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Preface

This book aims to be a survey of the theory of formal deformation quantization of
Poisson manifolds, in the formalism developed by Kontsevich. It is intended to be a
pedagogical introduction to mathematicians and mathematical physicists who are
first approaching the subject. The main topics are the theory of Poisson manifolds,
star products and their classification, deformations of associative algebras, and the
formality theorem. Furthermore, the aim is to introduce the reader to the relevant
physical motivations behind the purely mathematical constructions.

Despite the fact that deformation quantization is a broad research area, the
pedagogical literature dealing with this topic, and in particular formal deformation
quantization, is limited.

The construction of star products on symplectic manifolds can be found in [3], a
monograph focused on Fedosov’s approach. Recently, S. Waldmann [6] wrote a
more extensive book on the argument, which is only available in German. Further
interesting reviews on the subject can be found, for instance, in [1, 2, 4, 5]. In
particular, [1] is a sketchy introduction to formal deformation quantization. A
detailed, although brief, presentation of the Kontsevich theory from a purely
mathematical point of view is included in [2, 4, 5]. It has to be noted that these
reviews are oriented to researchers with a basic knowledge of Poisson geometry.
There, the authors describe Kontsevich’s formality theorem and its relation to the
existence and classification of star products on a Poisson manifold. In [4] the author
introduces the theory of star products and their classification on symplectic mani-
folds. The notes in [2, 5] are also focused on further developments of Kontsevich’s
theory. In particular, the author in [5] also introduces the Tamarkin approach.

The above list, although not exhaustive, represents the state of the art of the
introductory literature on formal deformation quantization. At the present time, a
book that covers both the basic mathematical tools and Kontsevich’s theory, and
one that is also designed for first-time readers, is missing. These notes aim to fill
this gap writing a didactical exposition to the subject for nonexperts without
assuming from the reader too many prerequisites. In particular, this book is
addressed to mathematical physicists, who have basic knowledge of differential
geometry, classical, and quantum mechanics.
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viii Preface

We describe the Poisson structures and their role in classical mechanics, present
the results of Kontsevich on the classification of star products on Poisson mani-
folds, and discuss the physical motivations underlying this theory.

Wiirzburg, May 2014 Chiara Esposito
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Chapter 1
Introduction

In these notes we aim to present Kontsevich’s formality theorem, which implies
both the existence and the classification of star products on Poisson manifolds. This
theorem represents a very important breakthrough in the theory of deformation quan-
tization and it has many ramifications.

The philosophy of deformation was proposed by Flato [18] in the seventies and
since then, many developments occurred. Deformation quantization is based on such
a philosophy in order to provide a mathematical procedure to pass from classical
mechanics to quantum mechanics. Quantum mechanics deals with phenomena at
nanoscopic scales; these phenomena contradict the laws of classical mechanics and
a new fundamental constant enters in the formalism, the Planck constant /4. The new
structures deform, in some sense, the initial ones; in other words, when the new
parameter & goes to zero, quantum mechanics coincides with classical mechanics.

The main problem in comparing the classical theory of mechanics and the theory
of quantum mechanics is the difference in their mathematical formulation. Indeed,
in classical mechanics the observables are functions over the phase space (the flat
space R?" or, more generally, a symplectic or Poisson manifold) while in quantum
mechanics the observables are operators in Hilbert spaces of wave functions. This
difficulty has been overcome by looking for deformations of algebras of functions
over Poisson manifolds: quantum mechanics is then realized in the deformed algebra.
The existence of such deformations was proved by Vey [32] in 1975 and few years
later the seminal papers [7, 8, 19] in deformation quantization appeared, where the
quantization was performed, using the Gerstenhaber’s approach [20], by deforming
the associative and commutative algebra of classical observables.

More precisely:

Definition 1.1 Let M be a smooth manifold endowed with a Poisson bracket { , }.
A star product on M is a “deformation” of the associative algebra of functions A =
C*®°(M) of the form » = Y >° 1" P,, where the P,’s are bi-differential operators
(locally of finite order) such that Po(f, g) = f g, Pi(f.g8) Pi(g, f) =2{f, g},
f, g €A

© The Author(s) 2015 1
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2 1 Introduction

The parameter ¢ is taken to be t = %i to recover physical results. A star quantization
is defined to be a star product on M invariant under some Lie algebra go of “pre-
ferred observables”. The invariance property ensures that the classical and quantum
evolutions of observables under a Hamiltonian H € gg coincide [7].

It is worth mentioning that also a spectral theory can be done in this formalism and
many results of quantum mechanics can be formulated and solved in this context, for
example the spectrum of harmonic oscillators, the hydrogen atom and the angular
momentum.

The star product is given by a formal power series and the convergence was studied
only in specific examples. There are many interesting mathematical developments,
related to the star products. The star representation theory is an important example;
the most notable results can be found in [1-3] (nilpotent and solvable Lie groups),
[4, 5, 27] (semi-simple Lie groups). Another fundamental application of the star
products concerns the theory of quantum groups. This theory is essentially due to
Drinfeld [14], who realized that Lie groups and Lie algebras can be deformed by
considering their correspondent Hopf algebras. Quantum groups have been largely
studied and they have numerous applications in physics (the reader is referred to
[15, 25, 29]). Finally, the index theorem [6] has been generalized to deformation
quantum algebras [17].

The existence and classification of star products on Poisson manifolds have been
major open problems for many years. The regular case was approached with the
method of Fedosov [16] and the existence of tangential star-products was established
by Masmoudi [26] in 1992. Some concrete examples of star products on non-regular
Poisson manifolds appeared already in [7]. The star product on a Lie algebra can
be defined starting from the star product on the cotangent bundle of a Lie group
(Gutt [21]) and the quantization for some quadratic Poisson structures has been
constructed by Omori, Maeda and Yoshika in [28]. Eventually, the existence of star
products on any finite-dimensional Poisson manifold was proved by M. Kontsevich
as a consequence of his formality theorem [23].

Kontsevich constructed explicitly the map

*x: CPRY x C*RY) - C*RY) : (f,g) > f*g (1.1)

and proved that it defines a star product on the Poisson manifold (R, ). Furthermore,
he proved that there is a one-to-one correspondence between equivalence classes of
star products and equivalence classes of formal Poisson bracket 7, := > 7 1" 7,.
This result is a particular consequence of the so-called formality theorem. In order to
roughly describe Kontsevich’s formality theorem, let M be a smooth manifold and
consider the Hochschild complex C*®(A) on the associative algebra A = C*°(M)
(with pointwise product w) and its cohomology H H*®(A). They are both differential
graded Lie algebras and the formality theorem states that these differential graded Lie
algebras are in some sense equivalent. More in detail, denote by Dyo1y (M) the graded

vector space of multidifferential operators Dpoy (M) = EBZO:] Dgoly(M ), where

D;’oly M) =C k1 (A). This graded space can be endowed with a DGLA structure.



1 Introduction 3

Similarly, the graded space of multivector fields on M can be endowed with a DGLA
structure. Denote by Tyoly (M) = @2, TP”OIY(M ), where Tp”oly(M ) = T(AMLIT M)
i.e. the space of k + l-multivector fields on M. The two DGLASs T}01y(M) and
Dpoly (M) are quasi-isomorphic complexes [22], which means that the cohomology
H H*(A) of the complex Dpoly (M) coincides with the cohomology of Tpe1y (M) on
M. This quasi-isomorphism, unfortunately, does not preserve the Lie bracket, thus
it is not a DGLA homomorphism. Kontsevich interpreted the DGLAS Tpo1y (M) and
Dyoly(M) in terms of a very general category of objects, called L-algebras. This
allowed him to prove, in the formality theorem, the correspondence of such DGLAs.

The main part of the proof provided by Kontsevich consists in the explicit con-
struction of such a correspondence for the local case M = R? (the so-called Kont-
sevich’s formula). The physical interpretation of this formula, already suggested by
Kontsevich in [23], has been studied by Cattaneo and Felder in [9]. They constructed
a topological field theory on a disc and Kontsevich’s formula appears as the pertur-
bation series of such a theory, after a suitable renormalization. The method used by
Cattaneo and Felder also provides a very nice proof of the existence of Kontsevich’s
star product [10], which is similar, in the spirit, to Fedosov’s construction. More
recently, another proof of the global formality was provided by Dolgushev [11].

The formality theorem has ramifications and developments in many directions.
First, it is important to mention the operadic approach introduced by Tamarkin [30]
in 1998. He observed that for any algebra A its Hochschild complex C*®(A) and its
Hochschild cohomology H H®(A) are algebras over the same operad. This approach
will be not treated in these notes (a nice introduction on operads and some important
results related to the Tamarkin’s approach can be found in [12]) but we want to remark
that, using this approach, a new derivation of the formality theorem was found (see
[31] for further developments). Kontsevich studied and generalized the Tamarkin’s
approach in [24], which also contains a systematic study about the generalization of
deformation quantization to the case of algebraic varieties. Further developments in
the algebro-geometric setting can be found, e.g., in [13].

This book is organized as follows:

Chapter 2 contains a short discussion on the Hamiltonian formulation of classical
mechanics. We introduce the description of a classical mechanical system in terms
of Poisson manifolds and we define the notion of formal Poisson structures.

Chapter 3 is devoted to the theory of (formal) deformation quantization. We dis-
cuss the notion of star product, starting from physical motivations and heading
towards its formulation in terms of DGLA. We give a basic introduction of the
general theory of deformations via DGLA’s, focusing in particular on the exam-
ples of multivector fields and multidifferential operators. We introduce Kontsevich’s
formality theorem, presented as an extension of the Hochschild-Kostant-Rosenberg
theorem, and we present some basic tools (e.g. Loo-algebras, Ly -morphisms).

In Chap. 4 we aim to give a sketchy exposition of the Kontsevich’s formula on R9.
Here we only discuss the globalization approaches of Cattaneo-Felder-Tomassini and
Dolgusheyv, as the Kontsevich proof is extremely technical. Finally we present some
open problems related to formal deformation quantization.


http://dx.doi.org/10.1007/978-3-319-09290-4_2
http://dx.doi.org/10.1007/978-3-319-09290-4_3
http://dx.doi.org/10.1007/978-3-319-09290-4_4

4 1 Introduction

A short survey of the notions used throughout this book is given in Appendix A;
in particular, we recall the concepts of vector bundles, tensors and connections and
we introduce the notions of complexes and cohomologies.
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Chapter 2
Classical Mechanics and Poisson Structures

In this chapter, we will briefly recall the Hamiltonian formulation of classical
mechanics, focusing in particular on its algebraic aspects. In this framework, a
classical system will be described by a commutative algebra of functions
(classical observables) with the Poisson bracket as a Lie bracket.

We will discuss in detail the properties of the Poisson bracket and introduce
the tensor formulation of Poisson structures on manifolds, as the Poisson bracket
plays a fundamental role in classical mechanics and in deformation quantization.
We will mainly focus on the algebraic rather than geometrical properties of Poisson
manifolds, the latter being less important for the theory of deformation quantization.
Furthermore, we will introduce the reader to the basic notions needed for the for-
mulation of the formality theory, i.e. formal power series, formal Poisson structures
and equivalence classes of formal Poisson structures.

2.1 Hamiltonian Mechanics and Poisson Brackets

This section aims to give a brief introduction to classical mechanics, starting with
Newton’s laws and heading towards the Hamiltonian approach, with a particular
attention to the role of the Poisson bracket. The interested reader is referred to the
classical literature on the subject, as e.g. [1, 2, 6] for an exhaustive treatment.

We start by discussing the motion of a point particle of mass m in the Euclidean
space R”. The position of the particle is described by the vector ¢ := (¢', ..., ¢") €
R". The vector ¢ is generally parametrized by the variable r € R. We say that g(¢) is
the position of the particle at time ¢.

The velocity v(¢) of the particle at time ¢ is defined as

=) = Y @.1)

\% = = — . .
1 dr

© The Author(s) 2015 7
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where we used Newton’s notation g(¢) to denote the total derivative w.r.t. the time.
Similarly, the acceleration is defined as

. d’q
a(t):=q) = ﬁ(t). 2.2)
t
The evolution in time of the particle position is described by the n functions ¢(f),
i =1,...,n, which are solutions of the set of Newton’s equations
mi(t) =F(q',...q", (2.3)
where F := (F1, ..., Fp) denotes the force acting on the particle, together with the

initial conditions

q(0) = qo,
v(0) = vp. 24

From here on, we assume that the force is conservative, i.e. it can be written in terms
of the gradient of a some function V : R* — R

1%
Fi=——, i=1,...,n. (2.5)
aq"

The function V is generally called potential.

As will be seen in the following, in the Hamiltonian formalism, the system of
second order differential equations (2.3), in the n variables (ql, ..., q"), becomes a
first order system in the 2n variables (g, p) := (ql, .oy q",p1,s ..., pn). The variables
pi, are called conjugated momenta and they are defined as

pi=mg. (2.6)

Indeed, using this definition, Newton’s equations (2.3) can be rewritten as

¢m=&9,
m
. A%
pilt) = —2—(q(0). 2.7)
q
and the initial conditions (2.4) read
q(0) = qo,

p(0) = po. (2.8)
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Introducing the Hamiltonian function H : R" x R" — R”

n

2
H(g.p) =Y 5=+ V(). 29)

i=1
which represents the energy of the system as a function of the position ¢ and the
momentum p, the set of equations (2.7) can be rewritten as the well-known Hamilton’s
equations:

y OH
q'(t) = 8—(61,17),
Pi
. oH
pi(t) = —;(q,p)- (2.10)
q

The 2n-dimensional space of all the possible positions ¢ and momentum p of a
single particle is called phase space and coincides with R” x R” = R?". A real-
valued smooth function f on the phase space, i.e. f : R? — R, is called classical
observable.
Given a generic observable f, it is natural to ask how it evolves in time. Denoting
by
Ji(q, p) = f(q(1), p(1)), (2.11)

the value of the observable at the generic time ¢, where g(¢) and p(¢) are solutions of
(2.10) with ¢(0) = qo, p(0) = po, we have that

df; o d
E(q,p)— dtf(q(t),p(t))
44 o dp
T 9gi dr  dp; dr

:8_]‘;%_8_]‘;@ (2.12)

In the above expression, we used the Einstein notation on the sum over repeated
indices. We will use this convention throughout these notes. The expression obtained
above in (2.12) can be written in a more convenient manner, by introducing the
canonical Poisson bracket. This is defined, for two arbitrary functions f and g on the
phase space R?", as

of 9g  9f og

U dq' d0p;  0pi 0q'

(2.13)
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In this notation, Hamilton’s equations read

df,
=4, (2.14)

A given observable f, constant along all solutions (g(#), p(t)) of Hamilton’s equa-
tions (2.10), i.e. f(g(®), p(t)) = f(qo,po) for any t € R, where g9 = ¢(0) and
po = p(0), is called (mostly in physics) a constant of motion. It is clear from (2.14)
that the Hamiltonian H is always a constant of motion (conservation of the energy
of the system).

The above discussion can be generalized to the case in which the phase space
is a generic smooth manifold. As will be seen, a classical physical system can be
described by the algebra of functions on a given phase space endowed with a Poisson
bracket. Because of their importance in the formulation of both quantum and classical
mechanics, the Poisson structures will be the main topic in the rest of this chapter.

2.2 Poisson Manifolds

Let M be a smooth manifold. The set C°°(M) of real-valued smooth functions on
M describes the set of observables. It is a commutative algebra with addition, scalar
multiplication and pointwise multiplication given by

(af)(x) = af (x),
f+9m =fx) +gkx),
(f -8 x) =fx)gh), (2.15)

forany f, g € C*°(M),x € Rand x € M.
A Poisson bracket can be defined on C*° (M) as follows

Definition 2.1 The bracket operation denoted by
{,}: C®WM) x C®°(M) - C®(M) (2.16)

is called Poisson bracket if it satisfies the following properties

1. {f, g} is bilinear with respect to f and g

2. {f,g} = —{g,f} (skew-symmetry)

3. {h,fg} =f{h, g} + {h,f}g (Leibniz rule)

4. {f, g, h}} + {g. {h. 1} + {h. {f, g}} = 0 (Jacobi identity)

for any f, g, h € C*(M).

The Poisson bracket makes C°°(M) into a Lie algebra, as it satisfies bilinearity,
skew-symmetry and the Jacobi identity. It follows that the algebra of observables
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C*>®(M) is a commutative algebra with Poisson bracket as Lie bracket. In other
words, it is a Poisson algebra, as defined below.

Definition 2.2 A Poisson algebra is a commutative algebra A with a bracket {-, -}
making it into a Lie algebra such that it satisfies the Leibniz rule.

Starting from this definition we can introduce the concept of Poisson manifolds in a
very natural way as follows

Definition 2.3 A Poisson manifold is a smooth manifold M equipped with a bracket
{-, -} on its function space C°°(M), such that the pair (C*°(M), {-, -}) is a Poisson
algebra.

The reader can find a more detailed discussion on Poisson manifolds and their
geometrical properties e.g. in [3, 8, 9, 11].

A Poisson manifold can be redefined, in a more modern way, in terms of bivector
fields. This formulation is necessary for the description of Kontsevich’s theory of
deformation quantization of Poisson manifolds. In order to rewrite the definition of
Poisson manifolds we need to take a step back.

Letus consider a generic bracket {- , -} on C* (M) satisfying the conditions (1)—(3)
of Definition 2.1, i.e. bilinearity, skew-symmetry and Leibniz rule. The Leibniz rule
implies that, for a given function f on C°°(M), the map g — {f, g} is a derivation.
Thus, there is a unique vector field Xy on M, called Hamiltonian vector field, such
that for any g € C°°(M) we have

Xr(g) =1{f. g} 2.17)

Here
Xr(g) = (dg, Xp), (2.18)

where dg is the differential of the function g € C*°(M) and (-, -) is the pairing
between one-forms and vector fields.

In the following, we will express Poisson structures in terms of bivector fields
satisfying certain conditions. Recall that A2TM is the space of bivector of M: it is a
vector bundle over M. A (smooth) bivector field 7 on M is, by definition, a smooth
section of A2TM, i.e.amap : M — A>TM, which associates to each point m € M
abivector (m) € A2T,,M. We denote by I (/\2TM ) the space of sections on A2TM.

