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I keep the subject constantly before me and wait till the first
dawnings open little by little into the full light.

— Sir Isaac Newton



Preface

A switched linear system is a hybrid system which consists of several linear
subsystems and a rule that orchestrates the switching among them. Switched
linear systems provide a framework which bridges the linear systems and
the complex and/or uncertain systems. On one hand, switching among linear
systems may produce complex system behaviors such as chaos and multiple
limit cycles. On the other hand, switched linear systems are relatively easy
to handle as many powerful tools from linear and multilinear analysis are
available to cope with these systems. Moreover, the study of switched linear
systems provides additional insights into some long-standing and sophisticated
problems, such as intelligent control, adaptive control, and robust analysis and
control.

Switched linear systems have been investigated for a long time in the
control literature and have attracted increasingly more attention since the
1990s. The literature grew exponentially and quite a number of fundamental
concepts and powerful tools have been developed from various disciplines.
Despite the rapid progress made so far, many fundamental problems are still
either unexplored or less well understood. In particular, there still lacks a
unified framework that can cope with the core issues in a systematic way.
This motivated us to write the current monograph.

The book presents theoretical explorations on several fundamental prob-
lems for switched linear systems. By integrating fresh concepts and state-of-
the-art results to form a systematic approach for the switching design and
feedback control, a basic theoretical framework is formed towards a switched
system theory which not only extends the theory of linear systems, but also
applies to more realistic problems.

The book is primarily intended for researchers and engineers in the sys-
tem and control community. It can also serve as complementary reading for
linear /nonlinear system theory at the post-graduate level.

The book contains seven chapters which exploit several independent yet
related topics in detail.
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Chapter 1 introduces the system description, background and motivation
of the study, and presents several general concepts and fundamental observa-
tions which provide a sound base for the book.

Chapter 2 concisely reviews some necessary facts from Wonham’s geomet-
ric method, linear algebra and stability theory, as well as other useful tools
such as differential inclusion theory, Lie algebra, and automata theory.

Chapter 3 deals with stabilizing switching design for switched autonomous
systems. Besides stability, the switching frequency and robustness are also
considered. First, general results are presented for pointwise/consistent sta-
bilization. Second, based on the average method, periodic switching laws are
designed to steer the switched systems stable. Third, a state-feedback switch-
ing law is presented based on an appropriate partition of the state space. To
avoid possible chattering induced by the perturbations, a modified strategy
is proposed by introducing a positive level set. Fourth, to further reduce the
switching frequency, a combined switching law is developed by integrating the
time-driven switching mechanism with the state-feedback switching scheme.
An observer-based switching law is also formulated for the case when the state
information is not available. Finally, the discrete-time counterparts are briefly
discussed.

In Chapter 4, we address the controllability, observability, feedback equiv-
alence and canonical forms for switched control systems. For continuous-time
systems, we prove that both the controllable set and the unobservable set are
subspaces of the total space. Verifiable geometric characterizations are pre-
sented for the controllable/unobservable subspaces. Based on these, a switched
control system can be brought into the canonical decomposition via suitable
coordinate and feedback transformations. Parallel results are presented for
discrete-time switched systems. The chapter also investigates the problem of
sampling without loss of controllability. Sampling criteria are obtained and
various regular switching and digital control schemes are discussed in detail.
In addition, we discuss in depth several other issues including the controllabil-
ity under constrained switching/input, local controllability, and decidability
of controllability /observability.

The problem of feedback stabilization is investigated in Chapter 5. Stabi-
lizing design for switched control systems is challenging since both the control
input and the switching law are design variables, and their interaction must
be fully understood. Based on the canonical decomposition, we are able to
design stabilizing switching/input laws for several classes of switched control
systems. In particular, for a linear system controlled by multiple controllers
and measured by multiple sensors, an elegant and complete treatment is pre-
sented for the problem of dynamic output feedback stabilization. We also solve
the stabilization problem for the switched linear system where the summation
of the controllability subspaces of the individual subsystems is the total state
space. For the case that the system is completely controllable, several suffi-
cient conditions are presented for quadratic stabilizability and non-quadratic
stabilizability as well. For the most general setting where both controllable
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part and uncontrollable part exist, we discuss the main obstacles involved and
propose possible ways for handling it.

Chapter 6 addresses two optimization problems for switched linear sys-
tems. The first is the optimal switching problem where the switching signal is
the only design variable to achieve the optimality. In this scheme, we compute
the optimal convergence rate for systems which are simultaneously triangu-
larizable, and present several nice properties of the optimal cost for a general
infinite time horizon cost function. Next, we present a two-state optimization
methodology for solving the mixed optimal switching/control problem of the
switched linear system where both the switching signal and the control in-
put are design variables. In this scheme, we discuss how to find the optimal
switching signal and the optimal control input for solving the optimality and
the sub-optimality problems.

Finally, Chapter 7 concludes the book by briefly summarizing the main
results presented in the book and presenting related open problems for further
investigation.

To summarize, the monograph presents the most recent theoretical devel-
opment on switching design and feedback control for switched linear dynam-
ical systems. By integrating novel ideas, fresh insights, and rigorous results
in a systematic way, the book provides a sound base for further theoretical
research as well as a design guide for engineering applications.

The logic connections among the chapters are as follows:

Chap. 1 Chap. 3 Chap. 5
— = = Chap. 7.
Chap. 2 Chap. 4 Chap. 6
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matrix P is real symmetric and (semi-)negative definite
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Introduction

1.1 Switched Dynamical Systems

In general, a switched (nonlinear) system is composed of a family of subsys-
tems and a rule that governs the switching among them, and is mathematically
described by

6x(t) = fo(x(t), u(t),d(t)) x(to) = o
y(t) = go (x(t), w(t)) (1.1)

where x(t) is the state, u(t) is the controlled input, y(t) is the measured
output, d(t) and w(t) stand for external signals such as perturbations, o is
the piecewise constant signal taking value from an index set M = {1,---,m},
fr, k € M are vector fields, and g, k € M are vector functions, while the
symbol 0 denotes the derivative operator in continuous time (i.e., dz(t) =
4 2(t)) and the shift forward operator in discrete time (i.e., 6z (t) = z(t +1)).

Figure 1.1 presents an illustrating diagram for the architecture of a
switched system. It is clear that a switched system is multi-model in nature.
Each individual component model

y(t) = gr(x(t), w(t)) (1.2)

for k € M is said to be a subsystem or mode of the switched system. Besides
the subsystems, the switched system also consists a switching device usually
called the supervisor. The supervisor produces the switching rule o, denoting
the switching signal or switching law, which orchestrates the switching among
the subsystems.

Generally speaking, the subsystems represent the low-level ‘local’ dynam-
ics governed by conventional differential and/or difference equations, while
the supervisor is the high-level coordinator producing the switches among
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Fig. 1.1. Schematic of a switched system

the local dynamics. The dynamics of the system is determined by both the
subsystems and the switching signal.

In general, a switching signal may depend on the time, its own past value,
the state/output, and/or possibly an external signal as well

o(t+) = @t o(t), x(t)/y(t), () Vi (1.3)

where z(t) is an external signal produced by other devices, o(t+) = lim,}; o(s)
in continuous time and o(t+) = (¢t + 1) in discrete time.

If o(t) = i, then we say that the ith subsystem is active at time t. It is
clear that at any instant there is one (and only one) active subsystem.

Given a function pair (z(-),0(-)) over [tg,t1), where x: [to,t1) — R™ is
absolutely continuous, and 6: [tg,t1) — M is piecewise constant. Function
x(+) is said to be a solution (or state trajectory) of (1.1) via switching signal
(1.3) at x¢ over [to,t1), if x(tg) = xo, and for almost all ¢ € [tg, 1), we have

6x(t) = fow) (x(t), u(t), d(t))
y(t) = goeo) (x(t), w(t))
0(t+) = (L, 0(t), 2(t) /y(1), 2(1))-

The term “for almost all ¢ € [to,¢1)” means that “for all t € [to,t1) except
for possibly a set of isolated instants” in continuous time and “for all inte-
gers in [tg,t1)” in discrete time. The corresponding function 6(-) is said to
be generated by the switching signal (1.8) along x(-) at xo over [to,t1). The
solution over other types of time intervals, such as [to, ¢1] and [tp, c0), can be
understood in the same way.
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According to the above definition, we had, in fact, excluded any impulse
in the state and input variables.

In this book, we focus on a special but very important class of switched
systems where all the subsystems are linear time-invariant and the switching
signals are governed by deterministic processes. These systems are termed as
switched linear systems and are described by

0x(t) = Asz(t) + Bou(t) + E,d(t) x(to) = o
y(t) = Cox(t) + Gow(t) (1.4)

where Ay, B, Ci, Ey, and Gy, are linear mappings (matrices) in appropriate
spaces. The nominal system is the system free of disturbances, that is

0x(t) = Asz(t) + Boul(t)
y(t) = Ooz(t)' (15)

If no control input is imposed on the system, then, the system is said to be
a switched autonomous system, or an unforced switched system. The unforced
switched linear system is described by

dx(t) = Asx(t)
y(t) = Coa(t). (1.6)

In this book, we denote system (1.5) by X(C;, A;, B;)ar. Similarly, we
denote by X'(A;, Bi)m, 2(Ci, A;)ar, and X (A;) pr the switched system without
output and/or input, respectively. In the case that we need to distinguish
between continuous time and discrete time, we simply denote Y (C;, A;, B;)m
for continuous-time systems and ) ,(Cj, A;, B;) v for discrete-time systems.

1.2 Background and Examples

1.2.1 Background and Motivations

In this subsection, we briefly discuss the background and motivation in the
study of switched systems.

Switched systems deserve investigation for theoretical reasons as well as
for practical reasons.

First, switched systems can be used to model systems that are subject
to known or unknown abrupt parameter variations such as synchronously
switched linear systems [76], networks with periodically varying switchings
[19], and sudden change of system structures due to various reasons [149,
24]. For example, the failure of a component or subsystem may have taken
place in so short a time interval as to be considered an instantaneous event
by comparison with the nominal time constants of the plant model. Hence,
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Fig. 1.2. Schematic of a system with multiple controllers

switching among different system structures is an essential feature of many
engineering and practical real world systems.

Second, when we try to control a single process by means of multi-
controller switching, the overall system can be described by a switched system.
Indeed, suppose that for a single process described by

dx(t) = f(x(t), ul(t),d(t))

there are several candidate controllers for the system
u(t) = &(x(t),w;(t)) i=1,---,m

where w; stands for the external signals associated with the ith control device.
Then, the overall system can be described by the switched system

0x(t) = fo(2(t), w(t), d(t))

where f; = f(x(¢), & (x(t), w;(t)),d(t)). An illustrative diagram for this archi-
tecture is shown in Figure 1.2. In the literature, this multi-controller switching
scheme is also known as the hybrid control architecture.

The multi-controller switching scheme provides an effective and power-
ful mechanism to cope with highly complex systems and/or systems with
large uncertainties [83, 109, 88, 175]. One such example is hybrid control for
nonholonomic systems which are not stabilizable by means of any individual
continuous state feedback controller [82, 62, 54]. For these systems, multi-
controller switching among smooth controllers provides a good conceptual
framework to solve the problem. Even for simple linear time-invariant (LTI)
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systems, the performance (e.g., transient response) can be improved through
controllers/compensators switching [45, 98, 73, 87]. For example, as a common
practice in stabilizing an LTT system, we use a hybrid controller that involves
switching between a time-optimal or near time-optimal controller when the
state is far from the equilibrium, and a linear controller near the equilibrium.
This strategy can steer the system to the equilibrium quickly without exciting
high-frequency dynamics or exceeding realistic actuator bandwidth.

As a special but very important class of switched systems, switched linear
systems provide an attractive framework which bridges the gap between linear
systems and the highly complex and/or uncertain systems. On one hand,
switched linear systems are relatively easy to handle as many powerful tools
from linear and multilinear analysis are applicable to cope with these systems.
On the other hand, these systems are accurate enough to represent many
practical engineering systems with complex dynamics. In addition, the study
of switched linear systems provides additional insights to some long-standing
and sophisticated problems, such as

robust analysis and control [14, 32, 122, 131];
adaptive control [48, 51, 63];

intelligent control [151, 115, 43];

gain scheduling [120, 15]; and

multi-rate digital control [126, 26].

Practically, the study of switched systems has benefited, or will potentially
benefit, many real world systems. These include

power systems and power electronics;
automotive control;

aircraft and air traffic control;
computer disks; and

network and congestion control.

1.2.2 Examples

In this subsection, we present several examples to highlight some essential
features and implications of switched systems.

Example 1.1. Suppose that we have two force-free linear systems

. 1-2

3321413::{2 1]x (1.7)
and

. 3 -2

&= Az = {1_1]& (1.8)

Simple computation shows that the spectrum of A; is {1 &+ 2v/—1} and the
spectrum of Ay is {1 4 v/2}. Accordingly, neither of the systems is stable.
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Fig. 1.3. Phase portraits of the two LTI systems
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Fig. 1.4. Phase portraits within shorter (left) and longer horizons (right)

The first system has an unstable focus, hence it could rotate from any
given non-origin state to any given direction of the phase plane. The second
system, on the other hand, has a stable mode and an unstable mode. The
stable mode is the subspace

.= {[22])

Figure 1.3 shows their phase portraits. From these, a switching strategy can
be proposed as follows to produce globally stable behaviors.

Given any initial condition z(tg) = xo, we let the second system be active
if the state is in Ws, the stable mode of A;. Otherwise, let the first system
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0.5

-1.5 s L s -3.5

Fig. 1.5. The partition sectors (left) and a sample trajectory (right) in the phase
plane

be active. As W is an invariant subspace of As, this strategy always steers
any state to approach the origin via, at most, one switch. In this scheme, the
stable mode serves as a slide mode, just as in the variable structure control
scheme. However, this strategy requires the slide mode to be accessed exactly.
Any derivation will cause the state trajectory to diverge to infinity. In this
sense, the above strategy is only theoretically feasible. Figure 1.4 illustrates
the phase portraits of the state trajectories under this strategy for a shorter
time horizon (¢ < 5) and for a longer time (¢ < 7.88), respectively. It is clear
that the the state converges along the ‘slide mode’ at the beginning but finally
diverges to infinity.

To overcome the sensitivity problem, we modify the strategy as follows.
Let £ € Ws be an eigenvector of Ay corresponding to the stable eigenvalue
A = 1—+/2. It can be seen that ¢7'(Ay + AT)E = 2X06T¢ < 0. As a result, there
is a sector I" of R%:

I'={(z,y) € R*: ky2? < zy < koa?}
which includes £ as an interior point such that
2T (Ag+ ADe <0 Vael.
In addition, we fix a small neighborhood of the stable mode
Iy = {(z,y) € R?: kza? < zy < kya?}

such that I} is a strict subset of I'. Let us assign a switching signal using the
following rules:

(i) if the state is in I, then let the second subsystem be active;
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(ii) if the state is outside I', then let the first subsystem be active;
(iii) otherwise, keep the active system unchanged.

It can be seen that this switching strategy always produces stable trajectories.
The advantage of this strategy is that it is insensitive to small derivations of
the state. Figure 1.5 illustrates the sectors I' and I as well as a sampling
phase portrait in the time interval [0,50]. It clearly shows that, though the
trajectory converges globally, it locally diverges twice when deviations from
the ‘slide mode’ occur. Another feature is that the switching signal is initial-
state dependent, i.e., different initial states correspond to different switching
signals. Figure 1.6 illustrates this by depicting the switching signals corre-
sponding to two different initial states.
From this example, we have the following observations:

(a) Appropriate switching among the unstable systems produces stable global
system behavior.

(b) The stabilizing switching strategies may involve either a finite or infinite
number of switches, while the infinite switching strategy performs better
than the finite one in practice.

(c) Both the stabilizing switching strategies are initial-state dependent, i.e.,
different initial states correspond to different switching time and index

sequences.
2
1 x,=10.1184; 0.3148]
. . . . .
o 10 20 30 40 50 60
Time (Sec)
2
1 x,=[-1.4751;-0.2340] B
. . . . .
o 10 20 30 40 50 60

Time (Sec)

Fig. 1.6. The switching signals for different initial states

In addition, for this example, there is no initial-state independent switching
strategy that produces stable state trajectories (c.f. Theorem 3.4). That is,
for any switching signal of the form o: [tg,0) — {1,2}, the resultant time-
varying system
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(t) = Agyz(t)
is unstable.

Ezample 1.2. (PWM-Driven Boost Converter) [33]

es(t)Q -

Fig. 1.7. The Boost converter

N QT diT AT dsT

S (1)

\V

Fig. 1.8. Pulse-width modulation

In this example, we illustrate the modelling of PWM-driven Boost converter.
Figure 1.7 shows the schematic of a Boost converter. Here, L is the inductance,
C' the capacitance, R the load resistance, and es(t) the source voltage. With
this converter, it is possible to transform the source voltage e4(t) into a higher
voltage ec(t) over the load R.

The switch s(t) is controlled by a PWM device. Suppose that the switch
can have two states, namely, 0 and 1. Then, we have s(t) € {0, 1}. For sim-
plicity, assume that s(¢) can switch at most once in each period. In Figure 1.8,
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we depict the periods as 0,1,2,3 and the relative pulse width as dy,--- ,ds,
where d; € [0, 1].
The schematic of the PWM-driven Boost converter is shown in Figure 1.9.

s(t)
5 PWM |, Converter |—y

Fig. 1.9. PWM driven Boost converter

By introducing the normalized variables 7 = t/T, Ly = L/T, and Cy =
C/T, the differential equations for the Boost converter are as follows:

bolr) = ~pgmec(r) + (L= s(r)) s (r)
in(t) = —(1— S(T))Lilec(’r) + S(T)Liles(’r). (1.9)

Let x1 = ec, xoa =i, u =eg, 0 = s+ 1, and

1 1 0
A = [ Ry Cl] andB1:[ ]
—L% 0 0

_10:| |:0:|
Ay = RCy and By = )

Then, equations in (1.9) can be described by
& =A,x+ Byu o€ {1,2}

which is exactly the switched linear system with two subsystems.

Note that, in the above model, both the input w and the switching signal
o are design variables. A constraint imposed on the switching signal is that
at most one switch occurs in any unit time interval.

Ezample 1.3. (Hybrid Stabilization of a Wheeled Mobile Robot) [4]
The next example addresses the problem of parking the wheeled mobile robot
of the unicycle type, shown in Figure 1.10, where 1 and x5 are the coordinates
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A
X2
B/
X, - 0
2
O X X,

v

Fig. 1.10. Wheeled mobile robot of unicycle type

of the point in the middle of the rear axle, and 6 denotes the angle that the
vehicle makes with the zi-axis. The kinematics of the robot can be modelled
by the equations

T1 = uycosf
L9 = upsinf
0 = uy (1.10)

where u; and usy are the control inputs (the forward and the angular velocity,
respectively). By parking the vehicle we mean making x1,z2 and 6 tend to
zero by applying state feedback. What makes this problem especially inter-
esting is that the corresponding system is nonholonomic and hence cannot be
asymptotically stabilized by any time-invariant continuous state feedback law.
As a result, the classical smooth theory and design mechanism of nonlinear
control systems cannot be applied. However, if we address the problem using
the hybrid control scheme, the obstruction disappears.
To see this, we first introduce some intermediate variables. Let

y1 =10
Yo = 1 co80 + xo8in b

Y3 = x18inf — x4 cos b
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and

D, = {LL’ER?’: |$3‘ > Hi;‘}

Dy ={r€R®: v ¢ D}

Next, let us define a set of candidate controllers

ul — [Uw _ [_492—%? —ysyﬂ

1
Uz —Nn

2 [Uq _ [yz - sgn(ygyg)yg}
u3 —sgn(y2y3)
where sgn(-) is the signum function

- [l =0
S8 =191 -1  otherwise.

-4

-6

switching time = 0.9551 (Sec)

_10 I I I I I I I I I
(o) 1 2 3 4 5 6 7 8 9 10

Time (Sec)

Fig. 1.11. State trajectory with one switch

With these controllers, system (1.10) can be represented as an unforced
switched nonlinear system

(t) = fo(x(t))

where x = [x1,29,0]T, 0 € {1,2}, and
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uf cos 0
filx) = | uisinf | i=1,2.
’U,i
2

Finally, define the switching law by

-} Haen

Then, it can be proven that the switched system is exponentially stabilizable.

I I I I I I I I I
o 1 2 3 4 5 6 7 8 9 10
Time (Sec)

Fig. 1.12. Input trajectory with one switch

Roughly speaking, the switching strategy is to first adjust the angle (away
from zero) of the robot if necessary, and then drive the robot smoothly to
the origin. Figures 1.11 and 1.12 show the state and input trajectories of the
switched system initialized at

z(0) = [1.1909, —1.8916, —0.0376]"

respectively. It can be seen that both trajectories converge exponentially to
the origin. Figure 1.13 simulates the parking process which clearly shows the
two-stage feature of the parking strategy (first backward, then forward).

When the original angle of the robot is far from zero, then, the parking
can be made smoothly without any switch. Figures 1.14 and 1.15 show the
state/input trajectories as well as the parking simulation, respectively. The
switched system is initialized at

2(0) = [~1.3362,0.7143,1.6236] .

It can be seen that, though the state and input are smooth vectors, the parking
process still exhibits the two-stage feature.
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Fig. 1.14. State (left) and input (right) trajectories without switch

This example clearly exhibits the power of the hybrid control methodology
in addressing complex dynamical systems.

1.3 Elementary Analysis

1.3.1 Classification of Switching Signals

For the switched system

6x(t) = fo(x(t), u(t))
y(t) = ho(2(t)) (1.12)
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Fig. 1.15. Parking animation without switch

suppose that the subsystem dynamics f;, h;, i € M are given and fixed. In
addition, assume that the input u is also given in advance.

For the above system, the performance of the overall system totally relies
on the switching signal. As we have mentioned, different switching signals
may produce totally different system behaviors. In this subsection, we take a
close look at the possible expressions of the switching signals and present a
classification for different types of switching signals.

In general, the switching signal is a piecewise constant function of time, its
own past values, the state/output, and possibly the external signal. A general
representation can thus be given by

a(t) =1 ([to 00),0([to 00)), ([to, 0))/y([t0, 00)), 2([to, 0))) ¢ = to

where tg is the initial time, z: [tg,00) + R! is an external signal produced
by an external device (e.g., an observer). Note that the expression does not
exclude possible non-causal relationships, that is, the switching signal at a
time may depend on the future measurements from its own or other variables.
In reality, most relationships are causal. A causal description of the switching
signal is given by

o(t+) = ([to, t], o ([to, t]), x([to, t]) [y ([to, t]), z([to, 2])) ¢t >to

where o (t+) = lim, ¢ 0(s) in continuous time and o(t+) = o(t+1) in discrete
time. It can be seen that the switching signal at a time may rely on the
past measurements of time, state/output, etc. For example, the discrete-time
switching signal with initial condition
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O’(to) = arg min{iET(to)AiiC(t())}ieM
o(to+1) =o(ty)

and recursion

o(t+ 1) = max{argmin{z” (t)A;z(t) }ierr,o(t — 1)} t=1,2---

includes a one-step lag delay. In this book, we further assume that the switch-
ing signal only depends on the instantly past (on-line) measurements, i.e.,

o(t+) =4 (t,0(t),2(t)/y(1), 2(t))  t = to. (1.13)

In the following, we briefly classify the switching signals into several types,
which we will frequently use in the book.

)

Switching Path

A switching signal is said to be a switching path if it is a function of time.
Given an initial time %y, a switching path is defined on a time interval
[t(htl) with typ < t; < o0

g [to,tl) — M.

Note that the switching path is independent of the initial state. That is,
such a switching signal is consistent with any initial state.

In the continuous-time case, two switching paths 6; and 6, over [ty,t1) are
said to be indistinguishable, if they coincide almost everywhere, i.e., the
time set

{t € [to,t1): 01(t) # 02(1)}

is a set of isolated real numbers. Two indistinguishable paths are seen to
be one path as they produce the same system dynamics. For simplicity,
we let 0, ¢+,) denote a switching path over [to, ;).

Time-driven Switching Law

If the switching signal only relies on the time and its past values, then we
say that the switching signal is a time-driven switching law. A time-driven
switching law can be described by

o(t+) = p(t,o(t)) > to. (1.14)

A typical feature is that it is independent of the state/output variables.
A switching path 6, ;,) is said to be generated by the time-driven switching
law, if for almost all ¢ € [tg,t1), we have

O(t+) = ¥(t,0()).

As a special case, a switching path always generates itself.
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As an example, we define recursively the time-driven switching law

o(tg) = arg max{0.5, 2}
27

o(t+) = arg min{f(a(t))Z, fg(t +1)(t—1)o(t)—4}. (1.15)

In continuous time, the switching law generates the switching path 6 with

2 over [ty,—1) iftg < —1
O(t)=< 1 over [to, %) iftg € [*%a %)
2 over [tg,00) iftg>1

but generates no switching path if ¢ty € (—=1,—%) or to € (3,1) as there
is a deadlock in this situation. Indeed, by the recursive formula, for any
t € (—1,—3)U(3,1), it should switch to the other subsystem at the ‘next
time of ¢’. As the time is continuous, this clearly leads to a deadlock. In

discrete time, however, the switching law generates the switching path

{1 ift=0
o =

2  otherwise

which is defined everywhere.
Event-driven Switching Law

A switching signal is said to be an event-driven switching law, if the time
does not explicitly appear in the expression (1.13), i.e.,

o(t+) = ¢ (o(t), z(t)/y(t), 2(t)) . (1.16)

In particular, a switching signal is said to be a state-feedback switching
law, if it only depends on its past value and the state variables, i.e.,

oft+) = (o(t),z(t)). (1.17)

Similarly, a switching signal is said to be an output-feedback switching law,
if it only depends on its past value and the output variables, i.e.,

o(t+) = (a(t), y(t)) (1.18)

and to be a dynamic-output-feedback switching law, if it depends on its
past value, the output variables, and possibly an external signal z, i.e.,

o(t+) = (a(t), y(t), 2(t)) - (1.19)

Given an initial state 29 and a time interval [t, t1) with ¢; > to, a switching
path 0, ¢,y is said to be generated by the event-driven switching law (1.16)
at xo over [tg,t1) w.r.t. the switched system, if there is a state trajectory
x: [to,t1) — R™ with z(tg) = xo, such that for almost any t € [tg, 1), we
have
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0z(t) = fou (x(t), u(t))
y(t) = ho (2(t))
0(t+) =¥ (0(2), z(t)/y(t), 2(1)) -
Note that a switching law may generate different switching paths w.r.t.
different switched systems.

4) Pure-state/output-feedback Switching Law

A switching signal is said to be a pure-state-feedback switching law, if it
only depends on the state variables, i.e.,

a(t+) = ¢ (z(t)). (1.20)

Similarly, switching signal is said to be a pure-output-feedback switching
law, if it only depends on the output variables, i.e.,

o(t+) = (y(1)). (1.21)
A typical pure-state-feedback switching law is the quadratic form
o(t+) = argmin{z” (t) Py(t),--- ,x7 () Ppx(t)}
where P;, ¢ € M are real matrices.

Roughly speaking, by a switching law we mean that the switching signal is
initial-condition-dependent. In contrast, a switching path is simply a function
of time and hence is independent of the system state/output. A switching
signal is said to be determinant at xo over [to,t1), if it generates a unique
switching path at z¢ over [tg,¢1). It is said to be completely determinant over
[to,t1), if for any xo € R™ and t, € [to,t1), the switching law generates a
unique switching path at xq over [t), ;).

It should be noticed that, as a special case, a switching path defined on
[to, t1) generates itself, and hence is completely determinant over [to, t1).

1.3.2 Operations on Switching Signals

Given a switched system in advance, suppose that o1 and o5 are two switching
signals defined by

oi(t+) = bi(t, ou(t), x(1) /y(t), 2(t)) i =1,2.

o1 is said to be the time-transition of oo by h (w.r.t. the switched system),
denoted by oy = (02) 7", if

Pi(t, o0 (8), 2() /y(t), 2(t)) = ot + h,o2(t + h), x(t + h)/y(t + h), z(t + h)).

Note that, if oy is the time-transition of o5 by h, then o3 is the time-transition
of o1 by —h. A switching signal o is said to be time-invariant at o over [to,t1),
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provided that, for any h, and switching path 6}, ;,) generated by o at x¢ over
[to, t1), the path 6}, defined by

Gh(t) :9(t—h) Vite [to+h,t1+h)

is a switching path generated by o =" at xq over [to+h,t;+h). In addition, the
switching signal is said to be time-invariant over [to,t1) if it is time-invariant
at each state in R™ over [to, ¢1). The switching signal is said to be (completely)
time-invariant if it is time-invariant over any time interval. It can be seen that
any switching path is time-invariant over its time domain, so is any switching
signal in state/output-feedback form. However, a time-driven switching signal
may not be time-invariant. As an example, it can be verified that the time-
driven switching signal defined by (1.15) in the continuous-time case is not
time-invariant.
Similarly, for two switching signals defined by

oi(t+) = Pt 0a(t), x(8)/y (), 2(1)) i=1,2

o1 is said to be the radial-transition of oo by A € R (w.r.t. the switched
system), if

Y1ty o0 (8), () /y(t), 2(t)) = Pa(t, o2(t), Az(t)/ Ay(t), Az(t)).

Note that, if o is the radial-transition of oo by A # 0, then o9 is the radial-
transition of o1 by % A switching signal o is said to be radially invariant,
if for any A € R, the radial-transition of the switching signal by A coincides
with the switching signal itself, i.e.,

P(t,o(t), z(t)/y(t), 2(t) = ¥ (¢, o(t), Ae(t)/ Ay(t), Az(t)).

It can be seen that any switching path is radial-invariant, so is any time-
driven switching law. However, an event-driven switching signal may not be
radial-invariant. For example, the pure-state-feedback switching law

o(t+) = argmin{[Jz(t)], 2" (t)z(1)}

is in general not radial-invariant.

A switching signal is said to be transition-invariant, if it is both time-
invariant and radial-invariant. In the book, when we design switching signals,
we will always focus on the transition-invariant switching signals.

Given two switching paths 0;: [t;,s;) — M, i = 1,2, 05 is said to be a
sub-path of 01 on [tz, s2), denoted by 0 = 01, s,), if [t2,52) C [t1,51), and
for almost any t € [ta, $2)

01(t) = 0a(t).

Another operation on switching signals is the concatenation of switching
signals. Given two switching paths 61y, ,,) and Oz, ), the concatenation of
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01 with 05, denoted by 61 Afs, is a new switching path defined on [t1, $1+82—t2)
with

o) if t € [t1,51)
(01 A 02)(¢) = {92(75 — 81+ ta) ift € [s1,81 + 52— t2).

The concatenation of more than two switching paths can be defined in the
same way by recursion.

The operation of concatenation can be extended to general switching sig-
nals as follows. Suppose that a switching signal o7 is determinant at xg over
[t1,$1) and hence it generates a unique switching path 01, ,6,)- Let 1 =
limy4, (t), where z(-) is a solution of the switched system via o1 at zg over
[t1, $1). Suppose that a switching signal oy is determinant at x; over [ta, s2),
and hence it generates a unique switching path 6z, ,,). Then, a switching
signal o is said to be a concatenation of o1 with oo at (xo,[t1,$1), [t2, 52)),
if it generates uniquely the switching path 61, o) A 2y, s,) at xo over
[tl, S1+ 89 — tg).

A more useful concept is the concatenation of two switching signals via
a given region. Suppose that o1 and o2 are two switching signals, {2 is a
closed region in the state space. Then, a switching signal ¢ is said to be a
concatenation of o1 with oo at (xg,ty1, [ta, s2)) via 2, if it generates a unique
switching path O, s, 4s,—¢,) With

s1 =min{t > #1: x(t) € 2}
such that o is the concatenation of oy with o9 at (zg, [t1, 1), [t2, S2)).

Ezxample 1.4. For continuous-time switched system X(A;)¢; 23 with

1 2 -10
A1: |:_21:| aIldA2|:O 10:|

let 2 ={z € R?: 2y = 0}, and 07 = 1 and 0y = 2. It can be seen that
the concatenation of o1 with oo via 2 is the following pure-state-feedback
switching law

U(t):{l if x(t) & 02

2  otherwise

which always makes the switched system asymptotically stable.

1.3.3 Well-definedness and Well-posedness

An important issue for the switched system is the existence and uniqueness
of the solution. A switching path 6 is said to be well-defined on [t1,ts), if it
is defined in [t1,t2), and for all ¢ € [t1,t2), both limgy, 6(s) (for t = t1, let
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limgye, 6(s) = 6(¢1)) and lim,), 0(s) exist, and it has only finite jump instants
in any finite time sub-interval of [t1,¢). That is, the set of jump times

{t € [t1,t2): lgrtl 0(s) # lslglﬂ(s)}

is finite for any finite time interval [tq, t2).

Note that, for the continuous-time switching path, a jump time must be a
discontinuous time, but the converse is not necessarily true. For example, the
switching path

1 ifteN
o(t) = {2 otherwise

has infinite discontinuous times in [tg, 00) for any to < co. However, it has no
jump time at all and hence is well-defined. On the other hand, the switching
path

o(t) = {1 ift e {1122,

2  otherwise

is not well-defined on any interval containing zero because lim, ) 0(s) does
not exist.

In the book, we denote by Sy, ;)(or S in short) the set of well-defined
switching paths on [tg, t1).

It is clear that the well-definedness excludes the possibility of the Zeno
phenomenon (chattering) which is not desired in most situations. It is also
clear that any discrete-time switching path is well-defined.

By means of the well-definedness of switching paths, we can further define
the well-definedness of general switching signals. For this, fix a switched sys-
tem and let o be a switching signal of the system. The switching signal o is
said to be well-defined at xg over [to,t1) (w.r.t. the switched system), if it is
determinant at z over [tg,¢1) and the switching path 6 that uniquely gener-
ated by o at xq over [tg, t1) is well-defined on [tg, ¢1). In addition, the switching
signal is said to be well-defined over [tg,t1) (w.r.t. the switched system), if for
any xo € R, it is well-defined at x¢ over [to,t1). The switching signal is said
to be (completely) well-defined, if it is well-defined over any interval [tg, ;)
with —oo < tg < t1 < 0.

Suppose that the subsystems’ dynamics are given and switching signal o is
completely well-defined. Then, for any initial condition (¢g, z¢), the switching
signal generates a unique switching path at x over [tg,t1) (for some t; > tg),
denoted by 0;‘3 )" Therefore, the switching signal can be expressed by o(t) =

©(t; to, o), where
(P(t;to,l’o) :eﬁg’tl)(t) Vite [t07t1)'

In this book, whenever the subsystems’ dynamics are given and clear from
the context, we are quick to express a well-defined switching signal in either



22 1 Introduction

the standard form o(t+) = (¢, o(t), z(t)/y(t), 2(t)) or in the form o(t) =
o(t; to, xo).

On the other hand, a switched system is said to be well-posed at xy over
[to,t1) w.r.t. switching signal o, if for any given piecewise continuous and
locally integrable input u, the switching signal ¢ is well-defined at xzg over
[to,t1) w.r.t. the switched system, and the switched system admits a unique
solution via the switching signal at zy over [tg, ;). Similarly, the switched
system is said to be well-posed over [tg,t1) w.r.t. the switching signal, if for
any o € R", the system is well-posed at xq over [tg,t1) w.r.t. the switching
signal; the switched system is said to be (completely) well-posed w.r.t. the
switching signal, if for any time interval [tg, 1) with —co < tg < t1 < oo, the
system is well-posed over [tg,t1) w.r.t. the switching signal.

Given a switched system, if the switching signal is a switching path or
a time-driven switching law, the well-posedness of the switched system and
the well-definedness of the switching signal are decoupled and hence are in-
dependent of each other. However, for a switching signal in the event-driven
form, its well-definedness implies that the state information is available on
[to, t1), which means that the switched system admits at least one solution
at xo over [tg,t1). Note that in this case, the switched system is well-posed
if, and only if, it admits only one solution. Accordingly, if the switched sys-
tem satisfies the global Lipschitz condition, then, the well-posedness of the
switched system is equivalent to the well-definedness of the switching signal.
For the switched linear system, when the control input is globally integrable,
then, the well-definedness of the switching signal implies the well-posedness of
the switched system, hence they are equivalent to each other. In other words,
for the switched linear system

Sx(t) = Asz(t) + Bou(t)
y(t) = Cya(t) (1.22)

where the control input is piecewise continuous and globally integrable, and
the switching signal o defined by

o(t+) = p(t,0(t), z(8)/y(t))

the following statements are equivalent:

(i) the system is well-posed at xo over [tg,?;) under the switching signal;

(ii) the switching signal is well-defined at x over [tg, 1) w.r.t. the system; and

(iii) there is a unique pair (z,0), where x: [tg,t1) — R™ is absolutely contin-
uous and 0: [tg,t1) — M is well-defined, such that z(¢g) = x, and for
almost any ¢ € [tg, t1), we have

6£C(t) = Ag(t) l’(t

)
y(t) = Coyx(1)
0(t+) = ¥ (L, 0(t), z(t)/y(t)).

+ Bg(t)u(t)
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In this book, we focus on designing switching signals such that they are
well-defined and hence the switched linear systems are well-posed.

1.3.4 Switching Sequences

For a well-defined switching path @ defined on interval [tg, 1), it has a finite
number of jump instants in any finite length sub-interval of [tg,¢1). Any jump
instant ¢ € (to,t1) is said to be a switching time. That is, a switching time ¢
satisfies

As we have mentioned, for a continuous-time switching path, a switching
time must be a discontinuous time, but the converse is not necessarily true. In
fact, for any switched system, suppose that two switching paths are identical
except on a set of isolated times, then, the two paths lead to the same system
behavior. This implies that changing values of a switching path on isolated
time instants does not affect the system dynamics. In the book, when we
design a switching path, we usually make it to be either 0(¢) = 6(¢t+) in which
the path is continuous from the right, or to be 0(t) = 6(t—) in which the path
is continuous from the left. Besides, we always assume that the switching path
is continuous everywhere except at the switching times.

Note also that, for a well-defined path 6, the set of its switching times is
a set of isolated instants. Let s1, 52, ,s; be the ordered switching times in
[to, t1) with

t) < 81 < 8y < -+ <81 <ty.

Note that [ is a nonnegative integer and is possibly infinite when ¢; = oc.
Let so = to. The ordered sequence {so, s1,- -, s} = {si}\_g, is said to be the
switching time sequence of 6 on [tg,t1). We denote by TSg”’tl) this sequence
and also T'Sy when the interval [to, t1) is clear from the context. Similarly, the
index sequence {0(to+),0(s1+), -+ ,0(s;+)} = {0(si+)}._, is said to be the
switching index sequence of 0 on [tg,t1), and is denoted by ISgO’tl) or 1Sy in
short. The sequence of ordered pairs

{(to, 0(to+)), (s1,0(s1+)), -+, (51, 0(s1+))} = {(54,0(s:+)) Yizg

is said to be the switching sequence of 6 over [tg,t1), and will be denoted
by Ssg‘)’“) or SSp in short. Note that a switching sequence {(s;,k;)}_
uniquely determines a switching path (up to possibly re-arranging the value
at the switching times) by the relationship

k‘o te [to, 81)

g(t) _ k‘l te [81752)

ki te [Sl,tl).
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Finally, let h; = s;41 — s; for i = 0,--- ;1 — 1 and h; = t; — s, then the
sequence

{(0(t0+)a hO)a ER) (0(81+)a hl)}

is said to be the switching duration sequence of 6 on [tg,t1), and will be
denoted by Dsgf”l) or DSy in short. It is clear that the switching duration
sequence is uniquely determined by the switching sequence, and vice versa.

The same sequences for a switching signal can be defined through the
switching path generated by the switching signal. Suppose that switching sig-
nal o is well-defined at o over [to,t1), and 0y, ) is the switching path gener-
ated by the switching signal at z¢. The switching (time/index/duration) se-
quence at xg over [tg, t1) is defined to be the switching (time/index/duration)
sequence of the switching path 6, ;). To include the information of the initial
condition, we add the initial state to the sequence. For example, a switching
sequence is in the form

{zo, (50, ko), (s1,k1),---, (s1, k1) }

It should be noted that a well-defined switching law always generates a
unique switching path at a given initial condition which is also well-defined. In
general, different initial conditions may correspond to different switching paths
and hence different switching sequences. This is a critical feature which makes
the switched linear system essentially distinct from a linear time-varying sys-
tem, where all initial states correspond to a single path. To further understand
this point, let us examine a simple example.

Ezxample 1.5. Consider a planar switched linear system given by
z(t) = Asz(t) o €{1,2}

with

Let the switching signal be
o(t) = argmin{z? (t) A z(t), 27 (t) Agz(t)}. (1.23)

The switching signal is event-driven so it is initial-state-dependent. In general,
the switching sequences may be finite or infinite for different initial conditions.
It can be seen that, if the initial condition is 2(0) = zo = [a,0]" with a # 0,
then the corresponding switching sequence is {xo; (0,2)}, which means that
the second subsystem is always active hence there is no switch at all. Similarly,
if the initial condition is z(0) = z¢ = [0, b]T with b # 0, then the corresponding
switching sequence is {zo; (0,1)}, which means that the first subsystem is
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always active and there is no switch at all. In both cases, the switched system
degenerates into linear time-invariant systems. For initial state 2(0) = 2o =
[a, b]T with ab # 0, however, the switching sequence is always infinite.

This example clearly illustrates the fact that the switching sequence de-
pends heavily on the initial state.

Finally, a determinant switching signal is said to be with dwell time 7, if
t;+1—t; > 7 for any two consecutive switching times ¢; and ¢;1. Let S; be the
set of switching signals with dwell-time 7. It is clear that any switching signal
with a positive dwell time is well-defined. The converse is not necessarily to
be true, for instance, the switching path

o(t) = 1 ifte[k—1,k+ 1) for some k € N*
12 otherwise

is completely well-defined over [0, 00), but it does not permit a positive dwell
time.

1.3.5 Solutions of Switched Linear Systems

For a nonlinear system, usually it is very hard (if not impossible) to explicitly
express the solution in terms of the system parameters in an analytic way. On
the other hand, for well-posed switched linear systems, this is always possible.

For clarity, let ¢(¢;to,zo,u,0) denote the state trajectory at time ¢ of a
continuous-time switched linear system

&(t) = Agx(t) + Bou(t) (1.24)
initialized at x(tg) = o with input « and switching signal o.
Suppose that the switching signal is well-defined and its switching sequence
is
{0, (to,i0), (t1,i1),- -, (t1,41)}
As the igth subsystem is active during [tg,t1), we have
I(t) = Aiox(t) + Biou(t) x(to) =x9 tE€E [to,tl).
This is a linear differential equation with an initial condition, so its solution
can be given explicitly by
t
(t; to, xo, u, 0) = o =)y, Jr/ et B u(r)dr t € [to, 1)
to
and (by the continuity of the state trajectory)

t1
x1 = z(ty) = ¢(t1;t0, xo, u,0) = eAio(t1=to) 3.0 —|—/ eA'iO(tl_T)BiDu(T)dT.
to
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During period [t1,t2), the iith subsystem is active, thus, we have
(t) = Ay x(t) + Biyu(t) x(t1) =z1 t € [t1,t2).

Again, the solution can be given explicitly by

t
o(t: to, o, u, o) = e ")y, +/ e (=B u(r)dr

ty

t
— A (t—t1) J A4, (t1*t0)$0 + Ay (t—t1) / ' eio (tliT)Biou(T)dT
to

t
+/ AT B u(r)dr t € [ty ts)

t1
and
ta
To = 1’(t2) = ¢(t2; If()7 o, U, 0’) = eAil (tz_tl)xl + / €Ai1 (t_T)Bil’LL(T)dT.
ty

Continuing with the above procedure, the solution for the switched system
can be computed to be

¢(t; to, To, U, O') — Ak (t*tk)eAik—l (tk—tk—1) . .. edin (t2*tl)eAi0 (tlfto)zo

t
+ eAik (t—tk) ... eAil (t2—t1) / 1 6Ai0(t1*T)Bi0u(7—)d7-

to
t
th—1
t
—|—/ eAik(tff)Biku(T)dT t € [th, tht1)- (1.25)
ty

Let
U(t,0,20) = edin(tt) Ay emtimn) L pdig(ti—to) ¢ ¢ [ 4]
It is clear that the state transition matrix is given by
B(t1,ts,0,10) = ¥(t1,0,20) (¥(t2,0,20)) .

The solution of the system can be re-written, in terms of the transition
matrix, as

t
o(t;to, 2o, u, 0) = (¢, to, 0, o) X0 —|—/ b(t,7,0,x0)u(T)dr.
to
From this expression, we can draw a few useful conclusions as follows:

(i) For a switched linear system, if the switching signal is well-defined and
the input is globally integrable, then the system always permits a unique
solution for the forward time space.
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(ii) The solution is usually not continuously differentiable at the switching
instants, even if the input is smooth.

(iii) The state transition matrix is a multiple multiplication of matrix function
of the form e“*. Accordingly, properties of functions in this form play an
important role in the analysis of switched linear systems.

Similarly, for a discrete-time switched linear system
Tht1 = A xy + Bouy (126)
the solution is

T = Ag(i—1) * Ac(1)Ac(0)T0 + Agk—1) " Ae(1) Boo)to + -+
+Ag(k—1)Bo(k—2)Uk—2 + Bo(r—1)Uk—1- (1.27)

The state transition matrix is
D(k1, k2, 0) = Agiy—1) Ao(ky) K1 > k2.

In terms of the transition matrix, the solution can be rewritten as

k—1

xp = P(k,0,0)x0 + Z@(k,j, o)u;.
=0

From the solution, we have:

(i) For a switched linear system, the system permits a unique solution for
the forward time space. Hence, any discrete-time switched system is well-
posed.

(ii) The state transition matrix is a multiple multiplication of matrices. Ac-
cordingly, properties of matrix multiplication play an important role in
analyzing the switched system.

Finally, for both continuous-time and discrete-time switched linear sys-
tems, the state trajectory possesses several nice properties under mild condi-
tions. As the properties are widely used in the following chapters, we state
them separately as propositions for easy reference.

Proposition 1.6. For the switched linear system, suppose that the switching
signal is time-invariant. Then, for any given initial condition (to,xo), input
u, and time T, we have

¢(t;t07x07u70):¢(t+T;tO+T7$O;U/7UI) VtZtO

where u'(t) = u(t — 1) for t > to + 7, and o' = " is the time-transition of
o by h.

The proposition asserts that the state trajectory is time-transition invari-
ant when the switching signal is time-invariant, hence we term it as the time-
transition invariance property. This means that, if z(-) is a trajectory of the
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switched system with some initial condition (tg,z¢), then, for any 7 € R, its
time transition y(-) = z(- 4 7) is also a trajectory of the switched system with
the same initial state. In other words, the set of state trajectories is invariant
under any time transition. Accordingly, the switched linear system behaves in
a ‘time-invariant’ manner.

Proposition 1.7. For the switched linear system, suppose that the switching
signal is radial-invariant. Then, for any given initial condition (to, o), input
u, and A € R, we have

B(t; to, \eg, u, 0) = Ap(t;to, xo,u™,0) Yt >ty AER

where (uM)(t) = u(t) fort > tg.

The proposition asserts that the state trajectory is linear w.r.t. the initial
state when the switching signal is radial-invariant, hence we term it as the
radial-transition invariance property. This means that, if (-) is a trajectory of
the switched system with initial condition x(ty) = o, then its radial transition
y(-) = Az(-) is also a trajectory of the switched system with the initial state
y(to) = Axo. In other words, the switched linear system behaves in a ‘radially
linear’ manner.

For a completely well-posed switched linear system, let U[;, o) denote the
set of inputs which are piecewise continuous over [tg,00). For a well-defined
switching path 0, ) € Sjty,00), let

T,

0,00)

(wo) = {&(t;to, wo,u,0): ¥Vt € [to,00), u € Uy o0)}-

This set includes the states attainable from x(tg) = x¢ via the switching path
0 over [tp,c0). As a switching path is both time-invariant and radial-invariant,
Proposition 1.6 implies that set ﬁfovoc)(xo) is tp-independent, i.e.,

7,[9—>(82—51)(IO) =T, 00y (@0) V51,50 € R ap € R™

$1,00) s

Similarly, Proposition 1.7 implies that the set is radially linear w.r.t. the initial
state, i.e.,

Tty 00)(M20) = AT, ooy (w0) Vto,A€R ao € R”

0,00)
where A2 = {\x: x € 2} for a set 2. Furthermore, let
Tito,00)(T0) = Unesiyy o Tty 00 (%0)
and, for a set 2 C R"
Tito,00)(12) = Uze 2 Tity,00) (7).

It can be seen that the sets are independent of ¢g and are radially linear. As
a result, if {2 is a neighborhood of the origin (i.e., contains the origin as an
interior point), then
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7-[150,00)(9) = 7&1700) (Rn) v to,t1 € R.

On the other hand, as any well-defined switching signal generates a unique
switching path at any zp € R™ which is in Sy, o), the set T, o0)(£2) in
fact contains all the states attainable from {2 via any well-defined switching
signal over [tg, 00), including those that are not time-invariant and/or radial-
invariant.

The above discussions reveal several fundamental features of switched lin-
ear systems. As an implication, for a property of the state that does not
explicitly rely on the time, we have the following observations:

(i) if the property holds at some tg, then it also holds at any other time; and

(ii) if such a property can be achievable via a well-defined switching signal,
then it can also be achievable via a well-defined switching signal that is
transition-invariant.

To make the above observations clearer, we discuss here a typical type
of property that does not explicitly rely on the time. Let {21 and {25 be two
subsets of R”, any property of the form

(the closure of) i, o0)(£21) contains/spans {2,

does not explicitly rely on the time ty. This form includes a few special but
important cases. To see this, let

Sr={zeR": |jz||=r}and B, ={z e R": ||z|| <7} reR,.

Note that for an unforced switched linear system, the derivative of the state
is bounded by a linear function of state. Note also that the origin is, or can be
made to be, an equilibrium of the unforced/forced switched system. Taking
into account the above observations, we can re-state the following well-known
properties as:

(a) (uniform) stability at to: (u=0) 3 r < 1 such that
v €8, = Tpty,00)(7) € By

(b) asymptotic stability at to: (u = 0) stability plus 0 € clT}, o) () for any
x € S1, where ‘cl” denotes the closure of a set;

(c) controllability at to: x € S; == 0 € T}, 00)(2); and

(d) reachability at to: Tty,00)(0) D Sy.

As a result, these properties do not rely on the initial time ¢y. For instance,
if the switched linear system is controllable at tg, then it is also controllable
at any other time instant. Other related properties, such as the (asymptotic)
stabilizability and observability, also possess this initial-time-independent fea-
ture. In this book, when we formulate and discuss the notions, we simply as-
sume that ty5 = 0 without loss of generality. Similarly, when we seek switching
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signals that make the switched system stable or controllable, we always seek
from the set of well-defined switching paths or the set of well-defined and
transition-invariant switching signals.

Finally, note that in Items (b)-(d), the unit sphere S; can be replaced
by any neighborhood of the origin, or any sphere that encircles the origin.
This means that the local properties (asymptotic stability, etc.) are in fact
equivalent to the global ones. Accordingly, we do not distinguish these local
properties from their global counterparts.

1.4 Notes and References

The switched system is a special form of the hybrid dynamic system which
contains both continuous dynamics and discrete elements. Hybrid systems
have attracted considerable attention from both the control and computer
communities. However, as general hybrid models are quite complex, the study
of hybrid systems is still in the elementary stage [18]. The reader is referred to
the monographs [156, 117] for an introduction. There has also been an annual
conference on hybrid systems since 1993 [70, 71].

The study of switched systems has a long history and could be traced back
to the pioneering work on the Lyapunov approach for the absolute stability of
Lur’e systems. It is well known that a Lur’e system is absolutely stable if there
is a common Lyapunov function for all the extreme systems. This corresponds
to the stability of a switched linear system with subsystems coinciding with
the extreme systems. This idea had been extended later to address the stability
of time-varying systems and the robustness of uncertain linear systems.

Since the 1990s, switched systems have attracted increasing attention
and recent years have witnessed an enormous growth of interest in switched
systems. The literature, especially that on the stability issues, grew at an
exponential rate. Various mathematical tools, such as linear and multilin-
ear algebra, nonsmooth analysis, and game theory, have been exploited in
the study of switched systems. The reader is referred to the survey papers
[31, 92, 99, 173, 102, 141] and the monograph [90] for recent development.
For switched systems where the switching signals are governed by random
processes (e.g., jump linear systems), the reader is referred to [84, 149, 97|
for surveys and [42, 29] for recent development. In addition, the advan-
tages of multiple-controller switching in complex systems were exploited in
[45, 109, 110, 98, 88, 87], and more tutorial and introductory material can be
found in the special issues [3, 106, 2, 34].
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Mathematical Preliminaries

2.1 Introduction

This chapter presents a number of useful mathematical concepts and tools,
many of which implicitly or explicitly underlie the material to be covered in
the main portion of the book. While much of the material is standard and
can be found in classical textbooks, we also include a number of useful items
that are not commonly found elsewhere. Thus, this chapter serves as a short
review and as a convenient reference when necessary. In addition, this chapter
forms the basis for the subsequent development.

2.2 Linear Spaces

A linear (vector) space consists of an additive group, of elements called vectors,
and an underlying field of scalars. We consider only spaces over the field of
real numbers, R. Linear spaces are denoted by script capitals X, ), - - -; their
elements (vectors) by lower case Roman letters z, y, --- and field elements
(real numbers) by lower case Roman or Greek letters.

Suppose that X" is a linear space and xq,- -,z its elements. The span,
denoted by

Span{wlv e axk}

is the set of all linear combinations of the z;, with coefficients in R. Space X
is said to be finite-dimensional if there exist a finite k£ and vectors x1,--- , zy
such that

X = spanfzs, - wh}.

Suppose that X # 0, the dimension of X, denoted by dim X, is the least k
which this happens. Let dim 0 = 0.
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A set of vectors {z;,i = 1,--- ,k} is said to be (linearly) independent, if
the relation

k
Zcix,; =0 ¢€eR
=1

implies ¢; = 0 for all ¢ € k def {1,--- ,k}. If {x;, i € k} is independent and

x € span{z;,i € k}, then the representation
r=cC12T1+ -+ CnTm

is unique for each z € X. For an n-dimensional space X, there exists a set of
independent vectors {z;,i € nn}, called a basis for X', which spans the space

X = span{z;,i € fi}.

Unless otherwise stated, all linear spaces in this book are finite dimen-
sional.

A (linear) subspace ) of linear space X is a nonempty subset of X which is
a linear space under the operations of vector addition and scalar multiplication
inherited from X. That is, for any vectors y1,y2 € ) and any real scalars ¢y
and co, we have c1y; + coy2 € V. The notation ) C X will henceforth mean
that ) is a subspace of X'. Geometrically, a subspace is a hyperplane passing
through the origin of &'. Thus, the zero vector belongs to any subspace.

Suppose that ) and Z are subspaces of X', we define their summation and
intersection by

V+Z={y+z:y€e),ze€Z}
YnZ={z:ze,xe Z}

It is clear that the summation and intersection of subspaces are also sub-
spaces. In contrast, unions of subspaces are generally not subspaces. Another
important distinction between summation and union of subspaces lies in that,
it is always possible for a linear space to be expressed as a summation of
subspaces of strictly lesser dimensions, while a finite dimensional linear space
can in no way be expressed as a finite (even countable) union of subspaces of
strictly lesser dimensions. The latter property, known as the Baire’s Category
Theorem [169], will play a role in proving Theorems 4.30 and 4.31.

Given a linear space, the family of all its subspaces is partially ordered by
subspace inclusion (C), and under the operation + and N, is to form a lattice,
namely, Y 4+ Z is the minimum subspace that contains both )} and Z, while
Y N Z is the largest subspace contained in both ) and Z.

A family of k subspaces X7, .-+, Xy of X is said to be independent, if

XN _X)=0 Viek.
J#i
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If the family {X;,i € k} is independent, then every vector in Zle X; has a
unique representation

r=x1+---+x T, €EAX; ick.
The sum Xy = Zle X; is called an internal direct sum, and is written as

=X --0X =0 .

If Y and Z are subspaces of X, then there exist )y C Y and Z; C Z such
that

V+Z=a(YNZ2)® Z.

Let A} and A5 be arbitrary linear spaces. The external direct sum of X} and
Xo, denoted by X;DXs, is the linear space of all ordered pairs {(z1,z2): 71 €
X1, 22 € Ao}, under componentwise addition and scalar multiplication. Under
isomorphism =, we have

B ~ O, X

We shall not distinguish between the two types of direct sum, and will denote
both by .

Finally, let Y C X. Vectors =,y € X are said to be equivalent mod Y if
x —y € ). We define the quotient space % as the set of equivalence classes

r={yeX:y—xeY}zeX.

The function z +— T is a map P: X — % called the canonical projection of X

X
on 5;.

2.3 Maps and Matrices

Let X and Y be linear spaces. A function ¢: X +— ) is a linear transformation
(map) if

o(crz1 + coxa) = crp(w1) + cop(x2) V1,20 € X 1,00 € R.

X is the domain of C and Y is the codomain. If Y = X', then the map is an
endomorphism of X.

Let {x;,7 € n} be a basis for X and {y;,j € m} a basis for Y. For any
linear map C': X — ), we have

Cri=cuyr+ - +cmiym 1E€EN

for uniquely determined elements c;; € R. The array
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C11 +* Cin

Mat C =

Cm1 " Cmn

is the matrix of C' w.r.t. the given basis pair. Usually, we do not distinguish
between a linear map and its matrix representation, and write C = Mat C.
We denote by R™*" the class of all m by n matrices with real entries.

Let C: X — Y be amap, V C X, and W C ). The image of C on V is
the set

CV={Czx:zeV}C)Y
while the kernel of C on W is the set
CW={reXx:CxeW}CX.

