable, tha t  is, one can choose in 
a continuous fashion a future directed component  of the set of time-like vectors. This 
allows us to specify the causal future and past  of any point  in space-time. More generMly, 
the causal future  of a set S C M,  denoted by J+(S) ,  is defined as the set of  points q 
which can be reached by a future directed causal curve 1 which initiates at S. Sinfilarly 
J - ( S )  consists of the set of all points q which can be reached, f rom S, by a past  directed 
causal curve. 

The  boundaries  of past  and future sets of points  in M are null geodesic cones, often 
called light cones. Their  specification defines the causal structure of the space-time which, 
up to a conformal factor, uniquely determines the metric. 

A hypersurface M in M is said to be space-like if its normal  direction is time-like 
at every point  on .~I. We denote by g the Rienm.nnian metric induced by g on M. The  
covariant differentiaton on the space-time M will be denoted by D,  while that  on M will 
be writ ten with the symbols D or V. Similarly we denote by R,  resp.R, the Riemaml 
curvature tensors of M,  resp. M. Recall tha t  for any given vector fields X,  }:  Z on 
( M , g ) ,  

D x D y  - D y D x Z  = R ( X ,  Y)Z  + D[x ,y ]Z  

or, in components ,  relative to an arbi t rary  frmne ec~, c~ = 0, 1, 2, 3, 

D z D . Z  7 = D~D/3Z "~ + R,,~(~Z 

The extrinsic curvature,  or second fundamenta l  form, of ~,i in M will be denoted by 
k. Recall that ,  if T denotes the future directed unit  normal  to M we have, 

kij = -- < De~T, ej > = <  T, Dele j  > 

with ei, i = 1, 2, 3, an arbi t rary  frmne on M. 
We will use the notat ion E ~ e  to express the components  of the volume element 

d/tM relative to an arbitra.ry frame. Similarly, if ei, i = 1, 2,3 is an arbi t rary  fl'ame on 
M, then Eijk=Eoijk a r e  the components  of dpM, the volmne element of 2~/, with respect 
to the fl'ame e0 = T, q ,  e2, ca. 

The  Riemann curvature  tensor R of the space-tinle satisfies the following, 

Bianchi Mentities 

i 
DpRo~3]¢~ = ~ ( D ¢ R , . ~  + D , , R / ~  + D / 3 R . , ~ )  = 0. 

1 A differentiaMe curve A(t) whose tangent at. every point is a future directed timeqike or null vector 
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The traceless 1)axt of the curvature tensor is the Weyl tensor, 

1 R C o ~  = R ~ z ~ 6  - ~ ( g ~  ~6 + g~6R~a - g ~ T R ~  - g ~ R ~ )  

1 
+ ~ ( g ~ g 7 ~  - g ~ e g z ~ ) R  

where the 2-tensor Rc,~ and scalar R are respectively the Ricci tensor and the scalar 
curvature of the space-time. We notice that the Riememn curvature tensor has twenty 
independent components while the W~yl and Ricci tensors have ten components each. 

The W~yl tensor is a particular example of a spin-2 tensor. This refers to arbitrary 
four tensors W which satisfy aI1 the symmetry properties of the curvatm'e tensor and, in 
addition are traceless. We say that such a IV satisfies the spin-2 equation if, with respect 
to the covariant differentiation on M, 

Spin-2 Equation 
D[~l~,a]~ = O. 

For a spin-2 tensor W the following definitions of left and right Hodge duals are 
equivalent: 

1 
* I ' ~ , ~  = ~ E ~ , .  W ~'" ~e 

I "* l,u I 

where E ( ' ~  are the components of the volmne element in M. One easily checks that, 
*W = W* is also a spin-2 field and *(*I~V) = -I,V. Given an arbitrary vector field X, we 
can define the electro-magnetic decompo,dtion of W to be the pair of 2-tensors formed by 
contracting H." with X accordingly to the formulas, 

i i x (W)oa  = Vv~ .... a X ~ X  ~ 

ii x (*W )~¢~ =* I.V,~vaX~ X ;~ 

These new tensors are both symmetric, tracetess, and orthogonal to X. Moreover they 
completely determine H,", provided that X is not null (see [Ch-K1] ). 

One can associate to the V~:eyt tensor or, more general, to any spin-2 field H,', a 
4-tensor which is quadratic in I'V and pl~ys precisely the same role, for solutions of the 
spin-2 equations, as the energy-momentum tensor of an electromagnetic field plays for 
solutions of the Maxwell equations, 

Bell-Robinaon Ten~,or 

1 
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Q is f i l ly  symmetr ic  and traceless, moreover it satisfies the positive energy condition, 
Q(X, l:  X, Y ) is positive whenever X,  Y are future directed time-like vectors (see [Ch-K1], 
fi~r a proof  of the above properties of Q). Moreover, 

D ~ Q ~  = 0 

whenex~r B ~ satisfies the spin-2 equations. 
It is well known that  the causal s t ructure  of an arb i t rary  Einstein space time can 

have undesirable pathologies. All these can be avoided by postulat ing the existence of 
a Cauchy hypersurface in ~,I, i.e. a hypersurface E with the proper ty  tha t  any causal 
curve intersects it at precisely one point. 2 Einstein space-times with this proper ty  
are called globally hyperbolic. Such space-times are in part icular  stable causal, i.e. they 
allow the existence of a globally defined differentiable function t whose gradient,  Dr,  
is everywhere time-like. We call t a time function, and the foliation given hy its level 
surfaces a t-foliation. We denote by T the future directed unit  normal  to the foliation. 

Topologically, a space-time foliated by the level surfaces of a t ime function is ditt'e~.~- 
morphic to a product  manifold ~ x E where E is a three dimensionM manifold. Indeed 
the space-time can be pa.rametrized by points on the slice t = 0 by following the integral 
curves of Dr. Moreover relative to this parametr izat ion,  the space-t ime metric takes the 
forln, 

3 
ds2 = --¢2(t '  x)dt2 + E go(t' x)dxidxJ (0.1) 

id=l 

where x - (x 1, x 2, x 3 ) are arbi t rary  coordinates on the slice t = 0. The function 

¢( t ,x )  = 
< D r ,  D r  > : / 2  

is called the lapse fi, nction of the foliation, gij its first fundamentM form. We refer to 
(0.1) a~s the canonical form of the space-time metric with respect to the foliation. 

The foliation is said to be normal  if 

Normal Foliation Condition 

¢ --~ 1 as x --~ c~ on each leaf E,.  

The second fundan:enta l  form of the foliation, i.e. the extrinsic curvature  of the leaves 
Et,  is given hy, 

]~'ij -= --( 2¢ )-l Otgij (0.2) 

We denote t)y V the induced eovariant derivative on the leaves Et and by Rij the cor- 
responding Ricci curx-ature tensor. Since St  is three dimensional,  we recall tha t  the 

2 It: particular E is a space-like hypersurface, 
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Ricci curvature Rij  completely determines the induced Riemann curvature tensor Ri.ikt 
accordingly to the formula, 

1 
Rijkt = gikRjl 4- gjlRik -- gjt,.Ril - gilRjk -- "~(gikgjl -- gjkgil)R 

where R is the scalar curvature giJRij.  The second fundamentM form k, the lapse 
function 4) and the Rieci curvature tensor Rij  of the foliation are connected to the space- 
time curvature tensor Rot3~ ~ accordingly to the following, 

Th, e Structure Equationa of the Foliation 

O~kij = - - V i V  j¢  4- ¢ ( R i T j T  -- k i . k  ~ j)  

V i k jm  - V(Tj~:in, -= l:{mTij 

Rij  - ~:ia ~'a j 4- ~'ijtr~" = R iT jT  + R i j  

(0.3a) 

(0.3b) 

(0.3c) 

where c) t denotes the partial derivative with respect to t and RiT jT ,  RmTi j  are the 
components R(c)i, T, Oj, T)  and, respectively, R ( & , ,  T, Oi, Oj ) of the spaee-t, ime curvature 
relative to arbi trary coordinates on E. The equations (0.3a) are the second variation 
formulas, while (0.3b) and (0.3c) are the classicM Gauss-Coda.zzi and, respectively, Gauss 
equa.tions of the foliation. 

In view of (0.3c), the equation (0.3a) becomes, 

O~kij = - V i V  j¢  + ¢ ( - R i j  + Rij  4- trkki j  - 2ki~k ~ j )  (0.3d) 

Taking the trace of the equations (0.3c), (0.3b) and (0.3a) respectively, we derive, 

R -- [k[ ~ + (trk) 2 = 2 R T T  + R 

v J k j i  -- Vitrt: = RTi  

0ttrk = - A ¢  + ¢(RTT + I/;'12) 

(0.4a) 

(0.4b) 

(0.4c) 

where tt:[ S = l~:ij]~: ij. 
By contrast to Riemannian geometry where the basic covariant equations one en- 

counters are of elliptic type, in Einstein geometry the basic equations are hyperbolic. The 
causal structure of the space-time is tied to the evolutions feature of the corresponding 
equations. This is particularly true for the Einstein field equations where the space itself 
is tile dynamic variable. 

The Einstein field equations were proposed by Einstein as a unified theory of space- 
time and gravitation. As mentioned above the space-time ( M , g )  is the unknown; one 
has to find an Einstein metric g such that,  

Einatein Field Equations 
G . .  = 8 r r T ~  
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1 with R ,~  the Ricci curvature of the metric, R where Gi~, is the tensor Rt~ . - 7g~uR, 
its scalar curva.ture and Tt~ ,  the energy momentum tensor of a mat ter  field (e.g. the 
Maxwell equations). Contracting twice the Bianchi identities D[~R~z]-fZ = 0 we derive 

Contracted Bianchi Identities 
D~G~,~  = 0 

which are equivalent to the divergence equations of the matter-field, 

D ' T t ~ .  = 0. 

In the simplest situation of the physical vacuum, i.e. T = 0, the Einstein equations take 
the form, 

Einstein- Vacuum Equations 
R , ~  = O. 

In view of the four contra.cted Bianchi identities mentioned above, the Einstein-Vacuum 
equations, for short E-V, can be viewed as a system of 10-4=6 equations for the 10 
components of the metric tensor g. The remMning 4 degrees of freedom convspond to 
the general covariance of the equations. Indeed if ¢ : M , M is a diffeomorphism then 
the pairs (M, g) and (21I, ¢*g)  represent the same solution of the field equa.tions. 

Written explicitly in an arbi trary system of coordinates the E-V equations lead to 
a degenerate system of equations. The well posedness of the Cauchy problem, which we 
discuss below, was proved however by Y.Choquet-Bruhat  in harmonic coordinates (see 
[Br]), yet as she ha~s pointed out later these are unstable in the large. This problem of 
finding a globally stable, well posed coordinate conditions is the first major  difficulty one 
has to overcome in the construction of global solutions to the Einstein equations. 

To emphasize the dynamic character of the E-V equations it is helpful to express 
them in terms of the parameters  ¢, g, k of an arbi trary t4oliation. Thus assuming that 
the space-time ( M , g )  can be foliated by the level surfaces of a time function t, and 
writing g in its canonical form (0.1), the E-V equations are equivalent to the following, 

Con~traint Equations for E- V 

vJkji  - -  Vitrk = 0 (0.5a) 

R -  I~t 2 + (trk) 2 = 0 (0,5b) 

Evolution Equations for E-V 

cOtgij = -2¢kij  
Otkij = - V i V j ¢  + ¢(Rij + trkkij - 2ki~k" j)  

(0.6a) 

(0.6b) 

Indeed the equiva.lence of the equa, tions (0.5a), (0.5b), (0.6a) (0.6b) with the E-V is a,n 
immediate consequence of (0.4a), (0.4b), and (0.5a). 
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Also, (0.4c) becomes 

0t t rk  = - A ¢ +  ¢ (R  + (trk) 2) (0.7) 

Given a t-foliation we denote by E,  H the electro-magnetic decomposi t ion of the 
curvatm'e tensor R ,  of  an E-V manifold with respect to T, the future oriented unit  
normal  to the t ime folia.tion. Clea.rly E,  H are symmetr ic  traceless 2 tensors tmlgent to 
tile foliation. In view of these definition the equations (0.3b) and (0.3c) become 

Vik j , ,  - Vjl,'i,,~ =Eij  t i l t , ,  (0.Sa) 

Rij  - [~:ia[~ 'aj + ]~:ijtrk = Eij  (0.Sb) 

Note that  the total number  of unknowns in the Evolution Equat ions (0.6a) and 
(0.6b) is 13 while the total number  of equations is only 12. This discrepancy corresponds 
to the remaining freedom of choosing the time fimction t which defines the foliation. 

\~)  also note  that,  in view of the twice contra.cted Bianchi identities, if g, k satisfy the 
Evolution Equations,  then the Constraint  Equa.tions (0.5a) a.nd (0.5b) a.re automat ical ly  
satisfied on a.ny Et provided they are satisfied on a given initial slice Et0. Therefore they 
can be regarded as constraints  on given initial conditions for g and k. Accordingly to 
this an initial data .~et for E-V is defined to be a triplet (2 ,  g, ~') consisting (ff a three 
dimensional manifold E together with a Riemmmian metric g and covariant symmetr ic  
2-tensor t~ which satis~, the constraint  equations (0.5a) and (0.5b) on E. 

A development of an initial da ta  set consists of an Einstein-Vacuum space-time 
( M , g )  together  with an embedding i : E ~ M such that  g and t: are the induced 
first and second fundamenta l  forms of 2 in M. The central question in the mathemat ica l  
theory of E-V equations is the s tudy of the evolution of general initial da ta  sets. 

The simplest solution of E-V equations is the Minkowski space-time R :~+1, i.e. the 
space R 4 together with a given Einstein metric <,  > and a canonical coordinate system 
(~v °, x 1 , x 2, x :~ ) such that  

< 0~,0f~ > =  ~1~; a , / }  = 0 , 1 , 2 , 3  

The issue we want to address in our work is that  of the globM nonlinear stability of 
the Minkowski space. More precisely we want to investigate whether  Cauchy develop- 
ments  (ff initial da ta  sets which are dose,  in an appropr ia te  sense, to the trivial da ta  set 
lead to global, snlooth, geodesically complete solutions of the Einstein-Vacuum equations 
which remain close, in an appropriate,  global sense, to the Minkowski space, We like to 
stress the fact that  at, the present time is not even known whether  is any ,smooth, geode,,i- 
cally complete .~olution which become~ flat at infinity on any given ~pace-like direction. 
Any a t t empt  to significantly simplify the problem by looking for solutions with addi- 
tional symmetries,  fails as a consequence of the well known results of Lichnerowics for 
static solutions, 3 and Birkhoff for spherically symmetr ic  solution,s. Accordingly to the 

3 A space-time is said to be stationary if there exists a one parameter group of isometrics whose 
orbits are time-like curves. It is said to be static if, in addition, the orbits of the group are orthogonM 
to a spaee-|ike hypersurface 
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first, a. static solution which is geodesically complete and flat at infinity on any space-like 
hypersurface nmst be flat. The Birkhoff theorenl asserts that all spherically symmetric 
solutions of the E-V equations are static. Thum disregarding the Schwartzchild solu- 
tion which is not geodesically complete, the only such solution which becomes flat at 
space-like infinity, is the Minkowski space. 

The problem of stability of the Minkowski space is closely related with that of char- 
acterizing the space-time solutions of the Einstein-Vacumn equations which are globally 
asymptotically flat i.e., as defined in the physics literature, space-times which become 
flat as we approach infinity in any direction. Despite the central importance that  such 
space-times hm,'e in General Relativity, as corresponding to isolated physical systems, 
it is not at all settled how to define them correctly, consistent with the field equations. 
Attempts  to develop such a. notion ha~'e been made however in the last 25 years (see [Ne- 
To] for a survey)begim~ing with the work of Bondi ([Bo-Bu-Mel,[Bo]) (see also [Sa]) who 
introduced the idea. to analyze solutions of the field equations Mong null hypersurfaces. 
The present state of understanding was set by Penrose ([Pe2],[Pel]) who formalized the 
idea. of asymptotic flatness by adding a boundary at infinity attached through a smooth 
conformal compactification. However it remains questionable whether there exists any 
nontrivial 4 solution of the field equations which satisfy the Penrose requirements. In- 
deed his regularity assumptions translate into fall-off conditions of the curvature which, 
we believe, are too stringent and thus fail to be satisfied by any solution which could 
allow gravitational waves. Moreover the picture given by the confornml compactification 
fails to address the crucial issue of the relationship between conditions in the past and 
behm,ior in the fllture. 

We believe that  a real understanding of asymptotically-flat spaces can only be accom- 
plished by constructing them from initial da.ta, and studying their asymptot ic  behaviour. 
This is precisely the objective we set out to achieve. 

To make our discussion more precise we have to introduce the notion of an asympto- 
tically-flat initial data  set. By this we understand an initial data. set (E, g, k) with the 
property that  the complement of a finite set in E is diffeonmrphic to the complement of 
a ball in R 3 (i.e. E is diffeomorphic to R 3 at infinity) and the notion of energy, linear 
and angular momentum are well defined and finite. These can be unambiguously defined 
for the following class of initial data  sets we will refer to as strongly a,*ymptotically flat. 

We say that a.n initial data  set (E ,g ,k )  satisfies the S.A.F. condition if g, k a.re 
sufficiently smooth, and there exists a coordinate system (x 1 , x 2, x 3 ) defined in a neigh- 

IX'3 t .,. i ~21~ borhood of infinity such that,  as, r = [ ~ i = l t ~ ,  I I --~ O~ 

S.A.F. Initial Data Set~ ,5 

gij  = (1 ~- 2M/r)JJ i j  -~- o 4 ( r - ~  ) (0.9a) 

4 Namely  a. nons ta t iona ry  solution.  

5 A funct ion  f is said to be ore(r -k) ,  resp. Ore( r -k) ,  as r - -no  if O l f (x )=o ( r -k -~ ) ,  resp. O(r-S-~), for 

any /=0,1,...m*, where  0 t denote  all the  part ial  derivatives of order  I relative to the  coordina tes  (xl,xa,x a) 



136 

kij = o3(r 2 ) (0.95) 

We shal  caU tile leading  te rm,  (1 + 2M/r)5, j  in the  expans ion  (0.9a) the Schwarzchild 
Part of the  nle t r ic  g. 6 

Given such a d a t a  set the  ADM (Arnowi t t ,  Deser and  Misner)  defini t ions of energy 
E, l inear  n lon len tum P and  angular  n lomen tum J are given by, 

1 lira f Z ( O i g o - O j g i i ) N J d A  
E = "-~ r--~, JS,~ i,j 

Pi = _1 l im [ (kij - trkgij)NJdA, i = 1, 2, 3 
8 "--~Js~ 

1 lira [ Ei~b,r~(k b j - g b j t r k ) N j d A ,  i = 1 , 2 , 3  

where S~ is the  coord ina te  sphere of rad ius  r, N is the  exter ior  uni t  no rma l  to it and  
dA i ts  a r ea  element .  Clear ly  the l imits  on the  r ight  hand  side of the  fonmfla.s defining 
E and  P exist  and  axe finite. To check t ha t  J is well defined one has  to r e m a r k  tha t  
the  difference between the  in tegra ls  on two different spheres  r l ,  r2, can be  wr i t t en  as a 
volume in tegra l  of an  express ion which involves, as h igher  o rde r  t e rm,  0j kb j -- 0b(trk)  = 

Vjk~, J - V~,(trk) + o(r-~ ). The  asser t ion follows then  with  the  help of the  cons t ra in t  
equat ions  (0.5a). 

Moreover,  due to our  condi t ions  (0.9a) and  (0.9b) we have 

E=21 , I ,  P = O .  

Thus  the  S .A.F.  condi t ions  implies  tha t  the  ini t ia l  d a t a  set is in a center  of  mass  frame.  
In view of the  posi t ive  mass  theorem .~f mus t  be a posi t ive  n m n b e r  vanishing only  if the  
ini t ia l  d a t a  set is flat. 

The  def ini t ion of the  e n e r g y - m o m e n t u m  (E ,  P1, P2, P3 ) and  the .angular  m o m e n t m n  
(J1, ./2, .13 ) are  independen t  of the  pa r t i cu l a r  choice of the  coord ina tes  x i ,  x 2, :v 3 in the 
defini t ion of S .A.F.  in i t ia l  d a t a  sets. 7 Moreover,  they  are preseved by the evolut ion 
equat ions  (0.6a) and  (0.6b) of a no rma l ly  fol ia ted (see defini t ion on page 5) E-V space- 
t ime. This  can be easi ly checked by tak ing  the t ime der ivat ives  of the  express ions  defining 
E , P . J .  

We bel ieve tha t  the  quest ion we are  inves t iga t ing  here,  name ly  the  s t ab i l i ty  of the  
Minkowski  space,  requires  in i t ia l  d a t a  sets wi th  finite energy, l inear  and  angula r  momen-  
tum.  

6 It iv the same as that of a space-like hypersurface, orthogonal to the Killing vector field of a 
Schwarzchild N)ace-t.ime. 

7 Indeed, first remark that the definitions are invariant under rigid transformations of the coordinates 
.r I ,x~,r ~. It thus suffices to show that the variations of the integra,ls defining E,P,J, with respect to one 
pa.ranaeter groups of diffeomorphisms generated by vector fields ¢,=O3(1) a.s r ~ ,  vanish in the |imit. 
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In its least precise version our  main  result asserts the following, F i r s t  V e r s i o n  o f  
t h e  M a i n  T h e o r e m  

Any  Strongly Asymptot ical ly  Flat initial data set which sati.qfies, in addition, a Global 
Smallne.~s A~sumption, leads to a unique, globally hyperbolic, smooth and geometrically 
complete development, solution of the Eins te in-Vacuum Equations. Moreover this de- 
velopment is globally a~ymptotically flat, by which we mean that its R iemann  curvature 
tensor approaches zero on any causal or space-like geodesic, as the corresponding affine 
parameter tends to infinity. 

The main  difficulties one encounters in the proof  of our reslut a.re the foUowing: 

The main difficulties one encounters in the proof  of our result, are the following: 

1. The problena of coordinates. 

2. The  strongly nonlinear hyperbolic features of the Einstein equations. 

3. The logari thmic divergence of the light cones. 

1. Tile problem of coordina.tes is, a.s we have mentioned above the first major  difficulty 
one has to overcome when trying to solve the Cauehy problem of tile Einstein equations. 
Our  s t ra tegy is based on two ideas. First, we describe our space-time by specifying, 
instea.d of full coordinate conditions, only a t ime function whose level hypersurfaces are 
maximal, s More precisely we impose, in addit ion to the equations (0.5a), (0.5b), the 
constraint  

trk = 0 (0.10) 

Wi th  this choice we remove the indeterminaney of the evolution equations (0.6a), 
(0.6b) and obtain the following determined system of equations for the maxilnal  fi~liation 
of an E-V si)a.ce-time: 

Constraint Equations of a Maximal  Foliation (0.10) 

trk = 0 (0.11o) 

~7Jkji = 0 (0.11b) 

R = Ikl 2. (0.11c) 

Evolution Equations of a Maximal  Foliation (O. i l )  

Otgij =- -2¢1¢ 0 

O, kij = - V i V j ¢  + ¢( Ri j  - 2kiak a j)  

(0.12a) 

(0.12b) 

8 In Einstein geometry a maximal hypersurface is one which is space-like and maximizes the volume 
among all possible compact perturbations of it. 
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Lapse Equation of a Maximal Foliation 

~ ¢  = It,12¢ (o.13) 

Note that  the time function is defined by especifying the level sets only up to a 
transfornmtion of the form t + f o t with f any, orientation preserving, diffeomorphism 
of the real line. However we can specify a unique t by requiring that,  regarded as a 
parameter  on an integral curve F~. of t which passes through a point x of E0, it converges 
to the arclength on Fx as x tends to infinity on E0. This is equivalent to the condition 
that ¢ tends to 1 at infinity on each E~, which is precisely the norrnM foliation condition 
introduced above. Indeed, with the exception of the Minkowski space-time, the above 
definition specifies a unique time function. This is due to the fact that,  when the A.D.M. 
energy E is non-zero, there is a unique maximal foliation with respect to which the linear 
momentum P vanishes. In physical terms, this foliation constitutes the center of mass 
fl'ame of the corresponding isolated system. 

The second idea. is to make use in a f lmdamental  way, of the Bianchi identities of 
the space-time and the Bell-Robinson tensor introduced below. The basic obser~-ation is 
that,  once we have good estimates for the cm'vature tensor R,  alt the pa.rmneters of the 
foliation, i.e. g, k, 6, are determined purely by solving the elliptic system, 

Rij - ]~'ia ka j ---- Eij (0.14a) 

curl kij = Hij (0.14b) 

vJkj~ = 0 (0.14c) 

trk = 0 (0.14d) 

together with the lapse equation (0.13). 
The equations (0.14a), (0.14b) are immediate consequences of, respectively, (0.8b), 

(0.Sa) with curl kid =C~ b kj,6. Thus all the evolution features of the Einstein equations 
are contained in the Bianchi identities, which have the great advantage of being covariant. 

2. The other major  obstacle in tile study of the Einstein equations consists in their 
hyperbolic and strongly nonlinear character. The only powerful analytic tool we have in 
the study of nonlinear hyperbolic equations, in the physicM spa.ce-time dimension, are 
the energy estimates. Yet the classicM energy estinm,tes are limited to proving estimates 
which are local in time. The difficulty has to do with the fact that,  in order to control 
the higher energy norms of the solutions, one has to control the integral in time of 
their bounds in uniform norm. In recent years however, new techniques were developed, 
based on modified energy estimates and the invariance property of the corresponding 
linear equati(ms, which were applied to prove global or long time existence results for 
nonlinear wave equations (see [K13], [Kll]). More precisely, one uses the Killing and 
conformal Killing vector fields generated by the conformaI group of the Minkowski space 
to define a global energy norm which is invariant relative to the linear ew)lution. The 
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precise asymptotic behaviour, including the unifc)rm bounds mentioned above, are then 
an immediate consequence of a global version of the Sobolev inequalities (see [K13], IN12], 
[Holl. 

The relevant linearized equations for the E-V field equations are the spin-2 equations 
(see page 3) in Minkowski space. As a first preliminary step in our program, we have 
analyzed the complete asymptotic properties of the spin-2 equations in Minkowski space 
by using only energy estimates and the conformal invariance properties of the equations 
in the spirit of the idea.s outlined above (see [Ch-K1]). 

However to derive a global existence result one also needs to investigate the structure 
~ff the nonlinear terms 9 It is well known that arbitrary quadratic nonlinear perturba- 
tions of the scMar wave equation, even when derivable from a Lagra.ngian could lead to 
formation of singularities unless a certain structural condition, which we have called the 
Null Condition, is satisfied (see [Ch], [Kll] ). It turns out that the appropriate, tensorial 
version of this structural condition is satisfied by the Einstein equations. One could say 
that the troublesome nonlinear terms, which could have led to fi)rmation of singulari- 
ties are in fact excluded due to the covariance and algebraic properties of the Einstein 
equations. 

3. In implementing the strategy outlined in (1) and (2) one encounters a very serious 
technicM difficulty. The mar,* term which appears in the Schwartzchild part of an ( S.A.F. ) 
initial data. set, (0.9a), has the long range effect of distorting the asymptotic position 
of the null geodesic cones. They are expected to diverge logarithmically from their 
corresponding position in flat space. In addition to this their asymptotic shear differs 
drastically from that in the Minkowski space-time. This difference reflects the presence 
of gravitational radiation in any nontrivial perturbation the Minkowski space-time 10. To 
take this effect into account one has to appriopriately modify the Killing and confornml 
Killing vector fields used in the definition of the basic energy norm. We achieve this 
by an elaborate construction of aaa optical function whose level surfaces are outgoing 
m~ll hypersurfaces, related by a translation at infinity. The construction of the optical 
function and the approximate Killing and conformal Killing vector fields related to it 
requires more tha~a a half of our work. The most demanding part in the construction is 
taken by the angular momentum vector fields 11. These are particularly important to our 
construction as they are crucial in circumventing the problem of slow decay at infinity 
of the initial data set. Thus we do not estimate directly R from the Bianchi identities 
but only its Lie derivatives with respect to these vector fields. This allows us to consider 
higher weighted norms than will be possible for R. Yet, as it turns out, the latter can 
be easily estimated in terms of the former 12. Similarly we use the approximate Killing 

9 Generated ee, ch time we commute the Bimlchi Identities with one of the vector fields used in the 
definition of the globM energy norm. 

