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Foreword

Robots! Robots on Mars and in oceans, in hospitals and homes, in factories and
schools; robots fighting fires, making goods and products, saving time and lives.
Robots today are making a considerable impact from industrial manufacturing to
health care, transportation, and exploration of the deep space and sea. Tomorrow,
robots will become pervasive and touch upon many aspects of modern life.

The Springer Tracts in Advanced Robotics (STAR) was launched in 2002 with
the goal of bringing to the research community the latest advances in the robotics
field based on their significance and quality. During the latest fifteen years, the
STAR series has featured publication of both monographs and edited collections.
Among the latter, the proceedings of thematic symposia devoted to excellence in
robotics research, such as ISRR, ISER, FSR, and WAFR, have been regularly
included in STAR.

The expansion of our field as well as the emergence of new research areas has
motivated us to enlarge the pool of proceedings in the STAR series in the past few
years. This has ultimately led to launching a sister series in parallel with STAR. The
Springer Proceedings in Advanced Robotics (SPAR) is dedicated to the timely
dissemination of the latest research results presented in selected symposia and
workshops.

This volume of the SPAR series brings the proceedings of the fifteenth edition of
ARK on Advances in Robot Kinematics, whose proceedings have been previously
published by Kluwer and Springer since 1991. This edition took place in Grasse,
France, from June 27 to June 30, 2016. The volume edited by Jadran Lenarci¢ and
Jean-Pierre Merlet contains 46 scientific contributions, revised and extended after
the meeting. This collection focuses on mechanism and kinematics with special
emphasis on parallel robots, control, and singularities.



vi Foreword

From its excellent technical program to its warm social interaction, ARK cul-
minates with this unique reference on the current developments and new advances
in robot kinematics—a genuine tribute to its contributors and organizers!

Naples, Italy Bruno Siciliano
Stanford, CA, USA Oussama Khatib
March 2017 SPAR Editor



Preface

Kinematics, the motion of mechanisms, is one of the most fundamental aspects of
robot design, analysis, and control, but it is also relevant to other scientific domains,
such as biomechanics, molecular biology, and others. This series of books on
Advances in Robot Kinematics, which reports the latest achievements in the field,
has a long history, as the first symposium was organized in 1988, and the first book
was published by Springer in 1991. Since then, a new issue has been published
every two years. Each book is linked to a single-track symposium in which the
participants exchange their results and opinions in a meeting that brings together the
world's best researchers and scientists as well as young students. Since 1992, these
symposia have come under the patronage of the International Federation for the
Promotion of Machine Science (IFToMM).

In 2016, the symposium related to this book was organized by the French
National Research Institute in Computer Science and Control Theory (INRIA) in
Grasse, France. We are grateful to the authors for their contributions and to the
large team of reviewers for their critical and insightful recommendations. The
papers in this book show that robot kinematics is an exciting domain with an
enormous number of research challenges that go well beyond the field of robotics.
We are also indebted to the members of the HEP-HAISTOS team of INRIA for
their help in organizing the symposium. The articles from this symposium were first
published in a green open-access archive to favor the free dissemination of the
results. We are grateful to Y. Papegay for putting the edition together.

The current book is the 13th in the series of Springer (and Kluwer) and is the
result of a peer-review process intended to select the newest and most original
achievements in this field. The book was published after the conference. This was
unusual for the series from the symposia Advances in Robot Kinematics, because
the books are typically released before the conference. However, this circumstance
allowed the authors to have their manuscripts further improved and to take into
account the opinions and constructive criticisms of the conference participants.
Some authors even made re-calculations and produced new and more valuable
results.

vii



viii Preface

First and foremost, we are grateful to the authors who participated in this project
with all their enthusiasm and commitment. We are grateful to Springer, to the whole
team, but especially to Nathalie Jacobs and Cynthia Feenestra, who have made this
publication possible. Above all, we are grateful to our younger colleague Tadej
Petric, Ph.D., whose assistance was crucial in the technical production of the book.
Without him, things would not have taken place as efficiently and rapidly.

We hope that our book will again reach the shelves of scholars, researchers, and
students around the world who are attracted to the unique field of robot kinematics.

Ljubljana, Slovenia Jadran Lenarcic¢
September 2016 Jean-Pierre Merlet
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Mass Equivalent Pantographs for Synthesis
of Balanced Focal Mechanisms

Volkert van der Wijk

Abstract Force balance is an important property in the design of high-speed high
precision machinery to reduce base vibrations and also for the design of inherently
safe large movable structures. This paper presents the synthesis of inherently balanced
overconstrained focal mechanisms with mass equivalent pantographs. It is shown
how pantograph linkages can be combined into an overconstrained but movable
linkage by connecting them in their similarity points. With mass equivalent modeling
the force balance conditions are derived for which the common center of mass is
in the focal point for any motion. As examples, Burmester’s focal mechanism is
investigated for balance and a new balanced focal mechanism of three mass equivalent
pantographs is presented.

1 Introduction

In robotics, dynamic (shaking) force balance is an important property for high-
speed motion with minimal base vibrations [4]. Since force balanced mechanisms
are statically balanced too, it is also a useful property for large moving structures for
save motion with minimal effort.

A problem of common approaches to balance pre-existing mechanisms is that gen-
erally a multitude of counter-masses is required [1, 9], leading to unpractical designs
with a significant increase of mass and inertia [6]. Instead, a reversed approach was
presented where balanced mechanisms are synthesized from inherently balanced
linkage architectures [4]. These linkage architectures consist solely of the essential
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2 V. van der Wijk

kinematic relations for balance. With this method a variety of new advantageous
inherently balanced mechanism solutions were found among which the first high-
speed dynamically balanced parallel manipulator that was successfully built and
tested [8].

With inherent balancing it is also possible to synthesize balanced mechanism
solutions from overconstrained inherently balanced linkage architectures [7]. These
architectures have more links than kinematically needed. This gives the designer the
freedom to select links to keep or eliminate to obtain a normally constrained balanced
mechanism solution. Also more solutions can potentially be found.

The goal of this paper is to investigate focal mechanisms, which are overcon-
strained and movable, for inherent balance. The focal mechanism of Burmester [2]
- the cognate of Kempe’s focal mechanism - can be regarded a combination of two
pantographs [3]. It is shown how these two pantograph linkages can be combined
by connecting them in their similarity points. For force balance the two pantographs
need to be mass equivalent with a model of which the common center of mass (CoM)
is in the focal point. The conditions for this are derived. In addition also a new inher-
ently balanced focal mechanism of three combined pantographs is presented at the
end.

2 CoM in Focal Point of Burmester’s Focal Mechanism

Figure 1 shows Burmester’s focal mechanism which consists of the two pantograph
linkages Py A; P,S - with link lengths [y, /5, a;, and a; - and P3A; P4S - with link
lengths /3,14, a3, and a4 - that are connected with revolute pairs in the similarity points
Ap, Ay, and S. This linkage is two times overconstrained yet movable since both pan-
tographs are similar, i.e. elements AgA{P; ~ AjA, P, ~ AyA3zP; ~ A3A, P, with
angles B and B,. These four triangular elements are also similar to triangle Ag A, S for

Fig. 1 Burmester’s focal
mechanism of two
pantograph linkages
connected in their similarity
points Ag, Az, and S. S is the
focal point and is the
common CoM of all
elements for force balance
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any motion of the mechanism. Both pairs of opposite internal four-bars are reflected
similar to one another, with one pair being parallelograms.

When, for example, for the upper pantograph a,, as, [}, and B, are given, [, and
B> can be calculated as

a a
Af:l—ﬁwmﬁ,kgzﬁwm& )
AS a a
1M 2 2 .
=tan~ —=, [, = —<cospB, = — sin
B2 S 2 23 B2 Y] B2

with A7 and A§ the constant similarity parameters of the four triangular elements and
triangle AgA,S. When, subsequently, for the lower pantograph /3 and /4 are given,
az and a4 can be calculated as

I s b Af_h@ @

as = (1—213 =A , a4 = = l4—
3= 1)cos,Bl 2sinﬂ1 4 4003,82 sin B,

These parameters can also be obtained from the similarity conditions of the four
triangular elements which write

@@ |- A (3)
L L L L

In Fig.1 each of the eight links i has a mass m; of which the CoM is defined
with parameters e; and f; as illustrated. The aim is to design the mechanism such
that the common CoM of all elements is in focal point S for any motion. Then the
mechanism is inherently force balanced with respect to the focal point.

The force balance conditions describe how the CoM parameters of each element
are related for balance. These conditions can be found by mass equivalent mod-
eling with real and virtual equivalent masses [4, 5]. With mass m; = m| +m, +
ms + mg of upper pantograph P; A, P,S and mass m;; = m3 + my + m7 + mg of
lower pantograph P; A3 P,S the total mass of the focal mechanism can be written as
Mo = my + my;. The common CoM of the upper pantograph is denoted S; and the
common CoM of the lower pantograph is denoted S;;. With similarity points Ay and
A, these two points form two triangles as well which also have to remain similar for
any motion. For force balance then each pantograph is mass equivalent to a 2-DoF
mass equivalent model with the conditions [5]

m‘,’:m,(l—)»{), m?:m,kl, m?:m,ké ()

a __ 11 b __ 11 c __ 11
my; =my;(1 - M ), My, =mph;, My =mph,

with ] and A} the similarity parameters of triangle AgA»S;, A1’ and 14/ the similarity
parameters of triangle AgA,S;;, and real equivalent masses m‘j and mlj? and virtual
equivalent mass m; of each pantograph j. For the upper pantograph in Fig.2a, b
shows the 2-DoF mass equivalent model adapted from [5]. Essentially the virtual
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A

Fig. 2 For force balance (a) each pantograph must be mass equivalent to the (b) 2-DoF mass
equivalent model, here shown for the upper pantograph with CoM in Sy

equivalent mass determines the link CoMs relative to the lines connecting the joints,
i.e. the values of parameters f;, whereas the real equivalent masses determine the
link CoMs along the lines connecting the joints, i.e. the values of parameters e;.