Specifically, we denote CX by ImC, and C~'0 by Ker C. Both ImC and
Ker C are subspaces.

Let X = R1 ® Rs. Since the representation x = r+s, r € R and s € Ra,
is unique for each z € X, there is a function x + r, called the projection on
R1 along Rs. The projection is in fact an endomorphism @: X — X such
that Im QQ = R, and Ker Q = R,. Similarly, there is a projection on R9 along
R1, which corresponds to an endomorphism P. It is clear that

In=Q+P

where I; stands for the identity map mapping any vector into itself.

We assume that the reader is familiar with the rules of matrix algebra. For
a column (or row) vector a, a(j) denotes its jth entry; for a matrix A, A(i, j)
denotes its (4, j)th entry. Given a real matrix A, denote its rank by rank A,
its determinant by det A (when A is square). The nth-order identity matrix is
denoted by I,,. The characteristic polynomial of an nth-order square matrix
A is the nth degree monic polynomial

m(A) = det(sl, — A).

The spectrum of A, denoted by A(A), is the set of n complex zeros of its
characteristic polynomial, listed according to multiplicity. The elements of
the spectrum are the eigenvalues of A. The spectral radius of A, written as
st A, is the radius of the smallest disc centered at the origin in the complex
plane that includes all the eigenvalues of A.

A matrix P is said to be positive (negative) definite, denoted by P > 0
(P < 0), if it is symmetric and all its eigenvalues are positive (negative).
Similarly, a semi-positive (semi-negative) definite matrix P is written as P > 0
(P <0). A matrix A is said to be stable, or Hurwitz, if its spectrum locates
in the open left half of the complex plane. Similarly, matrix A is said to be
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discrete-time stable or Schur, if its spectrum locates in the open unit ball of
the complex plane.

The inverse of a nonsingular matrix T is denoted by T—!. The set of
nonsingular matrices in R"*"™, denoted by GI(n), forms a group under matrix
multiplication. Two matrices A and B are said to be similar, if 3 T € Gl(n)
such that A = T~'BT. The relation of similarity is an equivalence relation
and two similar matrices represent the same linear map under different bases.
Indeed, let C': R™ — R"™ be an endomorphism. Suppose that Mat C is a
matrix representation of C' under a basis of R™. Then, the matrix set

{T(Mat C)T~*: T € Gi(n)}

defines all possible matrix representations under different bases (coordinates).
The simplest representations, usually judged by the number of zero entries and
the possession of triangular structures, are said to be the canonical forms. One
canonical form for any linear map A, known as the rational canonical form,
is the block diagonal form

Ay 0
Mat A = diag(Ay,---, Ag) = i
0 - Ay
where A;,i € k is in the companion form
01 0-- 0
0 0 1 0
A = )
00 0-.---1
i1 Gi2 Q3 - Qg
Let || - || denote a norm of a vector or induced norm of a matrix. Well-

known norms including the /3 (Euclidean) norm and l», (max) norm. For any
matrix norm || - ||, we have

”A” > SY(A) = khm ||Ak||% vV A e RYX™.
—00

At

For a matrix exponential function e*, we have

le®]| < pt)e* ViteRy (2.1)

where p(t) is a polynomial with a degree less than n, and v = max{Rs: s €
~v(A)} is the maximum real part of the spectrum of A. In general, + is said to
be the convergence rate of A as there is no smaller v for Inequality (2.1) to
hold. By (2.1), for any « > +, there is a real constant 8 = 3(«) such that

edt]] < Bect ViteR,.



36 2 Mathematical Preliminaries

Another useful estimation is
oo
Alt)F
le) <> Al k',' ey e R,
k=0 ’

where k! is the factorial of k with 0! = 1.

2.4 Invariant Subspaces and Controllable Subspaces

Let A: X — X be an endomorphism and ) be a subspace of X. ) is said to be
A-invariant if AY C Y. Denote V = %, and let P: X — V be the canonical
projection. Then, there exists a unique map A: V + V such that AP = PA.

Suppose that ) is A-invariant and Z is any subspace such that Y& Z = X.
Let {y;,i € I} and {z;,j € k} be bases of J and Z, respectively. It is clear

that the vectors

{ylv"' yYly 2157 0 azk}
form a basis for X, and under this basis, we have

A As

Mat A = {O Ay

:| Allle AQZka'.

Let A: X — X and Y be a subspace of X. We denote the smallest A-
invariant subspace containing ) by I'4). We also term this subspace as the
(single) controllable subspace of pair (A,)). This subspace can be described
in terms of A and ) by

WY =Y+AY+--+ A1 (2.2)
The operation can be defined recursively as
LA, T'a,Y = FAl(FAzy)'

Similarly, let A = {A;,---, A} be a set of maps. Subspace Y is said
to be (multiple) A-invariant, if it is A;-invariant for all ¢ € m. Suppose
that ) is A-invariant and Z is any subspace such that YV & Z = X. Let
{yiyi € I} and {z;,j € k} be bases of Y and Z, respectively. In the basis
{y1, - ,y1,21,  , 2K} of X, we have

Ail AiB

Mat Al = |:0 A7;2

:| A lxl Ap:kxk iem.

That is, matrices A;, ¢ € m are simultaneously block triangularizable with
consistent block dimensions.
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For map set A = {A;,---, A,,} and subspace }, let I'A) denote the small-
est A-invariant subspace containing ). This subspace is termed the (multiple)
controllable subspace of (A,)).

Let us define the nested subspaces

Yo=Y
yj+1:FA1yj+"'+FAmyj 320717

Then, we have

WYy = Y V.
k=0
Note that if dim}); = dimY;41, then Y, = J; for any [ > j. This implies
that ) = ), where n = dim X. Directly in terms of A and ), we have

Jiyjn—1€0

_ Jn— j
TaY= > AT AlY (2.3)
20, in—1€M
where n o {0,1,--- ,n—1}.In (2.3), ['AY is the summation of (mn)™ items.

It requires large computational effort to calculate this subspace if m and n are
relatively large. To overcome this, here we provide a procedure to determine
the subspace efficiently.

Denote the nested subspaces as

Wo =Y

Wj:ijlﬂ_ZAijfl 7=12,---
k=1

Let W = >77° ; Wj. Then, we have
WoCWi CWyC---CW
and
I'AY =W.

Note that if W; = W;4, for some j, then Wy = W; for any k > j
and further W; = W. This fact, together with dimW < n, implies that
Wi—no = W = I'AY, where ng =dimW.

Denote

p=min{k: Wy =AY} <n—mng

and
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n=dmW, k=1---,p.

A basis of I'a) can be constructed according to the following procedure.
First, choose a basis v1, -+ ,¥n, of Wo.
Next, since

Wl = W0+Sp3«n{Ak’Yj7 k= 1a ) 1, .7: 17 7n0}
:Span{lylv"' ”ynoaAk’Yja k=1, ym, j=1,--- 7n0}
we can find a basis y1,- -+ ,7,, of Wi by searching the set
{’717"' a’ynovAk’Yjv k= 1a ,m, ]: 17 anO}
from left to right.
Then, continuing with the process, we can find a basis
Vi s Ynoy "t Yng_1 41 s Yy
for W;. Since
WH—I = Wl +bpan{A37k7 .7: 17 , M, k =nNj—1 + 1a 777/[}
:Span{’h,"' 7fynk7Aj’yk7 ,7: 17 , M, k:nl71+1>"' ;nl}
by searching the set
{717"' 77nmAijka J: 17 , 1M, k:nlfl +]—7 7nl}

from left to right for linearly independent column vectors, we can find a basis

Y1, 7’Yn07 e 7’717,;,14'17 tee ,’Ynla’ynrkla e ;’anrl
for Wiy.
Finally, we have
Ay = Span{717 ey Tty Ynpoi 1 a’Yn,,}'

It involves not more than m?n column vectors in the procedure, which is only
a small fraction of the original quantity, (mn)™.
From the above analysis, if v; = A;, - - - A;, b;,, then

A - A by € {1, »’an} Viek.
As n, < n, there are at most n different (indexes of) subsystems whose
parameters appear in {7i,---,vn,}. This implies the following proposition.

Proposition 2.1. Suppose that A = {A;,i € m} and m >n = dimX". Then,
for any subspace Y, there exists a subset A of A with less than or equal to n
elements, such that

I'aY =13). (2.4)

A pair (A, ) is said to be reducible, if there is a strict subset A of A such
that (2.4) holds. Otherwise, the pair is irreducible. Proposition 2.1 asserts that
any pair ({A;,7 € m},Y) with m > n is reducible.
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2.5 Reachability of Linear Systems

Consider the linear time-invariant system given by
z(t) = Az(t) + Bu(t) (2.5)

where & € R" is the state, u € RP is the input, A € R™*"™ and B € R"*P.
Given input u and initial state 2(0) = z, the solution of the dynamical
system can be expressed as

t
z(t) = é(t;0, x0,u) = ey —|—/ eA=7) Bu(7)dr.
0

Let T be any positive real number. The reachable set of the system at time
T is the set

Ry ={¢(T;0,0,u): we C([0,T); RP)}

where C(]0, T]; RP) is the space of continuous functions from [0, 7] to R?. As
T
Ry ={ / A7) By(7)dr: u € C((0,T]; R?)}
0

it is clear that the reachable set is a subspace of R™.

To set up the connection between subspace Rr and the curve of subspaces
t + Im(et* B), define Wy to be the smallest subspace of R" that contains the
image of e4*B for all t € [0, T]. That is, Wy is the subspace spanned by the
set of vectors

Ly = {eMBz:t € [0,T], z € RP}.

Proposition 2.2. Rp = Wrp.
Proof. By making the change of variable s =T — 7, we have

T
¢(T;0,0,u) = / e Bu(T — s)ds. (2.6)
0
The integrand in (2.6) is in Wp. As Wy is a closed subspace of R™, we have
#(T;0,0,u) € Wr Y ueC([0,T];RP).
This clearly implies that Ry C Wr.

To establish the reverse inclusion, we introduce the controllability gram-
mian. The controllability grammian at time T, is given by

T
Cp = / eATBBTeA T dr.
0
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It is clear that Cp is symmetric and semi-positive definite. For each v € R",
define the control function

Uy (t) = BTeA (T,

It can be seen that
T T
o(T50,0,u,) :/ eATBBT e Tvdr = Crv.
0

As a result, we have
{#(T50,0,u,): ve R} =ImCr

which implies that Im Cr C Rp. On the other hand, since C'r is symmetric,
we have

Im Cr = (Ker Cr)™" . (2.7)

Suppose that v € Ker(Cr). Then, we have

T
T
0=<wv,Cprv>= / <0, e "BBTe? v > dr
0

T T
= / < BTeATTv, BTeA ™y > dr = / ||BT6ATTU||2dT
0 0

where < -,- > denotes the inner product of vectors in R™. From this, we can
conclude that

BTeA =0 r€[0,T). (2.8)
As a result, we have
0=< BTeATTv, z>=<v,e""Bz> VzeR".

It follows that v is orthogonal to L. As a result, v is orthogonal to subspace
Wr which is spanned by Lp. This means that

Ker(Cp) € (W)t
which in turn means that
Wpr CImCr C Rp. O
From the proof of Proposition 2.2, we in fact have
Ry =Wp =ImCp.

In addition, by repeatedly differentiating both sides of Equation (2.8) at 7 = 0,
we have
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BT(ATYfy =0 V7€[0,T] k=0,1,---
This is equivalent to
v € My Ker (BT (AT)F) = NPz} (Im(AFB))™
n—1 1
= (ZImA’“B) = (I'yIm B)™*.
k=0
Together with the reasonings in the proof of Proposition 2.2, we have

ImCr =I'4ImB.

The above analysis is summarized in the following lemma which will be
frequently utilized in Chapter 4.

Lemma 2.3. For any positive time T, the following subspaces always coincide
with each other:

(i) the reachable set Ry = {fOT eAT=7) Bu(t)dr: u € C([0,T]; RP)};
(i) the image space of the controllability grammian

T
CT:/ eATBBTeATTdT;
0

(iii) subspace Wy = span{e?*Bz: t € [0,T],z € RP}; and
(iv) the smallest A-invariant subspace that contains Im B, I'y Im B.

2.6 Variety and Genericity

Let A, B, - -+ be real matrices with known entries and P be a parameter space.
Suppose that IT(P, A, B, ---) is some property which may be asserted about
them. For some values in P, the property may be true, while for other values,
it may not. In some cases, it turns out that once a property is true for one
parameter value, it is true for almost all parameter values. To make this idea
precise, we borrow the terminology from algebraic geometry. Let

p=(p1, - ,pn) ERN

and consider a polynomial ¢(p1,--- ,pn) with coefficients in R. An algebraic
variety V € RY is defined to be the locus of common zeros of a finite number
of polynomials 1, -+, pk:

V is proper if V.# RN and nontrivial if V # (), the empty set. A property
IT is merely a function IT: RN ~ {0,1}, where II(p) = 1 (or 0) means IT
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holds (or fails) at p. Let V' be a proper variety. The property IT is said to
be (algebraically) generic w.r.t. V if II(p) = 0 only for p € V. Property IT is
(algebraically) generic if such a V exists.

For slightly broader notions, we define the analytic variety and genericity
as follows. Suppose that 2% is the set of real analytic functions on RY. An
analytic variety is defined to be the locus of the set of common zeros of a
finite number of analytic functions

Let V be a proper analytic variety. The property I7 is said to be (analytically)
generic w.r.t. V provided that IT(p) = 0 only for p € V. Property II is
(analytically) generic if such a V' exists.

Any algebraic variety is also an analytic variety, and accordingly, any al-
gebraically generic property is also analytically generic. As an illustrative ex-
ample, a proper algebraic variety in R contains only a finite number of points,
while a proper analytic variety may consist of an (countable) infinite number
of (isolated) points.

In our approach, we do not distinguish between the algebraic variety and
genericity from the analytic ones and we shall refer to them as variety and
genericity.

2.7 Stability and Lyapunov Theorems

Consider the vector differential equation described by
i(t) = f(t,w) (0) = (2.9)

where z(t) € R™, and f: Ry x R™ — R" is piecewise smooth and globally
Lipschitz. We further assume that the origin is an equilibrium, that is f(¢,0) =
0, for t > 0.

Let ¢(t;t0,20) denote the solution of (2.9) corresponding to the initial
condition z(tg) = xg, evaluated at time .

Stability concerns the behavior of the solution when xy # 0 but is close to
it.

Definition 2.4. The equilibrium 0 is said to be:

e stable if, for each € > 0 and each to > 0, there exists a 6 = d(e, tg) such
that
[zoll < d(e,to) = [[B(t;to, zo)l| <€ Vit>to

e uniformly stable if, for each € > 0, there exists a 6 = 6(€) such that

||1'0|| <($(6) to > 0= ||¢(t,to,$0)|| < € Vtzt()
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e attractive if, for each tg > 0, there exists a 6 = §(tg) > 0 such that
lzol| < 0(to) = ||@(to + t;to, xo)|| = 0 as t — oo
e uniformly attractive if there exists a § > 0 such that
lxoll < 0,t0 > 0= ||d(to + t;t0, z0)|| = 0 as t = oo uniformly in xg,to

asymptotically stable if it is both stable and attractive;
uniformly asymptotically stable if it is uniformly stable and uniformly
attractive; and

e exponentially stable if there exist real constants r,a, 8 > 0 such that

¢t + tsto, @)l < Be™|lzoll ¥ t,to >0 o] <7

These stability concepts are local in nature, i.e., they are concerned only
with a small neighborhood of the equilibrium. Global versions can be defined
by allowing the attractive properties to hold in a global sense. If the solution
is radially linear, that is

qb(t;tm)\l'o) = )\(]5(?5; to,wo) VAeR t>ty x2p€R”

then a local stability concept is equivalent to the corresponding global one.
This is precisely the case for switched linear systems (c.f. Section 1.3.5), hence,
we do not need to distinguish between the local and global stability concepts.

We say that the dynamical system is stable (attractive, etc.) if the origin
is a stable (attractive, etc.) equilibrium point of the system.

The Lyapunov approach provides a rigorous method for addressing sta-
bility. Here, we review several concepts that are used in Lyapunov stability
theory.

A function a: Ry — Ry is of class K if it is continuous, strictly increasing,
and «(0) = 0.

A continuous function V(z,t): R"® x Ry — R with V(0,¢) =0 is:

o (locally) positive definite (V(z,t) > 0) if there exist a constant r > 0, and
a class K function af(-), such that

V(z,t) > a(|z]]) Vt>0 ze€B,

o (locally) semi-positive definite (V (x,t) = 0) if there exists a constant r > 0,
such that

Viz,t) >0 Vt>0 z€B,

and
o decrescent if there exist a constant r > 0, and a class K function §(-), such
that
Viz,t) <pB(z]) Vt>0 ze€B,.
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Given a continuously differentiable (C') function V: R" x R4 — R, the
(Lie) derivative of V along system (2.9) is defined as

av ov ov

V(x,t) = E(m,t) = E(m,t) + [&C(x,t)} f(t, ).

Theorem 2.5. (Lyapunov Theorem) The equilibrium 0 of system (2.9) is:

(i) stable if there exists a C* V(z,t) = 0 such that =V (x,t) = 0;

(ii)uniformly stable if there exists a C' decrescent function V(z,t) = 0 such
that —V (z,t) = 0;

(i4i) asymptotically stable if there exists a C* V(x,t) = 0 such that —V (z,t) =
0;

(w)uniformly asymptotically stable if there exists a C* decrescent function
V(x,t) = 0 such that —V (z,t) > 0;

(v) exponentially stable if there exist a C1 V(z,t) = 0, and positive real con-
stants a, B, v, and p > 1, such that, for all x and t, we have

allzllP < V(w,t) < BllallP and V(z,t) < —||l?;

and

(vi)unstable if there exist a_C’1 decrescent function V: R" x Ry — R, and a
time to > 0, such that V = 0, and for any sufficiently small positive real
number r, there exists a non-origin point x € B, such that V(z,ty) > 0.

Function V(z,t) in Theorem 2.5 is called the Lyapunov function. The
theorem provides sufficient conditions for the origin to be stable, etc.

As a special case of (2.9), we consider the linear time-varying system given
by

i(t) = A(t)z(t) t>0 (2.10)

where entries of A(t) are piecewise smooth functions of time.
It is clear that the origin is always an equilibrium of system (2.10). The
solution of (2.10) is given by

o(t;to, o) = (¢, to)xo

where @(-,-) is the state transition matrix associated with A(:) and is the
unique solution of equation

d

—0(t.t0) = ADD(t,t0) Dlto,to) =In Y1020 t>1o.

With the aid of this explicit characterization of the solution, it is possible to
derive some useful conditions for stability, as stated in the following result.
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Theorem 2.6. Linear time-varying system (2.10) is uniformly asymptotically
stable if and only if it is exponentially stable.
Next, consider the linear time-invariant system given by

B(t) = Az(t) t>0. (2.11)

In this special case, Lyapunov theory is very complete, and we have the fol-
lowing theorem.

Theorem 2.7. For linear time-invariant system (2.11), the following state-
ments are equivalent:

(i) the system is asymptotically stable;
(i) the system is exponential stable;
(iii) matriz A is Hurwitz;

(iv)the Lyapunov equation

ATP+PA=-Q (2.12)

has a unique solution P > 0 for any Q@ > 0; and
(v) Equation (2.12) has a unique solution P > 0 for some @ > 0.

The last statement asserts the existence of a quadratic Lyapunov function
V(z) = 2T Px

where P is symmetric and positive definite.
For the discrete-time linear time-invariant system

Th+1 = A.Tk k € N+ (213)
a similar result can be stated as follows.

Theorem 2.8. For discrete-time linear time-invariant system (2.13), the fol-
lowing statements are equivalent:

(i) the system is asymptotically stable;
(ii)the system is exponential stable;
(i53) matriz A is Schur;

(iv)the Lyapunov difference equation

P—-ATPA=Q (2.14)

has a unique solution P > 0 for any @ > 0; and
(v) Equation (2.14) has a unique solution P > 0 for some @ > 0.

Finally, for the switched linear system

52(t) = Aga(t) (2.15)
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(guaranteed ) stability means that the system is stable with arbitrary switch-
ing. That is, for any switching path 0} o) € S, the time-varying system

51’(t) = Ag(t)x(t) t> 0

is stable.
Suppose that there exists a common quadratic Lyapunov function V (z) =
T Pz for the subsystems:

ATP+PA; <0 ie M. (2.16)

It can be seen that the Lyapunov function decreases along any state trajec-
tory of the switched system. Accordingly, the switched system is (guaranteed)
stable. In fact, if a switched linear system is (guaranteed) stable, then, there
exists such a Lyapunov function, though not necessarily quadratic, as stated
in the following result.

Theorem 2.9. A necessary and sufficient condition for guaranteed stability
of the switched linear system is the existence of a smooth function of state
which is a common Lyapunov function for all the subsystems.

Another stability of switched systems is the switched stability. Suppose
that the switching signal is given and known, for instance,

o(t) = ¢(t, to, o) (2.17)

where ¢ is a known function. As we mentioned before, we can always assume
that tg = 0 without loss of generality. For a fixed x, define

f(ta :E) = Acp(t,O,wo)z-
Then, the switched system becomes
dx(t) = f(t,z(t)) =(0) = xo. (2.18)

Switched system (2.15) with the specified switching signal (2.17) is said to be
switched (asymptotically, exponentially, etc.) stable if system (2.18) is (asymp-
totically, exponentially, etc.) stable as defined in Definition 2.4.

Note that the switched stability is defined only when the switching signal
is specified. In the book, when we talk about stability of a switched system
with a specified switching signal, we always refer to switched stability.

2.8 Campbell-Baker-Hausdorff Formula and Average
Systems

In this section, we briefly review the average method based on a formula from
Lie algebra known as the Campbell-Baker-Hausdorff (CBH) formula.
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Given two real square matrices, A and B, matrix e“e? is always nonsin-

gular. Hence, we can find a complex matrix C' such that
etef =eC. (2.19)

Generally speaking, there is no guarantee that we can find such a matrix
which is real. However, if ||A|| + || B|| < In2, then a real C' satisfying (2.19)
exists, and is given by the convergent infinite expression (the CBH formula)

1 1 1
C=A+B+-[A B+ —[A,B],B]+ —[[B,A], Al + - --
2 12 12
where [A, B] = AB — BA is the commutator product of A and B.
Based on the CBH formula, we can prove the following lemma.

Lemma 2.10. Let Ay, .-+, A, be matrices in R™ ™. Then, there is a positive
real number 1 such that

exp(Amt) exp(Apm_1t) - - -exp(A1t) = exp ( <§: A¢> t+ Ttt2>

=1

for any t < n, where entries of matriz 1y are analytic and bounded. Moreover,
an upper (norm) bound of 1y can be explicitly estimated.
This lemma provides a basis for the average method described below.
Suppose that we have a set of linear time-invariant systems

B(t) = Az(t) i€ im.

We then integrate them in a multi-rate manner as follows. Let T" > 0 be a
base period and aq,--- ,a,, be positive real numbers with Z:’;l «a; = 1. Let
A(-) be the periodic matrix function of time, with period T: A(t+T) = A(t),
Vt>0,and

A1 te [O, OélT)
Ay te [alT, (a1 + a2)T)
At) = :
An te (X0 a)T,T).
For the linear periodic system

i(t) = A(t)z(t) t>0 (2.20)

let the time-invariant system

i(t) = Aoz(t) A= Za,;Ai (2.21)
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be its average system. Note that the average matriz Ag is a linear convex
combination of A4;, i € m.
The state transition matrix @ of system (2.20) satisfies

&(T,0) = explamAnT) exp(am—1Am_1T) - - - exp(a1 A1 T)
while the state transition matrix ¥ of system (2.21) satisfies
U(T,0) = exp(A4oT).
According to Lemma 2.10, we have

lim exp(amAnT)exp(@m—1Am-1T) - exp(a1 A1T) = exp (AT) .
T—0+

This leads to the following observation.
Lemma 2.11. Suppose that the average system satisfies
[ (t,to)|| < Be®tt0) V>t

for some B and §. Then, for any € > 0, there exist positive real numbers k
and p such that

[(t, to)|| < wePTIE—t) v ¢ > ¢,

for time-varying system (2.20) with T < p.

The lemma asserts that the convergence rate of the time-varying system
(2.20) can arbitrarily approach that of the average system (2.21) by means
of high frequency switching. In particular, if the average system (2.21) is
exponentially stable, then the time-varying system (2.20) is also exponentially
stable if period T is sufficiently small.

Finally, it should be noticed that the average approach applies only to
continuous-time systems.

2.9 Differential Inclusions

Let X and Y be two normed spaces. A set-valued map F from X to ) is a map
that associates a set F'(z) C ) with any € X. The set {z € X': F(x) # (0} is
called the domain of F, and the set U,cx F'(x) is the image of F. The graph
of F', denoted by gr F, is defined as

grF ={(z,y) e X xYV:y € F(z)}.
A differential inclusion is described by

i(t) € F(x(t)) (2.22)
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where F: R" — R" is a set-valued map. A function x: [tg,t1] — R™ is said
to be a trajectory of the differential inclusion, if it is absolutely continuous
and satisfies (2.22) almost everywhere in [to, ¢1].

Note that the differential inclusions model a wide class of dynamical sys-
tems, including conventional control systems and switched systems. Indeed,
the control system

&(t) = f(t,2(t), ut)) u(t) € Ut)
can be associated with the differential inclusion
E(t) € Uyeu(e) f(t, z(t), u).
Similarly, a switched system
2(t) = fo(t,z(t),u(t)) u(t)eUlt) oceM
can be associated with

x(t) (S UieM UuGU(t) fz(t7x(t)7u)

In general, we are interested in the class of differential inclusions (2.22)
where F'(x) is closed and convex for all z € R™, as these systems possess good
properties and are relatively easy to analyze. For a differential inclusion which
does not belong to this class, we can generalize the system to

%(t) € cleco F'(x(t)) (2.23)

where clco F stands for the closed convex hull of set F'. System (2.23) is said
to be a relaxed system of system (2.22). It is clear that any trajectory of
a differential inclusion is also a trajectory of its relaxed system. In general,
the reverse is not true. However, under mild assumptions, each trajectory
of the relaxed system can be approximated by a trajectory of the original
system. This is guaranteed by the well-known Filippov-Wazewski Theorem.
The following result states a special case of the theorem.

Lemma 2.12. Fiz a finite time T, a vector £ € R", and let z: [0,T] — R™
be a solution of the differential inclusion

4(t) € cleo{Arz(t), -+, Amz(t)} 2(0) = €. (2.24)

Letr: [0,T] — R be a continuous function satisfying r(t) > 0 for allt € [0,T].
Then, there exists a solution x: [0,T] — R™ of

i(t) € {Arz(t), -, Amz(t)} 2(0) =¢
such that

[2(t) —x(®)]| <r(t) Viel0,T].



50 2 Mathematical Preliminaries

By this lemma, in a finite time interval, any trajectory of the relaxed sys-
tem can be approximated by a trajectory of the original switched linear system
with the same initial condition. For an infinite time interval, this property does
not hold in general. However, if we allow some relaxation in the initial con-
dition, the property does hold for the infinite-time interval, as stated in the
following result.

Lemma 2.13. Fiz £ € R™ and let z: [0,00) — R"™ be a solution of
2(t) € cleco{A12(t), -+, Amz(t)} 2(0) =¢&.

Let r: [0,00) = R be a continuous function satisfying r(t) > 0 for all t > 0.
Then, there exist an n with |n —&|| < r(0), and a solution x: [0,00) — R™ of

C(}(t) € {Alm(t)v"' >Am$(t)} ‘T(O) =1
such that

[2(t) = x(®)[| < r(t) Vtel0,00).

This lemma sets up a connection between stability of a switched linear sys-
tem and stability of its relaxed system. Indeed, suppose that the switched lin-
ear system is stable (asymptotically stable, exponentially stable, resp.), then
by the lemma, the differential inclusion (2.24) is also stable (asymptotically
stable, exponentially stable, resp.). As the reverse holds trivially, stability is
in fact equivalent pairwise.

2.10 Lie Product and Chow’s Theorem

Suppose that {2 is an open set in R™. Let f and g be mappings (vector fields)
from 2 to R™. Hence, the mappings can be represented as

fl(mla"' 7xn) gl('rlv"' 7xn)
fwy=| ] 2(“":" I gy = |
fn(xl’... wxn) gn(-rla"' 7$n)

The vector field f is said to be analytic, if each f; is a real analytic function.
For an analytic vector field f on {2 and zy € {2, there is an integral curve &
defined on an open interval (t1,t2) of R with 0 € (¢1,%2) and £(0) = xg. That
is, € is a solution of the differential equation

§(t) = f(E(t) &(0) =m0 tE (tr,ta).
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For notational convenience, denote &(t) by @ () for ¢ € (t1,t5). When f is
a linear vector field f(z) = Az, it is clear that &/ (zo) = eAta.

The Lie product (or bracket) of f and g, denoted by [f,g], is the vector
field defined by

o) = Do)~ P g) wen

where % is the Jacobian matrix of mapping f:
8f1 .. A
8f B oxq Oxy
9\ on . o
oxq Oxp

When f and g are linear vector fields, i.e., f(x) = Az, and g(z) = Bz, we
have

[f,9](x) = [Az, Bx] = (AB — BA)x.
It is clear that
[Az, Bz] = [A, Blx

where [A, B] is the commutator product of A and B.
The following simple proposition summarizes several basic properties of
the Lie product.

Proposition 2.14. The Lie product of vector fields possesses the following
properties:
(i) it is bilinear over R, i.e., if f1, f2, g1, g2 are vector fields and r1,r are real
numbers, then, we have
[rif1+r2f2,91] = rilf1. 1] + ra[f2, 91
[f1,7101 + 1292] = 71 f1, 1] + 7r2lf1, g2l;

(i) it is skew commutative, i.e., [f,g] = —|g, f]; and
(i) it satisfies the Jacobi identity, i.e., for any vector fields f1, fo and f5, we
have

Lf1, [f2s fal] + [fas Ufss ful] + [fss [f1, f2]) = 0.

These properties are basic requirements for a linear space to be considered
a Lie algebra, which is defined below.

Definition 2.15. A linear space V' over R is a Lie algebra if, in addition to
its linear space structure, it is possible to define a binary operation VXV +— V,
denoted by [-, -], which has the following properties:
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(i) the operation is skew commutative, i.e.,
[v,w] = —[w,v] Vo,weV
(ii)the operation is bilinear over R, i.e.,
[avy + Bug, v3] = afvr, vs] + Blvg,vs] YV vr,v,v3 €V a,BER
(iii) the operation satisfies the Jacobi identity, i.e.,
[v1, [v2,v3]] + [ve, [vg, v1]] + [vs, [Vv1,v2]] =0 ¥V v1,v9,v3 € V.

By the definition, it can be seen that the set of analytic vector fields is a
Lie algebra under the Lie product.

In the nonlinear setting, as we distinguish between points and tangent
vectors, the concept of linear subspace generalizes to two different ones. First,
a k-dimensional (regularly imbedded) submanifold I' of {2 is a subset of {2 such
that around each point of I', there exists a coordinate neighborhood U such
that I' N U is given by {z; =¢;: j =1,--- ,n — k}, where ¢1, -+ , ¢, are
constants. On I' N U, we have local coordinates given by (z,—g+t1, -+ ,Tn).
Second, a distribution A on {2 is a mapping which assigns to each x € 2 a
subspace A(x) of T,.{2 in an analytic fashion, where T, (2 is the tangent space
to §2 at x. If each of these subspaces is of dimension k, then A is said to be of
rank k. The connection between the two concepts is as follows. A is an integral
submanifold of A if for every © € A, A(x) = T,12. In other words, A(z) is the
tangent space to {2 at x.

Given a set of vector fields fi1, -, fi, let {f1, -+, fx}ra denote the Lie
algebra generated by fi,---, fx. That is, {f1, -, fr}ra is the smallest Lie
algebra that contains fq, -, fx. This Lie algebra contains the linear combi-
nation of all the possible Lie product of the form

[913[927"'7[98—1793]“ gie{fh"'afk} 7::1,"',5 0<s<oco.

It is clear that {f1,- -, fx} 14 is a distribution.

With these preparatory concepts, we are in the position to state the main
theorem of this section. The theorem is an extension of the well-known Chow’s
Theorem and hence is termed the Generalized Chow’s Theorem.

Theorem 2.16. Suppose that §2 is a pathwise connected open set in R™, and
L = {f1,- -, fr} is a set of analytic vector fields defined on 2. Let L =
{fi, -+, futra be the Lie algebra generated by L. For any x € (2, let A, be
the largest integral submanifold of L passing through x. Then, for anyy € A,
there exist a natural number s, a real number sequence t1,--- ,ts, and an index
sequence i1, - ,1is, such that

Y=/ o 0dl o bl (x)

where ‘o’ denotes the composition of functions.
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2.11 Language and Directed Graph

We start with a finite but nonempty set of symbols, =, called the alphabet.
From the individual symbols we construct strings, which are finite sequences
of the symbols from the alphabet. The concatenation of two strings w and v,
denoted by ww, is the string obtained by appending the symbols of v to the
right end of w, that is, if

w=aiaz---0a; andv:b1b2«~«bj
then, we have
wv = a1aq - aiblbg tee bj.

The length of string w, denoted by |w], is the number of symbols in the string.
A string with length zero is said to be an empty string. For a nonempty string
w, any string of consecutive characters in w is said to be a substring of w.

If w is a string, then w™ stands for the string obtained by repeating w n
times. As a special case, let w® be the empty string.

Consider a partially ordered set Q with a unique maximum element 1 and
a unique minimum element 0. The set is said to be N-Nether if it does not
contain any strictly decreasing sequence of length V. For a given finite set of
maps

G={fi: 9~ Q}§:1
we define a language in alphabet {1,---  k} as

Le={w=wi - w: fu,(0) <1}

where f, = Jur © fun 0 0 fu-

The pair (Q, G) is said to be a monotone automaton if all maps in G are
monotone w.r.t. the order in @ and f;(1) =1 for all f; € G.

The following lemma follows easily from the well-known Pumping Lemma.

Lemma 2.17. Suppose that (Q,G) is a monotone automaton, and Q is N-
Nether. Then, there exists a nature number F(N, k), such that, for any w €
L with |w| > F(N, k), we can find strings x,y and z satisfying the following
properties:

(i) w=uayz;

(ii) |oy| < F(N, });

(iii)ly| > 1; and

(iv) for all i € N, we have xy'z € L¢.
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Finally, we briefly introduce the concept of directed graphs. A directed
graph, or digraph, consists of a finite set V' of points and a collection of ordered
pairs of distinct points. Any such pair (u,v) is called an arc or directed line
and usually denoted by wv.

A (directed) walk in a digraph is an alternating sequence of points and
arcs

Vo, L1,V1, " , Tk, Vk

in which each arc x; is v;_1v;. The length of such a walk is k, the number of
occurrences of arcs in it. A closed walk has the same first and last points, and
a spanning walk contains all the points. A circle is a non-trivial closed walk
with all points distinct (expect for the first and last).

2.12 Notes and References

In this chapter, we briefly reviewed some mathematical concepts which will
be useful in the development of the following chapters. It is assumed that the
reader already has some working knowledge in these areas.

The geometrical concepts of invariant subspace are standard and the mate-
rial was taken mainly from Wonham’s famous monograph [160]. The concept,
properties and algorithm of multiple controllable subspaces are natural exten-
sions from those of single controllable subspaces. These were adopted from the
recent works of the authors [52, 142]. Proposition 2.2 is based on the results
in [36].

The matrix notation adopted here is standard and can be found in most
textbooks, e.g., [50] and [66].

Genericity is a fundamental concept in system science. The notion of (al-
gebraic) genericity here was taken from [160]; see also the recent survey paper
[35] for related issues. The analytic variety and genericity were defined by the
authors for notational convenience. Nevertheless, the notions have a sound
mathematical base which can be found, for example, in the classical work
[78].

The stability theory here is standard and the reader is referred to [57] and
[157] for further references. Theorem 2.9 was proven in [93, 30].

The Campbell-Baker-Hausdorff formula, also known as Baker-Campbell-
Hausdorff formula, has several variations in different mathematical fields.
Here, we adopted the version from [41] and [152]. The key point is to merge
a multiplication of matrix exponentials into one matrix exponential. As the
state transition matrix of a switched linear system is a multiplication of ma-
trix exponentials, the formula is useful in addressing the stability issues for
switched linear systems.

The differential inclusion material introduced in Section 2.9 was taken
from [125]. Lemma 2.12 was reported in [47], and Lemma 2.13 was adopted
from [72].
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The Lie product introduced in Section 2.10 is very elementary and can
be found in any standard Lie algebra textbook. For an advanced reference
on the concepts and their extensive applications to nonlinear control theory,
the reader is referred to the textbook [74]. The Generalized Chow’s Theorem,
Theorem 2.16, was taken from the recent work [22].

Finally, the section on automata and graphs, Section 2.11, is also standard
and can be found in, e.g., [95] and [58]. Lemma 2.17 was taken from [56].
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Stabilizing Switching for Autonomous Systems

3.1 Introduction

In this chapter, we consider the switched linear autonomous system given by

0x(t) = Agx(t) (3.1)

. d . . .

where z(t) € R" is the state, 0 € M ) {1,---,m} is the piecewise constant

switching signal to be designed, Ap € R"*™, k € M are real constant matri-

ces, and ¢ is the derivative operator in continuous time and the shift forward
operator in discrete time.

Our primary aim is to design, if possible, switching signals to make the

switched systems stable.

Definition 3.1. System (3.1) is said to be (asymptotically, exponentially)
stabilizable, if there is a switching signal o such that the system is well-posed
and uniformly (asymptotically, exponentially) stable. Such a switching signal
o is said to be a stabilizing switching signal for system (3.1).

Suppose that o is completely well-defined. Then, it can be written as
a(t) = p(t;te, zo), where (tg,xo) is the initial condition and ¢(-;tg,zg) is
the switching path generated by the switching signal at xg over [tg,00). The
switching signal is said to be consistent (to the initial state), if it is independent
of the initial state, i.e.,

o(tito, x1) = p(t;to,x2) VE>ty 1,22 € R™.

As stated in Section 1.3.5, when we address the stabilizability of switched
linear systems, without loss of generality, we can focus on the design of
transition-invariant switching signals with tg = 0. As a consequence, a consis-
tent switching signal is in fact a switching path

o(t;sto, o) = @(t) Vt>0.

If the switched system is stabilizable by means of a consistent switching
signal, then it is consistently stabilizable as defined in the following.
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Definition 3.2. System (3.1) is said to be consistently (asymptotically, ex-
ponentially) stabilizable, if there is a consistent switching signal o such that
the system is well-posed and uniformly (asymptotically, exponentially) stable.

For comparison, we sometimes refer to the stabilizability defined in Defini-
tion 3.1 as pointwise stabilizability. It is obvious that consistent stabilizability
implies pointwise stabilizability, but the converse is not true in general. For
example, the switched linear system X(A4;); with

A = B _2] and Ay = ﬁ’ :ﬂ (3.2)

is pointwise stabilizable as shown in Example 1.1. However, by Theorem 3.4,
which will be presented later, this switched system is not consistently stabi-
lizable.

We also need the notion of quadratic stabilizability which is a special case
of asymptotic stabilizability.

Definition 3.3. System (3.1) is said to be quadratically stabilizable, if there
exist a switching signal o, and a positive definite quadratic function V(z) =
2T Px, such that the system is well-posed, and —V (x) = 0.

It is clear that the quadratic function V(z) is a Lyapunov function of the
switched system, and we have

¢T(t; 07x070)(AZ(t)P + PAa(t))¢(t7 0,.%0, J) <0 Vvt 2 tO Zo # 0

where ¢(;0, 29,0) denotes the solution of (3.1) at ¢ with initial condition
x(0) =z via o.

Besides stability, there are other additional performance specifications
which should be met.

An important issue for switching design is to reduce the switching fre-
quency to an acceptable level. Take digital networks for example. The digital
data must be transferred in real-time. This sets a data rate limit, which in turn
limits the allowable switching frequency. Bearing this in mind, the switching
signal should be designed to prevent the actuator from fast switching, or chat-
tering, which can not only increase the necessary data rate, but also damage
the system. However, the design of low frequency switching is very challeng-
ing in general, even for simple systems such as linear time-invariant systems
[73, 107].

Another critical issue for switching design is to enhance the robustness
against system uncertainties and perturbations. As disturbance exists almost
everywhere, a switching signal cannot work properly if it is not robust. More-
over, for a state-feedback switching signal, the resultant switching paths may
differ from each other for the nominal system and the perturbed system with
the same initial condition. This poses an additional challenge because a well-
defined switching signal for the nominal system may result in the ill-posed
chattering phenomenon for the perturbed system.
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In short, a ‘good’ switching signal should satisfy the following basic
criteria:

it makes the switched system stable;

it can avoid fast switching, preferably with a guaranteed positive dwell
time;

it is robust to (time-varying and nonlinear) system perturbations; and

it uses measurable system information only.

This chapter aims to provide a design methodology for a good stabilizing
switching signal. We first present some general results that provide basic ob-
servations on the ability and limitations of switching design. Then, we analyze
and design the periodic switchings, the state/output-feedback switchings, and
the combined switchings for stability and robustness. We focus on continuous-
time systems, except in Section 3.7 where discrete-time systems are addressed.

3.2 General Results

3.2.1 Algebraic Criteria

For a linear time-invariant system, it is well known that the system is stable
when its poles are located in the open left half of the complex plane. For
stabilizability of switched linear systems, we have a similar criteria as follows.

Theorem 3.4. Suppose that the switched linear system X(A;)pnr is consis-
tently stabilizable. Then, there is a k € M such that

S (4 <0
=1

where \;(A), 1 <i < n are the eigenvalues of matriz A. Furthermore, if the
system is consistently asymptotically stabilizable, then the inequality is strict.
Proof. Let o be a consistent switching signal that stabilizes the switched
system. Suppose that the switching duration sequence of ¢ is

DS, = {(io, ho), (i1, h1), -}

If the sequence is finite, i.e., there involve only finite switches in o, then, it can
be seen that the last active subsystem must be stable and the theorem follows
immediately. If the sequence is infinite, it follows from the well-posedness of
o that there involve only finite switches in any finite time. As a consequence,
Zézl h; = o0 as | — co. According to Definition 3.2, by setting € = 1, there
exists a 6 > 0 such that

[zoll <6 = [|6(t;0,2z0,0)| <1 VT 2>to.

In particular,
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|edishe .. eAagAichog Il <1 VageBs s=0,1,- -

As a consequence, all entries of the matrices

e‘AiOhU,eAilhleA'ioh’O7 e ’eAis hs . e eAilh‘leA'iOhU7 “e . (33)

1
must be bounded by 5 Suppose that

n
= mi Ai(A > 0.

Then, we have

n
det e = exp (hZM(&J) >e" keM h>0.

i=1

As a result,

det eishs ... eAinhigdiocho > e03j0hi 5 56 as s — 00,

This contradicts the boundedness of entries of the matrices. This establishes
the former part of the theorem. The latter part can be proven in a similar
manner. [

Theorem 3.5. Suppose that the switched linear system X(A;) is pointwise
stabilizable. Then, there is a k € M such that

min { A (A + A7), -, An(Ax + AD)} <0. (3.4)

Furthermore, if the system is pointwise asymptotically stabilizable, then the
inequality is strict.
Proof. We proceed by contradiction.

Suppose that all the eigenvalues of Ay, + AT are positive. This implies that

A+ AT >0 ke M.
As the index M is finite, there is a positive real number € such that
A+ AL >el, ke M.

Let V(z) = zTz. Tt is easily seen that

V|Akm >eV(x) ke M.

According to Theorem 2.5, each non-trivial trajectory diverges to infinity via
any switching signal, hence the system is unstable.
The latter part can be proven in the same way. O
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Remark 3.6. The above two necessary conditions are by no means sufficient
except for the simplest case of one dimensional systems. Nevertheless, an
advantage of the conditions is that they are easily verifiable.

As an application, it can be easily verified that system (3.2) does not
satisfy Theorem 3.4, hence, it is not consistently stabilizable.

Corollary 3.7. For any second-order switched linear system consisting of one

subsystem Ay = [_01 (1)} , the system is pointwise asymptotically stabilizable if
and only if
. . ] T
Inin rjxlelg{A] (A +Ap)} <0. (3.5)

Proof. The if part follows immediately from Theorem 3.5.
According to (3.5), there exists another subsystem, say, As, such that
A + AT is not semi-positive definite. As a result, there is a sector

A={x € R?: koa? < my29 < kya?}
with ko < ki, such that
2T (A + AN <0 YaeAd z#0.

On the other hand, the first subsystem can rotate a state to any direction with-
out changing its 2-norm. Based on these observations, we assign a switching
law o which is the concatenation of o1 = 1 with o9 = 2 via A. That is, if
the state is in A, let the second subsystem be active, otherwise, let the first
subsystem be active. It can be seen that this switching strategy makes the
switched system asymptotically stable. O

This corollary establishes the simple geometric fact: If one subsystem is
purely rotative, then the switched system is stabilizable when another sub-
system is contractible along certain direction.

3.2.2 Equivalence of the Stabilization Notions

For a linear time-varying system, a well-known property is that uniformly
asymptotic stabilizability implies (hence is equivalent to) exponential stabi-
lizability (c.f. Theorem 2.6). A problem naturally arises: Does this equivalence
still hold for switched linear systems? The following result provides an affirma-
tive answer to the problem. To establish the equivalence, we need the concept
of switched convergence.

Definition 3.8. System (3.1) is said to be switched convergent, if for each
state o € R"™, there is a switching signal o5,, such that the state trajectory
initialized at x(0) = x¢ converges to the origin, that is

tlgrolo o(t;0,20,04,) = 0.
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Theorem 3.9. The following statements are equivalent:

(i) the switched system is asymptotically stabilizable;
(i) the switched system is exponentially stabilizable; and
(i) the switched system is switched convergent.

Proof. It is obvious that (i) = (i) = (#4¢). Thus, we only need to prove

First, by switched convergence, we know that, for each state x on the unit
sphere Sy, there exist a time ¢,, and a switching path o, : [0,t,] — M, such
that

¢(tl;07]}70’$) S Bi (36)

Suppose that the switching time sequence of o, is t1,--- ,tx with

d
to=0<ti <<ty <tr 2 t,.
Then, the corresponding state transition matrix is

é(t,0,0,) = eti(t=t;) gij—1(t;—tj-1) ... glo(t1—to)

te[tjat]"rﬂ j:O,l,"'7k

where g, - - - ,ij are the corresponding switching indices. In terms of the tran-
sition matrix, we can re-write Equation (3.6) as

&(t,,0,0,)x € B%.
As a result, there is a neighborhood N, of x such that
D(ty,0,0,)y € B% VyéeN,.
Next, let x vary along the unit sphere, it is obvious that
Uzes, Nz 2 Sq.

As the unit sphere is a compact set in R™, by the Finite Covering Theorem,

there exist a finite number [/, and a set of states x1,--- ,x; on the unit sphere,
such that

U _ N, DS;.
Accordingly, we can partition the unit sphere into [ regions Ry, --- , Ry, such
that

(a) U_,R; = Sy, and R; N R; = () for i # j; and
(b) for each i, 1 <14 <[, we have

P(ts,,0,02,)y € By Vy € R
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In view of Item (b), for each i = 1,--- ,l and = € R;, we re-define ¢, and
oz by

ty =1y, and oy = 0g,.
Let T = max!_, t,,, and n = max;e s || 4;|. Tt is clear that
|®(t,0,0.)| < e™ YaxeS, t<t,.

Then, for any g # 0, construct a switching path 6,,: [0,00) — M as
follows. Define recursively a sequence of states

20 = Xo
Zk+1=(b(t”zku,0, k,O H H) k=0,1,---.
o e
As zi/||z|| € S1 for all k =1,2,---, from the previous derivations, it follows

that the signal Uﬁ(') is known over [0, t . ] Let
g

T (*) te [O7tHon)

Z0 Z0

0_21 (t—tZO) tE[t z0 ,T_z0 +tzl)
TerT T=oT Tzl ’ Tzol TerT

which is defined over [0, 00). In this way, each non-origin state x is assigned
a switching path 6,,: [0,00) — M. For x¢ = 0, assign 0, to be any switching
path.

Finally, we prove that each state trajectory under the above switching
path is exponentially convergent. To see this, let

a=In2/T and (=2e".
It follows from Proposition 1.7 that
d(t;0, Axo, 05,) = AP(1;0,20,0,,) Vi, xzg NER.
Accordingly, we have
2kt < ”Q’CH k=0,1,---.
On the other hand, as t, < T for all x € S1, we have
[6(t:0, 0, 62) | < €T B350 t 250,06, )|

[
Vte[zz Ot Zf:ot zi) k:()v]-v

[EAL
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Combining the above reasonings gives
[¢(t; 0, 20, 05,)[| < Bexp (—at) [|zol| ¥V zo € R" t2>0. (3.7)

As the constants a and (§ are independent of xy and 6,,, Inequality (3.7)
shows that the switched system is exponentially stabilizable. O

Remark 3.10. The relationship between switched convergence and exponen-
tial stability is an important issue for dynamic systems. The equivalence be-
tween them has been established for linear differential inclusions [101]. As a
direct consequence, for a switched linear system with arbitrary switching sig-
nals, convergence implies exponential stability. Theorem 3.9 ensures that, if
a switched system is switched convergent, then the system is also exponen-
tially stabilizable. In Section 6.3, this theorem will be utilized to address the
infinite-time horizon optimal switching problem.

3.2.3 Periodic and Synchronous Switchings

Switching path 0 ) is said to be periodic, if there exists a positive time T'
such that

0t +T)=0(t) Vt>0.

Switching path o is said to be synchronous, if there exist a base rate w, and
a sequence of natural numbers {ug, g2, -}, such that the switching time
sequence is

{07 H1W, oW, - - - }

Periodic and synchronous switching signals are interesting from the viewpoint
of implementation.

Theorem 3.11. If a switched system is consistently asymptotically stabiliz-
able, then, there is a periodic and synchronous switching path which asymp-
totically stabilizes the switched system.

Proof. If there is a subsystem, say, A, that is asymptotically stable, then the
constant switching signal ¢ = k works. Otherwise, suppose that a switching
signal o with duration sequence

DS; = {(io, ho), (i1, h1), -}

asymptotically stabilizes the switched system. It is obvious that this switching
signal must involve infinite switches. From the proof of Theorem 3.4, matrix
sequence (3.3) converges to the zero matrix. Consequently, there is a finite
number N such that

||6AiNhN . ~6Ai1h1€Ai0h0|| < 1. (38)
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Let us define a function g: RN*!+— R, by

A

9(80751a"' 75N) = HeAiNSN e 7‘,1518141'03()”.

It can be seen that g is a continuous function of its arguments. Since
g(ho,h1, -+ ,hy) <1
there is a neighborhood A of (hg, k1, -+ ,hx)T in RV*! such that
g(z) <1 VzeA

Choose a zg = (rg, 71, ,7n5)T from A, where r; is a rational number for any
7 =0,1,---, N. It can be verified that the periodic and synchronous switching
path 6 with duration sequence

DSy = {(iO;TO);"' 7(iN7TN)a(i07r0)"" a(ierN)""} (39)

asymptotically stabilizes the switched system. O
Estimation (3.8) is very important in analyzing the convergence of the
systems. It establishes the contractibility uniformly for all initial states.

Corollary 3.12. For a switched linear system, the following statements are
equivalent:

(i) the system is consistently asymptotically stabilizable;
(ii)the system is consistently exponentially stabilizable;
(i) the system is periodically and synchronously asymptotically stabilizable;

(iv)there exist a natural number 1, an index sequence iy, -+ ,i;, and a positive
real number sequence hy,--- , hy, such that matriz el ... eAaht s Schur;
and

(v) for any real number s € (0,1), there exist a natural number | = I(s), an
index sequence i1,--- ,1;, and a positive real number sequence hy,--- , hy,
such that

edalt. .. eAinh) <, (3.10)

Proof. From the proof of Theorem 3.11, (i) implies that, there is a finite
number N, such that

[edinhn .. gAnhigAuh|| = 5 < 1
for some sequences i1, - ,iy and hy,--- ,hy. Let | = kKN, where k is to be
determined later. Define
tjrunv =t; and hjun =h; j=1,--- N p=1,--- k-1
It can be seen that

HeA”hl .. .eA,;lhleAilhln — (H€A7NhN . .eAilhleAilhl H)k‘ — ,yk

Accordingly, for any s € (0,1), by letting k > llill—f/, Inequality (3.10) holds.
This means that (1) = (v). In the same manner, we can prove that (iv) =
(v). On the other hand, from the proof of Theorem 3.9, we have (iv) = (iii).
Other implications are trivial and hence the theorem follows. O
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3.2.4 Special Systems

A switched linear system X(A;)ys is said to be triangular if each subsystem
is in the triangular form:

k k
ary " A1n

Ak: ke M.
0 --- afm

Triangular systems are interesting because they have a simple structure, and
many non-triangular systems can be made to be triangular by means of equiv-
alent transformations (simultaneous triangularization) [113]. Here, we present
a stabilizability criterion for triangular systems.

Suppose that A = (a; ;)nxn. Let AY = diag(a1,1,+ ,ann,) denote the
matrix obtained from A by replacing all the off-diagonal entries with zeros,
and I(A) the row vector (—ay 1, - ,—any). Matrix L € R™*" is said to be
semi-positive provided that there is an x € R™ with > 0, such that Lx > 0,
the inequalities denoting entrywise inequality.

Theorem 3.13. The following statements are equivalent:

(i) triangular system X(A;)n is consistently asymptotically stabilizable;
(ii) diagonal system E(Af)M is consistently asymptotically stabilizable;
(iii) diagonal system X(A%)ys is pointwise asymptotically stabilizable; and
(iv) matriz L = [I(Ay)T, - ,l(Am)T]T is semi-positive.

Proof. By Corollary 3.12, the system is consistently asymptotically stabiliz-
able if and only if there exist a natural number k, and sequences i1, - - - , i, and
hi,--- , hg, such that matrix e?i"* ...eAuM1 is Schur. The equivalence be-
tween (i) and (44) comes from the fact that the eigenvalues of e4i™r ... gAirh
are the same as those of eAfk hee .. eAsllhl.

Next, we show that (ii) <= (iv). It is clear that (i7) is equivalent
to the existence of sequences iq,---,ir and hy,---,h; such that matrix
eAgk he . eALM ig Schur. Since diagonal matrices are commutative, this is
equivalent to the existence of nonnegative real numbers ¢y, - ,t,, such that

matrix
ATt L eAmtm — exp(Adty + -+ A% t,)
is Schur. Accordingly, we have
Ai( it + -+ An(G, Dt >0 Vi=1,---,n

which implies that matrix L is semi-positive.

Finally, we establish by contradiction that (ii4) = (iv). Suppose that (iv)
does not hold. This means that any matrix in the form exp(At; +-- -+ A% t,,,)
is not convergent (to the zero matrix). As a result, any matrix of the form



3.2 General Results 67

A h Ad hy . R,
et emin™ ig not convergent. As such a matrix is diagonal, by Theorem

3.5, the diagonal system X'(A%),, is not pointwise asymptotically stabilizable.
O

This theorem converts the stabilizability of triangular systems into the
semi-positiveness of a matrix, which can be verified effectively [75].

For the switched linear system with a stable convex combination, the fol-
lowing theorem shows that these systems are consistently stabilizable.

Theorem 3.14. Suppose that there is a stable convex combination of Ay, k €
M. Then, the switched system is consistently asymptotically stabilizable.
Proof. Suppose that  , -, wi Ay is Hurwitz for wy, - - -, wy, with

wp >0 keM and Zwkzl.
keM

By Lemma 2.10, there is a positive real number p such that
st (exp(wmhAp) - --exp(wihA;)) <1 Vh<p (3.11)

where sr(A) denotes the spectral radius of matrix A. As a result, matrix
exp(WmpAm) - - - exp(wy pAy) is Schur. Define the periodic switching path 6 as

DSy = {(1,w1p),--- , (M, wmp), (L,wip), -, (M, wmp),---}. (3.12)

It can be seen that 6 asymptotically stabilizes the switched system. O

3.2.5 Robustness Issues

In this subsection, we briefly discuss the robustness of switched linear systems.
Suppose that system (3.1) undergoes small perturbations:

#(t) = (Ag + 0 B,)a(t) (3.13)

where By, € R" ™ for k € M are given and fixed, and ¢ for k € M are real
numbers.

Theorem 3.15. Suppose that nominal system (3.1) is asymptotically stabi-
lizable. Then, there are positive numbers ki,--- , km, such that the perturbed
system (3.13) is also asymptotically stabilizable if

lex| < kp ke M.

Proof. By the proof of Theorem 3.9, we can partition the unit sphere into a
finite set of regions Ry, --- , Ry, such that

(a) U!_ R; =Sy, and R; N R; = 0 for i # j;
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(b) for each ¢, 1 < i < I, we have a time ¢,, and a switching path o,,, such
that

D(ty,,0,04,)y € B% Vy€ER;

and
(c) there is a time T, such that t,, <T for alli=1,--- .

Now fix an i € [. Suppose that the switching duration sequence for o, in
[0,t,) is

{Girshin)s -+ (Jikss Pk, ) }-
Then, we have

||eAj'iki hikg . eAJilhilyH < VyeR,;.

N =

Define a function

) = sup He(Ajikq‘, +6j“91: Bjikq‘, )h“‘” . 6(Aj1,1+5ji1 Bjn)h“yH.
YER;

gi(glv"' yEm

It is clear that g; is a continuous function of its arguments. As

1
there are positive numbers ki1, - - , Kim, such that
2 .
gi(er, - yem) < 3 Ve < ki jeM.

