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While the authors have tried to be as accurate as possible, they cannot be held responsible
for the designs of others that might be based on the material presented in this book. The
material included in this book is intended for the use of design professionals who are com-
petent to evaluate the significance and limitations of its contents and recommendations and
able to accept responsibility for its application. The authors disclaim any and all responsi-
bility for the applications of the stated principles and for the accuracy of any of the material
included in the book.







The authors are pleased to announce the revised printing of the Reinforced Concrete
Design: A Practical Approach, the only Canadian textbook which covers the design of
reinforced concrete structural members in accordance with the CSA Standard A23.3-04
Design of Concrete Structures and the National Building Code of Canada 2005. Since its
initial release in November 2005, the book has been well received by students and profes-
sors at Canadian universities and colleges. The authors have been commended for their
practical approach to the subject.

Fundamental concepts related to the behaviour and design of reinforced concrete
members and simple structural systems are outlined in this book. The authors believe
that when the fundamentals of reinforced concrete design are understood from a proper
perspective, design in reinforced concrete can represent one of the most interesting and
creative tasks facing a designer.

APPROACH

The authors believe that the structural designer should thoroughly understand the funda-
mental concepts before using them in a design. However, a good structural design should
strike a balance between sound design concepts and feasibility from a practical field
implementation perspective. Therefore, this book highlights the important aspects of rein-
forced concrete design from the point of view of all important stakeholders, including the
owner, architect, contractor, rebar installer, and supplier, and discusses their role in the
design and construction of a particular structure.

The material in this book is presented in the logical order in which a structural design
would be performed in practice. The topics are covered at different levels of complexity.
The book takes a non—calculus-based, practical approach to the analysis and design of rein-
forced concrete members rather than a rigorous theoretical approach. Modern analysis and
design procedures consistent with design practice have been used. The book contains many
numerical examples solved in a step-by-step format. Metric (SI) units have been used
throughout the book.

The book is a collaborative effort between an academic and a practising engineer and
reflects their unique perspectives on the subject. It is recommended for college and
university students taking reinforced concrete design courses in the areas of civil engineer-
ing and architecture; however, it may also be used by practising professionals interested in
reviewing familiar topics or gaining insight into new topics. The authors have attempted to
help the reader understand the design of reinforced concrete buildings and their components
in an efficient and accurate manner. The practical recommendations related to the design and
construction of reinforced concrete components offered in the book are largely based on the
authors’ own experiences. It is the authors’ hope that this book will provide practical insight
into reinforced concrete design early on in a designer’s professional life.

CONTENTS

This book covers the design of the main reinforced concrete structural members in accordance
with the limit states design method and is based on the CSA Standard A23.3-04 Design of
Concrete Structures. The load provisions are consistent with the National Building Code of
Canada 2005 (NBC 2005). The provisions of the revised codes and the major revisions are
outlined here. The book is restricted to the design of cast-in-place concrete structures.
Chapter 1 presents an overview of design and construction aspects as related to rein-
forced concrete structures and introduces the main structural systems and components.
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PREFACE

Chapter 2 provides an overview of concrete and steel material properties used in the
design-related chapters of the book.

The behaviour of reinforced concrete beams (including rectangular and T-beam
sections) and one-way slabs in flexure is explained in Chapter 3, whereas the design of these
structures is covered in Chapter 5. Serviceability criteria (covered in Chapter 4) and strength
requirements need to be considered while designing flexural members in Chapter 5.
Chapters 6 and 7 discuss the design of reinforced concrete beams and one-way slabs for
shear and torsion, respectively. The main focus of these chapters is on simply supported
reinforced concrete beams and slabs.

Chapter 8 discusses the behaviour and design of reinforced concrete columns sub-
jected to axial load and flexure; the main focus is short columns, although an overview of
the design procedures for slender columns is also provided. The critical issues related to
bond and anchorage of reinforced concrete structures are discussed in Chapter 9.

Chapters 10 and 11 focus on continuous concrete construction. Chapter 10 intro-
duces key concepts related to the behaviour of continuous beams and slabs as well as the
analysis methods that are used in the design of these structures. Chapter 11 builds on the
background of Chapter 10 and exposes the reader to the design and detail of continuous
structures. An overview of various floor systems employing continuous concrete con-
struction is presented in this chapter, along with a case study that demonstrates the
design of a floor system.

Chapter 12 covers the design of shallow foundation systems, including spread and strip
footings, eccentrically loaded footings, and combined footings. Finally, Chapter 13 pro-
vides an overview of various types of reinforced concrete walls, including bearing walls,
basement walls, and shear walls.

Appendix A includes design aids, while Appendix B includes notation for commonly
used symbols. This book also contains a bonus CD-ROM, which includes computer
spreadsheets for column and foundation design as well as photographs of reinforced con-
crete structures under construction and in completed form.

Alist of key references is included at the end of the book. This list, while not exhaustive,
is useful as initial supplementary reading for those interested in pursuing the subject further.

FEATURES

This text includes the following features:

* Learning Objectives provide an idea of what the reader will be able to accomplish
after reading a particular chapter.

 Key boxes summarize important concepts, recommendations, and equations within
a chapter.

* Did You Know? boxes contain interesting facts about reinforced concrete design and
construction.

» Examples provide practical applications of theoretical material.

* Learning from Examples boxes point out the important implications of one or more
examples.

* Checklists outline design procedures in a tabular form for easy reference.

* A Summary at the end of each chapter provides a review of the key topics covered,
organized by the learning objectives.

* Problems at the end of each chapter provide an opportunity for readers to practise the
concepts learned in the chapter.

SUPPLEMENTS

An Instructor’s Resource CD-ROM is available for use with this book. The CD-ROM
contains an Instructor’s Solutions Manual, with solutions to the end-of-chapter problems,
and an image bank of the figures from the text.



PREFACE xix

REVISIONS IN THIS PRINTING

Several revisions are included in this printing. Most significantly, there are comprehensive
revisions to Chapter 6 examples. Several errors and omissions in various chapters (both
text and illustrations) have also been corrected. In total, over 110 pages of the book (70
pages of text and 40 illustrations) have been revised. Although there is no new content
added at this time, these revisions are significant enough to require course instructors and
students to use the book from the same printing to prevent misunderstanding. The revised
printing is available exclusively in hard cover version.
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1.1

After reading this chapter, you should be able to

* explain the basic concepts of reinforced and prestressed concrete
e describe the main components of reinforced concrete buildings

* explain the three structural systems typical of reinforced concrete building con-
struction in Canada

* review the concepts of gravity and lateral load paths

outline the four key considerations related to the design of reinforced concrete
structures

describe the five major steps in the design process
describe the four basic methods of concrete construction
review the types of loads considered in the design of reinforced concrete structures

outline the four key categories of limit states considered in the design of reinforced
concrete structures
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INTRODUCTION

Concrete is one of the most versatile construction materials, offering potentially unlim-
ited opportunities for developing diverse forms of construction. Concrete is what is
known as a universal material, as its ingredients, namely cement, sand, aggregates, and
water, are available all over the globe. Furthermore, concrete structures can be built with
all different levels of technology, ranging from the simplest hand tools to computerized
equipment. Concrete also has the excellent characteristics of fire resistance and durability
and requires substantially less maintenance than other materials. Its mechanical proper-
ties can be enhanced by the use of steel reinforcement. Reinforced concrete construction
makes use of the high compressive strength of concrete and the high tensile strength of
steel reinforcement.

This chapter presents an overview of the basic aspects of concrete design and con-
struction. The basic concepts of reinforced and prestressed concrete are explained in
Section 1.2. The main components of a concrete building and the common structural sys-
tems found in the design practice are outlined in Section 1.3. The key considerations related
to the design of reinforced concrete structures are discussed in Section 1.4. Construction
methods and processes related to reinforced concrete structures are outlined in Section 1.5.
Canadian design codes and standards related to reinforced concrete design are outlined in
Section 1.6, while design loads are discussed in Section 1.7. The limit states design method
used to design reinforced concrete structures in Canada is explained in general terms in
Section 1.8. Major revisions related to structural design made in the National Building Code
of Canada 2005 (NBC 2005), as compared to the previous (1995) edition, are summarized
in Section 1.9. The accuracy of design calculations is discussed in Section 1.10. Finally, the
use of computer-aided design tools is discussed in Section 1.11.
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1.2.1

CHAPTER 1

CONCRETE AS A BUILDING MATERIAL

A Historical Overview

The earliest concrete applications date back to the ancient Greeks and Romans. The word con-
crete derives from the Latin verb concrescere, “to grow together” or “to harden.” To make con-
crete, the Romans used a special type of volcanic sand called pozzuolana, first found near
Pozzuoli in the bay of Naples, Italy. This substance was found to react with lime and water to
solidify into a rock-like mass. In the period from 300 BC to 476 AD, this early form of concrete
was used in bridges, aqueducts, and several renowned structures such as the Colosseum and
the Pantheon in Rome. However, these early developments in concrete construction were dis-
continued for many centuries thereafter, mainly due to the lack of availability of cementitious
materials such as pozzuolana in other parts of the world.

The invention of Portland cement in 1824 by Joseph Aspdin, an English stonemason,
represented a major breakthrough in the development of modern concrete materials. The
name “Portland” came from the high-quality building stones quarried at Portland, England.

The concept of reinforced concrete was first introduced in 1855 by J. Lambot of
France, who made a rowboat out of a wire framework coated on both sides with cement
mortar and exhibited it at the Paris exposition in 1855. Also in France, Frangois Coignet
proposed the use of concrete with steel reinforcement for the construction of roofs, pipes,
and shells in 1861. However, the French gardener Joseph Monier is often given credit for
being the inventor of reinforced concrete. In 1867, Monier patented his invention of flower-
pots made of wire mesh plastered on both sides with cement mortar. He subsequently
patented the use of reinforced concrete for reservoirs, pipes, slabs, and shells.

Nevertheless, reinforced concrete construction only became established in terms of
practical ai)plications after two German construction firms acquired Monier’s patent in 1884.
The first textbook on reinforced concrete, called The Monier System, by Gustav Wayss and
Mathias Koenen, was published in Germany in 1887. For the first time this book proposed
that steel reinforcement should be provided in concrete structures where tensile stresses can
occur. The French contractor Frangois Henebrique introduced stirrups in concrete beams and
suggested the use of T-beams at the end of the 19th century. Henebrique made a major con-
tribution to the application of reinforced concrete technology in Europe.

The development of modern concrete technology in North America began in the second
half of the 19th century. Ernest L. Ransome, who patented the use of twisted square steel rods
for an improved bond in reinforced concrete, was the creator of several reinforced concrete
buildings in the United States between 1880 and 1900. The first concrete high-rise, the
16-storey Ingalls Building in Cincinnati, was built in 1902 using the Ransome system. By that
time, the basic theoretical principles of reinforced concrete design were generally well under-
stood. Since then, reinforced concrete has been successfully used in all types of designs, from
simple building frames to complex industrial buildings, bridges, and skyscrapers.

The development of prestressed concrete began in the 1930s with the pioneering work
of French engineer Eugene Freyssinet, who was the first to use pretensioned high-tensile
steel bars as reinforcement. Freyssinet is called “the father of prestressing.”

The development of modern concrete construction in Canada started at the beginning of
the 20th century. The first reinforced concrete bridge in Canada was built in Massey, Ontario,
in 1906. Since then, concrete has been used for the construction of many bridges, buildings,
dams, and other significant structures. Most notably, concrete was used for the construction
of Toronto’s CN Tower in 1976. This 550 m tall broadcast and observation tower is the
world’s tallest free-standing structure. Another more recent accomplishment with this mate-
rial is the 13 km long Confederation Bridge linking Prince Edward Island and New
Brunswick completed in 1997.

There are many notable concrete buildings in Canada; in fact, a number of Canada’s
historical landmark buildings are reinforced concrete structures. For example, a portion of
the Fairmont Empress Hotel in Victoria, British Columbia, a national heritage building,
was built around 1910 using reinforced concrete columns and composite concrete and
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masonry floors. A few other reinforced concrete buildings were built at the same period in
other Canadian cities (Vancouver, Toronto, etc.).

Selected facts and details related to the design and construction of notable reinforced
concrete structures in Canada and abroad will be referred to in this book and the accom-
panying CD.

DID YOU

KNOW

Figure 1.1 Scotia Tower
under construction, showing
self-elevating jump forms
at the exterior.

(Portland Cement Association)

The Scotia Tower is a 68-storey concrete high-rise built in Toronto in 1987 (see Figure 1.1).
The main structural feature of this high-rise is the exterior tube that provides the strength
and rigidity in the building and carries 40% of its weight (including the contents). The use
of self-elevating jump forms enabled rapid construction (less than 3 days per floor). The
construction was performed using an off-site custom-made concrete pump that was able to
pump concrete to a height of 275 m for the first time in Canada. At the time of its con-
struction, the Scotia Tower was the world’s tallest reinforced concrete tube structure
(RSIO, 1988).

1.2.2

1.2.3

Concrete

Concrete is artificial stone made from two main components: cement paste and aggregates.
Aggregates usually consist of natural sand and gravel or crushed stone. The paste hardens
as a result of the chemical reaction between cement and water and glues the aggre-
gates into a rock-like mass. The concrete-manufacturing process is quite complex and
includes a number of steps, such as proportioning, batching, mixing, placing, compacting,
finishing, and curing. The versatility of concrete construction, in terms of forms and
shapes, is due to the fact that fresh concrete has no form of its own until it hardens.
Concrete has a high compressive strength; however, its tensile strength is low (only about
10% of its compressive strength). For this reason, concrete is rarely used without the addi-
tion of steel reinforcement.

Reinforced Concrete

Reinforced concrete structures utilize the best qualities of concrete and steel — concrete’s
high compressive strength and steel’s high tensile strength. The concept of reinforced
concrete will be explained in an example.

Consider a simply supported concrete beam subjected to the uniform load shown in
Figure 1.2a. The beam deforms under the load and flexural (bending) stresses develop



Figure 1.2 Tension steel
reinforcement in a reinforced
concrete beam subjected to
flexure: a) flexural cracks develop
under the load; b) bending
moment diagram; ¢) distribu-
tion of internal stresses in

a reinforced concrete beam.

Figure 1.3  Shear reinforcement
in concrete beams: a) beam
cracks under the distributed
load; b) shear force diagram;

c) stirrup reinforcement

resisting shear effects.

CHAPTER 1

a) JUL

b)
A4—| Concrete resists compression
/
—_——
de 2] V.-
c) == T XX
] /\i Ae \ LA @ction A-A

Steel resists tension

throughout the span. The top portion of the beam is subjected to compression, whereas the
bottom is under tension. The concrete has a limited ability to carry tension so it cracks once
its tensile strength has been reached. The cracks develop in the region of maximum bending
moments (M), in this case around the beam midspan (see the bending moment diagram
shown in Figure 1.2b). A plain concrete beam will fail in the midspan region shortly after the
cracks have developed. To prevent such behaviour, steel reinforcement is placed inside the
beam near the bottom to resist the tensile stresses, as illustrated in Figure 1.2¢. Steel rein-
forcement that resists tensile stresses is often called tension reinforcement or tension steel.
The top portion of the beam section resists compression stresses, as illustrated in Figure 1.2¢
(see section A-A).

Consider a simply supported beam subjected to the uniform load shown in Figure 1.3a.
When the beam deflects, shear forces develop in the beam in addition to bending moments.
The maximum shear forces (V) and the corresponding shear stresses develop in the support
region (see shear-force diagram in Figure 1.3b). Diagonal cracks develop in the beam in the
region of high shear stresses, as illustrated in Figure 1.3c. To prevent the diagonal tension
cracks, U-shaped reinforcing bars called stirrups are placed vertically along the beam length
in the regions where shear cracks are expected to develop.
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Figure 1.4 A prestressed
concrete beam: a) stress
distribution in a beam without
reinforcement subjected to a
uniform load; b) stresses due
to the external compressive
force (P); c) combined stresses.
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The main idea behind reinforced concrete is to provide steel reinforcement at locations
where tensile stresses exist that the concrete cannot resist. Due to its high strength, only a
relatively small amount of steel is needed to significantly increase load-carrying capacity of
concrete. In general, the area of steel reinforcement accounts for only a small fraction of the
overall cross-sectional area of a concrete member, typically on the order of 0.2% to 2% for
slabs and beams and 1% to 4% for columns.

It is very important to note that reinforcement in concrete structures is effective only
when it is appropriately used, strategically placed, and in proper quantity.

In reinforced concrete structures, steel and concrete act together, thus enabling effec-
tive load transfer between them. This is an essential feature of reinforced concrete called
bond.

Prestressed Concrete

Prestressed concrete is a special type of reinforced concrete in which internal compression
stresses are introduced to reduce potential tensile stresses in the concrete resulting from
external loads. High-strength steel tendons are embedded within the concrete and subjected
to a tensile stress imposed by special equipment (jacks). A few different types of tendons are
used in prestressed concrete construction, such as wires, cables, bars, rods, and strands. The
two main methods of prestressed concrete construction are

« pretensioning: when the tendons are tensioned before the concrete has hardened;
» posttensioning: when the tendons are tensioned after the concrete has hardened.

The concept of prestressed concrete can be explained with an example. Consider a concrete
beam subjected to the external load shown in Figure 1.4. The beam deforms and flexural
stresses develop. The top part of the beam is under compression, whereas the bottom part
is under tension, as illustrated in section A-A in Figure 1.4a. Concrete is rather weak under
tension, and hence it cracks at rather small loads. However, when an axial compressive force
(P) is externally applied at the beam ends, compression stresses develop in the beam, as
shown in Figure 1.4b. Note that the axial load is applied eccentrically, resulting in larger
compression stresses at the bottom of the beam. The effect of prestressing is therefore
equivalent to an externally applied axial force. The combined effects of the external load
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(see Figure 1.4a) and prestressing (see Figure 1.4b) result in the compressive stress distri-
bution shown in Figure 1.4¢. In some cases, minor tensile stresses might still be present in
the beam. The major feature and benefit of prestressing is its ability to reduce or entirely
eliminate development of tensile stresses and cracking in concrete sections under service
loads. Prestressed concrete members require smaller cross-sectional dimensions than rein-
forced concrete members with similar spans and loads. As a result, prestressed concrete
structures are lighter than reinforced concrete structures designed to similar requirements.

Concrete is artificial stone made from two main components: cement paste and aggre-
gates. Aggregates usually consist of natural sand and gravel or crushed stone. The paste
hardens as a result of the chemical reaction between cement and water and glues the
aggregates into a rock-like mass.

Reinforced concrete structures utilize the best qualities of concrete and steel —
concrete’s high compressive strength and steel’s high tensile strength. The main idea
behind reinforced concrete is to provide steel reinforcement at locations where tensile
stresses exist that the concrete cannot resist. Due to its strength, only a relatively small
amount of steel is needed to reinforce concrete. Steel’s ability to resist tension is
around 10 times greater than concrete’s ability to resist compression. It is very impor-
tant to note that reinforcement in concrete structures is effective only if it is appropri-
ately used, strategically placed, and in proper quantity.

Prestressed concrete is a special type of reinforced concrete in which internal com-
pression stresses are introduced to reduce potential tensile stresses in the concrete
resulting from external loads. High-strength steel tendons are embedded within the con-
crete and subjected to a tensile stress imposed by special equipment (jacks). The two
main methods of prestressed concrete construction are

¢ pretensioning: when the tendons are tensioned before the concrete has hardened:;
* posttensioning: when the tendons are tensioned after the concrete has hardened.

1.3 | REINFORCED CONCRETE BUILDINGS: STRUCTURAL
COMPONENTS AND SYSTEMS

1.3.1 Structural Components

Reinforced concrete buildings consist of several structural components (or members).
The basic components of a reinforced concrete building are (see Figure 1.5)

* floor and roof systems
* beams

e columns

o walls

= foundations

These structural components can be classified into horizontal components (floors, roofs, and

beams) and vertical components (columns and walls). According to another classification, the

part of the building above ground is called the superstructure, while the part below ground

(including foundations, basement, and other underground structures) is called the substructure.
The role of each structural component is briefly explained below.



Figure 1.5 Components of
a reinforced concrete building.
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The floor and roof systems are the main horizontal structural components in a building.
They carry gravity loads and transfer them to the vertical components (columns and/or
walls), and also act as horizontal diaphragms by transferring the lateral load to the vertical
components of a structure. The most common floor and roof systems are listed below (see
Figure 1.6):

* Slab-beam-and-girder: The slabs are supported by beams, which are in turn supported
by girders (see Figure 1.6a). A girder is a large beam that carries loads from the beams
framing into it. Beams around the outside edges of the floor are called spandrel beams.

+ Slab band: This is a uniform slab with a thickened slab portion along the column lines
parallel to the longer spans (see Figure 1.6b).

o Flat slab: This is a system without beams, where a slab is supported by round or square
columns (see Figure 1.6¢). In this system, the design may also require a flared cone-
shaped cap on the top of the column, called the capital, and a thickened slab above it,
called the drop panel.

* Flat plate: This is similar to the flat slab, except that there are no drop panels or capi-
tals, as shown in Figure 1.6d. Columns are typically of circular or square shape.

o Slab with beams: The beams frame into columns and support floor or roof slabs, as
illustrated in Figure 1.6e. They provide moment interaction with the columns (this
interaction is essential for the frame to resist lateral loads).

* Joist floor (pan joist): This system consists of a series of closely spaced joists (simi-
lar to small beams), spanning in one or two directions, topped by a reinforced con-
crete slab cast integrally with the joists, and beams spanning between the columns
perpendicular to the joists (see Figure 1.6f).

+ Waffle slab: This is a two-way reinforced concrete joist floor. Waffles are hollow spaces
between the joists.

The design of reinforced concrete floor systems will be covered in Chapter 11.

Slab on grade is a very common form of slab construction that is placed directly on
the ground. It is also called “floor on ground.” It is possible to confuse this term with the
term “floor system.” The basic difference is that a slab on grade is supported by the earth
beneath it, whereas a floor system is supported only by columns at a few distinct locations.
The design of slabs on grade will be covered in Chapter 12.

Beams transmit the loads from the floors to the vertical supports (columns). Beams are
usually cast monolithically with the slab and are subjected to bending and shear. The
design of reinforced concrete beams will be introduced in Chapter 3.

Columns are vertical components that support a structural floor system. Columns are
usually subjected to combined axial load and bending. Column design will be covered in
Chapter 8.
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Figure 1.6 Floor systems in reinforced concrete buildings: a) slab-beam-and-girder floor; b) slab bands;
¢) flat slab; d) flat plate; e) slab with beams; f) joist floor.

Walls provide the vertical enclosure for a building. Bearing walls carry gravity loads
only, whereas shear walls have a major role in carrying lateral loads due to wind and
earthquakes. Concrete walls built in the basements of buildings are subjected to lateral
soil pressure in addition to gravity loads — such walls are called basement walls. The
design of reinforced concrete walls will be covered in Chapter 13.

Foundations transmit the weight of the superstructure to the supporting soil. There
are several types of foundations. Spread footings transfer the load from the columns
to the soil. Walls are supported by strip footings. Other types of foundations include
combined footings, which support more than one column; piles which may be driven
into dense soil strata beneath; and raft foundations, where several columns rest upon a
raft or a mat distributing the column or wall loads over a uniform soil bearing area. The
design of foundations will be discussed in Chapter 12.
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Structural Systems

The structural (or framing) system is the skeleton of a building, and it supports the rest of the
structure. Structural systems characteristic of reinforced concrete buildings are (see Figure 1.7)

¢ moment-resisting frames
¢ bearing-wall systems
 frame/shear-wall hybrid systems

A moment-resisting frame (or moment frame) consists of columns and beams that act as a three-
dimensional (3-D) space frame system, as shown in Figure 1.7a. Both gravity and lateral forces
are resisted by bending in beams and columns, while strong rigid joints between columns and
beams have a special role in providing stability in moment frames. The frames are often infilled
with masonry partitions (usually hollow concrete blocks or hollow clay tiles); such a system is
called a concrete frame with masonry infills. The moment-frame system has been used often for
office buildings in Canada. The predominant use is in the five- to ten-storey range.

A bearing-wall system consists of reinforced concrete bearing walls located along
exterior wall lines and at interior locations as required (see Figure 1.7b). These bearing
walls are also used to resist lateral forces, in which case they are called shear walls. Shear
walls are designed to resist lateral forces from floor structures and transmit them to the
ground. Ideally, these shear walls are continuous structures, extending from the foundation
to the roof of the building. This system is usually characterized by a rectangular plan, with
a centrally located elevator and stair core and uniformly distributed walls. Many residential
and office buildings in Canadian cities utilize the bearing-wall system.

A frame/shear-wall hybrid system utilizes a complete 3-D space frame to support
gravity loads and shear walls to resist lateral loads (see Figure 1.7c). The main lateral load-
resisting system consists of reinforced concrete shear walls forming the elevator core (cen-
tral core formed by the elevators and stairs in the building), and additional walls located
elsewhere in the building as required. The role of the concrete frame is to transfer gravity
loads only, so it is often called the gravity frame. The columns typically support concrete
flat slab structures or two-way slabs with beams. The interaction of the frame and shear
walls is essential for limiting lateral deformations due to wind and earthquake loads. These
buildings are generally characterized by a symmetrical plan of square, circular, or hex-
agonal shape with a centrally located elevator core. This system is commonly found in
modern office and residential high-rise buildings in Canada.
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Figure 1.7 Schematic elevations and plans for structural systems in reinforced concrete:
a) moment-resisting frame; b) bearing-wall system; c) frame/shear-wall hybrid system.
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CHAPTER 1

Reinforced concrete buildings consist of several structural components (or members).

The basic components of a reinforced concrete building are as follows:

* The floor and roof systems carry gravity loads and transfer them to the vertical com-
ponents (columns and/or walls). They are the main horizontal structural components
in a building and also act as horizontal diaphragms by transferring the lateral load to
the vertical components of a structure.

* Beamns transmit the loads from the floors to the vertical components (columns). They
are usually cast monolithically with the slab and are subjected to bending and shear.

* Columns support a structural floor system. They are vertical components that are
usually subjected to combined axial compression and bending.

* Walls provide the vertical enclosure for a building. Load-bearing walls carry gravi-
ty loads only, whereas shear walls have a major role in carrying lateral loads due to
wind and earthquakes.

* Foundations transmit the weight of the superstructure to the supporting soil. There
are several types of foundations. Spread footings transfer the load from the columns
to the soil. Walls are supported by strip footings.

The structural system (or framing system) is the skeleton of a building and supports the
rest of the structure. Structural systems characteristic of reinforced concrete buildings
are as follows:

* A moment-resisting frame (or moment frame) consists of columns and beams that act
as a 3-D space frame system. Both gravity and lateral forces are resisted by bending
in beams and columns mobilized by strong rigid joints between columns and beams.

* A bearing-wall system consists of reinforced concrete bearing walls located along
exterior wall lines and at interior locations as required. These bearing walls are also
used to resist lateral forces, in which case they are called shear walls.

* A frame/shear-wall hybrid system utilizes a complete 3-D space frame to support grav-
ity loads and shear walls to resist lateral loads. In modern buildings of this type, the
main lateral load-resisting system consists of reinforced concrete shear walls forming
the elevator core and additional walls located elsewhere in the building as required.

How Loads Flow Through a Building

Multiple elements are used to transmit and resist external loads within a building. These
elements define the mechanism of load transfer in a building known as the load path. The
load path extends from the roof through each structural element to the foundation. An
understanding of the critical importance of a complete load path is essential for everyone
involved in building design and construction.

The load path can be identified by considering the elements in the building that con-
tribute to resisting the load and by observing how they transmit the load to the next ele-
ment. Depending on the type of load to be transferred, there are two basic load paths:

* gravity load path
* lateral load path

Both the gravity and lateral load paths utilize a combination of horizontal and vertical
structural components, as explained below.

Gravity load path Gravity load is the vertical load acting on a building structure, includ-
ing dead load and live load due to occupancy or snow. Gravity load on the floor and roof slabs
is transferred to the columns or walls, down to the foundations, and then to the supporting soil
beneath. Figure 1.8 shows an isometric view of a concrete structure and a gravity load path.



Figure 1.8 An isometric view
of a concrete structure showing
a gravity load path.

Figure 1.9 Gravity load path
in a floor slab: a) one-way
system; b) two-way system.
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The vertical gravity load acts on a slab (1), which transfers the load to the beams (2), which
in turn transfer the load to the columns (3) and then down to the foundations (4).

The gravity load path depends on the type of floor slab, that is, whether a slab is a one-
way or a two-way system. In the one-way system in Figure 1.9a, the effect of external loads
is transferred primarily in one direction, shown with an arrow. The slab-beam-and-girder
floor (discussed in Section 1.3.1) is an example of a one-way system. The gravity load
acting on this system is transferred from the slab (1) to the beams (2) and then to the gird-
ers (3). Finally, the girders transfer the load to the columns (4).

The load path in a two-way system is not as clearly defined. The slab transfers gravity load
in two perpendicular directions; however, the amount carried in each direction depends on the
ratio of span lengths in the two directions, the type of end supports, and other factors. For
example, in the slab with beams system shown in Figure 1.9b, the load is transferred from the
slab (1) to the beams aligned in the two directions (2) and then to the columns (3).

Lateral load path The lateral load path is the way lateral loads (mainly due to wind
and earthquakes) are transferred through a building. The primary elements of a lateral load
path are as follows:

« vertical components: shear walls and frames;
* horizontal components: roof, floors, and foundations.
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Figure 1.10 Lateral load path.

Figure 1.11 Tributary area for
reinforced concrete members:
a) beams; b) columns.
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Figure 1.10 shows a reinforced concrete structure and the elements constituting the lateral
load path: roof and floor systems (1) transfer the load to the walls (2), which in turn trans-
fer the load to the foundations (3).

Roof and floor systems (also called diaphragms) take horizontal forces from the storeys at
or above their level and transfer them to walls or frames in the storey immediately below.

Shear walls and frames are the primary lateral-load resisting elements; however, these
members also carry gravity loads. Shear walls receive lateral forces from diaphragms and
transmit them to the foundations.

Foundations form the final link in the load path by collecting the lateral forces from
all storeys and transmitting them to the ground.

Tributary area The tributary area is related to the load path, and is used to determine the
loads that beams, girders, columns, and walls carry. The reader is expected to be familiar with
the concept of tributary area from other design courses, as it also applies to design of timber
and steel structures; however, a brief overview is presented in this section. The tributary area
for a beam or a girder supporting a portion of the floor is the area enclosing the member and
bounded by the lines located approximately halfway between the lines of support (columns or
walls), as shown in Figure 1.11. For example, a tributary area for the reinforced concrete beam
AB that is a part of the one-way floor system is shown hatched in Figure 1.11a. A typical col-
umn has a tributary area bounded by the lines located halfway from the line of support in both
directions (shown hatched in Figure 1.11b). In the case of uniformly loaded floors, tributary
areas are approximately bounded by the lines of zero shear, that is, the lines corresponding to
zero shear forces in the slabs, beams, or girders supported by the element for which the trib-
utary area is determined. Zero-shear locations are generally determined by the analysis. For
buildings with a fairly regular column spacing, the zero-shear locations may be approximated
to be halfway between the lines of support.
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Within every building, multiple elements are used to transmit and resist external loads.
These elements define the mechanism of load transfer in a building known as the load
path. The load path can be identified by considering the elements in the building that
contribute to resisting the load and by observing how they transmit the load to the next
element. Depending on the type of load to be transferred, there are two basic types of
load path:

* Gravity load path: The gravity load acting on the slab is transferred by the floor
and roof systems to the columns or walls, down to the foundations, and then to
the ground. The gravity load path depends on the type of floor system. In a one-
way system, the external loads are transferred primarily in one direction. The
gravity load acting on this system is transferred from the slab to the beams and
then to the girders. Finally, the girders transfer the load to the columns. In a rwo-
way floor system, the load path is not as clearly defined. The slab transfers the
gravity load in two directions; however, the amount carried in each direction
depends on the type of end supports and other factors.

» Lateral load path: This is the way lateral loads (mainly due to wind and earthquakes)
are transferred through a building. The primary elements of a lateral load path are
vertical components (shear walls and frames) and horizontal components (roof,
floors, and foundations).
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Example 1.1

SOLUTION:

A partial floor plan of a reinforced concrete building is shown in the figure below. The roof
is subjected to a total uniform area load (w) of 15.0 kPa (including the floor self-weight).
Determine the uniform load on the typical interior beam Bl and the typical interior girder
G1 in the figure.
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a) Load on a typical interior beam B1
It can be observed from the floor plan that the beams are spaced at a distance of 4.5 m,
equal to the tributary width (b) as shown hatched in the sketch below. Therefore, the
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uniform load acting on a typical beam B1 is equal to the product of the area load (w)
and the tributary width (b); that is,

wy = w X b =15kPa X 45m = 67.5kN/m

b) Load on a typical interior girder G1
In the building under consideration, the girders are provided at 9 m on centre spacing,
which is equal to the tributary width (s) as shown cross-hatched on the sketch below.
Therefore, the uniform load acting on a typical girder G1 is equal to the product of the
area load (w) and the tributary width (s); that is,

=wX s =15kPa X 9.0m = 135kN/m
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DESIGN OF REINFORCED CONCRETE STRUCTURES

Design Considerations
The key structural design considerations are

* structural safety and serviceability

* functional requirements

* economics (minimum cost requirements)
¢ durability and environmental impact

Structural safety and serviceability Building structures must be designed to be safe
from collapse during construction and throughout their useful life. Structural failures might
lead to human and economic losses and must be prevented.

In Canada, the design of concrete structures is performed according to the limit
states design method, which will be explained in Section 1.8. In general, each structure
should be capable of carrying the expected loads without excessive deflections, damage
or collapse. However, when the structure is overloaded in extreme circumstances (such
as unexpectedly large loads, major earthquakes, or unusually high wind), it should be
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designed to fail in a “desirable way” by giving enough warning to the occupants or users
before collapse. One of the main objectives of this book is to provide guidance on how
adeqate structural safety can be provided in reinforced concrete buildings.

The structure must also behave in a satisfactory manner during its service life: deflec-
tions must remain within acceptable limits and premature or excessive cracking must be
prevented.

Functional requirements Functional requirements are driven by architectural and
structural engineering considerations. In general, a building should enclose space and
contents, provide security to occupants, and facilitate work in the enclosed space. In
addition to being safe from collapse due to imposed loads, a building also needs to meet
fire-resistance requirements. Architectural requirements often pose constraints related
to the dimensions and location of walls, columns, and other elements. In some cases, a
building needs to present aesthetically pleasing exposed surfaces. The intended build-
ing function often has consequences with regard to structural design; for example, a
structural system used for the design of a museum would be different from that for
a residential building.

Economics In today’s world, there is a demand for speed and efficiency, and structural
engineers are challenged to design buildings that are cost-effective and fast to build. A
good reinforced concrete structure must achieve a proper balance between cost, speed of
construction, and quality. The balance point varies in different parts of the world, where
the cost of labour and material varies, as do the skill and knowledge levels of the con-
struction workers.

A good reinforced concrete design takes into account the material and labour costs,
the construction schedule (which has financial implications related to the speed of con-
struction), and the quality and durability of the finished building.

Durability and environmental impact The designer needs to ensure that the concrete
structure will remain functional throughout its expected useful life, which is considered to
be at least 50 years. Satisfactory durability is to be ensured by giving proper consideration
to freeze-thaw cycles (where required), potential exposure to aggressive environments, and
adequate concrete cover. In general, properly designed and constructed concrete structures
are durable and require less maintenance than structures built with other materials.
Environmental impact is a function of durability and the use of recycled materials.
Reinforced concrete can be made of recycled flyash and recycled steel (see Chapter 2 for
information on concrete admixtures).

=

The four key structural design considerations are as follows:

1. Structural safety and serviceability: Building structures must be designed to be safe
from collapse during construction and throughout their useful life.

2. Functional requirements: These requirements are driven by architectural and struc-
tural engineering considerations. In general, a building should enclose space and
contents, provide security to its occupants, and facilitate work in the enclosed space.

3. Economics: A good design must achieve a proper balance between cost, speed of
construction, and quality.

4. Durability: The designer needs to ensure that a concrete structure will remain
functional throughout its expected useful life, which is considered to be at least
50 years, and meet environmental impact requirements.
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Design Process

It is very important for novice designers to thoroughly understand the design process,
including the steps involved and the time allocated to and spent on performing each step.
Major steps in the design process are

= schematic (conceptual) design

* detailed (final) design

* development of contract documents
* coordination

 services during construction

Schematic (conceptual) design This step involves the identification of project con-
straints, including cost, building shape, and architectural form, and functional constraints,
including column spacing, materials, and serviceability limits. Conceptual design is the
most important part of the entire design process. At this stage, the structural engineer
has the pivotal role of developing a practical structural concept that strikes the proper bal-
ance between the external constraints and the project objectives. To develop a good
structural concept, the designer needs to have not only a sound background in reinforced
concrete design but also a strong appreciation for the architectural aspects of the project,
constructability issues, and the owner’s overall design objectives. The final goal is to
develop a structural concept that is simple to build, aesthetically pleasing, functionally
effective, and affordable to the owner. Once all the design issues have been identified, the
designer should be able to make a schematic drawing of the structural system and decide
on the general arrangement of structural elements. Further on, the structural designer
can estimate gravity and lateral loads and develop trial sizes of key structural members.
This process may require a few iterations before the optimal solution is found. Next, the
preliminary concrete outlines to be used for both architectural and structural drawings
are developed. Finally, a preliminary construction budget is determined. Depending
on the complexity of the project, this phase could take 10% to 20% of the total time on
the project.

Detailed (final) design This step involves the detailed analysis, evaluation, and sizing
of members and more refined calculation of gravity and lateral loads. At this stage, the
designer needs to ensure the safety and serviceability of the structure by carefully follow-
ing the requirements of pertinent building codes. However, the designer also needs to keep
in mind that several external factors may have an adverse effect on the performance and
safety of reinforced concrete structures. Whenever possible, the designer should take advan-
tage of available opportunities to increase the structural capacity, that is, to provide a reserve
capacity in the structure. In general, reserve capacity may be required to account for con-
struction errors in the field, errors in load estimates, load increases due to design modifica-
tions by the owner or architect, change of building use leading to load increase, variations
in soil capacities, etc.

The best design solutions involve good judgment based on experience and knowledge,
consideration of the economy and construction issues, repetition, simplicity in rebar place-
ments, reduction of potential field errors, etc. A detailed design takes approximately 20%
of the total time spent on the project.

Development of contract documents The main focus in this step is to transfer the
concept and details from the mind of the designer to those involved in the construction.
The contract documents include drawings and specifications. Drawings are a graphical
representation of the design, whereas specifications are written descriptions of materials
and construction procedures. A well-designed building will not perform in a satisfactory
manner when poorly constructed. Therefore, preparation of clear and correct contract
documents is an essential part of the design and may take up to 50% of the total time spent
on the project.
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Coordination The designer needs to keep in mind that structural design is only one com-
ponent of the overall building design. Other disciplines include architectural, electrical,
mechanical, geotechnical, and civil engineering. The structural designer needs to coordinate
the design with other disciplines. This stage might be rather time-consuming and may take
up to 10% of the total time spent on the project.

Services during construction Structural designers are routinely involved in the review
of shop drawings, concrete mix designs, and laboratory testing reports. The designer must
make regular visits to the construction site to observe the construction, answer questions, and
clarify contract documents. The main objective of these visits is to verify that the work is
progressing in the manner intended by the design. The involvement of a designer at this stage
varies with design and construction complexity; however, it may take about 10% to 20% of
the total time spent on the project.

The five major steps in the design process are as follows:

1. Schematic (conceptual) design: This includes the identification of project con-
straints, including cost, building shape, and architectural form, and functional
constraints, including column spacing, materials, and serviceability criteria. This
step also involves selection of the structural system, development of the general
arrangement of structural elements, and trial sizes of key structural members based
on estimated loads.

Detailed (final) design: Here, detailed analysis, evaluation, and redesign of prelim-

inary member sizes and more refined calculation of gravity and lateral loads must be

performed. The safety and serviceability of the structure need to be ensured by care-
fully following the requirements of pertinent building codes.

3. Development of contract documents (drawings and specifications): The main focus is
to transfer the concept and details from the mind of the designer to those involved in
the construction. A well-designed building is worthless if it is poorly constructed.

4. Coordination: The designer must coordinate with other disciplines, including
architectural, electrical, mechanical, geotechnical, and civil engineering.

5. Services during construction: These include the review of shop drawings, concrete
mix designs, and laboratory testing reports. The designer must make regular visits
to the construction site to observe the construction, answer questions, and clarify
contract documents.

2

CONSTRUCTION OF REINFORCED
CONCRETE STRUCTURES

Construction Process

Once the design has been completed, a team of experienced and knowledgeable construc-
tion workers and supervisors is required to transform the structural design into the finished
construction. Concrete construction is a complex process that involves several activities,
from batching and mixing the ingredients to pouring fresh concrete into forms and curing
the new construction. There are several factors that might influence the quality of the final
product in this process, that is, the built structure. The critical activities associated with the
construction of cast-in-place reinforced concrete structures are described below.

Development of structural drawings  Structural design should be based on the sound
application of fundamental principles of reinforced concrete design and a knowledgeable
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use of building codes and standards. However, structural design is ineffective if it is not pos-
sible to ensure its proper implementation. The structural engineer has a critical role in com-
municating the design information to personnel involved in the construction process. In the
world of structural engineering, structural drawings and specifications are a critical means
of communication between the structural engineer and the contractor. Consequently, the
importance of an accurate set of structural drawings that communicate clear and concise
information cannot be underestimated.

In reality, even a well-designed structure may result in a variety of problems, both
financial and legal, when structural drawings do not properly communicate the design
intent. A poor set of structural drawings may expose the engineer to various problems,
such as extra costs, delays in the construction schedule, disputes in the field, construction
errors, unhappy contractor/owner, and even legal disputes.

Construction estimating and tendering Once the structural drawings have been com-
pleted, the contractor produces an estimate of the concrete and reinforcing steel quantities, as
well as the amount of formwork and shoring. This estimate is based on structural drawings
and specifications that are issued for construction. Based on these drawings, the estimator
should be able to estimate the quantity of materials and also the extent of complexity in the
construction procedures, any unusual complications associated with the erection, formwork,
and shoring, etc. The drawings must be clear and concise and without ambiguities. When
drawings are ambiguous, there could be large variations in price between competitive bids
submitted by different contractors in the bidding process. In general, a variation in the bid
price of over 10% is considerable, as it leaves the owner confused about the proper market
price for the project. This is an unfavourable situation for the owner, who ultimately pays for
the construction. On the one hand, the owner may feel that (s)he is overpaying if the highest
bid is accepted. On the other hand, a bid below fair market value may lead to problems during
construction, usually in the form of numerous requirements for extra payments by the
contractor in trying to recover losses caused by the low bid.

Detailing of reinforcement The reinforcing contractor interprets the information on
structural drawings and produces reinforcing steel detail sheets. These sheets are primarily
used by the shop to cut and bend the reinforcing bars required for the project. Each bar has
a unique code that is referred to by the person responsible for rebar placement in the field.

Placing of reinforcement Once the reinforcement has been detailed and cut in the
shop, it is delivered to the site in bundles. In some cases, rebars are cut and bent at the
construction site. Placement of the reinforcing steel is carried out by rebar placers. Their
role is to interpret structural drawings along with the detail sheets and then place the rein-
forcing steel as precisely as possible (within the acceptable tolerances specified by CSA
standards). Rebar clearances must be properly shown on the structural drawings in order
for the rebar placer to accurately place bar supports to ensure proper bar position.

Supplying the concrete The concrete ready-mix company will supply concrete
based on the concrete strengths specified on the structural drawings and the mix designs
that meet the specific climate and workability requirements of the site. Special concrete
placement procedures, such as placement by pumps or wheelbarrows; site batching; or
cylinder testing by an independent testing agency, must be carried out in accordance with
the structural drawings and specifications.

Installation of concrete formwork and shoring Formwork and shoring support
the weight of the wet concrete and other construction loads. Formwork is a temporary struc-
ture made of wood, metal, or plastic, and it is constructed to form the final shape of a con-
crete member. The concrete formwork contractor must hire an engineer who is responsible
for designing and producing drawings showing the formwork and shoring supports for
concrete beams, slabs, walls, columns, and foundations. The formwork must be built
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precisely in accordance with the structural drawings and must allow for the proper placement
of reinforcing steel and wet concrete without any major deviations in shape and stability.

Placing and curing the concrete The proper amount of concrete must be placed
such that the slab thickness, beam sizes, and wall and column dimensions are in accor-
dance with the structural drawings. In some cases, special procedures and construction
sequences are required to minimize the development of cracks in the concrete due to struc-
tural or architectural restraints or temperature changes. For example, pour strips are often
used in large floor structures to separate different floor sections to be placed in the same
pour. In some cases, a continuous gap of minimum 300 mm width is left between two adja-
cent floor sections. A delay period (usually 28 days) is specified to allow for shrinkage to
take place between these pours. Subsequently, pour strips between floor sections are filled
with concrete. In some cases, allowance for various types of joints (such as control joints
and expansion joints) needs to be made during construction. For more information on
joints, refer to Sections 12.12.4 and 13.8.

The curing process is critical for fresh concrete to gain the required design strength.
Improperly cured concrete tends to exhibit extensive cracking and creep-induced deflections.
Structural drawings need to specify the curing procedures in accordance with the design require-
ments. It is commonly required to provide curing for fresh concrete over a 28-day period.

Reshoring and special construction procedures By and large, construction proj-
ects require an accelerated concrete placement schedule. In some cases, concrete formwork
may need to be stripped (removed) as quickly as 3 days after the placement. Green concrete
(concrete that has not attained design strength) must develop sufficient strength to support
its self-weight plus the construction load. However, concrete stripped shortly after casting
may develop larger creep deflections than concrete stripped after proper curing. Hence, a
proper reshoring sequence must be specified by the engineer responsible for construction to
prevent sustained loads from being prematurely applied to green concrete.

Procedures that are relevant to the overall design objective need to be outlined on the
structural drawings. Such special procedures are generally related to the mitigation of the
effects of shrinkage and cracking, as well as creep and long-term deflections. These pro-
cedures usually bear certain cost implications and must be clearly communicated on the
structural drawings before construction starts. When the structural engineer requests a spe-
cial procedure after construction has begun that was not specified on the drawings, there
is a chance that the contractor will charge extra to carry it out.

In 2003, the Canadian construction industry had a gross output of $123 billion; this
accounts for 12% of the national GDP (CCA, 2003). Major areas of construction activ-
ity in Canada are as follows:

* Buildings made up over 50% of total construction activity in 2003, including 35%
residential buildings and over 15% other types of buildings (such as commercial,
institutional, etc.).

* Engineering projects made up over 30% of the total, including industrial-based
construction, roadbuilding, bridges, and others.

* Repair and renovation of existing structures made up over 15% of the total gross
output.

1.5.2

Construction Methods
The four basic methods of concrete construction are

¢ cast-in-place construction
* precast construction
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* tilt-up construction
¢ concrete masonry construction

Cast-in-place construction In cast-in-place concrete construction, each element
is built at the construction site. Fresh concrete, obtained by mixing the ingredients
(cement, sand, and aggregates) and adding water, is a shapeless slurry without any
strength and has to be supported and shaped by the formwork. Before the concrete is
poured into the formwork, reinforcing bars need to be placed in the position prescribed
by the design. Once the concrete has hardened and developed sufficient strength, the
formwork is removed (stripped) and the curing continues for a few weeks by keeping
the new construction moist until it gains full strength (for more details refer to Section
2.2.7). Concrete members under construction are often supported by a temporary struc-
ture called falsework or scaffolding. The cast-in-place construction process can be
accelerated where required by the project schedule. The speed of curing can be
increased by using chemical admixtures. The formwork system can be designed to
increase the speed of the forming cycle. Also, much of the reinforcing steel can be
prefabricated.

Formwork constitutes a significant portion of the overall cost in cast-in-place con-
crete construction. There are a number of proven systems available in the industry to
facilitate concrete construction. Experienced concrete designers generally have a good
knowledge of practical formwork systems and are able to develop designs that are easily
constructible.

Cast-in-place construction is weather dependent. Special measures are often taken to
maintain the required construction schedule under extreme temperatures.

Precast construction Concrete is cast into permanent, reusable forms at an indus-
trial plant. Fully cured structural units are then transported to the job site, where these
units are hoisted into place and connected in a manner similar to structural steel shapes.
Precast construction has certain advantages over cast-in-place construction: it offers
improved quality control as well as uniform and fast construction on site since the ele-
ments are manufactured away from the construction site. In general, precast concrete
elements are usually prestressed and hence lighter weight than those that are cast in
place. However, precasting also has some disadvantages: it involves the shipping cost
of precast members from the plant to the construction site and it requires the use of spe-
cial equipment (large cranes) to hoist and place precast members in position. Precast
construction can be very cost effective if there is much repetition on a project. In
Canada, precast concrete elements are commonly used for bridge construction. The
design of precast concrete structures is a specialized subject beyond the scope of this
book. For detailed coverage of precast concrete construction, the reader is referred to
CPCI (1996).

Tilt-up construction Tilt-up wall construction is a form of precast construction.
Tilt-up wall panels are cast horizontally on the floor slab. Once the panels have
attained sufficient strength, a mobile crane sets them on footings. The panels are tem-
porarily braced while the floor and roof structures are erected. Finally, the panels are
connected to other structural members by welding embedded steel plates. Tilt-up con-
struction is mainly used in low-rise warehouse or office buildings. The design of tilt-
up walls is beyond the scope of this book. For more details, the reader is referred to
PCA (1994).

Concrete masonry construction Concrete masonry is used for warehouse, industrial,
and institutional construction in Canada. Masonry load-bearing walls are assembled by
laying masonry units in mortar and providing vertical and horizontal steel reinforcement.
The principles of masonry design are beyond the scope of this book. For more details, the
reader is referred to Drysdale, Hamid, and Baker (1999).
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e
Concrete construction is a complex process that involves many steps, from batching and
mixing the ingredients to pouring fresh concrete into forms and curing the new con-

struction. The four basic methods of concrete construction are as follows:

1. Cast-in-place construction: Each element is built at the construction site. Fresh con-
crete, obtained by mixing the ingredients (cement, sand, and aggregates) and adding
water, is a shapeless slurry without any strength that has to be supported and shaped
by the formwork.

2. Precast construction: The concrete is cast into permanent, reusable forms at an industrial
plant, then transported in the form of fully cured structural units to the job site, where
these units are hoisted into place and connected in a manner similar to structural steel
shapes. Precast concrete elements are mainly used for bridge construction in Canada.

3. Tilt-up construction: Precast wall panels are cast horizontally on the floor slab. Once
the panels have attained sufficient strength, a mobile crane sets them on footings.
Tilt-up construction is mainly used in low-rise warehouse or office buildings.

4, Concrete masonry construction; Masonry load-bearing walls are assembled by laying
masonry units in mortar and providing vertical and horizontal steel reinforcement.
Concrete masonry construction is mainly used for warehouse, industrial, and institu-
tional construction.

1.6 | CANADIAN DESIGN CODES AND STANDARDS
FOR CONCRETE STRUCTURES

The design and construction of buildings in Canada is regulated by the National Building
Code of Canada (NBC), prepared in the form of a recommended model code to permit adop-
tion by provincial and territorial governments. The main objective of the NBC is to protect
the health and safety of the general public. The code is divided into nine parts, and it spells
out the minimum requirements for fire protection, structural design, heating, ventilation and
air-conditioning, plumbing, construction site safety, and housing and small building con-
struction. The NBC pertains to the design and construction of new buildings and also to ren-
ovations of existing ones. The first edition of the NBC was published in 1941, and the most
recent previous edition was published in 1995. The current edition of the NBC, published in
2005, is referred to as NBC 2005 in this book. The NBC is published by the National
Research Council of Canada’s Institute for Research in Construction.

NBC refers to material standards regulating design in various building materials (steel, con-
crete, timber, etc.). These material standards are published by the Canadian Standards
Association (CSA). The design of concrete structures in Canada is performed according to the
CSA Standard A23.3-04 Design of Concrete Structures. The current edition of the standard, pub-
lished in 2004, is referred to as A23.3 in this book, whereas the previous edition was published
in 1994 and is referred to as A23.3-94. This book is largely based on the provisions of CSA
A23.3-04 standard, and the reader should preferably have a copy as a companion to this book.

1.7 | LOADS
1.7.1 Types of Loads

One of the main NBC 2005 structural design requirements states that a building structure
should be designed to have sufficient structural capacity and structural integrity to safely
and effectively resist all loads and effects of loads that may reasonably be expected
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Figure 1,12 Load
classification.
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(NBC 2005 C1.4.1.1.3(1)). The term load means the forces, pressures, and imposed
deformations applied to the building structure. In general, building codes offer guidelines
on how to determine the magnitude of various loads. Part 4 of NBC 2005 prescribes types
of loads to be considered in structural design. The reader should be familiar with design
loads from previous design courses; however, a brief overview of loads will be presented
in this section.

The following types of loads need to be considered in the design of buildings (NBC
2005 Cl4.1.2.1):

¢ dead load (D);

* live load due to use and occupancy (L);

* snow load (§);

* wind load (W);

» earthquake load (E);

« effects of temperature change (7);

* permanent load due to lateral earth pressure (including groundwater) (H);
» permanent effect caused by prestress (P).

Loads can be classified by the predominant direction in which they act. Loads are
commonly classified into gravity loads and lateral loads. Gravity loads act in the vertical
direction (mainly downward), such as dead load, live load, and snow load. Lateral loads
act mainly in the horizontal direction, such as wind and earthquakes. (It should be noted,
however, that wind and earthquake loads can also act in the vertical direction.) This load
classification can be presented in diagram form, as shown in Figure 1.12.

Loads can also be classified as permanent, variable, or rare. A permanent load is a
load that does not vary once it has been applied to the structure. Examples of permanent
loads are dead load, load due to lateral earth pressure, and the effect of prestress. A vari-
able load is a load that frequently changes in magnitude, direction, or location. Live load
and snow load are variable loads. A rare load can be defined as a load that occurs infre-
quently and for a short time only. Earthquake ground motion is an example of a rare load.
An earthquake of an intensity that most buildings in Canada are designed for has a
probability of occurrence once in approximately 500 years.

Static loads, such as dead load, snow, and live load, are applied slowly to the struc-
ture. Loads occurring over a short period of time are called dynamic loads (for example,
wind and earthquake loads).

NBC 2005 contains an important new feature related to loads — it introduces a way
to differentiate loads based on building occupancy. Specified loads are multiplied by an
appropriate importance factor (I). One of the inspirations for this approach was the
Eastern Ice Storm of 1998. After the event happened, it became evident that many of the
buildings used as places of refuge, such as schools and community centres, were poten-
tially at or near their design limit due to a large amount of ice and snow on their roofs. It
was concluded that structures used as areas of refuge, which by definition accommodate
many people during or after a disaster, should be designed for higher loads than other
buildings. It should be noted that the importance factor existed in previous editions of
NBC, but it was related to earthquake load only.

LOADS
l
| |
GRAVITY LATERAL
| ] |_l—|
DEAD || LIVE ||SNOW WIND | | EARTHQUAKE
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The following four importance categories have been established based on building use:

*  Low importance category buildings are those where failure is not likely to lead to loss
of human life (for example, barns and warehouses).

* High importance category buildings are those typically used as emergency shelters in a cat-
astrophic event (for example, elementary, middle, and secondary schools and community
centres). Also included in this category are structures that house hazardous substances.

* Post-disaster buildings must remain fully functional in a disaster, and therefore warrant
their own importance category. These are essential services buildings such as hospitals,
emergency treatment facilities, etc.

*  Normal importance category buildings are all other buildings.

It should be noted that the loads discussed in this section are specified loads, that is, actual
or nominal loads. However, in the limit states design discussed in Section 1.8, specified
loads are multiplied by the load factor to take into account safety considerations — such
loads are called factored loads.

Dead Load

Dead load (D) is a permanent load due to the weight of building components. According
to NBC 2005 Cl1.4.1.4.1, the specified dead load for a structural member consists of

* self-weight (weight of the member itself)
+ superimposed dead load

The self-weight of a building member always needs to be considered in the design. The
size and weight of reinforced concrete elements may be significant in relation to the total
load on the structure. The self-weight of a structural member is calculated based on a con-
sideration of the unit weight of the material involved and its volume. The unit weight of
normal-weight reinforced concrete (y, ) can be taken as 24 kN/m?; this value will be used
for calculations in this book. Note that some designers take the unit weight of reinforced
concrete as 23.5 kN/m?, that is, the exact conversion of 150 pcf (pound-force per cubic
foot) in Imperial or U.S. Customary units. Unit weights of commonly used building mate-
rials are listed in Appendix A (Table A.11).

In many cases, determining the self-weight is an iterative process. The designer needs
to start the design by taking a certain member size and weight, perform design calcula-
tions, and then verify whether the original sizes are suitable for the design.

The superimposed dead load (SDL) is a dead load that is typically added, that is,
superimposed, onto the primary structure after it is complete. SDL is a dead load of every-
thing permanent that is not part of the primary structural system, such as materials of con-
struction, partitions, and permanent equipment. Some equipment items, such as generators
that may be removed and replaced, are treated as live load instead of SDL. Such items may
impose some dynamic loads onto the structure due to their operation.

A reinforced concrete beam of rectangular cross-section (350 mm width and 700 mm
overall depth) is shown in the figure below. The beam is made of normal-density
concrete with unit weight (y, ) of 24 kN/m?.

Determine the beam self-weight (in kN/m) to be used for the dead load calculation.

700 mm

350 mm
g
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The beam self-weight should be determined as a product of its cross-sectional area and
unit weight; that is,

w=bXhXvy,
=0.35m X 0.7m X 24 kN/m® = 588 kN/m = 6.0 kN/m

A sketch of the beam under this self-weight is shown below.

w =6 kN/m

Live Load

Live load (L) includes those forces that may or may not be present and acting upon a struc-
ture at any time. NBC 2005 defines live load as a variable load due to the intended use and
occupancy of a building. Occupancy loads include personnel, furniture, stored materials,
and other similar items. In the previous editions of NBC (for example, NBC 1995), snow
load was also considered a live load. Earthquake and wind loads are considered to be spe-
cial forms of live load; however, they are treated separately due to their dynamic nature.

According to NBC 2005, live load should be considered in the design as a uniformly
distributed load (C1.4.1.5.3) or a concentrated (point) load (C1.4.1.5.10), whichever pro-
duces the most critical effects.

The values of specified uniformly distributed live load due to use and occupancy are
provided in Table 4.1.5.3 of NBC 2005. NBC 2005 also requires that the structure accom-
modate minimum point loads applied over an area of 750 mm by 750 mm (Cl.4.1.5.10).
This corresponds to point loads from mechanical equipment and heavy load in localized
areas, such as filing cabinets, vehicle tires, etc. When a member supports a large tributary
area of the floor and/or roof (for example, a column in the lower storey of a multistorey
building), it is highly unlikely that the entire effective area would be loaded uniformly with
the full specified live load. Therefore, NBC 2005 Cl.4.1.5.9 permits a reduction in the
specified live load intensity depending on the tributary area.

It should be noted that a structure initially designed to carry the load derived from one
occupancy type should be carefully checked before being subjected to loads from other
occupancy types. For example, a structure designed as a residential apartment building
would be inadequate in terms of live load if the building were converted into an office
building. In this case, the load-bearing capacity of the existing building would need to be
evaluated and some structural members might need to be retrofitted.

Snow Load

Snow load (S) is a variable environmental load acting mainly on the roof areas.
Considering the severe winter conditions throughout Canada, due consideration of snow
load (including ice and associated rain) and its effect on building structures is of high
importance. Snow loads on roofs vary depending on geographical location (climate), site
exposure, and shape and type of roof. Calculation of snow load in Canada is to be per-
formed according to the NBC 2005 provisions outlined in C1.4.1.6. The specified snow
load is equal to the sum of two components: the product of the ground snow load (§,) and
the snow load factors which affect accumulation, and the associated rain load (S,). The
ground snow load and rain load corresponding to various locations in Canada are specified
in NBC Appendix C “Climatic Information for Building Design in Canada.”
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There are a couple of important changes related to the snow load provisions in NBC
2005 as compared to NBC 1995:

1. Ground snow load and rain load are determined as loads corresponding to a 1-in-50-year
return period. In NBC 1995, these loads were based on a 1-in-30-year return period. As
a result, design according to NBC 2005 results in an approximately 10% increase in
snow load as compared to NBC 1995.

2. Snow load is treated separately from occupancy and use live load; this allows for a more
rational treatment of snow load. It is now possible to differentiate snow loads based on
building type by assigning ditferent importance factors, as discussed in Section 1.7.1.

Wind Load

Wind load (W) is a variable dynamic load that acts on wall and roof surfaces within a
building. The magnitude of wind load depends on the orientation, area, and shape of the
surface; wind velocity; and air density. Wind speed increases with height and depends on
the roughness of the terrain. NBC 2005 prescribes two basic approaches for wind design:
the simple procedure (static approach) and the dynamic procedure.

The simple procedure (C1.4.1.7.1) represents wind loads by an equivalent static load.
This procedure is appropriate for most building design applications where the structure is
relatively rigid, including low- and medium-rise buildings. This procedure is also used for
claddings and windows in high-rise buildings.

The specified external pressure or suction due to wind on part or all of the surface of
a building (p) is calculated as the product of the referential velocity pressure (g) and
several wind load modification factors. The referential velocity pressure corresponding to
various locations in Canada is specified in NBC 2005 Appendix C “Climatic Information
for Building Design in Canada.”

The dynamic procedure (C1.4.1.7.2) treats wind load as a dynamic load. The magni-
tude and distribution can be determined either using special wind tunnel tests or other
experimental methods, or according to the “detailed procedure” — a dynamic approach to
the action of wind gusts. These procedures should be used for buildings susceptible to
vibration, such as tall and slender buildings.

The three important changes related to the NBC 2005 wind load provisions are as
follows:

1. The referential wind velocity pressure is determined as a load corresponding to a
1-in-50 year return period. In NBC 1995, this load was based on a 1-in-30-year
return period. As a result, design according to NBC 2005 results in an approximately
10% increase in wind load as compared to NBC 1995. However, this difference is
offset by the reduced basic wind load factor from 1.5 to 1.4 (see Table 4.1.3.2 of
NBC 2005).

2. Wind load can be differentiated according to building type by assigning different
importance factors, as discussed in Section 1.7.1.

3. Cladding design is to be performed using 1-in-50-year loads (instead of 1-in-10-year
loads); cladding design is a life safety issue.

A few other revisions related to wind design are outlined in NBC 2005 Cl1.4.1.7.

Earthquake Load

Earthquake load (E), also known as seismic load, is a dynamic load that occurs rather
rarely. An earthquake is a vibration of the earth’s crust caused by slippage along a fault
zone below the surface of the earth. When earthquake ground shaking occurs, a building
gets thrown from side to side and/or up and down. That is, while the ground is violently
moving from side to side, the building tends to stand at rest, similar to a passenger
standing on a bus that accelerates quickly. Once the building starts moving, it tends
to continue in the same direction, but by this time the ground is moving back in the
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opposite direction (as if the bus driver first accelerated quickly, then suddenly stopped).
The forces developed in a building while the ground shakes are called inertial forces
(or seismic forces). The design of buildings to resist earthquakes is called earthquake-
resistant design or seismic design.

NBC 20035 prescribes seismic design criteria for all new buildings in Canada. Seismic
design according to NBC 2005 has the following intents:

* to protect the life and safety of building occupants and the general public as the build-
ing responds to strong ground shaking;

* to limit damage due to low to moderate levels of ground shaking;

* to ensure that post-disaster buildings continue to be occupied and functional following
strong ground shaking despite minimal damage.

The design of buildings to resist earthquakes is an advanced topic beyond the scope of this
book. However, the main aspects of seismic design according to the NBC 2005 seismic
provisions (Cl1.4.1.8) are outlined in this section.

General requirements There are several general requirements stipulated in NBC 2005
Cl1.4.1.8.3; however, the two key requirements are as follows:

1. The structure must have a clearly defined load path (refer to Section 1.3.3 for a dis-
cussion on load path).

2. The structure must have a clearly defined seismic force resisting system (SFRS) capa-
ble of resisting 100% of the earthquake loads and effects (the main types of structural
systems that act as SFRSs are discussed in Section 1.3.2).

Methods of analysis The basic seismic design procedure prescribed by NBC 2005
C1.4.1.8.7 is the dynamic analysis procedure. This method takes into account the dynamic
nature of earthquakes. A specific design earthquake is applied to a mathematical model of
the building. The response of the structure is calculated and used to determine the forces
in each member as a function of time.

Alternatively, the equivalent static force procedure can be used in special cases (where
the seismic hazard is low or in the case of regular structures). The effect of an earthquake
is represented as an equivalent lateral force calculated as a fraction of the building weight.
The magnitude of the force depends on the dynamic properties of a building (whether it is
a rigid low-rise or a slender high-rise), type of structural system (bearing-wall, moment-
resisting frame, etc.), soil properties (soft soil, rock, etc.), and building importance (an
apartment building or a hospital of post-disaster importance). The seismic force calculated
in this way is distributed over the building height according to an inverse triangular distri-
bution (maximum force at the top decreasing toward the base of the building).

It should be noted that, according to the NBC 1995 seismic provisions, the equivalent
static procedure used to be the default method of analysis, whereas the dynamic procedure
was prescribed only for seismic analysis of complex structures. There are several reasons
for the transition toward the dynamic analysis procedure. Dynamic analysis simulates the
effects of earthquakes on a structure much better than the equivalent static force procedure.
Also, the dynamic procedure has become straightforward with modern developments in
computer software technology.

Seismic hazard It is a complicated process to attempt to predict seismic hazard, that
is, probable shaking at a site from a given earthquake. The amount of shaking is influenced
by the size of the earthquake, the distance from the source of fault slippage, the type of soil
at the site, etc. According to NBC 2005, seismic hazard corresponding to specific geo-
graphical locations in Canada is presented in the form of uniform hazard spectra (UHS).
UHS consist of spectral acceleration values expressed as a fraction of the acceleration of
gravity (g) corresponding to the different dynamic properties (vibration periods) of a struc-
ture. UHS spectral accelerations are a direct representation of structural response. Spectral
acceleration values for various locations in Canada are listed in Appendix C of NBC 2005.
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UHS are introduced for the first time in NBC 2005. In NBC 1995, Canada was divided
into seven seismic zones (zones 0 to 6), depending on the expected seismic hazard and inten-
sity of ground shaking. Each seismic zone was characterized with zonal acceleration (Z ) and
zonal velocity (Z)) factors.

Earthquake return period The design earthquake most building structures in Canada
need to accommodate, according to NBC 2005, corresponds to a ground motion with 2%
probability of exceedance in 50 years. NBC 1995 used a design earthquake with 10%
probability of exceedance in 50 years (corresponding to a return period of 500 years). The
design earthquake according to NBC 2005 is considered more realistic in terms of the
probability of failure or collapse that might be expected in an earthquake.

Practical Considerations Related to Load Calculations

In performing structural design, a designer should consider realistic loads, in terms of both
their magnitude and their distribution. The following three important considerations need
to be kept in mind while performing load calculations:

1. Critically evaluate the code-prescribed load values. In general, building codes rec-
ommend the minimum load values required to ensure safe design. What if your
client’s *“office’” were really more like a library due to huge amounts of file storage?
In consultation with the client, you may choose to perform a design using a higher live
load than required by the building code.

2. Use conservative load values in the design. Experienced designers routinely apply an
average area load instead of taking into account the specific location of every parti-
tion, pipe, mechanical unit, or ceramic tile. The exact location of some items is often
not known until after the structure is designed — or even after it is built! For this rea-
son, the loads used in the design need to be somewhat conservative. However, every
project is different, and the designer should always make sure that the assumptions
made are appropriate.

3. Clearly indicate the load values on the structural drawings. The design notes and the
finished structural drawings should always provide a clear summary of the loads used.
This recommendation is very important, keeping in mind chances for future building
renovations and expansions.

The term load means the forces, pressures, and imposed deformations applied to the
building structure. In general, building codes offer guidelines on how to determine the
magnitude of various loads. Part 4 of NBC 2005 prescribes loads to be considered in
structural design.

The following five types of loads are commonly considered in the design of con-
crete structures:

1. Dead load (D): a permanent load due to the weight of building components. According
to NBC 2005 Cl.4.1.4.1, the specified dead load for a structural member consists of
self-weight (weight of the member itself) and superimposed dead load (the weight of
all materials of construction incorporated into the building to be supported perma-
nently by the member).

2. Live load (L): those forces that may or may not be present and acting upon a struc-
ture at any time. NBC 2005 defines live load as a variable load due to the intended
use and occupancy of a building. Occupancy loads include personnel, furniture,
stored materials, and other similar items.
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3. Snow load (S): a variable environmental load acting mainly on roof structures.
Considering the severe winter conditions throughout Canada, due consideration of
snow load (including ice and associated rain) and its effect on building structures is
of high importance.

4. Wind load (W): a variable dynamic load that acts on wall and roof surfaces within a
building structure. The magnitude of wind load depends on the orientation, area, and
shape of the surface; wind velocity; and air density.

8. Earthquake load (E) or seismic load: a dynamic load that occurs rather rarely. An
earthquake is a vibration of the earth’s crust caused by slippage along a fault zone
below the surface of the earth. NBC 2005 prescribes seismic design criteria for all
new buildings in Canada.

In performing structural design, a designer should consider realistic loads, in terms of
both the magnitude and the distribution. The following three considerations need to be
kept in mind while performing load calculations:

1. The code-prescribed load values need to be critically evaluated.
2. Conservative load values should be used in the design.
3. The load values should be clearly indicated on the construction drawings.

THE LIMIT STATES DESIGN METHOD

Limit States

All building structures should be designed to be safe from collapse and serviceable during
their useful life. Limit states refer to those conditions under which the structure becomes
unfit for its intended use. The following four categories of limit states are considered in the
design of concrete structures:

L. Strength or ultimate limit states concern safety and include such failures as loss of
load-carrying capacity, overturning, sliding, and fracture.

2. Serviceability limit states restrict the intended use and occupancy of the building and
include deflection, vibration, permanent deformation, and local structural damage such
as cracking, and fatigue limit states, which represent failure under repeated loading.

3. Fire resistance is the property of a material or a structure to withstand fire or to pro-
vide protection from fire.

4. Durability is related to the long-term satisfactory performance of concrete structures.

It should be noted that these four limit states have been referred to in CSA A23.3 C1.8.1; how-
ever, NBC 2005 refers only to ultimate limit states and serviceability limit states.

The primary aim of the limit states design is to prevent failure of a structural member
or the entire structure.

Ultimate Limit States

The ultimate limit states (ULS) method, also known as “strength design” or load and resistance
factor design (LRFD), is used to design concrete structures in Canada. According to the ULS
method, loads are factored to calculate an ultimate load, which is then applied to an elastic
model of the structure to calculate the internal forces. The load-resisting capacities of structural
members under axial loads, flexure, and shear are calculated assuming some inelastic behaviour,

Uncertainties in the loads are considered using load factors and load combinations.
The load factors are based on a statistical interpretation of measured conditions and thus
reflect maximum variations in the loads from their mean estimate.
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The main objective of ULS design according to NBC 2005 C1.4.1.3.2(1) is that a build-
ing and its structural components should be designed to have sufficient strength and stability
so that the factored resistance is greater than or equal to the effect of factored loads; that is,

Factored resistance of a structure = Factored load effect

The factored load effect, according to NBC 2005 C1.4.1.3.2(2), is determined according to
the companion action load format, as follows:

Factored load effect = permanent load X load factor + principal load X load factor
+ companion load X load factor

The dead load (DL) is the permanent load. The principal load is a specified variable load
or rare load that dominates in a given load combination. The companion load is a speci-
fied variable load that accompanies the principal load in a given load combination.

It should be noted that permanent load, principal load, and companion load are spec-
ified loads (see Section 1.7.1). Factored loads used in the ULS method are determined as
the product of a specified load and the corresponding load factor.

The companion action load format uses a clear set of load combinations with direct
physical meaning. Table 4.1.3.2 of NBC 2005 prescribes seven load cases that deal with
typical load combinations.

The factored resistance of a structure can be determined as

Factored resistance = ¢R

where R is the calculated resistance of a member, connection, or structure based on the
specified material properties, and ¢ is the resistance factor applied to the resistance or spec-
ified material property, which takes into account the variability of material properties and
dimensions, quality of work, type of failure, and uncertainty in the prediction of resistance.

A partial roof plan of a reinforced concrete building is shown in the figure below. The
roof is subjected to a dead load (D) of 6 kPa (including its self-weight), a live load (L)
of 1.0 kPa, and a snow load (S) of 3.0 kPa.

Determine the factored axial compression load for a typical interior column CI support-
ing the roof according to NBC 2005 requirements.
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SOLUTION: 1. Determine the tributary area
In this example, the column spacing is equal to 9 m. Therefore, a typical interior col-
umn carries load over the tributary area as shown on the sketch below:

A=9m X 9m = 81 m?

2. Determine the factored roof load
The factored roof load should be determined according to C1.4.1.3.2 of NBC 2005.
In this example, the following loads need to be considered:

D = 6 kPa
L=1kPa
S =3kPa

By inspection, load cases 1, 2, and 3 of Table 4.1.3.2 of NBC 2005 need to be considered
in this design.

Case I:
Wy = 14D = 14 X 6 kPa = 8.4 kPa
Case 2:

1l

1.25D + 1.5L + 0.5§ = 1.25 X 6 kPa + 1.5 X 1.0kPa + 0.5 X 3.0 kPa
10.5 kPa

Case 3:

Wg = 125D + 1.5 + 0.5L = 1.25 X 6 kPa + 1.5 X 3.0kPa + 0.5 X 1.0kPa
12.5kPa

Wr2

Il

It can be concluded that case 3 governs as it results in the largest factored load; that is,
w, = 12.5 kPa

3. Determine the factored axial load on the column C1
The factored axial compression load on the column C1 can be determined as a product
of the design factored load and the tributary area; that is,

P=w,X A =125kPa X 81 m? = 1010 kN
e e e e e e e s e e e
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Serviceability Limit States

Serviceability limit states (SLSs) restrict the intended use and occupancy of the building and
include deflection, vibration, permanent deformation, and local structural damage such as
cracking. SLSs also include fatigue limit states, which represent failure under repeated loading.
The most common SLS that needs to be considered in the design of all buildings relates to
deflections. It may happen that a structural component satisfies the ULS criteria, yet it has
excessive deflections (sagging) and is therefore considered unacceptable. According to NBC
2005 C1.4.1.3.5, the following considerations should be taken into account to limit the problems
resulting from excessive deflections:

* intended use of the building or a structural member;

» prevention of damage to structural and nonstructural members in a building due to
excessive deflections;

* creep, shrinkage, and temperature effects.

Concrete structures are susceptible to cracking, so cracking control is one of the main service-
ability design requirements. The design of reinforced concrete structures for serviceability is
discussed in Chapter 4.

Fire Resistance

Fire resistance is the ability of a material or a structure to withstand fire or provide
protection from fire. The expected fire-resistance performance of a specific building is
usually expressed through a fire-resistance rating, which can be defined as the time in
hours during which a building element or an assembly maintains the ability to confine
a fire, continues to perform a given structural function, or both. Section 3 of NBC 2005
specifies the required fire-resistance ratings for various building assemblies. In general,
the required fire-resistance rating ranges from 1 to 4 hours.

Reinforced concrete is considered to be one of the most highly fire resistant building
materials. In general, reinforced concrete construction does not require additional fireproofing
(unlike steel construction). The fire resistance of concrete structures is influenced by the
following major factors:

+ Type of concrete: Temperatures greater than 95°C sustained for a prolonged period of
time can have a significant effect on concrete (CAC, 2002). At high temperatures, the
cement paste shrinks due to dehydration, while the aggregate expands. Some aggregates
can produce volume-stable concrete at high temperatures, whereas others undergo
abrupt volume changes at high temperatures, causing distress in concrete. Low-density
aggregates generally exhibit better fire performance than natural stone aggregate con-
cretes. Appendix D of NBC 2005 specifies seven different types of concrete as related
to fire-resistance requirements. For more details on the fire resistance of different types
of concrete, refer to Section 2.5.

*  Member dimensions: The fire resistance of structural members is proportional to their
thickness — the larger the cross-sectional dimensions are, the longer the member takes
to heat up and lose strength in case of fire. Appendix D of NBC 2005 specifies the
thickness requirements for various structural members (beams, slabs, columns, etc.).

* Reinforcing steel: The fire-resistance rating depends on the type of steel and the level
of stress in the steel. In general, steel loses strength at high temperatures; however, hot
rolled reinforcing steel used for deformed bars loses its strength less quickly than the
cold drawn steel used for prestressing tendons.

» Concrete cover: This protects the reinforcing steel from fire. The concrete-cover require-
ments for reinforced concrete beams and slabs as related to their fire resistance are pre-
scribed by NBC 2005 Appendix D (refer to Chapter 5 for more details on concrete cover).

The designer must refer to the fire-resistance requirements when selecting member sizes.
In some cases, a smaller member thickness may be satisfactory based on the ULS and SLS
criteria, but the fire-rating requirements prescribe a larger value.
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1.8.5 Durability

Durability is related to the long-term satisfactory performance of concrete structures and
their ability to satisfy their intended use and exposure conditions during the specified or tra-
ditionally expected service life. CSA A23.3 CL.8.1 identifies durability as one of the four
limit states to be considered in the design of concrete structures. Durability requirements for
concrete structures are specified by CSA A23.1-04 “Concrete Materials and Methods of
Concrete Construction.” In particular, CSA A23.1 Cl.4.1.1 outlines the specific durability
requirements for concrete structures subjected to weathering, sulphate attack, corrosive envi-
ronment, or any other process of deterioration. For more details related to the durability of
concrete, refer to Section 2.4.

All building structures should be designed to be safe from collapse and serviceable during
their useful life. Limit states refer to those conditions under which the structure becomes
unfit for its intended use. The following four categories of limit states are considered in the
design of concrete structures:

* Strength or ultimate limit states concern safety and include loss of load-carrying
capacity, overturning, sliding, and fracture.

*» Serviceability limit states restrict the intended use and occupancy of the building and
include deflection, vibration, permanent deformation, and local structural damage such
as cracking. SLSs also include fatigue limit states, which represent failure under
repeated loading.

* Fire resistance is the property of a material or a structure to withstand fire or to provide
protection from fire.

* Durability relates to the long-term satisfactory performance of concrete structures.

The primary aim of the limit states design is to prevent failure of a structural member or
the entire structure.

1.9 | MAJOR REVISIONS IN NBC 2005 RELATED
TO STRUCTURAL DESIGN

NBC 2005 includes some major revisions related to structural design as compared to NBC
1995. Major revisions, mainly contained in Part 4 of the NBC 2005, are

* the adoption of the companion load format for load combinations;

* aredefinition of the specified loads to be compatible with the companion load format,
which includes the separation of snow load from live load;

* the use of importance factors and importance categories to modify design loads for
various uses and occupancies;

* the adoption of a 50-year return period as a basis for snow, ice, rain, and wind load;

* the removal of working stress design;

* several significant changes in the seismic design provisions, as discussed in
Section 1.7.6.
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ACCURACY IN DESIGN AND CONSTRUCTION

Research Studies Versus Real-Life Design Applications

The design of reinforced concrete structures is based on the concepts and principles devel-
oped as a result of laboratory-based research and observations of real-life structural behav-
jour. After being evaluated through extensive research studies, these concepts are often
adopted as provisions of building codes and standards. Structural engineers are faced with
the challenging task of applying these code provisions in practice, where a sound design
solution presents a balance between economy, ease of construction, prevention of con-
struction errors, and the client’s requirements.

The concepts of reinforced concrete design resulting from research studies per-
formed in an ideal laboratory environment must be applied with due consideration for
the approximate nature of design and practical limitations of the construction
process. In cast-in-place concrete construction, several factors may influence the
load-carrying capacity of structural components in the building, including batching
process (accuracy of measuring ingredients); duration of the concrete truck travel and
waiting time before the actual pour; weather conditions (including air temperature
and moisture content during pour); method of placement (pumped, conveyed, or
placed with a wheelbarrow); thoroughness of vibration; curing process; proper repre-
sentation of cylinder tests; variation in reinforcement placement as compared to
design drawings; and a construction schedule that can affect quality control and the
curing process. All of these factors are subject to human error. The nature of concrete
construction is unique, because it relies on the collaborative effort of a large number
of different tradespeople. Errors made by any of these tradespeople may adversely
affect the load-carrying capacity of a structure. Further on, deviations in the curing
process from the minimum required duration of 28 days can also influence the capac-
ity of structural components. The designer can influence this process to a certain
extent by paying special attention to quality control during each phase of construc-
tion. However, the designer makes the largest contribution to the satisfactory final
product, that is, the finished building, when performing design by applying appropri-
ate design concepts and procedures within reasonable bounds of accuracy. In design
practice, a design within 5% of the theoretical solution is adequate provided that it
adheres to the required principles. The designer should exercise judgment in placing
emphasis on practical aspects of construction in favour of too many significant digits
in the solution.

Accuracy of Calculations

It is far more important for the designer to understand how a structure behaves under load-
ing, how to arrange structural members, and where to place steel reinforcement to resist
tension, than to calculate the reinforcement area to an unnecessary level of accuracy. Most
mistakes in structural design arise from the following sources:

* failure to fully understand the behaviour of the structure being designed,
« errors due to unit conversion,
* errors in looking up or writing down numbers.

Failure to understand the behaviour of the structure This is a very serious
mistake. In order to be able to perform his/her work in a competent manner, the desi-
gner must have a thorough understanding of the broad principles of statics and struc-
tural behaviour. Without this background, any effort to perform structural design may
be useless and dangerous. If the analysis is performed using computer software appli-
cations, the designer needs to be able to perform a quick approximate check of the
results using hand calculations, rather than blindly believing that the output of com-
puter calculations is correct.
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Errors due to unit conversion Many students make conversion errors while performing
numerical calculations, leading to completely unrealistic results — either extremely large or
extremely small. The following guidelines can be used to ensure that this kind of error does
not occur in practice:

* Be knowledgeable about units and their relationships (refer to Section A.3 to review
units).

* Always indicate the units within the computation, as shown in the examples in this
book.

* Always indicate the units in the final result of a calculation.

* Use common sense while checking the results of your calculations, especially when
you get very large or very small values. Relate your results to examples from real life.
For example, a small car weighs 1 t or 10 kN, and one large step while walking is
approximately equal to 1 m.

Errors in looking up or writing down numbers These errors are typically a
result of the designer’s attempt to perform the calculations in a rush while trying
to meet project deadlines. However, the designer must find time to properly
backcheck the calculations and ensure that all loads and dimensions have been
recorded correctly.

It is recommended to record the values in numerical computations with three signifi-
cant figures. In general, more than three figures can lead to a false sense of accuracy, as
structural loads (the input to the calculations) are rarely known to more than two signifi-
cant figures. In rounding to three significant figures, round to the nearest number. For
example, the number 1543 should be rounded to 1540.

If computations are performed with three significant figures, the final answer will
have two significant figures.

The guidelines summarized in Table 1.1 may be used as a reference in rounding the
results of design calculations.

To minimize errors in arithmetic and logic, the designer should prepare neat and sys-
tematic calculations in a consistent format. Properly formatted calculations can be more
easily reviewed by someone else and even by the designer, especially when referring to
them a few years after the original design has been done. In many cases, owners retain the
same designer to design an expansion or renovation of the building, which may occur 5 or
10 years after the original design has been done.

Table 1.1 Recommendations related to the rounding of design calculations

Type of calculation Record/round to the nearest Type of element designed
Loading 0.1 kPa Slabs

1 kN/m Beams, girders

0.1 kN Point loads

SkN Column and footing loads
Dimensions 10 mm Span length and location of load

5 mm Effective beam and slab depth
Computations 10 kN-m Bending moments

10 mm? Reinforcement area
Design selection S mm Slab thickness

25 mm Beam depth and width

25 mm Column cross-sectional dimensions

25 mm Bar spacings in slabs and walls
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USE OF COMPUTER-AIDED DESIGN TOOLS

With the wide use of personal computers in a design office environment, various computer-
aided design tools can assist structural designers in performing design in a more efficient
way and in making better design decisions. Many designers develop their own computer-
aided design tools in addition to numerous commercially available software packages for
structural analysis and design. Computer spreadsheets are among the most popular design
tools and can be developed by designers themselves and then routinely used to increase
productivity in a design office.

The use of self-developed computer spreadsheets in design applications carries the
following benefits:

« The development of a design spreadsheet requires that a designer go through the entire
design process and realize the intricacies of the design.

+ In the process of spreadsheet development, problems need to be solved to allow for the
maximum flexibility of the spreadsheet application; this leads to a broader understand-
ing of the design problem by a designer developing the spreadsheet.

= The development of spreadsheets is very helpful in avoiding the ‘black-box’ syndrome
associated with using third-party software. An example of the black-box syndrome is
“I cannot explain this result, but it must be right because it is an output of a computer pro-
gram.” This is a true downside of computer-aided design. The black-box syndrome is
especially dangerous if the designer does not completely understand structural design —
such a design may have disastrous consequences. Structural designers should refrain from
using third-party analysis and design software unless there is an independent means of
verifying the results.

 Finally, the development of spreadsheets allows for sensitivity analysis of design
solutions combined with a thorough understanding of the background behind the black-
box. Computer-aided design tools are most effective when they offer flexibility. For
example, some design parameters can be varied within a range of values, thus enabling
a designer to make more informed design decisions that could benefit the overall proj-
ect objective.

The authors of this book advocate the use of spreadsheets in the design of reinforced con-
crete structures. Three sample spreadsheets are included in a companion CD, two of them
related to the column design and load take down discussed in Chapter 8 and the third one
related to spread-footing design, in Chapter 12.

=1

Most mistakes in structural design arise from the following three sources:

1. failure to fully understand the behaviour of the structure being designed,
2. errors due to unit conversions,
3. errors in looking up or writing down numbers.

It is far more important for a designer to understand how a structure behaves under
loading, how to arrange structural members, and where to place steel reinforcement
to resist tension than to calculate the reinforcement area to an unnecessary level of
accuracy.
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SUMMARY AND REVIEW — CONCRETE BASICS

Concrete is one of the most versatile construction materials; it provides potentially unlimited
opportunities for developing diverse forms of construction. Concrete is what is known as a uni-
versal material, as its ingredients, namely cement, sand, aggregates, and water, are available all
over the globe. Concrete also has the excellent characteristics of fire resistance and durability,
and requires substantially less maintenance than other materials. Competent design and skilful
construction of concrete structures are essential for their satisfactory long-term performance.

Basic concepts of reinforced Concrete is artificial stone made from two main components: cement paste and aggregates.

and prestressed concrete Aggregates usually consist of natural sand and gravel or crushed stone. The paste hardens
as a result of the chemical reaction between cement and water and glues the aggregates
into a rock-like mass.

Reinforced concrete structures utilize the best qualities of concrete and steel — concrete’s
high compressive strength and steel’s high tensile strength. The main idea behind reinforced
concrete is to provide steel reinforcement at locations where tensile stresses exist that the
concrete cannot resist. Due to its strength, only a relatively small amount of steel is needed to
reinforce concrete. Steel’s ability to resist tension is around 10 times greater than concrete’s
ability to resist compression. It is very important to note that reinforcement in concrete struc-
tures is effective only if it is appropriately used, strategically placed, and in proper quantity.

Prestressed concrete is a special type of reinforced concrete in which internal com-
pression stresses are introduced to reduce potential tensile stresses in the concrete result-
ing from external loads. High-strength steel tendons are embedded within the concrete and
subjected to a tensile stress imposed by special equipment (jacks). The two main methods
of prestressed concrete construction are as follows:

* pretensioning: when the tendons are tensioned before the concrete has hardened;
* posttensioning: when the tendons are tensioned after the concrete has hardened.

Main components of reinforced  Reinforced concrete buildings consist of several structural components (or members). The
concrete buildings basic components of a reinforced concrete building are as follows:

* The floor and roof systems are the main horizontal structural components in a building.
They carry gravity load and transfer it to the vertical components (columns and/or
walls) and also act as horizontal diaphragms by transferring the lateral load to the ver-
tical components of a structure.

* Beams transmit loads from the floors to the vertical components (columns). Beams are
usually cast monolithically with the slab and are subjected to bending and shear.

* Columns are the vertical components that support a structural floor system. They are
usually subjected to combined axial compression and bending.

« Walls provide the vertical enclosure for a building. Load-bearing walls carry gravity
loads only, whereas shear walls have a major role in carrying lateral loads due to winds
and earthquakes.

* Foundations transmit the weight of the superstructure to the supporting soil. There are
several types of foundations. Spread footings transfer the load from the columns to the
soil. Walls are supported by strip footings.

Structural systems characteristic  The structural system (or framing system) represents the skeleton of a building and
of reinforced concrete buildings  supports the rest of the structure. Structural systems characteristic of reinforced concrete
buildings are as follows:

* The moment-resisting frame (or moment frame) consists of columns and beams that act
as a 3-D space frame system. Both gravity and lateral forces are resisted by bending in
beams and columns mobilized by strong rigid joints between them.

* The bearing-wall system consists of reinforced concrete bearing walls
located along exterior wall lines and at interior locations as required. These
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bearing walls are also used to resist lateral forces, in which case they are called
shear walls.

The frame/shear-wall hybrid system utilizes a complete 3-D space frame to support
gravity loads and shear walls to resist lateral loads. In modern buildings of this type, the
main lateral load-resisting system consists of reinforced concrete shear walls forming
the elevator core (central core formed by the elevators and stairs in the building) and
additional walls located elsewhere in the building as required.

Within every building, multiple elements are used to transmit and resist external
loads. These elements define the mechanism of load transfer in a building known as
the load path. Depending on the type of load to be transferred, there are two basic
types of load path:

Gravity load path: The gravity load acting on the slab is transferred by the floor
and roof systems to the columns or walls, down to the foundations, and then to the
ground. The gravity load path depends on the type of floor system. In a one-way
system, external loads are transferred primarily in one direction. The gravity load
is transferred from the slab to the beams and then to the girders. Finally, the gird-
ers transfer the load to the columns. In a two-way floor system, the gravity load
path is not as clearly defined. The slab transfers load in two directions; however,
the amount carried in each direction depends on the type of end supports, among
other factors.

Lateral load path: This is the way lateral loads (mainly due to wind and earthquakes)
are transferred through a building. The primary elements of a lateral load path are
vertical components (shear walls and frames) and horizontal components (roof,
floors, and foundations).

The main objective of structural design is to ensure structural safety and serviceability on
the one hand and economy on the other. The four key structural design considerations are
as follows:

1.

2.

Structural safety and serviceability: Building structures must be designed to be safe
from collapse and serviceable throughout their useful life.

Functional requirements: These requirements are driven by architectural and structural
engineering considerations. In general, a building should enclose space and contents,
provide security to occupants, and facilitate work in the enclosed space.

. Economics: A good design must achieve a proper balance between cost, speed of con-

struction, and quality.

. Durability: the designer needs to ensure that the concrete structure will remain func-

tional throughout its expected useful life, which is considered to be at least 50 years,
and meet environmental impact requirements.

The five major steps in the design process are as follows:

1.

Schematic (conceptual) design: This involves the identification of project con-
straints, including cost, building shape, and architectural form, and functional con-
straints, including column spacing, materials, and serviceability criteria. This step
also involves selection of the structural system, development of the general
arrangement of structural elements, and trial sizes of key structural members based
on estimated loads.

. Detailed (final) design: This involves the detailed analysis, evaluation, and redesign of

preliminary member sizes and more refined calculation of gravity and lateral loads. The
safety and serviceability of the structure need to be ensured by carefully following the
requirements of pertinent building codes.

. Development of contract documents (drawings and specifications): The main focus is

to transfer the concept and details from the mind of the designer to those involved in
the construction. A well-designed building is worthless if it is poorly constructed.
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4. Coordination: The designer has to cooperate with other disciplines, including architec-
tural, electrical, mechanical, civil, and geotechnical engineering.

5. Services during construction: These include review of shop drawings, concrete
mix designs, and laboratory testing reports. The designer must make regular vis-
its to the site to observe the construction, answer questions, and clarify contract
documents.

Concrete construction is a complex process that involves many steps, from batching and
mixing the ingredients to pouring fresh concrete into forms and curing the new construc-
tion. The four basic methods of concrete construction are as follows:

1. Cast-in-place construction: Each element is built at the construction site. Fresh con-
crete, obtained by mixing the ingredients (cement, sand, and aggregates) and adding
water, is a shapeless slurry without any strength, so it has to be supported and shaped
by the formwork.

2. Precast construction: The concrete is cast into permanent, reusable forms at an indus-
trial plant, then transported in the form of fully cured structural units to the job site,
where these units are hoisted into place and connected in a manner similar to struc-
tural steel shapes. Precast concrete elements are mainly used for bridge construction
in Canada.

3. Tilt-up construction: Precast wall panels are cast horizontally on the floor slab. Once
the panels have attained sufficient strength, a mobile crane sets them on footings. Tilt-
up construction is mainly used in low-rise warehouse or office buildings.

4. Concrete masonry construction: Masonry load-bearing walls are assembled by laying
masonry units in mortar and providing vertical and horizontal steel reinforcement.
Masonry is used for warehouse, industrial, and institutional construction.

The term load means the forces, pressures, and imposed deformations applied to the
building structure. In general, building codes offer guidelines on how to determine the
magnitude of various loads. Part 4 of NBC 2005 prescribes loads to be considered in
structural design.

The following five types of loads are commonly considered in the design of concrete
structures:

1. Dead load (D) is a permanent load due to the weight of building components; it con-
sists of self-weight (weight of the member itself) and superimposed dead load (weight
of all construction materials supported permanently by the member).

2. Live load (L) is a variable load due to the intended use and occupancy of a building.

Occupancy loads include personnel, furniture, stored materials, and other similar items.

Snow load (S) is a variable environmental load acting mainly on the roof structures.

Considering the severe winter conditions throughout Canada, due consideration of snow

load (including ice and associated rain) and its effect on building structures is of high

importance.

4. Wind load (W) is a variable dynamic load that acts on wall and roof surfaces within a
building structure. The magnitude of wind load depends on the orientation, area, and
shape of the surface; wind velocity; and air density.

5. Earthquake load (E) or seismic load is a dynamic load that occurs rarely. An earthquake
is a vibration of the earth’s crust caused by slippage along a fault zone below the surface
of the earth. NBC 2005 prescribes seismic design criteria for all new buildings in Canada.

3

.

In performing the design, a designer should consider realistic loads in terms of both the
magnitude and the distribution. The following three considerations need to be kept in mind
while performing load calculations:

1. The code-prescribed load values need to be critically evaluated.
2. Conservative load values should be used in the design.
3. The load values should be clearly indicated on the construction drawings.
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Limit states All building structures should be designed to be safe from collapse and serviceable during
their useful life. Limit states refer to those conditions under which the structure becomes
unfit for its intended use. The following four categories of limit states are considered in the
design of concrete structures:

« Strength or ultimate limit states concern safety and include such failures as loss of load-
carrying capacity, overturning, sliding, and fracture.

« Serviceability limit states restrict the intended use and occupancy of the building and include
deflection, vibration, permanent deformation, and local structural damage such as cracking.

+ Fire resistance represents the property of a material or a structure to withstand fire or
to provide protection from fire.

« Durability relates to the long-term satisfactory performance of concrete structures.

The primary aim of the limit states design is to prevent failure, that is, the attainment of a
limit state.

PROBLEMS

1.1. Determine the specified uniformly distributed live 1.4. A partial floor plan of a reinforced concrete building

load according to NBC 2005 for the following is shown in the figure below. The floor structure is

design applications: subjected to a specified dead load (D) of 10.0 kPa

a) the second floor in an office building (including the floor self-weight) and a specified live

b) a floor in a parking garage for passenger cars load (L) of 5.0 kPa.

¢) the residential area in a 20-storey apartment a) Determine the uniform factored load on the typ-
building ical beam B1 and girder G1.

d) acollege library (at maximum load) b) Determine the factored axial compression load

1.2.  Consider a typical classroom in your building. on the column CI.

Determine the average occupancy live load and

tangular cross-section (350 mm width and 700 mm

overall depth) spans 8 m. The beam supports a specified

live load of 15 kN/m in addition to its own weight. Use

the unit weight of 24 kN/m? for reinforced concrete.
Determine the maximum bending moment in

the beam

a) due to the total specified load, M,

b) due to the factored load, M‘,.

compare the obtained value with the NBC 2005 pre- @ @
scribed value for this type of occupancy. , 8m + 8m .
1.3. A simply s rted reinforced concrete beam of rec- ' :
simply suppo orc rec A+ == —— o
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350 mm 1.5.  Find the self-weight (expressed in kilonewtons per
[ I l metre) for the reinforced concrete T-beam in the fig-
[=8m : ure that follows. Use the unit weight of 24 kN/m?