Given a bivector field 77, one can define a bracket {-, -} on C*°(M) as

{f. g} :==m(df,dg) = (df ® dg, 7), (2.19)

which satisfies the conditions (1)—(3) of Definition 2.1. It is important to remark that,
at this stage, this is not a Poisson bracket, because the Jacobi rule is not a priori
satisfied. We sketch the conditions which guarantee this bracket to be a Poisson
bracket. A bivector field 7 such that the bracket defined in Eq. (2.19) satisfies the
Jacobi identity is called Poisson tensor or Poisson bivector field. In a local system
of coordinates (xi, ..., x,), Eq.(2.19) can be expressed as
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.8 =nff'§—£%, (2.20)
where ¥ are smooth functions on the local chart and are defined by
7l =, ¥y = -7 (2.21)
This implies that the bivector field 7 is locally given by
T = %n’]% A %, (2.22)

using the local expression (2.20) for the Poisson bracket, we can easily compute the
terms of the Jacobi identity:

(U g ) = i - (nkli 3g) oh (2.23)

dxi axk axl ) ol

Znijnkl( of 9g  of 9g )3h

axiaxk ax! | axk axioxl ) ax/
k
L 07 of g oh
axt dxk ox! 9x

Similarly we get {{g, i}, f} and {{h, f}, g}. From the skew-symmetry (2.21) follows
that the expressions without derivatives of 7V are invariant under switching {ij} <>
{kl}, thus the sum of those three terms yields zero. For this reason, the Jacobi identity
reads

a0 ] . 3 .
gk gl gk ghk —_ g — . (2.24)
oxy, oxp oxp,

In other words,

Proposition 2.1 The bivector field 1 € A*TM defines a Poisson bracket in the local
coordinates {x;}}!_, if and only if it satisfies the condition (2.24).

This condition can be rephrased in an invariant formalism, by introducing the
Schouten-Nijenhuis bracket of . We briefly recall the notion of for a generic mul-
tivector field and we prove that 7 is a Poisson tensor if and only if the Schouten-
Nijenhuis bracket [, 7 ]s is vanishing.

The definition of bivector field can be immediately generalized as follows. A k-th
multivector field X on a smooth manifold M is a section of the k-th exterior power
AKTM of the tangent bundle 7M. In local coordinates {x; i, the multivector field
X e F(/\kTM) can be written as

n
. a a

X = Xtk (x) — Ao A —, 2.25

il-§=l ( ) Bx,-l ax,‘k ( )
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where the coefficients X/~ (x) are smooth functions on M. We denote by XX (M)
the space of sections I” (AXTM); notice that X0 (M) = C>°(M). It is well-known that,
for any vector field X € X!(M), there is a well defined Lie bracket on vector fields
given in terms of Lie derivative Zx:

[X,Y]:= %Y VY ex'm). (2.26)

This definition can be also applied to the case in which the second argument is a
function:

n
of
X, f1=%f=)> X'—. 2.27
(X, f1:= Zf ; o (2.27)
We can extend this bracket to an operation
[, s : XF ) @ XMy — XK1 (2.28)

defined by
Xin--AXe, Y1 A AY]s =

ko
ZZ(fl)”j[Xi,Yj]Axl A AXi A AXEAYI A AY A A Y, (2.29)
im1 =1

where the hat denotes the absence of the corresponding term.

Proposition 2.2 The operation [-, -1s defined in (2.29) is the unique well-defined
R-bilinear local type extension of the Lie derivative £x and satisfies

1. [X,Y]ls = (=D¥[Y, X]s
2. [X,YAZls =[X,YIs AZ+ (=1)* DIy A [X, Z]s
3. (=DFm=Dix 1y, Zsls + (=D *D[Y, Z]s, X1s + (= D™=D[Z,[X, Yss
=0
for three multivectors X,Y and Z of degree resp. k, | and m.

This operation is called Schouten-Nijenhuis bracket. Notice that, in particular, for
any f € C®(M) and X € X*(M),

k
[X.fls = —(df.X) = D> (-D)'LOX1 A AKi A AX  (230)

i=1
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In local coordinates, if

. 3
X _ Xl] ..... l”_ /\ e
9, ax;,
.0 d
y = yitein 4 A a2 2.31)
dxj, 0%j,,

the Schouten-Nijenhuis bracket is given by a n + m — 1 contravariant tensor field
(X, Yls

. . . . anlwwjm bl 9 9
[X, Y]g = X/ oniimtiinetn 22— AL A A
ox;  0x; oxj_,  0xiyy,
/\i Ao A i(_1)nylj1,~-,j/—1j/+|~-.jm IXttn i A
ale 8ij 8X] 8xi]
d ad ad
Neee N — — A A A A —, (2.32)
ox;,  0x;, oxj,_,  0xj, i
or more succinctly
[X Y]k2..-kn+m _ kz...k,lJr,,, Xl(iZ--~in) 3 Y]l]m
’ S TV hdnf 1 Jm axl
1y kiem G O yeir..in
+ (=D i Y ax,X' . (2.33)
Here o
811 wlpntm (234)

J1edntm

is the Kronecker symbol: it is zero if (i1 ...i4m) # (1 --.Jntm), and is 1 (resp.,
—1)if (j1 .. . jn+m) is an even (resp., odd) permutation of (ij .. . iy4m)-

Remark 2.1 The Schouten-Nijenhuis bracket is naturally preserved by any diffeo-
morphism ¢ : M — N. Indeed, we recall that

GIX, Y1 =[¢.X, 6] X, Y € X'(N) (2.35)

where ¢, is the pushforward of a diffeomorphism ¢ : M — N. It is easy to check,
using the definition of the Schouten-Nijenhuis bracket, that this can be extended to

$«[X, Ys = [9+X, s Y]s, (2.36)
for any X, Y € X*¥(M) and any diffeomorphism ¢.

The Schouten-Nijenhuis bracket allows us to characterize a Poisson manifold in
a very convenient way.
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Theorem 2.1 A bivector field 7w is a Poisson tensor if and only if the Schouten-
Nijenhuis bracket of w with itself vanishes, i.e.

[, 7]s = 0. (2.37)

It is easy to check, from Eq.(2.33), that in local coordinates

- | . o =\ 0 a a
r,wls = (7" —n* + 7 — gk p gk 7)) — A — A—. (2.38)
oxy, axp, oxy, ox;  0x;  Oxi

Then Eq. (2.37) is equivalent to the Jacobi rule (2.24).

Example 2.1 A canonical example is given by M = R?", with coordinates (¢', p;),
i = 1,...,n. The canonical Poisson bracket of functions on the phase space is
defined in Eq. (2.13) and the corresponding Poisson bivector field is

a a

= — A —. 2.39
api 94’ (239

T

It is easy to check that the bivector & defined above satisfies Eq. (2.37).

Using this characterization of Poisson manifolds and recalling Remark 2.1, we can
say that the set of Poisson structures is acted upon by the group of diffeomorphisms
on M, that is

Tp = GuTr, (2.40)

where ¢, is the pushforward of ¢ : M — M. Indeed, by Eq. (2.36) we have
[, Tpls = [PxTr, ps7t]s = Pulw, s = 0. (241)

This implies that the set of diffeomorphisms ¢ : M — M defines a gauge group on
the set of Poisson structures.

2.3 Formal Poisson Structures

We introduced the Poisson structure on a smooth manifold as a skew-symmetric
contravariant bi-tensor which satisfies the Jacobi identity. This structure and its gauge
group can be easily extended to formal power series. For this purpose, we briefly
recall basic notions and properties of the theory of formal power series.
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2.3.1 Formal Power Series

Formal power series are a generalization of power series as formal objects, performed
by substituting variables with formal indeterminates. Formal essentially means that
there is not necessarily a notion of convergence; formal power series are purely
algebraic objects and we essentially use them to represent the whole collection
of their coefficients. A detailed discussion on formal power series can be found
in [7, 10].

Given a sequence {a, },eN, of elements on a commutative ring k, a formal power
series a is defined by

o0
a= Z a, (2.42)
n=0

where 7 is a formal indeterminate. Two formal power series are equal if and only if
their coefficients sequences are the same.

The set of formal power series in ¢ with coefficient in a commutative ring k has
also a structure of ring, denoted by k[¢]. Indeed, given two formal power series
a, b € k[t], one defines addition of such sequences by

o0
a+b=> 1", +by)., anek. (2.43)
n=0
and multiplication by
o0 n
ab = ZI”cn, Cn = Zakbn,k, an, by € k. (2.44)
n=0 k=0

With these two operations, the set k[#] becomes a commutative ring with O element
(0,0, ...), multiplicative identity (1, 0,0, ...) and the invertible elements are the
series with non-vanishing constant term.

Given a vector space V over the ring k , we denote by V[] the space of formal
power series with coefficients in V,

oo
v=") " eV (2.45)
n=0
Elements in V[¢] can also be summed term by term and

o0 n
av = Zt"cn, = Zakvn_k, a € k[[t], v e V[t]. (2.46)
n=0 k=0
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In other words, V[¢] becomes a k[¢t]-module. The order of a formal power series is
defined by the minimum of the set of all non-negative integers n such that a, # 0
and is denoted by o(v). If v = 0 the order is defined to be +oc. Furthermore, V[t]
can be endowed with a metric defined by

2—0(v—w) if
d:V[t] x V[] > R: (v,w) > dv,w) := ’ 1 vEW (2.47)
0, ifv=w.

It induces a Hausdorff topology, called the 7-adic topology on V[z].

Lemma 2.1 Let V| and V, betwo k-modules and @ : Vi[t] — V2 [t] be ak[t]-linear
map. Then, for any non-negative integer r there is a unique linear map @, : Vi — V;
such that

QW) =D 1D Pslvry) (2.48)
r=0 s=0

forallv =771, € Vi[t].

If k is a commutative ring, this Lemma can be generalized to the case of k-multilinear
maps.

It is important to remark that if A is an algebra over the commutative ring k, the
set of formal power series A[f] with coefficients in A

o
a= Z ay, ap €A (2.49)
n=0
forms an algebra over the ring k[¢]). In fact, elements in A[¢]] can be composed by
o n
ab=>"1"c, cn= D abp_t.  an.by €A, (2.50)
n=0 k=0

as A[t] is a k[f]-module. Notice that A[¢] is an algebra of the same type of A; in
particular if A is unital associative, A[7] will be also unital and associative. R

Let U be an open set in R” such that 0 € U and let f € C°°(U). We denote by f
the formal power series

F=> 10 2.51)

where £ is the n-th derivative of the function f. A fundamental property of formal
power series is given by the following
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Theorem 2.2 (Borel Lemma, first version) Given a sequence of real numbers {a,}
of non-negative integers, there exists a smooth function f € C°°(U) such that

%f ™ (0) = a, € C[1]. (2.52)

In other words, the mapping from C®(U) to the ring of formal power series
C®(R)[t] given by f + f is a R-linear surjective algebra homomorphism.

The surjectivity of the map defined by is quite hard to prove; on the other hand, the
linearity is evident and we have

r

™ () — A VIO
(fe) (0)—Z<S)f 0)g"(0), (2.53)

s=0

which implies fg = jA‘E An elementary proof of Borel’s lemma can be found in [4]
and in [5]. This lemma implies that we can view the formal power series as the
(formal) Taylor expansion of a smooth function at zero.

2.3.2 Formal Poisson Structures

In order to extend Poisson structures to formal power series, we need to figure out
what a formal multivector field is. Using the notion of formal power series with
coefficients on a vector space discussed above, we can introduce the concept of
formal vector field as follows.

Definition 2.4 A formal vector field is a formal power series

[o/0]
X = ant", X, € X'm). (2.54)
n=0

The set of formal vector fields is denoted by X! (M)[[¢]. This definition can be imme-
diately extended to multivector fields, thus a formal multivector field is an element
in x* (M)[t], i-e. a formal power series with coefficients in xk (M). Finally, we can
define the extension of Poisson structures to formal power series as follows:

Definition 2.5 A formal Poisson structure is a formal power series
o
=m0 +tm + 2T = Z "7, € X2 M)[1]. (2.55)
n=0

where the m,’s are skew-symmetric vector fields on M, such that the Schouten-
Nijenhuis bracket of 7; with itself vanishes order by order,
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[y, m¢]s = 0. (2.56)

Given a Poisson manifold (M, ), the formal Poisson structure can be interpreted as
a formal deformation of the structure 7 by setting 79 = 7; the requirement (2.56)
gives k equations, i.e.

[, 7]s =0, order 0
[, m1]s + [r1, w]s = O, order 1 (2.57)

and generally, at order k > 2

k—1
1
7, mls = =5 ;m Ti—1]s- (2.58)

A formal Poisson structure on M induces a Lie bracket on C*°(M)[¢] by

o n
Uogd=D0" > mildf. dg), (2.59)
n=0  ij.k=0
i+j+k=n
where
o ) o0
f= thﬁ and g= Ztkgk. (2.60)
j=0 k=0

We recall that the gauge group on the set of Poisson structures is given by the
diffeomorphisms on M and the action is given by

Ty = QsTT. (2.61)

To extend this action to the set of formal Poisson structures we consider paths
of formal diffeomorphisms of M which start at the identity Idy, diffeomorphism.
More explicitly, consider the one-parameter group of diffeomorphisms ¢; on M with
¢o = Idys. Given a Poisson structure & on M, ¢, defines a deformed Poisson structure
by

7p = (1) 47T (2.62)

Using Eq.(2.51) we can find the formal version of ;. Since ¢, is the flow of a vector
field X on M, we have

d(¢1)«
dt

= Zx ()« = (P)«Zx, (2.63)
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for any ¢. It follows that

dn
dm

d n

(P = (Zx)"m. (2.64)
=0

Ty =
=0 dr"

Thus, using Eq.(2.51), the formal power series of 7, is given by

00
fi=2
n=0

| %

t2
=71+t + E(gx)%'[ + - =rexp(tLx)m.  (2.65)
0

U

",

In other words, the gauge group is given by the formal diffeomorphism ¢; =
exp(t.%x). Notice that the structure of a group is given by the formula (BCH):

exp(tX) - exp(tY) := exp (tX +1tY + %I[X, Y|+ -- ) . (2.66)

We can generalize the above discussion to the case in which X is a formal vector
field and we can define the formal diffeomorphism on M as a R[¢]-linear map ¢, :
KM [1] — x*()[t] of the form ¢, = exp(Zx) with X € tX!(M)][¢]. Finally we
can define the equivalence class of formal Poisson structures as follows

Definition 2.6 Two formal Poisson structures 7; and 77, are said to be equivalent if
there exists a formal diffeomorphism such that

7 = exp(t.%x) . (2.67)

References

1. R. Abraham, J.E. Marsden, Foundations of Mechanics, 2nd edn. (AMS Chelsea Publications,
New York, 1980)

2. V.I. Arnold, Mathematical Methods of Classical Mechanics, 2nd edn. (Springer, New York,
1997)

3. A. Cannas da Silva, A. Weinstein, Geometric Models for Noncommutative Algebras, Berkeley
Mathematics Lecture Notes series (AMS, Providence, 1999)

4. B. Casselman, Variations on a theorem of Emile Borel. Available on Casselman’s webpage
http://www.math.ubc.ca/cass/research/pdf/Emile.pdf (2012)

5. L. Hormander, The Analysis of Linear Partial Differential Operators I: Distribution Theory
and Fourier Analysis (Springer, Berlin, 1990)

6. J.E. Marsden, Introduction to Mechanics and Symmetry, vol. 17 (Springer, New York, 1999)

7. J.M. Ruiz, The Basic Theory of Power Series, Advanced Lectures in Mathematics (Vieweg,

Braunschweig, 1993)

. L. Vaisman, Lectures on the Geometry of Poisson Manifolds (Birkhéuser, Berlin, 1994)

9. S.Waldmann, Poisson-Geometrie und Deformationsquantisierung: Eine Einfiihrung (Springer,
Berlin, 2007)

10. H.S. Wilf, Generatingfunctionology, 3rd edn. (CRC Press, Natick, 2005)

11. N.T. Zung, J-P. Dufour, Poisson Structures and Their Normal Forms (Springer, Berlin, 2005)

(o]


http://www.math.ubc.ca/cass/research/pdf/Emile.pdf

Chapter 3
Deformation Quantization and Formality
Theory

This chapter will be devoted to the theory of formal deformation quantization. We will
recall the description of a quantum physical system in terms of a non-commutative
algebra of operators (quantum observables) on a Hilbert space.

The theory of deformation quantization aims to formalize the passage from clas-
sical physics to quantum physics using the Dirac quantization rules as guideline.
The first requirement for such a theory to be consistent is the existence of a classical
limit: a quantum system has to reduce to the corresponding classical system when
the limit of £, the Planck constant, approaches zero. Therefore, the quantization of
a classical system should consist of a deformation of the same system in the para-
meter h. Moreover, the quantization rules state that to any classical observable there
corresponds a quantum observable and that the Poisson bracket corresponds to the
quantum commutator of corresponding observables. These requirements can be im-
plemented by demanding that the quantization of a classical system shall be given
by a star product, an associative non-commutative deformation of the usual product
on the algebra of classical phase space functions, that depends on A and such that
the associated commutator is a deformation of the Poisson bracket.

We will give a historical overview of the results by Groenewold [28] on the
construction of maps between classical and quantum observables, and of the notion
of star product on symplectic manifolds, the conditions for its existence [3] and the
generalizations provided by De Wilde and Lecomte [16] and Fedosov [20].

We will then define the star product as a formal deformation of an algebra, show
its relation with the Poisson structure and, after defining the concept of equivalent
star products, we will discuss the problem of classification. The above discussion will
make clear that the main mathematical problem of deformation quantization is the
construction of a star product. In his well-known paper [38], Kontsevich proved that,
as a consequence of the formality theorem, this construction is possible for any Pois-
son manifold and he solved the classification problem. This result will need the in-
troduction of the theory of deformations of associative algebras by Gerstenhaberand
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the Hochschild—Kostant—Rosenberg theorem. Eventually, we will state Kontsevich’s
formality theorem and we will show that it implies that every Poisson manifold
admits a formal quantization.

3.1 Quantum Mechanics: Standard Picture

In the previous chapter we gave a brief introduction of classical mechanics, focusing
in particular on the Hamiltonian formulation. This picture can not be applied to
the description of physical phenomena at microscopic scales, where the action is of
the order of the Planck constant /. Quantum mechanics was born at the beginning
of the 20th century to describe these phenomena. In this section we aim to give a
brief introduction of the standard formulation of quantum mechanics; we recall the
concepts of states and observables, emphasizing the differences with the classical
ones, and we discuss the time evolution of a quantum observable in the Heisenberg
formulation. The reader is referred to the classical literature on the subject, as e.g.
[18, 42]. A nice presentation of the mathematical foundations of quantum mechanics
is given in [8].

In Sect.2.1 we showed that, in classical mechanics, we can make simultaneous
predictions of conjugate variables, by solving Newton’s equations (2.7). In quantum
mechanics this is not possible and we can only predict the probability of outcomes of
concrete experiments; the uncertainty that we have in these predictions is quantified
by the Heisenberg principle. For this reason we say that quantum mechanics is a
probabilistic theory and it deeply changed the philosophical concept of our knowl-
edge of reality. This forces us to use, in quantum mechanics, a different mathematical
formulation from the classical one discussed in Sect.2.1.