Let ¢ vary and denote
ki = min{k1g, - ,kik} k€ M.
Suppose that the perturbed system (3.13) is with
lek| < ki ke M.
Let @' denote the transition matrix of system (3.13). It is clear that
P (ty,,0,0.,)y € B: VyeR, i=1,--,L

This, together with the proof of Theorem 3.9, implies that the perturbed
system is asymptotically stabilizable. O

Remark 3.16. Theorem 3.15 establishes an important fact on robustness of
switched linear systems. Indeed, it asserts that sufficiently small perturbations
on the system matrices Ay, ---, A, will not turn an asymptotically stabiliz-
able switched system into an unstable system. This is the generalization of its
time-invariant counterpart, namely, each stable linear time-invariant system
has a positive stability margin.
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Remark 3.17. If we take a n x n real matrix as a point in the n2-dimensional
Euclidean space, switched system (3.1) is associated to a point in the mn?-
dimensional Euclidean space. Theorem 3.15 implies that, all asymptotically
stabilizable n-th order switched systems with m subsystems form an open set
in the mn?-dimensional Euclidean space.

In the perturbed model (3.13), we fix By, for k € M and take ¢;, for k € M
as the perturbed variables. An alternative way is to describe the perturbed

system as
i(t) = (Ag + By)x(t) (3.14)

where By, € R™™" for k € M are the perturbations. In this situation, the
robustness theorem can be stated as follows.

Theorem 3.18. Suppose that nominal system (3.1) is asymptotically stabiliz-
able. Then, there are positive real numbers k1, -« , Km, such that the perturbed
system (3.14) is also asymptotically stabilizable if

|Brl| < ki ke M.

For consistently asymptotically stabilizable switched systems, a similar
robustness property holds as follows.

Theorem 3.19. Suppose that nominal system (3.1) is consistently asymptot-
ically stabilizable. Then, there are positive numbers K1, - -+ , Km, such that the
perturbed system (3.13) is also consistently asymptotically stabilizable if

lek| < ki ke M.

Proof. If there is a subsystem, say, A1, that is asymptotically stable, then,
there is a positive number k; such that A; + €1 B is still asymptotically
stable when |e1| < k1. In this case, the constant switching signal o = 1
asymptotically stabilizes the perturbed system if |e1]| < k1 and |g;| < 00,i =
2, m.

Next, we assume that no subsystem is asymptotically stable. By the
proof of Theorem 3.11, there exist a finite number N, a sequence of indices
i1, -+ ,in, and a sequence of time intervals hy,--- , hy, such that

edinhy . eduh) = < 1. (3.15)
Let us define a function p: R™ — R by

P(Sl, e ;Sm) = ||€(AiN+SiNBiN)hN . e(A'i1+‘si1 Bil)hl H

It can be seen that p is a continuous function of its arguments. Because
p(0,---,0) =7 < 1, there is a sequence of positive numbers k1, - , Ky, such
that
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p(s1, 1 8m) <1 Vs €[—kiki] i€ M.
Accordingly, the periodic switching path 6 with
DSy ={(i1,h1), -, (in,hn), (i1, h1), -, (in,hN), -}

asymptotically stabilizes the perturbed systems provided that |&;| < &, @ €
M. O

Remark 3.20. A special case of interest is when By = I, for k € M. Because
I, is commutative with any matrix, we can easily prove that the perturbed
system (3.13) is consistently asymptotically stabilizable if

€i1h1+"'+5iNhN<*1n7"- (316)
Note that there is no lower bound for ¢;’s.

Example 3.21. For the third-order switched linear system with two subsystems

10 0 —10 -1 10
A;=]|0-1 0 | and Ay = 1 0 6
00 -2 -1 -4 2

it can be verified that
|l exp(0.4A2) exp(A41)]| =~ 0.7803 < 1.

Consequently, this switched system is consistently asymptotically stabilizable.

Let us consider the perturbed system (3.13) with By = By = I5. From
Remark 3.20, the perturbed system is consistently asymptotically stabilizable
if

g1+ 0.4e9 < —1n0.7803 ~ 0.2481.

3.3 Periodic Switching

In this section, we investigate the stabilizing and robust design issues via
periodic switching signals. For the switched linear autonomous system (3.1),
we make the following assumption.

Assumption 3.1. There is a convex combination of Ax, k € M which is
Hurwitz.

In view of this assumption, let Ag def ZkeM w A, be Hurwitz with w, > 0

and ), oy we = 1.

Under this assumption, we are able to apply the average technique to ap-
proximate the switched system with a linear time-invariant system. According
to Lemma 2.10, for a sufficiently small p, we have
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exp(WimAmp) exp(wWm—1Am-1p) - - - exp(wiA1p) = exp (p(Ao + p1})) -

Moreover, for a sufficiently small p, matrix A = Ao + pY, is Hurwitz.
Let us fix such a p. Define a periodic switching path

1 mod (¢,p) € [0,wip)

mod (t, w1 p, (W, +w
() = 2 (t. p) € [wip, (w1 + w2)p) - 317)

m mod () € [(S7" wi)p, )

where mod (a,b) denotes the remainder of a divided by b.
Let {(to,40), (t1,%1),- - } be the switching sequence of the switching path.
Define the matrix function

U(t,o) = iy, (t=tr) gAi g (te—ti1) | gAig(ti—to) 4 ¢ [thstrst].
The state transition matrix can be expressed as
D(s1,82,0) = W(s1,0)¥(s2,0)" "V 51,80 > to. (3.18)
The solution of system (3.1) is given by
a(t) = Bt to, o)y V> to.
We have the following estimation for the state transition matrix.

Lemma 3.22. Transition matriz (3.18) is exponentially convergent, that is,
there exist two positive numbers o and (3 such that

[[®(s1,82,0)|| < Bexp (—a(s1 —s2)) V s1 2> sa.

Proof. Since

P(p,0,0) = exp(wnAmp) - exp(wi A1p) = exp(Ap)
for any nonnegative integers I; < Iy, we have

P(lap, lip,0) = exp(A(l2 — l)p).
As A is Hurwitz, there are positive numbers o and & such that
[2(l2p, lip,0)|| < Kexp (—a(lap —l1p)) .
For any s1 < s9, let Iy, satisfy
hp<si<(i1+1)p (2—1)p<sy<lap.

Simple calculation gives
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[@(s2, 51, 0)[| < |@(Lap, 51, 0)|[[|@(L2p, lip, ) ||| @(s2, Lap, )|
< kexp (—a(lzap — 1p)) |90, 51 — Lup, 0) |90, l2p — 52, 0).

Denoting

= (0,
1 = e 20, )]
the maximum is attainable because @(0,t, o) is continuous from ¢. Combining
the above inequalities gives

[@(s1, 89,0)|| < Kirexp (—allap —l1p)) < KiKexp (—a(ss — 51)).

Let 8 = r%k and the lemma follows. O
Next, we consider the perturbed switched system given by

B(t) = Aga(t) + fo(t)  2(to) = 20 (3.19)

where fr: Ry — R”, k € M are piecewise continuous vector functions rep-
resenting system perturbations or uncertainties.

Note that the above model allows different perturbations for different
subsystems, thus reflecting many practical situations. For example, in the
framework of multi-controller switching, different controllers may induce dif-
ferent types of noises. If the noises are controller-independent, we simply have
fi=fo=-=fm.

Let

N= sup {[[fe(®)I}-

t>to,keM

The perturbations f(-), k¥ € M are said to be

i) bounded, if N < oc;

ii) convergent (to the origin), if || fi(t)|| — 0 as t — oo for all k € M; and

iil) exponentially convergent (to the origin), if || fr(t)|| < dexp(—~t), V¢, k €
M for some positive real numbers § and 7.

Theorem 3.23. Suppose that Assumption 3.1 holds. Then, for system (3.19)
with periodic switching signal (3.17), we have the following:

(i) the system state is bounded if the perturbation is bounded;

(ii)the system state is bounded and convergent if the perturbation is bounded
and convergent; and

(iii) the system state is exponentially convergent if the perturbation is exponen-
tially convergent.

Proof. According to Lemma 3.22, there exist two positive numbers « and §
such that

[@(s1,82,0)|| < Bexp (—a(s1 —s2)) V51> 52,
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Denote f(t) = fy1)(t), t > to. First, suppose that f(-) is bounded. Then,
we have

()] = 1Bt to, )0 + / &(t,7,0)f(r)dr]

to

t
< |8, to, o) lzoll + N / |B(t, 7, 0) dr
to

< Bllzo]l + 2.
«

Hence, the state is bounded.
Second, suppose that f(-) is bounded and convergent. Then, for any given
positive number €, we can find a time T > ¢y such that

lz@®)|| <e Vt>T. (3.20)
Indeed, for any given positive number g, there exists a T7 > ¢y such that
IfO <o Vit>T.

Therefore, we have

le(®)| = [9(t, to, )0 + / &(t, 7, 0)f(7)dr |
T

< Bexp (—a(t —tg)) ||xol| + N Bexp (—a(t —7))dr
to
t

Bexp (—a(t —7))dr

T
B p
< Bexp (—a(t —tg)) ||zoll + aNexp (—a(t—Ty)) + 2
Choose T and p to satisfy

gNexp( a(T—-Th)) < << an @

exp(—aT)|lzo|| < g and o< 35

€
3
With these, inequality (3.20) follows. From the arbitrariness of €, the conver-

gence of the state follows.
Third, suppose that ||f(t)]] < dexp(—7t), V ¢. Then, we have

[zl < Bexp (—a(t —to)) [lzoll + /t Bexp (—aft — 7)) d exp(=y7)dr.

Simple derivation gives

(Blloll + 525 ) exp (=al(t - to)) if v>a
lz@)] < § Bllzoll + 67) xp (—=y(t = to)) if y<a
(Bllaoll + Z2) exp (—(a =)t —t0)) if v =
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where e = exp(1) and ¢ is any sufficiently small positive number. As a result,
the state is exponentially convergent. This completes the proof of the theorem.
O

Remark 3.24. This theorem establishes several nice robustness properties for
a class of switched linear systems. In particular, the bounded perturbation
(implying) bounded state property is desirable in many practical situations.
Moreover, it can be seen from the proof that the bound of the state can
be explicitly estimated. Therefore, given any allowable state bound, we can
estimate a bound of perturbations which makes the system state bounded
within the allowed level.

Remark 3.25. It can be seen from the proof that the decay rate of the state
relies heavily on the decay rate of the transition matrix, which in turn relies
on the choice of the switching signal. A question naturally arises: How can we
find a periodic switching signal with the largest possible decay rate for the
transition matrix? Intuitively, we need to find a natural number [, an index
sequence ig, i1, ---, 4 and a duration sequence hg, h1, ---, hj, such that

In || exp(A;,hy) - - - exp(Ai h) exp(A;o o)l
Z;’:O hj

Because this problem can be quite involved, we leave it open for further in-
vestigation.

— min.

3.4 State-feedback Switching

3.4.1 State-space-partition-based Switching

In this subsection, we formulate a state-feedback switching signal based on an
appropriate partition of the state space.
First, suppose that Assumption 3.1 holds and the average matrix

A = Z wi Ay,

keM

is Hurwitz. Solving the Lyapunov equation
ATP + PAy = —1,
for symmetric matrix P, we obtain a positive definite solution P. Denote
Qr=AFP+PA, ke M.

Then, fix a set of real numbers r; € (0,1), ¢ € M. For any initial state
z(to) = xo, set
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o(ty) = argmin{zg Q1zo, - , 25 QmTo}

where arg min stands for the index which attains the minimum among M. If
there are more than one such index, we simply choose the minimum index.
The first switching time instant is determined by

t1 =1inf {t > to: 27 (£)Qu(te)T(t) > —Touma” (H)z(t)}.
If the set is empty, then, let t; = co. Otherwise, define the switching index as
o(t1) = argmin{a’ (t1)Qux(t1), -, 2" (t1)Qma(t1)}.
Finally, we define the switching time/index sequences recursively by
topr = nf {t > te: 2T (OQu(ry)x(t) > oz’ (z(t)}

o(tp+1) = argmin {z” (b)) Q2 (tisr), o 27 (tes1) Quma(trrr) }
k=1,2,- . (3.21)

Lemma 3.26. Under the above switching law, system (3.1) is well-posed and
quadratically stable.
Proof. We first prove the well-posedness of the switching signal.

Suppose that £, and tx11 are two consecutive switching time instants. Let
i = o(tg+). It follows from the switching signal that

1)« (te)Qix(ty) = minjen {27 (tr)Q;(tr) }; and
2) @ (te1)Qiz(tesr) = —rix” (tr1)2(thtr)-

As 3 ey wiQ = —In and 37,y w; = 1, it follows from Item 1) that
2 (tr)Qiz(tr) < —a7 (te)z(t). (3.22)

For notational convenience, denote xy, = x(tx), Tx+1 = x(tg41), and let ¥ be
any real number greater than 1.
First, consider the case

le@)| < Ollzpgall V¢ € [t trpa]. (3.23)
In this case, define a function
g(t) = 2T ()(Qi + In)a(t) t € [tr,tasa].
It follows from (3.22) and Item 2) that
g(tr) <0 glthsr) > (1 —ri)afy o (3.24)

Simple computation gives

dg

o7 (t) = 2" (t) (AT (Qi + L)) + (Qi + 1) 4;) z(2).
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Denote v; = |AT(Q; + I,,) + (Q: + I,,) A;||. By inequality (3.23), we have

d
d—i(tﬂ < Pval i VEE [t tr).

Combining this with (3.24) yields

Vi (tpyr —tr) > (1 —13)
which implies that

ter — ti > (1 —1y)/(921y).

Second, suppose that (3.23) does not hold. This means that there is a
t* € [tg, tg+1) satisfying

(@) > Dkl (3.25)
From system equation (3.1), we have
z(t") = exp (Ai(t" — thy1)) Th1
From (3.25) and the fact that
Jexp (Ai(t" — trsn)) | < exp (1Al (b — )
it follows that
tet1 — e >t — t° > Ind/|| Ay

From the above reasonings, we have

tht1 —te =1 o supmin ((1 — r;)/(9°v;), In /|| 4;])) -
9>1 €M
Hence, the switching signal has a positive dwell time 7, and hence it is well-
defined.
To prove the quadratic stability of the switched system, let us consider the
Lyapunov function candidate V(z) = T Pz. Its derivative along the system
trajectory is

av

=7 (@) = 2T ()Qoz(t) < —roma’ (B (t) < —ra” (H)a(?)

where r = min{ry, -+ ,7,}. As a result, the quadratic function V(z) is a
Lyapunov function of the system and the theorem follows from the Lyapunov
Theorem, Theorem 2.5. O

Although the lemma guarantees the well-definedness of the switching sig-
nal, it cannot prevent fast switching and chattering in the event that the
system undergoes perturbations. This is justified by the following example.
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Example 3.27. Consider the perturbed system given by

&(t) = Agx(t) + fo(t) o€ {1,2}

-20 10
A1= |: 0 1:| andA2=|:O_2:|

A0 [_ll]exp(—().lt) and fg(t):[ll}exp(—o.lt) (3.26)

where f; and fo are perturbations associated to the first and second subsys-
tems, respectively.

|
-

6
Time (Sec)

1000

8000~

6000 A

4000+ B

Number of switching

2000+ B

6
Time (Sec)

Fig. 3.1. State trajectory and switching number of system (3.26)

As Ay + Ay = —1I,, we can choose wq = wy = %

5- Simple computation gives
P = 1I,. Suppose that we use the state-feedback switching signal (3.21) with
ry = r9 = 0.4. Figure 3.1 depicts the state trajectories and the number of
switches, respectively, when the system initializes at x(0) = [1,—1]. It can
be seen that the chattering phenomenon occurs when ¢ > 11.45. In fact, as the
state trajectory converges to the origin, the information of the state is ‘merged’
by the perturbations, that is, H”f;((tt))HII — o0. Because the state direction and

the perturbation direction are always opposite, chattering occurs.

3.4.2 A Modified Switching Law

In this subsection, we consider the perturbed switched linear system (3.19)
where the switching signal is chosen to be in state-feedback form.



78 3 Stabilizing Switching for Autonomous Systems

For a switched system with nonlinear perturbations, the design of a state-
feedback stabilizing switching law is quite sophisticated. Indeed, a state-
feedback switching law usually generates different switching paths with respect
to different system perturbations. In other words, the perturbations make the
switching paths ‘drift’ away. Because of this, the perturbation analysis for
time-varying systems is not applicable.

To ensure well-posedness of the perturbed switched systems, we modify
the switching law given in the previous subsection as follows.

Fix a positive real number v. For perturbed switched system (3.19), define
the following state-feedback switching signal.

For any initial state x(tp) = xo, set

O'(t()) = arg min{nglmOa co 7ng7rzx0}-

If there are more than one such index, we select the minimum one.
The subsequent switching time/index sequences are defined recursively by

tgy1 = inf {t >t xT(t)Qg(tk)x(t) > —ra(tk)wT(t)x(t), lz (@) > U}
o(tp1) = argmin{a” (1) Qe (i), -+ s 7 (ry1) Qma(tes1)}
E=0,1,---. (3.27)

The switching signal is the same as that in (3.21), except that we fix a
level set for switching, that is, no switch occurs within the v-neighborhood of
the origin.

Under this switching law, the perturbed system possesses nice robustness
properties as shown in the following theorem.

Theorem 3.28. For system (3.19), suppose that Assumption 3.1 holds. If the
perturbations are bounded, then the state-feedback switching signal (3.27) is
well-defined and the system state is bounded.
Proof. First, we prove that the switching law is well-defined by showing that
the switching signal has a positive dwell time.

Suppose that t; and {541 are two consecutive switching time instants. It
follows from the switching signal that

1) 2”7 (tr)Qo(tyyx(te) = mingep {2 (t1)Qix(tr) }
2) &7 (tp41) Qo) (thg1) = —To(r)®” (tht1)2(tht1); and
3) Ntk > v.

As ) ey wiQi = —In and ), ), w; = 1, it can be seen that Item 1) implies
that

4) l‘T(tk)QJ(tk):L‘(tk) < —xT(tk)x(tk).

For notational convenience, denote

rp = z(tr) Ty = 2(thg1) and j = o(ty).
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Let us consider the case
(@) < 2l|wpsall V1t E [tr, toyr]. (3.28)
In this case, define a function
g(t) = 2T (O)Qx(t) + 2T ()x(t) t € [th, ths)-
It follows from Items 2) and 4) that
g(tr) <0 and g(tppr) > (1= 75)@f 4 T (3.29)

Simple computation gives

dg

(1) = 2 (1) (AT(Qy + ) + (Qs + L) A7) a(t) + 205 ()7 (@5 + Ln)a(0)

Let us denote
v = AT (Q; + 1) + (Q; + 1) Aj |
and

vo =[|Qj + Infl and vz = sup [ f;(t)].

tE[ty,try1]

In view of Item 3) and Inequality (3.28), we have

dg
1= @Ol < dnai g p + dvavs| e |
v
< (41/1 + 41/2;3)1'{4,_1371@-&-1 Vite [tk,tk+1].
Combining this with (3.29) yields
V3
(4v1 + 41/2?)(751%1 —tr) > (1—1y)
which implies that
V3
tk+1 - tk Z (1 - 7"]‘)/(41/1 + 4V2;).

Next, suppose that (3.28) does not hold. This means that there is a t* €
[tk, tr+1) satisfying
() > 2/|zrrall- (3.30)

From the system equation (3.19), we have

tht1

Tp4+1 = €Xp (Aj(f]ﬁ,l — t*)) if(t*) + / exp (A] (tk+1 — T)) fj (T)dT

t*
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which is equivalent to
tet1
o(t) = exp (A3t — ey s — [ exp (At =) ()
-
As exp(A,t) is continuous and || exp(A;0)|| = 1, there is a positive number vy
such that

lexp(At)]l <

| W

Vite [—1/47 O]
Suppose that

) v
tpr1 —t" < min (1/4, 3—N)

where N is the upper bound of perturbations. Then, we have
* 3 3 .
2@ < Sllzrrall + 5t = t)N < 2fzp44 ]
which contradicts (3.30). As a consequence, we have
st — b >t — £ > min (v, 2 )
— — min ( vy, — ) .
k1 — bk = gt 43N
The above reasonings show that for any consecutive switching time in-

stants ¢ and tx41, we have

tipr — th > min (1 =7/ + A=), v, %) (3.31)
which sets a lower bound for the dwell time of the switching signal. This
ensures that the switching signal is well-defined.

Finally, we show that the system state is bounded. In fact, we can prove
by contradiction that

1
Amaz \ 2 2| P
ol < (5222) s (1ol 2w} vz (a2

where Apqz and A, are the maximum and minimum eigenvalues of matrix
P, and r = min(ry,---,7y). Indeed, suppose that ||z(¢.)| > p for some
t. > to. Then, let

pi1 = max <“$0“’Hr HNW) = ()\ ) [0

From ||zo]| < p1 and the continuity of the state, there exists a time instant
s € [to, t«) satisfying

[z(s)l = pa and Jlz(O)] > 1 V1t € (s,t.]. (3.33)
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Consider the Lyapunov function candidate given by
V(z) = 2T Pux.
Its derivative along the system trajectory can be computed as

dv

W (a(1) = 2T (1)Quay (1) + 2F ()T Pr().

As ||z(t)|| = 1 > v, Yt € [s,t.], it follows from the switching signal that
2" (OQoyz(t) < —romz’ ()z(t) YVt E [s,t.].

This, together with (3.33), implies that

dV
— < t tsl.
o <0 ViteE /sty

Consequently, we have
V(z(t) < V(2(s)) < Amacll2(5)* = Amazi? V€ [5,t]
which in turn implies that

V(z(t) _ Amaz

2 (t)z(t) < P =p? Vite st

Note that the last inequality contradicts the assumption that ||z(t.)| > p. As
a result, Inequality (3.32) holds for all ¢ > ¢y. This completes the proof of the
theorem. O

Remark 3.29. In switching signal (3.27), the parameters v and 7y, play twofold
roles in determining the performance of the perturbed system. Generally
speaking, the role of v is to prevent the switching signals from chattering.
On one hand, a sufficiently small v may result in a sufficiently small dwell
time and a sufficiently high switching frequency, which is usually undesirable
in practice. On the other hand, a larger v may lead to a larger system state
bound, which is also undesirable. Similarly, smaller rx, k& € M may lead to
a larger system state bound, while larger r;, &k € M may result in a smaller
dwell time. The choice of these parameters should be balanced according to
the performance requirement.

If the perturbations are convergent, then the system state can be made
to converge to any given small neighborhood of the origin. This can be seen
from the following result.

Theorem 3.30. For system (3.19), suppose that Assumption 3.1 holds. If the
perturbations are bounded and convergent, then, there is a time instant T > tg
such that
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1

lz(t)] < (im‘”) o VST (3.34)

min

Proof. As in the proof of Theorem 3.28, we consider the Lyapunov function
candidate V(x) = 2T Pz and its derivative along the system trajectory

av
dt
Let n = || P, r = min(ry,- -+ ,7m), and f(t) = f,(t). Whenever

= 2" ()Qomyx(t) + 2(f5 (1) Pa(t).

la(®)]| > max (v )5 >||) “ o)

it follows from the switching law that

%/ < —ra()a(t) + 27 () Pa(t) < — a7 (Ba(t) < -

r
2>\maz

V(x(t)).

Therefore, for any t > t(, at least one of the following two inequalities holds
a) [lz(t)|| < ¥(t); and
b) dIn(V(z(t))) <- r_

dt 2\ maz
Fix a time instant s > tg. Suppose that Item a) does not hold at ¢t = s,
then either

[zl = () V€ fto,s]
or there is an s, € [tg, s) such that

(s )ll < ¢(s) and [z(8)[| > ¢(t) V¥t € (sx,5].

In the former, integrating M from ¢y to s gives
r
In(V (x(5))) — In(V(2(t0))) < — 57— (s — to)

which implies that

)\mal‘ T
Jofo)1? < 3222 exp (~ 55— 1)) Lol

mwn
Similarly, in the latter, we have

r

Amam
Jolo)1? = 3222 exp (= 55— s =) ) (s

main

To summarize, for any s > ty, we have
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Amaa‘l T
o) < o (05, 522 oxp (=575 1)) P

>\min

)\maa:
m s en (oo rer)) o

As f(t) is convergent, there is a time T7 > to such that

,
If@)] < e Vi>Ty.

Recall that N is an upper bound of || f(-)|. If N < Z”, then let 7 = 0.

Otherwise, let Ty = 77"(” In (4N”> Finally, let T3 = maz |y (M) With

these, it can be seen that, for any ¢ > max(T} + T5, T3) = T we have

bit) = exp( -

- to>) o2 < v

and

sup {exp (— " (t— s*)> 1/)(8*)2} < 2
s <t 2)\maz
It follows from (3.35) that

@2 < 2me202 vy > T
)\min

This completes the proof. O

Utilizing this theorem, we can design a switching signal to make the per-
turbed system ‘practically’ convergent by choosing a suitable v. Indeed, given
a level of practical tolerance, €, let v = (/’\\*::’; )%e, then the switching signal
will bring the system state into the e-neighborhood of the origin in a finite
time. Due to the arbitrariness of the ¢, the switched system can be steered
into any pre-assigned neighborhood of the origin with a well-defined switching
law.

3.4.3 Observer-based Switching

In this subsection, we explore the possibility of designing a switching law
based on measured output instead of the state information.
Consider the switched linear system described by

z(t) = Asz(t) + f5(t)
{y(t) = C,x(t) (3.36)

where x(t),o are the same as in (3.1), y(t) € R? is the measured output,
fi(t), i € M are piecewise continuous vector functions denoting for system
perturbations, and A;, C;, are matrices of compatible dimensions.
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For system (3.36), we consider the state estimator (observer) given by
&= Agi + Lyly — Oy (3.37)

where y and o are the output and switching signal of system (3.36), respec-
tively, and gain matrices L1, -- , L,; € R"*7 are to be determined later.
Note that the observer itself is a switched linear system.

Assumption 3.2. There exist a positive definite matriz Py, and matrices Y;,
such that

ATPL+PA;, - CIYT —YiCi <0 Vie M.

Let L; = Plei. The above assumption asserts that there exists a common
quadratic Lyapunov function for switched system

i=(Ay — LoCy)z. (3.38)
Indeed, let V(x) = 27 Pyx. Its derivative along system (3.38) is
av
dt
which is a negative definite function of state. This implies that system (3.38) is

stable under arbitrary switching (c.f. Theorem 2.9). Furthermore, let @, (¢, o)
be the state transition matrix of Equation (3.38). Then, it can be proven that

(z(t)) =" (t) (AL P+ P A, — CLY) = Y,Cy) x(t)

1
M\2 v
1B (2, to) | < (;) ¢y (7t (3.39)
1
where A1 and Ay denote the minimum and maximum eigenvalues of matrix P,
respectively, and v denotes the minimum eigenvalue among Q; o —(AT P +

P A; —C;TY;T—KCJ forie M.

To stabilize system (3.36) via observer-based switching, we propose a mod-
ified switching strategy based on switching law (3.27).

Fix a positive real number v. Suppose that & is initialized at &(tp) = Zo.
Set

o(to) = argmin{2d Q1&0, - -+ , 28 Qmio}.

If there are more than one such index, just pick the minimum one.
The subsequent switching time/index sequences are defined recursively by

thpr =1nf {t > tp: 27 (0)QurE(t) > —ro @ ()2(), [|2(H)]| > v}
o(tes1) = argmin{@” (L) Q12 (ths1), &7 (tes1) Qi (trt1)}
k=01, . (3.40)

The switching signal is the same as that in (3.27), except that the observer
Z is used instead of the real state x.
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Theorem 3.31. For system (3.36), suppose that Assumptions 3.1 and 3.2
hold. Then, the dynamic-output-feedback switching law (3.40) is well-defined,
and we have

(i) the perturbed system is bounded if the perturbations are bounded; and
(ii)the perturbed system is practically convergent if the perturbations are con-
vergent.

Proof. Define the difference between the real state and the estimated state

T=x—1.

Subtracting (3.37) from (3.36), we obtain

i(t) = (A — LeCy)i(t) + f5(1). (3.41)

Combining (3.37) with (3.41), we have
&= (A; — LoC,)i + f4 (3.42)
&= Ayi + LyCyhi. (3.43)

Let @,(t,t0) be the state transition matrix of the nominal system (3.38).
The solution of Equation (3.42) can be given by

t
50) = Ba(t,0)i(t0) + | ol to) fa(r)dr
to

It follows from Assumption 3.2 that (3.39) holds. From (3.39), it can be seen
that = is bounded if the perturbations f;, i € M are bounded, and T is
convergent if the perturbations f;, i € M are convergent.

For system (3.43), take & = A, as the nominal system and L;C;Z, i € M
as the exoteric perturbations. The theorem follows directly from Theorems
3.28 and 3.30. O

Ezample 8.32. For comparison, we continue to address system (3.26) in Ex-
ample 3.27.
Set v = 0.2, and simulate the state trajectory and switching signal under the
modified switching law (3.27). This is shown in Figure 3.2. It is clear that
no chattering occurs in this case, albeit at the expense of the state becoming
practically convergent rather than exponentially convergent.

Next, suppose that the full state information is not available. Assume that
the measured output is y = x5 for the first subsystem and y = z; for the

second subsystem. Let
0 1
Ll— |:2:| andLg— |:0:|

It can be verified that Assumption 3.2 holds. Figure 3.3 shows the state and
observer trajectories for the switched system under the observer-based switch-
ing law (3.40) with v = 0.2 and #(t9) = [0,0]”. The corresponding switching
signal is depicted in Figure 3.4.
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Fig. 3.2. State trajectory and switching signal under switching signal (3.27)
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Fig. 3.3. State and estimator trajectories under switching signal (3.40)

3.5 Combined Switching

In this section, we first focus on the switched systems with two subsystems
(i.e., m = 2). Then, we extend it to the general case in the last subsection.

3.5.1 Switching Strategy Description

For a switched linear system with two subsystems, suppose that none of A
and As is Hurwitz but Assumption 3.1 holds. Fix wy,ws, 1,72 as described
in Section 3.4.1.
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Fig. 3.4. Switching signal under the observer-based switching signal

Let Ag = wiAj +woAs, and P > 0 be such that AT P+ PAy = —1I,,. From
Lemma 2.10, we can find a 7 > 0 such that

(Ag+ 1) TP+ P(Ag+T7:t) <0 Vit<T.
As a result, we have

(exp(waAs7) exp(wi A17))T P (exp(waAaT) exp(wy A1 7))
<(1-0)P<P (3.44)

where 0 € (0,1).

Let 71 = w17, 7o = war, and Q; = AT P + PA;,i=1,2.

The following switching strategy combines the ideas from the state-
feedback switching signal (3.21) and from the average method introduced
in Section 3.3.

Suppose that the system has the initial state z(tg) = xo. Set

o(ty) = arg min{xOTleo, ngon}.

The subsequent switching time/index sequences are defined recursively by

e = {inf{bt’“: 2T (O)Que(t) > —ria” ()

t)} +71 ifo(ty) =1
inf {t >t + 712 2T (£)Qo(t) > —raz™(t

Jz(t)} if ofty) =2
o(tpyr) = {fﬁ ggzg i; k=0,1,---. (3.45)

According to this strategy, when the first subsystem is active, it should be
kept active for the additional dwell-time 7 after the state-feedback switching
time is due. On the other hand, if the second subsystem is active, it should be
kept active for the dwell time 75, then the state-feedback switching mechanism
decides the next switching time. Suppose that t; is a switching time with
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o(ty) = 1, it can be seen from the strategy that, the period [tg,tr12) can
be divided into two phases: in [tg, tg+1 — 71) U [te+1 + T2, tkt2), the system is
governed by the state-feedback switching mechanism, while in [tg41—71, tg+1+
T9), the system is governed by the time-driven mechanism. That is, the average
period (i.e., time duration for a cyclic switching) is the summation of the two
phases. In this way, the resultant switching frequency is lower than that of a
single mechanism.

In the above strategy, the state-feedback switching mechanism works in a
nontrivial way as shown in the following theorem.

Theorem 3.33. There is a positive real number n, such that the dwell time

of the first subsystem is not less than 7y o n+ 7.

Proof. Suppose that t; and t;11 are two consecutive switching time instants
with o(tg) = 1. Let tg41 = tg+1 — 71- It follows from the switching signal that

1) xT(t_k)ng(tk)_Z —rsz(tk)x(_tk); and
2) 2" (tpp1)Qrz(trrr) = —ria” (Grr)z(Trg)-

As w1Qq + waQe = —1I,, and wy + wy = 1, it follows from Item 1) that

(1 —wo)a” (tr)Quz(tr) = —2" (te)x(tr) — waz” (tr) Q2 (tr)
< —(1- wgrg)xT(tk)x(tk)

which further implies that
3) 2T (tr)Qra(ty) < —a (tp)x(tr).

For notational convenience, let z, = x(tx), Tx+1 = z(tgx+1), and ¥ be any real
number greater than 1.
First, consider the case

@I < Hzrgall VT € fths thial- (3.46)
In this case, define a function
g(t) = 2T ()(Q1 + Ln)a(t) t € [th, trs).
It follows from Items 2) and 3) that
9(tk) 0 g(frs1) 2 (1= 71)a4 1 Tpepr- (3.47)
Simple computation gives

dg

(1) = o7 (1) (AT(Q1 + 1) + (Q1 + L) Ay) (1)

Denote vy = [|[AT(Qy + I,,) + (Q1 + I,) A1 ||. By inequality (3.46), we have

dg _
E(1t)| < Puai g wper YVt E [ty brga]
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Combining this with (3.47) yields
vy (Epyr — i) > (1 —71)
which implies that
top1 — te = (L—11)/(91).

Second, suppose that (3.46) does not hold. This means that there is a
t* € [tk, tx+1) satisfying

(@) > Dllzrll. (3.48)
From the system equation, we have
z(t*) = exp (A1 (t" — tpt1)) Th1.
It follows from (3.48) and
[lexp (A1 (t* = th41)) | < exp ([[ A1 (1 — £7))
that
tpo1 —tp > tpar — > Ind/||Aq]-

From the above reasonings, we have

_ de .
fror —tr >0 sup min (1= r1)/(0%0), 9/ Ar]]) . O
>

Note that, function (1—71)/(92v1) monotonically decreases as 9 increases,
and Inv/|| 41| monotonically increases as 1 increases. Hence, 7 is the inter-
section value.

Theorem 3.34. The switched system is exponentially stable under the switch-
ing signal (3.45).
Proof. Consider the Lyapunov function candidate given by

V(z) = 27 Pax. (3.49)
Its derivative along the system trajectory is

av

E(fﬂ(t)) =27 (1) Qo1 z(1).

First, let A\; and A\, be the minimum and maximum eigenvalues of matrix
P, respectively. Suppose that ¢ is any switching time with o(¢;) = 1. We ex-
amine the consecutive switching intervals [ty, tg+1) and [tg41, tk42). According
to the switching signal, we have
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2 (0@ (1) < ~roa” (Da(t) <~V (2(0)

te [tk,tk+1 — 7'1> U [tk+1 + Tg,tk+2). (3.50)

Hence, V(z(t)) decays exponentially in the above time intervals. On the other
hand, from (3.44), it follows that

V(z(tgsr + 7)) < (1 =0V (x(tgsr — 11))-
Within the interval [tg4+1 — 71, k41 + 2], we have
lz(s2)] < emaX(HAlH7HA2H)(52—81)||x(81)|| Y s1 < 89

which implies that

An s
V(z(s2)) < )\nl‘T(Sg)x(Sg) < Temax(HAlH7HA2H)(M—M)V(m(sl)) V 51 < so.
1

Let

. (11 re —In(l-9)
=min| —,—, ———=
“ M T

and

An
B =5, o (max( A, [A=[}) + 0)7).

The above analysis shows that
V(a(thsa) = V(a(ty))e et to
and
V(z(sg)) < BV (x(s1))e™ 2750 Vi <5 <5y <tpyo.  (3.51)
Note that if o(tg) = 2, then (3.51) holds in [tg,to + 72) and (3.50) holds in

[t() + T2, tl).
Next, for any two time instants s; and se with ¢y < s1 < s9, suppose that

S1 € [thys thy+2) 52 € [ty thyt2)-
Then, we have

V(a(s2)) < B0V (a(ty,)) < e 02DV (a(th, 1))
< BPe IV (a(s1).

As a result, the Lyapunov function decays exponentially, and hence the
switched system is exponentially stable. 0O
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Remark 3.35. From the proof, it is clear that, when the state-feedback mech-
anism works, the Lyapunov function candidate strictly decreases along the
state trajectory. While in the time-driven period, the Lyapunov function de-
creases at discrete time instants. In between these time instants, the Lyapunov
function may strictly increase along the state trajectory. Therefore, the state
trajectory does not necessarily admit a quadratic Lyapunov function. That
is, there may not exist a quadratic Lyapunov function W (x) such that

W(z(t2)) < W(z(t1)) Vit2>t.

This is an essential feature of the switching strategy. Later, we will show that
the strategy can be extended to cope with more general classes of switched
systems, including systems which are not quadratically stabilizable.

3.5.2 Robustness Properties
Consider a perturbed switched linear system given by
() = Aoz (t) + fo(t) z(to) = zo (3.52)

where o € {1,2}, and f;: [tg,00) — R™, k = 1,2 are piecewise continuous
vector functions representing system perturbations or uncertainties.

Theorem 3.36. For perturbed system (3.52), suppose that Assumption 3.1
holds. Then, under the switching law (3.45), we have

(i) the system state is bounded if the perturbations are bounded;

(ii)the system state is bounded and convergent if the perturbations are bounded
and convergent; and

(iii) the system state is exponentially convergent if the perturbations are expo-
nentially convergent.

Proof. In terms of the notation defined in Section 3.5.1, we further define the
function

f) = fo(t) t=to

and denote

r=min(ry,r2) p=|[IP| ¢=max([|Q], Q=)

In(1 -2
6 = min <4;n _(272)> o = el Aillm gl Azl

and
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We estimate an upper bound for the state norm in terms of the initial
state and the perturbations. Define a function

4 8 2 t+7
m(t)=max(||xo||e-9“-t°>,f||f<t>||,§'fl / ||f<<>||d<) =0

It can be seen that pq(-) is piecewise continuous. Re-define the function if
necessary at the discontinuous points such that the function is continuous
from the left. We are to prove by contradiction that

lz@)l < n() Z w sup pi(e)e 9 V>t (3.53)
SE[to,t]

For this, suppose that
[t > plts) (3.54)

for some t, > to. From ||zo|| < p1(to) and the continuity of the state, there
exists a time instant s € [to, t.) such that

[z(s)[| < pa(s) and [[z(8)]] = pa () V1t € (s,ts]. (3.55)
Consider the Lyapunov function candidate given by
V(z) = 2T Pux.
Its derivative along the system trajectories can be computed to be

dv

-5 &) = 2T (1) Qo (t) + 2f7 (t) Pa(t).

Suppose that the switching time sequence is {¢o, t1,%2,- - }. Any time instant
s falls into either of the two cases:

(a) there is a nonnegative integer k such that o(tx) =1 and s € [tg, tg4+2); Or
(b) o (to) = 2 and s € [to,t1).

For Case (a), it follows from (3.55) that

@@ < —roaT@2(0) + IS ON O] < ~ 57 @) < ~ 57V (2(0)
Vte (S,t*} N ([tkvtk}Jr] — ’7'1) U [thrl + Tg,thrz)) (356)
and
dv T T,
= @®) < gz Q) + 2pllf Oz @] < (¢ + F)a™ (D)z(t)

< 29+ r
21

V(z(t)) Yte (st N[thr1 — 71,1 + 72). (3.57)
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In addition, if
[tlc+1 — T, k1 + 7'2] S [S, t*]

then, we have

(238
E(tper +12) = e 2eMTig(t g — 1) + €427 / e tee1=0) £(¢)d¢

tht1—T1

tr41+T2
+/ eAz(tk+1+7'2—C)f(C)dC

trt1

which implies that

v (.’Iﬁ(tk+1 + 7_2)) < xT(tchrl _ Tl)eAlTTl eAgszeAszeAlTll‘(t}c+1 _ 7.1)

) tk+1+72 ) t+1+T2 2
426 altin - )| 15@ldc+pe ([ T 1rOld
tht1—T1 tht1—T1
0
<1 =0)V (x(thy1r — 1)) + 1/\1M1(tk+1 = 7)||[z(tks1 — 1)l
2 2 2
+@>\1(M1(tk+1 —71))

<(1- g)V(I(tkﬂ —11)) £ eV (@ (trgr + 7))

where the relationships g (tg41 — 71) < ||2(tk+1 — 1), p > A1, and § € (0,1)
are used. Combining this with (3.56), we have

V (@(trs2)) < e 2000V (2(ty)).

On the other hand, it follows from (3.56) and (3.57) that, for all s1,s2 €
(8,ts] N [tg, trt2), we have

V(x(s2)) < exp ((2(2;7" + 29)7) exp(—20(sy — 51))V(@(s1)). (3.58)

If t. > tgyo, let I be the largest natural number such that ¢, > tx1o;. A similar
argument gives

V(@ (trtar)) < exp(=20(trr2r — ter2))V(2(tig2)) (3.59)
and

2q+r

Via(e) < e ()

; + 29)7’) exp(729(t* — tk+21))V($(tk+Ql)). (360)

Combining (3.58) and (3.59) with (3.60), we have
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V(z(ty)) < exp (2(2‘;;7“ + 29)7) exp(—20(t, — $))V(z(s)).  (3.61)

For Case (b), we can proceed in the same way, using [to, top + 72) instead of
[tk+1 —T1, tkt1 +T2) and [to +Ta, tl) instead of [tk, Trt1 77’1) U [tk+1 +Ta, tk+2).
The same reasonings show that (3.61) also holds in this case.

To summarize, (3.61) holds for both cases. Therefore, we have

= ()11

IN

< %1 exp (2<2§;T + 29)7) exp(—20(t — 5))V (z(s))

< 2 eep (227 4 20y ) exp(=20(t, — 5))2(s)
N 2

< 1 (t)

which contradicts the assumption (3.54). As a result, the estimation (3.53)
always holds.

Now, we are ready to derive (i)-(iii) from (3.53).
(¢) Suppose that ||f(¢)|| < Ny for all t > ¢(. It is clear that

8
pt) < mas (ol 207, 278y} 02 10

Therefore, the state is bounded by
4 8 ;
Jo )] < wmax o). 20y, 20, ) 4
r oA
(#4) Suppose that f(t) is bounded and convergent. For any given positive

real number € < Ny, there is a time T such that

o\
o]l < < e#=10) ||f<t>||<min(7“, !

€
— | — Vt>1T1.
4p 8p927'>w =1

Let Tp = 4 ln £z and T =T1 + T». Simple analysis gives
p(t) <wmax | sup  py(s)e T sup pu(t) | <e Vit>T.
s€[to,T1] s€[T1,t]

From the arbitrariness of €, the convergence of the state follows.
(#it) Suppose that

[F@®)] < Bemaltt0) ¢ > ¢,

for some positive real numbers o and 3. Then, simple calculation yields

o«

which shows that the system state is exponentially convergent. O

8 .
p(t) < wmax <||950|| Lp,=2 ﬂ) Tmin@e)t=to) g >
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Remark 3.37. It can be seen from the proof that the bound of the state can
be explicitly estimated. Moreover, we can also estimate the eventual bound
of the state. Indeed, suppose that the eventual bound of the perturbation is
Ny, that is

limsup || f(t)|| = Nye.
t—o0

Then, from (3.53), it is clear that the eventual bound of the state is given by

4 8po?
limsup ||z(¢)|| < Nze = max (pre, pQTNfe> .
t—o00 r 01
Consequently, given any allowed state (eventual) bound, we can estimate a
(eventual) bound of perturbations that makes the system state (eventually)
bounded within the allowed level.

3.5.3 Observer-based Switching

In this subsection, we explore the possibility of designing switching signals
based on the measured output instead of the state information.
Consider the switched linear system described by

i(t) = Agx(t) + fo(t)
{ y(t) = Cox(t) + ho(t) (3.62)

where z(t),0 and f;(¢) are the same as in (3.52), y(t) € R? is the measured
output, h;(t), i = 1,2 are piecewise continuous vector functions that stand
for output perturbations, and A;, C;, i = 1,2 are matrices of compatible
dimensions. We assume that information of the state and perturbations is not
available on-line.

System (3.62) represents a switched linear system with multiple sensor
devices. The description includes multi-sensor scheduling as a special case
[117].

Assumption 3.3. Both the matriz pairs (C1, A1) and (Ca, As) are observ-
able.
Note that this assumption is very mild as the property of observability is
generic for all matrix pairs [160].

For system (3.62), consider the state estimator given by

&= Ayi + Ly[y(t) — Cy ] (3.63)

where y(t) and o are the output and switching signal of system (3.62), respec-
tively, and matrices L1, Lo € R™*? are to be determined later.

Fix wi,ws, 71,72 and 7 as described in Section 3.5.1. Let 71 = w7 and
To = wa7. In addition, fix a real number ¢ € (0,1).
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Choose gain matrices L;,i = 1,2 such that
e LiCt | <o Vrm<t<2m i=1,2 (3.64)

Note that the above choice is always possible because of the observability
assumption. Intuitively, for any given ¢ > 0, the following inequality holds

e BC < pp)ernt

where p = {p1 < --- < p,} denotes the real parts of the eigenvalues of matrix
(4; — L;C;), and p(-) is a polynomial function. Note that p can be arbitrarily
assigned by choosing appropriate gain matrices L;. When p approaches —oo
proportionately, p(p) increases polynomially but e’»t decreases exponentially,
hence |e(4i=LiC)t|| decreases and can be made arbitrarily small. See [176]
and [89] for more details.

With these preparations, we are ready to formulate the observer-based
switching law as follows.

Suppose that & initializes at (tg) = Zo. Set

o(to) = argmin{2 Q1 &0, &4 Qa0 }.

The subsequent switching time/index sequences are defined recursively by

; _ {inf ? >t 2T (0)Q12(t) > —maT ()2 (t) } +7 ifo(ty) =1
kol inf {t >ty +7mo: 27 ()Qai(t) > —7"2 T()a(t)} if oty) =2
o(thi1) = {% ﬁ Zg:; _ ; k=01, (3.65)

This switching strategy is exactly the same as (3.45), except that the state
x(t) is substituted by the estimator Z(t). The following result establishes the
fact that it inherits the nice robustness properties.

Theorem 3.38. For system (3.62), suppose that Assumptions 3.1 and 3.3
hold. Then, under the switching strategy (3.65), we have

(i) the system state and the estimator are bounded if the perturbations are
bounded;

(ii)the system state and the estimator are bounded and convergent if the per-
turbations are bounded and convergent; and

(i3i) the system state and the estimator are exponentially convergent if the per-
turbations are exponentially convergent.

Proof. Define the difference between the real state and the estimated state
by

T=x—Z.

Subtracting (3.63) from (3.62), we obtain
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&= (Ay — LyCy)i + fo(t) — Lohgy(t). (3.66)

On the other hand, it follows from (3.63) that
&= Agd + LoCoii + Lohg(t). (3.67)

For this equation, take & = A,# as the nominal system and L,C,Z(t) as an
exoteric perturbation, along with L,h,(t). By Theorem 3.36, we only need
to prove that #(t) is bounded (convergent, exponentially convergent) if the
perturbations f, and h, are bounded (convergent, exponentially convergent).

Suppose that the switching time sequence is tg < t; < t3 < --- and the
switching index sequence is jo = o(to+),j1 = o(t1+),j2 = o(te+), - . It
follows from the switching strategy (3.65) that, for any consecutive switching
times t; and tg41, we have

T1 ifijI

trt1 — g 2> {72 if = 2. (3.68)
By (3.64), we can find a positive real number a such that
|eAi—LiClY| < g7t V> 7. (3.69)

Indeed, let

For any t € [r;,27;), we have
||6(AL7L’LC’L)t|| S 80 S efat.

For any t > 27;, there exists a natural number [ such that ¢ € [(I + 1)7, (I +
2)7;). As a result, we have

R B e [

Define matrix function
U(t, o) = (A, =L, Ci ) (t=tr) .. o(Agy =Ly Cjy ) (k2 =t1) o (Ao — Lijg Cig ) (b1 —t0)

te <t < tpy1-
The state transition matrix of the error system (3.66) can be expressed as
@(81,82,0’) :!p(81,0-)@(52,0—)71 V81,82 Zto.

The solution of system (3.66) is given by

:E(t):@(t,tma):ﬁo—i—/ B(t,C,0) (o (C) — Loho(O))dC ¥ £ > to.

to
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From (3.68) and (3.69), it follows that
| ®(s1, 52,0)|| < Be 1720 ¥ 51 > 55 >t

where 8 = exp (||[(A1 — L1C1)||71) exp (||(A2 — L2Cs)||72). Therefore,

t
[E(t)|| < Be™ 10|z || + B /t e~ “C=O|(£,(¢) = Loho (O))|dC ¥ t > to.

From this we can prove that #(t) is bounded/convergent/exponentially-
convergent for bounded/convergent /exponentially-convergent perturbations.
We omit the details for briefness. 0O

According to Theorem 3.38, the observer-based switching strategy works
well in the event that the system undergoes unmeasurable perturbations. Note
that we can also allow perturbations for the estimator in the scheme. That is,
instead of (3.63), the estimator is given by

&= Asd + Le[y(t) — Co] + go(t)

where g¢;(t), i = 1,2 are piecewise continuous vector functions representing
perturbations induced by the estimator. In this case, it is clear that Theorem
3.38 still holds.

Combining the above proof with that of Theorem 3.36, an explicit bound
estimation can be obtained for the system state and estimator. Note that,
due to the extra perturbations from the error system, the estimated state
bound may be quite larger than that of the system under the state-feedback
switching strategy.

3.5.4 Extensions

In this subsection, we discuss the possibility of generalizing the results to a
broader class of switched linear systems. The systems are described by

i(t) = Ayx(t) + f- (1)
{ y(t) = Coa(t) + hy(t) (3.70)

where the system structure is the same as in (3.62), but with an arbitrarily
large number of subsystems rather than only two.

In the scheme, a key role of Assumption 3.1 is to guarantee (3.44), that is,
there exists a (quadratic) Lyapunov-like function which decreases at discrete
times. Thus, it is natural to substitute Assumption 3.1 by (3.44). In fact, the
systems satisfying (3.44) form exactly the class of consistently asymptotically
stabilizable systems (c.f. Section 3.2).

In view of Corollary 3.12, for a consistently asymptotically stabilizable
system X'(A;)n, there exist a natural number ¢, an index set ji,---,j, € M,
and a positive real number set 7q,---,7,, such that matrix e4i.™ ...e4n™
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is Schur stable. In addition, we can assume, without loss of generality, that
j1 # j.. In fact, if j;1 = j,, we can prove that eiaTeo1 oA (M) g also
asymptotically stable. In addition, it is clear that we can assume j; # j;41 for
i=1,---,0—1.

In the following, we consider the class of systems which are consistently
asymptotically stabilizable. We start from the equivalent assumption.

Assumption 3.4. There exist a natural number ¢, an index set ji,--- ,j, €
M with j; # jiv1 and j1 # j,, and a positive real number set Ty, --- ,7,, such
that matriz e - .. eAn ™ 4s Schur.

Note that Assumption 3.1 implies Assumption 3.4, but the converse is gener-
ally not true. This means that the class of systems which satisfies Assumption
3.4 is broader than that satisfying Assumption 3.1. In particular, Assump-
tion 3.1 implies quadratic stabilizability but Assumption 3.4 does not exclude
non-quadratic stabilizability (an example is given in Example 3.41 in Section
3.6).

Given a matrix @ > 0, solve for the discrete-time Lyapunov equation

(eAjLTL .. .eAlel)TpeAjLTk .. .eAlel — P + Q — 0

we have a unique symmetric solution P > 0.
Concerning the system output, we make the following assumption.

Assumption 3.5. Matriz pair (C;, A;) is observable for alli € M.
As mentioned in the previous subsection, fix a real number ¢ € (0, 1), we can
find gain matrices L;,i € M such that

eAi—kiCdY < VYV <t<2m ie€M. (3.71)
We construct the following state estimator
&= Agi 4 Lo[y(t) — Coi] + go(t) (3.72)

where g;(t), i € M are the possible perturbations induced by the state esti-
mator.

Fixr; € (0,1) for i € M and let 79 = 7,. The generalized switching strategy
is formulated as follows.

1. Initialization. Set

o (to) = Jv o if 3 Q20 < & Qj, %0
0 J.  otherwise

and
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2. Recursion. Define recursively the consecutive time and index as

inf {¢t > t: 2T (0)Qu(uy)E(t) > 1oy (H)E1)} + 71
if mod (k,¢) € {0,¢ — 1} and o( k) = J1
teyr = inf {t >t + 70 2T (0)Qu(ry) (1) > 1oy T (1)2(2) }
1fm0d (k,0) € {0,0 — 1} and o(tg) = 74,
tk + Tig+ mod (k) Otherwise

o(tk+1) = mod (k+10,t)+1 k=0,1,---. (3.73)

In the above switching strategy, the switching index sequence is cyclic.
The observer-based switching mechanism is incorporated into the first and
last phases. The strategy degenerates into (3.65) for the case ¢ = 2.

Unlike in Theorem 3.33, we lack a guaranteed dwell-time for the observer-
based switching mechanism in general. This is because Item 3) in the proof of
Theorem 3.33 does not necessarily hold without Assumption 3.1. Nevertheless,
the observer-based switching mechanism still works in a random manner, that
is, when the switching is in the first or last phases and

#(t) € {x: 2T Pz < —r, (t)2T x}

the observer-based switching mechanism will work and decide the next switch-
ing time. See Example 3.41 for a simulation study.

The following theorem states the main result for the generalized class of
systems.

Theorem 3.39. For system (3.70), suppose that Assumptions 3.4 and 3.5
hold. Then, under the switching strategy (3.73), we have

(i) the system state and the estimator are bounded if the perturbations are
bounded;

(i) the system state and the estimator are bounded and convergent if the per-
turbations are bounded and convergent; and

(iii) the system state and the estimator are exponentially convergent if the per-
turbations are exponentially convergent.

Proof. The theorem can be proven in the same way as in the proofs of The-
orems 3.36 and 3.38. We hence omit the details. O

3.6 Numerical Examples

Ezample 3.40. Consider the switched linear system X(A;)¢1 2y with

-21 14 5.9 1.0 —0.5 -2.8
A =1|—-80-57-02| and Ao = | 48 —5.0 1.1 |. (3.74)
0.6 58 1.6 —-1.0 -6.6 —2.1
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Simple calculation shows that wA; +(1—w)As is Hurwitz for 0.33 < w < 0.75.
By letting wy = 0.37 and wy = 0.73, the average matrix is

—0.1470 0.2030 0.4190
Ap = w1 Ay +wsds = | 0.0640 —5.2590 0.6190
—0.4080 —2.0120 —0.7310

which possesses eigenvalues at —0.5806 + 0.1148+/—1, and —4.9758. Solving
the Lyapunov equation AL P + PAy = —I3 yields

1.9737 —0.0924 0.4999
P =1-0.0924 0.1800 —0.2312
0.4999 —0.2312 0.7748

—1t state trajectories B state trajectories

without dwell time with dwell time

5 o 1

2 3 2 3
Time (Sec) Time (Sec)

Fig. 3.5. State trajectories of system (3.74)

First, we fix the period 7 = 0.08. Hence, we have 7 = 0.0296 and 75 =
0.0504. In the following simulations, we assume that the system has the initial
state

xo = [1.4435, —0.3510, 0.6232]T .

Let 71 = ro = 0.1. Figure 3.5 shows the state trajectories of the switched sys-
tem under the state-feedback switching law (3.21) and the combined switching
law (3.45), respectively. It can be seen that both trajectories converge with
satisfactory rates. However, for the former case, the number of switches is 382,
but for the latter, only 44. That is, by introducing the dwell time, we sub-
stantially reduce the switching frequency in this example. On the other hand,
if we just exploit the time-driven periodic switching signal (3.17) at the cyclic
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2
WL \
) ) ‘switchin‘g signal yvithout qwell timfe ) )
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (Sec)
2 i
1k i
switching signal with dwell time
. . . L I 1 . . .
o 0.5 1 1.5 3.5 4 4.5 5

2.5
Time (Sec)

Fig. 3.6. Switching signals with and without dwell time

period 7, the number of switches is 124. That is, the combined switching strat-
egy reduces more than half of the switches by introducing the state-feedback
switching mechanism. The resultant switching signals are shown in Figure 3.6.

—1H state trajectories with | —1H state trajectories with -

bounded perturbations convergent perturbations

15

5 10 5 10
Time (Sec) Time (Sec)

Fig. 3.7. State trajectories of the perturbed systems

Next, consider the system with perturbations. Let

sin(2t) —te™!
fit) = | —0.5sat(t — 1) | and fo(t) = | In(25)
sgn(cos(3t)) —0.5

and
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T

l
Switchiqg signal with bounded penqbations

o 5 10 15
Time (Sec)

T T

switching signal with convergent perturbations

o 5 10 15
Time (Sec)

Fig. 3.8. Switching signals of the perturbed systems

Fil) = g hilt) i=12

where sat(-) is the saturation function with unit limits, and sgn(-) is the
signum function. It is clear that f;, fo are bounded and fi, f2 are convergent.
Figure 3.7 shows the state trajectories of the systems with perturbations fx
and f, respectively. The corresponding switching signals are given in Figure
3.8. It is clear that the switching frequencies are much higher than that of the
nominal system.

1.5 T T T T 150
1k 4 100} 4
50 4
o
—-50 4
state trajectories estimator trajectories
-5 - = —100; 4 5

2 3 2 3
Time (Sec) Time (Sec)

Fig. 3.9. State and estimator trajectories of the nominal system under the observer-
based switching signal
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1.5
1H 4
0.5 4
X
o
X
—0.5H 4
X3
1t state trajectories with B 1t state trajectories with 4
bounded perturbations convergent perturbations
-1.5 —1.5
o 15 1 o 15

5 10 5 10
Time (Sec) Time (Sec)

Fig. 3.10. State trajectories of the perturbed systems under the observer-based
switching signal

Finally, suppose that the full state information is not available. Assume
that z; is measurable for the first subsystem and zs for the other. That is,

Cy = [1,0,0] and Cs = [0,1,0].

