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Preface

This monograph is intended for engineers, scientists, and mathematicians interested in linear
systems and control. It is concerned with the analysis and control of systems whose behavior
is governed by linear ordinary differential equations. Our approach is based mainly on state
space models. These models arise naturally in the description of physical systems. Many of
the classical results in linear systems, including the linear quadratic regulator problem, are
presented. An introduction to H° analysis and control is also given. The major prerequisite
is a standard graduate-level course in linear algebra. However, on occasion we use some
elementary results from least squares optimization theory and operator theory. These results
are reviewed in the appendix. It is believed that an operator perspective provides a deep
understanding of certain aspects of linear systems, along with a set of tools which are useful
in system analysis and control design.

The monograph begins by presenting the basic state space model used in linear systems
and control. Some physical examples from mechanics are given to motivate the state space
model. Then we study both state space and input-output stability of linear systems. Lya-
punov techniques are developed to analyze state space stability. Finally, we use these results
to present some stability results for mechanical systems.

Next we study controllability and observability for state space systems. All the classical
results on controllability and observability are presented. Standard least squares optimiza-
tion techniques are used to solve a controllability optimization problem and an observability
optimization problem. This naturally leads to the controllability and observability Gramians.
The connections between stability and these Gramians are studied. The duality between con-
trollability and observability is given. Using invariant subspaces and matrix representations
of linear operators, we present the controllable and observable decomposition for a linear
system. The singular value decomposition provides an efficient algorithm for computing the
controllable and observable decomposition.

The backward shift operator plays a fundamental role in operator theory. Here we use
the backward shift operator to develop realization theory. The backward shift approach to
realization theory provides a natural geometric setting for realization theory and simplifies
some of the classical proofs. All the standard results in realization theory are given. For
example, we show that a realization is controllable and observable if and only if it is minimal.
Then we show that all minimal realizations of the same transfer function are similar. The
classical Kalman-Ho algorithm is presented.

Using standard linear algebra techniques, we present the classical solutions to the eigen-
value placement problem in state feedback control of controllable linear systems. First we
study the single input-single output case. Ackermann’s formula is presented. Then we solve

v
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the eigenvalue placement problem for multivariable systems.

State feedback results are used to develop state estimators for detectable systems. By
combining the stabilization results with the state estimators, we present the classical observer-
based output feedback controllers. Finally, we present a short chapter on the zeros of a state
space system.

The solution to the linear quadratic regulator problem plays a fundamental role in de-
signing feedback controllers. Here we present a solution to the linear quadratic regulator
problem by using standard least squares optimization techniques. For example, the adjoint
of a certain operator readily yields the corresponding two-point boundary value problem, the
feedback solution and a closed form solution for the Riccati differential equation. We also
provide a simple derivation of the solution to the tracking problem. Many of the classical
results associated with the quadratic regulator problem are also presented. For instance, we
obtain stabilizing controllers from the solution of the algebraic Riccati equation. A spectral
factorization of a certain positive operator is presented. Then this factorization is used to
develop the classical root locus interpretation of the feedback controllers obtained from the
solution of the linear quadratic regulator problem.

Motivated by the linear quadratic regulator problem, we present a separate chapter on
the Hamiltonian matrix and its role in computing the stabilizing solution to the algebraic
Riccati equation. The Hamiltonian matrix plays a fundamental role in linear system theory
and is also used in studying H* analysis and control.

The last two chapters present an introduction to H*® analysis and control. First we
study the analysis problem. Our approach is based on an abstract optimization problem.
Then we introduce a max-min optimization problem to study the full state feedback H™
control problem. This max-min optimization problem is essentially a combination of the
linear quadratic regular problem and the disturbance attenuation problem. The solutions
to these optimization problems are obtained by completing the squares of certain operators.
This yields the appropriate Riccati equation and the corresponding H* controller. Finally,
we also present a controller which is a trade-off between the optimal H® and H? controller.

The authors are indebted to George Leitmann and Bob Skelton for their encouragement
and inspiration.

Martin J. Corless
Arthur E. Frazho
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Chapter 1

Systems and Control

In this chapter we introduce the basic state space model used throughout this monograph.
Some elementary examples from mechanical systems are given to motivate this model. Then
we introduce the transfer function for a state space model. Some basic state space realization
results are presented.

1.1 Notation

In this section we introduce some notation used throughout this monograph. The reader can
choose to go directly to the next section and refer back to this section as the need arises.
The set of all complex numbers is denoted by C. Throughout, all linear spaces are complex
vector spaces unless stated otherwise. The inner product on a linear space is denoted by
(,+). To be precise, the inner product on a linear space H is a complex valued function
mapping H x H into C with the following properties

@) (fh)=(f);

(it) (af + Bg, k) = a(f, k) + B(g,h);
(ii)) (h,R) 20 ;
(iv) (h,h) =0 ifandonlyif h=0.

Here f, g and h are arbitrary vectors in H while o and 3 are arbitrary complex numbers. The
inner product (-,-) is linear in the first variable and conjugate linear in the second variable.
An inner product space is simply a linear space with an inner product. If H is an inner
product space, then the norm of the vector h is the non-negative real number defined by
[|A]l = /(h, k). The Cauchy-Schwartz inequality states that |(f, )] < || f|l ||h]] for all f and
h in H. Moreover, we have equality |(f,h)| = ||f|l |||l if and only if f and h are linearly
dependent. Finally, it is noted that if H is an inner product space, then we have the triangle
inequality, namely, || f + || < ||f|| + ||| for all f and k in K.

Let H be an inner product space. Then we say that a sequence {h;}§ is a Cauchy
sequence in M if each h; is in H and ||h; — h;|| approaches zero as ¢ and j tend to infinity.
An inner product space is complete if every Cauchy sequence converges to a vector in H,

1
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2 CHAPTER 1. SYSTEMS AND CONTROL

that is, if {h;}§° is any Cauchy sequence in H, then {h;}§° converges to a vector b in H. A
Hilbert space is simply a complete inner product space. A Hilbert space is separable if it is
the closure of a countable set. Throughout we only consider separable Hilbert spaces. If H
is a (separable) Hilbert space, then there exists an orthonormal basis {¢;}7* for H where m
is possibly infinite. In fact, m is the dimension of H. In this case, every h in H admits a
Fourier series expansion of the form

h (h,0;)0; (heH). (1.1)

-

1

2

Moreover, we also have Parseval’s relation
(hyg) = (he))(@;,9) (h,g € H). (1.2)
7=1

In particular, ||} = ST |(h, ;)%

If F is a subset of a linear space H, then \/ F denotes the linear span of F, that is the
space of all linear combinations of elements of F. If H is a Hilbert space, then \/ F is the
closed linear span of F.

Throughout C* is the Hilbert space determined by the set of all complex n-tuples of the
form [z, 22, -, za]" where z; is in C for all j = 1,2,---,n and tr denotes the transpose.
The inner product on C* is given by

n
(z,y) =Y ;0
j=1

where © = 21,25, -+, %,]" and y = [y1, 92, -, Y]

Furthermore, L2[a,b] is the Hilbert space formed by the set of all square integrable
Lebesgue measurable functions over the interval [a,b], that is, f is in Z%[a,b] if and only if
f is Lebesgue measurable on [a,b] and

] )7 dt < 0.

The inner product on L?[a, ] is given by

b —
(f.9) = / FOT .

Now let U be a Hilbert space. Then L%([a,b],U) denotes the Hilbert space formed by the
set of all square integrable Lebesgue measurable functions on [a, 5] with values in . The
inner product on L*([a, b],U) is given by

(f,9) = / (F(), (8
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1.2. STATE SPACE DESCRIPTION 3

where (f(t), 9(t))u is the inner product on U. For example, L*([a,b],C") is the Hilbert space
formed by the set of n-tuples of the form f = [f1, fa, - -, fo]"" where f; is a vector in L%{a,b]
for all j = 1,2,---,n. The inner product on L*([a,b],C") is given by

n b o
(19)=3 [ Ham e

where g = [g91, 92, -, ga]"" 15 in L%([a,b],C").

We say that T is an operator if T is a linear map from a linear space H into a linear
space K. The kernel or null space of T is denoted by ker 7', and the range of T is denoted
by ranT. Now let H and K be Hilbert spaces and T be an operator from H into K. The
norm of T is defined by

1T} : = sup{||Thl| : » € H and ||h]| < 1}.

We say that T is a bounded operator if ||T|| is finite. Throughout this monograph we deal
mainly with bounded operators. So, all of our operators acting between Hilbert spaces are
bounded unless stated otherwise. The set of all bounded operators from H into K is denoted
by L{H,K). Notice that if T, R and S are operators acting between the appropriate Hilbert
spaces, then [|TR|| < ||| R and [T+ S| < {T| + [IS]-

As before, let T be a bounded operator mapping H into K. Then the adjoint 7% of T is
the linear operator from X into H uniquely determined by (Th,k) = (h,T*k) for all A in H
and k in K. It is well known that T and T* have the same norm, that is, |T|| = |T*|. If
H is finite dimensional, then ||7']|? equals the largest eigenvalue of 7*7. Finally, it is noted
that if T is a matrix from C" into C™, then T* is the conjugate transpose of 7', that is,
T = T*. On several occasions we will use some elementary results from Hilbert spaces. For
some references on Hilbert spaces see Akhiezer-Glazman (2], Balakrishnan (8], Conway [30],
Gohberg-Goldberg [53], Halmos [59] and Taylor-Lay [117].

1.2 State space description

A common model for describing a dynamic system is given by the following state space
representation
z = Az + Bu

y = Cz+ Du (1.3)

where the state z(t) belongs to X while the input u(t) lives in I and the output y(t) lives
in Y for all time ¢ > 0. Unless otherwise noted, we always assume that the state space X,
the input space U and the output space ) are finite dimensional Hilbert spaces. The system
operator A acts on X and B maps U into X', while C maps X' into Y and D maps I into
Y. The state space system in (1.3) is denoted by {A, B,C, D}. In many applications A,
B, C and D are matrices acting between the appropriate Euclidean spaces. If an initial
condition zo = z(0) is specified and the input u is given, then there is a unique solution to
the differential equation in (1.3). In this case, the output y is uniquely determined by the
initial state zy and the input u.
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4 CHAPTER 1. SYSTEMS AND CONTROL

Example 1.2.1 The forced linear oscillator. Probably one of the simplest models in study-
ing mechanical systems is the forced linear oscillator shown in Figure 1.1. It consists of a
small body of mass m > 0, a linear spring with spring constant & > 0, and a linear dashpot
with damping coefficient ¢ > 0. At each instant of time ¢, the body is subject to a force u(t).
Applying Newton’s second law, we arrive at the following differential equation

my+ecy+ky=u (1.4)

where y(t) is the displacement of the body from its equilibrium position. Now let z; = y
and z; = y. Using &, = z3 and 2, = §, it follows that (1.4) admits the state space form

R N | b R PV
y = [1 OI[II}

I2

i
—

In this case the displacement y = z; is the output. Notice that in this example D = 0.
However, if we choose the acceleration 4 of the mass as the output, then the corresponding
D matrix is nonzero.

k
e A ——— u(t)

——
C

Figure 1.1: The forced linear oscillator

Example 1.2.2 By following the technique in the previous example, one can convert any
linear differential equation to a state space system of the form (1.3). To see this, consider
any scalar input-output system, with input »(¢) and output y(t), described by an n-th order
differential equation of the form

y(n) + an—ly(n_l) 4+ a1i/ + apy =u (15)
where y) denotes the j-th derivative of y and a; is a scalar for j = 0,1,---,n—1. To convert
this system to state space form, let z; = y, Ty = ¢, -+, 2, = ¥ . Then using &; = ;41
for j =1,2,---,n—1 along with &, = y™, we obtain

Iy 0 1 o .- 0 0 Ty 0
.iz 0 0 1 e 0 0 T2 0
= | C f S S N R
Tyl 0 0 o - 0 1 Tna 0
Tn —@p —a; —Gy ‘*° —OGp 3 —Op1 Tn 1
y=[ 1 0 0 - 0 0 Jz.

The initial state is given by z(0) = [y(0),yV(0),-- - ,y™(0))* where tr denotes the trans-
pose. Therefore, one can readily obtain a state space representation for any system described
by (1.5).
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1.2. STATE SPACE DESCRIPTION 5

Example 1.2.3 Azisymmetric spacecraft.

3

Figure 1.2: The axisymmetric spacecraft

We consider here the rotational motion of an axisymmetric spacecraft which is subject to
two body-fixed input torques u; and up about axes which are perpendicular to the symmetry
axis. This is illustrated in Figure 1.2. If we choose a body-fixed axes system with origin at
the center of mass, with axes corresponding to u;, us and whose 3-axis corresponds to the
axis of symmetry, the rotational motion of the axisymmetric spacecraft can be described by

11(;.11 - (Ig - Ig)u)zw;; + (758
]2(:02 (13 -_ Il)wgwl + Ua
Iaws = 0

where wq,ws, ws denote the components of the spacecraft angular velocity vector with respect
to the body-fixed axes; the positive scalars I, I, I3 are the principal moments of inertia of
the spacecraft with respect to the body-fixed axes and I = I,. From the third equation
above wj is constant. If we introduce the constants « := (f; — I3)ws/I; and 8 := 1/I;, define
state variables z; := w; ,Z3 := wy and output variables y; := x; , Y9 := x2, we obtain

T = az2 + Pu
i?g = —wory + ,6'11,2
N = z
R = T2

This readily yields the state space form in (1.3) where

a=[25] m=[05] e=[8%] »=[03]

Now let us return to the state space description (1.3). For a specified initial condition
z(0) = zo the state z(t) at time t for the system in (1.3) is uniquely given by

:
z(t) = ety +/ eA(t'T)Bu(T) dr. (1.7
)
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6 CHAPTER 1. SYSTEMS AND CONTROL
The output y(t) of the state space system {A, B,C, D} in (1.3) is determined by

y(t) = Cetay + /Ot Ce*™=7) Bu(r)dr 4+ Du(t) (1.8)
where the initial state zq = z(0) is specified. Clearlsf,

t
y(t) = Ce™Mag +/ Gt—7)u(r)dr (1.9)
0
where G is the operator valued function defined by
G(t) = CeM* B+ 6(t)D. (1.10)

Here §(t) is the unit Dirac delta function. So, if the initial state o = 0, then (1.9) defines a
linear time invariant map of the form

y(t) = /Ot Glt—yu(r)dr (1.11)

In particular, if u(t) = 8(¢)up for some constant ug in U and zg = 0, then y(t) = G(t)uo.
Motivated by this, we call the function G in (1.10) the impulse response for {A, B,C, D}.
Clearly, if i = C! and ug = 1, then G{t) is precisely the output y(t) for u(t) = &(t). Finally,
it is worth emphasizing that, under zero initial conditions, the input-output response of
{A, B,C, D} is completely determined by its impulse response via (1.11).

1.3 Transfer functions

In this section we introduce the notion of a transfer function for a linear system. Recall
that the Laplace transform of a measurable function f on [0,00) with values in a finite
dimensional space £ is defined by

£(s) = L(f)(s) = /0 Tty de (112)

for appropriate values of s in C. (The set of all complex numbers is denoted by C.) The
Laplace transform of the function f is denoted by f and has values in £. Notice that a
boldface f is used to represent the Laplace transform of f. If f is exponentially bounded,
that is, if || f(t)|| < Me* for some finite scalars M and +, then f is an analytic function in
the region of C defined by R(s) > ~v. Clearly, the Laplace transform operator £ is linear.
Finally, by convention, £(J) = 1 where § is the unit Dirac delta function.

Recall that £(f)(s) = st(s)— f(0). By taking the Laplace transform of the state space
equations in (1.3), we obtain

sx(s) —xo = Ax(s)+ Bu(s)
y(s) = Cx(s)+ Du(s)
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1.3. TRANSFER FUNCTIONS 7

where x,y, u are the Laplace transforms of z, y, u, respectively and zy = z(0). Solving these
equations for y in terms of zg and u yields

y(8) = C(sI — A)'xg + [C(sI — A)'B + D] u(s). (1.13)
The transfer function G for system {A, B,C, D} is defined by
G(s)=C(sI-A)'B+D. (1.14)
Recall that the impulse response of system {A, B, C, D} given by
G(t) = Ce™B +4(t)D.
Using the following Laplace transform result:
L(e*)(s) = (sI — A)!

we have G = L(G), that is, the transfer function G is the Laplace transform of the impulse
response G. Clearly, G is analytic everywhere except possibly at the eigenvalues of A.

When z(0) = 0, the relationship between the Laplace transform of the input u and the
Laplace transform of the output y is given by

y(s) = G(s)u(s). (1.15)

In other words, when the initial conditions are zero, the transfer function is the multiplication
operator which maps u into y. Recall that convolution in the time domain corresponds to
multiplication in the s-domain. Hence,

y(t)z/0 Gt—7)u(r)dr.

Obviously, G and G uniquely determine each other. So, for zero initial conditions, the
input-output response of the system {4, B,C, D} is completely determined by its transfer
function.

1.3.1 Proper rational functions

A operator valued polynomial N is a function from C into some space L(U,)) of operators
which can be expressed as

N(s)=No+sNy+---+5"N,

where Np,..., N, are in L(U,)). If N is nonzero, then the degree of N (which we denote
by deg N) is the largest integer m for which N, is non-zero. We say that an operator valued
function G of a complex variable is a proper rational function if G(s) = N(s)/d(s) where
N is an operator valued polynomial, d is a scalar valued polynomial and deg N < degd. If
deg N < degd, then we say that G is a strictly proper rational function. Notice that G is
a proper rational function with values in L(U,Y) if and only if G admits a decomposition
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8 CHAPTER 1. SYSTEMS AND CONTROL

of the form G(s) = N(s)/d(s) + D where N is an operator valued polynomial, d is a scalar
valued polynomial satisfying deg N < degd, and D is a constant in £{U,Y). In other
words, G is a proper rational function if and only if G admits a decomposition of the form
G(s) = G,(s) + D where G, is a strictly proper rational function and D is a constant.

We claim that the transfer function G of a finite dimensional system {A on X', B,C, D}
is a proper rational function. To see this, recall that (s/—A)~! can be expressed as

(sI—A)! = adj(sI—A)/ det[s] —A] (1.16)

where adj(sI — A) is the algebraic adjoint (or adjugate) of sI — A and det[s] ~ A] is the
characteristic polynomial of A. Since adj (s] —A) is an operator valued polynomial whose
degree is strictly less than the degree of det[s] — A], it follows that (s — A)™! is a strictly
proper rational function. Hence, C(sI — A)"1B is also a strictly proper rational function.
Recalling from (1.14) that G(s) = C(sI—A)"*B + D, it follows that the transfer function G
is a proper rational function. Hence, G is a proper rational function of the form G = N/d
where d is the characteristic polynomial of A. Therefore, the poles of G are contained in
the eigenvalues of A. We say that A is stable if all the eigenvalues of A are contained in the
open left half plane {s : ®s < 0}. So, if A is stable, then G is also stable, that is, all the
poles of G are contained in the open left hand plane. Finally, it is noted that G is a strictly
proper rational function if and only if D equals zero.

Suppose G = N/d is a proper rational function. Then, we define the relative degree of G
to be degd — deg N. If G is a transfer function for {4, B,C, D}, then G has relative degree
zero if and only if D is non-zero. When D is zero, the following result provides a state space
characterization of relative degree.

Lemma 1.3.1 Suppose G is a transfer function for a system {A, B,C,0} and

CAB =0 for j=0,1,---,7r—2, (1.17a)
CA™B # 0. (1.17b)

Then
CA(sI —A)'B = &G(s) for j=0,1,---,7r—1 (1.18a)
CA™(sI — A)'B = s'G(s)—CA!B. (1.18b)

Furthermore, G = N/d where d is the characteristic polynomial of A while N is a polynomial
of degree deg(d) —r and whose highest order coefficient is CA™ 1 B. In particular, G has rela-
tive degree . Finally, if v equals the dimension of the state space, then G(s) = CA™"1B/d(s).

PROOF. We first demonstrate (1.18a) by induction. Since,
G(s) = C(sI -~ A)™'B,

the equality in (1.18a) clearly holds for j = 0. Suppose now the equality (1.18a) holds for
some § =k <r—2 Thenfor j =k +1,
CAFY(sI - A)'B = C(A—sI+sI)A*(sI - A)™'B
= —CA*B + sCA*(sI - A)7'B
= G(s).
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1.3. TRANSFER FUNCTIONS 9

Hence, (1.18a) holds for § = k + 1. So, by induction it holds for j = 0,1,---,7 — 1. We also
obtain that

CA™(sI — A)'B = —CA™'B + sCA™ (s — A)™'B = —CA™"'B + 5" G(s);

hence (1.18Db) also holds.
Recall that G = N/d where d is the characteristic polynomial of A and N is a polynomial
of degree strictly less than the degree of d. Hence, CA"(sI — A)™!B = M(s)/d(s) where M
is a polynomial of degree strictly less that the degree of d. It now follows from (1.18b) that
M(s) _ - N(s)

d(s) = —CAT—IB +s m

that is,

§"N(s) = CA™'Bd(s) + M(s).
The properties of d and M imply that s"N(s) is a polynomial of degree deg(d) and whose
highest order coefficient is CA""1B. Hence, N is a polynomial of degree deg(d) — r and the

coefficient of its highest order term is CA™1B.
n

1.3.2 Power series expansions

We now claim that if G is a proper rational function with values in £(U,)), then for
sufficiently large s, the function G admits a power series expansion of the form

G(s)=) s™G; (1.19)
=0
where each G; is in L(U,Y). To see this let G = N/d where N is a polynomial with values in
L(U,Y) and d is a scalar valued polynomial satisfying deg N' < degd. Considering s = 1/A
and letting G(\) = G(1/\), we obtain

N(1/X) _A"N(1/)) _ N())

GO =Tn = ¥ = dn)

where n is the degree of d. Here N and d are the polynomials of degree at most n defined
by N(A) = A*N(1/)) and d(\) = A"d(1/)), respectively. Since d(0) equals the coefficient of
s™ in the polynomial d, it is nonzero. Hence, G is analytic at zero. So, for sufficiently small
), the function G has a power series expansion of the form G()\) = Y.0° X*G; where each G,
is in L(U,Y). Therefore, for s sufficiently large, G admits a power series expansion of the
form (1.19). Moreover, the infinite sequence {G;}§° and G uniquely determine each other.

Now assume that G is a proper rational function of the form G = N/d where d is a
scalar valued polynomial and N is an operator valued polynomial defined by

d(s) = do+sdi+ 48 des +5"d,  (d. #0) (1.20)
No+sNy+ -+ 8" Ny + s"N,. (1.21)

=
=
")
&
[

Copyright © Marcel Dekker, Inc. All rights reserved.
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10 CHAPTER 1. SYSTEMS AND CONTROL

Hence,
o0

N(s) = d(s)G(s) = Y _ d(s)s™'G; (1.22)

=0
where G; is the coefficient of s~ in the power series expansion of G. Equating the coefficients
of 57 in (1.22) for y =n,n—1,---,0, yields

N, = d,Gy
Npa = dpaGo+dnGy
Ny = d;Go+djs1Gy+ -+ dosGis + dnGry (1.23)
Ny = dpGo+diGr+ - - +dnyGry +duGa.
These equations can be written in the following compact form:
[ Ny ] dol  di] - dpol duyl dol W [ G,
N Ayl dol -+ dpyl d I 0 Gy
> dol d3l --- d.I 0 0 Go
: = : : : : : : (1.24)
Npa doal d,I -+ 0O 0 0 G
| N . 0 ... 0 0 0 || Gan

(The block matrix in the above expression is a Hankel matrix.) Since N is a polynomial, the
coefficients of s/ in 3 g d(s)s™'G; are zero for all integers j > 1. For j = 1, we obtain

0= dyGy +d1Gg -+ + dpyGn + dnGrgt - (1.25)
In fact, for any integer k > 1, we have
0=doGy +d1Gry1 + - + dp1Grin-1 + duGrin k>1). (1.26)
The above considerations lead to the following result.

Lemma 1.3.2 Let G = > ° s7'G,; be the power series expansion for o proper rational func-
tion G and suppose d is a scalar valued polynomial of the form (1.20). Then G = N/d where
N is an operator valued polynomial if and only if (1.26) holds. Moreover, in this case, N is
given by (1.21) and (1.23).

When G = N/d and N and d are known, the above results allow us to recursively compute
the operators in the sequence {G,}§° directly from the polynomials N and d. Specifically,
{G:}} can be recursively computed from (1.23) or (1.24), while {G;}%, is recursively com-
puted from

Gy + dnaGrn + -+ - + doGr_p,
Gy = Gkt "25” + doCri (k>n+1). (1.27)

The following result uses state space methods to compute the coefficients in the power
series expansion for a transfer function.
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1.3. TRANSFER FUNCTIONS 11

Proposition 1.3.3 Let 3 s71G,; be the power series expansion for a proper rational func-
tion G. Then G is the transfer function for a system {A, B,C, D} if and only if

Go=D and G;=CA"'B (foralli>1). (1.28)
The proof of this result depends upon the following classical result.

Lemma 1.3.4 Let T be an operator on X satisfying |T|| < 1. Then I — T is invertible.
Moreover, in this case,

(I-T)'= iTk : (1.29)

Finally, ||(I - T)7 £ 1/(1 - |IT).

PROOF. Let R, be the operator on X defined by R, = 3 r_, T*. We claim that R, converges
to a bounded operator R = 3 77, T* (in the operator topology) as n tends to infinity. To
see this, let r = ||T||. Obviously, |T*|| < r* for all integers k > 0. If » and m are any two
positive integers satisfying n > m, then

1Ra= Bl =1l 3 THI< D ITHIS Y =
k

=m-+1 k=m+1 k=m+1

7.m-+—1
il
-7

as m tends to infinity. The last equality follows from the geometric series 3 o° 7 = 1/(1—7).
So, R, converges to the operator R = 3.0° T* as n approaches infinity. To verify that R is
a bounded operator simply notice that

o o0
1 1
RIS SITH < Sk = e = e
k=0 k=0 l—r 1T

To show that R is the inverse of I — T, observe that
(I-TR,=I-TYI+T+T*+T3+ - +T") =1 -T".

Because T™*! converges to zero, the sequence {(I — T)R,}3 converges to I. Since {R,}$
converges to R, this implies that (I — T)R = I. Because R, and I — T commute, we also
have R(I — T) = I. Therefore, I — T is invertible and 35" 7 is the inverse of I — 7. |

Proor oF PROPOSITION 1.3.3. By definition, G is the transfer function for a system
{4, B,C, D} if and only if G(s) = C(sI — A)~'B + D. Notice that

(sI — A)7! =§(1—i:i)_l .

Whenever |s| > ||A]], it follows that ||A/s|| < 1. According to Lemma 1.3.4, we have

(sI - A)t= Z s‘:fl Gf |s| > || Al). (1.30)
1=0

Copyright © Marcel Dekker, Inc. All rights reserved.
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12 CHAPTER 1. SYSTEMS AND CONTROL

Therefore, G is the transfer function for a system {A, B,C, D} if and only if it has a power
series expansion of the form

G(s)= D+ i CATE (1.31)

st

=1

By matching like coefficients of 1/, it follows that G(s) = Yo" G:/s" is the transfer function
for a system {A, B, C, D} if and only if (1.28) hold. [ |

We say that {4, B,C, D} is a state space realization of G if G is the transfer function
for {A, B,C,D}. Cousider any proper rational function G with a power series expansion
of the form } ;°G,/s’. Then the above analysis shows that {4, B,C, D} is a realization of
G if and only if (1.28) holds. So, with out loss of generality we say that {4, B,C,D} is a
realization of a sequence of operators {G;}3° if (1.28) holds.

Now suppose that {A, B, C, D} is a state space realization of G and d is a scalar valued
polynomial defined by (1.20). Then, according to Lemma 1.3.2 and Proposition 1.3.3, we
can express G as G = N/d where N is an operator valued polynomial if and only if

CA*d(AB=0 (k>1) (1.32)

where d(A) = do + d1A+ -+ -dp_y A,y + d, A" Since A and d(A) commute, the above
condition is equivalent to

CAd(A)A'B=0  (i,j > 0). (1.33)
Moreover, in this case, N is given by (1.21) and
N, = 4,D
Nn~1 = dpaD+ dnCB
: n—j—2 n—j—1 (134)
N; = d;D+dj CB+ - +d CA*7 2B +d,CA"'B
No = dgD+d,CB+---+ dn>1CAn—QB + dnCAn-—lB .
When D =0, we obtain that N, = 0 and
[No My -+ Nomy]=[CB CAB - CA™'B|T (1.35)
or
No CB
Ny CAB
. =T . (1.36)
Ny CA™ B

where T is the invertible Hankel matrix given by

dil  dol - dpol dnal dod
dof dyl - doyd did O

xo| WAt
dnad dpd -+ 0 0 0
dJ 0 ... 0 0 0
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1.4. STATE SPACE REALIZATIONS OF TRANSFER FUNCTIONS 13

Summarizing, we have the following result.

Lemma 1.3.5 Let G be a transfer function for a state space system {A,B,C,D} and d a
scalar valued polynomial defined by (1.20). Then G = N/d where N is an operator valued
polynomial if and only if (1.33) holds. Moreover, in this case, N is given by (1.21) and
(1.34). When D =0, the coefficients of N are also given by N, =0 and (1.35) or (1.36).

Remark 1.3.1 (Cayley-Hamilton Theorem) We have already seen that if G is the
transfer function for {4, B,C, D}, then it can be expressed as G = N/d where d is the char-
acteristic polynomial of A. Hence, the characteristic polynomial of A must satisfy (1.33). In
particular, if we consider B = C = I and 1 = j = 0, we obtain that d{A) = 0. This yields
the Cayley-Hamilton Theorem, namely if A is an operator on a finite dimensional space X,
then d(A) = 0 where d is the characteristic polynomial of A.

1.4 State space realizations of transfer functions

We say that {A on X, B,C, D} is a state space realization of G if G is the transfer function
for {A, B, C, D}, that is, (1.14) holds. The dimension of the state space X is the dimension
of the realization {4, B,C, D}. The analysis in the previous section shows that all transfer
functions are proper rational functions. This is part of the following basic result in system
theory.

Theorem 1.4.1 Let G be an operator valued function of a complex variable. Then G admits
a finite-dimensional state space realization if and only if G is a proper rational function.

PRrROOF. We only need to prove that a proper rational function G has a finite-dimensional
state space realization. Qur proof is motivated by the form of the matrix A in equation
(1.6) of Example 1.2.2. Let G be a proper rational function with values in £{U,)). Then
G admits a decomposition of the form

G=N/d+D (1.37)

where N is a polynomial with values in £(U/,)) and d is a scalar valued polynomial of the
form

n-1 n-1
N(s)=Y Nes* and  d(s)=s"+) as:. (1.38)
k=0 k=0

Here D, Ny, -+, N are operators in L(U,)) while ag, - -,ana are scalars. Now let
X = ®}U be the linear space formed by the set of all n-tuples of vectors from U, that is,
let X be the linear space consisting of all vectors of the form [u1,u2,- -, un]" where u; is a
vector in U for all integers j = 1,2,---,n. (Recall that tr denotes transpose.) Let A be the
block matrix on X and B the block matrix from I into X and C the block matrix from A

Copyright © Marcel Dekker, Inc. All rights reserved.
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14 CHAPTER 1. SYSTEMS AND CONTROL

into Y defined by

0 I 0 0 0 0]
0 0 I 0 0 0
A = S o |, B=| (1.39)
0 0 0o - 0 I 0
—(10] —(11] —a21 T -‘an_gl —an_ll _J I |
C =[N N N -+ Neo Nl

Define V' as the polynomial with values in L£(U, X’) given by
Visy=[1 sl s --- 17,

Here I is the identity on I/. Then,

sI —-I 0 --- 0 0 1 I 0
0 sI ~I --- 0 0 sl 0
(sI— A)V(s) = ‘ S =
o o 0 - sl —I sv2T 0
aol arl axl - anel (s+a) | [ s d(s)1
= Bd(s).

Hence, whenever s is not an eigenvalue of A,
(s — A)'B =V(s)/d(s).
This along with the definition of C, implies that
C(sI—A)'B = [Ny Ny --- Npa [ V(s)/d(s) = N(s)/d(s).

The above equation and (1.37) yields G(s) = C(s] — A)™'B + D. Therefore, {A,B,C, D}
is a finite dimensional realization of G. ]

Remark 1.4.1 Let G be a proper rational function with values in £(U, ) of the form (1.37)
where N and d are polynomials as defined in (1.38). Moreover, let A, B, C be the block
matrices defined in (1.39). Then the proof of the previous theorem shows that {A, B,C, D}
is a realization of G. In particular, any proper rational function of the form (1.37), (1.38)
admits a state space realization whose state dimension is at most n - dimi{.

We now present another finite dimensional state space realization of a proper rational
function G with values in £(I/,Y). Since G is proper and rational, it has a power series
expansion of the form G(s) = Y 2, s7*G; where each G; is in L(U,Y). Also G can be
expressed as in (1.37) where N and d are polynomials as defined in (1.38). Now let X = @&}

Copyright © Marcel Dekker, Inc. All rights reserved.
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1.4. STATE SPACE REALIZATIONS OF TRANSFER FUNCTIONS 15

be the linear space formed by the set of all n-tuples of vectors from ). Let A be the block
matrix on X and B the block matrix from U into X and C the block matrix from X into Y
defined by

© 0 I o - 0 0 [ Gy ]
0 0 I .- 0 0 Gq
A = f f c f ., B=| ° (1.40)
0 0 o .- 0 I G
L —QQI —all —aQI ce —G,n_g.[ —an_ll | L Gn j
c =1 1 0 0o -~ 0 0o ].
It follows from (1.27) that —aoG; — a1G2 — -+ — ap1Grn = Gpy. This along with the shift

structure of A implies that AB = [G G3 --- Gnu]”. By induction with (1.27), one can
readily show that, for any integer k& > 0, we have A*B = [Gjy1 Grya -+ Gum]". Using
the structure of C yields CA*B = Gy for all k£ > 0. Recalling Proposition 1.3.3, we see
that G(s) = C(sl — A)"'B + D, that is, {4, B,C, D} is a realization of G. Thus, any
proper rational function of the form (1.37), (1.38) admits a state space realization whose
state dimension is at most n - dim Y.

Remark 1.4.2 By combining Remark 1.4.1 with our previous analysis, we obtain the fol-
lowing result. Any proper rational function G of the form (1.37), (1.38) with values in
L(U,Y) admits a state space realization whose state dimension is at most n - m where m is
the minimum dimension of the spaces U and Y.

In many applications such as mechanical systems one encounters higher order vector
differential equations of the form

y(") + An‘ly("—l) +- A+ Ay = u. (1.41)

Here the input u and output y are functions with values in &/ and A; are operators on U for
j=0,1,--- ,n—1. By following Example 1.2.2, set z; = ¢ for j =1,2,---,n. Let X be
the space defined by X = @71U4. Then a state space realization for this system is given by

2=Az+Bu and y=Cz (1.42)

where A on X and B from U into X and C from X into U are given by

0 I 0 - 0 0 0
0 0 I - 0 0 0
A = o c |, B=|" (1.43)
0O 0 0 0 I 0
Ao —A1 —Ay - —Ana —An I
c=[ I 0 0 - 0 0o ].
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16 CHAPTER 1. SYSTEMS AND CONTROL

By taking the Laplace transform of (1.41) with all the initial conditions set equal to zero,
we obtain Q(s)y(s) = u(s) where 2 is the operator valued polynomial defined by

Qs) = Ao+ Ars + Azs® + -+ A" + 5T (1.44)

It follows from Exercise 1 below that Q(s)™ = C(sI — A)~*B. In other words, Q7" is the
transfer function for the system {A, B, C,0} defined in (1.43).

A matrix of the form of A in (1.43) is called a companion matrix or a block companion
matrix when dim{ > 1. Companion matrices play a fundamental role in systems and
control. If M is any operator on a finite dimensional space, then det[M] is the determinant
of any matrix representation of M. The following result provides a complete characterization
of the eigenvalues and eigenvectors for companion matrices.

Lemma 1.4.2 Let A be the (block) companion matriz on ®U given in (1.43) and Q the
corresponding operetor valued polynomial in (1.44). Then X is an eigenvalue of A if and only
of det[Q(A)] = 0. Furthermore, all eigenvectors v corresponding to a specified eigenvalue A
are given by

v = ] (1.45)
Ay
where w 18 a nonzero vector in the kernel of Q(N).

ProOOF. Recall that X is an eigenvalue of A if and only if Av = Av where v is a nonzero
vector in X' = @U. Clearly, any such vector admits a decomposition of the form

V= [ W Wy - Wy ]tr
where w; is in U for all . By using the structure of A, it follows that Av = lv if and only if

Wy = AW, Ws = AWq,*** , Wp = AWnpy and

VAQU)l - A]UJQ — = An_lwn = /\’lUn .
These relationships are equivalent to

we = Awy ,wy = Awy, -, w, = A" wy and
(AT + XA 4+ AA F Ag)w =0, (1.46)

By setting w = wy, the first n—1 equations show that v admits a representation of the form
(1.45). In particular, v # 0 is equivalent to w # 0. Furthermore, the last expression in (1.46)
shows that X is an eigenvalue of A if and only if Q(A\)w; = 0. Therefore, A is an eigenvalue
of A if and only if det[2(\)] = 0. From the proceeding analysis it should be clear that all
the eigenvectors corresponding to a specified eigenvalue A are given by v in (1.45) where
QNw=0and w# 0. ]
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1.5. NOTES 17

Scalar transfer functions. The scalar valued case plays an important role in many appli-
cations. Let g be any scalar valued proper rational function. Then g admits a decomposition

of the form
Cl+CQS+"'+CnSn_1

= . 1.47
8(s) ao+als+-~-—&-a,,_ls"'l—ks"+’y ( )
Let A, B and C be the matrices defined by
0 1 o --- 0 0 0
0 0 0 0 0
A= c S| B= (1.48)
0 0 o --- 0 1 0
—ap —a1 —aGz2 ‘°* —Gp3 —Gpi 1
C = [ c cz c3 - Cn1 Cn ]

Then our previous analysis shows that {4, B,C,~} is a realization of g. Moreover, A is an
eigenvalue for the companion matrix A in (1.48) if and only if A is a zero of the polynomial
ag+ a18 + -+ + a8 + s™. In this case, all corresponding eigenvectors for A are scalar
multiples of [1, ), A%, -+, A 1]*". Finally, it is noted that the poles of g are contained in the
eigenvalues of A.

Exercise 1 Suppose G = NQI™! where N and Q are polynomials of the form

n—-1 n—1
N(s) = ZNksk and Q(s)=s"T+ ZAksk. (1.49)
k=0 k=0

Here Ny, -+, N, are operators in L(U,Y) while Aq, -+, Ay are operators in C(U,U).
Let X be the space defined by X = @U/. Then show that a state space realization for this
system is given by

t=Az+Bu and y=Cz (1.50)
where A on X and B from Y into X and C from X into Y are given by
0 I 0o - 0 0 0
0 0 r ... 0 0 0
A= C |, B=|° (1.51)
0 0 0o - 0 I 0
—A —A1 -4y - —Ans —Ama I
C = [ No N1 N2 Nn_z Nn—l ] .

1.5 Notes

All the results in this section are classical. For further results on linear systems see Brockett
[21], Chen [26], DeCarlo [33], Delchamps [34], Fuhrmann [47], Kailath [68], Polderman-
Willems [98], Rugh [110], Skelton {114] and Sontag [116]. For some references on Hilbert
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18 CHAPTER 1. SYSTEMS AND CONTROL

spaces see Akhiezer-Glazman [2], Balakrishnan [8], Conway [30], Gohberg-Goldberg [53], Hal-
mos [59} and Taylor-Lay [117]. For an in-depth study of operator theory and its applications
see Gohberg-Goldberg-Kaashoek [54, 55].
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Chapter 2

Stability

In this chapter we will present some classical results on state space stability and input-output
stability. We will also present some elementary stability results for mechanical systems.

Let us establish some terminology used in this chapter and throughout the monograph.
Let P be an operator on a Hilbert space H. Then we say that P is a positive operator if
(Ph,h) > 0 for all A in ‘H. The notation P > 0 means that P is positive. If P is a positive
operator, then P is a self-adjoint operator. In general when we write P > () we mean that P
and @ are two self-adjoint operators and P — @ is positive. (It is easy to construct examples
where P — () is positive and P and @ are not self-adjoint.) If H is finite dimensional, then P
is positive if and only if P is a self-adjoint operator and all the eigenvalues of P are greater
than or equal to zero. Following Halmos [58], we say that P is a strictly positive operator
if there exists a constant § > 0 such that (Ph,h) > §(|k|? for all k in H. So, P is strictly
positive if and only if P is positive and invertible. If H is finite dimensional, then P is
strictly positive if and only if P is a self-adjoint operator and all the eigenvalues of P are
strictly greater than zero. Moreover, in the finite dimensional case, P is strictly positive
if and only if (Ph, h) > 0 for all nonzero h in H. So, if H is finite dimensional, then the
notation P > 0 means that P is strictly positive. Finally, it is noted that our terminology is
slightly different from the standard terminology used in linear algebra. If H = C”, then our
strictly positive operator is usually referred to as a positive definite matrix, and our positive
operator is usually defined as a positive semi-definite matrix.

2.1 State space stability
This section is devoted to the stability of systems described by
= Ax (2.1)

where A is an operator on a finite dimensional Hilbert space X' and ¢ > 0. We say that the
system & = Ax is stable if

lim z(t) =0

t—oo
for every solution z to (2.1). Recall that every solution z to (2.1) is given by z(t) = e#'zp
where 7 is a constant vector in X. Therefore, the system & = Az is stable if and only if e

19
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20 CHAPTER 2. STABILITY

converges to zero as t tends to infinity. The following basic result completely characterizes
the stability of ¢ = Az in terms of the eigenvalues of A.

Theorem 2.1.1 The system £ = Ax in a finite dimensional space is stable if and only if
all the eigenvalues of A have nonzero negative real part, that is, all the eigenvalues of A are
in {s € C: R(s) < 0}. In this case, there exists positive constants m and o > 0 such that
lie®t|l < me=*t for allt > 0.

PROOF. Recall the Laplace transform result: £(e#?) = (sI—A)~!. If L is any operator on the
finite dimensional space X', then det[L] denotes the determinant of any matrix representation
of L. Because A is on a finite dimensional space, (sI — A)~! = N(s)/d(s) where N is the
algebraic adjoint of A and d(s) = det[s] — A] is the characteristic polynomial of A. The
roots of d are the eigenvalues of A. Moreover, N is a polynomial with values in L(X,X)
satisfying deg N < degd. By computing the partial fraction expansion of N/d, we obtain

that
(sT — A)~ ZZ S_)\ )M (2.2)

]lkO

where A, As. .., A, are the distinct roots of d, or equivalently, the eigenvalues of A and Rj;
are operators on X for all j, k. Moreover, R;., is nonzero for all j. Hence,

ZZ —e*afR (2.3)

JIkO

Therefore, et approaches zeros as ¢t approaches infinity if and only if ®();) < 0 for all j.
Equation (2.3) implies that

m i Lk
t ‘
el < 3230 e M IRl
j=1 k=0 "~
for all t > 0. Now assume that A is stable. From this it readily follows that there exists
positive constants m and o > 0 such that ||e#|| < me™*¢ for all ¢ > 0. [ |

Notice that the previous proof provides a method to compute et, To be more specific,
compute the operators R;; in the partial fraction expansion of (sI — A) !, Then e is given
by (2.3).