10 For nmre deteils of this fact we refer to the next section 
11 I.e. the vector fields which can be viewed as deformation of wli=xiOj-~jO~, for i,j=l,2,3, of 

Minkowski space. 
12 This fact seems entirely plausible in view of the Birkhoff Theorem. 
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vec to r  f ield T,  t he  un i t  n o r m a l  to  t he  fo l ia t ion ,  to  a l low h i g h e r  w e i g h t e d  n o r m s  for t he  

Lie de r iva t ives  of  t he  c u r v a t u r e  t enso r  w i t h  r e spec t  to T la 
As o u t l i n e d  above  o u r  c o n s t r u c t i o n  requ i res  in i t i a l  d a t a  sets  wh ich  sa t i s fy  in a d d i t i o n  

to the  c o n s t r a i n t  e q u a t i o n s ,  t he  m a x i m a l  c o n d i t i o n  t r k =  0. We wil l  refer  to  t h e m  as 

m a x i m a l ,  in w h a t  follows. 

To  n m k e  t h e  s t a t e m e n t  of  our  m a i n  t h e o r e m  prec i se  we n e e d  a lso  to  def ine  w h a t  we 

m e a n  by t h e  g loba l  smal lness  a s s u m p t i o n .  Before  s t a t i n g  th is  cond i t i on ,  we a s s u m e  t h e  

m e t r i c  g to  be  c o m p l e t e  a n d  i n t r o d u c e  t h e  fo l lowing  q u a n t i t y :  

Q(x(0~, a)  = s u p { a - 2 ( d ~  + (d)3 iRicl2 }+  

3 1 

d ~  t=O J ~  t=O 

where  d0(x)  = d(x(0), x)  is the  R i e m a n n i a n  geodes ic  d i s t ance  b e t w e e n  the  po in t  x and  

a g iven  p o i n t  x(0) on  G, ]Ric[ 2 = R i iR i j ,  V t d e n o t e  t h e  I covaxiant  de r iva t ives  and  B is 

t he  s y m m e t r i c ,  t race less  2 - t enso r  t enso r  14, 

Bid = E j  °b~b(Ria -- ~giaR) 

We say t h a t  an  S .A.F .  in i t i a l  d a t a  set,  (~ ,  g, k), satisfies t h e  g loba l  smal lness  as- 

s l n n l ) t i o n :  

The Global  Smallness  Assumpt ion  

The metric g is complete and there exist~q a su~ciently small positive e ~.t. 

il~f Q(x(o),a) <_ e (0.15) 
xi0)E~,a_>0 

Second Version of  the  Main Theorem 15 

Any Strongly Asymptotically Flat, Maximal, initial data set which sati4fies the Global 
Smallness Assumption (0.15),  leads to a unique, globally hyperbolic, smooth and geodesi- 
calIy complete solution of the Einstein- Vacuum Equations foliated by a normal, maximal 
time foliation. Moreover this development is globally asymptotically fiat. 16 

13 ll-t view of the Lichnerowitz theorem, this procedure allows us to obtain information about i t  itself. 

14 Remark that B is dual to the tensor Rijk ='~;"kRij "k~'jI~i~ +~4(9i~ Vj R-gii VkR) whose vanishing 

charazterizes locally conformally flat three-dimensional manifolds (see [gisen]), Thus, up to lower order 
terms, the Schwarzchild part of g does not affect it.. 

15 The first version of the Theorem is not an immediate consequence of tJae second. It. can be proved 

however by, first, developing the initial data set. locally in time and, then, imbedding in it. a nmximal 

hypersurface, hnbedding results of the type one needs were obtained by Bartnik (see [Ba]). 

lt~ A precise statement of the asymptotic behaviour for the curvature tensor i t  and also for the lapse 

function 4, and second fimdamental form k of the foliation is too technical for the purpose of this report. 
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We next indicate how" to construct maximal initial data sets which are asymptotically 
flat and satisfy (0.15). This is based on the observation that the constraint equations 
(0.11a) and (0.11b) are conformal invariant. More precisely they are invariant with 
respect to the transformation, gij --+ a24gij and kij --4 ¢~-2klj.  Thus, given arbitraxy 
solutions ~), ~: to the equations, 

trek" = 0 (0.16a) 

~Tj~:ji -~ 0 (0.16b) 

where V denotes tile covariant differentiation with respect to the metric 0, we infer that 
gij = ~4~1i.i and kij = ~-2~:i j ,  are solutions to the same equations for arbitrary function 
¢. To satisfy also the equation (0.11c) we have to subject ~ to the Lichnerowitz equation 

A ~  - ~ R ¢  + I],,l~- ~, -~ = 0 (0.17~,) 

In practice one does not solve directly the Lichnerowitz equation. The standard 
approavh is to look for q~ of the form ¢ = f t~  where f~ and k9 axe the confornml fa.ctors 
corresponding to transforlnations which take, first, a.n arbitrary solution of the equa,tions 
(0.16a), (0.16b) to a solution ~, k of the same equations and, then, take ~, k to the desired 
solution g, k. The first conformM factor f~ is chosen so that the Ricci curvature/~ of 0 
vanishes identically. Thus f~ has to be a solution of the linear equation 

_ 1 / ~ f l  = 0 ( 0 . 1 7 b )  h 

The second conformal factor • is chosen such that the transformed variables g, k 
satisfy R = Ikl 2. For this to happen ~ has to be a solution of the linear equa;ion 

0 

Note that,  by virtue of the maximal principle, the equation (0.17c) has always a. 
smooth solution, ~ > 1, with ~ --4 ec on E. On the other hand a sufficicnt condition 
so that the equation (0.17b) has a positive solution with the same property is that the 
L~ norm of the negative part of /~ is sufficiently small. Therefore, (~, g, k) is an initial 
data set satisfying the S.A.F. conditions (0.9a), (0.9b) provided that the corresponding 
solutions 0ij, ~ of (0.16a), (0.16b) verify 

gi j  = ~ij ~- 04(r-3/2)  

~:ij = 03(r  -~ /2  ) 

and the relative part of R satisfies the smallness condition mentioned above. Moreover 
g, k satisfy the Global Smallness Assumption of the Theorem provided that the metric ¢) 
is complete and, there exists a small positive e such that, 
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inf {sup(a2 + dg)~lRi-Tci~ + L 
~'(o)(~E,a ~ 0 E 

+L 

2 

~ ( . :  + do ~/+~lVk~¢cl ~ 
('=0 

3 

y].(a 2 + g~/+' lVq, ' l  ~} < 
t = 0  

where d0(x) denotes the Riemannian geodesic distance relative to (j between the point x 
a.nd a given point  x(0) on E. 

It only remains to discuss whether  the equations (0.t6a),  (0.16b) have solutions ve- 
rifying the above properties. This can be done using the or thogonal  York (tecoml)osition 
of a.ny symmetric ,  traceless 2-covariant tensor h, on a three-dimensional Riemannian 
manifold (E, (j), into a divergence-free par t  ~: and the traceless par t  of the deformation 
tensor of a. vector field X,  

The vector field X has to be a solution of the York equation, 

2 " t  - 
9 ~ ( 9 ~ X j  + 9 jX~ - j U V  Xe) = 9q7. u.  

Thus,  fi)r given .~ = (~ij + o4(r-~ ), we select an a.ppropriate ~: by decomp()sing any 
- - 5  

symmetr ic  traceless tensor h = o 3 ( ( r T )  according to the definition above, where X is a 
soluti(m to the ~})rk equation. For details of how to achieve this we refer to [Ch-Mu]. 

The  proof  of  the Main Theorem,  hinges on an elaborate comparison axgument with 
the Minkowski space-time at the level of the three geometric s t ructures  with which this 
is equipped. 

• Th, e cauouical space-like fol iat ion of Minkowski space-time is given by any choice 
of a one parameter  family of parallel space-like hyperplanes,  the level sets of the time 
function t = x ° = const. 

• Th, e nul l  ,~truct.ure of the Minkowski space-time is specified by one family of fl~ture 
null cones and another  of past  null cones with vertices on a time-like geodesic or thogonal  
t.o the canonical space-like foliation. These fmnilies are the level sets of the optical 

~"~3 flmctions u = r - t  and, respectively, t, = r +  t, where r = ('~i=1 ] xiIe )~ The  null vectors 
e+ = 01 + cO,. and : _  = cOt - O~ are parallel to their respective gradients and span all the 
asymptot ic  null directions. 

• Th, e conformal  group ,~f, ructure is given by the 15 parameter  group of translations,  
Lorentz rotat ions,  sealing and inverted translations.  The  corresponding infinitesimal 
generators of the group axe, 

1. The 4 generators of transla.tions, 

Tj, = CO~,, It = 0, 1 , 2 ,  3. 
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2. The  6 genera tors  of the  Lorentz  group,  

where, ;rl, = qm,  x v.  

3. Tile scal l ing vector  field, 

4. The  4 acce lera t ion  vector  fields, 

Ft, v = 0 , 1 , 2 , 3  

K~, = - Z % S +  < x, x > C9~,, # = 0, 1,2, 3 

~\:e recall  tha t  the  vector  fields in the  first  two groups  are  Kil l ing while all the  o thers  
are  confomml  Kil l ing 17. In  pa r t i cu l a r  the  de fo rmat ion  tensors  of S and  I(0 are  givxm by, 

(s)~ = 2q, (K°)~r = 4tq. 

As small perturbations of the Minkowski space-time, the solutions of the E-V which 
we want to construct will mirror the structures outlined above. In other words we 
construct them together with the following: 

• A n lax imal  space-l ike fol ia t ion of the  type  descr ibed  above. 

• An a p p r o p r i a t e  defined opt ica l  funct ion u whose level surfaces descr ibe  the  s truc-  
ture  of f l t ture null  infinity. 

• A faa l i ly  of Mmost  Kil l ing and  conformM Kil l ing vector  fields. 

17 A vector field S in a space-time (M,g) is ca.lled Killing, resp. conformal Killing, if its deformation 
tensor ix )rt=E\ g is zero, resp. proportional to g. 
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A b s t r a c t .  We discuss a recent Besov space regularity theory for discontinuous, entropy solutions 
of quasilinear, scalar hyperbolic conservation laws in one space dimension. This theory is very closely 
related to rates of approximation in L 1 by moving grid, finite element methods. In addition, we establish 
the Besov space regularity of solutions of the inviscid Burgers equation; the new aspect of this study is 
that no assumption is made about the local variation of the initial data. 

K e y  w o r d s ,  regularity, moving grid finite elements, Besov spaces, conservation laws 

A M S ( M O S )  s u b j e c t  c lass i f ica t ions .  35L65, 35D10, 41A25, 46E35 

1. INTRODUCTION 

A regularity theory is developed in [2] and [8] for discontinuous, entropy solutions 
u(x, t) of the scalar hyperbolic conservation law 

u, + f ( u ) ~  = O, z ~ R, t > O, (c) 
u(x,  0) = u0(x) ,  x e R, 

under the assumption that f is uniformly convex and u0 E BV(R) has bounded support. 
In this theory one measures the regularity of u ( . ,  t) in Besov spaces Bg(LP(Z)); functions 
in these spaces have, roughly speaking, c~ > 0 "derivatives" in Lv(I), where I is a bounded 
interval, and q is a secondary index of regularity. (See §2 for precise definitions.) 

Whereas the solutions of many evolution equations (such as the heat equation) have 
enough regularity in Sobolev spaces to be approximated to high order in LP(I) by piece- 
wise polynomial splines defined on uniform grids with grid spacing 1/n, discontinuous 
solutions of (C) can be approximated by splines on uniform grids to at most O(n -l/p) in 
LP(I). Thus, if one would like high-order approximation by splines, one is led to consider 
approximations drawn from the class of piecewise polynomials defined on arbitrary grids 
with n intervals, i.e., free knot splines. Such approximations occur in moving grid finite 
element approximations to time-dependent partial differential equations, such as those 
used by Miller [9], Glimm et al. [5], and Lucier [7]. The following questions then arise: 
What regularity is needed to ensure high-order approximation in LP(I) by free knot 
splines, and do solutions of (C) maintain this regularity as time progresses? The answers 
are that regularity in certain Besov spaces is necessary and sufficient for certain orders 
of approximation by free knot splines, and that solutions of (C) retain this regularity if 
one considers approximation in L 1 . 

At this point, it is useful to contrast the approximation properties of functions in 
Sobolev spaces W~'v(I), a > 0, p > 1, with those of functions in the Besov spaces 
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B ~ ( L q ( I ) ) ,  a > O, q = 1 / (a  + l / p ) ,  p > O. For u • LP(I) ,  I a finite interx-al, p > 1, 
define 

sn (u ) ,  := sn,r(u) ,  := inf Ilu - Pllr,(r), 
P6S. 

where S ,  := Sn,r is the  set of all piecewise polynomials  of degree less than  r on a uniform 
grid of size l I I /n .  (We use the nota t ion  := to mean  "is defined as".)  T h e n  it can be 
shown tha t  

( ~ = r E / ,  

(1.1) 
< o o ,  r - l < c ~ < r E Z ,  

and tha t  the quanti t ies  on the right of (1.1) are equivalent to the seminorm lulw,~,,(i). 
(For (~ not  an  integer, the Sobolev space W~,P(I )  is the same as the Besov space 
B ; ( L ' ( I ) ) ;  see [1, p. 2231. ) 

Recent  results of Pe t rushev  [10], [11] and DeVore and Popov  [3], [4] provide a charac- 
ter izat ion of functions t ha t  can be app rox ima ted  to  high order  by  piecewise polynomials  
in E ,  :-- E , , r ,  the  set  of all piecewise polynomials  of degree less t h a n  r on arbitrary grids 
wi th  n intervals. Define for p > 0 

a , (u )p  := an,r(u)p := inf Ilu - PIILp(r), 
P6E. 

and let q -- 1 / (~  + l / p ) .  Then  for ~ < r, 

u 6 B q ( L q ( I ) )  ¢==~ n~an(u)plqn -1 < 0% (1.2) 

where the right hand  side of  (1.2) is equivalent to the "seminorm" [u[Bg(nqu) ). (This 
"seminorm" does not satisfy the tr iangle inequali ty if q < 1, in which case B q ( L q ( I ) )  is 
not locally convex, but  only locally quasiconvex.) 

This  suggests tha t  perhaps  there are certain spaces X := B q ( L q ( I ) )  t ha t  are reg- 
ular i ty  spaces for (C); i.e., spaces X for which u0 6 X implies u ( . , t )  6 X.  In this 
direction, the  following general  theorem is proved in [2]: 

THEOREM 1.1. Assume that r is a positive integer and that uo 6 BV(R)  has support 
in I :=  [0, 1]. Then there exists a constant C1 := Cl(r )  such that the following statements 
are valid. Let ~2 = {y t lyl < C~llUo[Inc~(R)}. Assume that there is a constant C2 such that 
for all ~ 6 fl, If(r+~)(()l  < C2 and f " (~ )  > 1/C2. Then for any positive c~ < r and time 
t > 0 there exists a constant C such that ifuo 6 B'~(I)  := B~(Lq( I ) ) ,  where q = 1/(c~+l) ,  
then u ( . ,  t),  the solution of (C) ,  has support in It = [inf~ea f ' (~) t ,  1 + sup~ea f ' (~) t ]  and 
It (" , t ) l l .o( i , )  < C(ll 011Bo( ) + 1). 

In  this p a p e r  we examine  the special case of the inviscid Burgers  equat ion,  

ut + (u2)x = 0 ,  x 6 R, t > 0 ,  
u(x,O) = Uo(Z), x 6 R. (S)  

In  this case, we are able to avoid the requirement  tha t  the to ta l  var ia t ion of u0 be 
bounded,  and  we can show tha t  the Besov space norm of u is bounded  independent ly  of 
t ime.  Fur thermore ,  the proof  is simpler. Thus ,  in §3 we prove the  following theorem: 
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THEOREM 1.2. Assume that Uo E L~(R) has support in I :=  [0, 1] and that f (u)  = 
u 2. Then for any positive a there exists a constant C such that if Uo • Ba(I) :=  
B~(Lq(I)), where q = 1/(¢x + 1), then u(.,  t) has support in It = [--(8NUO[[LKR)t) 1/2, 1 + 
(8HUo[ILt(R)t) 1/2] and ]]u(. ,t)l[B~(i,) < CllUoiiB~(I). 

2. PRELIMINARIES 

In this section, we recall the definition of Besov spaces, present relevant properties 
of the solutions of (C),  and, finally, restate lemmas found in [2] tha t  will be useful here. 

Let I be a finite interval. Fix 0 < c~ < e~, 0 < q _< oa and 0 < p < oo, and pick 
an  integer r > c~. Define the LP(I) modulus  of continui ty ~o~(f, t)p to be the supremum 
over all 0 < h < t of I1 h/ t lL,(~),  where Ih {x E I I x + r h e  I} ,  and A°hf(x ) :=  f(x)  

r - - 1  - -  f(x). T he  Besov space B~(LP(I)) is defined to  be and Arhf(x ) :=  A h f (x  + h) Arh-1 
the set of  all functions f E LP(I) for which 

If[B~(Lr(I)) := (fO°°[t-awr(f,t)p]q dt / t )  1/q 

is finite. Set IIflIB¢(L,(Z)) := IlfilL'(±) + IflBg(L,(I)). 
We are part icularly interested in the spaces Ba(I) :=  Bq(Lq(I)), c~ > 0, where 

q :=  1 / ( a  + 1). These spaces have the proper ty  tha t  if a '  > a then B~'(I) is continu- 
ously embedded in Bc~(I), which in tu rn  is continuously embedded in L~(I). We define 
B°(Z) :=  L I ( [ ) .  

The  spaces B~(I), o~ > 0, form a real interpolat ion family. The  real method  of inter- 
polat ion using K-funct ionals  can be described as follows: For any two linear, complete, 
quasi-normed spaces X0 and X1 continuously embedded in a linear Hausdorff  topological 
space X,  define the following functional  for all f in X0 + XI :  

K(f,t ,  Xo,X,) : =  j=i2f+,l{llfollxo + tllf~llx,), 

where f0 E X0 and f l  E X~. The  new space Xo,q :=  (Xo,X~)o,q (0 < O < 1, 0 < q < c~o) 
consists of  functions f for which 

llfllxo., := Ilfllxo+X, + [t-aK(f,t, Xo, X1)]q dt/t < oo, 

where 11 f Il x0+ 21 := K( f ,  1, X0, Xl ). D eVore and Popov [3] showed that  if ~ > 7 > a >__ 0, 
q = 1/(3, + 1), and 0 is defined by 7 = (1 - O)a + Off, then (BC'(I),B~(I))o,, = Bu(I). 
In  particular,  ( L I ( I ) ,  B~(I))~/~,I/(~+I) = Ba(I). 

As we have noted earlier, the Besov spaces B~(I) are int imately related to approx- 
imat ion by piecewise polynomials with free knots. For each pair of positive integers n 
and r, let En :=  En,r denote  the collection of all piecewise polynomials  on I of degree 
less than  r with at most  2" pieces. (This is slightly different than  in §1.) If  f is in L I ( I )  
and n >_ 0, we let 

a,~(f)l  :=  ~rn,r(f)l :=  inf I I / -  vilLi(z) 
vEEr, 
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be the error in approximating f in the Ll(I)  norm by the elements of En; s - l ( f )~  := 
][f]]L~(s). As a special case of (1.2) we have that  a function f is in B~(I)  with a > 0 if 
and only if 

f oo \ l/q 

tifllA~(L,(S)) := t ~__l(2~a~(f) , )  q) < 0 %  (2.1) 

and llflI~g(L'(~)) is equivalent to tlfIIB~<~). More generally (see [4]), if /3 > a and 

0 < q _< oo then Aq(LI( I ) )  = (LI(I),BZ(I))a/Z,q. The characterization given here 
of the equivalence between approximation and regularity is more suited to our present 
purposes than the one given in §1. 

We will now relate certain properties of conservation taws, all of which can be found 
in the monograph by Lax [6]. When f (u)  = u 2, (C) is the inviscid Burgers equation, 
(B). Given x and t, Lax shows that  u(x, t) = uo(y), where y := y(x, t) is a solution (there 
may be many) of the implicit equation y = x - 2tuo(y), and furthermore y(x, t) is an 
increasing function of x for each fixed t > 0. It follows that  when u0 has support  in [0, 1] 
and is piecewise polynomial of degree less than r with 2 n pieces then u(x, t) is piecewise 
an algebraic curve in x for each t. On each piece, u satisfies the equation 

= p ~ ( x  - 2 ~ t ) ,  (2.2) 

where Pi is one of the polynomial pieces of u0. Furthermore, u can only have jump 
discontinuities that  decrease. It follows that there are no more than r2" pieces in the 
definition of u( •, t) for all t > 0. 

Lax also shows that  for any u0 E LI([0, 1]) the support of u( .  , t)  is contained in 
I, := [--(81[UoIIL,(R)t)l/2,1 + (8HuollL,(R)t)l/2]. Also, if u(x,t)  and v(x, t)  are solutions 
of (B) with initial da ta  uo and v0 respectively, then 

Nu(-, t) - v ( . ,  t)HL'(m ~ Nu0 - v0l[Ll(m. (2.3) 

Thus, if v0 is a best piecewise polynomial approximation in L1 ([0, 1]) from E ,  to u0 (i.e., 
Iluo - VotlL,(±) = o n ( U o ) t )  a n d  U . ( ~ , t )  : =  .(x,t) is the solution of (B) with initial data 
v0, then 

l iu( .  , t )  - U,~(. , t ) I i i , ( s , )  <_ ll~,o - V,~(.  , 0 ) l l i l ( S  ) = o ~ ( u 0 ) l .  (2 .4 )  

It  will be ~e fu l  to redefine the values of U,(x,  t) for x ~ 5 to be zero. Then (2.4) remains 
valid because u(x, t) = 0 for x ¢ It. 

We will need the following lemmas, which are proved in [2]. Let 

IIgN*p(I) := (~sl S Iglv) l/P. 

LEMMA 2.1 (Equivalence of Norms). Let ¢ and ¢ be defined on an interval I as 
the functional inverses of polynomials P and Q of degree ~ d; assume that ¢ and ~b are 
monotone on I. Then for all l < p <  d / ( d - 1 )  

lie - eN;(s )  _< c @ ,  d)H¢ - eH~(s).  (2.5) 
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LEMMA 2.2 (Bounded Oscillation). Assume that P and Q are polynomials with real 
coefficients in two variables of total degree less than r. Let ¢ and ¢ be .functions that are 
real analytic in the interior of an interval I and satisfy P(x ,  ¢) = 0 and Q(x, ¢)  = 0 .for 
x E I.  Let A = ¢ -  ¢. Then for k = 0 , 1 , . . . , r  + 1 either A (k) is identically zero on I 
or A(k)(x)  = 0 has finitely many solutions x in I.  The number of  solutions depends only 
o n  F .  

LEMMA 2.3 (Inverse Inequality). Let v be twice continuously d i r e n t i a b I e  on an 
open interval I and assume that v, v ~, and v" each have one sign on I.  I f  numbers p and 
q are given such that 0 < p < 1 and qp < q - p, then there exists a constant C such that 
whenever v C Lq(I) then v' e L ' ( 5  and 

IIv'll;(z) CIIl- llvlI*q(I). ( 2 . 6 )  

3. PROOF OF THEOREM 1.2 

If u0 E B~'(I),:= Ba(Lq(I ) ) ,  q = 1 / (a  + 1), then by (2.1) u0 can be approximated 
well in LI ( I )  by piecewise polynomial functions of degree less than r; inequality (2.4) 
then shows that u ( . , t )  can be approximated well by piecewise algebraic curves of a 
certain degree. The proof of Theorem 1.2 consists of showing that good approximation 
by algebraic curves of the form (2.2) implies u ( . ,  t) E BC~(I,). 

Assume first that a is less than, but close to, an integer r,  and uo C Ba( I ) .  Then 
by the characterization (2.1), ~[2n~an(uo)l] q < ec. From (2.4) we obtain that U , ( . ,  t) 
converges to u ( . ,  t) in n l ( I t )  and therefore 

u = u 0  + - u s )  = T n ,  
n = 0  n = - - i  

where T-1 := [To and for later use we define U-1 := 0. 
From the form of the function U~(x, t) discussed in §2, we can write for n = - 1 ,  0 , . . .  

N 

T~ = E Aj ,  
j = l  

N _< C2 n, 

where C depends on r.  Here Aj  = (¢1 - e j ) X j  with ¢j and e j  algebraic functions and Xj 
the characteristic function of an interval/ ' j .  The intervals I j ,  j = 1 , . . . ,  N are piecewise 

disjoint. We can further assume by Lemma 2.2 that A~ k) has one sign on I j  for each 
k = O , . . . , r + l  and 1 < j < N .  

We fix j and measure the smoothness of A := Aj .  For this, fix h and consider the 
sets F of all x such that { x , x  + h , . . . , x  + rh} C I := Ij ,  F' of all x • F for which 
{x, x + h , . . . ,  x + rh} Cl I # ¢, and F" of all remaining x C R. 

For x E r " ,  A~(A, x) = 0, so 

f r  IA~(A,x)lqdx = O. (3.1) 
t p  
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For  x e F ' ,  A [ , ( A , x )  < 2"(IA(=)I + . . .  + IA(x + rh) l ) .  Since F '  has  measure  no 
g rea te r  t han  2r  min(h ,  lII),  we have for a fixed p > 1 wi th  p < 1 + 1/r, by Hhlder ' s  
inequa l i ty  

~r, iArh(A,x)iq dx < C[min(h, iIi)]l-q/P ( ~  iA(x)iP) q/" . (3.2) 

We can wr i te  A = ¢ - ¢ where ¢ is a piece of U,,+I and  ¢ is a piece of U,,. F r o m  (2.2), 
we can wr i te  ¢ as 

¢ = x - ( I +  2tP~)-l(x) (3.3) 
2t 

where P1 is one of the  po lynomia l  pieces in the  defini t ion of U ,+ I (0 ) ;  s imi lar ly  for ¢ .  
Therefore ,  

1 
I1¢ - ¢ll~>(s) = 5711(s + 2tP1) -1 - (I + 2tP=)-' l l ;(Z) 

_< Cl l (S  + 2tP1) -1 -- ( I  + 2tP2) -1 Ill(S) (3.4) 

= c i 1 ¢  - ¢111(s) .  

Here the  first equa l i ty  is (3.3) and  the  inequa l i ty  tha t  follows is by  L e m m a  2.1. Therefore ,  
f rom (3.2) and  (3.4) we can conclude tha t  

L ,  IA[ '(A'x) lq dx < C[min( h' lII)]l-qlPlZl-q+qlP ( is  IA( x)l dx) q" ( 3 . 5 )  

We next  consider  x E F. Because  A (r) is mono tone  on I, we know tha t  for each x 
there  is a ~ such tha t  

]A~h(A, x)l = C(r)h~iA(r)(~)l <_ Ch ~ max(IA(~)(x)l, IA(r)(x + rh) l ) .  

W i t h o u t  loss of genera l i ty  assume tha t  the  m a x i m u m  is a t t a i n e d  by  the first term. For  
a number  e > 0 to be  specified in a momen t ,  let a r  :=  (~ and  ak  :=  a k + l  -- 1 -- e, 
k = r - 1 , . . .  ,0, and  let  qk := 1/(ak + 1). Then  by  choosing e appropr ia te ly ,  we will 
have q0 = P, where p is as in (3.4). (Here we mus t  assume tha t  o~ is close enough to r . )  
We also have tha t  0 < qk ~ 1 for k = r , . . . ,  1, and  t ha t  qkqk-1 < qk-1 -- qk; therefore,  
L e m m a  2.3 implies  t ha t  

IIA(~)II~,(Z) ~ CIZI-111A(~-I)II*~,_,(S) < . . .  ~ CIII-"IIAII*~o(Z). 

We then  app ly  (3.4) to find tha t  

~ IA[,(A, x)l q dx < Ch rq is  IA(r)(x)l  q dx 

<- Ch"q]Zl-"q+' -~T IA(=)]P 

(/, >' <_ Ch"qllI - ' , - q + '  IA(x)I dx . 

(3.6) 
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Because r = ¢ if h > III/r, (3.6), (3.5), and (3.1) imply that 

R Ia~(A, ~)F & 

( i ) '  C ([min(h, II])]l-q/P[I] -q+q/p + II[-rq-q+ahrqx(h)) IA(x)l dx < 

where X is the characteristic function of [0, IZl/r]. It follows that wr(A, h)g is also less 
than the right hand side of our latest inequality. Therefore, 

fo ~ h-"qw~(A, dh/h h)~ 

( / /,; < C [I[ -q+q/p III h -~'q-q/p dh + ]I] 1-q h -~'q-ldh 
ao I 

( / i ) '  _ c111 -~-~+~ IA(x)I e~ 

( / ) '  = c IA(x ) l  dm , 

because -c~q - q + 1 = 0. 
We can now estimate the smoothness ofTn = Tn(. ,t). Because q < 1, we know that 

N 

wr(T,, h)qq < E w,.(Aj, h)g. (3.8) 
j-----1 

Hence, (3.7) and Hblder's inequality imply that 

/0 ~ ~+/~=~/~,~ ,~(x),~= 
(3.9) 

<_ CNI-q q HTd[L,<m 
<_ CN=q[lYdl~:(~d. 