To have the common CoM in the focal point, the sum of the mass equivalent models
of the two pantographs should equal the mass equivalent model of the complete
mechanism. This can be written as mA{ + m 21 = m,p A5 andm Al +my A4 =
M A5. The resulting model is similar to Fig.2b but with each equivalent mass
replaced with the sum of the equivalent masses of the two pantograph models as
m® =m% +m$,;,mb =mb +mb,, andm® = m$ 4+ m¢,. The conditions for the mass
equivalent model of the complete mechanism then are written as

b S N
= mtot)\'l , mf= mtot)\z (5)

m® =mi(1—=27), m
The force balance conditions for each pantograph can be derived from the linear
momentum equations of each DoF individually where the linear momentum of the
mass equivalent model must equal the linear momentum of the real pantograph,
similar as for the dyads in [5]. Figure 3a shows the mass motions of DoF 1 of the
upper pantograph where link A;A; is fixed and link AgA; rotates about A; with
angle 6;;. The mass motion of the pantograph for this DoF is shown on the right
with a compact Equivalent Linear Momentum System (ELMS) where all masses are
projected on element AgA ;. Figure 3b shows the mass motions of DoF 2 where link
A Ay is fixed and link A A, rotates about A; with angle 6;,. Also here the mass
motion of the pantograph for this DoF is shown on the right with a compact ELMS
where all masses are projected on element A A,. The linear momentum L, and L, of
these individual motions can be written with respect to their relative reference frames
x71yn and xy2yy2, which are aligned with lines AgA| and A, Ay, respectively, as



Mass Equivalent Pantographs for Synthesis of Balanced Focal Mechanisms 5

Fig.3 The force balance conditions are derived from the linear momentum equations of each DoF
individually which are equal for the mass equivalent model (/eft) and the real pantograph (right,
here shown as compact Equivalent Linear Momentum Systems)

E _ [ mily } _ [ miey + ms(es cos B + f5sin B1) + mea; cos B } ©)
011 —mil —m fi —ms(es sin B; — fs5cos B1) — meay sin B

2 _ mIIle _ maey + msay cos By + me(eg cos By + fosin Bo)
61, mSly my f> + msaj sin By + me(eg sin By — fo cos B2)

These equations result in the four force balance conditions

m7ly = mye; + ms(es cos By + f5sin By) + meay cos By (7
mily = my fi + ms(essin B; — f5cos Bi) + mea; sin B, (8)
mbly = maey + msay cos By + me(eg cos Ba + fo sin Ba) )
mily = ms fo + msay sin By + me(eg sin o — fo cos o) (10)

For the other pantograph the force balance conditions can be derived similarly as

m{,l3 = m3ez + m7(e7 cos B1 + f7sin B1) + mgaz cos B (11)
my,l3 = m3 f3 + ms(e7sin B; — f7cos 1) + mgasz sin B (12)
mY Ly = maes + m7ay cos B + mg(es cos o + f3 sin fr) (13)

m§la = my f4 + myays sin By + mg(egsin By — fz cos B) (14)
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These are the 8 general force balance conditions of the focal mechanism in Fig. 1
for which the common CoM is in the focal point S. For example, from the first
four equations the equivalent masses m¢, m’,’ , and m{ may be found to subsequently
calculate with Eq. (5) the equivalent masses m¢, m®,, and m$, to be used in the latter
four balance conditions. It is also possible to initially choose values for m4 m?, and
m$. Then for instance from the first four equations es, f5, e, and f can be derived as

sin B1(m§ly — my fi — meay sin B1) + cos B1(m7ly — mie; — meay cos Bi)

e5 =
ms
f sin By (m7ly —mye; — mgay cos By) — cos Bi(mly — my fi — meay sin By)
5 =
ms
. sin Bo(m§ly — my f> — msay sin By) + cos Bo(mbly — myer — msas cos Br)
6 =
me
p sin Bo(mhly — myes — msay cos Ba) — cos Ba(mly — my fo — msay sin Br)
6 =
me

3 Focal Mechanism of Three Pantographs

In general it is possible to synthesize a variety of inherently force balanced focal
linkages by combining multiple mass equivalent pantographs in the same way as
in the previous section. Figure4 shows a new focal mechanism that is composed of
the three pantographs P A; P,S, P3A3P,S, and PsAsPsS which are connected in
similarity points Ag, Aa, A4, and S where S is the focal point. The resulting linkage
is four times overconstrained yet movable. Also here each pantograph has similar
triangular elements and a similar triangle of the similarity points. However in this case

Fig. 4 Focal mechanism of
three pantograph linkages
connected in their similarity
points Ag, A2, A4, and S.

S is the focal point and is the
common CoM of all
elements for force balance
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(b) Aem

Fig. 5 (a) A pantograph with CoM in S; can be modeled as a (b) mass equivalent single element
with equivalent masses m¢, mll’, and m§

the pantographs differ from one another, e.g. the triangular elements of pantograph
P A\ P, S are not similar to the triangular elements of the other pantographs. In fact the
focal mechanism is a combination of the three different triangles AgA, S, A A4S, and
ApA4S that together form the triangle A9 A, A4. For each pantograph the dimensions
of the elements can be calculated with Eq. (1) with for each pantograph different
A5 parameters. For two pantographs the A5 parameters can be chosen independently
such that with the triangle AgA; A4 the third is determined.

The approach to derive the force balance conditions for which the common CoM
is in focal point S is similar to Burmester’s focal mechanism. Here the mechanism
can be considered a combination of three mass equivalent models with each a mass
my, my, and my; with CoMs in S;, Sy, and Sy, respectively. For each pantograph
the force balance conditions can be found with Eq. (6). The equivalent masses m¢,

m'; , and m; of each mass equivalent model are defined according to Eq. (4).

To find the mass equivalent model of the complete focal mechanismitis possible to
model each pantograph as a mass equivalent single element as shown for pantograph
PyA|P,S in Fig. 5. In Fig. 5b triangle AgA,S; can be regarded a rigid element with
a real equivalent mass m¢ in joint Ao, a real equivalent mass m}l’ in joint A, and a
virtual equivalent mass m¢ located at a distance d; from Sy, the CoM of the model,
as illustrated. d; is equal to the distance between Ag and Aj.

Combining the mass equivalent single elements of the three pantographs then
results in the model in Fig.6. This mass equivalent model of the complete focal
mechanism has real equivalent masses m¢ + m};” in Ay, m}l’ +m{,;in A,, and m},’I +
m{,; in A4 and it has virtual equivalent masses m§ about Sy, m$, about S;;, and m¢
about S;;; as illustrated. Figure7 shows the unified mass equivalent model of the
complete focal mechanism. The difference with Fig. 6 is that here all the three virtual
equivalent masses are located about S. From this model the conditions for which §
is the CoM can be derived as



Fig. 6 Combination of the
three mass equivalent single
models with their equivalent
masses. The common CoM
of the focal mechanism is the
CoM of this combined mass
equivalent model

Fig. 7 The unified mass
equivalent model of the focal
mechanism in Fig. 4 with the
CoM in S about which all
three virtual equivalent
masses are located

V. van der Wijk




Mass Equivalent Pantographs for Synthesis of Balanced Focal Mechanisms 9

(m +m§;)ds + (m] +m§)dy cos Yy = myh
(m} +m$,)dy sin ¥y = myoh> (15)
m$,ds —m§,d, cos Y3 —mid; cosyr; =0

c 3 c H
midy sinyry — mjdysinyy =0

with total mass m,,, = m; + m; + m;;; and with the CoM in S defined with respect
to AgA4 by hy and h;. The meaning of the first two conditions is that S is the CoM
of the real equivalent masses, while the meaning of the last two conditions is that S
is the CoM of the virtual equivalent masses.

4 Discussion and Conclusion

The inherent force balance of Burmester’s focal mechanism was investigated and
the force balance conditions were derived. It was shown that for balancing the focal
mechanism can be considered composed of two mass equivalent pantographs. Com-
bination of the mass equivalent models of the pantographs then results in one mass
equivalent model of which the center of mass is in the focal point.

It was also shown how with three mass equivalent pantographs a new focal mech-
anism could be designed. In general, by combining multiple mass equivalent pan-
tographs a variety of inherently balanced focal mechanisms can be synthesized.
Unifying the mass equivalent models of all pantographs then results in a single mass
equivalent model of which the center of mass is in the focal point.

Parameters g; are the principal dimensions of the focal mechanism when its com-
mon center of mass is in the focal point. When the center of mass of an individual
pantograph is in the focal point, then a; are also the principal dimensions of this
individual pantograph.

Although in Burmester’s focal mechanism the two pantographs are in opposite
branch, this is not required from the force balance conditions. This means that for
force balance one of the pantographs or both of them may also be in the other branch,
which means that they could also appear as being on top of one another.
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Compliant Serial 3R Chain with Spherical
Flexures

Farid Parvari Rad, Rocco Vertechy, Giovanni Berselli
and Vincenzo Parenti-Castelli

Abstract A spherical flexure is a special kind of compliant hinge specifically
conceived for spherical motion. It features an arc of a circle as centroidal axis and
an annulus sector as cross-section, circle and annulus having a common center coin-
ciding to that of the desired spherical motion. This paper investigates a compliant
spherical 3R open chain that is obtained by the in-series connection of three identical
spherical flexures having coincident centers and mutually orthogonal axes of max-
imum rotational compliance. The considered spherical chain is intended to be used
as a complex flexure for the development of spatial parallel manipulators. The com-
pliance matrix of the proposed chain is first determined via an analytical procedure.
Then, the obtained equations are used in a parametric study to assess the influence
of spherical flexure geometry on the overall stiffness performances of the considered
3R open chain.

1 Introduction

Compliant mechanisms (CMs) are a special kind of articulated systems in which
motion, force or energy are transferred or transformed through the deflection of
flexible members (hereafter briefly referred to as “flexures” or “flexural hinges™) [10].
Thanks to the absence (or reduced use) of traditional kinematic pairs, which are
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instead based on mating surfaces, CMs are almost not affected by wear, friction and
backlash, and only require minimal maintenance with no need of lubrication. Due to
their hinge-less nature, CMs can be manufactured in a single piece (for instance via
laser or water jet cutting, electrical discharge machining or additive manufacturing),
thereby reducing number of parts, assembly needs and, thus, manufacturing costs.
With the above-mentioned features, CMs are ideal to work in vacuum, contamination-
free, wet or dirty environments and in devices requiring resistance to shocks and
silent operation. Common applications of CMs span high-precision manufacturing
[27, 36], minimally invasive surgery [9, 18] and micro-electromechanical systems
(MEMS) [1, 30].