First, we recall that in classical mechanics, the state of a physical system is
described by a point in the phase space. In quantum mechanics states are repre-
sented by unit vectors in a given (complex separable) Hilbert space #. The physical
system determines the nature of such a Hilbert space; for instance, as we will see
in the following, the Hilbert space for positions and momentum states is the space
of square-integrable functions. An observable, described in classical mechanics by
a function on the phase space, is represented by a linear self-adjoint operator fon
the Hilbert space .77

The canonical quantization of a classical system on the phase space R*" can be
performed by means of the correspondence principle; as already stated, the Hilbert
space associated to such a physical system is given by the square-integrable functions
L?(R™) on R" and we can associate to the classical observables ¢’ and p ;j the quantum
operators ' and p;j as follows
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These operators satisfy the canonical commutation relations
lg', Pjl = s, (32)

and it is well known that these relations immediately led to the Heisenberg principle.
Finally, the Poisson bracket is mapped into the commutator of operators:

f. gt — —%[ﬁ 2l (3.3)

This rule is not well-defined, as it shows an ambiguity when products of classical
observables are involved; for instance,

1
¢ ply+ ﬁ{{p% ) x4 PPy =0,

lrs 4 1 1o A%] 1 [Az A3] 2
— — =[], = [ 7] | = -3n2. 4
ih[q’p]+12ih[ih[p AT KR 3 S

The extra term —3A42 is not predicted by application of the canonical quantization
rule.
In classical mechanics, given a physical observable f, its time evolution is gov-
erned by the equation
df

o = WS (3.5)

where H is the Hamiltonian function associated to the physical system. Applying
the correspondence principle to this equation, i.e. substituting the operator f to the
function f and the commutator of operators to the Poisson bracket we get

df i 5 =

where H is the Hamiltonian operator, the observable associated to the energy of the
physical system. The Hamiltonian operator is, as in classical mechanics, a constant
of motion. Equation (3.6) coincides with the Heisenberg formulation for the time
evolution of a quantum observable.

This short presentation of the quantum framework allows us to focus on an impor-
tant difference between classical and quantum physical systems. Indeed, on the one
hand a classical system is described by the commutative algebra of smooth functions
on amanifold; on the other hand a quantum system is described by a non-commutative
algebra of operators. This observation led to the idea that quantum mechanics can be
regarded as a deformation of classical mechanics. In the following section we dis-
cuss the general problem of the quantization and, in particular, the problems related
to a precise mathematical formulation of the correspondence between classical and
quantum systems.
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3.2 Quantization: Ideas and History

The main goal of this section is to introduce the reader the basic ideas of deformation
quantization. First, we introduce the fundamental problem of quantization and we
briefly review the different approaches that have been developed. Then we describe
more carefully the deformation quantization approach and we present the histori-
cal developments. Interesting reviews on the subject can be found, for instance, in
[10, 14, 29, 36]. Furthermore, Sternheimer [53] describes the birth of deformation
quantization and its historical evolution.

In the previous section, we discussed what a physical system is in quantum me-
chanics and we underlined the differences between the classical and the quantum
framework. Quantization is a procedure to pass from classical to quantum mechan-
ics and it is natural to ask whether there is a precise mathematical formulation for
such a procedure, which solves the ambiguity of the canonical quantization discussed
above. As already pointed out, from Eq. (3.2) we can observe that the observables in
quantum mechanics, unlike those in classical mechanics, do not commute with one
another. For this reason, the first attempt to quantize a classical system could consist in
looking for a correspondence Q: f — Q(f), mapping a function f to a self-adjoint
operator Q(f) on a Hilbert space .7, which gives us the non-commutative structure
of the algebra of operators from the commutative one C°°(M). The correspondence
Q should satisfy the following properties

1. 0() =1, 0(g) = and Q(p) = —ih,
2. f = Q(f) linear,

3. [9(N), Q@] =ihQ{f. gD,

4. forany ¢: R — R, Q(¢ o f) = ¢ (Q(f)).

The condition (4) is usually known as the von Neumann rule and it essentially ensures
that a polynomial of function gets mapped into a polynomial of operators. Unfortu-
nately, there is no such correspondence, as these properties are mutually inconsistent
(the inconsistency appears even if we require only the conditions (1), (2) and (4))
[1]. Indeed Groenewold proved in [28] that the Poisson algebra C*°(M) can not
be quantized in such a way that the Poisson bracket of two classical observables is
mapped into the Lie bracket of the correspondent operators.

There are different mathematical approaches to this quantization problem. A first
approach was given by geometric quantization, which aims to find a relation between
the phase space and the corresponding Hilbert space. It accepts the conditions (1)—(3)
but restricts the space of quantizable observables to exclude problematic terms (as
the ones showed in Eq. (3.4)). This approach is due to Souriau [52], Konstant [39] and
Segal [51]. The quantization of a particular class of Kédhler manifolds was studied
in Berezin’s quantization [4, 5]. Finally, the approach we are most interested in,
the so-called deformation quantization, is a quantization procedure which satisfies
properties (1), (2) and the condition (3) only asymptotically in the limit &z — O.
This theory was introduced in [22, 23] and developed in [3], where the authors
suggest to deform the pointwise product of functions to get a non-commutative one.
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This implies that quantization is “a deformation of the structure of the algebra of
classical observables rather than a radical change in the nature of the observables”.
In the following, the non-commutative product (called star product) is given by a
formal deformation of the algebraic structure of C°°(M). The concept of formal
deformation will be clarified in next sections, but here we want to remark that it
refers to the fact that the star product is given as a formal power series (defined
in Sect.2.3.1). A non-formal approach to the problem of quantization, called strict
deformation quantization, produces quantum algebras of observables not just in the
space of formal power series but in terms of C*-algebras, as suggested by Rieffel
[50]. The relation between formal deformation quantization and strict deformation
quantization has been subject of several studies. The basic idea is that, given a
formal deformation quantization, the subalgebra of converging power series should
give somehow a strict deformation quantization, but the only example where this
relation is clear is given by the standard Poisson structure on R*". Convergence of
formal power series in formal deformation quantization has been studied by several
authors, e.g. [11, 46]. In the present notes we focus our attention on the formal
deformation quantization, referring the reader to [48, 49] for a precise presentation
of strict deformation quantization.

The origins of the (formal) deformation quantization can be found in Weyl’s
quantization procedure [57]; given a classical observable u(p, ¢) on the phase space
R”, Weyl found an explicit formula to associate to u an operator (the quantum
observable) £2(u) in the Hilbert space L2(R?"):

w2 ::/ (g, per PEHTDgnEdny. (3.7)
RZn

where i is the inverse Fourier transform of u and p; and g; are operators satisfying
the canonical commutation relation (3.2); here the integral is taken in the weak
operator topology. Subsequently, Wigner [58] found an inverse formula, which maps
an operator into its symbol and Moyal [43] found an explicit formula for the symbol
of a quantum commutator (which is now called Moyal bracket):

Mu,v) = Sm}‘tﬂ = Pu,v) + z mP%H(u, V), (3.8)
k=1 ’

where t = %i and P* is the k-th power of the Poisson bracket (2.13) on R?". The
classical symbol of a product £2(«)$2(v) had already been found by Groenewold
[28] and can be interpreted as the first appearance of the Moyal product (denoted by
*7); indeed we can rewrite the above bracket as

M(u,v) = %(u *YV—VxpyU). (3.9
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The interpretation of this product as a non-commutative deformation of the pointwise
product on the algebra of classical observables is due to Flato et al. and can be
found in their seminal paper [3]. They used Gerstenhaber’s deformation theory to
describe quantum mechanics as a deformation of classical mechanics and found
several applications. In particular, they proved the existence of a star product on a
generic symplectic manifold (a symplectic manifold is a pair (M, w), where M is a
smooth manifold and w is a closed, non-degenerate 2-form on M) admitting a flat
connection.

The problem of existence of deformation quantization on a generic symplectic
manifold had been further developed (some interesting discussions on the topic can
be found already in [44, 54]) and was solved by de Wilde and Lecomte [16], using
cohomological arguments. Independently, the existence of star products was proved
by Omori et al. [47] and a few years earlier by Fedosov [20] (we invite the reader to
refer to Fedosov’s book [21]).

In subsequent works, the problem of the classification of equivalent star products
was also settled by several authors. The equivalence of deformations had already
been studied by Gerstenhaber [25] and Flato et al. claimed in [2] that the equivalence
is linked with the second de Rham cohomology of any symplectic manifold. This
result has been proved with different approaches, first by Nest and Tsygan [45], then
Deligne [17] and Bertelson et al. [7].

The existence and classification of star products for any finite dimensional Pois-
son manifold has been first conjectured [37] and then proved [38] by Kontsevich.
Afterwards, parametrizations of equivalence classes of special star products have
been obtained, e.g. star products with separation of variables [35], invariant star
products on a symplectic manifold with an invariant symplectic connection [6] and
algebraic star products [15].

In the following sections we introduce Kontsevich’s theory and in the next chapter
we briefly discuss Kontsevich’s formula of a star product on R” and further devel-
opments of this theory.

3.3 Star Products and Classification

We introduced the main idea of deformation quantization, the deformation of the
classical algebra of functions to get a non-commutative one (the so-called star prod-
uct), which would give a description of the quantum algebra of observables. In this
section we start discussing some more technical aspects; in particular, we define a
formal deformation of a generic algebra and we discuss the star product as a particu-
lar case of formal deformation. These definitions allow us to understand how crucial
the role of the Poisson bracket is in deformation quantization; we introduce the
notion of equivalence of star products and formulate the problem of their classifi-
cation. Furthermore, we state the main result obtained by Kontsevich [38], which
solves the classification problem of star products.
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Let k be a commutative ring and A an algebra over k. Let us consider the ring
k[t] of formal power series in ¢ and the algebra A[t] of formal power series over
k[t] with coefficients in A.

Definition 3.1 A formal deformation of the multiplication of A is a k[¢]-bilinear
map
* 1 Aft] x A[t] — Ar] (3.10)

such that, for any u, v € A[t]
U*V=uy mod ¢ (3.11)

where uv is the multiplication of formal power series defined in Eq. (2.50).

The star product is first defined on A: the product of two elements a, b € A is given
by
axb=a-b+ Pi(a,b)t + Py(a,b)t* + -+ Py(a,b)t" + - - (3.12)

where P;’s are k-bilinear maps on A and we denote by - the multiplication of A.
Putting Py(a, b) = a - b we can write

o0
a*b:ZPn(a,b)t". (3.13)
n=0

The extension to formal power series by k[#]-bilinearity is given by

(ifktk)*(igztl):Z( > Pm(fk,gz))t" (3.14)

k=0 =0 n=0 \k+I+m=n

for fx, g1 € A. The x-product is associative if, for any n > 0

> Pi(Pj(a.b).c)= D Pi(a,Pj(b.c)), a.b.ceA (3.15)

i+j=n i+j=n

Again, the associativity can be extended to A[¢] by k[¢])-bilinearity. It is evident
that a necessary condition for the associativity of * is that the multiplication a - b
is associative. We also remark that the star product is a continuous operation with
respect to the ¢-adic topology introduced in Sect.2.3.1. Assume that A is associative
and commutative, with a unit element 1. An associative formal deformation of A is
given by a formal power series (3.13), where { Py },cN, is a sequence of k-bilinear
maps such that the product  is associative. It can be proved that an associative formal
deformation of A admits a unit element.
Furthermore, defining

{a,b} := P1(a,b) — P1(b,a), a,beA, (3.16)
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we can easily prove that the operation {-, -} is a Poisson bracket on A, as it satisfies
the requirements of Definition2.1. First, we observe that the bracket

[a, bls := %(a*b—b*a) (3.17)

is aLie bracket. Indeed, it is skew-symmetric and bilinear by definition and the Jacobi
identity follows from the associativity of the » product. The bracket {-, -} equals the
reduction modulo ¢ of [+, -],; thus it is still a Lie bracket. Finally, the Leibniz identity
of [, -], is also a consequence of the associativity of %, thus we can conclude that
the operation {-, -} is a Poisson bracket on A.

An example of particular interest is given by the algebra C°° (M) of real-valued
smooth functions on a smooth manifold M introduced in Sect. 2.2, where the product
is given by

f-gx):= f(x)g(x), Vx e M (pointwise product) (3.18)

and is clearly associative and commutative. Recall that an application P : C*° (M) x
<o+ X C®°(M) — C*°(M) is a multidifferential operator if in each local coordinates
(x1,...,x,) on M we have

8fl afn
P(fi,.... fm)= O ko

(3.19)

where k; are multi-indices and «y, .. x, are smooth functions locally defined.

Definition 3.2 A star product on M is an associative formal deformation of C*°(M)

*: CO(M)[t] x C¥(M)[t] — C(M)[1], (3.20)
given by
frg=1r g+ Puf )", (3.21)
n=1

where the R-bilinear maps P,: C*°(M) x C*®(M) — C*°(M) are bi-differential
operators.
As pointed out in [14], the P;’s could in principle be just bilinear maps; bidiffer-

ential operators are defined only locally, so this requirement encodes the locality of
quantum physics. More precisely, one requires that, in local coordinates,

af g

_ KL _7J 7o

Pifg) =2 el e (3.22)
K.L

where K = (k1,...,kyn) and L = ({1, ...,1;). The ozl.KL’s are smooth functions,

which are non-zero only for finitely many choices of K and L. Furthermore, we
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require that the unit element of C°°(M) is preserved by the star product, i.e.
fxl=1xf=f; (3.23)
using the expression (3.21) we have
P,(f,1H)=P,(1,f) =0 Vn=>1. (3.24)

This means that the P,’s are bi-differential operators with no term of order 0.

As discussed above, the operation {f, g} := P1(f,g) — Pi(g, f) is a Poisson
bracket for any elements f, g € C°°(M). This implies that M is a Poisson manifold
with Poisson structure given by

{f.g) =m(df. dg), m e X*(M). (3.25)

Example 3.1 (Moyal Product) The simplest example of a deformed product on
C*®(R?") is the Moyal product. Let us consider the manifold M = R*" with the
2n-variables

(q.p)=(q1,---.qn, P1s---, Pn)

We can give an explicit formula for the product of two elements f, g € C*°(R>")

(99 99
fxglg,p)= f(q,p) exP(?(Eﬁ_E@)) g(q, p)s (3.26)

where the s operate on f and the 3 *son g and the parameter ¢ has been replaced
by %l, in accordance with the physical literature. More generally, we can define a
star product on R” by

af dg ih\? .. 4 9 of 9 og
= 7l — gt — — —— 2 ... 3.27
frg = fg+2 8x’8xl+(2 T g T G
where {71’7 } is a constant skew-symmetric tensor on R” with i, j = 1, ..., n. This

expression gives us the sequence of R[¢]-bilinear bi-differential operators P, as

follows:
9 =9
i J
Py(f,8) = | In kK (| | 3xzk)f(k|:|1 8x,-k)g (3.28)

A more elegant expression than (3.27) is given by:

frg=(df ®dg. ™) (3.29)

or, equivalently
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0

frg) =exp (15 ””@a_f) F@gm)| - (3:30)

This operation defines an associative formal deformation of R”. Indeed we have:

0

((F ) * W) = exp (13 e ]) (f ) hG)| _

~ex @nu(ijLi)i exp (gl 09
TP TN Ty 027 )P\ T Gk gyl

X JWOG)|_

ih .. 9 0 a 0 d 0
=exp (5wl S
2 axt az/ ay~ 9z ax™ dy

x f(x)g(y)h(z)‘ o

e (i 2 a) o (D0
TP\ T ayJ azj P\2 ayk 9z

X J WG| _
=(f * (g N (). (3.31)

It is evident that P;(f, 1) = P;(1, f) = 0 for any i > 1, thus the condition f x 1 =
1 = f = f is satisfied. Putting {f, g} = P1(f, g) — Pi1(g, f) we get the local
expression of the Poisson bracket (see Eq. (2.20))

L1 0 98

{f.g}= ax; %) (3.32)

In particular, for M = R?", using the Moyal product (3.26) we get the canonical
Poisson bracket
af 9g  of dg

gl =2 _° 4 5 3.33
{f g} 37 oy 0p; 3" (3.33)

introduced in Sect.2.1.

From the above discussion turns out that an associative (non commutative) formal
deformation = of an associative commutative algebra A defines a Poisson bracket
on A. We can prove that this Poisson bracket only depends on the equivalence class
of x, where the concept of equivalence is introduced in terms of automorphisms of
A[t] as follows. Consider a generic algebra A[¢] of formal power series over k[¢]
and two formal deformations * and «’. Let J be the group of automorphisms T’ of
A[#] such that

Tw)=u mod tA[t]. (3.34)

for any u € A[r].
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Definition 3.3 Given two star products * and «’, they are considered equivalent if
there exists an element 7' € J such that for any u, v € A[¢]

T(uxv) =Tw)« TH). (3.35)

The automorphism 7 is determined by its restriction to A
o
T(@) =Y T(a)0" acA, (3.36)
n=0

where T;: A — A are k-linear maps with To(a) = a. Thus, the relation (3.35) is
equivalent to the set of relations

> Ti(Pia.b)= Y. P(Ti).Tj(h)) a,beA. (3.37)
i+j=n i+j+l=n

In the particular case in which the algebra A is the algebra of smooth functions on M,
the 7;’s have to be differential operators which vanish on constants, as was proved in
[30]. We denote by [ * | the equivalence class of star products relative to the previous
definition of equivalence. We can prove that different star products belonging to the
same equivalence class induce the same Poisson bracket, simply by setting (3.16).
More precisely,

Lemma 3.1 Let % be a star product on C*°(M). The Poisson bracket

{f.e=Pi(f.8) — Pi(g. f) f.g€CT(M) (3.38)
depends only on the equivalence class [ x ].

Proof Consider two equivalent star products x and «, i.e.
T(axb)=T(a)* T(b) (3.39)
Expanding the formal power series of T, x and %/, the term in ¢ of this equation reads

Pi(f.9) + Ti(fg) = P{(f. &) + Ti(f)g + fTi(g). (3.40)

This implies that Py (f, g)— P (f, g) is symmetricin f, g, hence it does not contribute
to {f. g}.

This means that given an equivalence class of star products on C°° (M), it induces
a Poisson structure 7 on the manifold M. At this stage it is not clear whether, given
a Poisson manifold, there exists a star product with the first term equal to the given
Poisson structure and whether there exists a preferred choice of an equivalence class
of star products. This problem has been solved by Kontsevich in [38], where he
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proved that there is a canonical construction of an equivalence class of star products
for any Poisson manifold. More precisely, recalling the notion of equivalence classes
of formal Poisson structures discussed in Sect.2.3, we have the following

Theorem 3.1 (Kontsevich [38]). The set of equivalence classes of star products on
a smooth manifold M can be naturally identified with the set of equivalence classes
of formal Poisson structures

T=m =tm 421+ € X2(M)[t], [m,7wls=0 (3.41)

modulo the action of the group of formal paths in the diffeomorphisms group of M,
starting at the identity diffeomorphism.