Consider now the expression for u, u ( . ,  t) = ~,~---a Tn. Using (3.8) and the continuous 
embedding of B~([0, 1]) into Lit[0, 1]), we obtain 

/o= ~/o= aJr(?g, h)qh -ctq-1 dh ~ ~:(Tn, h)qh -°:q-1 dh 

o o  

< C ~ 2~"'ItT. q IIL,(r,) 
n=-i  (3.10) 
o o  

_'Q C 2 O'n(•0) 1 
n=-- I  

_< q cI1~o11.o(co,11) + CIl~011~,(E0,~D 
q -< ClluollNo@,,D, 
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because from (2.3), for n = - 1 , 0 . . . ,  

< UU.+l(t) - u(t)llLl(It) A- []U(t) -- Un(t)[IL~(ZO 
___ llU + (o) -  ollL'.,) + I1 o - 

< 2a , (u0) l .  

By (3.10), [[u(. , t)HB,(h ) _< CIluoN,,([o,i]). 
This proves the theorem for a close to r. The proof for other values of a < r can 

be completed using interpolation; see [2]. [7 
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S o l u t i o n s  of  Q u a s i - L i n e a r  W a v e  E q u a t i o n s  
w i t h  Smal l  In i t ia l  D a t a .  

T h e  T h i r d  P h a s e .  

Fritz John  

This  paper  deals with the behavior  of solutions of the initial  value prob-  
lem of quasi- l inear wave equat ions  in three  space dimensions.  The  solut ion 
u(t, zl, z2, m3) = u(t ,  m) has derivat ives deno ted  by Du with D O = 0 / 0 t ,  
D~ = O/Oz~ for i = 1, 2, 3, combined  into a vector  u '  = (Dou, Dlu, D2u, D3u ). 
The  differential  equa t ions  in quest ion have the form 

! Du = %#(u )DaDzu = 0 (la) 

with 

[3 = D0 2 D 2 - D ~ -  D 2" C°¢(R4);  0. ( l b )  - 3, a ~  ~ %~(0) = 

We use the sum mat ion  convent ion  with subscr ipts  a ,  f~, 7,  . -. always rang- 
ing over 0, 1, 2, 3, and i, j ,  k, . . . o v e r  1, 2, 3. For infini tesimal u, ( l a )  
reduces  to the classical l inear  wave equat ion  [Su = 0. We only consider  
solut ions of ( l a )  which belong to C °~ in a s t r ip  

s ~ : 0 _ t < ~ ,  ~ . a  3. (k) 

The  s cor responds  to the largest  1 s tr ip S s to which u can be ex tended ,  
defines the  "life-span" T of u. 

We consider solutions u tha t  cor respond to prescr ibed initial values of 
the form 

u = e f ( m ) ,  Dou=cg(m) f o r t = 0 ,  m e R  3 (2a) 

where f ,  g C C0(R3), and c is a posi t ive cons tan t .  We are in te res ted  in 
the behavior  of solut ions wi th  "small"  initial  values for large t imes.  In 

1 Solutions defined in one strip can only be extended in a unique way as solu- 
tions in a larger strip. (See p. 8). Thus T is the supreraum, (possibly infinite), of 
all s with a C~-sotut ion defined in S, which agrees with u in S, .  
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this paper  the "smallness r equ i remen t"  means  tha t  e for a fixed choice of 
funct ions  f ,  g, aa~ is sufficiently small. 2 

For  small ~ and  b o u n d e d  t the solut ion u of ( la ) ,  (2a) clearly is approx-  
imated  by cU(t, ~), where U is the solut ion of the linear problem 

[:]U = 0 (4a) 

(4b) U = f(z),  Dou= g(~) f o r t = 0 .  

Here U and its der ivat ives  decay  in t ime like lit. More precisely, following 
G. Fr iedlander ,  we have for fixed f ,  g, and ~ -- r~, r = tzl, ( the eucl idean 
dis tance f rom the origin in R3) tha t  

= t-lk( , r - t) + (sa)  

Here k can be expressed in t e rms  of  plane integrals  of f and  g: 

k((,p) = "~x g(y) dSy 4~r 8p f(y) dS, (bb) 
y.~=p y,~=p 

for ( C S 2, p E R. Analogous  formulae  hold for the derivat ives of U. (see 
[4], pp. i 0 3 - 4 ) .  

It  tu rns  out  t ha t  cU for small  ¢ is a good app rox ima t ion  to the solut ion 
of the  nonl inear  p rob lem ( l a ) ,  (2a) for a surpr is ingly tong time, namely  as 
long as c log  t is negligible compared  to 1. During this first phase of the 
evolut ion of u we have for n > 1 and ct > 1 

with similar formulae  holding for o ther  der ivat ives  of  u. This  implies in 
par t icu la r  for the  life-span T of u in its dependence  on e tha t  

(See [1], [2]). 

lira inf  e log T(e) > 0. (6b) 

2It is not essential that  the initial data are strictly linear in e. All results stay 
valid for more general initial data of the form 

=F(~,~), Dou=V(¢,z), for t=O, z ~ n s  (3a) 

where F and G are of compact support  in z uniformly in e, and 

F ( 0 , z )  = G(0, ~) = 0; F~(0, z ) =  f ( z ) ,  F~(O,z)=g(z). (3b) 

The interpretation of "smallness" used here is, of course, somewhat artificial. 
It does not permit to decide when initial data not depending explicitly on a 
parameter ~ are sufficiently small. 
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For t so large that  ¢ log t is of the order 1 the effect of the nonlinear terms 
in (la) becomes noticeable, and eU ceases to be a good approximation for 
u. During this second phase the derivatives of u still decay like 1/t. The 
duration of this phase is determined by a constant H,  that  depends on the 
plane integrals of f ,  g and on the leading nonlinear terms in (la) .  Let 

z'~v = \ OD~u u'=o" 

With a 3-vector ~ = (~1, (2, (3) we associate the 4-vector 

x = ( - 1 ,  ¢1, ¢2, ¢3) 

and the cubic function 

(Ta) 

(7b) 

1 
Z(¢) = - 5z~, .~XaX, X , .  (7c) 

Denote by k', k", . . .  successive p-derivatives of the function k(~, p) defined 
by (bb). We then arrive at the fundamental  constant  3 

(Td) H = sup p) for ( E s 2, p E R. 

The second phase lasts as long as 

eH log t < q (7e) 

with a fixed q < 1. This implies (more precisely than (6b)) that 

1 
lim inf e log T(e) > (7f) 

~ ---* 0 - -  " H °  

During this second phase the derivatives of u decay approximately to values 
of order exp( -1 /He) .  (See [3], [4]). 

We shall exclude the case where H - 0 from consideration. In that case 
either u is the trivial solution or the differential equation ( la)  satisfies 
Klainerman's null-condition, which implies that  u for sufficiently small ¢ is 
a "global" solution for all t > 0. (See [5], [6]). The subject of the present 
paper is the third phase. During this phase there is a radical change in 
the behavior of the derivatives of u (except of those of first order). They 
stop decaying altogether, but  instead increase by an amount equal to a 

3The constant H can be expressed directly in terms of U and the aa~ by the 
formula 

H = lim lim sup ta~(U')DaD~U (7g) 
t-,+o t--,oo tDoul>e/t 2DoU 

as follows easily from (5a). 
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(fractional) power of the previous decay. (The first derivatives continue to 
decrease like l / t ) .  The duration of this phase is comparable to that  of the 
second phase. It can be dated from a time tl ,  at which sup= ID2ou(t, ~)l is 
of the order of e x p ( - 1 / e H )  to a time t 2 when sup= ID~u(t, ~)l is of order 
exp(-1/eH+ O/eH) with a positive 0 not depending on e. The third phase 
is characterized by the fact that  the derivatives of u satisfy approximate 
ordinary differential equations along each ray with direction (, essentially 
without coupling between different rays, as if we were in one space dimen- 
sion. Moreover the growth of higher derivatives can be described in terms 
of polynomials in that of the second derivative. 

Beyond t = t2, with e log t  still close to l/H, one would expect D~u 
rapidly to become infinite, so that  actually 

1 
lira e logT(e )  = (8) 
e---,0 "H" 

This has not been proved, except in the special case of radial solutions. 
(See [7]). Generally we can expect a fourth phase in which cross effects 
between different rays (represented by "angular" derivatives) can no more 
be neglected; it is difficult to deduce their asymptot ic  behavior in the same 
way as during the third phase. It is conceivable that  for some types of 
equations and data, blow-up is delayed, or even prevented altogether. 4 

Outline of proof 

The methods used are based on those in [4], with the difference that  now 
tuft is allowed to be large. We have to establish suitable a priori estimates 
for a finite number of derivatives of u. These are extracted from relations 
between their Loo- and L2-norms, and in the case of second derivatives, 
also their Ll-norms. 

Energy estimates give bounds for the L2-norms of higher derivatives (here 
those of order < 9) in terms of time integrMs of Lot-norms of lower deriva- 
tives (those of orders _< 5). These estimates can be extended without 
change to all generalized derivatives associated with the d 'Alembertian [3, 
including the angular derivatives with respect to the Minkowski metric. 

Using Klainerman's extension of Sobolev's inequality [10], we can in turn 
estimate the Loo-norms of the lower (generalized) derivatives in terms of 
the L2-norms of the higher ones, with additional information on their decay 
with increasing ~ or diminishing t~1. 

A third source of information consists of the approximate ordinary differ- 
ential equations that describe the evolution of the lower order derivatives 

4For certain types of equations, blow-up of non-radial solutions with initial 
data restricted by inequalities had been established, (see [8], [9]), without show- 
ing, however, that the life-span T(¢) satisfies (8). 
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on each ray in R a along "pseudo-characteristic curves", similar to the equa- 
tions satisfied along characteristics in the one-dimensional case. The error 
terms in these equations that  can be neglected during the third phase (and 
are partly of higher order), either involve products of decaying quantities 
(arising from nonlinearities) or angular derivatives multiplied with higher 
negative powers of t. In this critical period, when ¢logt  is close to l / H ,  
it is convenient to measure growth of L ~ -  and L2-norms not in terms of 
powers of t, but rather in terms of powers of the quanti ty 

w(t) = sup Z(m/lml)tD~u(t, az) (9) 

which essentially describes the growth of the second derivatives. This is 
analogous to the one-dimensional situation, where higher derivatives grow 
like polynomials of second derivatives along characteristics. 

An extra consideration is needed to show that  the first derivatives of u 
continue to decay like l i t  during the third phase. For that  purpose we have 
to derive bounds for the Ll-norm or IzlD~u(t, ~) along a ray. 

The estimates derived (which depend on each other) are finally put to- 
gether in a scheme yielding a priori bounds for all quantities for sufficiently 
small ¢, provided the growth of w(t) does not exceed that  of a certain 
fractional power of t. 

Generalized derivatives 

Following Klainerman, [11], we introduce the linear differential operators 
("generalized derivatives") 

P o = tD o + veiDi; 
F a = a%D o + t D a ;  

I' 6 = z l D  2 - ~2D1; 
Pg= D=; 

P1 = z lD0 + tDt;  
Y 4 = a%D a - ~3D2; 
r r = Do; 
]71o = D a. 

F 2 = z 2 D  o+tD2;  
F 5 = zaD 1 - zlDa; 
r s = D1; 

Here F1, . . . ,  P6 are the generators of the Lorentz group ("angular deriva- 
tives" in the Minkowski metric), Po the generator of the homethetic trans- 
formations in R4, and PT, " ", I710 those of the translation group. For com- 
mutation with the d'Alembertian, we have the rule 

DF m - P m  D = 25o .~  for m = 0, 1, . . . ,  10. (10a) 

For multi-indices A = (A0, A 1 , . . . ,  A10 ) with non-negative integral ele- 
ments we define addition in the obvious way, and also 

10 6 10 
IAI = Am; IAI* = Am; A! = (10b) 

rr~----0 m----0 m = 0  
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Here A = 0, if all A,~ = 0. As usual 

r ~ = (ro)~O(r~/, . . .  (r~0) A~o. (10c) 

In what follows we use the symbol ~ to stand for a "finite linear com- 
bination with constant numerical coefficients". One easily verifies that  

rAFB = FA+B -~- E pC 

C 
with IcI < IA[ + IB[ (11a) 

r~D~ - D~r A : ~ D~r c with tC I < tAt (l lb) 

F A n -  rnyA = E r c [ ]  with tCI < IAI, ICl* < IAI* (11c) 
C 

For scalars .(t, ~), v(t, ~) 

A! 
rA(.v)  = ~ e! c ! ( rB~)( rcv)  w i t h B + C = A .  ( l ld)  

B,C 

Setting d a = O/OD~u, we have by the chain rule 

r%~(u')=(d~%~)(rAD, u)+ ~ (d~%z) ~I(rA(~)D, ~) ( l l e )  
7,A(~),7,~ n = l  

where d ~ stands for a monomial of degree ~, in the d~, and 

v 

2 < u < tAI; E A(r0 = A; A ('~) ¢ 0. (11f) 

N o r m s  a n d  0 - n o t a t i o n  

For a scalar v = v(t,~) of compact support  in z, uniformly in t, and a 
non-negative integer N we define the norms 

Iv( t, a ) t g  = sup IFA(v(t, $)I with IAI ~ N (12a) 
A 

Iv'(t, ~)l~ = sup IrA D.v(t, ~)I 
A~a  

with IAI ~ N  (12b) 

(/// IIv'(t,~)ll~ = (]v'(t,X)IN)2 d~l dz2d~3 
Ra 

(12~) 
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In particular we write 

Iv'(t, z)] = iv'(t, Z)]o = sup IDly( t ,  a)I. (12d) 

Given a set S in the two-dimensional pq-plane, (whose definition may 
involve the functions f ,  g, aa~ and e), we write 

p = 0(q) in S (13a) 

if there exists functionals C and E of f ,  g, a .~  such that  

Ipl < Ca for all (p,q) E S provided 0 < ¢ < E. (13b) 

If the set S depends on a parameter  M, and E (but not C) also depends 
on M, we write 

p = OM(q). (13c) 

E n e r g y  i n e q u a l i t i e s  

The assumption f ,  g E C ~ ( R 3 )  implies that  there exists a smallest S such 
that  

f ( z )  = g(z) = 0 for Izl > S. (14a) 

Then also (see [8], pp. 48-51) 

~(t, ~) = 0 for i~l > s + t, 0 < t < T. (145) 

For the solution u of ( la) ,  (2a) we define the linear differential operator 
L ,  acting on functions v(t, z) by 

t 2) Luv = Dv - a~,~(u ) D a D  ~ . (t5a) 

For any v(t,  z) ~ C2(t,  z) and vanishing for tz[ > S + t  we have the integral 
identi ty 

Ra R~ 

where 

I ( t , ~ )  = (D~v) (Dav)  - aoo(Dov) 2 + a , k (D iv ) (Dkv  ) (15c) 

2(Dov)L, ,v  ) - (Doaoo + 2D~aio)(Dov) 2 

- 2 (Dkaik) (Dov) (Div  ) + (Doaik) (Div)(DkV)  (15d) 



valid for 0 < t < T, 
t < T then 

f f  I(t ,  z) dz I dz 2 d~ 3 

Since aa~(0 ) = 0, there exists a p > 0 such tha t  

1 
I%~(~')1 < g 

We can choose here 

p = min(1 , (  sup 24d~a~(rT))  -1) 
aJ3,3,,~/ 

If  then  

we have 
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Z E R 3. (The a ~  have a rgument  u') .  For 0 < t o < 

ds / I f  J(s,  ~) d~ 1 d~ 2 d~3.(15e ) 

for I~'1 < p. (16a) 

with r] = (r;o, rh, r/2, r/a); I~1 < 1. 

(16b) 

]u ' ( t ,z ) l  < p  for ~o-< ~ < T, z E R 3 (16c) 

1 , 2 ½  7 v < (D~v)(D~v) < I < (Dav)(D~v) < 61v'I e (166) 

and hence from (15e) 

/,;III IIv'(t)ll 2 _< 1211v'(to)ll 2 + 2 ds J(s, x) d~ 1 dm 2 dm 3. (16e) 

U n i q u e n e s s  

If there were two solutions u and u* of ( la) ,  (26) with lu'[ < p, ]u~'[ < p 
for 0 < t < %  z E R  3 , w e a p p t y  (16e) t o v = u  * - u .  Here 

L,~ v = (ac,~(u*') - a ~ ( u ' )  ) D~D~u* = O(Iv'llu* t2) 

J = 0((1~'12 + 1~12)1v'1~). 

Since liv'(0)ll = 0 we ~na 

for 0 < s < r ,  ~ e R 3, which implies IIv'(t)}l = 0, and hence u* = u. 
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E n e r g y  i n e q u a l i t i e s  for h igher  der ivat ives  

We apply the energy inequality (16e) to the function v = FAu with 1 
[A[ ~ N for t o < t < 7- < T, assuming that (16c) is satisfied. Since L~,u = O, 
we have by (15a) 

L~FAu = ([DF A - FA[-])u_ aa~(ut)(DaD~F A - FADaD~)u 
- a~(u')FAD~D~u + FAa~(u')D~D~u. (17a) 

Using (l la ,b,c,d,e)  crudely, we arrive at a representation 

B , C  

with IB[ + ICI ~ [A[, 

leading to the estimate (using aa~(u' ) = 0(1~'1)) 

IV[ < IA[ 

(17b) 

I I ( r A . ) ' ( t ) l l  ~ 

By (16e), ( l lb )  

where 

and finally 

/ / /  J(s,$) d~l d~2 d~3 : O(O(N)ax(s)llu'll2N) 

aN(s) = sup(O(N)(Iu'(s,~)lN,) + lu'(s, a)INN,). 

= II~'(t)ll ~ 

o(l[u'(to)II~ + ftl ax(S)llu'(s)l[2 ds ) (170  

= / I f  lu'(t'~)12Nd~ld~2d~3 

= 0($(N) sup II(r~)'(t)l?) 
I A I ( N  

= O(O(N)[[u'(to),,2+ f, lax(s),lu'(s),,~ds). (17j) 

(l~g) 

(17h) 

z~rAu=o 0(N p luk_ (17c) 

with~_> 2; n l + . - . + n ~ _ < N + l ;  n .~_<N (17d) 

with a suitable numerical factor 0(N). For n' = [(N + 1)/2J, (where kzJ = 
the largest integer not exceeding z) we find 

t N  t 
L~PAu = 0(O(N)(J~'lx, + [u Ix,)lu Ix) (17e) 

t N  t 2  : = 0(~(N)(l~'lx, + bu Ix,)iu Ix) (170 
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K l a i n e r m a n ' s  i n e q u a l i t y  

The energy est imates for a solution of ( la ) ,  (2a) are supplemented  by a 
general inequal i ty  due to S. Kta inerman s connect ing the Loo-norms and  
L2-norms of generalized derivatives of any  scalar v: 

v(t, z) = 0((1 + t ) -1/2(1 + t + I~l)-~ll~(t)l12) (18a) 

This implies (with a suitable numerical  0(N))  tha t  

tv(t ,~)l~ = 0(o(N)(1  + t) -1/2(1 ÷ t ÷ l~l)-~ltv(t)lIN+~) 

= O(~(N) l-~liv(t)IlN+2). (18b) 

As an application take inequal i ty  (17h) for the case where N > 5, and 
hence N ' +  2 < N.  Then  aN,(S ) can be es t imated  in terms of []u'(s)[Ig_ 1. 
By Gronwall 's  Lemma6we can obta in  bounds  for l]u'(s)llg in terms of those 
for [[u'(t0)[[ g and [tu'(s)[[g_ 1. It follows by induct ion  tha t  a priori bounds 
for [lu'(t)[[5 imply bounds  for all [[u'(t)llg. 

T h e  f i r s t  p h a s e  

We apply (17h) for t o = 0, N = 8. Assume also t ha t  

lu'(t,~)14 < 1, I~'(t ,=)l  < p for 0 _< t < 7, = e R3. (2oa) 

5See [10]. For the purposes of the present paper one could get along with 
Klainerman's earlier inequality connecting IvlN with IIvIIN+,. (See [11]). 

6Here and elsewhere in this paper we use GronwalI's Lemma in the form: If 
z(t) > 0 for to < t < r and satisfies 

where 

( f  ) z~(~) _< c zo ~ + (~(,)z~(,)  + b(,)z(,)) e ,  (19a) 
tO 

~o > o; a(s) < a '( ,);  b(,) < b*(,); a*(,) > O; b*(,) > 0 

then 

with 

z(t) < v~o(t)~o + ! c  f '  o(t) , 
- 2 j~o o-(-g b (,)d~ (~gb) 

) o(~) = exp  ~ ' ( , )  a ,  . (~9c) 
tO 
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Then by (17f), (18b) 

aN(S) = O ( 1 - ~ s  llU'(S)Hs) . (20b) 

Since also II~'(0)ll~ - 0(c), there exists a C depending on f ,  g, a~z but not 
on c or % such that  

l l,z(t)ll~ <_ c~(~ 2 

for 0 < t < r.  This implies that  

) + - i - - -~ l l= ' (~) l l  ~ ds (20c) 

provided 

Cc 
I1~'(~)11~ < - 1 - C % l o g ( 1  + t ) / 2  - o ( c )  (20d) 

It follows from (18b) that  

which implies that  

c l o g ( l +  t) < C -3. (20e) 

1 1 
fu'(t'm)i4 < 2; lu'(t'm)I < 2P (20f) 

for 0 < t < T, z E R z, provided c < E with a suitable E.  This proves that 

II~'(~)l[s = o ( c ) ;  I~ ' ( t ,  z ) l  6 = 0 ~ (20g) 

for all c, t satisfying (20e). 
Assuming then (20e) to hold, we apply (16e) to the function v = FA(u - 

¢U), where U is the solution of the linear problem (4a,b). Here by (17c), 
(20f) for IAI < 8 

L~v = L ~ F A u - e a ~ D ~ D ~ F A u  

= 0(l~'141~'ls+~l~'tlU']9 ( : la )  
- t 't ' ~u't~) 

--  o(N'141~' - ~u ' l~  + ~l~'l~IU'lgl,~'  - ~u ' Is ) .  (21b) 

Since flu' - ¢U']I s = 0(e 2) for t = 0, we find from (16e) that  z(t) = 11(~ - 
eu) '( t) l[s satisfies an inequahty of the form 

( /o ) ~(t) = 0 ~ + ( ~ ( ~ ) ~ ( ~ )  + b(~)~(~)) d~ 
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with 

By (20e) 

a(s) = suplu'(s,~)l,=O(T~s ) =  

b ( s )  = c s u p ( l u ' ( s , ~ ) h l i U ' ( s ) l l g )  - o 

L ta(s)ds = 0@log(1 + t)) = 0(1). 

Applying (19b) we find 

I1(~- ~v)'(011s = 0(~(1 + log(1 + t))) (21c) 

for ¢, t satisfying (20e). By (lSb) we conclude that 

e2 ( l+ log ( l+ t ) )  ~ (21d) 

expression the degree to which u p is approximated by eU' during the first 
phase. 

By Huygen's principle U(t,m)= 0 for I t - I z l I  > S. tt follows from (21d) 
that 

L t+s rlu'(t, r¢)16 d" = 0(c2( 1 + log(1 + t))(1 + t)1/2). (21e) 

The starting time for our later estimates will be 

, Oleo1) 
We notice that at that time by (20g), (21c), (21d), (21e) 

lid'(to)liB- 0(~); lu'(to, m)16 = 0 (1@to) (22b) 

¢2 l°g(1/¢) ~ (22c) 
l~'(to,~)-~cr'(to,~)t~=o (t+to)-C1--JG--I~l l)It  ~] 

L ~ ~ ' l ~ ' ( t o ,  r , ~ ) l ~  - -  dr O(e). (22d) 

In particular we find from (22c), (6a) that for z = r{ 

toD~u(to, =) = k"(& r - to) + O (c21og 1)  (2aa) 
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and hence by (9), (Td) 

This implies that 

W(to) = cH + 0 (¢21og 1 )  • 

WOo) -- ~ + 0  clog =0(1) .  

(23b) 

(23c) 

L 2 - e s t i m a t e s  in the  s e c o n d  a n d  th i rd  p h a s e  

Let the function w(t) be defined by (9). We write w 0 for W(to), where t 0 is 
the number given by (22a). We assume that  in the interval t o < t < ~- the 
function w(t) is Lipschitz continuous with a derivative that satisfies 

dw w 2 
d--( > 2-7 (24a) 

wherever it exists. Assume that  in the same interval 

[u'(t ,z)I<p; [u'(t, z)[m < 1 for m =  1, 2, 3, 4 (24b) 

M~ (w(t)~ 2m-1 
for m = 1, 2, 3, 4 (24c) lu'(t, z)lm < --/-- \ w0 / 

with a certain M > 0. We shall prove then by induction over N that  for 
t o < _ t < r  

[[u'(t)[[N = O ( ( l  + M)N e Cw(t) "~ Wo / (24d) 

for N = 0, 1, 2, . . . ,  8, with a constant ~ satisfying 

. = 0(1). (24e) 

For the proof we apply (16a) to v = "FAu with IAI _< N _ 8. By (17b) 
and assumption (24b) 

L~pAu= O( sup lu'lnllu'l~2) with nl, n2 <<_ N, nl + n2 < N + l. 
7611~,2 

It follows from (15d) that  

J = O(lu'ilu'12N + sup lu']~IU']N+I_~IU'IN ) 
n 

with 2 _< n _< (N + 1)/2. (The last term only occurs for N > 2). Thus 

f f f z dml dm z dm 3 

= O(sup I~'(t, m)l~ll~'(t)ll~ + sup I~'(t,~)l.llu'(t)ll~ll~'(t)ll~+l_.) 
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with 2 < n < (N + 1)/2. It follows from (16e) that 

II~'(t)ll 2 _< c(ll~'(to)ll~+ f~j(a(s)ll~'(s)ll~+bN(s)ll~'(s)tl~)ds)(25a) 
with 

a(s) = sup tu'(s, Z)tl (2Sb) 

N + I  
bN(s ) sup lu'(t, z) ' - -  (25c) = I.II~ (t)llN+l-,~ with 2 < n < 

so that  bN(s ) = 0 for N = 0, 1. By assumptions (24a, c) 

a(s) < Me w(s) < 2M¢ dtog w(s) _ a*(s). 
s w o - w o ds 

Hence here 

¢(t)  -- exp ~- (s) ds = (25d) 
\ W o t  

with 

/~ w o H + 0 Etog = 0(1) (25e) 

by (23c). Since also II~,'(t0)lIN = o(c), it follows from (19b) that (24d) holds 
for N = 0, 1. 

Assume that  (24d) has been estabhshed already with N replaced by 
N -  1, w h e r e N > 2 .  Since n<_ ( ( N +  1)/2) < 4 ,  and N + I - n < N -  1 
we find from (24d), (2@), (25c) that  

bN(s)=O (c2s-l(1-}- M)N (w(s~)~gM+2N+I) WO / 

Using (25d), (24a), (23c) we conclude from Gronwall's Iemma (19b) that  
(24d) also holds for N, thus completing the proof of (24d) by induction. 

