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After completing this chapter you should be able to
1 ‘cancel down’ algebraic fractions

multiply together two or more algebraic fractions
divide algebraic fractions

add or subtract algebraic fractions

©i & W N

convert an improper fraction into a mixed number
fraction.

Algebraic fractions

Two resistors in parallel with separate resistances
R, and R, have total resistance R. This can be
found by using the formula

After completing section you should be able
to prove that the formula for R may also be
expressed as

RR,
(Ri + Ry)
The second formula is much easier to use and can

only be found if you know how to manipulate
algebraic fractions.

R:



CHAPTER 1

1,1 You can treat algebraic fractions in exactly the same way as numerical ones. You
can cancel them down by finding factors that are common to both the
numerator and the denominator.

Find the simplest forms of the fractions

xX+3 X+2
a b—— cC ——
2x +6 3x+8
Find a factor that is common to both the
16 4 XA v— numerator and the denominator and cancel
a ——=—_—— down.
20 B XA e—
_4
° Write both the numerator and the
b x+3 _ 1X (xA478) denominator as products before cancelling
2x+6 2 X (xA43)— by (x + 3).
_1
o ‘ This is the simplest form as there are no
c * c common factors. Remember you cannot
dx + & cancel over addition, e.g.
Y+ 1+1 X
- -7
3x+8, 3+4

B When your algebraic expression has fractions in the numerator or denominator, it is sensible

to multiply both by the same ‘number’ to create an equivalent fraction.

%x+1

Simplify S
W +3

X1 Gx+1)X6 ]

Z+Z (x+yx6 |

—— The LCM of 2 and 3 is 6, so multiply

_ 5x + 6 numerator and denominator by 6.
2x + 4 Factorise numerator and denominator.
3(x+72)

= =) Cancel any common factors.
2(x+472)
3

=32



Simplify the expressions:

x2-1

a
x2+4x+ 3

1| Simplify:
4x + 4
x+1

Exercise

d X+
4x + 2

Sp—5q
8 T0p—10q
x2— 3x
x2-9
x2—4
m

x2+4

w2+ x4
p
w3+ 2

x(x + 1)
_ (x = DA
x(xAT)

_x—1

2x—1
6x —3

4x + 2y
6x + 3y

%a-l—b
2a + 4b

x>+ 5x+4

x> +8x+16
x+2

x>+5x+6

xzZ—x-2

bt

Algebraic fractions

Factorise both numerator and denominator.

Cancel terms that are equal.

Multiply numerator and denominator by x
to remove the fraction.

Factorise and cancel common factors of
(x+1).

By dividing throughout by x.
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1,2 You multiply fractions together by finding the product of the numerator and
dividing by the product of the denominator.

Calculate:
7 X% b —X-—
a;3XxX3 "
3 a_ c
a X = b —X-—
5 b d
_ 3_5 _ axce Multiply numerators.
2X5b bXd Multiply denominators.
_ g _ac
10 b

4 ...ﬂ" B When there are factors common to both the numerator and the denominator cancel down
g - first.

« Simplify the following products:

3.5 a_c x+1 3
a Xy b —X— — X
°T b 2 Tx-1
'5 B 1X1
5 e — Cancel any common factors and multiply
15 g5 1X 3 numerators and denominators.
1
=3
b 1ﬁ/ o _ 1Xe Cancel any common factors and multiply
b a bX1 numerators and denominators.
_c
b
x+1 3
c > X 21 — Factorise (x2 — 1).
X+ 1 3 Cancel any common factors and multiply
= numerators and denominators.
2 (x+Dx—1)
=l » 5)
2 1(3944)(x —1)
—_— _5_
2(x—1)

B To divide by a fraction multiply by the reciprocal of that fraction.



Divide 2 by 3.

Algebraic fractions

Turn divisor upside down and multiply by it.

Cancel the common factor 3.

5.1_5_ 7%,
6 3 B8 1
_5X1
~2x1
N5
-2

Multiply numerators and denominators.

Simplify:
a a_ a x+2 3x+6
b ¢ x+4 x2-16
a. a 4 _c Turn divisor upside down and multiply by it.
e ; - ; - ; X ;( Cancel the common factor a.
1% ¢ | - Multiply numerators and denominators.
_bXxi1
_°
b
b Xtz + 52x o Turn divisor upside down and multiply by it.
SR — Factorise x? — 16 (difference of two squares).
x+2 x*-16
= X Cancel any common factors.
x+4 2x+6
x+2  (x+4A)x—4)
x+4 5(x + 2)
B ac/—l—/21>< (.x/-l’/érf(x —4)
24 B(xA2)
_ 2=
5
1 Simplity:
a_a a’ ¢ 2 X
a —X— b —X— C —X-—
d ¢ c a x 4
3 6 4 x 2rr 4
d—-+— e —+— f —+—
X X xy 'y 5
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1 a?-9

g(x+2)><x2_4 h i 6a+9 % 2

x2—3x><y+1 . y y?

y:it+y x ) y+3 ¥y +4y+3

x2  2x3— 612 4x2-25 2x+5
K—+—— 1 +

3 x%—3x 4x — 10 8

x+3 x%+ 5x 3y2+4y—-4 3y+6

m X n +

x2+10x +25  x%+ 3x 10 15

x% + 2xy +y? 4

X
2 (x—y)?

1.3 You need to have the same denominator when you add or subtract numeric or
algebraic fractions.

Add }to 3.
1 3
4 5 ' Z 2
XZ( >X5
_4 4L 9
12 12
13
12

The lowest common multiple of 3 and 4 is 12.

E I n Remember the lowest
ikl o common multiple of 3

to 5 and 4 is the smallest
012 number into which 3 and
4 both divide.
1,5
) * 12
5
i 12
\ The lowest common multiple of 3 and 12 is
12.

Cancel down.




Simplify the following fractions:

Algebraic fractions

i Jx+2)—3x+3)

a 3 4x
a—+b -
X x+1 x*-1
20 2 1>><£ L Writebas?.
_ f_: + % ,— The LCM is x.
_atbx
x
b 5 4Ax
x+1  x2—1
__5 _ 4x
(x+1) (x+1)(x—1)\
o =) ( Factorise x2 — 1 to (x + 1)(x — 1).
R (k) B oy The LCM of (x + 1) and (x + 1)@ — 1) is
(x+NDx—1) (x+NDx—1) @+ 1) - 1).
_ Sx—1)—4x Lt Simplify the numerator: 3x — 3 — 4x = —x — 3.
(x +Nx—1)
_ —x — 23
ORI
1 Simplify:
al,1 bl e 1,1
r q b 2 x
1 1 X
di—— ei+— f—-l-Z
X2 x 4x  8«x y X
1 1 2 1
g ————— — i
x+2 x+1 x+3 x-2
X 1 1 1
j 3 - Kk +
x+4)?% (x+4) 26c+3) 3(x-1)
2 1 3 2
+ m -
+2x+1 x+1 x2+3x+2 x2+4x+4
0 2 B 3 o 2 N 3
a?+6a+9 a>+4a+3 yi-x2 y-—x
xX+2 x+1 3+ 1 2 4
P q

X2—x—12 x2+5x+6

(x+2)3_(x+2)2+(x+2)




CHAPTER 1

1.4 You can divide two algebraic fractions. As with ordinary numbers, an improper

fraction has a larger numerator than denominator, e.g.

12

G st
Improper fraction Mixed number

An improper algebraic fraction is one whose numerator has a degree equal to or
larger than the denominator, e.g.

x2+5x+8 and x3—-8x+5
x—2 x2+2x +1

are both improper fractions because the numerator has a larger degree than the

denominator. You can change them into mixed number fractions either by long

division or by using the remainder theorem.

wniN

|
P 1]

Divide x*® + x2 — 7 by x — 3 by using long division.

v ; Include all coefficients, including ‘0’.
v+ i+ 12 Lo
r—3PT 2t Ox— 7! Divide x into x3: it divides in x? times.
t
x5 = Bx* |-— Multiply the divisor by x? then subtract.
4x% + Ox
4x2 — 12x - Divide x into 4x?: it divides in 4x times.
12x =7 L—  Multiply the divisor by 4x then subtract.
12x — 36
29 ——— Divide x into 12x: it divides in 12 times.
5 2 _
Therefore -7 —— Multiply the divisor by 12 then subtract.
x—=2
= x% + 4x + 12 remainder 29 How many whole times (x — 3) divides into
x3+x-7.
. 29
=x+4x+12+

dividing by (x — 3).

29
The remainder is _3 because you are

B The remainder theorem:

This is a more general

Any polynomial F(x) can be put in the form version of the remainder

F(x) = Q(x) X divisor + remainder theorem you met in Book
@) = Q) C2. It allows you to divide
where Q(x) is the quotient and is how many times the divisor by a quadratic expression.

divides into the function.




Algebraic fractions

. . 3 2 _ _ . .
Divide x° + x* — 7 by x — 3 by using the remainder theorem. As the divisor is a linear

expression and F(x) is a
cubic polynomial then

Set up the identity Q(x) must be a quadratic
F(x) = Q(x) X divisor + remainder szat?:nﬁg:imder must
X+ —T7=(Ax*+Bx+Ox—-3)+D
[

This is true for all x, so

and solve to find the constants A, B, C and D. you can substitute into
the RHS and LHS to work
letx =2 out the values of A, B, C

27+9—-7=(9A+3B+(C)X0+D el i
D =29 \
Letx =0 Put x = 3 into both

O+0—-7=(AX0+BX0+0O)X(0O—-3)+D sides to give an
equation in D only.

~7=-3C+© —_— |
Substitute D = 29 and

—7=-3C+29 Ay
e x = 0 to give an
52 B 1256 equation in C only.
Compare coefficients in x> 1= A .
Compare coefficients in x2 1= —3@+ B ,J Because this is an equivalence
2 . relation you can compare
1=-5+8 coefficients of terms in x3 and
B=4 x2 on the RHS and LHS of the
Therefore L
o4+ x2—7 Inx3:LHS=x33
_ 12 _ RHS = Ax
(Ix= + 4x +12)(x — 3) + 29 Inx2: LHS = 2
= (— 2
Cre-7 5 RHS = (—3A + B)x
r—3 = +4x+12+x—_—5 ——— Substitute A=1.
+(x—3)
Example m
Divide x* + x3 +x — 10 by x2 + 2x — 3.
Method 1. Using long division.
¥2—x +5 — All coefficients need to be included.
X2+ 2x—3 [x*+ a3+ Ox*+ x — 10 | x2 goes into x4, x2 times. Multiply x2 by
x4+ OB — Bx2 s [ 2+ 2x — 3) and subtract.
—x3+ 3x%+ x x% goes into —x3, —x times. Multiply —x by
— 3 — Dy2 & By (x% + 2x — 3) and subtract.
5x2 — 2x — 10 x% goes into 5x2, 5 times. Multiply 5 by
5x2 + 10x — 15— (x% + 2x — 3) and subtract.

Since the degree of (—12x + 5) is smaller than
(x% + 2x — 3) this is the remainder.

=12% 4 B
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Therefore
gt e ¥ ek e =0
x>+ 2x—3
= x? — x + 5 remainder —12x + 5
—12x+5
x>+ 2x—3
Method 2. Using the remainder theorem.

=x2—x+5+ Write the remainder as a ‘fraction’.

— As the divisor is a quadratic expression and

F(x) = Q(x) X divisor + remainder F(x) has a power of 4 then Q(x) must be a
Y+ B+ % —10 quadratic and the remainder must be a

linear expression.
=(Ax*+Bx + O)(x*+2x —3) + Dx + E «+—

,— As x?+ 2x — 3= (x + 3)(x — 1) we should
Now solve for A, B, C, D and E. start by substituting x = 1, x = —3 then

x=0.

b-_f_“ 1 Express the following improper fractions in ‘mixed’ number form by:
i using long division  ii using the remainder theorem

x3+2x2+3x — 4 2x3 +3x2—4x + 5 x3—8
a b C
x—1 x+3 x—2
d29c2+4x+5 8x3+ 2x2+ 5 ¢ 4x3 — 5x2 + 3x — 14
21 € o242 X242 1
4 2 4 _
g Lo oA p 1 R T
x2+1 x+1

x2+x—2

2 Find the value of the constants A, B, C, D and E in the following identity:
3x*—4x3 - 8x?>+ 16x — 2= (Ax*+ Bx + C)(x> - 3) + Dx + E

Mixed exercise m

1| Simplify the following fractions:

ab 2 b x2+2x+1 x2+x x+1
— X — — =
a c a? 4x + 4 ¢ 2 4
FE
Y a+4 b2 +4b -5
d—"1 € a+8 f piap-3
2 Simplify:
X X b 4 3 x+1 x-2
_+_ _— e — —
a 4 3 y Zy ¢ 2 3
x>—5x—-6 x3+7x—1 ¢ xt+3

x—1 ¢ xt2 X2+ 1



Algebraic fractions

3 Find the value of the constants A, B, C and D in the following identity:
x-6x2+11lx+2=x—-2)Ax*+Bx+C)+ D
4 fx)=x+ & 12 xeER, x> 1}
X)=x - XER,x
x—1 x2+2x-3
X2+ 3x+3
Show that f(x) =
2 x+3 9
xt+2 C
5 Show that 21 x>+ B+ 1 for constants B and C, which should be found.
4x3 — 6x>+8x — 5 D
6 Show that can be put in the form Ax? + Bx + C + . Find the
2+ 1 2x+1
values of the constants A, B, C and D.
[
Summary of key points
1 Algebraic fractions can be simplified by cancelling down. To do this the numerators and v
denominators must be fully factorised first. &
2 If the numerator and denominator contain fractions then you can multiply both by the D ooy
same number (the lowest common multiple) to create an equivalent fraction. = 4
3 To multiply fractions, you simply multiply the numerators and multiply the
denominators. If possible cancel down first.
4 To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.
5 To add (or subtract) fractions each fraction must have the same denominator. This is done
by finding the lowest common multiple of the denominators.
6 When the numerator has the same or higher degree than the denominator, you can divide

the terms to produce a ‘mixed’ number fraction. This can be done either by using long
division or by using the remainder theorem:

F(x) = Q(x) X divisor + remainder

where Q(x) is the quotient and is how many times the divisor divides into the function.




The electricity bill for this
house would be high!

After completing this chapter you should be able to

1 represent a mapping by a diagram, by an equation
and by a graph

2 understand the terms function, domain and range

3 combine two or more functions to make a composite
function

4 know the difference between a ‘one to one’ and
‘many to one’ function

w0

know how to find the inverse of a function

6 know the relationship between the graph of a
function and its inverse.

Functions

There are many examples of functions in real life. One
interesting case involves electricity charges where you
are charged different amounts per unit dependent
upon how many units you use. This is a typical case:

‘The charge is 10p per kW hour up to and including a
usage of 250 kW hours and 8p per kW hour after that'.



Functions

21 A mapping transforms one set of numbers into a different set of numbers. The
mapping can be described in words or through an algebraic equation. It can also
be represented by a Cartesian graph.

PETIY 1|

Draw mapping diagrams and graphs for the following operations:
a ‘add 3’ on the set {—3, 1, 4, 6, x}

b ‘square’ on the set {—-1, 1, -2, 2, x}

a Operation Mapping diagram
Add 2 Set A Set B
-3 0
1 4
4 - 7
6 - 9
x x+3 This set is called the range.
Graph (o 1'3) 5 This set is called the domain.
8+ 6,9)
6 (4,7)
4_
1,4
(_31 O‘)A/Z/_
20 2 4 6 8%
(set A)
b Operation Mapping diagram
Square
\S >
| >
The range.
! =_£ 1 The domai
Graph (set B) y € domain.
5 =asars
y=x
(=2,4) 4+ (2, 4)
3_
2_
(—1I 1) iy (1; 1)
—4-3-2-10 1 2 3 4%
(set A)




2

1 Draw mapping diagrams and graphs for the following operations:
a ‘subtract 5’ on the set {10, 5, 0, =5, x}
b ‘double and add 3’ on the set {-2, 2, 4, 6, x}
¢ ‘square and then subtract 1’ on the set {-3, -1, 0, 1, 3, x}
d ‘the positive square root’ on the set {—4, 0, 1, 4, 9, x}.

2 Find the missing numbers a to h in the following mapping diagrams:

z: 9 e

.
I3
I3

2.2 A function is a special mapping such that every element of set A (the domain) is
mapped to exactly one element of set B (the range).

B A good way to remember this is

\ . g h
. N

one-to-one many-to-one not a function
function function

You can write functions in two different ways: This is the function

fx)=2x+1 OR f:x—2x+1 ‘double and add 1".

Given that the function g(x) = 2x? + 3, find:
a the value of g(2)
b the value of a such that g(a) = 35

¢ the range of the function.




Functions

_a g(2)= 2(%)2 +35 =1

b (5) =242 + % = 35 Substitute x = 2 in the formula.
ala)=2a =
22° = 32
2> =16
P — Substitute x = 2 and g(a) = 35.
c
Y
y=2x>+3
. Sketch the function g(x). The range is the
(©, 3) values that y takes.
X

Range of g(x) is g(x) = 3

Which of the following mappings represent functions? Give reasons for your answers.

a b Va

c Y4 d YA
y=x>-1
Yy
N N\
0 % .
\ —x Q/ X X

ry element of A m
to two elements in set B. Therefore
this is not a function. It is an
operation (square root).
[ £ . This i ‘ ‘ )
[t can be written in the form
= ax +
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one-to-one because every element
f the ran mes Iy from on

element in the domain.

(4

On the sketch of y = %you can see

that x = O does not get mapped

anywhere. Therefore not all elements
_ of set A get mapped to elements in |
B o ¢ .

d This is a function. It is called a

many-to-one function because two

to one element in the range.

Find:

a f(3) where f(x) = 5x + 1 b g(—2) where g(x) = 3x2 -2

¢ h(0) where h:x — 3* d j(—2) where j:x —>27*
Calculate the value(s) of a, b, c and d given that:

a p(a) = 16 where p(x) =3x — 2 b q(b) = 17 where q(x) = x> — 3
¢ 1(c) = 34 where r(x) = 2(2%) + 2 d s(d) =0 where s(x) =x*>+x—6

For the following functions

i sketch the graph of the function

ii state the range

iii describe if the function is one-to-one or many-to-one.

amx)=3x+2 b n(x)=x2+5 ¢ p() = sin(x) d qx)=x3

State whether or not the following graphs represent functions. Give reasons for your
answers and describe the type of function.

Y4

a by b \k C

N
N

\ \x £
N

Y

KY

QY

1N
N
i
N




Functions

2.3 Many mappings can be made into functions by changing the domain.

Consider y = Vx ¥ A

If the domain is all of the real numbers {x € R}, then this is not a function because values of x less than
0 do not get mapped anywhere.

If you restrict the domain to x = 0, all of set A gets mapped to exactly one element of set B.
We can write this function f(x) = \/a—c, with domain {x € R, x = 0}.

Example [}
Find the range of the following functions:
a f(x) =3x — 2, domain {x =1, 2, 3, 4} b g(x) = x? domain {x ER, -5 <x <5}

¢ h(x) =%domain xeER, 0<x=<3}

State if the functions are one-to-one or many-to-one.

_a fx)=2x—2,{x=1,2,3, 4} Here the domain is discrete as it only has
N T integer values. Draw a mapping diagram.
1 1
N
2 4
N
3 7
4 10

Range of f(x) is {1, 4, 7, 10}.
f(x) is one-to-one.

Here the domain is continuous. It takes all

= o2 [—
b glx)=x"{=bsx<5} values between —5 and 5. Sketch a graph.

Range of g(x) is O < g(x) < 25.

a(x) is many-to-one.




1
c h(x)=;{x€[R,O<xs5}

h(x) 4

1
3
0

w
RY

Range of h(x) is h(x) = %
h(x) is one-to-one.

5-2x x<1

Sketch a graph.

Note: This function
consists of two parts —
one linear (for x < 1), the
other quadratic (for

x =1). A useful tip in

f(x) = {

x2+3 x=1"

a Sketch f(x) stating its range.
b Find the values of a such that f(a) = 19.

_a f(D),usingf(x)=5—-2x=5—-2=23
f(), using f(x) =x*+3=1+3=4

3 4%

The range is the values that y takes

and therefore f(x) > 3.
(]

drawing the function is to
sketch both parts
separately and also to
find the value of both
parts at x = 1.

For x <1, f(x) is linear. It has gradient —2
and passes through 5 on the y axis.

For x> 1, f(x) is a \_/-shaped quadratic. You
need to calculate the value of f(1) on both
curves.

Note that f(x) # 3 atx =1
so fx)>3
not f(x)=3



Functions

For many questions on functions it becomes

£(x) 4 —— easier to sketch a graph. There are 2 values
5 — 2« x®>+3 such that f(a2) = 19.
9
\' \'
N
0 X
 Ignore —4 asx >1.
The positive point is where
X2+ 3=19
X2 =16
xX=+4 o
x=4
The negative point is where
5— 2y =19 . — Use both expressions as there are two
distinct points.
—2x =14
x=-7

The two values of g are 4 and —7.

Exercise

1 The functions below are defined for the discrete domains.
i Represent each function on a mapping diagram, writing down the elements in the range.
ii State if the function is one-to-one or many-to-one.
a f(x) = 2x + 1 for the domain {x =1, 2, 3, 4, 5}.
b gx) = +Vx for the domain x=1,4,09, 16, 25, 36}.
¢ h(x) = x? for the domain {x =-2, -1, 0, 1, 2}.

djx)= % for the domain {x =1, 2, 3, 4, 5}.

2 The functions below are defined for continuous domains.
i Represent each function on a graph.
ii State the range of the function.
iii State if the function is one-to-one or many-to-one.
a m(x) = 3x + 2 for the domain {x > 0}.
b n(x) =x2+ 5 for the domain {x = 2}.
¢ p(x) = 2sinx for the domain {0 <x < 180}.

d gq(x) = +Vx + 2 for the domain {x = —2}.




3 The following mappings f and g are defined on all the real numbers by

fx) = 4-x x<4 ) = 4-x x<4
() = 2+9 x=4 ST 219 x>4

Explain why f(x) is a function and g(x) is not.
Sketch the function f(x) and find

a f(3)
b £(10)
¢ the value(s) of a such that f(a) = 90.

4 The function s is defined by

_Jx*=6 x<0
SW=110-x x=0

a Sketch s(x).
b Find the value(s) of a such that s(a) = 43.

¢ Find the values of the domain that get mapped to themselves in the range.

5 The function g is defined by g(x) = cx + d where ¢ and d are constants to be found. Given
g(3) = 10 and g(8) = 12 find the values of ¢ and d.

6 The function f is defined by f(x) = ax3 + bx — 5 where a and b are constants to be found.
Given that f(1) = —4 and f(2) = 9, find the values of the constants a and b.

7 The function h is defined by h(x) = x? — 6x + 20 {x = a}.
Given that h(x) is a one-to-one function find the smallest
possible value of the constant a.

Hint: Complete the
square for h(x).

2,4 You can combine two or more basic functions to make a new more complex
function.

fg

B fg(x) means apply g first, followed by f. fg(x) is called a composite function.

Given f(x) = x? and g(x) = x + 1, find:
a fg(1) b fg(3) c fg(x)



a fg()=Ff1+1)

Functions

= 22

gM=1+1
T f@)=22

=4

b fg(3)=1f(3+1)

= 42

g3)=3+1
— f(4)=42

=10

c fgx)=fx+1).

gx)=x+1
[ fx+1)=x+1)?

= (x+1)?

Example

The functions f and g are defined by f(x) = 3x + 2 and g(x) = x? + 4. Find:

a the function fg(x)
b the function gf(x)
¢ the function f2(x)

d the values of b such that fg(b) = 62

I\

fg(x) = f(X2+4)

Note: f2(x) is ff(x).

g acts on x first, mapping it to x? + 4.

=3x*+4)+ 2

= 2x*+ 14

f acts on the result. f ‘trebles and then adds 2’.

L Simplify answer.

b gf(x)=9g(3x+2)

= (3x +2)2 + 4 .

f acts on x first, mapping it to 3x + 2.

=9x2+12x+ &

g acts on the result. g ‘squares and then
adds 4'.

c Px)=f(3x+2):

—— Simplify answer.

=33x+2)+2

— fmapsx to 3x + 2.

=9+ &

d fa(x) = 2x% + 14

If fg(b)=062

PP+ 14= 62

f acts on the result. f ‘trebles numbers then
adds 2'.

32 =48

=16

b=*4

Set up and solve an equation in b.
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The functions m(x), n(x) and p(x) are defined by m(x) = l, n(x) =2x + 4, p(x) =x2 - 2.
Find in terms of m, n and p the functions

2 1
a—+4 b 4x%+ 16x + 14 c ———
X 4x + 12

KR |=

a g+4=2(—1—)+4 {— m(x) =
X X

=2m(x) + 4 — nx)=2x+4

= hm(x)

b 4x*+16x+14=(2x+4)°— 20— npnx)=2x+4

= [n(x)]? =2 p(x) = x> — 2
= pn(x)
1 1
c = nx)=2x+4
4x+12 22x+4)+ 4 )= 2%+ 4
n(x) =
= 1 . /7 ‘I
2n(x) + 4 — mE)= .
= 1 nn(x) = n?(x)
hn(x) |7
= mnn(x)
= mn?(x)

1
1 Given the functions f(x) = 4x + 1, g(x) = x> — 4 and h(x) = —, find expressions for the
functions: X

a fg(x) b gf(x) ¢ gh(x) d fh(x) e f2(x)

2 For the following functions f(x) and g(x), find the composite functions fg(x) and gf(x). In
each case find a suitable domain and the corresponding range when

a fx)=x—1, glx) = x2 b fx)=x-3,gx)=+Vx ¢ fx)=2% gx)=x+3

3 If f(x) = 3x — 2 and g(x) = x?, find the number(s) a such that fg(a) = gf(a).
4 Given that s(x) = x—i—z and t(x) = 3x + 4 find the number m such that ts(m) = 16.

5 The functions 1(x), m(x), n(x) and p(x) are defined by 1(x) = 2x + 1, m(x) =x> — 1,

1
nx) = Tis and p(x) = x°. Find in terms of I, m, n and p the functions:
X
1 2
adx+3 b 4x% + 4x cC ——— d —+1
x*+4 xX+35

e (x2—1)3 f 2x2-1 g x?%




Functions

-3
6 Ifm(x)=2x+3andnx)= —2—, prove that mn(x) =
3 3-x
7 Ifsix)= il and t(x) = ——, prove that st(x) = x.
X

1 x+1
8 Iff(x)= PUY prove that f2(x) = P Hence find an expression for f3(x).

2,5 The inverse function performs the opposite operation to the function. It takes
elements of the range and maps them back into elements of the domain. For this
reason inverse functions only exist for one-to-one functions.

The inverse of f(x) is written f~1(x)

f(x)

f71(x)

ff1(x) = 'f(x) =x

Function Inverse

fox)=x+4 ‘add 4 ‘subtract 4’ S a)y=x—4
X

g(x) = 5x ‘times 5’ ‘divide by 5’ g lx) = H
=12,

h(x) =4x + 2 ‘times 4, add 2’ ‘subtract 2, divide by 4 h~l(x) = =

For many straightforward functions the inverse can be found using a flow chart.

Find the inverse of the function h(x) = 2x? — 7.

B e e 6
square

root

Draw a flow chart
Therefore, for the function.

h‘1(x) = —2—




2

formula.

Let y = f(x)

5]
y = (cross multiply) «

yx—1) =23 (remove bracket)

-] yx—y=35  (addy)
yx =3 +y (divide by y)

¢ g" o
[l
‘ ()]
< | +
-

Find the inverse of the function f(x) = —3—1, {x €R, x # 1}, by changing the subject of the

Rearrange to make x the subject of the
formula.

Define f~'(x) in terms of x.

Check to see that at least one element

3+x
Therefore  £7'(x) -
3 3
f(4) =——===1
4—-1 3
5+1 4
-F 1'] = — = — =
() == .
f(x)
S T
4 1
-

form stating its domain.

f(x) 4

The range of the function is f(x) = O.
Therefore the domain of the inverse
function is x = O.

y=Vi—2 -

works. Try 4.
Note that f~'f(4) = 4.

The function f(x) is defined by f(x) = Vx — 2 {x €R, x = 2}. Find the function f!(x) in a similar

The range of the function is the domain of
the inverse function and vice versa. This fact
can be used to solve many problems where
the domain is not all of R.

Sketch the function for the values of x given.

The range of the function = the domain of
the inverse function.

—— Change the subject of the formula.

yP=x—2
x=y*+2




Functions

The inverse function is f1(x) = x% + 2 Always write your function in terms of x.

{xeR, x=0}
Y A—H=
fl) =2+ 2
R
51 4
4- Note that the graph of f71(x) is a reflection of
3 f(x) in the line y = x. This is because the
i) =Vx — 2 reflection transforms y to x and x to y.

0
0
Example [}

If g(x) is defined as g(x) =2x — 4 x €R, x = 0}
a Calculate g '(x).
b Sketch the graphs of both functions on the same set of axes.

¢ What is the connection between the graphs?

a
X2 —4
R
x 2x 2x — 4
Use a flow diagram.
a —; 4 x+ 4 X
L N
+2 +4
X+ 4 The domain of the inverse function is the
g7 '(x) = {x=—4} same as the range of the function. (See
2 graph below.)
b

The range of the function is g(x) = —4, so
this is the domain of the inverse function.

g(x) is a linear function with gradient 2
passing through the y axis at —4. Its domain
isx=0.

g~ '(x) is also a linear function with gradient
0.5 passing through the y axis at 2. Its
—1 domain is x = —4.




¢ The graphs of g7'(x) and g(x) are
mirror images of each other in the line

y=x

The function f(x) is defined by f(x) = x> - 3 {x €R, x > 0}.
a Find f!(x) in similar terms.

b Sketch f1(x).

¢ Find values of x such that f(x) = f!(x).

a lety=~f(x)
y= X2 — B Change subject of formula.
y+3=x*
x=Vy+23

i x)=Vx+3 {x€R x=-3

f(x) is a \/-shaped quadratic with minimum
point (0, —3). The range of the function is
f(x) = —3.

The domain of the inverse function has the
same values.

First sketch f(x).
Then reflect f(x) in the line y = x.




Functions

¢ When f(x)=f"(x)

f(x) = x This is easier than solving Vx + 3 =x2 — 3.
2 = —h+ 2 _ Anc
o= — Solve using x = b= Vb"~ 4ac
X2 —x—3=0 2
f(x) and f~(x) meet where x and y are both
14+ V1% positive.
Sox =——

1 For the following functions f(x), sketch the graphs of f(x) and f !(x) on the same set of axes.
Determine also the equation of f~1(x).
X

a fx)=2c+3 xER) b f) =7 K ER)
cf(x)=%{xER,x#O} dfx)=4-x{xER)
e fx)=x*>+2{x€ER, x=0} f fx)=x3{x €R}

2 Determine which of the functions in Question 1 are self inverses. (That is to say the
function and its inverse are identical.)

3 Explain why the function g(x) =4 —x {x €R, x > 0} is not identical to its inverse.

4 For the following functions g(x), sketch the graphs of g(x) and g~ !(x) on the same set of
axes. Determine the equation of g~!(x), taking care with its domain.

ag(x)=%{xE[R{,x>3} bgx)=2x—-1{x€R,x=0}
cg(x)zx—f—z{xe[RE,x>2} dgx)=Vx -3 xeR,x=7}
e gx)=x>+2{xER, x>4} f gx)=x*-8xeER x=<2}

5 The function m(x) is defined by m(x) = x>+ 4x + 9
{x ER, x > a} for some constant a. If m~1(x) exists, state Hint: Completing the square
the least value of a and hence determine the equation of gﬁgiia?ese types of
m~!(x). State its domain.

6 Determine t™!(x) if the function t(x) is defined by t(x) =x> - 6x + 5 {x ER, x = 5}.

2%+ 1
7 The function h(x) is defined by h(x) = V3 x eR, x # 2}.
X

a What happens to the function as x approaches 2?

b Find h™1(3).

¢ Find h™!(x), stating clearly its domain.

d Find the elements of the domain that get mapped to themselves by the function.




8 The function f(x) is defined by f(x) = 2x? — 3 {x € R, x < 0}. Determine
a f!(x) clearly stating its domain
b the values of a for which f(a) = f(a).

Mixed exercise m

1 Categorise the following as
- i not a function

ii a one-to-one function
iii a many-to-one function.

a YA b YA C YA

~
-

[ .
v

The following functions f(x), g(x) and h(x) are defined by

fx)=4x-2) xER, x=0)
gw)y=x*+1 {(xER)
h(x) = 3~ x eR}

a Find £(7), g(3) and h(-2).

b Find the range of f(x) and the range of g(x).

"
N\
SN
=
Qo
&

R

\
&)
KY
&)

¢ Find g (x).
d Find the composite function fg(x).
e Solve gh(a) = 244.
The function n(x) is defined by

() = {Sz—x x<0

X x>0

a Find n(-3) and n(3).
b Find the value(s) of a such that n(a) = 50.
The function g(x) is defined as g(x) =2x + 7 {x €R, x = 0}.
a Sketch g(x) and find the range.
b Determine g~ !(x), stating its domain.
¢ Sketch g !(x) on the same axes as g(x), stating the relationship between the two graphs.




Functions

The functions f and g are defined by
f:x-54x-1{xeER}

3
g:x—>§_—1 X ER, x # 3

Find in its simplest form:

a the inverse function f~!

b the composite function gf, stating its domain

¢ the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places. 9

The function f(x) is defined by

—-X x<1
f(x)_{x—z x>1

a Sketch the graph of f(x) for —2<x<6.
b Find the values of x for which f(x) = —1. (E)

The function f is defined by
2% +
f:xe——3 xeER,x>1}
x—1
a Find f!(x).
b Find i the range of f !(x)
ii the domain of f(x). ()

The functions f and g are defined by

x
f:x—>——2 xeR, x#2}

3
g:ix—— xeR,x#0}
X

a Find an expression for f~!(x).

b Write down the range of f~!(x).

¢ Calculate gf(1.5).

d Use algebra to find the values of x for which g(x) = f(x) + 4. G

The functions f and g are given by

a Show that f(x) = G-DE+ D)

b Find the range of f(x).
¢ Solve gf(x) = 70. 9




Summary of key points

1 A function is a special mapping such that every element of the domain is mapped to
exactly one element in the range.

not a function many-to-one one-to-one

éﬁ?' function function

2 A one-to-one function is a special function where every element of the range has been
mapped from exactly one element of the domain.

Many mappings can be made into functions by changing the domain. For example, the
mapping ‘positive square root’ can be changed into the function f(x) = |x by having a
domain of x = 0.

If we combine two or more functions we can create a composite function. The function
below is written fg(x) as g acts on x first, then f acts on the result. For example,

g(x) = 2x + 3, f(x) = x2
fg(4) = f(2 x 4 + 3) = f(11) = 112 = 121

Similarly

fgx) = (2x + 3)?

'r"‘tc_.f

The inverse of a function f(x) is written f~!(x) and performs the opposite operation(s) to the
function. To calculate the inverse function you change the subject of the formula. For
example, the inverse function of g(x) = 4x — 3 is

L

X+ 3
-1 =
g ) =—,

2P & '_.: > -

The range of the function is the domain of the inverse function and vice versa.

>

& ..l‘-\'_
\

The graph of f~1(x) is a reflection of f(x) in the
line y = x. Y

A

oy =)

i@ /.
1)




After completing this chapter you should be able to
1 sketch simple transformations of the graph of y = e*
2 sketch simple transformations of the graphy = Inx
3 solve equations involving e* and In x
4

know what is meant by the terms exponential growth
and decay

5 solve real life examples of exponential growth and
decay.

The exponential and
log functions

Exponential functions occur naturally in real
life. Scientists can model the number of
elephants in a herd by using an exponential
function.



pass through (0, 1) because a° =1 for any number a.