Any given Poisson structure 7 gives a path m; := m¢ and, by the above theo-
rem, a canonical equivalence class of star products. This implies that any Poisson
manifold admits a canonical formal deformation (also said canonical deformation
quantization). This implication will be discussed in detail in Sect.3.7.2.

The simplest example of a star product is the Moyal product for the Poisson
structure on R” with constant coefficients

) 9 , .
a=a"—A—, 7% =-g/ (3.42)
8xl- B)Cj

fori =1,...,n,as discussed in Example3.1.

3.4 Deformations and Differential Graded Lie Algebras

As mentioned above, the classification problem was solved by proving the existence
of a bijection between the equivalence class of star products and the equivalence
class of Poisson structures. Kontsevich proved the existence of such a bijection
using the ideas of deformation theory, where deformation problems are governed
by differential graded Lie algebras (DGLA). In this section we introduce the basic
notion of DGLA and we discuss, roughly, how a deformation problem is attached
to a DGLA. Given a DGLA L, we can define the deformations of L as the set of
solutions of the Maurer—Cartan equation modulo gauge action (as it will be defined
in Sect.3.4.3).

An exhaustive review of deformation theory can be found in [40], where the
deformation problem is treated by using category language. In these notes we aim to
discuss the specific examples of deformation problems which are useful to prove The-
orem3.1. In particular, considering the DGLA of multivector fields, we can rephrase
the equivalence class of Poisson structures in terms of Maurer—Cartan elements of
this DGLA modulo gauge action (see Sect. 3.4.4). On the other hand, the equivalence
class of star products can be rewritten in deformation theory by means of the DGLA
of multidifferential operators.
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3.4.1 Lie Algebras

The notion of Lie algebra has been already used in the previous chapter; nevertheless,
asitis crucial in this section, we recall it briefly and we discuss some properties which
will be useful in the discussion of differential graded Lie algebras and in particular
in the definition of a gauge group. An exhaustive treatment of this subject can be
found in the literature, as e.g. [12, 31].

Definition 3.4 A Lie algebra is a vector space L over a field k together with an
operation [+, -] : L x L — L which satisfies the following properties:

1. The bracket operation is bilinear
2. [x,y] = —[y, x] (skew-symmetry)
3. [x. [y, zll + [y, [z, x]] + [z, [x, y]l = 0 (Jacobi identity).

If Ly, L, are Lie algebras, then a linear map ¢: L1 — L is a Lie algebra
homomorphism if ¢ ([x, y]) = [¢(x), ¢ (y)] for any x, y € L.If ¢ is one-to-one and
onto we say that ¢ is an isomorphism of Lie algebras. A Lie algebra isomorphism
of L onto itself is called Lie algebra automorphism.

Alinear subspace K C Liscalled aLie subalgebraif [x, y] € K foranyx, y € K.

Example 3.2 The space End(V) of all linear endomorphisms of a vector space V
is a Lie algebra with bracket [f, g] = fg — gf. If V is finite dimensional then
the subspace s/(V) C End(V) of endomorphisms with trace equal to zero is a Lie
subalgebra.

For any associative algebra A we can associate a Lie algebra Ay with bracket
equal to the commutator [a, b] = ab — ba. It is important to remark that not every
Lie algebra operation is the commutator of an associative product.

Example 3.3 Let A be an associative algebra over k. The vector space of derivations
of A
Der(A, A) := {d € End(A) : d(ab) = (da)b + adb} (3.43)

is a Lie subalgebra of End(A).

Example 3.4 Let L be a Lie algebra over k and A a commutative and k-associative
algebra. Then the tensor product L ®x A can be made into a Lie algebra with bracket
given by the bilinear extension:

[u®a,veb]=I[u,vl®ab. (3.44)
A representation of a Lie algebra L on a vector space V is a Lie algebra homo-
morphism ¢: L — End(V). One of the most important examples of Lie algebra

representations is given by the of a Lie algebra L, defined by the homomorphism

ad(a) =[a,-]: L — End(L), ad(x)(y) := [x, y]. (3.45)
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A crucial notion in this context, needed to define the equivalence classes of defor-
mations, is the exponential map. In order to introduce it and discuss its properties,
we need the notion of nilpotency (the interested reader can find a more detailed
discussion, with proofs and examples in [41]). First, we need the following

Definition 3.5 Let L be a Lie algebra. Using the notation
[U,V]=span{[u,v]:ueU,veV}
the descending central series L™ of L is defined as
LW=r, L®=[L,L1, LW =[L,L""].

Lemma 3.2 In the above notation we have:

1. L(”_'H) c L(")for anyn =0

2. [LD, LD c LD forany i, j.

Definition 3.6 A Lie algebra L is called nilpotent if L™ = 0 for some 1 > 0.

If L is nilpotent, then ad(x) € End(L) is nilpotent for any x € L. The converse
is true when L is finite dimensional.

We remark that in general a Lie algebra is not associated to an associative prod-
uct. For any nilpotent Lie algebra there exists an associative product, called Baker—
Campbell-Hausdorff product, which allows us to define the group

expL ={e’:ael} (3.46)

of formal exponentials of elements of L. More precisely,

Theorem 3.2 For every nilpotent Lie algebra L there is an associative product
e : L x L — L such that

1. If f: L — L' is a morphism of nilpotent Lie algebras then

flaeb) = f(a)e f(D), (3.47)

2. If I € A is a nilpotent ideal of the associative algebra A and, for a € I, we
define
a}’l
n!

o
¢ = Z — €A (3.48)
n=0

then
el = ¢ . P, (3.49)

where - denotes the usual product in A.
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The associative product e is defined by the formula:

1 1 1
aeb=a+b+ slabl+ la.la.bll + b, la. bl + - (3.50)

Notice that, if L is a Lie subalgebra of a nilpotent ideal of a unitary associative
algebra A then (3.50) holds and the BCH product on L is also associative.

Proposition 3.1 In the above notation

1. foreverya,b e Aandn >0

[a,-1'b =" (=1 (’7)a"—"bai = (’?)a”—ib(—a)". (3.51)
i=0 ! i=0 !

2. Ifaisnilpotent in A then also ad(a) is nilpotent in ENd(A) and therefore it yields
a well-defined invertible operator

. la,-1"
la,-] —
e E ! € End(A). (3.52)

n>0

For every nilpotent Lie algebra L there exists a natural bijection e: L — exp L
satisfying the following properties:

1. Let V be a vector space and f: L — End(V) a Lie algebra homomorphism. If
the image of L is contained in a nilpotent ideal, then the map

exp(f) : exp(L) — Aut(V), exp(f)(e®) =e/@ (3.53)

is a homomorphism of groups (here e/ @ denotes the usual exponential of endo-
morphisms).

2. If f: L — End(V) = Pisarepresentationof L asaboveand[f, -]: L — End(P)
is the adjoint representation, then for every a € L, g € End(V)

If, .](eg)g —f@ g e~ f@ (3.54)

3.4.2 Differential Graded Lie Algebras

In this section we aim to introduce the basic tools of differential graded Lie algebras
and to give some basic examples, which are useful for the goals of this chapter. A more
extensive introduction of differential graded algebras in the context of deformation
theory can be found in the lecture notes by Manetti, [40, 41].

Let Z be the set of integers. A Z-graded vector space, often called simply a graded
vector space, is a vector space V which decomposes into a direct sum of the form
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V =,z Va, where each V,, is a vector space. Elements of any factor V,, of the
decomposition are called homogeneous elements of degree n; if v € V,,, we denote

v = deg(v).

Definition 3.7 A differential graded vector space is a graded vector space V =
D, 7 Vn together withalinearmapd: V — V, called differential, such thatd(V") C
v+ forany nand d> =dod = 0.

Every complex of vector spaces (V", d)

sy Lyt 2 (3.55)

can be considered as a DG vector space.

Definition 3.8 A DG (commutative) algebra is a differential graded vector space A
together with a product
ARA—>A:a®b+> ab, (3.56)

which satisfies, forany a € A", b € A™,

1. (ab)c = a(bc) (associativity)
2. ab = (—=1)%ba (graded commutativity)
3. d(ab) = d(a)b + (—1)*ad(b) (graded Leibniz rule)

Definition 3.9 A differential graded Lie algebra (DGLA) is a DG vector space
(L, d) endowed with a bilinear operation

[.-]:L®&L— L, (3.57)

homogeneous of degree 0, i.e. [L!, L/] C L'*/, satisfying the following conditions,
foranya € A", b € A™:

1. [a,b] = —(—1)55[19, a] (graded skew-symmetry)
2. la,[b,c]] = [la, b, c] + (=1)®[b, [a, c]] (graded Jacobi identity)
3. d(la, b]) = [d(a), b] + (—1)%[a, d(b)] (graded Leibniz rule).

Given a DGLA L, we define
ZH(L) :=ker(d: L' — L't

and ‘ . '
Bi(L):=Im(d: L'~ > L").

The cohomology group associated to a DGLA L is given by

j Z'(L)
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The set H := ; H (L) has a natural structure of graded Lie algebra. Indeed, it
inherits the GLA structure defined on equivalence classes |a|, |b| € H by

lal. 161y = Ila. b]|. (3.59)

Finally, H is a DGLA by setting d = 0.
Example 3.5 Every Lie algebra is a DGLA concentrated in degree 0.

Example 3.6 Consider a DG vector space (V, d) and denote
Hom*(V, V) = @5 Hom' (v, V)
i€Z

where Hom' (V, V) = {f: V — Vlinear|f(V") C FVH) Vn). The bracket
[f, gl = fg — (—1)/8gf and the differential f = [d, f] =df — (—1)/ fd makes
Hom®(V, V) a DGLA.

Example 3.7 Given a DGLA L and a graded commutative k-associative algebra m,
then L ® m has a natural structure of DGLA by setting

(Lem)" =L @m"™),
dx®a) =dx ® a,
[x®a,y®bl = (-1 [x,y] ®ab, (3.60)

foranya e mP,b e m,x € L and y € L". Notice that, if m is nilpotent, the DGLA
L ® m is also nilpotent.

Example 3.8 Let M be a differentiable manifold and LK = xM (). Tt s easy to
check that the space L := @5, L* has a DGLA structure given by the Schouten—
Nijenhuis bracket (2.30) and d = 0.

Example 3.9 Let A be an associative algebra over K with multiplicationm: AQ A —
A. Denote by L' = Hom(A®"", A) forany i > —1. Define

o: Ll x L/ — [t (3.61)
by

$ov(an. ... ais)) = D~V ... 1. Y (g, ... Ay .. dig)).

s
(3.62)
It is a DGLA, called Hochschild DGLA, by setting

(6. %] =dov — (=D oo (3.63)
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and
d¢ = [m, ¢]c. (3.64)

The last two examples are crucial in the discussion of Kontsevich’s result and will
be treated more extensively in the following sections.

Definition 3.10 A morphism of DGLA is a linear homogeneous map f: L1 — Lj
of degree zero, such that
fod=dof (3.65)

and

f(x, yD = L), fF(D]. (3.66)

It is important to remark that a morphism f: Ly — L» of DGLA’s induces a
morphism H(f): Hy — H; in cohomology; more precisely, it induces a sequence
of homomorphisms H"(f): H" (L) — H"(Ly).

Definition 3.11 A quasi-isomorphism is a morphism of DGLA’s inducing isomor-
phisms in cohomology.

We observed that the cohomology (3.58) of a DGLA L is itself a differential graded
Lie algebra with the induced bracket (3.59) and zero differential. Furthermore, we
have

Definition 3.12 A differential graded Lie algebra L is formal ifitis quasi-isomorphic
to its cohomology, regarded as a DGLA with zero differential and the induced bracket.

This definition is crucial for stating the formality theorem; it means that the DGLA
structure of a complex and a cohomology complex are preserved and the induced
cohomology groups are isomorphic.

3.4.3 Maurer—Cartan Equation and Gauge Action

Eventually, we can discuss how the concept of deformation is attached to a differential
graded Lie algebra via the solutions to the Maurer—Cartan equation modulo the action
of a gauge group. First, we introduce the Maurer—Cartan equation of a DGLA and the
gauge group and we extend them to the formal counterpart of a DGLA. As already
announced, here we do not discuss the deformation theory in detail but we simply
give the necessary notions to discuss concrete examples of deformation.

Definition 3.13 Given a DGLA L, the Maurer—Cartan equation of L is

1
da+§[a,a]=0, ael'. (3.67)
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We denote by MC(L) C L! the set of solutions of the Maurer—Cartan equation. It is
evident that the Maurer—Cartan equation is preserved under morphisms of differential
graded Lie algebras.

One of the main goals of this section is the construction of a group which preserves
the set of solutions of the Maurer—Cartan equation. This allows us to discuss the idea
of how to attach deformations to DGLAs. As discussed in Sect. 3.4.1, for every Lie
algebra L the set defined as exp L := {e?, a € L} can be endowed with the structure
of a group via the BCH formula (3.50); it is well-defined in the case in which L is
nilpotent as the infinite sum reduces to a finite one. Let us consider, in particular, the
DGLA L ® m discussed in Example 3.7 with m nilpotent and under the assumption
that L° ® m is nilpotent (in the conventional approach m is a maximal ideal in a
finite-dimensional Artin ring: we do not discuss it here, but a review of functors of
Artin rings can be found in [40]). Under these assumptions we can define a group G”
simply by exponentiating the nilpotent algebra L ®m. Indeed, forevery a € L’®m,
the corresponding adjoint operator

ad(a)=1[a,-1:L— L, la, ]1(b) =]la,b] (3.68)

is a nilpotent derivation of degree 0 and then its exponential

[a3 .]}’l

n!

o
el L L, edvlh="" b (3.69)
n=0

is an automorphism of the DGLA L ® m. In other words,
GUL) =exp(L°Qm) ={® : LQm — Lm|® =el® ] qa e L°@m)} (3.70)

is a subgroup of the automorphisms of L of degree 0. As discussed above, the group
structure is given by the BCH formula (3.50). In order to define the gauge action of
G on L' ® m, or more precisely on MC(L ® m) C L' x m, we need some more
properties of DGLAs.

Lemma 3.3 If W is a linear subspace of L and [L°, L'] C W, then

. 1 — [av ]n
[a,-] — 2 n—1 z :
e (v—i—w)—v—i—n 1—![61, ] ([a,v])—i—n - I w (371)

ceWw

foranya e L°,ve L andw € W.

Notice also that, given a DGLA L ® m, the set Z = {x € L'® ml[x, x] = 0} is
stable under the adjoint action of GO,

elvl(zy c z. (3.72)
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The set Z can be related to the set of solutions of the Maurer—Cartan equation as
follows. Given a DGLA (L, [, -], d) we can construct another DGLA L’ by setting

(LY=L Vi#1 and (L)' =L'®kd (3.73)
with bracket [, -]’ defined by
[a +vd, b+ wd] = [a, b] + vdb + (—1)?wda (3.74)

and differential d’
d(a +vd) =[d,a +vd] = da. (3.75)

The natural inclusion L C L’ is a morphism of DGLA. Consider the affine embedding
¢ L' - (L)' : ¢(a) = a + d; it allows us to characterize the Maurer—Cartan
equation as follows

1
da + E[a, al =04 [¢p(a), p(a)] =0. (3.76)

In other words, given a DGLA L, the set of solutions of the Maurer—Cartan equations
of L coincides with the set Z of L’. Furthermore, [L°, (L")'] ¢ L' and, in particular,
if L is nilpotent then also L’ is nilpotent. This implies that we can apply Lemma 3.3
to L’ and we can define the gauge action of G°(L) on L', More precisely, in the case
of L ® m with m nilpotent, we have

Definition 3.14 The gauge action of G on L! ® m is defined by
el p =g el pb)) = el (b +d) —db (3.77)

for any a € L ® m. Explicitly, we have

ewb—zmw®+zm @

n=1

—ZM @+Z (@)

_b+z +1)' (la, b] — da). (3.78)

We can finally say that two elements x, y € L ® m are gauge equivalent if there
exists a € L ® m such that

. [av ]n

— pla.-] —

y=e X=X+ E ([a, x] — da). (3.79)
= (n+ 1!
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Since Z = {x € (L)' ® m|[x, x] = 0} is stable under the adjoint action of G°
and using the characterization (3.76) of the Maurer—Cartan equation in terms of ¢,
it follows that the set of solutions of the Maurer—Cartan equation is stable under the
gauge action. Now we can introduce the concept of deformation via DGLA. Usually
the deformation is defined by using the notion of functor; here we try to reduce the
involved notions at minimum and we say that, the deformation associated to the
DGLA L ® mis defined by

MC(L ® m)

Defm(L) := D

(3.80)

The meaning of this definition will become clear when we discuss two concrete
examples of deformation, which will be given in the next sections. Now it is impor-
tant to stress that the above discussion can be immediately extended to the formal
counterpart of a DGLA, generalizing in some sense what we discussed in Sect. 2.3.
Given a DGLA L over k we can define a formal counterpart L[¢] over the ring k]
of formal power series in ¢ by

L[t] :== L ® k[1]. (3.81)

It has a natural structure of DGLA and the degree zero part L°[¢] is a Lie algebra.
Even though it is not nilpotent we can define the gauge group formally as the set
GO := exp(tL°[t]), as discussed in Sect.2.3. The action of G® = exp(¢L°[¢]) can
be defined by generalizing (3.77). More precisely,

Proposition 3.2 Let L be a DGLA over k and let Lt] be the corresponding DGLA
over k[t]. Then

GOL[) ={@: L[1] —» L[] | @ =, ae L]} (3.82)

is the subgroup of all k[[t]-linear automorphisms on L[t] of degree O which in the
zeroth order of t start with 1d.

Also in this case, the group structure is given by the BCH formula. In this setting we
define the formal Maurer—Cartan elements as follows

Definition 3.15 Let L be a DGLA over k. An element a € ¢L'[t] is said to be a
formal Maurer—Cartan element if it satisfies the Maurer—Cartan equation

1
da + E[a, al] =0. (3.83)
The set of formal Maurer—Cartan elements is denoted by:

MC(L[t]) = {a € tL'[1]| da + %[a, al = 0}. (3.84)
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As already stated, the action of GY defined in (3.82) on the set of formal Maurer—
Cartan elements MC(L¢]) is a direct generalization of the above discussion. Given
a € tL[t] and g € L°[t] the gauge action is given by

oo oo

o (gD e (g, D"
exp(tlg,-1)-a .—;)—n! (a) ’;0—(“1)! (dg)
= a+1tlg, al — tdg + o(t?) (3.85)

for any g € L°[t] and @ € L'[[t]. Also in this case, the gauge action preserves the
subset MC(L[t]) C tL'[t] of solutions of Maurer—Cartan equations.