Restr ic t ions  on the growth  of w 

We showed that  (24d) holds, whenever assumptions (24a,b,c) are satisfied 
for t o < t < r,  z E R 3. We now introduce a further assumption (really a 
restriction on r) ,  namely that  

- -  < 2  for t o < t <  % m e R  3 (26a) 
~z o 

where )1 
0 = 0(M) = ]-~ + 21 (26b) 
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Here C is the constant (depending only on f ,  g, aaz ) entering (20c), H is 
defined by (7d), and M taken from assumptions (24c). Our present aim is 
to show that then 

l~'(t,~)l = o .  7 

= for m = 1, 2, 3, 4. (27b) 
k W o /  

Using (235) we observe that (275) implies that 

1 ( H  ~ )  ] (28a) ( ~ M + 2 1 ) 0 < - ~ + 0  ~ ¢ l o g  < 

for sufficiently small e. By (24d), (18b) for z = r~ 

I1~'(e)118 = o 

= 0 

I ~ ' ( t , ~ ) 1 6  = o 

= 0 

((1 \%-S-o: / 

\~o} ] (28b) 

( t ( l ( l +  M) se (w(t)~JzM+16~ 

~(1+t~- , I )  ~/~ \To/ 1. (28c) \ 

E s t i m a t e s  in  t h e  n o n c r i t i c a l  z o n e  

W'edivide the region t o _< t < r, 0 < r < t + S i n  the rt-plane into a 
noncritical zone 

0 <r  < t - t  1/4, t o_<t < r (29a) 

and a critical zone 

t - t  1 / 4 < r < t + S ,  t o < ~ < 7 - .  (29b) 

In the noncritical zone (29a) we can immediately verify (27a,b). Indeed 
by (28c), (29a), (22a), (28a) we have 

\7o/ / \ 

= o (1+ ~log = o M , = .  (30) 



170 

The approximate differential equations along 
pseudo-characteristics in the critical region 

To es tabhsh (27a,b) also in the critical region we introduce for each direc- 
t ion ( the curves given by the ordinary differential equat ion 

dr  1 
r e = c =  1 +  a ~  X~X~ dt -~ (u') (31) 

in the r t -plane,  wi th  u'  = u '( t ,  r ( ) ,  and the X~ defined by (Tb). We call 
these curves pseudo-characterist ics .  7 

By (30) we have on the separat ing line r -- t - t 1/4 

( c )  l t _3 /4  (32) 1 - c = 0 ( u ' ) = 0  M 7 < 

for e < E ( M )  with a suitable E ( M ) .  As a consequence, a 
pseudo-character is t ic  continued backwards from a point  in the critical re- 
gion ei ther  intersects  the line r = t - t  z/4 in a point  with t > t0, or intersects  

_+1/4 the line t = t o in a point  with r > t 0 o0 . A forward pseudo-character is t ic  
from a point  in the critical region does not leave tha t  region for t < r .  

The  definit ions of the generalized derivatives F o, . . . ,  Flo give rise to the 
identi t ies 

Di = _ ~ D  0 + 1F. ~i 12 r~i~k (33a) t ' + t + r  o t(t+r)rk 
1 

D O -- t2 _ r2 ( tF  o - aciF/). (33b) 

It follows tha t  for a funct ion v(t,  ~) = v(t,  r~) in the critical zone (29b) 

Dc, v = -XaDov + O (~lv[, ) (33c) 

= (33d) 
\ l ~ - r l  / 

We in t roduce  the radial derivative 

R = ~iDi = ~iDi = -~r" 

Then  ) (Do + R)v  = O \ t ll • 

(33e) 

(33f) 

7Up to terms of higher order in u' the relation dr/dr = c represents the 
characteristics for the operator L~ when applied to functions v depending only 
on r and t. 
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One verifies easily the further relations 

o~o~: o~÷0(1,~,,0= ~~÷0(1~, 0 ~,~ 

The operator Lay  can be written in the form 

Lay = [:Iv - aa~(u ' )DaDt3v  

: ~(Do + cR)~Do~ - ( D o  + R ) ~  - ~(~o + R)~ - 2t  r D o  v 
rt  

- 2 ( c -  1)(R + Do)Do v 5ik ~y~ r~rkv + -~r~v 
- a~,~(DaD~v - X a X ~ D ~ v  ). (34) 

Thus along a pseudo-characteristic 

1 ( ( 1 ) )  
~ t D o v  = (D O + c R ) t D o v  = tL~v  + 0 + ]u'l Iris. • (353) 

We shall apply this equation to v = FAu with 1 < tAI < 4. In that case 
for ~ = re we have by 01a) ,  (123), (18b), (28b) 

Iv(t,~)l~ = O(lu(t,~)l~) = O(sup I r '~ ( t ,~ ) [ )  
ISl<6 

/ f,+s ) 
-- 0 [ s u p  I [RFBu( t , s~) l  ds 

\lBl<6Jr 
_ t+S --_ - -  /t+S --0(/r 'u(t,s~)'6ds)O(l['u'(t)l's j t _ t ~ / . -  (1 -~- 1t~ $,)1/2) 

ds 

= O(t -7/Sl ,u 'e t )[ , s )=O ( c ( 1 +  M)St_7/8  'wo(W(t)/~"M+16) (35b) 

1 , (~( ~) 
t + lu'l < - + lu'll = 0 1 + ¢ M  w( t )  

- t w o / 

(35c) 

E s t i m a t e s  for tD~u and w 

We apply (353) to v - Dou. Here by (73,c),(33g) 
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Hence by (35a) 

d 2 1Z(~)(tD~u)2 b ~t~Dou = + (36a) 

where by (24c) 

b = 0 t +t ull [u'[2 =0 7 -  l + U ¢  

(c /V/( l  ( w )  5) (¢M ( w )  5) (36b) = o \ ~  + M~/~ ~ = o~ \ ~ ~ . 

Then a/so 

(36c) 

By definition there exists a unit  vector ~0 and a number  r 0 such that  

w o = Z(~o)toDo2u(to, ro~°). (37a) 
~tl/4 Here r o > ~o - S > C o - ~ o  by (23a,b), since k"(~,p) = 0 for IPl > S. 

We can apply (36c) along the pseudo-characteristic issuing from the point 
(t0, r0~°), which lies in the critical zone. By (23b), (26a,b) 

¢M w 
oM -V- ~ = 0M \t2-5~t~0)  = 0 M \ UO / 

OM(I¢3MIog21) < t 27wo (37b) 

for ¢ less than a suitable E(M). Hence the inequality 

z (~) ,D~( , , , .~ )  > ~o 

persists all along the pseudo-characteristic.  
Then  a/so 

w(L) = sup Z(~)tD~u(L, r~) > w o (37c) 

for t o < * < ~-. In the noncritical zone we have by (30), (28a), (22a) 

= o .  (~(1 + M/~2.~+~°t-" ~) < ~o. (37d) 

It follows that  Z(~)tD~u for fixed t assumes its supremum w(t) only at 
points z = r~, for which (r, ~) lies in the interior of the critical zone. 
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By definition (37c) w(~) is locally Lipschitz continuous for C o < t < r, 
since Z(()~D~u(t, r ( )  is Lipschitz continuous in t. Let for a certain t 

w(t) = Z(rl)tDo2(~, cry) (383) 

with a certain unit vector ~? and cr > t - t 1/4. For h > 0 the increase in w 
from t to ~+h  can not be less than the increase in Z(~)tD~u(L r ( )  along the 
pseudo-characteristics through the point (t, err/). For h ---* 0 we find from 
(36c) that  

l iminf  w(t + h ) - w ( t )  >_ 1 + OM ( e M  (w(t )  ~ s)  > 0. (38b) 

This shows that  w(t) is a monotone increasing absolutely continuous func- 
tion of t .  Similarly we find for h > 0 that  the increase in w from t - h  to ~ can 
not exceed the increase in Z(~)tD~u(t, r : )  along the pseudo-characteristic 
above. Hence 

liminfu._.+0 w(t)-W(th - h )  _< w2(t ) + 0 M  " 7  \ Wo / . 

It follows that 

d'-~ t --fi- (38d) 

whenever dw/dt exists. 
Returning to the differential equation (363) we see that  

d 2 : + b (393) 

where 

a = Z(¢)*D~u < - w  = - - - -  + 0 M . (39b) 
- t  wd~ 

The pseudo-characteristics in the critical zone originate at points (t 1, rl~ 1) 

where either r 1 = t 1 - ~ 1  , ~1 > to, or t 1 =to~ r 1 > ~ o - ~ o  . In either 
case by (30) or (20g) 

Since also by (a9b), (36b) for q < t 2 < t 

ads < log + 0 M *= _ ~ WoS2_4ot~o ds 

<_ log W,(t) + OM ( e~O~o) =logW(t) + % (39d) 

[bids = 0 M s2_~ot~o ds = OM(¢ ) 
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we find tha t  

tD2u(t,z) = 0 M (ew(t) ~ . 
Wo / 

More generally we have then from (24c), (33g) tha t  

tD~D~u = X,~XetD2u + o(1~'1~) 

(39e) 

E s t i m a t e s  for  u '  

In order to prove (27a) in the critical zone, it is sufficient to show tha t  

L ,+s pID~ Dn u(t, P()t dp = Ou (C). (40a) 

Indeed, (40a) implies for r > t - t 1/4 that  

= - -  r~iDiDeu(e,p{) dp 
"Par" 

¢ ; "  ) = 0 sup plD~D~u(t,p~)ldp =OM(e) .  (40b) 
\ a f t  vO 

In order to establish (40a) we rewrite the ident i ty  (see (35a)) 

d ~ 

in the form 

= ~ ((Doa'~o)(DaD~ - Xe, XoD~)u-a,~Xc,  X~(R + Do)D~u)sgnD~u 

÷o((~+<)<0 
o((~+ <0 <0 --o~ (~'~' <'~" 

~o t(1 + It - ~1) ~12) 
= ( e ( l + M ) 5 2  t~M+l° t (uM+IO)O). 

°" t, ~7+-7- ~i-~ (7;o) (4od) 
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(See (35c), (24d)). By (16a), (24b) 

1 1 3 
7 < 1 - 7a<,~(u')X<,X~ < 7 

Integrating (40d) over t and r, it follows from (40e), (21e) that 

L t+ s r lD2 u( t, r~)l dr 

( / t  f c (1+M)52  gM+I° ( ) s  
= 0(¢) + 0 M dSjo '+s 

(gM+lO)O 

(/ ) t M ) S 2 I i M + I O s _ 3 / 2  S = O(e) + 0 M c(1+ ds 
o 

= O(c) + OM(e(1 + M)52"M+lOto 112) = OM(¢ ). 

Consequently by (33g), (28c) 

L t+ s rlD aD#u(t '  r~)l dr 

(40e) 

alp) 

(40f) 

= t+s r l X = X o D g u ( t ,  r()l dr + 0 7 
dO 

= 0 M c + e t - l l 2 ( l + M ) S 2  "M+1¢ ~o =0M(¢)" 

This completes the proof of (27a). 

Estimates for ordinary derivatives 

We shall prove that 

D~+I~=OM ~ (41a) 

for 2 < n < 4 by induction over n. (It holds for n = 1 by (39e)). (41a) 
implies by (33g), (24c), (26a, b) that also 

Do D ~ D ~  = 0 ID't+l~l + 71~'l,, 

= 0 M + ' - ~ -  
2n-11 

(41b) 
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by (28c), (42a). Thus, using (28a), 

ft tb(a~)[ ds = O(e). 
o 

Moreover, for n > 2 

It follows then from (42b), (39d), (30) that (41a) holds. 

(42c) 

E s t i m a t e s  for genera l i z ed  der iva t ives  

The inequality (27b) to be proved is equivalent to 

pA u, : 0 M 

for 1 < [A[ < 4. It is sufficient to show (43a) for F A of the form 

with 

r A = pBD'~  

[B[* = IB[ : IAI* = m ;  

(43a) 

(43b) 

N : ]A[ : m + n _< 4. (43c)  

[C[ = n; 

For if more generally 

A = B + C ;  tBI*-- tBl=  I A l * - m ;  

IC]* --0; N - -  [ A ] = m + n _ < 4  

then by (33a), (43b), (2Sc), (2Sa) 

1 rAD,~ = r ~ r o D ~  = 0(¢~D~'+1~ I + 71~1~+~+1) 

= 0 M 

= 0 M 
\ W o /  ] 

In particular (41a) implies that (43a) holds for [AI* 
We prove first that 

t r ,  : o 

=0.  

(44a) 
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corresponding to the case m = 1, n - 0 in (43b). By (11b,c), (17a), (390, 
(27a), (33c,g) we have 

= 2 Z ( ( ) ( D ~ ) ( D o r p ~ )  + 0M + t~'lf~'t~ + tt~t2tu'tl  & 

Using (35a, b), (24c), it follows that  tDoPpU satisfies an ordinary differential 
equation along pseudo-characteristics 

dtDoFpu =atDoPvu + b + OM ( ~-~o) (44b) 

with a as in (39b) and 

b = oM(lluh+tIu'IIu'I~+Iul2,u'[1) 

= 0 M ( 1 +  M)St -7/s w (44c) 

We solve the linear differential equation (44b) explicitly, starting at a point 
(rl ,  t~) on the boundary of the critical zone at which (44a) is sure to hold. 
Using that by (26a), (28a) 

f * Ib(s)l = 0M(~) ds (44d) 
1 

we find from (39d) that  

(=+= tDoFvu=O M e l +  --log . (4@) 
~ 0  "U J0 

From (24a) we conclude that  

Wo - 7 w° log (44f) 

and thus 

c log ~o -- 0 w o log = 0(1). (44g) 

Hence (44a) follows from (44d). 
We next show (43a) by induction over m for F A of the form (43b,c) with 

m_> 1, N >  1, assuming as known that  

t r % ' = o  M ~ ~oo (45a) 
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for ICI < aV or fo~ ICI = N ,  Icl* < m. 
By (17a), ( l lb ,c ,d)  

with 

LuFB D~u = FE D~a~oD~Dt u 
IEi<tBI 

IEI*<IBI* 

+ P B ~  (7)(D~aao'(D~-PDaDou' 
p = l  

u aaoFBD~DaDou + P B a~ODoDeD e - 

E ( F  c D~aa0) (F D D~ -p D~Deu) (45b) 

tCl+ IDI ~ IBI=m; I D l + n - p + l ~ m + n = N .  (45c) 

Here by (41e) and the induction assumption 

- -  + lu'la4 (45d) (r cD~a~0)(r ~ Do- 'D.~D~)  = o .  g ,, Wol 

unless ICI = IBI, P = n o r  t D I  = I B I ,  p = 1 .  This leaves 

L.rBD~u = (rBD~%o)(D.Dou) + n(Do%o)(FBD~-ID.Dou) 

- -  + 1,*'I~ 
+ OM 77 \WoI 

= 2 (n+  1)Z(O(D~u)(DorBD~u) 

- -  + [u'l ] + -~lu'lllul4 . (45e) + OM 77 \Woi 

Consequently by (35a,b) 

) d B n w -~tDoP Dou = (n + 1)atDoPBD~u + b + 0 M (46a) 

with a as in (39b), and 

( 1) 
b z 0 M  t[•#143 2 r- l u t l l l u l 4  -~- TI % . ( 4 6 b )  

Here again (44d) holds. Moreover by (24a) 

~ \ ~'o I t , ~ ( ~ ) )  ~ 
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< 2 

= 0 

¢2wn+l(t ) w  2N -~ftl W 2N-n-3+-"dwls) d---s ds 

( 
since by assumption N > 1, m >__ 1, and thus 

2 N - n - 3 = N + m - 3 > O .  

Solving the differential equation (46a) then yields (43a) for F A of the form 
(43b,c). 

This  completes the proof of (27b) in the critical zone. We notice that  the 
est imate (27a) for lu'] has been used in the proof of (27b) only for the case 
m = 1 with F A = Pp. We also observe that  assumptions (24c), (26a) imply 
that  actually 

I~'(t, ~)l _< t~'(t,*)l < 3; p 
1 tu'(t,z)lm < ~ for r n =  1, 2, 3 , 4  (47a) 

when e < E(M). 
Assumpt ion (24a) can be replaced by the assumption that  

Z(()tD~u(t, z) < lw(t) for 1~1 < ~ - ?/4  (47b) 

once (24b,c), (26a, b) are postulated.  Indeed, (47b) implies that  
Z(()tD2u(t, ~) reaches its supremum w(t) only in the interior of the criti- 
cal zone. We make use of (36c), which follows directly from (24c) without  
involving any L2-estimates. This leads to (38b,c,d) and the monotonici ty 
of w(t). Finally, (38d), (26a) imply tha t  

dw 
dt = lw~(  \ ~w~ ) )  

The L2-estimates can then be carried out and the estimate (28c) derived. 
This shows that  actually in the non-critical zone 

\-~o / / \ - -  



181 

= 0 

= 0 

(1 + M)S2gM+lSw(t)) 
_ ~ 1 / 8  
mOb 0 

((l+M)S2gM+~5(vlogl) 1/4) 

for e less than  a suitable E(M). 

< l w ( t )  (47d) 

Final  e s t imates  

The preceding est imates  can be summarized as follows: For given f ,  9, 
a ~  there exists a constant  C I and a funct ion E(M) such tha t  whenever  
e < E(M) and (47b), (24b,c), (26a,b) are satisfied in a strip t o < t < T, 
z E R 3 for the solution u of ( la) ,  (2a), then  in the same strip 

1 Z(~)tD2u(t, ~) < -~w(t) for I~l < t - : / 4  (48a) 

1 
l u ' ( t ' z ) l  < 2; tu'(t'z)I'~ < 7 for r n =  1, 2, 3, 4 (48b) 

T) I m for m = 1, 2, 3, 4 (48c) < 

Obviously we can replace here C,  by any larger number  and E(M) by 
any smaller one. We turn  now to the quest ion of finding M and T, such 
tha t  (47b), (24b,c), (26a,b) are satisfied. According to (20g), (23a) there 
exist positive constants  C o and c o such tha t  for 0 < e < e o 

Z(~)toD2u(to, Z) < lw(~o) (49a) 

1 
tu'(to, Z)l < P; lu'(to, z)l m < ~ for rn = 1, 2, 3, 4 (49b) 

I '(to,  )lm < c1 . (49c) 

We can assume tha t  

C 1 > Co; E(M) < e o. (49d) 

We now choose 

( )-' 1 
2 c c 1  + 21 (50a) M = 2C1; O = 0 (2e l )  = ~-~ H 

and a fixed e < E(2C1).  The inequalities (245,c), (26a), (475) will t hen  
be satisfied for t o < t < % ~ 6 R 3, if only ~- - 4 o is sufficiently small, as 
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a consequence of (49a,b,c) and of 2C 1 > C o, w(to) = w o. There exists a 
largest r = t 2 such tha t  (24b,c), (26a), (47) hold for t o < t < r ,  ~ E R 3 
with the values (50a) for M and 0. At  t = t 2 one of the inequali t ies (47b) 
(24b,c), (26a) has to become an equality. It can not  be (24b,c), (47b) since 

z E  R 3. actual ly  the stronger inequalities (48a,b,c) hold for t o _< t < t 2, 
Hence we must  have 

w0 
while for t o _< t < t 2 

"to o 

(SOb) 

By (47c) 

and hence 

f o r m = l ,  2 , 3 , 4 .  

w- 2 dw 1 e 
"-~ = "~ + O (w~t2-aot3o ) 

w(t) ( 1 - W o  l°g t ( 1 ) )  -1 
Wo = ~o + 0 e 2log 2 . (515) 

It follows tha t  for w o log(t/to) < 1/3 

m < + 0  2 1 o g 2 _ 1  < 2  
7A) 0 2 E 

and hence by (50b) tha t  

w o log t2 1 
t o 3 

On the other hand,  we conclude from (51b) tha t  for 

1 t 1 
- < w  o l o g -  < 1 - ¢ 2 1 o g a -  
3 t o ¢ 

0 
< 2 exp 3--'-w o 

> 2exp(O-Oz21°g3(1/¢)~ 
Wo / 

= 

we have 

w 0 

for sufficiently small c. Hence, by (505), (51c) 

w o log t2 1 - -  > 1 - e  2log 3 - .  
t o ¢ 

It follows from (505) tha t  

w(t2) 
w o 

(51a) 

(51c) 

(51d) 

(51e) 



183 

By (51d) 

while by (51b) 

log "7- > -- - 0 e log 3 
% w o 

-- < - -  + 0 e l o g  2 . 

to Wo 

From (39a) and the definition (9) of w(t) we know tha t  

- ' ( t )  m a x  l t D ~ ( t ,  ~)I 

w(t2)_ ( t~ ( ew(tl) ) )-I 
, , , ( t , )  - 1 - ~ ( t ~ ) l o g  ~ + 0 . ~ , ~ - ~ o , ~ o  

wOOl ~0 

Consequently 

t-~2 < e x p ( 1 - t - 0  (e2log2 
t l  -- 

We see from (52e,f) that  

- +  = e + 0  clog 2 . (52c) 
c 

t2 to w o 

and from (52b,c) that  

o,,,> 1)( 
t t  -- t2 t i  < ~o e x p - - E  1 + 0 clog 2 (52e) 

where by (2ab), (22,,) 

; t o =  clog (52f) 

for sufficiently small e lies between two positive bounds,  that  only depend 
on f ,  9, aa/~. Thus  we can use w/t as a measure for the supremum over 
of ID~u(t,z)l. The function t - l w ( t )  assumes its min imum at some point t 1 
of the interval to -< t < t 2. From (38d), (26a) we find that  

(52a)  
whenever dw/dt exists. This shows that  t o < t 1 < t2, since w(t) = 0(e) < 1 
near t o and by (51e) w > 2 near t = t 2. We also deduce from (52a) tha t  

w ( t l ) - - 1 +  0 (w-~toto)= 1 + 0  (e21og2 1 ) .  (52b) 

The  differential equation (47c) implies tha t  
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This completes the analysis of the behavior of the derivatives of u in the 
third phase, as announced in the introduction. 
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ABSTRACT: There are examples of systems of conservation 
laws which are strictly hyperbolic and genuinely nonlinear 
but for which the Riemann problem can be solved only for 
states which are sufficiently close together. For one such 
example, we introduce a particular type of artificial 
viscosity and show how it suggests a possible definition of 
"generalized" solution to the Riemann problem. 

I. INTRODUCTION 

The model system 

u t + (u z - v) x = 0 

vt + (~-u~-a u) x = 0 

(i) 

lul U(x,O) = (x,O> = (2) 
0 v U R x _ 

presents an example of a system of conservation laws satisfying the 

classical assumptions (strict hyperbolicity and genuine nonlinearity) 

which has no solution for some pairs of states U and U . On 
L R 

carrying out the standard construction of a solution to the Riemann 

problem (a shock or rarefaction of the slower family followed by a 
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Research, Air Force Systems Command, USAF, under Grant Number AFOSR 
86-0088, and by a grant from the Energy Laboratory, University of 
Houston. The U.S. Government is authorized to reproduce and 
distribute reprints for Governmental purposes notwithstanding any 
copyright notation thereon. 
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Figure 1 

wave of the second), one finds that for a given left state, U = U , 
L 0 

the classical type of solution exists in the four curvilinear 

quadrants Qi' Q2' Qs' and Q4 pictured in Figure I. The defining 

equations are simple polynomial or algebraic curves. If U R is 

outside the union, Q, of these sets, then no classical solution of 

(I), (2) exists. 

I f  one i s  searching f o r  c o n d i t i o n s  s u f f i c i e n t  to guarantee 

ex i s tence  f o r  la rge  data o f  s o l u t i o n s  to systems o f  conserva t ion  laws, 

then i t  i s  i n t e r e s t i n g  to t r y  to understand how the s o l u t i o n  to the 

Riemann problem breaks down f o r  a system l i k e  ( i ) .  This mot iva tes  the 

study o f  systems t h a t  approximate ( I )  in some sense. One idea, f i r s t  

developed by Tupciev [9 ]  and by Dafermos [ 2 ] ,  is  to approximate a 

system o f  conserva t ion  laws by the system 

U t + F x = ~tUxx (3) 

The initial-value problem (3), (2) becomes a two-point boundary-value 

problem for a nonautonomous system of ordinary differential equations 

in the variable ~ = x/t (we let = d/d~>: 
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+ d  = C A ( U >  - + 7 0  , (4) 

LI as ~ ~ - 
U(~) ~ L 

U as ~ ~ + 
R 

(5) 

In this note, we study the solutions of (4>, (57 for small 

using perturbation methods; we find that this system admits solutions 

with the structure of "singular shocks": boundary layers in which are 

embedded more singular solutions which are unbounded as ~ ~ O. In a 

future paper [5], we will show, using the construction of Dafermos 

[2], that solutions of (4), (57 actually exist in a rigorous and not 

j u s t  an asympto t i c  sense, and t h a t  they  have the q u a l i t a t i v e  

p r o p e r t i e s  e x h i b i t e d  here .  By means o f  the c o n s t r u c t i o n  p resen ted  

he re ,  we can i d e n t i f y  "shock speeds" and "shock s t r e n g t h s " ,  which we 

use to d e f i n e  a " g e n e r a l i z e d "  Riemann s o l u t i o n .  

Another source  o f  i n t e r e s t  in  (17 i s  t h a t  i t  a r i s e s  in  some model 

equa t i ons  f o r  a problem in  e l a s t o p l a s t i c i t y  cons ide red  by Colombeau 

and Le Roux in  [ i ] ,  when these e q u a t i o n s  a re  put in  c o n s e r v a t i o n  fo rm.  

Colombeau and Le Roux s o l v e  ( numer i ca l l y7  the  system 

I U t + UU ~ x 
( i '  } 

~t + U~ ~ U X 

which i s  r e l a t e d  to ( I )  by the change o f  v a r i a b l e s  

2 u 
~=V----, 

2 

The weak solutions of (i) and (1'7, even if of classical type in both 

cases, would be inequivalent. Le Floch, in [6], establishes a 

theoretical framework for the study of "nonconservation laws" of this 

type, and formulates admissibility conditions for generalized shocks. 

Le Floch's method, applied to (i'>, also gives a solution only in one 

quadrant of the plane, while the solution obtained by Colombeau and Le 

Roux is highly dependent on the specific form of the numerical scheme. 

However, the theory of generalized functions developed by Colombeau 

and used in [I] provides a tool whereby the relation of the 

approximation (4), (57 to the limiting system (17, (27 might be 

studied. This will be the subject of a future study. 
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II. THE SINGULAR SOLUTION 

We consider the system (3). This approximation was designed for 

looking at solutions to the Riemann problem (initial data (2)), 

because it has solutions of the form U = Um(x/t) = U~(~). In fact, 

Dafermos [2] proved a convergence result, as ~ ~ O, for Riemann 

problems for 2 x 2 systems with enough restrictions that a global, 

bounded solution to the inviscid problem exists, and Dafermos and 

DiPerna [3] extended the convergence result to include the case of 

isentropic gas dynamics where the solution may be unbounded. The 

example we are considering in this paper does not fit into either of 

these categories. The existence of the approximate solutions and 

their convergence will be discussed in [5]. 

To s i m p l i f y  t h e  n o t a t i o n ,  we drop  t h e  s u p e r s c r i p t  ~ when we 

l o o k  a t  s o l u t i o n s  t o  t h e  sys tem (4> ,  (5)  o f  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s .  No te  t h a t ,  u n l i k e  t h e  sys tems g e n e r a l l y  used i n  s t u d y i n g  

v i s c o u s  a p p r o x i m a t i o n  to  a s i n g l e  shock ,  t h i s  sys tem deoends 

e x p l i c i t l y  on ~ and on ~ .  

