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Preface

The investigation of nonlinear systems with a small parameter is attributable
to a lot of modern problems of mechanics, physics, hydrodynamics, electrody-
namics of charge-particle beams, space technology, astrodynamics, and many
others. The key problem in solution of various applied problems is that of the
stability of solutions of systems of equations in various senses. The methods
of the classical stability theory, if appropriately adapted, may be applied to
systems containing a small parameter.

The progress in solving problems of the theory of stability and nonlinear
perturbations is associated with finding ways, around significant difficulties
connected with the growth of the number of variables characterizing the state
of a system, which may include critical variables. In addition, the presence
of critical variables may result in a situation when not only the first ap-
proximation cannot solve a stability problem, but also the further nonlinear
approximations below some order cannot solve it.

New approaches recently developed for systems with a small parameter
include the following:

A. The development of the direct Lyapunov method for the study of the
boundedness and stability of systems with a finite number of degrees of free-
dom with respect to two different measures.

B. The analysis of stability on the basis of the combination of the con-
cepts of the direct Lyapunov method and the averaging method of nonlinear
mechanics for some classes of linear and nonlinear systems.

C. The generalization of the direct Lyapunov method on the basis of the
concepts of the comparison principle and the averaging method of nonlinear
mechanics.

D. The development of the method of matrix-valued Lyapunov functions
and its application in the study of stability of singularly perturbed systems.

The core subject of investigation in this book is the systems with a small
parameter, including nonlinear systems of weakly connected equations. Here
approaches A —D are applied and developed when solving specifically defined
problems.

The monograph consists of five chapters, and their content is outlined
below.

The first chapter provides description of the mathematical foundations of

xi



xii

the methods of qualitative analysis of systems with small parameter. Namely,
it contains the necessary information from the theory of integral and differ-
ential inequalities, the comparison technique, and the main theorems of the
direct Lyapunov method. In this chapter, stability definitions for systems with
small parameter are discussed as well as their relationship with the classical
Lyapunov definitions.

The second chapter contains the results of the development of new ap-
proaches to the problem of the boundedness of motion of weakly connected
nonlinear systems. The direct Lyapunov method and the comparison tech-
nique are applied in this chapter to establish the conditions for the bounded-
ness of nonlinear systems with respect to two different measures. The results of
the analysis of the dynamical behavior of an individual subsystem in a complex
system of weakly connected equations are given, which were obtained via the
application of strengthened Lyapunov functions. The uniform boundedness
and the uniform ultimate boundedness are in terms of the vector Lyapunov
function and the theory of M-matrices. The final section of the chapter deals
with the problem of the boundedness of solutions of the Lienard oscillator with
weak damping, the boundedness of solutions of the Lurie-Postnikov system,
and the boundedness of solutions for nonlinear systems with weak nonlinear
constraints.

In the third chapter, the application of the direct Lyapunov method and
the comparison technique is set forth for solving the problem of stability of
solutions of a weakly connected system of differential equations. The anal-
ysis is carried out under different assumptions on the connection functions
of subsystems. The sufficient conditions for asymptotic and uniform asymp-
totic stability were established based on the auxiliary vector function. Also, a
general problem on polystability of motion of a nonlinear system with small
parameter is formulated. In the section dealing with applications, some prob-
lems of the automatic control theory are considered.

The fourth chapter contains the description of one general approach to
the study of stability of solutions for nonlinear systems with small perturbing
forces. This approach is based on the generalization of the direct Lyapunov
method combined with the asymptotic method of nonlinear mechanics. In
addition, generalizations of the main Lyapunov theorems on stability and
Chetayevs theorem on instability for the class of systems under considera-
tion are given. Due to the difficulties arising in construction of solutions for
a degenerate system, an approach associated with the substitution for its ex-
act solution by the solution of a limiting system is discussed in the chapter.
Systems of weakly connected oscillators are considered as applications.

The fifth chapter is dedicated to the analysis of stability of singularly per-
turbed systems. For this purpose the generalization of the direct Lyapunov
method on the basis of matrix-valued functions is applied. The proposed ap-
proach enables one to reduce the requirements to the dynamic properties of
a singular system and the boundary layer and obtain new conditions for the
asymptotic stability of the initial system. The proposed approach is applied



xiii

in the analysis of stability of large-scale singularly perturbed systems. As an
engineering application, the singularly perturbed Lurie-Postnikov system is
considered.

The fifth chapter gives an account of results of the analysis of hybrid sys-
tems with weakly connected subsystems on the basis of the generalization of
the direct Lyapunov method. Both vector and matrix-valued auxiliary func-
tions are applied here.

Thus, this book contains the description of the main approaches to the
analysis of stability of solutions of systems with a small parameter, which
have been developed for the last four decades. Those approaches do not ex-
haust the given problem, but they may help solve many applied problems
of the modern technique and technologies. In addition, their certain “incom-
pleteness” leaves room for further search of more effective approaches in this
line of investigation.

The Member of the Academy of Sciences Yu. A.Mitropolsky has more
than once drawn the authors’ attention to the necessity of the development of
methods of qualitative analysis of systems with a small parameter that could
be used in engineering. The proposed approaches provide a kind of answer
to this problem in the context of the modern development of the qualitative
theory of equations.

The main results given in this monograph were obtained in the department
of stability of processes of the Institute of Mechanics of the National Academy
of Sciences of Ukraine in the period of 1978 -2010 in the frame of the depart-
ment’s subject of scientific investigation: the development of qualitative and
analytical methods of the analysis of dynamics and stability of functioning of
complex nonlinear and controllable systems, including systems with structural
and stochastic perturbations, and with aftereffect.

This subject is the extension and further development of some lines of
investigation conducted in the institute by Member of the Academy of Sciences
N.M. Krylov and N.N. Bogolyubov'.

In the process of the above investigation, some issues were discussed with
Professors T.A.Barton, V.I.Zubov, V.Lakshmikantham, V.M. Starzhinsky,
D.D. Siljak, and others.

Separate parts of this book were written by: A.A. Martynyuk (Chapters
1-3, 5); L.N. Chernetskaya (Chapters 1, 4), and V.A. Martynyuk (Chapters 2,
3). The chapters attributed to two authors have been written by both of them
together.

1See the bibliography of the works of N.N.Bogolyubov in nonlinear mechanics in the
article of A. A. Martynyuk, E.F.Mishchenko, A. M. Samoilenko, and A.D.Sukhanov, Aca-
demician N.N. Bogoliubov, Nonlinear Dynamics and Systems Theory, 9(2) (2009) 109-115.
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Chapter 1

Preliminaries

1.1 Introductory Remarks

For the mathematical simulation of many processes of the real world, sys-
tems of nonlinear differential equations are used which contain a small positive
parameter y participting in the determination of the time scale of the process.
In general, the equations have the form

W ¥itym, vlto)=w, (1.1.1)
where y(t) € R" is the vector of the state of a system at a point of time ¢ € R,
R=(—00,4), to E Ry, Y: Rx R*x M — R™, M = (0,1], p is a small
parameter.

Section 1.2 contains Gronwall-Bihari fundamental inequalities, differential
and integral inequalities applied in the book.

In Section 1.3, theorems on the dependence of solutions of a system of dif-
ferential equations on the parameter p are formulated. Here it is also demon-
strated that the application of a finite majorizing equation instead of a differ-
ential equation essentially improves the estimate of the radius of convergence
of series, which represent a solution of a system in powers of the parameter.
In addition, the well-known theorems of extendability of solutions are quoted,
as well as the Poincare theorem on presentation of solutions in powers of a
small parameter.

In Section 1.4, the original Lyapunov definitions of various types of stability
of motion are given.

Section 1.5 contains the basic theorems of Lyapunov direct method on the
basis of a scalar Lyapunov function.

Section 1.6 contains the basic theorems of the principle of comparison with
the scalar and vector Lyapunov functions.

In the concluding section, the definitions of the main types of u-stability
of solutions of a system with a small parameter are given. The connection
between Lyapunov stability and u-stability is demonstrated with a number of
specific examples.

Thus, Chapter 1 contains a set of known and new results which constitute
the basis for the mathematical analysis of solutions of systems of differential
equations with a small parameter.



2 Weakly Connected Nonlinear Systems

1.2 Fundamental Inequalities
1.2.1 Gronwall type inequalities

To begin with, we take one of the simplest integral inequalities that are
used most often.

Theorem 1.2.1 Let the functions m,v € C(R4+,Ry). Assume that for
some ¢ > 0 the following inequality holds:

t

m(t) <c+ /v(s)m(s) ds, t>ty>0. (1.2.1)
Then .
m(t) < cexp [/v(s) ds}7 t > to. (1.2.2)

Proof Denote the right-hand part of the inequality (1.2.1) by z(¢). Here
z(tg) = ¢, m(t) < z(t), and 2'(t) = v(t)m(t) < v(t)z(t) at all ¢ > ty. Since

con (- [ 1)~ - [ o)

then

%(z(t) exp (— ]U(S) d5>> <0.

Integrating this inequality from ¢( to ¢, obtain

o (- [ 1) - <0

to

Taking into account that z(tg) = ¢ and m(t) < z(t), we obtain the inequality
(1.2.2) at any ¢ > 0. Theorem 1.2.1 is proved.

The above classical proof of Theorem 1.2.1 holds much significance. How-
ever, we can prove this theorem by using a linear differential inequality and
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a formula of variation of constants. For this purpose, consider a more general
case.
Theorem 1.2.2 Let the functions m,v,h € C(Ry, Ry) and

t

m(t) < h(t) + /v(s)m(s) ds, t>to. (1.2.3)
Then
m(t) < h(t) + /[v(s)h(s)] exp </v(§) d£> ds, t>tg. (1.2.4)

If the function h is differentiable, then

m(t) < h(to) exp <jv(s) ds) +jh’(s) exp (/tv(g) dg) ds, t>tg.

to to

¢
Proof To prove the inequality (1.2.4), assume that p(t) = [v(s)m(s)ds,

so that p(t) = 0 and
p'(t) =v(t)m(t), t=to.
Since m(t) < h(t) + p(t), then
p'(t) < v(t)p(t) +v(t)h(t), t > to.

Assuming ¢(t) = p(t) exp ( — Jv(s) ds), we see that ¢(tp) = 0 and

to

0 = 1o (- [uede)as ez

to

-
(=}

As a result, obtain the inequality

p(t) < /v(s)h(s) exp (/v(&) d§> ds, t>to,
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which directly implies (1.2.4).
To prove the inequality (1.2.5), denote the right-hand part of the inequality
(1.2.3) by p(t), so that

p'(t) = v(®)m(t) + (1),  p(to) = h(to)-
The above expression, in view of (1.2.3), results in the linear differential in-
equality
(1) < o@®)p(t) + 1 (1),  plto) = hito)-
Now it is easy to obtain
¢ ¢ ¢

p(t) < h(to) exp (/v(s) ds) + /h’(s) exp (/v@) d§> ds, > to,

to to s
hence the estimate (1.2.5).

At first, the estimates (1.2.4) and (1.2.5) are different. In actual truth,
they are equivalent. Thus, integrating the second summand in the right-hand
part of the inequality (1.2.5) in parts, obtain

jh’(s) exp (/tv(g) d§> ds = h(t) — h(to) exp (/tv(g) d§> +

to s to

" / o) exn / o(€)de ) s,

to s

which, taking into account the estimate (1.2.5), gives (1.2.4). Thus, it is obvi-
ous that the assumption of the differentiability of the function h(t) does not
give anything new.

If we assume in Theorem 1.2.2 that the function h is positive and nonde-
crescent, then the estimate (1.2.4) can be transformed into

m(t) < h(t)exp (jv(s) ds)7 t > to. (1.2.6)

to

m(t)

Assuming w(t) = —=, from (1.2.3) obtain

h(t)
¢
w(t) <1+ /v(s)w(s) ds, t>to.
to
¢
Hence, according to Theorem 1.2.1, obtain w(t) < exp (fv(s) ds), which
implies (1.2.6). .
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The estimate (1.2.6) can be obtained from the inequality (1.2.4), since

ht) + / o(s)h(s) exp ( / o(€) dg) ds

<hio+ / ols)ex / o(€)de ) s
= h(t)(l - /te"(S) do(s)) = h(t) exp (/tv(g) d§>, t>tg.

Ezample 1.2.1 Let the function m € C(R4+, Ry) and
t
/ a+bm(s))ds, t>tp,

where a > 0 and b > 0. Then
m(t) < % [exp(b(t —t0)) — 1], ¢ > to.

Ezample 1.2.2 Let the function m € C(R4, R4+) and
¢

m(t) <a+ /(b—|— em(s))ds, t>to,
to

where a,b > 0 and ¢ > 0. Then

b
m(t) < = [exp(c(t — to)) — 1] + aexp(c(t — to)), t > to.
c
Ezample 1.2.8 Let the function m € C(R4, R4+) and
¢
m(t) < et —|—b/m(s) ds, t>t
to

at b > 0. Then
m(t) < exp[(b+ 1)t — btg], > to.

Ezample 1.2.4 Let the function m € C(R4, R4) and let for ¢ > ¢ the
following inequality hold:

m(t) < m(ty) exp(—r(t —t9)) + / exp(—r(t — s))](am(s) + b) ds,
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where r,a,b > 0 and r —a > 0. Then for ¢t > ¢t

m(t) < mfto) exp[—(r — a)(t — to)] + [1 = exp(=(r —a)(t —t0))].

rTr—a

Now we will consider integral inequalities with a separable kernel, as they
may also be reduced to linear differential inequalities.

Theorem 1.2.3 Let the functions m,h,q,v € C(R+, Ry) and the follow-
ing inequality be satisfied:

m(t) < h(t) + /q(t)v(s)m(s) ds, t>tg. (1.2.7)
Then
m(t) < h(t) + q(t) /v(s)h(s) exp (/v({“) d§> ds, t>to. (1.2.8)

¢
Proof Assume that p(t) = [v(s)m(s)ds, so that p(to) = 0 and p/(t) =
to

v(t)m(t). Since m(t) < h(t) + q(t)p(t), obtain
P'(t) < o(t)g(t)p(t) + v(D)A(t), t = to,

hence
t t

o) < [ o) ( [v@a© ds) ds, 1>t

to
Hence follows the inequality (1.2.8).

Corollary 1.2.1 Let the functions m,h,g;,v; € C(Ry,Ry), i = 1,
2,...,n, and

t

m(t) < h(t) + Zgi(t) /vi(s)m(s) ds, t>to.

to

Then

t

m(t) < h(t) + G(t)/V(S)h(S) exp <jV(£)G(§) d£> ds, t>to,

to

where G(t) =supg;(t) and V(t) = i:lvi(t).
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1.2.2 Bihari type inequalities

The theory of Gronwall integral inequalities considered in Subsection 1.2.1
may be applied to a separate type of nonlinear integral inequality known as
Bihari inequalities. In this section you will find some results related to such
inequalities, which correspond to the results obtained in Subsection 1.2.1.

Theorem 1.2.4 Let the functions m,v € C(Ry,R4), g € C((0,00),
(0,00)) and let g(u) be nondecrescent with respect to w. Assume that for

some ¢ >0
t

m(t) <c+ /v(s)g(m(s)) ds, t>ty>0. (1.2.9)
to
Then the following inequality holds:
¢
m(t) < G [G(c) + /v(s) ds} , to<t<T,

to

where G(u) — G(up) = [ —, G7(u) is the reverse function to G(u) and

9(s)
T = sup {t >to: G(c) + fv(s)ds € domG‘l}.

Proof Denote the right-hand part of the inequality (1.2.9) by p(t) so that
p(to) = ¢ and p'(t) = v(t)g(m(t)). Since g is nondecrescent with respect to u
and m(t) < p(t), then p'(t) < v(t)g(p(t)), p(to) = c. Integrating this inequality
from ¢y to t, obtain

and therefore

m(t) <p(t) <G! |:G(C) + /v(s) ds}7 to<t<T.

to

The function g € C[R4, R4] is said to be subadditive if g(u +v) < g(u) +
g(v), and superadditive if the above inequality has the opposite sign.

Theorem 1.2.5 Let the functions m,v,h € C(R4+,R+), g € C((0,00),
(0,00)), let the function g(u) be nondecrescent, and let the following inequality
hold:

t

m(t) < h(t) + /v(s)g(m(s)) ds, t>to.

to
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Then:
(a) if the function g(u) is subadditive, then
t
m(t) < h(t) + G™* [G(c) + /v(s) ds}, to<t<Tpy<T, (1.2.10)
to

where G, G™1, and T have the same values as in Theorem 1.2.4, ¢ =
To

[ v(s)g(h(s))ds;

to

(b) if the function h is not increscent, then

m(t) < —h(to) + G‘l{G[h(to)] + /v(s) ds}, to<t<T. (12.11)

t

Proof Assuming that p(t) = [ v(s)g(m(s))ds and taking into account the
to
properties of g, obtain p(¢y) = 0 and

p'(t) < o(t)g(p(t)) +v(t)g(h(t)).

t

Note that the function o(t) = [ v(s)g(h(s))ds is nondecrescent, and hence,
to

assuming ¢ = o(Tp), at some Ty, to < Tp < T, obtain

t

pO <t [oslgpls)ds, to<t<Ty<T.

According to Theorem 1.2.4, the above expression implies the estimate
(1.2.10).

If the function h is not increscent, then the definition of p(¢) implies that
g(m(t)) < g(h(to) + p(t)). Assuming h(to) + p(t) = w(t), obtain

w(t) =p'(t) = v(t)g(m(t)) < v(t)g(w(t)), w(to) = h(to).

From the above equation, according to Theorem 1.2.9, we arrive at the esti-
mate (1.2.11).

The estimate (1.2.10) may also be obtained in the case when in Theorem
1.2.5 the function g(u) is assumed to be nonincrescent and superadditive with
respect to u.

Using Theorem 1.2.2, the following result may be proved.
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Theorem 1.2.6 Let the functions m,h € C(Ry,Ry), g € C((0,00),
(0,00)) and the function g(u) be nondecrescent with respect to u. Assume
that K € C[R%, Ry, there exists a function K(t,s) which is continuous and
nonnegative, and at t > tg the following inequality holds:

m(t) < h(t) + /K(t,s)g(m(s)) ds.

Then:
(a) if the function g is subadditive, then
t

m(t) < h(t) +va(t) + G1 {G(c) + /vl(s) ds}, to <t<ty<T,

to

where G, G™' and T have the same values as in Theorem 1.2.4,

To t
c:/vl(s)g(vg(s))ds7 v1(t) :K(tﬂt)—&—/Kt(t, s)ds,

t
walt) = K(60h(o) + [ Kilt,s)g(h(s))ds
to
(b) if the function h is nondecrescent, then

m(t) < h(t) — h(to) + G! [G(h(to)) + /Ul(S) d8:| , o <t<T.

to

A typical nonlinear integral inequality that can be reduced to Theorem
1.2.4. has the following form.

Theorem 1.2.7 Let the functions m,v € C(Ry,Ry), w € C(R%,Ry)
and let the following inequalities hold:

m(t) <c+ /{v(s)m(s) + w[s,m(s)]}ds, t>to, (1.2.12)

where ¢ > 0. Assume that

oficzen ( [rrae)) xturemn( [oas). a2

to
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where A € C(R4+, Ry), g € C((0,00),(0,00)) and the function g(u) is decres-
cent with respect to u.
Then

to tO

G, G7Y, and T are the same as in Theorem 1.2.4.
Proof Let the right-hand part of the inequality (1.2.12) be equal to
¢
p(t) exp (fv(s) ds), so that, using (1.2.12) and (1.2.13), obtain

to

t

[p'(t) + v(t)p(t)] exp (/v(s) ds) =ov(t)m(t) + w(t, m(t))

< POp(E) + MO g(m()] exp (— [ ds) exp ( [ ds).

to tO
t

Since the function ¢ is nondecrescent and m(t) < p(t) exp ( Ju(s) ds), obtain
to

P'(t) < At)g(p(t), plto) = c.

Hence according to Theorem 1.2.4 obtain
t
p(t) < G™1 [G(c) + / A(s) ds} , to<t<T,
to

which proves the estimate (1.2.14).

Ezample 1.2.5 Let the functions m,v,h € C(R4, Ry), so that at ¢ > 0,
0<p<1

m(t) <c+ /v(s)m(s) ds + /h(s)(m(s))pds7 t > 1.

Then at t > tg

S

m(t) < { ta / h(s) exp [q [ dg} ds}l/q exp [ / o(s) ds},

to

where ¢ = 1 — p.
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If the kernel K(¢,s) in Theorem 1.2.6 is such that K(¢,s) < 0, then in
the frame of this theorem one only can obtain a rough estimate. However, the
following theorem provides the possibility to obtain a better estimate.

Theorem 1.2.8 Assume thatm € C(Ry, Ry), g € C((0,00),(0,00)), the
function g(u) is nondecrescent with respect to u, and at some ¢ >0, a >0

t

m(t) <c+ /e_a(t_s)g(m(s)) ds, t>to. (1.2.15)

to

Then
m(t) < (1 + )\0)0, t > to,

where Ao > 0 satisfies the relations

g((L4+Xo)e) —acho =0, g(1+A)c)—ach>0, Ae€[0,N). (1.2.16)

Proof Let the right-hand part of the inequality (1.2.15) be equal to p(t),
so that p(tg) = ¢ and

p'(t) = g(m(t)) — a(p(t) —c) < g(p(t)) — ap(t) + ac. (1.2.17)

Transforming p(t) = (1 + z(¢))c and 7 = at, it is easy to reduce (1.2.17) to
the form

dz 1 T0
g - =) =o.
s g((L+ 2)c) — z, Z(a) 0

We state that z(z) < Xo, T € [70,00). If this is not so, then one can find
a
k

a 7" < oo such that z(%) = Ao and Z(a) < Ao, T € [10,7*]. From (1.2.17)

1
it is clear that —g((1 + X\)e) < g for all A € [0, Ag]. Hence
ac

<
o= /)\0—8_

which is a contradiction. Therefore, z(z) < Ao at all 7 € [rg, 00), which in
a

ds
2:9((1+s)c) — s

ST*_TO7

o\g‘\‘

its turn results in the inequality

m(t) <p(t) < (1+Ao)e, t>to.
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1.2.3 Differential inequalities

It is known that the theory of differential equations plays a key role in the
study of qualitative behavior of solutions of differential equations of different
types. This theory is helpful when one uses integral and integrodifferential
equations, since in numerous cases their study may be reduced to the study
of differential inequalities.

Consider the differential system

(ji—l; =g(t,u), u(to) = uo, (1.2.18)
where g € C(R4+ x R™, R™).

The function g is called quasimonotone nondecrescent, if from the compo-
nent-wise inequality z < y and x; = y; at some i, 1 <134 < n, it follows that
9i(t,x) < gi(t,y) at any t > to.

Now we will consider the concept of an extremum solution of the system

(1.2.18).
Let r(t) be a solution of the system (1.2.18), existing on some interval
J = [to,to + a]. Then r(t) is called the maximum solution of the system

(1.2.18), if for each solution wu(t) of the system (1.2.18), existing on J, the
following inequality holds:

u(t) <r(t), ted. (1.2.19)

The minimum solution is determined in a similar way, but the sign in the
inequality (1.2.19) is changed to the opposite sign.

Surely, inequalities between vectors are understood componentwise.

For our study, the following known result is required the proof of which
can be found in Walter [1].

Theorem 1.2.9 Let the function g € C(E,R"™), where E is an open
set (t,u) in R™* and g(t,u) is a quasimonotone nondecrescent function with
respect to u for each t.

Then:

(a) if (to,uo) € E, then the system (1.2.18) has an extremum solution which
can be extended to the boundary E;

(b) if J is an interval of existence of the mazimum solution r(t) of the
system (1.2.18) on any compact interval [to, T, then there exists eg > 0
such that at any 0 < € < g9 solutions u(t, ) of the system

d
d_if =g(t,u)+e, ulto)=uo+e (1.2.20)

exist on the interval [to, T| and lim u(t,e) = r(t) uniformly on [to, T)].

e—
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Lemma 1.2.1 Let the functions v,w € C(J, R) and for some fized Dini
derivative Dv(t) < w(t), te€ J\S, where S is a countable subset of J.
Then D_v(t) < w(t) on J.

The following result of comparison in the scalar form contains the key
concept of the inequality theory.

Theorem 1.2.10 Let the function g € C(R4+ X Ry, R) and let r(t) be the
mazimum solution of the system (1.2.18), which exists on the interval [tg, 00).
Assume that m € C(R4+, R1) and Dm(t) < g(t,m(t)), t > to, where D is any
fixed Dini derivative.

Then the inequality m(to) < ug implies that m(t) < r(t) at all t > to.

Proof According to Lemma 1.2.1, obtain
D_m(t) < g(t,m(t)), t=>to,

where D_m(t) = liminf{[m(t +6) — m(t)]0~': 0 — 0~ }. Let to < T < oo.

According to Theorem 1.2.9, the solution u(t,e) of the system (1.2.20) exists

on the interval [to,T] at all sufficiently small € > 0 and lirr(l) u(t,e) = r(t)
£—

uniformly on [tg, T]. Hence it suffices to show that
m(t) < u(t,e), tE [to,T). (1.2.21)

If the inequality (1.2.21) does not hold, then there exists such a value t; €
[to, T], that

m(t1) = u(ts,e), m(t) >ult,e), te [to,t]-

Hence obtain
D_m(t1) >/ (t1,¢),

which, in its turn, results in the contradiction
g(t1,m(t1)) > Dom(t1) > u/(t1,€) = g(t1,u(t1,€)) +e.

Therefore the inequality (1.2.21) holds, which completes the proof of the the-
orem.

To avoid the repetition of the proof, we have not considered the lower esti-
mate for m(t), which can be obtained by the change of signs in the inequalities
for opposite signs. To continue the discussion we will need the following the-
orem which contains the lower estimate for m(t).

Theorem 1.2.11 Let the function g € C(R4+ X R4, R) and let p(t) be
the minimum solution of the system (1.2.18) existing on [to, 00). Assume that
m € C(R+,Ry) and Dm(t) > g(t,m(t)), t > to, where D is any fized Dini
derivative.

Then the inequality m(to) > wg implies that m(t) > p(t) at all t > to.
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The proof of the above theorem is similar to that of Theorem 1.2.10. In-
stead of solutions of the system (1.2.20), here we consider the solutions v(t, )
of the system

v =g(t,v) —¢e, v(tg) =ug—¢

for a sufficiently small ¢ > 0 on an interval [to,T], and 1irr(1) v(t,e) = p(t)
E—

uniformly on [tg, T]. To complete the proof, it is sufficient to see that
m(t) > v(t,e), te [to,T).

When using Theorem 1.2.10, it is necessary that the function g should be
quasimonotone nondecrescent, which is a necessary condition for the existence
of extremum solutions of the system (1.2.18). Thus, we obtain the following
extension of Theorem 1.2.10.

Theorem 1.2.12 Let g € C(R4y x R}, R"™), g(t,u) be a quasimonotone
function, nondecrescent with respect to u for each t, and let v(t) be the maz-
imum solution of the system (1.2.18), existing on [tg,00). Assume that the
inequality Dm(t) < g(t,m(t)), t > to, holds for a fixed Dini derivative.

Then, from the inequality m(ty) < ug, it follows that m(t) < r(t) at all
t>to.

As noted above, the inequalities in Theorem 1.2.12 are componentwise.

Instead of considering those inequalities between vectors, we will use the
concept of a cone in order to introduce partial ordering on R™ and prove
Theorem 1.2.12 in such a frame. Obviously, such an approach is more general
and used for cone-valued functions. Therefore, the extension of the theory of
differential inequalities is a result corresponding to Theorem 1.2.12 in arbitrary
cones.

The subset K C R"™ is called a cone if it has the following properties:

MK CK, A>0, K+KCK,

— o (1.2.22)

where K is the closure of K, K° is the interior of the cone K.
Let OK denote the boundary of the cone K. By the cone K the ordering

relationship in R™ is introduced, which is determined by the relations

x<y ifandonlyif y—z¢€ K,
0 (1.2.23)
r<y ifandonlyif y—ze K"

The set K*, defined as K* = {p € R": p(x) > 0 at all = € K}, where
the function ¢(z) denotes the scalar product (¢, z) and is called an adjoint
cone, satisfies the conditions (1.2.22).

Note that K = (K*)*, x € K, if and only if p(z) > 0 at all ¢ € K¢, and
x € 0K, if and only if ¢(z) = 0 at some ¢ € K, where Ko = K \ {0}.
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Now we can give the definition of the property of quasimonotonicity with
respect to the cone K.

The function f € C[R"™, R"] is quasimonotone nondecrescent with respect
to the cone K, if from = < y and p(z —y) = 0 at some ¢ € K it follows that
(@) - fly) <0.

If the function f is linear, that is, f(x) = Ax, where A is an (n X n)-
matrix, then the property of quasimonotonicity of the function f means that
the conditions > 0 and ¢(z) = 0 at some ¢ € K follow from p(Az) > 0.

If K = R, then the quasimonotonicity of f amounts to the above defini-
tion.

For an ordinary cone Theorem 1.2.9 is true. Note that it is possible to prove
the existence of extremum solutions for differential equations in a Banach
space as well. Now we will prove the result of comparison with respect to the
cone K.

Theorem 1.2.13 Let the vector function ¢ € C(Ry+ x R™, R") and
g(t,u) be a quasimonotone function, nondecrescent with respect to u relative
to the cone K for eacht € Ry . Let r(t) be the mazimum solution of the system
(1.2.18) with respect to the cone K existing on the interval [tg, 00), and for
t > 1o

D_m(t) < g(t,m(t)), (1.2.24)

where m € C(Ry, K).
Then the inequality m(to) < ug implies that

m(t) <r(t), t>to. (1.2.25)
Proof We will follow the proof of Theorem 1.2.10, but the inequalities will
now be considered with respect to the cone K. It suffices to prove that
m(t) < u(t,e), tE€ [to,T]. (1.2.26)
If the inequality (1.2.26) does not hold, then there exists t1 € (o, 7] such that
m(t1) —u(ty,e) € 0K, m(t) —u(t,e) € K, t € [to,t1).
It means that there exists ¢ € K such that
p(m(t1) — u(ty,€)) = 0.
From the quasimonotonicity of the function g it follows that
e{glts, m(t1)] — glt1, u(ts,e)]} > 0.

Assuming w(t) = p(m(t) —u(t,e)), t € [to, t1], obtain w(t) > 0, t € [to, t1)
and w(t;) = 0. Hence D_w(t1) < 0, and as a result, we have

D_w(ty) = o(Dm(t1) —u'(t1,€)) > p{g[tr, m(t1)] — glt1, u(t1,€)]} > 0,
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which is a contradiction. Theorem 1.2.13 is proved.

It is clear that the quasimonotonicity of g(t,u) with respect to the cone
P does not imply the quasimonotonicity of g(¢,u) with respect to the cone
Q, even if P C @Q. However, the ordering relationship with respect to the
cone P assumes the same ordering relationship with respect to @ if P C Q.
The corollary given below is the result of such observations and is effective in
applications.

Corollary 1.2.2 Assume that P,Q are two cones in a space R"™, such
that P C @Q. Let the assumptions of Theorem 1.2.13 hold true and K = P.
Then the inequality m(tg) < ug implies that m(t) < r(t) at all £ > to.

1.2.4 Integral inequalities
Consider a theorem that generalizes Gronwall-Bihari type inequalities.

Theorem 1.2.14 Let g € C(R%, Ry), let g(t,u) be a function nondecres-
cent with respect to u for each t € Ry, and let r(t) be the mazimum solution
of the system

u = g(t,u), u(ty) = uo, (1.2.27)

existing on the interval [tog,00). Assume that the function m € C(R4, Ry)
and satisfies the inequality

m(t) < m(ty) + /g(s, m(t))ds, t>to. (1.2.28)

to
Then the condition m(to) < ug implies the inequality m(t) < r(t) at all
t>to.

Proof Assume
t

m(to) + /g(s, m(t))ds = v(t),

so that m(t) < v(t), m(to) = v(to) and v' < g(¢,v), proceeding from the fact
that the function g is not decrescent with respect to w. Applying Theorem
1.2.10, obtain v(t) < r(t), t > tg, which completes the proof.

Corollary 1.2.3 Let all the assumptions of Theorem 1.2.14 be correct,
expect the inequality (1.2.28) which is replaced by the following;:

t

m(t) < n(t) + / g(s,m(s))ds, ¢ > to,

to
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where n € C(R4, Ry).
Then the following inequality holds

m(t) <n(t) +r(t), t>to,

where 7(t) is the maximum solution of the equation

uw = g(t,n(t) +u), u(ty)=0.

1.3 Stability in the Sense of Lyapunov

In its classical statement, the second Lyapunov method combines a number
of theorems on stability, asymptotic stability, and instability obtained on the
basis of a scalar Lyapunov function and its full derivatives by virtue of motion
equations considered in the time-invariant neighborhood of a point z = 0. In
this section, sufficient conditions for different types of stability of the state
x = 0 are given in terms of existence of Lyapunov functions which have special
properties. Somewhat different versions of those statements were given in the
works of Lyapunov [1], Persidsky [1], Grujié¢, Martynyuk, Ribbens-Pavella [1],
Yoshizawa [2], Rao [1], and others.

1.3.1 Lyapunov functions

In this subsection we will consider a system of the form

d
d—f = f(t,z), f(t,0)=0 (1.3.1)
in the range of values (¢,z): ¢t > 0, ||z|| < h, where z € R™ and f: Ry XxR"™ —
R".

Comparison functions are used as upper or lower estimates of the function
v and its total time derivative. From now on those functions will be denoted by

v, ¢: Ry — R, .Systematic application of comparison functions is connected
with the work of Hahn [1].

Definition 1.3.1 The function ¢, ¢ : R+ — Ry, belongs:

(a) to the class Kg o), 0 < a < +o0, if it is defined, continuous, and strictly
increscent on [0, @) and ¢(0) = 0;

(b) to the class K, if the conditions of Definition 1.3.1 (a) are satisfied at
a=+o0, K = K[O,+oo)§
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(¢) tothe class K R, if it belongs to the class K and, in addition, p(§) — 400
at & — +o0;

(d) to the class L., if it is defined, continuous, and strictly decrescent on
[0, @) and lim[p(¢): ¢ — oo] = 0;

(e) to the class L, if the conditions of the definition (d) are satisfied at
a =400, L= L[07+Oo).

Let ¢ ~! be the inverse function to ¢, ¢~ [o(¢)] = ¢. The following prop-
erties of comparison functions are known.

Proposition 1.3.1 If:

a) p € K and ¢y € K, then p(¢p) € K;

( ;
(b) € K and o € L, then ¢(o) € L;

)
)
(¢) ¢ € Kjg,a) and (o) =&, then o~ € K| ¢);
(d) ¢ € K andlim[p(¢) : ¢ — +00] = &, then ¢! is not defined on (&, +oc];
)

(e) v € Kig,a, ¥ € Ko, and p(¢) > 1(¢) on [0,a], then e ) > v
on [075], where 8 = ().

Now auxiliary functions will be used, which have the sense of a distance
from the origin of coordinates to the current value of solution and play the core
role in the direct Lyapunov method (see Gruji¢, Martynyuk, Ribbens-Pavella

[1]).
Definition 1.3.2 The function v: R™ — R is said to be:
(1) positive semidefinite, if there exists a time-invariant neighborhood N,
N C R", of the point z = 0, such that:
(a) v(x) is continuous on N,
(b) v(x) is nonnegative on N for all x € N,
(¢) v(x) is equal to zero in the point x = 0;

(2) positive semidefinite in the neighborhood S of the point z = 0, if the
conditions of Definition 1.3.2 (1) are satisfied at N = S

(3) globally positive semidefinite, if the conditions of Definition 1.3.2 (1) are
satisfied at N = R"™;

(4) negative semidefinite (in the neighborhood S of the point z = 0 or
in large), if (—wv) is positive semidefinite (in the neighborhood S or in
large).
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Remark 1.3.1 The function v determined by the expression v(z) = 0 at
all x € R™ is both positive and negative semidefinite. This indefiniteness can
be eliminated by introduction of a strictly positive (negative) semidefinite
function.

Definition 1.3.3 The function v: R™ — R is said to be strictly positive
(negative) semidefinite if it is positive (negative) semidefinite and there exists
y € N such that v(y) >0 (v(y) <0).

If the matrix H is strictly positive (negative) semidefinite, then the func-
tion v(x) = 27 Hx is strictly positive (negative) semidefinite.

Definition 1.3.4 The function v: R™ — R is said to be:

(a) positive definite if there exists a time-invariant neighborhood N, N C
R™, of the point # = 0 at which it is positive semidefinite and v(x) > 0
at all (z #0) € N;

(b) positive definite in the neighborhood S of the point 2 = 0, if the condi-
tions of Definition 1.3.4 (a) are satisfied at N = S;

(c) globally positive definite, if the conditions of Definition 1.3.4 (a) are
satisfied at N = R"™;

(d) negative definite (in the neighborhood S of the point = 0 or in large)
if (—v) is positive definite (in the neighborhood S or in large).

The following statement is known (see Hahn [1]).

Proposition 1.3.2 For a function v to be positive definite in a neigh-
borhood N of the point x = 0, it is necessary and sufficient that a function
¢ € Kjo,a), a =sup{||z||: © € N} should exist, such that v(x) € C(N) and
o(||z]]) <wv(z) at all z € N.

Definition 1.3.5 The function v: R; x R™ — R is said to be:

(1) positive semidefinite, if there exists a time-invariant connected neigh-
borhood N, N C R", of the point x = 0, such that:

(a) v is continuous with respect to (t,z) € Ry X N,
(b) v is nonnegative on N at all (¢,2) € Ry x N,

(¢) v vanishes at z = 0;

(2) positive semidefinite on R4 x S if the conditions (a)—(c) of Definition
1.3.5 (1) are satisfied at N = S

(3) globally positive semidefinite, if the conditions (a)—(c) of Definition
1.3.5 (1) are satisfied at N = R™;

(4) negative semidefinite (globally) if (—v) is positive semidefinite (globally);
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(5) strictly positive semidefinite if the conditions (a) - (c¢) of Definition 1.3.5
(1) are satisfied and for each ¢ € Ry there exists an y € N such that
v(t,y) > 0.

Definition 1.3.6 The function v: R x R™ — R is said to be:

(1) positive definite, if there exists a time-invariant connected neighborhood
N, N C R", of the point z = 0, such that v is positive semidefinite and
there exists a positive definite function w on N, w: R™ — R, which
satisfies the inequality

w(z) <v(t,z) atall (t,x) € Ry X N;
(2) positive definite on Ry x S, if all the conditions of Definition 1.3.6 (1)
are satisfied at N = S

(3) globally positive definite, if the conditions of Definition 1.3.6 (1) are
satisfied at N = R"™;

(4) negative definite (globally), if (—v) is positive definite (globally).

The following result is obtained directly from Proposition 1.3.2 and Defi-
nition 1.3.4.

Proposition 1.3.3 For the function v: Ry x R™ — R to be positive
definite it is necessary and sufficient that there should exist a time-invariant
neighborhood N of the point x = 0, such that:

(a) v(t,x) € C(Ry x N);
(b) v(t,0) =0 at allt € Ry;
(c) there exists a function o1 € Ko 4], where
a =sup{|z]|: =€ N},
which satisfies the estimate

o1()|z]]) < v(t,z) atall (t,x) € Ry x N.

Definition 1.3.7 The function v: R x R™ — R is said to be:

(1) decrescent, if there exist a time-invariant neighborhood N of the point
x = 0 and a positive definite function w, w: R™ — R, such that

v(t,x) <w(x) atall (t,x) € Ry X N;

(2) decrescent on R4 x S, if all the conditions of Definition 1.3.7 (1) are
satisfied at N = S;
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(3) globally decrescent on R, if all the conditions of Definition 1.3.7 (1)
are satisfied at N = R™.

Proposition 1.3.2 and Definition 1.3.7 result in the following statement.

Proposition 1.3.4 For the function v: Ry X R" — R to be decrescent
on Ry x N, where N is a time-invariant neighborhood of the point x = 0,
it is necessary and sufficient that there should exist a comparison function
p2 € Kjg,a), a =sup{|z|: = € N}, such that

v(t,z) < pa(llz|]) at all (t,x) € Ry X N.

Definition 1.3.8 The function v: R4 x R™ — R is said to be radially
unbounded if at ||z|| — +oo v(t,z) — 400 at all t € R4.

It is not difficult to verify the correctness of the above statement (see Hahn
[1], Krasovsky [1]).

Proposition 1.3.5 For a globally positive definite function v to be radi-
ally unbounded, it is necessary and sufficient that there should exist a function
w3 belonging to the K R-class, such that

v(t,x) > ps(||lz]|) atall x€R™ and te€ R4.

1.3.2 Stability theorems

In the frame of the direct Lyapunov method, the following expressions of
full derivative of an auxiliary function v along solutions of the system (1.3.1)
are applied.

Let v be a continuous function, v(t,z) € C(R4+ x N) and let a solution
X(t,to, o) of the system (1.3.1) exist and be defined on Ry x N. Then for
(t, .Z’) S R+ X N:

(1) DM o(t,z) = limsup{[v[t + 0, x(t + 6;t,2)] — v(t,z)]0" : § — 0T} is
called the upper right-hand Dini derivative of the function v along the
solution x(¢,to, xo);

(2) Dyv(t,x) =liminf{[v[t+0, x(t+0;t,2)]—v(t,z)]0~ : 6 — 0T} is called
the lower right-hand Dini derivative of the function v along the solution
X(ta th (EO),

(3) D~wv(t,z) = limsup{[v[t + 0, x(t + 0;t,2)] — v(t,x)]071: 6 — 07} is
called the upper left-hand Dini derivative of the function v along the
solution x(t, %0, xo);
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(4) D_v(t,x) = limsup{[v[t + 0, x(t + 6;t,2)] — v(t,2)]0"1: 6 — 07} is
called the lower left-hand Dini derivative of the function v along the
solution x(t, %0, xo);

(5) The function v has a Eulerian derivative
d
O(t = —v(t
it ) = L oft,a)

along the solution x(¢, to, xo), if
DYv(t,x) = Dyv(t,r) = D™ v(t,x) = D_v(t,x) = Dv(t,z),

and then
o(t,z) = Du(t, x).

If v is differentiable with respect to (¢,z) € Ry x N, then

. Ov
b= 2 (gradv) f(t,)

where

ov  Ov Ov )T

Oz’ Oxs’ " Oxy,

The effective application of the upper right-hand Dini derivative within the
limits of the direct Lyapunov method is based on the following result obtained
by Yoshizawa [2], which secures the evaluation of DT v without direct use of
solutions of the system (1.3.1).

gradv = (

Theorem 1.3.1 Let the function v be continuous and locally Lipshitz with
respect to x in the product Ry X S and let S be an open set. Then along a
solution x of the system (1.3.1)

DT w(t,z) = limsup { oft 6,2+ 0/t 2)] = vlt, 2) D0 — 0+}

0
at (t,l’) €R+ x S.

Further the symbol D*v will mean that it is admissible to use both D¥v
and D v.

Theorem 1.3.2 Let the vector function f in the system (1.3.1) be con-
tinuous on Ry x N. If there exist:

(1) an open time-invariant connected neighborhood S of the point x = 0;

(2) a positive definite function v on S such that

Dto(t,z) <0 atall (t,z)€ Ry xS,
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then the state x = 0 of the system (1.8.1) is stable.

Proof Since the function v(t, x) is positive definite, there exists a function
1 belonging to the K-class, such that

p1(llzl]) < v(t, ) at all (¢, x) € Ry x B(p),

where B(p) C R™ is an open connected domain in R™. Now, at any 0 < & < p
and to € R4 choose § = 0(to,¢) so that the condition ||zo| < ¢ would imply
v(to,xz0) < @i1(e). This is possible, since v(t,z) is a continuous function and
v(to,0) = 0. We will show that for any solution x(¢;tg,xo) = zo at t = to
under the condition ||zg|| < ¢ the inequality ||z(¢;%0,20)|| < € holds at all
t > to. If this is not so, then one can find a t* > tg, for which

lz(t";to, mo)|| =€ at |zo] <.
From condition (2) of the theorem it follows that
v(t, z(t;to, x0) < v(to,xo)) atall ¢ > .
Hence at t = t* obtain
e1(e) = pr([lz(t*;t0, zo)||) < v(t*, z(t", o, 20)) < v(to, z0) < p1(€)-

From the obtained contradiction it follows that at a point of time t* the
inequality ||z (¢, to,20)|| < € holds at ||zo|| < &, which completes the proof of
the theorem.

Example 1.3.1 Consider the scalar equation

d
d—f = (sinlogt + coslogt — 1,25)z. (1.3.2)

Choose a Lyapunov function in the form
v(t,x) = 2 exp[2(1,25 — sinlog t)t].

This function is positive definite, but nondecrescent. Since D¥v(t, x)|(1.5.2) =
0, the zero solution of the equation (1.3.2) is stable.

Theorem 1.3.3 Let the vector function f in the system (1.3.1) be con-
tinuous on Ry X N. If there exist:

(1) an open time-invariant connected neighborhood S of the point x = 0;
(2) a decrescent positive definite function v on S such that

DTw(t,z) <0 atall (t,x) € Ry x S,
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then the condition x = 0 of the system (1.8.1) is uniformly stable.

Proof Since the function v(t, ) is positive definite and decrescent, there
exist functions ¢1, @2 belonging to the K-class, such that

pr(llz]) <o(t,z) < @o(llzl]) atall (¢,2) € Ry x B(p).

For any 0 < ¢ < p choose 6 = d(g) > 0 so that v2(d) < ¢1(¢). Show that
under the conditions of Theorem 1.3.3 the zero solution of the system (1.3.1)
is uniformly stable, that is, if t* > ¢ and ||z(¢*)]| < 6, then ||z(¢;t*, zo)|| < €
at all t > t*. If this is not so, then there exists t > ¢* such that at t* >t and
lz(t*)|] < d the relation ||x(#;t*, x0)|| = € holds. Like in the proof of Theorem
1.3.2, obtain

p1(e) = ea(llz(@l) < vt 2(f 17, 20)) < 0(t*,2(t7))
< @a([lz(t)]]) < #2(8) < prle)-

The obtained contradiction shows that # ¢ R, and at ||z(t*)|| < & the estimate
lz(t;t*, 20)|| < e will hold at all ¢ > ¢*. Theorem 1.3.3 is proved.

Theorem 1.3.4 Let the vector function f in the system (1.3.1) be con-
tinuous on Ry X N and bounded. If there exist:

(1) an open time-invariant connected neighborhood S of the point x = 0;

(2) a function v(t,x) positive definite on S and a function ¢ belonging to
the K -class, such that

D*v(t,z) < =(||=|]) at all (t,z) € Ry xS,

then the condition x = 0 of the system (1.8.1) is asymptotically stable.

Proof From condition (2) of the theorem it follows that D*v(t,z) < 0 at
all (t,z) € Ry x S, and this condition together with condition (1) secures the
stability of the state £ = 0 of the system (1.3.1), that is, for any 0 < ¢ < p
and tg € Ry there exists § = §(tp,e) > 0 such that the condition ||zg| < &
implies that [|z(¢; to, zo)|| < € at all £ > .

We will show that the state z = 0 of the system (1.3.1) is asymptotically
stable. Let this not be so and let ¢y and xyp € S be such that for some 7,
0 < 1 < ¢, and a divergent sequence {t,} € Ry the equality ||z(¢,;t0, z0)|| =7
would hold. Since f is bounded on R4 x N, there exists a constant M > 0 such
that || f(t,z)|| < M on Ry X N. In this case, for ¢ > t; obtain the estimate

||l’(t,t0, IO) - ‘T(tnvt()v ‘TO)H < M|t - tﬂ|? n= 17 27 B

and then

1 n s
it > = t tely =ty — ==, tn :
l|lz(t; o, xo)|| > o @ € < oM 2M>
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Assume that the intervals I, disjoint, that is, I, NI,11 = @, n=1,2,..., and
choose t1 >ty + % From condition (2) of Theorem 1.3.4 it follows that at

1
t >ty and 3" < ||z|]| < p there exist constants a and b such that b < v(¢, z)

and D*v(t,z) < —a. Hence, at t € {to,tn + ﬁ], obtain

n n
< L _ —
0<b_v(tn+2M7$<tn+2M,to,$o>> v(to, zo)

n n ann n
<—alth—to+— | <—-a——— —L < —a-L- —
< a( 0+2M>_ a0 M< agpn = T

at n — oo.
The obtained contradiction proves that the state x = 0 of the system
(1.3.1) is asymptotically stable.

Theorem 1.3.5 Let the vector function f in the system (1.3.1) be con-
tinuous on Ry x N. If there exist:

(1) an open time-invariant connected neighborhood S of the point x = 0;
(2) a decrescent positive definite function v on S;
(3) a positive definite function ¥ on S such that

D*v(t,x) < —p(x) at all (t,x) € Ry xS,

then the state x = 0 of the system (1.8.1) is uniformly asymptotically stable.