This allows us to define the equivalence class in the formal Maurer—Cartan set as
in (3.80). One can extend the deformations to algebras with linear topology which
are projective limits of nilpotent algebras. Here we only remark that in the following
we use m = rR[t].

In the next sections we discuss two concrete examples of DGLAs and their
attached deformation problems.

3.4.4 Formal Poisson Structures

The first example we aim to discuss is the DGLA of multivector fields on a smooth
manifold M, already introduced in Example3.8. We recall that, in Sect.2.3, we
introduced the concept of deformed Poisson structures and of equivalence classes
of such deformations. Here we rewrite these notions by using the DGLA’s approach
discussed above.

Let X*(M)[t] be the set of formal k-multivector fields on M. A formal Poisson
structure 7, is a deformation of a given Poisson structure 7 on M which satisfies the
condition

[7r, 15 =0, (3.86)

where [+, -]s is the Schouten—Nijenhuis bracket defined in Eq. (2.29). The equivalence
class of formal Poisson structures has been introduced in Definition2.6 by saying
that two formal Poisson structures ; and 7, are equivalent if there exists a formal
diffeomorphism ¢, = exp .y with X € tX'(M)[t] such that

T = Q7. (3.87)

Let us consider the graded vector space (we use the notation introduced by
Kontsevich)

Toory (M) = €D X" (M)[1]. (3.88)

n=-—1
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where XO(M)[t] = C>(M)[t] (we shift the degree by 1in order to recover the
sign used in Definition 3.9). The space Tyoly (M) can be endowed with a structure
of DGLA, just considering the trivial differential d = O and the Schouten—Nijenhuis
bracket [, ‘]s.

Now we are ready to discuss how to interpret the quotient Defy, (L) defined
in (3.80) for this specific DGLA. First, we observe that the set MC(Tpo1y(M)) of
solutions of formal Maurer—Cartan equation coincides with the set of formal Poisson
tensors on M. Indeed, a solution of the formal Maurer—Cartan equation is an element

X of tTploly(M ), a formal bi-vector field, which satisfies the following equation

1
dX—i—E[X, X]s =0. (3.89)
Since d is identically zero, the Eq. (3.89) is equivalent to
[X, X]s =0 (3.90)

which, by Definition2.5, is equivalent to say that X is a formal Poisson structure.
Furthermore, we observe that the gauge group GO (Tpoty (M)) coincides with the group
of formal diffeomorphism ¢; = exp(t.Lx) = exp(¢[X, -]) introduced in Sect.2.3.2.
These observations allow us to claim that the quotient

MC(Tpoly (M))

Def(Tpoly (M)) = GO(Tpoly (M))

(3.91)

coincides with the equivalence class of deformations of a given Poisson structure
on M.

3.5 Deformation of Associative Algebras

In this section we aim to discuss the deformation of associative algebras via DGLA,
using the notions introduced in Sects.3.4.2 and 3.4.3. The theory of deformation
of associative algebras is due to Gerstenhaber [24, 25] (see also [9, 26]). In order
to give a short review of this theory we first need to introduce the DGLA structure
associated to an associative algebra, the so-called Hochschild DGLA; we give an
interpretation of the associated set of solutions of the Maurer—Cartan equation and its
gauge equivalence and we show how the quotient (3.80) is related to the equivalence
classes of formal deformations of the associative algebra that we considered. Finally,
we apply this discussion to the specific case of the associative algebra of smooth
functions on a manifold; in this case the equivalence class of formal deformations
coincides with the equivalence class of star products defined in Sect. 3.3.
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Let A be an associative algebra over a commutative ring k, with multiplication
Ho:AXA—>A:a®bw pola,b) =a-b. (3.92)
We recall that the algebra A is associative when the product ¢ satisfies

wo(uola, b), ¢) = uola, po(d, c)). (3.93)

As discussed in Sect.3.3, deforming an associative algebra essentially means
constructing a new associative product ; which depends on a parameter ¢ such that,
in the limit # — 0, u reduces to the original product wg. In other words, we require
that o has the following form

W= o+t +2ua ... (3.94)

where ©, are homomorphisms from A ® A to A and the associativity condition
(3.93) is satisfied term by term. This has been introduced in Definitions (3.1) and
(3.2), where we defined a new product, called star product, by setting

axb = u(a,b) (3.95)

on the algebra of formal power series A[¢] over A. In order to discuss the theory
of deformations of associative algebras in terms of DGLA it is useful to rewrite,
using Gerstenhaber’s notation, the definitions of deformation and equivalence of
deformations for a generic associative algebra. This definition will generalize the
notion of star product given in (3.2) and the associated concept of equivalence.

Definition 3.16 Let A be an over k£ with multiplication pp: A @ A — A.

1. A formal associative deformation of the multiplication po of A is a k[#]-bilinear
associative multiplication

w: Aft] x AJt] — A[f] (3.96)

such that
wu(a,b) = pola,b), Va,be Alt] (3.97)

at order zero in ¢.
2. Two formal deformations p and w’ of g are said to be equivalent if there exists
a k[J¢]-linear isomorphism

T: (At w) — A 1), T(u(a, ) = ' (T@). T(B)  (3.98)

of the form

o0
T=1d+ > 1"T,. (3.99)
n=1
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The equivalence relation (3.98) is given order by order, explicitly by the set of
relations

> Tiuja.b) = D wi(Ti(@). 7j(b)). (3.100)

i+j=n i+ )+

It is important to remark that a deformation of an associative algebra with unit (often
said unital) is again unital, and equivalent to a deformation with the same unit (a proof
can be found in [26]). Using the tools introduced in Sect. 3.4, the notions defined
above can be associated to a DGLA, as the associativity can be rewritten in terms
of a Maurer—Cartan equation and the equivalence in terms of a gauge group. In the
following we discuss the DGLA structure that we can associate to an associative
algebra and some of its basic properties, necessary for the objectives of this chapter.

3.5.1 Hochschild Complex

Let A be an associative and unital algebra. Define
o0
C*(A) = @ C"(A), with C"(A) := Hom(A®"*!, A) (3.101)
n=—1

where Hom(A®", A) denotes the space of homomorphisms from A ® --- ® A (n-
times) to A over the ring k and we have C “1(A) = A (to be precise we should have
used the notation C*(A)[1], as in the standard definition C"(A) = Hom(A®", A)
and here we shifted each component by 1; nevertheless, in the following we do not
mention the shift in order to simplify the notation). In other words, we have

¢ e C"(A),degp =n <= dim¢p =n+ 1. (3.102)
The differential d: C"(A) — C"*t1(A) is defined by
(=D"*df)(ao, -..,an) =ao f(ai, ..., an)
n—1
=D (=D f(ao. ... a1, ....ar)  (3.103)
i=0
+ (=" f(ao, ..., an-1)an

Definition 3.17 The Hochschild complex is the positive cochain complex (C(A), d)

The graded vector space C*(A) can be endowed with a DGLA structure. First,
we introduce a product operation on this complex. Consider ¢ € C"~!(A) and
¥ € C"™1(A). The Gerstenhaber product is defined by
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¢ Oj w(a()? ceey an+m) = ¢(a07 ceeyai—1, w(aia ceey ai+m)7 Aitm+1s -, an+m)
(3.104)
withi = 0,...,deg ¢ and ag ...a,+n € A. Thus, we get an element ¢ o; ¥ €

C"t™(A). Notice that we have

deg (¢ o; ¥) = deg ¢ + deg v (3.105)
foranyi =0, ..., deg ¢. The (vector) space C(A) can be endowed with the product

deg¢
poyri= D> (=1)'®Wgo; y. (3.106)

i=0

In general this product is not associative but it allows us to introduce a Lie bracket,
called Gerstenhaber bracket, defined by

[f, V]G :=d oy — (—1)%929CVy o ¢, (3.107)

Proposition 3.3 The graded vector space C*®(A) with differential (3.103) and with
the Gerstenhaber bracket (3.107) is a DGLA, called Hochschild DGLA.
The proof of this Proposition can be found in [14].

Remark 3.1 1Tt is important to remark that the Hochschild complex (C(A)®, d) en-
dowed with the Gerstenhaber bracket is not an associative algebra. For this reason,
it is necessary to introduce the notion of the cup product:

Definition 3.18 Let (A, ) an associative algebra and ¢ € C"(A), ¥ € C"(A).
Then the cup product ¢ — ¥ € C"™(A) of ¢ and y is defined by

¢~ Y(ar,....an1m) =¢ar, ..., a) ¥ (An1s -, Anpm) (3.108)

where ay, ..., ap+m € A.

The cup product makes C*®(A) into a graded associative algebra. Notice that the
Hochschild differential d is a (graded) derivation of degree +1, i.e.

d¢ —¥) =d¢p — ¢+ (=1)"¢p — dy. (3.109)

Finally, for ¢ € C"(A) and ¥ € C"(A) we have
pody —d(poy)+(—1)""dpoyr = (=1)" ' (¥ — ¢—(=1)""¢ — ¥) (3.110)
It is important to observe that the associativity of the multiplication can be rewritten
by using the Gerstenhaber bracket. More precisely, given an algebra A over k and

w € C'(A) abilinear map u: A ® A — A, it is an associative multiplication if and
only if
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[, nlg =0. (3.111)

Indeed, using the definition of Gerstenhaber bracket (3.107) we have

1
[, 16 (f g h) = D (=D (woi w)(f, g, h)

i=0

1
+ D (=D (woi w)(f. 8. h)

i=0
= 2(u(u(f, &), h) — u(f, 1n(g, h))) = 0. (3.112)

It is evident that condition (3.111) is equivalent to the associativity condition (3.93).
Finally, we notice that the Hochschild differential can also be expressed in terms of
the Gerstenhaber bracket and the multiplication © : A ® A — A of A as

d=1[u -1g: C"(A) - C"(A). (3.113)

Definition 3.19 Let (A, 1) be an associative algebra over k and (C*(A), d, [+, -1G)
the associated Hochschild complex. The cohomology HH®*(A) = %rg is called

Hochschild cohomology of (A, ).

The interested reader is referred to [27, 33, 56].

3.5.2 Maurer-Cartan Equation and Gauge Action

In this section we discuss the deformation of an associative algebra A in terms of
the associated Hochschild DGLA (C°®(A), d, [+, -1g); we show that, also in this case,
the formal deformations can be described by the set of Maurer—Cartan elements of
a DGLA modulo a gauge equivalence. For this reason, we first need to reinterpret
a formal deformation in terms of a Maurer—Cartan equation. More precisely, from
Definition 3.16 we know that a formal deformation x is an element of C!(A [t =
Hom(A[t] ® A[t], A[]), which coincides with C'(A)[¢], that it is k[¢]-bilinear,
associative and that can be written in terms of formal power series as:

oo
w=po+ D 1" = o+ M (3.114)

n=1

where M is an element of ¢ C'! (A)[]. As discussed above, the associativity condition,
in the context of the Hochschild DGLA, is equivalent to the condition (3.111), i.e.
to the set of conditions

[1o, nole =0, (3.115)
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which is automatically true as A is associative,

(o, u1l + (11, mole =0 (3.116)
and
k
D lnipwiilg =0 Vk. (3.117)
=0

In other terms, we have

[, ulg = [mo+ M, po + Mg
= [wo, nolc + (o, Ml + M, ol + [M, M]g = 0. (3.118)

Using the expression (3.113) for the Hochschild differential, we have dM = [uo, M];
moreover, from the graded skew-symmetry of the Gerstenhaber bracket we have
(o, Ml = [M, polg, thus

[, nlg = 2dM + [M, M]g. (3.119)

We can conclude that a deformed multiplication p is associative if and only if M €
tC'(A)[1] satisfies the (formal) Maurer—Cartan equation:

1
dM + E[M’M]G =0. (3.120)
Finally, we show that the equivalence classes of formal deformations can be described
in terms of the gauge equivalence introduced in Proposition 3.2. More precisely, recall
that two formal deformations u and u’ are equivalent if there exists an isomorphism

T e C'(A)[t] such that

T(u(a, b)) = W (T (@), T (b)). (3.121)

The isomorphism is determined by
o
T =Id+Zt"Tn. (3.122)
n=0

Let T = Id+ >0, 1"S, =: 5 € C!(A)[t] be the exponential function defined
with respect to the Gerstenhaber product o. Then, it can be proved that, for i and u’
in C'(A)[t], the condition (3.121) is equivalent to

Sy = . (3.123)

The details of this proof can be found in [55]. Thus, we can state the following
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Proposition 3.4 The equivalence class of formal deformations of an associative
algebra A can be rewritten as the quotient Def(A) of the set of solutions of the
Maurer—Cartan equation

MC(A) := {M € tC'(A)[1] : dM + %[M, Mg = 0} (3.124)

modulo the gauge group

GY'A) i={p: CA[1] » CA[] : p =B s O[]} (3.125)

3.5.3 Star Product

In particular, we are interested to deform the algebra C° (M) of smooth functions on
amanifold M. The formal deformations of the algebra C°° (M) have been introduced
in Sect. 3.3 by setting

oo
frg=1[-g+ 1", (3.126)

n=1

where f - g is the ordinary pointwise product of functions and the P,’s are bi-
differential operators. The can be extended to elements of C°°(M)[¢] by using the
linearity over k[¢] and the z-adic continuity, thus P,’s become bi-differential opera-
tors over C*°(M)[¢]. In other words, the P,’s are elements of Hom(C*®°(M)[t] ®
C®(M)[t], C®M)[t]) = C'(C®(M))[t] which are bi-differential. Moreover,
since we required P, (f, 1) = P,(1, f) = 0, we need to further restrict our choice
by considering only differential operators which vanish on constant functions. For
this reason we consider a DGL subalgebra of the Hochschild DGLA associated to
C°°(M), which we denote by D1y (M) defined by

o0

Dpoty (M) = € D) (M) (3.127)

n=1

where Dégfy (M) = Hom(C*>(M)[t] "t , C°(M)[t]) are multidifferential opera-
tors over C*°(M)[t]. It can be proven that Dypoly(M) is a DGL subalgebra of the
Hochschild DGLA as it is closed under [-, -] and under the action of d. The general
discussion of the previous section, which explained how we can describe formal
deformations in terms of Hochschild DGLA, can be immediately applied to the sub-
algebra Dyoly(M). Thus, we can conclude that the equivalence class of star products
defined in Sect.3.3 can be described by the set of solutions of the formal Maurer—
Cartan equation MC(Do1y(M)) modulo the gauge equivalence.
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In the next section we establish a correspondence between these DGLA’s which
describe the equivalence classes of formal Poisson structures and star products and we
introduce the Hochschild—Kostant—Rosenberg theorem, which specifies the nature
of such a correspondence. This is a fundamental step to prove Theorem 3.1, as we
discuss in the last section of this chapter.

3.6 Hochschild—-Kostant—-Rosenberg Theorem

In the previous sections we introduced two specific DGLA’s and we discussed their
role in the study of deformations. The DGLA Ty (M) of multivector fields has
been associated to the deformations of a given Poisson structure = on M and, with
similar argumentation, the DGLA Doy (M) of multidifferential operators on M has
been associated to the deformations of the associative algebra structure of smooth
functions on M. In this section we introduce a result by Hochschild, Kostant and
Rosenberg which proves the existence of an isomorphism between the Hochschild
cohomology group of Dpoly (M) and the space of multivector fields To1y (M). This
is crucial in the classification of quantization because it essentially means that the
Poisson structure 7 on M is contained in a cohomology group H H*(C*°(M)) (to
be precise, the cohomology group is H Hgy , . (C*°(M)), as we consider the sub
algebra of differential operators which vanish on constant functions).
First, we observe that we can define a map

U1 = Tpoty (M) — Dpoy (M) (3.128)

by setting

Ui1(Xo A== AXp)) (for - os o) z €(0) X0 (fo) - Xo ) (fn)

(n+ 1! Sl
(3.129)
for any homogeneous element Xg A - -+ A X, of Tyoly(M) (for any X; we use the
identification with differential operators) and any functions fy, ..., f, on M. Here

o denotes a permutation in Sy 1, the set of all permutations on n elements and € (o)
denotes the sign of this permutation. The map U; extends the usual identification
between vector fields and differential operators and we can observe that it reduces
to the identity map when applied to zero-th order vector fields.
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Theorem 3.3 (Hochschild—Kostant—Rosenberg) The map
Ui : Tyoty(M) — Dpoly(M) (3.130)

defined in (3.129) is a quasi-isomorphism of complexes.

Remark 3.2 The original result due by Hochschild, Kostant and Rosenberg has been
proved in the case of smooth algebraic varieties; here we introduced the version
which has been extended to the case of smooth manifolds. The reader interested in
the proof of the Hochschild-Kostant-Rosenberg theorem for smooth manifolds can
refer to [13]; the original proof can be found in [34].

Recalling Definition3.11, we can claim that U; induces an isomorphism of the
associated cohomologies H H*(C°°(M)) and H (Tpo1y(M)) which, in turn, coincides
with To1y (M) itself. The Hochschild cohomology H H*®(C°(M)) carries a structure
of DGLA, as remarked in Sect. 3.5.1, where the differential is identically zero and the
bracket [-, -]g is the Gerstenhaber bracket (3.107) up to cohomology. It is important
to notice that the Schouten—Nijenhuis bracket [, -]s on Tpo1y (M) is mapped into the
bracket [-, -]z on the Hochschild cohomology and not into the Gerstenhaber bracket.
In other words, the map U] is a chain map, i.e. it preserves the complex structures, but
it fails to be a Lie algebra homomorphism. Indeed, we can easily check that already
at order 2 we have

Ui([X1 A X2, Y1 A Y2ls) # [Ui(X1 A X2), Ui(Y1 A Y2)le (3.13D)
Using the definition of Schouten—Nijenhuis bracket (2.29) we have

[XiAXo0, VI AR]ls =X, IIAXo A Y, = [X1, 2] A X2 A Y
—[Xo, TIAXi AL+ [ X, IAXTAY] (3.132)

Applying this three-vector field to a triple of functions and using the map U; as
defined in (3.129) we get

1

Ui([X1 A X2, Y1 AY2ls) = E(lel(f)X2(g)Y2(h) = Y1 X1 (f)X2(8)Y2(h)
— X112 () X2(9)Y1(h) + Y2 X1 (f)X2(g)Y1(h)
— XoY1(H)X1(e)Ya(h) + Y1 Xo(f)X1(g)Y2(h)

+ X2 Y2 (/) X1(g)Y1(h) — Y2Xo(f)X1(8)Y1(h))
+ perm. (3.133)

On the other hand, using the definition of Gerstenhaber bracket we have
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1 1
[U1(X1 A X2), Ua(Y1 A Y2)]G =[§(X1X2 - X2Xy), E(Y]YZ - Y)le
X (f®gRh)

1
= X1 (HNE)Xa(h) + - (3.134)

For this reason the map Uj is not sufficient to build up a bijection between the equiv-
alence classes of Poisson structures and of star products and we need to introduce a
new type of morphism, whose first order approximation is the Hochschild—Kostant—
Rosenberg isomorphism of complexes.