The c l a s s i c a l  s o l u t i o n s  t o  (4)  a r e  a p p r o x i m a t i o n s  e i t h e r  t o  

r a r e f a c t i o n s ,  i n  wh ich  U, U and U a r e  bounded as ~ ~ O, o r  t o  

s h o c k s ,  i n  wh i ch  U i s  bounded bu t  U and U a r e  n o t .  We do n o t  

e x p e c t  ( 4 ) ,  (5 )  t o  have a c l a s s i c a l  s o l u t i o n  u n l e s s  U ~ Q(U ) .  We 
m L 

c o n s i d e r  t h e  p o s s i b i l i t y  t h a t  s i n q u l a r  s o l u t i o n s  o f  (4> e x i s t ,  i n  

wh ich  U i s  unbounded f o r  ~ near  some v a l u e ,  s .  Thus, l e t  

[-o 
c p 

u ( ~ )  = 1 ~ - s  " 
(6) 

If we let n - - ~-s , . _ d 

~q d~ 
, then (4) becomes 

. i-q-p U" = (~U ,~-P "~qD -- S)U'~-P ,~ V' 

i - - q - - r  "~ "~2 "~ --r  "v 
V" = (U -2p _ l)u'~ -p - (~qD + s)~ v' 

For  n o n t r i v i a l  s o l u t i o n s  t o  e x i s t  we must b a l a n c e  a t  l e a s t  two te rms  

i n  each e q u a t i o n .  Thus we s e t  I - q - r = - 3p i n  t he  second and 

e i t h e r  I - q - p = - 2p o r  l - q - r = - r  i n  t h e  f i r s t ;  e i t h e r  

i m p l i e s  t h e  o t h e r  and y i e l d s  r = 2p, q = 1 + p and hence 
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u "° = ~uu' - v" - ~P(su'+ ~P+IDu') 

= U U' -- .~P(sv'+ ~Pu'+ .~P'r~[~?V •) 
(7) 

Now we expand u,  v as s e r i e s  i n  ~ :  

u = uo(~) + e(1) v = vo(~ ~) + e(1) , 

t o  o b t a i n  

I " -- ~u u ~ - v • 
uo o o o 

"• ---- U U ' VD O 0 

(8) 

We n o t e  t h a t  f r o m  (6> we must have  u 0, v ° + 0 as I n J  ~ ~, under t h e  

a s s u m p t i o n  t h a t  t h e  s i n g u l a r  b e h a v i o r  i s  c o n f i n e d  to  a n e i g h b o r h o o d  o f  

= s ( o r  ~ = 0>;  hence u ° ,  v ' ~ 0 as ]~J ~ ~ and when we 

i n t e g r a t e  (8)  once we o b t a i n  

• = U -- V U 0 0 

VD 9 0 

(9)  

S i m p l i f y i n g  t h e  n o t a t i o n  a g a i n ,  we see t h a t  we w ish  to  s t u d y  

s o l u t i o n s  o f  

Z 
I ~ : X -- y 

y ,  = i 
-- X 

(I0) 

wh ich  approach  ( 0 , 0 )  as I~I  ~ ~- 

( 0 , 0 )  g i v e s  t h e  m a t r i x  

The l i n e a r i z a t i o n  o f  ( I 0 )  a t  

wh ich  i s  n i l p o t e n t  ( d o u b l e  z e r o  e i g e n v a l u e ) .  T h i s  a p p a r e n t l y  

n o n g e n e r i c  b e h a v i o r  i s  s t a b l e :  i f  we had begun w i t h  

I u t + ( f ( u )  - v )  = 0 x 

v t + ( g ( u ) )  = 0 X 

and had assumed f ~ u , g ~ -- u as l u l  ~ m, i n  f o l l o w i n g  t h e  
3 

d e r i v a t i o n  o f  e q u a t i o n s  ( 6 ) ,  ( 7 ) ,  a n d  ( 8 ) ,  we  w o u l d  h a v e  e n d e d  u p  w i t h  

( 9 ) .  The sys tem i s  i n v a r i a n t  under  t he  group a c t i o n  x * - x ,  D ~ -D .  
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Now, it happens that we can integrate (I0>. Let 

z = y - kx z 

where  k i s  e i t h e r  r o o t  o f  

k Z -  k + i = 0 
d 

Then 

= 2kxz 

and 

rn~ i 
d z 

-- [ x2z~ + - -  I = 0 , 
d~ 2k-I 

k-1 
where m = 

k 
Hence, along trajectories, 

ml - I = constant. z z + (2k 1)x z 

Y 

~X ~ y max 
I I 

~,, 4/ 

y= x 2 

y=kzx :~ 

X 

Figure 2 
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Z 
We see that the two parabolas y = k x , 

t 

k ° I 'I = I "I i 2 I + : ~  k 2 ~ 1 - ~ , 

a r e  t r a j e c t o r i e s  o f  t h e  f l o w  (z = 0 ) .  By c h o o s i n g  k = k i ,  we see 

t h a t  i f  z(O> = y (O)  - k ( x ( O ) )  2 > 0 t hen  the  t r a j e c t o r y  i s  bounded: 

i t  i s ,  i n  f a c t ,  a h o m o c l i n i c  o r b i t  i n  t h e  upper  h a l f  p l a n e ,  making 

s e c o n d - o r d e r  c o n t a c t  w i t h  y = k x 2. For  a l l  t h e s e  o r b i t s ,  we may 
i 

choose t h e  s y m m e t r i c  s o l u t i o n :  × (0 )  = O, x ( - ~ >  = - x ( ~ > ;  then  each 

o r b i t  i s  c h a r a c t e r i z e d  by y(O> = z(O> = y > O. We a l s o  have  

y ( - ~ )  = y ( ~ > .  The a s y m p t o t i c  b e h a v i o r  i s  

X ---- -- ÷ ~ 

d I 

Y = --+ ~>I--~~z 

where c = -6k  = - 3  - ~/3 and d = c z + c = 9 + 5~3 f o r  a l l  t h e  
i 

o r b i t s .  In  t h e  s e c t o r s  be tween t h e  p a r a b o l a s  y = kix z t h e  f l o w  i s  

r a d i a l l y  i n w a r d  ( i f  x < O) o r  o u t w a r d  ( i f  x > 0 ) ;  be low  y = k x 
2 

t h e  f l o w  f o l l o w s  unbounded t r a j e c t o r i e s  f r o m  l e f t  t o  r i g h t .  T h i s  i s  

summarized in Figure 2. Finally, we identify (u ,v ) with (x,y> 
n 

for one of the homoclinic orbits. We see that there are many singular 

solutions of (9) and hence of type (b). 

I I I .  COMPLETION OF THE BOUNDARY LAYER SOLUTION 

The s i n g u l a r  s o l u t i o n  c o n s t r u c t e d  i n  S e c t i o n  I I  has i t s  e s s e n t i a l  

s u p p o r t  i n  a l a y e r  o f  w i d t h  ]~ - s l  = ©(cq > = © (~p t i > .  S i n c e  p > O, 

t h i s  s o l u t i o n  i s  n a r r o w e r  t han  a c l a s s i c a l  shock (wh ich  has w i d t h  

I~ - s~ = ~(E>); also, far away from ~ = s, it tends to zero. 

Thus, by itself it does not solve any Riemann problems. We are led to 

the idea of embedding a singular shock in a shock profile of the usual 

type: a solution U(T) = U(~) of (4> which is bounded in a layer 

~ - s~ = ~(~) outside the singular layer and whose derivatives are 

O(~) outside the singular layer. We shall call this two-component 

region, ~p+l < 1~ - s~ < 6, the boundary layer. Now, in terms of 
~-s 

T = , equation (4) can be written 

dZO d~ 
- (A(U> - ~ - s) -- , 

dT z dT 
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Of- 

d dO dO 
- - [ - - - F ~ 5 )  + s0 ] = -  m T - - .  
dT dT dT 

(ii 

We i l l u s t r a t e  the s c a l i n g s  in  F i gu re  3. I f  we expand U = 0 ° + e ( l  

i n  the  boundary l a y e r ,  then,  s i n c e  by assumpt ion the r i g h t  hand s i d e  

of (11) i s  ~(m) t h e r e ,  we have 

d d~ 
- - [ - - - F < 5  ) +  sO I = o 
d~r dT o 

in  each s e p a r a t e  i n t e r v a l  o f  the boundary l a y e r ,  T < 0 and T > 0, 

and so 

d~ 
__a_ F(U ) + SO = C_ 
dT 

(12) 

the two c o n s t a n t s  being cons tan t s  o f  i n t e g r a t i o n  in the two i n t e r v a l s .  

Uo 

UI 

EP+I 

F igu re  3 
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Furthermore, integrating (Ii), we have 

- - -  • ( 0 )  + s0 = - ~  T d O  d ~ .  

d~" T<0 T<O dT 

(13) 

Now, let O(T) = U(~) in the integrand on the right side of (13); 

then, using (12), we see that 

~u = ~d~ 
C÷ - C = lim - ~  ~P~ ~ z p v '  d~ lim (14) 

m~O -~ m~O _ i-ef~v~d ~ 

Now, u ° ~ ~ when I ~ 1  + ~, so ~)u o '  i s  no t  a b s o l u t e l y  

i n t e g r a b l e .  However,  i t  i s  an odd f u n c t i o n ,  so i t s  PV i n t e g r a l  i s  

ze ro .  On the  o t h e r  hand, I ~ v 0 ' d  ~ e x i s t s  f o r  a l l  t he  h o m o c l i n i c  

t r a j e c t o r i e s ,  and 

00 00 o0  0o 

~)v ° d~) = ~)v ° - = - 

- - 0 0  - - 0 0  --CO --O0 

has a d i f f e r e n t  f i n i t e  v a l u e  f o r  each t r a j e c t o r y .  

n o n t r i v i a l  r e s u l t  i n  (14> i f  p = I .  Then 

Thus we ge t  a 

oO 

- , where c : • 
- c 

-oo 

(15> 

F i n a l l y ,  a shock i n  the  boundary  

v a l u e s ,  0o~ U± as -T ~ ±~, and 

s a t i s f y ,  f rom ( 1 2 ) ,  

l a y e r  which approaches c o n s t a n t  

dO /dT ~ 0 as t ~ t  ~ ~, must 
0 

sU - F(U ) = C , sU - F(U ) = C 
-- -- t t 

and hence 

s(U -U> - (F(U) -F(U)) =C -C : / 0  / , r ~ (16) 

This is the Generalized Rankine-Huqoniot Condition for singular 

shocks .  

Which s t a t e s  (U ,U ) can be j o i n e d  by an a d m i s s i b l e  s i n g u l a r  
-- + 

shock7 That i s ,  when does t h e r e  e x i s t  a t r a j e c t o r y  0(T)  j o i n i n g  U 

and U T We note that for any pair of states (u ,v > and (u ,v ), 

we have s o l u t i o n s  to  (16) g i v e n  by 
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and 

• 2 

[-v]+Eu J vt-v - 
s - - u + U 

m 

[ u l  u - u  
m - 

c = sly] - ~--s [uS] - [u] = [v][ [uZ]-[VJ[u] I + [u] - ~--s [ua] " 

(I?) 

But for trajectories to exist, we need at least one positive 

eigenvalue at U and one negative eigenvalue at U in the 
-- + 

linearized matrix A(U) - $I. We conjecture [5], that trajectories 

exist if and only if there are two such eigenvalues: that is, 

X ( u )  > X ( u )  _> s _> X ( u )  > X ( u ) .  (18)  

~ince s depends on I v ] ,  t h i s  d e f i n e s  a s e c t o r ,  S6(U >, f o r  each 

U , by 

Sa \ RSa 

oz Q6 
J 

Q5 

SaR 

~2 
RS 
Qz 

RR 

QI 

~ v 

Q4 
SR 

F i g u r e  4 
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S6~U. _> = { U  ~ Qs,I u < u _ ;  u ( u _ -  1> - u ( u  - 1> 

_< v - v _< uZ+ (i - u >u - u } (19> 

Un the lower boundary ,  E, o f  S 6,  s = ~z (u ) ,  and thus a s i n g u l a r  

shock to  E can be con t i nued  v i a  a 2 - r a r e f a c t i o n  to  any p o i n t  in  a 

s e c t o r  Q below E. On the upper boundary,  D(U_>, s = Xi(u_>, 

and so in the region Q above D there is a solution to the Niemann 

problem consisting of l-rarefactions followed by singular shocks 

joining U to U m, where Um e RI(U_), and U e D(Um>. the regions 

Q and ~ adjoin.the sectors Q and Q , in which there are 
~ 2 4 

c l a s s i c a l  s o l u t i o n s .  ~hus, l e t t i n g  Q7 denote the  s e c t o r  S 6 in  

which the  s o l u t i o n  to  the Riemann problem c o n s i s t s  o f  a s i n g u l a r  shock 

a l one ,  we have desc r i bed  a " g e n e r a l i z e d  Riemann s o l u t i o n "  o f  our 

o r i g i n a l  problem in  the e n t i r e  p lane .  This  i s  i l l u s t r a t e d  in  F i gu re  4. 

An a n a l y t i c a l  j u s t i f i c a t i o n  o f  the  a s y m p t o t i c  d e r i v a t i o n  

p resen ted  he re ,  c o n s i s t i n g  o f  an e x i s t e n c e  theorem f o r  s o l u t i o n s  o~ 

(k) and (5> f o r  a l l  ~ > 0 and a d e m o n s t r a t i o n  o f  the q u a l i t a t i v e  

behav io r  o f  the  s o l u t i o n s  in  s e c t o r s  Q~' Qd and Q7 w i l l  be the  

s u b j e c t  o f  [SJ .  

IV .  CONCLUSIONS 

We have p r e s e n t e d ,  in  ( I > ,  an example o f  a system o f  c o n s e r v a t i o n  

laws f o r  which the  " l a r g e  da ta "  Niemann problem may not  have a 

s o l u t l o n ,  lhe o b s t r u c t i o n  to  s o l v i n g  the Niemann problem f o r  (I> can 

be desc r i bed  as a consequence o~ the ( e a s i l y  v e r i f i e d >  compactness o f  

the  Hugoniot  locus  In  the  u -v  p l a n e ;  t h i s  i s  r e l a t e d  (a l t hough  we 

have not  e s t a b l i s h e d  how genera l  i s  the  c o n n e c t i o n )  to  the t a c t  t h a t  

the  two f a m i l i e s  o f  c h a r a c t e r i s t i c  speeds a re  not  g l o b a l l y  d i s t i n c t :  

the q l o b a l  c h a r a c t e r  o f  t h i s  system is  not  t h a t  of  a s t r i c t l y  

h y p e r b o l i c  p rob lem.  In  ~ a c t ,  the  system 

u t + ( u  z - v >  = 0 
x 

v t  + (~u~-s k Z u > ×  = 0 

( ~ 0 >  

(which happens to  cor respond to  the example cons ide red  in  L I ] > ,  f o r  

which the c h a r a c t e r i s t i c  speeds a re  u ± k,  can be r e s c a l e d  (u ~ ku, 

v ~ kZv, x ~ kx)  to  the  form (1>, w i t h  a s i m i l a r  cor respondence e t  

s o l u t l o n s  to  the  Niemann prob lem,  in  the  l i m i t i n g  case,  k = O, 
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(which i s  " u n p h y s i c a l "  i n  [ I ] ,  s i n c e  k i s  a Hooke 's  c o n s t a n t > ,  (20> 

becomes a n o n l i n e a r  system w i t h  g l o b a l l y  c o i n c i d e n t  c h a r a c t e r i s t i c s .  

~n this case the quadrant, Q, of classical Riemann solutions 

degenerates to a single, semi-infinite curve. 

I t  i s  i n s t r u c t i v e  to  no te  t h a t  t he  l i n e a r i z a t i o n  o f  t h i s  

d e g e n e r a t e  system about  a c o n s t a n t  s t a t e  u = a, say ,  leads to  the  

e q u a t l o n  

for 

~awt x z = 0 (21> wtt + + a Wxx 

w = u - a;  t h i s  e q u a t i o n  i s  o f  a d e g e n e r a t e  t y p e  ( i t  m igh t  be 

;he s o l u t i o n  o~ (21) w i t h  Cauchy c a l l e d  weak l y  h y p e r b o l i c  a t  b e s t ) .  

d a t a  

w(x, O) = w (x), 
o 

IS 

wt(x, O) = v (x), 

r w(x, t> = wa(x + at) + t[vo(x + at> - aw (x + at>]. (22> 

The s o l u t i o n  i n  (~2> o f  t he  l i n e a r  p rob lem ( ~ I )  e x h i b i t s  bo th  g row th  

i n  t and l oss  o~ a d e r i v a t i v e ~  one can read bo th  these  f e a t u r e s  i n  

the  a p p r o x i m a t e  s o l u t i o n  c o n s t r u c t e d  a s y m p t o t i c a l l y  i n  t h i s  p a p e r :  

a l t h o u g h  the  l i m i t  s o l u t i o n  d e f i n e d  by (16) - (1~> i s  d e s c r i b e d  by 

f i n i t e - v a l u e d  s t a t e s ,  t he  l i m i t i n g  p rocess  i t s e l f  i n v o l v e s  a sequence 

which i s  unbounded. I t  does no t  appear p o s s i b l e  to  speak o f  a 

s o l u t i o n  to  (1) and ( 2 ) ,  even i n  the  weakest  sense,  w i t h o u t  i n v o k i n g  

f u n c t i o n s  which are  more s i n g u l a r  than  the  d a t a .  thus ,  a l t h o u g h  i t  i s  

p o s s i b l e  t h a t  t he  b e h a v i o r  o f  t he  a p p r o x i m a t e  s o l u t i o n s  c o n s t r u c t e d  i n  

t h i s  paper  i s  s t r o n g l y  a f f e c t e d  by the  a p p r o x i m a t i o n  we have chosen,  

t h e r e  i s  a l s o  the  p o s s i b i l i t y  t h a t  t h i s  b e h a v i o r  i s  c h a r a c t e r i s t i c  o~ 

a t y p e  o f  g l o b a l  f a i l u r e  o f  s t r i c t  h y p e r b o l i c i t y  which shou ld  be 

~ u r t h e r  i n v e s t i g a t e d .  
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GLOBAL CLASSICAL SOLUTIONS TO THE CAUCHY 

PROBLEM FOR NONLINEAR WAVE EQUATIONS 

Li Ta-tsien (Li Da-qian)* and Chen Yun-mei** 

§i. Introduction 

(i.i) 

(1.2) 

where 

(1.3) 

Consider the cauchy problem for nonlinear wave equations 

[~u=F(u,DU,DxDU) , (t,x)~R+xR n, 

t=0:u=s@(x) , ut=s@(x) , xsR n, 

32 n 32 
[] Z , 

~t ~ i=l ~x~ 

~ )' D=( ~ ' ~x I ~x ) t - - ' P  t (1.4) DX=( ~ ..... ~Xn n 

~>0 is a small parameter and 

oo 

(1.5) ~,~EC0 (R n) . 

Let 

(1.6) I=(%; (I i) ,i=0,1 ..... n; (>,ij) ,i,j=0,1 ..... n,i+j>l). 

Suppose that F(~) is a sufficiently smooth function satisfying 

(1.7) F ~)=o (l ~I 1+~) 

in a neighborhood of i=0, where ~ is an integer >i. 

Only based on the decay estimates for solutions to the linear 

homogeneous wave equation and the energy estimates for solutions to 

linear inhomogeneous wave equations, we can use the contraction map- 

ping principle in a suitable space to get directly the following 

global existence theorem: Under hypothesis 

n-i ~n (1.8) ....... 2" (i- )~>i, 

if s is suitably small, then Cauchy problem (1.1)-(1.2) admits aunique 

global classical solution on t>0 and this solution has some decay pro- 

*Dept. of Math. and Institute of Math., Fudan Univ., Shanghai, P.R.C. 

**Dept. of Appl. Math., Tongji Univ., Shanghai, P.R.C. 
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(1.12) 

(1.13) 

and 

parties as t÷~ just as solutions to the linear wave equation. 

The relationship between n and ~ given by (1.8) can be expressed 

as follows 

i l  .... 
This result generalizes the results obtained by S.Klainerman [i] 

(in the case that F does not explicitly depend on u), D.Christodoulou 

[2] (in the case that ~=i and n is odd) and A.Matsumuta [3] (for a 

somewhat special kind of quasilinear wave equations and ~>i). 

By differentiation, we only need to consider the Cauchy problem 

for the following general kind of quasilinear wave equations 

n n 
(1.9) Cqu= E bij (u~DU)Ux.x.+2 ~ a • (u,Du)Utx.+F(u,Du), (t,x)SR+x~q n, 

i, j=l i 3 j=l o3 ] 

(1.2) t=0:u=E¢(x) , ut=s~(x) , xeR n. 

Let 

(i.i0) l=(l; (l i) ,i=0,1 ..... n) . 

Suppose that in a neighborhood of I=0, bij(l), aoj(l) F(1) and are 

sufficiently smooth functions satisfying 

(i.ii) bij (1)=bji(1) (i,j=l ..... n) , 

bij (~), aoj (X)=O(III ~) (i,j=l ..... n), 

Fi )=01 l 

(1.14) 
n 

a~ ,(1)~,~,>moI~l 2, i,j=l 13 -I 3-- V ~Rn (m0>0 , constant), 

where e is an integer >I and 

(1.15) aij(1)=6ij+bij(1), 

in which @.. is the Kronecker delta. 
13 

~2. Case i<~<3 

In this section we give the precise statement of our result and 

a sketch of the proof for the case that ~ is an integer such that 

l<e<3 (correspondingly, n>2), cf. Li Ta-tsien and Chen Yun-mei [4]. 

Following S. Kiainerman [i], introduce a set of partial dif- 

ferential operators 
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(2.1) F=(Lo ; (~a) ,a=0,1 ..... n; (~ab) ,a,b=0,1, .... n) , 

where 
~ =~-~-- 

(2.2) ~o=-~ ' i 3x. (i:l ..... n) , 
1 

(2.3) ~ab=Xa~b-Xb~ a (a,b=0,1 .... ,n;xo=t ) , 

(2.4) Lo=tSt+x1$1+.-.+XnD n 

and for any function u=u(t,x) such that all norms appearing on the 

right hand side below are bounded, define 

(2.5) ]1 u(t,.)l] ?,s,p:( z II Fku(t,')ll 2 )!~ t>O, 
]klis LP(R n ) , - -  

where l~p~+~, k=(kl,...,k ) is a multi-index, IkI=kl+.-.+ka, a is the 

number of partial differential operators in F:Y=(FI ..... F a) and 

(2.6) Fk=F~I'--F kd 
O 

For any given integers s o and s such that so~n+10, so+n+l<s<2so-9 

and any positive real number E, we introduce the following set of 

functions 

(2.7) Xso,s,E={V=v(t,x) IDso,s(V)<E , 

~v(0,x)=u~ °) (x) (~=o,1 . . . . .  s+l) }t 

where n- 1 2 

(2.8) Dso ~(v)=sup(l+t) 2 (i-~)II v(t,')II r,s ,~n 
' ~ t>0 o 

+sup[ I v(t,')II +supl I Dr(t,')[I 
t>0 F,s,2 t>0 F,s+I,2, 

(2.9) u!O)=s¢(x) , u}O)=c<b (x) 

Z u(t x) at t=0 formally and u 0)(x)(~=2 .... ,s+l) a~e the values of ~t ' 

determined from equation (1.9) add initial condition (1.2). 

Endowed with the metric 

(2.10) p(v,v)=Dso ,s(~-v) , V v,v~Xso ,s,E, 

Xso,s,E is a nonempty complete metric space, provided that ~>0 is 

suitably small. 

Let Xso,s,E be the subset of Xso,s,E composed of all elements in 

X with compact support in the variable x for any fixed t>0. 
so,s,E 

we define a map 

(2. ii) M : v÷u=Mv 

by solving the following initial value problem for linear wave equations 

for any V~Xso,s,E 
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n n 

(2.12) CJu= i Z bij(v,DV)Ux x~+2 Z a oj (v,Dv) Utx .+F(v,Dv), 
,j=l i 3 j=l 3 

(2.13) t=0:u:s~(x) , ut=s~(x). 

By means of some LP(p!2) decay estimates for solutions to linear 

wave equations and some refined estimates on composite functions which 

can be used in the course of the proof to distinguish estimations for 

the solution itself and its derivatives, we can prove that if s and E 

are suitably small, then M maps Xso,s,E into itself and M is a contrac- 

tion with respect to the metric of Xso_l,s_l,E . Therefore,, the 

contraction mapping principle can be used to get the following 

THEOREM i: Under assumptions (1.10)-(1.15), if l<e<3 and (1.8) 

holds, then for any integers so and s such that soin+10, so+n+l~s~ 

2so-9, there exist positive constants ~o and E so small that for any 

with 0<~So, Cauchy problem (1.9) (1.2) admits on t~0 a unique 

global classical solution UCXso,s,E" Moreover, with eventual modifica- 

tion on a set with zero measure on [0,~), for any T>0 we have 

(2.14) ueC([0,T] ; HS+l(Rn)) , 

(2.15) utgC([0,T] ;H s(R n)) , 

(2.16) uttsC([0,T] ;H s-l(R n)) . 

~3. Case ~>4 

In this section we give the precise statement of our result and 

a sketch of the proof for the case that ~ is an integer !4 (corres- 

pondingly, n=2), cf. Li Ta-tsien and Chen Yun-mei [5]. 

For any given integers so and s such that soil and s~so+n+l and 

any positive real number E, we introduce the following set of functions 

(3.1) Xso,s,E={V=v(t'x) IDso,s (v)<-E'~so,s(v)<-C°E} ' 

where 

(3.2) 

(3.3) 

+If vt(t' ") II ) (v)=sup(ll v(t,.)I[ Hs+I(Rn) HS(R n) Dso,s t>0 

n-i 

+!I vt(t,')!I wSo,Oo )' +sup (l+t)t>0 2 (iiv(tf.)if WSo+I,~( ,Rn ) (R n) 

n-i 

+sup(l+t) 2 )II D~o_l,~(,Rn) ~s°' s (v)=supll vtt (t' ")H HS-i t>0 llvtt (t'" ) 
ti0 ( n n ) -- 
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and C o is a positive constant to be determined. 

Endowed with the metric 

(3.4) p (v,~) =D (v-v) +D (~-~) , 
SotS So,S 

XSo,s,E is a nonempty complete metric space for any fixed Co>0. 

We still define a map M by (2.11)-(2.13) for any VSXso,s,E. By 

L ~ means of some decay estimates for solutions to linear wave equations, 

we can prove that if s and E are suitably small, then there exists a 

positive constant C O such that M maps Xso,s,E into itself and M is a 

contraction with respect to the metric of Xso_l,s_l,E. Therefore, the 

contraction mapping principle can be used to get the following 

THEOREM 2: Under assumptions (i.i0)-(i~15), if ~>4 and (1.8) 

holds, then for any integers so and s such that so~l and s~so+n+l, 

there exist positive constants so and E so small that for any s with 

0<s!so, cauchy problem (1.9),(1.2) admits on t~0 a unique global clas- 

sical solution USXso,s,E. Moreover, with eventual modification on a 

set with zero measure on [0,,~), for any T>0 we still have (2.14)-(2.16). 
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ONDES DE CHOC, ONDES DE RARIEFACTION ET ONDES SONIQUES 
MULTIDIMENSIONNELLES 

G.METIVIER 
IRMAR 

Universitd de Rennes I 
Campus Beaulieu 

35042 Rennes cedex 

I n t r o d u c t i o n  

L'4tude des syst6mes de lois de conservation unidimensionnels, notamment 

pour la r6solution du probl6me de Riemann, fait intervenir un certain nombre 

"d'ondes simples" : ondes de choc, ondes de rar6faction, discontinuit6s de contact ; 

cette liste, il est bon d'ajouter les ondes soniques (sound waves), qu'on appellera 

plutSt ici ondes de gradient,  et qui apparaissent  comme des discontinuit6s du 

gradient de la solution (ou de d6riv6es d'ordre sup6rieur). 

Naturellement,  ces constructions fournissent des solutions "mono-dimen- 

sionnelles" (solutions qui ne d4pendent que d'une variable d'espace) de syst~mes 

multidimensionnels. Une question imm6diate est d'6tudier la stabilit6 de telles 

soulutions 1-D , vis-a-vis de perturbations multi-D, d 'autant plus que la justification 

des mod61es 1-D consiste assez souvent ~ n6gliger des variables dans des mod61es 3-D. 

Une question voisine est de constuire des solutions "proches" de ces solutions 

particuli6res 1-D. 

Le but de cet expos6 est de pr6senter un certain nombre de r6sultats r6cents 

allant dans ce sens, qui concernent les chocs (A.Majda [Mal] [Ma2]), les ondes de 

rar6faction (S.Alinhac [A1] [A2] [A3]), les ondes soniques et les ondes "stratifi6es" 

([M61]), et aussi les chocs faibles. On voudrait aussi donner une m6thode d'approche 

du probl~me et discuter quelques points significatifs. 

1. N o t a t i o n s  - R e m a r a u e s  v r 4 1 i m i n a i r e s  

1.1 Notations : on consid~re un syst~me de lois de conservation : 

(1.1) 0,u + Z = o  
l < j < _  n 

On note Aj la matrice jacobienne de f j  ; on convient que A o = I d  et 3 o = 8 t . Ce 

syst6me est suppos4 hyperbolique sym6trique, c'est-~-dire qu'il existe une matrice 

sym4trique d6finie positive, S ( u ) ,  telle que les SAj sont toutes sym6triques. 
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Pour  0 • ]R n-1 (voisin de 0) on suppose que ;~(u, 0) est une  va leur  propre 

simple de : 

(1.2) A n (u) - E ojAj(u) 
l <_j<n 

on notera  r(u, O) un  vecteur  propre associ~, et, lorsque ~t est v r a i m e n t  non  lin~aire, 

on fera la normal i sa t ion  habi tuel le  : r.Vu)~ = 1. Les ondes que nous  al lons ~tudier 

seront  assocides h cette valeur  propre )~. 

1.2 C h a n ~ e m e n t  de var iab les  : la premibre difficult6 que l 'on rencontre ,  est 

que le front  des ondes que l 'on veut  ~tudier, est i nconnu  ; pour rigidifier la  g~om~trie, 

on uti l ise des changements  de variables : 

(1.3) (Y' "~n ) ''-) (y' Xn) avec x n = O(Y, :~n ) et y = (t, x 1 , . , Xn_ 1 ) 

(1.4) ~Z (y, Xn ) = U(y, X n ) = u(y, O(Y, Xn )) 

et, lh off les fonctions sont de classe C 1, il est clair que (1.1) ~quivaut  h : 

(1.5) 

off: 

(1.6) 

(1.7) 

L(~, 9) u = 0 

1 
L(v,~)-~-~t'~- E nj(u)~j "~'~n nn(U,~y~)~n 

l <_j<n 

A n ( V , O y O ) : A n ( V ) -  E Oj~Aj(u) 
O<_j<n 

La forme du changemen t  de var iables  (1.3) d~pend ~videmment  du probl~me 

que l 'on veu t  t ra i ter .  I1 faut  aussi  b ien  comprendre  que dans  les ~quat ions  (1.5) 

obtenues,  ~ est une des inconnues.  