3.1 Exponential functions are ones of the form y = a*. Graphs of these functions all

Sketch the graph of f(x) = 2~ for the domain x € R. State the range of the function.

Draw up a table of values.

x| =2[-1]0|1]2

yl0.25/05| 1|24

32

64

Plot points on a graph.

The range of the function is f(x) > O

The gradient functions of these graphs are similar to the functions themselves.

yll yl\ _
¥Y=2%] grad = 0.7 x 2*

= 1= _/
rad = 0

S
KR

Yt grad = 1.1 x 3* Y4 grad = 1.4 X 4*
y=3 y=#
J
0 x 0 X




The exponential and log functions

Put these results in a table.

Function | Gradient
y=1* grad =0 X 1*
y=2" grad =0.7 X 2*
y=3" grad =1.1 X 3*
y =4 grad = 1.4 X 4*

You should be able to spot from this table that as a increases for the function y = a*, so does the
gradient function.

You should be able to deduce that there is going to be a number between 2 and 3 such that the
gradient function would be the same as the function. This number is approximately equal to
2.718 and is represented by the letter ‘e’. It is similar to = in the respect that it is an irrational
number representing a number that exists in the real world.

B The exponential function y = e* (where e = 2.718) is therefore dy
the function in which the gradient is identical to the function. gy = & b P
For this reason it is often referred to as the exponential function.

3.2 Al exponential graphs will follow a similar pattern. The standard graph of y = e~
can be used to represent ‘exponential’ growth, which is how population growth
can be modelled in real life.

Example |

Draw the graphs of:
ay=¢ by=e>*

A table of values will show you how rapidly
this curve grows.

x|=2[-1]10 | 1 213145
y (0.14{0.37| 1 2.7 |7.4| 20 | 55 |148

With these curves it is worth keeping in
mind:

® asx — », e — o (it grows very rapidly)

e whenx =0, e°=1 [(0, 1) lies on the curve]

® asx — —x, e*— 0 (it approaches but
never reaches the x-axis).

This curve is similar to the one in part a
except that its value at x = 2 is e 2 and its
value atx = —2 is e2.

Hence it is a reflection of the curve of part a
in the y-axis.




The graph in Example 2b is often referred to as exponential decay. It is used as a model in many
examples from real life including the fall in value of a car as well as the decay in radioactive
isotopes.

B example ¥
i Draw graphs of the exponential functions:
ay=e* b y=10e* cy=3+4e%x

x| -3 0 3
y| 0002 | 1 403

e* If you calculate some values it can give you
an idea of the shape of the graph.

The y values of y = e?* are the ‘square’ of
the y values of y = e.

KRY

x| -3 0 3
y| 201 10 | 05

Calculating some y values helps you sketch

the curve.
The y values of y = 10e™* are 10 times
y = 10e* bigger than the y values of y = e ™.
¥
x
-3 0 3
y =3+ 4e*" y| 3.9 7 21
1s
Since e2” >0
1
3+ 4e2">3.

Range of function is y > 3.

XY




The exponential and log functions

Example [}

The price of a used car can be represented by the formula
P=16000¢ 10
where P is the price in £'s and t is the age in years from new.

Calculate:

a the new price

b the value at 5 years old

¢ what the model suggests about the eventual value of the car.

Use this to sketch the graph of P against t.

{ G The new price is when t= 0.
a OSubstitute t=0into P=16000¢ '

=16 000 X 1
The new price is £16 000.

0
t Remembere®=1.

Its price at 5 years old is when t = 5.

Sl

b Substitute 1:i 5into P=16000¢

=16000¢
= £9704.49

The price after 5 years is £9704.49,

No|—

| _t
70
c Ast—ox,e 050 For the eventual value, let t — .

Therefore F— 16 000 X O = 0.

The eventual value is zero.

p
16000
Use the values from parts a, b and c to
sketch the graph.
0 b

1 Sketch the graphs of
ay=e+1 b y=4e* cy=2e-3
dy=4-¢ ey=6+10e%x f y=100e*+ 10
2 The value of a car varies according to the formula
V=20000e 1

where V is the value in £'s and t is its age in years from new. ——

a State its value when new. . '—:_' =
b Find its value (to the nearest £) after 4 years.
c Sketch the graph of V against t.




3 The population of a country is increasing according to the formula
P=20+10e%
where P is the population in thousands and f is the time in years after the year 2000.
a State the population in the year 2000.
b Use the model to predict the population in the year 2020.
¢ Sketch the graph of P against t for the years 2000 to 2100.

4 The number of people infected with a disease varies according to the formula

N =300 - 100 e 0t

where N is the number of people infected with the disease and f is the time in years after
detection.

a How many people were first diagnosed with the disease?
b What is the long term prediction of how this disease will spread?
¢ Graph N against .

5 The value of an investment varies according to the formula
V=A eﬁ
where V is the value of the investment in £’s, A is a constant to be found and t is the time
in years after the investment was made.
a If the investment was worth £8000 after 3 years find A to the nearest £.
b Find the value of the investment after 10 years.
¢ By what factor will be the original investment have increased by atter 20 years?

3.3 To study the exponential function further, it becomes necessary to introduce its
inverse function. From Chapter 2 you should know that inverse functions perform
the ‘opposite’ operation to a function, in exactly the same way as ‘+4’ and '—4'
and ‘x? and ‘Vx’ are inverse operations.

B the inverse to e* is log.x (often written Inx).

Solve the equations
ae=3 b Inx=4

~a When e'=5 The key to solving any equation is knowing

=03 T the inverse operation.

When x2 =10, x = V10.

The inverse of e is In x and vice versa.

b When Inx=4
—

x=e*




The exponential and log functions

Using your knowledge of inverse functions, the graph of Inx will be a reflection of e* in the line

Yy =X.
V4

O, 1

.
.
B

The function f(x) = Inx therefore has a domain of {x € R, x >0} and a range of {f(x) € R}.

(1, 0)

yh
fy) = Inx
0 /(1, 0) x
PENIY 6 |
Sketch the graphs of
ay=In3-x) b y=3+In(2x)
a y=Ind—x)
y=m@-x"1 k=3
In 3\\ i
ol 2\ | x
b y=3+In2x)
74 y=3+In (2x)
(2, 3) ]
0 x

The important points about the graph
y =Inx are:

o asx—0,y—>—

Inx does not exist for negative numbers
whenx=1,y=0

as x -, y - » (slowly).

When x — 3, y — —o,
y does not exist for values of x bigger than 3.
Whenx=2,y=In(3-2)=In1=0.

Asx — —», y — % (slowly).

Whenx — 0, y — —.

Il
5

Whenx=%,y=3+ln1

As x — ©, y — = (slowly).




3

SEHE These questions are solved by changing the

Solve the equations: subject of the formula and using the fact that
Inx and e are inverse functions.

aext3=4 b 2Inx+1=35
a e**to=4 The inverse to e* is Inx.
2x+3=1n4
2x=I4—-23
x = In4—2 Sometimes questions ask you to put an
2 answer in a particular form. Note that
1
s — 4 4=ina?=in2
2, 2 2
=h2-—3
b 2lnx+1=5 Isolate Inx.
2Inx =4 . .
The inverse of Inx is e*.
Ihx =2+ [
x = e

The number of elephants in a herd can be represented by the equation
N=150-80¢ %
where N is the number of elephants in the herd and t is the time in years after the year 2003.
Calculate:
a the number of elephants in the herd in 2003
b the number of elephants in the herd in 2007
¢ the year when the population will grow to above 100

d the long term population of the herd as predicted by the model.

Use all of the above information to sketch a graph of N against ¢ for the model.

_t
N=150 — 80 ¢ 40
a  In the year 2003, N = 150 — 80 6-%— For 2003 substitute t = 0.

— 150 — 80 X 1ep T & =1
— 70

b Inthe year 2007,
N =150 — &0 67%
=150 — 724
=78 (to nearest elephant)

For 2007 substitute t = 4.



¢ If population is 100, then
t
TO'O =150 — 8&0¢e 40

The exponential and log functions

Substitute N = 100.

t
T40 = o
60e 50 Isolate e_%.
6—% — 5_0 —— The inverse of e* is Inx.
60 — Add 18.8 years to 2003 and round up answer.
7 50
—— ==
40 &0
t=18.5 years
Therefore the population will be over

100 by the year 2022. *

_t
d Ast— o e 40— 0 and therefore
(]

N—150 — &0 X 0 =150
The long term population as predicted
by the model is 150.

NA
__15.0_ _________________________
100—/(/N= 150 — 80e ©
p
50-
2003 2022 t
t=0 t=19

1 Solve the following equations giving exact solutions:

ae=35 b Inx=4
dln%=4 e e 1=8
g e*=10 h In2-x)=4

2 Solve the following giving your solution in terms of In 2:

Long term suggests as t — .

Use all the above information to sketch the
graph.

c ex=7
f In(2x+1)=5
i 2e%—-3=8

ae*=38 be>*=4 c ex"1=0.5
3 Sketch the following graphs stating any asymptotes and intersections with axes: == S
ay=Inx+1) b y=2Inx c y=In(2x)

d y = (Inx)? e y=In4-x)

f y=3+Inkx+2)




4 The price of a new car varies according to the formula
P=15000€ 10
where P is the price in £'s and t is the age in years from new.
a State its new value.
b Calculate its value after 5 years (to the nearest £).
¢ Find its age when its price falls below £5000.
d Sketch the graph showing how the price varies over time. Is this a good model?

5 The graph opposite is of the function
fx)=In(2 + 3x) {x ER, x > a}.
a State the value of a. :
b Find the value of s for which f(s) = 20. A
¢ Find the function f !(x) stating its domain. é >

d Sketch the graphs f(x) and f }(x) on the same
axes stating the relationship between them.

rsen f(x) = In (2 + 3x)

20

N

6 The graph opposite is of the function r4 g(x) = 2e* + 4
gx) =2e* + 4 x eR).

a Find the range of the function.
b Find the value of p to 2 significant figures. (p, 10)
c¢ Find g~!(x) stating its domain. =~ ———

d Sketch g(x) and g '(x) on the same set of axes 0
stating the relationship between them.

7 The number of bacteria in a culture grows according to the following equation:
N =100 + 50 €%
where N is the number of bacteria present and t is the time in days from the start of the
experiment.
a State the number of bacteria present at the start of the experiment.
b State the number after 10 days.
¢ State the day on which the number first reaches 1 000 000.
d Sketch the graph showing how N varies with t.

8 The graph opposite shows the function

YA
h(x) =40 —-10e* {x >0, x ER}.
a State the range of the function.
b Find the exact coordinates of A in terms of In 2.
¢ Find h™!(x) stating its domain. A
(0] X
h(x) = 40 — 10e3




The exponential and log functions

Mixed exercise m

1 Sketch the following functions stating any asymptotes and intersections with axes:
ay=e+3 b y=In(—x) c y=Inkx+2)
dy=3e>+4 e y=et2 f y=4-Inx

2 Solve the following equations, giving exact solutions:
a ln2x-5)=8 b e®*=5 c 24-e*=10

dInx+Inx-3)=0 e eft+er=2 f In2+Inx=4

3 The function c(x) = 3 + In(4 — x) is shown below.

YA

c@) =3+ 1In (4}A

T

a State the exact coordinates of point A.

b Calculate the exact coordinates of point B.
¢ Find the inverse function ¢ !(x) stating its domain.

d Sketch c(x) and ¢"!(x) on the same set of axes stating the relationship
between them.

4 The price of a computer system can be modelled by the formula
P=100+850e 7

where P is the price of the system in £s and ¢ is the age of the computer in years
after being purchased.

a Calculate the new price of the system.
b Calculate its price after 3 years.

¢ When will it be worth less than £200?

d Find its price as t — .
e Sketch the graph showing P against t.

Comment on the appropriateness of this model.




5 The function f is defined by
f:x>InGx - 2) xER, x> 2.
a Find an expression for f~!(x).
b Write down the domain of f~1(x).
¢ Solve, giving your answer to 3 decimal places,
In(5x — 2) = 2.

6 The functions f and g are given by
fix—-3x-1{xeR}
g:x—> e% x eR}
a Find the value of fg(4), giving your answer to 2 decimal places.
b Express the inverse function f~!(x) in the form f 1:x —....

¢ Using the same axes, sketch the graphs of the functions f and gf.
Write on your sketch the value of each function at x = 0.

d Find the values of x for which f~1(x) = f—(S—)
X

1
7 The points P and Q lie on the curve with equation y = e2".
The x-coordinates of P and Q are In 4 and In 16 respectively.

a Find an equation for the line PQ.
b Show that this line passes through the origin O.

¢ Calculate the length, to 3 significant figures, of the line segment PQ.

8 The functions f and g are defined over the set of real numbers by
f:x—>3x-35
g:x—oe ™
a State the range of g(x).

b Sketch the graphs of the inverse functions f*! and g~! and write on your sketches
the coordinates of any points at which a graph meets the coordinate axes.

c State, giving a reason, the number of roots of the equation
flx) =g '(x).

d Evaluate fg(—3), giving your answer to 2 decimal places.

9 The function f is defined by f:x —» e* + k, x €R and k is a positive constant.
a State the range of f(x).
b Find f(In k), simplifying your answer.
¢ Find £, the inverse function of f, in the form f':x — ..., stating its domain.

d On the same axes, sketch the curves with equations y = f(x) and y = f~!(x),
giving the coordinates of all points where the graphs cut the axes.
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The exponential and log functions

10 The function f is given by

11

f:x>In(4-2x) xER,x<2}

a Find an expression for f~!(x).

b Sketch the curve with equation y = f~!(x), showing the coordinates of the points
where the curve meets the axes.

c State the range of f!(x).
The function g is given by
g:x—-et xeR)
d Find the value of gf(0.5). @

The function f(x) is defined by
f(x) = 3x% — 4x2 - 5x + 2
a Show that (x + 1) is a factor of f(x).

b Factorise f(x) completely.
¢ Solve, giving your answers to 2 decimal places, the equation

3[In(2%)]* — 4[In(2x)]2 - 51n(2%) + 2=0 x>0 (F)




Summary of key points

1 Exponential functions are ones of the form y = a*.

y
They all pass through the point (0, 1). y=a
The domain is all the real numbers. The range is
f(x) > 0. ©, 1)

0 x

2 The exponential function y = e* (where e = 2.718) is a
special function whose gradient is identical to the
function.

3 The inverse function to e* is In x.

4 The natural log function is a reflection of
y = e* in the line y = x. It passes through the
point (1, 0).

The domain is the positive numbers. The range
is all the real numbers.

K

9| /@,0)

5 To solve an equation using Inx or e* you must change
the subject of the formula and use the fact that they are
inverses of each other.

6 Growth and decay models are based around the exponential equations

NA N A
N = Aekt
__* Vo
0 ¢ 0 ¢

where A and k are positive numbers.




After completing this chapter you should be able to

1 use a graphical method to find the number of roots
of the equation f(x) = 0

2 prove that a root lies within a given interval [a, b]

3 use iteration to find an approximation to the root of
the equation f(x) = 0

4 express your answer to an appropriate degree of
accuracy.

Numerical methods

The branch of Mathematics called
Numerical Analysis predates the invention
of modern computers by many centuries.
Many equations don’t have exact solutions
and iterative methods form successive
approximations that converge to the exact
solution.

Weather forecasters use numerical
methods to predict storms.
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4,1 You can find approximations for the roots of the equation f(x) = 0 graphically.

Show that the equation x® — 3x? + 3x — 4 = 0 has a root between x = 2 and x = 3.

r1 Draw y = x3 — 3x? + 3x — 4.
Find the point on the curve
y =x3—3x2+ 3x — 4 at whichy = 0.
Remember the line y = 0 is the x-axis. So
find where y = x3 — 3x? + 3x — 4 crosses the
0 3} 5 \é o x-axis.
The graph crosses the x-axis between x = 2
/ and x = 3, so there is a root of the equation
between x = 2 and x = 3.

There is a root of the equation
Y =x°— 3x*+ 3x — 4 between x = 2
and x = 3.

Example |

Show that the values of y for points on the graph of y = 4 + 2x — x*® change sign as the graph
crosses the x-axis.

VA Draw y = 4 + 2x — x°.

The graph meets the x-axis at x = 2.

—//—\ To the left of x = 2 the values of y are

' 0 ! ans positive because the curve lies above the
x-axis at these points.

To the right of x = 2 the values of y are
negative because the curve lies below the
x-axis at these points.

There | o

crosses the x-axis.




Numerical methods

Show that e* + 2x — 3 = 0 has a root between x = 0.5 and x = 0.6.

let f(x)=e*+2x—3

f(0B) =%+ 2(0.5) = 3 |
=104 ... +1=3 —
= —0.251...

£(0.6) = %6 + 2(0.6) — 3

=1822..+12-3
=0.022 ...
There is a root between x = 0.5 and e——+——
x=0.0.

Show that the graph of y = f(x) crosses the
x-axis between x = 0.5 and x = 0.6.

Substitute x = 0.5 and x = 0.6 into the
function.

f(0.5) < 0 and f(0.6) > 0, so there is a
change of sign.

The graph of y = f(x) crosses the x-axis
between x = 0.5 and x = 0.6, so there is a
root between x = 0.5 and x = 0.6.

B In general, if you find an interval in which f(x) changes sign, then the interval must contain

a root of the equation f(x) = 0.

The only exception to this is when f(x) has a discontinuity in the

1
interval, e.g. f(x) = — has a discontinuity at x = 0.
X

The graph shows that to the left of x =0, f(x) <0, and to the right

of x =0, f(x)>0.

So the function changes sign in any interval that contains x = 0
but x = 0 is not a root of the equation f(x) = 0. There is a

discontinuity at x = 0.

Example [}

1
a Using the same axes, sketch the graphs of y = Inx and y = —. Hence show that the equation
x

1
Inx = — has only one root.
X

b Show that this root lies in the interval 1.7 <x < 1.8.

1
The equation Inx = X has only one «———
root.

1
Draw y = Inx and y = — on the same axes.
x

1
The curves meet where Inx = —.
X

The curves meet at only one point, so there
is only one value of x that satisfies the

. 1
equation Inx = —.
x
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Rearrange the equation into the form f(x) = 0.

1 Subtract 1 from each side.
X

Let f(x)=Inhx — —
X Show that f(x) = 0 has a root between

x=1.7and x =1.8.

1
f(1.7) = In17 = 17 — Substitute x = 1.7 and x = 1.8 into the
0 ' Boe function.
el Sl o f(1.7) <0 and f(1.8) > 0, so there is a
= —0.0576 ... change of sign.
_ 1 The graph of y = f(x) crosses the x-axis
f(1.8)=In1& - — between x = 1.7 and x = 1.8, so there is a

root between x = 1.7 and x = 1.8.

= 05877 ... — 05555 ...
= 0.0322 ...

There is a change of sign between
f(1.7) and £(1.8), so the root of the

1
equation In x = — lies in the interval
X

1.7<x<18.

1 Show that each of these equations f(x) = 0 has a root in the given interval(s):

axi-x+5=0 -2<x<-1.
b3+x2—-x3=0 1<x<2.

c x2—Vx—-10=0 3<x<4.
dx3—l—2=0 -05<x<-02and 1<x<2.
X

e x°—5x3-10=0 -2<x<-18,-1.8<x<-land2<x<3.

f sinx—Inx=0 22<x<2.3 Wor prms (B,
remember to use radians.

ge—Inx—5=0 1.65<x<1.75.

h Vx-cosx=0 0.5<x<0.6.
Given that f(x) = x* — 5x% + 2, show that the equation f(x) = 0 has a root near to x = 5.

Given that f(x) = 3 — 5x + x3, show that the equation f(x) = 0 has a root x = a, where a lies
in the interval 1 <a <2.

Given that f(x) = e*sinx — 1, show that the equation f(x) = 0 has a root x = r, where r lies in
the interval 0.5 <r<0.6.
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It is given that f(x) =x3 — 7x + 5.

a Copy and complete the table below.

x -3|-2|-1|0 1 2 3
f(x)

b Given that the negative root of the equation x* — 7x + 5 = 0 lies between a and a + 1,
where « is an integer, write down the value of a.

1
Given that f(x) =x — (sinx + cosx)?2, 0 <x < >, show that the equation f(x) = 0 has a root
lying between g and g
a Using the same axes, sketch the graphs of y = e * and y = x2.
b Explain why the equation e * = x2 has only one root.

¢ Show that the equation e * = x2 has a root between x = 0.70 and x = 0.71.

a On the same axes, sketch the graphs of y =Inx and y = ¢* — 4.
b Write down the number of roots of the equation Inx = e* — 4.

¢ Show that the equation Inx = e* — 4 has a root in the interval (1.4, 1.5).

2
a On the same axes, sketch the graphs of y = Vx and y = .

2
b Using your sketch, write down the number of roots of the equation Vx ==,
x

(¢}

2
Given that f(x) = Vx — —, show that f(x) = 0 has a root r, where r lies between x = 1 and
X

x=2.

2
d Show that the equation Va == may be written in the form x? = g, where p and q are
X

integers to be found.

2
e Hence write down the exact value of the root of the equation Vx—==0.
X

1
a On the same axes, sketch the graphs of y =—andy =x + 3.
X

1
b Write down the number of roots of the equation —=x + 3.
X

(o]

1
Show that the positive root of the equation —=x + 3 lies in the interval (0.30, 0.31).
x

1
d Show that the equation — =x + 3 may be written in the form x>+ 3x — 1 =0.
x

(¢7

Use the quadratic formula to find the positive root of the equation x> +3x —1=0
to 3 decimal places.
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4,2 You can use iteration to find an approximation for the root of the equation f(x) = 0.

1
a Show that x2 — 4x + 1 = 0 can be written in the form x =4 — —.
X

1
b Use the iteration formula x,, , ; =4 — — to find, to 2 decimal places, a root of the equation
n

x2—4x + 1 =0. Start with x, = 3.

¢ Show graphically the first two iterations of this formula.

a x>—4x+1=0

Rearrange the equation.

X2 +1=4x Add 4x to each side.
X2 = 4x — 1 Subtract 1 from each side.
1 Divide each term by x, so that
s X2+x=x
dx +x=4
1 X
Xo
=4_%
Usex, ., =4—1—. Here n= 0.
= 3.006 606 67 n
1 — Substitute x, = 3.
Xo =4 ——
‘ X | | Usex,,+1=4—1—.Heren=1.
_ 1 [ Substitute %, = 3.666 666 667.
3.600 bbb 07 1
—— Usex,,;=4—— Heren=2.
= 3.727 272727 "
Substitute x, = 3.727 272 727.
1
Xog =4 —— ¢
3 X,
o 1
3.727 272727
= 3.751707 317
Similarly,

X, = 3.732 026 144
X = B.732 049 037

S0 a root is 3.73 to 2 decimal places.

Each iteration gets closer to the root.
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Numerical methods

1
Draw the graphs of y =x andy =4 — —.
x
1
The graphs intersect when x = 4 — —.
x

1
Substitute x = 3 into y = 4 — — so that
X

y = 3.666 666 667. This is the same as
moving vertically from x = 3 to P.

Let x = 3.666 666 667. This is the same as
moving horizontally from P to the line y = x.

Substitute x = 3.666 666 667 into
1
y=4——sothaty=3.727272727. This is
x

the same as moving vertically from
x = 3.666 666 667 to Q.

Let x = 3.727 272 727. This is the same as
moving horizontally from Q to the line

y=x.
Further iterations take you closer to the root.

The example above is a particular instance of this general result:

B To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into a
form x = g(x) and use the iterative formula x,, ; = g(x,).

Example |3

a Show that x2 — 5x — 3 = 0 can be written in the form

ix=V5x+3

b Show that the iteration formulae

: VT i %3
ix,,;=V5x,+3 11xn+1:—5—

give different roots of the equation x> — 5x — 3 = 0. Start each iteration with x, = 5.

a | x»-5B6x—3=0 "]
x> — 3 =bx
x>=56x+3
So x=VBx+ 3

i x2—5x—3=0
x2—3=56x |

x2—3
L

5

S0 =

Rearrange the equation.
Add 5x to each side.
Add 3 to each side.
Square root each side.

Rearrange the equation.
Add 5x to each side.
Divide each side by 5.
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b i x =Vbx, +3

=V5(5) + 3
= 5.291502 622

x, =Vox, + 3
= V5(5.291502 622) + 3
= 5.427 477 601

Similarly,
X5 = D5.489 753

x, = 5518 039 96
Xg = 5.530 840 786
X, = 5536 623 875

S0 aroot is 5.5 to 1 decimal place.

2
X 5)
ii x1———o—

5
-3

5
= 44
_x5=3
Y=o
(442 -3

5
= 3.272

Similarly,

X5 =1541196 &
X, = —0.124 942 4847

X = —0.596 877 875 1
X = —0.528 747 360 4
X, = —0.544 085 245 &
Xy = —0.540 794 249 1

50 a root is —0.5 to 1 decimal place.

Each iteration formula gives a
sequence that converges to a
different root of the equation.

Usex,, = \/ﬁ Here n= 0.
Substitute x, = 5.

Usex,,. = \/m Here n=1.
Substitute x; = 5.291 502 622.

Each iteration gets closer to a root, so the
sequence Xo, X1, Xy, X3, X4 ... IS
convergent.

x2-3
Use x,,;=——Here n=0.
Substitute x, = 5.

x2-3
Use X, 4 =—5—. Here n=1.
Substitute x; = 4.4.

The sequence X, X1, X5, X3, X4 ... cONnverges
to a root.

B Example 6 shows that different rearrangements of the equation f(x) = 0 give iteration

formulae that may lead to different roots of the equation.
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a Show that x3 — 3x2 — 2x + 5 =0 has a root in the interval 3 <x < 4.

[x3—2x,+5
b Use the iteration formulax, , ; = ”—3 - to find an approximation for the root of the

equation x3 — 3x2 — 2x + 5 =0. Start with i x,=3  ii x,=4.

— Bz
a Lletf(x)=ux Sx 2x+5 Show that x3 — 3x2 — 2x + 5 =0 has a root

f(3) =(3)°> — 3(3)2 = 2(3) + 5 '\ between x = 3 and x = 4.
=27—27—6+5 Substitute x = 3 and x = 4 into the function.
= —1 / The graph crosses the x-axis between x = 3
f(4) = (4)° — B(4)2 — 2(4) + 5 - andx=4.

=04—46—-6+5

=13
f(3) < O and f(4) > O, so there is a
change of sign

There is a root in the interval «——————
H<x <4,

_ \/(5)5 —-2(3)+5
B 3

= 2.943 920 2869
/x5 — »—2%,+5
X, = ¥o2nt+5 L Usex,., = i ~——  Here n=0.
3 3
(2.943..)° — (2.94...) + 5 Substitute x, = 3.
= x3—-2x,+5
5 Use X, = 3 . Here n=1.
= 2.605 064 947
Substitute x; = 2.943 920 289.
Similarly, — Th
__ The sequence X, X, X5, X3, X4 ... CONVerges
X5 = 2.756 115 603 slowly to a root.
X, =2.009192 643 etc. This root is not in the interval 3 <x < 4.

X = 1203 042 309
X5 = 1202 094 215
50 a root is 1.'2 to 1 decimal place.

09 — Pty R B
i x, = [
3
3 _
z\/(4)5_2(4)+5 Use x, .= all zx"+5.Heren=O.
3 L 3
= 4509 249 75% Substitute x, = 4.

x3—-2x,+5
. = l508— 250 - B — Usex,,;= [ 3" . Here n=1.
3
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B \/(4.509...)5 —2(4509...)+5
3 ———— Substitute x; = 4.509 249 753.

= 5405 545 031

Similarly,

X, = 7121901523 ]
x, = 10.83189106

Xy = 20.447 008 93 fr?Ch iteration gets further from a root, so
Xo= 53.268 486 74 divergent. 0Tty R B

No root is found.

Example 7 shows that even if you choose a value x, = a that is close to a root, the sequence
Xo, X1, X5, X3, X4 ... does not necessarily converge to that root. In fact it might not converge

to a root at all.

1

Show that x2 — 6x + 2 = 0 can be written in the form:

X2+ 2 2
ax=—— b x=Véx -2 cC xX=6——
6 X

Show that x3 + 5x% — 2 = 0 can be written in the form:

- 2 — 43
a x=V2-5x2 bx=—2—5 cC x= 2-x
X 5

x3
Rearrange x3 — 3x + 4 = 0 into the form x = 3 + a, where the value of a is to be found.

Rearrange x* — 3x* — 6 = 0 into the form x = V px* — 2, where the value of p is to be found.

a Show that the equation x3 — x% + 7 = 0 can be written in the form x = Va2 — 7.

b Use the iteration formulax, , ; = V3xn2 — 7, starting with x, =1, to find x, to 1 decimal
place.

S
a Show that the equation x3 + 3x2 — 5 = 0 can be written in the form x = /_43'
X

[ 5
b Use the iteration formula x, , ; = Y starting with x, =1, to find x, to 3 decimal
X
places. !
a Show that the equation x® — 5x + 3 = 0 has a root between x = 1 and x = 1.5.

[ 3
b Use the iteration formula x, , ; = |5 — — to find an approximation for the root of the
xn

equation x° — 5x + 3 = 0, giving your answer to 2 decimal places.
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1
8 a Rearrange the equation x> — 6x + 1 = 0 into the form x = p — —, where p is a constant to
X

be found. 1
b Starting with x, = 3, use the iteration formula x, . ; = p — — with your value of p, to find
X

X3 to 2 decimal places. !
9 a Show that the equation x® — x2 + 8 = 0 has a root in the interval (-2, —1).

b Use a suitable iteration formula to find an approximation to 2 decimal places for the
negative root of the equation x* —x2 + 8 = 0.

100 a Show that x” — 5x2 — 20 = 0 has a root in the interval (1.6, 1.7).

b Use a suitable iteration formula to find an approximation to 3 decimal places for the root
of x” — 5x% — 20 = 0 in the interval (1.6, 1.7).

Mixed exercise m

| b
1 a Rearrange the cubic equation x® — 6x — 2 = 0 into the form x = + |a + —. State the values
of the constants a and b. X

/ b
b Use the iterative formula x,, , ; = _|a + — with x, = 2 and your values of a and b to find
xn

the approximate positive solution x, of the equation, to an appropriate degree of
accuracy. Show all your intermediate answers.

2 a By sketching the curves with equations y = 4 — x? and y = e*, show that the equation
x2 + e* — 4 = 0 has one negative root and one positive root.

1
b Use the iteration formula x, , ; = —(4 — e*)2 with x, = —2 to find in turn x,, x,, x; and x,
and hence write down an approximation to the negative root of the equation, giving
your answer to 4 decimal places.

An attempt to evaluate the positive root of the equation is made using the iteration formula
1

X, .1 = (4—e"n)2 with x,=1.3.

¢ Describe the result of such an attempt. 9

3 a Show that the equation x°> — 5x — 6 = 0 has a root in the interval (1, 2).
b Stating the values of the constants p, g and r, use an iteration of the form

1
X, +1=(px,+q)’ an appropriate number of times to calculate this root of the equation
x% — 5x — 6 = 0 correct to 3 decimal places. Show sufficient working to justify your
final answer.

4 f(x)=5x — 4sinx — 2, where x is in radians.
a Evaluate, to 2 significant figures, f(1.1) and £(1.15).
b State why the equation f(x) = 0 has a root in the interval (1.1, 1.15).

An iteration formula of the form x, ., ; = psinx, + g is applied to find an approximation to
the root of the equation f(x) = O in the interval (1.1, 1.15).

c Stating the values of p and ¢, use this iteration formula with x, = 1.1 to find x, to
3 decimal places. Show the intermediate results in your working.
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f(x) = 2secx + 2x — 3, where x is in radians.

a Evaluate £(0.4) and £(0.5) and deduce the equation f(x) = 0 has a solution in the interval
0.4 <x<0.5.

b Show that the equation f(x) = 0 can be arranged in the form x = p + _q_x' where p and ¢
cos

are constants, and state the value of p and the value of q.

¢ Using the iteration formulax, , ; =p + —q—, X, = 0.4, with the values of p and q found
Cos X,

in part b, calculate x4, x,, x3 and x,, giving your final answer to 4 decimal places. e
1
flor) = 08 — ——— x #3
(x) i
a Show that the equation f(x) = 0 can be written as x = 1.5 — 0.5e 708,

b Use the iteration formula x,, . ; = 1.5 — 0.5e 98 with x, = 1.3 to obtain x,, x, and x;. Give
the value of x3, an approximation to a root of f(x) = 0, to 3 decimal places.

¢ Show that the equation f(x) = 0 can be written in the form x = pIn(3 — 2x), stating the
value of p.

d Use the iteration formula x,, , ; = pIn(3 — 2x,) with x, = —2.6 and the value of p found in
part ¢ to obtain x;, x, and x3. Give the value of x3, an approximation to the second
root of f(x) = 0, to 3 decimal places.
a Use the iteration x,, , ; = (3x,, + 3)% with x, = 2 to find, to 3 significant figures, x,.
The only real root of the equation x3 — 3x — 3 = 0 is «. It is given that, to 3 significant
tigures, a = x,.
b Use the substitution y = 3* to express 27 — 3* * 1 — 3 = 0 as a cubic equation.
¢ Hence, or otherwise, find an approximate solution to the equation
27¥—3**1-3 =0, giving your answer to 2 significant figures. G
The equation x* = 2 has a solution near x = 1.5.

1
a Use the iteration formula x, , ; = 2= with x, = 1.5 to find the approximate solution x5 of
the equation. Show the intermediate iterations and give your final answer to 4 decimal

places.

b Use the iteration formula x,, , ; = 2x{' ~ * with x, = 1.5 to find x;, x,, x3, x,. Comment
briefly on this sequence.

a Show that the equation 2! ~* = 4x + 1 can be arranged in the form x = 3(2°%) + g, stating
the value of the constant q.

b Using the iteration formula x, , ; = 327%) + q with x, = 0.2 and the value of ¢q
found in part a, find x,, x,, x3 and x,. Give the value of x,, to 4 decimal places. 9

The curve with equation y = In(3x) crosses the x-axis at the point P (p, 0).

a Sketch the graph of y = In(3x), showing the exact value of p.

The normal to the curve at the point Q, with x-coordinate g, passes through the origin.
b Show that x = g is a solution of the equation x2 + In 3x = 0.

¢ Show that the equation in part b can be rearranged in the form x = e *".

d Use the iteration formula x,, . ; = 3¢, with x, = 3, to find x,, x,, x; and x,. Hence
write down, to 3 decimal places, an approximation for q.



11 a Copy this sketch of the curve with equation y = e+ — 1. Y]

Numerical methods

On the same axes sketch the graph of y =3 (x — 1), forx = 1,
and y = —3 (x — 1), for x < 1. Show the coordinates of the
points where the graph meets the axes.

The x-coordinate of the point of intersection of the graphs
is a.

b Show that x = « is a root of the equation x + 2e™* — 3 = 0.
¢ Show that -1 <a<0.

The iterative formula x, , ; = —In[3(3 — x,)] is used to solve the equationx + 2e*—3=0.

d Starting with x, = —1, find the values of x, and x,.

e Show that, to 2 decimal places, « = —0.58. @

Summary of key points

1

2

If you find an interval in which f(x) changes sign, and f(x) is continuous in that interval,
then the interval must contain a root of the equation f(x) = 0.

To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = O into a
form x = g(x) and use the iterative formula x,, . ; = g(x,,).

Different rearrangements of the equation f(x) = O give iteration formulae that may lead to
different roots of the equation.

If you choose a value x, = a for the starting value in an iteration formula, and x, = a is
close to a root of the equation f(x) = 0, then the sequence x, x;, X,, X3, X4 ... does not
necessarily converge to that root. In fact it might not converge to a root at all.