As regards the existing literature, several studies have been devoted to the design,
the characterization and the comparative evaluation of different flexure geometries
and CMs formed therewith (see e.g. [14, 21, 31, 35]). In particular, most of these
devices have been specifically conceived for the generation of planar motions only,
out-of-plane displacements being regarded as parasitic effects to be minimized when
possible [13]. On the other hand, despite the huge potentialities, exploitation and
study of CMs specifically conceived for spatial motions have been much more rare
(see e.g. [3-5, 20, 26, 28, 32, 34, 39]). Within this scenario, the development
of Spherical CMs (SCMs) has recently attracted the attention of several researchers.
SCMs are an important class of flexure-based spatial CMs in which all points of the
end-link are ideally constrained to move on concentric spherical surfaces that are
fixed with respect to the grounded link. In particular, the in-series ensemble of two
or three compliant revolute (R) joints (of either planar notch, planar leaf spring or
straight torsion beam type) with orthogonal and intersecting axes has been proposed
in [8, 17, 19, 37] to conceive compliant spherical 2R or 3R serial chains to be used
as compliant universal or spherical joints for the development of Cardan’s [33] and
Double-Hooke’s couplings [17] and of spatial parallel manipulators [4, 5, 20, 26,
28, 32, 34, 39]. In these applications, the use of compliant spherical 2R or 3R serial
chains in place of the axial-symmetric notch primitive flexure is usually preferred
owing to the more limited ranges of motions and larger stress concentrations of this
latter. The connection of four, five, six or eight bars with an equal number of compli-
ant revolute joints (of either straight crease or lamina emergent torsional type) with
intersecting axes has been considered in [6, 7, 38] for the development of 4R, SR, 6R
or 8R closed single-loop lamina-emergent SCMs, as well as arrays thereof (including
the six bar Watt’s and Stephenson’s linkages), to be used in origami-inspired fold-
able systems such as pop-up books, industrial packaging and deployable devices.
Planar notch and straight torsion beam flexures have been used in [19] to develop
an actuated miniature 3-CRU (C and U denoting cylindrical and universal joints
respectively) spherical parallel CM for the orientation of parts and tools in space.
The in-parallel connection of three symmetrically placed spherical 3R serial chains
employing either lamina emergent straight torsion beam or notch flexures has been
proposed in [11, 29] for the development of 3-(3R) spherical parallel CMs with flat
initial state to be used in compact pointing devices such as in MEMS beam-steering
mirrors or medical instruments.
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Fig. 1 Spherical flexures i
Link A ke i Link B

Fig. 2 Cross section
properties of SFs

T Centroid

In all the above-mentioned studies, the considered SCMs have been obtained
by employing compliant revolute flexures specifically conceived for planar motion
applications. In contrast to this, Circularly-Curved Beam Flexures (CCBFs) with
constant cross-section and featuring lower rotational rigidity along the radial direc-
tion have been proposed in [12, 22] for the development of SCMs with improved
spherical motion capabilities. Among these CCBFs, those with annulus sector cross-
section as depicted in Figs. 1 and 2, hereafter referred to as Spherical Flexures (SFs),
have recently been demonstrated among the most effective ones in reducing the drift
of the desired center of spherical motion under the combined action of torques and
forces [25].

In this context, this paper investigates the use of SFs for the development of com-
pliant spherical 3R serial chains to be used as SCMs or as spherical complex flexure
components for spatial CMs with either serial or parallel architecture. As depicted
in Fig.3, the considered spherical chains are obtained by the in-series connection
of three identical SFs that are arranged in space so as to share the same center of
curvature and have mutually orthogonal axes of maximum rotational compliance. In
particular, analytical results are provided to characterize the compliance behavior of
the considered chain in 3D space as a function of flexure geometric parameters.

2 Formulation

A spherical flexure connecting the rigid links A and B is depicted in Fig. 1. Itis a
solid of revolution characterized by an annulus sector cross-section with inner and
outer radii, r; and r,, and subtended angle 8 (see Fig.2), an axis of revolution z;
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Fig. 3 SF-based compliant
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passing through the center Oy, of the annulus and orthogonal to the cross-section axis
of symmetry, m, (see Fig. 1), and revolution angle 6 (which describes the flexure
length). Cross-section dimensionless parameters, 8 and w* (w* = r”r—:”'), are such
that its smaller area moment of inertia is in the direction of the m axis. Assuming link
A being clamped and B free and loaded, the small deflection behavior of the flexure

about its unloaded configuration can be described by the following relation [23]:

K “Cup *Cu | [ #
ks = ”l:l’ = | ------ jf f% ******** . "I’ = kC . kW (1)
"0 kCgf ikCQm km

where *s is composed of an incremental translation *u = [*u, kuy ku 1" and an

incremental rotation ¥ = [¥6, kG_V k017, *w is composed of an incremental force
=[f. *f, *f.]" andanincremental torque“m = [*m, *m, *m,]", whereas
¥Cup, ¥Cym, ¥Cyy, ¥Cy,y, are three-dimensional matrices composed of entries with
dimensions [m/N], [1/N], [rad/N], and [rad/Nm] respectively.

As a consequence, C = ¥C; j 1s a 6 x 6 matrix with entries of non uniform
physical dimensions, the submatrices Cy = [FC, ’ kCumland*Cg = [FCy ’ kCom]
relating the external wrench to the resulting translations and rotations respectively.

The expression of Eq.1 is frame dependent. For any SF intended for spherical
motion about the center of its centroidal axis circle, a suitable frame is Sy that features
center at O, and orthogonal axes x, y; and z; respectively lying on centroidal axis
plane, on beam symmetry plane and along the intersection of these two planes (see
Fig.1). In this frame, indeed, sub-matrices ¥C,; and ¥Cy,, are diagonal (meaning
that x;, yr and z; are along the principal directions of rotational and translational
compliance of the flexure), and the components of *C,;; and C,,, (or ¥Cy;) indicate
how the desired center of spherical motion drifts as a consequence of applied external
forces and torques.
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Knowing matrix C for a single spherical flexure, the compliance matrix of the
in-series ensemble of any number n of identical flexures can be obtained with the
following formula [2]:

OCZZOT;T'kC'OT;1 szTg'kC'kTO (2)
k=1 k=1

where ¥Tj is a6 x 6 matrix to transform the components of the stiffness matrix *C
of the k—th flexure from the local frame S; to a ground frame Sy. In particular, the
expression of Ty is:

. opT i
kR ) Rk 3 0
Ty = [ ———————— 0.l } = | ot 3)

where ¥R, denotes the rotation matrix of frame S, with respect to frame Sy and OF,
indicating the skew symmetric matrix of the position vector “ry, which locates the
origin of frame Sy with respect to frame S;.

For the compliant spherical 3R chain shown in Fig.3, made by three identical
spherical flexures with coincident centers O; and mutually orthogonal axes, the
overall compliance matrix expressed with respect to the reference frame of the first
spherical flexure (namely, Sy = S)) results as [24]:

C., 0 0 0 Cim, Com.
0 Cs, 0 Cyw. 0 Cyn
0 0 C.p Com, Com, O @
0 Co.s Co.r Com O 0

Co,s. 0 Cop O Com O

Co.p. Coz, O 0 0 Conm

Oc3R —

3R
where:

RO (I,GJ+GJIR*A+R*EAL,)
EATL,GJ =

Cx'fx = C)’,fy = Cz,fz = Ct

_ _ __ ROU,EL+I1,GI+GIL,) __
CGX.mx - CG}.,m}. - CO,,irzz - “ (;JEXI,UI,, = Cr (5)
—2R?*sin(6/2)
= Ctrl

Cxamy = C}’sm: = szmx = Cex»f: = Ce_wfx = C(’Z,fv = GJ -

2R*sin(0/2
Cim. = Cym, = Cem, = Co g, = Co, 1. = Co, g, = *5 2 = Cy,
In Eq.5, E and G are the Young’s and shear moduli of the employed material. A, R,
I,,, I, and J are, respectively, cross section area, certroidal axis radius, area moments
of inertia and torsional constant of the flexure cross section (refer to Fig.2) that read
as follows [25]:
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28 2B (2—iDp

A= -7 =773 ©
4 (r2—r?)sinp/2
R v
I, = é(r;‘ —rH)(B —sin B) (8)
R PV o 8y =) sin® (B/2)
I, = S(VG ri)(B + sin B) 5 VI ©)
J = §s1n3 B/ —rhy —16sin* (B/2)(Vir? 4 Ver!h (10)

where:

V; = 0.10504 — 0.2 sin(8/2) + 0.3392 sin? (8/2) — 0.53968 sin> (8/2) + 0.82448
sin* (8/2)
Vs = 0.10504 + 0.2 sin(8/2) + 0.3392sin? (8/2) + 0.53968 sin> (8/2) + 0.82448
sin* (8/2)

Equation 10 is the formula for the torsional constant firstly proposed by J.B. Reynolds
to account for the warping of annulus sector cross-sections [15, 16].

As one can notice from Eqs.4 and 5, the compliance matrix of the compliant
spherical 3R chain with respect to frame S still retains diagonal translational and
rotational sub-matrices (°C, r and 9Cym), and is only a function of four independent
factors: C;, C,, Cty, and Cy,,. C, is the primary rotational compliance of the 3R chain,
which should be as high as possible to minimize resistance to desired spherical
motions. C; is a secondary translational compliance, which should be as close as
possible to zero to minimize drift of the desired center of spherical motion (Oy)
under the action of the force vector °f applied on the end-link. Cy,, and C;,, are
secondary coupled rotational-translational compliances, which should be as close as
possible to zero to minimize spherical motion center drift under the action of the
torque vector “m applied on the end-link.

3 Parametric Evaluation of the Compliant Spherical 3R
Chain

This section investigates the influence of flexure geometry on the ability of the
considered 3R chain in the generation of spherical motions. The study is performed
by evaluating the following three indices:
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that represent the dimensionless ratios of the translational and coupled translational-
rotational compliances of a generic compliant spherical 3R chain to the rotational
counterpart. In the definition of these indices, the curvature radius r, of the SF is
used as characteristic size to obtain scale-independent expressions that only depend
on the flexure shape dimensionless parameters w*, 8 and 6. In particular, f; is only
a function of w* and w*/ 8, whereas f> and f3 also depend on 8. Among the possible
choices, r, has been chosen as characteristic length since it describes the overall
encumbrance of the 3R chain, which is often the most important application constraint
in the design optimization process. Plots of Eq. 11 are reported in Figs. 4, 5, 6, 7 and
8 as a function of the SF aspect ratios w* and w* /8. The dependency of f, and f3 on
6 is shown by comparing Figs.5 and 7 (for 6 = 45°) to Figs.6 and 8 (for 8 = 90°).
In addition, the contour plot of the size independent factor C = C, * 73 /6 (which
is constant irrespective of the value of # and only dependent on the cross section
aspect ratios w* and w*/p) is reported in Fig.9. As figures show, maximization of
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the spherical motion generation capabilities of the considered compliant 3R chain
(that is, minimization of secondary to primary compliance ratios) can be obtained
by adopting the largest possible values for & and w* /8 (within the limits of physical
realizability) as well as for w* (within the limit of validity of the slender beam
approximation; namely w* < 0.16).
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Fig. 9 The influence of
varying w* and w*/8 on C}*
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4 Conclusions

A compliant open chain featuring three in-series connected identical primitive spher-
ical flexures with coincident centers of curvature and mutually orthogonal axes of
principal compliance, is introduced and analyzed for application in spherical compli-
ant mechanisms. First, the closed form compliance equations of the proposed spher-
ical chain are presented as a function of flexure dimensions and employed material.
The obtained equations are then used to study the influence of flexure dimensions
on spherical chain parasitic motions. The study is performed by evaluating three
dimensionless ratios of the translational and coupled translational-rotational com-
pliances of a generic compliant spherical 3R chain to the rotational counterpart. The
results show that maximization of the spherical motion generation capabilities of
the considered compliant 3R chain (that is, minimization of secondary to primary
compliance ratios) can be obtained by adopting the largest feasible values for 6 and
w*/B (within the limits of physical realizability) as well as for w* (within the limit
of validity of the slender beam approximation; namely w* < 0.16). Future activities
will be devoted to the study of the compliant spherical chains in the case of stockier
flexures as well as in the large deformation range.
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Combining Tube Design and Simple
Kinematic Strategy for Follow-the-Leader
Deployment of Concentric Tube Robots

Cédric Girerd, Kanty Rabenorosoa and Pierre Renaud

Abstract Concentric tube robots show promising performances for many medical
applications. A particularly useful but challenging deployment of these robots, called
“follow-the-leader” deployment, consists in the robot following the path traced out
by its tip. In this paper, we propose to combine a simple and analytical kinematic
approach combined with now possible tube design to offer efficient follow-the-leader
behavior. The approach is presented and then assessed with promising performances
using a realistic scenario in the context of human nose exploration.

