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Deduction [and] Induction ... render the indefinite definite; Deduction
explicates; Induction evaluates: that is all. Over the chasm that yawns between the
ultimate goal of science and such ideas of Man’s environment as ... he managed to
communicate to some fellow, we are building a cantilever bridge of induction, held
together by scientific struts and ties. Yet every plank of its advance is first laid by
Retroduction alone, that. is to say, by the spontaneous conjectures of instinctive
reason. . . .

C. S. PIERCE
Scientific Metaphysics (1908), 9475



[While] the creative power of pure thought is at work, the outside world asserts
itself again; through the real phenomena it forces new questions upon us; it opens up
new fields of mathematical science; and while we try to gain these new fields of science
for the realm of pure thought, we often find the answers to old unsolved problems and
so at the same time best further the old theories. . . .

Besides, it is wrong to think that rigor in proof is the enemy of simplicity.
Numerous examples establish the opposite, that the rigorous method is also the simpler
and the easier to grasp. The pursuit of rigor compels us to discover simpler arguments;
also, often it clears the path to methods susceptible of more development than were the
old, less rigorous ones. . ..

While I insist upon rigor in proofs as a requirement for a perfect solution of a
problem, I should like, on the other hand, to oppose the opinion that only the concepts
of analysis, or even those of arithmetic alone, are susceptible of a fully rigorous
treatment. This opinion, occasionally advocated by eminent men, I consider entirely
mistaken. Such a one-sided interpretation of the requirement of rigor would soon lead
us to ignore all concepts that derive from geometry, mechanics, and physics, to shut off
the flow of new material from the outside world, and finally, indeed, as a last
consequence to reject the concepts of the continuum and of the irrational number. What
an important, vital nerve would be cut, were we to root out geometry and mathematical
physics! On the contrary, I think that wherever mathematical ideas come up, whether
from the theory of knowledge or in geometry, or from the theories of natural science,
the task is set for mathematics to investigate the principles underlying these ideas and
establish them upon a simple and complete system of axioms in such a way that in
exactness and in application to proof the new ideas shall be no whit inferior to the old
arithmetical concepts.

To new concepts correspond, necessarily, new symbols. These we choose in such a
way that they remind us of the phenomena which gave rise to the formation of the new
concepts. . . .

If we do not succeed in solving a mathematical problem, it is often because we have
failed to recognize the more general standpoint from which the problem before us
appears only as a single link in a chain of related problems. ... This way to find
general methods is certainly the most practicable and the surest, for he who seeks for
methods without having a definite problem in mind mainly seeks in vain.

A role still more important than generalization’s in dealing with mathematical
problems is played, I believe, by specialization. Perhaps in most cases where we seek in
vain for the answer to a question the cause of failure lies in our having not yet or not
completely solved problems simpler and easier than the one in hand. Everything
depends then on finding these easier problems and effecting the solution of them by use
of tools as perfect as possible and of concepts susceptible to generalization. This rule is
one of the most important levers for overcoming mathematical difficulties. . . .

[The] conviction that every mathematical problem can be solved is a powerful
incentive to us as we work. We hear within us the perpetual call: There is the
problem. Seek its solution. You can find it by pure thinking, for in mathematics
there is no ignorabimus!

HiLBERT

Mathematical Problems

Archiv fiir Mathematik und Physik (3) 1,
44-63, 213-237 (1901).
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Preface to the Second Edition

Volume 2 will concern the dynamics of fluids; Volume 3, equilibrium and
motion of elastic bodies. As the writing and incessant revision of the
manuscripts progressed, I came to see that Volume 1 ought have provided
additional background, especially in kinematics. Also as the years passed,
various researches on the foundations appeared which clarified, compacted,
and extended what was known in 1976. These are reflected most in the revised
Sections 1.6, 1.9, II.1 (universes of shapes), II.11, III.1, IV.8, and IV.10. Also
it seemed to me that Volume 1 wanted examples, for from the beginning the
student should see that mechanics solves problems at every stage in its
unfolding. To bring that fact home early, I recast Sections IV.8, IV.19, and
IV.21, and 1 added two new sections, here Sections IV.15 and IV.18. In the
text carried over from the first edition, hardly a page remains unemended.

My experience in teaching suggests that the material in Chapter I is the
most difficult for a beginner. Usually I began my lectures with Chapter II and
then went back to Chapter 1, selectively, as material in it came to be needed.
Of course, an experienced student, one who knows the applications of fluid
dynamics and elasticity well, should begin at the beginning.

Acknowledgment for the Second Edition. Unfortunately I cannot now
recall the names of all those who sent me corrections of the first edition and
suggestions for the second. Among those who helped me most in the revisions
of this volume and the yet unpublished texts of those to follow I express
especial gratitude to R. D. James, E. MacMiLLaN, C.-S. Man, A. W.
Marris, W. NoLL, K. R. RajagopraL, M. ScHEIDLER, R. SEGEv, E. VIRGA,
C.-C. WanNG, and W. O. WILLIAMS.

““Il Palazzetto”
Baltimore

1991

xiii
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Preface to the First Edition

The mechanics of finite systems of points and rigid bodies was given a
fairly definitive form by LAGRANGE’s exposition in his Méchanique Anali-
tique, 1788. While that book covers only certain aspects of the rational
mechanics created by LAGRANGE’s great predecessors, it presents them system-
atically and as a branch of mathematics: ‘‘Ceux qui aiment 1’ Analyse, verront
avec plaisir la Méchanique en devenir une nouvelle branche,....” The
physics and the applications are omitted. He who will apply and interpret the
theory, or dwell upon the intricacies and mysteries of its place among the
relations between mind and external nature, is expected to learn it first. While
the knowledge he thus acquires does not of itself put applications into his
hands, it gives him the tools to fashion them efficiently, or at least to classify,
describe, and teach the applications already known. By consistently leaving
applications to the appliers, LAGRANGE set them on common ground with the
theorists who sought to pursue the mathematics further: Both had been trained
in the same workshop and spoke the same jargon. Even today this comradeship
of infancy lingers on, provided discrete systems and rigid bodies exhaust the
universe of mechanical discourse.

In 1788 the mechanics of deformable bodies, which is inherently not only
subtler, more beautiful, and grander but also far closer to nature than is the
rather arid special case called ‘‘analytical mechanics’’, had been explored only
in terms of isolated examples, brilliant but untypical. Unfortunately most of
these fitted into LAGRANGE’s scheme; those that did not, he passed over in
silence. Further brilliant examples, feigned mainly upon the framework of

XV



Xvi PREFACE TO THE FIRST EDITION

NewToN’s and EUuLER’s concepts and not easily subsumed under LAGRANGE’S,
were created in the next century but were studied mainly for their own sakes,
separately, and did not lead to a general doctrine, despite the deep and original
syntheses of stress and strain forged by CAuchy.

A hundred years after CaucHy died began a renascence of ‘‘classical’
mechanics as a whole, taking the deformable continuum as the typical body
and describing it in terms of an equally specific concept of material, which had
been left nebulous and physical or metaphysical before then. This new general
doctrine is now fit to be learned and used by mathematicians, experimentists,
and engineers and to join the old analytical mechanics as an element of
common education. Physicists should be able to understand it, should they
wish to. Like geometry, it is part of mathematics.

In writing a textbook of continuum mechanics at this time I imitate the
example of LAGRANGE in several ways. My book offers merely a selection
from the wondrous harvest of the last few decades; leaving much else
unmentioned, it bases that selection on criteria of naturalness, ease, and
subsumption to a general method and conceptual frame. Thus it is a short
book, designed for readers who know already that applications to further cases
are numberless and possibilities for further mathematical study infinite. As
LAGRANGE wrote, ‘‘On ne trouvera point de Figures dans cet Ouvrage. Les
méthodes que j'y expose, ne demandent ni constructions, ni raisonnemens
géométriques oli méchaniques, mais seulement des opérations algébriques,
assujetties 4 une marche reguliére & uniforme.’’ This claim is as true—or as
false—of the present book as of LAGRANGE’s. Of course, many proofs are
easier to grasp if a figure is drawn, and both teacher and student should
illumine and enrich the ‘‘regular and uniform course’” by sketches.
Finally —and here, perhaps, lies the greatest difference between this book and
others with similar titles—it follows LAGRANGE’s example in presuming that
the reader commands the elementary mathematics of his own day,! making no
attempt to offer a shadowy substitute for decent modern training in algebra and
calculus or to appease the notorious reluctance of old men to learn anything
new. The student may well find this book easier than his teacher does.

In three respects, however, 1 depart from LAGRANGE’s model. First, I leave
important if small pieces of the arguments, and some illustrations of them, as
exercises for the reader, since my experience in teaching the new mechanics as
it sprouted and grew has assured me that he who does not for himself re-create

"The reader is expected to know the elements of measure theory. For almost everything else
needed in ‘‘pure’’ mathematics, more than sufficient background is given in the book by R. M.
BowenN & C.-C. WaNG, designed especially for students of continuum mechanics: Introduction
to Vectors and Tensors, 2 volumes, New York and London, Plenum Press, 1976. Some more
specialized works are cited below in reference to some particular theorems, as needed.
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and digest the mathematics step by step will never master this doctrine.
Second, while LAGRANGE’s presentation bestowed upon the subject a gloss of
closure and completeness which by the passage of time has been abundantly
proved specious, in this book I try to present the science of ‘‘classical”
mechanics even to the beginner as what it is: a magnificent array of ordered
concepts and proved theorems, some of them old, even very old, and some on
the frontiers of research into great unsolved problems and not yet distilled
experience of nature as human eyes see it and human hands feel it. Third, the
frequent attributions of major ideas and theorems to others will make it clear
that I claim little of the substance for my own. The citations of other works,
however, are intended not as acknowledgments of sources but as aids to the
student. Those at the ends of the chapters direct him to places where further
matters closely related to the text are developed; those in the footnotes, to
specific details passed over in the text such as counterexamples, direct general-
izations, proofs of theorems cited from other parts of mathematics, and tangent
domains of modern mechanics.

Finally, I wish to thank those who have helped me to understand mechanics
and to complete and purify this book. Thus above all I thank WALTER NoLL,
and after him J. L. ErickseN, R. A. TouriN, B. D. CoLeMAN, M. E. GURTIN,
C.-C. WaNgG, W. O. WiLLiams, L. SoLomon, T. Tokuoka, W.-L. YIN, R. C.
BAaTrA, and D. EuvrarDp. I am indebted to Mr. BATRrA also for a full set of
solutions to the exercises.

“Il Palazzetto”’
Baltimore
May 1, 1972

Addendum. Parts 1 through 4 of this work, expertly translated into
French by D. EuvrarDp from my text of 1972, were published in December,
1973, by Masson et Cie in a single volume with the title Introduction a la
Meécanique Rationnelle des Milieux Continus. Parts 1 through 5 appeared in
1975 in Russian, I[TepBonauanuubiii Kypc PaudoHanbHONt MexaHHUKH
CnnowHsix Cpen, Moscow, Mup, translated from my text of 1973 by R. V.
GoLpsHTEIN & V. M. EnTov under the guidance of P. A. ZuiLiNn & A. L.
Lur’E. Since that time I have been able to add some material and also to work
through the text again and make numerous improvements, partly in response to
criticisms and suggestions offered by readers of the French book.

A question has been raised regarding the knowledge of mechanics the
student is expected to have already. A good treatise on the theory of functions
of a real variable does not strictly require of its readers any previous
acquaintance with the subject, even in the most elementary aspects of infinites-
imal calculus, yet a student armed with no more than a naked, virgin mind is
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unlikely to survive the first few pages. In the same way, although this book
does not call upon any previous knowledge of continuum mechanics, or even
of schoolboy mechanics, it is designed for students not altogether innocent of
hydrodynamics and elasticity. Much as a crude and awkward first affair may
furnish knowledge that, however elementary, is indispensable to him who
aspires toward Venus’s ultimate refinements, a bad course—something nowa-
days cheaply found—will serve well enough here, too.

Some comments on the preliminary editions in French and Russian suggest
need for a reminder that this is a mathematical textbook, not a treatise or a
history. In attaching names to a proposition I follow the commonest usage in
the mathematical literature, proclaiming respect for those to whom I think we
owe that proposition, be it in entirety, be it for discovery and proof of a pilot
case, be it for clearest statement or most elegant proof; a second name never
indicates rediscovery but always some major improvement, and of course it
would not be feasible in any discipline so broadly cultivated as rational
mechanics now is to list all the persons who have done something valuable,
even if I knew of them all. . ..

I thank Mr Batra for further suggestions and for checking the manuscript
of this volume. I am deeply grateful to him and to Messrs. DAFERMOS,
ERICKSEN, GURTIN, MUNCASTER, NoLL, and WiLL1aMs for their generous gift
of time and care in correcting the proofsheets so as to remove errors and
obscurities even at the last moment. For such faults as, alas, surely remain I
bear an uncommon charge, for seldom has an author had the benefit of such
abundant and expert aid.

I owe a double debt of gratitude to the U.S. National Science Foundation
for its continued and generous support: first, for the work of some of the great
savants whose discoveries are incorporated here; second, for my own long
effort to compose the essence of modern rational mechanics into an easy union
with the magnificent tradition from which it sprang, so that beginners might
learn both old and new together and in such a way as to see each illuminate and
ennoble the other.

C.T.

December 20, 1976

Addendum, 1990. The following introductory works are sound and helpful:

D. C. LeicH, Nonlinear Continuum Mechanics, New York etc., McGraw-
Hill, 1968.

P. Cuapwick, Continuum Mechanics, New York, Wiley, 1976.

C.-C. WanG, Mathematical Principles of Mechanics and Electromag-
netism, Part A: Analytical and Continuum Mechanics, New York and
London, Plenum Press, 1979.

M. E. GurtIN, An Introduction to Continuum Mechanics, New York etc.,
Academic Press, 1981.



PART 1

GENERAL CONCEPTS

In the following Chapters on Abstract Dynamics we confine ourselves mainly
to the general principles, and the fundamental formulas and equations of the math-
ematics of this extensive subject; and neither seeking nor avoiding mathematical
exercitations, we enter on special problems solely with a view to possible use-
fulness for physical science, whether in the way of the material of experimental
investigation, or for illustrating physical principles, or for aiding in speculations
of Natural Philosophy.

Tromson & Tarr
Treatise on Natural Philosophy
(2" ed., 1883), Section 453
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Chapter 1

Bodies, Forces, and Motions

[T}he idea of Force ... is a direct object of sense ... .

THoMsoN & TaIT
Treatise on Natural Philosophy
(1867), Section 207

1 have restored to the concepts of mass and force their old rights. Beyond
all doubt we need these things, for without them, there is no mechanics. Force is
more than mass times acceleration, as may be seen from the basic equation itself,
which always asserts that mass times acceleration equals the sum of the forces.
Therefore, why not use the good old words? The concepts themselves are not
unclear; it is just that the books described them often in a very metaphysical and
dark way. And what matter, if the concepts are remarkably useful— perhaps a bit
riddling?— if the concepts of mechanics are deeper than many find convenient,
and cannot be disposed of with a few elegant words like convention and economy
of thought, abstraction and idealisation?

HamEL

On the foundations of mechanics.
Mathematische Annalen 66 (1909):
350-397.



I. BODIES, FORCES, AND MOTIONS

Space, time, and force are a priori forms; they can be derived only from
contemplation and from general principles of research. Their common relation
to each other in mechanics must be regarded as something inspired indeed by
experience but in its generality fixed by convention.

HameL
Elementare Mechanik (1912), 95

[In the concept of force lies the chief difficulty in the whole of mechanics.

HaMEL, letter to TRUESDELL,
14 October 1952
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1. Rational Mechanics

Rational Mechanics is the part of mathematics that provides and develops
logical models for the enforced changes of place and shape we see everyday
things suffer. It describes also much of what is observed or inferred in the
laboratories where professional scientists produce experiments. For example,
it is always presumed as a part of the basis for design and control of scientific
apparatus which physicists regard as producing decisive experimental evidence
that classical mechanics itself is only an ‘‘approximate” theory of nature. Of
course, all mathematical theories of nature only approximate it.

The things mechanics represents by mathematical constructs include animals
and plants, mountains and the atmosphere, oceans and the subterraneous riches,
the whole orb which is the seat of our life and experience, heavenly objects both
old and new, and the elements out of which these things seem to be composed:
earth, water, air, and fire. As its name suggests, mechanics represents also the
contrivances of man’s artifice: fountains and engines and vehicles, bridges and
fabrics, instruments of music and warfare, sewers and rockets. All these things
mechanics models, but models crudely. Like any other branch of mathematics,
it abstracts and evolves the common features of what it represents, setting aside
most of the detail. As is necessary in any science which aims not merely to
describe but also to predict, it seeks to select and correlate the simple out of
the manifold and insuperable complexity of nature. Simplicity, while it does
not ensure success in a branch of mechanics, is necessary there. A complicated
theory in mechanics, although it may be socially or sociably useful at a particular
time and place, does not enlighten and hence does not endure. Finally, since
our experience grows with time and in proportion to our ingenuity, while the
progress of mathematics enables us to manage easily and neatly mathematical
ideas and operations of greater and greater scope, mechanics cannot be a closed
science but must contain or at least be provided with means of improving or
refining the models it presently possesses and also of constructing new ones.

Mechanics does not study natural things directly. Instead, it considers bod-
ies, which are mathematical concepts designed to abstract some common fea-
tures of many natural things. One such feature is the mass assigned to each
body. Always, a natural body is at any one instant found to occupy a set of
Dplaces; that set is the shape of that body at that instant. The theory of places,
which is called geometry, was created long ago and thus lies ready to hand
for application in mechanics. The change of shape undergone by a body from
one instant to another is called the motion of that body, and description of mo-
tion, or kinematics, is the second part of the foundation of mechanics. Third,
motions of bodies are conceived as resulting from or at least being invariably
accompanied by the action of forces. Thus, mechanics provides a mathematical
model, or, better, an infinite class of models, for certain aspects of nature.
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In the words of NEwTON,

... Rational Mechanics will be the science of motions resulting from any forces
whatsoever and of the forces required to produce any motions, accurately proposed and
generated.

Mechanics rests upon three substructures: a universe of bodies, a geometry
with its kinematics, and a theory of forces. These substructures provide the
concepts mechanics is to connect. Relations among places, the shapes of bod-
ies, forces, and times are of two kinds: the general ones, common to all bodies
in an assigned universe, appropriate to a branch of mechanics, and the partic-
ular ones, which within a given branch distinguish one class of such bodies
from another. The general relations are of two kinds: statics, which compares
putative equilibria; and dynamics, which describes motions. The particular re-
lations are called constitutive. They define materials, which are mathematical
idealizations of the materials encountered in nature. Typical branches concern
mass-points, three-dimensional continua, plates, shells, membranes, rods, jets,
and strings. Typical constitutive classes are the bodies called rigid or solid or
fluid, isotropic or anisotropic.

The chapter now begun presents mechanics of a fairly general kind, rendered
concrete by illustrations from the theories of continua and of mass-points. From
Chapter II onward we shall treat only the mechanics of continua occupying
three-dimensional shapes.

I cannot develop all of mechanics from explicit axioms."' So as to reach the
level at which we may formulate and study constitutive relations, we shall pass
lightly over the foundations of general mechanics.

While the presentation is lacunary and informal, it is abstract. The reader
who is content to take bodies, the event world, frames of reference, motions,
and forces for granted may skip this chapter and pass to the next one, which
begins the formal treatment of continuum mechanics along traditional lines.
The traditional approach to mechanics is in no way incorrect, but it fails to
satisfy modern standards of criticism and explicitness. Therefore, some parts
of the foundations of mechanics heretofore left in the penumbrae of intuition
and metaphysics I shall here present in an explicit, compact mathematical style,
notably the theories of substantial universes of bodies (Sections 1.2 and 1.3),
systems of forces (Section 1.5), and the universe of shapes of continua (Section

The sixth of the problems HiLBERT set for the twentieth century to solve was to formulate an
axiomatic structure for physics, and especially for mechanics. Apart from a noteworthy attempt of
Hamer in 1909, this problem was given scarcely any serious attention until it was taken up by NoLL
in 1957. The content of Chapter I of this book derives essentially from the work of NoLL and those
who have accepted, applied, and extended his ideas.
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I1.1). In the theory of contact forces and body forces (Sections III.1 and III.3)
modern, precise treatments appear alongside the corresponding classical ones.

Natural things usually are endowed with a hotness or hotnesses, which are rendered
numerical through assignment of scales of femperature. Natural things may also absorb
and emit heat. Rational Thermomechanics' is a group of mathematical theories that
interrelate motion, force, hotness, and heat through a general structure, thus providing a
framework more general than Rational Mechanics in that it allows models for a greater
class of natural things. On the other hand, in thermomechanics the theory of constitutive
relations is in part less general, for that theory delivers restrictions that, if pulled back
into mechanics, would narrow its scope.

This textbook stops short of thermomechanics.

2. Universes of Bodies

Most collections of bodies &/, &, ¥, ..., % conform with the mathematical
structure of a Boolean lattice or complemented distributive lattice, often
called a Boolean algebra.? The student who is familiar with this structure may
pass directly to the next section. Here, following NoLL, we shall simply list in
order of their immediacy the properties common to all bodies in most theories
within mechanics and prove some theorems concerning them.

The set @1 of all bodies of some particular kind is called a universe. At the
very beginning in any branch of mechanics, a universe is specified, though in
older work the reader was expected to infer the particular universe from the
context. If the body # is a part of the body ¥, we write Z < €. The relation

~ gives @ the structure of a partially ordered set, defined by familiar axioms:

Axiom Bl. % < %.
Axiom B2, (2 <B & (Z < D) = ¥ =24.
Axiom B3, (Z <% & (¢ <) = B <9.

'Rational Thermomechanics is a field still under active discussion and development. Among
the books that deal with it are

C. TruespeLL, Rational Thermodynamics, N.Y. etc., McGraw-Hill, 1968; second edition,

with a historical introit and appendices by several authors, N.Y. efc., Springer-Verlag, 1984.

W. A. Day, The Thermodynamics of Simple Materials with Fading Memory, N.Y. etc.,

Springer-Verlag, 1972.

D. R. Owen, A First Course in the Mathematical Foundations of Thermodynamics, New

York etc., Springer-Verlag, 1984.
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8 1. BODIES, FORCES, AND MOTIONS

That is, 4 is a part of itself; £ is not a part of any other of its parts; and
if # is a part of ¢, while ¢ is a part of 2, then & is a part of 2. Another
wording of Axiom B2 is, a body is the greatest of its parts.

To picture the relations among bodies, it may help to consider @ as being the
collection of all open sets in the Euclidean plane and to take < as being the sign of
inclusion, C, so that the suggestive sketches often called ‘‘Venn diagrams’’ are easy to
draw. This illustration is only one of many. Others, including the universes commonly
presumed in mechanics, will be presented in the next section.

When the bodies 4 and ¢ are given, neither need be a part of the other,
but often they are both parts of a third one, 2. Such a 9 is called an envelope
of 4 and ¥. If, further, there is a body .o that is an envelope of % and ¥ and
is itself a part of every envelope of Z and ¥, then «/ is called the jom of #
and ¢. This relation among bodies is denoted as follows:

A =%BNVE. 1.2-1)

Formally, this equation means that if (Z <& & ¢ < .&), then

(B <2& % <D = o < 9. (1.2-2)
Thus, the join of Z and %, if it exists, may be regarded as the /east envelope of
% and ¥, since it is a part of every envelope of Z and ¢. Likewise, if o/ < %
& o < € and
(D <P, 2<% = 9 <A, (1.2-3)
we write
A =BNE (1.2-4)
and call o/ the meet of 4 and %. If it exists, it is the greatest common part
of # and %, since every other common part of Z and ¥ is a part of it. Two

bodies Z and # may fail to have a meet or a join, or both, but, if they do have
them, then plainly

BNE=%VE, BNEC=FCNB, BNEC<B<BVE. (12-5)

Also

B<YC & BNE =% < BEVE=%, (12-6)
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whence

BANB=HVEB =29, 12-7)
and here, trivially, both the meet and the joint exist.

Exercise 1.2.1.

B <€ = (BNA <ENL) & (BVA <ENVA), (1.2-8)
each indicated meet and join being assumed to exist.

If 4, are bodies from any collection, membership in which is indexed
by subscripts g taken from some given set, meets and joins of the collection
are defined in the same way and denoted by A%, and V%, . The former,

q q

for example, if it exists, is a body which is a part of each %, and contains
every other such body. For three bodies it is sometimes clearer to use the
longer special notation Z A ¥ A %, but then we must recall that the order of
considering &, ¥, and % makes no difference, as is clear from the general
notation and is illustrated in (5);,5 .

To see that partial ordering does not ensure the existence of meets and joins, it
suffices to consider the example of a universe @ consisting in all non-empty, half-open
intervals ]a, b] and [c, d[ of real numbers, with < defined as being inclusion in the
sense of set theory. If # = [0,2[, ¥ = [1,4], and & = [3, 5[, then Z and ¥ are
common parts of infinitely many half-open intervals, yet they have no join, since if a
certain half-open interval contains all the points of 4 and #, we can find a shorter one
that does so. The same may be said of the pair ¢, 4. Nevertheless, # V ¢ vV 2 = [0, 5],
which is a member of @. Note that BVI =4 VEV 2+ BUD.

Exercise 1.2.2. If 2 A% and ¥ A @ exist, and if either (2 ANE)AND or B A
(% N 9) exists, then both do, and so does # A € A @; also

BNANCOND=BNEND)=BNENGD. 1.2-9)

A body ¢ € Q is called the nul/l body if and only if it is a part of every
body in Q:

0<% V% Q. (1.2-10)

Q need not contain such an element, but if it does, Axiom B2 makes that element
unique. A body is called the universal body and denoted by oo if and only if
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every body in @ is a part of it:
e V4 €. 1.2-11)

Such a body, if it exists, is obviously unique.

If the set @ does not contain the null body or the universal body, we can
formally adjoin either or both of these bodies so as to form the corresponding
closed universe @, defined as follows: @ := @ U {#, oco}. By the following
definitions we extend the partial order < in @ so as to form a partial order in

Q:
0<% V&, B <0 = B =0,

_ 1.2-12)
B <00 V% e, 0o <% = Z = oc.

It is easy to verify that with the definitions (1.2-12) 1 becomes a partially
ordered set with partial order <, and that ¢ and oo are the null body and the
universal body of .
In @ clearly
BNO =0, BVO=2, BNo=4, BV 0o = oo.
(1.2-13)
Any two bodies # and ¢ in @1 have at least one common part, namely &. If

they have no other common part, they are called separate. Thus & and % are
separate if and only if

BNE=0. 1.2-14)
Exercise 1.2.3.
BNC=0)& (2 < %) = BND=0. (1.2-15)
Setting 2 = % and using (7) shows that the only part of a body separate from
that body is &.

Next we need a concept of environment of a given body £, so as to provide
which we lay down a further axiom:

Axiom B4. With each body # in Q is associated a unique body %°,
which is called the exterior of #, such that

BNEB =0, BN B = oo. 1.2-16)
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Thus #° is separate from #, and the only body that contains both 4 and %°
is 0o.

The example given just before Exercise 1.2.2 shows that Axiom B4 cannot follow
from Axioms B1, B2, and B3, since the points exterior to [0, 1[ do not constitute a
half-open interval.

Exercise 1.2.4.
B <B° = B =0. (1.2-17)

By putting Z = € in (13);,4 and comparing the outcome with (16), we see
that

0° = oo, o =4, (1.2-18)
Likewise
(B =4%. (1.2-19)
Also, putting & = ¢° in (15) shows that
9 <€ = GNE =0. (1.2-20)
We now postulate that the converse of this proposition holds:
Axiom B5. The only bodies separate from ¢* are the parts of €.

While it has been proved! that Axiom B5 does not follow from Axioms B1-B4, I
could find no simple example to illustrate this fact.

Formally, we may combine (20) with Axiom BS5 as follows:

B <€ & BNE =0. 1221
By (19), then,

B <€ < CNE) =0. (1.2-22)

'R. P. DiLwoRrTH, “‘Lattices with unique complements,” Transactions of the American Math-
ematical Society 57 (1945): 123-154.
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If we now replace Z by #° and ¢ by #° in (21) and compare the result with
(22), we see that

B <E & € < F°. (1.2-23)

Now let ¢ run over the elements of some specified collection. Then if V4,
q

exists, so does /;\(é?q)e, and
[
N = (\q/é&,) , (1.2-24)

while if /q\%, exists, so does \q/(é&,)e, and

V(@) = (/q\@,,) . (1.2-25)

Drawing a diagram will make evident the statement and proof of the fol-
lowing theorem, where all meets and joins indicated are assumed to exist:

Theorem. If

INNDB <€, Ay NB < ¥, 9 <4, 9 <NV,

(12-26)
then
9<4. (1.2-27)
Proof. By (26),,2 and (21),
(AgANBYNE =0, qg=1,2. (1.2-28)
Let & be a common part of 9 and %°:
£ <9, & < ¢°. (1.2-29)

Then & < % by (26)3 . Let ¥4 be a common part of & and &/ :

Fq<6E, Fa=<dy, q=1,2. (1.2-30)
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Then %, < %, and hence
Fq<AqgNE, qg=1,2. (1.2-31)
Using this conclusion and (28) in (15), we find that
FaNE =0. 1.2-32)

But 7, <& < %°, and so by the conclusion in Exercise 1.2.3 we see that
¥4 = 0. In view of the hypothesis (30), then,

Ny =0, q=1,2. (1.2-33)
By (21), then, &/, < &°, and hence
A1 Valy < EC. (1.2-34)
But by (26)4 and (29),
& <1 V2. (1.2-35)

Hence & < &°, so by (17) & = . The hypothesis (29) has thus led to the
conclusion that 2 A ¢° = ¢, and by (21) we obtain (27). A

The theorem enables us to prove the distributive laws of Boolean algebra.
First, if o1 ANZB, /2 A%, and o7, V o/, exist, then

AN VA)NE = (A NBYN (A2 N D), (1.2-36)

provided either side exists. Indeed, the theorem tells us that any body which is
a part of both # and .»/; V &/, is also a part of any body of which ./ A % and
/2 A% are parts. Thus the body on the right-hand side of (36), if it exists,
contains every common part of &/; V.27, and #. Since it is trivially a common
part of o1 V &/> and 4, by the definition of “meet” it is (&1 V.&/2) A Z. Similar
reasoning applies if the body on the left-hand side is assumed to exist.

If we replace the bodies occurring in (36) by their exteriors and use (24) and
(25), we obtain the second distributive law: If o/} VZ, o/5 V %, and &/ A5
exist, then

(AN NANANINVNB =1V B)N (A2 NV B), (1.2-37)

provided either side exists.
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If in (36) we take &/ and o/, as being .&/ and .o7°, we see that if &/ A & and
#° A9 exist, then

B =(L NBYN (AL NB). (1.2-38)

Finally, we have the basic decomposition theorem, which enables us to express
any body # as the join of any one of its parts ./ with a certain, uniquely
determined, separate body ¥:

(B=ANOE(ANEC=0) & (4 <B)&E=FNA°). (12-39)

To prove this implication, we assume first that the decomposition on the left-
hand side exists. Then .o/ < %, and by (19) and (21) ¥ < &/°; equivalently, by
(6)1, € N/° = ¢. By (39); and (36), then,

BANA = (AN C)AL,
= (A ALY V(€ AT,
=0V¥¢=¢, (1.2-40)

so that the implication forward in (39) is proved. Now suppose, conversely, that
o <B and € =% AL Then o/ NB = .o/, so that (38) yields Z =« V %.
Since ¥ <.&°, it follows that # A € =@. A

The final axiom for bodies asserts the existence of the meet:

Axiom B6. For any two bodies # and ¢, the meet & N € exists.

In the next section we shall see by example that Axiom B6 is not a con-
sequence of Axioms B1-B5. By adopting it, we may omit the qualifications
hitherto expressed regarding the existence of meets and joins, for (24) shows
that (/° AB°)° =/ V B.

There is a notation for the part of o that is not a part of %:

INB =oA N\ F°. (1.2-41)

A basic representation theorem due to StoNne asserts that every collection that is a
Boolean algebra with respect to finite joins and meets is isomorphic to a field of sets'

'A field of sets is a non-empty collection of subsets of a given space that is closed with respect
to the operations of finite union, intersection, and complementing.
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in an appropriate topological space (see e.g. Theorem 8.2 of Sikorsky’s book, cited
above in Footnote 2 on p. 7.) Thus, as far as finite Boolean operations are concerned, a
universe and a collection of sets endowed with the usual operations of set theory are in
essence equivalent. Nonetheless, such equivalence fails in general when we consider, as
we do in continuum mechanics, infinite Boolean operations (see Chapter II of Sikorsky’s
book).

3. Examples of Universes

We now mention two systems satisfying Axioms B1-B6 and one satisfying
only Axioms B1-BS5. In each, € is a class of sets, and the symbol < is taken as
being C, the sign of inclusion, but only in the first one are A and V the same
as N and U, the symbols of intersection and union. To avoid any possible
confusion with the term ‘*‘particle”” as used in physics, in this book we shall
call elements of the sets in Q substantial points henceforth until Section IV.2;
there we shall adjoin further properties to those points, justifying our calling
them thereafter material points.

Example 1. Let Q consist in all subsets of some set %. Then &/ A% =
ANEB, ANB = UH, and &° is the complement of o7 in ¥, Also oo = ¥
and @ = @, & being the null set.

For example, %/ may be a finite set, say X1, X2 ,..., X, . Universes of this
kind are used in the classical dynamics of discrete systems. We shall develop the
basic principles of that traditional mechanics in some of the succeeding sections
of this chapter.

Example 2. let Q¢ consist in all regularly open sets! in a topological
space .7. The exterior Z° of 4 is the interior of the complement of #. For any
collection of bodies #; the meet, defined as follows:

/k\?ﬂk :=intclo Q”%‘ y 1.3-1)

is a body of o . Thus 1 is a universe.

The meet of a finite collection of bodies is simply the intersection, but for
infinite collections such is not always the case.

A set .o/ is regularly open if intclo/ = /. An example of an open set that is not regularly
open is an open disc in the plane with one interior point removed.
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Indeed, let .7 be the real line, and consider in Q¢ the particular bodies % :=
oo
1—-1/k,1[, k=1,2,3,.... Then kr_wlgk = [0, 1[, which does not belong to Q¢ , but

oo
(1) shows that k/_\l!b?‘k =10, 1[, which does belong to Q¢ .

The join of any collection of bodies %y is given by
Vi =intelo (U 2 ) - (13-2)

Exercise 1.3.1. The statement (2) is a consequence of the general definition of
join, given in Section I.2.

Example 3. Let 9 be a Euclidean space &. Consider the collection @,
of all regularly open sets in & that have piecewise smooth boundaries. @, is a
subcollection of Q¢ . Thus, the meet in Q; is defined by (1). Nonetheless, Q,
does not satisfy Axiom B6 because the meet of two sets of {; need not belong
toQ,.

To see this last, we remark that the intersection of two sets with piecewise smooth
boundaries need not itself have a piecewise smooth boundary. Suppose, for example,
the elements of @, be sets in the plane; let #; be the open square — 1 <y <0,
0 <x < 1, while #, is the set of points such that 0 <x <1, -1 <y <xtsinx'.
Then 2, A%, €9, .

The student should recall the example just presented when he comes to Sec-
tion II.1, in which we shall present a universe suitable for continuum mechanics.

4. Mass

Using Example 2 in Section 1.3, we employ as @ the closure of Q¢ obtained
by adjunction of & and .7 as the null body and the universal body. The bodies
of interest in mechanics have mass; as we may say, they are massy. The massy
bodies form a non-empty subclass @ s of @. The mass of 2 is the value M(%Z)
of a non-negative mass function M defined over Qs :

Axiom M1, 0= M(B)=oc V¥ €Vy.
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Further, we lay down
Axiom M2.
BEQum = B €y,
B & %y € Qpy = BINB €y
That is, the exteriors' and joins of massy bodies also are massy bodies. In

particular, ¢ and oo are massy. Because (4§ V #5)° = %1 A %a, it follows
from Axiom M2 that

B & By €Qpm = BILNBy eDar. 14-1)

Thus, the meet of two massy bodies is massy. Moreover, we assume that mass
is additive:

Axiom M3. If #, and %, are separate massy bodies, then

M(B\ NV By) = M(B,) + M(%,).
Hence
M(z) =0, M(o0) = M(B) + M(B%) VB cQpy. (14-2)

The mass assigned to the infinite body oo need not be oo. If M(o0) = oo,
then M(%) < 0o = M(%Z°) = oco. A body of mass 0 is called massless. Thus
&5 is massless, but of course there may be other massless bodies. That is,
M(#) =0+ 2 = &. Also, by (1.2-39),

A < B = M(%B) = M() + M(Z ALY =2 M(). (14-3)
Exercise 1.4.1.

M(#B V€)= M(%B)+M(%). (1.4-4)

Though these properties reflect the obvious requirements of the idea of
mass, they do not suffice to define it effectively. As is well known, if we are
to obtain the convenient mathematical structure called measure theory, further

HIf the requirement that #° should be massy seems artificial, the student should recall that the
possibility that M(%°) = 0 is not excluded.
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assumptions must be laid down. While we assume that @ contains a massy part
Qs , we shall not attempt to construct a measure based on @1/, for at present
there seems to be no entirely satisfactory way of doing so in general.

While the notions of mass and electric charge, along with volume and area, were
distilled to provide the basis of measure theory, that theory in its present state accounts
- satisfactorily only for the latter two, not for the former. Indeed, the mass function is
a measure, but measure theory does not suffice for constructing a mass function. That
is so because measure theory refers to sets, while, as we have seen in Section 1.3, the
notions of meet A and join V of bodies generally are not the same as intersection N
and union U in the algebra of sets, even in the case when bodies are indeed sets. A
good mathematical theory of mass would be purely algebraic, assuming of bodies no
more than the axioms B1-B6 (and preferably not the last).! The defect here is more one
of clarity and elegance than application, since, as we shall see more clearly in Chapter
11, the concepts of shape and motion enable us to use in continuum mechanics the theory
of Lebesgue measure.

From now on we assume that the mass M defined over s can be extended
so as to be a Borel measure defined over all the Borel sets? of .7. There will
be no confusion if we denote also this extended measure by M, even though a
Borel set need not be a body. The assumption is more confining than it may
appear at first glance, for if M is a measure on the Borel sets, it is additive on
disjoint unions of them. Qur basic Axiom M3 requires only that it be additive
on the joins of separate bodies.

Once a non-negative mass function M be given, clearly KM is also a non-
negative mass function if K is any positive constant. To any one particular body
2 that is not massless we may assign any positive mass we please, and the ratios

'A purely algebraic theory was developed by C. CaraTHEODORY in his last book, Mass und
Integral und ihre Algebraisierung, Basel, Birkhiuser, 1956, translated as Algebraic Theory of
Measure and Integration, Bronx, New York, Chelsea, 1963. While the cauara over which
CaraTHEODORY defines a measure formalize a concept of “‘body”, he uses again and again the
axiom that an enumerable collection of bodies have a join, which for applications in continuum
mechanics is not always true.

2The collection of Borel sets in a topological space is the smallest o-algebra that contains all
of the open sets. A Boolean algebra whose elements are sets (with V and A takenas U and N)
is a a-algebra (or Borel field) if it includes every join of an enumerable collection of its elements.
Thus all open sets, all closed sets, and all intersections of enumerable collections of open sets or
closed sets are Borel sets.

The Borel sets suffice to define a measure on the topological space to which they belong,
and every continuous map of that space is measurable. Borel measure serves to define the Borel
integral of a real function whose values are not negative.

A brief and clear treatment of Borel sets and Borel measure is given by WALTER RupiN, Chapters
1 and 2 of Real and Complex Analysis, 2™ edition, New York etc., McGraw-Hill, 1974,

Because M is a Borel measure, the measure of every compact set is finite, a fact which is
important for some of the arguments in Chapter III.
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of the masses of bodies are unaffected by this choice. In physics the assignment
of a particular mass to some one body in the universe is called “fixing the unit
of mass.”

Henceforth, apart from a few specified exceptions, we shall consider only
Qs , not any greater universe {1, and we shall use the symbol @ to denote @, ,
thus excluding tacitly from our discourse any bodies that are not massy. Our
assumptions enable us to write

M) = / aM ifor €Q (1.4-5)
o
and the integral
/ fam (1.4-6)
o

of any continuous function f can be defined in the way shown in books on the
theory of measure and integration.

If @, consists in the subsets of a finite set whose elements are, say, X,...,Xn,
then a positive mass M is assigned to {X }:

M =M{X,}, k=12,...,n, (1.4-7)

and the masses of the other bodies in @ are obtained by addition of the masses of
the separate elements composing them; for example, M({X;, X»}) :=M, + M, . The
substantial points X} , X,,...,X, are called mass-points.

By assuming masses directly to the bodies of the universe we express a
physical idea: mass is conserved.

This principle is nowadays considered appropriate to mathematical models for phe-
nomena in which chemical or nuclear reactions may be neglected and the speeds associ-
ated to bodies are small in comparison with the speed of light. In theories of chemical
reactions the principle still holds, but only for sufficiently large bodies, among the parts
of which mass generally is exchanged.

5. Force

The general theory of systems of forces that we now present is NoLL’s. So
far, the whole refers to a fixed instant.
A system of forces on a universe { is an assignment of vectors in some
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inner-product space # to all pairs of separate bodies of ). Vectors are denoted
by bold-faced letters.
Let (1 x )0 be the collection of such pairs. The first axiom of forces is

Axiom F1. f: (2 xQ)y — #.

The vector f(Z, %) is called the force exerted on 4 by €. Since we are here
considering @ rather than @, no force need be assigned to pairs one member
of which is oo or #. Moreover, the force exerted by two separate bodies on a
third body separate from both is the sum of the forces exerted by each, and the
force exerted by a body on the join of two separate parts of a separate body
is the sum of the forces exerted on each. That is, the function f is additive in
each of its variables:

Axiom F2. (%, VvV %2, %) =1(%1, B) + (%2, B).
Axiom F3. (%, ¢V ¢2) =8(4, €1) +£(Z, ¢>).

Both of these axioms refer to pairwise separate bodies ¢, ¢, , and #.
If f-g denotes an inner product in ., then Kf-g is also an inner product if
K > 0. Choice of a particular X is called ‘““fixing the unit of force”.

It is easy to extend f from (2 x 2)g to (@ x )¢, since Axioms F2 and F3 allow
no other value but 0 for the force exerted by or on the null body. Thus we must set

f(2,0) =10, 3):=0 VB Q. (1.5-1)
The choices # = oo or 4 = @ are not excluded here.

Since Axioms F2 and F3 are statements of additivity, we see that if f, and
f, are systems of forces on (R x Q)q, then for any numbers A and B the
sum Af, + Bf, is a system of forces.

Since every body in @ is separate from its exterior, Axiom F1 enables us to
form £(Z, #°), the force exerted on & by its exterior. We call this particular
force the resultant force on . Resultant forces are subject to a fundamental
identity:

(%, €)+ (¢, B) =8B, B°) +1(%, €)—1(BVE, (ZV F)), (15-2)
for all pairs of separate bodies Z and ¢ in Q. To prove the identity, suppose

first that ¥ = #°. Then mere statement of (2) requires extension of f to Q
and hence leads to (1), whence (2) follows trivially. If ¢ + #°, extension of
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f to @ is not needed, and the following argument holds in @ as well as in @,
provided only # and 4 V ¢ have exteriors. Since # A € = & by hypothesis,
from (1.2-21), (1.2-38), and (I1.2-24) we see that #° may be decomposed into
separate parts as follows:

BE=FV(BVES V€ < B°. (1.5-3)
By Axiom F3

f(#B, ) =1(B, ) +1(B, (B V €)),

(1.5-4)
(¢, ¢°) =%, B) +1(¢, (B V ©)),

while by Axiom F2
fBVE, (BVE)=8B,(BVE)+EE, (BVEF). (155)

Adding (4), to (4); and subtracting (5) from the sum yields (2). A

If the force exerted by ¢ on Z is of magnitude equal and of sign opposite
to that exerted by Z on ¢, that is,

(%, ¢) =K%, %) B, €) c(@ x ), (1.5-6)
the system of forces f is said to be pairwise equilibrated. This term describes
the meaning of the idea; skew is shorter but less suggestive. From (2) we may
read off the following

Theorem (NoLL, GURTIN & WILLIAMS). A system of forces is pairwise
equilibrated if and only if the resultant force £(%, #°), regarded as a func-
tion of #, is additive on the separate bodies of Q.

A system of forces such that the resultant force on every body vanishes:

f(%, 2% =0 vZ €Q, (1.5-7)

is balanced. Since the function whose value is 0 is additive, the above theorem
has the following

Corollary (NoLL). Every balanced system of forces is pairwise equi-
librated.
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As is clear from the foregoing theorem, the converse of NoLL’s corollary
does not hold. Indeed, there are many systems of forces that are pairwise
equilibrated but not balanced. One important example is presented later on in
this section; another is furnished by the contact forces in continuium mechanics,
as will be explained in Section III.1.

In the past, instances of (6) were often inferred from a vague “‘axiom’ called the law
of “‘action and reaction”’, which was regarded as expressing the content of NEwToN’s
Third Law of Motion: “To an action there is always a contrary and equal reaction;
or, the actions of two bodies mutually upon one another are always equal and directed
toward contrary parts.” If, indeed, what Newton meant by “‘action” is what we here
call “force”, which is by no means clear from his own words or the contexts in which
he applied them, then the above argument shows that axiom to be equivalent, as far
as pairs of separate bodies are concerned, to additivity of resultant forces on separate
bodies. This fact is independent of whatever relations there may be among forces and
motions.

Axiom F2 states, among other things, that the forces exerted by the exterior
#° of a body Z on the separate parts of that body are additive:

(P1<B)& (P < BY& (P11 NP, =0)
= (P VP, B°) =8P, B)+1(P,, B°). (15-8)

This fact suggests that for every particular body # the forces exerted by #°
on a certain set of parts of # might define a vector-valued measure over %, a
measure which we could denote formally thus:

f(«, B°) =/ dfze it <4%. 1.5-9
o

It would be desirable to construct an abstract theory of integration with respect
to systems of forces, as defined only by the above axioms and some further ones
of a technical nature, but since no such general theory is presently available,
we here simply assume that our systems of forces are of this kind:

Axiom F4. For each % in Q, the function f(-, #°) is a vector-valued
measure over .

Theorem. If.«/ and 4 are separate, then f(-, %) is a measure over o .
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Proof. By (1.2-19), every body 4 is the exterior of another one, namely,
#°. By Axiom F4, f(., %) is a measure over #°. If o« and & are separate,
o/ < #° by Axiom BS5, and so Axiom F4 yields the theorem at once. A\

In fact the theorem merely rephrases Axiom F4.

Axioms are used in two ways. First, they may serve as a mine, whence
theorems are drawn by mathematical deduction. Secondly, they may express a
criterion: A mathematical system, whether already constructed or in course of
construction, may be proved conform with them. We shall use Axioms F1, F2,
and F3 in the first way, but we will not call upon Axiom F4 as an assumption.
Rather, we shall demonstrate mathematically that the systems of forces in
the two branches of mechanics developed in this book obey Axiom F4.
In the former branch, which is the analytical dynamics of mass-points, only
finite sums occur, and the conclusion is obvious, as the student will see below
through the steps (15)-(28). In the latter branch, which is the mechanics of
three-dimensional continua, upon the forces one body exerts on another which
is separate from it but in general contiguous we will impose as an axiom the
physically immediate bound (III.1-10). Then we shall sketch a long and difficult
analysis from which, among other important conclusions, such a system of
forces will be proved conform with Axiom F4.

While the development thus far in this section applies generally to the class
of universes discussed in Section 1.2, now and henceforth we return to use of
Q,, as specified in the preceding section, and again we use @ to denote it. The
mass M is Borel measure or an extension of it such as Lebesgue measure.

We may introduce the Stieltjes integral of a continuous real function A over
% with respect to the measure f(-, #°); we denote this integral by

/ hdfg (1.5-10)

and call it “‘the integral of A with respect to f- .

For example, if every 4 is a subset of the set of mass-points X, X2,...,X,,
/ hdfg = Zh(Xk)f({Xk}, 7). (1.5-11)
# k=1
If

w. B, (1.5-12)
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so that w(X) € %, and if a € #, then a.w is a scalar field over #, and
f (2~ W) dfg , if it exists, is a linear function of a. Consequently, there is a lin-
ear transformation on % whose value is f (8-W) dfy- . Denoting the transpose
of this transformation by [, w ® dfy-, we have

T
[/W@dfge] a :/(a‘W)dfgc. (1.5-13)
@ @
The trace of this linear transformation will be written as follows:
/W-dfge =tr |:/W®dfg=:| . (1.5-14)
Y 2

For example, if 4 is a finite set of substantial points X , then

/w-dfge = Zw(Xk)~f({Xk}, B°). (15-15)
2

k=1

While the formulae (I1.4-7), (11), and (15) are appropriate to bodies which are
subsets of a finite set, they are merely instances of general conclusions. When it comes
to systems of forces, the classical dynamics of mass-points offers a peculiar variant, to
which we now turn for the nonce. In describing that dynamics we shall use X, instead
of {X} to denote the set consisting in the one mass-point X, , &k =1,2,...,n, and
we shall adjoin one further body X , not necessarily massy, called ‘‘the environment™
of the “‘system” X, X,,...,X, . Thus

0o =V Xi. (1.5-16)
k=0

It is the usage of analytical dynamics to apply the word “‘body”” only to subcollections

of {X,,Xs,...,Xn}, excluding #, X, and oc. That is, the bodies treated are those
defined as follows by a subset sy of {1, 2,...,n}:

Z=V X. (L5-17)
kEsy

The traditional notations, more or less, are as follows:

fkq :=f(Xk 1Xq)1
v =8Xk, Xo);

(1.5-18)

here k and g run from 1 to n. The forces (X , X;) are called mutual; the forces
£(#, X,) are called extrinsic. Supposing assigned the quantities fx, and f§, we define
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the entire system of forces by the requirement that Axioms F1, F2, and F3 be satisfied.
The resultant force f; acting on X is given thus:

n

!
fo=fX0 XD =1 + Y i3 (15-19)
g=1

the symbol Z' indicates a sum omitting the term for which ¢ = k. If by s; we denote
the complement of sg in {1, 2,...,n}, the resultant force on # is obtained as follows:

(2, 29=> | fi+ > f |- (1.5-20)
kEsy g€s;!

The double sum is the resultant mutual force on #; the single sum is the resultant
extrinsic force on . In particular, if # = {X, X,,...,X,}, then sgl is empty, and
SO

(2, 2°) = Zfi. (1.5-21)
k=1

If the system of forces is balanced, then (6) holds, so that in particular

fkq = —qu, q :*»‘ k; (1.5-22)
then (20) may be written as

(2, #°) = Z <fz +Z/fkq> (1.5-23)
g=1

k=sy

because the terms by which the right-hand side differs from that of (20) cancel each
other in pairs. By choosing 4 as X'y we conclude that

n
!
P+ kg =0. (1.5-24)
g=1

If, conversely, (24) and (22) hold whenk =1, 2,...,n, then (20) shows that f(#, 2°) =
0. Thus the conditions (24) and (22) are necessary and sufficient that the system of
Jorces £ on the universe of analytical dynamics be balanced, provided we agree that
also f(X¢, Xx) = —f% , k =1,2,...,n. Either by summing (24) on k or by inspection
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of (21) we conclude that

> g =0 (1.5-25)

the total extrinsic force acting on the system is null. These simple theorems provide
the standard structure of analytical dynamics.

It is easy to extend the foregoing to arbitrary pairs of bodies, which need not be
distinct. If we introduce the self-force fy, of X, , the force exerted by X, on itself,
then we can define as follows the force exerted by the arbitrary body ¢ on the arbitrary
body %:

(3, €)=Y fn, (1.5-26)

hEsg
gEsg

sg and s¢ being the sets of integers that define # and ¢ according to (17). When %
and % are separate, this function f reduces to the f defined by the requirements F2 and
F3 on the basis of (18). We may call £(#, %) the self-force of 4. From (22) we see at
once that in a balanced system of forces,

1(%,%)=0 V% < fie =0, k=0,1,...,n. (1.5-27)

Exercise 1.5.1.

£(%, o) =12, &)+ (%, F°). (1.5-28)

In analytical dynamics it is customary to assume both that fx, = 0 and that the system of
forces is balanced. From (27) and (28) it then follows that f(#, o0) = f(oco, ) =0 V4.
We may express this fact as a statement that the universal body of analytical dynamics
is passive: The body oo exerts null force upon its parts.

As their statements suggest, (28) and the theorem stated just after it are not
limited to discrete systems. Rizzo has proposed, in effect, the following axioms
as a natural extension of NoLL’s:

Axiom FE1. £:Q xQ — 4.

Axiom FE2.

((C1V &€, B)=1(%1,B)+1(%2, B) —8(€1 N2, B),
f(0, 9 =0.



5. FORCE 27

Axiom FE3.

f(-@a gl \ %2) = f(-@’ %l) + f(-@s %2) - f(v@’ %l A %2)1
f(92,0)=0.

If #, ¢, and %, are separate, these axioms reduce to _Nou.’s, and so any f
that satisfies them is an extension from (@ x @), to @ x @ of an f that satisfies

NorL’s axioms and (1). The formula (26) effects such an extension explicitly
for a discrete universe. Axioms FE2 and FE3 are easy to motivate intuitively.

Exercise 1.5.2.

(2, o) =12, €) +1(%, ¢,

(1.5-29)
f(co, ) =1(%, B) + £(¢°, B).
Hence (28) holds,
f(co, B) =2, B) +1(3°, B), (1.5-30)
and
£(#, B) = f(c0, B) —£(B°, B),
(I.5-31)

£(2, 3) = £(#, o) —1(%, Z°).

From (28), now proved in generality, we see that if (%, oo) = 0, then

f(B, #°) = —£(%, B): (1.5-32)

If the universal body is passive, the resultant force on each body is the
negative of its self-force. Thus, in such a universe, the system of forces is
balanced if and only if the self-force of every body is 0. More generally, if
f(Z, oc) + 0 for some #, (32) does not hold, and we cannot easily infer any-
thing about f on @ x @ from the statements obtained above about its restriction
to (@ x @) . In particular, it is not obvious how to infer (6) for pairs of bodies
that are not separate.

As a first step in this direction, we find on the basis of the extended ax-
ioms FE1-FE3 a counterpart for the theorem of NoLL and GURTIN & WILLIAMS
concerning pairs of separate bodies.
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Lemma. A system of forces on @ x Q is pairwise equilibrated for sep-
arate bodies if and only if the self-force £(%, #), regarded as a function
of @, is additive on all bodies of Q.

Proof. We apply Axiom FE2 when # = %1V ¢, and ¥1 A €2 = 0, then
expand the conclusion by use of Axiom FE3. Then,

(%, B)=1%1, €1V %) +1(%2, €1V €2),
=£(%1, €)) +8(¥%r, €) +E8(%,, €2) +£(€2, €1). (1.5-33)

The basic decomposition theorem following (1.2-38) assures us that for any %
we may choose ¢ as any of its parts. A

Since 0 is an additive function, the lemma has the following

Corollary (Rizzo). If the self-force of every body is 0, the system of
forces is pairwise equilibrated for separate bodies.

Exercise 1.5.3.

(2, ) +8E, B)=HBVEC, BNEA+NEBNEC, BV )
+H(EBVE, BVE)+HBNE, BNE)

—1(%, B) — (¢, %). (1.5-34)
Theorem (Rizzo). In order that
(%, ) +1(¢,%8)=0 (%, €) €0 xQ, (1.5-35)
it is necessary and sufficient that

(%, 2)=0 Ve €. (1.5-36)

Proof. Necessity is obvious. To prove sufficiency, we note that the bodies
BANE and (B V €)AN(B N F)° are separate, and that

BVECE=@BNOVIZYV C)NEANE]. (1.5-37)
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By use of Axioms FE2 and FE3, with the aid of (36) we show that

f(BVEBNC)=F(BVEYNEBNE, BNDE),

(1.5-38)
f(BANEC, BVE)=KBNEC, (BN E)NAB A E).

Substituting (38) into (34), shortened by use of (36), we conclude that

(%, €)+1(%, %) =59, 6)+1(&, D), 9NE=0. (1539

The preceding corollary assures us that the right-hand side of the former of
these equations equals naught. A\

Systems of forces defined on pairs of bodies that are not separate will not
be considered further in this book.

NoLL’s corollary, derived above, asserts that a balanced system of forces
is pairwise equilibrated on separate bodies. We may ask if the same holds for
all pairs of bodies. The answer is no. From (28) we see that in a balanced
system of forces f(#, co) = (%, #). Only if the universal body is passive
does it follow that f(#, #) = 0 V#. Since this last condition is necessary for
the forces of @ x @ to be pairwise equilibrated, we conclude that in order for
a balanced system of forces to be pairwise equilibrated for all bodies, it is
necessary and sufficient that the universal body be passive.

Nothing said about forces in this section restricts the dimension of .

6. The Event World. Rigid Frames

In common life we regard ourselves and other objects as occupying places,
which are sets of points in a three-dimensional space, the properties of which
are given once and for all and are not altered by our presence or absence.
Moreover, the changes we perceive in ourselves and in our environment we
regard as occurring at specific instants, which are points in a one-dimensional
space altogether independent of the space of places.

Places and instances are associated to events. We take an event as being
a primitive entity like a point in geometry, not defined, but in some measure
made clear by the mathematical properties we attribute to it.

We endeavor now to make this rough idea somewhat precise. There are
several ways to do so.

We call the totality of events the event-world W.

The event world is the blank canvas on which pictures of nature may be painted, the
quarry for blocks from which statues of nature may be carved. This canvas, this quarry,
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must be chosen by the artist before he sets to work. It lays limitations upon his art, but
it by no means determines the images he will fashion. Various kinds of mechanics rest
upon use of different event-worlds. For example, the event-worlds for relativity and for
the mechanics of oriented materials differ from the event-world we use in this book.

C.-S. Man has kindly provided most of the text following in this section.

We presume that every event occurs at some definite instant. Instants have
their being in and by themselves; they are elements of a given one-dimensional
Euclidean space .7. Events that take place at the same instant are said to be
simultaneous. We denote by #; the totality of simultaneous events at the instant
t. We assume that each ¥/ is a three-dimensional Euclidean space; moreover,
we presume that physical means are available to compare distances in different
¥, so that it is meaningful to say whether a bijection between ¥, and ¥,
(t # t') is an isometry.!

Simultaneous events that occur some distance apart in #; can be regarded as
occurring at different places. For two events e and e’ that are not simultaneous,
to say whether or not they occur at the same place has no absolute meaning.
A place by itself has no identity except at a specific instant. The identity of a
place through different instants is assigned externally by an observer. One way
to effect such assignments is by use of rigid frames, which we now introduce.

Let & be a three-dimensional Euclidean point space. Let

§: ¥ —ExT, §le)=x0, (1.6-1)

be a bijection such that f ¢ the restriction of f to #;,is a bijection of ¥, onto
& for each instant f. Formally,

§: W —&, §@=x if ) =(x,1). (1.6-2)

Suppose we can compare distances in #; and &. If §, is an isometry for each
instant ¢, we call the bijection f a rigid frame; & is the background of f , and
the elements x of & are the places in &. Two events e € ¥, and e’ € ¥, that
are not simultaneous occur at the same place in & if §,(e) = ¢, (e).

In informal speech the symbol § may be pronounced “the reference” or
‘“‘the observer”’.

Let us give an example to illustrate how a rigid frame may be realized (¢f. Section
I.3). Consider a universe 8 with a supply of substantial points X such that the physical
existence of each X at the instant ¢ is marked by (or traverses) an event in ¥, . Hence-
forth, for simplicity, we shall refer to the substantial point X in ¥, when we really mean
the event traversed by X in %, . Suppose we can select four such substantial points X;

' An isometry of two Euclidean spaces is a bijection that preserves distances.
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(i =1, 2, 3, 4) that satisfy the following conditions:

(i) X, traverses an event in ¥/, at each instant ¢;

(ii) the four substantial points X; are not coplanar in any ¥/ ;

(iif) the distance between any two substantial points X; and X;, / ¥ /j, remains
fixed for all instants £.

By the laws of Euclidean geometry, for each instant ¢ the four substantial points X
determine a unique three-dimensional Euclidean space & that includes the X; among its
elements. Like the substantial points .X;, each element of £ exists independently of ¢ and
coincides with an event in ¥, for each ¢ € 7. This relation of coincidence defines for
each ¢ a bijection §,: #, — &, which is clearly an isometry. The bijections §, together
provide a rigid frame f : # — &. In the older literature' such a rigid frame is usually
called a ‘“frame of reference”. There the non-coplanar substantial points that define a
“frame of reference” are often so chosen as to define a cartesian co-ordinate system.
Each element of & is identified by its cartesian co-ordinates, and the space & itself is
identified with %°.

A rigid frame represents an observer. Just as there are many putative ob-
servers, there are many rigid frames. On the other hand, given two rigid frames
§: W —& xJ and §: W — & x 7, we can always pick an instant ¢ and
identify ¢* and & through the isometry §; o §~ ': & — &*. Since there is no
real loss of generality in doing so, for convenience we shall choose one Eu-
clidean space & once and for all and consider only rigid frames that have & as
background.

As no confusion should arise, hereafter we shall often refer to rigid frames
simply as ““frames”.

Some authors use the word ‘““frame” to denote any bijection f W — & xJ such
that f W6 isa bijection for each t € .7; here & is a three-dimensional Euclidean
space. In that usage, f , need not be an isometry. For clarity let us call such bijections
generalized frames. Two generalized frames § and § * are rigidly related if the bi-
C s * -1 * ) 0 A .
jections §7 o § ™" and §, o §*' of & onto & are isometries for each ¢ € 7. Every
generalized frame f gives rise to an equivalence class of generalized frames rigidly re-
lated to f . We call that class the rigid class of f . The family of all generalized frames
is the disjoint union of such rigid classes. It is clear that all rigid frames belong to the
same rigid class of generalized frames.

Much of what we shall discuss below about changes of rigid frames (Section 1.9) and
material frame-indifference (Section IV.2) remains valid if we replace rigid frames by

!See, for example, A. E. H. Love, Theoretical Mechanics, Cambridge, at the University Press,
1897. In the edition of 1921, reprinted 1987, the mathematical discussion of frames of reference,
which is excellent, is on pp. 299-303. An excellent physical description of frames of reference may
be found in the opening of Chapter X, “Relativistic Mechanics,” of G. Joos, Theoretical Physics,
1932, corrected text translated by I. M. Freeman, New York, Stechert, 1934. A quotation from it
is given below in Section 1.13.



32 1. BODIES, FORCES, AND MOTIONS

generalized frames that belong to the same rigid class. (Cf. the remark after (IV.2-6).)
Nonetheless, for simplicity we shall use only rigid frames in the main text of this book.

Henceforth we regard the ‘‘unit of length™ as a distance fixed once for
all. The “physical distance” between two places in ¢ is then represented by a
real number, namely the ratio of that distance to the unit of length. Following
customary usage in mathematics, we refer to such ratios also as ‘‘distances”. A
““distance”” of five in the mathematical representation means a physical distance
of five units.

We denote the translation space of & by ¥'. Henceforth the term vector
will denote always an element v in ¥/, and |v| will denote the magnitude of v.
The inner product of vectors v and w in ¥ will be denoted by v.w, and linear
transformations of ¥ into itself, which we shall call tensors over ¥, will be
denoted by bold-faced letters T, S, ... . The notation u = Tv is read, “The
tensor T transforms v into u.”” The Euclidean distance between the places x and
y in & will be written as |x — y|, since x —y is the vector in ¥ that translates
y into x.

A transformation of ¥  cannot preserve the inner products of all pairs of
vectors in ¥ unless it is a tensor. A necessary and sufficient condition for a
tensor Q to preserve all inner products is

Q'=qQ". (1.6-3)

Such a tensor is called orthogonal.

We may assign a co-ordinate system to .7. The co-ordinate of an instant
is called the time of that instant. Only those assignments of times to instants
that preserve the orientation of .7 are allowed. The oriented distance between
instants whose times are ¢; and ¢, is t5 — ¢. It is called the time interval
between those instants, and if that interval is positive, the time #, is said to be
later than t|, whereas ¢, is earlier than t,. Choice of a particular co-ordinate
system on 7 is called in physics “‘fixing the unit and origin of time”’.

Commonly the unit and origin of time in a frame § are regarded as set in
advance by the observer, and .7 is identified with the real line # according to
this choice of co-ordinates and metric. That is, instants are confounded with

'From (3) we see that detQ = £ 1. If detQ = +1, Q is a rotation. Every orthogonal tensor
on a space of odd dimension is either a rotation or the product of a rotation by the central inversion
—1; that is, there is one and only one rotation R such that either Q = R or Q = —R, and the only
possible proper numbers of Q are + 1 and — 1. If, as we always suppose, dim ¥ =3, then | is a
proper number of every R, and the corresponding proper space is one-dimensional unless R = 1.
This last statement is the content of a famous theorem of EuLer: Every non-identical rotation about
a point is in fact a rotation about a single line. The axis of Q is the proper line of the one and only
R to which Q is proportional.
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times, which are the co-ordinates of instants. We shall follow that custom in
this book. Moreover, for simplicity we shall assume that all observers adopt
the same unit of time.

With these conventions we replace (1); by

§: W —E xR (1.64)

In practice we usually consider only an interval .# of times in #. The present
time ¢ is always an interior point of .#.

We have agreed that a rigid frame §: # — & x Z represents an observer.
Since forces are experienced by observers, we assume that the vector-space %
to which forces belong is isomorphic to 7/, the translation space of &. Were
we to consider a mathematical model in mechanics resting upon a different
event-world, we might need to make a different choice of the vector-space .%.

I.6A. Newton’s View of Time and Space

The scholion NEwToN put after the definitions and before the laws of motion
in his Principia reads, in part, as follows.

... Time, space, place, and motion are very well known to all. It must be noted
nonetheless that the people may not conceive those quantities except through their relation
to sensible objects. And thence arise certain prejudices for lifting which it is fitting to
distinguish them into absolute and relative, true and apparent, mathematical and common.

1. Absolute, true, and mathematical time, of itself and from its nature, flows equably
without relation to anything external, and another name for it is duration: Relative,
apparent, and common time is some sensible and external measure of duration through
a motion ... that the people use instead of true time, such as hour, day, month, year.

II. Absolute space, by its nature, without relation to anything external, remains
always like and immobile: Relative space is a measure of this absolute space or some
sort of movable dimension which is determined by our senses through its place in respect
of bodies and by the people is taken as the immovable space. Such is the dimension of
the subterranean space, the aerial, the celestial, defined through its place in respect of
the earth. The absolute and relative spaces are the same in kind and magnitude, but they
do not remain the same in number. ...

III. Place is the part of space that a body occupies, and according to the space
[used], it is either absolute or relative. I say, a part of space, not the location of a
body . .. . Positions, properly speaking, have no quantity, nor are they so much places
as the properties of places. ...

IV. Absolute motion is the translation of a body from one absolute place into an-
other; relative motion, from one relative place into another. ...
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In this book we adopt NEwron’s “‘absolute time””. His absolute space cannot
now be accepted, though his view of ‘“‘place” still serves essentially.

Our times as co-ordinates of instants are NEwToN’s “‘relative times’’.

Our ‘“‘unit of length’” is NEwToN’s ‘‘some sort of movable dimension”
in “‘relative space’”. NEwrToN’s ‘‘part of space that a body occupies” is our
““shape”’, to be defined mathematically and developed in the following section.

Much of the role of NEwroN’s “absolute space™ is taken over by the identi-
fication of ‘‘inertial frames’’ through Newton’s First Law of Motion, which is
presented below at the beginning of Section 1.13. There the student will find a
conceptual determination also of NEwTON’s absolute time.

7. Motions

From now on until the end of Section 1.8, we assume that a rigid frame §:
W — & x 4 is given, and we do not investigate the topological and differen-
tiable structure of % that the bijections § induce.

A world-line is a curve! in % whose image in £ x # associates one place
to each time, so that we may represent a world-line as follows:

A SI—E, 1.7-1)

# being an interval of Z. A collection of world-lines defined over .# is a world-
tube. The places on a world-tube at a fixed time ¢ form a set %, , and for any
two times ¢’ and ¢” in .#, every place in %, is connected with one or more
places in .%;~ by world-lines of the world-tube. Thus we may regard a world-
tube 7 as a mapping of an interval of times into the set of all subsets of &,
which is commonly denoted by P(&):

7. S — P(&),
t»—uV,.

(1.7-2)

Intersections of world-lines represent collisions or the creation or destruction
of bodies or elements of bodies. In specific mechanical theories such intersec-
tions are usually excluded altogether or allowed as exceptional cases subject to
specified conditions.

Experiences are to be correlated with world-lines and world-tubes. We think
of these as progressing ‘‘through’ the event world # as time goes on.

YA curve is a piecewise differentiable, one-parameter family of events: e = f(s), and s varies
over some real interval.
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A mapping p of the universe @ into the set P(#) of all subsets of the event
world ¥,

p: Q@ - PW), (1.7-3)

is called a motion if for each body % in @, u(%) is a world-tube. Thus a
motion may be represented alternatively as a mapping xg of @ X.# into P(&):

Xg: @ XF — P(6). (1.7-4)

J is again some interval in %, such as for example ] — oo, #o[ for some to. The
value xq(4%, t) of xg, which is a set in &, is called the shape' of # at the
time ¢. When thinking of ¢ as being the present time we shall call xq (4, ¢) the
present shape of .

As we have stated in Sections 1.3 and 1.4, we consider only massy bodies
that are sets of points, which we call substantial points, in some topological
space .J:

%={X,Y,...}. (1.7-5)
The motion of a body composed of substantial points is engendered by the
motions of those points. Using the symbol x for this more detailed motion, we
write
X: ZBxSI—E&, (1.7-6)
and, explicitly,
x=xX, 0 VX €3, Vted. (1.7-7
In words, x is the place in 4 that the substantial point X occupies at the time ¢

in the motion x. Moreover, the shape of # at the time ¢ is the set of places its
substantial points occupy then:

xa(Z, 1) = {x(X,1t): X € B}. (1.7-8)

Each substantial point X is thus associated with a world-line, and the world-
lines of all the points of 4 constitute the world-tube of Z.

'In the literature usually both a map from the set of bodies into the set of all subsets of & and
the value of such a map for a given body are called ‘“‘configurations™.
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The concept of “motion” embodied in (3) does not require assignment of a
frame, but the ‘“more detailed motion”’ (6) does. Henceforth the term ‘““motion”
is to be understood in the latter, special sense.

It is customary in mechanics, with specifically stated exceptions, to consider
only such motions x as are differentiable with respect to £ at least twice and often
as many times as desired for each substantial point X. Denoting the derivatives

of x with respect to # when X is held fixed by x, X, .- ., ()?, so that in particular

1 2 . .
X = (x) and x = (x), we call the values of these derivatives the velocity v, the
acceleration a, . . ., the n'* velocity ,v of the substantial point at the time #:

v:=x(X, 1),
a:=%X,0,..., (1.7-9)
Vo= XX, D).

Thus v = v, and v = a. It is easy to show that, for any given x, the velocities
of a given substantial point are vectors:

vV €Y, n=1,273,..., (1.7-10)

and therefore at each time # the function ()'?(- , t) is a vector field defined over
%.

As was stated in the preceding section, the metric in the Euclidean point space & is
determined by the inner product in the translation space ¥'; the metric in the space of
instants is determined by the assignment of times to instants. We describe these facts by
saying that “‘the units of ,v are those of (length)-+-(time)".”

While the restriction x(X, +) of the mapping x to a particular substantial
point X has been assumed smooth, nothing in the way of smoothness has been
imputed to the restriction x(-, ¢) to a fixed time. For mechanics in its most gen-
eral form, x(-, ¢) need not even be a one-to-one mapping of substantial points
onto places in &. Indeed, in the example furnished by analytical dynamics, the
motion x carries the several mass-points into a discrete set of places x; at each
time ¢, but the restricted mapping x(-, #) is not always one-to-one, for at a
collision the world-lines of two or more mass-points intersect, and it is possible
even that two world-lines coalesce for an interval of time and then split asunder
again. In continuum mechanics, contrarily, the mapping x(-, #): Z — xq(%, )
is assumed bijective. This statement, which asserts that two distinct substantial
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points never come to occupy the same place at the same time, is sometimes
called the Axiom of Impenetrability.

Of course it is possible to relax the Axiom of Impenetrability at singular points,
curves, or surfaces so as to represent shock waves, slip sheets, tears, welds, and frac-
tures, but in this book we do not consider those.

In a particular branch of mechanics a particular universe @ is laid down once
and for all. Two examples have been provided above in Section I.3. When a
choice of @ has been made, there is no danger of confusion if we write x for
Xg in (4) while retaining also the sense (6).

In Section 1.5 we have developed a mathematical theory of forces acting
upon pairs of bodies. We have now introduced motions undergone by bodies.
Putting these two theories together, we remark that the force f(/, #) exerted
by % upon ./ will generally be a function of ¢.

8. Linear Momentum. Rotational Momentum. Kinetic Energy.
Working. Torque

We continue to suppose given a particular frame §, in terms of which a
motion x of a body # is defined and is described by (1.7-6). The vector fields
defined over # at the time ¢ by means of the motion x of 4 give rise to certain
additive set functions, the values of integrals with respect to mass over Z. The
most important of these are, first, the linear momentum of %:

m(#: x(-, )= [ %, 0dM; (18-1)
P
second, the rotational momentum of # with respect to the place xo :

M(Z; x(+5 D)xo ==/g(x(°, 1) —Xo) Ax(+, )dM = —M(Z; x(-, )y, ;
(1.8-2)

and, third, the kinetic energy of #:

1
K(#; x(-, 1) := §/|)'((-,t)|2dM. (1.8-3)
]

From the definitions of m, My, , and K we see that for a given motion x of a
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given body # the values of these functions at a given time ¢ are vectors, skew
tensors, and scalars, respectively.

To lighten the notation we shall henceforth usually leave #Z, x, and ¢ un-
written in formulae involving m, My, , and K. We shall always remember that
these important functions of ¢ are associated to # by a motion x.

It is obvious from (2) that

M,, =M, + (X; —Xp) Am. (1.8-4)

For a given motion x of a given body %, the quantities m, My, , and K
are functions of time alone. Denoting the derivative with respect to time by a
superimposed dot, we see that

i = [ xd,
#
M, = / (x ~Xp)AXdM, (1.8-5)
@
K =/x-de,
#

on the assumption that the indicated differentiations be permissible. Further-
more, in (5), the place Xp is taken as a stationary one in the frame f .

Exercise 1.8.1. Let the place X¢ be stationary, and let X,(-) be any place-valued,
differentiable function of time. Then

M,, = M,, + (X —Xo) At +% Am,

=/(x —X1)AXdM + (x; —Xp) Am. (1.8-6)
@

These definitions and relations are introduced here for later convenience.
The basic principles of mechanics relate the rates of change m, My, and K to
the forces acting on %, as we shall explain in Sections 1.12 and 1.14.

In Section 1.5 we have defined a system of forces and an integration over %
with respect to the forces exerted on the parts of Z by its exterior, %#°.

At the end of Section 1.6 we have agreed that forces belong to a vector space
isomorphic to the inner-product space ¥'. By using a particular isomorphism
we may form inner products of forces and other vectors such as velocities
or accelerations. That there are infinitely many different isomorphisms of this
kind, reflects the fact that units of force are not yet related to units of length
and time. We shall consider any one isomorphism and by using the definition
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(1.5-14) introduce as follows the working W of the system of forces f3- in the
motion x of # at the time ¢:

W(#; x(-, 1); £5) :=/X(-, 1)-dfz . (1.8-7)
i

The units of working are those of (force)(length)+-(time). When there is no
fear of confusion, we shall drop from the notation the arguments of W.

Forces are conceived as acting upon bodies, and when those bodies undergo
motions and hence take shapes in &, the forces are carried over to those shapes
in some specified way. Since the shapes themselves depend upon the choice of
frame, so also must any transference to those shapes of the forces acting on
bodies. Consequently the definition (7) of the working W rests also upon a
particular choice of frame. In Section I.12 we shall impose as the basic axiom
of mechanics the requirement that such dependence of W be only apparent: that
is, that the working, although it is defined by (7) in terms of a frame f , shall
have the same value for all frames.

Since by means of the isomorphism selected we may in effect say thatf € ¥/,
we may define also the tensor product v ®f and the exterior product vAf,
provided v € ¥ In particular, the skew tensor (X —Xg) A f is called the ‘‘moment
at x of f with respect to Xy .”” More generally, the moment Fy, of a system of
forces £ on a part .o/ of Z in the motion of &, with respect to Xg, is defined
thus:

F(t, 5% x(-» D)y = / (- 1) — %ol Adf e . (1.8-8)
K

Although the moment is a special case of what is called a forque, in this
book we shall regard the two terms as interchangeable and prefer to use the
monosyllable. The particular torque F(Z, %°; x(-, 1))x, is called the resultant
torque of the system of forces on & with respect to Xy in the motion x at the
time f.

The moment of a system of forces acting on a body 4 is defined in terms of
the shape of # in the motion x, a particular frame § being presupposed. The
moment is a skew tensor having the dimensions of (force) x (length). More
generally, any skew tensor having these dimensions is called a forque, and
a torque-valued function F(Z, %) of pairs of bodies is called a system of
torques if it satisfies axioms obtained from Axioms F1-F4 when f is replaced
by F throughout. Torques that are not moments of forces are sometimes called
couples. When all torques are moments of forces, as we shall assume in this
book, the system of torques is called simple.
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The importance of the resultant torque will appear in Section 1.12. For the
time being, we remark only that

F(#, B, = F(B, B, + (X1 —Xo) AL(B, B°). (1.8-9)

That is, at the time ¢ the resultant torque with respect to xo differs from that
with respect to X; by the moment at x;, with respect to X, of the resultant
force on 4. Here we have dropped x(-, ¢) from the notation.

In Section 1.5 we have defined a balanced system of forces as one in which
the resultant force on each body is 0. By (9) we see that if the system of
forces is balanced, the resuitant torque it exerts on any body is the same
with respect to all places.

In view of what has just been shown, the following definition makes sense:
The torques arising from a balanced system of forces are said themselves to be
balanced if the resultant torque on every body vanishes.

In a system of torques more generally, NoLL’s corollary in Section 1.5 applies with
merely verbal changes, enabling us to conclude that in a balanced system of torques,
F(#, ¢)=-F(%,%).

The general axioms of mechanics that we shall lay down in Section 1.12
will imply that a certain, basic system of forces and torques be balanced.

In the universe of analytical dynamics (Section I.5, above), where a body Z is
defined by (I.5-17),

m(#; x(, ) = Y Mk,

k€Esg

M(#; xC D)o = D (% —Xo) AMikke
kE sy

K@ x(,0) =3 Milul,
k€Esg

(1.8-10)

W@ xC.0ife) = Y - |fi+ Y fig

kE€Esy qes;l

Here we use as abbreviations the places and velocities given to the mass-points by their
motions:

X i=x(Xg, ), X i=x(Xi, 0, (I.8-11)



8. LINEAR AND ROTATIONAL MOMENTA. KINETIC ENERGY. WORKING. TORQUE 4]

and the other notations are those introduced in connection with analytical dynamics in
Section I.5. To obtain (10),, we have used (1.5-15), (1.5-20), and the fact that # and ¥
are isomorphic. Two instances of (10), are of major interest. First, suppose 4 consists
in X, alone. Then

WXk, x(-, £); fx5) = i+ Ey (1.8-12)
By (1.5-24) we see that if the system of forces is balanced,
WX x(-s 1); fx5) =0. (1.8-13)

Second, if # = {X;, X,,...,X,}, then (10), reduces to

n n

14
W@ x(o D fg) = D Jaoff = =Y Kifag s (1.8-14)
k=1 k.g=1

where the last expression holds if the system of forces is balanced. Thus, in general,
the working of a system of forces on a dynamical system does not vanish.
The torque F(Z, %)y, exerted by ¢ on Z with respect to Xg is defined by

!
F(B, O = 3 %k %) A g (1.8-15)

k€ sy g€ s¢

in which 4 and % need not be separate. Likewise the torque exerted by the environment
X on the mass-point X is defined by

F(Xk, Xodx, = (X —Xo) A . (L.8-16)
These definitions square with (8), and the resultant torque on 4 is given by
F(B, B, = Z(xk —x)A | B+ Z fig | - (1.8-17)
kE€sy g€ S;l

The self-torque of # is the torque it exerts on itself. By (15),

F(B, B)n, = Z(xk — Xo) AZ'fkq. (1.8-18)

k€ sy g€ sy

In a balanced system of forces, (I.5-22) holds, and hence

F(@B, B =3 D (% —x) Afig . (1.8-19)
k,q€sqy
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If the force fi, exerted by X, on X is parallel to the vector X, — X, that translates the
place x, occupied by X, into the place X, occupied by X, the mutual forces are called
central. For central mutual forces each summand in (19) vanishes, and we have the

Theorem (PoissoN). For a balanced system of forces on the universe of an-
alytical dynamics, the self-torque of every body vanishes if the mutual forces are

central.

When the self-torque of 4 vanishes, the resultant torque (17) may be written in the
form

F(#, 8% = > _ (% — %) A ( ¢ +Zlfk,,) . (1.8-20)
g=1

k€ sy

That is, the resultant torque on # is the sum of the moments of the resultant forces
acting on the mass-points that make up %. In a balanced system of forces, each of
those resultant forces vanishes, and so F(#, #°) = 0. That is, the system of torques is
balanced.

Suppose, conversely, that the system of torques be balanced. Then by the analogue
of (1.5-6),

F(#, €0 = —F(%, B, 1.8-21)
for all separate bodies # and ¢. In particular, then,
F(Xi, Xoh = —F(Xq, Xi)x - (1.8-22)
That is,
Xk —Xp) Afig = —(xg —Xp) Afgi . (1.8-23)
If the forces are balanced, by (I1.5-22) we obtain
Xk —Xg) Afy =0, (1.8-24)

so that the mutual forces are central. In summary of the argument in this paragraph and
the preceding one, we have the following

Theorem (NovL). If a system of forces on the universe of analytical dynam-
ics is balanced, the corresponding system of torques is balanced if and only if the
mutual forces are central.
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Exercise 1.8.2. From (1.5-26) we see that in a balanced system of forces

F(Z, %), + F(Z, B), = 0. (1.8-25)

Hence the system of torques is balanced if and only if the self-torque of every body
vanishes, and again NoLL’s theorem follows.

Thus in analytical dynamics the balance of torques is equivalent to the hypothesis
that the mutual forces are central, on the assumption that the system of forces is balanced.
As should be plain from the arguments leading to NoLL’s theorem, no such reduction
of the balance of torques to the balance of forces can be expected in the more general
and typical universes of mechanics. In continuum mechanics central forces, and indeed
mutual forces, rarely appear.

The approach of analytical dynamics is untypical and next to uscless in the general
science of mechanics.