We assign the eigenvalues of A; — L;C; to be {&,& £ &/ —1} where ¢ is chosen
such that (3.64) is satisfied. In this way, we have the high-gain matrices

Ly = [746.80000, 1255903.1437, —255818.7443]
Ly = [59560.0425, 356.9000, —207024.5944] .

Suppose that the estimator has the initial condition
&9 = [0,0,0]T.

Figure 3.9 depicts the trajectories of the state and the estimator. Although the
system state behaves properly, the estimator undergoes very high transient
overshoot. State trajectories for the perturbed systems are shown in Figure
3.10.

Ezample 3.41. Consider the switched linear system X(A;); 2y with

2.440 —6.253

A= {2.572 ~9.540 (8.75)

] and Ay — { 1.053 17.578}

—0.345 1.947

Numerical verification shows that Assumption 3.1 does not hold for this sys-
tem. As a result, the system is not quadratically stabilizable by any switch-
ing signal. However, a simple search indicates that e™42¢e741 is Schur when
71 = 0.60 and 75 = 1.10. Solving the discrete-time Lyapunov function
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state trajectories

Time (Sec)

) switching signal )
(o] 5 10 15
Time (Sec)

Fig. 3.11. State trajectory and switching signal of system (3.75)

-200r- state trajectories under bounded perturbations 1
_250 L 1 L 1 L L L L L
o 5 10 15 20 30 35 40 45 50

25
Time (Sec)

-100;

state trajectories under convergent perturbations

1 1 1 1 1 1 1 1
500 5 10 15 20 30 35 40 45 50

25
Time (Sec)
Fig. 3.12. State trajectories of the perturbed systems
(eT2A2emANT per2AzeniAL _ p 4 (5], = ()
we obtain

p_ 6.5383 —3.6203
T | —3.6203 2.7962 |-

Let r1 = r9 = 0.1 and suppose that the system has the initial condition
x(0) = [0.7812, 0.5690]%.

Figure 3.11 shows the state trajectory and switching signal under the
switching strategy (3.73). It is clear that the switching path is nearly pe-
riodic, hence the dominant time of the state-feedback mechanism is far less
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than that of the time-driven mechanism, though detailed information clearly
shows that the state-feedback mechanism does work in most switching peri-
ods. Figure 3.12 depicts the state trajectories of the perturbed system with
bounded perturbations

0.3 —0.5sat(t? — 3t)
h(t) = {sgn(sin(%))} and fo(t) = [ In(cos(t))

and convergent perturbations

= 1

fi(t) = mﬁ(t) i=1,2

respectively. It can be seen that the perturbed trajectories have remarkably
larger bounds than that of the nominal system, indicating that the system
is quite sensitive to the perturbations. This is not surprising because the
switching frequency is rather low so that the effect of the perturbations can
accumulate during the constant (non-switching) process.

3.7 Discrete-time Switched Systems

In this section, we consider the discrete-time switched linear autonomous sys-
tem given by

Tht1 = AU:Ck (376)

where z € R", and A; € R™*" for i € M, and o is the switching signal taking
values from the index set M.

3.7.1 Contractive and Pre-contractive

In this subsection, we discuss some properties related to the convergence of
matrix multiplications from a finite set of matrices. It is well-known that any
trajectory of a linear time-invariant system

Tpy1 = Axy,

is convergent if and only if A is Schur, i.e., the spectral radius of A is less
than one. For the switched linear system, we aim to find similar properties.

First, let us characterize what we mean by saying a set of matrices is
convergent.

Definition 3.42. A set {Hy,--- ,Hyn} of n X n matrices is switched con-
vergent, provided that, for each x € R", there is a sequence {j;(z)}$2, with
ji(x) € {1,--+ , N}, such that the vector sequence

z, Hj, ()%, Hjy (2) H jy ()2, -
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converges to the origin, 0.
When N = 1, the concept degenerates to the usual concept of matrix
convergence.

Example 3.43. Consider the four symmetric matrices

0.50 1.25 —0.75
= [ 0 2} Ha = {0.75 1.25 }

and

20 1.25 0.75
s = [0 0.5} Hy = {0.75 1.25} '

It can be routinely verified that each A; has spectral radius 2. But set {H;}%_;
is switched convergent, as seen from the following facts:

(i) Hy contracts each nonzero vector in the closed cone C, co-axial with the
x1-axis having vertex angle at the origin, and measuring 45°. Hs, H3 and
H, act similarly on vectors in cones Cs, C3 and C; which are counter-
clockwise rotations of C; through 45°, 90°, and 135°, respectively.

(ii) There is a real number 3 € (0, 1), such that, for each non-origin z € R?,
we have

4
win{| |} < .

Thus, the set is switched convergent.
The example suggests the following definition.

Definition 3.44. Let || - ||, be any norm on R™. The set {Hy,--- ,Hn} of
n X n matrices is contractive w.r.t. || - ||, provided that, for any non-origin
x € R", there is ani € {1,--- , N}, such that ||[Hz||, < ||z]o-

Usually, the above concept is norm-dependent. To avoid this situation, we
propose the following concept.

Definition 3.45. Let || - ||, be any norm on R™. The set {Hy,--- ,Hn} of
n X n matrices is pre-contractive w.r.t. || - ||, provided that, for any non-
origin x € R™, there is a finite sequence {jL(.I‘)}ZL:(?), ji(z) € {1,--- N}, such

that

| (1T i) 2l < Nl

The following result establishes the equivalence between switched conver-
gence and pre-contractiveness w.r.t. a norm.
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Theorem 3.46. Let || - ||, be any norm on R™, and K = {Hy,--- ,Hyx} be a
set of n x n matrices. Then, the matriz set is pre-contractive w.r.t. || - ||, if
and only if it is switched convergent.
Proof. It is clear that switched convergence of K implies pre-contractiveness
of K to any norm.

Assume that K is pre-contractive w.r.t. || - ||,. Then, for each z € R”,

x # 0, there is a finite sequence {jz(x)}?:(xl), ji(z) € {1,---, N}, such that

” ( i= n(a:)H x)) JC”U < H‘T”U (377)

Note that, for any y = Az with A # 0, to maintain Inequality (3.77), it suffices
to choose j;(y) = ji(z) and n(y) = n(x). Note also that, once (3.77) holds for
x, it also holds for nearby vectors with the same n(x) and j;(x), i.e.,

|| ( i= n(J,)H )yHU < ”'THU y—xre B,

for sufficiently small r. Due to the Finite Covering Theorem, there is a positive
integer [ such that n(z) <1 for all  # 0. As a consequence, the augmented
matrix set

KY{m,m,: k<l,1<j <N}

is contractive w.r.t. || - ||,. This means that, for each x # 0, there exist an
H € K, and a B(x) € (0,1), such that

[Hizllo < B(x)]|lz]o.

Applying the Finite Covering Theorem once again, we can infer that there is
a 3 € (0,1) such that

Bz)<B Va0

The above reasonings show that, for any x # 0, there is a sequence
{ji(z )}?(ﬁ such that n(z) <, and

| (T oy o)) o < Bl o

To show that K is switched convergent, select x € R™ and define recursively
an index sequence and a vector sequence by

Yo =
ng = n(yo)
pi(x) = ji(yo) i=1,---,no
Yyl = (Hf:ﬁ;HHm(yk)) Yk
N1 = g + n(Yrr1) k=0,1,--
pi(x) = Jin () i=np+ 1 g
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where we set n_; = 0. In this way, we have the sequence {p;(x)}32,. It is clear
from this construction that, for any k € N, we have

| (I Hypo(a)) 2l < 85|20 (3.78)
Let
v = max{||Hilv}ien-
For any § € N, there exist a nonnegative integer k, and an s € {1,--- ,1—1},
such that

6 =ny+ s.
Accordingly, we have

I (s Hp, () @llo < L2 Hy, o) 1ol (i, Hypy () o
< B lzlle < ATV E el (3.79)

As § — o0, k — 0o and the theorem follows. O

Corollary 3.47. Pre-contractiveness is norm-independent.
Proof. As switched convergence is norm-independent, by Theorem 3.46, the
corollary follows. O

The estimation (3.79) is very important in the following derivations. In
fact, as npp1 —nk <lforall k=0,1,---, (3.79) implies that

| (TsHyy ) 2llo < polllzll, Yz eR" 6=12--  (3.80)

where p = 4~V and a = ﬁ%. Note that @ < 1, and both « and p do not
depend on x. This observation leads to the following result.

Corollary 3.48. If K = {H;}icn is contractive w.r.t. || - ||y, then K is
switched convergent.
Proof. It is straightforward. 0O

Although the pre-contractiveness is norm-independent, the contractive-

ness is norm-dependent in general. For example, the matrix H = [8 (1)] is

1 1
contractive w.r.t. the norm |[z|lo = (27 Qx)? with Q = (2) ?], but is not
contractive w.r.t. the Euclidean norm || - ||2. However, for some matrix sets,

the contractiveness w.r.t. one norm implies the contractiveness w.r.t. another
related norm, as constructed in the next theorem.

Theorem 3.49. Suppose that K = {H; };cr is contractive to ||-||. Let {w;}7,
be a basis of R™ such that

H"“’":{OJ i#]
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for some \; e R, i=1,--- ,n. For each x € R" withx =Y | xw;, let
n
2]« = > lailllwill
i=1
Then, || - ||« is @ norm on R™ and K is contractive w.r.t. || - ||«.

Proof. It is straightforward and is therefore omitted. O
Finally, we point out with an example that pre-contractiveness may not
imply contractiveness w.r.t. any norm.

Ezample 3.50. Let K = {H;, Hy} with

30 00
H1—|:00:| anng—[04]

As H1H; = 0, K is pre-contractive. Suppose that there is a norm || - || on R?
w.r.t. which K is contractive. Let

- [§] -1

Then, by Theorem 3.49,
]l = [z1[[lwr ]| + |2 l|w2 ]|

defines a norm on R? and K is contractive w.r.t. this norm. Taking any
x = [‘7{] with y > 0, we have either |[Hyiz|. < [|z|« or ||[Hox|« < |||«

3llwal|
llewall

[|ws|

This implies that either y < Ml

ory > . This is not true for y €

3 . .. . .
[2|‘\|t21”\|’ I\waleH]' This contradiction means that K is not contractive w.r.t. any
norm.

3.7.2 Algebraic Criteria

For a discrete-time linear time-invariant system, it is well known that the
system is stable when its poles are located in the open unit ball of the complex
plane. For stabilizability of switched linear systems, we have similar criteria
as follows.

Theorem 3.51. Suppose that the switched linear system (3.76) is consistently
stabilizable. Then, there is a k € M such that

2 Ai(Ar) <1

where M\;(A), 1 < i < n are the eigenvalues of matriz A. Furthermore, if the
system is consistently asymptotically stabilizable, then the inequality is strict.
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Proof. The theorem can be proven in a similar manner as in the proof of its
continuous-time counterpart (Theorem 3.4) and we shall only summarize the
main points here.

According to Definition 3.2, by setting € = 1, there exist a positive number
J, and switching signal o, such that ||zo|| < ¢ implies that ||¢(¢;0,z,0)] <1
for t > tg. Hence, we have

[Ac(s) - Aoy As)@oll <1 Vo €Bs s=0,1,---.

As a result, all entries of the matrices

Ar0) Ao Aa(0): 1 Aa(s)  Aay Ao
must be bounded by % Suppose that

0= min {112, A (A0} > 1.
Then, we have
|det Ag| = |IT[L Mi(Ag)| > 0 k€ M.

As a result,

|det Ag sy -+ Ap(1)As(0)] > 0° — 00 as s — oo.

This contradicts the boundedness of entries of the matrices. This establishes
the former part of the theorem. The latter part can be proven in a similar
way. O

Theorem 3.52. If a switched linear system is pointwise stabilizable, then
there is a k € M such that

SVmin (Ak) <1

where svyin(+) denotes the smallest singular value. Furthermore, if the system
is pointwise asymptotically stabilizable, then the inequality s strict.
Proof. We proceed to prove by contradiction.

Suppose that the minimum singular value of each Ay is greater than 1.
This implies that

ATAL > 1, ke M.
As the index M is finite, there is a positive real number € such that
AT Ay > (1+ eI, ke M.

Take V(x) = z7x. It is easily seen that, for any state trajectory, we have
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-1.5 - y -0.2
o 10 20 30 -2
Time (Sec) X

Fig. 3.13. State trajectory and phase portrait of system (3.81)

V(zgs1) — Vixg) > eV(xg) ke M.

According to the Lyapunov Theorem, every non-trivial trajectory diverges to
infinity w.r.t. any switching signal, hence the system is unstable.

The latter part can be proven in the same way. O

As an example, it can be easily verified that the system X(A;); with

10 21 | 3 1

does not satisfy Theorem 3.51, hence it is not consistently stabilizable. How-
ever, this system is pointwise asymptotically stabilizable. Indeed, applying As
on any state x once means that the state rotates clockwise through 30° with
the norm increasing by one twentieth, i.e.

21
A2z ]| = o5 ll2.

It can be seen that, by applying As up to five times, any state can be steered
into one of the two 30° cones centered at the zi-axis. On the other hand, for
any z in either cone, we have

Az < 0.7271]|z]].

Note that
5
21
07271 — ) =093 <1
(&) ~om<

which implies that
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|A1Akz|| < |jz| Y2zeR? k=0,1,---,5.

Based on this observation, we propose the following state-feedback switching
strategy: If the state is in one of the two 30° cones centered at the xp-axis,
activate the first subsystem, otherwise activate the second subsystem. Under
this switching law, the switched system is asymptotically stable. Figure 3.13
shows this with the state trajectory and phase portrait initialized at

ro = [~1.4409,0.5711]".

3.7.3 Equivalence Among the Stabilizability Notions

By definition, asymptotic stabilizability implies switched convergence. A ques-
tion naturally arises: Is the converse true? By means of (3.80), we can not only
answer this question, but also go further to prove the following result.

Theorem 3.53. For the discrete-time switched linear system, the following
statements are equivalent:

(i) the switched system is pointwise asymptotically stabilizable;
(i) the switched system is pointwise exponentially stabilizable; and
(i) the switched system is switched convergent.

Proof. It is clear that (ii) = (i) = (4¢%). Thus we only need to prove
(i3) = (i4).

Suppose that the switched system is switched convergent. Following the
proof of Theorem 3.46, for any given z € R"™, and any norm ||- ||, in R", there
is an index sequence p; (), p2(z), - - -, such that

| (I pAp, ) |0 < pal||z]l, Y2z eR" k=1,2,--

for some positive numbers « and p which are independent of x. This clearly
implies that the switched system is exponentially stabilizable. O

This theorem shows that switched convergence actually implies (hence is
equivalent to) pointwise exponential stabilizability. This is a nice property to
have and is quite useful in many situations.

Next, we present equivalent characteristics of consistent stabilizability.

Theorem 3.54. For the discrete-time switched linear system, the following
statements are equivalent:

(i) the system is consistently asymptotically stabilizable;

(ii)the system is consistently exponentially stabilizable;

(iii) there exist a natural number k, and an index sequence iy, - iy, such that
matriz A;, - -+ Ai, is Schur; and

(w)for any real number s € (0,1), there exist a natural number I = I(s), and
an index sequence iq,--- ,i;, such that

|Ai, - Aiy || < s
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Proof. It can be seen that (iii) is equivalent to switched convergence by
means of consistent switching signals. By Theorem 3.53, we have (iv) =
(#i1) <= (i1) <= (i). Hence we need only to prove that (iii1) = (iv).
Suppose that (i74) holds. This means that matrix A;, --- A;, is Schur for
some i1, - , 1. Accordingly, we have
(A - Ay) =0 as j — oo.

e

This clearly implies (iv). O

3.7.4 Robustness Analysis

In this subsection, we address two robustness issues for stabilization of the
discrete-time switched linear system. One is where the disturbance depends
linearly on the state, and the other is where the disturbance is a nonlinear
function of time.

First, suppose that the switched system undergoes small perturbations:

Tht1 = (Ao‘ + Bg)xk (382)
where B; € R™*™ is the structured perturbation of A; for i € M.

Theorem 3.55. Suppose that nominal system (3.76) is pointwise asymptoti-
cally stabilizable. Then, there is a positive number k, such that the perturbed
system (3.82) is also pointwise asymptotically stabilizable if | B;|| < k, i € M.
Proof. By Theorems 3.46 and 3.53, the nominal system is pre-contractive
w.r.t. any norm on R™. Following from the proof of Theorem 3.46, we can
divide the state space R" into a finite number of cones

Ul_,W; =R"
where in each cone W, there is an index sequence ji,- - -, ji such that
(e, A )2l < Bllzll ¥z eW; (3.83)
for some § < 1. Taking the perturbations into account, we have

where 9J(-) is the summation of all multiplications that involve at least one
By’s. Note that, as || B;|| = 0, we have ||9(-)|| = 0. In view of (3.83), together
with the fact that ¢ depends continuously on the B;’s, for a sufficiently small
positive real number x, we have

| (T Ay + Byy) ) all <l Vo e W ||Bi] <k,
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This means that the perturbed switched system is still pre-contractive w.r.t.
[l | if || B;|| < . Again, by Theorems 3.46 and 3.53, the perturbed switched
system is pointwise asymptotically stabilizable. O

Next, we turn to the robustness analysis for switched systems subject to
nonlinear time-varying perturbations. For this, consider a perturbed switched
system given by

Tht1 = Ayxp + fg(k) (3.84)
where f;: N. — R", i € M represent system perturbations or uncertainties.

Theorem 3.56. For perturbed system (5.84), suppose that the nominal sys-
tem is consistently asymptotically stabilizable. Then, under any stabilizing pe-
riodic switching path, we have

(a) the system state is bounded if the perturbation is bounded;

(b) the system state is bounded and convergent if the perturbation is bounded
and convergent; and

(c) the system state is exponentially convergent if the perturbation is exponen-
tially convergent.

Proof. The proof is similar to the proof of Theorem 3.23 and here we shall
only outline the main points.

Suppose that o is a periodic switching path that asymptotically stabilizes
the nominal system. Let T be its period. Then, it can be seen that, there
exists a natural number k such that

0
i—pr—1 A0 < 1.
From this we can find positive real numbers « and  with a < 1, such that

|11

Z:kJQ

Al < BarzmRtl gy > gy (3.85)

For each state trajectory of the perturbed switched system, we have

k
lzxr1ll < M-y Aoy lllzoll + > (HTZE Aoy £y (D)
=0

k
< Ba* ol + BY (@ | for G-

=0

This inequality guarantees that the state is bounded for bounded perturba-
tions, convergent for bounded and convergent perturbations, and exponen-
tially convergent for exponentially convergent perturbations. This completes
the proof of the theorem. O

The theorem asserts that each stabilizing periodic switching signal for the
nominal system is in fact also robust to time-varying nonlinear perturbations.
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3.8 Notes and References

As a switched system consists of a number of subsystems and a rule that
orchestrates the switching among them, the study of stability for these systems
mainly includes two major categories: the definite stability of switched stable
systems where all the subsystems are stable, and the stabilizability of switched
unstable systems where none of the subsystems are stable. In the literature,
much effort has been devoted to establishing tools for stability analysis, such
as the Lyapunov approach [17, 1, 100, 112, 123, 23, 61]. In contrast, relatively
less attention has been paid to the design of stabilizing switching signals for
switched unstable systems [158, 44, 159, 7] (an exception is the extensive study
for second-order switched systems, see, e.g., [164, 67, 68, 69]), which is what
we have discussed in this chapter.

In Section 3.2, we presented general results and criteria for pointwise sta-
bilizability as well as consistent stabilizability. The main material was taken
from [130], and Theorem 3.9 was adopted from [136].

The periodic switching design is based on the average technique. Under the
periodic switching signal, the switched system is linear time-varying and hence
the theory of time-varying systems is applicable. Accordingly, the robustness
properties presented in Theorem 3.23 can be seen as a special case of [79,
Lemma 5.2].

The state-feedback switching design is based on an appropriate state-space
partition. Switching signal (3.21) was proposed in [158, 159]. Lemma 3.26 was
also adopted from there. The proof of the well-posedness is based on the simple
idea that ‘bounded speed’ plus ‘positive distance to travel’ imply guaranteed
dwell time. This idea was also applied to the proofs of Theorems 3.28 and
3.33. A similar idea has been used for switching control of nonholonomic
systems [64]. The modified switching strategies in Subsections 3.4.2 and 3.4.3
were proposed in [131]. The combined switching strategies in Section 3.5 were
presented in [132].

For discrete-time switched systems, the stabilization and robustness issues
can be addressed in an analogical manner. However, there are at least two
significant differences between the continuous-time systems and the discrete-
time systems. One is that ill-posed phenomenon does not exist in discrete time,
thus, we do not need to worry about the well-posedness of discrete-time sys-
tems. The other is that there is no discrete-time version of the CBH formula,
hence the average approach does not apply to discrete-time systems. Most of
the results in Subsection 3.7.1 were taken from [126, 129]. The other parts of
Section 3.7 were newly developed using similar ideas from the continuous-time
systems.

Besides the switching signals presented in this chapter, there are also sev-
eral other kinds of switching strategies in the literature. For example, switched
stable systems can be stabilized by the (average) dwell-time switching signals
[105, 64]. The robustness analysis of the switching signals can be found in
[170, 171].
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Controllability, Observability, and Normal
Forms

4.1 Introduction

In this chapter, we address several fundamental issues which reveal intrinsic
system properties and pave the way for tackling control synthesis problems.

A fundamental pre-requisite for the design of linear feedback control sys-
tems is a good understanding of the structural properties of the linear systems
under consideration. These properties are closely related to the concepts of
controllability, observability and stability of control systems which are of fun-
damental importance in the literature of systems and control. However, for
controllability and observability analysis of switched linear control systems,
a much more difficult situation arises since both the control input and the
switching signal are design variables to be determined, and thus the interac-
tion between them must be fully understood.

Here, we present several complete criteria for controllability /observability
in the geometric notions. By means of the criteria, we are able to decompose
a switched system into a controllable part and an uncontrollable part as well
as an observable part and an unobservable part. More elegant normal forms
can be obtained using equivalent coordinate and feedback transformations.
These normal forms reveal clearly the system structures and pave the way
for further investigation of synthesis problems such as feedback stabilization
which will be addressed in the next chapter.

When a continuous-time system is connected to a digital device, the over-
all system can be represented by a single-rate or multi-rate sampled-data sys-
tem. The sampled-data system sets up a bridge between the continuous-time
switched linear system and its discrete-time counterpart. This scheme also en-
ables us to address the continuous-time/discrete-time switched linear systems
in a unified framework. Criteria are obtained for sampling without loss of con-
trollability. Several combined digital control with regular switch schemes are
developed. These results provide tractable strategies for the practical control
of switched linear systems.
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In this chapter, we also address several fundamental issues which are
closely related to controllability and observability. In particular, we examine
several controllability notions from the nonlinear control theory and establish
the equivalence among them; we address the controllability with switching
and/or input constraints; and we briefly discuss the local controllability and
decidability issues.

4.2 Definitions and Preliminaries

4.2.1 Definitions
Consider the switched linear control system given by

0x(t) = Asz(t) + Bou(t)
y(t) = Cou(t) (4.1)

where x € R” is the state, u € RP is the input, y € R? is the output, o € M
is the switching signal, and § is the derivative operator in continuous time
and the shift forward operator in discrete time.

In the system representation, we do not impose any full rank condition on
the input matrices By, k € M. This implicitly allows us to consider the case
when the column numbers of B; are not the same. Indeed, suppose that By, is
of n x py, for k € M. Let p = max{py: k € M}, and expand each By ton x p
by adding zero columns when necessary. Then, the expanded system is of the
form (4.1).

Let ¢(t; to, xo, u, o) denote the state trajectory at time ¢ of switched system
(4.1) starting from z(tg) = x¢ with input u and switching path o.

In the following definitions of controllability, reachability, etc., we always
set tg = 0. As stated in Section 1.3.5, this assumption does not lose any
generality. In addition, the switching signal is assumed to be taken for S, the
set of well-defined switching paths over the defined time interval.

Definition 4.1. State © € R™ is controllable, if there exist a time instant
ty > to, a switching path o: [to,tf] — M, and an input u: [to,ts] — RP,
such that ¢(tg;to, x,u,0) = 0. The controllable set of system (4.1), denoted
by C(Cy, A;, B;)pr or C in short, is the set of states which are controllable.

Definition 4.2. System (4.1) is said to be (completely) controllable, if its
controllable set is the total state space, R"™.
The reachability counterparts can be defined in the same fashion as follows.

Definition 4.3. State x € R™ is reachable, if there exist a time instant
ty > to, a switching path o: [to,ts] — M, and an input u: [to,tf] — RP,
such that ¢(ts;to,0,u,0) = x. The reachable set of system (4.1), denoted by
R(Cy, Aiy, Bi)m or R in short, is the set of states which are reachable.
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Definition 4.4. System (4.1) is said to be (completely) reachable, if its reach-
able set is R™.

The concepts of observability and reconstructibility can be defined in a
similar manner.

Definition 4.5. State = is said to be unobservable, if for any switching path
o, there exists an input u such that

Cod(t;to, x,u,0) = Cod(t;to,0,u,0) YVt > to.

The unobservable set of system (4.1), denoted by UO(C;, A;, Bi)p or UO in
short, is the set of states which are unobservable.

In other words, the unobservable set includes the initial states which can-
not be distinguished from the origin using knowledge of the future output and
input.

Definition 4.6. System (4.1) is said to be (completely) observable, if its un-
observable set is null.

Definition 4.7. State x is said to be unreconstructible, if for any switching
path o, there exists an input u such that

Cop(t;to, z,u,0) = Cod(t;to,0,u,0) YVt <tg.

The unreconstructible set of system (4.1), denoted by UR(C;, A;, Bi)pr orUR
in short, is the set of states which are unreconstructible.

In other words, the unreconstructible set includes the initial states which
cannot be identified from the origin using knowledge of the past output and
input.

Definition 4.8. System (4.1) is said to be (completely) reconstructible, if its
unreconstructible set is null.

The above controllable/reachable/unobservable/unreconstructible sets are
defined on the set of switching paths. In fact, the concepts can be confined to
a fixed switching path as follows.

Let 0: R — M be a given switching path.

Definition 4.9. State x € R"™ is controllable via o, if there exist a time
instant ty > to, and an input u: [to,ty] — RP, such that ¢(ts;t0,x,u,0) =0.
The controllable set via o, denoted by C,(C;, Ai, Bi)m or Co in short, is the
set of states which are controllable via o.

Definition 4.10. State x € R™ is reachable via o, if there exist a time instant
ty > to, and an input u: [to,ts] — RP, such that ¢(ts;tg,0,u,0) = x. The
reachable set via o, denoted by R,(Cy, A;, Bi)p or Ry in short, is the set of
states which are reachable via o.
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Definition 4.11. State x € R™ is unobservable via o, if there exists an input
u, such that

Cod(t;to, z,u,0) = Cod(t;to,0,u,0) YVt >to.

The unobservable set of system, denoted by UO,(C;, Ay, Bi)p or UO, in
short, (4.1) is the set of states which are unobservable via o.

Definition 4.12. State = is said to be unreconstructible via o, if there exists
an input u, such that

Cg¢(t;t0,$,u,0) = Oo’¢(t;t0707ua0-) Vi < t0~

The unreconstructible set via o of system (4.1), denoted by UR ,(C;, Ai, Bi)m
or UR, in short, is the set of states which are unreconstructible via o.

The concepts of complete controllability via o, complete reachability via
o, etc., can be defined accordingly in the standard sense.

It can be seen that

C(Ci, Ai, Bi)mr = UsesCo(Ciy Ay Bi) it
R(Cs, Ai, Bi) v = UsesRo(Ci, Aiy, Bi)

and
UO(Ci, Ai, Bi)m = NoesUOo (Ci, Ay, Bi) i
UR(C;, Ai, Bi) i = NoesUR4(Ci, Aiy, Bi) -
4.2.2 Elementary Analysis

We consider the continuous-time switched linear system given by

z(t) = Asz(t) + Bou(t)
y(t) = Cox(t). (4.2)

Given an initial state xz(0) = =z, an input u, and a switching path
o: [0,t¢] — M, the solution of Equation (4.2) is given by

2(t) = ¢(t;to, wo,u,0) = eAin () Ay (etin) 1 pdig(ti—to) g

t
i (1) L Ay (b2 —t) / Aot u(r)dr 4 -
0

tr t
+eAik(t_t’“)/ eA"kfl(t’“_T)Bz'k_llL(T)dT+/ A=) B, u(r)dr

th—1 tr
tp <t <tpy1 1<k<s (4.3)
where {0,¢1,---,ts} is the switching time sequence of o in [to,tr), {ip =
o(0+), - -+, is = o(ts+)} is the switching index sequence of o in [to,s), and

t5+1 = tf
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It can be seen that the reachable set is

R(CuAlaBl)M = {I = QS(t;0,0,U,O'): t> O,U € Up’()' € S[O,t]}
h
= {eA'ikhk .. .eAilhl / ’

0
keNyi,ij € M,h; >0,u € UP}

hi
eAiOTBiOU(T)dT 4+ / eAikTBiku(T)dTi
0

where UP is the set of pth-dimensional piecewise continuous vector functions.

It can be seen that the set is independent of the output. For clarity, we denote

by R the set R(C;, A;, B;)a for system X (C;, A;, B;) p without ambiguity.
By Lemma 2.3, for any matrices A € R"*", B € R"*P and ¢ > 0, we have

t n—1
{/ eATBu(r)dr: u € UP} =Y AImB (4.4)
0 =0

where ImB denotes the image space of B, i.e., InB = {Bz: z € RP}.
Denote By =ImBy,, and Dy, = E;:ol Aj By, for k € M. It follows from (4.4)
that the reachable set can be expressed as

R = Uzo:1 Uig, - ireM Uny,-- ,hk>0(eAikhk T eAilhIDio +oot+ le) (45)
Similarly, the controllable set is

C(Ci, Ay B)mt = UpZy Uig, .o ine Mt Ung, oo iy >0(e” 400Dy,
+ - _|_ e_AiohU e e_Aikthik)_ (46)

The set is also independent of the output and is denoted as C when the context
is clear.

Let A = {A;;i € M} and B = ), _;,Im B;. Denote by V the multiple
controllable subspace of (A, B) (c.f. Section 2.4). That is, V is the smallest
subspace of R™ that is invariant under each A; and contains each Im B; for
i € M. The expression of V in the system matrices is

Jiedno1€D A
V= > Al AlB;,. (4.7)
i07”' 7in716M
Recall that for a matrix A and a subspace W, I'4WW denotes the smallest

A-invariant subspace that contains W. It is clear that e4*ImB C I'y Im B for
all A e R"*" B e R"*P and t € R. This gives

R CURZ  Uig, igeM (FAik . 'FAilpio +--4+D;)CV (4.8)
and

C C ULy Uig,siwem (Dig + -+ Lay - Lay, Diy) CV. (4.9)

ig—1

As a simple consequence, we have the following proposition.
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Proposition 4.13. If switched linear system (4.2) is controllable or reachable,
then

Y =R".

4.2.3 A Heuristic Example

For a switched linear system with two or more subsystems, if the number of
switches is subject to certain restrictions, the reachable set and controllable
set are not necessarily linear subspaces, and the sets may not be coincident
with each other. To see this, let R; and C; denote the sets of states which are
reachable from and controllable to the origin within j switches, respectively.
R; and C; may differ from each other for certain js as illustrated in the
following example.

Ezample 4.14. Consider system (4.2) with n =4, m = 2, and

0000 1 0000 0
0000 0 1000 0
A=\o100l Br=lo| A=|o000| B2=|o| “10
0000 0 0000 0
It can be calculated that
1 0 0
0 1 0
V=A{ o(’]0]’]1 }-
0 0 0
Simple computation gives
1 a
0 at
Ro = span{ 0 tand Ry = 0 ca€R,t>0}.
0 0

Note that set R is neither a subspace nor a union of countable subspaces.
Further calculation yields

a a
Ra={ l?t ca,be Rt >0} and R3 = { atzt—;b ca,b € Ryt tg > 0}.
0 0

Sets Ro and R3 are strict subsets of V, and Rg3 strictly includes Rs as a
subset.
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Repeating this process, we have

R4 = span{ }=V.

o R OO

0

1
o)

0

o o o

By analogy, the controllable counterparts are given by

1 a
Co = span{ 8 }and C; = { _gt ra€R,t >0}
0 0
[ a
c=1{| " | aberit>0)
| 0
L
C3={ _a_tztjb ca,b € R, ty,ty > 0}
L 0 J
11 [o] [o
Cy = span{ 8 , (1) , (1) =V
o] [o] [o

To summarize, for system (4.10), we have the following observations:

i) C=R=V;

(ii) not all R; and C; are subspaces, and R, # C; for j = 1,2,3; and

(iii) the dimension of V is three, while it needs four switches to transfer an
arbitrarily given state in V to the origin.

Item (i) reveals that both the controllable set and the reachable set are
subspaces, and the two sets are exactly the multiple controllable subspace
V. Items (ii) and (iii), however, indicate that complex phenomena may arise
when switching between different subsystems occurs. For (ii), the difference
is due to incomplete switching which is a unique phenomenon of switched
systems. For (iii), it is natural to raise the question:

For a given switched system, what is the least number of switches required
to transfer any arbitrarily given state in the controllable set to the origin?

This question is still open for future investigation.
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4.2.4 Two Supporting Lemmas

As expressed in (4.3), the state transition matrix for switched system (4.2)
is a multiple multiplication of matrix functions of the form e4*. Accordingly,
properties of exponential matrix functions play an important role in the struc-
tural analysis for switched linear systems. In this subsection, a couple of rank
properties for exponential matrix functions are presented. These properties
are crucial to the derivations of the controllability /observability criteria in
Section 4.3.1.

Lemma 4.15. For any given matriz A € R™ "™ and subspace B C R", the
following equation holds for almost all t1,to,--- ,t, € R

eAMB e B 4 4 A B = yB.

Proof. Let matrix B be such that Im B = BB, and Z be the smallest subspace
of R™ that contains the subspaces e*B for all t € R. That is, Z is spanned
by the set of vectors

{eABz: te R,z € R"}.
By Lemma 2.3, Z is exactly the controllable subspace of matrix pair (A, B):
Z =span{eBz:t € R,z € R"} = I'4B.
Suppose that eAthzj, j=1,--- ,n, spans subspace Z, i.e.,
Z= Span{eAt(lszl, - ,eAt?Lan}.
This implies that
ANB 44 B =TyB
or equivalently,
rank[eAt(l]B, e ,eAtZB] = dim(I'4B).
Denote integer r = dim(I"4B), and define matrix function
L(ty, -+ ,ty) = [e*"' B, e B].

Choose a nonsingular submatrix My with maximal rank in L(¢9,---,¢2).
Therefore, My is nonsingular and rankMy = rankL(t{,--- ,#0) = r. Denote
the corresponding submatrix of L(t1,--- ,t,) as M (t1,--- ,t,), and its deter-
minant as d(tq,- - ,t,).

Since each entry in matrix M (¢, - - , ;) is an analytic function of variables
ty,-++ ,tpn, d(t1,- - ,t,) is also an analytic function of its arguments. As
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d(t?f" ,t%) 7é 0

its zeros form a proper variety of R™ (c.f. Section 2.6). Therefore, the non-
regularity of matrix M(t,--- ,t,) is a generic property. This implies that

rankL(ty, -+ ,t,) > rank M (¢t1,--- ,t,) =71

for almost all ¢y, ,t,. Together with the fact that Z C I'4B, we can con-
clude that

eMB+ e B=T4B

for almost all t1,--- ,t,. O

Lemma 4.16. For any given matrices A € R"*™ and B € R"*P, k= 1,2,
inequality

rank[AleA2tBl, Bs] > rank[A By, Bs] (4.11)

holds for almost all t € R.

Proof. Denote matrix function 2(t) = [A;e”2¢ By, By]. Choose a nonsingular
submatrix G with maximal rank in 2(0) = [41B1, Bs]. Denote the corre-
sponding submatrix of £2(¢) as A(t), and its determinant as ¢(t). It is stan-
dard that all elements of A(t) are linear combinations of the form t*e*, hence
¢: R+~ R is an analytic function. Because ¢(0) =detG # 0, the zeros of ¢(t)
form a proper variety in R. As a result, the property ¢(t) # 0 is generic.
Accordingly, for almost all ¢, A(t) is nonsingular. Therefore,

rank{2(t) > rankA(t) = rankG = rank[A; By, Bs]

for almost all ¢. O
Note that inequality (4.11) cannot be substituted by equality, as shown by
the following example

010 0
A1:I3 A2: 001 andBlngz 0 t#()
000 1

For this example, it can be verified that

rank[AleAztBl, Bs] =2 >1=rank[A1By,Bs] t#0.

4.3 Controllability and Observability in Continuous
Time

4.3.1 Controllability and Reachability

In this subsection, we identify the controllable set and the reachable set for
switched linear systems.
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Theorem 4.17. For switched linear system (4.2), the reachable set is

R=V. (4.12)

Proof. Define the nested subspaces

Vi=D1+---+D,,
Viji=TaVi+---+14,V; j=1,---,n—1
Then, we have V = V,.

We are to design a switching path o such that each state in V can be
reached from the origin via this switching path. That is, R, (C;, Ai, Bi)p =
R™.

Assume that the switching index sequence of o is cyclic, i.e.,

19 = 137:1 = 27 ylm—1 = My iy = 17i77L+1 = 27 yloam—1 =M,
: 7il—m+1 = 17il—m+2 = 2a e 7il =m (413)
where the number [ and the switching time sequence 0,t¢1,--- ,¢; are to be

determined later.
Let ty > t;. From (4.5), the reachable set at ty is

Ro(ty) =etul..etump, ... 4 etilD,  +D,

where hj =t;11 —t;, 7=0,1,--- ;I —1and hy =ty —1;.
Since

eAihi .. -eA’d’“DiO 4+ 4+ eAilh’DiF1 + Dy,
= eAiz ha (eAizflhlfl . eAhthiO 44 eA”*lhl’lDilﬂ + Dil—l) + Dil
it follows from Lemma 4.16 that

dim (eAuh...eAamp, 4 ... 4 etiMD, 4+ D)

> dim(eti-M-reAahip, 4y etualiip 4D D)
for almost all h;.
By repeatedly applying Lemma 4.16, for almost all Ay, -, hj_mi1, We

have

dim (el ... edamp, 4. petulip, 4Dy
> dim(eAil,lhzfl ... eAilh:lDio 4ot ,Dil,l + D“)

> dim(etin 't eAuhip, o4 edininD

Grp—1

+V1)

+Di, +--+Dy)

iry

dim(eA”l hey o eAilhlpl-O 44D

iy
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where 7 =1 — m.
It follows from Lemma 4.16 that

dim (edm . gdalp, 44 Di, + V1)

Aigy iy gAigy 1hry -1 (eA

= dim(e

_’_eAiTI,Q hry -2

iy —

Y

+D;, ) +etntnD, 4D
A;_h A

+V1)

Try
i

= dim(e

+D

T (6

2 +,Di7171) +,Di71 + Vl)

iy —
for almost all h,, 1.
By the same reasoning, we have

dim (¢l ehamD, D W)

iry

+Di,, _» +Di, ) +Di, +W1)

> dim(edin i (efin-slne L gAnlip, 4.4 etin-ahnsp
+Di. s+ +Di )+ Di, +W1)

>

+Di, o+ +Diy )+ Di, + V1)

dim(e™intreiri-m

+D ) +etin Y 4D

e it —m—1

+ V1)

By (A

iTl—'m—l iTl
for almost all hj,j =7 —1,--- , 71 —m+ 1.
Continuing with the above process gives

Airy hry ...eAhthiO +.--4+D

A

dim (e +MW1)

By —me

iry

i'rlfmfl

2 dim(eAiTl th eAiTlfthlim (e

Ai b
+Di,, py) TV D+ V)
> dim(eAinin il Aty s an
X A'iflme,h‘Tle'rn Ail th, _|_ - _|_ D
€ € 20 lry—2m—
+€Ai’"1 hry 6Ai71*mh717m Vi + eAiri hm Vi +D
> dim(eAifl Ry oAiny —mbri—m | oAir hn,nm(

XeAilthio + +D

iry—nm—1

thfrnfl .

A

) _|_ eAifl th ce

1

)

irq

e

(&

i By — . A, By
frp—-27T1 2-~-6A11h17.)io+~-~+e ir—2"T1-2D

> dil’n(eAiTl hry (eA-;7172h-,—172 . eAilhlpiO 4t eAiT1*2h7172D

dim(eA”l hory (eAirl—mhflfm . eAilhlpio 4t eAiTlfthlim'D

i71—2h7172...€Ai1h1’Di0_|__..
A hr
s+ Dy )+ "Dy + D + V1)

dim(eAi.,-l hry (eAi’ﬁ*?th_Q . eAilhlpio 4t €Ai71’2h71_2D

iry—3

7;7'173

ir;—3

Ty —4

Ty —m—1

A, h
e 11'Di0+...

eAilthiO + -

infszlhﬂ—h"—l .

+V1)

A

Airl—nm—lh‘TI*"""*l e

i) —nmm 1 —nmtm Y
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+o ety D 40y

. p A; hri—m
:dlm(eA‘*lh*le T1—m'°T1 .

XeAnthiO +...4+D

ettt —nm h‘rl_"m’(eAi"rlfnmflth_"m_l e

+ eA'iTl (hry+-t+hry 7nrn+m)V1

Gry —nm—1 )

4o g eRinhny, +D;,, + V1) (4.14)
for almost all hj,7 = —mn+1,--- , 7 —mn+m—1,7 —mn+m+
L, ,m—mn+2m-1,--- , 71 —m+1,--- , 71 — 1. The relationships, i; =

tj4m,J =1,2,---, are used in the last equation of (4.14).
From Lemma 4.15, we have

FAi,_l Vl _ eAiﬁ hry Vl 4t eAifl (th+h7-17m+...+h-rl—mn+m)v1 (415)

for almost all hj,j = 71,71 —m,---, 71 — mn. Accordingly, we can rewrite
(4.14) as
dim (eAiTl hey |, eAia hl’DiD 4+ ’DiT1 + Vl)

> dim(eAiTl hry . eAiTI,n,mh'rlfn'm. (eAifl,nm,l hrj—nm—-1 | eAith D;,

+---+D )+ La, Vi+Di).

Try —nm—1

Applying Lemma 4.16 once again, for almost all hj,j =7, 71—m, -+ , 71—
mn, we have

A

dim (6 irg Py L eAilh:lDio 44 'Diﬂ_1 + Vl)
> dim(edin . cetim—nmfrimnm (61“,-T1_nm_lhTanf1 e,
4. ,Dirl—nmrfl) + FAiq Vi + 'D,’Tl)
> dim(eAi,lfmhnﬂn ._.eAi,lfnthlfw(eAiTrWHhnfwfl . Aump,
4+ 4 Di‘rlf'r”nfl) + FAirl V1 + Din)
(4.16)
> dim(eAifl—nmh*l*"m (eA'iﬁ—nm—lth*"m*l . -eAil}“Dio + -
+Di,, —pnr) + La, V1 +Di )
_ dim(eAiTli,'”n hory—nm GAir) 1 Pri—nm—1 ceAump, 4.
—|—€Ai"1*nmh”*"m ,Diﬁfnmf1 + 'Diﬁfnm + FAiq V1)
where the relationship D; =D, . is used.

Since each of Equations (4.15) and (4.16) holds for almost all h;,j =
Ti,T1 —m, -+, 71 —mn, almost all choices of hj,j =1, 71 —m, - , 71 —mn
satisfy (4.15) and (4.16) simultaneously.

Continuing with this process, we can prove that, for almost all hj;,j =
T —mn,---,7 —m?n+ 1, we have
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dim (et e, 4 Di, + V1)

j Aj Rry—mn ; A; h
> dim(e™'romn T e 2

+D +La,,, V1)

Ti—mn )

Ty —mn—1

ir)—mn

> dim(eAiTQ hey oL A Dy, + -+ Dir2 + FAirl Vi
4+ 4 FAiﬁ,erl V1)
= dim(eAi72 hTz PN eAilhl’Z)Z_O + -+ Dirz + VQ)

where 75 = 71 — m2n.

Proceeding with the above reasonings, we finally have

dim (el .. eAamp ... petalD, 4 D)
> dim(etirn e MD 4 4D+ V,) > dimY (4.17)
where 7, = — Zz;é m(mn)*.
Let | > ZZ;S m(mn)’C — 1, then from (4.8) and (4.17), it follows that

Ro (tf) =Y
which implies (4.12). O
Theorem 4.18. For switched linear system (4.2), the controllable set is

c=V. (4.18)

Proof. The proof is completely parallel to that of Theorem 4.17 and is hence
omitted. O

From the above theorems, the controllable set and the reachable set are
always identical. Moreover, the set forms a subspace of the state space, which
is exactly the smallest A;-invariant subspace that contains ), _,,Im By, V.
For a linear time-invariant system, the subspace is the controllable subspace
of (A, B). This explains the reason why V is termed the controllable subspace
of the switched system.

Corollary 4.19. For switched linear system (4.2), the following statements
are equivalent:

(i) the system is completely controllable;
(ii) the system is completely reachable; and
(iii)V = R™.

Remark 4.20. The geometric criterion (#2%) is equivalent to the algebraic cri-
terion
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rank[Blv e »Bm7 AlBla T 7AmB17 e 7Ale7 e 7A7TLBTTL7
A%Bla e 7AmA1B17 e 7A%Bmv e ;AmAlea )
A?_lBlv e 7AmA?_2B1a e 7A1A:Ln_QBma e aA:Ln_le] =n.

These criteria generalize the well-known controllability criteria for linear time-
invariant systems (see, e.g., [21] and [77]).

Remark 4.21. Due to Corollary 4.19, we can give an equivalent definition of
controllability as follows.

Definition 4.22. System (4.2) is said to be (completely) controllable, if for
any states xo and x¢, there exist a time instant ty > 0, a switching path
0:[0,tf] — M, and an input u: [0,ts] — RP, such that x(t;;0,z9,u,0) = .

Remark 4.23. From the proof of Theorem 4.17, it can be seen that reachability
can be achieved through one switching path in any finite time. That is, there
exists a switching path o, such that for and any time T" > 0, and any states xg
and x5 in V), there exist a time instant ¢y < T, and an input u: [0,t7] — R?,
such that z(ty; 0,20, u,0) = . In particular, we have

CG’(A’U Bl)M = RO'(Ai7 BZ)M = V

which shows that controllability (reachability) can be achieved via a fixed
path.

Remark 4.24. The controllable and reachable sets are invariant under different
permutations of Ay and By for k € M. That is, suppose that both ji, -+, jm
and [y, -, 1, are permutations of 1,--- ,m, then the controllable (reachable)
set of system (4.2) coincide with that of the system given by

#(t) = Ayx(t) + Bou(t) (4.19)

where Ay, = A, , and B, = By, for k € M.

Ik

Remark 4.25. As discussed in Section 2.4, a basis for V is of the form

{blVA'L.l‘lbl?Aikl,l o 'Ail,lblv )

b"oa Ai1,n0 bno ’ Aikno ng Ail,no b"o} (420)
where b; € UjeyIm By, kj > 0,and 1 <45 < mforl =1,---,k; and
j=1,---,ng. Since the number of vectors in (4.20) is not more than n, there

are at most n different subsystems whose parameters appear in (4.20). That is
to say, at most n subsystems contribute to the controllability and reachability.
By removing the redundant subsystems from the switched system, we assume
m < n without loss of generality.
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4.3.2 Observability and Reconstructibility

By Definition 4.5, state x is said to be unobservable, if for any switching path
o, there exists an input u such that

Cyd(t;0,2,u,0) = Cpod(t;0,0,u,0) V¢>0.
From the expression of the state solution in (4.3), this implies that
CikeAik(t_tk) s eA'iOtILL' =0 V tp<t< Tht1

where {(0,40), (t1,71), - - - } is the switching sequence of o. By the arbitrariness
of o, we have

Cietinli .. etiohogy =0 VEkeN;, hj >0 i; € M.
This is equivalent to
1 l ,
Ci, Ay - Alr=0 VkeNy [;eNy i;€M. (4.21)
Define a nested sequence of subspaces by

O =ImCl 4+ - +ImCT
Oj+1:FA¥“Oj+"'+FA%Oj j=12..

Let

(oo}
0=0,=)0;
i=1
and
U=0+={2": <z,2/>=0 Vzec0O}
where < -,- > denotes the standard inner product in R".

Theorem 4.26. For switched linear system (4.2), the unobservable set is the
subspace U.
Proof. From (4.21), we have

2 €UO < & € Nen, NV l’;fg\} Ker(Cy, Al - Al).

21,

This means that

1
el eNL

T EUO =z € Z Z Im(C;, Al -+ AT | =z € O+,

kEN i1, ix€M
Therefore, we have

UO=0+=Uy. O
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Theorem 4.27. For switched linear system (4.2), the unreconstructible set is
subspace U.

Proof. The theorem can be proven in the same way as for Theorem 4.26 and
is hence omitted. O

Corollary 4.28. For switched linear system (4.2), the following statements
are equivalent:

(i) the system is completely observable;

(ii) the system is completely reconstructible;

(iii) system X (AT, CT)pr is completely controllable;
(iv) system X(AT CT) s is completely reachable; and
(v) O =R"

The corollary establishes the principle of duality, namely, if we term the sys-
tem X (AT, CT) s as the dual system of X(C;, A;) s, then, the complete ob-
servability (reconstructibility) of a switched system is equal to the complete
reachability (controllability) of its dual system. The principle of duality plays
an important role in the analysis and control of switched linear systems.

4.3.3 Path Planning for Controllability

In this subsection, we study the following switching control design problem
for switched system (4.2).

Switching Control Design Problem Given any two states xg and x; in
the controllable subspace V, find a switching path ¢ and a control input u to
steer the system from z¢ to =y in a finite time.

Combining the proof of Theorem 4.17 and the geometric approach of linear
systems [160], we can formulate a procedure to address this problem as follows.

From the proof of Theorem 4.17, we can find a natural number [, positive
real numbers hq,--- , h;, and an index sequence i, - - - , i;, such that Equation
(4.17) holds. This, together with (4.8), implies that

V=etihiedamp, 4. et 4D, (4.22)
Fix a positive real number hg. Define the switching time sequence as
to=0 tp=tpe1+he1 k=1,---,1+1.
From Lemma 2.3, for any k£ € M and ¢t > 0, we have
Dy, = Im W} (4.23)

where

t
Wk = / eAx(t=7) By BT AR (=T g,
0
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Combining (4.22) with (4.23) leads to
Y = eAilhl S eAil h1 Im W’llg 4+ eAil L W;Lll:ll +Im W;Lll (4.24)

The path planning problem is to find, for any initial state zo and target
state z s, both from the controllable subspace, a control input u such that

t1
zr=x(tip1) = eAihi .. eAiOhol‘o +efuh . A / eAiO(tliT)BiOu(T)dT
0
tiya
+- 4 / eAutar=m) B (1) dr. (4.25)

ty

To this end, consider the piecewise continuous control strategy given by

T

u(t) = BEetw g, 0t <t <ty k=0,1,---,0  (4.26)

where a, € R", kK =1,---,l+ 1 are constant vector variables to be deter-
mined.

Combining (4.25) with (4.26) gives

oy — eAinhi . gAiy ki gAigho .

t1

T

— edighi oA / eAl(h*T)BlBlTeAl t1=7) dra,
to

tiga T
+ -+ / eAil (tl+liT)Bi1’B;1;€Ai’r (tl+17T)dTal+1.
ty

This is equivalent to

T — eAilhl . 6Ai0h0f£0 —_ [eAilhl . BAilhIW;lg, L. ’W;zll]a (427)
where a = [a] -+, af4]"
Note that
Ty — eAuli .. eAichog ey,

It follows from (4.24) that linear equation (4.27) with unknown a has at least
one solution. The solution(s) of Equation (4.27) can be computed by symbolic
or numerical softwares.

Suppose that ag = [af,,---,af;,,]" is a solution of Equation (4.27).
Define the control input as

u(t) = B,;TkeAﬁ(tW—t)aMH th<t<tps k=0,1,---,0 (4.28)
and the switching path as

J(t):ik fort € [tk,tk+1) kZO,l,“' ,l. (429)
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Following the above reasonings, we have
zf = x(t141;0, 20, u, 0).

That is, the piecewise continuous control input (4.28) and the switching path
(4.29) constitute a solution for the switching control problem of switched
system (4.2).

Example 4.29. Consider the switched systems given by
A1 =0 Bi=e; A :eje;‘tl B;j=0 j=2,---,m m<n (430)

where e;, 1 < j < n is the unit column vector with the jth entry equal to
one.

To compute the controllable subspace V, we follow the procedure presented
in Section 2.4.

It can be readily seen that

Wy = span{e; }.
By searching the independent vectors in
Wy = span{es, Aje1,j=1,---,m}
we obtain
W, = span{ey, Aseq } = span{ey, ea}.
Continuing with this process, we have
Wi, =span{ey, - ,ex, Ajep, j=1,---,m} =span{er, -, epq1}
fork=2,--- ;m—1, and

Wi, = span{er, - ,em, Aje j=1,---,m}

=span{er, - ,em}t = Win_1.

Thus, YV =W = W,,,_1. According to Theorems 4.17 and 4.18 , the control-
lable (reachable) set is

R=C :Span{ela"' 76m}

which is an m-dimensional subspace. If m = n, then the switched system is
controllable and reachable.

Next, we address the switching control problem for system (4.30). Follow-
ing the path planning procedure, we consider the periodic switching index
sequence and piecewise continuous input.

Let us choose the switching time sequence to be
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to=0 t1 =1 t2=2
Accordingly, hy = h =1 for k =0,1,---. Simple calculation gives
eMh =1, and eAJ'hZIn—i—Aj j=2,---,m.

Let I = mly with [y to be determined. Under the periodic switching index
sequence (4.13), we can compute

dim (eAilh o eAil hDio + -+ eAilhDizfl + Du)
= dim(e?i" ... e42hD) 4 el mul L eAunhp 4y D)
= dim(Q"By + Q" 'Bi+ -+ B)

where
Q = efAmheAm-ih . oAh — [ L oA, 4 AL
It can be verified that vectors By, QB1,--- ,Q™ !B, are linearly indepen-
dent, and

V = Span{Bh QB17 e 7Qm_1B1}~

Accordingly, we choose lj = m — 1.
Simple calculation gives

Wh=eelandWrF=0 k=2,---,m.
For any given states o and z; in V), consider equation
Q™ Wi, QWi Wia=z; — Q™ . (4.31)

Let P denote the submatrix of [Q™ By, --,QBy, By] consisting of the
first m rows. It is clear that P is nonsingular. Denote

ag =[P4, 0](zy — Q™ o).
A solution of Equation (4.31) is given by
a = [(10(1)707" ' 7070’0(2)703”' 703"' 7(10(’”1),0,"' 70]T

where ag(j) denotes the jth entry of vector ag.

4.4 Controllability and Observability in Discrete Time

Consider a discrete-time switched linear control system given by

Trp41 = Aozl + Boug
yr = Crxy, (4.32)
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where z;, € R™ and up € RP are the state and the input, respectively,
o: N4 — M is the switching path to be designed.
It can be calculated that

Tk :Aik71~'-Ai0$0—|—A ~-~AilBi0u0
—+ -+ Aik_lBik_Quk,Q + Bik_luk,1 (4.33)

Tk—1
where i; = o(j) for j € k.
Define
Clig, - ,ig) = (A, - Ai)) H(Asy - Ay Biy + -+ By,). (4.34)

Let Cj, denote the set of states that can be transferred to the origin within &
steps. It can be readily seen that

Cr = Uig,r i _1emClio, -+ k1) (4.35)
and
C = U2 ,Ch (4.36)

where C is the controllable set of system (4.32).
Define

R(io, - i) = Asy, - Ay Big + - -+ Ay By, + Bi,..

Let Ry denote the set of states that are reachable from the origin within &
steps. It can be readily seen that

Ri = Uig, ir_remR(io, -+ yix—1)
and
R = UzO:IRk = Uzozl Uig, - ip_1€M R(io, cee ,ikfl) (4.37)

where R is the reachable set of system (4.32).

4.4.1 General Results

Theorem 4.30. The switched linear system (4.32) is controllable if and only
if there exist an integer k < oo, and ig,- -+ , ik, such that

Im(Aj - Aiy Aip) © Rio, -+ k) (4.38)

Proof. From (4.34), (4.35) and (4.36), the controllable set of system (4.32)
is given by
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C= UZO:1 Uio, - ik—1€M ((Aik—l T Aio)_l(Aik—l T AilBio +e
+Aik,1 Bik,Q + Bik—l))'

That is, the controllable set can be expressed as a union of countable
subspaces of R™. Because R" cannot be expressed as a countable union of
lower-dimensional subspaces (Baire’s Category Theorem, see Section 2.2), to
ensure controllability of system (4.32), we have

Clig, -+ ,ix) = (A, "'Aio)_l(Aik Ay By -+ AL B
+B;,) =R" (4.39)
for some k < oo and iq,- -, € M. That is
(A'Lk U AilBio +oee AikBik—1 + Blk) 2 Im(Alk T Aio)' o

For the reachability of switched linear systems, a similar criterion can be
obtained as follows.

Theorem 4.31. The switched linear system (4.32) is reachable if and only if
there exist an integer k < oo, and ig,--- ,ir € M, such that

R(io,--- ,ir) = R™ (4.40)

Proof. From (4.37), the reachable set is the countable union of subspaces
R(ig,- - ,ix—1). The theorem follows easily from the Baire’s Category Theo-
rem. O

In view of the above theorems on reachability and controllability, the fol-
lowing criteria are readily obtained for observability and reconstructibility by
using the principle of duality.