-y

for reinforced concrete.
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1100 mm

100 mm

T IEI

:

A section through a floor slab in a parking garage
for passenger cars is shown in the figure below. The
slab is supported by T-beams spaced at 4.5 m on
centre. The slab is subjected to a superimposed dead
load of 0.3 kPa due to lighting fixtures and water-
proof coatings. The slab is made of normal-density
concrete with unit weight 24 kN/m3.

200 mm
£
EI :
o
D
450 mm 450 mm

4500 mm 4500 mm

4500 mm
e

a) Determine the specified uniformly distributed
live load on the slab according to NBC 2005
requirements.

N

1.7.

|
n
$ S
o
[
I 300 mm

Section A-A

b) Determine the self-weight for a typical T-beam
expressed in kilonewtons per metre.

c) Determine the total factored load for a typical
T-beam considering all possible loads and load
combinations according to NBC 2005.

The column C1 discussed in Problem 1.4 is subjected

to the following specified axial loads due to dead load

(D), live load (L), and snow load (S):

= 1000 kN
P, = 800 kN
Py = 500 kN

Determine the maximum factored load for which
this column should be designed based on the NBC
2005 requirements.
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After reading this chapter, you should be able to
e identify the main concrete-producing materials and describe their characteristics as
related to concrete construction
describe the most important mechanical properties of concrete
* discuss the factors influencing creep and shrinkage effects in concrete structures

® list the basic exposure classes for concrete structures and discuss the durability
requirements

* identify the types of reinforcement in concrete structures and outline the related
design requirements and mechanical properties

INTRODUCTION

Concrete is artificial stone made from two main components: cement paste and aggre-
gates. It is a composite material consisting of natural (but processed) ingredients, such
as water, aggregate, and air, and manufactured ones, such as cement and admixtures. The
concrete manufacturing process is quite complex and has a number of steps, including
proportioning, batching, mixing, placing, compacting, finishing, and curing. In buiiding
structures, concrete is most often used in the form of reinforced concrete, which is a
composite material consisting of concrete and steel reinforcement.

Concrete is a highly versatile building material, but the design of safe and durable
concrete structures is closely related to the quality of concrete in finished structures. The
authors share the view of Neville (2003) that “a good knowledge of concrete technology
is as important as a good knowledge of structural analysis and design.” There are several
stakeholders in the design and construction of concrete structures. The structural designer
and the specifier determine the required structural qualities of concrete, while the mate-
rials engineer, contractor, and supplier control the actual quality of concrete in the
finished structure. All of these stakeholders must be thoroughly conversant in the proper-
ties of concrete and must understand the structural aspects of what is being built
(Neville, 2003).

It is expected that the reader has already gained a background in concrete technology.
This chapter provides an overview of concrete-producing materials and the mechanical
characteristics of concrete and steel relevant to the structural design of concrete structures
covered in subsequent chapters. Section 2.2 gives an overview of concrete materials and
production. The relevant mechanical properties of hardened concrete used in structural
design are discussed in Section 2.3. Section 2.4 covers the durability of concrete structures,
classes of exposure, and related durability requirements. Fire-resistance requirements for
concrete structures are outlined in Section 2.5. Types and properties of steel reinforcement
in concrete structures are discussed in Section 2.6.
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Figure 2.1 Concrete
ingredients.

2.2
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In Canada, concrete is manufactured according to the pertinent CSA standards. For the
reader’s convenience, materials-related standards referred to in this chapter are listed below.

Concrete-related standards:

CSA A23.1-04 Concrete Materials and Methods of Concrete Construction
CSA A23.2-04 Methods of Test for Concrete

CSA A23.3-04 Design of Concrete Structures

CSA A23.4-00 Precast Concrete — Materials and Construction

CSA A266.4 Guidelines for the Use of Admixtures

Steel-related standards:

G30.18-M1992(R2002) Billet Steel Bars for Concrete Reinforcement

ASTM A185-02 Standard Specification for Steel Welded Wire Reinforcement, Plain,
for Concrete

ASTM A496-02 Standard Specification for Steel Wire, Deformed, for Concrete
Reinforcement

ASTM A497/497M-02 Standard Specification for Steel Welded Wire Reinforcement,
Deformed, for Concrete

CONCRETE MATERIALS AND PRODUCTION

Concrete is a composite material made from a binder (cement paste) and a filler (aggregate).
The paste usually contains Portland cement, water, and air. Aggregates usually consist of
natural sand and gravel or crushed stone. The paste hardens as a result of the chemical reac-
tion between cement and water and glues the aggregates into a rock-like mass. In addition
to these basic ingredients, supplementary cementing materials, chemical admixtures, and/or
fibre reinforcement are often added to the concrete mixture. It is important to note that the
paste accounts for 25% to 40% of the total volume of concrete, while the aggregates account
for the remaining 60% to 75% (CAC, 2002). A typical mix of concrete ingredients is shown
in Figure 2.1. A typical concrete mix is expressed as the ratio by mass of cement to fine
aggregate to coarse aggregate, in that order (for example, roughly 1:2:4).

Concrete is a composite material with several components, so designers need to know
the properties that are required for satisfactory concrete construction. This section presents
a brief overview of concrete materials and their role in concrete construction. For more
details on this subject, the reader is referred to CSA A23.1-04 and CAC (2002).

Portland Cement and Supplementary Materials

Portland cement is a mixture made by heating limestone, clay, and other raw materials in a
rotary kiln at very high temperatures. Portland cement is hydraulic cement, which can set
when combined with water and hardens in a chemical process called hydration. CSA
A23.1 C1.3.1.2 specifies five types of Portland cement that meet different physical and chem-
ical requirements for specific purposes:

Water

Cement

Air (entrained
and entrapped)

Coarse aggregate

Fine aggregate



2.2.2

MATERIALS 43

Type 10 (normal Portland cement) is most commonly used. It is a general-purpose
cement used where cement or concrete is not subjected to specific exposures such as
sulphate attack from soil or water.

Type 20 (moderate Portland cement) is used where precaution against moderate
sulphate attack is important, such as in drainage structures.

Type 30 (high-early-strength Portland cement) provides high strength at an early age
(usually a week or less). It is used when forms need to be removed as soon as possible or
when the structure must be quickly put into service.

Type 40 (low-heat-of-hydration Portland cement) is not commonly available, but is
used where the rate and amount of heat generated as a result of the hydration process must
be minimized. This is often a requirement in the construction of massive concrete struc-
tures such as gravity dams.

Type 50 (sulphate-resistant Portland cement) should be used only for concrete exposed
to high sulphate content in soil or groundwater.

In addition to Portland cement, supplementary cementitious materials are often used in
concrete construction. These materials are mixed with Portland cement for various reasons,
either related to economy or to improve the mechanical properties of hardened concrete.
Most supplementary cementitious materials are by-products of other processes and therefore
their use is desirable from environmental and energy-saving points of view. Fly ash, silica
fume (microsilica), and granulated slag are among the most commonly used supplementary
cementing materials. Fly ash, a by-product of coal-burning power plants, usually replaces a
part of Portland cement when used in concrete. Fly ash enhances the workability of concrete,
especially in mixes with low cement content. Silica fume is a by-product of the manufacture
of silicon metals, and it is mainly used in high-strength concrete construction. Granulated
slag (also known as ground-granulated blast-furnace slag) can be used as a partial replace-
ment for cement to improve the sulphate resistance of hardened concrete. It should be noted
that fly ash and silica fume are pozzolans, that is, materials that react with one of the prod-
ucts of the hydration of Portland cement to form compounds with cementitious properties.

To acknowledge the frequent use of supplementary cementitious materials, the term
cementitious has replaced the term cement in technical publications. In this case, cementi-
tious refers to Portland cement and possible supplementary materials and is used even
when no supplementary materials are added to the mixture.

Water and Water-Cement Ratio

Water has an important role in concrete construction and throughout the service life of a
concrete structure. Water is used to wash aggregates for a concrete mixture, and a certain
amount of water is added to the concrete mixture as prescribed by the mix design. Water
is also used to cure the concrete and to wash out mixers and other equipment.

In general, water constitutes from 14% to 21% of the total volume of fresh concrete
(CAC, 2002). Water used in concrete mix (also called mix water) serves a dual purpose: it
combines with cement in a chemical process called hydration and also provides the work-
ability required for proper placing and compaction. The quality of water used for the mix
is rarely a problem. In general, drinking water is suitable. Water containing harmful ingre-
dients, contamination, salt, oil, sugar, silt, or chemicals has a negative effect on the strength
and setting properties of cement and should not be used.

As discussed above, water and cement make up the cement paste that bonds the aggre-
gates together in the hardened concrete. The amount of water used in the mix significantly
influences the quality and especially the strength of concrete and should be carefully con-
trolled. The water-cement (w/c) ratio denotes the ratio of water and cement in a concrete mix
(by mass). The w/c ratio is used as a basis for concrete mix proportioning. A minimum amount
of water is necessary to ensure complete hydration (w/c ratio of approximately 0.4),
but beyond that, the higher the w/c ratio, the weaker the concrete, with all other fac-
tors remaining constant. Figure 2.2 shows a decrease in the 28-day compressive strength of a
concrete cylinder with increasing w/c ratio. Some advantages of a lower w/c ratio are increased
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Figure 2.2 Variation of 28-day
compressive strength with w/c
ratio (adapted from CAC, 2002
with the permission of the
Cement Association of Canada).
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28-day compressive strength (MPa)

| | S
0.4 0.5 0.6
Water-cement ratio by mass

compressive and flexural strength, increased watertightness, increased resistance to weather-
ing, better bond between successive layers and between concrete and reinforcement, and
reduced shrinkage-cracking tendencies.

Typical values for the w/c ratio required to achieve a workable consistency in the field
range from 0.4 to 0.6. The maximum w/c ratios for various exposure conditions are spec-
ified in Table 2 of CSA A23.1. It should be noted that some technical publications use the
term water-cementitious material ratio (w/cm ratio) instead of w/c ratio (see the discus-
sion on cementitious materials in Section 2.2.1).

Air

Air content in concrete varies from 0% (non-air-entrained concrete) to 8% (air-entrained
concrete). There are two different sources of air in concrete, namely entrapped air and
entrained air. Entrapped air voids occur in all concrete and can be reduced by proper
placement and consolidation of fresh concrete. However, intentionally entrained air bub-
bles are produced by adding an air-entraining agent that stabilizes bubbles formed during
the mixing process. These air bubbles are well distributed and completely separated.
Entrained air bubbles are extremely small in size and range from 10 ym to 1000 ym in
diameter, whereas the size of entrapped voids is 1000 ym or larger.

The main benefits of intentionally entrained air are improved concrete resistance to
freeze-thaw cycles and workability, decreased bleeding, increased resistance to scaling from
de-icing chemicals, and improved resistance to sulphate attack. However, as entrained air is
increased there is a corresponding decrease in compressive strength. Table 4 of CSA A23.1
outlines two air-content categories (categories 1 and 2), characterized by different air-content
requirements depending on the size of coarse aggregate. In general, higher air content (on the
order of 5% to 8%) is required for concrete subjected to severe exposure conditions. These air-
content categories are specified for concrete exposure classes (to be discussed in Section 2.4).

Aggregates

Aggregates are a nearly inert filler material constituting from 60% to 75% of the total volume
of concrete (CAC, 2002). Although aggregates do not participate in the chemical reactions that
cause cement paste to harden, they significantly affect the quality of concrete. Aggregates
should consist of particles with adequate strength and resistance to exposure conditions and
should not contain materials that will cause concrete to deteriorate.

Aggregates can be fine or coarse. Fine aggregates consist of natural or manufactured
sand with most particle sizes less than 5 mm. Coarse aggregates consist of gravels or crushed
stone with particle sizes predominantly larger than 5 mm, and a maximum size generally
between 10 mm and 40 mm. The most commonly used maximum aggregate size is 20 mm.
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Aggregates must be clean, hard, strong, durable, and free of coatings of clay and other fine
materials that could affect the hydration and bond of the cement paste. Soft, porous aggregates
can result in weak concrete with low wear resistance, while the use of hard aggregates results
in rather high-strength concrete and a high resistance to abrasion (but less workability).

The key aggregate properties are as follows:

» Grading is the particle-size distribution of the aggregate. Aggregates should be well
graded to improve packing efficiency and minimize the amount of cement paste needed.
This makes the concrete more workable.

* Particle shape and surface texture influence the properties of freshly mixed concrete
more than the properties of hardened concrete. The bond between cement paste and
a given aggregate generally increases as particles change from smooth and rounded
to rough and angular. Rough-textured, angular, elongated particles require more water
to produce workable concrete than do smooth, rounded, compact aggregates.

» The density of aggregate determines the density of concrete. The most commonly used
aggregates, such as sand, gravel, crushed stone, and air-cooled blast-furnace slag, produce
wet or freshly mixed normal-density concrete (density from 2200 kg/ m?> to 2400 kg/m?).

Other aggregate properties are absorption and surface moisture, resistance to freezing and
thawing, wetting and drying, abrasion and skid resistance, strength and shrinkage, resist-
ance to corrosive substances, and alkali reactivity.

Admixtures

Admixtures are the ingredients in concrete other than cementitious materials, water, and
aggregates that are added to the mix before or during mixing. The major reasons for using
admixtures are

» to reduce the cost of concrete construction;

* to achieve certain properties of concrete more effectively than by other means;

* to ensure the quality of concrete during the stages of mixing, transporting, placing, and
curing in adverse weather conditions;

* to overcome certain emergencies during concreting operations.

A brief overview of most important admixtures is given below. For more details, the reader
is referred to CSA A266.4 and CAC (2002).

Air-entraining admixtures purposely cause the formation of billions of tiny air bub-
bles in the concrete. Air entrainment must be used in concrete that will be exposed to
freezing and thawing cycles and/or de-icing chemicals and can also be used to improve
workability. The tiny bubbles provide interconnected pathways such that the water near
a concrete surface can escape as it expands due to freezing temperatures. Without air
entrainment, freeze-thaw cycles will cause the concrete to spall (degenerate). Similarly,
air entrainment reduces surface scaling caused by de-icing chemicals and salts.

Water-reducing strength-increasing admixtures reduce the quantity of water required
to produce concrete of a certain slump, reduce w/c ratio (and thus increase strength),
reduce cement and water content, or increase slump.

Set-retarding admixtures retard the rate of concrete setting. In some cases, these
admixtures are used to offset the accelerating effect of hot weather, to delay the initial set
of concrete or grout when difficult or unusual placement conditions occur (such as in large
piers and foundations), or to delay the set for special finishing processes.

Accelerating admixtures accelerate the strength development of concrete at an early
age. Calcium chloride (CaCl,) is a commonly used accelerating admixture; however, its
amount is limited to 2%. Note that CaCl, has some negative effects: it causes an increase
in drying shrinkage, potential corrosion of reinforcement, discoloration, and scaling.

Superplasticizers (high-range water reducers) are added to concrete with a low to
normal slump and w/c ratio to make high-slump flowing concrete for special applications.
Alternatively, these admixtures are used as high-range water reducers to get high-strength
concrete. Superplasticizers are used in applications such as thin section placements, areas
of closely spaced and congested reinforcing steel, and underwater placements.
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Concrete Mix Design and Fresh Concrete

Proportioning and mixing concrete components is one of the most important steps in the con-
crete manufacturing process, a step that strongly influences the quality of hardened concrete.
The objective of concrete mix design is to determine the most economical and practical com-
bination of readily available materials to produce concrete that will satisfy the performance
requirements under particular conditions of use. To produce satisfactory fresh concrete, the
consistency of the mix needs to be such that the concrete can be placed and compacted by
means available at the site; also, the mix should be cohesive enough to be transported and
placed without segregation. The hardened concrete needs to be durable, and it should have
adequate strength (according to the design specifications) and a uniform appearance.
Before a concrete mix can be proportioned, mix characteristics are selected based on the
intended use of the concrete, the exposure conditions, the size and shape of members, and the
physical properties of the concrete (such as strength) required for the structure (ACI, 1998).
The mix proportions need to meet the following major requirements:

* compressive strength (based on w/c ratio);

* durability (including the requirements for air entrainment related to a particular expo-
sure class, compressive strength, and cement type);

* slump (based on minimum workability requirements for method of placement); and

* maximum aggregate size (limited by section dimensions and reinforcement spacing).

The concrete mix proportion is usually expressed as the ratio, by volume, or more accurately
by mass, of cement to fine aggregate to coarse aggregate, in that order (for example, 1:2:4),
together with a w/c ratio. The first step in proportioning a concrete mix is the selection of the
appropriate w/c ratio or minimum 28-day compressive strength. As discussed in Section
2.2.2, the lower the w/c ratio, the stronger the concrete, all other factors remaining constant.
A higher w/c ratio reduces strength and adversely affects other concrete properties as well.
Economy is an important consideration in designing a concrete mix. It would seem that
by keeping the cement content high, enough water could be used to provide a satisfactory
workability while keeping the w/c ratio suitably low. However, cement is the most expensive
basic ingredient of concrete. Since larger aggregate sizes have relatively less surface area for
the cement paste to coat, and since less water means less cement, one way of achieving econ-
omy is to use the largest practical maximum aggregate size and the stiffest practical mix.
The key characteristics of fresh concrete are as follows:

1. Workability is a measure of how easy or difficult it is to place, consolidate, and finish
concrete.

2. Consistency is the ability of freshly mixed concrete to flow (measured with a standard
slump test, which is an indicator of workability).

3. Plasticity determines the concrete’s ease of moulding. Freshly mixed concrete should
be plastic or semifluid and generally capable of being moulded by hand.

The quality of the cement paste strongly influences the mechanical properties of hardened
concrete. In properly produced concrete, each aggregate particle is completely coated and
all of the spaces between aggregate particles are completely filled with paste.

Hardened Concrete

Freshly mixed concrete should be plastic and generally capable of being moulded by hand.
Concrete sets in about 2 hours after mixing. The hardening of concrete is caused by a chemi-
cal reaction between the cement and water called hydration. Concrete gains strength as it cures;
this strength continues to increase as long as any unhydrated cementing materials are present,
provided that the concrete remains moist or has a relative humidity above about 80% and the
temperature remains favourable. Note that concrete does not harden or cure by drying: it needs
moisture to hydrate and harden. Figure 2.3 illustrates an increase in concrete strength with age
(note the significant difference in strength between the moist-cured specimen and the air-cured
specimen). The rate of strength gain slows with time but most of its final strength will have been



Figure 2.3 Variation of
concrete compressive strength
with age and curing condition
(adapted from CAC, 2002 with
the permission of the Cement
Association of Canada).
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attained within 28 days. Normal concrete under proper curing gains approximately 75% of its
design strength by the end of 14 days. The 14-day strength is usually adequate to carry dead
load and construction loads (depending on mix design), so the formwork can be removed at
about that time. However, a contractor may wish to alter the concrete mix to more quickly attain
strength in order to reduce the need for shoring or to improve construction sequencing. This
can be achieved by varying the mix proportions, using admixtures, or using a stronger mix
than required. The properties of the proposed mix should always be verified by the structural
designer because the design relies on concrete with specified characteristics.

Proportioning and mixing concrete components is one of the most important steps in
the concrete manufacturing process. The concrete mix proportion is usually expressed
as the ratio by mass of cement to fine aggregate to coarse aggregate, in that order (for
example, 1:2:4), together with a w/c ratio. The mix proportions need to meet the fol-
lowing major requirements:

* compressive strength (based on w/c ratio);

* durability (including the requirements for air entrainment related to a particular
exposure class, compressive strength, and cement type);

* slump (based on minimum workability requirements for method of placement);

* maximum aggregate size (limited by section dimensions and reinforcement spacing).

The key characteristics of fresh concrete are as follows:

» Workability is a measure of how easy or difficult it is to place, consolidate, and
finish concrete.

» Consistency is the ability of freshly mixed concrete to flow (measured with a stan-
dard slump test).

* Plasticity is the ease of moulding the concrete. Freshly mixed concrete should be
plastic or semifluid and generally capable of being moulded by hand.

Hardened concrete needs to be durable and of adequate strength (according to the
design specifications) and should have a uniform appearance. Concrete will set in
about 2 hours after mixing and will continue to gain strength as it cures. Concrete gains
most of its final strength within 28 days. Normal concrete under proper curing gains
approximately 75% of its design strength in 14 days.
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2.3

2.3.1

Figure 2.4 Typical stress-
strain curve for concrete
under compression.

CHAPTER 2

PROPERTIES OF HARDENED CONCRETE

Compressive Strength

Compressive strength is the primary physical property of hardened concrete. High com-
pressive strength is one of the major advantages of concrete as a building material.
Compressive strength can be defined as the maximum resistance of concrete cylinders to
axial loading. Compressive strength generally depends on the type of concrete mix, the
properties of aggregate, and the time and quality of curing. In Canada, the compressive
strength of concrete is determined on cylinders 100 mm in diameter and 200 mm high,
tested at the age of 28 days. The concrete strength testing procedure has been prescribed
by CSA A23.2, whereas the compressive strength requirements are prescribed by CSA
A23.1Cl4.3.5.

CSA A23.3 uses the term specified compressive strength of concrete and the corre-
sponding symbol f.'. Compressive strength is usually expressed in megapascals (MPa).
General-use concrete has a compressive strength between 20 MPa and 40 MPa, whereas
high-strength concrete is characterized with an £, of over 70 MPa. Compressive strengths
as high as 200 MPa have been used in building applications.

Consider a typical stress-strain curve for concrete obtained from tests on cylinders
loaded in axial compression, as shown in Figure 2.4, The initial portion of the curve, up
to about 40% of the maximum stress, can be considered linear for most practical pur-
poses. However, with further load increase (at approximately 70% of the maximum
stress), the material loses a large portion of its stiffness, which is reflected by the curvi-
linear shape of the stress-strain diagram in that range. Before the ultimate load has been
reached, cracks of an hourglass shape become distinctly visible, and most concrete cylin-
ders fail suddenly shortly thereafter. A typical concrete cylinder after failure is shown in
Figure 2.5.

The ultimate stress at the peak of the stress-strain diagram is equal to a charac-
teristic compressive strength (f,’) corresponding to a strain of approximately 0.002.
A further increase in strain is accompanied by a decrease in stress until the failure.
For the usual range of concrete strengths, the strain at failure is on the order of
0.0035 to 0.0045. It should be noted that higher-strength concretes experience a brittle
failure characterized by smaller failure strains. For design purposes, CSA A23.3
CL.10.1.3 limits the maximum strain at the extreme concrete compression fibre
to 0.0035.

It should be noted that the strength of concrete cast in a structure tends to be some-
what lower as compared to the strength of test cylinders made from the same concrete.
Also, the concrete near the top of deep members tends to be weaker than the concrete
lower down. For more details, see Bartlett and MacGregor (1999).

Compressive strength

0.002

Strain (mm/mm)



Figure 2.5 A concrete
cylinder after compression
testing to failure.

(Svetlana Brzev)
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Other characteristic concrete strengths, such as flexural, tensile, torsional, and shear
strength, are related to the compressive strength, but the correlation varies with concrete
ingredients and environmental factors.

KNOW

A concrete with 70 MPa compressive strength was used in the construction of the
Scotia Tower in Toronto, featured in Section 1.2. The concrete in the columns was
able to reach 12 MPa compressive strength in 12 hours, thus allowing a 3-day pour-
ing cycle. The concrete reached its full strength of 70 MPa in 91 days. In total,
around 70 000 m? of concrete were used in the construction of this skyscraper
(RSIO, 1988).

2.3.2

Tensile Strength

The tensile strength of concrete is relatively low (about 8% to 15% of the compressive
strength) and it is often assumed to be equal to zero in structural calculations. The actual
value is strongly affected by the compressive strength of concrete, the type of test used
to determine the tensile strength, and other factors (Raphael, 1984). Tensile strength can be
determined either by the flexure test (CSA Test Method A23.2-8C), in which a plain con-
crete beam is loaded to failure under third-point loading, or by the splitting test (CSA Test
Method A23.2-13C), in which a standard concrete cylinder of the same type as used for the
compression test is loaded in compression on its side until splitting failure has occurred.
CSA A23.3 uses the modulus of rupture ( f,) as an indicator of concrete tensile strength. The
modulus of rupture is the theoretical maximum tensile stress reached in the extreme fibre
of a flexural member. Cracks develop when the tensile stress in concrete reaches the
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modulus of rupture and the concrete is unable to resist any tension beyond that point.
According to CSA A23.3 C1.8.6.4, f, can be determined as

£, =061V, (MPa) [2.1]
where

f,' = the specified compressive strength of concrete (MPa)
A = the factor to account for the density of concrete (A23.3 C1.8.6.5); A can assume
the following values:

A = 1.0 for normal-density concrete;

A = 0.85 for structural semi~low-density concrete, in which all the fine aggregate is
natural sand;

A = 0.75 for structural low-density concrete, in which none of the fine aggregate is
natural sand.

It should be noted that some other concrete properties (such as shear strength and bond
strength) are strongly influenced by the tensile strength.

Shear Strength

The shear strength of concrete is generally not used in design. Shear failure in concrete
members usually occurs due to concrete reaching its tensile resistance. It is rather difficult
to determine the concrete shear strength experimentally — shear strength is usually
determined from tests on specimens subjected to combined stresses. In general, shear
strength is on the order of 20% of the compressive strength (CAC, 2002). Shear stresses
in concrete structures are generally limited to rather low values in order to prevent the
occurrence of brittle shear failure. For more details related to concrete shear resistance,
the reader is referred to Chapter 6.

Modulus of Elasticity

The modulus of elasticity is an important property of concrete used in deflection calcu-
lations and member stiffness calculations in analyses of concrete structures. The modulus
of elasticity varies considerably as a function of concrete strength, concrete density, and,
especially for higher-strength concretes, the type of coarse aggregate. In general, the mod-
ulus of elasticity for materials that demonstrate elastic behaviour is equal to the slope of the
stress-strain curve, that is, the ratio of normal stress and strain. However, concrete is char-
acterized by a nonlinear stress-strain curve, so the modulus of elasticity can be defined as
either a tangent or a secant to the stress-strain curve in the range of “nearly” elastic strain.

A23.3 C1.8.6.2.1 defines the modulus of elasticity (E,) as the average secant modulus
equal to the slope of the straight line that connects the origin of the stress-strain diagram
to a stress of 0.4 £, (see Figure 2.4). A23.3 C1.8.6.2.3 prescribes the following simple E,
equation suitable for normal-density concretes with compressive strength range from
20 MPa to 40 MPa:

E, = 4500\V/f,' (MPa) [2.2]

Note that f," is expressed in megapascals. In the general case, for concrete with mass density
(7,) between 1500 kg/m* and 2500 kg/m?, CSA A23.3 C1.8.6.2.2 prescribes the equation

Ye
2300

1.5
E, = 3300V + 6900)( ) (MPa) [2.3]

where 7y, is the concrete mass density in kilograms per cubic metre (refer to Section 2.3.8
for more details).

The actual modulus of elasticity of concrete generally varies from 80% to 120% of
the values obtained by using the equation prescribed by A23.3 C1.8.6.2.2 and 8.6.2.3.
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SOLUTION:
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Compressive strength can be defined as the maximum resistance of a concrete cylinder
to axial compression. Compressive strength is the primary physical property of hard-
ened concrete and generally depends on the type of concrete mix, the properties of the
aggregate, and the time and quality of curing. In Canada, concrete compressive strength
is determined on cylinders 100 mm in diameter and 200 mm high, tested at the age of
28 d. CSA A23.3 uses the term specified compressive strength of concrete and the cor-
responding symbol f,'. General-use concrete has a compressive strength of between 20
MPa and 40 MPa, whereas high-strength concrete is characterized by an j;’ value of
over 70 MPa.

The tensile strength of concrete is relatively low (about 8% to 15% of the com-
pressive strength) and it is strongly affected by the compressive strength, the type of test
used to determine the tensile strength, etc. CSA A23.3 uses the modulus of rupture (f,)
as an indicator of concrete tensile strength. The modulus of rupture is the theoretical
maximum tensile stress reached in the extreme fibre of a flexural member. When the
tensile stress in concrete reaches the modulus of rupture, cracks develop and concrete
is unable to resist any tension beyond that point.

The modulus of elasticity (E,) is used in the calculation of deflections and mem-
ber stiffnesses in the analyses of concrete structures. CSA A23.3 C1.8.6.2.1 defines
the modulus of elasticity as an average secant modulus equal to the slope of the
straight line that connects the origin of the stress-strain diagram to the stress equal to
0.4 f'. The modulus of elasticity may vary considerably as a function of concrete
strength, concrete density, and, especially for higher-strength concretes, the type of
coarse aggregate.

A simply supported unreinforced concrete test beam spanning 1.4 m is shown in the
figure below. The beam is of rectangular cross-section (100 mm width by 150 mm
overall depth). The beam failed when subjected to two point loads of 3 kN each, as

shown in the figure. The beam was made of normal-density concrete.
Determine the modulus of rupture (f,), the specified compressive strength (f.'), and the
modulus of elasticity (E,) for the concrete the beam was made of. Neglect the beam self-
weight in the calculations.

I3 3KN 3 3KN g5

A 4 Y

150 mm
f——

A I=14m A 4100 mm

: ' e

The beam under consideration was subjected to flexure and failed when the maximum
tensile stress due to flexure reached the modulus of rupture.

1. Determine the bending moment diagram for the beam
The bending moment diagram for the beam subjected to the given load is shown
below. It can be determined from either statics or using the beam diagrams and
formulas included in Appendix A.
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It can be observed from the diagram that the maximum bending moment occurs
at the central one-third of the beam span; that is,

M _=14KkNm

2. Determine the modulus of rupture (f,)

The modulus of rupture is determined by using the flexure formula covered in
mechanics of materials textbooks (also reviewed in Section 4.2 of this book):

:M-y"

IR

where fis the flexural stress, M is the bending moment, Y, is the distance from the
centroid of the section to the extreme tension fibre, and /_ is the moment of inertia of
the gross cross-section of a concrete beam around the axis of bending.

The following tasks need to be performed to find f:
a) Determine the moment of inertia for the beam section:

f

[ N :

i

|

i
150'mm

100 mm
Lo,

bh?
=72

100 mm) (150 mm)?

e ) ) =28 X 10°mm*
12
Note that expressing I as units X 10° will greatly ease calculations with large
numbers.
b) Determine y,:

h 150 mm

i S i 2 = 75 mm

¢) Use the flexure formula to determine the tensile stress in the section subjected to
the maximum bending moment by taking f, = f,and M = M

max’

= Mrmu X ,“’;
L=
g
(1.4 X 10°N * mm) X 75 mm
= = 3.75 MP.
28 % 10° mm* :

3. Determine the specified compressive strength of concrete (/")
In this case, f." can be determined based on f:

f,=06AVS! [2.1]
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In this case, we can take A = 1.0 (normal-density concrete).
Hence,
sl )
L2 0.6
3.75 MPa \?
= (4) = 39.0 MPa
0.6 X 1.0

4. Determine the modulus of elasticity of concrete (E )
Finally, E, can be determined as follows:

4500\V/f.' [2.2]
4500V 39 MPa = 28 100 MPa

E

¢

2.3.5

Figure 2.6 Failure of an
unreinforced concrete test
beam in the laboratory.

(Svetlana Brzev)

Failure of an unreinforced concrete beam very similar to the one used in the above
example is shown in Figure 2.6. The beam failed by breaking into three pieces when the
tensile stress reached the modulus of rupture. The failure occurred suddenly and without
any warning, accompanied by a loud noise.

Creep

Creep is inelastic time-dependent deformation of concrete under sustained stress. When a
load is applied to a concrete member, it causes an instantaneous elastic strain, as illustrated
in Figure 2.7. However, if the load is sustained, the strain continues to increase with
time. This time-dependent strain is called creep. Creep is a unique property of concrete (for
example, steel does not creep).

Creep is related to the hydration process in cement paste that starts in fresh
concrete when it is placed and continues for many years thereafter. Let us imagine that
concrete consists of a pile of pebbles stuck together by a glue that takes 5 years to
harden completely. Any load applied to this assemblage between the stages of the soft
glue and the completely hardened glue will cause the glue to deform and change shape.
The glue deforms gradually and its incremental deformation is not immediately notice-
able. As a consequence, the overall shape of the assemblage changes as the glue
deforms over time.

In concrete structures, cement acts as a glue and aggregates act as pebbles. It is impor-
tant to note that of all concrete ingredients, cement is the one that creeps under sustained
loads. The hardening process starts shortly after the concrete is placed into the forms, but
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Figure 2.7 Variation of creep
strain with time,
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the hydration process within the cement paste continues for several years. Concrete is
expected to creep until the hydration process in the cement paste is complete. When the
concrete is placed, the rate of creep is initially high. At that stage, the cement paste is still
semiplastic. The rate of creep gradually decreases with time under a constant sustained
load. The process continues until hydration is complete, usually over a period of 5 years
or so. However, some long-term experiments have shown that creep strain continues to
increase for as long as 30 years.

It should be noted that the creep process is partially reversible. When the load is
removed, an immediate (but partial) elastic recovery occurs, followed by a creep recovery
that occurs over a period of time. However, there is always a substantial residual defor-
mation (residual creep strain); see Figure 2.7. Creep is closely related to shrinkage, and
both phenomena are related to hydrated cement paste. In general, a concrete resistant to
shrinkage also shows a low tendency to creep.

Factors that affect the magnitude of creep strain are as follows:

* W/c ratio: The higher the w/c ratio, the larger are the creep effects. (Note that a high-
er w/c ratio indicates a larger amount of water in the cement paste.)

* Age of loading: Creep effects are more pronounced in members at an early age and can
be reduced by delaying loading until the concrete is more mature. (Elastic strains are
also reduced when load application is delayed.)

* Relative air humidity: For a given concrete, creep is higher when the relative humidity
of the ambient air is lower (for example, in desert areas).

* Stress level: At service stresses, both the elastic and creep deformations are essentially
proportional to the applied stress; hence the higher the stress, the higher the creep.

* Reinforcement in concrete structures: Creep effects are much more pronounced in
reinforced concrete members than in those made of plain concrete. Creep causes an
increase in stresses developed in the compression steel in reinforced concrete columns
and other members; in some cases, these compression stresses may double due to the
creep effect. The creep effect on tension steel stresses is not significant.

Creep does not induce stresses in concrete members, but it causes deflections that increase
with time. In reinforced concrete structures, total deflections (including initial and long-term
components) could be on the order of 2.5 to 3 times the initial deflections. Several illustra-
tive examples of possible creep effects in building structures are presented by Neville
(2003). Columns in buildings (and piers in bridges) are subject to shortening due to creep.
The magnitude of creep-induced shortening may be significant, on the order of 100 mm to
150 mm for columns in concrete high-rises (Neville, 2003). Even if all columns shorten by
the same amount, problems may occur in the cladding panels (typically either concrete pan-
els or tiles or bricks), which generally do not carry any sustained load other than self-weight
and are therefore not subject to creep. If these panels are rigidly connected to the structure,
they often bulge or crack and even fail in some cases. Figure 2.8 illustrates creep-induced
cladding-panel damage in a concrete high-rise building. The creep in concrete columns can
negatively affect vertical attachments in the building (for example, water and gas pipes and
guide rails for elevators), which are usually rigidly connected to the structure.



Figure 2.8 Cladding-panel
damage in a concrete high-rise
building (adapted from Neville,
2003 with the permission of the
American Concrete Institute).

2.3.6

Figure 2.9 Variation of
shrinkage strain with time.
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In some cases, differential creep may occur in columns. For example, exterior columns
are subjected to high humidity, whereas interior columns are exposed to dry air, which
causes a different amount of creep in these columns. Due to their smaller tributary area,
exterior columns and especially corner columns are subjected to lower normal stresses than
interior columns. As a result of the differential shortening in exterior and interior columns,
beams and slabs in a floor system may be subject to differential settlement (similarly as in
the case of differential soil settlement), with a possible significant impact on the internal
force distribution in these members. A difference in level within a floor could be significant,
on the order of 40 mm in a 50-storey building, as reported by Neville (2003). Effects of
creep on long-term deflections in concrete structures will be discussed in Section 4.4.3.

Creep is a complex phenomenon and there is no single universally valid expression
for creep prediction. This is mainly due to the fact that “we are dealing with a composite
material, consisting both of manufactured and of natural ingredients, and partly processed
in a semi-industrial manner” (Neville, 2003). However, as in the case of shrinkage, there
are several empirical methods for creep prediction. CSA A23.3 does not recommend a spe-
cific method for creep prediction, but the reader is referred to the ACI Committee 209
report (ACI 209R-92) for an overview of various creep-prediction methods.

Shrinkage

Small changes in the volume of concrete occur during and after hardening. This decrease in
volume (excluding that caused by externally applied forces and temperature changes) is
called shrinkage. Unlike creep, shrinkage is not related to applied stress, but it is a time-
dependent phenomenon. The rate of shrinkage reduces with time — older concretes are more
resistant to stress and consequently undergo less shrinkage. Figure 2.9 illustrates the varia-
tion of shrinkage strain with time. Shrinkage is usually expressed as a linear strain (units
mm/mm) and is denoted by the symbol &, Shrinkage strain in reinforced concrete is on the
order of 0.0002 to 0.0003 mm/mm. For example, shrinkage deformation in a 30 m long slab
is less than 10 mm. For more details on shrinkage effects, refer to Section 4.7.2.
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The two basic types of shrinkage are as follows:

* Plastic shrinkage occurs during the first few hours after placing fresh concrete in the
forms. In some cases, plastic shrinkage causes rather wide and deep cracks, sometimes
extending through the entire thickness of the concrete member (typical for slabs). These
cracks may form when wind or heat causes concrete to lose water rapidly, usually
30 min to 6 hours after the concrete has been placed (Newman, 2001).

* Drying shrinkage occurs after concrete has already attained its final set and most of the
hydration process in the cement paste has been completed. Drying shrinkage can be
defined as the decrease in the volume of the concrete member caused by the loss of
moisture from cement paste due to evaporation. Drying-shrinkage cracks develop at
random locations in concrete members. These cracks are usually very small (barely
visible), with a width not exceeding 0.1 mm.

It should be noted that there is another type of shrinkage in concrete structures called
autogenous shrinkage (CAC, 2002), which is caused by the loss of water used up in hydra-
tion. This type of shrinkage occurs even when moisture movement to or from concrete is
not possible. Except in massive structures (for example, dams), it is hard to distinguish
autogenous shrinkage from the drying shrinkage of hardened concrete.

The major concern with shrinkage in concrete structures is its potential to cause crack-
ing and deformation. Therefore, it is worthwhile for a designer to be familiar with the key
factors influencing the magnitude of drying shrinkage (Nawy, 2003):

» Water/cement (w/c) ratio: The higher the w/c ratio, the higher the shrinkage effects;
water content is the main factor affecting shrinkage.

* Curing: Concrete that is not properly cured will almost certainly crack as a result of
shrinkage.

* Aggregates: Concrete with a high aggregate content is less vulnerable to shrinkage.

* Size of the concrete member: The magnitude of shrinkage decreases with the volume of
the concrete member; however, the duration of shrinkage is longer for larger members
since more time is needed for drying to reach the internal regions.

* Ambient conditions: The rate of shrinkage is lower at higher humidity; humidity is a
significant factor influencing the magnitude of shrinkage effects. Environmental tem-
perature also influences shrinkage (shrinkage becomes stabilized at low temperatures).

* Amount of reinforcement: Reinforced concrete shrinks less than plain concrete; the rel-
ative difference is a function of the amount of reinforcement.

* Admixtures: Some admixtures, such as accelerating admixtures (calcium chloride),
increase shrinkage.

* Type of cement: Rapid-hardening cement shrinks somewhat more than other types of
cement, while shrinkage-compensating cements minimize or entirely eliminate shrink-
age cracking.

In general, concrete tends to crack when its shrinkage is restrained (Newman, 2001) —
this phenomenon is also called restrained shrinkage. In practice, there is always some
form of external restraint, such as concrete or masonry walls, columns, elevator or stair
cores, irregularly shaped floors, continuity of construction, or friction between the
foundations and the subgrade. Restraint prevents free shrinkage and exposes concrete
to tensile stresses, which in turn cause cracks to develop. Steel reinforcing bars placed
closer to one side of the beam may cause shrinkage (if possible, symmetrical rein-
forcement should be used as it minimizes shrinkage). Shrinkage cracks are especially
common at re-entrant corners in slabs on grade, but they can also occur over reinforc-
ing bars and embedded conduits placed close to the surface, around anchor bolts in
footings, or at the top of foundation walls. Cast-in-place beams and floor slabs may also
crack when restrained against shrinkage. In some cases, stresses from slab shrinkage
can cause cracking in supporting members such as walls. Restraint cracks usually form
within 3 or 4 months after the placement of concrete and remain dormant thereafter
(Newman, 2001).



Figure 2.10 Variation of
strain components with age
for a column in a 76-storey
concrete building.

(Reproduced from CAC, 2002 with
the permission of the Cement
Association of Canada)
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Restrained shrinkage in reinforced concrete construction cannot be prevented.
However, the effect of shrinkage can be mitigated by controlling shrinkage cracking; this
can be accomplished by using smaller reinforcing bars at closer spacing placed at proper
locations. As a result, the cracks caused by the restrained shrinkage are distributed into
many small cracks that are not usually visible with the naked eye. A23.3 C1.7.8.2
prescribes shrinkage and temperature reinforcement for crack control in reinforced
concrete slabs (refer to Section 4.7 for more details on cracks in concrete structures).
Alternatively, the effects of restrained shrinkage can be controlled when restraint is pre-
vented by providing control joints that temporarily disconnect the slab from the restraint
(for example, in slabs on grade), as discussed in Section 12.12.

The significance of shrinkage effects should not be underestimated. In 1989, a survey
by the U.S. National Ready Mixed Concrete Association ranked uncontrolled shrinkage
cracking as the number one problem its members faced (ACI/ASCC, 1998).

Due to the number of interacting variables involved, shrinkage strain can only be
approximated. There are several empirical methods for shrinkage prediction — for more
details refer to the ACI Committee 209 report (ACI 209R-92). Note that CSA A23.3 does
not recommend a specific method for shrinkage prediction.

The magnitude of the combined creep and shrinkage strains can be significant as
compared to the elastic strains due to gravity and lateral loads. Figure 2.10 shows super-
imposed creep and shrinkage and elastic strains as a function of time for a column in a
concrete high-rise (CAC, 2002). The building under consideration was 76 storeys high,
the column cross-sectional dimensions were 400 mm by 1200 mm, and the vertical rein-
forcement ratio was 2%. It can be noted from Figure 2.10 that the combined creep and
shrinkage strains exceed the magnitude of the elastic strains. After 4 years, elastic strains
account for only 37% of the total strain in the column — the remaining strain is due to
creep and drying shrinkage.

Creep is inelastic time-dependent deformation of concrete under sustained stress.
Factors that tend to increase creep effects are high wic ratio, loading at an carly age,
exposing concrete to drying conditions, presence of compression reinforcement, etc. In
general, creep decreases with the age of concrete, but the effects are not entirely
reversible (there is a residual creep strain after the load is removed). Creep does not
cause stresses in concrete members, but it causes deflections that increase with time.
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In reinforced concrete structures, total deflections could be on the order of 2.5 to 3 times
the initial deflections.
Shrinkage is the decrease in volume of concrete during and after hardening. Unlike
creep, shrinkage is not related to applied stress, but it is a time-dependent phenomenon.
There are two basic types of shrinkage:

* Plastic shrinkage occurs during the first few hours after placing fresh concrete in
the forms.

* Drying shrinkage occurs after concrete has already attained its final set and a good
portion of the hydration process in the cement paste has been completed.

The effects of shrinkage are aggravated when an external restraint (such as steel
reinforcing bars, formwork, or continuity of construction) prevents free shrinkage
and subjects concrete to tensile stresses, which in turn cause cracking.

Proper consideration of creep and shrinkage effects is a significant component of
design in reinforced concrete.

Temperature Effects

Concrete, like most other materials, expands with increasing temperatures and contracts
with decreasing temperatures. Thermal contraction causes tensile stresses, which are
often combined with shrinkage stresses. The amount of thermal contraction and expan-
sion varies with the type and amount of aggregate, w/c ratio, temperature range, concrete
age, etc. Thermal contraction can cause cracks in concrete, especially in statically inde-
terminate structures. Temperature effects in concrete structures can be controlled by pro-
viding movement joints (to be discussed in Section 13.8). The coefficient of thermal
expansion for concrete (,) used in design is on the order of 10 X 107/ C. It should be
noted that the coefficient of thermal expansion for reinforcing steel is of a similar value,
thatis, 12 X 1079/ C. This is an important characteristic of reinforced concrete as a com-
posite material.

Mass Density

Concrete density varies depending on the amount and relative density of the aggregate and
the amount of air (entrapped or purposely entrained), water, and cementitious material
(mainly influenced by the maximum-size aggregate). Mass density is denoted as vy, per
CSA A23.3.

CSA A23.1 C1.4.3.4 identifies the following three types of concrete as a function of
mass density:

* normal-density concrete: with air-dry density between 2150 kg/m? and 2500 kg/m?;

* semi-low-density concrete: with a specified 28-day compressive strength of 20 MPa or
higher and an air-dry mass density between 1850 kg/m? and 2150 kg/m?;

* low-density concrete: with a specified 28-day compressive strength of 20 MPa or higher
and an air-dry mass density not exceeding 1850 kg/m?,

In practice, concrete density can be as low as 240 kg/m? (insulating concrete) or as high as
6000 kg/m? (concrete used for radiation shielding). However, normal-density concrete is
used in most applications, characterized by mass densities of 2300 kg/m? and 2450 kg/m?
for plain and reinforced concrete, respectively.

Note that the unit weight of concrete (y,,) used for dead load calculations is determined
by multiplying the mass density by a gravitational constant (g = 9.81 m/s?). For example,
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normal-density reinforced concrete with a mass density of 2450 kg/m? has a unit weight
of 24 kN/m? (obtained as the product 9.81 m/s? X 2450 kg/m?).

Poisson’s Ratio

Poisson’s ratio is the ratio between transverse and longitudinal strain in a concrete speci-
men subjected to axial load. Poisson’s ratio is generally in the range of 0.15 to 0.20 for
concrete, and the most common value used in the design of concrete structures is 0.2.
Poisson’s ratio for steel is equal to 0.3.

However, caution must be used when performing computer analyses to ensure that
Poisson’s ratio is compatible with values used for shear modulus of elasticity for concrete,
or else serious errors may occur.

Temperature effects in concrete structures can be controlled by providing movement
joints. The coefficient of thermal expansion for concrete () used in design is on the
order of 10 X 10~%°C.

The concrete mass density (y,) varies depending on the amount and relative density
of the aggregate and the amount of air (entrapped or purposely entrained), water, and
cementitious material (mainly influenced by the maximum-size aggregate). CSA A23.1
Cl.4.3.4 identifies the following three types of concrete as a function of mass density:

* normal-density concrete: with air-dry density between 2150 kg/m? and 2500 kg/m?;

* semi-low-density concrete: with a specified 28-d compressive strength of 20 MPa or
higher and an air-dry mass density between 1850 kg/m? and 2150 kg/m?;

* [ow-density concrete: with a specified 28-d compressive strength of 20 MPa or higher
and an air-dry mass density not exceeding 1850 kg/m?.

The mass densities can be taken as 2300 kg/m? and 2450 kg/m? for plain and reinforced
normal-density concrete, respectively.

The unit weight (y,) of normal-density reinforced concrete is usually taken as
24 kN/m?.

Poisson's ratio is the ratio between the transverse and longitudinal strain in a
congrete specimen subjected to axial load. The most common value of Poisson’s ratio
used in the design of concrete structures is 0.2.

DURABILITY OF CONCRETE

Satisfactory durability is expected if concrete meets the requirements related to strength,
wic ratio, air entrainment, and cement type chosen to satisfy the intended use and exposure
conditions of a particular concrete structure. In addition to the above, CSA A23.1
Cl.4.1.1.1.1 states that “although minimum requirements for concrete durability are speci-
fied, it should be stressed that a durable concrete also depends upon the use of high-quality
materials, an effective quality control program, and good quality of work in manufacturing,
placing, finishing and curing the concrete.” CSA A23.1 Cl.4.1.1 outlines specific durability
requirements for concrete structures subjected to weathering, sulphate attack, corrosive
environment, or any other process of deterioration.

CSA A23.1 specifies three basic exposure classes for concrete. Class C relates to con-
crete subjected to de-icing chemicals (chlorides), Class F relates to concrete subjected
to freezing and thawing, and Class N relates to normal concrete (not exposed to either
chlorides or freezing and thawing). Definitions of various exposure classes are given in
Table 2.1 (adapted from Table | of CSA A23.1).




60

CHAPTER 2

Table 2.1 Definitions of C, F, and N exposure classes

Class Description

C-XL Structurally reinforced concrete exposed to chlorides or other severe environ-
ments with or without freezing and thawing conditions, with higher durability
performance expectations than the C-1, A-1, or S-1 classes.

C-1 Structurally reinforced concrete exposed to chlorides with or without
freezing and thawing conditions. Examples: bridge decks, parking decks
and ramps, portions of marine structures located within tidal and
splash zones, concrete exposed to seawater spray and salt-water pools.

C-2 Nonstructurally reinforced (i.e., plain) concrete exposed to chlorides
and freezing and thawing. Examples: garage floors, porches, steps.
pavements, sidewalks, curbs, and gutters.

C-3 Continuously submerged concrete exposed to chlorides but not to freezing
and thawing. Examples: underwater portions of marine structures.

C-4 Nonstructurally reinforced concrete exposed to chlorides but not to freezing
and thawing. Examples: underground parking slabs on grade.

F-1 Concrete exposed to freezing and thawing in a saturated condition but not

to chlorides. Examples: pool decks, patios, tennis courts, freshwater pools,
and freshwater control structures.

F-2 Concrete in an unsaturated condition exposed to freezing and thawing but not
to chlorides. Examples: exterior walls and columns.
N Concrete not exposed to chlorides or to freezing and thawing. Examples: footings

and interior slabs, walls and columns.

(Source: Table 1 of CSA A23.1-04, reproduced with the permission of the Canadian Standards Association)

Requirements for various exposure classes are specified in Table 2.2 (adapted from Table 2
of CSA A23.1). Note that the main requirements include maximum w/c ratio, minimum speci-
fied compressive strength ( £."), and air-content category. Air content is one of the most impor-
tant durability requirements. In general, 5% to 8% air (usually produced by using air-entraining
admixtures) is strongly recommended for concrete subjected to severe exposure conditions.

CSA A23.1 also specifies the requirements for concrete in contact with sulphates.
Sulphates may occur in the soil, in groundwater, or in industrial wastes. Table | of CSA A23.1
identifies three different exposure classes (S-1, S-2, and S-3) depending on the extent of
sulphate exposure. CSA A23.1-04 introduces requirements for concrete exposed to manure
and/or sileage gasses and liquids. Table 1 of CSA A23.1 identifies 4 different exposure classes
(A-1 to A-4) depending on the extent of exposure.

Table 2.2 Requirements for C, F, N, and A classes of exposure

Minimum specified
Maximum w/c 28-day compressive
Class of exposure ratio strength f." (MPa) Air-content category
C-XL 0.37 50 within 56 days 1or2
C-1 or A-1 0.4 35 1 (for concrete
exposed to freezing
and thawing) and
2 otherwise
C-20rA-2 0.45 32 1
C-3orA-3 0.50 30 2
C-4 or A4 0.55 25 2
F-1 0.50 30 1
F-2 0.55 2 2
N For structural design For structural design None

(Source: Table 2 of CSA A23.1-04, reproduced with the permission of the Canadian Standards Association)
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Durability is related to the long-term satisfactory performance of concrete structures and

the ability to satisfy their intended use and exposure conditions during the specified or

traditionally expected service life. A satisfactory durability is expected if concrete meets

the requirements related to strength, w/c ratio, air entrainment, and cement type chosen

to satisfy the intended use and exposure conditions of a particular concrete structure.
CSA A23.1 specifies five basic exposure classes for concrete:

» Class C relates to concrete subjected to de-icing chemicals (chlorides).

* Class F relates to concrete subjected to freezing and thawing.

+ Class N relates to normal concrete, not exposed to chlorides or freezing and thawing.
* Class S relates to concrete subjected to sulphates.

» Class A relates to concrete subjected to manure and/or sileage gasses.

The main requirements of the exposure classes are maximum w/c ratio, minimum spec-
ified compressive strength (f."), and air-content category. Air content is one of the most
important durability requirements.

FIRE-RESISTANCE REQUIREMENTS

Reinforced concrete is one of the most highly fire-resistant building materials. However,
the properties of concrete and reinforcing steel change significantly at high temper-
atures. The most significant effects include reduction in strength and modulus of
elasticity and increased creep. The fire resistance of concrete structures is influenced
by several factors, including type of concrete, member dimensions, reinforcing steel,
concrete cover, structural restraints, and continuity; whether the construction is pro-
tected or not; and column eccentricities. In general, temperatures greater than 95°C
sustained for a prolonged period of time can have a significant effect on concrete (CAC,
2002). At high temperatures, the cement paste shrinks due to dehydration while the
aggregate expands. Some aggregates can produce a volume-stable concrete at high tem-
peratures whereas others undergo abrupt volume changes causing distress in concrete.
Low-density aggregates generally exhibit better fire performance than natural stone
aggregate concretes. Appendix D of NBC 2005 specifies seven different types of con-
crete as related to fire-resistance requirements. Out of these, there are two basic types of
normal-density concrete (Type S and Type N) and five types of low-density concrete.
The main difference between these is the type of aggregate used. Type S concrete is
composed of coarse aggregate such as granite, quartzite, siliceous gravel, or other dense
materials containing at least 30% quartz, chert, or flint. Type N concrete is composed of
coarse aggregate such as cinders, broken brick, blast-furnace slag, limestone, calcareous
gravel, trap rock, sandstone, or similar dense material containing not more than 30%
quartz, chert, or flint. Structural low-density concrete, as defined by CSA A23.3, gener-
ally corresponds to Type L40S as described by NBC 2005. Type N and Type L40S
concrete is superior in terms of fire performance to Type S concrete. As these various
types of concrete demonstrate different fire performance characteristics, the designer
should specify the type of aggregate to be used to satisfy the prescribed fire require-
ments. For more details on the fire resistance of concrete structures (including example
calculations), the reader is referred to CAC (2005).

In general, steel has inferior fire resistance to concrete. Steel reinforcement loses
strength at high temperatures. Hot-rolled reinforcing steel used for deformed bars loses its
strength less quickly than the cold-drawn steel used for prestressing tendons. Therefore,
the fire-resistance rating of a concrete structure depends on the type of reinforcing steel
and the magnitude of tensile stresses developed in the reinforcement.
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Concrete is considered to be one of the most highly fire-resistant building materials.

However, the properties of concrete and reinforcing steel change significantly at high
temperatures. The most significant effects include reduction in strength and modulus of
elasticity and increased creep.

Appendix D of NBC 2005 specifies seven different types of concrete as related to
fire-resistance requirements. Of these, there are two basic types of normal-density con-
crete (Type S and Type N) and five types of low-density concrete. The main difference
between these is the type of aggregate used. As various types of concrete demonstrate
different fire performance, the designer should specify the type of aggregate to be used
in order to satisfy the prescribed fire requirements.

REINFORCEMENT

In reinforced concrete structures, reinforcement has a major role in sustaining tensile
stresses due to flexure, shear, and other loads. The presence of reinforcement is one of the
key reasons for the success of reinforced concrete as a material: concrete is strong in
compression but weak in tension, so plain concrete has very limited use in design applica-
tions. Steel is the main material used for reinforcement due to its favourable mechanical
characteristics, such as high tensile strength and the ability to deform by a significant
amount before failure. Steel reinforcement has been widely used since the inception of
reinforced concrete as a building material. However, steel is susceptible to corrosion,
which has been a major threat to the durability of concrete structures. For more details on
corrosion in reinforced concrete structures, refer to Section 4.7.3,

Recently, substantial research has been conducted in an attempt to identify alternative
materials potentially suitable for reinforcement in concrete structures, such as fibre-
reinforced composites (FRCs). FRCs are made out of glass or carbon fibres impregnated
with a resin matrix. These innovative materials have excellent corrosion resistance and
other favourable characteristics. However, due to rather high cost and inadequate technical
expertise on the design of concrete structures reinforced with composite reinforcement, the
application of FRCs is currently limited to special structures. For more details on FRC
reinforcement, the reader is referred to ISIS (2001). Alternatively, epoxy coating can be
applied to provide improved corrosion protection in steel reinforcement to be used in
bridge decks, parking garages, or marine structures. Care must be taken during unloading,
handling, and storage of epoxy-coated bars at the job site to prevent damage to the coat-
ing. This book is focused on the design of concrete structures reinforced with steel. Note
that steel reinforcing bars are often denoted as rebars in the design practice.

Types of Reinforcement

CSA A23.3 Cl.3.1 outlines the types of reinforcement for concrete structures. In general, sev-
eral types of deformed reinforcement are used in reinforced concrete structures, while pre-
stressing tendons are used in prestressed concrete structures. According to CSA A23.3
C1.3.1.3, deformed reinforcement includes the following types:

* deformed bars (most common), conforming to CSA Standard G30.18;

* welded wire fabric (fabricated using smooth or deformed wires), conforming to ASTM
Standards A185 or A497/497M;

* deformed wire reinforcement, conforming to ASTM Standard A496.

Although deformed bars are prescribed for most design applications, plain reinforcing bars
may be used for spirals; if smaller than 10 mm in diameter, these bars may also be used
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Figure 2.11 Stress-strain
diagram for reinforcing steel.
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for stirrups and ties (CSA A23.3 C1.3.1.2). In the past, plain reinforcing bars were used for
most applications, but their use in Canada has been abandoned since the 1960s due to their
inferior bond characteristics to deformed reinforcement.

According to CSA A23.3 Cl.3.1.4, prestressing tendons need to conform to ASTM
A416/416M, ASTM A421/421M, and ASTM A722A/722M. Prestressing steel includes
high-strength smooth wire, seven-wire strands, and high-strength alloy bars (such as Dywidag
threaded rods).

The primary design requirements related to steel reinforcement are

+ minimum specified yield strength (f,) (specified by grade),

* minimum ultimate tensile strength (fu),

» minimum elongation (this requirement is related to ductility),
* bendability (ability to bend and form hooks),

» weldability (ability to be welded).

These requirements are prescribed by the pertinent standards mentioned above (note that
different standards apply to different types of reinforcement). For more information about
steel reinforcement, the reader is also referred to RSIC (2004).

The mass density of reinforcing steel is equal to 7850 kg/m? and the unit weight
is equal to 77 kN/m3. The coefficient of thermal expansion is 12 X 10~6/°C (similar
to concrete).

Mechanical Properties of Steel

Consider the typical stress-strain diagram for nonprestressed steel reinforcement in
Figure 2.11. Several distinct stages of behaviour characteristic of a steel bar subjected to
axial loading until failure are as follows:

» Linear-elastic behaviour: At a low load level, steel shows elastic behaviour resulting in
a linear stress-strain relationship.

+ Yielding: The behaviour of steel changes when the stress in steel reaches the yield stress
(f,)- The strain continues to increase while the stress remains constant and equal to f,,
so the stress-strain diagram looks like a straight horizontal line. This behaviour is called
plastic flow or simply “yielding.”

e Strain hardening: At a strain approximately equal to 1%, plastic flow stops and
the steel enters the strain-hardening range. Strain hardening is characterized by a
linear-elastic behaviour wherein the stress increases with the increase in strain. This
behaviour ceases at the point where the stress reaches its maximum value, termed the
ultimate strength (f,).

» Failure: A further load increase results in a decrease in stress until failure takes place.
The corresponding stress is called the breaking stress or rupture stress.
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Figure 2.12 Sample deformed
reinforcing bars of different
sizes available in Canada.

(Svetlana Brzev)
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The key mechanical properties of steel used in modern design are as follows:

* The specified yield strength (f,) depends on the type of steel. In general, f, is in the
range from 400 MPa to 500 MPa for nonprestressed steel reinforcement.

* The modulus of elasticity (Young's modulus) (E,) is equal to the slope on the stress-
strain curve in the elastic range, as shown in Figure 2.11. E_is a constant taken as
200 000 MPa for nonprestressed reinforcement (CSA A23.3 C1.8.5.4.1).

In some cases, it is required to determine the steel yield strain (&,) corresponding to the
yield stress (f,) (see Figure 2.11). At that point, the behaviour of steel is still elastic and
Hooke’s law applies, so &, can be obtained as

By== [2.4]

CSA A23.3 specifies certain limitations related to the mechanical properties of steel
reinforcement:

* The specified yield strength (f,) used for the design purpose should not exceed
500 MPa, except for prestressing tendons (CSA A23.3 C1.8.5.1); this requirement is
meant to limit the crack size in steel with £, of over 300 MPa.

* For compression reinforcement with £, greater than 400 MPa, the £, value assumed in
design calculations shall not exceed the stress corresponding to a strain of 0.35%. This
requirement is meant to ensure that the compression steel in concrete members (if exis-
tent) reaches the yielding point. According to CSA A23.3, the maximum strain in the
concrete compression zone is equal to 0.35% (or 0.0035). If the steel yield strength is
rather high, the compressive steel might remain elastic. This requirement should be
satisfied for steel with a yield strength of 500 MPa or less.

Deformed Bars

Deformed bars are the main type of reinforcement used in structural concrete. Deformed
bars are round steel bars with lugs (also called deformations) rolled into the surface of the
bar during manufacture (see Figure 2.12). These deformations provide additional bond or
anchorage between the concrete and the steel.

Reinforcing steel is classified into different grades on the basis of the minimum spec-
ified yield strength (f,) and the chemical composition. CSA Standard G30.18 specifies




Figure 2.13 Identification
requirements for deformed
steel bars.
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5 grades of steel: 300R, 400R, 500R, 400W, and 500W. The steel grade must be specified
by the following two characteristics:

* a number that indicates a minimum specified f; value in MPa, and
» a letter (R or W) that is related 1o the weldability of a particular steel grade; the letter R
denotes the regular steel grade while the letter W denotes the weldable steel grade.

It should be noted that W grades are intended for special applications where improved
weldability or bendability is required. Also, W-grade steel has less variation in its range of
minimum and maximum yield strength (f,) values; the minimum f corresponds to the
95th-percentile strength, whereas the maximum f, corresponds to the Sth-percentile
strength. W steel grade is more favourable for certain seismic applications, where an upper
limit in the maximum yield strength for the reinforcing steel has to be specified by the
design. If a stress higher than the specified yield strength develops during an earthquake,
it might lead to unsatisfactory seismic performance of the building.

The designer should specify a steel grade on the structural drawings. When the grade
specification is omitted from the drawings, it is likely that 400R steel will be supplied (this
is the basic steel grade).

Deformed bars are sized to have specific cross-sectional areas and are designated
by a number based on the rounded-off nominal diameter expressed in millimetres (for
example, 25M). The letter M stands for “metric,” indicating metric bars. The standard
metric-sized bars are listed in Table A.1. Note that 45M and 55M bars are rarely used
due to their heavy mass and large development lengths. 10M and 15M bars are nor-
mally used for stirrups and ties. Rebars come in 12 m lengths for 10M bars and 18 m
lengths for the other bar sizes. Sample deformed reinforcing bars of different sizes are
shown in Figure 2.12.

Imperial-sized bars are designated by numbers representing the number of eighths
of an inch in their nominal diameter; for example, a #8 bar has a 1 inch diameter (and a
cross-sectional area of 0.79 in?), while a #4 bar has a 1/2 inch diameter. In Canada,
Imperial bar designations can be found on older construction drawings (developed
before the 1970s).

All deformed reinforcing bars are required to be marked with identifying symbols
rolled into one side of each bar. The symbols consist of a letter or symbol to show the pro-
ducer’s mill, a number to show bar size, a marking to indicate type of steel (R or W), and
a number to show the grade; alternatively, a continuous line through five or more spaces
can be used to denote Grade 400 steel. Figure 2.13 illustrates a marking system for
deformed reinforcing bars.

]

o
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Figure 2.14 A view of the
Rogers Centre, Toronto.

(Sportsco International, L.P.)

Approximately 15 000 t of reinforcing steel were used in the construction of the
Rogers Centre (formerly known as the SkyDome), the home of the Toronto
Blue Jays. The bars were of weldable grade, and the sizes varied from 10M to
55M. The epoxy-coated reinforcement was used mainly in high-traffic areas, as
well as in places where wintertime use of salt called for a durable component
(RSIO, 1989).

The Rogers Centre in Toronto had the only completely retractable stadium roof in
the world at the time of construction. The roof is close to 100 m high — tall enough to
build a 30-storey building inside! Construction was completed in 1989 at a cost of
around $600 million.

2.6.4

Welded Wire Fabric

Welded wire fabric (WWEF) can be used as a primary reinforcement for siructural slabs
and shear walls and is often used as temperature and shrinkage reinforcement in
concrete slabs. WWF consists of a square or rectangular mesh of wires welded at all
intersections. In general, cold-drawn wire is used for WWF. Cold-drawn wire can be
smooth, designated with a letter W, or deformed, designated with a letter D. The letter
M (denoting metric reinforcement) is used as a prefix. For example, a typical designa-
tion for a smooth wire is MW25.8, where M stands for metric, W stands for smooth
wire, and 25.8 denotes a wire with a cross-sectional area of 25.8 mm2 The yield
strength for WWFs ranges from 450 MPa to 515 MPa, depending on the use
and the size and on whether the wire is deformed or smooth. The spacing and sizes
of wires are identified by a style designation. An example of a style designation for
WWEF is

WWFI102 X 152-MWI18.7 X 25.8

where WWEF denotes welded wire fabric, 102 mm denotes the spacing of the longi-
tudinal wires, 152 mm denotes the spacing of the transverse wires, 18.7 mm? denotes
the cross-sectional area of the longitudinal wires, and 25.8 mm? is the area of the
transverse wires.
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Reinforcement has a major role in reinforced concrete structures in sustaining tensile
stresses due to flexure, shear, and other loads.
According to CSA A23.3 C1.3.1.3, deformed reinforcement includes the following

types:
e deformed bars (most common), conforming to CSA Standard G30.18;
» WWEF (fabricated using smooth or deformed wires), conforming to ASTM A185 or

ASTM A497/497M;
* deformed wire reinforcement, conforming to ASTM A496.

The primary design requirements for each reinforcement type are:

« minimum specified yield strength ( f,) (specified by grade);
* minimum ultimate tensile strength (f“);

« minimum elongation (related to ductility);

* bendability (ability to bend and form hooks);

» weldability (ability to be welded).

The key mechanical properties of steel used in structural concrete are as follows:

» The specified yield strength ( f,) ranges from 400 MPa to 500 MPa for nonpre-
stressed steel reinforcement,

*+ The modulus of elasticity (E,) is equal to the slope on the stress-strain curve in the
elastic range; E, is constant and can be taken as 200 000 MPa for nonprestressed
reinforcement.

Other steel properties used in reinforced concrete design are

+ mass density of 7850 kg/m?>,
* unit weight of 77 kN/m?,
s coefficient of thermal expansion of 12 X 1079/°C.

SUMMARY AND REVIEW — MATERIALS

Concrete is artificial stone made from the following basic components:

» cement paste: Portland cement, water, and air (25% to 40% of the total volume of fresh
concrete);

« aggregates: natural sand and gravel or crushed stone (60% to 75% of the total volume
of concrete).

The paste hardens as a result of the chemical reaction between cement and water and glues
the aggregates into a rock-like mass. In building structures, concrete is most often used in
the form of reinforced concrete, which is a composite material consisting of concrete and
steel reinforcement.

The main concrete-producing Portland cement is a mixture of several compounds made by heating limestone and clay

materials together at very high temperatures. There are five basic types of Portland cement com-
plying with different CSA A23.1 requirements for specific purposes; out of these,
Type 10 (normal Portland cement) is most frequently used if concrete is not subjected to
specific exposures.
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Water serves a dual purpose in a concrete mix: it combines with cement in a
process called hydration and provides the workability required for proper placing and
compaction. The water-cement ratio (w/c), that is, the ratio of water and cement in a
concrete mix, is used as a basis for concrete mix proportioning. Typical values for the
w/c ratio required to achieve a workable consistency in the field are in the range from
0.4 to 0.6.

The air content in concrete varies from 0% to 8%. There are two different sources of
air in concrete, namely entrapped air and entrained air. Entrapped air voids occur in all
concretes and are reduced by proper placement and consolidation of fresh concrete.
Entrained air is produced by adding an air-entraining agent that stabilizes bubbles formed
during the mixing process, with the main objective of improving concrete resistance to
freezing and thawing. Higher air content (5% to 8%) is required for concretes subjected
to severe exposure conditions.

Aggregates are a nearly inert filler material that significantly influences the quality of
concrete. Aggregates must be clean, hard, strong, durable, and free of coatings of clay and
other fine materials that may affect hydration and bond of the cement paste. Aggregates
are classified into fine and coarse. Fine aggregates consist of natural or manufactured sand
with most particle sizes less than 5 mm. Coarse aggregates consist of one or a combina-
tion of gravels or crushed concrete with size between 10 mm and 40 mm. The most com-
monly used maximum aggregate size is 20 mm.

Compressive strength can be defined as the maximum resistance of a concrete cylinder to
axial compression. Compressive strength is the primary physical property of hardened con-
crete and generally depends on the type of concrete mix, the properties of aggregate, the time
and quality of curing, etc. In Canada, the compressive strength of concrete is determined on
cylinders 100 mm in diameter and 200 mm high, tested at the age of 28 days. CSA A23.3
uses the term specified compressive strength of concrete (f.'). General-use concrete has a
compressive strength between 20 and 40 MPa, whereas high-strength concrete is character-
ized by an f,’ value of over 70 MPa.

The tensile strength of concrete is relatively low (about 8% to 15% of the compressive
strength) and is strongly affected by the compressive strength of concrete, the type of
test used to determine the tensile strength, etc. CSA A23.3 uses the modulus of rupture (f))
as an indicator of concrete tensile strength. The modulus of rupture is the theoretical max-
imum tensile stress reached in the extreme fibre of a flexural member. Cracks develop
when the tensile stress in concrete reaches the modulus of rupture, and concrete is unable
to transmit any tension beyond that point. The modulus of rupture can be determined
according to CSA A23.3 C1.8.6.4 as follows:

f, = 0.6 AVf (MPa)

The modulus of elasticity (E) is used in deflection calculations and member stiffness cal-
culations in the analyses of concrete structures. CSA A23.3 C1.8.6.2.1 defines the modu-
lus of elasticity as the average secant modulus equal to the slope of the straight line that
connects the origin of the stress-strain diagram with the stress of 0.4 f.'. A23.3 C1.8.6.2.3
prescribes the following simple E_ equation that is applicable to normal-density concrete
with compressive strength between 20 MPa and 40 MPa:

E, = 4500 V£ (MPa)

Creep is the inelastic time-dependent deformation of concrete under sustained stress.
Factors that tend to increase creep effects include high w/c ratio, loading at an early
age, exposing concrete to drying conditions, and the presence of compression rein-
forcement. In general, creep decreases with the age of the concrete, but the effects are



Concrete exposure classes
and durability requirements

Types of reinforcement in
concrete structures and their
mechanical properties

MATERIALS 69

not reversible (there is a residual creep strain after the load is removed). Creep does not
induce stresses in concrete members, but it causes deflections that increase with time.
In reinforced concrete structures, the total deflections could be on the order of 2.5 to 3
times the initial deflections.

Shrinkage is the decrease in volume of concrete during and after hardening. Unlike
creep, shrinkage is not related to the applied stress, but it is a time-dependent phenomenon.
There are two basic types of shrinkage:

» Plastic shrinkage occurs during the first few hours after placing fresh concrete in the
forms.

» Drying shrinkage occurs after concrete has already attained its final set and a good
portion of the hydration process in the cement paste has been completed.

The effects of shrinkage are aggravated when an external restraint (such as steel rein-
forcement, formwork, or continuity of construction) prevents free shrinkage and exposes
concrete to tensile stresses, which cause crack development.

Durability is the long-term satisfactory performance of concrete structures and the ability
to satisfy the intended use and exposure conditions during the specified or traditionally
expected service life.

CSA A23.1 specifies the following three basic exposure classes for concrete:

* Class C relates to concrete subjected to de-icing chemicals (chlorides).
* Class F relates to concrete subjected to freezing and thawing.
= Class N relates to normal concrete not exposed to chlorides or freezing and thawing.

The main requirements related to the exposure classes are maximum w/c ratio, minimum
specified compressive strength f ', and air-content category. Air content is one of the most
important durability requirements.

Reinforcement has a major role in sustaining tensile stresses due to flexure, shear, and
other loads in reinforced concrete structures.
According to A23.3 C1.3.1.3, deformed reinforcement includes the following types:

* deformed bars (most common);
* welded wire fabric (fabricated using smooth or deformed wires);
» deformed wire reinforcement.

The primary reinforcement design requirements are

« minimum specified yield strength (f.);

* minimum ultimate tensile strength (f,);

« minimum elongation (related to ductility);

* bendability (ability to bend and form hooks);
= weldability (ability to be welded).

The key mechanical properties of steel reinforcement are as follows:

* The specified yield strength (f,) ranges from 400 MPa to 500 MPa for nonprestressed
steel reinforcement. '

+ The modulus of elasticity (E) is equal to the slope of the stress-strain curve in the
elastic range. E_is constant and can be taken as 200 000 MPa for nonprestressed
reinforcement.

Other steel properties used in reinforced concrete design are

+ mass density of 7850 kg/m?,
« unit weight of 77 kN/m?,
» coefficient of thermal expansion of 12 X 107%/°C.
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PROBLEMS

2.1

2.2.

2.3.

24.

2.5.

2.6.

2.7.

a) How is the concrete mix proportion expressed?
Give a typical example.

b) What are the four main requirements the
concrete mix proportion needs to meet?
Explain.

What are the two most important mechanical proper-

ties of hardened concrete? List the factors influencing

their magnitude. Hint: One of these properties is con-
sidered a major positive feature of concrete, while the
other is considered its weakness.

A simply supported reinforced concrete beam has

been subjected to a uniform load of constant magni-

tude for 10 years.

a) By how much (approximately) are the beam
deflections expected to increase as compared
to the initial deflections at the time of load
application?

b) What causes the increase in deflections in
reinforced concrete structures over time?
Explain,

¢) Ifthe load is completely removed after 10 years,
what will happen to the deflections? Will they
increase or decrease? Explain.

A standard concrete cylinder of height 200 mm and
diameter 100 mm carries a maximum load of 300 kN
before failure. The cylinder is cast using normal-
density concrete.
Find the specified compressive strength and the
modulus of elasticity of this concrete.
Develop a table to determine the E_ values for con-
crete of specified compressive strength ranging from
20 MPa to 40 MPa (in 5 MPa increments). Consider
normal-density concrete only.
Consider a simply supported unreinforced concrete test
beam of square cross-section (dimension 150 mm)
spanning over 900 mm. The beam was loaded by a point
load at the midspan and failed when the load reached 7.5
kN. The beam was constructed using normal-density
concrete. Ignore the effects of the beam self-weight.
a) Determine the modulus of rupture (£ for this
beam.
b) Compare the result obtained in part a) with the
J, value prescribed by CSA A23.3. Use an f'
value of 25 MPa.

A bundle of 3-25M reinforcing bars is subjected
to a tensile force of 300 kN. The modulus of

2.8.

2.9.

elasticity for steel (E) is equal to 200 000 MPa

and the yield stress {f‘_) is 400 MPa. Use

¢. = 1.0. '

a) Calculate the stress and strain in the bars.

b) In theory, what is the maximum force the bars
can carry?

A beam section has to be reinforced using 20M,
25M, or 30M size bars.

Suggest suitable bar combinations using an even
number of bars if the required area of steel is

a) 1650 mm?
b) 2320 mm?
¢) 3300 mm?
d) 4700 mm?
e) 5450 mm?

A 40 m wide by 70 m long floor plan of a rein-
forced concrete building is shown in the figure that
follows. The floor structure consists of a 250 mm
thick reinforced concrete slab on beams (not shown
on the plan). The shear walls are expected to
restrain the slab from movement horizontally in the
east-west (E-W) direction. The stair shafts are
expected to restrain horizontal movement in the
slab in both directions.

a) If the entire floor was placed in one pour, esti-
mate the magnitude of the total long-term
shrinkage deformation in the E-W direction.
Express the result in millimetres.

b) If the shrinkage-induced free movement in
the slab has been prevented in the E-W direc-
tion, what measures would you propose to
mitigate the effects of shrinkage cracking?
Explain.

c¢) If an average acceptable crack width is 0.33 mm,
estimate the amount of shrinkage-induced
cracks expected to develop in the N-S direction.
Express the result in number of cracks per
metre.

d) Consider that 5% of all cracks have a width that
is 5 times larger than the average value specified
in part c¢). Is this performance acceptable to you
as the designer? Explain. (Keep in mind that
crack widths in concrete structures are generally
not uniform and that larger crack widths may be
expected in the slab at the locations of higher
stresses.)
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e) Consider the problem discussed in part d). If
this were a floor in a parking structure, in which
way would this amount of cracking affect the
durability of the slab structure? Explain.

70m

71

Suggest a way or ways in which the concrete
placement sequence can be modified to reduce
the amount of cracking in the slab in the E-W
direction.

40m
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3.1

After reading this chapter, you should be able to

* identify the five basic assumptions for flexural design of reinforced concrete mem-
bers according to CSA A23.3

* describe the four stages of flexural behaviour for reinforced concrete members

® explain the two flexural modes of failure for reinforced concrete flexural members

explain the balanced condition and the role of balanced reinforcement in the
design of reinforced concrete flexural members

analyze rectangular beams for flexure

analyze one-way slabs for flexure

analyze T- and L-beams for flexure

analyze rectangular beams with tension and compression reinforcement for flexure

INTRODUCTION

Flexure (bending) is associated with lateral deformation of a member under a transversely
applied load. Consider a reinforced concrete beam subjected to the uniform load shown in
Figure 3.1a. In cast-in-place concrete construction, beams act as a monolithic unit with the
supporting columns. However, for design purposes the beam can be modelled as a simply
supported member, as shown in Figure 3.1b. A bending moment diagram for this beam is
shown in Figure 3.1c. The top portion of the beam is subjected to compression whereas the
bottom is under tension. Concrete has a limited ability to carry tension and cracks once its
tensile strength has been reached in the region of maximum bending moments (in this case
at the beam midspan). To increase the bending resistance of a cracked beam, steel rein-
forcement (often called tension reinforcement or tension steel) is placed inside the beam
near the bottom to resist the tensile stresses.

The main objective of this chapter is to explain the behaviour and resistance of rein-
forced concrete beams and one-way slabs subjected to flexure. Section 3.2 outlines the
types of flexural members discussed in this chapter. General assumptions related to flex-
ure in reinforced concrete beams and slabs are discussed in Section 3.3. The behaviour of
reinforced concrete beams and one-way slabs under flexure and the corresponding failure
modes are explained in Section 3.4. The moment resistance of rectangular beams with ten-
sion steel only is discussed in Section 3.5. The flexural resistance of one-way slabs is dis-
cussed in Section 3.6, and the resistance of T-beams is discussed in Section 3.7. The
moment resistance of rectangular beams with tension and compression reinforcement is
outlined in Section 3.8.

This chapter focuses on the analysis of reinforced concrete members for flexure.
Analysis involves computing the factored moment resistance of a member when the cross-
sectional dimensions, the amount of steel reinforcement, and the material properties are
known. The objective of the analysis is to verify whether a section of a concrete member



Figure 3.1 Concept of flexure

in reinforced concrete mem

bers:

a) actual beam, showing the
distribution of internal forces;

b) beam model; c) bending
moment diagram.
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has adequate flexural resistance to sustain the effects of factored loads without failure.
Another related problem is design, where the cross-sectional dimensions of a structural
member and the area of reinforcement need to be determined for given loads and material
properties. The design of beams and one-way slabs for flexure is discussed in Chapter 5.
It should be noted that flexure also causes the development of shear stresses in beams and
other members; shear design of reinforced concrete beams will be discussed in detail in
Chapter 6.

KNOW

Positive bending causes tension at the bottom and compression at the top of a flexural
member.

The positive bending moment is shown on the bending moment diagram above the
longitudinal axis of the member according to the North American convention followed
in this book.

3.2

TYPES OF FLEXURAL MEMBERS

An isometric view of a concrete floor structure subjected to gravity load is shown in
Figure 3.2. The structure consists of a slab supported by beams, which are in turn supported
by columns. In this case, beams are provided in one direction only. Consequently, the slab
transfers the applied load in the direction perpendicular to the beams. This type of slab is
called a one-way slab. One-way slabs are flexural members that behave essentially like
wide beams. In cast-in-place concrete construction, beams are usually cast monolithically
with the slab. The portion of the slab cast monolithically with a beam contributes to
the beam moment resistance; this additional capacity is taken into consideration in the
beam design. The term T-beam is used in this case because the slab and the beam form a
T section for positive bending. In design practice, beams cast monolithically with the slab
may be designed either as 7-beams or as rectangular beams for positive bending. If the slab
contribution is ignored, the beam is considered to act as a rectangular beam. The analysis
of rectangular beams is simpler than that of T-beams, and it is a good starting point for
understanding the flexural resistance of concrete members.

Reinforced concrete beams and slabs can be classified into simple and continuous struc-
tures. Continuous structures are statically indeterminate. Simple (or simply supported) struc-
tures span across two supports, as shown in Figure 3.3a, whereas continuous structures span
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Gravity load path:
@ Slab

@ Beam
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Figure 3.2 An isometric view of a reinforced concrete beam and slab structure.

across three (or more) supports (see Figure 3.3c). When subjected to a gravity load such as the
uniform load in Figure 3.3a, only positive bending moments develop in simple structures
(see Figure 3.3b), while both positive and negative bending moments develop in continuous
structures subjected to the same load, as shown in Figure 3.3d. The deformed shape of the
continuous beam subjected to a uniform load is shown in Figure 3.3e. The points where the
curvature of the deflected shape changes from the sagging to the hogging shape are called
inflection points (or points of contraflexure) and are denoted by IP on the diagram in
Figure 3.3e. The same points correspond to the locations of zero moments on the bending
moment diagram in Figure 3.3d. In this book, the basic concepts of reinforced concrete design
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Figure 3.4 Prismatic versus
nonprismatic members: a) pris-
matic beam; b) nonprismatic
(haunched) beam.

3.3

3.3.1

Figure 3.5 A typical rectangu-
lar cross-section of a reinforced
concrete beam; a) positive
bending; b) negative bending.
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b)

will be initially explained with examples of simply supported structures. However, continuous
structures are more common in cast-in-place concrete construction, and the analysis and
design of these structures will be discussed in Chapters 10 and 11.

In general, reinforced concrete members are characterized by regular cross-sectional
dimensions. Members with constant cross-sectional dimensions within one span are called
prismatic members (see Figure 3.4a). In some cases, the cross-sectional properties of a beam
within a span are varied. Beamns and slabs with variable cross-sectional dimensions along their
length are called nonprismatic members. Haunched beams are nonprismatic members com-
monly found in design practice. These beams are characterized by larger cross-sectional
dimensions in the support regions, which could also taper toward the midspan (see Figure
3.4b). Haunched beams are sometimes considered to be a more effective design solution for
longer-span continuous structures.

GENERAL ASSUMPTIONS RELATED TO FLEXURE
IN REINFORCED CONCRETE BEAMS AND SLABS

Notation

Consider the beam cross-section with reinforcement in Figure 3.5. The beam section in
Figure 3.5a is subjected to positive bending (note the tension steel in the bottom part
of the section), whereas the section in Figure 3.5b is subjected to negative bending

b b

| Yo )

a) b)
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Figure 3.6 Tension rein-
forcement in a reinforced
concrete beam: a) three 20M
bars (3-20M) in one layer;
b) six 20M bars (6-20M)

in two layers.

3.3.2
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(note the tension reinforcement in the top part of the section). The notation used in the
figure is as follows:

b = width;

d = effective depth, equal to the distance from the extreme compression fibre to the
centroid of the tension steel; note from Figure 3.5 that the extreme compression
fibre may be located at either the top or the bottom of the section, depending on
whether the bending moment is positive or negative;

h = overall depth;

A, = total cross-sectional area of steel reinforcement resisting tension, usually called
longitudinal steel or tension steel.

Consider the beam cross-section reinforced with three 20M bars shown in Figure 3.6a.
Each 20M bar has an area of 300 mm? according to Table A.1, so the total area of tension
steel (A)) is equal to 900 mm?.

It should be noted that the tension reinforcement is specified by the number of bars
and their size. For example, the three 20M bars in Figure 3.6a are labelled as 3-20M, while
the six 20M bars used for the section in Figure 3.6b are labelled as 6-20M. This labelling
scheme is used in design practice as well as throughout this book.

In some cases, reinforcement must be placed in two or more layers, as shown in
Figure 3.6b. This is usually done to avoid congestion and facilitate concrete placement. The
effective depth (d) is the distance from the compression face of the beam to the centroid of
the tension steel, as shown in Figure 3.6 (note the difference in d for one- and two-layer
reinforcement arrangements). The effective depth can be calculated when the concrete
cover is specified (to be discussed in Chapter 5). In this chapter, the effective depth will be
specified in all examples and problems.

The amount of tension reinforcement is an important parameter in the design of rein-
forced concrete structures. The area of tension reinforcement relative to the cross-sectional
area is commonly used in design and it is called the reinforcement ratio (p). For a beam of
rectangular cross-section such as the one in Figure 3.5, the reinforcement ratio (p) is
defined as

A,

_ O .1
P=4 [3.1]

Limit States Design Assumptions

The ultimate limit states design of reinforced concrete flexural members is based on the
following basic assumptions outlined by CSA A23.3:

1. Plane sections remain plane: Sections perpendicular to the axis of bending that are
plane before bending remain plane after bending. As a result, the strain varies linearly
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throughout the member depth and is equal to zero at the neutral axis. This assumption
is also known as Bernoulli’s hypothesis (CI1.10.1.2).

2. Strain compatibility: The strain in the reinforcement is equal to the strain in the con-
crete at the reinforcement location; that is, strain compatibility exists between concrete
and steel. This assumption implies a perfect bond between the steel and the concrete.

3. Stress-strain relationship: The stresses in the concrete and steel reinforcement can be
computed from the stress-strain diagrams for concrete and steel (C1.10.1.6); however,
Cl1.10.1.7 proposes the use of an equivalent rectangular stress block instead of the
actual stress distribution for concrete for limit states “strength” design.

4. Concrete tensile strength: This strength is approximately equal to one tenth of the com-
pressive strength, but it is neglected in flexural strength calculations (CI.10.1.5).

5. Maximum concrete compressive strain: According to Cl1.10.1.3, the maximum com-
pressive strain in concrete (&,,,,) is equal to 0.0035. It should be noted that this

value does not necessarily represent the actual maximum value — numerous experi-

ments have shown that the maximum strain in concrete generally ranges from 0.003

to 0.005.

The limit states design of reinforced concrete flexural members is based on the follow-
ing basic assumptions outlined by CSA A23.3:

1. Plane sections remain plane (linear strain distribution across the section). This is
Bernoulli’s hypothesis (C1.10.1.2).

2. Strains in the concrete and steel at the reinforcement location are equal.

3. Equivalent rectangular stress block is used instead of the actual stress distribution for
concrete for strength limit states (CL.10.1.7).

4. Concrete tensile strength is neglected in flexural strength calculations (CL.10.1.5).

5. Maximum concrete compressive strain (£,,,,,) is equal to 0.0035 (CI.10.1.3).

3.3.3 Factored Material Strength

Stress-strain diagrams for concrete and steel are presented in Figure 3.7 for reference
(refer to Chapter 2 for more details). Note that two different stress-strain curves are
presented for concrete and steel, respectively. The actual stress-strain diagram is
shown with a solid line, while the dashed line shows the same diagram with the stress
values multiplied by the material resistance factors (¢,) and (¢,) for steel and
concrete, respectively. The material resistance factors are intended to account for
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Figure 3.7 Stress-strain diagrams: a) concrete; b) steel.
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3.3.4

A23.3 Eq. 10.]
A23.3Eq. 10.2

Figure 3.8 Actual versus
equivalent rectangular stress
distribution in a reinforced
concrete beam subjected

to flexure.

CHAPTER 3

variations in actual cross-sectional dimensions and material strengths, as well as
uncertainties in the strength equations. CSA A23.3 C1.8.4.2 and C1.8.4.3 prescribe the
following values for material resistance factors to be used in the design of reinforced
concrete structures:

Resistance factor for concrete is

¢, = 0.65 [3.2]
and the resistance factor for reinforcing steel is
¢, = 0.85 [3.3]

The reader should note that a ¢,. value of 0.6 was used in the previous (1994) edition of
CSA A23.3.

Consequently, the design of reinforced concrete structures according to CSA A23.3 is
performed using the factored specified strengths ¢, f and ¢_f,’ for steel reinforcement and
concrete, respectively.

Equivalent Rectangular Stress Distribution in Concrete

The actual stress distribution in concrete as presented in Figure 3.7a is nonlinear with regard
to strain (a parabolic function), while the stress distribution for steel can be approximated
with an elastoplastic diagram (see Figure 3.7b). The use of the actual nonlinear stress-strain
curve for concrete is considered impractical for design applications. For that reason, CSA
A23.3 C1.10.1.7 permits the use of an equivalent rectangular stress block to replace the actu-
al stress distribution, as shown in Figure 3.8. The equivalent rectangular stress block and the
actual stress distribution are characterized by an approximately equal compression force (C,
). This force acts at a distance a/2 away from the compressed face of the beam cross-section,
hence the term equivalent (see Figure 3.8). The use of an equivalent rectangular stress block
greatly simplifies the calculation of moment resistance for flexural members.
The rectangular stress block has a depth (a) given by

a= B [3.4]

where c is the distance from the extreme compression fibre to the neutral axis. The para-
meters a,; and 3, are defined by CSA A23.3 C1.10.1.7 as follows:

@
B,

@, and B, are purely mathematical parameters based on the requirement of equal
compression stress resultants corresponding to the actual and equivalent rectangular stress
distribution. In most common applications, where concrete strength varies between 25 MPa

0.85-0.0015f," = 0.67 [3.5]
0.97-0.0025f. = 0.67 [3.6]

Il

Concrete compression , s
[ Zone d)cﬂ a‘1 (I)C/(;

<+—C, g;[ <+«—C,

Js A

Actual stress Equivalent rectangular

b
|‘_—‘| distribution stress distribution



3.4

3.4.1

Figure 3.9 Flexural behaviour
of an unreinforced concrete
beam: a) beam elevation;

b) bending moment diagram;
¢) stress and strain distribution
in section A-A.
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and 40 MPa, the calculations can be performed using the approximate values

a, =08 [3.71
=09

These values need not be reduced further unless the design specifies concrete strengths of
45 MPa or higher. The @, and B, values given by Eqn 3.7 will be used in this book. Note
that the depth of the concrete compression zone (@) determined using the equivalent
rectangular stress block (hatched area shown in Figure 3.8) is different from the neutral axis
depth (c¢) corresponding to the actual compression zone.

BEHAVIOUR OF REINFORCED CONCRETE
BEAMS IN FLEXURE

Unreinforced Beams

Consider a simply supported beam subjected to two point loads (P) shown in Figure 3.9a. Let
us observe the behaviour of the beam as the loads increase gradually from zero to a level suf-
ficient to cause failure. The external loads (P) cause internal bending moments that in tum
cause flexural stresses in the beam. The bending moment diagram for this beam is shown in
Figure 3.9b. Let us first examine the flexural behaviour of a plain concrete beam without rein-
forcing — the case of an unreinforced concrete beam. In this case, concrete behaves like a
homogeneous material. Initially, the beam demonstrates elastic behaviour, characterized by a
linear stress-strain relationship according to Hooke’s law. If the load is removed before the fail-
ure, the beam will restore to its original unloaded position. Internal bending moments develop
in the beam due to applied loads that cause bending stresses. The stress distribution across a
beam cross-section at any point along the span is essentially linear, increasing from zero at the
neutral axis to the maximum value at the top and bottom fibres of the section (see Figure 3.9¢).
The neutral axis (denoted as N.A. in the figures) is a longitudinal axis of zero strain along the
member subjected to flexure. At low strains, the concrete resists both tension and compression.
However, at a higher load level, tensile stress in the concrete bottom fibre reaches the modulus

P
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3.4.2

Figure 3.10 Flexural behaviour
of a reinforced concrete beam —
elastic uncracked phase.

CHAPTER 3

of rupture (f,) (see Section 2.3.2 for more information). At that stage, concrete cracks and can
no longer resist tension. The beam fails suddenly due to the rapid crack propagation through
the critical cross-section.

Reinforced Beams

As the next step, let us now consider the same beam reinforced with three steel bars at the
bottom, as shown in Figure 3.10. Note that the tension reinforcement has been provided
in the tension zone of the beam (below the neutral axis) as shown on section A-A in
Figure 3.10. The beam is subjected to the same load pattern as the unreinforced concrete
beam discussed above. Concrete is characterized by a specified compressive strength ( £
and a tensile strength expressed by the modulus of rupture (f,), while steel is characterized
by the yield strength (f,). A properly reinforced concrete beam undergoes the following
four distinct stages of flexural behaviour:

1. elastic uncracked
2. elastic cracked
3. yielding

4. failure

The behaviour of a reinforced concrete beam in each of these four stages is discussed in
the following text.

Elastic uncracked behaviour Initially, at very small loads, the beam remains uncracked,
as shown in Figure 3.10. The stress and strain distribution for concrete is linear, increasing
from zero at the neutral axis to the maximum at the top and bottom fibres of the section. At
this stage, the beam demonstrates elastic uncracked behaviour. Both concrete and steel resist
tension; however, only the part of the concrete section above the neutral axis resists
compression. It should be noted that the strains in steel and concrete at the reinforcement loca-
tion are equal; however, the stress in steel ( f;) is significantly larger than the stress in concrete
(f.), as shown on the stress diagram in Figure 3.10.

Elastic cracked behaviour (service load level) The beam cracks when the flexural
stresses at the bottom fibre reach the concrete tensile strength (f), as shown in Figure 3.11.
Cracked concrete is no longer able to resist tensile stresses. From this stage onward, tensile
stresses at the cracked locations are carried by the steel reinforcement only. It should be noted

P
e g
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Section A-A Strains Stresses



Figure 3.11 Flexural behaviour
of a reinforced concrete

beam — elastic cracked

phase (service load).

Figure 3.12 Flexural behav-
iour of a reinforced concrete
beam — onset of yielding.
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Compression

Tension

€< g,
Section A-A Strains Stresses

that the stress in the steel at this load level is generally well below the yield stress; that is,
f; << f,. The concrete continues to resist compression. As a result of the cracking, the neutral
axis moves upward and the area of the concrete compression zone decreases. Maximum
compressive stresses up to f,.’/2 develop in concrete. The stress distribution in the concrete is
still close to linear at this stage. This behaviour is known as elastic cracked behaviour. Note that
most reinforced concrete beams are proportioned such that cracks develop at the service loads;
however, these cracks, often called “hairline cracks,” are barely visible.

Yielding As the load continues to increase, the stress in the steel reinforcement eventually
reaches the yield point (f; = f,), as shown in Figure 3.12. The compressive stresses in concrete
are still elastic. Once yielding has occurred, beam deformations increase rapidly while the cor-
responding increase in the bending moment values are rather insignificant. The beam is still
capable of carrying the applied loads, however this stage is considered the beginning of failure.

Failure With any further load increase, very large deformations develop in the beam
and the beam ultimately fails, as shown in Figure 3.13. It should be noted that the tensile
strain in the steel is much larger than the yield strain (¢, > &), while the stress in the steel
is equal to the yield stress (f; = f,). The compressive strain in the concrete (£,) at the top
fibre has reached or exceeded the maximum value of 0.0035, and the corresponding stress

Loy

Section A-A Strains Stresses
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Figure 3.13 Flexural behaviour . e
of a reinforced concrete beam —
steel-controlled failure, Section A-A Strains Stresses

is equal to the compressive strength (f.'). The failure of an actual reinforced concrete
beam subjected to a similar load pattern as the above-discussed beam is illustrated in
Figure 3.14. Note the flexural cracks in the bottom part of the beam (especially around the
midspan) and the crushed concrete in the top region at the beam midspan.