Proof Let 0 < € < p be specified. Condition (2) of Theorem 1.3.5 implies
the existence of functions ¢y, @2 belonging to the K-class, such that

er(llzll) < vt z) < @o(llzf) atall (t,2) € Ry xS.

From condition (3) it follows that D*v(t,z) < 0, then the state = = 0 of
the system (1.3.1) is uniformly stable. Here for any ¢ > 0 there exists a
d = 6(e) > 0 such that for any solution z(t) = x(t; to, zo) of the system (1.3.1)
the conditions ||z(t1)|| < 0, t1 > to imply that ||z(¢)|| < € at all ¢ > ¢;. From
condition (3) obtain

ot a(t) < vltr,a(tr)) = [ w(la()]) ds. (133)

1
Let 0 < n < p be specified, choose §p = d(p) and T'(n) = #2(00) . Show that

()
lz(@®)|l < d(n) at all ¢ € [t1,t1 + T, as soon as t1 > to and ||z(t1)| < do.

Assume that this is not so. Then there exists a ¢ € [t1,t; + T'] for which

()] = 6(n). (1.3.4)
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From the conditions (1.3.3), (1.3.4) at ¢ € [t1,%; + T'] obtain

o(t, () < ot z1) —¥(6(n)(t —t1) < p2(do) — ¥(6(n))(t — t1).
Hence for t = t; + T obtain

0<@1(6(m) <v(tr +T,ax(t +T)) < @2(d0) = »(6(n)T(n) = 0.

This contradicts the inequality (1.3.4) and therefore there exists ¢; < to <
t1 + T, for which ||z (t2;t1, z1)]| < 8(n).

Thus, from the uniform stability of the state z = 0 it follows that ||z (t)| <
n at all t > to, in particular at ¢ > ¢ > t; + T. Consequently, [|z(t)]] < n
at all ¢ > t; + T, as soon as t1 > to and ||z(¢1)]| < do. This proves that the
state = 0 of the system (1.3.1) is uniformly asymptotically stable, since T
depends on 7 only.

Example 1.3.2 Consider the scalar equation

(fl_f = (tsint — 2t)z, x(to) = zo. (1.3.5)

Take a Lyapunov function in the form

t

v(t,z) = 2 exp |:/(2u — usinu) du} .
0

This function is positive definite, but nondecrescent. A simple calculation
results in the estimate

Dt o(t,z)|135 < —ow(t,z) atall ¢>a>0.
Therefore, the zero solution of the equation (1.3.5) is asymptotically stable,
however not uniformly.

The property of exponential stability of the zero solution of the generating
system (1.3.1) is determined by the following statement.

Definition 1.3.9 The state x = 0 of the system (1.3.1) is said to be
exponentially stable, if for any solution x(t) of this system in the domain
t > to, © € B(p) the following inequlity holds:

[(t; to, zo)|| < allzoll exp(—=A(t — t0)),
where @ > 0, A > 0, tg > 0. The constants a and A may depend on B.

Definition 1.3.10 The comparison functions ¢1, @2 belonging to the K-
class have the same order of growth, if there exist constants «y, §;, i = 1,2,
such that

aipi(r) < @ji(r) < Bipi(r), 4,5 =1,2.

Theorem 1.3.6 Let the vector function f in the system (1.3.1) be con-
tinuous on Ry X N and let there exist:
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(1) a time-invariant neighborhood S of the state x = 0;

(2) a function v(t,x) locally Lipshitz with respect to x, comparison functions
©1, pa belonging to the K-class, having the same order of growth, and
constants a > 0, r1 > 0 such that

allz)[" < v(t, z) < @i (|lz]])
at all (t,z) € Ry x S;
(3) at all (t,z) € Ry xS the following estimate holds D*v(t,x) < —pa(||z]|).

Then the state x = 0 of the system (1.3.1) is exponentially stable.

Proof Taking into account that the comparison functions ¢ and 2 have
the same order of growth, it is possible to indicate constants a1, 31 > 0 such
that

a1p1(r) < @2(r) < Prpa(r).
Therefore, condition (3) of the theorem is reducible to the form
D*v(t,x) < —aqv(t,z) atall (t,z) € Ry x S.
Hence obtain
v(t,x(t)) < v(to, o) exp(—ai(t —tg)) atall t > t.

From the above estimate and condition (2) of the theorem it follows that
ey 17 «
lat: to. zo)l| < a= /71 (o exp (= Tt~ 1)) (1.3.6)

at all ¢ > .
o
Denote A = —. Then the estimate (1.3.6) is equivalent to the determina-

1
tion of the exponential stability of the state 2 = 0 of the system (1.3.1). In
addition, for any ¢ > 0 it is possible to choose d(¢) = @7 *(ac™) so that as
soon as ||zg|| < d(¢), to > 0, then

lz(t; to, xo)|| < cexp(=A(t —tp)) at all ¢t >0.

The theorem is proved.

Theorem 1.3.7 Let the vector function f in the system (1.58.1) be contin-
uwous on Ry x N. If there exist a function v(t,x) locally Lipshitz with respect
to x and comparison functions s, ¥ belonging to the K-class, such that:

(1) at all (t,x) € Ry x B(p) the estimate |v(t, x)| < pa(||z|)holds;

(2) for any § > 0 and any to > 0 there exists xo, ||zo| < 0 such that
v(t,z) < 0;
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(3) at all (t,x) € Ry x B(p) the following estimate holds D*v(t,x) <
—¥([ll),

then the state x = 0 of the system (1.3.1) is unstable.

Proof Let 0 < € < p be specified. Assume that the state x = 0 of the
system (1.3.1) is stable. Then for any e > 0 there exists § = d(¢) > 0 such
that the condition ||z(¢o)|| < 6 implies the estimate ||z(t)| < e at all ¢ > to.
Choose z( so that [|zo|| < ¢ and v(tp,zo) < 0. According to the assumption,
at ||zg]| < ¢ the inequality ||z(¢)]] < € holds at all ¢ > tg. Condition (1) of the
theorem implies that

lot, 2(t)] < pa([lz@)]]) < pa(e) at any &> to.

From condition (3) of the theorem it follows that the function v(¢,x(t)) is
decrescent along any solution z(t) of the system (1.3.1); therefore, for any
t >ty the following estimate holds:

v(t, z(t)) < v(to,z0) < 0.

Hence, follows that |v(t, z(t))| > |v(to, z(to))|. Condition (3) of Theorem 1.3.7
implies that

o(t, () < v(te, x0) — / b(lx(s)])ds. (13.7)

According to condition (1) of the theorem, we obtain ||z ()| > @5 * (Jv(to, z0)]);
therefore, ¥ (||z(t)||) > ¥ (p5 ' ([v(to, z0)|)). Taking this inequality into account,
transform (1.3.7) to the form

o(t, z(t)) < v(to, w0) — Y3 (Jv(to, zo)]))(t — to).

Hence it follows that tlim v(t,z(t)) = —oo, which contradicts the condition
—00

lv(t, z(t))] < @a2(e) at all t > to. This proves the instability of the state x =0
of the system (1.3.1).

The universality of stability theorems is determined by the respective con-
verse theorems. One of the first theorems in this line of research is Persidsky’s
theorem [1] on the existence of a Lyapunov function in case of stability of
the state © = 0 of the system (1.3.1). The works of Krasovsky [1], Hahn [1],
Zubov [2], and others contain results concerned with the inversion of Lya-
punov theorems. Note that the known proofs of converse theorems are based
on functions that contain an estimate of solution of a differential equation
which is unknown as a rule. Among these functions are:

(1) v(t,x) = (1 + e Y|y(to;t,z)||? in the domain t > tg, |z| < p < +oo.

Here y(t; 0, yo) is a solution of the system

% —Y(ty), Y(ty)=f(tz)s)
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1 at lyll < p;
0 at [lyl| > p;

where ¢(y) = {

(2) v(t,x) =sup [zt + 73t 2)|;
720

(3) v(t,x) =sup ||x(t + 7;t, )| exp(agT), where a >0, ¢ € (0,1);
720
1+ao . .
(4) v(t,x) = sup G(||z(t + o;t, 1:)||)T7 where G(r) is a scalar function
a>0 (2
with the properties G(0) = 0, G'(0) = 0, G'(0) > 0, G"(r) > 0 and
a>1;

(5) v(t,x) =sup (||x(t + o;t,x)||), where ¢ belongs to K-class.
>0
It is clear that functions of the form (1)—(5) have no practical use, but they
show that under a certain type of stability of the state z = 0 of the system
(1.3.1) there exists a Lyapunov function with the respective properties.

1.4 Comparison Principle

The theorems of the comparison method given in this section are based on
the scalar Lyapunov function for a generating system and the theory of differ-
ential inequalities. For their further application it is sufficient to consider the
case of continuous solutions both in the initial system and in the comparison

system.
Consider the system of differential equations
dx
7 = Tta), 2(to) = o, (1.4.1)

wherex € R", t € Ry, f € C(R+xR"™, R"). Together with the system (1.4.1)
we consider the Lyapunov function v(¢,z) and its full derivative D*v(t,x)
along solutions of the system (1.4.1).

Formulate the main theorems of the comparison method.

Theorem 1.4.1 Let the function v € C(R4 X R™, Ry) be locally Lipschitz
with respect to x. Assume that the function DT v(t,x) satisfies the inequality

DFo(t, )41y < g(t,v(t, @) at all (t,z) € Ry x R", (1.4.2)
where g € C(R3,R). Let r(t) = r(t,to,uo) be the mazimum solution of the
scalar differential equation

du

I =g(t,u), ulty) = wuo, (1.4.3)
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existing at all t > to.
Then the inequality v(to,xo) < ug implies the estimate

v(t,z(t)) <r(t) atall t>t, (1.4.4)

where x(t) = xz(t,to, o) s any solution of the system (1.4.1), which exists at
t > to.

Proof Let x(t) be any solution of the system (1.4.1), existing at t > to,
such that v(tg, z¢) < ug. Define the function m(t) = v(¢,z(t)). For any h > 0
obtain

m(t+h) —m(t) =v(t+h,z(t +h)) —v(t+ h,z(t) + hf(t,z(t)))
+ot+ h,z(t) +hf(t,z(t))) — vt z(t)).

Since the function wv(t, z) is locally Lipschitz with respect to x, obtain the
differential inequality

Dtm(t) < g(t,m(t)), m(to) < uo, (1.4.5)

and now, in view of Theorem 1.2.10, arrive at the desired result: the estimate
(1.4.4).

Corollary 1.4.1 If in Theorem 1.4.1 we assume that g(¢,u) = 0, then the
function v(t, x(¢)) is not increscent with respect to t and v(t, z(t)) < v(to, o)
at all t > tg.

The next theorem is important at application of several Lyapunov func-
tions.

Theorem 1.4.2 Let the vector function v € C(Ry x R™*,R™), m < n, be
locally Lipschitz with respect to x. Assume that

D+U(ta .Z‘) < g(ta U(ta .T)), (t,SC) € R+ X Rna

where g € C(Ry x R, R™) and g(t,u) is a function quasimonotone nonde-
crescent with respect to w. Let r(t) = r(t,to, up) be the maximum solution of
the system

— =g(t,u), wu(ty) =uo >0, (1.4.6)

existing at t > to, and let x(t) = x(t,to,xo) be any solution of the system
(1.4.1), existing at t > tg.
Then the inequality v(to,xo) < ug implies the estimate

v(t,xz(t)) <r(t) atal t>to. (1.4.7)

Recall that the inequalities between vectors in (1.4.7) are understood com-
ponentwise.
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Theorem 1.4.2 is a special case of the next theorem connected with cone-
valued Lyapunov functions.

Theorem 1.4.3 Assume that v € C(R+ x R™, K), the function v(t,z)
is locally Lipschitz with respect to x relative to the cone K C R™ and at
(t,z) € Ry x R™ the following inequality is true:

Du(t,x) % g(t,v(t,x)).

Let g € C(R4 x K, R™), here the function g(t,u) is not quasimonoton decres-
cent with respect to u with respect to K and r(t) = r(t,to, ug) is the maximum
solution of the equation (1.4.6), which exists at t > tg.

Then any solution x(t) = x(t,to,x0) of the system (1.4.1), existing at
t > to, satisfies the estimate

v(t, z(t))

provided that v(to, xo) IS( ug.

r(t) atall t>ty

=IA

Proof Following the proof of Theorem 1.4.1, upon necessary changes one
can easily obtain the differential inequality

DFm(t)  g(t,m(t)), m(to) ¥ uo, > to.
Now, using Theorem 1.2.13, complete the proof of Theorem 1.4.3.

The next theorem, which is an alternate version of Theorem 1.4.3, is more
accessible for applications. Its proof follows from Corollary 1.2.2.

Theorem 1.4.4 Let P and @ be two cones in R™ such that P C Q.
Assume that v € C(Ry x R™, Q) and the function v(t,z) satisfies the local
Lipschitz condition with respect to x relative to the cone P and

Dtu(t, x) lgjg(tm(tﬂc))7 (t,z) € Ry x R™.

Now assume that g € C(R4+ x Q, R™), the function g(t,u) is quasimonotone

nondecrescent with respect to u relative to the cone P and x(t) = x(t,to, zo) is

any solution of the system (1.8.8), existing att > to, such that v(tg, o) ISQ Up.
Then

ot () 5r(t) at all t>to, (1.4.8)

where r(t) = r(t, to,up) is the maximum solution of the equation (1.4.6) with
respect to the cone P.

In particular, if Q = R, then the inequality (1.4.8) implies the compo-
nentwise estimate v(t, z(t)) < r(t), t > to.

Remark 1.4.1 1In all of the above comparison theorems the derivative
D™ u(t, z) was estimated by the functions g(¢, v(¢, )) only. However, in certain
cases it is more natural to estimate the derivative DV v(¢,x) by the functions
g(t,x,v(t,x)). Obviously, in this case the statements of the theorems would
be more complicated.
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1.5 Stability of Systems with a Small Parameter

Consider the system of differential equations with a small parameter

dy

7 = Yy, yto) =yo (1.5.1)
It is assumed that the right-hand part of the system (1.5.1) has the continuity
property and satisfies the conditions of the existence and uniqueness of
solutions. In addition, assume that Y'(¢,0,u) Z0at allt € Ry, u € M. Denote
= z and consider the system extended to (1.5.1)

dy
E = Y(t7ya Z)a y(tO) = Yo,

(1.5.2)
dz

% =
It is not difficult to show that from the properties of solutions of the system
(1.5.2) one can obtain the conclusion about the stability of the system (1.5.1).

Ezample 1.5.1 (see Duboshin [2]) Let the following system of equations

be specified:
dx
pT —px —y — p(l — p),
(1.5.3)
y 1-p)
o py — p(l = p),

where p € (0,1), and let a problem of the stability of the zero solution of the

system
d_x_ )
a7
ay_ (1.5.4)
a7’

be considered, which is obtained from the system (1.5.3) at u = 0. Assuming
i = z, for the system (1.5.3) obtain

dx
dt
d

d—i :z—z—yz—zQ, (1.5.5)
dz

i

2
=y—z—rTz+2z,

For the system (1.5.5) the full derivative of the function

v(z,y,2) = (x—2)% + (y+ 2)* + 22 (1.5.6)
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along solutions of the system (1.5.5) has the form
Do(t,z,2) (155 = —22[(x — 2)* + (y + 2)°]. (1.5.7)

By implication of the problem z € (0,1) and therefore (1.5.7) is a negative
function with a fixed sign. Since the function (1.5.6) is positive definite, the
solution z = y = 0 of the system (1.5.4) is stable for a parameter x € (0,1).
It is easy to show that for any £ > 0 it is sufficient to choose § = d(g) = 2,
2-V3

2

1/2
where o = ( ) and p < aeg, so that at

|zo] < 2ae, |yo| < 20e, p<ae
for any t > 0 the following estimates should hold:

|z(t, o, z0)| <e and |y(t, to,z0)| < e.

1.5.1 States of equilibrium

For the system (1.5.1) introduce the following definition (cf. Gruijic, Mar-
tynyuk, Ribbens-Pavella [1]).

Definition 1.5.1 The state y* of the system (1.5.1) is the state of equi-
librium if

y(tito,y*,p) =y" atall te Ry, to=0, (n#0)€M, (1.5.8)

where y(t;to,y*, 1) is the motion of the system (1.4.1) at a point of time
t € Ry, if and only if y(to; to, y™, ) = yo.

Proposition 1.5.1 Fory* € R™ to be the equilibrium of the system (1.5.1)
it is necessary and sufficient that at (u # 0) € M:

(1) for any to > 0 the solution y(t;to,ys, 1) of the system (1.5.1) should be
unique, determined for all t € Ry;

(2) Y(to,y*,,u) = O; te R+a to > 0.

Proof. The necessity. Conditions (1) and (2) are necessary in view of Def-
inition 1.5.1 [the relation (1.5.8)].

The sufficiency. If y* € R™ satisfies condition (2), then y(¢, u) = y* at all
te€ Ry, atalltg >0 and (u#0) € M so that

%y(tvu) =0=Y(t,y",pn) =Yyt n), p) (1.5.9)

atallt € Ry, to >0, (u#0) e M.
Hence y(t;to, y*, u) = y* is a solution of the system (1.5.1) at (tg,y*, p),
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which is unique at all ¢y > 0 and (u # 0) € M. Consequently, the relation
(1.5.8) is correct.

Let y(¢;to, yo, ), y(to;to, Yo, ) = xo, be the motion of the system (1.5.1)
and let y,(t; to, yo, ) be a nonperturbed motion.

From the physical point of view, it is a nonperturbed motion that should
be realized in the system; from the mathematical point of view, this means
that the functions describing the nonperturbed motion are the solution of the
system (1.5.1), that is,

d
ZrUn(tito, Yo, 1) = Y (t;yp(), 1) (1.5.10)

1.5.2 Definitions of stability
Definition 1.5.2 The equilibrium y* of the system (1.5.1):

(1) is p-stable, if and only if for any ¢y > 0 and every € > 0 there exist
d = d(to,e) > 0 and py(to,e) > 0 such that at ||yo — y*|| < J the
following inequality would hold

ly(tito.yo. p) =yl <e atall t>ty and p < p;

(2) is uniformly u-stable, if and only if the conditions of the Definition 1.5.2
(1) are satisfied and at every € > 0 the respective maximum value of §
in Definition 1.5.2(1) does not depend on .

Definition 1.5.3 The equilibrium y* of the system (1.5.1) is y-attracting,
if and only if for any to > 0 there exists A(tg) > 0 and for any p € (0,+0c0)
there exist 7(to, yo,p) € [0, +00) and ua(to, p) > 0 such that at ||yo — y*| <
Alto) |ly(t;to, yo, 1) — y*|| < p holds at all t > to + 7 and p < .

Calculate the value pg = min(ug, p2). On the basis of the definitions of u-
stability and p-attraction, the definitions of asymptotic u-stability are stated
as follows.

Definition 1.5.4 The state of equilibrium y* of the system (1.5.1) at
W< o is:
(1) asymptotically p-stable, if and only if it is p-stable and p-attracting;

(2) uniformly asymptotically p-stable, if and only if it is uniformly p-stable
and uniformly p-attracting.

The above definitions and terminology are similar to the known systems of
definitions used in the literature (see Hahn [1], Yoshizawa [2], etc.). However,
one should bear in mind that the system (1.5.1), generally speaking, may
have no zero solution, and therefore, unlike classical definitions characterizing
a specific solution of a system of differential equations under consideration,
the property of u-stability characterizes the local behavior of a one-parameter
family of systems of the form (1.5.1) depending on the numeric parameter .
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1.6 Comments and References

Differential equations containing a small parameter as models of real pro-
cesses and phenomena in the engineering and technological areas have been
applied for a long time (see Poincaré [2], Krylov, Bogolyubov [2], Bogolyubov,
Mitropolsky [1], Stocker [1], Hayashi [1], Nayfeh, Mook [1] et al.).

Among the examples where systems of this kind have been of use, one
should note the problem of the loss of stability by a thin-shelled structure un-
der the action of wind and the dead load; the study of collapse of a star; the
destruction of a crystal lattice; the description of self-organization and decay
processes in biological systems; the simulation of turbulence; the analysis of
chaotic movements in simple deterministic models; and many others. In all
of the above listed examples, a slow change in system parameters, which is
characterized by the presence of a small parameter in a system of differential
equations, results in a change of the process quality. Sometimes such change
may occur abruptly. To study the dynamics processes in such systems in their
natural behavior, it is necessary to use adequate approaches to the qualita-
tive analysis of solutions of the respective systems of equations with a small
parameter.

This chapter contains some results from the theory of differential and in-
tegral inequalities and the theory of stability of motion which form the basis
for the approaches developed in the book and are intended for the study of
dynamic properties of solutions of systems with a small parameter. From the
numerous methods of nonlinear mechanics that have been developed recently,
the methods of perturbations and averaging are actively used in this book
(cf. Bogolyubov, Mitropolsky [1], Mitropolsky [1], Grebennikov [1], Volosov,
Morgunov [1] and others).

Below readers will find more detailed bibliographic references that do not
pretend to be exhaustive but provide an opportunity for an interested reader
to approach the border beyond which a new area of research is awaiting.

1.2. Theorem 1.2.1 is a fundamental linear integral inequality known as
the Gronwall or the Gronwall-Bellman inequality (see Bellman [1], Beesack
[1]). In the process of formulating Theorems 1.2.2, 1.2.3, and 1.2.5 we follow
the monograph by Lakshmikantham, Leela, Martynyuk [1]. Theorem 1.2.4 is
stated as per Bihari [1]. Theorems 1.2.7 and 1.2.8 are available in the mono-
graph by Martynyuk, Gutovsky [1]. Theorems 1.2.9-1.2.13 are taken from the
monograph by Lakshmikantham , Leela, Martynyuk [1] (see Walter [1] and
others).

1.8, 1.4. In the statement of the results of these sections, some results of
the works of Krasovsky [1], Lyapunov [1], Lakshmikantham, Leela, Martynyuk
[1], Rao [1], and Persidsky [1] were used. Many of the results related to the
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development of the comparison method can be found in the works of Conti
[1], Corduneanu [2], Matrosov [2], and other authors.

1.5. The formulations of definitions of the u-stability are given according
to the article by Martynyuk [5] and the monograph by Martynyuk [16].

The works of Lagrange [1], Poincare [1], and Euler [1] were the basis for the
creation and development of the current methods of the analysis of solutions
of nonlinear systems with a small parameter.



Chapter 2

Analysis of the Boundedness of
Motion

2.1 Introductory Remarks

The problem of the boundedness of motion of mechanical systems simu-
lated by ordinary differential equations has been considered by many authors.
Here we will only mention some works directly related to the investigation
carried out in this chapter. In the work of Yoshizawa [1] the problem of the
boundedness of solutions is considered in the context with the method of Lya-
punov functions. In the work of Lakshmikantham and Leela [1] it was noted
that the application of a perturbed Lyapunov function in the problem of the
boundedness of motion results in the reduction of requirements to auxiliary
functions in the study of nonuniform properties of motion. The extension of
the conditions to perturbations of a Lyapunov function proposed in the ar-
ticle of Burton [1] provides an opportunity to consider the problem of the
boundedness of motion of nonlinear weakly connected systems under wider
assumptions on dynamical properties of subsystems.

Section 2.2 contains the statement of the problem and the main definitions
of the p-boundedness of motion with respect to two measures.

In Section 2.3, the general approach to the study of the p-boundedness
with respect to two measures is described. This approach is based on the
application of the direct Lyapunov method and an auxiliary vector function.

In Section 2.4, the conditions for p-boundedness are discussed, which were
obtained by using the comparison technique. A scalar function constructed on
the basis of the vector Lyapunov function is applied therein.

Section 2.5 contains the necessary and sufficient conditions for pu-
boundedness of motion with respect to a part of variables of a weakly con-
nected system.

Section 2.6 provides the criteria for different types of p-boundedness of
motion constructed via direct application of the vector Lyapunov function.

In Section 2.7, applications of certain results of this chapter are discussed.
In particular, the Lienard oscillator, Lurie-Postnikov systems of connected
equations, and nonlinear systems with weak linear connections between sub-
systems are discussed.

37
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2.2 Statement of the Problem

A nonlinear system of ordinary differential equations that describes a
weakly connected mechanical (or other) system with a finite number of degrees
of freedom has the form

drs
== sta S sta ) )
g = fs(tas ngs(t 1)) (22.1)
xs(to) = xs0, s=1,2,...,m.

Here z; € R, fs € C(Ry X R™ x M x R™ R™), g5 € C(Ry x R"x M, R™),
ny+ne+...+n,=n M=/(0,1, p > 0is a small parameter.

In a particular case when the connections of subsystems are included ad-
ditively, the system (2.2.1) is transformable to the following:

drs
dt

= fs(ta .TS) +,ugs(t75517---750m)a l’s(to) = Ts0, (222)

s=1,2,...,m,

where z; € R, fs € C(R4+xR™ ,R")and g; € C(RyxXR™ x...XxR™ R").
If the vector functions fs are linear at all s =1,2,..., m, then the system
(2.2.2) can be simplified yet more:

dxg
dt

= As(O)zs + pgs(t, a1, ., m), 25(to) = 250, (2.2.3)

s=1,2,...,m.

Here As € C(Ry,R™ x R™), As(t), s=1,2,...,m, are matrices (ns X ns)-
continuous and bounded at all ¢t € R..

If the vector functions g = 0 at all s = 1,2,...,m or u = 0, then the
system (2.2.2) consists of the independent subsystems

dxg
dt

= fs(t7xs)7 x8<t0) = 37507

s=1,2,...,m.

(2.2.4)

To formulate definitions required for further analysis, we will characterize
the dynamics of the k-th subsystem in the collection (2.2.2) by the two differ-
ent measures pi(t, x) and pg, (¢, zr), which take on values from the sets (cf.
Movchan [1], Lakshmikantham and Salvadori [1])

M = {p(ta .Z’) € C(R+ X RnaR-‘r) : ltnfp(t7x) = 0}7

My = {p(t,z) € M: ienjgnp(t, x)=0 forany te R}.

, ol = (01,...,0m,) and the vector measure p(t,z) =
T o,=const>0atals=1,2,...,m.

Here p(t,z) = o j(t, x)
p1<tu xl), e me(t7xm))
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Formulate the following definition.

Definition 2.2.1 The motion z(t,u) = (z1(t;t0,20), - -+, Tm(t;to, 20))T
of the system (2.2.2) is said to be:

(1) (po, p)u-equibounded, if at any values of @ > 0 and o € R there exists
a positive function 8 = ((tp,a) continuous with respect to ¢y at all a
and a value of pu* = p*(to,a) > 0 such that

plt,z(t,p)) < p atall t> 1,

as soon as
po(to,z0) <a and p < p’(to,a);

(2) uniformly (pg, p)u-bounded, if 8 and p* in definition (1) do not depend
on to;

(3) uniformly ultimately (pg,p)p-bounded, if it is uniformly (pg,p)u-
bounded and for any a > 0 and ¢ty € Ry there exist positive numbers
w* € (0,1], B* > 0 and 7 = 7(to,a) such that p(t,z(t,u)) < B* at all
t >to+ 7, as soon as po(to, o) < aand p < p*.

Remark 2.2.1 Depending on the considered type of the boundedness of
motion, the measures py and p may be chosen by different methods. Here are
some of the measures applied:

(1) in the study of the boundedness of motion in the sense of definitions
from the monographs of Reissig et al. [1] and Yoshizawa [1], the measures
po(t,z) = p(t,z) = ||z| are applied where || - || is the Euclidean norm of
the vector z;

(2) in the study of the boundedness of the prescribed motion x*(t) the
measures po(t,z) = p(t,z) = ||z — 2*(t)|| are applied;

(3) in the study of the boundedness of motion with respect to a part of
variables the measures po(t, z) = ||z| and p(¢,z) = ||zk||, 1 < k < m are
applied;

(4) in the study of the boundedness of motion with respect to a set A the
measures po(t,xz) = p(t,x) = d(x, A) are applied, where d(z, A) is the
distance from the point z to the set A C R™.

Thus, the conditions for the boundedness of motion of the system (2.2.2)
under different assumptions on the dynamic properties of the subsystems
(2.2.4) with respect to two different measures are generalized in relation to
other conditions determined earlier, when measures (1)—(4) were used.
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2.3 p-Boundedness with Respect to Two Measures

In this section we will apply the functions of comparison of the classes K,
L (see Definition 1.3.1) and:

CK ={be C(RY,Ry): b(t,s) € K at every t},

KL={y€e€C(R3,Ry): v(t,s) € K for every s and
~(t,s) € L for every t},

KR={ce K: lim c(u) =o0}.

Note that the comparison functions from the above classes are widely used
in works on the theory of stability of motion.
Below we will show some relations between the measures po(t,z) and

p(t, ).

Definition 2.3.1 Let the measures pg,, pr € M at all k = 1,2,...,m.
We say that

NgE

(1) the measure p(t,z) = pr(t, ) is continuous with respect to the

k

Il
-

m
measure po(t,x) = Y. pr, (t, zx), if there exists a constant A > 0 and a
k

=1
comparison function b € C'K-class, such that p(t,x) < b(t, po(t, x)), as
soon as po(t,x) < A;

(2) the measure p is uniformly continuous with respect to the measure po,
if in definition (1) the comparison function b does not depend on ¢;

(3) the measure p is asymptotically continuous with respect to the measure
po, if there exists a constant A; > 0 and a comparison function ¢ € K L-
class, such that po(¢, ) < (¢, po(t,x)), as soon as po(t, z) < Aj.

For the independent subsystems (2.2.4) construct auxiliary functions
vs(t,xs), s =1,2,...,m. Let vy € C(Ry x R™,Ry) at all s = 1,2,...,m.
For any function vs € C(R4+ x R"™, R} ) determine the function

1
lim sup - [vs(t + 0, x5 + 0fs(t,x5)) — vs(t, zs)]

D+sta s) =
'U(AT) 0—0+ 0

at all s =1,2,...,m for the values (¢,z5) € Ry x R™.
In order to note that the full derivative of the function vs (¢, x5 ) is calculated
along the solutions of a certain subsystem (*), we will denote this as follows:

D+vs(t7xs)|(*)7 s=1,2,...,m.
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Definition 2.3.2 A function

m

v(t, o, ) =Y [vst, zs) + walt, 4, )], (2.3.1)

s=1

where v € C(Ry x R" x M, R.), v(t,z,p) is locally Lipshitz with respect to
x, is said to be strengthened if v(¢, x, u) has a certain type of sign definiteness
with respect to the measure p, while the functions wvs(t,zs) are constantly
positive at all s =1,2,...,m and

|w5(t7x87:u’)| < CS(:U‘)7 s = 1727 cee, MMy,
where lim ¢s(p) = 0.
pn—0

Definition 2.3.3 Let the function v(¢, z, 1) be constructed by the formula
(2.3.1). We say that the strengthened function v(¢, x, p):

(1) is p-positive definite, if there exist constants 6; > 0, p* > 0, and a
comparison function a € K-class, such that

a(p(t7 -T)) < ’U<ta Z, IU/)7
as soon as p(t,z) < 01 and p < p*;

(2) is p-decrescent, if there exist constants do > 0, f > 0, and a function
w € K-class such that

olt, 2, 1) < wlp(t,2))
as soon as p(t,z) < 02 and p < fi.

Now pass on to the formulation and proof of statements on the bounded-
ness of motion of the system (2.2.2) with respect to two different measures.

Theorem 2.3.1 Assume that:

(1) for the independent subsystems (2.2.2) the measures por,pr € M are
specified, and the measure p(t,x) is continuous with respect to the mea-
sure po(t, 2);

(2) there exist constantly positive functions vy € C(Ry x R™ Ry) and
functions w, € C(Ry x R™ x M,Ry) at all k = 1,2,...,m such that
the strengthened function v(t,z,u) [see the formula (2.5.1)] is locally
Lipshitz with respect to x and satisfies the estimates

a(p(t, (E)) < U(t7$7ﬂ) < T(t7p0(t7.1')) (232)

at all (t,x) € Ry x R"™, where a(y) — oo at v — oo and r € C(Ry x
Ry, RL);
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(3) there exists a value of u* € (0, 1], at which the following inequality holds:

DYo(t,, )] (2.20) <0 atall (t,x) € Ry x R* and at p < p*.
Then the motion xz(t,u) of the weakly connected system (2.2.2) is (po, p)p-
bounded.

Proof Let a > 0, ty € R4 be specified and let x(t,u) = x(¢;t0, 2o, 1)
be the motion of the system (2.2.2) with its initial conditions satisfying the
inequality

m
po(to, zo) = ZPOk(to,IOk) < a.
k=1

From condition (1) of Theorem 2.3.1 it follows that there exists a function b
belonging to the C' K-class, such that

p(t7 ‘T) < b(tu PO(t7 'T))
Choose 8 = ((tg,a) > 0 so that
B > max{b(ty,a),r *(to,a)}. (2.3.3)

From the estimate (2.3.2) at the chosen value of 3, it is clear that p(to, zo) < .
To prove the theorem, it suffices to show that

p(t,x(t,p)) < B atal t>ty and p<p™ (2.3.4)

Let the inequality (2.3.4) be satisfied not at all ¢ > to. Then at a fixed p*
there should exist ¢; > to such that p(t1,z(t1,p)) = 0 at p < p*. Since the
function v(t, x, 1) is nonincrescent, from conditions (2) and (3) of Theorem
2.3.1 it follows that

a(ﬁ) < ’U(tlax<tlau)7u) < ’U(t071’07/1/) < T(to,a) at u< M*

This contradicts the choice of § by the formula (2.3.3). Consequently, the
motion x(t, ) of the weakly connected system (2.2.2) is (po, p)u-bounded.

Theorem 2.3.1 has a number of corollaries.

Corollary 2.3.1 Let the measures py and p be defined as follows:

m
po(t, T, ) = Zpko(t7$k)7
k=1

l

p(t7x):ﬁ(tazla"'v'rl):Zpk(tazk)a 1§l<ma
k=1

and let all the conditions of Theorem 2.3.1 be satisfied.
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Then the motion of the weakly connected system (2.2.2) is (po, p)u-
bounded, that is, bounded with respect to a part of variables x1, ..., x;.

Corollary 2.3.2 Let in the system (2.2.2) = 0 and let conditions (2)
and (3) of Theorem 2.3.1 be satisfied with the function

m
v(t, z, 1) = vo(t, x) :katsck
k=1

Then the motion of the independent subsystems (2.2.4) is (pg, p)u-
bounded.

Corollary 2.3.3 Let in the system (2.2.2) p =0, m = 1 and let all the
conditions of Theorem 2.3.1 be satisfied with the measures

pO(ta(E) = plO(taxl) S M7
p(t,z) = p1(t,x1) € M

and the function
’U(t, z, ,U/) =0 (ta ‘rl)’

Then the motion of the system

dx
dtl fl(t 1‘1) (El(to) = T10 (235)
is (p10, p1)-bounded.

Corollary 2.3.4 Let in the system (2.2.2) p = 0, m = 1, the function
r = 0 and let all the conditions of Theorem 2.3.1 be satisfied with the measures

pro(t, 1) = p1(t, 1) = |||
and the function
U(ta €T, :U‘) =1 (ta ‘Tl)'
Then the motion of the system (2.3.5) is bounded.

Later we will consider the domains

Sk(p,0) = {xr € R™: pr(t,xx) <0}, k=1,2,...,m,

and their contradomain S§(p,0). Let S(p, A) = |J Sk(p,d) and S°(p, A) be
k=1
a contradomain of S(p, A).

Theorem 2.3.2 Assume that:

(1) for the subsystems (2.2.2) the measures pok, pr € M are specified, and
the measure p(t,x) is uniformly continuous with respect to the measure

Lo (ta $)7
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(2) there exist functions
vk € C(Sk(p,0), Ry) and  wy € C(Si(p,6) x M, R)

at all k=1,2,...,m, a comparison function a from the K-class and a
function ¢ € C(Ry, Ry) such that the strengthened function v(t,x, ) is
locally Lipschitz with respect to x and

a(p(t,x)) < v(t,z, pn) < q(po(t, z))
at all (t,z) € S¢(p, A), where a(y) — o0 at v — o0;
(3) there exists u* € (0,1], at which the following inequality holds
DY o(t,z, p)|(2.20) <0 at all (t,x) € S°(p,A) and p < p*.

Then the motion x(t, ) of the weakly connected system (2.2.2) is uniformly
(po, p)p-bounded.

Proof From condition (1) of Theorem 2.3.2 it follows that there exists a
function ¢ from the K-class such that

o(t,z) < o(po(t,z)). (2.3.6)
For an arbitrary a > 0 choose 8 = 3(a) > 0 so that
a(f) > max{q(a),q(A),a" (¢(a)),a™" (p(A))}. (2.3.7)

Now let to € Ry and po(to,zo) < a. Assume that for the motion x(t, u) =
(w1 (t;t0, Tos 1), - - - T (t5 o, T, 1)) T of the system (2.2.2) there exists t* such
that

p(t*, x(t”, p)) = . (2.3.8)

Then there exist values t1,t2: to < t; <ty < t*, for which

po(tl,z(tl,u)) :max{a,A}, p(tz,d?(tz,,u)) =,

(t,z(t, 1)) € S(p, B) N S(po, max{a,A}), t€ [t1,ta). (2:3.9)
From condition (2) of Theorem 2.3.2 it follows that
vo(ty, (t1, 1), 1) < qlpo(ty, x(ty, 1)) = max{q(a), ¢(A)} (2.3.10)
and
v(t2, x(t2, p), 1) = a(p(te, x(t2, p)) = a(pB). (2.3.11)

According to condition (3) of Theorem 2.3.2, there exists pu* € (0, 1] and the
following estimate holds:

v(te, x(ta, ), ) < v(tr, x(tr, m), ) at wpw<p’. (2.3.12)



Analysis of the Boundedness of Motion 45

Taking into account (2.3.10) and (2.3.11), from (2.3.12) obtain

a(8) < max{q(a),q(A)}. (2.3.13)

This contradicts the selection of () by the formula (2.3.7) and proves The-
orem 2.3.2.

Theorem 2.3.2 has some corollaries, too.

Corollary 2.3.5 Let the measures pg, p € M and be chosen as specified in
Corollary 2.3.1. If all the conditions of Theorem 2.3.2 are satisfied, the motion
of the weakly connected system (2.3.2) is uniformly (po, §)p-bounded.

Corollary 2.3.6 Let in the system (2.2.2) ;= 0 and let conditions (2)
and (3) of Theorem 2.3.2 be satisfied with the function v(¢, z, 1) indicated in
Corollary 2.3.2.

Then the motion of the independent subsystems (2.2.4) is uniformly (pg, p)-
bounded.

Corollary 2.3.7 Let in the system (2.2.2) ¢ = 0, m = 1 and let the
conditions of Theorem 2.3.2 be satisfied with the measures pig,p1 € M and
the function v(t, z, i) = v1(¢, x1), indicated in Corollary 2.3.3.

Then the motion of the systems (2.3.14) is uniformly (p19, p1)-bounded.

Corollary 2.3.8 Let in the system (2.2.2) = 0 and m = 1. If here all the
conditions of Theorem 2.3.2 with the measures p1o(t, 1) = p1(t,z1) = ||1]]
are satisfied, and the function v(t,z, ) = v1(t, 1), then the motion of the
system (2.2.14) is uniformly bounded.

Theorem 2.3.3 Assume that:
(1) conditions (1) and (2) of Theorem 2.3.2 are satisfied;

(2) there exists u* € (0,1] and a comparison function ¢ from the K-class
such that

D+’U(t, Z, IU/)|(2.2.2) S _C(PO(t7 1’))
at all (t,z) € S(po, A) and p < p*.

Then the motion of the weakly connected system (2.2.2) is uniformly ulti-
mately (po, p)p-bounded.

Proof Under the conditions of Theorem 2.3.3 all the conditions of Theorem
2.3.2 are satisfied and therefore the motion of the system (2.2.2) is uniformly
(po, p, p)-bounded. This means that there exists §* > 0 such that

p(t,z(t, ;) < B* atall t>tg,

as soon as pg(to,xo) < v and p < p*.
Consider the motion x(t, u) of the system (2.2.2) with the initial conditions
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po(to, zg) < a, where a is an arbitrary number such that a > . Then there
exists a positive number 8 = ((a) > 0 such that

plt,z(t,w) < B atall t>t and pu< p.
Show that there exists t* € [to, to + 7], where

g(a) +1

)

)

such that po(t*, z(t*, 1)) < v at p < pe. If this is not correct, then
po(t,x(t, 1)) >~ atall telto,to+7] and p < po.
In this case, condition (2) of Theorem 2.3.3 implies the estimate

v(to + 7, x(to + 7, 1), 1) < v(to, zo, 1) — ()T,
which, together with the estimate
alp(t,2)) < v(t,z,1) < alpo(t,2) atall (t,2) € S(p, A)
results in the inequality

q(a) +1

() < 0.

0 <g(a) —c(v)

The obtained contradiction proves that under the conditions pg(to, o) < a

and p < p* = min{ 1, po} the estimate p(t, x(t, n)) < B* holds at all ¢ > to+7
and p < p*. The theorem is proved.

Like Theorems 2.3.1 and 2.3.2, Theorem 2.3.3 has a number of corollaries.

Corollary 2.3.9 Let the measures pg,p € M be chosen as indicated
in Corollary 2.3.1. If all the conditions of Theorem 2.3.3 are satisfied, then
the motion of the weakly connected system (2.2.2) is uniformly ultimately
(po, p)p-bounded.

Corollary 2.3.10 Let in the system (2.2.2) u = 0 and let conditions (2)
and (3) of Theorem 2.3.3 be satisfied with the function indicated in Corollary
2.3.2.

Then the motion of independent systems (2.2.4) is uniformly ultimately
(po, p)-bounded.

Corollary 2.3.11 Let in the system (2.2.2) 4 = 0, m = 1 and all the
conditions of Theorem 2.3.3 be satisfied with the measures p19, p1 € M and the
function v(t, z, u) = v1(¢, 1), indicated in Corollary 2.3.3. Then the motion
of the system (2.2.14) is uniformly ultimately (p19, p1)-bounded.

Corollary 2.3.12 Let in the system (2.2.2) p = 0 and m = 1. If all the
conditions of Theorem 2.3.3 with the measures p1o(t,21) = p1(¢t,z1) = ||21]]
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and the function v(t,z, ) = v1(t, 1) are satisfied, then the motion of the
system (2.2.14) is uniformly ultimately bounded.

The general theorems 2.3.1-2.3.3 on the boundedness of motion with re-
spect to two different measures pg, p may provide the basis for the construction
of different sufficient conditions for the boundedness of motion of the nonlinear
weakly connected systems (2.2.2). At specifically chosen measures pg,p € M
and functions vy and wy at kK = 1,2,..., m the sufficient conditions for the
boundedness of motion coincide in particular cases with those obtained both
for second-order systems (see Reissig et al. [1]) and for a system of n ordinary
differential equations (see Yoshizawa [2]).

2.4 Boundedness and the Comparison Technique

The comparison technique allows us to simplify the investigation of the
boundedness of motion of the weakly connected system (2.2.2) by substituting
it with the analysis of solutions of a nonlinear scalar comparison equation.
This fruitful approach is based on theorems on differential inequalities (see
Chapter 1).

2.4.1 Auxiliary results

Consider the scalar differential equation
du
dt

Here g € C(Ry+ X Rx M, R), g(t,u,pu) =0 at all t > to, if and only if u = 0.

= g(t7ua :U‘)7 ’U,(to) = Up > 0. (241)

Definition 2.4.1 Let (¢, ) be a solution of the comparison equation
(2.4.1), existing on the interval J = [tg,tg + a), 0 < a < 400, p € M. The
solution ~y(¢, ) is said to be the g-maximum solution for the equation (2.4.1),
if for any other solution u(t, u) = u(¢; to, ug, ) of the equation (2.4.1), existing
on J, the following inequality holds:

u(t,p) <v(tp) atall ted, p<po (2.4.2)

The p-minimum solution is obtained in a similar way, the sign in the
inequality (2.4.2) is substituted with the opposite one.

Lemma 2.4.1 Let the function g € (R+ X R x M, R) and let (¢, ) =
(¢, to, ug, ) be the maximum solution of the equation (2.4.1), defined on the
interval J. Assume that the function m € C(R4, Ry) and

Dm(t) < g(t,m(t),p), teJ, (2.4.3)
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where D is a fived Dini derivative.
Then
m(t) <v(t,p), te

as soon as m(to) < ug.

Lemma 2.4.2 Let the function g € C(Ry x R X M, R) and let r(t,u) =
r(t;to, uo, ) be the minimum solution of the equation (2.4.1), defined on J.
Assume that the function n € C(Ry, Ry) and

Dalt) > g(t, nlt), p), te
Then
n(t) > r(ty), e,
as soon as n(ty) > uo.

Lemma 2.4.3 Let the function v € C(Ry x R™, Ry) and, in addition,
v(t,x) let it be locally Lipschitz with respect to x at every t € Ry. Assume
that the function DV (t,z) satisfies the inequality

DYu(t,z) < g(t,v(t,z),u), (t,x) € Ry x R™, (2.4.4)

where g € C(Ry X Ry x M, R).

Let v(t, u) = v(t; to, wo, pt) be the maximum solution of the equation (2.4.1)
existing on Ji.

Then for any solution x(t) = x(t,to, zo) of the system

— = f(t,z), x(to) = zo, (2.4.5)
existing on Ja, the following estimate holds
v(t,z(t)) <~v(t,p) atal teJiNJa, p<po, (2.4.6)

as soon as
’U(to,on) S UuQ-.

The proofs of Lemmas 2.4.1-2.4.3 are given in the monograph by Laksh-
mikantham, Leela, and Martynyuk [1].

2.4.2 Conditions for the boundedness of motion

We will set out one variant of sufficient conditions for the boundedness of
motion of the weakly connected system (2.2.2), which is based on the com-
parison technique.

The motion of the system (2.2.2) will be considered in the space R" =
R™ x R™ x ...x R" . Let E C R", and let the sets E, E°, and OF be the
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closure, the complement, and the boundary of E. For an arbitrary H > 0,
define an open ball

S(H) ={z e R": |z < H},

where || || is the Euclidean norm of the state vector z(t) of the system (2.2.2).
Introduce the following assumptions:

(1) the dynamics of the subsystem (2.2.2) are characterized by the functions
vs € C(R4+ X E¢ Ry), the functions vy > 0 at all s = 1,2,...,m are
locally Lipschitz with respect to zg;

(2) the estimate of the influence of the connection functions pgs(t, ), s =
1,2,...,m, in the system (2.2.2) is taken into account in the functions
ws(t, z, 1) which are defined at all (¢,2,u) € Ry X S¢ X M;

(3) the functions
w(t,z) =n'V(t,x), n€RY,

where V(t,7) = (v1(t,21), ..., vm(t,2m))T, and
’U}O(t7 €T, M) = nTW<ta Z, IU/)7

where W (t,z, 1) = (w1 (t,z, 1), ..., wn(t,z, )", satisfy special condi-
tions.

Theorem 2.4.1 Assume that:

(1) the set E C R™ is compact and for the subsystem (2.2.2) there exist
functions vs(t,xs) > 0, s = 1,2,...,m, such that the function vy(t,x)
1s locally Lipschitz with respect to x at every t € R, the comparison

functions a,b € K-class, a(r) — oo at r — oo, and the function ® €
C(R4 X Ry, R) are such that

(a) alllalll < wo(t,2) < b(lel) at all (t,2) € Ry x B,
(b) Dtug(t,z)](2.2.2) < ®(t,vo(t, ), 1) at all (t,z) € Ry x E°, where
b(t,u, 1) =0 at u=0;

(2) there exist functions ws(t,x, 1), s = 1,2,...,m, such that the function
wo(t, z, p) 1s locally Lipschitz with respect to x at every t € Ry and the
following estimates hold:

(a) |wolt,z, p)] < c(p) at (8,2, 1) € Ry x S°(H) x M;

(b) Drug(t,z)](2.2.2) + DT wo(t, z, p)|(2.2.2) < ¥(t, vo(t,z) +
wo(t, z, p), 1), where c(u) is a nondecrescent function p, lirrb e(p) =
=

0 and ¥ € C(Ry x R x M, R);
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(3) the solution of the comparison equation

d
— = 0(tu ), ulto) = e >0, (2.4.7)
is pu-bounded;

(4) the solution of the comparison equation

dw

- = U(t,w,u), w(ty)=wy >0, (2.4.8)

is uniformly p-bounded.

Then the motion x(t, u) of the system (2.2.2) is p-bounded.

Proof In view of the fact that E is compact, there exists Hy > 0 such that
S(Hp) D S(E, H) for some H > 0. Here S(E,H) = {z € R": d(z,E) < H},
d(z,E) = 11612 |z — y||. Assume that ¢y € Ry and a > Hy. Let

y

a1 = aq(to,a) = max{ag, a*}, (2.4.9)

where ag = max(vo(to,20): o € S(a)NE) and a* > vo(t,z) at (t,z) €
R+ x OF.