A position vector of a place x in & is a vector that translates some given
origin xg into x. Thus, a position vector field p corresponding with the motion
x is given by

p(X, ) :=x(X,t) —Xp. (1.8-26)

Often the origin Xo is a fixed place. Then the time derivatives of p when X is
held fixed equal the corresponding time derivatives of the motion itself:

pP=Xx, P =%, etc. (1.8-27)

The center of mass x. of a body # of positive mass M(Z) in a shape
Xa (%, t) is that place whose position vector p is the mean, in the sense of the
mass, of the position vectors of all the substantial points of Z:

1
pB):=—— [ pdM. 8-
(&) M@ /éa p (1.8-28)

Of course p generally varies in time for a given body 4, but we do not indicate
this fact in the notation. While p depends upon the choice of the fixed place
Xg , its time derivative p does not, and by (1) we see that

m(%; x) = M(B)p(B). (1.8-29)
Comparison with (10), yields the following
Theorem (KeLviN & Tarr). The linear momentum of a body % is the

same as that of a mass-point having the same mass as 4 and moving so
as always to occupy the center of mass of 4.
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Exercise 1.8.3. Let the place x, with respect to which the position vector is cal-
culated be fixed. Then

M, =M, +pAm. (1.8-30)

9. Changes of Frame!

Once a rigid frame § has been laid down as in Section 1.6, we may wish
to consider another one, §:

§ W 6 x Q. (L.9-1)

Since both § and §” are bijections, the composition §” o § ~! is a bijection of
& x A onto itself:

f* of_l: EXP —EXR, (x, 1) — (x*, tY). (1.9-2)

Because both ¢ and t* correspond to the same instant and because we have
agreed that all observers adopt the same unit of time (cf. Section 1.6), we can
express (2) as

x* =60(x,1), t* =t +a. (1.9-3)

For a fixed ¢ the mapping 8(-, t): & — & is an isometry, because 6(-, ) =
§r. 0 f,_l (¢f. Section 1.6). In (3), a is a constant that depicts the possible
difference in the origins of time for the frames § and §".

Mappings §* o ¢ ! are called changes of frame.

We shall sometimes say “x* and x are the places at which the same event occurs in
$ * and §, respectively.” The student is expected to recognize this and like statements as
pointing toward the interpretation of the mathematical structure in terms of experience.
Similarly, -the velocity of a substantial point defined with respect to the frame f will
be called its velocity in f , and a similar usage will be followed for all other quantities
defined in terms of frames: acceleration, momentum, efc.

Let ¥ be the translation space associated t0 &. A mapping h: ¥ — ¥ is
an isometry if |h(n) — h(v)| = |u — v| for all u and v in ¥". The following

For the opening of this section in its present form I am indebted to C.-S. Man.
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representation theorem for an isometry is well known: There is a uniquely
determined, orthogonal, linear mapping Q: v — ¥ such that

h(v) = Qv + h(0) (1.9-4)
for all vin ¥

Exercise 1.9.1. The analogue of (4) holds for two n-dimensional inner-product
spaces.

Because f(-, ¢): & — & is an isometry, use of (4) leads to the following

Theorem. A change of frame (3) has the representation

X" =x5(8) + Q()(x — Xo),

1.9-5
—tia ( N2
in which xg is a fixed place in § , X3 maps times onto places in § *. Q maps
times onto orthogonal, linear mappings of v, generally unique, and a is
a constant.

Proof. Choose and fix some xp in &. Then each vector v in ¥ has the
unique expression

V=X-—Xp (1.9-5)3

for some xin . Leth,: ¥ — ¥ be defined by h,(v) = f(x, t)— f(xg, ?). By (4),
there is a uniquely determined, orthogonal, linear mapping Q(¢): ¥ — ¥ such
that h,(v) = Q(#)v + h,(0). Since h,(0) =0, x* = £(x, ) and x5(¢) = f(Xq, ),
we conclude that x* — x3(2) = Q(1)(x — xg). A

Regarding X, as the place of some one event as observed in ¢, we interpret
x5(?) as the place of the same event as observed in § while Q maps all
the lines through x, as observed in § isometrically and conformally onto lines
through x; as observed in §
Note that the functions x;(-) and Q(-) in (5); can be arbitrary functions of
the time #; in particular, they need not be continuous. If we use the frame §
to define a differentiable structure on ¥, the frame § need not be compatible
with that structure. For example, a substantial point moving smoothly in § may
be hopping about discontinuously in § In the rest of this section we shall
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restrict our discussion to changes of frame from § to ¢ * that are compatible
with §, thus accepting a single differentiable structure. For instance, when we
talk about acceleration of a substantial point in §, we have implicitly used § to
define a C? structure on %. Then, for changes of frame, we shall allow only
those f * for which the functions x3(-) and Q(-) in (5); belong to C?, and so
we can talk about the acceleration of the same substantial point as observed
in § *. Since in mechanics we always deal with velocity, acceleration, efc., we
shall consider only those changes of frame for which the functions x3(-) and
Q(-) in (5), are at least twice continuously differentiable.

Under the present interpretation the value Q(¢) of Q is sometimes called
the relative orientation of §” with respect to § at time 7. At a time fo when
Q(#0) =1 and x5(¢9) = Xo, the two frames are said to coincide.

Since we have assumed that the orthogonal transformation ¢ — Q(f) is con-
tinuously differentiable, det Q = 1 always or det Q = —1 always. Many authors
prefer to keep the restriction det Q = 1 for admissible changes of frame. Such a
restriction is obviously not required by the concepts of kinematics. In this book
we study purely mechanical theories in which the current and past distances
among the substantial points determine a body’s current mechanical response
(Section IV.2, below). We cannot use the mechanical responses of such a body
as observed in two frames to distinguish them as long as both are equally fit as
backgrounds to describe the class of kinematical processes that the body may
undergo. In this context there is no reason to discard those changes of frame
for which detQ = —1.

From (5) we see that one particular event, to which a place and time (xg, 1)
are assigned by the frame §, may be assigned an arbitrary place x§(f) by some
other frame ¢ *. The vector that translates the fixed place X, into a general place
x in § is then rotated in ¥, perhaps also reflected, into the vector that translates
x3(#) into the corresponding place x* in § ¥, the rotation being the same for all
places x at any one time.

If we like, we may picture a change of frame in terms of a motion (Section
I.7). If we suppose a body to be given such a shape that one of its substantial
points remains at the place X in §, then (5) is the motion of that point in §~.

Exercise 1.9.2. In (5) we may take as the constant place xg in f any one we please,
or, if we prefer, we may substitute for it any place-valued function of time: xo(-). Hence
the class of all changes of frame forms a group.

From (5); we see that the definition of “‘world-line”’ in Section 1.7 is inde-
pendent of the choice of frame.

We interpret the possibility of a change of frame as meaning that two observers
who have chosen the same units of length and time may set their clocks differently
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and may be in arbitrary rigid motion with respect to one another, yet both are equally
qualified to describe the phenomena represented by classical mechanics, whether they
be right-handed or left-handed, and so any statement made by one is equivalent to some
statement made by the other. For example, if a function f(x*, £*) is given, substitution
of (5) into it yields a function g(x, ¢) with the same value g(x, ) = f(x*, ¢*), and any
two functions so related are regarded as equivalent under the change of frame. In fact
both g and f represent, by use of the frames ¢ and § *, respectively, the same function
defined on the event world .

A change of frame induces a transformation of the translation space 7.
Indeed, suppose that

Vi=X; —Xp. (1.9-6)
Then by (5)
vii=xt — x5 = Q()(x1 - x2),
= Q(H)v. 1.9-7)

Likewise, a change of frame induces a transformation of the tensor space over
¥v.If we ¥ and v € ¥, and if there is a tensor T such that

w =Ty, (1.9-8)
then by (7)
W =Q()w = Q(HTQ()'v"; (1.9-9)
that is, w* = T*v*, and
T* = Q()TQ(1)". (1.9-10)

Rules of just the same form are induced for vector-valued and tensor-valued
functions of time v(#) and T(¢), respectively.

A change of frame (5) induces also a change in the motion (1.7-7) of a
substantial point X of a body #. Namely, in § * the place x* occupied by X at
the time ¢* is given by the relations

X' =x"(X, ") =x5(8) + QX (X, 1) — Xo),

t* =t +a. 1.9-11)
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We shall regard x* and x as being the same motions as observed in § *
and §, respectively. We regard X and ¢ as the place and time assigned by §
to some particular event and xj(#) and ¢* as the place and time assigned by f*
to that same event. When we need to emphasize the role of a frame, we shall
call x the motion of Z in §, and x* the same motion of # but in f*, as
explained above. We shall refer to the transformation (11), which relates the
motion in § with that in §*, by the same name as the transformation (5) of the
frame & x %, namely, a change of frame.

If a certain prescription defines vectors in terms of a frame, and if the
prescription itself is independent of the choice of frame, it will deliver vectors
v* and v, respectively, according as §” or § is used, and generally these two
vectors will not be the same. Consider, for example, the prescriptions (I.7-9); 5,
which define the velocity and the acceleration in any frame:

vi=x(X,1), vii=X(X, 1),

(1.9-12)
a:=xX, 0, a*ti=x"(X,t").
The dots in the second column indicate derivatives with respect to ¢*, and the
motion x* in §" is related to the motion x in § by (11). Thus

X (X, 1) =%5(0) + QX (X, ) + QU)X (X, D) —x0).  (1.9-13)

Therefore the velocity x* in §" is related to the velocity x in § by the formula

X" —Qx =% +AKX" —xp), (1.9-14)

in which

A:=QQ =-A". (1.9-15)

The skew tensor A is the spin' of § with respect to f*. In (11) we regarded
x5 (2) and t* as the place and time assigned by f* to a certain reference event
to which § assigns the place xo and the time 7. Thus the value of the function
X is the rate of change of the place x}(¢) assigned by § * to that reference
event. On the other hand by (13), the velocity in § * of the substantial point
that occupies the place X at the time ¢ is X3(?) + Q()x(x ~!(xo, ), 1), which
reduces to Xy () if and only if the substantial point is at rest in .

The old term *‘angular velocity” is gradually falling out of use, since not only is it an awkward
polysyllable but also it suggests we should look for angles, which in general considerations we are
better advised not to do.
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Heretofore we have regarded the relative orientation Q as a known, differ-
entiable function of f. Suppose instead we know the spin A, which we assume
to be a continuous function whose values are skew tensors. Considering the
first-order linear differential equation

Y — AY =0, (1.9-16)

we observe first that it has a unique solution Y such that Y(zo) assumes an
assigned value.

Exercise 1.9.3. If Z:=YY'" and Y satisfies (16), then
Z=AZ -7A. (1.9-17)
Appeal to the uniqueness theorem for ordinary differential equations shows that a solution

Y of (16) which is orthogonal when ¢ = f, is orthogonal for all ¢. Likewise, if Y is a
rotation when ¢ = ¢, it is a rotation for all £.

The argument completed in the foregoing exercise is summarized in the
following

Theorem. Let the spin A of § with respect to § * be a continuous
JSunction of time, and let the relative orientation Q(t) be prescribed at some

one time ty. Then a unique change of frame is determined by assignment
of the place x;(t) occupied in f* at the time t by some one place Xy in f

Exercise 1.9.4. 1f A* denotes the spin of f * with respect to f , then
A* = —QTAQ. (1.9-18)

More generally, if Q, and Q, correspond with changes of frame from ¢ to f , and from
$  to $ , » respectively, and if Qs corresponds with the change from ¢ to $ , » then

Q3 = Q2Ql ’
A; =A +QAQ;].

1.9-19)

Hence if the framings §, and §, coincide at some instant, the spin of §, with respect
to § is the sum of its spin with respect to § and the spin of § with respect to § at
that instant.

The conclusions (19) are commonly described as asserting that while rota-
tions are multiplicative, spins are additive.
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The axis of the Q(¢) in the change of frame (5) is the axis of rotation
of that change of frame at the time ¢. The angle of rotation of the change
of frame at time ¢ is the angle of rotation (¢) of the rotation R(#) such that
Q =R or Q = —R (¢f. Section App. IIA.14). Since A(¢) is skew, its null
space, likewise, is a single line except in the trivial instance A(f) = 0. This
line is called the axis of spin. The corresponding proper number of A(¢) is 0.
Since A-A = Q-Q, the magnitude of A is the same as the magnitude of Q.
The value of |A|/v/2 is called the angular speed « at which § is rotating with
respect to ¢ at the time ¢.

Exercise 1.9.5. If the axis of rotation is independent of £, then it is also the axis
of spin. Hence if the angle of rotation is 8(¢), then w = [8(¢)|.

With the aid of a convention of sign, we can define a vector  such that @wx b = Ab
for all vectors b. Here the sign x denotes the cross-product of 3-dimensional vector
analysis. The vector w is called the angular velocity of the rotation R. Of course
lw| = w.

Exercise 1.9.6. (GaLLeTT0). If § 3 0 and if e is a suitably selected unit vector in
the axis of rotation,

w-e=4§. (1.9-20)

We turn now to the acceleration. If we differentiate (14) with respect to ¢,
we obtain by (12); and (15) the following relation between the acceleration % *
in §” and the acceleration ¥ in §:

% —Qk = Qx + %5 + A(x* —x3) + A" —%p),
=% +2A(Q%) + (A + AD(x* - x3); (1.9-21)

the second right-hand side follows by substituting (14) into (21),. Here, and
sometimes later, we use abbreviated notation as in (14). The first term on the
right-hand side is the acceleration of the place in § * assigned at the time / to the
place xg in f . The second term, named after CorioLss, is the acceleration in f *
that corresponds with the velocity x in § (as this vector is seen by § *, that is,
rotated by Q) and to the spin of § with respect to §". The third term has two
parts, the first of which, named after EULER, corresponds with the rate of change
of the angular velocity, while the second, called the centripetal acceleration,
expresses the acceleration caused by the pure transport of substantial points
with respect to ¢

Exercise 1.9.7. For any field A of skew tensors depending on f only,

— A’p =V(—3p-A’p), (1.9-22)
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V being the gradient operator and p a position vector. This statement can be interpreted
in terms of the centripetal acceleration. (A? is a symmetric tensor; for the particular A
defined by (15) A? has the axis of spin as its nullspace and has —w? and 0 as its proper
numbers.)

The linear momentum, rotational momentum, and kinetic energy of a body
depend likewise upon the frame. The transformations of these quantities and
their rates of change induced by a change of frame are easy to calculate by
substituting (14) and (21) into appropriate formulae of Section I.8.

10. Rigid Motion

A motion of a body is called rigid if there is a frame § * such as to make
its velocity field vanish. The frame ¢ * is called a rest frame for that motion.
To calculate the velocity field of a rigid motion in a general ¢, we need only
set x* = 0 in (1.9-14), generalized to allow X, to depend on ¢ as in Exercise
1.9.2, and then by use of (I.9-15) obtain the following

Theorem (EuLer). A motion is rigid if and only if its velocity field
in any, and hence every, frame § is of the form

X =% — Qx5 — Q"A(x* —x7),
=c+ W(x —xo0); (1.10-1)

here xo(t) is a place in &, ¢(t) is a vector, and W(t) is a skew tensor.

Of course W = A*, the spin of a rest frame § * with respect to §, related to
A through (I1.9-18). We use the special symbol W to remind the reader that we
refer to a particular kind of motion of a body, or, if we like, a particular frame,
while A is defined for any pair of frames, irrespective of whatever motion of
a body may be taking place with respect to them. We call W the spin of the
rigid motion.

The nullspace of W(?) is called the axis of the rigid motion in § at the time
t. Substantial points lying upon a line through Xo and parallel to the axis of the
motion are moving with the common velocity e(r).

Exercise 1.10.1. For a given rigid motion at a given time, W is unique if and only
if the shape of # is not part of a straight line.

In Section 1.9 we showed that the function A determines the function Q
uniquely if Q(#o) is prescribed. By (1.9-18) we may use the function W to
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determine Q in the same way, as we may see equally well by writing the
differential equation (1.9-16) in the form

Y+YW=0 (1.10-2)

and seeking the solution Y that assumes the value Q(#g) when t =¢,.

From (1), we see that the vector e(?) is the velocity of the substantial point
currently occupying the place Xo in §; from (1);, that ¢ is expressed as follows
in terms of the functions x; and xj in (1.9-11):

c=% - Q% . (1.10-3)

Thus, once Q has been determined and x assigned, ¢ determines the function
x; to within an arbitrary constant place, on the presumption that the function
¢ is continuous. If we choose as Xo(#) the place occupied in § by a certain
substantial point X¢, then Xo(¢) is its velocity in f , and, since f *is a rest
frame, x*(Xo, ) = 0, and so in this way we recover the conclusion with which
this paragraph began.

Exercise 1.10.2. Directly from (1), without use of the general concepts and frame-
work of the earlier sections but with xq(#) chosen as x(Xo , £) for some substantial point
Xy , it follows that if p, and p, are the position vectors with respect to X of the sub-
stantial points X; and X in a rigid motion at time ¢, then in fact p,-p, is constant in
time.

In summary of the foregoing argument we have the following

Theorem (EuLEr). Let the motion of single point Xy of % be given
as a differentiable function of time in §, and let W be a continuous func-
tion of time whose values are skew tensors. Then choice of the relative
orientation Q(ty) at some one time ty determines a unique rest frame and
hence a unique rigid motion of # corresponding to the spin W. If W =0,
all points of # move with the same velocity as does X . Otherwise, the
only points to share the velocity of X at the time t are those lying on the
single line through the place xo(t) occupied by X and parallel to the axis
of W(t).

In rough terms, EuLER’s theorem states that a rigid motion of 4 is composed
instantaneously of a translation of % with the velocity of any one of its points
and a rotation of 4 about a certain, generally time-dependent, axis through that
point.
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As we shall see below, the rotational momentum of a body undergoing rigid
motion has an especially simple form in terms of the Euler tensor E,, with
respect to Xg, defined as follows:

:=/p ®pdM, (1.10-4)
i

p being the position vector field (I1.8-26). E,, is symmetric. If, as we shall
assume now, the subbodies of # that have positive mass are not presently
confined to a single plane, E, is positive. Then Ey, has at least one orthonormal
triad of proper vectors, the directions of which are called the principal axes of
inertia of 4 with respect to Xp in x, and the proper numbers E; corresponding
with them are positive. This statement is Segner’s Theorem. The sum of the
three latent roots Ej , namely trE, , is the polar moment of inertia of %
about Xy, and tr Ey) — E , which is positive, is the moment of inertia' about
the k™ principal axis through xg .

If the motion is rigid, the position vector p*(X, f) of a substantial point
X does not change in a rest frame § *. The corresponding tensor E;o is then
constant in time. It is determined once and for all by the mass function and by
the shape of 4.

Exercise 1.10.3. If S is a tensor function of ¢ only,
/p ASpdM =E, S’ - SE, . (1.10-5)
@

We consider first the case in which o = x5 = 0. Then ¢ = 0 by (3), and
so substitution of (1), into (1.8-2), followed by use of (5), yields the following

Theorem (EuLer). Let a body undergo a rigid motion such that in §
one of its substantial points remains at rest at the place xo. Then in ¢

M,, = —E, W - WE,, . (1.10-6)
Equivalently,
oM, Q" = E;ﬁ.A + AE;6 , (1.10-7)

E;‘; being calculated in a rest frame.

!Traditionally the tensor (tr Ey,)1 — E,, is called the tensor of inertia, and Segner’s Theorem
is expressed in terms of it. In the notation used in (9), its determinant is I -1I — III.
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The theorem at the end of Section App. IIA.12 shows that if My, is given,
a unique W is determined by (6). Thus for all rigid motions of a given body
the spin and the rotational momentum determine each other uniquely.

Exercise 1.10.4. If both x, and x3 are functions of ¢, in a rigid motion of a body
whose mass is M

M,, = MpAc—E,W - WE, ,
QM,, Q" = Mp* A(Qko — %) + E;- A + AE

(1.10-8)

p and p* being the position vectors of the center of mass with respect to xg in f and
with respect to xj in f . respectively. The solution of (8), for W, with the subscript
xg understood, is

1
I

— [EZ,(MP Ac — M) +(Mp Ac — MEL]}, (1.10-9)

w {[I* —II][Mp Ac — M]

in which I, I, and III are the principal invariants of E,, (Section App. IIA.10).

EULER’s theorem presupposes that no substantial-point remains at rest in §.
Whether or not such a restriction is imposed, we can always choose xj as the
center of mass of # in a rest frame. Then, in general, Xy F 0, but of course
X5 =0, p* =0, and (1.9-7) shows that p = 0, and so again (6) and (7) follow.
The second of these conclusions is important because Ey. , being calculated in
the rest frame, does not change in time.

Now regarding (6), we consider a vector e that lies upon a principal axis
of inertia in §. Then Ey e = Ee, E; being the proper number corresponding
with the principal axis upon which e lies, and hence (Ey, W +WE, Je = (Ey, +
E 1)We. Since Ey, + E¢1 is positive, in order that (Ey, + Ex1)We = 0 it
is necessary and sufficient that We = 0. Similar reasoning may be applied to
E: A +AE;. .

Thus we have the following generalization of EuLER’s theorem.

Theorem. Let a body % undergo a rigid motion, and let x(t) be either
the place occupied in § at the time t by the center of mass of &, or the
place occupied in § by some substantial point of # that remains at rest
in §. Then any two of the following three properties of a line imply the
third:

1. It is a principal axis of inertia of # at xo(¢).
2. It is the axis of spin.
3. It is the axis of rotational momentum with respect to xo(t).
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Exercise 1.10.5.

W=-QAQ, W?=Q'A%Q. (1.10-10)

We shall now calculate the acceleration field of a rigid motion. Supposing
that ¢ * be a rest frame for that motion, we could set ¥* = 0 in (1.9-21) after
generalizing it so as to allow X to depend on ¢, but it is easier to differentiate
(1), instead. Doing so, we obtain

X = € + W(c —%o) + (W + W)(x — xo),
=% + Q[ +2A%; — (A — AD)(x* —x3)],  (1.10-11)

the second step being a consequence of (10) and (3).

Again supposing first that one substantial point of # remain fixed at the
place X in §, we calculate the rate of change of rotational momentum with
respect to that place. To this end we need only set Xo = X; = X0 = ¥; = 0
in (11), substitute the result into (I.8-5);, and use (10). Thus we obtain the
following

Theorem (EuLer). Let a body undergo a rigid motion such that in §
one of its substantial points remains at rest at the place Xy . Then in ¢

M,, = -E, W - WE,, + E, W? - WE, ,
) o (1.10-12)
T _ W* * * 2 24 *

QM Q" =E;. A + AE;. +E;. A’ - A’E. .

Exercise 1.10.6. Differentiating (7), noting that E}. is constant, and then using
(8), delivers (12). 0

An axis of rotation that is constant in time is called a steady axis of rotation.
If We=0and ¢ = 0, then We = 0, and so we may apply essentially the same
reasoning to My, as we did to My, and conclude the following

Corollary (EuLer). Let a body undergo a rigid motion such that in
§ one of its substantial points remains at rest at the place Xo. Then in
§ a steady axis of rotation is an axis of the rate of change of rotational
momentum with respect to Xo if and only if it is a principal axis of inertia
at xp .

Exercise 1.10.7. In rotation about a steady axis W + W? has the same nullspace
as does W, namely, the axis of spin. Hence the proof of the foregoing theorem is com-
pleted. A
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In general, no substantial point will remain at rest in §. A statement of
simple form may be found even so by taking moments and position vectors
with respect to the center of mass x. of x(Z, t), so that p = 0. If we choose
Xp in (8); as x; and then differentiate the result with respect to ¢, we obtain

M, = -E, W - WE, +E_W? -W2E, . (1.10-13)

Returning to use of a fixed place xo , by substituting (13) into (I1.8-30) we prove
that

M,, = pAt — E, W — WE, +E, W? - WZE, . (1.10-14)

Exercise 1.10.8 (Konig, Euter).  The kinetic energy of a body # in rigid motion
is given by

K = iMlc} + Mc-Wp — JW2.E,, . (1.10-15)

If xo(¢) is taken as the place x.(¢) occupied by the center of mass of % at the time ¢,
then the kinetic energy of # may be decomposed into translational and rotational parts
as follows:

K = IMI%.[ — |A%-E; . (1.10-16)

The first summand is the kinetic energy of a mass-point whose mass M is that of % and
which moves with the speed of the center of mass of &%, while the second term is the
kinetic energy that would correspond to the spin and shape of Z if the center of mass
of # were at rest in f .

A body insusceptible of any motions other than rigid ones is a rigid body.
Except for a remark below in Section IV.7, this book will not treat further of
rigid bodies.

11. Frame-Indifference

While the event world # is the seat of phenomena, we may apprehend these
only through the intermediary of a frame, since we always report observations in
terms of places and times. A phenomenon, of course, is independent of frame,
though a description of it in one frame generally differs from a description
of it in another. The same phenomenon is reported differently by different
observers. Thus arises the question how to relate statements about one and the
same phenomenon made in terms of different frames.

First, we may always make a statement with respect to one frame ¢ and then
simply translate it into a statement with respect to any other frame § *. We have
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seen an example in the case of a motion x of a body. If x is given with respect
to §, we define x* in ¢ * by (1.9-11), which simply reflects our interpretation
of the concepts of motion and change of frame. We may do the same thing with
other quantities we regard as intrinsic to the event world. The other principal
example in mechanics is mass (Section 1.4). We say that such quantities are
Jframe-indifferent. We shall discuss the frame-indifference of mass, force, and
torque in the next section.

Second, and more commonly, we shall encounter a prescription or definition
that delivers a particular quantity in each frame. The prescription or definition
itself is frame-indifferent in the sense that it is equally effective in all frames.
We have seen examples already, namely, the velocity and the acceleration, which
are calculated from the motion by rules that make no mention of frames and
hence apply for any choice of §. These particular rules have been stated as
(1.9-12). We have then been able to express the velocity and acceleration in § *
in terms of their counterparts in f , with the aid, of course, of the functions Q,
Xp, and xg that specify the change (I1.9-5) from f to f *. The conclusions so
obtained have been stated as (1.9-14) and (1.9-21). It is clear from them that
the velocity and acceleration as observed by § and ¢ * are not simply functions
defined on the event world ¥ and then referred to frames, for if they were,
under change of frame their values, which are vectors, would have to follow
the transformation such a change induces on the translation space ¥ of ¢, and
this transformation, as we have seen, is (1.9-7). Because in general x* + Qx
and x* + Qix, we say that velocity and acceleration are not frame-indifferent.
This example makes it clear that a frame-indifferent prescription or definition
leads in general to a quantity that is not frame-indifferent.

Of course some prescriptions, although stated in terms of a frame, do lead
to quantities intrinsic to #. Such quantities we shall call frame-indifferent,
since in principle they could have been introduced abstractly without use of any
frame. Suppose certain prescriptions deliver in § and § * the scalar fields A
and A*, respectively. If

A*(X*, 1Y) = Ax, 1) (I.11-1)

when (x*, ¢*) is related to (x, ) through (1.9-5), we shall say that A and A*
represent a frame-indifferent scalar. Loosely, we shall refer to the value of A4,
which of course is a number assigned to a place and time in §, as being itself a
frame-indifferent scalar. Likewise, the vector field v and the tensor field T will
be called frame-indifferent if for all ¢

vI(x*, 1) = Q(OV(X, 1),

L11-2
T (x", 1) = QOT(x, HQ)', ( )
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respectively, where again (x*, ¢*) is related to (x, ) through (1.9-5), and Q(¢) is
the relative orientation of § * and ¢ at the time ¢. The first of these requirements
asserts that v* and v are the same “‘arrow’ at the same event as observed in
different frames. The second asserts, as we have seen in Section 1.9, that T*
and T are at the same event the same linear transformations of such arrows.
For details the reader may refer back to the discussion between (1.9-6) and
(1.9-10), but it is even clearer and not more difficult to demonstrate (2) directly
by referring to the abstract quantities that v, v*, T, T*, efc., represent, as we
shall do now. .

Let T be the instant that corresponds to the times ¢ and #* in § and § 5
respectively. Let ¥ be the translation space of #7 (c¢f. Section 1.6). The
mapping D§..: ¥7 — ¥, which is the derivative of the mapping §,: &7 — ¢,
is linear. Let vr be the vector in ¥7 that becomes v when observed in the frame
§. Then v = (D¢ )vr . Similarly, v* = (D§7)vr . Thence

V' = (D§DF)V=D(frofWw=Qv.  (L112A)

Exercise I.11.1. Reference to the linear transformation on ¥'r that has T* and T
as representatives in the frames in question leads to proof of (2),.

The position vector p of x with respect to X, defined by (1.8-26), is ob-
viously a frame-indifferent vector. Hence the Euler tensor Ey,, defined by
(1.104), is a frame-indifferent tensor, and the principal moments of inertia
are frame-indifferent scalars.

Most of the fields we encounter in mechanics are not frame-indifferent. The
examples of velocity and acceleration suggest, nevertheless, that if we restrict
attention to a subgroup ¢ of changes of frame from a particular §, we may
obtain conclusions of the forms (1) or (2). In such a case we may say that a
particular scalar, vector, or tensor is frame-indifferent in g from the particu-
lar f . For example, from (1.9-21), we see that x* = Qx for all motions if and
only if X; =0 and A =0, so that X; = const. and Q = const. This subgroup
of changes of frame from §, consisting in those under which the acceleration is
frame-indifferent, is called the group of galilean transformations of ¢. These
transformations interconvert the frames of observers moving at uniform veloc-
ities with respect to one another and with no change of relative orientation in
time.

Any quantity that is frame-indifferent under galilean transformations of § is
called a galilean invariant of §.

The term “galilean’’ is merely traditional and should not be regarded as an attribution
to GALILEO.
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Exercise 1.11.2. The rate of change mt of the linear momentum of a body # in a
motion x in § is frame-indifferent in the subgroup of galilean transformations of §.

The set of all frames obtainable from § by galilean transformations is the
galilean class of §.

Specifically, from (1.9-14) we see that x* = Qx for all motions if and only
ifx; =0and A = 0. Thus xo and Q are constants. This subgroup of the galilean
group of changes of frame from §, consisting in those under which the velocity
is frame-indifferent, is called the group of constant rigid transformations of f .
These transformations interconvert the frames of observers at rest with respect
to one another. The class of all frames obtainable from § by constant rigid
transformations is the constant rigid class of ¢ (cf. Section 1.6). In Section
1.10 a rigid motion was defined as one whose velocity field vanishes in some § "
We now see that the velocity field of a rigid motion is independent of place in
all frames belonging to the constant rigid class of § *, and only in such frames.
In particular, all rest frames for a rigid motion are obtained from any given one
by changes of frame in which x§ = const., Q = const. As is plain from the
concept of rigid motions, these frames may be obtained from one another by
time-independent translations and rotations. These also constitute a subgroup,
the rest class of the given rigid motion.

Exercise 1.11.3. The gradient of a frame-indifferent scalar field is a frame-indif-
ferent vector field; the proper numbers, trace, and determinant of a frame-indifferent
tensor field are frame-indifferent scalar fields; the proper vectors of such a tensor are
frame-indifferent vector fields; the scalar product of two frame-indifferent vector fields
is a frame-indifferent scalar field; and the tensor product and exterior product of frame-
indifferent vector fields are frame-indifferent tensor fields.

Exercise 1.11.4. An oriented unit normal field to a surface is a frame-indifferent
vector field.

At the beginning of this section we remarked that prescription of a quantity
in one particular § can always be extended trivially to form the definition of
a corresponding frame-indifferent quantity. So as to illustrate this fact, we now
consider the acceleration % of some substantial point of 2 in §. If

aji=x" -k —2A(X* —%3) — (A —AND(x" —-xp),  (1.11-3)

x* and x* being the acceleration and the velocity in f *, and A being the
spin of § with respect to § *, then by (1.9-21) we recognize aj as being that
frame-indifferent vector field over Z which in § is the acceleration field of Z.
Of course, to within multiplication by a constant, orthogonal tensor, it is the
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acceleration field in all frames in the galilean class of §. The frame-indifferent
vector field a; is of central importance in dynamics.

12. Axioms of Mechanics

Mechanics relates the motions of bodies to the masses assigned to them and
the forces that act on them. Bodies are encountered only in their shapes. Masses
and forces, therefore, can be correlated with experience in nature only when
they are assigned to the shapes of bodies. Indeed, the value of the mass of a
body is a real number, and we may simply associate that number to all shapes
of that body: Mass is frame-indifferent. We may state this fact formally as

Axiom Al.
M =M, (1.12-1)
the notation being that used in Section I.11.

We dignify Al by the title ““axiom” since such it would have to be, had we
chosen to describe everything in terms of frames from the start.

Since a force is a vector in ¥/, the translation space of &, assignment
of forces presumes that a frame has already been assigned. If forces are to
have primary meaning, the transport of them to the shapes of bodies must be
independent of the observer. The forces acting upon the shapes of & in § and
$ * at the times ¢ and ¢* should be related by the transformation the change of
frame from § to §” induces in ¥ In other words, we require that all forces
be frame-indifferent. Formally, we lay down

Axiom A2.

f* = Qf, (1.12-2)
the notation being again that of Section I.11.
Here and for the rest of this section the time is not indicated in the notation,

Axiom Al is part of the assumption commonly called “‘the principle of conservation
of mass”’; the other part, which asserts that the mass of a body is the same in all shapes
of the body, is implied by our Axiom M1 in Section 1.4, according to which mass is
assigned to bodies with no mention of any shapes they may assume. Axiom A2, until
recently, was left to be inferred from the context and hence was not given a name.
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Without exception, the various traditional ways of presenting the foundations of me-
chanics leave the concept of force in the shadows of intuition. Some even foster the
illusion that force is a derived concept, the existence of which follows from some mys-
terious legerdemain with potential functions and variational principles and magical 6s.
Assumptions must be made about forces in these treatments, since nothing comes from
nothing, but the assumptions are tacit, even struthious. Modern fundamental thought in
mechanics has reverted to the viewpoint of Newton and EuLer: Forces are basic, a pri-
ori concepts in mechanics. While Newron and Eucer left forces, as they did many other
things, largely unformalized, today we apply to mechanics the requirement of HiLBERT,
now universally accepted in the rest of mathematics: An object which enters a mathe-
matical structure must be described by explicit, formal axioms specifying mathematical
properties which make it possible to set and solve mathematical problems. If one such
axiomatic basis suffices, so do infinitely many others. The one we adopt in this book is
close to the ideas used informally and successfully by engineers for over a century.

Axioms Al and A2 require that mass and force as observed in ¢ and in
$ " be assigned the same units, just as the change of frame (1.9-5) leaves the
units of length and time unchanged. Of course, a fully general formulation,
while allowing it to be possible that different observers use the same units,
i.e., to choose the same metrics in &, #, and ¥’, would not require them
to do so. The generality so obtained is merely apparent and is not worth the
complication it introduces into the mathematics at this level. It may be achieved,
if desired, by simply allowing free change of units afterward in all frames, once
the requirements of frame-indifference shall have been satisfied, if they can be,
by one choice of units.

Exercise 1.12,1, Axiom A2 implies that f Q7,()( — Xo) ®dfy. is frame-indifferent.
Hence, in particular, the resultant torque is frame-indifferent.

In a more general system of mechanics allowing for couples as well as moments of
forces, an additional axiom is needed: The torques are frame-indifferent.

In Section 1.5 we have remarked that a linear combination Af, + Bf, of
two systems of forces f; and f, is a system of forces. If, as is natural, we
require the scalar coefficients A and B to be frame-indifferent, then Axiom A2
is satisfied also by Af; + Bf, . Thus, even after the imposition of Axiom A2, a
linear combination of two systems of forces is a system of forces. Conversely,
if f and g are systems of forces, the trivial decomposition f = g + (f — g)
allows us to regard f as the sum of g and another system of forces. To justify
this decomposition, we cannot take for g simply any function that satisfies the
axioms of forces listed in Section I.5. Rather, we must be sure that g is frame-
indifferent, since Axiom A2 requires that all forces be frame-indifferent.

We are now in a position to impose requirements relating forces to mo-
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tions, or, in looser terms, to state the effects of forces in producing motions.
Specifically, we lay down

NoLL’s Axiom. For every assignment of forces to bodies, the working
of a system of forces acting on each body is frame-indifferent, no matter
what be the motion.

Formally, in the notations (I.8-7) and (I.11-1),
Axiom A3.
W*=w V@ €, Wx. (1.12-3)

On the assumption that A2 is satisfied, we can demonstrate that (3) expresses
a necessary and sufficient condition for the resultant force and torque on each
body # to vanish. Indeed, by applying (I.9-13) to the definition (I.8-7) we see
that, for given 4 and x,

W —-w =/(x*.df;;, —x-dfg)
2
= /@[f‘s +Q(x — x0) +Qx]-Qdfy —[gx-dfge

— Q'K / dfg —Q'Q /ﬂ (x — Xo) ®dfa
B
- QK-1(4, %) — LQ'Q-F(Z: B, (L12-4)

By Axiom A3 the right-hand side of this equation must vanish for all choices of
the functions Q and X; . We consider a particular time ¢ and choose Q such that
Q) = 0. Since Q(f)"x;5(¢) may be any vector whatever, Axiom A3 requires
that

f(#, #°) =0. (1.12-5)

This being so, Axiom A3 again applied to (4) shows that in the space of
skew tensors F(#Z, #°)x, must be perpendicular to every tensor of the form
Q(1)"Q(¢), the values of Q(¢)T being orthogonal tensors. If W is a constant
skew tensor, and if Q(¢) :=e(~OW then Q) = 1 and Q(¢p) = W, and so
Q(#0)"Q(to) = W. Thus the skew tensor F(#, #°)x, must be perpendicular to
every skew tensor. Therefore

F(%, B, =0. (1.12-6)
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Conversely, (5) and (6) suffice for the truth of Axiom A3, it being presumed
always that Axiom A2 holds. Thus we have established the following

Theorem (NoLL). The working of a system of forces is frame-indif-
ferent if and only if that system and its associated system of torques are
both balanced.

Exercise 1.12.2 Axiom A3 = Axiom A2

Examination of (4) shows that to prove the necessity of (5) and (6) we need not
assume that W* = W for all orthogonal Q but only for proper rotations that
are affine functions of 7.

The reader accustomed to the usual treatments of mechanics needs to be reminded
that here forces of all kinds are included. The common and useful separation of forces
into “‘applied” forces and “‘inertial” forces will be made in the succeeding section.

As a consequence of NoLL’s theorem here, NoLL’s corollary in Section 1.5,
and the counterpart for torques mentioned in Section 1.8, Axioms A2 and A3
imply the

Corollary (Principle of Action and Reaction). For each pair of separate
bodies # and ¢

(%, %)
F(%Z, ©)x

—£(¢, %),
~F(%, B)x, -

(I.12-7)

While, as we have seen in Section 1.8, the special assumptions of analytical dynam-
ics, once the system of forces is assumed balanced, reduce the balance of torques to
the hypothesis of central forces, in more general and typical universes of mechanics the
balance of torques is independent of the balance of forces. The proof of NoLL’s theorem
makes it clear that the balance of forces expresses the invariance of the working under
translations, while the balance of torques expresses the invariance of the working un-
der rotations. Since rotations and translations may be chosen independently in a change
of frame, no relation between the two principles can be expected except in degenerate
cases.

We have made the existence of a rest frame ¢ the definition of a rigid
motion (Section 1.10). In a rest frame, directly from the definition (I1.8-7) we
see that W* = 0. By Axiom A3, therefore, W = 0 in any frame §: The
working of any system of forces vanishes in a rigid motion. This is the
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work theorem of the dynamics of rigid motions. Thus for a rigid motion the
value of the quantity whose frame-indifference NoLL’s Axiom asserts is in fact
0.

Any motion of a single mass-point is rigid. Thus we may obtain again the
trivial conclusion (I.8-13). Our earlier proof assumed the system of forces to
be balanced, which NoLL’s theorem ensures.

Work theorems similar to that just stated hold in some other special branches
of mechanics also, but by no means in all of them. For example, if in the
analytical dynamics of a system of three or more bodies, we consider the body
consisting in X and X, for it the working does not generally vanish. Likewise,
if 4 is the join of two parts, each of which is in rigid motion, W does not
generally vanish unless both parts have the same spin.

13. The Axioms of Inertia. Euler’s Laws of Motion

Thus far we have considered an armature on which models of mechanical
occurrences may be constructed: all the massy bodies in the universe, set in
motion through the entire event world. By its nature, human experience can
never use with profit, let alone test the worth of so embracing a picture, for
human experience is limited to a portion of the event world and to those bodies
which have occupied that portion within a limited period of time. This subset of
the universe may be a small one, this interval of time a short one; at most, the
former represents all bodies whose existence has so far been seen or inferred by
man, and the latter, the total length of time through which human experience
is known to have existed or can be shrewdly extrapolated. Whatever be the
limitation chosen, some limitation there must be, for otherwise we could not
isolate a class of putative phenomena from all the rest so as to form models for
experiments or for the future course of nature.

On the other hand, we cannot simply disregard the existence of all bodies but
those in the subcollection or great system X in @ that we choose to isolate for
attention, since such further bodies as may exist will generally exert forces upon
those we do consider. The idea of ‘“‘isolation” requires merely that the forces
among members of the excluded set of bodies, and the consequent motions of
those bodies, need not be known. If # € X, and if we denote by Z° the join of
all the bodies exterior to ¥, then we consider f(#, 2°) and disregard whatever
forces the parts of £° may exert upon each other and whatever motions those
parts may undergo.

We might also limit the event world and the space of instants, but in classical me-
chanics it is not usual to do so explicitly.
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In classical mechanics in its most general form, the great system X is char-
acterized by two axioms of inertia.

Axiom I1. There is a frame such that if m(#, x) is constant over an
open interval of time, then in that interval (%, %) = 0, and conversely.
Equivalently, by (1.8-29), there is a frame such that the center of mass p of
# moves along a straight line at uniform speed in that frame if and only
if ¢ exerts no force on %.

The frame whose existence Axiom I1 posits is called an inertial frame.

The First Axiom of Inertia, while it asserts the existence of a particular
frame, is itself a frame-indifferent statement in that the condition it lays down
restricts but does not depend upon the assignment of a frame to the event world.
Moreover, it does not depend upon what system of forces is being considered.
Axiom A2 asserts that all forces are frame-indifferent. Therefore, no matter
what be the function f, so long as it satisfies the axioms imposed on systems
of forces, the force exerted by £° on Z vanishes in one frame if and only if it
vanishes in all frames.

We can express the First Axiom of Inertia in another way. The exterior #°
of # may be decomposed into two separate parts: X° and the join #5 of all
bodies of X separate from Z:

B° :=B5 VI°. (1.13-1)
If & < %, by Axiom F3 in Section 1.5

(o, %) = N/, B3) +1(, 9,
dfge :df@; +df2:;

(I.13-2)

the second equation refers to the vector-valued measures provided by Axiom
F4 in Section 1.5. By (I.8-8) we have a similar decomposition of the torque
with respect to X :

F(, B°)xy = F(A, B3)xo + F(, Ty, »

(1.13-3)
(dFg:)x, = (dF3;)x, + (dF5:)y, .
In particular, the resultant force and resultant torque have such decompositions:

12, #°) = (B, B%) + (%, Z°),
F(Z, ), = F(B, B%)x + F(B, %), -

(1.13-4)
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In each statement the first term on the right-hand side, since it depends only on
the bodies within the great system X, is accessible in principle to observation
and measurement. We call these terms the applied force on # and the applied
torque on %, respectively, and we denote the corresponding functions of % by
f? and F{ :

(%) :=1(%, B3), F(B)x, :=F (B, B3)x, - (1.13-5)

While Axiom I1 may be imposed independently of the general axioms of me-
chanics laid down in Section 1.12, we shall of course wish to adopt those axioms
also. Then in virtue of NoLL’s theorem in Section 1.12 the left-hand sides of
(4); and (4), vanish, and so (4) becomes

(®) = (4, 2°),

1.13-6)
FY (%), = -F(Z, Z%y, -
Accordingly, we may express Axiom Il in the following, equivalent forms,
provided we grant Axioms A1-A3 in Section 1.12:

1. There is a frame in which the linear momentum of % is constant
if and only if no applied force acts on %.

2. There is a frame in which the center of mass of %4 moves along a
straight line at uniform speed if and only if no applied force acts
on4%.

NewTon set forth in 1687 three Laws of Motion. The first of these was, ‘““Every body
perseveres in its state of rest or of uniform motion straight ahead, unless it be compelled
to change that state by forces impressed upon it.”” In the generality maintained in modern
mechanics, this axiom is not always valid, for a body may be subject to internal or
external constraints not expressed in terms of a system of forces. For example, a rigid
body subject to no applied force spins about some axis through its center of mass; its
parts, which also are bodies, move in such a way that their centers of mass describe
circles about that axis. Newron himself did not specify any mathematical properties of
bodies or forces, and so his intentions must be inferred by the reader, and in the course
of time different readers have read different meanings into his words. Our Axiom I1 may
be regarded as including one interpretation of NewTton’s First Law.

Joos' wrote the following physical justification of inertial frames in classical physics
and their employment to construct NEwton’s absolute time.

!See Section X.2 of Joos’s book, cited above in the footnote on p. 31.
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We start with the empirical fact that there exist reference frames for which com-
putations based on NewTon’s Second Law are in complete accord with experiment.
Consider, for example, celestial mechanics, which employs a stationary reference frame
at the centre of gravity of the solar system. We do not now say with Newton that this
frame is at rest in absolute space, or that it is in uniform rectilinear motion with respect
to it ...; we content ourselves merely with giving such a frame in which Newton’s laws
are valid a name. Because of the validity of the Law of Inertia [NEwton’s First Law],
we call such a system an inertial frame. Evidently the confirmation of our calculations
depends also upon a reasonable measurement of time. How may we obtain a criterion
as to whether our frame of reference, together with our clock, represents an inertial
system of space and time? For this purpose we perform, at least in thought, the simplest
of mechanical experiments— rectilinear motion of a particle subject to no forces. If we
divide the line of motion into equal segments, we can take the time between the passing
of two successive marks as the unit of time. However, one direction is not sufficient.
If our measured path were accelerated with respect to a true inertial frame, we would
obtain a non-uniform clock which would give impossible results for other experiments.
It is readily seen that the necessary and sufficient condition for an inertial frame is that
three particles projected in non-coplanar directions describe straight paths. Then, by di-
viding the path of any one of the particles into equal intervals, we can obtain an inertial
measure of the time.

In Section I.11 a galilean class was defined and seen to be the set of all
frames obtainable from a given one by galilean transformations. If the accel-
eration of a certain substantial point vanishes in one frame, it vanishes in all
frames belonging to the same galilean class. In view of (I.8-5), then, the linear
momentum of a body is constant in one frame if and only if it is constant in all
frames of the same galilean class. Accordingly, Axiom I1 requires that if for all
2 the system of forces f be such that f(#, 2°) = 0 in §, then *(Z, £°) =0 in
every § " belonging to the galilean class containing §. Thus, finally, the galilean
class of an inertial frame is the set of all inertial frames for a given X.

By Axiom I1 alone, the inertial frames that pertain to two different great
systems X need not belong to the same galilean class. It is customary, nonethe-
less, to assume that there is but one single galilean class of inertial frames for
all great systems. This galilean class of inertial frames defines an affine struc-
ture on the event world %. The world-lines of body-points of a body at rest in
an inertial frame are parallel straight lines in the affine space-time ¥

Instead of introducing the affine structure on ¥ here, we might postulate it even
before talking about frames.! Indeed we should have done so, had logical efficiency been
our only guide. The somewhat long path that we have taken has its merits nevertheless.
First, it shows clearly that the mathematical structure on ¥ is nothing sacred or divine:

'An example of such an approach is furnished by T. MatoLcsi, ““On material frame-indif-
ference,”’ Archive for Rational Mechanics and Analysis 91 (1985/86): 99-118.
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that structure describes only the physics that we mortals comprehend. The mathematical
structures that reflect the requirements of kinematics, dynamics, and frame-indifference
of material response are different. Secondly, our approach above is in fact more flexible.
For instance, we may elect, following CarTaN, to incorporate Newtonian gravitation into
our theory by allowing ¥ to have curvature.! To this end we should have to modify the
Axioms of Inertia I1 and 12, but we might still leave the discussions in Sections 1.6, 1.9
and 1.11 intact. Had we postulated # to be affine at the outset, CarTaN’s approach to
Newtonian gravitation would seem inconceivable.

According to astronomers, certain of the most distant stars seem to be nearly at rest
with respect to one another. It is customary to interpret the class of inertial frames in
the theory as being those that are obtained by uniform translation of one in which those
“fixed stars” are stationary. The theory itself, however, merely assumes that there are
inertial frames and does not enter into the question of how they should be interpreted in
nature.

In Section 1.9 we saw that two general rigid frames need not be compatible
in terms of the differentiable structures they define on #. In view of the affine
structure on ¥, we shall henceforth consider only those rigid frames that are
compatible with the differentiable structure defined by the galilean class of
inertial frames.

Once a frame satisfying Axiom I1 is given, we may ask what forces are
exerted upon a body # experiencing general motion with respect to it. These
forces are restricted by the following conditions:

1. Since f is a function of pairs of separate bodies, f(#, £°) should depend
upon the motions of bodies at most through the motion of # and the
motion of Z°.

2. Since we know nothing about the nature of ¢ or its motion, f(#, £°)
should depend upon # and its motion alone.

3. For consistency with Axiom I1, f(#, £°) should vanish if m(Z, x) =
const.

Classical mechanics rests upon what seems to be the simplest assumption con-
sistent with these three requirements, namely,

Axiom 12 (Newrton, EuLEr, and others). In an inertial frame
f(#,2%) = -m(Z; x). (1.13-7)

!For an exposition of CarTaN’s theory of Newtonian gravitation, see Chapter 12 of Gravitation
by C. W. MIsNER, K. S. THORNE, & J. A. WHEELER, San Francisco, W. H. Freeman and Co., 1973.
For an attempt to incorporate CARTAN’s theory of gravitation into continoum mechanics, see the
paper by P. G. AppLEBy & N. Kapianakis, “‘A frame-independent description of the principles of
classical mechanics,” Archive for Rational Mechanics and Analysis 95 (1986): 1-22.
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Up to now, the units of length, time, mass, and force have been indepen-
dent, and Axiom I1 does not require there to be any relation among them,
since it merely asserts that a certain force vanishes when a certain accelera-
tion vanishes. Before it becomes legitimate even to state Axiom [2, we must
assume that forces can be specified in mechanical units—in particular, that
the dimensions of force are the dimensions of (mass) x (acceleration), which
are (mass)(length)(time) =2,

The origin of this assumption seems not to have been any particular experiment or
observation but rather the fact that at first only special forces, namely, weights, were
recognized. Weight was seen in time to be proportional to mass, and indeed in early
studies of mechanics force, weight, and mass seem to have been confused often. That
the units of force are of the special kind required in order that we be allowed even to
consider Axiom I2 as a possible assumption in a theory of natural phenomena, should
be accessible to test by experiment.! While no specific experiment seems ever to have
been proposed, let alone effected, so as to test this assumption, it seems to be universally
accepted.

Axiom I2 is consistent with Axiom F4 in Section 1.5, since, as shown by
(1.8-5);, the rate of change of linear momentum of a part of 4 is the value
of a measure over %. Specifically, for smooth motions (I.8-5); enables us to
express (7) in the form

dfzc = —X dM,
(dFze)x, = —(x —Xo) AX dM.

(1.13-8)

The second assertion follows from the first because we have assumed (1.8-8). In a
more general system of mechanics, we should have to lay down (8),, or some other
axiom, independently of (8), .

The forces and torques given by (8) are called inertial. Provided the frame
§ be an inertial one, these forces and torques are those exerted upon the bodies
of the great system ¥ by the bodies, whatever they may be, that are outside X.
When we choose instead to use a general frame f *, we think of the unknown
motions of the exterior £° as being subjected to the same change from the
frame f to the frame f * as are the motions of X. Therefore, the second axiom
of inertia, while it refers to a particular class of frames, expresses a frame-
indifferent principle. While we follow tradition in stating it as we have, in terms
of an inertial frame, we need not do so. Axiom A2 of Section I.12 asserts that

'The question is somewhat similar to that underlying the “first law of thermodynamics”, which
allows flow of heat to be measured in mechanical units.
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all forces are frame-indifferent. Thus the quantity on the left-hand side of (8),
is frame-indifferent. Accordingly, a frame-indifferent statement that reduces to
(8); in an inertial frame is

di(B, %) = —azdM, (1.13-9)

a; being that frame-indifferent vector field over # which in the inertial frame
§ reduces to ¥. We have already calculated ey and recorded it in (I.11-3). The
student should recall the role in ay played by A, which is the spin of § with
respect to the general rigid frame § '

In the remainder of this book we shall follow the tradition of mechanics in
assuming tacitly that the frame used is an inertial one, and so (8) holds.

Our use of an inertial frame rests on more than respect for tradition. An essential
feature of classical mechanics is the existence of special frames in which the relation
between forces and the motions they produce is especially simple. Since we have
these felicitous frames, it would be simply foolish not to use them. When for purposes
of interpretation in a particular application we need to employ some frame that is not
inertial, as for example in problems referred to a rotating earth, we formulate the laws
of mechanics first in an inertial frame and then transform them to the other frame of
interest. Such is the traditional approach, which derives from CrLaraut and EuLer. In
replacing (8) by (9) we formulate that approach in general terms.

Recalling that the general axioms of mechanics imply (6), from Axiom 12
we see that

£2(2) = m(B; x), F(B)x, = M(B, X)x, » (1.13-10)

where to obtain the second statement we have used (8); . That is, the applied
force on % equals the rate of change of the linear momentum of # in
an inertial frame, and the applied torque equals the rate of change of
rotational momentum of # in the same frame, both torque and rotational
momentum being taken with respect to a place Xp that is stationary in the
inertial frame. These two statements are Euler’s Laws of Motion. The formal
treatment in the rest of this book is based upon them rather than upon the more
general ideas from which we have developed them. Usually we shall write them
in the shorter notation

ff=m, F =M. (1.13-11)
If for a given body in an inertial frame

f2=0, F =0, (1.13-12)
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that body is isolated. From Euler’s Laws (11) we see that the linear and
rotational momenta of a body remain constant if and only if that body is
isolated. The theorem given at the end of Section 1.8 shows that in an inertial
frame the center of mass of an isolated body moves along a straight line
at constant speed.

We have seen that in a general rigid frame, (8); must be replaced by (9). The
corresponding replacement in (8), has to be treated with care, since in it Xo is a fixed
place in an inertial frame. The resulting general forms of EuLer’s Laws (10) are

f*(%) =/a§,dM,
4 (1.13-13)

F(2),, = / (X — %) AetgdM.
E

Here y, is a fixed place in an inertial frame f , and Xg is the corresponding place in
the general frame f *. Only if also f * is inertial are the right-hand sides of (13) equal
to the rates of change of linear momentum and rotational momentum, respectively.

Returning to use of an inertial frame, as we shall do henceforth in this book,
we note from (1.8-29) that EuLer’s First Law (11) can be written in terms of
the motion of the center of mass p of %:

2 = Mp. (1.13-14)

Thus, in an inertial frame, the applied force on a body equals the mass of
that body times the acceleration of its center of mass.

This last is one of the oldest of the commonly accepted principles of mechanics,
used again and again, with or without explicit statement, in the eighteenth century. It is
sometimes regarded as expressing the Second Law of Newron: “The change of motion
is proportional to the impressed motive force, and it is made in the direction of the right
line along which that force is impressed.”

The point xo with respect to which torques and rotational momenta entering
EuLER’s Second Law are calculated is a fixed point in an inertial frame. We may
use EULER’s two laws together so as to calculate the effect of the applied loads
upon the rotational momentum with respect to the center of mass x . In (1.8-9)
we replace #° by %% . Then EuLEr’s Second Law (10); makes the left-hand
side of the outcome equal the left-hand side of (I.8-30). If in the former we take
x. for x;, by use of EuLer’s First Law (10); we conclude at once that (10),
holds with x. replacing Xo . That is, the applied torque on % equals the rate
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of change of rotational momentum of # in an inertial frame when both
torque and rotational momentum are taken with respect to the center of
mass.

The student interested only in continuum mechanics may pass now to the
next section.

In analytical dynamics (above, Sections 1.3, 1.5, 1.8) the ‘“‘environment” X, is
considered to have two separate parts, one inside the system ¥ and the other being Z°:

Xy =X, VZ®, (1.13-15)
say, so that
¥ =Xk, Xo) =X, X.) + (X, 29,
=f) - M,%, (1.13-16)
and
£9 :=f(X,, X.), X =%( Xk +). 1.13-17)

The force f{ is called the external or extrinsic applied force acting upon X . In terms
of it and the mutual forces fy, , EuLer’s First Law (10); assumes the form

"/
2 — Mk, 2:=f2+2fkq, k=1,2,...,n, (L13-18)
g=1

as may be seen also from putting (16) into (I.5-24). Equations of this form are often
called ‘“Newtonian”, though they occur nowhere in the writings of NewTon.

Exercise 1.13.1 (Norr). The axioms of inertia when applied to analytical dynam-
ics do not alter the requirement (I.5-22) and NoLL’s theorem at the end of Section I.8.
Thus in analytical dynamics EuLer’s Second Law is equivalent, the first being presumed
imposed already, to the statement that the mutual forces are central.

Moreover, for the entire system of n mass-points

n d n
o_ @ s e

d < .
Z(xk —x0) A} = EZ("" — Xo) AMi% ;
k=1

k=1

(1.13-19)

n
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the second relation, while its form suggests the principle of rotational momentum, is
a simple consequence of (18) and (I.8-24). These are the theorems of linear and
rotational momentum of analytical dynamics.

Comparison of (19); with (14) shows that in an inertial frame, the motion of
the center of mass of a body # is the same as that of a mass-point having the
same mass as %, located at the center of mass of %, and subject to the resultant
applied force on #. Thus if we are satisfied with knowing no more about the motion of
a body than the motion of its center of mass, and if we can determine the applied force
on that body, we need enter no more deeply into mechanics than the level of analytical
dynamics. As HameL wrote in 1909, “what is understood in practice as the mechanics
of points is neither more nor less than the theorem on the center of gravity.”” This fact
goes far to explain the pragmatic success of analytical dynamics. In particular, use of it
does not require that the body % really occupy no more than a discrete set of points in
space, but only that our curiosity be slaked by determining the motions of such a set of
points. The standard example here is furnished by the sun and its planets and comets. It
is a typical example in that whether or not analytical dynamics be sufficient to describe
its motion depends on how far we choose to inquire into it. For certain problems or in
certain refined cases we need to take account of the spins and even the shapes of the
bodies, and then analytical dynamics, as embodied in (18), (I.5-22), and (1.8-24), no
longer suffices.

From (14) we see that the motion of the center of mass of any body is
determined, to within arbitrary assigned position and velocity at some one time,
if the resultant force on that body is a known function of time. For a rigid motion
still more can be said. Consider first a rigid motion of a body one of whose
substantial points remains constantly at a fixed place, say Xo, in an inertial
frame. Substitution of (1.10-12), into (11), then yields Euler’s Differential
Eguation for such a motion:

QF;, Q" =F =E:A +AE;, +E; A’ - A’E; .  (113:20)

Here F;; is the applied torque in the rest frame with respect to the stationary
place x§ occupied in that frame by the substantial point that remains at rest at
the one place Xg in an inertial frame. Since E;. is a known, constant tensor,
(20) is a differential equation of first order for the spin A of the rest frame
$ * with respect to the inertial frame §, on the presumption that the resultant
torque F:. be known.

Even if no substantial point remains at rest in an inertial frame, we may
appeal to the italicized theorem above, just before the remarks on analytical
dynamics, and so by use of (I.10-13) conclude that

Fo = -Ex W — WE, +E, W> - WE,_, (1.13-21)
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or, equivalently,
Fi. =E;. A + AE;, + E. A’ - AE;. , (1.13-22)

x? being the place occupied by the center of mass in the rest frame § *. This
statement is of the same form as (20) and can be interpreted similarly.

If F‘,":; is a continuous function of time, there is a unique solution A of (20)
corresponding to any given initial value A(#p), and if that initial value is skew,
so is A(?) for all ¢, as the student will easily verify. A theorem given in Section
1.9 states conditions under which the spin A determines the relative orientation
Q. Similar reasoning may be applied to (22).

Summarizing all these conclusions, we have the following

Theorem. Let a body # be in rigid motion, and in a rest frame let
E;g be its Euler tensor with respect to the place x; . Suppose that either:

A. theplacexy in ¢ * is occupied by a substantial point which remains
at rest at the place xq in the inertial frame f , or
B. the place x§ in f * is occupied by the center of mass of #.

In Case B, suppose that the place xo(t) occupied in the inertial frame f by
the center of mass of # be known, e.g. by integration of (14).

Then the assignment of the initial orientation Q(to) of § * with respect
to ¢ determines a unique rest frame §" and hence a unique rigid motion
of .

Roughly, if one substantial point of # remains at rest in an inertial frame,
or if the motion of the center of mass of 4 with respect to an inertial frame is
known, a rigid motion of & is determined by an assigned resultant torque, to
within inessential constants.

This theorem enables us to refine, if we so desire, the bare skeleton of
mechanics furnished by analytical dynamics. If we are content to regard the
motion of a body as rigid, we may calculate that motion from the resultant
torque, once the existence of a fixed point or the motion of the center of mass
has been determined. For this purpose we need to know about the body itself
only its Euler tensor E’:J with respect to an appropriate place X in a rest frame.

As we noticed above, to apply the mechanics of mass-points we need not assume that
the shape of Z be a single place; rather, we must simply be content with determining the
motion of the center of mass of 4, leaving unknown such motion relative to that center
as the remaining points of 4 may have. Likewise, to apply the theory of rigid motions,
we need not assume that the body # be susceptible only of such motions; rather, we
must simply remain content with specifying some one shape of 4 and supposing that
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in some frame, that shape shall remain unchanged to within a rigid motion. In rough
terms, analytical dynamics and the theory of rigid motions determine certain aspects of
the motions of all bodies, whether or not they be mass-points or rigid bodies.

If we cast back one look at the purely kinematical corollary on steady
rotations at the end of Section I.10, by use of the axioms of inertia we may now
obtain from it a major proposition of dynamics. An axis of free rotation is a
line whose direction is steady in a rest frame and about which a body subject
to no resultant torque with respect to some point on that axis may spin. Such an
axis is necessarily a steady axis of rotation and, of course, an axis of rotational
momentum. Thus we have the following

Theorem (EuLer). The axes of free rotation through the center of
mass of a body, or through the place of a body-point which is at rest in
an inertial frame, are the principal axes of inertia.

In particular, @ body of a given shape cannot spin freely about any line
that is not one of its axes of inertia. Since E,‘:‘; is positive and symmetric,
there are either exactly three such axes, which are orthogonal to one another,
or infinitely many. In the latter case, either every line is a principal axis of
inertia, or the principal axes of inertia are one certain line and all lines in a
plane perpendicular to it.

Exercise 1.13.2 (EuLer). For a particular 4, let e, f, g be an orthonormal triad
of proper vectors of E:o. in a rest frame, and suppose # to rotate about the principal
axis of inertia defined by e, so that

A=uwfAg. (1.13-23)

Then w = |A]/v2. If x} = Xo, a place on the axis, then EuLer’s equation (22) reduces
to

F;; =Ffng, (1.13-24)
and

F=1Iu, I=E,+E,, (1.13-25)

E; and E; being the proper numbers of the Euler tensor Ef. corresponding with the
proper vectors f and g. ’
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14. Power. Kinetic Energy. Potential Energy

In Section .12 we have imposed the requirement that the working W be
frame-indifferent. In an inertial frame the working has an especially useful
interpretation. Namely, if we substitute (I.13-8); into (I.13-2) and then substitute
the outcome into the definition (I.8-7) of W, by comparison with (I1.8-5); we
see that

W—pP_K, (L.14-1)

P being the power, namely, the working of the forces exerted on # by the
exterior bodies in the great system X alone:

pP= /)‘c-df(é?, 23, (1.14-2)
z

and K being the kinetic energy of #. We have eased the writing by leaving
arguments such as 4, x, and ¢ unwritten. The statement (1) asserts that the
working W is the power of the forces exerted upon # by the exterior of 4 in
the great system X, less the rate of increase of the kinetic energy of 4, in an
inertial frame. We may say equally that the working of the inertial forces is
-K.

If in an inertial frame all work done is converted into kinetic energy, P = K,
so that

W =0, (1.14-3)

and the term mechanically perfect is applied. That term may refer to the body,
to the system of forces, or to the motion, whichever of these we choose to regard
as being restricted by the statement. The condition (3) is frame-indifferent, and
so it may be imposed on all bodies, all motions, or all systems of forces, in
any combination we please. In Section .12 we have proved that a rigid motion
of any body and all motions of a single mass-point are mechanically perfect.
This statement is a consequence of NoLL’s Axiom in Section 1.12 and does not
require the Axioms of Inertia. These latter, however, enable us to interpret the
statement as follows: In an inertial frame the working of the forces on 4 is
balanced by increase of the kinetic energy of 4.

Theories of mechanically perfect motions or bodies are untypical of general
mechanics because they permit us to study and determine the effects of external
forces without having to take up effects of deformation and dissipation. Exam-
ples are furnished by any motion of a mass-point and by the rigid motion of any
body, since, as we have seen in Section 1.12, for both of these W = 0 always.
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With some special kinds of bodies and special systems of forces we may
associate a potential energy. This term has somewhat different meanings in
different special theories. For illustration we shall select analytical dynamics.
In Sections II1.6 and IV.7 and in Volume 3 we shall obtain conclusions of the
same kind for fluids and elastic solids.

First, from (1.8-10); and (I.8-11), we see that for a motion of a system of n mass-
points

K = Zkak-ik s X = (X, D). (1.14-4)
k=1

By use of (1.13-18), it follows that
K= %t (1.14-5)
k-1

In the simplest examples of the analytical dynamics of systems of mass-points the
force f3 is the value at x; of a field that when x(Xx , f) = x; acts upon the mass-
point X, . The simplest such fields are those that derive from a potential function
U(x,, Xa,...,Xs), defined and continuously differentiable on an open set of & x & x ---
x & that contains all the places occupied by the mass-points X, X5,...,X, in the
course of the motion. Then the following definition makes sense for each motion x:

U(t) = U(X(Xl ’ t)a X(XZ 3 t)’ e aX(Xrl > t))’ (1'14-6)

and so

n
U =Y %04 Ulyxx, .5 r=12....m, (1.14-7)
k=1

in which Jy, U is the partial derivative of U with respect to x;. Recalling (I.13-18),,
we assume that

2 = _BXkUIX,=x(X,,I)7 r = 1, 2,...,”, (1.14‘8)

and so conclude that

U= —Zxk £ (1.14-9)
k=1
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Such systems of forces are called conservative because putting (5) and (9) together
yields the Energy Theorem :

K+U=0; (1.14-10)

that is, for each motion x of a dynamical system subject to the forces £ , f3,...,13
derived from U through (8) the quantity K + U remains constant. The value U(¢)
given by (6) for a given x is called the potential energy of the system at the time £ in
the motion x.

A particular kind of potential function U that delivers forces as the sum of extrinsic
applied forces £ and of mutal forces f 4 as in (I.13-18) is given as follows in terms
of differentiable real functions U} and Uy , ¢ =1, 2,...,n:

n n
U(Xi, X, ., Xp) = Zug(xk)+ Z Ugi(Xg » X0). (L.14-11)
k=1 q. k=1
k>q

Without loss of generality Uyg(xXx , Xg) 1= Ugu(Xy, X¢) when k < g, Uy, :=0, g =
1,2,...,n; then (11) can be rewritten as

Ui, ) = S U000 + 3 3 U %) (L14-12)
k=1

r,g=1

From (12) we find that

1 n n )
_8}(/, U= _axk U(,: - 52(6“ qu +0xk qu) = ‘axk U2 - Zldxk qu-
q=

g=1

(1.14-13)

Applying (8) yields

n
b= 00 Ullumxxe .o = 3 _On Ukghumxtxu inxgxixy i+ (L14-14)

q=1

The first term on the right-hand side refers to the place x; only; the summand in the
second term, to the places x, and x4 only, X, ¢ = 1,2,...,n. Thus we may, if we
like, regard the functions U9 as the potentials of the external forces f) in (I.13-18), the
functions Uy, as the potentials of the mutual forces fi, . Alternatively, we might start
with those potentials and argue backward to (13) and (12).

Thus far we have abused terms in calling the various quantities £ with subscripts
“forces™. All forces are frame-indifferent. When we apply that requirement, we sub-
stantially restrict the various functions U that we have called potentials. The following
exercise indicates the restrictions resulting for the functions U9 and Uy, when they are
assumed to be frame-indifferent.
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Exercise 1.14.1. Under a change of frame (1.9-5),
Uge(x7, %) = U (x4, X¢) (1.14-15)

if and only if Ugx(x, , X¢) depends on x, and x; through |x; — X | alone. That is, (15)
holds if and only if there is a real function V4 such that

Ugp (x4, X)) = Var (X — x¢ ). (1.14-16)

If U, is the potential of the force exerted by X, upon X, in the motion x, = x(X, , 1),
r=1,2,...,n, the mutual forces are central and pairwise equilibrated. Hence balance
of rotational momentum (Exercise 1.13.1) and frame-indifference of the potentials
Uyiq in (14) are equivalent for the special systems of mass-points considered here. If
UR(x¢) = V(xk » X0), Xo fixed (¢f. (1.13-16)), then VY is frame-indifferent if and only
if Oy, VI(xk , Xo) is parallel to X¢ — Xo . If, more generally, U(x;) = V2(x; — xg, m)
and n is a frame-indifferent unit vector (e.g. the unit normal to a surface through x;),
then V2 is frame-indifferent if and only if &y, ¥9(Xx —Xo , n) equals the sum of a vector
parallel to x, — Xo and a vector parallel to n.

The passages on analytical dynamics included in this chapter are designed only to
help the student grasp the general principles of mechanics through their reduction to
very familiar concepts and theorems.

The quantity K + U is sometimes called the “‘total energy’’ of the system, but
this usage misleads. Potential energy is not a fundamental concept of mechanics.
When a potential energy exists, it is useful in solving special problems, but that
it should exist, is only a fortunate accident to the body, for not all forces
occurring in nature are represented well by mathematical forces deriving from
a potential energy. The succeeding section explains and defines total energy.

15. Internal Energy

The contents of this section will not be used in the following text except
for an exercise at the end of Section IIL.6. I include these statements as the
beginning of an answer to the student’s natural question, ‘‘How does mechanics
fit into the scheme of natural phenomena?” In what follows now are some
remarks about heat. The next step would bring in electromagnetism, but even
the elements of that subject defy clear summary in one short section.

In nature the exercise of forces need not give rise to motion but may in
whole or part be consumed in production of heat, and, vice versa, heating a
body may set it in motion, as we may see from the example of compressing a gas
by a piston, or allowing the gas by expanding to move such a piston and so cool
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itself by working. Also there are circumstances in which a body may be heated
or cooled with no consequent effects recognizable as being motions. Common
experience requires that the mathematical theory of continua be broadened to
include the effects of heating. While we shall not treat those in this book,
here we sketch the basis of the general theory that extends mechanics so as to
subsume the simplest thermodynamics.

The structure of a system of heatings is much like that of a system of forces
(above, Section I.5). The elements of the system are real functions Q defined on
pairs of separate bodies. They are subject to axioms just like F1-F4 in Section
L5. Q(4, %) is the heating effected upon % by ¢. The resuiltant heating of
% is Q(#, #°), namely, the heating of # effected by its surroundings.

The classical thermodynamics of homogeneous processes, begun as a some-
what mathematical science, relates heat given to a body and the work done by
that body in undergoing a process. Only through its changes of volume is the
deformation of such a body taken into account in that theory. CLAuUSIUS in devel-
oping it proved the existence of the internal energy E, which compensates any
excess or defect of heat and work. While we shall not in this book present a
theory of thermomechanics, at this point the student may find it helpful to recall
some of the main assumptions and conclusions of the classical thermodynamics
of homogeneous processes. '

I'Textbooks on thermodynamics by and for physicists and engineers are more likely to obscure
the basic assumptions and the logical structure of classical thermodynamics than to enlighten a
critical student familiar with rigorous calculus and with the orderly, deductive arguments used in
mechanics. Otherwise respectable books by mathematicians include among the applications adduced
to illustrate the pure mathematics developed (e.g., CARATHEODORY’s theorem on Pfaffian forms)
passages of silly babble on thermodynamics. The only trustworthy elementary book I have seen
is D. R. Owen's A First Course in the Mathematical Foundations of Thermodynamics, New
York, etc. Springer-Verlag, 1984. Unfortunately, as OweN writes on p. 3, the theory he presents
does not cover the anomalous behavior of water.

For many years I strove to correct, recast, and integrate the works of the pioneers— CagrnoT,
KELVIN, RANKINE, CLAusiUS, REECH—and so construct classical thermodynamics as a mathematical
science, clearly and rigorously developed. My final presentation is Appendix 1A, “Thermody-
namics for beginners,”’ Rational Thermodynamics, Second Edition, corrected and enlarged, New
York, efc., Springer-Verlag, 1984. I have circulated a corrected, fuller text (1988), revising that
published by the Accademia dei Lincei in 1986: *‘Classical thermodynamics cleansed and cured,”
pp. 265-291 of Meeting on Finite Thermoelasticity (1985), Contributi del centro Linceo interdis-
ciplinare di Scienze Matematiche e loro applicazioni, No. 76. Further information may be found
in the book I wrote in collaboration with BHARATHA, The Concepts and Logic of Classical Ther-
modynamics ..., second, corrected printing, New York, etc., Springer-Verlag, 1988, and my
The Tragicomical History of Thermodynamics, 1822-1854, New York, efc., Springer-Verlag,
1980. While, like the works of discovery, those just cited treat only systems with two independent
variables, M. PrrTer1 has extended the analysis to systems with three or more variables: ““‘Classical
thermodynamics of homogeneous systems based upon Carnot’s general axiom,” Archive for Ra-
tional Mechanics and Analysis 80 (1982):333-385. In all these works the anomalous behavior of
water is explained naturally and easily as a special instance of thermodynamic behavior.
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First, in conditions such that no work is done on or by #, the resultant
heating of % is stored within it as internal energy:

E(%) = Q(%#, #°). (1.15-1)

Circumstances in which this equation holds are called energetically perfect.

Exercise I1.15.1. On the assumption that (1) holds, E is an additive set function if
and only if Q(#, ¢) = —Q(#%, #) for all pairs of separate bodies 4 and %.

Since the functions Q are defined over pairs of bodies, they may be trans-
ferred to the shapes of bodies. Since there is no basis for assigning preference
to one frame rather than another in considerations of heat, we assume that the
Q are frame-indifferent:

Axiom E1.
Q'=0. (1.15-2)

The occasional connection between heating and the action of forces, men-
tioned above, shows that the conditions (I.14-3) and (1) cannot be general. It
suggests that W, E, and Q may be related, but it does not dictate any particu-
lar relation. The units assigned to Q and hence determined for E by (1) were
specified originally in terms of conditions in which forces and motions were
absent. These units are called “‘thermal’, and they are still in wide use today.

The pioneers of thermodynamics made scant use of the principles and theo-
rems of mechanics. They regarded the condition of a body capable of absorbing
and emitting heat as being specified sufficiently by its volume V and its temper-
ature 6 on some accepted scale, and they assumed that Q was a linear function
of V and § with coefficients depending upon both ¥ and 8. Beginning with
Carnort, they considered mainly changes such that ¥ and 6 arrived finally at
the values initially given them: “cyclic processes”. Crausius assumed (in ef-
fect) that if a body so specified undergoes a cyclic process in the interval of
time [0, T'], then

T T
/ W dt :J/ Qdt, (1.15-3)
0 0

and the constant J is the same for all bodies and all cyclic processes; of course it
depends upon the systems of mechanical and thermal units employed. Nowadays
this statement can be proved mathematically as a consequence of physically
natural assumptions.' It is called the Principle of Equivalence of Heat and

"Here the student may consult any of the works cited in the footnote on the preceding page.
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Work in Cyclic Processes. From it we see that despite the dissimilarity of the
original concepts of heating from those of mechanics, heating may be measured
in units of working. It suggests that we may consider heating Q and working
W as co-operating to produce energy. CrLausius and KELVIN, each in his own
way, arrived at the following Balance of Energy,' usually called *“The First
Law of Thermodynamics’’:

Axiom E2.
E=W +0Q. (1.15-4)

The arguments %, %#°, x, etc., are omitted for ease of writing, and the units
are so chosen that ] = 1.
Since Q and W are frame-indifferent, so is E.

By comparing (3) with (1.14-3) and (1) we see that the term mechanically
perfect is applicable now only to energetically perfect circumstances, and con-
versely.

Theories of mechanically and energetically perfect motions or bodies are untypical of
thermomechanics since they permit us to study and determine the effects of forces without
specifying or even mentioning heating, or the effects of heating without specifying or
even mentioning forces. Examples of the former kind are furnished by any motion of a
mass-point and by the rigid motion of any body, since as we have seen in Section I.12,
in both these cases W = 0 always. An example of the latter is furnished by the classical
theory of the conduction of heat, which assumes at its very start that E = Q. If in that
theory it is assumed that all bodies are at rest, obviously W = 0, but in fact the theory
in its classical form is consistent with Axiom E2 only when W = 0.

Axiom E2 makes no use of the Axioms of Inertia, since W is the net
working, which may include the working of inertia. In an inertial frame we
have the relation (I.14-1) between the power P of the forces within the great
system 2 and the kinetic energy K, and so Axiom E2 yields

K+E=P+0Q. (1.15-5)

The sum K +E is called the fotal energy of % in its actual shape xq (%, t).
Thus (5) states that in an inertial frame, the sum of the heating of 4 and
the power of the forces within the great system acting on # equals the rate
of increase of the total energy of #.

'Here the student may consult any of the works cited above on p. 80.
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Potential energy, which has been considered above in Section I.14, is a quality of
certain special systems, which, while often useful, are not at all typical of the condi-
tions mechanics and thermomechanics design to model. Potential energy must never be
confused with internal energy.

Only in Exercise II1.6.6 shall we again in this book refer to internal energy.

General References

W. NoLr, “The foundations of classical mechanics in the light of recent advances in continuum
mechanics,”” pp. 266-281 of The Axiomatic Method, with Special Reference to Geome-
try and Physics (Colloquium at Stanford, 1957), Amsterdam, North-Holland Publ., 1959.
Reprinted in W. NoLL, The Foundations of Mechanics and Thermodynamics, New York,
Heidelberg, and Berlin, Springer-Verlag, 1974.

W. NoLL, **La mécanique classique, basée sur un axiome d’objectivité,”” pp. 47-56 of La Méthode
Axiomatique dans les Mécaniques Classiques et Modernes (Colloque International a Paris,
1959), Paris, Gauthier-Villars, 1963. Reprinted along with the preceding.

W. NoLt, “Euclidean geometry and Minkowskian chronometry,”” American Mathematical Monthly
71, 129-144 (1964). Reprinted along with the preceding.

W. NoLL, “Lectures on the foundations of continuum mechanics and thermodynamics,” Archive
Jfor Rational Mechanics and Analysis 52, 62-92 (1973). Reprinted along with the preceding.
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Chapter 11

Kinematics

These theorems render the forms of motion . . .at least approachable in con-
cept.

HEeLMHOLTZ

On the integrals of the
hydrodynamical equations that
correspond with vortex motion
Journal fiir die Reine und
Angewandte Mathematik 55
(1858): 25-55.

The great clarity which geometrical investigation lends to the study of the dy-
namics of solids leads us to expect significant success in hydrodynamics through
a study of the kinematics of deformable systems.

ZHUKOVSKI
Kunematuka Xunkaso Trona (1876)

The theory of these general phenomena of motion in continuous media has
a yet unbounded scope of development. Nevertheless, it is necessary to approach
them entirely without prejudice . . . .

JAUMANN

Introduction to Die Grundiagen
der Bewegungslehre von einem
modernen Standpunkte aus
Leipzig (1905)
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86 1. XINEMATICS
1. Placements. Universes of Shapes

In Section 1.4 we have agreed that by the term ‘‘body” # we mean a
regularly open set in some topological space over which a non-negative Borel
measure M, called mass, is defined.’ In Section 1.3 the elements X of # are
called substantial points. Here and henceforth, unless the contrary is stated, we
presume given a rigid frame, and by x we denote a place in it (¢f. Section 1.6).
In Section 1.7 we defined a motion x of #, namely, a mapping of the substantial
points comprised by & onto points of a three-dimensional Euclidean space & at
the time #:

x=x(X,10 VX €4, Vteld. (L7-T)

For each ¢ the mapping x(+, ¢) is a placement of the substantial points of
4%, the place x is occupied by the substantial point X at the time ¢ in the motion
x - The range of the placement is the shape assumed by # at the time ¢ (Section
1.7). When regarding ¢ as the present time we call the shape of 4 its present
shape.

Without fear of confusion we may write x(4%, ¢) for the shape of % at the
time ¢, thus using the symbol x in two different though related senses: as a
mapping of substantial points onto places and as a mapping of the bodies they
constitute onto regions of space.

All properties we shall posit for x(-, f) will allow the possibility that x
be a function of X alone, the same function for all #. Examples of constant
placements will be encountered below in Sections I1.2 and I1.3 and in Volume
3.

While in physical experience bodies are available to us only in some shape
or other, the shapes are not to be confused with the bodies themselves. In
analytical dynamics (Section 1.3, Example 1) the substantial points stand in
one-to-one correspondence with the numbers 1, 2,...,n, and the placements
of bodies are discrete sets of points in §. Nobody ever confuses the sixth
substantial point with the number 6, or with the place the sixth substantial point
happens to occupy at some time. The number 6 is merely a label attached to the
substantial-point, and other labels would do just as well. Similarly, in continuum
mechanics a body may assume infinitely many different shapes.

We shall refer to the subbodies & of a given body # as the parts of %
(Section 1.2). The student should here reread Example 2 in Section 1.3.

Henceforth, we consider only continua. We assume that for each t the
mapping x(-, t) is a homeomorphism of # onto its shape x(%, t); we as-

L«“Borel set”, “Borel measure”, and “‘o-algebra’ are defined above in Footnote 2 on p. 18.
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sume further that that homeomorphism carries % and its parts, which are
regularly open sets in a topological space .7, into regularly open sets in & .
To that end it is sufficient to assume that the homeomorphism x(-, t) derives
Jrom a homeomorphism of 9 onto & by restriction of both its domain
and its co-domain. The shapes of all bodies constitute a collection 5 with
the structure of a universe of bodies if < is taken to be inclusion C and the
meet is defined by (I.3-1). We call Qg a universe of shapes; it is an image of
the universe of bodies Q¢ defined in Section 1.3 with .7 taken as & .

The student must recall always that a body in assuming various shapes
never loses its identity and the properties assigned to it. Its main properties
are its mass distribution (Section 1.4) and the material or materials assigned to
its substantial points. The theory of materials is presented below in Chapter IV.

For volume in & we use Lebesgue measure' and denote it by V. Every
element of 5 is a Lebesgue-measurable set, and if it is not empty, its measure
is positive.

The homeomorphism x (-, ¢) has an inverse x ~'(-, ), defined over the shape
x(4,t):

X=x"'(x,0 vx €x(8,t), Vel dL.1-1)

In three-dimensional continuum mechanics, as the student will see abun-
dantly in the succeeding chapters, the integral-gradient theorem, which is the
basis of ‘‘Green’s transformation”, often called ‘“‘the divergence theorem”, is a
tool of central importance. All the shapes of bodies should be such as to make
the integral-gradient theorem apply whenever the fields integrated are smooth
to the degrees ordinarily assumed. That is not so for all the elements in Qg .
For our purposes {15 includes too many sets.

We wish to narrow the class of placements of bodies so as to make the
collection of their shapes a universe fit for continnum mechanics. We might
think that the subcollection 3, would be suitable, and in fact the integral-
gradient theorem does hold for the sets in it, but, as we have stated in the
warning at the end of Section 1.3, pairs of elements of @, do not always have
a meet that lies in it. If we adjoin sets such as to render satisfied Axiom B6 of
Section 1.2, we cannot be sure that adjoined sets will make the integral-gradient
theorem hold. To overcome these two difficulties, we need some interesting,
rather advanced mathematics, the main course of which we outline, without
proofs. A development of traditional kinematics begins in Section II.2.

To help seek proper subcollections of s that might serve as universes of
shapes for continnum mechanics, we begin with a definition.