By a slight abuse of terminology we say that an operator A on a finite dimensional space
is stable if all its eigenvalues have nonzero negative real part. Finally, e’ is stable if A is
stable.

2.2 Mechanical systems

In this section we present a general class of mechanical systems and an elementary stability
result. We have already seen a one degree-of-freedom mechanical system in Chapter 1, that is,
mg+cq+kq = 0. Obviously, m, ¢ and k are positive operators on C!. The following example
illustrates how positive operators naturally occur in a two degree-of-freedom mechanical
system.
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2.2. MECHANICAL SYSTEMS 21

Example 2.2.1 Consider the simple structure illustrated in Figure 2.1. It consists of two

Y,

Figure 2.1: A simple structure

“floors” of masses m; > 0 and my > 0 connected by linear springs of spring constants k; > 0,
k2 > 0 and dashpots with damping coefficients ¢; > 0, ¢ > 0. The scalars y;, yo are the
horizontal displacements of the floors from their equilibrium positions. An application of
Newton’s Second Law to each floor yields:

my + (C1+Cg)y1 - o + (k1+k2)y1 — koye = 0
matfa — Cath + oy — ko1 + ko = 0.

Let ¢ be the vector in C? defined by g = [y1, y»]*" where ¢r denotes the transpose. Then this
system can be described by the following second order vector differential equation:

Mi+Ci+Kqg=0

where the M, C, K are the operators given by

M=|:m1 0 :|’ C=I:C1+C2 —ngl’ K=[k1+k2 —k2:|-

0 my —C2 C2 —k2 k2

Since m; > 0 and ms > 0, the operator M is strictly positive. Finally, in this example, C
and K are also strictly positive.

A general mechanical system with n degrees-of-freedom is described by
MG+Cg+Kqg=0 (2.4)

where ¢ lives in an n-dimensional vector space @ and M is a strictly positive operator on Q,
while C and K are operators on Q. The initial conditions for this differential equation are
given by ¢(0) and ¢(0). Here M is called the inertia operator, K is the stiffness operator,
and C is the damping operator. This differential equation can be used to model a large class
of linear mechanical systems; see Meirovitch [89]. We say that system (2.4) is stable if g{t)
approaches zero as t approaches infinity for every solution g.

To convert the mechanical system in {2.4) to state space form, let X = Q@ @ Q be the
2n-dimensional linear space consisting of all vectors of the form [g; ,¢2]" where ¢ and ¢,
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22 CHAPTER 2. STABILITY

are vectors in Q. If we set = |g,¢]"", then the mechanical system (2.4) admits a state
description of the form # = Az where A is the block matrix on X defined by

0 1

A=l _yk —mee |

(2.5)
We claim that the mechanical system (2.4) is stable if and only its state space representation
% = Az is stable. Clearly, if £ = Ax is stable, then q(t) approaches zero as t tends to infinity,
and thus, the corresponding mechanical system is stable. Now assume that the mechanical
system is stable. Let A be any nonzero eigenvalue of A. Because A is a block companion
matrix, the eigenvector corresponding to A is a vector of the form v = |w, Aw|" where w is
a nonzero vector in Q; see Lemma 1.4.2. For the initial condition z(0) = v, the solution to
the differential equation & = Az is given by z(t) = et = [e™w , AeMw]*". Since q is the first
component of z, and the mechanical system is stable, we must have R()\) < 0. So, all the
eigenvalues of A have nonzero negative real part. Therefore, £ = Ax is stable, which proves
our claim.

Theorem 2.2.1 Let (2 be the second order operator valued polynomial defined by
Qs) = &M +sC+ K (2.6)

where M, C and K are all operators on Q with M invertible. Then the corresponding
mechanical system in (2.4) is stable if and only if all the roots of the polynomial det[Q2(s)]
have nonzero negative real part.

PROOF. We have just seen that the mechanical system in (2.4) is stable if and only if the

system & = Az is stable where A is given by (2.5). According to Lemma 1.4.2, the eigenvalues

of Ain (2.5) are given by the set of all complex numbers A such that det[Q2(A\)] = 0. Hence,

1 = Ax is stable if and only if all the roots of det[2] have nonzero negative real part. This

completes the proof. n
We are now ready to state a basic stability result for mechanical systems.

Theorem 2.2.2 If M, C and K are all strictly positive operators on Q, then the corre-
sponding mechanical system in (2.4) s stable.

PROOF. Let 2 be the operator valued polynomial defined in (2.6). From Theorem 2.2.1, the
mechanical system in (2.4) is stable if and only if all the roots of the polynomial det[(?] have
nonzero negative real part. If A is a root of det[§}], then Q(A)v = 0 for some nonzero vector
vin @. Thus,

0= (QN)v,v) = X2 (Mv,v) + M(Cv,v) + (Kv,v) . (2.7)

It is well known (use the quadratic formula) that the roots of a second order polynomial
with nonzero positive real coefficients have nonzero negative real parts. Since M, C, and K
are positive operators and v # 0, it follows from (2.7) that ®(\) < 0. Therefore, all roots of
det[Q}] have nonzero negative real parts and the mechanical system is stable. [ ]

If K is positive and singular, then the mechanical system in (2.4) is not stable. To see
this, notice that €2(0) = K and thus det[2(0)] = 0. Hence, it follows from Theorem 2.2.1
that the mechanical is not stable. However, the following result demonstrates that stability
is possible when C is positive and singular.
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2.3. INPUT-OUTPUT STABILITY 23

Theorem 2.2.3 Assume that M and K are strictly positive operators on Q and C is a
positive operator on Q. Then the corresponding mechanical system in (2.4) is stable if and
only if the kernel of
K—-oM
[ oM o)

is zero for all real numbers o > 0.

PROOF. If v is a nonzero vector in the kernel of [ K —oM C ]tr for some o > 0, then
QA)v = 0 for A = 14/o where () is defined in (2.6). According to Theorem 2.2.1, this
readily implies that the mechanical system is not stable.

On the other hand, if the mechanical system in (2.4) is unstable, then there exists a scalar
A and a nonzero vector v in @ such that ®()\) > 0 and Q(\)v = 0. Thus (2.7) holds. We
claim that (Cv,v) = 0. Since C is positive, (Cv,v) > 0. If (Cv,v) > 0, then (Q(A)v,v) is a
quadratic polynomial with nonzero positive coefficients. Thus, R(A) < 0 which contradicts
that fact that ®(\) > 0; hence (Cv,v) = 0. So, A2(Mwv,v) + (Kv,v) = 0 and hence,
A = *+1/0 where o = (Kv,v)/(Mv,v). Since (Cv,v) = 0, we have Cv = 0. (To see this,
simply notice that 0 = (Cv,v) = ||CV%||* where C'/? is the positive square root of C.
Therefore, C'/?v = 0 and Cv = CY2C"?y = 0.) We now obtain (—oM + K)v = Q(A\)v = 0.
Thus v is in the kernel of [K — ¢ M, C]"". This completes the proof. u

Example 2.2.2 Recall the two story structure of Example 2.2.1. There we assumed that
both of the damping coefficients ¢; and ¢, were nonzero and positive. However, an application
of the above theorem shows that for stability, one only needs one of the damping coefficients
to be nonzero and positive, and the other to be greater than or equal to zero.

2.3 Input-output stability

This section is concerned with input-output stability of linear systems. To begin, consider a
linear map T defined by

W(t) = (Tu)(e) = /0 ' Glt—r)u(r) dr (2.9)

where G is a Lebesgue measurable function with values in £(I/,Y) and the input u(t) has
values in U while the output y(¢) has values in Y. Throughout we always assume that both
U and Y are finite dimensional Hilbert spaces. We say that the input-output map T defined
in (2.9) is stable, if T defines a bounded operator from L2 ([0, 00),U) into L%([0, 00),)). We
say that G is in L!(U,Y) if G is a Lebesgue measurable function on [0, 00) with values in
L(U,Y) and its L' norm

et = [ el a (210)
is finite. This sets the stage for the following useful result.

Proposition 2.3.1 If G isin L'(U, DY), then the linear map T in (2.9) is a bounded operator
from L? ([0700)’1’1) into L? ([07 OO),y) Moreover, ”T“ < “GH1
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24 CHAPTER 2. STABILITY

Proor. If y = Tu, then an application of the Cauchy-Schwartz inequality yields

Wl < (/OtnG(t—r)u||u<r>ndr)2
- ({ t||G<t—r>||1/2||G(t—r>||”2|lu<r>ndr)2
< [ce=nldr- [ 16l lsiPar
< 16 [ 6=l It dr

The Cauchy-Schwartz inequality was used to obtain the second inequality. By integrating
the previous inequality and changing the order of integration, we have

A

/0°°||y(t)||2dt < |Gl /0°° / IG(t—7)| ()| [? drdt

Gl / B / TG =)l dt | u(r)? dr
GIE [l

i

Therefore, ||yl| < }|G|1l|u]l. This completes the proof. [ |
The following result yields another useful bound for the operator 7.

Corollary 2.3.2 Let G be a Lebesque measurable function with values in £L(C,Y) satisfying
NGB < me~2e* (t € [0,00)) (2.11)

for somem >0 and a > 0. Then G is in L' (C,Y). Furthermore, the linear map T in (2.9)
defines @ bounded operator from L?{0,00) into L? ([0,00),Y) and

T < IGIh < 1le*Gll2/V2e < m/2a (2.12)
where || - ||2 denotes the L? ([0, 00),Y) norm.

PROOF. Using the Cauchy-Schwartz inequality, we have

(/Omnc(t)ndt)?
([ tlectme dt)2
[ necpa [T e

|le*Gl[3/2a < [lme™|[3/2a = m*/40® .

G

IA

This along with Proposition 2.3.1 readily yields the inequality in (2.12). n
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24. THE H* NORM 25

Remark 2.3.1 Recall that we have equality in the Cauchy-Schwartz inequality if and only
if the corresponding vectors are linearly dependent. From the proof of the above inequality,
it should be clear that we have the equality ||G||; = ||e®G||2/v2a in (2.12) if and only if
there is a scalar k such that ||G(t)e*t|| = ke~ or equivalently, ||G(t)|| = ke=2* .

Now consider the linear system {4, B, C, D} defined by
t=Ax+Bu and y=Czx+ Du (2.13)

where A is on a finite dimensional state space X'. As before, the input u(t) lives in U while
the output y(t) lives in Y. If the initial condition is zero, then the input-output map R
corresponding to (2.13) is given by

y(t) = (Ru)(t) = /0 t Cert=") Bu(7) dr + Du(t). (2.14)

Motivated by this we say that {A, B,C, D} is input-output stable if R in (2.14) defines a
bounded operator from L2 ([0, 00),U) into L? ([0, 00), ). Notice that if A is stable, that is,
if all the eigenvalues of A have nonzero negative real part, then G(t) = Ce*Bisin L'(U,)).
Hence, the operator T in (2.9) corresponding to this G is bounded. Thus, R = T + D is
bounded. Therefore, if A is stable, then {4, B,C, D} is input-output stable. The converse
of this fact is not necessarily true. For example, choose A =1 and B =C = D = 0. Then
clearly A is unstable while R = 0 obviously bounded. Summing up our previous analysis
vields the following result.

Proposition 2.3.3 If all the eigenvalues of A have nonzero negative real part, then the
system {A, B,C, D} is input-output stable.

2.4 The H* norm

To compute the norm of the input-output operator T in (2.9), we need the Hardy space
H>U,Y). Throughout H*(U,Y) is the Hardy space of all functions G which are analytic
for R(s) > 0, take values in £(U,Y) and whose H* norm

lIGlleo : = sup{||G(s)]| : ®(s) > 0} (2.15)

is finite. Notice that a rational function G is in H*(U, ) if and only if G is a proper rational
function whose poles are in the open left half plane of C, that is, {s € C: R(s) < 0}. Now
we are ready to state the following classical result; see Chapter IX, Section I of Foias-Frazho
(39].

Theorem 2.4.1 Suppose G is a Lebesque measurable function with velues in L(U,Y) and
D is in L(U,Y). Let R be the linear map defined by

y(t) = (Ru)(t) = /0 Glt—r)u(r) dr + Du(t) (2.16)

where u is in L?([0,00),U). Then R defines a bounded operator from L2 ([0,00),U) into
L% ([0,00),Y) if and only if the Laplace transform G of G is a function in H®(U,Y). In
this case ||R|| = ||G + D}is-
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26 CHAPTER 2. STABILITY

The following result can be used to obtain a proof of Proposition 2.3.1.

Lemma 2.4.2 [fG isin L'(4,)), then its Laplace transform G is in H®(U,Y). Moreover,
Gl < |IGl]1.

PROOF. Recall that the Laplace transform G of G is defined by

G(s) = /000 e G (t) dt .

Now let us show that G analytic for R(s) > 0. Consider any complex number s with
R(s) > 0. Since le™*| < 1, it follows that |e ' G(t)|| = e ||G(#)|| < {|G(¢)]l. Moreover,
there is a finite number 3 such that |te™| < g for all t > 0; hence |jte > G(2)|| < B|G(®)].
Since G is in L*(U, V), it now follows that the functions on [0,00) given by e~ G(¢) and its
derivative with respect to s are both in L1({{,)). So we can interchange the integral and
the derivative to show that the derivative of G exists for all R(s) > 0. Hence, G is analytic
in R(s) > 0. Moreover, we have

1G] < /Ow e 1G]] dt < |Gy -

Therefore, |G|l < ||G|]1 and G is a function in H>(l{,Y) which proves our claim. [ |
Consider any G in L'(U,Y). By the previous lemma, G is in H*U,Y) and ||G|| <
[|Glli. Theorem 2.4.1 now implies that the operator T in (2.9) defines a bounded operator
with ||T'|] = ||Gl|s. Hence, |IT}]| < ||G]};. This readily proves Proposition 2.3.1.
The following result is an immediate consequence of Theorem 2.4.1

Theorem 2.4.3 Let G be the transfer function for a finite dimensional system {A, B ,C, D}
and R be the input-output map defined by

(Ru)(t) = /: Ce " Bu(7) dr + Duf(t) . (2.17)

Then {A, B,C, D} is input-output stable if and only if G is in H*(U,Y). Moreover, in this
case R is a bounded operator from L* ([0,00),U) into L?([0,00),Y) aend ||R]] = ||Gl|e. In
particular, if all the eigenvalues of A have nonzero negative real part, then G is in H®(U,))
and {A, B,C, D} is input-output stable.

If G is the transfer function for {4, B, C, D}, then we say that G is stable if all the poles
of G are in the open left half plane, or equivalently, G is in H®{i,Y).

If P is any self-adjoint operator on X, then Ay (P) denotes the largest eigenvalue of P.
Now let G be a Lebesgue measurable function with values in £{U,Y). Then d,(G) is the
scalar defined by

di(G) =sup{||Gully : v €U and ||u]] < 1} .

Note that d;(G) can be infinite. However, if G isin L'(i4, ), then di(G) is finite and satisfies
di(G) < ||Glly. fU = C, then d1(G) = {|G||;. Finally, let N be an operator from I into
Y, then the adjoint of N is denoted by N*. Recall N* is the unique operator from Y into U
defined by (Nu,y) = (u, N*y) for all u in U and y in V. This sets the stage for the following
result which is a generalization of Corollary 2.3.2.
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2.5. NOTES 27

Theorem 2.4.4 Let G be a Lebesgue measurable function with values in L(U,Y) where
U is finite dimensional. Suppose that there are positive scalars m and a > 0 satisfying
G| < me™2 for allt > 0. Then the operator

= / ~ e G(t)"G(t) dt (2.18)

is a well defined positive operator on U. Moreover, the Laplace transform G of G is in
H>(U,Y) and satisfies the following bounds:

I|G”2 S dl(G)2 < )‘max(H)/Qa' (2'19)

PRrROOF. Consider any unit vector u in Y. It follows from the hypotheses that Gu is in
LY(C,)). Applying Lemma 2.4.2, we have ||Gu|| < ||Gull1 < di(G). Thus,

[|Glloo = sup {||Gulle : # €U and ||u|| £ 1} < di(G).

This readily establishes the first inequality in (2.19). To show that II is a well defined
operator, let u and v be two arbitrary vectors in /. Then, using the exponential bound on
G(t), we obtain

|(Tw, v)|

\/m e (G(t)*G(t)u, v) dt| = |(e™Gu,e™Gv)|

IA

lle**Gullz lle™Gvllz < [lme™|[f lJull llo]| < m?|Jullllv]l/2e.  (2.20)

Hence, (TTu, v) is finite for all 4 and v. Thus, II is a well defined operator on Y. In fact, by
choosing v = Iu in (2.20), yields |[II|| < m?/2a. Since (Iu,u) = ||e*tGullZ > 0, it follows

that IT is a positive operator. To obtain the second inequality in (2.19), let u be a unit vector
in U. Then using the Cauchy-Schwartz inequality, we have

eutt = ([l ctnlea)
< /0 et G el dt - /0 et gt
= (Hu,u)/2a < Apax(I1)/20.
Therefore, d; (G)? < Anax(11)/2c. n

2.5 Notes

The results in this chapter are classical. For stability results on nonlinear differential equa-
tions see Khalil [74] and Vidyasagar [124]. A detailed study of mechanical systems is pre-
sented in Meirovitch [89]. For some further results on mechanical systems and feedback
control see Meirovitch [90] and Skelton [114]. For some classical results on H* functions see
Garnett [50] and Hoffman [64].
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Chapter 3

Lyapunov Theory

In this chapter we develop and use some special Lyapunov equations to study the stability of
linear systems. These Lyapunov equations naturally lead to some stability bounds for linear
systems. Finally, we use Lyapunov techniques to derive some fundamental stability results
for linear mechanical systems.

3.1 Basic Lyapunov theory

This section is devoted to basic Lyapunov stability results for state space systems described
by
= Az (3.1)

where A acts on a finite dimensional vector space & and t > 0. Recall that the operator
A, or equivalently, the system # = Ax is stable if and only if all the eigenvalues of A have
nonzero negative real part. Notice that the scalar system £ = ax is stable if and only if
2R(a) = a+ @ < 0. The generalization of a + @ to system (3.1) is A+ A* < 0. Motivated by
this, we say that A or system (3.1) is dissipative if A+ A* < 0. Clearly, A is dissipative if
and only if 2R(Az, z) < 0 for all nonzero z. If A is dissipative, then A is stable. To see this,
consider any eigenvalue A of A and a corresponding unit eigenvector v, that is, Av = Av and
llvl| = 1. Then 0 > 2R(Av,v) = 2R(A). Since this holds for every eigenvalue, A is stable.
However, if A is stable, then A it is not necessarily dissipative. For example, consider the

operator
-1 3
A_[ ! _1].

Clearly, A is stable. The eigenvalues for the operator A + A* are {-5,1}. So, A is not
dissipative.

Recall that an operator A is similar to another operator F on F if there exists an invertible
transformation T from X into F such that FF = TAT-!. Since similarity transformations
preserve eigenvalues, they also preserve stability. Later we will see that A is stable if and only
if A is similar to a dissipative operator. Assume that A is similar to a dissipative operator
F| that is, there exists a similarity transform T satisfying

TAT '+ T*A*T*=F + F* <0.

29
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30 CHAPTER 3. LYAPUNOV THEORY

The adjoint of the inverse of T is denoted by T~*. Let P be the strictly positive operator on
X defined by P := T*T. (Because T is invertible, it follows that (Pz,z) = ||Tz|? > 0 for
all nonzero z in &', and thus P is strictly positive.) Pre-multiplying and post-multiplying
the previous inequality by T* and T, respectively, yields

PA+ AP <0, (3.2)

So, if A is similar to a dissipative operator, then A is stable and there exists a strictly positive
operator P satisfying (3.2). We now show that the existence of a strictly positive operator
P satisfying (3.2) guarantees stability.

Lemma 3.1.1 Let A be an operator on a finite-dimensional vector space and suppose that
there exists a strictly positive operator P satisfying (3.2). Then A is stable.

Proor. Consider any eigenvalue A of A. Let v be an eigenvector corresponding to A, that
is, Av = Av where v # 0. Then

0> ((PA+ A*P)v,v) = (PAv,v) + (Pv, Av) = (A + X) (Puv,v) .

Hence, 2R(A\) (Pv,v) < 0. Because P > 0, we must have R(A) < 0. Since this holds for
every eigenvalue, A is stable. u

A strictly positive operator P which satisfies the inequality in (3.2) will be referred to as
a Lyapunov operator for (3.1) or A. If A is dissipative, then the Lyapunov operator for A4 is
simply the identity operator. Clearly, [ is strictly positive. So, the above lemma also shows
that all dissipative systems are stable.

Remark 3.1.1 Let A be an operator on a finite-dimensional vector space satisfying
AQ+QA* <0 (3.3)

where @ is strictly positive. Then from the above lemma, A* is stable, and hence, A is
stable.

So far we have shown that if (3.2) holds for some P, then A is stable. Is the converse
true? That is, if A is stable, does there exist an operator P such that (3.2) holds. Moreover,
if this is true how does one find such an operator P. To answer this question notice that
inequality (3.2) is equivalent to

PA+A'P+Q=0 (3.4)

where (2 is a strictly positive operator. This linear operator equation is known as a Lyaepunov
equation . So, one approach to locking for Lyapunov operators could be to choose a strictly
positive operator € and determine whether the Lyapunov equation has a strictly positive
solution for P. The following result shows that if A is stable, then (3.4) has a solution P for
every .
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3.1. BASIC LYAPUNOV THEORY 31

Lemma 3.1.2 Let A be stable operator on a finite dimensional vector space. Then for every
operator Q, the Lyapunov equation (3.4) has o unigue solution P and this solution is given

by
p— / At QA (3.5)
0

Moreover, if Q is strictly positive (respectively positive), then P is strictly positive (respec-
tively positive).

PROOF. First, let us show that P given by (3.5) is a solution to the Lyapunov equation in
(3.4). Because A is stable, [[e*} < me=** for some positive m and « > 0; see Theorem 2.1.1.
Therefore, the integral in (3.5) exists, and this P is a well defined operator. Recall that

At A%t
eMA = de” and A*e?' = e’
dt dt

Using this and (3.5), we obtain

PA+ AP = / [eA‘thAtA+ A”eA‘th““] dt
0

0 At A"t
= / [eA"Qde -+ de Qe“”:| dt
0

dt dt

(=] A%t At
/ d (e Qe ) it
o dt

t1 deA*thAt

= lim —dt
tll“oo 0 dt

= lim efQeM —Q = Q.
t1—00

Therefore, the operator P defined in (3.5) is a solution to Lyapunov equation (3.4).
To demonstrate that the solution to this Lyapunov equation is unique, consider any P
satisfying (3.4). Then for any ¢; > 0, we have

t1 11
/ eMiettdt = — / et (PA+ A*PleMdt
o} o]
11 d(eA'tPeAt)
- - / & ) a
0 dt

P — e pedt

Thus,
t1
/ eVi0edt = P — e pettt (3.6)
0

By letting ¢; approach infinity and using the fact that A is stable, we see that P is given by
(3.5). Hence P is unique.
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32 CHAPTER 3. LYAPUNOV THEORY

To complete the proof, assume that Q is positive. Then for any z in X, we have

(Pz,z) = (/ eA"QeAtdtz,z) :/ (Qez,eMz) dt > 0. (3.7
0 0

So, if Q is positive, then P is positive. If  is strictly positive, then there exists an € > 0
such that > e/. Using this in (3.7) along with z # 0, yields

(Pz,x) = / (Qetz,etz) dt > e/ lleMz||?dt > 0.
0 0

In this case, P is strictly positive. This completes the proof. n

Using the above two lemmas, we can now state the main result of this section.

Theorem 3.1.3 Let A be an operator on a finite dimensional vector space. Then the fol-
lowing statements are equivalent.

(a) The system & = Az is stable.
(b) There exist strictly positive operators P and § satisfying the Lyapunov equation (3.4).

(c) For any strictly positive operator Q, the Lyapunov equation (3.4) has a strictly positive
solution P. In this case P is the only solution.

(d) The operator A is similar to a dissipative operator.

PROOF. The first lemma shows that (b) implies (a). The second lemma states that (a)
implies (c). Hence, (b) implies (c). To see that (c) implies (b), pick any strictly positive £2.
So, (b) holds and thus, (a), (b), {c) are equivalent.

To complete the proof, we have to prove the equivalence of (d). Recall that all dissipative
operators are stable. So, if A is similar to a dissipative operator, then A is stable. In other
words, (d) implies (a). On the other hand, if A is stable, then there is a strictly positive
operator P such that

PA+A'P+1=0.

Since P is strictly positive, it admits a strictly positive square root denoted by P/2. Multi-
plying both sides of the previous Lyapunov equation by P~1/2 yields

PYZAPTI? 4 pri2A*pit = _p7l <0,

This shows that A is similar to the dissipative operator P1/2AP~/2, |
Since the stability of A is equivalent to the stability of A*, one can state the above
theorem by replacing P with @ and replacing (3.4) with

AQ+ QA" +Q=0. (3.8)

This readily yields the following result.
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3.1. BASIC LYAPUNOV THEORY 33

Corollary 3.1.4 Let A be an operator on a finite dimensional vector space. Then the fol-
lowing statements are equivalent.

(a) The system © = Az is stable.
(b) There exist strictly positive operators Q) and §) satisfying the Lyapunov equation (8.8).

(¢) For any strictly positive operator Q, the Lyapunov equation (3.8) has a strictly positive
solution Q. In this case Q is the only solution.

(d) The operator A is similar to a dissipative operator.

Exercise 2 As before, let A be an operator on a finite dimensional vector space. Consider
the Lyapunov equation
PA+A*'P+20P+02 =0 (3.9)

where (2 is some strictly positive operator and « is a positive scalar. Then show that
this equation has a strictly positive solution if and only if all the eigenvalues for A are in
{s € C: R(s) < —a}. In this case, show that the solution to (3.9) is unique.

3.1.1 Lyapunov functions

Let us present a connection between Lyapunov functions and the Lyapunov equation given in
(3.4). To this end, consider the nonlinear system given by & = f(x) where f is a continuous
function mapping IR™ into IR". For simplicity of presentation in this section only, we assume
that X = IR™ is the real vector space consisting of all n tuples of the form [z, 2, -, Zn]"
where z; is in R for j = 1,2,---,n. Let V be a function from IR" into IR. Recall that the
derivative of V at z is the linear operator from IR™ into R defined by

DV(z)h:= %V(z + eh)leco (h e RY)

where € is a scalar. We say that V is a positive definite function if V is a continuously
differentiable function from IR™ into IR satisfying the following three conditions: V(z) > 0
for all nonzero z in IR"™ while V(0) = 0 and V(z) approaches infinity as ||z|| tends to infinity.
For example, if P is a strictly positive matrix on IR", then the quadratic function given by
V(z) = (Pz,z) is a positive definite function. (By strictly positive on R™ we mean that P is
a real valued self-adjoint matrix on R™ and (Pz,z) > 0 for all nonzero z in R™.) A function
V is a Lyapunov function for & = f(z) if V is a positive definite function and

DV(z)f(z) <0 {(for all z # 0) .

Notice that V (z(t)) = DV (z(t))f(z(t)). So, if V is a Lyapunov function, then V(z(t)) < 0
for all nonzero z(t), that is, V(z(t)) is a decreasing function of ¢. Using this along with the
properties of Lyapunov functions, one can prove the following well known result; see Khalil
[74] and Vidyasagar [124].

Copyright © Marcel Dekker, Inc. All rights reserved.
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34 CHAPTER 3. LYAPUNOV THEORY

Theorem 3.1.5 Consider the system & = f(z) where [ is a continuous function on R".
Assume that there exists a Lyapunov function V for & = f(z). Then for every initial
condition the differential equation & = f(x) has a solution. Moreover, every solution z can
be extended to the interval [0, 00) and satisfies
lim z(t) =0.
t—o00
Lyapunov functions play an important role in the stability analysis and control design
of nonlinear systems; see Khalil [74] and Vidyasagar {124]. In general it can be difficult to
construct a Lyapunov function for an arbitrary nonlinear system.
Constructing Lyapunov functions for a stable linear system £ = Ax is quite simple. To
see this, assume that A is a stable operator on X. Let Q be any strictly positive matrix on
IR™ and P the solution to the following Lyapunov equation

PA+A'P+Q=0. (3.10)

Theorem 3.1.3 shows that P is strictly positive. Thus, V(z) = (Pz,z) is a positive definite
function. We claim that this V(z) is a Lyapunov function for the differential equation
& = Az. To verify this simply notice that DV (z)h = (Ph,z) + (Pz,h) where h is in R™.
So, using f(z) = Az along with (3.10), we obtain

DV(z)Az = (PAz,z) + (Pz, Az) = —(Qz, 2).

Clearly, —(Qz,z) < 0 for all nonzero x. Therefore, any stable linear system & = Az has
a Lyapunov function of the form V(z) = (Pz,z). Furthermore, the above analysis shows
that each strictly positive operator {2 uniquely determines a quadratic Lyapunov function
V{(z) = (Pz,z) where P is this unique solution to the Lyapunov equation in (3.10).
Exercise 3 Show that V(z) = 2° is a Lyapunov function for £ = —z% Compute the
general solution to this nonlinear differential equation to verify that z(t) approaches 0 as ¢
approaches infinity for all initial conditions.

3.2 Lyapunov functions and related bounds
In this section we use the Lyapunov equation to establish some bounds on a linear system.

3.2.1 Bounds on ¢

In this section we will use the Lyapunov equation in (3.10) to compute some bounds on | e
in terms of the operators P and Q. This analysis begins with the following fundamental
result.

At”

Lemma 3.2.1 Let A be an operator on a finite dimensional space X satisfying
A+ A* < =2al (3.11)

where a > 0. Then fje]] < e * for allt > 0.
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3.2. LYAPUNOQV FUNCTIONS AND RELATED BOUNDS 35

PROOF. First assume that A is marginally dissipative, that is, A + A* < 0. Now let ¢
be the function defined by g(t) = ||e**z||? where z is in X. Then

g(t) = %(e’“m, et'z) = (Aetz, etix) + (eMz, Aetiz) = 2R(AeMz, eM2) < 0.
Because g(t) < 0, it follows that ¢ is nonincreasing and its maximum is obtained at zero.
Thus,

lle*z]|* = g(t) < 9(0) = |l=]I*.

Hence, e’ is contractive for all ¢ > 0, that is, |le®|| < 1 for all ¢ > 0. So, if A is marginally
dissipative, then e is contractive for all ¢ > 0. However, if A + A* < —2al, then A+ ol is
marginally dissipative. Therefore, |eA+*¢|| < 1, or equivalently, ||e| < e~ for all ¢ > 0.
This completes the proof. [ |

If A is dissipative, then A + A* < —2aJ for some o > 0. In this case, the above lemma,
shows that the solution to the differential equation & = Az with z(0) = zo satisfies the
bound ||z(t)]| < e *||zo| for all ¢ > 0. This bound motivated the definition of dissipative.
If R is an operator on X, then A\,..(R) is the largest real eigenvalue of R while A\ (R)
is the smallest real eigenvalue of R. This sets the stage for the following result which is a
generalization of the previous lemma.

Theorem 3.2.2 Let A be a stable operator on a finite dimensional space X and Q a strictly
positive operator on X. Let P be the unique solution for the Lyapunov equation (3.10).
Then all the eigenvalues of P~} are nonzero positive real numbers. Moreover, if a =
Amin(P718) /2, then

Amaz(P) 1/2
Al < [ L ot 3.12
Il < (2=5) e (312)
PROOF. By multiplying both sides of the Lyapunov equation (3.10) by P~1/2, we obtain
PTRApIR L PR AP = PP < _2af (3.13)

where 2o is the smallest eigenvalue of P~1/2QP-1/2 So, if FF = PY2AP~1/2 then F is
similar to A and F + F* < —2al. According to the previous lemma, we have {|eft|| < e™*.
Thus,

et = PR P Y < P R P2
|2 P2

IA

Since ||PY?||2 = Aoz (P) and ||P~Y2||2 = 1/Amin(P), we readily obtain the bound in (3.12).
To complete the proof it remains to show that 200 = Apin(P7Y2QP~1/2) also equals
Amin(P~1Q). First notice that P=Y/2QP~1/2 is similar to P~*Q. This follows from

P1/2(P—IQ)P—1/2 - P—l/ZQPAl/Z )

So, P~12 and P~Y/2QP~'/2 have the same eigenvalues. In particular, all the eigenvalues of
P~1Q) are nonzero positive real numbers. Furthermore, Ay, (P71Q) is the smallest eigenvalue
of P~1/2QP~1/2, Hence, 20 = Amin(P Q). This completes the proof. ]
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36 CHAPTER 3. LYAPUNOV THEORY

To obtain some additional insight into Lyapunov functions, let A be a stable operator on
X and Q a strictly positive operator on X'. Let P be the solution to the Lyapunov equation
in (3.10). Recall that P is strictly positive. Now let Xp be the inner product space consisting
of all vectors in X and determined by the inner product (z,y)p = (Pz,y) where = and y
are in X'. Because P is strictly positive, it follows that Xp is a well defined Hilbert space.
Let U be the “identity” operator mapping X into Xp defined by Uz = z. Obviously, U is
invertible. We claim that

1U]? = Amax(P) and U2 = 1/ Amin(P) - (3.14)
The first equality follows from
(toffs

sup{|Uz|% : |l=]| <1}
sup{(Pz, z): [|z]] € 1} = Amax(P) .

To verify the second equality notice that
101" = sup{||U~*«|? : ||zllp < 1} = sup{(z,z) : (Px,z) <1}
= Sup{(P_ly,y) : ”?JNQ <1p= Amu(P_l) = 1/ Amin(P) -

1/2

i

The third equality was obtained by replacing = by P~'/?y. This completes the proof of
(3.14).

Now let Ap be the operator on Xp defined by Agz = Az. Clearly, AU = UA and thus
Ap is similar to A. In particular, e®* = Ue**U~1. Using the Lyapunov equation in {3.10),

we obtain
2R(Aoz,x)p = (PAz,z) + (Pz, Az) = ~(Q3,7) = ~(P~'Q2,7)p . (3.15)

Since (P7*Qz,z)p = (2z, ) > 0 for all nonzero z, it follows that P~1(2 is a strictly positive
operator on the space Xp. In particular, all the eigenvalues of P~!Q) are nonzero and positive.
Using @ = Amin(P712)/2 in (3.15), we obtain

Ao+ Ay < =201 . (3.16)

Therefore, Ay is dissipative. According to Lemma 3.2.1, we have ||e“°!|| < e~*. By consult-
ing (3.14), we obtain

Am(P>>” et

le®ll = lU=te* U | < U ) fle* ) = (Am(P)

This yields another proof of Theorem 3.2.2. Finally, this analysis also shows that any stable
operator is similar to a dissipative operator.

3.2.2 Some system bounds

Let A be an operator on a finite dimensional space X and let 'y (A) be the real number
defined by

Tax(4) = —max{R(A) : A is an eigenvalue of A} .
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3.2. LYAPUNOV FUNCTIONS AND RELATED BOUNDS 37

Now consider o < I'max(A4). Then all the eigenvalues of A + o have nonzero negative real
part and thus A + af is stable. So, if §} is any positive operator on X, then there exists a
unique positive solution P to the Lyapunov equation P(A+al)+ (A+al)*P+ =0, or
equivalently,

PA+A"P+20P+Q=0. (3.17)
In fact, according to Lemma 3.1.2, the solution P is given by
P= / ” e ral)tglavalt gy (3.18)
0

In particular, if A is stable and « is chosen such that 0 < a < T'nax(A), then there is a
positive solution to the Lyapunov equation (3.17). This Lyapunov equation is used in the
following theorem. To present this theorem recall that if G is any function in L'(i4,)), then
d1(G) is defined by

di(G) ;= sup{||Gujly : v €U and |ju|| £ 1}.

Throughout it is assumed that both &/ and Y are finite dimensional spaces. (If U = C1,
then d1(G) = [|G]|;.) Finally, recall that if G is the impulse response for a finite dimensional
stable linear system, then G is in L'(I4,Y) and thus d;(G) is finite.

Theorem 3.2.3 Let G be the impulse response for a stable linear system {A, B,C,0} and
G be its transfer function. Consider 0 < o < T'yax(A) and let P be the unique solution fo
the Lyapunov equation

PA+ A*P +2aP + (2a)7'C*C = 0. (3.19)
Then we have the following bounds:
1Glloo < d1(G) < Amax(B"PB)Y2. (3.20)

In particular, if U is one dimensional, then
IGllw < G < (B*PB)'2.

PROOF. According to Theorem 2.4.4, we have |G|l < d1{G). This readily proves the first
inequality in (3.20). To obtain the second inequality, first notice that because A + af is
stable, P is uniquely determined by (3.18) where Q = (2a)~1C*C, that is,

P=2 / T e gngelaralt gy
2a Jo

Let u be any unit vector in ¢. Then using the previous expression for P along with G(t) =
Ce“tB and the Cauchy-Schwartz inequality, we have

00 2
(/ |CelA+eDt By ||e—ot dt)
0

/ |CetAtaDt By |2 gt / e~ 20t dt
0 0

— _1‘ oo(B*e(A‘+al)tc*Ce(A“‘aI)tBu u) dt
2a 0 ’

IGuli?

IA

= (B'PBu,u) < Amax(B'PB).

Copyright © Marcel Dekker, Inc. All rights reserved.
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38 CHAPTER 3. LYAPUNOV THEORY

Therefore, di(G)? < Apax (B*PB). This completes the proof. n
Notice that the above result can also be proven by applying Theorem 2.4.4 with II =
2aB*PB.

Exercise 4 Let A be an operator on a finite dimensional vector space X and 2 a strictly
positive operator on X'. Consider the Lyapunov equation

PA+AP+2aP+Q=0. (3.21)
Then show that
Tmax(A) = sup {« : there exists a P > 0 solving (3.21)} .

Exercise 5 Let (@ be the impulse response for a stable system {4 on X', B,C,0} and let
G be its transfer function. Suppose that €2 is a strictly positive operator on X and P is the
unique solution to the Lyapunov equation (3.10). For o = Ay (P~1Q)/2, show that

Gl < Gl < & I BINCHY Amax (P)/ Anin(P) -

3.3 Lyapunov functions for mechanical systems

In this section we use Lyapunov techniques to obtain another proof of the stability result
for mechanical systems presented in Theorem 2.2.2. As before, we illustrate the results with
the simple model of a two story structure considered in Section 2.2. Recall that this system
is described by the following set of differential equations

mit + {(a+e)y — ap + kt+k)y — kgyp = 0
mayz — 231 + oy — kagn + ke = 0.

As before, m;, my, €1, ¢z, ky and ky are all nonzero positive scalars. Recall that if ¢ = [y1 , ye]™,
then this system can be described by the following second order vector differential equation:

Mi+Cq+Kq=0 (3.22)

where the strictly positive operators M,C and K are given by

M:|:m1 O:I7 C:|:C1+C2 —Cz:|andK:|:k1+k32 —k2:|

0 Mo —C2 Co ng ]CQ
The kinetic energy for this system is given by

™y Yi + e s

T (Mg, 4)/2
and the potential energy is given by

ki + ka(y2 — 1)°
2

= (Kq,q)/2.
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Consider now a general mechanical system described by (3.22) where ¢(f) is a vector
which describes the configuration of the system. As before, assume that M, K, and C are
strictly positive. The kinetic energy of the system is given by (M4, §)/2, and the potential
energy of the system is given by (K¢, ¢)/2. The total system energy is

(Kg,9)/2+ (M4, q)/2.

Recall that, if we define the state vector z = [g,¢]", then the mechanical system in
(3.22) has a state space description of the form & = Az where

0 I
Az[—leK —M‘IC]' (3.23)

We now look for a Lyapunov operator P which guarantees the stability of A. For a candidate
consider the operator associated with the total energy, that is,

1V K 0
P_§[O M] (3.24)
Clearly, P is strictly positive. Moreover, a simple calculation shows that
PA+A*P+Q=0 (3.25)
where 0 0
Q= [ 00 ] .

Since 2 is positive and singular, we cannot infer that £ = Az is stable with our current
Lyapunov results. However, later Lyapunov results will show that this P is sufficient to
establish stability.
To obtain a stability result with our existing Lyapunov theory, consider the following
candidate Lyapunov operator
P_lK-i—eCeM _ 1K 0 efC M
T2 eM M 20 M 2| M 0
For sufficiently small € > 0, this P is strictly positive. A simple calculation verifies that the
Lyapunov equation in (3.25) holds where Q2 is now given by
eK 0
2= [ 0 C-eM } ’
For sufficiently small € > 0, the operator C — eM is strictly positive, and thus, §2 is also
strictly positive. Hence, £ = Az is stable. So, if the operators M, C, and K are all strictly
positive, then the corresponding mechanical system is stable. This yields a Lyapunov based
proof of Theorem 2.2.2.

3.4 Notes

The results in this section are classical. For further results on Lyapunov functions and their
applications in control systems see Khalil [74] and Vidyasagar [124]. For some further results
on mechanical systems see Meirovitch [89, 90} and Skelton [114].
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Chapter 4

Observability

In this chapter we study the concept of observability for linear systems. The classical tests
for observability are given. The connections between observability, stability and Lyapunov
equations are presented. Finally, some of the proofs in this chapter use the Projection
Theorem and classical least squares results from Hilbert space. These results are reviewed
in the appendix on least squares.

4.1 Observability

This section is devoted to observability of linear systems. Consider the linear system
t=Az+Bu and y=Cz+Du (4.1)

where A is an operator on a finite dimensional space X’ and B maps U into X, while the
operator C maps X into ) and D maps Y into ). This system is said to be observable over
an interval [0,t;] (with ¢, > 0), if given the input u(t) and output y(t) over this interval,
one can uniquely determine the state trajectory z(t) on this interval. Clearly, the state z(z)
over [0,%] and the initial state z(0) uniquely determine each other. Therefore, the system
{A, B, C, D} is observable over [0,%,] if and only if given the input u(t) and the output y(¢)
over [0,t;] one can uniquely determine the initial state z(0).
Recall that the solutions to the differential equation in (4.1) satisfy

Ce*tz(0) = g(t) := y(t) — /Ot Ce*M=" Bu(7) dr — Du(t). (4.2)

Since both u(t) and y(t) are known, equation (4.2) shows that the system {4, B,C,D} is
observable over [0,t;] if and only if given the function g(t) over [0,¢;] one can uniquely
determine the initial state z(0) from g() = Ce#*z(0). Therefore, the observability of the
system {4, B,C, D} depends only on the pair {C, A} and is independent of the operators
B, D and the input 4. Motivated by this, we say that the pair {C, A} is observable over
[0,¢4] if the system & = Az and y = Cx is observable over [0,t;], that is, given the output
y(t) = Cz(t) over the interval [0,%;] one can uniquely determine the initial state z(0).
Obviously, the system {A, B, C, D} is observable if and only if the pair {C, A} is observable.