Review EXxercise

Simplify G a Show that
a23c2—7x—15 4 1  _1_5-4x—x°
x%— 25 @+1)2 @+1) 2 2x+1?%°
3
41 b Hence solve
x+1 4 1 1
4x 1 < +5 x# 1.
+ 2 '
Expressxz_zx_3 JCerxasa x+1)2 x+1) 2
single fraction, giving your answer in its x x + 24
simplest form. ®=T3" 2x% + 5x — 3
2 xER x>1l
Express 2+ 3x 5 6 { 2}
(2 +3)x—2) x*—x—-2 how that f) = 2& =9
as a single fraction in its simplest form.@ a Show that f(x) =— —7
@) a Given that reR x>}
16x3 — 36x% — 12x + 5 b Find f!(x).
= (2x + 1)(8x% + ax + b),
find the value of a and the value of b. ) The graph of the increasing function f

passes through the points A(0, —2), B(3, 0)

b Hence, or otherwise, simplify
and C(5, 2), as shown.

16x3 — 36x%2 — 12x + 5

4 — 1 y
_1_ 3 3 _
_x*+tx+1 _ 5, 2)

a Show that f(x) = at2r x# -2 B .
b Show that x2 + x + 1 > 0 for all values 0 (3,0 x

of x. A

(01 _2)

¢ Show that f(x) > O for all values of x,

x # —2.




a Sketch the graph of ™!, showing the
images of A, B and C.
The function g is defined by
gx—Vx2+2, x€ER

b Find i fg/23, ii gf(0).

@ a Express 4x> — 4x — 3 in the form
(ax — b)®> — ¢, where a, b and ¢ are
positive constants to be found.

The function f is defined by
f:x—4x?—4x -3, {xER, x?%}

) The functions f and g are defined by b Sketch the graph of f.
£ x—-3+4 xER x>0 ¢ Sketch the graph of f1.

g x— x%z’ XER, x> 2. d Find f~!(x), stating its domain.

a Find the inverse function f-1(x), stating ) The functions f and g are defined by
its domain. x+2

b Find the exact value of gf(1). X )
gx—In(2x~-395), xeR x>2.
c State the range of g.

a Sketch the graph of {.
b Show that f2(x) = X +2

f: x — xER, x#0.

d Find g !(x), stating its domain.

x+2
The function f is defined by [f2(x) means ff(x)]
fox o zsf +_12 _ i 5 x> 1. ¢ Find the exact value of gf (1).
v x d Find g '(x), stating its domain.
a Show that f(x) = x—il' x> 1.

m Solve the following equations, giving your
answers to 3 significant figures.

a 3e&tS) =4

b Find f1(x).
The function g is defined by
g:x—x2+35 x€ER

Solve fg(x) = 1 E ) b 3 =5
¢ Solve fgx) = . c2ln(2x—-1)=1+In7

m The functions f and g are defined by Find the exact solutions to the equations
fix—(x—-42-16, x€R, x>0,

alnx+In3=Iné6
gro b sema<l b e + 3¢ = 4 E

a Find the range of f.
The function f is defined by

b Explain why, with the given domain for
frx—-3-Inx+2), xER, x> -2.

f, f ~1(x) does not exist.

64 The graph of y = f(x) crosses the x-axis at
¢ Show that fg(x) = (1 - x)* the point A and crosses the y-axis at the
d Find g !(x), stating its domain. point B.
a Find the exact coordinates of A and B.
The function f(x) is defined by b Sketch the graph of y = f(x), x > —2.
_ o<y < —
f(x) = { (xzix 1-; ( 21 )_ %) _j _ z _, 1} 53 The graph of the function

f(x) = 144 — 36e %, xR
a Sketch the graph of f(x). has an asymptote y = k, and crosses the
b Write down the range of . x and y axes at A and B respectively, as
¢ Find the values of x for which f(x) < 2. shown overleaf.




a Write down the value of £ and the
y-coordinate of B.

b Express the x-coordinate of A in terms
of In2.

m [Part d requires the differentiation of e*,

see Ch 8]

The functions f and g are defined by
f:x—2x+In2, xER
g:x—e¥ x€eR.

a Prove that the composite function gf is

gf:x — 4e*, x €R.
b Sketch the curve with equationy = gf(x),

and show the coordinates of the point
where the curve crosses the y-axis.

¢ Write down the range of gf.

d Find the value of x for which

%[gf(x)] = 3, giving your answer to

3 significant figures.

£

@ a Show that e* — e™* = 4 can be rewritten
in the form e* — 4e* -1 =0

b Hence find the exact value of the real
solution of e* — e™ = 4.

¢ For this value of x, find the exact value
of e + e,

At time £ = 0, a lake is stocked with k fish.
The number, n, of fish in the lake at time ¢t
days can be represented by the equation

n = 3000 + 1450004,
a State the value of k.

b Calculate the increase in the population
of fish 3 weeks after stocking the lake.

¢ Find how many days pass, from the day
the lake was stocked, before the number
of fish increases to over 7000.

@ A heated metal ball S is dropped into a
liquid. As S cools its temperature, T °C,
t minutes after it enters the liquid is given
by
T = 400e 0%t + 25, t= 0.

a Find the temperature of § as it enters
the liquid.

b Find how long § is in the liquid before
its temperature drops to 300 °C. Give
your answer to 3 significant figures.

¢ Find the rate, in °C per minute to
3 significant figures, at which the
temperature of S is decreasing at the
instant t = S0.

d With reference to the equation given
above, explain why the temperature of
§ can never drop to 20 °C

@ A breeding programme for a particular
animal is being monitored. Initially
there were k breeding pairs in the survey.
A suggested model for the number of
breeding pairs, n, after f years is

400
1+ 9e "
a Find the value of k.

n:

b Show that the above equation can be
9n )
400 — n
¢ Hence, or otherwise, calculate the
number of years, according to the
model, after which the number of
breeding pairs will first exceed 100.

written in the form ¢t = 9 In (

The model predicts that the number of
breeding pairs cannot exceed the value A.

d Find the value of A.

i =x-1-2 x#0.

a Show that the equation f(x) = O has a
root between 1 and 2.



An approximation for this root is found
using the iteration formula

xwl(2+%)meb 1.5.

n
By calculating the values of x;, x,, x5
and x, find an approximation to this
root, giving your answer to 3 decimal

b Show that x> — 5x — 4 = 0 can be

rearranged in the formx = {5 + %

The iterative formula

Xn1 = 4V5 + xi’;/ Xo = 15;

is used to find to find an approximation
for k.

places. ¢ Write down the values of x;, x,, x; and

X4, giving your answers to 5 significant
figures.

d Show that k = 1.6506 correct to 5
significant figures.

¢ By considering the change of sign of
f(x) in a suitable interval, verify that
your answer to part b is correct to
3 decimal places.

€8 a By sketching the graphs of y = ~x and ) f(x) = 2¢3 — x -
y =Inx, x > 0, on the same axes, show a Show that the equation f(x) = 0 can be
that the solution to the equation written as
x + Inx = 0O lies between 0 and 1. 2 N 1
x=2+ 3|
b Show that x + Inx = 0 may be written (x 2)
) _ (2x — Inx) The equation 2x® — x — 4 = 0 has a root
in the formx = ————.
3 between 1.35 and 1.4.
¢ Use the iterative formula b Use the iteration formula
2x, — In x,,
xn+1 = (3—)’ xO = 1/ xn+1 = (.X% + %)/

with x, = 1.35, to find, to 2 decimal
places, the value of x,, x, and x;.

to find the solution of x + Inx = 0
correct to 5 decimal places.

The only real root of f(x) = 0 is a.

Show that the equation e* — 8x = 0 has a

¢ By choosing a suitable interval, prove
root k betweenx = 1 and x = 2.

that « = 1.392, to 3 decimal places.

The iterative formula
@ The function f is defined by

f:x— —-5+4e*, xR, x>0.
a Show that the inverse function of f is

x,=3In8x, x5=12,
is used to find to find an approximation

for k. defined by
a Calculate the values of x;, x, and x3, 1.4 o Ln (x + 5)
giving your answers to 3 decimal places. ' 2 4 )

b Show that, to 3 decimal places, k = 1.077. and write down the domain of f~'.

¢ Deduce the value, to 2 decimal places,
of one of the roots of e* = 4x.

b Write down the range of 1.
The graphs of y = Jx and y = f1(x),
drawn on the same axes, meet at the
The curve C has equationy = x> — 1. The point with the x-coordinate k.
tangent to C at the point P (—1, —2) meets
the curve again at the point Q, whose

x-coordinate is k.

The iterative formula

x,+35
xn+1:1n( n4 )!

xO = 03,

a Show that k is a root of the equation is used to find to find an approximation
x> —5x—4=0. for k.




¢ Calculate the values of x; and x,, giving a Copy the sketch and add to it the graph
your answers to 4 decimal places. of y = f-1(x), showing the coordinates

d Continue the iterative process until of the point where it meets the x-axis.

there are two values which are the same The two curves meet in the point A,
to 4 decimal places. with x-coordinate k.
e Prove that this value does give k, correct b Explain why k is a solution of the
to 4 decimal places. equation X = 1 5
1+x
The graph of the function f, defined by The iterative formula
) 1 Xp1 = —, Xo=0.7
f.xﬁm, xER, x>0, n+1 1+x% 0
is shown. is used to find an approximation for k.
YA ¢ Calculate the values of x;, x,, x3 and x4,

giving your answers to 4 decimal places.

14 B d Show that k = 0.682, correct to
y = (fx) .
3 decimal places.




After completing this chapter you should be able to
1 sketch the graph of the modulus function y = If(x)l
2 sketch the graph of the function y = f (Ixl)

3 solve equations involving the modulus function

4

apply a combination of two (or more )
transformations to the same curve

5 sketch transformations of the graph y = f(x).

Transforming graphs
of functions

An example of the modulus graph can be found
in electricity generation. Electricty is generated
as alternating current. Its shape is that of a

sine curve. In some appliances, such as mobile
phone chargers, it goes through a series of
changes. One of these changes uses a rectifier
to transform the y = sinx graph intoy = | sinxl.
A capacitor then ‘smoothes’ out the wave to
convert it into the direct current that is used in
some appliances.

g | _-f_ ~ "3 [ | -
# Wind farms provide a
renewable source of |
electricity.
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5,1 You need to be able to sketch the graph of the modulus function y = If(x)l.

B The modulus of a number g, written as ldl, is its positive numerical value.

So, for example, |51 =5 and also -5 = 5.

It is sometimes known as the absolute value, and is shown on the display of some calculators
as, for example, ‘Abs —5’ or ‘Abs(—S5)’. If your calculator has a modulus or absolute value button,
make sure you understand how to use it.

B A modulus function is, in general, a function of the type y = If(x)I.
When f(x) = 0, If(x)l = f(x).
When f(x) <0, If(x)l = —f(x).

Sketch the graph of y = Ixl.

i/_“ y=x Step 1
+————— Sketch the graph of y = x.
31 (Ignore the modulus.)
2_
1_
_I6 T _-I4 T —Iz T 1_ T é T 4 T é &
._2_
_3_
_4_
Step 2
4 For the part of the line below the x-axis (the
4 e negative values of 1), reflect in the x-axis.
3 For example this will change the y-value —3
] into the y-value 3.
1_
Te b da ol 2 1L [ §= Important
—14 If you do steps 1 and 2 above on the same
o diagram, make sure that you clearly show
fal that you have deleted the part of the graph
below the x-axis.




Sketch the graph of y = 13x — 2I.

y=3x—2

4

y=[3x - 2|

oo
g
KRY

Sketch the graph of y = Ix? — 3x — 10l.

P S

Transforming graphs of functions

Step 1
Sketch the graph of y = 3x — 2.
(Ignore the modulus.)

Step 2

For the part of the line below the x-axis (the
negative values of y), reflect in the x-axis.
For example, this will change the y-value —2
into the y-value 2.

Step 1
Sketch the graph of y =x? — 3x — 10.
(Ignore the modulus.)

Step 2

For the part of the curve below the x-axis
(the negative values of y), reflect in the
x-axis. For example, this will change the
y-value —3 into the y-value 3.
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The diagram on the right shows the graph of y = f(x). YA
Sketch the graph of y = If(x)l.

As in the previous examples, the part of the
] curve below the x-axis must be reflected in

0 x the x-axis. The graph of y = If(x)| looks like
this.

Sketch the graph of y = Isinx|, 0 <x < 2.

y =sinx

First draw the graph of y = sinx.

y1 y = |sin x|

As before, reflect the part of the curve below
7 312 X the x-axis in the x-axis.

RY



Transforming graphs of functions

1 Sketch the graph of each of the following. In each case, write down the coordinates of any
points at which the graph meets the coordinate axes.

ay=lx-1l b y=12x + 3l
c y=lx-5l dy=17—xl
e y=Ix?—7x -8l f y=1Ix>-9I
12
g y=Il3+1l hy=|—
X
iy=—ll j y=—-13x-1l

2 Sketch the graph of each of the following. In each case, write down the coordinates of any
points at which the graph meets the coordinate axes.

ay=lcosxl, 0=x<27w b y=llnxl,x>0 c y=12*-2|
d y=1100 - 107 e y=ltan2xl, 0<x <2

5.2 You need to be able to sketch the graph of the function y = f(IxI).

For the function y = f(Ixl), the value of y at, for example, x = -5 is the same as the value of y at
x = 5. This is because f(I1-5I) = {(5).

Example |3
Sketch the graph of y = Ix| — 2.

Method 1

27 Step 1
1- Sketch the graph of y =x — 2 (ignore the
modulus) for x = 0.

Step 2

\ 27 Reflect in the y-axis.
1 i
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Method 2

Sketch the graph of y = 4lx| — Ix[3.

Step 1
Sketch the graph of y = IxI.

Step 2

Vertical translation of —2 units.

(See transformations of curves in Book CT1,
Chapter 4.)

Step 1
Sketch the graph of y = 4x — x3 (ignore the
modulus) for x = 0.

Step 2
Reflect in the y-axis.



Transforming graphs of functions

Sketch the graph of each of the following. In each case, write down the coordinates of any
points at which the graph meets the coordinate axes.

1 y=2xl+1 2| y=lxl>—3lxl - 4

3 y=sinll, —2r<x<27w 4 y=24

5.3 You need to be able to solve equations involving a modulus.

Solutions can come from either the ‘original’ or the ‘reflected’ part of the graph.

Solve the equation 12x — 3| = 3.

y 3
41 y=2x-3
3_
2- . Sketch the graph of y = 2x — 3.
14 (Ignore the modulus.)
-6 —4 | 2 | 4 | 67
ylk
4 y=|2x—3
| For the part of the line below the x-axis,
1 reflect in the x-axis.
IEEEEE R
_2_
._3_
_4_
Draw the line y = 3 on the same sketch.
A
4 The solutions are the values of X where the
y =3 «——— graphs cross (A and B).
B,g\ A A is on the original graph of y = 2x — 3.
i B is on the reflected part.
USRS
._2_
_3_
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At A 2x—2=3.
2X = %
x = % = 221
AtB, —(2x—2=53
—2x+2=3
— 2X =%
x=-3%
The solutions to the equation are x = -2
and x=%.

Original: Use 2x — 3.

When f(x) <0, If(x)l = —f(x), so, as it is
reflected, use —(2x — 3).

a On the same diagram, sketch the graphs of y = 15x — 2| and y = 12xl.

b Solve the equation [5x — 2| = 12xl.

a
A
3_ y=[5x—2[
2
1_
SRR
_2_
_3_
_4_
y = 2]
3
2
A.
B »
_I I_I IO T T T I&
4 2_1J 21 4
-2
b AtA, DBx—2=2x:
5x = 2
x=2
AtB, —(Bx—2)=2x"
—bx +2 =2x
—7x =—2
_2
7

Sketch the graph of y = 15x — 2. (As usual,
for the part of y = 5x — 2 that is below the
x-axis, reflect in the x-axis.)

On the same diagram, sketch the graph of
y = 12xl.

The solutions for part b are the values of x
where the 2 graphs intersect.

Intersection point A is on the original graph
of y = 5x + 2, and on the original graph of
y =2x.

Intersection point B is on the reflected part
of y = 5x — 2, and on the original graph of
y = 2x.

Original: Use 5x — 2 and 2x.

Reflected: Use —(5x — 2)
Original: Use 2x.



Transforming graphs of functions

a On the same diagram, sketch the graphs of y = Ix2 — 2x| and y = § — 2x.

b Solve the equation Ix? — 2x| = § — 2x.

a
yl\
4 y = 2 = 2xf
3_
2_
1_
—'3'—'2'—'1'_10_ e
_2_
_3_
_4_
-3
b AtA x2—2x=%—2x
x2=1
=3
or x = 3 (not valid)
At B, ;—2x= —(x2— 2x)
X2—4x+i=0
4+ V16 — 1
x = —_—
2
X =394 (24dp.)
(not valid)
or x = 0.06 (2dp.) (B)
The complete set of solutions is
x=—%andx =2 — 15 (= 0.06).

Sketch the graph of y = Ix? — 2xI. (As usual,
for the part of y = x2? — 2x that is below the
X-axis, reflect in the x-axis.)

On t1he same diagram, sketch the graph of
y=3z—2x.

The solutions for part b are the values of x
where the 2 graphs intersect.

Intersection point A is on the original part of
both graphs.

Intersection point B is on the original graph

of y = 5 — 2x and on the reflected part of

y=x2-2x.

Original: Use x2 — 2x and § — 2X.

This is not valid, since x < 0.

Reflected: Use —(x2 — 2x).
Original: Use % — 2X.

You need to reject any invalid ‘solutions’.
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1 On the same diagram, sketch the graphs of y = —2x and y = I3x — 2I. Solve the equation
—2x = lx — 2l

2 On the same diagram, sketch the graphs of y = Ix| and y = |—4x — 5I. Solve the equation
Ix| = 1—4x — 3.

3 On the same diagram, sketch the graphs of y = 3x and y = Ix? — 4l. Solve the equation
3x = lx? — 4l.

4 On the same diagram, sketch the graphs of y = Ix| — 1 and y = —13xl. Solve the equation
lxl =1 =—13xl.

5 On the same diagram, sketch the graphs of y = 24 + 2x — x? and y = I15x — 4l. Solve the
equation 24 + 2x — x? = |5x — 4l. (Answers to 2 d.p. where appropriate).

5.4 You need to be able to apply a combination of two (or more) transformations to
the same curve.

In Book C1, Chapter 4, you saw how to apply various transformations to curves. To summarise
these:

| @ f(x + a) is a horizontal translation of —a
@ f(x) + a is a vertical translation of +a

1
@ f(ax) is a horizontal stretch of scale factor P

@ af(x) is a vertical stretch of scale factor a

Example ]
h Sketch the graph of y = (x — 2)> + 3.
Start with f(x) = x?

Step 1 using @:
f(x —2)=(x — 2)? Horizontal translation of +2.

Calling this g(x), g(x) = (x — 2)?

e o2 . Step 2 using @:
gx)+d=x—-2)"+3 Vertical translation of +3.

yl\
6- i

Il
=

2 Sketch the graph of f(x) = x2.




Transforming graphs of functions

L

Step 1
Horizontal translation of +2.

Step 2
Vertical translation of +3.

Sketch the graph of y = 2z

x+5
1
Start with f(x) = —
x .
1 Step 1 using (1)
fx +5) = Horizontal translation of —5
x+5
1
Calling this g(x), g(x) = ——
9810 ¢k 4 = ===
2 Step 2 using (@):
2g9(x) = x_+_ Vertical stretch, scale factor 2.
1
E Sketch th h of f(x) = —.
4 > etch the graph of f(x) = —
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\ &

[
A&

Sketch the graph of y = cos 2x — 1.

Start with f(x) = cos x

f(2x) = cos 2x »

Calling this g(x), g(x) = cos 2x

g(x) —1=cos2x — 1

Step 1
Horizontal translation of —5.

Step 2
Vertical stretch, scale factor 2.

Notice what happens to a point such as
(=4, 1) .... 1t goes to (—4, 2).

Step 1 using @:
Horizontal stretch, scale factor 17

Step 2 using @:
Vertical translation of —1.



.

y = Cosx

—

~180 9o O 9

180 270  360%

y = COS 2x

.

—24

~180\-90/ O \/ 180 W 360%
_1_

y =cos2x — 1

-1 -90 90

8O 270 A6

KY

Sketch the graph of y = 3lx — 1| — 2.

Start with f(x) = |xI

flx=1)=x =1l

Calling this g(x), g(x) = lx — 1|
3g(x) = Slx — 1l

Calling this h(x), h(x) = 3lx — 1

hix) —2=3x—-1—-2

Transforming graphs of functions

Sketch the graph of f(x) = cosx.

Step 1

Horizontal stretch, scale factor 3.

Step 2
Vertical translation of —1.

step 1 using (D):
Horizontal translation of 1.

Step 2 using ()
Vertical stretch, scale factor 3.

Step 3 using 2):
Vertical translation of —2.
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= b
1 Sketch the graph of f(x) = Ixl.
Step 1
Horizontal translation of 1.
Step 2
Vertical stretch, scale factor 3.
=3k — 1= 2
Step 3
/ Vertical translation of —2.
1 7/ X




Transforming graphs of functions

1 Using combinations of transformations, sketch the graph of each of the following:

ay=2x*-4 b y=3x+1)>
cy=%—2 dy:x_i_z
e y=5sin(x + 30°), 0 <x < 360° f y=je+4
g y=ldxl+1 hy=2x-3
i y=3Inx-2),x>2 j y=12e* -3l

points are mapped.

5,5 When you are given a sketch of y = f(x), you need to be able to sketch
transformations of the graph, showing coordinates of the points to which given

Example [

The diagram shows a sketch of the graph of y = f(x).
The curve passes through the origin O, the point
A(2, —1) and the point B(6, 4).
Sketch the graph of:
ay=2fx) -1

¢ y =f(2x)

b y=fx+2)+2
d y=-fx-1)

In each case, find the coordinates of the images
of the points O, A and B.

a y=2f(x)—1

Y (6,8)

(6,7)

(O/ - 1%

(2/ - 2)

(2/ _3)

y = 2f(x) — 1is shown in red in the
diagram.

The images of O, A and B are (O, —1),
(2, —3) and (©, 7) respectively.

B(6, 4)

A2, 1)

Vertical stretch, scale factor 2.

Vertical stretch, scale factor 2, then a vertical
translation of —1.
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b y=fx+2)+2

Horizontal translation of —2.

Horizontal translation of —2, then a vertical
translation of 2.

O 1

2,09

(OI - 1)

R

—

y = f(x + 2) + 2 is shown in red in
the diagram.

The images of O, A and B are (—2, 2),
(0, 1) and (4, ©) respectively.

¢y =uf(2x)
y4 (3, 4)
Horizontal stretch, scale factor 3.
G, Horizontal stretch, scale factor %, then a
vertical stretch, scale factor §.
1, —\0.25)
(0, 0) Y X
(1/ _1)

y = +f(2x) is shown in red in the

diagram.
The images of O, A and B are (O, O),
(1, —0.25) and (3, 1) respectively.




Transforming graphs of functions

d y=—flx=1)
yl
(7, 4) . .
___ Horizontal translation of 1.
— Horizontal translation of 1, then a vertical
(1,0) stretch, scale factor —1.
A ‘vertical stretch with scale factor —1" is
0 > equivalent to a reflection in the x-axis.
(3I _1)
(71 _4)
y = —f(x = 1) is shown in red in the
diagram.
The images of O, A and B are (1, O),
(3.1) and (7, =4) respectively.

1 The diagram shows a sketch of the graph of v = f(x).
The curve passes through the origin O, the point A(—2, —2) and the point B(3, 4).
y A
B(@3, 4)

RY

/ \

A(-2, —2)

Sketch the graph of:
ay=3f(x)+2
by=fx-2)-5

c y=1f+1)

d y=—f(2x)

In each case, find the coordinates of the images of the points O, A and B.
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yl
A(=1,4)

2 | The diagram shows a sketch of the graph of y = f(x). The curve has a maximum at the point
A(—1, 4) and crosses the axes at the points B(0, 3) and C(—-2, 0).

A

B(0, 3)

Cc(-2,00 O

RY

a y=3f(x-2)
For each graph,

y

Sketch the graph of:

b y = 3(x) cy=—f(x)+4 dy=-2fx+1)

find, where possible, the coordinates of the maximum or minimum and the

coordinates of the intersection points with the axes.

3 The diagram shows a sketch of the graph of y = f(x). The lines x = 2 and y = 0 (the x-axis)
are asymptotes to the curve.

\

ay=3fkx) -1

where a > 0.

constant and

N
R

Sketch the graph of:

by=fx+2)+4 c y=—1f(2x)

For each part, state the equations of the asymptotes.

- 'l Mixed exercise E

1| a Using the same scales and the same axes, sketch the graphs of y = 12xl and y = Ix — al,

b Write down the coordinates of the points where the graph of y = Ix — al meets the axes.
¢ Show that the point with coordinates (—a, 2a) lies on both graphs.
d Find the coordinates, in terms of a, of a second point which lies on both graphs. Q

2 a Sketch, on a single diagram, the graphs of y = a> —x2 and y = Ix + al, where a is a

a>1.

b Write down the coordinates of the points where the graph of y = a> — x? cuts the
coordinate axes.

¢ Given that the two graphs intersect at x = 4, calculate the value of a. 9



Transforming graphs of functions

a On the same axes, sketch the graphs of y =2 —x and y = 2Ix + 11.
b Hence, or otherwise, find the values of x for which 2 —x = 2lx + 1I. G

Functions f and g are defined by

f:rx=>4-x xER]
g:x—3x> xER)
a Find the range of g.
b Solve gf(x) = 48.
¢ Sketch the graph of y = lf(x)l and hence find the values of x for which If(x)l = 2. e

The function f is defined by f:x — 12x —al {x € R}, where a is a positive constant.
a Sketch the graph of y = f(x), showing the coordinates of the points where the graph cuts
the axes.

b On a separate diagram, sketch the graph of y = f(2x), showing the coordinates of the
points where the graph cuts the axes.

¢ Given that a solution of the equation f(x) = 3x is x = 4, find the two possible values
of a.

a Sketch the graph of y = Ix — 2al, where a is a positive constant. Show the coordinates of
the points where the graph meets the axes.

b Using algebra solve, for x in terms of a, lx — 2al = jx.

¢ On a separate diagram, sketch the graph of y = a — Ix — 2al, where a is a positive
constant. Show the coordinates of the points where the graph cuts the axes.

a Sketch the graph of y = 12x + al, a > 0, showing the coordinates of the points where the
graph meets the coordinate axes.
1
b On the same axes, sketch the graph of y = —.
x
¢ Explain how your graphs show that there is only one solution of the equation
x12x +al—1=0.

d Find, using algebra, the value of x for which x12x + al =1 =0. e
The diagram shows part of the curve with yA
equation y = f(x), where
A
fx)=x*-7x+5Inx+8 x>0
The points A and B are the stationary points X
of the curve.
[0) x

a Using calculus and showing your working,
find the coordinates of the points A and B.

b Sketch the curve with equation y = —3f(x — 2).

¢ Find the coordinates of the stationary points of the curve with equation
y = —3f(x — 2). State, without proof, which point is a maximum and which point
is a minimum. 9




CHAPTER 5

Summary of key points

1 The modulus of a number a, written as lal, is its positive numerical value.

® For lal =0, lal = a.
® For lal <O, lal = —a.

2 To sketch the graph of y = If(x)l:

e Sketch the graph of y = f(x).
e Reflect in the x-axis any parts where f(x) <O (parts below the x-axis).
® Delete the parts below the x-axis.

3 To sketch the graph of y = f(Ixl):

e Sketch the graph of y = f(x) for x = 0.
e Reflect this in the y-axis.

4 To solve an equation of the type If(x)l = g(x) or If(x)| = Ig(x)!:

e Use a sketch to locate the roots.
® Solve algebraically, using —f(x) for reflected parts of y = f(x) and —g(x) for reflected parts
of y = g(x).

5 Basic types of transformation are

f(x + a) a horizontal translation of —a
f(x) + a a vertical translation of +a

1
f(ax) a horizontal stretch of scale factor p

af(x) a vertical stretch of scale factor a

These may be combined to give, for example bf(x + a), which is a horizontal translation of
—a followed by a vertical stretch of scale factor b.

6 For combinations of transformations, the graph can be built up ‘one step at a time’,
starting from a basic or given curve.




After completing this chapter you should know
1 the functions secant 6, cosecant 6 and cotangent 6
2 the graphs of sec 6, cosec 6 and cot 6

3 how to solve equations and prove identities involving
sec 6, cosec 6 and cot 0

how to prove and use the identities
1 + tan26 = sec?6
and 1 + cot26 = cosec26

how to sketch and use the inverse trigonometric
functions arcsinx, arccosx and arctanx.

Trigonometry

Leonhard Euler (1707-1783), the famous

Swiss mathematician, is generally regarded $iek
as the man responsible for introducing :
the terminology and notation surrounding
trigonometric functions and identities.




6,] You need to know the functions secant 6, cosecant # and cotangent 6.

B The functions secant 6, cosecant # and

. These are often written and pronounced
cotangent @ are defined as: P

as sec 0, cosec 6 and cot 6.

1
o secH=——

cos 6 Remember that cos” = (cos 6)" forn e Z*.
{undefined for values of @ at which cos § = 0} The convention is not used for n € Z_'l
For example, cos™! # does not mean ——.
1 cos 0
® cosecf= Sino Do not confuse cos™! 6 with sec 6.

{undefined for values of 0 at which sin 6 = 0}

sin 6
As tan 6 = ——, cot 6 can also be written
cos 0

e coth=
tan 0 Ccos 0

as cotf=——:

{undefined for values of @ at which tan 6 = 0}. sin 6

Use your calculator to write down the value of:

a sec 280°
b cot115°.
1
a 5ec280'=—""—""—=576(3¢af) Find cos 280° and then use the x~! key.
cos 260
1
b cotlb’=— = —0.466 (3 o.f.) «— Find tan 115° and then use the x! key.
tan 115°
Example |
Work out the exact values of:
Exact here means give in

a sec210° surd form.

37
b —_—.
cosec 4




a 9ec210°=—""—7
cos 210
\ A
30°
30°
@ c
. 1
So sec 210° = -
—c05 30
300 N\
2 \2
\/g \\\
1

2 2\V3

S0 sec 210° = —Tor——

3 3
Y8 1
b cosec— = ————
4 ,(57)
sinf —
4
3z
4
® A
T ful
1 1
T C

45°

1

3
50 cosec Tﬂ- =2

Trigonometry

210°is in 3rd quadrant, so
cos 210° = —cos 30°.

Remember that cos 30° = ?, or draw an

equilateral triangle of side 2 and use
Pythagoras’ theorem.

Rationalise the denominator.

3
TW (135°) is in the 2nd quadrant, so
sinE = +sin1

4 4

1
Remember that sin % = V2 or draw a

right-angled isosceles triangle and use
Pythagoras’ theorem.




1 Without using your calculator, write down the sign of the following trigonometric ratios:

b cosec 190°

a sec 300°
d cot200°

e sec95°

c cot110°

2 Use your calculator to find, to 3 significant figures, the values of

a sec 100° b cosec 260° ¢ cosec 280°
4
d cot 550° e cot —32 f sec2.4¢
117
- h C
g cosec 10 sec 6

Find the exact value (in surd form where appropriate) of the following:

a cosec90° b cot135° ¢ sec 180°
d sec 240° e cosec 300° f cot(—45°)
g sec60° h cosec (—210°) i sec225°

41 117 3
j — K — 1 —
j cot 3 sec G cosec( 1 )

4 a Copy and complete the table, showing values (to 2 decimal places) of sec 6 for selected

values of 6.

0° | 30° | 45° | 60° | 70° | 80° | 85° | 95° |100°|110°|120°| 135°|150°|180°|210°

sech| 1 1.41 5.76 |11.47 —2.92 —1.41 -1.15

b Copy and complete the table, showing values (to 2 decimal places) of cosec 6 for selected
values of 6.

10° | 20° | 30° | 45° | 60° | 80° | 90° | 100°| 120° | 135° | 150° | 160° | 170°

cosec 6 1.41 1 1.15 | 1.41

190° | 200° | 210° | 225° | 240° | 270° | 300° | 315° | 330° | 340° | 350° | 390°

cosec 6 -1.15 -2

¢ Copy and complete the table, showing values (to 2 decimal places) of cot 6 for selected
values of 6.

—90° | —60°| —45°| —=30°| —10°| 10° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 170° | 210° | 225° | 240° | 270°

cot § 0 |-0.58 1.73| 1 ]0.58 -1 0.58




Trigonometry

6.2 You need to know the graphs of sec 6, cosec 6 and cot 6.

Sketch, in the interval —180° < =< 180°, the graph of y = sec 6.

y = sec6
YA

First draw the graph y = cos 6.

For each value of 6, the value of sec 0 is the
reciprocal of the corresponding value of
cos 6.

In particular: as cos 0° =1, so sec0°=1; as
cos 180° = —1, so sec 180° = —1.

As 6 approaches 90° from the left, cos 6 is
+ve but approaches zero, and so sec 0 is
+ve but becoming increasingly large.

As 6 approaches 90° from the right, cos 6 is
—ve but approaches zero, and so sec 6 is
—ve but becoming increasingly large
negative.

At 6 = 90° there is no value of sec 6 (you
may see = written for this value), so at

0 = 90° there is a break in the curve; there is
a vertical asymptote at this point.

Compare the completed table for Question 4a in Exercise 6A with the related part of the graph
in Example 3.

B The graph of y = sec 6, # € R, has symmetry in the y-axis and repeats itself every 360°. It has
vertical asymptotes at all the values of 0 for which cos §=0, i.e. at 6 =90° + 180n°, n€ Z.

Sketch the graph of y = cosec 6.

As sin & = cos(0 — 90)°, See Chapter 8 in Book C2.
it follows that cosec & = sec(6 — 90)°.

= secH

y

: : ABL T 7 : :

: : 3 : : 3

3 3 ; 3 3 i ~——— First draw the graph of y = sec 6.
1 1 1 1 1 1

; ; : ; : :

| e ; 3 ’
—450°  —270° -90° 0} 90° 270°  450° 6

i
i i | i |
1 1 11 1 1 f
i i | i i |
| | i | | |
i i ! i i |
1 1 1 1 1 il
i i i i i |
i i ! i | i
I 1 I I 1
i i | i i |
i i ! i i i




y = cosec 0

Then translate the graph of y = sec 6 by 90°
to the right.

[1

Note: You could first draw the graph of
0> 0 y =sin 6, and proceed as in Example 3.

1

goe 0 180° 36

|
w
(o)}
L)
°
|
Fe R F R HIH R SF S T H = HE RS

Compare the completed table for Question 4b in Exercise 6A with the graph of y = cosec 6 in
Example 4.

B The graph of y = cosec 6, # € R, has vertical asymptotes at all the values of 0 for which
sin@=0, i.e. at #=180n°, n € Z, and the curve repeats itself every 360°.

Sketch the graph of y = cot 6.

First draw the graph y = tan 6.

—2;’70o 180° —90° 90° /180° 270°0

At the values of 6 where asymptotes occur
ony = tan 6, the graph of y = cot 6 passes
through the 6-axis.

At the values of 6 where y = tan 6 crosses
the 6-axis, y = cot 6 has asymptotes.

When tan 6 is small and positive, cot 6 is
large and positive; when tan 6 is large and
positive cot 0 is small and positive. Similarly
for negative values.

Compare the graph in Example 5 with your answers to Exercise 6A, Question 4c.