The stages in the behaviour of a reinforced concrete member subjected to flexure are
presented in Figure 3.15, which depicts the relationship between the applied load (P) and
the corresponding displacement at the midspan (A). There are four distinct points on the
diagram corresponding to the different stages of flexural behaviour. Initially, at low load
levels, the P— A relationship is linear elastic and the beam is said to be in the elastic
uncracked stage. Once cracking takes place (point C), the slope of the diagram changes
(although it still remains linear) as the beam becomes “softer” due to the cracking; this is
the elastic cracked stage. With further load increase, the service load level is reached (point
S on the diagram), but the stress in the steel is below the yield level. Once the load has
reached the point where steel reinforcement begins to yield (point Y), there is a significant
increase in the displacement corresponding to a small amount of load increase. Finally, as
the load increase continues, the beam fails after experiencing an excessive amount of defor-
mation (point F on the diagram).

o 13
4

2 o]
¢ R h _.gt&._u»; ¢ }

Figure 3.14 Flexural failure of a reinforced concrete beam.

(Svetlana Brzev)



Figure 3.15 Force-deflection
diagram for a reinforced concrete
beam subjected to flexure.
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P A

C - onset of cracking
S - service load

Y - yielding
= s F - failure
0 Midspan deflection (A)
S | |
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uncracked cracked vieking

It should be noted that reinforced concrete members subjected to flexure can fail in dif-
ferent ways, also called failure modes (to be discussed in Section 3.4.3). The mode of fail-
ure in Figure 3.13 is called steel-controlled failure, as the steel yields before the concrete
reaches the maximum strain, at which the crushing takes place. The failure is preceded by
significant visible deformation and cracking. This is a desirable failure mode for reinforced
concrete members because it gives visible warning before the actual failure takes place.

3.4.3

The following four stages of flexural behaviour are characteristic of properly reinforced
concrete beams and slabs:

1. elastic uncracked
2. elastic cracked
3. yielding

4. failure

Most reinforced concrete flexural members demonstrate elastic cracked behaviour
under service loads.

Failure Modes Characteristic of Reinforced
Concrete Flexural Members

The behaviour of reinforced concrete beams subjected to flexure was explained in the pre-
vious section in an example of a beam failing in the steel-controlled mode. Reinforced
concrete flexural members can fail in one of the following two modes:

« steel-controlled (initiated by yielding of tension reinforcement);
« concrete-controlled (initiated by crushing of concrete in compression).

The threshold between the steel-controlled and concrete-controlled failure modes is called the
balanced condition; it is characterized by the amount of tension reinforcement that causes
the simultaneous yielding of steel and crushing of concrete at the ultimate. The mode of fail-
ure for a reinforced concrete flexural member is strongly influenced by the amount of tension
reinforcement and the mechanical properties of steel and concrete, as explained below.



84

Figure 3.16 Beam cross-
sections and strain distribu-
tions: a) the loading scheme;
b) Beam A; c) Beam B;

d) Beam C.
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The key features of these failure modes are explained below.

Consider the three reinforced concrete beams with identical cross-sectional dimensions
and material properties in Figure 3.16. Beam A is reinforced with two 25M bars (2-25M),
Beam B with ten 25M bars (10-25M), and Beam C with seven 25M bars (7-25M). All three
beams have been subjected to the two point loads (P), as shown in Figure 3.16a. The load
increases from zero to the level that causes failure in each beam. Let us study the behaviour
of these beams using the relationship between the gradually increasing load (P) and the cor-
responding midspan deflection (A) at section A-A.

Steel-controlled failure Beam A, characterized by the least amount of reinforcement
of the three beams, fails in the steel-controlled mode (also called “tension failure” in some
references). This mode of failure occurs when the reinforcement yields before the concrete
crushes and is characterized by the following strain distribution:

* The steel yields, which means the tensile strain in the steel is greater than or equal to the
yield strain (&; = &,), while the stress in the steel is equal to the yield stress (f, = £

* The maximum compressive strain in concrete (g, ) reaches the value of 0.0035
(e = (.0035).

cruix

cmax

The strain distribution in Beam A at the ultimate is shown in Figure 3.16b.

This behaviour is said to be ductile, as such a beam is able to sustain large defor-
mations before failure, as shown with a solid curve in Figure 3.17. If a beam or a slab
in a building fails in a ductile manner, the occupants have warning of the impending
failure and have an opportunity to leave the building before the collapse, thus avoiding
potential casualties. Steel-controlled failure is therefore the desirable mode of failure



Figure 3.17 Force-deflection
curves for reinforced concrete
beams failing in different
failure modes.
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for reinforced concrete flexural members. Beams with an appropriate amount of rein-
forcement that would fail in a steel-controlled failure mode are said to be properly
reinforced beams.

Concrete-controlled failure Beam B, characterized by the maximum amount of
reinforcement of the three beams, fails in the concrete-controlled mode (also called
“compression failure” in some references). In this mode of failure, the concrete reaches
the maximum compressive strain before the steel yields, and the strain distribution is
as follows:

* The steel remains elastic (¢, < &, and f, < f)).
« The maximum compressive strain in concrete (g
(e = 0.0035).

cmax

) reaches the value of 0.0035

cmax

The strain distribution in Beam B at the ultimate is shown in Figure 3.16c. The beam
exhibits elastic behaviour and fails as a result of the sudden crushing of concrete compres-
sion zone shortly after the maximum load (P) has been reached. The beam fails without
experiencing significant deformations, which is characteristic of brittle behaviour, as illus-
trated by the dotted curve in Figure 3.17. Beams of this type fail suddenly in a brittle manner
without warning to the occupants of the building; consequently, the occupants might
not have enough time to escape from the building before it collapses. This is clearly an
undesirable situation. Beams that would fail in the concrete-controlled mode are said to be
overreinforced.

Balanced condition Beam C is reinforced with an “intermediate” amount of rein-
forcement, as shown in Figure 3.16d. This amount of reinforcement corresponds to
the balanced condition, which is associated with the simultaneous crushing of con-
crete and yielding of steel reinforcement (see Figure 3.16d) and the following strain
distribution:

+ The steel has just yielded; that is, the tensile strain in steel is equal to the yield strain
(&, = &,), whereas the corresponding stress in steel is equal to the yield stress

f, =1,
+ The maximum compressive strain in concrete (&) reaches the value of 0.0035
(e = (.0035).

cmax

This case marks the balance point between a ductile (steel-controlled) failure and a
brittle (concrete-controlled) failure, hence the name balanced condition. The beam
shows elastic behaviour until the maximum load (P) has been reached, and a sudden
brittle failure occurs shortly thereafter. The balanced condition is sometimes referred to
as a special failure mode called “balanced failure”; however, in reality it is a special
case of concrete-controlled failure. This behaviour is shown with a dashed curve in
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Figure 3.17. The amount of reinforcement required to create this condition is called
balanced reinforcement. When the amount of reinforcement is equal to or greater than
balanced reinforcement, the beam will fail in the concrete-controlled mode. Therefore,
the designer should exercise caution when the amount of reinforcement in a flexural
member approaches balanced reinforcement. For a detailed discussion of the balanced
condition, refer to Section 3.5.3.

Failure of underreinforced flexural members By now, the reader has developed
an understanding of the failure modes characteristic of flexural members and should
appreciate the fact that a beam with less reinforcement will perform better when subject-
ed to flexure in comparison with a beam reinforced with a rather large amount of
reinforcement. However, there is a lower limit to the amount of reinforcement. Let us con-
sider that Beam A was reinforced with only two 10M bars. When the load that causes
cracking has been reached, reinforcing bars will rupture as the ultimate steel tensile
strength is simultaneously attained. This is followed by the crushing of the concrete and
the complete collapse of the beam. This behaviour is similar to that characteristic of an
unreinforced concrete beam described in Section 3.4.1, and is shown with a thin solid
curve in Figure 3.17. This is a brittle and hence undesirable failure mode. Beams with a
very small amount of reinforcement are called underreinforced. To prevent the design of
underreinforced beams, CSA A23.3 prescribes the minimum amount of reinforcement in
flexural members. This will be explained in Chapter 5.

There are two basic failure modes characteristic of reinforced concrete flexural
members:

» steel-controlled
= concrete-controlled

These failure modes are related to the behaviour of steel and concrete, which are the
main ingredients of reinforced concrete. Steel is a ductile material with the ability
to deform extensively before failure. It is considered good practice to design
reinforced concrete flexural members to fail in the steel-controlled mode initiated
when the steel reinforcement yields and characterized by ductile behaviour. Flexural
members failing in the steel-controlled mode usually have a moderate amount of
reinforcement,

Concrete is a material characterized by brittle behaviour. It is therefore not recom-
mended to design flexural members to fail in the concrete-controlled mode initiated by
the crushing of concrete. This mode of failure is typically brittle and occurs suddenly
and without warning. Flexural members failing in the concrete-controlled mode are
characterized by a rather large amount of reinforcement.

The balanced condition represents the threshold between the steel-controlled and
the concrete-controlled failure modes. This condition is associated with the simultane-
ous crushing of concrete and yielding of steel reinforcement, and it represents a special
case of concrete-controlled failure. The designer should exercise caution when the
required reinforcement ratio approaches balanced reinforcement.

Flexural members characterized by a very small amount of reinforcement (also
called underreinforced members) demenstrate brittle behaviour and fail suddenly and
without warning. The behaviour of such members under flexure is similar to the behav-
iour of unreinforced concrete members. CSA A23.3 prescribes the minimum amount of
reinforcement in flexural members.
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3.5 | MOMENT RESISTANCE OF RECTANGULAR
BEAMS WITH TENSION STEEL ONLY

3.5.1 Properly Reinforced Beams (Steel-Controlled Failure)

Figure 3.18a shows a simply supported rectangular beam subjected to point loads (P). The
beam has a rectangular cross-section with width b and effective depth d, as illustrated in
Figure 3.18b. The beam is considered to be properly reinforced; that is, it fails in the steel-
controlled mode (as discussed in Section 3.4.3). The following design assumptions are
made in this case:

* The steel yields; that is, the tensile strain in the steel is greater than or equal to the yield
strain (g, = ¢, ), while the stress in the steel is equal to the yield stress (f; = f.).

» The maximum compressive strain in concrete (&,,,.) reaches the value of 0.0035
(e = (.0035).

cmax

Cgx

Let us consider the equilibrium of forces acting on the cross-section in Figure 3.18c.
Concrete resists compression whereas steel reinforcement resists tension. The internal
bending moment developed at any location within a beam is resisted by a force couple
T and C, separated by a lever arm, as illustrated in Figure 3.18c. The resultant concrete
compression force (C,) is equal to the product of the area of the compressive zone of
depth a and width b and the uniform stress of magnitude ¢, f. (see Figure 3.18d);
that is,

C,=a.flab [3.8]

The tension force in the reinforcement (7)) is equal to the product of the factored stress in
steel (¢, f,) and the reinforcement area (A). This is based on the expression for normal
stress presented in mechanics of materials textbooks:

T,= b.f,A, [39]

Figure 3.18 Reinforced concrete beam at the ultimate: a) beam elevation; b) typical cross-section; c) equivalent
rectangular stress distribution; d) isometric view of stress distribution.
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As the beam is not subjected to any external axial loads, the equilibrium of forces in
the horizontal direction gives

C, =T [3.10]

The equation of 3.10 can be rewritten using the 7, and C, values from Egns 3.8 and 3.9,
respectively:

. f,' ab=¢f A [3.11]
The depth of the rectangular stress block (a) can be determined from (3.11) as

b A,

a= W [3.12]

Once the depth of the compression zone (a) has been determined, the factored moment
resistance of the section (M) can be obtained from either of the forces T or C, by using
the expression: moment = force X lever arm, a notion introduced in statics courses

The equation of equilibrium is

Bl [3.10]
where
T=¢, £ A, [3.9]

is the tension force in the reinforcement and
C,=a.f'ab [3.8]

is the compression force in concrete.
The depth of the rectangular stress block (a) is

¢ fA

a= Lﬂ [3.12]
al':bc'fc b

where

a; =08 and B, =09 [3.7]

The factored moment resistance of the section (M L) is

M,=T (d - %) [3.13]

or

a
M, = b.f,A, (d - 5) [3.14]
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(see Figure 3.18d), while the lever arm length is (d —a/2). M, can then be determined
as follows:

M, =T (d - ) [3.13]

If we substitute the expression for T, from Eqn 3.9 into Eqn 3.13, M can be expressed
in expanded form as

M, = ¢.f,A (d - %) [3.14]

The above equation determines the factored moment resistance (M ) for a beam or a slab
cross-section. The word “resistance” implies capacity and is calculated using the mate-
rial resistance factors ((,‘bs) and (¢ o) discussed in Section 3.3.3.

—

Example 3.1

Given:

SOLUTION:

A typical cross-section of a reinforced concrete beam is shown in the figure below. The
beam is reinforced with two 25M bars (2-25M) in the tension zone. The beam is prop-
erly reinforced. Concrete and steel material properties are given below.

Find the factored moment resistance for the beam section.

400 mm
=

£

£

El S

8 s}

]l

-2 -25M

4= |e '
f.=25MPa
f, = 400 MPa
¢, = 0.65
$, =085

1. Calculate the area of tension steel (A ) and the effective depth (d)
Tension steel: 2-25M bars
The area of one bar is 500 mm? (see Table A.1). The total area of tension steel (AS) is
given by

A, =2 X 500 mm? = 1000 mm?
The effective depth (d) is given (see the sketch above); that is
d = 450 mm

2. Calculate the depth of the equivalent rectangular stress block (a)
First, let us calculate the tension force in the reinforcement (7). As the beam is prop-
erly reinforced, the tension steel yields; that is,

fvzfv
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Therefore,

N

= A [3.9]
0.85 X 400 MPa X 1000 mm? = 340 X 10> N = 340 kN

Let us use the equation of equilibrium

C. =T [3.10]
Since the compression force in concrete (C,) is given by

C,=ad.f ab [3.8]
where

a, =038

the depth of the rectangular stress block (a) can be calculated from the equation of
equilibrium as
2 340 X 103N
a == —4
a b . f'b 0.8 X 0.65 X 25 MPa X 400 mm

= 65.4 mm = 65 mm

b =400 mm

JIEROm

Tz 8T Hee
E
-u—"' a8 [ ] Tr_'_"

3. Calculate the factored moment resistance (M 2)
The moment resistance can be calculated from the equation

a
M, =T (d G ) [3.13]

= 1419 X 10° N-mm

(340 X 103 N) (450 L )

The factored moment resistance is

M, = 142kN-m

e e e e e e s I T P T s ) Dt eSS TR

3.5.2

Overreinforced Beams (Concrete-Controlled Failure)

Reinforced concrete beams characterized by a large amount of reinforcement generally fail in
the concrete-controlled mode; these beams are also called overreinforced beams. The
concrete-controlled mode is an undesirable mode of failure and it is expected that the reader
will not design overreinforced beams; however, an overview of the analysis procedure is pre-
sented in this section.
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When the concrete crushes before the steel yields, the following stress and strain
distribution take place:

« The maximum compressive strain in the concrete (¢, ) reaches the value of 0.0035
(Eomax = 0.0035).

» The tensile strain in the steel is less than the yield strain (&, < &), while the stress in
the steel remains in the elastic range (f, < f,), so the tension reinforcement does not

yield.

cmax

The equation of equilibrium remains the same as in the case of properly reinforced beams
discussed in Section 3.5.1; that is,

C, =T [3.15]
When the T, and C, are substituted from Eqns 3.8 and 3.9 into Eqn 3.15, it follows that
(@b f)(ab) = df A, [3.16]

As the tension steel remains in the elastic stress range, Hooke’s law applies and the stress
in the steel is proportional to the strain:

f; = Ee [3.17]

The steel strain (&) can be determined using the similarity of triangles from the strain
distribution diagram in Figure 3.18c:

Scmax - gcmax + 85
P y [3.18]
where &, = 0.0035 and ¢ can be determined from Eqn 3.4 as
a
c=—
B

The & value can be substituted in Eqn 3.17 to determine f,. Subsequently, f, can be sub-
stltuted in Eqn 3.16. The quadratic equation 3.19 obtained in this way can be solved for a:

(a1¢ f,)b
b, E A,

Lmax

a> + a—dp,; =0 [3.19]

Once the @ value has been obtained from Eqn 3.19, the factored moment resistance (M)
can be obtained as follows:

M =T (d - %) 3.13]

Although it is possible to gain additional moment resistance by increasing the amount of
reinforcement, the design of overreinforced beams should be discouraged for the follow-
ing reasons:

« Itis not economical to place a large amount of reinforcement in a beam.
» Excessively large amounts of reinforcement will lead to the concrete-controlled failure
mode, which is brittle and does not provide any warning to building occupants.

A more appropriate solution in this case would be to redesign a beam using a deeper or wider
section.
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The steel strain (&) can be determined from the strain distribution diagram as

“"cmux == srma.\'

c d

=+ &,
[3.18]

where €., .. = 0.0035 and ¢ can be determined as

then the beam should be treated as overreinforced. The depth of the rectangular stress
block (@) is determined from the quadratic equation

(e, 1) b 5
== kg =dp, =0 [3.19]
8:'ma.¥¢s ES AS :
where
a; =08 and B, =09 [3.7]
The factored moment resistance of the section (M) is given by

a
M, =T (d e 5) [3.13]

“

Example 3.2 Consider the beam section from Example 3.1 reinforced with ten 25M bars
(10-25M) in the tension zone. The concrete and steel material properties are given
below.

Verify whether the beam is overreinforced and find the factored moment resistance.

L 400 mm [
| 1
E
E| E
HE
o
S| = 10 - 25M
0 eo 0 0 o\ —
e e o o o

X

Given: f.' = 25 MPa

£, = 400 MPa
¢, = 0.65
b, = 0.85

E

5

]

200 000 MPa
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1.

Calculate the area of tension steel (A,) and the effective depth (d)
Tension steel: 10-25M bars

The area of one 25M bar is 500 mm? (see Table A.1). The total area of tension steel
(A is

A, = 10 X 500 mm? = 5000 mm?
The effective depth (d) is given as
d = 400 mm

Note that this beam is reinforced with 10 bars distributed in 2 layers. The effective
depth (d) is the distance from the top of the beam to the centroid of the reinforcement.

Check whether the tension reinforcement has yielded
Assume that the tension steel has yielded.
Also, consider the following values (this is OK since f! = 25 MPa):

a, =08 and B, =09 [3.7]

The tension force in the reinforcement (7)) is given by

T, = &.f, A, (3.9
= 0.85 X 400 MPa X 5000 mm?2 = 1700 X 10° N = 1700 kN

Let us use the equation of equilibrium

C =T [3.10]

Since the compression force in concrete (C,) is given by

C =ad.f ab [3.8]

the depth of the rectangular stress block (a) can be calculated from the equation
3.10 as

T, 1700 X 10>N
a = =
a,d.f b 0.8 X 0.65 X 25MPa X 400 mm

= 327 mm

The neutral axis depth can be then determined as

_a _ 327 mm
B, 09

c = 363 mm

The strain in the steel reinforcement can be calculated from the strain distribution
diagram using the similarity of triangles (see the sketch below):

gcmax Scmax + 85

P 4 [3.18]

or

0.0035 0.0035 + £,
363mm 400 mm

The steel strain can be calculated from the above equation as
g, = 0.00036
Calculate the yield strain:

5 400 MPa
8 =

L= = 0.002
¥ E, 200000 MPa
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Since
g, = 0.00036 << 0.002

the tension steel has not yielded, and the beam should be analyzed as an overrein-
forced beam.
The strain distribution for this beam section is shown on the sketch below.

|b=w00mm: o € ray = 0.0035

400 mm

d=

Calculate the depth of the equivalent rectangular stress block (a)
The depth of the rectangular stress block (a) can be determined from the quadratic
equation

(. f)b

EomaDs EAg
(0.8 X 0.65 X 25 MPa) X 400 mm

(0.0035 X 0.85 X 200 000 MPa X 5000 mm?

a> + a—dp, =0 [3.19]

)az + a— (400 mm X 0.9) =0

Therefore,
(1.75 X 107%Ha%2 + a—360=0

and

—1+ V12 + 4%x360X 175X 1073 2e
a= =
2% 175 X 103 =

The neutral axis depth can be then calculated as

a 250 mm
cC=—=

B, 09

= 278 mm = 280 mm

Calculate the factored moment resistance (M)
First, let us calculate the steel strain using the procedure from step 2 above.
The steel strain (£,) can be determined from the strain distribution diagram as

& " £ + &,
CHIEX CHax §
= 3.18

or

0.0035  0.0035 + &
280mm 400 mm
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From the above equation it follows that
g, = 0.0015
The stress in the steel can be calculated from Hooke'’s law as
f; = E &, = 200 000 MPa X 0.0015 = 300 MPa
As a result, the tension force in the reinforcement is given by
T = ¢, f. A, = 0.85 X 300 MPa X 5000 mm? = 1275 X 10° N = 1275 kN

The moment resistance can be calculated from the equation
a
M. =T (d — E) [3.13]

= 350.6 X 10° N-mm

250
= (1275 X 10°N) (400mm = ﬂ)

The factored moment resistance for this beam section is

M, = 350 kN-m

e e e e e e e R e e L e

Figure 3.19 Balanced
condition.

3.5.3

Balanced Condition

The balanced condition is characterized by the simultaneous crushing of concrete and
yielding of the tension reinforcement. The strain in the concrete reaches the maximum
value &, = 0.0035 while the strain in the steel reaches the yield strain (g, = &,).
Consequently, the stress in the steel is equal to the yield stress; that is, f, = f,. The bal-
anced condition is illustrated in Figure 3.19. '

The following proportion can be obtained from the strain diagram using the similarity

of triangles (Eqn 3.18):
00035 0.0035 + 8},
&= d

The c/d ratio for the balanced strain condition can be determined as

¢ 0.0035
d 00035 + &, Lo

Equation 3.20 can be used to determine the neutral axis depth (c) at the balanced condition.
The yield strain (&) can be obtained from Hooke’s law as (see Section 2.6.2)

g, == [2.4]

5

where E“. is the modulus of elasticity for steel (E_ = 200 000 MPa).

}.—b—-[ €¢ mac= 0.0035 oS,

A e ® o - —r——l ------------------------ T,—»
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The depth of the equivalent rectangular stress block (a) can be determined as
a=p,c [3.4]

The area of tension reinforcement corresponding to the balanced condition is called the
balanced reinforcement (A ), and it can be found from the equation of equilibrium of
internal forces presented in Section 3.5.1:

=1 [3.10]
where

T,= b5, A, [39]
is the len.sion force in the reinforcement and

C,=ap.f ab [3.8]

is the compression force in the concrete.
From Eqn 3.10 it follows that

G o flab
sb f,b\f‘, - ¢\f‘

The corresponding reinforcement ratio, called the balanced reinforcement ratio (p,,), can
be determined as

A.rb
Py =32 [3.22)

A [3.21]

The above equation can be used to calculate the balanced reinforcement ratio (pp). It
should be noted that this ratio does not depend on the cross-sectional dimensions of a
particular beam; the p, value is constant for all beams with the same concrete and steel
material properties (f." and f,).

The c/d ratio corresponding to the balanced condition is

c 0.0035

d 00035 +e, [3:20}
The depth of the equivalent rectangular stress block (a) is

0= ﬁ | c [3.4]

The balanced reinforcement area (A ) is
0 s ad f'ab

A, = = [3.21]
sb ‘;bs f;, ¢_; f;,
The balanced reinforcement ratio (p) is
A
Py = b—‘d” [3.22]

The factored moment resistance (M ,) for the balanced condition is

M, = &1, A, (d - g) [3.14]
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The factored moment resistance (M) for a rectangular beam section in the balanced
condition can be determined using the equation

M,= ¢ fAy (d = %) [3.14]

As discussed in Section 3.4.3, the balanced condition represents the threshold between
overreinforced beams failing in the concrete-controlled mode and properly reinforced
beams failing in the steel-controlled mode. For that reason, structural designers use the
balanced reinforcement ratio (p,) to predict the potential failure mode for a beam with
reinforcement ratio (p). The three possible scenarios are summarized below.

1. The balanced condition (p = p,) is characterized by the concrete crushing and the
steel yielding simultaneously. The amount of steel required to create this condition is
considered to be large.

2. Concrete-controlled failure (p > p,) is a brittle failure characterized by the concrete
crushing. The amount of steel required to create this condition is larger than for the
balanced condition, and such a beam is called overreinforced.

3. Steel-controlled failure (p < p,) is characterized by the yielding of steel rein-
forcement. The amount of reinforcement required to create this condition is
less than in balanced reinforcement, and such a beam is said to be properly
reinforced.

It should be noted that, given the variability in the actual material strengths and stress-
strain relationship for concrete and steel, the actual value of the balanced reinforcement
ratio may be lower than the value calculated using Eqn 3.22. The designer should exercise
caution when the required reinforcement ratio approaches the balanced ratio. A recom-
mended upper bound for the reinforcement ratio to ensure steel-controlled failure is around
75% of the p,, value; that is, p = 0.75p,

The balanced condition, characterized by the simultaneous crushing of concrete and
yielding of steel reinforcement, represents the threshold between overreinforced beams
failing in the concrete-controlled mode and properly reinforced beams failing in the
steel-controlled mode. Structural designers use the balanced reinforcement ratio ( py) to
predict the potential failure mode for a beam with reinforcement ratio (p). The three
possible scenarios are summarized below.

» If p = p,, the amount of reinforcement corresponds to the balanced condition.
The amount of steel required to create this condition is considered to be large—
it is the upper bound of the amount of reinforcement permitted in the flexural
design.

* If p > p,, the amount of reinforcement corresponds to the concrete-controlled fail-
ure mode, characterized by an excessively high reinforcement ratio (overreinforced
beams).

* If p < p,, the amount of reinforcement corresponds to the steel-controlled failure
mode, characterized by a moderate amount of reinforcement (properly reinforced
beams).

It is desirable to use the “proper” amount of steel reinforcement in the design to ensure
the steel-controlled mode of failure. The reinforcement ratio should preferably be less
than 75% of the p,, value, that is, p = 0.75p,,.
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h

Example 3.3 Consider the beam cross-section discussed in Example 3.1. The concrete and
steel material properties are given below. The effective depth (d) is equal to
400 mm.
Find the following:

* the balanced area of reinforcement,

s the balanced reinforcement ratio,
* the factored moment resistance corresponding to the balanced condition.

B T
=

E

Ela

ol o

o=

"I‘I’ 1

<[ Ap =7
- ®

A =

b =400 mm
=400 moy

Given: f' = 25MPa

f, = 400 MPa
b, = 0.65
b, = 0.85

E, = 200 000 MPa

SOLUTION: 1. Calculate the depth of the equivalent compression stress block (a)
The effective depth (d) is given by

d = 400 mm

The c/d ratio corresponding to the balanced condition can be obtained as

.003
AN (3.20]

d~ 00035 + ¢,

The yield strain can be calculated from Hooke’s law as

5 400 MPa o
B e e =2 ) )
Y E. 200000 MPa

¥

Subsequently, the neutral axis depth can be calculated from Eqn 3.20 as

00035
“ 7 0.0035 + 0.002

= 0.64d = 0.64 X 400 mm = 255 mm

Also, consider the following values (this is OK since f." = 25 MPa):

a, =08and B, =09 [3.7]

The depth of the equivalent rectangular stress block (a) can be calculated as

a=pfc [3.4]

= 0.9 X 255 mm = 230 mm
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2. Calculate the balanced reinforcement (area and ratio)
The compression force in concrete (C,) is given by

C,=ap.f ab [3.8]
0.8 X 0.65 X 25 MPa X 230 mm X 400 mm = 1196 X 10° N

The area of reinforcement can be calculated from the equation of equilibrium

B T 7;, [3.10]
where
Tr = qbcf y Asb [3.9]

is the tension force in the reinforcement.
As aresult, A, can be calculated as

CJ'
A= b [3.21]

1196 X 10°N
0.85 X 400 MPa

= 3518 mm? = 3500 mm?

7-25M bars can be used in this case (one 25M bar has an area of 500 mm?; see Table A.1);
A, = 7 X 500 mm? = 3500 mm?
The balanced reinforcement ratio can be calculated as

Ay 3500 mm?

=—= = 0.022
Po bd 400 mm X 400 mm

Therefore, p, = 2.2%.

3. Calculate the factored moment resistance (M)
The moment resistance can be calculated from the equation

M, = ¢.f,A, (d - % ) [3.14]

230 mm

= 0.85 X 400 MPa X 3500 mm? (400 mm — ) =339 X 10°N-mm

The factored moment resistance corresponding to the balanced condition is
M, = 339kN-m

4. Provide a design summary

-

£

=

o

(==

uw

i L— 7 - 25M

= ° ¢
TREEE

-
b =400 mm
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Learning from Examples

CHAPTER 3

At this point, it is important to

compare the results of the analyses performed in

Examples 3.1 to 3.3. A rectangular beam section with the width of 400 mm and overall
depth of 500 mm and material properties: f," = 25 MPa and f, = 400 MPa has been

considered in all three examples;

the only difference is in the amount of reinforcement

provided in the section. The relevant results of the three examples are summarized in

Table 3.1 and Figure 3.20.

Table 3.1 Summary of the results — Examples 3.1 to 3.3

Factored
Neutral moment
Example Area axis depth resistance
(type of beam) Reinforcement (mm?) (mm) (kN-m)
3.1 (properly reinforced) 2-25M 1000 73 142
3.2 (overreinforced) 10-25M 5000 280 350
3.3 (balanced) 7-25M 3500 255 339
Concrete c{ompressmn zone o g, =00035
NA., _ AL I +—G= 340KN
a
) S
2-25M|e e|-- —» 7,=340kN
2
Properly reinforced Strain Internal forces
beam (Example 3.1)
c €cmax=0.0035
] =
S 4+— C,=1275kN
N
// s owd b .
b) e o000
10-25M |e @ @ @ o| 7 T T —» 7,=1275kN
Overreinforced .
(Example 3.2) Strain Internal forces
Scmax
ol [e e
1 £ £
FEYs)
g W Q
c) R
-~
Properly e
reinforced : Balanced
: Overreinforced
€

Figure 3.20 Strain and stress distribution in the sa

me beam section with different amounts of

reinforcement: a) properly reinforced beam; b) overreinforced beam; c) a combined strain distri-

bution diagram for the three beam sections.
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The following conclusions can be drawn by comparing the results of these examples:

1. The increase in the amount of reinforcement between the properly reinforced beam
and the overreinforced beam is fivefold (from 1000 mm? to 5000 mm2). However,
there is not a proportional increase in the factored moment resistance (the factored
moment resistance increases from 142 kN-m to 350 kN-m). It is not economical to
design overreinforced beams, as the steel strength is not fully utilized before failure.

2. The amount of reinforcement provided in reinforced concrete beams should prefer-
ably not exceed the balanced reinforcement. Overreinforced beams pose a risk to
building occupants in the case of failure that occurs suddenly and without warning.
The reader should be discouraged from designing overreinforced beams.

3. Itis very important for the reader to gain some sense of the importance of strain
and stress distribution within a concrete flexural member. A summary of the strain
distributions in the three beam sections is shown in Figure 3.20c. The strain distri-
bution in the properly reinforced beam is shown with a solid line, the distribution
in the overreinforced beam is shown with a dashed line, and the balanced strain dis-
tribution is shown with a dotted line. The reader should acknowledge the possibil-
ity of a wide variation in neutral axis depth and the corresponding strain and stress
distributions depending on the amount of reinforcement placed in a section.

It can be concluded that the designer should be able to control the behaviour of a reinforced
concrete flexural member by choosing the proper amount and distribution of reinforcement.

3.6

3.6.1

Figure 3.21 A partial floor
plan of a one-way slab and
beam floor system.

FLEXURAL RESISTANCE OF ONE-WAY SLABS
One-Way and Two-Way Slabs

A one-way slab is a reinforced concrete floor panel that transfers load to the supporting beams
in one direction only, as shown on the partial floor plan in Figure 3.21. The slab is supported by
beams and girders that are in turn supported by the columns at points A, C, D, and E A slab
panel can be defined as a portion of the slab between the two adjacent beams and girders (for
example, see panel ABED in Figure 3.21). Consider that the span (L,) in the north-south direc-
tion is significantly larger than the span (L ) in the east-west direction such that L /L, > 2. In
that case, the slab panel ABED transfers most of the floor load (over 90%) to the beams AD and
BE. It is said that this slab spans in the “short” direction (L,) and is considered a one-way slab.

It should be noted that, if the same floor system were characterized with a span ratio
L, /L, <2, this slab would not transfer load primarily in one direction; that is, the support-
ing beams and girders on all four sides would carry a portion of the floor load. Such slabs
are called two-way slabs. The design of two-way slabs is beyond the scope of this book; how-
ever, a basic discussion of the concept is presented below.

Girder Column
UA [ g c N
—_—— e d =

™ Direction of
) load transfer

>
HZ
7
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Figure 3.22 A slab with an
l.y/Lx ratio of 2.0.

CHAPTER 3

Consider a slab panel ABED supported by columns at four points, as shown in Figure 3.22.
The slab is subjected to a uniformly distributed load (w). The span ratio for this slab is equal
to 2.0; that is,

e, [3.23]

The total load acting on the slab is shared by the slab strips aligned in the x and y direc-
tions. The slab strips must maintain compatibility in deflections caused by the applied
loads; this will be used to estimate the portion of load carried in each direction.

Consider the strips in the x and y directions in the midspan region of the slab. Each
strip is treated as a simple beam subjected to a uniform load. At this stage, the portion of
the load carried by each strip is not known, but the sum of the load components in the x
and y directions must be equal to the total load; that is,

w=w + w,

The maximum deflection of the strip in the x direction can be determined by treating the
strip as a simply supported beam of span L subjected to a uniform load W

5-w.L*

R 3.24
X 384-E-] 3.241

where E is the modulus of elasticity and / is the moment of inertia for the beam section
(these values are considered to be equal in both directions).
The maximum deflection of the strip in the y direction can be determined in a similar
way, as
5w L*
y y

§ = —=2 3.25

Y 384-E-] [3.25]
The maximum deflection at the centre of the slab (point C) must be the same in both
directions, so

5, =3, [3.26]
When 8, and §,, from Eqns 3.24 and 3.25 are substituted into Eqn 3.26, it follows that
wx-LX4 = wv~Lv4 [3.27]

However, when the span ratio from Eqn 3.23 is taken into account, it follows that

W, Lx4 =w, (ZLX)4
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Figure 3.23 An isometric view

of a one-way slab system.
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or
w, = 16w_v

It follows that the load carried in the short (x) direction is 16 times larger than that carried in
the long (y) direction, or approximately 94% (16/17) of the total load. It is generally con-
sidered that when the span ratio (L,/L ) for a slab supported by beams is 2.0 or larger, the
slab can be considered to behave like a one-way slab. One-way slab is a common application
of concrete slab construction and will be covered in detail in this book.

Moment Resistance of One-Way Slabs

For design purposes, one-way slabs are treated as if they are composed of a series of beams,
also called slab strips, placed side by side, as illustrated in Figure 3.23. Each slab strip is
considered as a rectangular beam with a width (b) of 1 m and a depth (k) equal to the slab
thickness (see Figure 3.23). Note that the slab dimensions will be expressed in millimetres
in this text, and so b = 1000 mm. As the slab strips are of unit width, the uniformly distrib-
uted load acting on a slab (generally specified in kPa or kN/m?2) can be expressed in kN/m.

The primary tension reinforcement in one-way slabs always runs parallel to the short
direction, as shown in Figure 3.23. Depending on the direction of bending moment, rein-
forcement is placed either at the bottom of the slab (for positive bending) or at the top (for
negative bending). Examples and problems presented in this chapter are related to slabs
subjected to positive bending. In reality, slabs are statically indeterminate continuous
structures spanning across several supports. Continuous slabs are subjected to both posi-
tive and negative bending (to be discussed in detail in Chapters 10 and 11).

In the one-way slab design, the area of reinforcement for a 1000 mm wide strip is
denoted as A, as shown in Figure 3.24 (note that the same symbol has been used earlier
in this chapter to denote the total area of tension reinforcement in a beam). A  can be deter-
mined as follows

1000
A= Ay [3.28]

Tension steel \
/ 1 D
MC I ° [ o/ ® [ [ Ih

b =1000 mm

Typical slab strip
cross section

[P |
> Azl A1

Figure 3.24 (ross-section of
a typical unit strip of a one-way
slab.

Ab/l,__s_,l X

1000 mm

L
X
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Figure 3.25 Moment resist-
ance for a unit slab strip.

CHAPTER 3
where
A, = the area of tension reinforcement for a 1000 mm wide strip (usually expressed in

square millimetres per metre)
= the area of one reinforcing bar (see Table A.1)
the centre-to-centre bar spacing (mm)

s
v
Il

Slab reinforcement is usually denoted by bar size and spacing; for example, 15M @300
denotes 15M bars at 300 mm spacing. Since the area (A,) of a 15M bar is 200 mm? (see
Table A.1), the corresponding reinforcement area (A,) for a 1000 mm wide slab strip can be
calculated from Eqn 3.28 as

1000 mm
A, = 200 mm? X iy mm?/m
Note that the reinforcement area is expressed per metre width (mm?/m). Alternatively, the
required bar spacing (s) for a given reinforcement area can be determined from Eqn 3.28 as

1000

s <A A [3.29]

5

Note that the less than or equal to sign has been used in the above expression because the
spacing (s) corresponding to the required area of reinforcement (A)) is the maximum
acceptable for a specific design.

The factored moment resistance (M,) of a one-way slab is determined in the same
manner as the flexural resistance of properly reinforced rectangular beams, as discussed in
Section 3.5.1. The design assumptions are:

* The tensile strain in the steel is greater than or equal to the yield strain (¢, = &,) and
the stress in the steel is equal to the yield stress (f, = f,).
* The maximum compressive strain in the concrete (&,,,,,) reaches the value of 0.0035
= 0.0035).

( HHHI

The analysis of one-way slabs is performed for a typical slab strip of a width (b) equal to
1000 mm and a depth (k) equal to the slab thickness, as shown in Figure 3.25. The result-
ing factored moment resistance (M) per unit slab width is determined from Eqns 3.13 or
3.14 and is usually expressed in kilonewton metres per metre (kN-m/m).

77777722 LE o 5
(o 0 ® ) E——

b =1000 mm

X

The analysis of a one-way slab is identical to the analysis of a properly reinforced rectangu-
lar beam, where b = 1000 mm is the width of a unit strip and # is the overall slab thickness.
The key equations are the same as in Section 3.5.1 for rectangular beams with
proper reinforcement. These equations are repeated below for the reader’s convenience.
The equation of equilibrium is
C,=T [3.10]
where
=954, [3.9]

is the tension force in the reinforcement, and
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Example 3.4

Given:

SOLUTION:
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C = abf ab [3.8]

is the compression force in concrete.
The depth of the rectangular stress block (a) is given by

b, fy Ay
a=——r— [3.12]
al¢(.'fc b
where
a; =08 and B, =09 [3.7]
The factored moment resistance of the section (M) is given by
M,=T (d - %) (KN-m/m) [3.13]
or
a
M, = ¢5fy A, (d — E) (kN :m/m) [3.14]

The area of reinforcement for a 1000 mm wide strip (usually expressed in square
millimetres per metre) is

000
hlsids [3.28]
5
The required bar spacing (s) for a given reinforcement area is given by
000
s=A b‘!A— [3.29]

5

The analysis of one-way slabs will be illustrated with Example 3.4.

A typical cross-section of a one-way slab is shown in the figure below. The slab is 200 mm
thick and is reinforced with 15M bars at 300 mm spacing (15M @300) at the bottom face.
For analysis purposes, use an effective depth of 170 mm. The slab is properly reinforced.

The concrete and steel material properties are given below.
Find the factored moment resistance for the slab.

B | £
E £
= [ o @ &

|
15M @ 300

f. = 25MPa
f, = 400 MPa
¢, = 0.65

b, = 0.85

1. Calculate the area of tension steel (A ) and the effective depth (d)
The analysis will be carried out based on a 1 m wide slab strip, so

b = 1000 mm
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The slab reinforcement is 15M @300 mm. The area of one 15M bar is 200 mm?
(see Table A.1); that is

A, = 200 mm?
and
s = 300 mm
As a result, the total area of tension steel (A ) per metre of slab width is given by
1000
A= A,,—S [3.28]
1000
200 mm 300 mm 667 mm-/m
The effective depth (d) is given as
d = 170 mm

2. Calculate the depth of the equivalent rectangular stress block (a)
First, calculate the tension force in the reinforcement (T). Because the slab is prop-
erly reinforced, the tension steel yields; that is,

e

Therefore,

L=9¢. 1A, [3.9]
— 0.85 X 400 MPa X 667 mm?/m = 227 X 10 N/m

Use the equation of equilibrium (see the sketch below)

C. =1 [3.10]
Since the compression force in concrete (C,) is given by

C,=a¢d.f'ab [3.8]
and

a, =038

the depth of the rectangular stress block (a) can be calculated from Eqn 3.10 as

: T, 227 X 10°N S

" b f b 08X 0.65 X 25MPa X 1000 mm

& As

5 iz 4 5«—;:{ ;.

~ (e B) . 0 N AT r
L b =1000 mm K

3. Calculate the factored moment resistance (M)
The moment resistance can be calculated from the following equation:

ee e
Mo=1 (d 2) [3.13]

Il

(227 X 10° N)(Immm - 17;1.11)

n

37.0kN-m/m
The factored moment resistance for a one-way slab determined per metre width is
M_= 37.0kN-m/m

S e eSSt e iy e e e e e o
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3.7.1

Figure 3.26 Partial floor plan
of a slab and beam floor system
and a typical section showing
T- and L-beams.
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T-BEAMS
Background

In a typical cast-in-place concrete slab and beam floor system, the slab supports gravity
loads and transfers the loads to the beams, which are in turn supported by the columns.
Figure 3.26 shows a partial floor plan of a one-way slab that transfers the gravity load to
the beams AC and BD. In cast-in-place concrete floor construction, rectangular beams
that are part of the floor structure are usually cast monolithically with the slab. The con-
tinuity between the slab and the beam permits the slab to be considered part of the beam,
acting as a top flange, as shown with a hatched pattern on section 1-1 in Figure 3.26. In
general, flanges in interior beams extend on both sides of a web; such beams are called
T-beams, like the beam BD shown in Figure 3.26. Beams with a flange on one side only
(usually located around the perimeter of a floor structure) are referred to as L-beams (also
called spandrel beams or edge beams), like the beam AC shown in Figure 3.26.
The main components of T- and L-beams are (see section 1-1 in Figure 3.26)

* web
» flange
» overhangs

It should be stressed that a T-beam carries floor or roof load in proportion to its tributary
area, as discussed in Section 1.3.3. Consider the beam BE that is a part of the floor system
in Figure 3.27. This T-beam carries a portion of the floor load over a distance L, (equal to
the spacing between the adjacent parallel beams); this distance is called the tributary width.
The tributary area for the beam BE is shown with a hatched pattern in Figure 3.27.

Flange width
: Direction of:
A [ /]

iload transfer;

| ]
+—>

|
: Tgverharlgh}
: Web
L - beam T - beam
g Section 1-1
L,
|
/ |t
v e
. ¥
1
/ i E 4 Tributary width = L,
Ll ‘
I e
/—:--I 1 =" Section A-A
1
/ ¥

|
f
Figure 3.27 Tributa

ry area for a T-beam.
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Figure 3.28 Continuous T-beam:
a) elevation; b) bending moment
diagram; c) section at midspan;
d) section at the support.

3.7.2

Figure 3.29 Cross-section
of a T-beam.

CHAPTER 3

a) F A= 57

0 mwmwm "
/s Compression zone

ZZ W ZA °
M M
L |
Compression zone

Section 3-3 Section 4-4
c) d)

. |

In a typical building, cast-in-place concrete beams are continuous structures spanning
across several supports. An elevation showing a typical interior span of a continuous T-beam
is shown in Figure 3.28a (note the same beam BD is part of the floor system in Figure 3.26).
The bending moment diagram due to a uniformly distributed load for this beam is shown in
Figure 3.28b. The zone of positive bending moment is around the beam midspan, and a typ-
ical beam section at the midspan is shown in Figure 3.28c. In this case, the flange and (pos-
sibly) a portion of the web are under compression. However, the beam web in the negative
moment zone (usually near the supports) is subjected to compression, as illustrated in
Figure 3.28d. It should be stressed that the moment resistance of a beam section may be sig-
nificantly different for sections in positive and negative moment zones.

It should be noted that CSA A23.3 does not specifically require that beams cast mono-
lithically with the slab be designed as T-beams in positive bending. Instead, the designer may
choose to ignore the contribution of the slab and design a beam as a rectangular section. The
T-beam approach usually leads to more cost-effective designs with a slight reduction in the
amount of tension reinforcement; this will be illustrated with a few examples in Section 3.7.2.

Flexural Resistance of T-Beams for Positive Bending

Flexural resistance of T-beams subjected to positive bending moments characterized by tension
at the bottom of the beam and compression at the top can be determined in the same manner
as the flexural resistance of properly reinforced rectangular beams in Section 3.5.1. Consider a
typical T-beam section subjected to the positive bending moment (M ¢) in Figure 3.29.

b,
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The following notation will be used:

bf = effective flange width,

b,, = web width,

b = width of the compression zone (varies depending on the neutral axis location),
hf = flange (slab) thickness,

d = effective depth of T-beam,

h = overall depth of T-beam.

It should be noted that the effective flange width is the width of the slab that serves as a
flange in T-beams. The effective flange width is affected by the type of loading, structural
system (simple/continuous beam), the spacing of the beams, and the relative stiffness of
the slabs and the beams. CSA A23.3 provides rules for estimating the effective flange
width for design purposes (to be discussed in Section 5.8).

The procedure for calculating the factored moment resistance of a T-beam subjected
to positive bending depends on whether the neutral axis is located within the web or with-
in the flange, as discussed below.

Factored moment resistance for a T-beam with the neutral axis within the
flange This scenario, illustrated in Figure 3.30, is very common for T-beams. In general,
the effective flange width in T-beams is rather large and, as a result, a very small depth of com-
pressive stress block (a) is required to generate the compression force (C,) in the flange to
balance the tension force in the reinforcement (7). Consequently, the depth of the compres-
sion zone a < h,. The amount of tension steel in these T-beams is usually moderate.

In this case, the analysis of a T-beam is identical to that of a rectangular beam of width
equal to the effective flange width (bf), as illustrated in Figure 3.31. This model is valid
because the concrete below the neutral axis is considered to be cracked and does not con-
tribute to the flexural resistance of the section.

The analysis of a T-beam with the neutral axis in the flange will be illustrated with
Example 3.5. Subsequently, the same beam section will be considered in Example 3.6 as
a rectangular section, and the results will be compared.

b Compression zone
), ,
- | oo € oy = 0.0035
hf]: / V a:[ ::| 4—" Cr ; CI
a
M 43
[ T, —xp
£~ §
Figure 3.30 T-beam section with neutral axis in the flange: cross-section and internal force distribution.
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Figure 3.31 T-beam with neutral axis in the flange acts as a rectangular section.
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The key equations for a T-beam section with neutral axis in the flange are the same as
those stated in Section 3.5.1 related to properly reinforced rectangular beams. These
equations are repeated below for the reader’s convenience.

The equation of equilibrium is

C, =T [3.10]
where
T, = ¢,f, A, [3.9]
is the tension force in the reinforcement, and

r=adf'ab [3.8]

is the compression force in concrete.
The depth of the rectangular stress block (a) is given by

¢ f, A
A Al ," [3.12]
altﬁ(.f; b
where the section width is equal to the flange width, that is,
b= b
and
a; =08 and B, =09 [3.7]
The neutral axis is within the flange provided that
o= hf
The factored moment resistance of the section (M ;) is given by
a
M, = T(d = 5) [3.13]
or
a
M, = qbsf‘_ A, (d - 5) [3.14]
Example 3.5 A typical cross-section of a reinforced concrete T-beam is shown in the figure below.

The beam is reinforced with three 20M bars (3-20M) in the tension zone. For the pur-
poses of analysis, use an effective depth of 650 mm. The beam is properly reinforced.
The concrete and steel material properties are given below.

Find the factored moment resistance for the beam section.

| 1100 mm |
| "

il I______

il

100 mm

700 mm
650 mm

—3 - 20M




Given:

SOLUTION:
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f, =25MPa

f, = 400 MPa

¢, = 0.65

¢, = 0.85

1. Calculate the area of tension steel (A) and the effective depth ()

Tension steel: 3-20M bars

The area of one 20M bar is 300 mm? (see Table A.1). The total area of tension steel
(A is

A, =3 X 300 mm? = 900 mm?2
The effective depth (d) is given as
d = 650 mm

Calculate the depth of the equivalent rectangular stress block () and confirm
that the neutral axis is within the flange
First, calculate the tension force in the reinforcement (7). Since the beam is properly
reinforced, the tension steel yields; that is,

£ =1,
Therefore,
T =d¢, f-. A, [3.9]

= 0.85 X 400 MPa X 900 mm? = 306 X 103N = 306 kN
Use the equation of equilibrium
C,=T [3.10]
Since the compression force in concrete (C,) is given by
C,=af'ab [3.8]
where

b=bf= 1100 mm
0.8

I

&y
the depth of the rectangular stress block (a) can be calculated from Eqn 3.10 as

RS AT 306 X 10° N
“ap.f) b 08X 0.65x 25MPa X 1100 mm

a =21.4mm = 2] mm

The distribution of internal forces in the beam is shown in the sketch below.

—

o
LA 'J,I =4 ¢
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Finally, confirm that the neutral axis is within the flange. Because
a =21 mm <hf= 100 mm
it can be concluded that the neutral axis is within the flange.

3. Calculate the factored moment resistance (M)
The moment resistance can be calculated from the following equation:

a
M, =T (d = ) [3.13]

21 mm

(306 X 10° N) (650 mm — ) = 196 X 10°N-mm

The factored moment resistance is
M, = 196 kN -m

B e e e e e e e s e meee e e e
e e S e I e s o e e e e e e e e = n  — o

Example 3.6 Consider the same beam as discussed in Example 3.5. In this example, use a rec-
tangular cross-section of width 300 mm and overall depth of 700 mm (ignore the
slab contribution). For analysis purposes, use an effective depth of 650 mm. The
beam is properly reinforced. The concrete and steel material properties are given
below.

Find the factored moment resistance for the beam section.

300 mm
00,

Given: f." = 25MPa

f‘, = 400 MPa
¢ = 0.65
¢, = 0.85
SOLUTION: 1. Calculate the area of tension steel (A,) and the effective depth (d) — same as
Example 3.5
A, = 900 mm?
d = 650 mm

2. Calculate the depth of the equivalent rectangular stress block (a)
T. = 306 kN (same as Example 3.5).
The depth of the rectangular stress block (a) is (note that b = 300 mm)

A Y 306 X 10°N
a$.f.'b 08 x 065X 25MPa X 300 mm

a = 78 mm
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3. Calculate the factored moment resistance (M)
The moment resistance can be calculated from the following equation:

M,=T,(d—%) (3.13]

78 mm

= (306 X 10‘N)(650mm— )~=~187x 106 N - mm

The factored moment resistance is
M, = 187kN-m

The distribution of the internal forces in the beam section is shown below.

— o0

| U ﬂ G

£
8 d -4 ‘)M
1] = ’
- |le o o o o T =t

Learning from Examples

At this point, it is important to compare the results of the analyses performed in
Examples 3.5 and 3.6. The same beam cross-section and material properties were
used in both examples. First, the T-beam section was analyzed in Example 3.5, and
then the same beam was analyzed considering a rectangular section in Example 3.6.
The following conclusions can be drawn by comparing the results of these two
examples:

. There is a rather small (approximately 5%) difference in the factored moment
resistance (M) values obtained for a rectangular beam (187 kN -m) and a T-beam
section (196 kN-m). In a practical design situation, a T-beam section will be
considered if the analysis is carried out by using a computer program. On the other
hand, if the analysis is performed manually, a rectangular section may be consid-
ered adequate. The analysis of a rectangular beam section is faster and might be
preferred by a designer performing a manual calculation.

2. T-beams with neutral axis in the flange are generally lightly reinforced (charac-
terized by a rather small reinforcement ratio). In this case, the reinforcement
ratio is

A, 900 mm?

= — = = == ﬁ_
P A o S Dm0 = U

corresponding to a rather small depth of the equivalent stress block; in this case,
the a/d ratio is less than 4%.

It should be noted that the above observations are valid only for T-beams with neutral
axis in the flange. Different conclusions will be drawn for T-beams with neutral axis in
the web, as discussed below.
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Factored moment resistance for a T-beam with the neutral axis in the web
This scenario is less common and it is characteristic of heavily reinforced beams with rather
small web width (b, ). When such a T-beam section is subjected to flexure, the compression
force generated in the flange is not sufficient to balance the tension force in the reinforce-
ment, hence an additional concrete compression zone is provided by the web area.
Consequently, the neutral axis moves down in the web.

In this case, more complex calculations are required to account for the nonrectangu-
lar shape of the concrete compression zone; however, the analysis can be simplified if it is
considered that the tension steel yields, that is, f, = S

Consider the T-beam section shown in Figure 3 32a. In this case, the depth of the
equivalent stress block falls in the web (a > & ), as shown in Figure 3.32a. The concrete
compression zone consists of the flange area and a portion of the web area and is denoted
by A, (see Figure 3.32a). The compresswn force in the concrete (C,) acts at the centroid
(CG) of this zone at a distance a’ from the top of the section, as shown in Figure 3.32a.

To find A, use the equation of equilibrium of internal forces in steel and concrete as
follows:

C =T [3.10]

J s’
1 o, b.f;

f N
[

QL
¥
|
A
<

w)>
™
~
I
v

-

A’_\A

A=A+A,

b,

b)

Figure 3.32 T-beam section with neutral axis in the web: a) cross-section and the intemal force
distribution; b) concrete compression zone.
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where

T = ¢, fv A {3.9]
is the tension force in the reinforcement,

C,=a¢d.f A, [3.8]

is the compression force in the concrete acting over an area A , and
a; =08 and B, =09 [3.7]

Next, the A, value can be found by substituting 7, and C, from Eqns 3.9 and 3.8 into Eqn 3.10
as follows:

ald)cfc’ Ac = ¢.\‘fv A,v
Hence,

A b1, Ag
bS]

However, A, can also be expressed as the sum of the flange area (Af) and the web area
under compression (A,) as follows (see Figure 3.32b):

[3.30]

A = Af + A, = Af + b, (a— hf) [3.31]
where
Ap= b X by

is the flange area, and
A,=b,(a—h)

is the web area under compression.
Consequently, a can be obtained from Eqn 3.31 as

w

Next, the location of the centroid (CG) of the concrete compression zone (A ) (denoted as
a’ in this discussion) can be determined as

h, a—h
f f
a2 Aw<hf v )

a = A [3.33]

c

Finally, the factored moment resistance can be determined in the same manner as for the
case of the rectangular beam, as shown on the stress distribution diagram in Figure 3.32a:

M,=T(d-d)=0¢[fAWd~d) [3.34]

It should be noted that some alternative procedures can be used to determine the factored
moment resistance for T-beams with neutral axis in the web. One of the procedures is the
steel beam analogy, in which the actual T-beam section is represented by two idealized rec-
tangular sections. The procedure presented in this section has been selected because it is
commonly used in design practice.

The analysis of a T-beam section with neutral axis in the web will be illustrated with
Example 3.7. Subsequently, the same beam will be analyzed by considering a rectangular sec-
tion, and the results will be compared.
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Key equations related to moment resistance of a T-beam section with neutral axis in the
web are summarized below.
The area of the concrete compression zone (A,) is

A = w [3.30]
°al g
or
A=48, t A, =4, + b,(@a- hy) [3.31]
where
A= bf X hy
is the flange area, and
A,=b,(a—h)
is the web area under compression.
The depth of the compression stress block (a) is
A, — A
a = h, + 3 [3.32]
W
The location of the centroid of the concrete compression zone (distance g7) is
0 Af%' + Aw(hf s zhf)
a' = " [3.33]
The factored moment resistance (M) for a T-beam section is
M,=Td-d)=¢[fAd-ad) [3.34]

A typical cross-section of a reinforced concrete T-beam is shown in the figure below.
The beam is reinforced with eight 30M bars (8-30M) in the tension zone. For analysis
purposes, use an effective depth of 600 mm. The beam is properly reinforced. The
concrete and steel material properties are given below.
Find the factored moment resistance for the beam section.

1100 mm
% —
E
o |— _—‘ E
o
el T
Elo
8|3
~
e o o 8-30M
DR ki | 6"5"3"'6K """




Given:

SOLUTION:
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1.

= 25 MPa

, = 400 MPa

= 0.65

= 0.85
Calculate the area of tension steel (A,) and the effective depth (d)
Tension steel: 8-30M bars

The area of one 30M bar is 700 mm? (see Table A.1). The total area of tension steel
(AS} is

A, = 8 X 700 mm? = 5600 mm?
The effective depth (d) is given as
d = 600 mm

Calculate the depth of the equivalent rectangular stress block (a) and confirm
that the neutral axis is in the web

First, calculate the tension force in the reinforcement (7)). Since the beam is properly
reinforced, the tension steel yields; that is,

fi= 4
Therefore,
T.=o,f,A, [3.9]

= (.85 X 400 MPa X 5600 mm? = 1904 X 10° N = 1904 kN
Use the equation of equilibrium
C.=T [3.10]

Since the compression force in concrete (C,) is

C,=ap.f'ab [3.8]
where
a, =08

b = b= 1100 mm
the depth of the rectangular stress block (a) can be calculated from Eqn 3.10 as

s AR 1904 X 103N
Cabf b 08X 065X 25MPa X 1100 mm

a = 133 mm

Finally, confirm that the neutral axis is in the web. Because
a= 133 mm > hr-= 100 mm
it can be concluded that the neutral axis is in the web.

Determine the factored moment resistance (M,)
In order to determine M , the following will have to be calculated:
a) The area of the concrete compression zone (A ):

. & f, A,
b f
_ 0.85 X 400 MPa X 5600 mm?
0.8 X 065 X 25MPa

[3.30]

= 146 461 mm?
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b) The flange area (Ap):
A=l ke
= 1100 mm X 100 mm = 110 000 mm?
¢) The depth of the compression stress block (a):
A= Aj.

a=h+ " [3.32]
w
146 4 2 — 110 000 mm?
= 100 i 4 glm 22— am
300 mm

d) The web area under compression (A,
Ao =bila = h.f)
= 300 mm (222 mm — 100 mm) = 36 600 mm?
e) The location of the centroid of the concrete compression zone (distance @’):

hf = hf
Af? -+ Aw (hf + 2 )

[3.33]

A= A

¢

100 mm

221 mm — 100 mm)

(|10000mm1’-)x( )+(36600mm2)(100mm+ 7

146 461 mm?

78 mm

The concrete compression zone is shown below.

b |
r A 1
% IAZZZ/Q (L il
| Py, W

f) The factored moment resistance (Mr}:

M, =d¢ fAd—-a) [3.34]
= 0.85 X 400 MPa X 5600 mm? (600 mm — 78 mm)
=994 X 10°N-mm
The factored moment resistance is
M, =994 kN-m
The distribution of the internal forces in the beam section is shown below.
A
Tl 2222 o] e
E S |
§ d-a
- Ao b T,—
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#

Example 3.8

Given:

SOLUTION:

Consider the same beam as discussed in Example 3.7. In this example, use a rectangular
cross-section of width 300 mm and overall depth 700 mm (neglect the slab contribution).
For the purposes of analysis, use an effective depth of 600 mm. The beam is properly
reinforced. The concrete and steel material properties are given below.

Find the factored moment resistance for the beam section.

300 mm
et
E
E
Ela
§ % 8 - 30M
e e @ 0-/ ]
eeo oo
[, =25 MPa
£, = 400 MPa
¢, = 0.65
o, = 0.85
1. Calculate the area of tension steel (A ) and the effective depth (d) — same as
Example 3.7
A, = 5600 mm?
d = 600 mm
2. Calculate the depth of the equivalent rectangular stress block (a)
s 1904 kN (same as Example 3.7).
The depth of the rectangular stress block (a) is (note that b = 300 mm)
T, 1904 X 103N ARE
T ab.f/ b 08X 065X 25MPa X 300 mm
3. Calculate the factored moment resistance (M V)

The moment resistance can be calculated from the following equation:

a

M =T (a’ - 5) [3.13]

488 mm

(1904 % 10° kN) (60{) mm — ) = 678 X 10°N-mm

The factored moment resistance 1s
M, = 678 kN-m
The distribution of the internal forces in the beam section is shown below.

b =300 mm

i

600 mm
® >
N\
a =488
f
I
o
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Learning from Examples

At this point, it is important to compare the results of the analyses performed in
Examples 3.7 and 3.8. The same beam was analyzed as a T-beam section in the first
example and as a rectangular section in the second one. The following conclusions can
be drawn by comparing the results of these examples:

1. There is a significant difference, on the order of 30%, between the values of the
factored moment resistance (M ,) obtained for a rectangular section (678 kN - m) and
a T-beam section (994 kN -m). In this case, the rectangular section analysis under-
estimates the flexural resistance of the T-beam section.

2. T-beams with a neutral axis falling in the web are generally heavily reinforced, that
is, characterized by a rather large reinforcement ratio. In this case, the reinforce-
ment ratio is

A 5600 mm?
— = = 0.031 = 3.1%
bd 300 mm X 600 mm v

p:

3. For the material properties given, the balanced reinforcement ratio p,, is equal to
2.2%, as determined in Example 3.3; hence, p > p,, (see Section 3.5.3). Had this
been a rectangular beam section, it would have failed in the concrete-controlled
failure mode, which is generally not desirable.

4. However, the T-beam section discussed in Example 3.7 is characterized by a
wide flange (provided by the slab) capable of resisting the concrete compression
forces to counterbalance the large steel tensile forces developed due to a
significant amount of tension steel. Therefore, if the reinforcement ratio is
calculated considering a T-beam section, by using the flange width
b= bf= 1100 mm, then |

A 5600 mm? |
=-f= = 0.0085 = 0.85%
bd 1100 mm X 600 mm ’

p

Hence p < p,, indicating a ductile steel-controlled failure mode. Therefore, it is
clear that the presence of a wide flange ensures that a proper steel-controlled
failure mode will occur since the reinforcement ratio is well below the balanced
ratio (p,) of 2.2%.

5. It should be stressed that, for lightly reinforced beams with p < 0.005, there is no
significant difference in the moment resistance values obtained for T-beam sections
versus rectangular sections.

However, in heavily reinforced beams where 0.5p, < p < p,, there is a signi-
ficant increase in the moment resistance values when a T-beam section is used in the
design in lieu of a rectangular section.

3.7.3 Flexural Resistance of T-Beams in Negative Bending

T-beam sections subjected to negative bending moments are also found in continuous con-
crete construction. Negative bending usually occurs in areas in the vicinity of the supports,
as illustrated on section 4-4 in Figure 3.28d. In that case, the compression zone is always in
the web. The analysis is performed using a rectangular section with width equal to the web
width; that is, b = b, as shown in Figure 3.33. In this case, the analysis procedure for a
beam with tension reinforcement only, presented in Section 3.5.1, can be used. The tension
steel reinforcement is distributed in the slab.
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Zone

Compressi?fn’___ =i ﬂI c

Figure 3.33 T-beam section b=h

subjected to negative bending. ]

Due to the continuity of concrete construction, rectangular beams that are part of the
floor structure are usually placed integrally with the slab in a monolithic pour. As a
result, a portion of the slab works as the top flange of the beam. In general, flanges
in interior beams extend on both sides of a web; such beams are called T-beams,
whereas beams with a flange on one side only (usually located around the perimeter
of a floor structure) are referred to as L-beams (also known as spandrel beams or
edge beams).

There are two possible scenarios related to the flexural resistance of T-beams sub-
jected to positive bending, depending on the neutral axis location:

« T-beams with a neutral axis in the flange are beams with a moderate amount of rein-
forcement or a rather large effective flange width. The flexural resistance can be
determined by treating a T-beam as a rectangular beam with a width equal to the
effective flange width (b = by).

o T-beams with a neutral axis in the web are heavily reinforced beams with a rather
small web width. More complex calculations are required to account for the nonrec-
tangular shape of the compression block; however, the analysis can be simplified if
it is considered that the tension steel yields.

3.8 | RECTANGULAR BEAMS WITH TENSION
AND COMPRESSION REINFORCEMENT

3.8.1 Background

It is often required in a practical design situation to increase the factored moment resist-
ance (M) of a beam with tension steel only. Two solutions can be used in this case.

|. Increase the beam cross-sectional dimensions. The moment resistance (M) can be
increased by increasing either the beam width or its depth. It should be noted that
the increase in moment resistance is more effectively achieved by increasing the effec-
tive depth () than the width (b) of a beam cross-section (due to the fact that the moment
resistance is proportional to the square of the beam effective depth). However, architec-
tural or engineering considerations very often limit the beam depth.

2. Provide additional reinforcement to resist the concrete compression stresses. This solution
allows for an increase in the amount of tension reinforcement, as well as a provision of addi-
tional reinforcement in the concrete compression zone called compression steel or com-
pression reinforcement. A beam with tension and compression steel is shown in Figure 3.34.
Beams reinforced with tension and compression steel are also called doubly reinforced
beams, whereas beams with tension steel only are called singly reinforced beams.
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Figure 3.34 Reinforced
concrete beam with tension
and compression steel:

a) cross-section; b) strain
distribution; c) stress
distribution.

3.8.2
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The benefits of providing compression reinforcement are as follows.

1. There is an increased amount of reinforcement and moment resistance while ensuring
the steel-controlled failure mode. When beam cross-sectional dimensions are limited
due to architectural constraints, the moment resistance can be increased beyond that
provided by the balanced amount of reinforcement. This can be accomplished by pro-
viding additional tension and compression steel. The compression force developed in
the compression steel couples with the tension force developed in the additional ten-
sion steel to provide additional moment resistance in a section. It is important to note
that doubly reinforced beams fail in the ductile steel-controlled failure mode.

2. Long-term deflections are reduced. This is one of the major reasons for adding compres-
sion steel to a flexural member. Research studies have shown that long-term deflections in
beams with tension steel only can be greatly reduced by adding compression reinforce-
ment. As much as a 50% reduction in long-term deflection under sustained load has been
observed when equal areas of compression and tension steel are provided in the section.
(For more details see MacGregor and Bartlett (2000).) Compression steel is effective
in reducing compressive stresses in concrete and reducing the rate of creep and long-term
deflection caused by sustained loads. CSA A23.3 accounts for the effect of compression
steel in reducing long-term deflections (this will be discussed in more detail in Chapter 4).

3. Effects of moment envelope. A moment envelope is a series of bending moment dia-
grams for various load cases and combinations drawn on top of one another. In most
cases, the tension zones of positive and negative moments overlap; as a result, tension
reinforcement extends into the compression zone.

Flexural Resistance of Doubly Reinforced Rectangular Beams

The moment resistance of doubly reinforced beam sections can be determined in a similar
manner to the resistance of beams with tension steel only, as presented in Section 3.5.1.
A few additional terms will be introduced into the equations to account for the effect of
compression reinforcement, as explained in this section.

Consider the beam with tension and compression reinforcement in Figure 3.34a. The beam
is reinforced with the tension steel reinforcement and the corresponding reinforcement ratio is

A\‘
= — 3.1
P="d [3.1]
where

As = total area of tension steel,
b = beam width,
d = effective depth.

The area of compression steel corresponds to the reinforcement ratio
!
A
bd

where A is the total area of compression steel.

’

p [3.35]
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The distance from the top compression fibre to the centroid of the compression steel
is denoted as d'.
The following assumptions are made in the analysis of doubly reinforced sections:

1. The tension steel has yielded; that is, f, = f..
2. The compression steel has either yielded or remalned elastic:

+ Ife/ = ¢, then the compression steel has yielded and f = f,.
o If 85’ <e, then the compression steel has not yielded; that is, fs’ =FE sss’ < fv.

Note that &, can be determined from Hooke’s law as &, = 1,/ E, (see Section 2.6.2).
The stram distribution over the beam section is shown in Flgure 3.34b. The strain in
the compression steel &, can be determined from the similarity of triangles:

’
& _ Eemax

c—d c

The strain in the compression steel (¢,") can be expressed from the above equation as

dl
& = Scmax< == ) [3.36]

Note that g, = 0.0035, as discussed earlier in this chapter.

Let us consider the equilibrium of forces acting on the cross-section in Figure 3.34c.
In this case, the compression is resisted by the concrete (force C,) and the compression
reinforcement (force C,'). C,’ is equal to the product of the factored compression stress in
steel (¢, f,) and the reinforcement area (A,") (similar to the T, calculation presented in

Section 3.5.1), as follows:

Cr' = ¢.Yf..\'l AS’

The resultant concrete compression force (C) is equal to the product of the area of the com-

pressive zone of depth (a) and width (b) and the uniform stress of magnitude ¢, f,". Note
that the area of compression steel (AS’) is deducted from the concrete area as it displaces the
corresponding area of concrete as

C,= (@ fab-A=ap.f'ab

It is assumed that the tension steel has yielded; that is, fs = fv. The tension force in the
steel reinforcement (7)) is equal to the product of the fac- )
tored stress in steel (¢ fv) and the reinforcement area (A ) (as discussed in Section 3.5.1):

Tr = ¢sfyAs

The equilibrium of internal forces acting on a beam cross-section in the horizontal direc-
tion gives

C,+C'=T, [3.37]
The depth of the compression stress block (a) can be determined from Eqn 3.37 as

L~ S [3.38]
a=—:>—-— .
ayb,f, b
An iterative procedure can be used to determine the factored moment resistance of a
doubly reinforced beam section with the following steps:

1. Calculate the depth of the equtvalent rectangular stress block (a). Assume that the com-
pression steel has yielded; that is, S =1 v. Then, calculate the depth of the compression
stress block (a) from (3.38) and the neutral axis depth (c) from Eqn 3.4 as ¢ = a/ B
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2. Calculate the srrain (&,') and check whether the compression steel has yielded. First,
calculate the £’ value from Eqn 3.36. Then, check whether the compression steel has
yielded or remamed elastic.

3. Estimate the f' value and repeat steps I and 2.

a) If the compression steel has not yielded (&,' < &,), then a trial value of the steel
stress (") needs to be estimated, where [ < f. Slt,ps 1 and 2 need to be repeated
until the difference in f" values obtained in two successive trials is very small (less
than 5%). The factored moment resistance can be determined from Eqn 3.39.

b) If the compression steel has yielded, that is, &' = e and f' = f, go to the next
step using the a value determined in step 1. ' '

4. Calculate the factored moment resistance (M ). The factored moment resistance (M i)
can be determined by summing up compression forces around the centroid of the
tension steel as follows:

M,=C/(d-d)+C, (d - g) = (¢, f A/)d — d' ) + (ayb,f. ab) (d - %)
[3.39]

The analysis of doubly reinforced beams will be demonstrated with an example.

Beams reinforced with tension and compression steel are often called doubly reinforced
beams. The benefits of compression reinforcement in the beams are as follows:

1. increased amount of reinforcement and moment resistance while ensuring the steel-
controlled failure mode;
2. reduced long-term deflection in doubly reinforced beams.

The factored moment resistance (M ;) for beams with tension and compression rein-
forcement can be determined from the equilibrium of internal forces in the section. The
following assumptions are made in the analysis;

1. The tension steel has yielded; that is, f, = Jy
2. The compressmn steel has either yielded or remained elastic:
« Ke = &,, then the compression steel has yielded and f,' = i A
st e &y, then the compression steel has not yielded; that is, f,' = E ¢ ' < &

The key equations used in the iterative procedure to calculate the M , value are sum-
marized below.
The strain in the compression steel (') is

: d
B (1 = ?) [3.36]
where
& pmax = 0.0035

The equation of equilibrium is

€. ¥ Ci=g [3.37]
where
Cf‘, = ¢J‘f5.‘ A.i"

is the force in the compression steel,

C=(p.f)ab-A)=ad.f ab
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is the resultant concrete compression force, and
T, = &1, 4,

is the force in the tension steel.
The depth of the compression stress block (a) is

(RIE e (3.38]
b f' b

The neutral axis depth (c¢) is
a

e

The factored moment resistance (M) is

M, =C'd-d) + C, (d - f'i) = (¢,f/ AN — d') + (a,d.f. ab) (d - %)
[3.39]

#

Example 3.9

Given:

SOLUTION:

A typical cross-section of a reinforced concrete beam is shown in the figure below.
The beam is reinforced with four 25M bars (4-25M) in the tension zone and two 25M
bars (2-25M) in the compression zone. For analysis purposes, use an effective depth
(d) of 450 mm and d’ of 50 mm. The concrete and steel material properties are given
below.

Find the factored moment resistance for the beam section.

400 mm
e
A AT ale ol —2-25M
compression

g| E
tle
8|3

4 - 25M

1 |e o e &f tension
= A

f.! = 25MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
b = 400 mm
h = 500 mm

1. Calculate the tension steel area (A ), the compression steel area (A,"), and the
effective depth (d)
a) Find the area of tension steel (4-25M bars).
The area of one 25M bar is 500 mm? (see Table A.1). The total area of tension
steel (A)) is

A, =4 X 500 mm? = 2000 mm?
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b) The area of compression steel (2-25M bars) is
A =2 X 500 mm? = 1000 mm?

¢) The effective depth (d) is given as
d = 450 mm

2. Determine the depth of the equivalent rectangular stress block (a)
To determine the depth of the compression stress block, compute the following:
a) The tension force in the reinforcement (7):
Assume that the tension steel has yielded; that is,

f=1,
Therefore,
T.= ¢ f, A

= (0.85 X 400 MPa X 2000 mm?2 = 680 kN

b) The force in the compression steel (C,'):
Assume that the compression steel has yielded; that is, f," = 1, (the validity of
this assumption will be checked in the next step). Then, '

C, =¢,f A’ =085 X 400 MPa X 1000 mm? = 340 kN
¢) The depth of the compression stress block (a):
5= G
“Tadfb

_ 680 X 10°N — 340 X 10°N
0.8 X 0.65 X 25 MPa X 400 mm

(note that a; = 0.8).

(3.38]

= 65 mm

3. Calculate the strain (&,") and check whether the compression steel has yielded

a) First, calculate the neutral axis depth:

a 65 mm

ol B, 09 mm

b) Next, calculate the strain in the compression steel {a‘,‘.’_}:
' d
g.\' ~ 8{‘!"{{.1‘ (1 & ?) [3-36]
= 0.0035 (1 = 50""") = 0.0011
VT 72 mm )
¢) Finally, calculate the yield strain as follows:
L 4
g et OMPE |

Y~ E. 200000 MPa

Since
&,/ =0.0011 < 0.002

the compression steel has not yielded.

4. Estimate the f ' value and repeat steps 2 and 3

a) Estimate f, :
Assume that the compression steel is at 75% of yield strength (f,); that is,

£, = 0.75 X 400 MPa = 300 MPa
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b)

¢)

d)

e)

a)

b)

c)

where

f, = 400 MPa

Recalculate the force in the compression steel:

C, = ¢ f/A/ = 085X 300 MPa X 1000 mm* = 255 kN
Recalculate the depth of the compression stress block:

G'I(ﬁ(__ﬁ_,' b
680 X 10°N — 255 X 10°N
0.8 X 0.65 X 25 MPa X 400 mm

= 82 mm

Recalculate the neutral axis depth as

a 82 mm
c=—=
B, 0.9

=91 mm
Check the strain in the compression steel:
d' 50 mm
Bl = a(_mm(l = ?) = 0.0035 (1 = mm) = 0.00158

Since

&, = 0.00158 < 0.002

the assumption that the compression steel has not yielded is confirmed.
Next, calculate the stress in the compression steel:

[ = Eg,' = 200000 MPa X 0.00158 = 316 MPa

This f," value is within 5% of the initial estimate of f" = 300 MPa. The calcu-
lation can be repeated using f,' = 316 MPa. The value f' = 316 MPa is within
5% of the actual value and should be considered acceptable. The average value of
the last two iterations can be used to determine the factored moment resistance
(M) as follows:

300 MPa + 316 MPa

£ = - = 308 MPa

Calculate the factored moment resistance (M)

Calculate the force in the compression steel using f' = 308 MPa:
C'=¢.f' A’ =085X 308 MPa X 1000 mm? = 262 kN

Calculate the compression force in the concrete:

C, =a¢.f ab=08 X065 X 25MPa X 82mm X 400 mm = 426.4 kN

Calculate the factored moment resistance:

M,=C'd-d)+ C, (d ~ %) [3.39]

= (262 X 10° N)(450 mm — 50 mm)

+ (426.4 X 10°N) (450 i :"")

=279 X 10°N-mm = 279 kN-m
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d) Verify whether the equation of equilibrium has been satisfied.
The equation of equilibrium is

C. + C'=T [3.37]
where

C, + C,' =4264kN + 262 kN = 688 kN

and

T. = 680 kN

Since

688 kN = 680 kN

the equation of equilibrium is satisfied.
The results of this analysis are summarized in the sketch below.

Ecmax = 0.0035
o C’,=261kN

A, |® ®[---- ettty o S - -~
€,=0.0015 a +—
C, =426 kN
L7 VLRI £ IR ol
V> M

Ai |leeo o oL —L —_—
g >0.002 T, =680 kN

SUMMARY AND REVIEW — FLEXURE: BEHAVIOUR OF BEAMS
AND ONE-WAY SLABS

Basic assumptions of flexural
design of concrete members
according to CSA A23.3,

Flexure (bending) is associated with the lateral deformation of a member under a trans-
versely applied load. In a reinforced concrete flexural member with positive bending, the
top portion is under compression whereas the bottom is under tension. Concrete has a lim-
ited ability to resist tension, and it cracks once its tensile strength has been reached in the
region of maximum bending moments (in this case at the beam midspan). To prevent
cracking, steel reinforcement (often called tension reinforcement or tension steel) is placed
inside the beam near the bottom to resist the tensile stresses.

The following types of reinforced concrete flexural members are discussed in this chapter:

* rectangular beams (singly and doubly reinforced),
* T- and L-beams
* one-way slabs

The ultimate limit states design of reinforced concrete flexural members is based on the
following five basic assumptions outlined by CSA A23.3:

1. Plane sections remain plane (linear strain distribution across the section) (C1.10.1.2).

2. Strains in concrete and steel at the reinforcement location are equal.

3. Equivalent rectangular stress block is used instead of the actual stress distribution for
concrete (C1.10.1.7).

4. Concrete tensile strength is neglected in flexural strength calculations (C1.10.1.5).

5. Maximum concrete compressive strain (&,ae) 18 €qual to 0.0035 (C1.10.1.3).



Stages of flexural behaviour for
reinforced concrete members

The flexural modes of failure for
concrete flexural members

Role of the balanced condition
and balanced reinforcement

One-way slabs
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Four stages of flexural behaviour are characteristic of properly reinforced concrete beams
and slabs:

1. elastic uncracked
2. elastic cracked
3. yielding

4. failure

Most reinforced concrete flexural members demonstrate elastic cracked behaviour under
service loads.

There are two basic failure modes characteristic of reinforced concrete flexural members:

« steel-controlled
* concrete-controlled

These failure modes are related to the behaviour of steel and concrete, which are the main
ingredients of reinforced concrete.

It is considered good practice to design reinforced concrete flexural members to fail
in the steel-controlled mode initiated when the steel reinforcement yields and character-
ized by ductile behaviour. Flexural members failing in the steel-controlled mode are
characterized by a moderate amount of reinforcement.

Concrete is characterized by a brittle behaviour, and so is the concrete-controlled fail-
ure mode. It is therefore not recommended to design flexural members to fail in the
concrete-controlled mode initiated by the crushing of concrete and occurring suddenly and
without warning. Flexural members that fail in the concrete-controlled mode are charac-
terized by a rather large amount of reinforcement.

Flexural members characterized by a very small amount of reinforcement (underreinforced
members) demonstrate brittle behaviour and fail suddenly and without warning. The behaviour
of such members under flexure is similar to the behaviour of unreinforced concrete members.

The balanced condition, characterized by the simultaneous crushing of concrete and yielding
of the steel reinforcement, represents the threshold between overreinforced beams failing in
the concrete-controlled mode and properly reinforced beams failing in the steel-controlled
mode. The area of tension steel corresponding to the balanced condition is called balanced
reinforcement.

Structural designers use the balanced reinforcement ratio (p,) to predict the potential
failure mode for a beam with the reinforcement ratio p. The three possible scenarios are
summarized below.

* If p = p,, the amount of reinforcement corresponds to the balanced condition.

« If p > p,, the amount of reinforcement corresponds to the concrete-controlled failure
mode, characterized by an excessively high reinforcement ratio (overreinforced beam).

« If p < p, the amount of reinforcement corresponds to the steel-controlled failure mode,
characterized by a moderate amount of reinforcement (properly reinforced beam).

It is desirable to use the “proper’” amount of steel reinforcement in the design to ensure the
steel-controlled mode of failure. The reinforcement ratio should preferably be less than
75% of the p, value; thatis, p = 0.75p,,.

One-way slabs are reinforced concrete floor panels that transfer load in one direction. For
design purposes, one-way slabs are treated as a series of unit (1 m wide) beams placed side
by side (spanning in the short direction). The amount and spacing of reinforcement deter-
mined for one strip applies to the entire slab.

One-way slabs can be analyzed as properly reinforced rectangular beams, where
b = 1000 mm is the unit width and 4 is the overall slab thickness.

The main tension reinforcement in one-way slabs runs in the short direction. The ten-
sion reinforcement can be placed either at the bottom of the slab (for positive bending) or
at the top (for negative bending).
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T-beams Due to the continuity of concrete construction, rectangular beams that are part of the floor
structure are usually cast with the slab in a monolithic pour. As a result, a portion of the
slab works as the top flange of the beam. In general, flanges in interior beams extend on
both sides of a web; such beams are called T-beams, whereas beams with a flange on one
side only (usually located around the perimeter of a floor structure) are referred to as
L-beams (also known as spandrel beams or edge beams).

There are two possible scenarios related to the flexural resistance of T-beams subjected
to positive bending, depending on the neutral axis location:

* T-beams with a neutral axis in the flange are beams with a moderate amount of rein-
forcement or rather large effective flange width. The flexural resistance can be deter-
mined by treating a T-beam as a rectangular beam with a width equal to the effective
flange width (b = by.

* T-beams with a neutral axis in the web are heavily reinforced beams with a rather small
web width. More complex calculations are required to account for the nonrectangular
shape of the compression block; however, the analysis can be simplified if it is consid-
ered that the tension steel yields.

Rectangular beams with tension  Beams reinforced with tension and compression steel are often called doubly reinforced
and compression reinforcement  beams. The benefits of the compression reinforcement in the beams are as follows:

1. increased amount of reinforcement and moment resistance while ensuring the steel-
controlled failure mode;
2. reduced long-term deflection in doubly reinforced beams.

The factored moment resistance (M,) for beams with tension and compression reinforce-
ment can be determined from the equilibrium of internal forces in the section. The follow-
ing assumptions are taken in the analysis:

1. The tension steel has yielded.
2. The compression steel has either yielded or remained elastic.

PROBLEMS

3.1.  According to CSA A23.3, what are the five basic limit steel material properties are given below. Use an
states design assumptions related to reinforced con- effective depth of 650 mm,
crete flexural members? Explain. a) Determine the depth of the compression
3.2.  a) What are the four stages of flexural behaviour zone (a), the neutral axis depth (¢), and
characteristic of reinforced concrete beams? the strain distribution at the ultimate condi-
b) What stage are the members expected to be at tion. Draw the beam cross-section showing
under service loads? a, ¢, and the strain values at the critical
¢) What stage is considered for the ultimate limit locations.
states design according to CSA A23.3? Explain. b) Is the beam properly reinforced/overreinforced/

balanced? What are the implications of the
amount of reinforcement with regard to the
mode of failure in the beam?

3.3. a) What are the two basic failure modes character-
istic of reinforced concrete flexural members?
b) Which mode is preferred in the design of
flexural members and why?
3.4. a) Calculate the balanced reinforcement ratio for a PM“f
rectangular beam section with f' = 30 MPa

and f, = 400 MPa. St
b) When does the balanced condition occur in rein- =

forced concrete flexural members? ElE

: S 3 e

¢) How is the balanced reinforcement ratio ol 8

useful in the design of flexural members? Explain, o

3.5. A typical cross-section of a reinforced concrete beam e A 3-25M

is shown in the figure that follows. The concrete and el
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3.7
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¢) Calculate the factored moment resistance for the
beam section.

Given:

fc’ = 30 MPa
fv = 400 MPa
¢, = 0.65

¢, =085

E_ = 200 000 MPa

A typical cross-section of a properly reinforced con-
crete beam is shown in the figure below. The material
properties are summarized below. Use an effective
depth of 650 mm.
a) Determine the factored moment resistance for
the following cases:
i) f.) = 20MPa
ii) f' =25MPa
iii) f," = 30 MPa
iv) f." = 35 MPa
b) Comment on the variation in concrete strength
on the moment resistance of the beam.

500 mm
f——

e "1?
£
E €
o o
S un
= [{e]
L ——4 - 20M
2 e oo ¢
.
Given:
£, = 400 MPa
¢, = 0.65
¢ =085

E_ = 200 000 MPa

Consider the beam section from Problem 3.6. Suppose

that you have designed the beam with f," = 35 MPa.

However, due to embedded items the reinforcing is

raised by 60 mm such that the effective depth is

reduced to 590 mm (see the figure that follows).

a) Find the factored moment resistance consider-
ing the new reinforcement layout.

b) Comment on the effect of the change in rein-
forcement location on the moment resistance
(refer to the solution to Problem 3.6a)iv).

Given:
fv = 400 MPa
¢, = 0.65

¢, =085

3.8.

3.9.

3.10.
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500 mm
f—

_1l__ll—
E|
£

o
gl
= w0

L——4 - 20M

|+ |eee o]

Refer to the beam section from Problem 3.7, designed

using f." = 35 MPa. The same contractor reported

that, due to some problems related to batching, the
actual 28-day concrete strength is only 31.5 MPa.

a) Find the factored moment resistance for the new
strength.

b) Refer to the solution to Problem 3.7. What do you
believe has a larger influence on the magnitude of
the factored moment resistance: a 10% decrease
in the concrete strength (as discussed in this prob-
lem) or placement of reinforcement resulting in a
10% decrease in the effective depth?

Given:

fV = 400 MPa
¢, = 0.65

¢, = 0385

A typical section of a precast concrete beam with
100 mm by 100 mm cuts at the corners is shown in
the figure below. Use an effective depth of 590 mm.
The material properties are summarized below.

Find the factored moment resistance for the beam

section.
1| 00 400 mm Foq
oF
_I__L_1 sl
£
(=
o
(=)
[T}
[ e o o
q““’f“‘d"'o 'y
\8 - 30M
Given:
f,! =30MPa
fv = 400 MPa
¢, = 0.65
¢, = 0.85

Refer to the beam section from Problem 3.9. The

amount of tension steel has been increased to 8-35M

bars.

a) Find the factored moment resistance for the
beam section.
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b) Determine whether the beam would fail in the
steel-controlled mode or the concrete-controlled

mode.

Given:

fc’ = 30 MPa
fy = 400 MPa
¢, = 0.65

¢, =085

E = 200 000 MPa

Refer to the beam section from Problem 3.9. The

tension steel consists of 8-30M bars. The contractor

has misplaced the reinforcement such that the effec-

tive depth is reduced to 440 mm.

a) Find the factored moment resistance (M ) for
the section.

b) Determine whether the beam would fail in the
steel-controlled mode or the concrete-controlled
mode.

¢) Compare the M , values obtained in Problems 3.9,
3.10, and 3.11 and analyze the effect of the amount
of steel and the neutral axis depth on M, value.

Given:

f,' = 30 MPa
fy = 400 MPa
¢. = 0.65

¢, = 0.85

E, = 200 000 MPa

A typical cross-section of a reinforced concrete

beam is shown in the figure below. Use an effective

depth of 600 mm.

a) Determine the required number of 35M rebars
corresponding to the balanced condition.

b) Find the corresponding factored moment

resistance.
|100l 400 mm I100I
I [N
£
£
<
[}
w
61_
=
Given:
f,) =25MPa
fy = 400 MPa
¢, = 0.65
¢, = 0.85

E, = 200 000 MPa

3.13.

The architect has specified a 200 mm thick concrete

slab cast with the patterns shown as a feature ceiling.

The slab is reinforced with 15M bars at 250 mm

spacing (15M@250). Use an effective depth of

170 mm. The concrete and steel material properties

are given below.

a) Find the factored moment resistance per metre
width of the slab.

b) Draw the slab cross-section showing the con-
crete compression zone.

£
EI £
—: 9 ° ° ° g
N
15M @ 250

3.14.

3.15.

Given:

f,' =25MPa
fy = 400 MPa
¢, = 0.65

¢, = 0.85

E, = 200 000 MPa

A 150 mm thick concrete slab is reinforced with

15M bars at 300 mm spacing (15M@300). The

effective depth is 120 mm. The concrete and steel
material properties are given below.

a) Find the factored moment resistance per metre
width of the slab.

b) If the slab is simply supported in one direction
over a 5 m span, find the safe specified live
load this slab can carry in addition to its self-
weight. Refer to NBC 2005 for the load

combinations.
I |
1
N
I+ b b * * +
I

\15M @ 300 '
Given:
1, = 30MPa
fy = 400 MPa
¢, = 0.65
¢, = 0.85
Y, = 24 kN/m3

A typical cross-section of a reinforced concrete
T-beam is shown in the figure that follows. The beam
is reinforced with 2-30M bars. Use an effective depth
of 530 mm. The material properties are summarized
below.

Find the factored moment resistance for the beam
section.



3.16.
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1500 mm

| J
pa— |
o_lr‘ —I—I
(o]
8l | |
£
£
3 &
8 0 2-30M
w0
— . -
.
300 mm
200 mm
Given:
f,' = 30MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
A typical-cross section of a reinforced concrete
T-beam is shown in the figure below. The beam is
reinforced with 7-35M bars. The material properties
are summarized below.
Find the factored moment resistance for the beam
section.
L 1000 mm g
I |
gl
=)
E
1S
(]
[*)]
w
N ./’\7-35M
T T le e e e e
450 mm
Given:
f.! = 30 MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
A cross-section of an inverted T-beam is shown in the

figure that follows. The beam is reinforced with 8-30M
tension rebars at the bottom. Assume a 50-mm clear
cover to the reinforcing. The material properties are
summarized below.

a) Determine whether the beam is expected to fail
in the steel-controlied mode or the concrete-
controlled mode under positive bending.

To prevent the concrete-controlled mode of failure,
compression steel needs to be provided in addition
to the existing 8-30M tension steel. Find the
amount of compression steel required to ensure
steel-controlled failure. Use 25M bars for the com-
pression steel and a 40 mm clear cover to the bars.

b)
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¢) Find the factored moment resistance for the sec-
tion with tension and compression steel. Use the
amount of compression steel determined in part b)
of this problem.

400 mm

—_—
£
E
o
o
<
]
' . ! 2 . * . ° §__
) N
50 mm clear 8 - 30M
Given:
f, =25MPa
f, = 400 MPa
¢, = 0.65
¢, = 085
E_ = 200 000 MPa
3.18. A typical cross-section of a doubly reinforced concrete

beam is shown in the figure below. The beam is rein-
forced with 6-25M bars at the bottom and 2-20M bars at
the top. The material properties are summarized below.
a) Find the reinforcement ratios for tension and
compression steel.

Determine the neutral axis location and the
strain distribution for the beam section at the
ultimate condition.

Determine whether the beam is expected to fail
in the steel-controlled or the concrete-controlled
mode.

Find the factored moment resistance for the

beam section.
f2 -20M

b)

c)

d)

L [ . i
E
£ £
o E
b 3
1733
N )e o
/——o % ° JL
6 - 25M 400 mm
Given:
fc' = 30 MPa
fV = 400 MPa
¢C = 0.65
(t)s = (.85



After reading this chapter, you should be able to

¢ describe the behaviour of reinforced concrete flexural members under service loads
® use the three different moment of inertia properties for deflection calculations

* calculate the immediate and long-term deflections in reinforced concrete flexural
members

* apply the two CSA A23.3 approaches to deflection control

* identify the causes of cracking in reinforced concrete flexural members and apply
the CSA A23.3 cracking control requirements

134

4.1

INTRODUCTION

Every building structure is expected to be able to support service loads without experiencing
excessive cracking, deflections, or vibrations. Serviceability limit states represent the limit
for maintaining a satisfactory structural performance under normal service load conditions.

Cracking in concrete structures occurs when the concrete tensile resistance has been
reached. Excessive cracking can lead to poor appearance, reduced durability and service-
ability in extreme cases, and loss of strength that could in turn cause the failure of a rein-
forced concrete structure. Visible cracks and sagging of concrete members could lead to
the perception that the entire building is unsafe. Buildings with excessive cracking prob-
lems require repair to maintain structural competence.

Any flexural member deflects when subjected to external loads, although in most cases
these deflections are too small to be visible to the naked eye. Accurate estimation of deflec-
tions in reinforced concrete flexural members is perhaps the most complex task in rein-
forced concrete design. This is due to the composite nature of reinforced concrete as well
as the fact that a flexural member changes its properties once it cracks. Deflections in rein-
forced concrete structures due to sustained loads increase over a period of time as a result
of creep. These long-term deflections can be quite significant, on the order of two to three
times the initial deflections developed after the load has been initially applied.

Serviceability limit states, in particular cracking and deflections, need to be paid the
same attention in design as ultimate limit states. A structural member may have sufficient
strength to support the imposed load; however, it may be unacceptable if it experiences
excessive deflections (sagging). Such deflections might result in excessive floor or roof
slopes, which may cause operational or roof drainage problems or possible damage to
architectural components.

This chapter is focused mainly on describing the basic concepts of the behaviour of rein-
forced concrete flexural members under service loads, explaining the methods used to esti-
mate the extent of deflections and cracking in these members, and verifying whether these
values are within the limits prescribed by CSA A23.3. The behaviour of reinforced concrete
flexural members under service loads is explained in Section 4.2. The properties of reinforced
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concrete flexural members for the serviceability considerations are presented in Section 4.3.
Immediate and long-term deflections are discussed in Section 4.4. The deflection control
requirements per CSA A23.3 are outlined in Section 4.5. Deflection calculation procedures for
simply supported and continuous flexural members are presented in Section 4.6, along with
the design examples. Causes of cracking in reinforced concrete structures are discussed in
Section 4.7, while the CSA A23.3 cracking control requirements are outlined in Section 4.8.

DID YOU

KNOW

Figure 4.1 A severely
deteriorated reinforced

is due to corrosion and
freeze and thaw effect.

(Graham Finch)

concrete bridge girder in
Ontario; the deterioration

the

The cost of repairing deteriorated concrete structures is extremely high. For example, it
has been estimated that the rehabilitation costs of Canadian reinforced concrete parking
structures are on the order of $4 to $6 billion, while the repair cost for all concrete
structures in the U.S. has been estimated to be as high as $1 to $3 trillion (Bedard, 1992).
Many older bridges in Canada have deteriorated over time due to corrosion and other
effects, as shown in Figure 4.1.

4.2

BEHAVIOUR OF REINFORCED CONCRETE FLEXURAL
MEMBERS UNDER SERVICE LOADS

Consider a simple span reinforced concrete beam subjected to a uniformly distributed load,
shown in Figure 4.2a. The bending moment distribution for this beam is shown in Figure 4.2b.
Initially, at a low load level, the entire beam remains uncracked and it demonstrates elastic
uncracked behaviour (as discussed in Section 3.4.2). The beam cracks when the flexural ten-
sile stresses at the bottom fibre of the beam reach the modulus of rupture (f,) (see section
B-B in Figure 4.2¢). The internal moment developed in the beam at the onset of cracking is
called the cracking moment (;1«{ ). Concrete in the cracked condition is no longer able to resist
tensile stresses. As a result of the cracking, the neutral axis moves upward and the area of con-
crete above the neutral axis is subjected to compression while the reinforcing steel sustains
tensile stresses below the neutral axis, as shown on section C-C in Figure 4.2c. As the load
increases, cracks develop over a large region of the beam, which is called the cracked region
in Figure 4.2a; this region corresponds to bending moments of magnitude exceeding the
cracking moment; that is, M = M_ . The remaining portion of the beam, where the bending
moments are less than the cracking moment (M < M) is uncracked.

It should be noted that the reinforced concrete structures are expected to develop
cracks under service loads; however, the extent and magnitude of cracking should be con-
trolled, as discussed later in this chapter. This type of behaviour is called elastic cracked
behaviour (refer to Section 3.4.2). The stress and strain in concrete and steel are elastic at
this stage, as illustrated by the stress-strain diagrams in Figure 4.3.
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It can be observed from the above discussion that the beam cross-sectional properties vary
along the span depending on the load magnitude and the corresponding bending moment and
the amount of cracking. The concept of variable cross-sectional properties along the member
length is unique to reinforced concrete structures and will be discussed in detail in Section 4.3.