1 Introduction

Concentric tube robots (CTR) constitute a class of continuum robots that is of partic-
ular interest in the medical context [3]. The displacements of the robot end-effector
are then obtained by relative translations and rotations of precurved elastic tubes
with diameters that can be typically below 3mm [5, 10]. Complex shapes of robots
can be generated using remote actuation, that is particularly relevant for navigation
in constrained anatomical areas. CTR kinematics are however complex because of
the mechanical interactions between the tubes. Several models have been derived
that now include in particular the impact of tube torsion which occurs in the general
case [2, 6]. Complementary work is now focused on the design of CTR tubes, with
local modifications of their shape and structure to obtain anisotropic behavior and
hence to modify the relative importance of bending and torsion in the tubes. Until
now, it is however still difficult to build a CTR and its control to satisfy a so-called
follow-the-leader approach, where the CTR body only occupies the volume swept
by its tip during the deployment. Even though this approach can be mandatory from
an application point-of-view, limited solutions have indeed been reported to choose
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accordingly a robot design, i.e. the number and geometry of precurved tubes, and
the deployment sequence [6].

In this paper we propose a simple-to-use and yet efficient approach to CTR design,
with the corresponding deployment strategy, that allows an approximate follow-the-
leader behavior. In a realistic case study, i.e. the context of human nose exploration,
it is shown to be of adequate performance. The design and deployment strategy
combines the now existing possibility of tube design with a kinematic approach. For
planar trajectories, the goal of the paper, analytical formulation of robot geometry,
defined by number of tubes and their curvatures, and path following sequence are
introduced. Required modifications of tubes are then determined from the task sim-
ulation. The method we propose consists first in path generation and robot design.
Their descriptions are introduced in Sects.2 and 3 respectively with illustration of
the considered application. In Sect. 4, the determination of tube modifications is per-
formed and the method assessed through simulation of torsion impact as well as
control errors during the deployment. Conclusions and perspectives are finally given
in Sect. 5.

2 Trajectory Generation

In [6], the conditions for exact follow-the-leader deployment have been investigated.
To be admissible, a trajectory must not induce tube torsion. From a design point-
of-view, tubes with precurved helical shapes are identified as candidates for such
deployments, but their manufacturing remains delicate. The other option, for planar
paths, uses planar precurved tubes with constant curvatures in the same or opposite
configurations. As a first step of our method, the CTR path is hence determined
by including this latter constraint. It can be easily demonstrated that a set of tubes
with planar configurations and constant curvatures form a CTR with 2D shape and
constant curvature by sections. The first step is therefore to identify a trajectory that
is admissible from an application perspective and constituted by portions of constant
curvatures.

In the following of the paper, an application is used for evaluation. We consider
the deployment of a CTR to reach the olfactory cleft, located in the upper part of the
nose. Figure 1a represents the 3D shape of the area reconstructed from CT images.
The goal is to reach the olfactory cleft starting from the nostril. A planar path with
constant curvature by sections can be identified to join the two regions, as illustrated
in Fig. 1a, b. A point-cloud extraction and circle-fitting algorithm based on least-
squares optimization, not detailed for the sake of compactness, is used to identify the
path parameters. Three sections are determined, with length and curvature for each
one being equal to: 17.32, 14.27, 14.20mm and 0.0353, 0.0646 and 0.0592 mm™!
respectively. The resulting trajectory is a key element that will be used as a reference
to quantify deployment errors during the robot insertion.
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(a) (b)
@lctory cleft entry 4 . ( \

Trajectory

\X Nostrilj \ LX )

Fig. 1 Front view and perspective view of the nasal cavity with suitable trajectory (a, b) and CTR
with 3 tubes deployed (c)

3 Robot Design and Deployment

The CTR is considered to be composed of planar precurved tubes of constant curva-
tures, located in the same plane, with aligned or opposite curvatures. In this situation
indeed, no torsion occurs in the tubes. If the tubes have aligned curvatures, one can
easily imagine that the resulting robot will be in a stable configuration. On the con-
trary, depending on tube mechanical properties, opposite curvatures can make the
configuration unstable. This can be of course a main issue for the deployment. To
handle this situation, modification of the tube structure as described in [1, 7] is con-
sidered. This does not affect the robot synthesis, described below, with determination
of the number of tubes and their overall shapes, lengths and curvatures. Robot design
is thus described below, tube design being introduced in Sect. 4.

Let n be the number of tubes of the CTR. Each tube numbered i is described
by its precurvature u?ms) (s) = [uf.(s) u?‘y () uj, (s)]7 expressed in its cross section
material coordinate frame F; (s). The stiffness properties of the tube are expressed by
the frame-invariant stiffness tensor K; = diag(E; [;, E; I;, G; J;), with E;, G, respec-
tively its Young and Shear modulus, and I;, J; respectively its cross section area and
polar moment of inertia. The curvature resulting from the combination of the n tubes
is then given by [5]:

n -1y
uFo(s)(S) = (Z Ki) ZKiuTFO(S)(S) M)
i=1

i=1

with Fy(s) the cross-section reference frame which experiences no twist when trans-
lated along the robot’s centerline.

In order to determine the robot geometry, we propose to invert Eq. (1) in order to
solve for the tube curvatures. As the tubes are considered to have a constant curvature
along their length, without any presence of torsion, their curvatures can then be
written as u} = [«; 0 017 or ul =10« 0]7. The path sections are characterized by
their lengths (sy, . . ., s,) and curvatures (1/ry, ..., 1/r,), starting from the path end.
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The number n of tubes is immediately determined to correspond to the number of
constant curvature sections on the path generated in the previous section. The tube
lengths (Iy, .. ., I,) and curvatures (1, . . ., k,) can then be determined using Eq. (2),
which has to be solved first for tube 1, the inner tube, up to tube n, the outer tube,
in increasing index order, and using positive or negative path and robot curvatures
depending on the curvature direction:

lj = ZSI'
i=j
1 1 (L EL
=-— and kjjo1 = —— — — 2 _Eili;
K1 " Kj.j>1 E I (Z r Z k

i=1 i=1

@)

In (2), the values of Young’s modulus and cross section area moments of inertia /;
are chosen from characteristics of circular Nitinol tubes, the standard choice for CTR
because of the material superelasticity. Using diameters of commercially-available
circular tubes, the lengths and curvatures are obtained from Eq. (2) and indicated in
Table 1.

By extending the strategy described in [6], the computed CTR geometry can be
deployed with a follow-the-leader approach. As a first step, the n tubes are inserted
altogether by pure translation until the tube n reaches the end of its stroke (Fig.?2).

Table 1 Robot parameters after synthesis with the proposed method for the considered application

Tube index | Young’s Shear Inner Outer Length Curvature
modulus modulus diameter diameter (mm) (mm™)
(GPa) (GPa) (mm) (mm)
80 30 0.880 1.200 45.8 0.059

2 80 30 1.296 1.524 31.6 0.136
80 30 1.760 2.184 17.3 0.066

o N e N " D

Tube 1

:> Tubes :>
2,1

\L_f/ O\ _J ¥

Fig. 2 Deployment sequence of CTR with three tubes (n = 3)
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Then, the n — 1 tubes are inserted together, with the tube n remaining fixed, until
tube n — 1 reaches the end of its stroke. The procedure is repeated until the robot is
fully deployed.

4 Tube Design and Deployment Assessment

We have introduced in Sects. 2 and 3 how it is possible to generate a CTR geometry
and its deployment strategy for planar paths composed of constant curvature sections.
It was previously outlined that the use of concentric tubes with opposite curvatures
can lead to unstable configurations. To make use of a CTR for medical purposes, it
is obvious that only stable equilibrium positions should be used. In this section, we
propose to design tubes with anisotropic properties by local structure modification
to handle this particular issue and make the deployment strategy safe and accurate.

4.1 Robot Kinematic Model

The evaluation of the influence of tube properties is conducted using the application
data. The presented application context will also be used to assess the deployment
accuracy. Therefore, a model is needed to analyze the impact of torsion on the
interactions between the tubes, and possible deviations between stable and unstable
configurations. We here use the torsional model developed in [4, 9], based on an
energy method. For a set of n tubes experiencing bending and torsion, the energy
stored in the tubes is given by Eq. (3) if the tubes overlap continuously for s € [o7, 02].

o2

E =% (u(s) —a(s)" K (u(s) — a(s)) + Cds, 3)
ol

with

a(s) = K> K s), K = iKi, 0,(5) = Yi(s) = Y1 (),
= = )
u;(s) = Rou! — 0;(s)es, C(s) = ZﬂfT(s)Kiﬂf(s) —al (5)Ka(s),
i=1

In these equations, u(s) represents the equilibrium curvature vector for the robot,
and Ry, the rotation matrix of angle 6; about e3 = [0 0 117. The angles (1, ..., ¥,)
designate the absolute angular variables of each tube. As neither C(s) nor a(s)
depends on u(s), the minimal energy is obtained for u(s) = a(s). In order to com-
pute a(s), the variables v, (s) that describe the evolution of torsion along the tubes
have to be estimated. For tubes with constant curvature of the form u} = [«; 0 017
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oru’ =1[0«; 017, as previously considered, functions ;(s) can be expressed by
solving the system (5) of two first order differential equations [8]:

Ui (s) = iz (s)

E

il - )
o D Byl sin(i(s) = 9(5))
A

i12(5) = =

where EI = Z;zl E;I;. The system (5) can be easily used for a CTR composed of
several sections by writing it for each set of overlapped tubes and adding continuity
constraints to the solution.

The set of equations representing torsion along the entire length of the robot is a
boundary value problem that is solved numerically using a finite difference code as
implemented in the bvpSc function in Matlab (The MathWorks Inc., Natick, USA).
Boundary conditions are ¥;(0), the known angles at the tubes insertion points, and
Vi (I;) = 0 as tubes can not apply axial moments at their distal ends. Finally, the
shape of the robot can be determined using Eq. (6), with superscript symbol “hat”
denoting the conversion of an element of R? to an element of s0(3), the Lie algebra
of Lie group SO(3).