Theorem 4.32. The switched linear system (4.32) is observable if and only

if there exist an integer k < oo, and ig,-- - ik, such that
Eio + AL EL +- -+ AL AT &, =R (4.41)
where & =Im El fori=1,--- ,m.
Theorem 4.33. The switched linear system (4.32) is reconstructible if and
only if there exist an integer k < oo, and ig,- - , i, such that
Ein +ALE +--+ AL - AT &, DIm(A] - AT). (4.42)

Note that the conditions of theorems are not verifiable in general. The
proofs do not provide any information on how to find switching paths for
controllability, reachability, etc. As a result, the scheme is not constructive.

In the remainder of this subsection, we focus on the structure of the con-
trollable and reachable sets. As given in (4.36) and (4.37), both sets are unions
of countable subspaces. Unlike in continuous time, the controllable/reachable
sets are not subspaces anymore, and the two sets are not identical in general.
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Ezample 4.34. Consider system (4.32) with n =4, m = 2, and

0000 1 0000 0
0000 0 1000 0
A=1g010] B2 =|o| “=]o001| B2= |0
0010 0 0001 0

Simple calculation gives

V = span{ey, ez}
R = span{e; } Uspan{es}

C = span{ey, ea, e3} Uspan{e, ea, e4}.

Note that neither the controllable set nor the reachable set is a subspace
of the total space. Furthermore, R C V C C, where the subset relationships
are strict. O

By (4.37), the reachable set is the union of countable subspace

R = Ugen+ Uig, ip_1em Rlio, -+ ,ig—1).

Each such subspace is said to be a component of the reachable set. A compo-
nent W is said to be mazimal, if there is no other component which strictly
contains W as a subset.

It can be seen that the reachable set is the union of its maximal compo-
nents. For a switched system X(A;, B;)n, we denote by ¢(A4;, B;) ar the integer
k such that the reachable set is the union of exactly k£ maximal components,
if such an integer exists. Otherwise, let ¢(A;, B;)y = o0.

The following example shows that for any given integer k& < oo, there
always exists a switched system such that the reachable set is the union of
exactly £ maximal components.

Ezxample 4.35. Let n > 3, k is a given natural number. For each 6 € R, let

sinf cos@

Ralf) = [cos@ smo} |

Let J; denote the [ x [ Jordan block

01---0

Jy =
001
00

Define

o) if kis odd
JIn—2) if k is even.
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Let
Ay = diag(Og, Jn_g) By =e3 By =es.

Then, we have

S
3

2 ~
Uf:1 span {63, [RQ( (’)“ )62]} if kis odd
R == i A
Uf_, span {63, {RQ((S“)BQ} } if kis even
where é5 = (1)

As each of the k components is maximal, we have ¢(4;, B;)5 = k.

If we let A} = diag(R2(1), J,—2) and keep others unchanged, then, it can
be seen that the reachable set is the union of countable maximal components,
that is, ¢(4;, B;)3 = 0.

The component of controllable/unobservable/unreconstructible sets can be
discussed in the same manner, and we leave this to the reader as an exercise.

4.4.2 Reversible Systems

System (4.32) is said to be reversible, if all matrices A;, 7 =1,--- ,m are non-
singular. As had been proven in [46], any causal discrete-time (input-output)
system can be realized by means of a reversible state variable representation.
Accordingly, reversible system representation is very general and applicable
to a large class of systems.

Let V denote the minimal subspace which is invariant under A; for ¢ € M
and contains Y7, Bj.

Since A'ITmB C I'yIm B for all A € R**", B € R™*? and i > 0, we know
that the reachable set satisfies

R CUloUig,iyrem (Da, -~ Ta, Big +---+Bi,_,) V. (443)

ig—1

Similarly, the controllable set satisfies

C C Uy Uig oo in_1eM (FABIBZ-O + -+ I‘A;l .- 'FA.’l Bik—l) cy.
i i ino1

In what follows, we present verifiable criteria of controllability and reach-
ability for reversible switched linear systems. As in continuous time, we prove
that the reachable and controllable sets are nothing but subspace V.

Theorem 4.36. Suppose that the switched linear system (4.32) is reversible.
Then, its reachable set is

R=V. (4.44)
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Proof. Let us proceed by contradiction. Suppose that

dim R(ig, - ,ix) = max{dim R(lo,--- ,l;): lo,--- ,l; € M,j=0,1,---}
< dim V.

It follows that, for any arbitrary given integers lo,--- ,[;, we have
R(lo, - Ly ios -+ yig) = Rlios -+ i)
which implies that
(Aiy -+ Aig)(Ay, -+ A, Biy) € Rio, -+ i), (4.45)

On the other hand, we have

i ge€l '
V= > A" Al'B,. (4.46)
i17“. 7i7leM
Since j and lo,--- ,[; in (4.45) can arbitrarily take any values, we obtain

(Alk T Aio)V - R(io, T 7ik)
which is a contradiction because
dim[(Aik cee ALO)V] =dimV > dim R(io, s ,ik)

where the equality follows from the identity dimAY =dimV for any nonsingu-
lar matrix A € R™*™ and subspace V C R™.
Accordingly, we have

dimR(io,- -~ ,iy) = dim V. (4.47)
It follows from (4.43) that
R=YV. O

Theorem 4.37. Suppose that the switched linear system (4.32) is reversible.
Then, its controllable set is

c=V. (4.48)

Proof. This theorem can be proven following the same argument as in the
proof of Theorem 4.36, the details are hence omitted. O

Corollary 4.38. For a reversible switched linear system, the following state-
ments are equivalent:
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(i) the system is completely controllable;
(ii) the system is completely reachable; and
(iii)V = R™.

Proof. The corollary follows directly from Theorems 4.36 and 4.37. O

Remark 4.39. The criteria are in the same form as those in the continuous-
time case. However, it should be noted that the proofs are quite different. In
particular, the proof of Theorem 4.36 is proceeded by contradiction and does
not provide a constructive procedure to plan a path for controllability.

The observability and reconstructibility criteria can be obtained by the
principle of duality.

Theorem 4.40. For a reversible switched linear system, the following state-
ments are equivalent:

(i) the system is completely observable;
(ii) the system is completely reconstructible; and

(iii) O = R™.

Ezample 4.41. (Controllability of a multi-rate sampled-data system)
Consider the linear continuous time-invariant system given by

0 —100m 0 0 10 0
. 100r 0 0 0 10 0
i = Az + Bu(t) = 0” o -0 |TT |0 q0lu® (449
2
0 0 0 3r 0 10

which can be verified to be controllable.
The corresponding sampled-data system is given by

Tip+1 = A1z + Brug

where T is the sampling interval, and
T
zp = x(kT) wup =u(kT) Ap=eT Br= / e™drB.
0

Suppose that the sampling intervals are chosen to be 73 = 0.01 and
T5 = 0.015, respectively. Then, the corresponding matrix pairs (Ar,, Br,)
and (Ar,, Br,) are

-10 0 0 0.1 0
0-1 0 0 0.1 0

A =19 0 —05 —sin 37 and Br, = | g —0.05—O.lsin§7r
0 0 singm —0.5 0 —0.05—0.1sin 37

and
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010 0 015 0
~100 0 015 0
A, =1 o1 0 | ™ Bn=| 4 o35
000 —1 0 —0.15

respectively. It can be verified that
I'ank[BT”ATiBTi,"- ’A%iBTi] =3 1= 1,2

which show that the corresponding sampled-data systems are not controllable.
Now, we consider the multi-rate sampling of system (4.49) with sampling
rate of either T; or T. A question naturally arises: Does there exist a sampling
strategy such that the resultant switched system is controllable? That is, is
the switched system (4.32) with A; = Ar,, B; = Br,, i = 1,2 controllable or
not?
Simple computation gives

V D span{Bi, By, A1 By, A2 By} = R

From Corollary 4.38, the controllability follows. In addition, it can be verified
that

C(2,1) =R(2,1) = R

Accordingly, the switched system is controllable from (and reachable to) any
point within 2 steps by choosing subsystem (As, B) at the first step and then
switching to subsystem (A, By) at the second step.

This example shows that switching among different sampling rates may
avoid singularity caused by inappropriate choice of sampling rates.

4.5 Canonical Decompositions

In this section, we investigate various normal forms of switched linear systems
based on the controllability /observability criteria presented in the previous
sections. Due to the similarity between the criteria for continuous-time sys-
tems and the counterparts for reversible discrete-time systems, we treat the
two cases in a unifying framework.

Consider a switched linear control system described by

dx(t) = Asz(t) + Bou(t)
y(t) = Crx(t) (4.50)
where § denotes the derivative operator in continuous time and the shift for-

ward operator in discrete time. In the discrete-time case, we assume that the
system is reversible, that is, A; for i € M are nonsingular matrices.
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Suppose that T is a nonsingular n x n real matrix. By letting & = Tz, it
follows from (4.50) that

6%(t) = TA,T'&(t) + TByu(t)
y(t) = C, T z(t). (4.51)

This equation describes the same system dynamics in different bases of the
state space. Thus the two systems are equivalent under the coordinate trans-
formation = T'z.

For systems which are equivalent, their controllable/observable sets are
also connected by the equivalence transformation in a clear manner.

Proposition 4.42. Denote V and U the controllable set and unobservable set
of system (4.51), respectively. Then, we have

V=TV and U = TUO.

Proof. Simple calculation gives
Ji,dn—1€1
V= Y (T4, T (TA, T Im(TB;,)
G0y sin_1E€EM
Jissn—1 €0
_ In— J —
=T > A Al'ImB;, =TV.
iOv"' 77;'7L716M
Similarly, suppose that 2 € . Then, we have CiT_l(TAé?T_l)kx =0 for
all i,j € M and k € n. This means that T~ 'z € UO. Therefore, Y = TUO. O
As a simple implication, we have the following corollary.

Corollary 4.43. The properties of complete controllability/observability are
invariant under any equivalence transformation.

4.5.1 General Canonical Forms

By Theorems 4.18 and 4.37, the controllable set C of system (4.50) is a sub-
space of R™. Denote ny = dimC. Let 71, -+ ,vn, be a basis set of C. Extend
the basis to basis {y;}1; of R", and let T be the matrix of transition from
the standard basis of R™ to [y1, -+, vs]. Let

Ak = TAkT71 and Bk =TB, keM.

From the fact that C is invariant under Ay and contains Im By, for each k € M,
we can prove that the matrices are in the following block form

1 Ak,l Ak,? D Bk,l
A, = [ 0 Ak 5 and By = 0 ke M (4.52)

2]

where Ak,l € R™*™ and Bk71 e R™"1*P,
The above analysis is summarized in the following theorem.



144 4 Controllability, Observability, and Normal Forms

Theorem 4.44. Switched system X(Ay, Bi)ar is equivalent to X( Ay, By)as-
Moreover, switched system Z(/_lk’l, B}c,l)]\/[ is completely controllable.
System X( Ay, By) s in triangular form (4.52) is said to be in controllability
canonical form.
By duality, we have the following observability canonical decomposition.

Theorem 4.45. Switched system X(Cl, Ap)nr is equivalent to X(Ch, Ag)as
in the form
I{ik,l 0

Ay = [Am Am] and Cy = [Ck,l,o} ke M. (4.53)

Moreover, switched system E(ékyl, Ak,l)M is completely observable.
A system in the above form is said to be in observability canonical form.
We can also decompose the system based on both controllability and ob-
servability as follows.

Theorem 4.46. Switched system (4.50) is equivalent to the following system

Ain 1‘:1i12 i13 1‘:1i14 B;il
o Wal 0 Apa 0 Ay B
Z [0 012 0 024], 0 0 Aigg ;&34 , 0 . (454)
0 0 0 Au 0 o
” . A1 Aina B .
In addition, switched system pu - 18 completely con-
0 A i2]) m

trollable, and switched system ([Cig Cial, {ASQQ 1;1{24]> is completely
aa | )y

observable.
Proof. Suppose that subspaces );, i = 1,2, 3,4 are chosen such that

Vi=CNUO C=Y1®Y, UO=Y1DY; &i,Vi=R"
Select a basis G;1,- -, Bir, for each V. Let

L= [ﬂlla"' 7ﬂ1r13ﬂ213"' 762r23ﬂ313"' 7ﬂ3rgaﬁ4la"' 7ﬂ4r4}~

Let T be the matrix that transforms the standard basis of R™ to L.

Note that both subspaces C and YO are Ag-invariant for all £ € M. From
this, it can be seen that the subspace ) is also Ag-invariant for all &k € M.
This, together with Proposition 4.42, implies that

1
TC = span{x = {% } s ate R”“z}.

Similarly, we can prove that
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2!
O 1 T1 3 T3
BT € R, z2°eR

0

TUO = span

and the theorem follows. O

The form in (4.54) is said to be the standard canonical form of the switched
system. It divides the state variables into four parts. The first is controllable
but unobservable, the second is both controllable and observable, the third
is both uncontrollable and unobservable, and the fourth is observable but
uncontrollable. The partition is the same as in the linear time-invariant case
(see, e.g., [160]).

4.5.2 Controllable Systems: Single-input Case

In this subsection, we present normal forms for switched linear systems via
both state and feedback transformations.
By introducing state feedback

u(t) = Foz(t) + Gov(t) veRP (4.55)

where G; is nonsingular for ¢ € M, and v is the new input, the switched
system X (A;, B;)as is transformed to X(A4; + B; F;, B;G;) -

Proposition 4.47. The controllable subspace is invariant under any state
feedback.

Proof. Let V and V denote the controllable subspaces of X (A;, Bi)m and
Y(A; + B;F;, B;G;)n, respectively. As

V is (4; + B;F;)-invariant. This means that
V.

On the other hand, system X'(A;, B;)ar can be seen as the transformed system
from X(A; + B;F;, B;G;)m via state feedback

v(t) = —G;(lt)Fg(t)x(t) + G;(lt)U(t) Vt>t.

Hence V C V, and the proposition follows. O

If we implement both coordinate and feedback transformations, the struc-
ture of the controllable part can be made simpler than the canonical form
presented in Section 4.5.1. To see this, we first focus on the controllable single-
input systems as described below.
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Definition 4.48. Switched system X(A;, B;)a is said to be of multi-input, if
rank[By, -, By] > 1. The system is said to be of single-input, if rank By, = 1
for some k € M and B; =0 for j # k.

For a single-input system, by possibly re-indexing the subsystems, we can
always assume that By # 0 while B; = 0 for j > 2.

Suppose that the single-input system X(A;, B;)y is completely control-
lable. The system is said to be reducible, if some subsystem can be discarded
to produce a completely controllable system. Otherwise, the system is irre-
ducible. From Remark 4.25, an irreducible system has at most n subsystems,
i.e., m < n. Note that the reducibility concept is consistent with the one
defined in Section 2.4.

Let Z9 = I'4, Im B;. Define recursively the following

Zi=Y TaZi 1 j=12-.
€M

Denote ny = dim 2, for k € N, and let p = min{k: Z; = R"} < n — ng.
The following procedure resembles the one presented in Section 2.4 and can
be used to find a basis of R™.

First, let v, = AZlel fori=1,---,ng.

Second, we can find a basis 71, - ,n, of Z; by searching the set

{715"' a7n07A§c’Yj7keM7l S {15 an_l}vjzlv"' ;nO}

from left to right.
Continuing with the process, suppose that we have found a basis

Vs s Pror Vgt Y
for Z;. Then, by searching the set

{71, - ,vm,Aévk,j eM,le{l, - ,n—1k=n;1+1,--- ,n;}
from left to right for linearly independent column vectors, we can find a basis

Vs s Ynos sy Va4 5 Vs Tna+1s 7 s Y

for Zi-l—l-
Finally, we can find a basis

{717"' yYnoy " s Ynp_1+15 " >7n}

for R™.

With this procedure, for all j > 2, we can always express v; by A;; vk,
with unique i; and k;. For | € 7, let & = span{ey,---,¢;}. Denote Q1 =
[’Yla e 77’”]-

As Zj is Aj-invariant, we denote by A1; the restriction of Ay in Zj. Sup-
pose that the characteristic polynomial of A is
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det(sl — A1) = 8™ + a1Spg—1 + -+ + Qng—15 + Qg

Denote
log -+ apg—2 Qny—1
o1--- angfs an072
Qs = and T = Q1 diag(Q2, In—n,)-
00 --- 1 (a3}
00--- 0 1

Let Fy be the first row of T='A;T. Introduce coordinate transformation
7 = T~z and state feedback u(t) = —F1Z + v(t) when o(t) = 1, and denote
by E(Ai, Bi)M the transformed system. It is clear that B; = e; and the first
row of A; is zero. It follows from ~; = Aj;vr, that

T A, TT 'y, =T 1y

As T_lvj = e;, the above equation exactly states that the k;th column of fli].
is e;. Similarly, from the fact

AiZngH-l VieM lEN+

we know that the jth column of A; is in &,,. ,. Hence, we arrive at the following

conclusion.

1+1°

Theorem 4.49. The controllable single-input system X(A;, Bi)y 1s equiva-
lent, via suitable coordinate and feedback transformations, to normal system
E(/L‘, Bz)M with

(i) By = ey and the first row of Ay is zero;

(ii)for all j > ny and i € M, the jth column of A; is in &,,,,; and

(iii) for all j > 2, the kjth column of A;; is e;.

The normal system in the theorem is said to be the single-input control-
lable normal form of the controllable system. In particular, when the system
degenerates into a linear time-invariant system, the normal form becomes

00---00 1
10---00

o

00---00 0
00---10 0

which is the standard normal form for controllable single-input systems.
Unlike the linear time-invariant case, normal forms for the controllable
single-input switched system are usually not unique. In the following, we list
the possible norm forms for second- and third-order switched systems by ap-
propriate classification.
For n = 2, a controllable system satisfies either of the two cases:



148 4 Controllability, Observability, and Normal Forms

(i) rank[By, A; B1] = 2; and
(ii) rank[Bq, A1 B1] = 1, and rank[B;, A2 Bq] = 2

In the former case, the normal form is

- 00 = * %

A1 = |:1 0:| and Az = |:* *:|
where ‘*’ stands for a real-valued number whose value cannot be_ determined
by the controllability property. It is clear that subsystem (Aj, B;) is in the

controllable normal form, and A, is not necessarily in any specific form. In
the latter case, the normal form is

T 00 T 0 *
A1=|:0*:| andA2=|:1*:|.

Similarly, a third-order controllable single-input system with two subsys-
tems falls into one of the five cases:

( ) rank[Bl, AlBl,AzBl] = 3

( )rank[Bl,AlBhA Bl] = 2 rank[Bl,AlBl,AgBﬂ == 3

( )rank[Bl,AlBl,A Bl] = rank[Bl,AlBl,AgBl} = 2 and
rank[Bl, AlBl,AgAlBl] = 3

(d)rank[By, A1 B1] =1, rank[Bl,AgBl,A AsB;] = 3; and

(e) rank[By, A1 B1] = 1, rank[By, A2 By, A1 A3 By] = 2, and
rank[Bl, AgBl,A2Bl] =3.

For case (a), the normal form is

000 * ok ok
A= |100| and Ay = | * * *
010 * ok ok

For case (b), the first two columns of Aj and the first column of _flg are fixed,
the other column of A; is constrained but the other columns of A, are totally
unspecified. Hence, the matrices are in form

B 000 B 0 * x*
A= |10%| and Ao = [0 * %
00 % 1 * %
Cases (c)-(e) can be discussed in the same way, and the normal forms are
) [000] ) EXES
A= [10x| and Ay = | %0 x
_00*_ _01 * |
) [000] ) EXS
A= |00x%| and Ay = [ 1 % =
_01*_ _O**_
~[ooo0]  [00x]
A; = |0*x%x| and A5 = [ 10 *
100 x| (01|
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respectively.

4.5.3 Feedback Reduction: Multi-input Case

For controllable multi-input switched linear systems, normal forms under co-
ordinate and feedback transformations can be obtained using the same method
as in the previous subsection. In particular, Theorem 4.49 can be extended
to the multi-input case. However, the normal form may look more complex
and its system structure may be less clear. Since the system decomposition
is mainly used for addressing synthesis problems such as feedback stabiliza-
tion and regulation, a better way is to change a multi-input problem into a
single-input problem, just as in the standard linear system theory.

To turn a multi-input system into a single-input one, we need a non-regular
linear state feedback of the form

u(t) = Fr+Gv GeR™!

where the gain matrix GG is a column vector. The idea of using non-regular
state feedbacks in control system design can be traced back to the work of
[65] which showed that a multi-input controllable linear system can always be
brought to a single-input controllable linear system via a non-regular static
state feedback, thus enabling an easy proof of the pole assignment theorem for
the multi-input case. This idea was generalized to address nonlinear systems
in [154, 155]. Other implementations of non-regular state feedbacks could be
found in the well-known Morgan’s problem [103] and feedback linearization
[144, 53, 140].

The following lemma is an extension of [59, Lemma 2] from linear systems
to switched linear systems.

Lemma 4.50. Suppose that switched linear system X(A;, B;)a is control-
lable. Then, for any nonzero vector b € Y, Im By, there exist index se-
quences i1, ,in—1 and ly,--- I,y with [; < j, and a vector sequence
Uiy, Ui, o tn RP, such that the vectors defined by

m =band N1 = Aikmk + Biuiy, k=1,---,n-1 (4'56)

are independent.

Proof. We proceed by induction. As 7y # 0, it is independent. Suppose that
that k <n —1 and n,--- ,n have been constructed according to (4.56) and
are independent. Denote by W the linear subspace spanned by 77, --- , 7.
We have to choose i, I and u;, such that

Me+1 = Ai 1y, + Biywiy, & Wi
If this is not possible, then

Aiknlk‘f'Bikuewk VipeM lkGI;: u € RP.
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Let u = 0, we have
Aiknlk EWL VigeM [ € /76

In other words, Wi, is A;-invariant for all ¢ € M. At the same time, B;, u € W
for all w € RP. This means that ), ,,Im B; € Wy. Now that Wy is A;-
invariant and contains ), ,, Im B;, it contains the controllable subspace of
system X(A;, B;)m as a subspace. This is a contradiction because system
Y(A;, B;)p is controllable. O

Theorem 4.51. Any controllable multi-input system can be changed into a
controllable single-input system via suitable non-reqular state feedback.
Proof. Choose a nonzero vector b from U;cps Im B;. By Lemma 4.50, we
can construct a basis of R™ according to (4.56). Let gain matrices F; satisfy
F;,m, = w;, for k =1,---,n — 1. Note that the choice of such F; is always
possible since {ny}_, are independent. Each 7 can be expressed by

Mk = (Afij +Br€ij€j)"'(Afi1 +BﬁlFf€1)b

for some j and k; € M. This implies that each 7 is in the controllable
subspace of system X'(A4; + B; F;, b)yr. Consequently, system X(A; + B F;,b) p
is controllable.

Suppose that b € Im B;. Let b; = b and b; = 0, [ # j. It can be seen that
the single-input system X(A;+ B; F;, b;)ar is controllable. By introducing non-
regular state feedback

u(t) = Fix(t) + Gju(t) ifo(t) =7
A Fopx(t) otherwise
where G; satisfies B;G; = b, the original multi-input system X(A;, B;)a is
changed into the single-input system X'(A; + B; F;, b;) ;s which is controllable.
O

Ezample 4.52. Suppose that we have a multi-input system Y'(A4;, B;); with

1 -300-1 11 0
-2 000 2 02 0
Aij=1]2 -101-2| B;=|00 Ay=0 By= |1
0 0100 00 0
2 -100-2 10 0

Let

00000 1
FI_[IOOOO} Gl_[o] F,=[10000] Gy=0.

It can be verified that the single-input system X(A; + B; F;, B;G;)3 is control-
lable. By applying the searching procedure as in Section 4.5.2, we have
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11-400
02 000

Q1= 1000 10| and Qs = I.
00001
10000

Let T = (Q;diag(Q2,12))"t. Let F| be the first row of matrix T(A4; +
B1Fy)T~1, and F} = [0,0,0]. Denote

Ay =T(Ay + BT —TB,G\F| =TA\T '+ TB,(F,\ T — G, F))
and
By =TB1Gy Ay =T(Ay+ BoFy)T™t By = TByGo.
The system X(A;, B;)3 is in the normal form (c.f. Theorem 4.49) with

00000 1 00000

10 000 0 00 000
A;=101000 B =10 Ay =100 000 By =0.

00-801 0 11-400

00010 0 00000

This normal form is the reduced system from the original system via coordi-
nate and feedback transformations

T =Tz and u= (FUT*1 — GoFl)x + Gyv.

4.6 Sampling and Digital Control

4.6.1 Sampling Without Loss of Controllability
Consider a linear time-invariant system given by
z(t) = Ax(t) + Bu(t). (4.57)

Under equidistant sampling and piecewise constant control, the corre-
sponding sampled-data system is

Thy1 = CTxy + D uy, (458)

where 7 is the sampling period, and
xp = x(kt) up =u(kr) CT=et" DT = / exp(tA)dtB.
0

The problem of sampling without loss of controllability has been addressed
extensively during the past thirty years (see, for example, [153] and the refer-
ences therein). In particular, it is well-known that, the controllability property
can be preserved under almost any sampling rate, except for possibly isolated
points of the real axis.
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Lemma 4.53.  Suppose that system (4.57) is controllable. If s; = 0; +
wiv/—=1, i = 1,--- ,n are the eigenvalues of matriz A, then under the con-
dition

exp(s;7) # exp(siT) V s; # 8 (4.59)

or equivalently,

km

Wi — wi

7'7'é VSZ'#SI s.t. 51:51 k:ﬂ:l,:l:27"- (460)

the sampled-data system (4.58) is also controllable.
For an uncontrollable system, the above result still holds in the sense of
preserving the controllable subspace.

Lemma 4.54. Let C; and Cy denote the controllable subspaces of systems
(4.57) and (4.58), respectively. Then, under the same condition as in Lemma
4.58, we have

Cl = CQ.

Proof. It follows from standard linear system theory that, via a proper non-
singular state transformation z = Pz, system (4.57) can be transformed into

2(t) = Az(t) + Bu(t)

where

o A

_ 1_ e A2 . . ¢

and (A, B.) is controllable.
By the same state transformation zp, = Pxg, k = 0,1, -, the sampled-
data system (4.58) is transformed into

Zk+1 = Czk, + Duy,
where
C’c Cl12

~ Tp—1 __
C=PC™P _{O .

| b= por = [2]

It is easy to verify that

C. = exp(A.7) and D, = / exp(A.t)dtB,.
0

Therefore, (C,,D.) is the sampled-data system of (A., B.) with sampling
period 7. Since the set of eigenvalues of A, is a subset of the eigenvalue set
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of 4, it follows from Lemma 4.53 that, under the assumption of the lemma,
(Ce, D.) is also controllable. As a result, we have

dim I'c- Im D™ = dim I's, Im D, = dim I'y Im B.=dimI'4Im B.
In view of the relationship that I'c- Im D™ C I'y Im B, we have
ITe-Im D™ = 'y Im B.

This establishes the lemma. O
To prove the main result of this subsection, we also need the following
supporting lemma.

Lemma 4.55. Fach A-invariant subspace is also exp(Art)-invariant for all
7 € R. Conversely, if T is selected such that Condition (4.60) holds, then
each exp(AT)-invariant subspace is also A-invariant.

Proof. Suppose that V is an A-invariant subspace, it is readily seen that

AV cCcy Vv k=01,---.

In view of the power expansion of exp(A7), we have

exp(AT)V C > AFYy =y
k=0

which establishes the former part of the lemma.
To prove the latter part, let V be exp(Ar)-invariant. Choose a matrix D
with V = Im D. By definition, I'oxpar) Im D = V. Let

-1

C = exp(Ar) and B = ( /0 ' exp(tA)dt) D.

It can be seen that (C, D) is the sampled-data system of (A4, B) with sampling
rate 7. By Lemma 4.54, it follows that

I'yImB=I¢cImD=V.

Therefore, V is A-invariant. O
Next, we turn to the continuous-time switched linear system X'(Ag, By)as-
Sampling all the subsystems (A, Bi), k € M, with a (unified) period 7, we
have m sampled-data systems (C7,D}), k € M. Denote the discrete-time
switched linear system
Tpy1 = Crxy + D uy, (4.61)

as the sampled-data system of the continuous-time system X(Ag, Bi)a. It
can be readily seen that the sampled-data system corresponds to the original
system with synchronous switching path and piecewise constant control input.
As a result, the controllable subspace of the original system includes that of
the sampled-data system as a subset. The following theorem establishes the
fact that the two subspaces are coincident for almost any sampling rate.
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Theorem 4.56. Let C. and Cs denote the controllable subspaces of systems
(4.2) and (4.61), respectively. Suppose that sk = 0k +wkivV—1, l=1,--- | n
are the eigenvalues of matriz Ay, then under the condition

exp(sp7) #exp(sp,7) Vii=1,---.n k€M sk # sk

or equivalently,
v

T# ——— VSp1 #5ki St 0py =0k t=%1,%2,.--- (4.62)
Wi — Wi

we have

Proof. It follows from Lemma 4.54 that
Icr ImDp, =14, ImB, kelM.

Since C; is C}-invariant and contains Im D7, we have

C.2 > TIc;ImDE 2 > ImBy.
keM keM

By Lemma 4.55, C, is Ag-invariant for k € M. Combining these facts leads to
Cs D I'yB=C,

where A = {Ay,---, Ay} and B = Im[By, -+, Byp]. On the other hand, it is
obvious that

Cs CCe.
Thus, the two controllable subspaces are identical. O

Remark 4.57. Theorem 4.56 sets up a bridge between a continuous-time
switched linear system and its discrete-time counterpart. Indeed, any switch-
ing/control strategy for the latter can also be applicable to the former in terms
of controllability. An advantage of this scheme is that we can achieve control-
lability via synchronous switching and piecewise constant control, which are
more attractive than an ‘arbitrary’ switching/control law from the implemen-
tation point of view. This scheme also enables us to address the continuous-
time/discrete-time switched linear systems in a unified framework.

4.6.2 Regular Switching and Digital Control

In this subsection, we discuss the possibility of controlling a continuous-time
switched system by means of the cyclic and synchronous switching signals
and the piecewise constant control inputs. As discussed in Remark 4.57, this
problem can be addressed in the sampled-data framework.
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Definition 4.58. Switching path o is said to be cyclic, if there is a subset
{j1,-++ ,js} of M, such that the switching index sequence is

{jl?"' 7j87j17"' ajs>"'}'

Definition 4.59. Switching path o is said to be of single-rate, if there is a
base rate w, such that the switching time sequence is

{w, 2w, 3w, - }.

Note that any single-rate switching path is also a synchronous switching
path (c.f. Section 3.2.3).

Roughly speaking, a cyclic switching path has a cyclic switching index
sequence, and a single-rate switching path has an equidistant switching time
sequence. Cyclic and/or single-rate switching paths are interesting from the
viewpoint of implementation.

For a discrete-time switched system

Thy1 = Cozxr + Dyug (463)

suppose that the system is reversible, that is, C) is nonsingular for all kK € M.
Let ¥ denote the ordered set {1,2,--- ,m}, and define

P2 =UAY={1,--- ,m,1,--- ,m}
U @i AT =23 .

Let R(h1, -+ ,hgm; ¥F) denote the reachable set from the origin via the
switching path with the switching time sequence {0, hy, hy +ha, -+ | Zle h;}
and the cyclic index sequence ¥*. Simple calculation gives

R(hl,-.. ,hkm§lpk) = C:}L"m 0512 Im[Dl,ClDl,“- ’C{MilDl]

+CpEm o Ch3 Im[Dy, Cy Dy, -+, CE2 71Dy

oot Onm Im[Dy, -+, O Dy

»~m—1

+Im[Dy, -+, Cokm "Dyl
Suppose that

dimR(Uh s Me*m; g/k*)
= max{dim R(h1, - , hem; ¥*): k> 0,h; € NT}. (4.64)

The existence of the maximum comes from the fact that all the dimensions are
equal to or less than n, a finite number. Denote R* = R(11, - , Mkem; ¥*")
and it is obvious that R* is a subspace of C4, the controllable subspace of
system (4.63).
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Theorem 4.60. R* is exactly the controllable subspace of system (4.63).
Proof. Consider the subspace

RO, My s e W2 ) = (Cm - CPRT + R
It follows from (4.64) that
dim[(C)l==m ... CT)R* + R¥] < dim R*

which implies that

(Cle=m ... CTYR* C R*. (4.65)
Note that matrices C, k € M are nonsingular. Thus, we have

dim[(C)*m .- CTM)R*] = dim R*.

This, together with (4.65), yields

(Clm ... CIR* = R*.

As a result, for any vector v ¢ R*, we have (C/lx*m - .. C/" )v & R*.
Let s1, -, sm, be any positive integers. Simple calculation gives

RO, s Mherms $1 = 3 Sms Ty 3 s W20 F7) =
(Clezm ... CT)(Cp -+ - CIR* + -+ R™.
It is not difficult to prove that
(Cap - C})R* C R
Indeed, suppose that
(Chr - CTRT Z R
then, from the above rationale, we have
(€ CP) (i - R LR
which contradicts (4.64). By the non-singularity of matrices C}, we have
(Com ... C5 )R = R* (4.66)
for any sq,--- , 8y,. Accordingly, we have

CuR* = OOl -+ O IR = (G- PR =R

which implies that R* is C),-invariant. In the same way, we can prove that
R* is Cg-invariant for all k =m —1,--- , 1.
On the other hand, note that
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ImD,, CR* CmImD,_1CR" - CIm...CPImD; CR"
which, together with the invariant property of R*, implies that
ImD, CR* ke M.

The above analysis shows that subspace R* is C-invariant for k € M and
contains ), ., Im Dy as a subspace. Therefore,

R* D Cy.
This establishes the theorem. O

Remark 4.61. In this theorem, the switching index sequence is of the order
¥ =(1,--- ,m). It is obvious that the theorem still holds for any other order,
that is, any permutation of ¥.

Remark 4.62. Though Theorem 4.60 guarantees that controllability can be
achieved via cyclic switching paths, it does not provide any constructive way of
finding such a switching signal. A straightforward way is to check one by one,
that is, to compute R(hy, - - - , him; ¥F) for any possible k, hy,- -+ , gy, and .
To ensure effectiveness, it is desirable to have a finite number of candidates,
or equivalently, that each state can be driven to the origin in finite steps via
a cyclic switching signal. This leads naturally to the following question:

For any fixed n and m, is there a natural number n such that for any
switched system (4.63) of order n and with m subsystems, it has

UZ?;nl hanR(hlv T 7hkm;y7k) =Ca?

If the answer is positive, then we can find a controllable switching path by
exhaustively searching for the finite candidates. However, it seems that the
above problem is quite difficult and we leave it open for further investigation.

The above theorem demonstrates that it suffices to exploit cyclic switching
for the purpose of controllability. A question naturally arises: Is it possible
to use more regular switching, for example, cyclic and single-rate switching,
to achieve controllability? The next example gives a negative answer to this
question.

Ezample 4.63. (Discrete-time system loses controllability under cyclic and
single-rate switching)
Consider the switched system (4.63) with n =4, m = 2, and

1000 1 0100 0
0001 0 1000 0
C1=1og100| P2=10| “=lo001| P2= o
0010 0 0010 0

It can be verified that
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rank [Dl, CQDl, CngDl, C%CQDJ =4.

Therefore, the switched system is controllable.

On the other hand, none of the subsystems are controllable. In addition, if
we denote by R(h) the reachable set via any cyclic switching path with single-
rate h, then, we can verify that none of the sets is the total space. Indeed, it
can be seen that

R(h) = (CIC3)'Im D UY  CH(CyCT) Im Dy
=0 i=0

= I'crepy Im Dy U C{L(F(CQC{L) Im D).
Note that
3 = C2 = IL.
Therefore, F(Clhc2h) Im D, falls into one of the six cases:

Tiegegy Im Dr Tiogey)y Im Dy Ticpog) Im D
F(Clzcg) Im D1 F(CllCzl) Im D1 F(Cfczl) Im Dl.

Simple computation shows that none of the above subspaces is the total space.
Similarly, none of the subspaces I (chch) Im D, is the total space. As a result,
for any natural number h, the set R(h) is not the total space and hence the
controllability is lost.

The above example also excludes the possibility of achieving controllability
via any cyclic switching path with a periodic time sequence. That is,

R(h17h27h17h27 e ,Wl) # R4

for any hi,ho,l € Ny and ¥ either {1,2} or {2,1}.
Next, we turn to the continuous-time case. By combining Theorem 4.56
with Theorem 4.60, we obtain the following theorem.

Theorem 4.64. For the continuous-time switched linear system, any two
states in the controllable subspace can be steered to each other via a cyclic
and synchronous switching path and a piecewise constant control law.

In general, controllability cannot be achieved by an cyclic and single-rate
switching path, as illustrated in the following example.

Ezample 4.65. (Continuous-time system loses controllability under cyclic and
single-rate switching)
Consider the continuous-time switched system X'(A;, B;)s with

000 1
A =[100] and By = |0
000 0



4.7 Further Issues 159

and

000 0
Ay=[001] and Bo= |0
101 0

It can be verified that this system is controllable.
On the other hand, it can be calculated that, under a cyclic switching
sequence with single duration rate 7, the reachable set is

1 0
R(r)=span{ |0, |1]}
0 1

which is a strictly proper subspace of the controllable subspace.

4.7 Further Issues

In this section, we further discuss some issues closely related to the control-
lability and observability of switched linear systems. These include the intro-
duction of other controllability concepts, mainly from the context of nonlinear
control systems, and their relationships with the concepts given in Section
4.2.1. We also address the controllability for constrained switched linear sys-
tems where the switching/input are subject to certain constraints. Finally, we
briefly discuss the decidability of various controllability /observability notions.

4.7.1 Equivalence Among Different Controllability Notions

The controllability notions defined in Section 4.2.1 correspond to their coun-
terparts in standard linear systems. As a switched linear system is essentially
a nonlinear system, it is necessary to introduce the ‘nonlinear’ notions and
make a comparison between them.
First, we introduce some global controllability notions. The notions are
standard and can be found, for example, in the textbooks [74, 111].
Consider a nonlinear control system given by

&= f(z,u) ze€R" ueR" (4.67)

Definition 4.66. For nonlinear system (4.67), a point x4 is said to be:

e reachable from x1, denoted by xo € R(z1), if there exist a measurable
input function, and a time T > 0, such that the trajectory of the controlled
system satisfies ©(0) = x1 and ©(T) = x2;

e reachable from 7 at a given time T > 0, denoted by xo € Ry(x1), if xo is
reachable from x1 at the pre-assigned time instant T';
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e weakly reachable from x1, denoted by xo € W R(x1), if there exist a natural
number I, and a state sequence zo = x1,21, - ,21 = T2, such that either
zi € R(zi—1) or zi—1 € R(z;) for each i €1; and

e weakly reachable from z; at a given time T > 0, denoted by zo €
W Ry (x1), if there exist a natural number I, a state sequence zy =
x1,21, ", 21 = T2, and a positive real number sequence Ty,--- Ty, such
that either z; € Rr,(z;—1) or zi—1 € Rr,(z) for each i € I, and
2iali=T.

Note that W R is an equivalence relationship. That is,

(a) z € WR(z);
(b)x € WR(y) = y € WR(x); and
(c) x € WR(y) and y € WR(z) implies that z € WR(z).

The relationship R, however, is not an equivalence in general. For example,
for the non-affine one-dimensional system

T=u

22 € R(zy) if and only if 23 > x;, hence 1 € R(0) but 0 ¢ R(1). The non-
symmetry comes from the non-reversibility of the time space. In view of this,
we introduce the notion of symmetric switched systems as follows.

A switched linear system X(A;, B;)as is said to be symmetric, if for each
A;, i € M, there is a j € M such that A; = —A;. For any symmetric switched
linear system, R is an equivalence relationship.

Given a switched linear system X(A;, B;)ar, let its symmetric closure
system be the symmetric switched linear system X(C;, D;)n, where each
(C;,Dj), j € N, is either (A;, B;) or (—A;, B;) for some i € M, and vice
versa.

Definition 4.67. Nonlinear system (4.67) is said to be:

controllable, if R(x) = R™ for each x € R™;

small-time controllable, if Up<r<¢Rr(x) = R™ for anyt >0 and z € R™;
T-controllable, if Rp(z) = R™ for any T > 0 and x € R";

weakly controllable, if WR(z) = R" for any x € R™;

weakly small-time controllable, if Upcr<:W Rp(z) = R™ for any ¢t > 0,
and x € R™; and

e weakly T-controllable, if W Ry (z) = R™ for any T > 0, and x € R™.

It can be seen that

T — controllable —-
small-time controllable — controllable
weakly T — controllable = weakly small-time controllable

= weakly controllable. (4.68)
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It is worthy to notice that the above notions are global and bi-directional
in nature. That is, the controllabilities require that any given initial state can
be steered to any target state in the state space. Thus, the controllabilities
are in fact imply both the controllability and reachability defined in Section
4.2.1.

Let us compare the notions with the one given in Definition 4.2. Note
that the equivalence notion in Definition 4.22 is exactly the same as the first
controllability notion in Definition 4.67. As a result, we only need to compare
the notions in Definition 4.67.

Theorem 4.68. For the switched linear system, the following statements are
equivalent:

(i) the system is controllable;

(ii) the system is small-time controllable;

(i) the system is T-controllable;

(iv) the system is weakly controllable;

(v) the system is weakly small-time controllable; and
(vi) the system is weakly T-controllable.

Proof. In view of the relationship (4.68), we only need to prove the T-
controllability from the weak controllability. To make use of the controlla-
bility criteria presented in the previous sections, we proceed by showing the
following implications:

weak controllability = controllability = T-controllability.

To establish the former part, note that, for any switched linear system,
weak controllability implies controllability of its symmetric closure system.
In addition, the controllability of a switched linear system is equivalent to
that of its symmetric closure system. To see this, recall that the control-
lable set of a switched system X(A;, B;)a is the smallest A-invariant sub-
space containing » ;- Im B;, where A = {Ay,---, Ap}. It is clear that this
subspace is also the smallest A-invariant and containing > i Im B;, where
A={A,- A, —A1,-,—An}. The controllability of a switched linear
system hence coincides with that of its symmetric closure system.

The latter part can be derived from the path planning algorithm in Section
4.3.3. Indeed, note that Equation (4.24) holds for a fixed and finite I. As
Im VV;1 =Im tig for any positive t; and t5, it is always possible to choose h;
in (4.24) such that > h; < T/2 for any pre-assigned T > 0. That is to say,
for any given states ¢ and x; in the controllable subspace, the system can
be steered from z( to the origin within 7'/2 time, and from the origin to =
within 7'/2 time. These, together with the fact the origin is an equilibrium of
the unforced system, imply that 2y can be attainable from z using exactly
T time for any T'> 0. O

The theorem shows that the different (global) controllability notions are
in fact equivalent to each other for continuous-time switched linear systems.
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4.7.2 Reachability Under Constrained Switching and Input

In the aforementioned concepts of controllability and observability, the switch-
ing path and the control input are assumed to be designed in an arbitrary
manner. That is, we do not impose any restriction on the possible ways of
switching and control. In many practical situations, this is not the case. For
example, in workshops, the order of the activated subsystems is pre-assigned
rather than arbitrarily assigned. In this case, for instance, we must first ac-
tivate subsystem 1, then switch to subsystem 2, then subsystem 3, etc. This
fixed sequence imposes a restriction on the switching signal. Another example
is the control input undergoing certain saturations which imposes a restriction
on the control input.

In this subsection, we discuss various switching/input constraints and
their possible influences on controllability. We focus on the continuous-time
switched systems.

For switched linear system X(A;, B; ), let ¢(¢; to, xo, u, o) denote the state
trajectory at time ¢ of the switched system starting from z(ty) = o with input
u and switching signal o.

Let Sy be the allowed set of switching paths, and U be the allowed set of
input functions. The reachable set of the system under Sy and U is the set
of states which are attainable in a finite time by appropriate choices of the
inputs and switching paths in the allowed sets.

Definition 4.69. The reachable set of the switched linear system at time T >
0 starting from x under Sg and Uy, denoted by R(x,T,Up,So), is

R(z, T,Uy,So) = {d(T;0,z,u,0): u € Uy, 0 € Sp}.
The system is said to be (completely) T-reachable under Sy and Uy, if

R(x, T, Uy, So) =R" VYzeR" T>0.

First, we consider the case that the switching sequence is subject to certain
restrictions.

4.7.2.1 Reachability Under Restricted Switching Signal

Suppose that G is a directed graph (digraph) composed of set M as the
set of points and a set of arcs N, where N C M x M. Let G = (M, N)
govern the allowed switchings from one subsystem to another. That is, for
any k € M, the (possibly empty) set N, = {i € M: (k,i) € N} defines
the allowed subsystem indices following the kth subsystem. In other words, if
(k,i) € N, then, any switching from the kth subsystem to the ith subsystem
is prohibited. Accordingly, if IV is a strict subset of M x M, then the directed
graph imposes a nontrivial restriction on the switching index sequence. Let S
denote the set of switching paths obeying the restriction. On the other hand,
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2 ] g 13

Fig. 4.1. The directed graph G in (4.69)

we assume temporarily that there is no constraint imposed on the input, and
let U denote the set of piecewise continuous input functions.

In general, the set R(0,7T,Uq,Sc) under the digraph is a strict subset of
the controllable subspace of the unconstrained system. For example, suppose
that

G = ({1,2,3},{(1,2),(1,3),(2,3),(3,2)}) (4.69)

(the graph G is shown in Figure 4.1) with

011 000
A1 =1(000] Ay={001| A3=0
000 000

0
By =0 By=0 B3= 1|0
1

Then, the reachable set under the graph can be calculated to be

0 0
R(0,T\Ug,Sc) =span{ | 1], [0]}
0 1
which is a strict subset of the controllable subspace, R(4;, B;)s = R3.
Given any sequence i1,--- ,4;, we say that the sequence generates set L,
ifi; € Lfor any j =1,---,l, and each element in L appears at least once in

the sequence.
Recall that a closed walk in a digraph is an alternating sequence of points
and arcs
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Vo, X1,V1," " , Tk, Vk
in which each arc x; is v;_1v; and vg = vg. Each walk generates a subset of

M which contains each point in the walk.

Theorem 4.70. Suppose that L is a subset of M and directed graph G per-
mits a closed walk which generates set L. If switched system X (A;, B;)r is
completely controllable, then, we have

R(z,T,Uz,S¢) =R" YzeR" T>0 (4.70)

which means that the switched system X(A;, B;)ar is completely T-reachable
under graph G.
Proof. Suppose that the closed walk that generates set L is

ki~kyr~oo~v kg~ Ry

where ‘~’ denote the corresponding arcs in the walk.
We consider a switching path with the cyclic switching index sequence

kl?"'7ksakl7"'ak87"" (471)

The number of switches [ and the switching times ¢1,--- ,{; are to be deter-
mined later.

Note that this switching path is in the allowed switching set Sg.

Let ty > t;. From (4.5), the reachable set at ty is

R(tf) = eAkshl . .eAkthDkl + -4 eAkSthks—l + Dks
where hj =t;11 —t;, 7=0,1,--- ;I —1and hy =ty —1;.

Arrange a permutation of L = {iy,---,i;} such that iy,--- ,4; is a subse-
quence of k1, -, ks. It is clear that the cyclic index sequence
TVRREIN PR TURRRIE PR

is a subsequence of index sequence (4.71). Denote the corresponding subse-
quence of hg,---,h; to be 7,---,7,. Applying Lemma 4.16 repeatedly, we
have

dim (eArelt .o eAkaMDy oy edehiDL Dy )

> dim (eA%'T“ et D 4t eAijT“Dij_l + Dij)

for almost all hg, hy, - - . Choose [ to be sufficiently large. This means that p is
also sufficiently large. By the proof of Theorem 4.17, for almost all 7, --- , 7,
we have

eAijT“ cee 6Ai2T2DZ'1 + -+ €Aij HDij—l + Dz] = R(AZ, BZ)L =R".
As a result, R(ty) = R™. From the fact that
R(tf) - R((L’, Tqua SG)

the theorem follows. O
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Corollary 4.71. Suppose that directed graph G permits a spanning and closed
walk. Then, we have

R(x,T,Ug,SG) = 'R(AZ,BJM VeeR" T>0.

Proof. It is clear that the set R(x,T,Ug,S¢) is a subset of R(A;, B;)y. On
the other hand, from the proof of Theorem 4.70, we have

where Rg (%) C R(z, T,Ug, Sc) is the reachable set of switched system along
some allowed switching path under graph G. This means that the two sets
coincide with each other. O

This corollary provides an important piece of information for the reacha-
bility of the switched linear system under the restricted switching mechanism.
Indeed, according to the corollary, assume that the directed graph permits a
spanning and closed walk, then, the switched system possesses the complete
reachability under the graph. The assumption is very mild and can be met in
many practical situations. For example, in a workshop, m working procedures
are required to produce a product. Suppose that the procedure sequence is
cyclic among 1,--- ,m — 1, but between any two procedures the mth proce-
dure applies. This corresponds to the directed graph (with m = 5) depicted
in Figure 4.2. It can be seen that a spanning and closed walk is

which generates the set M = {1,---,m}. According to Corollary 4.71, the
reachable set under the graph is exactly the controllable subspace of the un-
constrained switched system.

A special but very interesting case is that the subsystems are divided
into different groups and any transition within a group is forbidden. This
means that only transitions among different groups are allowed. A typical
example is a production workshop with a set of procedures each of which
can be implemented in several alternative ways. In this case, the switching
is severely restricted as only transitions between groups (the procedures) are
allowed. However, as a spanning and closed walk always exists in this case,
the reachable set coincides with the controllable subspace of the unconstrained
system.

Figure 4.3 shows an example where the subsystems are divided into three
groups. A sample spanning and closed walk is

1~v4~2~3~v4~vb~v8~nd~nvb~rlnvd~rT~ L

Corollary 4.71 can be further extended to more general cases. For exam-
ple, for a switched system with a restriction on the switching signal which is
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Fig. 4.2. The schematic of the directed graph with m =5

not necessarily described by a directed graph, we can prove that, the reach-
able set under the restriction coincides with the controllable subspace of the
unconstrained system, provided that, there exists an allowed switching index
sequence where each individual index appears sufficiently many times. This
assumption is very mild and holds for many interesting cases.

Fig. 4.3. The schematic of the grouped directed graph with m =8
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4.7.2.2 Reachability Under Restricted Control Input

In many practical situations, the control input is subject to hard constraints,
such as saturation and/or non-symmetry (e.g., v is allowed but —v not). Under
these situations, the controllability analysis may be more difficult.

Consider the local controllability of the origin of the switched linear system
with input saturation

#(t) = Apx(t) + Bo(Hu(t) u(t) €U (4.72)

where U is a neighborhood of the origin.

Note that the system model reflects many practical situations where the
control input is subject to hard constraints such as saturation or force/enegy
limit. A typical example for U is that the set is a ball in R™ centered at the
origin. However, here we do not require the set to be convex or symmetric. The
only intrinsic assumption is that it contains the origin as an interior point.

Let U denote the set of piecewise continuous input functions taking values
from U.

By means of the reachability criteria presented in Section 4.3, we are able
to obtain the following criterion.

Theorem 4.72. The constrained T-reachable set R(0,T,U,S) contains the
origin as an interior for any T > 0 if and only if the unconstrained switched
system is completely controllable, that is

C(A;, Bi)u = R™. (4.73)

Proof. Let V denote C(A;, B;)as for briefness. The necessity (only if) part
can be easily proven by contradiction. Indeed, the violation of (4.73) means
that the controllable subspace of the unconstrained switched system is a strict
subspace of the total space. Accordingly, there is an € R™/V. As

A @V YA£0

the unconstrained switched system is not locally reachable at the origin by
definition. This implies that the constrained switched system is not locally
reachable at the origin.

To prove the other part, we need to recall some formulas in Section 4.3.3.
In (4.24), we proved that there exist a natural number [, and a cyclic index
sequence ig, - - - , 17, such that

Y = eAizhl . eAil h1 Im W;L((J) 4+t eAilhl Im W;Liill +Im W;LLL (4'74)

for almost any positive real number sequence hy, - - - , h;, where

t
Wy = / eAr=1) By BT A =) g,
0
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Fix such a sequence hg, - - - , h;. Under the piecewise continuous control strat-
egy

T
u(t) = BEetu o, 4 <t <ty k=0,1,---,1  (4.75)
where tg = 0,tp4+1 =t + hg, k=1,--- [, we have
. —1, 4, , ; . ; ;
r=— (eAilhl . eAlohU) [eAth . eAllhl W}’i‘(’)’ Ce 76A”th;4ll:11 , W;Lll]a

where @ = [af,- .- ,alTH]T, and x is a controllable state. This equation sets
up a connection between the controllable state x and the constant vector a
which relates to the control input law.

Let 2p = 0 and define matrix

L= [eAal. . eAatayyo . eAnluipyit yyi, (4.76)
Condition (4.73) implies that the linear operator
L:RUD" R Lia) ™ La

is onto (surjective). This, together with the linearity of the operator, implies
that, for any set W in RU+1)” containing the origin as an interior, the set

L(W)={L(a): a € W}
also contains the origin as an interior in R™. On the other hand, from (4.75),

it can be seen that the set of allowed constant vectors

l

fa=[al, - afy )" ut) €U Viel0,S ]}
k=1

contains the origin as an interior point in RU+D7,

The above analysis shows that, for the switched linear system with the
input constraint, the reachable set R(0, 22:0 hi,U,S) at the origin contains
the origin as an interior point.

Finally, note that, for any 77 < T5, we have

R(0,T1,U,S) C R(0,T5,U,S). (4.77)

Indeed, suppose that @ € R(0,T1,U,S), then, there exist a switching signal
o(+) and an input u(-) defined on [0, T1], with u € U, such that

z=¢(0,T1,u,0).
Now, define another switching signal ¢’ and input «’ on [0, T5] by

O'/(t)— 0'(0) te[O,TQ_Tl)
"\ o(t+ Ty —T,) otherwise
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and

i = {0 te(0,Ts —Th)
T lu(t+ Ty —Tp) otherwise.

It can be seen that
#(0,T>,u', ") = ¢(0,T1,u,0) = z.

As a result, (4.77) holds.

The above reasonings show that, for any 7" > 0, the set R(0,T.U,S)
contains the origin as an interior point. O

Note that, in the proof of the theorem, the design of input and the design
of the switching signal are decoupled in the following sense. In the proof, what

we need is an index sequence 1ig,--- ,4;, and a duration sequence hg,--- , hy,
such that

el eAump, .yt 4D =V (4.78)
For the purpose of proving the theorem, any sequence ig,--- ,7; with this

property suffices. This observation, together with the proof of Theorem 4.70,
indicates that the following generalized conclusion can be made.

Theorem 4.73. Suppose that directed graph G permits a spanning and closed
walk, and U is a set in R™ containing the origin as an interior. Then, for the
constrained switched linear system

&(t) = Agx(t) + Bou(t) u(t) eU o € Sq

the constrained T-reachable set R(0,T,U,S¢g) contains the origin as an in-
terior for any T > 0 if and only if the unconstrained switched system is
completely controllable.

This theorem applies to more practical situations where both the switching
signal and the control input are subject to constraints. Of course, an important
concern is whether the region of locally reachable set is large enough. In
general, the locally reachable set is not necessarily convex or in a regular
shape, even if set U is a closed convex set centered at the origin. Accordingly,
it seems difficult to exactly determine the reachable set. Nevertheless, the set
can be estimated in the following way.

Suppose that the unconstrained switched linear system is completely con-
trollable. Then, for any fixed T' > 0, there is an allowed switching signal o with
index sequence ig,--- ,%;, and duration sequence hg,--- , hy, ZZ:O hy =T,
such that (4.78) holds. Suppose also that

UD{ueR’: |ullo <71}

Note that such an r always exists. Let
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l )
o = il B, e oo

Let k = n(l + 1) and (1,---,( be the unit vectors in R¥. Next, compute
T; = %LQ for each i =1,--- , k, where L is given in (4.76). Finally, let X, be
the closed and convex closure of set {x1, - ,x,}. Then, we have

X, C R(0,T,U, Sc).
Let
X =Uz X, (4.79)

This set can be seen as a (conservative) estimation of the locally reachable
set at the origin. Due to the finiteness of [, there is a finite number of allowed
switching index sequences. However, the number of allowed switching time
sequences is infinite. To approximate X in a tractable way, we can divide the
interval [0, 7] into an appropriate number of sub-intervals and assume that
switching only occurs at the discrete instants. In this way, the number of
feasible switching signals is limited and the union in (4.79) is computable.

4.7.3 Local Controllability

Local controllability means the ability to control the system to nearby (local)
states rather than global states in the state space.

Definition 4.74. Nonlinear system (4.67) is:

e locally controllable at x, if xo is an interior point of R(xg); and
e locally weakly controllable, if zg is an interior point of W R(xg).

Definition 4.75. Nonlinear system (4.67) is:

e locally (completely) controllable, if it is locally controllable at any non-
origin state; and

e locally (completely) weakly controllable, if it is locally weakly controllable
at any non-origin state.

First, we present a necessary and sufficient condition for locally complete
(weak) controllability. Suppose that the system is locally completely control-
lable. This means that for any non-origin state xg, xg € intR(z¢). As a special
case, for each non-origin state z(, there is a neighborhood of zy, Ny, such
that N, C R(xo). In particular, we have

S, C Uresle.

As the unit sphere is a compact set of R", it follows from the Finite Covering
Theorem that, there is a finite number of states y1,--- ,ys such that
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S, C UleNyi.

On the other hand, for any positive real number r, the radially linear property
(c.f. Proposition 1.7) guarantees that we can choose N, with

Ny =AN, Vz#0 A#0
such that
S, CU;_ 1 Npy,.

Therefore, the system is locally controllable at xg if and only if it is controllable
at Axg for any nonzero \.

For locally weak controllability, the above reasonings also make sense.
Hence, we have the following simple proposition.