Since all solutions of the equation (2.4.7) are p-bounded, for a specified
to € Ry and a; > 0 there exists Sy = Bo(to,a1) and p1 = p1(a1) such that

u(t, to, uo, pb) < Bo at all ¢ > tg, (2.4.10)

as soon as up < a; and g < 1. From condition (4) of Theorem 2.4.1 it follows
that at a specified ag > 0 there exists §1(az2) and p2(az) such that

w(t;to, wo, 1) < Pi(az) atall t> 1, (2.4.11)

as soon as wy < ag and p < pz. Let ug = vo(to, o) and az = b(a) + Bo. Since
a(r) — oo at 7 — o0, it is possible to choose 8 = (B(tg,a) so that

a(B) > fi(a). (2.4.12)

Now show that if o € S(a), then the solution x(¢, 1) of the system (2.2.2)
satisfies the inclusion z(t,u) € S(8) at all ¢ > to and pu < po. If this is not
correct, then one can find a solution (¢, ) such that for some t* > ¢, at
p < p° the relation ||x(t*, )| = B would hold. Since S(E, H) C S(Hy), it is
necessary to consider two cases:

(a) the inclusion z(t, u) € E€ is true at all t € [to,t*] and p < p;

(b) there exists £ > to such that z(f, 1) € OF and x(t, ) € E€ at t € [t,t*]
and p < po.



Analysis of the Boundedness of Motion 51

First, consider case (a). For the inclusion (a) one can find ¢; > ¢y such
that
(tr, p) € OS(H),

x(tx, ) € 9S(6), (2.4.13)
z(t,p) € SO(H)  at te€[tr,t+], 1 < po.

Denoting m(t, u) = v(t,z) + |w(t, z, p)|, where m € C(R4+ x M, R, ), obtain
the inequality

Dtm(t,p) < W (t,m(t, p),p), te [to,t«] (2.4.14)
and the estimate
mt,u) < wt(t;t,uo,p), tE€ [to,t+], (2.4.15)

where wt (t1;t1,u0, ) = ug, wr is the maximum solution of the equation
(2.4.8). Thus,
m(t*, p) < wt (5t m(ty, p)). (2.4.16)

Similarly, using the inequality from condition (1b) of Theorem 2.4.1 and
the comparison equation (2.4.7), obtain

(t17 1‘(t17 M)) < u+(t1; t07 ’U(to7 1‘(t07 M))) (2417)

at all t € [to, t1], where u* is the maximum solution of the equation (2.4.7). It
is obvious that if we choose

ug = vo(to, o) < a1,
then, in compliance with (2.4.10), we will obtain
U+(t1;t07’00(t07560)) S ﬂo. (2418)

Now take a puz € M from the formula uz = ¢~(By). Then, in view of
condition (2a) of Theorem 2.4.1, obtain

wo (t, 2, 1) < c(p) = (¢ (Bo)) = Bo- (2.4.19)
Hence
wo = vo(t1, (t1;to, 20)) + |wo(tr, (t1;to, 2o), p)| < bla) + Bo = a2
at  pu < ps.

From the estimate (2.4.15) obtain

vo(t1, z(t1;t0, o)) + |wo(t1, z(t1;t0, o), 1t)]
<wh(t1,to, wo, p) < Prlaz) at p < ps.

Hence, taking into account (2.4.12), it follows that

a(B) + Bo < fi(az) < a(B) at p< ps. (2.4.20)
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The obtained contradiction (2.4.20) shows that z(t,u) € S(6) at all t > tg
and p < p® = min(p1, po, i3).

Let case (b) be realized. Here, like before, we obtain the inequality (2.4.15),
where t; > to satisfies the inclusion (2.4.13). For the function wvg(¢,x) the
following estimate holds:

’Uo(t17 .%'(tl; to, 1‘0)) < U+(t; ﬂ ’Uo(g, (E(E, to, 1‘0))

In case (b) we have z(t;to, 7o, 1) € OF and vo(t, 2(f;t0, w0, 1)) < a* < ay.
Therefore, the reasoning is similar to the above results in the contradic-
tion (2.4.20). Hence it follows that if zg € S(a) and a > H, u < u°, then
lx(t; to, xo, )| < B at all t > to. At a < H we assume that ((tg,a) =
Bo(to, H).

Theorem 2.4.1 is proved.

Condition (la) from Theorem 2.4.1 is essential for the proof of the u-
boundedness of motion of the system (2.2.2). If a(r) does not tend to +o0o at
r — +00, then the function vy(t, z) is not radially unbounded, and therefore
its application in the study of the p-boundedness of the system (2.2.2) is
impossible.

Show the method of application of a function vg(t, ) that does not satisfy
property (1a).

Definition 2.4.2 (cf. Burton [1]). The function vy (¢, z), vo: Ry X R™ —
R, is strengthened by the function u: R™ x M — R, if the function

vo(t, x) + u(z, @) (2.4.21)

is radially unbounded, and the following conditions are satisfied:

(1) there exist disjoint open sets Si,..., Sk in R"™ and continuous functions
UL, ..., Uk, U;: S X M — Ry which have continuous partial derivatives
in S;, and

(2. 1) wi(x, ), if z€S8; forsome i,
u(z, 1) =
=, if e (US)S;

(2) there exist positive constants Ly, ..., Ly such that for every i at 0 <
L¥ < L; there exists such a constant D > 0 that if x € S; and vo(¢, z) <
Lx;, then w;(z, u) < D.

Note that if the function (2.4.2) is radially unbounded for every L > 0,
then there exists a constant H > 0 such that if

vo(t,z) <L and |z| > h, (2.4.22)

then z € S; for some 1.
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Like in Theorem 2.4.1, the function vy(¢, x) is determined by the formula

m
vo(t,x) = Z asvs(t, zs),
s=1

and the functions v;(z, 1) and hence the function u(zx, 1) are constructed with
consideration for the connection functions pgs(t, 21, . .., ) between the sub-
systems.

Theorem 2.4.2 Assume that the motion equations (2.2.2) are such that:

(1) for the subsystems (2.2.4) there exist auziliary functions vs(t,zs) such
that for the function vo(t, x) the following conditions are satisfied:

(a) vs: Ry X R™ — Ry, vs have continuous partial derivatives on
Ry x R™,

(b) there exists a nonnegative constant M such that in the domain
Ry x S¢(M) the following inequality holds:

d’Uo (t, .Z’)

<0
dt

(2.2.2)

9

(¢) if M > 0, then there exist positive constants K and P, P > M,
such that at all t > 0

vo(t, ) < K at |z|=M

and
vo(t,z) > K at |z|| =P;

(2) there exists a function u(x, p), which strengthens the function vy(t, ),
and for every x € |JS; there exists u° € M such that the inequality
i

du(z, 1)

<0
dt

(222)
holds at all t > 0 and pu < p°.

Then the motion x(t, p) of the system (2.2.2) is p-bounded.

Proof If x € |JS;, then for some ¢ the motion x € S;. By assumption the
sets S; are open so that there exists gradu(z, p) = gradu;(z, ).

If Theorem 2.4.2 is incorrect, then there exists a motion of the system
(2.2.2) for which the vector function z(t, i) = (21 (t, 1), - . ., T (t, 1)), defined
on the maximum right-hand interval [to,T), at u < p°, is p-unbounded. In
this case there exists an increscent sequence {7,}: to < 7, < T such that
|z(m)]] — oo at n — oo.
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From conditions (1b) and (1c) of Theorem 2.4.2 it follows that ||x(t, u)|| >
M, and the condition
dvo(t, x) <0
dt |59

results in the estimate

Uo(t,x(t,,u)) < ’Uo(to,ﬁc(to,lu,)) =L.

This means that there exists H > 0 such that the condition ||z(¢, u)|| > H
implies x(t, u) € S; for some i. Consequently, for all sufficiently large n a so-
lution z(7,, ) belongs to some S;. From the sequence {7,,} one can choose a
subsequence {7:} so that x(7, u) € S; for some fixed ¢ and ||z(7;}, u)|| > H.
As soon as vo(7), (7, 1)) < L and the function vg(t, z) + u(x, p) is radi-
ally unbounded, the fact that ||z(7}, u)|| — oo, means that u(x(r}, u), n) =
ui(x(7}, 1), 1) — oo. Here we should consider the following two cases:

(a) there exists ¢1 € [to,T') such that

a(t,p) € S; on [t1,T);

(b) there exists a sequence {t,,}: t, < 7, < tp4+1 such that

x(t,p) €S; on (tn,tn1) and |[|z(tn, p)|| = H.

For the verification of the above two cases, note that the functions w;(z, )
are continuous on S;, [|z(7,)|| > H and the motion x(t, u1) is continuous. Since
S; are open and do not overlap in view of the condition (2.4.22), there exists
a sequence {t,} such that ||z(t,,n)|| = H and ||z(t, p)|| > H on [tn, Ts]. The
continuous function x(t, 1) cannot leave S; at t < 7,, if only ||z(¢, u)|| does
not reach H at some point in time ¢ = ¢,,.

Let case (a) be true. Then

dui(x, )

<0
dt

(222)
and hence
wi(z(t, ), ) < wi@(ts, 1), )
on the interval [t1,T'), which contradicts the possible unboundedness of the
function w;(x(t, p), p).
Let the case (b) be true. Then |z(t,,p)|| = H and there exists a subse-

quence {x(ty, , )} with some limit y € S;. Hence w; (x(tn, 1), p1) — u;i(y, p) at
t, — +0o0. The condition

dUZ‘(fE, ,U/) <0
dt (2.2.2)
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on [tn,, Tn,] for sufficiently large k results in the estimate

ui(l’(Tn, :U’)mu’) S u’b(ymu’) + 17

which in its turn contradicts the possible unboundedness of the functions
Ui(‘r<7—n7u)a:u)'

The theorem is proved.

Definition 2.4.3 The function v(t,z,u), v: Ry X R* x M — R4, is

a strengthened Lyapunov function if vy(¢, z) is strengthened by the function
u(zx, 1) indicated in Definition 2.4.2, and

M3

(1) for the function wy(t,x) = asvs(t, ) the following conditions are

s=1

satisfied:

(a) vs: Ry x R™ — Ry, vs have continuous first-order partial deriva-
tives,

(b) there exists a nonnegative constant M such that in the domain
R, x S¢(M) the following inequality holds

dvp(t, x)

<0
dt

(2.2.2)

(c) if M > 0, then there exist positive constants K and P (P > M)
such that at all £ > 0 the following inequalities hold:
vo(t,z) <K at |z|=M

and
vo(t,z) > K at ||| =P;

(2) for every i and every L > L, there exists a positive constant J and
continuous functions ®: (0,L — L;) — Ry and H: [J,00) — Ry, for

which
L—Li o0
/ £<oo and /H()d =00 (2.4.23)
B(s) s)ds = oo, 4.
o+ J

while the conditions w;(z, ) > J and L > v(t, z, i) > L; imply

dUO (t7 Z, M)

= < —®(v(t,x, u) — L) H (ui(x, 1))

(2.2.2) (2.4.24)
x |lgrad wi(z, p)(f(t,z) + pg(t, z1, ... 2m)|-

Now consider the following statement.
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Theorem 2.4.3 Let the motion equations (2.2.2) be such that:

(1) there exists a strengthening function w(x,p) such that v(t,z,pn) is a
strengthened Lyapunov function in accordance with Definition 2.4.3;

(2) for everyi there exists u® € M such that if wi(x, p) > J and vo(t, =, p) =
L;, then
dUO (ta €T, :U’)
dt

Then the motion x(t, p) of the system (2.1.2) is p-bounded.

l2.2.2) <0 at p< 1.

The proof of this theorem is similar to that of Theorem 2.4.2.

2.5 Boundedness with Respect to a Part of Variables

Continue the study of the p-boundedness of motion of the system (2.2.2)
under the following assumptions:

(a) the right-hand parts of the system (2.2.2) are continuous and satisfy the
conditions for the existence of the unique solution x(t, 1) = x(¢; to, xo, 1)
in the domain

m
120, ol =Yl < 400, pe M,
s=1

here fs(¢,0) # 0 and g4(t,0,...,0) # 0 for at least one s =1,2,...,m;

(b) any solution x(t;tg, zo, i) of the system (2.2.2) is defined at all ¢ > ¢
and p € M° C M.

Taking into account Definition 2.2.1 and condition (3) from Remark 2.2.1,
formulate some definitions of py-boundedness of motion of the system (2.2.2)
with respect to variables of a part of subsystems.

Represent the vector z = (27,...,2%)T with subvectors x,, s =
1,2,...,m, as follows:
z=(y" "),
where
y'=(zf,...,zp0)" and "= (z},,....25)".

Now we will give the following definitions.

Definition 2.5.1 The motion

‘T(ta :U’) = (‘Ti[‘(tv to, o, :U’)7 B I%(tv to, Zo, :U’))T
of the system (2.2.2) is said to be:
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(1) p-bounded with respect to the subvector of variables y = (zT,...,z1)7T,
if for any ¢y > 0 and 79 = (27,...,25)" one can find N(tg,zo) > 0
and po € M such that

ly(t;to, w0, )| < N atall t>ty and p< pu’; (2.5.1)

(2) p-bounded uniformly with respect to to with respect to the subvector of
variables y = (z7,...,2})T, if in Definition 2.5.1 (1) for any zo one can
choose N(z9) > 0 independent of o;

(3) p-bounded uniformly with respect to xg with respect to the subvector of
variables y = (27, ...,a})7T, if for any to > 0 and a compact set E C R"
one can find N(to, E) > 0 and u° € M such that 2o € E would imply
the estimate (2.5.1);

(4) p-bounded uniformly with respect to (tg, o), if in Definition 2.5.1 (3)
for any compact set E one can choose N(F) > 0 independent of ¢.

Now for the system (2.2.2) consider the function (2.4.21), that is, the
function wvg(t, z) strengthened by the function u(x, u).

Theorem 2.5.1 Assume that the motion equations (2.2.2) are such that:

(1) the strengthened function
vo(t,x) +u(z,p), p<p*eM, (2.5.2)
in the range of values (t,x) € Ry x R™ satisfies the condition

a(llyl) < vo(t, ) + u(z, p), a(r) —oo at r—o0;  (2.5.3)

(2) there exists p* € M such that for any motion x(t;to, xo, 1) the function
vo(t, x(t; to, xo, ) + w(x(t; to, xo, 1), ) s not increscent at all t > to
and at p < p*.

Then the motion xz(t,n) of the system is p-bounded with respect to the
subvector of variables y = (z7,...,z})T.

Proof. Sufficiency According to condition (1) of Theorem 2.5.1, at any
t > to and kg € R™ for the number n = wvo(to, zo) + u(zo,p) at p < p*
one can choose N(n) = N(to,x0) > 0 so that if ||y| > N, then a(||y||) <
vo(to, zo) + u(xo, ) at pu < p*.

Condition (2) of Theorem 2.5.1 implies that at pu < p*

a(lly(t, W) < vo(t, 2(t; to, 2o, ) + w(z(t;t0, w0, 1), 1) <1 < a(N).

Hence |ly(¢, p)|| < N at all t > tp and p < p*.
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Necessity From the fact that the motion (¢, ) of the system (2.2.2) is
p-bounded with respect to the subvector y = (z1,...,21)7 it follows that in
the domain R4 x R™ for the function vg(¢, x) + u(z, p) there exists

SL;I; ly(t+ 75 ¢, 2, w)|| = volt, ) + u(z, p). (2.5.4)

It is clear that there exists u* € M at which vy (¢, z) +u(z, 1) > ||y, if p < p*.
For the values ¢1 < t2 obtain
vo(t1, z(t1;to, 2o, 1) + u(x(ti; to, To, 1), 1)
=sup[ly(ts + 75t, 2, )| = sup [ly(t2 + 75 to, zo)||
7>0 7>0

= wo(t, zo(t; to, wo, i) + ulx(ta; to, o, i), i1))-

This means that the function wvo(t, z(;to, zo, p)) + w(x(t; to, xo, 1), ) is not
increscent.
Theorem 2.5.1 is proved.

Theorem 2.5.2 Assume that the motion equations (2.2.2) are such that:

(1) the strengthened function vo(t, ) +u(x, u) in the range of values (t,z) €
Ry X R™ satisfies the condition (2.5.3) and, in addition,

vo(t, ) +u(z, p) <w(x) at p<p’, (2.5.5)
where w(x) is a function finite at each point x € R™;

(2) there exists p* € M such that for any motion x(t;to, o, p) of the system
(2.2.2) the function

Uo(t7 S[,’(t, th o, ,U,)) + U(S[,’(t, th o, :U’)7 )u’)
is not increscent at all t > tg and p < p*.

Then the motion xz(t, u) of the system (2.2.2) is p-bounded uniformly with
respect to to with respect to the subvector y = (zT,... z%)"T.

Proof. Sufficiency For any xg € R™ choose a value N(xp) > 0 so that at
lyll > N(zo) the inequality a(]|y||) > w(zo) would hold.

According to conditions (1) and (2) of Theorem 2.5.2, obtain

allly(t, wl) < vo(t, z(t; to, 2o, ) + u(x(t; to, @0, 1), 1)
< wo(to,xo) + u(zo, 1) < w(xg) < a(N)

at all t > to and p < p*. Hence |ly(t, p)|| < N(xo) at all ¢ > to and p < p*.
Necessity If the motion (¢, u) of the system (2.2.2) is p-bounded uni-

formly with respect to to with respect to the subvector y = (a7,... w}f)T

then the function (2.5.4) is defined in the domain Ry x R™. In addition,

)

vo(t,x) +u(z,p) < N(z) =w(z) at p<p®.
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This function is not increscent along solutions of the system (2.2.2) at all
t>tpand p < p*.
Thus, Theorem 2.5.2 is proved.

Theorem 2.5.3 Assume that the motion equations (2.2.2) are such that:

(1) the strengthened function vo(t, z)+u(z, ) in the range of values (t,x) €
Ry x R™ satisfies the condition (2.5.3) and for any compact set E C R™
there exists a function Ag(t) such that

vo(t,x) +u(@,pn) < Ap(t) at x€E, >0, p<p” €M
(2) there exists u* € M such that for any motion x(t;tg, xo, 1) the function

UO(t7 .’L'(t, to, o, M)) + U(.’L’(t, to, xo, IU/)7 M)
is not increscent at all t > tg and p < p*.

Then the motion x(t, u) of the system (2.2.2) is p-bounded with respect to
xo with respect to the subvector y = (a1 ,...,a})7T.

Proof. Sufficiency According to the condition (2.5.3) for any ¢y > 0 and a
compact set E there exists N(to, E) > 0 and u € M such that:

(a) at ||y|]| > N(to, E) the following inequality holds:
a(llyll) > »e(to);
(b) at xg € E, t > tg and p < p* the following estimates hold:

a([ly(t; to, zo, w)||) < wvol(t, x(t; to, xo, 1)) + ul(z(t; to, xo, 1), 1)
< vo(to, wo) + u(zo, 1) < Agp(to) < a(N).

Hence find ||y(¢; to, zo, p)|| < N at t >t and p < p*.
Necessity The function vo(t, x)+u(z, u) determined by the formula (2.5.4)
satisfies the estimate

vo(t,z) +u(z,p) < N, E) = ep(t), p<up”,

and is not increscent along the solutions xz(¢; o, zo, 1) of the system (2.2.2).
Theorem 2.5.3 is proved.

Theorem 2.5.4 Assume that the motion equations (2.2.2) are such that:

(1) the strengthened function vo(t, ) +u(x, 1) in the range of values (t,z) €
Ry x R™ satisfies the condition (2.5.3) and, in addition, there exists a
function b: b(r) — 400 at r — +oo such that

vo(t, ) + u(z, p) < b(|z]]);
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(2) there exists p* € M such that for any motion x(t;to, o, p) of the system
(2.2.2) the function

Uo(t7 .’L'(t, to, o, M)) + U(.’L’(t, to, xo, IU/)7 M)
is not increscent at all t >ty and p < p*.

Then the motion x(t, u) of the system (2.2.2) is u-bounded uniformly with
respect to (to,zo) with respect to the subvector y = (z],...,z5)".

Proof. Sufficiency For any compact set £ C R™ calculate the value
bg = suplvo(t,x) + u(z,p): t >0,z € E] <sup[b(||z|]): = € E] < +o0.

From conditions (1) and (2) of Theorem 2.5.4 it follows that there exists
N(E) > 0 and p* € M such that:

(a) at |ly|]| > N(E) the inequality holds true:

a(llyl]) > bm;

(b) at u < p*, to > 0 and xy € E the following estimate holds:

(l(”y(t, t07x07:u’)||) < ’Uo(t,l’(t; t07x07:u’)) + u(x(t;t07x07#)au)
< vo(to, wo) + u(zo, 1) < be < a(N).

Hence, ||y(t; to, zo, )| < N for all t > ¢o and p < p*.
Necessity If the motion z(¢, ) of the system (2.2.2) is p-bounded uniformly
with respect to {to,zo} with respect to the subvector

y=(x1,... xx)"

7

then there exists a function vy (¢, x)+u(z, ) determined by the formula (2.5.4).
For compact sets E use the balls ||z]] = r, r € [0,00), and for the values
(t,z) € Ry X R™ obtain

vo(t, z) + u(x, p) < N(E) = N(r)

at p<up, ECR" rel0,00).
The function N(r) — +oo at r — +oo; therefore, one can assume b(||z||) =
N(||z]|). The function vo(t, ) + u(z, u) determined by the formula (2.5.4) is

not increscent along solutions of the system (2.2.2).
Theorem 2.5.4 is proved.

Remark 2.5.1 If the strengthened function

UQ(t,$)+U($,M)7 M<M*’
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has continuous first-order partial derivatives, then the condition for the non-
increase of the function

Uo(t7x(t;t0a Zo, ,LL)) + U(m(t,to, Zo, IU/)7M)

along solutions of the system (2.2.2) can be substituted by the condition

d
%(Uo(ta z) +u(z, 1))l (2.2.2) <0

in the range of values (t,x2) € Ry x R™ at pu < p*.

Remark 2.5.2 If in the system (2.2.2) we assume that 4 =0, z; = € R"
and s = 1, then Theorems 2.5.1-2.5.4 imply the statements of Theorem 39.1
from the monograph by Rumiantsev and Oziraner [1].

2.6 Algebraic Conditions of ;~-Boundedness

Now for the study of p-boundedness of motion of the system (2.2.2),
construct the algebraic necessary conditions, using the functions vs(¢, zs),
s =1,2,...,m only, which were constructed for the independent subsystems
(2.2.4). Those conditions will be based on the following assumption on the
independent subsystems.

Assumption 2.6.1 There exist:

(1) continuously differentiable functions vs(t, xs), vs: Ry X R — Ry, s =
1,2,...,m;

(2) comparison functions ¥s1, ¥s2, ¥s3 from the K R-class, s =1,2,...,m;
(3) constants os € R, s =1,2,...,m, such that

(a) Ysr(llzsl]) < st zs5) < psa(llzs]])

(b) dvug(t, zs)

= < ouuallle. )

(2.2.4)

at all t € Ry and all ||zs|| > rs (rs may be sufficiently large);

dug

dt 1(2.2.4
on the sets Ry x S(rs), s=1,2,...,m.

(4) the functions vs(t, zs) and : at all s =1,2,...,m are bounded
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Theorem 2.6.1 Let the motion equations (2.2.1) with the decomposition
(2.2.2) be such that:

(1) all the conditions of Assumption 2.6.1 are satisfied;

(2) at the specified functions vs: Ry x R™ — Ry and g3 from the KR-
class there exist constants as; € R such that

T m
(%> golt,@r, oy t) < WasleaDIV2 Y ags a2

j=1
at allzs € R™, x; € R™, s=1,2,...,m andt € Ry;

(3) at the specified constants o5 € R there exists a value of the parameter
w* € M and an m-vector a* = (a1, ..., an) such that the matriz S(u) =
[si;(p)] with the elements

( ) as(Js+uass)7 S:ja
sijp) =91 .
Eu(ajasj +ajajs), s#j,

is negative semidefinite (definite) at p € (0, u*] and at p — 0.
Then the motion x(t, u) of the system (2.2.2) is uniformly p-bounded (uni-
formly ultimately p-bounded).
Proof Using the functions vs(t, ) and the vector a = (ag, ..., am)T
struct the scalar function

con-

v(t,x,a) Za vs(t, x5). (2.6.1)

According to condition (3a) from Assumption 2.6.1, for the function (2.6.1)
the following estimates hold:

r(llzl) < olt,z,a) < Pa(]]]), (2.6.2)

where 11,12 € KR-class. In addition, condition (3b) and condition (2) of
Theorem 2.6.1 at all ¢ € R imply the estimate

S| BB < alel) (2.6.3)
(2.2.2)

s=1

where Ap(p) < 0, as soon as @ € R™ \ (S1(r1) X ... X Sp(rm)). Here the
comparison function 13 € K R-class.

Now we will consider the situation where ||z;|| > r; for i = 1,2,...,1,
I <mand ||z;]| <r;at i =1+ 1,...,m. For the function (2.6.1) consider the
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estimates

l m
Zasd)sl(llxsll) + Z asvs(t,rs) <v(t,x,a) <
s=1 s

. (2.6.4)
<Sadallzd)+ Y aw(t,a).
s=1 s=Il+1
The fact that v,(t, zs) are continuous on R4 x R"™ and bounded on R X
Ss(rs), s = 1,2,...,1, implies the existence of comparison functions ¢1, @2
from the K R-class, such that
e1(llzl) < v(t, 2, a) < wa(][]) (2.6.5)
at allt € Ry and all z € R™, while ||zs|| < rs, s =1+1,...,m, and the values
|lzs|| are sufficiently large for s = 1,2,...,1.
dv(t,x,a)

For the function along solutions of the system (2.2.2) obtain

dt

d@za’ ih{PMt%q
dt (2.2.2) s (2.2.4)

1

st z)\ "
+(%:C)> :u’gS(tazhv m)}

dvg(t, z) ovs(t, )\ "
+ Z QS{T @24 <T% pgs(t, o1, ... m)

s=Il+1
l
1 1
< Zasgs@bsfi l[sl]) Z A ZUZQSJ CEER DK
s=1 =1

m (2.6.6)
+Zas s (|| ]))? Z as;lss ()]

o dvs(t, xs)
+ Zl: T (2.2.4)
s=Il+1
!
+ Z aslss(lzsl)E D" aslis(llz; )2
s=Il+1 j=1
+ Z aslss (D] > asilwss(llz;l]2.
s=I+1 Jj=l+1

For all ||z4|| < rs, s =1+ 1,...,m, there exist constants K, K, K, K3,
Ky, s=1+1,...,m, such that

Z Jasg [ (|2;1)) 2 < K (2.6.7)

Jj=l+1
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m

> aifwis(]|zl))])? < Ko, (2.6.8)
i=l+1
m . l )
D astss ()] Y asivss(llz;])]? < K, (2.6.9)
s=l+1 j=1
d S t7 S
M <Ky, s=10l+1,...,m. (2.6.10)
dt (2.2.2)

Let w = (Y13(||z1]]), - - -, ¥is(||z]]))T and let P = [p;;] be an I x l-matrix

with the elements
a; (o5 + pag;), =7,
pij (M) _ z( 2 H zz) ' .7
Ha; A5, (3 # VE

Denote S = 1(P + PT). Then the estimate of the expression (2.6.6), taking
into account the inequalities (2.6.7) —(2.6.10), has the form

l

<w 8w+ pky Y adta(a])]E

dv(t,z,a) ‘
(2.2.2) —

dt

s=1
m l
1
+ Y asKuo+ pKa Y lasl[¥s(l|2;])]2 + pKs.
s=l+1 j=1

According to condition (3) of Theorem 2.6.1, there exists u* € M such
that the matrix S(u) is negative semidefinite (definite) at u < p*. Therefore,

A (S) < 0 and then

du(t, x, — r L
| Ly S uS) S sl + 1 Dl

(2.6.11)

m l
1
+ Y asKas+ pKa Y lag[a(llz;]D)7 + pKs.
s=Il+1 7=l
Since Ay (S(p)) < 0, at any value of ||z||, s = 1,2,...,l, one can find
dv(tm@a)‘

w* € M such that the sign of o

2 will be determined by the

expression
l
M ()Y dis ()
i=l

at p < p**. Thus, at g < p® = min(u*, u**) the function v(t,x,a) is positive
definite and decrescent and its full derivative (2.6.11) is negative definite.
According to Theorems 10.4 and 10.5 from the monograph of Yoshizawa [2],
the state * = 0 of the system (2.2.2) is uniformly p-bounded (uniformly
ultimately p-bounded).
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Theorem 2.6.1 is proved.

Remark 2.6.1 Along with the use of the function (2.6.1) for the analysis of
p-boundedness of motion of the system (2.2.2) it is possible to use the vector
function

v(t,z) = (vi(t, z1), ..., U (t, Tm)) T

and the theory of M-matrices.

Recall some definitions, following the monographs of Michel and Miller [1]
and Siljak [1].

Definition 2.6.1 A real (m x m)-matrix D = [d;] is called an M-matrix
if ds; < 0, s # j (ie., all off-diagonal elements of the matrix D are not
positive) and all principal minors of the matrix D are positive.

Definition 2.6.2 The real (m x m)-matrix A = [ag;] is called a matrix
with the dominant main diagonal, if there exist positive numbers d;, j =
1,2,...,s, such that

m
ds|ass| > Z djlasj| forall s=1,2,...,m
J=1,j#s
or .
djlaj;| > Z dslasj| forall j=1,2,...,m.
s=1,5%j

Consider the following statement.

Theorem 2.6.2 Let the motion equations (2.2.1) with the decomposition
(2.2.2) be such that:

(1) all the conditions of Assumption 2.6.1 are satisfied;

(2) condition (2) of Theorem 2.6.1 is satisfied with the constants as; > 0 at
s 7 J;

(3) at the specified constants o5 € R there exists a value of the parameter

w* € M such that all the main diagonal minors of the matrix D(u) =
[ds; ()] are positive at p < p*, where

{_(GS + pass), s =j,

dej(p) = .
! —pas;, s # J.

Then the motion x(t, u) of the system (2.2.2) is uniformly p-bounded (uni-
formly ultimately p-bounded).

The proof of Theorem 2.6.2 is similar to that of Theorem 2.6.1 and there-
fore is not given here.
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2.7 Applications
2.7.1 Lienard oscillator

The Lienard equation is one of the important differential equations widely
used in mechanics and electrical engineering (see Cesari [1], Burton [2], Reissig
et al. [1], and others). The study of solutions of this equation is still the focus of
attention for a lot of specialists, which is witnessed by numerous publications
in academic periodicals.

Study the p-boundedness of solutions of the equation

4+ ft,x, 2, 0)E+ g(z) =0, (2.7.1)

where f: R x RXx Rx M — Ry, g: R — R, the functions f and g are
continuous, f(t,z,y,p) > 0, if y # 0 and up € M° C M, and zg(x) > 0, if
x # 0. The equation (2.7.1) is equivalent to the system

T =y,

) (2.7.2)
Yy = _f(ta z, :%M)y - g(‘T)
Choose the function
1
o) = W) + 502
where W(x) = [ g(s) ds. Then obtain
0
Du(x,y)|2.7.2) = —f(t, 9, m)y* <0 (2.7.3)

at all (t,z,y,u) € Ry x R x R x M°.
Assume that W (—o0) and W (+400) are finite quantities and determine the

sets
Sl = {(xay) T > 0}7
So ={(z,y): = <0}.
Take the strengthening functions w;(x,y, 1), ¢ = 1,2, in the form
u z’ ) = x?
1@y, 1) = 1 0 (2.7.4)
U2($ay7ﬂ):_lﬂﬁ; MEM ’

and assume that J = 1. Let X = (2,9)T and denote the right-hand part of
the system (2.7.2) by F(t, X,pn) = (y, —f(t,z,y, 1)y — g(z))*. Take Ly and
Lo in the form L; = ®(400) and Ly = ®(—o0). Note that

|grad u;(z, y, w) F(t, X, p)| = [y,
v(t, X) = Ly = W(z) = W(+00) + 5 9%,

2

v(t, X) — Ly = W(x) — W(—00) + = y*.

N =N —
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Then if u;(z,y, p) > J, then v(t,x) — L; < 1y2.
If the function ®: (0,L — L;) — R4 from Definition 2.4.3 is taken in the
form ®(s) = (2s)/2, then at u;(x,y,u) > J and v(t,z,y) > L; obtain

D(v(t,xz,y) —L;) <]y at i=1,2.

Now, let L > L; and a function h(z) such that [ h(s)ds = +oo be speci-
7

fied. If L > v(t,z,y) > L1 and uy(z,y, ) > J, then, choosing u € M' C M,
one can obtain

oo

flt,zyy, ) > h(x) >0 and /h(s) ds = +00. (2.7.5)
7

Similarly, for a specified L > Lo, if L > v(t,x,y) > Lo and wua(t,y, ) > J,
then, choosing u € M? C M, one can obtain
flt,zyy, ) > h(z) >0 and / h(s)ds = —o0. (2.7.6)
—J

Under the conditions (2.7.5) and (2.7.6) for J < w;(x,y,p), @ = 1,2, and
L > v(t,x,y) > L; obtain

Du(t,z,y)|(2.7.2) < ®(v(t, 2, y) — L)) h(wi(z, y, 1) [ Dui(z, y, p)| (2.7.2) (2.7.7)

at € M° = M*'n M?2.
Thus, all the conditions of Theorem 2.4.3 are satisfied and solutions of the
system (2.7.2) are u-bounded.

Remark 2.7.1 If f(t,x,y,pu) = h(z) at all (t,2,y,u) € Ry X Rx Rx M,
then the conditions (2.7.5) and (2.7.6) are necessary and sufficient for the
boundedness of solutions of the system (2.7.2) according to the results of the
article of Burton [2].

2.7.2 Connected systems of Lurie-Postnikov equations

Consider an indirect control system

d.%‘l

P Arz1 + b1 f(0),

d

% = Ay + ba f(0), (2.7.8)
do

T petxy 4 pes zo — rf (o),

where 1 € R™,| x5 € R™, A; is an (n1 X ny)-matrix, As is an (ng X ng)-
matrix, by € R™, bs € R™, ¢ € R™, co € R™, n1+ny=n, f: R— R,
of(c)>0,if 0 #0, fis a continuous function, u € M.
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Define the conditions for the p-boundedness of motion of the system (2.7.8)
on the basis of Theorem 2.4.3. For this purpose, consider the two functions

Vi(x1,0) = 2] Bizy + W(o), (2.7.9)
Va(29,0) = x3 Baxy + W (o), (2.7.10)

where W (o) = [ f(o)do, By and Bs are positive definite matrices of the
0
dimensions 11 X n1 and ny X ng, respectively. For the function
Vo(z1,22,0) = Vi(21,0) + Va(z2,0) (2.7.11)

obtain

d%(.%‘h.%'g,O')
T T
bl S\ A = —2TDyxy — 23 Doas

“ et (2.7.12)
T F(0) 258 By + ] g
+ f(0)[2b3 By + pey |z2 — 21 f (o).
The function dVp(x1,22,0)/dt|(2.7.5) will be negative definite if
D, = —(AT B, + B1A)),
1= Lo 1) (2.7.13)
Dy = —(A5 Bs + BaA»)
and
r>min{ry,ro}, p® = min{u?, u}, (2.7.14)
where

71 > (Biby + pe1/2)T DTN (Biby + pei /2),  p < pd € M,
9 > (Baby + pic2/2)T Dyt (Baby 4 pca/2),  p < ps € M.

Let M = 0 (see condition (b) in Theorem 2.4.2) and let W (+o0) # oo.
Here the function Vp(z1,22,0) is not radially unbounded and therefore its
application for the analysis of the p-boundedness of the system (2.7.8) is
impossible.

Now assume that W (oo) = W (—o0) and choose Ly = Ly = W(c0). Define
the surfaces 51, ...,S54 as follows:

S1 ={(x1,0): 0 >0}, Sy={(z1,0): o <0},

2.7.15
Ss = {(z2,0): 0 >0}, Sy={(r2,0): 0 <0} ( )

Choose the strenghthening function on the basis of the conditions
Ul(xho') =0, u2(‘r17 G) = —0, (2716)

’LL3(.T27O'):0'7 ’LL4((E2,0’) = —0.
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Under (2.7.14), from the negative definiteness of the function 2Ye{z1:22.9) ‘(

dt 2.7.8)

it follows that there exists a constant m > 0 such that

dVo(z1,22,0)

o < —m(xl ) + 3 20 + f2(0)). (2.7.17)

(2.7.8)
Now

Vo(z1,22,0) — W(00) = o] By + x4 Baxy + W (o) — W (o)
< x?Blzl + l’ngl‘z < Q(:c?zl + .Tgl'g)

for some @ > 0.
In addition,

0’| = |nefar + pej e — rf(0)| < Plu(af a1 + 2322) + ()]

for p < pu* € M and some P > 0.
Assuming h(s) = m/uPQ'?, obtain

d%(w17x270)

o < —(m/pPQY*)Vo(x1, w2,0) — W (00)]"/ || (2.7.18)

(2.7.11)
at p < p* and i =1,2,3,4.

According to Theorem 2.4.3, every motion of the weakly connected system
(2.7.8) is p-bounded.

2.7.3 A nonlinear system with weak linear connections

Consider the linear system with weak linear connections

dx
d_tl = fi(t,x1) + pCraxs,

(2.7.19)
dIQ
—— = fa(t, x2) + pCaor 11,

dt
where z; € R™, ¢+ = 1,2, f;: Ry x R™, C;; are matrices, p is a small
parameter. At u = 0 the system (2.7.19) falls into two independent nonlinear
subsystems

dx
d_tl = fl(t7.%'1)7 I (to) = T10, (2720)
dx
d_t2 = f2(t7.%'2)7 xg(to) = X20- (2721)

Introduce the following assumption for the systems (2.7.20) and (2.7.21).

Assumption 2.7.1 For the independent subsystems (2.7.20) and (2.7.21)
there exist:
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(1) functions vy (¢, z1) and va(t, x2), continuous and continuously differen-
tiable on Ry x R™, i =1,2;

(2) constants c¢11,...,c15 and ca1, . .., ca5 such that
(a) —culla1]® < vi(t,21) < —caaflza?,

dv
(b) —caf|z]® < =+

< —cyglla |3,
(2.7.20)

6’1}1
© |G o) < —ersllan)?

at allt € Ry and z; € R™;

(a') carllzal® < valt, x2) < coallzall?,

dvg
b —‘
(b) dt 1(2.7.21)
H6v2

< —casll22|?,
(t,22) | < casall
at all t € Ry and z9 € R™.

Taking into account that

9 (4 a) : (o) = (2% (,20) e (2.7.22)
6371 T g1\t, - 6371 s L1 1242, <.
) * ) *
<6ZZ (t 132)) gg(t,:c) = <6—Z(t,$1)> 021561, (2723)
find the estimates
ovr \ " v
|(522) e < |52 [1Crt ezt < sl ol o]
v\ " v
[(52) cam| < |52 1cation < calical el ool

in the domain z; € R™, x5 € R™.

According to condition (3) of Theorem 2.6.1, elements of the matrix S(u)
have the form

S$11 = —aici3, S22 = —Q2C23,
s12 = s21 = 1/2[p(arcis||Crall + sacas||Carl])]-

Choose a vector a = (ay,az)T > 0 with the components

1 1

a] = ——— gy = ——
c15]|Crzll” c25]|Ca1 |
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and assume that the function
V(t,z) = a1 Vi(t, x1) + a2Va(t, 22) (2.7.24)

satisfies condition (2) of Theorem 2.6.1.
The matrix S(u) from condition (3) of the theorem has the form

__as
S(u) = c15(|Crz||
1

7
C23

N

If the conditions

c c13c
——2 <0, 2] Crall|Cn]l < =2
c15/|Crz|| C15C25
are satisfied at all p € (0, u*], where
1/2

* C13C23

)

c15¢25]|Crz|| [|Can ||

then the matrix S(u) at u € (0, u*] is negative definite. Now Corollary 2.3.12 of
Theorem 2.3.3 according to which the motion of the weakly connected system
(2.7.19) is uniformly ultimately p-bounded can be applied to the function
(2.7.24) and the estimate

dVp

— <t 7.
7 S S(p)u, (2.7.25)

where u = (|||, [|22]|)T.

2.8 Comments and References

2.2. The statement of the problem of the boundedness of motion of sys-
tems with a small parameter is formulated, taking into account the known
results (see Cesari [1], Yoshizawa [1, 2], Pliss [1], Lakshmikantham, Leela, and
Martynyuk [1]).

2.3. Theorems 2.3.1-2.3.3 are new. To obtain them, strengthened Lya-
punov functions (see Burton [1]) and two measures (see Lakshmikantham and
Salvadori [1], Movchan [1]) are applied. Under some special assumptions, the
obtained results imply the known results obtained for systems that do not
contain a small parameter (cf. Reissig, Sansone, and Conti [1], Yoshizawa [2],
Lakshmikantham and Liu [1]).
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2.4. The comparison technique is applied, the basic ideas were stated in
the monograph by Lakshmikantham, Leela, and Martynyuk [1] (see Lem-
mas 2.4.1-2.4.3). Theorem 2.4.1 is taken from the work of Mitropolsky and
V.A. Martynyuk [1]. Theorems 2.4.2 and 2.4.3 are new.

2.5. For the investigation of the boundedness of weakly connected equa-
tions with respect to a part of variables, it is proposed to apply a strengthened
Lyapunov function and Lyapunov method. Theorems 2.5.1-2.5.4 are new. To
obtain them, the approach to the analysis of the boundedness of solutions
of systems of ordinary differential equations described in the monograph of
Rumiantsev and Oziraner [1] was used.

2.6. The sufficient conditions for the different types of the u-boundedness
of motion are given under certain assumptions on the dynamic properties of
subsystems and limitations on their connection functions. Here some results
from the monographs of Michel and Miller [1] and Yoshizawa [2] and from the
article of Mitropolsky and V.A. Martynyuk [1] are used.

2.7. Applied problems on the boundedness of solutions of nonlinear engi-
neering systems have been considered in many publications (see Krylov and
Bogolyubov [1], Letov [1], Lefschetz [1], Lurie [1], Stocker [1] and the bibli-
ography therein). We only kept to the analysis of some systems of such kind.
The results obtained in this section are new and published for the first time.

Different sufficient conditions for the boundedness of solutions of linear
and nonlinear systems of ordinary differential equations are available in the
works of Burdina [1], Bourland and Haberman [1], Vinograd [1], Gusarova
[1], Demidovich [1], Zubov [3], Liu and Shaw [1], Rozo [1], Yakubovich [1],
Yakubovich and Starzhinskii [2], and others.

An extensive bibliography of works where questions of the boundedness
of motion are studied is available in the monographs of Cesari [1], Reissig,
Sansone, and Conti [1], and others.



Chapter 3

Analysis of the Stability of Motion

3.1 Introductory Remarks

The analysis of the stability of solutions of nonlinear weakly connected
equations is of interest for a number of physical systems, for example, Toda’s
chains (see Bourland and Haberman [1] and others), as well as systems of
weakly connected oscillators (see Goisa and Martynyuk [1] and others).

The application of methods of nonlinear mechanics provides an opportu-
nity to construct asymptotic solutions of such systems and analyze them.

The purpose of this chapter is to determine new sufficient conditions for the
p-stability (u-instability) of motion of nonlinear weakly connected systems.
Those conditions are based on the ideas of the method of comparison with a
scalar or vector Lyapunov function.

In Section 3.2, the objectives of the study are formulated and their con-
nection with the problem of stability under continuous perturbations in its
classical statement is discussed (see Duboshin [1], Malkin [1]).

In Section 3.3, the direct Lyapunov method and the vector function are
applied to obtain sufficient conditions for the stability of a weakly connected
system with respect to two measures under the four types of connection func-
tions:

(A1) bounded at each point of time,

(A2) asymptotically vanishing at ¢ — 400,

(A3) bounded in the mean, and

(A4) developing at t — +o0.

In Section 3.4, the conditions for the stability of the system (3.2.1) are
obtained by application of a perturbed Lyapunov function and a scalar com-
parison equation.

In Section 3.5, the conditions for u-stability and p-instability of the equi-
librium state of an individual subsystem interacting with other subsystems
are found.

In Section 3.6, the algebraic conditions for the uniform asymptotic u-
stability (in the large) and the exponential u-stability under type A; con-
nections are obtained. Here the conditions for pu-instability and complete p-
instability of the equilibrium state of the system (3.2.1) are given.

73
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In Section 3.7, the wp-polystability of the motion of a weakly connected
system consisting of two subsystems is discussed.

In Section 3.8, the conditions for the stability of a longitudinal motion of
an aeroplane are given, as well as the conditions for the stability of an indirect
control system with small linearity and an unstable free subsystem.

3.2 Statement of the Problem

Consider the equations of perturbed motion of a nonlinear weakly con-
nected system in the form

dxs
= S t7 S S t’ PR ) m /s
o = fsltas) Fpgs(t e, am) (3.2.1)
zs(to) = x50, s=1,2,...,m,

where z; € R™, fs € C(Ry X R",R"), gs € C(Ry X R™ X ...x R"™ R"),
€ (0,p*] is a small parameter. At p = 0 the system (3.2.1) reduces to the
set of unrelated subsystems

drs
dt

= fs(ta ‘TS)7 .Ts(to) = Ts0, S= 17 27 sy M (322)

Apply the two measures ps (¢, z;) and pso(t, xs) from the class of functions
M:

M = {pS € C(R+ X RnSaR-‘r)? gnf ps(t7xs) = Oa $ = 1725 cee 7m}'

In addition, for the measures

p(t,SC) = ZG’SPS(ta ‘TS) (323)
s=1
and .
po(t,z) = Zaspso(t, xs), as = const, (3.2.4)
s=1

it is assumed that the inequality

plt,) < plpolt, ) (3.2.5)

holds provided that
po(t,x) <6, &>0, (3.2.6)

where the function ¢ belongs to the K-class.
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For the estimation of the impact of the vector connection function

g(t,l’) = (gl(t7x17" '7‘17771)7"' agm(t7x17" '7‘r’m))T

the Euclidean norm of the vector g(t,x) is applied:

m 1/2
lg(t,)] = (ans(ml,...,zm)n) .
s=1

The connection functions gs(t, z1,...,%m), s =1,2,...,m, in the system
(3.2.1) will be considered under certain assumptions:

A;. The connection functions g, € C(Ry x R™ x ... x R" R"™) at

m 1/2

all s = 1,2,...,m and ||g(¢,z)|| = (Z ||gs(t7x17...7xm)||> are
s=1

bounded uniformly with respect to t > tg > 0.

Ay. The connection functions gs € C(R+ X R™ X ... x R™ R"™) at all
s=1,2,...,m and tlim llg(t, z)|| = 0 unifomly with respect to x € R™.
— 00

As. The connection functions g; € C(Ry x R™ x ... x R™ R") at all
s=1,2,...,m and there exists an integrable function ¢(t) for which

to+T
lgtt, 2] < (), / o(s)ds < A

for some T'> 0 and A > 0.

A4. The connection functions g; € C(MV (R, x R™ x ... x R"» R") at all
Js

s = 1,2,...,m are bounded together with the partial derivatives T
99s

b
8:0]-

s=1,2,...,m, 3 =1,2,...,ns, and are such that:

(a) gs(to,z1,-.-,xm) = 0at tg € Ry and 1 # 0,...,2, # 0, s =
1,2,...,m;

(b) Sxm) EOQatt >ty, s=1,2,...,m.

Definition 3.2.1 The system (3.2.1) is said to be (pg, p) p-stable under
small bounded interactions of subsystems if for specified ¢ > 0 and tg € Ry
there exist two numbers d1, 02 and a value of the parameter p* € (0, 1] such
that as soon as

s(tvxh

N

po(t071‘0) < 01 (327)

and
lg(t,a)| <62 at (t,x) € S(p, H), (3.2.8)



76 Weakly Connected Nonlinear Systems

then p(t, z(t; to, xo, p)) < e at all t > 0 and p < p*. Here S(p, H) = {(t,x) €
Ry x R": p(t,x) < H}, n=n1 +n2+ ...+ ny, H = const > 0.

Remark 3.2.1 The condition (3.2.8) resembles the one applied in the study
of the stability under continuous perturbations (see Malkin [1]). However, in
this problem the functions g(t, x) are specified as a part of the system (3.2.1)
and ¢(t,0) = 0 at all ¢ > 0, and this, as is known, is not assumed in the
problem of the stability under continuous perturbations.