The cracking moment (M) can be calculated based on the flexure formula, which
states that the flexural stress (f) developed in an elastic homogeneous beam due to the
bending moment (M) can be determined as

— M'yt

1



Figure 4.4 Concrete section
at the onset of cracking.

A23.3 Eq. 8.3
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For more details on the flexure formula, the reader is referred to textbooks on mechan-
ics of materials. At the onset of cracking, the concrete tensile stress reaches the modulus of
rupture ( f,) (refer to Section 2.3.2 for more information on the modulus of rupture). At this
stage, the internal moment developed in the beam section just before cracking is equal to
M., as shown in Figure 4.4. As a result, the cracking moment equation can be obtained
from the above equation by setting M = M, and f = f, as follows:

£l

= [4.1]
1

where

f.=06AVL (MPa) [2.1]

y, is the distance from the centroid of the section to the extreme tension fibre; for a rec-
tangular section of depth A, it follows that

I is the moment of inertia of the gross cross-section of a concrete beam around the axis of
bending (the effect of reinforcement is ignored); therefore, for a rectangular section of width
b and depth A, it follows that

_ o

s [4.2]

#

Example 4.1

Given:

Consider the section of a concrete beam in the sketch below. The beam properties are
summarized below.
Determine the cracking moment for this section.

400 mm
L oome

X
£
£
3
un
. 2N
f, =25MPa
A=1
b = 400 mm

h = 500 mm
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SOLUTION:

A23.3 Eq. 8.3
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1. Determine f,
f,=06AVF'
= 0.6 1X /25 MPa = 3 MPa

2. Determine I,
bh? _ (400 mm)(500 mm)?

[2.1]

Ty 2 2 = 4.17% 102 mm* [4.2]
3. Determine y,

y Zﬁz 20 = 250 mm

5 22 2

Finally,

M, = f‘; I“ [4.1]

_ (3MPa)(4.17 X 10 mm*)
250 mm

= 50 X 10°N-mm = 50 kN-m

4.3

4.3.1

Reinforced concrete flexural members crack when the tensile stresses reach the modulus

of rupture ( f,). The internal moment developed in the member at the onset of cracking is
called the cracking moment (M ). The cracking moment can be obtained as

M, ==L [4.1]

There are two distinct regions within a reinforced concrete flexural member:

¢ the cracked region, where the bending moments exceed the cracking moment, that
is,M=M_,;

* the uncracked region, where the bending moments are less than the cracking moment,
thatis, M < M.

PROPERTIES OF REINFORCED CONCRETE FLEXURAL
MEMBERS UNDER SERVICE LOADS

One of the unique features of reinforced concrete structures is that their flexural properties
change when sufficient load is applied to cause cracking in certain regions of the structural
member. The two critical and mutually related properties, namely flexural stiffness and
moment of inertia, will be discussed in this section.

Flexural Stiffness

Consider the simply supported reinforced concrete beam in Figure 4.5a with the correspon-
ding bending moment diagram in Figure 4.5b. Let us study the relationship between the bend-
ing moment at the midspan (M) and the corresponding deflection (A) illustrated on the
diagram in Figure 4.5c. Initially, at a low load level, the beam is uncracked and demonstrates



Figure 4.5 Deflection behav-
iour for a reinforced concrete
beam: a) beam elevation;

b) bending moment diagram;
c) flexural stiffness; d) bending
moment deflection at the
midspan.
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elastic uncracked behaviour, as discussed earlier in this chapter. At this stage, the beamn
cross-sectional properties can be represented by a gross transformed moment of inertia (/ g).
Once the bending moment has reached the cracking moment (M ), the beam cracks (point C
on the diagram); this behaviour is known as elastic cracked behaviour. From that point
onward, the moment of inertia of the beam section at the midspan decreases with increasing
loads. It should be noted that, at the service load level, the bending moments in the midspan
region of the beam usually exceed the cracking moment (point S on the diagram). With further
load increase, the tension reinforcement in the beam starts to yield (point Y on the diagram).
At that stage, the beam section can be considered fully cracked and its properties can be repre-
sented by the moment of inertia of the cracked transformed section (/). With further load
increase, the beam finally fails (point F on the diagram).

Now observe the slope of a radial line connecting the origin of the coordinate system
(point O on the diagram) with any point of interest on this diagram. The slope is equal to the
angle between a radial line and the horizontal axis on the diagram. In the structural sense, the
slope reflects the magnitude of the flexural stiffness of the member (see Figure 4.5d). Flexural
stiffness (also known as flexural rigidity in technical literature) is a resistance to deformation
of a flexural member. The larger the flexural stiffness, the smaller are the flexural stresses
and deflections developed in the member. Flexural stiffness is equal to E 1, that is, the prod-
uct of the modulus of elasticity (E, for reinforced concrete structures) and the moment of
inertia (I). In general, / is a variable in cracked reinforced concrete flexural members.
Consider the two extreme cases represented on the diagram in Figure 4.5c, that is, the line OC
corresponding to the uncracked section and the line OY corresponding to the fully
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4.3.2

4.3.3

Figure 4.6 Stress and strain
distribution in an uncracked
beam section.

CHAPTER 4

cracked section. It is obvious from the diagram that the slope of the line OC is significantly
steeper than that of the line OY. This indicates that the cracked section has a much smaller stiff-
ness than the uncracked section. Therefore, the stiffness of the cracked member decreases and
the member experiences larger deflections; this behaviour becomes more pronounced at larger
loads. Note that the magnitude of the slope of the line OS corresponding to the service load falls
in between the slopes for the lines OC and OY. Therefore, the flexural stiffness for a beam
section at the service load level falls in between the stiffness values of an uncracked (gross)
section (/ g) and a fully cracked section (/). The effective moment of inertia (/ ,) represents an
approximate moment of inertia for a beam under service loads and is used in deflection calcu-
lations according to CSA A23.3, as discussed in Section 4.3.5.

Moment of Inertia

The moment of inertia (/) is a key cross-sectional property used in the deflection calcu-
lations of reinforced concrete flexural members. It depends on several factors, including
the shape and dimensions of a cross-section, the extent of cracking, and the amount of
reinforcement. As discussed in the previous section, the moment of inertia value for the
section depends on the bending moment magnitude. The following moment of inertia
properties will be used in deflection calculations:

+ gross moment of inertia (/) (the moment of inertia of an uncracked section),
* moment of inertia of the cracked transformed section €.,
* effective moment of inertia (/ )

Gross Moment of Inertia

The moment of inertia of an uncracked concrete section is called the gross moment of
inertia (I g). The gross moment of inertia for a flexural member of a rectangular section
of width b and overall depth & can be determined from Eqn 4.2. It should be noted that
Eqn 4.2 disregards the effect of reinforcing steel. The effect of reinforcement can be
accounted for by considering the transformed section properties. The concept of a trans-
formed section is used to design composite structures. (Refer to mechanics of materials
textbooks for more information.) A composite section consisting of two different mate-
rials (for example, steel and concrete) can be treated as an equivalent transformed
section that consists of one material only. In the case of a reinforced concrete section,
the actual area of steel reinforcement is replaced with an equivalent area of concrete.

The concept of transformed sections will be explained on an example of an
uncracked reinforced concrete beam section (see Figure 4.6). The beam is reinforced
with the tension steel of area A . The stress and strain distributions for the beam section
subjected to a positive bending moment are shown in Figure 4.6. Suppose that the loads
are small enough such that there are no cracks in the tension zone of the section.

The stresses in steel and concrete are expected to be in the elastic range, so Hooke’s
law is valid (refer to textbooks on mechanics of materials). Therefore, the strain in the steel
reinforcement can be determined as

I
=25 4.3
&y E, [4.3]
f;(comp)
M
NA | .-, -]
Ale o @ oA

E, T ¢
s ¢ .f(; (tens)



Figure 4.7 Transformed section:
uncracked beam section.
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The strain in the concrete at the reinforcement location can be expressed as

_ fc (tens)
SC - E

¢

[4.4]

Based on the strain compatibility between steel and concrete, the strains in the steel and
concrete at the reinforcement location are equal; that is,

&, = &, [4.5]
or

£ _ fc(tens)

Es Ec

The above equation can be expressed in terms of f; as follows:

E.r
f:\‘ = E_ fc(tens)

or

fs =n ¢ (tens) [4-6]

where

- [4.7]
E .

The modular ratio (n) is the ratio between the moduli of elasticity of steel and concrete.

As discussed in Section 2.6.2, the modulus of elasticity of steel (E,) is constant and
can be taken as 200000 MPa for nonprestressed reinforcement (A23.3 C1.8.5.4.1). As a
result, the modular ratio typically varies from 8 to 10 for a normal range of f.' values
(25 MPa o0 40 MPa).

In order to form a transformed section, the area of steel is replaced with an equivalent
area of concrete. This equivalent area can be determined by expressing the tension force
in steel reinforcement as follows:

T= fv As = (nfc(ten.\'))A.r = fc(ten.r)(n A.r)

Based on this numerical transformation, the force in steel reinforcement of area A, and
stress f, is equal to the force in concrete corresponding to area nA_ and stress f ;-
The transformed section is shown in Figure 4.7. To account for the displaced steel area
A, the equivalent steel area is (n — 1)A, (this is true only in the case of an uncracked
cross-section).

The area of the transformed uncracked section (4,,) is

A, =A, +(n— DA,

In general, it is not necessary to use transformed section properties to calculate deflections in
an uncracked reinforced concrete beam; gross cross-sectional properties represent a satisfactory
approximation for this purpose. However, in the case of cracked reinforced concrete members,
it is essential to use the transformed section properties for the deflection calculations, as dis-
cussed in the following sections.

Ale o o (n- 1A,
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Figure 4.8 Transformed section

for a cracked beam.

4.3.4
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Cracked Moment of Inertia

The moment of inertia of a cracked section (or cracked moment of inertia) is denoted as
1_,. The calculation of /. is more complex due to the fact that concrete is effective in the
compression zone only, while only steel reinforcement is effective in the tension zone.
The concept of a transformed section is used to calculate /. by taking into account the
steel and concrete properties, as illustrated in Figure 4.8.

The transformed section comprises the following two areas (shown hatched in Figure 4.8):
the area (A|) above the neutral axis (N.A.) equal to the compression zone of the concrete
section and the area (A,) equal to the “transformed” steel area (nA ), that is, A, = nA_.

The area of the transformed cracked section (4,,) is

A, =A +A,=by +nA;
The neutral axis depth (¥) can be determined from the equation of the centroid of a trans-

formed section as follows:

(b})% + (nA)d

Ayt Ay,

4.8
A, + A, by + nA, 481

y:

The above equation can be transformed into the quadratic equation

b\ _2 _
> y t(nA)y —nAd=0

The solution of this equation expressed in terms of A_ is

—nA, + V(1A + 2bd(nA)
b

y:

This solution can be more conveniently expressed in terms of p as

¥ =d(Vnp? + 2np — np) [4.9]

where
A, 31
P = [3.1]

The moment of inertia of the cracked section (/) around the neutral axis can be determined
based on the paralle] axis theorem (covered in mechanics of materials texts) as

_3
=2 @5y 4.10
o= 3 nA(d—y) [4.10]
The above equation applies to sections with the tension steel only. In the case of doubly
reinforced sections (with both tension and compression steel), an additional term needs to

be added to account for the effect of compression steel.
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Exam ple 4.2 Consider the typical cross-section of a reinforced concrete beam in the sketch below.
The beam is reinforced with 4-20M longitudinal bars and its properties are summa-
rized below.

Determine the moment of inertia for the uncracked transformed section.

400 mm
e

b ey T
E
E| E
Elo
Sk
(Te]
4 -20M
L lew v ot

Given: f.' = 25MPa

i = 400 MPa
b = 400 mm
h = 500 mm

SOLUTION: 1. Compute the modular ratio (n)
E, = 200 000 MPa

£, = 4500V, 2

= 4500V/25 MPa = 22 500 MPa
n=-= [4.7]

200 000 MPa

= 22s00Mpa >80 =?

2. Calculate the transformed section area (4,)
The area of a 20M bar is 300 mm? (refer to Table A.1), so
A, = 4 X 300 mm? = 1200 mm?

Convert the area of steel reinforcement (A,) to the equivalent area of concrete
(n—DA;

(n = DA, = 8 X 1200 mm? = 9600 mm?*
Compute the area of the transformed uncracked section (A o
A, = bh + (n — 1A,

= 400 mm X 500 mm + 9600 mm?2 = 209 600 mm?

The transformed section is shown in the sketch below.

Ib =400 mm1

Reference axis
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3. Determine the location of the centroid of the transformed section (y)
The y value will be determined with regard to the top compression fibre:

h
(bh) X > +(n— 1A, Xd

=i
I

A

Ir

= + 9600'min? X 430 mm

(400 mm X 500 mm) X Ll

209 600 mm?
= 258.2 mm = 260 mm

4. Compute the moment of inertia (.'g. .) for the transformed section
Note that y, = 250 mm (see Example 4.1).

bh? 5 g
or =1 +bh(y —y):+ (n—1)A(d —y)

_ 400 mm X (500 mm)?
= 12
+ 9600 mm? X (430 mm — 260 mm)>

=45 %X 10° mm*

e R e e e e ey R e e e e e

+ 400 mm X 500 mm X (260 mm — 250 mm)?

Learning from Examples

At this point, it is important to compare the moment of inertia values obtained in
Examples 4.1 and 4.2. A beam section with the same cross-sectional dimensions (width
400 mm and overall depth 500 mm) and the same material properties (f.' = 25 MPa
and f, = 400 MPa) has been considered in both examples.

In Example 4.1, gross moment of inertia (,) for a beam cross-section was calculated
without considering the effect of reinforcement. The same beam cross-section was
considered in Example 4.2, except that the moment of inertia for the transformed section
(Ig.”,) was calculated, taking into consideration the effect of longitudinal reinforce-
ment (4-20M bars). The following observations can be made with regard to these two
examples:

1. The amount of computational effort required to calculate I, is significant com-
pared to the quick calculation performed to determine the ! 5 value. however, the
difference in the moment of inertia values is not significant (on the order of 8%)
(see Figure 4.9).

2. Due to the presence of reinforcement, the location of the centroid of the trans-
formed section (¥) is lower than that of the gross section (y,): however, the differ-
ence is only 10 mm (on the order of 4%) in this case:

y =y, =260mm — 250 mm = 10 mm.
For the purposes of deflection calculations in uncracked reinforced concrete

flexural members, it is acceptable to use the gross moment of inertia (1,) instead
of the moment of inertia for the transformed section (!M}. This will result in
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Examples 4.1 and 4.2. Example 4.1 Example 4.2
a slight increase in the magnitude of deflections, but the difference is not
significant.

4.3.5 Effective Moment of Inertia

As discussed in the previous section, I, represents the moment of inertia of the section
before cracking and I, represents the moment of inertia of the fully cracked section.
Some portions of the beam are cracked under service loads, while the remaining por-
tions remain uncracked. As a result, the actual flexural stiffness (and the corresponding
moment of inertia) is larger than that corresponding to a fully cracked member, and
less than the stiffness corresponding to the uncracked member. To account for the vari-
ations in the moment of inertia values along the beam length, CSA A23.3 C1.9.8.2.3
prescribes the use of the effective moment of inertia (1,), which is a reasonable approxi-
mation of the actual moment of inertia. /, can be determined based on the equation

M \3
L=t a5 =1, (i1

a

where
I o = the moment of inertia of a gross concrete section
1., = the moment of inertia of the transformed cracked section
M = the cracking moment

cr

M, = the maximum bending moment in the member at the load stage at which the
deflection is computed, or at any previous stage. Depending on the type of
deflections that need to be determined, M, can take the following values:

M, = M if the deflections are to be determined due to dead load (DL) only.
M, = M, if the deflections are to be determined due to live load (LL) only.
M, = M, if the deflections are to be determined due to total dead and live load.

In any case, bending moments used for deflection calculations are due to specified service

loads, that is, unfactored loads.
The above empirical equation, developed by Dan Branson in 1960s, is based on extensive

experimental research and was adopted by the ACI Code and also by CSA A23.3 in the 1970s.
Based on Eqn 4.11, the I, value falls in between the 1 o and /, values; that is,

1, <I,<I,
The following recommendations can be made regarding /, calculations:

« If the maximum bending moment acting on the beam (M) is significantly larger than
M, that is, Ma/Mcr = 2, then [, is very close to I,.In such cases, it is recommended

to use 1, for deflection calculations.
» If the maximum bending moment (M,,) is less than M,,, then the entire member is expected

to remain uncracked, so Ig can be used instead of /, for deflection calculations.
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The moment of inertia (/) is a key cross-sectional property used in the deflection
calculations. It depends on several factors, including the load magnitude, the shape and
dimensions of a cross-section, the extent of cracking, and the amount of reinforcement.
The following three types of moment of inertia are used in deflection calculations:

* gross moment of inertia (/ ),
* moment of inertia of the cracked transformed section (/_,).
+ effective moment of inertia (/ O

The gross moment of inertia is the moment of inertia of an uncracked concrete section.

For a rectangular cross-section of width b and overall depth h, Ig can be determined as
bh3

I =— ;

: 7 [4.2]
The moment of inertia of a fully cracked section (/,,) with tension steel only can be
determined based on the transformed section properties as
g b_ii + nA (d — y)? 4.10

e gl 2 E =) [4.10]
To account for the variations in the moment of inertia values along the beam length,
CSA A23.3 C1.9.8.2.3 prescribes the use of the effective moment of inertia (1,), which
can be determined based on the following equation:

Mf_'r 3
R RS [4.11]

a

Itis very important to note that bending moment M . used for the deflection calculations
is due to specified service loads, that is, unfactored loads.

Some portions of the member crack at service loads; however, the remaining por-
tions are uncracked. Therefore, 1, falls in between Ig and / itk that is,

R

DEFLECTIONS IN REINFORCED CONCRETE
FLEXURAL MEMBERS

Background

Deflections in reinforced concrete members are estimated based on the assumption of the
elastic behaviour at service loads, which is appropriate in most cases. Depending on the
load duration, deflections can be classified as immediate or long-term.

Immediate (or short-term) deflections occur immediately on the application of the load.
These deflections can be calculated from the properties of uncracked or cracked members
or some combination of these, as discussed in Section 4.3. Variable cross-sectional proper-
ties, continuity of concrete structures, and construction-related factors can add to the com-
plexity of deflection calculations.

In addition to immediate deflections, reinforced concrete members subjected to sustained
loads such as dead load cause additional long-term deflections. These deflections are mainly
caused by creep and shrinkage. Creep causes the deflections in concrete structures to increase
under constant sustained load for a period of several years. Total deflections (after several years
of service) may be on the order of two or three times the immediate deflections and can cause
functional problems for the occupants and damage to the building components.

Deflection calculations must take into account both immediate and long-term deflections.
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Immediate Deflections

As discussed in Section 4.2, some portions of a reinforced concrete flexural member
develop cracks at service load levels while the other portions remain uncracked.
Consequently, the properties of concrete sections, in particular the moment of inertia and
the stiffness, cannot be easily determined from the basic concepts of mechanics of mate-
rials. This adds to the complexity of deflection calculations.

Immediate deflections are also influenced by construction-related factors. Concrete
structures loaded at an early age will experience larger initial deflections than the struc-
tures that are properly cured and protected from early stresses until the concrete reaches
its design strength. Hence, the reshoring sequence during construction can significantly
influence the magnitude of deflections. Deflections in concrete members also depend on
other factors, such as the time delay between batching and placement of concrete, the
method of concrete placement, the actual w/c ratio during placement, the method of cur-
ing, and the temperature gradient during the curing period.

Given the above discussion, it is clear that the accurate prediction of deflections
in reinforced concrete members can be rather complex. CSA A23.3 recognizes this
complexity and offers a simplified deflection calculation procedure in lieu of a
detailed procedure. Therefore, C1.9.8.2.2 of CSA A23.3 permits the computation of
immediate deflections by using simple formulas for elastic deflections. The effective
moment of inertia (/,) is used in this procedure to account for the effects of cracking
and amount of reinforcement. For most design applications, the simplified procedure
should offer a reasonable estimate of the expected deflections in a reinforced concrete
beam or slab.

For members subjected to uniformly distributed loads, the immediate deflection (A)
can be determined based on the equation

5 \ Mi2
A= k<_) [4.12]
48 JEI,

where

k = the coefficient that takes into account different end-support conditions
= the bending moment at the midspan

[ = the span length

the modulus of elasticity of concrete (see Section 2.3.4)

the effective moment of inertia.

S
|

~ M
I

e

The above general equation can be applied to various types of structural members sub-
jected to uniform loads by varying k value (see Figure 4.10). Note that, for cantilevered
members (Case 1), deflections due to rotation at the supports must also be included in the
calculations.

It should be noted that Eqn 4.12 gives the same deflection values as formulas for elastic
deflection calculations expressed in terms of uniform loads. For example, consider a simply
supported beam with span [ subjected to the uniformly distributed load w in Figure 4.11. The
maximum elastic deflection (A) for this beam can be calculated based on the standard for-
mula found in mechanics of materials textbooks:

5wl

A=
384 " EI

[4.13]

The bending moment at the midspan of this beam is

Hence, w can be expressed from the above equation as

_8M
W—7
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Figure 4.10 & values for
various structural systems.

Figure 4.11 Deflections in
a simply supported beam.

CHAPTER 4

Case Structural System k
1 2.4
2 1.0
3a 0.8
3b 0.74
w
S B ~—— 7 0.6
" /2 TJI A

Note: * - Deflections due to end support rotation must also be included

O IIITIIT
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Finally, w can be substituted into Eqn 4.13 as follows:

5 8M 14 5 MI*

AT T T H
The transformed form of the deflection formula would be the same as that given in
Eqn 4.12 (provided that k£ = 1).

Note that the k value for a simply supported beam is equal to 1 based on case 2 in
Figure 4.10.

Deflection formulas for other types of loads are provided in Appendix A.

The effective moment of inertia (/,) should be calculated based on the load level under
consideration. The immediate deflections can be computed by the following procedure.

1. The dead load deflection (A ) is calculated based on the I, value corresponding to the
dead load bending moment (M )).

2. Deflection due to the combined dead and live loads (A p+ 1) is calculated based on the
1, value corresponding to the total bending moment (M, , ;).

3. The live load deflection (4, ) is calculated as

A =Api —4p (4.14]

Note that the use of M, ,; to calculate all deflection terms tends to overestimate the A,
value and underestimate the A, value.

Long-Term Deflections

Long-term deflections in reinforced concrete structures may be caused by superimposed
creep, shrinkage, and temperature strains.

Creep is the inelastic, time-dependent deformation of concrete under sustained stress,
as discussed in Section 2.3.5. Creep can cause a significant increase in deflections in rein-
forced concrete members. The increase in the magnitude of initial deflections due to creep
effects may be two- to threefold, so creep effects must be taken into consideration in deflec-
tion calculations. The detailed treatment of creep deformations can be extremely complex
and is beyond the scope of this book; for more information, refer to Branson (1977).
Alternatively, CSA A23.3 prescribes a simple method to account for long-term effects.
According to C1.9.8.2.5, long-term deflections in a reinforced concrete flexural member are
obtained by multiplying the immediate deflection caused by the sustained load by the factor

{S’ given by

N

=1 +—
& 1 + 500’

[4.15]

where

s = the time-dependent factor for creep deflection under sustained loads; s varies
between 0 and 2 depending on the load duration (see Table 4.1)

p' = the compression reinforcement ratio; the presence of compression steel will substan-
tially reduce long-term creep deflection, in some cases by as much as 20% or 30%.

Therefore, the total long-term deflection (A ) in a reinforced concrete flexural member can
be obtained when the immediate deflection (A;) is multiplied by the factor {; that is,

At = g’sAi

It should be noted that immediate deflection needs to account for the combined effects of
dead and live loads; that is,

A=y + A,
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Table 4.1 s factor values

5 Duration of sustained loads
2.0 5 years or more
1.4 12 months
1.2 6 months
1.0 3 months
0 Less than 3 months

(Source: CSA A23.3 CL.9.8.2.5, reproduced with the
permission of the Canadian Standards Association)

Dead load is generally present throughout the service life of a structure; however, live
loads are not necessarily present at all times. Therefore, only a part of the live load in addi-
tion to the more permanent dead load needs to be considered as the sustained load. As a
result, the total long-term deflection can be determined as

A= g_‘,(ao + ALS} b s A,,_g) [4.16]
where

A, = the immediate deflection due to the total dead load
A, = the immediate deflection due to the total live load
= the immediate deflection due to the sustained portion of the live load.

L
8
[

If the dead load and the sustained live load are applied at different times, it may be desir-
able to use different £ values for the dead load and sustained live load. In that case, the
total long-term deflection can be obtained as

A =lpAp+ LA+ (A — ALY

where £, depends on the dead load duration and {; depends on the live load duration.

Deflections in reinforced concrete members are estimated based on the assumption of
elastic behaviour at service loads, which is appropriate in most cases. Depending on the
load duration, deflections can be classified into immediate and long-term.

Immediate (or short-term) deflections occur immediately when the load is applied.
According to A23.3 C1.9.8.2.2, immediate deflections can be computed by using the simple
formulas for elastic deflections. To account for the effects of cracking and reinforcement on
member stiffness, the effective moment of inertia (/,) is used in deflection calculations.

For members subjected to uniformly distributed loads, the immediate deflection (A)
can be determined based on the equation

5 \Mi?
A= k(48)E¢,Ie [4.12]

Long-term deflections are mainly caused by creep and shrinkage. Creep causes an increase
in deflections in concrete structures under constant sustained load for a period of several
years. The total long-term deflection (A) in a reinforced concrete flexural member can be
obtained when the immediate deflection (A)) is multiplied by the factor £, (C1.9.8.2.5):

Ar = {sAt'

where

G e 415
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Figure 4.12 CSA A23.3 indirect
approach to deflection control.
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Shrinkage is a decrease in the volume of concrete (other than that caused by exter-
nally applied forces and temperature changes) that depends on the ambient weather
conditions during and after construction. As a result, concrete members cast and main-
tained in a damp, cool atmosphere can be expected to experience smaller deflections
than those cast in a hot and dry atmosphere. Also, since the amount of drying shrink-
age and creep is affected by the volume/surface ratio, large concrete beams will have
lower deflections than thin slabs (the difference may be as high as 40% to 50%). It
should be noted, however, that an unequal amount of tension and compression steel
will cause shrinkage deflections. The detailed treatment of shrinkage effects is beyond
the scope of this book.

CSA A23.3 DEFLECTION CONTROL REQUIREMENTS

Background

Building structures are expected to support service loads without experiencing exces-
sive deflections that might cause cracking of partitions or architectural elements, sag-
ging of floors and roofs, or drooping of overhang canopies. A23.3 C1.9.8.1 prescribes
that reinforced concrete flexural members have adequate stiffness to limit deflections or
any deformations that may adversely affect the strength or serviceability of the struc-
ture. CSA A23.3 prescribes two approaches to deflection control:

* indirect approach
« detailed deflection calculations

The indirect approach consists of setting suitable upper limits on the member span/depth
ratio, as discussed below. This approach is simple and satisfactory for applications where
spans, loads, load distributions, and member sizes and proportions are within the pre-
scribed ranges.

Detailed deflection calculations are performed to estimate immediate and long-term
deflections in reinforced concrete members and compare these predicted values with the
CSA A23.3 prescribed allowable values summarized in Section 4.5.3. Deflection calcula-
tion procedures will be discussed in Section 4.6.

Indirect Approach

Detailed deflection calculations can be very tedious and time-consuming. However,
detailed calculations may not be required if the flexural member has sufficient depth and
stiffness such that the deflections are not a concern. CSA A23.3 C1.9.8.2.1 (Table 9.2) pre-
scribes the span/depth ({,/h) ratio limits for beams and slabs that will result in members
with sufficient stiffness that explicit deflection calculations are not deemed necessary; [,
denotes the clear span of a beam or a slab and # its overall depth (see Figure 4.12). These
values apply to most concrete flexural members subjected to uniformly distributed loads.
Exceptions include members supporting partitions and other elements that are likely to be
damaged by large deflections. Caution is required for concentrated loads or structures
where the ratio of dead to live loads is significantly different from the above assumptions.

: 0l
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The table considers that Grade 400 reinforcement is used; for [, values other than 400 MPa,
the values in the table should be multiplied by '

(0.4 + f,/670)

CSA A23.3 Table 9.2 is reproduced in this book (Table A.3). The minimum thicknesses
proposed in this table are frequently used in selecting the overall depths of beams
or slabs.

An application of the CSA A23.3 indirect approach to deflection control is illustrated
by Example 4.3.

Exam ple 4.3 Consider a simply supported reinforced concrete beam with a span of 6 m and an
overall depth of 500 mm, as shown in the figure below,
Check whether detailed deflection calculations are required according to the CSA A23.3
deflection control requirements.

500 mm

0.3m

400 mm
-

¥

Given: h = 500 mm

SOLUTION:  First, determine the clear span for this beam as

03m 03m
:6 — —_— = 5,
(1 m ( > > ) 5.7m

Second, determine the span/depth ratio:

_,,_S.Tm_ 11.4
h 05m '

Finally, refer to Table A.3 (CSA A23.3 Table 9.2), which prescribes the span/depth ratios.

For simply supported beams, it follows that deflection calculations are not required pro-
vided that

l
h=—
16 h

For the beam considered in this example,
!H

—=114<16

h

It can be concluded that this beam meets the minimum span/depth requirements in accor-
dance with A23.3 C1.9.8.2.1, so detailed deflection calculations are not required.

e e L s e e P e e Ty T DR Ty e B e e e e - -
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Allowable Deflections

The allowable deflection limits prescribed by building codes are based on scientific prin-
ciples and observations of previous cases of structures experiencing large deflections. In
general, deflections in a structural member become visible to the naked eye when they
exceed the magnitude of approximately 0.4% of its span (MacGregor and Bartlett, 2000).
This section discusses the allowable deflection limits prescribed by CSA A23.3 to prevent
problems caused by excessive deflections.

In general, deflection problems can be divided into four categories (ACI Committee
435, 2004):

1. Sensory problems include floor vibrations and the appearance of droopy members. For
example, building occupants may become annoyed or alarmed by the structural frame
vibrations under conditions of normal use.

2. Serviceability problems are generally related to the function of a building structure
or a portion thereof; examples are roofs that do not drain properly and floors that
are not properly levelled (in gymnasia or bowling alleys). For example, the ponding
of water on roofs occurs due to deflections caused by the weight of rain water — in
extreme cases, roof failure due to ponding (called ponding failure) takes place;
long-span roofs in regions with light roof design loads are particularly susceptible
to ponding.

3. Damage of nonstructural elements, such as ceilings and partitions, can occur. For
example, windows and brittle masonry and glass partitions can be damaged if a struc-
tural member above them deflects. These problems can be controlled by limiting the
deflections that occur after the installation of nonstructural elements or by designing
the nonstructural elements to accommodate the required amount of movement.
It should be noted that damage to brittle partitions can occur under deflections as
small as 0.1% of the span.

4. Structural problems include structural damage caused by excessively large
deflections.

A23.3 C1.9.8.5.3 (Table 9.3) prescribes deflection limits for various concrete structural
members, expressed as a fraction of the span (/) for the structural member under con-
sideration. It should be noted that some deflection limits apply to only a fraction of the
total deflection (see Cases 3 and 4 in A23.3 Table 9.3). For example, masonry walls
are stressed and cracked only by the portion of the total deflection that occurs after the
walls are constructed. This portion is called incremental deflection. The designer is
responsible for applying an appropriate deflection limit for a structural member con-
sidering its function and the characteristics of nonstructural elements, such as parti-
tions, ceilings, or fagades.

DEFLECTION CALCULATION PROCEDURES

Background

Due to the composite nature of reinforced concrete and the fact that the member cross-
sectional properties change after cracking, deflection calculation procedures for rein-
forced concrete structures are more complex than those of other building materials. In
fact, accurate estimation of deflections in a reinforced concrete flexural member is
perhaps the most complex task in reinforced concrete design. Once the flexural mem-
ber cracks, its stiffness in the cracked regions decreases and the member becomes non-
prismatic. An iterative computer-aided calculation procedure is required to determine
the relationship between the load and the deflection in cracked reinforced concrete
flexural members.
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This section presents two procedures for estimating deflections in reinforced concrete
flexural members:

* the CSA A23.3 approximate procedure
* the computer-aided iterative procedure

These procedures are based on the assumption of the elastic behaviour of a flexural
member.

Approximate procedure This procedure determines elastic deflections in rein-
forced concrete members using the effective moment of inertia (I,) prescribed by
CSA A23.3 C1.9.8.2.3. Deflections can be easily determined by hand calculations.
This procedure is approximate and can be used when the following conditions
are met:

* The member is prismatic; that is, it has constant cross-sectional properties over its
length. This procedure does not apply to nonprismatic members such as beams and slabs
with haunches.

* Span lengths do not vary too greatly between adjacent spans (maximum difference
within 20% to 30%).

* The member is subjected to uniformly distributed loads.

As aresult, the use of approximate procedure is not suitable for nonprismatic members,
continuous members with large variations in span lengths or flexural stiffness between
adjacent spans, or members subjected to large point loads. In these cases, computer-
aided analysis using cracked section properties may be more appropriate. In any case,
the designer must exercise caution in using this procedure and ensure that (s)he has a
complete understanding of its suitability for a particular design application.

Computer-aided iterative procedure This procedure uses a computer-aided struc-
tural analysis to determine the deflections in reinforced concrete members. The member
is subdivided into several segments that can be characterized by different section proper-
ties. Cracked section properties are used where the bending moment exceeds the crack-
ing moment, and gross section properties are used elsewhere along the span. With the
wide availability of computer structural analysis programs in design offices, this proce-
dure can be used for design applications for which the approximate procedure is not
deemed suitable.

As part of the calculation procedure, it is necessary to determine the bending moment
distribution and the corresponding bending moment diagram for the flexural member
under consideration. In the case of the approximate procedure, a bending moment diagram
can be developed either by performing the structural analysis of a member either by using
hand calculations or a computer program. Beam diagrams in various handbooks and
manuals can also be used. Some of these diagrams are included in Appendix A for the
reader’s benefit.

Regardless of the calculation procedure used, the designer should keep in mind a few
general thoughts related to deflection calculations, as summarized below:

* It is important to use good engineering judgment when performing deflection cal-
culations.

* Due to the large number of construction-related parameters influencing the quality
of reinforced concrete structures, it can be difficult to accurately predict the magni-
tude of deflections. The designer should be aware that the calculated deflections rep-
resent an estimate of the deflection the structure is likely to experience. This is true
even when advanced computer-aided tools and procedures are used in the design
process.
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« When the designer needs to gain better insight into the probable maximum range of
deflection magnitudes, (s)he should perform a sensitivity analysis, that is, vary the
design parameters within a probable range of values and observe how these variations
affect the magnitude of the deflections.

CSA A23.3 C1.9.8.1 prescribes that reinforced concrete flexural members have adequate
stiffness to limit deflections or any deformations that might adversely affect the strength
or serviceability of the structure.

Two approaches can be taken to ensure that deflections are within acceptable limits:

+ indirect approach
+ detailed deflection calculations

The indirect approach is based on A23.3 C1.9.8.2.1 and it consists of setting suitable
upper limits on the member span/depth ratio (see Table A.3). This approach is simple and
satisfactory for applications where spans, loads, load distributions, member sizes and
proportions are in the usual ranges.

Detailed deflection calculations are performed to estimate immediate and long-
term deflections in reinforced concrete members and compare these predicted values
with the CSA A23.3 prescribed allowable values (Table 9.3). Two deflection calcula-
tion procedures are used to estimate deflections in reinforced concrete flexural
members:

» the CSA A23.3 approximate procedure
+ the computer-aided iterative procedure

These procedures are based on the assumption of the elastic behaviour of a flexural
member, however the effect of cracking is taken into account.

The approximate procedure determines elastic deflections in reinforced concrete
members using the effective moment of inertia (/,) prescribed by CSA A23.3 C1.9.8.2.3.
Deflections can be easily determined by hand calculations.

The computer-aided iterative procedure uses computer structural analysis software
to determine the elastic deflections in reinforced concrete members. The member
is subdivided into several segments that can be characterized by different section
properties; cracked section properties are used where the bending moment
exceeds the cracking moment, and gross section properties are used elsewhere along
the span.

4.6.2 Deflections in Simply Supported Flexural Members

As discussed in the previous section, the CSA A23.3 approximate procedure is suitable for
deflection calculations in regular reinforced concrete structures. Deflections can be calcu-
lated by following the standard procedure for elastic deflection calculations in flexural
members which uses the effective moment of inertia (/,).

In simply supported flexural members, the /, value used for deflection calculations is
determined at the location of maximum bending moment.
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Checklist 4.1 outlines the steps used in the CSA A23.3 approximate deflection
calculation procedure. An application of the approximate procedure is illustrated by
Example 4.4.

Checklist 4.1 Deflection Calculations According to the CSA A23.3 Approximate Procedure

Step Description Code Clause
1 Calculate the gross moment of inertia ().
For a rectangular section,
bh?
T [4.21
2 Calculate the moment of inertia of the cracked section (/ 22,
For a rectangular section with tension steel only.
3
by s
=3+ nAd ~ ¥)? [4.10]
3 Calculate the effective moment of inertia (/,). 9.8.23
M{.'r 3
A233Eq. 9.1 =1+ —1)\ 3 [4.11]
a
where
'J('r = Ir < !g

For continuous members, also use Eqns 4.18 and 4.19 (C1.9.8.2.4) (see Section 4.6.3).

4 Calculate the maximum immediate deflection (A) due to the total load.
For beams subjected to uniformly distributed loads,

5\ Mi?
A k(—) [4.12]
48)E.1

where
A=A, + A
Refer to Figure 4.10 to select an appropriate & value.

An important note: always use specified (unfactored) loads and corresponding bending
moments for deflection calculations!

5 Calculate the long-term deflections. 9.8.2.5
A, =By T A0+ (8, — A [4.16]
and

5
A23.3 Eq. 9.5 =1+ —— 4.
s I+ 50" [4.15]

Refer to Table 4.1 for the s values.

6 Check whether the deflections are within the limits prescribed by CSA A23.3. 9.8.5.3 (Table 9.3)
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Example 4.4 A simply supported reinforced concrete beam of rectangular cross-section is shown in
the figure below. The beam supports a uniform dead load (DL) of 16 kN/m and a uni-
form live load (LL) of 10 kN/m. The beam is reinforced with 4-20M bars at the bottom.
Use an effective depth of 430 mm. The beam dimensions and material properties are

given below.
Estimate the maximum immediate deflection for this beam due to the total service loads

using the CSA A23.3 approximate procedure.

DL = 16 kN/m
LL =10 kN/m

VRV 2 "
L

| ’ 00 m :-2OM
IJ [=6m ILAL

s
L |

Given: f,' = 25 MPa

f, = 400 MPa
b = 400 mm
h = 500 mm

SOLUTION: 1. Compute the moment of inertia of the gross section (I g)

bh?
I = [4.2]

5 12

(400 mm)(500 mm)?
12

=417 X 10° mm* = 4.2 X 10 mm*

Note that the moment of inertia for the gross section (/ J:} will be used in this example —
there is no need to calculate the moment of inertia for the transformed section Ug o)

(as discussed in Section 4.3.4, Example 4.2).

2. Compute the moment of inertia of the cracked section (/)
a) Compute the modular ratio (n).

E, = 200 000 MPa

£ = 450V} 22

= 4500V 25 MPa = 22 500 MPa
$ [4.7]

200 000 MPa
22 500 MPa

=8890=9

b) Compute the neutral axis depth (¥).
The area of a 20M bar is equal to 300 mm? (refer to Table A.1), so

A, = 4 X 300 mm? = 1200 mm?
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Subsequently, the reinforcement ratio (p) can be calculated as

=1 [3.1]

B 1200 mm?
400 mm X 430 mm

= 0.007

and
np =9 X 0.007 = 0.063

Finally, the neutral axis depth (¥) can be calculated as

y=d ( V (np)* + 2np — np) [4.9]

= 430 mm(V/(0.063) + 2 X 0.063 — 0.063) = 128 mm

The transformed cracked section is shown in the sketch below.

b =400 mm 400 mm
L=400mm -0 mm

E E
[ £ | |
S 3| ! :
=) 1
i i :
= 1
4 - 20M |
| |ee e c-/ : ______ : nA, =10 800 mm”
Actual cross section Transformed cracked section
¢) Compute /..
=3
T i) oo i 4.10]
cr - 3 n j{ y ) [ .

400 28 mm)? 2
S il 21 M)+ 9(1200 mm2)(430 mm — 128 mm)?*

1.3 X 10° mm*

3. Compute the effective moment of inertia (I )
a) Calculate the cracking moment (M,,).
The cracking moment for this section was calculated in Example 4.1 as

M, =50kN-m

b) Calculate the maximum bending moment due to the service load (M,).
M, is to be determined due to the total specified (service) load (w,) as follows:

DL + LL
16 kN/m + 10 kN/m = 26 kN/m

“:.;
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For a simply supported beam subjected to a uniform load, the maximum
bending moment develops at the midspan; therefore,

w,l =

M £t L=
a 8

26 kN/m X (6 m)?
= g = 117kN-m

c) Calculate /,.

M3
L=1,+d,- 1{.,}( = ) [4.11]

(4

50 kN-m )3

3 % 10 mm* + (4.2 X 10° mm* — 1.3 X 10° 4(-~—~—
1 107 mm ( mm 1 107 mm*®) 17 KN-m

1.53 X 10 mm*

4. Calculate the maximum immediate deflection (A)
The deflection will be calculated according to A23.3 C1.9.8.2.3 using the equation pre-
sented in Section 4.4.2 with k = 1.0 for simply supported beams:

A k( 2 )M"lz [4.12]
48/ EI, ;

6 N . 3
=(1‘0)(%)(”7x 10° N mm)(6000 mm)? _ .

(22 500 MPa)(1.53 X 10° mm?)

S T e o eeeema i aat = e

Subsequently, the same beam was analyzed using the computer-aided iterative
procedure (see Figure 4.13a). The beam was subdivided into 20 segments and analyzed
by means of computer structural analysis software. The analysis procedure is described
below:

1. Initially, the section properties for each segment were considered to be uncracked; that
is, I, has been used (see Figure 4.13b).

2. The beam model subjected to the total service load (w,) was analyzed. The bending
moment diagram was obtained as the output (see Figure 4.13c).

3. Subsequently, the beam was divided into uncracked and cracked portion
(see Figure 4.13d). Segments in the region where the bending moment
exceeds the cracking moment (M) (based on the bending moment diagram)
are considered to be cracked, and the cracked moment of inertia (/) is used
instead of the previously used gross moment of inertia (/,). The properties of
other segments remained the same as in the initial analysis; that is, they were
uncracked.

4. Finally, the beam was analyzed again, and a midspan deflection of 16 mm was
obtained as the output, as shown in Figure 4.13e.
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W, = 26 kKN/m

A A A A A A A

a)
I‘* I=6m :
b) 1,2,3,4,5,6,7,8,910111213141516171819.20
AI L L L L L L e e e e e I)Q_
'9
Mpnax = 117 kNm
M, = 50 kNm M, = 50 kNm
c)
juncracked, cracked juncracked,
f g 4 *
Figure 4.13 Deflections calcu- | | |
lated using the computer-aided d) ——— o —
procedure: a) actual beam;
b) structural model; c) bending
moment diagram; d) moments of e)
inertia for cracked and uncracked A= ____ e ———T -
regions; e) deflection diagram. A=16mm

Learning from Examples

The simply supported beam discussed in Example 4.4 was analyzed using a simple
approximate procedure prescribed by CSA A23.3 with a maximum deflection of 13 mm.
Subsequently, the same beam was analyzed using the more comprehensive
computer-aided procedure, resulting in a maximum deflection of 16 mm.
The difference in the magnitudes of maximum deflections obtained using these two
procedures is only 3 mm. For the 6 m span beam discussed in this example the difference is
insignificant, so using the approximate procedure is considered suitable for this application.

4.6.3 Deflections in Continuous Flexural Members

Most cast-in-place reinforced concrete beams and slabs are designed and constructed as
continuous structures that span across several supports. This is a unique feature of rein-
forced concrete — in general, multi-span structural members of other materials (such as
timber and steel) are designed as a series of simply supported structures spanning across
two adjacent supports. When subjected to gravity loads, continuous structures develop
positive and negative moments; usually, positive and negative bending moments develop
at the midspan and the support regions, respectively. This behaviour adds to the com-
plexity of deflection calculations since both the cracked and uncracked section properties
need to be considered in the regions of positive and negative bending moments,
Deflection magnitudes in continuous flexural members are influenced by

* the relative magnitude of positive and negative bending moments within each span;
« the extent of the cracked regions, where positive and negative bending moments exceed
the cracking moment;



Figure 4.14 Parameters for
deflection calculations in
continuous beams and slabs.

A233Eq.9.3
A233 Eq. 9.4
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+ the presence of nonprismatic sections in cracked reinforced concrete members;
» the effect of cracked stiffness within one span on the effective cracked stiffnesses within
adjacent spans of a continuous member.

Detailed deflection calculations in continuous members require the use of an iterative
analysis procedure that simulates behaviour of cracked reinforced concrete members.
However, CSA A23.3 permits the use of an approximate procedure similar to the one used
for simply supported members. The conditions under which the approximate procedure
can be used are summarized in Section 4.6.1.

Similarly to the case of simply supported members, the deflections can be calculated
according to the standard procedure for elastic deflection calculations in flexural members
by using the effective moment of inertia. The deflections can be calculated based on the
equation

5\ M2
A=kl—=)=— 412
k(4s) E, 4121

For continuous members, k should be determined as (see Figure 4.14)

MO
k=12 -02— [4.17]
Mm
where
M, =M, -M +M, )/2 (the net moment at the midspan)

wl 2
n
M, = g the maximum bending moment for a simply supported beam based on
aclear span (/).

To account for cracking in the positive and negative moment regions, CSA A23.3 C1.9.8.2.4
prescribes the use of a weighted average effective moment of inertia (/, avg) for each span.

The value of I, ave for each span should be determined based on the following equations:

» For spans with two continuous ends (interior spans),

I, gy = 0.71,,+0.15d,, +1,) [4.18]

+ For spans with one continuous end (end spans),

Lyge = 0.851,,+0.151, [4.19]

where

1,,, = the effective moment of inertia at the midspan

1, = the value of /, at one end of an interior beam span

1,, = the value of /, at the other end of an interior beam span

1, = the value of /, at the continuous end span.
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b)

d) L 1
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Figure 4.15 Effective moment of inertia in continuous flexural members: a) actual beam; b) structural model;
c) bending moment diagram; d) moment of inertia values.

I Iec Iel I
]

It should be noted that I,,, 1,,, and I, should be determined from Eqn 4.11 using
the appropriate cross-sectional properties and bending moments, as illustrated in Figure 4.15.

The use of 1 o avg simplifies the deflection calculations in continuous members while
offering a reasonable approximation for the magnitude of deflections.

Example 4.5 illustrates the application of the CSA A23.3 approximate procedure for
estimating deflections in continuous beams (refer to Checklist 4.1 for an outline of the
procedure). Subsequently, the same beam is analyzed using the computer-aided iterative
procedure and the results are compared.

It should be noted that the deflection calculation procedure for continuous reinforced
concrete slabs is the same as the procedure for beam deflections illustrated by Example 4.5.
Therefore, a separate example illustrating slab deflection calculations is not provided in

this chapter.

—

Example 4.5 A four-span continuous (statically indeterminate) reinforced concrete beam is shown in
the figure that follows. The beam supports a uniform dead load (DL) of 15 kN/m and a
uniform live load (LL) of 15 kN/m. The beam is reinforced with 4-20M bars. The top
reinforcement is continuous over the supports, whereas the bottom reinforcement is con-
tinuous in the midspan region. Use an effective depth of 340 mm. The beam dimensions
and material properties are given below.

First, estimate the maximum immediate deflection for this beam due to the total service
loads using the CSA A23.3 approximate procedure.

Then, estimate the maximum long-term deflection for this beam after 6 years of service life
according to the CSA A23.3 procedure. Consider that only the dead load remains sus-
tained for the purpose of long-term deflection calculations.

Given: f.' = 25 MPa (normal-density concrete)

f, = 400 MPa
b = 600 mm
h = 400 mm

d = 340 mm
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DL =15 kN/m Symmetrical
LL = 15 kN/m +——>

T T T L L T T L T L LT T L T T L L T
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0.4 m

T

. 55m » 70m . 7.0m B 55m
Span (1) Span (2)
4 - 20M (typical)
|r+ 1 I——} 2 ( 7
* ——k——
r— L

LM ;Lbdz L4-20M (typical)m M

e E ® e o o
E o
<3 3 4-20M
~r ® & o o O 0 0O O
600 mm 4-20M
Section 1-1 Section 2-2

SOLUTION: In this example, Steps 1 to 4 focus on the calculations of immediate deflections, whereas Step 5
focuses on long-term deflections.

1. Compute the moment of inertia of the gross section (/ g)

bh3
=7 [4.2]
600 X (400 3
- >rmm 12( MM _ 32 % 10° mm?

Note that the moment of inertia for the gross section (/ g) will be used in this example —
there is no need to calculate the moment of inertia for the transformed section (Ig o)

(as discussed in Section 4.3.4, Example 4.2).

2. Compute the moment of inertia of the cracked section (7 ,)
a) Compute the modular ratio (n).

E, = 200 000 MPa

£ = 4500 VI

= 4500 V25 MPa = 22 500 MPa

ES
[4.7]

[2.2]

_ 200 000 MPa
22 500 MPa

=889 =9
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b) Compute the neutral axis depth (¥).
The area of a 20M bar is equal to 300 mm? (refer to Table A.1), so
s = 4 X 300 mm? = 1200 mm?

Next, calculate the reinforcement ratio (p) as

T[>

ol 1200 mm?
600 mm X 340 mm

= 0.0059

and
np =9 X 0.0059 = 0.053

Finally, calculate the neutral axis depth () as

y= d( V (Jrz,ca)2 + 2np — np]

= 340 mm (V/0.0532 + 2 X 0.053 — 0.053) = 94 mm

The transformed cracked section is shown on the sketch below.

b =600 mm

yI 22227

d = 340 mm

4 - 20M

Actual cross section Transformed cracked section

¢) Compute ] :

—3

b
I, = % + nA(d — )2

_ 600 mm (94 mm)?
3

= 820 X 108 mm*

+ 9(1200 mm?)(340 mm — 94 mm)?

e ) S
A n A= 10,800 mm’

[3.1]

[4.9]

[4.10]

It should be noted that, in this example, the same /_value can be used for positive
and negative moment regions. This is due to the fact that the same reinforcement (4-20M
bars) is used at the top and bottom. However, this might not be true in a general case; that
is, different top and bottom reinforcement can be used in the design of continuous flex-

ural members.
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3. Compute the effective moment of inertia (/,)

a)

b)

¢)

Calculate the cracking moment (M”)‘
i) Determine f,:

f,= 06\ V! [2.1]
— 0.6(1)\/25 MPa = 3.0 MPa

i) Determine y,:

h 400 mm
Nes™ g 200 mm

iii) Calculate M_ :

Jele
.= [4.1]
Y
3.0 MPa) X (3.2 X 10° mm*
o BONER D! M) — 48.0KN-m
200 mm

Determine the maximum bending moment (M,) due to the total specified (service)
load (w):

DL + LL
15kN/m + 15 kN/m = 30 kN/m

=
Il

I

The maximum bending moment (M,) values at the critical sections have been
obtained as a result of a linear elastic analysis. The analysis can be performed
using a computer structural analysis software (as was done in this example).
Alternatively, the designer can use the appropriate beam diagram from
Appendix A.

The following assumptions have been made for the analysis:

I. Each span was divided into 20 segments with [, = 3.2 X 10° mm* and
E, = 22500 MPa.

2. The supports are assumed to be pinned and do not influence the moment dis-
tribution in the beam.

3. The beam shows elastic behaviour; that is, the load-deflection relationship is
linear.

The bending moment diagram that follows is obtained as the result of elas-
tic analysis. The diagram illustrates the moment distribution within each
span as well as the variation in bending moment distribution within differ-
ent spans.

It should be noted that this beam is symmetric with regard to the vertical axis
and is subjected to a uniform load throughout its length. Therefore, a considera-
tion of only two spans (1 and 2) is justified.

Calculate the effective moment of inertia according to A23.3 C1.9.8.2.3 and 9.8.2.4:

M:’.‘J’ »
L=dp #d = l(,r)(F) [4.11]

a
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w, = 30 kN/m

AR AR AR AR RN RN R R R

! i i W W

5 @ @ 1;::3-2"109 mm’
» » » » E, =22500 MPa
o 55m . 7.0m : 70m N 55m .
J 5] T ko |
61.0 60.0

A R N B Y G -

V.V

125.0

Span |

i) The effective moment of inertia at the midspan (M, = 61 kN - m) is
48\ 5
1, =082+ (3.2 — 0.82) o1 X 10 mm* = 1.98 X 10 mm*
i) The effective moment of inertia at the support (M, = 117TkN m) is

48 \3
L. .= (0.82 4132 — 0.82)(m) ) X 10°mm* = 0.98 x 10° mm*

i) The average effective moment of inertia for the span with one continuous end
(A23.3Cl.9.8.24) is

I, g = 0851, + 0.15L, [4.19]

= (0.85 % 1.98 + 0.15 X 0.98) X 10° mm* = 1.83 % 10° mm*

Span 2
i) The effective moment of inertia at the midspan (M, = 60 kN - m) is
= {082+ (32 4 o mm* = 2 0° mm*
l,, =082+ (3. —0.82)% X 107 mm* = 2.04 X 10° mm
i) The effective moment of inertia at the left support (M, = 117kN-m)is

48 \’
I, = (0.82 + (32— 0.32)(m) ) % 10 mm* = 0.98 x 10° mm*
iii) The effective moment of inertia at the right support (M, = 125 kN - m) is

3
l,= (0.32 BB 0.82)(%) ) X 10°mm* = 0.95 X 10° mm*



Span 1

Span 2
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iv) The average effective moment of inertia for a span with two continuous ends
(A23.3C19.8.24)is

I, =07, + 0151, +1,) [4.18]

eavg em

= (0.7 X 2.04 + 0.15(0.98 + 0.95)) X 10° mm* = 1.72 X 10° mm*

Calculate the maximum immediate deflection due to the total service load (A, , ;)
The deflections will be calculated using the general equation 4.12 and the average
effective moment of inertia (/) values due to the total service load (w):

eavg
5 \M, 1
A=k B ET [4.12]
where
M{)
k=12-—- 0.21;— [4.17]

m
M, = the net moment at the midspan obtained from the elastic analysis performed in
Step 3
M, = the maximum bending moment for a simply supported beam subjected to the total
service load w based on a clear span [,

le = [e,m'g
p=35m—-04m=>5.1m
wl 2 30kN/m X (5.1 m)?
M =— i =975kN -m
i 8 8
M, = 61 kN-m (see bending moment diagram developed in Step 3)
97.5kN-m
k=12 —-02 X—————= 0388
L2 61 kN-m 0
A 088(5\6IxIOf’N'mmX(SIOOmm)z e 4
= 0.88| — = 3.8 mm = 4 mm
DFL 48 /22 500 MPa X (1.72 X 10° mm?)

[ =7m—04m=06.6m
30 kN/m X (6.6 m)?

M, = 3 = 1633kN-m

M, = 60 kN - m (see bending moment diagram developed in Step 3)
163.3 kN -m

k=12—-02X ———=0.66
60 kN - m
2 066(5\60><105N-mm)<{660(}mm)2 PP
= 0. e = 4. = mm
D+L 48 /22 500 MPa x (1.72 X 10° mm?) i

It can be concluded that the maximum immediate deflections in the beam are on the
order of 3 mm to 5 mm (see the sketch below).
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5. Calculate the long-term deflections

a)

Determine the maximum bending moment distribution due to the service dead load.
In this example, the live load is treated as a transient load that does not cause any
long-term deflections. Therefore, only the dead load will be considered as the
sustained load influencing long-term deflections.
The bending moment distribution due to the uniform dead load (DL =

15 kN/m) was determined using the elastic analysis. The bending moment dia-
gram for the beam is shown below. The bending moment (M,) values will be used
for dead the load deflection calculations at various sections.

DL =15 kN/m

Yy VI I I I I IS LI IV IV T T

Yool

30.5

o U i b

B AR =
Y

b)

2 /‘\ /\
\V M, (kNm)

V

D

Calculate the maximum immediate deflection due to dead and live load.
The deflections will be calculated using the following general equation:

A k(s )M’”{z 4.12
“\48/E_L 14531

where

k=12 on“ 4.17
= 12:= M., [4.17]

M, = the net moment at the midspan obtained from the elastic analysis in Step 3
M = the maximum bending moment for a simply supported beam subjected to
the service dead load (DL) based on a clear span ! b

Based on the bending moment diagram shown above, it can be concluded that the
entire beam remains uncracked in both the midspan and support regions since the
bending moments are less than M_ of 48 kN-m. Hence, the gross moment of
inertia can be used in the deflection calculation instead of the effective moment of
inertia; that is,

I=1=~32 % 10 mm?*

{4



Span 1

Span 2
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c)

I =55m—04m=5.1m
DL X [,>  15kN/m X (5.1 m)?

M, = 3 3 =49kN-m
M, = 30.5kN-m (see bending moment diagram above)
49 kN - m
=12-02X—7—=088
: 30.5 kN -m .
5130.5 X 106N - mm X (5100 mm)?

= 0.88\ — =1.0

ag =1 88(48} 22500 MPa X (32 X 10° mm?) e

Based on the immediate deflection calculations performed in Step 4, it follows that

Ay =38mm

Based on the procedure outlined in Section 4.4.2, the live load deflection can be
determined as

A =8pi—8p 14141

=38mm — | mm = 2.8 mm

[,=7m—04m=66m
15 kN/m X (6.6 m)?

= = 81.7kN -
o 8 m
m = 30KN -m (see bending moment diagram above)
49 kN -m
=12 O2x —=——r——),
k=12-02 30KN-m 0.87

= .7 mm

P 03?(1) (30 X 10°N - mm) X (6600 mm)?
D~ 7P\ 48 /) 22500 MPa x 3.2 X 10° mm*

Based on the immediate deflection calculations performed in Step 4, it follows that
Ay, =4.6mm

Based on the procedure outlined in Section 4.4.2, the live load deflection can be
determined as

A =8pi = 8p [4.14]

=46mm — 1.7mm = 2.9 mm

Calculate the long-term deflections.

The long-term deflection calculations will be performed following the procedure
outlined in Section 4.4.3. According to C1.9.8.2.5, long-term deflections for the
flexural member can be obtained by multiplying the immediate deflection caused
by the sustained load by the factor £, given by

5
_l,__.._
I + 50p'

prlids g g
1 +50X0

sl [4.15]

Il
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where

s = 2 for a load duration of 6 years (A23.3 C1.9.8.2.5) (see Table 4.1)
p’ = 0 because there is no compression reinforcement.

As a result, the total long-term deflection can be determined as
A, =8Ap+ A9 +(A, = Ay [4.16]

Because A, ¢ = 0 (live load is not sustained in this example), the above equation
can be restated as

A =0Ap+ A
Span 1
A, =3X1.0mm + 2.8 mm = 58 mm = 6 mm
Span 2
A, =3X 1L.7mm + 2.9 mm = 8.0 mm
The beam deflections are summarized on the sketch below.,
=3 ‘ - A 4 A = = e
i e e e A R Te . ==
6 mm Ff

8 mm

Subsequently, the same beam was analyzed using the computer-aided iterative

procedure (see Figure 4.16a). The beam was subdivided into 20 segments and analyzed
using a computer structural analysis program in order to more closely model the behav-
iour of the cracked beam. The results are summarized in Figure 4.16, and the analysis pro-
cedure is described below.

Initially, the section properties for each segment were assumed to be uncracked;
that is, /, = 3.2 X 10° mm* and E_ = 22 500 MPa were used in the analysis (see
Figure 4.16b).

The beam analysis was performed for a total (unfactored) service load (wy) of 30 kN/m.
The bending moment diagram was obtained as the output (see Figure 4.16¢).
Subsequently, the beam was divided into uncracked and cracked portions. Segments
in the regions of positive and negative bending moments where M > M, were iden-
tified from the bending moment diagram. Those segments were considered to be
cracked. Consequently, the gross moment of inertia (1,) used in the previous analy-
sis was substituted by the cracked moment of inertia (/,,) along the cracked seg-
ments. The remaining segments were located in the uncracked portion of the beam,
so the gross moment of inertia (!g) was used (as in the previous analysis), as shown
in Figure 4.16d.

Finally, the analysis was repeated using the modified section properties as described
above. The resulting bending moment diagram is shown in Figure 4.16e.

The deflection diagram due to the total service load is shown in Figure 4.16f. The
maximum midspan deflection of 9 mm at span 2 was obtained as a result of this
analysis.

It should be noted that this is an iterative process. The analysis may need to be repeat-
ed a few more times until the moment distribution is consistent with the cross-
sectional properties. For example, cracked section properties should be used
only within the regions of positive and negative bending moments where M > M _
whereas the uncracked (gross) section properties need to be used in the remaining
portion of the beam.
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w, = 30 KN/m

a)
Wl gl |l N
9 4
b) Ig—3.2x10 mm
-y A A A A
61 60
c) ]
M (kNm)
48 48 48
l,=3.2x 10° mm’
o 9 4
11—{ 125 Ic,—0.82x10 mm
E. I, L I Y L L.
d) — - L= T T —
I, 1,, 1 L Ix Ix L 1g
63.0 68.0
o /I—\ /l\ /\ /\
M (kNm)
104.6 119.6
9 vl } T 4 Rlagds LR il
Tm‘?r;_T Qmm..?...- Qe

Figure 4.16 Computer-aided iterative analysis of the four-span continuous beam: a) actual beam; b) structural model;
¢) bending moment diagram for uncracked beam; d) moment of inertia distribution for cracked and uncracked regions;
e) bending moment diagram for cracked beam; f) deflection diagram — immediate deflections due to the total service load.

Learning from Examples

1. The continuous beam discussed in Example 4.5 was analyzed using the CSA A23.3
approximate procedure. Maximum immediate deflections of 4 mm and 5 mm were
obtained in spans 1 and 2, respectively (step 4). The beam considered in this example
satisfies the criteria for the application of the CSA A23.3 approximate procedure.

The computer-aided iterative analysis procedure was also performed to deter-
mine the maximum deflections. Maximum immediate deflections of 7 mm and 9 mm
were obtained in spans | and 2, respectively (see Figure 4.16f). Although more
tedious, this procedure should give more realistic estimates of the actual anticipated
deflections. It should be noted that deflection values obtained using the iterative pro-
cedure are sensitive with regard to the selection of cracked and uncracked regions
within a flexural member, and the computer software used to perform the analysis.
The reader should be aware of this sensitivity, but not be overly concerned keeping in
mind a broad variation in design and construction factors.

The results obtained using these two procedures compare favourably, resulting
in similar deflection values. Considering the low magnitude of the service loads
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4. The beam discussed in this example has been lightly reinforced and relatively

CHAPTER 4

resulting in small deflections, it can be concluded that the CSA A23.3 approximate
procedure is suitable for this application.

For more complex continuous structures such as beams with nonprismatic sec-
tions or where large variations in flexural stiffness exist between adjacent spans, the
iterative analysis procedure should be used because it more accurately simulates the
cracked section properties of each span.

2. Long-term deflections in the beam under consideration are significantly larger than
the immediate deflections. For example, the maximum immediate deflection in
span | is 4 mm, whereas the total long-term deflection is 6 mm; this reflects an
increase in deflections by 50% due to long-term effects. Similarly, maximum
immediate deflection in span 2 is 5 mm, whereas the long-term deflection is 8 mm;
this shows that the deflections are increased by 60% due to long-term effects.

3. Another important observation can be made with regard to the variation in the
moment of inertia values. For example, the moment of inertia of the cracked sec-
tion amounts to only about 26% of the gross moment of inertia; that is,

I, 082 X 10°mm*

= — 026 =26%
I, 32 10°mm? 2

The average effective moment of inertia [,

¢.avg 18 less than the gross moment of
inertia !8. For span 1, it follows that

'fe.uvg = 2.2 X 10° mm*

I, © 32 X 10 mm?

= 0.69 = 70%

The similar ratio can be obtained for span 2:

!e.m'g L 2.1 X 10° mm?

L T 32 %X 10° mm?

= 0.66 = 66%

Comparing these ratios, it is clear that the largest difference in values is in the gross
and cracked moment of inertia values (around 74%), whereas the difference
between the average effective and gross moments of inertia is on the order of 30%
to 35%. This is because the beam under consideration did not experience signifi-
cant cracking under the given load.

lightly loaded. Consequently, the ratio i ,/,'g is rather large (on the order of 66%
to 70%) as compared to the [(__rﬂg ratio, which is on the order of 26%. However,
heavily reinforced concrete beams subjected to higher loads are more extensively
cracked, thereby resulting in the smaller / '/!x ratio. In the extreme case of an

&,40V;
entirely cracked beam, the e flg ratio would approach the 1,/ I, ratio.

“

Example 4.6

SOLUTION:

The beam in Example 4.5 is expected to support architectural components likely to
be damaged by large deflections. These architectural components will be installed
after the beam formwork has been removed.

Check whether the deflections in span I of the beam are within the limits prescribed by
CSA A23.3.

CSA A23.3 C1.9.8.5.3 prescribes the allowable deflections for reinforced concrete mem-
bers. According to the criteria for roof or floor construction that supports architectural
components likely to be damaged by large deflections (see Table 9.3 of CSA A23.3), the
maximum allowable deflections are /, /480. The deflections considered in this example
occur after the attachment of nonstructural elements.
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From Example 4.5 we know that for span |
[, = 5100 mm
The corresponding allowable deflection (A ) can be determined as

Ly 5100 mm

Am‘.‘ = % 430 = 10.6 mm

Next, determine the magnitude of deflection that could develop after the formwork is
released. Immediately after the release of the formwork, the structure would experience
dead load deflection (under the assumption that no other significant load is expected).

According to the calculations performed in Example 4.5, the immediate dead load
deflection is

Ap=1mm

and the total (immediate plus long-term) deflection due to dead load only is
Ap=C{Ap,=3X1mm=3mm

where £ = 3 (see Step 5 of Example 4.5).

Therefore, the long-term deflection due to sustained dead load (A ) is
Aps=¢Ap — Ap=3mm — | mm = 2 mm

The live-load deflection (A, = 2.2 mm) should be added at this point, thus resulting in the
total long-term deflection after the installation of the architectural components:

A=A+ A, =2mm + 28 mm = 4.8 mm
Since
A=48mm <A , = 10.6 mm

it can be concluded that the deflections are well within the limits prescribed by CSA A23.3.

e e e e e L e e e e — e s

4.7

CAUSES OF CRACKING IN REINFORCED
CONCRETE STRUCTURES

Cracks are the most frequent and recognizable sign of concrete problems. Cracks develop in
reinforced concrete members as a result of volume changes (creep, shrinkage, and temperature
effects) and external loads. As discussed in Section 2.3.2, the concrete tensile strength is rather
limited and can be easily exceeded under service loads, thus resulting in the development of
cracks. Some cracks develop even before the concrete has hardened, while others develop at a
later stage during the service life of a concrete structure. Minor cracks are part of normal con-
crete behaviour, whereas larger cracks indicate a problem that might adversely affect the struc-
tural performance. Cracks that do not increase in size and length over time are called dormant
cracks, while cracks that open and close as a result of external loads are known as active cracks.
The main causes of cracking in concrete structures are

+ plastic settlement

+ shrinkage

» corrosion of steel reinforcement
* weathering

» structural distress

* poor construction practices
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4.7.1

4.7.2
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It is important to note that cracking caused by one factor could contribute to further dete-
rioration and cause other kinds of cracks. For example, shrinkage cracks facilitate the corro-
sion of reinforcing steel, which could eventually rust and cause further cracking and spalling
of concrete. Another example includes the corrosion cracks, which may cause loss of strength
in a concrete member due to rebar delamination, eventually leading to the spalling of concrete.

The types of cracks commonly found in reinforced concrete structures will be dis-
cussed in this section from the perspective of their causes and patterns of appearance.

Plastic Settlement

Concrete has a tendency to continue to consolidate even after the initial placement, vibra-
tion, and finishing have been completed. During this period, the plastic concrete may be
locally restrained by reinforcing steel, a previous pour, or formwork. This local restraint
may result in voids and/or cracks adjacent to the restraining element. Plastic settlement
cracks caused by steel reinforcement increase with increasing bar size and slump and
decreasing cover. Similar cracks are caused by lateral shifting of the formwork during
placement or by premature stripping of the forms. Formwork-related cracks are easy to
spot, as they run parallel to the forms.

Shrinkage

Shrinkage is a decrease in the volume of concrete (other than that caused by externally
applied forces and temperature changes) during and after hardening. In general, concrete
tends to crack where its shrinkage is restrained. This phenomenon is discussed in more
detail in Section 2.3.6. There are three main types of shrinkage cracks: plastic shrinkage
cracks, drying shrinkage cracks, and restraint cracks.

Plastic shrinkage cracks Plastic shrinkage occurs during the first few hours (usually
between 30 minutes and 6 hours) after the fresh concrete has been placed in the forms and
wind or heat causes the concrete to lose water rapidly. Plastic shrinkage usually occurs
before the start of curing. Plastic shrinkage cracks are usually short and run in all directions.
In some cases, plastic shrinkage causes wide and deep cracks, sometimes extending through
the entire thickness of the concrete member (usually slab). The cracks can be spaced from
a few centimetres to as much as a few metres apart (ACI Committee 224, 2004).

Drying shrinkage cracks Drying shrinkage is a decrease in the volume of a concrete
member caused by the loss of moisture from cement paste due to evaporation. It occurs after
the concrete has already attained its final set and a good portion of the hydration process in
the cement paste has been completed. Drying shrinkage cracks develop at random locations
in concrete members, for example in slabs on grade with inadequate joint spacing. These
cracks are usually very small (barely visible), with a width not exceeding 0.1 mm.

Restraint cracks Cast-in-place beams and slabs may develop cracks when
restrained against shrinkage. If a concrete floor is free to shrink without restraints,
there will be no measurable structural consequences. However, columns and walls that
are part of the structural system in a building usually prevent free shrinkage in the
floors. As a result, cracks develop in localized areas where the restraining stresses
exceed the concrete tensile resistance. These cracks usually run perpendicular to the
length of the member and extend through its thickness; they are evenly spaced and are
of uniform width. They usually form within 3 or 4 months after the concrete placement
and remain dormant thereafter.

In addition to the horizontal restraints that might cause cracking in concrete structures,
other permanent restraints (such as heavy masonry walls) may prevent the concrete floors
from deflecting in the vertical direction. If such wall restraints are not properly detailed,
they may cause cracks to develop at the top surface of the slab.



4.7.3

Figure 4.17 Corrosion cracks
in a reinforced concrete beam:
a) radial cracks formed around
the bars; b) corrosion-induced
spalling of concrete cover.
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Corrosion

Corrosion of steel reinforcement is a common problem associated with reinforced concrete
structures. A proper concrete cover provides corrosion protection to the steel reinforcement.
Initially, when steel is exposed to moisture in fresh concrete, a tightly adhering iron oxide
layer forms around the reinforcement bars. However, due to the variability of the thickness of
the protective layer and mill scale and concrete imperfections and cracking, the same rein-
forcing steel rebars can have areas with different electric potentials. Eventually, these areas
become electric (galvanic) cells that act as anodes and cathodes (as in an electric battery), and
water contained in concrete pores and chemicals dissolved in the water act as the electrolyte.
Corrosion develops when the concrete pores contain a sufficient amount of electrolyte, that is,
moisture and chlorides, thereby establishing an electrochemical circuit. Chlorides are one of
the most common corrosion triggers. De-icing salts used in cold climate conditions are the
most common source of chlorides that affect concrete structures. Other sources of chlorides
are unwashed beach sand (containing sea salt, which is essentially sodium chloride) used in
concrete construction and saltwater spray affecting waterfront buildings. Concrete cover over
the reinforcement acts as a barrier that delays the start of corrosion. Some reports indicate that
the speed of corrosion can be increased by over 80% when the cover thickness is reduced by
half. The thinner and more permeable the cover and the higher the temperature and the level
of humidity, the earlier is the start of corrosion (Newman, 2001).

It should be noted that both water and oxygen are required to initiate corrosion. For
example, one would expect that concrete piles placed in salted sea water would easily
corrode; however, that is not the case. The immersed portions of the piles rarely cor-
rode, although both water and chlorides (sea salt) are present, due to the lack of oxygen;
however, piles do corrode in the splash zone due to their exposure to oxygen.

Corrosion-induced cracks develop due to iron oxides accumulated on the reinforce-
ment bars. Iron oxide (known as rust) is the main product of corrosion. This accumulated
layer of rust can occupy up to six times the volume of the original steel. As a result, the con-
crete is pushed apart and cracks develop. As the corrosion progresses, more and more rust
accumulates and the cracks continue to grow. In reinforced concrete beams, these internal
radial cracks form around the bars and appear on the concrete surface as longitudinal cracks
parallel to the bars; these cracks form below the bars for tension steel and above the bars
for compression steel (see Figure 4.17).

When the cracks become wide enough, a portion of the concrete beneath the bars spalls off,
leaving the bars completely exposed. Once the bars lose their bond with the concrete due to
spalling, the section behaves more like a plain concrete section. As a result of corrosion, a struc-
tural member might lose a significant portion of its strength and might even collapse. Corrosion-
induced concrete spalling in a reinforced concrete bridge structure is shown in Figure 4.18.

Corrosion cracks may widen if water gets into the cracks and freezes. The expanded ice
within the cracks causes them to widen and leads to further deterioration.

In slabs, spalling proceeds in a similar fashion. Deterioration starts with cracks along
the rebars. As the rust products accumulate, two additional cracks form near each bar. At
some point, the concrete spalls in two wedge-like pieces. If the bars are spaced close
together, the concrete may spall as one whole sheet. The top bars in the beams are hidden
within the slab and the corrosion may not be apparent until the slab is literally lifted off
the beams due to the expanded rust products.

— > F
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Figure 4.18 The concrete
cover in this bridge girder in
Ontario has spalled off as a
result of the corrosion.

(Graham Finch)

4.7.4

4.7.5

4.7.6

Figure 4.19 Flexural cracks
in a simply supported reinforced
concrete beam.

(Svetlana Brzev)
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Weathering

In cold climates, freezing and thawing are the most common source of weather-related crack-
ing in concrete structures. Concrete may be damaged by freezing of water in the paste, the
aggregate, or both. Concrete is best protected against freezing and thawing through the use of
the lowest practical w/c ratio and total water content, durable aggregate, adequate air entrain-
ment, and adequate curing. Weather-related cracking can also be caused by volume changes
in concrete as a result of alternate wetting and drying and heating and cooling of concrete
structures. Thermal expansion and contraction cause cracking when these movements are not
accommodated by properly designed and spaced expansion and contraction joints (see
Sections 12.12.4 and 13.8 for more details on joints in concrete structures). Typical examples
of thermal cracks are cracks at re-entrant corners in doors and windows, and at dapped ends
of precast beams. In general, properly anchored diagonal reinforcement should be provided at
these locations to control the size and to limit the propagation of these cracks.

Structural Distress

External loads are a common source of cracking and distress in concrete structures. Cracks
caused by external loads occur when tensile stresses in the concrete exceed its tensile resisi-
ance, that is, its modulus of rupture. Structural distress cracks are often caused by improper
design and detailing of concrete members. In general, experienced designers should be able
to identify the source of cracking. For example, diagonal cracks developed in concrete walls
may be caused by foundation settlement. Flexural cracks generally run perpendicular to the
tension reinforcement near the midspan at the bottom surface of beams and elevated slabs
(these cracks are usually closely spaced); see Figure 4.19. In two-way slabs, the top surface
above the column can show either the common flexural cracks radiating from the column or
circumferential cracks indicating a dangerous punching shear failure.

Poor Construction Practices

Some contractors add water to concrete in order to improve the workability of the concrete
mix during construction. The addition of water results in reduced strength, increased
settlement, and increased ultimate drying shrinkage in concrete structures. Lack of curing
also results in an increased degree of cracking within a concrete structure. Early termination
of curing leads to increased shrinkage at the stage of low concrete strength. Other causes of
cracking related to poor construction practices are inadequate form work supports and
improper consolidation.
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Crack Width

Cracks that develop in properly designed concrete members at service condition (also
called hairline cracks) are very fine and barely visible. A hairline crack is typically defined
as being less than 0.003 mm wide to 0.008 mm wide.

In general, cracks less than 0.1 mm wide can be noticed only when drying out and only
in strong light. Cracks of width ranging from 0.1 mm to 0.5 mm are visible to the naked eye.
Cracks of 0.5 mm width or larger are visible as a distinct interruption in the concrete surface.
Crack width can be measured using various devices, the simplest being a crack gauge.

It is noteworthy that CSA A23.3 prescribes maximum crack widths of 0.33 mm and
0.4 mm for the exterior and interior exposures, respectively. These requirements apply to
regular reinforced concrete structures; however, more stringent requirements may apply to
special structures such as water reservoirs.

CSA A23.3 CRACKING CONTROL REQUIREMENTS

Excessive cracking of concrete structures can lead to poor appearance, lack of service-
ability, or even catastrophic failure. In most cases, cracking can be controlled by proper
design and construction. Therefore, the main objective of the cracking control provisions is
to ensure that the cracks in concrete members remain fine and well distributed and are of a
limited width. Adherence to code requirements in combination with a common-sense
approach to mitigation of restraint problems should result in a design that is both struc-
turally sound and visually pleasing, without any unsightly cracks.

According to CSA A23.3, satisfactory crack control can be accomplished by ensuring
that the crack control parameter z (related to crack width) is within acceptable limits and that
skin reinforcement is provided where required, as outlined in this section.

Crack control parameter (z) Experimental studies related to cracking in rein-
forced concrete flexural members have shown that cracks develop in a random fashion
and that the crack width is widely variable. The most critical factors that influence crack
widths are the magnitude of tensile stress in steel, thickness of concrete cover, the num-
ber of bars in the tension zone, and the effective tension area of concrete surrounding the
tension steel. The existing methods for crack width prediction are mainly based on the
statistical analysis of experimental data. The crack control provisions of CSA A23.3
are based on the Gergely-Lutz equation for estimating the probable crack width. The
equation was developed in 1973 based on the statistical analysis of a large sample of
experimental test data. A23.3 C1.10.6.1 introduces the crack control factor (z), which is
proportional to the probable crack width. The z factor can be determined based on the
equation

z=f VdA (N/mm) [4.20]
where (note the units indicated in brackets)

d, = the distance from the extreme tension fibre to the centre of the longitudinal bar located
closest thereto (mm)

A = the effective tension area of concrete surrounding the flexural tension reinforcement
(mm?)

f, = the stress in steel at the maximum service (unfactored) load computed assuming an
elastic stress distribution and cracked section properties. In lieu of detailed computa-
tions, A23.3 C1.10.6.1 recommends that f, be conservatively estimated as

f, =06 f.v (MPa). [4.21]

A typical beam cross-section is shown in Figure 4.20a. The total effective tension area (A,)
extends from the extreme tension fibre to the centroid of the flexural tension reinforcement
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Figure 4.20 Effective tension
area (A,) for a reinforced
concrete beam: a) one layer of
reinforcement; b) two layers
of reinforcement.,

CHAPTER 4
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A=A, A=A,
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a) b)

and an equal distance past that centroid. The distance from the extreme tension fibre to the
centroid of the flexural reinforcement is denoted as d, (note the difference between d,andd,
values as shown in Figure 4.20b). The effective tenswn area per bar (A) for a beam w1th
one layer of reinforcement (shown cross-hatched in Figure 4.20a) can be obtained by divid-
ing the total effective tension area for all bars (A ) (shown hatched) by the number of
bars (N):

A=t 4.22
N [4.22]

where the total effective tension area (A Jis
A, =b2d)

It should be noted that, in the case of a beam with one layer of reinforcement, d_ = d.In
the particular example of the beam in Figure 4.20a, there are three remtorcement bars
(N = 3). However, beams typically contain more than one layer of reinforcement. For
example, the beam in Figure 4.20b has two layers of reinforcement. In that case, the effec-
tive tension area (A) can still be determined using Eqn 4.22; however, note that in this case
d,#d,and N = 6.

When the tension steel reinforcement consists of two or more different bar sizes, N should
be calculated as the total reinforcement area divided by the area of the largest bar size used.

In calculating d, and A, the effective clear concrete cover need not be taken greater
than 50 mm.

According to A23.3 C1.10.6.1, the upper limit for z is

* 30000 N/mm for interior exposure (corresponding to a crack width of 0.4 mm);
* 25000 N/mm for exterior exposure (corresponding to a crack width of 0.33 mm).

Since the number of bars affects the magnitude of the effective tension area (A), it is obvi-
ous that a larger number of smaller diameter bars is preferred to ensure that the crack width
and the magnitude of z are within the acceptable limits.

According to C1.10.6.1, the z factor limits apply to normal conditions and may not be suf-
ficient for structures subjected to very aggressive exposure or designed to be watertight.

It should be also noted that detailed f, computations are usually required in the
design of watertight structures (water reservoirs) or structures exposed to aggressive envi-
ronments (chemical factories or offshore structures), where a high level of cracking con-
trol is essential. The stress in steel at the service level can be computed from the elastic
analysis of the beam in Figure 4.21. The bending moment (M ,) develops in the beam due
to service loads. Consider section A-A at the crack location. An elastic stress distribution
is assumed for both concrete and steel. The neutral axis depth of the cracked section is
denoted as y (as discussed in Section 4.3.4). To resist the effects of flexure, an internal
force couple forms in the section, consisting of the compressive force in concrete (C)
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Figure 4.21 Stress and strain distribution in a cracked reinforced concrete beam at service load.

and the tensile force in steel (T) with the lever arm (d — y/3). The force in tension steel
can be expressed as

T;‘ = fTAS

Based on the equilibrium of the external and internal bending moments, it follows that

I AN _Y
Ma - 7;<d 3) —fsA.f(d 3)

The stress in steel (f,) can be determined based on the above equation as

M(I
[4.23]

f =
’ y
A_‘(d - ;)

The calculation of the z factor will be illustrated by Example 4.7.

—

Example 4.7

Given:

A typical cross-section of a reinforced concrete beam is shown in the figure below.
The beam is subjected to the maximum bending moment of 250 kN - m at the service
(unfactored) load level. Assume interior exposure. The clear cover to the stirrups is
30 mm, and a 35 mm clear bar spacing has been specified. The beam properties are
summarized below.

Check whether this beam section satisfies the CSA A23.3 cracking control requirements.

¥

”
| —10M

500 mm

—8 - 25M
1---€ 35 mm

-

400 mm
30 mm |'——’|

clear cover

f,) = 25 MPa (maximum aggregate size 20 mm)

5= 400 MPa
E_ = 200 000 MPa
b = 400 mm

h = 500 mm
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1.

Compute the effective tension area per bar (A)
The beam cross-section showing the reinforcement layout and the design parameters
is illustrated in the sketch below.

a) Calculate the distance d.:
A 30 mm clear cover to the stirrups has been specified.
For 25M tension reinforcement, d, = 25 mm (see Table A.1).
For 10M stirrups, d_ = 10 mm (see Table A.1).
Clear cover to the stirrups is 30 mm (given), therefore

d

¢

b
cover + d_‘ + ?

25 mm

30 mm + 10 mm + = 52.5 mm

b) Find the distance d_‘_:
The clear spacing between the bar layers is s = 35 mm (given).

d

b §
d =d +—=—"+=
§ d{' 2 2
25mm 35 mm

=50, + + =82
52.5 mm > > 82.5 mm

¢) Find the total effective tension area for all bars (A,):
A, = b(2d) = (400 mm)(2 X 82.5 mm) = 66 000 mm?

d) Finally, calculate the effective tension area per bar (A):
There are eight bars in total, so N = 8:

A, 66000 mm?
== = 8250 mm?

Determine the stress in the steel reinforcement ( 1)
The stress in the steel reinforcement can be computed in one of two ways:
a) An approximate estimate permitted by CSA A23.3 in lieu of detailed calculations
(CL10.6.1) can be made:
1, =08, [4.21]
= 0.6 X 400 MPa = 240 MPa

b) Alternatively, a more accurate f; estimate can be made based on Eqn 4.23.
i) The n value can be determined as follows:

E, = 4500V}’ [2.2]
= 4500\/25 MPa = 22 500 MPa
E; 200 000 MPa

E.~ 22500Mpa 0057

=
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ii) The p value can be determined as follows:
d=h—d = 500mm — 82.5mm = 417.5 mm
A, = 8 X 500 mm? = 4000 mm?
p= Ce [3.1]
bd

B 4000 mm?
400 mm X 417.5 mm

= 0.024

iii) Finally, the y value can be determined as

5 = d( V) + 2np — np) [4.9]
416.5 mm)( V(8.9 X 0.024)% + 2 X 8.9 X 0.024 — 8.9 X 0.024)
197 mm

iv) The f, value can be calculated as

M

[

f= [4.23]
A,(d " 1)
s 3
X 10°N-
2 o B0 DN = 178.1 MPa = 178 MPa

(4000 mml}(filﬁ‘ﬁ = g)

It should be noted that the f value (178 MPa) obtained using the more accurate
calculation procedure is smaller than the approximate value of 240 MPa, but the f
value of 240 MPa will be used in further calculations.

3. Determine the value of z factor
3
z=f.Vd.A [4.20]
3
= 240 MPaV/(52.5 mm)(8250 mm?) = 18159 N/mm

Since
z = 18159 N/mm < 30 000 N/mm

the CSA A23.3 cracking control requirements for interior exposure are satisfied.

Skin Reinforcement — Beams and Slabs

In general, tension reinforcement should provide adequate tension control in beams.
However, in deep beams with overall depth (1) exceeding 750 mm there is a chance for
wider cracks to form on the side faces in the zone between the neutral axis and the main
tension reinforcement (see Figure 4.22a). For that reason, CSA A23.3 C1.10.6.2 prescribes
the use of skin reinforcement. The area of skin reinforcement (A ) provided at each
exposed face of a beam (as illustrated in Figure 4.22b) is

Ag = PyAs  (mm?) [4.24]
where
A, = the area of a concrete strip along an exposed face

py = 0.008 for interior exposure and 0.01 for exterior exposure.
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Figure 4.22  Skin reinforcement in a reinforced concrete deep beam: a) elevation showing cracks and skin
reinforcement; b) beam cross-section.

Figure 4.23 Skin reinforce-
ment in a reinforced
concrete slab.

The area of a concrete strip can be calculated as (refer to Figure 4.22b)
= [0.5h — 2(h — d)](2x)

where x is the distance from the side face to the centre of the skin reinforcement.
Note that

=
IA
A

The maximum spacing (s) of the skin reinforcement is given by
s = 200 mm

The skin reinforcement concept can also be applied to slabs. To prevent the development
of wide shrinkage and temperature cracks, A23.3 C1.7.8.2 prescribes that skin reinforce-
ment in excess of the minimum amount specified by A23.3 C1.7.8.1 needs to be provided
(the minimum slab reinforcement requirements will be discussed in Chapter 5). The area
of skin reinforcement (A, ) provided at an exposed slab face (as shown in Figure 4.23) can
be determined from Eqn 4.24. In this case, A, denotes the area of a concrete strip along
each exposed slab face. For the 1000 mm long slab strip in Figure 4.23, it follows that

A, = 10002x) (mm?)

/Concrete skin

AR

m

J
1
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{3@M CONCEPTS

Cracks develop in reinforced concrete members as a result of volume changes (creep,
shrinkage, and temperature effects) and external loads. The main causes of cracking in
concrete structures are

* plastic settlement

» shrinkage

« corrosion of steel reinforcement
» weathering

» structural distress

= poor conslruction practices

The cracks developed in properly designed concrete members at service loads (also called
hairline cracks) are very fine and barely visible. A hairline crack is typically defined as
being less than 0.003 mm wide to 0.008 mm wide. CSA A23.3 prescribes maximum crack
widths of 0.33 mm and 0.4 mm for exterior and interior exposures, respectively.

The main objective of the CSA A23.3 cracking control provisions is to ensure that
the cracks in concrete members remain fine and well distributed and are of a limited
width. According to CSA A23.3, satisfactory crack control can be accomplished by
ensuring that the crack control parameter z (related to crack width) is within accept-
able limits and that skin reinforcement is provided where required. The z factor can be
determined based on the following equation (A23.3 CL1.10.6.1):

¢=fNdA (N/mm) [4.20)

CSA A23.3 C1.10.6.2 prescribes the use of skin reinforcement to prevent the develop-
ment of wider cracks on the side faces of deep beams and the exposed slab faces.

SUMMARY AND REVIEW — SERVICEABILITY

Each building structure is expected to be able to support service loads without experiencing
excessive cracking, deflections, or vibrations. Excessive cracking can lead to poor appearance,
reduced durability and serviceability, and loss of strength that could in turn cause the failure of
a reinforced concrete structure. Visible cracks and sagging of concrete members can lead to the
perception that the entire building is unsafe. Serviceability limit states represent the limit for
maintaining satisfactory structural performance under normal service load conditions.

Behaviour of reinforced Reinforced concrete flexural members crack when the tensile stresses reach the modulus of
concrete flexural members rupture (f,). The internal moment developed in the member at the onset of cracking is called
at service loads the cracking moment (M ). The cracking moment can be obtained as
) A
M= et [4.1]
: Y,

There are two distinct regions within a reinforced concrete flexural member:

+ the cracked region, where the bending moment exceeds the cracking moment; that is,
M= Mcr;

» the uncracked region, where the bending moment is less than the cracking moment;
thatis, M < M .

Moment of inertia properties The moment of inertia (/) is a key cross-sectional property used in deflection calculations.
for deflection calculations It depends on several factors, including the load magnitude, the shape and dimensions of a
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Immediate and long-term
deflections

A233 Eq. 9.5
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cross-section, the extent of cracking, and the amount of reinforcement. Three types of
moments of inertia are used in deflection calculations:

* gross moment of inertia (Igj,
* moment of inertia of the cracked transformed section (/,,),
» effective moment of inertia (2,).

The gross moment of inertia is the moment of inertia of an uncracked concrete section. For
a rectangular cross-section of width b and overall depth A, I , can be determined as

bh?
Fom 4.2
e [4.2]
The moment of inertia of a cracked section (I ) With tension steel only can be determined
based on the transformed section properties as

b3
L, =5+ nA(d - 37 [4.10]

cr

To account for the variations in the moment of inertia values along the beam length, CSA
A23.3 C1.9.8.2.3 prescribes the use of the effective moment of inertia (1), which can be
determined based on the equation

M, \3
Lol 44~ f{.,)( 7 [4.11)

o

Some portions of the member are cracked at service loads; however, the remaining part is
uncracked. Therefore, the /, value falls in between I, and 7,; that is,

[cr s Ie' < !g

Deflections in reinforced concrete members are estimated based on the assumption of elas-
tic behaviour at service loads, which is appropriate in most cases. Depending on the load
duration, deflections can be classified as immediate and long-term.

Immediate (or short-term) deflections occur at once upon the load being applied.
According to A23.3 C1.9.8.2.2, immediate deflections can be computed by the usual meth-
ods or formulas for elastic deflections. To account for the effects of cracking and rein-
forcement on member stiffness, the effective moment of inertia (1) is used in deflection
calculations.

For members subjected to uniformly distributed loads, the immediate deflection (A)
can be determined based on the equation

5\ Mi2
A= k(E)E . [4.12]

Long-term deflections are mainly caused by creep and shrinkage. Creep causes an
increase in deflections in concrete structures under constant sustained load for a period of
several years. The total long-term deflection (A,) in a reinforced concrete flexural mem-
ber can be obtained when the immediate deflection (4,) is multiplied by the factor s
(A23.3 C1.9.8.2.5);

At 5 é'sﬂ‘:'
where
5
=14 o [4.15]

1 + 50p'
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CSA A23.3 C1.9.8.1 prescribes that reinforced concrete flexural members have adequate
stiffness to limit deflections or any deformations that might adversely affect the strength
or serviceability of the structure.

Two approaches can be taken to ensure that deflections are within acceptable limits:

* indirect approach
» detailed deflection calculations

The indirect approach is based on A23.3 C1.9.8.2.1 and consists of setting suitable upper
limits on the member span/depth ratio (see Table A.3). This approach is simple and satis-
factory for applications where spans, loads, load distributions, and member sizes and pro-
portions are in the usual ranges.

Detailed deflection calculations are performed to estimate immediate and long-term
deflections in reinforced concrete members and compare these predicted values with the
CSA A23.3 prescribed allowable values (Table 9.3). Two calculation procedures are used
to estimate the deflections in reinforced concrete flexural members:

+ (CSA A23.3 approximate procedure
* computer-aided iterative procedure

These procedures are based on the assumption of the elastic behaviour of a flexural member.

The approximate procedure determines elastic deflections in reinforced concrete
members using the effective moment of inertia (/,) prescribed by CSA A23.3 CL9.8.2.3.
Deflections can be easily determined by hand calculations.

The computer-aided iterative procedure uses a computer structural analysis software
to determine elastic deflections in reinforced concrete members. The member is sub-
divided into several segments that can be characterized by different section properties;
cracked section properties are used where the bending moment exceeds the cracking
moment, while gross section properties are used elsewhere along the span.

Cracks develop in reinforced concrete members as a result of volume changes (creep,
shrinkage, and temperature effects) and external loads. The main causes of cracking in
concrete structures are

» plastic settlement

= shrinkage

* corrosion of steel reinforcement
» weathering

* structural distress

* poor construction practices

The cracks in properly designed concrete members at service loads (also called hairline
cracks) are very fine and barely visible. A hairline crack width typically ranges from less
than 0.003 mm to 0.008 mm. CSA A23.3 prescribes maximum crack widths of 0.33 and
0.4 mm for exterior and interior exposures, respectively.

The main objective of the CSA A23.3 cracking control provisions is to ensure that the
cracks in concrete members remain fine and well distributed and are of limited width.
According to CSA A23.3, satisfactory crack control can be accomplished by ensuring that
the crack control parameter (z) (related to crack width) is within the acceptable limits and
that skin reinforcement is provided where required. The z factor can be determined based
on the following equation (A23.3 C1.10.6.1)

t=f,VdA (N/mm) [4.20]

CSA A23.3 C1.10.6.2 prescribes the use of skin reinforcement to prevent the development
of wider cracks on the side faces of deep beams and the exposed slab faces.
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PROBLEMS

4.1.

4.2.

A typical reinforced concrete beam of rectangular
cross-section is shown in the figure below. The
beam is reinforced with 6-25M bars in the tension
zone. Use an effective depth of 430 mm. The clear
cover to the stirrups is equal to 30 mm and the max-
imum aggregate size is 20 mm. Find the following
properties:

a) cracking moment M)

b) gross moment of inertia (/) for the
uncracked section (ignore the efFect of rein-
forcement)

¢) moment of inertia for the uncracked section
using the transformed section properties
4y )

d) moment of inertia for the cracked section
(Z,)

Given:

30 MPa (normal-density concrete)
f, = 400 MPa
E_= 200 000 MPa

™
I

_—10M

—6 - 25M

500 mm

A typical cross-section of a 200 mm thick rein-
forced concrete slab is shown in the figure below.
The slab is reinforced with 15M bars at 300 mm
spacing on centre. Assume the effective depth of
170 mm. The material properties are summarized
below.
Find the following properties for the unit strip
(1 m width);
a) gross moment of inertia (/) for the uncracked
section (ignore the effect of reinforcement)
b) cracking moment M)
¢) moment of inertia for the uncracked section using
the transformed section properties (/ ir)
d) moment of inertia for the cracked section €.,)

4.3.

44.

15M @ 300

Given:

f." = 25 MPa (normal-density concrete)
£, = 400 MPa
E_ = 200 000 MPa

A typical cross-section of a reinforced concrete

T-beam is shown in the figure below. The beam is

reinforced with 6-25M bars in the tension zone. Use

an effective depth of 600 mm. The material proper-
ties are summarized below.

a) Find the gross moment of inertia ”.w) for the
uncracked section, ignoring the effect of rein-
forcement.

b) Find the moment of inertia for the uncracked
section using the transformed section properties
([g.!r)'

c) Compare the results of the calculations perfor-
med in parts a) and b). Express the difference in
the moment of inertia values as a percentage.

d) Do you believe that the difference in moment of
inertia values obtained in part c) is significant
from a practical design perspective? Explain.