41
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42 CHAPTER 4. OBSERVABILITY

Let T be the operator from X into L*([0,¢,],)) defined by
(Tx)(t) = Ce™x {(zeX). (4.3)

Notice that the pair {C, A} is observable over [0,#;] if and only if the operator T is one
to one, or equivalently, kerT" = {0}. (The kernel or null space of an operator is denoted
by ker.) Throughout, we call X; := kerT' the unobservable subspace for the pair {C, A}
or system (4.1). We claim that &} is an invariant subspace for A, that s, AX, C &;. To
see this, assume that x € A}, that is, Tz = 0. Then differentiating Cez = 0 yields
0 = Ceft Az = (T'Ax){t). Hence, Az is also in &, and thus X, is invariant for A.

The observability matriz associated with {C, A} is the block matrix defined by

C
CA

w,=1| (4.4)
CAn—l

where n is the dimension of X. The following result shows that W, and T have the same
kernel, and hence, the observability of {C, A} is independent of the interval.

Lemma 4.1.1 Let T be the operator from an-dimensional space X into L*([0,t,],)) defined
by (4.3) where A is an operator on X and C' maps X into Y. Then

Xy =kerT =) {kerCA* : k=0,1,2,- -} = ker W,. (4.5)
Moreover, X5 is an invariant subspace for A.

PROOF. Notice that x is in the kernel of T if and only if Ce*z = 0 for 0 < ¢t < t,. By using
the power series expansion for e, we see that z is in the kernel of T" if and only if

o Ak .
> %1 =0 (for 0 < t < ty). (4.6)
k=0 ’

Because a power series is zero if and only if the coefficients of t* are all zero, it follows that
x is in the kernel of T if and only if CA*z = 0 for all k¥ > 0. This proves the second equality
in (4.5). By the Cayley-Hamilton Theorem, A* can be expressed as a linear combination of
{I,A,---, A"V} for each integer & > 0. In particular,

ker W, = {z € X : CA*x = 0 for all k > 0}.

Hence, z is in the kernel of 7" if and only if z is in the kernel of the observability matrix W,.
Therefore, T' and W, have the same kernel. We have already shown that X is an invariant
subspace for A. |

Clearly, the kernel of W, is independent of the interval [0, #;]. According to the previous
lemma ker T = ker W,, and hence, ker T is also independent of the interval [0,#]. Since the
pair {C, A} is observable over [0,t;] if and only if ker T = {0}, we see that observability is
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4.1. OBSERVABILITY 43

independent of the time interval [0,¢;]. So, from now on we drop the interval [0,¢;] when
referring to observability of the pair {C, A} or the system {4, B,C, D}.

Throughout X, denotes the orthogonal complement of the unobservable subspace A3,
that is, X, = X & X5. The subspace X, is called the observable subspace associated with the
pair {C, A}. Since X; = ker T = ker W, we have

X, = (ker T)* = (ker W,)* = ran W ; (4.7)

see Lemma 16.2.1 in the Appendix. It follows that the pair {C, A} is observable if and
only if ran W} = X. Using the Cayley-Hamilton Theorem, we can also obtain the following
characterization of the observable subspace:

n—1 <]
X,=ran W, = \/ A*C*y =\/ A*C"y. (4.8)
k=0 k=0

Recall that \/ denotes the linear span. Summing up this analysis yields the following classical
result.

Theorem 4.1.2 Suppose that A is an operator on a n-dimensional space X and C is an
operator mapping X into Y. Let W, be the observability matriz defined in (4.4). Then the
following statements are equivalent.

(i) The pair {C, A} is observable.

(it) The operator W, is one to one, that is, ker W, = {0}.
(iii) The operator W} is onto, that is, an W} = X .
(v} The rank of W, is n.

Corollary 4.1.3 Let A be an operator on a n-dimensional space X and C an operator
mapping X into C'. Then the pair {C, A} is observable if and only if its observability matriz
W, is nonsingular.

Example 4.1.1 Consider a mechanical system consisting of two small blocks of equal mass
m constrained to move without friction along a horizontal line and connected together by a
linear spring of coefficient & > 0; see Figure 4.1.1. Letting ¢; and ¢» denote the displacements

Figure 4.1: A mechanical system

of the blocks from an equilibrium configuration, an application of Newton’s second law yields

mgi = k(z—aq)
mgy = —k(gz—aq).
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Consider the state variables z; = ¢;, 22 = ¢2, 23 = ¢ and x4 = go. Then this system has the
state space description & = Az where

0 0 10

A= 0 0 01
~k/m k/m 0 0

k/m —k/m 0 0

We will consider here two options for the measured output.
First consider y = %(ql + g2} which represents the displacement of the mass center from
its reference equilibrium position. Then y = Cz where

A simple calculation reveals that rank W, = 2. So, the pair {C, A} is not observable.
Physically this makes sense for the following reason. Since the sum of external forces in the
horizontal direction is zero, the acceleration of the mass center is always zero. Hence, if the
displacement and velocity of the mass center are initially zero, then the displacement of the
mass center is zero for all time. However, this does not mean that ¢; and ¢, are zero. The
two masses can oscillate about the mass center.
For a second choice of measured output consider y = ¢;. In this case
C= [ 1000 ] .
A simple calculation reveals that rank W, = 4. Hence, the pair {C, A} is observable.

Exercise 6 Recall that the equation of motion for the damped linear oscillator is given by
mi+cqg+kg=u

where the mass m > 0 while the damping ¢ and spring constant k are non-negative. If z; = ¢
and z; = ¢, then a state space description for this system is given by

T = Ty
&ty = —(k/m)z; - (¢/m)zs+u/m.
Show that the following holds.
(a) Position measurement: If y = z;, then we have observability.

(b) Velocity measurement: If y = z,, then we have observability if and only if & # 0.

(c) Acceleration measurement: If y = &5, then we have observability if and only if & # 0.
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4.2. UNOBSERVABLE EIGENVALUES AND THE PBH TEST 45

4.2 Unobservable eigenvalues and the PBH test

As before, let A be an operator on a n-dimensional space X and C an operator from & to
Y and W, the observability matrix defined in (4.4). Recall that the unobservable subspace
X5 = kerW, is an invariant subspace for A, that is, AX; C A&;. We say that X is an
unobservable eigenvalue and v is an unobservable eigenvector for the pair {C, A} if v is
a nonzero vector in X; and Av = Av. So, the set of all unobservable eigenvalues and
eigenvectors is precisely the set of all eigenvalues and eigenvectors for the operator A; on A
defined by Asf = Af for f € X;5. Since {C, A} is observable if and only if X5 = {0}, it follows
that {C, A} is observable if and only if {C, A} has no unobservable eigenvalues. Notice that
if {v, A} is an unobservable eigenvector eigenvalue pair of {C, A}, then Ce#tv = CeMv = 0.
In particular, z(t) = e*v is a solution of

= Az and y = Cx

where y(t) = O for all ¢. Clearly, one cannot distinguish this output y from the trivial
solution for y where the initial condition is 2{(0) = 0. The following result known as a
Popov-Belevitch-Hautus (PBH) Lemma provides a useful characterization of unobservable
eigenvalues.

Lemma 4.2.1 (PBH Observability Lemma.) A complez number X is an unobservable eigen-
value of the pair {C, A on X} with eigenvector v if and only if v is a nonzero vector in the

kernel of
A- I
n-[42V].

In particular, the pair {C, A} is observable if and only if ker'y = {0} for all complez
numbers A.

Proor. Assume that v is a nonzero vector in the kernel of I'y. Then
Av = v and Cv=0.

Clearly, X is an eigenvalue of A with eigenvector v. It now follows that CAFv = MCv =0
for all positive integers k; hence, v is in ker W,. Therefore, A is an unobservable eigenvalue
of the pair {C, A} with eigenvector v.

Now assume that A is an unobservable eigenvalue of the pair {C, A} with eigenvector v.
Hence, Av = Av and Cv = 0. From this it readily follows that v is a nonzero vector in the
kernel of T'y. This completes the proof. [ ]

Recall that {C, A on X'} is similar to another pair {C, A on X} if there exists an invert-
ible operator R from X onto X satisfying RA = AR and C = CR. Clearly, observability
is preserved under a similarity transformation. In many applications, the output y is scalar
and A is similar to a diagonal matrix A. In this case, the PBH lemma can be used to obtain
the following observability result.
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Proposition 4.2.2 Consider the pair of matrices

A 0 0
0 X 0

A= : N : and Cz[cl Ccy - cn} (4.9)
0 0 A,

where {A1, A2, -, A} and {c1,c2,- - -, ¢cu} are scalars. Then {C, A} is observable if and only
if {A1, Aoy, A} are distinet and ¢; 20 fori=1,2,---,n.

PrROOF. For any scalar A the matrix 'y in the PBH Lemma is given by

AL — A 0 0

0 Ao — A 0

Iy= E E
0 0 A=A

2] Co Cnp

If ¢; = 0, then with A = A;, the i-th column of T'y is zero. Hence, I'y has a nontrivial kernel
and by the PBH Lemma, {C, A} is unobservable. If A; = A;, then with A = X;, the ¢-th and
J-th columns are linearly dependent. By the PBH Lemma, {C, A} is unobservable.

On the other hand, assume that {\;}7 are distinct and ¢; # 0 for¢ = 1,2, -, n. Clearly,
the columns of I are linearly independent when X is not an eigenvalue of A. Now consider
A = ). Because ¢; # 0, the i-th column of Ty is linearly independent of the other n — 1
linearly independent columns. So, the kernel of Ty is zero for all A\. According the PBH
Lemma, {C, A} is observable.

One can also prove the above result using the operator 7' from X into L2{0,t;] defined
in (4.3). Recall that the pair {C, A} is observable if and only if the kernel of T is zero.
Because X = C" and A is a diagonal matrix, Ceftz = Y c;eMia;, where z1,29, -, 2,
are the components of z. Therefore, the kernel of T is zero if and only if the set {c;e™? :
i=1,2,---,n} is linearly independent in L2[0,t,]. Clearly, this set is linearly independent
if and only if {);}} are distinct and ¢; # 0 for i = 1,2, -+, n. [ ]

Exercise 7 Let A and C be the matrices given in (4.9). Then show that the corresponding
observability matrix W, admits a factorization of the form W, = VA where V is the
Vandermonde matrix on C™ generated by {A;}7; see (16.49), and A = diag(c1, ¢, ,¢q) I8
a diagonal matrix on C*. Using this result give another proof of Proposition 4.2.2.

4.3 An observability least squares problem

In this section we will use some classical results on least squares optimization to solve an
observability optimization problem. These classical least squares optimization results are
reviewed in the Appendix. Recall that the basic observability problem associated with the
system {A, B,C, D} in (4.1) is given a function g over an interval [0, #;], find an initial state
xg to satisfy g(t) = Ce?tzy. Clearly, this equation does not have a solution for an arbitrary
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4.3. AN OBSERVABILITY LEAST SQUARES PROBLEM 47

function g. If g is given by (4.2), there is at least one solution for zp. Furthermore, the
solution is unique if and only if {C, A} is observable. If the solution is not unique one may
search for a solution of minimum norm. Moreover, in many systems and control problems
the measured output g is corrupted by noise. Hence, one searches for an initial state xo of
minimum rorm such that Ce“¢zy approximates g(t) as close as possible. One mathematical
formulation of this problem is the following observebility least squares optimization problem:
Given an output g in L2([0,#], ), find an initial state £ to solve the following optimization
problem

ty
||#o|| = inf ||zo]| subject to ||g~ Ce*txol|22 = inf {/ l|g(t) = CeMz||®dt : z € X}. (4.10)
0
The finite time observability Gramian defined by
t
P(t) = / et Ce do (4.11)
0

plays a fundamental role in solving this problem. The following lemma permits one to
compute P(¢) by solving an ordinary differential equation.

Lemma 4.3.1 Let P(t) be the finite time observability Gramian given in ({.11). Then P(t)
18 positive for all t > 0. Moreover, P(t) is the solution to the differential equation

P=A'P+PA+CC (4.12)
subject to the initial condition P(0) = 0.

PRroOF. To verify that P(t) is positive, simply observe that for all z in X', we have
2 . i
(P(t)z,z) = / (et °C*Cetx, ) do = / Ce*z||? do > 0.
0 0

So, P(t) is positive. Notice that the definition of P(t) in (4.11) gives P = eA*C*Ce.
Moreover,

1] t
A'P+PA = / (ATet7C*Ce + e’ C*Ce? A) do = / dieA‘“c*CeA" do
0 o 4o

eA‘ac*CeAa’g — eA‘tC*CeAt —cC
= P-C*C.

This yields the differential equation in (4.12). Obviously, from (4.11) the initial condition is
P(0)=0. ]

Let T be a finite rank operator from H into K. Then the restricted inverse 7" of T is
the unique operator from K into H defined by 777z = h where h is the unique element in
(ker T)* such that Th = Prz and Pg is the orthogonal projection onto the range of T, see
Section 16.2 in the Appendix. We are now ready to present the main result of this section.
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Theorem 4.3.2 Let A be an operator on a finite dimensional vector space X and C an
operator mapping X into Y and g a specified vector in L2([0,t,],)). Let P(t1) be the finite
time observability Gramian defined in (4.11) or (4.12). Then the following holds.

(i) The solution to the observability optimization problem in (4.10) is unique and is given
by
i1 .
By = P(tl)“T/ eMiCrg(t) dt. (4.13)
0

(i1) The pair {C, A} is observable if and only if P(t1) is strictly positive.

(42) If the pair {C, A} is observable, then the observability optimization problem in (4.10)
reduces to the optimization problem

ty
llg = CeaolZs = inf{/ llg(t) — CeMalPdt: o« € X}, (4.14)
0
and the corresponding optimal initial state is given by

t1
Lo = P(tl)'I/ et C*g(t) dt . (4.15)
9]

PROOF. As before, let T be the operator from X into L*([0, %], V) defined by Txo = Ceftag
for o € X . Let Pgr be the orthogonal projection onto the range R of T'; see Section 16.1
in the Appendix. By employing the Projection Theorem, the observability optimization
problem in (4.10) is equivalent to the following minimum norm optimization problem:

HZol| = inf {||zol| : zo € X and Tz = Prg} . (4.16)

According to Corollary 16.5.2 in Section 16.5, the solution to this optimization problem is
unique and is given by
Zo=(T"T)"T"g. (4.17)

We claim that T~ is the operator mapping L2([0,¢;],)) into X given by
ty
T f = / AtCT it (f € TA(0, 1], D)) (4.18)
0

To verify (4.18), simply notice that for any z in X and f in L?([0,%,],)), we have

t

(2, T = (Tz, fuz = /0 * (Cetia, )y dt = (. /0 LA @ dt)y . (419)

(The inner product on a Hilbert space H is denoted by (g, h)x.) Therefore, the adjoint 7™ of
T is given by (4.18). Finally, by combining the definition of T with its adjoint in (4.18), we
see that 77T = P(t;) where P(;) is the finite time observability Gramian given in (4.11).

Using T*T = P(t;) along with (4.17) and (4.18), we see that the solution to the observability
optimization problem in (4.10) is given by (4.13). This proves Part (i).
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Recall that the pair {C, A} is observable if and only if the operator T is one to one, or
equivalently, T*T is strictly positive. Since T*T" = P(#;) it follows that the pair {C, A} is
observable if and only if P(#;) is strictly positive. Hence, Part (ii) holds.

Since the restricted inverse of P(t;) becomes the actual inverse when P(#;) is strictly
positive, formula (4.15) follows when the pair {C, A} is observable. If {C, A} is observable,
T is one to one, and thus, the optimization problem in (4.16) reduces to ||g — Tdo| =
inf ||g — TX||. So, when {C, A} is observable, the optimization problem in (4.10) reduces to
the optimization problem in (4.14). This completes the proof. [ |

Since T*T = P(t,), it follows that ||T||* equals the maximum eigenvalue of P(Z;). The
singular values of T are the square root of the eigenvalues of P(t).

Finally, it is noted that Theorem 4.3.2 can be used to solve the original observability
problem posed at the beginning of this chapter. To be specific, let {A, B, C, D} be the linear
system described in (4.1) where the input u(t) and the output y(t) are known over [0, ¢].
Then, the initial state &y of smallest norm which corresponds to the above data is given by
(4.13) where g is computed according (4.2).

Remark 4.3.1 To see why the operator P(t) defined in (4.11) is called a Gramian, consider
the case when X = C". Let {e1,e2,--,e,} be the standard orthonormal basis for C", that
is, the i-th element of e; is one and all the other components of e; are zero. Let 1¢; be the
vectors in L%([0,4;],Y) given by ;(t) = Ce?e; for i = 1,2,---,n. Recall from equation
(16.35) in Section 16.3, that by definition the ij-th element of the Gram matrix associated
with the vectors {1,%2, -+, ¥n} is given by G;; = (¥;,%;). Thus,

11 131
Gy = (W)= / (Cetle;, Cetle;) dt = ( / e IC*Cett dte;, e:)
0 0
= (P(ti)ej,e:) = FP(th).

Hence, P(t;) = G. Let T be the operator defined in (4.3) and set © = [z1, %2, -, s
Then Tz = Y 7 zi);. Clearly, T is one to one if and only if the vectors {¢;}7 are linearly
independent. Therefore, the pair {C, A} is observable if and only if the set {¢;}7 is linearly
independent. Recall that the Gram matrix G is strictly positive if and only if {¢;}} is
linearly independent. So, the Gram interpretation provides another way of showing that the
observability of {C, A} is equivalent to P(¢;) being strictly positive.

Exercise 8 Consider the Sobolev space H; consisting of the set of all differentiable functions
with values in Y under the inner product
t1

(f,h) = / (F(0),h)) dt + / (F(8), ht)) dt. (4.20)

As before, let A be an operator on X, while C maps X into J. Consider the following
observability optimization problem: Given a specified function g in H;, find the optimal
initial state &p in X satisfying

[|Z0]| = inf{|xo|| subject to ||g — Cezol|n, = inf {||g — Ce’tx||p, : x € X}.

Copyright © Marcel Dekker, Inc. All rights reserved.
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Show that the optimal solution % to this optimization problem is
t1 tL
To = (P(t1) + A*P(t))A)™" U eNtCg(t) dt +/ A eEC g (t) dt
0 0

where P(t;) is the finite time observability Gramian given in (4.11). Moreover, let T be the
operator from X into H; defined by Tz = Ce®xy. Then show that T*T equals P(t;) +
A*P(t1)A. So, the pair {C, A} is observable if and only if P(t,)+ A* P(t;)A is strictly positive
for any #; > 0.

4.4 Stability and observability

This section is devoted to the observability of stable systems. Consider the pair {C, A}
where A is a stable operator on a finite dimensional vector space X and C maps X into ).
Let T be the operator from & into L*([0, 00),)) defined by

(Tz)(t) = Cet'x (zeX). (4.21)

Because A is stable, Tz is in L?([0,00),)) for all z in X. So, T is a finite rank linear map
from X into L%([0,00),)). Since any finite rank linear map acting between two Hilbert
spaces is bounded, T is bounded. Hence, T is a well defined operator. To directly verify that
T is bounded, recall that because A is stable, ||e4!|| < me~** for some positive m and & > 0.
Thus, [|[Tz|| < m||C| [le~®||2]|z]. This implies that ||T|| < m|C|l/v2a. Clearly, the pair
{C, A} is observable if and only if the operator T is one to one, or equivalently, ker T = {0}.
Obviously, Lemma 4.1.1 holds with [0, ¢,] replaced with [0, 00), and thus, the unobservable
space X5 = ker T" = ker W,.

Consider the linear system {A, B,C, D} described by (4.1) where A is a stable operator
on X. In this case, Ce'z(0) is in L*([0,00),)). So, the vector g = Tz(0) defined in (4.2) is
also in L2([0, oc), ). Recall that the observability problem is to determine an initial state zo
given g, that is, solve the equation ¢ = T'zg. Moreover, this equation has a unique solution
if and only if 7' is one to one, or equivalently, {C, A} is observable. If the measurement
of the output y is corrupted by noise, then g may not be in the range of 7. In this case,
it makes sense to find a vector &, with the smallest possible norm to minimize |lg — TX|.
Therefore, when A is stable, this naturally leads the following infinite horizon observability
least squares optimization problem: Given a vector g in L%([0,00),Y), find an initial state
2o to solve the optimization problem

[120]] = inf ||zo|] subject to ||g—Ce*xo||2, = inf {/ llg(t)—CeMz||>dt : € X}. (4.22)
0
The observability Gramian for the pair {C, A} is the operator on X defined by
P= / e C Cer do (4.23)
0

Notice that if P(¢) is the finite time observability Gramian defined in (4.11), then P(t) — P
as t approaches infinity. Moreover, because A is stable, P is a positive (bounded) operator
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4.4. STABILITY AND OBSERVABILITY 51

on X. According to Lemma 3.1.2 this P is the unique solution to the following Lyapunov
equation:
AP+ PA+C"C=0. (4.24)

The observability Gramian P plays a fundamental role in the following result.

Theorem 4.4.1 Let A be a stable operator on a finite dimensional vector space X and
C an operator mapping X into YV and g o specified vector in L*([0,00),Y). Let P be the
observability Gramian for the pair {C, A}. Then the following holds.

(i) The solution to the observability optimization problem in (4.22) is unique and is given
by
Go=P / etCrg(t) dt. (4.25)
0

(it) The pair {C, A} is observable if and only if P is strictly positive.
(iii) If the pair {C, A} is observable, then the observability optimization problem reduces to
llg = CeAtaol2 = inf{/ooo llg(t) - Cetzl2dt 3 € X}, (4.26)
and the corresponding optimal initial state is given by

fo= Pt / eViC g(t) dt. (4.27)
0

ProOF. Let Pr be the orthogonal projection onto the range R of T. By employing the
Projection Theorem, the infinite horizon observability optimization problem equivalent to
the following minimum norm optimization problem

[lZol] = inf {||zo]| : o € X and Tzo = Prg} . (4.28)

According to Corollary 16.5.2 in Section 16.5, the solution to this problem is unique and is
given by
Zo=(I"T)"T"g. (4.29)
By replacing ¢, with oo in (4.19), it follows that T* is the operator mapping L%([0, c0), )
into X given by

T*g = /Ooo eAtCrgt)dt (g € L*([0,00),))). (4.30)

Finally, by combining the definition of 7" with (4.30), we see that 7*T = P . Using this along
with (4.29) and (4.30), we obtain that the solution to the observability optimization problem
(4.22) is given by (4.25). This proves Part (i).

Recall that the pair {C, A} is observable if and only if the operator T is one to one,
or equivalently, T*T is strictly positive. Since T*T = P it follows that the pair {C, A} is
observable if and only if P is strictly positive. This verifies Part (ii).

Because the restricted inverse of P becomes the actual inverse when P is strictly positive,
formula (4.27) follows when the pair {C, A} is observable. If {C, A} is observable, then T is
one to one, and thus, the optimization problem in (4.28) reduces to ||g—T%o|| = inf ||g-TX].
So, when {C, A} is observable, the optimization problem in (4.22) reduces to the optimization
problem in (4.26). |
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Remark 4.4.1 Let P be the observability Gramian for the pair {C, A} where A is stable.
Let T be the operator from X into L*([0,00),)) defined in (4.21). Then ||T|? is the largest
eigenvalue of P. Moreover, the singular values of 7" are the square root of the eigenvalues of
P. This follows from the fact that T*T = P.

The following result uses the observability Lyapunov equation in (4.24) to determine the
stability of an observable system.

Theorem 4.4.2 The following statements are equivalent for an observable pair {C, A}.
(a) The system & = Ax is stable.
(b) There exists a strictly positive operator P satisfying the Lyapunov equation

AP+ PA+C*C=0. (4.31)

PROOF. Part (ii) of the previous theorem shows that (a) implies (b). Now assume that (b)
holds, that is, there exists a positive operator P satisfying the Lyapunov equation (4.31).
Consider any eigenvalue A of A. Let v # 0 be an eigenvector corresponding to A, that is,
Av = Av. Then

—(C*Cv,v) = ((A*P + PA)v,v) = (Pv, Av) + (PAv,v) = (A + A) (Pv,v) .

Hence, —||Cv||? = 2R(\) (Pv,v). Since P > 0, we must have (Pv,v) > 0. This implies
that ®(A) < 0. To prove stability, it remains to show that R(A) < 0. If R(A) = 0, then
[Cv|i? = 0, or equivalently, Cv = 0. It now follows that CA*v = A¥Cv = 0 for all integers
k > 0. Since {C, A} is observable, v = 0. This contradicts the fact that v is nonzero. So,
we have R(\) # 0. Therefore, A is stable. n

Exercise 9 Consider the mechanical system
Mi+Cqg+Kqg=0 (4.32)

where M, C and K are all strictly positive operators on a finite dimensional space Q; see
Section 3.3. By using = = [q, ¢]"", this mechanical system has a state space description of
the form £ = Az where

0 1
A= { MK —M‘IC} '
Let P and 2 be the positive matrices defined by

11K 0O 0 0

Recall that P corresponds to the total energy of the system. Clearly, P is strictly positive.
Moreover, a simple calculation shows that

PA+AP+Q=0.

Using this Lyapunov equation and Theorem 4.4.2 show that the mechanical system in (4.32)
is stable.
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4.5 Notes

All the results in this section are classical results in linear systems theory. The history of
observability and linear systems is well established in Kailath [68], Rugh [110] and elsewhere.
So, we will not develop a historical account of observability and linear control systems. For
further results on linear systems see Brockett [21], Chen [26], DeCarlo [33], Delchamps [34],
Kailath [68], Polderman-Willems [98], Rugh [110], Skelton [114] and Sontag [116]. Using
operator techniques to solve observability and controllability problems is also classical; see
Balakrishnan [8], Brockett [21], Fuhrmann [47], Naylor-Sell [93], Luenberger (85] and Porter
[100]. The PBH test was independently developed by Popov [99], Belevitch [14] and Hautus
[61].

For simplicity of presentation only we concentrated on time invariant systems. Many of
the results can be easily extended to the time varying case. To see this consider the time
varying system = = A(t)z and y(t) = C(t)x(t) where A is a continuous function with values
in £(X,X) and C is a continuous function with values in £(X,)). Let T be the operator
from X into L2([to, t1], V) defined by (T'zo)(t) = C(t)®(¢, ta)To where g is in X and ®(¢, ) is
the state transition operator for A. Then the time varying pair {C, A} is observable over the
interval [to, t1] if the operator T is one to one. The time varying pair {C, A} can be observable
over one interval and not observable over another interval. Obviously, the time varying pair
{C, A} is observable over the interval (to, ¢;] if and only if T* is onto, or equivalently, T*7T is
strictly positive. The adjoint of T' is the operator mapping L?({to, t1],)) into X given by

T f = / " B(t, k) CH) ft)dt  (f € L¥([to, 1], D). (4.33)

So, the time varying pair {C, A} is observable over the interval [to, 1] if and only if
t1
Plty) == T*T = / B2, to)* C(1)* CH)D(t, to) dit
to
is a strictly positive operator on X. Recall that 8®(¢,7)/01 = —®(¢,7)A(7). Using this
along with Leibnitz’s Rule, it follows that P(t5) can be obtained by solving the following
differential equation backwards in time

P+ A(t)*P + PA() + Ct)Y'C(t) =0  (P(t;) =0). (4.34)

Therefore, the time varying pair {C, A} is observable over the interval (¢, #1] if and only if
P(ty) is strictly positive where P(t) is the solution to the differential equation in (4.34). The
observability optimization problem and its solution can also be extended to the time varying
setting. In this case, the observability optimization problem becomes: Let g be a specified
vector in L?([ty, 1],)’) and Pr be the orthogonal projection onto the range of T, then find
an optimal initial state 2 in & such that

lZoll = inf{llzo|l : Prg = Tzo}.

The solution to this optimization problem is unique and is given by

Go = (T"T)"T*g = P(ts)~" /t " (6, to) Clt) o(t) dt

Copyright © Marcel Dekker, Inc. All rights reserved.
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Chapter 5

Controllability

This chapter is devoted to the controllability of linear systems. Operator techniques are used
to solve a controllability least squares optimization problem. Finally, some of the proofs in
this chapter use the Projection Theorem and classical least squares results from Hilbert
space. These results are reviewed in the Appendix.

5.1 Controllability

This section presents some basic controllability results. Consider the linear system
& = Az + Bu (5.1)

where A is an operator on a finite dimensional space X and B maps U{ into X. We denote this
system by {A, B}. Roughly speaking, we say that this system is controllable over an interval
[to, t1] (with t; > to) if its state can be “driven” from any initial state to any terminal state
over the interval by the appropriate choice of control input. To be more precise, {A, B}
is controllable over [to,t,] if for every pair of states zo,z; in X, there is a control u in
L%([to, t1),U) such that the solution z of

#(t) = Az(t) + Bu(t)  with  z(to) = o (5.2)

satisfies z(t1) = ;. Since system (5.1) is time-invariant, it follows that an input u drives
the state from zo to z; over the interval [fo,t;] if and only if the corresponding “shifted”
input @, given by G(t) = u(t + to), drives the state from xo to z; over the interval [0, ¢ —%o].
Hence, system (5.1) is controllable over [tg, 1] if and only if it is controllable over [0, t1 —tg].
Therefore, without loss of generality, we consider t; = 0.

Recall that, with ¢; = 0, the solutions to the differential equation in (5.2) satisfy

z(ty) — eMag = /Otl eAt=7) By(r) dr . (5.3)
Let T be the operator from L2([0,#;],4) into X defined by
Tu= /0‘1 e =" By(r)dr. (5.4)
55
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56 CHAPTER 5. CONTROLLABILITY

Notice that the pair {A, B} is controllable over [0,#;] if and only if for every pair of states
zo,z1 in X, there is a control u in L2([0, t1],4) such that z; — e#“zy = Tu. Since z; is an
arbitrary vector in X, it follows that {A, B} is controllable if and only if the operator T is
onto, or equivalently, ran7 = X. (The range of an operator is denoted by ran.)
Throughout we call X, := ranT the controllable subspace for the pair {A, B} or system
(5.1). The controllability matriz associated with {4, B} is the block matrix defined by

W.=[B AB --- A"'B] (5.5)

where n is the dimension of X. The following result shows that W, and T have the same
range, and hence, controllability of {A, B} is independent of the interval.

Lemma 5.1.1 Let A be an operator on a n-dimensional space X and B an operator from
U into X. Let T be the operator from L2([0,t1],U) into X defined in (5.4) and W, the
controllability matriz for {A, B} in (5.5). Then

X, :=ranT = span{A*BU : k = 0,1,2,---} = ran W,. (5.6)
Moreover, X, is an invariant subspace for A.

PROOF. We claim that the adjoint 7* of T is the operator from X into L*([0,t,],U/) defined
by
(T*z)(t) = Bre? 17ty (zeX). (5.7)

To verily this notice that for u in L2([0,#],U) and = in X, we have
i1 t
(u,T*2): = (Tu,2)x = (/ e Bu(r) dr, z)x =/ (e~ Bu(t), x)x dt
0 0

ty
- / (u(t), B*eA 6D g), dt (5.8)
1]

Hence, T™ is given by (5.7).

By using the formula for 7* in (5.7) and (ranT)* = ker T*, we see that z is in (ranT)+
if and only if B*e*®"1=8z = 0 for all 0 < ¢ < t;; see Lemma 16.2.1. By setting 0 = t; — ¢
and using the power series expansion for €4, the vector z is in (ranT)* if and only if

i * Axk k
. B*A
O:B*eAal‘:E '——"i;'o——z (foraHOSagtl).
k=0 ’

Recall that a power series is zero if and only if all of its coefficients of ¢* are zero for all k£ > 0.
Thus, z is in (ran T)* if and only if B*A**z = 0 for all k > 0. Since the kernel of B*4** is
the orthogonal complement of the range of A*B, it now follows that z is in (ranT')* if and
only if z is orthogonal to A*BU for all £ > 0. So, (ranT)* is the orthogonal complement of
Ve® A*BU. In other words, we obtain

ranT = span{A*BU : k=0,1,2,---}, (5.9)

that is, the second equality in (5.6) holds. This equation readily shows that X, = ranT is
an invariant subspace for A. By the Cayley-Hamilton Theorem, A* can be expressed as a
linear combination of {I, A,---, A=V} for each integer k > 0. Therefore, the range of T
equals span{A*BU : k =0,1,2,---,n — 1} = ran W,. This yields (5.6). ]
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5.1. CONTROLLABILITY 57

Remark 5.1.1 If 2o and z; are any two vectors in the controllable subspace X, then there
always exists an input u which drives the state from zo to z; over the interval [0,t;]. To see
this, first notice that since X, is an invariant subspace for A, the vector e*zq is in X, and
thus z; — etz is also in X,. Since X, = ranT, there exists an input u in L?([0,t],U) such
that z; — e*izy = Tu. According to (5.3) and (5.4), this input drives the state from z, to
x; over the interval [0, ¢;}.

Clearly, the range of W, is independent of the interval [0,%1]. According to the previous
lemma, ranT = ranW,, and hence, the range of T is also independent of the interval
[0,¢1]. Since the pair {A, B} is controllable over [0,t;] if and only if ranT = X, we see
that controllability is independent of the time interval [0,%1]. So, from now on we drop the
interval [0, ;] when referring to controllability of the pair {4, B}. Since W, and T have the
same range, it also follows that the pair {4, B} is controllable if and only if ran W, = X.

We let X; denote the orthogonal complement of the controllable subspace X, and we
call it the uncontrollable subspace associated with {4, B}. Obviously, the pair {4, B} is
controllable if and only if X; is zero. Since X, = ranT = ran W, , we have

X; = (ranT)* = (ran W,)! = ker W . (5.10)

Hence, the pair {A, B} is controllable if and only if ker W} = {0}. Using Cayley-Hamilton,
we can also obtain the following characterization of the uncontrollable subspace:

n—1 <]
X =ker W, = [ | ker B"A** = | ker B*A™*. (5.11)
k=0 k=0

Summing up this analysis yields the following classical result.

Theorem 5.1.2 Let A be an operator on a n-dimensional space X, while B is an operator
mapping U into X and W, is the controllability matriz in (5.5) associated with {A, B}. Then
the following statements are equivalent.

(i) The pair {A, B} is controllable.
(i) The operator W, is onto, that is, ran W, = X.
(i1i) The rank of W, is n.

Corollary 5.1.3 Suppose that A is an operator on a finite dimensional space X and B is
an operator mapping C! into X. Then the pair {A, B} is controllable if and only if its
controllability matriz W, is nonsingular.

Duality. As before, let A be an operator on a n-dimensional space X, and C an operator
from X into . Recall that the observability matrix for the pair {C, A} is the block matrix
defined by

C

cA
W, = ) . (5.12)

cAn1
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58 CHAPTER 5. CONTROLLABILITY

Moreover, the pair {C, A} is observable if and only if W, is one to one. The unobservable
subspace X5 for the pair {C, A} is the kernel of W,. The observable subspace X, for {C, A}
is the orthogonal complement of A;. So, X, equals the range of W}, By replacing {C, A}
with {B*, A*}, it follows that the controllability matrix for {A, B} is the adjoint of the
observability matrix for {B*; A"}, In particular, the controllable subspace for {4, B} is
the observable subspace for {B* A*}, and the uncontrollable subspace for {4, B} is the
unobservable subspace for {B*, A*}. Hence, the pair {4, B} is controllable if and only if
{B*, A*} is observable. Obviously, the pair {C, A} is observable if and only if {A*,C*} is
controllable. Because of this, we say that controllability is the dual of observability.

5.2 Uncontrollable eigenvalues and the PBH test

In this section we present the PBH test for controllability. To this end, notice that if H
is an invariant subspace for an operator M on K, then the orthogonal complement H' of
H is an invariant subspace for M*. To see this, let h be in ‘H and g be in H*. Then
0= (Mh,g) = (h, M*g). Hence, M*H" is orthogonal to H. So, H* is an invariant subspace
for M*.

As before, let A be an operator on a n dimensional space X’ and B an operator from U to
& and W, the controllability matrix defined in (5.5). Recall that the controllable subspace
X, = ranW, is an invariant subspace for A, that is, AX, C A.. So, the uncontrollable
subspace X is an invariant subspace for A*. We say that X is an uncontrollable eigenvalue
for the pair {A, B} if there is a nonzero vector v in X; such that A*v = Av. In this case v
is called the uncontrollable eigenvector for {A, B}. Thus, A is an uncontrollable eigenvalue
for the pair {4, B} if and only if A is an eigenvalue for the operator A; on X; defined by
Atz = A*z for x € X;. Obviously, {4, B} is controllable if and only if its uncontrollable
space Xz is zero. Therefore, {A, B} is controllable if and only if {4, B} has no uncontrollable
eigenvalues.

Now assume that A is an uncontrollable eigenvalue for the pair {A, B} and let v in X; be
an eigenvector for A* corresponding to A. By computing the inner product of & = Az + Bu
with v and using the fact that ran B C ran W, = &, | we obtain

d(z, v)
dt

The solution to this differential equation is given by

= (z,v) = (Az,v) = (z, A™) = Nz, v).

(x(t),v) = e*(z(0),v). (5.13)

So, if the initial state has a nonzero component in the direction of v, then (5.13) shows that
regardless of the input u, the resulting state trajectory has a component proportional to e*
in the direction of v. Since v is orthogonal to the range of T for any t;, one cannot drive an
initial state with a nonzero v component to an arbitrary vector z; at time £;.

We now show that A is an uncontrollable eigenvalue for the pair {4, B} if and only if A
is an unobservable eigenvalue for the pair {B*, A*}. Recall that X; = ker W is precisely the
unobservable subspace for {B*, A*}. Since ker W = (ran W,)' = &;, it follows that  is an
unobservable eigenvalue for {B* A*} if and only if \ is an uncontrollable eigenvalue for the
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5.3. A CONTROLLABILITY LEAST SQUARES PROBLEM 59

pair {A, B}. By combining these observations with the PBH observability Lemma 4.2.1, we
readily obtain the following PBH controllability lemma.

Lemma 5.2.1 (PBH controllability lemma.) A complex number X is an uncontrollable
eigenvalue of the pair {A on X, B} if and only if

rank[ A=Al B|<dimX.

In particular, the pair {A, B} is controllable if and only if rank[ A-)M B ] =dim X for
all complex numbers A.

The following result readily follows from Proposition 4.2.2 along with the fact that {4, B}
is controllable if and only if {B*, A*} is observable.

Proposition 5.2.2 Consider the pair of matrices

M 0 - 0 by
0 A 0 b
A= . ’ - : ! B= f2
0 0 - A b

where {1, ,Aa} and {by,---,b,} are scalars. Then the pair {A, B} is controllable if and
only if {A1, -+, n} are distinct and b; #0 fori=1,---,n.

For some further insight into this proposition, we present a proof which is based on the
Vandermonde matrix. For A and B with the above structure, one can readily show that the
corresponding controllability matrix W, is given by

by 0 0 -+ 0 IR VEED Y IR
0 b, 0 - 0 1 A A o Xt
W,=]0 0 bs 0 I D PREDY SRR
00 0 - b, 1 A A2 ..ot

Notice that the last matrix is precisely the square Vandermonde matrix generated by the
scalars {A;}}. According to Remark 16.4.1, this Vandermonde matrix is nonsingular if and
only if {\;}7 are distinct. It now follows that W, is nonsingular if and only if {);}} are
distinct and b; # 0 for i = 1,---,n. This proves Proposition 5.2.2.

5.3 A controllability least squares problem
Recall that the basic controllability problem associated with the system {A, B} in (5.1) is

given two vectors T and z; in X find an input u in L?([0, ;],24) such that for z(0) = z, we
have z(t;) = z1, or equivalently,

t1
z; — etz = / e Bu(r) dr . (5.14)
0
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60 CHAPTER 5. CONTROLLABILITY

If a solution for u exists, then it is not unique. To see this, let T be the operator from
L2([0,t;],U) into X defined in (5.4). Since 7 maps an infinite dimensional space into a
finite dimensional space, its kernel is infinite dimensional. In particular, this shows that if
there is an input u satisfying (5.14), that is, ; — e*'zy = Ty, then (5.14) admits infinitely
many solutions. Furthermore, a solution exists for every zy and z; if and only if {4, B} is
controllable.

If we cannot reach z; exactly, then we would like to choose a input u such that z(t;)
comes as close as possible to the specified terminal state z;. A more interesting problem is
to find an input v with the smallest energy over the class of all inputs v which drive the
state z(t;) as close as possible to z;. One mathematical formulation of this problem is the
following controllability least squares optimization problem: Given the vectors zo and z; in
X, find an input % in L*([0, t;],U), to solve the following optimization problem:

£ f
||ﬁ|12 = inf {/ ”u(t)H2 dt: () = ey + / eA(t‘_T)Bu(T) dT}
0 0

where 2(t1) is the unique vector in X satisfying (5.15)

|1 — 2(t)]]

If the pair {A, B} is controllable, then there exists an input u such that z(¢;) = ;. In this
case, 1 = &(t1) and the previous optimization problem reduces to finding an input ¢ such
that

inf{||z; — z(t1)|] : £ = Az + Bu and z(0) = zo} .

ty t1
lJ})? = inf {/ u(®)|dt -z, = erag +/ e =) By(7) dT} . (5.16)
0 0

The finite time controllability Gramian defined by
t
Q) = / e BB*e 7 do (5.17)
Q

plays a fundamental role in solving this problem. By replacing {C, A} in Lemma 4.3.1 with
{B*, A*}, we obtain the following result which permits one to compute Q(t) by solving an
ordinary differential equation.

Lemma 5.3.1 Let Q(t) be the finite time controllability Gramian given in (5.17). Then
Q(t) is positive. Moreover, Q(t) is the solution to the differential equation

Q= AQ + QA" + BB* (5.18)
subject to the initial condition Q(0) = 0.

We are now ready to present the main result of this section.

Theorem 5.3.2 Let A be an operator on a finite dimensional vector space X and B an
operator mapping U into X and xq¢, 1 be specified vectors in X. Finally, let Q(t1) be the
finite time controllability Gramian defined in (5.17). Then the following holds.

(i) The solution to the controllability optimization problem in (5.15) is unique and given
by
a(t) = B*eVMIQ(t) (21 — eMtizg) . (5.19)
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5.4. STABILITY AND CONTROLLABILITY 61

(ii) The pair {A, B} is controllable if and only if Q(t1) is strictly positive.

(iis) If {A, B} is controllable, then the controllability optimization problem in (5.15) reduces
to the optimization problem in (5.16) and the corresponding optimal input is given by

a(t) = B*e"0Q(t) Nz, — et o). (5.20)

PROOF. As before, let T' be the operator from L?([0,¢],i) into X defined in (5.4). Let Pg
be the orthogonal projection onto the range R of T. Notice that R = X,. By employing the
Projection Theorem, the controllability optimization problem in (5.15) is equivalent to the
following minimum norm optimization problem:

||&}] = inf {|]u|| : uw € L*([0,t1],U) and Tu = Pr(z; — e*'zo) } . (5.21)

According to Corollary 16.5.2 in Section 16.5, the solution to this problem is unique and
given by
=T (TT") " (2, — eMuay). (5.22)

Recall that 7™ is the operator from X into L?([0,t,],U) given by (T*z)(t) = B*eA":-tyg;
see (5.7). By combining this with the definition of T, we see that

131 t1
T = / eAti-1 gpreATh=T) g = / e BB*e" 7 do = Q(t1) (5.23)
0 0

where Q(t,) is the finite time controllability Gramian given in (5.17). Using TT* = Q(#1)
along with (5.22) and the expression for T*, we obtain that the solution to the controllability
optimization problem (5.15) is given by (5.19). This proves Part (i).