3.3 Stability with Respect to Two Measures

Now connect the auxiliary functions vy, € C(Ry x R™,Ri), s =
1,2,...,m, vs(t,0) =0 at all ¢ > 0, with the free subsystems (3.2.2).
The function

v(t,z,B) =Y Buvs(t,zs), Bs = const # 0, (3.3.1)
s=1

is assumed to be p-positive definite and p-decrescent, that is, for this function
there exist comparison functions a, b that belong to the K-class and constants
A1 and As such that

alp(t,2)) < v(t,z, B), assoonas p(t,x) < A,

v(t,z,3) < b(po(t,r)), assoonas po(t,z) < Ay (3.3.2)

respectively.
Let us prove the following statement.

Theorem 3.3.1 Assume that the equations of perturbed motion (3.2.1)
are such that:

(1) the state of the subsystems is characterized by the measures ps(t,xs) and
pso(t, xs) which take on values from the set M;

m
(2) the measure p(t,z) = > asps(t, xs) is uniformly continuous with respect
s=1

m
to the measure po(t,x) = > aspso(t, xs);
s=1

(3) there exist functions vs € C(Ry x R™, Ry), s=1,2,...,m, and a
function v(t,x, B) determined by the formula (3.3.1) is locally Lipschitz
with respect to x, p-positive definite and po-decrescent;

(4) along solutions of the independent subsystems (3.2.2) the estimate
Dru(t,z, B)|(3.2.2) < —w(po(t, ) (3.3.3)
holds at all (t,x) € S(p,H), w from the K-class;
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(5) the connection functions gs(t,x1,...,Zm), § = 1,2,...,m, satisfy the
conditions A;.

Then the system (3.2.1) is (po, p) u-stable under small bounded interactions
of the subsystems.

Proof The fact that the function v(¢,x, ) is p-positive definite and po-
decrescent implies the existence of constants Ay > 0 and A > 0 such that

alp(t,z)) <wv(t,z,B), i p(t,x) <Ay,

and
v(t,z, B) <bpo(t,z)), if po(t,z) < As.

Let € € (0,Ap), where Ag = min(A1, Ay). Choose §; € (0,Ap) so that the
inequality
b(d1) < ale) and p(t,z) <e, (3.3.4)

should hold as soon as
po(t,xo) < 1. (335)

The inequality (3.3.4) is possible in view of conditions (1) and (2) of Theo-
rem 3.3.1.

Now construct the function (3.3.1) and calculate Dt v(t, z, 3) along solu-
tions of the system (3.2.1), taking into account the estimate (3.3.3):

D¥o(t,x, B)|3.2.1) < —w(po(t,x)) + pLlg(t, )| (3.3.6)

at all (t,x) € S(p,H), L > 0 is the Lipschitz constant for the function
u(t, z, ).

Choose p* € (0,1] and denote k = p/p*, p < p*. Taking into account
condition (5) of Theorem 3.3.1, choose

~ w(dy)
b=

Under the condition (3.3.6) and at the chosen d5 > 0 all the conditions of
Definition 2.2.1 are satisfied, that is, the system (3.2.1) is (po, p) p-stable. Let
us show this.

Consider the solution x(t, u) = z(t; to, zo, 1) of the system (3.2.1), begin-
ning in the range of values (¢, zg), for which po(to,zo) < 01 and p < p*. Let
there exist t2 > t1 > to such that at (¢,2) € S(p, H) N S(po,01)

po(ti, x(ti, p)) =61, p(te,s(te, p)) = H (3.3.7)

and
llg(t, z(t, )| < d2 atall ¢ e [t,t2). (3.3.8)
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From the estimate (3.3.6) under the conditions (3.2.7) and (3.2.8) obtain

D+U(t7 ‘Talg)|(3.2.l) < _w(po(tla z(tla :u‘)))

# wlpo(ty, z(ts, p)) (3.3.9)

+ 2 i = (k — Duw(s) <0

at all t; <t <t9 and p < p*. Hence obtain the sequence of inequalities

a(p(tz, z(t2, p))) < v(tz, x(t2, 1), B)
< U(thx(thﬂ)uﬁ) < b(pO(thx(thM)))

and taking into account (3.3.4) and (3.3.7), obtain

a(e) < wv(te,x(te, w), B) < v(t1,z(t1, 1), B) < ale).

The obtained contradiction invalidates the assumption that there exists
ta > to such that the solution x(t;to, zo, ) of the system (3.2.1) at pu < p*
reaches the bound of the domain S(p, H) at a point of time ¢ = to. Hence the
system (3.2.1) is (po, p) p-stable under small bounded interactions of subsys-
tems.

Definition 3.3.1 The system (3.2.1) is said to be asymptotically (po, p) u-
stable under asymptotically decrescent interactions if it is (pg, p) u-stable and
for the specified to € Ry there exist constants do = do(to) > 0 and p* € (0, 1]
such that tlgg) p(t,z(t, 1)) =0, as soon as po(to, zo) < do and p < p*.

The following statement contains conditions sufficient for the system
(3.2.1) to be asymptotically (pg, p) p-stable under asymptotically decrescent
interactions.

Theorem 3.3.2 Assume that:
(1) conditions (1)—-(4) of Theorem 3.3.1 are satisfied;

(2) the connection functions gs(t,x1,...,%m), s = 1,2,...,m, are asymp-
totically decrescent, that is, there exists a constant o > 0 at which the
limit relations

lim gs(t,z1,...,2m) =0, s=1,2,...,m,
t—oo
are satisfied uniformly with respect to x1, ..., Ty, as soon as p(t,z) < o.

Then the system (3.2.1) is asymptotically (po, p) p-stable under asymptot-
ically decrescent interactions.

Proof Tt is clear that under conditions (1) and (2) of Theorem 3.3.2 the
system (3.2.1) is (po, p) p-stable, that is, for ¢ = min{Ag, o} there exist con-
stants d19 > 0 and do9 > 0 such that

plt,x(t,p)) <og atall t>ty, p<u’,



Analysis of the Stability of Motion 79

as soon as
polto, z0) < d19 and |lg(t,2)[| < G20

at (t,x) € S(p,00).
Further, for n € (0,0¢) choose §1 = d1(n) and da = d2(n) as specified by
Definition 3.3.1. According to condition (2) of Theorem 3.3.2 for the quantity

N ) w(d
53 = min {52, u(*z) } (3.3.10)

there exists 71 = 71 (tg, 2p) > 0 such that
lg(t, z(t, w)ll <63 (3.3.11)

at all t > to +m and p < p*.
The asymptotic (po, p) p-stability of the system (3.2.1) will be proved if we
specify such 7 = 7(tg, zo) > 0, that for some t* € [tg, to + 7] the inequalities

po(t™, z(t™, 1)) < o1

and
lg(t,x(t, w)|| <03, t=>t"

will hold. For p* € (0,1] such that k = p/pu* < 1/2, choose

4b t, t,
F= (p0(0+7'1,17(0+7'17,[1,))) + 71, ,U,<,U*
w(é1)

Then for the values tog + 71 < t < tg + 7 such that (¢, 2(¢, 1)) € S(p,00) N
S¢(po, d1), from (3.3.6), (3.3.10), and (3.3.11) obtain the estimate

1
D+v(t,x,6)|(3.2,1) < —§w(51), 1+ <t<ty+T. (3312)

Taking into account that the function v(t,x, ) is po-decrescent, from the
estimate (3.3.12) obtain the inequality

v(to+7, z(to+7, 1), B) < b(po(t0+T171‘(t0+7’1)))—%’w((51)(7'—7'1) <0 (3.3.13)

at the chosen 7. But the function v(¢, z, 8) is p-positive definite and therefore
the obtained contradiction proves the existence of 7, that is, the system (3.2.1)
is asymptotically (po, p) p-stable at asymptotic decreases of the connection
functions.

Now consider the system (3.2.1) under the conditions of the assumption
As on the connection functions gs(t, z1,...,&m), s=1,2,...,m.
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Definition 3.3.2 The system (3.2.1) is said to be (pg, p) p-stable under
small in the mean interactions of subsystems if for the specified € > 0, ty € Ry
and T > 0 there exist two positive numbers §; = d1(g), d2 = d2(€) and a value
w* € (0,1] such that

plt,z(t,p)) <e atall ¢>tg, p<p’,
as soon as
po(to,d?o) < 613 ||g(t,x1,,zm)|| < <P(t) at p(ta .Z’) <e, (3314)

where
t+T

/ o(s)ds < ds.

t
The following statement contains sufficient conditions for (pg, p) u-stability
in the sense of Definition 3.3.2.

Theorem 3.3.3 Assume that:
(1) conditions (1) and (2) of Theorem 3.3.1 are satisfied;

(2) there exist continuous functions vs € C(Ry X R™,Ry), s =1,2,...,m,
and a function v(t,z, ) determined by the formula (3.3.1)
(a) is p-positive definite,
(b) is po-decrescent,

(c) satisfies the Lipschitz condition with respect to x with a constant
L>0
v(t,z, 8) = v(t,2’, B)| < Ll|z — 2|

at (t,z), (t,2") € S(p,H), H = const > 0;

(3) there exists a function ¢ from the K-class such that

DYu(t,z, B)|3.2.2) < —c(v(t,z,B)) (3.3.15)
at all (t,x) € S(p, H);

(4) the connection functions gs(t,x1,...,Tm), s = 1,2,...,m, satisfy the
condition Ag.

Then the system (3.2.1) is (po, p) p-stable under small in the mean inter-
actions of subsystems.

Proof Since the function v(¢, z, p) is p-positive definite and p-decrescent,
for the specified € > 0, choose §; = d1(¢) > 0 so that the following inequality
would hold:

b(01) < a(e). (3.3.16)
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Let po(to,x(to, 1)) < 01 and m(t,u) = v(t,z(t,n),8) at p < p*. Under
the inequality (3.3.16) obtain m(to, u) < b(d1) < a(e) at p < p*. Show that
m(t, u) < ale) at all t > ¢o and p < p*. Let this statement be incorrect. Then
there exists ¢; > to such that m(t1, 1) = a(e) and m(t, p) < a(e) at ¢t < 1.
The inequality

a(p(t, z(t, ) < o(t,z(t, ), B) < ale)

at tog <t <t; implies the estimate
plt,z(t,p) <e < H, to<t<t. (3.3.17)

Let t1 — to =T and

In the general case

for some § > 0 and G~ (u) is the inverse of the function G(u).
Taking into account conditions (2c) and (3) of Theorem 3.3.3, obtain

D+’U(t7 €z, 6)|(3.2.1) < —C(’U(t, €T, 6)) + ,U,L”g(t, L1ye-s J?m)” (3318)
at t € [to,t1]. To transform the inequality (3.3.18), introduce the notation

)‘(tv :U‘) = ’U(t, JC(t, ,UJ)a /6) - V(tv :U‘)7 (3319)

where

y(t, ) =uL/||9(87w1(8,u)7-~-7xm(8aﬂ))||ds-

to
For the Dini derivative of the function A(¢, i) obtain the inequality
since the function c¢ is monotone increscent and therefore the inequality
v(t,x, 8) < A(t,u) implies c(v(t, z, 8)) < e(A(t, p)).
Applying Bihari’s lemma to the inequality (3.3.20), obtain
)\(t, ,u) < G_I[G(U(t07xo, ﬁ)) — (t — to)], t e [to,tl]. (3321)

Now revert to (3.3.21) and note that

v(t, z(t, 1), B) < GG (v(to, 20, B)) — (t — to)] + (t, ). (3.3.22)
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Choose

d2 = d2(e) < {a(e) = G7HG(b1(61)) = T},

ku*L
where k < 1.

Taking into account that p(t,z(t,u)) < e at all top < t < to + T,
’U(to,l’o,,())) < b(51)3 ||g(t7l’1, cee ,me” < gO(t) and

to+T
p(s)ds < 82,

to
from the inequality (3.3.22) obtain the following inequality at ¢ = to + T*:
a(p(to + T7 x<t0 + T7 M))) < ’U(to + T7 .’L'(to + T7 ,LL)7 5)
< GHG(b1(61)) — T) + pLda,
or
a(e) < v(to+T,x(to+T,p), ) +G G (1(81)) = T)+ puLdz < a(e). (3.3.23)

The obtained contradiction proves that m(t, u) < a(e) at all t > to. Conse-
quently, the system (3.2.1) is (po, p) p-stable at small in the mean connection

functions gs(t, 1, ..., Tm), s=1,2,...,m.
Now consider the system (3.2.1) at connection functions g¢s(¢, 1, ..., Zm),
s = 1,2,...,m, indicated in the assumption A4. Such connections are said

to be developing (see Martynyuk [6]). In the work the instability of the k-th
interacting subsystem in the Lyapunov sense was studied.

Definition 3.3.3 The system (3.2.1) is said to be (pg, p) p-stable under
developing connections of subsystems if for specified ¢ > 0 and ty € R,
0 < & < H, there exists a number 6; > 0 and a value p* € (0,1] of the
parameter p such that

p(t,x(t,p)) <e atall t>1t and p<u®,
as soon as the connection functions gs(t,x1,...,Tm), s = 1,2,...,m, satisfy
the conditions of the assumption A4 and p(tg, z¢) < 1.

It is necessary to find the conditions for (pg, p) p-stability of the system
(3.2.1) under developing connections gs(t,21,...,%m), s = 1,2,...,m. The
solution of this problem is similar to the proof of Theorem 2.2.1 by using the
derivative auxiliary function v(t, z, 3) of an order higher than the first one.

Theorem 3.3.4 Assume that:
(1) conditions (1) and (2) of Theorem 8.5.1 are satisfied;

(2) for subsystems (3.2.2) there exist functions v, € C*?) (R, x R™ R,),
s =1,2,...,m, and the function v(t,x,(), determined by the formula
(8.8.1) is p-positive definite and pg-decrescent;
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(3) in the domain (t,x) € S(p,H) at t =t

% + (gradv(t@?g))Tf(t’ ) <0,

where f(t,z) = (fi(t,x1), ..., fm(t,2m))T and outside an arbitrarily
small neighborhood S(p, H) at t > tg

o
S+ (erad ) (J(t,2) + pg(t, o, 2m)) < 0;

(4) in the domain (t,x) € S(p, H) there exist constants M > 0 and N > 0
such that
o
Ox

and the connection functions gs(t,z1,...,2m), s = 1,2,...,m, satisfy
the conditions of the assumption Ay.

<N

v
<M —
< |5

Then the system (3.2.1) is (po, p) p-stable under developing connections
gs(t,x1, ..., xm), s=1,2,...,m.

Proof For the specified € > 0 and tg € Ry choose §; > 0 like it was set
out in the proof of Theorem 3.3.1. Assume that the inequalities (3.3.4) and
(3.3.5) hold. From the Lyapunov relation

o(t,x, B) = v(t, z, B)|t=t, + /i)(sm(s),ﬁ) ds (3.3.24)

under condition (3) of Theorem 3.3.4 obtain

[b(t7x(t7ﬂ)aﬁ)”(3_2,1) = [i)(t7x(t7m)75)](3.2.1)|t:t0
+/ [W + (grad o(t,z, B) T [f(t, ) + pg(t,z1, ..., xm)) | dt.

to

Since gs(t,x1,...,2m) =0at t =t9, s =1,2,...,m, then

0,2t 1), Dl 2 plecta = o+ (aradvlt, 7, ) 0, 2).

Therefore,
ot x(t, 1), B)lz2nyli=to <0 at (t,z) € S(p, H). (3.3.25)

Hence
v(t,x(t, pw), B) < v(to,xo,5) atall t>t. (3.3.26)
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Show that if p(tg, o) < 01, then
plt,z(t,p) <e, t>ty at (t,z) € S(p, H) (3.3.27)

and p < p*. Let this not be so, then there should exist a motion of the
system (3.2.1) with the initial values (to,z0): p(to, o) < 01 and points of
time to > t1 > tg such that

po(ti,=(t1,p)) = o1, pltz,z(te, p)) =€
and
p(t, x(t, 1)) € S(p,€) N S%(p, b1) (3.3.28)
at ¢ € [t1,t2). From the relations (3.3.26) and (3.3.4) find

a(e) < wv(te, z(ta, 1), B) < v(tr,z(t1, 1), B) < b(61) < ale).

The obtained contradiction proves that (3.3.27) holds at all t > ¢g, that is,
the system (3.2.1) is (po, p) p-stable under developing connections.

In Theorems 3.3.1—-3.3.4 the connection functions gs(¢,z1,...,Tm), § =
1,2,...,m, were treated as a factor destabilizing the motion of the system
(3.2.1) under certain limitations on the dynamic properties of the subsystems
(3.2.2) and the connection function the (pg, p) p-stability of the system (3.2.1)
may occur due to the fact that connection functions stabilize the motion of
the system (3.2.1). This situation is reflected in the following statement.

Theorem 3.3.5 Assume that:
(1) conditions (1) and (2) of Theorem 8.5.1 are satisfied;

(2) there exist functions vy € CVV(Ry x R, Ry), s=1,2,...,m, and a
function v(t, z, 3), determined by the formula (3.3.1), p-positive definite
and po-decrescent;

(3) at (t,x) € S(p, H) the following inequality holds:

m 9 .
Zas [a—vt + (gradvs (t, x5)) T fs(t,25)| <0, s=1,2,...,m;
s=1
(4) the connection functions gs(t,x1,...,2%m), s =1,2,...,m, are such that

there exist integrable functions l1(t),. ..,y (t) for which

Z o [ (gradus (t, ) gs(t, 21, ..., Tm)]

<) b))t B)

and
ta

exp [u/(ll(s) +la(s)+ -+ ln(s))ds| < N(u),
N(u) >0 at allu1<,u*.
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Then the system (3.2.1) is uniformly (po, p) p-stable.
Proof For the measures pg(t,z) and p(t,x) determined according to con-
dition (1) of Theorem 3.3.5 and the function v(t,x,a) = Y asvs(t, xs) there

s=1

exist functions a, b from the K-class and constants Ay and As > 0 such that
v(t,z,a) < b(po(t,z)) at po(t,z) < Ag
and
a(p(ta l‘)) < v(t,x, O[) at p(t756) < A17
where Ag € (0, H).
For £ € (0,A3) by choosing §; € (0,A1) secure the satisfaction of the
inequality
N6(01) <ale) if p(t,z) <e and po(t,x) < 7. (3.3.29)
Let tg € Ry and let x(¢, to, xo, i) be a solution of the system (3.2.1) with the
initial conditions (¢g,z¢) for which

po(to, xo) < 0. (3330)

Along this solution, according to conditions (3) and (4) of Theorem 2.2.5
obtain
dv(t,z, o)
dt

IA

Z Qg [ + (grad vs) fs(t,x)

3.21) 5=

+ “Z as(gradvg) Tgs(t, 21, ..., Tm) (3.3.31)

S=

1
pla(t) + I (8))0(t, 2, )
H)

V(?ﬁ,&U)ES(p7 and p < p*e M.

Show that under the conditions (3.3.30) and (3.3.31) the system (3.2.1) is
uniformly (po, p) u-stable. Let this not be so, that is, at (3.3.30) for the solution
x(t, pu) there exist values of time ty > t1 > o such that po(t1,z(t1,p)) < &
and p(te, z(ta, 1)) = ¢ and p(t, z(t, 1)) € S(p,e) N S(po,01) at all t € [t1,12).
From the inequality (3.3.31) under (3.3.29) obtain

to

a(e) < v(ta, 2ltz, 1), B) < vty o(t1, 1), B) cxp [u )+

o ln(8))ds| < N(u)b(61) <ale) atall p<p’.

The obtained contradiction proves Theorem 3.3.5.

Remark 3.3.1 Condition (3) of Theorem 3.3.5 is impossible within the
limits of the Malkin [1] theorem of stability under continuous perturbations.
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3.4 Equistability Via Scalar Comparison Equations

Continue the study of the stability of the nonlinear system (3.2.1) under
some additional assumptions.

Let the system (3.2.1) be defined in the domain Ry x D, D C R", and
have the unique equilibrium state 1 = 22 = ... = x,, = 0, i.e. f5(t,0) =0
and g5(¢,0,...,0) =0 at all s =1,2,...,m. Choose the measures (3.3.3) and
(3.2.4) in the form

m 1/2
olt,2) = [le] = (Z ||zs||2) 7
s=1
m 1/2
polt, @) = o] = (Z ||$s0||2) ,
s=1

where || - || is the Euclidean norm of the vector z.

Definition 3.4.1 The state of equilibrium (x =0) € R™ x ... ... X R"m
of the system (3.2.1) is equistable, if for the specified ty € Ry and € > 0 one
can find 0(tg,e) > 0 and p*(¢) < 1 such that

||‘T(t7 :u‘)” <e atall ¢ > t07

as soon as ||zg|| < 0(to, &) and p < p*(e).

Remark 3.4.1 The term “equi” emphasizes the dependence of the property
of stability of solutions of the system (3.2.1) on the parameter u (the condition
< p*(e)).

Similarly to the study of the u-boundedness, here the dynamic behavior of
the subsystems (3.2.2) is characterized by the functions vs € C(Ry x Ds, Ry)
assumed to be locally Lipschitz with respect to z, € Dy, Dy C R™, s =
1,2,....m.

The impact of the connection functions pugs(t, x1,...,2m), s =1,2,...,m,
in the system (3.2.1) upon its state is characterized by the functions ws (¢, z,
defined in the domain Ry x D N S°(n) x M at some n > 0, S(n) = {z €
R™: =] <n}.

Using the functions vs(t, zs) and ws (¢, x, 1), s =1,2,...,m, we construct
the scalar functions

vo(t,x,a) = avv(t,z), ac RY,

T and

where v(t,z) = (v1(t, ), ..., 0m(t, 2m))
wo(taza,u‘vﬁ) = [)’Tw(t71}7ﬂ), /6) € Rm7

where w(t, z, 1) = (w1 (t, 2, 1), ..., wm(t, o, 1)), which will be applied for the
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determination of the conditions for the pu-stability of the state x = 0 of the
system (3.2.1).

Theorem 3.4.1 Assume that the system of equations of perturbed motion
(3.2.1) is such that:

(1) for the subsystems (3.2.2) there exist functions vs € C(R4+ X R™ R.),
vs(t,xs) >0 at all s=1,2,...,m, vs(t,0) =0 at all t € Ry, and some
vector a € R, a >0, such that

(a) a(||z|)) < vo(t,z,a) < b(||z]|) at all (t,x) € Ry x S(H), where the
functions a,b belong to Hahn’s K -class,

(b) Dtug(t,z,a)|(3.2.1) < go(t,v(t,x,a),p) at all (t,z) € Ry x S(H),
where go € C(Ry x Ry X M, R), go(t,0,) =0 at allt € Ry;

(2) for any n > 0 there exist functions ws(t,z, ) estimating the impact
of the connection functions, such that wo(t,z,p, 3) € C(Ry x S(H) N
S¢(n) x M x R™ R) and

(a) there exists a nondecrescent function c(i), lirrb c(p) =0, such that
p—
lwo (t, , 1, B)| < c(p) at all t € R and n < ||z|| <e < H,
(b) at all (t,x,u) € Ry x S(H)N S¢(n) x M the inequality

Dt vy(t, 2, a)|3.2.1) + DT wo(t, @, 1, B)|(3.2.1)
< g(t7 ’Uo(t7 Zz, a’) + wo(t7 Z, W, 6)7 :U’)7
is satisfied where g(t,0,u) =0 at allt € Ry, p € M° C M;
(3) the zero solution of the scalar equation

du

i go(t,u, ), u(to) =wug >0, (3.4.1)

is p-stable;
(4) the zero solution of the scalar equation

d
= = gltw ), wlte) =wo 20, (3.4.2)
is uniformly u-stable.

Then the state of equilibrium x = 0 of the system (3.2.1) is equistable.

Proof Let tg € Ry and 0 < e < H be specified. Under conditions (2) and
(4) of Theorem 3.4.1 for the function a(e) > 0 at any to € Ry one can choose
do = do(e) > 0 and py € My C M so that

w(t; to, wo, p) < ale) atall ¢ > to,



88 Weakly Connected Nonlinear Systems

as soon as

m m
wo = Zasvs(thzSO) + Z |Bs|[ws (to, 2o, p)| < do

s=1 s=1

and g < py.
Since the function b belongs to the K-class and is monotone increscent,
then for a fixed §yp > 0 one can choose §; = d1(¢) > 0 so that

b(01) < %60(5) at 0<e<H.

According to condition (3) of Theorem 3.4.1, the zero solution of the equation
1

(3.4.1) is p-stable. Therefore, at fixed 550(6) > 0 an tp € R4 one can choose

values 0o = 02(tp,£) > 0 and pe € My C M so that

1
U(t;to,’do, ,U) < 550 at all t >ty (343)

provided that p < po and
0 < wug < ds. (344)

Note that the inequality (3.4.3) is satisfied for any solution of the equation
(3.4.1) with the initial conditions (3.4.4), including the maximum solution,
. 1
that is, u™(¢; to, uo, 1) < 3 Jo at all t > tq.
Let

m
Uy = Zasvs(to,xso), as = const > 0.

s=1

According to condition (1) of Theorem 3.4.1, the functions vs(¢,zs), s =
1,2,...,m, are continuous, nonnegative, and vanishing at x;, = 0, s
1,2,...,m. Therefore, for the specified Jo > 0 one can choose a value of
03 > 0 so that the inequalities

m
HxOH <43 and Zasvs(thzSO) < 02

s=1

will be satisfied simultaneously.
Now choose § = min(ds,d1) and show that if ||zo| < 6, |lzol =

m 1/2
( > ||xso||2> , then the solution (¢, ) of the system (3.2.1) will satisfy
s=1

the estimate
lx(t, )| <e atall t>tg (3.4.5)

and p < p*, where pu* € M, that is, it will be equistable in the sense of
Definition 3.4.1.
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1
Let pu3 =c7! (5 60). Then, according to condition (2a) of Theorem 3.3.1,
obtain the estimate

< 1 1
> llluattnszo i < o« (300) ) = 500 b w<lol<e (40)
s=1

Let the motion x(¢, 1) of the system begin in the point (o, zo) for which
to € R4 and ||zo]| < 4, and the inequality (3.4.5) does not hold at all ¢ > .
Since the motion is continuous, for a solution z(t, 1) there should exist values
t1,ts > tg such that:

(A) @(t1;to, zo, ) € DS(d1);
(B) x(t2;to, xo, 1) € 0S(g);
(C) Z‘(t;tml‘mu) € S(E) N 5(51)7 te [tlﬂfg].

Let in condition (2) of Theorem 3.4.1 the quantity n = d;. Then conditions
(2a) and (2b) of Theorem 3.4.1 for the function

m m
m(ta :U‘) = Zasvs(ta ‘TS) + Zﬂsws(t7x7,u)a te [tlatQ]a
s=1 s=1

result in the differential inequality
Dtm(t,p) < g(t,m(t,u),n), tE€ [t1,ta]. (3.4.7)

From the inequality (3.4.7) and the equality (3.4.2) according to Theorem
1.2.10 is obtained the estimate

m(t2u ,U/) S w+(t27t17m(tla :U/)7M)u

where w (2, -) is the maximum solution of the comparison equation (3.4.2)
at the initial values (¢1,wo). Along with the inequality (3.4.7), for the function
vo(t, z(t, ), &) we obtain the estimate

UO(thx(thM)ﬂ Oé) S ’U,+<t1at0a ’UO(th Zo, O[))7

and, according to the condition (3.4.3), obtain
1
’Uo(tl7 I(th /L), Oé) < 5 do. (348)

The condition (3.4.8) is the condition for the applicability of Theorem 1.2.10
to the comparison equation (3.4.1).

Taking into account the estimates (3.4.6) and (1a) from Theorem 3.4.1,
for the value t = ty obtain

a(e) + Z |Bsws (ta2, 2z, )| < w(ta;t1,wo, 1) < ale)

s=1
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or a(e) + %60 <a(e) at p < p*, p* = min{u1, po, ps}-

The obtained contradiction proves that the assumption of the existence of
the value t2 > t¢ for which the solution z(¢, ) reaches the boundary of the
domain S(g), that is, the inclusion (B) holds, is incorrect. Thus, ||z (t, p)|| < €
at all t >ty and p < p*.

Theorem 3.4.1 is proved.

Corollary 3.4.1 If in the conditions of Theorem 3.4.1 the majorizing

function go(t,v, u) = 0 and all the remaining conditions of Theorem 3.4.1 are
satisfied, then the state of equilibrium x = 0 of the system (3.2.1) is equistable.

Corollary 3.4.2 If in the conditions of Theorem 3.4.1 the majorizing
function g(t, v, x) = 0 and all the remaining conditions of Theorem 3.4.1 are
satisfied, then the state of equilibrium 2 = 0 of the system (3.2.1) is equistable.

Corollary 3.4.3 If in condition (1b)

D*uy(t,z,a)| 0

(3.2.2) =

and all the remaining conditions of Theorem 3.4.1 are satisfied, then the state
of equilibrium = = 0 of the system (3.2.1) is equistable.

Corollary 3.4.4 If in condition (2b)
D+’Uo(t7 €z, a’)|(3.2‘2) + D+w0(t7 €, [, ﬂ) | (3.2.2) < 0
and all the remaining conditions of Theorem 3.4.1 are satisfied, then the state
of equilibrium x = 0 of the system (3.2.1) is equistable.

Note that condition (1a) and the conditions of Corollary 2.1.3 at u = 0
are sufficient for the uniform stability of the state x = 0 of the subsystems
(3.2.2).

3.5 Dynamic Behavior of an Individual Subsystem

The study of the dynamics of an interacting subsystem in the set of systems
(3.2.1) is of certain interest, since the subsystems may be unstable or, on
the contrary, strongly (e.g., exponentially) stable in themselves (i.e., when
isolated).

The purpose of this section is the formulation of conditions sufficient for
the p-stability or u-instability of the k-th subsystem from the set (3.2.1).

Consider the k-th interacting subsystem of the system (3.2.1)

dl’k

W :fk(t,l’k)+Mgk(t7$17...,$m), (351)
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where zx(t) € R™ is the state vector of the subsystem, fr, € C(R4 x
R R") g € C(Ry X R™ x ... x R™ R™). The state of equilibrium
of the system (3.5.1) and the free subsystem

dl‘k

P foft ) (35.2)

is the state x, =0 at allt € R..

Definition 3.5.1 The state of equilibrium xy = 0 of the k-th interacting
subsystem (3.5.1) is said to be p-stable, if for any € > 0 and ¢ty € Ry one can
find § = d(e,¢0) > 0 and p* > 0 such that

lek(t, to, zo, p)|| < e atall ¢ >to, (3.5.3)

as soon as ||zg]| <& and p < p*, where zg = (z]y, ..., 7h0) .

Remark 3.5.1 Definition 3.5.1 develops the definition of stability with
respect to a part of variables (see Lyapunov [1], Rumiantsev [1], and others)
in the sense that, unlike the separation of all the system variables into two
groups (in the stability theory with respect to a part of variables), here the
k-th vector of state of the system (3.2.1) is considered under various dynamic
properties of solutions of the remaining m — 1 subsystems.

Theorem 3.5.1 Assume that the equations of perturbed motion of the
k-th interacting subsystem (3.5.1) are such that:

(1) there exists a function vy € C(R4 X R™  R.), vi(t, xk) locally Lipschitz
with respect to xy, vi(t,0) =0 at all t € Ry, satisfying the inequalities

(a) a(llerll) < vt zx) < b([lexll) for all (t,2x) € Ry x S(Hp);

(b) D+’Uk(t7 l’k)|(3.5'2) S gOk(t7 vk(t7 l’k), ,U,), where gok € C(R+ X R™ x
M, R), gox(t,0,u) =0 for allt € Ry;

(2) the impact of the connections gi(t,z1,...,xm) is estimated by the func-
tion

wi € C(Ry x S(H1) N S(m1) % ... x S(Hy) N S(1m), R),

wi(t, T1, ..., Tm, p) is locally Lipschitz with respect to the wvariables
T1,...,Tm, 0<ns < Hs, for which

(a) there exists a nondecrescent function c(p), lim c¢(p) = 0 and
p—00
lwi(t, 21, ..oy Tm, )] < e(p) fort € Ry and 0 < ||z|| < e < H;
(b) at all (t,z,pu) € Ry x S(H)NS%(n) x M
DFup(t, zi)l(3.5.2) + DT we(t, z1, ..o T, 1) 3.2.1)
S glk(ta ’Uk:(twrkr) + ’lUk;(t, Tlyenny :ETTHM)u IU/)7
where g11(t,0,u) =0 at allt € Ry, p € M° C M;
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(3) the zero solution of the equation

duk
e gok(t,ur, o), uk(to) = uro > 0,

is p-stable;
(4) the zero solution of the equation

dl]k
i gr(t,uk, 1), vr(to) = vgo >0,

is uniformly p-stable.

Then the state of equilibrium xi = 0 of the k-th interacting subsystem
(3.5.1) is p-stable.

The proof of this theorem is similar to that of Theorem 3.4.1 and therefore
is not given here.

Note that the influence of the remaining subsystems on the k-th subsystem
is estimated by the function wy, since it contains all variables 1, ..., z,,, and
by the expression of the derivative Dt wy(t,21,..., Tm,/t)|(3.2.1) in view of
the whole system (3.2.1).

Now consider the subsystem (3.5.1) and determine the conditions for the
instability of the equilibrium state zj, = 0. Following the works of Chetaev [1]
and Martynyuk [15], formulate some definitions.

Definition 3.5.2 The state of equilibrium zy = 0 of the k-th interacting
subsystem (3.5.1) is said to be p-unstable if there exist € > 0 and ¢y € Ry
such that for any arbitrarily small § > 0 one can find z§: ||z§|| <6, p* € M
and t* > to for which @k (t*;to, z§, p)|| > € at p < p*.

According to the above definition, the u-instability of the k-th subsystem
(3.5.1) will be determined if we only note one path reaching the boundary of
the domain ||zx|| = Hy at arbitrarily small ||z]|.

The subsystem (3.5.1) will be considered in the domain

t>0, |lzgll < Hy,

3.5.4
Jall 4 -+ Ikl + Dasa ] + -+ ] < +oo, (354

where H;, = const > 0.
For the subsystem (3.5.2) we construct a function v (¢, x;) and give the
following definitions.

Definition 3.5.3 A set of points (¢, ) from the domain (3.5.4), for which
vg(t, ) > 0, is called the domain vy > 0.

Definition 3.5.4 The function ®(¢,x) is called positive definite in the
domain vy, > 0, if for any € > 0, however small it may be, there exists d(¢) > 0
such that for any point (¢, z) from the domain (3.5.4) satisfying the condition
vg(t, ) > € the inequality ®(¢, ) > § would hold.
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Let v=: L — Ty, t — v~ (t;tg,vo, u) be the minimum solution of the

equation
dv

E =
passing through the point (tg,vg) at all u € M° C M.

g(t7v7lu’)a ’U(to) Z Vo, (355)

Theorem 3.5.2 Assume that the equations of perturbed motion of the
k-th interacting subsystem (3.5.1) are such that:

(1) there exists a function vy(t, x), locally Lipschitz with respect to xy, and
in the domain (3.5.4) the set of points (to, o) for which vk (to, ko) > 0;

(2) for all (t,z) € Ry X {vy > 0} the following estimates hold:
(a) vi(t, zk) < b(||zk|]), where b belongs to the K-class,
(b) Dok (t, z1)|(3.5.2) > 0;
(3) there exists a function wy € C(Ry x RN x MyR), N =n1+ ...+ ny,,
wi(t, 1, ..., Tm, p) locally Lipschitz with respect to x1, . .., Tm, such that
(2) [wi(t, @1, 2, )] < x(u), limx(p) =0,

(b) D+U’€(t7xk¢)|(3.5.l)+D+wk(t7xl7' . ’Jxmﬂu)|(3.2,l) > g(t7’0k(t,$k)+
wi(t, X1, ..oy Ty 1), 1), where g € C(RyxRXM,R), g(t,0,1) =0
at all t > to;

(4) the zero solution of the equation (3.5.5) is p-unstable.

Then the state of equilibrium x, = 0 of the k-th interacting subsystem
(8.5.1) is p-unstable.

Proof Conditions (1) and (2) of Theorem 3.5.2 implies that the state
x, = 0 of the free subsystem (3.5.2) is unstable in the sense of Lyapunov. From
condition (4) of Theorem 3.5.2 it follows that for the solution v(¢, tg, vo, i) of
the equation (3.5.5) there exist €*, uy such that for an arbitrarily small 6* one
can find vg: 0 < vy < 0* and 7 > tg € R, for which

v(T,to, v, ) > " at t>T. (3.5.6)
For the specified § > 0 choose £* so that

(Mug: 0 <wg <6")(Fxo: |xoll < 9),

3.5.7
vo < vk (to, Tro) + Wi (to, T10, - - -, Tmo, 1)- ( )

Now choose pig = x~* ( % 5*) and according to condition (3a) of Theorem 3.5.2
obtain )
|w;€(t,x1,...,xm7u)|<§5* at p<pus €M (3.5.8)

at all (¢,x) € Ry x R™.
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Choose € mentioned in Definition 3.5.2 so that
1
b(e) + 3 0F < e, (3.5.9)

Let J(to, o) denote the interval of existence of a solution of the system
(3.5.1). Let vp: 0 <wy < d* and 7 > tg be fixed so that the inequality (3.5.7)
holds. If the vector xg is chosen so that ||zo|| < ¢ and 7 € J(to,x0), then the
instability x(t, u) is determined, as the solution cannot cease to exist without
leaving the domain S(g).

Now assume that 7 € J(to, zo), the vector zg: ||zo|| < ¢, and the inequality
(3.5.7) holds. Show that the motion zy(t,to, Tok, ) of the subsystem (3.5.1)
at t = 7 does not belong to the domain S(¢). Let this not be so, that is,
lek(t, to, Tok, )| < € at t = 7. Assume

n(t, 1) = vkt 2) + [kt 21, -, T, 1)
at t € [to, 7]. According to condition (3b), obtain the differential inequality
DFn(t, p) > g(t,n(t, 1), ). (3.5.10)

Applying the comparison technique to the inequality (3.5.10) and the equation
(3.5.5), obtain

(T, 2 (T, o, Tok, 1)) + |wi (T, 21 (7, to, T10 < ), - - -,

i (3.5.11)
-,I:m(Tuth(Em07M)a,u)| Z v (7'7750,1)0,,11).

Here v~ (7, -) is the minimum solution of the equation (3.5.5) with the initial
conditions (3.5.7).

Taking into account (3.5.6), (3.5.8), and (3.5.9), from (3.5.11) obtain the
sequence of inequalities

1
v (T, (7, to, Tpy, 1)) + 3 0 > v (1, t0,v0, ) > * > b(e)+ = 6", (3.5.12)
The inequality (3.5.12) results in a contradiction. It means that

(7, to, Tho, 1) € int S(e) at t=r.

Consequently, choosing p* = min(uq, u2), find that the state of equilibrium
xr = 0 of the subsystem (3.5.1) is p-unstable.
Theorem 3.5.2 is proved.

Remark 3.5.2 In contrast to the conditions of Theorem 19.1 from the
monograph of Martynyuk [6], here the perturbed Lyapunov function is used,
and it is with the help of the perturbations wg (¢, z1, ..., Zm, 1) that the in-
fluence of the connection functions ugg(t, 1, ..., xm,) between the subsystem
(3.5.1) and the remaining m — 1 subsystems is estimated.
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3.6 Asymptotic Behavior

To characterize the dynamic properties of the system (3.2.1) and the free
subsystems (3.2.2) we will use the vector function and the Euclidean norm of
the state vector of the system.

3.6.1 Uniform asymptotic stability

The system (3.2.1) will be considered under the condition (A;) about the
interconnection functions g;(t, 1, ...,Zm), t =1,2,...,m

Assuming po(t,z) = p(t,z;) = ||zil|, ¢ = 1,2,...,m, formulate the def-
inition of the uniform asymptotic p-stability, taking into account Definition
2.2.1.

Definition 3.6.1 The state of equilibrium & = 0 of the system (3.2.1)
is said to be uniformly asymptotically p-stable if it is uniformly p-stable and
quasiuniformly asymptotically u-stable.

Following Yoshizawa [2, p. 28], formulate the following definition for the
system (3.2.1)

Definition 3.6.2 The state of equilibrium & = 0 of the system (3.2.1) is
said to be quasiuniformly asymptotically p-stable if for a specified € > 0 there
exists dp(g) > 0, T() > 0 and p* € (0,1] such that if ||zo|| < do and p < p*,
then ||x(t, to, zo, p)|| < e at all t > to + T'(e).

Remark 3.6.1 Definition 3.6.2 in the above-mentioned monograph was
formulated for the system (3.2.1) at y =0 and s = 1.

Assumption 3.6.1 There exist:

(1) open connected time-invariant neighborhoods N; C R™, i =1,2,...,m,
of the equilibrium states x; = 0 of the subsystems (3.2.2);

(2) continuously differentiable functions v;: Rx N; — R4, comparison func-
tions ¥;1, V2, ;3 from K-class, constants o; € R such that

(@) Yar(lzill) < vilt,zi) < paa(llaal]),
(b) dvi(t,z;)/dt|(3.2.2) < oitpis(||lzs|) in the range of values (¢, ;) €
Ry X N;, i=1,2,...,m;

(3) constants a;; = a;;(¢) € R such that

(gradv;(t, ;) pug(t, z1, ..., Tm)

< Wiz (llz:l) 1/22(113 tbja( ||x]||)]1/2

at all (¢,z;) € R x N;.
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Theorem 3.6.1 Let the equations of perturbed motion of the weakly con-
nected system (3.2.1) be such that:

(1) all the conditions of Assumption 3.6.1 are satisfied;

(2) at specified o;, i = 1,2,...,m, there exists a vector & = (a, ..., am)T >
0 and a value u* € M such that a matriz S = [s;;(u)] with the elements

" Olzi(0i+aii(u))7 i =7,
Sij = . .
YT Gl + agazi)). i 45,

is negative definite at all p < p*.

Then the state of equilibrium x = 0 of the system (8.2.1) is uniformly
asymptotically p-stable.

Proof On the basis of the function v;(¢,z;), i = 1,2,..., m, construct a
function

v(t,x,a) = Zaivi(t7xi)7 (3.6.1)
i=1

for which, according to condition (2a) from Assumption 3.6.1, the estimates
> au(lzl) < olt.w,a) <Y apin(|al)
i=1 i=1

hold at all (t,z) € Ry x N1 x ... X Np,. The fact that the functions 1,1,

;2 belong to the K-class implies the existence of functions 1, ¥ from the
K-class such that

Villlzl) < Y- avballzill),  dellzl) 2 D apia(llail])-

i=1 i=1
Hence

Pr(lll) < olt,z, o) < Pa(l]]), (3.6.2)

and therefore the function v(t, z, @) is positive definite and decrescent.
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Taking into account conditions (2b) and (3) from Assumption 3.6.1, obtain

O
O (TN
{ai {%} ) (3.6.3)

ol (24) e

<> ool + b)Y S ey () s 42},

1=1 Jj=1

dv(t, )
dt

Introduce the notations: w = {[Y13(|a1])]Z,- .., Wms(lzm])]}" and R =
[ri;] is a matrix with the elements

b Jailoi taa(p)], 1=,
aiai; (1), i#7,(,7)=12,....m

From (3.6.3) obtain

dv(t, x)
dt

1
<w'Rw=w" <§ R+ RTDw =whS(pu)w.

(3.2.1)

According to condition (2) of Theorem 3.6.1, there exists u* € M such that
the matrix S(u) at pu < p* is negative definite. Then A\pr(S(p)) < 0 at p < p*
and
dv(t, )
dt

< A (S(p))wTw = A (S(w) Z¢i3(||xi||)~

(3.2.1)
Since ;3 belongs to the K-class, there exists a function ¥3 € K such that

m

3(l[l)) Z (1)),

that is,

PED < anSGslel) Aw(SE) <0 at p<
(3.2.1)

in the range of values (¢,2) € Ry x N1 X ... X Np,.
Hence it follows that the state © = 0 of the system (3.2.1) is uniformly
asymptotically stable.
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Remark 3.6.2 If the constants a;; in condition (3) of Assumption 3.6.1 do
not depend on p, then for the elements s;; of the matrix S(u) we obtain the
expressions

aa;lo; + pa), i=J,
Sij =

1 . .
§N(aiaij + ajaji), 1 # 7,

and Theorem 3.5.1 survives.

3.6.2 The global uniform asymptotic stability
At first formulate the following assumption.

Assumption 3.6.2 For the subsystems (3.2.2):

(1) conditions (1) and (2) of Assumption 3.6.1 with the functions ©;1, 2
from the K R-class are satisfied;

(2) at specified v; and ;3 there exist functions a;;: R+ X R™ — R such
that

dui(t, ;)\ "
(%) gi(t7xl7-~-7xm)

< [Wis(llilD]V2 Y a8, @) Wi ()] 2

j=1

at all (t,z) € Ry x R™.

For Theorem 3.6.1 formulate a generalization in the following form.

Theorem 3.6.2 Let the equations of perturbed motions of the weakly
connected system (3.2.1) be such that:

(1) all the conditions of Assumption 3.6.2 are satisfied;

(2) there exists a vector aT = (a1,...,am) > 0, a constant ¢ > 0, and a

value p* € M such that the matriz S(t,x, u) + e E is negative definite at
all (t,x,pn) € Ry x R" x M*, M* C M; here, the elements s;;(t, x, 1)
of the matriz S(t,x, 1) are defined by the formula

Oéi[O'i + ,ua/ii(ta x)]7 1= j7
Sij (ta Z, ILL) = 1 . .
gilaiaij(t, @) + aja5(t 7)), 1 #J,

where E is a unit (m x m)-matriz.

Then the state of equilibrium x = 0 of the system (8.2.1) is globally uni-
formly asymptotically u-stable.
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Proof The function (3.6.1) is positive definite and decrescent. Let
R(t,z, pu) = [rij(t,x, 1)) denote an (m x m)-matrix with the elements

ailo; + pai(t, )], i =j,
pogaqg(t, x), 1% 7.

rij(t, T, 1) = {

Using (3.5.19) and the conditions of Assumption 3.6.2, for u < p* obtain the
estimate
dv(t, x)
dt

<wTR(t,z, p)w

(3.2.1)
1
=w' (5 [R(t,x, 1) + R" (t,, u)]) w (3.6.4)
= ’UJTS(t, xz, u)w S _ewTw = _62 11)13(“1:1”)
i=1
at all (¢,2) € Ry x R". Since ;3 belongs to the K-class, there exists 13 from
the K-class, such that
Ya(llal)) <D us(l|i])-
i=1

Therefore, from (3.6.4) obtain

du(t, z, o)

T < —eys(flzall) at p<p®

(3.2.1)

Thus, the equilibrium state x = 0 of the system (3.2.1) is globally uniformly
asymptotically u-stable.

3.6.3 Exponential stability
Further we will use the following notions.

Definition 3.6.3 The state of equilibrium = 0 of the system (3.2.1) is
called to be exponentially p-stable if in an open connected neighborhood N
of the state x = 0 one can find constants r1,...,7, >0, a > 0and A > 0
such that at ¢ > tg

21 (t, to, o, WP + .. + [l (¢, to, 2o, )| < allzo]| exp[=A(t — to)].

The constants a and A\ may depend on N.

Definition 3.6.4 The comparison functions @1, @2 from the K R-class
have the value of the same order if there exist constants oy, 3;, ¢ = 1,2, such
that

a; loi(r) < pi(r) < B tei(r), i#£§, ij=1,2.
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Assumption 3.6.3 There exist:

(1) open time-invariant connected neighborhoods V; C R™, ¢ =1,2,...,m,
of the equilibrium states x; = 0 of the subsystems (3.2.2);

(2) continuously differentiable functions v;: Ry x N; — R, comparison func-
tions ;1, 2, which have the values of the same order, @;o from the
K-class, and constants ¢; € R such that

(a) uTAu <wv(t,z,a) < uT Bu, where u = (||z1]|™, ... ... w7,
T1,...,7m >0, A, B are constant (m x m)-matrices,

(b) dvz(t X /dt‘ 322) S oipiz(]|zi]|) in the range of values (¢, z;) €
R+ X Nl, =1, 2 m;

(3) constants a;; = a;;(¢) € R such that
(gradvi(t, z:)) " pngi(t, z1, ..., Tm)

< lpiz(flzil) 1/226‘1] [pia( ||xl||)]1/2

at all (¢,z;) € Ry X Nj.

Theorem 3.6.3 Let the equations of perturbed motion of the system
(3.2.1) be such that:
(1) all the conditions of Assumption 3.6.3 are satisfied;
(2) at specified o;, i = 1,2,...,m, there exists an m-vector af =
(a,...,c0n) > 0 and p* € M such that the matriz S(n) = [si;(1)]
with the elements

a;lo; + aii(p)], 1=7,

sij(1) = 4 1 o,
N §[aiaij(ﬂ) +ajaji(p)], i # 7
is negative definite at p < p*;

(3) the matrices A and B in the estimate (2a) of Assumption 3.6.8 are
positive definite.

Then the equilibrium state x = 0 of the system (3.2.1) is exponentially
w-stable.