600 mm
N
E'II'
13
S
~NF E
E
E o
El 8
(== ]
o
wn
4t |e o eot-6-25M
W L ] L ]
300 mm
R Ty

Given:

f." = 25 MPa (normal-density concrete)
f, = 400 MPa
E_ = 200 000 MPa

Refer to the beam section from Problem 4.3.

a) Find the cracking moment (M _,) for this section.

b) Calculate the moment of inertia for the cracked
section U(.r).

¢) Find the effective moment of inertia (/,) values
corresponding to the following specified bend-
ing moments:

200 mm
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M (kN-m)
50

100

200

300

d) Present the results of the calculations performed
in part c) in the form of a diagram with bending
moments (M) on the horizontal axis and /,
values on the vertical axis. Comment on the pat-
tern of variation in the /, values as a function of
the bending moment (M).

187

moment of inertia /= 10 X 10'% mm?. The moment
of inertia values for the cracked sections are as follows:

* positive moment region: I,* =2 X 10 mm*

* negative moment region: /..~ = 4 X 10'° mm*

The material properties are summarized below.
Determine the effective moment of inertia (/,)
values along the beam length.

Given:

f,' = 30 MPa (normal-density concrete)

9m

Find out whether the deflection calculations were
required in this case and explain your answer.

4.5. A continuous reinforced concrete beam ABCD is
shown in the figure below. The beam is characterized f_v = 400 MPa
with a cracking moment (M ) of SOkN - m and a gross E_ = 200 000 MPa
A B Cc D
e o2 gl »
. 75m , 8.0m , 7.5m |
I 1 1 |
50 50 50 50 0
M (kNm)
-50 -50 -50 -50
4m 2m tm Tm 2m 4m
el e e e el el l—l el
fre T (Y MY M M ™1
0.5m 1m 15m 3m 1.5m 1m 05m
4.6. A simply supported reinforced concrete beam of Given:
rectangular cross-section is shown in the figure . .
below. The beam is reinforced with 4-25M bars at f." = 30 MPa (normal-density concrete)
the bottom. The beam supports a uniform dead load f, = 400 MPa
(DL) of 7.5 kN/m (including the beam self-weight) E_ = 200 000 MPa
and a uniform live load (LL) of 7.5 kN/m. Ignore ]
the effects of the support width. 4.7. Refer to the simply supported beam from Problem 4.6.
Find the following design parameters: a) Assume that the beam supports architectural
a) maximum immediate deflection due to the total elements that are likely to be damaged due to
service load large deflections. Are the beam deflections with-
b) maximum immediate deflection due to the dead in the limits prescribed by CSA A23.3?
load only b) Suppose that the architectural elements
¢) maximum deflection due to the live load only described in part a) are installed I year after the
d) maximum long-term deflection due to the total construction. Find the maximum long-term
load after 6 years of service life deflection for this beam after the architectural
Use the CSA A23.3 approximate procedure to deter- elements have been installed.
mine the deflections. ¢) Comment on the effect of the installation schedule
for architectural components on the magnitude of
LL=7.5kN/m ) .
DL = 7.5 kN/m ong-term deflections.
JIVILLdy R vy 4.8. Refer to the simply supported beam from Problem
£ E 4.6. After performing the detailed deflection calcu-
g ‘ I =) lations, the designer has started wondering whether
3 o those calculations were indeed necessary as per the
Nl b‘ 300 mm 4\ 55\ CSA A23.3 requirements.
J L f—
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4.9.

4.10.

4.11.

4.12.

CHAPTER 4

Refer to the simply supported beam from Problem 4.6.

a) Apply the computer-aided iterative procedure
to find the maximum immediate deflection due
to the total service load. Divide the beam into
20 segments.

b) Compare the deflections with the values
obtained in part a) of Problem 4.6. Do you
believe that using the computer-aided iterative
procedure to estimate deflections is justified in
this application?

A four-span continuous reinforced concrete beam

ABCDE of rectangular cross-section is shown in

the figure below. The beam supports a uniform dead

load (DL) of 7.5 kN/m (including the beam self-
weight) and a uniform live load (LL) of 7.5 kN/m.

The beam is reinforced with 4-25M bars at the

bottom in the positive moment regions and 4-25M

bars at the top in the negative moment regions.

Assume that the columns (200 mm by 200 mm
cross-sectional dimensions) act as pinned supports.
Find the following design parameters:

a) maximum immediate deflection due to the total
service load

b) maximum immediate deflection due to the dead
load only

¢) maximum deflection due to the live load
only

d) maximum long-term deflection due to the total
load after 6 years of service life

Use the CSA A23.3 approximate procedure to deter-

mine the deflections.

Given:

f,' = 30 MPa (normal-density concrete)
f, = 400 MPa
E_ = 200 000 MPa

DL =7.5 kN/m

LL =7.5 kN/m

A 8
#ﬂ\bxlzllnlnlnlnlf\IfJ/J,J/J/\H/\lf\L\Inlnl/\|/J/\|/\If\I,J,J,\!/\L\I/J/\II\II\I,\H,\L\INALJ,\I/\I/J/J/\LJ/H

W W

12m M

12m m
Je . } »fe +|
£ -4 - 25M
£ g £
2 o g
0 2 2
2 Mf
4-25M 7500 mm
Section A-A Section B-B
(typical) (typical)

Refer to the continuous beam from Problem 4.10.

a) Apply the computer-aided iterative procedure
to find the maximum immediate deflection due
to the total service load. Divide each beam span
into 20 segments.

b) Compare the deflections with the values
obtained in part a) of Problem 4.10. Do you
believe that using the computer-aided iterative
procedure to estimate deflections for this appli-
cation is justified?

The deflection estimates for a continuous reinforced
concrete beam with a clear span of 10 m are as follows:

¢ maximum deflection due to dead load is
Ap = 10 mm;

* maximum deflection due to live load is
A, =3mm.

Assume that the architectural elements are likely to

be damaged by large deflections.

a) Do you believe that the above estimated deflec-
tions will cause damage to the architectural
elements?

b) As a designer, what modifications could you
make in the construction procedure to mitigate
this problem? Explain.

¢) Suppose that it is important for this beam to
have small deflections during its service life.
What provisions in the construction procedure
would you specify to ensure controlled deflec-
tions after 5 years of service? Assume in the
deflection calculations that only the dead load is
sustained.

d) Suppose that the beam will support a roof slab
with drains provided at each column location.
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What provisions would you make to ensure that ~ 4.14. A typical cross-section of a 300 mm thick reinforced

the beam has a minimum positive slope of 2% concrete slab is shown in the figure below. Assume
in order to maintain proper drainage? Assume the effective depth of 250 mm. The slab is subjected
in the deflection calculations that both dead and to the maximum bending moment of 35 kN - m per
live loads are sustained in this case. metre width at the service load level. Assume interi-

or exposure. The slab properties are summarized

4.13. A typical cross-section of a reinforced concrete

T-beam is shown in the figure below. Assume below.
an effective depth of 630 mm. The beam is 15M @ 250
subjected to a maximum bending moment of I |
100 kN m at the service load level. Assume exte- %:li I g
rior exposure. The beam properties are summa- e o o e o o 8
rized below. r L
. . . th
Check whethe-r this beam sef:tlon satisfies the Check whether this slab section satisfies the CSA
CSA A23.3 cracking control requirements. . .
A23.3 cracking control requirements.
Given: Given:
f. = 25 MPa (normal-density concrete) f,' = 25 MPa (normal-density concrete)
f, = 400 MPa f, = 400 MPa
E_ = 200 000 MPa E_ = 200 000 MPa
1100 mm
L |
r |
TT ] N g8l
£l E
£
ol &
Q| ©
.

300 mm
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5.1

* outline the key considerations used in the design of reinforced concrete flexural
members

* use the practical guidelines related to the design of reinforced concrete flexural
members

apply the two different design procedures for beams and slabs

design rectangular beams with tension steel only for flexure according to CSA A23.3
design one-way slabs for flexure according to CSA A23.3

design T- and L-beams for flexure according to CSA A23.3

design rectangular beams with tension and compression reinforcement for flexure
according to CSA A23.3

INTRODUCTION

The objective of flexural design is to find cross-sectional dimensions and the amount and
distribution of reinforcement in flexural members subjected to given design loads. In gen-
eral, flexural design consists of several steps. First, the specified loads are assigned, and
the concrete and steel material properties are selected. Subsequently, the geometry of the
flexural member, including the cross-sectional dimensions and span, is chosen based on
the understanding of the overall design requirements. Next, the appropriate amount of steel
reinforcement is calculated based on the previously defined dimensions. The design
process is iterative — a few cycles, including the calculations of beam dimensions and the
corresponding amount of reinforcement, may be required before the designer is satisfied
with the solution.

This chapter builds on the background provided in Chapters 3 and 4. The focus of
Chapter 3 was mainly on the behaviour of reinforced concrete members subjected to flex-
ure and the analysis of beam and slab sections with given cross-sectional dimensions and
material properties. The criteria related to the serviceability of reinforced concrete flexural
members, including cracking and deflections, were explained in Chapter 4. This chapter
covers the design of simple beams and one-way slabs; the design of continuous beams and
slabs will be discussed in Chapters 10 and 11,

This chapter is mainly focused on providing guidance on the design of beams and one-
way slabs. Section 5.2 discusses general design requirements. Detailing requirements are
outlined in Section 5.3. Practical guidelines related to design and construction are discussed
in Section 5.4. Procedures for the flexural design of beams and slabs with tension steel only
are explained in Section 5.5. The design of rectangular beams with tension steel only is
discussed in Section 5.6, while the design of one-way slabs is discussed in Section 5.7.
The design of T-beams is outlined in Section 5.8, whereas the design of rectangular beams
with tension and compression reinforcement is discussed in Section 5.9.
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In many cases, external factors control the selection of member dimensions. These
factors include architectural considerations, formwork systems, contractor’s experience,
economy, and repetition and speed of construction. Experienced designers are able to
develop a satisfactory design solution by optimizing and prioritizing these considerations.
Students and novice designers need to gain a good grasp of the fundamentals in order to
perform designs in an effective manner.

GENERAL DESIGN REQUIREMENTS

The selection of the cross-sectional dimensions and the corresponding reinforcement
based on flexural requirements will be discussed in this chapter. However, the following
important considerations must also be taken into account in the design of beams and one-
way slabs:

* detailing of reinforcement placed in the beam or slab section, including the selection of
adequate concrete cover to ensure protection from corrosion and environmental expo-
sure and adequate bar spacing to enable satisfactory construction (to be discussed in
Section 5.3);

» serviceability considerations (calculations of member deflections and the crack control
parameter), which were discussed in Chapter 4;

* design for shear and torsion (to be discussed in Chapters 6 and 7);

+ bar cutoffs and anchorage requirements (to be discussed in Chapter 9).

DETAILING REQUIREMENTS

Concrete Cover

The concrete cover can be defined as the amount of concrete provided between the surface
of a concrete member and the reinforcing bars. According to CSA A23.1 C1.6.6.6.1, the
cover should be measured from the concrete surface to the nearest deformation of the rein-
forcement (including ties, stirrups, and tension steel). The cover is critical in ensuring a
safe design suitable for the intended conditions. An adequate concrete cover needs to be
provided for the following reasons:

* to protect the reinforcement against corrosion

* to ensure adequate bond between the reinforcement and the surrounding concrete

* to protect the reinforcement from the loss of strength in case of a fire

* to protect the reinforcement in case of concrete abrasion and wear (for example, floors
in parking garages)

When the concrete cover provided in a reinforced concrete structure is inadequate, corrosion
of reinforcing bars may take place only a few years after the construction is completed, as
illustrated in the example of a slab in an underground parking garage in Figure 5.1. Such
performance is unacceptable from the perspective of safety and durability.

According to CSA A23.1 C1.6.6.6.2.1, the specified cover for the reinforcement shall
be based on the consideration of life expectancy, exposure conditions, protective systems,
maintenance, and the consequences of corrosion. Basic cover requirements according to
CSA A23.1 C1.6.6.6.2.3 are summarized in Table A.2 (same as A23.1 Table 17). It should
be noted that Table A.2 prescribes different cover values depending on the concrete expo-
sure class. The three main categories of exposure classes are as follows:

* not exposed — concrete that will be continually dry within the conditioned space
(mainly interior members) (class N);
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Figure 5.1 An example of

a reinforced concrete slab with
inadequate cover (note the
reinforcing steel visible from
the underside of the slab).

(John Pao)
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* exposed to freezing and thawing, or manure and/or sileage gasses (classes F-1, F-2, S-1,
and S-2);
* exposed to chlorides (classes C-XL, C-1, C-2, A-1, A-2, and A-3).

For more information on exposure classes, the reader is referred to Section 2.4.

It should be stressed that the concrete cover values specified in Table A.2 denote cover
to ties or stirrups (for beams) and cover to tension reinforcement (for slabs).

The position of reinforcing bars on the job site might vary from the specifications of the
construction drawings. CSA A23.1 takes this into account by allowing certain tolerances
(C1.6.6.8). According to the same clause, the tolerance for concrete cover is = 12 mm; how-
ever, the cover shall in no case be reduced by more than one third of the CSA A23.1 pre-
scribed value. Therefore, because the positioning of the reinforcement is not exact, it may be
advisable to increase the specified cover to ensure adequate protection (C1.6.6.6.2.1 Note 4).

As previously discussed, one of the reasons for providing concrete cover is to prevent
loss of strength (and potential collapse) in case of fire. Fire-resistance requirements for con-
crete structures are discussed in Sections 1.8.4 and 2.5. Concrete cover requirements related
to the fire resistance of concrete structures are included in Appendix D of NBC 2005. Note
that the concrete cover values based on the fire-resistance requirements may be larger than
the values listed in Table A.2. When choosing the concrete cover for a structural member, the
designer must ensure that both the fire-resistance and exposure-related requirements are met.

Bar Spacing Requirements

Bar spacing requirements, including minimum and maximum limits, are prescribed by CSA
A23.1 and CSA A23.3. Bar spacing must be chosen to avoid reinforcement congestion and
to enable the proper placement of concrete. In general, bar spacing requirements in one-way
slabs can be met without problems, because these slabs do not require a heavy concentration
of reinforcement, so congestion is generally not an issue (refer to Section 5.7 for bar spacing
requirements related to slabs). However, in negative moment regions of the slabs, the area
above beams can become crowded especially where beams pass over columns. Flat slab and
flat plate floor systems have very heavy concentration of reinforcing above columns.

Concrete beams often need to be reinforced with a significant amount of tension steel.
If the beam reinforcement is spaced too closely, the concrete will not flow smoothly
between the bars, and air voids are likely to form. Therefore, the beam width needs to be
adequate to accommodate bar spacing and concrete cover requirements.

Bar spacing requirements for beams specified by CSA A23.1 C1.6.6.5.2 (also repro-
duced in Annex A of CSA A23.3) are shown in Figure 5.2. In general, the clear distance
(s) between the parallel bars should not be less than
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Concrete cover-—
(Table A2)~

14d,
§>< 14a,,
30 mm

‘/-Reinforcing bars Notes:
' § = clear bar spacing

Stirrup
|/

)
a, .= max. aggregate size

= ;._d - . .
>'8 Centre-to-centre CG = Centroid of tension steel
spacing

Figure 5.2 (SA A23.3 bar spacing requirements for beams.

Figure 5.3 Bundled bar
requirements for beams:

a) beam cross-section showing
bundles; b) arrangements for
bundled bars; ¢) equivalent
bar properties.

1. 1.4 times the bar diameter (1.44d,),
2. 1.4 times the maximum size of the coarse aggregate (1.4a
3. 30 mm.

mux)’ or

When the beam width is inadequate to meet these spacing requirements, there are several
solutions:

* Increase the beam width.
+ Place the reinforcement in two or more layers.
+ Bundle groups of parallel bars in contact.

A simple way of resolving the reinforcement congestion problem is to increase the beam
width (when that option is available).

Reinforcement often needs to be placed in two or more layers, especially in heavily
reinforced beams. In that case, bars in the upper layers must be placed directly above those
in the bottom layer (CSA A23.1 C1.6.6.5.3), as shown in Figure 5.2.

Note that the clear distance between the layers should be at least equal to the distance
(s) provided for bars placed in one layer!

The designer needs to be aware that the actual position of reinforcement at the job site
may differ from the construction drawings due to several factors, including the presence of
electrical conduits or boxes, plumbing, or inaccurate bar placement. CSA A23.1 C1.6.6.8
prescribes allowable tolerances related to bar spacing.

Bundling of reinforcing bars can also be used as an alternative solution to reduce
reinforcement congestion. According to CSA A23.3 C1.7.4.2, a bundle is a group of up to four
parallel bars bundled in contact that are considered to act as a unit. A cross-section of a beam
reinforced with bundled bars is presented in Figure 5.3a. Possible arrangements of bundled
bars, with two-, three-, and four-bar bundles, are shown in Figure 5.3b. Bundles can be made
of bar sizes 35M or smaller (CSA A23.3 C1.7.4.2.2). Also, bundles must be enclosed by stir-
rups or ties (CSA A23.3 C1.7.4.2.1). In determining the concrete cover and bar spacing require-
ments, a bundle shall be treated as a single bar with a diameter derived from the equivalent total
area of the bars forming the bundle (CSA A23.3 C1.7.4.2.4), as illustrated in Figure 5.3c.

Bundled bars are rarely used in building applications due to the large volume of con-
crete required to develop the structural properties of the reinforcing steel. However, bun-
dles are often used in bridge construction (and other types of heavy construction) where
reinforcement congestion problems are encountered.

L 2-bar 3A
A —
o8 8 3-bar =
- 3 4-bar - 2K
d= T
Bundled bars
a) b) c)
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The objective of flexural design is to find cross-sectional dimensions and the amount
and distribution of tension reinforcement for members adequate to carry the design
loads. The proper design of flexural members must also consider detailing require-
ments (concrete cover and bar spacing) and serviceability checks (deflections and
crack control).

Concrete cover is the amount of concrete provided between the surface of a con-
crete member and the reinforcing bars. The cover is critical in ensuring a safe design
suitable for the intended conditions. Adequate concrete cover needs to be provided for
the following reasons:

* to protect the reinforcement against corrosion

* to ensure adequate bond between the reinforcement and the surrounding concrete

* to protect the reinforcement from loss of strength in case of fire

* to protect reinforcement in case of concrete abrasion and wear (for example, floors
in parking garages)

Basic cover requirements specified by CSA A23.1 C1.6.6.6.2.3 are summarized in
Table A.2.

Bar spacing requirements, including minimum and maximum limits, are related to
the chances of reinforcement congestion and the ability to place the concrete. Bar spac-
ing requirements for beams are prescribed by CSA A23.1 C1.6.6.5.2. When the beam
width is inadequate to meet these spacing requirements, there are several possible solu-
tions: the reinforcement can be placed in two or more layers, the beam width can be
increased, or groups of parallel bars in contact can be bundled.

Computation of the Effective Beam Depth
Based on the Detailing Requirements

At this point, the reader should be familiar with the concept of effective depth in beams and
slabs. The effective depth (d) was defined in Section 3.3 as the distance from the comp-
ression face of the beam to the centroid of the tension steel, as shown in Figure 3.5. The
following example illustrates the calculation of the effective depth based on the given con-

crete cover and reinforcing bar sizes.

A reinforced concrete beam with a width of 350 mm and a depth of 600 mm is shown
in the figure below. The beam is reinforced with 6-30M bars at the bottom and 10M
stirrups. The maximum aggregate diameter is 20 mm. The beam is located at the

exterior of an office building.

Determine the effective depth to be used in a design based on the CSA A23.3 detailing

requirements.

o
+

| —10M stirrups
L — 6 - 30M

600 mm
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SOLUTION: 1. Determine the concrete cover
Because the beam is located at the exterior of the building, it can be considered as
exposure class F-1 or F-2 according to the CSA A23.1 requirements. Therefore, the
concrete cover can be determined from Table A.2 as

cover = 40 mm

2. Determine the minimum bar spacing
Given:

* 30M tension reinforcement; that is, d, = 30 mm (see Table A.1);
* 10M stirrups; that is, d, = 10 mm (see Table A.1);
* maximum aggregate size of 20 mm; that is, q,,,, = 20 mm.

According to CSA A23.1 C1.6.6.5.2, the minimum spacing between reinforcing bars
is equal to the largest of

1. 1.4th=1.4><30mm=42mm
2. 1.4><amax= 1.4 X 20 mm = 28 mm
3. 30 mm

Hence, the minimum spacing between reinforcing bars is s = 42 mm.

3. Determine the number of bars that can fit in one layer
The beam width is given as

b = 350 mm

It is estimated that four bars can fit in the bottom layer. Check whether this assump-
tion is correct. The minimum required beam width (bm )is

bin = 4d, + 3s + 2d_+ 2 X cover
=4 X30mm+ 3 X42mm+ 2 X 10mm + 2 X 40 mm = 346 mm

in

Since
b, = 346 mm < 350 mm

m

four bars can be placed in the bottom layer. The remaining two bars must be placed in
the upper layer.

/\/ [—10M (d,= 10 mm)
30 o

S S (typ.)
30 - 30M (d, = 30 mm)

10
40

40 30 30 30 30 40

10 10

%4 bmin l

4. Determine the effective depth (d)
a) Calculate the distance from the top of the beam compression face to the centroid
of the bottom layer (d,) with four bars in total:
h = 600 mm is the overall beam depth (given)
dy
d, = h—cover—ds—?

30 mm

= 600 mm —40 mm — 10 mm — = 535 mm
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b) Calculate the distance from the top of the beam compression face to the centroid
of the top layer (d,) with two bars in total:

d,=d 2(d”)
P 2

3
= 535 mm—42 mm—2 X ('0""“

) = 463 mm

¢) Finally, calculate the effective depth as the distance from the top of the beam to
the centroid of the reinforcement (point C on the sketch below):

4xd +2Xd,
3 6

4 X 335mm + 2 X 463 mm
6

The final bar arrangement and the effective depth are shown in the sketch below.

= 511 mm

& T =

N )

d, =535 mm
d, =463 mm
d

2 cc @
‘/.« +-_-- .‘H____ll_
S e )i6-30M

PRACTICAL GUIDELINES FOR THE DESIGN
AND CONSTRUCTION OF BEAMS
AND ONE-WAY SLABS

Design Guidelines

The design of concrete structures is a creative process and *“cookbook solutions” are gen-
erally not available, but some practicai guidelines on the selection of member properties
are outlined below.

Overall beam/slab depth (h) There is no unique procedure for estimating the overall beam
or slab depth () for a design. However, a simple guideline, often followed by designers, is to
select a beam depth such that the designer can be confident that the deflection criteria prescribed
by the CSA A23.3 indirect approach to deflection control (C1.9.8.2.1) can be satisfied without
the need for detailed deflection calculations. Table A.3 prescribes the values of maximum
span/depth ratios for beams and slabs with different support conditions to be used in the design.
Alternatively, the overall beam depth () can be estimated as roughly 8% to 10% of the
span length; this corresponds to a traditional rule of thumb of 1 inch (25 mm) of beam depth
per foot (300 mm) of span length (a good rule of thumb borrowed from Imperial units).
Note that a smaller amount of flexural reinforcement is required when deeper beams
are used; however, shallower and wider beams are more efficient with regard to shear and
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torsion resistance, they tend to be easier to form, and they result in reduced storey height
and overall building height.

Beam width (b) In general, the beam width (b) should not be less than 250 mm and
preferably not less than 300 mm. Note that the arrangement of reinforcing bars is one of the
key factors determining the beam width. It is very important for the designer to follow the
minimum bar spacing requirements discussed in Section 5.3.2. In the case of beams with
several bar layers, a space large enough for the concrete compaction vibrator to pass
through should be provided between the layers. In general, a beam should be designed to be
wider than the supporting columns; this facilitates the forming of the beam—column joint.

Effective beam/slab depth (d) The effective beam depth (d) can be estimated once
the overall depth (k) is known. It is generally satisfactory to estimate the effective depth of
a beam that is not exposed to earth or weather (for example, an interior beam) using the
following recommendations:

* For beams with one layer of reinforcement,
d = h—"70 mm

» For beams with two layers of reinforcement,
d=h—110mm

For reinforced concrete slabs that span in one direction, usually only one layer of flexural
reinforcement is used and shear reinforcement is not required. Bar sizes and concrete cover
values are significantly smaller in slabs than in beams. As a result, the effective slab depth
(d) can be estimated as

d=h—30mm

When the required cover is greater than 20 mm, then the effective depth can be estimated
from the equation

d = h—(cover + 10 mm)

If the beam or slab is exposed to weather, the d value determined using the above equations
should be reduced by 10 mm. In the case of more severe exposure conditions, d should be esti-
mated based on the minimum cover specified in CSA A23.1, as discussed in Section 5.3.
The estimated d value should err on the lower side, thus resulting in a conservative esti-
mate. Normal construction practices often result in smaller effective depths than indicated on
construction drawings, thus resulting in the reduction of the flexural capacity of a member.

Cross-sectional depth/width (h/b) ratio For rectangular beams, cross-sections
with a depth/width ratio between 1.5 and 2 are most often used, with the upper bound value
of 2 being the most common; that is,

Nominal cross-section sizes It is good practice to use nominal sizes in selecting beam
and slab dimensions. This reduces the chance of making errors in design calculations (this
was also discussed in Section 1.10.2). Moreover, the accuracy of formwork measurement at
the construction site has a practical limit. Note that member dimensions within *10 mm are
subject to some measurement errors in the field.

The following simple exercise can be used to develop a better sense of the accuracy of
measurement at the construction site. Take a ruler with millimetre measurements and try to
draw a line with a carpenter’s pencil with an accuracy to the nearest millimetre. You will
find that it is difficult to accomplish this precision because the thickness of the lead in a car-
penter’s pencil is 2 mm or larger. It is therefore much easier to draw a line to the nearest
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5 mm, and you can be even more comfortable if asked to draw a line with a precision to the
nearest 10 mm.

In structural engineering terms, there is no practical quantifiable difference in the flex-
ural resistance for two beams with the same reinforcement and within 10 mm difference
in size. Hence, the following recommendations related to rounding slab and beam dimen-
sions can be followed:

* The slab thickness should be chosen in increments of 10 mm.
¢ Beam dimensions should be rounded to the nearest 50 mm.
* Girder dimensions should be rounded to the nearest 100 mm.

An important consideration, apart from architectural requirements, is “ease” of con-
struction and the use of common formwork lumber sizes. Labour cost issues, re-use of
formwork, site accessibility for placing concrete and the type of building influence the
selection of nominal cross-section dimensions.

Reinforcement ratio (p) As discussed in Section 3.3.1, the reinforcement ratio (p)
is used as an indicator of the relative amount of steel reinforcement in a cross-section. For
a beam of rectangular cross-section, p is defined as

A

S

o [3.1]

p
It is often necessary to select a trial reinforcement ratio (p) for the design. This choice is
affected by ductility requirements and economic and construction considerations. The use of
a reinforcement ratio (p) in the range of 0.35p, to 0.40p,, results in ductile behaviour. Note
that p, denotes the balanced reinforcement ratio explained in Section 3.5.3. For Grade 400
reinforcement, p,, is equal to 0.022 for fC’ = 25 MPa, 0.027 for fc’ = 30 MPa, and 0.034
for f,' = 40 MPa (sce Table A 4).

For common steel and concrete material properties, flexural members should prefer-
ably be designed such that the required p value ranges from 0.0035 (0.35%) to 0.01 (1%)
and remains less than 0.5p,. A reinforcement ratio greater than 0.5p,, can be considered
when external constraints restrict member dimensions.

Reinforcing bar sizes The selection of optimal rebar sizes for beam and slab design
is not a simple task. In general, using bar sizes that are too large is not recommended.
Larger bar sizes may result in larger flexural cracks and require a larger length to develop
their full strength. On the other hand, there is a greater labour cost related to the placement
of a larger number of smaller bars than the placement of a smaller number of larger bars.
For example, the unit costs related to the placement of 2-10M bars are larger than those
for the placement of 1-15M bar, even though the total steel area is equal in these two cases.

Guidelines related to bar sizes to be used in the design of beams and slabs are
summarized in Table 5.1.

Table 5.1 Recommended reinforcing bar sizes for beams and slabs

Slabs Beams
shrinkage and shear

overall tension temperature overall tension reinforcement
thickness steel steel depth steel (stirrups)
<150 mm 15M 10M <300 mm ISMor20M 10OM
150 to 15Mor20M  15M 300mmto 20Mor25M  10M or 15M
250 mm 600 mm
>250mm 20Mor25M  15M or 20M 600 mmto 25Mto35M  15M or 20M

1200 mm

e
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Concrete and steel material strengths The value of the specified concrete com-
pressive strength (f,') is usually prescribed in the initial phase of the design. If durability
is not a problem, reinforced concrete beams and floor slabs are generally constructed of
concrete with f,' = 25 MPa, 30 MPa, or 35 MPa, with 30 MPa strength being the most
common. Due consideration needs to be given to the exposure requirements, which may
be critical in prescribing the f.' value. Refer to Section 2.4 for more details on exposure
classes and durability requirements for concrete structures.

The most important mechanical property of reinforcing steel used in the design of
concrete structures is its yield strength (f)). As discussed in Section 2.6, the basic rein-
forcing steel grade in Canada is 400R, characterized by an f, value of 400 MPa.

Construction Considerations and Practices

Beam and slab construction practice In one-way slab and beam construction, beam
reinforcement is usually placed first. The bottom beam reinforcement and the stirrups for each
span are assembled in the form of a cage. On larger projects, these cages are prefabricated on
site or in a fabrication shop and lifted by crane into the beam forms. The top reinforcement
and any hooked rebars are then added in place.

Subsequently, the bottom slab reinforcement is placed. After the beam reinforcement is
completed, the top slab reinforcement is placed on top of the beam reinforcement at each span.
At the same time, any hooked rebars at the perimeter and around the openings are also placed.

In every building there are mechanical and electrical systems which require openings
through the beam or slab or ducting within the slab. These openings are usually accom-
modated with a minimal impact on the construction process provided that there is proper
coordination and communication during the design phase.

Bar supports Flexural rebars must be properly supported and tied so that displacement
does not occur during concrete placement. Proper supports to the reinforcing bars in the form
of bolsters (or chairs) are required to prevent the sagging of rebars. Bar supports are used to
firmly hold the bars at the required clearance from the forms before and during the placing
of concrete. Bolsters must be sufficiently strong and properly spaced to provide support
under construction conditions. They may consist of steel wire, plastic, or precast concrete
blocks, but factory-made wire bar supports are most common. Unless structural drawings or
specifications show otherwise, bar supports will be furnished according to the standards
developed by the Reinforcing Steel Institute of Canada (RSIC) or the Concrete Reinforcing
Steel Institute (CRSI). For more information, the reader is referred to RSIC (2004), CRSI
(1997), and CRSI (2001).

Bar placement in beams In many cases, beam reinforcement is preassembled into a
cage usually formed by the beam stirrups plus a longitudinal bar in each comner. The top
bars are placed after all the longitudinal bars are in place. Even when not required by the
design, at least two top rebars need to be provided in the beams to support the stirrups and
the slab top reinforcing in the perpendicular direction (these bars are called stirrup support
bars). The top bars must be securely tied to the stirrups and the column vertical reinforce-
ment. Bar separators are often used to support the top layer of reinforcement. An example
of beam reinforcement placed in the forms is shown in Figure 5.4.

Bolsters are placed in the form before the cage. In general, beam bolsters are spaced
at approximately 1.5 m (5 feet) on centre.

Bar placement in slabs The designer needs to be aware of realistic rebar placement
tolerance. In particular, a good understanding of the problems related to rebar placement in
the field is required. A few important recommendations related to bar placement are sum-
marized below.

» The spacing of reinforcing bars should be specified such that it reduces the chances of
numerical errors in the field. For example, 250 mm spacing is preferred over 245 mm
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Figure 5.4 Placement of
beam reinforcement at the
construction site.

(John Pao)

spacing. In the design sense, there is no real difference between 245 mm and 250 mm,
but the use of rounded dimensions (like 250 mm spacing) permits the workers to use
mental math without making errors. In this example, the rebar placer knows that four
bars need to be placed per metre length.

* Barspacing should be uniform wherever possible. For example, the designer should refrain
from specifying 240 mm bar spacing in one area and 260 mm spacing in the adjacent area
whenever possible. Instead, an experienced designer would specify 250 mm spacing for
both areas to minimize the chances of field errors. Therefore, it is recommended to achieve
uniformity in bar spacing rather than to adhere precisely to the design requirements.

In practice, rebar placers often lay out rebars by marking the spacing with coloured spray
paint on the formwork using a tape measure and mental math. It should be noted that the
width of each marking is on the order of 20 mm to 30 mm and that a high level of preci-
sion in marking the bar spacing is not a reality at the construction site.

Another issue involves the use of U.S. customary or imperial units. It is not uncom-
mon for bar placers to use nominal dimensions in inches “soft” converted.

The following practical guidelines regarding the selection of beam and slab properties
can be offered based on practical design experience:

Overall beam/slab depth (h): A simple guideline is to select the overall beam depth
such that a detailed deflection calculation is not required, provided that the require-
ments of A23.3 C1.9.8.2.1 (summarized in Table A.3) are satisfied. Table A.3 prescribes
maximum span/depth ratios for beams and slabs with different support conditions to be
used in the design. Alternatively, the overall beam depth (k) can be taken as 8% to 10%
of the span length (this corresponds to a traditional rule of thumb of a 1 inch deep beam
per foot of span length).

Beam width (b): This should be not less than 250 mm and preferably not less than
300 mm. The arrangement of reinforcing bars is one of the key factors determining the
beam width. A beam can be designed to be wider than the column; this considerably
facilitates forming the beam—column joint.

Effective beam/slab depth (d): This can be estimated once the overall depth (k) is
known. The d value should not be overestimated because normal construction practice
tends to result in smaller effective depths than indicated on construction drawings.
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Cross-sectional depth/width (h/b) ratio: For rectangular beams, cross-sections with
depth/width ratio between 1.5 and 2 are most often used, with the upper bound value
being the most common; that is,

h
b =—
2

Nominal cross-section sizes: The use of nominal sizes reduces the chances of mak-
ing errors in design calculations. Moreover, the accuracy of formwork measurement at
the construction site is limited. The following recommendations related to rounding of
slab and beam dimensions can be followed:

« The slab thickness should be chosen in increments of 10 mm.
« Beam dimensions should be rounded to the nearest 50 mm.
» Girder dimensions should be rounded to the nearest 100 mm.

Reinforcement ratio (p): The selection of the reinforcement ratio is affected by
economic considerations, ductility requirements, and construction considerations. It is
considered good practice to design beams and slabs using a small amount of rein-
forcement. For common concrete and steel material properties, flexural members
should preferably be designed such that the required p value ranges from 0.0035
(0.35%) to 0.01 (1%) and remains less than 0.5p, (provided there are no major archi-
tectural constraints).

Reinforcing bar sizes: The selection of optimal bar sizes for beam and slab design
is not simple. In general, the use of bar sizes that are too large is not recommended, as
larger development lengths are required to ensure proper bar anchorage. However, there
is a larger labour cost related to the placement of a large number of smaller bars than
the placement of a small number of larger bars. Guidelines for bar sizes to be used in
the design of beams and slabs are summarized in Table 5.1.

Concrete and steel strengths: Reinforced concrete beams and floor slabs are gen-
erally constructed of concrete with f.' of 25 MPa, 30 MPa, or 35 MPa, with a strength
of 30 MPa being the most common. The basic reinforcing steel grade in Canada is
400R, characterized by an fy value of 400 MPa.

DESIGN PROCEDURES FOR RECTANGULAR BEAMS
AND SLABS WITH TENSION STEEL ONLY

A key design requirement for concrete members subjected to flexure according to CSA
A23.3 C1.8.1.3 is the ultimate limit states (or strength) requirement; that is,

Factored Resistance = Effects of Factored Loads

or
M,=M, [5.1]

The above requirement says that the factored moment resistance (M) must be greater than
or equal to the factored bending moment (M) acting at any section along a concrete flexural
member. In design practice, it is often required to determine cross-sectional dimensions and
reinforcement for a flexural member subjected to given loads. In that case, it is possible to
calculate the factored bending moment at a critical section. As an initial estimate of moment
resistance, it is usually taken that

M, =M,
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5.5.1

Figure 5.5 Cross-section of
a reinforced concrete beam
showing the distribution

of internal forces.
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Two procedures related to the design of beams and one-way slabs will be outlined
in this section:

* direct procedure
* iterative procedure

These design procedures have been developed with the assumption of properly reinforced
beams that fail in the desirable steel-controlled mode (as discussed in Section 3.5.1).

Direct Procedure

The objective of this procedure is to determine the area of tension reinforcement (A $)
directly from the moment resistance (M ) of a beam section, as explained below.
Consider the cross-section of a reinforced concrete beam in Figure 5.5. The moment
resistance (M) for the beam section can be determined from the force couple T and C,
with a lever arm (d — a/2), as discussed in Section 3.5.1.
The moment resistance of a beam section can be determined as

a
M,=¢f A, <d—5) [3.14]
and the depth of the rectangular stress block (a) can be determined as
& f,A
a=—"2"" [3.12]
a 1¢cf c b

When a is substituted from Eqn 3.12 into Eqn 3.14, the latter equation can be rewritten as
M,=¢.f A (d buly s ) [5.2]

P T b 2a,¢,f'b )
Equation 5.2 can be rearranged in the form of a quadratic equation with variable A, as follows:
<(¢“fV)Z>A2 d)A, +M =0

2al¢cfc,b ( s) (d)sfv ) s r

This quadratic equation can be solved for A as

_ “B*VB2-4xAXC

A =
A 2A
where
@)
 2a,¢,f.'b
B = —¢‘vad
C=M

r

—

4 3 -
h|d d -% M,
1= ﬁs T, —>
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Given:

SOLUTION:
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The equation for A can be presented in the form

LS ([ D)
! d)sfy B ald)cfc,b

This equation can be further simplified using the following assumptions:

[5.3]

1. The solution containing the + term can be discarded as it results in a larger A value.
2. Because Grade 400 steel is used in Canada, it can be taken that fV = 400 MPa.
3. Substitute the values for a,, ¢, and ¢, as follows: '

a = 0.8 (valid for f,' values ranging from 25 MPa to 45 MPa)
¢, = 0.65 [3.2]
¢, = 0.85 [3.3]

As a result, the final form of Eqn 5.3 can be obtained as

A, = 0.0015£." b (d—1 [d?— %;5 f) [mm?] [5.4]

The following units should be used in the above equation:

M, [N-mm]
b [mm)]
d [mm]
f, [MPa]

Eqn 5.4 can be easily programmed by the reader, provided that (s)he has access to a
programmable calculator or a computer.

A typical cross-section of a reinforced concrete beam is shown in the figure below.
The factored bending moment (Mf) acting at a critical section is equal to 800 kN - m.
The concrete and steel material properties are given below.

Use the direct procedure to find the economical amount of tension reinforcement for the
beam section such that the beam is capable of carrying the given loads. It is not required
to check the detailing requirements (concrete cover and bar spacing).

450 mm
"

_11_
£
£
o
S
&
f,) = 25MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
a, =038

1. Estimate the effective beam depth
First, let us determine the effective depth (d) based on the guideline provided in
Section 5.4.1 (use one layer of reinforcement):

d = h—70 mm
= 900 mm — 70 mm = 830 mm



204

CHAPTER 5

2.

Calculate the required area of tension reinforcement
a) Take M, = M',- = 800 kN - m.
b) Calculate the required area of tension reinforcement from Eqn 5.4 as

385 M
A, = 0.0015f'b (d—1 /dz—ﬁ) [5.4]

= 0.0015 X (25 MPa) X (450 mm)

3.85 (800 X 10°N-mm) )
25 MPa X 450 mm

X ( 830 mm — \[(830 mm)? —

= 3134 mm?

¢) Select the amount of reinforcement in terms of the number and size of the bars.
Based on Table A.1, 5-30M bars are a suitable choice (the area of one 30M bar
is 700 mm?):
A, =5X700m 2 = 3500 mm?

d) Check whether the provided area of reinforcement is greater than or equal to the
required amount of reinforcement:
A = 3500 mm? > 3134 mm? : okay

Confirm that the strength requirement is satisfied
a) First, calculate the depth of the compression stress block (a) as

¢.¥f;’ A.T
a=— [3.12]
.1, b
0.85 X 400 MPa X 3500 mm?
= = 203 mm
0.8 X 0.65 X 25 MPa X 450 mm
b) Then, calculate the moment resistance as
M, = ¢ f A, (d = %) [3.14]
203
= 0.85(400 MPa)(3500 mm?) ( 830 mm — mm)
= 867 X 10 N-mm = 867 kN-m
¢) Finally, check the strength requirement per A23.3 C1.8.1.3:
M, =M, [5.1]
Since
MJ,. = 800 kN-m
and

M, = 867 kN-m > 800 kN-m : okay

the design is adequate. The section properties are summarized in the sketch below.

3 o
£ £
E o
S P
‘ﬁ’ "

- =
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Iterative Procedure

The iterative procedure can be used to find the required area of tension reinforcement by

assuming the depth of the compression stress block and by recalculating the reinforcement

area until the required accuracy has been achieved. The factored moment resistance is then

computed using the most accurate value of the reinforcement area obtained in an iterative way.
The moment resistance of a beam section can be determined as

M, = ¢ f,A (d—g) [3.14]

The required area of reinforcement (A,) can be determined from the above equation by set-
ting M, = M.

M,

5 _T
‘f’n-fv(d‘a)

For preliminary design purposes, the depth of the compression stress block (a) used in
Eqn 5.5 can be taken as

a = 03d

A [5.5]

for rectangular beams, and
a=0.2d

for slabs.
The A, value determined from Eqn 5.5 can be used to determine a more accurate a
value haqed on Eqn 3.12:

Puly [3.12]
= — s *
ad.f' b
This a value can then be substituted in Eqn 5.5 to obtain a better A  estimate. The process
can be repeated until the desired accuracy has been achieved. The key steps performed in
the iterative procedure are summarized below:

1. Estimate the depth of the compression stress block (a).

2. Calculate the reinforcement area (A,) from Eqn 5.5.

3. Use the A_ value obtained in the previous step to find a (Eqn 3.12).

4. Continue unlll the difference between the A  values obtained in the two successive
cycles is within 5%.

Two procedures are used to design beams and one-way slabs:

* The direct procedure determines the area of tension reinforcement (A)) from the
moment resistance (M) of a beam section.

» The iterative procedure determines the required area of tension reinforcement by
estimating the depth of the compression stress block and then recalculating the rein-
forcement area until the required accuracy has been achieved. The factored moment
resistance is computed using the most accurate value of the reinforcement area,

These design procedures have been developed with the assumption of properly rein-
forced beams that fail in the desirable steel-controlled mode.
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Exam ple 5.3 A cross-section of the beam designed in Example 5.2 is shown in the figure below.
Use the iterative procedure to find the economical amount of tension reinforcement for the
beam section such that the beam is capable of carrying the given loads. It is not necessary
to check the detailing requirements (concrete cover and bar spacing).

- iR

900 mm
830 mm

-
450 mm , © - 30M

L

Given: f' = 25MPa

f, = 400 MPa
¢, = 0.65

¢, = 0.85

a, =08

SOLUTION: 1. Make the initial estimate for the compression stress block depth (a)
The effective depth is d = 830 mm (same as Example 5.2). Take the depth of the com-
pression stress block (a) as

a = 0.3d = 0.3(830 mm) = 249 mm
Use
a = 250 mm

Remember that the numbers used to estimate the @ value are approximate and there-
fore round figures should be used for ease of calculation.

2. Calculate the required area of tension reinforcement
a) Take M, = Mj. = 800 kN -m.
b) Calculate the required area of tension reinforcement as

M

i
7 [5.5]
5 (4-3)
oN -
2 800 X 10° N-mm n T
0.85 X 400 MPa (830 mm — = mm)
¢) Check the accuracy of the initial estimate for a:
b1, As
a=——-——— [3.12]
al(’bt'-ﬁ' b

_0.85 X 400 MPa x 3338 mm?
0.8 X 0.65 X 25 MPa X 450 mm

= 194 mm = 200 mm

Note that the initial estimate was a = 250 mm. Therefore, it is necessary to
continue the calculation process and obtain a new A“ value.
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0

Learning from Examples
1.

d) Recalculate A_ using the improved estimate for a:

a = 200 mm

M 800 X 10°N-
A= = T = 3223 mm?
@, 1, (d—%) 0.85 X 400 MPa (830 mm — —— )

This A_ value is within 5% of the initially estimated value of 3338 mm? and

should be acceptable.
e) Select the amount of reinforcement in terms of the number and size of the bars:

based on Table A.1, 5-30M bars are a suitable choice, since the area of one 30M

bar is 700 mm?. The area of tension steel can be calculated as

A, = 5 X 700 mm? = 3500 mm?

f) Check whether the provided area of reinforcement is greater than or equal to the

required amount of reinforcement.

A, = 3500 mm? > 3223 mm? : okay

The use of the iterative procedure has resulted in a less than 3% difference in the
reinforcement area as compared to the value obtained using the direct procedure

in Example 5.2.

Confirm that the strength requirement is satisfied

Since the amount of reinforcement is the same as in Example 5.2, the strength
requirement check is identical. It can therefore be concluded that this design is

adequate.

The reader needs to recognize that the actual area of steel reinforcement is gov-
erned by predetermined rebar sizes specified in whole numbers. Both examples
(5.2 and 5.3) ultimately lead to the same solution (5-30M bars); this is due to the
fact that between 3000 mm? and 4000 mm?, only two practical rebar configura-
tions are available. Table A.8 lists several practical rebar configurations with area
ranging from 1000 mm? to 7000 mm? (note that each configuration considers
only bars of the same size). The right-hand column lists areas for configurations
that include an even number of bars; it is easier to stagger or alternate bars in a
configuration that consists of an even number of bars (to be discussed in Chapter
11). Above the value of 7000 mm?, the reinforcement area increases in incre-
ments of 700 mm?2, since 30M bars would be the smallest bar sizes used in such
configurations.

It is interesting to note that the initial guess of @ = 0.3d in Example 5.3 would have
resulted in the same solution (5-30M bars) without performing any iterations.
Hence, a high level of precision to determine the area of reinforcement (As) is not
necessary, provided that the designer always rounds up the area to the next practical
rebar configuration.
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5.6.1

A23.3 CL10.5.1

A23.3 CL10.5.1.1

A233Eq. 10.3

LA23.3 C1.10.5.1.2 ]

A23.3 Eq. 10.4

CHAPTER 5

DESIGN OF RECTANGULAR BEAMS
WITH TENSION STEEL ONLY

CSA A23.3 Flexural Design Provisions for Rectangular
Beams with Tension Steel Only

The key CSA A23.3 design requirements for flexural design of rectangular beams with
tension steel only, related to minimum and maximum limits for the amount of tension rein-
forcement to be provided in a beam section, are discussed below.

Minimum tension reinforcement Reinforcement in concrete members becomes
effective after cracking has occurred at the tension face. In general, well-designed flex-
ural members are characterized by a moderate proportion of tension reinforcement.
However, if a member is very lightly reinforced or underreinforced (as discussed in
Section 3.4.3), the moment resistance of the cracked member could be less than the
bending moment at the onset of cracking. As a result, the reinforcement will yield
immediately after concrete cracks in the tension zone; this is followed by the sudden
and brittle crushing failure of the concrete. This is clearly an undesirable scenario, and
for that reason CSA A23.3 C1.10.5.1 specifies two alternative requirements related to
the minimum amount of reinforcement in flexural members. Either requirement should
be satisfied at every section of a flexural member where tension reinforcement is
required by analysis.

1. The cracking moment criterion. When the cracking moment (M o) €xceeds the fac-
tored moment resistance of a beam section (M ,)» a sudden and brittle failure will
occur with little or no warning shortly after the cracking. (For more details on M,
refer to Section 4.2.) In very lightly reinforced beams, once the cracks have devel-
oped in the concrete tension zone, the steel tensile capacity is insufficient to carry the
cracking moment. As a result, sudden failure of the beam can be expected. For this
reason, CSA A23.3 C1.10.5.1.1 requires that a sufficient amount of reinforcement be
provided to ensure that the design moment capacity exceeds the cracking moment by
at least 20%; that is,

M, =12M, [5.6]

2. Minimum area of tension reinforcement. In lieu of the above requirement, CSA A23.3
Cl1.10.5.1.2 prescribes that the minimum reinforcement requirement for beams be sat-

isfied when the actual steel area exceeds A, that is,
As > Asmin
where
02VE!
Asmin = bt h [5-7]
£

where

b, = the width of the tension zone; for a rectangular section, b, = b (see Figure 5.6a);

for a T-beam section under positive bending, b, is equal to the web width (see
Figure 5.6b);

h = the overall beam depth; this is one of the rare flexural design provisions that
requires the use of & (d is used for most calculations).

The purpose of this requirement is to ensure the minimum amount of reinforcement in the
tension zone to make up for the loss of tensile strength caused by the concrete cracking.



Figure 5.6 Width of the
tension zone (b,): a) rectangular
section; b) T-section.

A23.3CL10.5.2

A23.3 Eq. 10.5

Figure 5.7 Balanced
condition.
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1t should be noted that C1.10.5.1.3 of CSA A23.3 permits the above two requirements
to be waived when the factored moment resistance is greater than

M, = 133M, [5.8]

The latter requirement offers a simple alternative to the CSA A23.3 minimum reinforce-
ment requirements without checking the cracking moment criterion (C1.10.5.1.1) or the
minimum amount of tension reinforcement (C1.10.5.1.2).

Maximum amount of tension reinforcement = balanced reinforcement CSA
A23.3 CL.10.5.2 states that “the tension reinforcement shall not be assumed to reach yield
unless”

700

=70 +7, (591

ajie

According to the same clause, “for flexural members without axial loads, the area of ten-
sion reinforcement should be limited such that the above condition is satisfied.” This
requirement implies that beams and slabs contain a “proper” amount of reinforcement and
fail in the desirable steel-controlled mode. It should be noted that if the c/d ratio exceeds
the limit specified by Eqn 5.9 the beam would be overreinforced and fail in the concrete-
controlled mode. (Refer to Section 3.5.3 for more information on eam failure modes and
corresponding amounts of reinforcement.)

The upper limit for the ¢/d ratio corresponds to the balanced strain condition. In fact, Eqn
5.9 has been derived from the balanced strain condition discussed in Section 3.5.3. The balanced
strain condition occurs when the maximum compressive strain in concrete (£, = 0.0035)
develops simultaneously with the yield strain in tension reinforcement (e, = ¢,), as shown in
Figure 5.7. The following proportion can be obtained from similar triangles:

c 0.0035

R bt .20
d 00035+ ¢, [3.201
The yield strain (¢,) can be obtained from Hooke’s law as (see Section 2.6.2)

Ky
&< [2.4]

Eqmae = 0.0035 a0 f
_T_
a <+—C,
c
Y DU T O SO /A U
Ay, |leo o0 0| - T,—>
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The c/d ratio at the balanced strain condition can be obtained in the same form as stated
in Eqn 5.9 by substituting €, and E_into Eqn 3.20 as

¢ 700
d 700 + £ [5-10]

In Canada, Grade 400 steel is most frequently used, that is, f, = 400 MPa, and so

C
= =0.64
d

The above equation can be further approximated and presented in an easily remembered
form as

c=—d [5.11]

The area of tension reinforcement corresponding to the balanced condition, also called the
balanced reinforcement (A ,), can be calculated from Eqn 3.21 as

a . f ab
A, =—¢de 77 [3.21]
sb ¢sfv
The depth of the compression stress block (a) can be determined as
a= B [3.4]

where the neutral axis depth (c) can be determined from Eqn 5.10 as

700
c=——d
700 + f,

Equation 3.21 can then be rewritten using the above equations as
a,B:9.f. 700
Av,,=( : ’)( )bd [5.12]
: ¢, 5 700 + fy

Note that the following approximate values for a, and B, can be used when the concrete
strength varies between 25 MPa and 40 MPa:

a; =08, B,=09 5.13]

The corresponding reinforcement ratio, called the balanced reinforcement ratio (p,), can
be obtained as

A

p, = TZ [3.22]
or

_(uBid S )( 700 )
o= ( b1, 700 + , (5141

It should be noted that p, is constant for all beams and slabs with the same concrete and
steel material properties (f, and I

In Canada, Grade 400 steel is mainly used for steel reinforcement ( fv = 400 MPa), so
the following approximate p, value can be obtained by substituting the values for a, B, o,
and ¢ into Eqn 5.14:

fl

=t 5.15
= T00 [5.15]
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Note that p, values for f.’ values from 25 MPa to 40 MPa and Grade 400 steel are given
in Table A 4.

As discussed in Section 3.4.3, the balanced condition represents the threshold
between overreinforced beams failing in the concrete-controlled mode and properly rein-
forced beams failing in the steel-controlled mode. For that reason, structural designers
routinely compare the value of the reinforcement ratio (p) provided in a beam with the
balanced reinforcement ratio (p,) to predict the potential failure mode and to confirm the
adequacy of the design. The three possible scenarios, outlined in Section 3.5.3, are
reviewed below.

1. When p = p,, the amount of reinforcement corresponds to the balanced condition.
The amount of steel for this condition is considered to be large.

2. When p > p,, the amount of reinforcement corresponds to overreinforced beams
failing in the concrete-controlled failure mode, a brittle failure characterized by the
crushing of concrete in the compression zone.

3. When p < pj, the amount of reinforcement corresponds to properly reinforced beams
failing in the steel-controlled failure mode, characterized by the yielding of the steel
reinforcement.

To ensure steel-controlled failure in reinforced concrete flexural members, it is recom-
mended to use values of the reinforcement ratio up to 75% of p,, that is, p = 0.75p,,.

e e e e e Y M L e

Example 5.4 A reinforced concrete beam needs to be designed using the following properties of
steel reinforcement and concrete: f, = 400 MPa and fc' = 25 MPa.
Determine the balanced reinforcement ratio (pj).

SOLUTION: Since the concrete and steel material properties are given, the balanced reinforcement ratio
p,, can be obtained as

frc (alﬁmﬂ-’) ( 700 ) Ll
b ®,f, 700 +)‘_".
T (0.8 X 0.9 X 0.65 X 25 MPa) ( 700 ) = 0.022
0.85 X 400 MPa 700 + 400MPa/
Therefore,

p, = 0.022 = 2.2%
Use the approximate formula (Eqn 5.15):

f _ 25MPa

A = 0.0227
Pb = T100 ~ 1100

A slightly larger p, value is obtained in this way; however, the difference between the
accurate and the approximate value is not significant.

Note that the p, value can also be obtained from Table A.4; the table gives the value
of 0.022 (same as the above calculation).

e —————— . e Y S e T S T i B e
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CSA A23.3 prescribes the following requirements relating to the design of rectangular
beams reinforced with tension steel only:

* The strength requirement (A23.3 C1.8.1.3) is the key requirement related to the
design of concrete members.

* The maximum amount of reinforcement (A23.3 C1.10.5.2) represents the upper limit
for the amount of tension reinforcement for beams without axial loads and is equal
to the balanced reinforcement.

* The minimum amount of reinforcement (A23.3 C1.10.5.1) is one of two alternative
requirements to prevent the design of underreinforced beams that fail in a sudden
and brittle manner.

5.6.2 Design of Rectangular Beams with Tension Steel !
Only: Summary and a Design Example

|

|

The main design objective is to determine the required beam dimensions and reinforce-
ment such that a beam is able to carry given design loads. In the case of a beam subjected
to the factored bending moment (M), the following strength requirement needs to be
satisfied according to CSA A23.3 C1.8.1.3:

M= M, [5.1]

It is common practice to design reinforced concrete beams using the design procedures
explained in Section 5.5. In addition to the strength requirement, a sound design takes into
account other requirements, including detailing requirements (concrete cover and bar spac-
ing), discussed in Section 5.3, and serviceability criteria (cracking control factor and
deflections), discussed in Chapter 4. These requirements will be addressed in examples
and problems presented in this chapter. Other considerations, including shear and torsion
effects and anchorage requirements, will be discussed in Chapters 6, 7, and 9.

This section is focused on assisting the reader in his/her effort to determine the required
cross-sectional dimensions and tension reinforcement in the beam subjected to given loads,
as shown in Figure 5.8. This is a more challenging task than that performed in Chapter 3,
where the beam dimensions and reinforcement were given and it was required to determine
the factored moment resistance. As mentioned earlier in this chapter, “cookbook” design
solutions are generally not available. However, general steps related to beam design are out-
lined in Checklist 5.1. Although the steps have been presented in a certain sequence, it is not
necessary to follow the same sequence in all design situations. It should also be stressed that
design is an iterative process and that one or more design steps may need to be repeated, as
shown in Example 5.5.

w

RN bil Liy

Figure 5.8 Beam design / |
.

problem. !
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Checklist 5.1 Design of Rectangular Beams with Tension Steel Only for Flexure

Given:
- Specified loads acting on the beam

- Concrete and steel material properties {,f;.' and ,f‘ )
Description Code Clause

1 Calculate the factored bending moment (M) at certain critical sections.
Use the specified loads and the NBC 2005 load combinations to calculate
factored loads acting on the beam. Perform a structural analysis or use the
beam load diagrams from Appendix A to calculate the factored

bending moment for the design.

2 Estimate the beam dimensions b and A.
Use the guidelines outlined in Section 5.4.1.

3 Estimate the effective depth (d).
Beams with one layer of reinforcement:

d = h—70 mm
Beams with two layers of reinforcement:

d=h—110 mm

4 Estimate the required area of tension reinforcement (A ).
Use either the direct procedure or the iterative procedure (see Section 5.5).

5 Confirm that the maximum tension reinforcement requirement is satisfied
(ensure a properly reinforced beam section).

P = ph

where
p=— [3.1]

or

A233 Eq. 10.5 2 TN [5.9] 10.5.2
e 2o d 700+ f, ’

Note that the balanced reinforcement corresponds to

2
c=3d [5.11]
or

o Je 5.15
Pb = 1100 gk

(provided that Grade 400 steel is used); alternatively, use Table A.4 to find p,.

6 Determine the actual effective depth (d).
This is based on the detailing requirements and actual reinforcement sizes
(see Section 5.3).

(Continued)
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Checklist 5.1 Continued

Given:
- Specified loads acting on the beam

- Concrete and steel material properties (f," and £)

Description Code Clause
7 Confirm that the minimum reinforcement requirement is satisfied.
A23.3 Eq. 10.3 M =12M, [5.6] 10.5.1.1
or
0.2Vf!

A23Eq 104] A >Agy = ——bh 5.7) 10.5.1.2

Note that b = p for rectangular sections.
8 Calculate M,.

M, = &.f,A, (d—%) [3.14]

9 Confirm that the strength requirement is satisfied.

M, =M, 5.1] 8.1.3

10 Check the crack control parameter (z) (see Section 4.8). 10.6.1

= 30 000 N/mm — interior exposure;
= 25 000 N/mm — exterior exposure.

11 Provide a design summary.

Summarize the design with a sketch showing

a) the beam width

b) the total beam depth

¢) the tension reinforcement size and number of bars
d
e) the stirrup size (if available)

the clear concrete cover and effective depth

e e e e e e e e e P e T RS SR =

Exam ple 5.5 Consider the reinforced concrete beam of rectangular cross-section in the figure
below. The beam spans 8 m (centre-to-centre between the supports) and it supports a
uniform dead load (DL) of 36 kN/m (including self-weight) and a uniform live load
(LL) of 36 kN/m. There are no constraints related to the selection of the beam cross-
sectional dimensions. The beam is located in the interior of a building. Use 15M bars
for stirrups and 30M bars for tension reinforcement and 20 mm maximum aggregate
size for the concrete. The concrete and steel material properties are given below.
Design the beam of rectangular cross-section that is capable of carrying the given loads
according to the CSA A23.3 requirements.

Given:  f." = 25 MPa

f, = 400 MPa
b, = 065
b, = 085

a) = 0.8
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DL =36 kN/m
LL = 36 kN/m
400 mm
L 8m |
r |
1. Calculate the factored bending moment

The factored load (wf) is determined according to NBC 2005 C1.4.1.3.2 (see Section 1.8):
W= 1.25DL + 1.5LL = 1.25(36 kKN/m) + 1.5(36 kN/m)
= 99 kN/m = 100 kN/m

This is a simply supported beam and the maximum bending moment at the midspan
can be calculated from the equations of equilibrium or by referring to the beam load
diagrams included in Appendix A. (Experienced designers memorize the formula for the
maximum bending moment of a simply supported beam under uniform load!)

weX 12 100 kN/m X (8 m)?
M = =
f 8 8

= 800kN'm

Estimate the beam dimensions b and &

a) Estimate the beam depth (h).
The beam cross-sectional dimensions can be estimated by using the practical
guidelines outlined in Section 5.4.1. Table A.3 (based on A23.3 C1.9.8.2.1) pre-
scribes that a simply supported beam with a depth of /, /16 or larger (where [, is
the clear span for the beam under consideration) satisfies the CSA A23.3 deflection
requirements, and detailed deflection calculations are not required. In general, this
is considered to be a good initial estimate for the overall depth. Based on design
experience, overall beam depths in the range from /, /10 to [, /16 should lead to an
economical design. Choose an intermediate value of / " /12; therefore,

400 mm

[, = 8000 mm —2 ( ) = 7600 mm (clear span)

and

lu _7600mm
12 12

Round the overall depth value to
h = 700 mm

b) Estimate the beam width (b).
The beam width can be estimated considering the beam depth/width ratio (4/b) in
the range from 1.5 to 2.0 (see Section 5.4.1). Use the ratio of 2.0 in this case; that is,

b=0.5Xh=05X700mm = 350 mm

h

(N

Estimate the effective beam depth
Estimate the effective depth (d) based on the guidelines provided in Section 5.4.1 (use
one layer of reinforcement):

d = h—70 mm
= 700 mm — 70 mm = 630 mm
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4.

5

2R.

Calculate the required area of tension reinforcement
a) Take M, = M, = 800 kN -m.
b) Calculate the required area of tension reinforcement using the direct procedure as

[, 385M
A, =0.0015f' b (d— d2——f,—b£) [5.4]

= 0.0015 X 25 MPa

X 350 mm(630 mm — \f (630 mm)?

~ 3.85(800 X 10° N-mm) )
25 MPa X 350 mm

= 5488 mm?

¢) Select the amount of reinforcement in terms of the number and size of the bars.
Refer to Table A.1; 8-30M bars are a suitable choice because the area of one 30M
bar is 700 mm?, and

A, =8 X 700 mm? = 5600 mm?

Check whether the provided area of reinforcement is greater than or equal to the
required amount of reinforcement:

A, = 5600 mm? > 5488 mm?

The provided area of reinforcement is slightly larger than the required area, which
is okay.

Confirm that the maximum tension reinforcement requirement is satisfied
(A23.3 CL.10.5.2)
Check the reinforcement ratio:

A

&

=— 3.1
bd [3.1]

p

/e 5600 mm?
350 mm X 630 mm

= 0.0254

This ratio can be compared with the balanced reinforcement ratio (p,,) for [ =25MPa
given in Table A.4. Since p, = 0.022,

p = 0.0254 > 0.022
Therefore,
P = py

It follows that this beam is overreinforced and would fail in the brittle concrete-
controlled mode of failure, which should be avoided. Also, a 15M stirrup requires at
least 100 mm bend diameter, which is difficult to place in a 350 mm wide beam; 8-30M
bars will require more space, if placed in one layer, than available within 350 mm beam
width. Therefore, the beam cross-sectional dimensions need to be changed; that is, the
beam should be deeper or wider (or both). Calculation Steps 2 to 5 need to be repeated.
These steps will be denoted as 2R, 3R, 4R, and 5R.

Estimate the beam dimensions b and A

As the next trial, assume a deeper beam; note that increasing the member depth is the
most efficient way of increasing the moment resistance. Therefore, consider a beam
section that is 450 mm wide by 900 mm deep, that is,

h = 900 mm
and

b=05Xh=05 X900 mm = 450 mm
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3R. Estimate the effective beam depth
Determine the effective depth (d) using the same guideline as in Step 3:

d = h—70 mm
= 900 mm —70 mm = 830 mm

4R. Calculate the required area of tension reinforcement
a) Take M, = Mf = 800 kN -m (same as Step 3).
b) Calculate the required area of tension reinforcement as

f 385 M
A_‘=U.0{)l5f;_.’b(d— dz—Tb—c) [5.4]

0.0015 X 25 MPa

Il

3.85(800 X 10° N-mm) )

X 3 —./(83 b
450 mm(S 0 mm \/(8 0 mm) 25 MPa X 450 mm
= 3134 mm?

¢) Select the amount of reinforcement in terms of the number and size of the bars.
Refer to Table A.1; 5-30M bars are a suitable choice since the area of one 30M
bar is 700 mm?, and

A, =5 X 700 mm? = 3500 mm?

Check whether the provided area of reinforcement is greater than or equal to the
required amount of reinforcement:

A, = 3500 mm? > 3134 mm?

Therefore, the provided area of reinforcement is slightly greater than the required
area; this is okay.

5R. Confirm that the maximum tension reinforcement requirement is satisfied
(A23.3 CL10.5.2)
Check the steel ratio:

Ayl 3500 mm?
" bd 450 mm X 830 mm

p = 0.0094

This ratio can be compared with the balanced reinforcement ratio (p,) for
f(_’ = 25 MPa given in Table A.4; that is, Py = 0.022. Hence,

p = 0.0094 < 0.022
or

P <Py

The above check indicates that a beam would fail in the steel-controlled mode. The
chosen beam dimensions and the reinforcement are acceptable and the design process
should continue.

6. Determine the actual effective depth (d)
a) Determine the concrete cover.
Since the beam is of interior exposure, it can be considered as exposure class N
according to the CSA A23.1 requirements. The concrete cover can be determined
from Table A.2 as

cover = 30 mm
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b) Calculate the minimum required bar spacing (58

* 30M tension reinforcement (d, = 30 mm) (see Table A.1),
* 15M stirrups (d; = 15 mm) (see Table A.1),
* maximum aggregate size of 20 mm (a,__ = 20 mm).

According to A23.1 C1.6.6.5.2, the minimum spacing (s,,;,) between the rein-
forcement bars should be equal to the greatest of

1. ].4de=l.4X30mm=42mm
i nlid¥ e = 1.4 X 20 mm = 28 mm
3. 30 mm

Hence, the minimum spacing between reinforcement bars is Sppin = 42 mm.

¢) Determine the number of bars that can fit in one layer.
Check whether that five bars can fit in the bottom layer. The minimum required
beam width (b, ) is

iy

bnu‘n =35d, + 4s + 2‘3'..,- + 2 X cover

=5X30mm+ 4X42mm+ 2X 15mm + 2 X 30 mm = 408 mm
Since
b . =408 mm < b = 450 mm

min

the maximum number of bars per layer is five. In this case, all of the bars can fit
in one layer.

d) Determine the effective depth (d).
The effective depth is the distance from the compression face of the beam to the
centroid of the tension steel and can be determined as follows:

d,
d= h—cover—d&,—?

30 mm

=900 mm—30 mm— 15 mm— = 840 mm

7. Confirm that the minimum reinforcement requirement is satisfied (A23.3

CL.10.5.1.2)

The minimum required reinforcement area (A . ) can be determined based on A23.3

s

ClL.10.5.1.2 as
A= 0'2\/f7b h [5.7]
smin , t
= %ﬁﬂ X 450 mm X 900 mm = 1012 mm?
where

bf=b = 450 mm

is the width of the tension zone.
Next, confirm that A >A

smin

A, =3500mm?>A_. = 1012 mm?: okay

smin
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8. Calculate M,
a) First, calculate the depth of the compression stress block as

¢.Tf\r‘ A.\'
q=——" [3.12]
ad f'b
0.85 X 400 MPa X 3500 mm?
- = 203 mm
0.8 X 0.65 X 25 MPa X 450 mm
b) Then, calculate the moment resistance as
a
M, = ¢;ny A (d_i) [3.14]

203
= 0.85 (400 MPa)(3500 mm?) (840 — m'“)

=879 X 10N-mm = 879 kN-m

9. Confirm that the strength requirement is satisfied
The strength requirement per A23.3 C1.8.1.3 must be satisfied in the design; that is,

M, =M, [5.1]
Since
M ;= 800 kN -m
and
M, = 879kN-m > 800 kN-m
the strength requirement is satisfied.
10. Check the crack control parameter (z) (A23.3 C1.10.6.1)
a) Compute the effective tension area per bar (A).

i) Calculate the distance between the centroid of the tensile reinforcement and
tensile face of the concrete section (d,) (see the sketch that follows):

d.=d, =h=d
= 900 mm — 840 mm = 60 mm

ii) Then, calculate the total effective tension area for all bars (A ):

A, = b(2d)
= (450 mm)(2 X 60 mm) = 54 000 mm?

iii) Finally, calculate the effective tension area per bar (A):
For five bars in total, N = 5.

Hence,
Aé’
A= _&_ [4.22]
_ 54000 mm?

5 = 10 800 mm?
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b)

c)

5

/\/

o i
d‘;ifiiﬁ?ﬂfé /{///'//

|[_ b =450 mm |

Determine the stress in steel reinforcement (f;) under the service load level.
The stress in steel reinforcement can be computed based on an approximate
estimate permitted by CSA A23.3 C1.10.6.1 in lieu of the detailed calculations, as
follows:

1= 0.6];, [4.21]
= 0.6 X 400 MPa
= 240 MPa

Determine the value of z:

=Ff,Vd A [4.20]

= 240 MPa V/(60 mm)(10 800 mm?) = 20 768 N/mm

Since
z = 20768 N/mm < 30 000 N/mm (okay)

the CSA A23.3 cracking control requirements for interior exposure are satisfied.

11. Provide a design summary
Finally, a design summary showing the beam cross-section and the reinforcement is
presented below.

900 mm

h=

840 mm

d

DESI

b =450 mm, ©-30M
]

GN OF ONE-WAY SLABS

5.7.1 (CSA A23.3 Flexural Design Provisions for One-Way Slabs

The CSA A23.3 flexural design requirements for one-way slabs are very similar to the
provisions for beam design discussed in Section 5.6.1. The strength requirement and the
maximum tension reinforcement requirement for slabs are identical to the corresponding



Figure 5.9 Slab reinforcement
for a strip of unit width.

A23.3CL7.8.1

A233Cl74.1.2

[ A23301.7.8.1 and 7.83 |

A23.3CL8.1.2
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A A
|y . 1

( 1000 mm |
I I

requirements for beams. The minimum tension reinforcement requirement for slabs is
different from the one for beams and will be discussed in this section, along with a few other
slab-specific requirements.

Minimum slab reinforcement Minimum reinforcement in slabs is intended to pro-
vide cracking control due to shrinkage and temperature effects and to preserve slab
integrity after cracking. The minimum reinforcement specified for slabs of uniform
thickness is

= 0.0024, [5.16]

Asmin

where A is the gross cross-sectional area of a slab. For a slab strip of width 4 = 1000 mm
and depth 4, Ag = 1000 h, as shown in Figure 5.9.

Note that the minimum slab reinforcement needs to be provided in both
directions!

Maximum tension bar spacing The maximum permitted bar spacing (s
to the lesser of 3k and 500 mm, where h denotes the slab thickness.

ma) 1S €qual

Shrinkage and temperature reinforcement As discussed in Section 2.3.6, concrete
shrinks during the curing process. Columns, walls, and beams tend to restrain slab expan-
sion caused by shrinkage; as a result, shrinkage cracks develop in reinforced concrete slabs.
However, if steel reinforcement is placed at close spacing, small hairline cracks develop in
a relatively distributed manner; this is considered as a desirable cracking pattern. CSA
A23.3 prescribes the minimum amount and spacing of reinforcement in each slab direction
to ensure uniform crack distribution due to shrinkage and temperature variations during the
service life of the structure.

* The minimum amount of temperature reinforcement is the same as for tension steel
(Agpin = 0.0024,).

¢ The maximum permitted spacing (s
h denotes the slab thickness.

nax) 15 €qual to the lesser of 54 and 500 mm, where

Reinforcement spacing requirements for one-way slabs, including tension steel and tem-
perature and shrinkage reinforcement, are summarized in Figure 5.10.

Fire-resistance requirements Fire resistance is one of the four limit states to be
considered in the design of concrete structures, as discussed in Section 2.5. Detailed
fire-resistance requirements for various structural members are specified in Appendix
D of NBC 2005. In particular, minimum concrete cover and thickness require-
ments apply to slabs, depending on the required fire-resistance rating, which is
expressed in hours. For example, a minimum slab thickness of 130 mm is required for
a 2 hour fire rating according to Appendix D of NBC 2005 (for Type S concrete).
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Figure 5.10 Reinforcement
spacing requirements for slabs.
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Temperature & shrinkage §=< { 5h
reinforcement 500 mm

e 7 { 3h
Concrete cover |.__.|S Tension steel  § <
(Table A.2) 500 mm

Similarly, minimum concrete cover requirements depending on the fire rating are also
specified (as discussed in Section 5.3.1). The designer must ensure that the prescribed
fire-resistance requirements have been met. In some cases, the fire-resistance require-
ments can govern over the strength requirements when choosing the dimensions of
concrete structural members. As an example, one-way joist floor construction was
abandoned in the 1970s due to more stringent fire-resistance requirements prescribing
a larger slab thickness than is economical for joist floor construction. As a result, an
alternative floor system, called slab band system, that meets the fire-resistance
requirements is used in some parts of Canada. (For more details on floor systems, refer
to Chapter 11.)

5.7.2

The CSA A23.3 flexural design provisions for one-way slabs are very similar to the provi-
sions for beams with tension steel only. However, there are some additional slab-specific
requirements;

* minimum slab reinforcement (C1.7.8.1)
* minimum tension bar spacing (C1.7.4.1.2)
* shrinkage and temperature reinforcement (C1.7.8.1 and 7.8.3)

Fire-resistance requirements should also be considered when designing the slab thick-
ness (CSA A23.3 C1.8.1.2 and Appendix D of NBC 2005).

Design of One-Way Slabs: Summary and a Design Example

The analysis of one-way slabs subjected to flexure was discussed in detail in Section 3.6.
For design purposes, one-way slabs are treated as wide beams of unit width (b) equal to
1000 mm and depth (k) equal to the slab thickness. The general steps related to the design
of one-way slabs are outlined in Checklist 5.2, followed by a design example. Although the
steps have been presented in sequence, it is not necessary to follow the same sequence in
all design situations.
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Checklist 5.2 Design of One-Way Slabs for Flexure

%]

Given:

- Specified loads acting on the slab

- Unit width / = 1000 mm

- Concrete and steel material properties (f," and f))
Description

Calculate the factored bending moment (M) at a critical section.

Use the specified loads and the NBC 2005 load combinations to calculate

the factored loads acting on the slab. Perform a structural analysis or use the beam
load diagrams given in Appendix A to calculate the factored bending moment to be
used in the design.

Estimate the slab thickness (h).
Use the guidelines in Section 5.4.1.

Estimate the effective depth (d).
d = h—30 mm

If the required cover is greater than 20 mm, then the effective depth can be
estimated from the equation

d = h—(cover + 10 mm)

Estimate the required area of tension reinforcement (A,).
Use either the direct procedure or the iterative procedure (see Section 3.5).

Confirm that the maximum tension reinforcement requirement is satisfied.
Ensure a properly reinforced beam section:

P=py

P [3.1]

c 700
3.3 Eq. 10.5 e i :
b s

2
c= —* d [5.1]]
or
e (5.15]
Pb = 1100 :

(provided that Grade 400 steel is used); alternatively, use Table A4 to find p,,.

Determine the actual effective depth (d).
This is based on the detailing requirements and actual reinforcement sizes
(see Section 5.3).

223

Code Clause

10.5.2

(Continued)
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Checklist 5.2 Continued

10

12

Given:

- Specified loads acting on the slab

- Unit width 5 = 1000 mm

- Concrete and steel material properties (f." and f‘.}
Description

Confirm that the minimum reinforcement requirement is satisfied, that is,

A, > A, = 00024, [5.16]

smin

where A, is the gross cross-sectional area of a unit slab strip (Aw = 1000h).

Determine the required bar spacing.
The required bar spacing can be determined when the reinforcing bar size
(area A,) has been assumed:

s<A ,,1—;@ 3.29]

5

Confirm that the maximum bar spacing requirement is satisfied, that is,
¥ = sﬂlﬂ.l'
where s, is the lesser of 34 and 500 mm.
Calculate M, (assume properly reinforced slab),
; a
M, = d)_“,!_‘_ A (d = 5) [3.14]
Confirm that the strength requirement is satisfied.

M, =M, [5.1]

Check the crack control parameter (z) (see Section 4.8).

IA

30 000 N/mm — interior exposure;
25 000 N/mm — exterior exposure.

4

s

IA

Design the shrinkage and temperature reinforcement.

* The minimum area A, .. = 0.002 A, [5.16]

® Sy 18 the lesser of Sk and 500 mm.

Note: Shrinkage and temperature reinforcement should be placed in the direction
perpendicular to the main tension steel!

Provide a design summary.

Summarize the design with a sketch showing the following information:
a) total slab thickness

b) tension reinforcement size and spacing

¢) shrinkage and temperature reinforcement size and spacing

d) clear concrete cover

Code Clause

7.8.1

74.1.2

8.1.3

10.6.1

7.8.1
7.8.3




FLEXURE: DESIGN OF BEAMS AND ONE-WAY SLABS 225

#

Example 5.6

Given:

SOLUTION:

Consider the reinforced concrete slab shown in the figure below. The slab spans 6 m
(centre-to-centre between the supports) and it supports a uniform dead load (DL) of
6 kPa (including self-weight) and a uniform live load (LL) of 5 kPa. There are no
constraints related to the selection of the slab cross-sectional dimensions. Consider a
25 mm clear cover to the tension steel. Use 15M bars for tension reinforcement and
20 mm maximum aggregate size for the concrete. The concrete and steel material
properties are given below.

Design a slab that is adequate to carry the given loads according to the CSA A23.3
requirements. Determine the slab thickness such that a detailed deflection calculation is
not required.

DL=6 kPa
LL=5kPa
04 ITI-\' ('0.4 m
L [=6m |
r* 1
f.!'=25MPa
f, = 400 MPa
¢, = 0.65
b, = 085
a, = 0.8
1. Calculate the factored bending moment

The factored load (W;') is determined according to Cl.4.1.3.2 of NBC 2005:
W= 1.25DL + 1.5LL = 1.25(6 kPa) + 1.5(5kPa) = 15kPa

However, for design purposes, one-way slabs are considered as rectangular beams of
width

b=1m
Therefore, the factored uniform load per metre of slab width is
w,=15kPa X I'm = 15 kN/m

This is a simply supported slab and the maximum bending moment at the midspan can
be calculated from the equations of equilibrium or by referring to the beam load dia-
grams in Appendix A:

wpl® 15 kN/m (6 m)?
ol i 8
Estimate the slab thickness (k)
The slab thickness can be estimated by using the practical guidelines offered in
Section 5.4.1. Table A.3 (based on A23.3 C1.9.8.2.1) prescribes that a simply sup-
ported slab with a depth of , /20 or larger (where [, is the clear span for the slab under
consideration) satisfies the CSA A23.3 deflection requirements such that detailed
deflection calculations are not required. In general, this is considered to be a good
initial estimate for the slab thickness. Therefore,

400 mm

= 67.5kN-m/m

[,, = 6000 mm —2 ( ) = 5600 mm (clear span)
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and
l, 5600 mm
B ————— 8 =3
h 20 20 280 mm 00 mm

3. Estimate the effective slab depth (d)
Note that 15M tension reinforcement is specified for this design, that is, d, = 15 mm
(see Table A.1), and

cover = 25 mm (given)

Hence,

b
d = h—cover——
er 2

= 300 mm — 25 mm — 15

d

= 267 mm = 270 mm

Calculate the required area of tension reinforcement

a) Take M, = M. = 67.5kN-m/m
b) Calculate the required area of tension reinforcement using the direct procedure:

c)

d)

385M
Ax=0_0015f(_’b(d“1,‘d2—Wi) [5.4]

= 0.0015 X 25 MPa

~ 3.85(67.5 X 10°N- mm) )

X 1 2 - 2
OOOmm( 70 mm \/(2?0 mm) 25 MPa X 1000 mm

= 750 mm?/m

A typical slab section is shown on the sketch below.

d =270 mm:I:

oA, h =300 mmI

1 b = 1000 mm
|

.

Determine the required bar spacing.
Refer to Table A.1; the area of one 15M bar is 200 mm?: that is,

A, = 200 mm?

The required bar spacing can be determined as

1000
<A — .29
AT [3.29]
1000
= (200 mm?) —————— = 267 mm = 250 mm
750 mm*/m

Note that the required spacing of 267 mm has been rounded down to 250 mm!
Check whether the provided area of reinforcement is greater than or equal to the
required amount of reinforcement:

1000
5

A=A,

&

[3.28]

= (200 mm?)

= B 2
T T R

A = 800 mm?/m > 750 mm?/m
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The provided area of reinforcement is slightly larger than the required area, which
is okay. Therefore, the selected tension reinforcement consists of 15M bars at 250 mm
spacing, that is, 1SM@250.

5. Confirm that the maximum tension reinforcement requirement is satisfied
(A23.3 C1.10.5.2)
Check the reinforcement ratio

p= b_& [3.1

B 800 mm?
~ 1000 mm X 270 mm

= 0.003

This ratio can be compared with the balanced reinforcement ratio (p,) for
f.' = 25 MPa given in Table A 4. Since p, = 0.022,

p = 0.003 < 0.022
or
p<p,

The above check indicates that a beam would fail in the steel-controlled mode. The
chosen slab thickness and the reinforcement are acceptable and the design process
should proceed.

6. Determine the actual effective depth
In this case, the actual effective depth (d) is the same as estimated in Step 3; that is,

d = 270 mm

7. Confirm that the minimum reinforcement requirement is satisfied (A23.3 C1.7.8.1)
a) Calculate the gross cross-sectional area for the unit strip as

Ag =bXh
= 1000 mm X 300 mm = 300 000 mm?

b) Determine the minimum reinforcement area:

= 0.002 Ag [5.16]
= 0.002 (300 000 mm?) = 600 mm?/m

Asmin

¢) Check whether the provided reinforcement area (A)) is adequate:

A, = 800 mm?/m > 600 mm?/m : okay

8. Confirm that the maximum bar spacing requirement is satisfied (A23.3 C1.7.4.1.2)

a) Calculate the maximum bar spacing (s, ) as the lesser of

3 X h=3X300mm = 900 mm and 500 mm
The smaller value governs, so

Spax = 500 mm
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b) Compare the actual bar spacing with the maximum bar spacing:
= 250 mm < 500 mm : okay

9. Calculate M,
a) First, calculate the depth of the compression stress block as

by hs [3.12]

a= - y
b f' b

__ 0.85 X 400 MPa % 800 mm? ot
0.8 X 0.65 X 25 MPa X 1000 mm e
b) Then, calculate the moment resistance as
a
M, = ¢, A (d = 5) 3.14]

- 21
= 0.85 (400 MPa)(800 mm?/m) (270 mm — ;"m)
= 70.6 X 10° N-mm/m = 71 kN-m/m

10. Confirm that the strength requirement is satisfied (A23.3 C1.8.1.3)
The strength requirement per A23.3 C1.8.1.3 must be satisfied in the design; that is,

M, =M, [5.1]

Because

M, = 67.5kN-m/m

and

M, =71 kN-m/m > 67.5kN-m/m

the strength requirement is satisfied (note that the Mj. and M, values are quite close).
11.  Check the crack control parameter (z) (A23.3 C1.10.6.1)

a) Compute the effective tension area per bar (A).

i) Calculate the distance (d,) from the centroid of the tension reinforcement to
the tension face of the concrete section:

d,~d =h=d
= 300 mm — 270 mm = 30 mm
ii) Then, calculate the effective tension area per bar (A).
In this case, the A value can be determined directly for one bar with a
spacing s, as follows (see the sketch that follows):
A = s5(2d)
(250 mm)(2 X 30 mm)
15 000 mm?

I
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b)

<)

S =250 mm

d=30mm | < o %A. =~

d=d,=30 mmI

s L= 250 mrn| 250 mm
[ i

Determine the stress in the steel reinforcement (f;) under the service load level.
An approximate estimate for f; permitted by A23.3 C1.10.6.1 will be used in lieu
of the detailed calculations:

f,=06f, [4.21]
= 0.6 X 400 MPa = 240 MPa
Determine the value of z.
2=f,Vd A [4.20]
= 240 MPa \3’/(30 mm)(15 000 mm?) = 18 391 N/mm

Since
z = 18391 N/mm < 30 000 N/mm

the CSA A23.3 cracking control requirements for interior exposure are satisfied.

12. Design the shrinkage and temperature reinforcement (A23.3 C1.7.8.1 and 7.8.3)

a)

b)

<)

The minimum area of shrinkage and temperature reinforcement is the same as for
the tension steel determined in Step 7:

A = 0.002Ag [5.16]
= 0.002(300 mm X 1000 mm) = 600 mm?/m

smin

The maximum bar spacing (s, ) is the lesser of

max
5X h=15X300mm = 1500 mm
and

500 mm

The smaller value governs, so

Sppax = 500 mm

Determine the required bar spacing.
Refer to Table A.1; the area of one 15M bar is 200 mm?, that is,

A, = 200 mm?

The required spacing can be determined as

1000
s <A [3.29]
AS
1000
= (200 mm?)———— = 333 mm = 300 mm
600 mm?/m

Note that the bar spacing of 333 mm has been rounded down to 300 mm!
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d) Check whether the provided area of reinforcement is greater than or equal to the
required amount of reinforcement:

1
A, = A, OSOO [3.28]

¥

1000
(200 mm }3 — 667 mm*/m

A, = 667 mm? /m > 600 mm?/m : okay

The provided area of reinforcement is slightly larger than the required area, which is
okay. Therefore, the selected tension reinforcement consists of 15M bars at 300 mm
spacing, that is, ISM@300.

13. Provide a design summary
Finally, a design summary showing the slab cross-section and the reinforcement is
presented below.

15M @ 300 temperature remf

smmmH | 3?

15 M @ 250 main reinf.

e S e e S e TR ——

5.8

5.8.1

A23.3 CL.10.33 and 10.3.4 |

DESIGN OF T-BEAMS

CSA A23.3 Flexural Design Provisions
for T-Beams

The CSA A23.3 flexural design provisions for beams with tension steel only also apply to
T-beams (see Section 5.6.1). However, a few additional provisions specific to T-beams,
mainly contained in CSA A23.3 CI.10.3 and 10.5.3, are discussed in this section.

Effective flange width (b;) Extensive tests have been conducted to determine the
slab width that acts as a ﬂangt, in a T-beam; this width is termed the effective flange width
(by). The size of the effective flange width is affected by the type of loading (uniform or
concemraled) the structural system (simple/continuous), the beam spacing, and the rela-
tive stiffness of the slabs and the beams. CSA A23.3 provides rules for estimating the
effective flange width for design purposes.

The CSA A23.3 provisions for the effective flange width in T- and L-beams are
summarized in Table 5.2, and the notation related to the effective flange width in
T- and L-beams is summarized below (see also Figure 5.11):

by = the overhanging flange width (T-beams)

b, = the overhanging flange width (L-beams)
hf = the flange thickness
[, = the clear span of a beam (for example, note the span [, shown in Figures 3.26 and

3.28), and

1, = the clear distance between two adjacent webs (see Figure 5.11); in the case of a
beam with different /, values on the sides of the web, the smaller value should be
used to calculate by or b,.
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Figure 5.11 Effective flange
width for T- and L-beams.
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Table 5.2 Overhanging flange width requirements for T- and L-beams per CSA A23.3

T-beams (b;) C1.10.3.3 L-beams (b;) CL10.3.4
by = the smallest of b, = the smallest of
a) -Z for a simple beam, a) —,
5 P 12
I} b) 6 hf, and
% for a continuous beam;
!
b) 12h; and c) ¥
2

l,
) —
) 2

Once the overhanging flange width has been calculated based on CSA A23.3 provi-
sions, the effective flange width (bf) can be determined as follows:

bf= b, + 2b; (T-beams) [5.17]
bf= b, + b,  (L-beams)

Reinforcement in T-beam flanges T-beams subjected to negative bending, where the
web is under compression, should be designed as rectangular beams with the width b = b,,.
In this case, the tension steel is placed at the top of the section, however a small portion of the
top reinforcement should be distributed in the slab to ensure compatibility between the beam
and the slab. This reinforcement, usually provided close to the web side faces, is effective in
reducing congestion at the column or support locations. According to A23.3 C1.10.5.3.1, part
of the flexural tension reinforcement shall be distributed in the slab over the overhang width
(b"), as illustrated with a hatched pattern in Figure 5.12.

According to A23.3 C1.10.5.3.1, the b’ value should be less than the smaller of the
following:

l
n
a) 20 and

b) by or b, determined from A23.3 C1.10.3.3 or 10.3.4.

The minimum required reinforcement area (A Sf) provided within the overhang (b'), shown
in Figure 5.12, is

Ay = 0004 b h,

Ny

-
=

~ fe—
-
=

A
AN

—
-
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Figure 5.12 Reinforcement in flanges of T-beams (negative moment zones).
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5.8.2

The CSA A23.3 flexural design provisions specific to T-beams are summarized below.

The effective flange width is the width of the slab that serves as a flange in T-beams.
The effective flange width is affected by the type of loading (uniform. concentrated),
the structural system (simple/continuous), the spacing of the beams, and the relative
stiffness of the slabs and the beams. C1.10.3.3 and 10.3.4 of CSA A23.3 provide rules
for estimating the effective flange width for design purposes.

Reinforcement in T-beam flanges needs to be provided to ensure an adequate beam-
to-slab connection in T-beams subjected to negative bending; this reinforcement con-
sists of a small portion of the top reinforcement distributed in the slab close to the beam
web side faces (CSA A23.3 C1.10.5.3.1).

Design of T-Beams: Summary and a Design Example

The design of T-beams is based on the moment resistance equations presented in detail in
Section 3.7. The general steps related to the design of T-beams are outlined in Checklist 5.3,
followed by a design example. Although the steps have been presented in a certain
sequence, it is not necessary to follow the same sequence in all design situations.

It is usually considered in T-beam design that the neutral axis is within the flange; this
corresponds to T-beams with a moderate amount of reinforcement, which are more com-
mon in design practice. A typical T-beam section with the neutral axis in the flange is
shown in Figure 5.13.

It should also be noted that the slab thickness is usually a given parameter in T-beam
design. The slab thickness criterion related to the effective slab width often governs (see
Table 5.2).

b,

| & =00035 e

T Pz

ISR i e . = ek I

a
d dy )M,

.................... T, —»

Figure 5.13 A T-beam section with the neutral axis in the flange.
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Checklist 5.3 Design of T-Beams for Flexure

N

Given:
- Specified loads acting on the beam

- Concrete and steel material properties (f." and f,)
Description

Calculate the factored bending moment (MI-) at certain critical sections.
Use the specified loads and the NBC 2005 load combinations to calculate
the factored loads acting on the beam. Perform a structural analysis or use
the beam load diagrams given in Appendix A to calculate the factored
bending moment to be used in the design.

Estimate the beam web width (b ) and overall depth ().
Use the guidelines related to rectangular beam sections presented in Section 5.4.1.

Estimate the effective depth (d).
Beams with one layer of reinforcement:

d= h—T70 mm
Beams with two layers of reinforcement:

d=h—110 mm

Calculate the effective flange width (b)-
Refer to Table 5.2.

Estimate the required area of tension reinforcement (A ).
Use either the direct procedure or the iterative procedure (see Section 5.5).

Confirm that the maximum tension reinforcement requirement is satisfied
(ensure a properly reinforced beam section).

P =Py
where

2 3.1
P=7d [3.1]

Alternatively, check whether the following condition is satisfied

700
_23.3 Eq. 10.5 £ Qe VSN 5.9
d- 700 + f, 5%

Note that the balanced condition corresponds to

IA

2
= 5.11
e=3 [5.11]
or
f;.’
ph = —I—I—'— [5.15]

(provided that Grade 400 steel is used); alternatively, use Table A.4 to find p,.
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Code Clause

10.3.3 and 10.3.4

10.5.2

(Continued)
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Checklist 5.3 Continued

Given:
- Specified loads acting on the beam

- Concrete and steel material properties (f." and f,)
Description Code Clause

7 Determine the actual effective depth (d).
This is based on the detailing requirements and actual reinforcement sizes
(see Section 5.3).

8 Confirm that the minimum reinforcement requirement is satisfied.
M =12M, [5.6] 10.5.1.1

or

A23Eq.104| A, >A,, = %b, h [5.71 10.5.1.2

Note that b, = b_ for T-beams in positive bending.

9 Confirm that the neutral axis is in the flange.
The depth of the compression stress block can be calculated as

.1, A
a=—2" [3.12]
ad f'b

where

b= b_,-

The neutral axis is located in the flange when

a< h_!.
10 Calculate M .

a

M, = qb_‘f_‘v A, (dhi) [3.14]
11 Confirm that the strength requirement is satisfied.

M = M, [5.1] 8.1.3
12 Check the crack control parameter (z) (see Section 4.8). 10.6.1

z = 30 000 N/mm — interior exposure;
z = 25 000 N/mm —> exterior exposure.

13 Provide a design summary.

Summarize the design with a sketch showing the following information:
a) beam width (web and flange)

b) total beam depth

¢) tension reinforcement (size and number of bars)

d) clear concrete cover

e) stirrup size (if available)
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Example 5.7 Consider a beam with the same span, loading, and material properties as discussed in
Example 5.5. Consider that the beam has been cast integrally with a 200 mm thick
slab, as shown in the figure below. The clear distance between beams is 4 m. The beam
has been supported by 400 mm square columns at each end. Use 15M bars for stirrups
and 30M bars for tension reinforcement, and 20 mm maximum aggregate size for
the concrete.

Design a T-beam capable of carrying the given loads according to the CSA A23.3

requirements.
| | )
-
{ 200 mm ?
f
?
<
| ? M 4000 mm q ? |
T T 0 T
Given: f' = 25MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
A = 1 (normal-density concrete)
a; =038

SOLUTION: 1. Calculate the factored bending moment
The factored bending moment is the same as calculated in Example 5.5; that is,

Mf=800kN-m

2. Estimate the web width (b,) and the overall depth (h)
Cross-sectional dimensions for T-beams can be estimated by using the guidelines out-
lined in Section 5.4.1. The web width and overall depth can be estimated in the same
manner as for rectangular beams. In this case, use the dimensions from Example 5.5;
that is,

h = 900 mm

and

b, = 450 mm

Note that the slab thickness is given as

hf = 200 mm

3. Estimate the effective beam depth
Estimate the effective depth (d) based on the guidelines provided in Section 5.4.1 (use
one layer of reinforcement):

d = h—T70 mm
= 900 mm — 70 mm = 830 mm
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4. Calculate the effective flange width (bf) (A23.3 CL.10.3.3 and 10.3.4)
i) Calculate the clear span (I 2D
The clear span is the distance between the beam supports; that is,

where b = 400 mm is the column width,
il) Calculate the clear distance between adjacent webs (/)

[,, = 4000 mm (given)

i) Calculate the overhanging flange width (b,) as the smallest of (refer to

Table 5.2)

a) % = @m = 1500 mm (simply supported beam),
b) I2h},.z 12 X 200 mm = 2400 mm, and

c) -121 = ‘L.O%n—] = 2000 mm,

The smallest of the three values governs; that is, bT = 1500 mm.
iv) Finally, the effective flange width (bj) can be calculated as

!:3,- =-b =+ 2b. [5.17]
=450 mm + 2 X 1500 mm = 3450 mm

Therefore, the effective flange width is b, = 3450 mm.
The T-beam section used in this design is shown on the sketch below.

b, = 3450 mm
t | E
E
1 o
[ > | 81
E CG II“
= . i -~
=)
(o]
I o
=

b, =450 mm
f———|

5. Calculate the required area of tension reinforcement
a) Take M, = Mf = 800 kN -m.
b) Estimate the width of the concrete compression zone.
Since the T-beam is under positive bending, it is reasonable to consider that
the neutral axis is located in ihe flange. In that case, the width of the concrete
compression zone is equal to the effective flange width; that is,

b= f{,.= 3450 mm
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¢) Calculate the required area of tension reinforcement using the direct procedure:

385 M
A, =0.0015f'b <d~, /dz—ﬁ> [5.4]
4

= 0.0015 X 25 MPa

3.85 (800 X 108 N-mm))
X 3 3 - 3 2—
450 mm (8 0 mm \/(8 0 mm) 25 MPa X 3450 mm

= 2820 mm?

d) Select the amount of reinforcement in terms of the number and size of the bars.
Refer to Table A.l; 4-30M bars are a suitable choice since the area of one
30M bar is 700 mm?, and so

A, = 4 X 700 mm? = 2800 mm?