3.7 Formality Theory

Finally, we state Kontsevich’s formality theorem and we discuss how this theorem is
related to the quantization problem. Kontsevich’s theorem extends the Hochschild—
Kostant—Rosenberg map U; to a new kind of morphism, called L,-morphism, that
we introduce in the following section.

3.7.1 Loo-Morphisms of DGLA

Here we give a short review of L,-algebras, starting with very basic definitions, Loo-
morphisms and Lo-quasi-isomorphisms; we introduce the Lyo-quasi-isomorphism
theorem, which will be crucial for the interpretation of the formality theorem. Useful
reviews on Lyo-algebras can be found in [19, 32], where they are called strong
homotopy Lie algebras.

Definition 3.20 A graded coalgebra over k is a graded vector space L = @, .7 Li
endowed with a coproduct, i.e. a graded linear map

A:L—>LQL (3.135)
such that
ALy C P L;® L (3.136)
k=i
and
(AQRId)A(x) = (IdRA)A(x) coassociativity (3.137)

for every x € L. A counit (if it exists) is a morphism

e: L —k, (3.138)
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such that e(L; = 0) for any i # 0 and
(e®Id)A =(Id®e)A =1d. (3.139)
The coalgebra is cocommutative if
ToA=A, (3.140)
where 7: L ® L — L ® L is the twisting map
Tx®y) :=(=DVy®x (3.141)

for x, y homogeneous elements of degree respectively x and y.

Given a graded vector space L = €D,z L; over k, we can define the

o0
T(L) = @ L®" (3.142)
n=0
with L®0 = k, and two quotients: the
S(LY=T(L)/x®y— (—D)y®x) (3.143)
and the N
AL)=TWL)/(x®y+ (—DVy ®x); (3.144)

these spaces are naturally graded (associative) algebras. They can be endowed with
a coproduct which gives them the structure of coalgebras. In particular, on 7'(L) the
coproduct is given on homogeneous elements v € L by

Avi=vR1+1Qv (3.145)

and extended as an algebra homomorphism w.r.t. the tensor product. Similarly, we
can define the reduced tensor algebra

e¢]

T(L)=HLe. (3.146)

n=1

The projection p: T(L) — T(L) and the inclusion i: T(L) — T(L) induce a
coproduct also on the reduced algebra, thus 7 (L) has a coalgebra structure. The
reduced versions S(L) and A (L) are defined by replacing T(L) by the reduced
algebra T (L). Notice that also the reduced version S(L) can be endowed with the
comultiplication defined above.
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A differential graded coalgebra is given by a graded coalgebra endowed with the
analog of a differential, called coderivation, defined in the following

Definition 3.21 A coderivation of degree n on a graded coalgebra V is a graded
linear map 8: V; — V;x, which satisfies the (co)-Leibniz identity

AS(V) = B QIDAW) + (—DFIAR8)A(v) Vv € V. (3.147)

A differential Q on a coalgebra is a coderivation of degree one that squares to zero.

Now we can define the Lo, structures as follows.

Definition 3.22 An L-algebra is a graded vector space L over k endowed with a
degree 1 coalgebra differential Q on the reduced symmetric space S(L[1]).

Here we use the notation L[1] = ;.5 L"[1] with L"[1] := L") as already
mentioned in Sect.3.5.1.

Definition 3.23 A L.,-morphismbetween two Ly-algebras, F: (V, Q) — (V', Q"),
is a morphism of graded coalgebras

F:C(V[1]) — C(V'[1]) (3.148)

suchthat Fo Q = Q' o F.

It is important to remark that L,o-algebras are in some sense a generalization of
DGLA’s. Indeed, we have the following

Proposition 3.5 A Ly,-algebra is a graded vector space L endowed with a sequence
of maps
I :\N"L - L (3.149)

of degree 2 — n, n > 0, such that for every sequence of homogeneous vectors
X1, ..., %X, € L wehave

n
Z(—l)"fk Z (=D 1 kKo (1)s - - > Xo)s Xo (ki 1)s - - - X)) = O.
k=1 oeS(k,n—k)

(3.150)

Here S(k, n—k) is the set of unshuffles, i.e. a permutation o suchthato (i) < o(i+1)
for everyi # k.

It can be checked that the sequence of maps (3.149) satisfying condition (3.150)
uniquely determines a coderivation Q of degree 1. As already announced, this de-
finition shows us that any DGLA (L, d, [+, -]) is a Ly-algebra, by setting /| = d,
Ih=1[,-landl, =0 forn > 2.

The notion of a Lo,-morphism can also be rewritten in terms of DGLA as follows.
Roughly, given two DGLA’s (L1, dy, [+, -]1) and (L3, d, [+, -]2), a Loo-morphism
f 1 L1 — Ly is given by a sequence of linear maps
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fo i ALE" > Ly, n> 1, (3.151)

homogeneous of degree 1 — n, which is compatible with the Ly,-algebra structure
given by the maps (3.149). In particular, f is a morphism of complexes, i.e. fiod] =
dy o fi.

Definition 3.24 An L,-quasi isomorphism is an L,-morphism whose first compo-
nent is a quasi-isomorphism.

Given a Lyo-algebra we can define a generalized Maurer—Cartan equation as

len(x,...,x) =0 (3.152)
n!

n>1

for x € L'. Tt is evident that, when L is a DGLA, this equation reduces to the
standard Maurer—Cartan equation. The importance of this notion and of the notion
of Lyo-quasi-isomorphism becomes evident from the following

Theorem 3.4 Let f: L1 — Ly be a Loo-quasi isomorphism of DGLA’s. Then the
map

xl—)Z%ln(x,...,x) (3.153)

n>1
induces the following bijection

Def(L;) ~ Def(L»). (3.154)

3.7.2 Formality Theorem

In this section we state the main result by Kontsevich, the so-called formality theorem,
and we explain how this general result solves the classification problem introduced
in Sect.3.3.

Let us recall, briefly, the objects that are involved in this discussion. On one
hand, classical mechanics is described by a Poisson structure 7 on a smooth man-
ifold M, as discussed in Chap.2. It can be always associated to a formal defor-
mation and equivalence classes [rr] of its formal deformations coincide with the
deformation Def(T,01y(M)) associated to the DGLA Tpo1y. On the other hand, we
introduced the concept of star product in order to quantize classical systems and we
could describe the equivalence class [x] of star products on C*°(M) also in terms of
the quotient Def(Dpo1y (M)). Kontsevich’s formality theorem relates the complexes
Dpoly(M) and Tyo1y(M); these DGLA’s are related by the map U; (3.129) defined
in the Hochschild—Kostant—Rosenberg Theorem 3.3 but, as already pointed out, this
map does not commute with the Lie bracket and for this reason it is not enough to
prove the correspondence between Poisson structures and deformation quantization
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stated in Theorem (3.1). Kontsevich, in his famous paper [38], claimed that this
defect of the U1 map can be cured and proved that there exists a morphism between
such DGLA’s which preserves the Lie structure. This result is stated in the so-called
formality theorem:

Theorem 3.5 (Kontsevich [38]) There exists a natural Loo-quasi isomorphism
U : Tpoly(M) — Dyory (M) (3.155)

such that the component Uy of U coincides with the quasi-isomorphism defined in
the Hochschild—Kostant—Rosenberg Theorem 3.3.

This theorem is called formality theorem, since it proves that the Hochschild DGLA
Dpoly (M) and its cohomology (regarded as a DGLA) are quasi-isomorphic. In other
words, it proves that the DGLA Dyo1y(M) is formal (see Definition3.12).

Kontsevich proved this theorem in [38] first considering a local version (more
precisely, he studied the case for M = R and he constructed explicitly the map
U) and then extending it to generic Poisson manifolds. He showed also that the
Loo-quasi isomorphism U is not unique. Notice that, unlike the map Uj, the Lo-
quasi isomorphism U preserves the DGLA structures, by definition of a Lo-quasi
isomorphism.

Finally, Kontsevich could solve the existence and classification of quantization as
a corollary of his formality theorem. More precisely, he proved Theorem 3.1 that we
restate here as follows,

Theorem 3.6 Let M be a smooth manifold and C*° (M) its algebra of smooth func-
tions. There is a natural one-to-one correspondence between star products on M
modulo gauge equivalence [x] and equivalence classes of deformations [1] of the
Poisson structure on M.

This theorem is an immediate corollary of the formality theorem; indeed, we recall
from Theorem 3.4 that a L,,-quasi isomorphism of DGLA’s induces a bijection of the
associated equivalence classes of deformations. Thus, the L,-quasi isomorphism

U : Tpoty(M) = Doty (M) (3.156)

induces a bijection
Def(Tyoy (M) == Def(Dpoly(M)). (3.157)

Asrecalled at the beginning of this section, the sets Def(Tpo1y (M) and Def(Dpoly (M)
coincide with the equivalence classes [7r] of Poisson structures and [x] of star prod-
ucts, respectively. This proves the one-to-one correspondence between equivalence
classes of star products and equivalence classes of deformations of Poisson structures.

As discussed in Sect. 2.3.2, any Poisson structure 7 can be associated to a formal
deformation just choosing the path 7, = ¢x. By Theorem 3.1, its equivalence class
[7r] is in one-to-one correspondence with the equivalence class [x]. Let us consider
an element » of such an equivalence class, we have
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li =1

im W8k T8l g (3.158)
t—0 it t—0 17

Thus, the correspondence between a Poisson bracket and a commutator (with respect
to the star product) is satisfied in the classical limit # — 0, as announced in Sect. 3.2.
Conversely, a class of star products corresponds to a class of deformations of the
Poisson structure. The term in ¢ of the star product  in such a class coincides
with the term 7; of 7; = tm; + t2my + - - -. We can conclude that every classical
Poisson manifold and, as a consequence every classical system, admits a canonical
quantization, which is unique up to formal equivalence.
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Chapter 4
Kontsevich’s Formula and Globalization

In this chapter, we give a sketchy exposition of the Kontsevich formula, which allows
us to define locally a star product for any Poisson manifold and we introduce some
further developments of the Kontsevich theory; in particular, we introduce briefly the
globalization of star products by Cattaneo-Felder-Tomassini and Dolgushev. There
are many interesting problems that come up after Kontsevich’s theory: in the last
section of this chapter we aim to introduce some of these questions.

4.1 Kontsevich’s Formula

The formality theorem was proved by Kontsevich by generalizing the explicit
construction of a star product on R to any (finite-dimensional) Poisson manifold. In
the following we discuss the construction of such a deformed product, the so-called
Kontsevich formula, and a physical interpretation of this formula in terms of quantum
field theory.

4.1.1 Kontsevich’s Formula on R?

Let M be an open domain of R¢, withd > 1 and let 7 = 7%/ % A % be a Poisson

structure in a local system of coordinates (xi, ..., xg), where 7'/ are local functions
on C*°(M). In this situation, we can write an explicit formula for the star product
(modulo O(#)), which reads,

2
f 98 1 iju 0 OF 9 98
0x; 0x; 2 ox; dxx dx; dx;

2 kl
LC (nij o (iia_g _ iia_g)) + 0@, @41

3 ox; \0x; dxg 0x;  Oxx 0x; dx;

frg = fe+im
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This formula reduces to the Moyal product (3.27) when the Poisson structure has
constant coefficients. Here we aim to give an explicit formula for the star product for
an arbitrary Poisson structure 7 in an open domain of R¥. In other words, we give
an explicit formula for the Ly-quasi-isomorphism U introduced in the formality
Theorem (3.5), which induces the bijection between Poisson structures and star
products on R?. In order to write such an expression we need to find an algorithm
which allows us to interpret a multivector field as a multidifferential operator. More
precisely, Kontsevich formula relies on the idea of introducing a set of graphs and
associating a multidifferential operator Py and a weight w to each graph. The
class of graphs introduced by Kontsevich is the class of oriented labeled graphs G,
defined as follows.

Definition 4.1 An oriented graph I" is a pair (V, Er) of two finite sets such that
E is a subset of Vi x V. Elements of V are vertices of I" and elements of E
are edges of I". We denote by e = (v1, v2) the edge that starts at v and ends at v;.
A labeled graph I' (sometimes called admissible graph) belongs to G, if it satisfies
the following properties:

1. I has n 4+ 2 vertices and 2n edges

2. the set of vertices is decomposed in two ordered subsets, {1, ...,n} and {L, R}
(where L and R are just symbols denoting left and right)

3. edges of I" are labeled by symbols e{, e%, eé, e%, R e,ll, eﬁ

4. forany k € {1, ..., n} edges labeled by e,l and e,% start at the vertex k

5. for any v € Vr the ordered pair (v, v) is not an edge of I".

For example, the graphs in Fig. 4.1 are labeled oriented graphs while, graph in Fig. 4.2
is not, because it does not satisfy condition 4. To each admissible graph I € G, we
associate a bidifferential operator

Pra:AxA— A, A=C®M) 4.2)

(b) 2 © 2

Fig. 4.1 Admissible graphs
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Fig. 4.2 Non-admissible 1
graph

\e}

Vv

=+
~

which depends on a generic bivector field 7 € I'(A>T M). The procedure to write
an explicit formula for P, is the following:

1. we place a function f at the vertex L and a function g at R

2. wedefineamap/ : Ep — {1,...,d}: (e{,e%,e%,e%, ...,e,ll,e,zl) = (i1, ...14)
so that the edges are labeled by independent indices i;

3. for any vertex k € {1,...,n} with 2 outgoing arrows we associate the tensor
i1

4. for any /-th arrow i; in the set of edges ending at the vertex k we associate a partial
derivative with respect to i; acting on the function or the tensor appearing at its
endpoint

5. we multiply such elements in the order prescribed by the labeling of the graph.

Following this prescription, the general formula for the operator P, reads,
n

Pro= > I1 T #e Llebied

LEr—{1,..d} | k=1 \e€Er.e=(k)

X H e | f H o) | 8 (4.3)

ecEr,e=(-,L) ecEr,e=(-,R)
Notice that permuting the order in which we consider the edges, we get the same

bidifferential operator. As an example, we compute the bidifferential operator Pr
associated to the first graph of Fig. 4.1a and we have

(f.9) > D> w2y, (r'50) 0y, s ()05, 005034 (2)- (“.4)

Let us define

U= > wrPrz= » wrlr(n). (4.5)

reG, reG,
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Fig. 4.3 Angle ¢"(p, ¢)

where wp are certain constants in R, called weights, that we are going to define.
Kontsevich proved that there exists a choice of weights w - suchthat U : Tpoly (Rd ) —>
Dpoly(Rd) n = U= ZFGG,, wrUp () is a Lyo-quasi-isomorphism. The con-
struction of the weights is quite hard, here we only aim to give a sketchy exposition
but the interested reader can refer to [13] for a more detailed one, or [9] where the
Kontsevich’s formula has been derived from a path integral approach.

Let .77 be the upper half complex plane (Im(z) > 0) and we endow it with the
hyperbolic metric

2 dx? + dy?
o

whose geodesics are the vertical half-lines and the half-circles with center on R. Let

p,q € J, with p # g and we consider the two lines /(g, p) and [(p, o0), where

l(g, p) is the geodesic passing from p and g and /(p, c0) is the vertical line from

p to infinity. The angle from [(p, 0o) and [(g, p) is denoted by ¢"(p, q) (h is for

harmonic).

As we can see from Fig. 4.3, we have

¢ (p.q) = arg (Q) — Lo (W) . @.7)
q—7D 2i (g —p)q—D)

ds (4.6)

Thus, the map (g, p) — ¢"(p, ¢) is analytic and it admits a continuous extension
to the set of pairs (g, p) such that Im(g) > 0 and p # ¢. Denote by 7, the set of

n-tuples (p1, ..., p,) of distinct points of .7, also called space of configurations.'
Given a graph I € G, and (p1, ..., pn) € H, we can represent I" on R2=C by
associating p; to the vertices {1, ...,n} of I"and O and 1 to L and R. Each arrow is

represented by a geodesic segment, from its starting to its ending point, as we can
see for the graph Fig. 4.1c in the following figure:

Vs isa non-compact smooth 2n-dimensional manifold and we introduce an orientation on J#,
using its complex structure.
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Fig. 4.4 Representation of I”
on R?
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Each edge e of I defines an ordered pair (g, p), thus an angle ¢£’ = ¢"(q, p)
(see Fig. 4.4). We define the weight of I" by

L A h h

n =1
Lemma 4.1 [28] The integral in the definition of wr converges absolutely.

Theorem 4.1 [28] Let = be a Poisson bivector field in an open domain of R%. The
formula

oo

" > wrPra(f.g) (4.9)
0

reG,

frg=D 1"Un(m)(f.8) =

n=0 n=l

defines an associative formal deformation (star product) of the given Poisson struc-
ture. Its equivalence class is independent of the choice of coordinates in M.

Proving that U defines an Ly,-quasi-isomorphism is far beyond this introduction;
the original proof can be found in [28] and for a nice review we refer the reader to
[13]. In [46, 47] Tamarkin gave a different proof of Kontsevich theorem for the case
M = R?. Given a field k and a finite-dimensional vector field, Tamarkin proved that
the shifted Hochshild complex C(SV)[1] of the symmetric algebra SV, endowed
with the Gerstenhaber bracket, is formal. Furthermore, it can be seen that C(SV)[1]
is related to Dyoly (M) by a chain of quasi-isomorphisms. Thus, Tamarkin’s theorem
is equivalent to the formality theorem. A review of the Tamarkin approach can also
be found in [24, 25]. It is also worth to mention that Polyak [39] computed a large
class of graphs, by using an interpretation of weights in terms of degree of maps;
Kontsevich’s star product has been studied also on the dual of a Lie algebra [45].

4.1.2 Moyal Product

In this section we aim to show that, applying formula (4.9) to the case of constant
functions 7'/, we recover Eq. (3.27).
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First, we can explicitly see that if » = 1 we have only two possible graphs I} and
I'{, which differ in switching the two edges. The weight of I' is simply

1

"= Gy

/ dep(u,0) Ade@u, 1). (4.10)
Hn

Using ¢o9 = ¢(u,0) and ¢; = ¢ (u, 1) and integrating over R = {0 < ¢ (u,0) <
¢ (u, 1) < 1}, we get

1 1 @Qn)? 1
Wr = e /R $od 1 a2 2 5 (4.11)

Since I't and I'] differ in switching the two edges, this only implies a change of the
orientation of the forms in Eq.(4.8), thus wr, = —w - The contribution to the star
product at order ¢ is

t af o af o af o

Ly (9L 98 OF 98 _ i3 O 4.12)

2 ox; dx;  Ox; dx; ax; 8x]

as expected.