Proof For the function v(t, z,a) = aTv(t,z) where v(t, ) = (vi(t, 1, . ..,
vm(t,7m))T, according to condition (3) of Theorem 3.6.3, obtain

A (A)uTu < v(t, 2, 0) < Ay (B)uTu. (3.6.5)
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Since ;1 belongs to the K-class, there exists a comparison function ¢
from the K-class, such that uTu < ¢, (||2||) and therefore (3.6.5) takes on the
form

A (A)uTu < v(t, x,a) < A (B)er (||z])). (3.6.6)

Using (3.6.3), conditions (2b) and (3) of Theorem 3.6.3, obtain

du(t, z, o)
dt

Z%Q ll:]) (3.6.7)

(321)

at all (¢,z;) € Ry X N;, i = 1,2,...,m. Since ;2 belongs to the K-class,
there exists o from the K-class, such that

Y wallzil) < e2(lz]).

i=1

Taking into account the last estimate, the inequality (3.6.7) will take on the

form
dv(t,x, o)

dt

o) < Au(S(w)pa(llz]))- (3.6.8)

Under the hypothesis of Theorem 3.6.3 there exists u* € M such that
Av(S(p)) <0 atall p<p™ (3.6.9)

Since the functions ¢; and (2 are the values of the same order, there exist
constants (31, B2 such that

B 1 (r) < pa(r) < By e (r). (3.6.10)

Taking into account (3.6.8) and (3.6.9), for (3.6.7) obtain

W < =M (S()Br A (B)o(t, z, ),
(3.2.1)
whence
v(t, x(t), a) < wv(to, zo, ) €Xp {21)\(75‘((#3)))(15 to)l, t>to. (3.6.11)

Taking into account the inequality

P+ w2 < (™ ) T Qa7 )
(3.6.12)
and the estimates (3.6.6) and (3.6.11), obtain

21 (t, to, 20)|I*™ + ... + |z (t, to, mo)[|*

< A (A A (B)er (J|z]lo) exp [2 A(S((lg))

(t_to)} — (3.6.13)
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Assuming

A (S(w))

Bidm(B)’

from the estimate (3.6.13) obtain the inequality involved in Definition 3.6.3.
Theorem 3.6.3 is proved.

a=A\_

m

YAy (B) and A=

Assumption 3.6.4 There exist:

(1) continuously differentiable functions v;: R4 X R™ — R, constant (m x
m)-matrices A and B, constants r1,... ... ,Tm > 0 such that

(a) uTAu < v(t,r,a) < w] Bw;, where

wi = (eullzl, - cimllzm )T
w= (fza]™, . ol )T
(b) dv;(t,z; /dt|(3 5 < 0il|xi]|* in the range of values (t,;) € Ry x
R™, i=1,2,. m

(2) at specified oy, ¢ =1,2,...,m, there exist constants a;; € R such that
m
(gradvi(t,2)) " gi(t, 21, .. 2m) < [zl D aijll|

atall x; € R™, z; € R™, 4,5 =1,2,...,m.

Theorem 3.6.4 Let the equations of perturbed motion of the weakly con-
nected system (3.2.1) be such that:

(1) all the conditions of Assumption 3.6.4 are satisfied;

(2) at specified o;, 1 = 1,2,...,m, there exists u* € (0,1] such that the
matriz S(p) = [ ()] wlth the elements

ai(o; + pai;), i=j,
sij (1) = o
5#(%‘%’ +ajag), i #
is negative definite at p < p*;

(3) the matrices A and B in the estimate (1a) of Assumption 3.6.4 are
positive definite.

Then the equilibrium state x = 0 of the system (8.2.1) is globally exponen-
tially p-stable.

Proof From the conditions of Assumption 3.6.4 it follows that the com-
parison functions 1;, @2; have the form

I?

pir(|z:) = el eio(wll) = lla:]l*, i=1,2,...,m.
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It is clear that those function have the value of the same order. In addition,
the function v(¢, x, ) is positive definite, decrescent, and radially unbounded.
The function dv(t, z, &) /dt along solutions of the system (3.2.1) is negative
definite in view of condition (1) of Theorem 3.6.4. Hence the state x = 0 of
the system (3.2.1) is globally exponentially p-stable.
Theorem 3.6.4 is proved.

3.6.4 Instability and full instability

In Section 3.5 the conditions for the u-instability of an individual subsys-
tem in the system (3.2.1) were determined. Here we will consider the complete
system (3.2.1) under the following conditions.

Assumption 3.6.5 There exist:

(1) open connected time-invariant neighborhoods N; C R™ of the equilib-
rium states z; = 0 of the subsystems (3.2.2);

(2) continuously differentiable functions v;: Ry x N; — Ry, comparison
functions v;1, Y2, Y3 from the K-class, constants d;1,0;2,0 € R such
that

(a) davar(llz:l]) < vilt, ;) < digthia(l|i]]),
(b) dvi(t,xi)/dt‘(&ZQ) < oypis(||zi]|) in the range of values (¢, z;) €
Rox N, i=1,2...,m

(3) constants a;; € R and a value p* € (0, 1] such that

gradv;(t, i) pgi(t, 1, -, 2m) < [Was (s lDIY Y ai [Wa (]| )]

j=1

at all (t,z;,2;) € Ry x N; x N;j and p < p*.

Remark 8.6.3 1If §;1 = §;2 = —1, then it is said that the subsystems (3.2.2)
have the property C, and if §;; = ;2 = 1 they have the property A.

Remark 3.6.4 From conditions (1) and (2) of Assumption 3.6.4 it follows
that if the subsystems (3.2.2) have the property C and o; < 0 at all i =
1,2,...,m, then the equilibrium state x; = 0 of the subsystems (3.2.2) is
quite unstable, that is, all the subsystems (3.2.2) are unstable in the sense of
the Lyapunov definition [1].

If the subsystems (3.2.2) have the property A and o; < 0 at all ¢ =
1,2,...,m, then all the subsystems (3.2.2) are uniformly asymptotically sta-
ble.

Let L = {1,2,...,m} be the set of all subsystems in the complex system
(3.2.1). Let N # & denote a set of subsystems that have the property C,
N CL.
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Theorem 3.6.5 Let the equations of perturbed motion (3.2.1) be such
that:

(1) all the conditions of Assumption 3.6.5 are satisfied;

(2) at specified o; there exists a vector o = (aq,... ... ,am) > 0 and a

value p* € M such that the matriz S(u) = [s:;(w)] with the elements

) ailoi + ai(p)]; i=Jj
sulk) = %[aiaij(ﬂ) +ajaz(p)], i #
is negative definite at p < p*.
Then:
(a) if N # L, then the equilibrium state x = 0 of the system (3.2.1) is
p-unstable;

(b) if N = L, then the equilibrium state x = 0 of the system (3.2.1) is
completely p-unstable.

Proof Like in Theorem 3.6.1, for the function

v(t, z, @) Zasvs (t,zs) (3.6.14)

its negative definiteness and decrease are determined. Similarly to (3.6.4) ob-
tain the estimate
dv(t,z, o)
dt

< ) Z%s(”%”) (3.6.15)
(3.2.1) i=1
at all (t,z) € Ry X Ny X ... X Np,, © € L. According to condition (2) of
Theorem 3.6.5 at 1 < p* Ay (S(p)) < 0, and therefore dv(t, z, o) /dt| (3.2.1) 18
negative definite.

Now consider the set D = {(t,z) € Ry x R™: z; € B;(r) at i € N and
x; =0, as soon as i ¢ N}. Here r = minr;, for which ¢ € N. For the function

(3.6.14) obtain the estimate

=3 ol < v(t.z.0) < — 3 asa(lai):

€N iEN

Hence it follows that in any neighborhood of the state x = 0 there exists at
least one point 2* # 0 in which v(¢,2*,a) < 0 at all t € R. In addition, over
the set D the function v(t, 2z, a) is bounded below. Thus, all the conditions of
the Lyapunov theorem [1] on instability at u < p* are satisfied. This proves
statement (a) of the theorem if N £ L. If N = L, all the subsystems (3.2.2)
are unstable, and the connections do not change that dynamical state, that
is, the system (3.2.1) is completely p-unstable.
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3.7 Polystability of Motion

The polystability of motion of dynamic systems is some extension of the
concept of stability with respect to a part of variables.

The purpose of this section is the study of the u-polystability of the system
(3.2.1) at m = 2.

3.7.1 General problem of polystability
Consider the nonlinear system of equations of perturbed motion

dx

d_ti = fl(t7xl) + [,Lgi<t,l'1, e 7xm)7

zi(to) = @0, 1=1,2,...,m,

(3.7.1)

where x; € R™, t € Ry, typ € R;, R; C R, fi Ry x R" — R™ g;: Ry X
R™ x R™ x ... x R™ — R"™_ and assume that f;(¢,0) = ¢;(¢,0,...,0) =0
for all t € Ry, p€(0,1].

Definition 3.7.1 The system (3.7.1) is said to be u-polystable (on R.) if
and only if its solution (x = 0) € R™ is u-stable (on Ry) and p-attracting (on
R, ) with respect to a group of variables {z;}T, i =1,2,...,m (with respect
to a set of groups of variables {z],... 2]}, I <m).

Remark 8.7.1 1If the p-polystability of the equilibrium state x = 0 is
considered with respect to all subvectors {z;}T, i =1,2,...,m, of the system
(3.7.1), then the system (3.7.1) is considered in the domain

Ry x Bi(p) x B2(p) x ... x Bi(p), Bi(p) ={w:: [|ail| < Hi},
H; =const >0, 1=1,2,...,m,

or in R"™, as usual.

Remark 3.7.2 1If the u-polystability of the equilibrium state x = 0 of the
system (3.7.1) is considered with respect to the set of subvectors (z7,...,z;),
I < m, then the system (3.7.1) is considered in the domain

Bilp) = {7 (T, a)) < H'}, H* = const > 0,
Dy={xp: 0<|(z}iy,. . 2n)T|| < +o0}, k=1+1,...,m.

? m

Here the motion z(t, g, 1) of the system (3.7.1) should be defined at all ¢ €
Ry, for which ||(«T,...,a)T| < H*.

This condition is satisfied in all applied problems (see Rumiantsev and
Oziraner [1]), since it means that none of the coordinates of the subvectors
(1), k=1+1,...,m, of the state of the subsystems (3.7.1) reaches infinity
in a finite period of time.
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3.7.2 Polystability of the system with two subsystems
Assume that for the independent subsystems

dz i
dt

= fi(t, (EZ‘), xi(to) = Z;0, L= 1, 27 (372)

the functions v;: Ry x R™ — R, ¢ = 1,2, are constructed, as well as the
function

’U(t,JC, Oz) = 041’01(15,581) + OLQUQ(t,JCQ), aq, g = const. (373)

See the following definitions.
Definition 3.7.2 The function v(t,z,a): Ry X R* x R — Ry is

(1) positive semidefinite on Ry, if there exists a time-invariant neighborhood
N of the state x = 0, such that

(a) v(t,z, @) is continuous with respect to (¢,z) € Ry x N;

(b) v(t,z,a) is nonnegative on N, that is,
v(t,z,a) >0 VY(t,z) € Ry x N;

(c) v(t,z,a) =0,if x=0at allt € Ry ;

(2) zF-positive definite on R, if in the domain Ry x B;(p) x D;, i # j,
1,7 = 1,2, the following conditions are satisfied:
(a) v(t,z, @) is continuous with respect to (¢,z) € Ry x Bi(p) x Dj;

(b) there exists a function w(z}) such that the inequality
w(z!) <w(t,x,a) Y(t,x,a)€ Ry x Bi(p) x D;

holds for one of the values i =1, 2;
(¢) v(t,x1,22,0) =0,if 21 =0, 22 #0, or 21 # 0, x2 = 0;

(3) azf-decrescent on Ry, i = 1,2, if in the domain Ry x B;(p) x Dj, i # j,
i,j = 1,2, condition (2a) is satisfied and there exists a function @(z})
such that

o(t,z,0) < o(x})), i=1,2.

The system (3.7.1) at s = 2 is further considered in the domain Ry x
Bl(Hl) X BQ(HQ)

Definition 3.7.3 The system (3.7.1) at s = 2 is said to be p-polystable
(on Ry), if its equilibrium state z = 0 is

(a) uniformly p-stable on R, with respect to (z1,z3),
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(b) uniformly asymptotically u-stable on R, with respect to z3.

Theorem 3.7.1 Let the equations of perturbed motion (3.7.1) at s = 2
be such that:

(1) there exist differentiable functions v;(t,z;): Ry x R™ — R, i = 1,2,
for which the function v(t,x,a) is

(a) positive definite on N C R™, n = nj + na,
(b) decrescent on N (on Ry X N);
(2) there exists u* € M such that the function dv(t,x, a)/dt’(&“) is
(a) negative semidefinite on Ry X N at p < p*,
(b) z3 -negative definite on Ry x N at p < p*.
Then the system (3.7.1) is p-polystable in the sense of Definition 3.7.3.

Proof From conditions (1a), (1b), and (2a), it follows that the state (z =
0) € R™, n = nq + ng, is uniformly u-stable on Ry. If in addition condition
(2b) is satisfied, then the uniform asymptotic p-stability on Ry occurs with
respect to 3 .

Now consider the system (3.7.1) at s = 2 in the domain
R+ X Bl(Hl) X DQ, DQ = {1‘2: 0< ||172|| < +OO}
Extend Theorem 4.2 from the monograph by Rumiantsev and Oziraner [1]
to the systems (3.7.1) at s = 2.

Theorem 3.7.2 Let the equations of perturbed motion (3.7.1) at s = 2
be such that:

(1) there exist differentiable functions v;(t,z;): Ry x R" — Ry, i =1,2,
for which the function v(t,x,a) is

(a) af -positive definite on Ry x By(Hi) X D3,
(b) decrescent on Ry x Bi(H1) x Da,
(c) xT-decrescent on Ry x By(Hy) x Da;

(2) the function dv(t,x,a)/dt‘(&“) is
(a) negative semidefinite on Ry X By(Hy) X Do,
(b) T -negative definite on Ry x Bi(Hy) x Do,
(¢) negative definite on Ry x Bi(Hy) x Ds.

Then, respectively,
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(a) conditions (1a) and (2a) are sufficient for the x¥ — p-stability of the
state (x =0) € R™ on Ry ;

conditions an are sufficient for the uniform xi — p-stability
b diti 1b d (2b fficient for th if }1 bili
of the state (x =0) € R™ on Ry ;

(c) conditions (1c) and (2c) are sufficient for the asymptotic T — pu-stability
of the state (x =0) € R™ on R4.

The proof of this theorem lies in the verification of the satisfaction of the
conditions of Theorems 5.1, 5.2, and 6.1 from the above-mentioned monograph
under the conditions of Theorem 3.7.2.

In connection with Theorem 3.7.1 the question that has to be answered
is what general form the system (3.7.1) should have for its motion to be pu-
polystable in the sense of Definition 3.7.3. The answer resides in the following
assumption.

Assumption 3.7.1 There exist:

(1) continuously differentiable functions v;: Ry x R™ — — Ry, i = 1,2,
(2 x 2)-constant matrices A; and By and the comparison function ¢
from the K-class, such that

(a) ’LLTAl’U, < v(t,z,a) < uTBlu at all (t,ﬂC) S R+ X Bl(Hl) X BQ(HQ),
where u” = (||a1]], [[z2]]),

(b) 8111/8t + (avl(ta zl)/azk)Tfl(t7x1) < Oa k= 17 27 ceey N,

(C) 81}2/8t+(8v2(t,xg)/ﬁa:l)ng(twl) < —0'1’(/1(”.%'2”)7 l=1,2,...,n9;

(2) there exist constants k1, k2 > 0 such that
|a’01(t7$1)/a$k| < kl and |a’02(t75€2)/a$]‘| < kg,
k=1,2,...,n1, 7=1,2,...,n9;

. . (.21, . )
(3) the connection functions of the subsystems g;(t,x1,x2) satisfy the con
ditions
91t 1, 22) = gi(t, 2),
g2(t, x1,x2) =0,

and, in addition, ||g1(¢, z2)|| < ¥ (]|z2]|), where 9 belongs to the K-class.

It is easy to show that under all conditions of Assumption 3.7.1 the system

dx
d_tl = fi(t,z1) + pga(t, v2),
(3.7.4)

dx
d_t2 = fQ(tv ‘T?)
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is p-polystable in the sense of Definition 3.7.3.
From conditions (1b) and (1c) it follows that the subsystem

dl‘l

g = fi(t,x1)

is neutrally stable and the subsystem

dl‘g

e fa(t, x2)

is uniformly asymptotically stable. Hence, at p < p* the function ugi (¢, 22)
has a stabilizing impact in the system (3.7.4).

3.8 Applications

In this section, some typical systems of the theory of automatic control
are considered on the basis of the general approach developed in this chapter.

3.8.1 Analysis of longitudinal motion of an aeroplane

The controllable longitudinal motion of an aeroplane may be described by
the equations (see Letov [1] and others)

d

% = —ppxp + po, k=1,2,34,
i s (3.8.1)
o = o~ flo) + uZﬂka,

k=1

where pr, > 0, 7 > 0, p > 0, (B are constants, i is a small parameter, z; € R,
o € R, the function f: R — R has the following properties:

(a) f is continuous on R;
(b) f(o) =0, if and only if o = 0;
(c) of(oc) >0at all 0 #0.

The function f with the properties (a)—(c) is called the admissible non-
linearity for the system (3.8.1) (see Aizerman and Gantmacher [1]). If the
equilibrium state

at = (z1, 20, 23,24,0) =0 (3.8.2)

of the system (3.8.1) is globally asymptotically stable at all admissible non-
linearities of f, then the system (3.8.1) is absolutely stable.
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At p =0 from the system (3.8.1) obtain two isolated subsystems

d.%'].C

i = PR, k=1,2,3,4, (3.8.3)
do
il f(o). (3.8.4)

Represent the system (3.8.1) in the form

2
dZi .
E = fz(zz) + ,u Z Ciij, 1= 172, (385)
I=1,ji

where the matrices Cf, and Cy; are such
Clh=[1,1,1,1] and Cy = [B1, B2, B3, Ba). (3.8.6)

Now assume that

p1 < p2 < p3 < py, (3.8.7)

and denote z{ = (x1,...,74), 22 = 0.
With the subsystems (3.8.3) and (3.8.4) connect the functions

v1(z1) = clzile, va(22) = czzg, (3.8.8)

where c¢q,co > 0 are constants.
It is easy to verify that the following estimates hold:

dvy(z
G| < e, (3.8.9)
(3.8.3)
d
va(z2) < —2rpes]|zo|?, (3.8.10)
dt |35.4)
lerad s (1) | < 2e1]|1, (3.8.11)
llerad va(z2)|| < 2¢2||22|| (3.8.12)

at all z; € R*, 25 € R. The norms of matrices (3.8.6), concordant with the
Euclidean norm of vectors, are

4 1/2
[Cr2ll =2, [Caunll = (Zﬁ%) : (3.8.13)
i=1

For further treatment we will use a corollary of Theorem 3.6.3.
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Corollary 3.8.1 Let the equations of perturbed motion (3.8.3) and (3.8.4)
be such that:

(1) for each subsystem (3.8.3) and (3.8.4) there exist functions vy (z1) and
va(2z2) such that

cinllzill? < wilz) < cinllzil) s

d’Ui (Zz)
dt

< oillzil?, where w—{ﬁii

(2) for the specified functions v;(z;), ¢ = 1,2, there exist positive constants
¢;3 for which

)

llgradv; ()] < cis||z:|| at all z; € R™;

(3) at specified oy, i = 1,2, there exist a vector a = (a1, a2)T and a value
w* € M such that the matrix S(u) = [s;;(1)] with the elements

;05 at = j,
sij(n) = 1 (3.8.14)

Fhlaicis]|Cisll + ajess|Ciall] - at @ # 7,

is negative definite at all pu < p*.
Then the equilibrium state (3.8.2) of the system (3.8.1) is globally p-stable.

Taking into account (3.8.9)—(3.8.12), for the elements s;; (1) of the matrix
S(p) obtain the expressions according to (3.8.14):

s11 = —2aic1p1, S22 = —2QTpCa,
4 1/2
S12 = S21 = 21 uC1 +OQ,UCQ(Z,61-2> .
i=1
Now choose
1 1
@ =—, = —T-, /"—"°77"
4c 4 1/2
! 262( E ,6)12)
i=1
Here
_ _ rp _ _
811——§P1, S22 = 1 ; 12 S12 = S21 = M.
(x)
i=1
Therefore, the matrix S(u) has the form
1
) P1 M
r
S(p) = I - L

(x )"

=1
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The matrix S(u) is negative definite if at p < p* the following inequalities
hold:

1 1
—=p1 <0, <__Pl> -— P _|-2>o
2 9 IRNYE

()

Since p; > 0, the first inequality holds automatically. From the second
inequality obtain

4 2
/f(;ﬂ?) < 5700 (3.8.15)

at p < p*.
The condition (3.8.15) is sufficient for the global exponential p-stability of
the motion of the system (3.8.1).

3.8.2 Indirect control of systems

Among the problems of automatic control, an important place is held by
the problem of indirect control (see Lefshets [1] and others). Consider the
equations of perturbed motion of such a system with small nonlinearities

X — Ar+ ubf(o),
o (3.8.16)
@ = o (o) + pa"x,

where z € R", 0 € R, A is a stable (n x n)-matrix (Re\; < 0), b € R",
p>0, aeR" pe(0,1] and f: R — R and has the following properties:

(a) f(o) =0 if and only if o = 0;
(b) f(o) is continuous on R;
(c) 0 <of(o) <ko? at all 0 # 0, where k = const > 0.
At p =0 from the system (3.8.16) obtain the independent subsystems

dx

do
il rf(o). (3.8.18)

The connection functions have the form

g1(z,0,p) = pbf(o),
g2(x, ) = pa’ .
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For the subsystems (3.8.17) and (3.8.18) construct the Lyapunov functions
vy (z) = 2" B, (3.8.19)
where ATB + BA = —C, C is some positive definite matrix, and

vo(0) = % o2 (3.8.20)

For the function v;(+), i = 1,2, the following estimates hold:

e[z < vi(z) < crllz?,

d
v;}(fx) l(3.8.17) < —cs|z)?,

lgrad v1 (z)| < c14llz]] at all z € R™
dva(o)

dt

lgradva(0)|| < |o| at all o€ R.

l(3.8.18) < —plo]?,

For the connection functions ¢g; and g2 the following estimates hold:

lg1(z; 0, )| < kel ],
g2z, W)l < plallo].

Choose the values

1 C14
=— and ay=— (3.8.21)
k[o| lal

and construct a matrix S(u) with the elements

851

( ) ;04 at i:j, ( )
Sij) =49 1 . ) 3.8.22
3 [aicislleijll + ajegsllesill] at i # .
where |[ci;|| = pklbl, |lcjill = plal.

Taking into account (3.8.21) and the estimates for the functions v (x) and
va(0), it is not difficult to find expressions for the matrix

C13

- C14
k|b

S(p) = pk[o C14p | - (3.8.23)

C14 e

plal

The matrix (3.8.23) is negative definite if
2 PC13 * *

at < ut, e (0,1]. 3.8.24
eralalll p<pt,  pte(0,1] ( )

Due to the presence of a small parameter in the inequality (3.8.24), the range
of values of the parameters of the system (3.8.16) may be extended.
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Thus, since the function
v(x,0) = a1 () + agva (o)

is positive definite and decrescent, under the inequality (3.8.24) the equi-
librium state (xT,0) = 0 of the indirect control system (3.8.16) is globally
asymptotically u-stable.

3.8.3 Control system with an unstable free subsystem

Continue the study of the system (3.8.16). Using a nonsingular linear trans-
formation (see Michel and Miller [1]) the system (3.8.16) can be reduced to
the form

d

% = Arx1 + pb1 f(0),

d

—;;2 = Aoxs + pba f(0), (3.8.25)
do
i rf(o) + palzy + pay s,

where 21 € R™, 25 € R™, A; is a constant (ny X ny)-matrix, As is a constant
(ng X ng)-matrix, by € R™, by € R™, a3 € R™, a2 € R™, u € (0,1],
ny + ng =n.

At o =0 from the system (3.8.25) obtain three subsystems

d
% = Az, (3.8.26)
d
% = Aozo, (3.8.27)
lfi—: = —porf(o). (3.8.28)

The connection functions have the form

91(1‘1,1’2,0, :U’) = :u’blf(o.)7
92($1a X2, 0, ,U/) = /j/be(O—)7

93(1:15 z2,0, :U‘) = :u’a”lrxl + ,U,agl’z.

Make the following assumptions about the subsystems (3.8.26) and
(3.8.27):

(a) all eigenvalues of the matrix A; have positive real parts;

(b) the matrix A, is stable, that is, Re\;(A2) <0, j=1,2,...,ns.
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In addition, there exist functions v1: R™ — R and vo: R™ — R, positive
constants ¢;;, i=1,2, j = 1,2, 3,4, such that

—cnfl@ ] < vi(z1) < —cralaal?,

dvl(xl) j

dt ’(3.8.26)
|

IN

—cra|z2|?,

rad vy (x < cial|x1]],
||g2 1(z1)]| < call 1||2 (3.8.20)
ca1l|z2 | < va(z2) < conllwz2|”,

dvg(xg)’
dt  1(3.8.27)
|

lerad va(z2)]] < caal|z2]|

< —023||$2||2,

at all 1 € R™ and x5 € R™2.
For the subsystem (3.8.28) take the function vs(o) in the form

For this function obtain

dvs(o
9 <ol
dt  1(3.8.28) (3.8.30)
grad vz (o)| < |o|

at all 0 € R.
The constants a;; from condition (3) of Assumption 3.6.5 for the system
(3.8.25) have the form

a1z = crapk||brl], ass = coapk||b2l], asi = pllai],

(3.8.31)
aszy = pllaz]|, @12 = a2 = a1 = azx = aszz = 0.

Now apply Theorem 3.6.5 on p-instability. Taking into account the con-
ditions (3.8.29)—(3.8.31), for the elements of the matrix S(u) obtain the ex-
pression

C13 0 —crapik]|b |
S(p) = 0 co3 —caapklba] | . (3.8.32)
—pllar]l —pllaz]| p

The matrix (3.8.32) is positive definite at p < p*, if and only if

9 C13C23pP
cascrallar||||ba ]| + ciscaal|az]|||bz]]’

it € (0,1]. (3.8.33)

Thus, Theorem 3.6.5 implies that the equilibrium state (1,23 ,0) = 0 of
the system (3.8.25) is p-unstable at all admissible nonlinearities of f, if the
inequality (3.8.33) holds.
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3.9 Comments and References

The dynamic analysis of nonlinear weakly connected systems is conducted
in this chapter on the basis of one variant of the comparison technique that
was substantiated in Chapter 1. As is known, the advantage of such approach
lies in the fact that it allows us to make a conclusion about the stability
(instability) of solutions of the initial system via the analysis of the properties
of solutions of a scalar equation and the properties of auxiliary functions used
for the transformation of the initial equations.

3.2. The statement of the problem on the stability of nonlinear weakly
connected systems in terms of two different measures for four types of con-
nection functions between the subsystems is discussed. The similarity and the
difference between the statement and the problem of stability under continu-
ous perturbations are described (see Gorshin [1], Duboshin [1, 2], Malkin [1],
Martynyuk [12, 13]).

3.3. Theorems 3.3.1-3.3.5 are new. To obtain them, some of the results
of the monographs of Lyapunov [1], Malkin [2], and Lakshmikantham, Leela,
and Martynyuk [1] were used.

3.4. Theorem 3.4.1 is new. It was obtained through the application of
the perturbed Lyapunov function and the scalar variant of the comparison
principle. Note that starting from the work of Corduneanu [2] the principle of
comparison with the scalar and vector Lyapunov functions has been applied
in many lines of investigation (see Matrosov [2], Rouche, Habets, and Laloy
[1], Rao [1], and others).

3.5. Theorems 3.5.1 and 3.5.2 are new. The idea of the dynamic analysis of
an individual subsystem in a complex system was proposed in the monograph
of Martynyuk [6]. In this section, the perturbed Lyapunov function and the
technique of comparison with the perturbed Lyapunov function are applied
(cf. Lakshmikantham and Leela [1]).

3.6. The results have been obtained on the basis of specific assumptions
on the dynamic properties of independent subsystems and the functions of
connection between them. The sufficient conditions for the respective types of
stability are formulated in terms of sign definiteness of special matrices. All
the results are new for the system (3.2.1). They were obtained by using some
results of the monograph of Michel and Miller [1]. The results of the analysis
of stability of large-scale systems that do not contain a small parameter can
be found in many journals.

3.7. The polystability of motion presents a new line of investigation in the
nonlinear dynamics of systems (see Aminov and Sirazetdinov [1], Martynyuk
[11, 15]). This section is based on the article of V.A. Martynyuk [1]. This
problem is related to the problem of stability with respect to a part of variables
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(see Rumiantsev [1], Vorotnikov [1], Corduneanu [3], Martynyuk [14], Peiffer
and Rouche [1], Hatvani [1]).

3.8. Some applications of the general results are described. Here the sys-
tems of automatic control are studied whose motion equations are given in
the monographs of Aizerman and Gantmacher [1], Lefschetz [1], and Lurie [1]
(see Chapter 2). The sufficient conditions for the u-stability were obtained in
algebraic form (cf. Michel and Miller [1]). The results of this section have not
been published before.
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Chapter 4

Stability of Weakly Perturbed
Systems

4.1 Introductory Remarks

As far as in 19th century Delaunay and Hill noticed that averaging along
the solution of a degenerate system in celestial mechanics problems provided
results that corresponded to real phenomena. The contribution to Delaunay’s
theory made by Tissarand formed the conceptual background of the new meth-
ods of celestial mechanics developed by Poincaré.

The investigation of the stability of systems with a small parameter which
was started in Chapter 3 is continued here. In contrast to Chapter 3, here
the ideas of the method of averaging of the nonlinear mechanics are added to
the direct Lyapunov method. In some instances such an approach makes it
possible to study classes of systems with a small parameter under new wider
assumptions on the properties of solutions of generating equations.

In Section 4.2, the stable-like properties of solutions of a weakly perturbed
nonlinear system are investigated. Analogues of the main theorems of the
direct Lyapunov method for the given class of systems are cited.

In Section 4.3, the investigation of the same class of systems is continued,
but on a finite time interval. The estimate of the interval on which the solution
does not leave the e-neighborhood of the stationary point is shown.

Section 4.4 contains the theorems on the stability of a weakly perturbed
system by Lyapunov and the stability on a finite time interval when a special
mean is calculated along solutions of a limiting system corresponding to the
generating system.

Section 4.5 contains the results of the analysis of stability of weakly con-
nected large-scale systems with nonasymptotically stable subsystems.

Section 4.6 contains the generalization of one of the theorems of Section
4.2 for the case of stability with respect to a part of variables.

Section 4.7 contains some applications of the general results to the analysis
of oscillatory systems.

Section 4.8 contains comments and a bibliography.
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4.2 Averaging and Stability
4.2.1 Problem and auxiliary results

Consider the system of differential equations

ljj—f = f(t,x) + pg(t,x), x(to) = wo, (4.2.1)
where € R"™, the vector functions f(¢,z) and g(t,z) are defined and con-
tinuous in the domain Q@ = {z € R, t € J: |z|| < H, H = const > 0}.
It is assumed that at (to,zo) € intQ a solution of the system exists and is
unique on the interval J = [tg, 00). In addition, the vector function f(¢,x) in
the domain €2 satisfies the Lipschitz condition with respect to x

I f(t,z") — f(t,2")|| < L||a" —2"||, L = const > 0. (4.2.2)

It is assumed that the degenerate system

dz

i flt,x), xz(to) =xo (4.2.3)
has the state of equilibrium = = 0 (f(¢,0) = 0) which is stable uniformly with
respect to to and for it the general solution Z(t) = Z(¢,to,x0), ZT(to) = o,
(to, z0) € int Q is known.

For the study of the system (4.2.1) we will use the mean of the scalar
product of the gradient of the Lyapunov function vy(t, z) of the degenerate
system and the perturbation vector g(¢,x), calculated along solutions of the
system (4.2.3),

to+T
1
Out,0) = Jim 1. [ otz dr (4.2
to
where ¢(t,z) = (61}0/696)Tg(t, x) exists in the domain €.
Now we will need the following auxiliary statements.

Lemma 4.2.1 Let the function u(t) be continuous and nonnegative on
the interval [, 8] and satisfy the inequality

t

wos/ﬁvmvm7+ﬂm

[e3%

where a(7) is a function nonnegative and integrable on [, 8] and f(t) is a
function bounded on [, f3].
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Then the following inequality holds:

uwsaggumwm(jwﬂm)

This estimate is a minor generalization of the Bellman—Gronwall theorem.

Lemma 4.2.2 Let the vector function f(t,z) satisfy the Lipschitz con-
dition with respect to x and let there exist a summable function M(t) and
a constant My such that in the domain Q on any finite interval [t1,ts] the
following inequalities hold:

IMMN§M®7/M®ﬁ§%®—M- (4.2.5)

Then for the norm of difference of the solutions x(t,to, o) of the system
(4.2.1) and T(t,to, x0) of the system (4.2.3) at all t € [to,to + 1] the following
inequality holds:

z(t) = Z(t)|| < uMol exp(Ll). (4.2.6)

The estimate (4.2.6) is obtained through direct application of the Bellman
lemma to the integral equation obtained from the equation (4.2.1).

Lemma 4.2.3 Assume that the vector functions f(t,z) and g(t,x) satisfy
the Lipschitz condition with respect to x with a constant L, and in addition,
g(t,0) = 0. Then for the solutions x(t,to,zo) and T(t,to,xo) of the systems
(4.2.1) and (4.2.3) the following inequalities hold:

(a) |, w)ll < l[zollexp[L(1 + p)(t — to)] < [lzol|Qa(t — to),
(b) [IZ@)] < llzoll exp[L(t —to)] = [[xo[|Qz(t — to),
(©) lla(t.m) —F(O) < ullzoll{explLlt )] ~ 1}

x exp[L(p + 1)(t —to)] < pllwol|Q(t — to).

(4.2.7)

Here the obvious notation is introduced, and in the functions Q4 (¢t — to)
and Q(t — tg) it is assumed that p = p*.

Proof From the equations (4.2.1) and (4.2.3), using the conditions of
Lemma 4.2.3, obtain

t

(L, to, zo) || < [wol| + /L(u+ D|z(t, to, zo)|| dt,
to

t
17, to, zo)|l < [lzoll +/L||f(t7to7wo)||dt~
to
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Hence, using Lemma 4.2.1, obtain inequalities (a) and (b) from (4.2.7).
Inequality (c) from (4.2.7) follows from

t

[ (t, 1) =2 (@) < /[Ilf(tw(t)) = F&T@O) + pllgt, (1)

to

— g(t,T®) ] dt + p / lg(t, () dt

t t

< / L1+ p)|a(t) — (&) dt + / Lz ()]t

< / L+ ) (t) — F(0)]1de + pllao || {explL(E — to)] — 1}.

to
The lemma is proved.

Recall some notation. The distance from a point = to a set M will be
denoted as follows:

p(z, M) = inf(|lx — 2’|, 2’ € M).

We will use continuously differentiable Lyapunov functions v (¢, z) defined
in a domain . Let v*(z) denote a nonpositive function defined and continuous
in a domain D. The set of points € D for which v*(z) = 0 will be denoted by
E(v* = 0). Similarly, introduce the notation of a nonnegative function w*(z)
and a set E(w* = 0).

4.2.2 Conditions for stability

The conditions for the stability of solutions of the system (4.2.1) were
obtained in the case of “neutrality” of the shortened system (4.2.3) on the
basis of the mean (4.2.4).

The main requirement ensuring the stability of a trivial solution is the
negativeness of the mean outside an arbitrarily small neighborhood of the
point x = 0.

Here we will obtain the conditions for the p-stability under weaker limita-
tions on the mean (4.2.4).

Definition 4.2.1 The mean ©g(tg,z¢) is less than zero in the set
E(v* = 0), if for any numbers n and ¢, 0 < n < ¢ < H, there exist positive
numbers r(n,¢) and §(n, ) such that Og(tg,zo) < —d(n,€) at n < ||zo| < e,
p(zo, E(v* =0)) < r(n,e) for all ty € J.
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Theorem 4.2.1 Let the following conditions be satisfied:

(1) in the domain ) there exists a positive definite decrescent function v(t, x)
such that

dv  (ow\"
S+ (5) reo<v@=o

(2) there exist summable functions M (t), F(t), N(t), constants My, Fy, and
No, and a function x(8) € R such that the following inequalities hold:

to
ot z) < N(b), / N(t) dt < Nots — 1) (4.2.8)
ty
atx € D\ E(v*=0), teJ and

M@MSM®7/M®ﬁ§%%—m,
lo(t,a”) — plt. ")) < x(ll2' — ") F(2), (4.2.9)
/F(t) dt < Folts — 1)

t1
at (t,x) € Q on any finite interval [t1,ta];
(3) wuniformly with respect to (to,xo) € Q there exists a mean ©¢(to, xo);
(4) the mean Oq(to,xo) is less than zero in the set E(v* = 0).

Then the solution x = 0 of the system (4.2.3) is u-stable.

Proof Let € € (0,H) and tp € R4+ be specified. We will show the method
used for choosing 7(e) and (), which do not depend on ty. Assume that the
conditions of Theorem 4.2.1 are satisfied. For the positive definite decrescent
function v(t, z) there exist functions a(r) and b(r) from the K class, such that
in the domain €2 the following condition is satisfied:

a([lz]) < v(t, z) < b([l«])- (4.2.10)

In view of (4.2.10) all points of the moving surface v(t, z) = a(e/2) will satisfy
the condition
b (a(e/2)) < ||z|| < e/2 (4.2.11)

for all t € R,. Assume that n(e) = b= (a(e/2)).

Consider the solution (¢, u) of the system (4.2.1) with the initial condi-
tions ||zg]| < n(e). Assume that it left the domain ||z|| < n(e) and at a point
of time ¢ = ¢ crossed the surface v(¢,x) = a(e/2) in a point xf. For this point
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the inequality (4.2.11) holds and therefore, in view of condition (4) of the
theorem for £/2 and 7(e), there exist numbers r(n,e/2) > 0 and §(n,e/2) > 0
such that one of the following conditions is satisfied:

plxg, B(v™ = 0)) = r(n,e/2), Blty,xp) < —d(n,€/2).

Consider some properties of the solution (¢, u):

(a) Let the following conditions be satisfied at a point of time 7:

vo(rx(1)) = ale/2),  plz(r), E(v" = 0)) = r(n,£/2).

Study the behavior of the function v(¢, z) along the solution z(t, ) of the
system (4.2.1). Integrating the expression of the full derivative of the function
v(t, x), taking into account the system (4.2.1), for ¢ > 7 obtain

t t

v(t,z(t)) < v(r,z(r)) + /v*(x(t)) dt + u/go(tmc(t)) dt. (4.2.12)

T T

In this situation there exists a positive number v = ian |v*(x)|, where
TE

P=A{z: pla, B(v" =0)) 2 r/2, <z <e/2}.

Choosing p < py = /2Ny and using the inequalities (4.2.8) for all ¢ > 7, for
which the conditions ||z(7)|| > n and p(z(t), E(v* = 0)) > r/2 are satisfied,
from the inequality (4.2.12) obtain

ot x(t) < ale/2) — L(t — 7). (4.2.13)

po 2

It implies that at ;1 < pg the function v(¢, 2(t)) is not increscent, which means
that the solution x(¢, 7, z(7)) in view of the inequality (4.2.11) will not leave
the domain ||z|| < €/2, at least until the inequality p(z(t), E(v* = 0)) > r/2
is violated.

(b) Let the following conditions be satisfied at a point 7:

(T x(1)) = ale/2),  plz(r), E(v" = 0)) <r(n,e/2).

In this event, as a result of condition (4) of Theorem 4.2.1, the following
inequality holds:
Oo(7,z(7)) < d(n,e/2). (4.2.14)

Therefore, we will estimate the change of the function v(t, 2) along the solution
x(t, p). The first integral in the inequality (4.2.12) will be neglected, and the
second one will be represented in the form

/ ot (1)) dt = / lo(t, 2(t)) — (7)) dt + / St F(0)dt.  (4.2.15)
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Here Z(t) is a solution of the system (4.2.3).
Condition (3) of the theorem implies that there exists a function »(¢) such
that tlim #(t) =0, and the last integral in (4.2.15) can be represented in the

form
t

/ga(t,f(t)) dt = (t — 7) [p(r, x(7)) + »(¢)]. (4.2.16)

Choose the time interval [ so large that for ¢ > 7 + [ the condition
[5(t)] < d(n,e/2)/4 (4.2.17)
will be satisfied, and construct estimates on the interval [, 7 4+ 2]. Choosing
w1 = s (0/4Fy)/2Mol exp(2L1)
and using Lemma 4.2.2 for p < pp and ¢ € [7,7 4 2l], obtain
llz(t) —Z(t)|| < x ' (0/4Fp). (4.2.18)

From the inequality (4.2.9) and the estimate (4.2.18) it follows that

/ o (t, 2()) — (t, T()| dt < g(t _7) (4.2.19)

for all t € [r,7 4 2l] and p < p1. Choose 2 so that at pu < ug on the interval
[7,7 + 2I] the solution z(¢, 1) would not leave the domain |z|| < e. For this
purpose, taking into account that ||Z(¢, u)|| < /2, it is sufficient to demand
that ||z (¢, n) — (¢, u)|| < £/2. Then from the inequality (4.2.6) obtain

e

H2 = I Mylexp(2IL)

Choose pf = min(u1, p2), then at p < pg for t € [r,7 + 21| the condition
[lx(t, )| < e and the estimate (4.2.19) will hold. Substituting (4.2.16) and
(4.2.19) into (4.2.11) and using the inequalities (4.2.14) and (4.2.17), for ¢t €
[T +1,7+2l] and p < pg obtain

t

/so(m(t)) dt < —g(t —7). (4.2.20)

T

As is obvious from (4.2.20), the last integral in the expression (4.2.12), at
least starting from the point ¢ = 7 + [, becomes negative, which means that
the solution z(¢, 1), having left v(¢,z) = a(e/2), due to the chosen u < py,
will remain at ¢t € [7,7 + 2I] in the domain ||z|| < & and at some point of time
t* € [r,7 + 2l] return to the domain bounded by the surface v(t, z) = a(e/2).
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Choose po = min(pg, 4g)- At a point of time ¢{, for the solution x (¢, u) of
the system (4.2.1) one of the above conditions (a) or (b) is satisfied. Choosing
a time interval depending on what case holds, we can show that the solution
of the system (4.2.1) in the finite point of the interval lies within the domain
bounded by the surface v(t,z) = a(e/2). Continuing this solution until the
intersection with the above-mentioned surface, we obtain the initial point of
the next interval, in which case (a) or case (b) will hold again. Since in both
cases the estimates are uniform with respect to 7 and z(7), on all the following
intervals either (4.2.13) or (4.2.20) will hold, which means that z(¢, ) for all
t > to will remain in the domain ||z|| < e. The numbers 7, uo were chosen
without regard to to.

Theorem 4.2.1 is proved.

FEzample 4.2.1 Study the equilibrium state z = 0 of the system of equations

d
% = —a1 + x + p(z] — az3),
(4.2.21)
das _ 3 3 —
- = pla(xy + x2) cost + (z7 — ax3)], a = const > 0.
The derivative of the function v(z) = 23 + (21 — x2)? in view of the
shortened system
dml d$2
— =— — =0 4.2.22
a -t g (4.2.22)

d
has the form d—::(x) = —2(x1 — 22)%? = v*(x) < 0.
Having calculated the mean (4.2.4) along the solutions To = x99, T1 =
T20 + (T10 — T20) exp|[—(t — tg)] of the system (4.2.22), obtain

Oo(xo) = 2x3,(1 — a). (4.2.23)

It is clear that the mean Og(xo) is less than zero in the set E(v* = 0) =
{z: z1 =z} at a > 1.

Thus, at a > 1 the solution = 0 of the system (4.2.21) is u-stable. Note
that the mean (4.2.23) vanishes over the set x99 = 0 in the neighborhood of
the point & = 0, and the derivative of the function v(z) = 23 + (21 — 22)? in
view of the system (4.2.21) is an alternating function in this case.

4.2.3 Conditions of instability

The instability of solutions of the system (4.2.1) can be studied on the
basis of Gorshin’s theorem [1] on the instability under continuous perturba-
tions, in which the instability of the equilibrium state of a shortened system is
required. In the monograph by Khapaev [3] the cases were investigated when
a shortened system is “neutral”. An essential condition was the condition for
the positiveness of the mean (4.2.3) in the domain v > 0.

In this subsection the conditions for the instability of the Chetaev theorem
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type were obtained under wider assumptions on the properties of solutions of
the generating system.

Recall that a domain v > 0 is a neighborhood of the point z = 0 (x € D),
where the function v(t,z) takes on positive values. It is assumed that this
domain is bounded by the surface v = 0 and exists for all t € R, at arbitrarily
small z.

The mean Oq(tg, zo) is above zero in the sets F;(©¢ = 0) of the domain
v > 0, if for any positive A, however small it may be, there exist positive
numbers §(A) and x(A) such that at ty € Ry and xz9 € D satisfying the
conditions v(tg, zg) > A, ¥(to,z0) < x(A) the inequality ©¢(to,zo) > I(N)
holds.

Let {v; > 0} denote the intersection between the domain v > 0 and the
plane t = 7.

Theorem 4.2.2 Let there exist a function v(t,z) bounded in the domain
v >0, and, in addition,

(1) in the domain v > 0 the inequality v(t,x) > 0 holds;

(2) there exist summable functions M (t), N(t), F(t), constants My, No, Fo,
and a function x(B) € K, such that

lot, @)l < M(2), / Mt dt < Mo(ts — 1),

lo(t, 2') — o(t, ")l < FO)x (Il —2"]), (4.2.24)

2]

/F(t) dt < Fo(ts — 1)
ty
in the domain v > 0 and

ot,z) > —N(t), / N(t)dt < No(ts — 1) (4.2.25)

ty

at x € {v >0} \ (Ey(v =0)Nn{v > 0}), t € J on any finite interval
[tlatQ];

(3) wniformly with respect to to, xo in the domain v > 0 there exists a mean
Oo(to, z0);

(4) the mean Oq(to,xo) is above zero in the sets Ey(v = 0) in the domain
v > 0.

Then the solution x = 0 of the system (4.2.1) is p-unstable.
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Proof Specify € € (0, H) and to € Ry. Prove that however small xy may
be chosen, one can always find an arbitrarily small number o > 0 such that
for the solution z(t, 1) of the system (4.2.1) at u < po at some point of time
t* > to the condition ||z(t*, u)|| = ¢ will be satisfied.

For a function v(¢, z) bounded in the domain v > 0 one can find a constant
w such that at ||z|| < € the following inequality would hold:

v(t,x) < w. (4.2.26)

We will choose the value zy as small as we please, provided that the point zg
belongs to the domain v > 0. Then there will exist such a positive number «,
that the following condition will be satisfied:

v(to, z0) > . (4.2.27)

Under hypoghesis (4) of Theorem 4.2.2, for a > 0 there exist positive numbers
d(a) and x(«) such that one of the following inequalities holds:

@0(t0,$0) > (5(04), 1')(?507.%'0) > 6(0[)

Consider some properties of the solution (¢, ) of the system (4.2.1).

(a) Let the following conditions be satisfied at a point 7:
v(r, (1)) > a, o(r,z(r)) > &(a).

Consider the behavior of the function v(t,x) along the solution (¢, p).
Integrating the expression of full derivative of the function v(t, z), along solu-
tions of the system (4.2.1) obtain

t t

v(t,z(t)) = v(r,z(1)) + /v(t, z(t)) dt + u/go(tmc(t)) dt. (4.2.28)

T T

Using the inequalities (4.2.25), at u < pg = &(a)/2Ny from the expression
(4.2.28) find the estimate

v(t,z(t)) > a+ g(t -7) (4.2.29)

for those t at which for the solution z(t, u) the condition o(t, z(t)) > &(«)
is satisfied, that is, the inequality v(¢,z(t)) > « for those points of time will
not be violated. For the solution x(t, 1) the following conditions cannot be
satisfied:

v(t,z(t) > &(a), et pll <e (4.2.30)
within the time interval T' = 2(Q2 — a) /&(«). Assume that those conditions are

satisfied. Then from the inequality (4.2.29) for the point of time 7+7 we obtain
v(r+T,z(7 +T)) > Q, which contradicts the condition for the boundedness
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of the function v(t, z). The contradiction implies that there exists a point of
time from the interval (7,7 + T), at which one of the inequalities (4.2.30)
is violated. The violation of the second inequality from (4.2.30) means the
instability. Assume that the first inequality of (4.2.30) is violated.