1.3 Lin~ar isa t ion : un  point  impor tan t  h met t re  en ~vidence est la  s t ructure  du 

lin~aris~ des ~quations (1.5). 

LEMME 1 : le lindarisd en (v, ~) de :~(v, ~) = L(v, ~) v est un opdrateur de la forme : 

(1.8) (u, 0) --) L(v, ~) u' + B(v, ~) u' + 0 (~nlg) -1 ~n~( v, ~) 

oit B(v, ~) est l' opdrateur de multiplication par une matrice B dont les coefficients 

sont des fonctions de (v, Vv, V0), alors que : 
~n v 

(1.9) u '=  u - 9  ~n~ 

L'appar i t ion  de la "bonne" inconnue  u' ,  s 'explique tr~s s implement  : dans  les 

variables  init iales,  le lin~aris~ en ~ de (1.1) est de la forme : 
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(1.10) a --+ L Aj(5) a ja  + B(O)  a 
O<_j<_n 

alors  que la  l in4ar i sa t ion  de (1.4) donne : u(y, Xn ) = ~(y' V) + ~ ~nV(Y,W) et  : 

U' (y, Xn ) = t~(y, 1V(y, Xn )) 

(1.8) s 'ob t ien t  a lors  en r e p o r t a n t  ce chan ge me n t  de va r i ab l e s  et  de fonctions 

dans  (1.10). 

REMARQUE :dans [Mal] ,  A.Majda  ne calcule le l in4ar is4 que su r  un  4 ta t  v cons tan t ,  

auque l  cas u ' = u  et il n 'y a pas  de t e rme  en ¢ ni V~ dans  (1.8). La  r e m a r q u e  

f o n d a m e n t a l e  fa i te  p a r  S .Al inhac,  es t  que le c h a n g e m e n t  u - ~ u '  efface de toutes  

fa~ons les t e rmes  (g~nants) en V¢. 

2. C h o c s  

2.1 Le~ 4quati0n$ : on demande  au  changemen t  de var iab les  (1.3) de redresse r  

le front Z du choc en la surface {~n=0} , et  alors  Z se ra  d '4quat ion x n = ~p(:y) avec 

~o(y) =¢(y, 0). En eub l ian t  les ~, on obt ient  les ~quations : 

L ( u  ±, 9 +- ) u +- = 0 dans { + X n > 0 } 
(2.1) 

[fn(/~/)] = ~ ~j~ [fj(u)] e t  ¢ : ~ s u r  { x  n : 0 } 
o < _ j< n  

la  condi t ion aux l imi tes  sur  { X n = O }  ~tant  s i m p e m e n t  l ' express ion  de la  condit ion de 

R a n k i n e - H u g o n i o t .  On r e m a r q u e  que ¢ n ' e s t  pas  d6 te rmin6  p a r  ces 4quat ions  

( seu lemen t  ~), ce qui est  na tu re l  puisqu 'on a seu lement  demand4  au  changemen t  de 

var iab les  de r ed re s se r  E. A.Majda  l~ve cet te  ind6 te rmina t ion  en che rchan t  ~ sous la  

forme : 

(2.2) ¢~(y, x n ) = x n + (p(y) 

(2.3) 

2.2 Stabi l i t4  uniforme : les 4quations l in4aris4es sont de la forme : 

L ( v  ±, ~ )  u ± = F ± d a n s  { + x n > 0 }  

JAn(V,  W)u] - £ ~Jp [fj(u)] = G s u r  { Xn = 0 } 
0_<j<n 

La condi t ion  de s tab i l i t4  uni forme de A.Majda ,  cons i s te  ~ d i re  que,  pour  ce 

probl~me la  "condition de Lopa t insk i  uniforme" es t  sa t i s fa i te .  Cela se t r a d u i t  p a r  les 

e s t ima t ions  (maximales)  su ivantes ,  va lab les  pour  7 assez g rand  : 
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1 
(2.4) ~[TlUlo,~ + IFu[o,~,+lcp]l,y < c{:~--~ IF[o,7 + [G[o,},} 

off Fu = (F+u + , F - u - )  d6signe les t races  de u + et  u -  sur  {Xn=0} ; pour  a d~finie 

su r  {-+Xn>0} ou {Xn=0} , ]aIo,v d~signe la norme de e -~ ' t  a dans  l ' espace  L 2 

sur  le domaine  cor respondan t  ; enfin, l epll,v = 7 lOP]o,}, + ]~y ~1o,~," 

REMARQUES 1 On renvoie h [Mal ]  pour  une t r aduc t ion  alg~brique (sur les  symboles)  

de cette condit ion de Lopat insk i  uniforme.  

2 On renvoie auss i  h [Mal ]  pour  une d iscuss ion  de la  per t inence  de cet te  

not ion  du po in t  de vue des appl ica t ions ,  n o t a m m e n t  pour  le sys t~me d 'Eu le r  de la  

dynamique  des gaz. 

3 Le contrSle de I Fu to,~, n 'es t  env i sageab le  que parce  que le probl~me 

est  non caract~r is t ique .  

4 Le gain d 'une d~riv~e pour ~ suppose que le syst~me F. [fj(v) ] ~j soit 

e l l ip t ique  ; cela ne peu t  avoir  l ieu que si N>_n et  exclut  donc les lois  sca la i res  

mul t id imens ionne l l e s .  Pour  ces lois sca la i res  on a une e s t ima t ion  : 

1 ]G]o,, } (2.5)  luL,+ trulo,,+ 71 1o,, IFIo,, + 
et  une  ques t i on  i n t ~ r e s s a n t e  s e r a i t  de s avo i r  si,  de fa~on g~n~rale ,  une  te l l e  

e s t ima t ion  suffit, p a r  exemple pour  cons t ru i re  des chocs. 

2.3 Cons t ruc t ion  de chocs : dans  [Ma2], A.Majda  r6sout  (2.1) avec la  donn6e de 

Cauchy  : 

(2.6) u -+ I t=o = u~ O] t=o  = CPo 

Pour  s impl i f ier ,  on suppose ra  u-+o CC0 sur  {+ x n > O} et go o C c~ avec 

%(o)=~'o(O)=O. 

Bien entendu,  il faut  que la donn~e u o v~rifie un cer ta in  nombre  de conditions 

de compat ib i l i t~s .  On suppose  ici que £(v, 0) es t  une v a l e u r  p ropre  v r a i m e n t  non 

l in~a i re  (pour  0 vois in  de 0) e t  que v + = U(a, v-, O' ) es t  la  courbe de Rankine-  

H u g o n i o t  associde h cet te  v a l e u r  p ropre .  La  p r e m i e r e  cond i t ion  de compat ib i l i t~  

consiste h dire qu'il existe une fonction a(y' ) ( y '  = (x 1, . ,  Xn_ ~ ) ) tel le  que : 

(2.7) u~ (y ' )  = U(a(y ' ) ,  u o ( y ' ) ,  ~y (a o ) 

Avec la  no rma l i sa t ion  habi tuel le ,  on suppose auss i  que : 
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(2.8) a ( y ' )  <_ c < 0 

de sor te  que les cond i t ions  de Lax sont  s a t i s f a i t e s .  Les compa t ib i l i t~ s  d 'o rd re  

+ et  de ~k n u o ," pour  des d~tai ls  r e l i en t  les t races  sur  {x n = 0 } de ~k n sup~r ieur  U o o n  

renvoie & [Ma 2]. 

TI~OR~ME l (A.Majda  [Ma 2] ) : s u p p o s o n s  les  d o n n d e s  s - compa t ib l e s ,  avec  s > n+3 . 

A lors ,  le p r o b l ~ m e  (2.1) (2.6) poss~de  (au v o i s i n a g e  de  O) u n e  s o l u t i o n  tel le  q u e  u + s o i t  

d a n s  l ' e space  de  S o b o l e v H  s s u r  {+_x n > 0 et  ~ et ~ so ien t  d a n s  H s+l . 

En fait,  A .Majda  a d~montr~ ce th~or~me pour  s > n  + 7, et  A .Mokrane  ([Mo]) 

a montr~ qu'on pouva i t  r~duire  s au  n iveau  indiqu~. 

3. O n d e s  de g r a d i e n t  

3.1 Les 6Quations s trat i f i~es : le front E d 'une onde de g rad i en t  es t  une surface 

carac t~r i s t ique  ; on peu t  choisir  le changemen t  de va r i ab le  en sorte  qu'il  rect if ie  E 

seul ,  ou b ien  en sor te  qu'il  r ed resse  toute  une famil le  de sur faces  ca rac t~r i s t iques  

paral l~les .  Consid~rons d 'abord ce deuxi~me cas ; on obt ien t  a lors  les  ~quat ions  : 

L(u ,  9) u = 0  
(3.1) ~t~ = ~(u, ~ )  

o£l 0y = (21 , . ,  ~n-1 )" Notons que ce probl~me n 'es t  pas  un probl~me aux l imi tes  : les 

~quat ions  ont  l ieu dans  tout  l 'espace.  

Dans  l '~ tude de ce probl~me, il es t  na tu r e l  (et  in t~ ressan t )  de t r a v a i l l e r  dans  

des espaces  anisotropes .  Notons H °z  l 'espace des v tels  que ~ v  e L 2 pour  {a{<_s, et  

E s l 'espace des v e H °,s te ls  que ~n v e H °'s-2 . Rempla~ant  L 2 p a r  L °°, on d~finit des 

espaces notes  L °°'s et A s . 

On peu t  ~noncer un p remie r  r~su l ta t  concernan t  les  o n d e s  " s t r a t i f i ~ e s " :  

THt~OREME 2 (cf[M~ 1] ) s i  (u, 9) est une  s o l u t i o n  de  (3.1) d a n s  t < 0 ,  avec  ~n¢¢0 ,  d e  

r d g u l a r i t d  E S ~ A  3 , a lo r s  (u, 9) se p r o l o n g e  en s o l u t i o n  de  r#gular i td  E S n A  3 , s u r  tou t  

u n  v o i s i n a g e  de  O. 

Ce th~or~me est  compl~t~ pa r  des e s t ima t ions  a -pr ior i  qui e x p r i m e n t  que, si 
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T. est le temps d'existence de la solution stratifi~e, et si T. est fini, alors la norme 

de (u, #) dans A 3 ( t < T ) n 'est  pas born~e lorsque T-~ T . .  

On peut  aussi r~soudre le probl~me de Cauchy pour (3.1), mais les conditions 

de compatibilit~ ne sont  pas explicites (cf n~anmoins ci-dessous). I1 faut  alors ~crire 

la condition initiale sous la forme : 

(3.2) u = v et ~=~, sur t=O 

o~x v et ~ sont tels que L(v,  V) v et ~t ~ - Z(v, ~ ) sont nuls ~ l 'ordre s sur  t=O. 

Pour  les o n d e s  s o n i q u e s ,  on peut  expliciter les conditions de compatibilit~ : 

si les donn~es de Cauchy : 

(3.3) u I t:O = u o ¢)[t=o = (Po 

sont telles que les restrictions de u o et ~o fi {+xn > 0} sont C c¢ et que : 

(3.4) [%]=0 et ]~n¢o[ > c > 0  

la premiere compatibilit~ est s implement : 

(3.5) [u o] = 0 

On peut  ensuite  expliciter les conditions d 'ordre sup~rieur,  qui & nouveau 

relient les traces sur {x n = 0 } de ~kn Uo + et de 0nk Uo , et il est facile de construire des 

donn~es compatibles (cf [Mfi 1] ). 

Le th~or~me 2 s 'applique, mais  ne fourni t  pas  la r~gularit~ H s (en x n ) 

laquelle on s 'a t tend pour x n ¢ 0. En fait, dans ce probl~me, il est  naturel  de remplacer 

respace H °,s "stratifi~" par  l 'espace "conormal" / ~ s  des v tels que (x n ~n )k ~ v 

e L  2 pour k+JaI<_ s .  L'espace E s est  alors remplac~ par  un espace que t 'on note 

ES, ; proc~dant de m~me, A ~ est remplac~ par  un espace not~ A~.. 

THI~ORI~ME 3 : si ~o et u o vdri f ient  (3.4) (3.5) et sont  s -compat ib les ,  avec 

s>~+6 ,  alors le probl~me (3.1) (3.3) poss~de une (un ique)  solut ion au voisinage de 0 

dans  ES.n A 4, qui vdrifie [u]=0 et [¢]=0. 

A nouveau,  ce th~or~me est accompagn~ d 'est imations a-priori. 
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(3.6) 

3.2 Les  ~qua t ions  non s t ra t i f i~es  : si on ne r ed re s se  qu 'une  seule  surface  

caract~r is t ique ,  on ob t ien t  tes 6quat ions su ivantes  : 

L(u  +~)+-)u + = 0 dans  {+_x n > 0 }  

[u] = 0 [ ~ ] = 0  sur  {x  n=O}  

~t~O -= ~ . (U ,~y(p )  s u r  {Xn=0} 

off ~0 = 1 ~- ¢+-. Les donn6es de Cauchy  sont  : 

(3.7) u ]t=o = U o ~ ]t=o = ~°o 

o~ u o est  comme avan t  et  ~Po est C ~°. La p remiere  compat ibi l i t~  es t  toujours  (3.5), et  

la  cons t ruc t ion  de donn~es compat ib les  es t  la  m~me que pr~c~demment .  

TH~OREME 4 : si  (Poet  u o son t  s -compat ib les ,  avec  s>~+7 , alors  le prob l~me  (3.6) 

(3.7) poss~de une so lu t ion  au vois inage de 0 dans  ~ S n  ,~4 . 

Dans  cet ~nonc~, $s [resp ,~P ] d~signe l 'espace des u e E s [resp A~, ] te ls  que 

~n u e ES,  2 [resp A~, -2 ]. Dans  la  preuve de ce th~or~me, on d~termine  ~ fi p a r t i r  de 

( p e n  c h e r c h a n t  

(3.8) ~ =  x n + R(p 

off R e s t  un op~ra teur  de re l~vement  de t races  convenable.  

3.3 Le l in~ar is~ de (3.6) : le l e m m e  1 donne  la  l i n~a r i s a t i on  de l '~quat ion  

d ' in t~ r i eu r ,  en f a i s a n t  i n t e r v e n i r  la  "bonne" inconnue  u'.  La  l i n~a r i s a t i on  de la  

condit ion [v] = 0, condui t  t r i v i a l emen t  ~ : 

(3.9) [u] = [u ' ]  + ~ [z] = 0 

(o~ z=  (~n~) -1 ~n v ). Si on note F = ~ ( v ,  ~), on a : 
n-1 

(3.10) = F - 

j=O 

et, si Iv] = 0 et  [ ~ ] = 0 ,  on en d~duit  que : 

(3.11) A n (v, ~y~) [z ] = 0 

En  r e p o r t a n t  d a n s  (3.9), on ob t ien t  avec le l e m m e  1 le probl~me l in~ar is~ 

su ivan t  : 

(3.12) I L(v+' ~+) u'+ = F~ dans  { + x  n > 0 } 
[ A n ( v ,  ~]) [u ' ]  = 0 s u r  { x n = 0 } 
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La r emarque  fondamenta le  que l 'on fait  alors, es t  que les conditions aux 

l imites  dans  (3.12) sont  maximales  dissipat ives,  ce qui donne  des es t imat ions  

d'~nergie de la forme : 

(3.13) 7 lU'lo,7 <- C IFIo,~ 

Si on note I].I]s,~, la norme, pour les poids e- 7 t, de l 'espace E s • (introduit  avant  

le th~or6me 3), on a aussi : 

(3.14) 7 Hu' H2,~ < C I]FH2w 

Comme on a, en notant  I-Is,~, la norme h poids e -~'t de H s (Xn=0) : 

(3.15) ff77 I FU'ls_, ,7 <- C Ilu' Ilsn " 

on voit que (3.14) fommit un contr61e de IFu ' l  LY 

Lorsque [zl est par tout  non nul, et si e est tel que g . [ z ] ¢ 0 ,  on tire de (3.9) 

que: 

(3.16) go= (8. [z] )-1 (8.[u']) 

ce qui nous fournit  directement un contr61e de go puis de ¢ par  (3.8). 

Mais on peut  aussi,  sans aucune hypoth6se sur  [z] , ce qui lui permet  de 

s 'annuler,  remplacer (3.16) par le lin~aris6 de la derni6re 6quation de (3.6) : 
n - 1  

(3.17) ~tgo = ~ ~" 8) ' (V ,~y~ )u  

qui fournit  (pour 7 assez grand) une est imation de la forme : 

(3.18) 7 igoll,, <- C lFull,~, 

et donne le contr61e de go. 

4. C h o c s  f a i l ~ l ~  

On peut  d'abord remarquer  que la notion de choc faible a bien un sens : 

LEMME 2 : soit u ± et ~ une solution de classe C 1 de (2.1) (2.6), telle que I [u it=o ] l <-~ 

[resp l [u I t=o ] I >- e ]. Ators sur  un voisinage de 0 ind~pendant  de s on a : l[u]] <_ CE [resp 

I[u]t -> c-'  ]. 

Dans toute la suite de ce paragraphe ,  les r~sultats,  ne concernent  (pour le 

moment)  que le syst~me d'Euler des gaz isentropiques. 
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4.1 R~su l t a t s  : on rev ien t  au  probl~me (2.1) (2.6), u + et  ~o r e s t a n t  dans  des 

born~s de fonctions C °°. On suppose toujours  que la  condit ion (2.7) est  sa t isfa i te ,  mais  

on remplace  (2.8) p a r  : 

(4.1) a ( y ' )  = - ~ d ( y ' )  avec ILog((t)l < C 

T I ~ O ~ M E  5 : on suppose les donn#es s-compatibles avec s>~+7 . Alors, il existe un 

voisinage de 0 ind~pendant de ~ e ]0, % ] ,  tel que le probl~me (2.1) (2.6) poss~de, sur 

ce voisinage, une solution dans $ s n  ,~4 , de norme majorde i nd@endammen t  de 

E. 

De nouveau ,  darts la  p reuve  de ce th~or~me, ~ et  ~p sont  rel i~s p a r  un  choix 

d u t y p e  @= x n+ R~ . 

Le th~or~me 4 a p p a r a i t  s i m p e m e n t  comme le cas  l i m i t e  E=0 dans  le 

th~or~me 5. On peu t  cons t ru i re  des famil les  (Uo e , ~o ~ ) de donn~es s -compat ib les  qui 

ver i f ien t  (2.7) avec (4.1), e t  qui convergent  vers  (u o , ~o ) ; on r e m a r q u e  alors  que les 

donn~es (u o , ~o ) sont  s-compat ible  au  sens du th~or~me 4. Avec les th~or~mes 4 et 5 

on a donc une  famil le  de chocs faibles (u ~ , @E ) et  une onde sonique ( u ,  ~) d~finies 

su r  un  m~me vois inage  de 0, et  born~es dans  S s ~  . ~ 4  . Si on a fix~ la  correspondance 

-~ ~, on a c o n v e r g e n c e  d e s  c h o c s  f a i b l e s  v e r s  r o n d e  s o n i q u e  : 

s ) de donndes s -compat ib les  qu i  TH,~.ORI~ME 6 : dtant donnde une famil le  (u~ , ~o 

converge vers (u o , ~o ) comme indiqud ci-dessus, on peut  construire les chocs faibles 

(u s , qs ) et l'onde sonique (u , ~) des th4or~mes 5 et 6, de sorte que l' on ait en plus 

convergence dans L 2 , de (u ~ , ~ ) vers (u , ~). 

4.2 S tab i l i t~  "~nifQrr~¢ ~n d'  : consid~rons une  famil te  (v s , ~E ) de chocs 

v~r i f i an t  (4.1) avec Log [a~l born~ dans  W 1,oo. Notons  (2.3) e le sys t~me (2.3) 

co r re spondan t  & (ve, Vs ). Parce  que la  mat r ice  An(V e , 0yWs ) a une  va leu r  propre  de 

l ' o rd re  de e, on ne p e u t  pas  esp~re r  d ' e s t i m a t i o n  (2.4)) un i fo rme  en ~ pour  les 

so lu t ions  de (2.3) s . N~anmoins ,dans  le cas du sys t~me d 'Eu le r  de la  dynamique  des 

gaz, on a l e s  e s t ima t ions  su ivan tes  pour  7>~o : 
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1 
(4.9.)  lulo, ÷  lrulo,  + < c (  1 IFIo,  + IGIo, / 

avec C et  7o ind~pendants  de ~ (assez petit). 

On voit  b ien dans  cette e s t ima t ion  comment  on perd  le contrSle de I Fu I • Le O,~/ 

t e r m e  en (ffs) -1 I GIo,7 p o u r r a i t  inqui~ter ,  ma i s  la  p roc4dure  de l i n ~ a r i s a t i o n  

condui t  en f a i t h  app l ique r  l ' e s t ima t ion  (4.4) h des  fonctions G qui sont  d~jfi de la  

forme s G'. 

I1 es t  c ependan t  c la i r  que l 'on a besoin d 'un  contSle uni forme en s de Fu et  

~. En  r e p r e n a n t  les no ta t ions  du p a r a g r a p h e  3.3, on peu t  mon t r e r  que : 

2 1 1 
(4.3) CYllull2,~ + Y I r u l l , ~ +  Y Iml~,, <- c(~ llFll2,, + q~ l v l 2 ,~ }  

Q u a n d  on compare  cet te  e s t i m a t i o n  avec (2.4), on cons t a t e  une  pe r t e  de 

r~gular i t~ des t races  Fu et de 7 (compens~e pa r  un ga in  de poids sur  7 ). En  outre, 

il y a per te  de r~gulari t~ entre  G e t  I 'u. 

Mais  d ' au t r e  par t ,  pour  G = 0  (ou au moins pour  G=~ G" ), il es t  c la i r  que le 

probl~me (2.3)e "converge" vers  le probl~me (3.12), et  (3.14) (3.15) (3.18) s ignif ient  que 

l ' e s t imat ion  (4.3) es t  encore vra ie  pour  s=0.  

5. O n d e s  de rar6fact iQn 

5.1 Les 6ouat ions  : d a n s  les var iab les  in i t ia les ,  le mot i f  g6om~tr ique g6n~ralise 

celui b ien  connu de la d imension  1 ; il es t  consti tu~ de deux surfaces  Z et  X', i ssues  

d 'une  sur face  X ° ( p o r t a n t  les  d i scont inu i t~s  de la  donn6e in i t i a le )  e t  l i m i t a n t  un  

"di~dre" W ; en dehors  de "g/ la solut ion u es t  r6gul i~re  j u s q u ' a u  bord  a lors  que 

dans  74 r, u s e  comporte  comme une fonction r~guli~re des coordonn6es "cylindriques" 

(t, y, 0) ,  0 6 tan t  quelque chose comme l 'angle  polai re  dans  ~l,r. 

Du c6t~ des  va r i ab l e s  redress6es ,  on a donc t ro is  r6gions : D - = { x  n < 0} , 

D+={xn > 1} et  D={ 0 < x n < 1}. Le changemen t  de va r i ab le s  ¢P a u r a  donc t rois  

d~ te rmina t ions  ~+, ¢- et  $ r e spec t ivemen t  dans  D +, D-,  et  D. Ces fonctions sont  

reli6es p a r  les re la t ions  : 

(5.1) ¢+(y, 1) = ~(y, 1) et ¢-(y, 0)= ~(y,0) 

qui a s s u r e n t  la continuit~ de ¢P. Z et E' sont  les images  de {x n =0} et {Xn= 1}. Si on 
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note  x n = ~Oo(Y' ) l ' ~qua t ion  de E o , on doi t  avo i r  : 

(5.2) ¢+ (0, y ' ,  1) = ¢(0, y ' ,  1) = ¢(0, y ' ,  O) = ¢-(0, y ' ,  0) = ~0o(y' ) 

E n f i n ,  on e x p r i m e  que  ~ a e x a c t e m e n t  l a  s i n g u l a r i t ~  d e s  c o o r d o n n ~ e s  

c y l i n r i q u e s  : 

(5.3) O n ~(t, y ' ,  E n ) = c t avec c fonction > 0 

S u i v a n t  S .A l inhac ,  u n  r e p r g s e n t a n t  de  l ' onde  de r a r e f a c t i o n  e s t  l a  donn~e  de  

U = ( u  +, u - ,  u )  et  ~=(~)+, ~-, ~) qui  v~r i f ien t  (5.1-2-3) e t  : 

(5.4) 

I L ( u  ~, ~+) u + = 0 d a n s  D + 

L ( u ,  ~) u = 0 d a n s  D 
+ 

u = u s a t  x n = 1 

u - =  u s u r  x n = 0 

(5.5) 

Les  donn~es  i n i t i a l e s  son t  (5.2) e t  : 

t + 
u It=o = uo p o u r  x n > 1  

u It=o = uo p o u r  x n < 0  

~(v, 0) ~ t a n t  ~ n o u v e a u  suppos~e  v r a i m e n t  non  l i n~a i r e ,  on no te  °d(a, v, 0) l a  

c o u r b e  i n t ~ g r a l e  de r(v,  0), i s s u e  de  v p o u r  a=O.  L a  p r e m i e r e  c o n d i t i o n  de  

compa t ib i l i t~  s '~nonce : il  ex i s te  u n e  fonct ion a(y" ) te l le  que  : 

(5.6) a ( y ' )  > c > 0 

(5.7) Uo + (,y') = °d(a(y" ) , u o (y" ) , O'y (Po ) 

C o m m e  p r ~ c ~ d e m m e n t ,  l e s  c o m p a t i b i l i t ~ s  d ' o r d r e  s u p ~ r i e u r  r e l i e n t  l e s  t r a c e s  

su r  {x n = 0 } de 0kn u+o e t  de 0nk Uo ; pour  des  d~ta i l s  on renvo ie  ~ [A. 2]. 

THI~ORI~ME 7 (S. A l i n h a c  [A. 2] ) : s u p p o s o n s  les  d o n n d e s  k - c o m p a t i b l e s ,  a v e c  k a s s e z  

g r a n d .  A l o r s  le p r o b l ~ m e  (5.4) (5.5) a v e c  (5 .1-2-3) ,  p o s s ~ d e ,  a u  v o i s i n a g e  d e  0, u n e  

s o l u t i o n  te l l e  q u e  : u + ,u ,O-+  e t  ~ s o n t  d e  r d g u l a r i t ~  H k - d  e n  d e h o r s  d e  x n =  l et  

Xn=O, e t  d e  r d g u l a r i t d  H (k~cl)/2 p o u r  t > 0 ,  p r o s  d e  x n = 1 o u  x n = 0 .  

On r e n v o i t  & [A.2] p o u r  u n e  d i s c u s s i o n  de l ' i nd i ce  d . S i g n a l o n s  s e u l e m e n t  
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qu'on peu t  le p rend re  6gal & 0 dans  le cas du syst6me d 'Eu le r  i sent ropique.  

Notons  pour  f in i r  que S .Al inhac  a mont r6  l 'un ic i t6  (dans  les coordonn6es  

in i t i a les  !) de la  solut ion a y a n t  un mot i f  d 'onde de rar6fact ion comme ci-dessus.  

5.__22 Le orobl~me l indaris6 : il es t  de la forme : 

(5.8) 

L(v±, ~g+- ) u +- = F ~ d a n s  D +- 

L(v ,  ~V) u = F d a n s  D 

An(v  +, ~+ ) (u +-  u} = 0 su r  { xn = 1 } 

An (V ,  ~ - )  {u - u -  } = 0 s u r  { ~2 n = 0 } 

(les v e t  V sont  tets que : v+=v, W+=~ sur  {£n=1} et  v - = v ,  ~-=~g sur  {Xn--0} ). 

A n o u v e a u  tes cond i t i ons  aux l i m i t e s  son t  m a x i m a l e s  d i s s i p a t i v e s .  La  

difficult6 nouvel le  es t  que L(v ,  ~)  est  un op6ra t eu r  s ingul ier ,  pu i sque  ~ est  un 

changemen t  de var iab les  s ingul ier  sur  {t=0} . En fait, L(v ,  ~)  est  de la  forme : 
n-1  

(5.9) L = t~ t  + 2 tA jO j  + A nSn 
j = l  

Dans  ces condit ions,  il es t  na tu re l  de t r ava i l l e r  avec des poids de la  forme t ~. 