To verify Part (ii), recall that the pair {A, B} is controllable if and only if the operator
T is onto, or equivalently, TT* is strictly positive. Since TT* = Q(¢1), it follows that the
pair {A, B} is controllable if and only if Q(¢1) is strictly positive. To prove Part (iii) simply
recall that the restricted inverse of Q(t;) becomes the actual inverse when Q(t;) is strictly
positive. So, formula (5.20) follows (5.19) when the pair {A, B} is controllable. ]

Recall from Remark 5.1.1 that if o and z; are any two vectors in the controllable subspace
X, then there always exists an input u which drives the state from zo to z; over the interval
[0,%1]. In this case, z; — e#'zq is in ran7. In fact, the input 4 of smallest possible norm
which drives the state from zg to z; is given by (5.19) in Theorem 5.3.2.

Since TT* = Q(t,), it follows that ||T'||? equals the largest eigenvalue of Q(t;). Moreover,
the singular values of T are the square root of the nonzero eigenvalues of Q(¢;). Finally, it
is noted that by using the formula for 4 in (5.22), we obtain

al? = (Qt) 7 (21 — e*x0), 71 — eM1). (5.24)

5.4 Stability and controllability

This section is devoted to the controllability of stable systems. Consider the linear system
{A, B} described by (5.1) where A is a stable operator on a finite dimensional vector space

Copyright © Marcel Dekker, Inc. All rights reserved.
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62 CHAPTER 5. CONTROLLABILITY

X. Consider any terminal time ¢, and let T be the operator from L%((—~oc,#;],U) into X
defined by ,
i
Tu= [ AR dr (e D=0, ), (5.25)
Because A is stable, T is bounded, and thus, T is a well defined linear operator. Since A is
stable, ||e!|| < me ** for some positive m and « > 0. An application of the Cauchy-Schwartz
inequality, yields

Tl < / A @) | Bu(r) dr < m|B] / L@ () dr
1 1/2
< m||B) [/ e~2a<‘l‘r>d7} lull s = mi| B Jull/vEa

OO

Therefore, |T]| < m||B||/v2a, and T is a well defined linear operator.

We say that the pair {4, B} is controllable over the interval (—oo,t;] if T is onto. By
mimicking the calculation in (5.8), it follows that the adjoint T* of T is the operator from
X to L¥((—o0, t1],U) given by

(T*z)(t) = B*eV ity (zeX). (5.26)

Using this one may readily show that Lemma 5.1.1 holds where [0,¢;] is replaced with
(—o0,t1], and thus, the controllable subspace X, = ranT = ran W,.. Hence, the controllabil-
ity of {A, B} over (—co, ;] is equivalent to our previous notion of controllability for {4, B}.
So, as before, we drop the interval when discussing controllability.

Because A is stable, we can define the following infinite horizon controllability least
squares optimization problem: Given a vector z; € X, find an input % to solve the following
optimization problem

lalP = inf{/h ||u(t)||2dt:§:(t1):/tl eA<t1_T)Bu(T)dT}

—00 —o0

where Z(t1) is the unique vector in X satisfying (5.27)

inf {HI1 —z(t)|] : z(tr) = /t1 e By(r)dr and u € Lg((—oo,tl],l/{)} .

llz — &)l

—oe

The controllability Gramian for the pair {A, B} is the operator on X’ defined by
Q= / e BB do . (5.28)
0

Notice that if Q(¢) is the finite time controllability Gramian defined in (5.17), then Q(t) — @
as t approaches infinity. According to Lemma 3.1.2 this ¢ is the unique solution to the
following Lyapunov equation:

AQ+QA*+ BB" = 0. (5.29)

The controllability Gramian @Q plays a fundamental role in the solution to the infinite horizon
controllability least squares optimization problem.
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5.4. STABILITY AND CONTROLLABILITY 63

Theorem 5.4.1 Let A be a stable operator on a finite dimensional vector space X while B s
an operator mapping U into X and x, s a specified vector in X. Let Q) be the controllability
Gramian for {A, B}. Then the following holds.

(i) The solution to the controllability optimization problem in (5.27) is unique and given

by
a(t) = B*eA" Qg (5.30)

(1i) The pair {A, B} is controllable if and only if Q is strictly positive.

(iit) If {A, B} is controllable, then the controllability optimization problem in (5.27) reduces
to

— o0 —00

t1 t1
||a||2=inf{/ l|u(t)||2dt:xl-—-/ eA“l—f)Bu(T)dr} (5.31)

and the corresponding optimal input is given by

a(t) = BreA Qg . (5.32)

PRrROOF. Let Pg be the orthogonal projection onto the range R = X, of T. By employing the
Projection Theorem, the infinite horizon controllability optimization problem is equivalent
to the following minimum norm optimization problem

[|4]] = inf {]|ul| : w € La((—o00,t1],U) and Tu = Prz; } . (5.33)

According to Corollary 16.5.2 in Section 16.5, the solution to this problem is unique and
given by
4=T"(TT") "z, . (5.34)

By combining the definition of T in (5.25) with its adjoint in (5.26), we obtain TT* = Q); see
(5.28). Using this along with (5.34) and (5.26), we see that the solution to the controllability
optimization problem in (5.27) is given by (5.30). This proves Part(i).

To verify Part (ii) recall that the pair {4, B} is controllable if and only if the operator
T is onto, or equivalently, TT* is strictly positive. Since TT* = @, it follows that the pair
{4, B} is controllable if and only if () is strictly positive. Hence, Part (i) holds.

Because the restricted inverse of ¢ becomes the actual inverse when @) is strictly positive,
formula (5.32) follows when the pair {4, B} is controllable. Finally, if {A, B} is controllable,
T is onto, and thus, the optimization problem in (5.33) reduces to || @[ = inf{||u]l : Tu = z,}.
So, the optimization problem in (5.27) reduces to the optimization problem in (5.31) when
{4, B} is controllable. |

Remark 5.4.1 Let A be a stable operator on a finite dimensional vector space X and B
an operator mapping U into X. Let Q be the controllability Gramian for {4, B}, and T the
operator from L?((—o0,t],U) into X defined in (5.25). Then using TT* = Q, it follows that
{|T]? equals the largest eigenvalue of . Moreover, the singular values of 7" are the nonzero
eigenvalues of Q. Recall that the uncontrollable subspace X; for the pair {A, B} is given by
X; = (ranT)* = ker T*. Since TT* = @, the kernel of Q equals X,. Finally, by using the
formula for 4 in (5.34) along with TT* = Q, we obtain ||a|> = (Q™"z1, 71).
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64 CHAPTER 5. CONTROLLABILITY

Recall that {A, B} is controllable if and only if {B*, A*} is observable. By using this
duality in Theorem 4.4.2, we readily obtain the following result.

Theorem 5.4.2 Let {A, B} be a controllable pair. Then the following statements are equiv-
alent.

(a) The system & = Ax is stable.
(b) There exists a strictly positive operator Q satisfying the Lyapunov equation

AQ+ QA"+ BB =0. (5.35)

Exercise 10 Let {c;}7 be a set complex numbers in the open right half plane. Moreover,
let A be the diagonal matrix on C"* and B the column vector given by

A= —diag(o, s, -, ap) and B =[by, by, -, by

Let @ be the n X n matrix defined by

b1by byby . 516y
@)+ o+ ay+Gn
boby bobo .. bobn
azta1 aztan oz+bn
Q= - (5.36)
brby buby .. _bpby
L antdr  cmtaz antén |

A matrix of the form (5.36) is called a Pick matrix. Show that @ is the unique solution to
the Lyapunov equation AQ + QA* + BB* = (. In particular, Q is positive. Moreover, show
that @ is strictly positive if and only if {a;}7 are distinct and b; #0foralli =1,2,---,n.

5.5 Notes

All the results in this section are classical results in linear systems theory. The history of
controllability and linear systems is well established in Kailath [68], Rugh [110] and elsewhere.
So, we will not present a historical account of linear systems. For further results on linear
systems see Brockett [21], Chen [26], DeCarlo [33], Delchamps [34], Kailath [68], Polderman-
Willems [98], Rugh [110], Skelton [114] and Sontag [116]. Using operator techniques to
solve controllability problems is also classical; see Balakrishnan [8], Brockett [21], Fuhrmann
[47], Naylor-Sell [93], Luenberger [85] and Porter [100]. The PBH test was independently
developed by Popov [99], Belevitch [14] and Hautus [61].

For simplicity of presentation only we concentrated on time invariant systems. Many
of these results can be easily extended to the time varying case. To see this consider the
time varying system & = A(t)z + B(t)u where A is a continuous function with values in

MarceL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



5.5. NOTES 65

L(X,X) and B is a continuous function with values in L(U, X). Let T be the operator from
L%([to, t1],U) into X defined by

t1
Tu = / O(t,, 7)B(T)u(r)dr (v € L*([to, t1],U))
to

where ®(t,7) is the state transition operator for A. Then the time varying pair {4, B} is
controllable over the interval [to, t1] if the operator T is onto. The time varying pair {4, B}
can be controllable over one interval and not controllable over another interval. Obviously,
the pair {A, B} is controllable over the interval [to,t1] if and only if T* is one to one, or
equivalently, TT™* is strictly positive. The adjoint of T is the operator mapping A into
L%([to, t1],U) given by

(T")®) = Bt)"®(t,1)"f  (feX). (5.37)

So, the time varying pair {A, B} is controllable over the interval [to, ¢1] if and only if
11
P(ty) = TT" = / B(ty, ) BBt D(ty, £)" dt
to

is a strictly positive operator on X'. Notice that P(t) can be obtained by solving the following
differential equation

P = A(t)P + PA(t)* + B(t)B(t)*  (P(to) =0). (5.38)

Therefore, the time varying pair {A, B} is controllable over the interval [to, 1] if and only
if P(t;) is strictly positive where P(t) is the solution to the differential equation in (5.38).
The controllability optimization problem and its solution can also be extended to the time
varying setting. In this case, the controllability optimization problem becomes: Let z; be a
specified vector in & and Pg be the orthogonal projection onto the range of T, then find an
optimal control @ in L2([ty, t1},) such that

lill = inf{|u|| : Prz1 = Tu}.
The solution to this optimization problem is unique and is given by

4 =T (TT") "z, = B(t)"®(t1, )" P(t;) "z, .

Copyright © Marcel Dekker, Inc. All rights reserved.
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Chapter 6

Controllable and Observable
Realizations

In this chapter we will use the controllable and observable subspaces, to obtain the control-
lable and observable decomposition for a linear system. Some connections to semi-invariant
subspaces for linear operators will also be given. Finally, it is shown that if G is the transfer
function of a controllable and observable system, then the polynomial formed by the poles
of G is the minimal polynomial for the corresponding state space system operator.

6.1 Invariant subspaces

This section is devoted to invariant subspaces and their matrix representations. Let M be
a linear operator mapping X into ) and let H be a subspace of X. (In this section, the
vector spaces can be infinite dimensional.) The notation M|H denotes the restriction of the
operator M to H, that is, M|H is the operator from H to Y defined by (M{H)x = Mz where
z is in H. Consider any operator N whose range is contained in ‘H. Then N = PyN. (The
orthogonal projection onto a subspace H is denoted by Py.) Moreover, MN = (M|H)N =
(M{H)(PyN). Suppose the kernel of M contains H* and N is any operator whose range is in
X. Then, MN = M PyN and since the range of Py N isin ‘H, we have MN = (M[H)(PyN).
Finally, let M be an operator on X. Then we say that S is the compression of M to H if
S is the operator on o defined by S = PyM|H. Clearly, ||S|| < ||M]||.

Let M be a linear operator mapping X" into ) and suppose that ¥ = X1 @@ --- B X,
is an orthogonal decomposition for X while YV = Y1 ® Vo @ --- & V,, is an orthogonal
decomposition for } where {X;} and {Y;}T* are subspaces of X and ), respectively. We
say that

My My - M, o) M
My My - My, Ay Yo
Mml Mm2 T an Xn ym

is a matriz representation for M if M;; is the operator mapping &; into }; defined by
M;; = Py, M|X;. Recall that a unitary operator W is an isometry whose range is onto, or
equivalently, W* = W-1. (An isometry V is an operator from V into K satisfying V*V = [.)

67
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68 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

Obviously, there exists unitary operators U; and U, such that Uy MU, equals its matrix
representation. So, we will not distinguish between M and its matrix representation, that
is, by a slight abuse of notation we will sometimes use the same symbol for the operator and
its matrix representation. Note that the matrix representation for the orthogonal projection

Py, onto 'H is given by
10 H H
oo) e =] o

Now let A be an operator on X. Recall that H is an invariant subspace for A if H is
a subspace of X satisfying AH C H, or equivalently, APy = PyAPy. Since AH C H if
and only if (Py1)A[H = 0, it follows that H is an invariant subspace for A if and only if A
admits a matrix representation of the form

All A}Q . H H
[ 0 Ay | | HY| T | HE] (62)
Here A;; is the operator on ‘H given by Ay = PyA|H = A[H, while Ay, is the compression
of A to H*. Finally, notice that, for any integer k > 0, we have A% = PyA*H = AF[H.
We have already seen that H is an invariant subspace for A if and only if its orthogonal
complement H* is an invariant subspace for A*. We say that H is a co-invariant subspace

for A if H is an invariant subspace for A*, or equivalently, H* is an invariant subspace for
A. Hence, H is a co-invariant subspace for A if and only if A admits a matrix representation

of the form 2 0 y "
11 )
][R ] =) 6
Here Ay is the operator on H* given by Az = Pyi A|HL = A|H' while A, is the compres-
sion of A to H. Finally, H is & co-invariant subspace for A if and only if PyA = Py APy.
Notice also that, for any integer k& > 0, we have A¥ = Py, AF|H.

We say that H is a reducing subspace for A if H is an invariant subspace for both A and
A*. Therefore, H is a reducing subspace if and only if H is both an invariant subspace and
a co-invariant subspace for A. Moreover, H is a reducing subspace for A if and only if H* is
a reducing subspace for A. Clearly, H is a reducing subspace for A if and only if A admits
a matrix representation of the form

Ay 0O I H H
e =] o
Notice that H is a reducing subspace for A if and only if A commutes with the orthogonal
projection Py, that is, APy = PyA.
To complete this section, we introduce the notion of a dilation and a semi-invariant

subspace. Let A be an operator on X. Then we say that A is a dilation of an operator T on
‘H if T is the compression of A to H and

PuASH =T%  (for k=1,2,3,---). (6.5)

In other words, A is a dilation of T if and only if T* is the compression of A* to H for all
integers k > 1. In this case, if ¢ is a polynomial, then (6.5) implies that ¢(T) = Pnq(A)|H.
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6.2. THE CONTROLLABLE AND OBSERVABLE DECOMPOSITION 69

Moreover, using the expansion (s] —A)~! = 30° A¥/s"+! for |s| > ||Al|, we have (sI-T)~! =
Py{sI—A)"!|H. Finally, it is noted that dilation theory plays a fundamental role in operator
theory; see Gohberg-Goldberg-Kaashoek [55], Foias-Frazho [39] and Sz.-Nagy-Foias [120].

As before, let A be an operator on X. Then H is a semi-invariant subspace for A if there
exists two invariant subspaces M and A for A satisfying H = N © M where M C N. In
other words, H is a semi-invariant, subspace for A4 if and only if N'= M @& H where M and
N are two invariant subspaces for A. In this case, M+ and N1 are two invariant subspaces
for A* satisfying Nt C ML, Using M @ H & N1 = X, we see that H = ML o N1
So, H is also semi-invariant for A*. Therefore, H is semi-invariant for A if and only if H
is semi-invariant for A*. It is easy to show that H is semi-invariant for A if and only if A
admits a matrix representation of the form

* % % M M
A=[0 T « H | — | H (6.6)
0 0 = Nt N+

where T is the compression of A to H. If A is an upper triangular block matrix of the form
in (6.6), then T is the compression of A to H, and (6.5) holds, that is, A is a dilation of T'.
This proves half of the following result due to Sarason [111].

Proposition 6.1.1 Let A be an operator on X and T the compression of A to H. Then H
s a semi~invartant subspace for A if and only if A is a dilation of T.

PROOF. Assume that A is a dilation of T, that is, (6.5) holds. Let N be the following
“controllable " subspace generated by A and H

N = {7 AFH.
k=0

Here /72, Hi denotes the closed linear span of the subspaces Hy for all integers & > 0.
Obviously, A is an invariant subspace for A. To complete the proof it is sufficient to show
that M = N © H is invariant for A. To this end, notice that (6.5) yields

Py AA*h = TT*h = TPy A*h (for all k > 0 and h € H).

Hence, PyA|N = TPy|N. Consider any m in M. Then m is in N and Pym = 0. Hence,
Am isin M and

Py(Am) = (PhAIN)m = (TPyJN)m = TPym = 0.

Since Am is in N and Py(Am) = 0, it follows that Am is in M. Thus M is invariant for
A. Therefore, H is a is semi-invariant subspace for A. [ ]

6.2 The controllable and observable decomposition

In this section we present the controllable and observable decomposition of a linear system.
Consider the following continuous time system

Z = Az + Bu and y=Cz+ Du (6.7)

Copyright © Marcel Dekker, Inc. All rights reserved.
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70 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

where A is an operator on a finite dimensional space X and B maps U into X’ while C' maps
X into Y and D maps U into V. Recall that the transfer function G for {4, B,C, D} is the
proper rational function defined by

G(s)=C(sI - A)™'B+D. (6.8)

Recall also that {A, B,C, D} is a realization for a proper rational function G if G is the
transfer function for {4, B, C, D}, that is, (6.8) holds. In this section, we will use certain
invariant subspaces to extract from {A, B,C, D} a controllable and observable realization
{Aco, Beo, Ceo, Deo} of the same transfer function G, that is,

G(5) = Coo(8] = Ag) ' Bop + Do

where {Ag, Beo} 1s controllable and {C.,, A} is observable.

A controllable realization. First we present a specific controllable realization of G. To
this end, recall that the controllable subspace X, for the pair {A, B} is given by

X =\ ABU = \[{A*BU : 0 < k < dim X'}, (6.9)
k=0

We have seen that A, is an invariant subspace for A. So, A admits a matrix representation

of the form:
Ac * . Xc XC

where A is the uncontrollable subspace defined by Xz = X © &, . Here A, is the operator on
X, defined by A, = A|X. and A; is the compression of A to Xz. Furthermore, the operators
B and C admit matrix representations of the form:
B. Xe e
B:{O}:L{M[%] and C=][C Ce].{xé]—»y, (6.11)
respectively. Since the range of B is contained in X., we obtain that B, = Py.B = B. Also,
B; = Py, B = (), that is, the second entry in the matrix representation of B is zero.
We claim that {A., B.,C., D} is a controllable realization of G. Because A is invariant

for A, we have A = A¥|X, for all integers & > 0. Since the range of B is in X, it follows
that A*B = (A¥|X,)B = AFB, for all integers k > 0. Hence,

VA’;BJJ: §7A’°Bu= X..
k=0 k=0

So, {A*B. U} spans X, and {A., B.} is controllable. For any integer £ > 0, the range of
A*Bisin X, and A*B = A*B,. Hence, CA*B = (C|X,)A*B = C,A*B,. 1t now follows that
C(sI — A)7'B = C,(sI — A.)7'B,. Thus,

G(s)=C(sI—A)'B+D=C.(sI-—A)'B,+D.
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6.2. THE CONTROLLABLE AND OBSERVABLE DECOMPOSITION 71

Therefore, {A., B, C., D} is a controllable realization of G.

We claim that if {C, A} is observable, then {C., A.} is observable. To prove this it is
sufficient to first show that the unobservable subspace X5 for {C., A.} is the intersection of
the controllable subspace X, and the unobservable subspace X; for {4, B, C, D}, that is,

Xz = X[ )X (6.12)

We call X5 the controllable/unobservable subspace for {A, B,C, D}. Indeed, if {C, A} is
observable, then X5 = {0}, and hence, X, [ &> = {0}, or equivalently, {C., A.} is observable.
According to Lemma. 4.1.1, the subspace

Xeo = [ ker C.AE.
k=0

Since X, is invariant for A, we see that C,A* = (C|X,)A¥| X, = C A*|X,. This readily implies
that ker C,A* = X, ker CA* and

X = ﬁ X[ \ker CA* = X[ (ﬁ kerC’A") = X[ %
k=0 k=0

Obviously, X, and X; are invariant subspaces for A. Since the intersection of two invariant
subspaces is an invariant subspace, X5 is an invariant subspace for A. The above analysis
vields the following result.

Proposition 6.2.1 Suppose G is the transfer function for {A, B,C, D} and X, is the con-
trollable subspace for {A, B}. Let A, on X, and B, from U into X, and C, from X, into Y
be the operators defined by

A, = A|X, and B.=B and  C.=C|A,. (6.13)

Then {A., B, C., D} is a controllable realization of G whose unobservable subspace X5 is
the invariant subspace of A gien by X.(Xs. In particular, if {C, A} is observable, then
{C.,A.} is observable.

An observable realization. We now obtain a specific observable realization of a transfer
function G. Let G be the transfer function for {A, B, C, D}, and let X; be the unobservable
subspace for the pair {C, A}, that is,

X5 =) kerCA*. (6.14)

k=0

Clearly, &} is a invariant subspace for A. So, A admits a matrix representation of the form:

kPSRt =

Copyright © Marcel Dekker, Inc. All rights reserved.
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72 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

where X, = X © X is the observable subspace for {C, A}. Notice that &, is a co-invariant
subspace for A. In other words, X, is an invariant subspace for A*. The operator A, is the
compression of A to X, that is, A, is the operator on X, defined by A, = P,A|X, where P,
is the orthogonal projection onto X,. The operator A; on Xj; is given by the restriction of A
to A5. Furthermore, the operators B and C' admit matrix representations of the form:

B:[gi]:u%{iﬂ and C=][0 co]:{ﬁﬂ—»y, (6.16)

respectively, where B, = F,B and C, = C|X,. Since X; is contained in the kernel of C, the
first entry of C is zero, that is, C; = C]X; = 0. Because &, is invariant for A*, it follows
that A} = A4*|A,.

We claim that {A,, B,, C,, D} is an observable realization of G. Since X, is a co-invariant
subspace for A and A, = P,A|A,, it follows that A* = P,A*|X, for every integer k& > 0.
Because C|X, = 0, we obtain that (CAF)|X, = (C|X,)(P.A*|X,) = C,A%. Hence, the
unobservable subspace associated with {C,, A,} is given by

ﬁ ker C, AF = ﬁ ker(CA*X,) = <ﬁ ker CAk) ﬂ X, = X, ﬂ X, = {0}.
k=0

k=0 k=0

Since the unobservable subspace of {C,, A,} is {0}, this pair is observable. For every non-
negative integer k, we have (CA*)|X, = 0. Using (CA*)|X, = C,4%, we obtain CA*B =
(CA®)|X,P,B = C,AB,. Tt now follows that

G(s)=C(sI —A) "B+ D =C,(s] — A))'B,+ D.

Hence, {A,, B,,C,, D} is a realization of G.
We now demonstrate that the uncontrollable subspace X, for {4,, B, } is the intersection
of the observable subspace X, and uncontrollable subspace A; for {4, B, C, D}. Recall that

oo
X,z = ﬂ ker B;A:k .
k=0

Since X, is invariant for A* and B: = B*|&,, we see that BIA* = (B*|X,)A*|X, =
B*A**|X,. Hence, ker B;‘A:;‘C = X, N ker B*A** and

Koz = ﬁ ker BF A = ﬁ (Xoﬂker B*A*’“) =) (ﬁ ker B*A*’“) = X[,
k=0 k=0

that is, the uncontrollable subspace X,z for {A,, B,} is the intersection of the observable
subspace X, and uncontrollable subspace AX; for {A, B,C,D}. Since &, and AX; are co-
invariant subspaces for A, it follows that their intersection X, is also co-invariant for A. We
have just demonstrated the following result which is the dual of Proposition 6.2.1.
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6.2. THE CONTROLLABLE AND OBSERVABLE DECOMPOSITION 73

Proposition 6.2.2 Suppose G is the transfer function for {A, B,C, D} and P, is the or-
thogonal projection onto X, the observable subspace for {C, A}. Let A, on X, and B, from
U into X, and C, from X, into Y be the operators defined by

A, = PA|X, and B,=P,B and C, =C|X,. (6.17)

Then {A,, B,, C,, D} is an observable realization of G whose uncontrollable subspace Xp: is
the co-invariant subspace for A given by X, X:. In particular, if {A, B} is controllable,
then {A,, B,} is controllable.

PROOF. Omne can also obtain a proof using duality. Notice that the transfer function for the
system {A4* C*, B*,D*} is given by G(3)* and by duality X, is the controllable subspace
for {A*,C*}. Since X, is an invariant subspace for A*, we have A} = A*|X,. Moreover,
C? = C* and B! = B*|X,. According to Proposition 6.2.1, the system {A% C:, B:,D*}
is a controllable realization of G(3)*. By taking adjoints and employing duality, we see
that {A,, Bs, C,, D} is an observable realization of G. By duality X, is the unobservable
subspace for {B}, A%} and X: is the unobservable subspace for {B* A*}. By applying the

previous proposition to the system {A*,C*, B*, D*}, yields X,z = X, A= |

A controllable and observable realization. Using Proposition 6.2.1, one can extract
a controllable realization of G and using Proposition 6.2.2, one can extract a observable
realization of G. Now let us combine these results to obtain a realization of G which is both
controllable and observable. To this end, let {A, on X, B, C,, D} be the controllable real-
ization of G given by Proposition 6.2.1. Recall X,;, the unobservable subspace of {C., A.},
which we call the controllable/unobservable subspace of {A, B, C, D}. Let X, be the observ-
able subspace for {C,, A.}, that is, X, = X, © X5. We call X, the controllable/observable
subspace for {A, B,C, D}. Note that X,, is given by

Xeo =\ AFCIY = \J{AFCIY: 0 <k < dim X} (6.18)
k=0

Obviously, X, is an invariant subspace for A%. Also, &, = X, @ A;. This readily implies
that the operator A, admits a matrix representation of the form:

Ac6 * . Xcé Xcé
Acz[o Am][&o}ﬁ[){w]. (6.19)
The operator A, on X, is the compression of A. to the controllable/observable subspace

Ao In this setting the matrix representations for B, and C, are given by

B Xes Xes
B‘::[Bm]:u_’[xw] and C.= [ 0 Cw];[xw]—»y. (6.20)
It follows from Proposition 6.2.2 that {Ae, Be, Ceo, D} is a controllable and observable
realization of G.

Copyright © Marcel Dekker, Inc. All rights reserved.
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74 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

By embedding the matrix representations for A., B, and C. in (6.19) and (6.20) into the
matrix representations for A, B and C in (6.10) and (6.11), we see that the operators A, B
and C admit matrix representations of the form

[ As  * * Xes Xeo
A = 0 ACO * : X(‘O g XCD
0 0 A X Xz
(6.21)
[ 365 | X(,‘E) Xcﬁ
B=| B, | U— | X, andC:[O Ceo CE]: Xo | — V.
L 0 L Xz X

By using the matrix representations in (6.21), we see that the state space system in (6.7)
admits a decomposition of the form

1.7(:6 r Ac6 * * Teo BC&
j;co = 0 Aco * Lo + Bco u (622&)
./i,'{j L 0 0 AE Xz 0
T
y = [0 Cu C:i]| 2w |+ Du. (6.22b)
Tzo

The state space representation in (6.22) or (6.25) below is usually referred to as the control-
lable and observable decomposition of the state space. This decomposition decomposes the
state space A" into its controllable and unobservable part X5, the controllable and observable
part X, and finally its uncontrollable part Az. Summing up the previous analysis we obtain
the following result which allows us to extract a controllable and observable realization from
any system {4, B,C, D}.

Theorem 6.2.3 Let G be the transfer function for {A, B,C,D} and P, the orthogonal
projection onto X, the controllable/observable subspace of {A,B,C,D}. Let A, on X, and
B, mapping U into X, and C., mapping X, into Y be the operators defined by

Ao = PooA| X and B, = P..B and Coo = ClX,. (6.23)
Then {Aco, Beo, Ceo, D} 1s a controllable and observable realization of G.

Since X, and X; are both invariant subspaces for A, it follows that Xz = X, X is also
an invariant subspace for A. Recall that X, = X, 6 X;. Therefore, &,, is the semi-invariant
subspace for A given by

A ICAREDN (6.24)

One can even decompose the uncontrollable subspace A% further into the unobservable
and observable subspaces associated with {Cz, Az}. We call these subspaces the uncon-
trollable/unobservable subspace and the uncontrollable/observable subspace associated with
{A, B,C, D} and denote them by Xs; and X, respectively. To be more specific, let

X =\/ ACry

k=0

Copyright © Marcel Dekker, Inc. All rights reserved.
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6.2. THE CONTROLLABLE AND OBSERVABLE DECOMPOSITION 75

and Xz = X5 ® Xs. The operators Az, B; and C: admit matrix representations of the form
A = Aw  * | A — Xz
€= O Aéo ) Xt‘:o Xéo
0 Xz Xss
B; = [o} :u—»[XEO} and C;=[ 0 C@]:[XEO} —Y

Notice that the first entry in C; is zero because the range of C} is contained in Xy,. By
inserting these matrix representations into (6.22) we obtain the following controllable and
observable decomposition of the state space representation (6.7)

:tcé Ac6 * * * Teo B
Teo _ 0 A, =« * Teo B,
j]aa - 0 0 AE' * Tzs + 0 u (6253)
i'@o 0 0 0 AEO Tzo 0
T
y = [0 Cuo 0 Cal| . |+Du. (6.25b)
Tzo

Notice that in this representation any one or even all of the spaces X5, Xz or A% can be
zero. However, the controllable and observable space X, is zero if and only if the transfer
function G = D is constant. Finally, it is noted that for A, the subspace X; is invariant,
Xz is co-invariant, while X, and Xz are both semi-invariant.

6.2.1 A minimal realization procedure

To complete this section, we demonstrate how one can use the singular value decomposition
to extract a controllable and observable realization from a finite dimensional system. Recall
that a system {A on X, B,C, D} is unitarily equivalent to {Aon X,B,C, D} if there exists
a unitary operator W mapping X onto X such that AW = WA, B=WB, CW =, and
D = D. Clearly, unitary equivalence preserves stability, controllability, and observability.

Procedure. Let {A on X, B,C, D} be an n-dimensional realization of G. Let U.AV}* be
a singular value decomposition of the corresponding controllability matrix W, that is,

W.=[B AB A1B ] = U.AV; . (6.26)

(A review of the singular value decomposition is given in Section 16.6 in the Appendix. In
our singular value decomposition UAV* the operators U and V are isometries and A is an
invertible diagonal matrix consisting of the nonzero singular values.) Let n, be the rank of
W, or equivalently, assume that W, has n. (nonzero) singular values. Then U, is an isometry
from C" into X. Let {A, on C™, ~C, ., D} be the system defined by

C.

A, =UrAU., B.=U!B  and CU.. (6.27)
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76 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

Let UeAcoVy, be a singular value decomposition of the observability matrix associated
with the pair {C., A.}, that is,

(6.28)

Let n¢, be the number of (nonzego) singular values of We,. Then V., is an isometry from
Cre into C". Let {Ag on €™, By, Coo, D} be the system defined by

Aw=V:AV., Bo=V:iB. and Co,=ClV,. (6.29)

Using (6.27) it follows that

A =V UIAUV,,, B, =VIU'B and C., =CUV,. (6.30)
Then {ACO,BCO,C*CO,D} is a controllable and observable realization of G and is unitarily
equivalent to the system { A, Beo, Ceo, D} defined in Theorem 6.2.3.

We now verify that {Am, Beo, Coo, D} is a controllable and observable realization of G.
Since the controllable subspace X, equals the range of W, the orthogonal projection P, onto
X, is given by P, = U.U?. (If U is any isometry, then UU* is the orthogonal projection onto
the range of U; see Lemma 16.2.3.) Let {A. on X, B, C., D} be the controllable realization
of G defined in Proposition 6.2.1. Let W be the unitary operator from C™ onto A defined
by Wz = U.z. Then,

AW = PAU.=WUrAU, =WA,
B, = PB=WU'B=WB, (6.31)
CW = CU,=C,.

Therefore, {A, on C", B., C,, D} is unitarily equivalent to {A., B., C., D} and must be a
controllable realization of G.

Let X,, be the observable subspace associated with {C., A}, that is, X, = Vo A;ké;y.
Using WA? = A*W and W*C* = C*, we see that the controllable/observable subspace X,
of the system {A,, B., C., D} is given by

Xco = (o/ Asz:y = <7 WAZkW*C:y = Uc‘i}ca .

k=0 k=0

So, the isometry U, maps X,, onto the subspace X,,. Since X’ca equals the range of W7, and
W, = VoAU, is a singular value decomposition of W/, it follows that V,, is an isometry
from C" into C™ whose range is X,,. Thus, U.V,, is an isometry from C" into X whose
range is X,. In particular, P, = UV, V2 UZ is the orthogonal projection onto X,,. Let Z

co~ ¢
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6.3. THE MINIMAL POLYNOMIAL AND REALIZATIONS 7

be the unitary operator from C™- onto X,, defined by Z = U.V,,. Then using (6.30), we
obtain

AwZ = Po,AZ=ZViUrAZ = ZA,
B.,, = Po,B=2ZV:U!B=ZB,
CowZ = CUVp=Cop.

Hence, {Aco, Bsov ésm D} is unitarily equivalent to {Ac, Bes, Ceo, D}. Therefore, the system
{Ae on €™, By, Ceo, D} is a controllable and observable realization of G.

6.3 The minimal polynomial and realizations

In this section we will show that if {A, B, C, D} is a controllable and observable realization
of G, then A is a pole of G if and only if A is an eigenvalue of A. Moreover, the roots
(multiplicities included) of the minimal polynomial of A are the poles of G.

To this end, let A be an operator on a finite dimensional space X. Recall that a polyno-
mial m is the minimal polynomial of A if m is the monic polynomial of the lowest degree
such that m(A) = 0. The minimal polynomial of A is unique and is denoted by m4. If p is
another minimal polynomial for A, then ¢ = p — m4 satisfies g(A4) = 0. Since ¢ has lower
degree than the minimal polynomial, it follows that ¢(s) = 0, and thus, p = m4. So, the
minimal polynomial is unique.

Moreover, if p is any nontrivial polynomial satisfying p(A) = 0, then m, divides p, that
is, p = mar where r is a polynomial. Since degp > degm 4, the Euclidean algorithm shows
that p = ¢+ mar where g and r are polynomials and deg g < degmy. Using ma(A) = 0, we
have

0 = p(A4) = q(4) + ma(A)r(4) = ¢(4) .
Hence, g(A) = 0. Because m, is the minimal polynomial of A and deg ¢ < degmy, it follows
that g(s) = 0. Thus, p = mar and m4 divides p.

As before, let A be an operator on a finite dimensional space X'. We claim that A is an
eigenvalue of A if and only if A is a root of the minimal polynomial of A, that is, ma(A) = 0.
Recall from the Cayley Hamilton Theorem that p(A) = 0 where p(s) = det[s] — A] is the
characteristic polynomial of A. Hence, the minimal polynomial of A divides the characteristic
polynomial of A. From this it follows that all the roots of the minimal polynomial of A are
also roots of the characteristic polynomial for A. Hence, every root of the minimal polynomial
of A is an eigenvalue of A. We now show the converse, that is, if A is an eigenvalue for A,
then m4(A) = 0. Consider any eigenvalue A of A and let v be any eigenvector corresponding.
Using Av = Av we have 0 = m4(A)v = ma(A)v. Because v is nonzero, m4(\) must be zero.
Hence, ) is a root of my4.

Since the roots of the minimal polynomial m 4 of A correspond to the eigenvalues of A,

ma(s) = [ (s - A)*

where {A, A2, -+, A} are the distinct eigenvalues of A and %; is the multiplicity of A; as
a root of ma. Finally, we see that if each root the characteristic polynomial is a simple
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78 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

root (that is, it has multiplicity one), then the minimal polynomial equals the characteristic
polynomial.

We say that a complex number X is a pole of order j of a rational transfer function G if
A is a pole of G and j is the smallest integer such that

(s — A)G(s)

is analytic at s = A. Let m be the polynomial whose roots are the poles (multiplicity
included) of G, that is,
{
m(s) = [J(s — )" (6.32)
i=1

where {\y, Ao, - -+, A} are the distinet poles of G and k; is the order of A;. Obviously, mG is
analytic everywhere. Since a rational analytic function must be a polynomial, it follows that
G = M/m where M is an operator valued polynomial. Now assume that G is a rational
function of the form G = N/d where N is an operator valued polynomial and d is a scalar
valued polynomial. Then the poles (multiplicity included) of G must be contained in the
zeros of d. Hence, m divides d, that is, d = ms where r is a polynomial. So, m is the unique
monic scalar valued polynomial of the lowest possible degree appearing in the denominator
of G. To be precise, m is the only monic scalar valued polynomial such that G = M/m
where M is an operator valued polynomial and degm < degd for any N/d = G where N is
an operator valued polynomial and d is a scalar valued polynomial. We now show that the
poles of G are precisely the eigenvalues of any controllable and observable realization of G.

Theorem 6.3.1 Let {A, B,C, D} be a controllable and observable finite dimensional real-
1zation of G. Then the following holds.

(1) The transfer function G admits a decomposition of the form G = N/d where N is an
operator valued polynomial and d is a scalar valued polynomial if and only if d(A) = 0.

(1z) The minimal polynomial m for A is given by (6.32) where {A, Ay, -+, N} are the
distinct poles of G and k; is the order of A;.

(1) A complex number A is a pole of G if and only if A is an eigenvalue of A.

(iv) The operator A 1is stable if and only if all the poles of G have nonzere negative real
parts.

ProOF. For the moment assume that Part (i) holds. Let m, be the minimal polynomial
of A and m the polynomial in (6.32) formed by the poles of G including their multiplicity.
Since G = N/m for some operator valued polynomial N, Part (i) shows that m(A4) = 0.
Hence, m,4 divides m. Because ma(A) = 0, Part (i) also implies that G = M/m4 for some
operator valued polynomial M. Recall that if G = N/d where N is an operator valued
polynomial and d is a scalar valued polynomial, then m divides d. So, m must divide mg4.
Therefore, m4 = m and Part(ii) holds. Parts (iil) and (iv) follow from the fact that X is a
root of the minimal polynomial of A if and only if A is an eigenvalue of A.

MaRrcEeL DEkkER, INc.
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6.3. THE MINIMAL POLYNOMIAL AND REALIZATIONS 79

To prove Part (i), we first suppose that G admits a decomposition of the form G = N/d
where N is an operator valued polynomial and d is a scalar valued polynomial. Without loss
of generality we can assume that d is a monic polynomial given by d(s) = £7_yd;s*. Recall
from (1.26) in Chapter 1 that

doGr + d1Gry1 + - - + At Gyt + Gryn =0 (k > 1) (6.33)

where G; is the coefficient of 1/s* in the power series expansion (1.19) of G. Since G; =
CA'!B for i > 1 condition (6.33) is equivalent to

CAFY(AB=0 (k=1). (6.34)
Since A commutes with d(A), this implies that
CAd(AAB=0 (i,j>0). (6.35)

Consider any integer i > 0. Since CA‘d(A)A’B = 0 for all integers j > 0, it follows from
the controllability of {A, B} that CA‘d(A) = 0. Since CA*d(A) = 0 for all integers i > 0, it
now follows from the observability of {C, A} that d(A4) = 0.

Now consider any monic polynomial d for which d(A4) = 0. Clearly, (6.34) and hence
(6.33) or (1.26) holds. Now let N(s) = £ (N;s* where the operators {N;}§ are computed
from (1.24). Since relationships (1.24) and (1.26) are equivalent to (1.22), we obtain N = dG.
Therefore, G = N/d which proves Part (i). ]

If {4,B,C,D} is a controllable and observable realization of G, then Theorem 6.3.1
shows that ) is a pole of G if and only if A is an eigenvalue of A. In particular, G is analytic
in R(s) > 0 if and only if A is stable.

~ Let {A, B,C, D} be a controllable and observable realization of a transfer G with values
in £(C?,C*). As before, assume that G = N/d where N is an operator valued polynomial
and d is a scalar valued polynomial. Let d, be the greatest common divisor of all the entries
of N and d. Then according to Theorem 6.3.1, the minimal polynomial for A is given by
My = d / dr.

Remark 6.3.1 (Minimal polynomial) Consider any operator A on C*. Let d, be the
greatest common divisor of all the minors of order n — 1 of sI — A. In other words, d, is
the greatest common divisor of all the entries of adj (sI — A). Clearly, the polynomial d,. is
also a divisor of the characteristic polynomial d of A. Obviously, {4, I, 1,0} is a controllable
and observable realization of (sI — A)™! = adj (s] — A)/d(s). It now follows from Theorem
6.3.1 that the minimal polynomial m 4 of A is given by m4 = d/d, . As a consequence of this
result, one can readily show that the minimal polynomial of a companion matrix of the form

0 1 0 0
0 0 1 - 0
A= RPN (6.36)
0 0 0 1
—Qyg —a1 —a —an_1
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80 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

is the same as the characteristic polynomial of the matrix. To see this, note that the minor
of

s =1 0 0

0 s -1 0
sl — =

0 0 O -1

G @& ay -+ S+ap

corresponding to ag is simply the determinant of a lower triangular matrix whose diagonal
elements are all equal to —1. Since this minor is +1, it follows that the greatest common
divisor of all the minors of order n — 1 is a constant. Hence, the minimal polynomial of A is
the same as the characteristic polynomial of A which is given by

d(s) = ap + a5+ + ap18" Tt + 5" (6.37)

For another proof of this fact, let d be the previous polynomial in (6.37) and A the
corresponding companion matrix in (6.36). Let B be the column vector in C"* and C be the
1 x n row vector in defined by

B=[00 --01]" and C=[10 - 0 0].

Recall that {A, B, C, D} is a realization of 1/d; see equations (1.47) and (1.48) in Section 1.4.
It is easy to verify that this system is controllable and observable. Therefore, {4, B,C, D} is
a controllable and observable realization of 1/d. Obviously, the poles of 1/d are precisely the
zeros of d. According to Theorem 6.3.1, the polynomial d must be the minimal polynomial
of A. Finally, because A is an n x n matrix and the degree of the minimal polynomial of 4
is n, it follows that d is also the characteristic polynomial for A.

Exercise 11 Let A be the block companion matrix defined by

0 I 0 0 Yy
0 0 1 s 0 Yy
A= : : : on : (6.38)
0 0 0 I y
aaol 4(11[ ~a21' c ~anA1[ y

where ) is a k-dimensional space. Show that the polynomial d in (6.37) is the minimal
polynomial for A. Moreover, show that d* is the characteristic polynomial for A.

6.4 The inverse of a transfer function

Now suppose that {A, B,C, D} is a realization of a proper rational function G with D
invertible. Then whenever s is not an eigenvalue of A — BD~IC, the operator G(s) is
invertible and

G(s)'=D ' = D'C(sI - A+ BD7'C)"'BD (6.39)
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6.4. THE INVERSE OF A TRANSFER FUNCTION 81

In other words,
{A-BD"'c, BD™!, -D"'C, D71} (6.40)

is a realization of G™1.
To see this, let ®(s) = (sI — A)™'. Using the identity (I + T)"! = I — (I + T)"'T it
follows, except possibly for a finite number of values for s, that

G(s)! = (D+C¥(s)B)™ = D™Y(I + C®(s)BD™)™
D' — DI + C®(s)BD™1)"'C®(s)BD"*
D' — D™'C(I + ®(s)BD™'C)*®(s)BD™*

D' - D7 C(sI - A+ BD'C)Y'BD™* .