Proposition 4.76. The switched linear system is locally completely (weakly)
controllable if and only if, there exist a finite number s, and a set of states
{yi};_; on S1, such that

S CUj_;int R(y;) (S1 Cint WR(y;) resp.)

where int denotes the interior of a set w.r.t. the normal topology of R™.

Next, we turn to the switched linear autonomous system X'(A;) . For this
system, there is no control input, the only design variable is the switching sig-
nal. As the origin is always an equilibrium of the system under any switching
signal, the origin itself forms an invariant set of the system and hence is not
locally controllable. As an implication, the unforced system is not globally
controllable in any sense. However, by means of the switching signal, it is
still possible to make the system locally controllable in a certain area of the
state space. In fact, in some cases the switched system is ‘almost globally’
controllable as exhibited in the following example.

Ezample 4.77. Consider the planar unforced switched linear system X(A;)s;
with
01
A1 ZIQ and Ag = l:—]. 0:| .

According to Theorem 4.18, the controllable subspace is null. Take any two
non-origin states x1 and xo. If ||z1|| < ||z2f|, then it can be seen that the

xo € R(x1). Indeed, let xy = HZH
are in the same direction, and zy € R(z1) via As as A, is a purely rotative
matrix. This means that, for any two non-origin state z; and x5 in R", we have
29 € WR(x1), and hence the system is locally completely weakly controllable.
In the same way, we can prove that, for the enlarged system X(A;)sz with

A3 = —I5, each non-origin state is locally completely controllable.

X9, then, zo € R(xp) via Ay as xo and xg
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The example exhibits the independent interest of the local controllability
for switched autonomous systems.

Let £ = {4z, -+ ,Apma}tra be the Lie algebra generated by A;x. The
algebra is spanned by all the vectors in the form

(A, z, [Apyx, [+ [Ai 2, Ay al]]] ;€M
where [-, -] denotes the Lie product. As
[Arz, Agx] = (A A; — A1 Ag)x
for any z € R™, L(x) is in the form
L(xz) =span {Azx, -+, Anz, Bix, Bax, -+ }
where B; is a commutator in the form
B = Ak, [Aky, [ [Ak 1 ARl ki € M.

The following properties of the Lie algebra are readily obtained:

(i) £(0) is the null space.

(ii) dim £(Az) = dim L(x), for all state x € R™ and real number A # 0.

(iii) Let 7 = max{dim L(x): z € R"}, and 2 = {z € R": dim L(z) = r},
then, (2 is an open and dense subset of R™ (c.f. The proof of Lemma
4.16).

Now, we establish a criterion for local controllability. For this, we need the
following technical lemma.

Lemma 4.78. Let U be a pathwise connected open set, and assume that
dim L(x) =n for allx € U. Let T (x) denote the largest integral sub-manifold
of L passing through x. Then, we have

T()2U Vazel.

Proof. If this is not true, then, there are states x and y such that x € U, y € U,
and y is a boundary point of 7 (z). As T(z) U T (y) is a connected integral
sub-manifold of £ passing through x, and y is an interior of 7 (z)UT (y), T (x)
is a strict subset of T (x) U T (y), which contradicts the fact that 7 (x) is the
largest integral sub-manifold of £ passing through z. O

Theorem 4.79. For the unforced switched linear system X (A;)n, a state x
is locally weakly controllable if and only if the Lie algebra L is of full rank at
x, that is

rank £(z) = n. (4.80)
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If the system is symmetric, then state x is locally controllable if and only if
Condition (4.80) holds.
Proof. If dim £(z) = s < n, then, by Theorem 2.16, 7 (z) is a sub-manifold of
dimension s. As WR(x) C T (z), the system is not locally weakly controllable.
If dim £(x) = n, then, there is a neighborhood U of x such that dim £L(y) =
n for all y € U. By Lemma 4.78, we have T (z) 2 U. It follows from the
Generalized Chow’s Theorem (Theorem 2.16) that state z is locally weakly
controllable. O

Corollary 4.80. The unforced switched linear system X(A;) s is locally com-
pletely weakly controllable if and only if rank L(x) = n for all x € S;.

Ezxample 4.81. Suppose that n = 3, m = 2, and

100 0 01
A;=]01 0| and A= 0 —-10
00-1 -1 00

Simple computation gives

€1 T3 x3 T
{A1z, Asz}pa =span{| z2 |,|—2z2|,|[ 0 |,] O |}
—I3 —I1 T —XI3
It can be seen that
0 ifx=0
. _ 1 ifx1:x3:0 $27é0
dim{A 1z, Asx}pa = 2 ifae=0 #2+a2#0
3 otherwise.

Accordingly, let
O ={x: 29> 0,27 + 22 # 0} and 25 = {: x5 < 0,27 + 23 # 0}

the two sets are pathwise connected open sets in which the Lie algebra is the
total space. By Theorem 4.79, both (2, and {2, are locally weakly controllable.
In fact, it follows from Lemma 4.78 that

Similarly, let
Q3 = {x: 15 = 0,23 + 23 # 0}.

Apply Theorem 4.79 to this two dimensional sub-manifold, {23 is locally
weakly controllable. In addition, on sub-manifold {23, A5 is purely rotational
and hence it can reach any direction, and A; possesses a stable mode and an
unstable mode. This means that (23 is in fact locally controllable, and we have
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R("E) =(3 Vuzxel
Finally, let
2y ={x: 22> 0,27 + 23 =0} and 25 = {z: 25 < 0,27 + 23 = 0}.

Then, both 2, and 25 are locally controllable.

It is interesting to note that, each region (2; is invariant under the locally
weak controllability, and any two states within the same set are weakly con-
trollable. In other words, each region is the largest integral sub-manifold of
the Lie algebra.

4.7.4 Decidability of Reachability and Observability

Decidability involves the ability to verify a property in a finite time. For
continuous-time switched linear systems, the reachable set is a subspace which
can be explicitly determined in a finite time. Accordingly, the property of
complete reachability is decidable, which means that we can assert a defi-
nite (yes or no) answer in a finite time to the question “Is this system com-
pletely reachable?”. For discrete-time switched systems, the situation becomes
quite challenging. As proved in Section 4.4.2, complete reachability is decid-
able for reversible discrete-time switched systems. For general (not necessar-
ily reversible) discrete-time systems, we showed in Theorem 4.31 that system
Ya(A;, B;) s is reachable if and only if there exist an integer k < oo, and an
index sequence 1ig, - - - , ik, such that

A - AyImB, +---+A;, Im B +ImB;, =R"

ik—1
or equivalently,

rank[Alvk_ s Ai1 Bioa s ,Asz sz] =n. (481)

Th—1"

By this criterion, if we know an upper bound of k, say, ¥ < [ and [ is
known, then the complete reachability can be verified in a finite time by
examining relationship (4.81) for all possible combinations of ig, - - - , 4 with
ij € M and k < [. Therefore, the decidability of the complete reachabil-
ity depends on whether such an upper bound exists. Unfortunately, we do
not currently know the answer and thus the decidability of the complete
reachability is still open. Similarly, the decidability of complete controllabil-
ity /observability /reconstructibility is also open for further investigation.

We now turn to another kind of reachability and observability, known as
the pathwise reachability and the pathwise observability.

Definition 4.82. Switched system X(C;, A;, B;)ym is said to be pathwise
reachable, if for any switching path o, the reachable set via o is the total
space

RO'(C’i; Ai, BZ)]\/[ = Rn
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Definition 4.83. Switched system X(C;, A;, B;)p is said to be pathwise ob-
servable, if for any switching path o, the corresponding unobservable set is the
null space

UO,(Ci, A, Bi)m = 0.

Note that pathwise reachability /observability require that the switched
system is reachable/observable via each possible switching signal. As a result,
each subsystem must be reachable/observable. For a continuous-time switched
system, this is also sufficient for pathwise reachability /observability, as shown
in the following proposition.

Proposition 4.84. A continuous-time switched linear system is pathwise
reachable/observable if and only if each of its subsystems is completely reach-
able/observable.
Proof. We need only to prove the sufficiency.

Suppose that each of the subsystems is reachable. Let ¢ be any switching
signal. Suppose that its switching sequence is

{(th 7:0)7 (thil)? Tty (tl7il)}
where 0 <[ < co. The reachable set via o is (c.f. (4.5))
Ry = UL, (eAin(rri—te) . pAi(=t)p, .. 4 D, )

where ;41 def 0o. Note that D;, itself is the total space, thus we have

Re =R"™

The case of observability can be proven in the same manner. O
For pathwise reachability of the discrete-time switched system, the decid-
ability depends on the full rank property of any matrix in the form

[sz7A’LkB . 7Aik Tt AilBio]

e
where ig,--- , i, € M. Suppose that there is a finite k, such that any rank de-
fectiveness of the above matrix means that the system is not pathwise reach-
able, then the property of pathwise reachability is decidable. Fortunately, this
idea does work and we can prove the following theorem.

Theorem 4.85. The pathwise reachability/observability property is decidable.
Proof. We prove that the pathwise reachability is decidable.

If the system is pathwise reachable, then, each subsystem (A;, B;) must
be reachable. This means that

A 'TmB; +---+ImB; = R"
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which implies that
ImA; + Im B; = R"™. (4.82)

Accordingly, we assume that (4.82) holds.
Let = be the set of subspaces of R™. Under the subset relationship, = is
. . . . d .
partially ordered with the unique maximum element 1 Y R" and the unique
minimum element 0 which is the null subspace. In addition, the set is (n 4+ 2)-
Nether as it does not contain any strictly decreasing sequence of length n + 2.

Define a finite set of maps
G=A{fi: E— Zlien
by
fi)=AY+ImB;, YeZ ieM.
Then, we define a language in the alphabet {1,--- ,m} as

Le={w=wi-w: fu(0) <1}

where f, o fuwr © fus 00 fu, (c.f. Section 2.11).

It can be seen that the pair (5, G) is a monotone automaton. Indeed, it
is clear that all maps in G are monotone with respect to the partial order in
Z. Besides, it follows from (4.82) that f;(1) = 1 for all f; € G. By Lemma
2.17, there exists a number F(n + 2,m), such that, for any w € Lg with
|lw| > F(n + 2,m), we can find strings z,y and z satisfying the following
properties:

(i) w=wyz;

(i) |zy| < F(n+2,m);

(i) ly| > 1; and

(iv) for all i € N, we have xy’z € Lg.

As an implication, if there exists a w € Lg with |w| > F(n + 2,m), then,
Jayiz(0) <1foralli=1,2,---.
By the definition of G, for a word w = wy - - - wg, we have

fu(0) = A, Aw, - Awy,_, Im B, + -+ Ay, Im B,,, + Im B,

which is exactly the reachable set of the switched system along the switching
path wy - - - wy.

Combining the above reasonings, we can conclude that, if the pathwise
reachability cannot be achieved in time F(n + 2,m), then, the system must
not be pathwise reachable. As a result, the pathwise reachability is decidable.
O
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4.8 Notes and References

The concepts of controllability and observability presented here are natural
extensions of the standard ones from linear systems. The reader is referred to
the standard textbooks, e.g., [21] and [77]. We adopted Wonham’s geometric
approach [160] as a main tool for analysis. The controllability /observability
criteria in Section 4.2 were first presented in [142]. See also [40, 150, 145,
162, 168, 161, 85] for related work. Studies for second-order switched linear
systems can be found in [96, 163].

The counterpart of discrete-time systems has been studied for many years
by Stanford and his co-workers. The material here was mainly selected from
[127, 128, 26, 27]. Theorems 4.30, 4.36 and 4.37 were taken from [52].

The structure decomposition and canonical forms were adopted from [127,
26] for discrete time and [137, 139, 134] for continuous time. This part extends
the related theory of linear systems to switched linear systems, and will play
a key role in addressing the feedback stabilization problem in Chapter 5.

Sampling of dynamic systems is an old topic and the supporting lemma
4.53 was adopted from [153]. The main results presented here, as well as the
discussion on digital control and regular switching, were taken from [138, 133].

In Section 4.7, the topics are natural extensions of the controllabil-
ity /observability discussed in the previous sections. The first two subsections,
4.7.1, and 4.7.2, were adopted from the recent work [135]. Section 4.7.3 on lo-
cal controllability was mainly adopted from [22]. Theorem 4.85 can be found
in [56], see also a much detailed proof in [5]. Other parts of Section 4.7.4 were
newly developed based on the results presented in the previous sections.
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Feedback Stabilization

5.1 Introduction and Preliminaries

In this chapter, we address the problem of state/output feedback stabilization
of switched linear control systems. As in the standard linear system theory, we
present constructive design procedures based on the canonical forms presented
in Chapter 4.

Feedback stabilization involves finding appropriate switching signals as
well as state/output feedback controllers to make the closed-loop systems
(asymptotically) stable. Once the feedback controllers are given, the closed-
loop systems are force free, and the switching signal design can then be carried
out using the approaches presented in Chapter 3. Thus, we mainly focus on
the feedback control design issues in this chapter.

This chapter addresses several classes of switched linear systems. The first
is a single process controlled /measured by multiple controllers/sensors. In this
case, we present a concise and complete treatment of the problem of dynamic
output stabilization. The second is a controllable system where the summation
of the controllability subspaces of the individual subsystems is the total state
space. For this class of systems, we propose a stabilizing state-feedback control
scheme with dwell time. The third is in the general controllability canonical
form, and for which we present criteria and design methods for state feedback
stabilization.

Consider the switched linear control system given by

z(t) = Asx(t) + Byuy(t)
y(t) = Cox(t) (5.1)

where x € R" is the state, ux € RP* k = 1,--- ,m are piecewise continuous
inputs, y € R? is the output, ¢ € M is the switching signal to be designed,
and A;, B;,C;, 1 € M are real matrices of compatible dimensions.

For the problem of stabilization of switched linear control systems, we seek
both the switching signal and the control input to steer the switched system
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asymptotically stable. Accordingly, both the switching signal and control in-
put are design variables. As we explained in Section 1.3, the switching signal
may either be time-driven, event-driven, or mixed. Similarly, the control in-
put may either be open-loop or closed-loop. As a result, there are several
types of stabilizability, for example, the stabilizability via time-driven switch-
ing and open-loop input, and the stabilizability via state-feedback switching
and output feedback control input, etc.

In this chapter, we assume that the switching signal is measurable on-line.
Accordingly, we can incorporate the switching signal into the controller such
that the control input is in the piecewise (gain-scheduling type) form

u;(t) = @i(z(t)) i€ M. (5.2)

Definition 5.1. System (5.1) is said to be (state) feedback stabilizable, if
there exist a switching signal o, and state feedback control inputs in the form
(5.2), such that the closed-loop switched system

1‘(t) = Aax(t) + BJWU(x(t))

is well-posed and uniformly asymptotically stable.

Note that the switched linear control system becomes a switched nonlinear
autonomous system if the controller is nonlinear. Usually, switched nonlinear
systems are much harder to handle than switched linear systems as the transi-
tion invariance properties (c.f. Section 1.3.5) do not hold for general switched
nonlinear systems. In view of this, we restrict our attention to piecewise linear
controllers as defined below.

Definition 5.2. System (5.1) is said to be (piecewise) linear (state) feedback
stabilizable, if there exist a switching signal o, and piecewise linear state feed-
back control inputs

such that the closed-loop switched system
&(t) = (Ay + BoFy)x(t)

is well-posed and uniformly asymptotically stable.

By Theorem 3.9, the piecewise linear state feedback stabilizability is equiv-
alent to the exponential stabilizability by means of piecewise linear state feed-
back controllers.

The above definition of linear feedback stabilizability is still quite general.
Whenever possible, we further restrict our attention to a special type of the
stabilizability as follows.

Definition 5.3. System (5.1) is said to be (piecewise linear state) quadrati-
cally stabilizable, if there exist a switching signal o, and piecewise linear state
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feedback control inputs in form (5.3), such that the closed-loop switched system
s well-posed and quadratically stable.

We also need the concept of stabilization by dynamic output feedback
control inputs.

Definition 5.4. System (5.1) is said to be dynamic output feedback stabiliz-

able, if there exist a dynamic output feedback control law of form

u(t) = g(y(t), (1), 0)

@(t) = f(‘%(t)vy(t)a U)

and a switching signal

o(t+) = ¥(t a(t),y(t), (1))
such that the overall system

#(t) = A (t) + Bogly(t), (1), 0(1)
#(t) = Fa(0). y(t), (1)

is well-posed and uniformly asymptotically stable.
The following two lemmas are obtained directly from Chapter 3.

Lemma 5.5. System (5.1) is quadratically stabilizable if there exist gain ma-
trices F;, i € M such that the matriz pencil

ieM ieM
contains a Hurwitz matrix.

Lemma 5.6. System (5.1) is linear feedback stabilizable if there exist gain ma-
trices F;, i € M, a time sequence hy,--- , h;, and an index sequence ji,- -+ ,ji,
such that matriz

e(Aq B Fiphe L o(Aj +Bi; Fip)ha

18 Schur.

5.2 Multiple Controller and Sensor Systems

In this section, we consider the switched linear control system described by

{gb(t) = Az(t) + Boug(t) (5.4)
y(t) = Coxl(t) '
where z(t) € R”™ is the state, u;(t) € RP, i € M are the control inputs,
y(t) € RY is the measurable output, o is the switching signal to be designed,
and A, B;,C; are fixed matrices of compatible dimensions.

System (5.4) represents a linear plant with multiple control/sensor de-
vices. The description includes the multi-controller switching and multi-sensor
scheduling as special cases [117].



182 5 Feedback Stabilization
5.2.1 State Feedback Stabilization

In this subsection, let us consider the problem of stabilization via state feed-
back controllers and time/state-driven switching signals.

Recall that any switched linear system permits the canonical decomposi-
tion. For system (5.4), we have the following special type of canonical decom-
position.

Lemma 5.7. Switched system (5.4) is equivalent, via some state transforma-
tion, z =Tz, to system

Z
2(t) = | 2o | = Az(t) + Byue(t)
Z3
y(t) = Cs2(t) (5.5)
where
B An /:112 14:113 B B;i,l
A=TAT ' = 0 Asn /_123 B, =TB,; = 0,2
0 0 Ass 0
le' = CiTHl = [0 6’7371 01'72] 1€ M. (56)

In (5.5), z1 is controllable but unobservable, zo is controllable and observable,
and z3 s uncontrollable.

It can be seen from the decomposition (5.5) that z3 is decoupled from 2z,
z9 and the control input. As a consequence, system (5.5) is stabilizable only if
matrix Ass is Hurwitz, or equivalently, the unstable mode of A is controllable.
Let

B(s) = H]l'zl(s + s5)
be the monic minimal polynomial of matrix A. Define polynomial
BT (s) = Iys,;>0(s + s5)-
Note that the subspace
Ker 1 (A) = Ker(ITgs;>0(A + s515))

is the unstable mode of A. Let C denote the controllable subspace of system
(5.4), and ny = dimC.

Assumption 5.1. Ker gt (A) C C.
This assumption ensures that the uncontrollable mode is stable, that is, matrix
Ajzz in (5.6) is Hurwitz.

Now, let us consider system (5.5) in canonical form. Denote
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A = [An A12} B; = {gzj ieM

and
B=[By, - ,Bn]

Note that the controllable subspace of switched system X (1211, Bz) M is exactly
the controllable subspace of the pair (Al, B) As the former is controllable,
matrix pair (/11, é) is controllable. Therefore, for any arbitrarily given set of
desired (symmetric) poles A = {A\y, -+, ng} with negative real parts, we
can construct a feedback gain matrix G € R™P*"2 such that matrix A; + BG
possesses eigenvalue set A. Let us partition G as

G
G=|:| Gerrm
Gm

Fix a set of weighted factors, w; >0, i € M with ), w; = 1, and define

1 _
:7Gz F;, = [FZ,O] c RP*™ {e& M.

Wy

For system (5.5) with the piecewise linear feedback control inputs

wilt) = Fia(t) = F [28} icM (5.7)

the overall system is given by

2(t) = (A+ BoF,)z(t). (5.8)

Denote A; = A+ B;F;, i € M, and furthermore, the average matrix

i + _[Ai+BG A,
;wszz[ y Agg]

Ars
Az
trix A itself is also Hurwitz. From Lemma 5.5, system (5.8) is quadratically
stabilizable.

In what follows, we briefly introduce two switching strategies for switched
system (5.8). One is based on the average method and leads to periodic switch-
ing paths, and the other is based on the Lyapunov approach and results in
state-feedback switching laws.

First, according to Lemma 2.10, there is a positive real number 7 such
that

where Ay = [ } Because both diagonal blocks of A are Hurwitz, ma-
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exp(Apmwmp) - - - exp(Aywi p) = exp (pfl + pQTp)) (5.9)

for any p < 7, where entries of matrix ¥, are bounded and continuous.
For any matrix I, let ¢)(£) denote the maximum real part of all its eigen-
values. Fix a positive real number € < —1)(A) and select a ¢ such that

YA +675) < p(A) + e

The existence of such a § is guaranteed by (5.9) and the continuity of eigen-
values.
Define the periodic switching path as

1 mod (¢0) € [0,w10)
2 mod (¢,9) € w16, (w1 + w2)d)

o(t) =1 . Vit > to. (5.10)
m  mod (t,6) € [X7 " w;é, 6)

Simple analysis shows that, under this switching path and the feedback control
law (5.7), the switched system is exponentially stable with convergence rate
—p(A) —e. .

Second, fix a positive number 7 such that A + 71, is still Hurwitz. Fix
a positive-definite matrix @, and denote by P the unique, positive-definite
solution of the Lyapunov equation

(A+1L)'P+ PA+1I,) = -Q.
Denote
Q= Ay +71)'P+P(A, +7I,) ke M.
For any initial state x(tg) = xo, set
o(to) = argmin{zd Q170, - -+ , 28 Qmo}.
The following switching time/index sequences are defined recursively by
topr = inf {¢t > tp: 2" ()Q, 1z (t) > 0}

o(tg+1) = arg zrel}\r/} {2" (tp1)Qiz(ths1)} k=0,1,---. (5.11)

Under this state-feedback switching law and feedback control law (5.7),
the switched system is well-posed and exponentially convergent at rate 7, i.e.,
there is a positive number N such that

lz(®)]| < Nem™C= ap.

The above analysis is summarized in the following theorem.
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Theorem 5.8. System (5.4) satisfying Assumption 5.1 is linear feedback sta-
bilizable.

Remark 5.9. If system (5.4) is completely controllable, then, we can select the
feedback control law and the switching signal, such that the rate of conver-
gence can be arbitrarily assigned for the closed-loop system. Indeed, in this
case, the convergence rate of the average matrix A can be arbitrarily assigned,
and the convergence rate of the closed-loop system can arbitrarily approach
that of the average system by sufficiently high frequency switching.

Remark 5.10. The switching index sequence can be arbitrarily assigned. That
is, we can first activate subsystem 1, then switch to subsystem 2, then subsys-
tem 3, etc. Alternatively, we can first activate subsystem 2, then, subsystem
3, then subsystem 1, etc. This feature is crucial in practice when some sub-
systems must be activated before others, as is often the case encountered in
workshops. However, different sequences of switching may require different
switching frequencies to ensure stability of the closed-loop system.

Remark 5.11. The ratios among weighted factors can be arbitrarily assigned.
The only requirement is that w; # 0 for all i € M. In contrast, the assumption
of 3, ps wi = 1is technical. This flexibility of choosing weighted factors would
be beneficial in some circumstances. For example, some control devices may
be more reliable than others. In this case, the ratios of these devices can be
set higher than others. In particular, if we choose wi = -+ = w,, = %, then,
the switching signal (5.10) is periodic with the same duration interval for any
subsystem at each period. In this case, the closed-loop system behaves in a
multi-rate control manner which can be easily implemented in practice.

5.2.2 State Estimator

In the previous subsection, we introduced the state feedback control scheme
under the assumption that the state variables are available. When the mea-
surement of the state variables is not available, we need additional dynamics
to estimate them.

In this subsection, we propose a state estimator to approximate the state
variables. For stabilization, we only need to estimate the state variables which
are used in the feedback loop, that is, the controllable part as illustrated in
(5.7). For this, it is necessary for this part to be completely observable. Let
W denote the unobservable subspace of system (5.4).

Assumption 5.2. CNW = {0}.
Under this assumption, the canonical form (5.5) can be rewritten as

5(t) = [Z] — V‘g? ﬁiﬂ o(t) + [Bﬂ o (2)

[Cya Cus)z(t) (5.12)

<

—~
~

~—
Il
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where z, is controllable and observable and z3 is uncontrollable.
We propose the following estimator (observer) for zo

Zo(t) = Agp2o(t) + Lo [y(t) — Cona] + Booug(t) (5.13)

where w;(t), y(t) and o are the inputs, output and switching signal of system
(5.4), respectively, and matrices Ly, -, L, € R™*7 are to be determined
later.

The dynamical equation of the estimator can be rewritten as

Zo(t) = (Aga — LyCla)2a(t) + Loy(t) + Baaus(t). (5.14)

Note that the estimator itself is a switched system, but the switching signal
is the same as in system (5.4). Hence, the switching signal here is not an
independent design variable.

Define the difference between the real state and the estimated state

22 = 22 — 2’2. (515)
Subtracting (5.14) from (5.12), we obtain

Zy = (Agy — LyCy2)Za + (Ags — LyCys3)z3
733 = Agng. (516)

Theorem 5.12. Under Assumptions 5.1 and 5.2, system (5.16) is exponen-
tially stabilizable via the periodic switching signal (5.10).
C1z
Proof. Denote matrix Cy = : | It follows from Assumption 5.2 that
Crna
matrix pair (Co, Ags) is completely observable. Therefore, for any arbitrarily
given set of desired (symmetric) poles ¥ = {11, R ¥, } With negative real

parts, we can construct a feedback gain matrix L € R"™*™4 gych that matrix
Ags — LC5 possesses eigenvalue set W. Partition L as

L=[Ly, - ,Ln] L;eR™ . (5.17)
Furthermore, define
12 .
Li=—L; ieM
Wy
Compute
' Agy — LiCip Ags — LiCiz | _ [ Asz — LCy Ags — LCs
> w [ 0 Ao, = 0 Aoy (5.18)

ieM
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Cis
-~ d n == : :
where Cj ef : . Note that Ass — LC5 is Hurwitz, and it follows from
CmS N
Assumption 5.1 that Ags is also Hurwitz. Consequently, the average matrix in
(5.18) is Hurwitz. By Lemma 3.26, system (5.16) is exponentially stabilizable

via a periodic switching signal in form (5.10) with a sufficiently high switching
frequency. This completes the proof of the theorem. O

Remark 5.13. Due to Theorem 5.12, we call estimator (5.13) the asymptotic
state estimator. Note that the error dynamics do not rely on the input, and
the estimated state can track the real state asymptotically whether the real
state converges or not. However, stability (and convergence rate) of the error
system does depend on the switching frequency of the switching signal. The
estimated state may not approach the real state if the switching is not fast
enough.

Remark 5.14. From the proof, we see that, if the system is completely control-
lable, then, we can assign any pole set for the average system by appropriately
selecting gain matrix L. Furthermore, if the switching frequency is sufficiently
high, then the error dynamical system converges exponentially at a rate near
that of the average system. Hence, the estimator can approximate the real
state at any given rate of convergence.

5.2.3 Separation Principle

In this subsection, we show that the design of the state feedback and the
design of the state estimator can be carried out independently for the problem
of dynamic output feedback stabilization. This separation property enables us
to solve the problem in a clear and constructive way.

Using estimated state (5.13) to substitute for the real state in feedback
controller (5.7), we obtain

0= 2| =[]0+ [ 2]
y(t) = [Coz Coslz(t)
(t) = FiZQ( ) ieM
(t) = AQQZ ( ) [ ( ) — 60222} + ngug(t). (519)

N>
)

Substituting the inputs and output expressions into the differential equations,
we obtain the overall system given by

9 = Agozo + BooFy2a + Asz2s
29 = (Aog + BooF, — LyCyo)22 + LyCooza + LyCoz2s
zZ3 = A332’3. (520)
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. T
Denote w = [zQT, P ng] , and

Ay Bk Ay
2; = | LiCip Aga+ BioF; — LiCip LiCij3 | 1€ M.
0 0 Ass

We can rewrite the overall switched system (5.20) as
w(t) = 2w(t). (5.21)

The average matrix of (2;, ¢« € M under weighted factors w;, ¢ € M can be
computed as

Ay BG Ay
0= wif;=|LCy A+ ByG—LCy LCs
€M 0 0 A33

It can be seen that this matrix is similar to a block triangular matrix with
stable diagonal blocks. Indeed, let

I,, 0O 0
T=|I,,-I,, 0
0 0 In,
Simple calculation gives
AQQ + BQG _ _3297 B A237 _
TOT ' = 0 Agy — LCy Ayz — LC3
0 0 Ass

Therefore, the characteristic polynomial of the average matrix is the product
of those of the state feedback, the state estimator and the uncontrollable
mode. As a result, the average system

w(t) = Nw(t) (5.22)
is stable. By Lemma 3.26, we obtain the main result of this section.

Theorem 5.15. Under Assumptions 5.1 and 5.2, system (5.4) is dynamical
output feedback stabilizable.

Remark 5.16. From the above analysis, the separation property holds for the
average system in terms of eigenvalue assignment. That is, for the switched
system, the design of the state feedback controller (5.7) and the design of
the observer gain matrices (5.17) can be carried out independently. However,
there is no such separation property for the design of the switching signal.
In fact, a switching signal in the form of (5.10) stabilizes the overall system
(5.20) if and only if it stabilizes both the state feedback system (5.8) and the
state estimator system (5.14).
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5.2.4 Design Procedure and Illustrative Examples

In this subsection, we summarize the results presented in the previous subsec-
tions and carry out a systematic design procedure for the problem of dynamic
output feedback stabilization.

Step 0. (Initialization) Suppose that system (5.4) is given with known
parameters A, B; and C;, i € M.

Step 1. Choose a group of linear independent column vectors from matrix
[B1,--+,Bm, -+, A" 'By,--- , A" B,] with maximum number, then
extend it to a basis of R™. Let T be the matrix of transition from the
standard basis of R™ to this basis. Compute

A=TAT™' B,=TB, C;=CT' ieM.

These matrices must be of the form

1 -1 _ Al AQ 0. _ e Bl
Ci=CiT ' =[Ciy Cin] i€M. (5.23)

Step 2. Verify if Ass is Hurwitz. If not, then exit. Otherwise, continue
with the following steps.
Step 3. Fix weighted factors w;, i € M. Denote

B = [’wlBl,' H ,’UJmBm]

Design matrix F' such that matrix 1211 + BF is Hurwitz or possesses a
pre-assigned eigen-structure. Partition F' as

F=[F, -, Fal
w1C_'11
Step 4. Let Cy = . Verify if the pair (C’l, Al) is observable. If
me’ml

not, then exit. Otherwise, continue with the following steps.
Step 5. Design matrix L such that matrix A; — LC; is Hurwitz or possesses

Ly
a pre-assigned eigen-structure. Partition L as L =
_Lm
Ay B;F; Ay ]
Step 6. Let -Qz = Liéil Al + BzFl — Liéil LiCiQ , 1= 1, e, M. Find
0 0 Ass |

a positive real number ¢ such that matrix exp(§2,,wd) - - - exp(f21w16) is
Schur.



190 5 Feedback Stabilization

Based on this procedure, the following conclusions can be drawn:

(i) If the procedure stops at Step 2, then the system is not stabilizable by any
control/switching laws.

(ii) If the procedure stops at Step 4, then the switched system is stabilizable
via switching signal (5.10) with the piecewise linear state feedback

wi(t) = [F; 0|Tz(t) i€ M.

However, the output feedback stabilization problem does not admit a so-
lution in general.

(iii) Otherwise, the system is dynamic output feedback stabilizable. Dynamic
output feedback

22“) = (Al + BO'FO' - L0001)22(t) - Lay(t) (524)

and switching signal (5.10) provide a solution for the stabilization problem
of system (5.4).

In what follows, we present two numerical examples for illustration. The
former focuses on the state feedback control scheme and the main issue is
to compare the state-feedback switching scheme with the periodic switching
scheme. The latter focuses on the observer design and the dynamic output
feedback stabilization.

Ezample 5.17. Consider system (5.4) with n =5, m = 3, and

01002 0 0 0
21-32-1 1 0 0
A=|-12 3 14 B, =10 By = |1 Bs= |0 (5.25)
-23150 0 0 1
000O0-2 0 0 0

This system is already in controllability canonical form (5.5). It has a one-
dimensional, uncontrollable, but stable mode with a pole at ¢; = —2, and a
four-dimensional, controllable mode which possesses three unstable poles and
one stable pole.

Fix the equi-weighted factors wy = we = wgz = % Let

B = (w1 By, w3 Bo, w3 Bs].

For the average system pair (A, B), by assigning its controllable mode poles
to ¢ = {—2.5,—3,-3.5,—4}, we obtain a feedback gain matrix as

F 285195 —9 6 0
F=|FK|=|-3 6 19530]. (5.26)
F; 6 9 3 270
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The average matrix can be computed to be

01002

2 1-32-1
Ap=A+BF=|-12 3 14 (5.27)

—23 150

000 0-2

which possesses pole set ¢ U ¢o.
For the switched system, define the piecewise linear feedback control law
as

Ul(t) = FZ‘:E(t) i€ M.

The switching signal o(t) will be designed later. The autonomous system with
this control law becomes

& = (A+ B,F,)z(t). (5.28)

1 I I I
o 0.5 1 2.5 3 3.5

1.5 2
Time (Sec)

Fig. 5.1. State trajectory under periodic switching

Let us design switching signals for system (5.28).
First, applying the average method of Section 5.2.1 with € = 0.5, we can
compute that any frequency higher than 3.98 will work, that is,

¢(6A3wlTeA2w2TeA1w3T) < e (5.29)

1

595+ Where

for any 7 <

A; =A+ B;F; i€ M and 0 = max (max(ég) + €,¢1) = -2.
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Fig. 5.2. Input trajectories under periodic switching

—-1.5 L L L L L L

[0} 0.5 1 1.5 2 2.5 3 3.5
Time (Sec)

Fig. 5.3. State trajectory under state-feedback switching

Fix 6 = 0.25, and define a periodic switching path as in (5.10). The over-
all system is exponentially stable with the convergence rate of o. Figure 5.1
depicts the state trajectory initialized at

zo = [~0.5703, —1.4986, — 0.2517, 0.5530, 0.4175]".

It can be seen that the trajectory is not smooth at the switching instants.
However, the uncontrollable mode, x5, is always smooth because it does not
rely on the switching signal. The bounded control effort of each subsystem is
shown in Figure 5.2.

Second, applying the state-feedback strategy, we obtain a switching law
as in (5.11). The state and input evolutions are given in Figures 5.3 and 5.4,
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Fig. 5.4. Input trajectories of subsystems under state-feedback switching
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Fig. 5.5. State and input trajectories of the average system

193

respectively. For comparison, the state and input trajectories of the average
system are depicted in Figure 5.5. It seems that there is no significant dif-
ference among the convergence rates. However, the control inputs are quite

different.

Figure 5.6 shows the switching signals of both switching schemes. It clearly
illustrates that the former is regular, while the latter is quite irregular. Sur-
prisingly, the (average) frequency of the state-feedback switching is higher
than that of the periodic switching. This indicates that the average method
does not always lead to higher frequency of switching in comparison with
other well-established switching strategies.
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. .
1.5 2 2.5 3 3.5
Time(Sec)

I I 1 1
o 0.5 1 2.5 3 3.5

1.5 2
Time(Sec)

Fig. 5.6. Switching signals of the two schemes

Ezample 5.18. Consider system (5.4) with n =4, m = 2, and

1-11 2 1 0

001-1 0 0
A=1g39.1| Br=|g| B2=],

00 0-2 0 0
Ci=[1-101] C,=[010 —2]. (5.30)

This system is already in canonical form (5.5). It has a one-dimensional, un-
controllable, but stable mode with a pole at ¢; = —2, and a three-dimensional,
controllable mode which possesses three unstable poles.

Partition the system matrices as in (5.23) and fix the equally weighted
factors wq, = wy = % Let B = [wlél,wgég]. For the matrix pair (Al,é),
by assigning its poles to ¢2 = {—2.5,—3,—3.5}, we obtain a feedback gain
matrix as

o [F1] _[-800 058 —2.47
T |FR| T |-0017 -235 —16 |-

wlcjll
waC1
such that Ay — LC; has the pole set ¢3. This yields

Similarly, set ¢ = { ] and ¢3 = {—4,—4.5,—5}. Find a gain matrix L

17.38 22.0
L=[Li,Ly] = | 6.39 22.0
41.25 90.0

The average matrix can be computed to be
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[ 1.0 —1.01.0 —4.0 029 —-124 0

0 0 1.0 O 0 0 0

0 30 20 -00 —-11.75 —8.0 0

N=1869 231 0 —11.69 —3.02 —0.24 —13.3

319 781 0 —-3.19 —-781 1.0 —18.81

20.62 24.38 0 —20.63 —33.13 —6.0 —69.38
| 0 0 0 0 0 0 -2.0 |

which possesses the pole set ¢1 U ¢o U ¢3.
For the switched system, define the state estimator as

22@) = (Al + BO'FO' - Loéol)'é?(t) - L0y<t)
and the feedback control law as

Ul(t) = Fz‘?:“Q(t) i e M.
The switching signal o(¢) will be designed later. The overall system with this
control law becomes

w = Nw(t). (5.31)

Now, we design the switching signal for system (5.31).

First, let us require that the closed-loop system has an average con-
vergence rate of r = —2.0. Numerical computation shows that any peri-
odic switching with base period less than 0.77 will work, that is, matrix
exp(£25wo8) exp(£21w18) has spectral radius less than e~ for any § < 0.77.

100~ I

501 n

—100r-

—150-

—200r-

state trajectories

2 P
Time (Sec)

6

—250

input trajectories

(0]

2 a
Time (Sec)

Fig. 5.7. State and input trajectories with § = 0.77
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Fig. 5.8. Trajectories of the estimator and the error dynamics
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Fig. 5.9. State and input trajectories of the overall system with § = 0.1

Let us fix the period at § = 0.77, and define a periodic switching law as in
(5.10). Figure 5.7 depicts the state and input trajectories initialized at

wy = [~1.1398, —0.2111,1.1902, —1.1162, 0.6353, —0.6014, 0.5512]” .

It can be seen that the state trajectory is not smooth at switching instants.
However, the uncontrollable mode x4 is always smooth because it does not
rely on the switching law. The trajectories of the estimator and the error
dynamics are shown in Figure 5.8.

For the switching signal, a smaller period would result in a system behav-
ior that better resembles that of the average system. Figure 5.9 shows the
state and input trajectories with period 6 = 0.1. Compared with the previous
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Fig. 5.10. Norms of the state trajectories (left) and input trajectories (right)

15 T T 8

-2

15 (0] 15

5 10 5 10
Time (Sec) Time (Sec)

Fig. 5.11. State trajectories of the disturbed system with § = 0.77 (left) and
6 = 0.10 (right)

figures, this one has more switches but appears much more like a linear time-
invariant system. For comparison, norms of the state and output trajectories
of the average system, and of the switched system with § = 0.10 and § = 0.77,
respectively, are depicted in Figure 5.10. It can be seen that the system with
the larger period deviates (from the average system) more than that of the
smaller one in the transient process.

Finally, it is interesting to simulate the robust performance of close-loop
system. Consider the disturbed switched system given by

@(t) = Asx(t) + f(x(t)) (5.32)
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where f(z) = [0.5sin(z1),0.5sin(z2),0.5sin(x3), 0.5sin(z4)]7. The gain ma-
trices F' and L are the same as in the above. The state trajectories under
periodic switching paths with § = 0.77 and § = 0.10 are shown in Figure 5.11.
For this example, it is clear that the system with the smaller period performs
better in attenuating disturbance.

5.3 A Stabilizing Strategy with Dwell Time

In this section, we investigate the problem of stabilization for a switched
linear system where the summation of controllable subspaces of the individual
subsystems is the total state space.

Consider a switched linear system given by

#(t) = Aga(t) + Boug (t). (5.33)

Let D; denote the controllable subspace of the ith subsystem, i.e.,

n—1
D;=> AllmB;.
j=0
Assumption 5.3. > ., D; = R".
By this assumption, the summation of the controllable subspaces of the indi-
vidual subsystems is the total state space. As a result, the switched system is

controllable.
Define a sequence of subspaces of R"™ described by

W1 = NiemD;
Wy = Z (ﬁjQ{il,m ,ik—1}Dj) k=2,---,m.
i1, ,ip—1 EM

It is obvious that Wy C W C -+ C Wi = > ;e Di = R™.

A basis of R™ can be constructed according to the following procedure.
First, choose a group of base vectors vi,---,7s, in Wi. Then, expand them
t0 Y1, , Vsys Vsa+1s " 5 Vse, Which form a basis of Wy. Continuing with this
process, we finally find a basis v, - , v, of W,, = R™. Let T be the matrix
that transforms the standard basis of R™ to this basis.

Let z(t) = T~ 'x(t). System (5.33) can be re-written as

5 =T A, T2+ T 'Byu,. (5.34)
Suppose that dim D; = k; and let indices ji < ji < --- < j}c be such that
span{~;i, -+, v } =D

Let
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_ ) T
yz—[Zji,'7Z]Izc] 'LEM
i ) ) ) ) T
y _[217...,Zji_17zj7i+1,...’Zjé_l,...’Zj£i+17...,zn] ZEM
Let A;1,- -, Ain—k,; be the real parts of the eigenvalues of A; correspond-

ing to the uncontrollable mode of system (A;, B;). Define
A = max{/\i}l, v ,)\i’n,ki} i€ M.

If A; < 0 for some 4, then the i-th subsystem is stabilizable, and the constant
switching signal ¢ = ¢ will make the switched system stable. In this case, the
switched system degenerates into a stabilizable linear time-invariant system.
To avoid this trivial case, we assume that \; > 0 for each ¢ € M. Define

n = max{||A;|loc: i € M}.

Fix an » > mn + 1. It is routine from linear system theory that we can
construct feedback gain matrices F;, i € M, such that each of the real parts
of the eigenvalues of A; + B;F; corresponding to the controllable mode of
(A;, B;) is less than —r. Applying linear feedback input

ui(t) = Fz(t) ieM (5.35)

Equation (5.34) becomes
3 =T YAy + B,F,)Tx. (5.36)
For notational convenience, let || - || denote the I, norm of a vector. As

y; is in the controllable subspace of subsystem (A;, B;), the real parts of the
corresponding poles are less than —r. Therefore, if o(t) = i for t € [t1, 2],
then

lys(t2)]| < cie™ 25|y ()| (5.37)

for some positive constant ¢;. On the other hand, for any ¢t5 > t1, we have

2(t2)|| < e"=27||2(t1)]]. (5.38)

. . +1)1
Let ¢ = max{cy,- -+ ,cm, 1}. Fix a positive real number 7 > M

T —mn
We are now ready to formulate a stabilizing switching strategy for system

(5.36).

For any given initial state zg = z(tg), there exists an integer ig, ig €
M, such that ||y;,(to)|| = ll20||- Define recursively the following switching

time/index sequences by

te = inf{t: t >ty +7, lya_, (O < My (O]}
ir = arggenr{llu(te)ll = 26} B =1,2,---. (5.39)
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Theorem 5.19. Suppose that switched system (5.33) satisfies Assumption
5.3. Then, under the piecewise linear state feedback control law (5.35) and
the switching law (5.39), the closed-loop system is asymptotically stable.
Proof. For any fixed j > 0, consider the interval [t;,;4+m+1]. We are to prove
that the rate of convergence of ||z(t)|| in this interval is less than

5% (m+1DInc— (r—mn)r

mt 1) <0

Accordingly, the closed-loop system is asymptotically stable.
To this end, denote

AZ{leSlSj—l—m,tH_l—tl >T}.
From (5.37) and (5.38), it follows that

= |y, (ti1)|| < ce™ ™ ||z(ty)| ifle A

llz(ti1)l { < e"h"Hz(tl)H = e ||2(8)]| otherwise j<l1<j+m (5.40)

where hy = tj41 —t;, l=74,--- ,5+m.
On one hand, if A # @, then from (5.40), and the fact that

- (m+1)Inc+pnr —r) . hj
titmt1 — t;
we have

l2(tjrmen)l| < € F el 2ea )| [z(t))|| < eUrtmer )| (t;)]

where p is the number of elements of set {I: j <1< j+m,h; =7}

On the other hand, if A = @, then by = 7, [ = j,---,j + m. Because
e {l,---,m} forl =j,---,j+ m, there exist integers Iy and I3, j < 11 <
la < j+ m, such that k;, = k;,. From (5.40) and (5.38), it follows that

|2(tjmpr)|| < TFmHI UM 2 (7, )|
— Cj+m+1—lze(j+m+1—l2)77"'||yk’ (ts,)l
L2
< Jrmh Tty (#,40) |
< cj+m+1—l1e(j+m—l1)n'r—r7'||ykl (tll)H
- 1
_ cj+m+1fl1e(jerfll)anr-r”Z(tll)”
< M2 (8) |
= Tzt
= et (1)), O
Remark 5.20. Note that for each subsystem, the convergence rate of the con-

trollable sub-dynamics dominates the divergence rate of uncontrollable sub-
dynamics. Consequently, any periodic switching with a sufficiently large dwell
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time can also lead to asymptotic stability. That is, for a sufficiently large dwell
time 7, define the periodic switching sequence as

{(0,1),---,((m —=1)7,m), (m7,1),---,((2m — 1)7,m), - } (5.41)

then, the closed-loop system of (5.33), (5.35) and (5.41) is asymptotically
stable.

Example 5.21. Let n =5, m = 3, and

00010 0 01000 00
01000 0 00000 10
A;=100000 Bi=|0 A, =100000 By= {01
00000 1 00010 00
00001 0 00002 00

00001 0

10 0 00 0

A3 =100-100 B;= |0

00010 0

00000 1

It can be verified that Assumption 5.3 holds. According to Theorem 5.19, this
switched system is asymptotically stabilizable.

. . . . . . . .
[e] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (sec)

Fig. 5.12. State trajectory under switching law (5.39)

By fixing » = 10 and 7 = 0.2, a stabilizing state feedback and switching
strategy can be obtained accordingly. Let the initial state be given by

2(0) = [~2.0452, 2.0757, —0.7796, —2.7625,0.6311]7 .
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(o] 0.5 1 1.5 3 3.5 4 4.5 5

2.5
Time (Sec)

Fig. 5.13. Switching signal under switching law (5.39)

Figure 5.12 shows the convergence of the state, while Figure 5.13 gives the
corresponding switching path. As shown in Figure 5.13, neither the switching
index sequence nor the switching time sequence is periodic.

—10 . . . . . .
[e] 3 4 5 6 7
Time (Sec)

Fig. 5.14. State trajectory under a periodic switching path

As pointed in Remark 5.20, for a sufficiently large dwell time, a periodic
switching path also results in a stable closed-loop system. Figure 5.14 shows
the convergence of the state with dwell time 7 = 0.3. Simulation study reveals
that, for any dwell time smaller than 0.25, the state trajectory of the closed-
loop system diverges to infinity exponentially.
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5.4 General Controllable Systems

In this section, we discuss the relationship between controllability and sta-
bilizability. By definition, complete controllability means that the system is
stabilizable (in a finite time) via appropriate open-loop control input and time-
driven switching signal, see Section 4.3.3 for constructive design procedures.
It is natural to ask: Does controllability imply feedback stabilizability or even
quadratic stabilizability? As we will see, the question is quite complicated and
challenging.

5.4.1 General Results
Consider a controllable switched linear system given by
#(t) = Agsa(t) + Byuy(t). (5.42)

It is well known that a controllable linear system is both linear state feed-
back stabilizable and quadratically stabilizable. For switched linear systems,
the relationship between the controllability and the stabilizability is much
more complicated. In the following, we present an example which is control-
lable but not linear state feedback stabilizable. For this, we need a supporting
lemma which sets a necessary condition for linear feedback stabilizability.

Lemma 5.22. Switched linear system (5.42) is not piecewise linear feedback
stabilizable, if for each sequence of gain matrices F;, i € M, there ezists a
one-dimensional subspace W of R™, such that W is (A; + B;F;)-invariant
and (A; + B;F;)|w is unstable for alli € M.

Proof. As W is of dimension one, (A;+ B; F;)|y is in fact a scalar matrix with
a positive real entry. Since W is invariant under (A; + B;F;) for all i € M, any
state trajectory initialized from WV will remain in the subspace and hence di-
verge under arbitrary switching signal. This implies that the switched system
is not stabilizable by means of gain matrices F;, i € M. The assumption of ar-
bitrariness of the gain matrices in the theorem clearly excludes the possibility
of the linear state feedback stabilizability of the switched system. O

Ezample 5.23. Consider system (5.42) with n =3, m = 2, and

000 1 000 0
A =[110| Bi=|[0| A4,=1]010| By=|0|. (543
001 0 101 0

It can be verified that the system is completely controllable.
For any gain matrices F} and Fy with

F; = [fi, fi2, fis] i=1,2

it is clear that
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fir fiz fis 000
A1+BlF1 = 1 1 0 and AQ-FBgFQZ 010
0 0 1 101

If fZ, + f2 # 0, it can be verified that subspace

0
W =span{ | —fi3 | }
fi2

is invariant under A; + B; F; for i = 1,2. Otherwise, subspace

0
W =span{|1|}
0

is invariant under A; + B;F; for ¢ = 1,2. In either case, we have
(A4, +BF)w=1 i=1,2

which are unstable. By Lemma 5.22, the switched linear control system is not
linear feedback stabilizable. O

It is interesting to notice that the unstable sub-dynamics (subspace) rely
on the (parameters of) gain matrices. In other words, different sequences of
gain matrices may correspond to different unstable sub-dynamics. This means
that piecewise linear gain matrices are not always able to eliminate unsta-
ble common sub-dynamics. To overcome this intrinsic problem, we can either
search for nonlinear feedback controllers or extend the scheme of piecewise lin-
ear feedback stabilization (for example, a subsystem is associated with more
than one linear controller). This is an important subject for further investi-
gation.

Next, we assume that the system is single-input and in the controllable
normal form. That is, we restrict systems > (A;, B;)ar with

By =[1,0,---,00" B;=0 j#1.

The following theorem establishes a simple sufficient condition for feedback
stabilizability.

Theorem 5.24. For a single-input switched system Y (A;, B;)m, suppose that
there exists a sequence of real numbers w;, i € M, such that matriz pair
(2_iem wiAi, Br) is controllable. Then, the switched system is quadratically
stabilizable.

Proof. Without loss of generality, we assume that each w; is nonnegative and
wy > 0 (see Remark 5.26 below). Let Ag = >, wiA; and By = w1 By. As
(Ao, By) is controllable, (Ag, By) is also controllable. Therefore, we can find
a feedback gain matrix F7 such that Ag + BoFy is Hurwitz. Introducing the
linear state feedback control input
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’Lbl(t) = le(t)

the closed-loop switched system is ) (A; + B; F;)a with F; =0, j # 1. Note
that

Z w;(A; + BiF;) = Ao + BoFy

ieM
is Hurwitz. By Lemma 5.5, the switched system is quadratically stabilizable.
O

Remark 5.25. From the proof, the eigenvalues of the average matrix Ao+ By F}
can be arbitrarily (symmetrically) assigned by appropriately choosing F;. On
the other hand, the convergence rate of the switched system can arbitrarily
approach that of the average system by a suitable switching signal. As a result,
the convergence rate of the switched system can be arbitrarily pre-assigned.

Remark 5.26. Note that the controllability of (3, ,, wiA;, By) for a sequence
w1, -, Wy implies the controllability of (Y, ,, wiA;, By) for almost any
sequence wi,--- , W, in R"™. Here “for almost all parameter values” is to
be understood as “for all parameter values except for those in some proper
algebraic variety in the parameter space”. In other words, the set

{(wyy -+ ywm): (Z w;A;, By) is not controllable}
€M

is a variety in R™. This comes from the fact that the controllability is a
generic property (see, e.g., [160, 35]). As a result, controllability is preserved
in an open and dense set of R™. This fact plays a crucial role in the design
of the stabilizing strategy for general switched systems in the next section.

5.4.2 Low Dimensional Systems

In this subsection, we apply Theorem 5.24 to low-dimensional controllable
switched systems.
For n = 2, a controllable system satisfies either of the two cases:

(l) rank[Bl, AlBl] = 2,
(i) there is a j € M, j # 1 such that rank[B;, A;B;] = 2.

In the former case, the condition of Theorem 5.24 is satisfied with w; = 1
and w; = 0,7 = 2,---,m. In the latter case, the condition of Theorem 5.24
is satisfied with w; = 1 and w; = 0, i # j. As a result, any controllable
planar switched system is quadratically stabilizable. This is summarized in
the following theorem.

Theorem 5.27. A second-order controllable switched linear system is quadrat-
ically stabilizable with any pre-assigned rate of convergence.

For the single-input third-order system with two subsystems, as classified in
Section 4.5.2, there are five normal forms as follows:
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[000] [ % %]
(a)A; = [100]| and Ay = | * % * |;
010 X % %
[0007] [0 % * ]
(b)A; = [10x| and Ay = |0 * |;
00 % 1 % %
(0007 [+ 0 x|
(c)A; = [10%| and Ay = | % 0 x |;
100 x| 101«
(0007 [0 % %]
(d)A; = [00%| and Ay = | 1% * |;
01 0 % %
(0007 [00 %]
() Ay = |0* x| and Ay = [ 10 *|.
100 x| 101 |

It can be verified that, for forms (a), (c), (d) and (e), the condition of
Theorem 5.24 is always satisfied; for forms (b), the condition of Theorem 5.24
is violated if and only if the normal form is

B 000 - 0 ve w3
A1=1(100 | and A= |0 vqg O (5.44)
00 U1 1 —U1 U4
where vy, - -+ ,v4 are arbitrary real numbers.

For switched system in the form (5.44), a detailed analysis based on Lemma
5.5 shows that, the system is quadratically stabilizable if and only if either
v1 < 0 or vy < 0. In other words, the system is not quadratically stabilizable
for the case when v; > 0 and v4 > 0.

For the case where the system is not quadratically stabilizable, it may be
linear feedback stabilizable as illustrated in the following.

To stabilize systems in the form (5.44), we seek a linear feedback control
input such that the closed-loop system is stabilizable by means of periodic
switching signals. By Lemma 5.6, it suffices to find a feedback gain vector
f1 = 1[f11, f12, f13], and two positive real numbers hy and hg, such that matrix

exp (Aghg) exp ((Al + blfl)hl) (545)

is Schur.
Fix a positive real number hy. Let f11 = —2p, fia = —p?, and fi3 = 7,
where p and 7 are real numbers to be determined. It can be computed that
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—2p —p* 1
exp ((Al + blfl)hl) = exp 1 0 0 |h|=
0 0 U1
_ _ n(hip?e "M1P4hivipe M1P —pie M1P oy eh1vL
(L= hip)e e —hypetn 2 o —
o o n(h pe_hlﬂ+h vie PP pehir_ghivi
hie e (1+hip)e e — (s 1(;+v1)2 )
0 0 el

The analytic expression of exp (Asha) can also be computed as

U5 Vg Ut
ed2h2 = 1 0 evihz 0

Vg V9 V1o

where vs, - - - , U1 are analytic functions of ho. Note that vyvg+vg is a nonzero
function if and only if vy # vyv4. As the function is analytic, it is nonzero for
almost any hsy (except for possibly isolated points) when vy # vjvy.

Suppose that vy # vivy. Fix a positive he such that vivg + vg # 0. Let

With some manipulation, we can express (Ashg) exp ((Ay + b1 f1)h1) in the
form
T e Ph1
q(p)e" ga(p)emrhn DEELIC

_ _oh —phy
A(p) = Q4(P)e pha Q5(P)€ pha 47“2+((1;;+(/;)16)2

_ _ —phy
qr(p)e=rM gs(p)e=PM 7"9((;221)2

where 71,79 are fixed real numbers and ¢;(+), ¢ = 1,--- ,9 are polynomials of
p whose degrees are less than 3.
It is clear that

d 007“1
A ™ 1im A(p) = | 007
pmee 000

The spectral radius of this matrix is zero. As a result, for any given positive
number € < 1, there is a p. such that

st (A(p)) <e ¥V p>pe

Pick such a p, the closed-loop switched system is exponentially stable with
lne

hy +hy’

the convergence rate not less than
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Ezample 5.28. For the controllable single-input normal system > (A;,b;)s
with

000 000
A;=|100] and A= |0 1 0]. (5.46)
001 1-11

this corresponds to the form (5.44) with ve # vivy.
Let hy = ha = 0.1 and p = 10. By the above-mentioned design procedure,
we have

f1 = [—20.0000, —100.0000, 328.9121].

It can be verified that matrix e41" e42h2 has spectral radius 0.4359 and hence

is Schur stable. Therefore, system > (A1 +b; f1, A2) is stable under the periodic
switching signal

_ 1 if mod (¢,0.2) <0.1
o(t) {2 otherwise.

20 T T T 400

200

—200

—400

—600

—800

-30} i
—1000-

—40} i
—1200-

state trajectories input trajectory
5% 10 15 20 —1400%
Time (Sec)

10 1‘5 20
Time (Sec)

Fig. 5.15. State and input trajectories of system (5.46)
The above analysis shows that the system is linear feedback stabilizable.