P = Res
k- R (6)

To solve Eq. (6), u(s) can be approximated by constant values over a given step
size, and then a Runge-Kutta method can be used for the resolution.

4.2 Tube Design

At this point, all the tube characteristics are known except the polar moments of
inertia J;, j € [1, n]. To select their adequate values, that can be adjusted by local
tube modification as described in [ 7], the ratio between bending and torsion stiffnesses
is being varied in simulation. The ratio A is equal to £;1;/G;J; [7] and is considered
identical for all the tubes. As expected, Fig. 3 shows that lowest values of A minimize
the torsional effects and finally the position errors in stable configurations (Table 2).
However, it is challenging to obtain experimentally very low values for A. In [7],
the authors have successfully reached a value of 0.344. For our application, a ratio
A = 0.348 results in a tip error of 2.51 mm, which is acceptable for our application.
This value is therefore selected, which ends the robot design with the proposed
approach.
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Fig. 3 Robot positions for Reference configuration
different A values
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Table 2 Tip position errors Iy Tip position error (mm)
as a function of A. A = 1.33
corresponds to standard 0.348 251
non-modified circular tubes 0.4 19.24
0.7 36.49
1.33 44.96

4.3 Follow-the-Leader Behavior Assessment

We now investigate precisely the follow-the-leader deployment errors by measuring
tip position error and root mean square error along the robot’s centerline for different
deployment stages. The tubes are considered held at their insertion point. Measure-
ments are reported in Table 3 with two indicators: the maximum error (Max), which
is equal to the tip error, and the RMS value of deviation along the deployed robot.
Three configurations during the deployment are considered: after deployment of the
3 tubes altogether (Point A, Fig. 1c), of tubes 1 and 2 altogether (Point B, Fig. 1c),
and finally of tube 1 (Point C, Fig. 1c). At point A, errors are equal to zero. Fur-
ther analysis shows that anisotropy leads to the existence of only one configuration,
superimposed with the desired deployed geometry, a situation previously observed

Table 3 Position errors during the follow-the-leader deployment. Maximum errors are in plain
letters, RMS values are in bold

Situation A B C
Without error (mm) 00 0.79 (0.27) 2.51 (0.95)
With error (mm) 0(0) 1.05 (0.36) 3.31 (1.26)
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for two tubes in [9]. Results obtained are suitable for our application in terms of tip
deviation.

In order to go further and explore the robustness of the follow-the-leader behavior,
we introduce angular errors in the control of the tubes at their base. A value of 0.005
degree, achievable with standard encoders and transmissions, is chosen. Results in
Table 3 indicate the maximum errors in presence of tube angular errors. Those results
still remain acceptable for our application, which is encouraging and show the interest
of the proposed robot design and deployment method.

5 Conclusion

In this paper, we have proposed a method for CTR design and deployment. It com-
bines a simple kinematic approach and tube design to achieve approximate follow-
the-leader deployment. We have shown that interesting accuracy can be obtained for
a medical application. The effect of the actuation control errors on the robot deploy-
ment have also been studied, and we have demonstrated that such errors remain
acceptable for our application. The interest of tube modification is outlined, with
high sensitivity of the robot behavior to these modifications. Further work will now
be focused on selecting the best tube patterning techniques to obtain anisotropic
properties. Evaluation of sensitivity to design parameters and extension to other 3D
deployment situations will also be considered.
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A Screw-Based Dynamic Balancing
Approach, Applied to a 5-Bar Mechanism

Jan de Jong, Johannes van Dijk and Just Herder

Abstract Dynamic balancing aims to reduce or eliminate the shaking base reaction
forces and moments of mechanisms, in order to minimize vibration and wear. The
derivation of the dynamic balance conditions requires significant algebraic effort,
even for simple mechanisms. In this study, a screw-based balancing methodology
is proposed and applied to a 5-bar mechanism. The method relies on four steps:
(1) representation of the links’ inertias into point masses, (2) finding the conditions
for these point masses which result in dynamic balance in one given pose (instanta-
neous balance), (3) extending these conditions over the workspace to achieve global
balance, (4) converting the point mass representation back to feasible inertias. These
four steps are applied to a 5-bar mechanism in order to obtain the conditions which
ensure complete force balance and additional moment balance over multiple trajec-
tories. Using this methodology, six out of the eight balancing conditions are found
directly from the momentum equations.

1 Introduction

The ever increasing demands on the throughput of robots requires reduction of their
cycle times without compromising the accuracy and the lifetime. Higher velocities
induce stronger base reaction forces and moments which in turn cause frame vibration
and wear of the manipulator [8]. Dynamic balancing aims to design the kinematics
and the mass distribution of the manipulator such that both the changing base reaction
forces and moments are eliminated [10]. With force balancing, only the changing
reaction forces are considered [1].
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Dynamic balancing often involves the addition of linkages and masses - such as
counter masses and/or counter rotations - which in general leads to higher complexity
and higher motor torques [8]. For parallel mechanisms, the closure equations sup-
ports finding dynamic balance without additional linkages or counter-rotations [5].
However, for mechanisms with more DOFs, the dynamic balance conditions become
increasingly difficult to find as the number of bodies increase and the kinematic clo-
sure equations become more complicated. To overcome this, several synthesis meth-
ods are presented; such as stacking of dynamically balanced 4-bar linkages [10],
and synthesis based on principal vector linkages [7]. Nevertheless, these synthesis
methodologies do not cover all the possible solutions and require considerable effort
to find the balancing conditions.

In this paper, a screw theory-based, four step methodology is presented to simplify
the process of finding the dynamic balance conditions for planar mechanisms, with a
potential extension to spatial mechanisms. The methodology relies on two insights.
Firstly, the geometric screw theory gives the conditions for the direct calculation of
a subset of the balancing conditions without differentiation or solving the kinematic
closure equations. Secondly, the dynamics equations are simplified using an inertia
decomposition method derived from Foucault and Gosselin [2]. This approach is
illustrated by applying it to a 5-bar mechanism to obtain complete force balance
(similar to [4]) with additional moment balance over multiple trajectories (similar to
the Dual V [9]). First the kinematic model of a 5-bar mechanism (Sect.2.1), and the
screw dynamics (Sect. 2.2) are described, based on which the four steps are illustrated
(Sects.2.3-2.6).

2 Method

2.1 Kinematic Model of a 5-Bar Mechanism

The 5-bar mechanism under investigation consists of two RR linkages connected by
a revolute joint at x (see Fig. 1). To each body a reference frame (v/;) is associated
in the joint as seen in the figure. The base reference frame is placed arbitrarily. The
frame in which a point is represented is denoted with a superscript (e.g. a’ ).

The velocity of a body in space is described by a 6D twist vector (¢;), which
is the general global velocity of frame v expressed in ;. The angular velocity
is denoted by w and the linear velocity by v. The coordinate transformation matrix
(X { ) changes the expression of a twist from frame v; to v;. The matrix consists of

a rotation matrix (R{ ) and a translation vector (olj )

I'The [0{ ><] is a skew symmetric form of vector 0{ .
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Fig. 1 Kinematic model and
instantaneous balance of a
5-bar mechanism. The
momentum wrenches sum to
zero for a pure motion of
joint 1

R [ r 0
t=|%l=Xxt X/ = ST 1
‘ [vi} i , [[O;X]R; R{} M

The body Jacobian (J;) relates the joint velocities to the twist (t?) of each body.
As input joint velocities (§) we choose the base joints. This makes bodies 1 and
3 the active, and 2 and 4 the passive (non-actuated) bodies. The Jacobian of the
mechanism can be found using methods such as presented by Zoppi et al. [12].
The body Jacobians are concatenated such that the total mechanism Jacobian (J)
becomes:

X% 0
T kit axs axd
0 _ -q = N = 1 1 2 2 /2\
t; = quf J : 0 th 2
Ja d: X% X% + du X3¢

. LA T . . . . . . .
in which ¢ = [(nz)T OT] is the local twist axis, in which r_ is the unit vector in z
direction. The Jacobian coefficients are:

R
l x4 Ri[n,x|R)x? ? x4 Ri[n, x| R3x?

1. pl 2 3. p3 2
0} Ri[n x]x 0] - Ri[n_x]x
d3 = dy = — -1 4
T xt Ri[n,x|R}x? ! x* - Ri[n,x|R3x? @

x* - R3[n, x]o}

3)

Note that the denominators of all the coefficients are equal, yet, we write them
differently in terms of the rotation matrix in the nominator for later use (Eq. 11).
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2.2 Dynamics

The conditions for dynamic balance are usually derived from the momentum equa-
tions. Shaking forces and moments are the derivate of momentum. When assuming
zero initial velocity, the shaking forces and moments are zero when the momentum
is zero for all motions.

In screw theory, this momentum is seen as wrench [6]; the momentum wrench
(h), a concatenation of the angular momentum (£) and the linear momentum (p).
The momentum wrench can be expressed in another frame using a second coordinate
transformation matrix. The momentum generated by a body, is calculated from the
twist or the Jacobain of that body and the inertia matrix M;, which is given later

(Eq.7).

g o
hi = [i}} = (X)TH B = Mt = M J:§ )

The admissible momentum wrench of a mechanism is defined by its momentum
span. As the 5-bar mechanism is a 2 DOF mechanism, the dimension of the span
is maximally two. In the current study we choose the bases of this momentum span
(indicated with a hat) as the momenta generated by unit velocity of the two base
joints.

I:il?ﬁg]:iMiJiZO (6)

When the momentum span is only zero for a certain pose we have obtained a local
momentum equilibrium or instantaneous balance, this is a necessarily but not suffi-
cient condition for dynamic balance. For global dynamic balance, these instantaneous
conditions have to be extended over the complete workspace.

2.3 Step 1. Inertia Decomposition

Wu and Gosselin [11] used the property that the inertia of a body can be represented
as a collection of point masses to study the dynamic equivalence of robotic platforms.
Continuing on that, we recognize that the inertia of a planar body can be sufficiently
represented by two point masses. For a given center of mass (COM), inertia and
mass, four equations have to be satisfied [2]. As two point masses give six variables,
the location of one point mass can be chosen freely, fixing the location of the other
mass and the mass distribution over the two points.

When the free point mass is placed on the revolute joint, this joint has no influence
on the motion of the free point. Therefore this point can also be regarded to be fixed to
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the connecting body. This leaves the initial body with one point mass representation
(r;, m;). This inertia decomposition can be applied throughout the whole mechanism,
such that the inertia properties of each body are characterized by a single point mass.
This reduces the number of dynamic parameters from 4 to 3 per body. This finally
gives the inertia matrix for a planar body:

M: = m: _[r?x]z [r?x] (7)
Y —[r?x] I;

2.4 Step 2. Instantaneous Balance

Dynamic balancing occurs when the location and mass of these points are such that
the momentum span reduces to zero. For a 5-bar, the mechanism’s momentum basis
is defined by the motion of one joint while the other joint (and body) is fixed. This
means that only three bodies contribute to each mechanism’s momentum basis.