In achieving the fourth equality we used (I + RQ)™*R = R(I + QR)~!. Therefore, (6.39)
holds and {A — BD-!C, BD™*, —D71C, D!} is a realization of G™!. In particular, this
shows that G~! is proper rational function.

For a state space proof of this result recall that G is the transfer function of the system

t=Az+Bu and y=Cz+ Du. (6.41)

To be precise, when all the initial conditions are set equal to zero, then y = Gu. (Recall
that f denotes the Laplace transform f.) If D is invertible, then u = —D7!Cz + D™ 1y.
Substituting this into (6.41), yields

&=(A-BD'C)z+BD™'y and u=-D7'Cz+D7y. (6.42)

By taking the Laplace transform with all the initial conditions set equal to zero, we arrive
at
u= (D“1 —-DIC(sI-A+ BD‘IC)‘IBD’l) y.

Since y = Gu, this implies that the inverse of G exists and is given by (6.39). This analysis
proves Part (i) of the following result.

Proposition 6.4.1 Let ¥ = {A, B,C, D} be a realization for a proper rational function G
with D invertible. Then the following holds.

(i) The system T; = {A ~ BD7'C, BD!, ~D~'C, D'} is a realization for G™'.

(i) The system X is controllable, respectively observable, if and only if &, is controllable,
respectively observable.

(w1} If {A, B,C, D} is controllable and observable, then X is a pole of G™! if and only if A
is an eigenvalue of A— BD~'C. In this case, A— BD™1C is stable if and only if G™!
is analytic in the closed right half plane.

PROOF. Part (ii) follows from Lemma 6.4.2 below. If X is a controllable and observable
realization, then X; is a controllable and observable realization of G™1. So, Part (iii) is a
consequence of Theorem 6.3.1. B
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82 CHAPTER 6. CONTROLLABLE AND OBSERVABLE REALIZATIONS

Lemma 6.4.2 Consider a system £ = {A on X, B,C, D} where B maps U into X and C
maps X into Y. Let R be any operator from Y into U. Then X is controllable, respectively
observable, if and only if {A — BRC, B, C, D} s controllable, respectively observable.

PRrROOF. Recall that the PBH test shows that a pair {4, B} is controllable if and only if the
rank of [A — AJ, B] equals the dimension of the state space for all complex numbers A; see
Lemma 5.2.1. Notice that

[A-X B] and [A-BRC-Al B]

have the same rank. Therefore, {4, B} is controllable if and only if {A ~ BRC, B} is
controllable. One can also prove this fact by noting that {A"Bif}5° and {(A— BRC)*BU}T
span the same space. Because {C, A} is observable if and only if the pair {A4*,C*} is
controllable, it follows that {C, A} is observable if and only if the pair {C,A — BRC} is
observable. ]

6.5 Notes

The controllable and observable decomposition is due to Gilbert [51] and Kalman [71]. This
decomposition is a classical result in linear systems. Obviously, the controllable and ob-
servable subspace X,, is a semi-invariant subspace for A. The concept of a semi-invariant
subspace is due to Sarason {111]. For more on minimal polynomials, invariant polynomials
and their relationship to companion matrices see Gantmacher [48].

MarcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

) f



Chapter 7

More Realization Theory

This chapter is devoted to realization theory, that is, finding state space models for proper
rational transfer functions. It is noted that only the results in Sections 7.1 and 7.2 are used
in the rest of the monograph. The remaining sections of this chapter are of independent
interest.

Consider the state space system of the form

= Az + Buand y = Cz + Du (7.1)

where A is an operator on a finite dimensional space X’ and B is an operator mapping U
into X, while C maps X into ) and D maps U/ into . Throughout it is always assumed
that the input space U and output space ) are finite dimensional Hilbert spaces. Recall that
{A, B,C, D} is a realization of G if G is the transfer function for (7.1), that is,

G(s)=C(sI-A)'B+D. (7.2)

The transfer function G for any finite dimensional system is a proper rational function.
Moreover, G is a strictly proper rational function if and only if D equals zero. This naturally
leads to the following realization problem which is the subject of this chapter: Given an
operator valued proper rational function G, find a finite dimensional realization for G. In
particular, we are interested in finding a minimal realization for G, that is, a realization of
the lowest possible state dimension.

In this chapter we use the shift operator to demonstrate that any proper rational function
admits a finite dimensional realization. Moreover, we show that all minimal realizations of
the same transfer function are similar. Furthermore, a realization is minimal if and only if it
is controllable and observable. Finally, we will also present the Kalman-Ho partial realization
algorithm.

7.1 The restricted backward shift realization

We say that a realization of a transfer function G is a minimal realization if the dimension of
its state space is less than or equal to the state space dimension of any other realization of G.
Clearly, all minimal realizations of G have the same state space dimension. The dimension of

83
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84 CHAPTER 7. MORE REALIZATION THEORY

the state space for any minimal realization of G is called the McMillan degree of G. Using
block companion matrices, Section 1.4 demonstrates how to construct finite dimensional
realizations for any proper rational transfer function. However, these realizations may not
be minimal. This leads to the following basic realization problem. Given any proper rational
function @G, find all minimal realizations for G.

Two systems 21 = {Al on Xl,Bl,Cl,Dl} and 22 = {A2 on XQ,BQ,CQ,DQ} are similar
if there exists an invertible operator 7' mapping X; onto X satisfying

TAI = AQT, TBl == Bz, Cl = C’QY’7 D1 == DQ . (73)

In this case, we say that T intertwines ¥; with Xg. It is easy to show that similar realizations
have the same transfer function. However, two realizations of the same transfer function are
not necessarily similar. In fact, they may not even have the same state dimension. Clearly,
the similarity relationship is transitive, that is, if realization X; is similar to realization ¥y
and realization ¥, is similar to realization X3, then realization %, is similar to realization
s,

Let G be a proper rational function with values in £(4,Y). Then G admits a power
series expansion of the form G(s) = > 5" G;/s' where G, is in LU, V) for all integers ¢ > 0.
Proposition 1.3.3 shows that {A, B,C, D} is a realization for G if and only if

Go=D and G;=CA"'B (foralli>1). (7.4)

Obviously, the transfer function G and the sequence of operators {G;}$° uniquely determine
each other. Our theoretical developments will require the notion of a realization whose state
space is infinite dimensional. So, without loss of generality we say that {4, B,C,D} is a
realization of a sequence of operators {G;}5° if (7.4) holds.

We now show how one can readily construct a realization of {G;}$° using the backward
shift operator. To begin, consider any proper rational function G whose values are linear
operators from U into Y. Let {, () be the linear space consisting of all infinite sequences
with values in Y, that is, 1. (}’) consists of all vectors of the form

fi

f= chj (with f; € Y for all ). (7.5)

Obviously, {1(Y) is an infinite dimensional linear space. We do not need a topological
structure or an inner product on {.(). Now let S be the backward shift operator on 1.(Y)
defined by

fi fo 07100 - h
fa fa 001710 - fa
=loo0o0 I - & (7.6)

Sf3=f4

Let E be the evaluation operator mapping [, (}) into Y, picking out the first component of
the vector f in [,(}), that is, Ef = f1, or equivalently,

E=[I00 -], (7.7)
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7.1. THE RESTRICTED BACKWARD SHIFT REALIZATION 85

Finally, let L be the initialization operator mapping U into I ()) defined by
L= Gs | (7.8)

where {G;}° are the coefficients obtained from the power series expansion G(s) = 3 ¢° s7'G;.
It is easy to verify that
G;=ES"'L (forall ¢>1).

Therefore, {S on I, (Y),L, E,Gp} is a realization of G. However, this realization has an
infinite dimensional state space I, () and consequently is not minimal.
To obtain a minimal realization, let Hg be the controllable subspace of 1, {)) defined by

Hg =span {S'LU:i=0,1,2,---} . (7.9)

Clearly, Hc is an invariant subspace for S, that is, SHg C He. Let {A¢ on He, Be, Cg, D}
be the system defined by

AG=SIHG, Bg=L, Cg=E|HG and D0=G0, (7.10)

where Be maps U into He and Cg maps Hg into V. Using the fact that Hg is an invariant
subspace for S and the range of L is contained in Hg, it follows that

CoAii'Bg = ESTIL=G; (foralli>1). (7.11)

Therefore, {Ag, Bg, Ce, Dg} is a realization for G. We call this system the restricted back-
ward shift realization of G, because the operator Ag is the backward shift S restricted to
the invariant subspace Hg. This sets the stage for the following result.

Theorem 7.1.1 Let G be a proper rational transfer function. Then the restricted backward
shift realization of G is a minimal realization. In particular, the McMillan degree of G equals
the dimension of Hg. Moreover, all minimal realizations of G are similar.

PRroOOF. Let {4, B,C, D} be any realization of G. Consider the observability operator W,
mapping X into [, ()) defined by

c

CA
Wo = CAZ . (7 12)

It is easy to verify that SW, = W,A. This implies that S*W, = W, A* for all integers i > 0.
Since {A, B,C, D} is a realization of G, we have G; = CA™ !B for all i > 1; see (7.4). It

Copyright © Marcel Dekker, Inc. All rights reserved.

MarceL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



86 CHAPTER 7. MORE REALIZATION THEORY

now follows that L = W,B. Hence, S°L = S'W,B = W,A'B for all i > 0. This along with
the definition of Hg, yields

He = span{S'LU:i=0,1,2, -} =span {W,A'BU:i=0,1,2,--}
W,span {A'BU i =0,1,2,--} . (7.13)

This readily implies that Hg C ran W,. Because W, maps X into I, (), it follows that
dimHg £ dim X. Therefore, the restricted backward shift realization {Ag, Bg, Ca, Dg} is
a minimal realization of G. .

Now assume that {A on X, B,C, D} is also a minimal realization of G. Since G is
rational, X must be finite dimensional. In this case, dim Hg = dim X. Since Hg C ran W,
the operator W, must map X one to one and onto Hg. Let T be the invertible operator
mapping X onto H¢g given by T' = W,. By employing the definitions of Ag, Bg and Cg, we
obtain

TA=W,A=SW,=AcT, C=EW,=C¢T and Bg=L=W,B=TB. (7.14)

Therefore, any minimal realization {A, B,C, D} of G is similar to the restricted backward
shift realization of G. Since the similarity relationship is transitive, all minimal realizations
of G are similar. |

Let A be an operator on a finite dimensional space X', while B is an operator mapping U
into X and C' an operator mapping X into ). Recall that the pair {4, B} is controllable if and
only if X = span{A"BU :n=0,1,2,---}, or equivalently, ¥ =ran([ B AB A’B ---]).
Notice that the pair {C, A} is observable if and only if the operator W, defined in (7.12) is
one to one. We now show that the restricted backward shift realization is controllable and
observable. Controllability follows from the definition of H¢, that is,

span {AyBcld :i=0,1,2,---} =span {S'LU : i =10,1,2,---} = He. (7.15)

Observability follows from the fact that

Ca FE
CeAc ES
CeAl | = | Es? | Ha=1He. (7.16)

Obviously, I|Hg is one to one. Therefore, the restricted backward shift realization is control-
lable and observable. In fact, the restricted backward shift realization is the realization one
obtains by extracting the controllable part from the observable realization {S, L, F, Gy }; see
Proposition 6.2.1. So, the controllability and observability of the restricted backward shift
realization also follows from Proposition 6.2.1. We now are ready to show the equivalence
between minimality, controllability and observability.

Theorem 7.1.2 Let ¥ = {A, B,C, D} be a realization of a proper rational transfer function
G. Then X is a minimal realization of G if and only if I is both controllable and observable.
Moreover, all controllable and observable realizations of G are similar.
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7.1. THE RESTRICTED BACKWARD SHIFT REALIZATION 87

PROOF. Suppose that & = {A, B,C, D} is a minimal realization of G. Then it follows
from Theorem 7.1.1 that ¥ is similar to the restricted backward shift realization. Because
the restricted backward shift realization is controllable and observable, the system X is also
controllable and observable. So, minimality implies controllability and observability.

Now suppose that ¥ is controllable and observable. By definition, the observability
condition implies that the operator W, is one to one. Furthermore, using controllability
along with equation (7.13), we see that

He = W,span{A'BU :5=0,1,2,---} = W, X.

In other words, Hg = ran W,,. Therefore W, maps X one to one and onto H¢. In particular,
X and Hg have the same finite dimension. Because the restricted backward shift realization
is minimal, ¥ is minimal. Hence, a controllability and observability realization is minimal.
This completes the proof. |

Remark 7.1.1 Let G be a proper rational function with values in £(U,Y). Then G =
N/d + D where D is an operator in £(U,)) and N is a polynomial with values in L(U,Y)
while d is a scalar valued polynomial of the form

N(s) = No+sNy+---+ S"—an_l
d(s) = ap+sa+---+5"ta,; +sm. (7.17)
Let X = &MU be the Hilbert space formed by the set of all vectors of the form [u, ug, - - - , Un|™

where u; is in Y for all i = 1,2,---,n. Let {A on X, B,C, D} be the system consisting of
the block matrices defined by

0 I 0o - 0 0
0 0 I - 0 0
A = : : : and B= | :
0 0 o - I 0
—agl —ayl —agl - —-a,_11 I
C =[] N N N -+ Ny |. (7.18)

Obviously, the pair {4, B} is controllable. So, by consulting Section 1.4 it follows that
{A, B,C, D} is a controllable realization of G = N/d+ D. So, one can construct a minimal
realization for G by simply extracting the observable part {4, on A,, B,,C,, D} from the
system {A, B, C, D} in (7.18); see Proposition 6.2.2.

The scalar valued rational case plays an important role in many applications. We say
that two polynomials p and d are co-prime if p and d have no common zeros. If fis a
rational function of the form f = p/d where p and d are two co-prime polynomials, then the
poles of f are precisely the zeros of d including their multiplicity.

Proposition 7.1.3 Let g = p/d be a scalar valued proper rational function where p and
d are two co-prime polynomials. Then the McMillan degree of g equals the degree of d.
Moreover, if {A, B,C, D} is a minimal realization of g, then d equals both the characteristic
and minimal polynomial for A up to a constant, that is, vd(s) = ma(s) = det[s] — A] where
v s a constant.

MaRrcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



88 CHAPTER 7. MORE REALIZATION THEORY

PrOOF. Remark 7.1.1 shows that there exists a realization of g whose state dimension equals
the degree of d. Let {A on X, B,C, D} be a minimal realization of g. Then dim X < degd.
Using (1.16), it follows that g(s) = C(sI — A)"1B + D = a(s)/b(s) where a is a polynomial
and b(s) = det{s] — A] is the characteristic polynomial for A. Furthermore, a/b = p/d. Now
assume that dim X < degd. Since degb = dim X and a/b = p/d, it follows that p and d
must have at least one common zero. This contradicts the hypothesis that p and d have
no common zeros. Hence, dim X = degd. Therefore, the McMillan degree of g equals the
degree of d.

Because p and d are co-prime, the poles of g are the zeros of d including their multiplicity.
According to Theorem 6.3.1, the polynomial d is the minimal polynomial for A up to a
constant. This completes the proof. [ |

Remark 7.1.2 Let G = p/d + 6 be a scalar valued proper rational function where p and d
are two co-prime polynomials of the form

p(s) co+sc o+ s e,
d(s) = ag+say+--+8"ta, ;+ 8" (7.19)

and ¢ is a scalar. Let {A on C", B, C, 8} be the system defined by

0 1 g .- 0 0
0 0 1 - 0 0
A = : : : and B = | :
0 0 o - 1 0
—ap —a; —ay * —Op-1 1
C = [ Cp Cy Cy Cn1 ] . (720)

By combining Remark 7.1.1 with Proposition 7.1.3, it follows that {4, B,C, 6} in (7.20) is a
minimal realization of G.

Exercise 12 As before, let A be an operator on a finite dimensional vector space X'. A
vector b in X is cyclic for A if the span of {A47b}§° equals X. If A admits a cyclic vector,
then show that the minimal polynomial for A equals the characteristic polynomial for A.

Clearly, b = [0,0,---,0,1]"" is a cyelic vector for the companion matrix A in (6.36).
So, this result also shows that the minimal polynomial for a companion matrix equals its
characteristic polynomial.

Exercise 13 Consider any matrix A on C*. Recall that a complex number A is an eigenvalue
for A if and only if X is an eigenvalue for A*, the conjugate transpose of A. In general, this is
not true for an operator on an infinite dimensional space. To see this consider the backward
shift operator S on 1, () where ) = C'. Show that every complex number X is an eigenvalue
for S. What are the corresponding eigenvectors? Show also that the conjugate transpose S*
of the shift has no eigenvalues.
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7.2. SYSTEM HANKEL OPERATORS 89

7.2 System Hankel operators

In this section we show that the McMillan degree of a transfer function G equals the rank of
a certain Hankel matrix associated with G. Recall that a Hankel matrix is a matrix whose
entries {a; ;} satisfy a;; = a;4; for all 4 and j. To this end, let G = >_;° s7'G; be the power
series expansion for G. Then the Hankel matrix H associated with G is the block Hankel
matrix defined by
G Gy Gs
G2 Gs G4
H= Gs Gy Gs - | (7.21)

Now let I, (U) be the subspace of 1, (U) consisting of the vectors in I, () with compact
support, that is, the set of all vectors f = [f1, f2, f3,- - -]'" in L. (i) where f; is nonzero for
only a finite number of indices j. Because every vector in I, (1) has compact support, H is
a well defined linear operator from [, (U) into I, (). Notice that H can also be expressed
as

H=[L SL $L ---] (7.22)
where S is the backward shift operator on /;(Y) and L is the initialization operator from
U into I, () defined in (7.8). This along with the definition of the state space H¢ for the
restricted backward shift realization, yields

He =span {S'LU :1=0,1,2,---} =ran([ L SL S?’L ---])=ranH. (7.23)

Therefore, the range of the Hankel operator H is precisely the state space for the restricted
backward shift realization for G. Because the restricted backward shift realization is minimal,
the state dimension of any minimal realization of G equals the rank of the Hankel operator
H. This readily yields the following result.

Theorem 7.2.1 Let H be the Hankel matriz in (7.21) generated by the proper rational
function G. Then the McMillan degree of G equals the rank of H.

Consider any realization {4 on X, B,C, D} for G and let W, be the controllability op-
erator from I (U) into X defined by

W.=[B AB A’B ---]. (7.24)
Using G; = CA™™'B for all integers i > 1, it follows that the Hankel matrix H in (7.21)
admits a factorization of the form

CB CAB CA’B
CAB CA®B CA’B
H=| cA2B CA’B CA'B ... | = WoW., (7.25)

where W, is the operator from X into [,(})) into defined by (7.12). Letting n be the
dimension of X, it follows from the Cayley-Hamilton Theorem that every column of H is

Copyright © Marcel Dekker, Inc. All rights reserved.
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90 CHAPTER 7. MORE REALIZATION THEORY

a linear combination of the first n columns of H. Similarly, every row of H is a linear
combination of the first n rows of H. Hence, the rank of H equals the rank of the following
n x n block matrix:

CB CAB CA*B ... CA™'B

CAB CA’B CA®B --- CA"B
H, = CA’B CA*B CA'B .-~ CA™B
CA'B CA™B CA™'B ... CAM™’B

In other words, the rank of the Hankel operator H equals the rank of the n x n block matrix
H,, contained in the upper left hand corner of H.

Remark 7.2.1 Recall that a transfer function G admits a finite dimensional realization if
and only if G is proper and rational. Since the rank of the Hankel operator H in (7.21)
corresponding to G equals the McMillan degree of G, it follows that H has finite rank if and
only if G is rational. Let us establish this result directly. Clearly, if H has finite rank, then
the restricted backward shift realization of G is finite dimensional, and thus, G is rational.

If G is a proper rational function, then G = N/d where N is an operator valued poly-
nomial and d is a scalar valued polynomial of the form (1.21). According to the equations
in (1.27) any column of H, after the first n = degd columns, is a linear combination of the
preceding n columns, and hence, every column of H is a linear combination of the first n
columns of H. Therefore, the rank of H is less that or equal to ndimif where G has values
in L(U,Y). Hence, H has finite rank. Equation (1.27) also shows that any row of H, after
the first » rows, is a linear combination of the preceding n rows, and thus, every row of H
is a linear combination of the first n rows of H. Therefore,

rank H < degd min{dim i/, dim Y} . (7.26)

The above analysis also shows that the rank of H equals the rank of H, where

G, G, - Gn
G G oo Gy

Hy=| = o (7.27)
Gn Gn+l e G?n—l

Thus, the McMillan degree of G equals the rank of H,, which is bounded above by the right
hand side of (7.26). Finally, it is noted that if G is a scalar valued rational function, then
(7.26) also shows that McMillan degree of G is less than or equal to the degree of d.

Bounded Hankel operator. Let H be the Hankel operator determined by the transfer
function (s + 2)~!. Notice that H is an unbounded operator from {2 (1) into I2(}), even
though the minimal realization {~2,1,1,0} for (s +2)7! is a stable. Recall that {2 (F) is
the Hilbert space formed by the set of all square summable unilateral infinite tuples of the
form f = [fi1, fo. f3,- -] with values in F, that is, f; is in F for all integers j > 1 and
IAN? = 5277 1 f511% is finite. The following result provides necessary and sufficient conditions
for a Hankel operator to be a bounded operator.
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7.3. REALIZATIONS AND FACTORING HANKEL MATRICES 91

Proposition 7.2.2 Let H be the Hankel operator determined by a proper rational function
G with values in LU, Y). Then H is a bounded operator from I2(U) into I%(Y) if and only
if all the poles of G are inside the open unit disc {s : |s| < 1}.

PROOF. Assume that H is a bounded operator. Then Mg is a subspace of 2(Y). If f is in
12()), then S™f approaches zero in the {2()) topology as n tends to infinity. To see this,
let f = [f1, f2, f3,- - |'". Then using the fact that || f[|2 = 3°7° || f;|* is finite, we have

IS™f1*= 3" IfIE—0

j=n+1

as n tends to infinity. Hence, the sequence {S™ f}$° approaches zero. Because H is bounded,
He is an invariant subspace for S contained in li(y). So, for all h in Hg, we see that

&h = S™h approaches zero in the z‘i(y) topology as n tends to infinity. This implies that
all the eigenvalues of A are in the open unit disc. Since the restricted backward shift
realization {Ag, Bg,Ca,Go} is a minimal realization of G, all the poles of G must also be
in the open unit disc; see Theorem 6.3.1.

Assume that all the poles of G are in the open unit disc. Let {A on X, B,C, Gy} be a
minimal realization of G. Then H admits a factorization of the form H = W,W, where W,
is defined in (7.12) while W, is defined in (7.24). Because all the poles of G are in the open
unit disc, all the eigenvalues of A are in the open unit disc. This implies that |A*|} < mr*
for all integers £ > 0 where m is a positive scalar and 0 < r < 1. By using the geometric
series, with z in X', we obtain

IWoz|? = D _ICA |® < m*||CIP Y v ||z = m*|CI1 )|/ (1 = 7).
k=0 k=0

Hence, | W, |12 < m?||C|2/(1~7?%), and thus, W, is a bounded operator. A similar calculation
shows that |W}||? < m?|B||?/(1 — r?). So, W, is also a bounded operator. Therefore,
H =W,W, is a bounded operator. [ |

7.3 Realizations and factoring Hankel matrices

In this section we present a method to compute the minimal realization for a transfer function
by factoring a certain Hankel matrix. To this end, consider any pair r, m of positive integers
and any sequence {G; : 1 <i < r+m—1} of operators in L(U4,)). Let H,,, be the Hankel
operator generated by this sequence, that is,

G, Gy -~ Gn
Gy, Gi - G

Hom=| . T (7.28)
Gr Gr+l o Gr+m—1

Notice that if the sequence {G;: 1 < i <r+m—1} is a subsequence of an infinite sequence
{Gi}&, then H,. ., is the r x m block Hankel operator contained in the upper left hand corner
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92 CHAPTER 7. MORE REALIZATION THEORY

of the infinite block Hankel operator H generated by the infinite sequence and defined in
(7.21). We will also use the notation H, = H,, which is consistent with our previous
notation. Our first observation is that if H is the infinite block Hankel operator generated
by a sequence {G;}{°, and r and m are any integers for which rank H;,, = rank H, then
rank f; . = rank H, , for all integers j > r and k > m. This follows from the fact that the
rank of any submatrix of a matrix is less than or equal to the rank of the original matrix.
Finally, recall that if {G;}&° is the coeflicient sequence for the power series expansion of a
proper rational function N/d where N and d are polynomials with d scalar, then rank H,, , =
rank H where n = deg d; see Section 7.2.

If {A, B,C, D} is any realization of {G;}$°, then using Gy = D and G; = CA*"!B for all
integers ¢ > 0, we obtain

C

CA
H.pm = . [B AB .- A™'B | (7.29)

cA—?

for all positive integers r and m. This shows that the operator H, ,, admits a factorization
of the form 1, ,, = W, W, where

c
CA
: and W.,=[B AB --- A™'B].
CAT—I

Consider now a minimal realization {A on C", B,C, D} of {G;}§*. Then rank H = n and the
observability operator W,, is one to one with domain €™ while the controllability operator
Wer i1s onto €. Let r be the smallest integer for which W, is one to one and let m be the
smallest integer for which W, is onto. Then for j > r and k > m, (7.29) shows that the
operator H; ;. admits a factorization of the form H;; = W,; W, where the W,; is one to one
with domain C™ while W, is onto C". Hence, rank H;, = n = rank H whenever j > r and
k> m.

Note that rank Hy,,; = rank Hy for some integer k, does not necessarily imply that
rank Hy, is the dimension of the minimal realization for G. To see this consider the transfer

function ! ] ]
G($)=;+;2‘+;§.
Then H; =1 and
11
HQ_[l 1}.

Hence, H; and H, both have rank one. However, every minimal realization of G is of order
three. Finally, it is noted that the rank of Hj is three.

As before, let G(s) = > o°s7'G; be the power series expansion for a proper rational
function G with values in £(i/,Y). To obtain a minimal realization for the sequence {G;}¢°,

let H be the Hankel operator generated by {G;}&. Assume that the rank of H is n, or
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7.3. REALIZATIONS AND FACTORING HANKEL MATRICES 93

equivalently, n is the McMillan degree of G. Let WV = H be any factorization of A where
the operator W from C” into I, () is one to one, while the linear map V is onto C*. Since G
has a controllable and observable realization with state space C", it follows from equations
(7.12),(7.24), (7.25) and G; = CA*"! B for all integers 7 > 0 that such a factorization always
exists. In fact, H = W,W,. Now let {Ag, Bg,Cg,Go} be the restricted backward shift
realization of G introduced in Section 7.1. Here Ag = S|H¢ where S is the shift operator on
the sequence space [, (Y) defined in (7.6). The state space Hg is precisely the range of the
Hankel operator H. Since W is one to one and V is onto, the range of W is Hg. Hence, W
defines a similarity transformation from C" onto Hg. So, the system {4 on C", B, C, Go},
defined by

SW =WA and Bg=L=WB and C = EW = CcW , (7.30)
is similar to the restricted backward realization, and thus, it is also a minimal realization of
the transfer function G. The operators E and L are defined in (7.7) and (7.8), respectively.
Finally, it is noted that W and V admit matrix representations of the form

Wi
W=y, | esd V=[V1 V» V3 -] (7.31)

where W; maps C" into ) and V; maps U into C" for all integers i > 0.

Recall that for any positive integer k and any vector space F, the notation ©¥F refers
to the linear space formed by the set of k-tuples with components in F, that is, the set of
all vectors of the form [f1, f2,-- -, fx]™" where f; isin F for all j = 1,2,--- k. Let Fy be
the operator mapping /,.()) onto &FY which selects the first & components of a vector f in
1.()), that is,

fi [ fi
f2 f2
Pk f3 =
Lk
Let @ be the operator embedding @5 into the linear space I. (i), that is,
R
U2
U1
U
Dy .2 = | u
: 0
Uk 0

For any positive integers j > 1 and k > 1, we have

Wy

W,
pw=| | andV® =V Vi --- Vi] and H; = BWV®;. (7.32)
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Since L = H®, we have WB = L = WV ®;. Because W is one to one, B = V®; = V;, that
is, B is the first block of V. Also, C = EW = PLW = W, that is, C is the first block of W.

Consider now any positive integers j and k such that rank H;; = n = rank H. Since
Hj, = P,WV®, and P;W has domain C" it follows that the operator P;W is one to one.
By applying F; to the first equation in (7.30), we obtain P;SW = P;WWA. Hence,

A= (PW)TBSW = (P,W) P,W)" (P,W) P,SW .

Here (P;W)~" is the restricted inverse of P;W. The last equality follows because P;W is one
to one. Since
W
Wi
PSW = _ ,
Wi

a minimal realization {A, B, C, Gy} for G is given by

J -1 J
A= (Z m*m) (Z m*mH) and B=V;, and C=W,. (7.33)
=1 i=1

Finally, it is noted that this minimal realization can be computed from the operators P;.. W
and V@, appearing in the factorization Hj 1% = Pj WV &

Consider any positive integers j and k for which rank H;; = rankf = n. Let YX =
Hji1 be any factorization of H;, 1 where Y is a one to one operator whose domain is C*
and X is onto C"*. Then Y and X admit a block matrix representation of the form

Y= . and X:[Xl X2 Xk} (734)
Yin

where each Y; maps C" into ) and each X; maps U/ into C". We now claim that the system
{A, B,C, Gy} defined by

j 1y
A= (}: Ym) (Z }q*ml) and B=X; and C=Y; (7.35)
=1 =1

is a minimal realization of {G;}§.

To verify this it is sufficient to show that there exists a factorization H = WV of H where
W is one to one with domain C" and V is onto C"* with P, 1W =Y and V&, = X. In this
case, the formulas for A, B and C in {7.33) and (7.35) are equivalent. Hence, {4, B,C, Go}
in {7.35) is a minimal realization of G. To establish these facts, consider any factorization
H = W,W, where W, maps C" one to one into [, (}) and W, is onto C". The operators
W, and W, can be constructed from any minimal realization of G whose state space is C*
see (7.12), (7.24) and (7.25). Then YX = H;y = P W,W.®,. Because H;, s has rank
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7.3. REALIZATIONS AND FACTORING HANKEL MATRICES 95

n it follows that P;1 W, is one to one and W.®; is onto. Notice that if T = MN where
R and M are one to one, and 7" and N are onto, then R = MQ and T = Q!N where 2
is an invertible transformation. Hence, there exists is an invertible transformation Q such
that Y = P, W,Q and X = Q7 'W.®,. Letting W = W,Q and V = Q7'W,, we see that
W is one to one with domain C™ and V is onto C*. Also, H = WV while Y = P, W and
X = V®;. This verifies our claim, that is, the system {4, B,C, Gy} defined in (7.35) is a
minimal realization of G.
Finally, it is noted that

G Gy -+ G
Gy Gz - Grn
Hipe=| . . - (7.36)
Gis1 Gz - Gipk

Thus, the formation of H,41x requires only the first j + k elements of the sequence {G;}{°.
Summing up the previous analysis yields the following result.

Theorem 7.3.1 Let G = 3 0" s™'G; be the power series expansion for any proper rational
function, and assume that the McMillan degree of G is n. Let 7 and k any positive integers
such that rankHjx = n. Let YX = Hj1 be any factorization of Hii 1y whereY is one to
one with domain C* and X is onto C*. Then {A, B,C,Go} given by (7.85) is @ minimal
realization of G. In particular, if G = N/d where N is an operator valued polynomial and d
is a scalar valued polynomial, then one can choose j and k to be the degree of d.

Remark 7.3.1 Assume that G is a proper rational function of the form G = N/d where N is
an operator valued polynomial and d is a scalar valued polynomial. Then one can use Lemma
1.3.2 to compute the coefficients {G;}3** in the power series expansion G(s) = S5 s~C,.
Using {G;}™ the above theorem provides an algorithm to compute a minimal realization
for G.

Remark 7.3.2 The singular value decomposition provides an efficient method to compute
a factorization H;41x = Y X where Y is one to one and X is onto. To see this, let UAV* be
a singular value decomposition of H;,, where U and V are isometries and A is a strictly
positive diagonal matrix; see Section 16.6 in the Appendix. Then setting ¥ = U and
X = AV* yields the desired factorization of H; ;. Finally, it is noted that in applications
of Theorem 7.3.1 to experimentally obtained data, one does not have to choose the shortest
sequence {G;}}* for which rank H;x = n and j +k = m. In practice one may want to choose
the integers j and k so that j + &k > m and {G;}** includes all the data available from the
experiments. This takes advantage of the singular value decomposition of H;;1 and helps
reduce the effects of any noise associated with the experimental data; see Damen-Van den
Hof-Hajdasinski [32].

As before, let H be the Hankel matrix determined by a proper rational function G with
values in £{U,Y). The application of Theorem 7.3.1 appears to works well when the rank
of H is small and j + k is not too “large”, or when H is a bounded operator from {2 (U)
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into 3 (). If H is not a bounded operator, then the norm of Hj,;+ approaches infinity as j
and k become large. In this case, H;;, x can become ill conditioned for large j and k, which
leads to numerical problems when implementing Theorem 7.3.1. However, if A is a bounded
operator, then the norm of Hj;1 x is bounded for all j and k, and one can use Theorem 7.3.1
to compute a minimal realization for G even when the rank of H is “large”. Proposition
7.2.2 shows that H is a bounded operator if and only if all the poles of G are inside the open
unit disc {s : |s| < 1}. In other words, if {A, B,C, D} is a minimal realization of G, then
H is a bounded operator if and only if all the eigenvalues of A are in the open unit disc;
see Theorem 6.3.1. If all the eigenvalues of A are in the open unit disc, then A is discrete
time stable. So, Theorem 7.3.1 is useful for computing minimal realizations for discrete time
stable systems. Finally, it is noted that when all the poles of G are inside the open unit disc,
then one can use the fast Fourier transform to calculate the coeficients {G;} in the power
series expansion of G.

7.4 Partial realizations and the Kalman-Ho Algorithm

In this section we present the Kalman-Ho Algorithm to construct a realization from a finite
set of data. As before, let G = 3 ¢° 57iG; be the power series expansion for a proper
rational function G with values in £{U{,}). A state space system {A, B,C, D} is called a
partial realization of order m for a transfer function G or a sequence {G;}5° if

Go=D and G;=CA" B (for1<i<m). (7.37)

When (7.37) holds, we also say that {4, B,C, D} is a partial realization of {G,}§*. The
system {4, B,C, D} is a minimal partial realization of {G;}§ if it is a partial realization of
{G;}2* of the lowest state dimension. Obviously, a minimal partial realization is controllable
and observable. However, not all minimal partial realizations of the same sequence {G;}7'
are similar. For example, {0,1,1,0} and {1,1,1,0} are both minimal partial realizations
of the sequence {0,1} and they are not similar. For another example, the minimal partial
realizations

o o] [3]0onop wa {13 5] [3] 101 0)

of the sequence {0,0,1} are not similar.

Remark 7.4.1 Let X; = {4; on &}, B;,C;, D;}, for j = 1,2, be two partial realizations of

the sequence {G; : 0 < i < 2r}. Moreover, assume that » > dim X; for j = 1,2. Then %,

and ¥, have the same transfer function G, that is, G(s) = Cj{sI — A;)"!B;+ D, for j = 1,2.
To see this, let {4 on X; & X, B, C, 0} be the state space system defined by

A0 B
A:[ 01 AJ and B:[B;} and C=[C1 —-Ca . (7.38)

CA'B = 0 for 0 < i € 2r — 1. However, the degree of the characteristic polynomial for 4

Because both ¥; and X, are partial realizations of {G; : 0 < i < 2r}, it follows that
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7.4. PARTIAL REALIZATIONS AND THE KALMAN-HO ALGORITHM 97

must be less than or equal to 2r. By the Cayley-Hamilton Theorem, this readily implies that
CA*'B = 0 for all integers i > 0. Hence, C; A} By = C» 44 B, for all integers i > 0. Obviously,
Dy = Gg = D3. Therefore, 2; and Xs have the same transfer function.

As before, let {G;}T be a sequence of operators in L(U,Y). Then we say that {F;}3° is
an eztension of {G;}5 if {F;}§° is a sequence of operators in £(U,Y) satisfying F; = G; for
1=0,1,---,m. Suppose that {G;}7* has an extension {G;}5°> whose McMillan degree equals
the rank of H;, where m = j + k. (The Hankel matrix H;; is defined in (7.28).) In other
words, assume that the rank of the Hankel matrix H associated with {G;}3° equals the rank
of H; . Then this is the only extension of {G;}$** whose McMillan degree equals the rank of
H;j. Using only the finite sequence {G.-}éJ"k, Theorem 7.3.1 provides an explicit realization
for any infinite sequence extending {G;}5™ with McMillan degree equal to the rank of Hy.
Hence, this infinite sequence extending {Gi}ff’k is unique. Moreover, if {4, B,C,Go} is a
minimal realization of this unique extension {G;}{, then {4, B,C,Go} is a minimal partial
realization of {Gi}g+k . To prove that this partial realization is minimal, let H be the block
Hankel matrix generated by any partial realization of {G;};™. Then H contains H; in its
upper left hand corner. Hence, the rank of His greater than or equal to that of H;; which is
precisely the state space dimension of {A, B,C,Gp}. Since the rank of the Hankel operator
H equals the state dimension of its minimal realization, the partial realization {A, B, C,Go}
is minimal. Furthermore, since all minimal realizations of the same transfer function are
similar and {G,-}{;+k has a unique extension, it foliows that all minimal partial realizations
of {G;}3™* are similar. Finally, because H and H;; have the same rank, the block Hankel
matrices H;y, H;y1% and H;xyq all have the same rank. The following lemma uses this rank
condition to establish the existence of a unique extension for a partial sequence.

Lemma 7.4.1 Let {G; : 0 < i < j + k} be a sequence of operators mapping U into Y.
Assume that the block Hankel matrices H;y, Hjt1x and H;rpq formed by this sequence
have the same rank. Then there ezists a unique extension {G;}$ of the sequence {G;}5*
whose McMillan degree equals the rank of H; . In particular, if {A, B,C,Gp} is a minimal
realization of this unique extension {G;}§, then {A, B, C,Go} is a minimal partial realization
of {G:¥)**. Finally, all minimal partial realizations of {G;},** are similar.

PROOF. To complete the proof it remains to show that there exists an extension {G;}§® of
the sequence {G;}5* whose McMillan degree equals the rank of A, k- Since Hjg and Hj gyt
have the same rank, it follows that there exists operators {8;}¥ on U such that

Grn1 G Gy - G B
Gk+1 _ G2 G3 et Gk+1 ;32
Gk+j Gj Gj+1 tee Gj+k—1 ﬁk

Now let G,4r+1 be the operator in £(U,Y) defined by

Givkr1 =GP+ Gipafa + - - - + GianBe -

Then the range of the last column of Hjyy 441 is contained in the range of the preceding
columns of Hj,) x4y which is precisely the range of H;, ;. Hence, H;4y 141 and Hjy 4 have
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98 CHAPTER 7. MORE REALIZATION THEORY

the same rank, which equals the rank of H;;.,. Since Hj 441 corresponds to the first j rows
of Hjy) k41 and these two matrices have the same rank, it follows that there exist operators
{@;}] on Y satisfying

Gr Ga o Gen
[ Gis1 Gira 0 Gien ] = [ ay Gy o G ] sz 03 G}TH (7.39)
Gy G - Gk
This yields
Giy1 = 1G4+ G+ -+ ;G
G2 : a1Gy+ oG+ -+ a; Gl (7.40)
Gk : 001Gy + Grpa + - -+ 0 Grgj .
Now we simply recursively define the operators {G; : 1> j+ k + 1} by
Gi=Gij+ oG+ +a; Gy (fori>j+k+1). (7.41)

Let H be the Hankel operator formed by the infinite sequence {G;}:2,. Then it follows from
(7.40) and (7.41) that H;4y1 and Heo ki1 have the same rank which equals the rank of Hjy.
Since H; is contained in upper left corner of both Huop and Hoo k11, it follows that Hoox
and H, k41 have the same rank. This implies that the range of the £ 4 1-th column of H is
contained in the range of the H ;. Notice that the i-th column of H is simply S*'L where
S is the backward shift on [,.(Y) and L is Hu 1, that is, the first block column of H. Hence,

S* LU C ran Hyo g, = span{S‘LU : i = 0,1,--- , k — 1}.

According to Lemma 7.6.1, it now follows that S*LU C ran Hoy for all integers ¢ > 0.
Therefore, H and H, ; have the same rank which equals the rank of Hj. ]

Remark 7.4.2 Notice that for scalar sequences, Hj., ; is the transpose of H; ;.,, and hence,
these two matrices have the same rank. So, when implementing Lemma 7.4.1 in the scalar

case with j = k, one only has to check that the rank of H;; equals the rank of H;,,; or
H; ;1. The following example shows that this may not be true for non-scalar sequences.

Consider the transfer function
171 110
G(S)ZEI:O}+;2—{1} .

Then the matrices H;; = G; = [ 10 ]" and

=
—
If
| na—
@
0
| IN— 1
I
-0 O =
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7.4. PARTIAL REALIZATIONS AND THE KALMAN-HO ALGORITHM 99
both have rank one. However,
10
Hy, = [& G2]—[0 1]

has rank two. If j # k, then even for scalar sequences one has to check the rank of all three
matrices H;y, Hj414 and Hj.1. For example, consider the transfer function G(s) = 1/s?.
Then Gy =0, Gy = 1 and G3 = 0. Considering j =2 and k =1,

0

H21= 0 and H31= 1 while H22= 01 .
’ 1 ' 0 ' 10

Although H,; and Hs; both have rank one, the rank of H,, equals two.

Let us now present a state space proof of Lemma 7.4.1. Since H;j corresponds to the
first j rows of H;,1, and these two matrices have the same rank, it follows that there exist
operators {a; }] on Y such that

G, G - G
Gy Gz -+ Gru

[ Gj+1 Gj+2 e G]'+k ] = [ p Qg - Oy ] (742)

G Gi -+ e

(Let us note that, in contrast to the previous proof, we do not have to first generate G;ix41.)
Let A, B and C be the block matrices defined by

0o I 0 0
0 0 I 0 &
Gy
A = oo : and B= :
g 0 0 --- I : . (7.43)
G;
Qa;p Gy Q3 - QG
C =[100-:-00].