B The graph of y = cot §, € R, has vertical asymptotes at all the values of 6 for which
sinf=0, i.e. at #=180n°, n € Z, and the curve repeats itself every 180°.
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Sketch, in the interval 0 < 6 < 360°, the graph of y = 1 + sec 26.

y =secO
y | |
| | Step 1
1 : : Draw the graph of y = sec 6.
0 : ’ : : : : ;
90° 180° 270° 360° 0
— 14 3 /\ 3
y = sec 20
! f E e = Step2
i i i Stretch in the 6-direction with factor 3.
a s s
Y i i B
45° 90° 135° 180° 225° 270° 315° 360° 0

t
i

i
I I
I I
t t
' '
T T
i i

y =1+ sec 20

T
T
[
T
1
T
[
T
I
T
+
I
1
T
;
1
t
i
I
I
t
T
i

} Step 3
: Translate by +1 in the y-direction.

i

0 H . H | ' ! |
4 f(xw'sc’ 180° 22’7(76?155’ 360° 0

1 a Sketch, in the interval —540° < 6 < 540°, the graphs of:
isecd ii cosec 6 iii cot 0

b Write down the range of
i seco ii cosec 6 iii cot 6

2 a Sketch, on the same set of axes, in the interval O < 6 < 360°, the graphs of y = sec § and
y = —cos 0.

b Explain how your graphs show that sec # = —cos 6 has no solutions.

3 a Sketch, on the same set of axes, in the interval 0 < 6 < 360°, the graphs of y = cot § and
y =sin 26.

b Deduce the number of solutions of the equation cot § = sin 26 in the interval 0 < 6 < 360°.




a Sketch on separate axes, in the interval 0 < 6 < 360°, the graphs of y = tan 6 and
y = cot(6 + 90°).
b Hence, state a relationship between tan 6 and cot(6 + 90°).

a Describe the relationships between the graphs of

i tan(e + g and tan 6 ii cot(—6) and cot 6
m R v
iii cosec(e + Z) and cosec 0 iv sec(@ - Z) and sec 0

b By considering the graphs of tan(@ + g), cot(—¥), cosec(e + g) and sec(@ - g), state

which pairs of functions are equal.

6 Sketch on separate axes, in the interval 0 < < 360°, the graphs of:
a y=sec2f b y = —cosec 6 cy=1+secé d y = cosec(6 — 30°)
In each case show the coordinates of any maximum and minimum points, and of any
points at which the curve meets the axes.

7 Write down the periods of the following functions. Give your answer in terms of .
a sec 36 b cosec 36 c 2cotf d sec(—6)

8 a Sketch the graph of y = 1 + 2sec 6 in the interval —7< 6<2m.
b Write down the y-coordinate of points at which the gradient is zero.

, and give the smallest positive

1
¢ Deduce the maximum and minimum values of —
1+ 2sec6

values of 0 at which they occur.

6,3 You need to be able to simplify expressions, prove identities and solve equations
involving secant 6, cosecant # and cotangent 6.

Simplify
a sin 6 cot fsec 0 b sin 6 cos 6(sec 6 + cosec 6)
a sinfcot Osec 6 Write the expression in terms of sin and cos,
1 usin cc|>t 6= cos b and sec § = 1
_MXQ%/H ¢ 1 ] sin 0 | cosf
5’m/€1 cos®'
=1
1 1 . o .
b sec O+ cosec 0 =——— + Write the expression in terms of sin and cos,
cos® sin@*— 1 1 1
using sec 6 = P and cosec 6 = SN
__sinf+ cos 6
i Geas O Put over common denominator.
S0 sin 0 cos B(sec 0 + cosec 6) Multiply both sides by sin 6 cos 6.
= sin 0+ cos 0

The given expression reduces to
sin 6 + cos 6.



cot 6 cosec 6
Show that — o= cos3 6
sec” 6 + cosec- 0

Consider LHS:
The numerator cot 6 cosec 0

_cos B T cosl

sin@  sin0 sin?0

The denominator sec? 6 + cosec? 6
1 H 1

cos’ 0 sin® 6

sin% 0 + cos? 0

1
 co0s? 0sin? 0

cot O cosec 0

So > 2
sec” 0 + cosec” 0

cos 0 . 1
sin?0)  \cos? Osin? O

cos 0  cos? Bsin® 0

D S

cos? B sin® 0 \

sin® 0 1

= c0s° 0

Solve the equations:
a secf=-2.5 b cot26=0.6
in the interval 0 < 6 < 360°.

a Asseclh=-—2bH

s0 cos 0 = —0.4

® A

66.4°\
66.4°

@ C

0 = 113.6°, 246.4° = 114°, 246° (3 of)

Trigonometry

Write the expression in terms of sin and cos,

cos 6 1
using cot # = —— and cosec = —.
9 sin 0 sin 6
Write the expression in terms of sin and cos,
2 1

i 2 0 = || =— = = d
using sec cos 0) Cos2 0 an

5 1
cosecs =—— o
sin“f

Remember that sin2 0 + cos2 = 1.

Remember to invert the fraction when
changing from =+ sign to X.

1
Use cos § = —— to rewrite as cos 6 = ....
sec 0
As cos 6 is —ve, 6 is in 2nd and 3rd
quadrants.

Remember that if you are using the
quadrant diagram, the acute angle to the
horizontal is cos='(+0.4).

Read off from the diagram.




b Ascot20=0.6

:
50 tan 20 = 2 Usetan20= ———= — =3.
g ensr = ot20 T @ °

Let X =26, so that you are solving
tan X = % in the interval O < X< 720°.

s ®

59.0° Draw the quadrant diagram, with the acute
59.0° angle X = tan~'3 drawn to the horizontal in

the 1st and 3rd quadrants.
@ C Remember that X = 26.

X =59.0°, 239.0°, 419.0°, 599.0
So 0= 29.5°,120°, 210°, 300° (3 s.f.)

Exercise

Give solutions to these equations, correct to 1 decimal place.

1 Rewrite the following as powers of sec 6, cosec 6 or cot 6:

a 1 b /_4_ c 1 d 1-sin%6
sin3 0 tan® 6 2.cos? 6 sin% 0

cosec? ftan? 6
cos 6

2
e —— f Vcosec® fcot fsecd g Vons

2 Write down the value(s) of cotx in each of the following equations:
sinx  cosx

a Ssinx =4cosx b tanx = -2 —_— =
cosx sinx

3 Using the definitions of sec, cosec, cot and tan simplify the following expressions:

a sin 6coth b tan 6cot 0
c tan 26 cosec 26 d cos 6sin 6 (cot 6 + tan 6)
e sin3x cosec x + cos3x sec x f sec A—sec Asin?A

g sec2x cos’® x + cotx cosec x sintx

4 Show that
a cos 6+ sin ftan 6= sec 6 b cot 6 + tan 6 = cosec 0 sec 0
C cosec  — sin #= cos 6 cot 6§ d (1 - cosx)(1+ secx)=sinxtanx
e CcosX N 1_Sinx525ecx cosf  sind

1 —-sinx COSX 1+cot0=1+tan0
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5 Solve, for values of # in the interval 0 < § < 360°, the following equations. Give your
answers to 3 significant figures where necessary.

a secf=12 b cosec= -3 c Scotf=-2 d cosech=2
e 3sec’f—4=0 f Scosf=3coth g cot?9—8tanf#=0 h 2sin 6= cosec

6 Solve, for values of 0 in the interval —180° < 6 < 180°, the following equations:

a cosecf=1 b sec6= -3

c coth=3.45 d 2 cosec? 9 — 3 cosec=0
e secH=2cosb f 3cotf=2sino

g cosec20=4 h 2cot?9—cotfd—-5=0

7 Solve the following equations for values of 6 in the interval 0 < 6 < 27. Give your answers in

terms of .
a secf=—1 b coto= -3

1 2V3 T 37
C cosecy == dsec6=\/§tan0<0¢?0¢7)

8 In the diagram AB = 6 cm is the diameter of the circle and BT is the
tangent to the circle at B. The chord AC is extended to meet this D
tangent at D and 2~ DAB = 6.

a Show that CD = 6(sec 6 — cos 0).
b Given that CD = 16 cm, calculate the length of the chord AC.

6,4 You need to know and be able to use the identities
® 1+ tan? 0= sec? 0
® 1+ cot? 0= cosec?0

Show that 1 + tan2? 8= sec2 0

As  sin? @+ cos? 6 =1

sinf costO 1

= c0520  cos2 0  cos O Divide both sides of the identity by cos? 6.
in 6 1
<6il’l 0)2-1-1 ( 1 )2 Usetan0=z;nsaandsec0=ag
50 — =(——
cos 0 cos 0

14+ tan2 § = sec? 0



Show that 1 + cot? § = cosec?

As  sin?0+ cos? O =1

ein0 cos O 1
50 Sin2 O + B = 1 Divide both sides of the identity by sin? 6.
1
o 11 (CO@ (9)2 E( 1 >2 Use cot0=§—ion% and cosec f=——
sin 6 sin 6

1+ cot? 6 = cosec 0

'

Given that tan A = —3, and that angle A is obtuse, find the exact value of

a secA b sinA
a Method 1
Using 1 + tan® A = sec? A
sec? A =1+ 22 =12 tan2 A = 7
sec A = i% This does not take account of the fact that
angle A is obtuse.
—— As angle A is obtuse, i.e. in the 2nd
S / A quadrant, sec A is —ve.
T C
sec A = —%
Method 2
Draw a right-angled triangle with
tan ¢ = .
13 s — Since cos ¢ = 12
L Angle ¢, in the Tst quadrant, is equally
12 inclined to the horizontal as angle A, in the
Using Pythagoras’ theorem, the 2nd quadrant, and so all trigonometrical
h ; ratios of A are numerically equal to those
ypotenuse is 13. of &
So  sec P =i . )
> As Ais in the 2nd quadrant, cos A is —ve and

sec A= —% therefore sec A is —ve.




sin A
b Usingtan A=——-
cos A

sin A =tan Acos A

. . 5 12
So sin A = (—@) X (—@)
_5
=13
Example [H
Prove the identities
1+ cos?6
a cosectd— cotth=— 5
1—cos* 6

b sec? 6 — cos? = sin? (1 + sec? 0)

a LHS =cosec* 0— cot* 0

= (cosec? 0 + cot? B)(cosec? 6 — cot? 6)

1 N cos® 0
T sin%0  sinZ6 \

=1+00520

sin® 0 * 

= cosec? O + cot? O

b RHS = sin? 0 + sin O sec? O

i

=(1—-cos? ) + (sec? 0 — 1) r—F——

- sin” 0
sin 0+—2—
cos“ 0

=sin? 0+ tan? 6

=cec® 0 — cos? 0

= LHS

The identities 1 + tan? § = sec? # and 1 + cot? § = cosec? § extend the range of equations that can

be solved.

Trigonometry

. 1
cos A= —15 since cosA= v

ecA

This is the difference of two squares, so
factorise.

As 1 + cot? = cosec? 6,
so cosecZ § — cot2H=1.

1 cos 6
Using cosec = ———, cot = ——.
9 sin 6 sin 6

Using sin? 6 + cos? 6= 1.

Write in terms of sin 6 and cos 6.

1
Use sec 0 = ——

os 6
sinZ @ sin 0
——= = tan? 0.
cos? 6 <cos 0)2

Look at LHS. It is in terms of cos? # and
sec2 g, so use sin2 @+ cos2f=1 and
1 + tan? 6= sec? .

Note: Try starting with the LHS, using
cos29=1—sin?0 and sec2 =1 + tan? 4.




Solve the equation 4 cosec? § — 9 = cot 6, in the interval 0 < < 360°.

This is a quadratic equation. You need to

U0 G el Aol Gel) 76 RGP i write it in terms of one trigonometrical

41+ cot?0) — 9 =cot 6 function only, so use 1 + cot? = cosec? 4.
So 4cot’O—coth—5 =0 Multiply out and re-order.
(4cot §—5)(cot O+ 1) =0 Factorise. You could use the quadratic
5 formula.
So cot=+Zorcotf=—1
tan 0 = +%ortan 0= —1
For tan 6 = +§
S A
38.7° As tan 0 is +ve, 0 is in the 1st and 3rd
38.7° quadrants. The acute angle to the horizontal
is tan~" § = 38.7°.
T C —— Note: If « is the value the calculator gives
for tan~1%, then the solutions are « and
(180° + a).
0= 238.7°, 219° (3 5.f)
For tan 6 = —1
S A
450 . . .
45° As tan 0 is —ve, 6 is in the 2nd and 4th
quadrants. The acute angle to the horizontal
is tan™'1 = 45°.
T C
—— Note: If o is the value the calculator gives
for tan~'—1 (= —45°), then the solutions are
. . (180° + a) and (360° + «), as « is not in the
0=135°, 315 given interval.

N Exercise [
Give answers to 3 significant figures where necessary.

1 Simplify each of the following expressions:

a 1+tan%30 b (secd— 1)(secH+ 1) c tan?6(cosec26— 1)
d (sec?6—1)cot o e (cosec? § — cot? 6)? f 2—tan? 60+ sec? 0
tan fsec 6 cosec fcot 6
— h (1 —-sin?6)(1 + tan? 6 i —————
1+ tan? 0 ( n6)( ) 1+ cot? 0

j (sec* 60— 2sec? ftan? 6 + tan* 0) K 4 cosec?20 + 4 cosec? 260 cot? 26
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Trigonometry

k
Given that cosecx = ———, where k> 1, find, in terms of k, possible values of cotx.
cosecx

Given that cot 8 = —V3, and that 90° < 6 < 180°, find the exact value of

a sin g b cos 6

Given that tan 6 =3, and that 180° < 6 < 270°, find the exact value of
a sech b cos 6 c sin 6@

Given that cos 6 = 33, and that 6 is a reflex angle, find the exact value of
a tan 6 b cosec 6

Prove the following identities:

a sec? ) — tan* 6= sec? 6 + tan? 0 b cosec?x — sin?x = cot?x + cos’x

c sec?A(cot? A — cos?A) = cot? A d 1 - cos?6= (sec?— 1)(1 — sin? 0)
1—tan2A

e =1-2sin’A f sec? 0+ cosec? 6= sec? § cosec? 0
1+ tan?A

g cosec A sec? A = cosec A + tan A sec A h (sec 6 — sin 6)(sec 0 + sin 0) = tan? 6 + cos? 0

Given that 3 tan? 6 + 4 sec? 9 = 5, and that 6 is obtuse, find the exact value of sin 6.

Solve the following equations in the given intervals:
a sec’f=3tan g, 0 < 0=<360°

b tan?0—-2sec+1=0, —r<fO<m

c cosec?+ 1=3coth, —180°< H=<180°

d cotfd=1-cosec?9, 0<6<2m

e 3secif=2tan236, 0< =< 360°

f (secO—cosf)?=tanh—sin?0, 0<O<m

g tan?20=sec20—1,0<6<180°

h sec26—(1+V3)tan6+V3=1,0<0<2m

Given that tan?k = 2 seck,
a find the value of sec k
b deduce that cosk=V2 -1

¢ hence solve, in the interval 0 <k < 360°, tan?k = 2 seck, giving your answers to
1 decimal place.

Given that a = 4 secx, b = cosx and ¢ = cotx,
a express b in terms of a
16

b show that C2 = aT—T6

Given that x = sec 6 + tan 6,

1
a show that —=sec 6 — tan 6.
X

1
b Hence express x> + — + 2 in terms of 6, in its simplest form.
x

-1
Given that 2 sec? § — tan? 6 = p show that cosec? § = g—_—z, p#2.




6,5 You need to be able to use the inverse trigonometric functions, arcsin x, arccos x
and arctan x and their graphs.

For a one-to-one function you can draw the graph of its inverse by

reflecting the graph of the function in the line y = x. The three See Chapter 2.
trigonometric functions sinx, cosx and tanx only have inverse

functions if their domains are restricted so that they are one-to-one

functions. The notations used for these inverse functions are arcsinx,

arccosx and arctan x respectively (sin~!x, cos 'x and tan~'x are also

used).

Sketch the graph of y = arcsinx.

. T T
y=sinx, ——sxs_
2 2
Y Step 1
14 Draw the graph of ¥ = sinx, with the
. . T T
restricted domain of 5 Sxs—
—'l Llr x This is a one-to-one function, taking all
2 2
_1_
Yy = arcsinx
y Step 2
B Reflect in the line y = x.
2
The domain of arcsinx is —1<x<1;
the range is —— < arcsinx < —
+ ges =5 = =2
=k  IEEEy Remember that the x and y coordinates of
points interchange when reflecting in y = x.
For example:
o
Th T T
- 0 0,=/ (0,1 1,0
(2[ )%<12>I(I )%(l )

o . . w w o
B arcsinx is the angle a, in the interval 5 Sa< > for which sina=x.




Sketch the graph of y = arccosx.

y=cosx,0Osx=<m.

yl

Y = arccos x

NS

KRY

Trigonometry

Step 1
Draw the graph of y = cosx, with the
restricted domain of 0 <x < .

This is a one-to-one function, taking all
values in the range —1<cosx < 1.

Step 2
Reflect in the line y = x.

The domain of arccosx is —1 <x <1;
the range is 0 < arccosx < .

c m K
::t:e.1 )(0;1()_—;' (7173.0), (2, 0) - (0, 2),

B arccosx is the angle ¢, in the interval 0 < a < =, for which cos a =x.

Example

Sketch the graph of y = arctan x.

v a
y=tanx, ——<x<—
2 2

yl

Step 1
Draw the graph of y = tanx, with the

restricted domain of —g <x <—727—

This is a one-to-one function, with range
tanx € R.




Step 2
Reflect in the line y = x.

The domain of arctanx is x € R; the range is

7 <arctanx < 7
2 2

. . . T w .
B arctanx is the angle g, in the interval —— < a < —, for which tan e =x.

2 2
+f Example [

Wor1k out, in radians, the values of
o)
a arcsin| — -

b arccos(—1)
¢ arctan(V3)

a
4
2
S A You need to solve, in the interval
~Z<x<Z, the equation sinx = —Q
2 == 2
z T
4 The angle to the horizontal is 2 and, as sin
T @ is —ve, it is in the 4th quadrant.
_T
2
(V2 T
arcsinl ——— | = ——or —0.765 (3 o.f.)
2 4
b 4
1-\
5 — You need to solve, in the interval 0 <x < 7,
N * the equation cosx = —1.
14 Draw the graph of y = cosx.

arccos(—1) = mor 3.14 (3 s.f)




Trigonometry

c
A
2 You need to solve, in the interval
S @ T ™ .
—— <x < —, the equation tanx = V3.
T 2 2
3 The angle to the horizontal is g and, as tan
is +ve, it is in the 1st quadrant.
T C
T
2

arctan(\/g) = % or 1.05 (3 s.f.)

1 Without using a calculator, work out, giving your answer in terms of , the value of:

a arccos0 b arcsin(1) c arctan(—1) d arcsin(—3)
e arccos(—i) f arctan(—i) arcsin(sinz) h arcsin(sin ﬁ)
V2 V3 5 3 3
2 Find the value of:
a arcsin(3) + arcsin(—3) b arccos(3) — arccos(—3) ¢ arctan(1l) — arctan(—1)

3 Without using a calculator, work out the values of:
a sin(arcsin 3) b sin[arcsin (=3)]

¢ tan[arctan(—1)] d cos(arccos 0)

4 Without using a calculator, work out the exact values of:

a sinfarccos(;)] b cos[arcsin(—;)] c tan[arccos(—;ﬂ
d sec[arctan(V3)] e cosec[arcsin(—1)] f sm[z arcsm(T)}

5 Given that arcsin k = «, where 0 <k <1 and « is in radians, write down, in terms of «, the
tirst two positive values of x satisfying the equation sinx = k.

T
6 Given that x satisfies arcsinx = k, where 0 <k < oY

a state the range of possible values of x
b express, in terms of x,
i cosk ii tank

Given, instead, that —g <k<0,

¢ how, if at all, would it affect your answers to b?




The function f is defined as f:x — arcsin x, —1 <x <1, and the function g is such that
g(x) = f(2x).

a Sketch the graph of y = f(x) and state the range of f.
b Sketch the graph of y = g(x).
¢ Define g in the form g:x — ... and give the domain of g.

d Define g! in the form g ':x — ...

a Sketch the graph of y = secx, with the restricted domain O <x < 7, x # g

b Given that arcsecx is the inverse function of secx, 0 <x < =, x # g, sketch the graph of

y = arcsecx and state the range of arcsecx.

. fl Mixed exercise f4;

Give any non-exact answers to equations to 1 decimal place.

1 Solve tanx = 2 cotx, in the interval —180° <x < 90°.
2 Given that p = 2 sec 6 and q = 4 cos 6, express p in terms of q.
3 Given that p = sin # and q = 4 cot 6, show that p?q*> = 16(1 — p?).

4 a Solve, in the interval 0 < 6 < 180°,
i cosec 6= 2cot 6 ii 2 cot?’ 9= 7cosec§— 8
b Solve, in the interval 0 < 6 < 360°,
i sec(26 — 15°) = cosec 135° ii sec’0+tan6H=3

¢ Solve, in the interval 0 <x < 2,

i cosec(x + %) =-\2 ii sec’x =

[SSTI5

5 Given that Ssinx cosy + 4 cosx siny = 0, and that cotx = 2, find the value of coty.

6 Show that:
a (tan 0 + cot #)(sin 0 + cos 6) = sec 6 + cosec 0

cosecx
b

— =sec2x
cosecx — sinx

¢ (1 —sinx)(1 + cosecx) = cosx cotx

cotx CcosX
- — =2tanx
cosecx—1 1+sinx
1 1

=2secfHtan 6

e +
cosecf—1 cosecOH+1

(secf —tan f)(sec 6 + tan 0) _

f
1+ tan246

cos? 6
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Trigonometry

sinx 1+ cosx
a Show that +— = 2 cosecx.
1+ cosx sinx
sinx 1+ cosx 4
b Hence solve, in the interval —27<x <2, + - = ——,
1+ cosx sinx V3
1+ coso
Prove that —————— = (cosec 6 + cot 6)2.
1—cosb

Given that sec A = —3, where g< A<,

a calculate the exact value of tan A.

b Show that cosec A = 3T\/§

Given that sec 6 = k, Ikl = 1, and that 6 is obtuse, express in terms of k:

a cosf b tan26 c cotf d cosec f

w
Solve, in the interval 0 <x < 27, the equation sec(x + Z) = 2, giving your answers in terms
of .

Find, in terms of , the value of arcsin(3) — arcsin(—3).

2V3
Solve, in the interval 0 <x < 2, the equation sec?x — N tanx — 2 = 0, giving your
answers in terms of .

a Factorise secx cosecx — 2 secx — cosecx + 2.

b Hence solve secx cosecx — 2secx — cosecx + 2 =0, in the interval 0 <x < 360°.
Given that arctan(x — 2) = —g, find the value of x.

On the same set of axes sketch the graphs of y = cosx, 0 <x < =, and y = arccosx,
—1=<ux =<1, showing the coordinates of points in which the curves meet the axes.

a Given that secx + tanx = —3, use the identity 1 + tan?x = sec?x to find the value of
secx — tanx.

b Deduce the value of
isecx ii tanx

¢ Hence solve, in the interval —180° <x < 180°, secx + tanx = —3.
1

Given that p = sec § — tan 6 and g = sec 6 + tan 6, show that p = E

a Prove that sec* § — tan* 6 = sec? 6 + tan? 0.

b Hence solve, in the interval —180° < < 180°, sec* § = tan* # + 3 tan 6.

(Although integration is not in the specification for C3, this question only requires you to
know that the area under a curve can be represented by an integral.)

a Sketch the graph of y = sinx and shade in the area representing f sinx dx.
0
1
b Sketch the graph of y = arcsinx and shade in the area representing f arcsin x dx.
0

5 1
¢ By considering the shaded areas explain why f sinx dx + f arcsin x dx = g
0 0
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sec 0

1

(2n+1)90°, nez}

{sec 0 is undefined when cos 6 =0, i.e. at 6

cos 6

1

® coseCch=——

{cosec 6 is undefined when sin 6

180n°, n € 7}

0,i.e.at 6

sin 6

0, i.e. at 6= 180n°, n € 7}

{cot # is undefined when tan 60

Ccos 6
sin @

® cot 0 can also be written as

2 The graphs of sec 6, cosec 6 and cot 6 are

cosec 6

y:




Trigonometry

3 Two further Pythagorean identities, derived from sin? § + cos? 6= 1, are

1+ tan20=sec?2d and 1+ cot?6=cosec?d

. : . ™ . .
4 The inverse function of sinx, ——<sx < o 1 called arcsin x; y = arcsin x
yl\

2
i3

: : T . T
it has domain —1 <x <1 and range ) s arcsinx < 0} 2

A

5 The inverse function of cosx, 0 < x < 7, is called arccos x; _
y = arccos x

it has domain —1 <x <1 and range 0 < arccosx < . 4
551

9

. . T T .
6 The inverse function of tanx, 3 <x< > is called arctan x; y = arctan x

m m
it has domain x € R and range 5 <arctanx < > T




After completing this chapter you should be able to
1 use the addition formulae
2 use the double angle formulae

3 write expressions of the form acosf *+ bsinf in the
form Rcos(f = «) and/or Rsin(f = «)

4 use the factor formulae

%)

use all of the above to solve equations and prove
identities.

Further trigonometric
identities and their
applications

P._

It is a common misconception amongst students that you
treat sin(0 + ) in exactly the same way as 2(x + 3).

Whereas 2(x + 3) = 2x + 6
sin(6 + &) # sin 6 + sin &

Whilst it is difficult to prove identities it is generally easier
to prove they are false. All you need to do is find a counter
example, a particular example that doesn’t work.



Further trigonometric identities and their applications

7,1 You need to know and be able to use the addition formulae.

B sin(A+ B)=sinAcos B+ cos Asin B sin(A— B) =sin Acos B— cos Asin B
B cos(A+ B)=cosAcosB-sinAsin B cos(A— B)=cos Acos B+ sinAsin B
tanA + tan B tan A—tan B

tan(A— B) =

B tan(A+B)= ]

—tan Atan B 1+ tanAtan B

Although you will not be expected to derive these formulae from first principles, it will help
your understanding of them to see how one of them can be derived.

Show that cos(A — B) = cos A cos B + sin Asin B

Draw a circle, centre the origin and with

P unit radius. Place points P and Q on the
(xp, ¥p) circumference such that OP and OQ make

angles A and B with the x-axis, as shown.

0 N /

X
In APON cos A= —13, sinA = %E, as the radius

The coordinates of F are (cos A, sin A)

and those of Q are (cos B, sin B). has length 1 (unit radius).
Use the formula for the distance between

So / two points: PQ? = (x, — x7)? + (¥, — y1)%
PQZ = (cos B — cos A)? + (sin B — sin A)?

= (cos? B — 2c0s A cos B + cos? A)

+ (sin? B — 2sin A sin B + sin® A)
= (sin® A + cos® A) + (sin? B + cos?® B)

— 2(cos A cos B + sin Asin B) Ue SR A b el =
=2 — 2(cos Acos B + sin A sin B) and sin? B+ cos? B= 1.

But PQ2=12+ 12— 2cos(A — B)
=2 —2cos(A— B) \ Using the cosine rule in APOQ, with
OP=0Q=1and 2POQ = (A — B).

Comparing the two results for PQ?
cos(A — B)=cos Acos B+ sin Asin B

The other formulae involving sine and cosine can be constructed using the one in the example
above.




CHAPTER 7

Use the result in Example 1 to show that:
a cos(A + B) =cos A cosB — sin Asin B
b sin(A + B) =sin A cos B + cos A sin B
¢ sin(A — B)=sin A cos B — cos A sin B

a Replace Bby (—B) in
cos(A— B) =cos Acos B+ sinAsin B
So  cos(A+ B) =cos Acos(—B) Use the results cos(—B) = cos B
+ sin A sin(—B) ~—————— andsin(-B) = —sin B
cos(A+ B) =cos Acos B — sinAsinB 2 CiEpr & n Heek G2y

b Replace A by (% — A) in

cos(A — B) = cos Acos B + sin Asin B

T T
S0 cos||—— A|—B| =cos|l—— A|cos B
2 2
. 77- .
+sinf——AlsinB
2
\

T T
coe[— —(A+ 5)} = coe(— — A) cos B
2 2

a
i — = =
ein( 277 A‘jiein B and sm(2 0) cos 6
(See Chapter 8 in Book C2.)

sin(A+ B) =sinAcos B
+ cos Asin B
¢ Replace B by (—B) in the result in b:
sin(A — B) = sin Acos B + cos A sin (—B)
50 sin(A — B) = sin Acos B — cos Asin B

Use cos(% = 0) =sin 6

To find similar expressions for tan(A + B) and tan(A — B) you can use the fact that

sin 0
tan 6 = s 0 and divide the appropriate results given above.

Show that
tan A + tan B
tan(A + B) =
a fan( ) 1—-tanAtanB
tanA — tan B
b tan(A — B) = — 2 41

1+tanAtanB




sin(A + B)

coe(A+—l5)

sin Acos B + cos A sin B
cos Acos B — sin Asin B
Dividing the ‘top and bottom’ by

cos A cos B gives

tan(A + B)
sin Aces B n coesAsin B
B cos AcosB  cosAcos B

a tan(A+B)=

=z;95/ﬁa@5/5 sin A sin B
cos A cosB
_ tanA+tanB

" 1—tanAtan B
b Replace B by —Bin the result above:

tan A + tan(—B)

cos A cos B

tan(A — B) =
an( ) 1T—tan Atan(—B)

_ tan A — tan B
14+ tanAtanB

Show, using the formula for sin(A — B), that sin 15°

5in 15° = sin(45 — 30)°

V6 -2

= s5in45° cos 30° — cos 4H° sin 50°
= V2)(3V3) — 3V2)@)

=2(V3V2 —V2)

= (V6 - V2)

Example |

Given that sin A = —3 and 180° < A < 270°, and that cos B= —1% and B is obtuse, find the value of

a cos(A — B)
b tan(A + B)

Further trigonometric identities and their applications

Cancel terms, as shown, and use the result
sin 0

tan 0 = ——
cos 0

Use the result tan(—6) = —tan 6.
See Chapter 8 in Book C2.

4

You know the exact form of sin and cos for
many angles, e.g. 30°, 45°, 60°, 90°, 180°...,
so write 15° using two of these angles.

[You could equally use sin(60 — 45)°.]
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a cos(A— B)=cosAcos B+ sinAsinbB
0052A51—51n2A=1_(_g)2=%

So0cos A= i%
90°
S A
angle B
180°
0, 360°
angle A
T C
270°
but A is in the third quadrant, where
cos is —ve,
cos A= —%

sinB=1—cos?B=1-— (—%)Z=%
S0 sin B= i%
but B is in the 2nd quadrant

sih B= 45
cos(A — B) = (=5)(=) + (=£)(+#)
-8
__ tanA+tanB
7 A )= T—tanAtan B
3+ (-3)
So tan(A+ B) = m
s\
1
= b=
48

Expanding sin(x + y) and cos(x — y) gives
2sinxcosy+ 2cosxsiny

=5cosxcosy + Ssinxsiny
2 sinxcosy n 2cosxsiny

0
CO5XCOSY  COSXCOSY

_bcosxcosy n Seinxsiny
B CO% X CO5 Y COS X C05 Y
2tanx +2tany =3 + Stanxtany
2tanx — Stanxtany=3% — 2tany
tanx(2 — 2tany) =5—2tany-—’_

So

You need to find cos A and sin B.
Take note of the quadrants that A and B are in.

You can also work with the associated acute
angles A" and B’. Draw right-angled triangles
and use Pythagoras' theorem.

5 . 13 y

& x B 12
x2=52-32 y2=132-122

so x =4 so y=5

As Ais in 3rd quadrant. As Bis in 2nd quadrant.
sinA=—sinA'=—-3 sinB=+sinB = +3
COSA= —cosA = — ]

tan A= +tan A’ = +3

N

cosB= —cosB = —
tanB= —tan B’ = —;

[WRUNEN
ltw

N

You can use the above results for tan A and
sin 0

tan B, or use tan § = —— with the results for
cos 6

sin A, cos A, sin B and cos B.

Given that 2 sin(x +y) = 3 cos(x — y), express tanx in terms of tany.

This is similar to the expression seen in
deriving tan(A + B). A good strategy is to
divide both sides by cosx cosy.

Collect all terms in tanx on one side.

Factorise.



Further trigonometric identities and their applications

Exercise

1 A student makes the mistake of thinking that .
. . . This is a very common
sin(A + B) =sin A + sin B. error — don’t make the
Choose non-zero values of A and B to show that this statement same mistake. One

is not true for all values of A and B. counterexample is
sufficient to disprove a

statement.
2 Using the expansion of cos(A — B) with A = B = 6, show that sin? § + cos? § = 1.
3 a Use the expansion of sin(A — B) to show that sin(g - 0) = Cos 6.
b Use the expansion of cos(A — B) to show that COS(% - 6)) = sin 6.

4 Express the following as a single sine, cosine or tangent:
a sin 15° cos 20° + cos 15° sin 20° b sin 58° cos 23° — cos 58°sin 23°

tan 76° — tan 45°

¢ cos 130° cos 80° — sin 130° sin 80 1+ tan 76° tan 45°

e cos26cosf+ sin20sin 6 f cos46cos 30— sin40sin 360

tan 26 + tan 30
1 —tan 26tan 36

g sin %0 Cos 2%0 + cos %0 sin 2—%0
i sin(A + B)cosB — cos(A + B)sin B

+ - + -
j cos( 3 2y> cos( 3 Zy) - sin( 3 2y> sin( 3% 2y>
2 2 2 2

5 Calculate, without using your calculator, the exact value of:

a sin 30° cos 60° + cos 30° sin 60° b cos 110° cos 20° + sin 110° sin 20°
¢ sin33°cos27° + cos 33°sin 27° d cosz cosI - sinz sinz
8 8 8 8
e sin 60° cos 15° — cos 60° sin 15° f cos 70°(cos 50° — tan 70° sin 50°)
tan 45° + tan 15° 1—-tan15°
1 - tan 45° tan 15° 1+ tan 15° Hint: tan 457 = 1.

tan(ﬁ> - tan(z)
12 3

1+ tan(zz) tan(z)
12 3

6 Triangle ABC is such that AB=3cm, BC=4cm, ZABC =120° and £BAC = ¢°.
a Write down, in terms of 6, an expression for ZACB.

j V3cos15°—sin15°

Hint: Look at e.

2V3

b Using the sine rule, or otherwise, show that tan ¢° = =
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Prove the identities
cosA sinA _ cos(A + B)
sinB cosB sinBcosB

a sin(A + 60°) + sin(A — 60°) =sin A

in(x + +
C ﬂ—y)Etanx-l-tany dc_o—s(x_—y)-l-lzcotxcoty
COSX COSY sinxsiny
T T cotAcotB—1
0+~ |+ V3sing=sin| 6+ — f cot(A+B)=
e cos( 3) sin s1n< 6) cot( ) Ot AT cotB
g sin%(45 + 6)° +sin?(45 - 0)°=1 h cos(A + B) cos(A — B) = cos? A — sin’ B

Given that sinA = % and sin B = %, where A and B are both acute angles, calculate the exact
values of

a sin(A + B) b cos(A — B) ¢ sec(A — B)
Given that cos A = —% and A is an obtuse angle measured in radians, find the exact value of

a sinA b cos(7+ A) C sin(% + A) d tan(% + A)

Given that sin A = &, where A is acute, and cos B = —%, where B is obtuse, calculate the exact
value of

a sin(A — B) b cos(A — B) c cot(A—B)

Given that tan A = 75, where A is reflex, and sin B = 13, where B is obtuse, calculate the exact
value of

a sin(A + B) b tan(A - B) c cosec(A + B)

Write the following as a single trigonometric function, assuming that 6 is measured in radians:
1+tan 6

a cos? 60— sin%0 b 2sin46cos46 C —
1—tan 6

1
—=(sin 6 +
d \/E(sme cos )

Solve, in the interval 0° < # < 360°, the following equations. Give answers to the nearest
0.1°.

a 3cos 6= 2sin(6+ 60°) b sin(6 + 30°) +2sin60=0  Hint for part f: Multiply
c cos(f+25°) +sin(f+ 65°) =1 d cos 6= cos(6 + 60°) each term by %

2
e tan(6—45°)=6tan 0 f sinf+cosf=1

a Solve the equation cos 6 cos 30° — sin 0sin 30° = 0.5, for 0 < 6 < 360°.

b Hence write down, in the same interval, the solutions of V3 cos 6 — sin 6 = 1.

a Express tan(45 + 30)° in terms of tan 45° and tan 30°.
b Hence show that tan 75° = 2 + V3.