Furthermore, we observe that a graph with an edge ending in a vertex other than L
or R gives zero contribution, as it includes a term of the form * that vanishes. At
order n, we only need to consider graphs where every vertex has two edges ending in
L and R. There are 2" such graphs, differing in the order of the pair of edges starting
at each vertex. As we discussed at order 1, they all have the same contribution since
7'/ are skew-symmetric. We have a graph of order n where every vertex has the first
edge to L and the second to R. Thus,

Pu(f, &) = 2"wr Pra(f, g) = 2"wr (@' .. wmimy (@, ... 8, £) (@, ... 3),8)-

(4.13)
In this particular case, we have wr = %(u)pl)", ie.
Pa(f.)=2"— Gy @, 8, )5, - 0),8) (4.14)
‘We can conclude that
> t" .
frg=>" —(71”“ Iy @y B, )@y - 05,8), (4.15)
n=| O

which coincides with Moyal product (3.27) for t = %i .
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4.1.3 Physical Interpretation: Path Integral

The Kontsevich formula of a star product on R? introduced above has been inter-
preted in terms of path integrals by Cattaneo and Felder in [9]. This approach involves
advanced techniques of quantum field theory that we are not going to discuss here.
We simply aim to explain the idea of such approach, in order to show another relation
between Kontsevich’s theory, purely mathematical, and physics. A complete intro-
duction to quantum field theory can be found in classical books as [38] and [43] (the
reader can also refer to the online notes by Etingof [18]). Let us recall that a field
theory is a physical theory that describes the interaction of physical fields with matter.
A field is a physical quantity defined at every point of the space-time; the velocity of
a fluid and the electromagnetism are famous examples of classical fields. From the
mathematical point of view, classical fields are described by sections of a bundle E
over D, where D is a manifold representing the space-time. An observable, in this
setting, can be described by a formal polynomial in the fields and their derivatives.
The dynamics of the physical system is essentially encoded by the Lagrangian or,
more precisely, by the integral of the Lagrangian over D; this quantity, S, is defined
to be the action of the system. The principle of least action states that when a system
evolves from one configuration to another, it does so along the path for which S is
minimum. From this condition we get the Euler—Lagrange equations of motion for a
field. The value of an observable in the system is given by its value in the solutions of
Euler—Lagrange equations (also called classical solutions). It is important to remark
that classical fields can not describe quantum mechanical aspects of physical phe-
nomena: for instance, it is known that electromagnetism has also a quantum nature,
since certain aspects of the behavior of the light involve discrete particles rather than
fields. This clarifies the necessity of a quantum field theory; the quantization of a
field theory can be performed by two different approaches, called canonical quan-
tization and path integral formulation. The path integral has been introduced in the
study of a quantum particle motion to evaluate the correlation functions, which are
given by integrals that can not be handled rigorously. For this reason, they have been
defined in perturbation theory, as formal series in /. In other words, the path integral
formulation replace the notion of a single trajectory with an integral over an infinite
number of possible trajectories. This formulation is very useful for the development
of quantum field theory; the expected value of an observable is given, in this setting,
by the integral over all possible classical field configurations with a phase given by
the classical action evaluated in that field configuration.

The Kontsevich formula has been interpreted in terms of a particular field theory:
the authors in [9] describe the quantization of such a field theory explicitly and they
show that Kontsevich’s formula is given by the perturbative expansion of the path
integral. Roughly, they consider two bosonic fields on a disc D, X and n. X is a
map from D to a Poisson manifold M and n is a differential one-form on D. The
star product of two functions f and g on M, at x € M, is given by the semiclassical
expansion of the path integral:
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frglx) = / FX)g(XO)erSXMdxdy, (4.16)
X (00)=x

where 0, 1, oo are three points on the unit circle and S[X, n] is the action. The
path integral is over all X and n and its semiclassical expansion is an expansion
around the classical solution X (#) = x, n(u) = 0 for u € D. The evaluation of
such path integral is quite complicated, due to the presence of a particular gauge
symmetry. The gauge transformation, in this case, forms a Lie algebra only when
acting on classical solutions and this makes the evaluation of the path integral much
harder, since the usual method (the so-called BRST method) does not work. The
generalization that works in this case is the Batalin-Vilkovisky method (see [1, 2]
for details on the theory), which yields to a gauge fixed action. Using such an action,
Cattaneo and Felder computed the Feynman perturbation expansion in power of &
around the classical solutions and they could show that it reproduces Kontsevich’s
formula.

4.2 Globalization

The formality theorem, discussed in the previous chapter, has been first proved by
Kontsevich in [28] by extending the quantization obtained in the case M = R to
a general Poisson manifold. Kontsevich’s proof is very complicated and we do not
discuss it here. The globalization of the quantization has been proved with different
approaches by Cattaneo et al. in [10, 12] and, more recently, by Dolgushev [16, 17].
In the following we briefly introduce both theories, minimizing the technical aspects.

4.2.1 The Approach of Cattaneo—Felder-Tomassini

In this section we give a short review of the works of Cattaneo et al. [10] (see also
[11-13]), where the authors give an explicit construction of a star product on any
Poisson manifold. This construction is similar, in the spirit, to Fedosov deformation
quantization of symplectic manifolds [19]. For this reason, it is useful to recall the
guidelines of Fedosov construction; the main idea of Fedosov was to construct a
star product on a symplectic manifold by identifying the space C°° (M) [¢]] with the
algebra of flat sections of the so-called Weyl bundle endowed with a flat connection.
The first step consists in the construction of a vector bundle W associated to a
symplectic manifold. More precisely, given a symplectic manifold (M, w), w defines
a symplectic structure on each tangent space 7x M and this allows us to construct
a corresponding associative algebra W, (called formal Weyl algebra), where the
elements are formal power series and the product is given by the Weyl rule (3.30).
Taking the union of such algebras W,, x € M, we obtain a bundle W of formal
Weyl algebras. As a second step, Fedosov defined a general connection D on W
and its curvature £2 and he proved some important properties for D and £2 (they are
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generally called Fedosov connection and Weyl curvature, resp.). Finally, Fedosov
defined a new connection D obtained by deforming D and he proved that D satisfies
the same properties of D and it is flat. This implies that there is a bijection between
C>(M) [t] and the space Wy of flat sections on W w.r.t. D and the Weyl product
on W5 can be transported to C*° (M) [¢] yielding a star product.

The globalization introduced by Cattaneo, Felder and Tomassini in the Poisson
case is quite similar but the techniques involved to construct a vector bundle asso-
ciated to a Poisson manifold are quite hard; here we only aim to give an outline,
addressing the reader to the original paper [10] for a complete exposition. The main
idea in this paper is to realize the deformed algebra C*°(M) [¢] as the algebra of
horizontal sections of a bundle of algebras. Thus, the first step is the construction of
such a bundle on the Poisson manifold (M, ). First, we define the classical bundle
Eo — M which is a Poisson algebra bundle, i.e. a vector bundle whose fibers are
Poisson algebras. The vector bundle Ey can be endowed with a canonical flat con-
nection Dy and we denote by H O(Eo, Dy) the space of Dy-horizontal sections of
E (sections which are constant along smooth paths in M). Notice that the canon-
ical map C*°(M) — E is a Poisson algebra isomorphism onto HO(Ey, Dy), thus
C®(M) = HY(Ey, Do). The second bundle is somehow the quantum version of
Ey. Its construction is very technical and it needs some basis of formal geometry,
that we are not going to discuss here. We just remark that formal geometry studies
infinite-dimensional manifolds of jet spaces and it is useful for the globalization of
the Kontsevich’s formula as it allows us to describe the global behavior of objects
defined locally in terms of coordinates. We introduce the second bundle E roughly,
as a bundle of associative algebras over R [¢], which can be obtained by quantizing
the fibers of Ey. Its construction depends on the choice of the coordinate system
¢y, x € M. The fibers of E are endowed with an associative product, defined by
applying Kontsevich’s formula for R¢ w.r.t. the coordinate system ¢,. The details
of this construction are discussed in [10], where the authors also give a short review
of formal geometry as it was introduced by Gelfand and Kazhdan in [20]. A nice
introduction to the language of jets can be found in [27] (also useful to study basic
differential geometry) and a review of bundles of infinite jets can be found in [44].
Furthermore, formal geometry has been exhaustively treated in [8].

As in the Fedosov construction, now we need to define a connection on E and we
can see that the Kontsevich’s formula for R? provides the ingredients to construct
such a connection. Recall that, given a Poisson structure 7, the Kontsevich star
product is given by

frg=fe+ D " U()(f. 8). (4.17)
k=1
More generally, considering U, (71, ..., ;) defined as a multilinear graded sym-

metric function of j multivector fields with values in multidifferential operators on
C>(R?), the formality theorem can be rewritten as follows:
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Theorem 4.2 Letm; € I'(A"™/ TRY), Jj =1,...,n bemultivector fields. Let &;; =
(—1)(’”1+'"m"*')mi+(’"1+'“mi*1+m"+'+"'+m/'*1)mf. Then, for any functions fo, ..., fm,

n m m—k

=0 k=—1 i=0 OESIn—1
QUn—1 (o (141), o) ([ @ - @ fih) ® fiths1 ® ... ® fn)
= eijUn 1 (i, 15, T i T T) (fO ® fin). (4.18)

i<j

Here we denoted by S; ,—; the subset of the group S, of permutations of n letters
consisting of permutations such thato (1) < ... <o()ando(I+1) < ... < o(n).
For o € §; 1 let

a(r)—1
1

£(0) = (—1)Zr=1 Mo (XL my=3 21 mocs). (4.19)

Consider some special case of this theorem, namely the cases involving a Poisson
bi-vector field 7 and two vector fields X and Y. Let us introduce:

Xk

Per) = > Uk,
k=0 "
AX, ) =D Uk (X, m),
k=0 "
F(X,Y,7) = Z EU;(H(X, Y, 7). (4.20)
k=0

It is evident that, the coefficients of P are bi-differential operators (as in the usual
formulation of formality for R?), while the coefficients of A and F are differential
operators and functions, respectively. They satisfy the relations of Theorem4.2. In
other words, P, A, and F are elements of degree 0, 1 and 2 resp., of the Lie algebra
cohomology complex? of (formal) vector fields with values in the space of multi-
differential operators depending polynomially on 7 (the so-called local polynomial
maps). We denote by 4 the space of these local polynomial maps and since the
Lie algebra W of vector fields on R acts on £l we can form a Lie algebra coho-
mology complex C*(W, ) = Homg(A®*W, 4l). An element S of CK(W, ) is a
map which sends X1 A ... A X to a multidifferential operator S(X1, ..., Xg, 7).

2 The definition of Lie algebra cohomology is recalled in Appendix A.
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The differential on this complex is defined by

k+1
8S(X1, ..., Xp+1,7): Z( 1)' S(X1, ..., X Xpg1, (Ph)s)
t=0
+ZS([Xi,xj],Xl,...,)?i,...,)fj,x,...,xkﬂ,n),
i<j
4.21)

where @', denotes the flow of the vector field X. From the formality theorem, using
the definitions (4.20), we get relations for P, A and F'; in particular, the relations
obtained for P are the defining conditions of a star product and the ones involving
A are used to construct a connection D on E. It can be seen that the space I'(E)
of sections of E can be endowed with a deformed product on » which, as the Weyl
product in the Fedosov construction, will give us the deformed product on C*°(M).
More precisely, we identify E with the trivial bundle with fiber R [y, ..., y?,¢]
(this is crucial; in this way FE realizes the desired quantization since we can assume
it is isomorphic to the bundle Ey ], whose elements are formal power series with
infinite jets as coefficients). A section f € I'(E) is given by a local map x — f;
where for any y, f,(y) is a formal power series in R [[yl, oyl t] and the product
of two sections f and g is given by (f * g)x = P(mw,)(fr, gx); here m, is the
pushforward by ¢ ! of the Poisson structure v on R? and we get

(f*8)x(y) = fr(Mgx(y) +1 Z 7Ty (y fx (4.22)
ij=1
Now we can define the connection D on I"(E) by setting
(Df)s =dif + AL S, (4.23)
where d, f is the de Rham differential of f, viewed as a function of x € M with
values in R [[y], oy t] and for X € TyM
AM(X) = A(Xy, 7x) (4.24)

where A is the operator defined in Eq. (4.20) evaluated on the multivector fields X
and m expressed in the local coordinate system ¢

It has been proven in [10] that D induces a global connection on E because, from
the properties of A, we can see that D is independent of the choice of the local
coordinates. The connection D is defined on the space of formal one differential
forms 21(E) = 2'(M) ®c~ ) I'(E) and can be extended to the whole complex
£2°; using the properties of A and F we have the following

Lemma 4.2 [10] Let FM e Q%(E) be the E-valued two form x FM, with
FM(X Y)= F(Xx,Yx,nX) with X, Y € Ty M. Then for any f and g in I'(E)
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1. D(fxg)=Dfxg+ f*xDg
2. DYf=FMyuf— foFM =[FM 7],
3. DFM =0

A connection D satisfying these identities on a bundle E of associative algebras
is called Fedosov connection and its curvature F' is called Weyl curvature. Notice
that, from identity 1 of Lemma 4.2, the space of horizontal sections ker D forms an
algebra but D is not flat. Thus, also in this setting, we need to deform D in such a
way we get a flat connection still preserving identity 1 of Lemma 4.2. This allows
us to deform the algebra of horizontal sections of E with respect to the deformed
connection.

First, we can see that given a Fedosov connection D we can deform it and get
another Fedosov connection D; more precisely,

Proposition 4.1 [10] If D is a Fedosov connection and y € QRYE), then D =
D + [y, ‘1x is a Fedosov connection with curvature F = F + Dy + y x y.

Recall that a Fedosov connection is flat if D? = 0 in this case, we can define the
cohomology groups

ker(D : Q21(E) — Q'H(E))

(4.25)

Given the vector bundle Ey, let E [¢] be the formal counterpart. Sections of E [¢]
are formal power series in ¢ with coefficients in I" (Ep). Assume that E = E [¢] and
that D is a Fedosov connection on E with Weyl curvature F'. They can be expanded
as formal power series

D=Dy+tDy+... (4.26)

and
F=F+tF+... 4.27)

where Dy is a Fedosov connection on the bundle of algebras Ey with Weyl curva-
ture Fp.

Lemmad4.3 If Fy = 0 and H2(Ey, Do) = 0 there exists a y € tQYE) such that
D = D + [y, -1« is flat. As we consider the classical bundle Ey with canonical flat
connection Dy, this implies that the deformed connection D (which is Fedosov by
Proposition4.1) is flat.

Thus, H 0(E , 5) = ker D is an algebra over R[] and there is an isomorphism
o : HY(E, D) — HY(Ey, Dy). Since H(Ey, Do) = C*°(M) we can map the star
product (4.22) on C*° (M) by means of the isomorphism p; the authors in [10] proved
that the product obtained is a well defined star product which deforms the Poisson
structure 7w on M.
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4.2.2 Dolgushev’s Construction

Another interesting, and more general, approach to prove the formality theorem in
its global version is due to Dolgushev [16, 17]; his approach is more general as he
proved the formality theorem for a generic manifold (Kontsevich in [28] already
gave a sketchy proof of formality for arbitrary manifolds). The basic idea is to con-
struct Fedosov resolutions of the algebras of multivector fields and multidifferential
operators which allow us to extend formality theorem for R? fiberwise.

The first step of this construction consists in defining a new bundle SM which
is a natural analogue of the Weyl algebra bundle used by Fedosov. The bundle SM
is defined as the (formally completed) symmetric algebra of the cotangent bundle
T*M ; more precisely,

Definition 4.2 The bundle SM is a bundle over the manifold M, whose sections are
in the form

ee]

a=a(x,y)= > a.i,0)y" ...y, (4.28)
p=0

where a;, i, (x) are symmetric covariant tensors in the local coordinates x' and y!
are variables which transform as contravariant vectors (for this reason they can be
interpreted as formal coordinates on the fibers of 7'M). The indices iy, ..., i, run
from 1 to d.

The space I'(SM) of sections on SM is a commutative algebra with a unit, as
we can endow it with the product induced by a fiberwise multiplication of formal
power series in y'. Now we can introduce (formal fiberwise) multivector fields and
multidifferential operators on SM.

Definition 4.3 A bundle ’Z;]f)ly of formal fiberwise multivector fields of degree k is

a bundle over M whose sections v : AKX "(SM) — I'(SM) are linear operators
on C*°(M) of the form

3
A — (4.29)

o
_ Jo--Jk i i
v = E v}, SOy Yyt —— AL —
lp Jo J
o ’ dy dy

where the infinite sum in y’s is formal and vijlo"'ijk (x) are tensors symmetric in
wip
i1, ..., Ip and antisymmetric in jo, ..., jk.

Then, the total bundle 7y is given by

oo
Tooy = P Ty Tpory =SM (4.30)

k=—1

Similarly, we define the bundle of multidifferential operators.
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Definition 4.4 A bundle D'Ijo]y of formal fiberwise multidifferential operators of
degree k is a bundle over M whose sections are C°°(M)-multilinear maps B:
I (SM) — I'(SM) of the form

o
. . J 9
— oQ...0 i i
B= 3 ZB,-L..I-F (x)y1~--y”aya0®...®ay—ak, (4.31)

ag...0x p=0

where «’s are multi-indices « = ji ... j; and
0 a
—_— = ... (4.32)

the infinite sum in y’s is formal, and the sum in the orders of derivatives % is finite.

The total bundle D1y is given by

o0
Dpoly = EP Dhoyyr Dpoty = SM (4.33)
k=—1

Finally, we need to consider the graded-commutative algebra £2 (M, SM) of exterior
forms on M with values in SM,

Q(M, SM) = {a(xa Y, dx) = Z ail.uil)jlu.jq (x)yil e yipd.le . d.qu},

,4=0
(4.34)
where Qiy.ipji...jg (x) are contravariant tensors symmetric in the indices iy, ..., ip
and anti-symmetric in ji,..., j,. Similarly, we can define the vector spaces

2(M, Tyory) and $2(M, D 1y) of smooth exterior forms on M with values in 701y
and D,y respectively. They are DGLA’s and we denote by d and [-, -] the differen-
tial and the Lie bracketin £2(M, D 41y) and by [, -] the Lie bracket on £2 (M, ’];,oly)
(recall that the differential on 7}y is identically zero). Notice that the fibers of 7,01y
and Dyoly form a DGLA, ?oly(R‘l ) and Dpoly (Rd) respectively (more precisely, on
the formal completion of R?), so the formality for R? implies that we have a fiberwise
Lo quasi-isomorphism

Uf : (Q(M7 7—[701)))7 07 ['7 ]S) - (Q(Mv Dpoly)a dv ['7 ]G) (435)

Using the same technique as Fedosov, Dolgushev deformed the above DGLA’s and
proved that there exists L, -quasi-isomorphism from T}1y and the deformed complex
associated to £2(M, Tpe;y) (similarly, from Dp1y to the deformed complex associated
to $2(M, D 1y)). This allows us to prove that there exists a Loo-quasi-isomorphism
from Tpoly to Dpoly for any smooth manifold M. Let us define a differential operator
on the algebra (M, SM) by
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]

§= dx'F cR9(M,SM) — 9T\ (M, SM),  §*=0. (4.36)
y

This differential extends to differentials on £2 (M, 7,;y) and £2(M, D ;) as follows

9
§= |:dx’a—yl., } QUM Tooty) — UM, Tpory),  82=0  (4.37)
N

and

-
5= [dx’a—yi, } : Q9(M, Dpoty) — 29 (M, Dpty), 62 =0.  (4.38)
G

It is easy to check that § is compatible with the DGLA structures on 2(M, Tyo1y)
and $2(M, Dpory).