(b) Let the conditions v(r, z(7)) > a, 0(1,2(7)) < x(«) be satisfied at a
point of time 7. In this case, in view of condition (4) of Theorem 4.2.2 the
following inequality will hold:

Oo (7, z(7)) > 0(). (4.2.31)

Now we will estimate the change of the function v(¢,x) along the solution
x(t, i), using the mean Oy (7, z(7)).

In the expression (4.2.28) neglect the first integral and represent the second
one in the form

t t t

/ ot (1)) dt = / lo(t, 2(t)) — (7)) dt + / P(LF(0)dt,  (4.2.32)

T T T

where Z(t) = Z(t, 7, x(7)) is a solution of the system (4.2.3).
Represent the last integral from (4.2.32) in the form

t

/@(t,f(t)) dt = (t — 7)[Oo(7, z(7)) + »(t)]. (4.2.33)

T

In view of condition (3) of the theorem, the function »(t) is such that
tlim »(t) = 0. Estimate the summands in the relation (4.2.32) on the in-

terval [1,7 + 21 + T, where [ will be chosen so large that for ¢ > 7 + [ the
following condition would be satisfied:

|2(t)] < d6(a)/4. (4.2.34)
According to Lemma 4.2.2 for ¢t € [r,7 + 2] 4+ T find
lz(t) —Z(t)|| < pMo(2l +T)exp[(2l + T)L]. (4.2.35)
Choose

_ X '(0(a)/AR)
M= Mol + T) expl(20 + T)L] °

Using the inequality (4.2.35) for p < pq and ¢ € [1,7 + (21 4+ T)], obtain

/ lo(t, 2()) — o(t, ()] dt < %”(t .y (4.2.36)
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Using (4.2.33), (4.2.34), and (4.2.36), for the integral (4.2.32) at a point of
time t € [T + 21, 7 + 21 + T obtain the inequality

t

/(p(t, x(t)) dt > 6.

T

Since all the requirements of Theorem 4.2.2 are satisfied in the domain
v > 0, it is necessary to ensure that the solution x(¢,7,2(7)) on the interval
[7,7 + 21 + T will not cross the surface v = 0 and will not leave the domain
v > 0. For this purpose, impose another limitation on u. Choose s so that
at t € [1,7 + 20 + T the following condition would be satisfied:

e / ol w(t))dt < 5

T

Using the expression (4.2.32) and the inequality (4.2.36), this condition can
be written as follows:

uz[/ap(t,f(t))dH %a)(t—ﬂ g%

T

atallt € [r,7+20l+T], 7 € J. Then at p < p{, = min(us, u2) on the interval
[7,7 4+ 21 + T the solution x(t, 7, z(7)) will not leave the domain v > 0, and
at the point t € [7 + 21, 7 + 2] + T the following condition will be satisfied:

o(t, 2(t)) > a + pdl > a. (4.2.37)

Choose pp = min(pg, pg) and consider the sequence of points of time
t; =to+i(2l+T), i =1,2,.... At the initial point of time t( condition (a) or
(b) will be satisfied. If condition (1) is satisfied, then according to the proved
property at pu < po on the solution of the system (4.2.1) x(¢, o, zo) at some
point of time ¢, from the interval (to,to + T') the conditions v(ty, xz(t;)) >
Oo(ty, z(ty)) > 0(a) will be satisfied. Then, according to property (b), for
the point of time t; = to + 2] + T the estimate (4.2.37) will hold. If at the
initial point of time condition (b) is satisfied, then at the point ¢; we will also
obtain the estimate (4.2.37). On all further intervals [t;,t;11] we will obtain
similar cases, that is, on each interval the function v(¢, z(t)) increases at least
by udl >0 (u € (0, 10)). Let k be the smallest integer satisfying the condition
k> (w—a)/udl.

Assume that at t € [to, tgx], where ¢, = to + k(20 + T'), the solution z(t, u)
lies in the domain ||z|| < e. Taking into account the above, for a point of time
ti obtain v(tg,z(tg)) > Q, which contradicts the condition for the bound-
edness of the function v(¢,x). The obtained contradiction implies that there
exists a point of time ¢* from the interval (¢o,%x), at which the condition
lx(t*, to, o)|| = € is satisfied.

The theorem is proved.
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4.2.4 Conditions for asymptotic stability

Assume that for the vector functions f(¢,x) and g(¢,z) from the system
(4.2.1) the conditions of Lemma 4.2.3 are satisfied, that is, the functions f (¢, x)
and ¢(t,z) in the domain Q satisfy the Lipshitz condition with respect to x
with a constant L and f(¢,0) = g(¢,0) = 0.

Denote

t

1 _
%(t,to,zo) = m (p(t,l‘(t,to,fﬂo))dt—@o(tmﬁCo).
to

Theorem 4.2.3 For the system (4.2.1) let the following conditions be
satisfied:

(1) there exists a positive definite decrescent function v(t,x) such that

O(t, 7)|(4.2.3) S v (z) < 0;

(2) the function ¢(t,x) is differentiable with respect to x and there exist
constants M > 0 and d > 1 such that the following inequalities hold:

lot,2)| < Mllz]|%, [Vl < M|

(3) uniformly with respect to (to,zo) there exists a mean Og(to,zo) and
the following condition is satisfied:

max[p(zo, E(v* = 0)), (=Oo(to, 20))] > er(llwoll), er(r) € K;

(4) there exists a constant k > 0 such that for xy € Q the following condition
is satisfied:
p(xo, E(v* = 0)) < c1(l|zol]),

and for ty € J the following inequality holds:

k©o(to, z0) < —lzo]|;

(5) there exist a constant p1 > 0 and a function co(r) € K such that at x
satisfying the condition p(z, E(v* =0)) > c1(||z|]), and p < p1, t € J

O(t, )| (4.2.3) + peo(t, x) < —ca(lz]]);

(6) there exists a constant | > 0 such that at t —to > [, to € Ry,
plxo, E(v* = 0)) < c1(||xol]) the function k(t, to,xo) satisfies the es-
timate

|5(t, to, z0)| < [Oo(to, z0)[/4.



132 Weakly Connected Nonlinear Systems

Then the solution © = 0 of the system (4.2.1) is asymptotically p-stable.

Proof Let e € (0,H), to € Ry, and a € (0,¢) be specified. Show that
there exist numbers n(g) > 0, po(e) > 0, T(u,a,e) > 0, not depending on
to, such that for the perturbed motion z(t, i) of the system (4.2.1) under the
condition ||zo|| < n the following inequalities hold: ||z(t, u)|| < € for all ¢ > ¢
and ||z(t, p)|| < « for t > to + T (1, @, €).

For the function v(¢, ) indicated in condition (1) of Theorem 4.2.3 the
following inequality holds:

a([lz]]) < v(t, ) < b(|]), (4.2.38)

where a(r) € K and b(r) €K
Choose n(g) = b~ (a(e/2 )) In view of the inequality (4.2.38) for all points
of the moving surface v(t,x) = a(e/2) the condition

n(e) < =l <e/2
is satisfied, and all points of the surface v(¢, z) = a(«/2) satisfy the inequality
b~ (a(e/2)) < || < /2

forallt € R..
Consider some properties of the perturbed motion z(t, 1) at ||o|| < n(e)
and tp € R+.

(a) Let at a point of time 7 the following conditions be satisfied:
lz(r)]| > b7 (ala/2)), w(r,2(7)) < a(/2),
p(a(7), E(v* = 0)) > cr ([l (7)])-

Estimate the change of the function v(¢, z) along the perturbed motion z(t) =
x(t, 7,2(7)). In this case, in view of condition (5) of Theorem 4.2.3, as long as
the condition

w(t) €U = {z: b~ (a(a/2)) < |lall <e/2, p(a(t), E(v* = 0)) > er(ll=(t)D}

is satisfied, the full derivative of the function v(¢,x) in view of the system
(4.2.1) at p < p; satisfies the inequality

o(t,2)|(4.2.1) < —c2(b” " (a(r/2))). (4.2.39)

The function v(¢,z(t)) is not increscent, which means that the integral curve
x(t, 7, z(7)) will not cross the surface

v(t,z) = ale/2)

and will not leave the domain ||z|| < &/2, at least until the condition

p(a(t), E(v" = 0)) > er((lz@)]).
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is violated.
The perturbed motion x(t) cannot permanently stay in the set U within
a time interval equal to

i = b(e/2)c2 (b al(/2))).

Indeed, assuming that within a time interval equal to {1, z(t) € U, from the
inequality (4.2.39) for t = 7 + [; obtain

v(t,2(t)) < v(t,2(7)) — c2(b™ (ala/2)))l < 0.

This contradicts the condition of positive definiteness of the function
v(t,x). The contradiction implies the existence of a point of time from the
interval (7,7 + 1), at which one of the following conditions will be violated:

b~ (a(e/2)) < |lz]l, p(z, B(v" =0)) > cr(||z])). (4.2.40)

(b) Let the following conditions be satisfied at a point 7:

lz(n)ll = b7 (a(a/2)),  v(r,2(7)) < a(e/2),
pla(r), E(v* = 0)) < c((z(T)]).

By condition (4) of Theorem 4.2.3, in this event
Oo(7, (7)) < —er(||=(7)I]) < —ex (b~ (a(/2))). (4.2.41)

Estimate the change of the function v(¢, ) along the perturbed motion (¢, p).
On the basis of Lemma 4.2.3 the inequalities (4.2.7) hold for the solutions
x(t, ) and x(t) of systems (4.2.1) and (4.2.3). Using condition (2) of the
theorem and the inequalities (4.2.7), obtain
|p(t, 2(1) = @(t,2(1))| < max|[Vo||[z(t) —=(8)]]
< M|z (n)|*"HQa(t = 7) + Qz(t — 1) ulla(r)1Q(t - 7)
= plla(r)|*B(t - 7).

Using condition (4) of the theorem, obtain

lp(t, z(t)) — (b, (1)) < pkB(t — 7)[@(7, 2(7))|- (4.2.42)

Determine po from the inequalities

RN,

The second inequality of (4.2.43) means that the perturbed motion z(t, u) will
not leave the domain ||z|| < e at u < uo at least on the interval (21 + I;).
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Using the inequality (4.2.42) and the existence of the mean O (7, z(7)),
obtain an estimate for v(¢, z, (7)):

t

v(t,z(t)) <wv(r,z(7)) + /,ukB(t — 1) |v(r, z(7))| dt

T

+ult = 7)[Oo(7, (7)) + »(t, 7, 2(7))].

Taking into account the existence of the interval [ [condition (6) of Theorem
4.2.3] and the inequalities (4.2.5) and (4.2.7), at u < pe, t € [7+21, 7+ 20+14]
obtain

v(t,z(t)) < (7, 2(r)) — pler (b~ (a(0/2))). (4.2.44)

The perturbed motion z(t, ) may leave the domain bounded by the surface
v(t,x) = a(e/2), but due to the choice u < pg it will remain in the domain
|lz]| < e within a time interval 2] 4 I; and, as it is clear from the inequality
(4.2.43), at some point of time from the interval (r,7 + 21) it will return to
the domain v(¢,z) < a(e/2).

Properties (a) and (b) imply that if yu < o = min(u1, u2), ||To]l < 7
and tg € R4, then the perturbed motion z(t, 1) will not leave the domain
lz]| < e at all ¢ > tg. The number 7(e) was chosen without regard to to. Prove
that at some point of time the perturbed motion will get into the domain
2]l < b~ (a(a/2)).

Consider the sequence of points of time t; = tg + (20 + 1), ¢ = 1,2,....
On each interval [t;,t;41] the function v(¢,2(t)) in view of properties (a)
and (b) decreases along the perturbed motion at least by plci(b=t(a(a/2))),
€ (0, 1o). Indeed, if condition (a) holds at the initial point of the interval,
then on the time interval [; there exists a point of time when one of the in-
equalities (4.2.40) is violated. Assume that the second inequality is violated.
Then, taking that point of time as the initial one, using property (b), obtain
the estimate (4.2.44) in the finite point of the interval. If property (b) holds in
the initial point of the interval, we immediately obtain the estimate (4.2.44)
for the finite point of the interval.

Let n be the smallest integer satisfying the condition

n > b(e/2)/pler (b (a(@/2))).

Assume that on the interval [tg, t,], t, = to+mn(2l411), the perturbed motion
is in the domain ||z|| > b~ (a(a/2)). Then at a point of time ¢,

O(tn, 2(tn)) < v(to, o) — npler (b~ (a(ar/2))) <

holds, which contradicts the condition of the positive definiteness of the
function wv(t,x). The contradiction implies the existence of a point of time
t1 € (to,to + n(20 + 1)) at which the condition ||z(t1,u)|| < b~ *(a(a/2)) is
satisfied.
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In the same way as it was proved that the perturbed motion z(t, u) re-
mained in the domain ||z|| < € at ||zg]| < n(e) and t > to, it is possible to show
that the perturbed motion x(t,¢;.2(¢1)) will remain in the domain ||z < «
at all t > ¢ and p < po.

This proves that at all ¢ > ty + T, where

T =n[2l + b(g/2)/c2(b" (a(a/2)))],

the condition ||z (¢, to, zo)|| < « is satisfied. The number T was chosen without
regard to tg.
Theorem 4.2.3 is proved.

4.3 Stability on a Finite Time Interval

Let the trivial solution of the system (4.2.3) be stable, which is determined
by the existence of a positive definite continuously differentiable Lyapunov
function vy (t, ), whose derivative in view of the equations (4.2.3) is identically
zero, that is, this is a critical case.

In this section the systems (4.2.1) are considered, whose mean (4.2.4) is
alternating in any arbitrarily small neighborhood of zero.

Introduce the notation

E+ {(to,l‘o) e 0: @0(150,1’0) > 0},
Eé(to) = {(to,on) e N: @0(t0,$0) < 0}7 (431)
Eg {(to,on) e N: @0(t0,$0) < —6}

and show the conditions for the p-stability on a finite interval.
Consider the following result.

Theorem 4.3.1 Let the following conditions be satisfied:

(1) there exists a positive definite Lyapunov function vo(t,x) of the system
(4.2.3), decrescent in the domain ;

the full derivative of the function vo(t, ) along the paths of the system
2) the full d h l h h. h
(4.2.8) is identically zero in the domain ;

(3) for any e,p > 0, p < ¢, there exists pg > 0, po = const, such that
lo(t, )| < o at allt € J, as soon as p < ||z|| < e.

Then one can show o(c), n(e), T = o(pou)~! such that all solutions that

satisfy the inequality ||xo|| < n at the initial point of time, for allt € [to, to+T
do not leave the domain ||z| < €.
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The next theorem enables us to improve the estimate of the time interval
on which ||z| < e, if it is known that for a specified to the value xy belongs
to Eg (to), where Eg (to) is determined by the expression (4.3.1).

Theorem 4.3.2 Let the following conditions be satisfied:

(1) there exists a positive definite Lyapunov function vo(t,x) of the system
(4.2.3), decrescent in the domain ;

(2) the full derivative of the function vo(t,x) along the paths of the system
(4.2.8) is identically zero in the domain ;

(3) uniformly with respect to (to,xo) € 2 there exists a mean Og(to,xo)
alternating in the domain Q and at a specified ty and all v >0, n > 0,
v < n < H, the following condition is satisfied:

(By \ By) N Eg(to) # 2,
B, ={z: ||zl <n}, B,={z: |z|| <~};

(4) there exist a summable function F(t), constants Fy, ©o(Z), wo(e), and
Moy, and a nondecrescent function x (), lir% x(a) = 0 such that in the

domain ()

p(t,2") — o(t,2")] < x([l2" — 2"|) F(2),
to
F(t) dt < Fo(tg — tl) at all T <ty <ty < o,
ty

lg(t, )|l < Mo;

at all p > 0, € >0, p < < g, |pt,z) < @) at all t € J,
p<llzl <e,

lo(t, )| < wo(e) at all < |z| <e.

Then for any € > 0 and € < € one can find n, we, we, po, I, T = 2l +
16[p0(B)] 7 + (we — we)[pupo(e)] ™1 such that for all t € [to,to +T] |lx(t)| < e
holds, if only this path begins in the domain where the mean ©¢(tg,xo) < 0
and ||zol| < 7.

Proof Let e > 0 (¢ < H) be specified. Specify £ > 0, € = const, so that
€ < e. According to condition (1), there exists a positive definite function
w(z) such that

vo(t,z) > w(x) atall ()€ Q. (4.3.2)

Introduce wz so that the surface Sz = {x € Q: w(z) = ws} would lie
within the g-neighborhood of the origin of coordinates. The moving surface
Sy(t) = {x € Q: vo(t,x) = ws} in view of (4.3.2) lies inside the surface Sz,
hence S,(t) C Bs.
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Since vg(t, x) is decrescent in the domain €2, one can find > 0 such that
B,, would lie inside the moving surface S, (t). Since O (to, o) < 0, then there
exists 0 > 0: Og(to,z9) < —d. According to condition (3) of the theorem,
the values § and v > 0 may be chosen so that zy € (B, \ By) N E&(to).
Denote ¢ = vy(to,zo). Obviously, ¢ < wz. Let the point (¢g, o) lie on the
moving surface S/ (t) = {x € Q: vo(t,z) = ¢}. This surface is located inside
the surface S, (t).

Consider the behavior of the function vy(¢,z) along the solution x =
x(t; to, xo) of the system (4.2.1). It is easy to show that one can find suffi-
ciently large [ and small pg such that at p < po on the interval t € [tg, to + 21]
the solution x(t) belongs to B. and at t € [tg + I,to + 2] the estimate
vo(t,x) < ¢ — (t — to)ud/2 holds.

Assuming ¢ = to + 21, x1 = z(t), obtain vg(t1,21) < ¢ — pld. Here the
point 27 lies inside the surface S/ (t). Denote ¢; = vg(t1,x1) and construct a
surface S)/(t) = {z € Q: wvo(t,z) =c1}.

The moving surface S/ (t) lies inside a fixed surface Sz. Consider the be-
havior of vy(t, z) along a portion of the path of the system (4.2.1), beginning
in the point (¢1,21). In view of the system (4.2.1) dvo/dt = pe(t, x), hence,
integrating from the point ¢1, obtain

t1+T
volt1 + T,2) =c1 + / p(t,z)dt < c— pld + ppoT < ws — pld + ppoT.
t1

For the path z = z(t) to remain within Bz on the time interval t € [t1, ¢ +
T1], it suffices that the equality wz — puld 4 ppo(2)T1 = ws should hold, whence
Ty = 18]po(2)] L. Here, when estimating the function o(t,z)j it is taken into
account that x belongs to Bz.

Introduce the quantity w. so that the surface S, = {x € Q: w(z) = w.}
should lie inside the e-neighborhood of the origin of coordinates, S. C B:.
The path « = z(¢,u) may only leave the e-neighborhood of the origin of
coordinates after crossing the moving surface S)/ (t) = {x € Q: vo(t,z) = we},
which lies inside the surface S.. Therefore, for the path x = x(¢, 1) to remain
within the bounds of B, on the interval ¢t € [t1 4+ 11, t1 + 71+ T5), it suffices that
the equality we + ppoTe = w. should hold, whence Ty = (we — we)[upo(e)] L.
Here the function ¢(t, z) is estimated at p < [|z|| < e.

Thus, on the whole interval [tg, to + T'], where

%) L We — We
©o(E)  ppole)’

the solution z(¢, 1) with the initial value zg € EQ(t9) N B, will not leave the
e-neighborhood of the stationary point.
The theorem is proved.

T=t1+Th+T> =2+

The next theorem allows us to essentially improve the estimate from The-
orem 4.3.2 due to fuller information on the change of weak perturbations in
the neighborhood of the equilibrium.
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Theorem 4.3.3 Let the following conditions be satisfied:

(1) there exists a positive definite Lyapunov function vy(t,z) of the system
(4.2.3), decrescent in the domain ;

the full derivative of the function vo(t,x) along the paths of the system
2) the full derivati f the f ) l h hs of th
(4.2.8) is identically zero in the domain ;

(3) for any €, p such that 0 < p < e < H, in the domain p < |z|| < €
the function o(t,x) is defined and on the interval (p,e) there exists a
nondecrescent function ¥(C) such that |o(t,z)| < ¥(C) at p < ||z < ¢.

Then on the interval (p, €) there exists a nondecrescent continuous function
#(C) and for any eo € (p, ) one can findn(eg) such that all solutions satisfying
the inequality ||xol| < n at the initial point of time do not leave the domain
lz|| < e for allt € [to,to + T, where

1 [ ds(C)

= ;E 0 (4.3.3)

Proof Let € > 0 (¢ < H) be specified. Specify €9 > 0, &9 = const, so
that p < g9 < e. Divide the interval [gg,¢] by the points ¢;, g9 < &1 < ... <
ex—1 < €; = ¢, and introduce the system of nested neighborhoods {B;},
B, ={z: ||z|| <&}

According to condition (1), there exists a positive definite function w(x)
such that

vo(t,z) > w(x) atall ()€ Q. (4.3.4)

On the interval [gg, €] introduce a continuous nondecrescent function s(()
so that at any ¢ € [eg, €] the surface {z € Q: w(x) = 3({)} would lie in the
neighborhood By, and construct the system of surfaces S; = {z € Q: w(z) =
x(g;)} C Bi, 1 =0,1,2,...,k. Since the function w(x) is continuous and (()
nondecrescent, all the surfaces S; are closed and the surface S; lies inside
the surface S;,;. Consider the system of moving surfaces {S;}, S; = {z €
Q: vo(t,z) = 3(g;)}. In view of the inequality (4.3.4) the surface S; lies
inside the surface S;. The continuity of vo(¢,x) implies that the surfaces S;
are closed; in addition, the surface S; lies inside the surface S;, ;. Therefore,
the solution may only leave the neighborhood B; after crossing S;.

Since vg(t, x) is decrescent in the domain €2, one can find 1 > 0 such that
the n-neighborhood B, of the point x = 0 for all ¢ > 0 lies within the moving
surface Sy.

Let the integral curve x(t;t, zo) leave the neighborhood B, and assume
that at a point of time t = t( it crossed the surface Sy. Let ¢; denote the point
of time when the curve crosses the surfaceS;, and let z; denote the respective
value of x: x; = x(t;;to, xo).



Stability of Weakly Perturbed Systems 139

Differentiate vg (¢, z) in view of the equations (4.2.1). Taking into account
conditions (2) and (3) of Theorem 4.3.3, obtain

dvo

pr pe(t, ). (4.3.5)

Consider the behavior of the function vy(t,z) along the portion of the
path, beginning at the point (¢;, z;). Integrating (4.3.5) from the point ¢t = ¢;,
in view of condition (3) and the definition of ¢; obtain

tit1
vo(ti+1, Tig1) = vo(ti, @) + p / o(t,x) dt <wolti, i) + pp(eivr) (tivr — ).
123

The last inequality, taking into account that vo(t;, z;) = s(e;), implies

s(eiv1) — (i)

pab(gig1)

tiv1 —1; =

and

1 w(eiy1) — »(&;)
try —tg > — _
= i ; P(eiv1)

In view of the definition of the function () and the arbitrariness of the
division of the interval [e¢, €], the sum in the right-hand part is integral one.
Passing to the limit at max(e; — ;1) — 0, obtain

1 [ dQ)

Y Gh
€0
The theorem is proved.

For solutions beginning in the domain where ©¢ (g, zg) < 0, the following
theorem is correct.

Theorem 4.3.4 Let:
(1) all the conditions of Theorem 4.3.2 be satisfied,;

(2) uniformly with respect to (to,xo) € Q there exists a mean Og(to, xo),
which is alternating sign in the domain (2, besides at the specified to and
at ally >0, n>0, vy<n<H, the following condition is satisfied:

(By\ By) N Eg(to) # 2,
B, ={z: ||zl <n}, B,={z: |z| <~};
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(3) there exists a summable function F(t), constants Fy, My, and a nonde-
crescent function x(«), lir% x(a) =0, such that in the domain 2
oa—

lp(t, 2") — o(t,2")] < x(ll2" = 2"V F(t), gt z)|| < Mo,
2}

F(t)dtﬁFo(tg—tl) at all T <ty <ty <oo.

ty

Then for any € > 0 and p < € < € on the interval [p,e] there exists a
nondecrescent continuous function 3x(¢) and one can find n(z), po, 1, €0 <,

IR EA)
T =21+ m © (4.3.6)

€0
such that for all t € [to,to + T| ||z(t)|| < € holds, if only this path begins in
the domain where the mean O (tg, o) < 0 and ||xo|| < 7.

Proof Let e > 0 (¢ < H) be specified. Specify € > 0, £ = const so that
Z < ¢. Repeating the reasoning from the proof of Theorem 4.3.3, introduce
a continuous and nondecrescent function s(¢) on the interval [p,e]. In view
of condition (1) of the theorem, S. = {x € Q: vo(t,x) = #(£)} lies in the
neighborhood Bs.

Since vo(t, x) is decrescent in the domain €2, one can find 1 > 0 such that
B, lies inside the moving surface Sz. Like in the proof of Theorem 4.3.2, verify
that one can find sufficiently large [ and small pg such that at p < po the
solution x(t), leaving the point zq € (B, \ By) N E(ty) at a point of time
to, on the interval ¢ € [tg,to + 2{] does not leave B, and at t = t; = tg + 21
vo(t1,x1) < vo(to,xo) — lou holds, where 1 = z(t1) and vy (tg, xo) < (2).

Let €g be a root of the equation »(gg) = () —I§u. Construct the surfaces
Sey = {7 € Q: vo(t,x) = 5(g0)} and S. = {x € Q: vy(t,x) = x#(¢)}. By
the definition of the function s¢(¢) the surfaces S., and S. are closed and
?EO C B, S. C B.. Since the point z; is located inside the moving surface
S.,, an integral curve emanating from it may only leave B. after sequential
crossing of the surfaces EEO and S..

Assume that the integral curve crossed the surface S., at a point of time
t =t > t1. Repeating the reasoning of the proof of Theorem 4.3.3, verify that
the solution will not leave the domain ||z|| < € for all ¢ € [t2, 2 + T1], where

1 [ dQ)

Tl:ua w(Q)

Thus, on the whole interval [tg, to + T, where

T=t1+T1—t0=2l+l/d¢%—<<)
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the solution z(t) with the initial value zg € e (to) N B, will not leave the
e-neighborhood of the point z = 0.
The theorem is proved.

4.4 Methods of Application of Auxiliary Systems

The results of the previous section are based on the known general so-
lution of the shortened system (4.2.3), which essentially confines the area of
application of such approach in the study of stability or instability of motion.
We will show that instead of solutions of the system (4.2.3) it is possible to
use solutions of some limiting system, which may turn out to be simpler.

4.4.1 Development of limiting system method

Consider the systems (4.2.1) and (4.2.3) under the same assumptions with
regard to the right-hand part.
Let for some system

— = f'(t,2), x(to) = wo, (4.4.1)

connected with the system (4.2.3), the general solution z°(t) = 2°(¢, o, o) €
Dy is known at (tg,xo) € intQ and t > to. The vector function fO(t,z) is
continuous and satisfies the Lipschitz condition with respect to x with the
constant L in the domain R4 x D;j.

Instead of the mean Og(tg,zo) we will use an integral calculated along
solutions of the system (4.4.1).

Denote

0 o\ 7T
i)o(t, $)|(4.4.1) = aait + (%) fo(t7x)7
to+T

G (T, ty, z0) = /ga(t,:co(t,to,xo))dt.

Theorem 4.4.1 Let for the system (4.2.1) the following conditions be
satisfied:

(1) there exists a positive definite decrescent function v(t,z) and

0(t, )| (a.2.3) < 0;
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(2) for any number & € (0, H) uniformly with respect to x € {x: ||z| < &}
there exists a limit

Jim ([ (t2) = 1,2 = 0;

(3) there exist a x(8) € K, summable functions M (t) and F(t) such that on
any finite interval [t1,t2], t1,t2 € Ry, the following inequalities hold:

lg(t, ) < M(t), lo(t, ") — o(t, 2")| < F(t)x([l2" — ")

and
to to
/M(t)dtho(tg—tl), /F(t)dtgFo(tQ—tl),
t1 t1
My, Fy = const;

(4) for any numbers a, B, 0 < a < B < H, there exist positive quantities
', 0, 1 such that for the values t', ', t' € Ry, a < ||z'|| < B, one of
the following conditions is satisfied:

(2) (', 2")] g gy + 0l ) <0 at p < 4,
(b) GY(T,t',2") < —6T at T > 1.
Then the solution x = 0 of the system (4.2.1) is u-stable.

Proof Let ¢ € (0,H) be satisfied. In view of condition (1) of Theorem
4.4.1, all points of the moving surface v(t, z) = a(e/2) satisfy the inequality
(4.2.11) for all t € R,. Under condition (4) for the numbers b~!(a(/2)) and
€/2, there exist positive constants ¢ and . It can be shown that for

A =min [y~ (6/4F,)/2lexp(2IL), e/4lexp(2IL)]
there exists a point of time 7y such that at 7 > 79 and ¢ € [7,7 + 2[] for
the solutions Z(t, 7,x,) and 2°(¢,7,2,) of the systems (4.2.3) and (4.4.1) the
following inequality holds:

|Z(t, 7, 2;) — 2°(t, 7, 2,)|| < min [x "' (6/4Fp), /2] (4.4.2)

at z, satisfying the condition v(7, z,) = a(e/2). Indeed, condition (2) implies
that for A one can find a point 7y such that

||f(t,$) - fo(tax)H <A

at t > 79, ||z|| < e. From the equations (4.2.3) and (4.4.1) for 7 > 79 and



Stability of Weakly Perturbed Systems 143

t € [r, 7 + 2I] obtain

t

T
t

+/Mmemm»—ﬁmﬁmnmmm

<A%/wanad—ﬁ@ﬂﬂmﬁ-

T

Using Lemma 4.2.1, obtain the estimate (4.4.2). From the equation (4.2.1),
taking into account condition (3) and the Lipschitz condition for f(¢, x), obtain

t t
l|lz(t, to, zo)|| < [|zol| +/||f(t7$(t7to75€o))||dt+#/M(t) dt
to to
t
< llzoll + uMo(t — to) + /L||x(t,to,x0)|| dt.

to

Now, applying Lemma 4.2.1, for any to € [0,71] and t € [tg, 1] (let 70 < 71 <
00) obtain the estimate

(¢, to, o)|| < [llzoll + uMoTo] exp(Ly). (4.4.3)
Choose
pa = 0" (a(e/2))/2Mori exp(Lr1), n="b""(a(¢/2))/2exp(L).
Then the estimate (4.4.3) implies the estimate
(¢, to, zo) || < b7 (a(c/2))

at ||zo|| <m, to € [0, 7], t € [to, 71]. Therefore, to prove the theorem it suffices
to show that ||z(t,t), z()|| < € at tj > 7 and ||z)|| < b~ 1(a(e/2)) at t > ¢;.
Consider the solution z(¢, ) and assume that it has left the domain ||z| <
b=1(a(e/2)) and at some point of time ¢ = 7 the condition v(7, z(7)) = a(e/2)
is satisfied. At a point z(7) the inequality (4.2.11) will hold and one of the
conditions (4a) or (4b) will be satisfied.

1. Let condition (4a) be satisfied at a point of time 7, that is, for the
numbers b~ !(a(e/2)) and /2 there exists p’ such that the full derivative of
the Lyapunov function in view of the system (4.2.1) at that point is nonpositive
at p < p', which means that the solution x(t) at the point 7 cannot cross the
surface

o(t,2(7)) = a(e/2).
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2. Let condition (4b) be satisfied at the point 7, that is, for the numbers
b=Y(a(e/2)) and £/2 there exist § and [ such that

GUT,1,2(1)) < —6T (4.4.4)
at T > [. Integrating the expression of full derivative of the Lyapunov function
in view of the system (4.2.1), for ¢ > 7 obtain

t

o(t,z(t, 7, 2(7))) <v(r,z(r)) + ,u/ga(t,x(t,ﬂx(r))) dt. (4.4.5)

T

Represent the last integral in the form

/w(t,x(t))dt = /[w(t,w(t)) —o(t,Z(t))] dt
T T (4.4.6)

Here x(t) = z(t,7,2(7)), T(t) = T(t,7,2(7))), 2°(t) = 2°(¢,7,2(7)). On the
basis of Lemma 4.2.2 for the norm of difference of solutions z(t) and T(t) at
t € [7, 7 + 2] the following estimate is true:

lx(t) — Z(t)|| < uMol exp(2LL). (4.4.7)
Choose
- c
4Molexp(2(L) "
Then at u < po from the inequality (4.4.7) obtain ||z(t) — Z(t)|| < €/2 at all
t € [r,7 + 2l]. In view of condition (1) of Theorem 4.4.1 and the inequality

|Z(t)|| < /2 obtain ||z(t)|| < e at t € [7,7 + 2l]. Estimate the first integral in
the right-hand part of the expression (4.4.6). Choose

M2 =

w3 = X" (6/4Fy) /2Myl exp(2IL).

Using condition (3) and the inequality (4.4.7), for p < min(ue, pus) and ¢t €
[, T + 2I] obtain

/|<p(t,x(t o(t,T(1)| dt < /F X(lz(t) —T®)|) dt < 5(t—7)/4. (4.4.8)

From the inequality (4.4.2) it is clear that the solution 2°(¢, 1) on the inter-
val [1, 7 4 2] will not leave the e-neighborhood and, respectively, the domain
Q; therefore, for the estimation of the second integral from the expression
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(4.4.6) it is possible to use condition (2) of the theorem. Taking into account
the inequality (4.4.2), for t € [7, 7 + 2l] obtain the estimate

t

¢
/lw(tf(t)) —p(t,a"(t))| dt < /F(t)x(llf(t) —a(t)l) dt < 8(t - 7)/4.

(4.4.9)
The expression (4.4.6) and the inequalities (4.4.4), (4.4.8), and (4.4.9) at u <
min(ue, pz) and ¢ € [T + 1,7 + 2] imply the estimate

t

/ ot 2(1)) dt < 8(t — 7)/4.

T

Thus, the integral in the inequality (4.4.5) becomes negative at least from
the point ¢ = 7 + [, which means that the solution x(¢, ), having left the
surface v(7,2(7)) = a(e/2), due to the choice of 1 will remain in the domain
lz|]| < e att € [r,7+2l] and at some point of time from the interval |7, 7 + 2]
will return to the domain bounded by the surface v(r, z(7)) = a(e/2).

From the considered cases 1 and 2 and the choice of 7, it is clear that the
solution z(t, p) at to € Ry, |l@oll <, u < po = min(p1, p2, 13, 1') will not
leave the domain ||z|| < ¢ at all ¢ > 4.

The theorem is proved.

Let us use a simple example to illustrate Theorem 4.4.1.
Ezample 4.4.1 Study the equilibrium state x = 0 of the system

dl‘l

B — a1+ [1 - p(t)Joz + (e — aad),
e (4.4.10)
Z2 — p(t) (w1 — 2) + plols +w2) cost + (af — az?)].

Here a = const > 1, p(t) is a continuous function, 0 < p(t) < m = const,
lim p(¢) = 0.
t—o0

The derivative of the Lyapunov function

v=[23 + (21 — 22)°]/2
along solutions of the system (4.4.10) at p = 0 has the form
O =—(1+p)(r1 —22)* <0.
The integral GO(T, tg, xo) calculated along the solutions

2 = w29 + (210 — T20) exp[—(t — to)],

0
Lo = X20

of the limiting system 41 = —x1 + x2, @2 = 0, will satisfy condition (4b) of
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Theorem 4.4.1 at to > 0 and zg € E = {SC()Z |$20| < 2|.Z‘10|7 |$10| < 2|l’20|}7
since there exists a mean

1
lim TGO(T7 to, T0) = 40(1 — a),

negative at a > 1 and at the values tyo > 0 and zg € F.

In the remaining part of the neighborhood of zero, in view of the nega-
tiveness of ¥(t,x), condition (4a) will be satisfied. Thus, the stability of the
equilibrium state 2 = 0 of the system (4.4.10) holds in the following sense:
for any e there exists n(¢) > 0 and p(e) > 0 such that ||z(¢,t9, zo)|| < € at all
t > to, as soon as |zo|| <1, to > 0.

Similarly, it is possible to show that the theorem of instability is correct.
We will give its statement without proof.

Theorem 4.4.2 Let for some 7 € Ry in the domain [1,00) X D:

(1) there exists a domain v > 0, in which the function v(t,x) is bounded,
and
0(t, 2)|a.23) 2 0, lim O5(t,2) > 0;

(2) in the domain v > 0, conditions (2) and (3) of Theorem 4.4.1 be satis-
fied;

(3) for an arbitrarily small number o > 0 there exist positive numbers p', ~
and 8, | such that for each value t', ', satisfying the inequality v(t', z) >
o’ one of the following conditions is satisfied:

(a) 0(t',2")|(a.2.3) + pp(t' ') >~ at p <y,
(b) GY(T,t',2') > 0T at T > 1.

Then the solution x = 0 of the system (4.2.1) is p-unstable.

Note that the derived Lyapunov function in view of the system (4.2.1)
may be alternating in the domain v > 0 in contrast to the limitations on the
function v in Chetaev’s instability theorem [1].

4.4.2 Stability on time-dependent sets

Let P be the set of all subsets of the set R™. The mapping S: R — P is a
set-valued function. The set of its values at ¢t € R is a time-varying set S(t).
Let N= {(t,z): t € R, x € N(t)}, N(t) be a time-varying neighborhood of
the point 2 = 0. If S(t) is substituted with N (), then S is substituted with N.

Now consider the system of the form

dx
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Along with the shortened system
dx
E :f(t,l‘), I(to) = o

consider the limiting system

dz
5 = B2, f(3,0)=0. (4.4.12)
Here it is assumed that at all z € S(¢) there exists a limit

}i_{%||f(t,$)—f0(ﬁ,$)||=07 0<pB<T.

Remark 4.4.1 If B = 400 and the approach to the limit is uniform with
respect to x € {z: ||z|| < H}, then the limiting system (4.4.12) coincides with
the one considered in Section 4.4.1.

Assume that the nonperturbed motion © = 0 of the system (4.4.12) is
nonasymptotically stable and for it there exists a function v(¢,z) with the
respective properties.

Theorem 4.4.3 Let the vector function f° be continuous at (t,z) € N
and let N(t) be a continuous neighborhood of the point © = 0 at each t € R,
which may be time-invariant or time-variable and the following conditions are
satisfied:

(1) for the system (4.4.12) there exist a function v(t,z) and functions a, b
belonging to the K -class, such that at any (t,z) € S

(a) a(llzl]) < v(t,z) < b([|]),
(b) dv/dt < 0;

(2) at any p, 0 < p < H < 400, in the domain {z: p < ||z|| < H} C
N(t) the function ¢(t,z) = (0v/0x)Tg(t,x) is defined and there exist a
function ¢ from the K -class and a continuous nonnegative function s(t)
at all t € J such that |p(t,x)] < c(||z|))s(t);

(3) there exist a function w from the K-class and a continuous nonnegative
function A(t) such that

|(00/02)" (f = fOI S w([lzlDA(t)  at all (t,2) €.

Then for any €9 > p there exists 1(go) such that any motion of the system
(4.4.11), which begins at t =ty in the domain ||zoll < n(eo), will not leave the
set Be ={z: ||z|| < {(¢)} on the interval of existence of a positive solution of
the differential equation

¢ _ w(¢)
a =M a0

c(©)
a'(C)’

+ %(t) C(to) =¢g9 >0, (4413)

such that ¢(t) < H.
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Proof Let g9 € (p, H). For the function ((¢) with the value ¢ € [gg, H]
at t € T = [to, to + 7) (7 is a finite number or +00) consider a time-
varying set B, = {z: ||z| < {(¢t)} and a moving surface S, = IV,(t),
Ve(t) = {z: v(t,z) < a({(t))}. From the continuity of v(¢,z) it follows that
the surface S¢ is closed. According to condition (1a) obtain S¢ C Be. Indeed,
for ||z|| = ¢(¢t) at all t € J; € T we have v(t,z) > a(((t)), and in view of
the monotonicity of the function a(-) the equality v(¢, ) = a(¢) will hold at
the points € B¢. Hence it follows that S; C B¢ and at any (;, (2 such that
€0 < €1 < (2 < H, the surface S¢, is embedded in S¢,. Therefore, at any
e € (g0, H) the solution x(¢; to, z0) may only leave the set B after crossing
all surfaces S¢, when ( takes on values from the interval [eg, €].

Let n = b~'(a(eo)). According to condition (la) of Theorem 4.4.3, B, C
Seo U Vs, (t). Let the solution z(¢; ¢, x¢), beginning in the set B, at a point of
time ¢t = tg, cross the surface S, at a point of time ¢t* > ¢;. Let ¢ denote the
point of time when the solution x(t¢;to,zo) reaches the surface S¢. Consider
the behavior of the function v(¢, ) along the interval of the path x(t;tg, o)
with its origin at the point (t¢,z¢) and the end at the point (t¢tac, Tetde),
located on the surface S¢1qc¢. From the expression of the full derivative of the
function v(¢, z) in view of the system (4.4.11) obtain

tetdc teqde
ltcsac vceac) < vlteae) + [ [(@00/02) (= £Olde [ letw. o)l
te t¢

Taking into account the definition of the surface S¢, under conditions (2) and
(3) of Theorem 4.4.3 obtain

a(C +d¢) — a(¢) = a’(Q)d¢ < A(t)w(C)dt + s(t)c(C)dt.

Since a(-) is a strictly monotone increscent function, a’(¢) > 0 and

d¢ d¢ w(¢) c(©)
— < At)—= t . 4.4.14
a = w e T w R
Keeping the same notation for the variables and passing on to the equation
(4.4.13) from the inequality (4.4.14), we see that at all values of ¢ for which
((t) is positive and satisfies the equation (4.4.13) the solution z(t; to, zo) will
remain in the time-varying set S UV, C Be.
Theorem 4.4.3 is proved.
Remark 4.4.2 If fO(t,x) = f(t,), then the nonlinear equation (4.4.13)
takes the form
o)

a =g

/ a(Q)de _ / (t) dt. (4.4.15)

Hence obtain
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If in condition (2) of Theorem 4.4.3 we assume |o(t,x)| < pc(]|z|]), that is,
»#(t) = 1, then (4.4.15) implies the estimate T from Theorem 4.3.3.

Corollary 4.4.1 Let the following assumptions be taken into account in
conditions (1a), (2), and (3):

allz[™ < w(t, z) < bz,
lg(t, 2)[| < zea ()],
1£(t,2) = fO(B,2)]l < M) [l]|"™.
Then the equation (4.4.13) takes the form

a _

A+ (0 (4.4.16)
o) = (2) ™ ool (1417

where the functions A(¢) and s(t) are determined from the inequalities

[(0v/0x)E(f — fO)| < ar () ||| 70,
p(t, @) < arys(t)||z]| T2,

and the solution z(¢; ¢, xo) remains in the set B¢ at all values of ¢, for which
the Cauchy problem (4.4.16) and (4.4.17) has a positive solution ((t;to, (o).

The proof is made by direct substitution of the considered functions into
the equation (4.4.13) taking into account that a(¢) =a - (™.

Now consider some particular cases of the problem (4.4.16) and (4.4.17).

Case A. The right-hand parts of the limiting system (4.4.12) and the short-
ened system coincide. Here A(t) = 0 and the equation (4.4.16) takes the form

d
d_g = ()¢, (4.4.18)
the value ((to) is determined by the expression (4.4.17). Hence at 7o = 1
obtain
b\ 1 /
o0 = (2) lallexo [ wtyas),
to
and at ro # 1

() = [(g)ﬁmonuq/t%(s) dsf, ¢=1-.

to
The value of 7 in the estimate [tg, to + 7) is determined by the expression

T =sup{t € J: ((¢t) € (0,H)}. (4.4.19)
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Remark 4.4.3 The result similar to the obtained one holds if in the system
(4.4.11) g(t,x) =0 or ro = 3.

Case B. The shortened system is linear, that is, f(¢t,2) = A(t)x, where
A(t) is an (n X n)-matrix with its elements continuous and bounded on J.
Here fO(t,x) = A%(t)z, r3 = 1, and the equation (4.4.16) takes the form

d¢ .
= = AW + ()™ (4.4.20)

By the substitution ( = nﬁ the equation (4.4.20) is reducible to a linear
equation and integrable by quadratures. Obtain

«0=r0{|() : ool i / () E(gs) ds};, (1.4.21)

0

where

¢
E(t) = exp [/)\(s)ds}, g=1—rs.
to
The value of 7 in the estimate of the interval on which ||z(t)|| < ((¢), that
is, z(t;t0, x0) € B, is estimated by the formula (4.4.19), taking into account
(4.4.21).

Remark 4.4.4 Since the shortened system is linear, the Lyapunov function
v(t,x) is chosen in the quadratic form and therefore ro = 2.

FEzample 4.4.2 Consider the system
% = a(? — 1)961 + wxa,
dl‘g
dt
where 1 is a small parameter, «, (3, w, v are positive constants, and ¢ > 0. For
the shortened system (let p = 0)

% = a(? — 1)961 + wxa,
dl‘g
dt

the full derivative of the Lyapunov function v = z% + z% is nonnegative;

therefore, Theorem 4.3.3 cannot be applied to the system (4.4.22). Taking
into account that

B
49 — 1im oz<¥—1> w _<O w)
—w 0

—w 0

(4.4.22)

= —wr1 + pw cos? vt - T,

(4.4.23)

= —Wwx
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and the state 1 = x3 = 0 of the respective limiting system is stable (not
asymptotically), Theorem 4.4.3 is applicable to it.

Choosing the norm of vector z € R? in the form ||z| = max{|zi|, 22|},
for the constants obtain the values r1 = 2, 79 = r3 =1, a =1, b = 2. The
functions »(t) and A(t) have the form

x(t) = %,uw(l +cos2t), A(t)= a(g - 1).

Applying Theorem 4.4.3 in Case A, obtain ||z(t)|| < ((¢) at all ¢ € [to,to + T),
to > 0, where

C(t) = V2o (%)aﬁ exp [(% o — a) (1~ to) +  po(sin 2t — sin2t0)}

and 7 is determined by the formula (4.4.19).

Remark 4.4.5 The interval of the stay of motion on a time-varying set is
determined by the inverse transformation of the function ((t).

4.5 Systems with Nonasymptotically Stable Subsystems
Consider a system of the form

drg
dt

= fs(t,zs) + pgs(t,x1,. .., xm), s=1,...,m, (4.5.1)

m
where (z1,..., 20V =2, 2, € R", Y ng=n, fs(t,0) = gs(t,0,...,0) = 0.
s=1
A peculiar property of the system (4.5.1) is that at p = 0 it falls into m
independent subsystems
drs
dt

= fs(t,zs), s=1,...,m. (4.5.2)

The vector functions fq(t,zs) and gs(t,z), s = 1,...,m, in the domain
Q) satisfy the condition of the existence and uniqueness of the solution of the
Cauchy problem for the systems (4.5.1) and (4.5.2), in addition, fs(t,xs),
s =1,...,m, satisfy the Lipschitz condition with respect to x5, s =1,...,m,
with the constant L.

Assume that the solution zs = 0 of the systems (4.5.2) is stable uniformly
with respect to ¢y (nonasymptotically) and the general solution is known
Ts(t) = Ts(t,to, s0), s=1,...,m, (to,xo) € int Q.

Assume that for each subsystem (4.5.2) a continuously differentiable Lya-
punov function v, (¢, zs) is known, which has the respective properties.
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Let the vectors zs, s = 1,...,m, be numbered in an order convenient for
the study, let as, s = 1,...,m, be some sequence for which a; = 1, and let
each subsequent term ag, k = 2,...,m, be equal either to the previous term

or to the index k. Denote

900(1 (t7x17 s ,CCm) = 81}5 Tgs(tazla ,.Im),
s Oz
v\ " 4.5.3
w?s(t7xoés7"'7‘rm) = <6Zs> gs(t’07 ’071’10(5’ ,zm)7 ( )
s=1,...,m.
Consider the sequence of means
to+T
1
O% (ty, Za.0, - - -, Tmo) = lim — O (1, T (), ... T (1))dL,
T n0) = Jim [0, )
to
s=1,....m

Let v%(z5) denote nonpositive functions and let w?(x4) denote nonnegative
functions defined and continuous in the domains Dy = {xs: |jzs|| < H},
s=1,2,...,m.

The mean ®$* is less than zero in the set F(v} = 0), if for any numbers
ns and g5, 0 < 1y < €5 < H, one can find positive quantities rs(ns,es) and
ds(ns,€s) such that ©% (to, Xa,0,- .-, Tmo) < —0s(ns,€5) at Ns < ||so] < €5,
plxso, E(v¥ = 0)) < rs(ns,es) for all tg € Ry, 2o € Di, k = ag,...,8 —
1,s+1,...,m.

Consider the following statement.