'See, for example, Theorem 2.20 of the book by Rupm cited above in Footnote 2 on p. 18.
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Sets of finite perimeter. If % is a Borel set in a Euclidean space &, its
Dperimeter

per € :=sup {/ divgdV: |g(x)| = 1, g € Ci(¢&, “//)} (I1.1-2)

4

As the notation indicates, the supremum is taken over all continuously differ-
entiable functions g that map & into its translation space ¥’, are of compact
support, and have values nowhere longer than 1. If per ¢ is finite, % is a set
of finite perimeter.! Such sets are often called ‘‘Caccioppoli sets”.

Exercise II.1.1. Let ¢ have a tangent plane at each point, and suppose that the
normal to that plane be a continuous function of position on 3%. Then per ¢ = A(0¢),
the symbol 4 denoting ‘“‘area of”, which is taken to be two-dimensional Hausdorff
measure.?

Theorem. If the subsets € and 9 of & have finite perimeter, then so
do N9 and € U 2. Moreover,

per(¥ N 2) +per(¥ UD) < per ¥ +perP; (11.1-3)

this inequality is sharp.

The first statement in the theorem makes the sets of finite perimeter a Boolean
algebra with respect to intersection and union.

There is a theorem that relates sets of finite perimeter directly to the integral-
gradient theorem. The concept on which the connection rests is the outer nor-
mal of a set of finite perimeter. A point x of 9% has an outer normal if there
is a plane through x that lies essentially to one side of O ¢ near x. Formally, let

'An essentially elementary discussion of sets of finite perimeter and the associated concept of
functions of bounded variation may be found in Chapters 4 and S of the book by A. 1. Vo.’perT and
S. 1. Hupiaev, Analysis in Classes of Discontinuous Functions and Equations of Mathematical
Physics, Dordrecht efc., Martinus Nijhoff, 1985. Be it noted that this clear, excellent, and compact
book is written by and for engineers.

For applications to continuum mechanics see the paper by M. E. GurTiN, W. O. WiLLIAMS,
& W. P. Ziemer, “Geometric measure theory and the axioms of continuum thermodynamics,”
Archive for Rational Mechanics and Analysis 92 (1986), 1-22, and also the papers by ZEMER,
“Cauchy flux and sets of finite perimeter,”” ibid. 84 (1983): 189-201 and M. SVILHAVY', “‘General
Cauchy fluxes,” ibid. 90 (1985): 195-212.

2For “‘Hausdorff measure’ see Section 22 of F. J. ALMGREN’s Plateau’s Problem, N.Y. and
Amsterdam, Benjamin, 1966 and pages 169-171 of H. Feperer’s Geometric Measure Theory,
Berlin efc., Springer-Verlag, 1969.
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,(x) denote a ball of radius r centered at x; given a unit vector n, let

S my =) N{y: (y —x):n =0},

yr_(x; n) :=%,(x)N {y: (y—-x)n = 0} (I1.1-4)

Definition. Let % be a set of finite perimeter. Then n is an outer normal
to ¢ at x if

i Y mneg)
r=0  V(F}(x; m) ’

(11.1-5)

Y mn E\®) _ 0
r—0 V(&7 (x; m)

The points at which an outer normal exists constitute the reduced boundary
0*¢¥.

It is easily seen that 9* ¥ is a subset of the topological boundary 0 ¢, and
that if % has a tangent plane everywhere, then 0¢ =0*%.

The concept of reduced boundary, introduced by De Gioral, is central to
the following development.

Theorem. For each x € 9* ¥ there is only one outer normal to % at X.

Hence we may define the mapping ny which assigns to each x € 0* ¢ the unique
outer normal ny(x) to ¢ at x. We call ng the outer normal field of €.

Theorem. The reduced boundary 3* % has finite area, and
A@ €y =pbr¥. (I1.1-6)

The following theorem puts in better perspective the statement in Exercise
Im.1.1.

Theorem (DE Giorar). The reduced boundary 0*¥ differs from the
union of a countable collection of compact subsets of C'-surfaces only by
a set of null area.

Integral-Gradient Theorem. For every continuous function f:
clo % — & for which f|,, the restriction of f to ¥, is differentiable and
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Vf|¢ is integrable on ¥,

/Vflng:/ fngdA. (I1.1-7)
14 ot ¢

For a set ¢ of finite perimeter A(O%\0*%) + 0 in general, and so in (7) the
reduced boundary 9* ¢ cannot be replaced by the topological boundary 3% .

Proofs of these theorems lie beyond the mathematical resources expected
of students for whom this book is designed; comprehension of their meaning
and importance for continuum mechanics does not.

In a major memoir NoLL & VIrGa! propose for a universe of shapes a
subcollection of sets of finite perimeter. Their fit regions are subsets of &
that are regularly open, bounded, of finite perimeter, and with negligible
boundary.? The reduced boundary of a fit region % has the remarkable property
0% = clo(0*%).

Fit regions provide examples of universes of shapes. For instance, NoLL
& Virga proved that (%), the collection of all fit regions that are sub-
sets of a given fit region ¥, satisfies Axioms B1-B6 of Section 1.2. Also
Q%) :=0Bu{¥% o}

This book will concern mainly local analysis of the equilibrium and motion
of continuous media. The student will rarely need to refer to the matters dis-
cussed just above. Nevertheless it would be dishonest as well as misleading to
omit them, for otherwise he might gain the false notion that modern continuum
mechanics lacks a precise mathematical formulation.

The conditions we have laid down for the shapes bodies may take on imply restric-
tions upon the structure of the bodies themselves. Because in experience we encounter
bodies only in their shapes, specification of those suffices for efficient practice of the
mathematical theory.

In this book we assume that the successive shapes of a body are bounded.
With some technical detail it is possible to include also bodies whose shapes
fill infinite regions. We shall sometimes describe motions of such bodies, as
for example in the case of flow of a fluid body filling all of space or the region
between parallel planes, but in the mathematical treatment we shall confine
attention to some part whose shapes in some finite interval of time remain
bounded, or we shall carry out a limit process with such parts. Unless the

'W. NorL & E. G. Virca, “Fit regions and functions of bounded variation,” Archive for
Rational Mechanics and Analysis 102 (1988): 1-21.

2A subset 9 of & is negligible if for every positive real number ¢ it can be covered by a finite
collection of balls, the sum of whose volumes does not exceed e.
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contrary is stated explicitly, from now on the term “body”’ will be taken to
refer only to such parts.

Henceforth we shall restrict attention to shapes that are fit regions. Pre-
cisely, we shall assume that each placement of a body % maps # onto
a fit region of &, and that, if x,(-, t) and x,(-, t) are placements of &,
then x, o x2—1 is a C'-diffeomorphism' of x,(%, t) onto x,(#, t). Since the
class of all fit regions in & is invariant under C'-diffeomorphism (see the paper
cited above in Footnote 1 on p. 90), the above requirements on placements are
consistent.

We have assumed also in Section 1.7 that x is differentiable as often as need
be with respect to ¢, and we have defined the velocity v, the acceleration a, and
the n™ velocity ,v, n = 1, as the values of the successive time derivatives for
a given substantial point X at a given time ¢

v=x(X,1),
a=xX,0,..., (1.7-9),
nY = (i)(X, n);

the vector fields x(-, f), ¥(-, £), ... are defined over #Z and have values in ¥,
the translation space of &.

For most of our analysis it will suffice to assume that functions occurring
in kinematical statements are twice continuously differentiable; sometimes once
is enough.

As explained in Example 2 of Section 1.3, the operations V and A in the
Boolean algebra of bodies are defined in continuum mechanics as follows:

/k\‘%‘ :=intclo (Q@k) , (1.3-1),
VB 1= intclo (Lkmk) , (1.3-2),
for any collection of bodies % in Q. Equivalently,
X (/k\@k, t) = intclo (rk‘lx(g?k , t)) , (IL.1-8)
X (\k/@k : z) ~ intclo (L’(Jx(g?k : z)) : (I1.1-9)

for all ¢ € .# provided x(-, t) be defined on V%, .

YA C'-diffeomorphism is a continuously differentiable homeomorphism whose inverse is also
continuously differentiable.
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From (8) we see that the shapes of separate bodies are disjoint fit regions.
For the portions of the foregoing section that differ from the text of the first
edition I am deeply indebted to E. Virga and W. O. WILLIAMS.

2. Mass-Density

Since in continuum mechanics # is a regularly open set, unless it is empty it
contains infinitely many distinct substantial points. However, the assignment of
mass M is left arbitrary so far and might be discrete, or partially so. Of primary
interest in continuum mechanics are masses which are absolutely continuous
functions of volume. To assume M absolutely continuous is to assume that if a
part takes a shape having sufficiently small volume, then that part has arbitrarily
small mass. Thus, formally, concentrated masses are excluded, and analytical
dynamics will not emerge directly as a special case of continuum mechanics
(though the two are always related through the theorem of KeLviN & Tarr in
Section 1.8 and through (1.13-14)).

Let 0 be a placement of #. By the Radon-Nikodym Theorem,! the mass
of any massy part # of % may be expressed as the Lebesgue integral of a
non-negative mass-density p, over the shape o (#):

M(P) = / pe dV. (11.2-1)
o(P)

The density p, exists and is unique almost everywhere in o (%).

The existence of a mass-density expresses a relation between the body %
and such shapes as it may assume. At almost every place x in ¢ (%) the density
is the ultimate ratio of mass to volume in the following sense: If & is a suitably
chosen sequence of nested parts, #x 1 C %%, such that all the #; have but the
single substantial point ¢ ~'(x) in common, and that V(¢ (%)) — 0 as k — oo,
then

po(x) = lim %)

Jm @) (I1.2-2)

In all its shapes a part & has the same mass M(4%). We have made this
assumption plain by assigning masses directly to the massy parts of 4. To each
shape of % we may apply (1). Thus,

M@ = / po, dV = / pa, dV. (I1.2-3)
a(P) 02(P)

!'For example, Theorem 6.9 of W. RubiN’s book cited above in Footnote 2 on p. 18.
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Since both ¢ and o, are placements of #, 0, © ol_l is a C!'-diffeomorphism
of 01(#) onto 0,(#). f y :=03 00 ,_1, the chain rule of differential calculus
shows that (Vy)(Vy ~!) = 1, and so det Vy x detVy~! = 1. Therefore, neither
detVy nor detVy ! can vanish. Thus if

J :=|detVy|, (11.2-4)

then

J >0. (I1.2-5)

A theorem of integral calculus' tells us that for a measurable function f

fx)dv(x) = SyXNJ(X)dV(X) (I11.2-6)
a2(%) a1(%)

for each massy part # of #. By applying this statement to (3) we obtain an
equation relating the two densities almost everywhere:

Pa, (Y (X)DJ(X) = pg,(X), X €0 (). 11.2-7)

Thus the mass-density field over one shape of % determines the mass-density
fields over all others to within a set of null volume. These qualities apply to the
shapes & assumes when it undergoes a motion.

As in Section 1.4, integration with respect to mass is defined on the massy
parts & of a body #. In continuum mechanics the assumption that M is an
absolutely continuous function of ¥ enables us to replace all integrals so defined
by counterparts taken over regions of §. Thus,

/fdM :/ of dv. (11.2-8)
P x(2,t)

On the left-hand side, f stands for f(X, t), while on the right-hand side, f
stands for f(x~!(x, 1), 1) and p is written for py - Alternatively, we may start

'The formula (6), inferred by a formal or pictorial argument, derives from EULER’s researches
on hydrodynamics in the middle of the eighteenth century. A clear and simple statement and proof
within the theory of Riemann integration is given in Theorems 3.13 and 3.14 of M. Spivak, Calculus
on Manifolds, New York, Benjamin, 1965; for Lebesgue integrals, in Theorem 8.26 in the book
of W. RupiN, cited in Footnote 2 on p. 18. In both cases the integrand is merely assumed integrable,
and vy is assumed to be a bijective, differentiable mapping of an open set of &, into &, . For the
former theorem, v is assumed continuously differentiable; for the latter, ¥ —! is assumed continuous,
and Range v is assumed open and bounded. While both of these assumptions allow J to vanish on
a set of measure 0, the conditions we assume deliver (I1.2-5).
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with the right-hand side and regard f as standing for f(x, ¢), so that on the
left-hand side f stands for f(x(X, ¢), t). This abbreviated notation, which is
common in continuum mechanics, will be developed further in Sections I1.4
and IL.6.

In this book we shall always assume not only that mass is an absolutely
continuous function of volume but even that mass is ultimately bounded by
volume: For any placement o of # there is a constant K, which depends upon
o, such that if V(o (P)) is sufficiently small, then

M(P) = KV(e (D). (11.2-9)

Equivalently, p, is essentially bounded. Any additive set function that is bounded
with respect to volume is bounded also with respect to mass, and conversely. In
passages where the manipulations of differential calculus are brought to bear,
we shall presume the still stronger assumption that p, is a continuously dif-
ferentiable function of its arguments at all places and times we may choose to
consider.

3. Reference Placement. Transplacement

Often it is convenient to select the placement of % at some one time ¢ in
some putative motion, not necessarily the motion x being studied, and to refer
everything concerning 4 and its motion to that placement, which we shall call
the reference placement. We denote by X the place given to the substantial
point X by the reference placement «:

X =« (X). (I1.3-1)
Since x, by assumption, is invertible,
X =« 1(X), (I1.3-2)

and both « and x ~! are continuous. Hence the motion (I.7-7) may be written
in the form

x=x&1(X), 1) = x,.(X, 0). (IL.3-3)

In the description furnished by this equation, the motion is expressed as a
mapping x, of the reference shape xg(#) onto the actual shapes x(4%, t) as ¢
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progresses or regresses. Thus the motion, which is defined by (I.7-7) as mapping
substantial points onto places in space, is now represented as mapping spatial
regions onto spatial regions. A reference shape is introduced so as to allow us
to employ immediately the apparatus of Euclidean geometry. The mapping x, is
the transplacement of the substantial points of & from their reference places X
into their actual places x at the time ¢. By the assumptions on placements made
in Section II.1, the transplacements are homeomorphisms of the reference shape
onto present shapes. Now we assume more: each x, is a C'-diffeomorphism.

With no fear of confusion we may drop the subscript @ and write x (#) for
the reference shape of %, just as we have already written x(%, t) for xq (%, t).
As in ordinary language a body is ‘‘deformed’” when its shape changes, we shall
say that the transplacement x, deforms the reference shape x (%) into the actual
shape x(4, t). While “‘strain’’ is commonly used to denote deformation or some
aspect of it, in this book we do not give any precise meaning to the word, but
we shall use it descriptively from time to time.

The choice of reference placement, like the choice of a co-ordinate system,
is arbitrary. The reference placement, which may be any smooth mapping of
4 into &, need not be the value of the motion x(#, -) at any time #. If it
is, then x(-, fo) = x. In the treatment of surface waves in Volume 2 we shall
encounter a classic example in hydrodynamics for which it is preferable to use
a reference placement that is never occupied by the body considered.

For each different «, a different transplacement x, for the same motion x is
defined by (3). Thus one motion of the body is represented by infinitely many
different mappings of parts of space in the course of time, one for each choice
of x. For some choice of x we may get a particularly simple description, just
as in geometry one choice of co-ordinates may lead to a simple equation for
a particular figure while another may not, but the reference placement itself
has nothing to do with such motions as it may be used to describe, just as
the co-ordinate system has nothing to do with geometrical features themselves.
A reference placement is introduced so as to allow the use of mathematical
apparatus familiar in other contexts. Again there is an analogy to co-ordinate
geometry, where co-ordinates are introduced, not because they are natural or
germane to geometry, but because they allow the familiar apparatus of algebra
to be applied at once.

4. Descriptions of Motion: Substantial, Referential, and Spatial

There are four methods of describing the motion of a body: the substan-
tial, the referential, the spatial, and the relative. Because of our hypotheses of
smoothness, all are equivalent.
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In the substantial description we deal directly with the substantial points
X. This description extends the only one used in analytical dynamics, where we
always speak of the first, second, . ..,n™ substantial points, which are usually
called masses. To be precise, there we should say, *‘the mass-point X'; whose
mass is M, ,” but commonly this expression is abbreviated to ‘“‘the mass g”
or “the body M,,” efc. In continuum mechanics every body % comprises
infinitely many substantial points X. The substantial description employs as
independent variables X and ¢, the substantial point and the time. While the
substantial description is the most natural in concept, it was not mentioned
in continuum mechanics until a few decades ago, was then called ‘“‘material”,
and is still used little. With the substantial description for continua, strictly
interpreted, few analytical tools are at hand. For some time the term ‘‘material
description” was used to denote another and older description often confused
with it, the description to which we turn next.

The referential description employs some assigned reference placement « .
Thus it describes the motion x by means of the transplacement x, . We must
always bear in mind that the choice of « is ours, that x (%) is merely some shape
that # has occupied or might occupy, and that it must be possible always to
state hypotheses and equations in forms valid for any choice of «, although for
one choice of x the corresponding transplacement x, may show the important
properties of some particular motion more easily than do the transplacements
corresponding with other choices of x. Any motion of a body has infinitely
many different referential descriptions, equally valid.

For the purposes of this book, and for most purposes in mechanics, the
substantial description and the referential description may be confused, at least
locally, as they long have been. To see that they are in principle different, and
that the referential description may not always suffice, we need only consider
the two-body problem of analytical dynamics. No one would find it convenient
to use as labels for the first and second mass-points the places they occupied
at some particular time. If that time were one at which the two mass-points
collided, such names would not distinguish those two bodies. Since analytical
dynamics always envisions the chance that collisions may occur, the distinction
between substantial and referential descriptions is not a matter of purism or mere
abstraction, and in fact nobody has ever employed the referential description
in analysis of the motions of discrete systems. The referential description is
useful only for systems in which it is convenient to use a place as a name for an
element of an abstract manifold. Such naming is indeed convenient in continuum
mechanics.

In the mid-eighteenth century EuLEr introduced the description that hydro-
dynamicists still call “‘Lagrangean”. This is a particular referential description,
in which the cartesian co-ordinates of the position X of the body-point X at
the time ¢ = O are used as a label for that body-point. It was recognized that
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such labelling by initial co-ordinates was arbitrary; writers on the foundations
of hydrodynamics have often mentioned that the essential conclusions must be
and are independent of the choice of the initial time, and some have remarked
that the parameters of any triple system of surfaces moving in such a way as
to be at all times the sites of the substantial points on them at any one time
would do just as well. The referential description, taking X and # as indepen-
dent variables, includes all these possibilities. Some form of it is always used
in classical elasticity theory, and the best studies of the foundations of classical
hydrodynamics from EuLER’s day to the present have employed it almost with-
out fail. It is the description commonly used in modern works on continuum
mechanics, and we shall use it in this book.

In view of (II.3-2), any function F (X, t) may be replaced by a function
F (X, 1) that has the same value at corresponding arguments X and X, for
given k:

FX,)=F&'(X), 1) = F.(X, t). (IL.4-1)

In (I1.3-3) we have already encountered a special instance. Moreover,

8,F =0,F, (IL.4-2)

at the respective arguments X and x (X). We shall employ a superimposed dot
to denote also time derivatives of functions of the referential variables X and
t. Thus, by differentiating (I1.3-3) and using the definitions (I.7-7) and (II.3-2),
we see that for each choice of x and at each time

. . . . m _ o
X = X« » X = Xx» ey = Xx > (II4-3)

the arguments of the functions on the left-hand sides being X and ¢, those of
the functions on the right-hand sides being the corresponding X and ¢.

In the spatial description, attention is directed to the present shape of
the body. This description, which was introduced by DanEL BernouLLl and
D’ ALEMBERT, is called “Eulerian” by the hydrodynamicists. The place x and
the time ¢ are taken as independent variables. In view of (1.7-7), any function
F(X, t) may be replaced by a function of the spatial variables, x and ¢, that
has the same value at corresponding arguments X and X:

FX,H)=Fx'(x, 0, t] = f(x, ). (11.4-4)

The function f, moreover, is unique. Thus, while there are infinitely many
referential descriptions of a given motion, there is only one spatial description,
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just as there is only one substantial description. In the spatial description the
velocity field is defined on x(4%, t). As ¢t changes, generally the shape of 4
changes. With the spatial description, we watch what occurs in a fixed region
of space that remains within the successive shapes of Z. This description seems
perfectly suited to studies of fluids, where often a rapidly deforming mass comes
no-one knows whence and goes no-one knows whither, so that we may prefer
to consider what happens here and now before our eyes. In many problems
of hydrodynamics the boundary Ox (4, t) remains fixed, making the spatial
description especially suitable.

However convenient kinematically, the spatial description is awkward for
questions of principle in mechanics, since in fact the laws of dynamics refer
to what is suffered by the body, not by the region of space the body momen-
tarily occupies. Some relations obvious and easy to derive in the substantial
or referential descriptions seem to require contorted reasoning if approached
by the strictly spatial standpoint sometimes adopted by specialists in applied
hydrodynamics.

According to (4), the value of any function of the substantial points of Z at
the time ¢ is given also by a field defined over the actual shape x(4%, ?). In this
way, for example, we obtain from (I.7-9) the velocity field X, the acceleration

field %, and the n™ velocity field ‘X :
Vok(x, f), a=%01), ..., V=X 1. (IL45)

(m)
The fields x and ()'(') have the common value ,v at arguments related through
the motion:

(m

V=X 0,0 =R, ), Xeca

n) m,
=XX,0=xKx"(x,),1), X €Exq(4, D). (11.4-6)
In Section I.11 we have calculated the frame-indifferent field «, that reduces
in the inertial frame § to the acceleration. While as given by the right-hand
side of (I.11-3) this field is defined over the body %, of course we may convert

it into a field over the actual shape x*(%Z, ¢) in the general rigid frame § *
Calling that field a, we calculate it as follows from (I.11-3):

2 =%" — % — 240" — %) — (A — AM)(x* —x3); (IL.4-7)

here x*, x*, and X* are the spatial fields of place, velocity, and acceleration
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over the actual shape x*(Z, ¢) in the frame f *, and A is the spin of the inertial
frame § with respect to §”.

The velocity field of a motion is often called a flow.

In the spatial description a function of place alone is called a steady function.
For example, a velocity field x that is independent of ¢ is called a steady flow.
Other flows are called unsteady. A steady flow may or may not have a steady
density.

A flow that is steady in one frame generally fails to be steady in another.
The property of steadiness is not even a galilean invariant. It is not a simple
matter to determine whether a given flow that is not steady in the frame in
which it is defined be steady in some other frame. Cf. CFT, Section 146.

A point at which x = 0 is called a stagnation point.

In the spatial description we may superpose the flows X; and X, in their
common domain at each #, so obtaining a new flow:

X102 =X +X =X +X;. (I1.4-8)

We may think of superposition as arising from adding the values of the vectors
X, (X, t) and x,(X, t) for one and the same substantial point X at the time ¢, but it is
not usual to do so.

The fourth common description of motion, called ‘“‘relative’”, we shall de-
velop in Section II.8.

5. Transplacement Gradient

The gradient of the transplacement x, at a given ¢ is called the transplace-
ment gradient' F:

F:=F. (X, 1) :=Vx, (X, 1. (I1.5-1)

It is the linear approximation to the mapping (II.3-3) in a neighborhood of X.
More precisely, we should call it the gradient of the transplacement from x to
X, but when, as is usual, a single reference placement x is laid down once and
for all, no confusion should result from failure to remind ourselves that the
very concepts of transplacement and transplacement gradient presume use of a
reference placement. If, as we may, we select independently co-ordinates X

'The reader ought not confuse F or F, with the torque Fy, of a system of forces with respect
t0 Xp .
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and x™ in the reference shape and the actual shape, respectively, the motion
(I1.3-3) is expressed as follows:

x™ =x"(X', X2, X2, 1), m=1,2,3, (I1.5-2)

and then the components of F are simply the nine partial derivatives of the
functions xJ* with respect to the X%, viz

FT =x" =0xx™X', X*, X%, 1), m=1,2,3, a=1,2,3.
(I1.5-3)

There would be no loss in logical strictness were we to write out everything,
as the older authors on continuum mechanics did, in cartesian co-ordinates.
In practice, abstract notations are easier to understand and more efficient to
manipulate, once they be grown familiar, and proofs using them are easier to
follow. Particular applications often refer to certain particular directions and
hence suggest use of a particular basis, which need not be the natural basis
of any co-ordinate system (cf. the end of Section App. IIC.7). Thus it is to
our advantage to express all the principles of our science directly in terms of
the concepts of algebra and geometry, without the complicating intermediacy
of co-ordinate systems.

In Section II.2 we have introduced the mass-density p, that corresponds to
the placement o (%). Henceforth we shall write simply p for p, ; thus p is the
mass-density field over the actual shape x(4%, t). Choosing for ¢, in (I1.2-7)
the reference placement x, we obtain

oJ = py, (11.5-4)

on the understanding that when the argument of p, is X, the arguments of p
and J are x, (X, ¢) and #, and that

J :=|detF|. (11.5-5)

We shall use J in the sense just defined rather than in the more general one
expressed by (I1.2-4). The relation (4) is EULER’s referential equation for the
mass-density. If # occupies at some time the reference placement selected for
it, then the value of F at that time is 1, and so detF = 1 then. In that case
detF > 0 always, and the bars may be dropped from (5).

The student will recall that

J >0. (IL.2-5),
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While (4) is often called “‘the Lagrangean equation of continuity”, that name is
doubly misleading, since if the transplacement is smooth enough, (4) holds, but if the
transplacement is not differentiable, let alone not continuous, J cannot be defined at all,
and so (4) cannot even be stated, let alone used. Obviously (4) is neither more nor less
than a formula that delivers the actual density p, once the transplacement gradient F and
the reference density p, be known.

In the older literature (4) is sometimes related to an ‘‘axiom of impenetra-
bility’’, according to which two distinct substantial points never come to occupy
the same place, and thus no body enters into the shape of another body at the
same time (c¢f. Section 1.7). In truth, on the contrary, a formal condition such
as (4) does not express that axiom but rather presumes that some such axiom
has been laid down already.

Exercise I1.5.1 (EuLER, LIOUVILLE).

divk = J/J = d(‘f:F) / detF, (IL5-6)

in which the superimposed dot on the middle member denotes the time derivative, and
div x is the divergence of the velocity field (I1.4-5), .

In (6), as in (4), the field on the right-hand side is a referential one, while
that on the left-hand side is a spatial one. Both conclusions assert that fields of
these two kinds have at time ¢ the same values at the places X and x, respectively,
selected so as to correspond with each other through the referential description
(I1.3-3) of the motion. It leads to less awkward statements if in such cases
we simply presume that any referential field is replaced by the corresponding
spatial one. For example, if we differentiate (4) with respect to time and then
use (6), we obtain D’ ALEMBERT and EULER’s spatial equation for the density:

p+pdivk =0; (I1.5-7)

in which we follow the convention, as we did for (4), that allows us to interpret
p as being the mass-density field over the present shape x(%, f). This equation
has exactly the same meaning as (4), which, conversely, may be gotten from it
by use of (6) followed by integration.

Exercise I1.5.2 (Lacrancge). If (7) is taken as a first-order differential equation
for p in the spatial description, integration by the method of characteristics yields (4).

Exercise II.5.3 (D’ALemsert, EuLER). A motion of Z is called isochoric if the
volume V(x(2, 1)) of the shape of each part # of % remains constant in time. Any one
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of the following three conditions is necessary and sufficient for isochoric motion:

1. divk =0. (I1.5-8)
2. There is a reference placement x such that

p =P (11.5-9)

3. There is a reference placement x such that

J =1 (11.5-10)

In plane flow the velocity is everywhere parallel to a given plane and is
the same at all points on each line normal to that plane. To study plane flow, it
suffices to confine attention to the fields of velocity and acceleration restricted
to some one plane.

Exercise 11.5.4 (D’ALemsert, NoLL). If the boundary of the region on which a
plane flow X is defined is the union of a finite number of curves in rigid motion, and
if (for an infinite region) there is no flux into or out of the region of the plane beyond

some sufficiently large circle, the general solution of (8) is given in terms of a stream
function g by

x=Vg?t, (IL.5-11)

V denoting the gradient operator in the plane and L denoting rotation counter-clockwise
through a right angle about the normal to the plane. The velocity x(x,?) is tangent to
the curve g(-, f) = const. through x at each ¢.

Exercise I1.5.5. Given a vector field v defined on x(&#, ¢), let it be desired to find
a vector field v, such that

/v,-n, dA =/ v.ndA (11.5-12)
4 X, (7, 1)

for any surface ¥ in x(&#). Then
v, =JF v, (11.5-13)

Points at which p = 0 are generally unusual. From now on we shall often
tacitly assume that

p>0 (I11.5-14)
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and hence be able to use freely the specific volume v:
) (IL.5-15)
which also is positive.

6. Substantial Time Rates and Gradients in the Spatial Description.
Substantial Surfaces. Kinematic Boundaries

In continuum mechanics the need to distinguish a vast number of quantities
often deprives us of the clarity gained by using for a function a symbol dif-
ferent from that for its value, as logically we ought to do. If two functions of
different variables have the same value for properly corresponding arguments,
and if both are denoted by that value, when we come to effect some functional
operation it is not clear which function is intended. The distinction, which of
course is essential, is traditionally made by introducing different symbols for
the differential operators. Henceforth

f and Grad f

shall denote the partial time derivative and the gradient of the function G(X, ¢)
at a given ¢ such that

=61, (I1.6-1)
while
f! and grad f

shall denote the partial time derivative and the gradient of the function g(x, f)
at a given # that has the same value as G, namely,

f=g(x 1 =Gx\x, 0,0, (11.6-2)

by (I1.3-3). If we apply the chain rule to the equation G(X, 1) = g(x, (X, 1), #)
and then denote by f both functions G and g, we obtain the classical formulae
of EULER:

F =7+ (grad )%,
f =1 + (grad Hx; (I1.6-3)
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the values of f are scalars, of f, vectors, and an analogous rule holds for
functions whose values are tensors. In particular, the acceleration field X is
calculated from the velocity field x by the D’ ALEMBERT-EULER formula

X =% + (grad X)x. (11.6-4)

The dot operator as defined by (3) is called the substantial derivative.! We have
already agreed to use the dot to denote the time derivative in the substantial and
referential descriptions, and the definition (3) has been framed so as to render
the two usages consistent with each other.

Likewise,

Grad f = F grad f. (I1.6-5)

The notations div and Div shall stand for the traces of grad and Grad,
respectively.

We have already introduced an instance of these conventions in (11.5-6) and
(I1.5-7). For example, by (3); the latter equation may be written explicitly in
the forms

o +(gradp)-x + pdivk =0, o’ +div(px) = 0. (11.6-6)

For a motion with steady density (6); reduces to div(px) = 0.

In Section II.2 we have shown how to convert integration with respect to
mass on 4 into integration with respect to volume on the shape of 4. If f(X, r)
is continuously differentiable with respect to ¢, the theorem on differentiation
of an integral with respect to a parameter assures us that

4 / fdM = / B.f dM. (IL6-7)
di J, ;

We may now use (I1.2-8) to convert the right-hand side into an integral over
x(2, t). According to the convention of notation just established, the function
of X and ¢ whose value is 8, f(X, t) at x~'(x, #) is denoted by £, and (3)
provides us means to calculate f from data in the spatial description. Thus

1/fdM=/ of dV. (IL.6-8)
dt Js X(@.0)

"The substantial derivative is only one of many rates that may be calculated on the basis of a
given time-dependent field such as a velocity field. Others are introduced below by (11.13-4) and
(11.13-7). The problem is discussed from a general point of view by H. BoLper, ‘‘Deformation
of tensor fields described by time-dependent mappings,” Archive for Rational Mechanics and
Analysis 35 (1969): 321-341.
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More generally, if ¥ denotes a tensor field of any order,

d/ d .
g WdM:“f/ pwdvz/ p¥dv,  (IL69)
dt J» dt Jy.1 X(P,1)

and Y is to be calculated by an appropriate rule of the type (3). (The central
expression, which involves an undefined operation d/dt, is to be regarded
only as a suggestive way of writing the left-hand expression.) The commutation
formula (9) is used so often in continuum mechanics that it is taken for granted
without special reference. It expresses the time-rate of change of the integral
of Y over a body 4 as that body moves through space, in terms of an integral
over the present shape x(%, t) of 4.

Exercise I1.6.1. Simple rearrangement of (9), supplemented by use of (II.5-7),
delivers the Reynolds Transport Theorem: For a given part # of 4,

. '
(/ U dV) = ( pi4 dV) +/ Ux-ndA, (I1.6-10)
x(#,1) x(#,1) IX(P, 1)

the notations being defined as follows:

. d 3
AdV ) i=— | ————dM,
(/x(.@,l) ) dt /? P(X(X, t), t)

' (I1.6-11)
( Pl dV) :=/ u'av.
x(2,1) x(#, 1)

Thus a substantial derivative is expressed in terms of a local time-derivative and
flux through a boundary. In particular,

m:m’+/ pXX -ndA,
x(2.0 (I1.6-12)
M,‘O:M,"0 +/ (X —Xg) ApXX -ndA.
Ix(P, 1)

A stationary surface . in the reference shape k(%) is described by an
equation of the form f(X) = 0, and hence

f=0. (11.6-13)

Conversely, if (13) is satisfied by a function f(X, ¢), then in fact the surface
S =0 is a stationary surface in the reference shape, provided of course that
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X € x(%). At the time ¢ the substantial points that make up %, constitute a
certain surface .# in the shape assumed by 4 in its motion at the time ¢. These
surfaces are the successive forms of a single substantial surface. In accord
with the convention we have established, we write f also for the function of x
and ¢ whose value at x, (X, ¢) is f(X), and so in order for the locus f =0
to represent a substantial surface we have the necessary and sufficient condition
(13), where now the operation signified by a dot is defined by (3); . Thus in the
spatial description this requirement becomes EULER’s condition:

S+ (grad f)-x = 0. (11.6-14)
If n is the oriented unit normal to the surface f = 0, where of course f now

stands for the function such that f(x, #) = 0 is the locus of ., then (14) may
be written alternatively in the form

S» =n-x, (I1.6-15)

provided S, , which is called the speed of displacement of ¥, be the speed at
which that surface advances in the direction normal to itself in space:

—f
lgrad f |’

(11.6-16)

EuLEr’s condition (14) thus asserts that the speed of displacement of . at (x, f)
is just the same as the speed at which the substantial point now occupying (x, )
is moving in the direction normal to .%#.

Exercise I1.6.2. Let a surface . have parametric representation x = g(A, ?), the
parameter A being an ordered pair of real parameters. If A is regarded as permanently
denoting a particular point on .¥ as .¥ moves, calculation of its velocity u shows that
n-u =S, . If ¥ is represented by some spatial equation, say A(x, ¢t} = 0, the same field
S, is obtained in this way. This fact justifies the name *‘speed of displacement”.

Exercise 11.6.3 (Lacrance). If (14) is regarded as a partial-differential equa-
tion for f in the spatial description, integration by the method of characteristics yields
F(x; ', f) =0. Thus, the substantial points that lic upon f(x, ) = const. at any one
time lie always upon its image under the motion.

A kinematic boundary is a surface that separates permanently two parts of
%, one of them being possibly the null body. Thus a kinematic boundary is a
substantial surface, and conversely. The special term ‘‘boundary” is introduced
$0 as to distinguish particular substantial surfaces, usually assigned in advance
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like a wall or at least given some special role such as a surface separating two
parts having different properties. The simplest example is a stationary wall, a
surface f(x) = const. In order for such a surface to be substantial and hence
a possible kinematic boundary for a given motion of %, by (15) we have the
following necessary and sufficient condition relating the unit normal n to the
velocity:

n-x =0. 1.6-17)

That is, the velocity field on the wall is tangential, as is obvious. More
generally, if the places on a wall have assigned velocities u, then at those
places

n-x = n-u. (11.6-18)

Sometimes a stronger kinematic condition is imposed, that of adherence.
The body is then constrained to move with the kinematic boundary. If the places
on the wall have an assigned velocity v, then on that wall

X=v, (I1.6-19)
In the case of a stationary wall this condition becomes

x=0. (11.6-20)

Exercise 11.6.4. Let the surface .¥ whose equation is g(x, ) = 0 in x(%, 1) be
the image of the surface ¥, whose equation is G(X, ) = 0 in the reference shape
x(#). (Note that ., , in contradistinction with the substantial surfaces discussed above,
generally moves with respect to x(#).) With the conventions of notation set at the
beginning of this section, the oriented unit normals n, and n to these two surfaces are
related by

gradg| s
x = —-F ; .0-
Gradg]| n (I1.6-21)
the speed of advance S, of the surface ¥, in the direction normal to itself in x (%) is
given by

_ g

Se =~ radg] (11.6-22)

and

_ lgradg]
* " |Gradg|

(S» —n-x). (I1.6-23)
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The speed S, given by (22) is called the speed of propagation of the surface
Y, in x(%). It is the normal speed of advance of .%, in x(#). Its reciprocal,
S 1. is the slowness of ¥, , and the vector S In, is the slowness vector of
that surface.

When, as we may, we take the actual shape as being also x (%), the corre-
sponding speed of propagation is denoted by S and called the intrinsic speed of
propagation of . At (X, t) it is the speed at which the surface is advancing in
the direction normal to itself and relative to the velocity of the substantial point
instantaneously situate upon it. The intrinsic slowness vector of ¥ is S~'n.

The intrinsic speed of propagation of .# is related as follows to the speed
of displacement of .7"

S =8, —nx; (11.6-24)

this formula is an instance of (23). Finally, comparison with (23) shows that

Grad
s — [Gradelg (IL.6-25)
lgrad g|
Exercise I1.6.5. If X, is defined by (11.4-8), then
i1+2 = i] + X, + (grad iz)i) + (grad X])Xz . (116-26)

7. Change of Reference Placement

Let the same motion (II.1-1) be described alternatively by transplacements
X«, and x,, with respect to two different reference placements, x; and x :

X, ¢ Kl(u@) _'X(ﬁa n,

(I1.7-1)
Xy, K2(B) = x(%, ).

The transplacements x,, and x,, have gradients F; and F, at (X, ). Let X,
and X, denote the places occupied by the substantial point X in x; and x> :

X, = x1(X), Xo = k(X). (I1.7-2)
Thus,

X, =x; ok (X)) = A (X)), (I11.7-3)
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say. The transplacement from « ; to x can be effected in two ways: either straight
off by use of x,, itself, or by using A to get to x» and then using x,, to get to
x. Thus

Xy, =Xy, ON. (I1.7-4)

Because this relation holds among the three mappings, we see that their linear
approximations, the gradients, compose in the corresponding order:

F,, =F,P, P:=VA. (I1.7-5)
This multiplication can be expressed also as a chain rule:
OxaXl = (OxaxP)0x=N"; (I1.7-6)

in this notation X are the co-ordinates of the place occupied by X in x;, X*
are the co-ordinates of the place occupied by X in «; , the co-ordinate systems
are arbitrary, and the summation convention is followed.

8. Present Placement as Reference

To serve as a reference, a placement need only be a homeomorph of %. So
far, we have employed a reference placement independent of time, but we could
just as well use a varying one. Thus one motion may be described in terms of
any other. The only varying placement often useful as a reference placement is
the present one. If we take the present placement as reference, we describe the
past and future as they seem to an observer fixed to the substantial point X that
now occupies the place x. The corresponding description is called relative.

To see how such a description is constructed, we consider places that are
values of the motion of X at the two times f and 7:

E ZX(X’ T),
x = x(X, ).

(I1.8-1)

That is, £ is the place occupied at the time 7 by the substantial point that at the
time ¢ occupies x:

E=x(x"'(x,0, 1),
= XI(X’ T)’ (118'2)

say. The function x, here defined is called the relative transplacement.
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Sometimes we shall wish to calculate the relative transplacement when the
motion is given to us only through the spatial description of the velocity field:

v = X(x, ). (I1.4-5),
By (1)

0.& =x(&, 7). (11.8-3)

Since the right-hand side is a given function, we thus have a differential equation
to integrate. The initial condition to be satisfied by the integral & = x,(x, 7) is

Elio =x,(x, ) =x. (I1.8-4)

When the motion is described by (2), we shall use a subscript ¢ to denote
quantities derived from the relative transplacement x, . Thus F;, the function
of x and 7 defined by

F; :=gradx,, (I1.8-5)

is the relative transplacement gradient. Of course

F:(5) =1. (11.8-6)

By (I1.7-5), at X

F(7) = F(7)F(2). (IL.8-7)

As the fixed reference placement with respect to which F(r) and F(¢) are taken
we may select the placement of the body at the time ¢#'. Then (7) yields

Fu (1) = Fi(D)F (), (I11.8-8)

a formula which, like (I1.7-5), expresses a chain rule of differential calculus.
In (6), (7), and (8) the argument x is understood and not written.
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9. Stretch and Rotation

Since the transplacement x, is invertible, so is its gradient F, and the polar
decomposition theorem of Cauchy' yields two expressions for F in terms of an
orthogonal tensor R and positive symmetric tensors U and V, all three unique:

F =RU = VR. (11.9-1)

R is orthogonal but need not be proper-orthogonal: RR" = 1, and so detR =
+1 or —1, and detR maintains either the one value or the other for all X and
t, by continuity. Thus detU = detV = |detF| = J. R is called the rotation
tensor?; U and V, which satisfy the obvious relation

V = RUR’, (11.9-2)

are called the right and left stretch tensors, respectively. These tensors, like
F itself, are to be interpreted as comparing aspects of the present shape of #
with their counterparts in the reference shape. Just how they do so, we shall
proceed to show.

First, since U is symmetric, it has at least one orthogonal triad of principal
axes; the members of any such triad are called principal axes of strain at X in
the reference shape x (#). Likewise, V has an orthogonal triad of principal axes,
which are called principal axes of strain at x in the present shape x(4, ). By

'This theorem is proved in any book on linear algebra, e.g., in Section 83 of P. R. HaLmos,
Finite-Dimensional Vector Spaces, 2™ ed., Princeton, Toronto, and London, Van Nostrand, 1958.
It was discovered by Cauchy in the present context; he proved it by geometrical arguments in &>,

2To reconcile the term with the definition, we could have imposed from the start the requirement
that only reference placements such that detF > 0 be allowed, which would have implied that
detR = 1 and have made R a rotation in the usual sense of that term. Since there is no reason
to do so other than the convenience of language, we take advantage of that convenience without
imposing the restriction, That is, in the text above we leave to the student such trivial changes of
wording as may be needed when — R rather than R is proper. From the remarks made regarding
(I1.5-5) the student will recall that if the body in question ever occupies its reference placement,
then R =1 at that time, and therefore R is always proper.

MarTins & Poblo-GuipucLt, extending work of Grioi, have established the polar decomposi-
tion theorem through the following problem of minimization: for a given tensor F, to find orthogonal
tensors R such as to render |[F — Q| a minimum when Q varies over all orthogonal tensors. They
prove that such R exist and that FR' is unique and not negative. If V :=FRT, then F = VR, and
if U:=R"VR, then U is unique and not negative. Hence F = RU = VR. If F is invertible, R is
unique, and U and V are positive. Thus the local rotation R in the polar decomposition of F is the
unique orthogonal tensor closest to F. Cf. L. C. MarTins & P. Popio-Gumucti, ““A variational ap-
proach to the polar decomposition theorem,” Accademia Nazionale dei Lincei, classe di Scienze
Fisiche, Matematiche, e Naturali, Rendiconti (6) 66 (1975): 487-493.
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(2), U and V have their proper numbers in common. Indeed, if e; is a proper
vector of U corresponding to the proper number vy , then

Uey, = vyey, (I1.9-3)
and so by (1) and (2)

V(Rey) = (RUR")(Rey) = v (Reg). (11.9-4)

Thus the rotation R carries principal axes of strain at X into principal axes of
strain at x. (Since R is unique but the principal axes of strain need not be, we
cannot always use this property as a definition of R.) If e; points along the
k% principal axis of strain at X in (%), then v is the ratio of the length of
the image Fe, in x(4, ¢) to the length of the original e, . Thus, the v, are
called the principal stretches. Because U and V are positive, vy > 0. When
R = 1, the transplacement is called a pure stretch at X, ¢. In a pure stretch,
U =V, the principal axes of strain at X and x coincide; and we may visualize
the transplacement as being effected by stretching elements along those axes in
the ratios vy, vz, v3. If U = V = 1, the transplacement is called a rotation
at X, f. CaucHy’s decomposition tells us that the transplacement gradient may
be obtained by effecting a pure stretch with principal stretches v, along three
suitable, mutually orthogonal directions e; , followed by a rotation of those
directions, or by performing the same rotation first and then effecting the same
stretches along the resulting directions.

The right and left Cauchy-Green tensors, C and B, are defined as follows:

C:=U? =FTF,
B:=V? =FF =RCR".

(I1.9-5)

While the fundamental decomposition (1) plays the major part in the proof of
general theorems, calculation of U, V¥, and R from F for particular transplace-
ments may be awkward, since irrational operations are usually required. C and
B, nonetheless, are calculated by mere multiplication of F and F'. E.g., if g¢m
and g*® are the covariant and contravariant metric components in arbitrarily
selected co-ordinate systems in & and in (%), respectively, components of C
and B are!

Cos =F5Fg 8km

I1.9-6)
K k (
B*" = FkFpge®,

'If both systems of co-ordinates (x*) and (X*) are cartesian, (6) follows at once from (5) and
(I1.5-3). To derive (6) in general coordinates it suffices to observe that (6), and (6), are tensorial
equations which reduce in cartesian co-ordinates to the equations already demonstrated in the case
when those co-ordinates are used.
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in which FX = x*, :=9x.x%(X", X, X3, ). The proper numbers of C and
B are the squares v? of the principal stretches. The principal invariants of C
and B are given by

I:=trB=trC =v?+v3 +vi,
II':= [(rB* —trB?] = }[(tr C)* —tr C*] = v}v} +vdv} +vdv}, (11.9-7)
III ;= detB = detC = J? =viviv3.

Any symmetric function of vy, v, and v equals a function of I, IT, and III.

The formulae obtained so far in this section apply to any invertible tensor,
making no use of the fact that F is the gradient of x, , which implies that it must
satisfy the condition of compatibility skw grad F = 0. Sometimes the relation of
the values of F at different arguments X must be taken into account. One such
example is furnished by the chain rule (I1.8-7). For another, we note from (7);
and (I1.5-4) that

pc/p = detU = detV = vIIT. (11.9-8)

Another example is furnished by the following exercise.

Exercise I1.9.1 (MicuaL). If x(4) is connected, a transplacement whose gradient
is orthogonal at each point is either a rigid rotation or the product of one by a central
inversion. (If # ever occupies x, a central inversion is excluded.) If x, and %, are
transplacements, for §, o x! to preserve the distances between substantial points it is

necessary and sufficient that U = U.
If we begin with the gradient F, of the relative transplacement, defined by
(11.8-5), and apply to it the polar decomposition theorem, we obtain the relative

rotation tensor R, , the relative stretch tensors U, and V, and the relative
Cauchy-Green tensors C, and B, :

F,=RU,=VR,, C=U?, B =V, (11.9-9)

The uniqueness of a polar decomposition enables us to see from (I1.8-6) that
U (t) =V, (1) =Ri(1) = 1.

Exercise I1.9.2. 1t follows from (I1.8-7) that

C(1) = F(t)' C,(1)F(¢). (I1.9-10)
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When a transplacement is laid down for study, it is a trivial matter to cal-
culate from it the tensors B and C. We consider here two examples, both of
which will be useful later. In a simple shear each member of a family of paral-
lel planes is transplaced tangentially a distance proportional to its distance from
a particular plane in that family. If we let the particular plane be X; =0, and
if we let the direction of the shear be that of the co-ordinate X, , then a sim-
ple shear is described in the co-ordinate system X;, X3, X3 by the following
components of transplacement:

x1 =X,
x2=X2+KX,, (I1.9-11)
X3 = X3 .
The constant X is called the amount of shear.
Since
1 00
[Fl=|K 1 0}, (I1.9-12)
0 0 1
it follows that
1 K 0

B]=[FF']=|K 1+K? 0|,

0 0 1
(11.9-13)
1+K? -K 0
B '1=| -K 1 of,
0 0 1

I=ttB=3+K?>=II=tuB!, I =1.

Exercise I1.9.3 (KeLviN & Tarr). In simple shear the principal stretches are ex-
pressed as follows in terms of the amount of shear:

v3=1+1K*+K4/1+1K2,
v} =1+1K? -K/1+1K2 =
v

v3=1.

[ =~

, (I1.9-14)

—_
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The angle 6 through which the principal axes of strain in x(#) are rotated so as to
become the principal axes of strain in x(#) is given by tan 6 = %K .

An example illustrating the use of curvilinear co-ordinate systems is pro-
vided by the following components of transplacement in cylindrical polar co-
ordinates:

r=+AR? +B, 6 =0+DZ, z=FZ, AF =1, (11.9-15)

A, B, D, and F being constants. The cylinders R = const. are mapped into the
cylinders r = const., and choice of the constants 4 and B allows an arbitrary
expansion or contraction as well as an eversion of these cylinders. At the same
time, there is a stretch F in the direction of the axis of the cylinders, so adjusted
as to make the transplacement isochoric. Finally the planes Z = const. are
rotated about the axis through angles proportional to their distance from the
particular plane Z = 0. Thus a torsion of amount D /F is superimposed upon
the isochoric expansion or contraction of the cylinders.

Exercise I11.9.4. Use of (6); shows that for the transplacement (15)

AR /r? 0 0
| B¥™ | = 0 R24+D? DF|. (11.9-16)
0 DF F?

To calculate (B~ !)¢m , the matrix (16) may be inverted; alternatively,

B m = X% X n8as » (I1.9-17)
and hence
r? /(A*R?) 0 0
(B~ Ym|l = 0 R? —ADR* |,
0 —ADR? A*(1 + D*R?)
I =trB =gimB"™ = @ +r? <R—'2 +D2) + F?, (I1.9-18)
r2 R2
I=uB™!' =g"" (B )m = TRt +.A4%(1 + D*R?),

mnr=1.
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Exercise I1.9.5. Insimple torsion A = F =1, B = 0. Comparing (16) with (13),
shows that simple torsion may be regarded as effecting on each cylinder R = const.,
when cut along a generator and developed onto a plane, a simple shear of amount of
DR.

The transplacements (15) are members of a family that will be analysed in greater de-
tail below in Section IV.15. There we shall encounter also transplacements conveniently
described by cartesian co-ordinates in the reference placement, polar co-ordinates in the
present placement.

Exercise I1.9.6. In the notation used in Section II.6,

|Grad f|* = grad f-B grad f, (I1.9-19)

and hence (I1.6-21) can be written in the form

n, = ——Fn; (11.9-20)
n-Bn
likewise, (I1.6-23) becomes
S, = ! (S, —n-x) (I1.9-21)
* VnBn ' ‘

10. Histories

Let Y denote a function of time whose value is a scalar, a vector, or a
tensor. We shall often wish to consider the restriction of ¥ to present and past
times only. For convenience, if ¢ is the present time, we shall represent the past
time 7 by the positive quantity s :=¢ — 7. The history of Y up to time t is
denoted by Y, the value of which is ¥(s):

Yis) =y —s), t fixed, s=0. (I1.10-1)

For each ¢ the history Y’ is defined on [0, oo[. The history ¥’, as its name
suggests, is the portion of a function of time which corresponds to the present
and past times only. Histories turn out to be of major importance in mechanics
because it is circumstances at the present and past times that should determine
future occurrences.
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In this notation C} , for example, is the history of the relative right Cauchy-
Green tensor C; up to the time ¢. Of course

Yoy = y@), Fi(0) =1, etc. (I1.10-2)

11. Stretching and Spin

For the instantaneous time derivative of a tensor defined from the relative
transplacement, for example F,, we introduce the notation'

Fi () :=0uF (1) |uzr = —OsFUS) |50+ (IL.11-1)

X being held constant, and we lay down the following definitions:

G = Fl(t)s
D :=U,(r) = V. (1), (I1.11-2)
W :=R/(1).

D, which is called the stretching, is the rate of change of the stretch at the
place of X in the shape at time ¢ 4 e with respect to that at time ¢, in the limit
as ¢ — 0. Likewise, W, which is called the spin, is the ultimate rate of change
of the rotation at X from the present shape to one the body had just before or
will have just afterward. Since U, is symmetric, so is D, being its derivative
with respect to a parameter:

D' =D, (I.11-3)

but D, unlike U, , generally fails to be positive. Since D(x, ¢) is symmetric, its
proper numbers are real, and it has at least one orthogonal triad of proper vec-
tors. The latent roots of D(x, ¢) are called the principal stretchings dy(x, t),
k =1, 2, 3; the directions of a corresponding orthogonal triad are called prin-
cipal axes of stretching.

If we differentiate the relation R,(#)R, ()" = 1 with respect to u, put ¥ = ¢,
and use (2)4, we find that W is skew:

W' +W=0. (11.11-4)

'This notation could not be confused with the substantial derivative, introduced in Section 11.6,
since F (/) =1and 1 =0.
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From its definition (2); , G is the ultimate rate of change of F,, but that is not
all, for by differentiating (I1.8-7) with respect to 7 and then putting 7 = ¢ we
obtain

G =FF'. (I1.11-5)

Differentiation of (II.5-1) with respect to # yields
F = Gradx, = (grad%)F; (I1.11-6)

in view of (I1.5-3), the last step follows by the chain rule of differential calculus.
Substitution into (5) yields

G =gradx. (I1I.11-7)

We have shown that the tensor G, which we defined by (2),, is in fact the
spatial velocity gradient.

If we differentiate the polar decomposition (I1.9-9); with respect to 7 and
then put 7 = ¢, we find that

G=D+W. (I1.11-8)

This conclusion, showing that D = sym grad x and W = skw grad X, expresses
the fundamental Euler-Cauchy-Stokes Decomposition of the instantaneous
motion at X, ¢ into the sum of a pure stretching along three mutually orthogonal
axes, a spin, and a translation. The stretching D must not be confused with a
rate of change of a stretch such as U or V, and the spin is not generally the
rate of change of a finite rotation.

The definitions (2); and (2); make the different kinematic meanings of D
and W clear and suggest that both tensors will be useful in the description and
classification of motions.

Of course, we could have defined G by (7) as the velocity gradient and W
and D by (8) as the symmetric and skew parts of G. We should then have had
to prove (2)2,4 as theorems so as to interpret G, W, and D kinematically. Most
writers on hydrodynamics prefer the argument in this order.

Exercise II.11.1 (LAGRANGE).
=% +2Wx + grad(%)'cz). (I1.11-9)

Motions in which W = @ are called irrotational. They form the main
subject of study in classical hydrodynamics. Motions in which W = @ are called
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rotational. Of course both conditions are local: a motion may be irrotational in
one part of its domain and rotational in another. In Volume 2 we shall encounter
the famous example called a spherical vortex.

Exercise I1.11,2. Writing (I1.6-26) as

X142 =% + % + Gk +Goxy (I1.11-10)

we see that if X; and X, are isochoric, then
div i1+2 = div X; +divk; +2D;-D; +2W;-W, . (II.11-11)
Because W is skew, it may be represented to within a convention of sign by
the axial vector curl X, which is called the *‘vorticity vector” in hydrodynamics:
w :=curlx.! Nowadays it seems more convenient not to introduce this vector

but instead to use the tensor W. We shall nevertheless use the letter w to denote
the magnitude of curl x:

w = V2|W| = [curl %], (1.11-12)
and it is the scalar field w that in this book we shall call the vorticity. In a

rigid motion %w = w, the angular speed (cf. Section 1.9). In the plane normal
to the axis of spin at X we can choose orthogonal unit vectors e and f such that

W = lwenf, (I1.11-13)

and so

We = —1wf, Wi = lwe,
(I1.11-14)
W=-e®@We +We®e.
Another important scalar is the expansion E, defined as follows:
E:=J/] =divi=tutG=trD =i /v = —p/p; (IL.11-15)
'L .AGRANGE’s form (9) for the acceleration may be written as
% =x +wx %+ grad(1x?),

in which w :=curl x.
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the third and fourth expressions follow by use of (7) and (8), and the last
by use of (II.5-7). E is the local rate of increase of volume of a substantial
region, referred to unit volume. We remark again that necessary and sufficient
conditions for isochoric motion are

0=E=J=divk=trG=trD =y = p. (I1.11-16)

The velocity field of a rigid motion is given by (I1.10-1). Taking the gradient
of that equation yields G = W. Thus D = 0 in a rigid motion, and the spin as
defined by (2)4 for a general motion reduces in a rigid motion to a field having
as its value everywhere what we have called in Section I.10 the spin of that
motion. Thus we may regard the spin field as a generalization of the spin of a
rigid motion— in rough language, a local velocity of infinitesimal rotation.

Exercise I1.11.3 (EuLer). If D = 0 is regarded as a differential equation for the
spatial velocity field in a connected open set, integrating it yields (I.10-1).

These observations establish the following theorem: The condition D = 0
in a region at an instant is necessary and sufficient that the motion be rigid
in that region at that instant. In view of the interpretation of D given just
after its definition, the theorem is obvious.

Clearly the spin W is generally something quite different from R, the time-
rate of the rotation tensor, as the following two examples show.

In a steady, simple shearing cartesian velocity components are

x, =0, X2 =KX, x3 =0, k = const.; (IL.11-17)

« is the shegring; and each substantial point moves ahead at constant speed along a
straight line parallel to the x,-axis, yet unless x = 0, the motion is rotational. In a
steady, simple vortex, the cylindrical polar, contravariant velocity components are

F=0, f@=wr), =0, (I1.11-18)

and each substantial point rotates steadily about the polar axis on a circle r = const.,
Z = const., at the angular speed w(r), yet if w(r) = Kr—2, the motion is irrotational. K,
which is the magnitude of the rotational momentum per unit mass-density of the body
undergoing the motion, is the strength of the irrotational vortex. More generally, the
vorticity is given by rw = (r’w)’, the prime denoting the derivative with respect to r.

The simple distinction of “‘rotational”” and ‘‘irrotational’’ does not tell us
how to decide whether a given rotational motion is strongly or weakly so.
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To say that vorticity or stretching is small, has no meaning by itself, for the
physical dimension of these quantities is the reciprocal of the dimension of
time. Dimensionless measures of intervals of time, speeds, frequencies, efc.,
are provided by ratios. For example, one intuitive concept of the rotationality
of a motion may be made precise by defining a numerical degree called the
vorticity number, namely the field ¥ defined as follows at all points where the
motion is not rigid:

5. W]
»: D (I1.11-19)
If D = 0 but W3 0, we may choose to say that ¥ = oo. Then the value
of Wis a degree of rotationality determined at each time at every interior point
of the present shape of a body that does not presently lie in a neighborhood
undergoing pure translation; the degree is O for an irrotational motion and oo for
a rigid motion other than a state of rest. When ¥ = 1, spin and stretching are
precisely balanced. Such is the case in some flows commonly used to illustrate

the effects of viscous friction, for example the steady, simple shearing (17).
Exercise II.11.4 (TruespeLL). For the steady, simple vortex (18)

!
W =14 2elre) (IL.11-20)
rw

Thus ¥ > 1 in regions where the linear speed rw increases with r, while ¥ <1 in
regions where rw decreases with r. In regions where w ocr =2 the simple vortex is
irrotational: ¥ = 1. If w o< r ", then

2
W= Il — ;‘ = const. (I1.11-21)

Thus ¥ in an isochoric motion may take on any value in [0, oo[, and that value may be
the same at all points even though neither D nor W need be so.

Exercise II.11.5 (TruespeLL). If W # 0, then

2N —1/2 e N\ 2
W= (1+“G ) _ (1 +M) . (IL.11-22)

WP W

YW =1 in any accelerationless, isochoric, and rotational flow. Indeed, for the last
statement to hold it suffices (but is not necessary) that the expansion be substantially
constant and that the acceleration field be solenoidal.
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Exercise 11.11.6 (TruespeLL). Let there be given an isochoric motion of spin
W, and vorticity number W,; let there be given also a rigid motion of spin W,; and
let these two motions be superposed (Section I1.4) to produce a motion whose spin
W =W, + W,. Suppose that Wy 4 0 and W 3 0. Then the vorticity number ¥ of the
combined motion is determined as follows:

W[ (1 - %—;—2) = |[Wg (1 - é) + (W, [* +2W,. Wy, (I1.11-23)
0

If ¥y =1, then
Wzl o W2 = —2W, . W,. (I1.11-24)
In three dimensions the right-hand inequality becomes, if W, + 0,
[W,| = —2|Wq| cos 8, (I1.11-25)
6 being the least angle between the oriented axes of W, and W, . In particular, the
condition 0 = %1r is sufficient to ensure that ¥ = 1 if ¥y = 1. If Wy = —W,, then

6 =mand W=0.

Further enlightenment of the difference between stretch and stretching and
between rotation and spin is furnished by the following exercise. '

Exercise I1.11.7 (E. & F. CosseraT, CoLEMAN & TRUESDELL).

C =2F'DF,
W =RR" + !RUU™' —UT'U)R’, (I1.11-26)
D=!RUU'+U'UR",

where R and U have their usual meanings as the rotation and right stretch tensors with
respect to a fixed reference placement. Also Bly.; =2D.

Various higher rates of change of stretch and rotation may be defined.

Exercise 11.11.8. Including and generalizing (1) and (2), , set

n
G, :=F () :=0"F,(W|u=t,» n=12,.... (I1.11-27)

'R as a function W, R, U, and U can be read off from (26); . Guo Zuonc-Hena, “‘Rates of
stretch tensors,” Journal of Elasticity 14 (1984): 263-267, determines R and V as functions of V,
R, and G; also he determines U as a function of U, R, and G. Cf. also A. Hoger & D. CARLSON,
*“On the derivative of the square root of a tensor and Guo’s rate theorems,” jbid. 329-336.
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Differentiating (I11.8-7) n times with respect to 7 and setting 7 = ¢ shows that

(n)

FF~' =G,, (11.11-28)
and hence by use of the chain rule
G, = grad X. (I1.11-29)
In particular
G, =FF'=G+G. (I1.11-30)

The most useful higher rates are the Riviin-Ericksen tensors A, . They are
defined as follows in terms of a notation like (27):

(n)
A, =C/ (1) (I1.11-31)

and hence are symmetric. In particular, A; = 2D.

Exercise I1.11.9 (DuronTt, RivLIN & ERICKSEN).

n—1 n
Ar=G,+G +)_ ( ) GG, (I1.11-32)
i=t \J

and
A=A, +A,G+(A,G). (I1.11-33)

Exercise II.11.10 (Rivuin, TruespeLL & Noii). Differentiating the relation
detC,(u) = 1 repeatedly with respect to u and then putting ¥4 = ¢ shows that in an
isochoric motion

trAl = 0,
trA, =trAl, (I1.11-34)
trA3 = —2trA? +3tr(A2A1),

and in general tr A, is a linear combination of traces of products formed from
A]; AZ’- . ’An—l .
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We now consider restrictions imposed upon W by boundaries. To do so,
we first appeal to KELVIN’s transformation (“‘Stokes’s theorem™)! of an integral
over a surface .% into a line integral around the border of ¥, which we shall
denote by %. (¥ is a compact set, ¢ :=clo.¥\.¥, and ¥ is a closed line, often
called a circuit.) The circulation C(¥¢) was introduced by KELVIN as a measure
of the summed tangential speeds of the substantial points lying presently upon
%. Assuming that dimé& = 3, we suppose the surface ¥ to be given by a
mapping x = f(a, b) on a domain 2 of the parameters a and b. Then, with the
usual convention of sign and on the assumption that the fields and the surface
be sufficiently smooth,

C(¥) :=/i&-dx = /W-(a,,x AOpx)dadb. (11.11-35)
¢ 2

For our first use of this statement, we apply it to a surface .# that is normal to
the velocity field x. Then C(%’) = 0, and so the right-hand side of (35) vanishes.
The same holds for every subsurface of .#. If W and 8,x AJpX are continuous,
then everywhere on .%

W.(8,x AOpx) = 0. (I1.11-36)

We have proved the following theorem: At a point on a surface normal to
the velocity field, either W = 0 or the axis of W lies in the tangent plane.
Therefore, if n is a unit normal field to .¥, we can take n for e in (14); and
conclude that at a point on .%

W=-n®@Wn+Wn@®n. (I1.11-37)

The foregoing statements hold a fortiori on a stationary boundary to which a
body adheres.

Exercise II.11.11 (WeaTHERBURN, Berker, CasweLL, TrUespeLL). Interpretation
of the gradient in terms of the directional derivative shows that if k is any vector in the
tangent plane at the place x on a stationary wall to which a body adheres, then at x

Gk =0. (I1.11-38)

'A surface is a compact, oriented, two-dimensional manifold with boundary in a three-
dimensional Euclidean space. The velocity field X is assumed to be differentiable in an open set
properly containing .. A brief statement and a rigorous proof of KeLvIN’s transformation are given
by M. Spivak at the end of his book cited above in the footnote on p. 93.
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Hence at x

D=FEn®n+n®Wn+Wn@®n, (I1.11-39)

and the principal stretchings are given by

2D\ =E+\VE*+w? =0,
D,=D, =0, (I1.11-40)
2D3; =F —\/E?+w? <0.

Exercise 11.11.12 (TruespeLr). If a body undergoing an isochoric motion which
is not rigid adheres to a stationary surface, then 3 = 1 on that surface.

Exercise I1.11,13 (Cauchy). If
W, :=skw G, = skwgrad X, (I1.11-41)
then
(FFTWF) = F'W,F. (11.11-42)

Hence a necessary and sufficient condition that F* WF remain constant for each substantial
point X in the course of its motion is

W, =0. (11.11-43)
If (43) holds, then
F'WF =, (IL.11-44)

a function of place X in the reference shape. Because F = 1 throughout that shape,
from (44) we conclude that f = W, , the spin that X would have, were it to be at X. In
particular, (43) is satisfied by an irrotational flow.

The condition (43) is of central importance in classical fluid dynamics.

There it is applied in a region, not merely to a single substantial point. It is
called the D’Alembert-Euler condition. A convenient way to express it is

skw gradx = 0; (11.11-45)
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because of (30), equivalently

skw FF~! = skw(G + G?) = 0. (I1.11-46)
We shall learn further consequences of this condition in Sections I1.13, IV.14
and in Volume 2. For the time being we remark only that according to a familiar

theorem on lamellar fields, in a simply connected region the field ¥ satisfies (43)
if and only if there is an acceleration-potential P, :

% = —grad P,. (I1.11-47)

Exercise I1.11.15 (D’ ALeMBERT, EULER, BELTRAMI).

W, =W +DW + WD. (11.11-48)
Exercise I1.11.16 (ArpeLL). Ifdim¢ =3,
QWP =J*(W-W, + |W[n-Dn), (I1.11-49)

n being either unit vector in the nullspace of W. Hence w satisfies the differential
equation

(Jw)y =Jwn-Dn (I.11-50)

if and only if

W.W, =0. (IL.11-51)

Exercise 11.11.17. A rigid motion has an acceleration-potential if and only if its
spin is steady, and then

— P, = 1p-Wip +[¢ + W(c —Xp)]-; (I1.11-52)

here p :=x — Xo. If w denotes the angular speed and r the distance from the axis of
spin,

p-Wip=—1wir? = o, (I1.11-53)

As we have seen above in this section, the condition W = 0 defines an
irrotational motion. Consequently, a motion is irrotational in a simply connected
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region if and only if it has there a velocity-potential Py :
X = —grad P, . (I1.11-54)

For that reason irrotational motions are often called potential flows. The po-
tential P, may depend upon ¢ as well as x. The surfaces Py(¢, X) = const., ¢
fixed, are called equipotentials. The velocity is normal to the equipotential on
which it lies. A system of equipotentials determined by giving to Py succes-
sively equal, constant increments, say ¢, divides the region of flow into laminae,
and hence an irrotational flow is sometimes called /amellar. If the constant ¢ is
very small, so also are the values of the function d which delivers the normal
distances between the equipotentials, and [X| ~ ¢ /d.

If an irrotational motion is also isochoric, then, as EULER remarked, (II.5-8)
reduces to the linear partial-differential equation later to be called *“Laplace’s”:

AP, =0. (I1.11-55)

Solutions, which are called harmonic functions, are easy to obtain. The sum
of two harmonic functions is a harmonic function, and so the outcome of su-
perposing two isochoric, irrotational flows is likewise an isochoric, irrotational
flow, and complicated flows may be built up from simple ones in this way. In
the nineteenth century many general properties of them were discovered, and
general methods for calculating solutions of (55) such as to satisfy (I1.6-17)
on given boundaries were constructed. The corpus of these properties is called
‘“potential theory”’. The problem of determining an isochoric, irrotational flow
within or about assigned boundaries is purely kinematical; it can be phrased
with no reference to mechanics.

A disquieting property of isochoric, irrotational flows is revealed by a the-
orem in the theory of the ‘“‘Laplacian’ equation: The boundary condition (II.6-
17), applied to the boundary of a closed, bounded, simply connected region,
determines a unique velocity field in that region. Were the fluid to adhere to
some bounding wall, there we should have to prescribe X, not merely n-x. A
standard theorem of potential theory may be interpreted as follows: If at a cer-
tain time a body undergoing isochoric, irrotational flow adheres to a not
void, open set on a surface, that whole body must be at rest at that time.

Neither isochoric motion nor the condition of adherence nor the restriction
to a bounded domain is necessary to render impossible an irrotational motion
other than a state of rest, as is shown by the following, purely kinematical

Theorem of Kelvin and Helmholtz. Let an irrotational flow in a sta-
tionary, simply connected region be such that
1. It is isochoric, or its density is steady.
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2. On all finite boundaries x-n = 0.
3. In any part of the region that lies outside of a sphere of arbitrarily
large radius r, if the motion is isochoric then

P,0,Py, =0 <i2) as r — oo, (I1.11-56)
r

while if the density is steady

1
pPyO, P, =0 <—2) as r — oo. (I1.11-57)
r

Then x = 0 everywhere.

Of course the two main conditions, those of isochoric motion and of steady
density, are not mutually exclusive, for it is easily possible that both (56) and
(57) hold.

Proof. If div(Ax) = 0, then div(AP,X) = Ax.grad Py, = —A|grad P, .
If we integrate this equation over any finite region &4 in which P, exists, we
obtain

—/A|grade|2dV:/ AP.x-ndA. (11.11-58)
I3 oR

Condition 2 makes the integral over 04 vanish. Condition 1 makes the con-
clusion apply if we put A = 1 for an isochoric flow, A = p for a flow with
steady density; we use (I[.5-9) and (II.6-6), , respectively, so as to conclude
that A|grad Py = O throughout #. If the flow is defined over a region that is
not bounded, we choose % as the part of the region that lies within a sphere of
large radius r. The boundary % then consists partly of points where x.n =0
and partly of points on the sphere. The former contribute nothing to the surface
integral in (58). As r — o0, the integral on the portion of the large sphere tends
to O because of (56) or (57). Thus the integral on the right-hand side of (58)
converges to 0, and again it follows that A |grad P[> = O throughout the region
where P, exists. A

In a multiply connected region a potential flow that is not a state of rest
may exist. An example is provided by the irrotational, simple vortex included
in (18). For it P, = —A6.

Exercise 11.11.18 (Cisorti). The kinetic energy of a body undergoing irrotational
flow in a stationary, bounded, simply connected region # on the boundary of which
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x-n =0 is given by

2K = —/Pvp'dV. (I1.11-59)
Es

A flow is complex-lamellar if it is non-trivially proportional to a lamellar
flow: There are scalar fields A and P, neither of them constant, such that x =
AVP. The surfaces P(¢, X) = const., like the equipotentials of an irrotational
flow, are normal to the field X, but a complex-lamellar flow is rotational. Thus
the axis of spin at Xg lies in the tangent plane of the surface P(#, x) = const.
containing Xg, and W satisfies (37). Cf. Section App. IIC.5.

12. Homogeneous Transplacement

A transplacement x, of the reference placement x is said to be homoge-
neous if the substantial points occupying each straight line segment in x (%) are
carried into some straight line segment in x(4, t). By a theorem of geometry,
any such transplacement x, must be affine at each time 7. Thus a homogeneous
transplacement of x (%) is of the form

x. (X, 1) =xo(t) + F()(X — Xo), detF(¢) &+ 0. (I1.12-1)

In this formula X, is a fixed place in x(#); x¢ is a place-valued function
of time; and F is a tensor-valued function of time. By (II.5-1) we see that
F is the transplacement gradient, and that at any one time ¢ it has the same
value at all places in x(4, t). This property explains the name ‘‘homogeneous
transplacement”: A transplacement is homogeneous if and only if its gradient
is uniform at each time.

For a given reference placement x the composition of two homogen-
eous transplacements is a homogeneous transplacement. For each fixed ¢ the
transplacements homogeneous with respect to x are restrictions of members of
the affine group.

If x, and «, are two different reference placements, a motion that gives rise
to a transplacement homogeneous with respect to x| generally fails to do the
same with respect to k2 . The class of motions that give rise to transplacements
homogeneous with respect to x| coincides with the corresponding class of 3 if
and only if the differentiable homeomorphism x; o x "' has a constant gradient.

Homogeneous transplacements are most easily visualized as mappings of one
vector space into another. Let p, denote the field of position vectors in (%)
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with respect to the origin Xy, and let p denote the field of position vectors in
x(#, t) with respect to Xo(#). That is, p, :=X — Xo, and p :=X — Xo. Then
(1) may be written in the form

p=Fp,, (I1.12-2)

and F is a function of time only.
Let the two particular position vectors m, and n, in x(#) be mapped onto
m and n, respectively, by (2). Then

m-n =m,-Cn,, (11.12-3)

C being the right Cauchy-Green tensor (11.9-5), . Likewise,

m,-n, = m-B~'n, (I1.12-4)

B being the left Cauchy-Green tensor (I1.9-5); . The student will recall that B
and C are symmetric and positive. All vectors parallel to n, are increased in
length in the same ratio. In particular, if n, is a unit vector, generally the n
corresponding with it through (2) has some length other than 1. This ratio of
lengths is called the strefch vy, in the direction of n. . It may be calculated
as follows:

V) = Vile-Cn,. (IL.12-5)

Two orthogonal vectors m, and n, in x(#) are mapped, generally, onto
vectors m and n in x (4%, ) that are not orthogonal. This phenomenon is called
shear, and there are various ways to report it. The angle 0, m,, between the
images in x(4, t) of two unit vectors n, and m, in x(%) is one measure of
shear. It is determined by the relation

cos O, ,m,) = ——n,-Cm, . (I1.12-6)

The sphere |m, |2 = const. in k(%) is mapped onto an ellipsoid in x(4, t),
and the sphere |m|?> = const. in x(4&, ¢) is the image of an ellipsoid in x (#).

Exercise II.12.1 (Cauchy). The principal axes of strain, as defined in Section
I1.9, are the principal axes of the ellipsoids just constructed; the principal stretches are
the stretches in the directions of those axes; and these particular stretches are extremal.
Thus a homogeneous transplacement is resolved into a translation and a rotation of one
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set of principal axes into the other, followed or preceded by pure stretches along those
axes. The shear of each pair of principal axes is null.

Exercise II1.12.2. Let the linearly independent vectors p, , and q, , and r, deter-
mine a parallelepiped of volume V, . Let the volume of the parallelepiped onto which
it is mapped by (1) be V. Then J = V/V, . Let A, be the area of the parallelogram
determined by q, and r, ; let A be the area of the parallelogram onto which it is mapped;
let 6, and 6 be the angles subtended upon those parallelograms by p, and p, respectively.
Then V/V, = (4/A,)(p|/|p, |)(sin 8/sin 6,).

The terms ‘‘stretching” and ‘‘shearing” in general refer to the rates of
change of stretch and shear when these latter are defined with respect to the
present shape as reference. We may discuss stretching and shearing just as we
have discussed stretch and shear, starting from homogeneous transplacements.

If we differentiate (2) with X held constant, then use (II.11-5), and then use
(2) again, we obtain

p =Fp, = GFp, = Gp. (I1.12-7)

Hence by use of (II.11-8) we derive EULER’s relation

[p|lp| =p-p =p-Dp, (11.12-8)

D being the stretching tensor; equivalently, if p &+ 0 and if n is a unit vector in
the direction of p, then

(log |p)’ =n-Dn. (I1.12-9)

Thus the component n-Dn of D is the rate of increase of length, per unit length,
of a linear segment in x (%) presently parallel to n in x(4, t), and this rate is
called the stretching in the direction of n. The three principal stretchings, which
were defined in Section II.11, are the extremal stretchings.

Exercise I1.12.3 (Eurer). For two orthogonal unit vectors n, and m, , differen-
tiating (6) shows that

~ B(a, m)[F-1 = 2n-Dm. (I1.12-10)
This statement has an interpretation in terms of shearing.

Let ¢, m,y denote the angle between the position vector p of x with respect
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to Xp in x(&#, ¢) and the unit vector m, in x(#). Then by (2),

Ip| cos ¢ =m,-Fp,, (I1.12-11)

in which for simplicity we do not write the subscript (p, m,). Differentiating
(11) with respect to ¢ yields

cos ¢ [p|" — [pl¢ sin ¢ =m,-Fp,,
=m,-GFp, , (11.12-12)
by (II.11-5). If we now let the value of p, be a unit vector orthogonal to m, ,

say n,, and then take the present shape as the reference shape, so that the
corresponding value of p also is n, we find that

Y@, m|F=1 = —m-Gn. (I1.12-13)

This formula gives the angular rate at which a line segment in (%) presently
parallel to n turns away from the stationary unit vector m in x(4, ¢). Likewise,
the rate at which a line segment in x (#) presently parallel to m is turning foward
the stationary unit vector n is given by

(m, —m [F=1 = +n-Gm. (I1.12-14)
By adding these formulae and using (II.11-8) we obtain

3@, m) + Pam, —w)lp=1 = n-Wm, (IL.12-15)

W being the spin. Thus we have proved a fundamental theorem of CaucHy:
The component n-Wm of W corresponding to the orthogonal unit vectors
n and m is the arithmetic mean of the rates of right-handed rotation of
a line in k(%) presently parallel to n with respect to the direction of m in
x(4,t) and of a line in x(#) presently parallel to m with respect to the
direction of n in x(%, t).

Exercise II.12.4. Because of (3)
(m-n)®) = m-A;n, k=1,2,.... (I1.12-16)

For a general motion the transplacement gradient F provides a local linear
approximation to the transplacement x, . We may say that to within an error
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that is o(X — Xp) as X — Xo — 0 the transplacement x, is approximated at Xg
in x(4#) and hence at Xy in x(4%, ), with an error o(x — xp) as x — x9 — 0,
by the homogeneous transplacement (1) that is defined by F(Xo, ¢). Thus the
conclusions reached in this section for homogeneous transplacements may be
interpreted in general motions as first-order local approximations to counterparts
for the present transplacement of x(#). In loose language, the conclusions
valid for all lines in homogeneous transplacement are valid for infinitesimal line
segments in any smooth transplacement.

For reference we record here also the velocity field and the acceleration
field of the homogeneous transplacement (1):

X =% + FF1(x — x¢) = X0 + G(X — Xg),
W e el . , ) (I1.12-17)
X =%y +FF ' (x —xg) =X + (G + G*)(x — Xp).

That these fields are given by affine functions of place, should be obvious
without calculation and may be verified also by a glance at (II.11-5) and (II.11-
30).

Suppose, conversely, that the velocity field of a transplacement of 4 be affine: For
each place x in x(4, f) and each ¢ in some interval,

X =c+ K(x —X), (II.12-18)

in which ¢ and K are functions of ¢ alone and X is a fixed place. Then K = grad %, and
so from (II.11-7) and (II.11-5) we see that a transplacement gradient F from which K
derives must satisfy the differential equation FF~' = K. Solutions F may be functions
of x as well as of ¢, but there is a solution that is a function of ¢ alone, unique to within
an initial value. Cf. (1.9-16).

13. Rates of Change of Integrals over Substantial Lines, Surfaces, and
Regions. Substantial Vector Lines. The Vorticity Theorems of Helmholtz
and Kelvin

In Section II.1 we introduced the notation x (£, t) for the shape of a body
# at the time ¢. Likewise, any subset of the substantial points comprised by %
will be given in time a sequence of shapes by x. In Section II.3 we introduced
a reference placement x to assign a place X in & to each substantial point X,
in terms of which we defined through (II.3-3) the transplacement x, of the
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substantial points of # from their places X in the reference placement into
the places x they occupy at the time #. Our assumptions of smoothness should
suffice to ensure that x, preserve the nature of the subsets of 4. For example,
a surface .% in x (%) should be mapped at the time ¢ into a surface in x, (%, f).
This sequence of surfaces x, (%, t) provides the successive loci of a substantial
surface under x, for at each ¢ one and the same set of substantial points occupies
X (¥, t). The same idea can be applied also to a line # in x(%); the sequence
x, (&, t) provides the successive loci of a substantial line. If <« is a subbody
of 4, then x, («/, t) is the shape at ¢ of a substantial region.

In Section I1.6 we have shown how to calculate substantial time-rates for
quantities given in the spatial description, and we have provided the criterion
(I1.6-13) to determine whether a set of points in & that satisfies f(x, #) = 0 do
or do not provide the successive shapes of a substantial surface under x. Also
in (I1.6-8) and (I1.6-10) we see the rule for calculating the substantial derivative
of an integral over a substantial volume. As those examples show, the value of
an integral of a spatial field over a substantial set will generally change in time
for two reasons: first, because the field itself changes, and, second, because the
domain of integration in & is changing in consequence of the motion.

We now enter into the details concerning integrals over substantial lines and
substantial surfaces. Before going ahead, the student would do well to refresh
his knowledge of the contents of Section II.3 and the first half of Section II.6.

We have mentioned that formulae valid strictly for homogeneous transplace-
ments serve as first-order approximations in general. Since only the first-order
terms affect the value of an integral, we may derive in this way exact formulae
for the time-rate of change of integrals. For example, if ¢ is a given curve in
x (%), the time derivative of a line integral along its shape x( ¥, ¢) is obtained
by supposing that the substantial rate of change dx of the element of arc dx
is Gdx, as (I1.12-7) suggests. Thus we infer the following formula, due to
KeLvIN:

a f.dxz/[f-dx+f-(GdX)].
dt Jg ¢

_ /  + GD-dx. (IL.13-1)
¢

The abbreviated notation [, denotes integration over the parametric interval of
the function k that defines % in the reference shape: say X = k(/), / € [0, 1].
The student should clear the details by solving the following exercise. They
will be made obvious anyway by the treatment for the analogous but more
complicated problem for surface integrals which we shall give a little further
on.
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Exercise I1.13.1. Transforming line integrals along x(%, ¢) back into integrals
along the stationary curve ¢ in x(£) delivers a formal proof of (1).

Exercise 11.13.2. Use of (11.12-7) to calculate the rate of change of the volume of
a substantial region in a homogeneous transplacement provides another proof of (I1.6-8).

Exercise I1.13.3. If f ¢ ds denotes integration with respect to arc length along
a substantial curve #, and if t(s) is either of the two continuous fields of unit vectors
tangent to the present shape of # at s, then

i/fds :/(f + ft.Db) ds. (11.13-2)
dr J, .

Now suppose that a substantial surface . has the parametric representation
X = H(a, b) in x(#), a and b being real parameters varying separately in
some interval, say [0, 1]. The present shape of this substantial surface is x =
x.(H(a, b), t) = h(a, b, t). Let 3,X and J,X denote the partial derivatives
of H; let 0,x and 0px denote the partial derivatives of h. Then by use of the
rule for differentiating composite functions, followed by use of (II.11-5) and
properties of the exterior product, we find that!

9,x =F9,X,
(0ax) =F9,X =FF'9,x = Go,x, (I1.13-3)
(OaX AOpX) = G(8,X AOpX) + (,X AOpX)G”.

Let S be a skew tensor field. By use of (3) we quickly obtain LamB’s formula

i/S-(Bax AOpxX)dadb = /SC-(Bax AOpX)da db,
dt Jy ¥ (I1.13-4)

§°:=8$+SG +G'S.