The zero cohomologies of the complexes (£2(M, SM), §), ($2(M, Tpo1y), §) and
(£2(M, Dpory), §) can be computed easily and it turns out that

HO(Q(M, SM),8) = C>®(M) 4.39)
and
HY (M, Tpory), 8) = FTpoty,  H(2(M, Dpory), 8) = F'Dpoly,  (4.40)

where ]—'0’2501y is just the vector space of all fiberwise multivector fields (4.29) and
}'ODpoly is the vector space of all fiberwise multidifferential operators (4.31). Now
we need to deform the above complexes in such a way we can identify .7-'07},013, with
Tpoly and FODpory with Dpory. Let us introduce an affine torsion free connection V;
on M and associate to it the following derivation of £2(M, SM)

9
V= arx’F + T :Q29M,SM) — Q7Y (M, SM), (4.41)
X

where

. 9
F:—dx’]“ik-(x)yj

Ol (4.42)

with Fl’; (x) being the Christoffel symbols of V;. The derivation V extends to deriva-
tions of the DGLA’s 2(M, T,,y) and $2(M, D poy) as follows

d
V =dxiz 4115 0 29M, Troy) — UM, Tholy) (4.43)

and
0
V = dxiﬁ + 1[I : 29(M, Dpoly) — .Q"H(M, Dpoly). (4.44)
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In general V is not flat but Dolgushev proved that it can be used to deform the
differential § in such a way we get a flat derivation D. In particular,

D=V —-§+A:29M,SM) — .Q"“(M,SM),
D=V —8+[A,]s: 29(M, Tpoty) — 2971 (M, Tpoy),
D=V —5+[A, g : 29(M, Dpoty) — 29T (M, Dpory).  (4.45)

It has been proven that there exists a suitable A, which makes the derivation D flat; for
this reason D is called Fedosov differential. The new complexes (£2(M, SM), D),
(82(M, Tpoty), D) and (£2(M, D,01y), D) have cohomologies concentrated in zero
and

HY(Q2(M,SM), D) = C®(M), (4.46)
H(2(M, Tpory), D) = FOTyq, (4.47)
HY(2(M, Dpory), D) = F'Dpoly. (4.48)

Dolgushev constructed an isomorphism p between F O’Tpoly and Tpoly (]—'ODpoly
and Djoly) and used such a isomorphism to prove that £2(M, 7,,y) is a res-
olution of T,y (and similarly, £2(M, Dpey) is a resolution of Dyoly), i.e. the
DGLA structure induced on the cohomologies of the complexes (£2(M, 7,01y), D)
((£2(M, Dpoty), D)) coincides with the DGLA structure induced from Tp,o1y via ,u_l .
For this reason we refer to (£2(M, T,01y), D) and (£2(M, D .1y), D) as the Fedosov
resolutions of Tpory and Dpoly. These resolutions allow to prove the formality theo-
rem for any smooth manifold. Morally, deforming the quasi-isomorphism (4.35) we
get the quasi-isomorphism

U (2M, Tpory), D, [, -1s) = (82(M, Dpory),d + D, [, -16)- (4.49)

This, since (§2(M, Tpo1y), D) and (£2(M, Dpo1y), D) are the Fedosov resolutions of
Tpoly and Dyoly, gives us the desired quasi-isomorphism

U : Tyoty (M) — Dyoty(M). (4.50)

4.3 Open Problems

The existence of a star product has been proven by Kontsevich in the case of finite-
dimensional manifolds. A natural (but very hard) question involves the case of infinite
dimension. This problem has a strong physical motivation, since there are many phys-
ical situations where we deal with infinite-dimensional Poisson manifolds. Recently,
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a discussion on the obstructions for a formality theory in infinite dimension appears
in [15, 53].

Another interesting question concerns the quantization of Poisson morphisms; let
(M1, 1) and (M>, 2) be two Poisson manifolds and ¢ : M — M> a Poisson mor-
phism. The quantization of ¢ should provide a morphism of the associated deformed
algebras which gives ¢ in the classical limit. This problem has been approached by
Bordemann [6], who related it to symplectic restrictions of star products. However,
there is no general solution to this problem yet; the obstructions to the quantization
of Poisson morphisms have been showed by Willwacher in [52], where the author
gives an explicit counterexample of non quantizable Poisson morphism.

Many questions are related to the different approaches to quantization. Geometric
quantization, for instance, is a quantization procedure which focuses on the space of
states rather than observables and tries to associate a Hilbert space to a symplectic
or Poisson manifold via a complex line bundle. Basically, given a classical phase
space M we can define a line bundle L on M. The Hilbert space of square-integrable
sections of L is called prequantum Hilbert space Hp. The quantum phase space
is a subspace of Hp and is constructed using global sections of the line bundle
which are flat along a polarisation. The reader can find many interesting references
in geometric quantization; in particular, besides the historical papers [29, 30] and
[26], a comprehensive textbook is the one by Woodhouse [54]. Some introductory
treatment can also be found in [3, 32, 36, 42]. The relation between geometric
and deformation quantization has been investigated in some specific cases (see for
example [21, 22]) but there are still many open questions. So far, the comparison
in the case of real polarization, i.e. when there are no global sections which are flat
along the polarization, has never been approached.

As already pointed out in Sect. 3.2, a non-formal approach to quantization is given
by strict deformation quantization, where the quantum algebra of observables is a C*-
algebra (see [40, 41]). Under some conditions, one can reproduce formal deformation
quantization from a C*-algebraic deformation quantization (an interesting example
can be found in [4]). Convergence of formal power series in formal deformation
quantization is discussed for instance in [7, 37]. The inverse problem is still open:
given a formal deformation quantization we could expect that the subalgebra of the
converging power series leads to a strict deformation quantization. However, the
only case where this relation is understood is the case of R>", with the star product
introduced in Example 3.1.

A possible future direction of research is the deformation quantization of sym-
plectic groupoids. Symplectic groupoids have been defined to study the quantization
of Poisson manifolds (in [48-51]). A symplectic groupoid is a manifold I" with a
multiplication which is only partially defined and compatible with the symplectic
structure. The identity elements in I" form a Poisson manifold M: this correspon-
dence generalizes the one between Lie groups and Lie algebras (this formalism
has been largely developed in the last few years; basic introductions can be find in
[33-35]). Furthermore, symplectic groupoids could be useful in the study of non-
linear commutation relations. The quantization of symplectic groupoids has been
studied in the setting of geometric quantization. In particular, the prequantization
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is discussed in [5, 14, 31]; a notion of polarization of symplectic groupoids, which
yields to a strict deformation quantization of the underlying Poisson manifold, has
been introduced in [23]. The deformation quantization of symplectic groupoids is an
open problem, which could be approached with different techniques, from Fedosov’s
construction to formality theorem. In this approach, the structures on the symplectic
groupoids, a Fedosov connection or a deformed product respectively, can be related
with the relative structures on the associated Poisson manifolds.
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Appendix A

This Appendix aims to be a short survey of some basic notions used in this book; in
particular, complexes and cohomologies, vector bundles and connections on vector
bundles. The reader is assumed to be familiar with basic notions of differential
geometry such as smooth manifolds, vector fields and differential forms (see e.g.,
[1, 3, 4]).

A.1 Vector Bundles

Definition A.1 A vector bundle of rank m consists of a pair of manifolds E and M,
with a (smooth) surjective map 7 : E — M such that, for any x € M, the subset
E. = n~!'(x) C E is a vector space isomorphic to k”*!, and there exists an open
neighborhood U of x in M and a so-called local trivialization

@ 7' (U)— U x k™. (A.1)

@ is a diffeomorphism which restricts to a linear isomorphism E, — {y} x k" for
any y € U. We call E the total space of the bundle ¥ : E — M and M the base. For
any x € M, theset E, = 771 (x) C E is called the fiber over x.

Given a vector bundle 7 : E — M, we denote E|y = 7~ !(U) for any subset
U C M. We say that the bundle is trivializable over the subset U if there exists a
trivialization @ : E|y — U x k™. The bundle is said to be globally trivializable (or
trivial) if there exists a trivialization over the entire manifold M. Every vector bundle
admits a system of local trivializations, i.e. a covering of M by open sets U; and
diffeomorphisms @; : E|y, — U; x k™. Such a system defines a set of continuous
transition maps

! Here k can be either R or C
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fij :UinU; — GL(m, k), (A2)

so that the diffeomorphism @, - <PJT1 (UiNUj) x k™ — (U;NUj) x k™ has a
form @; - ¢]71 S u) e (x, fij(Ou).

Definition A.2 A sectionof thebundle w : E — M isamapu : M — E such that
(mr-u)(x) = x forevery x € M.

The space of (smooth) sections on a vector bundle 7 : E — M is denoted by
IF'E)yY={u:M — E|7-u=Idy} (A.3)

Example A.1 Given a n-dimensional smooth manifold M, its tangent bundle T M =
U em T M associates to each x € M the n-dimensional vector space T, M. In this
case, M is the base of the bundle, the 2n-dimensional manifold 7'M is the total space.
There a natural projection map w : TM — M which, for any x € M, maps every
vector X € T M to x. The fibers are given by the preimages 7~ (x) = T, M.

Example A.2 The dual version of the tangent bundle is called cotangent bundle and
is denoted by T*M — M. Its fibers are the vector spaces T,"M of linear maps
T.M — R, called dual vectors. The sections of T*M are the differential 1-forms on
M.

A.l.1 Tensors

Consider the set LX(V), ..., Vi: W) of k-multilinear maps of Vi x --- Vi to W. The
special case L(V, R) is denoted V*, the dual space of V. If V is finite dimensional and
{e1, ...ey} is abasis of V, there is a unique basis of V*, the dual basis {fl, S
such that (7, ej) = 8; Here (-, -) denotes the pairing between V and V*.

For a vector space V we put

T/ (V) =L (V¥ ...,V V,...,V;R) (A4)
(r copies of V* and s copies of V). Elements of 7, (V) are called tensors on V,
contravariant of order r and covariant of order s.

Givent € T/ (V) and s € Tg (V), the tensor product of ¢ and s is the tensor
t®s € T} (V) defined by

(t®s) (,Blv"'ﬂr7y17"'7yqﬂfl7"'f§‘aglv"'7g]))
=t(B', . B fio o fsr v gl gp) (A.5)

where g/, y/ € V*and fj, gj € V.
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The tensor product is associative, bilinear and continuous; it is not commutative.
Notice that

TH(V)=V, TY(V)=V* (A.6)

Let M be a manifold and w : TM — M its tangent bundle. We call 7, (M) =
T/ (T M) the vector bundle of tensors contravariant of order r and covariant of order
s. We identify TO1 (M) with TM and call Tlo (M) the cotangent bundle of M also
denoted by t;, : T*M — M. The zero section of T (M) is identified with M.

A section of 7] (M) takes an element m € M and associates a vector in the fiber,
called tensor.

A tensor field of type (r, s) on a manifold M is a smooth section of 7, (M). We
denote by .7 (M) the set I' (T, (M)) together with its infinite dimensional real vector
space structure. A covector field or differential one-form is an element of 910 (M).

A.1.2 Connections

Let us consider a rank n vector bundle E over a m-dimensional manifold M and the
cotangent bundle 7*M. The tensor product £ ® T*M is obviously a vector bundle
over M, with fibers (E @ T*M), = Ex @ T} M.

Definition A.3 A connection D in a vector bundle E is a first-order differential
operator D : I'(E) — I'(E ® T*M) satisfying the Leibniz rule

D(fu) = (df)u+fDu (A7)
for any section u € I'(E) and any function f € C*°(M); here d f is the differential
of f.

The section Du € I'(E ® T*M) is called covariant differential of u. Let ey =
(el, ..., €My be local coordinates of E, where U is an open set U C M; the
definition of connection is local, thus we only need to define the operator D using
the local frame ey . In particular, we can write De; = F;‘ek, with some one-forms

F;‘ defined on U. The matrix I'y = (F;‘ )y is called local connection one-form.
Proposition A.1 There exists a connection for any vector bundle.

In the following, we denote by £27 the p-th exterior power of T*M and
2 = @’;:0 §27; consider the square of the operator D

D>*=D.-D:I'(E)— I'(E® 2?). (A.8)

Then D? is a tensor and we set, for any section u € I'(E),
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D?u = Fu; (A.9)

F is called curvature of the connection D.
Definition A.4 A connection D is said to be flat if F = 0.

Consider a smooth manifold M with local coordinates (x 1. x") and its tangent
bundle 7T M. The vector fields %, R 3%1 and the differentials dx!, ..., dx” form
a local system of coordinates of TM and T*M respectively, called natural. Like
any other bundle, the tangent bundle can be endowed by a connection, called affine
connection.

Definition A.5 A fundamental one-form 6 on M is a section of £2 ® T M such that
the i (X)0 = X for any X, where i(X) is the contraction of the vector field X with
differential forms. If D is an affine connection, the torsion of D is the differential
form S = DO € I'(22Q TM).

If S = 0, the connection D is said to be torsion free.
In local coordinates, we have 6 = ¢;0' or 6 = dx' % (natural coordinates) and

S = D(ei0)) = De; A0 + d0" = (I 67 +d0) = T A dx' 2= (A10)
X

Since Fi] = Fifcdxk, we have

. .9
S = [idx* Adx 57 (A.11)

thus the torsion tensor in natural coordinates is given by

. 1 . .
i J J
S = E(Fki — I (A.12)
The coefficients F}k of the affine connection in natural coordinates are called
Christoffel symbols.

A.2 Cohomology

We recall here some basic definitions and results on complexes and cohomologies;
the interested reader is referred to the classical literature, e.g. [2].

Definition A.6 A cochain complex C*® is a sequence of vector spaces (more gener-
ally, abelian groups) {C"},c7 and homomorphisms d,, : C* — C"*! such that, for
all n, d,+1 o d, = 0. The maps d; are called coboundary operators and the elements
in C" are called n-cochains.



Appendix A 85

Such complexes are generally represented as a sequence of linear maps

dp— n
i ot o ol (A.13)
the composition of any two being zero. The elements in Z"(C) := Ker(d"), i.e.

such that d,c”* = 0 are called n-cocycles and elements in B"(C) := [ m(d""1) are

called n-coboundaries. The condition d,, 41 od,, = 0 implies that B"(C) C 7"0)
Zn+|
Bn

for any n € Z. Thus the quotient group is defined for all n.

Definition A.7 Let C* = @, 7 C" be a cochain complex of groups. The n-th
cohomology group of C*, H"(C), is defined by

Z2"(C)

(A.14)

Elements of H"(C) are equivalent classes of cocycles: two cocycles are equivalent
or cohomologous if their difference is a coboundary. The cohomology of C is the
direct sum of vector spaces H(C) = @nez H"(C).

Definition A.8 A map f : A — B between two complexes is a chain map if it
commutes with the differential operators of A and B

fda =dpf. (A.15)
A sequence of vector spaces
syt Iy Iy (A.16)

is said to be exact if for all n the kernel of f,, is equal to the image of its predecessor
fn—1. An exact sequence of the form

0>A—>B—>C—0 (A.17)

is called a short exact sequence.

Example A.3 (de Rham cohomology) The best known example is the so-called de
Rham complex, which is the cochain complex of exterior differential forms on a
smooth manifold M, endowed with the exterior derivative. A nice introduction of
the de Rham cohomology can be found in [5]. Let M an open setin R” and x1, ..., x,
be linear coordinates on R”. We define £2° to be the algebra over R generated by
dxg, ..., dx, with

N2
[(d"l) =0, (A.18)

dxide = —dx.,'dx,u
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The differential forms on R” are elements of 2°(R") = C®°(R") ® 2°. Thus, a
form & can be uniquely written as > f;, g dx;, ... dx,-q = > frdx;, where the coef-
ficients fj,. i, are smooth functions on R". The algebra £2°(R") = @ZIO £229(R")
is graded and £29 (R™) consists of the smooth g-forms on R”.

We can define a differential operator

d: Q9R") — ITHR"Y), (A.19)
by
L if f € 2°R"), thend f = 3 #Ldx;,

2. ifa= Zf[dxl, then da = de]d)([.

This d is called exterior differentiation.
The wedge product of two differential forms &« = > frdx; and B = >_ gsdxy is
given by

anB=> figsdxidx;. (A.20)

It can be proven (see [2]) that d is an anti-derivation, i.e.
d(a A B) = (da) A B+ (—1)%8% A dB. (A.21)
Finally, it is easy to check that d? = 0. The complex £2°(R™) with the differential
d is called de Rham complex on R". The kernel of d are the closed forms and the
image of d the exact forms. The gth de Rham cohomology of R” is the vector space
quR (R™) = {closed g — forms}/{exact g — forms}. (A.22)

Example A.4 Consider the groups

CO={feC®®R?®), C'={fdx+gdy: f,geC®, C?={fdxdy: fecCY,

(A.23)
with
d°: f > fudx 4 fydy, d': fdx 4 gdy > (g — fy)dxdy. (A.24)
We observe that
d'od®: f > fudx + fydy > (fyx — fry)dxdy = 0; (A.25)

thus, defining C/ = 0 and d’ = O foralli < 0 and i > 2, we have the cochain
complex C*®:

0 1
0505 S L 28050 (A.26)
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Example A.5 (Chevalley-Eilenberg cohomology) Let g be a finite-dimensional Lie
algebra and p be a representation p : g — End(V):

p(X)p(¥) — p(V)p(X) = p([X, Y]) (A.27)
for all X, Y € g. Define the space of linear maps
C"(g,V):=Hom(A'g, V) EAN"g"QV (A.28)

called the space of n-forms on g with values in V. This space can be endowed with
a differential d : C"(g, V) — C"*l(g, V) as follows:

1. forve V,dv(X)=pX)vforall X € g;
2. fora € g*, letda(X,Y) = —a([X,Y]) forall X, Y € g;
3. foro®@ve A g @V,dw®v) =do Qv+ (—D)®w A dy.

It can be checked that d? = 0 everywhere. Thus, we have a complex

s ol V) L e, V) - et V) — - (A.29)

called Chevalley—FEilenberg complex of g with values in V. Its cohomology is called
Lie algebra cohomology of g with values in V.
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