-0 0 0 0 0 A0
—h,,=h,, +hy, —h;y3=h,5+hy; (®)

The three body momentum bases are represented as wrenches (see to Fig. 1). For
force balance, the vector sum of the linear momenta has be to zero. For additional
moment balance, the three wrenches have to intersect at one point. A momentum
wrench generated by rotation of a point mass around an axis passes trough the point
mass in a direction perpendicular to the point and the axis location. Therefore it
follows that the point mass of the base body has to be on the intersection point of
a line perpendicular to the wrench line (izu) and the axis of rotation, as indicated
in Fig. 1. The mass to be located at this point is given by ratio of linear and angular
momentum.

1

N P31 + Pasll?
r}=m—l[nzx](p£.1+pi,1) m =———2 ’

n, . (é;l +ézlt,1) (9)

If similar conditions are imposed on the second base link (r%, and mj3), we have
obtained six instantaneous balance conditions.
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2.5 Step 3. Global Force Balance

Global force balance is obtained when the sum of the linear momentum span of the
passive bodies (2 and 4) - expressed in the base bodies reference frames - is constant
over the workspace. This is required to enforce a pose independent solution for
Eq.9. Therefore, the global force balance conditions only depends on the dynamic
properties of the passive bodies. After coordinate transformation of the linear part of
Eq. 8, the following constraint equation is obtained:

- i)%] = mz[nzx]oé +my(1+ dl)[nzx]R%r% +m4d3[nzx]Rir2 = const. (10)

Inspection shows that Eq. 10 and the terms d; and d3 of Eqs. 3 and 4 are only written in
terms of the variables Ri(qz, 1) and R }‘ (g4.1)- For global force balance, the derivative
of Eq. 10 with respect to these two angles should remain zero:

LR —
Sqra \UM! x* - Ri[n x| R)x?
+my ((x*-x?) + (x* - [n,x]x*) I;) R3rj) =0 (11)

(m2||x4 ||2[nz X]R%r%

From this derivative, the following global force balance conditions is obtained.

, my 1 4 2 4 2 4
r;=———((x"-|n,x|x7) [n x| —(x"-x7) I3)r 12

2 m2”x4||2(( [L] )[Z] ( )3)4 (12)
This constraint equation can also be obtained when differentiating Eq. 10 to the other
angles (g;.2), and from the derivatives of ( 13;3). The implications of global force bal-
ance and additionally instantaneous dynamic balance on reactionless trajectories are
discussed in Sect.2.7. This global solution step still requires considerable algebraic
effort.

2.6 Step 4. Inertia Recomposition

The resulting balancing conditions are written in terms of the point masses, describing
arange of inertias. To select a proper inertias, we recognize that at the joints (u; ;) -
connecting body i with j - a point mass (g;, ;) can be exchanged between the bodies
(see to Fig.2). The mass which is added to one link has to be subtracted from the
connecting link (a; ; = —a; ;). In such a way the inertia (g;) and COM (c;) of mass
(m;,;) can be selected which satisfy the balance conditions.
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Fig. 2 Inertia
decomposition of the 5 bar
mechanism. The COM (c,),
inertia (g4), and mass (m4)
of body 4 is given by sum of
three point masses (u“,

uy 3, andr,)

n n
me; =m; + E aij m;iC; = m;r; + E al-jui_i
j=l1 j=1

n
2 2 2
gi +muillel = millr > + D aijllug | (13)
j=1
The mechanism can be built as long as the inertia and mass are positive. This
precludes a range selectable inertia distributions.

2.7 Reactionless Trajectories

With global force balance the dimension of momentum for planar mechanism is
reduced to one. Since a 5-bar mechanism has 2 DOF, there exist a velocity vector
in each pose for which the momentum is zero. This null space motion of Eq.5 is
numerically integrated to form a reactionless trajectory. In the instantaneous balance
poses, the momentum for both directions is always zero. This implies that in these
poses, two reactionless trajectories meet.

3 Results

To evaluate the presented method, a geometry is selected, as depicted in Fig. 3a and
Table 1. The dynamic balance of the mechanism is evaluated using multibody soft-
ware package Spacar [3]. The mechanism moves over two reactionless trajectories
(red and blue) and one arbitrary unbalanced trajectory (yellow).

The maximal shaking forces of all the trajectories are in the order of computation
accuracy (max: 1.077% N), confirming that the mechanism is force balanced. Also
the shaking moments are approximately zero (max: 3.01~%* N m) for the two balanced
trajectories. For the unbalanced trajectory a maximal shaking moment of 6.69 Nm
is found (Fig. 3b).
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Fig. 3 a Geometry and trajectories. b Shaking moments

Table 1 Geometrical and dynamic parameters

Joint position [m] COM [m] Mass [kg] Inertia [kgm?]
o [0, 1] ¢} [0.220, 0.013] m;; 1.0155 g1 0.0240
o} [-0.866,0.5] ¢3 [0.250,0.433] my» 0.2000 g 0.0500
o [0,-1] c; [0.220,-0.013] my 3 1.0155 g3 0.0240
o0; [-0.866,-0.5] ¢} [0.250, -0.433] my 4 0.2000 g4 0.0500

4 Discussion and Conclusion

Using the presented method a simplification of the balancing process is obtained,
such that six (Eq.9 forr % s rg, m1, and m3) out of eight conditions for dynamic balance
can be calculated directly from the momentum equations without manipulation of the
kineto-dynamic relationships. Furthermore, the two remaining conditions for global
balance (Eq. 12 for r3) are found to be only dependent on the dynamic properties
of the passive bodies. However, these last two conditions require effort in taking
derivatives and manipulation of the momentum equations. The applicability of this
balance methodology to more complex planar and ultimately spatial mechanisms is
under investigation.

In this paper, a screw-based balancing method is presented and applied to a 5-bar
mechanism. The balancing conditions are found for force balance over the complete
workspace and additional moment balance over multiple trajectories, as shown by
simulation results. To arrive at these dynamic balance conditions, a screw-based
approach was presented. It consists of four steps. In the first step it was recognized that
the dynamic properties of a planar mechanism with revolute joints can be simplified
to one point mass per body. In the second step, instantaneous balance was found by
placing the point masses of the base links orthogonal to the momentum wrench line
generated by the rest of the mechanism. In the third step, the place of the remaining
point masses was calculated such that the force balance extends over the workspace.
In the last step, the resulting point masses where converted into actual inertias such
that the mechanism can be built.
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A Novel S-C-U Dual Four-Bar Linkage

Pierre Larochelle and Sida Du

Abstract This paper presents the kinematic architecture, analysis, and simulation
of the S-C-U Dual Four-Bar Linkage (Larochelle and Du, Dual four-bar linkage
mechanism, 2015, [4]). The S-C-U Dual Four-Bar Linkage, or SCUD Linkage, is a
biologically inspired design for articulating the leg in a mechanical walking machine.
The SCUD Linkage consists of dual planar four-bar mechanisms used to support and
generate the desired motion of a rod in three-dimensional space. The rod is supported
by two joints; each of these binary joints connecting the rod to a coupler point on
a planar four-bar mechanism. At one end of the rod a universal joint connects it to
a coupler point. At the rod’s midpoint, a combination of a cylindrical joint and a
spherical joint are used to connect it to the other supporting coupler point. The result
is a two degree of freedom closed kinematic chain with two parallel sub chains. The
end-effector or workpiece of the SCUD Linkage is affixed to the free end of the
rod. Here, the concept of the SCUD Linkage as well as its kinematic analysis and
simulation are presented. The analysis of an example SCUD Linkage is included.

1 Introduction

The motivation for the creation of the SCUD Linkage came from the same source,
independently, to each of the authors before they had met. For both authors the source
of the inspiration was identical; it was the motion of the front legs of a tortoise. In
1999 the first author acquired as a family pet a geochelone sulcata or African Spurred
tortoise named Chomper, see Fig. 1. The complex motion of the front legs of the
tortoise and their ability to support the relatively large mass of the tortoise inspired
the first author in 2006 to pursue the design of kinematic closed chains that could
replicate the motion of the front foot. Similarly, the second author, while pursuing
his bachelors degree in 2009, was inspired by the front leg motion of tortoises while
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Fig.1 A Geochelone sulcata or African spurred tortoise

working on the design of a mobile robot for the Biomimetic Robotics Competition
organized that year by the Harbin Institute of Technology. Independently, each author
explored the use of open kinematic chains to generate the desired motion however
they found that four or more degrees of freedom were required for each foot. Simpler,
lower degree of freedom, solutions were sought. Once the authors met in Fall 2013
they began collaborating to identify kinematic architectures that would effectively
and efficiently replicate the front leg motion of the geochelone sulcata. The SCUD
Linkage presented here is one of the promising architectures that the authors have
designed.

Human beings have long been curious about the behavior of the world’s won-
derful creatures and have tried to understand and imitate them. The earliest walking
machines were mechanical toys. Their legs were driven by cranks or cams from a
source of rotary power, usually clockwork, and executed a fixed cycle [8]. The first
documented walking mechanism appeared in about 1870 and was based on a four-bar
mechanism invented by the Russian mathematician P.L. Chebyshev as an attempt to
imitate natural walking (Artobolevsky, 1964) [3]. In 1893 the first patents for legged
systems were registered with the US Patent Office [3].

Based on the number of legs the robot has, there are bipeds e.g. humans or birds,
quadrupeds e.g. mammals and reptiles, hexapods e.g. insects, and octopods e.g.
spiders [3]. A hexapod robot is a mechanical device that walks on six legs. One
example is RHex, a biologically inspired hexapod with compliant legs [1, 7]. The
SphereWalker is another biologically inspired hexapod device [5]. The SphereWalker
was developed by the first author and colleagues and was also inspired by the front
legs of a tortoise. The SphereWalker is composed of three spherical four-bar linkages
each connected to base plates that are serially connected to each other using two
universal joints. Each linkage in SphereWalker is identical and each has two feet
attached to its extended coupler link.
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2 The SCUD Linkage

To fulfill the desired characteristics and performance attributes discussed above a
novel linkage was designed. The S-C-U Dual Four-Bar Linkage, or SCUD Linkage,
consists of dual planar four-bar mechanisms used to support and generate the desired
motion of a rod in three-dimensional space. The rod is supported by two joints; each
of these binary joints connecting the rod to a coupler point on a planar four-bar
mechanism. These coupler points support the rod at its midpoint and at one of its
ends. At one end of the rod a universal joint connects it to a coupler point. Along
the rod’s span a combination of a cylindrical joint and a spherical joint are used to
connect the rod to the other supporting coupler point. The result is a two degree
of freedom spatial closed kinematic chain with two parallel sub chains. The SCUD
Linkage may also be classified as a parallel robot [6]. The end-effector or workpiece
of the SCUD Linkage is affixed to the free end of the rod. A kinematic diagram of
a SCUD Linkage is shown in Fig.2. The two planar closed chain four-bar linkages
generate motion in either parallel or intersecting planes. These mechanisms transmit
motion and torque from their driving motors thru their couplers to the rod. Each of
the planar four-bar mechanisms drives their coupler point along coplanar coupler
curves and these curves determine the spatial motion of the end-effector rod. One
end of the rod is connected to one of the couplers with a universal joint. This end
of the rod is named the head of the rod and this four-bar mechanism is referred to
as the U-linkage. Its plane of motion is the U-plane and the curve generated by the
coupler point of the U-linkage is the U-curve. Along the rod is a second joint that
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connects it to the other four-bar mechanism. This joint consists of a combination of a
spherical joint and a cylindrical joint. This linkage is named the S-linkage, due to the
spherical joint, its plane is the S-plane, and its coupler curve is the S-curve. The two
intersection points between the rod and the U and S planes move along the U-curve
and S-curve and determine the spatial motion of the end-effector rod.