The integral on the left-hand side is called the flux of S through the present
shape (%, ¢) of the substantial surface .. From (4) we read off Zorawski’s
criterion: In order for the flux of a skew tensor field S to remain constant
in time for each substantial surface, it is necessary and sufficient that

S =0. (I1.13-5)

!'Decompositions of these and other kinematical rates are given by J. Casey, *“Connections
between kinematics of line, area, and volume elements,”” Journal of Elasticity 17(1987): 7!-74.
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In this notation the theorem (II.11-48) of D’ ALEMBERT, EULER, and BELTRAMI
appears as

W =W,. (11.13-6)

If for S we take W, the integral upon the left-hand side of (4) becomes the
Slux of vorticity through x(.%, t). From Zorawsk1’s criterion (5) we then read
off a classic vorticity theorem: In order that the flux of vorticity through
each substantial surface shall remain constant in time, it is necessary and
sufficient that

W, =0. (11.11-43),

The statement that the D’ Alembert-Euler condition (II.1143) is sufficient for
constant flux is Helmholtz’s Third Vorticity Theorem .

The substantial derivative f, defined by (IL.6-3), refiects use of the Euclidean
parallel transport. Following the path of a substantial point from the place it
occupies at the time ¢ to the place it occupies at the time ¢ + 4, we use the
Euclidean parallel transport to translate the value of f at the latter point back
to the former point, subtract from it the value of f there, divide by A, and pass
to the limit to obtain f. If we do just the same thing but use the parallelism
induced by the motion of the deforming body, we obtain!

€ :=f + (grad Hx — Gf,
=f — Gf. (11.13-7)

Thus £ = 0 if and only if f obeys in all motions the same relation as does the
position vector of a substantial point in a homogeneous transplacement, namely,
(I1.12-7); . The quantity S° defined by (4), has a similar interpretation. We may
refer to f° and S° as the convected time-fluxes of f and S, respectively.

The vector lines of a non-vanishing vector field f are the curves everywhere
tangent to f. Generally these curves move and deform in the course of time. If
they do so in such a way as to be occupied always by the same set of substantial
points, they are substantial lines. A field of such a kind has substantial vector
lines. A substantial line that once is a vector line of f is then always a vector
line of f.

YA clear explanation of the idea is included in the paper by BoLper cited on p. 104. The
standard way to introduce the convected derivative begins from the Lie derivative £, based upon a
vector field v and then sets f¢ := '+ £ f. For the Lie derivative a standard, old reference is Section
10 of J. A. ScHouten, Ricci-Calculus, Berlin, Springer-Verlag, 1954.
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To determine the fields f that have substantial vector lines, we let a curve
% in x (%) be given by the parametric representation X = H(a) and proceed
as we did above in considering substantial surfaces, and we assume that f does
not vanish anywhere. By use of (3), we obtain

(FAOX) =FAIx +fAGI,X. (I1.13-8)

The material line generated by % is presently a vector line of f if and only if
there is a scalar field A such that

OaXx = Af. (11.13-9)

The substantial line then remains always a vector line if and only if (9) implies
for all ¢ that

(fADzx) =0. (I1.13-10)
Putting (9) into (8) yields
(fAOLX) = A(f — Gf) Af. (I11.13-11)

Comparison with (7) yields the Helmholtz-Zorawski criterion: The field f
has substantial vector lines if and only if

faff=0. (11.13-12)

We can express this statement equivalently in terms of the unit vector e in the
direction of f, that is, e ;= |f|~'f:

€ = (e-fe. (I1.13-13)

In this formula we may, if we like, choose f to be a field e of unit magnitude.
Then

e = (e-e%e. (I1.13-14)

Of course e-é = 0, and from (7) we see that e-e¢ = —e-Ge, and so in general
e-e % 0.

By use of (13) we may express the conclusions in Section II.12 in more
general forms, without recourse either to homogeneous transplacements or to
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infinitesimals. The student should convince himself of this fact by solving the
following exercise.

Exercise II.13.4 (Stokes, BoussinesQ, Gosiewski, TRuespeLL & Toupin, Wang').
Let e be a field of unit vectors having substantial vector lines. Then

¢ =[D + W — (e-De)l]e. (11.13-15)

If such an e presently lies in a principal axis of stretching, it is presently suffering a rigid
motion with spin W. If m and n are unit vector fields having substantial vector lines,
then

(m-n) =2m-Dn — (m-Dm + n-Dn)(m-n),
(I1.13-16)
m-a —n-m =2m-Wn + (m-Dm — n-Dn)(m.n).

Thus substantial lines orthogonal at one instant do not generally remain orthogo-
nal. For example, the principal axes of stretching (¢f. the Euler-Cauchy-Stokes
Decomposition (II.11-8)) are not generally substantial. These conclusions may
be related to those on homogeneous transplacements, given above in Section
II.12.

The vector lines of a flow are called its streamlines. Generally these lines
vary from one time to another; they are not generally the paths of the substantial
points. It is plain that the streamlines and the paths of the substantial points
coincide if and only if both are steady.* In order that a family of lines be
steady, it is necessary and sufficient that any tangent field shall suffer change
only in magnitude, not in direction. Therefore, in order that the streamlines of
a non-vanishing flow x be steady, it is necessary and sufficient that

xAx' =0. (I1.13-17)

This same formula should emerge also as a condition for the streamlines to be
substantial, and it does. Indeed, if we apply (7); to X, we find that X° = x’, and
placing this conclusion in (12) yields (17). Of course (17) is satisfied by any
steady flow.

Let S denote a field of skew tensors. A curve whose tangent at each x lies
in the nullspace of S(x) is a vector line of S. In discussing such vector lines
we shall presume that dim& = 3. Then if § & 0, the vector lines of the field S
are the vector lines of the field of axes of S.

! Further conclusions and interpretations are provided by C.-C. Wang, “‘On Gosiewski’s theo-
rem,” Archives of Mechanics 24 (1972): 309-314.

2For analysis of streamlines, pathlines, and streaklines, with illustrations both graphic and
analytic, see Sections 70-71 of CFT.
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Exercise I1.13.5., If dim& = 3, a substantial line that is once a vector line of the
skew-tensor field S remains always a vector line of § if and only if

§§8°¢ = §°S. (I1.13-18)

Hence in order for the vector lines of S to be substantial it is sufficient but not necessary
that the flux of S through each substantial surface shall remain constant in time.

The vector lines of W are called vortex lines. If we take W for S in (18)
and use (I1.11-48), we obtain the condition

WW, = W, W, (I1.13-19)

Since two non-null skew tensors commute if and only if they have the same
axis, from (19) we read off a theorem due to PoINCARE: In a rotational flow,
Sfor a substantial line that is once a vortex line to remain always a vortex
line, it is necessary and sufficient that either Wy = 0 or the vector lines of
W, be the vortex lines. The former alternative yields the celebrated Second
Vorticity Theorem of HeLmuoLTz: In a rotational flow that satisfies the
D’ Alembert-Euler condition (11.11-43), a substantial line that is once a
vortex line is always a vortex line.

In Section I1.11 we have mentioned and used KeLvIN’s transformation when
applied to the velocity field on a surface ¥ whose border is the circuit ¢:

(%) :=/i{-dx :/W-(aax AOpX)dadb. (I1.11-35),
3 &

We now interpret the statement in general: The circulation of a circuit equals
the flux of the spin through any surface whose border is that circuit. The
usual convention of orientation is adopted here, and the fields and surfaces are
presumed smooth enough to ensure the validity of the transformation.

A surface consisting entirely of vortex lines is a vortex surface. From
(I1.11-35) we see that at a given instant, a surface is a vortex surface if and
only if the circulation of every sufficiently small circuit on it is null. In
particular, a flow in a region is irrotational if and only if the circulation of
every sufficiently small circuit in that region is null.

A flow such that the circulation of every substantial circuit is constant
in time is said to preserve circulation. Because of (I1.11-35) we may ex-
press HeLmHoLTz’s Third Vorticity Theorem and its converse as follows: The
D’ Alembert-Euler condition (11.11-43) is necessary and sufficient that the
flow preserve circulation. KeLvIN’s proof of this fact amounts to substitution
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of x for f in (1) so as to obtain for a substantial circuit ¢

i/)‘(-dx = /(i + grad(1%?))-dx,

= [ X.dx, (11.13-20)
s

the second step being a consequence of the fact that ¢ is a circuit. In virtue of a
standard theorem on lamellar fields, the integral on the right-hand side vanishes
for all ¢ if and only if grad X is symmetric. The conclusion then follows by
(11.11-45).

There are several ways to see that every irrotational flow preserves cir-
culation. One way has been indicated in Exercise 11.11.13.

Exercise I1.13.6. The simple vortex (I1.11-18) preserves circulation for all choices
of w, and the circulation of the circle r = const., 0 < # < 2%, z = const., described
counterclockwise, is 2rr2w(r). Hence for the irrotational vortex the circulation of a curve
which encircles the axis # times counterclockwise and m times clockwise is 2w (n —m)K .

Exercise I1.13.7 (KeLvin). The Helmholtz Theorems and the Lagrange-Cauchy
Theorem (Exercise 11.11.14) expressed for a substantial region follow directly from the

concept of circulation.

Exercise I1.13.8 (ArpELL, in principle). A motion with substantial vortex lines
preserves circulation if and only if the vorticity satisfies the differential relation

Jw) =Jwn.Dn, (I1.11-50),

n being either unit vector in the nullspace of W.

We can now prove an important theorem of ApPELL: A rotational motion
with substantial vortex lines preserves circulation if and only if

/—di = const. (I1.13-21)
gJw

for every finite segment ¢ of a substantial vortex line. Indeed, because of

2

d ds Jw)y 1
ar |, Jw —/{([ Twy +Jwt-Dt ds, (I1.13-22)
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t being either of the two continuous fields of unit vectors tangent to the present
shape of #. To conclude the proof, we apply the conclusion of the preceding
exercise. The theorem shows that if the motion preserves circulation, the sub-
stantial vortex lines grow longer if w/p increases, shorter if w/p decreases.
The same result may be inferred also from HeLmuoLTZ’s Second Theorem. For
an isochoric motion that preserves circulation the statement is still simpler: the
vortex lines stretch or shrink according as the spin at points upon them increases
or decreases.

A motion whose streamlines are steady need not be a steady motion.'

Streamlines are often fairly easy to observe or trace in flows of water and
other fluids. There is a vast literature concerning the kinematics of isochoric
motions that preserve circulation. The streamlines of a steady, isochoric, poten-
tial flow essentially determine the quantities associated with that flow, but there
are exceptions. In what follows now we shall consider the much broader class
of steady, isochoric flows that preserve circulation. While such motions, like
potential flows, are thought of mainly as pertaining to the solutions of the dy-
namical equation of an Eulerian fluid (defined below in Sections IV.4 and IV.7),
they can be regarded and studied as purely kinematical developments of the
purely kinematical postulate (I11.11-45), which is called ‘‘the D’ Alembert-Euler
condition”.?

A fascinating instance is provided by HAMEL’s analysis® of isochoric, poten-
tial flows having constant speed on each streamline. He claimed to have proved
that the streamlines of such a flow had to be parallel straight lines or circular
helices mounted on concentric cylinders, but in the paper he published he did
not give his formal proof, which, he wrote, filled a small notebook. During the
war of the nineteen-forties the notebook disappeared. Of his exposition, MaARris
wrote? that he “‘essentially explained how he had achieved a proof of the the-
orem, rather than presenting an explicitly demonstrated proof.”> While various
students attempted in vain to construct a demonstration, others took HAMEL’s
word for what he had done and used his statement as if it had been established.
PriM’, mentioning some properties of flows as having been ‘‘known to HAMEL”,

‘Cf. A. W. Marris, “Unsteady motions with steady streamlines,” Archive for Rational
Mechanics and Analysis 109(1990): 95-106.

2 Among the studies adopting this approach are The Kinematics of Vorticity, cited at the end
of this chapter, and the paper by A. W. Marsis, ““‘On steady three-dimensional motions,” Archive
for Rational Mechanics and Analysis 35(1969): 122-168.

3G. HameL, “Potentialstromungen mit konstanter Geschwindigkeit,” Sitzungsberichte der
Preussischen Akademie der Wissenschaften, physisch-mathematische Klasse (1937), pp. 5-20.

4A. W. Marrss, “Hamel’s theorem,” Archive for Rational Mechanics and Analysis 51(1973):
85-105.

SR. C. PriM, “Steady rotational flow of ideal gases,”” Journal of Rational Mechanics and
Analysis 1(1952): 425-497. See Section Vb.
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proved a cognate theorem: If there is a steady, isochoric, complex-lamellar flow
which preserves circulation and has constant speed on each streamline, there is
a steady isochoric, potential flow which has the same streamlines and constant
speed on each of them. Finally Marsis, through a difficult analysis,! achieved a
formal proof. Later,? by a short and elegant argument, MaRris proved that the
only steady, isochoric, rotational flow that preserves circulation and has as its
streamlines those of a potential flow is complex-lamellar and has constant speed
on each streamline. Consequently the potential flow has constant magnitude on
each streamline and therefore is covered by the HAMEL-MaRRis theorem.

A rotational motion whose vortex lines and streamlines coincide is a screw
motion. STokes once thought he had proved such motions to be impossible, but
he later recognized his error. Craic was the first to study them.

In doing the following exercises the student might profit from the material in
Section App. IIC.6, which introduces Q, the abnormality of the vector lines.

Exercise I1.13.9. In a screw motion Q & 0, and

w = Ox. (I1.13-23)
Exercise I1,13.10 (BeLtRaMI), In a screw motion

Q= sz-curlw. (I1.13-24)
w
If x or w is steady, so is €2, and the motion is steady if and only if its spin
is steady.

Exercise II1,13.11 (BELTRAMI). In a screw motion

w? =x-curlw. (I1.13-25)

Thus curl w subtends upon X an acute angle, possibly naught.

Exercise 11.13.12 (GroMeka, BELTRAMI). A screw motion preserves circulation
if and only if it is steady. An acceleration-potential for it is — %22.

The paper cited in Footnote 4 on p. 141 rests essentially on the analysis of Marris & J.-F.
SHiau, “‘Hamel’s theorem: the three polynomial integrals,” Rendiconti del Circolo Matematico di
Palermo (2)22(1973): 185-216.

2A. W. Marnis, “Isochoric circulation-preserving motions with stream-lines of a potential
motion,”” Archive for Rational Mechamics and Analysis 90(1985): 213-218.



14. CHANGES OF FRAME. FRAME-INDIFFERENCE 143

Exercise I1.13.13 (GroMexa, BeLTrami). In a screw motion with steady density
the surfaces

Q/p = const. (I1.13-26)
are stream surfaces; in particular §2/p is constant on each streamline.

Exercise I1.13.14 (GroMexa, BELTRAMI). For a screw motion to preserve circu-
lation, two equivalent conditions are necessary and sufficient: the motion is steady, or its
spin is steady. Conversely, if w is steady, so is X, and (II.11-9) reduces to X = grad( %,\"2).

Exercise I1.13.15 (GroMexa, BELTrAMI, NEMENYI & PriM, TRUEsDELL).!  The curl
of a screw motion is also a screw field if and only if the abnormality 2 of X is constant
in space. Then curl x has the same abnormality 2 as does X, and divx = 0. Moreover,
all successive curls of x are solenoidal screw fields of abnormality 2.

There has been much study of the kinematics of screw motions. BELTRAMI
gave a simple example in cartesian components:

x| = sin (Qx3), X2 = cos (£2x3), X3 =0, 1 = const.,
(I1.13-27)

a uniplanar, isochoric flow of unit magnitude. NEMENY! & PriM proved that
the speed of a screw flow is spatially constant if and only if the streamlines
are rectilinear. WANG noticed that if (2x3 is replaced by a function of x3 in
BELTRAMI’S example (27), a uniplanar, isochoric flow of unit magnitude results.
ErickseN proved that if §2 is spatially constant, BELTRAMI’s uniplanar flow is the
only possible steady, isochoric screw flow of unit magnitude. MaRris & WANG?
have proved a theorem that subsumes all the foregoing limitations upon screw
flows.

14. Changes of Frame. Frame-Indifference

The concept of frame has been explained in Section 1.6, and the transfor-
mations induced by a change of frame have been developed in Section 1.9. The
motion (I.7-7) of a body & is described with respect to a certain frame f ; with

For a fuller elaboration of this theorem see CFT, Section App. 34.
ZA. W. Marnis & C.-C. Wang, “Solenoidal screw fields of constant magnitude,” Archive for
Rational Mechanics and Analysis 39(1970): 227-244.
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respect to another frame § *, it is given by the mapping, say,

X =x*X, ). (I1.14-1)

We regard a change of frame (I.9-5) as expressing the relation between the
places and times, (x, f) and (x*, t*), of the same event as it appears to different
observers. Thus, if (1.7-7) and (1) are to represent the same experiences of a
body as apparent to observers in ¢ and § *, respectively, the motions x and x*
must be related by (1.9-11), which we rewrite here:

X" (X, t +a) =x5() + QO(x(X, 1) —Xo), (IL.14-2)

Xo and a being the place and time with respect to ¢ of some assigned event, x;
being a function whose values are places, and Q being a function whose values
are orthogonal tensors.

If we choose to describe the motion in terms of a reference placement «,
the corresponding transplacements x; and x, are related in the same way:

X« (X, t +a) =x5(8) + Q) (x, (X, 1) —Xo). (I1.14-3)

As the notation indicates, we here use the same reference placement x in forming
from (2) the transplacements x, and x;. We may change the reference placement
also. To do so, we simply use (I1.7-4).

Exercise 11.14.1 (V. Bierknes). Let a subscript f denote the frame used; let w
be the angular speed at which f is rotating with respect to f let C(%) denote the
circulation of a circuit . Then

C;(%-) - Cé(%’§) = 2wAeq({g/§), (I1.144)

in which A, is a signed area of the region bounded by the projection of ¢ onto a plane
normal to the axis of spin of f with respect to f

In Section .11 we have introduced the concept of frame-indifference. Briefly,
a function of place and time whose values are scalar is frame-indifferent if it
is in fact a function of events, independent of frame; one whose values are
vectors, is frame-indifferent if its value in f effects the same translation of the
places of events in f as its value in ¢ effects upon the places of these same
events in §; one whose values are tensors, is frame-indifferent if it transforms
each frame-indifferent vector into a frame-indifferent vector. Formally, as we
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have shown in Section I.11, these three conditions for frame-indifference are

F*=F for scalars,
v =Qv for vectors, (I1.14-5)

T = QTQ’ for tensors (of second order),

the asterisks indicating quantities appropriate to the frame § *, and Q being the
orthogonal tensor that occurs in the change of frame (2).

When a quantity is defined by a prescription valid in all frames, conditions
such as (5) may or may not be satisfied. In Section 1.9 we have calculated
the relation (1.9-14) connecting the velocities X and x* as obtained in § and
$ * whence we see that generally x* + Qx, and so the velocity is not frame-
indifferent. Indeed, (I.9-14) shows that the spin A of §* with respect to §
gives rise to a velocity in f which is in fact the velocity corresponding to
a rigid motion for which f is a rest frame (¢f. Section 1.10). Likewise, the
relation (1.9-21) connecting the accelerations ¥ and x* in f and f shows that
the acceleration is not frame-indifferent.

Now we shall consider the effect of change of frame upon quantities for
whose definition not only a frame of reference but also a reference placement
is employed. We begin with the transplacement gradient. Since the definition
(I1.5-1) applies both in § and in §*, we have

F:=Vx (X, 1), F* :=Vx;(X, b). (I11.14-6)
Taking the gradient of (3) shows that
= QF. (I1.14-7)

Thus the transplacement gradient is not frame-indifferent.
By applying to (7) the polar decomposition (I1.9-1), we see that

R*U* = QRU. (11.14-8)

Because QR is orthogonal and because the polar decomposition of an invertible
tensor is unique,

= QR, and U ="uU. (I11.14-9)
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Hence
V* — R*U*R*T — QRU(QR)T,
= QVQ'. (11.14-10)
Thus we have shown that V is frame-indifferent, while F, R, and U are not. Of
course, C* = C and B* = QBQ’", as is immediate by applying (9), and (10);

to the definitions (II.9-5).
If we differentiate (7) with respect to time, we find that

F' = QF + QF, (I1.14-11)
but by (I.11-5) F = GF and F* = G*F*, and so
G'F* = QGF + QF,
=QGQ'F* + QQ'F*. (11.14-12)

Because F* is invertible, it may be cancelled from this equation, which by use
of the Euler-Cauchy-Stokes Decomposition (II.11-8) becomes

D*+W =QD+W)Q" +A, (I1.14-13)

A being the spin (1.9-15) of § with respect to §:

A:=QQ" = -A". (11.14-14)

Since a decomposition into symmetric and skew parts is unique,
D* =QDbQ', W* = QWQ' + A. (11.14-15)

These formulae embody the Theorem of Zaremba and Zorawski: The stretch-
ing is frame-indifferent, while the spin in § * is the sum of the spin in $
and the spin of f with respect to ¢ *. The assertion is intuitively plain, since
a change of frame in effect superimposes a rigid motion, possibly followed
by a reflection, neither of which alters the stretchings of elements though the
former does rotate the directions in which those stretchings seem to occur. A
conclusion in Exercise I.11.3 makes the principal stretchings and the principal
axes of stretching likewise frame-indifferent.
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If we differentiate (I11.9-10) n times with respect to 7 and then put 7 = ¢,
by appeal to the definition (II.11-31) we conclude that

(n)
C =F'A,F, (I11.14-16)

A, being the n™ Rivlin-Ericksen tensor. Applying the polar decomposition
theorem (I1.9-1) to (16), we obtain

U—‘(i':)U—1 =R"A,R. (I11.14-17)

Likewise
U*_‘g‘)‘U“l =R*TA’R". (I1.14-18)
(n) (n)

We have shown a little above that U* = U and C* = C; hence also C* = C,
and so the left-hand sides of (17) and (18) are equal. Therefore

R*TAR* =R"A,R. (I1.14-19)
By (9); we conclude that
A =QA,Q". (11.14-20)

Thus the Rivlin-Ericksen tensors are frame indifferent. This statement gen-
eralizes the first assertion in the Zaremba-Zorawski Theorem. The second is
equally easy to generalize, but the generalization is not so easy to interpret.

Exercise I1.14.2. U, is frame-indifferent, and

R/ (1) = Q(")R«(1)Q(1)". (11.14-21)

General References

Sections 15-25 of NFTM (‘“The Non-Linear Field Theories of Mechanics,”” Handbuch der Physik
33, Berlin, Heidelberg, and New York, Springer-Verlag, 1965).

Sections 13-171 (exhaustive treatment of kinematics in component notation) of CFT (‘‘The Classical
Field Theories,”” Handbuch der Physik 3,, Berlin, Goéttingen, and Heidelberg, Springer-
Verlag, 1960).

C. TruespeLL, The Kinematics of Vorticity, Bloomington, Indiana University Press, 1954.
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Chapter I11

The Stress Tensor

Although I envisage here very great generality both in the nature of the
fluid and in the forces that act upon each of its particles, I have no fear of
those reproaches often levelled with good reason at them who have undertaken
to generalize the researches of others. I agree that often an excessive generality
obscures rather than enlightens, and that sometimes it leads to calculations so
messy as to make it extremely hard to draw any conclusions from them for the
simplest cases. When generalizations are subject to this drawback, most certainly
we ought abstain from them altogether and limit our studies to particular cases.

But in the subject I intend to explain, just the opposite happens: The gen-
erality that I embrace, far from dazzling our lights, will reveal to us rather the
veritable laws of Nature in all their brilliance, and in them we shall find even
stronger reason to admire her beauty and her simplicity. It will be an important
lesson to learn that some principles till now believed bound to some special case
are of greater breadth. Finally, these researches will demand calculations scarcely
any more troublesome, and it will be easy to apply them to all special cases we
might set up.

EuLEr

General principles of the state of
equilibrium of fluids

Mémoires de I’ Académie des Sciences
de Berlin 11 (1757): 217-273
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The geometers who have investigated the equations of equilibrium or motion
of thin plates or of surfaces, either elastic or inelastic, have distinguished two
kinds of forces, the one produced by dilatation or contraction, the other by the
bending of these surfaces . .. . It has seemed to me that these two kinds of forces
could be reduced to a single one, which ought to be called always tension or
pressure, a force which acts upon each element of a section chosen at will, not
only in a flexible surface but also in a solid, whether elastic or inelastic, and
which is of the same kind as the hydrostatic pressure exerted by a fluid at rest
upon the exterior surface of a body, except that the new pressure does not always
remain perpendicular to the faces subject to it, nor is it the same in all directions
at a given point.

CaucHy

On the pressure or tension in a solid
body

Exercices de Mathématigues, Seconde
Année (1827)

One way of introducing the notion of stress into an abstract conceptual
scheme of Rational Mechanics is to accept it as a fundamental notion derived
from experience. The notion is simply that of mutual action between two bodies
in contact, or between two parts of the same body separated by an imagined sur-
face; and the physical reality of such modes of action is, in this view, admitted
as part of the conceptual scheme ... . This was the method followed by Euler
in his formulation of the principles of Hydrostatics and Hydrodynamics, and by
Cauchy in his earliest writings on Elasticity. When this method is followed, a
distinction is established between the two types of forces which we have called
“body forces’ and ‘“‘surface tractions,” the former being conceived as due to
direct action at a distance, and the latter to contact action.

Love

Note B, A Treatise on the
Mathematical Theory of Elasticity,
27 ed, (1906)

In many otherwise good textbooks a standing confusion reigns between
three groups of forces: 1. Internal and external forces. 2. Volume and sur-
face forces—a distinction which the mechanics of points is altogether incapable
of perceiving. 3. Applied forces and forces of reaction.

HaMEL

On the foundations of mechanics
Mathematische Annalen 66
(1909): 350-397
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1. Forces and Torques. The Laws of Dynamics. Body Forces and
Contact Forces

Forces and torques, like bodies, motions, and masses, are primitive elements
of mechanics. They are mathematical quantities introduced a priori, represented
by symbols, and subjected to mathematical axioms that delimit their properties
and render them clear and useful for the description of mechanical phenomena in
nature. Axioms for a system of forces in general have been presented in Section
L.5; torques have been defined as the moments of forces in Section 1.8; general
axioms of dynamics, which relate forces and torques to the motion they effect
upon a given body, have been given in Sections 1.12 and 1.13. In the remainder
of this book, except in passages where we discuss frame-indifference, we shall
suppose that the frame § is an inertial one, and we shall base dynamics on
Euler’s Laws of Motion:

f =, FP =M. (1.13-11),

That is, the rate of increase of the linear momentum of any body equals the
applied force £ upon it, and the rate of increase of the rotational momentum
with respect to Xo equals the applied torque F* upon it, the place xo being
stationary in the inertial frame.

We begin by restating these laws in more explicit forms, referred to a part
P of 4 and to its shape x(4) in the inertial frame f . These forms, which
follow at once from (I.8-5) and (1.13-10), are

/ pxdV = fA(P),
x(#)
(II1.1-1)

/ (x — x0) ApRdV = F{(P)y, ;
x(P)

we recall that the applied force f* and the applied torque F* may depend upon
the time ¢, as does the shape x(#), though we do not so indicate in the notation.
Thus the applied force and torque upon & are expressed in terms of integrals
over the actual shape of . As always, X is the acceleration field on x(#), and
we assume that it is essentially bounded.

In continuum mechanics two different systems of forces are introduced:
body forces fy , which may be exerted mutually by bodies, whether or not they
be in contact, and which are presumed related to the masses of the bodies,
and contact forces fc , which are exerted by one body on another through their
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common surface of contact and are presumed related to that surface, distributed
over it, and independent of the masses of the bodies on either side.

In this section we prepare the way toward deriving equations of motion
expressed in terms of these special kinds of forces. We do so twice. First, imi-
tating the great treatises of the preceding century, we follow a line of argument
deriving from EuLer, Cauchy, and others; versions of this route are common
in modern textbooks. Analytic precision wants; seeking only to make the de-
sired conclusions clear and easily comprehensible, we bring in tacitly whatever
assumptions of smoothness will do to get from one step to the next.

The second presentation aims to maintain the level of modern analysis. It is
a sequel to the treatment of shapes in Section II.1, upon which we build.

In the traditional presentation the force f* applied to the part £ in its shape
x (%) at the time ¢ is assumed to be the sum of resultant forces of two different
kinds:

f =f; +1¢, (II1.1-2)

both of them obtained from densities,

%(93)=/ pbym dV,
x(#)
(II1.1-3)

©(P) = / toy IA,
Ix(P)

2 being any part of the body 4. The corresponding torques are given by

(Pho = / (x — X0) Az AV,
x(#)
(I11.1-4)

Fo(P), = /a ) Al d4,
X

and
F,, =Fp,, +Fgy, - (I11.1-5)

As is clear from (3);, the resultant applied body force fy is an absolutely
continuous function of volume. For brevity, its density b,» with respect to
mass will be called henceforth the body-force field or even simply the body
force. Moreover, we shall limit attention in this book to the case in which b
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itself is an assigned function of place and time and hence independent of x(#):

hx(g)) = b(x, t) \V/x (1111-6)

Such fields of body force are called external.! Commonly the external body
force is assumed to be lamellar:

b = —grad w; (I11.1-7)

the scalar function? w is a potential of b. If w is a potential of b, so is @ +#h if
h is a function of time alone; the student should always recall this fact, and so
we shall leave & unwritten henceforth, not only for the potential w but also for
other potentials. The student shall remember that potentials are determinable
(apart from boundary conditions) only to within a function of time alone.

A steady lamellar body force is called conservative. A conservative body
force has steady potentials, and of course in dealing with such a body force we
always choose one of these. If b is constant in space and time, as is appropriate
to heavy bodies near the surface of the earth, it is called the field of uniform
gravity.? For such a b the potentials are affine functions of the distance #(x) of
the place x from some fixed plane; in the case of uniform gravity a convenient
choice is @ = gh, the constant g being the gravitational acceleration and h(x)
being the height of x above the surface of the earth.

Exercise IIl.1.1. Two systems of forces applied to the shape of a body are said to
be equipolient if they give rise to the same resultant force and resultant torque on that
shape. The field of uniform gravity is equipollent to a single force acting at the center
of mass of the body, directed parallel to b and in the same sense (‘‘downward’’), and
equal in magnitude to the weight of the body.

'Not all external body forces are included in (6). For example, the density of force exerted by
a magnetic or electric field is a function of x and of constitutive properties of the body on which
it acts. For the purposes of this book (6) is sufficient.

2In this book we always use the term “function” for a mapping, called in the older literature a
“*single-valued”’ function. “‘Cyclic” or ‘‘many-valued” potentials are important in many problems
concerning multiply connected regions. Since this book is concerned mainly with local aspects of
mechanics, and since “cyclic functions” are locally functions in the ordinary modern sense, we
shall not take up the complications that may result from use of body forces with cyclic potentials.
The reader already familiar with cyclic potentials can easily state for himself the generalizations to
which they give rise in the few theorems in this book where they might be introduced. An example
is EuLER’s corollary in Section IV .8.

A clear, elementary discussion of cyclic potentials may be found in Sections 49-54 of H.
Lams, Hydrodynamics, 2" -6" eds., Cambridge, Cambridge University Press, 1895/1932, vari-
ously reprinted. A good example of a body force with cyclic potential is discussed in Section 6 of
A. SomMmzerreLD’s Mechanics of Deformable Bodies, New York, Academic Press, 1950.

3The force of universal gravitation is a mutual body force, not an external one, and hence is
not treated in this book except for a summary remark at the very end of this section.
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Body forces are of secondary interest in continuum mechanics, which con-
cerns mainly the effects of contact forces, to which we now address ourselves.

According to (3); the resultant contact force i is an absolutely continuous
function of the area of the bounding surface 9x(#) on which it acts. The surface
density t5, () is called the traction field on Ox(%). If that field be known, the
resultant contact force is determined and is independent of whatever may be
occurring at places not lying upon dx(#). In this sense, the traction field is
equipollent to the action upon & of the bodies outside £ and adjacent to it. The
assumption that the contact force is of this kind is the cut principle of EULER
and Caucuy: Within the shape of a body at any given time, conceive a
smooth, closed diaphragm; then the action of the part of the body outside
that diaphragm and adjacent to the part inside is equipollent to that of a
field of vectors defined on the diaphragm.

Of course, the diaphragm may be chosen as the shape of the boundary of a
body, the exterior of which we prefer not to specify, and in this case the cut prin-
ciple does not furnish an interpretation for the traction t,(g, . Rather, tractions
upon the boundary of the largest body entering the statement of the problem
at hand are regarded as prescribed by other considerations. For example, so as
to represent the application of given forces upon the surface of a given body,
without including in the theory such other bodies as may bring those forces to
bear, we impose a boundary condition of traction by assigning ts,(4), Or a
field closely related to it, on a given boundary surface such as Ox (%) or O« (%).
Examples of such conditions are given and discussed below in Sections III.2
and II1.8-1I1.9. In other cases we may leave t3,(g) to be determined on such
surfaces by imposing a boundary condition of place, typically by prescribing
on 0x(4%) the transplacement x, (X) or some quantity derived from it.

We assume that Ox(%) is orientable, and we write n for its outer unit
normal. If 5, -n > 0, the traction is said to be a tension; if t3,(» -m <0, it
is a pressure.

If we substitute (2)-(5) into EuLer’s laws (1), we obtain the Basic Laws of
Motion of continnum mechanics, as far as this book is concerned:'

/ deV = / t{)x(gi) dA +/ pde,
x(# Ox(?) x(#)
(I11.1-8)

/ (x—xo)ApiidV=/ (X—Xo)Atax(g)dA+/ (X —Xg) ApbdV,
x(#) (P x(?)

for all parts # of all bodies in the universe.

'More general formulations relax the assumption that X exist everywhere at all times and take
account of body couples, couple stresses, multipolar stresses, spin momentum, director stresses,
etc., as well as counterparts for diffusion and chemically reacting mixtures.



1. DYNAMICS. BODY FORCES AND CONTACT FORCES 155

As we have stated in Section 1.13, all forces are frame-indifferent. Thus,
in particular, the contact forces and applied body forces are frame-indifferent.
Consequently their densities are frame-indifferent vector fields:

b* = Qb, 5+ = Qlay) » (II1.1-9)
Q being the orthogonal tensor occurring in the change of frame (II.14-2).

Of course the forms (8) expressing the principles of linear and rotational momentum
are valid only in an inertial frame. To obtain corresponding forms in a general frame,
we need only replace the acceleration field X by the frame-indifferent vector field a
that reduces to X when the frame is inertial. That frame-indifferent vector field we have
calculated already and recorded as (I1.4-7). With this replacement, the integrals on the
left-hand sides of (8) become frame-indifferent, as are all four integrals on the right-hand
sides.

The reader who is content to accept these equations, supplemented by axioms
endowing the densities b and t3,(» with some smoothness, may pass straight
on to the next section.

The more critical reader will see two objections. First, the resultant contact
force fi does not define the traction uniquely, since to any ty,») that satisfies
(3), we may add Sn if for § we take any tensor field such that divS = 0, and
fc will be the same. Second, the resultant body force fg and resultant contact
force f. are not clearly related to the general concept of a system of forces,
which is a function defined on pairs of separate bodies rather than on single
bodies. For such a reader this section concludes with an analysis which delivers
the classical assumptions (3) and (4) as theorems' proved from assumptions
of continuity phrased in terms of the modern theory of bodies and systems of
forces, which appears above in Sections 1.2-1.5.

For the text following now through the end of this section I am indebted
both to W. O. WiLLIaMs, as I was for its predecessor in the first edition, and
to E. Virga, who provided the following formulation and arguments in terms
of reduced boundaries, fit regions, and contacts.

Considering a fixed time ¢ and not indicating it in the notation, we assume
that f is a system of forces defined on (@ x @) ; accordingly, it satisfies Axioms

'The main sources of the material presented here are the papers by NoLL & Virca and by
GuURTIN, §1LHAV\?, WiLLiaMms, and ZIEMER, cited above in Footnote 1 on p. 90 and Footnote 1 on p.
88. Those works were influenced by earlier researches, especially the paper of M. E. Gurtin & W.
O. WiLLiaMs, “‘An axiomatic foundation for continuum thermodynamics,” Archive for Rational
Mechanics and Analysis 26 (1967): 83-117. In that paper they are phrased in terms of scalar-
valued functions having a thermomechanical rather than purely mechanical interpretation, but the
mathematics is essentially the same.
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F1, F2, and F3 in Section 1.5, though we do not assume that it satisfies Axiom
F4. Rather, fulfilling the promise made in Section 1.5, we shall sketch a proof
that under a physically natural axiom of bounds f in continuum mechanics
must obey Axiom F4. Likewise, we shall outline an argument that delivers the
systems of forces fg and fc whose resultants ff, and £ appear as posited entities
in (3).

To that end we introduce the idea that in continuum mechanics forces are
exerted upon pairs of bodies in virtue of their masses and the areas of contact of
their shapes, and that these forces diminish at least linearly with those masses
and areas when both are sufficiently small. To express this idea within the
general framework built in Section II.1, where the shapes of bodies are taken
as fit regions in a three-dimensional Euclidean space &, we have to specify what
““area of contact” is to mean. We call the contact of two disjoint fit regions the
intersection of their reduced boundaries, and we call area of contact the two-
dimensional Hausdorff measure of the contact.' The student will recall from the
end of Section II.1 that the shapes of separate bodies are disjoint fit regions.

Axiom on Forces in Continuum Mechanics. Let o/ and € be separate
bodies, the area of contact of whose shapes is sufficiently small, and let
the mass of o/ be sufficiently small. Then

i, ©)| = KA@O*X(#) NI*x(¥)) + K M(), (111.1-10)

K being a positive constant and K o being a positive, bounded function of
% such that

lim K¢ =0. (III.1-11)
M(¢)—0

This axiom seems broader and more natural than the classical assumptions
3).

The second addend in (10) is independent of the motion x; it refers to the
bodies o7 and ¥ alone, independently of their shapes. The first addend depends
upon x not only as the notation indicates but also through K. The motion x as
it proceeds affects the values of the functions on the right-hand side of (10),
but the property that (10) asserts remains unaffected.

The proof that these assumptions do lead to applied forces conform with the
statements (2) and (3) is not easy. The argument does not require the system

!This definition comes from the paper by NoLL & VirGa cited above in Footnote 1 on p. 90.
It follows from (II.1-5) that the area of contact of two fit regions is always finite.
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of forces f to be balanced; at the beginning, it does not even require the forces
to be pairwise equilibrated.

Theorem. There are systems of forces fg and fc such as to satisfy the
bounds

Ifﬂ(ﬂa g)| = K%'M(-%)i

(III.1-12)
fc(, €)| = KA©O*x (&) NO*x(¥)),
forall o and % in (8 xQ)y, and
f="Fg +fc. (II1.1-13)

This major theorem decomposes the system of forces f uniquely into the system
of body forces fg and the system of contact forces fc . The bound it provides
for fg(«/, %) depends only upon .« and %, independently of the motions those
bodies may undergo.

Because of (I1.2-9), in (12); M (&) may be replaced by V(x (%)), but then
the multiplier K¢ will depend in general upon x. The contact force fc de-
pends upon the shapes x (/) and x(%), but the existence of its stated bound is
unaffected by whatever motion takes place. The body force fp(#, ¥) — O as
V(x(«/)) — 0; the contact force fc(/, ¥) — 0 as AQ*x (&) NO*x(¥)) — 0.

The traditional treatment starting from (3) in effect posits the bounds (12)
when ¢ = o/°; here they are established for general .

Proof of the theorem. For given o/ and ¥,

I = (B c: B <o & A@*Xx(H) NI*X(EN\O*X (%) NO*x(€)) =0}.

(111.1-14)
(Here the student might well draw a sketch.) The subbody # of .« is an element
of I’ff) if and only if the contact of x(#) and x(¥) differs from the contact of

x(«/) and x(%) by a set of null area. If 9 and % are in F.(%’ then, because
D=GANFIVO\F), F =(2 ANF)V(F\D), and f is bi-additive,

(2, €) —1(F, ©)| = IH(I\F, ) - H(F\D, %),
= K¢ max (M(92), M(¥)). (I11.1-15)
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The latter bound follows because M(2\%) = M(2), M(#\2) = M(#), and
because the contact of the shapes of 2\# and ¥ has the same area as the
contact of the shapes of #\2 and #. Because (I1.2-9) implies that bodies of
arbitrarily small volume have arbitrarily small mass, the definition

. (%)
= s 1I1.1-1
fe(st, ©) M(léjr)n_'of(g, ), 2€l, { 6)
makes sense, and

fc(f, €)| = KA@"x(/) NO"X(¥)) (IIL.1-17)

since A(@*x(2) NI*x(%)) = A@*x(¥) N3*x(¥)) for each @ € T, Thus
fc has the bound specified by (12), . Straightforward computations show that
fc is bi-additive.
Defining fg thus:
fB Z=f—fc, (HII-IS)

we make fy bi-additive, and because of (16)

(o, €)= lim (0, ®)-£2,¢), 9¢ ', @r1-19)

We now show that fp has the bound specified by (12), . For every 2 € o,
let 9 :=o/ A 9°; thus

g =9V (I11.1-20)

Since f is bi-additive, it follows from (19) and (20) that
= 1 7] ; 1I.1-
fa(, ©) M(lg)n_@f(@, %) (I11.1-21)
It is geometrically plain and will be proved soon (see (III.1-28), below), that

AB*GNI*¥) =0; (I11.1-22)

for every 9 € I‘J(f). Thus, by (10) and (21),

fa(et, )| = lim KoM(9) (I11.1-23)
M(2)—0
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and the desired conclusion follows, since (20) implies that

lim M(9) =M). N (I11.1-24)
M(9)—0

Taking up first the system of contact forces fc-, we shall prove that because
of (12);, fc(«/, ¥) depends upon o/ and ¢ only through the contact of their
present shapes.

Lemma (GurTiN & WiLLiams). Let (¢/, %) and (4, %) be pairs of sep-
arate bodies; suppose that o/ <./ and % < ¢; suppose further that the

shapes of «f and € share the same area of contact as the shapes of &/ and
¢

A@*x() NO*X(¥)) = A@*x(d) NO"x(F)).  (II.1-25)
Then
fo(, €) = fc(d, ©). (I11.1-26)
Proof. We set
o =d NA, C=¢NEC, (111.1-27)
and note that (&7, ¥) and (&, %) are also pairs of separate bodies. Then a

sketch makes plausible the following statement, which was proved by GurTIN,
WILLIAMS, & ZIEMER:

A@*x() NO*x(¥)) =0, (I11.1-28)
A@@*x(#) NO*x(%)) = 0. (I111.1-29)

An elegant proof follows now. To shorten the formulae, we introduce the tem-
porary notation A :=x (), C:=x(%), etc.
Let A, B, and C be mutually separate shapes. Then

O*ANI*BNI*C=g. (111.1-30)
Suppose for contradiction that x € 9*ANJ*B NI*C. Since x e I*ANI*B,

nap = —ng, (II1.1-31)
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where np and ng are, respectively, the outer normal fields to A and B at x (see
Section I1.1). Similarly,

ng = —n¢, nc = —Na. (I11.1-32)
It follows from (31) and (32) that

naA = —Na, (I111.1-33)

which is a contradiction.
Since A C A,

0*ANB*C=*ANd*ANd*C. (111.1-34)
Then, because A, A and € are mutually separate, from (25) we conclude that
A@O*ANG*C) = A@*ANnd*Ans*€) =0. (111.1-35)
Thus (28) is proved. Similarly, A c A and € C C imply that
9*Ano*C=0"Ano*Cno*C=0"Ano*Ana*€no*C, (I11.1-36)
and so, because f\, € and € are separate,
A©*AN8* €)= A(0*ANnd*€na*€) =0. (I1L.1-37)
Thus also (29) is proved.
In view of (12), , the contact force exerted upon each other by bodies whose
shapes have area of contact O is 0. Thus (28) and (29) show that
fo(d, €) =0, fc(d, €)=0. (111.1-38)
Now we see that since
A=dNVd and E=¢VE, (111.1-39)
and since fc is bi-additive on (@ x Q),,

fo(t, €) =fc(sd, €V ) +icd, 4),
=fc(d, ©) +fc(d, €) +fc(d, ©). (111.1-40)

In virtue of (38) this statement reduces to (26). A
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We use the lemma so as to render explicit the nature of the function fc . We
shall call a subset of the underlying contact a subcontact. A contact is orientable
by assigning it the orientation of the outer normal to one of the shapes in contact.
Clearly, any contact may have one of two opposite orientations. We agree to
assign a subcontact the same orientation as has the contact to which it belongs.
Letting .# be any subcontact of the contact of the shape of some body ¢ with
the shape of some other body, we define a new function on the subcontacts 2
of .#. Noting that since 2 C 9*x(%), we see that there is some ./ such that
9 =0*x () NF*x(¥%), and we set

12(2, 9) =fc(, ¥). (II1.1-41)

The lemma guarantees that this definition is unambiguous. That is, if & is
another body such that.¥ < 0*x( #), there is a body ./ such that 2 = §*x (/) N
0*x(%), and by (26) we conclude that fc(Z, %) if used in (41) would yield the
same function f$ . Thus the new function f{ , which is defined on contacts and
their subcontacts by (41), completely determines the old function f¢, defined
on (@ x )y . We have shown, then, that any system of contact forces is defined
completely by an appropriate function whose arguments are contacts and their
subcontacts.

Since, by assumption, fc(-, %) is defined and additive on the subbodies of
#*, the function f?;(- , &) is defined and additive on the subcontacts of .. From
(41) it follows also that if .’ is a subcontact of . and if % is a subcontact of
&', then

2w, &) = (U, 7). (I11.1-42)
The requirement (12), now assumes the form
(%, 9 = KA, (111.1-43)

if % C ¥ and if A(%) is sufficiently small. Since ff‘:(- , &) is additive and obeys
(43) on a rich collection of subsets of .#, an exercise in measure theory shows
that it has a countably additive extension to the Borel sets of .¥. Then the
Radon-Nikodym theorem provides it a representation as an integral:

i (u, 9 = [ tydA. (I11.1-44)

@

Moreover, it follows from (42) that if the contacts .¥ and %’ have the same
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orientation and if &' C &%, then
ty =ty (I11.1-45)

at almost every point of ¥’. Now going back to the definition (41) of fg , We
may interpret (44) as demonstrating the following

Traction Theorem (GurtIN & WiLLIAMS). If a system of forces fc on
@ x Q) satisfies (12),, there is an essentially bounded density ty such
that

fc(, ¥) Z/tydA, F:=0"x(Z)NO*x(¥); (II1.1-46)
¥

moreover, ty =ty if ¥ is a subcontact of &.

Taking 2 for .o/ and F° for ¢ in this theorem yields (3); .

Now we take up the system of body forces fg . The details of the reduction
of fg to an integral representation are too involved to present here, but we may
briefly sketch the argument used by GurTIN, WiLLiaMS, & ZiEMER. First, for a
fixed # the mapping .o/ — fg(«/, Z°) is additive for all o/ < &; then use of the
bound (12), ensures a representation of the form

fa(e, Z°) = b°dM — XxdM (II1.1-47)
X(«) x(«)

Here we have invoked the Axioms of Inertia in Section 1.13 to make X an
identifiable part of the density of fg with respect to mass. Since we have assumed
that in an inertial frame X is bounded, it follows that b° is essentially bounded.
If

f5(, %’e) :=/ b*dM, (II1.1-48)
x(«/)

putting & for .o/ and & in (48) leads to (3);.
Second, by circuitous arguments resting mainly on (11) and (12); , GURTIN,
WiLLiaMs, & ZIEMER show that if € <.o° A 4, then

fa(, €) = / b™ dM? (I111.1-49)
x(#)Xx(¥)

with b™ an integrable function defined on Z x #. Here b™(x, y) represents a
mutual body force between body-points occupying the places x and y in x(4%).
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Since in this book we shall, as already remarked, deal with no body forces
other than external ones, we take b™ to be the null function, and henceforth we
write b for b°.

Now, for the first time in our treatment based upon the axiom (10), we
suppose that the system of forces £ is pairwise equilibrated:

(%, ¢) = 1%, B) (%, %) € (@ xQ), (1.5-6),

Theorem of Action and Reaction (Norr). If f is pairwise equili-
brated, then both the system of body forces and the system of contact
Sforces are pairwise equilibrated:

fa(o/, ) = —fs(%, o)

} Yo/, ) €(@ x D). (I1.1-50)
fe(, €)= (%, o)

We recall from Section 1.5 that every balanced system of forces is pairwise
equilibrated, and we note that neither of the systems fg and fc need be balanced.

Proof of the theorem. Again we let % denote the contact of the shapes
of the separate bodies .« and . We may choose sequences of parts ./, and %,
of o/ and ¥, respectively, such that in the limit as n — oo the volumes of their
shapes vanish, yet they retain A(¥) as their area of contact. This statement,
which is easy to demonstrate in elementary geometry, for bounded sets of finite
perimeter has been proved by GurTiN, WiLLIAMS, & ZIEMER. Formally,

A <, En < €, AP\ x (L) NO*x(¥r)) =0, (III.1-51)

and, since in continuum mechanics mass is an absolutely continuous function
of volume (Section 11.2),

M(«/,) — 0, M(¢,) — 0. (I11.1-52)
The lemma of GURTIN & WILLIAMS shows that

fc(en, €n) = fc(d, ),
(I11.1-53)
fc(€n s on) = 1c(¥, 2).
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Of course &/, and %, , being parts of separate bodies, are separate, and so we
may substitute .o/, for .o/ and %, for ¢ in (I.5-6) and by use of (53) obtain

fo(ln, €n) +Hc(, ) = —MB(Cn, Ln) —fc(¥, ). (11.1-54)
As n — oo, both body forces fp(/,, %rn) and fg( %, , o/») vanish because of
(12) , and so (50), follows. By use of (8) and the assumption that f is pairwise
equilibrated we deduce also (50);. A

Corollary. Let f be pairwise equilibrated; let — & denote the contact
having the same underlying set as & but opposite orientation; then

t_y = —ty. (II1.1-55)

Exercise 111.1.2. Use of the Lebesgue Differentiation Theorem! proves that (55)
follows from (50); and (46).

Thus far we have not called upon the principle of linear momentum, though
to prove (50) we have assumed (I.5-6), which is a corollary of that principle.

Now, finally, we turn our attention to the resultant forces on a body & in Q1.
Because, as we see from (13),

(2, ) = fg(2, F°) + (P, F°), (I11.1-56)

the assumption that £(#, #°) = 0 for all 2 then delivers
fc(2, #°) = —fa(P, F°). (I11.1-57)
If we consider a sequence of parts & such that V(x(#)) — 0, by (11.2-9) and
(12); (in which we recall that K is a bounded function of % and hence know

that K » is a bounded function of #) we conclude from (57) that there is a
positive number K¢ such that

fc(2, 7°)| = K°V(x(P)), (I11.1-58)

and so

fe(P, #°) — 0. (I11.1-59)

'E.g. Theorem 8.8 in the book by RupiN cited above in Footnote 2 on p. 90.
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This fact is stated formally by the following

Theorem (Cauchy). If the system of forces is balanced, then on a
sequence of shapes whose volumes tend to 0 the resultant contact forces
tend to 0.

This theorem will play a major part in Section II1.3, where we develop the
nature of the contact forces in the interiors of the shapes of bodies.

Also the foregoing conclusions lead to the statements (I.13-11);, (2), and
(3), namely the assumptions with which the traditional treatment begins.

In the remainder of this book we follow largely the classical, local, and
informal style of argument in continuum mechanics.

2. Reactions upon Containers and Submerged Obstacles

With little more than the concept of a system of contact forces and the
theorem of action and reaction in the form (III.1-50) we can sometimes evaluate
the force and the torque that a deforming body exerts upon a container or an
object submerged in it. Analyses of this kind go back to the earliest days
of mechanics; they remain of great utility to engineers because they require
very little detailed knowledge of either the body or its motion; and for just the
same reason they sometimes provide essential steps in the precise, mathematical
treatment of qualitative problems. Here we shall consider only three examples,
the simplest. We present them upon a general framework due, more or less, to
v. Misgs, Cisorti, and Bogaio.

First we substitute (I1.6-12), (II1.1-2), and (III.1-5) into Euler’s Laws (I.13-
11), thus obtaining expressions for the resultant contact force f¢ and resultant
contact torque F on the present shape x(%) of the part # of a body:

—f :—/ (p)'()'dV—/ px @xndA + 15,
x(P) Ox(P)
(I11.2-1)

-F- :—/ pA(pr)'dV—/ PApX®%ndA +Fg.
x(#) Ox(#)

Here F{ is taken with respect to a fixed place Xp in an inertial frame, and
P = X — Xp as in Sections I.13 and II.12. Because of (I11.1-50), the left-hand
sides of (1) are the contact force and torque, respectively, exerted by £ upon its
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exterior #°. It is these quantities that we wish to evaluate in special problems.
Together they are called the reaction of # upon its exterior.

In general terms (1) asserts that if the resultant applied force and torque upon
P are known, then the reaction of & upon its exterior is determined by the
Sields of density and velocity over the present shape of #. Kinematical data
thus determine the reaction.

The essential field px, which has the dimensions of momentum per unit
volume, is called the mass flow. In the three examples we shall give now we
shall assume that the mass flow is steady: (pXx)’ = 0.

Example 1. Flow in a Stationary Container. Let # be confined by a
bounded, stationary container. On the walls 9x (&) of the container the condition
(I1.6-17) is satisfied, and so the integral over Ox(#) vanishes. A little reflection
enables us to derive the same conclusion even if & does not fill the container
entirely. We have shown that @ body in motion with steady mass flow within
a bounded, stationary container exerts upon that container just the reaction
it would exert, were it at rest.

Example 2. Flow in a Pipe. Suppose that a body is flowing through
a stationary pipe of arbitrary form. We consider the part & contained in the
portion of the pipe cut off by two surfaces, the inlet .%; and the outlet %, . Upon
the walls of the pipe (I1.6-17) is satisfied, and so, if (px)’ = 0, (1) becomes

— 17 =/pi(®imdA —/ px ®xndA + 1},
& o
(111.2-2)

—F'C:/pApy'(@imdA—/ pApX ®%ndA +Fj.
yi o

In writing the integral over .#; we have taken the normal n as directed inward,
so as to emphasise that a difference is being calculated.

We have not yet called upon the Traction Theorem. Doing so, we use (III.1-

46) and (II1.1-50), to express the contact force and torque f;, and F, on the
pipe alone:

i = —f, —/ ty, dA +/ ty, dA,
i o
(I11.2-3)

rCZ—FP—/p/\tyidA +/ pAty dA.
& i
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Eliminating the left-hand sides of (2) and (3), we find that

f,= [ (px®xn —ty,)dA —/ (pXx ®%n —ty,)dA +15,
yi rV()
(I11.2-4)

Fp, = / PA(pX®Xn —ty,)dA — / PA(pXx®xn -ty )dA +Fj.
& o
From these formulae we see that measurement of p, X, and ty at the inlet and
the outlet suffice to determine the reaction exerted on a stationary pipe by
a body moving through it with steady mass flow, provided the applied force
and torque on the body be known.

Various simplifying assumptions reduce the general expressions (4) to ex-
amples of great use in hydraulics. Instances of (4), are called ‘‘Bernoulli’s
theorem”, ‘‘the flow energy theorem”, “the impulse theorem”, efc. For the
truth of the result it is not necessary that the body fill the pipe or that the fields
p and X be smooth within it; of course the cross-sectional area of the body must
not vanish at any cross-section of the pipe.

Example 3. Reaction upon a Submerged Object. In this example we
shall suppose that o’ = 0, X' = 0, f§ = 0, and Fj = 0. We consider a body
filling ail of space except for a stationary, rigid, bounded object. The shape of
the object need not be specified in the present context, for upon it the boundary
condition (IL.6-17) is satisfied, and so the integrals of integrands proportional to
x over the boundary of the obstacle vanish. We consider the region #. between
the obstacle and a closed control surface ¥, so large as to contain the obstacle
entirely. We denote by £ the part of the body whose shape is the region % .
We may take for ., the surface of a sphere if we wish to. From (1) we conclude
that

—fr = —/ pX®XndA,
2
(I11.2-5)
~FL = —/ P A(pX ®kn)dA.

3

Exercise IIIL.2.1, If v is any constant vector field,
/ pPx@®@xndA = / p(Xx — V) ® (X —v)ndA + [/ p(x — v)®ndA] v,
S g &

/ PA(px®xn)dA = / P Afp(x — V) ® (x — v)nldA (I1L.2-6)
Ze e

+/ pAfp(X—v)®vVn]ldA + mAv,
e

m being the momentum of 2.
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We now call upon the Traction Theorem. If we write fo,s and Fops for the force
and torque exerted by & upon the obstacle, then (II1.1-46) and (II1.1-50), show
that

l'C = —fobs +/ tyc dA:

(I11.2-7)
Frc = —Foms +/ pAty, dA.
Putting (5), (6), and (7) together, we obtain finally
fops = —/ p(X—V)®(X —v)ndA — [/ p(X —v)®ndA] v
c S
+ [ (ty. +Pn)dA,

.

(I11.2-8)

Fobs = —/ PAP(X —V)®(Xx —v)ndA
e

—/ pAp(yk—v)®vndA—mAv+/ pA(ty, + Pn)dA;

e

here we have added to each right-hand side the resultant force and resultant
torque of a constant scalar pressure P, both of these resultants being null.

These formulae serve to evaluate the reaction exerted by the motion of &
upon a stationary, rigid obstacle immersed in it. The obstacle itself seems not
to enter the final results. All we need know is the steady kinematical fields p
and X and the traction field t», upon the control surface ¥, . The choice of %,
is ours. Generally it is advantageous to choose it very large; we expect then
that the effect of the obstacle upon the fields of p and x be lessened. To evaluate
the integrals we may adjust as we like the form of %; and the values of the
arbitrary constants v and P.

The most celebrated example is provided by the steady, uniform flow of a
body past an obstacle. Then X — v, say, at oc. If also the traction field at great
distances from the obstacle is approximately a uniform hydrostatic pressure
Poos then ty. — — poolt at 0o. So as to model this condition, we consider the
body &, that presently occupies the space between the obstacle and the surface
&, of the sphere of radius r, centered upon some fixed point. To #; for any
large enough r we may apply (8). If the integrals in (8) converge as r — oo,
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we obtain definite expressions for fu,s and F,s . For example, if as r — oo

X—v=o0(r"?, p =0(1), ty, + Dol = 0(r 72), (I11.2-9)
then all the integrals in (8); converge to naught as r — oo, and so

fobs = 0. (I11.2-10)

That is, the conditions (9) are sufficient that the infinite body with steady
density in steady flow past the obstacle exert no resultant force on the
obstacle.

The conditions (9) are of the essence for the proof. Without some conditions
of this kind, no such conclusion follows. They assert that the disturbance due to
the presence of the obstacle falls off rapidly at great distances from it; indeed,
they specify the rate at which it falls off. In Volume 2 we shall show that they
are satisfied by an irrotational flow of a homogeneous, incompressible, Eulerian
fluid body filling all of space outside an obstacle. For other bodies they are not.
In general, fons F+ 0.

EuLEr, treating a very special instance, was the first to obtain (10). His reasoning
provides a primitive example of that which we have given in general terms. D’ ALEMBERT,
much later, rediscovered or appropriated the assertion; his unduly special reasoning
applies only to obstacles of great symmetry. The fact itself he announced as a paradox.
The name has stuck: “‘the d’Alembert paradox”. Both the name and the fact have given
tise to perennial confusion.

Ifas r — o0
x-v=00r"%), p=0(), g, +poh =o0(r7), (Il1.2-11)

then of course (10) holds, and also the integrals in (8); converge. The infinite
body occupying the region ¥, outside the obstacle has finite relative momen-
tum mq , given by

m, :=/ p(x —w)dV, (111.2-12)
¥ oo

and from (8); we obtain

Fops = VAmM . (I11.2-13)
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Here, not in the proof of (10), belong appeals to symmetry, for they suffice to
show that Fq,s = 0 for some obstacles, though not for others.

3. The Traction Field. The Cauchy Postulate and the
Hamel-Noll Theorem

In Section III.1 we have expressed the principles of balance of linear and
rotational momentum in terms of the traction field t5, (), on the boundary 9x (&)
of the shape of each part # of #:

/ deV:/ tax(g:)dA +/ pde,
x(#) Ox(2) x(#)

(I11.1-8),

(x—xO)ApidV:/ (X — Xo) Aty dA + (x —xg) ApbdV;

x(#) Ix(PH) x(#)

here we continue to consider a particular time # but do not indicate it in the
notation. To reduce these integral equations to equivalent field equations, we
must express the traction field ts,(»), which is defined only upon 0x(%), in
terms of fields defined in an open set containing dx(#). To an extension of this
kind we now address ourselves.

A place x on dx(&%) obviously lies also upon the boundaries 0x(2) of
infinitely many parts 2 of #. The traction t for these various boundaries having
the point x in common depends, in general, upon 9x(2). For the reader who
skipped the developments in Section III.1 following (III.1-9), we here repeat
that we call contact of the shapes of two separate bodies the surface that their
boundaries have in common. Here a contact is a smooth surface, oriented by
assigning it one of its two normal fields. A subcontact is any subset of a contact
that is assigned the same orientation. In Section III.1 we have shown that if &’
is a subcontact of .#, then t,r = ty,, but we have not established any relation
between ty and ty for more general pairs of contacts . and &, for example if
& and % have in common only the one place x we are considering. Classical
continuum mechanics as developed by CaucHy and his successors assumes that
the tractions on all like-oriented contacts with a common tangent plane
at x are the same at x. That is, t, at x is assumed to depend upon ¥ only
through the normal n of % at x:

ty = 1(x, n). (I11.3-1)
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This statement may be called the Cauchy Postulate. ¥ is oriented so that
its normal m points out of x(#) if .¥ is a part of Ox(#). Thus t(x, —n) is
the traction at x on all surfaces .# tangent to x (%) and forming parts of the
boundaries of bodies in the exterior x(#°) of x(Z#). In this sense t(x, n) is
the traction exerted upon # at x by the contiguous bodies outside &, while
t(x, —n) is the traction exerted there by Z on the contiguous bodies outside it.

As atrivial corollary of (II1.1-55) follows Cauchy’s Fundamental Lemma :

t(x, —n) = —t(x, n). (I11.3-2)

For those readers who have not stopped to follow the theorems given in the latter
parts of Section III.1 we include here a sketch of CaucHy’s own argument to
prove (2) as a consequence of (1) and the balance of linear momentum, of
course without use of (III.1-55).

Proof. In view of (1), it suffices to consider an oriented disk .# of suffi-
ciently small radius, centered at x; then —.% is the oppositely oriented disk. As-
suming that the universe of shapes is rich enough in sets that every right-circular
cylinder of sufficiently small base and altitude is the shape of some body, for
x(#) we take a circular cylinder which is normal to .# and is bisected trans-
versely by . If e denotes the altitude of this cylinder, then V(x(%)) = eA(Y).
We assume that b—X is essentially bounded. Cf. the statement following (III.1-
47). We apply the balance of linear momentum as expressed by (II1.1-8) to x (%)
and then take the limit as ¢ — 0, the disk .% being kept fixed, so that its area
remains constant. The limit of the difference of the volume integrals is 0, and
SO

lim t(x, m)dA4 =0. (I11.3-3)

~0Jox#)
(This statement is a special case of (III.1-59), but the present proof is intended
for the reader who skipped the part of Section III.1 that follows (III.1-9).)
In the passage to the limit m does not vary, but the set of x over which the
integral is taken shrinks down to .%, twice over. If we assume that t(-, m) is an
essentially bounded function of x, the limit of the integral over the mantle of
the cylinder is 0, since the area of that mantle tends to 0. Thus only the limits
of the two integrals over . remain to be considered. If we assume further that
t(-, m) is a continuous function of x, then the limits of these integrals equal the
integrals of the limit functions in the two cases:

/[t(x, n) + t(x, —n)]d4 = 0. (IT1.3-4)
&

Since .% is any sufficiently small disk normal to n at x, (2) follows. A
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The reader who is content to lay down the Cauchy Postulate (1) and to make
the assumptions of smoothness concerning b — X and ¢ that we have stated in
the course of proving CaucHy’s Fundamental Lemma should now pass on to the
next section. On the other hand, the reader who has followed the development
in Section III.1 will have noted that one of the assumptions of smoothness made
just now is unnecessarily strong, while another has already been proved to hold
in the mathematical theory based on (III.1-10). In fact, as we shall see now,
the Cauchy Postulate can be proved true as a consequence of the principle of
linear momentum and very mild assumptions of smoothness. In the proof we
shall appeal to some of the conclusions demonstrated in the part of Section III.1
that begins a little before (I11.1-10).

Theorem (HaMmeL (imperfectly), NoLL). Suppose that the contact force
fo(, ©) exerted upon any part of of # by the separate body ¥ be deter-
mined by a traction field ty through (I11.1-46). Then the Cauchy Postulate
(1) holds almost everywhere on every surface ¥ interior to x(4%).

The reader should recall that (ITI.1-46) has been proved to hold as a con-
sequence of (II1.1-10).

Proof of the Hamel-Noll theorem.' By (II1.1-43), (II1.1-44), and the
Lebesgue differentiation theorem we know that at almost all points of the surface

3%
/ t,dA
ty(x) = lim —2——

Jim e (I11.3-5)

if %, is a suitably selected sequence of sets on % shrinking down to x. We are
to show that if 7 and .¥ have a common oriented normal n at X, and if both
ts(x) and t,(X) exist, then

trA(X) = ty(X). (II1.3-6)

The common value of the two functions ty and ty at X is then a function of n
only and may be denoted by t(x, m); if so, the HAMEL-NoLL theorem will have
been proved.

If .# and 9 coincide near x, the claim is trivial. Otherwise, at the regular
point X common to ¥ and .7 we describe a circular cylinder of small radius Ar

'A good presentation of this proof with appropriate figures may be found in Section I1.5 of
IRE, cited at the end of this chapter.



3. THE TRACTION FIELD 173

about the common normal n and denote the parts of its interior lying between
& and 7 by A9. We denote the cylindrical part of 8A % by A«/™* and the
parts of 9A % common to ¥ and .7, respectively, by A/ and Ao/’

First we suppose that 7 is the tangent plane to .% at x, that X is an elliptic
point for ¥, and that (5) holds at x for .. Then not only does % lie entirely
on one side of .7 near x, but also we may construct a paraboloid of revolution
S* with vertex x, with 7 as its tangent plane, and such as to include between
itself and 7 all of ., for sufficiently small Ar. Specifically, if z = f(x, y)is a
cartesian equation of . near X, the coordinates x and y being in .7 and z being
distance along the normal to 7, then 87/ = 0, and 83f = 0 at x, and if

K := max(3Lf, 0:0,f,03f)  when x%+y* = Ar?, (IIL3-7)
a paraboloid of the kind desired is given by
7 =2K(x? + y?). (I11.3-8)

The area of the cylindrical part Ao/™ of 9AJ is not greater than that of the
part of the cylinder between the plane and the paraboloid. Thus

A(ALY) = 2w Ar)-2K(Ar)?,
=o(Ar?) (I11.3-9)

as Ar — 0. Likewise, the volume of A% is bounded by that of the region
between .#*, the cylinder, and the plane. Thus

V(AD) < nKAr,

=o(Ar?). (I11.3-10)
Of course
A(AAy =T AP. (I11.3-11)
Exercise II1.3.1.
A(AL) =7Ar? + o(Ar?). (I11.3-12)

Hence

AOA9) =2xArt + o(Ar?) as Ar —0,
(1IL.3-13)
V(A2) = 0(A(OA D)) as Ar —0.
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We assume that the universe of shapes is rich enough in sets that A2, no
matter what be Ar, is the shape of some body #a,. Because of (13); and
(I11.1-58)

fC(-@ Ar s -We Ar)

—_—— Al = I11.3-14
arto ADAD) ( )
Orienting the tangent plane .7 so that its normal points into .¥ at X, we conclude
that for almost all x on .%¥

. 1 ~

(I11.3-15)

In view of (9) and (13), the limit of the third term vanishes, and so by (11)
and (12) we see that

. 1 . 1
AI}T»OWS/MtydA = _AI}TOW/AM'tydA’ (III3-16)
provided either limit exist. Now the value of the limit on the left-hand side is
t4(x) by assumption, and so the limit on the right-hand side is proved to exist
by the argument given. The limit on the right-hand side is independent of the
choice of .#. Hence ty(x) is the same for all surfaces .% that are elliptic at X,
provided x be a place where (5) holds for .%.

Exercise I11.3.2. The proof of the HameL-NoLL theorem is completed by letting
X be a saddle point for . or for . or for both. A

4. Cauchy’s Fundamental Theorem: Existence of the Stress Tensor

The Cauchy Postulate (II1.3-1) and its consequence, Caucny’s Fundamental
Lemma (I11.3-2), enable us to determine the way the traction field t depends
upon n. Indeed, it is a linear function of n, as shown by

Cauchy’s Fundamental Theorem. If t(-, n) is a continuous function,
there is a tensor field T such that

t(x, n) = T(x)n. (I11.4-1)
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CaucHy himself interpreted this theorem as stating that the tractions on any
three linearly independent planes at a point determine the traction on any and
every surface at that point. Indeed, let {ex} be a basis in ¥/, so that n = n¥e .
Then (1) asserts that

t = T(n*ex) = n*(Tey) = n*ti, (111.4-2)

t; being the traction on a plane whose outer unit normal is e, . The value T(x)
of the tensor field T at X is called the stress tensor, and CaucHy’s Fundamental
Theorem asserts the existence of the stress-tensor field. The letter T should
recall ““‘tension,”’ since n- T(x)n > O if and only if the traction t(x) is a tension.
Sometimes, accordingly, — T is called the pressure tensor.

Cauchy himself proved his theorem by applying (III.1-58) to a tetrahedron,
three of whose four faces were mutually perpendicular. In this way he concluded
by use of an orthonormal basis {e;} at X that

3
T =) tx, e) e, (111.4-3)
k=1

a statement equivalent to (2). CaucHy’s proof, which suggests a method for
discovering the theorem, has been reproduced again and again in the textbooks.
Here we shall give a proof due to NoLL!, which is similar to CAucHY’s in resting
essentially upon (III.1-58) but differs in that it uses a construction employing
any two linearly independent vectors rather than an orthogonal triad.

Proof. The function t(x, -) is defined by (III.3-1) only for arguments
which are unit vectors. We may extend it as follows to all of ¥":

|v|t(x, l) if v 0
U(x, v) := vl (I11.4-4)
0 if v=0.
If A >0 and v & 0, then by (4)
Av
t(x, Av) = |Av t(x, —) = At(x, V), I11.4-5
avie(x, G (IIL4-5)

'We follow the presentation by M. E. Gurtin in Section 15 of ““The linear theory of elasticity,”
FLicee’s Handbuch der Physik V1a/2, ed. C. TruesbELL, Berlin and New York, Springer-Verlag,
1972. In the same section GURTIN gives a rigorous and efficient version of Caucuy’s original
proof. Rigorous presentations more or less close to CaucHy’s path of discovery may be found
in CFT, Section 203; in Section 16 of C.-C. WaNc’s Mathematical Principles of Mechanics
and Electromagnetism, N.Y. and London, Plenum, 1979; and Section 14 of M. E. GurTIN’s
Introduction to Continuum Mechanics, N.Y. etc., Academic Press, 1981.
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and the same conclusion follows trivially if v=0o0or A =0. If A <0, then (5)
and CaucHY’s Fundamental Lemma (II1.3-2) show that

t(x, Av) = t(x, —|A|v) = |[A|(x, —V) = At(x, V). (111.4-6)

Thus t(x, -) is a homogeneous function of vectors.
We wish now to show that t(x, -) is additive:

t(x, v1 +v2) = t(x, v1) + t(x, v2). (I11.4-7)

If vi and v; are linearly dependent, (7) follows at once from the homogeneity
of t(x, +). We suppose, then, that v; and v, are linearly independent. At a given
place xq the planes P, and [P, normal to v, and v, , respectively, are distinct.
We set

v3:= — (Vi + V) (I11.4-8)

and consider the wedge A that is bounded by these two planes, the plane [P,
normal to v; at the place X¢ + evs, the planes P, and [P5 distant 6 from xg
and parallel to the plane of v;, v, and v3. We suppose both ¢ and § small
enough that A be the shape of some part of %, and we denote by ;A the
portion of the plane [P; that makes a part of the boundary of A. We shall hold
6 fixed and let e¢ approach 0. JsA is a triangle in the plane of v, v,, and
v3 . If the lengths of its sides normal to these vectors are, respectively, /1, 5,
and /3, then consideration of similar triangles shows that /, /I3 = |v;|/|v3| and
I3 /3 = |va|/|v3]. Also /3 = O(e). Hence if we write A; for the area of §;A,
we see that

_ v

A = -—As;, 1‘12=M

A3a
|v3]

Az =0(e) as e€—0, (111.4-9)

V(A) = telvs|A3 = 2644 = 2645 .

If

c:= M/ t(x, m)dA, (IT1.4-10)
A3z Jaa
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from (9) and the assumption that t(., m) is continuous we see that

3
|¥i | \/
— L. s T dA O Oa On e
c ;_l i a,-At X vil + O(e) as € — (II1.4-11)

where we have used CaucHy’s Fundamental Lemma (II1.3-2) so as to incorpor-
ate into the remainder the integrals over ;A and OsA. Since t is a homogeneous
function of its second argument and a continuous function of its first argument,

3
c— Zt(xo, vy) as e—0. (111.4-12)
k=1

On the other hand, by (9)4 and (II1.1-59), which is a consequence of the balance
of momentum, we see that ¢ — 0 as ¢ — 0. Therefore, since the sum in (12)
is independent of ¢, it must vanish:

3
Zt(xo, v;) =0. (I11.4-13)
k=1

By (7), t(x¢, +) is additive. Because every homogeneous additive function is
linear, we have shown that t(x, v) = T(x)v, and restriction of this statement to
unit vectors yields CaucHy’s Fundamental Theorem (1). A

If, as we have assumed in demonstrating CaucHy’s Fundamental Theorem,
t(-, n) is a continuous function, then so is T.

Caucny’s Fundamental Theorem must not be confused with any standard
theorem in measure theory. The proof rests essentially upon (III.1-59), which
reflects the balance of linear momentum. Of course the theorem can be phrased
more abstractly, without verbal reference to mechanics,' but if we do not impose
(II1.1-59), then t need not be a linear function of n. In some important theories
of continuum mechanics there are, indeed, traction fields that are not delivered
by a stress tensor,? but we shall not take up such theories in this book.

Exercise II11.4.1 (Gurtin). Let k be a vector other than 0. If t(x, n) = (k - n)n,
then (III.1-59) holds, but the important bound (III.1-58) and Caucuy’s Fundamental
Lemma do not.

!Cf. the papers cited above in Footnote 2 on p. 88.

2Cf. R. A. Tourv, “Elastic materials with couple stresses,” Archive for Rational Mechanics
and Analysis 11 (1962), 387-414. Tourin calls the tensor whose contravariant components he
denotes by £/ the stress tensor, but according to his Equation (7.19); the traction vector on a
boundary surface is given only in part by #/n; . TouriN’s traction is not essentially bounded in the
sense expressed by (IHI.1-12), .
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In the proof of CaucHy’s Fundamental Theorem the assumption that t(-, n) be con-
tinuous is crucial. Then there is a sequence of sets &/, in the plane through x and

normal to n such that
/ tv, dA
t(x, n) = lim

o

SEm 111.4-14
e Al (414
in which t;,_ is the traction as defined by (III.1-46). This fact suggests that we define as
follows the average traction t.(x, n) over a closed disk 2, of positive radius r, centered

at x and normal to n:
/ ty, dA
-@r

A (I11.4-15)

t,(x, n) :=

We say that fc has uniform average traction in the actual shape x (%) if for each fixed
n the one-parameter family of functions {t.(x, n)} is, as r — 0, uniformly Cauchy-
convergent in the set of x belonging to any compact subset x(#). Using (III.1-8), and
(II1.3-2), one can then show that the map x — t,(x, n) is continuous.

Theorem (GurtiN & Martins).! Let fc satisfy (I111.1-58). Then the following
two statements are equivalent:

(i) fc has uniform average traction.

(ii) for every x and every n, the average traction t,.(x, n) tends to a limit, say

lir% t.(x, n) = t(x, n), (I11.4-16)

and t(-, n) is continuous.

Thus the continuity of t(-, n) is characterized directly in terms of the nature of the system
of contact forces fc . Can the linearity expressed by CaucHy’s Fundamental Theorem be
demonstrated on the basis of the bound (III.1-58) without further assumptions? We state
without proof the following generalization of Caucny’s Theorem, which, altogether
dispensing with the assumption of continuity, refers directly to the existence of the
average traction.

Theorem (GurtiN & MARTINS). Again let fc satisfy (I11.1-58). At all places
where the limit exists, let t be defined by (16). Then on x(%), to within a set of

M. E. Gurtin & L. C. Martins, “Cauchy’s theorem in classical physics,” Archive for
Rational Mechanics and Analysis 60 (1976): 305-324.
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null volume, there is a tensor field T such that
t(x, n) = T(x)n (I11.4-1),
for every unit vector n.
The normal component n-t(x, n) of the traction corresponding to n at x is
called the normal traction at x on the surfaces that have the outer unit normal
n at x, while the tangential component t — (n-t)n is called the shear traction

on those surfaces. From CaucHy’s Fundamental Theorem (1) we see that the
normal traction is the normal component of T:

n-t =n.Tn. (I11.4-17)

If n, e, f is an orthonormal basis at x, then

t — (n-t)n = (e-Tn)e + (f-Tn)f. (I11.4-18)
The components e-Tn and f-Tn of the shear traction are called the shear
stresses in the directions of e and f, respectively, on a surface normal to n at

X.

Exercise I11.4.2. Cauchy’s Reciprocal Theorem :

n-t(.,m)=m-t(-,n) vm,n & T=T. (111.4-19)

In view of CaucHy’s Fundamental Theorem (1) we may express the prin-
ciples of balance of linear and rotational momentum (III.1-8); » as follows in
terms of the stress tensor T:

/ pidV:/ TndA +/ pbdV,
x(2, 1) Ox (2, 1) x(2, 1)

(IT1.4-20)

/ (x—xo)ApidV:/ (x —xg) A(Tn)dA +/ (x —xg) ApbdV,
x(Z, 1) 0x(2, 1) X(2, 1)

in which now we have restored the time ¢ in the notation. These are the forms

in which the two principles of momentum are commonly stated in continuum
mechanics.
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Since all forces are frame-indifferent, under change of frame from § to §°
t' =Qt, b* = Qb, (I11.4-21)

Q(¢) being the orientation of 3? * relative to 3? at the time 7. As we have seen in
Exercise 1.11.4, the unit normal n to a surface in & is frame-indifferent:

n* =Qn. (111.4-22)

Cauchy’s Fundamental Theorem (1) applies in ¢ * as well as in §. Hence
T transforms frame-indifferent vectors into frame-indifferent vectors. From
the analysis leading to (I1.9-10) we conclude that the stress tensor is frame-
indifferent:

T* = QTQ'. (I11.4-23)

The traction t is called the Cauchy traction; the stress tensor T, the Cauchy
stress. Because it determines the contact force per unit area acting upon any
surface in the present placement of a body, the CaucHy stress is fundamental
to our understanding of the effects of systems of forces in and on continuous
bodies. For the solution of boundary-value problems and the discussion of con-
stitutive properties of materials, the tractions referred to unit area in a reference
placement are usually more convenient; in modern applications and studies of
fundamental aspects of particular theories of materials, consequently, referential
tractions occur much more frequently than the Cauchy traction t. The referential
tractions are determined by the first and second Piola stresses, which we shall
introduce at our first need for them, namely in Volume 3.

The traction fields on the surfaces Ox(#, ¢), which the traditional approach
through (III.1-3) assumes to exist, and which in the approach through the
modern theory of systems of forces GURTIN & WiLLiams’ Traction Theorem
(II1.1-46) proves to exist, CaucHy’s Fundamental Theorem (1) replaces by val-
ues of a linear function of n, namely T(x, #)n. Because the traction field t5,(4, 5
is defined only upon 9x(%, ¢), it does not lend itself easily to further devel-
opment. In replacing it by the action of a tensor field T(x, ¢) defined on all
of x(#, t), Cauchy’s theorem suggests use of the divergence theorem. That
use, as we shall see below in Section III.6, leads to the partial differential equa-
tion expressing locally the balance of linear momentum in contintum mechanics
and requires T to be symmetric. Because the technique for using the divergence
theorem applies to various sciences, we proceed to present it in fairly general
terms.
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5. The General Balance

The integral equation (II1.4-20); , like other fundamental equations of clas-
sical physics, has the form of an equation of balance:

i/‘ydM: p&inV:/ undA+/ po dv.
dt /s X(#,0) X, 1) X(2, 1)

(111.5-1)

Here ¥ and O are tensor fields of the same order, defined over # and x(%, t),
and Y is a tensor field of order greater by 1 than that of ¥ and <. One instance,
trivial, has been encountered earlier, for the principle of conservation of mass
(Section 1.4) may be expressed in this form by the choices ¥ =1, Y =0,
o = 0. More generally, we interpret the equation of balance (1) as asserting
that the rate of increase of the total ¥ in a part & of a body may be expressed
as the sum of two effects: inflow through the boundary of the shape of # and
growth at places within that shape. If a statement of the form (1) holds, A is
called an efflux of Y and < is called a supply of §.

Of course, neither 2{ nor © is determined uniquely by (1). For example,
any divergenceless tensor of the same order as 2 may be added to Y without
effecting any alteration of the other two terms in (1).

Equations of balance have two common applications: in regions where the
fields occurring in them are smooth, and at certain kinds of discontinuities. We
consider the former application here. When we come to treat elasticity (Volume
3), we shall illustrate the latter.

Y, A, and o are functions of ¢ and Xx, integrable in the latter. We assume
also that Y is continuously differentiable in x(#, ¢) and continuous on dx (%, ?).
Then Green’s transformation may be applied to regions with smooth boundaries:

/ UndA = / divu dv, (II1.5-2)
(2, 1) x(#.0)

and so the general balance (1) becomes

/ (p‘il —divYy —po)dV =0. (I11.5-3)
x(#, 1)

Now a principle of balance is asserted to hold for all bodies and hence for
all shapes of all parts of a given body. In particular, then, (3) follows for all
parts whose shapes at the time ¢ are sufficiently small spheres about the place x
in the interior of x(#, ¢). If the integral of a continuous function f over every
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small sphere about x vanishes, then f itself vanishes at x. Conversely, of course,
if f vanishes at all points, so does its integral over every region contained in its
domain. Thus we obtain the following

Theorem. I[f the equation of balance (1) holds for all sufficiently
small spheres in the fit region x(#, t), then at all interior points of x(#, t)
where p¥ —divY — p O is continuous in its argument x the following dif-
Sferential equation holds:

oV =divY +po. (111.54)

Conversely, if (4) hoids at all interior points of a region, and if A is
continuous in its argument X on the boundary of that region, the general
balance (1) holds at the time t for the body occupying that region.

The differential equation (4) is called the General Field Equation. In the
spatial description the substantial derivative ¥ is to be calculated by (I1.6-3)
or one of its generalizations.

6. Cauchy’s Laws of Motion

We now obtain local forms of the principles of balance of linear and ro-
tational momentum. First, with the choices ¥ = x, ¥ =T, and © =b we
reduce (II1.5-1) to (II1.4-20),, and so by (III.5-4) we obtain Cauchy’s First
Law of Motion:

pX =divT + pb, (111.6-1)
as a necessary and sufficient condition that linear momentum be balanced for all
subbodies in the interior of a region where pX, pb, T, and div T are continuous.

The treatment of (111.4-20), is not quite so immediate.