En fhit, S .Al inhac a montrd  que pour  d assez g rand  : 

< C{ I t - d - l ~ l o  ÷ lt-d- 2FIo } (5.10) I t - d - ~ u + - I o  + I t - d - Z / 2 u [ o  _ 

off i- Io d6signe ici la  norme L 2 prise su r  ]0,7[ xlR n, T 6 tan t  assez  peti t .  

On a 6 v i d e m m e n t  in t6 rS t  h p r e n d r e  d le p lus  p e t i t  poss ible ,  et  il es t  

r em arquab l e ,  comme le souligne S.Alinhac,  que pour  le syst~me d 'Eu le r  i sen t ropique  

on puisse  p r end re  d = 0. 

Comme on l ' a  fa i t  pour  les ondes soniques,  il fau t  e n su i t e  t r a v a i l l e r  un peu 

p lus  pour  ob ten i r  des  e s t ima t ions  su r  les  t races  de u, e t  S .Al inhac  u t i l i s e  ensu i te  

(3.16) pour  contrSler  ¢P. 

6. R e m a r o u e s  

Consid6rons le probl~me de Cauchy pour  (1.1) avec donn6e de Cauchy : 

(6.1) u lt=o = u o 

avec u o discont inue  sur  une hypersur face  E o ; ce probl~me se pr~sente  comme une 

p e r t u r b a t i o n  du class ique probl~me de R iemann  1-D. On p o u r r a i t  s ' a t t end re  h ce que 

la  solut ion soit,  comme dans  le cas l -D,  la j ux t apos i t i on  d 'ondes  s imples .  N6anmoins  
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il  r e s t e  ~ comprendre  le ph~nom~ne des d i scont inu i t~s  de contac t  mul t i -D,  qui, au  

mo ins  d a n s  le cas d ' E u l e r  i s en t rop ique ,  s e m b l e n t  ~tre  v i o l e m m e n t  i n s t a b l e s .  Ce 

probl~me res te  donc I a rgemen t  ouvert .  

Dans  la  cas o~ le sys t~me (1.1) n 'a  que des  va l e u r s  p rop res  v r a i m e n t  non 

l in~aires ,  on peu t  espSrer  r~soudre le probl~me (1.1) (6.1) en j u x t a p o s a n t  des chocs et  

des ondes de ra re fac t ion  (avec ~ven tue l l ement  des ondes  de grad ien t ) .  Un  r~su l ta t  

dans  ce sens a dt5 donn~ en [Me 2], pour  des sys t~mes 2 x 2 lorsque les deux ondes 

so r t an te s  sont  des chocs. 

Pour  f inir ,  c i tons le t r ava i l  de E . H a r a b e t i a n  [H] qui  r~sout  le probl~me de 

Cauchy  (1.1) (6.1) lo rsque  les donn~es sont  ana ly t iques .  Ce t r a va i l  qui cons t ru i t  des 

so lu t ions  mul t i -D "semblables"  aux solut ions  l -D,  es t  ~v idemmen t  t r~s in t~ressan t ,  

ma i s  il contourne  les probl~mes de s tabi l i t~  C a ou Sobolev (par  exemple ,  les  t emps  

d 'exis tence  ddpenden t  des domaines  d 'ana ly t ic i t~  des  donn~es).  
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Progressing waves of discontinuities are well modelled by 

conormal distributions with their singular support on the 

wavefront, Z. For a regular embedded hypersurface Z, a 

distribution, u, defined on a neighborhood of Z is said to be 

conormal iff their is an seR such that for any finite set of 

s 
smooth vector fields V 1 ..... V N tangent to Z we have VI---VNU£HIo c 

[H§18.2]. Examples are single and double layers on Z, the 

solutions of ~u=6 at t2=Ix21>0, and, the piecewise smooth 

functions singular accross Z. In the latter case one can take s 

equal to the order of the lowest derivative which is discontinuos 

accross Z. 

Suppose that Z is a regular characteristic surface for the 

strictly hyperbolic semilinear differential system 

P (D)u = F(x,Dm-lu). 
m 

It is known that there are many conormal solutions singular along 

Z. If solutions are conormal or piecewise smooth in the past they 

remain so in the future provided Z remains regular and Dm-lu is 

locally bounded on a set, Q, so large that Z is in the domain of 
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determinacy of C~q{t<0} [BoI,M,A]. Good surveys are presented 

in [Bo2] and [Be]. 

Subclasses, called classical conormal, have a more easily 

managed symbolic calculus and are therefore useful in constructing 

solutions with desired properties. Rauch and Reed [RR4] 

introduced a class which has too advantages: i. The analysis is 

made almost exclusively in the t,x variables, and 2. Jump 

discontinuities in Dm-lu are permitted. 

The smallest class of classical conormal distibutions are the 

piecewise smooth functions which are singular only at Z. Hadamard 

[H] analysed such solutions and Courant and Lax continued the 

study including the construction of solutions The analysis of the 

propagation of singularities and the construction of solutions in 

the linear case. This matierial is presented in [C §VI.4]. 

Stability under propagation by semilinear hyperbolic equations is 

proved in [RR2]. 

Bony [Bol] proved that the class of conormal solutions is 

stable under pairwise interaction in the following sense. Suppose 

that E 1 and Z2 are two characteristic surfaces which cross 

transversally in FmZlnZ 2. Let ~3,Z4 ...... ~ be the other 

characteristic surfaces passing throuqh A. If a solution has the 

following properties: 

i. The surfaces are regular 

ii. Dm-lu is locally bounded on the domanin of definition, 

Q, of u, and Zj n {t>0} is in the domain of determinacy of 

On{t<0i for all j. 

iii. In t<0, the solution is conormal with respect to Z 1 and 
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Z2 and has singular suDDort disjoint from F. 

Then, the solution has singular support in the union of the Zj and 

is conormal at all points of Z.kF. 
3 

If in addition, the solution is known to be piecewise smooth 

in t<0 one can ask whether it remains so in t>0. For linear 

problems the response is yes by simple superposition. For 

nonlinear Droblems the response is often yes. Note that the 

surfaces Z locally cut space-time into 2~ wedges and piecewise 

smooth means smooth in the closure of each wedge. 

Theorem. [MR] The interaction of two piecewise smooth waves as 

described above results in a piecewise smooth solution provided 

that the locus of interaction, F, is contained in a spacelike 

hypersurface. 

Two important special cases are the case of systems which have 

only two sound speeds and the case of systems in one space 

dimension. In both cases, the hypothesis on F is automatically 

satisfied, and, the corresponding stability of piecewise smooth 

solution under interaction had been previously proved [RR-I,3,5]. 

Similarly, if one considers the Cauchy problem with piecewise 

smooth data singular accross Fc{t=0} there is local existence of a 

piecewise smooth solution singular along the characteristic 

hypersurfaces through F [MR]. 

The interaction of more than two progressing waves and the 

behavior when Z degenerates are more complicated geometrically and 

analytically. We make no attempt at describina the important work 

of Bony, Melrose, Ritter, Lehrner, Beals and Lebeau concerning 
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these questions. 

Without the hypothesis on F, the above Theorem would not be 

correct. The interaction of piecewise smooth waves can generate 

logarithmic singularities which propagate along the surfaces Zj. 

Even with the hypothesis on F, logarithmic singularities appear 

when classical conormal waves of the sort studied in [RR4] 

interact. The example, due to Piriou [P2], is a variant of a 

now classical example 

(a t ± ax)u ± = 0, u±(0,x) = I(x T x/2)±I I/2 , 

@t w = U+U w(O,x) = 0. 

TWO approaching "root x" singularities interact at (i,I) and 

lo~arithms are Dresent in the outgoing singularity along the 

characteristic x=0 for t>0. In all the known examples producing 

unwanted logarithms, these terms do not appear in the principal 

symbol. This suggest the following problem. 

Open problem. Show that the interaction of classsical conormal 

waves without logarithms produce waves which have no logarithms 

in their principal part. The natural starting point would be 

incoming waves which are piecewise smooth. Next, incoming waves 

as in [RR4]. Finally, incoming waves as in [Mel] with the proviso 

that logarithms are not present until terms one derivative 

smoother than the principal part. 

In the remainder of this note, we will present an example 

exhibiting the production of logarithmic singularities from the 

interaction of piecewise smooth waves along a F which is not 
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contained in a spacelike manifold. 

~3=RtxR ~ we denote by 0 c the d'Alembertian with speed c>0, In 

2 
D c ~ 0 t - C 2 ~ .  

We begin by considering the system of equations 

OlU = 0 

(I) DlV = 0 

D2w = uv. 

The solutions u and v are characteristic functions of halfspaces, 

u ~ X{xl_t<0}, 

V ~ Xlx2_t<0 l . 

Then, uv is the characteristic function of a wedue, W, whose edge 

is the line Xl=X2=t which moves with speed 21/2 < 2. For a 0 2 

observer this is slower than light, that is, inside the forward 

light cone. To find a w we take advantage of the Lorentz 

invariance of D 2. There is a Lorentz transformation t,x~ ~t'x' 

preserving D 2 which maps W onto a wedge whose edge is the t'-axis, 

{x'=0J. The image wedge is therefore a cartesian product Rt,xW' 

with W" a wedge in ~2, . The equation for w is transformed to 
x 

D2w' = ~w,~x')- 

We can find solutions which do not depend on t ~ by solvinq 

(2) Ax,W'(X') = Xw,(X'). 

Note that the right hand side of (2) is piecewise smooth. As we 

will see, the solution is not piecewise smooth. 

Let V 1 and V 2 be constant vector fields on ~2x, parallel to 

the sides of W'. With a nonzero constant, a, we have 
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VIV2X W, = a6ix') . 

ADDIVin~ VIV 2 to both sides of (2) yields 

Ax,V1V2w" = a 6 ( x ' ) .  

Therefore 

VIV2W' = 2Ha in(Ix'l) + C . 

In the original coordinates, we have constructed a solution 

which has a second derivative with a logarithmic singularity along 

the curve of intersection of the incoming waves. In particular, 

the solution is not piecewise smooth. 

The construction above can be altered to remove three 

apparent flaws. First, the system (I) is not strictly hyperbolic. 

Second, the set of interaction is unbounded, extending to t=-~. 

Third, the failure of piecewise smoothness occurs uniquely along 

the line of interaction. 

For the first, replacing one of the speed 1 d'Alembertians by 

speed 1+o, with 1oi small and changing t to (l+o) t in the 

definition of v changes £ to a line which still has speed less 

than two. In this way we get a strictly hyperbolic system. 

For the second, we modify the construction in two stages. 

First, we replace the equation for w by 

(3) D2~ = ~(t,x)uv, 

(4) w(0,x) = wt(0,x) = 0, 

where q is a cutoff function supported near (I,i,i), precisely 

SUDD U C {(t-l)2+Ix-(l,l)! 2 < 62/41, 

~ 1 on {(t-l)2+~x-(l,l)l 2 < 62/161, 
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with 6>0 small. Then Uuv vanishes for t<l-c/2 and the same is 

therefore true of w. 

Returning to the example u,v,w above, note that in the primed 

coordinates w' and the product u'v' are independent of t'. Thus, 

WFw" u WFu'v' c {r' = 0} c Eli(D2) , 

where Ell, the set of elliptic points, is the complement of the 

characteristic variety. By invariance, we have 

(5) WFw u WFuv c Eli(D2) 

in the original coordinates. In particular, 

WFDuv n char(D2) = ~. 

Propagating from t<l-e using Hormander's Theorem yields 

(6) WFw n char(02) = ~. 

Combining (5) and (6) we see that 

(7) WF(w-w) n char(02) = #. 

On the other hand we have 

02(w- ~) = 0 on {(t-l)2+Ix-(l,l) 12 < 62/161. 

The microlocal elliptic regularity theorem then implies that 

(8) WF(w-w) c charlD2) over {(t-l)2+~x-(l,l)~ 2 < c2/161. 

Combining (7) and (8) we see that w and w differ by a smooth 

function on the set (t-1)2+~x-(l,l)~ 2 < c2/16. In particular, 

is not piesewise smooth. 

Having localized the interaction, we can now truncate the 

initial data of u,v. Let u,v be the solution of the initial value 

problem 



(9) DIU = 0, DIV = 0, 

(i0) u(0,X) = ~(x)u(0,x), 

(ii) v(0,X) = ~(x)v(0,x), 
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ut(0,x) = ~(x)ut(0,x) 

vt(0,x) = ~(x)vt(0,x). 

Here ~ e 9(~2) has support in a disc of radius £ about (i,0) 

and is identically equal to one on the disc of radius 6/2. The 

function ~ performs a similar cutoff at the point (0,i). Then 

supp u ¢ ixl-t < 01, supp v c {x2-t < 0}, 

supp u__vv c the wedge W. 

The backward speed one light cone from (i+~/2,1,i) intersects 

the support of the Cauch¥ data inside the discs of radius ~/2 centered 

at (i,0) and (0,i). In these discs the data is the same as that 

for u,v so u_vv=uv inside this backward light cone. In particular, 

Uuv=Uuv. Thus w satisfies 

(12) 02w = Uuv. 

Equations (4) and (9-12) give a globally solvable initial value 

problem and w has a second derivative with a logarithmic 

singularity along Xl=X2=t. 

For the third objection we add a fourth equation whose 

purpose is to transport the singularites of w. Near (i,I,I), w is 

singular along t=xl=x 2 and has wavefront set containing the 

conormal variety to this line, 

WFw D {(~,~):~+~i+~2=0}. 

We want to use w as a source term in a hyperbolic equation whose 

characteristic variety meets this set and so that the entire 
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system remains strictly hyperbolic. The simplest choice is 

(13) @t z = r~(t,x)w_ 

(14) z(0,x) = 0. 

Here, ~ is a cutoff supported where U is identically one and 

itself equal to one on a neighborhood of (I,I,i). 

To study z, make a linear change of variables t,xl )T,X such 

that 

i. a t = a T , 

ii. The set t=xl=x 2 is mapped to {T=0=Xl], and 

iii. (I,i,I)~ "(0,0,0). 

T=0=X 1 it follows that the quotient of ~x'l 2 by Since x'=0 if, 

T2+X~ - is a smooth function which is strictly positive on a 

neighborhood of x'=0. Thus, on a small neighborhood of the origin 

in T,X space, 

~TVlV2Z = 2~a in(Ix'l) + C~ = 2~a in(T2+X~) C ~" + 

An integration shows that 

= 2~a In.T2+X dT + f(X) + C VIV2Z 
0 

with f = VlV2Z~T=0 e ~'(R~). The integral is equal to 

2 X l a r c t a n ( T / X  1) + T ln (T2+X~)  - 2T. 

The second X 1 derivative of this expression tends to infinity as 

X 1 tends to zero. The rate of explosion despends on T so cannot 

be cancelled by the f(X) term. We conclude that z is not 

piecewise smooth at the characteristic hyperplane XI=0. This 

completes our construction. 

Readers who prefer first order systems to second order 
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systems can easily replace the d'Alembertians by the standard 

first order alias, 

1 a . o[0 0] x. o[0 01 
Readers who prefer purely second order systems are invited to use 

D s, with 0<s<2 I/2, in place of 8t in equation (13) . The 

verification is then not as simple. 

Those who prefer sinale scalar equations of high order 

are encouraged to change their minds. 
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Diffraction Effects in Weakly Nonlinear Detonation 

Waves 

R o d o l f o  R.  Rosa les*  

Department of Mathematics, Room 2-337 

Massachusetts Institute o/ Technology, Cambridge, MA 02139 

In the limit of small heat release, large activation energy and weak nonlinearity, the propagation 

of detonation waves obeys a Geometrical Optics approximation. These equations develop caustic 

singularities, where the approximation fails. Here we present a derivation of a modified set of 

equations for weakly nonlinear detonation waves incorporating lateral diffraction effects. The 

modified set of equations does not fail at caustics. 

1 .  I n t r o d u c t i o n  

In [14] equations governing the propagation of a weakly nonlinear detonation wave in a reacting 

polytropic gas in the limit of large activation energy and small heat release are derived using Weakly 

Nonlinear Geometrical Optics asymptotics. The propagation of the detonation front ¢(~) = t is 

then governed by the EikoIial equation 

(V~b) 2 = 1 (1.1) 

in appropriate nondimensional variables. When the wave moves into a uniform state and transport 

effects are neglected, the amplitude equations are 

dt ~ { _ ~ 2 + q a } 0  = - ( ~ ¢ ) ~ ,  (1.2a) 

A0 = --¢(~,A), (1.2b) 

where a ---- a(6, ~, t) controls the variation of the fluid dynamical variables across the wave (to 

leading order they are all proportional to ca, 0 < e < <  1, the proportionality constant being 1 for 

the temperature), )~ = A(~, ~, t) is the reaction parameter to leading order (a reaction controlled 

*This work was performed in part while the author was visiting the Department of Mathematics at Stanford 
University, Stanford, California. The author was partiMly supported by grants from the AFOSR, NSF and the 

Wade Foundation. 
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by a single parameter  0 < A < 1 is assumed with A = 0,1 in the fresh, burn t  mixture respectively), 

7 is the usual 7 of ideal gas laws, q > 0 is a constant (the heat release), 0 = (1/e)(¢ - t) is the 

phase function, ¢ is the reaction rate (ignition temperature kinetics are assumed so that ¢ vanishes 

for, say, 0, < 0) and d / d t  denotes derivation along the characteristics of (1.1). Specifically 

d d 
~-~m = V~b, ~ 0 ,  = 0,t + ( V a ) - ( W e ) ,  (1.3) 

where ~b(m) = 0 is the initial position of the reaction front. 

We note that  equation (1.1) says that the reaction front ¢ = t moves normal to itself at 

constant  velocity 1. Thus a concave front will eventually focus and fold - -  forming ar6tes and 

caustics. Once this happens the expansion in [14] breaks down, as it is built  up on the implicit 

assumption of a single smooth reaction front. In fact 

~¢ = Z :  ~J, (1.4) 
J 

where the tcj are the principal curvatures of the front. Thus the right hand side of (1.2a), that 

takes care of amplification and damping of the wave by geometrical effects, becomes unbounded 

near caustics and ar6tes. 

The breakdown pointed out above is the same as that  that  occurs for the equations governing 

the propagation of weak shock fronts in compressible gases (set q = 0 in (1.2a) and ignore A) and 

generally for Geometrical Optics approximations. In the case of weak shocks (by allowing "slow," 

parallel to the front, dependence of the variables in the expansion) asymptotic equations that may 

remain valid (see remark 1.1) near ar6tes are proposed in [4]. In this paper we do the same for 

(1.1) and (1.2). 

The equations, derived in section 3, are as follows: 

Asymptotic Equations 

d .1 7 + 10" 2 + - ~ / y  0, 
~0, + ~ ' 4 ~ - -  1 + qA}= = (l.5a) 

( 7 -  1)7= = ay, (1.5b) 

~ = - ¢ ( 0 , , ~ ) ,  (1.5c) 

for propagation into a uniform state and assuming two space dimensions, with z = (X, Y). Here 

a = a ( x , y , m , t ) ,  A = A ( x , y , z , t ) , 7 ,  q and ¢ have the same meaning as in (1.2), with 

d 
- = o,  + O x  (1.6) 
dt 

and 7 /=  r/(x, y, m, t) is related to the flow velocity component parallel to the front. The role of # 

in (1.2) is taken over by x = ( 1 / e ) ( X  - t) and y = (1 /v~ )Y  is the new "slow" variable. 
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This formulation allows for curved fronts of 0(1)  curvature in the m variables, e.g. 

x = f ( y , m , t )  or 

X = t + e f ( l ~ Y , m , t )  (1.7) 

for some function f ,  but  no singular terms appear in the expansion as focusing occurs, nor do we 

have to deal with the troublesome folding and crossing of fronts of the Eikonal equation. Note 

that  the trivial, plane wave solution ¢ = X of (1.1) is incorporated in the expansion. 

The asymptotic equations (1.5) incorporate a certain amount  of diffraction effects through the 

presence of y derivatives in them, but  only at the linear level. Nonlinear effects are kept only in 

the direction normal to the front. We note that when q = 0, and A is ignored, the equations (1.5) 

reduce to the equations in [4] - -  as they should. 

The general idea and physical motivation behind the scalings that  go into the derivation of (1.5) 

is that ,  near the points where (1.1) and (1.2) fail because the front develops a fold through (1.1), 

the various "branches" of the front are nearly parallel. Thus we can keep a variable playing the 

role of O in the description, with a second - "slower" - variable to distinguish branches. Generally 

one must consider an expansion where the relevant independent  variables are 0 = (1/e)(¢ - t) 

- -  where ¢ is a nonsingular solution of (1.1) - -  and a new, slower, variable (1/v~)~(m, t) transversal 

to 0. We have chosen here the simplest case and leave consideration of the more general one for a 

later publication. The more general expansion may also be useful for propagation in the presence 

of obstacles, when "singular rays" and "shadow" boundaries appear. An in-depth exploration of 

these ideas in the non-reacting case can be found in [6]. 

R e m a r k  1.1 The ideas sketched in the prior paragraph originate in the theory of caustics for 

linear equations (see [1], [101 and [121) where they are known to work. The point is that in the 

linear case the resulting asymptotic equations can be solved by separation of variables and linear 

superposition. This is not so in the nonlinear case. While (1.5) are clearly simpler than the 

full set of equations governing the phenomenae of interest, they are complicated enough that no 

useful exact solutions are known. Furthermore, (1.5) are a canonical minimal  set of equations 

and no further reduction by asymptotic techniques seem possible without losing the phenomenae 

of interest. A numerical study of them seems necessary and unavoidable and we are currently 

involved in that ,  together with A. Stuart at M.I.T. and Bath University. 

R e m a r k  1.2 The expansions leading to (1.1), (1.2) and to (1.5) remain valid for weak solutions 

where a and r / - -  but  not A - -  may have discontinuities. This follows because the expansions may 

be arranged so that no derivatives of a and r~ appear in them. The proper conservation forms for 

w e b  solutions are those displayed. 

The plan of this paper is as follows: In section 2 we review some of the issues concerning 

the failures of Geometrical Optics at caustics, ar&tes, etc. and what is known from experiments. 

Section 3 has a derivation of the equations in (1.5). 
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2. R e v i e w  

In this section we briefly review Geometrical Optics and some of the issues that concern the 

failures of the theory at arStes, caustics, shadow boundaries, etc. No at tempt at completeness 

is made. Our only purpose is to provide motivation and some background for the material in 

this paper. The section is organized in the following subsections: 2.1 General Considerations, 2.2 

Geometrical Optics (linear theory), 2.3 Caustics (linear theory), 2.4 Weakly Nonlinear Geometrical 

Optics and 2.5 Experimental Results. 

2.1 General Considerations 

The propagation of sharp wave fronts - -  including shocks - -  and of high frequency progressive 

waves in linear and quasilinear hyperbolic p.d.e.'s is described by the asymptotic theories of: 

i) Geometrical Optics in the linear limit of infinitesimal amplitude. See [t0] and [16]. 

ii) Weakly Nonlinear Geometrical Optics for small but finite amplitudes. See [2], [7], [9] and [13]. 

In both cases the propagation of the wave fronts is described by a first order Hamilton-Jacobi 

equation (the Eikonal equation) for the phase function and by an associated transport equation 

for the amplitude of the waves. 

Generally the Eikonal equation can lead to focusing of the wave fronts, with folds and other 

singularities appearing (caustics, ar~tes, etc.). At those places the theories in (i) and (ii) above 

cease to be valid and, in particular, infinite amplitudes are predicted. Difficulties arise also at the 

shadow boundaries when applying (i) and (ii) to the study of wave propagation in the presence of 

obstacles (Singular rays). 

In spite of the problems mentioned above, these two theories are very useful in the study 

of hyperbolic p.d.e, phenomenae, and a resolution of the difficulties mentioned above is very 

important. In the context of linear Geometrical Optics this has been done, and the behavior of 

waves at caustics, singular rays, foci, etc., is well understood (see [1], [10] and [12] for example). 

On the other hand, for Weakly Nonlinear Geometrical Optics, the problem is still wide open, 

although a substantial amount of work exists in the field (see [4], [6] and [8], for example). 

The type of difficulties one must face in nonlinear theory are twofold: 

a) First, in nonlinear situations, different wave modes interact and new modes are generated. 

Thus multiple wave situations are very difficult, and presently can be handled only in certain 

special circumstances (see [7], [9] and [13]). Clearly, at the places where wave fronts cross and 

fold, a multiple wave situation arises - -  even if the original wave was locally monocromatic. 

In the nonlinear case we can expect new waves to be produced; not so in the linear case - -  

where the principle of linear superposition applies. 

b) Second, the simplified, canonical, asymptotic model equations that can be derived to model 

the behavior of the waves near caustics, singular rays, etc. in the weakly nonlinear case are 

not well understood. They are simple, but not sufficiently so as to have known and useful 
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exact solutions. (A numerical study seems indicated). It should be pointed out that  their 

linear counterparts can be solved by separation of variables and linear superposition so that 

this second difficulty is not too different in nature from the first one above. 

2 .2  G e o m e t r i c a l  O p t i c s  ( l i n e a r  t h e o r y )  

Consider a linear system of totally hyperbolic p.d.e. 's (see [16]). For simplicity assume that 

we can write it in the form 

~, + ~ A j ~ ,  = 0, (2.1) 

where u = u ( ~ ,  t) is m-column vector valued, x = ( x l , . . . ,  xn) t and the Aj = Aj(x, t) are m × m 

matrices. 

Consider a locally (in space and t ime) monocromatic  high frequency wave solution of (2.1), 

with wave number k = k ( x , t )  and wave frequency w = w(w,t) defined locally. By a locally 

monocromatic  wave solution we mean a solution for which it is possible to define k and w. Such 

a solution must necessarily be high frequency, for near any point (x, t) many wave fronts must be 

present to give a meaning to k and w. 

It is then clear that  k = ( k l , . . . ,  k~) * and w must satisfy the plane wave relationship 

d e t [ - w I  + ~ kjAj] = 0 (2.2) 

to leading order in the frequency, with u proportional to the corresponding right eigenvector. 

Then if the wavefronts are given by ~ = ~ ( ~ , t )  = constant, we can choose ~ so that  

w = - ~ t  and k = X r ~ .  (2.3) 

Equations (2.2) and (2.3) are a system of equations for the phase ~ of the wave: the Eikonal 

equation. The  bicharacteristics of these equations are called rays in Geometrical  Optics and 

correspond to a particle view of the phenomenae described by (2.1) with the wave propagating 

along these rays. 

E x a m p l e  2.1 In the case of the wave equation 

u~ - div(c~gradu) = 0, (2.4) 

with c = c(x)  > 0, we can take ~ ( ~ , t )  ---- ~k(~) - t and then we get the classical Eikonal equation 

c2(V¢) 2 = 1. (2.5) 

In this case the rays are normal to the wavefronts and these propagate along the  rays at the local 

wave speed c. 

The formal asymptotic  expansion corresponding to these ideas is 

1 (2.6) u = {at + O(~)}~ ~°, 0 = - ~ ,  
e 

where 0 < e < <  1 , a = a(~e,t) is the ampli tude and r = r (m, t )  is the right eigenvector corre- 

sponding to (2.2), properly normalized. The Eikonal equation must then be complemented by a 
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transport equation for the ampli tude a. We wilt not give its general form here, but  in the example 

2.1 above it is 

(a2)t + div(a2c2k) = O, (2.7) 

so that  a 2 is conserved on ray tubes. 

2.3 Caustics (linear theory) 

Generally the rays associated with the Eikonal equation will intersect, leading to singularities 

and mult iple values in the solution (cusps and folds in the wave fronts). In addition, whenever 

obstacles are present, l imiting ("singular") rays will appear separating regions of space accessible 

and not reached by the rays. 

At all the places indicated in the prior paragraph the expansions in subsection 2.2 fail, as 

infinities and other singularities appear. For example at any point where a ray tube  collapses, 

(2.7) predicts an infinite amplitude. 

Of part icular interest are: 

Ar~tes: places where a singularity appears for the first time, by focusing of an infinitesimal area 

of the initiM wavefronts. After this first t ime the wave fronts cross and fold on themselves. 

Caustics: these are the locations of the folding places in the wave fronts. Often, but  not Mways, 

they begin at ar~tes. 

Foci: same as ar~tes, but  a finite region of the initial wave fronts is focused. 

Singular rays: rays separating "illuminated" zones from "dark" zones due to the presence of 

obstacles and if diffraction of the waves from the points of contact of the singular rays and the 
object are ignored. 