Check whether the provided area of reinforcement is greater than or equal to the
required amount of reinforcement:

A, = 2800 mm? < 2820 mm?

The provided area of reinforcement is slightly less than the required area;
however, the difference is less than 1%. In general, a design that is within
5% of the actual requirement is considered acceptable. Therefore, use 4-30M
bars.

6. Confirm that the maximum tension reinforcement requirement is satisfied
(A23.3 CL.10.5.2)

A, 2800 mm?
== = 0.001 1
P = %d ~ 3450 mm X 830 mm (3.1]

This ratio can be compared with the balanced reinforcement ratio (p,,) for f,” = 25 MPa
given in Table A 4; that is, p, = 0.022. Hence,

p = 0.001 < 0.022

or

p<p

The above check indicates that a beam would fail in the steel-controlled mode. The
chosen beam dimensions and the reinforcement are acceptable and the design process
should proceed.

7. Determine the actual effective depth (d)
a) Determine the concrete cover.
Since the beam is of interior exposure, it can be considered as exposure class N
according to the CSA A23.1 requirements. The concrete cover can be determined
from Table A.2 as

cover = 30 mm

b) Determine the minimum required bar spacing (s,,,;,):

* 30M tension reinforcement (d, = 30 mm) (see Table A.1),
* 15M stirrups (d; = 15 mm) (see Table A.1),
* maximum aggregate size of 20 mm (a,,, = 20 mm).
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According to A23.1 C1.6.6.5.2, the minimum bar spacing (5,,3,) Should be the
greatest of
l. 1.4 Xd, =14 X 30mm = 42 mm,
2. l4Xa,, = 1.4X20mm = 28 mm, and
3. 30 mm.
Hence, the minimum spacing between reinforcement bars is s . = 42 mm.

min
¢) Determine the number of bars that can fit in one layer.

Estimate that all four bars can fit in the bottom layer. The minimum required
beam width (b . ) is

min

b

min

=4d, +3s +2d, + 2 X cover

=4 X30mm+3X42mm+2X15mm+ 2 X 30mm = 336 mm
Since

b

min

=336 mm < b, = 450 mm

all four bars can fit in one layer.

d) Determine the actual effective depth (d).
The effective depth is the distance from the compression (top) face of the beam
to the centroid of the tension steel and can be determined as follows:

d.";'
d=h —ccwer—dj-—z-

mm

3
= 900 mm—30 mm— 15 mm— = 840 mm

8. Confirm that the minimum reinforcement requirement is satisfied (A23.3

CL.10.5.1.1 and 10.5.1.2)

There are two alternative CSA A23.3 minimum reinforcement requirements,
and both of them will be checked in this example. However, it should be noted
that only one of these requirements needs to be checked in a practical design
situation. 1
a) Check the cracking moment criterion (CSA CI1.10.5.1.1):

M,=12M, [5.6]
i) Find the centroid of the gross concrete section (y) as i

h? 2
f h
(bf—bh') X "—2 + b“?

(b=b,) hy + b, X h

s (200 mm)” (900 mmy?

3000 mm + 450 mm X

= = 241
3000 mm X 200 mm + 450 mm X 900 mm am

ii) Find the moment of inertia of the gross concrete section (!g) as

hf‘” L haa W
= (b=b,) X <= + (b=b,) X X (y-z) + b %

+b, X h X (g—y)'
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(200 mm)3
= (3450 mm — 450 mm) X — 1 + (3450 mm — 450 mm)
200 2 900 3
X 200 mm X (241 mm — = ) + 450 mm X (_1';"2_
2
+ 450 mm X 900 mm X (900 om 241 mm)
=59 X 109 mm*
iii) Calculate the cracking moment as
£l
o= , [4.1]
where
f= 0.6)0/}{' = 0.6 X 1.0V25MPa = 3.0 MPa [2.1]

A = 1.0 (given) and
y, = h—y = 900 mm - 241 mm = 659 mm
(Note that y, denotes the distance from the centroid of the section to the

extreme tension fibre.)
Therefore,

(3.0 MPa) X (5.9 X 10'9 mm*)
cr 659 mm
269 X 10°N-mm = 269 kN-m

iv) Check the minimum reinforcement requirement (Eqn 5.6):
12M,, =12 X269kN-m = 323kN-m
For the purposes of this check, take that
M, =M= 800 kN-m
Since
800 kN-m > 323 kN-m

the minimum reinforcement requirement is satisfied.
b) Alternatively, find the minimum area of tension reinforcement (A23.3 C1.10.5.1.2).
i) Calculate the minimum reinforcement area (A_ . ) as

0.2Vf,)
smin f bt h [5-7]
v

0.2V 25 MPa

=" X 90 = 1012 mm?
400 MPa 450 mm 0 mm 012 mm

smin

Note that b, denotes the width of the tension zone. In the case of pos-
itive bending, the width of the tension zone is equal to the beam web
width:
b, = b,, = 450 mm

i) Confirmthat A, >A_ ..

A, = 2800 mm? > A, = 1012 mm?

smin

Therefore, the second minimum reinforcement requirement is satisfied as well.
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9. Confirm that the neutral axis is in the flange

10.

11.

12.

The depth of the compression stress block can be calculated as

a= __‘ib,-f_:.-As [3.12]
a b, f'b '
_ _ 0.85 X 400 MPa X 2800 mm? = i
0.8 X 0.65 X 25 MPa X 3450 mm
Since

a= 2] mm {J'If= 200 mm

the neutral axis is located in the flange.
A sketch showing the T-beam section and the internal force distribution is shown
below.

I 3450 mm i
£ " #
£ a¥ [Je—C,
) ST ]
(o]
E a
£ d=13
o 2
b
AS
@ 1 T—tp
450 mm
pA50mm
Calculate M,
The factored moment resistance can be calculated as

i 21 mm
= (.85 (400 MPa) (2800 mm*~) (840 mm — > )

M, = b.f,A, (d%) [3.14]
=790 X 10 N-mm = 790 kN-m ‘
|
I

Confirm that the strength requirement is satisfied (A23.3 C1.8.1.3)
The strength requirement per A23.3 C1.8.1.3 must be satisfied in the design; that is,

M,=M, 511
Since

M= 800 kN-m

and

M, = 790kN-m < 800 kN-m

the strength requirement is not formally satisfied; however, the difference (of less than
2%) is not significant enough to repeat the calculations.

Check the crack control parameter (z) (A23.3 C1.10.6.1)
a) Compute the effective tension area per bar (A).
i)  Find the distance (d,) from the centroid of the tension reinforcement to the
tension face of the concrete section:
d,=d,= h—d
= 900 mm — 840 mm = 60 mm
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ii) Find the total effective tension area for all bars (4,).
A,=b,Q2d)
= (450 mm) (2 X 60 mm)
= 54 000 mm?

iii) Find the effective tension area per bar (A) (see the sketch below).
For four bars in total, that is, N = 4,

A==
N

54 2
= M = 13 500 mm2

d =60 mm :
d =d =60 mm

L 450 mm |
I |

b) Determine the stress in the steel reinforcement (f;) under the service load.
An approximate f, estimate permitted by CSA A23.3 C1.10.6.1 will be used in

lieu of the detailed calculations, as follows:

f,=06f, [4.21]
= 0.6 X 400 MPa = 240 MPa
¢) Determine the value of z:
[4.20]

A233 Eq. 10.6 z=fVd A

= 240 MPaV/(60 mm)(13 500 mm?) = 22 370 N/mm

Since
z = 22370 N/mm < 30 000 N/mm
the CSA A23.3 cracking control requirements for interior exposure are satisfied.

13. Provide a design summary
Finally, a design summary showing the beam cross-section and the reinforcement is

presented below.

rt__ ""—}oi

|

200 mm

900 mm

4 - 30M

450 mm
f—
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DESIGN OF RECTANGULAR BEAMS WITH TENSION
AND COMPRESSION REINFORCEMENT

CSA A23.3 Flexural Design Provisions for Beams
with Tension and Compression Reinforcement

The CSA A23.3 flexural design provisions for beams with tension steel only also apply to
beams with tension and compression steel (see Section 5.6.1). However, additional two
provisions characteristic of beams with tension and compression steel will be discussed below.

Maximum amount of reinforcement  The provision related to the upper limit for the
amount of reinforcement in beams with tension and compression steel is the same as in
beams with tension steel only, discussed in Section 5.6.1. The maximum reinforcement
requirement is met if the following condition is satisfied:

LT [5.9]
d~ 700 + f,

The c/d ratio at the balanced strain condition is

c_ 700

= 5.10
d 700 + f, 15101

As discussed in Section 3.8, the depth of the compression stress block (a) for beams with
tension and compression steel is

T—- Cr’ _ (bsvas - ¢sfv As’

a= — = - [3.38]
al¢cfc b ald)cfc b
and the neutral axis depth is
a
= [34]
By
where
A, 3.1
=0 [3.1]
A 3.35
P va 13.33]
Equation 5.10 can then be rewritten as
a S 70
p—p' = ( 1B, )( 0 ) [5.18]
qﬁ_‘_fv 700 t
or
p—p =p,

The above equation represents the reinforcement requirements related to the balanced
strain condition in beams with tension and compression steel. The value p—p' is also
called the effective reinforcement ratio and it can be used to predict the mode of failure in
beams with tension and compression steel as follows:

1. When p—p’ = p,, the amount of reinforcement corresponds to the balanced condi-
tion. The amount of steel required to create this condition is quite large from a design
perspective.

2. Whenp—p' > p,, the amount of reinforcement corresponds to overreinforced beams
failing in the concrete-controlled failure mode (a brittle failure mode characterized by
the concrete crushing before the steel yields).
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3. When p—p' < p,, the amount of reinforcement corresponds to properly reinforced
beams failing in the steel-controlled failure mode, characterized by the yielding of
steel reinforcement.

A233C17.651and 7652 | Ties for compression steel Compression steel in beams will act similarly to other

compression members (such as columns) and will tend to buckle under compressive
forces. To prevent buckling, CSA A23.3 requires that the compression bars be tied into a
beam in a manner similar to columns. The compression reinforcement must be enclosed
by ties or stirrups.

The tie diameter should be at least 30% of the largest longitudinal bar for 30M or
smaller bars, and at least 10M size for larger bars (C1.7.6.5.1).

The spacing of ties shall not exceed the smallest of (see A23.3 C1.7.6.5.2)

* 16 times the diameter of the smallest longitudinal bar,
* 48 tie diameters,

« the least dimension of the beam, and

* 300 mm in beams containing bundled bars.

5.9.2

Figure 5.14 Rectangular beam
with tension and compression
reinforcement.

The CSA A23.3 flexural design provisions for beams with tension and compression
reinforcement are similar to the provisions for beams with tension steel only. In addi-
tion compression reinforcement needs to be tied in order to prevent buckling (C1.7.6.5.1
and 7.6.5.2). :

The provision related to the maximum amount of reinforcement is the same as in
the case of beams with tension steel only (A23.3 C1.10.5.2.). However, the effective
reinforcement ratio (p — p') is used in this case because it takes into account both the
tension and the compression steel.

Design of Rectangular Beams with Tension and Compression
Reinforcement: Summary and a Design Example

The design of beams with tension and compression steel is based on the moment resist-
ance equations presented in Section 3.8. The design is based on the assumption that both
the tension and the compression steel have yielded. These assumptions need to be checked
in the course of the design. A typical cross-section of a rectangular beam with tension and
compression reinforcement is shown in Figure 5.14.

The general design steps are outlined in Checklist 5.4, followed by a design example.
Although these steps are presented in a certain sequence, it is not necessary to follow the
same sequence in all design situations.

d-d’

2
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Checklist 5.4 Design of Rectangular Beams with Tension and Compression Reinforcement for Flexure

Given:
- Specified loads acting on the beam

- Concrete and steel material properties (f,") and f,)
Description ' Code Clause

1 Calculate the factored bending moment (M) at certain critical sections

Use the specified loads and the NBC 2005 load combinations to calculate the
factored loads acting on the beam. Perform a structural analysis or use the beam
load diagrams given in Appendix A to calculate the factored bending moment
to be used in the design.

2 Estimate the beam dimensions b and h.
Use the guidelines presented in Section 5.4.1.

3 Estimate the effective depth (d).
Beams with one layer of reinforcement:

d=h—70 mm
Beams with two layers of reinforcement:

d=h—110mm

4 a) Estimate the required area of tension reinforcement (A,).

Use either the direct procedure or the iterative procedure (see Section 5.5).
b) Estimate the required area of compression reinforcement (A).

As a rule of thumb, the area of compression steel can be estimated

to be less than 50% of the tension steel area; that is,

A/ = 054,

5 Confirm that the maximum reinforcement requirement is satisfied
(ensure a properly reinforced beam section).

For beams with tension and compression steel, there are two alternative
maximum reinforcement requirements:

a) p—p' <p,

where
A.\
p= bd and [3.1]
A/
p = bd [3.35]
or

b

~ 700
A23.3 Eq. 10.5 ‘—i = (5.9] 10.5.2
[ ¥y

Note that the balanced condition corresponds to

2
c= ,;d [5.11]
or
e [5.15]

(provided that Grade 400 steel is used); alternatively, use Table A .4 to find Py

(Continued)
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Checklist 5.4 Continued

Given:
- Specified loads acting on the beam

- Concrete and steel material properties (f.) and f))

Description Code Clause
6 Confirm that the minimum reinforcement requirement is satisfied.
M =12M_ [5.6] 10.5.1.1
or
02VY!
A> Ay = o b h (5.7 10.5.1.2

Note that b, = b for rectangular sections.

7 Calculate M from Eqn 3.39.
a
M =C'({d=-d)+C, (d ;) [3.39]
where

C'=¢.f A

is the force in the compression steel,

C = {nrlr,hr fr'}(ab —A) = c‘rldjt,_ff_' ab

is the resultant compression force in concrete, and

L=0.LA,

is the force in the tension steel. The depth of the compression stress block (a) is

2L 3.38
i ap f'b 13.38]
8 Confirm that the strength requirement is satisfied.
M =M, [5.1] 8.1.3
9 Determine the actual effective depth (d).

This is based on the detailing requirements and actual reinforcement sizes
(see Section 5.3).

10 Check the crack control parameter (z) (see Section 4.8). 10.6.1

z = 30 000 N/mm — interior exposure;
z = 25 000 N/mm — exterior exposure.

11 Provide a design summary.

Summarize the design with a sketch showing the following information:
a) beam width

b) total beam depth

¢) tension and compression reinforcement (size and number of bars)

d) clear concrete cover

e) stirrup size (if available)
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“

Example 5.8

Given:

SOLUTION:

Consider a beam with the same span, loading, and material properties as in
Example 5.5. Due to architectural constraints, the overall beam depth is restricted to
650 mm and the width is restricted to 400 mm. The beam is located in the interior of a
building. Use 15M bars for stirrups, 30M bars for flexural reinforcement, and 20 mm
maximum aggregate size for the concrete. The concrete and steel material properties

are given below.

Design an economical amount of reinforcement such that the beam is capable of carrying
the given loads according to the CSA A23.3 requirements.

W, =100 kN/m

Ly

3

Ry

650 mm

L] |

1 8m |
| |

f. = 25MPa
f, = 400 MPa
b, = 0.65

¢, = 0.85

a, =08

1. Calculate the factored bending moment

400 mm

The factored bending moment is the same as that calculated in Example 5.5; that is,

M, = 800kN- m

2. Estimate the beam dimensions b and h
In this case, the beam dimensions are given as

b = 400 mm
h = 650 mm

3. Estimate the effective beam depth

Estimate the effective depth (d) based on the guidelines provided in Section 5.4.1 (use

one layer of reinforcement):
d = h—70 mm
= 650 mm —70 mm = 580 mm

4. Calculate the required area of tension reinforcement

a) Set Mr=Mf= 800 kN -m

b) Calculate the required area of tension reinforcement using the direct procedure:

385M,
A, =00015f'b|d—+/d*—

f'b
= 0.0015 X 25 MPa X 400 mm

[5.4]

»3.85(800 X 10°N-mm)

580 mm — \/(580 mm)~

= 6172 mm?

25 MPa X 400 mm
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c) Select the amount of reinforcement in terms of the number and size of the bars.
Refer to Table A.1; 9-30M bars are a suitable choice, since the area of one 30M
bar is 700 mm?, and

A, = 9 X 700 mm? = 6300 mm?

Check whether the provided area of reinforcement is greater than or equal to the
required amount of reinforcement:

A, = 6300 mm? > 6172 mm?

The provided area of reinforcement is slightly greater than the required area,
which is okay.

5. Confirm that the maximum reinforcement requirement is satisfied (A23.3
CL.10.5.2)
a) Check the tension reinforcement ratio:

A

3

= ﬁ [3.1]

- 6300 mm?
400 mm X 580 mm

= 0.0272

b) Check whether p = p, (properly reinforced beam).
This ratio can be compared with the balanced reinforcement ratio (p,) for
f.! = 25 MPa given in Table A 4, that is, p, = 0.022; therefore,

p = 0.0272 > 0.022
or
P =P

It follows that this beam is overreinforced and would fail in the brittle concrete-
controlled mode of failure, which should be avoided. In this case, the beam
cross-sectional dimensions are restricted and therefore the solution is to add
compression steel and design the beam as a doubly reinforced section.

¢) Provide 4-30M bars at the compression zone (top of the beam). The area of com-
pression steel (A') is

A, =4 X 700 mm? = 2800 mm?

Assume the distance from the top of the beam to the centroid of compression steel
(d') as
d' = 70 mm
d) Calculate the reinforcement ratio for the compression steel as
]
' A»‘

Pzﬁ

) 2800 mm?
"~ 400 mm X 580 mm

[3.35]

= 0.012

e) Determine the beam failure mode (steel-controlled or concrete-controlled).
Since
p—p = 0.0272-0.012 = 0.0152
and

0.0152 < p, = 0.022
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then
p—p <p,

The above check indicates that the doubly reinforced beam would fail in the
ductile steel—controlled mode, which is okay.

6. Confirm that the minimum reinforcement requirement is satisfied (A23.3

CL10.5.1.2)
a) Calculate the minimum area of tension reinforcement (Agin) a8

02Vf! g

smin = f t

¥
0.2 V25 MPa

= —————— X 400 mm X =6 F
400 MPa mm X 650 mm 50 mm

h [5.7]

where b, = b = 400 mm,
b) Confirm that A, > A

smin’

A = 6300mm? > A_ . = 650 mm? : okay

smin

In this example, the above check may be redundant given that the beam tension
reinforcement without compression reinforcement exceeds p,.

Calculate M,
a) Consider that both the tension and compression steel have yielded; that s,

=
and
£ =1,

b) Calculate the depth of the compression stress block (a).
1) Calculate the force in the tension steel:

T, = ¢,f, A, = 0.85 X 400 MPa X 6300 mm? = 2142 kN
ii) Calculate the resultant force in the compression steel:
C, = &, f, A" = 0.85 X 400 MPa X 2800 mm? = 952 kN
iii) Calculate the depth of the compression stress block (a):
T
T b b

_ 2142 X 1°N-952 X 10°N
0.8 X 0.65 X 25 MPa X 400 mm

[3.38]

= 229 mm

¢) Check whether the compression steel has yielded.
i) Calculate the neutral axis depth from Eqn 3.4:

i 229 mm
B, 0.9

= 254 mm

where B, = 0.9 from Eqn 3.7.
ii) Calculate the strain in the compression steel from Eqn 3.36 as:

d 70
g, = s(,mm.(l —?) = 0.0035 (1 = 4";1“;) = 0.0025
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Calculate the yield strain from Eqn 2.4:

1y 400 MPa
=2-_""""__oo0m
® 7 E, "~ 200000 MPa

Since
3.‘-' = (0.0025 > 0.002

the compression steel has yielded.
d) Calculate the factored moment resistance (M ):

M, =C'd-d) + C, (d-%) [3.39]
where
C.=a¢.f ab
= 0.8 X 0.65 X 25 MPa X 229 mm X 400 mm = 1191 kN
C'=952kN
Therefore,
M_= (952 X 10* N) (580 mm — 70 mm)

r

3 229 mm
+ (1191 X 10° N) | 580 mm —

1040 kN m

A beam cross-section showing the distribution of internal forces is presented on the
sketch below.

400 mm
. o0mmy

:
,
o - 2
A 3 i
E
o
[+e]
wn
1]
A, ~
. o=,

8. Confirm that the strength requirement is satisfied (A23.3 C1.8.1.3)
The strength requirement per A23.3 C1.8.1.3 must be satisfied in the design; that is,

M, =M, [5.1]
Since

M= 800 kN-m

and

M_ = 1040 kN -m > B0O kN -m

The strength requirement is satisfied; however, the moment resistance is greater than
the required value by approximately 30%. The objective of the design is to come up
with an economical solution. Therefore, let us redesign this beam assuming 8-30M
bars as the tension steel and 3-30M bars as the compression steel. Steps 7 and 8 need
to be repeated; these steps will be denoted as 7R and 8R.
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7R. Calculate M,

a)

b)

¢)

d)

e)

Calculate the area of tension and compression steel.
1) Tension steel: 8-30M bars:

A, = 8 X 700 mm? = 5600 mm?
it) Compression steel: 3-30M bars:
A =3 X 700 mm? = 2100 mm?

iii) Note that p—p’ is the same as in the previous design since there is one bar
fewer at the bottom and top each, so the difference between the tension and
compression steel areas remains the same.

Consider that both the tension and compression steel have yielded; that is,

L=
and
Lty

Calculate the depth of the compression stress block (a):
i) Calculate the force in the tension steel:

I.=¢,f,A; = 0.85 X 400 MPa X 5600 mm? = 1904 kN
ii) Calculate the resultant force in the compression steel:

C' = qb_‘_j;,AS' = 0.85 X 400 MPa X 2100 mm? = 714 kN
iii) Calculate the depth of the compression stress block (a).

=g
D

1904 X 10°N—714 X 10° N
0.8 X 0.65 X 25 MPa X 400 mm

a [3.38]

= 229 mm

Note that the @ value has remained unchanged as compared to the previous
design. This is logical since the differential force between the tension steel
and the compression steel (?;_— [ r') has not changed.

Check whether the compression steel has yielded.

Given that the a value remained the same as in the previous design, it can be con-

cluded that the compression steel has yielded.

Calculate the factored moment resistance (M,).

M,=C/ @d-d) + Cr(d—g) [3.39]

where

C, = 1190 kN (same as in the previous design),
C, = T14kN

Therefore,

M, = (714 X 10° N)(580 mm — 70 mm)

229 mm)

+ (1190 X 10° N) (SSOmm—

=918 kN-m
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8R. Confirm that the strength requirement is satisfied (A23.3 C1.8.1.3)
The strength requirement per A23.3 C1.8.1.3 must be satisfied in the design; that is,

M, =M, [5.1]
Since

M= 800 kN-m

and

M_=918kN-m > 800kN-m

the strength requirement is satisfied.

9. Determine the actual effective depth
a) Determine the concrete cover.
The clear cover is the same as determined in Example 5.5:

cover = 30 mm

b) Determine minimum bar spacing (s, ):
* 30M tension reinforcement: d, = 30 mm (see Table A.1);
* 15M stirrups: d, = 15 mm (see Table A.1);

* maximum aggregate size of 20 mm: q,,, = 20 mm (given).

According to A23.1 C1.6.6.5.2, the minimum spacing between reinforcement bars
(s,,,;,,) should be the greatest of

1. 14X db = 1.4 X 30 mm = 42 mm,
2. 14Xa,, =14X20mm = 28 mm,
3. 30 mm.
Hence, the minimum required bar spacing is s, = 42 mm.
¢) Calculate the number of bars that can fit in one layer.
It is assumed that four bars can fit in the bottom layer. Check whether this
assumption is correct. The minimum required beam width (b, . ) is

min
b,, = 4d, + 3s + 2d_+ 2 X cover
=4X30mm+ 3X42mm+ 2 X 15mm + 2 X 30 mm
= 336 mm

Since

b . =336 mm < b = 400 mm

min
Four bars can fit in the bottom layer. Since we need 8-30M bars, the bars will be
placed in two layers.
e) Determine the effective depth (d).
i) Calculate the distance from the compression face of the beam to the centroid
of the bottom layer (d,):
d

d, = h—cover—ds—yb

30 mm

= 650 mm —30 mm — 15 mm — = 590 mm

ii) Calculate the distance from the top of the beam to centroid of the top layer
(d,):

db
d2 = dl_smin_‘2 ?

3
= 590mm—42mm—2< 0 mm

) = 518 mm
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iii)

v)

Determine the effective depth from the top of the beam to the centroid of the
reinforcement as

4Xd +4Xd,
- 8

_ 4 X 59 mm + 4 X 518 mm
8

d

= 554 mm

Since the actual effective depth (554 mm) is less than the initial estimate of
580 mm, the actual M, value is equal to 868 kN - m; this is larger than the M,
value of 800 kN - m, so the design is okay.

Calculate the distance from the compression face of the beam to the centroid
of the compression reinforcement (d'):

d!

cover +d_+ ?h

30 m
30mm + 15mm + 2m=60mm

10. Check the crack control parameter (z) (A23.3 CL.10.6.1)
a) Compute the effective tension area per bar (A).

i)

i)

iii)

Compute the distance (d,) from the centroid of the tension reinforcement to
the tension face of the concrete section.

First, find the distance d, from the extreme tension fibre to the centre of the
longitudinal bar located closest thereto as

d 30m
d, =cover+dl\_+?b= 30 mm + 15 mm + s
= 60 mm
Then, find d as
d, =h—d

= 650 mm — 554 mm = 96 mm
The total effective tension area for all bars (A,) (see the sketch below) is:
A, =b(2d)

= (400 mm)(2 X 96 mm) = 76 800 mm?

Calculate the effective tension area per bar (A).
For eight bars in total, N = 8:

[ )
d =96 mm ;./L/ 3
d,=96 mm /'// /| T d=60mm

L b =400 mm
]

=-I
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b) Determine the stress in the steel reinforcement (f,) under the service load level.
An approximate f_ estimate permitted by A23.3 C1.10.6.1 will be used in lieu of
the detailed calculations:

£ =067 [4.21]
= 0.6 X 400 MPa = 240 MPa

¢) Determine the value of z:

=1 VaA 20

= 240 MPa \3/(60 mm)(9600 mm?) = 19 969 N/mm

Since
z = 19969 N/mm < 30 000 N/mm

the CSA A23.3 cracking control requirements for interior exposure are satisfied.

11. Provide a design summary
Finally, a design summary showing the beam cross-section and the reinforcement is
presented below.

: /3-30MT
%3
i £
el E
£
2l
8 - 30M Y
'

Learning from Examples

In this example, two alternative doubly reinforced beam designs were developed:
9-30M bars as tension steel plus 4-30M bars as compression steel, and 8-30M bars as
tension steel plus 3-30M bars as compression steel. However, the most economical
design solution would have 7-30M bars as tension steel plus 2-30M bars as compres-
sion steel (the reader can confirm this by performing design calculations). It is inter-
esting to note that, in a sense, this arrangement can be considered equivalent to the
original trial reinforcement of 9-30M (tension steel only; see Step 4). In the design
solution involving doubly reinforced beams, 2-30M bars are moved to the top of the
beam to resist compression.

In design practice, when an overreinforced condition is encountered, the designer
may choose to move a small portion of the required tension steel (say 25%) to the
compression zone; this can be done as a starting point to carry out a design check. In
most cases, this rule of thumb will lead to a satisfactory solution. However, the
designer must always keep in mind that the compression steel must be properly tied to
prevent buckling.
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SUMMARY AND REVIEW — FLEXURE: DESIGN OF BEAMS

AND ONE-WAY SLABS

Key considerations related to the
design of reinforced concrete
flexural members

Practical guidelines related to the
design of reinforced concrete
beams and slabs

The objective of flexural design is to find cross-sectional dimensions and the amount
and distribution of reinforcement in flexural members subjected to given loads. In gen-
eral, flexural design consists of several steps. First, the specified loads are assigned
and the concrete and steel material properties are selected. Subsequently, the beam
geometry (cross-sectional dimensions and span) is chosen based on the understanding
of the overall design objectives. Next, the appropriate amount of steel reinforcement
is calculated based on the previously defined beam dimensions. The design process is
iterative, and so the calculations of beam dimensions and the corresponding amount of
reinforcement may need to be repeated a few times before the designer is satisfied
with the solution.

The proper design of flexural members must take into account detailing requirements
(concrete cover and bar spacing) and serviceability considerations (deflections and crack
control).

Concrete cover is the amount of concrete provided between the surface of a concrete
member and the reinforcing bars. The cover is critical in ensuring a safe design suitable for
the intended conditions. An adequate concrete cover needs to be provided for the following
reasons:

* 1o protect the reinforcement against corrosion;

* to ensure adequate bond between the reinforcement and the surrounding concrete;

* Lo protect the reinforcement from the loss of strength in case of a fire;

* to protect reinforcement from concrete abrasion and wear (for example, floors in
parking garages).

Basic cover requirements specified by CSA A23.1 C1.6.6.6.2.3 are summarized in Table A.2.

Bar spacing requirements, including minimum and maximum limits, are prescribed to
minimize reinforcement congestion and to facilitate concrete placement. Bar spacing
requirements for beams are specified by CSA A23.1 C1.6.6.5.2. When the beam width is
inadequate to meet these spacing requirements, there are several possible solutions: the
reinforcement can be placed in two or more layers, the beam width can be increased, or
groups of parallel bars in contact can be bundled.

Serviceability considerations (deflections and crack control factor) were discussed in
Chapter 4.

The following practical guidelines related to the selection of beam and slab properties can
be offered based on practical design experience:

* Overall beam/slab depth (h): A simple guideline is to select the overall beam depth so
that a detailed deflection calculation is not required, according to the indirect approach
to deflection control outlined in CSA A23.3 C1.9.8.2.1 (see Table A.3).

* Beam width (b): This should not be less than 250 mm and preferably not less than 300 mm.
The arrangement of reinforcing bars is one of the key factors determining the beam width.
The beam can be designed to be wider than the column; this considerably facilitates the
forming of the beam—column joint.

* Effective beamlslab depth (d): This can be estimated once the overall depth (h) is
known. The d value should not be overestimated since normal construction practice
tends to result in smaller effective depths than indicated on construction drawings.

* Cross-sectional depthiwidth (hib) ratio: For rectangular beams, cross-sections with a
depth/width ratio between 1.5 and 2 are most often used with the upper bound value
being the most common: that is, b = h/2.

* Nominal cross-section sizes: The use of nominal section sizes reduces the chances of
making errors in design calculations. The following recommendations related to rounding
slab and beam dimensions can be followed:



Procedures for flexural design
of beams and slabs

Flexural design of beams with

tension steel only

Flexural design of one-way slabs

Flexural design of T- and L-beams
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* The slab thickness should be chosen in increments of 10 mm.
* Beam dimensions should be rounded to the nearest 50 mm.
» Girder dimensions should be rounded to the nearest 100 mm.

* Reinforcement ratio (p): It is considered good practice to design beams and slabs with
an amount of reinforcement that ensures failure in the ductile steel-controlled mode.
Flexural members should preferably be designed such that the required p value ranges
from 0.0035 (0.35%) to 0.01 (1%) and remains less than 0.5p, (provided there are no
major architectural constraints).

« Reinforcing bar sizes: In general, the use of oversized bars is not recommended because
larger development lengths are required to ensure proper bar anchorage. However, there
is a larger labour cost related to the placement of a larger number of pieces of smaller bars
than the placement of a smaller number of larger bars. Guidelines related to bar sizes to
be used in the design of beams and slabs are summarized in Table 5.1.

» Concrete and steel strengths: Reinforced concrete beams and floor slabs are generally con-
structed of concrete with f." of 25 MPa, 30 MPa, or 35 MPa, with 30 MPa strength being
the most common. The basic reinforcing steel grade in Canada is 400R, characterized by
an f, value of 400 MPa.

The following two procedures are used to design beams and one-way slabs:

¢ Direct procedure: This determines the area of tension reinforcement (A ) directly from
the moment resistance (M,) of a beam section.

e [terative procedure: This determines the required area of tension reinforcement by
assuming the depth of the compression stress block and by recalculating the reinforce-
ment area until the required accuracy has been achieved. The factored moment resist-
ance is computed using the most accurate value of the reinforcement area.

These design procedures have been developed with the assumption of properly reinforced
beams that fail in the steel-controlled mode.

CSA A23.3 prescribes the following requirements for the design of rectangular beams
reinforced with tension steel only:

* The strength requirement (C1.8.1.3) is a key requirement related to the design of con-
crete members.

* The maximum amount of reinforcement (CI1.10.5.2) represents the upper limit for the
amount of tension reinforcement for beams without axial loads and is equal to the bal-
anced reinforcement.

e The minimum amount of reinforcement (C1.10.5.1) is one of two alternative requirements
to prevent the design of underreinforced beams that fail in a sudden and brittle manner.

General steps related to beam design are presented in Checklist 5.1.

The CSA A23.3 flexural design provisions for one-way slabs are very similar to the pro-
visions for beams with tension steel only. However, there are some additional slab-
specific requirements:

* minimum slab reinforcement (CL.7.8.1)
¢ minimum tension bar spacing (C1.7.4.1.2)
 shrinkage and temperature reinforcement (C1.7.8.1 and 7.8.3)

Fire-resistance requirements should also be considered when designing the slab thickness
(CSA A23.3 Cl1.8.1.2 and Appendix D of NBC 2005).

General steps related to slab design are presented in Checklist 5.2.
The CSA A23.3 flexural design provisions specific to T-beams are summarized below.

The effective flange width (the width of the slab that serves as a flange in T-beams) is
affected by the type of loading (uniform/concentrated), structural system (simple/continuous),
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the spacing of the beams, and the relative stiffness of the slabs and the beams. CSA A23.3
C1.10.3.3 and 10.3.4 provide rules for estimating the effective flange width for design purposes.

Reinforcement in T-beam flanges needs to be provided to ensure an adequate beam-
to-slab connection in T-beams subjected to negative bending; a small portion of the rein-
forcement is distributed in the slab close to the beam web side faces (CSA A23.3 C1.10.5.3.1).

General steps related to T-beam design are presented in Checklist 5.3.

 Flexural design of rectangular

lexural desi The CSA A23.3 flexural design provisions for beams with tension and compression
beams with tension and reinforcement are similar to the provisions for beams with tension steel only. The two
compression reinforcement additional requirements specific to doubly reinforced beams are as follows:

* The compression reinforcement needs to be tied to prevent buckling (C1.7.6.5.1 and 7.6.5.2).
* The provision related to the maximum amount of reinforcement is the same as in the case of
beams with tension steel only (C1.10.5.2); however, the effective reinforcement ratio (p — p)
is used in this case because it takes into account both the tension and the compression steel.

General steps related to the design of beams with tension and compression reinforcement
are presented in Checklist 5.4.

PROBLEMS

5.1. A typical cross-section of a reinforced concrete b) Determine the clear spacing between the reinforc-
beam is shown in the figure below. Consider an ing bars in the bottom layer and check whether the
effective depth of 830 mm. The concrete and steel CSA A23.1 bar spacing requirements are satisfied.
material properties are given below. ¢) Determine the effective depth to be used in the
a) Calculate the factored moment resistance for the design based on the CSA A23.3 detailing require-

beam section. ments.
b) Check whether the amount of tension reinforce- d) Due to the additional loading that had to be con-
ment meets the CSA A23.3 requirements. sidered in the design, an additional 30M bar needs
400 ien to be placed in the upper reinforcement layer,
fp— resulting in a total of 6-30M bars. Determine the
- effective depth for the revised design.

e) Calculate the difference in the effective depth
£ E determined in parts ¢) and d) and express the
€l o answer as a percentage. Is this difference signif-
§ 2 icant from a design perspective?

|_5-30M Nl
L
B -

Given: E
o

f.' = 30 MPa 3

f, = 400 MPa

(f)t_ = 0.65 =i 300 mm

b, = 0.85 g

5.2. A reinforced concrete beam with a width of 300 mm  5.3. A typical cross-section of a reinforced concrete

and a depth of 500 mm is shown in the figure that

follows. The beam is reinforced with 5-30M bars at

the bottom and 10M stirrups. The maximum aggre-

gate size is of 20 mm diameter. The beam is located

in the interior of a residential building.

a) Determine the required clear cover according to
the CSA A23.1 requirements.

beam is shown in the figure that follows. Consider an

effective depth of 330 mm. The concrete and steel

material properties are given below.

a) Calculate the factored moment resistance for the
beam section.

b) If the contractor has accidentally misplaced the
reinforcing by 30 mm, so that the effective depth
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is reduced to 300 mm, find the factored moment
resistance for the beam section considering the
new reinforcement layout.

¢) If the actual 28-day concrete strength for the
beam designed in part a) is only 27 MPa, find the
factored moment resistance for the beam section.

d) Due to construction-related problems, the effective
depth has been reduced to 300 mm (as in part b))
and the 28-day concrete strength has reached only
27 MPa (as in part c)). Find the corresponding
moment resistance for the beam section.

e) What conclusions can you draw from parts a) to
d) with regard to the effects of construction
errors on reinforcing bar placement and con-
crete strengths, respectively?

f) Once you learned about the above construction
errors, you reviewed the design calculations and
realized that there is a certain reserve in moment
resistance of the beam section. Which of the con-
struction errors discussed in parts b) to d) can be
tolerated when

i) a 5% reduction in the moment resistance
value is acceptable?

ii) a 10% reduction in the moment resistance
value is acceptable?

g) In spite of the specified tolerances, errors in the
placement of reinforcement on the order of =10%
are common in Canada. How would you attempt
to compensate for these construction errors in the
design of reinforced concrete beams and slabs?

Given:
£ =30 MPa
f, = 400 MPa
¢, = 0.65
¢, =085
300 mm
20 mm
i
1
El e
o Q
S (a2}
F ™
4 - 20M
I LX) o

Consider a simply supported reinforced concrete
beam with a span of 6 m. The beam has a rectangular
cross-section with a width of 400 mm and an overall
depth of 600 mm. The beam supports its own weight
plus a superimposed uniform dead load (DL) of
5 kN/m and a uniform live load (LL) of 35 kN/m.
The beam 1is located in the interior of a building.

5.5.

The maximum aggregate size is 20 mm. The beam is
reinforced with 10M stirrups. The concrete and steel
material properties are given below.

a) Find the minimum required number of 25M ten-
sion rebars required to support the given load.
Confirm that the design meets the pertinent CSA
A23.3 requirements.

b) Provide a design summary.

Given:

f,' = 30 MPa

f, = 400 MPa

E_ = 200 000 MPa
¢, = 0.65

¢, =0.85

y,, = 24 kN/m3

A reinforced concrete cantilevered beam with a span

of 5 m extends from the wall, as shown in the figure

below. The beam has a rectangular cross-section and

supports a uniform dead load (DL) of 15 kN/m

(excluding the self-weight) and a uniform live load

(LL) of 25 kN/m. The beam width is restricted to

400 mm. Use 10M stirrups and 25M bars for tension

steel. The maximum aggregate size is 20 mm. The

beam is located in the interior of a building. The con-
crete and steel material properties are given below.

a) Find the minimum required beam depth, such
that the CSA A23.3 requirements are satisfied,
without a detailed deflection calculation.

b) Design the required tension reinforcement for
the beam such that it can carry the design loads.
Use the beam depth determined in part a).
Confirm that the design meets the pertinent
CSA A23.3 requirements.

¢) Provide a design summary.

Given:

f,' = 30MPa

5= 400 MPa

¢, = 0.65

¢, = 0385

y,, = 24 kN/m?
DL = 15 kN/m
LL =25 kN/m

Vbbb v bbb dbbbdd

X
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A simply supported reinforced concrete beam with a
span of 8 m is shown in the figure below. The beam
has a rectangular cross-section and supports a uniform
dead load (DL) of 20 kN/m (excluding the self-
weight). There are two 50 kN point loads due to the
live load located at the third points along the length.

The beam width is restricted to 400 mm. Use 10M

stirrups and 25M bars for tension steel. The maximum

aggregate size is 20 mm. The beam is located in the
interior of a building. The concrete and steel material
properties are given below.

a) Find the minimum required beam depth, such
that the CSA A23.3 requirements are satisfied
without a detailed deflection calculation.

b) Design the required tension reinforcement for the
beam such that it can carry the design loads. Use
the beam depth determined in part a). Confirm
that the design meets the pertinent CSA A23.3
requirements.

¢) Provide a design summary.

Given:

f, = 25MPa
f, = 400 MPa
¢, = 0.65

¢, =085

v, = 24 kN/m?3

P, =50kN P _=50kN
DL =20 kN/m

\ y
N
'},l' 73, U3, 13 l“
r T 1 A
L [=8m |

A simply supported reinforced concrete beam of rec-

tangular cross-section is shown in the figure that fol-

lows. The beam supports a uniform dead load (DL)

of 40 kN/m (including the beam self-weight) and a

uniform live load (LL) of 40 kN/m. The beam width

is restricted to 400 mm. The maximum aggregate
size is 20 mm. Use 10M stirrups and 25M bars for

tension steel. The beam is located in the interior of a

building. The concrete and steel material properties

are given below.

a) Find the minimum required overall beam depth
and the amount of tension reinforcement such
that the beam can carry the design loads while
the reinforcement ratio at the midspan is
p =0.75p,.

b) Provide a design summary.

5.8.

5.9.

400 mm (typ.)

Given:

fc’ = 25 MPa

fv = 400 MPa

¢c = 0.65

¢, = 0.85
DL =40 KN/m
LL = 40 kN/m

— [=8m |

+_x_’

Refer to the beam designed in Problem 5.7. Use the
same beam cross-sectional dimensions as determined
in Problem 5.7 and 25M bars for tension steel.

Find the amount of tension steel (A,) required at
the following distances from the left support such
that the beam can carry the design loads (see the
sketch in Problem 5.7):

a) x = 2.67m (1/3 span)
b) x = 2m (1/4 span)

¢) x = 1m(1/8 span)
d x=02m

Confirm that the design meets the pertinent CSA

A23.3 requirements.

Consider a beam with the same loading and span as

discussed in Problem 5.7. The beam is part of the

floor system shown in the figure that follows. Use
10M stirrups and 30M bars for tension steel. The con-
crete and steel material properties are given below.

a) Consider the beam as a T-beam. Find the minimum
required overall depth such that the beam can carry
the design loads while the reinforcement ratio at
the midspan is p = 0.75p,. Confirm that the
design meets the pertinent CSA A23.3 require-
ments. Provide a design summary.

b) Compare the beam designs from Problems 5.7
and 5.9 in terms of the amount of reinforcement
and the cross-sectional dimensions. Which
design is more economical?

Given:

fc’ = 25 MPa
fv = 400 MPa
¢, = 0.65

¢, = 085
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Refer to the beam discussed in Problem 5.7. Due to

architectural constraints, the maximum beam depth is

restricted to 75% of the depth determined in Problem

5.7. Use 10M stirrups and 30M bars for tension steel.

a) Design a beam with tension and compression
reinforcement that is capable of carrying the
given design loads. Confirm that the design
meets the pertinent CSA A23.3 requirements.
Provide a design summary.

b) Compare the beam designs from Problems 5.7
and 5.10 in terms of the amount of reinforce-
ment and the cross-sectional dimensions.

A simply supported reinforced concrete slab with a

projection is shown in the figure that follows. The slab

is supported at points A and B. The slab supports a

uniform dead load (DL) of 6 kPa (including the slab

self-weight) and a uniform live load (LL) of 5 kPa.

The slab is located in the interior of a building. Use

15M bars for the slab reinforcement. The concrete and

steel material properties are given.

a) Find the minimum required slab thickness, such
that the CSA A23.3 requirements are satisfied
without a detailed deflection calculation (con-
sider that the slab thickness is constant through-
out its span).

b) Plot the factored bending moment diagram for
the slab.

¢) Design the required tension reinforcement
(including the area and spacing) for the slab at
the location of the maximum negative factored
bending moment. Use the slab thickness deter-
mined in part a). Confirm that the design meets
the pertinent CSA A23.3 requirements.

d) Design the required tension reinforcement
(including the area and spacing) for the slab at
the location of the maximum positive fac-
tored bending moment. Use the slab thickness

5.12.
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determined in part a). Confirm that the design
meets the pertinent CSA A23.3 requirements.
e) Design the temperature and shrinkage reinforce-
ment for the slab.
f) Sketch a vertical section through the slab and the
corresponding reinforcement layout. Indicate the
locations of the top and bottom slab reinforcement.

Given:

f, =25MPa

f, = 400 MPa

¢, = 0.65

¢, = 0.85
DL =6.0 kPa
LL=5.0kPa

VIR R IR AR

<

A B
400 m,’n 400 m[n
L 2m 4 6m X
P T i

A typical span of a continuous reinforced concrete slab

of variable thickness and the corresponding factored

bending moment diagram are shown in the figure
below. The slab is located in the interior of a building.

a) Determine the required amount of tension steel at
the sections where M,= 10kN-m/m and
M, = 20kN- m/m, as shown in the figure below.
Use 15M bars. Confirm that the design meets
CSA A23.3 requirements.

b) Refer to the solution obtained in part a). If this
were a problem from a design practice, would you
design the reinforcement for the negative moment
region of the slab based on the larger or the small-
er required area determined in part a)? Explain.

Given:
fc’ = 25MPa

£, = 400 MPa
0.65

¢, = 0.85
m

&
I

X




260

6.1

k

After reading this chapter, you should be able to

* identify the three failure modes of reinforced concrete beams subjected to flexure
and shear

* explain the role and types of shear reinforcement in reinforced concrete beams

* outline the key factors influencing the shear resistance of concrete beams and
one-way slabs

* design reinforced concrete beams and one-way slabs for shear according to the CSA
A23.3 simplified method

INTRODUCTION

A shear force is an internal force that acts parallel to a cross-section of a structural mem-
ber subjected to flexure. Flexure and shear effects are related — a shear force can be
considered as an internal force caused by flexure. As a result, the shear design of con-
crete members needs to be performed in addition to the flexural design in virtually all
design applications. Various mechanisms of the behaviour of reinforced concrete beams
subjected to shear effects and the corresponding design approaches and procedures will
be discussed in this chapter.

The behaviours of reinforced concrete beams in shear and flexure are substantially
different. The behaviour of uncracked concrete beams subjected to shear is discussed in
Section 6.2. Section 6.3 outlines various shear failure modes and discusses the shear resisi-
ance of beams without shear reinforcement. Section 6.4 explores the behaviour of concrete
beams with shear reinforcement. The shear design provisions of CSA A23.3 are discussed in
Section 6.5. CSA A23.3 proposes two basic methods for shear design: the simplified method
and the general method. The main emphasis in this chapter is on the simplified method of
shear design, both in terms of the theoretical background and the design examples. Other
shear design methods recommended by CSA A23.3 will be discussed at a conceptual level
only. Shear design considerations are outlined in Section 6.6. The shear design of reinforced
concrete beams according to the CSA A23.3 simplified method is presented in Section 6.7,
whereas the shear design of one-way slabs is discussed in Section 6.8. Detailing of shear
reinforcement is discussed in Section 6.9. The shear friction concept, related to interface
shear transfer, is applicable in situations involving the possibility of sliding shear failure, as
discussed in Section 6.10.
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The August 1955 shear failure of reinforced concrete beams in the warehouse at the
e Wilkins Air Force Depot in Shelby, Ohio, brought into question the traditional shear
KNW design procedures followed by the ACI and other concrete codes. Continuous roof
beams supporting precast roof panels were reinforced with inadequate shear reinforce-
ment, as shown in Figure 6.1. This failure triggered extensive studies of shear behaviour
that have resulted in the development of more advanced shear design procedures used
in modern codes (Anderson, 1957).

DID YOU

Figure 6.1 The 1955
shear failure of reinforced
concrete beams at the
Wilkins Air Force Depot,
Shelby, Ohio.

(Judith Siess)

6.2 | BEHAVIOUR OF UNCRACKED CONCRETE BEAMS

Prior to cracking, a reinforced concrete beam subjected to combined flexure and shear
effects behaves like a homogeneous elastic beam. The behaviour of homogeneous beams
under flexure and shear is well established and is covered in detail in textbooks on the
mechanics of materials. Once cracking takes place due to increased load levels, the mech-
anism of internal load transfer in a concrete beam becomes substantially different.
Although only the behaviour of cracked concrete beams is relevant to design practice, a
brief overview of the behaviour of uncracked beams will be provided as background.

Figure 6.2  Reinforced con-
crete beam under uniform load

V
and the corresponding bending L-|\h'.']\ v
moment (M) and shear force (V) \l
diagrams.
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Consider a simply supported reinforced concrete beam of rectangular cross-section
subjected to a uniformly distributed load (w), as illustrated in Figure 6.2. Internal bending
moments and shear forces develop in the beam as a result of the applied load. The maximum
bending moment (M, , ) occurs at the beam midspan, whereas the maximum shear forces
(V) develop at the supports, where the bending moment is equal to zero. The reader is
expected to have a background related to bending moment and shear force distribution in
beams from statics courses.

Let us now review the stresses developed at section 1-1 of the same beam due to the inter-
nal bending moment (M) and shear force (V) (see Figure 6.3a). The bending moment (M)
causes a flexural stress ( f), which acts in a perpendicular direction to the beam’s longitudinal

i v,=0

Flexural stress Shear stress v

Element@
—_— )
V.
b —
T ® l‘»'_, = Element®
@ neutral axis (N.A.)
—_—
f{ ¢ @ & ’{; L ———— o e Element ©
c Ic @ extreme tension fibre
c)

Figure 6.3 Stresses in a concrete beam: a) beam section 1-1 showing elements A, B, and C; b) flexural and shear
stress distribution; c) principal stresses in the elements A, B, and C.
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axis. The flexural stress varies linearly along the section depth from zero at the neutral axis to
the extreme values at the top and bottom fibres of the section (see Figure 6.3b). Depending on
the direction of the bending moment, the flexural stresses will act either in tension or in com-
pression. The shear stress (v) develops in a beam subjected to flexure, acting in a direction par-
allel to the beam’s longitudinal axis. In theory, the variation of shear stress along the section
depth is curvilinear, with a maximum value at the neutral axis and zero value at the top and
bottom fibres (see Figure 6.3b).

Let us consider three small beam elements, A, B, and C, located at the section 1-1 (shown
as shaded squares in Figure 6.3a). Element A is located above the neutral axis and is subjected
to combined shear and flexural compressive stresses. Element B is located at the neutral axis
and is subjected to shear stress only (this stress state is also known as pure shear). Element C
is located at the bottom fibre and is subjected to flexural tensile stress only.

The extreme (maximum/minimum) normal stresses acting on an element are
known as principal stresses. For the beam under consideration, there are two principal
stresses acting on each element. The principal stresses can be determined using the
stress transformation equations based on the stress equilibrium of a small element
extracted from a structure. For example, the principal stresses for element B can be
calculated from ‘

o, = 12+ V(f/2)? + v? [6.1]
o, = f2 = V(f/2)* + v? [6.2]

where o, and o, denote the maximum and the minimum principal stress, respectively. In
general, the maximum principal stress is tensile stress (positive value) and the minimum
stress is compressive stress (negative value), although other alternatives are possible; that
is, both stresses can be either tensile or compressive. Principal stresses corresponding to
the elements A, B, and C are shown in Figure 6.3c, along with the component shear and
flexural stresses acting on each element.

It can be noted from Figure 6.3c that the principal stresses o, and o, act on perpen-
dicular planes. In general, the direction of the principal stresses is defined by an angle (6)
formed by the horizontal axis and the direction of the maximum principal stress (o))
(see element A in Figure 6.3c). The @ value can be determined based on the shear and
flexural component stresses acting on an element. Observe the directions of the principal
stresses in elements A, B, and C. It can be proved that @ is equal to 45° for element B
subjected to pure shear, whereas 6 is equal to 0° for element C subjected to flexural
tensile stresses only.

If the values and directions of the principal stresses for several elements at various
beam locations are known, then it is possible to draw curves tangential to the princi-
pal stress directions at all these elements. These curves are called stress trajectories.
Stress trajectories for the principal tensile and compressive stresses in the beam under
consideration are illustrated in Figure 6.4a. (Note that beam elements A, B, and C are
shown as shaded squares on the diagram.) Due to the fact that principal stresses act on
perpendicular planes, the tangents to the trajectories at the intersecting points always
form a 90° angle.

Let us discuss the tensile stress trajectories shown with full lines in Figure 6.4a. The
beam cracks when the concrete tensile stress at a certain location reaches the modulus of
rupture, as discussed in Section 2.3.2. Figure 6.4b shows cracks in the concrete beam over-
laid on the stress trajectories diagram. The cracks open in the direction of the compression
stress trajectories, that is, at a 90° angle to the tensile stress trajectories. Note that the
cracks open in the lower part of the beam (below the neutral axis) due to the maximum
flexural tensile stresses developed in that region. (Observe the direction of the bending
moment (M) in Figure 6.3a and the corresponding flexural stresses in Figure 6.3b.)

It should be stressed that cracks developed due to shear effects are actually caused by ten-
sile stresses. These inclined cracks (shown in Figure 6.4b) are often called diagonal tension
cracks in the technical literature. In the case of a homogeneous beam, diagonal tension cracks
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a)

Compressive
stress

—— Tensile
stress

b)

4N Diagonal

Figure 6.4 Stress

stress trajectories; b) typical cracks coincide with the compressive stress trajectories in the
beam tension zone.

6.3

6.3.1

/ tension cracks
Flexural cracks ‘

trajectories in a homogeneous concrete beam: a) tensile and compressive

occur at a 45° angle to the horizontal axis (refer to element B in Figure 6.4a). The inclination
of diagonal tension cracks in reinforced concrete beams depends on several parameters; how-
ever, it can be considered that these cracks develop at an angle approximately equal to 45°.

In the case of an unreinforced concrete beam, extensive diagonal tension cracks would
cause a sudden and brittle failure (see Figure 6.4b). In a reinforced concrete beam subjected
to uniform load, the first cracks to open are usually vertical cracks at the midspan caused by
flexure. Due to the increase in shear forces from the midspan toward the supports, diagonal
tension cracks usually open at an angle of approximately 45° to the horizontal axis of the
beam (as discussed above). Shear reinforcement is usually provided to prevent the develop-
ment of excessive diagonal tension cracks and brittle shear failure in reinforced concrete
members. (The design of shear reinforcement will be discussed in Section 6.4.)

BEHAVIOUR OF REINFORCED CONCRETE BEAMS
WITHOUT SHEAR REINFORCEMENT

After a reinforced concrete beam cracks due to the combined effects of flexural and shear
stresses, a complex mechanism of shear load transfer develops. Reinforced concrete beams
subjected to flexure and shear can fail in different ways, depending on several parameters. The
behaviour of concrete beams reinforced with tension steel only is discussed in this section.

Failure Modes

Consider a simply supported reinforced concrete beam, as shown in Figure 6.5a. The beam is
subjected to two point loads (P) located a distance a away from the face of the support. The
distance (@) between the support and the point of load application is termed the shear span. The
beam has rectangular cross-section with an effective depth d. The increasing applied load
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Figure 6.5 Failure modes for a concrete beam without shear reinforcement: a) flexural failure; b) diagonal
tension failure; c) crack pattern characteristic of diagonal tension failure; d) shear compression failure
(adapted from ASCE-ACI, 1973; the material is reproduced by permission of the American Society of

Civil Engineers).

causes flexural and shear stresses in the beam, which in turn cause cracking and ultimately fail-
ure. The cracking patterns and modes of failure characteristic of concrete beams are strongly
affected by the relative magnitudes of the flexural and shear stresses. Studies have shown that
the shear span/depth ratio (a/d) is one of the key factors influencing the mode of failure. The
value of the a/d ratio is directly proportional to the corresponding flexural/shear stress ratio at
a certain beam location. The majority of beams with dimensions commonly found in design
practice are characterized with an a/d ratio greater than 2.5 (so-called normal or long beams).
It should be noted that the shear span for beams subjected to a uniform load is equal to the clear
span (1,), that is, the clear distance between the supports; the clear span/depth ratio /, /d should
be used instead of the a/d ratio in the discussion of failure modes in uniformly loaded beams.
For detailed coverage of beam failure modes, the reader is referred to Bresler and MacGregor
(1967) and ASCE-ACI (1973).

In general, the following three modes of failure or their combinations may occur
depending on the beam’s a/d ratio: flexural failure, diagonal tension failure, and shear
compression failure. It should be noted that diagonal tension and shear compression fail-
ure are shear-controlled modes of failure. Also, note that “normal beams” (a/d > 2.5 or
1,/d > 11) fail either in flexure (flexural failure) or in shear (diagonal tension failure). The
mode of failure depends on several factors, such as the amount of longitudinal reinforce-
ment, the yield strength of reinforcing steel, and the concrete tensile strength. A larger a/d
value indicates that there is a predominant flexural stress in the beam (as compared to
shear stress), and therefore there is a greater chance that flexural failure will occur (as
opposed to shear failure). In general, flexural failure occurs in beams with an a/d value
greater than 5.5 (Nawy, 2003).
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Flexural failure occurs in longer beams subjected to point loads with a/d > 5.5 (or
l/d > 16 for beams subjected to uniform loads). Flexural cracks develop around the
beam midspan due to significant bending moments and are practically vertical, as illus-
trated in Figure 6.5a. In this case, flexural stresses are prevalent, whereas shear stresses
are small (or nonexistent). Flexural cracks develop at approximately 50% of the failure
load; however, the mode of failure (steel-controlled or concrete-controlled) depends on
several factors, as discussed in Section 3.4.3. Flexural failure caused by steel yielding
(steel-controlled failure) is the most desirable mode of failure because it is associated
with ductile beam behaviour, wherein a beam is able to sustain large deformations
before failure.

Diagonal tension failure (also known as shear tension failure) is characteristic of
beams subjected to point loads with an a/d value ranging from 2.5 to 5.5, or [ /d val-
ues ranging from 11 to 16 for beams subjected to uniform load. Cracking starts with
the development of a few very fine vertical flexural cracks at the midspan, followed
by the destruction of the bond between the reinforcing steel and the surrounding con-
crete at the support (see Figure 6.5b). Subsequently, two or three inclined cracks
develop in the area close to the support. As the cracks stabilize, one of the inclined
cracks widens into a principal diagonal tension crack and extends toward the top of
the beam, ultimately causing failure of the entire beam (see Figure 6.5¢). This is a
brittle failure mode, and it occurs without warning shortly after the diagonal cracks
develop.

Shear compression failure occurs mainly in shorter beams subjected to point loads
with an a/d ratio ranging from 1 to 2.5 (or an /,/d ratio ranging from 1 to 5 for beams
with uniform load). This mode is somewhat similar to the diagonal tension mode of
failure. Initially, a few fine flexural cracks develop at the midspan. The propagation of
these cracks stops as destruction of the bond occurs between the longitudinal bars and
the surrounding concrete at the supports. Thereafter, a steep inclined crack suddenly
develops and extends toward the neutral axis. Subsequently, the concrete crushes in the
zone above the crack, as illustrated in Figure 6.5d. The failure occurs when the inclined
crack joins the crushed concrete zone. This mode is considered to be less brittle than
the diagonal tension failure mode due to the stress redistribution in the concrete com-
pression zone.

An experimental study of a simply supported reinforced concrete beam is illustrated
in Figure 6.6. The beam was subjected to two point loads at the third points, and the a/d
ratio was around 4.0. The beam was reinforced with longitudinal reinforcement only. The
failure occurred in a shear-controlled mode shortly after the principal diagonal tension
crack had formed near the left support.

It is important to emphasize that the inclined cracks characteristic of shear-controlled
modes of failure actually develop in the vicinity of or as an extension of a previously
opened (mainly vertical) flexural crack, as illustrated in Figure 6.7a. These cracks are
known as flexure-shear cracks.

Modes of failure characteristic of very short and deep beams (characterized by a/d < 1
or [, /d < 1) are different from the above-discussed modes characteristic of shallow beams.
In deep beams, the internal load transfer occurs in the form of a tied-arch mechanism, in
which the concrete forms compression struts, whereas longitudinal steel reinforcement
forms a tension tie. The failure of a tied-arch mechanism can occur in five different modes,
as discussed by ASCE-ACI (1973).

In this section, the discussion of failure modes has focused on concrete beams of
rectangular cross-section. It should be noted that flanged beams (I-shaped beams) fail
in a slightly different manner, characterized by web-shear cracks developed in
the vicinity of the neutral axis at a 45° angle, as illustrated in Figure 6.7b. These
cracks lead to web-crushing failure, which is characteristic of I-shaped beams.
Alternatively, the tied-arch mechanism develops, leading to arch-rib failure. For
a detailed discussion of the shear behaviour of I-beams, the reader is referred to Bresler
and MacGregor (1967).
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b)
Figure 6.6 Shear failure of a reinforced concrete beam without shear reinforcement: a) principal diagonal tension crack

before the failure; b) detail of the left support after the failure.

(Svetlana Brzev)
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Figure 6.7 Types of inclined
cracks: a) flexure-shear crack; e
b) web-shear crack (adapted
from ASCE-ACI, 1973; the mate-

rial is reproduced by permission
of the American Society of Civil -
Engineers). b)



The three main failure modes typical of reinforced concrete beams subjected to flexure
and shear are

* flexural failure
* diagonal tension failure
» shear compression failure

Flexural (steel-controlled) failure is a ductile mode of failure and consequently the most
desirable of all three modes.

Diagonal tension and shear compression modes are governed by shear. Shear fail-
ure modes in concrete beams are influenced by the tensile and compressive strength of
concrete. Shear failures are generally sudden and brittle and should be avoided in

268 CHAPTER 6
!
design applications. |

1

6.3.2 Shear Resistance of Cracked Beams

The modes of failure of concrete beams reinforced with longitudinal bars only were discussed
in the previous section. At this point, it is important to gain insight into the mechanisms of
shear transfer across the cracked concrete section and the key factors influencing concrete
shear resistance.

Consider the free-body diagram of a reinforced concrete beam subjected to bending
moment M and shear force V in Figure 6.8a. An inclined shear crack has developed in the

ol

iy 1 R

P
A

" w[Z

Figure 6.8 A reinforced con- T
crete beam subjected to flexure lVd
and shear: a) a section at the

inclined crack; b) forces acting _
at the cracked section.
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beam at the section under consideration. The bending moment is resisted internally by a

force couple consisting of the tensile force (T') developed in the steel reinforcement and the

compression force (C) developed in the concrete section above the crack, as illustrated in

Figure 6.8b. Once an inclined crack develops across the beam depth, the shear is resisted by

the following internal forces:

* V,, is the vertical component of the interface shear force (V,), which is the tangential
shear force transmitted across a crack by the interlocking of aggregate particles (also
known as aggregate interlock). According to ASCE-ACI (1973), interface shear trans-
fer accounts for 33% to 50% of the total force on the beam.

* V, is the dowel-shear force developed by the longitudinal reinforcement bars crossing
the crack. According to ASCE-ACI (1973), dowel shear is on the order of 15% to 25%
of the total shear force.

V. is the concrete shear force developed in the concrete compression zone and accounts
for the remaining strength (25% to 50%).

Before the cracking takes place, the shear force is entirely carried by the concrete, as
discussed in previous sections. Immediately after the inclined cracks develop, the
concrete shear force (V) accounts for up to 40% of the total shear force (ASCE-ACI,
1973), whereas the remaining portion is resisted by the dowel force (V) and the
interface shear force V). However, as the crack widens, the interface-shear transfer
mechanism becomes less effective and V, drops. Subsequently, the dowel-shear mech-
anism causes a splitting crack to develop in the concrete along the reinforcement,
resulting in the complete loss of the dowel force (V). Finally, the entire shear force is
carried by the concrete compression zone in the area above the crack, causing the
crushing of this region. Beyond the development of the inclined cracking, it is difficult
to predict which mechanism of force transfer breaks down to cause failure in concrete
beams without shear reinforcement. It should be noted that the above outlined mecha-
nism of shear load transfer applies to normal beams characterized by a/d > 2.5 and that
the mechanism of shear load transfer in deep beams is substantially different.

It should also be noted that the shear design procedure according to the CSA A23.3 sim-
plified method accounts for only the V. component in determining the shear resistance of
a concrete beam. Therefore, the contribution of interface-shear and dowel mechanisms in
transferring shear across the cracked beam section are neglected, which is somewhat
conservative. Although the shear design procedure according to CSA A23.3 will be covered
later in this chapter, the factors influencing the concrete shear resistance (V) will be dis-
cussed here.

Considering the brittle and sudden nature of shear failure occurring shortly after
the inclined cracks develop, it is reasonable to consider that the shear resistance of a
cracked concrete beam (V) without shear reinforcement is equal to the shear force that
causes the first inclined crack. This is the common approach adopted by concrete
design codes.

The concrete shear resistance depends on the following factors: concrete tensile
strength, longitudinal reinforcement ratio, shear span/depth (a/d) ratio, beam size, and
axial forces in the beam (MacGregor and Bartlett, 2000).

The concrete tensile strength influences the inclined cracking load. As discussed in
Section 6.2, diagonal tension cracking occurs when the principal tensile stress reaches the
tensile strength. However, in the more common case of beams with flexure-shear cracks,
the cracking occurs at the principal tensile stress level approximately equal to one third of
the concrete tensile strength. Recall from Section 2.3.2 that the modulus of rupture for con-
crete (f)), according to CSA A23.3, is

£ =06AVS, [2.1]

thus resulting in an inclined cracking shear stress of 0.2\/]?. If this stress value is taken
as the average shear stress, that is, the ratio of shear force acting on the section and the
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area of the cross-section, on a rectangular section of width b and effective depth d, then
the corresponding shear force is

V.= 02V} bd [6.3]

The longitudinal reinforcement ratio, which indicates the amount of longitudinal steel, is another
factor influencing concrete shear resistance. Based on the statistical correlation of results for tests
performed on beams with various ratios of steel reinforcement reported by MacGregor and
Bartlett (2000), the concrete shear resistance can be determined by the equation

V. = 0.167Vf. bd [6.4]

Equation 6.4 tends to overestimate the shear resistance for beams with smaller reinforce-
ment ratios (less than approximately 0.75%).

According to Eqns 6.3 and 6.4, the concrete shear resistance depends on the concrete
compressive strength (f.") and the beam cross-sectional dimensions: width (b) and effec-
tive depth (d). The reader will be interested to note that the equation for concrete shear
resistance (V) used in CSA A23.3 is very similar to Eqns 6.3 and 6.4.

Axial tensile forces tend to decrease concrete shear resistance, while axial compres-
sive forces tend to increase it.

It is important to note that inclined cracking of beams influences the design of flex-
ural steel reinforcement. Consider the free-body diagram of a beam subjected to
bending moment (M) and shear force (V) acting at section A-A (see Figure 6.8a). It can be
determined from the equilibrium of the beam segment between sections A-A and B-B in Figure
6.8b that the tensile force (T') in the longitudinal reinforcement at section B-B is dependent on
the bending moment (M) at section A-A. This must be considered in designing the anchorage
for longitudinal beam reinforcement, which will be covered in detail in Sections 9.6 and 9.7.

BEHAVIOUR OF REINFORCED CONCRETE BEAMS
WITH SHEAR REINFORCEMENT

Types of Shear Reinforcement

Based on the previous discussion on the behaviour of reinforced concrete beams without shear
reinforcement, it is clear that the shear resistance of such beams is limited to the shear resist-
ance of concrete. Because the shear load often exceeds the shear resistance of concrete, it is
necessary to provide shear reinforcement capable of carrying the excess shear beyond the con-
crete shear resistance. Furthermore, one of the main objectives of providing shear reinforce-
ment is to prevent the sudden and brittle shear mode of failure in reinforced concrete beams.

By observing the directions of stress trajectories and the inclined cracks in Figure 6.4b,
we can see that shear reinforcement is most effective when provided in the direction
perpendicular to the cracks. However, it is very difficult to install inclined shear reinforcement
correctly in the field. Therefore, in most design applications, shear reinforcement (also
known as web reinforcement and transverse reinforcement) is provided in the vertical
direction,
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The most common type of shear reinforcement is in the form of U-shaped vertical stir-
rups anchored to the longitudinal reinforcement at both ends, as illustrated in Figure 6.9a.
The two beam cross-sections show examples of two-legged and four-legged stirrups
(the vertical side of a stirrup is called a leg). Other types of shear reinforcement, rarely
used in design practice, are: inclined stirrups at an angle of 45° or more to the longitudinal

/Crosstie 4-legged stirrups

r r " A W
-
/ - L )
( . . 2-legged
i Vertical stirrup stirrups

r \\\\\(&\\\\\\\z

Inclined stirrup

Bent bars

/Welded-wire fabri\
[

-

Figure 6.9 Types of shear reinforcement: a) vertical stirrups; b) inclined stirrups; c) bent bars; d) welded
wire fabric.
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Figure 6.10 Cracked section
of a reinforced concrete beam
with shear reinforcement.
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beam axis (Figure 6.9b); bent-up longitudinal bars, where the portion of the bar no
longer needed for flexure is bent up (Figure 6.9¢): welded wire fabric, with the wires in
the direction perpendicular to the axis of the member serving as shear reinforcement
(Figure 6.9d); and spirals (refer to Section 8.3 for a discussion on spiral reinforcement).
The types of shear reinforcement and their respective characteristics are prescribed by
CSA A233Cl.11.24.

The following types of shear reinforcement are permitted by CSA A23.3 (C1.11.2.4):

* vertical stirrups

* inclined stirrups at an angle of 45° or more
* bent-up longitudinal bars

* welded wire fabric

* spirals

Effect of Shear Reinforcement

Let us now explore the effect of shear reinforcement on the behaviour of concrete
beams subjected to shear. A free-body diagram of a concrete beam reinforced with ver-
tical stirrups (in addition to the longitudinal reinforcement) is shown in Figure 6.10.
Shear reinforcement becomes effective only after the inclined cracking in the beam has
begun. At that moment, tensile stresses in the shear reinforcement suddenly increase,
causing the development of tensile forces in the bars. However, it should be noted that
only the stirrups intersecting the cracks are effective in resisting shear loads. As
illustrated in Figure 6.10, all stirrups crossing the crack will develop tensile forces, and
V. denotes the sum of all these forces in the individual stirrups. The stresses in the shear
reinforcement continue to increase in proportion to the applied loads. It is desirable
that shear reinforcement yield in tension prior to the beam failure in shear. Depending
on the amount of shear reinforcement and other factors, there are three possible shear-
controlled modes of failure characteristic of beams with shear reinforcement, as dis-
cussed below (ASCE-ACI, 1973).

Beams with a moderate amount of shear reinforcement fail in the shear compres-
sion failure mode discussed in Section 6.3.1. Once the inclined cracking has begun, both
the shear reinforcement and the concrete compression zone resist shear until the shear
reinforcement has yielded. From that point onward, any further increase in the shear load
must be resisted by the concrete compression zone alone. Failure occurs when the con-
crete in the compression zone is crushed due to the combined compression and shear
stresses. The failure is not sudden because the yielding shear reinforcement allows the
diagonal cracks to widen, thus giving sufficient warning. This is the most desirable of
all shear failure modes.
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Beams with a large amount of shear reinforcement fail in a mode that is essentially the
same as shear compression failure but with little or no warning. Due to the large amount of
shear reinforcement, the concrete compression zone is crushed before the steel reinforce-
ment has yielded.

Long beams (of a large a/d ratio) with a very small amount of shear reinforcement fail
in the diagonal tension mode discussed in Section 6.3.1. In this case, the shear reinforce-
ment yields immediately after the opening of inclined cracks, and the beam fails due to
concrete crushing. There is practically no redistribution of shear forces between concrete
and steel, and the failure occurs suddenly and without warning.

The reader needs to recognize that the addition of shear reinforcement by itself does not pre-
vent the occurrence of shear-controlled failure in concrete beams. However, shear-controlled
failure can be prevented when the beam is designed to have a larger shear capacity than the flex-
ural capacity. In that case, flexural failure will be initiated before shear failure takes place. As
discussed in Chapter 3, flexural failure in properly reinforced beams is characterized by steel
yielding. Once the steel yields, there will be a very small increase in the internal shear forces in
the beam. Hence, the designer should aim to specify a sufficient amount of shear reinforcement
to ensure that the shear resistance is greater than the flexural resistance.

Adequately designed shear reinforcement can contribute to the beam shear resistance
in the following two ways:

* by carrying a portion of the shear load through a sudden increase in tensile forces after
the formation of inclined cracking

* by effectively arresting the growth of inclined cracking and preventing the deep
penetration of the cracks into the compression zone and the occurrence of sudden
beam failure

When shear reinforcement is provided in the form of closed ties, it also provides a certain
level of confinement to the concrete in the compression zone, thus resulting in increased
concrete shear resistance.

The shear resistance of beams susceptible to shear failure can be greatly increased by

providing properly designed shear reinforcement.
Shear reinforcement can effectively contribute to enhancing beam shear resistance
in the following two ways:

* by carrying a portion of the shear load through a sudden increase in tensile forces
after the formation of inclined cracking

* by limiting the width and spread of inclined cracks and preventing the occurrence of
sudden and brittle failure

Shear reinforcement is usually designed for excess shear, generally defined as the dif-
ference between the factored shear force (V) acting on the beam section and the con-
crete shear resistance (V).

Truss Analogy for Concrete Beams Failing in Shear

At this point, the reader needs to gain insight into the relevant approaches to model-
ling the behaviour of cracked beams with shear reinforcement. It is very important to
understand the concepts of mechanics-based models of beam behaviour because these
models form the basis for shear design procedures prescribed by the codes. Traditionally,
shear transfer in a cracked concrete beam with shear reinforcement has been explained by
the truss analogy, a concept proposed independently by a Swiss engineer, W. Ritter, in
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1899, and a German engineer, Morsch, in 1902 (MacGregor and Bartlett, 2000). The truss
analogy depicts a beam as a pin-connected truss in which the concrete compression zone
is represented by the compression chord, the longitudinal steel reinforcement by the ten-
sion chord, and the shear reinforcement by the vertical truss members. Concrete com-
pression struts formed between the inclined cracks are represented by the diagonal truss
members. According to the basic truss model, these diagonals form a 45° angle with the
horizontal beam axis. All external loads are considered to act only at the nodes. The
forces in the truss can be determined from considerations of equilibrium only.

The truss model of a concrete beam is presented in Figure 6.11. Observe the similarity
between the cracked beam with stirrups and longitudinal reinforcement in Figure 6.11a and
the corresponding truss model in Figure 6.11b. The truss height (d,) is equal to the lever arm
of the forces T and C resisting the bending moment (refer to Section 3.5 for a discussion of
the flexural resistance of reinforced concrete beams). Also, note that the diagonal truss mem-
bers in Figure 6.11b form an angle (6) with the longitudinal beam axis. In general, 6 is on the
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Figure 6.11 Truss model for reinforced concrete beams: a) typical crack pattern in a beam with shear
reinforcement; b) truss model; c) internal forces in a cracked beam (adapted from MacGregor and
Bartlett, 2000 with permission of Pearson Education Canada Inc.).
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order of 45°. Also, note that the truss panel length (the distance between adjacent vertical
members) is equal to d cot 0 (see Figure 6.11b). The model assumes that all stirrups crossing
an inclined plane over a horizontal distance (d cot #) are lumped into one vertical member.
For example, the two stirrups crossing the inclined plane A-A in Figure 6.1 I¢ are lumped into
the truss member be in Figure 6.11b. Similarly, all diagonal concrete members (struts) cross-
ing a vertical plane are lumped into one member. For example, the forces in the two diagonal
struts crossing the vertical section B-B in Figure 6.1 I¢ are lumped together in the member ef
in Figure 6.11b. It is also important to note that the compression chord in the truss actually
represents a force in the concrete compression zone. This method expects that the stirrups
have yielded in order for the truss to become statically determinate, hence the name plastic
truss model used in some references.

The truss model correctly presents the role of shear reinforcement and the concrete
compression struts that form between the inclined cracks. The CSA A23.3 simplified
method is based on the truss analogy. However, the truss analogy has certain limitations,
since it is not able to model the effect of interface-shear and dowel-shear forces. Also, the
deformations in beams subjected to shear cannot be obtained based on the truss mecha-
nism due to the strain incompatibility associated with the truss analogy (this becomes less
important at the ultimate load level).

The truss analogy offers a relatively simple model for the shear behaviour of concrete
beams with shear reinforcement. A concrete beam is represented by a pin-connected
truss with concrete and steel elements modelled as compression and tension truss mem-
bers, respectively.

The truss analogy forms the basis for the simplified method of shear design accord-
ing to CSA A23.3.

Shear Resistance of Beams with Shear Reinforcement

Based on the discussions of the failure modes of beams with shear reinforcement presented
in Section 6.4.2, it is clear that the shear resistance of such beams is provided by concrete
and steel. The factors influencing concrete shear resistance were discussed in Section 6.3.2.
The discussion in this section is focused on steel shear resistance. The shear resistance of a
concrete beam can be determined based on the equation

Vo= habl [6.5]
where

= the factored shear resistance of a beam section
= the concrete shear resistance
= the steel shear resistance.

S S SRS
I

A free-body beam diagram of a cracked beam section is presented in Figure 6.12 as
an idealization of the similar diagram in Figure 6.10. Note that the crack is shown as a
straight line at an angle 6 to the longitudinal beam axis, as shown in Figure 6.12a. The
crack extends close to the top of the beam. The internal tension force in steel reinforce-
ment (T) and the internal compression force in concrete (Cr) are also shown in the figure.
The vertical distance between these two forces is called the effective shear depth and it is
denoted by the symbol d,. Note that d is less than the effective depth (d) at the same
location; this will be discussed in Section 6.5.4.

The shear reinforcement is in the form of vertical stirrups at a spacing s, as shown in
Figure 6.12a. Note that A denotes the total cross-sectional area of all vertical legs belonging
to one stirrup (see Figure 6.12b). Because the inclined crack develops over the entire beam
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Figure 6.12 A section of a
cracked reinforced concrete
beam with vertical stirrups:
a) forces in the stirrups;

b) beam cross-section;

c) isometric view of a stirrup
crossing the plane of an
inclined crack.
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width, all vertical legs in a stirrup are considered equally effective in resisting shear. Consider
the two-legged 10M stirrup in Figure 6.12¢c. The corresponding A, value is 200 mm?. (Note
that the area of a 10M bar is 100 mmZ.) Note that two-legged stirrups are most common in
design practice, although there are four-legged stirrups, as illustrated in Figure 6.9a.

As discussed in Section 6.4.2, only stirrups crossing the crack are effective in resisting
shear at a particular section. The steel shear resistance is equal to the sum of the tensile
forces developed in each stirrup (see Figure 6.12a); that is,

V. =ny, [6.6]

where

n = the number of stirrups crossing an inclined crack
V' = the tensile force developed in a stirrup.

Al
Based on the discussions of shear failure modes of beams with shear reinforcement

(refer to Section 6.4.2), shear reinforcement yields in tension after an inclined crack
develops. The tensile force in a stirrup V' is

V' =d.A [6.7]
where

A, = the stirrup cross-sectional area

[, = the yield stress

qb:‘. = the material resistance factor for steel.

The number of stirrups crossing an inclined crack can be determined based on the
geometry of the cracked section as

dcot 0
n —

- [6.8]
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The final equation for V. is obtained when Eqs 6.7 and 6.8 are substituted into Eqn 6.6:
¢, A, f, dcotb

% s

[6.9]
Note that CSA A23.3 uses Eqn 6.9 to determine the steel shear resistance (V).

In general, inclined cracks occur at an angle 6 (approximately equal to 45°) to the
longitudinal axis. CSA A23.3 prescribes 6 values to be used for the shear design of various
reinforced concrete members (to be discussed in Section 6.5.4).

The shear resistance of concrete beams with shear reinforcement is provided by con-
crete and steel.

According to the CSA A23.3 simplified method, the steel shear resistance of a
beam section is provided only by the stirrups that cross an inclined crack plane under
an angle 6 to the longitudinal beam axis. Stirrup reinforcement yields in tension.

SHEAR DESIGN ACCORDING TO CSA A23.3
General Design Philosophy

Shear failure in concrete structures is brittle and must be avoided in design applications.
The objective of a prudent design is to ensure that a beam fails in flexure before reaching
its shear capacity. This can be accomplished if the shear capacity of a beam exceeds its
flexural capacity. As discussed in Chapter 3, flexural failure of a properly designed rein-
forced concrete beam is ductile and offers warning to building occupants before collapse.
This is a desirable mode of failure according to CSA A23.3.

Numerous research studies have confirmed the brittle and sudden nature of shear fail-
ure in concrete structures. Brittle shear failure in concrete members subjected to flexure
can be avoided if the guidelines listed below are followed:

» In beams: Add shear reinforcement (usually vertical stirrups) designed to resist excess
shear beyond the concrete shear capacity.

* In slabs (without shear reinforcement): Ensure that the shear capacity of concrete in
regions with maximum shear forces is greater than the flexural capacity in regions with
maximum bending moments.

Simplified and General Method for Shear Design

Research studies have shown that the behaviour of concrete beams subjected to shear is com-
plex and cannot be modelled accurately in a simple manner. In most applications, it is not
practical to perform the design using exhaustive engineering modelling of shear behaviour,
given that the variations in quality control during construction might significantly influence
the mode of shear failure and the shear resistance of a concrete member. Therefore, most
designers are comfortable with a simple model for shear design as long as it represents a rea-
sonable prediction of shear failure modes and leads to minimal risks of structural failure. CSA
A23.3 prescribes two basic methods for shear design, namely the simplified method and the
general method.

The simplified method is covered in CSA A23.3 C1.11.3.6.3 and consists of a simple
procedure to determine shear resistance. This method is applicable to most practical design
applications, with the exception of beams subjected to significant axial tension, in which
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case the general method has to be used. According to the simplified method, concrete shear
resistance does not depend on the state of stress and strain in a beam.

The general method for shear design (covered in CSA A23.3 C1.11.3.6.4) is based on
the compression field theory originally developed by Collins and Mitchell (1987). The
compression field theory recognizes that a reinforced concrete beam subjected to shear
can be modelled like a truss with a force distribution analogous to a stiffened thin-plate
girder. When the girder is subjected to flexure and shear, the thin web plates form tension
diagonals between the stiffeners to resist the shear forces. The stiffeners act in compres-
sion to resist the vertical components of the diagonal tension forces, while the flanges
provide resistance to the horizontal components. According to the compression field
theory, the shear forces in a reinforced concrete beam are resisted by diagonal concrete
struts resisting compression and vertical shear reinforcement (stirrups) resisting tension.
The stirrups resist the vertical component of the force developed in diagonal compression
struts, while the truss chords, that is, the flexural couple provided by longitudinal rein-
forcing and the concrete compression block, resist the horizontal components of the diag-
onal compression force. The general method assumes that the shear resistance of both the
concrete and the reinforcing steel depends on the variations in shear stress and flexural
strain along the beam. It is believed that the use of this method results in a more accurate
estimate of shear resistance at any section along the member length. However, such an
accurate estimate of shear resistance is not necessary in most practical design applica-
tions, so detailed coverage of the general method is outside the scope of this book.

6.5.3 Major Revisions in CSA A23.3-04

CSA A23.3-04 contains significant revisions of the simplified method for shear design as
compared to the previous (1994) edition. The revisions include the following items:

* concrete shear resistance ( V) (CL11.3.4)

* steel shear resistance (V) (CL11.3.5.1)

* maximum factored shear resistance (C1.11.3.3)

* maximum spacing of transverse shear reinforcement (C1.11.3.8.1)
* required provision of shear reinforcement (C1.11.2.8.1)

The reader who is familiar with the previous Code edition (CSA A23.3-94) should care-
fully study the Code changes in the next section because the revised provisions may result
in different cross-sectional dimensions and amount of shear reinforcement.

6.5.4 (CSA A23.3 Requirements Related to the Simplified
Method for Shear Design

As discussed in Section 6.5.2, the simplified method for shear design is considered to be
suitable for most practical design applications. According to CSA A23.3 Cl.11.3.6.3, this
method can be used when members are not subjected to significant axial tension; that is,
the tension-induced stress increase in the longitudinal reinforcement at crack locations is
less than 50 MPa; otherwise the general method (CSA A23.3 CI.1 1.3.6.4) should be used.

The simplified method is based on the concepts and equations presented in Section
6.4.4. Design requirements and limitations of the CSA A23.3 simplified method will be
outlined in this section.

A23.3 CL11.3.1| Strength requirement The main design requirement for concrete members subjected
to shear as stated in A23.3 C1.11.3.1 is the strength requirement

b=y 610

The above requirement states that the factored shear resistance (V) must be greater than
the factored shear force ( l?) acting at any section along a concrete member.



A233CLI1.3.3

A233Eq. 114

A233ClL11.34

A233Eq. 116

A233Eq. 11.10

A233Eq. 119

SHEAR DESIGN OF BEAMS AND ONE-WAY SLABS 279

Factored shear resistance According to A23.3 C1.11.3.3, the shear resistance of a
concrete member (V) is provided by the concrete and the steel shear reinforcement (where
required):

r

V=V(,+Vx+\1) [6.11]
where

V. = the concrete shear resistance

V. = the steel shear resistance

\1, = the component of the effective prestressing force in the direction of applied shear;
for nonprestressed members, % =0.

Concrete shear resistance The concrete shear resistance (V.) should be determined
based on the following equation

V. = $.ABVY, b,d, [6.12]
where
A = the factor to account for concrete density (A = 1 for normal-density concrete)
¢, = the material resistance factor for concrete
f,.! = the specified compressive strength of concrete (\/f? = 8 MPa when used in the
above equation
B = the factor accounting for the shear resistance of cracked concrete, determined
according to A23.3 C1.11.3.6
d, = the effective shear depth taken as the greater of 0.9d and 0.72h
b,, = the minimum beam web width within depth d (A23.3 C1.11.2.10.1).

In design according to the CSA A23.3 simplified method for shear design, the 8 value
should be determined based on Table 6.1.

In cases when 8 is determined from Eqn 6.14, the equivalent crack spacing parame-
ter s,, can be computed from the following equation:

355z

Ze=——__
15+ag

s [6.15]

where

the crack spacing parameter taken as the lesser of d,, and s

= the maximum distance between layers of distributed longitudinal reinforcement,
as shown in Figure 6.13 (each layer of distributed reinforcement shall have an
area of at least 0.003 b,s,)

the specified nominal maximum size of coarse aggregate.

2

Q
Il

Table 6.1 S values according to the CSA A23.3 simplified method
for shear design

Equation Design application
B = 0.18 The section contains minimum transverse
reinforcement as required by C1.11.2.8.2.
_ 230 613 The section contains no transverse reinforce-
B= 1000 + d, [6.13] ment and the specified nominal maximum size
of coarse aggregate is not less than 20 mm.
_ 230 6.14 The section contains no transverse
B= 1000 + s, [6.14] reinforcement (applies to all aggregate sizes).

(Source: CSA A23.3 (L.11.3.6.3, reproduced with the permission of the Canadian Standards
Association)
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Figure 6.13 Crack spacing
parameter (s ): a) member
without stirrups and with
concentrated longitudinal
reinforcement; b) member
without stirrups but with
well-distributed longitudinal
reinforcement.
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Note that 8 = 0.21 can be used for the following special member types identified by
CSA A23.3CL11.3.6.2:

a) slabs or footings with an overall thickness not greater than 350 mm;

b) footings in which the distance from the point of zero shear to the face of the column,
pedestal, or wall is less than three times the effective shear depth of the footing;

¢) beams with an overall thickness not greater than 250 mm;

d) concrete joist construction;

¢) beams cast integrally with slabs, where the depth of the beam below the slab is not

greater than one-half of the web width or 350 mm.

Steel shear resistance The shear resistance provided by the transverse steel rein-
forcement (V,) perpendicular to the longitudinal axis can be determined according to
CL.11.3.5.1 as follows (see Section 6.4.4):

¢ A f dcot
V= vy [6.9]
s
where
s = the spacing of shear reinforcement measured parallel to the longitudinal axis of

the member

the area of shear reinforcement perpendicular to the axis of the member within

a distance s (also discussed in Section 6.4.4)

= the specified yield strength of the steel shear reinforcement

the resistance factor for steel reinforcement (C1.8.4.3)

= the angle of inclination of the diagonal compressive stresses to the longitudinal
axis of the member.

A 14
Jy
b,

0

The following 6 values should be used in shear design calculations:

* 0 = 35° when the CSA A23.3 simplified method (C1.11.3.6.3) is used
* 0 = 42° for special member types when 8 = 0.21 (C1.11.3.6.2), as discussed earlier
in this section

The above equation can be used to determine the required spacing of shear
reinforcement (s):

_ $,A,f,dycotd
V

s

s [6.16]

The above-discussed provisions will be illustrated by Example 6.1.
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Example 6.1

Given:

SOLUTION:

A233Eq. 11.6

A typical cross-section of a reinforced concrete beam is shown in the figure below. The
beam is reinforced with 10M stirrups at a 250 mm spacing on centre (10M @250), The
clear cover to the stirrups is equal to 40 mm. The concrete and steel material properties
are given below.

Determine the maximum shear force ( V,.) this beam section is able to sustain according to
the CSA A23.3 simplified method.

E L -10M @ 250
o
o
v
—4 - 25M
< \
300 mm 40 mm clear
p—

f(] = 25 MPa

fV = 400 MPa

¢, = 0.65

¢, = 0.85

A =

1. Find the concrete shear resistance (V)

a)

b)

c)

d)

Calculate the effective depth (d).
Given:

¢ 10M stirrups; that is, ds = 10 mm (see Table A.1);
* 25M tension reinforcement; that is, db = 25 mm (see Table A.1);
e cover = 40 mm;

Hence,

d,,
d=h—cover—ds——2—-

25 mm

=500 mm — 40 mm — 10 mm — = 437 mm

Calculate the effective shear depth (d,).
d,, is the effective shear depth taken as the greater of

4 = [ 0.9d} _ [ 0.9 X 437 mm ] 3 [393mm}
v 0.72h 0.72 X 500 mm 360 mm

Hence, dv = 393 mm = 390 mm.
Calculate the factor accounting for the shear resistance of cracked concrete (8).
This beam section is reinforced with [0M @250 stirrups, so the amount of shear
reinforcement can be considered to be greater than the minimum (the actual
check will be performed in Example 6.2).

According to A23.3 C1.11.3.6.3,

B = 0.18 (see Table 6.1)

Finally, determine the V, value:

V.= $ABVS, b,d, [6.12]
= 0.65 X 1.0 X 0.18 X V25 MPa X 300 mm X 390 mm
= 68.4 X 10N = 68.4 kN
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2. Find the steel shear resistance (V,)
a) Calculate the area of shear reinforcement (A,).
In this beam, two-legged 10M stirrups have been used. The area of a 10M bar can
be obtained from Table A.1 as A, = 100 mm?. Therefore,
A, = (#oflegs)A,)
2 X 100 mm? = 200 mm?

b) Then, calculate the stirrup spacing (s).
In this example, it has been specified that 10M @250 stirrups have been used, so
the stirrup spacing is given as

s = 250 mm

¢) Next, calculate the angle of the diagonal compressive stresses to the longitudinal
member axis (0).
Because this design has been performed according to the CSA A23.3 simplified
method, CI.11.3.6.3 prescribes that

6 = 35°

d) Finally, determine the V, value:
b A, f, dcotb

1’/:_ W LN SRR

3 s
0.85 X 200 mm? X 400 MPa X 390 mm X cot(35°)

250 mm

151.5 X 10 N = 151.5kN

3. Find the factored shear resistance v,
Determine the factored shear resistance:

V=V +V +V [6.11]

€

= 68.4KkN + 151.5kN + 0 = 219.9 kN = 220 kN

[6.9]

The maximum factored shear force this beam is able to carry is equal to the factored
shear resistance:

V.=V, = 220kN

In addition to the above-stated requirements, CSA A23.3 prescribes the following
limitations, mainly related to the amount and spacing of shear reinforcement.

Maximum factored shear resistance To prevent the occurrence of brittle shear com-
pression failure, described in Section 6.3.1 (characteristic of beams heavily reinforced with
shear reinforcement), CSA A23.3 places an upper limit on the factored shear resistance.
This limit is intended to ensure that the stirrups will yield prior to crushing the web con-
crete and that diagonal cracking at the specified loads is limited, According to C1.11,3.3, the
maximum factored shear resistance (maxV)) is

maxV, = 02541 b, d, [6.17)

Note that the above requirement is relaxed as compared to the previous (1994) version of
CSA A23.3. The dimensions of the beam cross-section may need to be increased when this
requirement is not satisfied.
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Maximum spacing of transverse shear reinforcement Shear reinforcement becomes
effective only if crossed by inclined cracks, as discussed in Section 6.4.4. To ensure that at
least one stirrup crosses an anticipated diagonal crack in any region along the beam length,
the stirrup spacing should be generally less than or equal to the shear depth (d,).

According to C1.11.3.8.1, the maximum spacing (s, ) for transverse shear reinforce-
ment shall not exceed the smaller of

¢ 600 mm
» 0.7d,

max

The required provision of shear reinforcement Beams subjected to low shear
stress corresponding to a factored shear force (V,) less than V. do not have to be reinforced
for shear. To prevent the occurrence of brittle shear failure in members subjected to high
shear stresses, A23.3 C1.11.2.8.1 prescribes a minimum amount of transverse shear rein-
forcement under the following conditions:

a) when ‘; = V. (this applies to all types of reinforced concrete members),
b) in regions of reinforced concrete beams with an overall thickness greater than 750 mm.

Note that the above statement applies to cast-in-place reinforced concrete structures.

(There is an additional term to be used in the case of prestressed concrete structures.)

Minimum area of shear reinforcement Where shear reinforcement is required by
Cl.11.2.8.2, the minimum required area is

b
= 0,06V, (fLs) [6.18]

The above formula is often used to determine the maximum spacing (s) corresponding to
the stirrup area (A)):

A
0.06 V%' b,

Av, min

s [6.19]

The beam section considered in Example 6.1 is subjected to a factored shear force ( Vf)
of 200 kN.

Check whether the specified shear reinforcement meets the requirements prescribed by
CSA A23.3.

In total, four steps need to be performed to check whether the shear design performed in
Example 6.1 is adequate according to CSA A23.3.

1. Check the maximum factored shear resistance (A23.3 C1.11.3.3)
The factored shear resistance for the beam section considered in Example 6.1 is

V. = 220kN
According to A23.3 C1.11.3.3, the maximum factored shear resistance (max V) is
maxV, = 025¢ ' b, d, [6.17]
= 0.25 X 0.65 X 25 MPa X 300 mm X 390 mm
= 4753 X 10®N = 475kN

Thus,
V.= 220 kN < 475 kN : okay
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Check the maximum spacing of shear reinforcement (A23.3 C1.11.3.8.1)
. [@mm] 7 [ 600 mm ] & [600'mm]
ek 0.7d,, 0.7 X 390 mm 273 mm
Therefore,
Sppax = 273 mm
Thus,
§ = 250 mm < 273 mm : okay

Check whether shear reinforcement is required (A23.3 C1.11.2.8.1)
A minimum amount of transverse shear reinforcement is required when vi=V.
The V, value was determined in Example 6.1 as

V. = 68.4 kN

and

V; = 200 kN

Hence,

Vi = 200kN > 68.4 kN

According to A23.3 C1.11.2.8.1, shear reinforcement is required.

Check the minimum area of shear reinforcement (A23.3 C1.11.2.8.2)
Where shear reinforcement is required by C1.11.2.8.2, the minimum required area is

A, in = 0.06\V/f! (fl"—{) [6.18]
; f\v
= 0.06\/25 MPa (300 m&’;fp? “““) = 56.25 mm?
The actual area of shear reinforcement determined in Example 6.1 is
A, = 200 mm?
Since

A, = 200 mm? > 56 mm?

the above design meets all shear requirements according to CSA A23.3.
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Figure 6.14 Shear force
distribution in a concrete beam:
a) a beam under uniformly dis-
tributed live load; b) partially
loaded beam; c) shear force
envelope.
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SHEAR DESIGN CONSIDERATIONS

The best way to demonstrate the application of the CSA A23.3 shear design requirements
is through design examples. However, there are a few important design considerations that
need to be discussed first, such as

* shear force distribution
* critical section for shear design
* variable stirrup spacing

Shear force distribution In general, shear force develops due to dead and live loads
acting on the beam. The dead load (including beam self-weight) is considered a permanent
load, whereas the live load (for example, occupancy load) is of a transient nature and may
or may not be present at all times, or its distribution along the beam may be variable. The
transient nature of the live load has to be accounted for in shear design by using a shear
force envelope corresponding to the live load.