Exercise I11.6.1.  For any tensor field S continuously differentiable in the fit region
R

/ (x —X0)ASndA = /[(x —Xg) AdivS —2skwS]dV. (I11.6-2)
Y] 2

If we substitute (2) into (II1.4-20); and suppose that CAucHY’s First Law
(1) holds, as a necessary and sufficient condition for the balance of rotational
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momentum we obtain
/ skwTdV =0. (111.6-3)
x(#,1)
Since T is continuous, skw T = 0; that is,

T =T. (111.6-4)

This is Cauchy’s Second Law of Motion: Under the hypotheses leading to
the First Law, and on the assumption that the First Law holds, balance of
rotational momentum and symmetry of the stress tensor are equivalent.

CaucHy’s Laws assert that T" — T and px — div T — pb vanish in an inertial frame.
Since these quantities are frame-indifferent in the galilean class of any given frame, they
vanish in one inertial frame if and only if they vanish in all inertial frames. Cf. Section
I.13.

Since T is frame-indifferent, so is T™ — T. Thus Caucuy’s Second Law is a frame-
indifferent statement. That is, it holds for one frame if and only if it holds for all frames.

Cauchy’s First Law as stated is not frame-indifferent, but of course it can be modified
so as to become so. Indeed, both div T and pb are frame-indifferent, reflecting the fact
that all forces and masses are frame-indifferent. The acceleration X, in contradistinction,
is not frame-indifferent (¢f. Section 1.9 and I.11). In accord with the frame-indifferent
statement of the Axioms of Inertia in Section I.13, Caucuy’s First Law in a general
rigid frame §” assumes the form

pay = divT* + pb*; (I11.6-5)
here
8y = X" — X§ — 2A(X" —xJ) — (A - AH)(x* —x3), (IL.4-7),
T* = QTIQ", (I11.4-23),
b* = Qb, (I11.4-21),,

in which Q, xo , and x are the quantities defining the change of frame (II.14-2) when
applied to an inertial frame f , while X* and X* are the fields of velocity and acceleration
relative to § *, and A is the spin of § with respect to § *. The student may refer to
(1.9-15), (1.13-9), (1.11-3), and (1.13-13).

Some authors prefer to transfer the terms following the minus signs in (I1.4-7) to
the right-hand side of Caucuy’s First Law and call them ““forces” or “apparent forces.”
According to their point of view, Caucuy’s First Law in the form (1) is valid in all
frames, but the body force b must be augmented for forces “‘due to the motion™ of the
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observer’s frame with respect to an inertial frame. Since just the same equations result,
this point of view is legitimate, but it is scarcely felicitous, since it obscures the basic
nature of frames and of systems of forces.

In this book, except in passages where requirements of frame-indifference are de-
veloped, we shall always presume that the frame used is inertial.

CaucHy’s two Laws of Motion have been derived by arguments that apply
only to interior points. On the boundary of a body not in contact with any
other body, those arguments have no force. We shall assume that the stress
field T(x, ¢) is continuous on clox(4%, t) at the time ¢. Thus the second law (4)
holds on the boundary. At boundary points we shall assume that the First Law
(1) holds in the sense of an interior limit.

In some recent theories of continuum mechanics stress tensors that are not symmetric
appear. In these theories either there are torques that are not moments of forces, or
the density of rotational momentum is not simply the moment of the density of linear
momentum, or both. We shall not have need of these more general ideas in this course,
for which the classical laws of Caucuy will suffice as local statements of the principles
of linear and rotational momentum.

Because the stress tensor is symmetric, it has a spectral decomposition:

T =

3
tre, e, (I11.6-6)

k=1

{ex } being a suitably selected orthonormal basis at (x, ¢). The numbers ¢ are
called the principal stresses, and the directions of the e, are called the principal
axes of stress. If the three principal stresses are distinct, the principal axes of
stress are unique; otherwise, T has infinitely many triads of principal axes. In
general, there are no surfaces everywhere normal to the fields e; (c¢f. Section
App. IIC.5), but of course there are infinitely many surfaces normal to each
e; at any one given place X at the time ¢. On such a surface at the place x and
the time ¢, the principal stress #; is the normal traction, and all shear stresses
vanish.

If e; is a unit vector, a stress of the form ¢,e; ® e; is called a uniaxial
tension of amount t, in the direction of e; . The spectral decomposition (6)

asserts that the stress at (x, ¢) may be regarded as the sum of uniaxial tensions
along the principal axes of stress.

Exercise II1.6.2. The stress is said to be hAydrostatic at x if, for all n

|t(x, m)| is independent of n, and n-t(x, n) is of one sign, (II1.6-7)
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and
n-t(x, n) is independent of n, (I11.6-8)

and
t(x, n) is parallel to n. (I11.6-9)

In view of CaucHy’s Second Law, any one of these statements implies the others and
also

T=-px1. (I11.6-10)

What relations can be established among these statements if T is not symmetric? A
particular time ¢, not indicated in the notation, is understood throughout the argument.

The working W of a system of forces has been defined by (1.8-7). In an
inertial frame W is expressed in terms of the kinetic energy K and the power P

by (1.14-1). The power (I.14-2) in continuum mechanics is the rate of working
of the contact force and the body force:

P :/ x-tdA +/ ox-bdV. (I11.6-11)
Mx(2,1) x(2,1)

Exercise I11.6.3 (PioLa’s power theorem). If t and b are regarded as given fields
in (11), then in order that P = 0 in every rigid motion of &, it is necessary and sufficient
that the resultant force and resultant torque applied to # shall vanish. Equivalently, in an
inertial frame the linear momentum and rotational momentum of # are both constant.

Exercise I11.6.4 (Stokes’s power formula).

W = wdV, (I111.6-12)
X(#,t)

in which w, which is called the stress power, is given by
w=T.G=T-D. (I11.6-13)

Hence w = 0 in a rigid motion, and also in an isochoric motion subject to hydrostatic
stress. Also w is a frame-indifferent scalar.
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Exercise I11.6.5 (Balance of mechanical energy). If
Pc :=/ x-tdA, (111.6-14)
IX(P, 1)

and if the body force is lamellar (¢f. (III.1-7)), the corresponding potential energy
U(2, t) is defined as follows:

U:= / pwdV. (II1.6-15)
x(Z,1)
Then
P=P.-U +/ o' dV, (I11.6-16)
x(#, 1)

and hence

W=Pc—(K+0 +/ pw' dV. (111.6-17)
x(Z,1)

The definition of ‘“mechanically perfect” in Section 1.14 shows that in a mechanically
perfect motion of a body subject to conservative body force and to boundary tractions
normal to the velocities at the points where they act,

K + U = const., (I11.6-18)

provided, of course, that a steady @ be selected.

The foregoing exercise asserts a theorem of conservation of purely me-
chanical energy. It provides motivation of our having called “‘conservative’ a
body force that is steady as well as lamellar. Its hypotheses hold in some cases
governed by some classical theories of continua, but not very generally.

Exercise 111.6.6 (Balance of internal energy and working) (FoURIER, STOKES,
MaxweLL, KircuHorr, C. NEuMANN). Looking back at the Balance of Energy, ex-
pressed by (1.15-4), suppose that E has a density e with respect to mass, that w as given
by (II1.16-13) is the density of the net working W with respect to volume, and that Q
has both a superficial density g and a density s with respect to mass:

Q= gdA +/ psdV. (I11.6-19)
x(#, 1)

x(2,0)
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Then there is a vector field h such that

g=h-n, (I11.6-20)

and

pé =w +divh + ps. (1I1.6-21)

It is bruited that the differential equations expressing balance of linear and rotational
momenta follow generally from (21) by applying a superposed rigid motion. That belief
seems to have grown from a paper by A. E. Green & R. S. Rivuin, “On Cauchy’s
equations of motion,” Zeitschrift fir Angewandte Mathematik und Physik 15(1964):
290-291. If it seems strange that theorems about momenta alone can emerge from
an assumption about internal energy, it is strange. An expert in continuum mechanics
has written of this, “There are so many assumptions that the main argument becomes
trivial.” In fact, internal energy is introduced only so as to subtract it out at the first
step, and no use of (21) is necessary to the end desired, which is the outcome of PioLA’s
power theorem (Exercise I11.6.3).

7. Mean Values and Lower Bounds for the Stress Field

Signorint remarked that since
div(yT) =Tgrad ¥ + Y divT, {11.7-1)
CaucHy’s First Law (II1.6-1) yields
Tgrad ¢ =div(YT) +p¥ (b —X), (I11.7-2)

and so if we integrate this identity over the present shape x(#) of a body and
then use the divergence theorem, we obtain

/ TgradeV:/ yTndA +/ pY(b—-%dV. (IL7-3)
x(#) x(B) x(#)

The left-hand side is proportional to a certain weighted mean of the stress field
over the shape x(#). It is determined by the value of T upon the boundary
Ox(#) and by the corresponding mean of pY (b — X). The conclusion seems
to be of interest mainly for a body at rest, and so X = 0. Then it expresses
the mean values of the stress field in terms of the load alone: Tn upon the
boundary, pb in the interior.
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An example due to CHrEE and FINGER makes the point clear: If we take for
Y the position vector p, and if

1
L= |/ peTnaa +/ op®bav|, (I17-4)
V(x(%)) liéx(g) x(4)

then the mean value T of the stress field in x(%) is given by
T=L. (111.7-5)

The skew part of this equation merely reaffirms Cauchy’s Second Law, but the
symmetric part has some interesting applications.

First let us suppose that x(%) is the region bounded without by a closed
surface ¥, and within by a closed surface .%;, which lies wholly inside the
region bounded by %, , so that the region interior to .#; bounds a cavity ¢ of
positive volume, and let %, and .%; be subject to uniform hydrostatic pressures
Do and p; (Exercise I11.6.2). We suppose also that b = 0, and we write V(%)
for the volume of the cavity. Then L is easy to evaluate, and (5) yields

V(®)

“T = |pg+—22)
Pot Y @)

(o — D) 1. (I11.7-6)

Thus hydrostatic loading gives rise to a stress field that is hydrostatic in
mean. If p, = p;, the mean stress is the applied pressure. If p, > p;, the
mean pressure always exceeds p, .

Next we consider a body in a shape x(#) subject to surface tractions alone,
all of which are parallel to a certain vector e. If f is any vector normal to e,
then Tf = 0 on Ix(4%), and so from (4) we obtain

1 1

f=—— " Tn-Hpdd = —— THpdA =0.
V@) Jogiar P ™ V(@) Joiay™ TP
(I11.7-7)
Thus (5) yields
Tf = 0: (I11.7-8)

The stress field corresponding to uniaxial surface load is uniaxial in mean.

Exercise 1I11.7.1. Let &/ be a portion of a plane normal to e, and upon ./ let Te
be a constant multiple of e. If Fe denotes the resultant contact load upon ./, and if the
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centroid of ./ is at p_(#), then (fﬂ p ® TedA)e = Fp_(«). Hence if the shape x(%) of
a body at rest has two plane, parallel faces normal to e, upon each of which a uniform
tensile load is applied, and if the body is otherwise free, then the mean tensile stress is
given by

e Te = Fd

__fda 101.7-
Vix(@) (r.7-9)

F being the resultant tensile force applied to either face, and d being the distance between
the plane faces.

Numerous other relations of this kind were obtained by SiGNorinI and his
school. They studied also moments of stressp@p® --- @ p® T and showed
that many components of those moments can be determined from the moments
of the load.

Exercise II1.7.2  (Signoring).  Let L be the third-order tensor whose components
Limg are defined as follows in terms of the components p; of the position vector:

Lkﬂq = %(qup +Mpkq ‘Mqu),
(II1.7-10)

1
My = —— DT , —% .
st V(&) [/(WP Psd qghy dA + l’pp Ps(b; - X)dV

Then

p@T=L. (I1.7-11)

SignorINT showed how to obtain lower bounds for the mean stresses in terms
of other, more accessible means such as L. and L. His method was extended
by GrioLl. Their conclusions are most easily expressed if we regard T as a
6-dimensional vector field, which we shall do for the remainder of this section.

Let the functions F,,a = 1, 2,...,m, be orthonormal in mean over the
present shape x(#) of a body:

FoFy = s (111.7-12)

Let K be any symmetric, non-negative tensor over the space of 6-dimensional
vectors, and let C,, a =1, 2,...,m, be vectors in that space. Then

m m
0=<K. (T - ZFaCa) ® (T - ZF.,C.,) . (IIL7-13)
a=1 b=1
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Calculating the mean value of this expression, we obtain

m
KT®T +K-an ®(C, - 2F.T). (111.7-14)

a=1

0

1A

The vectors C, have been arbitrary so far. We now choose them as follows:

C,=F,T. (111.7-15)

Then (14) reduces to

m
K-TQT = K-ZFET ®F,T. (111.7-16)

The non-negative tensor K and the orthonormal functions /', remain ours to
choose. Thus (16) provides infinitely many lower bounds for the components of
T®T, bounds which depend upon the shape of the body and the loads applied
to it. One general conclusion is worth noting before we descend to particular
applications: If K is positive rather than merely non-negative, (13) and (15)
show that equality is achieved in (16) if and only if

m
T= ZFaFaT. (I11.7-17)
a=1

Therefore, among all stress fields that have in common the m means F,T for
a given set of orthonormal functions F,, such fields as satisfy (17) give a
minimum value to K-T @ T for every choice of the positive tensor K.

For example, we may take for K the tensor whose components with respect
to a particular basis are all 0 except for K , which has the value 1. Since
T? = max T%, from (16) we see that

m
maxT; 2T; =z Y (FJTo?,  k=1,2,...,6. (IIL7-18)
a=1

Thus lower bounds for the magnitude of every component of T with respect to
a constant basis field have been obtained.

The bounds we have demonstrated are expressed in terms of the means F, T
and thus might seem more difficult to calculate than such direct means as TQT.
On the contrary, the conclusions reached earlier in this chapter show that for
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suitable choices of the functions F, the means F,T can be evaluated in terms of
the applied loads. We have obtained two theorems of this kind, namely, (5) and
(11). We shall see now that they may be used so as to evaluate the right-hand
side of (16) in terms of the shape of the body and the loads acting upon it.

To do so, we are guided by the properties of the center of mass and the
Euler tensor of a body (Sections 1.8, 1.10). These assure us that by choice of
a system of cartesian co-ordinates we can satisfy the relations fx( @) Tk dv =0
and fx(ﬂ) Zp2qdV = 0 if p £ g. We could describe these co-ordinates as
having their origin at the centroid of x(#) and their axes parallel to principal
axes of inertia of a body of uniform density having the shape x(%). To express
the outcome, it is convenient to write A, for the reciprocal of the square root
of the k™ axial momentoid of inertia:

Ap:=1/4/22, k=1,2,3. (111.7-19)
Then the following 4 functions F'; are orthonormal in mean over .%:
Fo:=1, Fp:=A2x, k=1,2,3. (111.7-20)

The relation (5) may be expressed as FoT = L. In the present notation, which
regards T as a 6-dimensional vector field, the third-order tensor L defined in
terms of the applied loads by (10) becomes a triple of vectors L; , L, , L3, and
we may express (11) in the form z; T = Ly, k = 1, 2, 3. Thus, finally, if

L if a=0,
N, := (II1.7-21)
AL, if a=1,2,3,

by using in (16) the particular set of orthonormal functions (20) we obtain an
elegant inequality discovered by SIGNORINI:

3
K-TQT = ZNa-KNa . (111.7-22)
a=0

The 4 vectors N, on the right-hand side are determined by (5) and (11) from
the shape of the body and the loads acting upon it.

The estimate (22) may be rendered more specific by considering special
loadings upon special shapes. Perhaps the most interesting application is the
most trivial. Various older theories of plasticity lay down an axiom that for an
appropriate choice of K there is a constant C such that

T.KT < C. (I11.7-23)
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SiGNORINI’S inequality (22) shows that such an axiom cannot hold unless the
loads and the shape are such that

4
ZNa-KNa <C. (I11.7-24)
a=0

Thus (23) cannot serve as a general assumption in any theory designed to
represent the behavior of bodies of arbitrary shape subject to arbitrary loads.

8. Load. Boundary Condition of Traction

The applied force f* and applied torque F* acting upon the shape x(#, 1)
appear on the right-hand sides of (II1.4-20). When p is regarded as given, both
of them are determined by the field b upon x(4, ¢) and the field Tn upon
Ox(2, t). These two fields by integration deliver the load on 2 in its shape
x(2, t). In many particular problems of continuum mechanics the load on some
given shape is prescribed. The condition

Tn=t upon Ox(4, 1), (I111.8-1)

t being a given function of x and ¢, is the boundary condition of prescribed
traction. Such a condition supplements the kinematical boundary conditions
mentioned in Section I1.6.

For example, if p is a prescribed scalar field, and if

Tn = —pn upon Ix(4, 1), (I11.8-2)

the body is subject to the pressure p upon its boundary. Of course this condition
does not require the stress field throughout x(4%, t) to be hydrostatic [¢f. (I11.7-
6)].

When the field p in (2) has a constant value on dx (%, t), the body is subject
to uniform pressure. This boundary condition often is regarded as a model for
the contact load exerted by a quiet body of gas upon a body submerged in it.
A field of pressure proportional to the distance from a fixed plane provides a
common model for the contact load exerted by a quiet body of heavy liquid of
uniform density upon a body partly or wholly submerged in it. The fixed plane
represents the horizontal upper surface of the body of liquid.

Exercise 111.8.1 (ArcHimepes, STeviN, EuLer). Let a body whose shape is a fit
region be submerged partly or wholly in a heavy liquid of uniform density. The centroid
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of the part of the shape below the horizontal upper surface of the liquid is called the
center of buoyancy. The line connecting the center of buoyancy to the center of mass is
called the hydrostatic axis. If the part of the boundary above the upper surface is free of
traction, then the resultant contact load on the body is equipollent to a force applied
at the center of buoyancy directed upwards, of magnitude equal to the weight of
the fluid displaced by the body. If the body force applied to the body results from the
same gravitational field as that which acts on the liquid, then the body is isolated, as the
term is defined by (I.13-12), if and only if

1. the hydrostatic axis is vertical, and

2. the weight of the displaced fluid equals the weight of the body.

An important special kind of pressure is that exerted by surface tension. In
contrast with the other special cases just presented, this one reflects the nature
of the body as well as its shape and the nature of its surroundings:

p =20k,
k = mean curvature of Ox (4%, ?), (I11.8-3)
¢ = const.

The constant ¢, called the coefficient of surface tension, is adjustable so as
to model, more or less, the nature of the parts of & adjacent to the inside of
Ox(4, t) and the parts of the surroundings adjacent to the outside of Ox (4%, ¢).
It is the first example of a constitutive modulus in this book. Others, referring
to the material of which % is composed, will appear in later chapters.

Exercise I11.8.2. The contact load of surface tension upon a shape whose boundary
has a continuous unit normal field is null. Thus @ body loaded by surface tension alone
is isolated.

A body # subjected to null loads, that is,
b=0 inx(4,1), Tn =0 upon Ix(4, 1), (II1.8-4)

is free. Of course a free body is isolated, but an isolated body need not be free.
Cf. Section 1.13.

9. Motion of a Free Body

The theory presented thus far is so general as to impose little restriction
upon the motions of a body. Theories of particular materials, developed in
the succeeding chapter and applied throughout the remainder of this book,
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impose systematic restrictions upon bodies by requiring that they consist of
particular materials. In addition to these constitutive restrictions, or in some
cases instead of them, kinematic assumptions are sometimes imposed directly,
and these may severely limit the kind of motion possible. For example, rigid
motions have been discussed in Section 1.10, motions that preserve circulation
in Section I1.13, and some effects of kinematic boundary conditions have been
demonstrated in Section II.11. The dynamic boundary conditions discussed in
the preceding section also have their effects, as we shall see now in what appears
to be the simplest case, namely, the motion of a free body.

In the mechanics of systems of mass-points the motion of a free body is
trivial. In contrast, a free rigid body may rotate about its center of mass in
a most complicated way. When we come to deformable bodies, the problem
of free motion becomes indeterminate. Nevertheless, something definite can be
learned about it. For example, by putting a position vector p for ¥ in (II1.7-3)
we see that

T = —pp ®X, (I11.9-1)

by which the mean stress at each time restricts, or is restricted by, the acceler-
ation field. In particular, if we denote by p the arithmetic mean of the normal
tractions, p := — 3 tr'T, then from (1) it follows that

D = ipop-k. (111.9-2)

Day, acknowledging influence of SuNDMAN’s classic work on the three-body
problem of analytical dynamics, has exploited (2) so as to prove a theorem
relating P to the diameter of the shape of a body # supposed free when ¢ = 0; in
particular, the rotational momentum M is an assigned constant. By the diameter
d(t) of x(#, t) is meant the supremum of the distances between its points. The
position vector p(¢) will henceforth be taken with respect to the center of mass
P of x(Z, t), thus p:=x—p,p=x—p, p=0.

Theorem. Let M be the rotational momentum of # with respect to its
center of mass. If M % 0, then either d(t) — oo or there is a positive time
t* such that p(t*) < 0.

In particular, in the interior of a free body that remains within a bounded part
of space for all time, a region in which at least one of the principal stresses is a
tension must develop unless the rotational momentum of the body is null. The
proof follows now.
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Exercise I111.9.1. If

P(@t):= / olpl? dv, (II1.9-3)
x(#,D
then
P = iMd*. (I11.9-4)
Also
2 2
IMI2=/ epApdV| = (/ nlpAl'JIdV) ,
x(%,1) x(2,1)
. 12
§P/ p|""'2” av; (11L.9-5)
x@n [p

the last step is a consequence of the Cauchy-Schwarz inequality. But for any
vectors a and b

la Abf? =2laf|bf? —2(a-b)? = 2a]*|bP. (I11.9-6)

Thus it follows from (5) that
M < 4PK, (111.9-7)
in which K denotes the kinetic energy of x(#, ¢) with respect to the body’s

center of mass.
We now take the substantial derivative of (3) and use (2) to obtain

P =4K +6pV, (111.9-8)

V being the volume of x(%, ?). If p(t) =z 0 when 7 = 0, then from (8) it
follows that P = 4K . Thus (7) yields

2PP = 2MJ%. (111.9-9)
Hence

(P =2PP + 2P = 2M|* > 0. (I11.9-10)
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Integrating this inequality twice shows that P(f) — oc. A glance at (4) suffices
to prove that d(f) — oo. A

Some materials are regarded as being unable to support tension. DAY’s
theorem shows that a freely spinning body of such material will ultimately fly
asunder unless its diameter tends to oc. For further development of this idea,
see below, Section IV.19.
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Chapter IV

Constitutive Relations

If geometry is to serve as a model for the treatment of axioms of physics, we
shall try first to cover with a few axioms as large a class of physical phenomena
as possible, and then by adjoining further axioms, one after another, to arrive at
the more special theories ... . Also the mathematician will have to take account
not only of those theories that come near to reality but also, as in geometry, of all
logically possible theories, and he must always be careful to obtain a complete
survey of the consequences implied by the system of axioms laid down.

Further, it is the task of the mathematician, complementing the physicist’s
way of looking at things, in each instance to examine exactly whether the further
axioms be compatible with the foregoing ones. The physicist regards himself
often as being compelled by the results of his experiments to make new hypothe-
ses from time to time during the development of his theory; ... he calls only
upon those experiments or a certain physical intuition, a practice which in the
rigorously logical erection of a theory is not admissible.

HiLBERT

in regard to his Sixth Problem,
““Mathematical Treatment of the
Axioms of Physics’’ (1900)
Mathematische Probleme

Archiv fur Mathematik und Physik
(3)1 (1901), 44-63, 213-237
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1. Dynamic Processes

A motion x assigns to a body # a shape x(4, ?) at the time . At a point X
of that shape, the stress tensor T(x, ¢) determines the traction on every surface
that is the boundary of the shape of some interior part & of #. In this sense
the stress field T is assigned to the body in its motion. The ordered pair (x, T)
is called a dynamic process for Z if x and T are related in such a way as to
satisfy the principles of balance of linear and rotational momentum.

At interior points of regions where x and T are sufficiently smooth, the
principles of linear and rotational momentum are expressed by CaucHy’s Laws
of Motion. The second law (II1.6-4) requires that the stress be symmetric. The
first law (II1.6-1) relates the stress field to the acceleration X in an inertial frame,
provided the body force field b be known. We regard b, which represents the
action on # of unspecified bodies exterior to #, as assignable. While in practice
only a few special body forces like that of gravity are available in laboratories
or daily life—indeed, typically in specific problems of continuum mechanics we
suppose that b = 0—in principle we have no way of delimiting the class of all
possible fields of body force. Therefore, in arguments concerning the totality
of all possible motions of a body, we shall necessarily think of b as being
unrestricted. Whatever be x and T, a field b such as to satisfy the principle
of balance of linear momentum is determined by (II1.6-1), or, if the frame of
reference is not inertial, by (III.6-5). Thus Cauchy’s First Law imposes no
restriction at all upon x and T.

A dynamic process is defined in terms of a frame §. Thus, properly, we
should refer to {x, T} as being a dynamic process in §. Suppose now we
consider another frame § *. We have reason to regard the motion x* obtained
from x by the transformation (1.9-11) as being the very same motion as apparent

in §*:
X" =x"(X, t") = x5() + QU)X (X, 1) — Xo),
(1.9-11),
t*=t+a,

a, Xp , X5(¢), and Q(¢) being prescribed. In contrast, as we have seen in Section
111.4, the stress T is frame-indifferent:

T (x*, 1) = Q(OT(x, HQ(N)'; (IV.1-1)

here x* and #* are determined from x and ¢ by (1.9-11). Finally, if the dynamic
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process {x, T} determines a body force b in §, then b* as given by
b*(x*, 1) = Q(OHb(x, 1) (Iv.1-2)

serves to balance {x*, T*} in f * . and, of course, Caucuy’s First Law is un-
derstood to hold in the frame-indifferent form (II1.6-5). Not only is {x*, T*}
a dynamic process defined in terms of § *, but also the body force b* corre-
sponding with it is the same, in the sense of frame-indifference, as the body
force required to equilibrate {x, T} in §. Thus the definition of a dynamic
process is frame-indifferent, and the process {x*, T*} in ¢ * may be regarded
as describing the same phenomena of nature as does {x, T} in §. We shall say
formally that {x*, T*} is the process in §" that is equivalent to the process
{x, T} in § if the two are related through (1.9-11) and (1).

The foregoing statements enable us to substitute (I.7-7) and (1.9-11); into
(1), so obtaining

T (X" (X, ), 1*) = QT(x(X, 1), HQ)". (IvV.1-3)

2. Constitutive Relations. Noll’'s Axioms

The principles and definitions so far presented express properties common
to all bodies and motions. The diversity of natural bodies, which arises from
the differences among the materials that make up those bodies, we represent
in the theory by constitutive relations. In mechanics, a constitutive relation is
a restriction upon the forces or the motions or both. In popular terms, forces
applied to a body ‘‘cause” it to undergo a motion, and the motion “‘caused”
differs according to the nature of the body.

In this regard some constitutive relations are trivial, in the sense that a
constant function is a trivial special case of a function. External body forces
are of this kind. The assumption that the body force is external, since it restricts
the class of body forces to those unaffected by the motions of such bodies as
may occupy the part of space in which they act, is a constitutive relation, but it
is not the kind subjected to study in continuum mechanics, in which, in typical
problems, we simply assume that b = const. or even 0 and go on to analyse in
detail the different responses to these trivial body forces effected upon bodies
in which there are different kinds of contact forces.

Indeed, the only forces of much interest in continuum mechanics are contact
forces. As we have seen in Section II1.4, these are determined from the stress
tensor field T. Just as different figures defined in geometry idealize certain
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important natural objects, in continnum mechanics ideal materials are defined
by particular relations between the stress tensor and the motion of a body. Some
special materials, like some special figures, are important in themselves, but
it is more efficient to study infinite classes of geometric objects and infinite
classes of materials, distinguished by properties of symmetry and invariance.
A general theory of constitutive relations lays down overriding restrictions
that all constitutive relations must satisfy in order to represent mathematically
the kinds of behavior observed in materials in nature. In the class of all such
constitutive relations a rational scheme of classification is then introduced, and
theorems characterizing or describing the members of this class are then proved.

The approach is like that of Euclidean geometry, in which, after statement of the
axioms satisfied by all geometric objects, theorems characterizing and relating classes
of figures are proved. Since mechanics is a discipline vastly more subtle and sensitive
than geometry, the parallel stops here and does not extend to the theorems themselves
or even to the methods of constructing proofs.

Continuum mechanics, like any other branch of mathematics, has its own character-
istic concepts and methods. These were created in large part by James BErnouLLl, EULER,
Cauchy, Green, Stokis, KeLvin, MaxweLL, and Huconior, but only in recent years have
they been subjected to general and collective scrutiny and forged into a unified doctrine.

The further development of continuum mechanics in this book will fall within
the axioms laid down by Noiv in 1958. These, which we now state, while they
are by no means the most general considered today, are nevertheless far more
general than necessary for our purpose in this introductory book, but they are
so clear and easy to grasp that more special statement here would only blunt
them.

Axiom N1. Principle of Determinism. The stress at the place occu-
Dpied by the substantial point X at the time t is determined by the history
x' of the transplacement of % up to the time t:

T(x(X, D), 1) =§Fx'; X, 0. (Iv.2-1)

Here § denotes a mapping of histories x/, substantial points X, and times #
onto symmetric tensors. It defines the material composing 4. The domain
of the first argument x’ is the set of possible motions of # (and not merely
their restrictions to the substantial point X). The range of §, for each X, is
some subset of the set of histories of symmetric tensors. The mapping § is the
constitutive mapping of the substantial point X; and the substantial point X
itself is now called a material point of #. The relation (1) is the constitutive
relation of the material defined by §§. The mapping § is neither more nor less
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than a rule which, for each material point and at each time, assigns to the
history up to the time ¢ of each conceivable motion of % a unique stress tensor
T(x(X, 1), t) at the place X occupied by X at the time 7. As X ranges over %,
the value of § at the time # delivers the stress field T(x, ¢) acting upon x(4, t).
In rough terms, the past and present placements given by the motion of
A to the material points it comprises determine the stress field over its
present shape x(%, t).

The concept of material here defined represents the common observation
that many natural bodies exhibit memory of their past experiences, sometimes
continuing to respond to the effects of change of form long after the change itself
took place. For this reason §§ is often called a memory functional. Of course,
those special § that depend on x only through its present value, which model
materials without memory, or through the present values of its time derivatives,
which model materials with short-range memory, are not excluded.

Only frames preserving the sense of time are allowed in mechanics, as has been
stated in Section 1.6. In view of this fact and the definition (II.10-1) of the history x’,
the constitutive relation (1) respects the sense of time. While past and present motion
determine present stress, it by no means follows that future and present motion do the
same. In the materials of nature the past of a specimen cannot generally be reconstructed
from its present and future conditions, and irreversibility of this kind is allowed for by the
mathematical theory from the start. Indeed, irreversibility is the rule, not the exception,
in continuum mechanics, and the study of various precise senses of that word is one of
the main aims of the theory. In this study, continuum mechanics quits the tradition of
analytical dynamics, in which, in typical cases, such as that presented above in Section
.14, past and future are interchangeable.

It is possible that (1) be invertible in the sense that the motion x of a body is
determined, conversely, from the history T of the stress field defined over it. However,
such cannot be the case in general, since in Eulerian hydrodynamics, defined by the
special constitutive relation (IV.4-4), below, a knowledge of the pressure field for all
times and at all places determines nothing more about the placement x(-, ¢) than its
mass density p. Thus an inverted relation giving x in terms of T' cannot possibly be
general.

Axiom N2. Principle of Local Action. The principle of determinism
allows the motions of material points Z that lie far away from X to affect the
stress at X. The notion of contact force makes it natural to exclude action at a
distance as a material property. Accordingly, we assume a second constitutive
axiom: The motion of material points at a finite distance from X in some
shape of @ may be disregarded in calculating the stress at X from the
past and present shapes of 4. (Of course, by the smoothness assumed for x,
material points once a finite distance apart are always a finite distance apart.)



202 IV. CONSTITUTIVE RELATIONS

Formally, if x and x are motions such that for some neighborhood A4(X)

X(Z,s)=x'(Z,s) Vs=0, VZeMX), (IV.2-2)
then
§x'; X, D =8x';s X, . (IV.2-3)

If we apply Axiom 1 to the transformation rule (IV.1-3), we obtain

§ X, 1) = QOFX X, HQ)". (IV.2-4)

Here the constitutive mappings § and 8* may differ. In conformity with general
experience gained from observations of the behavior of materials, we assume
that the properties of a given material as represented by § do not differ for
different rigid frames. If the constitutive relation (1) holds for the dynamic
process {x, T}, it holds also for every equivalent dynamic process {x*, T*}
as defined in Section IV.1. In other words, we cannot distinguish one rigid
frame from another by measurement of the stresses in a body of given material.
Formally, for any two rigid frames § and § *

g* =§. (Iv.2-5)
The assumption (5) expresses

Axiom N3. Principle of Material Frame-Indifference.

O X, 1) = QOB X, nQM)". (IV.2-6)

In fact (6) should hold for two generalized frames f and f * in the same rigid
class. (Generalized frames are defined above in the passage in fine print preceding the
discussion of units of length and physical distance in Section 1.6.)

Now referring to a particular frame ¢ and a particular constitutive mapping

g, let us consider two motions x, and x, that differ by a rigid motion, a time
shift, and possibly a reflection:

X2(X, t +a) =x5(8) + Q)(x (X, 1) — Xo) (Iv.2-7)

for a real number a, a fixed place xp, a vector xj(¢), and an orthogonal tensor
Q(r). While x; and x, need not be given a kinematical interpretation here,
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X579 may be regarded as formally related to x4 just as x**" is related to x*,
and so by using (6) we obtain the following functional equation, which each
constitutive mapping § must satisfy:

Fo X, £ +a) = QOF(x1; X, HQE)'. (1v.2-8)

This statement asserts Invariance under Superposed Rigid Motions: In any
given frame let the motion x, be obtained from the motion x, by super-
posing a rigid motion, a time-shift, and possibly a reflection. Under that
superposition the value of a constitutive mapping transforms like the stress
under a change of frame (1.9-11) with the orthogonal tensor Q(t).

While the analysis just given refers to a single frame only, its conclusion is
not restricted to that frame, because if (8) holds in one frame, it holds in all, for
a change of frame if considered as a purely mathematical statement superposes
a rigid motion perhaps combined with a reflection.

We have considered the behavior of § for a class of motions. Material
frame-indifference was used to effect the proof of Invariance under Superposed
Rigid Motions. Now we shall show that, conversely, Invariance under Super-
posed Rigid Motions implies the Principle of Material Frame-Indifference. The
assumption is now (8), with x, derived from x, by superposing a rigid motion,
a time-shift, and possibly a reflection, expressed by (7).

For any two rigid frames § and §”, any two equivalent motions x and x*
are related by (1.9-11), and hence they satisfy (7) with x; = x, x» = x*, and
t +a = t*. Thus our assumption (8) asserts that

x5 X, 0 = Q% X, HQW)". (IV.2-6);

From (6) and (4) we conclude that
X, ) =F & X, 0. (IV.2-9)

Because x* in (9) is arbitrary, (5) follows.
Using the abbreviations MFI and SRM to denote the two principles, we may
abbreviate as follows the theorem just proved:

MFI & SRM . (Iv.2-10)

(all frames) (some one frame)

In other words, the two principles are equivalent.
For the foregoing analysis I am indebted to R. SEGEv.
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From physically oriented circles come claims that SRM is the “‘correct’ principle,
being more “physical”, while MFI is not correct. Some use the term ‘““objectivity’’ to
denote SRM. Tendentious terms are dangerous; in ordinary life, use of a tendentious
term often indicates deceit, and those who claim to be “objective” in their judgments
sometimes mislead themselves while trying to pull the wool over the eyes of others.

Neither MFI nor SRM is objective in any sense of that adjective found in dictionaries.
Both are assumptions. On the basis of Axiom N1, each implies the other.

The real difference of opinion comes with the sign of det Q. Rotation of a body does
not turn it inside out. Therefore, detQ = +1 in transformations intended to represent
motions of natural bodies. Anyone who so wishes may impose that requirement. To
impose it for SRM automatically imposes it for MFI, and conversely. For all purposes
in this book, it makes no difference. In the proofs given in this section, Q may always
be replaced by — Q at pleasure.

Constitutive mappings whose values are tensors of odd order appear in theories of
heat conduction, optics, etc. They are not invariant under change of the sign of Q.

While some steps may be taken to delimit the class of all constitutive map-
pings that satisfy Axioms N1-N3, in this book we shall consider only simple
materials. To this special class, which is still general enough to include all the
older theories of continua and many of the more recent ones, we now address
ourselves.

3. Simple Materials

The constitutive axioms N1 and N2 state that the history of the motion of an
arbitrarily small neighborhood of a material point determines the stress at the
place presently occupied by that point. The first approximation to the transplace-
ment x, at X is provided, at each ¢, by the transplacement gradient F, (X, ?),
the properties of which we have discussed in Section II.5 and thereafter. Thus
the history of F, , which we shall denote by F. , provides a first approximation
near X to the history x! of the transplacement x, of #. If a knowledge of
this first approximation suffices to determine the stress at X, the corresponding
material point X is called simple. Formally, (IV.2-1) becomes in this instance

T(x, 1) = T(x,(X, 1), 1) = G, (F(X), X). (Iv.3-1)

Clearly the principles of determinism and local action, Axioms N1 and N2, are
satisfied. We shall consider Axiom N3 presently.

The mapping ®, is called the response with respect to x. If it is such as
to satisfy Axiom N3, the Principle of Material Frame-Indifference, it defines
a particular simple material; otherwise, it does not. The domain of its first
argument, for fixed X, is a suitable class of histories of invertible tensors. Its



3. SIMPLE MATERIALS 205

range is some subset of the set of all symmetric tensor fields over the present
shape x(4, t) of # in &. In other words, at a given time ¢ and at a fixed place
X in the reference shape it maps the history of an invertible tensor function of
time onto a symmetric tensor at the place x presently occupied by X.

As in Section I1.7, let A map the reference shape x (%) onto another one,
x1(%), and let P :=VX. Thus P is a given function of X. Substituting (II.7-5)
into (1) yields

8, (F;) =6, (F,P), (IV.3-2)

in a notation which omits the place X in x(4) that the material point X
occupies. Thus if for any invertible history F’

6,,F) =0, (FP), (IV.3-3)
the constitutive relation (1) assumes the form
T(x, ) = @,,(F(X), X), (IV.3-4)

provided now F be interpreted as the gradient of x,, at X, and x = x,, (X, #).
Thus T is determined just as well by the history of the transplacement gradi-
ent from x,(#) as by the history of the transplacement gradient from «(%).
Although the response @,, is not generally the same mapping as is the re-
sponse @, , the existence of such a mapping is a fact independent of the choice
of reference placement. Therefore, the definition of a simple material, while
it mentions a reference placement, does not depend upon that placement and
hence could be expressed without any use of reference placements.
Homogeneous transplacements were defined and analysed in Section I1.12.
A history F' of the gradient of a homogeneous transplacement can be constructed
from any invertible tensor function F. By exhausting the class of histories of
such transplacements, we exhaust the domain of the response @, (-, X). Thus
the response of a simple material point is determined for all histories by its
restriction to the histories of gradients of homogeneous transplacements.
In laboratories of experimental mechanics great weight is laid upon homo-
geneous transplacements, and the results of more complicated transplacements
are commonly explained in terms of them. In this sense, though unconsciously,
experimenters tend to presume that a material found in the laboratory may be
modelled sufficiently well in the mathematical theory by some simple material.
In this book we shall sometimes use the term “‘experiment’ in an ideal sense.
We shall imagine an experiment in which a subbody containing X is subjected
to a particular transplacement history x. with respect to the reference place-
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ment x, and we shall suppose that the resulting stress T is then measured. As
x. ranges over various transplacement histories, various values of T result. We
shall describe the constitutive relation itself as expressing the outcome of these
experiments. In this sense we may say that the material point X of the body
4 is simple if the outcomes of all experiments at X are determined by the
outcomes of all experiments on homogeneous transplacements of parts of
% near X. In Section IV.9, so as to delimit the ideal experimental program
suggested by this fact, we shall determine the homogeneous transplacements
that can te produced by the action of uniform body forces.

The definition of a simple material and its interpretations are independent
of the choice of reference placement x. The response @, with respect to x is
not, nor are the experiments just mentioned. A homogeneous transplacement
of x1(#) is not a homogeneous transplacement of x2(%) unless x, o k ]_l is an
affine mapping. The responses @,, and @,, are in general different mappings,
each being determined uniquely from the other by (3).

Henceforth in this book we shall consider only simple materials. When,
as will usually be the case, a reference placement « is selected once and for all,
we shall write the constitutive relation (1) of a simple material in the abbreviated
form

T(?) = &(F). (IV.3-5)

The theory of simple materials includes most of the common purely mechan-
ical theories of continua studied in works on mechanics, engineering, physics,
applied mathematics, efc. While modern studies of continuum physics include
microstructure, electromagnetism, chemical reactions, diffusion, and relativis-
tic phenomena, we shall not consider those in this book. Modern continuum
thermomechanics incorporates the effects of heating and change of temperature,
but those, too, this book will not go into.

4, Some Classical Instances. Specimens of the Effect of the
Principle of Material Frame-Indifference

In this section we shall define some of the special materials, the theory of
which furnished the main subject of study in continuum mechanics in former
times, and we shall use them to illustrate the power of the Principle of Material
Frame-Indifference to reduce the apparent generality of a class of hypothetical
constitutive relations. The reader who is already familiar with classical theo-
ries or who desires only a consecutive, systematic development of continuum
mechanics should skip this section and pass to the next.
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An elastic material is defined by the instance in which the mapping ® in
(IV.3-5) reduces to a function g of the present transplacement gradient F(X, ¢),
irrespective of the values F'(X, s) of the history ¥’ in the past; i.e., when
s>0,

T = g(F, X), (IV.4-1)

g(+, X) being a function which maps invertible tensors F onto symmetric tensors
T. Not all such functions define elastic materials, however, since the Principle
of Material Frame-Indifference, stated in Section IV.2 as Axiom N3, is not
satisfied unless g is of a special kind, as delimited in the following

Theorem (CELLERIER, RICHTER). Let the polar decomposition of the
transplacement gradient be F = RU. Then the constitutive relation of an
elastic material is of the form

T = Rg(U, X)R". (1Iv.4-2)

in which (-, X) maps positive, symmetric tensors onto symmetric tensors.
Conversely, any such g serves by means of (2) to define a particular elastic
material.

Proof. We invoke Axiom N3 only in a weakened form. Indeed, since (1)
involves ' only through F, which is F'(0), we need specify nothing about the
orthogonal tensor history Q' mentioned in Axiom N3 except its present value
Q'(0), which we shall denote by Q. Under a change of frame F obeys the
transformation rule (I1.14-7). Thus, according to (IV.2-6),

8(QRU) = Qg(RU)Q", (IV.4-3)

X being omitted from the notation since it is held fixed in this proof. The
functional equation (3) must hold for all orthogonal Q, all orthogonal R, and
all positive and symmetric U. In particular, (3) must hold if we choose Q =R".
Hence (2) follows as a necessary condition. That it is also sufficient, is trivial

to verify. A

The elastic material is of intrinsic interest because it is the simplest example
of a simple material that springs to mind, as natural to mechanics as is the
circle to geometry. The constitutive relation (1) provides a precise, generalized
formulation of Hooke’s ‘“‘ut tensio sic vis.”” Moreover, many real materials
conform with it roughly when |U —1| is sufficiently small— for glass, very small
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indeed at room temperature, and for rubber, many times larger. Furthermore,
if we apply (IV.3-5) to any constant history ¥ = Fg, say, it reduces to (1).
Thus, in problems of statics every simple material behaves like a corresponding
elastic material: The statics of simple materials is elastostatics. This obvious
fact has many important consequences in the theory of simple materials.

If g(U) = g(detU)1, then (2) reduces because of (I1.9-8) to

T = —p(p)1; (IV.4-4)

p is the pressure function, which, as the notation indicates, determines the
pressure field from the density field. The material so defined is called an elastic
Sluid or ideal fluid or Eulerian fluid, it provides the basis for much of the
classical theory of compressible fluids.

As we have remarked before, the velocity field of a motion is called a flow.
The term “‘flow” also has a popular or physical meaning, and so as to reconcile
common language with kinematics, sometimes the capacity of a fluid to flow
is attributed to its failure to sustain shear stress when at rest in any placement
whatever. We shall see below in Section IV.17 that this property, while common
to all simple fluids, does not suffice to define them. The Eulerian fluid satisfies
it @ fortiori, since it never sustains shear stress, whether it be at rest or in
motion.

A class of materials more general than the Eulerian fluids and also not
subsumed under elastic materials may be defined by the functional relation

T= r(G’ p, X, X, 1), (IV.4-5)

the first argument, G, being the velocity gradient (II.11-7). We shall see now
that the Principle of Material Frame-Indifference forces the last three arguments
to drop out and imposes further restrictions upon the function . Indeed, Axiom
N3 requires that for an arbitrary orthogonal tensor function of time Q, an arbi-
trary place-valued function of time XJ , an arbitrary place xp, and an arbitrary
constant @, the function ¢ shall satisfy for all arguments G, p, X, x, ¢ the identity

(G, p, X, X, 1)
=Q'e(D* + W*, p*, x*, x*, 1)Q,
= Qe (QDQ" +QWQ' + A, p,
Qx +x§ + ARX* —x{), xj + Q(x —Xp), t +a@)Q, (IV.4-6)

to explicate which we have used (I1.11-8), (II.14-13), (1.9-11), and (1.9-14).
Let us consider particular, fixed arguments G, p, X, X, ¢ and choose a function
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Q such that Q(¢) = 1, A = Q(t) = —W; a function x§ such that x3(¢) =
—x — A(X* —x§(1)), x3(¢) =Xo — (X —Xo); and a constant ¢ such that g = —¢.
Then (6) yields the following necessary condition at each argument of t:

r(G’ P Xa X, t) = r(Dy P, 0’ X0, 0)’ (IV4'7)
in which xg is any fixed place. Thus ¢ reduces to a function § of D and p alone:
r(G$ P> X, X, t) = b(D9 p)' (IV4_8)

Roughly, we may describe the formal reasoning just given as showing that
since the spin and the velocity may be transformed away by a suitable change
of frame, and since any place and time may similarly be transformed into any
other, these four arguments cannot enter a frame-indifferent constitutive relation
of the presumptive class asserted by (5). But that is not all. If we substitute (8)
back into (6), we obtain the relation

KQDQ", p) = QH(D, p)Q'. (IV.4-9)

This identity must be satisfied by all symmetric tensors D and all orthogonal
tensors Q. Conversely, if it is satisfied, so also is (6). Thus we have the following

Theorem (NoLL). In order that the relation (5) satisfy the Principle
of Material Frame-Indifference, it is necessary and sufficient that v reduce
to a function § of D and p alone and also satisfy (9) as an identity in Q
and D.

A function B that maps tensors onto tensors and satisfies the functional
equation (9) is called isotropic. In a sense which we shall make precise in
Section IV.14, NoLL’s theorem asserts that a/l materials whose constitutive
relations are subsumed under (5) are isotropic materials.

A material having a constitutive relation in the class defined by (5) when ¢
is made to be an affine function of its first argument is called a /inearly viscous
Sfluid. By NoLL’s theorem, such a fluid must have a constitutive relation of the
form inferred by STOKES:

T =H(D, p), (IV .4-10)

in which § is an affine, isotropic mapping of the set of symmetric tensors into
itself.
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We shall now determine the most general function of that kind. For later use
we shall at first leave aside the condition that | be affine. The dimension of the
vector space considered, so long as it be finite, plays no part in the conclusions
or the analysis.

Transfer Theorem (RivLiN & ERrickseN, SERRIN, NoLL, Guo). Let h map

tensors onto tensors. If A and AT have a common proper vector e, and if
for all orthogonal Q

5(QAQ") = QH(A)Q', (IV.4-11)
then e is a proper vector of both §(A) and H(AT).

Proof. Let e be a unit proper vector of A, and let R, be the reflection
across the plane normal to e:

R.=1-2eQe. (IV.4-12)
Then for any A
RAR] = A —2e®@ATe —2Ae ®e +4(e-Ae)(e®e). (IV.4-13)

If A and AT have a common proper vector e, their corresponding proper num-
bers are the same, and so it follows that

RAR! = A. (IV.4-14)

Since R is orthogonal, (11) requires that

RB(AR; =BH(R.AR)),
=H(A), (IV.4-15)

the second step being a consequence of (14). Thus R, commutes with B(A),
and so

Reh(A)e =BH(A)Ree = —h(A)e. IV .4-16)

That is, Re transforms h(A)e into its negative. Hence h(A)e is parallel to e.
Similarly, e is also a proper vector of H(AT). A
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Among the tensors to which the transfer theorem applies are those that are
symmetric, skew, or orthogonal.

The transfer theorem is widely useful. In this volume we make only one
application of it, which follows now.

Theorem (Cauchy). [In order that a function §y mapping symmetric
tensors onto symmetric tensors be both isotropic and affine, it must have
the representation

BA) = (a + BtrA)] + vA, (IV.4-17)

in which «, B, and v are constants. Conversely, if (17) holds, § is isotropic
and affine.

Proof (GurtiN). The projection P, has as proper vectors e itself and all
vectors normal to e. By the transfer theorem, these are proper vectors of B(Pe).
The spectral representation of §(P,) is therefore

B(P.) = B(e)1 +v(e)P, (IV.4-18)

3(e) being the proper number that corresponds to the vectors normal to e, and
B(e) + v(e) being the proper number that corresponds to e. It is sufficient to
restrict the argument of 8 and v to unit vectors. If f is any unit vector, there is
an orthogonal tensor Q such that Qe = f. Then Py = QP.Q". Using this fact
and (11) and then appealing to (18) twice, we show that

0 = Qh(P:.)Q" — H(QP.Q"),
= Qb(P)Q™ — B(Py),
= [B(e) — BDI1 + [v(e) —y(D)IPs. (IV.4-19)

Because 1 and P; are linearly independent,

Be)=p(f) and  y(e) =~y(f). (IV.4-20)
Since e and f are any two unit vectors, 8 and vy are constants.
Suppose now that B is an affine function. Then there is a constant symmetric

tensor K and a linear function [ such that

p=K+I, (IV.4-21)
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and, by (11),

K + I[(QAQ") = QKQ' + QI(A)Q’ (Iv.4-22)
for all symmetric A and for all orthogonal Q. Since [ is linear, {(0) = 0.
According to (22), then, the constant symmetric tensor K commutes with every

orthogonal tensor.

Exercise IV.4.1. If K commutes with every orthogonal tensor, then

K =al. (IV.4-23)

Thus the linear function [ in (21) must satisfy (11). The fact that it is linear
allows us to conclude from (18) that

KA) =1 (ZakPek) .
k=1
= Zak[(Pek )’
k=1

= ax(B1+7P,),
k=1

n n
- (Bzak> iy <2akpek) ,
k=1 k=1

= B(tr A)1 + vA, (1v.4-24)
the numbers a; , a;,. . .,a, being the latent roots of A. Putting (23) and (24)
into (21) shows that § must have the form (17).

Conversely, it is plain that (17) is an isotropic affine function for every

choice of a, 8, and y. A

By combining the theorems of CaucHy and NoLL we obtain the following

Theorem (Stokes). The constitutive relation of a linearly viscous fluid
is

T = (—p + ArD)1 +2uD, (IV.4-25)
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in which p, N\, and p are functions of p. Every such relation defines a
linearly viscous fluid.

The theory based on (25) is called the Navier-Stokes Theory of Fluids;
under various hypotheses, (25) or major special cases of it were derived by
Navier, CaucHy, ST. VENANT, and Stokes. The coefficients A and p are called
the viscosities of the fluid. In rigid motions the Navier-Stokes Theory reduces
to Eulerian hydrodynamics, and so the fluid it defines exhibits the phenomenon
of “flow” in the sense described above, namely, in a state of rest it can sustain
only hydrostatic stress. If A = . = 0, the linearly viscous fluid reduces to an
elastic fluid, and for this reason elastic fluids are sometimes called ““inviscid”’
or ‘“‘perfect”.

A material slightly more general than any of those introduced so far in
this section is defined by reducing the mapping & in (IV.3-5) to a function of
F(X, ¢) and F(X, ¢) which is affine in F:

T = K(F, X)[F] = L(F, X)[G]; (IV.4-26)

the second form follows from the first by (II.11-5), and the domain of the affine
operator L, indicated by the brackets, is the space of tensors over ¥". Such a
material is called linearly viscous.

Exercise IV.4.2. The relation (26) satisfies the Principle of Material Frame-
Indifference if and only if

R'TR = M(C, X)[R"DR], (Iv.4-27)
M(C, X) being an affine operator on the space of symmetric tensors over ¥,

BoLTzMANN’s accumulative theory of visco-elasticity is obtained if we sup-
pose the mapping @ in (IV.3-5) to be expressible as an integral from s =0 to
s = oo. In this case, too, the Principle of Material Frame-Indifference imposes
a restriction upon the class of putative constitutive mappings, but we defer to
Volume 3 the appropriate reduction.

In the Boltzmann theory, as in the theory of elasticity, a further simplification
is often attained at the cost of supposing that |[F — 1| or some measure of the
magnitude of F' — 1 be small in some sense. Approximations of this kind make
it easier to solve some special problems but are more confusing than helpful in
analysis of the general theory.

Exercise IV.4.3. Other than a constant muitiple of 1, there is no affine function
g in (1) that satisfies the Principle of Material Frame-Indifference. (Do not confuse this
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condition with that of taking the restriction of g to positive symmetric arguments as
affine.) This fact may be interpreted in terms of the theory of elasticity.

In this section we have defined and named some of the most important speciat
materials of old. Also, we have illustrated the force of the Principle of Material
Frame-Indifference by showing how it serves to delimit those mappings that
may enter a putative class of constitutive relations. In the next section we
shall encounter a more general argument of the same kind, an argument which
applies to all simple materials.

5. Material Frame-Indifference. Reduced Constitutive Relations

According to Axiom N3, the response @ must be such as to make the con-
stitutive relation (IV.3-5) satisfy the Principle of Material Frame-Indifference.
Under the change of frame (II.14-3) the transplacement gradient F obeys the
transformation rule (II.14-7), and hence its history F' obeys the rule

F*" = Q'F, (IV.5-1)

Q' being the history of the orthogonat tensor function Q occurring in (I1.14-3),
while the stress tensor T satisfies (IV.1-1). Hence in order that Axiom N3 hold,
® must be such that

GQ'F) = QUBF)Q()' (Iv.5-2)

for every orthogonal tensor history Q' and for every invertible tensor history
F' in a suitable class. Here Q(¢) is the present value of the function Q, so that
Q' (0) = Q(¢). Conversely, if (2) is satisfied, so is Axiom N3.

Following an analysis first given by NoLL, we can solve the equation (2) for
@®, once and for all. Indeed, by the polar decomposition theorem (I1.9-1) we
see that F* = R‘U’, so that (2) becomes

Q()"G(Q'R'UNQ() = G(F"). (IV.5-3)

We may now choose the orthogonal tensor history Q' in such a way that Q/(s) =
R(5)", 0 = s < co. Hence Q(¢) = R(¢)", and (3) becomes

OF") = R(HG(U)R()". (IV.5-4)
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Conversely, if (4) holds, it is easy to show that Axiom N3 is satisfied. We have
proved the following

Reduction Theorem (NoLL). Let ® denote a mapping of positive
symmetric tensor histories onto symmetric tensors. Then every constitutive
relation for a simple material is of the form

T(1) = R(HG(UHRQ)', (IV.5-5)
and conversely, any such mapping defines a simple material.

A constitutive equation of this kind, in which the mappings or functions
occurring are not subject to any further restriction upon the class of putative
responses set down for study, is called a reduced form.

The reduction (5) shows that while the stretch history U’ of a simple ma-
terial may influence its present stress in any way whatever, past rotations have
no influence at all. The present rotation R enters (5) explicitly. Thus the re-
duced form enables us to dispense with considering rotation in determining the
response to a motion. If we like, we may regard (4) as effecting an extension
of @ from a domain of positive, symmetric tensor histories to the full domain
of invertible tensor histories. In writing it and similar formulae henceforth we
shall usually omit the argument ¢ of T, U, R, etc., although of course ¢ must
still appear in the notation for histories U’, etc.

The reduced form enables us also, in principle, to reduce the number of
tests needed to determine the response @ by experiment. Indeed, consider pure
stretch histories: R’ = 1. If we know the stress T corresponding to an ar-
bitrary, homogeneous, pure stretch history U’, we have a relation of the form
T = G(U"). By (5) we then know T for all deformation histories. Alternatively,
consider irrotational histories: W = 0. Given any U’, we can determine R’ by
integrating (I1.11-26), with W set equal to 0. If we know the stress correspond-
ing to an arbitrary irrotational history, by putting the corresponding values of R
into (5) we can again determine @. Thus we may characterize simple materials
in either of two more economical ways: A material is simple if and only if its
response in general is determined by its restriction to homogeneous, pure
stretch histories, or to homogeneous, irrotational histories.

In the polar decomposition (I1.9-1) two measures of stretch, U and V, are introduced.
Kinematically, there is no reason to prefer one to the other. From (4) we see that use
of U as a measure of stretch history leads to a simple reduced form for the constitutive
equations of simple materials. If we like, of course we may use V instead. Since U’ =
(RTV'R’, substitution into (4) shows that by using V we do not generally eliminate
the rotation history R. Consequently, use of V does not lead to a simple statement.
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There are many other tensors that measure stretch just as well as U and V. In the
older literature one or another of these is called a “‘strain” tensor, but the term “strain”
has led to such confusion that we are better advised to avoid it altogether.

Exercise 1V.5.1. Had we started from a relation of the form

T(X, ) =&F', X, %, X, t) (Iv.5-6)
as the definition of a simple material point, the Principle of Material Frame-Indifference
would have reduced it to our actual starting point (IV.3-1). (Cf. the analysis of the
assumption (IV.4-5) in Section IV.4.)

Exercise 1V.5.2. All the reductions obtained in Section IV.4 are in fact instances
of the reduction indicated in the preceding exercise, followed by the reduction of (IV.3-5)

to (5).

There are infinitely many other reduced forms for the constitutive relation
of a simple material. Since C' = (U")?, one such form is

T = RUU~'®(V/C)U~'UR’,
— FR(C)F, (IV.5-7)

2 being defined as follows:

8(C') := vVC '@/ CHVC . (IV.5-8)

In Section 1.8 we constructed the kinematical apparatus for using the actual
placement as the reference placement. It is natural to ask if the response of a
simple material can be described entirely in terms of this apparatus. Of course
the answer is no, but an analysis due to NoLL shows just how far we can go
toward expressing the constitutive relation in terms of F} rather than F*. To do
so, we note from (I1.8-7) and (I1.9-1) that for given X

F(1) = R,/(D)U,(D)RMAOU(). (Iv.5-9)
Thus
F(7) = R,(D)ROREOU(HRD]UD). (IV.5-10)

In the notation (II.10-1) for histories, (10) reads as

F' = RIR()[RE)"UREIU), (IV.5-10A)
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and so if
Q'(s) := (Ri(S)R(D)), (IV.5-11)
we obtain
Q'F' = R@®O)'U'R®HU(). (IV.5-12)

We may write the requirement of frame-indifference (2) in the equivalent form

O(F) = Q) & (Q'FHQ() vQ'. (IV.5-13)

With the choice of Q' given by (11) we have Q(#) = R(?)", and so (12) and
(13) yield

R'TR = ®(R"U/RU). (Iv.5-14)

Because the right-hand side of this equation may be thought of as the value of a
mapping of two arguments, R"U}R and U, a more useful equivalent expression
in terms of C! and C(?) is

R'TR = &R'C/R, O). (IV.5-15)

NotL’s reduced forms (14) and (15) show that it is not possible to express the
effect of the transplacement history in determining the stress entirely by refer-
ence to the present shape. While the effect of all the past history, 0 < s < oo,
is accounted for in this way, a fixed reference placement is required, in general,
to allow for the effect of the deformation and rotation at the present instant, as
shown by the appearance of R and C in (15). The relative rotation R, has no
effect at all.

We conclude this section by remarking upon an important instance. A ma-
terial point is said to have a placement at ease x if the stress vanishes when
a neighborhood of that point has been held at rest in ¢ at all times, past and
present. In general, of course, a material point need not have any such place
ment, as is shown by the case of an Eulerian fluid, defined by (IV.4-4), since
usually the pressure function p is assumed to be such that p(p) > 0 unless
p = 0, the exception p = 0 being excluded because it violates the condition
(I1.2-5). When a placement at ease xq exists, if we choose it as the reference
placement x we obtain

&) =0, (IV.5-16)
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1’ being the history up to the time # of the tensor function F such that F(£) =1
for all times ¢. By (2) we see that

®(Q") =0. (Iv.5-17)

Thus any rotation, constant or varying in time in any way, carries one
Dlacement at ease into another. The converse is not true, for a material point
may have two distinct placements at ease that are not obtained from one another
by a rotation.

In this book we shall not assume in general that any material point has a
placement at ease.

6. Internal Constraints

So far, we have been assuming that the material is capable, if subjected to
appropriate forces, of undergoing any smooth deformation. Such a material is
said to be unconstrained. An a priori restriction of possible transplacements at
interior points of x(4#, t) for all f in the domain of x(4, -) is called an internal
constraint; a material subject to one or more internal constraints is said to be
constrained. An elastic constraint is expressed by requiring the transplacement
gradient F to satisfy an equation of the form

v(F) =0, (IV.6-1)

where v is a scalar function. The set of transplacement gradients satisfying (1)
is called the constraint set. This set must be frame-indifferent in the sense that
if it contains a particular transplacement gradient F, then it contains also QF for
all orthogonal Q. This condition is satisfied if v is a frame-indifferent function.

More generally, a simple constraint' is expressed by a relation like (1) except that
the argument F is replaced by F’. In this book the only constraints we shall study are
elastic constraints.

Exercise IV.6.1, + is frame-indifferent if and only if

v(F) = y(U). (Iv.6-2)

Simple constraints were introduced and studied by S. ANTMAN, ‘‘Material constraints in con-
tinuum mechanics,” Atti della Accademia Nazionale dei Lincei, Rendiconti, Classe di Scienze
Sfisiche, matematiche e naturali (8)70(1981): 256-264.
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Hence an elastic constraint may be written in the form

MC) =0, (IV.6-3)

where A is a scalar function. Let A have been determined, and let f be any real function
that vanishes at O only. Then F satisfies the frame-indifferent elastic constraint (1) if and
only if it satisfies f(A(C)) = 0.

If we differentiate (3) with respect to time at a given material point, we
obtain

A =3cN(0)-C =0. (IV.6-4)

That is, in view of (I1.11-26),,

(FOcMOF").D =0 (IV.6-5)

for F compatible with the constraint and for all D corresponding with such F.
Conversely, if (5) holds at each instant for the material point in question, by
integration we conclude that A(C) = const.; therefore, (5) asserts that if (3)
holds at one instant, it holds always. Thus (5) may be used alternatively as a
general expression for a frame-indifferent elastic constraint.

In all examples so far found to be of interest, for every positive C satisfying

(3
dcMC) % 0, (IV.6-6)

and we shall consider only constraints of this kind. Because FOcA(C)F” is a
symmetric tensor, we may interpret (5) as requiring all D corresponding to F
to lie in a certain five-dimensional plane determined by C.

7. Principle of Determinism for Constrained Simpte Materials

Constraints, since they assert that some kinds of deformation cannot occur,
must be maintained by forces. Since the constraints, by definition, are im-
mutable, the forces maintaining them cannot be determined by the motion itself
or its history. Internal constraints must be maintained by appropriate stresses,
and the constitutive equation of a constrained material must be such as to allow
these stresses to operate.

For constrained materials, accordingly, the principle of determinism must
be relaxed. A fortiori, the necessary modification of that principle cannot be
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deduced from the principle itself but must be brought in through a more general
axiom,

There are, presumably, many systems of forces which could effect any given
constraint. The simplest are those whose power vanishes in any motion compat-
ible with the constraint. In a constrained material stresses that do no work will
therefore be assumed to remain arbitrary in the sense that they generally will
be conditioned by the transplacement history but not entirely determined
by it.

Thus we have given reasons for laying down the following

Axiom Nlc (Principle of Determinism for Simple Materials Subject
to Constraints). The stress is determined by the history of the transplace-
ment gradient only to within an arbitrary tensor that does no work in any
motion compatible with the constraint. That is,

T =N + ®&F), (av.7-1)

N being a stress for which the stress-power vanishes in any motion satis-
fying the constraint. The determinate response & need be defined only for
arguments F' such as to satisfy the constraint.

It is understood here that @ is not unique but that for each X in the reference
placement x a particular @ may be selected. Thus far, @ depends upon «.

The definition
S:=T-N (Iv.7-2)

gives the determinate stress S: It is the value of the response &, which appears
in (1), for the history F* of the transplacement gradient under consideration.
Axiom Nlc generalizes Axiom N1 of Section IV.2 and reduces to it when no
internal constraint is imposed, for then the only stress that never does work is
0.

As has been stated already, in this book we consider only elastic constraints.

The problem now, given an internal constraint A, is to find the N that
corresponds with it. The stress-power w of a symmetric stress tensor T in a
motion with stretching D is given by (II1.6-13). Accordingly, we are to find the
general solution N of the equation

N-D =0 (IV.7-3)
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if D is any symmetric tensor that satisfies (IV.6-5). Hence the symmetric tensor
N must be perpendicular to every vector D that is perpendicular to FOcA(C)F".
Thus N is parallel to this latter vector:

N = gFOcNOF", (Iv.74)

q being an arbitrary scalar field. This formula provides the general solution of

(3).
If there are k constraints A" (C) =0, m =1, 2,...,k, then

k
N = quFac)\'"(C)FT. (IV.7-5)

m=1

That is, the symmetric tensor F~'N(F ~!)" must lie in the span of the ¥ symmet-
ric tensors OcN"(C), m = 1, 2,...,k. If the k tensors OcA\™(C) are linearly
independent, their span is a k-dimensional plane. If K = 6, no restriction upon
N results. Thus in a material subject to 6 or more constraints with linearly
independent gradients, the stress is altogether arbitrary.

The argument given here applies at a single material point. Usually the
same constraints will be laid down for all points of a body. In that case (5) will
result for each, but the theory does not require that the quantities g,, in (5) for
the several points be related to one another in any particular way. In order to
obtain a constitutive relation leading to definite solutions of specific problems it
is customary to assume that each multiplier q,, is a smooth field q,,(x, f) on the
present shape of 4. Substitution into (1) yields the general constitutive equation
for simple material subject to k simple, frame-indifferent, elastic constraints.

The determinate response ®(F') may be expressed in reduced forms like
those found in Section IV.4 for unconstrained materials.

We now consider some examples of constraints.

1. Incompressibility. A material is said to be incompressible if it can

experience only isochoric motions. By (I1.5-10) and (I1.9-7)9 , an appropriate
constraint function for an incompressible material is

AC) =detC — 1. (IV.7-6)

Because

FOcMOFT =FC 'F' detC =1, (IV.7-7)
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(4) yields
N = —p1, (Iv.7-8)

where p is an arbitrary scalar. Thus we have verified a statement due in effect to
PoINCARE: In an incompressible material the stress is determined by the his-
tory of the transplacement gradient only to within an arbitrary hydrostatic
pressure.

2. Inextensibility. 1If e, is a unit position vector-in the reference shape
x (%), Fe, is the vector e into which it is carried in a homogeneous transplace-
ment with gradient F, as we have seen in Section II.12. Accordingly, for a
material inextensible in the actual direction e an appropriate constraint func-
tion is

NO) = [Fe, > — 1 =e,-Ce, — 1. (IV.7-9)
Because
OcMC) = ¢, Re,, (Iv.7-10)
(4) yields
N =gF(e, ® ¢, )F = ge®e. av.7-11)

Since N is an arbitrary uniaxial tension in the direction of e, we recover a
conclusion due to ApkiNs & RIvLIN: In a material inextensible in a certain
direction, the stress is determined by the history of the transplacement
gradient only to within a uniaxial tension in that direction.

3. Rigidity. A material is rigid if it is inextensible in every direction.
By the theorem just established, the stress in a rigid material is determinate
only to within an arbitrary tension in every direction. Therefore, the stress in
a rigid material is altogether unaffected by the motion. That is to be expected
in view of the fact, demonstrated in Section 1.13, that the rigid motion of any
body is determinable without knowledge of what the stress may be.

A body of rigid material is a rigid body in the sense defined at the end of
Section 1.10.

Exercise IV.7.1. For incompressible materials there are counterparts of the re-
duced forms (IV.5-5), (IV.5-7), (IV.5-14), and (IV.5-15). The constitutive relation of
an incompressible elastic material is of the form

T =—pl+Rg(U)R",  |detU| = 1; (IV.7-12)
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of an incompressible, elastic fluid,
T =—pl; (Iv.7-13)

of an incompressible, linearly viscous fluid,

T=-pl+2uD, trD =0. (Iv.7-14)

In all three cases the hydrostatic pressure p is indeterminate in the sense that it may
be assigned independently of the history of the motion. Conversely, any relation having
one of the above three forms defines, respectively, an incompressible elastic material,
an incompressible elastic fluid, and an incompressible linearly viscous fluid.

For future reference we note that the constitutive relation of an incompress-
ible material is

T=-pl1+S, §=G@F); (IV.7-15)
the response @ need not be defined except for arguments such that |det F'|=1.

Exercise IV.7.2 (Energy theorem for incompressible fluids in classical hydro-
dynamics). All motions of an incompressible, elastic fluid body # are mechanically
perfect. When # is subject to conservative body force, the conclusions of Exercise
II1.6.5 show that

K + U = const. (111.6-18),

if on Ox(4, t) the pressure is everywhere constant or the velocity is everywhere tan-
gential (a more general statement of this kind is given below in Volume 3).

8. Simple Bodies. Equations of Motion. Homogeneous Universal
Transplacements, Motions, and Flows

A body # all of whose points are of a single, simple material is a simple
body.

A simple body, be it unconstrained or constrained, is homogeneous if there
is a reference placement x such as to render the response @ in (IV.3-5) or
(IV.7-15) independent of the reference position X. Such a x is a homogeneous
reference placement. For an unconstrained body, the constitutive relation is
(IV.3-5), and the equation of motion is

ok = div ®(F') + pb. (IV.8-1)
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We think of b as given—typically, as being a constant vector or even 0—and
then (1) becomes a condition on the transplacement x, . In the older theories
this condition is a differential equation of second order in the time and the co-
ordinates, separately or jointly. In general, it is a differential-functional equation
which in view of the reduced form (IV.5-5) is never linear in the derivatives
with respect to spatial co-ordinates. The resources of analysis are far from
sufficient today to approach the general solution of initial-value or boundary-
value problems stated through such equations except for a few particular kinds
of body. Nevertheless, a great deal is known about particular solutions for
particular classes of responses @, and the rest of this book is devoted to proof
and explanation of some of these now known theorems of rational mechanics.

We have just made it plain that a constrained body is by no means a special
case of an unconstrained one. Rather, the reverse holds, and the unconstrained
body emerges as special. The behavior of a constrained body is not the same
as that of any corresponding unconstrained one which happens to experience a
motion satisfying the constraint. For example, if an unconstrained body happens
to have been subjected to an isochoric transplacement history, the stress field
on its present shape is determined by that history. An incompressible body,
by definition, can never be subjected to anything but isochoric transplacement
histories, but its stress field is never completely determined by them, being
always indeterminate to the extent of an arbitrary hydrostatic pressure field.
We shall see below in this section an example to show how this hydrostatic
pressure field, to within a function of ¢ only, can be determined by the principle
of balance of linear momentum. More to this effect will be found near the end
of Section IV.10.

Some recent writers on hydrodynamics are guilty of propagating bad English and
hence confusion when they refer to *‘incompressible flows”’. No such carelessness occurs
in the classic treatises of Lams and MiLNe-THoMsoN. A flow, in any sense of the term,
cannot be compressed. A flow may or may not be isochoric, and a fluid may or may
not be incompressible; the behavior of an incompressible fluid in a certain, necessarily
isochoric flow is generally not at all the same as that of any compressible fluid undergoing
the same isochoric flow.

A constrained body is susceptible of a smaller class of deformations than
is an unconstrained one. Corresponding to this restriction are certain arbitrary
stresses, arbitrary in the sense that they are not determined by the deformation
history. When we seek to determine whether or not a given deformation history
of a constrained body be compatible with the axioms of mechanics and an
assigned body force, the presence of these arbitrary stresses gives us greater
freedom than for an unconstrained body undergoing the same transplacement
history subject to the same body force. In this sense a single transplacement
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history satisfying a certain internal constraint will correspond with infinitely
many different stress fields, provided it correspond with any at all. Roughly, we
may say that while a constrained body is susceptible, by definition, to a restricted
class of transplacement histories, it is easier to solve problems concerning those
histories for a constrained body than for a corresponding unconstrained one.
We shall frequently illustrate this evident but important fact.

The extreme case is furnished by the rigid body, whose allowed transplace-
ments reduce to so special a class that the stress, whatever it may be, has no
effect at all on the motion of the body, which can be determined by solving
ordinary differential equations expressing no more than the principles of linear
and rotational momentum for the whole body, with no reference to what the
actions of its subbodies upon one another may or may not be.

The most useful constrained body is the incompressible one. To obtain the
equation of motion for it, we substitute (IV.7-15) into CaucnHy’s First Law and
so obtain

p(X —b) = —grad p + div &(F"). (IV.8-2)

If a field p satisfies this equation, so also does p + A for an arbitrary function A
of ¢ alone. This arbitrariness must arise because any uniform pressure applied
to the boundary of an incompressible body exerts no resultant force or torque
on that body.

If we suppose b given, x, must satisfy (1) for an unconstrained body, (2)
for an incompressible one. In the former all fields x, are eligible to compete,
and few will be found successful. For the latter, only those fields x, such that
detF' = 1 are allowed, but the scalar field p may be adjusted to aid in finding
a solution. The condition upon the motion alone is now

skw grad[div ®(F') — p(X — b)] =0, (IV.8-3)

a differential-functional equation of order higher than that of (1). If this condi-
tion is satisfied, then locally p(X — b) — div ®(F’) has a potential, from which
the pressure p required to complete the solution of (2) is easy to obtain.

To see the effect of this difference, we restrict attention to homogeneous,
incompressible bodies. The term homogeneous applied to an incompressible
body will be taken to mean not only that the response @, does not depend upon
X but also that p, is an assigned, positive constant. The reference placement x
will then be called homogeneous for %, and it is motions homogeneous with
respect to such a x that we shall consider. We shall write p for p, and v for
1/p, - Furthermore, we shall assume the body force lamellar with potential .
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With the definition

¢ :=pv + @, (IV.8-4)

we reduce (2) to

% = —grad ¢ + v div G(F"). (IV 8-5)

Because w and v are given, p is determined from ¢ through (4). Referring
back to (IV.7-15), we thus determine the entire stress field:

T = —p(¢ — w)1 + GF). (IV.8-6)

We note that p and w enter the equation of motion only through the combi-
nation denoted by ¢. Suppose, now, that for a given incompressible body, that
is, for a given response ® and a given density p, a certain isochoric transplace-
ment history satisfy (5) with a certain pressure field p; and a certain field of
body force having the potential w, . Let p; and w;, be any scalar fields such
that

D2 +pwn =P +pwr . (Iv.8-7

A glance at (4) shows that the equation of motion (5) is satisfied when p;
and o, are replaced by p, and w,. Thus we have the following theorem,
patterned upon a conclusion and argument given by EuLER for ideal fluids: Let
a homogeneous incompressible body of density p undergo a flow subject
to pressure p, and body force having the potential w,. Then that body
may undergo the same flow subject to pressure p, and body force having
the potential w» if

P2 = P11+ p(wy — w). (IV.8-8)

When b = 0, the only forces applied to # from without are tractions
upon the boundary 0x(%, t). Thus we have the following corollary: A flow of
a homogeneous incompressible body is possible subject to some lamellar
field of body force if and only if it is possible for that same body subject to
surface tractions alone. Indeed, for surface tractions to suffice it is necessary
and sufficient, starting from the flow subject to p; and o, , that we put w, =0
and so obtain p; = p; + pw; .

Since no more than adjustment of the pressure field is needed to convert the
solution of a problem in which there is no body force at all into one in which
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some lamellar body force is applied, there is little loss in generality in supposing
that b = 0 when we treat problems concerning homogeneous, incompressible
bodies; also there is scant gain in doing so.

Exercise IV.8.1. Let two homogeneous, incompressible bodies have responses @
and (vy /v2)® and specific volumes v; and v, , respectively. Then if the former body can
undergo a flow subject to the pressure p, and to the body force having the potential
@, , the latter body can undergo the same flow with v, , p;, and w; replaced by v, ,
D2, and w, provided that

P2v2 + @ = pv + (IV.8-9)

If, continuing to presume that b has a potential, we substitute (II.11-48)

and (I1.11-41) into (5), we obtain a useful form of the condition of integrability
necessary and sufficient for ¢ to exist:

oWa = p(W + DW + WD) = skw graddiv®(F’).  (IV.8-10)

When specialized to classical fluids this relation is often called “the vorticity
equation”’. We shall use it much in Chapters VII and VIII.

Exercise IV.8.2. For a motion of the incompressible body whose response is @
to preserve circulation, it is necessary and sufficient that for the F' giving rise to that
motion

skw graddiv®(F’) = 0 (IV.8-11)

and hence that during that motion there be a scalar field A such that

div®(F’) = —grad A. (IV.8-12)

Because of (5) and (11.1147)

AN =p(Ps —¢), P =p(Py —w) — N, (IV.8-13)

P, being an acceleration-potential of the flow, and so use of (6) yields the
following

Theorem (CoLEMaN & TrRUESDELL). For the homogeneous, incompress-
ible body whose response is @, let a certain flow that preserves circulation
be possible, subject to null body force. Then that flow is possible also for
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arbitrary w, and

T = —[p(Py — @) — N]1 + G(F"). (IV.8-14)

In other words, if the incompressible body whose response is ® may un-
dergo a flow that is possible for an Eulerian fluid, both P, and A\ will exist for
it in that flow, w will be assigned, and the stress that the body will experience
will be determined by (14) to within an arbitrary hydrostatic pressure dependent
on time only.

A careless glance might suggest that (14) merely repeats (6). That is not
so. The latter reflects a condition of integrability for (5), that is, for the scalar
field ¢, which is delivered by a theorem of existence and hence may be hard
to determine simply. The former uses a theorem of existence for A, a potential
of div@® in the particular flow considered, while presuming the existence of a
potential P, for X. If an acceleration field is known, it is easy to determine
whether P, exists, and if it exists, to calculate it is straightforward. Below in
Sections IV.10 and IV.15 the student will see several examples of a potential
P, calculated explicitly.

A transplacement or motion or flow is called universal for a given class of
bodies subject to a given class of body forces b if it satisfies the corresponding
equation of motion with such b for all those bodies. When b is assigned, any
corresponding universal transplacement or motion or flow may be produced
by bringing to bear suitable surface tractions upon the boundary of the body
in question. These tractions will vary in general from one body of the given
class to another. If they can be measured in an experiment, they will provide
information about the material of which the body made to undergo the known
transplacement consists.

Universal transplacements are centrally important because they suggest ex-
periments in which the transplacement is known, at least approximately, from
the outset. Then the analysis of experimental data is not complicated by the
need to determine at the same time an unknown transplacement. Many of the
particular solutions presented in textbooks of elasticity or fluid dynamics involve
universal transplacements or motions. A famous example follows now.

A homogeneous, incompressible Eulerian fluid has an assigned, constant
density and the constitutive relation (IV.7-13); thus for it @ = 0; hence we may
take A =0 in (12) through (14) and so obtain from the foregoing theorem the
following celebrated

Corollary (EuLer). All flows of homogeneous incompressible Euler-
ian fluids subject to lamellar body force are universal, they are the iso-
choric flows that preserve circulation. The corresponding pressure fields
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are given by

pv =P, —w. (IV.8-15)

Simple logic shows that if @ motion is universal for a class of bodies
and body forces, it must be universal for every subclass of that class. For
example, a flow that is universal for the class of homogeneous, incompressible
bodies subject to lamellar body force is also universal for incompressible, ho-
mogeneous, Eulerian fluids subject to lamellar body force. Therefore, by the
foregoing corollary, it must preserve circulation. Roughly speaking, the more
general is the class of bodies and body forces, the fewer are its universal so-
lutions. Finally, to show that a motion is not universal in some class, we need
only exhibit one member of the class that does not satisfy the equation of motion
defining that class.

9. Universal Homogeneous Transplacements of Unconstrained Bodies

The constitutive relation of an unconstrained body with respect to the ref-
erence placement « is

T(X, 1) = 6, (F(X), X). (IV.3-1)

Therefore, as we have explained in Section IV.3, the restriction of the consti-
tutive mapping of a body to the histories of transplacements homogeneous with
respect to x determines its response to all transplacement histories altogether.
Thus in an ideal program of experiment we should subject a body of given
material to every transplacement of the form (¢f. Section 11.12)

x=x.X, 1) =x(t) + F()(X — Xo),  detF(?) + 0, (IL12-1),

and record the stresses obtained. The results would amount to a determination of
the response @, . We now ask whether such a program be possible in principle.

Can the transplacement (II.12-1) be produced in a body of the material
defined by (IV.3-1)? If the body force b in CaucHy’s First Law (III.6-1) is
disposable, the answer is of course yes. In contrast, while in considering the
totality of dynamical processes we saw no reason to exclude any b, it is a
different matter when we come to think about particular experiments, for only
very special body forces are available in the laboratory. Practically speaking,
a uniform field b = const. is all we are likely to be able to produce, unless
we call upon electromagnetic forces, the effects of which are not taken up in
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this book. We then ask whether the homogeneous transplacement (I1.12-1) can
be produced in the body defined by (IV.3-1), if suitable surface tractions be
supplied. We shall approach the problem only for homogeneous bodies.

In a homogeneous body undergoing a history of homogeneous transplace-
ment, at each time the stress field T has the same value at every place, and
S0

divT =0. av.9-1)

The question we now put is, if the value of b is constant, is it possible to
supply boundary tractions such as to produce the homogeneous transplacement
(I1.12-1) of an unconstrained simple body? Substitution of (1) into the equation
of motion (IV.8-1) yields the condition

pb = pX. (Iv.9-2)
This requirement is compatible with the motion (II.12-1) if and only if
F=o0, X =b. (IV.9-3)
Hence

F(t) =Fo(1 +tFy),  xo(t) = 3’b+te +1, (IV.9-4)

Fo being an arbitrary, constant, invertible tensor, F; an arbitrary, constant ten-
sor, e an arbitrary vector, and f an arbitrary, fixed place.

Exercise IV.9.1. In an interval of ¢ in which 1 + ¢F; is invertible
G =F,F (1+F))"'F; . (IV.9-5)

The foregoing analysis shows that for unconstrained homogeneous bodies
subject to constant body force, the homogeneous transplacements (I1.12-
1) are possible if and only if they satisfy the restrictions (4). If they are
possible, they are universal.

Therefore, the ideal program of determining @, by effecting all homogen-
eous transplacements from x cannot be carried out. This conclusion does not
mean that no method of determining @, may be found but merely that the vista
of homogeneous transplacements, used to interpret the definition of a simple
material, is not feasible for finding @, by experiment without use of artificial
body forces.
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Once an F of the form (4), be selected, by substituting F* into (IV.3-1), we
obtain the stress required to effect the resulting universal transplacement in the
body whose response is @, . To make bodies of different materials undergo one
and the same universal transplacement, generally different fields of stress must
be produced in them, and different fields of stress will act in their interiors. Thus
universal motions bring into relief the effects of different constitutive relations.