Show that sec 105° = —V2(1 + V3)

Calculate the exact values of
a cos15° b sin 75° Hint for part a: Write 15°

as (45 — 30)°
c sin(120 + 45)° d tan 165°
a Given that 3 sin(x —y) — sin(x +y) = 0, show that tanx = 2 tany.

b Solve 3 sin(x — 45°) — sin(x + 45°) = 0, for 0 <x < 360°.
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19 Given that sinx(cosy + 2siny) = cosx(2 cosy — siny), find the value of tan(x + y).
20 Given that tan(x —y) = 3, express tany in terms of tanx.

21 In each of the following, calculate the exact value of tan x°.
a tan(x — 45)° =4
b sin(x — 60)° = 3 cos(x + 30)°
¢ tan(x — 60)°=2
22 Given that tan A° =  and tan B° = %, calculate, without using your calculator, the value of
A+B,
a where A and B are both acute,

b where A is reflex and B is acute.
23 Given that cosy = sin(x + ), show that tany = secx — tanx.
24 Given that cot A = § and cot(4 + B) = 2, find the value of cot B.

25 Given that tan(x + g) =1 show that tanx = 8 — 5V3.

7.2 You can express sin 2A, cos 2A and tan 2A in terms of angle A, using the double
angle formulae.

B sin2A=2sinAcosA
B cos2A=cos2A—sin2A=2cos2A—1=1-2sin2A
2tan A

B tan2A=—
an 1—tan?A

You can derive these results from the addition formulae.

Example
Use the expansion of sin(4 + B) to show that sin 2A = 2sin A cos A

ing sin(A + B)=sin A + A sin
sin 2A = sin Acos A Replace B by A.
+ cos Asin A /
= 2sin Acos A

Example [}

a By using an appropriate addition formula show that cos 2A = cos? A — sin? A.

b Hence derive the alternative forms cos 24 =2 cos?A — 1 =1 — 2sin?A.
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a Using cos(A + B)
=cos Acos B — sin Asin B
S0 cos 2A
=cos Acos A—sinAsin A ¢
= cos® A — sin® A
b cos2A
= cos® A — sin® A
cos? A — (1 — cos? A)
=2Cc09°A— 1+
OR
=2(1 — sin> A) — 1
=1—2sin’A

| [

Express tan 2A in terms of tan A.

Using tan(A + B) = van At van b
1—tanAtan B
_ 2tanA
ranzA = 1—tan? A

0 0
a Zsingcoszcos 0

b 1+ cos46

0
a 2sin—cos—=sin6
2 2

So 2 sin —cos—cos 0 = sin O cos 0
2 2
=lsin20 —T——

b cos540=2c0s220— 1+
5014 cos40=2cos? 0

Replace B with A.

Use sin2 A+ cos2 A= 1.

You can express cos 2A in terms of
cos? A and sin2 A, or

cos? A only, or

sinZ A only.

Replace B by A.

Rewrite the following expressions as a single trigonometric function:

6
Using 2sin A cos A= sin 2A with A= >

The double angle formulae allow you to
convert an angle into its half angle, and vice
versa. In a question it will not always be
obvious that the double angle formulae are
needed (i.e.you will not always see 2A or 26).

sin26 = 2sin 6 cos 6.

Using cos 2A = 2 cos? A — 1 with A= 26.
Choose this form of cos 2A because the —1
will cancel out the +1 in '1 + cos 4¢6'.
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Given that cosx = %, and that 180° <x < 360°, find the exact values of
a sin2x b tan 2x

a
p y
x/
3
Using Pythagoras’ theorem
]/2 — 42 _ 52 =W
Soy = V7
B ! 7 ! 7
sinx' = — and tanx’ = —
4 5
\7 As cosx is +ve and x is reflex, x must be in
= sinx=——andtanx = ——- *=— the 4th quadrant, so sinx = —sinx’ and
4 5 tanx = —tanx’.
5in 2x = 2 sin x cos x
o[ V7\(B) o _3V7
4 J\4 &
2V7
Ztanx )
b tanZx = =
1—tan?x - 7
o
_ 27 9
5] 2
= —3V7

Exercise
In equations, give answers to 1 decimal place where appropriate.

1 Write the following expressions as a single trigonometric ratio:

a 2sin 10°cos 10° b 1 - 2sin225°
2tan 5°
240° - sin 40°
C COs sin T~ tan?5°
1
e f 6cos?30°—3

2sin(243)° cos(243)°

sin 8° T T
- h 20 ain2
8 Secg R T

Draw the right-angled triangle with cosx’ = 3.
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Without using your calculator find the exact values of:

a 2sin(223)°cos(222)° b 2cos?15° -1 c (sin75°—cos75%% d 2 tang
o
1 - tan®—
8
Write the following in their simplest form, involving only one trigonometric function:
6
2 tanE
a cos?36—sin?36 b 6sin26cos 20 C ——
— tan?—
) 1-tan 5
d 2—4sin25 e V1+ cos26 f sin2 6 cos? 0
tan 0

— i sin*6— 2sin?6cos?+ cos* o

4 sinfcos 6cos 26
8 sec29—2

Given that cosx = 1, find the exact value of cos 2x.

Find the possible values of sin # when cos 26 = 3.

Given that cosx + sinx = m and cosx — sinx = n, where m and n are constants, write down,
in terms of m and n, the value of cos 2x.

Given that tan 6 = 3, and that 6 is acute:

a Find the exact value of itan26 ii sin 26 iii cos 26

b Deduce the value of sin 46.

Given that cos A = —3, and that A is obtuse:

a Find the exact value of i cos2A ii sin A iii cosec 2A
42

b Show that tan 2A = —

3 0
Given that 7 <6< 777, find the value of tanE when tan 6 = %

In AABC, AB=4cm, AC=5cm, LABC =260 and £LACB = 6. Find the value of 6, giving your
answer, in degrees, to 1 decimal place.

In APQR, PQ=3cm, PR=6cm, QR=5cm and 2QPR = 26.
a Use the cosine rule to show that cos 26 = 3.

b Hence find the exact value of sin 6.

The line /, with equation y = 3x, bisects the angle between the x-axis and the line y = mx,

m > 0. Given that the scales on each axis are the same, and that ] makes an angle 6 with the
X-axis,

a write down the value of tan 6.

b Show that m = 2.
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identities.

7,3 The double angle formulae allow you to solve more equations and prove more

2
Prove the identity tan 20 =

cotf—tan 6

2tanf
1—tan® 6
Divide top and bottom’ by tan 6.
2

Start on LHS with tan 20 =

So tan 20 = 1

— —tan 6
tan 6

2
cot O — tan 0

There are many starting points here; the
more you know the more options you have.

. . _sin26
Try starting with tan 20 = 0320 and use the

double angle formulae for sin 26 and cos 26
(a bit harder!), or start with the RHS.

By expanding sin(2A + A) show that sin 34 =3sin A — 4 sin® A.

sin(2A + A) =sin2Acos A + cos 2A sin As——

So sindA = (2sin Acos A) cos A

+ (cos? A — sin? A) sin A

= 2 sin Acos® A
+ cos? Asin A — sin® A
= 3sin Acos® A — sin® A

= 3 s5in A(1 — sin® A) — sin® A

=3s5inA—4sin?A

cos 2A = cos? A — sin? A has been used here
because the line marked * is a useful result
when you need to find the formula for

tan 3A.

See Exercise 7C Questions 12 and 13 for similar expansions of cos 34 and tan 3A.

Given that x = 3 sin 6 and y = 3 — 4 cos 26, eliminate 6 and express y in terms of x.

The equations can be rewritten as

57y

sin 0=£ cos 20 =
3 4

As cos 20 =1 — 2 sin? @ for all values of 6,

3oy _, 2<X)2/

4 )

-
=

So

i
2

Ol R

or

e M=

W | =

Be careful with this manipulation. Many
errors occur in the early part of a solution.

This is the relationship: 6 has been
eliminated but the solution is not complete.
Always make sure that you have answered
the question: here you need to write y = ...
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Solve 3cos2x — cosx + 2 =0 for 0° <x < 360°.

Using a double angle formula for cos 2x
Scos2x —cosx +2 =0
becomes

3(2cos?x —1) —cosx+2 =0
Gcos’x —3—cosx+2=0

Gcostx —cosx—1=0 +
50 (Bcosx+1)(2cosx—1) =0

. 1 1
Solving: cosx = —3 or cosx =3

® A0S ®

70.5° 60°
70.5° 60°

@ c T ©

005_1(—15) =109.5° 005_1(%) =60’
So x = ©0°,109.5°, 250.5°, 500°

Exercise

The term cosx in the equation dictates the
choice you need to make; you need the
form of cos 2x with cosx only, i.e.

cos2x =2 cos?x — 1.

This quadratic equation factorises
6X2—X—-1=0CBX+1)2X-1).

Solutions to cosx = —3 are in the 2nd and
3rd quadrants. Solutions to cosx = 3 are in
the 1st and 4th quadrants.

Remember that two solutions of cosx = k
are cos~' k and 360° — cos~ ' k.

In this case they all fall in the required
interval.

In equations, give answers to 1 decimal place where appropriate.

1 Prove the following identities:

cos 2A
=C0sA —sinA
CosA +sinA
1—cos26
C ———=tan 0
sin 26

e 2(sin3 0 cos 0 + cos? sin #) = sin 26

g cosec—2cot20cosf=2sin6

. (77 ) 1 —sin2x
i tan|l——x|=——"7—
4 COS 2%

a Show that tan 6 + cot # = 2 cosec 26.

b Hence find the value of tan 75° + cot 75°.

sinB cosB

sinA cosA

= 2 cosec 2A sin(B — A)

sec? 6
1—tan20

=sec20

sin 30 _ cos 30

- 2
sin 6 cos 6

sece—lztanzg
secO+1 2
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3 Solve the following equations, in the interval shown in brackets:
a sin20=sinf {0<6<27
b cos26=1-cosf {—180°< 6= 180°
c 3cos260=2cos?0 {0=<6<360°%
d sin46=cos20 {0<6=<mn}
e 2tan2ytany=3 {0=<y<360°

0
f 3c050—sin5— 1=0 {0=<6<720°%

g cos’20—sin20=sin?20 {0<60<m)

h 2sinf=sechd {0<6<2m

i 2sin20=3tand {0<6<360°%

j 2tanf=V3(1-tan6)(1+tan6) [0<6<2m7)
K 5sin260+4sinf=0 {-180°< 0= 180°

1 sin?6=2sin26 {-180°< 0< 180°
m4tanf=tan260 {0<6<360°

4 Given that p = 2 cosf and g = cos 26, express g in terms of p.

5 Eliminate 6 from the following pairs of equations:
ax=cos’6,y=1-cos26 b x =tan 6§, y = cot26
c x=sin6,y =sin20 dx=3cos20+1,y=2sinb

6 a Prove that (cos 20 — sin 26)>= 1 — sin 46.

sl-

b Use the result to solve, for 0 < § < m, the equation cos 26 — sin 26 =

Give your answers in terms of .

7 a Show that:

0 0

— 1 - tan2—

Ztan2 >
ising=— ii cosf=—

1+ tan2 - 1+ tan? 5

2 2

0
b By writing the following equations as quadratics in tan > solve, in the interval
0=<6=<360"
isinf+2cosf=1 ii 3cosf—4sinh=2

8 a Using cos24=2cos’?A —1=1-2sin? A, show that:
These are known

. X 1+ cosx .. . .Xx 1-cosx as the half angle
i cos? 5= ii sin? =T, formulae.
(They are useful in
b Given that cos 6 = 0.6, and that 6 is acute, write down the values of:  integration.)
0 0
i cos— ii sin— iii tan
2 2

NSRS

A
¢ Show that cos45 =3(3 + 4 cosA + cos24)
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9 a Show that 3cos?x —sin2x=1+ 2 cos 2x.

b Hence sketch, for —7 <x < 7, the graph of y = 3 cos?x — sin?x, showing the coordinates
of points where the curve meets the axes.

0 0
10 a Express 2 COSZE -4 sinZE in the form a cos 6 + b, where a and b are constants.

0 0
b Hence solve 2 coszz -4 sinzz = —3, in the interval 0 < 6§ < 360°.

11 a Use the identity sin?A + cos?A = 1 to show that sin*A + cos* A = 3(2 — sin? 24).
b Deduce that sin* A + cos* A = 13 + cos 4A).

¢ Hence solve 8sin* 6+ 8cos* =7, for 0 <6< .

12 a By expanding cos(2A + A) show that cos3A =4 cos* A — 3 cos A.
b Hence solve 8cos® §—6cos 0 —1=0, for {0=<6=<360°.

— 3
13 a Show that tan 36= > 200~ tan” 6

1-3tan26 Hint: Divide formulae for
. . in 36 and cos 36. S
b Given that 6 is acute such that cos = 3, show that E;ampeig 1 § c;f) ra usgful
tan 36 = 10V2 form of sin 36, and use a
23 similar form for cos 36.

7,4 You can write expressions of the form acos 6 + bsin 0, where a and b are
constants, as a sine function only or a cosine function only.

If you sketch, or draw on your calculator, the graph yA
of y = 3sinx + 4 cosx you will see that it has the 5
form of y = sinx or y = cosx but stretched vertically 4

and translated horizontally.

If you draw the graph of y = 5 sin(x + tan~!{3)) or
y =35cos(x — tan~1{3}), you will see that they are i
the same asy = 3sinx + 4 cos x. —9'7I> 0 90°\ 180° 2707 360° ¥

Using the addition formulae you can show that all
expressions of the form a cos 6 + bsin 6 can be
expressed in one of the forms

R sin (x = @) where R>0, and 0 < « <90°, or —5-
R cos (x = B) where R>0, and 0 < 8 <90°.

Remember: the graph of y = af(x — «)
is the graph of y = f(x) stretched vertically by
a factor of a and translated horizontally by a.

Example |3

Show that you can express 3 sinx + 4 cosx in the form Rsin(x + «), where R>0, 0 < a <90°,
giving your values of R and « to 1 decimal place where appropriate.
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Use sin(A + B) = sin Acos B + cos Asin B, and

in(x + a) = Rsi + ino——
Rsin(x + a) = Rsinx cos a + Rcos x sin « Sl sl by &

Let 3sinx + 4cosx =Rsinx cos a ,_,_ For this to be true for all values of x, the
+ Rcosx sin o coefficients of sinx and cosx on both sides
of the identity have to be equal.

i i —_— .\ . .
SoRcosa=3 and Reina=4 Equations of this sort can always be solved,

Divide the equations to find tan a S EMEE I NS R

You could draw a right-angled triangle with

Reina 4, . n 3 da

———=zortana=x cosa=—and sina=—

Rcosa ° ° “TR “TR
Soa =531 (1dp.)

R 4
Square and add the equations to find R=:
R?cos? o + Résin? a = 3% + 42

S0 R¥(cos? a+ sin? a) = 32 + 42 So tana =13 and 3

5o R:\/52+4§=5 R2=32+ 42— R=275,

dseinx + 4cosx =5sin(x +53.1°)
You could equally have shown that

3sinx + 4 cosx = 5 cos(x — 36.9°) by setting
3sinx + 4 cosx = R cos(x — ) and solving for
R and ¢, as in the example.

Example

a Show that you can express sinx — V3 cosx in the form Rsin(x — a), where R>0, 0 < a < g

b Hence sketch the graph of y = sinx — V3 cos .

a Setsinxy —V3cosx= Rsin(x — a)
sinx — V3 cos x = R sin x cos a
— Rcos x sin a——— Expand sin(x — @) and multiply by R.

SoRcosa=1 and Rsina=V3+—r— Compare the coefficients of sinx and cosx

. . . ;
Dividing, tan a = \/5 - 5 on both sides of the identity.

Squaring and adding: R = 2
T
So sinx — V3 cos x = 25m<x - g)

b y=51nx—\/5005x529in<x—1>

5]
Y T
2 You can sketch y = 2 sin(x = ?) by
translating y = sinx by g to the right and
/ then stretching by a scale factor of 2 in the
. y-direction.
2n Jr
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a Express 2 cos 6+ 5sin 6 in the form R cos(6 — a), where R>0, 0 < a <90°.
b Hence solve, for 0 < 6§ <360°, the equation 2 cos 6 + 5sin 6 = 3.

a Set2cos0+5HsinB=~RKcosOcos a
+ Rsin 0 sin a0 «——
SoRcosa=2 and Rsina=5

a ]
2

tana =25 and R=V22 + 52
=129

S0 2cos 0+ 5 sin O
= V29 cos(0 — 65.2°)
b The solutions of 2cos 6 + Hsin 0 =3

are the same as those of
V29 cos(0 — 68.2°) = 3.

Divide the equation by V29.
50 cos(0 — 66.2°) =

S
©

Compare the coefficients of sinx and cosx
on both sides of the identity.

Draw a right-angled triangle with

cosa=—and sina=—
R R

As 0 < < 360°, the interval for (0 — 68.2°)
is —68.2° < (0 — 68.2°) < 291.8°.

V29
S0 0—062°=—-561.7"56.1...°
0 =12.1°,124.2° (to the nearest 0.1°)

&
coe”( ) =56.1...°

positive value of 6 at which it arises.

S0 12cos 0+ 5sin @ = Rcos Ocos a
+ Rsin Osin a
SoRcosa=12 and KRsina=5

R=13andtana =2 = a = 22.6°

3
V20 is +ve, so solutions for # — 68.2 are in
the 1st and 4th quadrants.

Without using calculus, find the maximum value of 12 cos 6 + 5 sin 6, and give the smallest

Set 12 cos 0 + 5 sin 0 = Rcos(6 — a) = The most convenient forms to use here are

Rsin(6 + a) or Rcos(6 — «) as the sign in the
expanded form is the same as that in

12 cos 6 + 5sin 6. If the signs do not match
up, it will be more difficult for you.
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5012 cos 0+ 5sin 0=15cos(0 — 22.6°)

The maximum value of 13 cos( — 22.6°) is 15
and occurs when cos(0 — 22.6°) = 1;

i.e.when 0 — 22.6° = ..., —260°, O°, 360", ...
The smallest positive value of 0, therefore,

is 22.6°.

B For positive values of a and b,
asin 0 = bcos 0 can be expressed in the form Rsin(0 + ), with R>0 and 0 < & <90° (or —)

acos 0 = bsin 0 can be expressed in the form Rcos(0 ¥ o), with R>0 and 0 < a <90° (or g)
where Rcosa=a and Rsina=b

_ Do not quote these results, but they
and R=Va?+ b~ are useful check points.

Note: When solving equations of the form acos 6 + bsin 6 = ¢, use
the ‘R formula’, unless ¢ = 0, when the equation reduces to tan 6 = k.

Exercise

Give all angles to the nearest 0.1° and non-exact values of R in surd form.
1 Given that 5sin 6 + 12 cos 6= Rsin(6 + «), find the value of R, R > 0, and the value of tan a.
2 Given that V3 sin 6 + V6 cos 6= 3 cos(f — a), where 0 < a < 90°, find the value of «.
3 Given that 2sin 6 — V5 cos = —3 cos(6 + a), where 0 < « < 90°, find the value of a.
4 Show that:

a cosf+sinf= \/Esin<0+ %) b V3sin26— cos26= Zsin(ze— g)

5 Prove that cos 26— V3sin20=2 cos(ze + %) =-2 sin(ze - %)

6 Find the value of R, where R > 0, and the value of «, where 0 < o <90°, in each of the
following cases:

a sin 6+ 3 cos 6= Rsin(6 + «a) b 3sin§—4cosf=Rsin(f — «)
€ 2cosf+ 7sin 6= Rcos(f — «) d cos260—2sin20=Rcos(20 + «a)
7 a Show that cos 6 — V3 sin 6 can be written in the form R cos(6 + «), with R >0 and
ks
O<a<-—.
“2

b Hence sketch the graph of y = cos § — V3 sin 6, 0 < a < 27, giving the coordinates of
points of intersection with the axes.

8 a Show that 3sin 36 — 4 cos 36 can be written in the form Rsin(36 — «), with R> 0 and
0<a<90°.

b Deduce the minimum value of 3 sin 36 — 4 cos 360 and work out the smallest positive value
of # at which it occurs.
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10

11

12

13

14

15

a Show that cos 26 + sin 26 can be written in the form Rsin(26 + «), with R >0 and

T
<a<-—.
0<a >

b Hence solve, in the interval 0 < 6 < 2, the equation cos 26 + sin 26 = 1, giving your
answers as rational multiples of .

a Express 7 cos 6 — 24 sin 6 in the form Rcos(f + a), with R>0 and 0 < & <90°.
b The graph of y = 7 cos 6 — 24 sin § meets the y-axis at P. State the coordinates of P.
¢ Write down the maximum and minimum values of 7 cos 6 — 24 sin 6.

d Deduce the number of solutions, in the interval 0 < § < 360°, of the following equations:
i 7cosf—24sin6=15 ii 7cosf—24sin 6= 26 iii 7cos 6 —24sin 6= —-25

a Express 5sin? 6 — 3 cos? 6 + 6sin 6 cos 0 in the form asin 26 + b cos 26 + ¢, where a, b and ¢
are constants.

b Hence find the maximum and minimum values of 5 sin2 6 — 3 cos2 6 + 6 sin 6 cos 6.

Solve the following equations, in the interval given in brackets:

a 6sinx + 8cosx =5V3 [0, 360° b 2cos36—-3sin36=-1 [0, 90°]

¢ 8cosf+15sin6=10 [0, 360°] ds sin§ 12 cosg - 65 [~360°, 3607
Solve the following equations, in the interval given in brackets:

a sinxcosx=1-2.5cos2x [0, 360°] b cotf+2=cosechd [0<H<360° 6 180°
c sinf=2cosf—sech [0, 180°] d \/Qcos(e— g) +(V3-1)sin6=2 [0, 2]

4-2V2sin g y

Solve, if possible, in the interval 0 < 6 < 360°, 6% 180°, the equation 1+ cos

in the case when k is equal to:
a4 b2 cl1 d0 e -1

A class were asked to solve 3 cos 6 = 2 — sin 0 for 0 < § < 360°. One student expressed the
equation in the form R cos(f — a) = 2, with R >0 and 0 < a <90°, and correctly solved the
equation.

a Find the values of R and « and hence find her solutions.

Another student decided to square both sides of the equation and then form a quadratic
equation in sin 6.

b Show that the correct quadratic equation is 10sin? —4sin 6§ — 5= 0.

¢ Solve this equation, for 0 < < 360°.

d Explain why not all of the answers satisfy 3 cos 6 = 2 — sin 6.

1.5 You can express sums and differences of sines and cosines as products of sines

and/or cosines by using the ‘factor formulae’.

-

B sinP+sinQ= Zsin(P; Q) cos(

-~ = sinP—sinQEZCOS(P;Q)sin<P_Q) | cosP—cosQE—Zsin(P;Q)sin<P_Q)

P—Q)

3 [ | cosP+cosQEZCOS(P;Q)cos(P_Q)

2

2 2

These identities are derived from the addition formulae.
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Example B
Use the formulae for sin(A + B) and sin(A — B) to derive the result that
+ —
sinP+sinQ=2 sin(P 5 Q) cos(P 5 Q)

sin(A + B) = sin Acos B + cos Asin B
and sin(A — B) = sin Acos B — cos Asin B

Add the two identities:
The other three factor formulae are proved in

sin(A + B) + sin(A — B) = 2 sin Acos B *— a similar manner, by adding or subtracting
two appropriate addition formulae.

Let A+ B=Fand A—B=Q, See Exercise 7E.
P+ Q P—Q
then A=——and B=——
2 2 This result is useful in integration, e.g.
oin P4 sin Q=2 61n<? + Q) coa(f? - Q) ] f2 sin4x cosx dx = f(sin 5x + sin 3x)dx.
2 2

Example B3]

P+
Using the result that sinP —sinQ=2 COS( 5 Q) sin(

P—Q)
2

. o 1o 1
a show that sin 105° —sin 15° = 2

b solve, for 0<0<m, sin40—sin360=0

a sin10b° — sin15°

I Let P=105° and Q = 15°.

o + o o o ] ) o l ) . l
= CO5<1O5 E )6“,,(105 15 ) Remember: cos 60° = 3, sin45° = ok
2 2
= 200500’ 5in 45°

s

I
sl
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760
sin460— sind0 =2 cos(?> sin

5

3

Let P=46 and Q = 36.

70
The solutions of 2 cos(—) 5in<—) =0
) 2 2
are either
70 70
cos ? =0 As 0 < =< 7, the interval for >
70 T 27 Sw T isOsEsﬁ.
50 B = = = — 2 2
2 2 2 2
T 37 D
S 0=— —, —, 7
77 7
or ﬂ =0 The interval for 9 is O<£<Z
2 2° 2 2
0
50 = 6=0
2
A =0 T 37 D
newers = = =
wers are 7o T T
Example ¥
i + 2y) + si + + si
Prove that Sin@ + 2y) + sin(x +y) + sinx = tan(x +y).

Ih the numerator

sin(x + 2y) + sinx

, (2x + 2]/) (
= 2 sin —2— cos

2sin(x +y)cosy

2y
2

|

So sin(x + 2y) + sin(x + y) + sinx
sin(x +y) + 2 sin(x + y) cos y

cos(x + 2y) + cos(x +y) + cosx

P-Q
2

|

+
*— UsesinP +sin QEZSin(P 5 Q) cos(
with P=x + 2y and Q = x.

= sin(x + y)(1+ 2 cos y) 0)

Similarly for the denominator

Factorise.

P-Q

cos(x + 2y) + cos(x +y) + cos x
= cos(x + y) + 2cos(x + y) cos y
= cos(x + y)(1 + 2cos y)
sin(x + 2y) + sin(x + y) + sinx
cos(x + 2y) + cos(x + y) + cos x

_ sin(x + y)(1L+2co5Y) ,

Q@—1

|

P+
Use cos P + COSQEZCOS( 5 Q) cos(
with P=x + 2y and Q = x.

2

Factorise.

Use results @ and @

— =

cos(x + y)(L+2705 y)

tan(x +y)

Cancel.



Further trigonometric identities and their applications

Exercise

1 a Show that sin(A + B) + sin(4 — B) = 2sin A cos B.

_|_
b Deduce that sin P +sin Q=2 sm(P—le) cos(P 5 Q)

¢ Use part a to express the following as the sum of two sines:

i 2sin76cos26 ii 2sin 126 cos 56
d Use the result in b to solve, in the interval 0 < < 180°, sin 36 + sin 6 = 0.
sin76+sinf _ cos36

e Prove that — - = .
sin560+sin360 cos6

2 a Show that sin(A + B) — sin(A — B) = 2 cos A sin B.

b Express the following as the difference of two sines:

i 2 cos S5x sin 3x ii cos2xsinx iii 6 cos3x sin 3x
P+ P -

¢ Using the result in a show that sinP —sinQ=2 cos(—ﬁ) sm( 5 Q)

d Deduce that sin 56° — sin 34° = V2 sin 11°.
3 a Show that cos(A + B) + cos(A — B) = 2 cos A cos B.

56 0
b Express as a sum of cosines i 2 €os —-cos - ii 5 cos 2x cos 3x
P+ P -
¢ Show that cosP+cosQ=2 cos( 5 Q) cos( 5 Q).
d Prove that sin 36 — sin 6 = tan 0.
cos 30 + cos 6
4 a Show that cos(A + B) — cos(A — B) = —2sin A sin B.
P+ P -
b Hence show that cosP — cosQ = —Zsin( 5 Q) sin( 5 Q).
¢ Deduce that cos26 — 1= —2sin? 6. Hint to Question 4c:
What is the value of
cos 0°?

d Solve, in the interval 0 < 6 < 180°, cos 36 + sin 26 — cos 6 = 0.
5 Express the following as a sum or difference of sines or cosines:

a 2sin 8x cos 2x b cos 5x cosx C¢ 3sinxsin 7x

3x X
d cos 100° cos 40° e 10 cos > sin 5 f 2sin30°cos 10°

6 Show, without using a calculator, that 2 sin 823° cos 375° = 2(\/_ 3+ \/_)

7 Express, in their simplest form, as a product of sines and/or cosines:

a sin 12x + sin 8x b cos(x + 2y) — cos(2y — x) C (cos4x + cos 2x) sinx
d sin 95° — sin 5° e (:osl—5 + cos {Ti f sin 150° + sin 20°

P+ P-
8 Using the identity cosP + cos Q=2 cos( 5 Q) cos( 5 Q), show that

2 4
cos 0 + cos(@-l— ?> + COS(0+ ?> =0.
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10

11

12

sin 75° + sin 15°
P that =V3.
rove tha cos 15° — cos 75°

Solve the following equations:

a cos4x = cos 2x, for 0 <x < 180°

b sin30—-sinf=0,for0<0<2mw

¢ sin(x + 20°) + sin(x — 10°) = cos 15°, for 0 <x < 360°
d sin30—sin9=cos260, for0<0<2w

Prove the identities

sin 76 — sin 36 Cos 26 + cos 46
- =4cos S50 - - = —cot ¥
sin 6 cos 6 sin 26 — sin 46
¢ sin?(x +y) — sin?(x — y) = sin 2x sin 2y d cosx + 2 cos 3x + cos 5x = 4 cos?x cos 3x

a Prove that cos 6 + sin 260 — cos 36 = sin 26(1 + 2 sin 0).
b Hence solve, for 0 < 6 < 2, cos 6 + sin 26 = cos 36.

Mixed exercise

The lines I; and I,, with equations y = 2x and 3y = x — 1 respectively, are drawn on the same
set of axes. Given that the scales are the same on both axes and that the angles that /; and
I, make with the positive x-axis are A and B respectively,

a write down the value of tan A and the value of tan B;
b without using your calculator, work out the acute angle between I, and ,.

V5 +1
5

1
Given that sinx = V3 where x is acute, and that cos(x —y) = sin'y, show that tany =

2tan 6
Using tan 20 = ——
sing tan 1 —tanZ0

with an appropriate value of 6,

a show that tan% =V2-1.

b Use the result in a to find the exact value of tan 3—;

In AABC, AB=5cm and AC=4cm, ZABC = (# — 30)° and LACB = (6 + 30)°. Using the sine
rule, show that tan 6 = 3V3.

Two of the angles, A and B, in AABC are such that tan A =3, tan B = 3.

a Find the exact value of i sin(A + B) ii tan 2B

b By writing C as 180° — (A + B), show that cos C = —22.

Show that
1 —cos2x
a sec fcosec =2 cosec 20 =sec?x — 1
1+ cos2x
c cotf—2cot20=tan 6 d cos*26—sin*20=cos 46
e tan(% + x) - tan(g - x) = 2 tan 2x f sin(x +y)sin(x —y) = cos’y — cos’x

g 1+ 2cos26+ cos40=4cos?0cos26
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Further trigonometric identities and their applications

SE
=)

2
The angles x and y are acute angles such that sinx = NG and cosy =

a Show that cos 2x = —%.
b Find the value of cos 2y.

¢ Show without using your calculator, that

itanx+y)=7 iix—y=§

Given that sinx cosy =3 and cosx siny = 3,

a show that sin(x +y) = 5sin(x —y).

Given also that tany = k, express in terms of k:
b tanx

c tan2x

Solve the following equations in the interval given in brackets:
a V3sin260+2sin?6=1 {0<6<m}
b sin36cos26=sin26cos36 {0<60<2n}

C sin(f+40°) +sin(§+50°) =0 {0 < 6= 360°)

d sin2§= 2sinf {0=<6=360°

e 2sinf=1+3cosh {0<60=<360°
f cosS0=cos30 {0<6=<mn}
g c0s20=S5sinf {—w=<6=<m.

The first three terms of an arithmetic series are V3 cos#, sin(f — 30°) and sin 6, where 9 is
acute. Find the value of 6.

Solve, for 0 < 6 < 360°, cos(6# + 40°) cos(6 — 10°) = 0.5.

Without using calculus, find the maximum and minimum value of the following
expressions. In each case give the smallest positive value of 6 at which each occurs.

a sin #cos 10° — cos 6sin 10°
b cos 30° cos 6 — sin 30°sin

Cc sin 6+ cosé@

a Express sinx — V3 cosx in the form Rsin(x — a), with R >0 and 0 < a < 90°.

b Hence sketch the graph of y = sinx — V3 cosx {—360° <x < 360°}, giving the coordinates
of all points of intersection with the axes.

Given that 7 cos 20 + 24 sin 26 = R cos(26 — a), where R>0 and 0 < a < g, find:
a the value of R and the value of «, to 2 decimal places

b the maximum value of 14 cos? 0 + 48 sin 0 cos 6

a Given that a is acute and tan « = 3, prove that
3sin(f + a) + 4 cos(6 + a) =5 cos 0
b Given that sinx = 0.6 and cosx = —0.8, evaluate cos(x + 270)° and cos(x + 540)°.
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16 a Without using a calculator, find the values of:

; 1-tan 15°
1+ tan 15°

b Find, to 1 decimal place, the values of x, 0 <x < 360°, which satisfy the equation

2sinx = cos(x — 60) G

1 1
i sin 40° cos 10° — cos 40° sin 10° ii ) cos 15° — ) sin 15°

17 a Prove, by counter example, that the statement
‘sec(A + B) =sec A + secB, for all A and B’
is false.

n
b Prove that tan 6 + cot 6= 2 cosec 26, 6 # 777, nelz. Q

18 Using the formula cos(A + B) = cos A cos B — sin A sin B:
a Show that cos(A — B) — cos(A + B) = 2sin A sin B.
b Hence show that cos 2x — cos 4x = 2 sin 3x sin x.
¢ Find all solutions in the range 0 <x < 7 of the equation
COSs 2x — cOs 4x = sinx
giving all your solutions in multiples of 7 radians. 9

19 a Given that cos(x + 30°) = 3 cos(x — 30°), prove that tanx = —

b i Prove that 1—_COS 20
n26
ii Verify that 0 = 180° is a solution of the equation sin 26 =2 — 2 cos 26.
iii Using the result in part i, or otherwise, find the two other solutions, 0 < 6 < 360°,
of the equation sin 260 = 2 — 2 cos 26.

7.

= tan 6.

20 a Express 1.5sin 2x + 2 cos 2x in the form R sin(2x + «), where R>0 and 0 < « < —, giving
your values of R and « to 3 decimal places where appropriate.

b Express 3 sinx cosx + 4 cos?x in the form asin 2x + b cos 2x + ¢, where a, b and ¢ are
constants to be found.