In a simply supported beam subjected to uniformly distributed live load, the shear
force is equal to zero at the midspan, whereas the maximum shear force develops at the
supports and is equal to V, /2, as illustrated in Figure 6.14a. (Note that V; denotes the uni-
form load resultant on the beam.) However, the shear force distribution is different when
the live load acts over half of the beam span (see Figure 6.14b). In that case, the shear force
at the midspan is equal to one eighth of the total live load resultant, that is, V, /8.

For design purposes, it is generally considered acceptable to develop the shear
force envelope by connecting the maximum shear force at the support (corresponding
to the uniform load distribution) and the shear force at the midspan (corresponding to
the live load acting on the half-span), as illustrated in Figure 6.14c.

Critical section for shear design In general, the maximum shear force in a concrete
member occurs at the face of the support (for uniformly loaded beams and slabs) or in the vicin-

ity of point loads. When a member supported by columns or walls acts in compression, the
compressive stresses in the support regions of the member cause an increase in shear strength

b

by vl dvy by

Vv, /2 V.2

v, /2 \
\I V2
vz

b) RRRRRR AR
3V,/8 V,/8

v [T~
r—— ]

VL/ 2 I\IVL/ 8

c)
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Figure 6.15 Design shear force
diagram for a beam subjected to
uniformly distributed load.

Figure 6.16 Influence of
support conditions on locations
of critical section for shear:

a) reaction introduces compres-
sion; b) reaction introduces
tension.
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to the member in that region. CSA A23.3 recognizes this behaviour, and C1.11.3.2 permits the
use of reduced design shear force in the support region. Consequently, sections located within
a distance d,, from the face of the support can be designed for the shear force (V) computed at
the distance d,. A typical simple beam with a shear force diagram is illustrated in Figure 6.15.
When the support reaction introduces tension, such as in the case of a hanging sup-
port, the critical section needs to be taken at the face of the support, as illustrated in Figure
6.16. When a load is applied to the side of the member, through brackets, ledges, or cross
beams, the strut-and-tie model may be used to detail the reinforcement and the connection
region (for more details on strut-and-tie model provisions, refer to CSA A23.3 Cl.11.4).

Variable stirrup spacing In most design applications, the shear force varies along the
beam length. Consequently, if designed strictly according to code equations, the stirrup size
and spacing will also vary continuously along the beam. This is, however, impractical due to
additional labour involved in placing stirrups accurately in the field when the spacing is vari-
able. Ideally, the designer will arrive at a cost-effective solution by optimizing the amount of
steel reinforcing and the labour time required to accurately place the stirrups. In the majority
of cases, a reasonable rule-of-thumb involves dividing the beam into three regions of shear
reinforcement, each with a constant stirrup spacing. These regions can be defined as follows:

* Region 0, where shear reinforcement is not required;
* Region 1, where the minimum shear reinforcement is required; and
* Region 2, where the full shear reinforcement is required.

The shear force requirements corresponding to these regions are summarized in Table 6.2.

A typical simply supported reinforced concrete beam subjected to a uniform load
is shown in Figure 6.17a, and the corresponding shear envelope diagram is shown in Figure
6.17b. In order to define Regions 1, 2, and 3, the designer needs to do the following:

TTension

—/—
yibid Vbbbl yybybyd

NY B
L

v
T Compression

a) b)




Figure 6.17 Variable stirrup
spacing: a) beam elevation;
b) shear envelope diagram
showing Regions 0, 1, and 2;
¢) stirrup arrangement.
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Table 6.2 Regions with constant stirrup spacing in a beam

Shear force range Stirrup spacing CSA A23.3 clause
Region 0 Vf =V Stirrups not required 11.2.8.1
Region 1 v.< Vf <V Spacing s; (maximum permitted
stirrup spacing) 11.2.8.2
Vrrm'n = Vc + vain 11.3.8.1
V. i COTTESponds to the maximum

permitted stirrup spacing;
that is, S = Spux

Region 2 Voiin = \? < ‘?max Spacing s, (full shear reinforcement) 11.3.5.1
Vo= Vi = Vo
¢, A f,d cotd
52 -
|4
W
a)
IRegion_l1 ﬁegion I1
_J\(' Region 2 " Region0 "Region 7 \f\“
meax
b)
1 meax
I
T
o b s, P
e S ! A
R R N L
- Stirrups Stirrups -
=|| I‘ @S, % % No stirrups IL ‘I @s, H‘
5,/2 J Stirrups Stirrups k 5,72
@ s, @ s,

First, perform linear interpolation to determine the distance x, from the face of the sup-
port corresponding to the force l? =V . and the distance x, corresponding to the
force lj, =V.

Next, determine the stirrup spacing s, and s, corresponding to Regions 1 and 2 (see
Figure 6.17c); this is illustrated in Example 6.5.
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Once the stirrup spacing has been determined, a sketch showing the stirrup arrange-
ment in the beam can be developed. In design practice, the first stirrup is usually placed at
a distance s, /2 away from the face of the support, where s, denotes the stirrup spacing in
the support region (see Figure 6.17¢).

6.7 | SHEAR DESIGN OF REINFORCED CONCRETE BEAMS
ACCORDING TO THE CSA A23.3 SIMPLIFIED
METHOD: SUMMARY AND DESIGN EXAMPLES

The shear design of concrete structures was discussed in detail in the previous sections. The
purpose of this section is to summarize the shear design provisions according to the CSA
A23.3 simplified method. As mentioned in previous chapters, “cookbook™ design solutions
are generally not available. However, the general steps related to shear design are outlined in
Checklist 6.1. Although the steps are presented in a certain sequence, it is not necessary to fol-
low the same sequence in all design situations. A few design examples will be presented to
illustrate the application of the CSA A23.3 simplified method for the shear design of beams.

Checklist 6.1 Shear Design According to the CSA A23.3 Simplified Method

Step Description Code Clause

1 Confirm that there is no significant tensile stress caused by the axial 11.3.6.3
load in the beam and that the simplified method can be used.

2 Determine the factored shear force (Vf} at a distance d from the support 11.3:2
(if applicable) and sketch the shear design envelope.

3 Determine the concrete shear resistance (V): 11.3.4
A233Eq. 11.6 V. = ABVS b, d, 6.12]
-+ Determine whether shear reinforcement is required and identify the region(s) in 11.2.8.1

which the reinforcement is required.
If V. <V, shear reinforcement is not required.
If V. = V, shear reinforcement is required.

5 a) If Vf = V., determine the required steel shear resistance (V): 11.3.5.1
V= V-
(Set b;, =V.)

b) Determine the required stirrup spacing (s):
¢ A f d cotd

i e 6.16
s v [6.16]

5

6 Check whether the spacing of shear reinforcement is within the maximum limits 11.3.8.1
prescribed by CSA A23.3; that is,

[600 mm]
L
WeT= | o

Confirm that s = 5, .

(Continued)
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Checklist 6.1 Continued

Step Description " Code Clause

7 Determine the minimum required shear reinforcement area (A, . ): 11.2.8.2

A233 Eq. 11.1 Amw=umvf(

Confirm that A, = A ..
Alternatively, calculate the maximum stirrup spacing corresponding to A as

b

§
o

) [6.18]

Av-f\-
= . 6.19]
0.06\V/f,' b,

5

8 a) Determine V,: 11.3.3

V=R eV [6.11]

b) Check whether V_is less than the maximum allowable value:
A23.3 Eq. 11.5 V.<maxV, = 025¢.f'b,d, [6.17]

9 Sketch a beam elevation showing the distribution of the shear reinforcement.

Exam ple 6.3 A simply supported reinforced concrete beam of rectangular cross-section is shown
in the figure below. The beam supports a uniform dead load (DL) of 24 kN/m and a
uniform live load (LL) of 10 kN/m. Use 25M flexural rebars, 10M stirrups, 40 mm
clear cover to the stirrups, and maximum 20 mm aggregate size.
Design the beam for shear according to the CSA A23.3 simplified method.

I

DL =24 kN/m
LL =10 kN/m

YOIy bbb dbbddby

400 | 400 600 mm
y ! —
6000 mm

L ]
i 1

Given: f.' = 25MPa

-

700 mm

f, = 400 MPa
b, = 0.65
b, = 0.85
A=1

SOLUTION: 1. Confirm that the CSA A23.3 simplified method can be used
Since the beam is not subjected to tensile stress due to axial load, the shear design can
be performed according to the CSA A23.3 simplified method.

2. Calculate the design shear force ( Vf@d‘,} at a distance d from the face of the sup-
port (A23.3 CL.11.3.2)
a) In order to determine "fr'@m-' the following will have to be calculated:
i) Effective depth (d):
* 10M stirrups: d; = 10 mm (see Table A.1)
* 25M flexural rebars: d, = 25 mm (see Table A.1)
+ cover to the stirrups: cover = 40 mm
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i

d,,
d=h—c0ver—d3—-2—

=700 mm — 40 mm — lOmm—stmm=63?mm“——"635mm

ii) Effective shear depth (d,):
d, is the effective shear depth taken as the greater of

L =[0.9d]_[o_gxﬁ35mm]

v ~ 10.72 x 700 mm

[572 mm]
0.72h

504 mm

Hence, d, = 570 mm.
ii) Clear span ([,):

o
"n=i_5{_§

04m 04m
-6m——~2 i 5.6

where b, = 0.4 m is the column width.

1v) Maximum shear force at the face of the support:

The factored load (wf) is determined according to NBC 2005 C1.4.1.3.2:
Wy = 1.25DL + L5 LL = 1.25(24 kN/m) + 1.5(10 kN/m) = 45 kN/m

and

_ WXL, 45KkN/m X 5.6m

Y 2 2

= 126 kN

v) Maximum shear force at the midspan ( l:’&m. dﬁm);

. (I.S LL)(%") " (1.5 X 10 kN/m) X (SﬁTm)

v;‘inidfpan = 4 - 4

42 kN
4

= 10.5kN

Now the factored shear force (Via) at a distance d, from the support can
be determined as

g
2 v
";@a‘v = %nidspan i jﬂ (‘:;’ i ";"m:‘d.rpau)
2
—-5'62"‘ - 0.57m
=105kN + | ———— | (126 kN — 10.5kN)
56m

2

102.5 kN = 103 kN
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b) Sketch the shear envelope diagram for the beam.

: [, = 5600 mm ,
126.0 ,
\\105
V, (kN)
105 S

126.0

c) Sketch the shear envelope diagram for the left half of the beam.

V, =126.0 kN

Vws= 103 kN

flad,~

1
1
I
I
I
]
I
]
]
]

10.5 kN

d, =570 mm
: [,/2 = 2800 mm

3. Determine the concrete shear resistance (V) (A23.3 CL.11.3.4)
Assume that the amount of shear reinforcement will be less than the minimum code
requirement (a conservative assumption). According to A23.3 C1.11.3.6.3,

230 230
= — =u. = (). Tabl .1 i
P 1000 + d, 1000 + 570 0.146 = 0.15 (see Table 6.1)
S0
V, = 6BV b,d, ]

0.65 X 1.0 X 0.15 X V25 MPa X 600 mm X 570 mm
166.7 X 103 N = 166 kN

Il

Il

4. Determine whether shear reinforcement is required and identify the region(s) in
which the reinforcement is required (A23.3 C1.11.2.8.1)
Ifv, < V., then shear reinforcement is not required.

Vg = 103 kN

and
103 kN < 166 kN
Therefore, 1} <V, and shear reinforcement is not required.
LT S e, (e, e S e e e e | [ e B . R e R e e e
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Example 6.4

Given:

SOLUTION:

Consider the beam discussed in Example 6.3. The beam needs to be designed for loads
with larger intensity, namely a uniformly distributed dead load (DL) of 70 kN/m and
a uniformly distributed live load (LL) of 30 kN/m. Use 25M longitudinal rebars, 10M
stirrups, 40 mm clear cover to the stirrups, and maximum 20 mm aggregate size.
Design the beam for shear according to the CSA A23.3 simplified method.

DL = 70 kN/m
LL = 30 kN/m
VUV VR VR VR A .
EI
o
j=]
M~
400 mm - - 400 mm 600 mm
J ! f—
| [ = 6000 mm )
I b |
f;.’ = 25 MPa
j;, = 400 MPa
. = 0.65
¢, = 0.85
A=1

1. Confirm that the CSA A23.3 simplified method can be used
Since the beam is not subjected to tensile stress due to axial load, the shear design can
be performed according to the CSA A23.3 simplified method.

2. Calculate the design shear force (V_@n,v] at a distance d, from the face of the sup-
port (A23.3 C1.11.3.2)
a) In order to determine Vi . . the following will have to be calculated:
i) Effective depth (d):

d = 635 mm (from Example 6.3).
i) Effective shear depth (d,):

d, = 570 mm (from Example 6.3).
iii) Clear span (,):

I, = 5.6 m (from Example 6.3).

iv) Maximum shear force at the face of the support:
The factored load (wf) is determined according to NBC 2005 Cl.4.1.3.2
(see Section 1.8):

wp = 1.25DL + L.SLL = 1.25(70 kN/m) + 1.5(30 kN/m)
= 132.5kN/m
and
_ we X 1, . 132.5kN/m X 5.6 m
f 2 2

v) Maximum shear force at the midspan ( Ej,mﬁm"}:

) |
1.5 LL(%) (1.5 X 30 kN/m) X (5'2"')

fmidspan — 4 = 4

= 371 kN

_ 126kN

= 31.5kN
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Now the factored shear force (\6‘@ 4 at a distance d,, from the support is

/ ‘
n
24
‘?@dv = V}midspan + ]" (vf - W‘Midxpun
\ 3
5.6
——23 ~057m
= 31.5kN +
5.6 m
2

b) Sketch the shear envelope diagram for the beam.

1, = 5600 mm

2

371.0

. V; @ midspan = 31.3
Y, (N)

371.0

¢) Sketch the shear envelope diagram for the left half of the beam.

371 kN

V, 4= 302 kN

d,= 570 mm

, 1,72 = 2800 mm

V.= 166 kN (from Example 6.3).

)

31.5kN

Determine the concrete shear resistance (V,) (A23.3 C1.11.3.4)

(371 kN — 31.5kN) = 302 kN

CSA A23.3 prescribes a higher V. value for the regions where the beam contains at

least the minimum shear reinforcement according to C1.11.2.8.2. In this case,

B = 0.18 (A23.3 C1.11.3.6.3)
Hence,

Vc = ¢(/\B \/;;‘7 bw dv

= 0.65(1)(0.18)V 25 MPa (600 mm)(570 mm) = 200 kN

[6.12]

To simplify the design, the lower V. value (166 kN) may be used when shear rein-
forcement is intended to be provided only where it is required by CSA A23.3. On the
other hand, the higher V_ value (200 kN) may be used when at least the minimum
shear reinforcement per C1.11.2.8.2 will be provided throughout the beam span.

Therefore, use

V. = 166 kN
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4. Determine whether shear reinforcement is required and identify the region(s) in

which the reinforcement is required (A23.3 CL.11.2.8.1)
If V. < V., then shear reinforcement is not required.

Viaay = 302kN and V, = 166 kN
302 kN > 166 kN

Therefore, shear reinforcement is required. At least minimum shear reinforcement
needs to be provided when lf} > V. (that is, when Vf > 166 kN).

a) Sketch a shear design envelope showing the following two regions in the beam:

* Region 1, where minimum shear reinforcement is required, Vp > V. (shaded); and
* Region 0, where shear reinforcement is not required, b} < V._(white).

Perform a linear interpolation to locate the distance from the face of the left support

(x), where
VJ,@_‘r = 166 kN
’ﬂ
5 =X
Il'j“@.r T "':fmr‘dspmr + ;ﬂ {Vj i %midqmn)
2
5.6 m
T —x
166 kN = 31.5kN + | —— | (371 kN — 31.5kN)
5.6m
2
166 kN — 31.5kN L 2By
339.5 kN 2.8m
x=169m=1.7m
L Region1 | Region 0 |
|

(min. shear !
reinf. required)

(no shear reinf.)

371kN

31.5kN

n x |

5. Determine the required stirrup spacing based on the steel shear resistance v,

(A23.3 CL.11.3.5.1)
a) Find the required V, value:

V. = Vo — V.
= 302 kN — 166 kN = 136 kN
V, = 136 kN

b) Find the required stirrup spacing (s).
i) Use two-legged 10M stirrups; the area of a 10M bar can be obtained from
Table A.1 as A, = 100 mm?; hence

A, = (#of legs) (Ap)

=2 X 100 mm? = 200 mm?
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ii) Calculate the s value.
Since this design has been performed according to the CSA A23.3 simplified
method, C1.11.3.6.3 prescribes that 8 = 35°,socot = 1.43:

d)s A‘,fy d cot 0
- %

5
_0.85 X 200 mm? X 400 MPa X 570 mm X 1.43
136 000 N

The s value obtained in this calculation needs to be compared with the CSA A23.3
prescribed limits, and the smallest of all values will be chosen for the design.

s {6.16]

= 408 mm

Calculate the stirrup spacing according to the CSA A23.3 requirements (A23.3
C1.11.2.8.2 and CI1.11.3.8.1)
Determine the maximum spacing of shear reinforcement (A23.3 C1.11.2.8.2):

Af,
S =————"F—"
0.06 V1.’ b,

200 mm? X 400 MPa

= = 444 mm = 440 mm
0.06\/25 MPa (600 mm)

[6.19]

Check whether the spacing is within the maximum limits prescribed by A23.3 C1.11.3.8.1:

. = [600mm] _ [ 600 mm ] B [600mm}
max = | 0.7d, 0.7 X 570 mm 399 mm

Hence, the maximum permitted spacing s, _is the smallest of

max
e 440 mm
* 600 mm
¢ 399 mm

Hence, 5,,,. = 399 mm < 408 mm
In this case, the maximum permitted spacing according to CSA A23.3 governs.
This is due to a low factored shear force (\?.

Therefore, use
s =400 mm

Check whether the strength requirement is satisfied (A23.3 C1.11.3.1)

a) Find the shear capacity (V) of the shear reinforcement (A23.3 CL.11.3.5.1).
Because this design has been performed according to the CSA A23.3 simplified
method, C1.11.3.6.3 prescribes that § = 35°, so cot § =1.43:

&b, A‘,fy d,cot 0
V=———

5 s [6.9]
_0.85 X 200 mm? X 400 MPa X 570 mm X 1.43
400 mm
=139 X 10°N = 139 kN
b) Find the factored shear resistance (V,) (A23.3 C1.11.3.3):
Vo=V, + V. +V [6.11]
= 166kN + 139kN + 0 = 305kN
¢) Check whether the CSA A23.3 strength requirement is satisfied; that is,
V.= Vf [6.10]
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S

ince

V, = 305kN > V,5, = 302 kN, the strength requirement is satisfied.

8. Check the maximum factored shear resistance ( V) (A23.3 CL.11.3.3)
The factored shear resistance for the beam section is

V, = 305 kN

According to A23.3 CL.11.3.3, the maximum permitted factored shear resistance
(max V) is

maxV, = 025¢. f.' b, d,

0.25 X 0.65 X 25 MPa X 600
1389 % 10° N = 1390 kN

Hence,

V.= 305 kN < 1390 kN, which is okay.

mm X 570 mm

[6.17]

9. Sketch a beam elevation showing the distribution of shear reinforcement
Note that the first stirrup is at a distance s/2 = 200 mm away from the face of the
support (this is common practice in the design of shear reinforcement).

200 mm

! I
I I
I 1
I !
1 1

4 @ 400

_Eﬁ—-l

10M

Typical stirrup

lr'_1800 mm | 2000 mm F 1800 mm |
L 5600 mm |
r 1
Exam ple 6.5 Consider the beam discussed in Example 6.3. The loads are further increased and the

beam needs to support a uniformly distributed dead load (DL) of 100 kN/m and a
uniformly distributed live load (LL) of 60 kN/m. Use 25M longitudinal rebars, 10M
stirrups, 40 mm clear cover to the stirrups, and maximum 20 mm aggregate size.
Design the beam for shear according to the CSA A23.3 simplified method.

DL = 100 kN/m
LL =60 kN/m

700 mm

Given: f'= 25MPa

f, = 400 MPa
¢, = 0.65

¢, = 085
A= 1

- 400 mm 600 mm
L f—

I



SHEAR DESIGN OF BEAMS AND ONE-WAY SLABS 297

SOLUTION: 1. Confirm that the CSA A23.3 simplified method can be used
Since the beam is not subjected to tensile stress due to axial load, the shear design can
be performed according to the CSA A23.3 simplified method.

2. Calculate the design shear force (Vf@dv) at a distance d, from the support
(A23.3 CL.11.3.2)
a) In order to determine \?@ 4» the following will have to be calculated:

i) Effective depth (d):
d = 635 mm (from Example 6.3).
it) Effective shear depth (d ):
d, = 570 mm (from Example 6.3).
iii) Clear span (/,):
[, = 5.6 m (from Example 6.3).

iv) Maximum shear force at the face of the support:
The factored load (wf) is determined according to NBC 2005 C1.4.1.3.2:

W= 1.25DL + 1.5LL = 1.25(100 kN/m) + 1.5(60 kN/m) = 215 kN/m

and
Yoo l,  215kN/m X 56m _ 502 kN
2 2 -
v) Maximum shear force at the midspan (Wm‘ dspan):
l
(1.5 LL)(?) (1.5 X 60 kN/m) X (567'“>
fmidspan = 4 = 4
252 kN
= 2kN = 63 kN
4
Now determine the factored shear force (‘?@ &) atadistance d,, from the support:
lll
2
‘?@dv = ‘;’midspun + ln (Vf - ‘_/frnidspan)
2
5.6
Tm ~057m
=63kN + | ———— [(602 kN — 63 kN)
56m
2

= 492 kN

b) Sketch the shear envelope diagram for the beam.

/. = 5600 mm

l\es kN at midspan
V, (kN)

-

602

1Y

602
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c¢) Sketch the shear design envelope for the left half of the beam.

602 kN V, g 4= 492 kN

63 kN

d,=570 mm
el

; [,/2 = 2800 mm .

3. Determine the concrete shear resistance (V) (A23.3 CL.11.3.4)

Based on Step 3 in Example 6.4, there are two V. values:

a) V.= 166 kN, where less than minimum shear reinforcement is provided;

b) V.= 200kN, where shear reinforcement exceeds the minimum as per A23.3
CL.11.2.8.2.

In this example, both values will be used, as discussed in the following steps.

Determine the region(s) where shear reinforcement is required (A23.3 CL.11.2.8.1)
The following regions can be identified depending on the magnitude of the shear force:
a) Region 0: Shear reinforcement is not required.

When 'v} < V., shear reinforcement is not required; that is,

V, <V, = 166 kN

Note that, in this case, a smaller V, value is used from Step 3 as it relates to the
region without shear reinforcement.
b) Region 1: Minimum shear reinforcement is required.
Region 1 is defined by the shear resistance corresponding to the code-prescribed max-
imum spacing of reinforcement. This was determined in Example 6.4, as follows:
i) Steel shear resistance (see Step 7 in Example 6.4):

V.= 139kN
ii) Concrete shear resistance V. (see the previous step):

It is anticipated that a larger than minimum shear reinforcement will be
provided, so we can use the larger V_ value; that is,

V.= 200kN
iii) Factored shear resistance L
V=V, +V,+V, (6.11]

= 200kN + 139 kN + 0 = 339 kN = 340 kN
iv) The upper bound shear force value for Region 1 is
V, = 340kN
v) The lower bound value is
V.= 166 kN
Hence, Region 1 is defined within the range
166 kKN < V, < 340kN

c) Region 2: Full shear reinforcement is required.
Region 2 requires the provision of shear reinforcement based on the steel shear
resistance corresponding to the design shear force (t}@ ) that is,

340KN <V, < Vg, = 492 kN
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d) Sketch a design shear envelope diagram showing the following three regions in
the beam:
* Region 0, where shear reinforcement is not required:

V! < V.= 166 kN (shown without a pattern on the diagram);

» Region I, where the minimum shear reinforcement is required:

166 kN < ‘.f:, < 340 kN (shown shaded on the diagram);

» Region 2, where the full shear reinforcement is required:

340kN <V, < Viq,, = 492 kN (shown hatched on the diagram).

e) Locate Regions 0, 1, and 2 on the shear envelope diagram.
This will be done using linear interpolation on the shear envelope diagram shown
on the sketch that follows.

i) Find the distance from the left support (x ), where

Viay, = 340N
Therefore,
!J'I
2%
"_,f@x! — "}i?tf:i\',rmn 7 [” (v]"— %nid.\'mm)
B,
5.6m
T =
340 kN = 63 kN + | ——— | (602 kN — 63 kN)
5.6m
2

340kN — 63kN  2.8m — x,
539 kN 28m

X =136m=14m

ii) Find the distance from the left support (x,), where

Vigy, = 166 kN
‘fn
i
%@xl = ‘j‘inids_mm i T {P}— %r:id.\-;mn‘]
2
5.6 m
_2_ =%
I66 KN = 63 kN + | ——— | (602 kN — 63 kN)
5.6m
2

166 kN — 63kN 2.8 m — x,
539 kN R

X, =226m=23m
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Region 2 Region 1 Region
| I |

L.
I 1 i 1
602 kN
492 kN
: 340 kN
: 166 kN
I l 63 kN
X, =14m
p——]
- X,=23m :
[2=28m

5. Determine the required spacing of shear reinforcement in Regions 1 and 2 (A23.3
CL1.3.5.1)

a) Region I:
s, = 400 mm (from Example 6.4)

b) Region 2:
In order to determine the required reinforcement spacing, the following will need
to be calculated:
i) The required V, value:

p=%-Y
= 492 kN — 200 kN = 292 kN
V, = 292 kN

ii) The required stirrup spacing (s):
Use two-legged 10M stirrups; the area of a 10M bar can be obtained from
Table A.1 as A, = 100 mm?; hence

A, = (#of legs)(A,)

2 X 100 mm? = 200 mm?
Find 6 according to A23.3 CI.11.3.6.3:
0 = 35°,socot = 1.43

Therefore,

b A, f,d,cot 0
Ly 2 = et ——
v“

0.85 X 200 mm? X 400 MPa X 570 mm X 1.43
292 000 N

[6.16]

190 mm

6. Calculate the maximum stirrup spacing according to the CSA A23.3 requirements
(A23.3 C1.11.2.8.2 and CL.11.3.8.1)
a) Region 1: This check was performed in Step 6 of Example 6.4.
b) Region 2:
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i) Find the maximum permitted spacing of shear reinforcement based on the
equation (A23.3 C1.11.2.8.2)

__ A

T 0.06VE. b,
200 mm? X 400 MPa
" 0.06V/25 MPa (600 mm)

[6.19]

= 444 mm = 440 mm

ii) Check whether the spacing is within the maximum limits prescribed by
A233 CL11.3.8.1:

{600 mm}
s, = =
max 0.7d,

600 mm ]

[600 mm}
0.7 X 570 mm

399 mm

iii) Hence, the maximum permitted spacing s is the smallest of

max
e 440 mm
e 600 mm
¢ 399 mm

Hence, s, , = 399 mm > 190 mm

In this case, the spacing corresponding to the required V, value for Region 2
determined in the previous step governs. Therefore, use

5, = 190 mm

7. Check whether the strength requirement is satisfied (A23.3 C1.11.3.1)
a) Region 1: This check was performed in Step 7 of Example 6.4.
b) Region 2:
i) Find the shear capacity (V,) of the shear reinforcement (A23.3 C1.11.3.5.1).
Since this design was performed according to the CSA A23.3 simplified
method, C1.11.3.6.3 prescribes that

6 = 35°,socot(6) = 143
b A, fy dcot o

s 5 [6.9]
_0.85 X200 mm? X 400 MPa X 570 mm X 1.43
190 mm
=292 X 10°N = 292 kN
i1) Find the factored shear resistance (V) (A23.3 CL.11.3.3):
V=V +V + Vp [6.11]
= 200kN + 292kN + 0 = 492 kN
iii) Check whether the CSA A23.3 strength requirement is satisfied; that is,
V.= ‘? [6.10]

Since
V, = 492 kN and Vf@ 4 = 492 kN, the strength requirement is satisfied.

8. Check the maximum permitted factored shear resistance (V) (A23.3 CL.11.3.3)
This calculation needs to be performed only for Region 2 reinforcement. The calcula-
tion for Region 1 reinforcement was done in Example 6.4 (Step 8).

The factored shear resistance for the beam section is

V, = 492 kN
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According to A23.3 CL.11.3.3, the maximum permitted factored shear resistance
(maxV) is

maxV, = 0.25¢.f. b, d, [6.17]

= 0.25 X 0.65 X 25 MPa X 600 mm X 570 mm = 1389 X 10’ N = [390 kN
Hence,
V, =492 kN < 1390 kN
which is okay.
9. Sketch a beam elevation showing the distribution of the shear reinforcement

Note the two different stirrup spacings s; = 400 mm and s, = 190 mm. Also note that

the first stirrup in the beam is located at a distance 5,/2 = 100 mm away from the face
of the support (this is common practice related to the design of shear reinforcement).

100 4 | 6@ 190 :3@400#720 4"3@400_5_ 6 @ 190 | =100

i 5600 .

Note from the above sketch that there are only three sets of stirrups at the 400 mm
spacing at each side of the beam. Therefore, a more practical alternative solution
would be to use the same stirrup spacing throughout the beam, as shown in the sketch
below. In that case, the smaller stirrup spacing corresponding to Region 2 should be
used; that is, s = 190 mm. This solution would result in a simplified on-site installation
and a potentiaily shorter installation time.

1004 F— 12 @ 190 I 840 E 12 @ 190 4 100

. 5600 ,

“

Learning from Examples

The above presented examples illustrated shear design for the same beam subjected to
different load levels, as follows:

Example 6.3: factored load w, = 45 kN/m

Example 6.4: factored load w, = 132.5kN/m

Example 6.5: factored load wy; = 215 kN/m

Note that there is a more than fourfold load increase between the designs considered in
Examples 6.3 and 6.5,

As a result of the difference in applied loads, different shear reinforcement require-
ments were obtained for these examples, as follows:

Example 6.3: shear reinforcement not required
Example 6.4: 10M@ 400 mm (10 stirrup sets in total)
Example 6.5: 10M@ 190 mm (24 stirrup sets in total)

It is interesting to note that the load increase between Examples 6.4 and 6.5 is on the
order of 60%; this has resulted in a doubling of the amount of shear reinforcement
(from 10 to 24 stirrup sets) between these two examples.
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SHEAR DESIGN OF SIMPLE ONE-WAY SLABS

The shear design of reinforced concrete one-way slabs and beams is very similar. For design
purposes, one-way slabs are treated as wide beams of a unit width (b,) equal to 1000 mm
and a depth (k) equal to the slab thickness. The general steps related to the shear design of
one-way slabs according to the CSA A23.3 simplified method are outlined in Checklist 6.1.

Flexure and deflections usually govern in slab design. (For more details on the behav-
iour of one-way slabs under flexure, the reader is referred to Sections 3.6 and 5.7.) Due to
the low shear loads in one-way slabs, shear reinforcement is usually not required, but the
shear check needs to be performed.

The shear design of simple one-way slabs will be illustrated with Example 6.6. Note
that the shear design of continuous one-way slabs will be discussed in Chapters 10 and 11.

0 —

Example 6.6

Given:

SOLUTION:

Consider the 300 mm thick reinforced concrete slab in the figure below (the same slab
was designed for flexure in Example 5.6). The slab spans 6 m (centre-to-centre between
the supports) and it supports a uniform dead load (DL) of 6 kPa (including self-weight)
and a uniform live load (LL) of 5 kPa. There are no constraints related to the selection
of the slab cross-sectional dimensions. Consider a 25 mm clear cover to the tension
steel; 15M bars are used for tension reinforcement and 20 mm maximum aggregate size
for the concrete. The concrete and steel material properties are given below.

Design the slab for shear according to the CSA A23.3 simplified method.

DL =6 kPa
LL=5kPa

JIIIII e dediddivved

300 mm |
J b, = 400 mm (typ.)
|
|

L 6000 mm
f

£ = 25MPa
f, = 400 MPa
¢, = 0.65

b, = 085
A= 1

1. Confirm that the CSA A23.3 simplified method can be used
Because the slab is not subjected to tensile stress due to axial load, the shear design
can be performed according to the CSA A23.3 simplified method.

2. Calculate the design shear force (Vf)
a) Find the clear span (/,):

b, b
L=l-5=5
04m 04m
—6m—-— ——— =156
2 2 5

where

b, =04m is the column width.
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b) Calculate the factored load (w)).

c)

d)

a)

b)

c)

d)

According to NBC 2005 C1.4.1.3.2,
w,= 125DL + L5LL = 1.25(6 kPa) + 1.5(5 kPa) = 15 kPa

However, for design purposes, one-way slabs are considered as rectangular beams
of unit width; that is,

b =1m
Therefore, the factored uniform load per metre of slab width is
w,=15kPa X 1m = I5kN/m

Find the maximum shear force at the face of the support.
Finally, the shear force at the face of the support can be determined as

WXL, ISKN/m X 5.6m
ST I 2

= 42 kN/m

In this example, there is no need to develop the shear force envelope because
shear effects in slabs are usually rather small.
Sketch the shear force diagram for the slab.

[, = 5600 mm J

420
\ V, (kN/m)

Determine the concrete shear resistance (V,) (A23.3 CL.11.3.9)

Find the effective depth (d):

* I5M flexural rebars: d, = 15 mm (see Table A.1)
* cover to the tension steel: cover = 25 mm (see Table A.1)

d=h- -2
cover 2

= 300 mm — 25 mm — A

= 267 mm

Find the effective shear depth (d).
The effective shear depth is taken as the greater of

s [0.90’} L {0.9 X 267 mm } _ [240mmJ
ki 0.72h 0.72 X 300 mm 216 mm

Hence, d, = 240 mm.
Determine the B8 value. Since

h = 300 mm < 350 mm

according to A23.3 CL.11.3.6.2, for slabs with an overall thickness not greater
than 350 mm, B8 = 0.21 can be used.

Finally, the V_ value can be determined as

V.= ¢ ABVS b, d, [6.12]
0.65 X 1.0 X 0.21 X V25 MPa X 1000 mm X 240 mm

163.8 X 10°N = 164 kN/m
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4. Determine whether shear reinforcement is required (A23.3 C1.11.2.8.1)
If Vi< V., then shear reinforcement is not required:

V=42 kN/m

and

42 kN/m < 164 kN/m

Therefore, V, < V. and shear reinforcement is not required.

i
T e

6.9 | DETAILING OF SHEAR REINFORCEMENT

Shear reinforcement has a significant role in providing the required shear resistance in concrete
beams. In most cases, shear reinforcement in the form of stirrups is used for this purpose, as
discussed in Section 6.4.1. Effective detailing of shear reinforcement is of primary importance
for the satisfactory performance of reinforced concrete flexural members. Inadequate detailing
can lead to excessive cracking and brittle failure of concrete members subjected to shear.
Various aspects of the design and detailing of shear reinforcement are discussed in this section.

A233CL12.13.1| Stirrup dimensions In general, shear reinforcement should be carried as close to the

top and bottom face of the member as cover requirements and the proximity of other rein-
forcement permit (see Figure 6.18a).

Stirrup bar diameter It is recommended to use the smallest bar sizes possible for
shear reinforcement, in general 15M bars or smaller. Smaller bar sizes ensure that the stir-
rups crossing diagonal tension cracks can develop yield stress at the ultimate. The use of
smaller bar sizes will result in closer stirrup spacing and will prevent the development of
excessively wide cracks.

A233CL12.132 | Anchorage of shear reinforcement In order for the stirrups to be effective, they need
C1.12.13.3 | to develop their full yield strength in tension over almost the full height (for example,
C1.12.13.5 | see Figure 6.12). This is impossible to accomplish with straight bars since the required

development length would be rather large, resulting in very deep beams (refer to Section 9.3

S_tandard Outside end
o ( stirrup hook f of the hook
Longitudinal -+
bar —_|
p [21_ >0331, Lap-spliced
15M h

/ stirrups
13 1{

1 (s]
L 135 Stirrups as close
to the top and bottom
face as possible

135" bend  a) b) c)

Figure 6.18 Anchorage of shear reinforcement: a) 15M and smaller stirrups; b) 20M and 25M stirrups;
c) lap-spliced stirrups.
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Figure 6.19 Support for

longitudinal bars.

6.10

6.10.1

Figure 6.20 Shear force in
a plain concrete member.

CHAPTER 6

_——Longitudinal bar

-

Stirrup

bend

for more details on development length). This is not feasible, and therefore stirrups are
normally provided with 90° or 135° hooks at their upper end.

According to A23.3 C1.7.1.2, a standard stirrup hook is characterized by a 135° (or
larger) bend. (For more details on stirrup hooks, refer to Section 9.5.) However, the
anchorage of shear reinforcement is also influenced by the size of stirrup reinforcement;
the related CSA A23.3 requirements are summarized in Figure 6.18. These requirements
can be summarized as follows:

+ For 15M or smaller stirrups, a standard hook should be used around each longitudinal
bar, as shown in Figure 6.18a (Cl.12.13.2).

* For 20M and 25M stirrups, a standard stirrup hook should be used around each longi-
tudinal bar; in addition, the embedment between the middepth of the member and the
outside end of the hook should be greater than or equal to 0.33/, where [, is the devel-
opment length of the stirrup, as shown in Figure 6.18b (C1.12.13.2).

* In deep members, particularly if the depth varies gradually, it is sometimes feasible to
use lap-spliced stirrups with a lap length of 1.3/, as shown in Figure 6.18¢c (C1.12.13.5).

» Each bend in a stirrup should enclose a longitudinal bar (C1.12.13.3); this requirement
is illustrated on an example of a beam with four-legged stirrups in Figure 6.19.

SHEAR FRICTION (INTERFACE SHEAR TRANSFER)
Background

Let us examine the shear resistance of the plain concrete member shown in Figure 6.20.
The member is subjected to a shear force (V) of increasing magnitude. At a low force level,
the shear resistance is provided by the concrete. However, the concrete shear resistance
(V) is rather limited and the shear failure of concrete is brittle and sudden. (For more
details on concrete shear resistance, refer to Section 6.3.2.) Therefore, concrete shear
resistance will be neglected in this discussion.

When the shear force in the member becomes large enough, cracking takes place across
a shear plane (also called interface), as shown in Figure 6.20. Cracks in monolithically

Shear plane




Figure 6.21 Cracking in

a monolithically placed plain
concrete member: a) a random
crack propagates either through
the cement paste or at the
interface between the cement
paste and the aggregate;

b) aggregate interlock
mechanism.

Figure 6.22 Tension stress
developed in reinforcing steel
provides shear friction resistance
across the concrete surface.
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o Direction of
0 movement

Direction of
movement

a) b)

placed concrete members develop in a random fashion, either in the cement paste or at the
interface between the cement paste and the aggregates, as shown in Figure 6.21a.

Once the shear force is sufficiently large to cause cracking, portions of the member on
either side of the crack tend to move apart in the perpendicular direction before they slide
relative to one another in the direction of the shear force, as shown in Figure 6.21b. This
phenomenon, known as the aggregate interlock mechanism, is critical for concrete shear
resistance at an interface.

When a crack develops, the reinforcing steel across the cracked plane provides the shear
resistance. Tension stresses in steel are caused by the shear force across the cracked inter-
face; this is known as the shear friction mechanism (see Figure 6.22). In order to provide the
required shear resistance, the steel must be properly developed on either side of the crack.
(Refer to Section 9.3 for more details related to anchorage requirements for reinforcing bars.)

Until now, the discussion has been focused on monolithically placed concrete members,
that is, concrete members placed simultaneously (or within a short time-frame). However, in
renovations or upgrades of existing buildings, it is often necessary to add a new concrete
member adjacent to an older existing member. In this case, only a marginal bond exists
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6.10.2

A233 Eq. 11.24

A233 Eq. 11.26

Figure 6.23 The angle (af)
between the shear friction
reinforcement and the shear
plane.
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between the new and the existing concrete; this can be considered as if a crack exists at the
interface between the members. In a typical case, the existing member has a smooth formed
surface, hence the aggregate interlock resistance characteristic of monolithic concrete is not
available. However, some shear resistance can be supplied through the friction between the
two surfaces (smooth concrete-to-concrete interfaces are characterized by a coefficient of
friction of approximately 0.45). The reinforcing steel crossing the shear plane provides shear
resistance by means of the shear friction mechanism. However, the shear resistance at the
interface between the two smooth surfaces is significantly lower than at the interfaces in
monolithic structures that can develop resistance through the aggregate interlock mechanism.

The shear resistance at the interface between the existing hardened concrete and the new con-
crete can be improved if the existing concrete can be intentionally roughened; this will minimize
the chances of sliding between the new and the existing concrete. For example, the shear resist-
ance across an interface can be significantly increased when the surface is randomly roughened
to amplitudes of at least 5 mm in order to develop the aggregate interlock mechanism.

CSA A23.3 Design Requirements

The CSA A23.3 provisions related to shear resistance across interfaces are included
in CL.11.5. The factored shear resistance across an interface (v,) can be determined as
follows:

v,=Ad, (c+ po)+ o.p, f,cos o (MPa) [6.20}
where

A (c + po)=025¢.f’

]

the cohesion stress (MPa)

the coefficient of friction

the effective normal stress

the angle between the shear friction reinforcement and the shear plane
(see Figure 6.23)

p, = Avf /A, is the ratio of shear friction reinforcement

= the area of shear friction reinforcement

= the area of the concrete section resisting shear transfer.

I

c
n
14

o,

A‘f/'
A

The effective normal stress (o) can be determined as

. N
o= pvf_v sin a, + 1—4—; [6.21]
where
A P the gross area of the section
N = the unfactored permanent load perpendicular to the shear plane (positive for com-

pression and negative for tension).

CSA A23.3 prescribes different ¢ and p values depending on the condition of the interface
(see Table 6.3).
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Table 6.3 ¢ and u values according to CSA A23.3 Cl.11.5.2

¢ (MPa) 7
a) Concrete placed against hardened concrete with 0.25 0.6
the surface clean but not intentionally roughened
b) Concrete placed against hardened concrete with 0.5 1.0
the surface clean and intentionally roughened to
a full amplitude of at least 5 mm
¢) Concrete placed monolithically 1.0 1.4
d) Concrete anchored to as-rolled structural steel 0 0.6

by headed studs or by reinforcing bars

(Source: CSA A23.3 CL.11.5.2, reproduced with the permission of the Canadian Standards
Association)

Example 6.7

Given:

SOLUTION:

A partial plan view of a 200 mm thick reinforced concrete slab with a stair opening is
shown in the figure below. The design requires that a seismic shear force of 2000 kN be
transferred from the slab to the shear wall below via the 5 m long section of the slab adja-
cent to the stair opening. The concrete will be placed monolithically in this construction.
Design the slab to resist the shear force by providing 20M vertical steel rebars across the
shear plane in accordance with CSA A23.3 Cl.11.5.

Shear wall below

- A

V, =2000 kl

/ V,=2000 kN| 5™
<> _‘___-___--__:>

\Stair opening

£ = 25MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
A= 1

1. Determine ¢ and p
Since the concrete is placed monolithically, ¢ and p according to A23.3 CL.11.5.2(c) are

¢ = 1.00 MPa
n= 140

2. Find the angle o
For reinforcement perpendicular to the plane of shear force,

o= 90°, hence ¢c0s90° = 0 and sin90° =1

3. Determine the factored shear stress (v} across the interface
The interface is defined by the length of the slab section as

! = 5000 mm
and the slab thickness is

t = 200 mm
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Therefore, the area of the concrete section resisting the shear transfer (A o) 18
A, =1X1t=5000mm X 200mm = 1 X 10° mm?2

The factored shear stress is equal to the ratio of the factored shear force acting to the

area A
R
§ A(‘\‘
2000 X 103N
e s T 2MPa
1 X 10° mm
For further calculations, assume that the shear resistance is equal to the shear stress;
that is,
v, =V

4. Determine the effective normal stress (o)
o can be determined from the v_equation:

v, = A, (c + po) + b,p, ficos a, [6.20]

Since a, = 90° and cos 90° = 0
v, = A, (c + po)

Because all the parameters excepl o are known, we can determine o as

=
Ad,
o=
73
2
= 140 = 1.48 MPa

5. Find the required area of shear friction reinforcement va}
This can be determined from the equation

N

A23.3Eq. 11.26 o=p, fsina, +— [6.21]
vy f A
g

Since N = 0 and sin o= 1 (due to a,= 90°),
o=p,f = 148 MPa

Hence,
o 1.48 MPa
== =———— =0,0037
P = r T Joompa O

Next, determine the required area of reinforcement from the equation
Ay
Py =75
* A('l‘
It follows that
A»_-r = prodAlL,
= 0.0037 X | X 10°mm? = 3700 mm?2

The area of one 20M bar is 300 mm? (see Table A. 1). Therefore, use 13-20M bars;
that is,

A,;= 13 X 300 mm? = 3900 mm? > 3700 mm?
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This area is equivalent to 20M@350 mm o.c., as shown in the sketch below. Note that the
reinforcing bars must have sufficient development length (/ ) on either side of the inter-
face (see Section 9.3 for more details on reinforcement anchorage requirements).

13 - 20M @ 350 mm o.c.

'

-

SUMMARY AND REVIEW — SHEAR DESIGN OF BEAMS
AND ONE-WAY SLABS

Failure modes in reinforced
concrete beams subjected to
flexure and shear

Shear reinforcement in
reinforced concrete beams

In most cases, bending moments in reinforced concrete members are accompanied by inter-
nal forces, acting parallel to a beam cross-section, called shear forces. Shear and flexure
effects are related, and a shear force can be considered as an internal force caused by flexure.
The shear design of concrete members needs to be performed in most design applications.

There are three main failure modes typical of reinforced concrete beams subjected to flex-
ure and shear:

» flexural
+ diagonal tension
» shear compression

Flexural (steel-controlled) failure is a ductile failure mode characterized by the
yielding of tension steel. It is the most desirable of all three modes.

The diagonal tension and shear compression failure modes are governed by shear.
Shear failures are generally sudden and brittle and should be avoided in design applications.

The shear resistance of beams susceptible to shear failure can be greatly increased by pro-
viding properly designed shear reinforcement.

Shear reinforcement can effectively contribute to enhancing the shear resistance of the
beam in two ways:

+ by carrying a portion of the shear load through a sudden increase in tensile forces after
the formation of inclined cracking

» by limiting the width and spread of inclined cracks and preventing the occurrence of
sudden and brittle failure

Shear reinforcement is usually designed for excess shear; that is, the difference between the
shear force (V) acting on the beam section and the concrete shear resistance (V).
The following types of shear reinforcement are permitted by CSA A23.3 (Cl.11.2.4):

« vertical stirrups

+ inclined stirrups at an angle of 45° or more
» bent-up longitudinal bars

+ welded wire fabric

* spirals
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Key factors influencing shear
resistance of reinforced concrete
beams

The shear resistance of concrete beams with shear reinforcement is provided by concrete
and steel.

The concrete shear resistance (V) is usually taken as the shear force that causes the
first inclined crack. The main factors influencing concrete shear resistance are: the con-
crete tensile strength, the longitudinal reinforcement ratio, and the axial forces in the beam.

The steel shear resistance (V,) is provided by stirrups crossing an inclined crack
plane at an angle € to the longitudinal beam axis. It is assumed that stirrups resist shear by
yielding in tension.

CSA A23.3 simplified method
for shear design

The strength requirement is the main CSA A23.3 requirement related to the simplified
method for shear design (C1.11.3.1).
CSA A23.3 also prescribes the procedure to determine

* the factored shear resistance (V) (C1.11.3.3)
* the concrete shear resistance ( V) (CL11.3.4)
¢ the steel shear resistance (V) (CL11.3.5.1)

The following limitations are set by CSA A23.3 as related to the amount and spacing of
shear reinforcement:

* maximum factored shear resistance (Cl1.11.3.3)

* maximum spacing of transverse shear reinforcement (C1.11.3.8.1)
* required provision of shear reinforcement (C1.11.2.8.1)

* minimum area of shear reinforcement (C1.11.2.8.2)

PROBLEMS

6.1. a) Which failure modes are characteristic of rein- four-legged 10M stirrups at 400 mm spacing and 25M
forced concrete beams subjected to flexure and longitudinal rebars. The clear cover to the stirrups is
shear? 40 mm. The maximum aggregate size is 20 mm.
b) Which of these modes is the most desirable and Determine the factored shear resistance for this
why? Explain. section according to the CSA A23.3 simplified method.
6.2.  Can shear failure in reinforced concrete beams be E
avoided by design? Explain. ( &SP 1 9
6.3.  Anunreinforced concrete beam is shown on the figure
below. E
Sketch approximate stress trajectories for this = |_10M @ 400
beam for the following load cases: G H
a) uniformly distributed load (w) =
b) point load (P) at the tip of the cantilever
Use a dashed line to denote compression and a solid L. e o %/F%M
line to denote tension. R 40 mm clear
L b=600mm |
- — - Compression r 1
- _
? — Tension Given:
? f.! = 25 MPa (normal-density concrete)
? f, = 400 MPa
? 6.5. A typical cross-section of a reinforced concrete
? beam is shown in the figure that follows. The beam
" is subjected to a factored shear force (V;) of 300 kN.
There is a 30 mm clear cover to the stirrups. The
6.4. A reinforced concrete beam of 600 mm by 800 mm maximum aggregate size is 20 mm. The concrete

rectangular cross-section has been designed using

and steel material properties are given.
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Determine the required spacing of 10M stirrups
according to the CSA A23.3 simplified method.

| 300 mm

_} o A L, —10M stirrups
£
£
o
(o]
©
|13 - 25M
Given:

f.! = 25 MPa (normal-density concrete)
f, = 400 MPa

A simply supported reinforced concrete beam of rec-

tangular cross-section is shown in the figure below. The

beam supports a uniform dead load (DL) of 120 kN/m

(including its own weight) and a uniform live load (L.L)

of 60 kN/m, and it is reinforced with 30M longitudinal

rebars with a 40 mm clear cover to the stirrups. The
maximum aggregate size is 20 mm. The concrete and
steel material properties are given below.

a) Design the required spacing of 10M stirrups for
this beam according to the CSA A23.3 simpli-
fied method for shear design. Sketch a beam
elevation showing the stirrup arrangement.
Develop a solution using the same stirrup spac-
ing throughout the beam (in the region where
the stirrups are required).

b) Develop an alternative solution using two dif-
ferent stirrup spacings (in the region where the
stirrups are required).

¢) Which solution would you use if you were faced
with a similar problem in a design office? Explain.

DL = 120 kN/m
LL =60 kN/m

Yo dddvdibvbbyvdy

400 mm*Avl» -1¢‘«4oo mm
- 6000 mm o

Given:
b = 600 mm
h = 800 mm

f,' = 25 MPa (normal-density concrete)
fy = 400 MPa

6.7.

6.8.

6.9.

[Za)
400 mm»r 400 mm
- L 2000 mm -
e
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A simply supported reinforced concrete beam of
rectangular cross-section is shown in the figure below.
The beam depth tapers from 1200 mm to 600 mm,
while the width is constant throughout the span.
The beam supports a uniform dead load (DL) of
150 kN/m (including its own weight) and a uniform
live load (LL) of 60 kN/m. The beam is reinforced with
25M longitudinal rebars with a 40 mm clear cover to the
stirrups. The maximum aggregate size is 20 mm. The
concrete and steel material properties are given below.

Determine the required spacing of 10M stirrups
in the beam according to the CSA A23.3 simplified
method and sketch the stirrup arrangement.

DL = 150 kN/m
LL = 60 kN/m

YYyyyvvvyvivvbyddye

1200 m

1
1
X 4000 mm \
t

I
Given:
b = 600 mm
fc’ = 25 MPa (normal-density concrete)
fy = 400 MPa

A simply supported reinforced concrete beam of
rectangular cross-section spans over 7500 mm; the
support width is equal to 400 mm. The beam is sub-
jected to a total factored load (Wy) (including self-
weight) of 75 kN/m. The beam is reinforced
with 25M longitudinal rebars (a 30 mm clear cover
to the stirrups has to be provided). The maxi-
mum aggregate size is 20 mm. Consider that the
shear force at the midspan is equal to zero. The con-
crete and steel material properties are given below.

Determine the required spacing of 10M stirrups
in the beam according to the CSA A23.3 simplified
method. Sketch the stirrup arrangement.

Given:

b = 600 mm

h = 800 mm
f,' = 25 MPa (normal-density concrete)
fy = 400 MPa

A simply supported reinforced concrete beam of rec-
tangular cross-section is shown in the figure that fol-
lows. The beam supports a uniform dead load (DL) of
100 kN/m (including its own weight) and a uniform
live load (LL) of 40 kN/m. The beam also supports a
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point dead load (Pp,) of 500 kN and a point live load
(P, ) of 100 kN. The beam is reinforced with 30M lon-
gitudinal rebars, and a 40 mm clear cover to the stirrups
has been provided. The maximum aggregate size is
20 mm. The concrete and steel material properties are
given below.

Determine the required spacing for 15M stirrups
according to the CSA A23.3 simplified method.
Summarize the design on a sketch showing the stir-
rup arrangement.

DL = 100 kN/m
LL = 40 kN/m

Po. = 500 kN
P, = 100 kN

RS VNV

400 A{FEQI M 400 mm

ot

" 6000 mm |
I 1
Given:
b = 600 mm
h = 800 mm
f.' = 25 MPa (normal-density concrete)
f, = 400 MPa

6.10. The reinforced concrete beam of rectangular cross-
section in the figure below supports a point dead
load (P},,) of 1000 kN and a point live load (Py) of
400 kN (neglect the effect of the beam self-weight).
The beam is reinforced with 30M longitudinal rebars
with a 40 mm clear cover to the stirrups. The maxi-
mum aggregate size is 20 mm. The concrete and
steel material properties are given below.

Design the shear reinforcement for this beam
according to the CSA A23.3 simplified method. Use
two-legged 15M stirrups for the design. Sketch the
stirrup arrangement.

Py, = 1000 kN
£ P, = 400 kN 2
£ —11
S E
@ 81
400 mm 2400 mm
\ 2000 mm . 1000 mmY,
I l 1
Given:
b = 500 mm

f." = 25 MPa (normal-density concrete)
f, = 400 MPa

6.11. A simply supported reinforced concrete beam with
an overhang is shown in the figure below. The beam
supports a uniform dead load (DL) of 100 kN/m
(including its own weight) and a uniform live load
(LL) of 40 kN/m. The beam is also subjected to an
uplift point load (P,,) of 500 kN, as shown in the
figure. The beam is of rectangular cross-section and
it is reinforced with 30M longitudinal rebars and it
has a 40 mm clear cover to the stirrups. The maxi-
mum aggregate size is 20 mm. The concrete and
steel material properties are given below.

Design the shear reinforcement for this beam
according to the CSA A23.3 simplified method using
two-legged 10M stirrups. Summarize the design on a
sketch showing the stirrup arrangement.

DL = 100 kN/m P_. =500 kN
LL = 40 kN/m A

RNV VIV

400 mm 1 ;
(typical)— AVL M |

f—

4000 mm 1 2000 mm
R

}‘; !
Given:
b = 500 mm
h = 700 mm
f,) = 25 MPa (normal-density concrete)
f, = 400 MPa

Consider the 200 mm thick reinforced concrete
slab in the figure below. The slab is supported by a
200 mm thick wall at one end and a 400 mm wide
beam at the other. The slab supports a uniform dead
load (DL) of 6 kPa (in addition to its own weight)
and a uniform live load (LL) of 2 kPa and it is rein-
forced with 15M flexural rebars at 300 mm spacing.
The maximum aggregate size is 20 mm and the clear
cover to the reinforcement is 20 mm. The concrete
and steel material properties are given below.

Verify whether the shear resistance of the slab is ade-
quate according to the CSA A23.3 simplified method. Is
shear reinforcement required in this case?

6.12.

DL = 6 kPa
LL=2kPa
vyvedvdvvvd b PP vididy
200mm} = — 1| E
i 15M @ 300 g
200 4800 mm 400,
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Given:

f,' = 25 MPa (normal-density concrete)
f, = 400 MPa
Y,, = 24 kN/m?3

6.13. A simply supported reinforced concrete beam of

rectangular cross-section is hung on the left end by
a 400 mm square concrete post working in tension, as
shown in the figure below. The beamn supports a uni-
form dead load (DL) of 100 kN/m (excluding its own
weight) and a uniform live load (LL) of 40 kN/m.
The beam is reinforced with 25M longitudinal rebars
with a 40 mm clear cover to the stirrups. The maxi-
mum aggregate size is 20 mm. The concrete and steel
material properties are given below.

Design the shear reinforcement for this beam accord-
ing to the CSA A23.3 simplified method. Use 10M stir-
rups in the design. Summarize the results of your design
on a sketch showing the stirrup arrangement.

400 mm x400 mm DL = 100 kN/m

e—

LL =40 kN/m

YYVVYVYVYYYVYVYYYYY

B g

f'400 mm x400 mm
L 3000 mm ‘lf\.
[ 1
Given:
b = 400 mm
h = 600 mm
f,' = 25 MPa (normal-density concrete)
f, = 400 MPa
Y, = 24 kN/m?

6.14.

A 500 mm wide reinforced concrete beam is shown
in the figure that follows. The beam is subjected to a
factored uniform load (w)) of 25 kN/m (including its
own weight) and a factored point load (1}) of 500 kN,
as shown in the figure. The beam is reinforced with
30M longitudinal rebars, and a 40 mm clear cover to
the stirrups has been provided. The maximum aggre-
gate size is 20 mm. The concrete and steel material
properties are given below.

Design the shear reinforcement for this beam accord-
ing to the CSA A23.3 simplified method. Use 10M stir-
rups in the design. Summarize the results of your design
on a sketch showing the stirrup arrangement.

Given:

b = 500 mm
f,' = 30 MPa (normal-density concrete)
f, = 400 MPa

315

P, =500 kN

W, =25 kN/m

\ 2R}

100

¢¢¢¢¢¢¢¢¢¢¢¢¢i&¢¢¢
2

400 mm

] 4400 mm
4/«

3m | 45m

har

6.15.

|
I 1

A 300 mm wide by 600 mm deep beam shown in the
figure below is proposed to be cast between two exist-
ing walls A and B. One proposal is to roughen wall A
only to minimum 5 mm amplitude at the interface of
the new beam. Wall B was originally cast with good-
quality smooth formply and will be cleaned prior to

* casting the new beam.

Existing
wall A

Determine the area of shear friction reinforce-
ment required at the beam supports according to
the CSA A23.3 requirements.

Do you believe that this solution is good for the
right support?

What measures would you take during the site
inspection to ensure that the aggregate interlock
mechanism develops at the left support?

a)

b)

)

Given:

f,' = 30 MPa (normal-density concrete)
f, = 400 MPa

W, =100 kN/m

Vv dbb by

Not roughened

Existing
,~Roughened to wall B

min. 5 mm amplitude

6.16.

/‘»

6m

Consider the beam design discussed in Problem 6.15.
Suppose you specified the use of an epoxy adhesive
that would require the rebars to be drilled to a depth
of 250 mm into the existing walls to develop their full
strength. However, the existing concrete has incon-
sistencies and the contractor experienced problems
while drilling 250 mm deep holes at some locations.
For approximately 50% of the holes, the contractor
can drill only 150 mm deep (or 100 mm shallower
than the specified depth). To compensate for the
inability to meet the design specifications, the con-
tractor offers to drill the remaining holes 350 mm
deep, that is, 100 mm deeper than the specified depth.

Is this solution acceptable if the design requires
every rebar to develop to its full strength? Explain
your reasoning.
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7.1

1.2

b
After reading this chapter, you should be able to

identify the main torsional failure modes

outline the key factors influencing the behaviour and resistance of concrete beams
subjected to torsion

design reinforced concrete beams for torsion and the combined torsion, shear,
and/or flexure loads according to the CSA A23.3 simplified method

INTRODUCTION

Torsion (torque) is a moment that tends to twist a member around its longitudinal axis.
Reinforced concrete structures are often subjected to torsional moments, which cause
shear stresses. In the past, engineers often ignored torsional effects in the design of con-
crete structures. Until the 1960s, code references to torsion were mainly based on the
assumptions of concrete as a homogeneous isotropic material. Torsion is often combined
with shear, flexure, and/or axial loads.

The fundamental principles of design for torsional effects are discussed in this chap-
ter. CSA A23.3 proposes two basic design methods for torsion: the simplified method
and the general method. The main focus in this chapter is on the simplified method of
design for torsion, in terms of both the theoretical background and the design examples.

Torsional effects on reinforced concrete members are significantly influenced by the type
of structural system (statically determinate or indeterminate), as explained in Section 7.2. The
behaviour of concrete beams subjected to torsion is discussed in Section 7.3. The torsional
resistance of reinforced concrete beams is explained in Section 7.4. Design for combined tor-
sion, shear, and flexure effects is outlined in Section 7.5. The CSA A23.3 requirements for the
simplified method for torsion design are summarized in Section 7.6. Recommendations for
the detailing of torsional reinforcement are presented in Section 7.7. Practical considerations
related to design for torsion are outlined in Section 7.8. A summary of the CSA A23.3 tor-
sional design provisions and a design example are presented in Section 7.9.

TORSIONAL EFFECTS

Torsional moments develop in statically determinate structures as a result of the equilibrium
between external and internal forces — this type of torsion is often called equilibrium tor-
sion. In the case of equilibrium torsion, a structure may collapse when torsional resistance
cannot be provided. The beam supporting an eccentrically built masonry wall in Figure 7.1a
is subjected to equilibrium torsion,




Figure 7.1 Examples of
structures subjected to torsion:
a) statically determinate torsion;
b) statically indeterminate
torsion.
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/- Spandrel beam

a) b)

In statically indeterminate structures, torsional moments are caused by the continuity
of concrete construction. The torsion develops in a structural element that is restrained at
its ends and has to twist in order to maintain the compatibility of deformations, hence the
name compatibility torsion (or statically indeterminate torsion). When this effect is disre-
garded in the design, concrete members will develop extensive cracks; however, failure
may be avoided due to the redistribution of moments to the adjacent structural members in
a continuous structure. Spandrel beams (edge beams) in concrete floor structures are often
subjected to compatibility torsion, as illustrated in Figure 7.1b. Compatibility torsion is
more common in concrete structures than equilibrium torsion.

7.3

Torsional effects on reinforced concrete members are significantly influenced by the
type of structural system (statically determinate or indeterminate).

In statically determinate structures, torsional moments develop as a result of the
equilibrium between external and internal forces — this type of torsion is often called
equilibrium torsion.

Torsional moments in statically indeterminate structures develop in structural ele-
ments restrained at the ends that have to twist in order to maintain the compatibility of
deformations, hence the name compatibility torsion (or statically indeterminate torsion).

BEHAVIOUR OF CONCRETE BEAMS
SUBJECTED TO TORSION

Consider the cantilevered concrete beam of rectangular cross-section subjected to an exter-
nal torque (7) in Figure 7.2a. The torsion causes shear stresses all around the beam sec-
tion (called torsional shear stresses in the rest of this chapter), as shown on section A-A
in Figure 7.2b. When a beam is subjected to pure torsion, the principal stresses are equal
to the torsional shear stresses and they develop under a 45° angle to the longitudinal beam
axis. The principal tensile stresses ultimately cause cracking in the beam. The cracking
pattern is illustrated in Figure 7.2b. Note that the cracks spiral around the beam. The tor-
sional moment that causes the cracking is called the torsional cracking resistance and is
denoted as T ,. A plain concrete beam will fail shortly after the cracking has begun.
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Figure 7.2  Stress distribution
and cracking in a beam subjected

to torsion: a) deformed shape

and principal stresses; b) crack-

ing pattern; c) distribution of
torsional shear stresses within
a cross-section.
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a) ?
=
v
c)
—
==
= Section A-A
b) =
=

As in the case of shear design, it is clear that steel reinforcement needs to be provided
in order to improve the torsional resistance of a beam. To be effective in resisting torsional
effects, torsional reinforcement needs to cross the torsion-induced cracks. The cracking
pattern characteristic of the behaviour of beams subjected to torsion spirals around the
beam, crossing all four faces of a beam section. Consequently, it is necessary to provide
both longitudinal reinforcement, distributed all around the section, and transverse rein-
forcement (stirrups). Note that the addition of longitudinal steel reinforcement by itself has
a very limited effect in resisting torsion and that the stirrups have a more significant role in
providing torsional resistance. Given that torsional cracks spiral around the section, closed
stirrups need to be provided, which is not a requirement in the case of beam shear design.
The design of torsional reinforcement will be discussed in this chapter.

It is important to note that the torsional shear stresses are largest at the outer fibres of a
cross-section, as illustrated in section A-A of Figure 7.2¢. In fact, the outer face of the beam
cross-section (analogous to a concrete tube containing the reinforcement) is essential for
providing torsional resistance. This was confirmed by tests on hollow and solid beams with
the same amount and distribution of reinforcement, as reported by MacGregor and Bartlett
(2000). Tests have shown that the torsional resistance of hollow and solid beams is virtual ly
identical, which indicates that the concrete core is ineffective in resisting torsional effects.
Section A-A in Figure 7.2c shows that the torsional shear stresses increase from zero at the
centroid of the section to the maximum value at the outer face.

It should also be noted that torsional stiffness is significantly reduced after cracking.
Before cracking, the torsional stiffness is equal to the slope of the torque-twist diagram in
Figure 7.3. Once the cracking takes place, the stiffness can be considered equal to the slope
of the radial line through the origin and the point under consideration on the torque-twist
diagram. According to the tests reported by MacGregor and Bartlett (2000), immediately
after cracking the stiffness drops to 20% of its initial value. At failure, the stiffness amounts
to less than 10% of the uncracked value.

The ultimate torsional resistance of beams with torsional reinforcement exceeds T.,.The
behaviour of cracked concrete beams can be studied by observing the torque—angle-of-twist
diagram for the concrete beam in Figure 7.3. Before cracking, there is no difference in tor-
sional behaviour between a reinforced and a plain concrete beam with the same dimensions.
After cracking, the angle of twist increases at constant torque due to the redistribution of
forces between the concrete (which has lost its torsional resistance) and the steel reinforce-
ment (which becomes effective only after cracking).




Figure 7.3 Torque-angle-
of-twist diagram for a reinforced
concrete beam.

1.4

7.4.1
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Failure in reinforced concrete beams subjected to torsion can occur by either the yielding
of stirrups and longitudinal reinforcement (in lightly reinforced beams) or the crushing of
concrete between the inclined cracks before the reinforcement yields (in overreinforced
beams). The former failure mode is ductile and therefore more desirable than the latter.

Failure in reinforced concrete beams subjected to torsion can occur by either the yielding of
reinforcement (in lightly reinforced beams) or the crushing of concrete (in overreinforced
beams). Reinforcement yielding failure is more desirable than concrete crushing failure.

The cracking pattern characteristic of the behaviour of beams subjected to torsion
spirals around the beam; therefore, both longitudinal bars distributed all around the
beam cross-section and closed transverse reinforcement (stirrups) are essential for
resisting the torsional effects.

Torsional shear stresses are largest at the outer fibres of a beam cross-section.
Therefore, the outer face of a beam cross-section is essential in providing torsional
resistance (similar to a concrete tube containing reinforcement). The concrete core is
not effective in resisting torsion due to the small shear stresses developed in that zone.

TORSIONAL RESISTANCE OF REINFORCED
CONCRETE BEAMS

Background

The two main methods related to the design of concrete structures for torsion are the skew
bending theory and the thin-walled tube/space truss analogy method.

The skew bending theory considers the internal deformation of the series of transverse
warped surfaces along the beam. According to this theory, the mode of failure involves bend-
ing on a skew surface resulting from the crack spiralling around the sides of the member. The
skew bending theory formed the basis of the ACI Code torsion design provisions from 1971
to 1989. For more details on the skew bending theory, the reader is referred to Nawy (2003).

The thin-walled tube/space truss analogy method is similar to the truss analogy method
for shear design presented in Section 6.4.3. The thin-walled tube/space truss analogy
method has been adopted by CSA A23.3 since 1971 and it forms the basis of both the sim-
plified method and the general method for torsional design.

The thin-walled tube/space truss analogy method includes two different mechanics-
based models for the behaviour of concrete beams subjected to torsion. Before cracking, the
beam is idealized as a thin-walled hollow tube. After cracking, the tube is idealized as a hol-
low truss consisting of closed stirrups, longitudinal bars in the corners, and compression
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7.4.2

Figure 7.4 Thin-walled tube
analogy for a concrete beam:
a) actual section; b) equivalent
tube; c) shear flow (g) and
torsional shear stress (v,).
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diagonals approximately centred on the stirrups. The diagonals consist of inclined concrete
struts formed between the cracks. This method assumes that the reinforcement has yielded,
hence the name plastic space truss analogy used in some references.

This section presents the thin-walled tube/space truss analogy method as used by the
CSA A23.3 simplified method of torsional design.

Torsional Resistance of Concrete

To determine the torsional resistance of concrete, a beam is idealized as a thin-walled
hollow tube consisting of the outer portion of a concrete section with reinforcement; note
that this idealization applies to both solid and hollow cross-sections. The properties of the
tube are shown in Figure 7.4. Assume that the actual section is of rectangular shape with
gross cross-sectional area A, and perimeter P, (see Figure 7.4a). The section is idealized
as the tube section with wall thickness ¢ in Figure 7.4b. Before cracking, torsional shear
stresses develop in the tube as a result of an external torque (7). The accurate analysis of
torsional shear stress in a tube is rather complex. However, a simple torsional shear stress
formula widely used in engineering applications is

o

v=— 7l
t 2A”f [ ]
where
v, = the torsional shear stress in the thin-walled tube section
T = the torque acting on the section
A, = the area enclosed by the centre-line of the walls of the tube (shown hatched in

Figure 7.4b) with perimeter p,
¢t = the tube wall thickness.

Equation 7.1 is also known as Bredt’s formula. For more details on shear stresses in a
thin-walled section, including the derivation of Eqn 7.1, the reader is referred to textbooks
on the mechanics of materials. Bredt's formula was developed for thin-walled tubes; how-
ever, it should be noted that the walls of equivalent tubes in concrete structures tend to be
quite thick, on the order of 1/6 to 1/4 of the smaller cross-sectional dimension (width or
depth) of a rectangular section (MacGregor and Bartlett, 2000).

Note that the product of the torsional shear stress (vf) and the wall thickness (1) is con-
stant at any point around the cross-section; that is,

q = v, t = constant [7.2]

The quantity q is called the shear flow (analogous to water flow through a channel). It is
assumed that shear flow acts around the perimeter (p,), as illustrated in Figure 7.4c.

WA
erimeter “_,v,
o I : T ‘Ij i Area A,
r =Ea =
s y 1] !
h !’/ Perimeter | | !
e p
e hl 2. r
L/_ZQ 1_.,.....‘
i 1
AreaA.  centreline of I'E'] |'i'1 kq
the tube
a) b) c)
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According to CSA A23.3-94, the thickness of the equivalent tube section () can be
taken as

0.75A,
/= [7.3]
2
where
24,
A, = 3 [7.4]

After Eqns 7.3 and 7.4 are incorporated into Eqn 7.1, the equation for the torsional
shear stress (v,) can be restated as

T
a2

Pe

v [7.5]

Torsional cracking is considered to occur when the principal tensile stress (which is equal to
the torsional shear stress (v,)) reaches the tensile strength of concrete in biaxial tension-
compression, taken as 0.38)\(156\/]? per CSA A23.3. The torsional moment corresponding
to the onset of cracking can be obtained by substituting v, into Eqn 7.5 and setting T = T :

A2
T, = (—;) 0.381¢p, V1, [7.6]
4
where
A, = the area enclosed by the outside perimeter of the section (p,) (see Figure 7.4)

A = a factor to account for concrete density
¢, = the material resistance factor for concrete
f,' = the specified compressive strength of concrete.

T,, is defined per CSA A23.3 C1.11.2.9.1 as the factored torsional resistance of con-
crete. Note that Eqn 7.6 is a simplified form of equation 11.2 stated in C1.11.2.9.1 of CSA
A23.3. The original code equation contains some additional terms applicable to prestressed
concrete structures; however, it reduces to Eqn 7.6 when applied to reinforced (nonpre-
stressed) concrete structures.

Ultimate Torsional Resistance of a Cracked Beam

Reinforcement becomes effective in beams subjected to torsion after cracking, when the
beam transforms into a space truss according to the space truss analogy. Figure 7.5 shows
a space truss model of a beam subjected to an external torque (7). The beam is of rectan-
gular cross-section; however, it is idealized as a thin-walled tube section for the purposes
of torsional design (as discussed above). Longitudinal bars are idealized as tension ties
between the beam supports, while the stirrup legs are idealized as transverse ties spaced at
a distance s. The concrete between diagonal cracks is idealized as a series of compression
diagonals at an angle 6 to the longitudinal beam axis. The stress in the concrete compres-
sion diagonals is denoted as (c) in Figure 7.5a.

The torque (T') causes shear stress in the tube and the corresponding shear flow (g).
The relationship between the torque and the shear flow can be determined based on
Eqgns 7.1 and 7.2 as

T

=— 7.7
24, 1771

q
where A is the area enclosed by the centre-line of the tube walls corresponding to the
perimeter (p,) shown in Figure 7.4b. It should be noted, however, that as the concrete cover
spalls off in a cracked beam subjected to larger loads, it is considered more appropriate to
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Figure 7.5 Space truss

model of a concrete beam:

a) truss members;

b) equivalent outer tube
dimensions; c) tube sec-
tion showing shear flow
on vertical and horizontal
sections; d) equilibrium
of forces: a horizontal
section; e) equilibrium of
forces: a vertical section.
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use the outer dimensions coinciding with the centre-line of the exterior closed transverse
reinforcement (stirrups) with area A, and perimeter p,, as shown in Figure 7.5b.

Consider a portion of the corner section isolated from the tube, as illustrated in
Figure 7.5c. The width of this section is equal to the stirrup spacing (s). Note the shear flow
(g) acting along the centre-line of the tube walls, denoted with arrows. The shear stresses
acting on the two perpendicular planes in a beam element are equal; consequently, the
shear flow on the vertical beam section is equal to the shear flow on the horizontal section.

Let us consider the equilibrium of forces acting on the shaded horizontal section of the
beam element in Figure 7.5d. The force developed in the stirrup is balanced by the vertical
component of the concrete stress resultant. Assume that the stirrup legs have yielded and
that the tensile force in one leg (bar area A)) is equal to A (@, f,- The concrete compressive
stress () developed in the diagonal inclined at an angle  has a horizontal component (q)
and a vertical component (g tan 6), as shown on the force triangle in Figure 7.5d. The cor-
responding force acting along the length (s) is equal to

A, ﬁ = (gtan@)s [7.8]
where
A, = the area of one leg of closed stirrup reinforcement

the material resistance factor for steel

the specified yield strength of reinforcement

the shear flow

= the spacing of the stirrups parallel to the longitudinal axis of the member.

Il

¢,
X
q
By

Next, let us consider the equilibrium of forces acting on the shaded vertical section of
the beam element shown in Figure 7.5e. The tensile force in the longitudinal reinforcement
is balanced by the horizontal component of the concrete compressive stress. Consider that
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the longitudinal reinforcement has yielded and that the tensile force is equal to A, f..
Note that (A)) denotes the total cross-sectional area of all longitudinal reinforcement bars
in a beam cross-section (and not only the area of a single bar, as shown in Figure 7.5¢)!
The concrete compressive stress (¢) has a vertical component equal to the shear flow (¢)
and a horizontal component (g/tan ), as shown on the force triangle in Figure 7.5e.
Because shear flow acts along the perimeter (p,,), the horizontal component of the concrete
compression force is equal to (¢/tan 6) p,; that is

) q
Aoty = (tan 9) Py [7.9]
where
A, = the total area of the longitudinal reinforcement bars resisting torsion in a beam

cross-section
the perimeter along the centre-line of the closed stirrup reinforcement corresponding
to the area A , (see Figure 7.5b).

I

Py

oh

The factored torsional resistance of a beam section (T,) can be determined by substi-
tuting (¢) from Eqn 7.7 into Eqn 7.8, as follows:

@51y

T =24 cot [7.10]

o
Longitudinal reinforcement on the flexural tensile side of a reinforced concrete beam
should be proportioned such that the factored tension force in the reinforcement T is at
least equal to the force Fj, developed in the reinforcement due to the combined effects of
flexure, shear and torsion (A23.3 C1.11.3.10.6), that is,

Mf 4 0.45p,T\2
I =F,= d_. + \/(VJr = 0.5V)" + (T) [7.11]
where
I.= asf:vA!r

and Ay, is the area of tension steel.

The equations derived in this section form the basis for the CSA A23.3 simplified method
for torsional design. The CSA A23.3 general method is based on the same concept; how-
ever, the angle 6 is determined as a function of the shear stress due to combined shear and
torsion and the strain in the longitudinal steel reinforcement.

The thin-walled tube/space truss analogy method forms the basis of the CSA A23.3 sim-
plified method for torsional design. The method includes the following two mechanics-
based models for the behaviour of concrete beams subjected to torsion:

« Before cracking, the beam is idealized as a thin-walled hollow tube.

« After cracking, the beam is idealized as a hollow truss consisting of closed stirrups,
longitudinal bars in the corners, and compression diagonals approximately centred
on the stirrups.

The torsional resistance of concrete (7',), determined using the thin-walled tube anal-
ogy, is defined as the torsional moment at the onset of cracking. T, depends only on the
concrete strength and is not influenced by the amount and distribution of reinforcement
in the beam.

The ultimate factored torsional resistance of a concrete beam (7,) is determined
from the equilibrium of forces on a cracked beam section wherein a beam is modelled
as a space truss. T, is based on the resistance provided by steel reinforcement only.



324

7.5

7.5.1

A233Eq. 11.18

A233Eq. 11.19

Figure 7.6 Stress distribution

due to combined shear and tor-

sional effects: a) torsional shear
stresses; b) shear stresses.
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COMBINED TORSION, SHEAR,
AND FLEXURE LOADS

Torsion in reinforced concrete structures most often occurs in combination with shear,
flexure, and/or axial loads. The simplified method per CSA A23.3 (C1.11.3.10.1) accounts
for the effects of combined loads by simply adding the reinforcement area required to
resist torsion to that required to resist shear.

Combined Shear and Torsion

The distribution of torsional and shear stress components in a rectangular cross-section is
shown in Figure 7.6. Torsional shear stresses developed due to the torsional moment (T) are
denoted by v, in Figure 7.6a, while the shear stresses due to the shear force (Vj) are denoted
by v, in Flgure 7.6b. Note that the shear stresses act in the same direction throughout the sec-
tion width, while the torsional shear stresses act in opposite directions at the perimeter of
the section. Therefore, shear stresses caused by the shear force (V) will increase due to the
torsional moment (7) at some portions of the beam section (for example, see point A
in Figure 7.6) and decrease in other portions (see point B in Figure 7.6).

When torsion and shear act simultaneously, the CSA A23.3 simplified method prescribes
that the shear is carried by the concrete (V,) and the shear reinforcement (stirrups) (V).
However, torsional resistance is provided by the reinforcement only, including the longitudinal
steel reinforcement and the stirrups. (As discussed in the previous section, the torsional resist-
ance of concrete is neglected in the case of pure torsion as well.) The assumption that no tor-
sion is carried by concrete is somewhat conservative. According to the truss analogy, torsion
causes diagonal compressive stresses in the walls of the thin-walled tube, thereby increasing the
compressive stresses induced by the shear forces. These compressive stresses can cause the fail-
ure of a beam due to concrete crushing, which is a brittle and hence undesirable failure mode.
In order to prevent the occurrence of concrete crushing failure in beams subjected to combined
torsion and shear, A23.3 C1.11.3.10.4 prescribes a limit to the combined torsion and shear stress
depending on the type of beam section, as follows:

a) For box sections,

V. T.

T 1P
+ =025¢.f 7.12
b,d, 17A,° bele 7121

v

b) For other sections,

Ve \2 Tp, \2
S fEh
+ =0.25 ’ [7.13]
\/(bwdv> 1 7th ) ¢Lfc
lVf

I RIS SR

-
-

T,

1
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where

d, = the effective shear depth used in shear design according to the CSA A23.3 sim-
plified method (see Section 6.5.4)
p,, = the perimeter of closed stirrups (see Figure 7.5b).

Transverse reinforcement (stirrups) needs to be designed to resist tensile stresses caused
by the effects of combined shear and torsion. The approach taken by A23.3 C1.11.3.10.1 is
to first determine the areas of transverse reinforcement required to resist torsion (A,
and shear (A); subsequently, these areas should be added to determine the area (4,, )
and spacing (s) of the transverse reinforcement required to resist the combined torsion and
shear effects.

The design of shear reinforcement was discussed in Section 6.4.4. The shear resist-
ance provided by the steel reinforcement is equal to

¢, A, f,d, coth
V‘ . SV —

s Ky

[6.9]

where

A, = the area of shear reinforcement perpendicular to the axis of the member within a
distance s (note that A includes the area of all stirrup legs)
# = the angle of inclination of the diagonal compressive stress to the longitudinal axis
of the member.

Consequently, the stirrup area (A ) and the spacing (s) need to satisfy the following equation

A, v,

s N b, fv dcot o

The area of the torsional transverse reinforcement (A4,) denotes the area of one stirrup leg
only, so the area of shear reinforcement per leg (A ') needs to be determined; that is,

v
Al 2 v

s s 2¢.fdgcotd

[7.14]

Equation 7.14 considers two-legged stirrups. In general, there are stirrups with four or
more legs; however, only the outer stirrup legs are considered to contribute to the torsional
resistance.

The area of stirrups required to resist torsion (A,) can be determined from Eqn 7.10 as

A d [7.15]
s 240, fvcot 0

The total amount of transverse reinforcement required to resist the combined effects of
torsion and shear is equal to

_t
s s

A A
Lo [7.16]

Combined Flexure and Torsion

Torsion causes an axial tensile force () that is resisted by the longitudinal reinforce-
ment bars with area A, and distributed around the beam cross-section, as discussed in
Section 7.4.3. For design purposes, one-half of this force is considered to act in the top
chord of the space truss; the remaining portion acts in the bottom chord, as shown in
Figure 7.7a. However, flexure causes a tensile force (T) in the bottom chord of the
truss and a compressive force (C) in the top chord, as shown in Figure 7.7b. Note that
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Figure 7.7 Internal forces due
to combined torsion and flexure:
a) torsion; b) flexure; c) torsion
and flexure.
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these two forces are equal; that is, C = T. The compressive force C is approximately
given by

My

C‘ e
dv

I

where d, is the effective shear depth (equal to the lever arm of the couple formed by the
forces T and C).

The reinforcement areas required to resist torsion and flexure effects can be determined
separately and the corresponding areas added together. It is clear from Figure 7.7c that the
amount of tension steel needs to be increased when there are flexural loads in addition to tor-
sion in a beam section; however, the torsion causes a reduction in the compressive force in the
flexural compression zone. CSA A23.3-04 does not include a provision to reduce the amount
of compression steel, which existed in the previous (1994) edition (CSA A23.3-94 CI.1 1.3.9.6).

The CSA A23.3 simplified method (A23.3 CI.11.3.10.1) accounts for the combined load
effects by simply adding the reinforcement areas required to resist torsion and shear effects.

To prevent the occurrence of concrete crushing failure in beams subjected to
combined torsion and shear effects, A23.3 CI.11.3.10.4 prescribes a limit to the com-
bined compressive stress caused by torsion and shear; if this limit is exceeded, a beam
with a larger cross-section should be used.

In the case of combined shear and torsion, the transverse reinforcement (stirrups)
resists tensile stresses caused by the combined shear and torsion effects, whereas the
distributed longitudinal reinforcement resists the torsional effects only.
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CSA A23.3 REQUIREMENTS FOR THE SIMPLIFIED
METHOD FOR TORSIONAL DESIGN

The simplified method for torsional design is based on the concepts and equations presented
in Section 7.4. The design requirements and limitations prescribed by the CSA A23.3 simpli-
fied method will be outlined in this section.

Strength requirement According to A23.3 C1.11.3.10.2, the main design requirement
for concrete structures subjected to torsion is the strength requirement

T=T [7.17]

where T is the factored torsional resistance and 7]’ is the torsional moment due to factored loads.

Factored torsional resistance of concrete The factored torsional resistance of
concrete (T,,) is taken as equal to the torsional moment at the onset of cracking (refer to
Section 7.4 for the derivation of this equation):

A2
T = (p—) 0381, VT, [7.6]

cr

Factored torsional resistance of a beam section The ultimate factored torsional resist-
ance of a concrete beam (7',) is based on the resistance provided by steel reinforcement only and
it can be determined as follows (refer to Section 7.4 for the derivation):

Aty

T =24 cot @ [7.10]

0

where

A, = 085 A , is the area enclosed by the centre-line of the walls in the equivalent tube (see
Figure 7.5b)

A, = the area of one leg of closed stirrup reinforcement
¢, = the material resistance factor for steel
f, = the specified yield strength of the reinforcement
s = the spacing of the stirrups measured parallel to the longitudinal axis of the member

# = the angle of inclination of the diagonal compressive stresses to the longitudinal axis
of the member.

The following 8 values should be used in shear design calculations:

* 0 = 35° when the CSA A23.3 simplified method is used (C1.11.3.6.3), or
* @ = 42° for special member types (C1.11.3.6.2).

To ensure that the member does not fail suddenly in a brittle manner after the development
of torsional cracking, it is recommended that the factored torsional resistance (7,) exceed
the factored torsional resistance of concrete (7,); that is,

T =T

r cr

Note that the above requirement is not prescribed by CSA A23.3.
CSA A23.3 also prescribes the following limitations related to torsion design.

Criteria related to the provision of torsional reinforcement According to
A23.3 CL.11.2.9.1, torsional effects can be neglected if the design torsion (Tf), deter-
mined by analysis using stiffness based on an uncracked section, is less than 25% of the
concrete torsional resistance (T,); that is,

T,<025T,
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The above limit on the design torsion corresponds to a nominal shear stress of 0. 1A, \/_
It is considered that torsion of such a small magnitude will not cause a significant reducll(m
in either flexural or shear strength and can therefore be neglected.

Cross-sectional dimensions When torsion and shear act simultaneously, the CSA
A23.3 simplified method prescribes a limit to the combined compressive stress caused by
torsion and shear, as follows:

a) For box sections,

T P hase s [7.12)
bn' v 1.7 Aw‘rz A S ;

b) For other sections,

\/(_Vf_)z ( TP )2{025 ' 7.13
bd, "\ = 08 el [7.13]

Wy nh

In Eqns 7.12 and 7.13, d, is the effective shear depth, taken as the greater of 0.9 and 0.72h.
When this condition is not satisfied, a larger cross-section is required to resist the
effects of combined shear and torsion.

Minimum transverse reinforcement In general, CSA A23.3 does not contain a spe-
cific requirement for a minimum amount of transverse torsional reinforcement. Stirrups

need to satisfy the requirement for the minimum area of shear reinforcement according to
A23.3 ClL.11.2.8.2; that is,

006\7( ) [7.18]

where A . is the lotal area of shear reinforcement; in order to obtain the area per leg (A,)
this value needs to be divided by two. In the case of pure torsion, the designer needs to per-
form the following check:

b
—~ =003V}’ (f—) [7.19]

In the case of combined torsion and shear, this limit applies to both the transverse torsion-
al reinforcement (A,) and the shear reinforcement (A ‘_') as follows:

A:‘ Av, ' bw
— +—2=003Vf, (f—) [7.20]

The strength requirement is the main CSA A23.3 requirement related to the simplified
method for torsional design (A23.3 C1.11.3.10.2).
CSA A23.3 also prescribes the procedure to determine

* the factored torsional resistance of concrete T, (C1.11.2.9.1)
* the factored torsional resistance of a beam section T, (C1.11.3.10.3)

The following code limitations are set related to torsional design:

* criteria related to the provision of torsional reinforcement (C1.11.2.9.1)
* cross-sectional dimensions (C1.11.3.10.4)
* minimum transverse reinforcement (C1,11.2.8.2)
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Figure 7.8 Anchorage of
closed stirrups: a) recommended
arrangements; b) arrangements
not permitted (adapted from
ACI Committee 315, 1994 by
permission of the American
Concrete Institute).
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DETAILING OF TORSIONAL REINFORCEMENT

Torsional reinforcement has a very significant role in providing the required torsional
resistance in concrete beams, as discussed in Section 7.3. Torsional cracks spiral around
the beam, so both longitudinal and transverse reinforcement needs to be provided. The
effective detailing of torsional reinforcement is of primary importance for the satisfactory
performance of concrete members subjected to torsion. Inadequate detailing can lead to
excessive cracking and brittle failure of reinforced concrete members subjected to torsion,
as reported by Mitchell and Collins (1976). Various aspects of the design and detailing of
torsional reinforcement are discussed in this section.

Types of torsional reinforcement According to A23.3 C1.11.2.6, torsional reinforce-
ment consists of transverse and longitudinal reinforcement. There are three different types of
transverse reinforcement; however, the most common type of reinforcement is in the form of
closed stirrups perpendicular to the longitudinal axis of the member (generally vertical in the
case of beams in floor and roof structures). Note that stirrups need to be provided on all four
faces of a member due to the spiral distribution of torsional cracks, hence the term closed
stirrups. (Note that, in general, stirrups used for shear reinforcement can be open at the top,
as discussed earlier in this chapter.) Other types of transverse reinforcement include a closed
cage of welded wire fabric (with wire perpendicular to the axis of the member), and spirals.
The latter two types of transverse reinforcement are used less often in design practice.

Transverse reinforcement The following considerations need to be taken into
account when detailing transverse reinforcement in members subjected to torsion:

* Anchorage: Stirrups need to be anchored around longitudinal bars by means of standard
135° hooks in order to prevent the concrete cover from spalling. When the stirrups are sub-
jected to excessive tensile stresses that are balanced by the compressive stresses in the con-
crete outer shell, the concrete outside the reinforcing cage is poorly anchored and there is
a large chance of spalling off (Mitchell and Collins, 1976). The same tests have shown
premature failure due to spalling of the concrete cover and consequent loss of anchorage
when 90° hooks are used. The ACI Committee 315 (1994) offered recommendations for
the anchorage of transverse torsional reinforcement (illustrated in Figure 7.8). Note that the

135° hooks

Confinement
~135° hooks

3 — ! !
= - - | |
\ | |
\ | |
: I I
0y 1 |
__________ ] P ay— |
Confinement Confinement No confinement
one side both sides (isolated beam)

a) Recommended

No confinement

r———-—- 1 r= '3’

b) Not permitted
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use of 90° hooks is allowed only when the concrete around the anchorage is confined, as
in the case of a slab cast continuously with the beam (see A23.3 C1.7.1.2).

* Spacing: CSA A23.3-04 does not prescribe the maximum spacing of transverse torsional
reinforcement. However, the 1984 version of the same code prescribed that the maximum
spacing should be the smaller of 7;/8 and 300 mm, where p, is the perimeter of the closed
stirrups. The spacing limit of p,/8 was also recommended by Mitchell and Collins (1976).
Adequately spaced stirrups are of assistance in controlling crack widths — closely spaced
stirrups result in a better distributed cracking pattern and smaller crack widths.

A233CL11.27| Longitudinal reinforcement The following considerations need to be taken into

account when detailing longitudinal reinforcement in members subjected to torsion:

* Distribution: One longitudinal reinforcement bar has to be placed in each corner
of closed torsional transverse reinforcement (A23.3 C1.11.2.7). It is good practice to
distribute the longitudinal bars symmetrically around the section, with the bar spac-
ing not exceeding 300 mm.

* Anchorage: Longitudinal reinforcement must be developed at both ends. Since torsional
moments are generally largest at the ends of the beam, the longitudinal bars need
to be anchored to ensure that the yield strength is developed at the face of the support.
A designer needs to keep in mind that all longitudinal bars (both tension and compression
steel) are subjected to torsion-induced tension. Therefore, it would be incorrect to extend
the bottom bars in the continuous spandrel beam only 150 mm into the support, as pre-
scribed by A23.3 CL.12.11.1 (although this is adequate in the case of flexural loads only),
as illustrated in Figure 7.9a. Mitchell and Collins (1976) recommend providing a full
development length (/) for longitudinal bars beyond the face of the support, as shown in
Figure 7.9b (anchorage design for flexural reinforcement in support regions will be dis-
cussed in Section 9.7). This is a common design error, resulting in premature beam failure,
as reported by MacGregor and Bartlett (2000).

* Bar diameter: The nominal bar diameter for longitudinal reinforcement should not be
less than 5/16, where s is the stirrup spacing.

The most common type of transverse torsional reinforcement is in the form of closed
stirrups. (Note that stirrups acting as shear reinforcement need not be closed.)

The anchorage for transverse reinforcement is very important and needs to be
provided in the form of 135° standard hooks (A23.3 C1.11.2.7).

Longitudinal torsional reinforcement needs to be fully developed at both ends
(A23.3 CLL1.2.7).
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TORSIONAL DESIGN CONSIDERATIONS

There are a few important considerations related to torsionat design that remain to be discussed:

* distribution of torsional moment

« critical section for torsional design
*» shape of a beam cross-section
 torsional stiffness

Distribution of torsional moment In the case of a statically determinate beam, the
torsional moment (7)) at any section can be calculated from statics (for example, using a
free-body diagram f{)r a portion of the beam). However, in statically indeterminate beams
the ends are generally restrained and the magnitudes of torsional moments depend on the
relative stiffness of the end supports (usually columns). In general, torsional moments at
the supports vary from O to m, [, where m, is the distributed torque and / is the beam span.
If the torsional stiffness at the beam supports is equal, the corresponding torsional
moments are equal to m,l/2. The distribution of torsional moments along the beam
length is linear, with maximum values at the ends and zero value in the midspan (very
similar to the shear force distribution in a beam subjected to uniform load).

Critical section for torsional design The critical section for torsional design is
located at the face of the support. It should be noted that the previous edition of the code
(CSA A23.3-94) permitted the reduction in the design torsion in regions near supports
(analogous to the case of shear design discussed in Section 6.6).

Shape of a beam cross-section The shape of the cross-section is important for efficient
torsional design. Based on the distribution of torsional shear stresses in a cross-section, it can
be concluded that a tube section is more efficient than a rectangular section. This was also con-
firmed by the findings of the tests referred to in Section 7.3; tests have shown that the torsional
resistance of hollow and solid beams with the same amount and distribution of reinforcement
is very similar because the concrete core becomes ineffective after cracking occurs. Hollow
cross-sections (also called box sections) are used in bridge design, whereas solid rectangular
sections are generally used in buildings. The least favourable shape of cross-section from the
aspect of torsional design is a U-shaped section characterized by a small torsional stiffness.

Torsional stiffness The torsional stiffness of a concrete member drops significantly
after cracking, as discussed in Section 7.3. The stiffness is equal to the slope of the radial
line through the origin and a point under consideration on the torque-twist (T — 6,) diagram
(see Figure 7.3). This relationship can be expressed as

T=K,_0, [7.21]
where

T = the torque acting on a section

K, = the torsional stiffness

8, = the angle of twist.

il

The torsional stiffness of a gross (uncracked) section can be determined as

where

G = the modulus of rigidity (or shear modulus of elasticity)
C, = the torsion property of a section
[ = the beam span.
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It is generally acceptable to take G as

E,
Giaee
2
where
E, = 4500V, [2.2]

is the modulus of elasticity for concrete.
C, can be obtained from the torque-twist relationship for a thin-walled concrete tube as

4A 2t
p{,

The values for A , 7, and p, can be determined based on the uncracked beam properties
(see Eqns 7.3 and 7.4).
Consequently, the torsional stiffness of the uncracked beam section is

_ 2, A2t

= [7.22]

r

When a designer wishes to check whether torsional effects need to be considered in the
design, the torsional moment due to factored loads (T) should be determined based on the
stiffness of the uncracked section (A23.3 C1.11.2.9. ]i. It should be noted that 7} might be
significantly different in magnitude depending on whether cracked or uncracked section
properties have been used in modelling the structural system.

When cracks develop in the beam and the beam is transformed into a space truss
structure, the torsional stiffness can be determined based on the properties of an equiva-
lent steel tube.

The critical section for torsion design is located at the face of the support.

Based on the distribution of torsional shear stresses in a beam cross-section, it
can be concluded that a tube section is more efficient in providing torsional resistance
than a rectangular section. (This is true for other materials, such as steel, timber, etc.)

The torsional stiffness drops significantly after cracking. When a designer wishes
to check whether torsional effects need to be considered in the design, the factored
torsional moment (7 ) should be determined based on the stiffness of an uncracked sec-
tion (A23.3 C1.11.2.9.1) using the thin-walled tube analogy.