Motions satisfying (4) generally exist only for a finite interval of time. By
assumption, det F(0) = detF, + 0, and so (4) makes F invertible only so long
as

det(1 + 1Fy) + 0, (IV.9-6)

that is, in an interval of time ]¢_, £, [ containing 0 and such that - 1/t never
equals a proper number of F, . Since F, is an arbitrary tensor, perhaps singular,
nothing can be said in general about its proper numbers. The possibilities that
I_ = —ocoor fy = 400 are not excluded. E.g., in an isochoric motion of this
class,

ldetFo| =1,  det(1+1F) =1, (IV.9-7)

and the interval in which the motion exists is ] — oo, +oc[.

For some particular materials, limitation of ¢ to a finite interval would not
matter. Examples are the elastic materials and the linearly viscous fluids, defined
above in Section IV .4. In contrast, the general constitutive relation (IV.3-5) for
simple materials refers to the entire history F’, and so for general considerations
F; must be such that /_ = —oo.

Exercise IV.9.2. The motions defined by (4) are isochoric if and only if
|detFo| =1, trF; =0, trF2 =0, detF, =0. (IV.9-8)
A counterexample shows that F? need not equal 0.

If b = 0, we may rephrase the main conclusion from (3) and (I1.12-17),
as follows: A homogeneous transplacement is universal for unconstrained,
homogeneous bodies if and only if it is accelerationless.

An important example is furnished by steady simple shearing, which has
been used traditionally to illustrate various special theories in continuum me-
chanics. Cartesian components of the flow are given by (I1.11-17). In a suitable
pair of cartesian systems, one on x(#) and one on x(4, t), the components of
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the transplacement are

x; =X,
Xy =X +«tXq, (Iv.9-9)
x3=X3.
Thus
1 00
Fl=|« 1 0Of, b=0. (Iv.9-10)
0 01
and so
0 0O
Fo=1, iFil=«|j1 0 Of, (IV.9-11)
0 00

and (8) is satisfied. In fact, F2 = 0. Therefore, steady, simple shearing is a
universal flow for homogeneous, unconstrained bodies; it arises from a universal
transplacement with respect to a homogeneous reference placement.

Another example is furnished by a homogeneous, irrotational, pure stretch:
R=1,W =0, U = U(¢). From (I1.11-26); we see that U must satisfy the
differential equation

UU = UU. (IV.9-12)

Exercise IV.9.3. The condition (12) holds if U has an orthogonal triad of proper
vectors e, which are constant in time. Then

3
U= Zuk(t)ek Qe;. (IV.9-13)

k=1

The corresponding homogeneous, pure stretch has constant acceleration if and only if
Xo = const. and the u; are positive, affine functions of ¢. A rectangular block with faces
normal to the e; is transformed by this motion into another such block at any time within
the interval for which the motion exists. This motion is isochoric if and only if it reduces

to a translation.
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The two families of motions just exhibited are interesting members of the
class of universal motions for homogeneous bodies subject to constant body
force.

The class of body forces for which some homogeneous transplacements
are universal for homogeneous, unconstrained bodies is very limited, as the
following exercise shows.

Exercise IV.9.4. Use of (I1.12-17) shows that for the homogeneous transplacement
(I1.12-1) to be possible in some orne homogeneous, unconstrained body, b must satisfy
the following condition:

b(x, £) = B(£)(x — xq) + bo(2). (Iv.9-14)

For such a b the homogeneous transplacements (II.12-1) are possible and hence uni-
versal for homogeneous, unconstrained bodies if and only if

F = BF, skwB =0, X =hy. (IV.9-15)

As we shall see presently, the class of body forces compatible with univer-
sal motions for homogeneous, incompressible bodies is much greater, and the
class of universal motions, while of course comprising only isochoric ones, is
otherwise much broader.

10. Universal Homogeneous Transplacements of Incompressible Bodies

We now determine all homogeneous transplacements that are possible, and
hence universal, for homogeneous, incompressible bodies subject to lamellar
body force. The apparatus for obtaining universal solutions for incompressible
bodies has been provided above in the statement of Exercise IV.8.2. In any
homogeneous transplacement of an incompressible body, the determinate stress
S is a function of ¢ alone, and so

divS =0; (IV.10-1)
therefore we take A as 0 in (IV.8-12) and (IV.8-14). All that remains is to
ensure that the flow preserves circulation. Therefore a homogeneous, isochoric

transplacement is possible, subject to boundary tractions alone, in every
homogeneous, incompressible body if and only if F satisfies the condition

skw(FF ') = 0. (I1.11-46),,
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If F satisfies this differential equation, inspection of (II.12-17)3 4 delivers the
acceleration-potential Py:

~ Py = (x —x0)- [YFF ' (x — x0) + Xol,
= (x — X0)- [3(G + GP)(x — x0) + %ol, (1V.10-2)

and (IV.8-14) yields the stress:

T = p[(x — X0)- (3FF ' (x —x0) +%o) + w1 + G(F),
= pl(x — X0)- [(3(G + G*)(X —Xo) + o) + w]1 + G(F). (IV.10-3)

Any unimodular solution F of (I1.11-46); and any point-valued function xg if
put into (II.12-1) yield a possible transplacement, and then substitution into (3)
delivers the stress required to produce it, subject to the action of the body force
with potential . The student will recall that for these motions the value of @
is a function of ¢ only; cf. (1).

The solution of Exercise I1.9.1 shows that all rigid motions are homogen-
eous, while Exercise I1.11.17 implies that a rigid motion satisfies (II.11-46) if
and only if its spin is steady.

Exercise IV.10.1.  For a rotation with steady spin the expression (2) for P, reduces
to (I1.11-52).

We proceed to determine the homogeneous motions that are irrotational. If
we are given a homogeneous stretch history U’, we may set W = 0 in (II.11-
26) and integrate the resulting ordinary differential equation for R. In this way
we can determine a rotation history R’ such that the flow corresponding with
R'U’ is irrotational. As we remarked in Section II.13, every irrotational flow
preserves circulation. If det U(#) = 1, the result demonstrated above shows that
the motion just determined in principle can be produced in any homogeneous,
incompressible body by applying suitable boundary tractions. Consequently,
the ideal experimental program proposed initially can be achieved, for homo-
geneous, incompressible bodies, without calling upon artificial body forces, in
fact without use of any body force at all, and by considering only irrotational
histories.

More generally, starting from any homogeneous, pure stretch, we can con-
struct homogeneous flows that preserve circulation. To do so, we substitute
CaucHy’s criterion (II.11-44) into (II.11-26), and so find that

R = RY, (IV.10-4)
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Y being defined as follows:
Y:=LU-U-ouTh +UTw, UL (IV.10-5)

Suppose now a homogeneous stretch U and an arbitrary spin W, in the reference
shape be given. Then Y is a known function of ¢. If U and W, are such that Y
is continuous, the first-order linear differential equation (4) determines a unique
rotation R(7) corresponding with any assigned initial rotation R(0). Therefore,
the homogeneous motion whose deformation gradient is R(2)U(#) preserves
circulation. The theorem established near the end of Section IV.8 rests upon
assuming that a particular flow preserves circulation. Because we have now
exhibited the entire class of homogeneous motions that do so, we may apply
the theorem to each of those motions and so obtain the following

Theorem (CoLEMAN & TRUESDELL). By applying suitable boundary trac-
tions alone, it is possible to cause any homogeneous, incompressible body
to undergo any desired isochoric, homogeneous stretch history U'. The
corresponding rotation history R’, which is independent of the material,
is obtained from the unique solution of (4) corresponding with assigned
initial values R(0) and W, . Conversely, the only homogeneous transplace-
ments that can be effected in all homogeneous, incompressible bodies by
the application of boundary tractions and lamellar body force are those in
which R is determined from U, R(0), and W, by (4).

Putting W, = 0 in the foregoing theorem, we recover the statement about
irrotational histories proved just after Exercise IV.10.1. Clearly pure stretch
histories do not suffice to achieve the ideal experimental program since R = 1
is not generally a solution of (4).

Exercise 1V.10.2. A pure stretch preserves circulation if and only if

UU - UU = const., (IV.10-6)

a condition more general than (IV.9-12). Hence, in general, a homogeneous, isochoric,
pure stretch cannot be produced in an arbitrary homogeneous, incompressible simple
body by the effect of boundary tractions alone. Among those special homogeneous,
isochoric, pure stretches that can be so produced are the irrotational ones. The class
of homogeneous, isochoric, irrotational, pure stretch histories includes' those given by
(IV.9-13) with the added restriction u, (f)u(H)us(t) = 1.

'The wording here clarifies that following Equation (30.37) in NFTM and in the paper of
CoLemaN & TruespeLL cited on p. 73 of NFTM.
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Exercise IV.10.2 shows that any homogeneous, isochoric, irrotational pure
stretch history can be produced by the action of surface tractions alone or of any
lamellar body force, in any homogeneous, incompressible body. Exemplifying
the general discourse shortly after the beginning of Section IV.8, this conclu-
sion illustrates the difference between the stress system in a compressible body
that just happens to undergo an isochoric motion and that in a corresponding
incompressible body undergoing a motion with the same transplacement gradi-
ent and the same response. For the unconstrained body, change of volume is
avoided because the stresses are selected in just the right way, and that way is
specified uniquely by the response . For the incompressible body, no system
of stresses can produce any motion but an isochoric one, and corresponding
with that fact there is a hydrostatic pressure which is arbitrary in the sense
that it is not determined by the history of the transplacement gradient but is
determined, to within a time-dependent hydrostatic pressure, by the balance of
linear momentum and is exhibited in (3).

When given body forces are applied, CaucHy’s First Law restricts that
arbitrary pressure but does not determine it uniquely. In this sense a single
isochoric transplacement history if possible at all for a given incompressible
body is possible subject to infinitely many different body forces and surface
tractions.

Exercise IV.10.3. Suppose that @ be the response of a certain unconstrained
simple body 4, and that the restriction of @ to isochoric transplacement histories be
the response of a certain incompressible simple body %o . How does the stress system
required to effect a certain simple shearing in 4 differ from that required to effect just
the same simple shearing in % ?

Internal constraints such as incompressibility reduce the class of possible mo-
tions but otherwise expand the class of stresses compatible with such motions
as may take place. The theory of a constrained body is therefore essentially
easier to work out. The far-reaching simplification that results from assum-
ing the material to be incompressible was seen and exploited by RivLIN in his
pioneering researches on non-linear continuum theories in 1946-1955. Most of
the explicit solutions known today concern incompressible bodies; several were
discovered by RivuIN and his associates.

11. Material Isomorphisms

Up to now we have considered the constitutive relation of a single material
point, or a single homogeneous body made up of material points all having
the same response relative to a given reference placement x. When can we
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say that two body-points X; and X, of 4 are of the same material? When
it is possible to bring small portions &, and %, of # containing X; and X,
into reference shapes (%)) and x,(%,) such that any subsequent history of
transplacement gives rise to exactly the same stress at the places x; and x
occupied by X'; and X, . Thus no experimental measurement of stress as deter-
mined by transplacement histories can detect whether we started with the part
%1 containing X, in «(#) or the part %, containing X, in x,(%), it being
understood that X; = x1(X ), X, = «,(X). This interpretation suggests also
that we should require the densities p,, and p,, to be equal and uniform near
X and X,, as we shall.
To render this idea formal, we erect the following

Definition (NoLL). Let @, be the response of a simple material with
respect to the reference placement x. The points X, and X, of & are
materially isomorphic if there are reference placements x| and k» such that
Px, = Px, = const. near X, and X, and

6, (F,X)=6,,F, Xy (IV.11-1)

Sfor every transplacement history ¥' in the domains of ®,, and @,, , re-
spectively.

This definition embodies the idea just stated informally, for the value of
the left-hand side is the stress at the place occupied by X; when the material
points constituting % have been subjected to a history of transplacement F' with
respect to « (%), while the right-hand side is the stress at the place occupied
by X, when the material points constituting & have been subjected to just
the same history of transplacement with respect to x2(#). Since (1) must hold
for all F in the domains of the two responses considered, we can bring the
parts | and &, of the body that contain X; and X, , respectively, into shapes
indistinguishable by any measurement of stress.

If each body-point is materially isomorphic to every other one, then every
sufficiently small part of & has just the same properties as every other suf-
ficiently small part, and we say that the body is uniform. Now this quality
requires that the responses of 4 at X, and X, be the same with respect to
suitable reference placements x; and x , that the responses of % at X, and X3
be the same with respect to suitable reference placements x5 and x4, efc. There
need be no single reference placement « such that all the material points making
up £ have one and the same response: @, (-, X) = &,(-, Y) VX, Y € x(2).
In order to demonstrate the isomorphism of each pair of body-points it may
be necessary (in imagination, of course) to cut the body into small pieces and
bring each piece separately into an appropriate shape before beginning the ex-
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periment. These small pieces need not fit together to form a shape of all of
2.

If the isomorphism of all the points of a uniform body may be demonstrated
by use of a single reference placement x, the body is hAomogeneous. The
response @, with respect to this particular x is independent of X, and p, is
likewise independent of X, so that the definition of ‘“homogeneous” in terms of
the concept of material isomorphism is equivalent to the one we have introduced
already at the beginning of Section IV.8.

While every homogeneous body is uniform, the converse is false. Uniform
but inhomogeneous bodies seem to correspond in some cases with what in
physics are called bodies with “‘defects” and ‘‘dislocations’. In this book,
henceforth, we shall consider only homogeneous bodies.!

The concept of material isomorphism is of far greater use than merely to
define homogeneity, as we shall now see.

12. The Peer Group

Trivially, every point X of % is materially isomorphic to itself, but there
may be also non-trivial isomorphisms of X with itself. We shall analyse this
possibility by the aid of an arbitrarily selected reference placement x;, and
since we shall consider now a single body-point X, we shall drop X from the
notation. Thus (IV.11-1) yields the condition

o, (F) =0, (F). (IV.12-1)

If we can find a «, distinct from x| such that (1) holds for all F* in the respective
domains, we shall have shown that the response of the given body-point X is
just the same in deformations with respect to two distinct reference placements.
That is, in terms of the ideal experiments we sometimes invoke so as to visualize
the assertions of the theory, no measurement of stress on the part of Z near X
can distinguish x, from «; . Thus the reference placements x| and x, are peers
at X.

If we choose a different reference placement, say x *, then ®,. will generally
determine a different set of peers.

The set of gradients at x(X) of transplacements carrying «x into its peers

'The general theory and solutions of particular problems concerning inhomogeneous, uniform,
simple bodies are presented in the book republishing memoirs by W. NorL, R. A. ToupN, and
C.-C. Wana, Continuum Theory of Inhomogeneities in Simple Bodies, Berlin and New York,
Springer-Verlag, 1968, and also in Chapters V and VI of IRE.
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forms a group called the peer group' . Because material isomorphisms leave
the mass density assigned by x to X uinchanged, the gradient P of a transplace-
ment delivering peers is unimodular: detP = + 1. Thus the peer group Ze of
x at X is a subgroup of the unimodular group «:

4, Cu (IV.12-2)

It is the group of gradients of all maps that carry x into its peers, namely,
the reference placements indistinguishable from x by measurements of stress
arising from deformation of parts of x (%).

By substituting (IV.3-3) into (1), we find that the elements of the peer group
7. are unimodular tensors H such that for all histories F in the domain of ®,

6. (FH) = ,(F), (IV.12-3)

and conversely, any such H is an element of ¢ . Here we assume that if the
domain of ®, includes F’, it is large enough {i include also the products F'H
for every unimodular H.

We have called the set of peers a group, but we have not yet shown that it
deserves that appellation.

Exercise IV.12.1. The collection of solutions H of (3) forms a group.

As a part of the definition of the peer group we have required that its members
be unimodular. We have done so in favor of the intended application rather than for
any mathematical block against more general isomorphisms. By considering in (3) the
case of the rest history F(¢#) := 1, we see that if H ef. andn =1,2,3,..., then

@, (H")) = @, (1'); here (H")" denotes the history of the constant tensor H”, and 1
denotes the history of 1. If |det H| < 1, this conclusion and (II.5-4) show that we can find
a placement which has arbitrarily large density and in which a part of the body can be
held at rest indefinitely under just the same stress as that required for equilibrium in « . If
|detH| > 1, the same can be said for a placement with arbitrarily small density. Such a
material would be a strange one. In particular, no Eulerian fluid with invertible pressure
function (¢f. IV.4-4) is of this kind. In this book we merely leave out of account any H
that satisfies (3) and is not unimodular, but the foregoing remarks would lend support

!The term *‘isotropy group”, used by NoLr in introducing these groups, is misleading here
because it derives from the concept of turning, while the elements of the peer group need not
all be rotations; ‘‘symmetry”’, while closer to the popular speech of physicists, would be equaily
misleading because it derives from the concept of distance, which is irrelevant in material response.
The term “‘peer” is intended to suggest its root meaning, which is ‘“equal in status before the law™’,
the “‘law” being here the constitutive relation of the material.
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to requiring, as part of the definition of simple material, that @, allow no solutions H
of (3) that are not unimodular.'

The members H of ¢ need not be orthogonal, but they may be. Since
1€ for every material point and every reference placement «, at least
one’member of ] is orthogonal. If an orthogonal tensor Q € ¢ , then also
Q ¢ . since Ze is a group; also, if F' runs over all invertible tensor histories,

so does QF'. Thus, when H = Q", (3) is equivalent to

@, (QF'Q") = @, (QF). (IV.12-4)

In the condition (IV.5-2), which expresses the Principle of Material Frame-
Indifference, we select the particular history Q' = Q(#) = Q and obtain

6, (QF) = Q8,(F)Q'. (IV.12-5)

This relation holds for all F* and for all orthogonal tensors Q, while (4) holds
only for those Q that belong to P Combining the two relations yields

6. (QF'Q") = QG (F)Q' (IV.12-6)
as a necessary condition to be satisfied by all orthogonal members of Z.
Exercise IV.12,2. Conversely, if Q satisfies (6), then Q € 7.

Thus (6) is a necessary and sufficient condition for the orthogonal ten-
sor Q to belong to the peer group.

From (6) we see that — 1 € for all materials and all x. Since — 1 is
a central inversion, it does not correspond with any deformation that could be
effected physically but merely expresses the invariance of material properties
under reflections of the reference placement.? Since — 1€ , and 2. is a

group, —Heg < Heg .Thus ¢ canbe expressed as the direct product
of the trivial group consrstmg in 1 and — 1 alone and a group f+ all of whose

'In a theory of thermomechanics it is possible to define peer groups and to prove that in order
to satisfy certain reasonable requirements they must be subgroups of «, as has been shown by M. E.
GurTIN & W. O. WiLLiaMs, ““‘On the inclusion of the complete symmetry group in the unimodular
group,” Archive for Rational Mechanics and Analysis 23 (1966/7), 163-172 (1966).

2The reader should not extrapolate this statement to other theories such as those of heat con-
duction and electromagnetism; in them there is no such invariance, because the transplacement
gradient F is not the only independent variable in the constitutive relations.
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members have determinant +1:
7= {1, —1}®/¢j, (IV.12-7)

and only the elements of : can be interpreted in terms not only of change
of reference placement but also as gradients of transplacements that map one
shape of a given body onto another. These are the transplacements that cannot
be distinguished from one another by mental measurement,' but it is formally
more convenient to retain the trivial central inversions and so operate with
itself. We have shown, then, that {1, —1} is the smallest possible peer group

1, -1}cg, Ca. (IV.12-8)

The foregoing constructions and conclusions in these precise, abstract forms
were introduced by NoLL, generalizing earlier and more special notions.

Any subgroup of the unimodular group that includes {1, —1} may be the
peer group of a material point. Corresponding with any assigned unimodu-
lar subgroup ¢, it is possible to construct infinitely many responses &; more
specifically, 1t is possible to write @ in a reduced form such as to be frame-
indifferent and to include automatically a// materials having an assigned peer
group, and these only.2 In the following sections we shall consider only such
as are notable or lead to especially simple representations for @. In particular,
we shall use the ideas and apparatus just given so as to define the concepts of
“fluid”’, “‘solid”’, and ‘“‘isotropic™.

13. Comparison of Peer Groups with Respect to Different
Reference Placements

The peer group ¢, ata material point depends, as does the response @, of
the material, upon the choice of reference placement x. Since ®,, determines
®,, for all x;, the same should be true of and P That is so, and either

group determines the other through a rule found by NoLL:
P =P Pl (Iv.13-1)

! Again the reader must be warned that while this fact expresses a proved theorem of the theory
presented in this book, nothing of the sort holds for the peer groups that can be defined by parallel
constructions in other theories such as optics.

2C.-C. Wang, “On a general representation theorem for constitutive relations,” Archive for
Rational Mechanics and Analysis 33 (1969), 1-25.
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To prove this rule, we simply apply (IV.3-3) to each member of (IV.12-3) after
replacing x therein by « :

O, (FHP ) =@,,(FP"); (IV.13-2)

here P:=VA and \ :=x, ok 1’1. As F’ runs over all invertible tensor histories,
so does F'P~! for any assigned invertible tensor P. Hence (2) is equivalent to

6,,(FPHP ') = @,,(F), (IV.13-3)

which is of the form (IV.12-3) with x replaced by x, . Since PHP~! is uni-
modular if H is, every solution H of (IV.12-3) corresponds with a unimodular
solution PHP ! of (3), and conversely. NoLL’s rule (1) is an abbreviated state-
ment of this fact.

It is a trivial consequence of (IV.12-1) that if x1 and x, are peers, they
have the same peer groups.

While the members of and ., are unimodular tensors, the reference
placements x| and x> thenselves need not have the same density. In particular,
if we let xo be obtained from x; by a dilatation, then P = K1 and X # 0,
and so P~! = K ~'1. Therefore (1) yields Fo=Fu . Thus the peer group is
unaitered by a dilatation.

Whatever be » (1) shows that for some choice of x; we may expect to
obtain a different peer groupg . Thus the concept of peerdom is a relative one,
depending upon the choice of reference placement. It is possible, nonetheless,
that f =g, for all choices of x| and x, . In that case we shall say that the
matérial is egalltartan No deformation can alter its peer group. A glance at
(1) reveals two groups corresponding to egalitarian materials:

#= {1, -1} or g =« (IV.13-4)

According to a theorem of group theory,! the proper unimodular group ¢ *
“simple”’, which means that the equation

g=PgP™  WPcu (IV.13-5)

"My inquiries have not led to a simple, direct proof. The statement follows from more pow-
erful theorems of group theory presented by J. J. Rot™an, The Theory of Groups, 2™ ed.,
Rockleigh, New Jersey, Allyn & Bacon, 1973. The projective special linear group PSL(n, K) :=
SL(n, K)/Z, . Here K is an arbitrary field; SL(n, K) is the multiplicative group of proper unimod-
ular n x n matrices over K; and Zy is its center, that is, the group of all elements that commute with
every element. RoTMAN’s Theorem 8.25 asserts that PSL(m, K) is simple if m = 3; his Theorem
8.13, that the center of SL(3, R) is the unit matrix. Thus PSL(3, R) = SL(3, R)/Zo = SL(3, R),
and so SL(3, R) is simple.
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has no solutions ¢ that can be peer groups other than the trivial ones (4). Thus
the groups (4) correspond with the only possible egalitarian materials.! In
Section IV.16 we shall see an important consequence of this fact. Here we
remark merely that the fact itself will not startle the student, since it asserts that
only for the two extremes of response can no deformation either create new
peers or unseat any of the old, as might well be expected from the definition
of peers. At one extreme, all placements are peers; at the other, no placement
has any peers but the two trivial ones.

The considerations of this section and the preceding apply equally to the
determinate response of a constrained material, which is defined by (IV.7-2).

14. Isotropic Materials

A homogeneous body is isotropic if it can be brought into a shape, no
rotations of which can be detected by measurement of stress. Isotropy is an
example, and the most important one, of material symmetry. To consider
material symmetries, we fix attention upon the peer groups of a single material
point. In this section and the next two we shall use the phrase ‘‘a material is
...” to abbreviate ‘“a material point is ... .” Since in the rest of the book we
consider only homogeneous bodies, and so all the material points that make up
a body must have the same material symmetry, we could just as well write in
each case “a body is ... .” The letter ¢ will denote the full orthogonal group.

Definition (CaucHy, NoLL). A material is isotropic if there is a refer-
ence placement x such that

Fx De. (IV.14-1)

Such a placement x is called undistorted; other placements, distorted. Ac-
cording to this definition, every orthogonal transplacement of an undistorted
placement carries it into a peer. From NoLL’s rule (IV.13-1) we see that for
other placements «’ the peer groups ¢ , need not contain ¢ . That is, rotations
of x’ generally can be detected by experimental measurements of stress, though
rotations of an undistorted placement x cannot. Of course, that same rule shows
us that an orthogonal transplacement carries one undistorted placement of
1n isotropic material into another, a fact which merely reflects the definition

'The reader should be warned not to expect that the statement proved here for the mechanics
of simple materials can be extended to other theories in which a peer group may be defined. For
example, in optics there are four groups that correspond to egalitarian materials: not only those
given by (4) but also {1} and ¢ * .
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of ‘‘isotropic material”’, besides showing that an isotropic material has infinitely
many undistorted placements.

For an isotropic material, (IV.12-6) changes from an equation to be solved
for certain Q into an identity satisfied by all Q, and likewise (IV.12-3) is
satisfied by all orthogonal H. By this latter equation, then, the value of T is
unchanged if we replace F' by F'Q, where Q is any constant orthogonal tensor.
In particular, 1f we regard the present tlme f as a parameter which we may hold
fixed, and if F () :=F()R®)T, then F' delivers the same stress as does F’
at the time 7. R, the present rotation of F, equals 1. Thus (F]F,) = C =C
and C = RCR" = B. Putting R, C/, and C into (IV.5-15) delivers NOLL s
reduction of the constitutive relation for isotropic materials:

T = RC'; B), (IV.14-2)

in which, as was to be expected, the rotation does not appear at all.

According to (IV.12-6), moreover, if F* is replaced by QF Q", for any Q,
the stress T is replaced by QTQ". In this replacement C; and B are replaced
by QC/Q" and QBQ, as is easily verified from (I1.9-10) and (I1.9-5). Thus
the mapping & in (2) must satisfy the condition

2(QC!Q"; QBQ") = Q®(C! ; B)Q", (IV.14-3)

for every orthogonal tensor Q, for every positive symmetric tensor history C;,
and for every positive symmetric tensor B.

A mapping satisfying this requirement for all Q is called isotropic. Thus,
the concept of isotropic mapping generalizes that of isotropic function defined
by (IV.4-9). Conversely, if (3) is satisfied by &, (2) gives the constitutive equa-
tion of an isotropic simple material, referred to an undistorted placement. If a
distorted reference placement is used, the constitutive relation of an isotropic
material cannot have the form (2) and generally shows no recognizable simplic-
ity.

The solution of Exercise IV.7.1 enables us to reduce as follows the constitu-
tive equation (IV.7-14), giving the determinate response of an incompressible
isotropic material with respect to an undistorted placement:

S = &(C!; B); (IV.14-4)

detC} = detB = 1; and the mapping & satisfies (3).
While (1) embodies a natural concept of isotropy, it seems more general
than in fact it is. According to a theorem of group theory, the orthogonal
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group is maximal in the unimodular group.' That is, if 7 is a group such that
e C b4 C w, then

either g = or g =« (IV.14-5)

Thus the peer group of an isotropic material in an undistorted placement is
either the orthogonal group or the unimodular group.
In either (2) or (4), let C} be fixed. Then (3) reduces to (IV.4-9), and &
reduces to an isotropic mapping of symmetric tensors onto symmetric tensors.
A body of isotropic material is called an isotropic body.

15. Universal Transplacements of Isotropic Incompressible Bodies

In Section IV.8 we have defined universal motions and explained their
great value for use in comparison of theory with experiment, and we have
set out the scheme for finding universal transplacements for homogeneous, in-
compressible bodies. In Section IV.10 we have determined all homogeneous
transplacements of homogeneous, incompressible bodies subject to lamellar
body force. The constraint of incompressibility, which narrows the class of ad-
missible transplacements to those that are isochoric, at the same time broadens
it by allowing some universal transplacements that are not homogeneous. We
shall now exhibit, again supposing the body force lamellar, five families of
universal transplacements for homogeneous, isotropic, incompressible bodies,
defined in the preceding section. We shall always presume that the reference
placement is homogeneous and undistorted.

As for the homogeneous transplacements discussed in Sections IV.9 and
IV.10, the analysis follows a semi-inverse method. Families of putative trans-
placements such as to model circumstances of interest in mechanics are set
down. Each is written in terms of functions, at first arbitrary but later to be
restricted in such a way as to deliver dynamically possible motions for every
homogeneous, isotropic, incompressible body. The outcome of such analysis is a
class (rather small, perhaps even empty) of solutions of the problem initially set.
Comparison of the calculated solution with data from experiments on motions
of real bodies idealized by members of the class laid down may then yield
some information about the constitutive properties of the bodies used in the
experiments.

The at first arbitrary functions denoted by capital letters in the following
five examples denote twice differentiable functions of time only.

'E.g. W. NoLL, “Proof of the maximality of the orthogonal group in the unimodular group,”
Archive for Rational Mechanics and Analysis 18 (1965): 100-102, reprinted in NoLL’s Foun-
dations of Mechanics and Thermodynamics, Berlin and New York, Springer-Verlag, 1974.
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Although our problem is essentially simple, its solution is achieved in several
steps, some of them long. The constitutive and dynamical conclusions are due
to CarroLL, who extended the work of TRUEsDELL and others in elasticity to
simple materials in general. We shall follow in the main the elegant presentation
of Fospick,! which in outline goes as follows.

Step 0. We specify the five families. To this end we set out these putative
universal transplacements in a referential description using two conveniently
selected co-ordinate systems, one for the reference placement and one for the
actual placement.

Step 1. For each of the five families we calculate B and C; .
This matter is purely kinematical, and the calculation is routine. We find that at least
two of the shear components of B and C} vanish, while the remaining components are
the values of simple, explicit functions of one particular distance (labelled r or x), thus
reducing the generality of the functions of time introduced at Step 0, and of the histories
of those functions.

Step 2. We use the constitutive relation (IV.14-4) and the functional re-
striction (IV.14-3).
We show thereby that each null component of B and C! corresponds with a null shear
component of S, that the remaining components of § are the values of functions of the
variables occurring at Step 1 and of the histories of the functions of time occurring there,
and that those functions are odd or even in certain of their arguments.

Step 3. Turning to the flows corresponding with the transplacements, we
recall from Section IV.10 that every transplacement universal for homogeneous,
incompressible bodies subject to lamellar body force must preserve circula-
tion. Thus, on the assumption that the domain of flow is simply connected, an
acceleration-potential P, stands at our disposition:

X = —grad Py, (I1.11-33),

whence (¢f. (IV.8-12)) follows the existence of a scalar field A such that

divS = —grad A. (Iv.15-1)

The left-hand side of this relation, calculable from the conclusions of Step 2
for each of the five families, delivers N\ for each.

'For further detail see the paper of R. L. Fospick, *“Dynamically possible motions of incom-
pressible, isotropic, simple materials,” Archive for Rational Mechanics and Analysis 29(1968):
272-288.
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Step 4. For each of the five families in turn we apply the requirement that
the flow preserve circulation, namely

skwgradx = 0. (I1.11-45),

Restrictions upon the arbitrary functions of time appearing in the families set
down at Step O result, and P, is determined for each family in turn. Because
A has been determined at Step 3, p for each family is now determined:

P =p(Py —w) — A (IV.8-13)z,

Step 4, although it is purely kinematical and requires only routine calculus,
is the longest. For it we shall follow the analysis of Wang,! which includes and
extends the contributions of several earlier authors.

We proceed now with the details.

Step 0. The five families of isochoric transplacements follow. In each the
letters A, B, . .. stand for as yet arbitrary, twice-differentiable functions of ¢.
To each putative universal transplacement we may add an arbitrary rotation,
but to do so would add at Step 4 complications not worth the effort needed
to take account of them. On the other hand, the student must be warned that
two universal transplacements which are not identical may in fact differ only by
some particular rigid motion. Moreover, the reference placement is arbitrary.
One particular choice of it is made when a transplacement is specified. If,
instead, as we shall do for some instances below in Section IV.18, we begin
from a spatial velocity field, we must always remember that infinitely many
transplacements give rise to it, one for each choice of reference placement.

Family 1 (Pure bending, stretching, and shearing of a rectangular block).
X,Y, Z are cartesian co-ordinates in the reference placement; r, 6, z are cylin-
drical polar co-ordinates in the present placement.

r’ =24X +B, 06 =CY +DZ +K, z=EY+FZ+1L,

(IV.15-2)
A(CF -DE)=1.

From (2),4 it follows that A is determined by C, D, E, and F, that CF + DE,
and that sgn A = sgn(CF — DE). Usually we shall neglect the arbitrary con-
stants K and L.

1C.-C. Wang, “Universal solutions for incompressible laminated bodies,” Archive for Ratio-
nal Mechanics and Analysis 29(1968): 161-192. For some further details consult IRE, especially
Section 6 of Chapter S.
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Family 2 (Straightening, stretching, and shearing of a section of a hollow
cylinder). R, ©, Z are cylindrical polar co-ordinates in the reference placement,
and x, y, Z are cartesian co-ordinates in the present placement.

x=3AR?*, y=BO+CZ, z=DO+EZ,

(IV.15-3)
A(BE -CD) =1.

From (3)4 it follows that 4 is determined by B, C, D, and E, that A + 0 and
BE 4 CD, and that sgn 4 = sgn(BE — CD).

Family 3 (Inflation, eversion, bending, torsion, extension, and shearing of
an annular wedge). Here R, ©, Z and r, 0, z are cylindrical polar co-ordinates
in the reference placement and the present placement, respectively.

r’ = AR? + B, § =CO +DZ +K, 2=EO+FZ+1L,

(Iv.15-4)
A(CF —-DE) =1.

Thus A £ 0, CF + DE, A = 1/(CF — DE), sgnA = sgn(CF — DE). As
we did for Family 1, here too we shall generally set aside K and L.

Family 4 (Inflation and eversion of a sector of a spherical shell). The co-
ordinates R, ©, ¢ and r, 0, ¢ are spherical polar in the reference placement
and present placement, respectively.

r=+R+A4, 0=+6, ¢=29. (IV.15-5)

Family 5 (Inflation, azimuthal bending and shearing, and extension of an

annular wedge). The co-ordinate systems are the same as those used for Family
3.

r=AR, 0=BlogR+C®O®, =z=DZ, ACD=1. (IV.15-6)

Thus A & 0 and CD > 0.

Exercise IV.15.1. The verbal descriptions of the five families are just.

Step 1. We shall refer vectors and tensors to their physical components,
for which see Section App. IIC.9. Because (2), (3), (4), (5), and (6) are linear
in two out of three co-ordinates, it is plain that the physical components of B
and C! will be functions of the one co-ordinate in which the transplacement is
not linear.
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Family 1. We show from (II.9-6), that

A(r? —B)/r? 0 0
[B] = : [AC/(r* — B) + D*Ir* [CEA/(r* — B) + DFr
E?A/(r* — B) + F?
(IV.15-7)
Likewise by use of (II.9-6); and (I1.9-10) we conclude that (in physical com-
ponents)
Cirr = (A'Y'r? /JA(A'r? — AB' — A'B)],
Ci% = A(C'F — D'E)*(A'r* + AB' — A'B)/r* + A'(E'F — EF')}/r?,
Clzz = A(D'C — DC')(A'r* + AB' — A'B) + A*(F'C - E'D)?,
Cl6z = A(D'C — DC')(C'F — D'E)(A'r* + AB' — A'B)/r
+A*(E'F —EF')(F'C —E'D)/r,  Cjrt =Clrz =0.
(IV.15-8)
Exercise IV.15.2. The statements (7) and (8) are correct.

Family 2. B depends upon x alone, C: is independent of x, and Bxy =
Bxz = C:xy = C:xz =0.

Exercise IV.15.3. B and C! for Family 2 are to be calculated.

Exercise IV.15.4 (BuaratHa). The flow delivered by Family 2 is homogeneous.

Family 3. B and C} for Family 3 are given by (7) and (8).

Exercise IV.15.5 (Wang). The flows delivered by Families 1 and 3 are the same.
This fact is explained by showing that composition of a static instance of Family 1 with

the general Family 3 delivers the general Family 1. The motions defining Families 1 and
3 differ from each other only by a change of reference placement.

Family 4.

[B] = diag[(r® — A)*3 /r*, 2 )(r} — AP, r?)(r? — AR,
(IV.15-9)
[C!) = diag[r* /(rP — A+ AY* P, (rP —A+ A3, (P — A+ A1),
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Family 5.
A? BA? 0
Bl=| - A*B*+CH» 0|,
D2
Cirr = [(A")? /A%][1 + (B'C — BC')*/C’], (IV.15-10)

Cioo = (CH(A'} /(C? A,  Clz=(D')/D?,
Cirt = (A"XC'(B'C — BC") /(A*C?).
Both B and C} are independent of place.
Step 2. The mapping & must satisfy the relation (IV.14-3) for all orthog-
onal tensors Q. We first consider the particular Q that represents a rotation

through a straight angle about the x!-axis in some orthogonal co-ordinate sys-
tem:

[Q] :=diag(1, —1, —1). av.1s-11)
Then for any tensor Y

Yu _yiz2 Y3
[QYQ']1=| -Y2r Y2 yzn|,. (IV.15-12)
-Y31 Y32 Y33

IfY2 =Y =Y2l = Y31 =0, then for the Q given by (11) it follows
that QYQ"™ = Y. Applying this observation to (IV.14-3), we see that when
B2 = B13 = C§12 =C§13 =0, then

£(C/; B) = Q(C}; B)Q' (IV.15-13)
for the Q defined by (11). Thus S = QSQ", and hence (12) requires that

S12 =S13=0: (IV.15-14)

The shear stresses corresponding to vanishing shears are null.
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Next we consider the effect of a rotation through a straight angle about the

3_axis:

X

[Q] = diag(-1, -1, 1). (Iv.15-15)
For any tensor Y

Yu Y2 Y13
[QYQ']=| Y2 Y2 -_Y23|. (IV.15-16)
~Y31 _y3 Y33

If, supposing that (14) is satisfied, we use in (IV.14-3) the Q given by (15), we
see that when C{23 and B23 are reversed in sign, also $23 is reversed in sign,
while S11, §22; and §33 remain unchanged.

Now we apply the two foregoing statements to the five families in turn, with
conclusions as follows.

Family 1. Sré = Srz = 0, and there are scalar-valued mappings 7V, o{",
aél) such that

soz =7 OB, C', D', E', F'; 1),
sr—8z=0"(B', C!', D', E", F'; 1), AV.15-17)

S66 — Sz = 0$(B', C', D', E', F'; r).
From (8) we see that to change the sign of S6z while leaving unchanged the
diagonal components of S we may either replace C* and F' by —C' and — F*

or replace D' and E' by — D' and — E'. Therefore 7 is odd under such
changes:

D@, -, D', E', —F'; r) =B, C', -D', —E', F'; ),
=&, C', D', E,F';r).
(IV.15-18)

Hence if the shear stress function 7(! is continuous at C* = D' = E' = F! =0,
then

OB, 0,D', E',0; r) =B, C", 0,0, F'; r) =0, (IV.15-19)
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Also, when o =1 or 2,
o’(B, -C',D',E', -F'; r) =o"(B', C', -D', —-E', F'; r)
=0, (B',C', D', E', F'; r).
(IV.15-20)

Exercise 1V.15.6. The conclusions (18), (19), and (20) suffice for & to satisfy
(IV.14-3) in all instances of Family 1.

Famijly 2. Similar analysis shows that Sy, = S,, =0 and
Sy, =3B, C', D', E'; x),
Syx — Sz =0 2(B', C', D', E'; x), (IV.15-21)
Syy =Sz =0 (B, C', D', E'; x);

that 7¥ changes sign when B’ and E’ are replaced by — B’ and — E' and

when C' and D' are replaced by — C’ and — D'; and that 052) and 0;2) are

unchanged in sign by those transformations.
Family 3. The conclusions are the same as for Family 1.

Family 4. To obtain necessary and sufficient conditions here, we use not
only (15) but also another Q:

-1 00
[Ql=| 0 0 1], (Iv.15-22)
010

which represents a rotation about an axis in the plane normal to the direction
of r. The outcome is that [S] is diagonal, that S = S¢», and that

Srr — 8660 = Srr — Spp = 794" P). (IV.15-23)
Family 5. Srz =86z =, and

Sro =154', B!, C"),
Srr— Sz = ¢P(4', B!, C"), (IV.15-24)
S0 — Sz = 637(A', B, C").
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The shearing stress and the differences of the normal stresses, like the com-
ponents of B and C!, are independent of position.

Step 3. 'We now show that the dynamical condition (1) is satisfied for each
family, and in so doing we calculate for each the function A that is defined by
(1) and will be used to determine p through (IV.8-11).

Family I. From Section App. I C.9 we see that if the physical components
of § are given by functions of r alone at each time ¢, then

— S68
(divS)r = 8,8 + “u

(divS)s = %a,(ﬁsw), (IV.15-25)
(divS)z = %8,(r25r2).

For Family 1, because Sr¢ = Srz = 0, we see that (1) is satisfied, and

Srr — S§66
“A=Sr4 / = dr 4 f(0). (IV.15-26)

Szz may be taken as the value of an arbitrary function of r alone at each ¢; then
the right-hand side of (26) is determined by the constitutive functions a§ ) and
a3", obtained at Step 2.

Family 2. If the components of S are functions of x alone at each time ¢,
then

(divS)y = xSxx,  (divS), =8,Sx,,  (divS); = 9,5, .

(IV.15-27)

For Family 2, because Sy, = Sx; =0,

—AN=38x. (IV.15-28)



254 IV. CONSTITUTIVE RELATIONS

Sz, may be taken as the value of an arbitrary function of x and ¢, and so the
right-hand side of (28) is determined by the constitutive function a?’, obtained
at Step 2.

Family 3. Refer to Family 1.

Family 4. From Section App. IIC.11 we see that if the physical compo-
nents of S are given by functions of r alone at each ¢, and if Sr¢ = Srv = Sty =
0, then

(divSy =8, + 2 (5 — 5m0),

(Iv.15-29)
(divS) =0, (divS)» = 0.

Hence

— C68
—A=Sr+ 2/5"—rs— dr. (IV.15-30)

Because S¢v is given by an arbitrary function of r at each £ and S0 = S¢v, the
right-hand side of (30) is determined by the constitutive function 1) obtained
at Step 2.

Family 5. We appeal to (25) again. This time the physical components of
S are given by function of ¢ alone, and hence

— N = (Srr — So6) log r + 208", (IV.15-31)

The right-hand side of (31) is determined by the constitutive functions 7%, ¢*,

and ags), obtained at Step 2.

Step 4. On the assumption that the arbitrary functions of ¢ appearing in the
putative universal transplacements (2), (3), (4), (5), and (6) can be so chosen as
to satisfy (II1.11-45), we have exhausted the requirements of material symmetry
and dynamics except for determining the required pressure p. We shall now
solve (II.11-45) for each family and so determine for each the acceleration-
potential P, . Substitution of P, into (IV.8-11) will then deliver p. Accordingly,
for each family in turn we calculate the flow to which it gives rise and then the
acceleration field of that flow.
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Family 1. From (2) we find that

oA, (B _BAN1
- 2 24)r’
6 =0A(FC — ED) + zA(CD — DC),

2 =0A(FE — EF) + zA(CF — DE),
A A A /BA . BA . 1
24 (a) r+ [z (_A_ —B) - (7 ‘B)] 2r
2

_ (ﬂ —B) #, Av.15-32)

f:

A
6 =0A(FC — ED) +zA(CD - DO),
3 =0A(FE — EF) + zA(CF — DC).

From these we can determine the covariant components of the acceleration field:
%, =F —ré?,
¥g =r?0 +2r#, (IV.15-33)
X, =12.

Substituting (32) and (33) into (I1.11-45) yields the differential system

cDh -DC =0,
FE —EF =0, (IV.15-34)

FC —ED +(FC - ED) (AFC —AED + %) =0.

We wish to solve this system of differential equations together with the condition
(7)4 for isochoric motion. In doing so we recall that

A(CF —DE) =1. (IV.15-2)4

First we notice that the function B does not appear in the governing equations
(34) and (2); thus it is arbitrary. Second, C and D cannot vanish simultaneously,
for that would violate (2). We shall prove that C vanishes always or never. If
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C does not vanish for any ¢, the integral of (34); is
D =kC, k = const. (IV.15-35)
Because C appears in the differential system (34), C must be continuous. The
set
U:=A{t:C@)# 0}, (IV.15-36)

because it is the inverse image of the open set & \ {0}, is open, and if C does
vanish at some ¢ but not always, then

D CUCR, (Iv.15-37)

and both inclusions are proper. Thus there is a boundary point ¢o of % that
does not belong to %, i.e.,

C()+0 (IV.15-38)

on an open interval with ¢, as an end-point. Thus #¢ is a limit point of %. Since
(35) holds on the interval just mentioned, continuity requires that D(#g) = O,
but it is impossible for C and D to vanish simultaneously.

We have shown that there are only two possibilities:

I) % = #; equivalently, C & O for any ¢. In this case (35) holds for all ¢.
Then (2)4 reduces to

AC(F —kE) =1, (Iv.15-39)
and (34); reduces to
. . (C C
Cc+C (E + Z) =0, (IV.15-40)
an integral of which is
c=Kf k= const IV.15-41
=c’ 1 = const. (IV.15-41)

The differential equation (34), has an obvious integral also:

FE —EF =k,, k> = const. (IV.15-42)

Now we consider the following three possibilities:
Ia) F =0. In this subcase k; =0, and (42) is satisfied for all E. Further,
(39) reduces to —kACE = 1. Thus the constant k£ cannot be 0. The complete
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solution for this subcase is

B, E = arbitrary functions of ¢, but E(¢) & 0 for any ¢,
F =0,

t
C=k (/Edt+k”), C(t) # 0 for any ¢,
0

t
D= —k" (/ Edt +k”) £0,
0

_ 1

A= [
k"E (/ Edt +k”>
0

in which k', k", and k’” are arbitrary, non-null constants.
If F & 0, we can still get local solutions near points where F does not

vanish or does vanish, as follows.
Ib) F(to) + O for some ty. We consider the solution for ¢ near fo. Inte-

grating (42) yields

(IV.15-43)

1
E=F (k’ +k2/ th) . (IV.15-44)
0
We put

1 ‘]
= ==F [1 —k (k’ +k2[) th)] ) (IV.15-45)

Then the complete solution for # near ¢ is

B, F = arbitrary functions of ¢,

t
E:F(k’+k2/—1—2dt> +0,
wF

0

!
C =k" (/ Edt +k”’) + 0, (IV.15-46)
to
t
D =kC = kk" (/ Edt +k’”) :
to
1
A=cp

k, k', k", k', and k, being arbitrary constants.
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Ic) F(to) = 0 for some to, but F & 0. Then #¢ must be an isolated root of
F. To see that, in parallel with (36) we put

q:={t: F(t) + 0}, (IV.15-47)

and again % is open, and both inclusions in (37) are proper. It follows that
the boundary of % is not empty. Thus F(¢g) = O if ¢o lies on the boundary
of %. Now suppose that k, = 0. Then we can integrate (42) as before and
so show that E = kF on %. By continuity, E(t¢) = F(¢o) = 0, contradicting
(39). Hence the assumption k, = O is false. Having proved that k2 3 0, we
conclude from (42) and the assumption F(¢o) = O that F(to) % 0. Therefore
to is an isolated root of F.

Now we consider the solution for ¢ near ¢o. By (39), E(¢o) and k do not
vanish. Hence we can integrate (42) to get

Ydt
F=-kE| 2. (IV.15-48)
to E
In parallel with (45) we put
1 Ldt
= —_=_E = 1. IV.15-49
E= (k ks / Ez) ( )

Then the complete solution is

B and E are arbitrary functions of ¢, but E & 0,

"dt
F = —sz/ — £ 0,
to E2 =i:

!
C =k (/sdt+ko) £ 0,
1

{
D=kC=kk1( sdt+ko) +0,

fo

(IV.15-50)

1

A=_—
ce’

where k, ko, k1, and k, are arbitrary constants.
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II) C = 0. In this case (2)4 and (34) reduce to

ADE = —1,

FE —EF =k, (IV.15-51)

. . (A D

b+b ( o4 5) —o.
The last equation can be integrated at once, yielding D = k" /AD. Again there
are three possibilities:

Ila) F = 0. The complete solution for this subcase is exactly the same as
that of Subcase Ia) except that now C = 0.

IIb) F(tp) % O for some ¢, . The solutions for B, E, and F are the same as
those of the subcase Ib) except that £ § 0, and the solutions for A and D are
the same as those of Subcase Ia).

Ilc) F(to) =0 for some #y, but F + 0. Again ¢, must be an isolated root
of F. The solutions for B, E, and F are the same as those of Subcase Ic¢), and
the solutions for A and D are the same as those of Subcase Ia).

In general a solution may belong to different subcases in different intervals

of time.
An acceleration-potential Py for this family, in all cases, is given by

A A » 1 [A[(BA BA
7o (5a) |37 (7 -#) - (5 -2)] e
2

BA .\l . .
+3 (—A— —B) = - 1AX(FC — ED)*r*¢*

2

_pn:%

+ L(AB - BA(FC - ED)¢* + JA(CF - DE)?>.  (IV.15-52)

Family 2. While the conclusion of Exercise IV.15.4, above, reduces anal-
ysis of this family to an application of statements established in Section IV.8,
also a direct attack is instructive. From (3)y,7,3

X = éx
=X
¥ = yA(EB — D€) + zA(BC — CB), (IV.15-53)

% = yA(ED — DE) + zA(BE — CD),



260 IV. CONSTITUTIVE RELATIONS

along with (3)4 . Condition (II.11-45) now takes the form
BC -CB =ED - DE. (IV.15-54)
This differential equation can be integrated at once, yielding the integral
BC ~CB =ED - DE +k, (IV.15-55)

where k is a constant. We consider the following two possibilities:
I) B(to) & O for some ¢y . In this case the complete solution is

B, D, and E are arbitrary functions of ¢, but B 4 0, and E and D do
not vanish simultaneously,

!
C=B [k’ +/ %(ED —DE +k)dt|,
to
k' being a constant such that E(¢y) — k'D(to) + 0,
1

II) B(tp) = 0 for some #g . In this case C(ty)D(ty) F 0. The complete solu-
tion near ¢ is

C, D, and E are arbitrary functions of ¢, except that CD & 0,

t
1 . ,
B = —Cl E(ED —DE + k)dt,

1" (IV.15-57)

A=BE_¢cD

The root tg need not be isolated.

A solution for this family may belong to different cases on different intervals
of time.
No matter how A4, B,...,E are determined, an acceleration-potential is
given by
CPa= 12 L 1aEE — DEyy?
a =X+ (EB —DC)y
+A(BC — CB)yz + JABE —CD)z?.  (IV.15-58)

Family 3. The conclusions for Family 1 hold.
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Family 4. From (5) we find that

r—:%, =0, ¢=0,
(IV.15-59)

fo= 2 M gk, =0

32 or¥ oo

The condition (II.11-45) does not restrict A; a velocity-potential and an accelera-
tion-potential are given by

A i A
-pP, ==, _p,=—-—4 IV.15-60
P r? ? 3r + 1874 ( )
Family 5. From (6) we find that
F= ér
=3
. . BC r C
0— B—?)logZ-I-EO,
D
Z= Dz,
i 2

. , (o) r
Sp=r - [B log Z +c (0 — B log Z)] r,  (AV.15-61)

C ;2
[BlogA C(O BlogA)]

AT. C ;2
+22[BlogA C(() BlogA>] ,

. D
Xz = l—)z.

Now the condition (II.11-45) implies that

B+B (9 +2’i) =0,

c 4
. . /C A
¢ +C (5 +2Z) -0, (IV.15-62)

¢ _AB _ACB
B - BC+27 27_0‘
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We wish to solve this system of differential equations, subject to the condition

(6)s .
First, (62); can be integrated at once, yielding

A*CC =k, . (IV.15-63)

Next subtracting (62); from (62);, we obtain a differential equation and its
integral;

BC BC _ACH
— =42

—_ e 2 s — -
C C C 0, A°BC =k;. (Iv.15-64)

We consider the following two possibilities:
I) k1 =0. The complete solution for this case is

C=k#0,
A is an arbitrary function except A(¢) & 0 for all ¢,
B=k / lﬂ +k”
=k | ,
) (IV.15-65)
D - ——2‘,
kA
k, k', and k", being arbitrary constants.
1) k; £ 0. Now (63) makes ACC a non-null constant, and so neither

C(?) nor C(t) can vanish for any ¢. The quotient of (63) by (64), makes B
proportional to C, and the complete solution is

C = an arbitrary non-vanishing function of ¢, and C@) %+ O for all ¢,

ki \'? 1
A=(—) , B=kC, D=-——, (V.15
(cc> A’C ( 56)

ki and k' being arbitrary constants.
An acceleration-potential is given by

r (A 8 1D
— P, =—[Z _ a2 = 222 -
a =7 ( o +af 2) +5p% (IV.15-67A)
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in which

. BC r C

(IvV.15-67)

. BC
=B_-—.
g C

For each instance we have determined P, ; by use of (IV.8-11) we thus
obtain, for each family in turn, the pressure field p required to effect the motion.

Conclusion. We have now shown that the five families of putative universal
motions for homogeneous, isotropic, incompressible bodies subject to lamellar
body force are indeed solutions when the originally arbitrary functions of time
occurring in them are suitably specialized. They remain universal motions when
those functions of time are constant functions. Then P, = const., all compo-
nents of S are constant, § reduces to a function of B alone, and our solutions
here reduce to universal transplacements in the statics of an elastic body, of
course homogeneous, isotropic, and incompressible. As has been remarked in
Section IV .4, the statics of simple bodies is elastostatics. Thus the placement at
each time in one of these motions is a possible placement of rest for the body
in question. Motions of this kind are called quasi-equilibrated.

In Volume 3 we shall show that all universal motions of homogeneous,
isotropic, incompressible, elastic bodies are quasi-equilibrated. Because the
class of universal motions cannot be greater for simple bodies than for elastic
bodies, all universal motions of homogeneous, isotropic, incompressible,
simple bodies are quasi-equilibrated.

Whether, for the same classes of bodies, there are universal solutions beyond
those just exhibited, is presently unknown. To understand why that is so, the
student may consult ERICKSEN’s paper on universal solutions in the statics of
homogeneous, incompressible, isotropic, elastic bodies. '

The logic used to obtain the five families of universal solutions shows that
among the putatively arbitrary functions set out in (2), (3), (4), (5), and (6) only
those satisfying the restrictions later derived give rise to universal solutions, and
that [f those restrictions are satisfied, they do deliver solutions of the differential
equations locally. Two qualifications must be noted. First, the analysis takes no
account of the fact that symbols such as 7 and 6 represent co-ordinates and hence

!J. L. Bricksen, “‘Deformations possible in every isotropic, incompressible, perfectly elastic
body,” Zeitschrift fiir angewandte Mathematik und Physik 5(1954): 466-489, reprinted in
Problems of Non-Linear Elasticity (edited by C. TruespeLL), New York, efc., Gordon & Breach,
1965.



264 IV. CONSTITUTIVE RELATIONS

are subject to restrictions such as r = 0 and 0 = 6 < 27. Second, the various
integrals in terms of which the conclusions are stated are not tested or analysed.
There are no theorems of existence corresponding with given initial conditions,
for no such conditions are stated, and no attempt has been made to confront
the conclusions with physical requirements. Steady, simple shearing, defined by
(IV.9-12), indeed exists for all time, but the irrotational pure stretches defined
by (IV.9-15) exist only so long as solutions of that differential equation exist. If
we look back at (1) with the function C given by (43); or (46); , we see that even
if C(0) =1, in general C > | or C < 1 at later times. In the former instance an
angular wedge of a solid cylinder will be made to overlap itself, contrary to the
requirement that x(-, ¢) be a homeomorphism. In the latter instance a cylinder
with an angular wedge removed may be made to close up and fill the void, again
violating the requirement of homeomorphism. Also cylinders R = const. in the
reference placement are generally expanded or contracted into spatial cylinders
of greater or lesser radius r, and with A and B given by (43);,5 and (46); 5 it
may happen that the radius of some cylinder R = const. either becomes null
at some time or originates at some time from a cylinder of null radius, and the
transplacement fails to exist outside some interval of times. Specific examples
of such phenomena are presented below in Section 18.

How important these considerations are, depends in part upon the materials
of the bodies to which they are applied. For theories of the classical types, say
elastic solids or Navier-Stokes fluids, existence in a tiny interval containing the
present time suffices. For bodies of material with long memory, on the contrary,
motions must exist in the time-interval ] — oo, ¢], and all those that do not must
be rejected. Also if motions do exist at a particular time, they may break down
in one way or another shortly thereafter.

These observations sound a warning, but also they proffer encouragement.
Some of the universal solutions may serve as models for explosions, implosions
or tears and welds such as those that form from opening and closing cavities.
Continuum mechanics is sometimes faulted for failure to include such phenom-
ena. It is just, indeed, to state that they have not been much studied up to now
in the serious literature on mathematical theory and will not be well understood
until studied further.

16. Solids

In ordinary experience we commonly think of a body as being ““solid” if af-
ter changing its form we can discern a difference in the way it responds to further
deformation. A solid, then, has some placement, any non-rigid transplacement
of which is detectable by some subsequent measurement of stress. Thus, still
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considering a particular material point, we lay down the following formal

Definition (NoLL). A material is solid if there is a reference place-
ment x such that

P Ce. (IV.16-1)

Such a placement x is called undistorted. According to this definition only
orthogonal deformations belong to the peer group Ze corresponding with an
undistorted « .

A material for which ¢ = {1, —1} is solid. Such a material, which is
called triclinic, furnishes“an example of a crystalline solid in the classical
sense. All the classical crystallographic groups, provided they be extended so
as to include — 1, correspond with solids. So also do the groups defining
“transversely isotropic” and ‘‘orthotropic’ materials, and many others.

For solids, no particularly simple form of the constitutive relation has been
found.

An isotropic solid material, of course, is a material that is both solid and
isotropic. Both of these qualities have been defined in terms of the existence
of special reference placements, both of which have been called ‘‘undistorted”’.
Denoting by x the one used to define “isotropic’” and by & the one used to
define “‘solid”, for an isotropic solid

Fe Do, g Ce. (IV.16-2)

The relation between any such pair of reference placements is laid bare in the
following

Theorem 1 (TrUESDELL & NoLL).

g =ge=o- (IV.16-3)

Proof. According to the last statement in Section IV.14, either L =0
org, =« Iff“ = wu, then by (IV.13-1)f‘_r = «; since (2), contradicts
this conclusion, we are left with the former alternative, Fe= ¢. Thus « is an
undistorted placement of the solid.

IfA:=k ox~! and P := VA, NoLL’s rule (IV.13-1) ensures that there is
a A such that ¢ = PoP . If we can find an orthogonal tensor R such that

s =Re R, then we shall have proved the theorem, since the only orthogonal
conjugate of ¢ is ¢ itself. That such an R exists, is a corollary of a more general
theorem which is stated in the following exercise. A
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Exercise IV.16.1 (CoLemaN & Norr). Let x and «* be two undistorted place-
ments of a solid, and let P = V(x* ox~!'). If the polar decomposition of P is
P = RyUy, and if Q* and Q are elements of P and 7. that correspond with one
another through NoLL’s rule, then

Q* =RoQR;, Uy =Q'UyQ. (IV.16-4)

Hence

Feo = Rof‘Ro_l. (IV.16-5)

That is, P is an orthogonal conjugate of 7.

A body composed of solid material points is a solid body. A body of
isotropic solid material is an isotropic solid. No confusion of ‘‘material” and
“body”’ should ensue.

Returning to the consideration of a solid material in general, we remark that
its peer group with respect to an undistorted placement may be any subgroup
of the orthogonal group that contains — 1.

However, only certain particular kinds of anisotropy have attracted much notice
until recently. These are the ones corresponding with the 32 crystal classes, which are
defined by optical symmetries, and to two further types which correspond with some
manufactured products. In order to define these particular symmetries, we let R denote
a right-handed rotation of angle ¢ about an axis in the direction of the vector a; we let
(i, §, k) be an orthonormal basis, and we set p := \/g(i +j + k). In view of (IV.12-7),
it suffices to specify ¢ *, which is a group of rotations.

A material such”that ¢ * consists in 1 and all rotations R{ for a fixed k and all
angles o is called transvérsely isotropic with respect to k.

The 32 crystal classes reduce to 11 in the context of the present, purely mechanical
theory. Definitions of these, along with the standard crystallographic names, are given
in the following table, summarizing conclusions derived by CoLemaN & Norr. The
directions of the particular unit vectors i, j, k are called the crystallographic axes.

Finally, a material is called orthotropic if contains the reflections —R7,

— Ry, —R;. Since RTRj = R} and (R,'/ %y = T, the materials belonging to the
classes numbered 3, 5, 6, and 7 in the table are orthotropic.

In this book we shall not have occasion to treat crystals or other materials of special
symmetry, except, of course, isotropic materials. The definitions just given are included
only so as to help the student understand the meanings of the terms, should he encounter
them elsewhere.
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Crystal class

+
Generators' of #

Order of ¥

1. Triclinic system
all classes

2. Monoclinic system
all classes

3. Rhombic system
all classes

4. Tetragonal system
tetragonal-disphenoidal
tetragonal-pyramidal
tetragonal-dipyramidal

5. tetragonal-scalenohedral
ditetragonal-pyramidal
tetragonal-trapezohedral
ditetragonal-dipyramidal

o

Cubic system
tetartoidal
diploidal

7. hextetrahedral
gyroidal
hexoctahedral

8. Hexagonal system
trigonal-pyramidal
rhombohedral

9. ditrigonal-pyramidal
trigonal-trapezohedral
hexagonal-scalenohedral

10. trigonal-dipyramidal
hexagonal-pyramidal
hexagonal-dipyramidal

11. ditrigonal-dipyramidal
dihexagonal-pyramidal
hexagonal-trapezohedral
dihexagonal-dipyramidal

1

Ri”, R

T 3
R}, R7,R%™/

R{/Z,R}/Z,R:/z

x/3
R3™/

R}, R}/

R:/3

R],R}"

2

16

24

48

12

12

24

! The members of a set of elements of a group ¢ are called the generators of # if products

of their powers exhaust ¢.
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Traditionally the use of these classical “‘point groups’ is motivated by Caucny’s
theory of stress in a lattice of mass-points. Ericksen’ has pointed out that the arguments
used apply only when |F — 1] is small. The theory of point lattices if taken seriously for
transplacement gradients of great magnitude suggests that the peer groups of crystals
should contain some non-orthogonal tensors, no matter what reference placement be
used. Thus a crystal lattice does not serve as a model for a solid body in the sense
defined by (1) and used throughout this book.

Returning to the consideration of solids as defined by (1), we note first that
only certain particular placements will be undistorted. Indeed, if x is undis-
torted, if x * is another reference placement, and if P := V(x* o« ~1), by NoLL’s
rule we have

P =Pf‘P“, #,Co. (IV.16-6)

Now if Q is orthogonal, PQP ™! generally fails to be orthogonal. Thus not all
placements of a solid are undistorted.

Exercise IV.16.2. Let . contain all rotations about €; , and let x * be obtained by
the biaxial stretch such that {P] = diag(\, N\, u), A + u. Then o contains all rotations
about e; . Thus if x is an undistorted placement of a material transversely isotropic with
respect to ey , so also is x *. For example, if x is an undistorted placement of an isotropic
solid (a special instance of a material transversely isotropic with respect to €3), then x *
is an undistorted placement of a material transversely isotropic with respect to €3 . In
contrast, rotations of x(#) about e; are not carried into rotations of x *(#) about €, .
Thus, even if & is an undistorted placement of an isotropic solid #, x* is a distorted
placement of %.

Exercise IV.16.3. Application of (5) shows that the peer groups corresponding
with different undistorted placements of a particular solid are not generally the same,
and that the undistorted placements of an anisotropic solid generally fail to be peers.

We may set ourselves the following task: to find the largest class of mappings
N that carry places in an undistorted placement x defined by a given group Fe
into places in another undistorted placement.

For the largest and smallest possible peer groups, the answer is easy to get.
First, if Fe = {1, —1}, then, as shown in Section IV.13, all placements are

' An outline of this theory is given by A. E. H. Love in Note B, ““The notion of stress,”” in his
A Treatise on the Mathematical Theory of Elasticity, Cambridge, Cambridge University Press,
2nd_gth editions, 1906/1927, variously reprinted.

2]. L. Ericksen, “Nonlinear elasticity of diatomic crystals,” International Journal of Solids
and Structures 6(1970): 951-952, and Chapter IV of “‘Special topics in elastostatics,” Advances
in Applied Mechanics, 17(1977): 179-244.
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undistorted, and so any A has the property sought. The second case is settled
by

Theorem 2 (CoLemaN & NoLL). A transplacement of an isotropic
solid maps one undistorted shape onto another if and only if it is con-
formal.!

The sufficiency of the condition follows trivially from a theorem established
in Section IV.13. Necessity is a consequence, as we shall see presently, of the
following more general

Theorem 3 (CoLEmaN & NovL). Let x be an undistorted placement of

a solid body #. If N :=x* ox~!, so that \ maps x(%#) onto x*(#), then

* is undistorted if and only if the proper spaces of the right stretch tensor
Uy of VN are invariant under all the rotations in the peer group 7.

Proof. By (4);, every member Q of commutes with Ug . According
to a theorem of algebra,? Q satisfies this condition if and only if it leaves the
proper spaces of Uy invariant.

Exercise 1V.16.4. The statement of sufficiency in Theorem 2 is a corollary of
Theorem 3. A\

We turn now to the use of Theorem 3 so as to complete the proof of necessity
in Theorem 2. By Theorem 1 we know that if x is undistorted, L =0 If
N\ carries x into another undistorted placement x*, then by Theorem 3 every
orthogonal tensor must leave invariant the proper spaces of Uy . Therefore, the
proper space of Uy can be nothing but ¥ itself. Hence Uy has only one proper
number, so that Uy = K1, and consequently VA = KR. A

Theorem 3 itself may be used to determine the most general form of Uy
compatible with a given in cases other than the two already disposed of:
isotropic or triclinic solu( The outcomes for the crystalline solids are shown
in the following table, due to CoLEMaN & NoLL. The numbers in parentheses

'A transplacement X\ is conformal if it preserves the angles between material curves: equiva-
lently, there is an orthogonal tensor R such that VA = KR and X % 0.

2This theorem is a corollary of Theorem 2, Section 43, and Theorem 3, Section 79, of P. R.
HaLmos, Finite-Dimensional Vector Spaces, 2™ ed., Princeton, Van Nostrand 1958.
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refer to the definitions of the special kinds of aeolotropy in the table printed
above on p. 267.

Type of aeolotropy Restrictions on U,
Triclinic system (1) no restriction
Monoclinic system (2) k is a proper vector of U,
Rhombic system (3) i, j, k are proper vectors of U,
Tetragonal system (4, 5)
Hexagoanl system (8, 9, 10, 11) U,=A1+ Bk ®k
Transverse isotropy
Cubic system (6, 7) U, = A1

17. Fluids

There are various physical notions concerned with fluids. One is that a fluid
is a substance which can flow. ‘““Flow" itself is a vague term. One meaning of
“flow”" is simply deformation under stress, which does not distinguish a fluid
from any other material not rigid. Another is that steady velocity results from
constant stress, which seems to be special and to apply only with difficulty
and to particular flows. Another is inability to support shear stress when in
equilibrium. Formally, within the theory of simple materials, such a definition
would yield

T = —p(p)1 + F(F"), (Iv.17-1)

where §(1°) = 0, 1’ being the history whose value is always 1. Since the
material so defined may have any peer group whatever, including one of those
already considered to define a solid, this definition does not lend itself to a
criterion in terms of common response.

Exercise IV.17.1. The constitutive relation T = —K (3 —trU)1, K = const. F 0,
defines an isotropic, elastic solid which has infinitely many placements at ease and never
experiences non-vanishing shear stress, no matter how it be deformed.

Finally, a fluid is regarded as a material having ‘‘no preferred configura-
tion”. In terms of peer groups we may realize this somewhat vague idea by the
following

Definition. A fluid is an egalitarian material that is not solid.

In Section IV.13 we have shown that for an egalitarian material either ¢ =
{1, =1} or g=e The former case corresponds with a solid, according to the

definition given in Section IV.16. Thus we have the following
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Theorem. A material is fluid if and only if for some x
Fo =« (Iv.17-2)
For a fluid material, (2) holds for all x.

From this theorem, some preceding ones, and the definitions, we read off
the following trivial but important corollaries:

1. Every fluid is isotropic.

2. Every placement of a fluid is undistorted.

3. A material is egalitarian if and only if it is either a fluid or a
triclinic solid.

4. The only isotropic materials are fluids and isotropic solids.

The condition (2) was laid down as the definition of a fluid by NoLL, who
derived thereupon the following

Fundamental Theorem on Fluids. Every unconstrained fluid has a
constitutive relation of the form

T = a(c; Do), (IV.17-3)
also

R(QCIQ"; p) = QR(C}; pQ' (IV.17-4)

for all orthogonal Q and all arguments C! and p that lie in the domain
of 8. Every such isotropic mapping of positive, symmetric tensor histories
onto symmetric tensors defines a fluid. Furthermore,

1’5 p) = —p(p)1. (IV.17-5)

This last conclusion states that all fluids obey in rigid motion, such as a state
of rest, the laws of Eulerian hydrostatics, according to which the stress is a
hydrostatic pressure which depends on the density alone. In particular, a fluid
exhibits the phenomenon of “flow” in one of the common senses, namely, it
cannot support any shear stress when it has been at rest for all times, past and
present, in any placement whatever. As we have shown at the beginning of this
section, the converse is false: a material capable of “flow” in this sense may
have any peer group.

Proof of Noll’s theorem. Since a fluid is isotropic and every placement is
undistorted, we may apply (IV.14-2) for any reference placement x . Because the
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stress in a fluid cannot be changed by a static deformation from one placement
to another with the same density, the dependence upon B(¢) in (IV.14-2) must
reduce to dependence on detB(f), or, what is the same thing, dependence on
p, and this fact establishes the necessity of (3). Furthermore, & must satisfy
(IV.14-3), which now reduces to (4). If C! = 1, then (4) yields

T =&(1'; p) = Q&1 p)Q" = QTQ". (IV.17-6)

Thus in a fluid which has always been at rest T commutes with every orthogonal
tensor. The conclusion of Exercise IV.4.1 establishes the necessity of (5).

Exercise IV.17.2. The relations (3) and (4) imply that .= for every x. This
exercise completes the proof of NoLL’s theorem.

We may express the foregoing theorem also as follows: The constitutive
relation of a fluid is of the form

T = —p(p)1 + §(C! —1; p); (IV.17-7)

the mapping € is isotropic, and its value is naught when its argument is the
history 0 whose value is always 0. Conversely, every relation of this form
defines a fluid.

A trivial corollary of the foregoing, which may be proved in several other ways,
states that any relation of the form (IV.4-4) defines an elastic fluid. While in hydro-
dynamics it is customary to impose the condition that p(p) > 0 for all p, or at least the
weaker requirement that p(p) > 0 for all but a discrete set of values of p, this condition
does not follow from any general principle of mechanics. Because steady, hydrostatic
tensions of some magnitude have been produced, with extreme pains, in very quiet
laboratories, perhaps the condition p(p) > 0 should be regarded as expressing stability
rather than a constitutive restriction.

From (IV.14.4) it is clear that the determinate stress of a homogeneous
incompressible fluid has a constitutive relation of the form

S =&(C); (IV.17-8)

the mapping # need not be defined except for arguments such that detC} = 1;
# must satisfy the condition of isotropy expressed by (4); and there is no loss
in generality if we require that £(1°) = 0. Conversely, every mapping of this
kind defines a homogeneous, incompressible fluid.

Finally, since for a rigid motion C; = 1, the constitutive relation (3) reduces
to (IV.4-4): A body of unconstrained fluid in rigid rotation behaves like
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a body of Eulerian fluid. For a homogeneous, incompressible fluid body a
similar statement holds, and in steady rotation about a fixed axis

pv +w = Lo?r?, (IV.17-9)
r being the distance from the axis.

Exercise IV.17.3. The statement (9) follows by use of (IL.11-53), (I1.11-52), and
(IV.10-2).

A body of fluid material is a fluid body. Often the noun ““fluid” is used
equally to refer to a material or a body. No confusion ought result.

A fluid may react to its entire transplacement history, yet its reaction cannot
be different for different placements with the same density. A fluid reconciles
these two seemingly contradictory qualities— ability to remember all its past
and inability to regard one placement as different from another— by reacting
to the past only insofar as it may differ from the present, which may be ever
changing.

18. Universal Flows of Homogeneous Incompressible Fluids

Universal motions, transplacements, and flows have been defined in Section
IV.9. Five families of universal transplacements for isotropic, incompressible,
homogeneous bodies have been presented and discussed in Section IV.15. Since
homogeneous, incompressible fluids constitute a proper subclass of homogen-
eous, incompressible, isotropic materials, the class of universal motions of
fluids may be greater than that given by the five families presented and anal-
ysed in Section IV.15. Whether such is the case, is not presently known. Thus
this section cannot include anything not a consequence of what has appeared in
Section IV.15.

Nevertheless, we shall here remark upon some universal flows. The student
will recall the main advantage of the spatial description: While a motion is
defined in terms of a particular reference placement, the spatial velocity-field is
unique, independent of reference placements. Infinitely many transplacements,
one for each choice of reference placement, give rise to the same flow. We have
seen examples in Section I.15: namely, the flow of Family 2 is homogeneous
and hence corresponds also with a homogeneous motion, and Families 1 and 3
give rise to the same flow. In doing Exercises IV.15.4 and IV.15.5 the student
will have confirmed this observation in two examples.

In researches on the dynamics of incompressible fluids of various kinds,
members of two particular families of steady flows are often mentioned, usually
because they satisfy the dynamical equations and provide exceptions, perhaps
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rather degenerate ones, to some otherwise general statements. Their definitions
in terms of contravariant cylindrical components follow.

F=—ar+b/r, 6 =ab + le, 2=az+g, (V.18
F=h/r, 6=k, z=I0+m; (IV.18-2)

a, b,c, g, h,j, 1 and m are arbitrary constants. These flows generally represent
expansion or contraction of concentric cylinders superimposed upon azimuthal
and longitudinal stretches and shears; the most familiar instance has streamlines
that are logarithmic spirals, which include as a limiting instance flow between
concentric, co-axial cylinders. We note that the instance ¢ = 0 in (1) and the
instance / = 0 in (2) are identical.

Exercise 1V.18.1 (Marris). These flows preserve circulation; they are irrota-
tional if and only if, respectively, @ = ¢ = 0 and k =/ = 0, and for their principal
stretchings to be all constant, it is necessary and sufficient that b =0 and A =/ = 0,
respectively. Also if # =0, then/ # O unless the motion is rigid.

Exercise 1V.18.2. The flows (1) and (2) are steady instances of (IV.15.32); 53
to within an arbitrary, steady rotation about the z axis and a steady translation along it.

Following WANG & MAaRRis,! we render the statement of the preceding exer-
cise transparent by calculating relative transplacements corresponding with (1)
and (2). A relative description of (1) is obtained by integrating the appropriate
instance of (II1.8-3). Using a prime to denote differentiation with respect to the
time lapse s, we obtain

r'=—ar+b/r, 0’ =ab + ic, 2 =az+g. (IV.18-3)

Exercise 1V.18.3. Ifa ¥ 0,

e+ %) %, (IV.18-4)

For (2)
r'=n/r, 0 =k, 2 =10+m, (IV.18-5)

1C.-C. WanG & A. W. Marws, *“Proof that motions obtained in the preceding paper by Marris
are universal for all incompressible isotropic simple materials,”” Archive for Rational Mechanics
and Analysis 69(1979): 381-390.
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which includes as a special instance the result of taking @ = 0 in (3). Hence

rP=R*+2s, 0=O+ks, z=Z+(10+m)s+kis. (IV.18-6)

The minuscules a, b,...,m occurring on the right-hand sides of (4) and (6)
are the very ones appearing in the flows (1) and (2).

In (4) and (6) the arbitrary constants of integration R, ©, and Z may be taken
as the polar co-ordinates of body points in a reference placement corresponding
with s = 0, though no such placement need be occupied by the body, and that
interpretation is not compelled.

Exercise 1V.18.4 (Wanc & Marris). The functions A4, B,...,H in (IV.15-4)
may be so chosen as to yield motions that deliver the flows (1) and (2).

Corresponding thus with instances of (IV.15-4), the flows (1) and (2) are
universal for homogeneous, incompressible, isotropic bodies provided the
conditions following from (IV.15-34) be satisfied; the corresponding stresses
are then determined by (IV.15-17). The values A(0), B(0),...,H(0) deliver
the position of a body-point in the chosen reference placement, which is pre-
sumed to be homogeneous and undistorted. That reference placement need not
ever be occupied by the body-point in consideration, but of course it may be.

Exercise 1V.18.5 (Wanc & Marris). Examination of the effects of the signs of a
and b in (4) and of A in (6) exemplifies the statements made above at the end of Section
IV.15. In general the motions delivering (1) and (2) can be maintained with physically
reasonable connotation at most for a semi-infinite interval of time.

The steady universal flows (1) and (2) have a special status. In performing
Exercise IV.18.1 the student will have shown that with specified exceptions they
are rotational and have fields of principal stretchings that are not constant in
space. Marris! proved in a long and difficult analysis of a small class of fluids
that there are no other universal flows having these properties. By a simple
and direct calculation based on the flows to which the five families of universal
transplacements discussed in Section IV.15 give rise, WaNG & Marris' proved
that among those flows all but (1) and (2) are either unsteady or irrotational or
have three constant principal stretchings or do not preserve circulation. The con-
ditions required to reduce the five families to their subclasses that do preserve
circulation have been provided above in Section IV.15.

Perhaps there are universal flows not delivered by any of the five families of
transplacements mentioned. Perhaps there are universal flows of incompressible
fluids that are not universal for isotropic, incompressible solids. Marris’s theor-

'A. W. Marnss, “Steady universal motions of Rivlin-Ericksen fluids,” Archive for Rational
Mechanics and Analysis 69(1979): 335-380.
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em tells us that any further universal flows, be they of incompressible fluids
only or of isotropic, incompressible materials in general, will necessarily have
three constant principal stretchings or be unsteady or irrotational.

For incompressible fluids the class of all universal flows in which all three
principal stretchings are constant and distinct seems to be abundant and very
difficult to delimit.

19. Steady Rotation of a Homogeneous Body of Incompressible Fluid
Loaded by Surface Tension

In Section III.9 we have presented the theorem of Day which states that
a free body whose rotational momentum is not null will ultimately develop
negative pressures unless its diameter tends to oo. In particular, such will be
the case for a free body in rigid rotation. It is natural to ask if surface tension, as
defined by (III.8-3) with a positive coefficient ¢, can overcome the tendency of
a spinning body of fluid to fly asunder. Day, again acknowledging the influence
of SunpMaN’s work, has found circumstances sufficient that such be true of a
homogeneous body of incompressible simple fluid. For the generalized form in
which his analysis is presented here I am indebted to R. BATrA.

Theorem. Let a body of incompressible fluid of uniform density be
loaded when t = O by surface tension alone. If the rotational momentum
H, mass M, and volume V are related as follows to the coefficient o of
surface tension:

0 < H <1.051c"2M'2y2/3, (IV.19-1)

then when t = 0 the body may undergo a steady, rigid rotation in a shape
such that p > 0 everywhere.

Preliminaries to the proof. The student will recall from Exercise I11.8.2
that a body loaded by surface tension alone is isolated, and so its center of mass
remains fixed and its rotational momentum constant. From the developments
in Section IV.17 we know that any homogeneous, incompressible fluid body
undergoing steady rotation obeys the constitutive relation of an Eulerian fluid;
the pressure on such a fluid in steady rotation is given by (IV.17-9), which here
reduces to

P =Dpo+ 1pw’r?, (IV.19-2)

r being the distance from the axis of spin, w the angular speed, and pg the
pressure of the fluid at points on the axis. The theory presented in Section I.13
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shows that that axis is parallel to the rotational momentum and is a principal
axis of inertia of the body in its shape at the time 0 and thereafter.

We shall construct a solution for a body whose shape is bounded by a
surface of revolution about the axis of spin. We shall call that axis the z-axis
and assume that the body has an equatorial plane, and so we may take the
generating curve as having the equation z = =+ f(r), 0 = r = a. We shall
assume that the bounding surface of the body has a continuous normal field.
Thus

f(@) =0, f'(0) =0, flr)— —cc as r —a.
(IV.19-3)

Under these assumptions we shall show first that at most one choice of a and
S exists. It will be easy then to see that that choice does indeed satisfy the
conditions set down and so establishes the theorem.

Proof of Day’s Theorem. Because of (2) the boundary condition (III.8-3)
assumes the form

o[ rf’

!
1 2.2
—— | —————| =po+ =pw’r?, O0=r=a. (IV.194
r (1+f’2)‘/2J P 50

2

Integrating this differential equation and using the conditions (3), we find that

_ 20 1 2 2
pO - a 40(-0 a ’
fl r r2
vt B ) B
in which
2.3
K=" (IV.19-6)

80

Now using (2) and (5);, we calculate p explicitly:

20 272
p=7 [1—K(1—7>]. (IV.19-7)

Thus in order that p > 0 throughout the shape of the body, it is necessary and
sufficient that

K <1. (IV.19-8)
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Integration of (5); determines the shape of the body, but we are not directly
interested in that.
Exercise 1V.19.1.

rwa’ M
V

V=2d’gK), H= 84(K); (Iv.19-9)

the functions g, are defined as follows:

1 a+l1 2
x?7 (1 -K +Kx%)
K) = dx. IV.19-10
&%) L[l—xz(l—K-kaz)z]'/z ( )

From (9) and (6) we see that

H _ K1/2 K
gy 2T ”6ﬁ;](7/6) i=h(K), (IV.19-11)
2

say. Regarding V, H, M, and o as given, we seek a value of K such as to
satisfy (11). If we can find it, we can then determine a from (9); and thereafter
determine w from (9), . We shall then have determined the shape and spin of
the body. If, furthermore, we can satisfy (8), then it will follow that p > 0
everywhere in the shape of the body.

Thus it remains to solve (11). The definition (10) shows that g, and g4 are
continuous and positive on [0, 1]. Because, therefore, 4 as defined by (11) is
continuous on [0, 1], it assumes every value in the interval [#(0), h(1)]. Now
h(0) =0, and h(1) can be estimated numerically. According to DAy,

_ 2Px g (1)

hQl) = 2 (1)]7/6 > 1.051. (IV.19-12)
2
It follows, then, that if
H
IRVIVIITI 1.051, (IV.19-13)

there is a value of X in [0, 1] such as to satisfy (11). Obviously O violates (1); ,
while (12) shows that 1 is too large. A

20. Fluid Crystals

To exhaust the possible types of simple materials, any material that is not a
solid we shall call a fluid crystal. For a fluid crystal, then Ze ¢ ¢, no matter

what be the reference placement x. Thus the peer group with respect to every
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placement has some elements which are not orthgonal. That is, there is always
some change of shape that no experiment on the stress can detect. In this regard
a fluid crystal is like a fluid, for which no change of shape without change
of density is detectable by measurement of stress. Since it is impossible that
, 2 ¢ unless the fluid crystal be in fact a fluid, for a fluid crystal not isotropic

some rotations are detectable. In this property an anisotropic fluid resembles an
anisotropic solid.

The definitions and theorems in the preceding section show that a fluid
crystal is a fluid if and only if it is isotropic.

In this book we shall not go any further into the theory of fluid crystals.!

Exercise 1V.20.1. A “Venn diagram” represents the exhaustive classification of
peer groups.