¢ Hence, using your answer to part a, deduce the maximum value of
3sinx cosx + 4 cos®x. 9




Further trigonometric identities and their applications

Summary of key points
1 The addition (or compound angle) formulae are
® sin(A + B) =sin A cos B + cos A sin B sin(A — B) =sin A cos B — cos A sin B
® COS(A + B)=cosAcosB —sinAsinB Ccos(A — B)=cosAcosB + sin Asin B
tanA + tan B tanA — tan B

tan(A — B) =

® tan(A + B) = 1

—tan A tan B 1+ tan Atan B

2 The double angle formulae are

® sin2A=2sinAcosA
® C0S2A=Cos?A —sin2A=2cos?2A—1=1-2sin%A
2tan A

1-tan’A Remember you can
always use ‘the R formula’
to solve equations of the
form acos 6+ bsin 6 = ¢,

® tan2A =

3 Expressions of the form asin 6 + b cos 6 can be rewritten in
terms of a sine only or a cosine only, as follows:

For positive values of a and b, where g, b and ¢ are

. . . constants, but if ¢ = 0, the
asin = bcos §= Rsin(0 = «), with R>0 and 0 < a <90°, equation reduces to the
acos = bsin 6= Rcos(0 + a), with R>0 and 0 < a <90° form tan 6 = k.

where Rcosa = a, Rsin @ = b and R = Va? + b2.
4 Products of sines and/or cosines can be expressed as the sum or difference of sines or
cosines, using the formulae:
2sin A cos B=sin(A + B) + sin(A — B) 2 cos A cos B = cos(A + B) + cos(A — B)
2 cos Asin B=sin(A + B) — sin(A — B) 2sin Asin B= —[cos(A + B) — cos(A — B)]

5 Sums or differences of sines or cosines can be expressed as a product of sines and/or
cosines, using ‘the factor formulae’:

sinP +sinQ=2 sin(P i Q) COS(P — Q) cosP+cosQ=2 COS(P - Q) COS(P — Q)
2 2 2 2

. o P+Q\. (P-Q _ _ oin(£FQ) (PR

smP—st=2cos< 5 )sm( 5 ) cosP—cosQ= Zsm( > )sm( 5 )




After completing this chapter you should be able to

1

2

w

differentiate a composite function using the chain
rule

differentiate functions that are multiplied together by
using the product rule

differentiate rational functions using the quotient rule

differentiate variations on the functions of e* and
In(x)

differentiate variations on the functions sinx, cosx
and tanx.

Differentiation

Differentiating enables you
to find the gradient of a
curve. In this example we
could calculate how quickly
the tide is rising at any given
time.

This chapter allows you to explore in greater
detail some of the real life examples mentioned
in this, and earlier books.

For example it was mentioned in Core 2 that
the rise and fall of a tide can be modelled by a
trigonometric graph.




Differentiation

8,1 You need to be able to differentiate a function of a function, using the chain rule.

B The chain rule enables you to differentiate a function of a function. In general,

o if y =[f(x)]" then gy— = n[f(x)]" ~1f(x)
dx You should learn these
results.

e ify =flg()] then % =f'[g(x)]g’ (x)

Given that y = (3x* + x)° find % using the chain rule.

Here f(x) = 2x* + x
So f'(x) = 12x° + 1

Using the chain rule

d
d—z = 5(3x* + x)*(12x° + 1) » This uses the chain rule with n= 5.
=5(12x> + 1)(3x* + x)*

d
Given that y = V5x2 + 1 find the value of ay at (4, 9).

Let f(x) = Bx? + 1
Then f'(x) = 10x

Using the chain rule

j_ (5x2 L) 2(1Ox) e This time n =% and %(10x) is simplified to 5x.

Substitute x = 4 to give the required value.
=bx(Bx?+ 1) 2 /
Required value is 25.




B Another form of the chain rule is
S _dy du
dv du dx
where y is a function of u, and u is a function of x.

d
Given that y = (x> — 7x)* find a%, using the chain rule.

Let u = x% — 7x, then y = u*

When the substitution is not given in a

du —ox—7 and day — 445 question you should put the bracket equal
dx dau tou.
Then, using the chain rule, —— Use the chain rule to find %
ﬁ’i = d_y X d_u Ensure that you give your answer in terms of
dx du dx x, with no u terms present.
= 4> X (2x —7)

= 4(2x — 7)(x* — 7x)°

1 d
Given that y = o3 find the value of ay at (2, 3).
x —

Let u=6x — 3, theny = u"z

dau d
— =0 and Ay _ —%u‘%
dx dau
d d
Then,ae—yz—yxd—u
dx du  dx
dy

Required value is —é.

B Also a particular case of the chain rule is the result

This arises since d—y X d_x = d_y =1
dc dy dy

Put u equal to the expression in the bracket.

Substitute x = 2 to give the required value.

Then you make b the
dx

subject of the formula.



d
Find the value of a% at the point (2, 1) on the curve with equation y* +y = x.

ax Start with x = y3 + y and differentiate with
E =Jy° +1 respect to y.
dy 1
ay _ 21+ Use o ax
dx 15y 1 dy
B Substitute y = 1.

1 Differentiate:

a (1+2x)° b (3222 ¢ (3+4x)? d (6x +x2)
e 1 f V7 —x g 4(2 + 8x)* h 38—-x)°
3+ 2x
2 Given thaty = . find the value of W at (4, 1)
(4x + 1)2 dx

d.
3 Given that y = (5 — 2x)? find the value of ay at (1, 27).

d;
4 Find the value of ay at the point (8, 2) on the curve with equation 3y? — 2y = x.

SIS

d PR
5 Find the value of ay at the point (23, 4) on the curve with equation y2 +y 2 = x.

You need to differentiate functions that are multiplied together, by using the
product rule.

B To differentiate the product of two functions, differentiate the first function and leave the
second function alone, then differentiate the second one and leave the first function alone,
then add all this together.

o Ify=uvthenﬂ=ud—v+vd—u,
dx dx dx

where u and v are both functions of x. This is called the product rule.

Here is a proof of this rule:

Let y = uv where u and v are two functions of x. Suppose that a small increment & in the
variable x results in a small change éu in u and a small change év in v, which in turn results in a
small change §y in the variable y.

Then y+ 8y = (u+ du)(v + &v) @)
But y=uv @



Subtract D) - Q)

oy = (u+ éu)(v+év) —uv
=uv+udv+ véu + dudv — uv

— UV + VSU + Susy You will not need to
prove this result in an
&y - v + V5_” + ou Sv examination.
ox fovd

oy dy 6u du ov dv
As &x - 0then ——>—, — —>— — .
S & — enéx%dx &edxan 8x_>dx

Also 6v— 0 and thus égﬁv —0.

d d d You should learn this
W _ v, du result, and learn where it
dx de dx is appropriate to use it.

Given that f(x) = x?V 3x — 1, find f'(x).

Recognise that this is a
product of two functions.

N|—

Let u =x%and v=Vdx —1=(3x 7 1)

du do : 1 The second function is a function of a
Then — =2x and — =3 X 3(2x — 1) 2 function and requires the chain rule.
dx dx
. dy dv du
Using — = u—+ u——
dx dx dx

_1
£(x) =x2 X 5(3x — 1) 2 + VBx — 1 X 2x

BxZ2 + 12x% — 4x

2Vax — 1
15x% — 4x
- NBx — 1 Cpllect terms to simplify, and factorise to
give the final answer.
_ x(1Bx — 4)
2Vox — 1

1 Differentiate:
a x(1+3x)° b 2x(1 + 3x?)3 c x3(2x + 6)* d 3x%(5x —1)7!

2 a Find the value of :_ilxz at the point (1, 8) on the curve with equation y = x2(3x — 1)3.
d 1
b Find the value of axz at the point (4, 36) on the curve with equation y = 3x(2x + 1);
d
¢ Find the value of axz at the point (2, 1) on the curve with equationy = (x — 1)2x + 1)~ .

3 Find the points where the gradient is zero on the curve with equation y = (x — 2)2(2x + 3).



Differentiation

-
TN
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8,3 You need to be able to differentiate rational functions using the quotient rule.

u(x
B A rational function has the form ;Ex—;, where u(x) and v(x) are functions.

ydu _ dv
uw) then dy = dv 3 d
v(x) dx v

This is called the quotient rule.

[} Ify:

Example
dy

Given thaty = Eg:_s find s

letu=xandov=2x+5

du dv
—=land—=2
dx dx
Ud_u — uég Recognise that y is a quotient and use the
. dy dx dx quotient rule.
Using — = S
dx v
d_y_ 2x+5)X1T—xX2
dx (2x + B)?
_—5 - Simplify th tor of the fracti
(2x + 5)2 implify the numerator of the fraction.

u
By expressing y = " asy = uv_!, prove the quotient rule.

You can use the product rule to give

d d dau
E:Z = ud_(vﬂ) + U*1d_
X X T X Use the chain rule to differentiate v—".
( 2dv> _du
=u\ - “—J|+0 —
dx dx
__uwdv Tdu
vvdx  vdx
d_u - do Then use a common denominator v2.

2, .
dx v You should learn this result, and learn where
it is appropriate to use it.




1 Differentiate:
5x X+ X2 6x
a A I
x+1 3x—2 2+ 1 (2x — 1)? (5x + 3)°

d. x
2 Find the value of L4 at the point (1, i) on the curve with equationy = ———.
dx 3x+1
. dy ) ) ) x+3
3 Find the value of — at the point (12, 3) on the curve with equationy = —.
dx (2x +1)*

You need to be able to differentiate the exponential function.

In Chapter 3 you met the exponential function e*. This is a special function because it is the
only function for which f(x) = f'(x).

dy You should learn this
B If y=e*then . = e* result.

You can prove this result from first principles by the method introduced in Book C1.

[f(x + &) — f(x)]
ox

Use the definition f'(x) = lim

& —0

ex + & ex
If f(x) = e* then f'(x) = (Slimo[ o ]
N —

= lim [&esx__l)]

& — 0

o
The table below shows values for [(e_ﬁx_l)] for e = 2.718 282 for progressively smaller

values of ox.

o =0.1 o =0.01 ox = 0.001 ox =0.0001 & = 0.000 01

ox
[(e—axi} 1.05170925 | 1.005016772 | 1.000500 23 1.000 05006 | 1.000005063

|
From this table you can see that [(e—ax—)} approaches a limiting value of 1 as & — 0. This

means that if f(x) = €%, then f'(x) = 1 X e*. e*is called the exponential function, where

d;
e =2.718 282 to 6 d.p. and has the property that if y = e* then ay = e* also.

This result can be used together with the chain rule and the product and quotient rules to
enable you to differentiate a wide range of functions. In particular:

dy
B y=e® then = =f'(x)ef®
y e (x)



Differentiation

o2 + 3
Differentiate a 5e* b e**3 cxe¥ d——
x
a lety=>5e*
dy Differentiate e* to give e* and multiply the
- — X
Ulget? dx be result by 5.
b Lety=e**7 theny = e where
E=2x 4+ 3 Use the chain rule to differentiate this
J ' it function of a function.
d—z =e’ and Tx =2 —— Remember to give the answer in terms of x.
X
d
W,
dx
— 2623( +3
¢ Lety=uxe”
Let u = x and v = &
u dou )
Then — =1and — = 2xe* +
dx dx
day _ 2 2 — Use the product rule and then use the chain
E = x(2xet) & rule to differentiate e*'.
=¥ (2x* + 1) Simplify the answer by factorising.
62x * B
d lety=—
4 X
th d_ _xX 265 — O . Use the quotient rule, together with the
en ax X2 chain rule to differentiate % * 3.
- (2.7( — 1)62)( F @
=
1 Differentiate:
a ex b e ™ c et d 4e¥ e 93¢
f xex g (x?+3)e h (3x — 5)e* i 2xtel j (9x — 1)e*
K X I er e* e
— — m—— n
e X x+1 Va + 1
. dy . 1 . . _
2 Find the value of - at the point | 1, . on the curve with equation y = xe™.
. dy : . .
3 Find the value of o at the point (0, 3) on the curve with equation y = (2x + 3)e%.
4 Find the equation of the tangent to the curve y = xe® at the point (3, e).




e%
5 Find the equation of the tangent to the curve y = — at the point (3, je).

X
6 Find the coordinates of the turning points on the curve y = x%e %, and determine whether

these points are maximum or minimum points.
e dy dzy
7 Given that y = —, find — and —, simplifying your answers.
Y o dx dx2 pulying'y

Use these answers to find the coordinates of the turning point on the curve with equation
3x

e
y =—",x >0, and determine the nature of this turning point.
X

You need to be able to differentiate the logarithmic function.

In Chapter 3 you were introduced to the logarithmic function, Inx, which was defined as the
inverse of the exponential function e*.

You are now going to use the derivative of e* to find the derivative of Inx.

Let y=Inx
Then x = e You can make x the subject of the formula

dx using the inverse function exp.
So —=

dy

d 1

But d_y — L You can now use the result Q. ——, which

dx  dx dx ¥

& o

dy 1 was quoted at the end of Section 8.1, as a special

- =— case of the chain rule.

dx &

d_1

dx x

dy 1 You should learn this

B Soify=Inx then i result.

This result can also be used together with the chain rule and the product and quotient rules to
enable you to differentiate a wide range of functions.

In particular
dy f(x) You put f(x) = u, soy = Inu. Then, using the chain

B If y=In[f(x)] then === dy dy du dy 1 f'(x)
l —_— = = — —_— = = f/ =
dv  f(x) ey dwdr Cdx z O e
. . In 5%
Differentiate a SIlnx b In(6x — 1) c x’lnx d e 2x +e'Inx
X
a y=5lnx
A 5><1 If f(x) th d f/(x)
—Z = — =arnx en —=arx).
dx X 4 dx

5

X




Differentiation

b y=In(cx—1)
d_]/ — 65X _1_ This is a function of a function. Use the
ax 6x — 1 chain rule.
% letu=6x—1,s0y=Inu.
ox — 1 Qlizéandglzl_.'d_y=6xl.
. dx du w©w dx u
¢ y=x"lnx
ay 1 .
P x> X X + 3x= X Inx Use the product rule here, with u = x3 and
=x% + 3x%Inx v=lnx.
4, g lnox
4 X
x<—> —1XInbx
d_]/ _ 5x Use the quotient rule, and use the chain rule
dx x2 to differentiate the In 5x term.
_1—1In5x
==
e y=2x+te'lnx
dy 1
—=2+|eX—+¢e'lnx
ax J,C Use the product rule to differentiate the
e* second term.
=2+—(+xlnx)
X
1 Find the function f'(x) where f(x) is
aln(x+1) b In2x c In3x d In(5x — 4)
e 3lnx f 41n2x g SIn(x +4) h xInx
Inx
i — j In(x2-35) K 3+x)Inx 1 e‘lnx
x+1

8,6 You need to be able to differentiate trigonometric functions. You can use the
formula for f'(x) to differentiate sin x.

Earlier you were reminded that if you wish to differentiate a function then you must use the
definition introduced in Book C1. That is,
f(x + &x) — f(x)}
&

- ]

Let f(x) = sinx.

Then f'(x) = (%clgno Now use the compound

} angle formula to expand

[sin(x + &) — sin(x)}
ox

sin x cos 6x + cosx sin 6x — sinx
m
-0 ox

" sin(A + B).

4~

=




As with many of these limiting values the numerator and the denominator of this fraction both
approach zero, and so you need to investigate the behaviour of sinx and cosx for small values of x.

Consider first a circle with radius r, with radii AB and AC such that angle BAC is x, where x is
measured in radians.

You use the formula
A introduced in the radians

section:

area of sector = 3726

The area of sector ABC is 3r2x and the area of triangle ABC is

1o . You use area of

ar* sinx. As x becomes small the area of the triangle becomes close to  trjangle = labsin C with
the area of the sector. Thus 32 sin x = 3r%x = sin x =~ x, where x is a=b=rand C=x.
small and is measured in radians.

Also cosx = 1 for small values of x.

So in equation * on page 141, replace cos éx by 1 and replace sin éx by &x, since &x is small.

. sinx + cosx X éx — sinx
Then f'(x) = (%Clmo o

= COsX

B Soify=sinx then ﬂ = Ccosx This formula applies where x is measured in radians.
dx

B And, by the chain rule, if y = sinf(x) then ;ﬂ = f'(x) cos f(x) Learn these two key points.
x
Differentiate a y = sin 3x b y = sinjx c y =sin’x
a Yy =sindx
dy
™ =5 cos dx Use the chain rule with f(x) = 3x, so f'(x) = 3.
— 2l
by =sinxx This time put f(x) = 3x.
W _2 2
= 5C0953X
dx
¢ Yy =sinfx=(sinx)?
dy Use the chain rule, with u = sinx, so
e 2(sin x)' cos x % _ sz and & = o
X d du

=2sinxcosx



Exercise m

1 Differentiate:
a y =sin5x b y=2sin3x

e y=sin8x f y=6sinix

c y=3sin’x

g y=sin’x

Differentiation

d y=sin(2x + 1)

h y =sin’x

8,7 You can use the result obtained for the derivative of sin x to differentiate cos x.

Lety = cosx

Theny = sin(g - x)

d
Using the result that ay = {'(x) cos f(x) for y = sin f(x) and

f(x)=g—x
dy (7
I cos(2 x)
= —sinx

B Soify=cosx then dy _ —-sinx
dx

B Also, by the chain rule, if y = cos f(x) then

gle

Example [
Differentiate a y = cos(4x — 3)

a Yy =cos(4x —23)

QZ = —4sin(4x — 3) «

= —f'(x) sin f(x)

b y = cosx® (x degrees)

dx

b . wX
y m(m)
@y __ o (ﬁ)

dx 180 \180
m . o
= ——osinx
1860
¢ Yy =cos’x=(cosx)’

d

Gl 2 oi
o 3(cos x)*(—sinx)

= —3c0s%x5inx

This uses the expansion
of sin(A — B) together

sy L T T _
with sin 2—1and Cos > 0.

Remember x is measured in radians.

Learn these two key points.

cy=cos’x

Put f(x) = 4x — 3, and use the chain rule.

When x is given in degrees you need to
change the angle into radians before
differentiating.

Use the chain rule with # = cosx. Ensure
that you have no u terms in the answer.




1 Differentiate:
ay=2cosx b y=cos’x c y=6cosx d y=4cos3x + 2)
e y=Cos4x f y=3cos’x g y=4c0s5% h y =3cos2x

You can use the quotient rule, together with the results obtained for the
derivatives of sin x and cos x, to differentiate tan x.

Lety = tanx.

sinx L . This is the definition for
Then y = ——, which is a quotient. tan x.
CcosXx

Use the quotient rule
du dv

V——u_—
de dx

dy _
dx V2

with # = sinx and v = cos x.

dy COSX cosx — sinx(—sinx)
Then a =

cos?x

_ cos?X + sin?x

Using the result that sin?x + cos?x = 1.

cos2x
__ 1
cos?x 1
— sec’x As secx = 6;
B So if x is measured in radians
dy You should learn these
e y =tanx implies that . =sec’x key points.

B Also by the chain rule, if y = tan f(x) then % =f'(x) sec? f(x)

Differentiate a y =x tan 2x b y =tan*x

a y=xtan2x This is a product.
dy Use u = x and v = tan 2x, together with the
P x2 sec? 2x + tan 2x product formula.
X

= 2X sec? 2x + tan 2x
by =tan*x = (tanx)*

—= = 4(tan x)°(sec? x)

Use the chain rule with u = tanx.

=4 tan’x sec® x



Differentiation

Exercise m

1 Differentiate:

a y=tan3x b y=4tan3x c y=tanx—1) d y=x2tanyx + tan(x — 3)

8.9 The remaining trigonometric functions can be differentiated using the chain rule,
together with the results obtained so far for sinx, cos x and tan x.

Let y = cosecx.

1
Then y=-——=(sinx)!
sinx

dy
S —_— = = i -2
0 (sinx)~“(cos x)

COSX . 1 cosX
_ 0 This equals —— X —
sinx sinx sinx

= —cosecx cotx

B y = cosecx implies that % = —cosecx cotx

B Also by the chain rule, if y = cosec f(x) then % = —f'(x) cosec f(x) cot f(x)

Lety = secx.

1
Then y= osx (cosx)~!

dy
So ——=—(cosx)?(—sinx
0 (cosx) 2 (—sinx)

sinx sinx 1 sinx
=— Note that = X
cos’x cos2x COosX COSX
=secx tanx

N d
B y =secx implies that Ey =secx tanx

B Also by the chain rule, if y = sec f(x) then gi— =f'(x) sec f(x) tan f(x)
Let y = cotx.

1
Then y = . (tanx)!

dy
So —— = —(tanx) ?(sec’x)
dx
_sec’x sec?x 1 cos’x 1
tanZx tan?x cos?x sin’x  sin%x
= —cosec’x

B y = cotx implies that % = —cosec’x

B Also by the chain rule, if y = cot f(x) then (;ﬂ = —f'(x) cosec? f(x)
x




Collecting all these results together,

B y= sinx:>£=cosx
dx

- dy

y=Cosx¥ =>—— = —sinx

& &

B y=tanx>— =sec’x
dx
dy
B y=cosecx=— = —cosecx cotx
dx
d
B y= secx = = secx tanx
dx

B y=cotx :>d_y = —cosec’x
dx

These results, obtained so
far, should all be learned.
They can be used
together with the chain
rule and the product and
quotient rules to enable
you to differentiate a
wide range of functions.

Differentiate ay=—-— b y=sec’x

x?(—2 cosec 2x cot 2x) — cosec 2x X 2x

x4
—2cosec 2x(x cot 2x + 1)
x5

*——— Use the quotient rule with u = cosec 2x and

=32

by =sec®x = (secx)’
dy
— =3 2 t
o (sec x)“ (sec x tan x)

=3secoxtanx

1 Differentiate
a cot4x b sec 5x

sec2x

e xcot3x f

Use the chain rule with © = secx.

Cc cosec 4x d sec?3x

g cosec® 2x h cot?(2x — 1)



Differentiation

8,10 You are now able to differentiate functions that are formed from a combination
of trigonometric, exponential, logarithmic and polynomial functions.

Differentiate

ay=e'sinx
y=e sinx
dy .
—= =¢e"cosx + efsinx
dx
B Inx
Y sin x
, 1
sinx X ——1Inx X cos x
Gy _
dx 5in? x

_sinx —xcosxlnx
X sin®x

1 Find the function f'(x) where f(x) is

a sin 3x b cos4x
e cosec2x f cot3x
o zx . x
i tan— j cosecz

c tan Sx

sin %
8 5

Kk cot %x

Find the function f'(x) where f(x) is

a sin?x b cosix
e Vcotx f cosec’x
i tan?x j secx

c tan‘x
g sin’x

Kk cot3x

Find the function f'(x) where f(x) is

a X Ccosx b x?sec3x
x2 £ 1+ sinx
tanx CcosX
sin 3x . -
— ] e*sin“x
er

tan 2x
c —=
X

g e¥cosx

Inx
k N
tanx

Use the product rule with © = e* and v = sinx.

Use the quotient rule with & = Inx and v = sinx.

d sec7x

h cos3—x
7

1 sec3—x
2

1
d (secx)2
h cos*x

1 cosectx

d sin3x cosx

h e*sec3x

esin x
l -
COSX

-
TN

. ,-t



1 Differentiate with respect to x:
a Inx? b x?sin 3x

@

2 Given that

2

) =3 - +In%, x>0
s "

find f'(x).
. . dy .
3 Given that 2y = x — sinx cosx, show that . = sin’x.

4 Differentiate, with respect to x,

1
a——, x>0 bIn——
X x2+9

5 Use the derivatives of sinx and cosx to prove that the derivative of tanx is sec?x.

@0 0

X
f(x) =—— eR
6 f(x) DY X

Find the set of values of x for which f'(x) <O0.

@

7 The function f is defined for positive real values of x by

fx) = 12Inx — x2

@

Write down the set of values of x for which f(x) is an increasing function of x.

8 Given thaty =cos2x + sinx, 0 <x < 2, and x is in radians, find, to 2 decimal places,

the values of x for which % =0. 9

9 The maximum point on the curve with equation y = x Vsinx, 0 <x < =, is the point A.
Show that the x-coordinate of point A satisfies the equation 2tanx + x = 0. Q

10 f(x)=e">*—x2, x€ER

a Find f'(x).
b By evaluating t'(6) and f'(7), show that the curve with equation y = f(x) has a
stationary point at x = p, where 6 <p <7. Q

11 f(x)=e*sin2x, O<x<w
a Use calculus to find the coordinates of the turning points on the graph of y = f(x).
b Show that "(x) = 8e* cos 2x.

¢ Hence, or otherwise, determine which turning point is a maximum and which is a
minimum. Q

12 The curve C has equation y = 2¢* + 3x2 + 2. The point A with coordinates (0, 4) lies on C.
Find the equation of the tangent to C at A.




Differentiation

13 The curve C has equation y = f(x), where
f(x)=31nx+l, x>0
X

The point P is a stationary point on C.
a Calculate the x-coordinate of P.
The point Q on C has x-coordinate 1.

b Find an equation for the normal to C at Q. 9

14 Differentiate e* cosx with respect to x.
The curve C has equation y = e* cos x.

a Show that the turning points on C occur when tanx = 2.
b Find an equation of the tangent to C at the point where x = 0. Q

15 Given thatx = y?Iny, y >0,

a find (—bﬁ
dy

d .u 1
b use your answer to part a to find in terms of e, the value of ay aty=e. 9 g '

16

The figure shows part of the curve C with equation y = f(x), where f(x) = (x3 — 2x)e™
a Find f'(x).
The normal to C at the origin O intersects C at a point P, as shown in the figure.

b Show that the x-coordinate of P is the solution of the equation

202 = e + 4. ()




A
The diagram shows part of the curve with equation y = f(x) where
fx)=x(1+x)Inx {x >0}
The point A is the minimum point of the curve.

a Find f'(x).

b Hence show that the x-coordinate of A is the solution of
the equation x = g(x), where

1+x

glx)=e 1+2




Summary of key points

You should learn all of these results.

1 You can use the chain rule to differentiate a function of a function:

® if y = [f(x)]” then % = n[f(x)]* ~ f'(x)

d
e ify=flgw) then = = F[sw)]g'@)

2 Another form of the chain rule states that jx—y = 3—y X % where y is a function of u, and u
u

is a function of x.

1

d;
3 A particular case of the chain rule is the result Ey = @

dy
4 You can use the product rule when two functions u(x) and v(x) are multiplied together.

o Ify=uvthend—y=ug+v%
de dx dx

5 You can use the quotient rule when one function u(x) is divided by another function v(x),
to form a rational function.
du dv

dy dx ldx
OIfyz%thenay= 2

dy . dy
6 If y =¢* then == = e* also and if y = ef® then — = f'(x)ef®
y ™ y e (x)
d 1 d f'(x
7 Ify=1Inx then & _2 and if y = In[f(x)] then & f'e@)
dx «x dx f(x)
dy
8 If y =sinx then — = cosx.
7 dx
9 Ify = cosx then Y_ —sinx. The chain rule can be
dx used with each of these
functions to obtain
dy ) further results. (See the
10 If y = tanx then e Sectx. examples in the section.)

11 If y = cosecx then % = —cosecx cotx.
12 If y = secx then % =secx tanx.

d
13 If y = cotx then Ey = —cosec?x.




Review EXxercise

a On the same set of axes sketch the
graphsof y = |2x — 1] and y = |x — k|,
k> 1.

b Find, in terms of k, the values of x for
which |2x — 1| = |x — k|.

a Sketch the graph of y = |3x + 2| — 4,
showing the coordinates of the points of
intersection of the graph with the axes.

b Find the values of x for which
|3x + 2| = 4 + x.

YA

M (2, 4)

_|5 (0] \5' x
The figure shows the graph of y = f(x),
-S=<sx=<§.

The point M (2, 4) is the maximum
turning point of the graph.

Sketch, on separate diagrams, the graphs of
ay=fx)+3 b y = [f(x)|

c y = f(lx)).

Show on each graph the coordinates of
any maximum turning points.

" y = )

A

0 1,0 7
;;;2

B

The diagram shows a sketch of the graph
of the increasing function f.

The curve crosses the x-axis at the point
A(1, 0) and the y-axis at the point B(0, —2)
On separate diagrams, sketch the graph of:
ay=f'@ b y = f()
cy=1f2x)+1 dy=3f(x-1).
In each case, show the images of the
points A and B.



@ ror the positive constant k, where k > 1,

the functions f and g are defined by
f: x—In(x + k), x> —k,
g:x—1|2x — k|, x€R

a Sketch, on the same set of axes, the
graphs of f and g. Give the coordinates

of points where the graphs meet the
axes.

b Write down the range of {.

¢ Find, in terms of k, fg(%).
The curve C has equation y = f(x). The
tangent to C at the point with
x-coordinate 3 is parallel to the line with

equation 9y = 2x + 1.
d Find the value of k.

Y4 |
______________ 2
B/ ! C/
ONA /> 3 5 x

The diagram shows a sketch of the graph
of y = f(x).

The curve has a minimum at the point
A(1,-1), passes through x-axis at the
origin, and the points B(2, 0) and C (5, 0);
the asymptotes have equations x = 3 and
y =2

a Sketch, on separate axes, the graph of

iy = [fx)|
ii y=—fx +1)
iii y = f(—2x)

in each case, showing the images of the
points A, B and C.

b State the number of solutions to the
equation

i 3f) =2 i 2/fx)| = 3.

o

The diagram shows part of the curve C
with equation y = f(x) where

_ -1y

f(x) = @=3)

The points A and B are the stationary
points of C.

The line x = 3 is a vertical asymptote to C.

a Using calculus, find the coordinates of
A and B.

b Sketch the curve C*, with equation
y = f(—x) + 2, showing the coordinates
of the images of A and B.

¢ State the equation of the vertical
asymptote to C*.

a On the same set of axes, in the interval
—m < 6 < m, sketch the graphs of

iy=cote iiy=3sin26.
b Solve, in the interval —7 < 0 < 7, the
equation

cot 6 = 3 sin 26.

giving your answers, in radians, to
3 significant figures where appropriate.

YA

“ ENS)

T
6,
|

wla—
o
9
::l_
DY

The diagram shows, in the interval
—m < 0 < 7, the graph of y = k sec (6 — «a).




The curve crosses the y-axis at the point a express arccos x in terms of y.
(0, 4), and the ¢-coordinate of its b Hence find, in terms of = the value of

minimum point is %T arcsin x + arccos x.

a State, as a multiple of =, the value of a. Given that

b Find the value of k. y=arccosx, ~1<x<land O0<y<m,

¢ Find the exact values of 6 at the points c sketch, on the same set of axes, the
where the graph crosses the line graphs of y = arcsin x and y = arccos x,
y = —2/2. making it clear which is which.

d Show that the gradient at the point on d Explain how your sketches can be used

to evaluate arcsin x + arccos x.

the curve with 6-coordinate Z—g is 2/2.

a By writing cos 36 as cos (260 + 6), show
a Given that sin2 6 + cos2 6 = 1, show that

that
1 + tan? 6 = sec? 0.
cos 30 = 4 cos® 6 — 3 cos 6.
b Solve, for 0 < 6 < 360°, the equation ‘ Jz
2tan? 6+ sec 0= 1, b Given that cos 0 = EX find the exact
giving your answers to 1 decimal place. value of sec 36.
9 Given that sin (x + 30°) = 2 sin (x — 60°),
a Prove that sec*d — tan*6 =1 + 2 tan? 6. a show that tanx = 8 + 5/3.

b Find all the values of x, in the interval b Hence express tan (x + 60°) in the form

0 < x < 360°, for which a + by3.

sect 2x = tan 2x(3 + tan32x).
Give your answers correct to 1 decimal
place, where appropriate.

a Given that cos A = 3 where
270° < A < 360°, find the exact value

of sin 2A.
a Prove that b i Show that
w o
cot 6 — tan 0 = 2 cot 26, 0#”7#. cos(2x+§) +cos(2x—§) = cos 2x
b Solve, for —7 < 6 < 7, the equation Given that
cotf—tan =35, y=BSinzx+cos(2x+g)+cos(2x—g),
iving your answers to 3 significant
gguregsy s ii show that % = sin 2x ()
a Solve, in the interval 0 < < 27 Lk Solve, in the interval —180° < x < 180°,

sec 6+ 2 = cos 0 + tan (3 + sin 6), the equations

giving your answers to 3 significant
figures. b sin x (cos x + cosec x) = 2 cos? x, giving

your answers to 1 decimal place.

a cos2x +sinx =1

b Solve, in the interval 0 < x < 360°,

cot? x = cosec x(2 — cosec x), a Prove that
giving your answers to 1 decimal place.

SIN 04 COSO_ 5 cosec 26, 6+ 90n°.
cos 6  sin 6

- - b Sketch the graph of y = 2 cosec 26 for
y=arcsinx, —1<x<1 and —zsysz, 0° < 0 < 360°.

m Given that




c Solve, for 0° < # < 360°, the equation

sin § , cos 6 _
cos 6 sin 0

’

giving your answers to 1 decimal place.

E

@ a Express 3 sinx + 2 cos x in the form

Rsin(x+a),whereR>0and0<a<7—T.

2
b Hence find the greatest value of

(3 sinx + 2 cos x)*.
¢ Solve, for 0 < x < 2, the equation
3sinx +2cosx =1,
giving your answers to 3 decimal places.

E

The point P lies on the curve with
equation y = ln(%x).
The x-coordinate of P is 3.

Find an equation of the normal to the
curve at the point P in the form y = ax + b,
where a and b are constants.

a Differentiate with respect to x
i 3sin?x + sec 2x,
ii {x + In(2x)}3.

Given thaty = Sxix—%(l))xzﬂ x# -1,
dy 8
b show thata = _(x ~ 1) e
Given thaty = In(1 + €%, 4
a show that when x = —1In3, @y = %
b find the exact value of x for which
dy
ey_ =
dx
a Differentiate with respect to x
ixZ%e*+2
.. cos(2x?)
ii .
3x d
b Given thatx = 4 sin (2y + 6), find ay in

terms of x. 9

Given that x = y%e”,
a find, in terms of , @

-2
b show that when y = 4, Sy

12

gl&

a Given thaty = (1 + x?), show that
b_v3 when x = V3.

de 2
b Given thaty = In{x + (1 + x?)}, show
that Y- 1
dx \,(1 + x2)

Given thatf(x) =x% ¥,

a find f'(x), using the product rule for
differentiation

b show that f"(x) = (x? — 4x + 2)e ™.

A curve C has equation y = f(x).

¢ Find the coordinates of the turning
points of C.

d Determine the nature of each turning
point of the curve C.

a Express (sin 2x + V3 cos 2x) in the form
R sin(2x + k), where R > 0 and
0<k<y

7
N

\/_\
_  —

The diagram shows part of the curve
with equation
y = e 2% (sin 2x + V3 cos 2x).
b Show that the x-coordinates of the

turning points of the curve satisfy the
equation




The curve C has equation
y = x2/cos x. The point P on C has
x-coordinate —.

3 2

a Show that the y-coordinate of P is —-—.

18
b Show that the gradient of C at P is

0.809, to 3 significant figures.

g, Chasa
maximum at the point A.
¢ Show that the x-coordinate, k, of A

satisfies the equation x tan x = 4.

In the interval 0 < x <

The iterative formula

Xpe1 = tan‘l(xi), X, = 1.25,

n
is used to find an approximation for k.
d Find the value of k, correct to 4 decimal

places.

IS
RY

P

The figure shows part of the curve with
equation

m

T

The curve has a minimum at the point P.
The x-coordinate of P is k.

y=2x —1)tan2x, 0s<sx<

a Show that k satisfies the equation
4k + sin 4k — 2 = 0.
The iterative formula
Xyi1 = 32 — sin 4x,), %= 0.3,
is used to find an approximate value for
k.
b Calculate the values of x;, x,, x; and x,,
giving your answers to 4 decimal places.

¢ Show that k = 0.277, correct to 3
significant figures.



Practice paper

(Marks are shown in brackets.)

1 The curve C, with equation y = x2Inx, x > 0, has a stationary point P. Find, in terms of e, the
coordinates of P. (7)

2 fx)=e*"1, x=0

The curve C with equation y = f(x) meets the y-axis at P.
The tangent to C at P crosses the x-axis at Q.

a Find, to 3 decimal places, the area of triangle POQ, where O is the origin. (5)
The line y = 2 intersects C at the point R.
b Find the exact value of the x-coordinate of R. 3)
X x+7
3 f(x)=—3————, x>1
x+1 x2-1
4
a Show that f(x) =3 — o1 x>1. (5)
x p—
b Find f'(x). (4)
¢ Write down the domain of f1(x). (1)

4 a Sketch, on the same set of axes, for x > 0, the graphs of

y=-1+In3x and y=% (2)
The curves intersect at the point P whose x-coordinate is p.
Show that
b p satisfies the equation
pIn3p-p—-1=0 (D)
c 1<p<2 (2)

The iterative formula
1 (1+ 1
xn+1=§e( x")r xO=2
is used to find an approximation for p.

d Write down the values of x;, x,, x3 and x, giving your answers to 4 significant figures. (3)
e Prove that p = 1.66 correct to 3 significant figures. (2)

5 The curve C; has equation

y =cos2x — 2sin’x




Practice paper

The curve C, has equation
y =sin 2x
a Show that the x-coordinates of the points of intersection of C; and C, satisfy the equation
2cos2x —sin2x =1 3)

b Express 2 cos 2x — sin 2x in the form R cos(2x + ), where R>0 and 0 < a < g, giving the

exact value of R and giving « in radians to 3 decimal places. (4)

¢ Find the x-coordinates of the points of intersection of C; and C, in the interval 0 <x < 7,
giving your answers in radians to 2 decimal places. (5)

o
6 a Given that y = Insecx, 5 <x =<0, use the substitution u = secx, or otherwise, to show

dy
that — = tanx. 3
dx ©)
The curve C has equation y = tanx + In secx, —g <x=<O0.