A sample state trajectory and the corresponding input trajectory are shown
in Figure 5.15 where the initial state is

x(0) = [1.4435,-0.3510,0.6232]". O

Next, we turn to the case that vy = vivy in form (5.44). In this case, we
can transform system > (A4;, B;)s into an equivalent form Y (A4;, B;)5 with
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A ) ) 00 0
A =TAT ' +TBifi=|1v; 0
00 U1
. B 00 U3
Ay =TAT 1= |0v, 0 (5.47)
10 (O}
where
1 —U1 0
T=10 1 0| and f; = [u; ©? 0].
00 1

For system S (A;, B;)3, let
fi =[=p1 — P2+ v1, =172, f13]
where p1, pz and fi3 will be determined later. Simple calculation gives

W1 W2 W3

exp ((Al + Blfl)ih) = | Wq W5 Wg 6};1 v1
0 01
where
_p—2 e*ﬁ] P2 + e*ﬁj p1 p_l (67};1 p1 _ 6751 ﬁ2> ﬁ?ﬁl
w1 = — — Wy = — —
—p2 + 1 —Pz+p1
]513 (efﬁz P1 _ 6751 /72) 6751 5 6751 s
w3 = — - = Wy = — — —
—p2 + 1 Pz + P
—po 6—51 P1 + 6—51 ﬁzﬁl
Ws = - -
—p2 + P1
Fis (—e P2 p1 4+ pae 71— gy 4 o)
we = — - -
p1p2 (—p2 + p1)
Denote
o U5 0 Ug
ef2hz = | evah2
v7 0 Ug

Suppose that vg > 0, then we have vg > evahz et
1 Ug — €U4H2
hy @sef’lhl

and
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£ 1 — wuih vah
J13 = —(vge"*"t 4 e"1"2).
U7
When ps — 00, the spectral radius of matrix
exXp (Azilz) exp ((Al + B1J?1)B1)

approaches zero. As a result, for any given positive number € < 1, there is a
pe such that

ST (exp (1212712) exp ((1211 + Blfl)ﬁl)) <e V p2> pe.

Pick such a ps, the closed-loop switched system is exponentially stable with

Ine
the convergence rate not less than = —.
hi + hs

2
Now, suppose that vs < —%4. In this case, let

.fl = [*2/)4»@17 7p27 0]

where p is a positive real number to be determined. At the same time, let hs
be such that

- 02 - 02
vgsin | ho —v;»,—l—f + 1/ —4vs + vicos | hy —’U3+Z4 =0.

Simple manipulation yields

_ 2 /—dvs + 02
hy = ———— (arctan(w> +kr k=1,2,---.

/s + 02 U4
* 0 *
It can be calculated that matrix exp(Ashsy) is of form | 0 * 0 | . From this, we
*00
can establish that
o o 00 %
lim exp(Ashs)exp(A1h1) =000
e 000

As a result, for sufficiently large p, the closed-loop system is exponentially
stable with any pre-assigned rate of convergence.

Example 5.29. Consider controllable single-input normal system E(/Ali,Bi)g
with

A 000 ) 002
A =[110] and A= [010]. (5.48)
001 101
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8 T T T T 4000
er il 3000
al X 4
2000
2 .
1000
%
-2 E o
—4r —1000
_6L X 4
—2000
-8t 4
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-10} 4
state trajectories input trajectory
12 5 10 15 20 25 —40005 5 10 15 20 25
Time (Sec) Time (Sec)

Fig. 5.16. State and input trajectories of system (5.48)

This corresponds to the form (5.47) with vz > 0.
Let hy = hy = 1 and ps = 500. From the above-mentioned design proce-
dure, we have

f1 = [—498.2269, 386.5457, —1078.5935].

It can be verified that matrix eA171eAzhz has spectral radius 0.2592 and hence
is Schur stable. As a result, system Y (A; + Bjfi1,A2) is stable under the
periodic switching signal
1 if mod (¢,2) <1
ot) = {2 otherwise.

The above analysis shows that the system is feedback stabilizable. A sam-
ple state trajectory and the corresponding input trajectory are shown in Fig-
ure 5.16, where the initial state is

2(0) = [1.4435, -0.3510,0.6232]”. O

When vs = 0, it can be verified that Lemma 5.22 applies and hence the

system is not linear feedback stabilizable. In the case that —%Z < wsz <0, the
stabilizability of system (5.47) is still an open problem.
Finally, we consider multi-input switched systems. For a switched system

rank By + rank By > 2
without loss of generality, we assume that

rank By < rank By < 2.
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Let b; be the first column of B;. According to the proof of Theorem 4.51,
there exist a nonsingular matrix 7', and feedback gain matrices F; and Fb,
such that the single-input switched system X(A;, b;)s is in the controllability
normal form, where

Ai=T(A+BF)T™" i=12 by=Th=e b=0.

Let B; = TB; for i = 1,2. Tt is clear that the stabilizability of system
Y(A;, B;)3 is equivalent to the stabilizability of X(A;, B;)3. For the latter,
it has been proven that the system is quadratically stabilizable except for the
case when A; and Ay are in the form (5.44). As a result, we only need to
address this special case.

If rank By = 2, then, there is a b3 ¢ span{e; } such that

By = [by,bs].

It can be verified that, there exist a gain matrix Fi, and nonnegative real
numbers wy and ws, such that matrix

wl(ﬁl + Blpl) + wQAQ

is Hurwitz, which means that system X(A;, B;)s is quadratically stabilizable.
Similarly, if rank By = rank By = 1, it can be verified that, there always exist
a gain matrix Fs, and nonnegative real numbers w; and ws, such that matrix

wy Ay + w2(A2 + szz)

is Hurwitz, which also means that system X(A;, B;)s is quadratically stabi-
lizable.
Summarizing the above analysis, we have the following theorem.

Theorem 5.30. For a three dimensional controllable switched linear control
system with two subsystems, X(A;, B;)3, we have the following conclusions:

(i) if rankBy+ rankBy > 2, then it is quadratically stabilizable;

(ii)if the system is single-input, then it is quadratically stabilizable if it is not
equivalent to normal form (5.44);

(i) for normal system (5.44), it is quadratically stabilizable if and only if
either v1 < 0 or vy < 0; and

(iv)for normal system (5.44), it is linear feedback stabilizable if either vy #

2
v1vy or vz & [—5+,0].

5.5 General Systems in Controllability Canonical Form

In this section, we address the stabilizability of switched linear control systems
which are not necessarily controllable.
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Consider the general switched system in controllability canonical form

1 = A1ox1 + Asoxo + Bisus
i‘g = Aggl‘z (549)

where > (Ay;, B1i)ar is completely controllable.

To stabilize the system, we need to find a switching signal ¢, and feedback
control inputs u;, ¢ € M, such that the closed-loop system is asymptotically
stable. For this, a necessary condition for stabilizability is that the uncon-
trollable mode system Y (As;)as is stabilizable via suitable switching signal.
In addition, a common switching signal has be be sought to stabilize both
the controllable part and the uncontrollable part. This, of course, brings new
challenges to the problem.

To utilize Lemma 5.5, we make a more restrictive assumption as follows.

Assumption 5.4. For system (5.49), matrices Asz1,--- , Asym have a stable
convex combination.
For the controllable mode > (A1;, B1i)m, it can be transformed into a con-
trollable single-input system Z(/L—, b;)am via a coordinate change z; = T 12y
and a feedback reduction u; = Fyxq + Giv;, i € M.

Combining Theorem 5.24 and and Lemma 5.5, we obtain the following
result.

Theorem 5.31. For system (5.49), suppose that Assumption 5.4 holds. If
there exists a sequence of real numbers w;, i € M, such that matriz pair
(Qiem w; Ay, by) is controllable, then the system is quadratically stabilizable.

Proof. By Assumption 5.4, there is a stable convex combination of As;,
namely, Azg = ZieM 1;As;, where p;, i € M are nonnegative real num-
bers. It is clear that there is a sufficiently small positive real number 7, such
that ),y viAs; is still stable for any v; € (w4, i +n). On the other hand,
the assumption of the theorem ensures that matrix pair (., wiAs, b1) is
controllable for almost any sequence wy, -+, wy, (c.f. Remark 5.26). As a re-
sult, there is a sequence of positive real numbers w;, w; € (u;, 1; + n), such
that matrix pair (3, ,, widi, b1) is controllable. Let gain matrix f; be such
that matrix ), wiA; +w1by f1 is stable. Back to the original system (5.49),
we introduce the linear feedback control inputs

w=(Fi+GifiT Yy € Fay ieM
where f; = 0 for i # 1. The closed-loop system reads as
i = (A + Blaﬁi)xl + Aoy o

.%"2 = A30$2.

Computing the convex combination with weighted factors w; gives
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Zw' (A1o + BioF; Aoy | _ [T(C widi +b1f1)TH Ay
' 0 A3O’ N 0 ZwiAgi ’

As both the diagonal sub-matrices are Hurwitz, the above matrix is also Hur-
witz. By Lemma 5.5, the original system (5.49) is quadratically stabilizable.
O

Corollary 5.32. For system (5.49), suppose that Assumption 5.4 holds. If the
controllable subspace is of dimension one or two, then the system is quadrat-
ically stabilizable.

Ezample 5.33. Consider system > (A4;, B;)s with

[000 -1 2 1
1003 0 0
Ay=10011 0 By= |0
000 1 2 0
000-2-3 0
[0-31-20
010-1
Ay=11012 —2| By=0. (5.50)
000-23
(000 1

It is clear that the system is in the controllability canonical form and the
controllable mode is in the single-input controllable normal form. Partition the
system matrices as in (5.49). It can be seen that the third-order controllable
mode is not in form (5.44). Simple verification shows that pAsz; + (1 —pu)Ass is
stable for p € (i, %) According to Theorem 5.31, the system is quadratically
stabilizable.

Next, fix w = 0.40. By assigning the poles of pair (wAz; + (1 —w)Asz, wby)
at {—1.0,—1.1, —1.2}, we obtain a gain matrix

f1 =[13.2500,99.0000, —116.08333].

By introducing the state feedback control law u; = fix1, the system is trans-
formed into an autonomous system, which possesses a stable convex combi-
nation. Applying the state-feedback switching strategy (3.21), we obtain a
stabilizing switching signal. Take initial condition

2(0) = [~1.0106,0.6145,0.5077, 1.6924, 0.5913] .

Figure 5.17 shows the state and input trajectories. It can be seen that the
state trajectory looks quite ‘smooth’ in appearance, which indicates that the
switching frequency is quite high.
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Fig. 5.17. State and input trajectories of system (5.50)

5.6 Stabilization of Discrete-time Systems

For the discrete-time switched linear system
Tht1 = A xy + Bouy (5.51)

where zp € R"™, up € RP, the problem of state feedback stabilization is to
seek a switching signal and a state feedback input to steer the switched system
asymptotically stable.

In this section, we present two schemes for the feedback stabilization prob-
lem. One is the quadratic stabilization by means of piecewise linear state
feedback input. The other is the deadbeat control for controllable switched
systems.

5.6.1 Piecewise Linear Quadratic Stabilization

The switched linear system is piecewise linear quadratically stabilizable, if there
exist a switching signal o, and a mode-dependent linear feedback input law
of the form

Uk = Fg.’L'k (552)
such that the switched system
Thy1 = (AU + B(,—Fg)l‘k (5.53)

is quadratically stable.

Recall that the quadratic stability of a system means that there is a
quadratic Lyapunov candidate V(x) = 27 Pz, such that the function strictly
decreases along each non-trivial system trajectory, i.e.,
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V(karl) — V(ﬁk) <0 k=0,1,---. (5.54)
Combining (5.53) and (5.54) leads to

mil\r/fl{xT ((A4; + B;F))" P(A; + BiF;) — P) 2} <0 VYa#0. (555)
1€

On the other hand, suppose that for switched system (5.51), there exist a set
{F;}icm of gain matrices and a positive definite matrix P satisfying (5.55),
then the state-feedback switching law

o(k) = argmin{a{ ((4; + BiF)" P(Ai + BiF;) = P) ax}
k=01, (5.56)

quadratically stabilizes the system (5.53), which means that switched system
(5.51) is piecewise linear quadratically stabilizable. The above observation
leads naturally to the following definition and lemma.

Definition 5.34. The set {Hy, -, Hs} of symmetric n x n matrices is said
to be positive definite, denoted by {H;};_; > 0, if V x € R"™, x # 0, there is
an index i, 1 < i <'s, such that T H;xz > 0.

In the literature, the positive definiteness of a set of matrices (or functions)
is also called completeness [124, 174].

Lemma 5.35. Switched system (5.51) is piecewise linear quadratically stabi-
lizable, if and only if, there exist a set {F;};cn of gain matrices, and a positive
definite matriz P, such that the set {P—(A;+ B;F)T P(A;+ B, F;) Yiens is pos-
itive definite. Furthermore, in this case, (5.56) provides a stabilizing switching
strategy.
Proof. It is obvious from the above analysis. 0O

By this lemma, the piecewise linear quadratic stabilizability is reduced to
the existence of the matrices P and {F;};cp satisfying (5.55). However, the
simultaneous searching of the m + 1 matrices is usually very difficult. In what
follows, we prove that we can reduce the problem to the searching of only one
matrix. For this, we need a technical lemma.

Fix a positive definite matrix P in R™*". For a subspace W of R", let

Wp={yeR": y"Pr=0 YzecW)

Lemma 5.36. Suppose that A € R"*! and W = Im A. Then, each z € R"
can be written as z = z1 + z9, where

21 = A(ATPAYTATPz e W
and

29 = (I, — A(ATPA)TATP)z ¢ W
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where AT is the Moore-Penrose pseudo-inverse of A.

Proof. Since R" = W @& W4, there exist a unique w; € W and a unique
wy € Wﬁ, such that z = wy + ws. Let v € R™ be such that wy; = Av. As
wy € Wi, we have

ATP(z — Av) = AT Pwy = 0.
Thus, equation AT PAz = AT Pz has a unique solution z = v. Note that
p=(ATPA)TAT P2
is also a solution of the same equation. This implies that
z— Ap € Ker(ATP). (5.57)

We claim that Ker(AT P) = W3 Indeed, this can be seen from the following
relationships

(y e Wp) <= (y'PA¢ =0 V¢e€R)) <= (ATPy=0).
It is clear that Ap € W. Therefore, we have
z2=Ap+ (2 — Ap)
with
Ap=AATPAYTATPz =21 €W
and
2—Ap= (I, — A(ATPA)TATP)z = zp e W. O

The following theorem reduces the problem of stabilizability to the search
of only one matrix, hence greatly improve the practical utilization of the
approach.

Theorem 5.37. Suppose that switched system (5.51) is reversible. Then, the
system is piecewise linear quadratically stabilizable, if and only if, there exists
a positive definite matriz P such that the set

{P— (A + B;K;)"P(A; + BiK}) Yiemt
is positive definite, where
K; = —(BI'PB)"BI'PA; ic M.
In this case, a stabilizing control law s

uk:KglL'k k:(),].,-~~
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and a stabilizing switching law is defined in (5.56).
Proof. The sufficiency is directly from Lemma 5.35. Hence, we only need to
prove the necessity.

Suppose that the system is piecewise linear quadratically stabilizable.
Then, by Lemma 5.35, there exist a set of gain matrices {F;};cn, and a
positive definite matrix P, such that

max{xT(P — (Az + Ble)TP(Az + Bze))ZE} >0 Vax 7é 0.

ieM
This is equivalent to

m%}{xT((Ai + B;F;))TP(A; + BiFy))x} < TPz} Y a#0.
1€

To prove that the set
{P — (A + BiK;)" P(A; + BiK;) }iem
is positive definite, it suffices to prove, for any i € M, the inequality
(A; + BiK;)" P(A; + BiK;) < (A; + B;F))" P(A; + B;F;).  (5.58)

For this, fix an ¢ € M and let A = A;, B = B;, and W = Im B. By Lemma
5.36, any x € R" can be written as z = xyy + xJV-v, where

zyw = A(ATPAYTAT Pz e W
and
xiy = (I, — A(ATPA)TATP)x € Wi.
Fix an x € R™ and let y = Ax. For any F' € RP*"™ we have
2T(A+ BF)TP(A+ BF)x =
y" Py + (yw + BFA7'y)T P(yyy + BFA™1y).

Note that, the first term in the right side is independent of F', and the second
term is 0 if and only if yyy + BF A~y = 0. By Lemma 5.36, this is exactly the
case when F' = —(BTPB)* BT PA. This means that (5.58) holds and hence
the proof is complete. O

By this theorem, the piecewise linear quadratic stabilizability of the re-
versible switched system is equivalent to the feasibility of the matrix inequality

{P — (A; — BB PB))*BI'PA)TP(A; — By(BI PB;)™BF PA;)}Yicas <0

with respect to P. Unfortunately, the inequality is generally non-convex and
a constructive method to check its feasibility is yet to be known.
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5.6.2 Deadbeat Control

For continuous-time switched linear systems with piecewise linear feedback
control inputs, the origin itself forms an isolated invariant set, that is, a non-
origin state cannot reach the set in a finite time. Accordingly, to steer any
non-origin state to the origin in a finite time, nonlinear feedback control laws
must be exploited. For discrete-time switched systems, however, it is possible
to achieve finite time stabilizability by means of piecewise linear feedback
control laws. This motivates the following concept.

Definition 5.38. The discrete-time switched linear system > (A;, Bi)a is
said to be (piecewise linear state) feedback deadbeat stabilizable, if there are
gain matrices F;, 1 € M, a natural number k, and an index sequence iy, - - - , i,
such that

. . de
Hir,- i) € (Ay + B Fiy) - (Aiy + By Fiy)(Ai, + By Fiy) = 0.

In this case, the gain matrices F;, i € M are said to be deadbeat gain matrices.

Recall that any controllable linear time-invariant system (A, B) is feedback
equivalent to the Brunovski normal form. That is, there exist a nonsingular
matrix T', and a gain matrix F', such that

0100 0
001 0

“Y(A+ BF)T = | YAadr'B=|: | ¥ B
0001 0
0000 1

Note that A" = 0, and hence (A+ BF)™ = 0 and F is a deadbeat gain matrix.

In the following, we assume that the system is reversible and the input
matrices B; € R™"*P 4 € M are of full column rank, that is, rankB; = p for
alli € M.

Theorem 5.39. Suppose that p =n — 1 and switched system > (A;, B;)nr is
completely controllable. Then, the system is feedback deadbeat stabilizable.
Proof. If one of the subsystems is completely controllable, then, it is clear
that the controllable subsystem (and hence the switched system) is feedback
deadbeat stabilizable. Otherwise, none of the subsystems are controllable, and
it can be seen that, there are at least two subsystems, say, the first and the
second, such that rank[Bj, Bs] = n. This means that, there is a column by of
Bs, such that T' = [Bj, ba] is square and nonsingular. By means of appropriate
feedback gain matrices F; and Fb, we have

00---0 ke

T4, + B )T = 00 and T_l(AQ + BoFy)T =
00---

o

—_
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where ‘“*” denotes possible nonzero entries. Note that the multiplication of the
above two matrices is the zero matrix. As a result, the switched system is
feedback deadbeat stabilizable. O

Theorem 5.40. Suppose that p = 1, m = n, and switched system > (A4;, Bi)m
is completely controllable and irreducible. Then, the system is feedback dead-
beat stabilizable.
Proof. The assumptions of the theorem imply that T e [Bi,---,By] is
square and nonsingular. Furthermore, the controllable subspace of each pair
(A;, Bj) is a subspace of Im[B;, B;] for all 4,5 € M. The latter implies that,
for each T—'A;T, its off-diagonal entries are 0 except possibly those in the
ith row. The ith row, however, can be made to be zero by means of a suitable
feedback transformation. In other words, we can find a feedback gain matrix,
such that matrix Tfl(Al- + B,F;)T has zero off-diagonal entries and zero ith
row. Accordingly, the multiplication of all these matrices is the zero matrix,
hence the switched system is feedback deadbeat stabilizable. O

We now turn to three-dimensional switched systems. In view of Theorems
5.39 and 5.40, we only need to consider the case when p =1 and m = 2.

Theorem 5.41. Suppose that p =1, m = 2 and n = 3, and switched system
> (A, Bi)m is completely controllable. Then, the system is feedback deadbeat
stabilizable.
Proof. Without loss of generality, we assume that neither subsystem is con-
trollable.

First, suppose that B; and By are linearly dependent, that is, By = AB;.
In this case, the controllability of the switched system implies that T =
[B1, A1 By, A3 By] is nonsingular. Denote

0 aj as 0 bl b2
T'AT=|lasas| and T"'A,T = [0b3 0
00 as 1 b4 b5
Let
Fy =[0,—ay, —az — asbs|T
and
1
Fy, = X[_CM’ —by — agbs — asby, —by — agbs|T.

It can be verified that
T 1Ay + BoFy)(Ay + B1Fy) (A + BoF)T =0

which implies that the switched system is feedback deadbeat stabilizable.
Second, suppose that B; and Bs are linearly independent, that is, rank[Bj,
Bs] = 2. By interchanging the subsystems’ indices, we have either T =
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[B1, B2, A1By] or T = [By, B2, A1 B] is nonsingular. In the former case, de-
note

0 ay ag b1 bg b3
T'AT=10a3 0| and T AT = | by bs bg
1 a4 as b7 bg by

If b1 4 asb; # 0, then, let

A= bz + asby Cay agbz + asbs + asasbs + asasby
by +a5b7’ by + asbr ’
—ag — a5b3 + a%bg
b1 + asby

and
Fy = —[bg, b5, b6]T.
It can be verified that
T~ (A1 + B1F1)(As + BoFy)(Ay + BiF)T =0

which implies that the switched system is feedback deadbeat stabilizable.
If by + asby = 0, then, let

Fy = [~as, —a1, —as — a2|T
and
Fy = —[ba, bs, bg]T.
It can be verified that
T~ YAy + B1F1)*(Ay + BoFo)T =0

which implies that the switched system is feedback deadbeat stabilizable.
In the later case, i.e., T = [B1, Ba, A1 B1], we can prove in a similar way
that the switched system is feedback deadbeat stabilizable. O

5.7 Notes and References

Stability and stabilization are primary issues of dynamic systems. The prob-
lem of feedback stabilization of switched linear systems has been addressed
for a long time. Early work includes [147, 148] for switched systems governed
by random processes. Feedback stabilizing design for deterministic switched
systems was addressed in [38, 39, 40], where necessary conditions and suffi-
cient conditions were obtained for switched systems under periodic switching
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strategies. For switched linear discrete-time systems, feedback stabilization
and state deadbeat control were addressed in [126, 127, 26, 8]. In particular,
in [126, 8] a feedback design framework was established based on the Lya-
punov approach. The same scheme has been applied to the continuous-time
systems in [124, 118]. This approach provides a sufficient condition for feed-
back stabilizability, but it is usually not easy to find the required Lyapunov
functions.

The canonical decomposition and normal forms presented in the previous
chapter provide a rigorous approach for addressing the problem of feedback
stabilization. A major advantage of this approach is that it is constructive
and permits efficient and flexible design procedures. The material presented in
this chapter mainly follows this approach. Section 5.2 was adopted from [139],
Section 5.3 from [145], and Sections 5.4 and 5.5 from [137]. From Sections 5.4
and 5.5 we can see that, though the theory is far from complete, the scheme
parallels standard linear system theory (see, e.g., [21, 77]) in many aspects.

The stabilization problem for discrete-time switched systems is quite dif-
ferent from its continuous-time counterpart. In fact, most results for the latter
depend more or less on the average method, which does not apply to discrete-
time systems. As a result, the discrete-time stabilization theory is not as rich
as the continuous-time theory. Nevertheless, by means of the Lyapunov ap-
proach, we can obtain some sufficient conditions such as those presented in
Section 5.6.1. Most results presented in Section 5.6.1 were taken from [126].
The results for feedback deadbeat stabilization, presented in Section 5.6.2,
were adopted from [26].
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Optimization

6.1 Introduction

If the individual subsystems are given, then the behavior of a switched sys-
tem depends on the switching signal. Usually, different switching strategies
produce different system behaviors and hence lead to different system perfor-
mances. A well-known example is the switched server system which is able, not
only to produce regular stable behavior, but also to produce highly unstable
behavior such as chaos and multiple limit circles. In this situation, the choice
of a suitable switching law to optimize certain performance index becomes an
important and well-motivated problem.

Optimization over switching signals is indeed a challenging problem. As
a switching signal is a discontinuous function of time and possibly highly
nonlinear, the optimization is extremely intricate and non-convex in nature.

In this chapter, we focus on two types of optimization problems for
switched linear systems with/without control inputs.

First, we investigate how one particular choice of the switching signal af-
fects the system performance. The aim is to find an optimal switching strategy
that causes an unforced switched system to behave optimally according to a
certain performance index. The performance index here is either the conver-
gence rate or the infinite horizon integrand of the cost function. For the former,
an optimal switching strategy is developed to minimize the convergence rate.
For the latter, the finiteness and other basic properties are established for the
optimal cost.

Second, we address several mixed optimization problems for switched lin-
ear control systems where both the switching signal and the control input are
design variables. A two-stage optimization method is developed to solve the
optimal switching/control problem by means of a set of differential and alge-
braic equations, and to solve the linear feedback suboptimal control problem
by means of a locally convergent algorithm.
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6.2 Optimal Convergence Rate

In this section, we consider the unforced switched linear system given by
(t) = Agz(t) z(to) = xo (6.1)

where the real constant matrices A; € R™ "™, i € M are given, and the
switching signal 0 € M is the design variable.
Without loss of generality, we assume that ¢y = 0.

6.2.1 Definitions and Preliminaries

In this subsection, we introduce the notion of optimal convergence rate for
unforced switched linear systems. Generally speaking, the optimal convergence
rate captures the largest possible convergence rate by means of appropriate
switching.

Given a linear time-invariant system

2(t) = Bz(t) 2(to) = 20

B(t—to) ;) and the state norm satisfies

it is well known that z(t) = e
(Bl < el P10 z0] v 8 >t (6.2)
and

Iz(@)] < c(®)erm T |[zo]| ¥t >t

for some «(-) € P, where P is the set of polynomial functions of time, and
Amqr 18 the convergence rate (the maximum real part of the eigenvalues) of B.

For switched system (6.1), the solution of the state equation can be com-
puted to be

¢(t;t07$070) = (:’Aik(t_tk) cee eAio(tl_tO)xo ty <1 <1kt

where {tq, t1, - - - } is the switching time sequence and {ig, i1, - - - } is the switch-
ing index sequence. It is clear that the state transition matrix is given by

U(ty,ty, 0) = Wy(t1,to, o) (Po(ta, to, o)) t1,ta > to
where
Wo(t, to, o) = edie i) A te—timn) L pAig(ti—to) ¢ p <y
From (6.2), it can be seen that
¢(t;to, wo, )| < e |zo|| t>t9 o €S

where p = max{|| A1, -, [|Aml }-
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Definition 6.1. The convergence rate of switched system (6.1) at xoy under
switching path o is defined as

o (Z(Ax)ar, zo) = inf{w: F a(:) € P s.t. ||¢(t, to, xo,0)| <
a(t)e? ) ||zl Yt > o).

In the literature, the convergence rate defined here was termed as the
stability indez for continuous-time systems [172] and the Lyapunov indicator
for discrete-time systems [6].

Listed below are some simple facts on the convergence rate:

1) For a linear time-invariant system, the convergence rate is exactly given
by the largest real part of its poles.

2) Given any real number § > p,(X(Ak)m,%o), there exists a positive real
constant § such that

6(t; to, w0, 0)|| < 6P ET o Yt > tg

ln(”¢(t;t07; ioéj)H/”xO”) = po (X (Ak)a,x0) ¥V a0 #0.

4) If po (X (Ak)m, o) < 0, then switching path o makes the switched system
exponentially convergent starting from zg.

3) limsup,_, .,

Definition 6.2. For switched system (6.1), the optimal convergence rate is
defined as

p*(Z(Ax)a, S) = sup inf {ps(X(Ax)ar, o)}
20£0TES

The following result collects known bounds for the convergence rates.

Proposition 6.3. Denote by A" and \7**® the minimum and the mazimum
real parts of the eigenvalues of matriz Ay, k € M, respectively. Then, we have
: )\mzn < p*(X(A S) < in \max

min A" < p"(2(Ak)ar, S) < min A7
Note that the optimal convergence rate is defined over the set of well-
defined switching paths, S. Similarly, we can define the convergence rate over

any specific class of switching paths. For example, let S denote all the switch-
ing paths with dwell time 7, then we can define

P (Z(Ak)m, Sr) = sup  inf {ps(Z(Ar)n, zo)}-
xUER"UGST

For simplicity, we denote p* for p*(X(Ax)n, S).

The notion of the optimal convergence rate is closely related to the sta-
bilization problem studied in Chapter 3. In fact, if p*(X(Ax)r,S) < 0, then
there is a switching signal that makes the switched system stable, as indicated
in the following proposition.
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Proposition 6.4. For switched system (6.1), the following statements are
equivalent:

(i) the system is asymptotically stabilizable;
(ii) the system is exponentially stabilizable; and

(#ii) p* < 0.
6.2.2 Triangularizable Systems

Although the notion of the convergence rate is very natural and fundamen-
tal from both theoretical and practical viewpoints, the computation of the
optimal convergence rate is very difficult in general. That is understandable
because, by Proposition 6.4, the computation of the optimal convergence rate
is more difficult than verifying whether a switched system is stabilizable or
not, which is already very intricate. Here, we focus on triangular systems
whose component systems possess triangular structures.

Triangular systems are interesting because they have simple structures,
and many non-triangular systems can be made to be triangular by means of
equivalent transformations (simultaneous triangularization) [113]. For these
systems, the optimal convergence rate can be explicitly formulated in terms
of the system eigenvalues. The main point is that, as the optimal convergence
rate is invariant under equivalent transformations, the computation of the
convergence rates for a switched system can be reduced to that of an equivalent
normal system with a simpler structure.

Switched system (6.1) is said to be simultaneously (upper) triangular-
izable, if the matrix set A = {Ay,---, A} is simultaneously triangulariz-
able, that is, there exists a complex nonsingular matrix 7" € C™*" such that

By, = T—1A,T are of upper triangular form:

bk(lal) bk(lvn)
.. eC™" keM. (6.3)
0 -+ br(n,n)

For a simultaneously triangularizable matrix set, we can transform it into the
following real normal form.

Theorem 6.5. Suppose that A = {Ay, -+, An} is simultaneously triangular-
izable. Then, there exists a real nonsingular matriz G, such that G~1A,G is
of the form
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where | <n, Ajy is either a 1 X1 or 2 x 2 block, and the size of the jth block,
Aji, is the same for all k € M. In addition, if A is of 2 x 2, then it is in
the form

Aje = { ik wjk].

Wik Mk
Proof. As matrix set {4y, -+, A,,} is simultaneously triangularizable, for
any polynomial p(y1,---,ym) over R, the eigenvalues of p(Ay,---, A,,) are
p(by(4,4), - ,bm(i,7)), 7 =1,--- ,n. This shows that the matrix set possesses

Property IIT in [49, pp.442]. By Theorems 1 and 9 in [49], there is an orthog-
onal matrix H € R™*" such that

By % -0 %
0 sz cee %
H_lAkH = . .. . (6'5)
0 0 --- B
where [ < n, and for fixed j <[, we have
(1) le,"' 7Bjm are 1 X1 or
(ii) Bj1,- -+ , Bjm are 2 x 2, with one of these matrices, say, Bjq, of the form

Bj, = [_TJ’? “Jfﬂ Ujq >0 vjg >0
Yjq Tjq
and each of By, k € M is a real linear polynomial g;; in Bjg4, that is,
Bijk = 9jk(Bijq)-
As Bj, in (ii) possesses a pair of (conjugated) complex eigenvalues, it follows

from standard matrix theory that there exists a real nonsingular matrix 7 €
R?2*2 such that

_ iqg Wi
T: lquTj = |: ,LL]q Jq:| ,ujq,qu € R.

Furthermore, since any polynomial of the matrix [ /Jj)q ;jj q} is still in the
—%iq Hiq
same form, we have
T BT = gin(T71B;, T;) = | Hik “ik wwir €ER ke M.
J kL g g]k( j Jjq J) [_wjk 1L Mk, Wik
Define K = diag[K7,--- , Kj], where K; = 1 if the corresponding block in

(6.5) is 1 x 1, and K; = Tj if the block is 2% 2. Let G = HK and the theorem
follows. O
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Remark 6.6. Simultaneous triangularization of matrix sets has been investi-
gated extensively, see, for example, [104, 121, 113] and the references therein.
In particular, the following classes of matrix sets (and the corresponding
switched systems) have been proven to be simultaneously triangularizable:

a) the system matrices are commutative pairwise, that is A;4; = A;A4;,4,j €
M [108];

b) the Lie-algebra generated by the system matrices is solvable [91]; and

C) A= {A17A2} and rank(AlAQ — AgAl) =1 [86]

6.2.3 Main Result

Suppose that switched system (6.1) is simultaneously triangularizable. That
is, there exists a real nonsingular matrix 7" such that

Ay o * - %

_ 0 Agk e X

Ay :T_lAkT: . X
0 0 --- Ay

where A;j, is either 1 x 1 or 2 x 2.
Note that A1x(1,1), -+, Ajx(1,1) are (ordered) real parts of the eigenval-
ues of Ag (neglecting the multiplicity for the conjugated pairs). Let

si =[An(1,1),--- Ay (1,1)] i=1,--- 1
and

A={r=1r, - ,’I“m]Tt T, > 0, Z rp = 1}.
keM

Theorem 6.7. Suppose that switched system (6.1) is simultaneously triangu-
larizable. Then, its optimal convergence rate is

. Lo
p" = min (r{lzafc(sl 7")) . (6.6)
Proof. First, fix an r = [rq, -+ , 7] € A, and consider the periodic switching

path given by
1  mod (1) €[0,71)
2 mod (t,1) € [r1,7r1 + r2)
o(t) =< . t>tg
m  mod (¢,1) € [Z:Z_ll i, 1)

where mod (a,b) denotes the remainder of a divided by b.
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Denote

By - %
&Y w(1,0,0) = eAnrmeAnarmo A |
0 - B

where B; = eAim™m ...eAnm1 If A, € R, then, it can be seen that B; =
exp(s;-r). If Ay, € R?*2 with Ay, = { M;k Z)’k} , then it can be verified that
—Wik Mik
the spectral radius of B; is
elu‘imrm . 6#1‘17“1 — exp(si . ,,,)'

Therefore, the spectral radius of @ is

max{exp(sy - r), - ,exp(s;-r)} = mlalx(si - T).
1=

By the standard matrix theory, there exists an oy € P such that

197 < a0 (4) (exp (mlax(si . r)))j j=1,2,--

i=1
which implies that the state transition matrix satisfies
. . L1 .
1% (5,0, 0) || < ao () exp (J max(s; - 7“)) j=1,2"

Furthermore, for any ¢ > ¢y, there is a nonnegative integer j, such that
t € [jo,Jo + 1). As the switching path is periodic with period 1, we have

U(t,0,0) =¥(t— jo,0,0) ¥(jo,0,0).
Define

l
v1 = max ||[¥(q,0,0)|| and v = max ex (— maxsi-r).
1= max [|#(q,0,0)] 2= max exp (—gmax(s; - 7)

Then, we have

12(2,0,0)]| < a(t) exp (tmax(s; - 7))

=1
where a = 1909 € P. By Definition 6.1, we have
Po(Z(AK)ar, 20) < max(si 1) ¥ o € R,
As r is arbitrary from A, by Definition 6.2, we have

l
*<min(maxs»-7“).
po= T i:1<’ )
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Assume that the above inequality is strict, that is

* : l .
p < i (mag(sc ) 67

Then, there exists a switching path oy € S such that

p* < sup po, (X (Ak) M, o) < min (mlax(si . 7‘)) .
x07#0 reA \ i=1

Note that

o sup (- 0.00) /0]

t—o0 t

= /000(170) Zo 7é 0
which implies that

In(||®(¢,0
hmsupw = sup po, (20). (6.8)
t—o00 t zo#0
Let
1 . ( l
¢ = - | min ( max(s; T)) — Sup pe, (o) | - (6.9)

reA =1 20#0

By (6.8), there exists a time ¢, > tp such that
(.0, 00) | < exp <<su£ Py (0) + s)t*> . (6.10)
o 0

Let tp < t1 < --- < t; be the switching time sequence of oy in [to, ¢.]. Simple

computation gives

Lpl DR *

!p(t*, 0, 0'0) = : .
0 PR (pl

where

J
Y1 = €Xp (Z Alao(tu)(t/ﬁ‘l B tli))

pn=0

J
Y1 = exp (Z Aloo(t,) (tpur1 — tu)>

n=0

with t;11 = t.. Let 7, denote the active duration ratio of the kth subsystem,
that is,



6.2 Optimal Convergence Rate 231

Nep(lig1r — &
e = Zo’g(tj)kt( Jj+1 ]) ke M.

Tt can be seen that r < [r1, ,rm]T € A. As in the first part of the proof,

the spectral radius of ¥(t.,0,00) is computed to be exp (¢, (max!_,(s; - r))).
As the spectral radius of a matrix is smaller than or equal to its 2-norm, by
(6.10), we have

exp (t*(r?élx(sl 7“))) < | (ts,0,00)|| < exp (t*(sup Poo(X0) + 5)) .

zo

This, together with the definition of € in (6.9), implies that

mlax(si 1) < Sup P, (To) +€ < min (mlax(si r))
i=1 2070 reA \ i=1

which is a contradiction. This shows that the assumption (6.7) is not true. As
a result, we have

l
* = mi 7). O
o =iy (o)
Note that Theorem 6.7 implies Theorem 3.13 as a special case.
It can be seen that the optimal convergence rate is related to not only the
set of the eigenvalues, but also the order of the eigenvalues in the triangular
normal form.

6.2.4 Computational Procedure and Example

First, we briefly discuss the computational procedure to obtain the optimal
convergence rate. It is clear that the set A is a (m — 1)-dimensional polygon
of R™. Define

Aq;:{re/l:si-r:mlaf(sj-r)} i=1,--,l. (6.11)
j=

Note that some A;’s may be empty. It can be seen that each nonempty A;
is connected and convex, and Ul_; A; = A. Thus, each nonempty 4; is also a
polygon. Let T; denote the set of the extremal points of A;. Then, we have

. ! 1
* e . — mi in (s, - = mi in(s;-r)). 12
p" = min(max(s; - ) gggl(yelg;(sg r)) rjnzull(;rel%}(sg r)).  (6.12)
Second, as seen in the proof of Theorem 6.7, we indicate a way to design
switching signals with optimal convergence rate. For a fixed period h, define
a periodic switching path by
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1 mod (t,h) € [0,71h)
2 mod (t,h) € [r1h, (r1 +72)h)
o) =1{ | (6.13)

m  mod (t,h) € (X5 ri)h, h).

T

Suppose that r = [r1,-- ,r,]" is chosen corresponding to p*, i.e.,

Pt = mlax(si -T).
i=1
Then, the switching path steers the switched system convergent (or divergent)
at the optimal convergence rate. Note that, although the optimal convergence
rate is the same for all period h, different periods may result in different
transient performances for the switched system.

Ezample 6.8. For the block triangular switched system X'(A;); with

1-2 0 —1 23 -2 1
0-31 2 0-4-21
A= g 94| add=1],4 1
00 —4—2 00 2 1

we have
s1=1[1,2] s2=[-3,-4] s3=[-2,1].
To compute the optimal convergence rate, it follows from (6.11) that
Ay = Aand Ay = Az = ().
It can be verified that the extreme points of set A, are
rt =1[1,0]" and r* = [0,1]7.
The optimal convergence rate can be calculated from (6.12) to be

p* =min{s; -7} =1.
j

This shows that the switched system is not asymptotically stabilizable. On
the other hand, if we interchange the first and second diagonal entries of Ao,
that is, let

then, we have
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S1 = [17 _4} S2 = [_372] 53 = [_27 1]

Similar computation gives

This shows that switched system X'(A;)5 is asymptotically stabilizable.

h=0.1

6
Time (Sec)

Fig. 6.1. The state trajectory with h = 0.1

I I I I I
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (Sec)

_2 L L L L

Fig. 6.2. The state trajectory with h = 2
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Figures 6.1 and 6.2 show the state trajectories of system X(A;); under
switching path (6.13) with h = 0.1 and h = 2, respectively. In both figures,
the initial state is chosen to be

xo = [0.1184,0.3148,1.4435, —0.3509] % .

It can be seen that, though the state converges to zero at the same (optimal)
rate in both cases, their transient performances are quite different.

6.3 Infinite-time Optimal Switching

6.3.1 Finiteness of Optimal Cost

Suppose that {p;}icar is a set of functions defined on R™. Assume that each
of the functions is continuous, positive definite and radially unbounded. Ac-
cordingly, there are two sets of functions of class K, {v;}ieasr and {V'}icnr,
such that

villlzll) < pie) <o'(l2l) Vie M zeR™ (6.14)

For technical reasons, in certain situations, we further impose one or more of
the following assumptions:

Assumption 6.1. ~%, i € M are locally Lipschitz at zero, that is, there are
positive real numbers €; and k; such that

IVi(t)] < kit Vte0,e] i€ M.

Assumption 6.2. There exist positive real numbers €; and v; such that

[v:(t)] > vt Yte[0,e] i€ M.

Assumption 6.3. For any i € M, there exist a polynomial ¢; of time with
©i(0) =0, and positive real numbers p;, such that

Ipi(z) —pi(y)| < @iz —yll) Va,yeR" z—-y€B,,.

Note that Assumption 6.3 implies Assumption 6.1. Generally speaking, the
assumptions are quite mild and are satisfied in many situations, for example,
when p;(x) are homogeneous and of even degrees.

Consider the infinite horizon cost function given by
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J(z0,0) = /O ol (t))dt (6.15)

where z(t) = ¢(¢;0, 2o, 0) is the state trajectory starting from x(0) = ¢ under
switching path 6.

The problem of optimal switching is to find, for a given xg, a switch path
0., that minimizes the cost function

J(x0,0z,) = eer‘gi?m) J(x0,0).
The switching path 6, is said to be an optimal switching path at xo. If an
optimal switching path exists at each o € R", then, the switching law that
generates 0., at zo for any zo € R"” is said to be an optimal switching law.
The optimal state trajectory can be defined in the same manner.
As the problem may not admit any optimal switching path/law, we pro-
pose separately the notion of optimal cost.

Definition 6.9. The optimal cost associated with the cost function at xo is

J(xg) = inf J(zg,0).
(o) pelf (w0, 0)
The worst case optimal cost (in the unit ball) associated with the cost function
18

J. = sup J(zg).

llzoll<1

The worst case optimal cost reflects the worst possible cost in the unit
ball. In many practical situations, the initial state is not exactly measurable
in advance, and the worst case optimal cost measures the worst case over the
initial states in the unit ball.

The following simple facts are easily verified:

J(xg) >0 for all zg € R™, and J(xp) = 0 < 29 = 0;
if x: [0,00) — R™ is an optimal state trajectory, then, for any s € [0, c0),
the state trajectory y: [0,00) — R™ with y(-) = z(- + s), is also optimal;
and

e if each p;(-) is homogeneous of degree k, i.e.,

piAz) = Npi(z) VAER z€R™ ie M

then J(-) is also homogeneous of degree k. In addition, if 0, is an optimal
switching path at xg, then, it is also an optimal switching path at Azg
with A € R.

An important issue is the connection between the optimal problem and
the stabilization problem. The following theorem sets up a connection in a
clear way.
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Theorem 6.10. Suppose that Assumption 6.1 holds. Then, the following
statements are equivalent:

(i) the optimal cost J(xo) is finite for any given xo € R™;
(ii) the worst case optimal cost is finite; and
(i) the switched system is asymptotically stabilizable.

Proof. We establish the equivalence between (i) and (4i:). The equivalence
between (i¢) and (ii7) can be proven in the same manner.

To prove that (i) = (4i%), suppose that the optimal cost J(xg) is finite
for any given xy. This means that for each o € R", there is a switching path
0[0,00) such that

| v (200,00t < .
0
From (6.14), it can be seen that

Po) (450,20, 0)) = v([|4(t; 0, o, )]])

where the monotone function v is defined by

() = Hel%{}{%:(t)} t €[0,00).

7

Accordingly, we have

[ 260,20, 0010t < . (6.16)
0
This, together with the fact that

d
I #(8: 0, 20, 0)|| < | 6(t; 0,20, O)[ ¥t € (0, 00) (6.17)

where 1 = max{||A;|| }:icar, implies that
tlirglo o(t;0,20,0) = 0. (6.18)

Indeed, suppose that (6.18) does not hold. Accordingly, there exist a real
number ¢, and a time sequence {t;}:2; with lim; ,. t; = co such that

||¢)(t1,0,$0,0)”2€ Z:]-aQa .

Without loss of generality, we assume that ;11 —¢; > 1 for all i € N,. By
(6.17), it is clear that

||¢(t,07$0,9)“ de_n Vite [tlﬂtl+1]

Therefore, we have
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o0 - ptitl
[ 200,00t =3 [ stee i = oo
0 i=1"ti

which contradicts (6.16). This means that the state trajectory ¢(t;0, zo,0) is
convergent. By Theorem 3.9, the switched system is asymptotically stabiliz-
able.

Next, we show that (i4) = (i). Suppose that the switched system is
asymptotically stabilizable. Then, by Theorem 3.9, the system is exponentially
stabilizable. That is, there are positive real numbers « and (, such that for
any zg € R", there exists a switching signal o satisfying

lp(t;0,20,0)| < Be *xg]| Vt>0. (6.19)

As a result, we have
(oo}
J(x0) < J(x0,0) :/ Do (0(t;0,20,0))dt
0

< [ a(ge ol
0
where function 7 is defined by

3(t) = max{y'(t)} ¢ € [0,00).

By Assumption 6.1, the 4’s are locally Lipschitz. As a result, for any s > 0,
there is a real number ps, such that the linear function 4(t) = pst overwhelms
7 on [0, s], that is,

F(t) < A(t) = pst t€[0,s].

Therefore, we have
J (o) S/O :r(ﬁefat\\xo\l)dté/o Pslzol B |[zol|dt

g
= PBlzollllzo] (6.20)

which sets an upper bound for the optimal cost. O

Note that if we know an exponentially stabilizing switching signal and
the associated constants « and £ as in (6.19), then (6.20) provides an upper
bound for the optimal cost. The following example illustrates this idea.

Example 6.11. Consider the optimal switching problem for switched linear
system X(A;) 1,2y with

1-4 3 315
A= |41 —2| and Ay = | -1-32]|. (6.21)
00 —2 0 02
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Let
p1(z) = 22 + 22 + x5 sinzy + 223
p2(z) = 227 + 23 + 23 sat(x3) + 25
where sat(-) is the standard saturation functions with unit limits. Set
7 (t) = 3t* and 42(t) = 3t* VtecR.

Accordingly, we can choose ps = 3max{s, s} for all s € R.

On the other hand, it can be seen that both A; and As are in the upper
block triangular form. From Theorem 6.7, it can be calculated that the optimal
convergence rate is p* = and this convergence rate can be achieved by
the periodic switching path

(1 mod (¢,h) € [0, w1 h)
0(t) = {2 mod (t,h) € [w1hf h)

27

where h is any positive real number, and w; = %.

Let h=1,a=—p* =0.5, and

/8 = max{ max {HeAltHeat} max {H6A2 t U)lh) Al’wlh”e t wlh)}}
te(0,w te[ws h,h)
< 3.300.
By the theory presented in Section 6.2, we have
|¢(t;0,20,0)|| < Be™ " V¢ >0.

By (6.20), an upper bound of the optimal cost is

B
J(x0) < ~PBlaoll < 65.34 max{ ||z ||, 10.89 ]|z |*}.

The worst case optimal cost is bounded by

Jx £65.34 % 10.89 ~ 711.55.

6.3.2 Basic Properties
Given an s > 0, define

Js = sup{J (o) : [l < s}.
It follows from (6.20) that

Jy < @pﬁé (6.22)

which provides a useful upper bound for Js.
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Theorem 6.12. Suppose that the switched system is asymptotically stabiliz-
able, and the cost function satisfies Assumptions 6.1 and 6.2. Then, any op-
timal state trajectory is exponentially convergent.
Proof. Suppose that z(-) is an optimal state strategy starting from x(0) =
xo # 0. Let 6(+) be the associated switching path, that is,

@(t) = Agyx(t) for almost all t € [0, 00).

It is clear that
J(xo) = J(xg,0) = / Po) (x(t))dt < oo. (6.23)
0

From the proof of Theorem 6.10, it can be seen that

/OO Por) (x(t))dt > /OO ~(z(t))dt. (6.24)
0 0

By Assumption 6.2, for any ¢ > 0, there exist positive real numbers v{, such
that

vi(s) > vis ¥ s€]0,t].
Define v = min{l/yr"”}ieM forallt > 0. Let vy = HZ—OH As pointed out in the
proof of Theorem 6.10, the state trajectory must be convergent. Hence, the
time
t1 = min{t > 0: z(t) € B,, }

exists and is finite. As z(t) € B,, for t € [0,%1), we have
t1 ty 1
/ A(a(t))dt > / vrdt = ~vlzots.
o = 0 2
This, together with inequality (6.24), implies that
1 < ———r
Furthermore, it follows from (6.22) that

23 def
t S - Pplaoll = O

This means that for any optimal state trajectory z(-), there is a time ¢; < 0,
such that z(t1) € Bz . On the other hand, let

2

y(t) =zt +t1) tel0,00).
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By the optimality of z(-), the state trajectory y(-) is also an optimal state
trajectory starting from y(0) = z(t1) € Bz . Accordingly, there is a time
2
s2 < § such that y(s2) € By, which implies that
2

x(tz) € B\\x(;m\
where ty = t1 + so. Continuing with this process, we can find a monotone time

sequence 0 =ty < t; <ty < --- such that
(1) tiv1 — <4d ViEN+;
(ii) x(tix1) € Buzgpy Vi€ N4; and

2
(iii) [lz()]| < e™llx(t)| ¥t € [ti tiya] i € Ny, where i = maxjenr{]| A}
These facts suffice to conclude that there exist positive numbers «; and 31,
which may be dependent on xg, such that

z(t)]] < Bre”*|xol| V¢ € [0,00). O

Theorem 6.13. Suppose that the cost function satisfies Assumption 6.3, and
the switched system is asymptotically stabilizable. Then, the optimal cost J(xg)
is a continuous function of xg.

Proof. First, by (6.22), it can be seen that, for any & > 0, there is 6 > 0 such
that Js < e. This implies that J(z) is continuous at = 0. Select ¢ such that

0<landd<pu = min{p;: i € M}, where u; is given in Assumption 6.3.
Then, for xg # 0, let z(-) be a state trajectory starting from z, and
satisfying

|Amm@@@Wﬁ—ﬂmﬂés

where 6(-) is the associated switching path. As the state trajectory is conver-
gent, there is a time ¢; such that

w(t)€Bs V>t

On the other hand, there exists a time t5 such that

|A2m@uumu—ﬁmmm@@MHSa

Let t* = max{ty,ta}.
Next, let @(s1, s2,0) be the transition matrix corresponding to 6. It is clear
that
B (51, 82,0)]| < €”*1752) V51 > 59 >0 (6.25)

where 7 = max{||A;||: ¢ € M}. Let
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Then, we have
¢(t;0’y070) - x(t) = @(t7070)(y0 - 1‘0) € Br(t) v HyO - 370” < o te [072&*}
where
d —n(t*—t) *
r(t)zie K t € [0,t"].

Fix such a yo and let y(-) be the state trajectory starting from yq via switching
path 6, i.e.,

y(t) = 6(t;0,50,0) t € [0,00).
By Assumption 6.3, we have

*

t* t*
[ e = [ oo < [ allsn —voha 620
where ¢ = ait + agt® + -+ + ajtj is the polynomial defined by

= @ilt) Vt>0.

€M

It can be seen that

¢ t* J ;
8
[ ettty —womar < [ 3 larl e
i=1
MZ 1|az| def
Z wd.
— 12in

Finally, note that y(t*) € Bs. This means that J(y(t*)) < €. Let 9 be a
switching path such that

J(y(t),9) < J(y(t)) + e < 2.

Let # denote the concatenation of 0(0,t+) and Jjg o), that is,

B o(t) if t € 0,t*]
ot) = {ﬁ(t —t*) ift € (t*, 00).

Combining the above reasonings, we have

|7 (y0,0) — J(wo)| < [T(yo,0) — J(w0,0)| +

<1 o010 = po @)l + [ pa(u(oie -2

< / ol (t) — y(®) )t + J(y(E), 9) + 2
0

<wd+4e ==¢.
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As both € and § can be chosen to be arbitrarily small, £ can be made to be
arbitrarily small. This implies that, if y is sufficiently close to zq, then J(yg) <
J(x0) 4+ €. By interchanging the roles of x¢ and yg, we have J(z¢) < J(yo) +E&.
This means that lim,,_,,, J(yo) = J(x¢) which leads to the conclusion. O

6.3.3 Optimal State Trajectory and Optimal Process

In this subsection, we establish a relationship between optimal state trajectory
of the switched linear system and optimal process of the relaxed differential
inclusion.

Suppose that p(-) is a function defined on R™. Assume that the function
is continuous, positive definite, and that there exist a polynomial ¢ of time
with ¢(0) = 0, and a positive real number p, such that

lp(z) —p) < ¢(lz—yl) Va,yeR" |z—yl<p (6.27)

For the relaxed differential inclusion
&(t) € co{Arz(t), -, Anx(t)} (6.28)

where ‘co’ denotes the convex hull, consider the infinite horizon cost function
given by

K(z()) = / " plat))r (6.29)

where z(-) is a feasible state trajectory (process) of the relaxed differential
inclusion.
The optimal cost associated with the cost function at xg is

K, = inf K(z())).
w0 = nf (z(-))

The (worst case) optimal cost associated with the cost function is

K, = sup Kg,.
lzolI<1

A process x*(-) with K(z*(-)) = K= (o) is said to be an optimal process.

Let J(zp) and J, denote the optimal cost and the worst case optimal cost
of the optimal switching problem for switched system (6.1) under the same
cost function, respectively. As each state trajectory of the switched linear
system is also a feasible process of the relaxed differential inclusion, it is clear
that K., < J(zo) and K, < J..

Theorem 6.14. Suppose that the switched linear system is asymptotically sta-
bilizable. Then, for any xo € R™, we have

Kro = J(xo)



6.3 Infinite-time Optimal Switching 243

Proof. We follow a similar procedure as in the proof of Theorem 6.13.
First, for any € > 0, there is a § < min{1, u} such that

J(mo) <e Vo€ By.

Second, fix an z¢ # 0. For ¢, there is a process z() of the relaxed differ-
ential inclusion, such that (0) = ¢, and

K (2(-)) — Kao| <e.

Let £ be a time such that

le@)| < - V>t

| >,

By Lemma 2.12, for any continuous function r: [0,¢;] — R satisfying r(¢) > 0
for all t € [0,¢1], there exists a state trajectory y(-) of the switched linear
system with y(0) = xo, such that

ly(t) =zl <r(t) Vtec[0,h]

Let r(t) < $e~t. From (6.27), it is clear that

| / 1 (x(t))dt] < / " ollly(t) — =)

where ¢ = ait + ast? + - -+ + a;t7 is the polynomial defined in (6.27). It can
be seen that

t1 ty J
|| et = v < 73 jalotea
0

(zi: o |az> =

Third, as [ly(t1)] < le(t1)]| +r(t2) < 6, we have

J(y(t1)) <e

As a result, there is a switching path ¥ o) such that

/O " p6(5:0, y(t2), )t < J(y(t)) + ¢ < 2.

Let z(-) be the state trajectory concatenated by y(-) over [0,¢1] and ¢(+;0,
y(t1),?) over (0,00), that is
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_ (t) te [O,tl]
2(t) = {i(th;oay(tl)vﬂ) t € (t1,00).

It can be seen that

/oop(Z(t))dt < / 1 p(y(t))dt + 2¢.

0 0

Finally, combining the above reasonings, we have
[e'e] t1
K, > / p(a(t))dt — e > / pla(t))dt — ¢
0 0

tl o0
> / p(y(t))dt —e —wd > / p(y(t))dt — 3 — wd
0 0
Z ‘]-'50 - 35 — Cd(s

As both € and § can be chosen to be arbitrarily small, this implies that
J(x0) < K,,. This leads directly to the theorem. O

Corollary 6.15. Under the condition of Theorem 6.14, we have K, = J,,
and K, is a continuous function of xg in R™.

Corollary 6.16. Under the condition of Theorem 6.1/, any optimal state tra-
jectory of the switched linear system is an optimal process of the relaxed dif-
ferential inclusion.

Corollary 6.16 indicates a method to find the optimal state trajectory (and
hence the optimal switching signal) of the switched linear system. Indeed, in
the literature, there have already been many works on finding the optimal
process of the differential inclusion. If an optimal process z(-) is a boundary
process, i.€e.,

i(t) € {Ara(t), -, Ama(t)}

for almost all ¢ € [0, 00), then, the process is also an optimal state trajectory
of the switched linear system. If the relaxed differential inclusion does not
have any boundary optimal process, then, the switched linear system has no
optimal state trajectory. In particular, if the relaxed differential inclusion does
not have any optimal process, then, the switched linear system does not have
any optimal state trajectory, either.

6.3.4 Discrete-time Case
For the discrete-time unforced switched linear system

x(k+1) = Ag(k)x(k) (6.30)
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several results presented in Sections 6.3.1 and 6.3.2 can be obtained in a
parallel manner. In this subsection, we present the main results and outline
the key points of the proofs.

Suppose that {p;}icar is a set of functions defined on R™. Assume that
each function is continuous and bounded by positive definite polynomials of
state. That is, there are two sets of polynomials {v;(-)}ar and {7%(-)}as with
7;(0) = 0 and 7¢(0) = 0, such that

vi(z) < pi(x) <yi(z) VieM zeR"

The problem of optimal switching is to find, for a given x(, a switching
path 6., that minimizes the cost function

J(x0,05,) = %réig J(xo,0)

where
J(0,0) = > pocy(x(k)) (6.31)
k=0

and S is the set of switching paths defined on N .
The optimal switching path, the optimal switching law, and the optimal
state trajectory can be defined in the same manner as in continuous time.

Definition 6.17. The optimal cost associated with the cost function at xq is

J(x0) = inf J(20,0).

The worst case optimal cost (in the unit ball) associated with the cost function
18

Jo= sup J(zg).

llzoll<1

The following technical lemma follows directly from the fact that {v;(-)}as
and {7%(-)} s are positive definite polynomials.