DESIGN FOR TORSION PER THE CSA A23.3
SIMPLIFIED METHOD: A SUMMARY
AND A DESIGN EXAMPLE

The design of concrete structures for torsion was discussed in detail in the previous
sections. The purpose of this section is to summarize the torsion design provisions
according to the CSA A23.3 simplified method (see Checklist 7.1). A design example
will be presented to illustrate the application of the CSA A23.3 simplified method for
torsional design.
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Checklist 7.1 Torsion Design According to the CSA A23.3 Simplified Method

Description Code Clause
1 Determine the factored torsional moment (7}) based on the uncracked section properties. 11:291
2 In the case of combined shear and torsion, determine the factored shear force ( Vf) and the

shear reinforcement requirements (see Checklist 6.1).

3 Determine the factored torsional resistance of concrete (7,) corresponding to the start 11.29.1
of cracking:

Al
A23Eq 112| T, = (rT) 0.38A¢p, V1! [7.6]

4 Determine whether torsional effects should be considered in the design. 11.2.9.1

If T, = 0.25 T, torsional effects can be ignored.
If Tf > (.25 T, torsional effects should be considered.

cr*

3 In the case of combined shear and torsion, verify whether the dimensions of the beam 11.3.10.4
cross-section are okay:

\’;- % T.r"p!r 2
JG) + By =omes: v
u"{r v .

ah

Note that the above condition applies to rectangular sections.

6 Follow the strength requirement, which states that the torsional resistance should be 11.3.10.2
greater than or equal to the factored torsion; that is,

=T [7.17]

r

If the reinforcement is not given, set T, = T..

7 If the reinforcement is given, determine the torsional resistance (7)) based on the equation 11.3.10.3
Afdj.\f\'
A233 Eq. 11.17 T =24, cot @ [7.10]
5
8 Determine the required area (A,) and spacing (s) of the transverse torsional reinforcement 11.3.10.3

corresponding to 7.

o g 7.15
s 24,9, fcotd e
9 In the case of combined shear and torsion, determine the area of shear reinforcement 11.3:51
per leg:
A 4
[7.14]

s 2¢.f,dcotd

10 Check whether the spacing of the transverse torsional reinforcement is within the
recommended range of values.

(Continued)
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Checklist 7.1 Continued

12

Description

Check whether the area of combined shear and torsional transverse

reinforcement satisfies the minimum requirements:

A A’ b,

L + L =003V} (1—) 7.20]
; 4

) &

Proportion longitudinal reinforcement on the flexural tensile side based on the following

Code Clause

11.2.8.2

11.3.10.6

equation

M
T,=zF, = d—f + \/(Vf = 0.5V, + (
5

13 Distribute the longitudinal reinforcement according to the code requirements. 11.2.7

0455 T3
A ’) (7.11]

o

“

Example 7.1

A partial floor plan of a reinforced concrete slab and beam system is shown in
the figure below. The two-way slab is supported at the edge by the 500 mm wide by
600 mm deep spandrel beam. The spandrel beam can be considered as simply
supported beam spanning across the columns with a 6 m span. The slab supports a
uniform dead load (wp,) of 6.0 kPa and a uniform live load (w;,) of 1.9 kPa. The
beam self-weight can be taken equal to 4.0 kN/m (this load should be taken in addi-
tion to the slab load). Consider 20M flexural reinforcement bars, 10M stirrups, and
a 40 mm clear cover to the stirrups. A maximum aggregate size of 20 mm has been
specified.

Design the beam for shear and torsion according to the CSA A23.3 simplified method.

Make the following assumptions in the design:

1. The flexural tension reinforcement has been adequately designed. Compression steel
is not required.

2. The spandrel beam supports the portion of the floor slab shown shaded in the
figure below.

3. The triangular distributed load transferred to the spandrel beam from the floor
slab can be considered equivalent to the uniform load acting through the cen-
troid (C) of the shaded triangle located at a distance (a) of 1 m from the beam
centre-line.

4. The spandrel beam has sufficient torsional stiffness at its ends such that half of the
total applied torsion is resisted by the beam supports.

Slab Spandrel beam

600 mm

500 mm
—

Section A-A

= [ = 6000 mm
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Given: f.' = 25MPa (normal-density concrete)

f, = 400 MPa
¢, = 0.65
¢, = 0.85

Spandrel beam:
self-weight ¢ = 4 kN/m

b = 500 mm
h = 600 mm
SOLUTION: 1. Determine the factored torsional moment (Tf) based on the uncracked section
properties
a) Calculate the resultant of the slab load (shaded portion only) carried by the span-
drel beam.

Note that the load distribution along the spandrel beam is triangular. The result-
ant of the triangular load (R) is equal to

R = (slab load) X (tributary area)

The tributary area A is equal to the area of the shaded triangle shown in the
figure:

_ base X height  6m X 3m
- 2 2

Ry, = wp, X A= 6.0kPa X 9m? = 54 kN
R, =wy XA=19kPaX9m?=17kN

= 9m?

b) Calculate the equivalent uniformly distributed load.
For design purposes, the triangular distributed load acting on the spandrel beam is
going to be represented by an equivalent uniform load (see Design Assumption 3).
The equivalent dead load (DL) and live load (LL) are determined as follows:

R 54 kN
DL
L =——=——=9kN
b l 6 m /m
R 17 kN
LL
IL=—=——=28kN
l 6m /m

The factored uniform load (W) acting on the slab is determined according to
NBC 2005 C1.4.1.3.2:

w, = 1.25DL + 1.5LL = 1.25(9 kN/m) + 1.5(2.8 kN/m)
= 15.5kN/m
¢) Determine the clear span (! ):
b. b
L =1-===
n 2 2
04m 04m
—6m — ——— — ——— = 5.6
2 2 >

where b, = 0.4 m is the column width.

d) Determine the distributed torsional moment caused by the eccentricity of the tribu-
tary slab load with regard to the spandrel beam axis (refer to Design Assumption 3),
as shown in the sketch that follows:

m,=wya=155kN/m X 1 m = 155kN-m/m

where a = 1 m (given).
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a=10m

E

Calculate the factored torsional moment at the supports:

Myl,  155kN-m/m X 5.6 m
T.= e > =434kN-m =43kN'm

A diagram showing the distribution of the torsional moment along the beam
is shown below.

43

I\\] T, (kNm)
 (kNm

43
5600 mm

| |
I 1

2. Calculate the design shear force
a) Calculate the effective depth (d):

* 10M stirrups: d; = 10 mm (see Table A.1);
* 20M longitudinal rebars: d, = 20 mm (see Table A.1);
* cover to the stirrups: cover = 40 mm

d,
d=h—cover—d_——
¥ 2

= 600mm—40mm—10mm-20mm = 540 mm

b) Calculate the effective shear depth (d,):
The effective shear depth (d,) is taken as the greater of

A [0.90*} - {0.9 X 540 mm ] i [486mm]

v

0.72h 0.72 X 600 mm 432 mm

Hence, d, = 486 mm = 490 mm.

c) Calculate the shear force at the face of the support.
The total factored uniformly distributed gravity load on the spandrel beam
(including the beam self-weight) is

W/ =w, + 1.25¢ = 15.5kN/m + 1.25 (4 kN/m) = 20.5 kN/m

]
]
]
]
]
]
1
I
1
]
I

=

Shear force at the face of the support is equal to

W' X1,  205kN/m X 56m
‘S W 2

= 574 kN



A233Eq. 11.6

TORSION 337

d) Find the maximum shear force at the midspan (Vf smidspa WE
l 5.6
(1.5 LL)(—Z"-) (1.5 X 2.8 kKN/m) X <Tm)
fimidspan = 4 = 4 =29kN
e) Next, the factored shear force (\?@ &) ata distance d,, from the support can be deter-
mined as:
lll
2 4
‘./f@dv = ‘g"midspan + l" (Vf‘ yﬁnidr/)(ltz)
2
5.6
220 _0.49m
= 2.9kN + —sem (574 kN—29KkN) = 479 kN = 48 kN
2

For design purposes, use Vf@ av = 48 kN.
Sketch a diagram showing the distribution of the design shear force (left half
of the beam).

V, =574

29 V. (kN)

490 mm
2800 mm

3. Check whether shear reinforcement is required (A23.3 C1.11.2.8.1)

If V. < V, then shear reinforcement is not required.

a) Find the V, value (A23.3 Cl.11.3.4).
Assume that the amount of shear reinforcement will be less than the minimum
code requirement (a conservative assumption). According to A23.3 C1.11.3.6.3,

230 230

- = = 0.15 _
P 1000 + d, 1000 + 490 (see Table 6.1)
Hence,
V.= $ABVS b, d, [6.12]

=0.65 X 1.0 X 0.15 X V25 MPa X 500 mm X 490 mm
119 X 10> N = 119kN

il

b) Check whether shear reinforcement is required.
Since

l(f@ o = 48 kN
and

48 kN < 119kN

\? < V,, so shear reinforcement is not required.
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4. Check whether torsional effects need to be considered in the design (A23.3

CL11.2.9.1)
a) Calculate the torsional resistance of the concrete:

A, = b X h = (500 mm) X (600 mm) = 300 000 mm
P. = 2(b + h) = 2(500 mm + 600 mm) = 2200 mm

A2
A233Eq. 11.2 T (;‘—) 0.38x¢p, V/f.
300 000 mm?)>
o [{—m)—J 0.38(1)(0.65)\/25 MPa
2200 mm

=50.5 X 10N -mm = 50 kN-m

2

[7.6]

Check whether torsional effects need to be considered in the design. Torsional

b)
effects can be ignored when =025T,.

T,= 43kN-m
0257, = 02550 kN-m) = 12.5kN-m
43.4kN-m > 12.5kN-m

Therefore, '}} > 0.25 ?:_.r and torsional effects have to be considered in the design.
5. Check whether the dimensions of the beam cross-section are okay (case of com-

bined shear and torsion) (A23.3 C1.11.3.10.4)

—
E
= B
= =
3= 10M
]
-~ L— cover = 40 mm
..

a) Find A ,.
A, is the area enclosing the centre-line of the exterior closed stirrups (dimen-
sions b, and k) with perimeter p,, (see the sketch above).

i) Find b, and h,:

d;
b, =b-2 (cover + —2~

10
= 500 mm—2 (40 mm + ;nm) = 410 mm

d\‘
h, = h—2| cover + —
h 9

1
= 600 mm—2 (40 mm -+ O;Dm) = 510 mm
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ii) Find p,:
p, = 2b, + hy)
= 2(410 mm + 510 mm) = 1840 mm
iii) Find A ,:
A, = b, X h, = (410 mm}510 mm) = 209 100 mm?
b) Check the CSA A23.3 requirement:

| A 2 T. X p,\2
f@dy f h
+ (= = 0.25¢, 1) 7.13
\/<bw d, ) (1.7A(,,,2> et 7131

or

\/( 48 000 N )2+ ((43 X 106N-mm)(1840mm))2
(500 mm) (490 mm) 1.7(209 100 mm?)?

= 0.25 (0.65)(25 MPa)

As 1.08 MPa = 4.06 MPa, the dimensions of the beam cross-section are okay.

6. Determine the required torsional resistance T,
The strength requirement states that 7. = 7; For design purposes, use

T.=T,=43kN'm
7. Determine the required stirrup spacing based on the torsional resistance (7,)

(A23.3 C1.11.3.10.3)
CSA A23.3 prescribes the following equation to obtain the 7, value:

Aty

o

T =24 cot [7.10]

The above equation can be used to determine the transverse reinforcement spacing (s) as

Ay Sy

cot @

(4
r

a) Find A ,, (the area enclosed by the centre-line of the tube walls; see Figure 7.4b):
A, = 0854, = 0.85(209 100 mm?) = 177 735 mm?

b) Find A, (area of one leg of closed stirrup reinforcement).
In this case, 10M stirrups are used; the area of a 10M bar is 100 mm? (see
Table A.1), hence

A, = 100 mm?

¢) Determine 6 (angle of inclination of diagonal compressive stresses to the longi-
tudinal axis of the member) according to A23.3 C1.11.3.6.3:

0 =35°,socotf = 143
d) Find the spacing s:

(100 mm?)(0.85)(400 MPa)
43 X 10N -mm

s = 2(177 735 mm?) (1.43)

= 402 mm = 400 mm

8. Check the maximum stirrup spacing requirements (A23.3 CL.11.2.8.2)
The maximum stirrup spacing permitted by the code can be determined from the equation

A b
> 0.03VF! (—W) 7.19
s S fy [7.19]
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Consequently,

‘fmax -

Since s = 400 mm < 533 mm. use s = 400 mm.

9. Identify the region in the beam in which torsional reinforcement is required
a) Locate a region in the beam where torsional reinforcement is not required.

AI

b,
003V’ (—)

f,

100 mm?
5 o = 533 mm
03 X V2 X [

0.0 5 MPa (400MPa)

Torsional reinforcement is not required in the region of the beam where
T,=025T,, that is, where

I=125kN'm

Perform a linear interpolation to locate the distance from the left support (x),
where

Tf@-’f =025T7,=125kN'm
{"
?}@x 2 >
'}} [

i
2
-]
x=—=|\ ] =-—
2 1‘;

S6m 12.5kN-m |
= 1— = 2.
R ) ( 43kN-m) e

I
b) Develop the design torsional moment envelope diagram for the beam. |
T =43 Region where torsional
/ reinforcing is required
12.5
} T, (kNm)
20m \'\I
L 2.8m |
I i
i 56m X
I 1
¢) Sketch a beam elevation to illustrate the distribution of the transverse torsional
reinforcement (stirrups).
Note that the first stirrup in the beam is located at a distance 5/2 = 200 mm away
from the face of the support (this is common practice related to the design of
stirrup reinforcement).
A B e AP === ol oAl &
I talncy b ek b Al S Ml 0 S0 )
it et S R PR s = Pr-o =i 1T SO
1 I i 1 I 1 I 1 1 1 1 1
Typical stirrup
2q0 5@ 400 o 1200 | 5@ 400 2_90
T i fi i B

5600 mm
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10. Calculate the area of longitudinal torsional reinforcement
a) The following equation can be used to obtain the required area of longitudinal
tension reinforcement resisting torsion (A, ):

M 1 X (}.“-15{)1,:]":’r 2
T =F,=— + {(V,—05V) + | ——— [7.11]
T It I s 2

d

v o

Consider the section at the support, subjected to the maximum effects of shear
and torsion and where M,- = (), therefore

\/(5?‘4 APV s ({1.45 X 1840 X (43 X [0‘))~
2 X 177735

F,

1

]

1154 X 103N = 115.4 kN
I, 1154.% 10°
o f, 0.85 X400
b) Check whether the bar diameter is adequate (A23.3 C1.11.2.7).
The code requires that the nominal bar diameter not be less than s/16:
s 400 mm
16 16
Hence, use 25M bars.
Furthermore, A23.3 CI1.11.2.7 requires that at least one longitudinal rebar be

placed at each corner. Therefore, use four 25M bars (4-25M) (one at each corner).
The total area of the bars is

A, = 2 X 500 mm? = 1000 mm? > 340 mm? : okay

= 340 mm?

SetT, = F, = 1154 kN, thus A, =

= 25 mm

It is recommended that the longitudinal bar spacing should not exceed 300 mm.
Therefore, add four 10M bars (4-10M) in addition to the corner bars.

11. Provide a design summary showing the beam cross-section and the reinforcement
arrangement Additional

of
1

600 mm

SUMMARY AND REVIEW — TORSION

Failure modes for reinforced
concrete beams subjected to
torsion

Torsion (torque) is a moment that tends to twist a member around its longitudinal axis.
Reinforced concrete structures are often subjected to torsional moments, which cause shear
stresses. Torsional effects in reinforced concrete members are significantly influenced by the
type of structural system. In statically determinate structures, torsion develops as a result of the
equilibrium between external and internal forces (equilibrium torsion). However, torsional
moments in statically indeterminate structures develop due to the requirements of continuity
(compatibility torsion). Torsion is often combined with shear, flexure, and/or axial loads.

Failure in reinforced concrete beams subjected to torsion can occur by either the yielding of
reinforcement (in lightly reinforced beams) or the crushing of concrete (in overreinforced
beams). Reinforcement yielding failure is more desirable than concrete crushing failure.

The cracking pattern characteristic of the behaviour of beams subjected to torsion
spirals around the beam. Therefore, both the longitudinal bars, distributed all around the
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Key factors influencing the
behaviour and resistance of
concrete beams subjected to
torsion

CSA A23.3 simplified method
for torsional design

CHAPTER 7

beam cross-section, and the closed transverse reinforcement (stirrups) are essential for
resisting torsional effects.

Torsional shear stresses are largest at the outer fibres of a beam cross-section. The outer
skin of a beam cross-section is essential in providing torsional resistance, whereas the concrete
core is not effective in resisting torsion due to the small shear stresses developed in that zone.

The thin-walled tube/space truss analogy method forms the basis of the CSA A23.3 sim-
plified method for torsional design. The method includes the following two mechanics-
based models for the behaviour of concrete beams subjected to torsion:

* Before cracking, the beam is idealized as a thin-walled hollow tube.
* After cracking, the beam is idealized as a hollow truss consisting of closed stirrups, longi-
tudinal bars in the corners, and compression diagonals approximately centred on the stirrups,

The torsional resistance of concrete (T,,) is defined as the torsional moment at the onset of
cracking.

The ultimate factored torsion resistance of a concrete beam (T)) is based on the resist-
ance provided by the steel reinforcement only.

The strength requirement is the main CSA A23.3 requirement related to the simplified
method for torsional design (A23.3 C1.11.3.10.2).
The code also prescribes the procedure to determine

* the factored torsional resistance of concrete (T.) (CL11.2.9.1)
* the factored torsional resistance of a beam section (T) (C1.11.3.10.3)

The following CSA A23.3 limitations are set related to torsion design:

* criteria related to the provision of torsional reinforcement (CI1.11.2.9.1)
* cross-sectional dimensions (C1.11.3.10.4)
* minimum transverse reinforcement (C1.11.2.8.2)

PROBLEMS

7.1,

A reinforced concrete cantilever beam is shown in
the figure here. The beam carries a uniform dead
load (DL) of 20 kN/m (including beam self-
weight) and a uniform live load (LL) of 50 kN/m.
The load is applied eccentrically with regard to
the vertical beam axis, as shown in section A-A.
There is a 30 mm clear cover to the stirrups. A
maximum aggregate size of 20 mm has been spec-
ified. The concrete and steel material properties
are given on the next page.

Design the beam for the combined effects of
shear and torsion according to the CSA A23.3
simplified method. Use 10M stirrups. Assume that
transverse reinforcement is required throughout
the beam length. Check whether the provided
longitudinal reinforcement is adequate for the
torsional resistance and make any required modi-
fications. Provide a sketch summarizing the
design.

DL = 20 kN/m
A€— LL=50KN/m

VYV YV vb VY

RN

3000 mm |

f

100 mm

5-25M~

10M —

700 mm

00 m

Section A-A
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Given:

fr' = 30 MPa (normal-density concrete)
f, = 400 MPa

Consider the one-way joist floor system shown in the
figure below. The floor structure is supported by a
600 mm wide by 500 mm deep spandrel beam that is
supported by 500 mm square columns. The beam is
subjected to eccentric uniform factored load of
60 kN/m and a factored distributed moment of
40 kN -m/m due to joist reactions (see section A-A).
In addition, the beam is subjected to a concentric uni-
form dead load of 13 kN/m (this load includes the
beam self-weight). The beam is reinforced with 15M
stirrups and 25M longitudinal rebars with a 30 mm
clear cover to the stirrups. A maximum aggregate size
of 20 mm has been specified. The concrete and steel
material properties are given below.

Design the spandrel beam for the combined effects
of shear and torsion according to the CSA A23.3 sim-
plified method. Sketch a beam elevation and a typical
cross-section showing the reinforcement arrangement.

Given:

b = 600 mm

h = 500 mm

f." = 30 MPa (normal-density concrete)

f, = 400 MPa
! 8000 mm —

Spandrel beam

—*A

( 600 mm 500 mm x 500 mm
RRRRL 0D
I
e ar Wil e Al B
A R L L | I~
by Ay G R hy hp ol (=]
AT T T TS T IR | I~
TR T A

1 1}
_—
oy
]

]

==
1
Lol
J
L
£

£

£ 40 KNm

2 6okn ™
m

600 mm

e

Section A-A
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A 400 mm square highway signpost shown in the fig-
ure below is required to resist a specified wind load of
3.0 kPa. A maximum aggregate size of 20 mm has been
specified. Use 10M stirrups and 25M flexural rein-
forcement in this design. There is a 40 mm clear cover
to the stirrups. Ignore the effect of gravity load. The
concrete and steel material properties are given below.

Design the signpost for the combined effects of
shear and torsion according to the CSA A23.3 sim-
plified method.

WL = 3.0 kPa Sign board
( AT

Sign post—-\ | ;; ; ;: E-u—
R e o | e
= 2700 mm | E
8
400 A5 N
7
Given:

74.

f,! = 30MPa (normal-density concrete)
f, = 400 MPa

A cantilevered concrete wall with a 600 mm square
beam at the top is required to resist a factored uniform
lateral load of 15 kN/m applied at a height of 1 m
above the top of the beam (see the figure below).
A maximum aggregate size of 20 mm has been speci-
fied. Use 10M bars for stirrup reinforcement and 25M
bars for flexural reinforcement. There is a 40 mm clear
cover to the stirrups. The concrete and steel material
properties are given on the next page.

w;= 15 kN/m

5 —p

06m 1.0m
e

4 0.6 m

24m

Y
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Design the beam atop the wall to resist the tor-
sional effects. Perform the design according to the
CSA A23.3 simplified method. Provide a sketch sum-
marizing the design.

Given:

f,' = 30 MPa (normal-density concrete)
f, = 400 MPa

A concrete pedestrian girder supports cantilevered
steel cross-beams. The factored load from pedestri-
ans on one side of the girder is equal to 30 kN/m. The
girder spans 20 m and the 900 mm wide supports are
capable of resisting the torsional effects. A maximum
aggregate size of 20 mm has been specified; 15M
bars are used for the stirrup design and 35M bars for
flexural reinforcement. There is a 40 mm clear cover
to the stirrups. A typical girder cross-section is shown
in the figure.

Design the girder to resist torsional effects. Perform
the design according to the CSA A23.3 simplified
method. Discontinue the torsional reinforcement
where it is no longer required. Provide a sketch show-
ing the stirrup arrangement along the girder length.

Given:

f,' = 30 MPa (normal-density concrete)
f, = 400 MPa

w,= 30 kN/m

1500 mm

le




8.1

After reading this chapter, you should be able to

e identify the three main types of reinforced concrete columns

outline the three main components of a reinforced concrete column and discuss the
role of each component

explain the three different types of column behaviour
identify the five column design assumptions according to CSA A23.3
outline the four key features of a column interaction diagram

develop column interaction diagrams and use them to analyze and design concrete
columns

e use the practical design guidelines related to the selection of column size and
reinforcement

* describe the two key effects characteristic of the behaviour of slender columns and
outline the CSA A23.3 slenderness criteria

e @ o @

INTRODUCTION

Columns are the most common vertical load-resisting elements in reinforced concrete struc-
tures. The primary role of a column in a typical building is to support floor structures (slabs,
beams, and girders) and transmit the load to the lower levels and then to the foundations.
Columns are mainly subjected to axial compression loads and are often called compression
members. However, few reinforced concrete columns are subjected to purely axial
compression loads. More often, bending moments are also present due to the eccentricity of
applied loads, applied end moments, and/or lateral loading on the column. Such columns
are subjected to combined axial load and flexure.

Columns have cross-sectional dimensions considerably less than their height. CSA A23.3
C1.2.2 defines a column as a “member with a ratio of height to least lateral dimension of three
or greater, used primarily to support axial compressive load” and refers to less slender mem-
bers as pedestals.

In terms of their load-carrying capacity relative to material usage, columns are among
the most efficient structural members. In many buildings, columns are the principal
means of transmitting vertical loads to the foundation, and failure of a single column can
potentially lead to progressive collapse of the entire structure. Given the potential for cat-
astrophic failure and the relatively low additional cost required to increase load-carrying
capacity, itisrecommended todesign columns withsome reserve capacity whenever possible.

This chapter discusses the behaviour and design of reinforced concrete columns.
Different column types are outlined in Section 8.2, whereas the main components of a rein-
forced concrete column are discussed in Section 8.3. Column loads are discussed in
Section 8.4. Section 8.5 is focused on the behaviour of columns subjected to combined
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axial load and flexure. The flexural resistance of columns subjected to combined axial load
and flexure is discussed in Section 8.6. Column interaction diagrams, one of the most use-
ful column design aids, are covered in Section 8.7. Section 8.8 discusses the CSA A23.3
column design requirements. Practical design guidelines for reinforced concrete columns
are discussed in Section 8.9. A general design procedure for reinforced concrete columns
is presented in Section 8.10. Structural drawings and details related to reinforced concrete
columns are discussed in Section 8.11. Section 8.12 offers an overview of slenderness
effects in reinforced concrete columns and the criteria and methods for the analysis of slen-
der reinforced concrete columns in nonsway frames. (The design of slender columns in
sway frames and the design of biaxially loaded columns are outside the scope of this
book.) Finally, the calculation of column loads in multistorey buildings is discussed in
Section 8.13.

DID YOU

KNOW

Figure 8.1 Petronas Twin
Towers in Kuala Lumpur,
Malaysia.

(The Aga Khan Award

for Architecture)

The 88-storey Petronas Twin Towers in Kuala Lumpur, Malaysia, shown in Figure 8.1,
are the tallest concrete buildings in the world, with a height above ground of 452 m.
Each building is supported by an outer ring of 16 reinforced concrete columns of
2400 mm diameter made of 70 MPa concrete to form a 46 m circle. At each level, the
columns are connected with a haunched ring beam. Lateral loads are shared by the
columns and the concrete core through the floor diaphragm. Each tower is supported
by a 4.5 m thick foundation raft supported on 85 concrete piles, some of them as deep
as 120 m! The towers were completed in 1999 at a cost of US$ 800 million (ENR
1999; Aga Khan Development Network, 2004).

8.2

TYPES OF REINFORCED CONCRETE COLUMNS

Reinforced concrete columns can be classified based on the type of transverse reinforce-
ment, as illustrated in Figure 8.2:

* Tied columns are reinforced with longitudinal bars enclosed by lateral ties provided
throughout the column length.

* Spiral columns are reinforced with longitudinal bars enclosed by closely spaced and
continuously wound spiral reinforcement.

* Composite columns are reinforced longitudinally with a structural steel shape, either
encased in or encasing the concrete, and with or without longitudinal bars (for exam-
ple, a hollow steel pile filled with concrete and reinforced with steel bars).

The most common cross-sectional shapes for tied columns are square and rectangular,
while spiral columns are usually of circular shape. This chapter is mainly focused on the
design of tied reinforced concrete columns. The design of composite columns is governed
by the steel design code CSA S16.1 and is outside the scope of this book.
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Tie 4+

y

Steel shape\

Figure 8.2 Types of reinforced
concrete columns: a) tied
columns; b) spiral columns;

c) composite columns. a) b) c)

Reinforced concrete columns can be classified based on their length into

» short columns
» long columns

Short columns are stocky and their behaviour is similar to that of reinforced concrete
flexural members; this will be discussed in Section 8.5. Most of this chapter is focused on
the design of short columns, which is very common for design practice.

Long (slender) columns are susceptible to buckling failure (similar to steel columns).
The criteria related to slenderness effects in reinforced concrete columns and the design
of slender columns are outlined in Section 8.12.

8.3 | MAIN COMPONENTS OF A REINFORCED
CONCRETE COLUMN

The main components of a reinforced concrete column are (see Figure 8.3)

» longitudinal reinforcement
 transverse reinforcement (ties or spirals)
* concrete core

Longitudinal
reinforcement

Ties

¥ Concrete
_// core

Figure 8.3 The anatomy
of a reinforced concrete

column: a) isometric view;
b) cross-section. a) b)
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8.3.1

8.3.2

Figure 8.4 Typical cross-
sections of columns reinforced
with spirals or circular ties.
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Longitudinal Reinforcement

Longitudinal reinforcement with adequate transverse reinforcement contributes to the
load-carrying capacity of a column in the following two ways:

* by increasing the column compression capacity
* by providing flexural capacity similar to that of a reinforced concrete beam

Longitudinal reinforcing bars in columns usually extend continuously between floors of a
building. Individually, these bars are slender (characterized by a high ratio of length to
cross-sectional dimensions), and can fail prematurely by buckling when subjected to com-
pressive force. To prevent the buckling failure, these bars must be laterally supported at reg-
ular intervals by ties. When buckling failure is prevented, the longitudinal bars subjected to
compression will fail by steel yielding, which is a desirable failure mode. Dimensioning the
column and choosing both the size and spacing of the longitudinal bars and ties so that the
buckling failure is prevented is an important design objective.

Transverse Reinforcement
The main types of transverse reinforcement (also known as hoops) are

* ties (rectangular, square, or circular)
* spirals

Tied columns are characterized by longitudinal bars restrained by ties, which are wired
onto the bars. Though the ties are similar to closed stirrups in beams, their main purpose
s not to resist shear forces but to prevent longitudinal bars from buckling outward under
compressive loads.

Typical cross-sectional shapes of concrete columns reinforced with circular ties or
spirals are shown in Figure 8.4. Most often, columns of circular cross-section are rein-
forced with spiral reinforcement, although in some cases rectangular or polygonal column
sections are also used in design practice. A spiral is made up of either wire or bar and is
formed in the shape of a helix.

Transverse reinforcement has a critical role in ensuring the effectiveness and struc-
tural integrity of reinforced concrete columns. The main functions of the transverse rein-
forcement are

* to provide lateral restraint to longitudinal bars under compression and prevent their pre-
mature buckling

* toincrease the compressive strength and prevent the sudden bursting of the concrete core

* to hold the longitudinal reinforcement in place during construction

* to resist the shear and/or torsion when reinforcing for these effects is required

Transverse reinforcement in a column acts in a similar way to a trouser belt — it ties (or
confines) the column and prevents it from falling apart when subjected to axial compres-
sion. Note that transverse reinforcement becomes effective only when the compressive
stress in the concrete core reaches the ultimate value due to the increasing axial load in the
column. At that stage, the transverse reinforcement is subjected to high strains (just like a
belt stretched when a person eats too much). Experimental studies have shown that the
confinement provided by transverse reinforcement can significantly enhance the strength
and ductility of reinforced concrete compression members.

Due to their circular shape, spirals or circular ties work in tension and provide
continuous confining pressure around the circumference of a column cross-section (this




Figure 8.5 How ties work:
a) circular or spiral ties;
b) rectangular or square ties.
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Confined concrete

Unconfined concrete

a) b)

pressure is similar to that created by a fluid under pressure inside a pipe), as illustrated in
Figure 8.5a. Note that rectangular or square ties are effective only near their corners
because the concrete in the core pushes against the sides of the ties, tending to bend the
sides outward. As a result, a considerable portion of the concrete cross-section may remain
unconfined, as shown with a hatched pattern in Figure 8.5b.

The amount and distribution of transverse reinforcement are of critical importance for
effective column design, as discussed in this chapter.

Concrete Core

Columns are compression members that make efficient use of concrete’s compressive
strength. However, concrete by itself is a brittle material, so steel reinforcement (longitu-
dinal and transverse) must be provided in columns to prevent brittle failure and ensure
ductile behaviour. It should be noted that closely spaced transverse reinforcement creates
additional lateral pressure in concrete columns subjected to axial compression. This results
in the compressive strength of the concrete core increasing beyond the specified compres-
sive strength (f;,’}, which is obtained by testing of unconfined concrete cylinders in
uniaxial compression, that is, without any lateral pressure applied on a cylinder during the
testing. The strength increase is proportional to the amount of lateral pressure created: the
more closely spaced the transverse reinforcement, the larger the increase in compressive
strength.

Experiments have shown that the concrete strength in confined concrete columns can
be effectively enhanced in the following ways (Park and Paulay, 1975):

* by increasing the volume of transverse steel relative to the volume of concrete (the larg-
er the volume of transverse reinforcement, the larger the confining pressure)

* by increasing the yield strength of the transverse steel (which gives an upper limit to the
confining pressure)

* by decreasing the spacing of transverse steel (smaller spacing leads to more effective
confinement)

» by increasing the diameter of the transverse reinforcement (resulting in larger flexural
stiffness of rectangular or square ties)

* by providing an adequate amount and size of longitudinal reinforcement, since the lon-
gitudinal steel also confines the concrete

* by placing the longitudinal bars tightly against the transverse steel; otherwise, longitu-
dinal bars need to move under the applied loads to bear onto the transverse reinforce-
ment, and the effectiveness of the longitudinal bars is reduced.
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The three basic types of reinforced concrete columns are as follows (see Figure 8.2):

* Tied columns are reinforced with longitudinal bars enclosed by lateral ties provided
throughout the column length.

* Spiral columns are reinforced with longitudinal bars enclosed by closely spaced and
continuously wound spiral reinforcement.

* Composite columns are reinforced longitudinally with a structural steel shape, either
encased in or encasing the concrete, and with or without longitudinal bars.

The main components of a reinforced concrete column are as follows (see Figure 8.3):

* Longitudinal reinforcement increases the axial and flexural load resistance of a column.

* Transverse reinforcement (ties or spirals) provides lateral restraint or confinement to
longitudinal bars under compression and prevents their premature buckling.

* The concrete core provides compression resistance to a column.

COLUMN LOADS: CONCENTRICALLY VERSUS
ECCENTRICALLY LOADED COLUMNS

Based on the location of the axial load, columns can be classified into two categories:

* Concentrically loaded columns (also called compression members) are subjected to
axial loads applied along the longitudinal column axis.

* Eccentrically loaded columns are subjected to axial load acting at an eccentricity with
regard to the centroid of the column section; as a result, these columns are subjected to
combined axial load and flexure.

In frame structures, bending moments are transferred from beams or slabs to the
columns. In some cases, moments develop due to the eccentricity of the axial load itself or
due to construction imperfections. Examples of eccentrically loaded columns include the
following (see Figure 8.6):

* Inamoment frame, due to the rigidity of the beam-to-column joints, the columns rotate
along with the ends of the supported beams (Figure 8.6a).

* Interior columns supporting beams of equal spans receive unequal loads due to applied
live load patterns (Figure 8.6b).

* In precast construction, a beam reaction is eccentrically applied on the column through
the bracket (Figure 8.6¢).

Consider a column loaded with an external axial load (P) acting at an eccentricity (e) with
regard to the centroid of the cross-section (point CG), as illustrated in Figure 8.7a. When
the two imaginary equal and opposite axial forces of magnitude P are added at the point
CG (see Figure 8.7b), the upward force forms a couple with the external force P, with the
lever arm ¢. The resulting bending moment (M) is

M=PXe

Note that there is a remaining force (P) acting downward at the centroid of the cross-section
(CG). Thus, the effect of an eccentrically applied axial force acting on a column cross-
section is equivalent to the combined effect of a concentric axial force and a bending
moment, as shown in Figure 8.7c.

In reality, the factored axial load {}}) and the factored bending moment (M J-} acting on a
column are often predetermined from analysis. The corresponding design eccentricity (e) is

M,
< 1
£ P, [8.1]
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Figure 8.6 Examples of eccentrically loaded columns: a) moment frame; b) interior columns supporting
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8.5| BEHAVIOUR OF REINFORCED CONCRETE
SHORT COLUMNS

The behaviour of reinforced concrete columns subjected to axial load depends primarily
on their slenderness (short/long columns) and the magnitude of the load eccentricity. This
section is focused on the behaviour of short columns. There are three distinct types of col-
umn behaviour, as follows (see Figure 8.8):

+ concentrically loaded columns (zero eccentricity)
 eccentrically loaded columns (small eccentricity)
* eccentrically loaded columns (large eccentricity)
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Figure 8.8 Variation in the
strain distribution with the
load eccentricity: a) concentric
load (P = P, ); b) small eccen-
tricity; c) large eccentricity.

CHAPTER 8

Concentrically loaded column (zero eccentricity) Consider a reinforced
concrete column subjected to a concentric axial load (P); that is, the load acts at the
centroid of the column cross-section point (CG) and the load eccentricity is zero
(e = 0). The load causes a uniformly distributed compressive strain in the cross-
section. With increasing load, the strain in the longitudinal reinforcement reaches
the yield strain (g,), which is approximately equal to 0.002 for Grade 400 steel. Under
a further load increase, the inelastic strain in steel continues to increase until the
strain in the concrete (¢,) reaches the maximum value (&) Of 0.0035, as shown in
Figure 8.8a. The maximum axial load capacity of a concentrically loaded column P,
is the sum of the concrete contribution and the steel contribution. The failure of a
concentrically loaded column occurs after the longitudinal reinforcement yields. The
behaviour of a concentrically loaded column in the postyield phase depends on
whether the transverse reinforcement consists of ties or spirals; this will be explained
in Section 8.6.2. This failure will be referred to as concrete-controlled mode in what
follows. ‘

Eccentrically loaded column (small eccentricity) When the load is applied
at a small distance (¢) from the centroid (CG), the strain distribution in the column is
no longer uniform (see Figure 8.8b). The maximum load capacity of the column is
reached when the strain at the compression face (£,) reaches the maximum value
(&) ©F 0.0035. In this case, the strains and stresses in the cross-section are less than
those in the concentrically loaded column. Consequently, the maximum load the sec-
tion can carry (P) is less than the axial load capacity of the concentrically loaded col-
umn; that is, P < P, . The extent of the decrease in the load capacity (P) depends on
the magnitude of the eccentricity: the larger the eccentricity, the smaller the load
capacity. Eccentrically loaded columns with small eccentricity fail in the concrete-
controlled mode.

Eccentrically loaded column (large eccentricity) When the load eccentricity
() becomes large, the effect of the bending moment (M = Pe) becomes significant, and
the column behaves like a beam subjected to flexure. In the extreme case, when the
eccentricity becomes indefinitely large (e = ), the axial load becomes insignificant



Figure 8.9 Effect of axial
compression in eccentrically
loaded columns with large
eccentricity: a) a column repre-
sented as a stack of concrete
blocks; b) the column lacks
flexural resistance and falls
apart; c) the column behaviour
improves when axial compres-
sion is added.
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and can be taken as zero; that is, P = 0; this is denoted as a pure bending eondition, as
illustrated in Figure 8.8¢c. The column behaves like a properly reinforced beam failing
in the steel-controlled mode, characterized by the yielding of steel reinforcement in
tension before concrete crushing has taken place (for more details, see Section 3.4.3).
Eccentrically loaded columns with large eccentricity fail in the steel-controlled mode.

In an axially loaded column where the load eccentricity is large, an increase in axial
load leads to an increase in flexural (moment) resistance. While this behaviour may
appear unusual, it can be explained by representing the column as a stack of unbonded
concrete blocks laterally supported at the top and bottom, as shown in Figure 8.9a. When
the stack of blocks is subjected to even a small uniformly distributed lateral load (w), it
may exhibit flexural failure due to the absence of tensile resistance between the individ-
ual concrete blocks (see Figure 8.9b). However, if an axial compressive load (P) is intro-
duced simultaneously with the lateral load (see Figure 8.9c), the compressive load
can help compensate for the lack of tensile resistance and increase the magnitude of
the moment resistance. If axial load is small, the magnitude of the moment resistance
increases with an increase in the axial load level. This relationship continues until
the axial load is sufficiently large such that the combined effects of axial load and flex-
ure initiate a crushing failure at the column compression face. Further increases in axial
load result only in a decrease in column moment resistance.

The balanced condition occurs when the strain in steel at the tension face reaches the
yield strain (&, = £,) simultaneously with the concrete strain at the compression face
reaching the maximum value (&, = &, ). This condition represents the threshold bet-
ween the small and large eccentricity load conditions discussed above. The load eccentric-
ity corresponding to the balanced condition is called the balanced eccentricity (e,).

The above discussed load conditions can be conveniently presented in diagram form,
with bending moment on the horizontal axis and axial load on the vertical axis. Such a
diagram is called a column interaction diagram, as shown in Figure 8.10. There are two
distinct regions shown hatched on the diagram, corresponding to eccentrically loaded
columns with small and large eccentricities, respectively. These two regions are divided by
a line corresponding to the balanced condition. Features of column interaction diagrams
and their use in column design will be discussed in Section 8.7.
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Axial load resistance (P,)

Figure 8.10 Characteristic L e
types of behaviour summarized
on a column interaction diagram. Pure bending (P =0, e = ) Moment resistance (M,)

The behaviour of reinforced concrete columns subjected to axial load depends primarily
on their slenderness and the magnitude of the load eccentricity. There are three distinct
types of column behaviour, as follows:

Concentrically loaded column (zero eccentricity): The maximum axial load capac-
ity of the column is reached when the compressive strain in concrete (&,) reaches the
maximum value (g, ) of 0.0035 (g, = &, ..). The maximum axial load capacity of a
concentrically loaded column (B,,) is the sum of the concrete contribution and the steel
contribution. A concentrically loaded column fails after the longitudinal reinforcement
yields. The behaviour of a concentrically loaded column in the postyield phase depends
on whether the transverse reinforcement consists of ties or spirals. Concentrically
loaded columns fail in the concrete-controlled mode.

Eccentrically loaded column (small eccentricity): The axial load resistance in
eccentrically loaded columns with small eccentricity is reduced in comparison with
concentrically loaded columns. The decrease in the load capacity depends on the
magnitude of the eccentricity: the larger the eccentricity, the smaller the load
capacity. Eccentrically loaded columns with small eccentricity fail in the concrete-
controlled mode. :

Eccentrically loaded column (large eccentricity): At a large load eccentricity (e),
the effect of the bending moment (M = P X ¢) becomes significant, and the column
behaves like a beam subjected to flexure. In an eccentrically loaded column with
large eccentricity, an increase in the axial load results in an increased flexural
resistance. Eccentrically loaded columns with large eccentricity fail in the steel-
controlled mode.

The balanced condition: When the strain in steel at the tension face reaches
the yield strain (¢, = &) simultaneously with the strain at the concrete compression
face reaching the maximum value (&. = &, the balanced condition occurs. This
condition represents the threshold between the small and large eccentricity load
conditions.
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AXIAL AND FLEXURAL LOAD RESISTANCE
OF REINFORCED CONCRETE SHORT COLUMNS

Basic CSA A23.3 Column Design Assumptions

The design of reinforced concrete columns for axial load and flexure according to CSA
A23.3 is based on the following design assumptions (note that the same assumptions apply
to the flexural design of beams and slabs in Section 3.3.2):

|. Plane sections remain plane: Sections perpendicular to the axis of bending that are
plane before bending remain plane after bending (CI1.10.1.2).

2. Strain compatibility: The strain in the reinforcement is equal to the strain in the con-
crete at the reinforcement location. This assumption implies perfect bond between the
steel and the concrete.

3. Stress-strain relationship: C1.10.1.7 proposes the use of an equivalent rectangular stress
block instead of the actual stress distribution for concrete for limit states strength design.

4. Concrete tensile strength: The tensile strength of concrete is neglected in design
(CL.10.1.5).

5. Maximum concrete compressive strain: According to Cl1.10.1.3, the maximum com-

pressive strain in concrete (&,,,,,) is equal to 0.0035.

The ultimate limit states design of concrete columns is based on the following basic
assumptions outlined by CSA A23.3:

« Plane sections remain plane (linear strain distribution across the section) (C1.10.1.2).

= Strain compatibility exists between concrete and steel.

* An equivalent rectangular stress block is used instead of the actual stress distribution
for concrete (C1.10.1.7).

» The concrete tensile strength is neglected in the design (C1.10.1.5).

+ The maximum concrete compressive strain (£,,,,.) is equal to 0.0035 (C1.10.1.3).

Axial Load Resistance of a Concentrically Loaded Short Column

Consider the concentrically loaded reinforced concrete short column in Figure 8.11a. The
total axial load resistance of a column is determined as the combined resistance provided
by the concrete and the longitudinal reinforcement:

= PJY{} + Pfi‘l‘! [8'2]
where
P,, = the factored axial load resistance of a reinforced concrete column
P, ., = the factored axial load resistance provided by the concrete

I

. = the factored axial load resistance provided by the longitudinal reinforcement.

The concrete resistance (Pm) is determined as the product of the net concrete area
(A, — Ay, obtained from the gross cross-sectional area by deducting the steel area, and the
corresp(mdmg stress (¢, f."). The equivalent rectangular stress distribution (see the third
design assumption in Section 8.6.1) and the material resistance factors according to CSA

A23.3 are used, as follows:
rm (u1¢ f )(A An‘} [8‘3]
where

.
b,

I

the specified compressive strength of concrete
the resistance factor for concrete
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Figure 8.11 Axial load resist-
ance of a concentrically loaded
reinforced concrete column:

a) elevation; b) stress and strain
distribution; c) stress-strain
diagram of concrete; d) stress-
strain diagram of steel.
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A e = the gross area of a column cross-section
A, = the total area of longitudinal reinforcement.

and

a; =08

The maximum force in the steel reinforcement (P,) can be calculated as

Prso = d).\‘ f y Ast

where

Jy
b,

the specified yield strength of steel
the resistance factor for steel.

[3.7]

[8.4]
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According to A23.3 C1.10.10.4, the factored axial load resistance of a reinforced con-
crete column is equal to the sum of the concrete resistance and the resistance provided by
the yielded longitudinal reinforcement:

B = 0 LAy + DA )

Note that Eqn 8.5 is a simplified form of A23.3 equation 10.10; this simplified equation
applies to nonprestressed columns and columns without internal or external structural steel
shapes.
A23.3 Cl1.10.10.4 accounts for the effect of unanticipated or accidental moments in con-
centrically loaded short columns by prescribing a reduction in the column axial load resistance.
For tied columns,

P - 080, s

or

Prmux = 0.80 [al(pcfc’(Ag _Ast) + ¢A‘f'vAst]

For spiral columns,

R rmax 0'85Pm [8.7]

or

Prmax = 0.85 [ald)cfc’(Ag—Ast) + ¢.rvast]

In these equations, P, . is the maximum axial load resistance of a concentrically loaded
nonprestressed concrete column prescribed by CSA A23.3.

In practical design applications, the gross area of concrete is used in Eqn 8.3 instead
of the net area. This is justified by the fact that the reinforcement area (A,,) represents a

small fraction of the gross cross-sectional area (A g). It follows that

Pro = ald)cfclAg * (bstAst [8.8]

Consequently, the maximum axial load resistance can be calculated from the following simpli-
fied equations (note that these equations are not prescribed by CSA A23.3).
For tied columns,

Prmax =080 (ald)cfc‘,Ag + ¢sf.vA.\‘t) [8.9]
For spiral columns,
Prmax = 0.85 (ald)cfc’Ag + d)svast) [8.10]

The behaviour of tied and spiral columns subjected to axial load strongly depends on the extent
of confinement provided by the transverse reinforcement. The extent of confinement depends
on the size and spacing of the reinforcement; it increases with a decrease in the spacing and
an increase in the size of transverse reinforcement. The behaviour of tied and spiral columns
subjected to concentric axial load is shown on the stress-strain diagram in Figure 8.12. Tied
and spiral columns demonstrate similar behaviour until the longitudinal reinforcement has
begun to yield. The tied column with widely spaced ties (moderate confinement) fails shortly
thereafter, as shown with a dashed line in Figure 8.12. The failure is accompanied by the crush-
ing of concrete and the buckling of longitudinal bars between the ties.

In the spiral column, the yielding of the longitudinal reinforcement is accompanied
by cracking or complete spalling of the concrete shell outside the spirals. After the shell
has spalled off, the spirals become effective in preventing the buckling of the longitudi-
nal bars. Under increasing load, the longitudinal bars bear on the spirals, which in turn
cause larger lateral pressure to develop in the concrete core. As discussed in Section
8.3.3, the lateral pressure caused by the spirals enhances the compression resistance of
the concrete core (see the solid line in Figure 8.12). Ultimately, the column fails when
the spirals yield and the effectiveness of the confinement has been exhausted. The
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Figure 8.12 Behaviour of tied and spiral columns under increasing axial load.

behaviour of the spiral column will vary depending on the spiral size and pitch, which
determine the extent of confinement.

A highly confined tied column with closely spaced ties behaves similarly to a spiral
column and has a significant ability to deform before failure, as shown by the dotted line
in Figure 8.12.

In conclusion, axially loaded columns with closely spaced ties or spirals demonstrate
superior behaviour and are able to sustain larger deformations before failure than columns
with limited confinement (widely spaced ties). For more details on the behaviour of confined
concrete columns, the reader is referred to Sheikh and Uzumeri (1980) and Sheikh (2002).

The factored axial load resistance of a reinforced concrete short column (B,,) is deter-
mined as the combined resistance provided by the concrete (P,.,) and the longitudinal
reinforcement (P

r.m) :
Pm = Prt'o + P

rso

A23.3 C1.10.10.4 accounts for the effect of unanticipated or accidental moments in concen-
trically loaded short columns by prescribing a reduction in the column axial load resistance.
For tied columns,

P = 080P, s

For spiral columns,

P rmax O'SSPm (8.7]

The behaviour of axially loaded tied and spiral columns depends strongly on the extent
of confinement provided by the transverse reinforcement. In general, spiral columns
demonstrate superior behaviour to tied columns when subjected to a concentric axial
load. Tied columns with widely spaced ties fail after the longitudinal reinforcement in
the column yields. The failure is accompanied by concrete crushing and buckling of the
longitudinal bars between the ties. Spiral columns fail when the spirals fracture after
yielding at high axial deformations. Axially loaded confined columns with closely
spaced ties also have an ability to sustain large deformations before failure.
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Given:

SOLUTION:

A23.3 Eq. 10.10

A23.3 CL.10.10.4

A23.3 Eq. 10.9
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A typical cross-section of a concentrically loaded tied short column is shown in the
figure below. The column is reinforced with 30M longitudinal bars and 10M ties. Use
a 40 mm clear cover to the ties and a 20 mm maximum aggregate size. The concrete
and steel material properties are given below.

Find the axial load resistance for this column.

. 10M @ 300
8 30M\\ ’/' @

€
£
o
[e=)
wn
i
<
, b =500mm ,
f.! =25MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
b = 500 mm
h = 500 mm
1. Calculate the areas of longitudinal reinforcement and concrete
Longitudinal reinforcement: 30M bars
From Table A.1,
Area = 700 mm?
The total area of longitudinal steel (A_,) (eight bars in total) is
A, = 8(700 mm?) = 5600 mm?
Concrete
The gross cross-sectional area is
Ag= b X h = 500 mm X 500 mm = 250 000 mm
2. Calculate the maximum axial load resistance (P, )

Determine the factored axial load resistance for a reinforced concrete column:

Pm T |¢(.f(,'(Ag T A.ﬁ) + ¢'.s' fv A.s‘t [8'5]
All parameters in the above equation are known except for a:
a, =08 [3.7]

Calculate the P, , value:

P, = 0.8(0.65)(25 MPa)(250 000 mm? — 5600 mm?) + 0.85(400 MPa)(5600 mm?)
= 5081 X 10N = 5081 kN

The column under consideration is tied. Therefore, determine the maximum axial load
resistance based on the following equation:

P ... = 080P = 0.80(5081 kN) = 4065 kN [8.6]

iy

Therefore, the maximum axial load this column can carry according to CSA A23.3
is 4065 kN.
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For design purposes, calculate the P

rax
Prmu.r =038 [al(ﬁt'ft'FAg + 4’.&'}?\"'4'.\'1'] [8'9]
= 0.8[0.8 X 0.65(25 MPa)(250 000 mm?) + 0.85(400 MPa)(5600 mm?)]
= 4123 X 10°N = 4120kN

By comparison, the difference in the two values is less than 2%. Therefore, use the
factored axial load resistance for this column obtained using the simplified equation:

P = 4120 kN

Feiax

value using the simplified equation as

8.6.3 Axial and Flexural Resistance of Eccentrically
Loaded Reinforced Concrete Short Columns

Consider a tied reinforced concrete short column of rectangular cross-section subjected to an
axial load P_acting at the eccentricity e; a vertical elevation of the column is illustrated in
Figure 8.13a. The column is reinforced with the longitudinal reinforcement distributed sym-
metrically at the two column faces, as shown in the cross-section in Figure 8.13b. Due to the

a)

c)

Figure 8.13 Eccentrically
loaded column: a) vertical
elevation; b) cross-section;
c) strain distribution;

d) internal forces.
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eccentric location of the axial load, one column face is in the tension zone, whereas the remain-
der of the column section is in the compression zone.
The notation used in this section is summarized below:

b = column width,
h = overall depth,
area of longitudinal reinforcement at a distance d,; from the compression face of
the column,
A, = area of longitudinal reinforcement at a distance d, from the compression face
of the column,
a = depth of the equivalent rectangular stress block,

¢ = neutral axis depth (distance from the extreme compression fibre to the neutral axis).

A

sl

Note that the symbols A, and A, are used to denote reinforcement located at diffe-
rent distances from the compression face of the column. This labelling is somewhat different
from the previous chapters, and it is used in this section to enable the use of the same analy-
sis procedure for columns with more than two layers of reinforcement (to be discussed in
Section 8.7.2).

The strain distribution over the column section is shown in Figure 8.13c. The steel strain
(&) in the reinforcement of area (A ;) can be determined from similar triangles as

8.7 1 acmax

c—d, c

The strain (&) can be calculated from the above equation as

4,
€1 = Eemax 1 —? [8.11]
where &, - = 0.0035 is the maximum compression strain in concrete (see Section 8.6.1).

The strain (g,,) in the reinforcement (A ,) can be obtained from similar triangles as

d2
€02 T Comax 1-— [8.12]

c

The steel reinforcement (areas A, and A ,) may either yield or remain elastic, depending
on several factors. The criteria related to the magnitude of the stress (f;,) in the reinforce-
ment of area (A,,) corresponding to the strain (£,) can be summarized as follows:

» If e, = ¢, then the steel yields and f; = f,.
o Ife, < a{v, then the steel remains elastic; that is, f,, = E e, < fv.

The strain (£,) in the reinforcement of area (A ;) and the corresponding stress (f,,) can be
determined in an analogous way.

Note that the negative sign indicates tension in the yield strain; also, the yield strain
(¢,) can be determined from Hooke’s law as £, = f, /E (see Section 2.6.2).

" Let us consider the equilibrium of forces acting on the column cross-section in the ver-
tical direction, as shown in Figure 8.13d. Based on the strain distribution, the compression is
carried by the concrete (the corresponding stress resultant C,) and the reinforcement A, cor-
responding to the resultant force F, ;. However, the tension is carried by the reinforcement
of area A, that is closest to the tension face of the column (the corresponding resultant force
is denoted as F,,). Note that this concept is similar to flexure in reinforced concrete beams
(see Section 3.5.1). These forces must be in equilibrium with the external force P, as follows:

P.=C +F +F,, [8.13]
where
C = a1¢>cfc’a b=oad.f'(cB)b [3.8]

is the compression stress resultant in the concrete,

Frsl = d)sfslAsl [8'14]
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is the force in the reinforcement of area Agps

F}:ﬂl == d)sf:sEA.vi! [8.15]
is the force in the reinforcement of area Ay,
a=Bc [3.4]

is the depth of the equivalent rectangular stress block, and

@, =08, B,=09 [3.7]

KEY |

Key equations related to axial and flexural resistance of eccentrically loaded columns
are summarized below.

The force equilibrium equation is

Eoml o Fo b [8.13]
The moment equilibrium equation is

h B h h
PXe= C"(E_T) + Frsl(ihdl) a0 (E—dz) [8.16]
The factored moment resistance is
M, =P Xe [8.17]

The strain in the reinforcement of area A is

dl
€51 = Cemar 1 =5 (8.11)

Ife, = &y, then f; =JE
lfs.n < e),,thenf“ =Eg, <fy

The force in the reinforcement of area A is

F rsl = ¢‘sfslAsI (8.14]
The strain in the reinforcement of area A, is

d,
&p = s(_mm.(l = ) [8.12]

e, = &, thenf, = f
Ife, < é&,thenf, = é En < j;, (the negative sign indicates tension)

The force in the reinforcement of area A , is

Frp = ¢ f0lg [8.15]
The compression stress resultant in the concrete is
C.=a.f'ab=ad.f'(cB)b [3.8]
where

a= B [3.4]

is the depth of the equivalent rectangular stress block, and
a; =08 B, =09 [3.7]
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Note that the neutral axis depth (c) has been used instead of (a) as a parameter in the
above equations in order to decrease the number of unknown variables in the equations of
equilibrium.

The second equation of equilibrium is obtained by equating the external moment to
the sums of the moments of the factored stress resultants around the centroid of the column
cross-section (point CG) as follows:

h By h h
Pr X e = Cr E — T + le E — dl + Frs2 5 — a'2 [8.16]
Note that
M = P Xe [8.17]

where M, denotes the factored moment resistance of a column section subjected to an axial
force P, acting at an eccentricity e.

Equations 8.13 and 8.16 can be used to calculate the axial force (P) and the
corresponding moment resistance (M,) for a column with given material properties, cross-
sectional dimensions, and reinforcement.

Column Load Resistance Corresponding
to the Balanced Condition

The balanced condition occurs when the strain in concrete is equal to the maximum value
and the strain in steel is equal to the yield strain; that is,

£, = Eppx = 0.0035
and

£y
Ep =&, = E

The following general steps can be followed to analyze a column section for the balanced
condition.

1. A strain diagram for the section can be drawn and the neutral axis depth (c,) calcu-
lated based on the strain distribution from similar triangles as

¢, = €emax d2 [8.18]
ey + € max

Note that, in this case, the neutral axis depth can be determined without using the
equations of equilibrium.

2. The internal stresses and resultants can be determined based on Eqns 3.8, 8.14, and 8.15.

3. The axial force corresponding to the balanced condition (P,,) can be determined from
Egn 8.13, and the balanced eccentricity (e,) can be determined from Eqn 8.16.
Subsequently, the corresponding moment resistance (M,,) can be determined from

Eqn 8.17.

—

Example 8.2

Consider the short reinforced concrete column with cross-sectional dimensions
300 mm by 300 mm in the figure that follows. Use a 40 mm clear cover to the ties. The
material properties and the reinforcement are given.

Calculate the following column design parameters:

* balanced axial load (P,,)
* balanced eccentricity (e,)
* balanced moment resistance (M ;)
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Given:

SOLUTION:

CHAPTER 8
4- 20M-\
£
E
10M ties— o
o
o
1}
o
| b =300 mm |
f.! = 25MPa
f, = 400 MPa
¢, = 0.65
¢, = 0.85
E = 200 000 MPa
1.

Calculate the neutral axis depth (c,)
a) Calculate the reinforcement parameters (see Table A.1):

i) Longitudinal reinforcement: 20M bars

ii)

iii)

Area = 300 mm?
Diameter: d;, = 20 mm
Ties: 10M bars
Diameter: d,,, = 10 mm
The distances d , and dz (see the sketch below):

cover = 40 mm (given)

d,

d,

d
cover +d,, + ?b =40 mm + 10 mm +

dh
h—cover — d— ?

20
300 mm —40 mm— 10 mm —

=86

cmax

mm

20 mm

= 240 mm

= 60 mm
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b) Determine the neutral axis depth (c,):

&

cmax
¢, =——F —d, [8.18]
8_\) + € emax
where
£, = €, = 0.0035, and
v 400 MPa
=—=————=0.002
7 E,~ 200000 MPa
Thus, &, = —0.002 (negative sign indicates tension)
0.0035
c, = mg (240 mm) = 152.7 mm = 153 mm

2. Calculate the forces in the concrete and steel
a) Calculate the concrete stress resultant using the following equations:

C,=apd.f'ch ‘ [3.8]
where
a; =08, B,=09 [3.7]
Thus,

C,=aB @, f'chb=08x09 X 0.65(25MPa)(153 mm)(300 mm)
=537 X 10°N = 537kN

b) Calculate the forces in the reinforcement.
i) First, calculate the reinforcement area:

Layer 1 (2-20M): A,; = 2 (300 mm?) = 600 mm?
Layer 2 (2-20M): A, = 2 (300 mm?) = 600 mm?

ii) Next, check whether the reinforcement has yielded.

Since £, = &, = —0.002, the reinforcement A, has yielded.
d
€1 T €omax 1_? [8.11]
60
= 0.0035(1 —ﬂ> =0.0021 > &, = 0.002
153 mm y

so the reinforcement A | has yielded.
Hence,

S = f, (compression)

[ = — [, (tension)
where
f, = 400 MPa

iii) Finally, calculate the forces in the reinforcement as follows:

F. ., =,f,A,, = (0.85)(400 MPa)(600 mm?) =204 X 10> N = 204 kN
[8.14]

F,=¢ f,A, = (0.85(—400 MPa)(600 mm2) = —204kN  [8.15]
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3. Calculate the balanced axial force (P,;)
The force equilibrium equation is
Pr == Cr + Frxl 2 Fr.\'Z [8‘13]
Substitute the values for the component forces. Then, P, can be obtained as

P, =P = 537kN + 204 kN —204 kN = 537 kN

i

4. Calculate the balanced eccentricity (ey)
a) Compute the following:

¢ 3 ; 3
c(g—ﬁT’) = (537 X m‘N}( 002""“ —09“52 ""“}) =43.6X 10°N-mm

h 3
F,,.u(g—d.) = (204 X I(}‘N)( oozmm_m mm) = 184 X 10°N-mm

300 mm

Fm,z(ﬁ—dz) = (—204 X 103N)(

5 —240mm) =184 X 10°N-mm

b) Determine the eccentricity from the moment equilibrium equation

h By h h
P Xe= Cr(E-T) + Fr'.rl(E_dl) + Fer(E_dE) [8.16]

or
(537 X 10°N)e, = 43.6 X 10°N-mm + 18.4 X 10°N-mm + 18.4 X 10° N-mm
e, = 149.7mm = 150 mm

5. Calculate the balanced moment resistance (M)
Calculate the factored moment resistance from the equation

M, =P, Xe [8.17]
M, =M, = (537 X 10> N)(150 mm) = 80.6 X 10°N-mm = 81 kN-m

e e e L e b e s e e e e e oo - L

8.7

8.7.1

COLUMN INTERACTION DIAGRAMS

Key Features

The axial and flexural resistance of reinforced concrete column sections can be expressed
by a column interaction diagram (also called a P-M interaction diagram). As discussed in
Section 8.5, the behaviour of an axially loaded column depends on the magnitude of the
load eccentricity. Figure 8.14 shows a typical column interaction diagram; the axial load
resistance is shown on the vertical axis on the diagram, whereas the moment resistance is
shown on the horizontal axis. The regions of a column interaction diagram are associated
with different types of column behaviour, as follows:

A concentrically loaded column is represented by point A on the diagram. This point
corresponds to the zero eccentricity condition (e = 0).

An eccentrically loaded column with small eccentricity is represented by the region A-B
on the diagram. This region is characterized by concrete-controlled failure initiated by the con-
crete crushing (this mode of failure is also characteristic of concentrically loaded columns).

An eccentrically loaded column with large eccentricity is represented by region B-C on
the diagram. This region is characterized by a steel-controlled failure caused by the steel yield-
ing before the concrete crushes. Note that the horizontal axis on the diagram represents an infi-
nitely large eccentricity condition (e = ), corresponding to pure bending in the column.

Note that the threshold between these two types of behaviour is represented by the balanced
condition, characterized by the balanced eccentricity (e, ), shown as line O-B on the diagram.



Axial load resistance (P,)
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Eccentrically loaded column
- small eccentricity
(concrete-controlled failure)

Eccentrically loaded column
- large eccentricity
(steel-controlled failure)

© ‘re=oo

S
>

M, (pure bending) Moment resistance (M,)

Figure 8.14 A column interaction diagram showing the types of column behaviour.

Figure 8.15 A typical column
interaction diagram.

A column interaction diagram can also be used to predict the behaviour of an eccentri-
cally loaded column subjected to an axial load ) acting at the eccentricity (e), as follows:

1. If e > ¢, (the points along the portion B-C of the diagram), the column will experi-
ence steel-controlled failure.

2. If e < ¢, (the points along the portion A-B of the diagram), the column will experi-
ence concrete-controlled failure.

The key features of a column interaction diagram are explained below (see Figure 8.15):

1. The points on the diagram represent the combinations of axial forces and bending
moments corresponding to the resistance of a column cross-section. Point 1 in Figure 8.15
corresponds to the maximum factored axial load capacity (P,,) for a column loaded with

A
PTO 1
—_ 4
o 4
e , »
8 1,
=
] Pr1 ——————————————————
8
R |
8 I
O
- |
=}
© |
kel l
T §
b4 i
< i
[
|
|
L
2 |
P_fz e e —— | S )
l LY
| i |
| i I
| i
1 5 1
Mf2 M. Mr3

Moment resistance (M,)
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an axial load acting at an eccentricity (e). The corresponding factored moment resistance
isequalto M.

2. Each point on the interaction diagram corresponds to the column capacity at a specific
load eccentricity. Point 1 in Figure 8.15 corresponds to an eccentricity e = M /Py

3. A column interaction diagram determines whether the column has adequate capacity
to carry the design loads. A point inside the interaction curve represents a combina-
tion of Pf and Mf values within the column capacity (see point 2 in Figure 8.15),
whereas a point outside the curve represents a combination of Pf and M ¢ values that
exceed the column capacity (see point 4 in Figure 8.15).

4. An interaction diagram is a unique representation of a column with regard to its materi-
al properties, cross-sectional dimensions, and amount and distribution of reinforcement.
An interaction diagram corresponds to a specific column with defined material prop-
erties, cross-sectional dimensions, and amount and arrangement of reinforcement.
Changing any one of these parameters would result in a different interaction diagram.
Consider columns | and 2 shown in Figure 8.16. The columns are identical (in terms
of cross-sectional dimensions and material properties), except for the different
amount of reinforcement. Column 1 is reinforced with 4-20M bars (corresponding to
reinforcement ratio p,), while column 2 is reinforced with 4-30M bars (reinforce-
ment ratio p,); it is apparent that p, < p,. Each column is represented by a different
interaction diagram, as shown in Figure 8.16. Note that the column with the larger
amount of reinforcement corresponds to the larger load resistance. For example, if
columns 1 and 2 are subjected to the same axial load (P;,), the corresponding moment
resistance values are M, and M ,, respectively, where M, < M ,.

A column interaction diagram must take into account the reduction in the axial load resist-
ance due to the unanticipated or accidental moments in concentrically loaded columns, as
discussed in Section 8.6.2. This is illustrated on the interaction diagram in Figure 8.17. The
maximum axial load resistance of a concentrically loaded nonprestressed concrete column
prescribed by A23.3 C1.10.10.4 is equal to P, (see Eqns 8.6 and 8.7). As a result, the
horizontal line P, = P, needs to be plotted on the diagram. This line intersects with the
interaction diagram at point D in Figure 8.17. The points on the interaction diagram above
the horizontal line (region A-D on the diagram) should be neglected in the design (shown
with a hatched pattern in Figure 8.17). Note that point D defines the minimum accidental
eccentricity (e, ) a column has to be designed for according to CSA A23.3 (this value

used to be prescribed by the previous editions of CSA A23.3).

4 - 20M
Column (O
(o
/4 - 30M
X Column @
P2
> p1 < p2

Mr1 Mr2 M

Interaction diagrams corresponding to columns 1 and 2 characterized by different
reinforcement ratios (all other column properties are identicat).
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ro 4

max

=g
€ L’mm B

Figure 8.17 Minimum
eccentricity in concentrically
loaded columns.

oK
g\f

The key features of a column interaction diagram are summarized below:

1. The points on the diagram represent the combinations of axial forces and bending
moments corresponding to the resistance of a column cross-section.

2. Each point on the interaction diagram corresponds to the column capacity at a spe-
cific load eccentricity.

3. A column interaction diagram determines whether the column has adequate capacity
to carry the design loads.

4. An interaction diagram is a unique representation of a column with regard to its materi-
al properties, cross-sectional dimensions, and amount and distribution of reinforcement.

Interaction diagrams can also be used to predict whether an eccentrically loaded column
subjected to an axial load P, acting at the eccentricity e is likely to fail in the concrete-
controlled mode or the steel-controlled mode (see Figure 8.14), as follows:

L. If e > ¢, (the points along the portion B-C of the diagram), the column will
experience steel-controlled failure.

2. If e < e, (the points along the portion A-B of the diagram), the column will
experience concrete-controlled failure.

The threshold between these two types of behaviour is represented by the balanced
condition, characterized by the balanced eccentricity e,

8.7.2 Development of a Column Interaction Diagram

A column interaction diagram can be developed by determining the P. and M, values
corresponding to different strain distributions. These values correspond to points on the
interaction diagram. The variation in strain distribution in different regions of a column
interaction diagram is shown in Figure 8.18.

Points on the column interaction diagram can be determined using the procedure
presented in Section 8.6.3, modified to account for several layers of reinforcement, as
illustrated in Figure 8.19. A typical reinforcement layer is denoted by the subscript i,
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< cc;n‘_‘[‘3

: P
B ]
| 8(' = SC""’X
e
< CGe
ey
Steel-controlled g >>¢
C M,

Figure 8.18 Strain distributions corresponding to the concrete-controlled and steel-controlled
regions of the interaction diagram.

where i can vary from 1 to n (n denotes the total number of reinforcement layers in the
column). The following notation is used in this procedure:

Ay, = the area of the longitudinal reinforcement layer located at a distance (d) from
the compression face of the column

&£; = the strain in the reinforcement layer of area (A ;) (a positive sign is associated
with compression strain)

f; = the stress in the reinforcement layer of area (A,); note that this stress can have

either a positive or a negative value, depending on the sign of the strain (&)
(a positive sign corresponds to compression)
F,; = the force in the reinforcement layer of area (A )

The main steps in the general computational procedure used to determine a certain
point on the column interaction diagram for a tied column of rectangular cross-section
with more than two layers of reinforcement are as follows (see Figure 8.19):

1. Estimate the neutral axis depth (c).
2. Compute the strain in all reinforcement layers using the equation

d.
€ = acmax(l *?’), i=1ton [8.19]

® P

Eomax = 0.0035

Figure 8.19 Reinforced

concrete column with several
reinforcement layers: a) cross-
section; b) strain distribution;
c) internal forces. a) b) c)
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Example 8.3

Given:

SOLUTION:

A tied short column of square cross-section is shown in the figure below. The column
is reinforced with 30M longitudinal bars and 10M ties. Use a 40 mm clear cover to
the ties. The material properties are summarized below.

Develop the column interaction diagram.

- 30M 10M @ 300
8-30 \ f @

£
€
o
S
w
1l
2
b =500 mm
f.' =25MPa
5= 400 MPa
E_ = 200 000 MPa
¢, = 0.65
¢, = 0.85
b = 500 mm
h = 500 mm

1. Calculate the axial load resistance corresponding to the zero eccentricity condition
This step was performed in Example 8.1. The factored axial resistance P, is
P_ = 5081 kN.

ro
This value defines point 1 on the interaction diagram (note that M, = 0 for this

condition).

2. Calculate the neutral axis depth corresponding to the balanced condition (c;)
The neutral axis depth (c,) can be determined as

&
¢, = —m__ g [8.18]
8_\) + € emax
where
&, = &, = 0.0035
f, 400 MP
6 =L = 4 0002

Y E, 200000 MPa
Calculate the column effective depth (d) (see the sketch below):

30M bars: d,, = 30 mm
10M ties: d".e = 10 mm
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dy

d = h—cover—d,;,——

fig) 2

30
= 500 mm — 40 mm — 10mm—$ = 435 mm = 430 mm

Cp

After the above values are substituted in Eqn 8.19, the ¢, value can be calculated as

0.0035

= ———————( = 0.64d = 0.64(430 mm) = 275 mm

0.002 + 0.0035

Determine the points on the column interaction diagram

At least five points need to be determined on the column interaction diagram using the
generalized procedure (Steps 1 to 6) explained earlier in this section. These steps will
be denoted as 3.1 to 3.6 in this example.

3L

Estimate the neutral axis depth (c).
The neutral axis depth corresponding to the balanced condition was determined
in the previous step; that is, ¢, = 275 mm.

The points 2 and 3 on the diagram need to be determined between the zero
eccentricity condition and the balanced condition (corresponding to ¢ > ¢;). The
choice of appropriate ¢ values is a matter of the designer’s judgment. The values
should be in the range from ¢ = ¢, = 275 mm to ¢ = d = 430 mm. Consider the
following values:

¢, = 400 mm
¢3 = 325 mm

Point 4 on the interaction diagram corresponds to the balanced condition
(c; = ¢, = 275 mm).

Finally, determine two more points (5 and 6) on the diagram corresponding
to large eccentricity and small neutral axis depth; that is ¢ < c,- The values
should be in the range from ¢ = Oto ¢ = ¢, = 275 mm. Consider the following
values:

¢ = 200 mm
100 mm

€

The strain conditions and the corresponding neutral axis values corre-
sponding to points 1 to 6 on the interaction diagram are illustrated in the sketch
below.

Point: @ ©)] @ ® ®
Eemax =0.0035  0.0035 ~ 0.0035 | 0.0035 8  0.0035

3:Z:

Compute the strain in each reinforcement layer.

First determine the reinforcement properties that will be used in this example.
There are three reinforcement layers. Each layer is defined by the area A ; and
the distance d; from the compression face of the column to the centroid of the
bar layer (i = 1 to 3). Noie that 30M bars are used in this example; the area of
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each bar is 700 mm? (see Table A.1). These properties are summarized in the

table below.

Reinforcement Specified Ay d;
layer reinforcing bars [mm?] [mm]
1 3-30M 2100 70
2 2-30M 1400 250
3 3-30M 2100 430
Note that
d, = h—d = 500 mm - 430 mm = 70 mm
h 500 mm
h = o= = 250 mm
2 2

dy = d = 430 mm

Subsequently, determine the strain in each reinforcement layer using the equation

d,
£, = ecm(l —?’> (i=11t03) [8.19]
Note that a negative sign corresponds to a tension strain.
Point 2 3 4 5
¢ [mm] 400 325 275 200 100
£ 0.0029 (Y) 0.0027 (Y) 0.0026 (Y) 0.0023 (Y) 0.0011
£y 0.0013 0.0008 0.0003 - 0.0009 < (—0.002) (Y)
£ ~-0.0003 —=0.0011 —0.002 (Y) < (—0.002) (Y) < (—0.002) (Y)

If |as,.| zg = 0.002, when the reinforcement in layer / yields (denoted with the

letter Y in brackets).

3.3. Compute the stresses (f,;) in each reinforcement layer (i = 1 to 3).

The following criteria apply to the stress calculations:
Ife; = ¢, then f; = f,

If Ei < S_V' then f.ri = Esa.ri <fy

Point 2 3 4 5 6

¢ [mm] 400 325 275 200 100
£, [MPa] 400 400 400 400 220
£, [MPa] 260 160 60  —180  —400
fi[MPa]l  —60  —220  —400  —400  —400

3.4. Calculate the stress resultants in the concrete and steel.

Calculate the concrete stress resultant using the equation
C,=aB@f'cb

where

a;=08,8,=09

It follows that

r

5.85¢ [kN]

C = a,8,¢.f. cb=(0.8)(0.9)0.65)(25 MPa)(¢)(500 mm X 1073) [N]

[8.20]
[8.21]

[8.22]

[3.7]
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Calculate the forces in the reinforcement:

Ei=& 0yl [8.23]
is the force in the reinforcement layer of area A, (i = 1 to n), where
= ¢, [ Ay = (0.85)£,(2100) = 1785f,[N] = 1.785f,,[kN]
= ¢, f2Ay = (0.85)£,(1400) = 1190f,[N] = 1.19f,,[kN]
Fli3 = ¢, f3A5 = (0.85)f,,(2100) = 1785f;[N] = 1.785f,[kN]

Point 2 3 4 5 6

¢ [mm] 400 325 275 200 100
= 5.85¢ [kN] 2340 1901.3 1609 1170 585

F,, = 1.785f, [kN] 714 714 714 714 392.7

Fn_z = 1.19f, [kN] 309.4 190.4 7.4  -2142 —476
3= | 785}" [kN] —107.1 —392.7 —-714 - 714 —-714

3.5. Calculate the force P, from the force equilibrium equation

P=C,+ 2 F, 8.24]
i=1
Point 2 3 4 5 6
¢ [mm] 400 325 275 200 100
n
P.=C,+ XF,, [kN] 3256 2413 1680 956  —212
i=1

3.6. Calculate the factored moment resistance (M 3 from the moment equilibrium
equation around the point CG; assume that the centroid of the column cross-
section is located at a distance h/2 from the column face:

M.=M, + DM, 8.25)

i=1

h By 500 091c ”
a5 = e T2 o

25—0.45 X 1073¢) [kN-m]

C 0.
( ){i=lt03)

where

=F, (;’ ) F, (?—70) = 180F,,[N] = 0.18F,, [kN-m]
500
= Fr\ﬁ(g_ 2) r\2 (T_ 250) = O[kN-m]

Il

500
Fm(g—d ) o (7—430) = — 180F, 4[N] = — 0.18F, ; [KN - m]
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[os] s

Point 2 3 4 5 6

¢ [mm]) 400 325 275 200 100

M, = Cr(0.25 —0.45 X 1073¢) [kN-m] 163.8 197.3 203.1 187.2 120

M, = 0.18F,_ [KN-m] 1285 1285 1285 1285 726

M, =(—0.18)F,, [kN-m] 193 707 1285 1285 1285
n

M. =M, + EMm. [kN - m] 3120 397.0 460.0 4440 321.0
1

Plot the column interaction diagram
The column interaction diagram obtained as a result of the calculations performed in this
example can be plotted by connecting points 1 to 6, as illustrated in the figure below.

P, (kN)
Po ]
5000

4000

3000

2000

1000

/ H
100 200 300, 400 500 M, (kNm)
*5
&/

The load combinations corresponding to these points are summarized in the table below.

Point 1 2 3 4 5 6
P, [kN] 5081 3256 2413 1680 956  —212
M, [kN-m] 0 312 397 460 444 321

Decrease the axial resistance of the column section
The axial resistance of the column section (P, ) calculated in Step 1 has to be decreased
to the value Prm o 1O account for accidental moments. For tied columns,

P, . = 080P = 0.80 X 5081 kN = 4065 kN [8.6]
Plot the horizontal line P, = P, = 4065 kN on the interaction diagram and connect

it with the portion of the diagram below this line. The points on the interaction
diagram above the horizontal line should be neglected (this portion is shown on the
diagram with a dashed line).
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Example 8.4

Given:

SOLUTION:

Consider the short column with cross-sectional dimensions and reinforcement in the

figure below. The column is subjected to an axial dead load of 500 kN and live load

of 500 kN; both loads act at an eccentricity of 150 mm.

a) Generate an interaction diagram for the column using the computer spreadsheet included
in the companion CD.

b) Check whether the column is adequate to carry the design loads.

40 mT clear 4 -25M

10M @ 300

400 mm

| 400 mm |

f. =25MPa
f, = 400 MPa
¢, = 065

b, = 0.85

1. Generate an interaction diagram for the column using the computer
spreadsheet
The printed output generated by the spreadsheet for this specific column is shown
below. The reader should be able to generate the identical interaction diagram for the
same input information,

‘ Interaction Curve About X Axis

Pi=1375 kN
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2. Check whether the column is adequate to carry the design loads
a) Calculate the factored loads on the column.
The factored loads on the column can be determined as

P.= 1.25P,, + 1.5P,, = 1.25(500 kN) + 1.5(500 kN) = 1375 kN

Mf= P Xe= 1375 kN X 0.15m = 206.25 kN-m = 206 kN'm

b) Determine the moment and axial load resistances.
Based on the column interaction diagram, for the axial load

P.= P, = 1375kN

it follows that
M, = 160kN-m

¢) Check whether the column resistance is adequate for the given loads.
Because

M,=160kN-m < M, = 206 kN m

a column reinforced with 4-25M vertical rebars does not have sufficient capacity to
support the applied load.

B
R

Example 8.5

Given:

SOLUTION:

Consider the same column discussed in Example 8.4.
First, use the computer spreadsheet to generate column interaction diagrams for various
practical configurations of vertical reinforcement (including 4, 8, and 12 bars); the rein-
forcement ratio should be in the range 0.0]1 = p = 0.04.

Next, identify the reinforcement arrangement that is most adequate for the given
design loads. The column is subjected to the same loads specified in Example 8.4.

£ =25MPa
£, = 400 MPa
¢, = 0.65

¢, = 0.85

1. Determine the minimum and maximum amount of reinforcement
The vertical reinforcement ratio is required to be within the range

001 =p=0.04

For p = 0.01

A, = 0.01 X (400 mm)? = 1600 mm?
For p = 0.04

A= 0.04 X (400 mm)? = 6400 mm?

smax
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2. Identify the practical reinforcement configurations and find the corresponding
p values
a) The practical configurations for this column are (see Table 8.1)
i) 8-20M
i) 12-20M
iii) 8-25M
iv) 12-25M
b) Calculate the reinforcement area and the corresponding p value for each
configuration.
The column cross-sectional dimension is

b = 400 mm
i) For 8-20M bars,
A, = 8 X 300 mm? = 2400 mm?
2
p= % = (%().?;"T’“)Z = 0015
ii) For 12-20M bars,
A, = 12 X 300 mm? = 3600 mm?

3600 mm?
(400 mm)?2

iii) For 8-25M bars,
A, = 8 X 500 mm? = 4000 mm?
_ 4000 mm?
(400 mm)?
iv) For 12-25M bars,
A, = 12 X 500 mm? = 6000 mm?

6000 mm?
(400 mm)?

p = 0.0225

p = 0.025

p = 0.0375

3. Generate interaction diagrams for the selected reinforcement configurations
The interaction diagrams for the four vertical reinforcement configurations are
shown below. Note that these four reinforcement configurations represent all feasi-
ble configurations for a 400 mm by 400 mm square column.

5500 1 12-25M
el ga2sm
200 [ 12:20M S

o

5
0o

50
200
250
360
350

Moment {lh-n)
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4. Select the most suitable reinforcement configuration

The point on the graph representing I—} = 1375 kN and Mf = 206 kN-m is located
inside the interaction diagram for 12-20M bars. Therefore, 12-20M bars are suitable
for this design; however, 12-25M bars would likely be chosen instead for a real design
application. In this case, a minimal additional cost would be associated with the
increase in the amount of reinforcement from 12-20M to 12-25M, but the correspon-
ding increase in load-carrying capacity is as much as 30%.

In conclusion, it is recommended to design reinforced concrete columns with
some reserve strength.

CSA A23.3 COLUMN DESIGN REQUIREMENTS

Reinforcement Requirements

Longitudinal reinforcement ratio As in the case of flexural reinforcement in beams
and slabs, the reinforcement ratio is used as an indicator of the relative amount of longitudi-
nal reinforcement in the columns. The reinforcement ratio for longitudinal column
reinforcement (p,) can be defined as

_ Ay
o= [8.26]
g
where
p, = the longitudinal reinforcement ratio
A, = the gross area of a column section; for a rectangular column with width b and

depth A, Ag =bh;
A, = the total area of longitudinal reinforcement within a column cross-section.

Note a couple of differences between columns and beams with regard to the rein-
forcement ratio:

1) The reinforcement ratio in columns is determined based on the total longitudinal rein-
forcement area, whereas the reinforcement ratio for beams includes only the area of
tension steel.

2) The column reinforcement ratio is determined based on the gross cross-sectional area
(using overall dimensions), whereas the reinforcement ratio for beams uses the effec-
tive depth (d) instead of the overall depth (h).

In general, CSA A23.3 prescribes that the column reinforcement ratio (p,) be in the
range from 1% to 8%, as discussed below.

Minimum longitudinal reinforcement The lower limit of 0.01A, (corresponding to
a p, value of 1%) ensures that

+ there is some flexural resistance even in members where calculations indicate no
applied moment

* increased stresses in the steel reinforcement caused by creep and shrinkage do not lead
to the eventual yielding of the reinforcement under service loads

According to A23.3 C1.10.10.5, columns with a p, value less than 1% but larger than 0.5%
may be used, provided the factored axial and flexural resistances are multiplied by the ratio
0.5 (1 + p,/0.01).

Maximum longitudinal reinforcement The upper limit of 0.084, (corresponding
to a p, value of 8%) represents a practical maximum for longitudinal reinforcement based
on economy and requirements for proper concrete placing. Since this limit also applies
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to regions containing lap splices, columns are usually designed with no more than 4%
longitudinal reinforcement. In fact, the use of more than 4% reinforcement in regions out-
side of lap splices may result in difficulties in placing and compacting concrete. Special
rules governing reinforcement limits at splice locations are provided in A23.3 CL.12.17.
(For more details on reinforcement splices, refer to Section 9.9.) The minimum spacing
between the longitudinal bars may limit the practical amount of reinforcement that can
be used.

A23.3CL10.9.3| Minimum number of longitudinal bars The minimum number of longitudinal rein-
forcing bars shall be

* four for columns with rectangular or circular ties
* three for columns with triangular ties
¢ six for spiral columns

A23.1CL6.652| Minimum bar spacing Minimum bar spacing requirements for columns are specified
by the CSA A23.1 Standard, as discussed in Section 5.3.2. In general, the clear distance
between parallel bars should not be less than the greatest of

* 1.4 times the bar diameter,
* 1.4 times the maximum size of the coarse aggregate, and
* 30 mm.

A233Cl74.13| Maximum bar spacing The clear distance between adjacent longitudinal bars should
not exceed 500 mm.

A233CL765| Ties Longitudinal reinforcement in the columns must be enclosed with transverse rein-
forcement consisting either of closed ties or spirals.

A233ClL7.65.1| Tie size Ties must have a diameter of at least 30% of that of the largest longitudinal bar
for bar sizes up to 30M; 10M tie size or larger should be used for longitudinal bars over
30M and bundled bars.

A233Cl17.6.5.2 | Tie spacing The tie spacing (s) must not exceed the least of

* 16 times the diameter of the smallest longitudinal bar,

* 48 tie diameters,

* the least lateral dimension of the compression member, and
* 300 mm when bundled bars are used.

Note that tie spacing is one of the critical parameters in column design. As discussed
in Section 8.3.2, the role of ties is to provide lateral support to the longitudinal rein-
forcement. If the ties are spaced too far apart, the longitudinal bars between them will
buckle. Figure 8.20 shows a reinforced concrete column with different tie spacing at the
ends and in the middle portion. The column was severely damaged in the 1974 Peru
earthquake. The failure occurred where the tie spacing was too large. It is generally rec-
ommended to vary tie spacing in columns. The use of closely spaced ties at the column
ends is prescribed in regions of high seismic risk, and wider tie spacing is permitted in
the middle portion. However, the tie spacing in the middle portion of the column shown
on the photo is excessive.

Special care needs to be taken to ensure that the tie spacing specified on the design
drawings is indeed implemented in the field. Figure 8.21 shows the failure of a column in
the 1999 Chi Chi (Taiwan) earthquake due to widely spaced ties. Inadequate tie spacing due
to improper design or construction practices could lead to the complete disintegration of
concrete in reinforced concrete columns, as shown in this photo.

Ties are more labour intensive to install than longitudinal bars, and they often account
for a large percentage of the total quantity of reinforcement in a column. In many cases, it



Figure 8.20 The effect of tie
spacing on the earthquake per-
formance of reinforced concrete
columns. Note the closely
spaced ties at the base and the
widely spaced ties in the middle
of the column damaged in the
1974 Peru earthquake.

(Stratta, 1987; reprinted by permission
of Pearson Education, Inc.)

Figure 8.21 Complete dis-
integration of a column due to
the absence of ties in the 1999
Chi Chi (Taiwan) earthquake.

(Earthguake Engineering

Research Institute)

A233CL7.1.2
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is more economical to use larger longitudinal bar sizes than necessary (observing the
appropriate limits!) in order to increase the tie spacing.

Tie anchorage Ties should be anchored by hooks with a bend of at least 135° unless the
concrete cover surrounding the hook is restrained against spalling, in which case a 90° hook
is permitted. Figure 8.22 illustrates 90° and 135° tie hooks. (Refer to Chapter 9 for more
details related to the anchorage of reinforcement in concrete structures.) In general, it is rec-
ommended to use 135° tie hooks in all column applications, although A23.3 C1.7.1.2 permits
the use of 90° hooks for columns with f." = 50 MPa. The use of 135° tie hooks in the seis-
mic zones of Canada is essential for the satisfactory performance of buildings in damaging
earthquakes. Numerous experimental studies and past earthquakes have revealed the poor
performance of columns with 90° hooks, as illustrated in Figure 8.23. For this reason, CSA
A23.3 prescribes the use of 135° tie hooks for the seismic design of reinforced concrete
columns in Canada.
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90 90° hook

0 135 hook ”

Figure 8.22 Tie hooks: a) 135°
hooks; b) 90° hooks. a) b)

Figure 8.23 Poor performance
of a column with 90° hooks in
the 1999 Chi Chi (Taiwan)
earthquake: Note that the hooks
“opened up” due to the high
lateral pressure.

(Earthquake Engineering
Research Institute)

A233CL7.655| Tie arrangement Typical tie arrangements in reinforced concrete columns are illus-

trated in Figure 8.24. CSA A23.3 prescribes the following requirements for tie arrange-
ment in concrete columns:

* The tie must enclose and laterally support every corner bar and every alternate longitudinal
bar by the corner of a tie having an included angle of not more than 135°. (Note that every
other bar is supported by 135° hooks in columns, as shown in Figure 8.24a and 8.24b.)

=190 m 135° hook
.1 } Regular tie
S I it vt ‘j:‘i5150mm
; ' T

195 hoak 5 <500 mm Diamond
BllEaivey 4o 4 shaped tie

—

a) b)
Cross tie
_—
Figure 8.24 Tie arrangements: - =

a) reqular ties; b) diamond-
shaped ties; c) ties for a large
rectangular section. c)
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Figure 8.25 Spiral column.
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* A bar is adequately supported against lateral movement if it is located at a corner or if
the clear distance to a laterally supported bar is less than 150 mm.

o The “free ends” of the ties must be bent into the confined core of the concrete, ensuring
that the tie remains in place to support the longitudinal bars if the concrete cover spalls off.

Note that, besides the regular ties shown in Figure 8.24a, in some cases diamond-shaped ties
are used to provide lateral support to longitudinal reinforcement in the columns (see
Figure 8.24b). The centre of the column is kept open for easy concrete placement and vibra-
tion during construction. In some cases, cross-ties are used, as in the case of the rectangular
column in Figure 8.24c. If used, cross-ties need to be anchored with a 135° hook at one end
and at least a 90° hook at the other.

Spiral reinforcement Spiral reinforcement is characterized by bar size d,, outside dia-
meter of the concrete core D, and pitch p, as illustrated in Figure 8.25.

Amount of spiral reinforcement The spiral reinforcement ratio (p,) is equal to the ratio
of the volume of spiral reinforcement to the volume of the concrete core. For the spiral col-
umn in Figure 8.25, the spiral reinforcement ratio for one spiral turn can be determined as

Al
P’ sp
=— 8.27
Py Ap [8.27]
where
d, = the spiral bar diameter
md,’ . . .
Asp = the volume of spiral reinforcement per unit length of column
l » = m D, the length of one spiral turn
D, = the outside diameter of the concrete core
7D C2 .
A, = the area of concrete core measured out to the spirals

p = the pitch (distance between successive spiral turns).

The spiral contribution to the compressive strength of a reinforced concrete column
is approximately equal to 2fs‘v A sp, where f_is the yield strength of spiral reinforcement and A,
is the volume of spiral reinforcement per unit length of column. This additional strength devel-
ops only once the exterior column shell (concrete cover) spalls off. To ensure the effectiveness
of spiral reinforcement, the spiral contribution to the column compressive strength should be at

least equal to the lost concrete strength due to the spalling off of the exterior shell, as follows:

o f (A, —A) = 2, A, [8.28]

™

o



386

A23.3 Eq. 10.7

A23.3 CL7.64.2107.6.4.4]

A23.1 CL6.6.6.2.3

CHAPTER 8

If p; 1s substituted from Eqn 8.27 into Eqn 8.28 and a, = 0.85 is used, then the required
spiral reinforcement ratio can be obtained from the equation

A’ Il
g 0.425(—~‘" - l)f‘—

A, i
A23.3 C1.10.9.4 prescribes a minimum spiral reinforcement ratio of
A <
& C
p,= 0.45(—— I)—- [8.29]
¥ A(. _f‘.

The above equation ensures that the spiral reinforcement is a bit stronger than the con-
crete shell. Adequately reinforced spiral columns demonstrate ductile behaviour and
superior axial load resistance to tied concrete columns, as discussed in Section 8.6.2.
The amount of spiral reinforcement in excess of the CSA A23.3 requirements (Eqn 8.29)
causes a further increase in the compressive strength and larger deformations and crack-
ing in the column. Therefore, it is not considered feasible to use a very large amount of
spiral reinforcement in practical design applications.

Spiral size and spacing

* The diameter of the reinforcing steel used for spirals (d,) must not be less than 6 mm
(CL7.6.4.2).

* The pitch (p) or distance between spiral turns must not exceed one sixth of the core
diameter (C1.7.6.4.3).

* The clear spacing between successive turns of a spiral must be between 25 mm and
75 mm (Cl.7.6.4.4).

Concrete cover Concrete cover must be provided to protect column reinforcement
against corrosion and fire and to ensure bond between the reinforcement and the concrete.

REMENTS

CSA A23.3 prescribes the following reinforcement requirements for reinforced concrete
columns:

Longitudinal reinforcement

¢ minimum amount of reinforcement (C1.10.9.1)
* maximum amount of reinforcement (C1.10.9.2)
* minimum number of bars (C1.10.9.3)

* minimum bar spacing (A23.1 C1.6.6.5.2)

* maximum bar spacing (C1.7.4.1.3)

Ties
* size (CL.7.6.5.1)
* spacing (C1.7.6.5.2)

* anchorage (C1.7.1.2)
¢ arrangement (C1.7.6.5.5)

Spirals

» amount (C1.10.9.4)
* size and spacing (C1.7.6.4.2 to 7.6.4.4)

Concrete cover (A23.1 C1.6.6.6.2.3)
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(For more details on concrete cover, see Section 5.3.1.) According to A23.1 C1.6.6.6.2.3,
minimum cover to ties or spirals should be provided as follows (see also Table A.2):

* 30 mm for interior, unexposed columns (Class N);

* 40 mm for columns exposed to freezing and thawing, or manure and/or sileage gasses
(Classes F-1, F-2, S-1, §-2);

+ 60 mm for columns exposed to chlorides (Classes C-XL., C-1, C-3, A-1, A-2, A-3).

8.9 | PRACTICAL DESIGN GUIDELINES

The design of reinforced concrete columns for given external loads involves proportioning
the steel and concrete areas and selecting properly sized and spaced ties or spirals. In gen-
eral, there are many valid choices for the size of column that meets the design require-
ments. Inexperienced designers usually require some guidance in their choice of column
dimensions, reinforcement sizes, and configurations. Broad guidelines related to these
items are provided in this section.

Column cross-sectional dimensions CSA A23.3 does not specify minimum dimen-
sions for reinforced concrete columns. In general, the smallest dimension of a cast-in-place
column should not be less than 200 mm, and preferably not less than 250 mm. The diam-
eter of spiral columns should not be less than 300 mm. In choosing the overall cross-
sectional dimensions, the designer should use multiples of 50 mm; that is, the dimensions
should be rounded to the next higher 50 mm figure.

Based on the fire-resistance requirements, the smallest column dimension should be
at least 220 mm for a 1-hour fire rating and 300 mm for a 2-hour or 3-hour fire rating.

In multistorey buildings, it is considered economical to keep the same cross-sectional
dimensions to be able to reuse the forms from floor to floor. Column capacity requirements
vary between floors, so the designer usually varies the amount of longitudinal reinforcement
while preserving the same cross-sectional dimensions. It is common practice in the design of
concrete high-rises to vary the column longitudinal reinforcement every three floors.

Size of transverse reinforcement (ties and spirals) Typically, 10M bars are used
for ties and spirals in reinforced concrete columns.

Size and configuration of longitudinal reinforcement A minimum 20M longitudinal
bar size should be used for most applications. Smaller bar sizes can buckle easily and require
more accurately placed ties to ensure the effectiveness of the column design. Unless the least
column dimension is 200 mm or less, longitudinal bar sizes of at least 20M should be used.
For columns of square (or almost square) cross-section, there are usually predetermined
longitudinal bar configurations (in muitiples of four bars), as illustrated in Figure 8.26.
Reinforcement areas corresponding to the bar configurations in Figure 8.26 are sum-
marized in Table 8.1. Note that the framed boxes indicate configurations unlikely to be used.
For example, the configurations in the bottom left corner require more ties. In general, it is
more eco