At the point P on C, whose x-coordinate is p, the gradient is 3.

b Show that tanp = —2. (6)
¢ Find the exact value of sec p, showing your working clearly. (2)
d Find the y-coordinate of P, in the form a + kIn b, where a, k and b are rational

numbers. (2)

7 The diagram shows a sketch of part of the curve with Y4
equation y = f(x). The curve has no further turning
points.
On separate diagrams show a sketch of the curve with
equation \
a y=2f(-x) -1\ © 1 3\ *
b y = If(2x)l (3)
In each case show the coordinates of points in which
the curve meets the coordinate axes. -2
The function g is given by
gx—lk+1l-k xeR k>1

c Sketch the graph of g, showing, in terms of k, the y-coordinate of the point of

intersection of the graph with the y-axis. 3)
Find, in terms of k,
d the range of g(x) (1)
e gf(0) @)

f the solution of g(x) =x 3)




Examination
style paper

1 The point P lies on the curve with equation
y = [3x + In 2x]?

The x-coordinate of P is 0.5.
Find an equation of the tangent to the curve at the point P.

2 Express

32 -2¢ 2
@x-1)Bx -2 «x2-1

as a single fraction in its simplest form.

3 g(x) = Ssinx — 3 cosx
Given that g(x) = Rsin(x — a), where R =0 and 0 < a < 90°
a find the value of R and the value of «.
b i Write down the maximum value of g(x).

ii Find, to the nearest degree, the smallest positive value of x for which the
maximum value occurs.

>

4 Figure 1 Y

31

Figure 1 shows the graph of y = f(x) —6 < x < 6. The point M(3, 1) is the minimum
turning point of the graph.

Sketch on separate diagrams the graphs of:

ay=fx) -1
by = |f(x + 3)|
c y = f(x[)

Show on each graph the coordinates of any minimum turning points.

(6)

(7)

(4)
(1)

(2)

(2)
3)
3)




Examination style paper

5 f(x) = x> —x2 - 20
a Show that the equation f(x) = O can be written as

x=‘3/1+%

The equation f(x) = 0 has a root « in the interval [1, 2]. 3)

b Use the iterative formula

3 20
Xp1 =/ 1+ 75
n

with x, = 2, to find, to 2 decimal places, the values of x;, x,, x; and x4. (4)

¢ By choosing a suitable interval, prove that « = 1.88 correct to 2 decimal places 3)

6 The functions of f and g are defined by

f: x - In(3 — 2x) xER x<1.5

g x—ex+1 *rER
a Find gf(-1). (4)
b Find f!(x). 3)
¢ Find the exact value of x for which f1(x) = g(x). (5)

1
2
find cosec2x in terms of p and q. (4)

7 a Giventhatsinx:%, O<x<-45and p>0and g >0,

b Solve for 0 < x < =, giving your answers as multiples of =,
2 cot? 2x + 3cosec2x = 0 (8)

8 Differentiate with respect to x

ay=xlex! (4)
_sin(x? + 1)
¢ Given thatx = 3tan(2y — 1), find b in terms of x. (5)

dx




Formulae you
need to remember

These are the formulae that you need to remember for your examinations. They will not be
included in formulae booklets.

Trigonometry

cos2A+sin?A=1

sec2A=1+tan? A

cosec?A=1+cot? A

sin 2A = 2sin A cos A

cos 2A = cos? A —sin? A
2tan A

2A =
tan 1—tan? A

Differentiation

function derivative
sin kx k cos kx
cos kx —k sin kx
ekx kekx
In x 1
X
f(x) + g(x) f'(x) + 8'(x)
f(x) gx) f'(x) gx) + f(x) g'(x)

f(g(x)) f'(g(x)) g'(x)




Index

absolute value 64
addition
algebraic fractions 6-7
numeric fractions 6-7
addition formulae (trigonometry)
107-113, 124
algebraic fractions
addition 6-7
division 4-6, 8-11
equivalent fractions 2
improper 8
multiplication 4-6
reciprocal 4-6
remainder theorem 8-11
simplifying 2-3
subtraction 6-7
summary of key points 11
arccos x graph 98-102
arcsin x graph 98-102
arctan x graph 98-102

chain rule 133-135, 145
complex functions 20-23
composite functions 20-23
continuous domain 17, 19
converging sequence 52
cosec 6
definition and calculation
84-86
differentiation 145
expressions and equations
90-93
graph 87-90
identities 93-97
cot 0
definition and calculation
84-86
differentiation 145
expressions and equations
90-93
graph 87-90
identities 93-97
curve transformations 72-80

differentiation
chain rule 133-135
complex functions
147-150
exponential function
138-140
formulae to remember 154
function of a function 133-135
functions divided by functions
137-138

functions multiplied together
135-136
log function In x 140-141
product rule 135-136
quotient rule 137-138
summary of key points 151
trigonometric functions
141-146
discrete domain 17, 19
disease infection example 36
divergent sequence 54
division, algebraic fractions 4-6,
8-11
domain
continuous 17, 19
discrete 17, 19
functions 24
log function In x 37
mapping diagram 13-14,
17-20
double angle formulae 113-120

equation solving approximations
graphically 46-49
interval in which f(x) changes
sign 47
iteration 50-55
iteration warning 44
summary of key points 57
equation solving involving a
modulus 69-72
equivalent fractions 2
examination formulae to
remember 154
examination notation and
symbols 155-157
examination style paper
152-153
exponential decay 34
exponential functions
definition 32
differentiation 138-140
graphs 32-36
inverse 36-43
summary of key points 44
the exponential function 33
y=a" 32-33
y=¢ 33
exponential growth 33-36

factor formulae (trigonometry)
124-128

function of a function,
differentiation 133-135

functions
complex 20-23
composite 20-23
domain 24
inverse 23-28
many-to-one 14-16
one-to-one 14-16, 23-28
range 24
reflection 25-26
special mapping 14-16
summary of key points 30
functions divided by functions,
differentiation 137-138
functions multiplied together,
differentiation 135-136

half angle formulae 119

improper algebraic fractions 8

improper numeric fractions 8

inverse exponential functions
36-43

inverse functions 23-28

inverse trigonometric functions
98-102

investment value example 36

least common multiple 6

log function In x
basics 36-43
differentiation 140-141
summary of key points 44

many-to-one functions 14-16
mapping diagram
domain 13-14, 17-20
range 13-14
representation 13-14
mixed number 8
modulus functions
definition 64
equation solving 69-72
sketching graph of y = f(lxl)
67-69
sketching graph of y = f(Ixl)
64-67
multiplication, algebraic fractions
4-6

notation
cos” 6 84
function 17
inverse functions 23
inverse trigonometric functions
98




log function In x 36
numeric fractions
addition 6-7
improper 8
subtraction 6-7

one-to-one functions 14-16,
23-28

population increase example 36
product rule (differentiation)
135-136

quotient rule (differentiation)
137-138

range
functions 24
log function In x 37
mapping diagram 13-14
remainder theorem 8-11

identities 93-97

stretch 72-77
subtraction

algebraic fractions 6-7
numeric fractions 6-7

summaries of key points

algebraic fractions 11
differentiation 151
equation solving
approximations S7
exponential functions 44
functions 30
log functions 44
transformations 82
trigonometry 104-10S5, 131

transformations

curves 72-77

points on curves to which
given points mapped 77-80

stretch 72-77

summary of key points 82

arccos X, arcsin x, arctan x
98-102

cosec 6§, cot 6 and sec § 84-97,
145

differentiation of cos x
143-144

differentiation of sin x
141-143

differentiation of tan x
144-145

double angle formulae
113-120

factor formulae 124-128

formulae to remember 154

half angle formulae 119

inverse trigonometric functions
98-102

summary of key points
104-105, 131

sums and differences of sines
and cosines 124-128

triple angle formulae 117,

sec 0 translation 72-77 120
definition and calculation translation 72-77 triple angle formulae 117, 120
84-86 trigonometry
differentiation 145 a cos 6= b sin 6 expressions used car price example 35
expressions and equations 120-124
90-93 addition formulae 107-113, y=a* 32-33

graph 87-90 124 y=¢€" 33




Answers

Exercise 1A Mixed exercise 1E
x+4
1 a 4 b | c d | bc x+1
’ x+ 2 * 1 a a b 4
a+3
€3 £ a+ 6 ] ; h i c 2x d £=7
X
. x . x & x+1 i x?
Y3z Vi3 x+4 x+2 gy s § B3
a+ 8 b+3
xI-4 1 x—-3 2x - 2)
m n (1]
2+4 " x+3 x-4 P 12 g o IE 5 >
q 66—1) r 3(x+1) 12 2y
x+7 d 4 10
g c x—4-
Exercise 1B 6 x—1
a’ 1 1
- 5 23
L cd LR %32 d e x2—2x+11— f x?-
x+2 x2+1
o £ L g b 3 A=1,B=—4,C=3, D=8
2 _ + ==Lbo=-"%HL=9, U=
x 3 10] x—2 2(a+3) 5 B=1C=3
X = + x = = = —
i i y x X [ 4 6 A=2,B=-4,C=6,D=-11
y y 6
1 3y—2 2(x +y)?
m n (1] ; i
x+5 2 @ —y)? Exercise 2A
1 a 34
Exercise 1C y=x-3
i = B 3 10 5 10, §
1 a arp b d C LA
pq b 2x 5 0
d 3—x e Ed ¢ x2 +y? 0 > -5 4] (5,00 «x
%2 8x xy ~5 42>t~ 10 0, —5)
1 x=7 . =x-=5 x x=5 )/
g — h i =
(x+2)(x+1) (x +3)(x—2) 6 (-5, —10)
. 2x—4 5x+3 '
Voxray k sc+3@—1) b 7
y=2x+3
x+3 x+4
1 m ———— -2 -1
(@ + 1) (@ + 1)x +2)2 5 Aol (6, 15)
= W o SEWEE 4 > 11 (4, 11)
(a+ 1)a+ 3)* (y +x)y —x) 6 - 15 2.7)
< 1 - {r
7x + 8 4x24+17x + 13
p = - q a xz . & 2x + 3 \/ -
(x+2)x+3)x—4) (x +2) 49) >
; {=2."=1)
Exercise 1D
10 c vA
1 a x*+3x+6+ b 2x2—-3x+5— - y=x2-1
=1 x+3 ?
-3 8
4x + 7 -
c x*+2x+4 d 2+ -1 0 =l e
x2-1 N~
0 g —1
-8x+3 33x — 27 B N
e dx+1+— f 4x-13+ —— <
2x2 42 x2+2x—1 3 = 8
3 2-1
g x¥*+2-— h —x?+x—1 ) N >
x2+1 (-1, 0) o a,0) *
S5x—4
i 2x2+x+1+
2ok — 2

©, -1
2 A=3,B=—4,C=1,D=4,E=1




d
-4
A7
gl
i
X
A
y = Jx, x=0
(9, 3)
4,2)
(1, 1)
(0, 0) *
2 a=-6, b=4; c=0, d==*3,
e=175 [f=23, g=2V6, h=6
Exercise 2B
1 a 16 b 10 c 1 d 4
2 a6 b *2V5 c d 2 -3
3 a ¥ ) b
m(x) Y n(x)
> > S -
/| x | >
Range m(x) € R Range n(x)=5,x € R
mi(x) is one-to-one n(x) is many-to-one
C y d

y
) p(x) /Q(x)
/\ / X

Range q(x) € R
q(x) is one-to-one

<
S
O

Range -1=px)=1
p(x) is many-to-one
4 a one-to-one function
b one-to-one function
¢ Not a function. Some x values get mapped
to 2 y values.
d Not a function. Some x values get mapped
to 2 y values.
e Not a function. One x value doesn’t get mapped
anywhere.
f many-to-one function

Exercise 2C
1 a b
1 3 1 4 1
2 +—>— 5 17T 2
o 9 4>+ 3
N 16 s 4
i R 25 F+—>— 5
5 11 36 6

one-to-one function one-to-one function

ATAY;

many-to-one function

2
o m(x)
2_
0 X

Range m(x) = 2

m(x) is one-to-one

c d
Y

2 plx)

=y

0|

Range O=px)=2
p(x) is many-to-one

W W
A%
wilbd pal= wilba = [N

one-to-one function

YA
nix)

2,9

=Y

0

Range n(x)=9
n(x) is one-to-one

YA

_— q@)
4

0 p’c

Range q(x) =0
g(x) is one-to-one

3 glx) is not a function because it is not defined for x = 4.

a |
VA
“ b 109
flx) =x2+4+9 ¢ —86and9
N
\f(x)=4—x
4 x
4 a YA b -7
10 ¢ —2and 5
s(x)
\ \?c
-6
5 ¢c=04,d=8.8 6 a=2b=-1 7a=3
Exercise 2D
1 a 4x?>-15 b 16x2+8x—3
1 4
c ——4 d —+1 e léx+5
x? X

2 a fgx)=x2-1

b fgx)=\Vx-3

gf(x) = Vx - 3
c fg(x) =23
gilx) =2+ 3
3 a=1 4 m=2.25

Domainx € [
gf(x) = (x — 1) Domainx € R

Domain x =0

Domain x = 3
Domainx € R
Domainx € R

Range fg(x) = —1
Range gf(x) =0
Range fg(x) = -3
Range gf(x) =0
Range fg(x) =0
Range gf(x) = 3



5 a %x) b ml(x) ¢ nmix)
e pmx) f Imx) g pix)
x+2

8 fix) = —=
0= t3

Exercise 2E

1 a Ya fx)

b

¢ 1) = 1 = fw)
YA x

d

d In(x)

A2 f(x)

)
=Y

2 cand d are self inverses

3 gx)=4-x xR x>0}
whereas g7 'l(x)=4—x [x € R, x < 4}

e

a

Y

3

g (%)




~ S

A

Y 8@)
y=x
//
g -1
/// g (x)
r
s
r
s
£
rd
£
rd

< >

y X
//
rd

YA
y=x
-1 -
g y //
7
I
s
v P
// x
e 8lx)

a=-2 mlx)=Vx-5-2 [KERx>S]
tlx)=Vx+4+3 [KER x=0]

a

b

C

tends to infinity

7
2x+1
h™'(x) = [xeR x+2)
x—2
2+V5,2-Vs
fHx) = Ix+3 ERx>-3
(x)_ \I. 2 {x T, X = ‘I
a=-1

Mixed exercise 2F

1

a

Bran RO

not a function b one-to-one function
many-to-one function d many-to-one function
not a function f not a function
20, 28, 3 b flx)=-8,gx) ER
§——

g lx)=Vx—1|x € R}
4 - 1) e a=3 B
8,9 b —45and 5V2

VA gx)

y=x
e g ')
7 7
//
0 7', x

x—7

g )= —, RERXx=7]

g '(x) is a reflection of g(x) in the liney =x
x+1

-1 —
flx) = 4

, x ERY

3
gf) = —— WE R x #3|
—0.076 and 0.826 (3 dp)

6 a A b ;and1;
(6, 4)
(=2,2)
x
(1, -1
X +3
7 a flx)= fx ER, x=2)
x—2

=2

i Range f'(x) > 1 ii Domain f'(x) > 2

8 a fl=—2 xeRx+1)
x—1

-1
]r?

9 flx)y=0 ¢ x==6

T a0 T

Exercise 3A

Range f '(x) e R, f '(x)#2

b )y
y=de™
x
c ‘}l"
y=2e" -3
_/{0.—1) *
——————————————— y=-3
d ¥4
B
(0, 3)

16

y = 100e % + 10

2 a £20000 b £14331
c V()
20000

—_—



3 a 30 thousand C

4 Population YA
b 34918 94 1 (thousand) ! y=3+Inkx+2)
N
I
=
307 | (0, 3 + 1In2)
N I
T |
100 ! | .
4 a 200 —Zl (e3-20 X
b Disease will infect up to 300 people. I ‘
|
C N A
4 a £15000 b £9098 c 11 vears

3007-——————-o oo d p A good model.

200 _//_’__ 15000 The value of the car
depreciates but never

- falls below zero.

? t
5 a £6230 b £14336 c 5.29 times 2 e -2
5 a -} b ——=
Exercise 3B o —
1 a In5 b et c sIn7 c flx)=
S
d 2c e In8+1 £ e—z—l d
g In(0.1) h 2-¢f i iny) |
|
_ _ [
2 aln2 b -In2 c izz—l |
' |
2! /
3 a b —3 . -
YA YA : /// /
[ —_
: /’I _%
| y=1Inx+1) y = 2In() '
: o f~!(x) is a reflection of f(x) in the line y = x
: I 6 a gx)=>4 b 0.55
. X —4
—ll . _ c g“(x}=;ln( 5 ), lx = 4}
| 0,0 x (1,0) X . )
[ d
I
c d
¥ ¥ A
vy = (Inx)*
Sl y=In2)
=
N (1, 0) x
/(%, 0
g '(x) is a reflection of g(x) in the line y = x
7 a 150 b 170
e
4 ¢ 298th day d x
y=1n4—x) - 150
I
= t

40_x), x € R, x < 30}

3,0\ 4 > 8 a h(x) <30 b A=31n2, 0
\ c h"(x)=§ln(




Mixed exercise 3C
1a

Y4 y=¢e¢ +3
A (0, 4)
__________________ y=23

x
b YA
y = In(—x)

(-LUJ\ E
< | YA

l y =In(x + 2)

I

I

I

I

l In2

I /

—zi ~1 X

I

|

I
dy—3e244

YA
7
______ ¥y: 4
6
e LTy y = ot +2
_/ EE
*
f YA
x

2 b 4
3+V13
¢ —3In(14) a 220
2
e-:l
0 f —
¢ 2
a (0,3+In4)
b (4-¢30)
c 4-¢3 [x € R
d c(x) \w oy=x
_‘i ——————— y=4
~ \ %
// I I(x)
a £950 b £290 ¢ 428vyears d £100
A good model.
The computer
will always be
worth
something.
a 1.878
b
¢ g f(x)
VA f(x)
/ *
/ h
d 2 -3
2x
a y=—-" c 2.43
Y In 4
a gx)=0
b YA
f1(x)
5
/
=z N >
g ')
¢ 1 root (graphs cross at one point)

e+ 5 In

0.84



9

11

a flx)=k

b 2k

¢ fFhaxaInx-k),x=k
d YA fx)

c flx)<2

d 3

b (x+1)3x—1)x—2)
c 0.18, 0.70, 3.69

Exercise 4A

1

ol WN

a f(-2)=-1,f(-1)=5
b f(1)=3,f2)= -1
c f(3)=-2.732,f(4) =4
d f(-0.5) = —0.125, f(—0.2) = 2.992
f(1) = —2, f(2) = 5.5
e f(-2)=-2,f(—1.8) = 0.264
f(—1.8) = 0.264, f(-1) = -6
f(2) = —18, f(3) = 98
f £(2.2) = 0.020, f(2.3) = —0.087
g f(1.65)=—0.294, f(1.75) = 0.195
h £(0.5) = —0.084, f(0.6) = 0.018
£(5) = 2, f(4.9) = —0.401
f(1)=—1,f(2) =1
£(0.5) = —0.210, £(0.6) = —0.029

a
b -3
a VA 5
y =x”
y=e"
0 x

b One point of intersection, so one root.

x
y=€y
b 2
9 a
Ya 2
y=%
X
y=Jx
0 %
b1

d p=3,q=4 e 47

10 a ¥4

—-

b 2
e 0.303

Exercise 4B
3 ¢

® N !
—
=
o
=

10 1.653




Mixed exercise 4C

1 a
b

2 a

b
c

6,2
2.646, 2,599, 2.602, 2.602
YA
y = e'
0 x
y=4- x2

—1.9646
Iteration formula fails. Square root of a negative
number.

3 p=54g=6,r=5; 1708

4 a
b

—0.065, 0.099
Sign change

¢ p=038,¢g=0.4;1.113, 1.118, 1.119, 1.120

5 a

—0.0286, 0.279; Sign change

b p=154g=-1
c 0.4093

6 b

1.327

c p=-1.25

d
7 a

—2.642
2.10

b y-3y-3=0
d 0.68

8 a
b

10

1.5874, 1.5475, 1.5650, 1.5572, 1.5607
Divergent sequence

VA y =1In3x

w¥

0 G, 0)

d 0.304

11 a

y =

d

YA

y=3&-1

—3x — 1)
0,%)

o1, 0) %

—0.6931, —0.6133

Review exercise 1

10

11

20+3
x+5

b x2—-x+1

4x — 3
xix — 3)
xX+3

X

a
b

-

=2

+ 1

(2x + 1)(2x — S5)(4x — 1)
(Z2x + 1)(2x — 5)
X +x+1
x + 2)%
@+32+3>0
x>+x+1=0fromband (x + 2)>>0asx # -2
5 — 4x —x?
2(x + 1)?
2(x — 4) x—8
(?? ey

b x<-5x>1

0, 3)

|
IS
=
—
Q
w¥

domain of f '(x) isx > 4
1

K

range g(x) = 1

Hx) = 2 domainx > 1
g X — 1 ' =

fx) = x =1

x—1

+ X
f‘(x)=2——or{1+g]
x

X

c x=*2

oe

fix) = —16
For f(x) to have an inverse function it must be
one-to-one. With the given domain f(x) is
many-to-one.
_o
(1—-x)

X —8
g'@ =——

X

domainx = 0



12 a flx) a

A
_y=2
1 %
b The range of f(x) is 0 = f(x) = 2};‘
¢ flx),2where -2 <=x<=0,1<=x=2
13 a 4> -4x-3=2x - 1> -4
b f(xJJL
0 %
_4_
€ fl(x)a
/
_'4 0O

d flax)=31+Vx+4),x= -4

14 a f(x)n
Y T
N 0 %
3x+ 2
b RS
x+ 2
¢ In13
T+
d gl =1 5 S xER
15 a —2.36(3s.f) b 0.594 (3 s.f)
16 a x=2 b x=In3orx=In1=20

17a A=(*-20) B=(0,3-1n2)

c 2.68

b : Yy
—2 ¢-z %
18 a k= 144
The y-coordinate of B is 108.
b —-In2
19 a gf:x > 4e¥™ xR
b ¥
—/(0, 4)
0 %
c gfx)=0
d —0.418 (3 s.f.)
20a e¥—-4e"-1=0 B
b x=1In(2+V5) c 2V5
21 a 4450 b 1908 fish
¢ 26 days pass before the population reaches over
7000.
22 a 425°C b 7.49 minutes

¢ 1.64°C/minute
d The temperature can never go below 25 °C,
so cannot reach 20°C.
b t=9In {—9" ]

23 a 40
3a 400 — 1

c It takes 10 years. d 400
24 a f(1)=1-1-2=-2
f(2)=8-35-2=5
b 1.395(3 d.p.)
¢ Root lies between 1.394 and 1.395 so 1.395 is an

approximation to the root to 3 d.p.
25 a

YA
y=—-x
y=Inx
0 1 %
b x— (2x — Inx)
3
x+Inx=0

¢ 0.56714 (5d.p.)




26 a f(1) = —0.6109 ...
f(2) = 38.598 ...
b x, = 1.131 3 d.p.)
x; = 1.101 (3 d.p.)
x5 = 1.088 (3 d.p.)
¢ x=1077(3dp.)
d 2.15(2dp.) B
27 a x¥*-5c-4=0 bx=‘f(s+i)
Vi X
¢ x, = 1.6640 (5 s.f.)
X, = 1.6495
x; = 1.6507
x, = 1.6506
d k= 1.6506 (5s.f)
[r2 1y
Bax \“(x ’ 2-.)
b x, =1.412d.p)
X, = 1.39(2d.p.)
x; = 1.39 2 d.p.)
¢ a=13923dp.)
1 X+ 5
29 a x —»s3In|——
il
domain of f 'isx > —1
b rangeof f'is f'(x) >0
c x, = 0.2814
x, = 0.2779
d x;=02772
x, = 02771
x5 = 0.2771
e k=02771(4dp.)
30 a ¥
v =1fx)
1
b x 1+ x2
¢ x;=0.6711 (4 d.p.)
x, = 0.6895
X3 = 0.6778
x, = 0.6852
d k=06823dp.)
Exercise 5A
1 a
Ya
0 X

(1, 0), (0, 1)

(=13 0), (0, 3)

- o]
H"
H"

O
(10, 0), (0, 5)

0 x
‘;JC

(—1,0), (8, 0), (0, 8)

f ¥ J\/
0 "x

(—=3,0),(3,0), (0,9

) /

0 x
(=1,0), (0, 1)

d

(7,0),(0,7)

Y

0




H"

= O
0 x
) (2, 0), (0, 99)
1
Ya e Ya
0 N
X
0 x
0, 0) far (37
(Er OJ: (ﬂ'., 0): [‘Tr U)
' }JJ L \ /
Exercise 5B
0 /\ : ! Ya
G, 0), (0, =1) -
0 X
2 a y, 0, 1)
2 v\

—
S1E!

O ~
—_ L
to | @
R

o

s

(=]

—

=

ﬁl!’
5

\

b (=4, 0), (4,0, (0, —4)

Ya
3
Y
\/ \/ O \/ ='x

(=2, 0), (=7, 0), (0, 0), (m, 0), (2, 0)

o]
w¥

(1, 0)
4 ¥4
0 x >
0 x

(1,0), (0, 1) 0, 1)




Exercise 5C
1

O
2 y
0
3
4 v,
0,
5
3
0
Exercise 5D
1 a N

x=-1,x=

x=-2.18,
x=4

-

wiun

b yﬂ
-1 0 X
¢ Yp
13
0 \ x
d N
€ yll
5 -
o 150 330 X
—_ 5 -
f YA
0 *
g
0
h Ya

=Y



.
A
0 /3 "
, yl\

0

Exercise 5E
1 a v

[\
AT
AN\
/() \ x
0 / "X

(0, 2)
(=2,-4)
(3, 14)
2, -3
0, -7)
5, -1
(—1,0)
(=3,-1)
2, 2)
(0, 0)
(=1,2)
(13, —4)

o

R\r

=

o
¥

0

wY

(1,12)
Mazx,
(0,0)

(=2, 2)
Max,
(—4,0)
(0, 13)

(-1,0
Min,
©, 1)

(=2, —=8)
Min,
(=3, 0)

x=2,
y=-1

- o

=R

.




Mixed exercise 5F 6 a y,
h
1 a R
(0, 2a)
0 (2a, 0) x
0 “x
b x= 3?&[, x=3a
fa 2a)

b (ar O)r (0! “) d [:; T) < y“

2 a

/\(3a, 0)

Y
0 /a' 0) \ x
(0, - )
Y V4

7 ab

Ya
b (—a, 0), (a, 0), (0, a?) c a=>5 ~£.0)
3 a Ya (0- a)
N 4
0 x
¢ One intersection point
 —a+\V(@>+8)
b x=0x=—4 d x= O
4 a gx)=0 b x=0x=8 8 a (1,2),6 55—
c Y b
Ya
x=2,x=06
0 %
5 a Ya 0 >
0, a)
_ c (3, —06), Minimum
0 (&, 0) £ 2,2 — 15 In 3), Maximum
b Y3 Exercise 6A
1 a +ve b —ve c —ve
d +ve e —ve
2 a —-576 b -1.02 ¢ -1.02 d 5.67
0 e 0.577 f -136 g —-324 h 104
©, a) 3 al b -1 c -1 d -2
2V3
R e —T f -1 g 2 h 2
0 a “x . _ _
(5 0 — V3 2V3 =
c a=6,a=10 i V2§ 5 k == 1 -2



YA , \
1 1
0 0 30 45 60 70° | 80 85 95 ; ;
sec 0 1 1as | 14 2 | 292 | 576 | 11.47 |-11.47 P\ T o
1 1
1 1
f 100° | 110° | 120° | 135° | 150° | 180° | 210° E/—\E
sec | -576 | -292| -2 | —141| -135| -1 | -1.a5 / ' ' L,
0 _/efc)d 180° 270R_ 360° ¢
1 1
b ! ! y = —cosf)
] 100 | 20° 30° | 45 | 60° | 80° | 90° | 100° | 120°
cosec #| 576 | 2.92 2 1.41 | 115 | 1.02 1 102 | 115 : ly =sect
0 1350 | 1500 | 1600 | 170° | 190° | 200" | 2100 | 295° | 240° b The so.lutlo.ns of sec. = —cos # are the 0 values of
the points intersections of y = sec # and y = —cos .
cosec 0| 1.41 2 292 | 576 | -576| —2.92| -2 | —1.41| —1.15

As they do not meet, there are no solutions.

o 270° | 300° | 315° | 330° | 340° | 350° | 3907 3 a ,, , ,
cosecd| -1 |-115| —141| -2 | —292| -576| 2 A cot f !
c ! !
i —90 — &0 —45 -30° —10 10 30 45 &0 : i »
cot 0 0 |-o0s8| -1 | -173]| -567] 567 | 173 | 1 | 058 0 9 30 2 60 6
! Ny = sin 20
0 90 | 120° | 135° | 150° | 1707 | 210° | 2257 | 240° | 2707 i i
cot # 0 |-o0s8| -1 |-173]-s567] 173 | 1 058 | o | :
b 6
Exercise 6B 4 a  y=tanf
1 a i : |
y = sect ! !
i i Aya | i i | |
i i i i i i 0 90° A80° 270° /360° ¢
et S S 1) N SR R el : |
—450° —270° —90° | 90° 270° 450° ¢ : !
: : i /-\: : / i !
\I :/\: ' i i YA . .
i ! '\ y = cot® + 90)
y = cosec l :
i | i YA | | | I I
i i i i i i | . | Ly
| | | 1 | | | 0 90 18 270 360 ¢
e e
-5#0° =360° —180° O]~ 180° 360° 540°9 ! :
! ! ! ! ! ! b cot(90 + 6) = —tan 6
§ a i The graph of tan(ﬁ + g) is the same as that of
iii N

tan 6 translated by 323 to the left.

YA
ii The graph of cot(—#) is the same as that of

cot 6 reflected in the y-axis.

_ iii The graph of cosec(.ﬂ + g) is the same as that
8 \ !
of cosec # translated by E to the left.

—540° N360° \180° \V 80°

e
=
o
e
=
o

iv The graph of sec(ﬂ - —}) is the same as that of

!

b i secf=-1,sech=1 sec # translated by E to the right.
ii cosec A= -1, cosec =1 Cm ) - -
iii R b tan| #+—| = cot(—#); cosec| #+ —| = sec| # — —
(0+3) = cot(-0y cosec{0+ ) = sec{0- )




a
YA . . Iy = sec 29.
1 L : :
Lo aseny
0] 45° 90° 135° 180° 225° 270° 315° 360° @
-1+ ! ! !
(90, —1) (270°, -1)
by, .y = cosecf
1F : !
L2705 1)
0 90° 180° 270° 360° ¢
~1F : !
©00°, ~1)\ | |
€ ya . \
! ! y =1+ sect
2 ! 5
; 180° .
0 90° 270° 360° g
2f e
To(180°,0)
d LT
i i y = cosec(f — 30°%)
1! !
L (12051) L
0] 30° 210°  300° 360°¢
—1F !
©, —2)) ! :
\i L/ (300°, —1)
2
a ?‘H b 47 c T d 27
a K/ :\/
3T i i
o] | i i N
zvlf:/\f: / Z
b -1,3

¢ Max =3, when 6= 27; min = —1, when 6= .

Exercise 6C

1

B nnar B ar

e e e R

=

cosec? f b 2cot’d c 3sec?d

cot? @ e secf f cosec?d
1

2 cot? @ h sec® o

3 b -} c *V3

cos f b 1 c sec 2f

1 e 1 f cosA

COs X

sinf  cos? 0+ sin? @
L.H.S. =cosf+sina = !
cos # cos

— 1 = sec #= R.H.S.

cos f
cosfl  sin@ cos?6+sin?6
HS., = - =
LHS sinf@ cos#f sin @ cos #
_ 1 1 v 1
~ sinfcosf sin@ cos@
= cosec #sec # = R.FL.S.
— ¢inl el
LHS. =—— —ging=_t_Sin"#_cos76
sin # sin @ sin @
f
=Cos A X c‘i = cos fcot = R.H.S.
sin @
L.HS. =1—-cosx+secx—1=secx —cosx
1—cos’x  sin’x
= - COSX = =
COSX COs X CosXx
-7 x
=sinx x L sinx tanx = R.H.S.
x
cos?x + (1 —sinx)?
L.HS. = -
(1 —sinx)cosx
_ cos’x+1—2sinx +sin’x
a (1 —sinx)cosx
_ 2-2sinx 2(1 = sinx)
~ (1-sinx)cosx (1 - sinx)cosx
=2 secx = R.H.S.
. cosH# cos f
LHS. = 1 jtan@d +1
tan ¢ ( tan 6 )
- cos ftan ¢ - sin # — RHS.
tan 6 + 1 1 +tan#
45°, 315° b 199° 341°
112°, 292° d 30° 150°
30°, 150°, 210°, 330° £ 36.9° 90°, 143°, 270°
26.6°, 207° h 45° 135° 225°, 315°
90° b *109°
—164°, 16.2° d 41.8° 138°
+45°, +135° f *o0°
—-173°, —97.2°, 7.24°, 82.8°
—152°, —36.5°, 28.4°, 143°

S 11w 27 4w T
T b — — _— d —
T 6 6 33 4
AB
ZB—C058:>AD—6seCH
AC

= AC =

1B cos = AC=6cos @

CD=AD-AC=CD=6sec—6cos
= 6(sec #— cos )
2cm



Exercise 6D

1

Sl ok W N

10

a sec’(36) b tan?e c 1

d tan# e 1 f 3

g siné h 1 i cosé
i1 Kk 4 cosec*20

+Vk-1

a 3 b 3

a -3 b - c -1
a —% b -

a L.H.S. = (sec? # — tan? #)(sec? § + tan? )
= 1(sec? # + tan? #) = R.H.S.
b LH.S. =(1+cot?x) — (1 — cos’x)
= cot?x + cos’x = R.H.S.
__ 1 (cos?A -1 _
 cos? A\ sin? A | sin?A
= cosec’ A — 1 = cot? A = R.H.S.
sin? @ .
d RH.S.=tan’?# X cos’ #=——— X cos? #=sin’ 0
cos”
=1-cos?6=L.H.S.

1-—tan?A /
e LHS =— 22 _ (52 A(] -

52 !

c LHS.

sec® A cos® A
= cos? A —sin? A
=(1-sin?A) —sin?A
=1-2sin’A = RH.S.
1 1 sin® @ + cos? @
+ =
sin?#  cos? Asin? @

sinzA)

f LHS.

cos? 6

1
=————= sec? fcosec? § = R.H.S.
Cos” #sin- #

L.H.S. =cosec A(1 + tan? A) = cosecA(l +
8 ( ) cosZ A

sin? A "
sinA " cos?A
sin A 1
cosA “cosA

= cosec A +tan A sec A = R.H.S.

sinzA)

= cosec A +

= cosec A +

h LHS. =sec?f—sin?f=(1+tan?6) — (1 — cos?6)
= tan? # + cos” 6= R.H.S.