Notice that A is a block companion matrix on ea{y. Using the shift structure of A along
with (7.42), we obtain

Gi Gy -+ Gy Gy Gz - Grp
G Ga --- G G G: - G

A :2 :3 k:+1 _ :3 :4 k42 (7.44)
G; Gim1 0 Gjpe-1 Giy1 Gijea -+ G

Notice that B is the first column of the Hankel matrix on the left of the equal sign, and thus,
AB is the first column of the matrix on the right of the equal sign. The operator AB also
appears as the second column of the Hankel matrix on the left of the equal sign, and hence,

Copyright © Marcel Dekker, Inc. All rights reserved.
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100 CHAPTER 7. MORE REALIZATION THEORY

A?B is the second column of the matrix on the right of the equal sign. Continuing in this
fashion shows that

Gy Gy ... Gin
Gy G ... G

[Boap o oam]=| 7 T T =t 04)
G; Gja ... Gk

It immediately follows from (7.45) that CA*"'B = G, for i = 1,2,---,k + 1. Consider
k+ 1< < j+k and notice that A*B is the last column of Hjx41. Using the structure of
C and the shift structure of A, we have that CA™ 1B = CA™*"1A*B = G;. It now follows
that {4, B, C,Go} is a partial realization of {G; : 0 <4 < j+ k}. So, if G; = CA*B for
all infcf,;gers i > 0, then {A, B,C, Gy} is a realization of the sequence {G,}§® which extends
{Girp™"

We now claim that rank H;; = rank # where H is the infinite Hankel matrix generated
by {G:}&°. According to equation (7.45),

[ B, AB .- A*'B]=H. (7.46)

Since H;x and H;i,q have the same rank they also have the same range. So, if X, is the
range of Hj x, then equation (7.45) also shows that A*BI{ C X,. By consulting Lemma 7.6.1,
we obtain

Xe = span{A'BU :1=0,1,2,---}.

In other words, X. is the controllable subspace for the pair {4, B}. Let {A, on X, B, C., Go}
be the system defined by

A.=AlX,, B.=B and C.=C|X.. (7.47)

Here A, is on X, and B, map U into X, while C, maps X, into ). Proposition 6.2.1 shows
that {A, B., C., Go} is a controllable realization of {G;}5°. Because the McMillan degree
of {G;}§° equals the rank of H, we obtain rank H;; < rank H < dim X, = rankHj;. So,
we have equality. In particular, the block matrices H,; and H have the same rank. Since
dim X, = rank H, the system {A,, B, C.,Go} is a minimal realization. For another proof of
this fact, simply notice that pair {C, A} is observable. By consulting Proposition 6.2.1, it
also follows that { A, B, C., Go} is a minimal realization for {G;}§°. Moreover, the McMillan
degree of {G;}5° equals the rank of H;;. Therefore, {A., B., C.,Go} is a minimal partial
realization of {G:}3™.

The above analysis shows that the system {A., B, C., Go} in (7.47) is a minimal partial
realization of {G;}}**. Clearly this system is controllable and observable. Moreover, one
can easily compute {4, B, C;, Go} by extracting the controllable part from the companion
partial realization {4, B, C,Go} of {G;}3*" in (7.43). Furthermore, this realization proce-
dure provides another method of obtaining & minimal realization of an infinite sequence
{G;}® whose associated Hankel matrix H has finite rank. To see this, simple choose any
finite subsequence {G;}3™* such that H,; and H have the same rank. Then the realization
{A., B, C:., Go} constructed in (7.47) is a minimal realization of {G;}$°.

Now assume that 7 = k and the sequence {G;} is scalar valued. Then equations (7.43)
and (7.44) along with the above analysis yield the following result.
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7.4. PARTIAL REALIZATIONS AND THE KALMAN-HO ALGORITHM 101

Proposition 7.4.2 Let {G; : 0 < i < 2n} be a sequence of scalars satisfying rank H, =
rank H, 1 = n. Let M be the matriz on C" defined by

Gy Gz -+ Gun
G Gy - G,
M= :3 :4 :+2 (7.48)
Gnt1 Gni2 -+ Go
Then a minimal partial realization {A, B,C,Go} of {G:i: 0 <1 < 2n} is given by
A=MH' and B=[G; Gy - G,]" and C=[1 0 --- 0].  (749)
In this case, A is a companion matriz of the form
0 1 0 --- 0
6 o0 1 .- 0
A= : = N (7.50)
o o 0 .- 1
Qp Q2 G3 - Qp

Let G = 35" s7*G; be the power series expansion for a scalar valued proper rational
function whose McMillan degree equals n. Then the system {4, B,C,Go} in (7.49) is a
minimal realization of G. In particular, one can obtain a minimal realization of G from the
first 2n + 1 terms {G;}2" in its power series expansion. Let us present an elementary proof
of this fact. Consider any minimal realization {4; on X;, By, Cy, D} of G. Let W,,, and W,
be the observability and controllability matrices associated with this system, that is, Wy,
and W, are the matrices defined by

Ch
CrA; .
Wm= . and ch:[Bl AlBl A’f Bl]
CLAM!
Because the pair {C1, A} is observable, W,, is an invertible operator from ) onto C".
Let {A on C", B, C, D} be the minimal realization of G which is similar to {4;, B;,C;, D}
through W,,, that is,

AW, = WonA; and B=W,,B, and CW,,=C]. (7.51)

Using C, A7 B; = G, it follows that H, = W,,W,, and M = W,,A;W,,. Since AW,, =
WonAi1, we have
AH, = AW W, = W, AiW,, =M.

Thus, AH, = M. Because the pair {A;, B:} is controllable, W, is invertible. So, H, =
W,.W,, is invertible, and we obtain A = M H;!. Using C’lA‘l‘lBl = G; once again, we have

B=WmBi=[G1 Gy -+ G, ]".
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102 CHAPTER 7. MORE REALIZATION THEORY

Finally, since CW,, = C) weseethat C=[1 0 --- 0]

To complete the proof it remains to show that A is a companion matrix, that is, a matrix
of the form (7.50). To this end, let E,_; be the operator from C" onto C*~! which picks
out the first n — 1 components of each element of C*, that is, Epq] 21 -+ Zpoy 2o |7 =
[z1 <+ @n-1]”. Then using A = MH;', we obtain E,_1AH, = E,_ /M = E, 17H,

where Z is a companion matrix on C". Since H, is invertible, E,_1A = E,,_1Z. So, the first
n — 1 rows of A and Z are identical. Therefore, A is a companion matrix.

7.4.1 The Kalman-Ho Algorithm

Consider any positive integers j, k and any finite sequence of operators {Gi}6+k mapping U
into Y. Assume that the block Hankel matrices H;x, Hji1x and H;gqq formed by this se-
quence have the same rank. Then we can compute a minimal partial realization {4, B, C, D}
of {G;}5* by the following procedure.

Kalman-Ho Algorithm. Letting n be the rank of H;y, compute a factorization for Hj %
of the form H; 1% = Y X where Y maps C" one to one into ea{“y and X maps ®U onto
C". Decompose Y and X as follows

Yy
Y

Y= | and X=X X -+ Xi|] (7.52)
Yin

where each Y; maps C” into Y and X; maps Y into C*. Then a minimal partial realization
{A, B,C,Go} of {G;})** is given by

j =L sy
A= (Z Yi*Yi> (Z Y;‘Y,-H) and B=X, and C=Y;. (7.53)
i=1 =1

PROOF. According to Lemma 7.4.1, there exists a unique extension {G;}g° of {G:}3** whose
McMillan degree equals the rank of H;;. By Theorem 7.3.1, the system {4, B,C, G} in
(7.53) is a minimal realization of the infinite sequence. Therefore, this system is a minimal
partial realization of {G;}3**. [}

7.5 Matrix representation of operators

In the next section we use matrix representations to extract a minimal realization in matrix
form directly from the restricted backward shift realization. To this end, let us review how
to obtain matrix representations for finite dimensional linear operators. Let A be a linear
operator on a finite dimensional vector space X. We say that M is a matriz representation
of A if there exists an invertible operator P mapping C" onto X satisfying

AP =PM.
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7.5. MATRIX REPRESENTATION OF OPERATORS 103

In other words, a matrix representation of A is an operator on C* which is similar to A.
Hence, all matrix representations of A are similar.

We now show that every finite dimensional operator admits a matrix representation. To
this end, let {¢y, ¢2,-- -, P} be any basis for X and P be the operator mapping C™ onto X
defined by

P=[¢1 d» - 6a]. (7.54)

Clearly, P is one to one and onto. It should be clear that
M= P'AP (7.55)

is a matrix representation for A. In this case we say that M is a matrix representation for
A with respect to the basis {¢;}7. Let {e:}} be the standard orthonormal basis for C*, that
is, e; is the vector whose i-th component is one and all other components are zero. Then we
can identify M with the matrix

My M2 - Mag
m2y M2z - Man

. . . 3
Mp1 Mp2 -+ Mpp

where the entries m;; are uniquely given by
Me; =Xn:m1~jei (for j =1,2,--+,n). (7.56)
i=1
Using AP = PM, we obtain
A¢p; = APe; = PMe; = Pim,—jei = i m;; Pe; = im;jqﬁ,—.
i=1 i=1 =1
It now follows that the entries m;; for the matrix M are given by

Agj = Zm’jj¢i (for 7=1,2,---,n). (7.57)

i=1

Since {¢;}7 is a basis, the entries m;; of are uniquely determined by (7.57). In this case,
we say that we have identified the basis {¢;}7 for X with the standard basis {e;}} for C".
Comparing (7.56) and (7.57), we see that the action of M on the standard basis is exactly the
same as the action of A on the basis {¢;}7. Finally, it is noted that the matrix representation
of a linear operator is not unique. It depends upon the chosen basis. Since there is an infinite
number of bases, there is an infinite number of matrix representations for A.

Example 7.5.1 Let A be a linear operator on a vector space X of finite dimension n. Sup-
pose that A has n distinct eigenvalues, {A;, Ag,---,A,} with corresponding eigenvectors,
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104 CHAPTER 7. MORE REALIZATION THEORY

{¢1,2,"--,¢a}. It is well known that the eigenvectors corresponding to distinct eigenval-
ues are linearly independent; see for example Halmos [58] and Horn-Johnson [65]. Hence,
{¢1,¢2, -+, ¢n} is a basis for X. Since

Ad; = N, (for j=1,2,--+,n),

it follows from (7.57) that the matrix representation M of A with respect to the above basis
of eigenvectors is given by the following diagonal matrix:

M 0 - 0
0 X -+ 0
M= : o, .
0 0 - A,

Example 7.5.2 Let X' be the vector space consisting of the set of all polynomials p(z) of
degree less than or equal to 4. Let A be the differentiation operator on X that is, Ap = j‘-z—p.
Clearly, A is a linear operator. Let us obtain a matrix representation of A with respect to the
basis {¢1, P2, -+, $5} given by ¢1(x) = 1, do(z) = z, $3(z) = 22, ¢y(x) = z° and ¢5(z) = z*.
Since

App = 0

Apy = 1=1¢
Ads = 2z =2¢
Apy = 3z* = 33

Aps = 42° =44,

it follows from (7.57) that the matrix representation M of the differential operator A with
respect to the above basis is given by

01000
00200
M=]10003020
000©O0 V4
000600

2

The operator P mapping C® into X isgiven by P=[1 z 2® z*® z'], and thus,

APz—d—P

e [0 1 2z 3z 45°]

= [1 2z 2 & 2 |M=PM.

I

Therefore, as expected, AP = PM.

Example 7.5.3 Let A be an operator on a n dimensional linear space X’ and b an operator
mapping C into X'. Suppose further that the pair {A, b} is controllable and define the vectors
{¢:}7 by ¢1 = b, ¢ = Ab, 3 = A%, -+, ¢, = A*"tb. Since {A4, b} is controllable, it follows
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7.5. MATRIX REPRESENTATION OF OPERATORS 105

that {¢;}7 is a basis for X. Let us find a matrix representation M for the operator A with
respect to this basis. To this end, notice that

Apy = Ab=¢,

Apy = A’b=¢3

Apny A"lb = ¢n
Apn = A"b.

Hence, for j = 1,2,---,n — 1, we obtain A¢; = ¢;4+1. This yields the identification Me; =
e;41 for j =1,2,---,n — 1. Now, by the Cayley-Hamilton Theorem,

A"+ an 1 A" 4 A+ ag =0,

where A" + a,_1 A" +--. + a1\ + ap = det[A] — A] is the characteristic polynomial for A.
Therefore,

n—1 n—1
Ad)n = A" = — Z ﬂ,iAib = Z —ai¢5+1 .
i=0 i=0
This shows, by identification, that Me, = — Z?__fol a;e;y1. Therefore, the matrix representa-
tion M for the operator A with respect to the basis {¢;}7 is given by
000 -+ —a
100 - —aq
M=[Me, Mey -+ Mey|]=|010 - —a
000 -+ —ay
Finally, if P is the invertible operator mapping C™ into X definedby P =[ ¢1 ¢2 - ¢n |,

then AP = PM.

Exercise 14 Let X be the vector space consisting of the set of all polynomials p(x) of degree
less than or equal to four. Let A = % be the differentiation operator on X. Consider the
basis {¢;}} for X given by ¢1(x) = 1%, ¢o(z) = 2%, ¢3(z) = 2%, P4(z) = z and ¢5(z) = 1.
Find the matrix representation for A with respect to this basis.

Exercise 15 Let X’ be the vector space consisting of the set of all polynomials p(z) of
degree less than or equal to k. Let A = f; be the differentiation operator on X. If ¢ is any
polynomial in X, then the Taylor series expansion shows that

o0

tt d"
d(z +1t) =ZJE£ z).
n=0

Recall that et = Y°¢° A™t"/n!. Since Ap = %, it follows that (et¢)(z) = ¢p(z +t). In
particular, the solution to the differential equation f = Af subject to the initial condition
F(0) = ¢ is given by f(t)(z) = e f(0) = ¢(z + ¢). In fact, f = Af can be viewed as a
partial differential equation %{ = gﬁ. Find the matrix representation M for A with respect
to the basis {1,z,2?,---,2*}.
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106 CHAPTER 7. MORE REALIZATION THEORY

7.6 Shift realizations for proper rational functions

In this section, we show how one can obtain a minimal state space realization for a proper
rational transfer function G, by simply finding a matrix representation for the restricted
backward shift realization. As before, G takes values in £(U,Y) where U and Y are finite
dimensional vector spaces. To begin, let R, (}) be the linear space consisting of the set of
all strictly proper rational functions with values in Y. If f is in R (). then f admits a
power series expansion of the form

o<

fl&)=2"s7%  (fied) (7.58)

i=1

In this setting, the backward shift operator .S on R, () is defined by

(S£)(s) = 5f(s) = (s£(s), ~ (for f € RL(D)), (7.59)

where (sf(s)),, = lim,—csf(s) = f1. To compute (sf(s))., let f = p/d where p is a
polynomial with values in ) and d is a scalar valued polynomial satisfying degp < degd = n.
Then (sf(s)),, = fi = pa—1/d, where d,, is the coeflicient of s™ for d and p,_ is the coefficient
of s"~1 for p. Notice that if f(s) = S.7"s7 fi, then Sf = 57" s fir1. So, the backward shift
S on R.(Y) acts on the coefficients {f;}7° in exactly the same way as the backward shift
operator defined in equation (7.6). By a slight abuse of notation, we will use the symbol S to
represent both the backward shift operator on the sequence space {,()) and the backward
shift operator defined on the space of strictly proper rational functions R (). It will be
clear from the context which backward shift operator we are using.

We can move the definition of the evaluation operator FE (see equation (7.7)) and the
initialization operator L (recall equation (7.8)) to the R4 () space. In this setting, the
evaluation operator E is now the operator mapping R, (Y) into ) defined by

Ef = (sf(s)e=h (for f€R(D)). (7.60)

Let G = Y (° s™/G; be a proper rational function with values in £(I{,)). Then the initial-
ization operator L mapping U/ into R, (}) is given by

(Lu)(s) = G(s)u = (Glo))ow = 3 22

7=1

(for u e U). (7.61)

Sj

Finally, the direct transmission term D(G) is given by D(G) = (G(s))o = Go. Obviously,
G; = ES*LL for all integers ¢ > 1. Therefore, {S on R4.(Y), L, E,Go} is a realization of G.
To obtain the restricted backward shift realization in this context, consider the control-
lable subspace H(G) of R (V) defined by
H(G) = span{S*LU : k = 0,1,2,---} = span{S*(G —~ Go)Ud : k =0,1,2,---}.
Clearly, H(G) is an invariant subspace for S. In this setting, the restricted backward shift
realization of G is now given by {A(G) on H(G), B(G),C(G),D(G)} where

A(G) = SIH(G), B(G)=L, C(G)= E/H(G) and D(G) = Gy. (7.62)

MarceL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



7.6. SHIFT REALIZATIONS FOR PROPER RATIONAL FUNCTIONS 107

Obviously, {A(G), B(G),C(G), Gy} is similar to the restricted backward shift realization
{Ag on Hg, Bg,Ce,Go} of G defined in (7.10). In fact, if T is the operator from H(G)
into Hg defined by T'f = [f1, fa, fs,---]'" where f = Y"°s7'f;, then T is a similarity trans-
formation which intertwines these two systems. Finally, it is noted that the notation Ag
is reserved for the restricted shift on the subspace He of infinite tuples, while A(G) is the
restricted shift on the subspace H(G) of strictly proper rational functions. By obtaining a
matrix representation for the restricted backward shift realization, one can readily obtain a
minimal realization of G whose state space is C". Perhaps the best way to explain this is
through an illustrative example.

Example 7.6.1 Let us find a minimal realization for the following proper rational function

s+1 s+1
— = 7.6
3+5s+ 6524583+t  d(s)’ (7.63)

G(s)

where d is the denominator of G. Since G is a strictly proper rational function (G(s))w = 0.
Because the input space & = C?, the invariant subspace H(G) for S is given by H(G) =
span{S*G : k = 0,1,---}. Our first step is to find the dimension n of H(G) and a basis
{p}n, for H(G). To this end, let ¢; = S*1G for i = 1,2,---,n. Thus, ¢; = G. To obtain
@2, we apply the backward shift operator to G

45 s+
¢)2(5) (S )(S) SG(S) (SG(S))OO d(s) 0 d(s)
Since ¢ is not a linear combination of ¢;, we have n > 2. In a similar manner, ¢;3 is

computed by

3, 2
33(5) = (S°G)(s) = (S92)(s) = 56a(s) ~ (s2u(s))e =
Since ¢3 is not a linear combination of ¢; and ¢,, we have n > 3. We now notice that
s st 4 &3
$a(s) = (5°G)(s) = S¢a(s) = s¢s(s) — (s¢3(s))o, = )

—3 55— 65° — 45°
d(s)
= ——4¢3(8) - 2¢2(8) - 3¢1('5) ’

that is, ¢4 is a linear combination of @1, ¢o and ¢3. In particular, S3G is contained in the
space spanned by {S7G}3. Therefore, {1, e, ¢3} is a basis for H(G); see Lemma 7.6.1
below. Hence, the dimension of H(G) is three. In other words, the McMillan degree of G is
three.

To find a matrix representation for the restricted backward shift realization, the basis
{¢1, 92, ¢3} is identified with the standard orthonormal basis {e;,e;,e3} for C3. Let P be
the operator mapping C* onto H(G) defined by

P=[¢1 ¢2 ¢3].

Copyright © Marcel Dekker, Inc. All rights reserved.
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108 CHAPTER 7. MORE REALIZATION THEORY

Since {¢1, ¢2, @3} is a basis, P is invertible. Moreover, the matrix representation {A, B, C, D}
for the restricted backward shift realization is given by

PA=A(G)P, B(G)=PB and C(G)P=C.

To compute a matrix representation 4 on C3 for A(G) = S|H(G), notice that the previous
derivation yields

A(G)p1 = ¢2, A(G)dy =3 and  A(G)ps = —3¢1 — 2¢ — 4¢3

Therefore, Ae; = e and Aey; = e3 while Aeg = —3e; — 2e; — 4e3. Consequently, the matrix
representation for the operator A(G) = S|H(G) with respect to P is given by

00 -3
A=|10 =2
01 —4
Recall that PBu = B(G)u = Lu = ¢;u = Peju for all u in Y = C'. Therefore,
PB = Pej,and thus, B=¢; =[1 0 0 ]* The matrix C is computed as follows:

C=C(G)P=EP=E[¢1 ¢ ¢3]=[0 0 1].
One may check that {4, B,C} is in fact a realization for G, that is,
G(s) = C(sI — A)7'B.

Notice that the dimension of the minimal realization is three, even though the original
description of the function G has a fourth order polynomial in the denominator. One can
easily check that there is a “pole-zero cancellation” in G. So, the backward shift realization
automatically obtained the “pole-zero cancellation”.

Lemma 7.6.1 Let R be an operator on a vector space R and V a subset of R. If R**1V is
contained in the linear span of {RIV}E, then

span{ R’V :j=0,1,2,---} = span{ 'V : j = 0,1,2,- -, k}. (7.64)
PROOF. Since R¥*V is contained in the linear span of { R7V}, we have
RM?Y = RR*Y ¢ Rspan{R'V}*_; C span{RIV},.

Hence, R**?V is contained in the linear span of {R7V}E. By continuing in this fashion,
it follows that R**™V is contained in the linear span of {R/V}E for any integer m > 0.
Therefore, equation (7.64) holds. ]
Consider any strictly proper rational function f in R, () of the form f(s) = p(s)/d(s)
where p is a polynomial with values in ) and d is a scalar valued polynomial of the form

p(s) = po+tpis+-cr+ pars™!

d(s) = do+dis+... +du1s"t+ " (7.65)
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7.6. SHIFT REALIZATIONS FOR PROPER RATIONAL FUNCTIONS 109
Notice that Sf is also a rational function and is given by

—d e
516 = (55(s)) = TGt
_ —dopn_1+ (po — dipn-1)s+ -+ - + (Pn_2 — dn_1Pn_1)s""
= 0 (7.66)
G t+qs+---+ qn_ls"‘l

d(s)

where {q;}5~! are vectors in . So, by applying S" to a strictly proper rational function,
we obtain a strictly proper rational function with the same denominator d. Recall that
a transfer function G is a proper rational function of the form N/d, where d is a scalar
valued polynomial of degree n and N is an operator valued polynomial of degree at most n.
Therefore, L = G — (G(s)) is a strictly proper rational function of the form M/d, where
M is an operator valued polynomial of degree at most n — 1. Thus,

(S£)(s)

I

H(G) = span{S*LU : k=0,1,2,---} C span{s’V/d(s) : j =0,1,--- ,n—1}.  (7.67)

In other words, H(G) is contained in the subspace of R (V) consisting of all rational func-
tions of the form q/d where q is a polynomial with values in Y of degree at most n—1. This is
another demonstration of the fact that the McMillan degree of G is always less than or equal
to n x dim(Y), where n is the degree of d. In particular, this also shows any rational function
G admits a finite dimensional realization. On the other hand, since the transfer function of
any finite dimensional system {A, B, C, D} is a proper rational function, we obtain another
proof of the fact that a transfer function G admits a finite dimensional realization if and
only if G is a proper rational function.

Example 7.6.2 Let us use the restricted backward shift realization to find a minimal real-
ization of the form {A on C*, B, C, D} for

s s(s+1)2

-s(s+1)2 —s(s+1)? (7.68)

66 = 75|

where d(s) = (s + 1)%(s + 2)2 = s* + 65® + 1352 + 125 + 4. This transfer function G(s)
was taken from page 444 in Kailath [68]. First notice that G is strictly proper, and thus,
D = (G)w = 0. Recall that if p/d is a strictly proper rational function, then S(p/d) is also
a strictly proper rational function of the form ¢/d; see (7.66). Therefore, H(G) C Hq where
H,4 is the eight dimensional subspace of R (C?) consisting of all strictly proper rational
functions ¢ of the form

é(s) = 1 [ ags® +ass® +ars+ap ]
d(s) b3$3 + b282 + bls + b()

where z = [as, a2, a1, ao, bs, b, by, bo]' is an arbitrary vector in C®. Clearly ¢ and 2z
uniquely determine each other. So, we say that this z is the vector in C® associated with ¢ in
‘Hy. In fact, the mapping ®¢ = z defines a similarity transform from Hy onto C8. (Moreover,

Copyright © Marcel Dekker, Inc. All rights reserved.
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110 CHAPTER 7. MORE REALIZATION THEORY

one can turn Hy into a Hilbert space by using the inner product (¢, ¥) = (z, g) where g is
the vector in C? associated with ¢ in H4.) Hence, H(G) C H, corresponds to a subspace of
C®.

To obtain a matrix representation for the restricted backward shift realization, first let
e1 = [1,0]" and e; = [0,1)"". To find a basis {¢,}} for H(G), set
1 s
¢1 = Gey = ) [ A9 s :I

and let 2; be the vector in C® associated with ¢, that is,
4=00,0 1,0 -1 —2 -1 0.
A simple calculation shows that (one can use deconv in Matlab); see [60].

1 52
S = d(s) [ 453 + 1282 + 125 + 4 ] =9
z» = [0,1,0,0,4, 12, 12, 47
where 2, is the vector C® associated with ¢;. Now we use the fact that ® is a similarity

transform. Since z; and z; are linearly independent in C8, the vectors ¢; and ¢, are linearly
independent in H(G). Applying S to ¢, yields

1 52
5¢2 = d(s) { —125% — 4052 — 445 — 16 ] = s
z; = [1,0,0, 0, —12, —40, —44, — 16]7

where z3 is the vector in C? associated with ¢5. Because {#, za, 23} are linearly independent
in C¥, the vectors {¢), ¢, ¢3} are linearly independent in H(G). Applying S to ¢3 gives

Sy = 1 65 —13s2 — 125 — 4 -
P d(s) | 328®+ 1122 + 1285 +48 | T

zg = [-6, —13, —12, —4, 32, 112, 128, 48}"

where z; is the vector in C® associated with ¢,. Since {21, 22, 23, z4} are linearly indepen-
dent, {¢1, &2, ¢3, ¢4} are linearly independent in H(G). Finally,

Spy = 1 23s% + 6652 + 685 + 24
1T d(s) | —80s® — 28852 — 3365 — 128

[23, 66, 68, 24, —80, — 288, — 336, — 128]"

t

4

where 2 is the vector in C® associated with S¢4. In this case, z is in the span of {21, za, 23,
z4}. In fact, z = —d2; — 1225 — 1323 — 6z4. Hence,

S¢g = —4¢1 — 12¢9 — 13¢3 — 6¢4 .

Therefore, {@1, ¢2. ¢3, ¢4} is a basis for span{S"Ge; : n=0, 1, 2, ...}; see Lemma 7.6.1.

MaRrcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



7.6. SHIFT REALIZATIONS FOR PROPER RATIONAL FUNCTIONS 111

Now let us continue on to the Ge, component and set

1 S +282+5
-2 -2 — 5

1
0]
S

!

?s
25 = [1v 27 17 0’ —17 '_21 _11 Oltr

where z5 is the vector in C® associated with ¢s. Since {z1, 22, 23, 24, 25} are linearly
independent in C®, the vectors {¢1, ¢2, @3, ¢4, ¢s} are linearly independent in H(G).
Applying S to ¢s yields
Sés = I [ —4s® - 126 - 125 — 4
7 d(s) | 4% +1287+ 125+ 4
g = |-4, —12, —12, —4, 4,12, 12, 47

where g is the vector in C® associated with S¢s. Finally, g is in the span of {z;}5. In fact,
g= 221 + Dzg + 423 + 24 — 225. Thus,

S5 = 2¢) + 5y + 43 + ¢4 — 295 .

According to Lemma 7.6.1, the vectors {¢;}} form a basis for H(G) = span{S*GC? : k¥ > 0}.
Therefore, the state dimension of the minimal realization for G is five.

To find a matrix representation {A on C®, B, C, 0} for the restricted backward shift
realization {A(G), B(G), C(G), 0} of G, let P be the similarity transformation from C® onto
H(G) defined by

P =1, ¢o, b3, ¢4, 3] -
Let A = P'A(G)P and B(G) = PB and C = EP. Then {4, B,C,0} is a minimal
realization of G. Because A(G) = S|H(G), we have

A(GYpr = ¢2, A(GQ)dy = ¢3, A(G)ds = ¢4
A(G)ps = —4¢1 — 12¢5 — 13¢5 — 6¢4
A(G)ps = 2¢1 + 5y + 4gs + ¢y — 205 .

Using PA = A(G)P it follows that

000 -4 2 10
100 -12 5 00
A=|101 0 -13 4 and B=|0 0
001 -6 1 0 0
000 0 -2 01

The matrix for B is computed from G = PB along with Ge; = ¢; and Ge; = ¢s, that is,
PB = G = [¢1,5]. So, B must be given by the above matrix. Finally, using the equation
C = EP = [E¢1, E¢a, E¢s, E¢dy, Eds), we obtain

00 1 -6 1
C‘[—1 4 12 32 —1}'

Therefore, {A, B, C,0} is a minimal realization of G.

Copyright © Marcel Dekker, Inc. All rights reserved.
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112 CHAPTER 7. MORE REALIZATION THEORY

By mimicking the procedure in the previous example, one can readily compute a min-
imal realization {A, B, C, D} for any proper rational function G = N/d with values in
L(C™, C¥) where A and B are upper triangular matrices of the form

( Al % % L * *
0 Ay = *
A = : : : ,
0 0 0 ... Ay =
| 0 0 0 ... 0 A,
[« by x % * * ok
0 0 0 b * = *
0 0 0 0 0 by ... x % x
B = S . . (7.69)
000 00 0 ... x * =*
000000 ... 0 & %
Here Aj for j = 1,2,---,n are all companion matrices and the minimal polynomial m; for

A; divides d, that is, m;q; = d for some polynomial ¢;. (This follows from the fact that the
minimal polynomial for A divides d.) Moreover, the pair {A4;,b;} is controllable for all j.
Later we will show how one can use the upper triangular structure of A and B, to compute
a gain K to arbitrarily place the eigenvalues of A — BK at r locations in the complex place,
where r is the dimension of the state space for A.

Exercise 16 Find a minimal realization for the transfer function

s?+3s5+2

G(s) = . .
(9) = S5 T 1057+ 102 5 557 2 (7.70)
Exercise 17 Find a minimal realization for the 2 x 3 transfer function
1 1 2(s+1) 1
= . 71
Gls) 52+3s+2[1 2(s+1) 2} (7.71)

Exercise 18 Using the properties of the backward shift operator given in equation (7.66),
write a computer program to compute a minimal realization for any proper rational function
with values in £{C*,C™).

Exercise 19 Let S be the backward shift operator on R, (). Then show that any complex
number A is an eigenvalue for 5. Moreover, show that A is an eigenvalue with eigenvector f
for S if and only if

fs)=(-XN""y

where y is a nonzero vector in V.
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7.7. JORDAN FORM REALIZATIONS 113

7.7 Jordan form realizations

In this section we will obtain a minimal realization in Jordan form for a scalar valued transfer
function. To this end, let G be a proper rational scalar function given by the following partial
fraction expansion

T

S0 SR -
S—)\l

S—/\2

G(s)

D+ (7.72)

s— A

where {A;}] are distinct scalars. Furthermore, we assume that ~; # 0 for all 4. Notice that
this is equivalent to G(s) = p(s)/d(s), where p and d are two polynomials with no common
roots and d = []7(s — A;). According to Proposition 7.1.3, the McMillan degree of G is n.
To obtain a minimal realization for G, let A be the diagonal matrix on C* and B the n x 1
column matrix and C the 1 X n row matrix defined by

A O 0 24!

A = ? Ao ? and B=| (7.73)
0 0 - A -

c=1[11 1].

Then it is easy to verify that {A, B, C, D} is a minimal realization of G. Clearly, {A, B,C, D}
is a realization of G, that is, G = C(sI — A)™*B + D. Because the McMillan degree of G
is n, this realization is minimal. The controllability and observability of {A, B, C, D} also
follows from the PBH test; see Proposition 5.2.2 and Proposition 4.2.2.

Jordan Models. In this section, we will use the partial fraction expansion to obtain a
minimal realization in Jordan form for a scalar valued transfer function with repeated roots.
Because computing repeated roots is numerically sensitive, the results in this section are
mainly of academic interest. To begin, let G be the scalar valued transfer function defined
by

Yr

Y2
MY

oyt (7.74)

=s—)\+

with 7, # 0. To obtain a minimal realization for this transfer function, let J be the Jordan
matrix on C” and B the r x 1 column matrix and C the 1 x r row matrix defined by

A1 0 0 0 "N
01 00 "
Jo= | " | adB= (7.75)
0 0 0 Al Yr—1
00 0 ... 0 A Y
cC=[100 -0 0].

Copyright © Marcel Dekker, Inc. All rights reserved.
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114 CHAPTER 7. MORE REALIZATION THEORY

We claim that {J, B, C,0} is a minimal realization of G. To see this, let ¢; = (s — A)™/ for
Jj=1,2,--- r. Then the inverse of sI — J is given by

$1 P2 Pz ... b1 O
0 d)l d)Z ¢r—2 ¢r—1

(sI-nH7'=) T (7.76)

0 0 0 ... ¢ ¢
00 0 ... 0 ¢

To verify this simply notice that (s — J)M(s) = I where M (s) is the matrix on the right
hand side of (7.76). Using (7.76), it readily follows that {J, B,C,0} is a realization of G,
that is, G = C(sI ~ J)"!B. Since 7, is nonzero, Proposition 7.1.3 shows that r is the
McMillan degree of G, and thus, {J, B,C,0} is a minimal realization of G. Now let us
directly verify that this realization is controllable and observable. Because ., is nonzero the
rank of [J — pd, B] equals r for all complex numbers p. By the PBH controllability test the
pair {J, B} is controllable. Notice that the kernel of

J —pl
C
is zero for all complex numbers ;. By the PBH observability test the pair {C, .J} is observable.

Therefore, {J, B,C, 0} is a minimal realization of G.
Let G be a scalar valued proper rational function of the form

mooT;

;) = e
G(s) =D + Zz TESwr (7.77)
=1 j=1
where { X} are distinct complex numbers and ., # 0 for i = 1,2,---,m. This implies

that G = p/d where p and d are co-prime polynomials and
d(s) = [J(s = ). (7.78)
Proposition 7.1.3 shows that the McMillan degree of G equals n = > 7" ;. We claim that a
minimal realization for G in Jordan form is given by {A on C*, B,C, D} where
A=diag(Ji, Jo, -+, Im), (7.79)

J; is the r; x r; block Jordan matrix corresponding to A;. The matrix B is the n x 1 column
vector given by

tr
B= [ M1 My Y21 Y T Ymd ot Ymgrm ] . (7.80)
The matrix C is the 1 x n row matrix given by

C=[6 8, - Oma 6 ]” (7.81)
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7.7. JORDAN FORM REALIZATIONS 115

where §; = [1,0,0,---,0] is the 1 x r; row vector defined by placing one in the first position
and zeros everywhere else. Using (7.76), one can readily verify that

G(s)=C(sI-A)'B+D.

Therefore, {A, B,C, D} is a realization of G whose state dimension equals n. Because the
n is also the McMillan degree of G, we immediately see that {4, B,C, D} is a minimal
realization of G. In particular, {4, B,C, D} is controllable and observable. One can also
use the PBH tests to show that this system is controllable and observable. Since 7 ,, # 0
fori=1,2,---,m, the rank of [A — AI, B] equals n for all complex numbers A. By the PBH
controllability test the pair {A, B} is controllable. Notice that the kernel of

2]

is zero for all complex numbers A. By the PBH observability test the pair {C, A} is observ-
able.

Exercise 20 Let G be a proper rational function with values in L(U,Y) given by the
following partial fraction expansion

G(s)=D+ Zn:(s -7, (7.82)

where {);}7 are distinct scalars and {[';}7 is a sequence of operators with values in L(U,}).
Furthermore, assume that T'; # 0 for all i. Let I'; = C;B; be any factorization of I'; where
the operator B; mapping I/ into X; is onto and the operator C; mapping X; into Y is one
to one. In fact, one can use the singular value decomposition to compute this factorization.
Let A be the block diagonal matrix on ®7X; and B the block column matrix from U into
@1 &; and C' the block row vector from &} A; into YV defined by

Mhii 0 - 0 By
0 Xl .-+ 0 B,
A = : y i and B= | . (7.83)
0 0 - A, B,
C=[C G - C].

(The identity on A&; is denoted by I;.) Then show that {A, B, C, D} is a minimal realization
for G.

Exercise 21 Consider the following transfer function

3 + 5 + -2 + 4
s—1 (s+2)2 s+2 (s+1)p°

G(s) = (7.84)

Find a minimal realization for G in Jordan form.
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7.8 Notes

The shift operator plays a fundamental role in operator theory; see Gohberg-Goldberg-
Kaashoek [55), Nikolskii [94] and Sz.-Nagy-Foias {120]. The shift operator also plays a basic
role in interpolation theory; see Foias-Frazho [39], Foias-Frazho-Gohberg-Kaashoek [41] and
Rosenblum-Rovnyak [104]. The restricted backward shift realization presented in Section 7.1
was taken from Fuhrmann [47] and Helton [62]. The shift operator and the backward shift
realization is also used to solve infinite dimensional realization problems in Hilbert space;
see Fuhrmann [47] for a history of this subject area and further results. Shift operators
can also be used to solve a bilinear realization problem; see Frazho [45], Wong [128] and
Rugh [110]. For a more classical approach to realization theory see Chen [26], Kailath [68],
Rugh [110] and Skelton [114]. Bart-Gohberg-Kaashoek [12] uses realization theory to solve
some factorization problems in operator theory. Finally, our approach to the Kalman-Ho
algorithm was taken form Damen-Van den Hof-Hajdasinski [32] and Kalman-Falb-Arbib [73].
A special type of realization introduced by Moore [91], and called balanced realizations, are
used to solve model reduction problems. For some results on model reduction and balanced
realizations see Zhou-Doyle-Glover [131].

Model reduction plays an important role in applications. A stable realization {A, B,C, D}
is balanced if it has the same controllability and observability Gramian A where A is a diagonal
matrix consisting of decreasing entries, that is,

AAM+AA "+ BB*=0 and A'A+AA+C'C=0

where A is a diagonal matrix of the form A = diag {o;} and 01 > 02 > - -- = 0,,. Any stable
minimal realization can be converted to a balanced realization by a similarity transformation.

For a simple model reduction procedure based on a balanced realization, consider the
transfer function G determined by the minimal stable state space system {4 on X, B,C, D}
whose state dimension is n. To convert this system to a balanced realization, let P be the
observability Gramian for the pair {C, A}. Recall that P is determined by the Lyapunov
equation

AP+ PA+C*'C =0. (7.85)

Because A is stable and the pair {C, A} is observable, P is strictly positive. Let P/? be the
positive square root of P. Multiplying both sides of equation (7.85) by P~Y/2, we obtain

(PYRAPTYVA 4 (PV2APTVE) 4 PTV2C*CPTVR = 0.
Now let {A;, By, C1, D} be the realization determined by
Ay =PYV2AP~Y? By =P'B, and Cy=CP '
Since {4y, By, Cy, D} is similar to {4, B, C, D}, the system {A;, By, Cy, D} is also a minimal
realization for G. Moreover, by construction the identity operator I is the observability
Gramian for {Cy, A1}, that is, A7+ A, + C;Cy = 0.
Let @ be the controllability Gramian for the pair {A;, B; }, that is,

AQ+ QAL+ BB =0. (7.86)
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Because A; is stable and the pair {4;, B1} is controllable, @ is strictly positive. Let Q =
U*A2U be the spectral decomposition for Q where U is a unitary operator from C™ onto X
and A? = diag {0?}} is a diagonal matrix on C" satisfying 1 > 03 > --- > 0. Notice that
{012 }7 are the eigenvalues of Q). By employing this decomposition in (7.86), we arrive at

(UAUYA? + A2 (UAUY)* +UB,BjU* = 0.
Now let {Ag, By, C3, D} be the realization determined by
A2=UA1U*, BQ-—_—UBl, and Cz=clU*.
Since {Ajg, B2, Cs, D} is similar to {Ay, By, Cy, D}, the system {4, Bz, Cs, D} is a minimal
realization for G. Moreover, by construction the operator A? is the controllability Gramian
for {Ay, By}, that is, A2A? + A2A} + ByBj = 0, and [ is the observability Gramian for

{Cs, Ag}, that is, A3+ Ay + C5Cs = 0. To obtain the final similarity transformation observe
that

(A™V2 A AN+ A(A2 ApAM?)" + A2 By BIATY2 = 0
(A2 AAV2)* A + AATY2 ApAM2) + AV2CICHAY? = 0,

Now let {4z, B3, C3, D} be the minimal realization determined by
A3 = A41/2A2A1/2, Bg = A_I/QBQ, and Cg = CQAI/Q .

Then {As, Bs,C3, D} is a balanced minimal stable realization for G. Moreover, A is the
controllability and observability Gramian for { A3, B3, Cs, D}, that is,

AsA+AA}+ B3Bi =0 and AJA+Ads+CiC3=0.

Finally, it is noted that {As, Bs, C3, D} is similar to {4, B, C, D}.
To complete this model reduction procedure, let r be an integer in [1,n]. Consider the
following matrix decompositions of Az, B3 and Cs

A, Ap cr B 7. cr
FRINEARESIPRES

a =[G cu]:{c“,f_,]ﬁy.

As

Then {A,, B,,C,, D} is a reduced order model of dimension r for the system {4, B,C, D}.
Finally, let G, be the r dimensional realization corresponding to {A,, B,,Cr, D}. Then
G, can be used as a r dimensional reduced order model for the transfer function G. This
reduced order model is fairly accurate when o, is much larger than o,;; see Glover [52] and
Zhou-Doyle-Glover [131] for further results on model reduction.
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Chapter 8

State Feedback and Stabilizability

This chapter is devoted to state feedback and stabilization of linear systems. Lyapunov
techniques are used to show that a state space system is stabilizable if and only if all of its
uncontrollable eigenvalues are stable. Then state feedback is used, on a controllable system,
to place the eigenvalues of the corresponding closed loop system at a set of specified locations
in the complex plane.

8.1 State feedback and stabilizability

In this section we introduce the concept of state feedback. To this end, consider the system
i = Az + Bu. (8.1)

As before, A is an operator on X while B maps i into X'. The spaces X’ and U are finite
dimensional. Suppose that the open loop system © = Ax is unstable. A natural question
is the following: Can one choose a controller generating the control input u such that the
resulting system is stable, that is, z(t) approaches zero as ¢ tends towards infinity. As will be
seen later in the chapter, we do not have to consider controllers that are nonlinear functions
of the state to solve this problem. A first natural choice for a controller is simply given by
u(t) = —Kz(t) where K is an operator from X into . In this case, u(t) is a linear function
of the state z(t) at each instance of time ¢, and thus, u(t) = —Kz(t) is called a static (or,
memoryless) state feedback controller. The operator K is called the gain and the minus sign
is a convention. This leads to the following question. Can we find an operator K such that
A — BK is stable? Motivated by this we say that the system in (8.1) is stabilizable if there
exists an operator K ifrom X into I/ such that A — BK is stable. Finally, we say that the
pair {A, B} is stabilizable if the system in (8.1) is stabilizable.

A related question is, under what conditions is the pair {4, B} stabilizable? In Section 8.2
we will use Lyapunov techniques to show that if {4, B} is controllable, then it is stabilizable.
In subsequent sections, for a controllable pair { A, B}, we will develop a procedure to compute
a gain K which places the eigenvalues of A— BK at any n specified locations in the complex
plane, where n is the dimension of the state space. This will provide us with a computational
method for stabilization and solve a classical eigenvalue placement problem.

119
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120 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

Notice that controllability is not necessary for stabilizability, that is, it is possible for a
system to be stabilizable but not controllable. To see this, consider a system with A stable
and B equal to zero. For a system which is neither controllable nor stabilizable, consider
A =1and B =0. The following example illustrates how certain eigenvalues of A play a role
in stabilizability.