The resolution of all these difficulties are well understood by now (see [1], [10] and [12] for 

example). The multiple values given by the solution of the Eikonal equation simply mean that 

the wave is no longer monocromatic in those regions. Because of the linear superposition principle 

this does not represent a problem. Near the singular regions (caustics, etc.) the expansion must 

be supplemented by local - -  internal layer - -  expansions to resolve the infinities. Thus (linear) 

Geometrical Optics is valid everywhere - -  including multiple valued regions - -  provided we take 

care appropriately of the inner layers appearing near the regions of trouble. For example, near 

a caustic, the two branches of the wave front - -  incident and reflected - -  are nearly parallel. 

Thus an expansion very much like the one in subsection 2.2, but  incorporating deviations from the 

plane mode form via a weak dependence (of O(1/Vq) rather than O(1/e) as in O) on the transverse 

direction solves the problem. 

The main  point is that  the asymptotic equations valid near the inner layers can be solved by 

separation of variables and superposition. (For example, near caustics the switch from waves to 

no waves occurs - -  in general - -  via Airy functions). This is an advantage that  is lost in the 

nonlinear case, even though one can still derive equations that  should be valid near (at least some 

of) the trouble spots. 
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2 . 4  W e a k l y  N o n l i n e a r  G e o m e t r i c a l  O p t i c s  

We can still deal with quasilinear systems of hyperbolic p.d.e.'s - -  such as (2.1) with the Aj 

functions of U also - -  provided we limit the amplitude to be small, of O(e) with e as in (2.6). 

A small modification of the ideas in subsection 2.2 can be used. The main difference is that 

the form of the wave is not known in advance and nonlinear deformation of the wave forms must 

be allowed. Exponentials can no longer be used and (2.6) is replaced by 

u ,~ u0(~, t )  + ¢a(x, t ,O)r(~, t )  + . . . .  (2.8) 

where u0 is a known solution 6f the equations (e.g. a constant). The Eikonal equation still applies 

for ~a = e0, with the A~'s evaluated at u = u0, and r has the same meaning as before. The 

transport equation is now nonlinear and has the form 

g~ + ( po% = - d o ,  (2.9) 

where ~ indicates derivation along the rays, p is a nonlinearity coefficient and d is a focus- 

ing/defocusing coefficient, related to the curvature of the wave fronts. 

Clearly this expansion will suffer from the same difficulties spelled out for the linear case in 

subsection 2.3. In this context this is an open problem and a satisfactory resolution of the situation 

is not known, as explained in subsection 2.1 and again at the end of subsection 2.a. 

R e m a r k  2.1 The expansion remains valid when waves break and shocks form (assume (2.1) has 

an associated conservation form) and (2.9) is the proper conservation form. Thus it can be used 

to study the propagation of weak shocks. 

2 . 5  E x p e r i m e n t a l  R e s u l t s  

Sturtevant and Kulkarny undertook a careful experimental investigation of the focusing of 

weak shocks in non-reacting gases. Their results, reported in [15], have enormous relevancy to 

the subject matter  of subsection 2.4: failure of Weakly Nonlinear Geometrical Optics near arStes, 

perfect foci, caustics, etc. No similar experiments have been carried out (to our knowledge) for 

weak detonation waves. 

Sturtevant and Kulkarny produced converging weak shocks of controllable wave front shape 

by reflecting initially plane front shocks from concave end walls in a large shock tube (note that 

this approach would not work for detonation waves). We briefly summarize some of their results 

next. The interested reader should consult [15] for a full account. 

It is clear that as a shock front focuses, its strength increases and, consequently, so does its 

speed. Thus the parts of the front where more focusing occurs will move at speeds farther (larger) 

and farther away from the (linear) acoustical speed predicted by the Eikonal equation. Clearly 

this (nonlinear) effect works to prevent focusing of the front i t s e l f -  as it  occurs in linear theory 

- -  not just merely to stop infinities. 

It is found in [15] that beyond a certain critical shock strength (e.g. of about Mach number 

M = 1.2 for the incident plane shock in the case of a perfect focus in section 3.1 there), the effect 
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in the paragraph above seems to dominate. As the front focuses, the focusing parts speed up and 

become nearly plane with true focusing entirely avoided. At the ends of this region the shock 

front develops corners, associated with the appearance of triple points there. The Mach stem and 

vortex line (the n e w  w a v e s  being generated by nonlinearity, see (a) in subsection 2.1) associated 

with the triple points trail the main shock front as the triple points fly apart from each other (see 

Fig. 18d in [15]). 

As the strength of the shock decreases and approaches criticality the paths of the triple points 

- -  which for large enough strength diverge - -  become more complicated. They first diverge, then 

stop, start  approaching each other, stop again, and finally diverge again (see Fig. 18c in [15]). 

Below the critical strength, after first diverging and stopping, the triple points approach each 

other and collide (see Fig. 18b in [15]). After the collision the resulting wave fronts take on an 

appearance very similar to the "folded on itself" wave front predicted by the Eikonal equation. 

However, at the places where the front would merely fold on itself according to the Eikonal 

equation (caustics) n e w  w a v e s  (generated by nonlinear interactions, no doubt) are observed and 

triple point-like structures seem to occur there. For weaker and weaker shocks the "new waves ~ 

become fainter and fainter, the interval between formation and collision of the triple points goes to 

zero and generally the whole observed pattern resembles more and more that predicted by linear 

theory. 

The behavior for strong and moderately strong (well above critical in fact) converging shocks 

seems to agree reasonably well with that predicted by Whitham's Geometrical Shock Dynamics 

theory [16], provided one equates the "shock-shocks" of the theory with the triple points. Un- 

fortunately the theoretical foundations of this theory are not well understood. Furthermore, this 

theory cannot predict the transition behaviors described above. 

In an effort to explain the observed behavior, up to and possibly including the critical shock 

strength transition described above, Cramer and Seebass proposed a model in [4]. Their derivation 

is based on the idea that (at least for ar6tes and provided the original shock front is not too 

convoluted) even after Weakly Nonlinear Geometrical Optics fails, the wave fronts present are all 

nearly parallel and thus a nearly one dimensional approximation may apply. 

The model proposed in [4], which is a special case of our model derived in section 3 when 

combustion is ignored, has as its main component the equations 

[lq,+ la2] "y-I 
" + 1 + = o, - = (2.1o) 

Equivalently, in the smooth part of the flow, we have 

f l T + l  2] 1 " "  + ] 1 "  j ' =  + = o, (2.11) 

where we have eliminated r/by cross differentiation in (2.10). We note that this is in fact the same 

as the Time Dependent Small Disturbance Transonic Flow equation (see [3] and [11]). 

The problem with the model in [4], as well as with our own model in this paper, is that very 

litt le is known concerning the behavior of equations such as (2.10) in what regards the problems 
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considered here and that motivate their derivation. We hope that the numerical computations we 

are currently involved in (with A. Stuart) will shed some light on this. 

While (2.10) has been proposed for ar~tes, nonlinear Tricomi equations of the form 

o, + (y~ + ~)~ + ~ = o, ~ = ~ (2.12) 

have been proposed near caustics and singular rays [6]. The remarks in the prior paragraph are 

also valid here. 

3 .  D e r i v a t i o n  o f  t h e  A s y m p t o t i c  E q u a t i o n s  

In this section we derive the equations in (1.5) for a weakly nonlinear detonation wave incor- 

porating diffraction effects. The section is organized in the following subsections: 3.1 The Basic 

Nondimensional Equations of Reacting Gas Flow, 3.2 Derivation of the Asymptotic Equations, 

and 3.3 The Asymptotic Equations. 

3 . 1  T h e  B a s i c  N o n d i m e n s i o n a l  E q u a t i o n s  o f  R e a c t i n g  G a s  F l o w  

If we neglect transport effects, assume a single, 0 _< ~ < 1~ progress variable for the reaction 

(with ~ = 0 in the fresh mixture and A = 1 in the burnt products), assume a polytropic gas with 

the same 7 throughout the reaction and assume a constant small heat release (i.e. 0-~e = const., 

where e is the internal energy density) then the equations for a reacting gas can be written in the 

nondimensional form (see [5] and [14]) 

i ' - e r d i v u  = 0, (3.1a) 

7c/L + gradT - pTgradr  = O, (3.1b) 

+ , ( 7  - I ) r d i v u  = 2 , ~ - ~ - f q i ,  (3.1c) 

cA = w ,  (3.1d) 

where 0 < e < <  1, r is the specific volume and p = 1 / r  is the density, u is the flow speed, T is 

the temperature, q > 0 is a constant (the heat release), w is the reaction rate and a dot denotes 

the material derivative 

[9 = Pt + eu.gradp. (3.2) 

Introducing now a large activation energy hypothesis, we can write 

( w = W  r, ~,T, 

for the reaction rate. An ignition temperature assumption will also be necessary, so that w vanishes 

for T <  1. 
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Actually, except for the form of the reaction rate (3.3), our hypothesis here are more restrictive 

than those in [14]. We do this for simplicity~ as there is no difficulty in using the more general 

equations in [14]. 

Finally, let us define 

¢(a, A) = W(1, A, 1, a). (3.4) 

3.2 Derivation of the Asymptot ic  Equations 

Consider the case of two space dimensions (the generalization to three space dimensions is 

straightforward, see remark 3.1 at the end of this section 3), with ~ -- (X, Y). Now let 

x = (1 /e ) (X - t ) ,  y = (1/x/~)Y and consider an expansion of the form 

T = 1 -~ £T 1 -~- E3/2T 2 Jr E2T 3 -~ . . . ,  (3 .5a)  

u = u l  + v/~u2 + eu3 + . . . ,  (3.5b) 

T = 1 + eT1 + e3/2T2 + ~2T3 + . . . ,  (3.5c) 

A = A o + v ~ A I + . . . ,  (3.5d) 

where u j  = (Uj, Vj) and the variables are functions of x, y, X,  Y and t. We assume that,  as x --+ cx~, 

the variables reach a limit and that  derivation commutes with the limit x ~ c~. The expansions 

for r and T start  with 1 as a result of the  nondimensionalization. 

Substi tut ing this expansion first into the fluid dynamics part of (3.1) (i.e., the first three 

equations) we find, at leading order in e, O(1), the equations 

n ,  + U1, = 0, (3.6a) 

"yUx, -  TI~ + r l ,  = 0, (3.6b) 

7Vax = 0, (3.6c) 

T1, - (3' - 1)U1, = 0. (3.6d) 

Clearly then 

- 1  1 - -  
~1 = ~ : - i 5 ~  + 71, /./1 = ~ - : - i S a  + V l ,  Y~ = V1,  T~ = a, (3.7) 

where ~r = a(x,  y, X ,  Y, t) is arbitrary and the barred variables are functions of y, X,  Y and t 

- -  but  not of x. We assume that  (as x ~ ~ )  o" -+ ~, with the tempera ture  ahead of the wave 

(T ~ 1 + e~ + . . . )  below ignition. 
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At the next order, O(v~),  in the fluid dynamics equations we have 

"r2= + U2= = -V~y, 

"fU2=- T2= +'r2= = O, 

T2. - (~' - 1)U2. = ("f - 1)V~. 

(3.8a) 

(3.8b) 

(3.Sc) 

(3.8d) 

Thus we must have V1 = V1 = VI(X,Y,t)  not a function of y and 

- 1  1 - -  
r 2 -  ( 3 , _ 1 ) T 2 + ~ 2 ,  g 2 -  ( 7 _ l ) T 2 + U 2 ,  V 2 = y ,  

where 7/= r/(x, y, X, }I, t) satisfies 

7 - 1 _  
(*t - 1)7/= = a~ - r l ~ ,  

7 

and we assume both T2 and r/have limits T2 and ~ as x --~ o¢. 

Finally, at O(e) in the fluids, we find 

rs~ + Us= = "rl~ + Ul  rl= - r~U~= - U~x  - V ~  - E y  , 

"~Us= - Ts= + Ts= = "rU~, + " / U ~ U ~  + T I x  - r~x  - (T1 - rl)r~=, 

T3= - (7 - 1)Us= = T i t  + U I T I =  + ('1 - 1)T1U~= + ("l - 1)Uxx 

(3.9) 

( 3 . 1 0 )  

(3.11a) 

(3.11b) 

(3.11~) 

+ ('t - 1)V~y + ('y - 1)V1y + 23, -7 1 q),o=- (3.11d) 

The solvability condition for this system of equations is 

! 9' + 1 . 21(7 at sU Crx Jv-Vlax  "4" "~ 7---~OreYx -t" -- 1)r/y + qA0= = 

- "dU.  + U~x) + ( ~ ,  + ~ x )  - "W~r. (3.12) 

Substituting now (3.5) into (3.1d) and using (3.3) and (3.4) we find 

Ao= = - ¢ ( a ,  ,k0). (3.13) 

If the wave is moving into an equilibrium rest state, then we can take the barred variables 

constant and we have, from (3.7), (3.9), (3.10), (3.12) and (3.13): 
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~ o  + F , o  + ~)-:-~_1 a + q~0 + ~ = 
i x  

( 7  - -  1 ) r / .  = 
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( w a v e  m o v i n g  i n t o  a r e s t  s t a t e )  

0, (3.14a) 

au, (3.14b) 

-¢(~,~o), (3.14c) 

where 

U = 

( 1) 
l + e  g l - 3 ` _ 1  a +O(e3/2), (3.15a) 

1 
U, + a + O(v/~), V = V~ + v'~r/+ O(e), (3.155) 

3 ' - 1  

T = 1 + eo" + O(e3/2), (3.15e) 

;~ = Ao + O(V'7) (3.15d) 

and U'I, ~ and V1 are constants. It is clear that, except for a trivial Galileian transformation, 

(1.5) and (3.14) are the same. 

R e m a r k  3.1 The extension to three space dimensions is straightforward. In this case r] and y 

become 2-vectors, with yy replaced by dirt/ and ay replaced by grad a (div and grad relative to 

the y variables). 

R e f e r e n c e s  

[1] Buchal, R. N. and Keller, J. B., "Boundary Layer Problems in Diffraction Theory," Comm. 

Pure Appl. Math., vol. 13, pp. 85-114, 1960. 

[2] Choquet-Bruhat, Y., "Ondes Asymptotiques et Approch6es pour des syst~mes d']~quations 

aux D6riv6es Partielles non Lin6aires," J. Math. Pures et Appl., vol. 48, pp. 117-158, 1969. 

[3] Cole, J. D., "Modern Developments in Transonic Flow," SIAM J. AppI. Math., vol. 29, pp. 

763-787, 1975. 

[4] Cramer, M. S. and Seebass, A. R., "Focusing of Weak Shock Waves at an Ar~te," J. Fluid 

Mech., vol. 88, pp. 209-222, 1978. 

[5] Fickett, W. and Davis, W. C., Detonation, Univ. of California Press, Berkeley, 1979. 



239 

[6] Hunter, J. K., "Transverse Diffraction of Nonlinear Waves and Singular Rays," SlAM J. Appl. 

Math., vol. 48, pp. 1-37, 1988. 

[7] Hunter, J. K. and Keller, J. B., "Weakly Nonlinear, High-frequency Waves," Comm. Pure 

Appl. Math., vol. 36, pp. 547-569, 1983. 

[8] Hunter, J. and Keller, J. B., "Caustics of Nonlinear Waves," Wave Motion, vol. 9, pp. 429-443, 

1987. 

[9] Hunter, J. K., Majda, A. and Rosales, R., "Resonantly Interacting Weakly Nonlinear Hyper- 

bolic Waves. II. Several Space Variables," St. AppI. Math., vol. 75, pp. 187-226, 1986. 

[10] Keller, J. B., "Rays, Waves and Asymptotics," Bull. Am. Math. Soc., vol. 84, pp. 727-750, 

1978. 

[11] Kevorkian, J. and Cole, J. D., Perturbation Methods in Applied Mathematics, Springer-Verlag, 

New York, 1980. 

[12] Ludwig, D., "Uniform Asymptotic Expansions at a Caustic," Comm. Pure Appl. Math., vol. 

19, pp. 215-250, 1966. 

[13] Majda, A. and Rosales, R., "Resonantly Interacting Weakly Nonlinear Hyperbolic Waves. I. 

A Single Space Variable," St. Appl. Math., vol. 71, pp. 149-179, 1984. 

[14] Rosales, R. R. and Majda, A., "Weakly Nonlinear Detonation Waves," SIAM J. Appl. Math., 

vol. 43, pp. 1086-1118, 1983. 

[15] Sturtevant, B. and Kulkarny, V. A., "The Focusing of Weak Shock Waves," J. Fluid Mech., 

vol. 73, pp. 651-671, 1976. 

[16] Whitham, G. B., Linear and Nonlinear Waves, John Wiley and Sons, New York, 1974. 



LIST OF PARTICIPANTS 

Luc ARNAUD 

Centre d'Etudes de Gramat (France) 

Alberto AROSIO 

Universita di Parma (Italie) 

Davide ASCOLI 

Universita di Torino (Italie) 

Luc BARBET 

Universit@ de Poitiers (France) 

Agn@s BACHELOT 

Universit@ de Bordeaux I (France) 

Alain BACHELOT 

Universit@ de Bordeaux I (France) 

Said BENACHOUR 

Universit@ d'Alger (Alg@rie) 

M a t a n i a  B E N - A R T Z I  

TECHNION,  H a T f a  ( I s r a e l )  

C l a u d e  BARDOS 

ENS U l m  ( F r a n c e )  

M i c h @ l e  BERNARD 

CEA-CEN C a d a r a c h e  A i x - e n - P r o v e n c e  ( F r a n c e )  

E n r i c o  BERNARDI 

Universit@ de Bologne (Italie) 

Max BEZARD 

Ecole Polytechnique, Palaiseau (France) 

Pierre BONNEMASON 

CEA Limeil (France) 

Jean-Michel BONY 

Ecole Polytechnique (France) 



241 

Antoine BOURGEADE 

CEA Limeil (France) 

Jean-Jacques BOUYER 

Soci~t6 d'Etudes AER0/Paris (France) 

Antonio BOVE 

Universit6 de Bologne (Italie) 

M. BUGNON 

A6rospatiale St M6dard en Jalles (France) 

Claude CARASS0 

Universit@ de St Etienne (France) 

Vincent CASELLES-COSTA 

Universit6 de Besan$on (France) 

Pierre CHARRIER 

Universit@ de Bordeaux I (France) 

Jean-Yves CHEMIN 

Ecole Polytechnique (France) 

Jean-Francois COLOMBEAU 

ENS Lyon (France) 

Peter CONSTANTIN 

University of Chicago (USA) 

01ivier COULAUD 

Universit~ de Nancy I (France) 

Frederic DABBENE 

CISI Ing~nierie, M~rignac (France) 

Jean-Marc DELORT 

Universit@ de Rennes I (France) 

Patrick DE LUCA 

Centre d'Etudes de Gramat (France) 

Marcel DOSSA 

Universit@ de Yaound6 (Cam~roun) 



242 

Jim DOUGLAS Jr. 

Purdue University (USA) 

D e n i s e  DRIOLLET 

C I S I  I n g 6 n i e r i e ,  M ~ r i g n a c  ( F r a n c e )  

B r u n o  DUBROCA 

C E A / C E S T A  Le B a r p  ( F r a n c e )  

P i e r r e  F A B R I E  

U n i v e r s i t &  de  B o r d e a u x  I ( F r a n c e )  

Mr FANGET 

Centre d'Etudes de Gramat (France) 

S o n i a  FEZOUI  

I N R I A - V a l b o n n e  ( F r a n c e )  

A l a i n  F O R E S T I E R  

CEA-CEN , S a c l a y  ( F r a n c e )  

H e i n r i c h  F R E I S T U H L E R  

I n s t i t u t  f f i r  M a t h e m a t i k  

AACHEN (RFA) 

Jean-Philippe GAILLARD 

CISI Cadarache, Aix-en-Provence (France) 

G 6 r a r d  GALLICE 

C E A / C E S T A  Le B a r p  ( F r a n c e )  

C a t h e r i n e  GAUDY 

CEA-CEN , S a c l a y  ( F r a n c e )  

J e a n  GAY 

C E A / C E S T A  Le B a r p  ( F r a n c e )  

P a t r i c k  GERARD 

ENS,  r u e  d ' U l m  (France) 

Herv6 GILQUIN 

ENS de Lyon (France) 

Paul GODIN 

Universit6 de Bruxelles (Belgique) 



243 

Marc GRANDOTTO 

CEA-CEN Cadarache Aix-en-Provence (France) 

Olivier GUES 

Universit6 de Rennes I (France) 

Laurence HALPERN 

Ecole Polytechnique (France) 

Kamel HAMDACHE 

CNRS-ENSTA/GHN, Palaiseau (France) 

Bernard HANOUZET 

Universit6 de Bordeaux I (France) 

Amiram HARTEN 

University of Tel-Aviv (Isra~l) 

Yves HAUGAZEAU 

Universit6 de Bordeaux I (France) 

Thierry HOCQUELET 

Centre d'Etudes de Gramat (France) 

Fritz JOHN 

Courant Institute, New-York (USA) 

Jean-Luc JOLY 

Universit~ de Bordeaux I (France) 

HerV~ JOURDREN 

CEA Limeil (France) 

Shuichi KAWASHIMA 

Universit6 de Paris VI (France) 

Barbara KEYFITZ 

University of Houston (USA) 

Sergiu KLAINERMAN 

Princeton University (USA) 

Rupert KLEIN 

InstitGt ffir Allg. Mechanik 

AACHEN (RFA) 



244 

Witold KOSINSKI 

Polish Academy of Sciences, Varsovie (Pologne) 

Patrick LABORDE 

Universit@ de Bordeaux I (France) 

Chantal LACOMBLEZ 

Universit@ de Bordeaux II (France) 

Mr LADONNE 

Centre d'Etudes de Gram~t (France) 

Andr@ LAFON 

ONERA-CERT, Toulouse (France) 

Fr@d@ric LAFON 

Universit@ de Bordeaux I (France) 

Pierre LALLEMAND 

ENS, rue d'Ulm (France) 

Michel LANGLAIS 

Universit@ de Bordeaux II (France) 

Bernard LARROUTUROU 

INRIA/SOPHIA-ANTIPOLIS (France) 

G@rard LASSALLE-BALIER 

CNES/TOULOUSE (France) 

Peter LAX 

Courant Institute, New-York (USA) 

Philippe LE FLOCH 

Ecole Polytechnique (France) 

Alain LERAT 

ENSAM, Paris (France) 

Alain LE ROUX 

Universit6 de Bordeaux I (France) 

Marie-No~lle LE ROUX 

Universit@ de Bordeaux I (France) 



Bernard LEROY 

CEA-CESTA/LE BARP 

Hans LINDBLAD 

Lunds Universitet 

(France) 

(Su@de) 

T a i - P i n g  L I U  
U n i v e r s i t y  o f  M a r y l a n d  (USA) 

B r a d l e y  LUCIER 
U n i v e r s i t y  o f  M a r y l a n d  (USA) 

245 

Andrew MAJDA 

Princeton University (USA) 

Tetu MAKIN0 

University of Osaka Sangyo Daigaku 

Guy METIVIER 

Universit@ de Rennes I (France) 

P a u l  MOREL 
U n i v e r s i t @  de B o r d e a u x  I ( F r a n c e )  

J e a n - P i e r r e  MORREEUW 
CEA L i m e i l  ( F r a n c e )  

(Italie) 

M.K.V. MURTHY 

Universit@ de Pise 

Gawtum NAMAH 

Universit@ de Bordeaux I (France) 

(Italie) 

Roberto NATALINI 

Universita di Roma 

Anne NOURI 

Universit@ de Nice (France) 

Ahmed NOUSSAIR 

Universit@ de Bordeaux I (France) 

Fr@d@ric 0ELHOFFEN 

CISI Ing@nierie, M@rignac (France) 

( J a p o n )  



246 

J e a n  0VADIA 

CEA L i m e i l  ( F r a n c e )  

H a r m u t  PECHER 

B e r g i s c h e  U n i v e r s i t ~ t - G H ,  W u p p e r t a l  (RFA) 

B e r n a r d  PERROT 

U n i v e r s i t @  de  B o r d e a u x  I ( F r a n c e )  

A l a i n  P I R I O U  

U n i v e r s i t @  de  N i c e  ( F r a n c e )  

Mr POIREE 

DRET ( F r a n c e )  

Yue Hong  QIAN 

E c o l e  N o r m a l e  S u p @ r i e u r e  ( F r a n c e )  

R e i n h a r d  RACKE 

U n i v e r s i t ~ t  B o n n  (RFA) 

J e f f r e y  RAUCH 

University of Michigan (USA) 

Dominique RIBEREAU 

Universit6 de Bordeaux I (France) 

Rodolfo ROSALES 

MIT, University Stanford (USA) 

Philippe ROULPH 

C I S I  I n g ~ n i e r i e ,  M @ r i g n a c  ( F r a n c e )  

M i c h e l  ROUZE 

C e n t r e  S p a t i a l / T o u l o u s e  ( F r a n c e )  

M u r i e l  SESQUES 

U n i v e r s i t ~  de  B o r d e a u x  I ( F r a n c e )  

S t e f a n  SCHLECHTRIEM 

L e h r  u n d  F o r s c h u n g s g e b i e t  M e c h a n i k ,  A a c h e n  (RFA) 

S t e v e  SCHOCHET 

U n i v e r s i t y  o f  T e l - A v i v  ( I s r a e l )  



247 

Jalal SHATAH 

Courant Institute, New-York (USA) 

Evelyne SIBE 

CEA-CESTA, Le Barp (France) 

Anders SZEPESSY 

Chalmers University of Technology, G~teborg (Suede) 

Mr TADIE 

Sussex University (ENGLAND) 

Jean-Marc TALBOT 

MERLIN-GERIN, Grenoble (France) 

Li TA-TSIEN 

Fudan University, Shangai (Chine) 

Brigitte TESSIERAS 

CISI, Saclay (France) 

Monique TOUGERON 

Universit~ de Rennes I (France) 

Klaus-Dieter WERNER 

Institute of Geometry and Practical Mathematics 

AACHEN (RFA) 

Wang XIANG 

Institut fur Geometrie und Praktische Mathematik 

AACHEN (RFA) 



LIST OF TALKS 

F. JOHN (Courant Institute, New-York, USA) 

Solutions of quasi linear wave equations with small 

initial data. The third phase. 

A BACHELOT (Univ. de Bordeaux I, FRANCE) 

Solutions gloBales des syst@mes de Dirac-Klein-Gordon. 

J SHATAH (Courant Institute, New-York, USA) 

Harmonic maps in Minkowski space. 

KLAINERMAN (Princeton University, USA) 

On the stability of the Minkowski metric in general 

re~ativitF. 

P LALLEMAND (E N.S. Paris, FRANCE) 

Lattice gases for flow simulations. 

J. DOUGLAS Jr. (Purdue University, West Lafayette, USA) 

Waves in two-phase generalizations of Blot media. 

B. LUCIER (Purdue University, West Lafayette, USA) 

High order regularity for discontinuous solutions of 

hyperbolic conservation laws. 

M. BEN-ARTZI (Technion, HaYfa, ISRAEL) 

Numerical calculations of reactive flows. 

A. BOURGEADE, (CEA/Limeil-Valenton,FRANCE) 

Algorithms with Riemann solver for the computation of 

2D multifluid flows. 

T.P. LIU ( U n i v e r s i t y  o f  M a r y l a n d ,  C o l l e g e  P a r k ,  USA) 
Shock waves f o r  compressible Euler and Navier Stokes 

equations. 

P.D. LAX (Courant Institute, New-York, USA) 

Systems of hyperbolic conservation laws in more than 

one space variable. 



249 

A.J. MAJDA (Princeton University, USA) 

The non linear development instabilities in supersonic 

vortex sheets. 

B.L. KEYFITZ (University of Houston, USA) 

A viscosity approximation to a system of conservation 

laws with no classical Riemann solution. 

A. LERAT (ENSAM, Paris, FRANCE) 

Implicit difference schemes for hyperbolic systems of 

conservation laws. 

A.Y. LE ROUX (Univ. de Bordeaux I, FRANCE) 

Approximation to non linear convection diffusion problems 

J.M. BONY (Ecole Polytechnique, Paris, FRANCE) 

Analyse microlocale et singularit4s non fin&aires 

J. RAUCH (University of Michigan, Ann Arbor, USA) 

Progressing semilinear waves. 

G. METIVIER (IRMAR, Rennes, FRANCE) 

Singularit@s fortes pour los solutions de syst@mes de 

lois de conservation multidimensionneZs. 

B. LARROUTUROU (INRIA, Sophia-Antipolis, FRANCE) 

On the equations of multi-component p e r f e c t  or real gas 

f l o w .  

R. ROSALES (Stanford University, USA) 

Diffraction effects in weakly nonlinear detonation waves. 

A. HARTEN (Tel-Aviv University, ISRAEL) 

E N 0 schemes with subcell resolution. 