21. Monotonous Motions

Continuum mechanics, even the mechanics of simple materials, covers so
vast a range of possible behavior that little can be learnt from it without de-
scending to instances. In this complexity continuum mechanics mirrors nature
itself, for only by specifying particular features of a phenomenon can we so
much as name it, let alone describe it. In the mechanics of simple materials two
kinds of specialization are fruitful:

1. of the material,
2. of the motions a body is forced to undergo.

We have given examples of the former in the immediately preceding sections.
The constitutive relations of fluids and isotropic solids are simpler than the
general one, and we can expect the solution of problems for these two classes
of bodies to be relatively easier than for anisotropic solids or fluid crystals.

I'The peer groups of certain fluid crystals have been defined and interpreted by B. D. CoLEMAN,
*‘Simple liquid crystals,”” Archive for Rational Mechanics and Analysis 20, 41-58 (1965), and
C.-C. Wang, A general theory of subfluids,” ibid. 20(1965): 1-40.

Fluid crystals as defined here are not to be confused with the “liquid crystals’ occurring in
physics; those liquid crystals do not fit into the framework established and studied in this book,
although they are simple materials in the more general sense introduced in NoLL’s paper of 1972,
which is cited at the end of this chapter. Surveys of the vast literature on theories of liquid crystals
are available:

1. Static Theory. J. L. Ericksen, “Equilibrium theory of liquid crystals,” Advances in

Liquid Crystals, Vol. 2, ed. G. BrowN, New York, Academic Press, 1976.
2. Dynamic Theory. F. M. LesLig, “Theory of flow phenomena in liquid crystals,” ibid.
Vol. 4, New York, Academic Press, 1979.
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The continnum mechanics of the last century carried this kind of specializa-
tion much further and restricted attention to materials specified by one or two
constants. As a result, the solution of many boundary-value problems became
easy—deceptively so, since only rarely can the properties of natural bodies be
condensed adequately into one or two numbers fit to be tabulated in a manual.

We have given a specimen of the second simplification in Sections IV.9
and IV.10, where we have seen that we may determine, once and for all, all
homogeneous transplacements that can be produced in an arbitrary homogen-
eous simple body by bringing to bear suitable tractions upon its boundary.
In Section IV.15 we have derived and displayed the universal solutions made
possible by two specializations: incompressibility as well as isotropy. We now
define and analyse certain particular motions in which the effects of material
memory, which for a simple material may indeed be various and complicated in
a general motion, are given little chance to manifest themselves, because there
is little to remember.

Consider, for example, the constitutive equation of a simple fluid:

T = &(C!; ). av.17-3),

In the particular case when p = const. and Ci(s) is the same function of s
for all ¢, the stress becomes constant in time for a given material point. The
fluid body may have undergone transplacements for all past time, but as each
material point looks backward, so to speak, it sees the entire sequence of past
transplacements referred to its present placement remain unchanged.

More generally, since the Principle of Material Frame-Indifference (Section
IV.5) forbids past rotations to enter the constitutive relation and renders explicit
the effect of present rotation, we should be able to simplify the constitutive
relation almost as much in the more general circumstances when, for some
orthogonal tensor Q(¢),

Ci(s) = QCYHQM), 0 =5 < 0. av.21-1)

Here CJ denotes C! when ¢ = 0, and Q(0) = 1. CoLEmAN isolated motions
of this kind as a class and called them substantially stagnant. In them, an
observer situate upon the moving material point may choose his frame in such
a way as to see behind him always the same transplacement history referred to
the present placement. The proper numbers of Ci(s) are for a given s and any ¢
the same as those of CJ(s), although the principal axes of the one tensor for a
given s may rotate arbitrarily with respect to those of the other as f increases.
Thus, while the principal relative stretches vy generally vary with ¢, they do
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so in such a way that their histories up to the time ¢ remain unchanged:
Vigk =V k=1,2,3, —co<t<oo.  (IV.21-2)

Thus a substantially stagnant motion is a motion having constant principal rel-
ative stretch histories. A simpler name is monotonous motion.

Since the definition of this property makes no use of a fixed reference
placement, it pertains to the motion itself rather than to any of its embodiments
as a transplacement. Moreover, in view of a conclusion derived in Exercise
1.11.2, this property is a frame-indifferent one.

We turn now to the pure kinematics of monotonous motions. They are
characterized by the following

Fundamental Theorem (NoLL). A motion is monotonous if and only
if there are an orthogonal tensor Q(t), a scalar «, and a constant tensor
Ng such that

Fo(7) = Q(r)e™,
Q) =1, No|=1. (IV.21-3)

Proof. We begin from the hypothesis (1) and set
H(s) := Co(—5) = Q)" C,(t — 5)Q(1). (IV.21-4)

By (11.8-8), F,(7) = Fo(7)Fo()~!, and so

QOHH(s)Q(H" = C(t — ),
= [Fo(1)'17'Co(¢ — 5)Fo(t) ",
= [Fo()'1"'H(s — H)Fo(t)~". (IV.21-5)

If
E(f) := Q(1)"Fo(1), (IV.21-6)

then (5) assumes the form of a difference equation:

H(s — t) = E(t)"H(s)E(?). (Iv.21-7)
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To obtain a necessary condition for a solution H(s), we differentiate! (7)
with respect to ¢ and put ¢ = 0, obtaining the first-order linear differential
equation

—H(s) = M"H(s) + H(®)M; (IV.21-8)

here M = E(0), and the dot denotes differentiation with respect to s. The unique
solution of (8) such that H(0) = 1 is easily seen to be

H(s) = e~ M M, (IV.21-9)

Since histories are defined only when s = 0, this formula has been derived only
for that domain. Nevertheless, the difference equation (7) serves to define H(s)
for negative s as well and shows that H is analytic. Since the right-hand side
of (9) is analytic, the principle of analytic continuation shows that (9) gives the
unique solution for all s, when E(¢) is assigned. If we substitute (9) back into
(7), by putting s = 0 we obtain

[E()e ™M E(t)e ™M = 1. (IV.21-10)
Hence E(t)e ™ is an orthogonal tensor, say Q(¢). By (6), then,

Fo(t) = Q()Q()e™. (IV.21-11)
We may define « and Ny to within sign as follows:
kNp :=M, No| =1, (Iv.21-12)

and so (3) follows. The scalar field « is generally called the shearing. The proof
reveals that the orthogonal tensor function appearing in the conclusion (3) is
not generally the same as the Q in the hypothesis (1). Conversely, if (3) holds,
an easy calculation shows that the motion is monotonous. A

Exercise IV.21.1 (Norr). In a monotonous motion

F (1) = Q(M)Q(t)Te" =N = Q(r)e" M Q(t)T, (Iv.21-13)

!That the assertion of the theorem remains true even if H is merely continuous and E is
completely arbitrary, has been shown by W. NoL, ““The representation of monotonous processes
by exponentials,” Indiana University Mathematics Journal 25(1976): 209-214. On pp. 338-339
of the earlier paper cited in Footnote 1 on p. 286 Wanc had proved NoLL’s Fundamental Theorem
by use of a “‘minor continuity assumption™ weaker than continuity.
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N being defined as follows:
N:=QO)N.Q(®)', (IV.21-14)

and so [N| = 1; conversely, if F,(r) has the form (13), any motion to which it corre-
sponds is monotonous. In such a motion

Ci(s) —e % NTe-—SKN ,
G =«N +Q(Q)",

A, =C(0) = k(N + N7, (IV.21-15)

A; =€(0) =k(N"A; + A;N) = k2 (2N"N + NZ 4 (NT)?),

A; =xk(N"A; + A;N),. ..,

A =k(N"Ay_| + A N),
the notations being those of Section II.11. A monotonous motion is isochoric if and only
if

trNog =0, (Iv.21-16)

and of course then also tr N = 0.

With the aid of these consequences the following corollary makes plain the
extremely special nature of monotonous motions.

Corollary (WanG). The relative transplacement history C, of a
monotonous motion is determined uniquely by its first three Rivlin-Ericksen
tensors.

That is, if three tensors A, (#), A,(f), and A3(t) are given, they can be the first
three Rivlin-Ericksen tensors corresponding to at most one relative deformation
history C; satisfying the defining condition (1).

The proof rests upon a simple lemma. Let S be a symmetric tensor and W
a skew tensor in 3-dimensional space. Without loss of generality we can take
the matrices of these tensors as having the forms

a 0 0 0 x y
[SI=]0 b Of, Wl=||-x O z|. dIV.21-17)
0 0 ¢ -y —=z 0



284 IV. CONSTITUTIVE RELATIONS

Then
0 (@a—b)x (a-c)y
[SW —-WS] =| (a —b)x 0 b-0oz|. (IV.21-18)
@-cy Bb-cx 0

Hence S and W commute if and only if

(@a—-b)x =0, (@a—-c)y =0, (b-c)z=0. (IV.21-19)

Consequently, if S has 3 proper numbers, it commutes with no skew tensor
other than 0. If @ = b & ¢, S commutes with W if and only if y =z = 0. If
a =b =c, S commutes with all W.

WaNG’s corollary may now be proved in stages. If two monotonous motions
can correspond with A; and A;, then because of (15)4,¢ there are tensors M
and M such that

M+M =M+M',
(IV.21-20)
M'A; +AM=M'A, +AM.

The first of these equations asserts that M —M is skew; the second, that M — M
commutes with A; . If A; has 3 proper numbers, the lemma shows that M —M =
0.

Suppose now that A; has 2 proper numbers. Then relative to a suitable
orthonormal basis

a 0 O
[Al=1|0 @ O, aFb. (av.21-2D)
0 0 b

Case 1. Relative to the same basis,

u 0 0
[AJ=1|0 u O]. (1V.21-22)
0 0 v
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The most general M compatible with (15)4 and (21) is given by

;a X y
«M]=|-—x da z|. (IV.21-23)
-y -z 3b
By (21) and (22)
a? 0 (a —b)y
k[M'A| + A M] = 0 a’ (@a—-b)z|. AV.21-24)

(@a=b)y (a-b)z b?

Since a + b, it follows from (15)¢ and (22) that
u=a? v=>b?  y=0, z=0. (IV.21-25)

Exercise IV.21.2. Use of (23) and (25) shows that M commutes with M";
hence by (15),3

Ci(s) = e ™A1, (IV.21-26)

Case 2. Still on the supposition that A; is of the form (21), but regardless
of whether (22) does or does not hold, we assume that two monotonous motions
can correspond with A, A,, and Az . Then again, there are tensors M and M
such as to satisfy (20). Since M — M is a skew tensor that commutes with A,
as given by (21), the lemma shows that

0 x 0
M-M]=|-x 0 0]. (IV.21-27)
0 00
But also by (15);
M'A; + A;M = M'A; + AM, (IV.21-28)

and so M — M commutes with A, .

Exercise IV.21.3. If (22) does not hold, M = M in Case 2. Finally, if A| = o1,
(26) holds. A
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Accordingly, then, three given tensors A;(#), Ax(#), and A3(¢) can be the
Rivlin-Ericksen tensors corresponding to at most one C.(s) belonging to a
monotonous motion. In general, three symmetric tensors taken arbitrarily will
fail to be the first three Rivlin-Ericksen tensors of any motion at all, let alone
a monotonous one, since they will fail to satisfy conditions of compatibility!
expressing the fact that they derive from a velocity field in a region. We shall not
take up those conditions because our interest lies in simplifying a constitutive
relation when the motion is known to be monotonous.

While NoLL’s theorem is independent of dimension, WaNG’s corollary rests
heavily on use of the dimension 3.

Novvr’s theorem (3), when applied to a space of 3 dimensions, suggests an
invariant, exhaustive classification of all monotonous motions:

Type 1. N3 = 0. These motions are called viscometric flows.?
Type 2. N3 =0 but N3 # 0.
Type 3. Np is not nilpotent.

There are interesting examples of all three types, but the simplest, the vis-
cometric flows, are used most in applications.

Exercise IV.21.4. In types 1 and 2 the motion is isochoric, and also tr N3 = 0.

Exercise IV.21.5. The relative transplacement gradient F, of a viscometric flow
has the form

F(7) = Q()QW'1 + (7 — Q"N Q()'),
(IvV.21-29)
Ng =const. [Ng|=1, N2=0, «=a scalar field.

Conversely, any relative transplacement gradient of this form corresponds with a visco-
metric flow. An expression for F,(7) which is quadratic in k(7 —f) characterizes motions
of type 2.

Exercise 1IV.21.6. In any monotonous motion
A; —A? = ¢*(N'N —NNT), (IV.21-30)

!Conditions necessary and sufficient that given functions A, (f), A2(¢), As(?) be the first three
Rivlin-Ericksen tensors of a monotonous motion are obtained by C.-C. Wang in Section 3 of his
memoir, ‘A representation theorem for the constitutive equation of a simple material in motions
with constant stretch history,”” Archive for Rational Mechanics and Analysis 20(1965): 329-340.

2A different but equivalent definition of viscometric flow was introduced and developed by
A. C. PirxiN, “Controllable viscometric flow,” Quarterly of Applied Mathematics 16(1968):
87-100.
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and hence
trA? =trA; = 2¢*(1 +trN?), (IV.21-31)

Thus in a viscometric flow and in a motion of type 2

K =1trAl = 1trA,. (Iv.21-32)

The flow to which a monotonous motion gives rise is a monotonous flow.
Many of the preceding statements refer to the motions only through their flows;
more statements of that kind follow now.

Exercise 1V.21.7 (NoLL, CoLeMan & Norr). The homogeneous flow whose
cartesian components are

)'c1 = 0, .X.'z = uxi, .X"3 = M) +vx,, (IV21-33)

X\, u, and v being constants, is monotonous of type 1 if p + 0, » = 0; (¢f. 11.11-11);
of type 2 if p + 0. The flow whose cartesian components are

Xk =QgXk , a, = const., k=1,2,3, (IV.21-34)

is monotonous of type 3 if @ a;a3; # 0 and is isochoric if and only if @, +a, +a; = 0.
The flows (33) of type 2 are not universal. The isochoric instances of (34) are universal
flows for homogeneous, incompressible, isotropic bodies. =1 for (33), while (34)
is irrotational.

Exercise IV.21.8 (TruespeLL). A monotonous motion with spin W and vorticity
number ¥ may be regarded as the superposition of a rigid motion whose spin W, =
QT upon a motion, quantities associated with which are distinguished by subscript
0, such that

1 —tr N2
[Wol? = §2(1 —trND), W} = ﬁ (IV.21-35)
Hence for types 1 and 2
1
[Wo| = [Do| = %le, Bo =1, (IV.21-36)

and so

W[ (1 - é) = [W,|(]W,| + V2|«| cos 6), (IV.21-37)
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6 being defined in Exercise I1.11.6. Hence for types 1 and 2

»>1 & IW.| > —~ v2|k| cos 0,

W, =0 or
w=1 & (Iv.21-38)
|W,| = —v2|«]| cos 8,

W<l & 0<|W,|= — V2| cos 8.

In particular, } = 1if0 =0 = %w, while in order that ¥ < 1 it is nec-
essary that %w < 8§ = 7. Not only for flows of type 1 may 3P take any value in
[0, oo[ (Exercise 11.11.4) but also for those of type 3.

A theorem on nilpotent tensors tells us that for a viscometric flow there is
an orthonormal basis with respect to which

000
INI=1l1 0 of. (IV.21-39)
000

The basis that gives [N] this special form generally changes in time and varies
from one place to another; it need not be the natural basis of any co-ordinate
system. It is called the viscometric basis of the flow.

If we write i; , i, , i3 for the members of this basis, we see from (15); that the axis
of Wy in Exercise IV.21.8 is paraliel to i; . Thus the angle 6§ that appears in (37) and
(38) is the angle subtended upon i3 by the axis of W, .

The theory of nilpotent tensors provides also a basis with respect to which for flows
of type 2

010

1
Nj=—1|0 0 1]. (IV.21-40)
(NI V2

0 00

The axis of Wy is then parallel to i; + i3, and 8 is the angle subtended upon i, +i; by
Ww,.

We consider next some special viscometric flows of interest particularly in
application to viscometric experiments.

The steady, lineal flows are an example:

X1 =0, X;=uv(x), % =0. (IV.21-41)
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We have studied already a special instance of this class, simple shearing, defined
by (11.11-17); for it the shearing v is linear.

Exercise 1V.21.9. For (41)

Fi(s) =1 — ksN = ¢ 7N, (IV.21-42)

¢f. (29); . The flow is viscometric; the co-ordinate basis is a viscometric basis; N has
the constant matrix (39); and the shearing is given by

Kk =v'(xy). (IV.21-43)

Also ¥ = 1. The material points move in straight lines at uniform speed; the principal
stretchings are 0 and + }«.

The flow whose contravariant components in a cylindrical polar co-ordinate

system r, 6, z are given as follows in terms of arbitrary functions w and u is
called a helical flow:

F=0, 6=w(), 2z=u(r). (IV.21-44)
Each material point remains upon a fixed cylinder r = const., on which it
describes a helix, whose pitch is the same for all material points on any one

cylinder. We have already encountered a special flow of this kind, the simple
vortex, which is defined by (II.11.12). We set

fn:=w'(r), k() :=u'(r). (IV.21-45)

Exercise IV.21.10 (RivLiN, CoLeMaN & Norr). A helical flow is a viscometric
flow, and

K2 =rif(r)? + h(r)?. (IV.21-46)
Let {e«(x)} be a natural basis for the co-ordinate system at x, and let

i| =€, i2 =) +6e3 N i3 = —602 + xes , (IV21-47)

the functions « and 3 being defined as follows:

ai= %f(r), B:=tnr), ot4pol (IV.21-48)

K
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No has the form (39) with respect to the orthonormal basis {ix(x)}, which is not the
natural basis of any co-ordinate system unless & =0 or 8 = 0. (Cf. the end of Section
App.IIC.7.) Also

!
w? = | 4 2w (IV.21-49)
K

(Cf. Exercise I1.11.4, in which it is shown that even very special instances of (44) give
¥ any value in [0, oc[.)

Exercise IV.21.11 (PiexiN). The flows whose contravariant components in cylin-
drical co-ordinates are

F=0, 6 =0, 2 =A0, A =const., (IV.21-50)

and
F=0, f=«log %, =0, «k=const,  (IV.21-51)

are viscometric and are universal for homogeneous, incompressible, isotropic bodies.
The first represents an accelerationless shearing of fanned planes; the second, a flow at
uniform shearing between rotating cylinders.

Exercise IV.21.12. The flow (50) is the only monotonous flow included in the
family (IV.18-2), while the family (IV.18-1) includes no monotonous flow.

In a major memoir on the kinematics and dynamics of viscometric flows YIN
& PrpciN! proved that those may be regarded as the effect of sliding inextensible
material surfaces upon one another. While in the commonest examples these
slip surfaces are rigid, typically they are flexible. Indeed, if they are rigid, they
must be cylinders, surfaces of revolution, or helicoids, not necessarily co-axial.
Some motions with rigid slip surfaces are intrinsically unsteady. YIN & PIpKIN
give the following unsteady viscometric flow as an example: in cylindrical polar
co-ordinates

r= L 6 =(1+ x2t2)6 + «kt log R — arctan(«t), z2=2,

V1 +x2t2’

(IV.21-52)

'W.-L. YIN & A. C. PikiN, “Kinematics of viscometric flow,”” Archive for Rational Me-
chanics and Analysis 37(1970): 111-133.
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the constant « being the shearing. As ¢ increases, a material cylinder with the
z-axis as central line shrinks inward toward that axis, and its length increases.
The motion is kinematically admissible for only some finite interval of time.

YN & PipkiN prove also that the only viscometric flows such as to be uni-
versal for homogeneous, isotropic, incompressible fluids are the steady, simple
shearing (II.11-17) and PirkiN’s flows (50) and (51), to within arbitrary rigid
translations and certain rotations. In fact they are universal also for incom-
pressible, isotropic solids. Whether any monotonous, isochoric flows beyond
the homogeneous ones are universal for isotropic bodies seems not to be known.

While the term *‘viscometric flow’’ was intended to suggest a motion ap-
propriate to an instrument for measuring a fluid’s viscosity or more general
properties of a similar kind, and the old viscometers did indeed presume one or
another motion of the class here called ‘‘viscometric’’, recently some motions
not in this class have been shown to lend themselves to such studies. One of
these is described by the following steady, isochoric flow, introduced by BERKER
in his researches on the Navier-Stokes theory:

X =—Qxz —g(x3)), Xx2=QUx; —f(x3)), X3=0, Q=const. +0,

(Iv.21-53)
in which fand g are differentiable functions, not both constant. The plane x; =
const. rotates with angular speed (2 about the point x; = f(x3), X2 = g(x3).

The locus of these points is a curve which crosses each plane x; = const. just
once.

Exercise 1V.21.13 (RajagopaL). For (53)

0 -1 g
Gl=f1 o -f{,
0 0 0
G = (-1)"Q*G, (IV.21-54)
G — (C1y G, n=1,2,...,
and
C S -Sg’+10-0O)yf
F(M=|-S C Q-Cg +Sf' |, (IV.21-55)

0 0 1
C = cos(Q(t — 7)), S = sin(Q(¢ — 7).
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Exercise 1V.21.14 (RaiacoraL). For (53)

Fo(r)=e¢, G*+0, (IV.21-56)

and so (53) is monotonous of NoLL’s type 3. Also

W =144/ +gP>1; (IV.21-57)
and
Agayy = (=1)"Q"A,,
n=1,2,...,
Aoniz = (1A, . (IV.21-58)

Thus €2, A, and A, determine all the Rivlin-Ericksen tensors of (53).

22. Reduction of the Constitutive Relation for a Simple Material in a
Monotonous Motion

In view of WaNG’s corollary, any information that can be determined from
C! in a monotonous motion can be determined also from A, (f), Ay (), As(?).
Therefore, the values of a functional of Cf equal, in these motions, the values of
a function of A,(¢), A,(#), As(¢). Consequently the general constitutive relation
(IV.5-15) may be replaced, as far as monotonous motions are concerned, by

R'TR = f(R"A; ()R, R'A;()R, R'A3()R, C(£)), (IV.22-1)

f being a function. A material whose constitutive relation is (1) is called a
material of differential type of complexity 3. By (1), then, we have the
following

Theorem. In undergoing a monotonous motion, a simple body is sub-
ject to the same stress as is a body of some material of complexity 3 un-
dergoing the same motion.

Consequently, no measurement of stress in a monotonous motion can dis-
tinguish a general simple material from a material of differential type of
complexity 3. As we shall see in the next chapter, the special flows most com-
monly used to describe the properties of natural fluids are of the kind considered
here and hence are of limited service in exploring the physical properties of
those fluids.
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An isotropic material of differential type is called a Riviin-Ericksen mater-
i{al. For it, (1) becomes

T(1) = f(A1(D), Ax(D), As(2), B(2)), (Iv.22-2)

and when the isotropic material is fluid,

T(t) = —p(0)1 + (A1), Ax(D), As(D), p); (Iv.22-3)

the functions §, in the two cases, are isotropic in the sense that for all symmetric
Aj, Ay, A;, B, and for all orthogonal Q

f(QA,Q", QA,Q", QA;Q", QBQ' or p) = Qf(A;, Az, A3, B or p)Q',
(IV.22-4)

this being the functional equation to which (IV.14-3) reduces in the present
instance. Moreover, for a fluid §(0, 0, 0, p) = 0.

The statements in Section IV.7 enable the student to write down at once the
constitutive relations for incompressible Rivlin-Ericksen materials.

The reductions just given may be interpreted in two ways. On the one
hand, they enable us to solve easily various special problems concerned with
monotonous motions. However complicated may be in general the response of
a material, in these particular motions we need consider only a simple, special,
constitutive equation. On the other hand, they show that observation of this
class of flows is insufficient to tell us much about a material, since most of the
complexities of material response are prevented from manifesting themselves.

In Section VI.1 we shall discuss materials of the differential type in some-
what more detail, but in the next chapter we shall exploit the present theorems
so as to obtain specific solutions for viscometric flows of simple fluids.

If in the constitutive relation (1) the numbers 1, 2, 3 are replaced by 1,
2,...,n, the material so defined is called a material of differential type of
complexity n.

In a viscometric flow, by definition, N(z) =0, and hence by (IV.21-14) and
(IvV.21-15)

Ay=As=--=0. (IV.22-5)

Therefore, in a viscometric flow a simple fluid cannot be distinguished from
some Riviin-Ericksen fluid of complexity 2. The condition (5) is merely
sufficient, not necessary for this deduction. If Aj is determined by A, and A;
for the class of flows considered, the same conclusion follows.
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Exercise 1V.22.1 (RajacopraL). In the class of motions (IV.21-53) a simple fluid
cannot be distinguished from a Rivlin-Ericksen fluid of complexity 2.

For a monotonous motion we see from (IV.21-15); that
R'C/(s)R = exp[—sk(R"NR)"] exp[-sxR"NR]. (Iv.22-6)

Hence any quantity determined by R"C/R in general is determined here by
kR'NR. Referring to the frame-indifferent constitutive relation (IV.5-15) of a
simple material, we may set

f(x, R'NR, C) :=R(R'C/R, C) av.22-7n
and so obtain
R'TR =f(x, R'NR, C) (Iv.22-8)

as an expression for it when restricted to monotonous motions. The student
will see at once the simpler forms to which (8) reduces for isotropic solids
and fluids. For an incompressible fluid the reduction of the determinate stress
(Iv.17-8) is

S =f(x, N), (Iv.22-9)

the function f being subject to the requirement that

f(x, QNQ") = Qf(x, N\)Q' (IV.22-10)

for every orthogonal tensor Q and for all N such that [N| = 1 and N? = 0.
From (6) we see that RTCfR is unchanged when « and N are replaced by —«
and —N. Hence

f(—«x, —N) =f(x, N). (IV.22-11)

The relations (9), (10), and (11) provide the starting point for the analysis in
the following chapter.
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Appendix I

General Scheme of Notation

Departures from the general scheme occur here and there, usually only
within single sections.

Script majuscules: .«/, Z, ¢,...,%, %, %, denote bodies, sets, regions of
space, curves, and surfaces. «/° is the exterior of o/. # is the real line.

If .7 is a set in a topological space, then int.% and clo.¥ denote the interior
and closure, respectively, of .%.

Lightfaced italics, both majuscule and minuscule, stand for scalars and
scalar-valued functions: 4, B,C,...,X,Y,Z,a,b,c,...,x, y, Z. Included
are the components of vectors and tensors with respect to particular bases.

Exception: X usually stands for a substantial point, A() means “area of”’

and V() means ‘‘volume of”’.
Special letters: ¢ always denotes the time, and n usually denotes the dimen-

sion of a vector space.
Note also the uses of 0 and O explained below in Section C1 of Appendix

IL.

Boldfaced roman minuscules stand for vectors and vector-valued functions:
a,b,...,u, v, except that X, y, z are places and n always denotes an oriented
unit normal to a surface.

Boldfaced greek minuscules ¥, A, 7, efc., denote mappings other than func-
tions of vectors.

297
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Special greek letters:

x always denotes the motion of a substantial point or of a body (Section
1.7).

x always denotes a reference placement of a body (Section II.3).

X, always denotes the transplacement of a substantial point or body from
the reference placement x to the actual placement (Section I1.3).

Boldfaced majuscules A, B,...,U, V, W denote linear transformations
(second-order tensors) over finite-dimensional (usually three-dimensional) vec-
tor spaces.

Exception: X is always the place of the substantial point X in a reference
placement.

Special letters:

Q and R are always orthogonal.

W is always skew,

F is always an invertible tensor which can be interpreted as a transplace-
ment gradient.

If A is a tensor, sym A and skw A denote its symmetric and skew parts,
while adjA, A", tr A and det A denote its adjugate, transpose, trace, and
determinant. The matrices of a tensor and the determinant of a tensor and of a
matrix are defined in Sections II A.3 and 4.

Lightfaced greek minuscules are used for three different kinds of quantities:

1. For angles, rates of change of angles, and other pure rates.

2. For scalar potentials.

3. For scalar moduli or scalar-valued material functions of a real vari-
able.

Exceptions:

p is always the mass-density (Section II.5), v is always the specific
volume 1/p.

& and € are usually scalars which can be chosen arbitrarily small; they
are used also for some particular functions, e.g. alternators.

Fraktur letters, both majuscule and minuscule, denote constitutive mappings
(responses). Lightfaced a, b, ¢,...,¥%, B, G,... are used if the values of the
mappings are scalars; boldfaced a, b, ¢,...,%, B, G, ..., if the values are
vectors or tensors, respectively.

Black letter (“‘old English”’) majuscules denote scaling parameters, in this
volume only 3.
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Script minuscules denote groups of tensors.
Special letters:

¢ is the full orthogonal group.

« is the full unimodular group.

7 is a subgroup of «.

Lightfaced greek majuscules ©, ®, ..., are used for certain angles in a
reference placement.

Boldfaced sans-serif majuscules A, B, C, L denote third-order or fourth-
order tensors or affine mappings of tensors over a three-dimensional vector
space.

Astronomical symbols ¥ , A, o, etc., stand for quantities of arbitrary
tensorial order; scalars, vectors, efc.

Special symbols: f denotes a frame (Section 1.6), and ¢ denotes the null
set.

Indices:

The uses of subscripts and superscripts are standard. A few examples will
suffice, but the list is far from exhaustive.

If a, A, and A are vectors and tensors denoted as above, then their com-
ponents with respect to a basis are denoted by adjoined indices, for example
@k, Amp, Agrsu. The particular basis is always specified. In the case of curvilin-
ear co-ordinates, the usual notations of contravariant and covariant components
such as @* and a; are employed once in a while. Physical components, which
are components with respect to an orthonormal basis other than a cartesian
basis, are denoted by indices following the letter at middle height: T, T#,
etc.

Superscript T (sans-serif) always indicates transposition.

Greek minuscule indices refer to co-ordinate systems in the reference shape
x(%). For example, FX is the component of F that corresponds with x* and
X*, Both systems of co-ordinates may be curvilinear if so desired.

A boldfaced subscript kappa, as on x, and A,, reminds the reader that the
reference placement x is being used.

Roman letters associated with mathematical symbols are labels. Examples:
min and max in the obvious senses, superscript ¢ for “convected”, e superscript
for ‘“‘exterior”, subscript B for ““body”’, C for “‘contact’’, efc.
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General relations:

A=B Proposition A implies Proposition B.

A<B A holds if and only if B holds.

ANB, A NP join and meet, respectively, of the bodies «/ and %

A < B, B - A isapartof 4.

AUVB, ANB union and intersection, respectively, of the sets ./ and

74

A\B o N B

S CHB, B DO o is asubset of Z.

X € X is an element of the set .«/.

f:o =% Jf maps the set &/ into or onto the set %.

fixm—y Jf maps the element x onto the element y; that is, f(x) =
y.

fog composition of the mappings g and f; that is, (f o g)(x) =
J(gx)).

Vx € ““for every x that is an element of the set &/

{x:x e} the set of all x that are elements of .o/

{x1,x2,...,x,} the set consisting in the elements x1, x2,...,x,

After J, a subscript indicates the variable on which 9 operates; for example,
0Oy is the partial derivative with respect to 6.

A superimposed dot always indicates a time derivative in some sense. For
example, x is the velocity field over a body or a placement of a body and X is
the corresponding velocity field over the present shape of that body. Cf. Section
I1.4.

Functions:

f=g The numbers f and g are the same; the functions f and g are
the same. E.g., for functions f = 0 means that f(x) =0
for all x in the domain of f; in other words, f is the zero
function.

f=g The function or number f is by definition the same as the
function or number g.

f=g The function or number g is by definition the same as the

function or number f.

f(x) =g(X) when x is an assigned, invertible function of X. Then the
value of f at x equals the value of g at X (cf. e.g. Sections
I1.2, I1.4, and IL.6).

fx)=0 The value of f at x is 0.

Operations on vectors and tensors: see Appendix II.
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Some Definitions and Theorems
of Algebra, Geometry, and Calculus!

A. Algebra

1. Vector Spaces, Bases

With a few specified exceptions, the vector spaces ¥, ¥ " etc., that are
recognized explicitly in this book are of finite dimension n, usually three,
and their field of scalars is the real field. Their elements are denoted by bold-
faced minuscule letters a, b, . . . ,u, v,w, and their scalars by light-faced italics
a,b,...,A, B,... The null vector is 0.

The set of vectors uy, Wy,...,u, is a linearly dependent set if scalars
al, a%,...,a™, not all null, can be found such that

a'uy +a*e; + - +a™u, =0.

Otherwise the set is linearly independent. The expression on the left-hand
side is called a linear combination of the vectors u;, w,,...,u,, . The set of
values of all linear combinations of u;, u,,...,u, is a subspace, which the
vectors u; , uy,...,W, are said to span; the subspace itself is called the span
ofu;, wp,...,u,.

! The material listed here is drawn largely from unpublished notes leading to W. NoLL’s Finite-
Dimensional Spaces, Volume 1, Algebra, Geometry, and Analysis, Dordrecht efc., Martinus
Nijhoff, 1987. Excellent treatments are included also in two other books: R. M. Bowenx & C.-C.
Wana, Introduction to Vectors and Tensors, 2 vols., New York & London, Plenum, 1976, and
M. E. GurTIN, An Introduction to Continuum Mechanics, New York etc., Academic Press,
1981.
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The dimension n of a space is the number of vectors in the smallest set
that spans it. The dimension of a subspace of an n-dimensional vector space is
at most n. (Of course vector spaces of infinite dimension whose elements are
functions occur implicitly in this book, but they are only rarely considered as
such in the presentation.)

Any indexed set e;, e;,...,e, of n linearly independent vectors spans an
n-dimensional vector space and hence is called a basis in it. If u is any vector,
then

u= u"ek ,
in which u!, u2,...,u" are uniquely determined scalars. In this expression,
and subsequently, diagonally repeated indices are to be summed from 1 to n.
The n scalars u* are the components of u relative to the basis €, , €,,...,€,.
Here and henceforth in this appendix a free index such as k is understood to
run through the numbers 1, 2, ..., n unless a different range is specified.

If &,@,...,8& is another basis, of course the vector u has components

relative to it:

u = ife, .
Also &, has components, say AZ, relative to e; , €2,...,€,:

e, =Ale,, p=12,...,n

Likewise

and hence, since the vectors of both bases are linearly independent,
—m 1 ifm=k,
AlA7 =
0 ifm= k.

Therefore the components of any vector u relative to the two bases are deter-
mined from each other as follows:

a? =Alu",  uP = AP@Y,

Persons who prefer numerical to geometrical treatments may use this trans-
Jormation law for components to define vectors. They may choose to specify
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a vector by prescribing its components relative to some one basis and then
use the transformation law to calculate its components relative to every other
basis. Alternatively, they may start with lists of numbers u', #2,...,u" and
a', u?,...,a",..., associated with various bases and then say that these lists
do or do not constitute components of one and the same vector relative to the
respective bases according as they are or are not related by the transformation
law.

Every vector space of dimension » is isomorphic to the ‘‘cartesian space”
A, (defined below in Section AS of this appendix), but usually a conceptual
argument is clearer if it does not employ co-ordinates.

2. Linear Mappings

The concept of “‘mapping” and the terms associated with it are presumed
familiar. In this book the words ““into”” and “‘onto’’ retain their senses in brief,
idiomatic English. For example, a vector may be mapped onto a vector but
cannot be mapped into a vector, for a vector has no inside. The statement “L
maps vectors onto vectors” means ‘L maps a set of vectors (specified by the
context) into a vector space” (also specified by the context); equivalently, “‘the
domain and codomain of L are subsets of vector spaces.”

A mapping L of a vector space ¥ into a vector space ¥ is linear if

L(au + bv) = aL(u) + bL(v)

for all w and v in ¥ and all scalars @ and b. The scalar multiple aL of L by
a and the sum L + M of such mappings L and M are defined as follows:

(aL)(u) := a(L(u)),
(L+M)(u+v):=L(u+v) +M(u+v).

It is easy to show that aL and L + M are themselves linear mappings of 7 into
v,

The nullspace of a linear mapping L is the set of vectors that L. maps onto
0. The range of L is the set of all values L(u). These sets are subspaces of ¥
and ¥, respectively, and

dim Nullspace L + dim Range L = dim ¥".

If dim ¥ = dim ¥”, the linear mapping L may have an inverse L™'; such
an L is invertible. If dim ¥ = dim ¥, any of the following statements is a
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necessary and sufficient condition that L. have an inverse: L is one-to-one, L
maps ¥ onto ¥, the nullspace of L consists in 0 alone. The inverse, if it exists,
is itself a linear invertible mapping. Of course (L~')~! = L.

A mapping A is affine if it is the sum of a linear mapping and a constant

mapping:

A(v) :=L(v) +a,

L being a linear mapping of ¥ into ¥” and a being a particular element of ¥”.

3. Tensors

A linear mapping L of a vector space into itself is called a tensor (of second
order). The value L(u) of the tensor L at u is written like a multiplication:
Lu :=L(u).

The mapping whose value for every vector is 0 is a tensor; it is called the
zero tensor and is denoted by 0. The identity mapping is a tensor; it is called
the unit tensor or identity tensor and is denoted by 1. Thus for all vectors u

Ou=0, lu =u.

The tensor that transforms every vector into its opposite is called the central
inversion and is denoted by — 1:

(=1v = —v.

If L and M are tensors, so is their composition, which we denote by ML
and call the product of L by M. The set of all tensors forms an algebra
under the operations denoted by gL, L + M, and LM. Clearly 1L =L1 =L
for every L. As usual for algebras, — L is written for (—1)L; of course
(-1)L =L(-1) = (—1)L = —L for every L, and likewise L0 = 0L =OL =0,
but if ML = 0, neither M nor N need be 0.

Generally LM 3 ML. If LM = ML, the tensors L and M commute. For
clarity we sometimes state that one tensor commutes with another. We have
seen that 1, — 1, and 0 commute with every L.

The powers of a tensor L are defined as follows:

L%:=1, L':=L, L?:=LL, etc.;



A. ALGEBRA 305

these obey the usual rules of exponentiation:
L"L? = L™ = LL", (aL)” = a™L",
(L") =1L™,

if m=0and g = 0.

If L™ = 0 for some positive integer m but L” &+ 0if 0 < p < m, the tensor
L is nilpotent of order m. Nilpotent tensors of orders 1, 2, 3,...,n exist, but
not of any greater order. That is, if L” &+ 0, then L is not nilpotent.

If L is invertible,

LL'=L"'L=1.

Also if there is a tensor M such that LM = ML = 1, then L is invertible, and
M =L Clearly, 17! =1, (-1)~! = —1. If L and M are invertible, and so
is LM, and

IM)~' =ML,

Thus the invertible tensors form a group under multiplication and a subalgebra
of the algebra of tensors. The tensor 0 is not invertible, nor is any nilpotent
tensor. A tensor that is not invertible is sometimes called singular.

The product of two invertible tensors is invertible, and so is the multiple of
an invertible tensor by any scalar other than 0, and also (¢L)~! =~ 'L7!. If
L is invertible, then

@y =@y,

and the rules of exponentiation extend to negative powers.
If e), e2,...,e, is a basis of the vector space, the conditions

Lek = queq

define unique scalars L7, which are called the components of L relative to
the basis. The matrix ||L9 || of the components L7 is called the matrix of L
relative to e, €2 ,...,€, and is denoted by [L]. That is,

L'y LYY .. L',

12,
[L]:=[L%] :=

L L% - L",
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Of course [aL] = a[L]. Also [LM] = [L][M]; the components of LM are
L?M* ;. No matter what the choice of basis,

00 --- 0 10 --- 0
00 ---0 o1 -.-0
o=, g m=] A
00 --- 0 00 --- 1
-1 0 0
0 -1 0
[-1] =
0 0o ... -1
If the bases e;,€,...,e, and &, & ,...,8, are related as in Section

IIA.1, the components L™, and L’ ¢ of L relative to them are determined
uniquely in terms of each other by the following transformation law:

!, =241, L,=A,ATL",,

in which the scalars A7 and Zf,, are the coefficients defining the change of
basis, introduced in Section App. IIA.1.

The set of all tensors over a vector space of dimension 7 is itself a vector
space of dimension 7% under the operations of addition and scalar multiplication
already introduced. The vector 0 in the space of n? dimensions is simply the
tensor 0.

Over the vector space of dimension n? so obtained, we may consider linear
transformations in just the same way as before. If M is such a tensor, its
components M* ;¥ , relative to the basis e, , €, ,. . . , €, can be determined from
definitions already given. Under change of basis those components transform
as follows:

MP ) = A AL A ASMP f¥,
Rules of this kind may be used, alternatively, to define tensors in terms of

their components.
Tensors of order higher than two are used in this book only a few spe-
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cial contexts. The considerations concerning them may be understood either
abstractly or in terms of components, as the reader prefers.

For the result of operating with a fourth-order tensor K upon a second-
order tensor L. we use the special notation K[L]. The components of K[L] are
K*¥,.P 4L ,9. Sometimes the same notation is used to indicate the linear part of
an affine mapping of tensors onto tensors.

4. Determinant and Adjugate of a Tensor

The determinant of the matrix whose components are L”, may be defined
as follows:

det || LP | = ekrheknply L2, - L7y,

ki Tk k
= € k. ko, L1 Ly - Ly,

The symbol ek1k2-ke denotes 1 if ky, ks, . .. ,k4 are obtained from 1, 2,...,q
by an even permutation; — 1, if by an odd permutation; and O otherwise. If L
is a tensor, the determinants of its matrices of components || L”,| all have a
common value, irrespective of the choice of basis e , 2, . . ., e, used to define
those components. This common value detL is called the determinant of the
tensor:

detL :=det ||L?4].
It follows that
det(LM) = (det L)(det M) = det(ML), det(aL) = a" detL,
and of course det1 =1, det(—1) = (-1)".

The adjugate adj L of a tensor L is that tensor whose components are the
cofactors of the elements of [L]:

(dj LY = exkp.h, LF' 1. LRo=t 882 L oy Ly
Thus

LadjL = (det L)1 = (adjL)L.
Therefore L is invertible if and only if detL & 0. If so,
L' = (detL)"'adjL.

The invertible tensors constitute a group under multiplication.
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A tensor L such that detL = =+ 1 is unimodular. The unimodular tensors
constitute a subgroup of the group of invertible tensors. That group is called
the unimodular group « .

5. Inner-Product Spaces

The vector spaces encountered in this book are endowed with an inner
product, denoted by a dot. The magnitude or length |u| of a vector is defined
in terms of the inner product:

[u] := vu-u.
The elements u and v are orthogonal or perpendicular if

u-v=0.

The only vector orthogonal to all vectors is 0. In fact, if u is such that u.v is
bounded above for all v, then u = 0. Also

la-v| = fafv],

[u+v| = ju|+|v|.

In the former inequality, which is called Cauchy’s inequality, the sign = is
valid if and only if u and v are linearly dependent.

The set of all vectors perpendicular to a given set of vectors forms a sub-
space. It is called the orthogonal complement of the subspace spanned by the
given set. The vector space itself is the direct sum of any of its subspaces and
the orthogonal complement of that subspace. This statement means that if u
is any vector, it can be expressed as the sum of a uniquely determined vector
from any desired subspace and another vector, also uniquely determined, from
the orthogonal complement of that subspace.

If g is a linear function of vectors whose domain is the whole vector space
and whose values are scalars, there is one and only one vector f such that

g(u) =f.u.

This statement is the representation theorem for linear, scalar-valued functions.
If e;,e,...,e, is a basis, another basis e!, e?,...,e" is determined
uniquely by the conditions

k sk
eg-e° =0y,
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The basis e', €?,...,e" is reciprocal to the original one. The conditions

u=u’e, and u=uyu,e

are equivalent, respectively, to

u* = ek, Ui = eg-u.

The components u* are called contravariant, while the components u; are
called covariant, both relative to the basis e;, e, ,...,e,, and

wev =, =uy’.

A basis e, e,,...,e, is orthonormal if

1 ifg==k

€q-€ = 6qk = {
0 ifg + k.

A basis is orthonormal if and only if it is its own reciprocal. Corresponding
contravariant and covariant components relative to an orthonormal basis equal
one another, and so when an orthonormal basis is used, one speaks simply of
“components”.

A familiar example of an n-dimensional inner-product space is the cartesian
space %, , the vectors of which are lists of n real numbers vy :

V:=(U1,U2,..,,U,,),

provided addition and scalar multiplication are defined by the corresponding
operations on the entries in the list. The standard basis is defined as follows:

e :=(0,0,...,0,1,0,...,0),

the 1 being the k™ entry.

With no loss in generality any limit process on an n-dimensional vector
space may be expressed in terms of cartesian co-ordinates in %, . That usage
is familiar from old treatises on mechanics and many engineering textbooks
today. #, is the real line.



310 APPENDIX II. DEFINITIONS AND THEOREMS

6. Tensor Products. Tensors of Orders Greater than 2
If a and b are vectors, their fensor product is the tensor a ® b such that
(a®@bu = (u-b)a Yu € v.
In components,
(a®b),, =a*b, .

Ife,e,...,e, and f,,f5,...,f, are bases of the vector space, the set of
tensor products

€, ®fk

form a basis for the space of tensors:

L=L%e, ®f.

The scalars L9 are the contravariant components of L with respect to the
basis. Commonly f; is chosen for e, . Then

L=L%¢,@¢ =L%e, Qe =Lye’ @ =L, e’ Qe

The scalars L' here are the same as those denoted previously by the same
symbol and called simply ‘‘components’ of L relative to e; , €;,...,e,. They
are called also mixed components relative to that basis and its reciprocal.
In the same terms, the L,” are the mixed components relative to the bas-
is e!, e?,...,e" and its reciprocal. The scalars L™ and L, are the con-
travariant and covariant components, respectively, of L relative to the basis
€1,€,...,e,. If the basis is orthonormal, then L9 = L9, = L,* =L, .
We note that

1=¢,®e =¢" Q¢ .

The introduction of tensor products affords another method of defining tensors.
For example, if we use the symbol a ® b® ¢ to denote the linear mapping of
the given vector space into (second-order) tensors such that

(a®bQ®c)d = (c-d)(a®b),
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we can prove that the products e; @ e, ® e, of elements of a basis for the given
vector space form a basis for the set of such transformations. That is, if N is
any linear mapping of the given vector space into the space of (second-order)
tensors, it may be expressed in the form

N =N*"¢, ®@e, Qe,,

and its contravariant components N9 obey the transformation law
xrdrs 4 37 35 m
N =A,A,A,N“"P.

The tensors so defined are of third order; the method illustrated serves to define
tensors of any order.

7. Transposition. Symmetric and Skew Tensors

If B(u, v) is a scalar-valued bilinear function defined for all vectors u and
v, there is a unique tensor L such that

B(u, v) = u-Lv.
This statement is the representation theorem for bilinear functions. If L is

determined in this way by B, we can determine another tensor LT, called the
transpose of L, by the requirement that

B(v,u) =u-L'v.
Then

(L+M)'=L"T+M,

(LM)" =M'L",
(LY =L,
(a®b)’ =bQ®a.

If L is invertible, then so is L7, and

LH'=@H =L"".
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In mixed components,
(LY = L.

In terms of matrices, [L'] = [L]" if the components are taken relative to an
orthonormal basis, but otherwise in general [L'] & [L]". Of course

(LY = L%, (LY = Lig s

that is, the matrices of contravariant and covariant components of LT are the
transposes of the respective matrices of L.
Tensors § and W such that

S=95", W=-W,

are called symmetric and skew, respectively. The conditions are expressed as
follows in terms of components:

Sqk = Skq > §9% = sk, S.* =5k,

Wa = Wiy, W*k=_wki,  wir=_wk,.
The set of all symmetric tensors is a %n(n + 1)-dimensional subspace of the
space of tensors; the set of skew tensors, a %n(n — 1)-dimensional subspace.

Bases for these two subspaces are formed by the following sets of products of
the vectors of a basis e;, €,...,€,:

e Qey +e, ey, k

A

m,
and
e€x A€y, k <m,

the wedge product or exterior product being the skew tensor defined as fol-
lows:

aAb:=a®b-bQ®a.

Any tensor L has a unique representation as the sum of a symmetric and a
skew tensor, both unique:

L =symL + skwL,

symL:=1(L+L"),  skwL:=}(L-L").
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If S is either symmetric or skew, 82 is symmetric, and §? and S have the
same nullspace. If T and U are either both symmetric or both skew, (TU)" =
UT. Hence T and U, if both symmetric or both skew, commute if and only if
TU is symmetric. If W is skew and dim ¥ is odd, detW = 0.

8. Orthogonal Tensors

A mapping Q of an inner-product space onto itself is orthogonal if it pre-
serves the inner product:

(Qu)-(Qv) = u-v.
This condition is satisfied if and only if Q is a tensor such that

Q'=q".

Hence
detQ = +1.

If detQ = 1, the orthogonal tensor Q is called proper, or equivalently, a
rotation. The central inversion — 1 is orthogonal; it is a rotation if and only
if n is even. If n is odd, either Q or — Q is a rotation, while the other is the
product of a rotation by the central inversion.

The orthogonal tensors constitute a proper subgroup of « called the (full)
orthogonal group ¢; if n is odd, the rotations form a proper subgroup of the
orthogonal group.

Some special properties of orthogonal tensors over a 3-dimensional space
are listed below in Section App. I.A.14.

9. Trace, Inner Product of Tensors
The trace tr A of the tensor A is defined uniquely by the following two

requirements: It is a linear function whose domain is the set of all tensors and
whose values are scalars, and

tr(u®v) =u-v.

Hence

tr A ZAkk =Akk = tI'AT;
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that is, the trace of a tensor is the trace of the matrix of either of its arrays of
mixed components. Of course tr1 = n, tr0 = 0. If W is skew, tr W =0.
The inner product A-B of the tensors A and B is defined as follows:

A-B:=tr(AB") = B-A.

With this definition the set of all tensors A, regarded as a vector space of
dimension n?, becomes an inner-product space. The magnitude |A| of the
tensor A is defined from the inner product in the usual way:

Al :=VA-A = VirAAT,
In components,

A-B = A4%,B,7,

|A| = \/Akquq.

If S is symmetric and W is skew, then S-W = 0; also for any tensor L

S.L =S.symL, W.L =W-.skwlL,
and so
W.aAb=—-2b-Wa =2a.-Wbh,

i(aAb)-(cAd) =a-db-c —a-cb-d.

10. Invariant Subspaces, Projections, Proper Vectors, Proper Numbers

If the tensor A maps a certain subspace into itself, that subspace is invariant
under A. Every tensor A has invariant subspaces, among which are the whole
vector space, {0}, Range A, and Nullspace A.

A tensor E is called a projection if it is idempotent: E2 = E. A projection
is called a perpendicular projection if also it is symmetric: E' =E. IfE is a
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projection, there is a basis relative to which

1 0 0 0
01
1 0 0 0
[E] = . ,
: 0 O
0
0 0 0

the number of 1s being equal to the dimension of the invariant subspace of E.
If E is a perpendicular projection, the basis may be chosen orthonormal.

If e is a unit vector, any vector v has a unique decomposition as the sum of
a vector P.v parallel to e and another P®v perpendicular to it:

v = P.v + P¢, e-Pv = 0.
Both P, and P® are perpendicular projections, and
P. —=e®e, P°=1-e®e.

P. is the projection onto the span of e; P¢ is the projection onto the plane
normal to e. The reflection R, across the plane normal to e is the orthogonal
tensor defined as follows:

R.:=-P.+P=1-2eQ®e.

Therefore v is parallel to e if and only if Rev = —v; perpendicular to e if and
only if Rev =v.

If x is any scalar, the nullspace of A — x1 is an invariant subspace of A. It
is called the proper space of A corresponding with x, and its dimension is the
multiplicity of x for A. The scalar x is a proper number of A if any one, and
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hence all, of the following equivalent conditions holds:

1. There is a vector u other than 0 such that

Au = xu.

2. The proper space of A corresponding with x contains one vector besides
0.
3. The multiplicity of x for A is not 0.

The elements of the proper space are the proper vectors corresponding to
that proper number. A proper number is simple if its multiplicity is 1; that is,
if its proper space is one-dimensional. The set of all proper numbers of A is
called the spectrum of A. By definition, the scalars constituting the spectrum
are distinct.

The characteristic polynomial Ps(x) of A is defined as follows:

Pa(x):i=x" —Iix" ' 4+ Lx" 2 + ... (-1)"],,

the signs being alternately — and +; the principal invariants I'y of A are
defined as follows:

Ieo= Dogmese am oAm 4™, k=1,2,..,n.

- k! mym;...my

The symbol 6,152, denotes O if any superscript or subscript is repeated, or
if the subscripts fail to be the same numbers as the superscripts; otherwise it
denotes + 1 according as an even or odd permutation is needed to bring the
subscripts into the same order as the superscripts. While this definition of the
I seems to depend upon a basis, the value of 7, so obtained is the same for

all bases. For example,

11 ZtFA,

I, =detA.

Because the field of scalars is the real field, the principal invariants of tensors
are real numbers.

The characteristic polynomial P 5 (x) has real co-efficients and is a function
of a real variable x. We obtain from it a complex polynomial if we replace x
by a complex variable z. There are exactly n unique numbers @, a3 ,...,a,,
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possibly complex, such that

PA(®) = [[(z —an).
k=1

The equation PA(z) = 0 is the characteristic equation of A, and the numbers
ai,a,,...,a,are the latent roots of A. If g of the latent roots are equal, their
common value is said to be a latent root of algebraic multiplicity q. Since the
principal invariants of A are real, such latent roots of A as are not real occur
in complex-conjugate pairs. /; is the sum of the products of the latent roots
taken k at a time, k = 1, 2,...,n. Thus, for example, if n = 3,

Ir =11 =a,+a, +a;,
I =1, = aa3 +aza; +a,az,

IIIA !=I3 =daapas.

Every proper number of A is a latent root, and every real latent root is a
proper number. If AA" = ATA, the multiplicity of a proper number of A is the
same as its algebraic multiplicity as a latent root. Such is the case, therefore,
for tensors that are symmetric, skew, or orthogonal. If 7 is odd, A has at least
one proper number, but if 7 is even, A need have none.

The Hamilton-Cayley Theorem states that the tensor A satisfies an equa-
tion having the same form as its characteristic equation:

A" —LA" 14 (=)', 1=0.

It is possible, of course, that A may satisfy also a polynomial equation of degree
less than n. If A is invertible,

(_l)n—l
I,

ATl = [A"' A2 4 (=1, 1),
Thus
adjA = (—1)" A" ' A" 2 4 (=D, 1)

For a given A and B the equation

AX+XB=0 ()
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has the solution X = 0. A theorem of SyLvesTer! states that there is another
solution if and only if A and —B have a common proper number. If the equation

AX+XB=C

for given A, B, and C other than 0 has one solution X, then its other solutions,
if any, are obtained by adding to X all solutions of (*) beyond 0.

11. Spectral Decomposition of Symmetric Tensors

Every symmetric tensor S has at least one proper number. In fact, the least
and greatest proper numbers of S are the least and greatest values, respectively,
of u-Su as u ranges over all unit vectors. Every latent root of a symmetric tensor
is real and hence is a proper number. The proper spaces of a symmetric tensor
are mutually orthogonal. Any vector may be expressed as a linear combination
of vectors, each of which belongs to one (and of course, if it is not the vector
0, to only one) of the proper spaces of S.

Ifsy,$2,...,5p are the proper numbers of S, then there is a unique set of
perpendicular projections E; , E;,...,E, such that

EE, =0 ifk#+gq,

,,
gl
=
z
i
=

and

p
S = ZSkEk .
k=1

Hence there is at least one orthonormal basis €; , e;,. . .,e,, each member of
which is a proper vector of S:

Se, =s4¢,, q=12,...,n,

I'This theorem follows from a more general one, likewise due to SYLVESTER, which is stated
and proved in outline at the beginning of Chapter VIII of C.~-C. MacDurreg’s The Theory of
Matrices, Volume 2 of Ergebnisse der Mathematik und ihre Grenzgebiete, Berlin, Springer,
1933, reprinted in 1946 by Chelsea Publishing Co., N.Y.
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54 being a proper number of S, repeated a number of times equal to its multi-
plicity. Such a basis is called principal. The matrix of components of § relative
to this basis is diagonal. Indeed,

S 0 .0
0 S2

s)=| . S
0 Sn

where again each proper number occurs a number of times equal to its multi-
plicity. With the same convention of multiplicity,

n n
S = ;skPek = ;sk(ek ®ey).
=1 =1

This statement presents the spectral decomposition of S.

In order that two symmetric tensors S and T have the same proper numbers,
each with the same multiplicity, it is necessary and sufficient that there be an
orthogonal tensor Q such that

T = QSQ".
If this condition holds, the proper spaces of T are the images under Q of the

proper spaces of S. An orthogonal tensor Q commutes with the symmetric
tensor S if and only if the proper spaces of § are invariant subspaces of Q.

12, Positive Tensors
A tensor S is positive if
u-Su >0 unless u=20,
not negative if
u-Suz=0 for all vectors u.

If — 8 is positive, S is negative; if — S is not negative, S is not positive. We
abbreviate these terms by the notations S >0, S 20, S <0, § = 0, respec-
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tively. If L is any tensor, LL" =z 0 and L'L = 0. If L is invertible, LL" > 0
and L'L > 0. If L is symmetric, L > 0 if and only if all of its proper numbers
are positive, and L = 0 if and only if none of its proper numbers is negative.

If S is symmetric and positive, there is one and only one symmetric and
positive T such that T2 = S. We denote this tensor by +/S and call it the square

root of S. The proper numbers of /S are the positive square roots of those of
S.

If A is a given symmetric tensor that is either positive or negative, the
equation

AX +XA =C
has a unique solution X for given C. If C =0, then X = 0. If C is symmetric,
so is X if C is skew, so is X. Guo! has shown that if X and C are skew and

A is positive, and if n =3, then

1

X=—
Talls — 1114

[(I3 — I15)C — (A2C + CA?)].

13. Polar Decomposition

If L is an invertible tensor, then there are unique, positive, symmetric
tensors S and T and a unique, orthogonal tensor Q such that

L=QS =TQ.

T and S determine each other as follows if Q is known:

T =QSQ".

If L is not invertible, the polar decomposition still holds with symmetric S or
T not negative and with Q not unique.

14. Structure of Orthogonal Tensors over a 3-Dimensional Vector Space

In this book we need to analyse orthogonal tensors only when dim ¥ = 3.
Then the central inversion —1 is orthogonal but not a rotation. Every orthogonal
tensor Q is either a rotation R or the product —R of a rotation Rby —1. Thus
the structure of orthogonal tensors is determined by the structure of rotations.

1Cf. Guo ZroNG-HENG, “‘Rates of stretch tensors,” Journal of Elasticity 14(1984): 263-267.



A. ALGEBRA 321

The latent roots of R are 1, ¢®, e=® for some real number 8, called an
angle of rotation. If 6 is an angle of rotation, then so is =+ & + 2nw for any
integer n and any combination of signs. There is exactly one angle of rotation
in the interval 0 = 8 < 7.

If R # 1, the proper space that corresponds with the proper number 1 is
1-dimensional. It is called the axis of the rotation R. There are two unit vectors
in the axis of R. Corresponding with any angle of rotation § there is a unique
unit vector e in the axis of R such that

Re; =cos fe; +sinfe;,
Re, = —sin fe; +cos fe,, (%)
Re =e.
for any e; and e; such that e;, e;, e is a right-handed orthonormal basis. Then
for any vector v orthogonal to e, 8 is the angle between v and Rv, measured

counter-clockwise from v. It follows from (x) that # is an angle of rotation of
R if and only if it is a root of the equation

cos f = %(trR - 1.

Keeping e fixed, we see that (*) holds if 6 is replaced by 6 £ 2nw, but (¥)
does not hold if # is replaced by — 8 = 2nw. In other words, if e is the unit
vector in the axis that corresponds with the angle of rotation 6, then the other
unite vector in the axis, namely — e, corresponds with the angles of rotation
—60 +2nw. If R =1, then # = 0, and () holds for every basis e, , e, , €. The
matrix of R with respect to the basis e; , e, , e is given by

cos@ —sinf O
[Rl=|sinf cosf O
0 0 1

In general co-ordinates
R¥,, = cos Obfn + (1 — cos B)e*e,, —sin b ekmpe".

If Q = —R, the axis of R is called the axis of Q, and an angle of rotation
of R is called an angle of rotation of Q.
R =R if and only if # =0 or =.
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15. Structure of Skew Tensors over a Three-Dimensional Vector Space.
Three-Dimensional Vector Algebra!

In this book we need analyse skew tensors only if dim ¥* = 3. Then the
nullspace of a not null, skew tensor W, namely, the subspace of vectors n such
that

is 1-dimensional; it is called the axis of W. If W & 0, its only proper number is
0, and its axis is its only invariant subspace. Two skew tensors, neither of which
is 0, have the same axis if and only if they are proportional to one another.

Let n be one of the two unit vectors lying on the axis of a skew tensor W
other than 0, and let e be normal to n. Then of the two unit vectors normal to
the span of e and n we may choose one, say f, such that

1
W= —|Wleaf.
ﬁ”

Equivalently, there is an orthonormal basis such that

1
o Lw o
5]
Wi=l_Lw o o
3
0 0 0

Two orthonormal bases {e; } and {& } are said to have the same orientation
if they are obtainable from one another by a rotation: €&, = Re; , k =1, 2, 3.
Since every orthogonal transformation is either a rotation or the negative of
one, there are exactly two distinct classes of bases having the same orientation.
In three-dimensional vector algebra one of these is set down and fixed. Of the
two possible isomorphisms between skew tensors and vectors, one is specified
by use of a particular orthonormal basis. ‘“The Gibbsian cross” T« of a tensor
T is the vector defined as follows in terms of components with respect to any
such basis:

Ty3:=Ty Ty, Ty1:=Txn —Tx, Tyz:=T3 —Ti3.

LCf. Sections 7.16, 8.15, and 8.16 of W. H. Greus, Linear Algebra, 3" ed., Berlin and New
York, Springer-Verlag, 1967.
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If S is skew, then

Sx3 =281, Sx1 =282, Sx2 =283.

The cross product u x w of two vectors u and w is defined thus:

1
uUXw:= i(qu)x ,

and so
(UuXW)3 =uwy —Urwy, etc.
and
AW = v2|u x w|.
Also

28u=-S, xu, S-(uAv) = -8,-(uxv),

and if S and T, neither of them 0, are both skew,

S-T=18x-Tyx, (ST)x = ST —TS)x = —3Sx xTx.

The first of these relations shows that S.T = 0 if and only if the nullspaces
of S and T are perpendicular; the second shows that § and T commute if and
only if the nullspace of one of them contains the nullspace of the other. If L is
invertible,

Lu x Lv = (det L)(L™H)"(u x v).

B. Geometry
1. Euclidean Point Spaces

While in this book there are allusions to rather general manifolds, the only
specific geometry employed is that of Euclidean space.

A set & of elements x, y is an n-dimensional Euclidean point space or
Euclidean manifold if it is endowed with a structure defined in reference to
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an inner-product space ¥ of n dimensions by the following axioms:

1. Each vector m € ¥ maps & onto itself

ux) €& e,

2. The composition of the mappings u and v is their vector sum:

(u 4+ v)(x) = u(v(x)) Vx €é.

3. For given x and y there is exactly one vector u such that

u(x) =y.

The elements of & are called points. The vector space ¥ is the translation
space of &, and its elements are called translations of &. The translations
may be visualized as arrows; if the butt of the arrow u is put at x, its sharp
end distinguishes u(x). Thus we say that u franslates X into y; of course —u
translates y into x.

The second axiom, in view of the first, asserts that the result of applying first
the translation v and then the translation u is the same as the result of applying
u + v to start with; thus it expresses the axiom of resultant displacements,
familiar from elementary geometry and mechanics, and it suggests the notation

X + u :=u(x).

Thus we use the plus sign to denote not only addition of vectors to each other but
also addition of vectors to points. Axiom 3 enables us to extend the interpretation
by writing y — x for the unique vector u that maps x into y:

y—x:=u.

Thus the difference of points is defined, and

XxX+(y—x)=y.

Let % be a subspace of ¥ having positive dimension, and let some point
¥, of & be selected. If # := {y, +u, u € %}, then ¥ is a flat of & parallel to
9. Two flats that are both parallel to the same subspace of ¥ are parallel to
each other. The dimension of # is the dimension of the % that defines it. A
1-dimensional flat is a straight line, while a 2-dimensional flat is a plane, and
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an (n — 1)-dimensional flat is a hyperplane. If n = 3, planes and hyperplanes
are the same thing. An equation for a straight line is

y:y() +se7

in which e is some vector and s runs from — oo to oo, while if e and f are
linearly independent, an equation for a plane is y =y, +se-+rf, r and s running
from —oo to oo.

2. Distance, Isometry

The distance between the points x and y is the magnitude of the vector u
that translates x into y, that is,

lv —x|.

It is easy to see that this function of pairs of points satisfies the axioms of a
metric, and in particular that it obeys the triangle axiom:

X-yl+|y—z| =[x -1z

A mapping a of & onto itself is called an isomefry if it preserves distances.
The representation theorem for isometries asserts that to each isometry a of
& corresponds a unique orthogonal tensor Q over ¥  such that

a(x) = a(X) + Q(x —xq)

for each pair of points xo and x. Thus each isometry may be regarded as the
succession, in either order, of a translation of an arbitrarily selected point and
a uniquely determined orthogonal transformation of the vectors that translate
that point into the other points of space.

3. Topology, Figures

The topology of a Euclidean space is defined in the standard way by the met-
ric |x —y|. The definitions of spheres, cubes, parallelepipeds, open and closed
sets, neighborhoods, interiors, closures, and boundaries as those concepts are
used in this book may be found in any text on elementary analysis.
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C. Calculus
1. Limits, Orders

Euclidean point space has a metric; likewise, the magnitude of a differ-
ence of vectors or tensors, [u — v| or [T — 8|, serves as a metric. In terms of
the topologies defined by these metrics, standard procedure defines continuity,
convergence, limits, boundedness, compactness, efc., in the respective spaces.
Standard theorems of calculus, such as those on subsequences, Cauchy’s cri-
terion, covering theorems, the theorem of the maximum and minimum on a
compact set, are easy to extend to & and to vector spaces.

The order symbols O and o are defined as follows for scalar-valued func-
tions of a scalar variable.

If there is a constant X such that

f)] < K[g(x)|

when x is sufficiently near to a, we write

S =0(g) asx —a.
If

o)

asx —a,
g(x)

we write

S =o0(g) asx —a.

For example, O(1) stands for a function that is bounded near a, and o(1) stands
for a function that tends to 0 as x — a.
The statement that f is continuous at X = @ may be put as follows:

fx)=f(@+o(l) asx —a.

These definitions are easily extended to functions of points whose values are
scalars, vectors, or tensors. In estimating vectors or tensors we write o and O
instead of o0 and O. For example, if f maps a domain of a normed vector space
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into a normed vector space, we write f =o(v) as v — 0 if

tim Y@ _

= as [v] — 0.
vl

2. Differentiation

If £ is a function of a real variable ¢ whose values are points or vectors, its
derivative f(t) at t is defined as follows: If there is a vector g such that

f(r +5) =£(¢) + sg(r) + o(s) as s — 0,

then f is differentiable at t, and g is the derivative of f at t. The standard
notation for the derivative is

f(¢) := g(0).

Thus the derivative f(¢) defines a linear function that approximates the function
f(t + ) — £(¢) near s = 0. For a function whose values are tensors a similar
definition and notation may be used.

There are simple rules for interchanging the order of differentiation and
other operations. A few of these, in a notation which may confuse functions
with their values, are listed below.

(u®v) =u®@v+ud®v.
(LM) =LM + LM.
(L") =(Ly".

=1

m
@y =3 L
k_
L'y = -L7'LL7,
(detL) = (detL)L L7},

For the last two rules to hold, it is necessary that L be invertible. To prove the
last one, do Exercise 11.5.1.

If Q is a function whose values are orthogonal tensors, then the values of
QQT are skew.
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3. Gradients

A function f that maps points in a Euclidean space ¢ into a vector space
¥ is called a vector field. A vector field f is said to be differentiable at x if
there is a linear mapping V£(x) of n-dimensional vectors onto m-dimensional
vectors such that

f(x +u) = f(x) + Vi(x)(u) + o(u) asu— 0.

The function of x whose value at x is V(x) is called the derivative (or gradient)
of f at x. Equivalently, the gradient Vf(x), if it exists, is a linear mapping such
that

d
Ef(x + tu)|—o = VE(x)(u).

A function on an open set is differentiable thereon if it is differentiable at each
point of that set. A function f that has a continuous derivative Vf on an open
set is sometimes called smooth on that set.

Two special cases deserve notice. First, if ¥ = ¥/, the translation space
of &, then Vf(x) is a tensor, and Vf(x)u is written for V{(x)(u). Second,
if # is the set of real numbers, the field f is called a scalar field. By the
representation theorem for functions of vectors whose values are scalars we
know that Vf(x)(u) equals the inner product of some vector and u. In this
sense we say that the gradient of a scalar field at a point is a vector. Writing
Vf(x) for that vector, we have

S +uw) = f(x) + Vf(x)-u -+ o(u).

Similar definitions can be framed for functions of points whose values are
points, vectors, or tensors.
Among the rules for taking the gradients of products of various kinds are

V(fg) =S Vg +gVf,
V(f-g) = (VH'g +(Ve)'f,
V(fg)=g®Vf +f Vg

There is also the chain rule for taking the gradient of a composite function.
If f o g denotes the composition of g with f, the rule can be written symbolically
as

V(f og) = (Vi) og) Vg.
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If x maps points onto points, and if f maps points onto scalars, then

V(f ox) = (V) (V) 0 ).

4. Other Differential Operators

The repeated or second gradient is the mapping that results from taking the
gradient twice. It is denoted by V2. If the values of f are scalars, the value of
V2f is a symmetric tensor.

The operators divergence div and laplacian A upon vector fields and scalar
fields, respectively, are defined as follows:

divf :=tr V{,
Af :=divVf =tr V:f.
If L is a tensor field and a is a fixed vector, then L'a is a vector field, and it
is easy to see that the values of div(L'a) are linear functions of the vector a
whose values are scalars. Thus the divergence div L of a tensor field L can be
defined by the requirement that
a-divL = div(L'a).

Among the rules for calculating divergences and gradients of products are the
following:

div(fg) =g-Vf + fdivg,
div(Lg) = (divL").g +tr(L Vg),
div(Vg)' = Vdivg,

div[Vg +£(Vg)'] = Ag £ Vdivg,

5. Special Kinds of Vector Fields

A vector field whose divergence vanishes is called solenoidal; whose lapla-
cian vanishes, harmonic. The label ‘‘laplacian” is merely traditional, not an
attribution.
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A vector field f is lamellar if there is a scalar field P such that for every
sufficiently short curve % that connects two sufficiently near points x; and X,

/ f.dx = P(x)) - P(xa),
14

the sense of ¢ being from x; to X, . The function P is a potential of f; the
surfaces P = const., which are called equipotential surfaces, are normal to f.
Conversely, if there is a scalar field P such that

f=-vp,

the field f is lamellar. P is determined by f only to within an additive constant.
If f is differentiable, it is lamellar if and only if Vf is symmetric:

skw Vf = 0.

If the domain of f is a simply connected, open set, the restriction to suffi-
ciently near points and sufficiently short curves, imposed as part of the definition
of lamellar, is unnecessary.

If the domain of the lamellar field f is multiply connected, a potential exists
locally, but the line integral f%, f-dx is not generally independent of the path
% connecting two given points. If the two curves ¢ and %> connect X; to X3,
then

q
/f-dx—/ f-dxzznkKk;
€ %2 k=1

the “cyclic constants’” K are determined by f and its domain alone, and the
numbers n; are integers. The concept of potential may be extended to lamellar
fields on multiply connected domains by introducing *“cyclic functions,” which
map each point onto a set' of the form {Po + 3°7_,nxK« }.

A vector field f is complex-lamellar if and only if it is non-trivially pro-
portional to a lamellar field: There are scalar vields K and P, neither of them

The classical treatment of cyclic potentials, due to KeLvIN, is most easily available in Sections
49-51 of H. Lams’s Hydrodynamics, Cambridge, Cambridge University Press, 2"-6" editions,
1895/1932. It is not easy to find a simple treatment that satisfies modern standards of rigor.

An elegant, rigorous treatment of lamellar fields that need not be differentiable, and also of
solenoidal fields, may be found in a paper by H. WeyL, “The method of orthogonal projection in
potential theory,” Duke Mathematical Journal 7 (1940): 411-444,
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constant, such that f = X' VP. A theorem of EuLer and KeLvIN! asserts that
a continuously differentiable field f is complex-lamellar if and only if it is not
lamellar and f - curlf = 0.

6. Curves. Vector Lines?

A curve is a mapping, twice continuously differentiable, of an interval of 2
into & 3, say X = g(s); the parameter s, which increases monotonically from one
end of the interval to the other, may be taken as arc-length. The unit tangent
t at 5 is g'(s); we may write t :=g’. The curvature « is the scalar arc-rate at
which the tangent turns; that is, xn :=t’, in which the unit principal normal
n at g(s) is taken as one of the two unit vectors normal to t that lie in the
osculating plane at s, namely the plane determined by three distinct values of
g confluent at g(s). One of the two unit vectors normal to the osculating plane
at g(s) is taken as the unit binormal b. Thus t, n, b form an orthogonal triad
at each point on the curve. Differentiation of t - b = 0 yields t - b’ = 0, and so,
since b’ is perpendicular to b, it must lie in the direction of n. Writing —r for
the magnitude of b’, we obtain b’ = —rn. The quantity 7, which is called the
torsion, is the arc-rate at which the osculating plane rotates around the tangent.
Finally, n’ = (bxt) = —7nxt+«bxn = 7b—«t. The formulae for t/
and b’ are due to EuLer and CAucHy, respectively, while that for n’ is an easy
consequence of them. The set of three is called ‘““the Serret-Frenet formulae’.

The definition of ‘“‘curve’ can be broadened, typically by allowing piece-
wise smoothness, but points where differentiability fails always require special
treatment.

At a given time, the vector lines of a vector field ¢ are the curves everywhere
tangent to ¢. At each point the tangent of the vector line has the same direction
as the value of ¢ at that point. A vector field continuous in a closed region
possesses at least one vector line through each interior point of the region;
moreover, if the field satisfies a Lipschitz condition, it has exactly one vector
line through each point x at which ¢(x) + 0.

The unit tangents of the vector lines in a region form a field t, a function
of x and ¢. The same is true of n and b. The field t has two important scalar
invariants:

O :=divt, Q:=t-curlt.

YCf. Section 105 of L. Branp’s Vector and Tensor Analysis, New York, Wiley, 1947, and
Section 52 of Introduction to Vectors and Tensors by R. M. Bowen & C. C. Wanag, New York
and London, Plenum Press, 1976.

2Cf. CFT, Section App. Va.
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The field (2, called the abnormality of the vector lines, which was introduced by
Znukovsky and named by Levi-CiviTa, gives measure to the motion’s departure
from being lamellar or complex lamellar. Since

1
Q= zjc - curle, ¢:=|e,

¢ is lamellar or complex-lamellar if and only if 2 =0.
MasotT! derived an intrinsic representation for curl c:

curle =cUt +(b-Ve)n + (ck —n- V)b,
in which « is the curvature of the vector lines. Putting ¢ = 1 yields

curl t = Qt + «b.

BigrcuM obtained intrinsic expressions for the gradients and curls of the
fields t, n, b; corresponding conditions of compatibility were obtained by YIN
& PipkiN in the paper cited above in the footnote on p. 290. A convenient
display of all of these are found in the paper by Marris & WanG cited above
in Footnote 2 on p. 143.

7. Co-ordinates
A co-ordinate system on an open set of an n-dimensional Euclidean space

is a one-to-one mapping of that set into %, , a mapping which has an invertible
gradient and a continuous second gradient. If X is such a mapping,

x(x) = (x'(x), £*(x),...,X"(x)),
in which x* is a scalar field having the same degree of smoothness as that
assumed for X. The number ¥*(x) is the k& co-ordinate of the point X in the

co-ordinate system X.
If X denotes the inverse of X, then

(!, x2, .. ,x™M) =Xk, k=1,2,...,n,

for all lists (x!, x2,...,x") that lie in the range of X. We set

e(x):=VxF(x),  en(x):=0umk(x", X2, ., X" |yzic »
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where 0, denotes the partial derivative with respect to x™ of a point-valued
function of the » real variables x!, x2,...,x". The vector e*(x) is normal at
X to the co-ordinate surface x*(y) = const. that passes through x. The vector
ex(X) is tangent to the m™ co-ordinate curve at x, that curve being the set of
points near x for which every co-ordinate but x™ has the same value as it does
at Xx.

The sets of vectors el(x), e2(x),...,e"(x) and e;(X), ex(X),...,e,(X) are
reciprocal bases of the translation space of £. The basis €(x), €:(x),...,e,(x)
is called the natural basis of the co-ordinate system X at x, and e!(x), e?(x),. . .,
e”(x) is the reciprocal natural basis there. As the point x varies over the domain
of X, fields of natural bases and their reciprocals are obtained. In general, these
bases are not orthonormal. If the co-ordinate surfaces are mutually orthogonal,
the co-ordinate curves are normal to the co-ordinate surfaces, and so e is
parallel to e , but generally the two are not the same. Indeed, the natural basis
field is orthonormal only if it is a constant field, in which case the co-ordinates
are called cartesian. The values of the cartesian co-ordinate fields may be
interpreted as distances from a particular set of » mutually orthogonal (n — 1)-
dimensional flats, or as distances measured parallel to a particular set of n
mutually orthogonal lines, as we please. (We refer to rectangular rectilinear co-
ordinates as “‘cartesian”, but as the baroque savant DEscarTEs never used them,
in this book we adjust fact to tradition by writing the initial letter minuscule.)

Two other systems are commonly used in three-dimensional space. The
cylindrical co-ordinates (r, 8, 7) of x, are, respectively, the distance of x from
a chosen line called the axis, the angle subtended upon a particular plane through
that line by a chosen plane through the axis at x, and the distance of x from a
particular plane perpendicular to the axis. Hence

. S

X 54 _o0x
_E_e,

- = _ ____Z
B =5 "¢

€, €y

The spherical co-ordinates (r, 0, p) are, respectively, the distance of x from
a certain point, an angle between planes through an axis through that particular
point, and an angle subtended upon the axis by a line from the particular point
to x. Hence

0 0 .
e,za—’r‘:e’, egzgg:rze”, eg,z(%:rzsmz()e”’.
Thus far in this section we have used co-ordinate surfaces to define compo-
nents. The student will recall that components may be defined relative to any
basis, and that if » > 2 a vector field is not generally normal to any family of
surfaces. In particular, an arbitrary field of bases will not generally be the field
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of natural bases of any co-ordinate system. Components that do not derive from
a co-ordinate basis are called anholonomic. For some purposes anholonomic
components are more convenient than components with respect to a co-ordinate
system. For an example, see Exercise IV.21.10.

In works on differential geometry may be found necessary and sufficient
conditions that an orthogonal basis field be locally the natural basis of some
co-ordinate system.

8. Contravariant, Covariant, and Mixed Components Relative to a
Co-ordinate System

The value v(x) of a vector field at x is a vector and hence has unique
components relative to any basis (above, Section App. IIA.1), and in particular
relative to the natural and reciprocal bases of a co-ordinate system X. Thus

V= vkek = Ukek.
The scalar fields v', v2,...,v" are the contravariant component fields of v
relative to the co-ordinate system X, likewise, the fields vy, vy,...,v; are

the covariant component fields relative to that system. When a particular co-
ordinate system is set down for use, we usually speak simply of contravariant
and covariant components, respectively.

The covariant and contravariant metric components, g¢, and g™, are the
scalar fields defined as follows:

Bkm =€k €y, gkm .= e*.e™,

and so

& = gime”, e =g""e,,  gught =s].
For cartesian co-ordinates

&km = bkm = X,
for cylindrical co-ordinates
1 00 1 0 0
lexmll =0 72 0f, g =)0 r2 of,

0 0 1 0 0 1
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and for spherical ones

1 0 0 1 0 0
lgkmll =[O r? o |, lg"I=|o r? 0
0 0 r?sin’®é 0 0 r~2/sin’f

In terms of the metric components, it is easy to relate covariant and con-
travariant components of one and the same vector field v:

k km s
vt =8"Vm, Vg = &gsV -

Similar definitions and rules hold for the components of tensor fields, e.g.
Lkm — gkapm — gmekp — gkpgqupq .

Let X and X be co-ordinate systems. Then the co-ordinates of x with respect
to these two systems are functionally related:

#*(x) = A, 22, ,x,

X¥9(x) = g9(x', ¥2,...,%").

Let €,(x), é;(x),...,&,(x) be the natural basis of the co-ordinate system X at
x. From the definition of natural basis it follows that

ém :6,\"’"i(gl(x~]! s 1x~n)!~ . 1g"(x~19- .. 92"))v
=[O k(X,. .., X"))0smgh (X!, . .. X",
= (Ozng")e .

Thus, if we set
A’,(n =6A"’"gkv /_15 = iqu

(often denoted by Ox*/0%™ and 8%P/0%9), from the transformation rules in
Section App.IIA.1 we may read off the relations between components of various
kinds relative to different co-ordinate systems. E.g., if the components of a
vector u with respect to the two systems are distinguished by superimposed
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bars and tildes, then

and so on for tensors.

These transformation laws for components were used to define vector fields
in some of the older literature. E.g., the scalar functions A”,9; and A%, *,
are said to be components, in the co-ordinate systems X and X, of a tensor of
order four (contravariant order two and covariant order two) if they are related
as follows:

gk _ DX OXT 0% 0X° 4p 4
“U T oxPoxtox19xT Y

the functions on the left-hand side being evaluated at the argument X(x), and
those on the right-hand side at X(x). The other approaches to tensors of order
greater than 2 which were mentioned above in Section App.IIA.4 and App.I1IA.6
may be extended to fields in a straightforward way.

Whatever be the definitions chosen, there is no doubt that specific calcula-
tions are performed most easily by means of the transformation rules. For ex-
ample, it is obvious that for a cartesian co-ordinate system gx,; = 6km = gkm.
The covariant metric components g4, in the co-ordinate system X, therefore,
are obtained as follows:

s OxPox? . 1. 9xP OxP

8um = 3k 5 00 = D%
where the cartesian co-ordinates x# are presumed given as functions of the
general co-ordinates X*:

xp=fp(-il’-i2""5-i")’ p:112""’n°
For example, in cylindrical co-ordinates, if we write r, 8, and z, respectively,
for ¥1, %2, ¥3, then
x'=x=rcos 9,
x*=y=rsiné,

x3 —=Z.
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It is a trivial matter to obtain in this way the matrices || g4»| and ||g”?] for cylin-
drical co-ordinates. Likewise, the components of vectors and tensors relative
to any co-ordinate system may be calculated routinely from their components
relative to a cartesian system.

Tensors of order greater than 2 occur rarely in this book. A student who does
not possess a technique of handling them should be able to follow all develop-
ments by simply referring them to components relative to cartesian co-ordinates.
Of course, this procedure, while often inelegant, is perfectly rigorous.

9. Physical Components Relative to an Orthogonal Co-ordinate System

The vectors and tensors that occur in physical problems usually are assigned
physical dimensions. For example, a velocity has the dimensions of length di-
vided by time. The components of a velocity field with respect to a co-ordinate
system do not necessarily have these same dimensions, since the dimensions of
the different members of natural basis are not usually all the same. For example,
in a cylindrical system e” is dimensionless, but e; has the dimension of length,
and €’ has the dimension of reciprocal length. In physical problems it is often
desirable to be able to interpret each component of a vector in the same terms
as the vector itself, and for this reason physical components are used. For an
orthogonal co-ordinate system these components are defined unambiguously as
being the components with respect to the following orthonormal basis field:

k

€ €
= =—,  k=1,2,...,m

lex|  Je”]

here e;, e;,...,e, is the natural basis field of the co-ordinate system, and
e!,e?,...,e" is its reciprocal natural basis field. The orthonormal basis field
iy, iz,...,i, is everywhere tangent to the co-ordinate curves and normal to
the co-ordinate surfaces. Physical components are denoted by indices at middle

height, neither subscript nor superscript, thus:
vr, v, vz,
A similar notation is used for tensors, e.g.