3 Kinematic Analysis

Here we present the kinematic analysis of the SCUD Linkage. First, Cartesian coor-
dinate frames are affixed to the links. Then, the transformation operators, velocity
vectors and acceleration vectors of the coupler points of the planar linkages and
that of the end-effector are derived to describe their motion with respect to the
inputs. Next, the parameters of the SCUD Linkage are used to build models both in
Matlab and in Creo [2] to generate and analyze the workspace of this SCUD Linkage.
These models are utilized to visualize the kinematic capabilities and limitations of
the SCUD Linkage.

Consider the SCUD Linkage whose U-linkage and S-linkage are each crank-
rocker four-bar mechanisms as shown in Fig. 3. The kinematic analysis is performed
in 3 steps:

1. The derivation of the planar four-bar motions. In this first step, a four-bar posi-
tion analysis is performed to determine the relative angle (¢) of the coupler
with respect to the crank as a function of the input angle (9). Next the two
coupler point frames relative to the base frame are determined; i.e. the frames
{U} and {S}.

2. The derivation of the rod’s spatial motion operator. In this second step, the angles
A and A, are solved from a set of non-linear equations that describe the geometric
relationship between the {U} and {S} frames. Next, the frame {U "} is derived by
rotating the frame {U} by A, and XA, and then the end-effector frame {E} is
obtained by translating the frame {U'} along the operator rod.

3. The derivation of the kinematic derivatives. The velocity vectors and the acceler-
ation vectors of the coupler points and the end-effector are obtained by computing
the derivatives of the transformation operators obtained in steps 1 and 2.

Step 1 can be performed using the known position analysis of the planar four-bar
crank-rocker mechanism and applying coordinate transformations to yield the frames
{U} and {S}. Step 2 requires the angles A, and A, that represent the motion at the
U joint. These angles are determined by performing an analysis of the orientation
of frame {U} with respect to the {S} frame. In this problem, the unknown frame
{U'} has the same position as the known frame {U} and is rotated with respect to
{U} such that its z axis is directed towards the origin of {S}. Utilizing this geometric
relationship, the angles A, and A, are determined. The known frames {U} and {S}
and the angles A, and A, are then used to obtain the frames {U 1, {5}, and {E}. See
Fig.3. The details follow.
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Frame {U'} is defined as having origin coincident with {U} and z-axis directed
along the rod toward {S}. Equating the direction of the z-axis of the {U'} and a vector
along the rod from {U} toward {S} yields,

Dx = A(cos I}, sin Ay + sin I, sin A, cos &)
py = A(sin I, sin A, — cos I, sin A, cos &)
p; = A(COS Ay COSAy). (1)

where p is the known vector from the origin of the {U} frame to the origin of the
{S} frame, I', = y, + 6., and A is an arbitrary scale factor. The maximum possible
range of motion of the universal joint is [—~7, 7]. These bounds are in the range of
the arctan function therefore the angles A, and A, are also in this range and can be
computed from Eq. 1 by eliminating A and using arctan,

—(pycosI, — p,sinT,
A, = arctan ( (P, u” Px “)) 2)
Pz
COS A, Py — p-sin I, sin A
A, = arctan ( P 7 Pz - x) . 3)
pzcos

Having found the A, and A, angles a straight-forward kinematic analysis yields {U gy
and {S'} as well as the end-effector frame {E}. Step 3 requires differentiating the
transformation operators. Though tedious, the process is straight-forward.

3.1 Workspace

The workspace of a SCUD Linkage is defined as the set of all reachable points of
the origin of the end-effector frame { E£'}. The SCUD Linkage possesses 2 degrees of
freedom therefore its workspace is a 2 dimensional spatial surface. A visualization
of the workspace of a SCUD Linkage is generated in 3 steps. Step 1: discretize the
working range of 6,. Step 2: for each value of 9, vary the input angle 6, throughout
its range of motion. Determine the origin of { £} for each 6;. This results in a curve
that is on the surface of a sphere whose center is at the U joint and whose radius is the
length of the rod L, ;. Step 3: repeat Step 2 for each value of 8,,. The resulting curves
represent the discretized 2 dimensional workspace. The discrete points that represent
the workspace of the SCUD Linkage may be visualized as a surface by utilizing
MATLAB’s surface rendering function surf, see Fig.4. Moreover, the workspace of
the SCUD Linkage may be visualized as a set of curves by utilizing the tracecurve
function in Creo, see Fig.5.
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Fig. 4 An example SCUD linkage workspace rendered in MATLAB

Fig. 5 An example SCUD linkage and workspace rendered in Creo
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Fig. 6 An example SCUD linkage linear velocity field: 6, = 0
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The linear velocity of the end-effector
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Fig. 7 An example SCUD linkage linear velocity field: f; = 0

3.2 Velocity

Results of a linear velocity analysis of the example SCUD Linkage are shown in
Figs.6 and 7.
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Inverse Kinematics Analysis of a P2CuP2Cu
Concentric Tube Robot with Embedded
Micro-actuation for 3T-1R Contactless Tasks

Mohamed Taha Chikhaoui, Kanty Rabenorosoa and Nicolas Andreff

Abstract This paper introduces a novel kinematic structure based on the concentric
tube robot (CTR) paradigm, augmented with embedded soft micro-actuation. The
latter allows to replace troublesome R-joints in CTR with 3 tubes by active tube
curvatures (Cu-joints). First, the forward kinematic model is derived. Furthermore,
the inverse kinematic problem is partially solved by restricting it to 3-translations/1-
rotation movements. Finally, the inverse model is used to perform path planning
schemes in medical scenarios.

1 Introduction

Flexible and miniaturized instruments are widely used for minimally invasive inter-
ventions. In this scope, continuum robots provide doctors with a controllable small
device offering high precision navigation inside the human body for both therapeutic
and diagnosis purposes [4]. Particularly, concentric tube robots (CTR) have proven
their efficiency for a wide range of medical applications [2, 10, 11, 13, 15]. CTR are
formed by several pre-shaped tubes nested in each other that can translate and rotate
relatively in a telescopic way. The improved efficiency is due, among other reasons,
to the use of tubes of small diameters ranging from 3 mm down to 0.8 mm [16] with
a free lumen able to embed different medical tools. Despite all these advantages,
CTR suffer from mechanical limits such as snapping explained in [16] and caused
by the high torsional energy involved when rotating the tubes relatively. In fact, the
rotation input at the tube base is all the more different from its output angle at the
tip as its length and/or curvature are higher. Another issue with CTR is that once
the tubes are assembled, the curvature of each component is a fixed parameter and
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cannot be modified afterward, which narrows the possible workspace to cover as
demonstrated in [6-8]. Furthermore, in order to perform the relative movements,
each tube is attached to the rotation stage, which can be connected to the translation
stage [3, 10, 18]. For n concentric tubes, one needs 2n actuators that should over-
come the frictional and torsional efforts of the tubes and thus are of a consequent size
compared to the effector size. With a 3-tubes CTR, 6 actuators are used implying the
possibility to control the 6 degrees of freedom (DoF) of the robot end-effector.

The aim of this work is to propose an equivalent structure of a standard 3-tubes
CTR but augmented with embedded soft micro-actuation based on 2 tubes only and
considered as a P2CuP2Cu. P denotes the prismatic joints, equivalent to the trans-
lational movements; and the 2 active tube curvatures in 2 orthogonal directions for
each tube are denoted by Cu for each bending. This structure is intended to keep the
same performances with less mechanical constraints and an embedded soft actuation
scheme able to be easily integrated into an actual operating room. If the forward
kinematic model is rather easy to derive, inversion of the robot model in a geomet-
rical way is quite challenging but useful for stable path planning including obstacle
avoidance, tissue and organ examination with imaging systems, and full robot shape
monitoring in constrained environments. From a control point of view, this solution
is proposed here in contrast with (i) Jacobian-based inverse-kinematics that require a
full knowledge of the kinematics, an important computational time and that are trib-
utary to the non-singular configurations [10], and with (ii) the kinematic-equivalent
model based inverse kinematics [14] that monitor exclusively the position of the
robot tip (added to the overall shape) by solution exploration without controlling its
orientation.

For the sake of the completeness of this introduction, a few words are needed on
technology. The comparison of the available micro-actuators such as shape memory
alloys (SMA) and piezoelectric materials (PEM) presents the electro-active polymers
(EAP) as the best candidates for this application. In fact, EAP-based actuators do not
produce additional heating in contrast with SMA, require very low voltages (<2 volts
for some ionic EAP) in contrast with PEM, and do not alter the structure mechanics
because of their lightweight [6]. Biocompatibility with a medical device is also
confirmed and a relatively high strain (more than 20%) should be noted. Section 2
presents the combination of these promising technologies and the forward modeling
as the first work led to the best of our knowledge. Furthermore, the inversion of these
models is developed in a geometrical way in Sect. 3 for the P2CuP2Cu, it stems for
the computation of two tangentially connected circular arcs of controllable curvature,
orientation (hence, arc planes), and length. Simulations of path planning results are
also presented based on the developed models.
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2 Concentric Tube Robot with Embedded Soft
Micro-actuation

2.1 Embedded Soft Micro-actuation in Concentric Tube
Robots

Adding micro-actuation to a concentric tube robot provides several improvements.
First, the intrinsic curvature of each tube is accessible when activating the EAP-
based soft micro-actuators deposed as 4 electrodes onto each tube as described in
Fig. 1a. In fact, each pair of electrodes generates antagonistic efforts due to an electro-
chemo-mechanical conversion. When one positively activated electrode expands in
volume, its diametrically opposite one (negatively activated) shrinks which leads to
the bending of the substrate tube along the plane containing these electrode central
lines. This emerging technology is under continuous improvement and has shown
promising results that required expertise in chemistry, micro-fabrication and clean
room developments [1, 9]. Moreover, with this 4-electrodes configuration, the rota-
tion motors are not mandatory which reduces substantially the actuation unit size.
Furthermore, biocompatible flexible tubes are used and thus small efforts are required
to deploy them telescopically. Smaller translation stages are adequate and replace
for the high-torque-requiring motors used in standard CTR actuation. The thick-
ness of such actuators varies between 10 and 30 microns and thus does not alter the
concentric tube approach and saves the free-lumen configuration, in contrast with
cable-driven continuum robots [5]. Finally, in order to preserve the accessible 6 DoF
of the standard CTR, we introduce the P2CuP2Cu: a configuration with 2 concentric
tubes augmented with 4 EAP electrodes each in order to control their bending in 2
orthogonal directions added to their telescopic deployment.