V2
4
a 20.9° 69.1°, 201°, 249° b :%
7 37 37w 77w
—153°, —135°, 26.6°, 45° d — — —_—
c r r r 2! 4 ! 2 r 4
e 120° £ 0, f, o
o Sm 47
0°, 180° h — — —
g ! 41 3) 4 » 3
a 1+\2
.1 V2 -1 e
b cosk™= 7773 7 V2-1)(V2+1) vzl
c 65.5° 294.5°
4
a b—; 13
b & 2 cos’x  p? (ﬂ)
=X =TT s =
sinx 1—b? 1_(i)2
o
_ 16 a? 16 '

__X =
a>  (a*—16) a’-16

1 1 1 sec #— tan #
a —= =
x secf+tanfl  (secf — tan f)(sec f+ tan 6)
~ secf—tan®  secH—tand
(sec? # — tan? 6) 1

1 12
b x2+;;+2=(x+—) = (2 sec 6)* = 4 sec? f
X

12 p=2(1 +tan’6) —tan?#=2 + tan’? ¢

=tan’f=p—2 = cot? = ——
p—2

— + —
cosec?f=1+cot?f=1+ 1 :(‘D H+1_p-1

p—2 p—2  p-2
Exercise 6E
m m w m
1 —_ —_ N -
) b3 ¢ 73 a4 -3
3T T T T
¢ 6 8 3 3
m m
2 - —_
a0 b 3 c 5
3 aj b -3 c -1 d o
V3 V3
4 a ? b ? c —1
d 2 e —1 f 1
5 a7«
6 a O0<x<1
JR— X
b i Vl-x? ii ——
V1 —x2?
¢ i no change ii no change
7 a b
VA VA
1 T X Iy IR
m m
R oo =fx)=s—
ange: —— (x) >
c g x —arcsin 2x, —3=x=3
d glixoising —<x=—
g — 3sin x, > x >
8 a b
VA 'y

= e
,.J -
=Y
|
NI \

Range: 0 = arcsec x = 7, arcsec x + —




Mixed exercise 6F

1 —125.3°,
8
2 p=2
4 q

3 p=sinf= cosec=

*+54.7°

l; q=4c0tﬁ:>cc)t8=ijl

¢ 1

Using 1 + cot? 8= cosec? 6, 1 +-— =

16 p*

= 16p2 + PP = 16 = p*q? = 16 — 16p? = 16 (1 — p?)

4 a i60°
b i 30°

i 717 1017w
60" 60

5 -8
6 a LHS.

b L.HS.

¢ L.H.S.

d LHS.

f L.H.S.

ii 30°, 41.8°, 138.2°, 150°
ii 45° 116.6° 225° 296.6°
{7 57 7w 1w

66" 6" 6

165°, 210°, 345°

cos f

sin #

_/sin@
a (cosﬂ

)(sin #+ cos 6)

_ (sin? 8 + cos* 6)

- (sin # + cos )
cos fsin 6

sin @ cos

“sinfcosf  cos@sin @
= sec #+ cosec = R.H.S.

sinx
1 —sin?x
sinx

1 sinx 1
. X =
S1nx

=sec’x =R.H.S.

cos’x  Ccos’x

1 —sinx + cosecx — 1

) 1 1—sin’x
= —sinx + — = - =
S1nx sSinx

Ccos?x

sinx
0sx

=CosXx = cosx cotx =R.H.S.

sinx

cotx (1 +sinx) — cosx(cosecx — 1)
(cosecx — 1)(1 + sinx)

cotx + cosx — cotx + cosx

cosecx — 1+ 1—sinx

2 cosx 2 cosx

cosecx —sinx .
— —sinx
sinx

2cosx 2 cosx sinx
1—sin2xy CcOs? X
sinx

=2 tanx = R.H.S.

cosecl+ 1+ cosec—1 2 cosecd
(cosec? 9 —1) © cot?@

_ sin 6
cos’#  cos@  cosb
2 sec f tan 6= R.H.S.

2 sin6  2sinf 2

sinf * cos®f

sec2 @ — tan? @ 1
= — = cos? = R.H.S.
sec” f

sec? f

7

10

11

12

13
14

15
16

17

sin?x + (1 + cosx)?

a L.H.S.

(1 + cosx)sinx

sinx+ 1+ 2 cosx + cos?x

(1 + cosx)sinx
2+ 2 cosx 2(1 + cosx)
(1+ cosx)sinx (1 + cosx)sinx
2

= — =2 cosecx
sinx

7o _2m 4w Sm

b 333y

2
RHS. = ( 1 4 cos 8)2 _ (1 + cos )

sinfl - sin#g sin® @
_ (1 +cosh)? _ (1 + cos #)?
 1-cos?8 (1 —cos#)(1+ cosb)

==

1+ cos

1—cos
a -2\2
b cosec?A=1+cot?A=1+4=14

Aoa 3 .32
= cosec A = = e T2

As A is obtuse, cosec A is +ve,
32
S0 = cosec A = e

=L.H.S.

==

1

- b k-1
2%

1 k
— d —
VkE—1 Vk:—1
T 177
12" 12

™

3

7 S 4w 1la

363" 6
a (secx — 1) (cosecx —2)
b 0° 30° 150° 360°

2-1V3
YA
=t
N = arccos x
1
-10 1 I\Vn x
2
¥ = COSX
a —;
bi-3 ii—} ¢ 126.9°

18 pg = (sec #— tan @)(sec # + tan 6) = sec® # — tan’ @

19

1
=lop=—
P=y

a L.H.S. = (sec? # — tan® 6)(sec? # + tan? 6)
=1 X (sec? #+ tan? ¢) = sec? § + tan? ¢
=R.H.S.

b —153.4°, —135° 26.6°, 45°



20 a ¥

[*1E)
=Y

[T
T

¢ The regions A and B fit together to make a

rectangle.
YA
%
A
B .
@) 1 x
w w
Area=1X—=—
rea )

Exercise 7A
1 Example: With A = 60°, B= 307,

, one _ _ V3 1
sinfA + B) =sin 90°=1; sin A + sinB = 7-1-5# 1
[You can find examples of A and B for which
the statement is true, e.g. A = 30°, B= —30°, but
one counter-example shows that it is not an
identity.]

2 cos(f — ) = cos 6 cos # + sin #sin §
=sin?#+cos*#=1ascosf=10

3 a s‘n(E—e =s‘nE "0s — ¢ szs‘nﬂ
1 2 )—1 2{..0 co 3 1

= (1) cos #—(0) sin # = cos #

b cos(g - ﬁ)z cosg cos 1+ sing sin @
=(0)cosf+(1)sinf=sinp

4 a sin35° b sin35" ¢ co0s210° d tan31°

e cos# £ cos76 g sin3@ h tan5@

sinA  j cos3x

V3 V2

5al b 0 C —i d —

2

V2 . - V3

— f — V3 h —

) 2 g 3
il j V2

(60 — 6)°
sin(60 — 6)° _ sin 6°
3 B

= 4(sin 60° cos 6° — cos 60° sin #°) = 3 sin #

N:
= 4(—2é cos 6° — 3 sin 6°| = 3 sin 0
2V3

= 2V3 cos #° = 5 sin 6° = tan &° = =

L.H.S. =sin A cos 60° + cos A sin 60°
+ sin A cos 60° — cos A sin 60°
= 2 sin A cos 60°
=2sin A (3) = sin A = R.H.S.

LHS. = cos Acos B—sin Asin B cos (A + B)
e sin B cos B " sinBcos B

=R.H.S.

sin x cosy + cos x sin y

LHS. =
COS X COS ¥

- sinxgps/y . (;os/xsiny
_cosxgg(y (;os/xcosy

=tan x + tan ¥ = R.H.S.

COS X Cosy — sinx sin y N

LHS. = 1

sin x sin y
=cotxcoty—1+1=cotxcoty=RH.S.

L.H.S. = cos @ cos -;I — sin # sin —;I +1V3sin 6

V3 =
=1} cos 8—731n9+\'3 sin #

LT T,
= sin — cos # + cos— sin A
6 6

—sin (< + 6] = RHS.
51 ( )

1 1
tan A tan B 1-
R.HS. = _l-tan Atan B
1 1 tan A + tan B
tan A tan B
1 1

tan A + tan B N tan (A + B)
1—tan A tan B
=cot (A+B)

L.H.S. = [sin 45° cos & + cos 45° sin #°]?

+ [sin 45° cos #° — cos 45° sin #°)?
=1 [(cos ¢ + sin ¢°)2 + (cos & — sin 6°)?]
=1 [cos? 6 + sin? 6° + 2 sin & cos 6°

+ cos® 6° + sin? & — 2 sin §° cos 6°]
=11 +1]=1=RHS.

L.H.S. = [cos A cos B — sin A sin B] X

[cos A cos B + sin A sin B]
=cos® A cos? B —sin? A sin”? B
=cos®* A cos? B — (1 — cos? A) sin’* B
= cos® A (cos® B + sin? B) —sin? B
=cos? A —sin? B=RH.S.

3443 p At 33 c 10(3V3 — 4)
10 10 11
L b

10




10
11
12

13

14

15

16

-

g o

-1

cos 105°

=3

tan(

85
_ 36
325

4

b

51.7°, 231.7°
56.5%, 303.5°
153.4°, 161.6%, 333.4°, 341.6°

0°, 90°

30°, 270°

tan(45 + 30)° =

tan 75

i6 3

_03_
b 35
cos 280 | =cos(f+ 6)] b sin8a

9+1)

i

=

C 77

325
C 36
I =

sin (46 + 446)]

=1

. T ) o
d 51n(9+4) or (.OS(H n

b 170.1° 350.1°
d 150° 330°

b 30° 270°

tan 45° + tan 30°

14—

1 — tan 45° tan 30°

_3+V3  (3+V3)3+1\3)

W
W

3
3
—
3
1__
3

3-V3 T (3-V3)(3+V3)

12463 . o

9-3

2+V3

= cos(60 + 45)°
cos 60° cos 45° — sin 60° sin 45°

Bl (315"

s0 sec 105° =

17 a

18

19
20

21
22
23

2V2

2V2(1+V3)

1-v3

V2(V3 + 1)

V2(V3 - 1)

=—\2(1+V3
1.3 (1+V3)

V2(V3 + 1)
4

d V3-2

3(sin x cos ¥ — cos x sin y)
—(sinx cosy+cosxsiny)=0

= 2sinxcosy—4cosxsiny=0

Divide throughout by 2 cos x cos ¥
=tanx—2Ztany=0,s0tanx =2 tany
b Usingatanx=2tany=2tan 45°=2

2
tan x — 3
Jtanx + 1
a3

a 45

b V3
b 225

s0x = 63.4°, 243.4°

[ 8+5\3
()

cosy=sinx cosy + sin y cos x
Divide by cos x cos y = secx = tan x + tan y,

sotany =secx —tanx

24 ¢
25 Anrt 31 24+V3)t 1-2\3
— == 3)tanx =1 —2V3, so
1-V3tanx 2 = )
_1-23  a-23)2-V3) =
tan x = i V3 - 1 =8-5V3
Exercise 7B
1 a sin20° b cos 50° ¢ cos80°
d tan 10° e cosec49° f 3 cos60°
g 3sinl16° h cos (g)
V2 V3
2 a ? 7
c 3 d 1

3

4
5
6
7

9
10

11

12

a cos6h b 3sin4d c tand
d 2cosé e V2 cose f 1sin220
g?sin46‘ h —;tan26 i cos?2d
]
mn
ai? i 3 i 55
b 3 _ _
ai-} i 22 TTRAL
3 8
sin 24 42 9 42
btan2A=2a~-""9 *"7°7
-3
51.3°
3+6>—-5 20 5 V2
S TS FIINE }
a 2
4 1)
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Exercise 7C

1

cos? A —sin? A

a LHS. = cos A + sin A
 (cosA+ simA)(cos A — sin A)
N cos A+ sir A
=cos A —sin A =R.H.S.
b RHS. = T Sin A cos A {sin B cos A — cos B sin A}
sin B cos B
T sinA  cosA LHS.
_1-(1-2sin*#)  2sin* 4
¢ LHS = nbcoss 2 sir 8 cos 6
=tan #= R.H.S.
sin? 6
1+ tan? @ cos® 6
d LHS. = 1—tan?@ _ sin? ¢
cos? f

cos? 6 +sin” 6

= =sec 26 = R.H.S.
cos? #—sin? 8 cos 26 N

e L.H.S. =2sin#cosd (sin? 6+ cos? §)
= 2 sin i cos # = sin 26 = R.H.S.

sin 36 cos #— cos 38sin A
sin f#cos 0

sin(36—#6)  sin 20

sin @ cos f sin @ cos f

f LHS.

2sin A ¢
_ .1 cos — 2 - RHS.
sin # cos 0

1 2 cos 26 cos @
sinf sin 26

1 2 cos 20cos® 1 —cos 26
sinf  2sinfcos® s 0
1-(1-2sin%6)
B sin #

g LHS.

=2sin 6= RH.S.



1

cos 0 1 —cos#

h LHS. 1 1 T 1+cos#

cos

1—(1 —Zsinz—) Zsinzg

= = = tan?® —

f i}
a2 2L 2 2
1+(2<.05 > 1) 2 cos 3
= R.H.S.
1—-tanx cosx —sin x

i LHS = = -
1+tanx  cosx +sinx

(cosx — sin x)(cosx — sin x)

cos?x —sin’x

cos?x +sin?x — 2 sinx cosx

cos?x — sin® x

sin @ cos @ _ sin® §+ cos® 6

a LHS. = cos sin@  sin 6cos @

1
= —— = 2 cosec 26 = R.H.S.

@) sin 246

b 4

1_;: , Er 2m

3
b +38.7°
c 30, 150, 210, 330

a 0,

7 m ST 3w

12" 4" 12" 4

e 33.2° 146.8° 213.2°, 326.8°
£ 60° 300° 443.6°, 636.4°

o
=l ooy
=[§ =g

i 0° 30° 150° 180° 210°, 330°

™ 2 7 Su

6" 3" 6" 3

0°, +113.6°, 180°

—104.0°, 0°, 76.0°, 180°

0°, 35.3°, 144.7°, 180°, 215.3°, 324.7°
2

E-1

y=2(1-x)

2xy =1 —x?

c ¥ =4x%(1—-x%
2(4 — x)

=T

a L.H.S. =cos? 20+ sin? 26— 2 sin 20 cos 20
=1-—sin40=R.H.S.

= — —
Il E

=2

d y?

T 17w
b v 2

9 a LHS. =

i RHS. = =2 1
. —_
sec ( ) COS(Z)
f &
= 2 sin (E) cos (E) =sin #
i} ]
— 2] = —_ 2 -
G s 1 —tan (2) B 1 —tan (2)
. e T 8 - B
21 = -2 —
1+ tan (2) sec (2)
[t} f
— cos2[—111 = tan2 [ —
Ccos (2){1 tan (2)}
o f
= cos? (E) — sin? (E) = cos # = L.H.S.
i 90° 323.1°
ii 13.3° 240.4°

, X
cosx = 2 cos E—l

x x 1+ cosx
=2cos2—=1+cosx = cos? —= ———
2 2 2
x
ii cosx=1-2sin?—
2
I 4 o .x 1-—cosx
=2sin?—=1-cosx =sin> —= ——
2 2 2
A s e
1 — 1 — 111 35
5 5 z
LA 1+cosAi2 1+2cosA+cos?A
¢ cost — = =
1+ cos 2A
1+2cosA+( )
2
- 4

2+4cos A+ 1+ cos2A
8

3+ 4cos A+ cos 24
8

3(1 + cos 2x) _ (1 — cos 2x)
2 2
=142 cos 2x

YA

4
|
i
il
|
=
T
&
o
:d -
=Y

Crosses y-axis at (0, 3)

Crosses x-axis at

SRR




10 a

11 a

12 a

13 a

9 1+ \ 1-—
2 cosz(g) -4 sinz(ﬁ) = 2( €os 9) - 4( €os 9)

2] U 2 2
=1+4+cosf—2+2cosh
=3cosf—1

131.8°, 228.2°
(sin® A + cos® A)? =sin* A + cos* A + 2 sin® A cos? A
(2 sin A cos A)?

So 1 =sin* A + cos* A + >
= 2 =2(sin* A + cos* A) + sin? 24
sint A + cos? A =3 (2 — sin? 24)
Using a: sin* A + cos* A=3(2 — sin? 24)
1 — cos 44
=12 (_2_)
_ (4— 1+ cos 44)
B 4
_ 3+ cos 44
B 4

7 Sw 7w 11w

127127 12" 12

cos(2A + A) =cos 2A cos A —sin 2A sin A
=(cos? A —sin? A) cos A — 2 sin? A cos A
=cos’ A—3sin* A cos A
=cos* A — 3(1 — cos® A) cos A
=cos’ A—3cos A+ 3cos’ A
=4cos’A—3cos A

20°, 100°, 140°, 220°, 260°, 340°

3 sin # cos® @ —sin’® @

cos® #— 3 sin? 0 cos @

sin 36
cos 36

tan 360=

Use the intermediate step result, that
includes sin # and cos #, for sin 34 and
cos 36. See Example 13 for sin 36, and the
solution to question 12 for cos 36.

_ 3tan #—tan’ 6
1—3tan? 60

Divide ‘top and bottom’ by cos® 6.

2J2 _

tan 6= 2V2
can 30 6V2-16V2  —10V2  10V2
oM U= T T T T 223 T 23

Exercise 7D

1 R=13;tana=%
2 35.3°
3 41.8°

4 a

b

R.H.S. = \"E{sin f cos iz + cos # sin ;ﬂ

1 1
=V2 - + 5
{sma NG cose\z}

=sin # + cos # = L.H.S.

R.H.S. = Z[Sin 26 cos -;I — Cos 26 sin -76:}

in2¢0 v3 20 !
= n = _ —
Z{Sl 2 cos 2 }

=13 sin 26 — cos 20 = L.H.S.

52 cos(28 + 35':) = Z(CGS 26 cos -;I — sin 26 sin -;I)

= z(cos 20 = —sin 28—]

= cos 260 — \3 sin 26

The other part follows from 4b

6 a
C

7 a

b y=2cos(9+g)

Ya

R=V10,2=71.6° b R=5,a=53.1°
R=V53,a=741° d R=\5 a=63.4°

cos 68— V3 sin #=R cos(f + ) givesR=2, a =—;I

The graph of y = cos #
translated by g to the

left and stretched by
factor of 2 vertically.

9 a
10 a

11 a

12 a

13 a

14 a

15 a

2:15

3sin30— 4 cos30=Rsin(36 — a)
= R sin 30 cos &« — R cos 30 sin «
SoRcosa=3,Rsina=4 = R=35,
4 o
3 53.1
Minimum value is =5,
when 30— 53.1=270= 0= 107.7

4 -
tan ¢ = — 50 a = tan™!

m Sﬂ'
V2 2
sm( H+4) b 0, 4,7:-, 3
25 cos(6+73.7° b (0,7)
25, =25 di?2 i 0 iii 1
1 — cos 26 1+ cos28 A
s( 5 )—3( : )+3sm26

=1+3sin20—4cos26,s0a=3,b=-4,c=1
Maximum = 6, minimum = —4

6.9°, 66.9° b 16.6° 65.9°

8.0°, 115.9¢ d -165.2° 74.8°

39.1°, 152.2°, 219.1°, 332.2°
126.9° c 31.7° 121.7°

m
d 3
125.3° 305.3° b 109.5° c 70.5°
No solutions for d and e
R =110, a = 18.4°, 6 = 69.2°, 327.7°
9 cos? =4 —4sin 6§+ sin? ¢

= 9(1 —sin?#) =4 — 4 sin # + sin” @

So10sin?A—4sin #—5=0
69.2°,110.8°, 212.3°, 327.7°
When you square you are also solving
3 cos = —(2 — sin #). The other two solutions are
for this equation.



Exercise 7E
1 ¢ i sin 90+ sin 56 ii sin 176 +sin 70
d 0° 90° 180°
2 sin 46 cos 38 cos 36
2sin46cos #  cos 6
sin 8x — sin 2x
i 3(sin 3x — sin x)
iii 3 (sin 2x — sin x)
sin 56° — sin 34° = 2 cos 45° sin 11°=V2 sin 11°
i cos 30+ cos 26
i 3(cos 5x + cos x)
2cos268sin 6

[

]
=
e e

w
T a

2 cos 26 cos 6 no
4 0°, 30°, 90°, 150°, 180°
5 sm 10x + sin 6x

7 (LOS 6x + cos 4x)
—3 (cos 8x — cos 6x)

! (cos 140° + cos 60°)

5 (sin 2x — sin x)

sin 40° + sin 20°

meQaoTR e A

VioovV2 1 o o
in120°+sin 45°= — + — = — (V3 +V2
6 sin 120° +sin 45 2 2 > (V3 )

2 sin 10x cos 2x
—2sin 2y sin x
cos 3x sin 2x
V2 cos 50°

2 cos & cos —r =2 cos 9—77 cos .
(120) (120) (120) (120)
f 2 sin 85° cos 65°

ange

1]

8 cos B+cos(8+%)+cos(ﬁ+2l)

—2‘sﬂ+2— 52 + st!?+E
= (.0( 3.)(.0(3) (.0( 3)

el )

= Cos 9+2—7r 0} =
0+

3
9 2sin 45" cos 30° 1 NG
—2 sin 45° sin (—30°)  tan 30°
PR R R T 37 S E
10 a 0°, 60° 120°, 180 b04 vy 27

R R 7 7 37 Sw Sw 7w
CZS,].":I:S d6p4)4.l 6' 4' 4
sin 70 —sin 360 2 cos 56 sin 260

11 a - = ; =4 cos 50
sin @ cos # 3sin 20

b cos 20+ cos460  2cos30cosf
Sin 20 —sin 40 _ 2cos 36sin (~g Ot
¢ [sin{x +y) + sin (x — y)][sin(x + y) — sin (x —y)]
= [2 sin x cos y][2 cos x sin y]
= [2 sin x cos x][2 cos ¥ sin y]
=sin 2x sin 2y
d cos 5x + cosx + 2 cos 3x
=2 cos 3x cos 2x + 2 cos 3x
=2cos 3x (cos 2x + 1)
=2 cos 3x (2 cos? x)
=4 cos’ x cos 3x
12 a cos 6 —cos 360+ sin 20
= —2 sin 26 sin(—#) + sin 26
=2 sin 20 sin @+ sin 260=sin 26 (2 sin #+ 1)
T 77 37 11w
r 2? 17! 6 ! 2 r 6 !

b 0

T

Mixed exercise 7F
1 a tanmA=2tanB=3

b 45°
) 1 2
Sinx = {7z, S0 COS X = 7=
. 2 1. .
cos(x—y)=smy:>§cosy+@smy=51ny
= (V5-1)siny=2cosy
~tany= 2 _205+1)
V5 -1 4
V541
2

a Seting = g gives resulting quadratic equation in
t, 2+ 2t—1=0, where t = tan (g)
Solving this and taking +ve value for t gives result.

b Expanding tan (E + g) gives answer: V2 + 1

sin(# + 30°) _ sin(# — 30°)
5 B 4 ’
Expand and use exact forms of sin 30° and cos 30°.
a i2 il
b Use cos {180° — (A + B)} = —cos (A + B) and
expand. You can work out all the required trig.
ratios (A and B are acute).
1 1 1

Sine rule:

a LHS. = cosf ' sing  3sin2f
=2 cosec 26 = R.H.S.
1—-(1-2sin?x) 2sinx
b LHS. = =
1+(2cos?x—1) 2cos?x
=tan’x =sec’x — 1 =R.H.S.
¢ LS. — cos # 2 cos 24

sinf sin26

cos 2 cos 26 cos? f— cos 260

sing 2sinfcosf sin @ cos #
_ cos?’f—(cos?’f—sin’f) _ sin?4
B sin f cos # ~ sinficosf
sin #
= = tan # = R.H.S.
cos f

d L.H.S. =cos* 20— sin* 24
= (cos? 20 — sin? 26)(cos? 260 + sin? 24)
= (cos? 20— sin? 26)(1)
= cos 40 = R.H.S.
1+tanx 1—tanx

e LHS = -
1—-tanx 1+tanx

(1 +tanx)* — (1 — tan x)?
(1 + tan x)(1 — tan x)

_ (1+2tanx +tan®x) — (1 — 2 tan x + tan’ x)
B 1—tan®x

4 tan x 2(2 tan x)
= = = 2 tan 2x = R.H.S.
1—tanx 1—tan?x

-
=
T
V‘
|

—3[cos 2x — cos 2y]

[cos 2y — cos 2x]

[2cos>y —1—(2cos®x —1)]
12 coszy 2 cos? x|

s?y —cos? x = R.H.S.

T Ll LT T

=]




10
11
12

13

14
15

16

17

18
19

20

[LHS. =2 cos 26+ 1+ (2 cos? 26— 1)
=2 cos 26(1 + cos 26)
=2 cos 26(2 cos? 0)
=4 cos? f cos 26
=R.H.S.

a Usecos2x=1-2sin’x b i
c i Usetanx=2,tany= 1in the expansion of
tan(x + y).
ii Find tan(x —y) = 1 and note that x —y has to
be acute.
a Show that both sides are equal to ;.
3k 12k
b ST
T 7
a 12’ 12 b 0, @ 27
c 135° 315° d 0° 151.9° 360°
N R T T 37
e 72.4° 220.2 f 0, il
g 0.187,2.95
75°
19.5°, 130.5°, 199.5°, 310.5°
a Max =1, #=100° Min = —1, 6 = 280°
b Max =1, #=330°% Min= -1, 6= 150°
¢ Max =\2, #=45% Min = —\2, #=225°
a 2sin(x — 60)°
b Vi
2 -
—360° [—300° 60°  240° 360°%
Graph crossses y-axis at (0, -V3)
Graph crossses x-axis at (—300°, —0), (—120°, 0),
(60°, 0), (240°, 0)
a R=25 a=1.29 b 32
a Find sin @ =2 and cos @ = ¥ and insert in
expansions on L.H.S. Result follows.
b 0.(13, 0.8 - 3
a i3 ii 7 iii 3
b 23.8° 203.8°
a Example: A = 60°, B=0° sec(A + B) = 2,
seccA+secB=2+1=3
b LHS. = sin 6 c?s b_ sin‘2 #+ cos” 6
cos 8 sin 6@ sin #cos 6
= ! =2 cosec 268 = R.H.S.
Jsin 26
¢ o7 5713w 17w
18" 18" 18’7 18’
a Expand both sides and use sin 30° = i
o V3
cos 30° = 5
b i Usecos28=1-2sin?#and
sin 26 = 2 sin @ cos .
iii 26.6° 206.6°
a 2.5sin(2x +0.927)
b 3sin2x +2cos 2x + 2
c 4.5

Exercise 8A

1 a 8(1+2x)°
c 23+4x) 2
e —-2(3+2x)°?
g 128(2 +8x)?

7 " 7 ]
|
w
B

Exercise 8B

1 a (1+3x)%1 +18x)
c 2x%2x + 6)}7x + 9)

2 a 52 b 13

3 (2,0)and (-3} 123

Exercise 8C

(x+1)?
-5
(2x + 1)2
3(5x + 6)
(5x + 3)2

Exercise 8D
1 a 2e* b
_9(_,3—.:
e + 2xe®
2xe~* — (x2 + 3)e*
3¢’ + 2x(3x — 5)e*
8x3c1+x + 2x4el+x
9e™ + (27x — 3)e™
e ¥ — 2xe ¥
2x2e — &

xz

_Ge—ﬁx

-

xe*
(x+1)%

(4x + 5)e =
T 2@+ 1)

0

8 e
y=2mc—§
y=3e

1
3

S e W N

e*3Bx - 1) . e¥(9x% — 6x + 2)

20x(3 — 2x2) 6

7(6 + 2x)(6x + x2)6
~-»*

18(8 —x)~7

s ad

2(1 + 3xH)%(1 + 21x%)
3x(Sx — 2)(5x — 1) 2
3

25

oaRT

_ 4
(3x — 2)?

(2x—1)°

c e3 d 24xe™
= e(1 + 2x)
= —e¥(x2-2x+3)
=e¥(6x2 — 10x + 3)
= 2x%e!"* (4 + x)
=3e¥(9x + 2)
=e (1 - 2x)

(222 - 1)
-

(0, 0) minimum (2, é) maximum

x2 ! X3
Exercise 8E
1
1 a —
x+1 x
3 4
e — f —
X X
. o x+1—xInx
1
x(x +1)%
3+x
k +Inx

: (3, 3¢) minimum

1 5
c -
x S5x—4
S h 1+1
nx
8 (x+ 4
. 2x
) x*-=35



Exercise 8F

1 a 5cos5x b cosix
¢ 6sinx cosx =3 sin 2x d 2cos(2x+1)
e 8 cos 8x f 4cosix
g 3sin*x cosx h 5sin*x cosx
Exercise 8G
1 a —2sinx b —Scostxsinx
¢ —5sinix d -12sin 3x + 2)
e —4sin 4x f —6cosxsinx=-—3sin 2x
g —2sinsx h —6sin 2x

Exercise 8H

1 a 3sec?3x
b 12 tan?x sec’x
¢ seci(x—1)

d 3x?sec? 3x + 2x tan 3x + sec?(x — 3)

Exercise 8l
1 a —4 cosec? 4x
¢ —4 cosec 4x cot 4x

e cot 3x — 3x cosec? 3x

b 5 sec 5x tan S5x
d 6 sec? 3x tan 3x
sec? x(2x tan x — 1)

xZ
g —6 cosec® 2x cot 2x
h —4 cot (2x — 1) cosec? (2x — 1)
Exercise 8|
1 a 3cos3x b —4sin 4x
¢ 5sec? Sx d 7 sec 7x tan 7x
e —2cosec2xcot2x f —3 cosec? 3x
g Zcosix h —2sinix
i Zsec?ix j —3coseccot?
k -3} cosec? jx 1 jsecixtanix
2 a 2sinxcosx b —3cos?xsinx
¢ 4tan’x SEL;Z X d }(sec x}% tan x
e —3(cotx) ?cosec’x f —2 cosec?x cotx
g 3sinx cosx h —4 cos®x sinx
i 2tanxsec®x j 3secxtanx
k -3 cot’x cosec? x 1 —4 cosectx cotx
3 a —xsinx+cosx
b 2x sec 3x + 3x? sec 3x tan 3x
2x sec? 2x — tan 2x ) .
c e d 3sin?x cos?x —sintx
2x tan x — x? sec® x p 14 sinx
¢ tan? x cos® x

g e (2cosx—sinx) h
3 cos 3x — sin 3x
er
tanx —x sec’x Inx

e' sec 3x (1 + 3 tan 3x)
e*sin x(sin x + 2 cos x)

esin¥(cos? x + sin x)

x tan? x

Mixed exercise 8K
2
1 a — b
x
2 f=-2 42
X Ccosx —sinx
4
xZ
6 x<—-V2,x=>V2
7
8

x <4
0.25, 1.57, 2.89, 4.71
10 a f(x)=05¢""-2x b

cos? x

3x2 cos 3x + 2x sin 3x

f(6) = —1.96, f'(7) = 2.56

(37 L.x | VA T T
( 3’ \Ee )maxn’num ( g’ \__.EE , minimum
12 y=2x+4
13 a x=3 b y=-ix+1;
14 b y=2x+1
1
15 a y+2yIlny e
16 a —(x°— 2x)e ¥ + (3x2— 2)e ™
17 a 1+x+(1+2x)Inx
Review exercise 2
1 a ¥ A
k
B A
o] 1 k %
b Ax=1K mro1-k
3
2 ay=I3x+21-4
¥
o 0/a %
3
-2
(_§J_4J
bix=1 iix = —13
3 a YA
s 0 x
b Y
M(2, 4)
. 0 5 *




YA
2

&(

number of solutions is 6
ii number of solutions is 4

iii
[P ———

o
-3

B]

o AR 1
O I “
= e |
I |
d 1
y 1
A= |
\C =+ m
- < : |
A = 2l 2 Dam “
= =] gy T
=) V= i
- [+ 1 “ 1
= —) O - 1 1
,M/ = 1 = \ "
— : = i
) [=) ' -
—_ . i — [t}
i i - © v
= =3 “ T m
................................ w . |
0 B : - !
2 :
) |
A=
L
L~ A pH= AR
=+
o —_
s .
— /w_\/
« . = ) =
> -} =< A _ ymn
— = < ‘2 = iy
=H | |
o s
f_lx \ -
= ~
i =N
)
|
o = 5] =]
-

b



7 a A:(1,0) B: (5, 8)

8

10

11

12

13
14

C
a

b

=

Y

(-1, 2) j0,1

wra
—

x=-3

(N

y = cost

=Y

y = 3sin 26

6 =0.421, 2,72, —0.421, =2.72

™

- b k=2

3
—117 —57

12 7 12
tan? g+ 1 = sec? @

Oa

1+ 2tan?6

b 223°, 1125°, 2025°, 2925°

2 oR

=

d

13.3°, 103.3°, 193.3%, 283.3°
2cot26

d 2V2

0= —295, —1.38, 0.190, 1.76 (3 s.f.)
#=0.588,3.733s.f) b x=47.1° 132.9°

2
YA

T
Y = arccos x\

]

o
— — )y = arccos x b —

T
2

b 131.8° 228.2°

y = arcsin

¥

|
ral=
L

A
y = arccosx y

e

y = arcsinx

h
h

A
B

b

1

=Y

15

b sec3d =

16 a

17

18

19

20

21
22

23

24

25

26

e TR

The shaded areas A and B are congruent due to
the symmetries of the graphs.
Consider x = a, where =1 =a < 0

™ . .
arccos x = 3 + h, see diagram arcsinx = —h
. w
= arcsin x + arccos x = —
Considerx = b, where 0 =b =1

ki
arccos x = 2 k

arcsinx = k

= arcsin x + arccos x = g
4cos? 9 — 3cosd ~

—27 _ —-27V2

S 19v2 38 B
8 + 5V3 b 8 — 5V3
-3V7

8

i cos(?.x + g) - cos(?.x - g) = Cos 2x
ii sin 2x

—-180°, 0°, 30°, 150°

—58.3%, 31.7° (1 d.p.)

2 cosec 26

YA

- s A

o

a

(o8]
L

]

-]

T

0 op°  180° 2

y = 2cosec?26

6 = 20.9°, 69.1°, 200.9°, 249.1° (1 d.p.)

3sinx + 2cosx = V13sin (x + 0.588 ...)
169
=x = 2.273,5976 (3 d.p.)

i 3sin2x + 2sec2x tan 2x
1
i 3 + ln(Zx)}z{l + j

—— == b x=1In6

i (Bx+ 2)xe™-2
—[6x? sin(2x?) + cos(2x%)
3x2

bl
=t

+

~2v16 — a2

%e"-;(y +4) b

—
l\-‘|w'|
—_




27 a

=

28 a

29 a

o

e [—x* + 2x]
e [x? — 4x + 2]

x=0,y=0
x=2,y=4e?
(0, 0) is a minimum point

(2, 4e ?) is a maximum point
Rsin 2x coskw + Rcos 2x sin k7

k=3
R=2
T 1
V2 72
ETH b 0.809 (3 s.f)
xtanx = 4 d 1.2646 (4d.p.)

4x + sindx — 2 =10

X, =
X =

X3
Xy

0.2670 (4 d.p.)
0.2809 (4 d.p.)
0.2746 (4 d.p.)
0.2774 (4 d.p.)

¢ kis0.277 3s.f)

Practice paper

1

l (E EJ_;E_I)
2 a 0.092 b ;(1+1In2)
4
3 bl+— ¢ x<3
3—x
4 a ¥
0 x
d x,=1.494,x,=1.770, x; = 1.594, x, = 1.697
5 b R=\5 a=0.464 c 0.32,2.36
6 ¢ V5 d -2+31In5
7 a VA
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