Theorem 4.5.1 Let the following conditions be satisfied for the system
(4.5.1):

(1) there exist positive definite decrescent functions vs(t,xs), s=1,...,m,
and the following inequalities hold:
v v\ " .
a—: + <6—xz> fs(tyzs) <vi(zs) <0, s=1,...,m;

(2) there exist summable functions Ms(t) and Fs(t), constants Mgy, Fyo,
and functions xs(8) € K such that on any finite interval the following
inequalities will hold:

m
|(pgl(t,l’/17...,$;n) - w?l(tal’/fv---ﬁ%ﬂ < Fs(t)XS<Z|SC;€ —ch >v
k=1
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to
Fy(t)dt < Fyo(ta — t1),

t1

to
||gs(tu L1, 7xm) < Ms(t)a /Ms(t)dt < M80<t2 - t1)7

t1
s=1,...,m;
(3) wniformly with respect to to, Tw.0,---,Tmo there exist means
0% (0, Ta,0,- -y Tmo), S=1,...,m;
(4) the mean ©% is less than zero in the set E(vi =0), s=1,...,m.

Then the solution x = 0 of the system (4.5.1) is p-stable.

Proof Let € € (0,H) and tg € R+ be specified. We will show that for e it
is possible to find positive numbers 7(e) and po(e), not depending on tg, such
that any solution x4(t,tog, o), s =1,...,m, of the system (4.5.1) will satisfy
the condition

m
Z |zs(t, to, z0)|| < e
s=1

for all t > tg at > ||zso|| < n(e) and p € (0, uo).
s=1

Choose €y, = ¢/m. In view of condition (1) of the theorem, for the function
U (t, Tim) there exist functions ap,(||zm|) € K and by, (||zm||) € K such that

am([Tml]) < vm(t, 2m) < bn((lzm])- (4.5.5)

Let nm(em) = byl (am(em/2)). Then all points of the moving surface
U (t, Tm) = a(em/2) for all t € Ry will satisfy the inequality 7, < ||zm| <
€m/2. For the numbers 7,, and €,,/2 according to condition (4), there exists
a value Opm(Nm, Em/2).

Determine the number

Xr_rll((sm/4Fm0) c >

Em—_1 = min < am —1)

For vp,—1(t, Tpm—1) there exist functions am—1(||zm—1|) and bp—1(||Tm-1])
from the K-class such that a relation similar to (4.5.5) will hold. Determine
the number

Nin—1Em—1) = b 1 (am—1(Em—-1/2)).
Under condition (4) for 7,1 and €,,—1/2 it is possible to determine the
quantity d;,—1(Mm—1,m—1/2). Assume that

Xme1(6m—1/4Fm—10) .
2<am_1 — 1) sy cm—1 |-

Em—_o = min (
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Continuing this process, for each function vs(t,xs), s = m —2,...,1, de-
termine the respective functions as(||zs||), bs(||xs||) and numbers

. Xs+1( s+1/4Fs+10)
£ = MmN y Es+1
2(asp1 — 1)

(

773(55) = bs_l(as 55/2)) 55(775a55/2)~

Considering the components (¢, tg, xo) in increscent order of the index s,
s = 1,...,m, show that each of them satisfies the condition ||zs(¢)| < s
at u < ps for all t > o at ||zgo|| < Mk, & = 1,...,m. The proofs of this
statement for each component are similar; therefore, we will give proof for

x5(t), assuming that for x1(t),...,xs_1(t) it has been proved already and
the components z;(t), i = s+ 1,...,m, at ¢ > to remain in the domain
D;,i=s4+1,...,m. Assume that the component z(t, ¢y, o) left the domain

llzs]| < ns and at a point of time ¢ = ¢ crossed the surface vs(t, zs) = as(e5/2)
in a point ;. For this point, in view of condition (4), one of the following
inequalities will hold:

p(x ;07 (vs =0)) <rs(ns,€5/2),
O (to, Toy0s - - -+ Thno) < —0s(1s,€5/2).

Here z}, = 2 (t), to, 20), k = s, ..., m.
Consider some properties of the solutions x(t, to, o).
(a) Let the following conditions be satisfied at a point of time 7

'Us(7—7 xs(T)) = as<58/2)7
p(xs(7), E(vg = 0)) = 74(ns,€5/2).
Taking into account the equality g4(¢,0,...0) = 0, from condition (2) of the
theorem obtain
oSt (t, 21, .oy @) | < s F(2)
at (t,z) € Q, where ¢, is some constant. Choosing
r . *
p< Mg = 7/2CSF507 Y= Zslrélfl;s |Us ('Ts)|a
Py ={z: p(zs, E(v; =0)) 275/2, ns < o] < &5},
for all ¢ > 7, at which the conditions
lzs (D = ns,  plas(t), E(v] = 0)) 2 7/2

are satisfied, obtain

-

vs(t, 25(t)) < vs(T, 25(7)) +/v dt—i—,u/go (t,21(t), ..., zm(t))dt

< vg(T, 24(7)) — %(t —7).
(4.5.6)
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The function vs(t, zs(t) is not increscent and, respectively, z(t, 7, 2(7)) will
not leave the domain bounded by the surface vs(t,z5) = as(es/2), which
means that for it the inequality will not be violated at least as long as the
condition

p(s(8), B = 0)) > r,/2
holds.
(b) Let the following conditions be satisfied at a point of time 7:

vs(T,25(7)) = as(e5/2),
p(x5(7)7 E(v; =0)) < TS(n8a58/2)'

In view of condition (4) of Theorem 4.5.1

OF (T, %0, (T), ..., Tm (7)) < —0s(ns,€5/2). (4.5.7)

Taking this into account, estimate the change of the function vs(t, z5). Rep-
resent the last integral in the inequality (4.5.6) in the form

/wgl(t,xl(t), sy () dt = /[(p?l(t,xl(t), e (1)
T T (4.5.8)

t

— 0% (6, T, (£)y - T (2))] dE + /go?s(t, To, (), ..., xm(t))dt,

T

where Ty (t) = T (¢, 7, 21 (7)), k = as, ..., m. Estimate the last integral in the
expression (4.5.8), using the estimate of the mean O (1,4, (1), ..., Tm (7))
in the inequality (4.5.7) and choosing the time interval [ so large that at
t > 7+ [, the following condition will be satisfied:

t

/w;“(t,fas(t% LT (1)) dt < —Z 8s(t — 7). (4.5.9)

T

Choose 7 so small that on the interval [7,7 + 2l5] at u < u2 the following
inequalities will hold:

l25(t) — Zs (8] < % Z |z — Zn| < X Xo ' (0/4Fs0) /4F5°) (4.5.10)

k=asy

Using Lemma 4.2.2, determine p”:

" : Es —1 %
= 0s/4Fs0)/4ls 2L, g Mo ).
:u’S min (4M5015 eXp(leL) ’ XS ( / 0)/ eXp( ) 0)

k=as
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The first inequality of (4.5.10) means that z4(¢, 1) at p < p? will not leave
the domain ||zs]| < € at least on the time interval 2[,.

Now estimate the second integral in the expression (4.5.8), using condition
(2) of the theorem, the second inequality of (4.5.10), and the choice of numbers
€, t=1,...,as — 1. For t € [1,7 + 2ls] and p < p2/ = min(u?, o, —1) obtain

/ 02 (1, 2(8)) — 2 (£, T, (1), - T (1))

< [ (afnwz DI+ S et “ml ) (45)

k=

t

< / Fu(t)xs (x (0 /4F0)) dt < 54(t — 7)/4.

T

Substituting the estimates (4.5.9) and (4.5.11) into (4.5.8), for ¢t € [T +
ls, 7+ 2] and p < p? obtain

t

/(p?l(t,z(t)) dt < —%(t — 7).

T

Thus, in the inequality (4.5.6) the last integral becomes negative at least
from the point of time ¢t = 7 + [5. Therefore, the component z4(t, 1), having
left the domain bounded by the surface vs(t,zs) = as(es/2), in view of the
chosen i, will remain in the domain ||zs|| < €5 and at some point of time from
the interval (7,7 + 2l;) will return into the domain bounded by the surface
vs(t, xs) = as(es/2).

Choose p1s = min(u’, 1?). Then at pu < p, properties (a) and (b) imply that
for all t > to the component x4(t, to, o) will remain in the domain ||zs]] < 5.

Thus, considering the components xs(¢, 1) of the solution in increscent

order of the index s, s = 1,...,m, we see that each of them satisfies the
condition ||zs(t)|| < €s at |zrol| < Mk, & = 1,...,m, and ¢t > ty. Choosing
o = min(ps), n(e) = min(ns), s = 1,...,m, and taking into account the
chosen numbers €5, s = 1,...,m, obtain

m m
Z lzs(t, )| <& atall t>ty assoon as, Z lzsoll < 7.
s=1

Here the quantities n(e) and uo(e) were chosen irrespective of tg.
Theorem 4.5.1 is proved.

If we consider the functions gs(t,x1,...,&m), s = 1,...,m, as weak con-
nections such that ¢,(¢,0,...,0) =0, s =1,...,m, then for the correctness of
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Theorem 4.5.1 one should additionally require the correctness of the following
inequalities on any finite interval [t;, t2]

(p?l(t7$17...,$m)§N5(t)7 /Ns(t)dtSNso(tQ—tl)

att € Ry, x5 € D\ E(vf =0), a € Dy, Ny is a constant, s =1,...,m,
k=1,....,s=1,s4+1,...,m.
Here are some applications of Theorem 4.5.1.

Example 4.5.1 Consider the system

dl‘l 2
—p = 0t a3+ paay, z1(to) = 10,
dl‘g .
E :,LL(SCQyQ — X1T2 +SC1Z+SC% Slnt), Jfg(to) = X220,
dy,
d_yt = —y1 +ya2 + pas, y1(to) = Yo, (4.5.12)
dy2
= MaByez — yiya + (g1 + ) cost], ya(te) = yao,
dz 3 2 2
gl w(—z° + y1y2 — 27z + 27 cost), z(to) = 2o,

which falls into three subsystems at p = 0:

dxq dxs

- = 2 _— =
dt nty =0
dyy dyso
Il 22— 4.5.13
dt Y1 +y23 dt 3 ( )
dz _
dt

Write the solution of the subsystems (4.5.13) in the form

Ty (t) = a3 + (w10 — 239) exp[—(t —to)], Ta(t) = 20,
71(t) = y20 + (Y10 — y20) exp[—(t —to)],  Ta(t) = Y20,
E(t) = Z20-

Start the investigation of the p-stability of the system (4.5.12) from the
second subsystem. Choose the Lyapunov function v1(y) = y3 + (y1 — v2)?,
whose derivative in view of the second subsystem of (4.5.13) satisfies the re-
lation 91 (y) = —2(y1 — y2)? = vi(y) < 0. Calculating the mean for that
subsystem, obtain ©1(yo, z0,0) = —2y3, — 2y3,w3024. Obviously, the mean
©1 is less than zero in the set E(vi = 0) = {y: y1 = y2} at any xgg and zo.

For the third subsystem take the Lyapunov function vy(z) = 22. Its deriva-
tive in view of the third subsystem of (4.5.13) is zero. Assuming y; = 0 and
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ya = 0, calculate the mean for that subsystem ©3(zg, 7o) = —2(2§ + 2223,).
The mean P2 is negative definite with respect to 2z at any xo and therefore
it satisfies condition (4) of Theorem 4.5.1.

Now for the first subsystem choose the function vs(z) = 23 + (v1 — 22)?,
whose full derivative satisfies the relation v3(z) = —2(z1 — 23)? = v3(z) < 0.
At y1 =0, y2 =0, 2 =0 obtain O3(xg) = —2x3,.

The conditions of Theorem 4.5.1 are satisfied; therefore, the solution y = 0,
z =10, 2 = 0 of the sytem (4.5.12) is p-stable.

Now we will need the following definition.

The mean ©% (tg, Ta,0,---,Tmo) > 0 in the set E(w’ = 0) of the domain
vs > 0, if for any positive A, however small it may have been chosen, there exist
positive numbers () and 75 (\) such that at tg € Ry and x4 € D; satisfying
the condition vs(to, o) > A, p(zs0, E(w* =0)) < r5(A), the inequality

0% (to, Ta,05 - - - » Tmo > 0s(N)

will hold at all kg € Dy, k=ag,...,s—1,s+1,....,m.

Theorem 4.5.2 Let the following conditions be satisfied for the system
(4.5.1):

(1) for the s-th subsystem there exists a function vs(t,xs) which has a do-
main vs(t, xs) > 0 and is bounded therein;

(2) in the domain vs > 0

Ovg Ovg
ot 0z

(3) there exist summable functions Ms(t), Fs(t), constants Msg, Fso, and a
function xs(8) € K such that on any finite interval [t1,ta] the following
inequalities will hold:

to
lgs(t, z1, ..., zm)|| < Ms(t), /Ms(t) dt < Myo(ta — t1),
ty

m
G (2 ah) — 2 ()] < Fs(t)xs<z I x;;n),
k=1
to

/Fs(t) dt < Fyo(ta —t1)

ty

at t,xs from the domain vs > 0 and z, € D,,, n =1,...,s =1, s+
1,....,m;
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(4) uniformly with respect to (to, s0) from the domain vs > 0 and Tpo € Dy,
n=as,...,s—1,s+1,...,m, there exists a mean O (to, Ta.0,- - -, Tmo;

(5) the mean ©% is above zero in the set E(vi = 0) of the domain vs > 0;

(6) for each i-th subsystem (i = 1,...,s—1) the conditions of Theorem 4.5.1
are satisfied.

Then the solution x = 0 of the system (4.5.1) is p-unstable.

Proof Let €5 € (0,H) and tg € Ry be specified. We will show that it is
possible to find an arbitrarily small 2o such that the solution x(¢, g, o) of the

m
system (4.5.1) at some point of time will leave the domain ||z]| = Y |Jax| <e.
k=1

Choose the value of x4y as small as we please and such that at the specified tg
that value would belong to the domain vg > 0. Then there will exist a number
a > 0 such that vs(to, zs0) > a. Under condition (5) of the theorem, for o > 0
there exist positive numbers d;(«) and 75(«) such that one of the following
inequalities holds:
p(@so, E(vg = 0)) = rs(a)
or
@?S(to, Tag0y- -3 Lm0 > 6s(a).

Determine the number

X;1(55/4F50) c >

s—1 < mi
€ 1_m1n< s — 1)

For the positive definite function wvs_1(t,x5-1) there exist functions
as—1(]|zs—1]]) and bs_1(||zs—1]|) from the class K such that the following in-
equality would hold:

as—l(”‘rs—l”) § vs—l(taxs—l) S b5—1(||xs—1||)~

Choose 151 = bs__ll(as_l(ss_l/Q)). For the numbers 7s_1 and €51 /2, accord-
ing to condition (4), there exists a value §;_1(ns—1,&s—1/2). Thus, for each
subsystem sequentially determine

. <X2i1(5k+1/4Fk+10) )
€k = min y Ek+1 )5
2(Oék+1 - 1)

the functions ar(||zkl]) € K and bg(||zx|]) € K, the numbers 7, =
by H(ak(er/2)) and Ok (nk, e /2), k=s—2,...,1.

In the proof of Theorem 4.5.1 it was shown that for |zl < n;, xjo0 are
any arbitrarily small, ¢ = 1,...,s =1, 7 = s+ 1,...,m, each component
x;(t,to, 10, - - -, Tmo) Will satisfy the condition |lz;|| < &; at p < py, at least
until any of the components z; (¢, to, 2o), j = s,s+1,...,m, leaves the domain
llz;l| < H, j =s,...,m. Show that for (¢, o, o) at some point of time the
condition ||zs|| = &5 will be satisfied.
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Consider some properties of the solution x(t, to, o).
(a) Let the following conditions be satisfied at a point of time 7

V(15 25(7)) >, plas(7), B(wy = 0)) = rs(a).

Estimate the change of the function vs(t, z4(t)). From condition (3) of the
theorem obtain |¢%* (¢, x1,...,Zm)| < csFs(t) at (¢, ) € Q, where ¢, is some
constant. Choose

< py =1s/2¢sFs0, s = inf w(z,),
Ts€Ps

PS = {xS: p(zSaE(w: = O)) 2 TS/27
vs(t,zs) >, t€ Ry, |zl <es}

Then for all ¢ > 7, at which the conditions
zs €U ={as: plas, E(w; =0)) = 7rs/2, |l <es}
are satisfied, obtain

vs(t,xs(t)) > wi(xs(t)) + podt (t, 1 (t), ..., xm(t)) > % (4.5.14)

The function wvs(t,zs(t)) is not decrescent; therefore, the solution
xs(t,7,2(7)) will not leave the domain v, > 0 and the inequality vy > a will
not be violated. Taking into account that in the domain vs > 0 at ||zs|| < €5
in view of condition (1) of the theorem |(vs(t, zs)| < w, where w is some con-
stant, show that x4(t, ) cannot permanently remain in the domain U within
the time interval T = 2(w — a)/7s. Indeed, if we assume the contrary, then
from the inequality (4.5.14) at a point 7 we will obtain

vs(t, zs(t)) > vs(7, (7)) + %(t —T) > w.
This inequality contradicts the condition of the boundedness of the function
vs(t, Ts).

The contradiction proves that there exists a point of time from the interval
7+ T, when one of the inequalities is violated:

plas, Bl =0)> =, or . <e..

The violation of the second inequality means the instability. Assume that the
first inequality is violated.

(b) Let the following conditions be satisfied at a point of time 7:
vs(2(7)) >, p(as(7), E(wg = 0)) > rs(a).
Taking into account condition (5) of the theorem, obtain

O3 (7, %o, (1), -, &m(T)) > b (a). (4.5.15)
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Estimate the change of the function vs(t, z4(t)). For t > 7 the following con-
dition is satisfied:

%&%@DZ%UwUD+M/w?@xUﬁﬁ>%ﬁwJD
—u/w?mﬂm—w?widﬂwwﬁﬂmwt (4.5.16)

+ u/w?S(t,Eas(t), e T (t)) dt.

T

Estimate the last integral in (4.5.16), using the existence of the mean
P2 (1,20, (T), ..., Zm(T)), the inequality (4.5.15), and choosing the time in-
terval [ so large that at ¢t > 7 4 [, the following inequality would hold:

t

/4,0?‘5 (t, T (t), ..., T (L)) dt > 255(15 - 7). (4.5.17)

T

Choose p! so that on the interval [r,7 + 2l + T at u < p! the following
condition would be satisfied:

0s/4Fy
Z g — Ty || < Xe0s/27s0) Xs [ (0:/4F+0) / o) (4.5.18)
k=as
This can be done by using Lemma 4.2.2:
X;1(63/4F30)
2020+ T)exp(ls +T) >, Mo

k=as

"o__
Hs =

From condition (3) of the theorem, taking into account the inequality (4.5.18)
and the chosen numbers ¢;, ¢t =1,...,as — 1, obtain

[l € ®) = 2 (0T, 0 T ) de

= 4.5.19
<lexz )+ Z [y (t) — T, )||>dt ( )

ﬂ\“

IA

(t—7)

at t € [, 7+ 2, +T).

4
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Choose 1’ so that the solution x4 (¢, 7, 2(7)) on the interval [, 7+ 25+ T
would not leave the domain vs > 0. For this purpose, p!/’ should satisfy the

inequality

t

u’s”[/@?S(t,f%(t),...,Em(t))le—%(t—r) <

T

|9

at t € [1,7 + 2l; + T]. Then at
p< pg = min(ug, pg, 1)

and t € [T+ 2l5, 7+ 2ls + T] from the inequality (4.5.16), taking into account
(4.5.17) and (4.5.19), obtain

Js
vs(t, x5(t)) > vs(r, 2(7)) + ME(t —7)> . (4.5.20)
Therefore, due to the chosen pj, the solution z,(¢, 7, z(7)) will not leave
the domain v, > 0 on the interval [r,7 + 2l; + T| and at any point ¢t €
[T+ 215, 7 + 2l5 4+ T] the estimate (4.5.20) holds.

Choose o = min(u}, pg) and consider the sequence of points of time
ti:t0+i(2ls+T), 1=1,2,....

At an initial point of time ¢, the conditions of one of the cases (a) or (b)
are satisfied. The function vs(t, z4(t)) will increase on each interval [t;,¢;11]
at least by the value pdgls at p € (0, po). Assuming that x4(¢,to, xo) on an
interval [to, t,,], where n is the smallest integer satisfying the condition

n> (w—a)/udsls,
is in the domain ||zs|| < €, for a point of time ¢,, obtain
'Us(tna xs@n)) Z 'Us(tOu (ESO) + n,ul(ssl&

This inequality contradicts the condition of the boundedness of the function
vs(t, z5) in the domain vs > 0. The contradiction means that there exists a
point of time ¢; € (to,to + n(2ls + 1)) at which the condition ||z(¢1, )| >
lzs(t1, to, xo)|| = €5 is satisfied.

The theorem is proved.

If we consider gs(t,z1,...,Zm), $ = 1,...,m, as weak connections for
which g4(¢,0,...,0) # 0, then for the correctness of Theorem 4.5.2 additional
limitations on ¢! (¢, x1, ..., %) are required, like it was done earlier.
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4.6 Stability with Respect to a Part of Variables

Represent the system of equations (4.2.1) in the form

d

=Y (ty.2)+ nG(ty,2),

at (4.6.1)
E = Z(tu Y, Z) + :U/Q(t7 Y, Z)a

where y € R™, z € RP, Y € C(Ry x R™ x RP,R™), G € C(Ry x R™ X
RP,R™), Z € C(Ry x R™x R?, RP), Q € C(Ry x R™x RP, RP), i.e. f(t,z) =
(YT(t,y7z)7ZT(t,y7z))T, €T = (yTvZT)T7 lyll = (yTy)1/27 2] = (ZTZ)1/27
and [l2]] = (I + 2]/

The vector functions Y (¢,y, z) and G(t,y, z) in the domain

P={teRy, yeDy={y: [yl <H} 0<]z] <oo} (4.6.2)

satisfy the conditions for the existence and uniqueness of the solution of the
Cauchy problem for the system (4.6.1). In addition, Y (¢,y, 2z) in the domain
(4.6.2) satisfies the Lipschitz condition with respect to the variables y, z with
a constant L and Y (¢,0, z) = 0, that is, the system (4.6.1) has the equilibrium
y=0at u=0.

For the system (4.6.1) assume that any solution z(t, 1) of this system is
determined at all ¢ > 0 for which ||z(¢, u)|| < H, H = const > 0, that is, the
solution z(t, 1) is z-continuable.

Together with the generating system

d
d_i = Y(tay72)7 y<t0) = Yo,
(4.6.3)
%—Z(t z), z(tg) ==z
dt - yYs 2)s 0) — <0,

we will consider the auxiliary function v(t,z), = = (y*,2T)7T, defined in the
domain (4.6.2). Recall the following definitions.

Definition 4.6.1 The function v(t,y, z) is positive definite with respect
to y in the domain (4.6.2) if and only if there exists a function a from the
K-class, such that

a(llyl]) <v(t,y,z) atall (ty,2) e P.

Definition 4.6.2 The function v(¢,y, z) is decrescent with respect to y
in the domain P, if and only if there exists a function b from the K-class such
that

v(t,y,z) <b(Jly|]|) atall (t,y,2)€ P.
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Definition 4.6.3 The state of equilibrium x = 0 of the system (4.6.1) is
(y, u)-stable, if for any € > 0, to € R4 there exists n(e) > 0 and po(e) > 0, not
depending on tg, such that for an arbitrary solution z(t, g, zo) of the system
(4.6.1) the condition ||y(t,to,z0)|| < € is satisfied at all ¢ > ¢y as soon as
l[oll <mand p < po.

The mean ©(tg, yo, z0) is less than zero in the set F(v* = 0) with respect to
the variables y, if for any numbers n and €, 0 < n < ¢ < H, there exist positive
numbers r(n,e) and &(n,e) such that ©(tg,yo,20) < —d at n < [lyoll < e,
p(yo, E(v* =0)) < r(n,e), 0 <] 20| < co. Here the continuous function v*(y)
is determined at y € D,,.

The following statement is correct.

Theorem 4.6.1 Let the following conditions be satisfied in the domain

(4.6.2):

(1) there exists a y-positive definite function v(t,x), decrescent with respect
to y and such that

Du(t, x)|a.6.3 <v*(y) <0;

(2) there exist summable functions M (t), F(t), N(t), constants My, Fy, and
No, and a function x(8) € K, such that the following inequalities hold:

to
o(t,2) < N(1), /wasm@—m
t1
aty € Dy \ E(v*=0), 0<|z]| < o0, teJ, and

nmmNSMm,/MmﬁSM@—m7

lo(t,2') = o(t, 2") < x(|la” = 2" [ F (1),

to
F(t) dt < Fo(tg — tl)

ty
in the domain (4.6.2) on any finite interval [t1,ta];
(3) wniformly with respect to to, xo there exists a mean ©(to,yo, 20);

(4) the mean O(to, Yo, 20) is less than zero in the set E(v* = 0) with respect
to variables y.
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Then the solution x = 0 of the system (4.6.3) is (y, u)-stable.

Proof Let € € (0, H) and ¢y € Ry be specified. Assume that the conditions
of Theorem 4.6.1 are satisfied. For the function v(t, ) in view of condition (1)
there exist functions a € K and b € K such that in the domain (4.6.2) the
following inequality holds:

a([lyll) < o(t,z) < b([lyl)- (4.6.4)

For all points of the moving surface v(¢,z) = a(¢/2) in view of the inequality
(4.6.4) obtain
b~ (a(e/2)) < |lyll < e/2 (4.6.5)

for all t € R,. Let n(e) = b~!(a(e/2)) and consider the solution x(t,tq, xq) of
the system (4.6.1) at ||zo]| < n(g). Assume that it left the domain ||y|| < n(e)
and at some point of time ¢;, crossed the surface v(t,z) = a(e/2) in a point xj.
For this point the inequality (4.6.5) is correct, and in view of condition (4) of
the theorem there exists r(n,e/2) and §(n,e/2) such that one of the following
conditions is satisfied:

p(y67 E(* =0)) > r(n, 5/2), @(té, y(/)7 26) < —d(n, 5/2)'

Consider the following properties of the solution z(¢, g, xo).

(a) Let the following conditions be satisfied at a point 7

(T x(1)) = ale/2),  py(r), E(v* = 0)) = 1r(n,2/2).
Consider the behavior of the function wv(¢,z) along the solution
x(t, 7, x(7)) = (y(t, 7, 2(7)), 2(t, 7, 2(7))):
v(t, z(t)) < o1, z(r)) +/v*(y(t)) dt—l—,u/go(t,x(t)) dt. (4.6.6)
In this case, at p < py = /2Ny (v = ;2g|v*(y)|7 Q ={y: ply, E(v* =

0)) > r/2, n < |ly|| < e/2}) for all t > 7, for which the following conditions
are satisfied:

Iyl =n,  py(t), E* =0)) >r/2,
obtain
ot 2(t) < ale)2) — %(t — 7). (4.6.7)

The function v(¢, z(t)) is not increscent at p < puf, which means that for the
solution z(¢,7,2(7)) in view of the inequality (4.6.5) the condition ||y(¢)| <
£/2 will be satisfied, at least until the inequality

ply(t), E(v™ = 0)) >r/2

is violated.
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(b) Let the following conditions be satisfied at a point 7:

(T, (7)) = ale/2),  ply(r), E(v" = 0)) <r(n,e/2).

In this case, under condition (4) of the theorem, ©(r,y(7), 2(1)) < —d. Ne-
glect the first integral in the inequality (4.6.6) and estimate the last one. For
this purpose, choose a time interval [ and the values p; and pe so that at
i < pe on the interval [r,7 + 2I] for the solution z(¢,7,2(7)) the condition
ly(t, 7, z(7))|| < e will be satisfied. Choosing p < pg = min(pq, pz2), for the
second integral from the inequality (4.6.6) at ¢t > 7 4 [ obtain the estimate

t

/W(t’x(t))dt < _g(t - 7).

T

This integral, at least from the point of time 7 + [, becomes negative, which
means that the solution z(¢, 7, (7)) will return into the domain bounded by
the surface v(t, ) = a(e/2).

As is clear from properties (a) and (b), for the solution z(¢, g, zo) of the
system (4.6.1) the condition |ly(t, o, x0)|| < € will hold for all ¢ > t,, which
proves the theorem.

Obviously, for the study of stability with respect to a part of variables it
is also possible to use the perturbed Lyapunov function

’U(t,JChUJ) = UO(t7x) + U(t,SChUJ),

where the perturbation u at small values of u may be sufficiently small.

4.7 Applications
4.7.1 Analysis of two weakly connected oscillators

Consider the system of two weakly connected oscillators

T1 = X2, Xo= —wle + uwlezgm cosv1t, (4.7.1)
T3 = T4, T4= —w%xg + ,uw%aclxgxg cos Vot

The degenerate system corresponding to (4.7.1) is stable, which is determined
by the existence of the Lyapunov function

2,2 2 2,2 2
Vo = wiT] + T3 + wir3 + Ty,

whose derivative in view of the degenerate system is identically zero. Hence it
follows that the properties of stability or instability of the system (4.7.1) are
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determined by the sign of the mean ©¢(tg, zg). The mean ©¢(tg,xo) for the
system (4.7.1) is determined by the expression

Oo(to,z0) = 981)(?50, zo) + @(()2)(t0, xo),

where
1 to+T
Oi(to,z0) = lim — / (¢, z(t))dt,
bto.z0) = Jim 1 [ o070 )
to
O (¢, T(t)) = 22T 1 ToTaTy cos vt

and T;, i = 1,2, 3,4, is a solution of the degenerate system corresponding to
(4.7.1) under the initial condition 7;(0) = 2.
Denoting a = 23 (w129) 7!, 8 = 2% (w2z3) ™! and performing the necessary

transformations, obtain

to+T

. 1 1
04 (to, zo) = gWIw2w; 292292 Tlim T / {[4aB + (o = 1)(B* — 1))
to
X [cos(y1 — vit) 4 cos(y1 + vit)] (4.7.3)

+ [4af - (o® = 1)(8* - 1)
+2[6(a? =1) —a(F? - 1)
+2[(0® = 1) +a(s* — 1)

[sin(y1 — vit) + sin(y1 + vit)]

(m

] [cos(y2 — vit) + cos(ye + vit)]

]

] [sin(y2 — vit) + sin(vye + v;t)] }dt,

where v; = 2(W1 —w2)(t —to), v2 = 2(w1 +w2)(t —to).

The mean @ (to, Zo) is not identically zero in an arbitrarily small neigh-
borhood of the p01nt x = 0, except for the singular point, when v; = 2|w; —ws|
or v; = 2(wy + wa).

Consider the first case in more detail. Let v; = 2|w; — we|, assuming
that w1 # we, so that v; # 0. Denoting 2(w; — w2)ty = 7, reduce the mean
@éi)(to, xg) to the form

. 1 1
©g(to, wo) = gwww?%?%gz@[a(ﬂ cosy —siny — 1) +

+ B(siny + 1) + cos ] x
X [a(Bcosy —siny+ 1)+ B(siny — 1) 4 cos~].

The mean Og(to, o) is nonzero when @gl)(to, xo) # 0, or 6(()2)(150, xo) # 0,
or @81)(t0, xo) # 0 and @82)(150, xo) # 0 simultaneously. It is easy to see that
in all cases the mean ©(tg, zo) is alternating in an arbitrary indefinitely small
neighborhood of the stationary point.

Under the specific choice of v;, the system (4.7.1) satisfies the conditions
of Theorem 4.2.2 on the instability of the equilibrium. To the system (4.7.1)
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Theorem 4.3.1 is applicable. Determine the quantities included into the state-
ment of the theorem. For simplicity of calculations we assume that the norm
of vector € R™ is specified by the expression ||z|| = max{|z;|}.

1

Then, since
o(t, ) = 2z 202324 (W? COS V1T + W5 cos Vat), (4.7.4)

for the values of x, contained in the ring domain p < ||z|| < e, where p > 0
and € > 0 (p < ¢) are arbitrary constants, ¢ € I, one can assume that
po(e) = 2e"(wi +w3), po(E) = 28" (W +w3).

Estimate the difference ¢(t,2’) — p(t,2"), 2’2" € B, t € I:

lo(t, x") — o(t,2")| = |(z) whahal — o ahaxlx])2(wi cos vit + wj cos vat)

< () — o) ahwgal| + |2 (25 — af) w52
+ ol (xhy — af)al| + |af el (x — x)]) - 2|w cos vt + w3 cos vt

< 4e3||z’ — 2" - 2|w? cos vit + w3 cos vat.
Taking into account condition (4) of Theorem 4.3.1, obtain
x(a) =4’a,  Fy =2(wi +wi). (4.7.5)

For (t,z) € J x B: ||g(t,z)| = max{w}|z12324 cosvit|, wi|z1m275 cos vat|}
holds, hence it follows that My = €® max{w},w3}.

Specify a number € > 0 and introduce a number € > 0 so that the condition
g < ¢ would be satisfied. Consider the surface of the level of the Lyapunov
function vy(z) = wiz? + 23 + wizi + 2 = w=.

For this surface to lie inside the e-neighborhood of the origin of coordinates,
it is obviously sufficient to choose

ws = 22 min{1,w?, w?}. (4.7.6)

Similarly,
we = e2min{l,wi, w3} (4.7.7)

Determine 7 as the radius of the n-neighborhood of the stationary point,
nested in the surface vo(z) = ws. For the point z € B, obtain vo(zr) <
7%(2 + w? + w?) = 2 min{1,w?, w2}, whence

: 1 2 2
n:gmm{ ,wl,wQ}.
V2 + wi + ws

Estimate the function s¢(t) in the relation

(4.7.8)

1
t—to

/ ot T(1))dt = O(to, z0) + (1),
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when v; do not satisfy the resonance conditions, and in the event when the
resonance conditions are satisfied.

In the first case @ (to,zo) = 0. Hence, taking into account (4.7.3), it
follows that

|24 (¢)| = ‘/Qw T1Z2X324 COS V;tdt
t—to
U
1
< Bt 20222 (0 + 1)(B% + 1)d;
t—t, 4
1 w2
< . 1 d;,
t— to 4W1WQ ( + wQ)
where
. 1 1
‘ |2(w1 — wg) — Z/Z'| |2(w1 — w2) + I/i|
1 1

+ + .
|2(w1 =+ (Ug) — I/i| 2(w1 =+ (Ug) + v

If the value v; is resonance, then @((f)(to, xo) # 0 and obtain a similar esti-
mate for s;(t), but the expression for d; does not contain a summand whose
denominator is zero at the specified value of v;.

Thus, at ¢ € [to + I,to + 2I] the condition |»(t)| < 6/4 will be satisfied,
when [ is determined by the inequality

41+ 1+
1> % # (widy + wids). (4.7.9)
Find p1 by the formula
= (e —2)[My - 21e*™N] 7, (4.7.10)

where N = max{w?,w3}. Choose pa so small that the inequality x(uaMy -
21e?'M)Fy < §/4 would hold. From the last expression, taking into account
(4.7.5), obtain

4]

M[Mo 212N (4.7.11)

po =
Now determine po = min{ 1, pa2}.
Applying Theorem 4.3.1 to the system (4.7.1), one can formulate the fol-
lowing statement.

Corollary 4.7.1 Let at a specified number € > 0 and some g, 0 < € < ¢,
the quantities g (¢), @o(Z), we, we, 1, I, po be determined by the expressions
(4.7.4)—(4.7.11). Then at pu < pg the solution x(t; tg, xo) of the system (4.7.1),
which began at a point zg € Eg(to) N By, will not leave the domain ||z|| < e
on the time interval ¢t € [to,to + 1], where T = 21 + I§[po()] ™ + (w- —
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wz)[1po(e)] ! and the quantity & at the specified tg, zg is determined by the
inequality 0 < § < —Oq(to, o).

Let in the system (4.7.1) w1 = 1, wy = 2, 11 = vy = 2|w; —ws| = 2. Having
determined oo (), ©o (%), we, wz, N, I, po from the expressions (4.7.4) — (4.7.11),
we arrive at the following statement.

Corollary 4.7.2 The solution of the system (4.7.1), satisfying the con-

€
dition xg € Eg (tg) at the initial point, with ||z¢| < —,
0 @( 0) 1% || 0” \/ﬁ
leave the e-neighborhood of the point £ = 0 on an interval t € [to,to + T,
where

at p < po will not

216 1 § ) e ¥
T=24+— = mi 2 /e, — NV
T 5 T ogpezy Mo TR {< Ve g3 } 1613

125 ¢4
T 784§
and the quantity ¢ is determined from the above relations.
In the event when neither of the resonance conditions is satisfied in the
system (4.7.1), the mean Oq (o, zo) is identically zero, and it is necessary to use

the perturbed Lyapunov function v(¢,x, 1) to solve the question of stability
of the system (4.7.1). Let

’U(ta z, ILL) = UO(t7 ‘T) + por (ta (E)

Differentiate the perturbed Lyapunov function in view of the equations of the
system (4.7.1) (here it is taken into account that a nonperturbed system is
neutrally stable)

dv ovy  O0un 50Uy
=G+ G+ o(tn)) + Sl

Determine v1(t,x) as a solution of the linear equation in first-order partial

derivatives 5 5
v v
8_151 1f( z) = —p(t, ). (4.7.12)

Since the characteristics of the equatlon (4.7.12) are the integral curves of the
nonperturbed system (4.2.3), by integrating the equation (4.7.12) with the
initial conditions v1(0,z9) = 0 obtain the function v;(¢,2) which is equal to

zero on the initial set ¢t = 0, z¢:
t
- [etnatmyar
0

For the system (4.7.1) the equation (4.7.12) takes the form

(9’01 (9’01 2 6’1}1 6’1}1 2 (9’01 -
gt T T2gg, TN gy T Ty, ~ WGy, = —eba),
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whence
t

vi(t,x) = —2 /Elfgfgm (wf cos VT + w% cos voT) dT.
0

The system (4.7.1) with the constructed perturbed Lyapunov function
v(t,x, 1) = vo(x) + pv1(t, x) satisfies the conditions of theorems from Sec-
tion 4.2 on the stability and instability of a stationary point. Therefore, the
stability of the system is determined by the sign of the mean ©1(to,zo) =

@gl)(toﬂfo) + 952)(750, xg), where

to+T P
1
9( )(t07x0)— hm — / wi = il x1x3x4cosy1tdt
to
to+T P
1
9(2)(t07x0) = hm T / w%avl T1T2T3 COS Vot dt.

to

The final form of the function and the means is not given here due to their
awkwardness.

Like in the treatment of the mean ©¢(to,zo), in the case under consider-
ation it turns out that in an arbitrary indefinitely small neighborhood of the
point z = 0 the mean O (tg,xo) is alternating. In the same manner as for
the mean Og(to, zo), obtain that the solution of the system (4.7.1) is unstable
at those values of v; and vs, at which O4(tg,zg) # 0, that is, the resonance
occurs. Here the resonance values will be those of wy, wa, 1, and vo, for which
the following relations hold:

w1 = 2WQ, 2w1 = Wy, V1 = Wi, Vo = Wy, vV = 2&)27
1] :2(.4)17 141 :w1—|—2w2, vy = |(.4)1—2(,4)2|7 1/2:2(4)1 +WQ,
= |2w1—w2|, I/1—|—l/2:2u)17 Z/1+I/2:2w2, |l/1—l/2| :26017
|1/1—1/2|:2(UQ, V1 +vo = 4wy, 1+ vy = 4dws, |V1—V2| = 4wy,
|1/1 — l/2| = 4w2, VG — Vg = :t2w1 + 4(4)2, VG — Vg = :l:4w1 + 2(4)27
V1 + Uy = |2wli4WQ|, e |4w1:|:2w2|.

4.7.2 System of n oscillators
In the space R%" consider a system n of weakly connected oscillators

Toi—1 = T2,

2n
4.7.13
:’c%:—w?z1+uw?cosyit H z;, 1=12,...,n. ( )

j=1,j#2i

In a similar manner as was done for the system (4.7.1), determine that the
degenerate system corresponding to (4.7.13) is stable, since the derivative, in
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view of the degenerate system of the Lyapunov function

n

vo = Z(fogi—l + x3;),

=1

is identically zero. Therefore, the properties of stability or instability of the
system (4.7.13) are determined by the sign of the mean ©g(tg,z¢), which is
specified by the expression

n

o(to, o) Z oy (to, z0),

where
2 2 to+ T 2n
w; _
O)(to, z0) = Th_r)réo T / H T, cos vt dt
b k=1
and T;, i = 1,2,...,2n, is a solution of the degenerate system corresponding

to (4.7.13) at the initial condition 7;(0) = z.
After necessary transformations, transform the last expression as follows:

2 n 202 02
; w; Wi Zak—1 T Lo
Oy(to, o) = =—
o(to, o) on—1 k1;[1 Wk
to+T h
x lim ! / Hsin[2w (t —to) + x| cos vt dt
= k(t —to k i
T—oo T ; pratie}

0 0
WkTop—1T2k
where tg, =2 —5—5————=
—wirhy g +ay
Let P denote an integer n-vector whose components p; take on the values
+1, Q= (w1, wa, ..., )ER” (’(/11,...,’@/1”)ER (P7Q>:p1w1+...+

Pnwn. Upon necessary transformations, for @ (to7 xo) obtain the expression

2
(&)
0y (to, xo) = 22n T H (wka:% 1 -|- i ) X

to+T
XTIEI;OT / Zsm (P, Q)(t — to) + (P, ¥ £ v;t)] dt.

The limit in the right-hand part is not zero if and only if at least for one value
of k
2P, V| =v;, i=1,2,...,n. (4.7.14)

Here @éi) (to,xo) takes the form

20
@(Z (to, o) = 22n T H <wkx2k 1+ w—k> ;sm (P, ® — 2Qt0)), (4.7.15)
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where the summation is applied to those indices k' for which (4.7.14) holds.
It is obvious that @él) (to,xo) determined in such manner is alternating in an
arbitrary indefinitely small neighborhood of the point x = 0.

It is easy to show that in view of the degenerate system, the following

relation holds: p
Therefore, on the solutions of the degenerate system corresponding to (4.7.13),

the mean remains constant
O (t,Z(t; to, 20)) = O (to, z0).

Thus, the system (4.7.13) satisfies the conditions of Theorem 4.2.2, and at res-
onance values v; determined by the relation (4.7.14) the origin of coordinates
is an unstable equilibrium. In particular, at n = 1 the resonance value will be
v=2w;atn =2—v; = 2w +ws), ¥; = 2Jw; — ws|; at n = 3 we obtain
four resonance values v;: 2(wy + wa + w3), 2|wi + wa — w3|, 2|w1 — wa + ws|,
2| — w1 + w2 +W3|.

Let us use Theorem 4.3.1 to estimate the time interval on which the solu-
tion x(¢;to, zg) will not leave the e-neighborhood of the point x = 0. For this
purpose it is necessary to estimate ¢(t, z) and determine the values g, o, and
7 contained in the statement of the theorem. As it was done before, determine
the norm of vector € R™ by the expression ||z| = max;{|z;|}. Then for the
values of z contained in the ring area p < ||z|| < &, where p,e = const > 0,

obtain
2n n n
lp(t, z)| = 2‘ (sz> Zw? cosvit| < 282" Zw?
= i=1 i=1

Thus, one can assume that ¢ = 22" Z w?
=1

To determine o(e) and n(e), con51der the surface of the level of the Lya-
punov function

n

vo(zx) = Z(w?x%i_l + 23;) = wo. (4.7.16)
i=1
Obviously, the surface (4.7.16) will lie inside the e-neighborhood of the point
x = 0 if we assume that
wo = e?min{1, w?}. (4.7.17)

Determine o(g) by the inequality o(g) < wp, assuming that
o(e) = (1= )wp = (1 = M) min{l, w?}, 0< A< 1.

Determine the constant 7)(e) as the radius of the n-neighborhood of the point
x = 0 lying inside the surface vo(x) = wo — 0. For the point z € B,, obtain

n

vo(x) = Z(szQl L) <n Z = \%¢? mm{l w?},

i=1
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whence
Amin{1, w?}

n(e) zein.
n+ Y w?
\/ i=1

Thus, we arrive at the following statement.

(4.7.18)

Corollary 4.7.3 Solutions of the system (4.7.13) which at the initial point
to satisfy the inequality ||xzo|| < 1, where 7 is determined by the expression
(4.7.18), for all ¢t € [to,to + T] will not leave the domain ||z| < e, if T is
determined by the expression

n —1
T =(1-A)min{1, w?} <2u€2”‘2 Zw§> . (4.7.19)

i=1

Since in the system (4.7.13) the mean is alternating in sign in an arbitrary
indefinitely small neighborhood of the origin of coordinates, we can apply to
it Theorem 4.3.2 on the stability on a finite interval for solutions beginning in
the domain Eg (to) = {zo € By: Oo(to,zo) < 0}. In the same manner as was
done for the system of two oscillators, obtain

n
My = e '"max{w?}, x(a)=2ne""ta, Fy= 22%2,
K2

i=1
Nl pale) =2 3R (e = 23,
i=1 =1
2n 2 n
n 1 +wz 2
l Z 22,”_36 wl : Z id27
=1 =1
)
— _ = (Mo -2l 2IN\—1
Ho min {6 g, Sne2n—1F } ( 0 € )

where

1 1
& g (|2(P;€,Q> — v * |2( Py, Q) + VZ'|>.
If the value of v; satisfies the resonance conditions (4.7.14), then the expression
for d; does not contain a summand whose denominator is equal to zero at the
specified value of v;.

Applying Theorem 4.3.2 to the system (4.7.13), one can formulate the
following statement.
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Corollary 4.7.4 Let at the specified number € > 0 and some g, 0 < € < ¢,
the values of we, w=, I, po, po, and n be determined by the expressions (4.7.20).
Then at pu < po the solution z = x(¢; to, x¢) of the system (4.7.13), emanating
from the point zg € Eg (t) such that ||zo|| < 7, will not leave the domain
|z|| < € on the time interval ¢t € [tg,to + 1], where

n -1

-1 n
T=2+16 (252” Z wf) +a(e? — %) <2u52" Zw?) )
i=1

i=1
and the value § at the specified ¢y and x( is determined from the inequality
0<d< —@0(t071‘0).

Now revert to Corollary 4.7.3. Let T denote the point of time at which the
solution reaches the surface S(e) = {x: ||z| = e}. Excluding A from (4.7.18)
and (4.7.19), for T* obtain the estimate

(4.7.21)

whence it follows that at a constant ¢ with a decrease of the n-neighborhood
of the origin of coordinates the value of T" approaches the limit

) min{1,w?}
7= —"——
222 Y w2
i=1

If at a constant 7 € is unlimitedly increased, then at n # 1 T vanishes.

Thus, the expression (4.7.21) gives a substantially low value of T, since it
would be natural to expect that in the first case T" will unboundedly increase,
and in the second case it would at least not decrease. This shortcoming is
eliminated by the application of Theorem 4.3.3, which more completely takes
into account the information on the change of perturbations ¢(¢,z) in the
e-neighborhood of the origin of coordinates.

Since for the system (4.7.13)

2n n
o(t,z) =2 H x; - Z w? cosvit,
i=1  i=1

then .
P(¢) = 203" Wi (4.7.22)
=1

For the function »(¢), in view of (4.7.17), obtain the expression

#(¢) = ¢* min{1, wy}. (4.7.23)
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Determine the constant 7)(e) as the radius of the n-neighborhood of the point
2 = 0 lying inside the surface Sp. Assuming that g = e, 0 < A < 1, for n(e)
obtain the expression

1
2

n(e) = Aemin{l, w;} <n + Zj; wf) . (4.7.24)

Substituting (4.7.22) and (4.7.23) into (4.3.3) and integrating, we arrive
at the following statement.

Corollary 4.7.5 Solutions of the system (4.7.13), which at the initial
point of time to satisfy the inequality ||zo|| < 7, where the value is determined
by the expression (4.7.24), for all t € [to,to + T] will not leave the domain
lz|| < eif at n # 1 T is determined by the expression

: 2
- miln{l, Wi} 1
T = — (s 1 (4.7.25)
2(n — 1pen=2 3" w?
i=1

3

andatn=1
min{1,w?} = 1

T = In —
Jw

2 )
where 0 < \ < 1.

Excluding A from (4.7.25), using (4.7.24), at n # 1 obtain
min{1,w?} < min{1,w?" "%} 1 )
n

- n n n—1 5271—2
2(n—1)p > w? 2”—2(n—|— Zw?)
i=1 i=1

whence it follows that at a constant € at a decrease in the n-neighborhood of
the origin of coordinates the value " — oo, and at an unlimited increase of €
and a constant 7 the value of T" approaches the limit

min{l,w?}

T// .
- n n n—1"
2n = Dpr2n=? 3 w?(n+ 3 w?)
=1 =1

Thus, Corollary 4.7.5 gives a much better estimate of T than Corollary 4.7.3.

Since in the system (4.7.13) the mean Og(to,xo) is alternating in an ar-
bitrarily small neighborhood of the origin of coordinates, we can apply to
it Theorem 4.3.4 on the stability on a finite interval for solutions beginning
in the domain Eg(to N B,,). Here the values n(€), uo, [, and the functions
¥(¢) and »(¢) contained in the statement of the theorem are determined by
the expressions (4.7.20), (4.7.22), and (4.7.23), respectively. Find ¢ from the

relation .

g0 = <§2 - L) . (4.7.26)

min{l,w?}
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Applying Theorem 4.3.4, obtain the following statement.