(a)

EAPZ

electrodes
Tube 1 Tube 2

Fig. 1 a CAD design of the proposed P2CuP2Cu robot based on embedded soft micro-actuators
at an arbitrary configuration, b Schematic description of an arc of a circle in 3D
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2.2 Forward Kinematic Model

The forward kinematic model first describes a single section of a CTR considering
its actuators. The modeling is based on the piece-wise constant curvature assumption
[12, 17]. Indeed, an arc of a circle in 3D is defined, following Fig. 1b, by its curvature
K (inverse of the radius of curvature r;), its length £;, and the angle of the plane
in which it is located ¢;. Thus, the transformation matrix from the arc origin to its

tip is:
L, = )T e ) = [RZ<O¢,»> (1)} [Ry(()é’j) plj:| )

where 0; = «;£; is the bending angle and p; = [r;(1 — cos#;), 0, r; sin Qj]T. The
arc variables are directly linked to the robot actuators, depending on the overlapping
of the n tubes constituting m sections. For the considered P2CuP2Cu with 2 tubes,
the actuator space is constituted of q = [vi, vy v2x V2, 01 0217 where Vix,y 1s the
supplied voltage to the i’ tube according to its x and y axes respectively, and p;
is its translation for i = {1, 2}. The intrinsic curvatures of each tubes are denoted

Kix,yi, = CEaPp Vix,y nOting that Cg 4 p, is the EAP electro-chemical constant of the i’ h
tube electrodes. The intrinsic arc variables for the 2 tubes (i = {1, 2}) are given by:
—_ /2 2
ikim =/ Kix, + Kiym (2)
bi;, = atan2(Kiy,, Kix,,)

The second section (containing only tube 2) variables are directly identified as
Ky = Ky, and ¢, = ¢, . However, for the first section subject to the mechanical
interaction of 2 tubes, one must compute the first section variables by:

— /2 2
{Kl_ e, 3)

¢1 = atan2(Kyy, Kix)

2 2 .
i E,'I,'K,z COS(bi, i EiIiKi- S ¢i
where k1, = 2ic - =, and k1, = 2z . Note that «;,

> Eil > Eid
and «;, are the decomposition of the main curvature along the x and y axes respec-
tively for the j’h section, E; is the elastic modulus, and /; is the cross sectional
moment of inertia of the i"" tube. We should note that «;,, is constant for the standard
CTR when they are directly accessible in the proposed P2CuP2Cu with the pair of
electrodes. Finally, considering the initial pose of the robot where all the tubes are
withdrawn, the link lengths are such that £; = 0,V = {1, 2}. Whenever the tubes

are deployed, the link lengths are computed as £; = p; and €, = p, — p;.




Inverse Kinematics Analysis of a P2CuP2Cu Concentric ... 55

3 A Geometrical Approach to Kinematic Model Inversion
for 3T-1R Contactless Planning

3.1 Closed-Form Planar Solution to the Translation Part

The model is inverted geometrically in order to find a closed-form planar solution
to properly control the robot end-effector position as a first step. For standard CTR
with 3 tubes, straightforward computation of the exact inverse kinematic model is
very arduous due to the non-linear equations involved and require challenging inverse
kinematics or heuristic methods which are often limited by singularity issues, demand
significant computational resources and a consequent execution time. In summary,
the proposed algorithm computes the inverse kinematic model of the P2CuP2Cu in
3D for 4 DoF including the three position components and one in-plane orientation
as described below.

3.1.1 Plane Definition

Recalling the geometrical description of an arc (or a tube) in Fig. 1b, let us assume
that S is its start point, E (X g, Yg, Zg) its end point, and z_; its tangent at the origin S.

We consider that the robot sections lie in the same plane IT where IT = (S, z_;, ﬁ ).
The output of this step is the homogeneous out-of-plane transformation /~'T; (¢;)
defined in Eq. 1 such that:

I'T($;) = f(S, E) where ¢; =atan2(Yg, Xg) 4)

"lllenevi)freineﬁSis then (X7, y;, z; ) where [u}, 117 = /='T;(¢)[u;—1, 117 for
i ={x,y, 7}

3.1.2 Planar Solution for a Single Arc

Once the plane 7 is figured out, the process is performed in a planar way and thus
reduces substantially the computation complexity. The desired point is projected onto

the frame related to the plane I7 such that its coordinates are TX, = X 12; + Y2,

Ty, =0,and " Zp = Zg. In all cases, for a tangent vector Z, the end-effector of
an arc of a circle is described in its base frame (S, YJ)-, 7;, z_;) (cf. Fig. 1b) by Egs. 5

and 6.
o 2Xg s
T Xz m gz )
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K

L =
! % (271 —acos (l —Kj ”XE)) else.

[lacos(l—Kj”XE) if 7Zz>0 ©

The homogeneous in-plane transformation matrix is then computed such as /~'T;
in Eq. 1. This step is denoted (k;, £;,7~" T; (i, £,)) = (S, E, 7}).

3.1.3 Closed-Form Solution to the Translation Part

For the considered 2-tubes P2CuP2Cu, this single-arc inverse kinematic model g
is computed for each arc separately, once the plane I7 is defined. Both arcs meet
at A which is the inflection point along the robot structure. Let us assure that for
any A € I1, closed-form solutions can be computed [14]. We compute the single arc
solution following this order: (i) from the robot origin O to the first section end-
effector A — assuming that O is also the world frame (O, 70), %, z_O)) origin — then
(ii) from A to the second section (and the robot) end-effector B:

(kc1, €1.° T (1, £1)) = (0, 21, A) for tube 1 o
(2, 02,' T2 (k2, £2)) = g(A, 25, B) for tube 2
which can be expressed by the global closed-form function /:
0 1 =
(k1. €1, k2, €2,° Tk, £1)," Ta(k2, £2)) = h(O, 21, A, B) )
%107
14
12
Y3 i
10
-~ 8 x3
g
N8 .
) .
2 X2
0
yi1¥o
2.
4
<10 2
o N : - i =
y (m) g N 2 4 6 8 10 12 14

.10°3
% (m) x10

Fig. 2 Solving the closed-form inverse model for a desired point B after computing the plane I7
(in green) with an arbitrary inflection point A. Section 1 plot is blue and Section?2 is red
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Note that using f(O, A), we define F; = (O, 71), 71), z_,l)) the origin frame of the
firstarc and thus 7] = Zg. The output frames of the first and second arcs respectively
are Fr» = (A, E, % Z) and F3 = (B, 73) 73), ?3)) computed using g function, and
2B is the expression of B in the frame F, obtained by inverting °T (k1, £). To check
the validity of this solution, the results of Eq. 8 are fed through the forward model.
It enables to draw the robot shape and pose. The end-effector position must match
the initial desired point as described in Fig.2 with orientation z.

3.2 Monovariable Virtual Proportional Control

The closed-form model inversion presented above solves for the 3D position of the
end-effector at B. In order to control the end-effector in-plane orientation, we use
Algorithm 1. Itis based on virtual proportional control of a single variable which is the
in-plane orientation at B denoted 75 witha proportional gain A. After initializing the
inflection point A at an arbitrary position in the calculated plane I7 (cf. Sect.3.1.1),
we solve the inverse kinematics for the position of point B through the function /4 in
Eq.8. The output orientation 73 at B is then compared to the desired orientation 7.
At every step, the point A is slid on the perpendicular (D) to (O B) in the plane I7
at A defined by its guiding vector ip.

Algorithm 1 Solving for position and in-plane orientation

Data: O, B, z_§
Result: Arc variables x = [k1 ¢1 k2 ¢o £ €217
Ty (¢2) = £(O. B);
Choose ¢1 = ¢2; {A e€Il}
while 73 # Z3 do
(k1,81 k2, €2, OT1(k1, 1), "ok, €2)) = h (0,71, A, B);
—>T=> — = =
o = atan2 (z3 ZB ., UM (z3 X zB));
8A = Aa;  {Virtual proportional control}
A=A+8Aup;
end while

Once the arc variables x = [k1 ¢ k2 ¢» £1 £>]7 are computed, the actuator con-
figurations q are calculated by inverting Eqs.2 and 3. For the brevity of this paper,

such demonstrations are not detailed.

3.3 3T-1R Task Planning

Using the aforementioned kinematic inversion, examples of the path planning simu-
lations of the P2CuP2Cu are presented hereby. For the intended medical applications,
a sweeping scheme of the distal tube end-effector housing an optical imaging system
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Scanning a 10x10mm square (p) Scanning a 2mm-radius sphere

(a)

A 0.015

0.02.

. 001,
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Fig. 3 For an arc length ratio L, = 1, the robot poses during model inversion based path planning
are shown for a a square scanning and b a spherical cap scanning schemes

(camera with fiber bundle, OCT probe, confocal microscope) is developed. More
specifically, a square sweeping of 10 x 10mm? is validated by the simulations in
Fig.3a. One can note that the end-effector orientation is preserved (orthogonal to the
examined tissue surface) which respects the constraints of a sweeping procedure. A
circular path on a sphere of 2 mm radius is also performed (Fig. 3b) while keeping the
orientation pointing to the sphere center as for a tissue examination with a sub-degree
precision. These planning schemes were performed according to mechanical and fab-
rication constraints of a maximum arc lengths of 40 mm and maximum curvatures
of 200m~".

4 Conclusions

An alternative structure to the usual 3-tubes CTR was presented in this paper. This
P2CuP2Cu is based on EAP soft micro-actuators and provides equivalent kinematic
performances with only 2 tubes with a free lumen and a continuum shape approach.
The major expected advantages of our robot are the compactness due to the embed-
ded soft micro-actuation and the controllability especially for medical applications.
Furthermore, the inverse kinematic model was analyzed in a geometrical approach
and improved with an in-plane orientation control. This virtual control was validated
by path planning schemes (namely tissue scanning) in simulations for 3T-1R tasks.
Deriving the complete inverse kinematic model is a future challenge and will conduct
to a full pose control.
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