Lemma 6.18. Define two functions on R™ by
2(2) = min{y(z)} end y(z) = max{vi(z)}.
Then, for any s > 0, there are two positive real numbers ps and p® such that

psllzll < ~(z) <A(2) <p®llzf| Ve Bs.

Without loss of generality, we assume that p° is increasing and ps is de-
creasing as s increases.
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Theorem 6.19. The following statements are equivalent:

(i) the optimal cost J(xo) is finite for any given xo € R™;
(i) the worst case optimal cost is finite; and
(i) the switched system is asymptotically stabilizable.

Proof. We establish the equivalence between (i) and (7ii). The equivalence
between (i¢) and (ii¢) can be proven in the same manner.

To prove that (i) = (4i), suppose that the optimal cost J(x¢) is finite
for any given xp. This means that for each ¢y € R™, there is a switching path
0[0,00) such that

o0

S pogey (6(k3 0, 20, 6)) < 0.

k=0

It can be seen that

where function v is defined in Lemma 6.18. Accordingly, we have

o0

Z d(k;0,z0,0)) < oco.

k=0
This implies that

hm 'Y((b(k? 0) Zo, 9)) =0

k—oo —

which in turn implies that trajectory ¢(t; 0, xo, 8) converges. By Theorem 3.53,
the switched system is asymptotically stabilizable.

To show that (iii) = (), suppose that the switched system is asymptot-
ically stabilizable. Then, by Theorem 3.53, the system is exponentially stabi-
lizable. That is, there exist a switching signal ¢, and positive real numbers «
and (3, such that

p(t;0, 0, 0)|| < Be™*||zo|| V2o € R™ t €Ny (6.32)

It can be seen that

J(l‘o) < J 1‘07 Z t 071‘0,0))
t=0
where function 7 is defined in Lemma 6.18. It follows from Lemma 6.18 that

Y(z) < pPl7ol|lz]| 2 € By

Therefore, we have
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- Blxo —ak _ /Bea Bllzo
J(wo) < ’;P ol ge= ¥ ||| = aleo = 1)’ ol | (6.33)

which sets an upper bound for the optimal cost. O
Given an s > 0, define

Js = sup{J(xo): ||zo|| < s}.
It follows from (6.33) that

pse” g,

Js < p

< e =T (6.34)

which provides a useful upper bound for Jj.

Theorem 6.20. Suppose that the switched system is asymptotically stabiliz-
able. Then, any optimal state trajectory is exponentially convergent.

Proof. Suppose that x(+) is an optimal state trajectory starting from zy # 0.
Let 6(-) be the associated switching path, that is,

z(k+1)= A@(k)x(/{) V keN;.

It is clear that
J(x0) = J (20,0 Zpa(t) (6.35)

From the proof of Theorem 6.19, it can be seen that

oo

Y pogey(@(k) = Y y(@(k)). (6.36)
k=0

Let 1 = —H?H.

As pointed out in the proof of Theorem 6.19, the state trajectory must be
convergent. Accordingly, the state trajectory is bounded, i.e., ||z(k)| < v for
some v and all k € N,. Define

k1 = min{k > 0: z(k) € B, }.

It is clear that z(k) ¢ B,., for k < k;. Therefore, we have

k1 k1

Z Z \950“ ||$0||k
2 1-

k=0 k=0

This, together with inequality (6.36), implies that
2J({L‘U)

pullzoll”

1 <
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Furthermore, it follows from (6.34) that

by < — 2P0 el 4 5
~ ppafer —1)

This means that for any optimal state trajectory z(-), there is a time instant
k < 0 such that z(k) € Bz . On the other hand, let
2

ylk) =x(k+ k1) keNi.

By the optimality of x(-), the state trajectory y(-) is also an optimal state
trajectory starting from y(0) = x(k1). Accordingly, there is a time sy < §
such that y(s2) € By, which implies that

2

x(ka) € Bumu;l)n

where ko = k1 + so. Continuing with this process, we can find a monotone
time sequence 0 = ky < k1 < ko < --- such that

(1) ki+1—ki§5 Vi€N+;
(ii) z(kix1) € Byzepy Vi€ Ny; and
2

@) |z (k)| < e”5||x(ki)|\ YVt € [ti,tiv1] @ € N4, where n = max;ep {||Aill}-

These facts suffice to conclude that the state trajectory is exponentially con-
vergent. O

Theorem 6.21. Suppose that the switched system is asymptotically stabiliz-
able. Then, the optimal cost J(xq) is a continuous function of xg.

Proof. The theorem can be proven in the same manner as the proof of The-
orem 6.13, and we hence omit the details. O

6.4 Mixed Optimal Switching and Control

In this section, we address the optimization problem for the switched linear
system where both the control input and the switching signal are design vari-
ables. For such a problem, we need to find the optimal switching signal and
optimal control input simultaneously. To address this problem, a key issue is
to understand the interaction between the switching signal and control input,
which is very difficult and challenging. Here, we focus on the simplest case
where both the time horizon and the switching number are finite.

6.4.1 A Two-stage Optimization Approach

Switched Linear Quadratic Optimal Control Problem Given a
switched linear control system
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(E(f) = Agx(t) + Bgu(t) .’E(t(]) =X (637)

a fixed end-time ¢y < oo, and an upper bound [ of the number of allowed
switches, find (if possible) a piecewise continuous input u: [to,ts] — R™, and
a switching signal o which switches at most [ times in [to,¢f], such that the
quadratic cost function

t
J(zg,0,u) = %zT(tf)sz(tf)+/f(%zTQ:c+%uTRu)dt (6.38)

to

is minimized, where Q¢ > 0, @ > 0 and R > 0.

In the above formulation, the assumption of the fixed end time is not
crucial as we can easily convert a free end-time problem into a fixed end-time
one by introducing an additional state variable. However, the assumption that
the number of switches is bounded by a fixed number is crucial in the approach
to be developed. In many practical applications, the high frequency switching
is not desired and a positive dwell time is applied. In this case, an upper
bound for the switching number is the length of horizon t; — ¢y divided by
the dwell time.

In the problem, we need to find an optimal control solution (o*,u*) such
that

J Lut) = in J 6.39
(.130,0’ U ) 061391,15161/{ (1‘0,0', U’) ( )
where S is the set of well-defined switching paths over [to,¢s], U is the set of
piecewise continuous vector functions over [to,ty].

As the number of switches is bounded by [, the problem can be equivalently
formulated as:

Find a nonnegative integer k£ < [, an index sequence ig,- -+ ,%; in M, a
time sequence t1,--- 1 in [to,ts], and a control input u € U, such that
the cost function

J(‘TOatla T 7tk7i03 T 7ik7u) = J(ZOaaau)
is minimized, where 6 is the switching path with the switching sequence

{(to,io), (t17i1)a T (tk’ik)}'

If we fix the switching signal, the problem is reduced to a conventional op-
timal control problem for linear time-varying systems. This simple observation
leads us towards considering the problem as a two-stage optimization prob-
lem. That is, we decompose the problem into two subproblems. The following
lemma provides a support to this two-stage decomposition.

Lemma 6.22. For a given xog € R", suppose that

(i) an optimal solution (o*,u*) exists; and
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(ii)for any fixed switching index sequence ig,- -+ ,ix, there exist a time se-
quence ty,- - ,tx, and a control input u, such that the cost function
J($07t17"' 7tk7i07"' 7ik?au)

s minimized.
Then, we have

J(xg,0",u*) = min  min J(zo,t1, -tk l0, S0k, u).  (6.40)
20,5tk Ty s te U

Proof. The proof is straightforward and is hence omitted. O
Based on the lemma, we propose the following two-stage optimization
approach.

Stage 1. Fixing a switching index sequence, solve the optimal control
problem for the corresponding time-varying system. That is, fixing a non-

negative integer j <[, and a switching index sequence g, %1, - ,%;, find
(if possible) a switching time sequence t1,--- ,t; in [to,tf], and piece-
wise continuous input wu: [to,tf] — RP, such that the cost function
J(xo, b1, t, 0, - ik, u) is minimized; and

Stage 2. Regarding the optimal cost for each switching index sequence
i0,%1, - ,t; as a function

J1 = J1(’L'o,7:1,~'~ ,ij) = min J(l‘o,tl,-" ,tk,io,"' ,ik,u)
t1, -, tk,u

minimize J; w.r.t. the switching index sequence.

As [ is known, the number of possible switching index sequences can be
computed to be k!, o Zé’:a m(m—1)7, where m is the number of subsystems.
In particular, when m = 2 the number is 2(I + 1) which is linear w.r.t. [.
Accordingly, in the second stage, we just need to compare the k!, number of

costs:
J* =min{Jy(ig, -+ ,i;): j<lis€e M s=1,--- j}

As a consequence, the second stage is conventional but the first is the core
and difficult step for solving the problem. Indeed, in the first stage, we need to
determine the optimal switching time sequence, which is the most challenging
issue.

To illustrate the approach, consider the simplest case where the switched
system has two subsystems and there is only one switch with fixed index
sequence.

Single Switch Optimal Control Problem. For a switched system

T =Aix+Biu to<t<ty
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find an optimal switching instant ¢£; and an optimal input u to minimize the
cost function (6.38).

By introducing a state variable x, 41 corresponding to the switching in-
stant t1, and a new scaled time variable 7 with

t=to+ (xpt1 —to)r for0<7<1
t=2py1+ (tf —Tpy1)(7—1) for1 <7 <2

the problem is converted to finding an optimal z,41 and an optimal control
u for the system

de(t) _

= (Zp1 — to)(A1z + Biu
dr
dx (T
2 =ty —wne)(Agr + Byu) |
dwn+1:0 N B
dr

with the quadratic cost function

J = %xT(Z)Qfx(Q) —|—/O (xpe1 — to)L(z,u)dr

2
—l—/ (tf — @ny1)L(z,u)dr (6.42)
1
where

1 1
L(z,u) = §xTQ:I: + §uTRu.

First, assuming that we are given a fixed x,,+1, we can apply the principle
of optimality as follows. Suppose that the optimal cost function is
* 1 T
V*(x, T, Tpy1) = 5% P(r,zp41)x (6.43)

where PT(7,2,,41) = P(7,2,+1). The Hamilton-Jacobi-Bellman (HJB) equa-
tion is

ov* .
~ 5 (2, TyTpy1) = muln{(xnﬂ —to)[L(z,u)
8 *
+W($,T, $n+1)(A1$+Blu)]} (644)

in the interval 7 € [0,1) and

_ovr
or

(@, 7 &pp1) = min{(ty — 2ni1)[L(z, )

*

+(933

(2,7, Tp1)(Asz + Bou)]} (6.45)
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in the interval 7 € [1,2].
Using the idea for solving the conventional optimal control problems, we
can prove that the solution to (6.44) is

w(x, 7, xpy1) = —K(7, Tpy1)(T, Tpy1) (6.46)
where
K(r,2n41) = RT'BTP(r,2041)
and P(7,2,+1) satisfies the following parametrized Riccati equation

P
_?TT = (&ny1 —t0)(Q+ PA1 + AT P— PBR™'B] P). (6.47)

Similarly, the solution to (6.45) is also (6.46) with
K(T,2n41) = R™'B3 P(7,2p41)
and P satisfies the following parametrized Riccati equation

oprP

—5- = (tr —@n1)(Q+ PA + AP - PB,R™'B] P). (6.48)

The boundary condition at 7 = 2 is given by

P(2,2011) = Q. (6.49)
As a result, any optimal trajectory satisfies the following constraints:
op T —1pT
75:(£n+17t0)(Q+PA1+A1P7PB1R Blp) TE[O,l)
oP
—5- = (s —2n2)(Q+ PA; + AYP - PB,R'BIP) 1€(1,2]

P(2,2041) = Q. (6.50)

The parametrized optimal cost at 7 = 0 is
. 1
Jl(tl) = Jl(l'nJrl) = V (x070,xn+1) = §$5P(0,$n+1)$0. (651)

Next, if J1(zp+1) is obtained for each x,41 € [to,ty], then, the optimal
cost can be calculated by seeking the minimal cost

1
J*=  min  Ji(z,41)= min —xf P0,2,11)T0.
Tnt1€[to,ts] Tni1€Elto,tyr] 2
This means that the optimal switching instant z,41 should be either the
extreme point (o or ty), which means that no switch occurs, or an inner
point with the derivative equal to zero, that is
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dJy
Fﬂ(w”—i_l) =0.
To determine dgj«li»l (Zn41), differentiate the cost function w.r.t. 2,11
dJy 1, oP
n —(0,z, . 6.52
p— (@n+1) = 529 T (0, Zp41)Zo (6.52)

To obtain this cost, we need to know %, which can be computed from
(6.47) and (6.48) as

o 0P
()= PA, + ATP - PB,R'BTP
or axn+1) (Q + 1+ 1 1 1 )
oP oP
—t A+ AT —
+(ZTnt1 O)(awn+ 1+ Aj T
OP oP
ByR'B'P - PB,R'BT 6.53
axn+1 1 1 1 1 8$n+1) ( )
in the interval 7 € [0,1) and
0 OP
- = PAs, + ATP - PB,R'BT'P
87_ a$n+1) (Q + 2 + 2 2 2 )
opP oP
te— A, + AT —
+(ty %H)(awnﬂ 2 + A3 P
OP OP
ByR™'BIP - PB,R™'BT 6.54
axn+1 2 2 2 2 axn+1) ( )
in the interval 7 € [1,2]. The boundary condition is
oP
— (2, Zp41) = 0. 6.55
axnﬂ( s Tnt1) (6.55)

Accordingly, the solution of dx (O Zn+1) can be obtained and the optimal
ZTp41 can be determined.

As the analytic expression for the optimal solution is usually not available,
numerical solutions have to be sought. To this end, we propose an efficient
numerical procedure to compute the optimal switching time.

Searching Algorithm for Optimal Switching Time

1. Set the iteration index k£ = 0. Choose an initial time sj € [to, tf].
dJ
2. Compute Ji(sg) and 52 e (sk)-
3. Using the gradient projection method, update sj to be sg11 = sg + apdty
(the step size ay can be chosen using the Armijo’s rule [13]). Set the
iteration step k =k + 1.

4. Repeat Steps 2 and 3, until dJl (sk) is within a pre-specified neighbor-

hood of the origin.
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Remark 6.23. It can be seen that there is no difficulty in applying the above
method to the optimal control problem with several subsystems and more
than one switch. For this, we can convert the problem to an equivalent prob-
lem in 7 € [0,k 4 1] if there are k switches. It is then straightforward to dif-

ferentiate the Riccati equations, which are parameterized by z, 41, , Tntk,
S0 as to obtain additional differential equations for 89?J+~ ’s. Along with the

corresponding boundary condition at 7 = k 4+ 1, we can solve the resultant
initial value ordinary differential equations backwards in 7 to find the values
at 7 = 0. By doing this, we obtain the accurate values of 83:]“ ’s. What re-
mains is to search for an optimal switching time sequence, and this can be

done by means of standard numerical algorithms in optimization.

Ezample 6.24. Consider the switched linear system X(A;, B;); with

Al_{go%] bl_m AQ_[(EOH b2_[8]' (6.56)

Let 2o = [1,—1]7 and t; = 5. We are to minimize the cost function

J(xg,u,0) :xT(tf)x(tf)Jr/o f(:cT(t);z:(t)+u2(t))dt

where the switching signal is allowed to switch at most once. According to
the two-state optimization approach, we first classify the four switching index
sequences as

{1y {2 {12} {21}

0.5 switching time = 2.334 Sec -

—0.5 4

> I I I I I 1 I I I
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (Sec)

Fig. 6.3. The optimal state trajectory
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1e6b switching time = 2.334 Sec 4

o.8-
0.6

0.4

0.2

—0.2

. . . . . . .
o 0.5 1 1.5 2 2.5 3.5 a a5 5
Time (Sec)

Fig. 6.4. The optimal input trajectory

Then, for the latter two switching sequences, determine the switching times
that minimize the cost function. The optimal cost can be obtained by compar-
ing the costs associated with the switching sequences. The optimal switching
sequence is computed to be

{(0,2),(2.334,1)}
and the optimal cost is
J(zo) ~ 9.1808.

The optimal state and input trajectories are shown in Figures 6.3 and 6.4,
respectively. It is clear that the state trajectory approaches the origin although
both subsystems are individually unstable.

6.4.2 Piecewise Constant Feedback Suboptimal Control

In the finite horizon optimization problem, even for a linear time-invariant
system, the optimal control input is a linear time-varying feedback of the
state. The time-varying nature of the state feedback is not desired in many
practical situations. In this subsection, we seek a piecewise time-invariant
linear state feedback control input to optimize the cost index. This scheme has
been extensively addressed in the literature for linear time-invariant systems.
Here, we re-visit and extend the scheme to switched linear systems.
For a switched linear system

z(t) = Agx(t) + Bou(t) xz(to) = xo (6.57)
if the switching signal is known, then, the switched system is given by

#(t) = A(t)z(t) + B(t)u(t) =(to) = o (6.58)



256 6 Optimization

where A(t) = A, and B(t) = By, for t > tq.
The optimal linear regulator problem is to determine the control v on
[to, ] which minimizes the quadratic cost function:

Taototyu) = (1)Qua(ts) + [ (T (OQa(®) +u” () Rutt)) i

where the end time t; is fixed, the terminal state z(ty) is unconstrained, Q
and @ are positive semi-definite matrices, while matrix R is positive definite.

It is well known that the optimal control u* is generated by the linear
feedback law

u*(t) = —R'BT (1)K (t)x(t) = —L*(t)z(t)

where K (t) is the unique (positive semi-definite) solution of the matrix Riccati
differential equation

K(t) = —AT(t)K(t) — K(t)A(t) — Q + K(t)B(t)R™ ' BT (t) K (t)

with the boundary condition K (t;) = Q. Furthermore, the matrix K(¢) has
the property that, for arbitrary t € [to,¢;) and z € R™, we have

J(x, t, b, w)|lu=—r=()a(t) = rrbin J(z,t,tp,u) = 2T K(t)z. (6.59)
In particular, substituting ¢ and tg for x and ¢, respectively, we have
min J(zo, to, tr,u) = g K (to)o.
u

Counsider the control law ur (t) = —L(¢)z(t) with L(t) # L*(¢). Clearly, uy,
is not optimal. Therefore, by comparing the cost associated with the use of
L(t) as opposed to L (t), it is possible to obtain bounds on the matrix K (t).
This is illustrated by the following lemma which was reported in [80].

Lemma 6.25. Let L(t) be an arbitrary p x n time-varying matriz defined for
t € [to,tf]. Let VL.(t) denote the (unique positive semi-definite) solution of the
linear matriz differential equation

VL(t) = =VL(t) (A(t) — B(t)L(t)) — (A(t) — Bt)L(1))" Vi(t)
—Q — LT (t)RL(t)

satisfying the boundary condition Vi (ty) = Qf. Then
K(t) < VL(t) Ve to,ty]

Next, we turn to the suboptimal control of the switched linear sys-
tem. We are seeking an optimal switching path 6 with switching sequence
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{(to,%0),- -, (tj,i;)}, where the number of switches j is less than or equal to
a given number /, and optimal linear state feedback gains Fy,--- , F}, such
that the quadratic cost index

J(zo,0,u) = 2T (t;)Qrx(ty) +/t ' (2" ()Qxz(t) + u” (t)Ru(t)) dt
= ()Quat)+ The [ 32 (OQ+ FTRR2(0)at (6.0)

is minimized, where t;41 = ty, and u(t) = Fra(t) for t € [ty, tpi1).

By the two-state optimization approach introduced in the previous subsec-
tion, we first fix the switching index sequence and seek the optimal switching
times and the optimal gain matrices, then solve the optimization problem by
comparing the costs with respect to the set of switched index sequences.

We focus on the first stage and suppose that the switching index sequence
i, - ,i; is given. Let {t;}]._; be a set of switching times such that

to <ty <--- <tj <tj+1 :tf.

Let {Lk}izo be a set of gain matrices. Define the time-varying gain matrix
L(-) by

Lo t€lfto,th)

L=
L; teltty]

In addition, let # be the switching path corresponding to the switching se-
quence {(to,%), -, (tj,4;)}, ur be ur(t) = —L(t)x(t) for ¢t € [to,ty], A(})
and B(-) be A(t) = Ag) and B(t) = By for t € [to,ts], and @1(s1,52) be

the transition matrix corresponding to the matrix A(t) — B(t)L(t). Then, we
have

J(.’L‘0797UL) = giL(t()).'I;Q (661)
where

Vi (o) = (PL(tf,t0))" QPr(ts, to)

+ /tf (Dr(t.t0)" (Q+ LT ()RL(t)) (¢, to)dt.

to

For a fixed k € j, this equation can be re-written as
Vi(zo) = (Dr(t1,10))" -+ (Prlty. 1)) QpPr(ts t;) - Pr(ti, to)

+ /tk@L(a t0))” (Q + LT ()RL(t)) D (¢, to)dt + (P (tr, t0))”

to

y / Y @it t)” (Q + LT (H)RL(t)) B (1, 1)t (b1, o).

ty
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By differentiating J(zo, 6, ur) w.r.t. Ly (c.f. [80]), we have

TLkJ(xO,Q,uL) = Pyxoxd (6.62)

where

P = /tk+1 (BI'VL(t) — RLy,) ®r(t, to)(PL(t, t0)) T dt. (6.63)

ty

Similarly, by differentiating J(zo, 0, ur) w.r.t. t;, and using the relations

L1 (t,5) = (A1) - BOLO)Pw (1,5

La1(t,5) = ~u(t,5)(Als) ~ BS)L(s))
and

L(ty—) = Lr  L(tk+) = Lg+1
we obtain
a%J(mo, 9, uL) = l’g(@L(tk, to))TSkéL(t}c, t0)$0 (664)
k

where

T
+(Lf RLgs1 — L{RLE) k=0, ,j. (6.65)

Suppose that {L;}._, and {t}}._, minimize the cost index. Then, we
have

4 J(xo,0,ur<)=0 k=0,---,7J.

0
J(xo,0,ur~) =0 and o

L]

By (6.62) and (6.64), this is equivalent to
Pkl‘ol‘g =0 and x%(@L* (tltv to))TS]g@L* (tk, to)l‘o =0 (666)

for k=0,---,7, which gives a necessary condition for the optimal solution.

As it is virtually impossible to obtain explicit analytic expressions for
{L;})_o and {t;}]_,, we need to develop an iterative scheme to solve Equa-
tions (6.62) and (6.64). That is, given a set of gain matrices {LiY_, and a set
of switching times {¢ }7 _,, we need to find new sets {¢3}4_, and {L3}4_, such
that the resultant cost is reduced. To be more specific, there exist nonnegative
real numbers €, - - - , €; such that
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ti:t,lf—ek J(xo, 0" up1) k=0,---,j

o
ot}
to <t <. <t3 <ty J(wo,0% up) < J(wo, 0" up)  (6.67)

where 62 is the switching path corresponding to the new switching times

{2} _ o» and up1 corresponds to {L; }4 _, and {tiyi_ o- The numbers €g, - - - , €
are chosen according to the well-known gradient or steepest descent schemes.
Similarly, there exist nonnegative real numbers €g, - - - ,&; such that
0
L} =L} —ep——J(20,0% up1) k=0,---,j
oL} ’ ’

J(x0,0%, up2) < J(x0, 6% uLl) (6.68)

where uz> corresponds to {L3}]_ _o and {t} . The numbers &g, --- ,¢;

are chosen according to one of the well- known gradient or steepest descent
schemes.
The procedure is summarized as follows:

1) choose initial iterate sets {L} i:o and {t,lc}izo with corresponding cost
J(zo, 0" up1);

2) calculate {t}}}_, using (6.64) and (6.65), and the gradient scheme in (6.67)
so that J(m0,9 supt) < J(xo, 0% upn) ;

3) calculate {L3}_, using (6.62) and (6.63), and the gradient scheme in
(6.68) so that J(zg, 0% up2) < J(xo,60% up1); and

4) re-set {L}}._, by {Lk}]zo and {t}}7_, by {tk}k _o» and repeat the pro-
cedure successively.

Since the cost function decreases at each iteration, the convergence to a
local minimum is guaranteed.

Remark 6.26. In this scheme, we allow the feedback gains to vary according to
the active subsystem index, and the switching times. That is, ix, = %k, does
not necessarily mean that Ly, = Lj,. However, the scheme can be modified
so as to be applicable to the piecewise linear feedback framework where each
subsystem is assigned a unique feedback gain.

Remark 6.27. The optimal choice of switching times and feedback gains gen-
erally depend on the initial state xg. In some practical situations, the initial
state is not known a priori. In this case, we can minimize a cost function
independent of the initial state. A nice choice for this purpose is the trace of
Vi (x0), which is n times the average of the cost in (6.61) as z( varies over the
unit sphere. Such an initial-independent optimal problem can be addressed
using the approach presented in this subsection.

6.5 Notes and References

Optimization is a mature topic in mathematics and has been extensively
addressed in various branches and fields of application. Optimization for
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switched and hybrid systems has also attracted much attention in recent
years. In particular, general versions of the maximum principle have been
developed, and they are applicable to switched systems [146]. Various as-
pects of the optimization problems have been explored in the literature
[18, 116, 37, 114, 55, 94, 10, 16, 28, 11] too.

The optimal convergence rate introduced in Section 6.2 was adopted from
[143]; see also [121] for related work on simultaneous triangularization. The
discussions on the relationship between the asymptotic stabilizability and
the infinite horizon optimal switching problem, presented in Section 6.3 for
continuous-time systems and for discrete-time systems, were adopted from the
recent work [136].

In Section 6.4, a couple of mixed (sub)optimal switching/control problems
were introduced. The two-stage optimization method in Subsection 6.4.1 was
mainly adopted from [167]. This method actually provides a basic framework
for approaching the optimization problems of switched and hybrid systems; see
also [165, 166, 9] for similar treatments. The suboptimal scheme presented in
Subsection 6.4.2 was extended from the early works [80, 81, 12] for suboptimal
control of linear time-varying systems.
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Conclusions and Perspectives

7.1 Summary of the Book

In this book, we focused on the control and design issues of switched linear
systems where the subsystems are linear time-invariant, while the switching
signal and the control input are design variables. The topics include the design
of switching signals to robustly stabilize autonomous switched systems; the
joint design of the switching signal and the control input to achieve control-
lability, observability, and stability; and the search for the optimal switching
signal and the optimal control input with respect to a performance cost. While
most of the topics are conventional in the system and control literature, the
involvement of the switching mechanism brings new insights as well as new
challenges to the topics.

In Chapter 1, we briefly described the system formulations and discussed
the related background and motivations. In Section 1.3, we presented several
general concepts and fundamental observations, which provide a sound basis
for the book.

Chapter 2 gathered the mathematical preliminaries and tools needed for
the development of the book. Most of the material is elementary and can
be found in the classical textbooks. A few exceptions include the concept
and construction of multiple controllable subspaces in Section 2.4, and the
Generalized Chow’s Theorem in Section 2.10.

In Chapter 3, the switching signal design methodology was investigated
for the stability and robustness of the unforced switched linear system. Unlike
in conventional control theory, where the control input is the design variable,
here the only design variable is the switching signal whose role is far from
being well understood in the literature. The main results presented in this
chapter include:

e the equivalence among switched convergence, asymptotic stabilizability,
and exponential stabilizability (Theorems 3.9 and 3.53);
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e the equivalence between the consistent stabilizability and the periodic sta-
bilizability (Theorems 3.12 and 3.54);

e the combined switching strategy (3.45) and the establishment of its the
robustness properties (Theorem 3.36);

e the observer design for robust stabilization (Theorem 3.38).

These results, together with others, provide insights into the capability and
limitations of the switching scheme, and pave the way for further investigation.

Controllability, observability, and system decomposition issues have been
addressed in Chapter 4. We proved that, for continuous-time systems, the
controllable set and reachable set always coincide with each other, and the set
is exactly the multiple controllable subspace which can be directly calculated
from the system matrices (Theorems 4.17 and 4.18). This complete geomet-
ric criterion greatly facilitates the development of the constructive approach
for the stabilization of switched linear systems. The observability and recon-
structibility were addressed by the principle of duality (Theorems 4.26 and
4.27). For discrete-time systems, the above criteria still hold for a fairly large
class of systems (Theorems 4.36 and 4.37), while examples were presented to
show that the controllable and reachable sets are not subspaces in general
(Examples 4.34 and 4.35).

Based on the controllability /observability criteria, a switched linear system
can be transformed into the canonical form with a clear system structure (The-
orem 4.46). In addition, we proved that, a controllable multi-input switched
system can be reduced to a controllable single-input system by means of non-
regular state feedback (Theorem 4.51), hence each controllable system admits
a single-input controllable normal form (Theorem 4.49). These pave the way
for addressing the feedback stabilization problem in Chapter 5. We also showed
that the controllability is preserved by means of equidistance sampling under
almost any sampling rate (Theorem 4.56). This provides a bridge between a
continuous-time switched system and its discrete-time counterpart, thus en-
abling us to address the problems of digital control and regular switching in
a unified framework. Finally, several further issues related to controllability
were discussed and the results provide complementary insights from various
points of view.

In Chapter 5, we examined the problem of stabilization by means of switch-
ing/input design. We adopted the approach that combines the stabilizing
switching design in Chapter 3 and the piecewise linear state/output feed-
back control design based on the normal forms presented in Chapter 4. First,
for a single process controlled/measured by multiple controllers/sensors, we
designed separately the piecewise state feedback controller and the piecewise
state estimator (observer) based on the system canonical decomposition. By
incorporating the estimator into the feedback loop and establishing the sepa-
ration property of the overall system, the problem of dynamic output feedback
stabilization was solved in a thorough and elegant manner (Theorem 5.15).
Second, if the summation of the controllability subspaces of the individual
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subsystems is the total state space, then, a stabilizing state-feedback control
scheme with a dwell time was developed (Theorem 5.19). Third, for switched
systems in the controllable normal forms, a sufficient condition was obtained
for the piecewise linear quadratic stabilization problem (Theorem 5.24), and
was applied to the second and third order systems by the detailed classifica-
tion. In addition, the general stabilization problem was briefly discussed and
a sufficient condition was obtained (Theorem 5.31). In the discrete-time case,
deadbeat feedback controllers were designed for third-order systems (Theorem
5.41) as well as other special classes of systems (Theorems 5.39 and 5.40).

Finally, several optimization problems have been addressed in Chapter 6.
In general, the optimization over the switching signals is highly non-convex
and non-smooth in nature, hence the problems are usually very difficult to ad-
dress. We classified the problems into optimal switching problems where the
switching signal is the only optimization variable, and mixed problems where
both the optimal switching signal and optimal control input are to be sought.
For the optimal switching problems, we formulated the optimal convergence
rate for the systems which are simultaneously triangularisable (Theorem 6.7);
set up the connections between the finiteness of the infinite horizon optimal
cost and the asymptotic stabilizability (Theorems 6.10-6.13, and 6.19-6.21);
and established the equalization of the optimal costs for the switched linear
system and the relaxed differential inclusion (Theorem 6.14). For the mixed
problems, a two-stage optimization methodology was proposed for determin-
ing the optimal and suboptimal switching signal and control input.

7.2 Concluding Remarks

To conclude, we have the following general comments.

1. The switched linear systems are essentially nonlinear systems.

Due to the involvement of the switching signal, the switched linear system
is essentially a nonlinear system. Different switching signals may lead to
different complex system behavior such as multiple limit cycles [118], and
chaos [20], which are very different from linear behavior. In the book, we
also presented several essentially nonlinear characteristics of the switched
linear system, including the examples showing that stabilizability does
not imply linear feedback stabilizability (Example 5.23), and that the
controllable set is the union of an infinite number of maximal components
(Example 4.35). The nonlinear nature of the switched linear system brings
challenges to theoretical analysis as well as great value to practical ap-
plications. Indeed, it is the nonlinear features that make switched linear
system widely represented in industrial and engineering practice. From
the viewpoint of hybrid systems, the switched system includes both the
continuous dynamics and discrete event (switching). This is a critical fac-
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tor of switched systems which has been attracting increasing attention in
the literature.

2. The switched linear system possesses many linear characteristics.

As made clear in Section 1.3.5, switched linear systems have several nice

features that are valuable in analysis and design. These include:

e the time invariance property (Proposition 1.6);

e the radially linear property (Proposition 1.7);

e the analytic solution is readily obtained in terms of the system param-
eters.

By means of these nice properties, many linear and multi-linear tools are

applicable or extensible to the analysis and design of the switched linear

system. These tools include Wonham’s geometric approach (especially the

multiple invariant subspace scheme), and linear algebra (e.g., the technical

lammas in Section 4.2.4).

3. The bottleneck for understanding the switched linear system is the switch-
ing mechanism.

While both the switching signal and the control input play important roles
in determining the behavior of the switched linear system, the bottleneck
for understanding the switched system is the switching mechanism. This
is quite natural because the role of the control input is relatively well un-
derstood in the literature. In this sense, the study of the unforced switched
system is most needed to reveal the intrinsic features of switched systems.

4. The field of switched linear systems is largely unexploited.

In the field of switched linear systems, there have already been many
good results and more are emerging. However, most fundamental issues
are still in need of further exploration. Generally speaking, the switched
linear system theory is still in an early stage of development. Perhaps the
only exception is the continuous-time controllability /observability theory
where both verifiable criteria and constructive path planning algorithms
are available. Nevertheless, as more and more powerful tools are being
introduced or developed to cope with the systems, it seems reasonable
to expect a comprehensive switched linear system theory which extends
the standard linear theory on one hand and applies to more real world
problems on the other hand.

7.3 Perspectives and Open Problems

As the switched linear control theory is far from being well established, there
are in fact numerous important problems which are still not well understood
and open to further investigation. In the previous chapters, we mentioned
explicitly a few open problems that naturally arise from the topics under
study, while more are implicitly behind the words. Here, we highlight some
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open problems with detailed discussion whenever possible. The problems are
chosen mainly based on the following two criteria. First, to the authors’ knowl-
edge, these problems are still open and have not been solved in the literature.
Second, in the authors’ opinion, these problems have, or potentially have,
important impacts on the development of the core theory of switched linear
systems. These criteria, of course, are highly subjective and mainly reflect
the authors’ personal experience and points of view. Nevertheless, for ease of
reference, we try to describe the problems in a self-contained way, and discuss
briefly the possible tools and ideas towards the further understanding of the
problems. The discussions, however, usually are made in an elementary and
intuitive manner.

Problem 7.1. Finite representation of stabilizing switching paths

For a pointwise asymptotically stabilizable switched system
z(t) = Apx(t)
the problem is to find a set of well-defined switching paths
Sy ={0j}jes € Sitg,00)

with a minimum number of elements (i.e., cardinal of J— min), such that
YV xg € R, there exists a k € J, such that the solution of equation

©(t) = Agyyz(t) x(to) = 20

is asymptotically convergent (to the origin).

Roughly speaking, the question is: How many switching paths do we need
to stabilize a stabilizable switched system? In other words, is it possible to
stabilize the system by means of a finite number time-driven switching paths?
This problem is crucial in many practical situations. Indeed, if we can find
a finite number of such switching paths, then, we can stabilize the system in
a ‘multi-controller’ manner: we choose, according to the initial condition, a
switching path from a number of candidates that makes the switched system
stable. In this case, the switched system is ‘reduced’ to a finite number of time-
varying systems and hence the linear time-varying system theory is applicable.

To further understand the problem, let us recall some known facts (c.f.
Section 3.2.2) related to this problem. Owing to the Finite Covering Theorem,
we can partition the unit sphere into a finite number of open (in the relative
topology) and path-connected regions

S, = Ui:in

such that each region 2; can be assigned to a switching path 6;: [0,T] — M
satisfying

H(T;0,20,0;) € B1 Vg € (2

1
2
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where T is a finite real number. Based on this observation, we propose a
stabilizing strategy as follows. For any initial state 2(0) = z¢ # 0, choose
xo

an index ig such that o] € £2;,. Let the ip subsystem be activated during

the period [0,T), and we have x(T) = ¢(T;0, xg, 0;,). Then, choose an index
i1 such that % € §2;,, and let the i; subsystem be activated during the
period [T, 2T). Continuing with this process, we have the sequence ig, 41, - .

It can be seen that, the switching path

NG te[0,T)
0ao(t) = { Ou(t=T) t€[T,2T)

makes the state exponentially convergent. Note that the switching path o, is
in fact a concatenation of the paths in the finite set {6;}!_,. This means that

we can associate each zp with an infinite sequence A(zg) = {ig, i1, -} with

i € L def 1,---,l}. For notational convenience, we say that the sequence
J ) ) ) Yy q

A(zg) stabilizes xg. Let
Y =L ={(ig,i1,---):9;, €L j=0,1,---}

It is clear that each state can be stabilized by a switching path in 7. This
means that 7" provides a universal set of switching paths for the stabilizability
of the switched system.

Unfortunately, the set 1" still contains an (uncountable) infinite number
of elements. However, if each state permits an eventually cyclic stabilizing
sequence, then we have a universal set with a countably infinite number of
elements. Furthermore, if each state permits a cyclic stabilizing sequence with
a period bounded by a known number, then we have a universal set with a
finite number of elements.

Though we do not know the general answer to the question, the above
analysis is useful in leading us to the following practically interesting conclu-
sion.

Proposition 7.2. Suppose that 21 is a bounded set in R™, and (25 a neigh-
borhood of the origin. Then, there exists a set of switching paths, Sy, with a
finite cardinality, such that each state in £21 can be steered into {25 in a finite
time by at least one switching path in Sy.

We do not know how far the above analysis can go towards the solution of
the problem. This remains a subject for further study.

Problem 7.3. The existence of a time-invariant smooth converse Lyapunov
function

For the unforced switched system, a real-valued function V: R" +— R is said
to be a Lyapunov function of the system, if the function is positive definite,
and if there exists a switching signal o(, such that the function decreases along
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each non-trivial state trajectory of the switched system under og. The question
is, suppose that the switched system is pointwise asymptotically stabilizable,
does a Lyapunov function for the switched system exist? If yes, does a smooth
one exist?

It is well recognized that converse Lyapunov theorems play an important
role in stability analysis and robustness design of control systems. For switched
systems, such a converse Lyapunov theorem will be useful in many situations.

Now, we present a partial solution to the problem. Suppose that there is
a pure-state feedback switching signal

o(t) = ¢(x(t)) V=t

which makes the switched system exponentially stabilizable. Define the func-
tion W: R x R" — R, as

W(to,xo) = / H¢(t;t0,.’£0,0’)||2dt VitgeR zg € R™

to

The exponential stability guarantees the well-definedness of the function. By
the time-invariance of the switching signal, it can be seen that W (t1,z) =
W (to, ) for all t1,t2 and . That is, the function is time-invariant.

Next, define function V: R™ — Ry by V(z) = W(0,z), V2 € R". It
is clear that V'(-) is positive definite and strictly decreasing along each state
trajectory ¢(-;to, xo,0).

The above derivation lead to the following proposition.

Proposition 7.4. Suppose that the switched system is exponentially stabiliz-
able by a switching signal in the pure-state-feedback form. Then, the system
admits a (not necessarily smooth) Lyapunov function.

In this proposition, the pure-state-feedback requirement of the switching
signal is crucial. In fact, if the stabilizing switching signal is time-driven or
mixed time/event-driven, then the resultant system is time-varying in nature
and hence function W (¢, x) may not be time-invariant.

Ezxample 7.5. Consider the switched system with n = 2, m = 2, and

20 01
A1: |:0_1:| andAgz |:_1 0:|

This switched system is exponentially stabilizable and a stabilizing switching
law can be formulated as follows. For any initial state x(ty) = o, first check
whether z is in the zo-axis, i.e., zo(1) = 0. If not, then activate the second
subsystem until the state reaches the xo-axis. This is always possible because
the second subsystem can bring a state rotating to any direction without
changing its 2-norm. Once the state reaches the x,-axis, let the first subsystem
be activated for good. Note that the the x,-axis is a stable invariant subspace
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of the first subsystem. Accordingly, the above switching strategy always makes
the switched system exponentially stable.

It can be seen that the switching signal is in the pure-state-feedback form.
Applying Proposition 7.4, the Lyapunov function can be computed to be

Vi) = () + 3 ) 0+

where s(x) is the time needed to bring the state from x to the xs-axis. Let
6(x) denote the angle (in [0, 27)) between vector x and the x;-axis, i.e.,

. T
x = [||z|| cos (), |z| sinb(z)]" .
By the rotative characteristic of the second subsystem, we have

O(x)+ %  O(x) €[0,7/2)
s(x) =4 0(x) — ? 0(z) € [7/2,371/2)
O(x) + 57 0(x) € [3n/2,2m).

Note that s(z) does not depend on z continuously when x is on the zo-axis.
For example, let y; = [0,1]7 and y, = [1,0]7, then, we have

1 1
lring(yl +ry2) =V(y) = 7 and E%V(yl +7ry2) =T+ 3

This means that function V' is not continuous at point y;.
Of course, the example itself does not exclude the possibility that there
exists a stabilizing switching law that results in a smooth Lyapunov function.

Problem 7.6. Maximal and minimal dwell times for stability and stabiliz-
ability

Given an unforced switched linear system Y(A;)y and a switching signal o
with dwell time 7, if the switching signal asymptotically stabilizes the system,
then, we say that the system admits a stabilizing dwell time 7. The maximal
dwell time for stabilizability is the largest possible dwell time 7,,, the switched
system can possess, that is,

Toup = sup{7: Sy NS* # 0}

where S; is the set of switching signals with dwell time 7, and S° is the set
of stabilizing switching signals. Similarly, the minimal dwell time for stability
is the smallest possible dwell time 7, among the stabilizing signals, that is,

Ting = inf{r: S; C S°}.

The problem is to determine the minimum and maximum dwell times for
stability and stabilizability, respectively.
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It is clear that the minimal and maximal dwell times are defined only when
the switched system is stabilizable. For a switched unstable system where each
of the subsystems is unstable, it follows from the proofs of Theorems 3.9 and
3.11 that 74, > 0. In addition, in Section 3.5, we proposed a combined switch-
ing strategy with relatively large dwell time. However, the determination of
the exact value of 7, seems to be very difficult and no general result is
available so far.

On the other hand, for switched stable systems where all the subsystems
are stable, it is obvious that 7y,, = oo, that is, any switching path with suffi-
ciently large dwell time makes the switched system stable. If the subsystems
share a common Lyapunov function, then, 7;,y = 0, which means that each
switching path stabilizes the switched system.

In general, to find an upper bound for 74, ¢, the most direct way is to find,
for each matrix A;, real constants «; and [3; such that

||eA"t < Bt Y t>0.

Note that for each a; € (&;,0), such a (; always exists, where &; is the
maximum real part of the eigenvalues of A;. It is clear that

By ey

Ting < max{—
i
Though this upper bound is easily calculated, it is probably over conservative.
A less conservative method is to verify the norm pairwise as follows.
Consider the case that the system contains only two subsystems, A; and
As. For each matrix A; and a nonnegative real number h, define

A = Ait)| g—i(t=h)y
Br(A;) rp;g{IIe e }

Take a nonsingular complex matrix ) such that Jy = Q~'A,Q is in the Jor-

dan form. Let J; = Q71 A2Q. Suppose that {(1, hg), (2, h1),- -} is a switching
duration sequence. It is clear that

eAtho g Ashy JArha | _ Q716J1h0612h16‘]1h2 0.
Let
71 =min{h > 0: B (J2) > ™"},
Then, this 71 is an upper bound for 7, s. Accordingly, we have
Ting < min{h 2 0: 5(Q71A2Q) 2 7"}
Tiny < min{h > 0: By (R™' AL R) > %"

where the minimum is taken over Q and R, which turn Q7 14,Q and R~' AR
into the Jordan form, respectively.
The exact calculation of the minimal dwell time is still an open problem.
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Problem 7.7. Well-definedness of pure-observer-driven stabilizing switching
signal

For the unforced switched linear system

z(t) = Ayx(t)
y(t) = Cox(t)
find, if possible, a state observer
&= A,T+ Byy
and an observer-driven switching law

o(t+) = p(a(t),y(t), (1))

such that the overall system

z(t) = Asx
z(t) = A,Z(t) + Boy(t)
y(t) = Cox(t)

o(t+) = e(a(t), y(t), Z(t))

is well-posed and asymptotically stable.

We have designed several observer-based switching laws in Sections 3.4.3,
3.5.3, and 5.2, respectively. However, the switching laws are either for practical
stabilization, or time-driven, or mixed time/event driven. In other words, none
of the switching laws are purely observer-driven. In many practical situations,
pure observer-driven switching laws are desirable when it is not appropriate
to explicitly incorporate the time factor.

The problem of pure observer-driven stabilization has been addressed in
[44] where a state-space-partition-based pure observer switching law was pro-
posed. While the stability of the overall system has been proven by the Lya-
punov approach, the well-posedness of the system was not established. In fact,
the well-posedness is exactly the core issue of the problem. As pointed out
in Section 3.4.1, even an exponentially convergent perturbation may make
a well-posed nominal system ill-posed. Accordingly, when an observer is in-
corporated into the system, the well-posedness of the overall system has to
be addressed. This brings about a challenging issue which deserves further
investigation.

Problem 7.8. Structural stability

By structural stability, we mean a ‘perturbation’ of a nominal stabilizing
switching signal and its influence in the system stability. The problem of
structural stability is to find a stabilizing switching signal such that the system
is still stable if the switching signal undergoes small perturbations.
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Intuitively, for a robust stabilizing switching signal, a small perturbed
switching signal should also make the switched system stable. A question
thus arises naturally: How should we characterize the distance between two
switching signals?

As the state transition matrix is of the form

eAin (B=tr) | pAiy (f2—t1) JAig (B1—t0) . — 0,1,---

which we refer to as the transition (matrix) chain. If the above matrix chain
is convergent (to the zero matrix), then, the corresponding switching path
makes the state convergent for all initial states, and vice-versa. On the other
hand, a variation of a switching path means variations of the switching time
sequence tg,t1,--- and switching index sequence g, %1, - -, which can be seen
as variations of the transition chain.

Suppose that there is a time delay € in each switching instance caused by
the switching device. It is obvious that the delayed switching path is with
switching sequence

{(tO + €, 7:0)7 (tl + €7i1>7 (t2 + €7i2)7 e }

It can be seen that the two paths have nearly the same transition sequence
but they are not equal at time intervals of an infinite length. This excludes
the reasonableness of formulating the distance between two switching paths
p1 and ps by

meas{t: p1(t) # p2(t)}

where ‘meas’ denotes the Lebesgue measure, though this seems to be the most
straightforward way.

A possible way to characterize the distance is by the concatenation
of switching paths. Suppose that we have two sequences of pairs S; =
{(i1,h1), (i2, ha),--- } and Sy = {(j1,71), (J2,T2), - - - }, a concatenation (in the
generalized sense) of them, denoted by S3 = S; A Sy, is a new sequence
Sz = {(k1, 1), (k2, p2), - - - } with the property that, we can split the set N+
into two (monotone) sequences v1, v, -+ and vy, s, -« -, such that

(i87hs) = (kv57ﬂv5) and (js»Ts) = (kusaﬂus) s = 1a27"' .

We say that S3 is a common generalized sequence of S7 and S, if there exist
sequences Sy and Sy such that

53251 /\S4:SQ/\S5~
The distance between S; and Sy is defined by
1nf{\S4| + |S5|Z S1ASy =55 A 55}

where |S| = >, hy for S = {(i1, h1), (i2, h2),--- }. The distance between two
switching paths can be defined to be the distance between their switching
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duration sequences. In this way, the distance between any two switching path
is defined. It can be verified that the distance satisfies the positiveness, the
symmetry, and the triangular inequality. However, we still do not know if such
a definition can lead to reasonable structural stability analysis.

Problem 7.9. Minimum switching for controllability /reachability

Let N7 be the minimum number of switches for controllability of switched sys-
tems, where n is the order of the systems and m is the number of subsystems.
This means that, for each nth order switched linear system X'(A4;, B;)pr with m
subsystems, an arbitrary given state in the controllable subspace C(A;, B;)
can be transferred to the origin within V)" times of switching. The problem
is to formulate N in terms of n and m.

Note that N is defined over a class of systems rather than over an indi-
vidual system. It can be readily seen that the following simple properties hold
for N,

(i) N, =0;

(ii) NJ» = N2, for m > n;

(iii) Nyt > N2 for ny > ng and my > my; and
(iv) Npm < SopZg m(mn)* — 1.

The last upper bound is taken from the proof of Theorem 4.17.
By (ii), we assume without loss of generality that m < n.
A lower bound can be given by
NS m(2n —m + 1)
no 2
This can be verified by the following example.

- 1.

Example 7.10. Consider the switched system given by
A1=0 Bl = €1 Ai:eieiT_l BiZO i:2,"' ,

where e; is the ith unit column.
Extensive calculation shows that a controllable switching path with minimum
number of switches is with the switching index sequence

1,2717372’1,--- ’n’n_17... 71'
Let k; = wa 1 =1,2,---. Routine calculation gives

C(0) = span{e; }
C(1) = span{e; + hies: hy > 0}
C(2) = span{ey, ez}

C(k}z) = span{el, cee 61,6 + hkiei_‘_l : hki > 0}

C(k; + i) = span{ey, - ,eit+1}
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where C(k) is the controllable set along the switching path within &k times of
switches.

It is interesting to notice that, the first new direction (e3) appears in 2
switches, the second in another 3 switches, and the n — 1th in another n
switches. Accordingly, the minimal number of switches needed for complete
controllability is

n(n+1)

2+3+-~-+n:T_1.
For the case where m < n, by properly adding A,,+1,- -+, Ap into Ay, -+, Ap,
it can be verified that the minimal number of switches is
2n — 1
n+(n—1)+"-+(n—m+1)—1:%_1.

We conjecture that this is exactly the minimal number needed for control-
lability, that is

Nm:m(anerl)

" 5 -1 n>m>2.

However, we are still not in a position to prove (or disprove) the conjecture.

For discrete-time systems, the minimum switching problem was addressed
in [26]. Like in the continuous time case, the general problem remains a subject
for further investigation.

Problem 7.11. Path planning for local reachability

The problem of path planning for local reachability is to find a switching path
to steer the unforced switched system from a given initial state zg to a given
target state in R(xg) in a finite time, where R(z() denotes the reachable set
from xg.

According to Theorem 4.79, for the unforced switched linear system
Y(A;)m and a pathwise connected open set {2 in R™, if

dim{A;x, - ,Apztra(z)=n YVze

then, the system is locally weakly controllable in {2. Furthermore, if the system
is symmetric, then the system is locally reachable in 2. However, Theorem
4.79 does not provide any constructive information on the path planning.
Besides, the general properties of the reachable set are largely unknown. These
are interesting problems deserving further study.

Problem 7.12. Decidability of discrete-time reachability/controllability

As proven in Theorem 4.31, a discrete-time switched linear system X' (A;, B;) m
is reachable if and only if there exist an integer k£ < oo, and an index sequence
g, , ik, such that
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If we know the upper bound of such a k, then, the reachability property
is verifiable in a finite time by exhaustively searching among the candidate
switching sequences. Accordingly, the reachability is decidable, if for a given n,
there is a number k,,, such that for any reachable switched system X' (A;, B;)
of dimension n, (7.1) holds for some k < k,, and ig, - - - ,ix € M. The question
is: Does such a k,, exist for each n?

It can be seen that the reachability is decidable if either n = 2, or
ImA;+ImB; = R” for all i € M. In the latter case, there exist gain ma-
trices F; such that A; + B;F; is nonsingular for all ¢+ € M, and hence the
switched system can be transformed into a reversible system by means of a
state feedback controller. Note that the property of controllability is invari-
ant under feedback transformations, and the controllability of a reversible
switched linear system is decidable. This means that the controllability of the
original non-reversible system is also decidable.

It was conjectured that the controllability/reachability is not decidable
[56]. However, no proof has been reported in the literature to the authors’
knowledge.

Problem 7.13. Nonlinear feedback design for the feedback stabilization prob-
lem

As shown in Example 5.23, piecewise linear state feedback control laws are
not sufficient for the stabilization of switched linear control systems, even if
the systems are controllable. This intrinsic phenomenon necessitates the de-
sign of (piecewise) nonlinear state feedback laws for the stabilization problem.
However, by using nonlinear state feedback controllers, a switched linear sys-
tem turns into a switched nonlinear system, for which the stability analysis is
usually very challenging which remains a subject for further study.

Problem 7.14. Flexibility of the stabilizing switching/control laws

The design of a stabilizing strategy for a general switched linear control system
can be divided into the design of the controllable part and the design of the
uncontrollable part. However, the two design schemes are not independent
as we have to use the same stabilizing switching signal for both parts. This
poses a challenging problem. To cope with the problem, we can first design
a stabilizing switching signal for the uncontrollable part. With this switching
signal being the potential switching candidate for the whole system, we then
design a feedback control input law to steer the controllable part stable.
Note that in the proposed scheme, there is some flexibility that we can
make use of. First, suppose that we have found a stabilizing switching signal
for the uncontrollable part, then, a switching signal nearby is probably also a
stabilizing switching signal. That is, we have flexibility in choosing the switch-
ing signal for stabilizing the uncontrollable part. Second, for the controllable
part, we have much flexibility in choosing the feedback controllers, such as
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high-gain feedback laws, when necessary. The exploitation of flexibility in the
design of stabilizing switching/control laws is an important subject for further
investigation.

Problem 7.15. The existence of an optimal solution

For the optimal switching/control of switched linear systems, an optimal so-
lution is the switching signal/control input that minimizes the cost function.
The existence of an optimal solution is one of the most important issues in
optimization problems, yet it also seems to be one of the most challenging
issues.

In Chapter 6, the only existence result presented is for the optimal con-
vergence rate of simultaneously triangularizable switched linear systems. In
this special case, there exists a set of optimal switching signals which are peri-
odic. In the literature, several existence results have been reported for optimal
control problems of special classes of switched systems [119, 18, 10].

For the simple quadratic cost function given by

(o, 1,0) = / " T () Pat) + uT () Qu(t)dt

to

where P > 0 and @ > 0, and t; < oo, if the switching signal is given, then,
by conventional optimal control theory, the optimal control problem admits a
unique solution. Hence, the question is reduced to whether or not there exists
an optimal switching signal, a core issue worthy of further study.

Problem 7.16. The essential features of the optimal switching

For an infinite horizon optimal switching problem of the unforced switched
linear system, suppose that there exists an optimal switching signal. The
number of switches may be zero (no switch at all), or finite (no switch occurs
eventually) or infinite. In particular, if each subsystem is unstable, then, for
most initial states, the corresponding optimal switching paths have an infinite
number of switches. The question is: Do the optimal switching paths share
any common essential features? More concretely, are the optimal switching
index sequences eventually cyclic and/or the optimal switching time sequence
eventually synchronous or multi-rate in nature?

Problem 7.17. Various suboptimal switching/control problems

As it is usually difficult to find the optimal solution, we have to be consent
with finding a suboptimal solution. Here, sub-optimality may mean that the
cost is within a prescribed neighborhood of the optimal cost, or mean that the
solution is optimal only for a specific class of feasible design variables. For the
switched linear control system, as both the switching signal and the control
input are design variables, there are several types of suboptimal solutions
which are of interest in various theoretical and/or practical situations. Several
examples are listed below.
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(i)

(i)

(iii)
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Optimal switching time sequence

In many practical applications, the switching index sequences are governed
by given logic-based devices. In this case, the optimal switching is to seek
the switching times that optimize a cost function. This problem is intrin-
sically discontinuous and the solution may reveal the essential nature of
switched systems.

Optimal switching index sequence

Suppose that the switching times are given in advance, then, the optimal
switching problem is reduced to seeking a switching index sequence that
optimizes the cost function. A typical example is when the switched sys-
tem is controlled by a digital device, or when the system itself is of discrete
time in nature. As discussed in Section 6.4.1, if the time horizon is finite,
the number of feasible switching index sequence is also finite, hence, an
exhaustive search is possible, at least theoretically. However, for a large
time horizon, effective pruning algorithms must be sought to prevent com-
putational exploration. For the infinite horizon, new schemes have to be
sought to address the problem.

Optimal periodic switching signal

For an infinite horizon optimization problem, a possible scheme for sub-
optimality is to seek an appropriate periodic switching signal that opti-
mizes the cost function. Referring to the discussions in Section 3.2.3, such
a suboptimal cost is finite if the switched system is consistently asymp-
totically stabilizable. The problem is to obtain an optimal period, and an
optimal switching sequence within a period.

(iv)Optimal closed-form switching/control

A switching signal is said to be in closed form if it is event-driven, and a
control input is said to be in closed form if it is piecewise (time-invariant)
state/output feedback. The problem of suboptimal closed-form switch-
ing/control is of particular interest from both the theoretical and practi-
cal points of view. An important question is: How large is the difference
between the (open-form) optimal cost and the (closed-form) suboptimal
cost? When do they coincide with each other?

A key point here is whether or not the set of closed-form switching signals
and the set of closed-form control inputs are rich enough to approximate
each of the open-form switching signals/control inputs. Indeed, if the set
of closed-form switching signals is a dense subset of the set of switch-
ing signals with respect to an appropriate functional topology, then each
switching signal can be approached by a sequence of closed-form switching
signals. A similar point holds for the control input. Alternatively, let (2
and {2y be the set of state trajectories corresponding to the open-form and
closed-form switching/input, respectively. The core question is whether or
not each optimal state trajectory in {2 can be sufficiently approximated
by a state trajectory in {2y with respect to the cost index.
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Problem 7.18. Efficient computational algorithms for optimization

It is well recognized that the computation of the optimal solution is not easy
for most optimization problems. Hence, the reduction of computational bur-
dens becomes an important technology which motivates the rich and vast op-
timization methods and techniques in the literature. For the optimization of
switched linear systems, despite the fact that the subsystem dynamics are very
simple, the involvement of the switching signals makes exhaustively search-
ing impractical due to combinational explosion. In Section 6.4.2, numerical
algorithms were presented to search for the optimal or suboptimal strategies.
Unfortunately, the numerical algorithms either lead to local solutions or run
in exponential times. Efficient computation is still widely open for further
investigation.
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