Corollary 4.7.6 Let at the specified € > 0 and some g, 0 < £ < ¢, the
values 7(Z), po, ! be determined by the expressions (4.7.20), and the functions
¥(C), #(¢), and gg by the expressions (4.7.22), (4.7.23), and (4.7.26), respec-
tively. Then at u < po the solution = = x(¢;tg,x0) of the system (4.7.13),
emanating from the point zg € Eg(to) such that ||zo| < 1, will not leave the
domain ||z|| < € on the time interval ¢ € [to,to + T'], where

min{l,w?} 1 1
T=2+ : ( )

2n—Duy Wi \eg" 2 22
and the value of § at specified tg, xo is determined from the inequality 0 <
o< —@0(t071‘0).

In conclusion we note that Theorem 4.3.3, like the theorem of the averaging
method, gives the estimate of closeness of solutions on a time interval of the
order 1/u. On the other hand, this theorem is close to theorems on stability
on a finite interval, which may be obtained on the basis of the comparison
principle. An advantage of Theorem 4.3.3 is the simplicity of definition of the
functions ¥(¢) and s.

4.8 Comments and References

The application of the averaging technique in the investigation of real-
world processes dates back to the works of Euler [1], Lagrange [1], Poincaré [2],
and other founders of the mathematical science. In the study of stability of so-
lutions of nonautonomous systems, the averaging technique is applied in many
works (see, e.g., Bogolyubov and Mitropolsky [1], Starzhinsky [1], Roso [1],
Martynyuk [4], Sanders and Verhulst [1], and others).

This chapter contains some results of the analysis of stability of nonlinear
systems with a small parameter on the basis of the combination of the ideas
of the method of Lyapunov functions and the averaging principle of nonlinear
mechanics).

4.2. This section is based on the results of the articles of Martynyuk and
Kosolapov [1] and Kosolapov [3].

4.3. Here the results of the article of Chernetskaya [2] were used. The cited
results adjoin the investigation of Khapaev [1] (Theorem 4.3.1) and the results
obtained by other authors using a similar technique of analysis (see Anashkin

11, 2]).
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4.4. Here some results obtained by Karimzhanov [1], Karimzhanov and
Kosolapov [1], Martynyuk and Karimzhanov [1, 2], and Martynyuk and Cher-
netskaya [1] are used.

4.5. In the works of Martynyuk [1-3], it was for the first time shown
that a method of estimating the stability of motion of large-scale systems
could be applied, which used special means of the derivative of an auxiliary
function along solutions of independent subsystems. This approach was devel-
oped in the works of Kosolapov [1, 2, 4] and others (see, e.g., Karimzhanov
and Kosolapov [1] and others). In this section, the articles of Martynyuk and
Kosolapov [1, 2] were used.

4.6. This section is based on the results obtained by Kosolapov (see [1, 3]).

4.7. This section is based on the results obtained by Chernetskaya (see
1, 2]).



Chapter 5

Stability of Systems in Banach Spaces

5.1 Introductory Remarks

In this chapter the results of the analysis of u-stability and boundedness
of solutions of equations in Banach spaces are given. Those equations describe
the class of hybrid systems with weakly interacting subsystems.

Section 5.2 contains some results from the theory of semigroups, which are
required for further treatment.

In Section 5.3, the problem of stability of systems in Banach spaces with
weakly interacting subsystems is formulated.

Section 5.4 contains the description of the general method of solution of
the posed problem. The application of the matrix-valued Lyapunov function is
discussed and the main theorems of that method are formulated for equations
in a Banach space.

In Section 5.5, the vector Lyapunov function is applied and the results of
the analysis of stability of a system in Banach spaces are given.

In Section 5.6, a matrix-valued function is applied to the analysis of u-
stability of a two-component hybrid system. The case of nonasymptotic sta-
bility of isolated subsystems is considered.

The concluding section contains bibliographic data and some remarks on
further investigation in this line.

5.2 Preliminary Results

Let X or Z denote a Banach space, and let a linear operator A be defined
in the domain D(A) C X with its rank in Z, that is, A: D(A) — Z. Assume
that D(A) is a dense linear subspace X. The operator A is closed if its graph
Gr(A) = {(z,Az) € X x Z: z € D(A)} is a closed subset in the product
X X Z. For the specified linear mapping A: D(A) — Z, D(A) C X, its norm
is determined by the expression

[A]l = sup{[[Az[|: ||z[| = 1},

179
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and p(A) is a resolvent set of the operator A.
Assume that some physical process is described by the linear differential
equation

dr
il Az, (5.2.1)
z(0) = xo € D(A) (5.2.2)

at all ¢ € Ry. The abstract Cauchy problem (5.2.1) and (5.2.2) is defined
correctly if p(A) # @ and for any xg € D(A) there exists a unique solution
x: [0,00) — D(A) in the space C'*([0, 00), X).

The family (Q(¢)):>0 of bounded linear operators acting in a Banach
space X is a strictly continuous semigroup of bounded linear operators (Cp-
semigroup) if the following conditions are satisfied:

(a) Q(0) =1, I is an identical operator on X;
(b) Q(1)Q(s) = Q(t +s) at all t,5 > 0;
(c) ltiﬁ)l IQ(t)x — x|| =0 at all z € X.

The infinitisemal generator of the semigroup (Q(¢))¢>o is a linear operator
A with the domain of definition

D(A) = {x e X: ltllI(IJI %(Q(t)x — ) exists}

in the form

Az = ltilnol %(Q(t)z —z), x€D(A).

Along with the problem (5.2.1) and (5.2.2) consider the nonlinear abstract
Cauchy problem

dx
pri A(x(t)), (5.2.3)
z(0) = zp € D(A), (5.2.4)

where A: D(A) — X is a nonlinear mapping. Assume that the solution x(t)
of this problem is determined correctly and exists on Ry = [0, 00).

Let C be a subset of the Banach space X. The family (Q(t)):>0 of oper-
ators mapping C into C is a nonlinear subgroup on C if the mapping Q(¢)x
is continuous with respect to (t,z) on the product Ry x C, Q(0)z = z and
Q(t+ )z = Q(t) x Q(s)x for any fixed x € C at (¢,s) € Ry.

A nonlinear semigroup Q(¢) is quasicontracting if there exists a number
w € R such that [|Q(t)z — Q(t)y|| < e“!||lz —y|| at all t € R4 and all z,y € C.
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5.3 Statement of the Problem

Assume that for the equation (5.2.3) a linear (or nonlinear) semigroup Q(t)
is defined on a subspace C € X. Let the point 0 € intC and Q(t) permit the
trivial solution Q(t)z =0 at all t € Ry and = = 0.

Definition 5.3.1 The trivial solution Q(¢)x = 0 of the equation (5.2.3)
is stable if for any € > 0 there exists § = §(¢) > 0 such that ||Q(¢t)z|| < ¢ at
all t € Ry, as soon as ||z|| < ¢ at « € C.

Definitions of other types of stability of the trivial solution Q(¢)x = 0 of
the equation (5.2.3) are introduced in the same way as it was done for the
finite-dimensional case in view of Definition 5.3.1.

Now consider the nonlinear equations

dx i
dt

= filzi), i=1,2,...,m, (5.3.1)

and assume that the corresponding abstract Cauchy problem is correctly de-
fined. Let the semigroup Q;(t) be defined on C; C Z; and the point 0 € int C;
at any ¢« = 1,2,...,m. The domain D(f;) is assumed to be dense in C; and
the functions f; are generators of the semigroups Q;(¢).

Using the operators g;(x,u), i = 1,2,...,m (u € M = (0,1] is a small
positive parameter) defined on D(g;) x M C X and having the rank in Z;,
combine the equations (5.3.1) into the system

dx i
dt

= fi(zi) + gi(z,p), i=1,2,...,m. (5.3.2)

In particular, the operators g;(x, ) may have the form

(A) gl(zhu‘): Z#SGiS(zla"'azm)7 i:1727"'am7
s=1

N-1
(B) gl(zhu‘): Z )U’SGZ'S(xlw"a‘rm)a i:1727"'7m7
s=1

(C) gl(zau):uGl(zlaazm)7 Z:17277m

The operators G, are assumed to be defined on D(G;s) C X (on D(G;) C X)
and having the rank in Z;. Here z; € Z; and the hypervector T = (21, ..., 2,,)
is a point in the product of spaces
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with the norm ||z|| = Y ||z;]|;- The system of equations (5.3.2) is equivalent
i=1
to the equation
dz
- = J@ +g(z, n) = A, p),
2(0) = o € D(f + g(z, 1)),

where f1(2) = (fi(z1), .-, fm(zm)), 9" (@, 1) = (91(2, 1), - ., g (, 1))
The system (5.3.2) is a hybrid system w1th weakly interacting subsystems

(5.3.1). Note that

D(f +g(z, 1)) = D(f) N D(g(z, 1)) =
=D(f) N D(g1(1)) N D(g2()) N - .. N D(gm (1))

In addition, it is assumed that the equation (5.3.3) is correctly defined, the
vector function f(z) + g(z, p) generates the semigroup Q(t), and the domain
Do =D(f(x) + g(x, 1)) N D(fs) N D(f(x) + g(x, u))s is dense in X.

Our objective is to find the method for the analysis of u-stability of the zero
solution of the system (5.3.2) on the basis of the generalized direct Lyapunov
method.

(5.3.3)

5.4 Generalized Direct Lyapunov Method
Along with the system (5.3.2) consider the two-index system of functions
Ux) = [wj(z)], 4,j=12,...,5, s<m, (5.4.1)

with the elements w;;: Z; — Ry and w;j: Z; x Z; — R at all § # j. Let
8 € R, 6; > 0, and the function

v(x,0) = 0TU (x)0 (5.4.2)
satisfy the conditions:

(1) there exists a neighborhood W € X of the point 0 € intC, such that
v: W — Ry,

(2) the function v(z, #) is continuous with respect to z € W and v(z,6) = 0,
if and only if z = 0;

(3) there exists a limit

lim sup U(Q(t)gc7 9) - 'U(.T, 9)

t—0t t

= Dv(z(t),0)

along the path z(t) = Q(t)zo of the system (5.3.3).
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The function (5.4.2) will be called the Lyapunov function for the system
(5.3.2) in Banach space, if it satisfies conditions (1) —(3) and solves the prob-
lem of stability (instability) of the zero solution Q(¢)x = 0 of the system
(5.3.2).

Note that the elements u;;(z), i = 1,2, ..., s, of the matrix function (5.4.1)
are constructed on the basis of the equations (5.3.1) or their linear approxima-
tion, and the elements w;;(x;, ;) at (i # j) € [1, s] are constructed in view of
the connection operators g;(x, ) or on the basis of consideration of the pairs
of subsystems

dl’i

i fi(xi),
dz;
d—t] = fi(z;)

at (i # j) € [1, s]. Generally, this approach simplifies the problem of construc-
tion of an appropriate Lyapunov function (functional) for the system (5.3.2)
in Banach space.

Let us cite the main theorems of the generalized direct Lyapunov method
for the system (5.3.2).

Theorem 5.4.1 If at some natural s < m the function v(x,0), 0 € R7,
is a Lyapunov function and there exists a comparison function 1 belonging
to K-class, such that v(xz,0) > p1(||z||) in the neighborhood W of the point
0 € intC, and if Dv(x,0)|5.3.3) <0 at all x € W and p < p* € M, then the
trivial solution Q(t)x = 0 of the system (5.3.2) is p-stable.

Theorem 5.4.2 If at some natural s < m for the function v(x,0), 6 €
RS , there exist three comparison functions @1, 92,03 of class K, such that
o1(]|z]]) < v(x,0) < wa(||z||]) in the neighborhood W of the point 0 € intC,
and Dv(x,0)|5.3.3) < —ws(||z]]) at all v € W and p < p* € M, then the
trivial solution Q(t)x = 0 of the system (5.3.2) is uniformly asymptotically
p-stable.

Theorem 5.4.3 If in the conditions of Theorem 5.4.2 W = C = X
and the comparison function p, belongs to K R-class, then the trivial solution
Q(t)x =0 of the system (5.3.2) is globally uniformly asymptotically u-stable.

Theorem 5.4.4 If in the conditions of Theorem 5.4.2 the comparison
functions pa, w3 belong to K-class and have the same order of growth, there
exists a positive constant A1 and an integer p such that

Arlzl]” < vz, 0) < @2(ll2])),

then the trivial solution Q(t)x = 0 of the system (5.3.2) is exponentially u-
stable.

Theorem 5.4.5 If in the conditions of Theorem 5.4.2 W =C =X and
in the conditions of Theorem 5.4.4 the comparison functions s, s belong to
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K R-class and have the same order of growth, then the trivial solution Q(t)x =
0 of the system (5.3.2) is globally exponentially u-stable.

Theorem 5.4.6 Let at some natural s < m for the function v(zx,0),
6 € R3, there exist a comparison function ¢ from K-class, such that
—Duv(x,0)|(5.3.3) > ©(||z]]) in the neighborhood W C C of the point 0 € int C
at any p € M. If in any neighborhood N C C of the point O € int C there exists
at least a single point xo € N at which v(xg,0) < 0, then the trivial solution
Q(t)x =0 of the system (5.3.2) is p-unstable.

Theorem 5.4.7 Let C =X and S = {x € X: ||z|| > r}, where r may be
sufficiently large. If at some natural s < m for the function v(z,0): S — Ry,
8 € RS, there exist two comparison functions 1,2 from K R-class, such that

er(llz]]) < vz, 0) < @2(ll2]))

at all x € S, and if Dv(z,0)|533 <0 at allx € S and p < p* € M, then
the path Q(t)xo of the system (5.3.2) is uniformly p-bounded.

Theorem 5.4.8 Let the conditions of Theorem 5.4.7 be satisfied and let
there exist a comparison function 3 from K-class, such that Dv(x,0)(5.3.3) <
—ps(|z|]) at all z € S and p < p* € M. Then the path Q(t)xo of the system
(5.8.2) is uniformly ultimately p-bounded.

The constructive application of Theorems 5.4.1—5.4.8 is connected with
the solution of the problem of construction of the function (5.4.2) with prop-
erties (1) and (2) and the calculation of its full derivative Duv(x, ) along the
path x(t) = Q(t)xo of the system (5.3.3). In a general case, the second prob-
lem is quite intricate. In some cases its solution may be simplified. Precisely,
if the semigroup Q(t) is a Cp-semigroup or a quasicontracting semigroup on
a Hilbert space or a uniformly convex Banach space, then the infinitesimal
generator A, of the semigroup Q(t) exists on a set D(A;) which is dense in C.
In such a case, the calculation of Dv(x,0)|(5.3.3) is simplified.

The pair (Q(t),v) is permissible for the problem (5.2.2), if v is a Lyapunov
function, the infinitesimal generator A, of the semigroup Q(t) is defined on
the set Dy C D(As) dense in C, and, in addition, there exists a function Vv
defined on (W NDy) x X, with its values in R, such that

(a) v(y) —v(z) < Vu(z,y —z)+o(ly—z|) atal =z,y€Dy and

(b) at each fixed x the operator Vu(z, 6, h) is bounded and linear with re-
spect to h € X.

Theorem 5.4.9 (see Michel and Miller [1, pp. 143-144]) Let for the system
(5.8.3) there exist a permissible pair (Q(t),v) and a comparison function ¢
belonging to K -class, such that Vu(z, 0, Asz) < —p(||z|]) at all x € Dy NW.
Then Dv(x,0)|5.3.3) < —o(||z]]) at all z € W.



Stability of Systems in Banach Spaces 185

Proof Let x € Dy N W. Then, according to the definition of the function
Du(z, ), obtain

Du(a, 0) = limsup 220 0) — v(@,6)

t—0+ t
< limsup VUL QOT 7, 0) 2 o[Q07 — o]
t—0+
= limsup Vv (z, (Q(t)x — x)/t, 9)
t—0+

= Vo(z, Az, 0) < —¢(||z])).

Now assume that 2 € Dy N W. Choose a sequence {x,} in Dy so that
Tn, — T at n — +00. Since any element x,, belongs to Dy, at all t € R

v@@mﬁwmmmms—/mm@%mw
0

The continuity of all functions contained in the above inequality implies that
t
oQ(t)2.0) ~ a(w.6) <~ [ w(lQs)al) ds
0
Hence, obtain

v(Q(t)x,0) —v(x,0)

t
lim sup < timsup ( /@nQ el ds = —o(||2])
t—0+ t t—0+ J

Thus, at all x € W obtain the estimate Dv(z,0) < < —p(||z||).
Theorem 5.4.9 is proved.

Note that along with the function (5.4.2) in some cases it makes sense to
apply the vector function

V(z,B,0) = BU(z)f, 6¢eR%, (5.4.3)
where B is an (s x s)-constant matrix. The vector function V(z, B,#) has
the scalar functions v;(z, B,0), i = 1,2,...,s, as its components. If in the

expression (5.4.1) u;;(-) = 0 at all (i # j) € [1,s], then U(x) is a vector
function, that is, U(x) = diag [u11(z), .. ., uss(x)].

5.5 u-Stability of Motion of Weakly Connected Systems

In this section we will consider the system (5.3.2) with the subsystems
(5.3.1). The dynamic properties of the zero solution Q;(t)x; = 0 of the
subsystem (5.3.1) will be characterized as follows.
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Let for each subsystem from the collection (5.3.1) there exist a semigroup
Q;(t) and a scalar function v;(z;) such that the pair (Q;(t),v;) is permissible.

Assumption 5.5.1 An isolated subsystem from the collection (5.3.1) per-
mits the property A, if for the pair (Q;(t),v;) there exist functions ¥;1, 12, Vi3
from K-class and constants A; > 0 and 3; such that:

(1) Ya(l|lzil) < wvi(z;) < via(||zi]|) at all x; € Z;, such that ||z;|| < A;, and
(2) V’Ui((Ei,sfi(Z‘i)) < 51’(/113(”.%'1”) at all z; € 'D(sfl) such that ||.Tl|| < A;.
Here 5f; is an infinitesimal generator of the semigroup Q;(t).

Assumption 5.5.2 An isolated subsystem from the collection (5.3.1)
permits the property B, if it has the property A at A; = 400 and comparison
functions ;1,12 from K R-class.

Assumption 5.5.3 The operator of connection g;(x, 1) between the sub-
systems (5.3.1) satisfies the property C, if at the specified permissible pair
(Qi(t),v;) there exist comparison functions ;3 from K-class and constants
bij(p), i, =1,2,...,m, such that

Voi(wi, gi(e, 1) < 0 (i) > big ()i (1) (5.5.1)
j=1

at all 27 = (z1,...,2m) € D(f + g(z, 1)) and ||lz;]| < Aiy i =1,2,...,m

For the class of systems in Banach space with the subsystems (5.3.1) and
operators of connection between subsystems g;(z, 1), satisfying the properties
A and C, respectively, the following statement is correct.

Theorem 5.5.1 Assume that for each subsystem of the system (5.8.2) in
Banach space there exists a semigroup Q;(t) and a function v;(x;), composing
the permissible pair (Q;(t),v;), and

(1) the isolated subsystems from the collection (5.3.1) permit the property
4;

(2) the operators of connection g;(x, ) between the subsystems (5.3.1) per-
mit the property C,

(3) there exist constants 6; > 0,1 =1,2,...,m, and a value of the parameter
w* € M such that the matriz A(p) = [a;j ()] with the elements

ai; (1) = 0:(Bi + bii (1)) at i=7,
K % (Oibij (1) + 05b5i () at i j

is negative definite at p < p*.
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Then the trivial solution of the system (5.3.2) is uniformly asymptotically
w-stable.

Proof Over theset Il = {27 = (z1,...,2m): |z < Ajati=1,2,...,m}
consider the function

v(z,0) =U"(x)0, 0cRY, (5.5.2)

where U*(x) = diag[u11(z1),- -, Umm(@m)]. According to the conditions of
the theorem, the functions u;;(x;) = v;(z;) together with the semigroup Q;(¢)
form a permisible pair for the i-th subsystem from the collection (5.3.1). It is
obvious that v(z,0) is a continuous function and v(0,6) = 0. Since v;(x;, 0)
satisfies condition (1), then

SOl < v, 0) < 3 Outpia(lf )

i=1 i=1

at all x € II. For the functions ;1, ;2 from K-class one can find comparison
functions 11, ¥ belonging to the K-class, such that

r(llzl]) < v(z,0) < ga(l]]) (5.5.3)

at all z € II, where

di(llzl) <D Oitpa (i)

i=1

and

da(llll) =Y bidbiz ().

=1
For the values of x € W,y C X calculate the difference
v(@ +h,0) = v(x,0) =Y 0:i{vi(wi + hi) — vi(z:)}
=1
< 0{Vi(@i, hi) + o(|hil)} =D 0:Vvi(i, ha) + o(|[B])).

i=1 i=1

Hence it follows that Vu(z,0,h) = > 6;Vv;(z;, h;). From the fact that
i=1

Voi(zi, h;) are continuous and linear “with respect to h;, it follows that
Vu(x,0,h) at each fixed x € II is continuous and linear with respect to h.
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In view of the above and Assumption 5.5.3, obtain

Vo(z, 0, f(z) + g(z, 1)) 29 Vi (wi, f(z) + gz, 1))

=" B:Vuii, f(x)) + Z BiVvi(xi, g(x, 1))

=1 i=1
sgl [ﬁzwﬁ(nxzn)+w”2<||xi||>glbij<u> 1/2<||xj||>}
= u" A(p)u,

where the elements a;;(1) of the matrix A(u) = [ai;(1)] are the same as in
condition (3) of Theorem 5.5.1, and the vector u is determined as follows:

u" = g (), s ()| -
Since at u < p* € M the matrix A(u) is negative definite, then
Vo, 0, f(z) + gl 1) < T Ay < Ant (A) ]2
where Apr(A) < 0 at p < p*. The fact that

lall® =" wis(llail) = ws(llz)
i=1

for some function 13 from K-class implies the estimate

Vo(z, 0, f(x) + g(x, n) < An(A)Ys([|=]])
at all x € II N W,. Hence, according to Theorem 5.4.9, obtain the estimate

Du(x,0)|(5.3.3) < A (A)Ys(l|=]]), (5.5.4)

which in view of Theorem 5.4.2 secures the uniform asymptotic u-stability of
the zero solution Q(t)x = 0 of the system (5.3.2).

Theorem 5.5.2 Assume that for each subsystem of the system (5.3.2)
in Banach space there exists a semigroup Q;(t) and a function v;(z;), which
form a permissible pair (Q;(t),v;), and

(1) the isolated subsystems from the collection (5.8.1) permit the property B;

(2) under the specified functions v;(x;) and the comparison functions ;3
from K-class there exist constants bi; (1), 4,5 = 1,2,...,m, such that
the estimates

Voi(@s, gi(@, 1)) < v (||z:]) Zb D2l )

hold at all x € D(f + g(x, ), where 2T = (x1,...,2m) € X;
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(3) there exist constants 0; > 0,1 =1,2,...,m, and a value of the parameter
w* € M such that the matriz A(p) = [a;; ()] with the elements

I R at i=j
k) {%(Gz—bfjw)wjb;i(u)) at i

is negative definite at p < p*.

Then the trivial solution of the system (5.3.2) is globally uniformly asymp-
totically p-stable.

Proof Under condition (1) of Theorem 5.5.2 the function (5.5.2) is esti-
mated by the comparison functions 1 (||z||) and ¥2(||z|) belonging to K R-

class, and the estimate (5.5.3) holds at all z € X = [] X,. Under condition
i=1
(2) of Theorem 5.5.2, the estimate (5.5.4) takes the form

Du(x,0)|(5.3.3) < A (A)ys(l|=]]),

where ¢3([|lzf]) < >° ¢js([[z]) at all z € X.
j=1
According to Theorem 5.4.3, the zero solution z; = Q;(t)z;o = 0 of the
system (5.3.2) is globally uniformly asymptotically p-stable.

For the analysis of the exponential p-stability of the system (5.3.2) we will
need some assumptions on the functions v;(x;) for the subsystems (5.3.1).

Assumption 5.5.4 An isolated subsystem from the collection (5.3.1)
permits the property A*, if for the pair (Q;(t),v;) there exist comparison
functions 2, ¥;3 from K-class of the same order of growth, constants a;, 7;,
A; and arbitrary constants 3; such that:

(1) aglle||™ < wvizi) < ie(||z|]) at all z; € Z; such that ||z;]| < A;, and
(2) V’Ui((Ei,sfi) < 51¢13(||(E1H) at all x; € 'D(Sfl) such that ||(EZ|| < A;.
Assumption 5.5.5 An isolated subsystem from the collection (5.3.1)

permits the property B* if it has the property A* at A; = oo and at comparison
functions of the same order of growth ;2,;3, belonging to K R-class.

Now prove the following statement.

Theorem 5.5.3 Assume that for each subsystem of the system (5.3.2) a
semigroup Q;(t) and a function v;(x;) are constructed which form a permis-
sible pair, and

(1) isolated subsystems from the collection (5.53.1) permit property A*;

(2) the operators of connection g;(z,u) between the subsystems (5.3.1) sat-
isfy property C;
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(3) there exist constants 0; > 0,1 =1,2,...,m, and a value of the parameter
w* € M such that the matriz A(p) = [ai;(0)], 4,5 = 1,2,...,m, from
condition (8) of Theorem 5.5.1 is negative definite at pn < p*.

Then the trivial solution of the system (5.3.2) is uniformly exponentially
w-stable.

Proof Like in the proof of Theorem 5.5.1, apply the function (5.5.2). Under
condition (1) of Assumption 5.5.4 obtain the estimate for the function v(z, 6):

min(9a;) Y |l

=1

"< w(z, 0) < Po(ll), (5.5.5)

m

where VYo (||z]]) > YO 0;¢,2(||z4]), 12 belongs to K-class and has an inverse

function ¥y (|| z|)).
Under conditions (2) and (3) of Theorem 5.5.3 obtain

Du(x,0)|(5.3.2) < A (A)Ys(l|=]]), (5.5.6)

where ¥3(]jz]) < Z Yis(|zs|), Am(A4) < 0 at pw < p*. Taking into account

that the comparlson functlons ¥ao(]|z]]) and ¥3(||x||) have the same order of
growth at all z € IT = {aT = (21,...,2m): |lzi]| < A; atall i =1,2,...,m},
transform the estimates (5.5.5) and (5.5.6). There exist constants ky and ko >
0 such that

ke (llll) < s(llll) < katba(ll]) (5.5.7)
at all z € II.
Denote a = min(6;a;), ||z||" = E lz:]|", and let k1 = —Apr(A). Then the

estimates (5.5.5) and (5.5.6) take the form

allz)[" < v(x,0) < ¢2(llz]]),
Du(x,0)|y < —kiv(z,0)

at all z € II. Hence obtain
v(x(t),0) < v(xo,0) exp[—ki(t —tg)], t > to.

Taking into account the inequality in the left-hand part of (5.5.7), obtain

ool £ @l o) exp |2 (¢~ 1) (555

at all ¢ > .
k
Denote A = 71 and at any 0 < € < H choose 6(¢) = 1~ *(ae"). Then at
lzo|| < d(¢) the estimate (5.5.8) implies that

le(®)ll < cexp[-AGt—to)], ¢ > to.
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Theorem 5.5.3 is proved.

Theorem 5.5.4 Assume that for each subsystem of the system (5.5.2)
there exists a semigroup Q;(t) and a function v;(x;), which form a permissible
pair, and

(1) isolated subsystems from the collection (5.3.1) permit the property B*;
(2) conditions (2) and (8) of Theorem 5.5.2 are satisfied.

Then the trivial solution of the system (5.5.2) is globally exponentially i-
stable.

Proof Under the conditions of Assumption 5.5.5 for the function v(z,6)
obtain the estimate

min(6;0;) Yol < v(w,0) < vallz]), (5.5.9)

i=1
where b; > 0, r; > 0 and ¥o(]|z||) is a function from K R-class, which has an

inverse Yo (||z]]) > > 0;¢i2(]|x;||). For the function Dv(z, #) obtain
j=1

Du(x,0)|(5.3.2) < A (A)Ys(l|=]]),

wMM¢MMWS§?mmeAMM%dMu<uf
P

Similarly to the proof of Theorem 5.5.3 it is easy to obtain the estimate
—1/r T kl
ool <076} (laolyexp | 0~ w0)] . 1210

For any a > 0 calculate K(«a) = b‘l/rw;/r(a). Here as soon as ||zg] < «,
then |lz(t)|| < K(a)exp [-A(t —tg)], t > to, at any 2T = (z1,...,7,) € X.
Theorem 5.5.4 is proved.

Now we will give the conditions for the p-stability of the system (5.3.2)
on the basis of the function (5.5.2) in which § = (1,1,...,1) € R, and the
constants b;; > 0 at all ¢ # j and p < p* € M. For this purpose, instead of
the matrix A(u) with the elements a;;(u), 4,5 = 1,2,...,m, consider a matrix
S(p) with the elements

sij(n) = (B + bilu) - at e (5.5.10)
—bij (1) at i #Jj,

where 3; are constants from condition (2) of Assumption 5.5.1 and b;;(u) are

constants from the estimate (5.5.1). Note that in further consideration of the

properties of global stability in the expressions s;; of the matrix S*(u) we will

use the constants bj;(u) > 0 at all i # j and p < p* € M.
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Consider the following statement.

Theorem 5.5.5 Assume that for each subsystem of the system (5.3.2)
there exist a semigroup Q;(t) and a function v;(x;), which form a permissible
pair (Q;(t),v;), and, in addition:

(1) conditions (1) and (2) of Theorem 5.5.1 with the constants b;;(p) > 0
at i #£ j and all p < p* € M are satisfied. If the main diagonal minors
of the matrixz S(u) are positive at all p < p*, then the trivial solution of
the system (5.3.2) is uniformly asymptotically u-stable;

(2) conditions (1) and (2) of Theorem 5.5.2 with the constants bf;(j1) > 0
at i # j and all p < p* € M are satisfied. If the main diagonal minors
of the matrix S*(u) are positive at all p < p*, then the trivial solution
of the system (5.8.2) is globally uniformly asymptotically p-stable;

(3) conditions (1) and (2) of Theorem 5.5.8 with the constants b;;(p) > 0
at i #£ j and all p < p* € M are satisfied. If the main diagonal minors
of the matriz S(p) are positive at all p < p*, then the trivial solution of
the system (5.3.2) is exponentially p-stable;

(4) conditions (1) and (2) of Theorem 5.5.4 with the constants bf; (1) > 0
ati # j and all p < p* € M are satisfied. If the main diagonal minors
of the matrixz S*(u) are positive at all p < p*, then the trivial solution
of the system (5.3.2) is globally exponentially p-stable.

Proof Prove statement (1). For the function v(z, 6) in the form (5.5.2) it
is not difficult to obtain the estimates (5.5.3) at all 2 € II. In addition,

1
where T = (014> ([z1])); - -, a5 (&m ), S() is an (mxm)-matrix with the

elements (5.5.10), and 6 = diag [0y, . .., 0,,]. It is known that the conditions for
the positiveness of the main diagonal minors of the matrix S(u) are equivalent
to the existence of a diagonal matrix € with positive elements, such that the
matrix (6S(p) + ST (u)0) is positive definite at all p < p* € M. In this case
0; = 1,7 = 1,2,...,m, and this condition is satisfied. Thus, the estimate
(5.5.11) takes the form

Dv(z,0)|(5.3.2) < A (S)va(]|z]]) (5.5.12)

at all x € II and Ay (S) < 0 at p < p*. The estimate (5.5.12) and Theorem
5.4.2 imply statement (1) of Theorem 5.5.5.
Statements (2)—(4) of this theorem are proved in a similar manner.

Now we turn our attention to the conditions for the p-instability of the
trivial solution of the system (5.3.2).
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Assumption 5.5.6 An isolated subsystem from the collection (5.3.1)
permits the property D, if there exists a semigroup Q;(¢) and a function v;(x;)
which form a permissible pair (Q;(t),v;), comparison functions ;1, 1;2, P;3
from K-class, and real constants 3; and A; such that

(@) ar(lzill) < vilzi) < ia(llzil),

(b) sz(zl,sfl(zl)) Z ﬂz¢13(||xz||) at all xr; € D(sfi), where 'D(sfz) denotes
the domain of definition of the infinitesimal generator of the semigroup
Qi(t) at ||.Tl|| < A;.

Assumption 5.5.7 The operator of connection between the subsystems
(5.3.1) satisfies the property E, if at a specified permissible pair (Q;(t), v;)
there exist comparison functions ;3 from K-class and constants ¢;;(u), ¢, =
1,2,...,m, such that

12 12
Vs (@i, gi(, 1) > 0 (|]]) ch FR(E )

at all 27 = (z1,...,2m) € D(f + g(z,p)) and ||lz;]] < As,i=1,2,...,m

Note that if in condition (b) of Assumption 5.5.6 the quantities 3; > 0,
1 =1,2,...,m, then the trivial solution of all independent subsystems (5.3.1)
is unstable.

Consider the following statement.

Theorem 5.5.6 Assume that for each subsystem of the system (5.5.2)
there exists a semigroup Q;(t) and a function v;(x;) which form a permissible
pair (Q;(t),v;), and, in addition:

(1) isolated subsystems from the collection (5.53.1) permit property D;

(2) the operators of connection g;(x,u) between the subsystems of (5.3.1)
permit property E;

(3) there exist constants 0; > 0,1 =1,2,...,m, and a value of the parameter
w* € M such that the matriz C(u) with the elements

oy ) 0B+ cii(p) at =7,
CZ] (:u’) - 1 . .
3(0icij () + 0ic;i(p)) at i
is positive definite at all p < p*.
Then the trivial solution of the system (5.3.2) is p-unstable.

Proof For the function (5.5.2) under the conditions of Theorem 5.5.6 it is
easy to obtain the estimates

r(llzl]) < v(z,0) < ga(l]]) (5.5.13)
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at all x € IT and
Dv(x,9)|(5.3'2) > A (O)Y3(||z]]) (5.5.14)

at all z € II, where A, (C') > 0 is the minimum eigenvalue of the matrix C(u)
at p < p*. The estimates (5.5.13) and (5.5.14) and Theorem 5.4.6 imply that
the trivial solution of the system (5.3.2) is py-unstable.

Let us turn now to the properties of the p-boundedness of the motion of
the system (5.3.2).

Assumption 5.5.8 An isolated subsystem from the collection (5.3.1)
permits the property F, if there exist a semigroup Q;(t) and a function v;(z;)
which form a permissible pair (Q;(t),v;), comparison functions ;1, V2, ;3
from K R-class, and real constants 3}, such that:

(1) dar(zill) < vizs) < ia(llz:),
(2) Voui(z,°fi(w:)) < Bibis([|zs]]) at all z; € D(%f;) and
(a) at all |lz;]| > A,
(b) if |vi(x;)] < My, |Vi(zi,5fi ()] < my at ||lz]] < AF, where m; >0

is const.

Assumption 5.5.9 The operators of connection g;(x, ) between the
subsystems of (5.3.1) satisfy property G, if at a specified permissible pair
(Qi(t),v;) there exist real constants b;;(u), 4,7 = 1,2,...,m, such that

m

Voi(wi, gi(z, 1) < 0 () S i ()i (L)

j=1
at all 2% = (z1,...,2m) € D(f + g(z, 1)).
Consider the following statement.

Theorem 5.5.7 Assume that for each subsystem of the system (5.3.2)
there exists a semigroup Q;(t) and a function v;(x;) which form a permissible
pair, and, in addition:

(1) idsolated subsystems from the collection (5.3.1) permit property F;

(2) the operators of connection g;(x,u) between the subsystems of (5.3.1)
permit property G,

(3) there exist constants 0; > 0,1 =1,2,...,m, and a value of the parameter
w* € M such that the matriz B(p) = [bi;(1)] with the elements

bis (1) = 0:(8; + bii (1)) at i=j,
? 3(0ibij (1) +0ji(n)0;) at i j

is negative definite at all p < p*.
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Then the motion of the system (5.3.2) is uniformly ultimately p-bounded.

Proof Consider the function (5.5.2). Under the conditions of Assumptions
5.5.8 and 5.5.9 for the functions v(x, ) and Dv(z, ), obtain the estimates

1(llzl]) < v(z,0) < o)) (5.5.15)

and
Du(z,0)|(5.3.2) < A (B)vs([|z]]) (5.5.16)

at all z € X — H Si(m;), where S;(m;) = {z; € Zi: ||z]| < my}.
=1
Consider the estimates (5.5.15) and (5.5.16) in two cases.

Case 1. Let x; € Z; and ||x;|| > m; at i =1,2,...,p

Case 2. For the values i = p+1,....m x; € Z; and ||z;| < m; at

2¥ = (21,...,2m) € D(f + g(z, 1))

The estimates (5.5.15) are transformable to the following:
291%1 i) + Z Oivi(xi) < v(z,0) < Zmz lzill) + Y Osvi(as)
i=p+1 i=p+1
in Case 1 and
D m
S bvalail) = S G < o(r,0) < Zemz e+ > o,
i=1 i=p+1 i=p+1

in Case 2.
For the expression Vou(z, f(x) 4+ g(z, 1)) obtain the estimate

Vole, f(@) + 9o ) < w'B*(u w+2w”2 (el [ S by (04 )}

Jj=p+1
P
+Zamz+ 2 Oioig > (mi) Y b ()4 (L)
i=p+1 J=1
n Z 021/)1/2 Z ¢1/2
i=p+1 Jj=p+1
(5.5.17)
where B*(x) = [by(w)] at ij = 1,2,....p and w = W42z,
1/2 1/2
26 (1), 08" (L)
It is easy to reduce the estimate (5.5.17) to the form
Vo(z, f(z) + g(z, 1)) < w B*(u)w +w™ Py + Py, (5.5.18)

where Py € RP and P; > 0 is some constant.
Now, since the matrix B(u) is negative definite, the submatrix B*(u) will
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also be negative definite at u < p*. Then the estimate (5.5.18) will take the
form

Vu(z, f(z) + g(@, 1)) < A (B)|lwl|* +w' Py + Py

IA

1 1 P
§szz(B*)llwll2 = §AM(B*) Z¢i3(||xi||)
1=1

1 p
(503 (3 Nl ).
=1

where 9% belongs to the K R-class. Since Ap(B*) < 0, the estimate (5.5.19)
implies that Dv(z,0) < 0 at all 27 = (z1,...,2m) € D(f +g(z, 1)), 0 < p <
p* and at @i > r* for i = 1,2,...,p, and ||z;]| < m; fori=p+1,...,m.
According to Theorem 5.4.8, the motion of the system (5.3.2) is uniformly
ultimately p-bounded.

(5.5.19)

IA

5.6 Stability Analysis of a Two-Component System

Consider a physical process described by the system of equations

i = S (0) + b [ H(yza(tn) do
G (5.6.1)
0220) — (1) — Halaalt, ) + wha(y)e 1)
with the boundary
xz2(t,y) =0 atall (t,y) e Ry x 0G (5.6.2)
and the initial
z1(0) =10, 2200,y) =9(y) at yeG (5.6.3)

conditions. Here f(z): R™ — R™, b, ¢ are specified n-dimensional vectors, «
and L are specified positive constants, A is a Laplace operator in the space
R™ G is an open subset in R with a smooth boundary G, and p € M is a
small positive parameter. The functions H; and Hs are specified and satisfy
the conditions

(a) Hi(y,0)=0at all y € G,
(b) H2(0) = 0and [Hy(y,z) — Hi(y,z")| < [ (y)lllz—2"[| at all y € G, and

(¢) z,2* € R and |Hz2(u) — Ho(u*)| < Lljlu — u*| at all u,u* € R and

z,z*
h; € L2(G)7 1=1,2.
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Under the above conditions the problem (5.6.1) - (5.6.3) is correctly defined
and its solution (z1(t), z2(t,y))T exists at all t € R.
The isolated subsystems of the system (5.6.1) have the form

dz
d_tl = fi(z1), (5.6.4)
Oxa(t,
07210) _ o As(t,y) ~ Haly) 2 folaa). (565)
The operators of connection g;(z, u), ¢ = 1,2, are as follows:
g1 (w1, z2) = ub/H1(y,z2(t, y)) dy, (5.6.6)
G
pg2 (w1, 22) = pha(y)e z1(t). (5.6.7)
For the system (5.6.1) it is assumed that Z; = R™, Zs = L3(G), and X =
R™ X L3(G). The norms in R™ and on Ly(G) will be denoted by | - || and

I - |lz,, respectively.
Assumption 5.6.1 There exist:

(1) functions vy1(z1) € C(R™,Ry) and vea(z2) € C(L2(G),Ry) in open
connected neighborhoods of the points 1 = 0, 2 = 0, comparison
functions ¢; (||z1]]) and ¢;(||z2||L,) from K-class, and positive constants

Q;;, @i, ¢ = 1,2, such that
an@i(fzl]) < viiler) 13 ([l ),
an¥i(l|z2lr,) < vaa(z2) a22¢2(||902||L2)
(2) functions via(x1,z2) = vor(x1,x2) € C(R™ x Ly(G),R) and arbitrary
constants a5, @21 such that

<w <a
<wv <

ape1(llz1])2(l|z2llr,) < vie(21, 2) < ar2w2(l|21])Y2(]|22]L,)

in the range of values x1 € D(f1) and x5 € D(f2).

Lemma 5.6.1 If all the conditions of Assumption 5.6.1 are satisfied and
the matrices

_ (%11 Q2 _
A1—< y Qo = oy,

Qa1 Qoo
Ag = a0 Q12 = Q21
Qa1 Qo) ’

are positive definite, then the function v(z,0) = 0TU(2)8, 6 € R2, U(z) =
[wij ()], 4,5 = 1,2, is positive definite and decreasing.

Assumption 5.6.2 For the specified functions wv11(z1), vaa(z2), and
vi2(w1, o) there exist constants S, ¢ = 1,2, k = 1,2,...,8, comparison
functions & (||z1||) and &(||a2||L,) from K-class, such that:
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(a) Voii(z, fi(z1)) <
(b) Voui (21, g1(z, p)) < 51251(”951”)+51351(”951||)§2(||$2||L2)
(22)) <

(

) (
) (
(c) (
(d) Vvaa(z2,g2(z, 1) < 522€§(||$2||L2 + Bas&a (21l &2(llw2llL.);
) (
) (
) (

c) Vvaa(za, fo

)
(e) Vuia(w1, 2o, fi(w1)) < Bra&i(llo1l]) + Bis&a([|z1]) (|22l 2, );
(f) Vuia(zr, w2, fa(xa)) < B24&3 (21 ) + Baséa (|21 [])éa ([ 22| £, );
( |

(8) Voia(21, 22, 91(x, 1)) < Br6&3 (|21 ]]) + Brr&a(|o1]))E2 (|2l L,) +
B18&3 ([l z2l,);

(h) Vouia(z1, 22, 92(2, 1)) < Bao&i([lz1l]) + Bar&a (|22 (|2l 2.) +
2583 (|22 L.)-

Consider the matrix C(u) in the form

O(u’) = <Cll Cl?) ) C12 = C21,

C21  C22
with the elements

c11 = 01 uBia + 20102 (Bra + pBis + 11B2),
Coo = 0311822 + 20102(B2a + pBis + 11328),

1
c12 = 3 (63 1B1s + 05 1B23) + 0102(B1s + Bas + 7 + pfbar).

Introduce the notation a, p, q, p1, g2, ps, pna by the formulae
a = 0102[61 512 + 201 (816 + (26)][02522 + 201 (P13 + Fas)]

2
- B(Gfﬂls + 03 623) + 0102(B17 + 527)} ,

p= 9192{[91524(91512 + 201 516 + 202526)
+ 02514 (02 822 + 261 B1s + 2601 523)]
— (P15 + B2s) B(@%ﬂls + 03 23) + 0102(B17 + /327)} }7

q = 0103[4B14024 — (B1s + Bas)?],
= —22—;% + 205(516 + F26),
01 Bag

Mo = —2g6— + 201 (518 + Pos),

ps = (p+ \/p? — dag)(—2a) ",

pis = (—p — \/p? — 4ag)(—2a)~"
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Now consider the value of the parameter p for which the boundary value
o is determined from the conditions:

By. If a > 0, p > 0, then pg = min(uq, p2).
B;. If a < 0, p is arbitrary, then po = min(uq, po, 43)-
By. If a > 0, p < 0, then pp = min(p1, pe, pa).

It is not difficult to verify the correctness of the following lemma.

Lemma 5.6.2 If all the conditions of Assumption 5.6.2 are satisfied and
the inequalities

(a) 01514 < 0;
(b) 61812 + 202(B16 + Bas) > 0;
(c) 01824 < 0;
(d) 02822 + 201 (Bis + f2s) > 0;

(€) 4B1a — (B15 + B25)> > 0

hold, then the matriz C(u) is negative definite at p € (0, po), where ug is
determined by one of the conditions By — Ba.

Taking into account the condition of Assumption 5.6.2, for the function
v(x,0) we obtain the following estimate of the derivative:

Vv(xﬁ)‘(aﬁl) <u"C(p)u, (5.6.8)

where u" = (& ([[z1])), &2(ll22[)), 1 € (0, po)-

Theorem 5.6.1 If the two-component system (5.6.1) and (5.6.2) is such
that all the conditions of Lemmas 5.6.1 and 5.6.2 are satisfied, then its state of
equilibrium x1 = 0, xo = 0 is uniformly asymptotically p-stable at p € (0, po)-

The proof of the theorem follows from the conditions satisfied by the func-
tion v(z, d) and its derivative (5.6.8).

Remark 5.6.1 In view of conditions (a) and (c¢) from Assumption 5.6.2,
the hybrid system (5.6.1) and (5.6.2) consists of stable (nonasymptotically)
subsystems, and the uniform asymptotic p-stability of the state of equilibrium
x1 = 0, zo = 0 is achieved due to the stabilizing influence of the connection
operators.
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5.7 Comments and References

Hybrid dynamical systems, being systems consisting of two or more dif-
ferent subsystems connected with each other, are widely spread models of
real processes and phenomena (see Haddad, Chellaboina, and Nersesov [1]
and bibliography therein). Initially the class of hybrid systems included those
whose dynamics were described by systems of ordinary differential equations
on R and systems of difference equations on Z. Examples of such systems are
systems with impulse effects (see Bainov and Simeonov [1], Samoilenko and
Perestyuk [1], and others), switched systems (see Branicky [1], Peleties and De
Carlo [1]), systems with variable structure (see Utkin [1]), and other systems.
The concept of generalized time (see Michel [1]) made it possible to unify a
lot of results obtained in this line of investigation by way of consideration of
a generalized hybrid system in a metric space (see Michel, Wang, and Hu [1],
Martynyuk [18]).

A more general class is the class of hybrid systems consisting of different
subsystems connected by operators (see Matrosov [1], Matrosov and Vassiliev
[1], and others). In this chapter, in compliance with the concept of this book,
hybrid systems with weakly connected subsystems described by equations in
a Banach space are considered.

5.2. The proofs of the statements given in this section are available in the
monographs of Hille and Phillips [1] and Krein [1]; see also Crandall [1], Brezis
[1], and Kurtz [1].

5.8. In the statement of the problem on pu-stability of solutions of a hybrid
system, the results of the articles of Martynyuk [8, 10] were considered. Note
that a similar problem was considered in the monograph of Michel and Miller
[1] and others.

5.4. Originally, a two-index system of functions as an environment suit-
able for construction of a Lyapunov function was considered in the works of
Djordjevié [1], Martynyuk and Gutovsky [1], and Martynyuk [7, 9] for systems
of ordinary differential equations. For equations in a Banach space, a matrix
function was applied in the work of Martynyuk [8]. Theorems 5.4.1-5.4.8
are analogues of the classical theorems of the general theory of stability and
new for this class of hybrid systems. In the works of Lakshmikantham [1, 2],
Massera [1], and Zubov [1], one can find some approaches to the analysis of the
stability of solutions of equations in Banach spaces, which may be generalized
for hybrid systems.

5.5. All the results of this section are new for the class of systems of
(5.3.2) type. Theorems 5.5.3 and 5.5.4 on the exponential p-stability of a
hybrid system are formulated and proved in view of the results of the works
of He and Wang [1] and Martynyuk [14, 15].
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5.6. The results of this section are new for the system (5.6.1). Some of
the results were taken from the work of Martynyuk [9]. A system of the type
(5.6.1) at f(x1) = Azy and p = 1 was studied in the monograph by Michel
and Miller [1] on the basis of a vector Lyapunov function. The assumption on
the asymptotic stability of the zero solution of the independent subsystems
(5.6.4) and (5.6.5) makes it possible to apply the vector Lyapunov function,
but the connection operators g;(x), ¢ = 1,2 are considered as factors that
destabilize the trivial solution of the system under consideration.
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