Example 8.1.1 Consider the system & = Az + Bu where

a=[o 0] wa B[]

Clearly, this system is uncontrollable. For any gain K = [k; ko|, the matrix

« 0
A—B’K—{_,Cl _kQ}

has eigenvalues «v and —k». Notice that regardless of the gain K, the eigenvalue « of A is also
an eigenvalue of A — BK. So, if o > 0, then the pair {4, B} is not stabilizable. However,
if @ < 0, then A — BK is stable for k2 > 0. In this case, the pair {4, B} is stabilizable.

8.2 Simple stabilizing controllers

In this section we use Lyapunov techniques to obtain simple stabilizing controllers for control-
lable systems. Throughout this section {A, B} is a controllable pair where A is an operator
on X and B is an operator from U into X. To begin, consider any positive ¢; > 0 and let

0 ty
Q= / eBB et dt = / e~ MBBe " dt. (8.2)
—4 0

The above operator can be regarded as the finite time controllability Gramian over the
interval [0,¢;] associated with {—A, B}. Since {A, B} is controllable, Q is strictly positive;
see Theorem 5.3.2. We now show that the state feedback gain X = B*@~! yields a stable
closed loop operator A — BK, that is, this gain results in a stabilizing controller. Using the
fact that the derivative of e#* is Ae!, we obtain

0
AQ+ QA = / [Ae®BB*e™! + e BB e A*] dt

—t1

Q d AtBB* ATt .
= / ——(e—‘ﬁ—e——)dt:BB*—e‘A‘lBB*e‘A n

-t
This yields the following Lyapunov equation
AQ+QA* — BB* = —e “'BB*e ™.
By combing this equation with A — BK = A — BB*Q™!, we have
(A-BB'Q HQ+Q(A—-BRQ ) = AQ+ QA" —2BB* =
~BB* — e BB*e™4™" = BB

MarceL DEkkER, INc.
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8.2. SIMPLE STABILIZING CONTROLLERS 121

where B = [B e~ B]. Hence, we obtain the Lyapunov equation,
(A- BB*Q™H)Q+ Q(A—~ BB*Q™Y)* + BB*=0.

Because {A, B} is controllable, Lemma 6.4.2 shows that the pair {A — BB*Q!, B} is also
controllable. This readily implies that {4 — BB*Q~!, B} is controllable. Since Q is strictly
positive, the previous Lyapunov equation, shows that A — BK is stable; see Theorem 5.4.2.
By summing up this analysis we arrive at the following result.

Proposition 8.2.1 If{A, B} is a controllable pair, then {A, B} is stabilizable. In this case,
if Q is the strictly positive operator defined in (8.2) and K = B*Q7!, then K is a stabilizing
gain, that is, A — BK is stable.

Remark 8.2.1 Consider any o > 0 and any finite ¢; > 0. Let
ty
Qo= / e e 4 BB*e 4" dt .
0

First notice that the controllability of {A, B} along with the PBH controllability test readily
shows that the pair {4 + al, B} is controllable. Repeating the above analysis with A + of
replacing A shows that Q, is positive and invertible. Moreover, the gain K = B*Q!
results in A + o — BK being stable. Hence, all the eigenvalues of the closed loop operator
A— BB*Q7! have real parts strictly less than —a < 0. In particular, A — BB*Q3! is stable.
Notice that by using this control algorithm, one can place the eigenvalues of the closed loop
system to the left of any vertical line in the complex plane.

To complete this section, let us use Lyapunov techniques to present another method to
construct a stabilizing controller. To this end, consider now any a > 0 such that all the
eigenvalues of —A — o have nonzero negative real parts, that is, —A — o/ is stable. For
example, choosing o > ||A4|| will suffice. (This follows because the norm of any operator
is greater than or equal to the magnitude of its eigenvalues.) Then @, is well defined for
t; = oo and is given by

o0
0

Since @, is strictly positive for all finite ¢; and is a non-decreasing function of ¢;, it follows
that € is positive and invertible. Because —A — oI is stable, Q is the unique solution to the
Lyapunov equation

(—A-al)Q+Q(~A—~al) '+ BB*=0. (8.3)
As expected, the state feedback gain K = B*Q~! yields a stable closed loop state operator
A — BK. To see this, notice that

(A—=BB*Q ' +al)Q+ QA - BB*Q ' +al)*+ BB*=0.

Since the pair {—A — al, B} is controllable, it follows that {A — BB*Q~! + al, B} is also
controllable. The above Lyapunov equation and the strict positivity of 2 imply that the
operator A — BB*Q2™! + ol is stable. Hence, all the eigenvalues of the closed loop operator
A — BB*Q7! have real parts strictly less than —a < 0. In particular, A — BB*Q ! is stable.
Finally, notice that the state feedback controller with gain K = B*Q™! can be readily
computed by solving the Lyapunov equation in (8.3).
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122 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

8.3 Stabilizability and uncontrollable eigenvalues

As before, let A be an operator on a finite dimensional space X and B an operator from a
space U to X. Recall that the controllable subspace X, for {A, B} is the invariant subspace
for A defined by

X, =span{A*BU : k=10,1,2,---}. (8.4)

The uncontrollable subspace X; for {A, B} is the orthogonal complement of the controllable
subspace X.. So, the uncontrollable subspace &% is an invariant subspace for A*. Recall also
that A is an uncontrollable eigenvalue for the pair {A, B} if there is a nonzero vector v in X;
such that A*» = Jv. Thus, ) is an uncontrollable eigenvalue for the pair {A, B} if and only
if X is an eigenvalue for the operator A; on X; defined by Az = A*x for z € X;. We say that
an eigenvalue A for A is stable if R(A) < 0. Notice that « is an uncontrollable eigenvalue
of the pair {A, B} in Example 8.1.1, and a is also an eigenvalue of the matrix A — BK for
every gain K. Motivated by this example, we present the following result.

Lemma 8.3.1 If X is an uncontrollable eigenvalue for {A, B}, then X is an eigenvalue of
A — BK for every gain operator K.

PROOF. To see this, recall that if X is an uncontrollable eigenvalue of {A, B}, then there
exists a nonzero vector v in X; such that A*v = Av. Since AX; is orthogonal to the range of
B, we must have B*v = 0. So, for any gain matrix X, we obtain

(A— BK)v=J)v

that is, X is an eigenvalue of (A — BK)*. Hence, A is an eigenvalue of A— BK. So, regardless
of the state feedback gain, A is always an eigenvalue of A — BK. Therefore, we cannot alter
this eigenvalue by feedback. n

If A is an uncontrollable, unstable eigenvalue for the pair {4, B}, then Lemma 8.3.1
shows that {A, B} is not stabilizable. In other words, if {4, B} is stabilizable, then all of
its uncontrollable eigenvalues are stable. This proves part of the following result.

Theorem 8.3.2 A pair {A, B} is stabilizable if and only if all of its uncontrollable eigen-
values are stable.

PRrOOF. We present a proof of this fact based on the decomposition of the state space &’
into the controllable subspace X, and the uncontrollable subspace A;. To this end, recall
that A admits a matrix representation of the form (see Section 6.2)

A, * X A
{O A][X}.ﬂ{x} (8.5)
Here A, is the operator on X, defined by A, = A|X, and A; is the compression of A to Az

Clearly, the uncontrollable eigenvalues for the pair {A, B} are precisely the eigenvalues of
Az Furthermore, the operator B admits a matrix representation of the form

el o
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8.4. EIGENVALUE PLACEMENT 123

Recall that the pair {A., B.} is controllable. If K is any gain operator, then it has a matrix
representation of the form

Xe
[ K. KE]‘[XE]_’“ (8.7)
Hence, A — BK has the following matrix representation
A.— B K, x
A—BK = { 0 Aa] . (8.8)

From this representation, we see that the eigenvalues of A — BK are the union of the
eigenvalues of A, — B K, and A;. Hence, regardless of K, the eigenvalues of A; are always
contained in the eigenvalues of A — BK.

Furthermore, since the pair {A., B.} is controllable, there exists a state feedback K such
that A. — B K, is stable; see Proposition 8.2.1. Hence, except for the eigenvalues of Az, all
eigenvalues of A — BK can be placed somewhere in the open left half plane. In particular,
if all the eigenvalues of A; are stable, then K can be chosen so that all the eigenvalues of
A — BK are also stable. This completes the proof. n

Using Lemma 5.2.1, we obtain the following useful result.

Corollary 1 (PBH stabilizability result.) The pair {A on X, B} is stabilizable if and only
if
mnk[ A-X B ] =dimX

for every complex number X in the closed right half plane.

8.4 Eigenvalue placement

Recall that a system & = Az + Bu or the pair {A, B} is a single input system if its input
space U is one dimensional. The system & = Az + Bu or the pair {A, B} is scalar input if
U = C!. Obviously, any single input system can be identified with a scalar input system. In
this section, for single input systems, we use controllability of the pair {A, B} to develop a
procedure to compute a gain K, which places the eigenvalues of A — BK at any n specified
locations in the complex plane where n = dim X'. This will provide us with a computational
method for stabilization and solve a classical pole placement problem.

8.4.1 An eigenvalue placement procedure

Consider first any pair {A, B} where A is on A while B maps I/ into X. The spaces X" and
U are finite dimensional and of arbitrary dimension. If K is any operator from X into U/, we
claim that

det[s] — A + BK] = det[s] — A]det{I + K(sI — A)™'B] (8.9)

where det denotes determinant. To verify this recall that if M and N are two finite dimen-
sional operators acting between the appropriate spaces, then det{l + M N] = det[l + NM].
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124 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

Using this, we obtain

Il

det[s] — A + BK] det[(sI — A)( + (s] — A) ' BK]
det[sl — A]det[I + (s — A)"'BK]

det[s] — A]det[] + K(sI — A)™'B].

fl

Therefore, (8.9) holds.
Finally, it is noted that if the input space U is one dimensional, then (8.9) reduces to

det{s] — A+ BK] = det{s] — AJ(1 + K{(sI — A)™'B). (8.10)

Equation (8.15) shows that, for a single input pair {A, B}, the coefficients of the character-
istic polynomial for A — BK are affine in K.

Let {4, B} be a controllable single input system where n is the dimension of the state
space X. To complete this section we will develop a method to compute a gain K which
places the eigenvalues of A — BK at any n specified location in the complex plane. In
particular, this shows that any single input controllable pair is stabilizable.

Theorem 8.4.1 Let {A, B} be a single input controllable pair where n s the dimension of
the state. Let d be any monic polynomial of degree n. Then there exists a state gain K such
that d is the characteristic polynomial for A — BK. In particular, there exists a gain K
which places the eigenvalues A — BK at any specified n locations in the complez plane.

PROOF. If d is any monic polynomial of degree n, we need to show that there exists a gain
K such that d is the characteristic polynomial for A — BK, that is,

d(s) = det{s] — A+ BK].

Recalling (8.10) we need to show that there exists a gain K such that

: - d(s) — d(s)
_A) B = 8.11
K(sI - 4) e (8.11)
where d(s) = det[s] ~ A] is the characteristic polynomial of A. Let
d(s) = ap+ais+ -+ ap 5"t + 5"
d(S) = do+a@s+---+ &n_lsn_l + ™.

It now follows from Lemma 1.3.5 that (8.11) holds if and only if

[ KB KAB -+ KA"'B|Y=]d —ao a1—a; - Gno1—an_1 | {8.12)
where T is the invertible Hankel matrix given by
ar a4z o Gp2 Gpop 1
as asg -+ Qp.1 1 0
as ay - 1 0 0
T= ) ) ) . (8.13)
an-1 1 0 0o o
1 0 0 0 0
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8.4. EIGENVALUE PLACEMENT 125

Without loss of generality we can assume that 2/ = C!. Let W be the controllability operator
from C" into X defined by

W=[B AB --- A"'B]. (8.14)
Then condition (8.12) on K reduces to
KWT=[&0—(1() dl—al &n_l—an_l].

Because the pair {A, B} is controllable, W is invertible. This readily implies that the gain
K is uniquely given by

K= [ &0 — ag ﬁl -y -t dn——l - Qpn—1 ] T_1W“1 . (815)

Notice that the gain K is uniquely determined by the coefficients {a; »=1 of the desired
characteristic polynomial for A — BK. So, if d is any monic polynomial of the form d(s) =
Go+ @15+ -+ @,_15""" + 5", and the gain K is given by (8.15), then d is the characteristic
polynomial for A — BK. |

As before, let {A, B} be a single input controllable pair with state space dimension n. Let
{A:}7 be any n specified numbers in the complex plane and d=ag+a15+ - +an 8" 1+s"
be the polynomial uniquely determined by d(s) = []}(s — ;). If K is the gain computed in
(8.15), then d is the characteristic polynomial for A — BK and {\:}} are the eigenvalues for
A — BK.

8.4.2 Ackermann’s Formula

The following lemma provides another method for computing a state feedback gain K to
assign prescribed eigenvalues to A — BK.

Lemma 8.4.2 (Ackermann’s Formula [1]) Suppose {A, B} is a scalar input controllable
pair with state dimension n and d is any monic polynomial of degree n. Let K be the gain
matriz defined by

K=[00 --- 0 1]Wd(4). (8.16)

where W is the controllability matriz defined in (8.14). Then d is the characteristic polyno-
mial for A— BK.

PROOF. Let v=[0 0 -+ 0 1|W™'. ThenvW ={0 0 --- 0 1],thatis,

vA'B = 0 for j=0,1,---,n—2
vA™ B =
It now follows from Lemma 1.3.1 that v(sI — A)~'B = 1/d(s) where d is the characteristic
polynomial for A and
vA(sI — A)IB = s§'/d(s) for ;5=0,1,---,n—1 (8.17a)
vA™(sI — A)7'B = s"/d(s)—1. (8.17b)
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126 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

Letting d(s) = a0+ a5+ - -+, 15"+ s" and noting that K = vd(A), relationships (8.17)
imply that

i

K(sI—A)™'B vd(A)(s] — A)"'B

n—1
= Y apA(sI - A)T'B+vA"(sI - A)T'B
3=0

n—1
= Z&jsj/d(s) +s"/d(s) - 1
=0

= d(s)/d(s) — 1

that is, (8.11) holds. By the proof of Theorem 8.4.1, this is equivalent to det[s] — A+ BK] =
d(s), that is, d is the characteristic polynomial for A — BK. -

Exercise 22 Consider the system described by

jjl = Izt u

i‘g = z1tu.

{a) Is this system stabilizable?

(b) Does there exist a state feedback controller K which results in closed loop eigenvalues
{-1,-2}7 If so find one.

(c) Does there exist a linear state feedback controller which results in closed loop eigen-
values {~2, -3}7 If so find one.

8.5 Controllable canonical form
This section is devoted to the controllable canonical form for scalar input systems. We say

that the pair {A, B} or the system & = Az + Bu is in controllable canonical form if A and
B are matrices with the following structure:

0 1 0 0 0 0
0o 0 1 0 0 0

A=| o f and B=| |. (818)
0 0 0 - 0 1 0
—ap —a; —az - —Qn_p ~Op-] 1

In particular, if the pair {4, B} is in controllable canonical form, then A is a companion
matrix. We previously encountered the controllable canonical form when we constructed
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8.5. CONTROLLABLE CANONICAL FORM 127

state space realizations for scalar valued transfer functions; see (1.48). Finally, recall that
the characteristic polynomial for A is given by

det[sI — Al =ag+a;s+ -+ ap_15" L+ 5. (8.19)

So, given any monic polynomial d(s) = ag + a15 + - -+ + @,_15""! + s™ there exists a unique
controllable canonical pair {4, B} such that d is the characteristic polynomial for A. In this
case we say that {A, B} is the controllable canonical pair determined by d. Obviously, there
is a one to one correspondence between the set of all controllable canonical pairs and the set
of all monic polynomials.

We claim that any pair {A, B} in controllable canonical form is controllable. To see this,
notice that the controllability operator for the pair {A, B} in controllable canonical form is
given by

00 --- 01
00 --- 1 %
W=[B AB -~ A" 'Bl={: : "\, 4 « (8.20)
0 * ok
1 % -+ % x

where the * entries are unspecified. Since this matrix has rank n, the pair {4, B} is control-
lable.

Recall that, for a controllable single input pair {4, B}, one can arbitrarily assign the
eigenvalues of A — BK by appropriate choice of the gain matrix . We now show that this
can easily be demonstrated when {A, B} is in controllable canonical form. This will play a
major role in developing another algorithm to arbitrarily assign the eigenvalues of A — BK
for any controllable single input pair.

Let {4 on C*, B} be in controllable canonical form, and consider any n specified complex
numbers {A;}7. Now consider the problem of finding a gain matrix K from C" into C! such
that {\;}} are the eigenvalues of A — BK. To solve this eigenvalue placement problem, let

d(s) = 8"+ @p1s" T+ s+ ag = [[(s— X) (8.21)
=1

be the unique monic polynomial whose roots are the desired closed loop eigenvalues {A;}7.
Introducing the 1 X n gain matrix

K = { a.o — Qg dl —ay - fln_l — QAp_1 ] (822)
where ag, a;, -, a,_1 are given by the last row of A, we obtain
0 1 o .. 0 0
0 0 | 0 0
A-BK=| = o . (8.23)
0 0 0 0 1
—ag —d; —a3 —lp_g —0ny

MarceL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U
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Because A — BK is a companion matrix, d is the characteristic polynomial for A — BK.
Hence, {);}1 are the eigenvalues for the closed loop system matrix A— BK. By this method,
we can arbitrarily assign the eigenvalues of A — BK.

8.5.1 Transformation to controllable canonical form

In the last section, we saw that if a scalar input pair {4, B} is in controllable canonical form,
then one can easily place the eigenvalues of A— BK by appropriate choice of a gain matrix
K. Now consider any single input pair {A on X, B} which is controllable and let n be the
dimension of X, We will show that {A, B} is similar to a pair {4 on C*, B} in controllable
canonical form, that is, there is an invertible operator T from C" onto X satisfying

AT=TA and B=TB. (8.24)

In this case, we say that T intertwines {4, B} with {4, B}. From this we will obtain an
alternative proof of the fact that, for any single input controllable pair {4, B}, one can
arbitrarily place the eigenvalues of A—BK by the appropriate choice of a gain matrix K.

First consider any single input pair {A, B} with the property that it is similar to a pair
{A, B} which is in controllable canonical form, that is, (8.24) is satisfied with some invertible
operator T. Using the first equation in (8.24) one can readily show that, for all integers k& > 0,
one has AT = T A* and hence, A*B = A*TB = T AFB. This implies that

W=TW (8.25)

where W and W are the controllability matrices associated with {4, B} and {A, B}, respec-
tively, that is,

=[B AB .- A“'B] and W=[B AB --- A™'B]. (8.26)

Since {A, B} is controllable, the operator W is invertible. The equation W = TW also
shows that W is invertible, and thus, the pair {4, B} is controllable. Furthermore, this
equation also shows that
T=ww (8.27)
is the only operator which intertwines {4, B} with {4, B}. Finally, since A and A are
similar, they have the same the same characteristic polynomial.
Now consider any single input controllable pair {A on X, B} whose state dimension is
n. Let {A on C", B} be the unique pair in controllable canonical form such that A has
the same characteristic polynomial as A. Since, {4, B} and {A, B} are controllable, their
respective controllability operators W and W are invertible. So, the equation W = TW
uniquely defines an invertible operator T. We now show that 7' intertwines {A B} with
{A, B}, that is, (8.24) holds. First notice that W = TW and the structure of W and W
imply that B = TB and
A*B=TA*B  (for k=0,1,---,n—1).
Since A and A have the same characteristic polynomial, it follows from the Cayley-Hamilton
Theorem that A"B = TA"B; hence AW = TAW. Recalling the definition of T, we now

obtain that ATW = AW = TAW. Since W is invertible, we have that AT = TA. Therefore,
{A, B} and {A, B} are similar. Actually, we have just proven the following result.
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Theorem 8.5.1 Let {A, B} be a scalar input controllable pair with state dimension n and
let
det[s] — Al = s" 4+ @n_1s" 4 - +a15 + ao (8.28)

be the characteristic polynomial of A. Suppose {/i, B} is the unique pair in controllable
canonical form determined by the characteristic polynomial of A. Then {A, B} is similar
to {A, B}. Furthermore, the similarity transformation T intertwining {A, B} with {A, B}
is uniquely given by T = WW ™! where W and W are the controllability matrices in (8.26)
associated with {A, B} and {A, B}, respectively.

A recursive algorithm. As before, suppose that {A on X, B} is a scalar input control-
lable pair with state dimension n. Let {A, B} be the unique pair in controllable canonical
form which is similar to {4, B}, that is

0 1 o - 0 0 0
0 0 1 0 0 0
A=| o f and B=|" (8.29)
0 0 o .- 0 1 0
—ap —a1 —a ' —Qp-g —On-] 1

where d(s) = s" + a,_15" "} + -+ + a;5 + ao is the characteristic polynomial of A. Due to
the structure of {A, B} one can obtain a simple recursive algorithm to compute the state
transformation T : C* — X which intertwines {A, B} with {4, B}.

To this end, consider the following decomposition:

T=[¢1 d2 - ¢n] (8.30)
where {¢;}] are vectors in X. Let {e;}7 be the standard basis for C", that is, the i-th
component of e; is one while all the other components are zero; then ¢; = Te; fori = 1,--- ,n.

Using Bl=¢,and TB = B, we have ¢, = Te, = TB1 = B1. Hence, ¢, = b where
b= B1. By enzploying the companion structure of A, we obtain that Ae, = e, 1 — ap_1€,.
Since AT = T A, it follows that

A¢n = ATen = TAen =Tep 1~ a'n—lTen = ¢p-1 — an—1¢n .
Therefore, ¢,_1 = A¢n + an_1b. In a similar fashion, we have
Apn1 = ATe,_1 = TAen 1 = Ten_g — an 3T€, = Pnz — Gn_gn -

Thus, ¢p.e = APn_1 + an—2b. An inductive argument shows that

¢n =
bic1 = A+ a;_1b (fori=nmn—-1,---,2). (8.31)

Therefore, the invertible operator T intertwining {4, B} with {4, B} is given by (8.30) where
the “columns” are recursively computed by (8.31).

MarcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

1



130 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

8.5.2 Eigenvalue placement by state feedback

We are now in a position to use the controllable canonical form to develop an algorithm which
arbitrarily places the eigenvalues of A— BK for a scalar input controllable pair {4 on X, B}.
To this end, n be the dimension of X" and let {\;}7 be n specified complex numbers. As
before, let

d(s) = 8"+ Gna8" "+ ags+ao = [[(s = M) (8.32)
=1

be the unique monic polynomial whose roots are the desired closed loop eigenvalues {N3T

Let T = WW~! be the invertible operator specified in Theorem 8.5.1 which intertwines

{A, B} with {A, B}. Finally, consider the 1 x n real gain matrix

K = [ &0 — Qo &1 —ay - (Aln,_l — Ap] :f T~1 (833)

where the characteristic polynomial for 4 is given in (8.28). Notice that K = KT where
K is the gain matrix which guarantees that d is the characteristic polynomial for A — BK.
Using K = KT~! we have (A — BK)T = T(A — BK). Hence, the operators A — BK and
A~ BK are snrmlar and thus, have the same characteristic polynomial d. In other words,
{\:}7 are the eigenvalues of A — BK. We have just presented another proof of the result
that one can arbitrarily place the eigenvalues of A — BK for a scalar input controllable
pair {A, B}. Summing up this analysis readily yields the following eigenvalue placement
algorithm for scalar input controllable systems.

Theorem 8.5.2 Let {A on X, B} be a scalar input controllable pair with state dimension
n. Let T be the similarity transformation intertwining the controllable canonical pair {A, B}
with {A, B} computed according to Theorem 8.5.1. Let {\;}} be a specified set of complex
numbers and K the operator from X into C' determined by (8.28), (8.32) and (8.38). Then
{\}7 are the eigenvalues of A — BK.

8.6 Multivariable eigenvalue placement

This section uses an upper triangular matrix representation to place the eigenvalues of a
finite dimensional controllable system at a specified location in the complex plane. We begin
with the following multi-input version of Theorem 8.5.2.

Theorem 8.6.1 (Eigenvalue placement theorem.) Assume that {A on X, B} is a control-
lable pair with state dimension n. Let {\;}] be a set of n complex numbers. Then there
exists a gain K such that

det[s]/ — A+ BK] = ﬁ(s - ). (8.34)

i=1

In this case, {\;}7 are the eigenvalues of A— BK. In particular, if d is any monic polynomial
of degree n, then there exists a gain K such that d is the characteristic polynomial for A—BK.
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8.6. MULTIVARIABLE EIGENVALUE PLACEMENT 131

It follows from the above theorem that controllability implies stabilizability.

We also claim that if one can use state feedback to place all the eigenvalues of A — BK
at any dim & points in the complex plane, then the pair {A, B} is controllable. To see this
simply recall that if {A, B} is not controllable, then the uncontrollable eigenvalues of {A, B}
are not changed by state feedback. In this case, state feedback cannot be used to arbitrarily
place all the eigenvalues of A — BK, which proves our claim. Combining this with Theorem
8.6.1, yields the following result.

Theorem 8.6.2 Consider the pair {A, B} with state dimension n. Then {A, B} is control-
lable if and only if for every set {\;}} of n complez numbers there exists a state feedback K
such that the eigenvalues of A— BK are {)\;}7

PROOF OF THEOREM 8.6.1. Let U be the input space for the controllable pair {A, B}. Let
u; be any vector in U such that b, = Bu, is nonzero. Let X} be the subspace spanned by
{A*b,}3. Clearly, X; is an invariant subspace for A. Let X, be the orthogonal complement
of X;. Then A admits a matrix representation of the form:

A1 * Xl
A= “ o
ERARIrY
Here A, is the operator on &) defined by A; = A|X;. The operator A1 is the compression
of A to XI, that is, A = PlAl./Yl where Pl is the orthogonal projection onto Xl Let U; be
the one dimensional space spanned by u;. Let B; be the operator from U into & defined
by By = BjU,. Since Bu, is cyclic for A, it follows that the pair {A4;, B1} is controllable.

(Recall that a vector b is cyclic for an operator T on X if {T*b}$° spans all of X.) According
to this decomposition the operator B admits a matrix representation of the form:

B= B, * . Z{ v, 9!1
10 B | U X
where U, = U &U,. Since {A, B} is controllable and
Alchl * ]

k
A= [ 0 A'B
for all integers k& > 0, it follows that the range of B is cyclic for A;. (As expected, a subspace
B is cyclic for an operator T on X if {T*B}° spans all of X'.) Therefore, the pair {A;, B;}
is also controllable.

Now assume that X; is nonzero. If A; is zero, then {A, B} is a single input controllable
pair. In this case, Theorems 8.4.1 and 8.5.2 show that there exists a state feedback gain K
from A& into U, which places the eigenvalues of A — B K at any n specified locations in the
complex plane. Since By = B|U1, it follows that this feedback K can also be used to place
the eigenvalues of A — BK at the same n locations in the complex plane. Hence, Theorem
8.6.1 follows from Theorem 8.5.2 when X, equals zero. So, assume that X1 is nonzero. Then
we can apply the previous procedure to decompose the controllable pair {A1 , Bl} into upper
triangular block matrices. To this end, let us be a vector in 1;{1 such that b, = B’luz is
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132 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

nonzero. Let X, be the subspace of X; generated by the span of {/i'sz}8°. Let As be the
operator on &, defined by A, = A|A,. Then A; admits a matrix representation of the form:

. Ag * Xg
Al_[ 0 AJOH[&]'

Here /"?2 = /\?1 © X5 and /i2~ is the compression of Al to /\72. Let U3 be the one dimensional
space spanned by uz, and > be the orthogonal complement of U5 in U;. According to this
decomposition the operator B; admits a matrix representation of the form:

| a ) [a] - [%]
Ylo B U, X |
Notice that B, is the operator from U, into X, defined by B; = Bi|Us, or equivalently,
B, = P,B|U, where P, is the orthogonal projection onto A,. Since by is cyclic for A,
the pair {4z, B,} is controllable. Because {4, , B} is controllable, it follows that the pair
{/12 , Bg} is also controllable.

By substituting the matrix representations for {AI ,Bl} into our previous matrix repre-
sentations for {A, B}, we arrive at the following matrix representation for A:

Al * * Xl
0 A2 2‘ on .1:2
0 0 A2 XQ
The corresponding matrix representation for B is
Bl * * U 1 X 1
0 By =« : Uy | — | Ao
0 0 B Uy Ao

By construction {4, , B;} and {A;, B,} are two single input controllable pairs. If X, is not
equal to zero, then we can apply the above procedure to the controllable pair {A2 , Bg}. By
using the fact that the state space is finite dimensional, a repeated application of the above
procedure shows that A admits an upper triangular matrix representation of the form:

A1 * * Xl
0 Ay x .- X

A=| o ] on | . (8.35)
0 0 - An X

Here m is the first integer such that X, is zero. In this setting U = @;’;luj EBZ],,, where U;
is the one dimensional space spanned by the corresponding input vector u;. The vector u;
is chosen such that b; is nonzero where b; is the orthogonal projection of Bu; onto &;. The
vectors {u;}* are orthogonal, and b; is cyclic for A;. In this case, B has an upper triangular
matrix representation of the form:

B1 * * cer % Zl Xl
0 By * -+ : Xy
B=| . I I e (8.36)
: . : Z/{m :
. ~ X,
0 0 B, =* .,

Copyright © Marcel Dekker, Inc. All rights reserved.
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8.6. MULTIVARIABLE EIGENVALUE PLACEMENT 133

By construction the pair {A; on X;, B;} is a controllable single input system whose input
space is U; for j = 1,2,--- ,m. Obviously, m is less than or equal to the dimension of U.

Recall that n is the dimension of X. We are now ready to show that there exists a state
feedback gain K which places the eigenvalues of A — BK at any n specified locations in the
complex plane, that is, (8.34) holds. To see this, without loss of generality, we can assume
that the controllable pair {4, B} is given by its matrix representation in equations (8.35) and
(8.36). Recall that for every j = 1,2,---,m the pair {4;, B;} is a single input controllable
system whose input space is U;. So, if n; is the dimension of X, then the dimension of the
state X is n = ) n;. According to Theorems 8.4.1 and 8.5.2, there exists a state feedback
operator K; from X; into U; which places the eigenvalues of A; — B; K at any n; specified
locations in the complex plane. Now let K be the block diagonal matrix from X = @'&]
into U = ®TU; S U, defined by

K 0 0
0 K, 0

K= : (8.37)
0 0 - Kn
0 0 - 0

Then substituting this K into the upper triangular matrix representation for {4,B} in
(8.35) and (8.36), we have the following matrix representation:

Al—BlKl * *
0 Ar—ByKy *
A-BK = . e . (8.38)
0 0 oo Ap=BnKnm

Because A — BK is an upper triangular block matrix whose diagonal entries are A; — B; K,
the eigenvalues of A — BK is the union of the eigenvalues of {A; — B;K;} for j=1,---,m.
Since we can place the eigenvalues of A; — B;K; at any n; locations, it follows that we
can choose K to place the poles of A — BK at n specified locations in the complex plane.
Therefore, (8.34) holds. |

Remark 8.6.1 Consider the controllable decomposition for the pair {4 on X, B} given in
(8.5) and (8.6) where X = X, @ X;. Since the pair {4, on X, B.} is controllable, one can use
state feedback to place the eigenvalues of A, — B.K, at any dim X, specified locations in the
complex plane. However, state feedback does not change the uncontrollable eigenvalues of A.
So, by consulting the matrix representation for A — BK in (8.7) and (8.8), it readily follows
that one can use state feedback to place the eigenvalues of A — BK at any dim X, specified
locations in the complex plane, while the remaining dim &; uncontrollable eigenvalues are
unchanged.

Finally, it is noted that one can use the proof of Theorem 8.6.1 to construct an algorithm
to compute a gain K to place the eigenvalues of A — BK at n specified location in the
complex plane. Let us complete this section with the following classical result in Wonham
[129).
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134 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

Proposition 8.6.3 Let {A on X,B} be a controllable system and consider any nonzero
vector b in the range of B. Let By the operator from C' into X defined by By = ab Then
there exists an operator K such that the scalar input system {A — BK, By} is controllable.

Proor. Without loss of generality we can assume that A and B are the upper triangular
block matrices given by (8.35) and (8.36), respectively, and b = b;. Recall that {A;, B;} is
a single input controllable pair for j = 1,2,--- m. As before, let n; be the dimension of X}
and b; = Bju; where u; is any nonzero vector in I{;. Then {A;?bj tk=0,1,---,n;—1} forms
a basis for &;. For j = 1,2,---,m — 1, let ®; be the operator from & into if;,; defined by

®,AY b, = uspn and ©;A%; =0 (for k=0,1,-,n; - 2). (8.39)
Let K be the block matrix from X = @7A; into U = OTU; @ U,, obtained by placing the
operators —®,,---, —®,,_; immediately below the main diagonal and zeros elsewhere, that
is,
0 o - 0 0
-, 0 .- 0 0
Kk=| Y % (8.40)
: - 0 0
0 0o - =%, 0
0 g - 0 0

We claim that {4 — BK, By} is a controllable pair. To verify this it is sufficient to show that
X = X, where X, is the controllable subspace spanned by {(A — BK)*h }.
The upper triangular form of A and the structure of K along with (8.39), vields

(A~ BK)b; = Aby + B®1b; = Aihy
when n; > 2. If n; > 3, then we obtain
(A~ BK)%, = (A— BK)A by = AA1by + B® A1, = A%b,.

By continuing in this fashion we arrive at (A— BK)*b;, = A%, for k=0,1,---,n; — 1. Since
by is cyclic for Ay, it follows that &) is a subspace of X.. Using (8.39), we see that

(A~ BEK)"b = (A— BK)A? ' = AThy + B®1A™ 7'by = 21 ® Boup = 71 ® by

where z; is a vector in X;. Because X] is a subspace of X, it follows that by is also in A..

The upper triangular form of A and the structure of K along with (8.39) implies that
(A— BK)Fby = e Akby where z¥ is some vector in &) for k=0,1,---,no — 1. Since X} is
a subspace of X, all the vectors {A5b,};27! are contained in X,. Therefore, X © X> is also a
subspace of X.. By consulting (8.39) the vector (A — BK)™2b, is of the form z1 @ z2 & Bsus
where z; & xy is some vector in X; & X,. Hence, b3 = Bius is also a vector in A,. By
continuing in this fashion, it follows that ®7*X; is a subspace of A... Therefore, &; equals X
and {A — BK, B} is a single input controllable pair. u

Finally, it is noted that Theorem 8.6.1 also follows from Proposition 8.6.3 and Theorem
8.4.1.
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8.7. TWO CANONICAL FORMS 135

8.7 Two canonical forms

In this section, we refine the previous matrix representations to present some classical canoni-
cal forms for a controllable pair. The results in this section are self contained. The observable
companion matrix M generated by the scalars ag, a1, - - -, @,_1 is the n X n matrix defined by

00 -0 =-a

10 -+ 0 —a
M=|01-0 —a |, (8.41)
00 -1 —apy

Notice that the transpose of M is the companion matrix A in (8.29). So, the characteristic
polynomial for M is given by det[s] — M] =ap+ays+---+a,-15" ' +s" Let {A,B} bea
controllable scalar input pair with n-dimensional state space X'. Because the pair {4, B} is
controllable, the vector b = B1 is cyclic for A. Moreover, {4*b}5™! is a basis for X. Hence,

P=[b Ab A% --- A" ] (8.42)

is a similarity transform from C™ onto X. By consulting Example 7.5.3 or performing a
direct calculation, it follows that PM = AP where M is the observable companion matrix
generated by the characteristic polynomial for A. Let b be the vector in C" defined by
b= 100 --- O]t_’, that is, the first component of b is one and all the other components
are zero. Then Pb = b. Therefore, any controllable single input pair {A, B} is similar to
a pair of the form {M ,b} where M is the observable companion matrix determined by the
characteristic polynomial for A. According to Theorem 8.5.1 the pair {A, B} is also similar
to the controllable canonical pair {4, B} in (8.29). In this section we will generalize both
of these canonical forms to the multivariable setting.

Now assume that {A,B} is a controllable pair where the state space X is finite di-
mensional and the input space 4 = CP. Throughout {e;}] is the standard orthonormal
basis for CP. Let r; be the first integer such that Be,, is nonzero, that is, Be; = 0 for
j=12,---)r; — 1 and Be, # 0. In most applications r; = 1. Let b; = Be,, and n; be the
largest integer such that

{by,Aby, A%, ,---  AM 7}

is a linearly independent set. Let M), be the space spanned by this set. With ¢; = A7~1b,
for j =1,2,---,mn; the set {¢;}1* is a basis for M;. Notice that n, is the smallest integer
such that A™b; is contained in the linear span of {A*b;}3''. According to Lemma 7.6.1,
the space M, equals the span of {A*b;}$°. In particular, M, is an invariant subspace for
A. Furthermore,

n1—1 ny
Apn, = A™by = Y —a; Ay =Y —a1;-195,
=0 j=1
where ay; for j = 0,1, --,n.—1, are uniquely determined scalars. Now let P, be the similarity

transformation from C™ onto M; defined by

Pi=[¢1 ¢ - ¢n |.
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136 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

Then using A¢; = ¢;1 for j = 1,2, -+ n;—1 along with our previous calculation of A¢,, , we
see that (A|M;)P; = Py Ay where A; is the ny x n; observable companion matrix generated
by ay; for j =0,1,---,n; — 1. Finally, it is noted that P,[1 00 --- 0] = b; = Be,,.

Now let 75 be the first integer such that Be,, is not contained in M, that is, Be; € M,
for 1 <14 < 7y and Be,, is not in M,. Set b; = Be,,. Let ny be the largest integer such that

{¢11¢27"' 7¢n1,b2,Ab2,A2b27... ’A"2—1b2}

is a linearly independent set, and let My be the subspace spanned by this set of vectors.
Set ¢n1+1 = b2y¢n1+2 = Ab27' o :d’n;-#nz = An2—1b2‘ Then {¢J VIS 1727‘ TN+ 712} is
a basis for M,. Moreover, because ny is the largest integer which makes this set linearly
independent, the space M, is given by

Mo = \/{A%; :i=1,2) = \/{A*Be, :i=1,2,---,m}.
. k=0

k=0
In particular, M, is an invariant subspace for A. Furthermore,

ng—1

A¢n1+n2 = An rg Z/B2J¢] + Z _G'ZJA brg 3
7=1 =0

where 3, for j =1,2,---,n7 and ayg; for j =0,1,---,ny — 1 are uniquely determined scalars.
Let P, be the similarity transformation from C™*"2 onto the subspace Ms defined by

Po=[¢1 &2 - bmams | -

Let C, be the 1 x ny row vector defined by C; = [0 0 --- 0 1], that is, all the entries of
C, are zero except the last entry which is one. Let fi; be the vector in C* defined by
f12 = [ﬁgl ﬁ22 s ,Bgm]tr. Then using A¢] = ¢j+1 for ] =n; + 1, ceeyny N — 1 along with
our previous calculation of Adn, 4, and P; = P2|C™ | we see that

A C
(AIM2)P; = P, [ ) e } .
Here Aj is the ng x ny observable companion matrix generated by ag; for j =0,1,- -, mp— 1.
Let b1 be the vector in C™ defined by & = {1 0 0 --- 0]'", that is, the first entry of b1

i1s one and all the other entries of bl are zero. Observe that Pg(bl G0) =1b = Be,,. Let
by be the vector in C™ defined by by = [100 --- 0], that is, the first entry of by is one
and all the other entries are zero. Then P(0 @ b) = by = Be,,. Recall that Be; € M, for
1 <4 < 79. Hence, for 1 <i < ry, we have Be;, = Po(v; ® 0) for some v; in C™. Therefore,
the first o columns of B can be factored into an upper triangular matrix times /%, that is,

051*..,*0

Bla e enl=R|g 0 5 G g

Notice that the first column in the matrix on the right is a block column of zeros, and this
column is not present if Be; is nonzero. Obviously, {A;,b;} is a controllable scalar input
pair for j =1,2.
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8.7. TWO CANONICAL FORMS 137

Continuing in this fashion, let 3 be the first integer such that Be,, is not contained in
My, that is, Be; € M; for 1 < i < r3 and Be,, is not in M,. Set bz = Be,,. Let ng be the
largest integer such that

{¢1 a¢2:" : 7¢n1+n2,b3,Ab3,A2b3’.. . ,An3_1b3}

is a linearly independent set, and let M3 be the subspace spanned by this set of vectors. Set
Dryingt1 = 03, Bnygngans = A7 1hs. Then {¢;: j = 1,2,-- -, ny +na+n3} is a basis for
Mjs. Moreover, Mj is the invariant subspace for A given by

* oo
Ms = \/{14’“1)z = 1,2,3} = \/{AkBei 1 3= 172’.. . ,7‘3}-

k=0 k=0

Furthermore,
nitnz na—1 '
A¢n1+n2+n3 = Anabr3 = Z ,33j¢j + Z _a3jAJbr3 ,
Jj=1 j=0

where fs; for j = 1,2,---,n; + ng and ag; for j = 0,1,---,n3 — 1 are uniquely determined

scalars. Let P be the similarity transformation from C™*+"2+73 onto the subspace M3 defined
by Ps = [¢1 d2 * - ®ny4nging|. Let Cs be the 1 X ng row vector defined by C3 =[00 --- 0 1].
Let fi3 be the vector in C™ and f33 be the vector in C*? defined by

tr
fis = [Bu B2 -+ Ban |
tr
f23 = [ ﬁ3n1+1 ﬁ3n1+‘2 e /B3n1+n2 ] .
Then using A¢; = ¢;41 for j =ny +na+1,-+-, 21 + ng + ng — 1 along with our previous

calculation of Ay, n,4ns, We see that

A1 f12C f13Cs
(AMa)Ps=PF | 0 Ay fuCs |,
0 0 Aj

where Aj is the n3 x n3 observable companion matrix generated by ag; for j =0,1,---,n3—1.

Since P, is an invertible transformation from C**™2 onto M3, the equation Py(b1idby;) =
Be; has a unique solution by; @ by; in C™ @ C™ for rp + 1 < ¢ < r3. Let b3 be the vector in
C" defined by b3 =[100 --- 0]*, that is, the first entry is one and all the other entries are
zero. Then P3(0 ® 0 @ b3) = Be,,. Notice that P, = B|(C™ & C™). Therefore, the first r3
columns of B admit a factorization of the form

0 I;l * * 9 * * 0
Ble e e, |=P|0 0 0 - 0 by * 0
0 00 ¢ 00 0 b

Notice that the first column in the matrix on the right is a block column of zeros, and this
column is not present if Be, is nonzero. Clearly, {4;,b;} is a controllable scalar input pair
for  =1,2,3.
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138 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

By continuing in this fashion, we obtain a set of integers {n;}7* and {r;}{* such that
{b17-.. 7Anhlbl’bﬂ7 ...... b, Abpy - 7Anm_lbm}

is a linearly independent set for the space

Mo = \{A%, 1i=1,2,-,m} = \/{4*Be, :i=1,2,---,p}.
k=0

k=0

Moreover, b,, = Be,  where r, is the first integer such that Be,,, is not in M,,_;. Be-
cause the state space is finite dimensional and the pair {A, B} is controllable, this recursive
procedure must eventually end with M,, = X for some integer m. So, the dimension of
X is given by n = >_7"n;. The integers {n;}T" are uniquely determined and are called the
controllability indices for the pair {A, B}. The operator B, defined by

Po=1[by -+ A7l by - by Abpy o ATy, (8.43)

is a similarity transform from C" onto X = M,,. Let C; be the 1 x n; row vector defined by
C;=[00---01]forj=2,3,---,m. Then AF,, = P,A, where A, on &7 C™ is an upper
triangular block matrix of the form:

Al fl?C2 e flmCm
0 Ay - fomCim

A=, T f2 : (8.44)
0 0 - A,

The block diagonal matrices {A;}7* are all observable companion matrices. Finally, P,,B, =
B where B, is the upper triangular block matrix mapping CP into 7* C™ of the form:

OOObg*p* 0 x
0 0 0 0 0 by = 0 =

Bo=10 00000 0 0 = (8.45)
00000 0 0 - by *

Here b; = [1 00 --- 0] is the vector in C™ with one in the first entry and all the other
entries are zero. Obviously, {4;,b,} is a controllable scalar input pair for j = 1,2,--- ,m.
As before, the first column is a block column of zeros, and this column is not present if Bey
is nonzero. Finally, it is noted that m < p where the input space is Y = CP. Summing up
this analysis we obtain the following result.