Trr, Tre, etc.

In Section App.IIA.15 we have listed some algebraic formulae peculiar to
skew tensors over a three-dimensional space. For reference we converted some
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of them to common special notations including the two vector products, either
of which may be denoted by x. Here we adjoin some differential statements in
the same context. The symbols u and v denote arbitrary vector fields.

curlu:= — (Vu) ;
in cartesian components,
(curlu)s = uz,) — uy,2, etc.
Also
div(u Av) = curl(u x v).
If S :=skw Vu, then

2divS = Au — Vdivu = —curlcurl u.

10. Christoffel Components

The gradients I' ) of the natural basis of a co-ordinate system exist and are
continuous tensor fields:

P(k) =Vey.
The mixed components I',¥, of these fields, namely
I*q =Tn*q =& Tpeq,

are the Christoffel symbols of the given co-ordinate system. It is possible to
prove that

and that

Oyse, =T, %oy .

Furthermore, the Christoffel symbols can be calculated as follows from the
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metric components g*? and g,, of the co-ordinate system:

1_‘uku = %gkp(ax"gpu +ax“gpu —OxrBuv)-

The notation might suggest that the Christoffel symbols are components of
third-order tensors, but, as their name indicates, they are not.

It can be shown that the Christoffel symbols of a co-ordinate system vanish
identically if and only if its natural basis field is constant. Such is the case for
a cartesian co-ordinate system.

11. Covariant Derivatives, Differential Operators
If £ is a vector field, its gradient Vf is a tensor field. The four usual kinds

of components of Vf are called covariant derivatives of f. These are defined
as components always are:

fE = (Vhey,
Si,m =€ (Vhen,
S = (VHe™,

fem =k (Vhe™.

Each covariant derivative is thus a scalar field.
To calculate the covariant derivatives of f in terms of the components of f,
we note first that
VE=V(fPe,) =e, @V fP + fP Ve,.
Hence
fEm =€ (e, ®VSP + fPT ;))em

= x"‘fk +prpkm .

Likewise

fk,m :ax"‘fk _prkpm .
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Each covariant derivative equals the corresponding partial derivative if the co-
ordinate system is cartesian; for such equality to hold for all f, the co-ordinate
system must be cartesian.

Similar formulae hold for tensors of all orders. In particular, covariant
derivatives of all tensors reduce to the corresponding partial derivatives if the
co-ordinate system is cartesian.

The values of all differential operators can be calculated in terms of covariant
derivatives or Christoffel symbols. For example,

(divLy¥ =L* .,

1
= g0 (VEL™ + LT,

where g :=detg,, .

The easiest way to get expressions in terms of physical components is to
derive them first in terms of contravariant or covariant components, which is a
simple routine matter, and then convert the results. We record here the phys-
ical components of the divergence of a symmetric tensor L in cylindrical co-
ordinates:

1 Lrr — L8
(@ivLy = 8,Lrm + 0L+, Lre + —7—
. 1 2
(divL) =9,Lr6 + ;80L00 +0, L0z + ;Lro,
. 1 1
(divL): = 9,Lrz + ;BgLﬂz + 0, Lz + ;er,
In spherical co-ordinates they are

1
rsin @

. 1
(divL) =9,Lrr + ;89Lr0 + OyLre + %(ZL" — L6 — Loy + Lrécot8),

1
r sin

. 1
(divL)é = g,Lér 4 ;BoLM + 08¢L0w + rl[(L00 — Lev)cot@ + 3Lro),

1
r sin @

(divL)e =9, Ler + %Bng + OpLee + %(3Lr¢ + 2L%¢ cot 9).
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For a skew tensor S, in cylindrical co-ordinates,
. 1
(divS)r = ;69Sr0 + 0,87z,
(divS)? = 9,80z —9,8r0 — %Sro,
. 1 1
(divS): = — <(9,sz + ;Srz + ;SOZ) ,

and in spherical co-ordinates

1

1
(divS)r = lSrﬁ cotf + —0pSrf + ———0,57%,
r r rsin @
. 2 1
(divS)l = —=Sr0 — 3,818 + ———3,50%,
r rsin @

(divS)s = —%SW — ;ISWcotH —8,Sr¢ — ;BOSW.
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Appendix III

Solutions of the Exercises

Note: Solutions immediate by merely following the directions given in their
statements are omitted from this list.

1.2.1

L2.2

Use (I.2-5);, Axiom B3, and the definition of meet to prove the first
implication. Use (1.2-5)4 and the definition of join to prove the second.
Adopting the first of the two possible hypotheses, we set

P=BNE, Pri=¢ N9, Py=(BNEND.
By the definition of meet,
Py < B, P <€, Py < 9.
Thus &5 is a part of 4, ¥, and 4. Now suppose that
¥ <3, =%, T =<9.
Then, again by the definition of meet,
X <%, T <P, T <.
Thus any part 2" of &, ¢, and 2 is a part of ;. By the definition

343
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1.2.3
1.2.4
1.3.1

14.1

1.5.1
1.5.3

1.8.1

1.8.2
1.8.3

1.9.1

APPENDIX III. SOLUTIONS OF EXERCISES

of the meet of three bodies, then,
BANEND =P3.
From this last, we see that
Py < %, P <€ ND.
Suppose now that
Y=<B, Y<END.
Since Z A € A 9 exists,
H<BANECND =P5.
The definition of meet shows that
Py =B NEANGD).

A similar proof holds if we assume that Z A (% A 9) exists.

Use (I.2-8), and (1.2-12), .

Use (1.2-8);, (1.2-16); , and (1.2-12),.

Let #1 and %, be bodies of @ . Then #; = intclo#;,i =1, 2. We
know also that int clo(# U %;) belongs to 1 . Consider any 9 € 1
suchthat #, C 2 and %4, C 9;then P = intcloZ and #, U%, C 9,
and so intclo(%, U%;) C 9. Since 9 is arbitrary, the conclusion
follows.

Use (1.2-38) to write Z V % as the join of separate bodies. Then use
Axiom M3, (1.4-3), and Axiom M1 (if necessary).

Substitute (I.5-16) into (I.5-26), then use (1.5-20).

Expand f(Z vV ¢, % V €) with the aid of Axioms FE2 and FE3, then
similarly expand the results.

(1.8-6); follows simply by differentiating (I1.8-4). To derive (I1.8-6);,
use the definition of My, so as to get My, , and adjust the terms.
Write F(Z, #°) + F(2, #) explicitly, and use (1.5-26).

In (1.8-6) take x. for x, , and use (1.8-29). The second term in (1.8-
30) is the rate of change of rotational momentum with respect to the
fixed place x of a mass-point located at the center of mass of x(Z, f)
and endowed with the linear momentum of Z.

Let % and ¥ be two n-dimensional inner-product spaces over #. Let
h: % — ¥ be an isometry. Let Q: 4 — ¥ be defined by Q(u) =
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h(u) — h(0) for each u in %. Then Q(0) = 0, and we conclude that
(i) |Q(u)|y = |u|4 for each u in %. Let u and v be vectors in %. By
multiplying out both sides of |Q(u) —Q(V)[2, = |u—v|% and using (i)
to simplify the resulting expression, we obtain (ii) (Q(u), Q(v))y =
{u, v)4 for every u and v in %. By (i) and (ii), it is easy to show that
(iii) [Q(u+v)—(Q(W)+ QW) = 0and (iv) |Q(Au) ~ QW) =0,
for each scalar A in # and all vectors u and v in %. It follows from (iii)
and (iv) that Q is linear; (ii) states that Q is orthogonal. Moreover,
by definition Q satisfies the equation Qu = h(u) — h(0) for each u in
% . The uniqueness of such a Q is easy to prove.

x*

I

x5 (1) + QU)(x —xp),

X5 (8) + QU)(x — Xo(#) + Xo(?) —Xo),

= X5 (1) + Q(1)(Xo(#) —Xo) + Q()(x — Xo(?)),
= X5 (2) + Q(O)(x — Xo(1)),

say. Since a transformation of this kind, along with t* = ¢ + a,
preserves the metrics in & and #, it defines a change of frame. To
prove the group property, use the fact that the orthogonal tensors form
a group.

Differentiate Z = YY" and use (1.9-16) and (1.9-15). A solution of
(1.9-17) is furnished by Z(¢) = 1; by uniqueness it is the only solution
satisfying Z(#o) = 1.

A* is formed from the tensor Q™ that enters the inverse of (1.9-4).
Since Q* = Q7, (1.9-18) follows. To derive (1.9-19), write out the
equations for the three changes of frame. A3 = Q;Q;; simplifica-
tion by (1.9-19), yields (1.9-19); . When §, and ¢, coincide at some
instant, Q, = Q) = 1 at that instant.

If e is a unit vector on the axis of rotation, Qe = +e. Hence Qe +
Qe = +¢; that is,

Ae+(QFDe=0.

Thus if ¢ = 0, it follows that Ae = 0. The relation between w and 6
can be proved by use of an explicit representation of the orthonormal
components of rotations over a three-dimensional space:

cosf —sinf O
[Ql={sind® cos® Of,
0 0 1
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where 6 is the angle of rotation and the basis vector e; lies in the axis
of rotation.

tr[RR' (R — R")] = tr[R + (RR')"R"],
=2trR.

In a space of 3 dimensions

tr R = —2(sin )4.

Also, by appeal to the explicit representation given in Section App.
I1A.14,

tr[RR" (R — R")] = —2(sin 6)AXLe; g pe”,
= —4(sin f)w -e.

If § = 0, no relation between w-e and # can hold, because e can be
any unit vector. If 8 = =, the foregoing argument delivers nothing,
but w-e is a continuous function of e, and so we may infer (1.9-20)
by a passage to the limit, using the conclusion established for values
of 6 near =.

The remark just preceding the exercise solves half of it, for in any
frame that gives rise to a spin W having the same axis as W at
each ¢ the points on that axis will maintain their mutual distances.
Conversely, suppose that

C+WEx-—%) =c+Wx-%x) Vxex(&,0.
Then
(W —W)(xo —x) = W(xg — %) +¢ —¢&.
Thus W — W is a skew tensor such that
W-W)x-y)=0 if xex(#1H ad yex(,0.
For any given x and y there are infinitely many skew tensors S such

that S(x — y) = 0. Such S belong in common to all x and y that lie
upon the same straight line. If x(4#, f) contains three not collinear
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places, W — W is a skew tensor whose nullspace contains two distinct
straight lines; since the nullspace of a skew tensor other than 0 is
1-dimensional, W — W = 0.

(1.10-1); shows that Xo = ¢. Therefore p, = Wp;, i = 1, 2. Compute
%(pl-pz), and use W = —W',

Use (1.8-2);, (1.10-1);, (1.10-5), and the fact that ¢ is a function of
t only. To obtain (1.10-8),, note that Q(a Ab)Q" = Qa AQb, and
use (I.10-3) and (1.10-7). To obtain (1.10-9), use Guo’s formula in
Section App.I1A.12.

Use W = —Q"AQ and (1.9-15).

If é = 0, then We = 0 if and only if (W + W?)e = 0.

Use (1.8-3), (1.10-1), and (1.104) to get (I.10-15). If xo(?) is chosen
as directed, then x¢(¢) = ¢, and p = 0. (1.10-16) follows with the
aid of a little manipulation in the third term on the right-hand side of
(1.10-15).

Let Tr: ¥ — ¥#1 be the linear transformation in question. Then
T = (D§,)Tr(D§;)~", and T* = (D$)Tr(D§;)~". Thence

T* = (D$;)D§) " T(D§,NDFp) ™",
=D(§; o §7 YT(D($; © §77) = QIQ".
Since under galilean transformations X* = QX and M* = M, (1.8-5),
shows that m* = Qm.

The first statement follows at once from the chain rule. The fourth
statement is proved as follows from (I.11-2):

detT* = det(QTQ") = (det Q)(det T)(detQ"),
=detT.

This being so, det(T —r1) is frame-indifferent, no matter what be the
number r. Therefore, T* and T have the same latent roots. Conse-
quently they have the same trace and the same proper numbers. If e
is a proper vector corresponding to the proper number 7, then

Te =re,
so that

(Q'T*Q)e = re,
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and hence

T*(Qe) = r(Qe).

Thus Qe is the corresponding proper vector of T*.

A given smooth surface can be embedded in a smooth family of
surfaces f = const., where f is a frame-indifferent scalar. Then,
by conclusions of Exercise 1.11.3, both Vf and |Vf| are frame-
indifferent, and n = Vf/|Vf|. A better proof can be constructed by
writing an equation for a single surface as

X —Xp =g(a’ b)a

where g and b are parameters. For each g and b, the left-hand side
is a frame-indifferent vector, and so the vector-valued function f is
frame-indifferent. Accordingly, O,g and Opg are frame-indifferent.
They span the tangent plane at (a, b). The line normal to the tangent
plane contains exactly two unit vectors. Their construction as above
shows that both are frame-indifferent.

Use Axiom A2 and conclusions from Exercise 1.11.3.

In (1.9-13) suppose that x* = 0, Q = 0. Then x* = Qx, and so
W* = W implies that

/Qx -df;,e=/x -dfge,
2 2
whence

Q' dfje = dfge.
‘We note that (1.5-22) holds as long as the system of forces is balanced.
Since the axioms of inertia as applied to analytical dynamics respect
the requirement that the forces be balanced, they do not alter the

requirement (I.5-22).
Note that (fAg)" = 0. The spectral decomposition of E’:é‘ is

E . =Ee®e+Ef®f+E;g®g.
It is easy to show that

* 2 2px
E;.A’ - A’E;. =0,
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and
E;.A +AE;. =a(E; + E3)f Ag.

Thus (1.13-22) reduces to (1.13-24).
Invariance under translation is equivalent to a representation

qu(xq ’ xk) = qu(xk - xq),

W,k being a frame indifferent function of vectors. A theorem of
Cauchy [NFTM, p. 29] tells us that

Wa(v*) = Wa(v)

for all v and all changes of frame if and only if W ;¢ (V) = Vg (V-V).
Calculation of fgx and Vg yields

quk (a)
da

for =
a={xg —x¢|?

The conclusion about f{ follows by a similar argument.

The heating Q obeys the identity (I.5-2).

If 0 ¢ is of class C', by use of the divergence theorem it follows from
the definition of perimeter that

per(%) = A %).
If 0% is of class C2, one can easily arrive at the inequality
per(%) z AO¥)

by using the divergence theorem to compute [ divgdV for g €
Ci(&, ¥) such that |g| = 1 and gls¢ = ne . Comparison of the two
inequalities delivers the desired conclusion if 3% is of class C2. If
0¥ is merely of class C!, the same conclusion follows from a rather
more delicate argument which is sketched on p. 157 of the book by
VoL PERT & HuDpJAEV, cited in Footnote 1 on p. 88.

From the definition of a determinant, or by use of the characteristic
polynomial, it follows that for a tensor A

det(1+A) =1+trA + o(A) as A — 0.
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Thus if L is a fixed invertible tensor

det(L + U) = detLdet(1 + L~'U)
=detL[l +tr(UL D] +0o(U) asU 0.

If an invertible tensor F ig a differentiable function of a parameter,
we may put F for L and ¢F for U and so obtain

det(F + ¢F) — detF = det F(1 + e trFF ') — detF + o(¢)
— (det F) tr FF~" + 0(e).

Divide by ¢ and then let ¢ — 0 to conclude that

(detFy' = (detF) tr(FF ).

Interpret F as .bei_r}g the transplacement gradient and use the chain rule
to show that FF = = VX, or simply use (II.11-5) and (II.11-7).
(An easier problem of this kind is given below as Exercise 11.6.3.)
Consider the linear partial differential equation

n
> Pi0,Z =R, L)
i=0
where Py, Py,...,P,, R are given functions of x¢, X1,...,X,.

The characteristics of (L) are the integral curves of the system

dxgo dxl_ _dZ
P P TR (©

A characteristic integral is a function f;(xo, X1,...,Xn,Z) such
that f; = const. on every characteristic curve. The formal statement
of LAGRANGE’s theorem is that if fy,...,f, are any n functionally
independent, characteristic integrals of (C), then the general solution
of (L) is

F(flifZa---,fn,Z)=0.

To treat (II.5.7) in n dimensions, let x; = ¢, write x for (x,
X24,...,Xn), Z:=1l0g p. Then Py = 1, P; = X;, and, by (IL.5-6),
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R=-J /J . Hence n members of (C) can be written in the form dx =
xdt, and so n families of characteristic curves are provided by the
path-lines of the substantial points. Thus x, ! denotes n characteristic
integrals. An (n + 1)* integral can be obtained by integrating dt =
dZ /R = —d log p/d log J, the resulting integral being pJ. Thus the
general solution of (I1.5-7) is

F(X._l, pJ):O,

and this is (I1.5-4).

Note: The method of characteristics for linear partial differential
equations of first order was invented by LAGRANGE on the basis of this
example and the one in Exercise I1.6.3, both of these having arisen in
hydrodynamics. The trivial generalization of the particular case (II.5-
6) from 3 dimensions to n was obtained by LiouviLLE; it is the only
one of the several statements physicists call “‘Liouville’s theorem in
statistical mechanics’’ that has any connection with LioUVILLE.

A rigorous treatment of LAGRANGE’s theory in the large is intricate.
Most modern books on partial-differential equations omit it. A clear
and precise treatment of the local theory may be found in Chapter 2
of P. R. GArABEDIAN’s Partial Differential Equations, New York,
John Wiley & Sons, 1964, reprinted New York, Chelsea Publications,
1986. A simple treatment of characteristics is given by C.-C. WaNG
in the appendix to his Mathematical Principles of Mechanics and
Electromagnetism, Part A, N.Y. & London, Plenum, 1979.

By the theorem of integral calculus used to derive (II.2-6), the volume
of x;(2, t) is given by

/ dv = / Jdv.
x1(#, 1) x2(2, 1)

The condition of isochoric motion is therefore locally equivalent to
J = 1. To complete the exercise, use (I1.5-6) and (I1.5-7).
For a plane motion (I1.5-8) becomes

Oxx + 0,y =0,

in which x, y are cartesian co-ordinates and X, y are the correspond-
ing components of the velocity field. This is a necessary and sufficient
condition that in each simply connected region there be a function g
such that

X = ‘“ava y =axq’
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and this is (II.5-11). For the extension to multiply connected domains
see CFT, Section 161. Clearly x- Vg = 0, and so the stream lines
are normal to the normals of the curves g(-, t) = const,

ng dA(X) = expg dXP dx9 = expgFPoFl dX* dXP.

(An interpretation for this transformation law is given in Section
I1.13.) The conclusion follows by comparing both sides of (1I.5-12).
As (I1.6-11) suggests, take A /p for Y in (I11.6-9), then use (II.5-
7), (I1.6-3), and the divergence theorem. The value of the left-hand
side of (I1.6-10) is the time derivative of [ dV for a given part
P of 4; the operation denoted by a prime is the time derivative of
J U dV obtained if, neglecting the motion x, we confuse & with
its present shape x(&, r). The difference between these is explained
and evaluated by the third term, which gives the rate of increase of
J U dV for P effected by the motion of substantial points out of
or into the present shape of #. To complete the exercise, refer to
the definitions (I.8-1) and (I.8-2), and take for U first px and then
(x — Xp) A pX.

For a moving surface ., choose a particular parametric representa-
tion:

x =g(A, ),

and think of A as being attached permanently to a point on .% as it
progresses. Then the velocity u at A is given by

u:=0,g.
Of course the field u so defined on .¥ depends upon the particular

parametrization used to describe .. Now suppose the parameter A to
have been eliminated, so that an equation for .% is

f(x, 1) =0.
All the infinitely many different parametrizations of . will lead to

one and the same set of points satisfying a relation of this kind, and
this relation characterizes . over an interval of time:

fgA, D, H=0 ey
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for each fixed A in any parametrization. If h(x, t) = O is another
equation for .#, then h is an invertible function of f. Differentiation
of (1) yields

S+ (grad f)-u =0. (2)

Now the unit normal to .# in the direction of increasing f is given by

ne grad f
|grad f|
Therefore (2) asserts that
/ 4
u-n = — f - — h s
|grad f| |grad /|

h being any differentiable function of f. Because the right-hand side is
independent of the parametrization, so is the left-hand side. Thus what
we have defined as the speed of displacement S, is in fact the common
normal speed of advance of all possible assignments of velocity to
points on .%.

For the method of characteristics, see Exercise I1.5.2. In the present
instance R =0, and f is the unknown function.

Note that g(x, t) = g(x (X, 1), 1) :=G(X, t) =0, and

— GradG(X,t) _ F'gradg
* 7 |GradG(X, 1| |GradG(X, )|

A little simplification gives (I1.6-21). If %, is not a substantial surface,
then at different times different substantial points will lie upon it. Of
course (I1.6-22) is merely an application of (1I.6-16). To get (11.6-23),
use (I1.6-3); and (I1.6-16).

The common proof starts from the assumption FF' = 1 and by dif-
ferentiating it and using the fact that F ;, = F§  concludes that
F = const. GUrTIN & WiLL1ams have found an elegant proof that does
not require F to be differentiable. Let f be a differentiable function
of place z in some open, connected set J on which (VE(VHT = 1.
Then det Vf = =+ 1. If xp €.7, there is an open ball .¥ such that
X0 €. ¥ C J and that f is invertible in . If x € Y and y € ¥, let &€
be the line segment from y to X. Then

f(x) — f(y) z/ Vi(z)dz.
€
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Because |Qu| = |u| for any orthogonal tensor Q and any vector u,

if(x) — £(y)| = / |Vi(z)dz| = / ds=[x—-y|.
¥ €
Just the same argument applies to £~

x —y| = [f71(f(x)) — £ (f(y))| = [f(x) — £(¥)].

Comparison of these two inequalities yields

f(x) —£(y)| = |x —y|.

Therefore f preserves distances in .%. Since 7 is connected, the asser-
tion follows. If U = U, then grad(g, o x;') = FF~! = RR", which
must be constant in virtue of the preceding.

C(r) = F'(7)F(r). Use (11.8-7), and simplify.

The principal stretches v are the roots of det(B — v?1) = 0. B =
RCR’, and

cosf sinf O
[Rl=| —sinf cosf 0
0 0 1

since the principal axes are rotated about the x3-axis.

1 0 0 1 0 0
leagll =0 B2 0O}, [g*[=|0 R 0O, et
0 0 0 0 0 1

Calculate the physical components of B by employing

Bkm = B*™ /g B (no summation),

and compare with (I1.9-13), .

Use (I1.6-5) and (I1.9-5), to get (I1.9-19).

EuLer proved the statement by first differentiating the component
equations Xx, m +Xm,x = 0. The elegant proof of GURTIN & WILLIAMS
does not require that G be differentiable. Let the notations be as in
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Exercise 11.9.1. Then
[fx) — £¥)]-[x — y] = / [x — y1-V(z) dz.
4

Since ¢ is a straight line, dz is parallel to x —y, and so the integrand
is O if Vf is skew. Therefore

[f(x) — £(¥)]-[x —y] = 0. (A

This condition is equivalent to (1.10.1) in the present notation:
f=c+W(x-x), W' = —W = const. (B)

Indeed, that (B) = (A) is immediate. Conversely, by differentiating
(A) with respect to x we obtain

Vi) (x —y) + f(x) — f(y) = 0.

Differentiation with respect to y yields

— Vi(x)" — Vi(y) = 0.

Thus Vf is both constant and skew.

Show first that divk = E + tr G2, ,
The preceding exercise shows that in a rigid motion divk = —|W|2.
Use (I1.11-11) and (11.11-22) to obtain (I1.11-23), and then use Sec-
tion App.I1A.15.

G = 0,F(u)F~'(#)]4— . Use the polar decompositions of F(x) and
F(t), and then carry out the indicated differentiation to obtain

1

G=RR ' +RUU 'R

This equation can be written as

1 1

D+W=RR +IRUU  -UTOR’

+IR@UU™ +U'OR'.

Use uniqueness of the additive decomposition of a tensor into sym-
metric and skew parts to get (I1.11-26), 5. To get (I1.11-26), , start
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from (I1.11-26)3, and use C = U? and the polar decomposition the-
orem. (In fact, (II.11-26); is easy to derive directly, but from it as a
starting point there seems to be no obvious way to reach (I1.11-26); .)
The last relation follows from B = FF" and Flr-; = G.

G=@FF ) =FF" +F(F b, (FF Yy =0=FF H+FF);
hence (F~!): = F~1FF '

To get (I1.11-32), use Lelbniz’s rule to differentiate F,(7)"F,(7). To
get (I1.11-33), first prove that

m

C =F'A,F.

(A prescription for proving this formula is given in the text of Section
I1.14, where it is listed as (II.14-16).) Hence

(n+l1)
C = FTAIH—IF’

—FA,F+FA,F +FA,F.

Now use (I1.11-5).
A formula for the derivative of the determinant of an invertible tensor
is given in Exercise I1.5.1. Differentiating it yields

(detL)” = (detL)tr[LL™" — (LL™"Y?] + (detL) er(LL ™Y,

(detL)” = (detL)tr(f.L ™" = 3LL7'LL™ +2(LL7"))

+(detL) (---) + (detL)"(- ),

etc. If detL = 1 always, these relations reduce to

affL™ — @AL' =0,

L™ - 3EL LT F 2L 7Y = o,
etc. In an isochoric motion, we may substitute C,(«) for L. Putting u
for ¢, followed by use of the definition (II.11-31), yields (I1I.11-34); 3 .
The term involving the time derivative of highest order in the formula

(m
for (detL)™ is (detL)tr (LL“) , and so the general assertion of

the exercise follows.
Let x be a point of ., and let k be a vector in the tangent plane of
& at x. Then there are points y(#) on .¥ such that

y(h) = x + hk + o(h) as h — 0.
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Therefore,

X(x + Ak) — X(x)

Gk :=’}1_r% 7 ,

i X)) — %)
h—0 h

If X vanishes on ¥, the difference quotient on the right-hand side
vanishes, and so (II.11-38) follows. Now in (II.11-13) replace e by
n, a unit normal to the tangent plane at x; then denote by e a unit
vector in the axis of W, so that W = %wn Af, We = 0. Because of
(I1.11-38), Ge = Gf =0, and so

De =0, Df = —-Wf = —lwn,
the last equation being a consequence of (II.11-14),. Now since

Dn = (n-Dn)n + (e-Dn)e + (f-Dn)f = (n - Dn)n + (n - Df)f,
E =n-Dn + e.De + f.-Df,

it follows that

Dn = (n-Dn)n — Jwf,
E =n-Dn.
Hence (I1.11-39) follows. Because De = 0, e is a principal axis of
stretching, the corresponding principal stretching is 0, and detD = 0.

The second principal invariant of D is — %wz. Thus the characteristic
equation of D is

D(D* —ED — }w?) =0,

the solutions of which are (II.11-40).
11.11.12 From (I1.11-40) we see that

W2 = 1/[1 + (E/w)*).
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(F'F)" = F'F + a symmetric tensor. By choosing n successively as 1
and 2 in (I1.11-28) show that (F"(VX)F)' = F'(VX)F +a symmetric
tensor. Take the skew part of this relation to get (I1.11-42).

By (I1.11-44)

W=0 & W, =0.

Use (I1.11-28) to show that
G =¥F' =(GHF ' =G +G.

The skew part is (I1.11-48).
By (I1.11-48)

WP = W.(W, — DW - WD).

If dim ¥~ = 3, then for any skew tensor W and any symmetric tensor
D

W.(DW + WD) = WP (tr D — n-Dn),

in which n is either unit vector in the nullspace of W. Use of (II.11-
15) yields (I1.11-49), from which the conclusion of the exercise is
obvious.
In the proof of the theorem of Kelvin and Helmholtz replace the
assumption of steady density by the general equation (II.6-6), and
so obtain

2K = —/p'PvdV—/ pPyX-ndA,
R iE

generalizing (I1.11-58). Under the conditions stated in the exercise
the surface integral vanishes. In unbounded domains the condition
(I1.11-59) suffices to make the surface integral vanish. (The isochoric
instance is more fruitful because the student has at his disposition
the developed discipline called “‘potential theory”, while conditions
at oo for a mass density that depends upon x and ¢ are difficult to
ascertain in practice.)

The ellipsoid in k(%) is swept out by the termini of vectors m, such
that

const. = m|? = |Fm,-Fm,| =m,-Cm, .
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Let e;, e, e3 be an orthonormal set of unit proper vectors of C, so
that Ce; = vfe 7, where v; is the principal stretch corresponding to
e; . Let the co-ordinates of m, with respect to this basis be m*. Then
the above equation for the ellipsoid assumes in cartesian co-ordinates
the form

3
Z:(m")2 v,% = const.
k=1

Therefore, the principal axes of the ellipsoid are the principal axes

of strain at X, and the lengths of the semi-axes are inversely propor-

tional to the corresponding squared principal stretches. The extremal

properties of the principal stretches correspond inversely to the ex-

tremal properties of the lengths of vectors to points on the ellipsoid.
That the principal axes are not sheared, is the same as the statement

cos B, ,¢;) = 0;j , which is an immediate consequence of (II.12-6).
Since (I1.12-1) can be written in the form

X« (X, 1) = Xo + (X0() — Xo) + R(OUNX — Xo),
= Xo + (X0(?) — Xo) + V(OR((X — Xo),

the last statement follows immediately by aid of (I1.9-4).
Differentiate (II.12-6) after writing it as

Un, Um, €08 O(n, . m,) = D U?m, .

fx(%,t) f-dx = f‘(%,) f(X, t)-F(X, t)dX. Now on the right-hand side
differentiation can be performed under the integral sign.

The volume V of a tetrahedron whose vertices are Xy(#) and the
termini of p,, p,, and p,, is given in terms of the components pX
as follows:

V = emngPT P3P -
Hence
V = emng[G7 PIP5PS + G P P5PS +GIpTPiDS),
=({trG)V.

Put dx = tds, f = ftin (I1.13-1).
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By (11.13-7) and (II.11-8)
e =¢é—(D+ We. (A)

Since e.é¢ =0 and W is skew,

e-e° = —e-De.

Substituting this formula into (II.13-14) and then putting the outcome
into (A) yields (I1.13-15). If De = de, (I1.13-15) reduces to

e = We.

Cf. the discussion of rigid motion in Section I.10. For any vector m
we obtain from (II.13-15)

m-¢ = m-De + m: We — (e-De)(m-e).

Hence (I1.13-16) follows. All these conclusions apply to the position
vectors p in a homogeneous motion because p° = 0. Since m-n =
cos Bgn, my » (11.13-16); reduces to (I1.12-10) if m-n = O at the instant
in question. Likewise (I1.13-16); reduces to (II.12-15).

Let the vector field f be tangent to a vector line of S at the time 7.
Then f is tangent to a vector line of S for all ¢ = /¢ if and only if

(Sfy =0.

Hence by use of (II.13-4) and (I.13-7)
S°f + Sf° =0.

By (I1.13-12), there is a scalar field « such that f° = «f. Thus, f
too, has to be tangent to a vector line of S°: §°f = 0. Now recall
that two non-null skew tensors have one and the same vector lines if
and only if they commute.

The argument is phrased in terms of vortex tubes. These are sur-
faces swept out by the vortex lines through the points of some circuit
nowhere tangent to the axes of spin. The flux of spin has the same
value, at a given instant, for all like-oriented surfaces bounded by
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circuits embracing the tube just once (HeLmHoLTZ’s First Vortic-
ity Theorem). KELVIN’s argument, a classic example of conceptual
mathematics, may be found in LAMB’s treatise, in Section 128 of
CFT, and elsewhere.

PoincarE’s Theorem makes the hypothesis equivalent to WW, =
W,W. Exercise I1.11.12 makes the differential relation equivalent to
W.W, = 0. If neither W nor W, vanishes, the two requirements
are incompatible, for one requires the axes of the two tensors to
coincide and the other requires that they be perpendicular to each
other. If W = 0, then W, = 0, as is shown in Exercise II.11.12.
Thus W, = 0 is the only possibility, and clearly it is sufficient that
the two conditions be compatible.

Take x for ¢ in Masortr’s formula (Section App.IIC.6) to obtain for
w — QX a vector which for a screw motion must vanish because w
and x are collinear.

Put x for ¢ in the second formula for (2 in Section App.IIC.6, then
use (I1.13-23).

Take the curl of (II.13-23); then the inner product of the result and
x, and use (II.13-23).

Inspect (11.11-9).

As was remarked just after (I1.6-6), in a motion with steady density
div (px) = 0. Using (I1.13-23) delivers div [(p/)w] = 0, and so
w - grad(p/§2) = 0. Thus X is the tangent to one of the surfaces
p/$t = const.

If a screw motion preserves circulation, then taking the screw part
of the gradient of (II.11-9) yields w = 0. The conclusion follows
from (I1.13-23) and (11.13-24).

Begin as in Exercise 1I.13.11. For the first statement the condition
grad 2 X x = 0 is necessary and sufficient. The others follow by
taking curls of the preceding.

Referring to (1.9-14), for A(x* — x3) write w x p* and note that

%5 (Cge) — F(Cp) :/ w X p*.ds*,
&

=w-/ p* x ds*.
i1y

For a plane circuit % the vector delivered by the latter integral is
normal to the plane, and its magnitude is the area of the region
bounded by %. .
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By (II.8-7) and (II.14-6),

F;(r) = F*(r)F* ()7,
= Q(1)F(r)F~1(HQ(),
= Q(1)F(7)Q(?)".

Hence
R;(1)U; (1) = Q(7)R/(1)Q®)'[Q(H)U,(1)Q(1)"].

The conclusion (II.14-20) follows by the uniqueness of a polar de-
composition.

5 =/ bdM = Mh,
x(%,1)
?3:/ (X —Xg) AbdM,
x(B,1)
= / pdM Ab = pAMb,
x(Z,0)
by (1.8-28).
By (II1.1-50); and (III.1-46),

/tydA = ——/ t_ydA.
i4 —-&

The Lebesgue differentiation theorem gives ty = —t_ a.e.
Expand p(x — v) ® (X — v)n and p A[p(X — v) ® (x — v)n]; integrate
over the shape of #; use the divergence theorem; note that

div(pp ®X) = px + pdiv(px);

use (I1.6-6) for a motion with steady density, and note that x-n =0
on the obstacle.

Choose Ar such that A(A) = A(AZ') + A(A™). Then (I11.3-
11) and (II1.3-9), yield (I11.3-12). Hence

A@ A9) = A(AY) + A(AL™) + A(AY),
V(A9) =o(Ar?) as Ar — 0.
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The student would be well advised to draw a figure. Let 9’ be
the tangent plane to .¥ and 7 at x. With respect to cartesian co-
ordinates (x, y, z) with x-axis and y-axis in 77, let z = f(x, y) and
Z = g(x, y) be the representations of .¥ and 7 near x. Choose Ar
such that when x? + y? < Ar?, ¥ and 7 lie entirely between two
paraboloids z = + K(x2 + y?), where

K := max(|03f |, 19:0,f1, 10311, 0z81, 10:0,8, 193¢

Follow the same procedure as before.
Let C be a cube, and let two of its faces be normal to k. Then

/ tdA = 2(V(O)»k,
aC

and

lim / tdA =0,
V(©—0 J5c

[ 1o
acC

V(lcl:?l.o VO

but

= +w’

and so (II1.1-58) is violated, while (IIL.1-59) is not.
Immediate from (II1.4-1) and the definition of the transpose.
Prove the identity

div(v®8) = v®divS + (Vv)S7,
take the skew part, set v = X —Xg, and apply the divergence theorem.

Hold x fixed, and drop it from the notation; do not assume that
T' = T. Trivially (II1.6-10) < (I11.6-11), and

(I11.6-11) = (I11.6-8) & (I11.6-9).
Write (II1.6-9) in the form n-Tn = —p for all unit vectors n; let

n = cos § m +5sin 8 ny, n; and n; being unit vectors, and show that
n,-Tn, = —n,.Tn, . Hence conclude that

(111.6-9) & T=-p1+85,
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S being a skew tensor. If T is symmetric, (III.6-11) follows. Other-
wise it does not.
(II1.6-8) requires that

ltm)[> = n.T"Tn = p.

The conclusion just reached in regard to (II1.6-9) shows that T'T =
p*1 +a skew tensor, but this latter is 0 because T'T is symmetric.
If p =0, (II1.6-11) holds trivially; if p & 0, we have shown that
p~'T is an orthogonal tensor, say — Q. Then

n-t(n) = —pn-Qn.

If R is the rotation such that Q = + R, show that

n-Rn =1 -2n% sin® 16,

n, being the magnitude of the component of n normal to the axis
of R, and # being the angle of R. In order that n-Rn > 0 Vn, it is
necessary and sufficient that 1 — 2 sin? %0 > 0. Thus (II1.6-8) and

T = —pR, 0<f<jim or 2m<f=2m

are equivalent. If T is symmetric, R = R", and hence § = 0 or .
Since the latter alternative is excluded by the conclusion just drawn,
R = 1. Thus (II1.6-11) follows from (III.6-8) if T is symmetric.
Otherwise it does not.

The statement is really an instance of NoLL’s theorem in Section I.12
but is more than a century older. For an independent proof, hold ¢
fixed and consider the rigid transplacement defined as follows by a
constant vector vy , the position vector p, and a constant skew tensor
Wy : v =vy+ Wyp. Since a-Sb = S.(a ®b) for any skew tensor S,

P =vy. / tdA +/ pbdV
Ox(2,1) x(2, 1)

+ Wo- [/ t®pdA+/ pb@pdVJ.
Mx(P, 1) x(#, 1)

In order that P = 0 for all choices of vy and Wy, it is necessary
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and sufficient that the first bracket vanish and the second bracket be
symmetric.

Use (1.14-1), (I11.6-12), the divergence theorem, (I11.6-1), and (II.11-
8). In a rigid motion D = 0. In an isochoric motion trD = 0.
Substitute from (III1.1-7) and (II1.6-15) and (111.6-12) and use (II.6-
9) to obtain (III.6-17). Then (II1.6-18) and (II1.6-19) are easy to
obtain.

The existence of A, the influx of heating, first demonstrated by
Stokes, follows by use of arguments parallel to those that deliver
Caucny’s Fundamental Theorem (Section II1.4). The differential equa-
tion (I11.6-20) follows by appropriate substitutions in (III.5-1), which
delivers (I11.5-4).

(/D@TedA)e:/(e-Te)pdA,
o o

F
= A(uo/)épdA’

= Fpo(-%)-

Using subscript 1 and 2 to refer to quantities associated to the two
plane, parallel faces, if n; = e we must take n; as — e, and so
(I11.7-14) yields

1
V(%)
Equilibrium of forces requires that F; = F»; equilibrium of mo-

ments, that py(=/1) — py(=/2) be parallel to e.
Taking ¥ as p ®@p in (I11.7-3) yields at once

e-Te = [F1py(/1) — Fapy(/2)]-e.

Trkpq + Trqpk = qur .

Forming the combination indicated by (III.7-10); and then using
Cauchy’s Second Law yields

kaqr = qur .

Let the constant g denote the gravitational acceleration, let p denote
the density of the heavy liquid, and let z denote the distance down-
ward from the surface of the liquid. Then p = pgz on the surface of
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the submerged part of the body, say .. The resultant surface force
and surface torque upon x(4%, t) are, respectively,

fc = —pg/zndA,
7

F¢ = —pg/(x —Xg)AZndA.
i

The formulae used to denote the two integrands serve to extend them
smoothly to the interior of the part of x(Z#, t) below the plane z :=0.
(This fact expresses STeEvIN’s Principle of Solidification: The load
exerted by one part of a heavy fluid body upon another is unchanged
if either is replaced by a rigid solid.) Thus we can apply Green’s
transformation to express the two surface integrals as volume inte-
grals over the submerged part ¥". Since gradz = k, a unit vector
pointing downwards,

/yzndA = </de) k=V(")k.

Likewise

/(x-xo)AzndA =/(x—x0)dVAk,
¥ ¥
=P AV (YK,

p,, being the position vector of the center of buoyancy.’

To consider a heavy body, invoke the result of Exercise III.1.1

to conclude that the load on that body is equipollent to two parallel
forces: the weight of the body, acting downward at its center of mass,
and the weight of the displaced fluid, acting upward at the center
of buoyancy. Consideration of a simple vector diagram suffices to
conclude the exercise.
Since 9x(4, t) has a differentiable unit normal field n, that field
can be extended smoothly into a small region containing 9x(%, f) in
its interior. A standard theorem of differential geometry asserts then
that the mean curvature

k = 1diva. (A)

!To define the centroid of a region, in (1.8-28) replace M by ¥ and # by the region considered.
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If n is any differentiable field of unit vectors, and if ¢ is a constant
vector field, then in a 3-dimensional space

n.curl(n X ¢) = —c- (divm)n, (B)

n-curl{n X [e X (X —Xo)]} = —¢-[(x — Xo) X (divm)n].

By Kelvin’s transformation the integral of n-div(p A q) over a surface
& is equal to the value of a line integral around 0.%. If ¥ is a surface
without boundary, that value is 0. Thus the integrals of the right-hand
sides of (B) over dx(4%, t) both equal 0. Use of (A) completes the
proof.

By hypothesis, QK = KQ VQ. For Q take the reflection R, in the
plane normal to e. Then Rev = —v if and only if v is proportional to
e. But R.Ke = KR.e = —Ke, so Ke is proportional to e, no matter
what be e. Suppose now that Ke = e, Kf = 3f, K(e+f) = y(e+1).
Then ae + 8f = (e + ). Choosing e and f as linearly independent
shows that o« = 8 = .

Note. We may ask if the condition RK = KR for all rotations R
implies (IV.4-23). The answer is no if the dimension of the vector
space is 2, for then all rotations commute. If the dimension of the
vector space is odd, the answer is obviously yes, since the tensors
+ R exhaust the orthogonal tensors. The answer is yes also for
vector spaces of even dimension greater than 2 but is not so obvious.
It is easy to prove that a symmetric tensor which commutes with
every rotation is proportional to 1.

Follow the procedure given in the proof of (IV.4-2).

If g in (IV.4-1) is an affine function of F,

T = A + B[F],
A being a constant tensor and B being a tensor-valued linear function
of tensors. In order for this constitutive equation to satisfy the Prin-
ciple of Material Frame-Indifference, it is necessary and sufficient
that
Q(A +B[F])Q" = A +B[QF] (%)

for all invertible F and all orthogonal Q. Put F = C1, C % 0, to
obtain

QAQ" —A +Cf(B,Q) =0
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Since the real number C is arbitrary, both terms in this affine function
of C vanish. Because A commutes with all orthogonal tensors, A =
A1. The functional equation (*) reduces to

Q(B[F1)Q" = BIQF].

Taking Q = —1 shows that B[F] = 0. (Note. T = a1 + 8V does
satisfy the principle, but the right-hand side is not an affine function
of F.)

(IV.6-2) and (IV.6-3) are straightforward. A frame-indifferent, elas-
tic constraint equivalent to (IV.6-1) is of the form u(C) = 0, where u
vanishes if and only if v vanishes. This statement is logically equiv-
alent to the last sentence of the exercise. (Note that u and vy are
not claimed to be functionally dependent, though of course they may
be.)

Only (IV.7-14) requires care, because CaucHy’s Theorem in Section
IV .4 refers to a function whose domain is the space of all symmetric
tensors. If the domain of g is the subspace of traceless, symmetric
tensors, we define as follows a function f on all symmetric tensors:

f(D) := g(D — 3(tr D)1).

If g is affine and isotropic, so is f. Thus CaucHy’s Theorem applies to
f. Specializing the conclusion to traceless tensors D yields (IV.7-14).
Since t = —pn, the last statement follows at once from the formula
proved in Exercise II1.6.5. More generally, (II1.6-18) becomes

K+V=Pc=—/ px-ndV.
Ix(2, 1)

If p = const. on Jx (2, t), the right-hand side reduces to

-p / divxdV,
x(2,0)

which vanishes since the flow is isochoric.
A glance at (II.11-5) and (IV.9-7); gives the assertion.

det F(¢) = det[Fo(1 + tFy)] = detFo det(1 + ¢F)),
det(1 + #F;) = 1 + t(tr Fy) + 322[(tr F1)* — tr F}] + £* det Fy
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because the second principal invariant of a tensor S equals %[(tr S)2 —
tr §2].

Generalizing the spectral decomposition (IV.9-13), we allow not
only the latent roots of U but also the orthonormal basis vectors
to depend differentiably upon ¢. Then

3

U= Z(l’tkek er +uié, @e; + uiey éy),
k=1

and hence

3
UU-UU = Zui(ék e, — e @¢)
k=1
3
) urug(é - en)(eg @ex — e ®ey).
k,g=1

Because é; -e; + e - €, =0, k, g =1, 2, 3, a calculation yields
3
UU - UU = -1 > éeq(up —ug)(ex @€ — e @ex).
k,g=1

Consequently a necessary and sufficient condition that UU = UU is

ék-eq(uk—uq)2 =0, k,g=1,2,3.

If the orthonormal basis is constant in time, the statement of the
exercise follows. Another sufficient condition, obviously, is that U
shall have only one proper number. The student will distinguish and
assemble other solutions of the above differential equation.

For the first instance, write

3

X =xo() + ) _ur(tex ®ex(X —Xo),
k=1

and conclude the first statement following (IV.9-13). Taking the e;
as the axes, let the block be the region included by the planes X, =
+a; . Show that it is deformed into a similar block. Since it is
already proved that u; = ay + bt if ay > 0 and b > 0, the motion
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will be isochoric if and only if

3
H(ak +bht)=1 V1.
k=1

This condition holds if and only if @;@2a3 =1, by = by, = b3 =0.
For a pure stretch R = 0, R = 1. Use (11.11-26), and (I1.11-42).
For an unconstrained simple body T = ®(F"), and for the corre-
sponding incompressible simple body T = p(w —h)1 + ®(F’). F(¢)
is given by (IV.9-10). In the unconstrained body, every component
of T is determined uniquely. In the incompressible body, the func-
tion A is arbitrary. For example, if ©o = 0, then by choice of 4 we
may let any one of the tractions Ty, , T, , and T, be any function
we please, e.g. 0.

IfH,, H; Efx,then

6, (FFHH,) = §,(FH)) = §,(F),

where the first step follows because H; € o and the second be-

cause ﬁl €g, . Thus HH; € f‘. Similar arguments verify the
other axioms of a group.
Since @, satisfies Axiom N3,

@, (QF) = Q@, (FHQ'.
This statement when combined with (IV.12-6) implies that Q" €

The change of reference placement is described as follows by use of
the cartesian co-ordinates X, Y, Z:

=i

R? =24X +B, ©=CY +DZ +E,

NI

Z=FY+GZ+H,

A, B,...H are constants, and A(CG — DF) =1,
By NoLL’s rule Q* = PQP !, which can be written as

Q"RoUo = RyQQ"UoQ.

Use the uniqueness of the polar decomposition.
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X1 =\X,, X: =A\X,, Xi=uXs, ANF o,
then [P] = diag(\, A, ), and so if H e/a‘ , then NoLL’s rule gives
Hy Hy, =Hp
* x
[H]=) Hy Hp ;H23

LHy EHs, Hy

A A
If
cosp singp O
H=|-siny cosy O],
0 0 1
then H* = H. If
1 0 0
H=||0 cos¢ singl]|,
0 —siny cosyp
then

1 0 0
A
|0 0s — sin
H'] = cos o sing
0 —% sin ¢ cos p

Since in general P f oo, Ze will not be an invariant subgroup of ¢ .
Thusf:(z Rf‘R_l) will not be equal to/¢‘ .

Put Uy = K1 in Theorem 2.

Note that the right-hand side of (IV.17-3) depends upon x only
through p, /J.

Use (I1.11-53).
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For (IV.18-1) [D] = diag(—(a + b/r?), b/r?, a). For (IV.18-2)

—h/rr 0 0
[D] = . kit r
0

Clearly —h /r? is a principal stretching, and it is constant if and only
if h = 0. In that case the other principal stretchings are + % I/r.

In (IV.18-1) the constants ¢ and g may be removed by superposing
a rigid motion. Then

K=S(*-1, E=0, F=e%, L= -1,
2a a
while for (6)
A=1, B =2hs, C =1, D=0, K =ks,

E=Is, F=1, L=ms+1ilks

Substitute (IV.21-3) into (I1.8-8) to get (IV.21.13). The other re-
lations follow easily from the definitions (I1.11-2) and (I1.11-31).
The condition tr G = 0 is necessary and sufficient that the motion be
isochoric, so (IV.21-16) follows.

If A and B commute, then eAeB = eA+B,

The most general form of A, is

u a b
[Az] =f(a v ¢
b ¢ w

Remembering that (IV.21-22) does not hold, show that this A, com-
mutes with M — M as given by (IV.21-27) if and only if x = 0.
When A; = «l, by the lemma A, commutes with every skew ten-
sor. Therefore (M — MNA; = A((M — M"). Using (IV.21-15)3,
conclude that MM = M™M, and then arrive at (IV.21-26).
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If N® = 0, the Hamilton-Cayley equation reduces to

(tr N)N? = 1[(tr N)2 — tr N?IN.

Thus

N+0&N=0 = uN=0&tuN=0,

while

N2£0 = (UNN =0=1[trN)> —trN’IN?
=>[rN? =trN?] = uN=0 = uN’>=0.
Use (IV.21-15)4,7 to get (IV.21-30). Then (IV.21-31) follows by
use of (IV.21-14), and (IV.21-15);.

Use (I1.8-3) and (11.8-4) to obtain the relative description of the
motion whose spatial velocity field is (IV.21-33):

£ =Xx1, £ =(1 —DHux1 +x2,
£ =(r —D(\xy +vx2) + %(t — 7 urx; +Xx3.

Hence F,(7) assumes the form (IV.21-13) with the special values
Q=1and

0 0 0

[«Nol=(n 0 0y =IG],

AN v O
components being taken with respect to the cartesian co-ordinate
basis. Since («Ng)® = 0 and (kNg)*> = 0 <& pv = 0, the first

two assertions of the exercise follow. The relative description of the
motion whose spatial velocity field is (IV.21-34) is

b = x0T, k=1,2,3.
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Thus

e 0 0
Fl=| 0 e 0 | =[U];
0 0 e®

(IV.9-15) is satisfied; and the last sentence of the exercise follows
by the conclusion of Exercise IV.10.2.

Use (IV.21-15),, (I1.11-22), and the statement in Exercise IV.21.4.
A non-vanishing isochoric dilatation (IV.21.34) superposed on a
rigid motion of spin W, provides a monotonous motion of NoLL’s
third class. For it ¥ = |¥;|//2(a? + a5 + a1a3), which for a fixed
W, by choice of @, and g, gives¥) an arbitrary value in 0, oo[.
(11.8-3), (II.8-5), and (IV.21-39) show that

Fi(1) =1+ (7 — ' (x)N.

Cf. (IV.21-29), .

Using (I1.8-3) and (II.8-4), integrate (IV.21-44). So as to calculate
physical components of F,(r) with respect to {e;({)} and {e;(x)},
evaluate the quantities e;(£)-F,;(£)e;(x). Since the bases {e;(£)} and
{ej(x)} are orthonormal, there is an orthogonal tensor function Q
such that e; (£(7)) = Q(7)e;(x). Thus

ei(§)-Fi(7)e;(x) = Q(7)e;(x)-F(1)e;(x) = &;(x)- Q(7) F,(7)e;(x).

Now show that Fo(7) = Q(7)(1 + 7«Ng), where

0 00
[Nol]=||x O O with respect to the basis {e;(x)}.
g 00

Writing (IV.21-47) as iy = Rey, calculate the matrix of Ny with
respect to the basis {ix }.

Inspect (IV.15-32) and (IV.15-61) to show that (IV.21-50) and
(IV.21-51) are universal. Proceed as in Exercise IV.21.7 to show
by use of (I1.8-7) that the flows are monotonous and that N2 = 0.
Inspect the solution of Exercise IV.18.3.
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Use (IV.21-54); to perceive (IV.21-54); 3. Follow the method of
Exercise IV.21.7 and use its notations to obtain

£ = (x1 = f(x3)C + (x2 — g(x3))S + f(x3),
£ =—(x1 - f(x3)S + (x2 — g(x3))C +g(x3),

£ =x;3,

which delivers (IV.21-55).
From (IV.21-54),,3 conclude that

e® =1+ é(sin(ﬂr))G + %(cos(ﬂr) - HG?

and then use (IV.21-54); and (IV.21-55). Since G = —?G, com-
parison of (IV.21-54) with (IV.21-3) shows that N is not nilpotent
unless 2 = 0. Use (IV.21-54) to calculate the components of A,
A,, A;, and A4 and so establish (IV.21-58) when n = 1. Next,
suppose that if n = 4

A, = —0PA,_;. (%

If so, (I1.11-33) shows that

A, = -0 (Ap_3 +G'A,_3 + Ay3G) = —PA,,

whence by induction (x) is proved to hold if n = 4.

The conclusions of Exercise IV.21.14 show that A; = —?A,, and
so the third argument of (IV.22-1) may be replaced by ). Calculation
of A; and A, shows that they together determine Q unless f' =g’ =
0. In that case the motion is rigid, and so the assertion of the exercise
becomes trivial.
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Gazetteer

of Axioms, Laws, Theorems in the order of their first appearances

Axioms of Boolean Algebra

Axioms of Mass

Axioms of Forces

Theorems of NoLL, GURTIN, WiLLIAMS on Forces
Axioms of Rizzo and Theorems on Forces
NewToN’s View of Time and Space in the Principia
Theorems of PoissoN and NoLL on Central Forces
Theorem of KELVIN & TaIT

EuLER’s Theorems on Rigid Motion

Axioms of Mechanics

NoLL’s Axiom and Theorem on Working of Forces
Axioms of Inertia

EuLER’s General Laws of Motion

NEewToN’s Second Law

EuLer’s Differential Equation for Rigid Motion
General Theorem on Rigid Motion

EuLEr’s Theorem on Free Rotation

Axioms of Internal Energy

Integral- Gradient Theorem (Divergence Theorem)

377

7,10, 11, 14
16, 17
20, 22
21
26-28
33

42

43
51-55
60-62
62-64
65-70
70-71
71

73

74

75

81, 82
89, 90
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Polar Decomposition of Transplacement
EuLER-CAUCHY-STOKES Decomposition of
the Velocity Gradient
D’ALEMBERT-EULER Condition for Acceleration-potential
Theorem of KELVIN and HELMHoOLTZ to exclude
Irrotational Flow
Caucny’s Fundamental Theorem on Spin
Zorawsk1’s Criterion for Conservation of Flux
HermuoLrTz’s Third Vorticity Theorem
HeLMHOLTZ-Z0RAWSKI Criteria for Substantial
Vector Lines
HeLMHOLTZ’s Second Vorticity Theorem
HAMEL-MAaRRis Theorem
ZAREMBA-Z0RAWSKI Theorem on Frame-Indifference
EuLer’s Laws of Motion for Continua
Axiom on Forces in Continuum Mechanics
Decomposition of Forces in Continuum Mechanics
Lemma of GurTIN & WiLLIAMS for shared Area of Contact
Traction Theorem of GURTIN & WILLIAMS
NoLL’s Theorem of Action and Reaction
CaucHy’s Theorem on Balanced Forces
The CaucHy Postulate
CaucHY’s Fundamental Lemma
The HAMEL-NoLL Theorem
CaucHy’s Fundamental Theorem
GurTIN & MARTINS’ Sufficient Conditions for Stress to Exist
Caucny’s Reciprocal Theorem
General Field Equation
CaucHy’s Laws of Motion
Day’s Theorems on Free Bodies
NoLv’s Principles for Constitutive Relations (1958)
Theorem of CELLERIER and RICHTER on Elastic Materials
(reduced Constitutive Equation)
NoLL’s Theorem on Viscous Fluids
Transfer Theorem
CaucHy’s Theorem on Isotropic, Affine Functions
Stokes’s Constitutive Relation for a Linearly
Viscous Fluid

111

118
125

127
132
135
136

137
139
141-142
146
152, 154
156
157
159
162
163
165
170
171
172
174
178, 179
179
182
182, 183
193, 276
200-203

207
209
210
211

213, 214



GAZETTEER

Navier-StokEes Theory of Fluids

NoLL’s Reduction Theorem for Simple Materials

Principle of Determinism for Simple Materials
Subject to Constraints

CoLeMAN & TruespeLL’s Theorem on
Flows that Preserve Circulation

EuLer’s Theorem on Incompressible Eulerian Fluids
Subject to Lamellar Body Force

CoLeMAN & TruespDeLL’s Theorem on Homogeneous
Stretch Histories in Incompressible Bodies

NoLv’s Definition of Material Isomorphism

NoLL’s Rule for Peer Groups

NoLL’s Reduced Constitutive Equation for
Isotropic Materials

NoLL’s Definition of a Solid

TruespeLL & NoLL’s Theorem on Isotropic Solids

CoLeMAaN & NorL’s Theorem on Undistorted
Shapes of Solids

NorL’s Fundamental Theorem on Fluids

NorL’s Fundamental Theorem on Monotonous Motions

WaNG’s Corollary for Monotonous Motions in
Three Dimensions

NoLL’s Classification of Monotonous Motions

Reduction of Monotonous Motion to Material
of Complexity 3

Reduction of Viscometric Flow to RivLIN-ERICKSEN
Fluid of Complexity 2

213
215

220
227
228
235
237
241
244
265
265
269
271
281

283
286

292

293

379
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Index

Names of Persons are cited only when they serve to identify theorems or concepts, not for
attributions. The contents of the appendices are not indexed.

A

Abnormality, 142
Absolute continuity
of force in continuum mechanics, 157
of mass, 94
Absolute motion, 33
Absolute space, 33
Absolute, true, and mathematical time, 33
Acceleration, 36, 50, 59, 98, 104
Accelerationless homogeneous transplacement,
universal, 231
Acceleration-potential, 126, 142, 227, 234,
246, 247, 259-262
Action and reaction, NoLL’s theorems of, 63,
163
Adherence, 107, 124
Analytical dynamics, see Mass-points, Rigid
motion
Angle of rotation, 50

Angular momentum, see Rotational momentum

Angular velocity or speed, 50, 126, see also
Vorticity

APPELL’s vorticity theorem, 140

Applied force, 66, 67, 70-72

Applied torque, 66
ARCHIMEDES, 192, 193
Area of contact, 156
Axioms
of bodies, 7, 10, 11
constitutive
unconstrained materials, 200-202
constrained materials, 220
of energy, 81, 82
of force, 17, 22, 26, 60, 65-68, 156
of heating and energy, 81, 82
HAMEL's attempt, 6
HiLBERT’s problem, 6
of inertia, 64-70
of mass, 16, 17, 60
of mechanics, 60, 62, 65, 68
NoLL’s, see Axioms, constitutive; Axioms
of forces; Axiom of frame-indifference;
Axioms of mechanics
Axis
of inertia, 52-55
of rotation,
free, 74, 75



382

of change of frame, 49
of rigid motion, 51, 55, 75

of spin
of change of frame, 49, 5
of motion
general, 117-122, 124-126
rigid, 51-56

Background, 30
Balance
of energy, 82
equation of, 181, 182
of forces, 21, 25, 26, 41, 54
of mechanical energy, 186
of torques, 40, 63
BIERKNES’ kinematical theorem, 144
Bodies
continua, 86
general, 4, 5,
pairwise separate, 20
separate, 10
universes of, 7-15
Body
force, 151, 155, 157, 158, 162-164
freely spinning, 194
isolated, 71
null, 9
simple, 223
universal, 9
Boolean algebra, 7, 88
Boolean decomposition theorem, 14
Boolean distributive laws, 13
Boolean lattice, 7
BoLTzMANN’s theory of viscoelasticity, 213
Borel field, 18
Borel measure, 18, 86
Borel set, 18
Boundary conditions
of adherence, 107, 125
kinematic, 106, 107
negligible, 90
of place, 154
of pressure, 192
reduced, 89
of surface tension, 193
of traction, 154, 192
Bounds for mean stresses, 189
Buoyancy, 193

INDEX

C

CaccioppoLr sets, see Sets of finite perimeter
CaucHy'’s definition of isotropic, 243
CaucHy’s fundamental lemma on traction vec-
tor, 171
CaucHy’s fundamental theorem on stress ten-
sor, 174-177
CaucHY’s laws of motion, 182, 183
CaucHY’s postulate on traction vector, 171
CAUCHY’s reciprocél theorem, 179
CaucHy'’s theorem on isotropic functions, 211,
212
CaucHY’s theorem on spin, 132
CaucHY’s velocity -potential theorem, 125
CaucHY’s vorticity theorem, 101, 102
CAucHY-GREEN tensors, 92, 112
CELLERIER-RICHTER theorem in elasticity, 207
Center of buoyancy, 193
Center of mass, 43, 44, 71, 73-75
Centripetal acceleration, 50
Change of frame, 44-48, 143-147, see also
Frame-indifference, Frame-indifferent
Circuit, 124
Circulation, 124, 133, 140
Classification of monotonous motions, 286
Closed universe, 10
Coefficient of surface tension, 193
Coincidence of frames, 46
CoLEMAN & NoLL'’s theorems on solids, 269
CoLEMAN & TRUESDELL'’S extension of EULER’S
theorem on flows that preserve circula-
tion, 228
CoLeEMAN & TRUESDELL’s theorem on homoge-
neous stretch histories, 235
Complex-lamellar, 129
Complexity of material of differential type, 292
Conformal, 269
Conservation, see also Balance, equation of
of energy, see Energy, theorem
of mass, 19, 60
of mechanical energy, 186
of momentum, see Linear momentum, bal-
ance of; Rotational momentum, balance
of
Conservative force, 78, 153
Constant principal relative stretch histories, see
monotonous motions
Constitutive mapping, see Response
Constitutive modulus, 193
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Constitutive relations
axioms of, 200-203, 220
of elastic materials, 207
of fluids, 208-213, 270-273
general, 6, 194, 199-203, 214
of isotropic materials, 244, 245
reduced for frame-indifference, 215-217,
222,223
reduced for monotonous motions, 292-294
reduced for viscometric flows, 293, 294
of simple materials, 204, 206
Constraints, internal, 218-227, 233-236
Contact, 156
Contact forces, 151, 153, 154, 156-165,
172-174
*‘Continuity,”’ see Mass-density
Control surface, 167
Convected time-fluxes, 135-139
Coriolis acceleration, 50
Couple, 39
Crystal classes, 265, 267
Crystallographic axes, 266
Cut principle, 154

D

“‘D’Alembert paradox,’’ 169
D’ALEMBERT-EULER condition for flow that
preserves circulation, 125, 130
D’ALemBERT-EULER equation for density, 101
D’ALeMBERT-EULER formula for acceleration,

104
D’ALemBERT-EULER kinematical equation for
vorticity, 125
Day’s theorems on free bodies, 193-196,
276-278
Decomposition theorem of Boolean algebra, 14
Descriptions of motion,
referential, 96
relative, 109
spatial, 92
substantial, 96
Determinate stress, 220, 272
Determinism, principle of, 200, 201, 220
Differential type, material of, 292, 293
Displacement, speed of, 106
Distance, physical, 32
Distorted placement
of an isotropic body, 243
of a solid, 268
Distributive laws of Boolean algebra, 13

383

Divergence theorem (Integral-gradient theo-
rem), 87

Dynamic process, 198, 199, 202

Dynamical system, see Mass-point

Dynamics, 6, analytical, see Mass-points,
Rigid motion

E

Ease, placement at, 217
Efflux, 181
Egalitarian material, 242, 270, 271
Elastic fluid, 208, 233
Elastic constraint, 208
Elastic material, 207, 208, 222, 223
Elastostatics, 208
Energetically perfect, 81
Energy
internal, 80-82
kinetic, 37, 40, 56
mechanical, 186
potential, 77, 78, 186
Energy theorem
for incompressible elastic fluids, 223
for rigid motion, see Energy, mechanical
for systems of mass-points, 78
total, 79, 82
Envelope, 8
‘‘Equation of continuity,’’ see Mass-density
Equation of balance, 181
Equations of motion for simple bodies, 223,
225, 226, 230
Equilibrated, pairwise, 21, 28
Equipollent, 153
Equivalence of
balanced torque and mutual forces, 43
heat and work in cycles, 81, 82
superposed rigid motions and frame-indif-
ference, 203
Equivalent processes, 199
Euclidean point space, 30
EuLER acceleration, 50
EuLer’s differential equation for rigid motion,
73
EuLER’s laws of motion
general, 70, 71
of continuum mechanics, 151, 154
EuLer’s referential equation for density, 100,
see also D’ ALEMBERT-EULER equation
for density
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EuLER’s spatial equation for the density, 101

EuLER’s tensor, 53

EuLER’s theorems on rigid motion 51-56,
73-75

EuLer-CaucHy cut principle, 154

EuLErR-CaucHY-SToKES decomposition, 118

**Eulerian’’ description, see Spatial description

Eulerian fluid, see Elastic fluid

Event, 29

Event world, 29

Expansion, 119

Experiments, 205, 206, 229, 238

Exterior, 10, see also Boundary conditions

External applied force, 66, 71, 72

External body force, 151

External force, 153

Extrinsic applied force, 72

Extrinsic force, 153

“F=MA>T1
Field equation
continuum mechanics, 182, 183
general, 182
Finite perimeter, sets of, 88
Fit region, 90, 91
Flow, 99, 208, 270
about a submerged object, 167
in a stationary container, 166
in a pipe, 166
plane, 102
steady, 99
subject to surface tractions alone, 226
universal, 228
unsteady, 99
Fluid
body, 273
crystal, 278, 279
elastic, 208, 223
incompressible elastic, 223
linearly viscous, 209, 212, 213
simple, 241, 270-273, 292-294
Flux, see also Time-fluxes,
of a skew tensor through a surface, 135
of spin (vorticity), 136, 139
Force, 5, see also Forces, system of
applied, 66, 70, 71
axioms of, 20, 22, 26, 27, 60, 62
balance of, 21, 25-27, 41

body, 151-155, 157, 158, 162-164
conservative, 78, 153
contact, 151, 153, 154, 156-165, 172-174
discrete, 24-26, 40-43, 72, 77-79
exerted by one body on another, 20
external, 72, 120
extrinsic, 25, 26, 72
frame-indifference of 60, 70, 155
general, 5, 19-29, 41-43, 72, 78
mutual, 24, 25, 41-43, 72, 78
pairwise equilibrated, 21, 28
resultant, 20, 21, 155
self, 26-28
Forces, system of, 19
extrinsic, 24
mutual, 24
Frame, see also Frame-indifference, Change
of frame
generalized, 31
inertial, 65-75
of reference, 31
rest, 51, 74
rigid, 30
Frame-indifference
conditions for, 144, 145
of constraints, 218, 219
of dynamic process, 198, 199, 218, 219
of fluid, 200
of force, 60, 61, 70, 155
of mass, 60
material, 202, 203, 208, 213, 218
of potentials, 79
of RIvLIN-ERICKSEN tensors, 174
of stress tensor, 180
of stretching, 146
of working, 62, 63
Frame-indifferent, 57, 58
in g, 58
Frame of reference, see Frame-indifferent
Free body, 193-196, 276-279
Functional, memory, 201
Fundamental theorems, see Gazetteer, p. 377

G

Galilean class, invariant, transformation, 58,
59, 67

General balance, 181

General field equation, 182

General principles of mechanics, 6

General relations, 6
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Generalized frame, 31

Geometry, 4, 5

Gradient of relative transplacement, 110
Gravity, uniform, 153

Great system, 64

Greatest common part, 8
GURTIN-WILLIAMS’S lemma, 159, 160
GURTIN-WILLIAMS'S traction theorem, 162

H

HaMEL-NoLL theorem on traction, 172-174
Harmonic functions, 127
Hausdorff measure, 88
Heat, 7
Heat and work, equivalence in cycles, 81
Heatings, 80
Heavy liquid, 192
Helical flow, 288
HeLMHOLTZ vorticity theorems
second, 139
third, 136
HELMHOLTZ-ZORAWSKI criterion for material
vector lines, 137
HiLeerT’s problem, 6
History of a function, 116
Homeomorphism, 86, 89
Homogeneous body, 238
Homogeneous incompressible body, 225
Homogeneous irrotational transplacement his-
tory, 215
Homogeneous pure stretch history, 215
Homogeneous reference placement, 223, 225
Homogeneous stretch history of incompressible
body, 235
Homogeneous transplacement
general, 129-133
incompressible body, 233-236
possible, 230
unconstrained body, universal if and only if
accelerationless, 229-233
Hotness, 7
Hydrostatic axis, 193
Hydrostatic loading, 188
Hydrostatic stress, 184, 185, see also Eulerian
fluid
Hydrostatics, 271

Ideal fluid, 208
Impenetrability, 37, 101

385

Incompressible body
equations of motion, 225, 226
homogeneous, 225
in homogeneous stretch history, 235
in homogeneous transplacement, 232
Incompressible material,
elastic fluid, 222
isotropic, 244
viscous fluid, 223
Inertia
axioms of, 64-71
moments of 53
principal axes of, 53-56, 75
tensor of, 53
Inertial forces, torques, 69
Inertial frame, 65-75
Galilean, 67
Inextensible material, 222
Instant, 5, 29-32, see also Time
Integral-gradient theorem, 87
Internal constraints, 218-223, 227-229
Internal energy, 80-82, 186
Intrinsic speed of propagation, 108
Invariance under superposed rigid motions, 203
Invariants, principal, 54
Inviscid fluid, 213
Irrotational motion (flow), 118, 120, 121,
126-128, 140, 142, 215, 235
Isochoric, 101, 102, 103, see also Incompress-
ible body
Isolated Body, 71, 193
Isometry, 44
Isomorphism, material 236, 237
Isotropic body, 245
Isotropic fluid, 209
Isotropic function, 209, 211
Isotropic material, 209-241, 243-245, 266
Isotropic solid, 265, 266
Isotropy group, see Peer group, peers

J

Join, 8

Joos’s test for inertial frame, 67
K

KEeLVIN’S circulation theorem, 139

KELVIN’s transformation, 124, 139

KeLviN & TaIt’s theorem on linear momen-
tum, 43
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Kinematic boundary, 106

Kinematics, S, 6, 86-147, 280-292
Kinetic energy, 37, 40, 56, 76, 78, 82
KONIG's theorem on kinetic energy, 56

L

LacraNGE-CAUCHY velocity - potential theo-
rem, 125

‘*‘Lagrangean’’ description, see Referential de-
scription

Lamellar flow, 127

Lamellar force, 153, 186, 226

‘‘Laplaces’s equation,”” 127

Lattice
Boolean, 7
crystal, 268

Laws of motion
basic, for continuum mechanics, 154
CaucHy’s, 182, 183
EuLer’s, 70, 71, 151
NEWTON’S, 22, 66-68
Length, unit of, 32
Linear momentum
axioms of inertia, 65, 66
balance of, 182
definition of, 37
EuLER’s law of, 58, 70, 151
rate of change of, 38, 154
relative, 169
of system of mass-points, 40, 72
theorem on center of mass, 43
transport of, 105
Linearly viscous fluid, 209, 212, 213
Load, 187, 192
Local action, principle of, 201
Local transplacement, 99, 204

M

Mass, see also Center of mass
absolute continuity of, 92
assignment of, 5
axioms of, 16, 17, 60
boundedness of, essential, 94
conservation of, 19, 60

Mass-density
definition of, 92, 100
properties of, 92, 93
referential equation for, 100
spatial equation for, 101

INDEX

Mass flow, 166
Mass function, 16
Massless, 17
Mass-point, definition of, 19, 23, 24
Mass-points, systems of, 23-26, 40-43, 72,
73, 77-79, 268
Massy, 16
Material, 6, 200, see also BoLTzMANN’s the-
ory, Constitutive relations, Elastic
material, Fluid, Homogeneous body,
Incompressible material, Isotropic
material, RivLIN~- ERICKSEN material,
Solid, STOKES’s constitutive relation,
Surface tension, Uniform body
classical examples of, 206-214
definition of, 119-202
derivative, see Substantial derivative
description, see Substantial description
of differential type, 292, 293
egalitarian, 242, 270, 271
frame-indifference, 202, 204, 206-209, 213,
214, 280
ideal, 6, 194, 200
incompressible, 223
isomorphism, 237-239
point, 15, 200
simple, 204-294
symmetry, 243
Materially uniform body, 237
Mathematical model, 5
Mean values of stress, 187-192
Measure, 17, 18, 22, 86, 88, 93
Mechanical energy, 186
Mechanically perfect, 76, 82, 186
Mechanics,
axioms of, 60, 62, 65, 68
nature of, 5, 6
Meet, 8, 14
Memory functional, 201
Model, mathematical, 5
Moment, moments,
of force, see Torque
of inertia, 53
of momentum, see Rotational momentum
of stress, 189
Momentum, see Linear momentum, Rotational
momentum
Monotonous motion, 279-292
determination by RivLIN-ERICKSEN tensors,
283



INDEX

fundamental theorem, 281
Motion
absolute, 33
of body, 48
of center of mass, 73
definition of,
descriptions of, see Referential, Relative,
Spatial, Substantial
equations of, for simple bodies, 223-225,
228
laws of, 22, 66-68, 70, 71, 151, 154, 182,
183
preserving circulation, 139-141
universal, 228
Mutual forces, 24, 25, 41-43, 72, 78
body force, 162
central, 42
resultant, 25

N

n™ velocity, 36, 91, 123
‘“Natural state,”’ see Ease, placement at
Navier-Stokes theory of fluids, see also
STOKES’s constitutive relation, 212, 213,
223
‘‘Newtonian equations,”” 72
NEwTON, 6
NEwTON’s laws and views
first law, 34, 66
Principia, 33
second law, 71
space and time, 33
third law, 22
NotrL’s axioms
of constitutive relations, 200-202
of forces, 20-23
of frame-indifference of forces, 62
of mechanics, 60-63
NoLL'’s corollary on systems of forces, 21
NoLL’s definition,
of fluid, 270-273
of isotropic, 243-245
of peer group, 238-241
of solid, 265, 266, 268, 269
NoLL’s reduction
for fluids, 271-273
for isotropic materials, 243, 244
for simple materials, 215-217
Nouv’s rule on peer groups, 238-241

387

NoLL’s theorem

of action and reaction, 63, 163

of isotropy of linear fluids, 209

on monotonous motions, 281, 282
NoLL, GURTIN & WiLLiaMS’ theorem, 21
Normal traction, 179
Null body, 9

Observer, 30, 31

Occupy, 35

Open sets, regularly, 15, 16, 87
Orientation, relative, 46

Orthogonal members of peer group, 240
Orthogonal transformation, tensor, 32
Orthotropic, 265, 266

Outer normal, 88

P

Pairwise equilibrated, 21, 28
Pairwise separate, 20
Part of a body, 7, 8, 87
Particle, see Substantial point
Particular relations, 6
Partially ordered set, 7
Passive universal body, 26, 27, 29
Past history, 217
Path of substantial point, 138
Peer group, peers, 238-245, 265-272
Perfect fluid, 213
Perimeter, 88
Physical distance, 32
PioLa stress, 180
Piora’s power theorem, 185
Place, places, S, 30, 33
Placement, see also Motion, Transplacement
definition of, 86
at ease, 217
reference, 94, 108, 109
POINCARE's assertion about incompressible ma-
terials, 222
PoINCARE’s theorem on vortex lines, 139
Point
material, 15, 200, 206
substantial, 15, 35, 133, 200
simple, 206
Point space, Euclidean, 30
Poisson’s theorem on mutual forces, 42
Polar decomposition, 111
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Polar moment of inertia, 53
Position vector, 43
Potential
of acceleration, 126, 234
energy, 77, 78, 186
flow, 127
of forces in system of mass-points, 77-79
frame-indifference and balance of rotational
momentum, 79
function, 77
of lamellar body force, 153, 225, 226
of mutual forces in systems of mass-points,
78
of velocity, see Irrotational motion
Power, 76, see also Working, Stress power
Prescribed traction, 192
Present shape, 35, 86
Present time, 33, 35
Preserved circulation, 139
Pressure
boundary, 192
definition of, 154
function, 208
tensor, 175
Principal axes
of inertia, 53, 75
of strain, 111
of stress, 184
of stretching, 117
Principal stresses, 112
Principal stretches, 112
Principal stretchings, 117
Principle of
action and reaction, 63
determinism, 200
local action, 201
material frame-indifference, 202
Process, dynamic, 198
Processes, equivalent, 199
Propagation, speed of, 108
Pure stretch, 112, 232, 234-236

Q
Quasi-equilibrated, 263

R

Rational mechanics, 5, 6
Rational thermomechanics, 7
Reaction

on container, 166

on pipe, 166

on submerged object, 167-169
Reduced boundary, 89
Reduced constitutive equations

of fluids, 271, 272

of unconstrained materials, 215-217
Reduction theorem

for isotropic materials, 244

for monotonous motion, 292

for simple materials, 215

for viscometric flow, 293
““Reference,”” 30
Reference placement,

change of, 108, 109

definition, 94-96

homogeneous, 223, 225

homogeneous and undistorted, 245
Reference shape, 94
Referential description, 96, 97
Referential equation for the density, 100
Region

material, fit, 90

substantial, 134
Regularly open set, 15, 16, 87
Relative constitutive relations, 216, 217
Relative description, 109, 110
Relative orientation, 46
Relative space, 34
Relative transplacement, 109, 110
Relative tensors (CAucHY-GREEN, rotation,

stretch, erc.), 113
Relative transplacement history of monotonous
motion, 283

Response, 204-206, 229
Rest frame, 51, 52; unique, 74
Resultant applied body force, 152
Resultant contact forces vanishing in limit, 165
Resultant extrinsic force, 25
Resultant force and torque, 20
Resultant heating, 80
Resultant mutual force, 25
ReyNoLDs transport theorem, 105
Rigid body, 56
Rigid class, 59
Rigid frame, 30, 34
Rigid material, 222
Rigid motion, 51-56
Rigid transformation, 59
Rigidity, 222
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RivLiNn-ErickseN fluid, 293
RivLIN-ERICKSEN tensors, 123, 147
Rizzo’s axioms, 26-29
Rotation, 32; see also Orthogonal tensor, Spin,
axis of, 50, 51, 54
Rotation tensor, 111, 113
Rotational flow, 119-121, 130, 139, 142
Rotational momentum
balance of, 182
definition of, 37
EuLer’s law of, 70, 71, 151
rate of change of, 38, 154
of rigid motion, 54-56
of system of mass-points, 40, 72, 73
theorems on change of reference place, 38,
44

S

Screw motion, 142, 143
SEGNER’s theorem, 53
Sets of finite perimeter, 88
Self-force, 26-29
Self-torque, 41-42
Semi-inverse method, 245
Separate bodies, 10
Shape, 5, 34, 35
Shape, reference, 94
Shapes, universe of, 86, 87
Shear, simple, 114
Shear stress, 179
Shear traction, 179
Shearing

general, 131

simple, 120, 223
‘‘Sigma’’-algebra, 18
S1GNORINI-GRIOLI theorems of mean stress,

189, 192

Simple body, 223
Simple constraint, 218
Simple material point, criterion, 205, 206
Simple materials, 204, 215, 294
Simple shear, 114, 115
Simple shearing, 120, 231, 232
Simple torques, 39
Simple torsion, 116
Simple vortex, 120
Simultaneous, 30
Skew forces, 21
Slowness, 105

389

Solid
in general, 264-270
isotropic material, body, 265, 266
Space, relative, 34
Spatial description, 97
Spatial variables, 97
Specific volume, 103
Speed of propagation, 108
Spatial equation for density, 101
Spin
of change of frame, 48, 49
of rigid motions, 51
tensor, 117-122, 124-126, 136, 139, 140,
142, 143
Stagnation point, 99
Statics, 6, 208
Stationary wall, 106
Steady axis of rotation, 55
Steady flow
in general, 99
lineal, 288
Steady streamlines, 138
SToKES’s constitutive relation of linearly vis-
cous fluid, 212, 213
StokES's power formula, 185
‘*Stokes’s theorem,’” see KELVIN's transforma-
tion
Strain, see also Principal axes of strain
Strain ellipsoids, 130, 131
Stream function, 102
Streamline, 138
Strength of an irrotational vortex, 120
Stress
determinate, 220
hydrostatic in mean, 188
normal and shear, see traction, normal and
shear
power, 185
tensor, 174180, 220, 221
vector, see traction
workless, 220
Stretch, stretches
general, 130
principal, 112, 113
pure, 112
Stretch tensors, 111
Stretching tensor, 117, 118
Stretchings (scalars), 131
Subbody, see Part of a body
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Substantial
derivative, 104
description, 96
line, 134, 137, 140
point, 15, 35, 133
region, 134
surface, 106, 134, 135, 137, 139
vector lines, 136
Substantially stagnant, see Monotonous motion
Superpose, 99
Superposed rigid motions, 203
Supply, 181 ’
Surface tension, effect of, 276
Surface tractions, 226, 228
Symmetry, see Peer group, Peers
System, see Force, Mass-point, Torque

T

Temperature, 7
Tension, 154, 175
Tensor
CAaucHY-GREEN, 112
EULER, 53
of inertia, 53
orthogonal, 32
rotation, 91, 92
spin, 117, 118
stress, 174-180, 220, 221
stretch, 91-93
stretching, 117, 118, 131
Time, 32, 33
Time-fluxes, 134-137
Topological space, 18
Torque, 39-43, 62, 63, 66, 69-71, 73, 151,
152, 154
Torsion, 116
Traction
CaucHhy’s postulate and lemma on, 170, 171
field, 154
GURTIN & WiLLiAMS’ theorem on, 162
HaMEL-NoLL theorem on, 172-174
normal and shear, 179
Transplacement
definition of, 95
gradient, 99, 108, 110, 111, 205, 206
homogeneous, 129-133, 205, 206
relative gradient, 109, 110, 117
Transport theorem, 105

INDEX

Transversely isotropic, 265, 266
Triclinic, 265

U

Unconstrained homogeneous bodies, 229
Unconstrained material, 218
Undistorted placement
of isotropic material, 243, 268
reference, 245
of solid material, 266, 269
Uniaxial stress and load, 188
Uniaxial tension, 184
Uniform, materially, 237
Uniform pressure, 192
Unique rest frame, 74
Units, 18, 19, 32, 69
Universal body, 9, 10, 26, 27
Universal flows, motions, transplacement, def-
inition of, 228
Universal flows of simple fluids, 273-276
Universal homogeneous transplacements, 229,
230
Universal transplacements of incompressible
bodies, 246-264

Universe
Boolean, 7
closed, 10

examples of, 15, 16
of shapes, 86, 87
Unsteady, 99

A\

Vector lines, 136

Vector-valued measure, 22

Velocity, n'" velocity
definition of, 36

field, 98
gradient of, 118
on a wall, 107

Velocity-potential, 127
Viscometric basis, 228
Viscometric flow, 286, 294
Viscosities, 213
Viscous fluid, 209, 211-213
Viscous fluid, incompressible, 223
Viscous material, 213
Vortex, see also Spin, Vorticity
lines, 139-142
simple, 120
surface, 139
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Vorticity, 119, 121, 122, 124-126, 140, 141

Vorticity equation, 227

Vorticity, flux of, 136

Vorticity number, 121, 122, 287, 288, 290,
292

w

Wall
stationary, 106, 107
velocity on, 107

WaNG’s corollary on monotonous flows, 283
Work theorem for rigid motions, 63, 64
Working, 39-43, 62-64, 76-79

Workless stresses, 220

World-line, world-tube, 34, 46

Z
ZAREMBA -ZORAWSKI theorem, 146

ZorawsklI’s criterion for conservation of flux,
135
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