Proposition 8.7.1 Let {A, B} be a controllable pair where the input space U = CP. Then
{A, B} is similar to the pair {A,, B,} whose canonical form is given in (8.44) and (8.45).
In fact, AP, = P,,A, and P,,B, = B where P,, is the similarity transform defined in (8.43).

MarceL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



8.7. TWO CANONICAL FORMS 139

Recall that the companion matrix A generated by {a;}5~! is the k x k matrix defined by

0 1 0 0
0 0 1 0
A= ¢ | (8.46)
0 0 0 1
—Gp —ap —Gz - —O0g

Recall also that ap +ajs+--- + ax_18°~1 + s* is the characteristic polynomial for ~A. Let B
be the vector in C* defined by B=1[00 --- 0 1J*", that is, all the components of B are zero
except the last one which is one. Let @ be the similarity transform defined by (8.42) with
A replacing A and B replacing b, that is,

Q=[B AB A’B ..- A*'B] onC*. (8.47)

Then QM = AQ where M is the observable companion matrix generated by {a;}5!; see
(8.41) with & = n. Notice that in this case @ is a matrix with one on the off diagonal and
zeros above the off diagonal,that is, @ is a matrix of the form:

00 --- 01
00 --- 1 %
Q=|: : N
01 -+ = x
1 % -+« % %

Using this it follows that Qb = B where b= [10 --- 0 0]". So, the similarity transform Q
intertwines {M , b} with the controllable canonical pair {A, B}. The pair {4, B} is precisely
the one used for state feedback. Moreover, the inverse of @ has ones on the off diagonal and
zeros below the off diagonal, that is, the inverse of Q is a matrix of the form:

* % ... x 1
* x -~ 10
Ql=1: : Do
* 1 --- 00
10 ---00

Due to the triangular structure one can recursively compute the inverse of Q). Finally, it is
noted that the inverse of @ can also be computed by using the recursive algorithm presented
in the paragraph following Theorem 8.5.1, that is, Q7' = T where T in (8.30) is the operator
intertwining {4, B} with {M ,b}.

Now let us return to the canonical form {A,, B,} in (8.44) and (8.45) computed from the
contrallable pair {A, B}. Let fij be the transpose of A; for j = 1,2,---,m. Obviously, fij
and A; have the same characteristic polynomial. Let B;,; be the vector in C™ whose last
component is one and all the other components are zero. Finally, let Q; be the similarity
transform on C™ defined by replacing A by A; and B by B; r; in (8.47). Then Q); intertwines
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140 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

the pair {A;,b;,,} with {4;, B;,,}. Moreover, let R, be the 1 x n; row vector whose first
component is one and all the other components are zero. Using the special form of the
inverse of ();, we see that Cij_l = R;. Now let ). be the similarity transform on &7*C™
defined by the block diagonal matrix

Then A, = Q.A,Q;" is the upper triangular matrix given by

A Q1 f12Re - QufimBn

A, = ? %2 QszfR’” ‘ (8.49)

0 0 A,

The block diagonal matrices {A;}7 are all companion matrices. Finally, Q.B, = B, where
B, is the upper triangular block matrix mapping C? into &T* C™ of the form:

0 1n ¥ _0 E N 0 *
0 0 0 By x 0 x 0«

i 0 0 0 0 0 By, * 0«

Be=1g 0 0 0 0 0 o0 0 =« (8.50)
L0 0 0 0 0 0 0 - B, *|

By construction the pairs {A; , B ir, 17 are in controllable canonical form. As before, the first
column in B is a block column of zeros and thig col~umn is not present if Be; is nonzero.
Clearly the pair {A, B} is similar to the pair {A., B.}. This readily proves the following
result.

Proposition 8.7.2 Let {A, B} be a controllable pair where the input space U = CP. Then
{A, B} is similar to the pair {A., B,} whose controllable canonical form is given in (8.49)
and (8.50). In fact, P,Q.' is the similarity transformation intertwining {Ac,éc}' with
{A, B} where Q. is defined in (8.48) while P, is defined in (8.43).

One can use the canonical form {A,, B,} for {4, B} to develop an algorithm to place the
eigenvalues of A — BK at any n specified locations in the complex plane. Since {4;, Bj:;}
is in controllable conical form, it is easy to construct a state feedback gain K from C™ into
C! to place the eigenvalues of A ]T]K at any n; locations in the complex plane; see
(8.21), (8.22) and (8.23) in Section 8.5. Now let K be the block matrix from &7*C™ into CP
whose block entries K & from C™ into C! are defined by

Kiy=08(i—r,k—5K, (fori=12---,pandjk=12,--,m).

Here 6(i, k) is the Kronecker delta, that is, §(i,k) = 1 if ¢ = k = 0, otherwise (i, k) = 0. In
this case, A, — B.K is an upper triangular block matrix with {4; — J,JK }7 for its diagonal
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8.8. TRANSFER FUNCTIONS AND FEEDBACK 141

entries. So, the eigenvalues of A, — B.K is the union of the eigenvalues of {A; — B, TJ. K i} In
particular, since n = }_ n;, we can compute a state feedback K to place the eigenvalues of
A.—B.K any n specified locations in the complex plane. Now let K be the operator form A’
into C? defined by K = K Q.P;}. Then A— BK is similar to Ac_ — B.K. In particular, they
have the same eigenvalues. Therefore, the canonical form {Ac, B.} can be used to compute
a gain K to place the eigenvalues of A— BK any n specified locations in the complex plane.

Finally, it is noted that one can obtain the canonical form {A,, B.} for {4, B} without
first computing the canonical form {4,, B,}. To accomplish this one simply uses the vectors
constructed in the section following Theorem 8.5.1 as basis for the subspaces M;. The
details are left as an exercise.

8.8 Transfer functions and feedback

To complete this chapter, let us show how state feedback affects the transfer function for
certain feedback control systems. To this end, consider the open loop system {A, B,C, D}
given by

t=Az+Bu and y=Cr+Du. (8.51)

As before, A is an operator on X and B maps U into X, while C maps & into Y and D
maps U into . Now consider a state feedback controller of the form

v=—Kr+w (8.52)

where the gain K is an operator from & into U and w is a function with values in &4. The
function w is referred to as the reference input for the above controller. Substituting (8.52)
into (8.51) results in

t=(A—BK)z+ Bw and y=(C - DK)z+ Dw. (8.53)
In this setting the transfer function F from reference input w to the output y is given by
F(s)= D+ (C~ DK)(sI - A+ BK)™'B. (8.54)

In other words, {A—BK, B,C—DK, D} is a realization of F. The system in (8.53) is called
the closed loop system corresponding to controller (8.52) and F in (8.54) is the corresponding
closed loop transfer function. Obviously, if A is a pole of F, then A is an eigenvalue of A—BK.
In particular, if A — BK is stable, then the closed loop transfer function F is also stable.

Lemma 6.4.2 shows that the open loop system {4, B, C, D} is controllable if and only if
the closed loop system in (8.53) is controllable. However, the closed loop system may not be
observable even if the open loop system is observable. For example, the open loop system
{1,1,1,1} is controllable and observable. If u = —z + w, then the corresponding closed loop
system {0,1,0,1} is not observable.

Let {A, B, C, D} be a realization of a transfer function G. Then we claim that the closed
loop transfer function F in (8.54) is also given by

F(s) = [D+C(sI — A B|[l + K(sI — A)"'B]. (8.55)
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142 CHAPTER 8. STATE FEEDBACK AND STABILIZABILITY

So, if H is the transfer function for the system {A, B, K, I}, then the closed loop transfer
function F is given by

F=GH!'.
To verify that (8.55) holds, let ®(s) = (s/ — A)~!. Using the operator identity

(I+RT)'R=R(I+TR)!,
we obtain

F(s) = D+ (C-DK)(sI-A+BK)'B
= D+ (C - DK)I+ ®(s)BK) '®(s)B
D+ (C - DK)®(s)B(I + K&(s)B)™!
[D(I + K®(s)B) + (C — DK)®(s)B][I + K&(s)B]™!
= (D+C®(s)B)(I + K®(s)B)™!
G(s)[I + K(sI — A)™'B].

Il

This yields (8.55).
Recalling (8.9) we see that

det[H(s)] = det[s] — A+ BK]/det[s] — A]. (8.56)
When the input space U is one dimensional, we obtain
H(s) = det[s] — A+ BK]/det[s] — A]. {8.57)

In this case, Proposition 7.1.3 shows that {A, B, K, 1} is a minimal realization if and only if
the characteristic polynomials for A and A — BK have no common zeros.

Now let {A on X, B,C, D} be a realization for a scalar valued transfer function G. Then
G admits a decomposition of the form G = p/d where d is the characteristic polynomial
for A and p is a polynomial satisfying degp < degd. Moreover, {4, B,C, D} is a minimal
realization if and only if the polynomials p and d have no common zeros; see Proposition
7.1.3. In the scalar case, the closed loop transfer function F in (8.55) reduces to

_ D+ C(sI - A)'B
1+ K(GI-A) B’

(8.58)

Recalling (8.9), we obtain that
1+ K(sI — A)'B = det[s] — A+ BK]/det[s] — A] = q(s)/d(s)

where q is the characteristic polynomial for A — BK. Using D + C(sI — A)™' B = p(s)/d(s)
yields F = p/q, that is,

_ p(s) ___p(s)
PO Gapr-arem et SO gprmg 69

This relationship implies that the zeros of the closed loop transfer function F are contained
in the zeros of the open loop transfer function G. Thus state feedback does not introduce

MarcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

) f



89. NOTES 143

new zeros. However, p and g can have common roots. So, the closed loop transfer function
F can have fewer zeros than the open loop transfer function G. This pole-zero cancellation
also explains why the open loop realization can be minimal while the closed loop realization
{A—- BK, B,C — DK, D} for F may only be controllable. If {4, B, C, D} is minimal, then p
and d have no common zeros and the McMillan degree of G equals the degree of d. If there
is a pole-zero cancellation in F = p/q, then the McMillan degree of F is strictly less then
the dimension of X, and thus, the realization X = {A — BK, B,C — DK, D} of F is not
minimal; see Proposition 7.1.3. So, the realization ¥ of F = p/q is minimal if and only if p
and ¢ have no common zeros. In other words, the realization ¥ is minimal if and only if the
state feedback K does not place any eigenvalues of A — BK at the zeros of p. In particular,
if p(s) = « where -y is a constant, then X is a minimal realization for all state feedback gain
operators K.

For the moment assume that the pair {A, B} is controllable, and recall that {4, B, K, I'}
is a realization for H = g/d. The characteristic polynomials ¢ and d may have some common
zeros. According to Proposition 7.1.3, the polynomials ¢ and d have no common zeros if and
only if {A, B, K, I} is observable. If {A, B, K, I} is observable, then g and H have the same
ZEros.

8.9 Notes

All the results in this chapter are classical; see Kailath [68] and Rugh [110] for a history of
this subject area. Corollary 8.4.2 is due to Ackermann [1]. For some further results on state
variable feedback see Brockett [21], Chen [26], Kailath [68], Rugh {110] and Wonham {129].
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Chapter 9

State Estimators and Detectability

This chapter is devoted to asymptotic state estimation. First we introduce the concept of
detectability. It is shown that detectability is the dual of stabilizability. Then we construct
asymptotic state estimators for detectable systems.

9.1 Detectability

Consider a state space system of the form:

Az + Bu
Cz + Du

T

\ (9.1)

where A is an operator on X and B maps U into X while C maps X into Y and D maps U
into Y. As before, all spaces are finite dimensional. The system in (9.1) will be referred to
as the plant. Suppose that at each instant of time ¢t we can measure the output y(¢) and the
input u(t) and we wish to estimate the state z(¢). Recall that this system is observable if
given the input w(t) and output y(t) over an interval [0,%;] (with ¢; > 0), one can uniquely
determine the state z(t) on this interval. In many applications, it suffices to obtain an
asymptotic estimate of z(t) as t tends to infinity. With this in mind, we say that £ is an
asymptotic estimate of x if

lim z(t)—%(t) = 0. (9.2

t—o0
Since we wish to obtain an asymptotic estimate of x using only information on the plant
input and output, we define an asymptotic state estimator to be any system with input
{u,y}, output £ and which has the following property: If {u,y} is any input-output pair
for plant (9.1), then the corresponding output £ of the estimator is an asymptotic estimate
of the corresponding plant state z. Thus, for any initial plant state, an asymptotic state
estimator, using only knowledge of plant input and output, produces an asymptotic estimate
# of the plant state, that is, (9.2) holds. We say that the system {4, B,C,D} in (9.1) is
detectable if there exists an asymptotic state estimator for the system. If system (9.1) is
observable, then one can find an estimator such that £(t) = z(t) for all £ > 0. So, if the pair
{C, A} is observable, then {A, B, C, D} is detectable.

145
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146 CHAPTER 9. STATE ESTIMATORS AND DETECTABILITY

As expected, detectability of the system {4, B, C, D} depends only on the pair {C, A}.
To see this, recall that all solutions to the differential equation in (9.1) satisfy

z(t) = etz (0) + /! eA=) Bu(r) dr .

0

Since u is known, estimating z is equivalent to estimating e4*z(0). Because u and y are
known,

g(t) = CeMa(0) = y(t) — /0‘ Ce**=") Bu(r) dr — Du(t)

is known. Thus, the system in (9.1) is detectable if and only if given the function g(t) =
Ce?z(0) over [0,00) one can determine an asymptotic estimate &(t) of e*z(0) from g.
Therefore, detectability of system (9.1) depends only on the pair {C, A} and is independent
of the operators B and D. Hence, we say that the pair {C, A} is detectable if system (9.1)

is detectable.
Recall that the unobservable subspace for the pair {C, A} is the invariant subspace for

A defined by
Xy ={zx:CA*c=0for k=0,1,2,--}. (9.3)

Recall also that a complex number A is an unobservable eigenvalue for the pair {C, A} if
there is a nonzero vector v in the unobservable subspace & satisfying Av = Av. In this case,
we say that v is an unobservable eigenvector corresponding to A. Notice A is an unobservable
eigenvalue if and only if ) is an eigenvalue of the operator A; on X5 defined by A; = A|X;. In
other words, the unobservable eigenvalues for the pair {C, A} are precisely the eigenvalues
of A;. An unobservable eigenvalue X is stable if ®(A\) < 0. If {A, v} is an unobservable
eigenvalue eigenvector pair for {C, A}, then Ceftv = eMCv = 0. In particular, z(t) = eMv
is a solution of
&= Az and y=Cz

with y(t) = 0. Hence, one cannot distinguish the solution z(¢) = e*v from the zero solution
x(t) = 0. If A is not stable, then eMv does not asymptotically approach zero. Since eMu
and the zero solution produce the same output (that is, zero) and their difference does not
asymptotically converge to zero, one cannot construct an asymptotic state estimator for a
system with an unobservable eigenvalue which is not stable. So, if A is not stable, then the
pair {C, A} is not detectable. Therefore, the detectability of {C, A} implies that all the
unobservable eigenvalues of {C, A} are stable. This proves part of the following result.

Theorem 9.1.1 A pair {C, A} is detectable if and only if all of its unobservable eigenvalues
are stable.

Proor. To complete the proof it remains to show that if all the unobservable eigenvalues of
{C, A} are stable, then {C, A} is detectable. Let X be the state space for the pair {C, A},
and X, = X3 be the corresponding observable subspace. Recall that X, is an invariant
subspace for A* and A admits a matrix representation of the form:

G ELIE-1E e
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9.1. DETECTABILITY 147

see (6.15) and (6.16) in Section 6.2. The operator A, is the compression of A to X,, that is,
A, is the operator on X, defined by A, = F,A|X, where P, is the orthogonal projection onto
X,. The operator A; on A5 is given by the restriction of A to A5. Furthermore, the operator
C admits a matrix representation of the form

c=1o co]:[“;j—»y, 9.5)

where C, = C|X,. Since the kernel of C contains X, the first entry of C is zero, that
is, C5 = C|&5; = 0. Recall also that the pair {C,, A,} is observable. Let z; ® z, be the
decomposition of the state z with respect to X = X; @ A,,. Thus,

s = Asts+ Asoo
ITo = AoZo
y = Coz,.

Since the pair {C,, A,} is observable, one can uniquely determine z,(t) for all { > 0 from
the knowledge of y(t) on [0,00). It follows from the first differential equation above that

t
z5(t) = e'z,(0) +/ e As iz, (1) dr .
0

Now assume that all the unobservable eigenvalues of {C, A} are stable. Then A; is stable.
Considering the known function %5 given by Z5(t) = fot eAt-7) A, x,(7) dr, it follows that
as t approaches infinity, z5(t) — £5(t) = e*¥*2,;(0) approaches zero. Therefore, &5 ® z, is an
asymptotic estimate of z. [ |

Obviously, if A is stable, then {C, A} is detectable regardless of C. By consulting the
PBH characterization of unobservable eigenvalues in Lemma 4.2.1, we obtain the following
corollary.

Lemma 9.1.2 (PBH detectability lemma.) The pair {C, A on X} is detectable if and only

if the kernel of
A- X
= [ c ] (9.6)

is zero for every compler number X in the closed right half plane.

Since the kernel of ') is zero when A is not an eigenvalue of A, one only has to check the
kernel of 'y when A is an eigenvalue of A which is not stable. The following result presents
some duality between stabilizability and detectability.

Theorem 9.1.3 Consider a pair {C, A} where A is on X and C maps X into Y. Then the
following statements are equivalent.

(i) The pair {C, A} is detectable.
(i) The pair {A*,C*} is stabilizable.
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148 CHAPTER 9. STATE ESTIMATORS AND DETECTABILITY

(15t) There exists an operator L from Y into X such that A — LC is stable.

PROOF. Recall that a complex number X is an unobservable eigenvalue for {C, A} if and only
if X is an uncontrollable eigenvalue for the pair {A*, C*}; see Section 5.2. Since {A*, C*} is
stabilizable if and only if all its uncontrollable eigenvalues are stable, Theorem 9.1.1 shows
that {C, A} is detectable if and only if {A*, C*} is stabilizable. So, Parts (i) and (ii) are
equivalent. By definition, the pair {A*, C*} is stabilizable if there is an operator K such
that A* — C*K is stable. Now let L = K*. Obviously, A* — C*K is stable if and only if
its adjoint A — LC' is stable. Therefore, {A*, C*} is stabilizable if and only if there is an
operator L such that A — LC is stable. Hence, Parts (ii) and (iil) are equivalent. [ ]

Example 9.1.1 Consider the following system corresponding to an unattached mass with
velocity measurement, that is, m&; = 0 and y = ; where z; is the inertial displacement of
the mass along its line of motion. A state space representation for this system is given by

i:[g (l]]x and  y=[0 1]z

where 2o = 3 and z = z; ® 2. In this case, the operator I'y in Lemma 9.1.2 becomes

-2 1
FA:{A—C’/\I]: 0 )

Obviously, the kernel of T’y is nonzero for A = 0. Hence, A = 0 is an unobservablte eigenvalue
and this system in not detectable. Note that for any 2 x 1 matrix L = [ a b } " we have

0 1—a

A—-LC= [ 0 —b } .

In this case, the characteristic polynomial for A — LC is given by
det[s] — A+ LC] = s(s+b).

So, regardless of the choice of L, zero is an eigenvalue of A — LC. This happens in general,
that is, the unobservable eigenvalues of {C, A} are contained in the eigenvalues of A — LC.

9.2 State estimators

In this section we will present an asymptotic state estimator (sometimes called an observer)
for the system {4, B, C, D} in (9.1). To obtain this observer assume that the pair {C, A} is
detectable. Motivated by Theorem 9.1.3, we propose the following simple state estimator by
adding a “correction term” to a copy of the original system whose state is to be estimated,
that is,

A% + Bu+ L{y — §)

= C%+ Du (.7)

< B
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where the vector £(t) in X is the estimated state. The operator L, called the observer gain,
is chosen so that A — LC is stable. The initial state £(0) for the observer is arbitrary. In
practice, one chooses #(0) to be the best available estimate of (0). Substituting § = CZ+Du
into the first equation in (9.7), yields the following description of the observer

i=(A—-LC)¢+ (B~ LD)u+Ly. (9.8)

It should be clear that we can regard the observer as a linear system whose input is « © y
and whose output is Z. Finally, it is noted that substituting y = Cz + Du into equation
(9.8), gives

i=(A-LC)%+ LCz + Bu. (9.9)

We now introduce the state estimation error

Subtracting the differential equation in (9.9) from & = Ax + Bu, we see that the evolution
of the estimation error is governed by

i=(A-LC)z. (9.10)

Since, by construction, the operator A— LC is stable, Z(t) approaches zero as t tends towards
infinity, that is, (9.2) holds. In other words the estimation error goes to zero as t goes to
infinity. So, the dynamical system in (9.7) yields an asymptotic state estimate & for z.
Finally, it is noted that if the initial observer state £(0) = z(0), then #(¢) = 0 for all ¢, and
thus, the estimate £(¢) = z(¢) for all . Summing up this analysis yields the following result.

Proposition 9.2.1 Let {A, B,C, D} in (9.1) be detectable and let L be any observer gain
such that A — LC s stable. Then the state space system in (9.8) yields an asymptotic state
estimate Z of z, that is, z(t) — £(t) approaches zero as t tends to infinity.

If A is stable, {C, A} is detectable regardless of C and one can choose L to be zero. In
practice, L = 0 may not result in satisfactory behavior or performance of the error dynam-
ics. In addition to stability, one usually wants to meet additional behavior or performance
criteria. The problem of choosing a operator L so that A — LC is stable is equivalent to
the stabilizability problem of choosing K so that A* — C*K is stable. If one solves the
stabilizability problem for K, then L = K* solves the original state estimation problem.

9.3 Eigenvalue placement for estimation error

In the previous section, we saw that if the pair {C, A} is detectable, then one can asymp-
totically estimate the state of system {A, B,C, D}. To accomplish this one needs to find
an operator L such that A — LC is stable. Then the dynamical system in (9.7) yields a
asymptotic state estimate Z of z. In this section we will use duality results to show how one
can construct an observer gain L such that A — LC is stable.

If the pair {C, A} is observable, then one can use the Lyapunov techniques in Section
8.2 to compute an observer gain such that A — LC' is stable. To see this simply notice that
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150 CHAPTER 9. STATE ESTIMATORS AND DETECTABILITY

the pair {A* C*} is controllable. Then the Lyapunov techniques in Section 8.2 provide a
computational method to construct a controller gain K such that A* — C*K is stable. So, if
L = K* then A — LC is also stable.

Now assume that the pair {C, A} is observable with state dimension n. Then the results
in Sections 8.4, 8.5 and 8.6 can also be used to construct an observer gain which places the
eigenvalues of A— LC at any n specified locations {A;}} in the complex plane. Since {A*, C*}
is controllable, there exists a controller gain K which places the eigenvalues of A* — C*K at
{A\;}7; see Theorem 8.6.1. (Sections 8.4, 8.5 and 8.6 provide some algorithms to compute the
gain K.) So, if L = K™, then {),}? are the eigenvalues of A — LC. This yields the following
result.

Theorem 9.3.1 Let {C, A} be an observable pair with state dimension n. Let {)\;}} be a
set of specified complex numbers. Then there exists an observer gain L such that

det[s] — A+ LC] = [[(s — A)-
7=1

In particular, if p is any monic polynomial of degree n, then there exists an observer gain L
such that p is the characteristic polynomial of A — LC.

By using the fact that {C, A} is observable if and only if {A*, C*} is controllable along
with Theorem 8.6.2 we obtain the following result.

Theorem 9.3.2 Consider the pair {C, A} with state dimension n. Then {C, A} is observ-
able if and only if there exists an observer gain L which places the eigenvalues of A — LC' at
any n points in the complex plane.

As before, let X = X; @ X, be the observable decomposition for the pair {C, 4 on X'}
where X is the unobservable subspace defined in (9.3). The corresponding matrix represen-
tations for A and C are given in (9.4) and (9.5). So, if L from Y into X is any observer gain,
then L admits a matrix representation of the form

P Ls | . X
L_[LD}.yﬂ{XG]‘ (9.11)
Using these decompositions we see that A — LC admits a matrix representation of the form
A; * A Xs
o=, o B2 e

Notice that if A is an eigenvalue of A5, then X is also an eigenvalue of A — LC. In other
words, the unobservable eigenvalues of A are contained in the eigenvalues of A — LC. Hence,
the observer gain does not alter the unobservable eigenvalues.

Recall that the pair {C, A} is detectable if and only if all of its unobservable eigenvalues
are stable. Now assume that {C, A} is detectable. Then all the eigenvalues of A5 are stable.
Since the pair {C,, A,} is observable, there exists an observer gain L, from ) into X, such
that A, — L,C, is stable. In fact, one can choose L, to place the eigenvalues of 4, — L,C, at
any dim X, specified locations in the complex plane. In this case (9.12) shows that A — LC
is stable. So, if {C, A} is detectable, then one can use the decompositions in (9.4), (9.5) and
(9.11) to compute an observer gain such that A — LC is stable.
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9.4 Notes

The Kalman filter [69] is an optimal stochastic observer or state estimator. The notation of
a deterministic observer is due to Luenberger [84]. Our presentation of observers is standard.
For some further results in this direction see Kailath [68] and Rugh [110].
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Chapter 10

Output Feedback Controllers

In this chapter we consider the problem of obtaining stabilizing output feedback controllers.

10.1 Static output feedback

To implement a state feedback controller one requires knowledge of the state. In many
practical problems, it is not feasible to access the complete state. However, one can usually
obtain a portion of the state which we call the measured output. Here we investigate the
problem of designing stabilizing controllers which are based only on a measured output. To
this end, consider the state space system described by

r = Az + Bu
y = Cx (10.1)

with state z(t) € X, control input u(t) € U, and measured output y(t) € Y. As before, all
spaces are finite dimensional. To eliminate some minor technical problems we have assumed
that the direct transmission term D = 0. We will refer to {A, B,C,0} in (10.1) as the
plant. In Section 10.3 we obtain a controller based on the measured output y to stabilize a
stabilizable and detectable plant.

The simplest type of controller is a memoryless or static linear output feedback controller
of the form

u(t) = —Zy(t) (10.2)

where the gain Z is an operator from Y to U. At each instant of time the current control
input u(t) is a linear function of the current output y(¢). Because the gain Z acts on the
output y, the controller u(t) = —Zy(t) is called an output feedback controller. Applying this
controller to the plant in (10.1) yields the following closed loop system:

i=(A-BZC)z. (10.3)

If the open loop system & = Az is not stable, a natural question is whether one can choose Z
so that the closed loop system is stable. For full state feedback (C = I), we have seen that
it is possible to do this if {4, B} is controllable, or less restrictively, if {A, B} is stabilizable.
If {C, A} is observable or detectable, we might expect to be able to stabilize the plant with
static output feedback. This is not the case as the following example illustrates.
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154 CHAPTER 10. OUTPUT FEEDBACK CONTROLLERS

Example 10.1.1 Consider the rectilinear motion of a unit mass which is subject to a single
input force u, that is, § = u. We assume that one can measure y, the inertial displacement
of the mass along its line of motion. If we set z = y @ g, then this system is described by

. 01 0
xz[oo];v-%[l}u and y=[1 0]z. (10.4)
Clearly, this system is both controllable and observable. In this case, all linear static output
feedback controllers are given by u = —zy where z is a scalar. This controller yields the
following the closed loop system

.f:{ 0 1]x. (10.5)

-z 0

Notice that the eigenvalues of the above 2 x 2 state matrix are ++/—=z. So, regardless of z,
the system in (10.5) is not stable. Finally, it is noted that if the plant has some damping in
it, that is,

’j::{g jd}?“k{(l]}u and y=[1 0]z

where d > 0, then the closed loop system is given by

o 1

In this case, the closed loop system is stable if and only if z < 0.

10.1.1 Transfer function considerations

Recall that a transfer function is stable if all of its poles are in the open left half part of the
complex plane, {s € C: R(s) < 0}. Let G be the transfer function for the plant {4, B, C, 0}
in (10.1). Then with all the initial conditions set equal to zero, y = Gu where u is the
control input and y is the output. (Recall that f denotes the Laplace transform of a function
f.) Consider the static output feedback controller

u(t) = —Zy(t) + w(t) (10.6)

where Z is an operator from ) into U and w is a function with values in /. The function w
is referred to as the reference signal Obviously, u = —Zy + w is the Laplace transform of u.
Substituting this into y = Gu, yields y + GZy = Gw. Hence, y = (I + GZ)~"!Gw. Recall
that the transfer function from w to y is the function F defined by y = Fw. Therefore, the
transfer function from w to y is given by

F=(I+GZ2)'G. (10.7)

The function F is called the transfer function for the closed loop system with the controller
(10.6). So, a classical problem in control systems is to determine a gain Z such that the
closed loop system is stable, that is, find a gain Z such that all the poles of F = (I -GZ)™'G
live in the open left half plane.
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10.1. STATIC OUTPUT FEEDBACK 155

Substitution of (10.6) into (10.1) yields the following state space description of the closed

loop system:
t=(A—-BZC)z + Bw and y=Cz. (10.8)

Hence, {A — BZC, B,C,0} is a realization for F. Now suppose that {A, B,C,0} is a con-
trollable and observable realization of G. Theorem 6.3.1 shows that the transfer function
G is stable if and only if A is stable. According to Lemma 6.4.2, the closed loop system
{A - BZC, B,C,0} is also controllable and observable. By Theorem 6.3.1, we see that X
is 2 pole of (I + GZ)~!G if and only if X is an eigenvalue of A — BZC. In particular, the
feedback transfer function F is stable if and only if A — BZC is stable. So, the problem of
finding a gain Z such that all the poles of the feedback transfer function (I + GZ)~'G are in
the open left half plane is equivalent to finding an operator Z such that A — BZC is stable.
Summing up this analysis readily yields the following result.

Proposition 10.1.1 Let {A, B,C,0} be a realization of the transfer function G. Let Z be
an operator from Y into U. Then {A — BZC, B,C,0} is a realization for the closed loop
transfer function (I + GZ)1G. Moreover, {A, B,C,0} is controllable and observable if
and only if {A — BZC, B,C,0} is controllable and observable. In this case, A is a pole of
(I + GZ)7'G if and only if X is an eigenvalue of A~ BZC.

Example 10.1.1 shows that it is not always possible to stabilize a transfer function by
static output feedback. In this example the open loop transfer function for the state space
system in (10.4) is given by G(s) = 1/s%. Since zero is a pole for G, it follows that this
transfer function is unstable. In this case, the feedback transfer function is given by

_ G _ 1
T 14+ Gz 242

F

where 2z is a scalar. Clearly, the closed loop transfer function F is unstable for all scalars z.
If {A, B, C, 0} is any minimal realization of G = 1/s2, then {A— BZC, B, C, 0} is a minimal
realization of the closed loop transfer function 1/(s%+2). So, according to Proposition 10.1.1,
the operator A — BZC is unstable for any operator Z on C!.

To see why static output feedback is not sufficient to stabilize a transfer function, let
G = p/d be any scalar valued proper rational transfer function where p and d are polynomials
with no common zeros. Then the closed loop transfer function is given by

G P

F= 1+Gz=d+zp

(10.9)

where z is a scalar. Because p and d have no common zeros, the polynomials p and d + zp
have no common zeros. So, F is stable if and only if all the zeros of d+ zp lie in the open left
half plane. Since d+ zp has degd roots, it is not always possible vary the single parameter z
to guarantee that all the deg d roots of d + 2zp lie in the open left half plane. In other words,
varying one parameter z is not enough to guarantee that all the poles of the closed loop
system lie in the open left half plane. In the scalar case, the classical root locus provides a
graphical method to determine the roots of d + zp as z varies in (—o0,00). So, using root
locus techniques one can design output feedback controllers to stabilize certain scalar valued
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156 CHAPTER 10. OUTPUT FEEDBACK CONTROLLERS

transfer functions. Finally, it is noted that equation (10.9) also shows that output feedback
does not change the zeros of the transfer function. In other words, G = p/d and F have the
same zeros. In this case, the roots of p are precisely the zeros of both G and F.

For multivariable systems there are currently are no easily verifiable necessary and suffi-
cient conditions for the existence of a stabilizing static output feedback controller. This leads
us to consider dynamic output feedback controllers, that is, controllers which are dynamic
systems whose input is the measurement y and whose output is the control u.

Exercise 23 Let G be the transfer function for the state space system
z=Az+ Bu and y=Cz+ Du. (10.10)

Consider the static output feedback controller u(t) = —Zy(t) + w(t) where Z is an operator
from ) into U and w is the reference signal. Then the closed loop transfer function from the
reference signal w to y is given by F = (I — GZ)7'G. Assume that —1 is not an eigenvalue
of ZD.

(1) Show that the control u is given by

u=—(I+2ZD)'ZCzx+ (I + ZD) 'w. (10.11)

(ii) Show that a state space realization for the closed loop transfer function F is given by

& = (A-B{UI+2ZD)'ZC)z+ B(I+ ZD)'w
(I+DZ)*Czx+ (I+DZ) ' Dw. (10.12)

(iii) Show that {A, B, C, D} is controllable, respectively observable if and only if the system
in (10.12) 1s controllable, respectively observable.

(iv) If {4, B,C, D} is minimal, then show that X is a pole of F if and only if A is an
eigenvalue of A — B(I + ZD)~'Z(C. In particular, the closed loop transfer function F
is stable if and only if A — B(I + ZD)1ZC is stable.

10.2 Dynamic output feedback

In this section we discuss dynamic output feedback controllers for state space systems of the
form

I

z Az + Bu
y = Cz. (10.13)

As before, A is an operator on X and B maps U into X’ while C maps X into ). In general,
a linear dynamic output feedback controller is described by a state space system of the form

f = Af+Buy
v~ _CfoD (10.14)

MarceL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



10.2. DYNAMIC OUTPUT FEEDBACK 157

where the controller state f(t) lies in some finite dimensional space F. The dimension of the
controller state space F is called the order of the controller. In particular, if {A., B, C., D.}
is controllable and observable, then the order of the controller equals the McMillan degree
of {A., B;,C,, D.}. This controller is a linear time invariant system whose input is the
measured output y of the plant in (10.13), and whose output » is the control input to the
plant. If C. is zero then the controller in (10.14) is precisely a static feedback controller as
discussed in Section 10.1.

Applying the controller (10.14) to the plant in (10.13) results in the following closed loop

system
T A-BD.C —-BC, T
R w019

This is a linear time invariant system whose state is z @ f and state space matrix is given
by

BC A, F (10.16)

So, the system in (10.15) has state dimension n+n, where n the dimension of the plant state
and n, is the dimension of the controller state. Finally, we say that the plant {A, B, C,0}
is stabilizable by a linear dynamic output feedback controller if there exists a controller
{A., Bc,C,, D.} such that the state operator A in (10.16) is stable.

In classical control of scalar input scalar output systems, a widely used controller is the
PI (proportional integral) controller described by

u(t) = —ay(t) - 8 /0 t y(r)dr (10.17)

Az[A—-BDCC —BCC] on [A’]

where o and § are scalars. Let f be the function defined by f = y. Then it is easy to verify
that this PI controller can be represented by the following first order dynamical system
f=uy
u = —ff-ay.
We will show that stabilizability of {A, B} and detectability of {C, A} are necessary and
sufficient conditions to stabilize the plant {4, B, C,0} by a linear output feedback controller.
The following lemma states the necessity of stabilizability and detectability. In the next

section, we show that these conditions are sufficient for output feedback stabilizability, by
constructing specific stabilizing controllers.

(10.18)

Lemma 10.2.1 If the plant {A, B,C,0} is stabilizable by a linear dynamic output feedback
controller, then {A, B} is stabilizable and {C, A} is detectable.

PRroOOF. Consider the plant in {10.13) subject to any controller of the form (10.14) and let A
be the state matrix of the resulting closed loop system given in (10.16). We first show that if
A is an unobservable eigenvalue of {C, A}, then X is an eigenvalue of A. To see this, suppose
that {A,v} is an unobservable eigenvalue eigenvector pair for {C, A}. Then Av = v and
Cv = 0. Using this, it should be clear that

i)
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158 CHAPTER 10. QUTPUT FEEDBACK CONTROLLERS

Since v is nonzero, it follows that X is an eigenvalue of A. So, all the unobservable eigenvalues
of {C, A} are contained in the eigenvalues of 4. If the plant is stabilizable by dynamic
output feedback, then there exists a controller such that all the eigenvalues of A are stable.
In particular, all the unobservable eigenvalues of {C, A} must also be stable. Therefore,
if the plant is stabilizable by a linear dynamic output feedback controller, then {C, A} is
detectable.

We now claim that if A is an uncontrollable eigenvalue of {A, B}, then A is an eigenvalue
of A. Suppose that ) is an uncontrollable eigenvalue of {A4, B}. Then A*v = lv and B*v = 0
for some nonzero vector v. Using the structure of A, it readily follows that X is an eigenvalue
of A* with eigenvector [v,0]". Hence, X is an eigenvalue of A. So, all the uncontrollable
eigenvalues of {A, B} are contained in the eigenvalues of \A. Therefore, if the plant is
stabilizable by a linear dynamic output feedback controller, then {4, B} is stabilizable. =

Exercise 24 Show that the unattached mass with position feedback in Example 10.1.1
can be stabilized with a first order dynamic output feedback controller. What controller
parameters place all the eigenvalues of the closed loop system at —17?

10.3 Observer based controllers

As before, consider the plant in (10.13). Recall that if {4, B, C,0} is stabilizable by dynamic
output feedback, then {A, B} is stabilizable and {C, A} is detectable. We now demonstrate
that if these conditions are satisfied, then closed loop stability can be achieved with a con-
troller of order no more than the state dimension of the plant. To achieve this, we combine
our previous results on asymptotic state estimation and stabilization via state feedback. We
consider controllers which obtain an asymptotic estimate of the plant state and then use this
estimate for the state in a stabilizing state feedback controller. These controllers are called
observer based controllers and have the following structure:

& Az + Bu+ L{y — C1)

Notice that this controller is completely determined by specifying the state feedback gain &
and the observer gain L. Moreover, using © = — K this controller can be written as

!

z = (A-BK-LC)i+ Ly
v = —Kzt. (10.20)
This is a dynamic output feedback controller with controller state f = Z, the state estimate of
z; see (10.14). Hence, n, = n, that is, the controller and the plant have the same dimension.
In this setting, A.= A — BK — LC and B, = L. Moreover, C. = K and D. = 0.
Combining the plant in (10.13) with the controller description (10.20), yields the closed
loop system (see (10.15)) described by

[E]Z{LAC A—l_aiK—LcHﬂ' (10.21)
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10.3. OBSERVER BASED CONTROLLERS 159

This is a linear time invariant system with state z @ £ and state matrix given by

A —-BK X
'A:[LC A—BK—LC]OH{X]' (10.22)

Let & be the estimation error, that is & = z — . Then subtracting & from & in (10.21)
shows that z @ % satisfies the following state space equation

z A-BK BK z
{z]:[ 0 A—LC][:E]' (10.23)
This system has state & Z and state matrix
< A-BK  BK X
.A=[O A—LC’] on {X} (10.24)

Now consider the invertible operator T on & @ X defined by

T= “ _?] . (10.25)

Then it is easy to show that AT = TA. Hence, A is similar to A In particular, A and
A have the same eigenvalues including their multiplicity. Since A s upper triangular, it
follows that the set of eigenvalues of A are simply the union of the eigenvalues of A — BK
and A — LC. One way to see this is to notice that

det[s] — A] = det[s] — A+ BK]det[s] — A+ LC].

In other words, the characteristic polynomial of A is the product of the characteristic poly-
nomials of A — BK and A — LC. Since the eigenvalues of any finite dimensional operator
are the roots of its characteristic polynomial, the set of eigenvalues of A, or equivalently A,
are the union of the eigenvalues of A — BK and A — LC.

It now follows that if both A — BK and A — LC are stable, then the closed loop system
(10.21) is stable. If {A, B} is stabilizable, one can choose a controller gain K so that A—BK
is stable. If {C, A} is detectable, one can choose an observer gain L such that A — LC is
stable. Combining these observations with Lemma 10.2.1 leads to the following result.

Theorem 10.3.1 Consider the plant {A, B,C,0}. Then the following statements are equiv-
alent.

(a) The pair {A, B} is stabilizable and {C, A} is detectable.
(b) The plant {A, B,C,0} is stabilizable by a linear dynamic output feedback controller.

(c) The plant {A, B,C,0} is stabilizable by a linear dynamic output feedback controller
whose order is less than or equal to the state dimension of the plant.
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160 CHAPTER 10. OUTPUT FEEDBACK CONTROLLERS

Remark 10.3.1 The above analysis provides a method for constructing a stabilizing dy-
namic controller for a stabilizable and detectable plant of the form (10.13). To accomplish
this, simply use any method to compute the gains K and L which ensure that both A— BK
and A — LC are stable. Then a stabilizing controller is given by (10.19). In particular, if the
plant is controllable and observable, then one can choose K and L to arbitrarily place the
eigenvalues of A — BK and A — LC, respectively. In this case, one can arbitrarily place the
eigenvalues of the closed system in (10.21) by the appropriate choice of K and L.

Example 10.3.1 Let us use the above results to construct a stabilizing dynamic controller
for the simple mechanical system presented in Example 10.1.1, that is,

i:[g é]zﬁu{ﬂu and y=[1 0]z.

Clearly, this system is controllable and observable. For this system, the observer based
controllers in (10.19) are given by

L 0 11]. n 0 4 I (1 — 1)
r = 00 T 1 u 12 I I
u = vk‘lil - ]\72.1%2

where K = [ ky ko Jand L ={{; I ]'". The closed loop system in (10.21) is described by

z 01 0 0 T
1?32 100 —ky ) T2
BT no - 1 # (10.26)
2?2 12 0 —(12 -+ kl) "ICQ i‘z

Let A be the 4 x 4 matrix given in the previous equation. In this case, the state estimation
error &; = z; — Z; for 7 = 1,2. The state estimation error equation in (10.23) is now given
by

i‘l 0 1 0 0 xy
.”bg _ —kl —]Cz kl kg T2
aH| | 0 0 - 1 1
&5 0 0 -k 0 s

Let A be the 4 x 4 matrix given in the previous equation. Recall that A is similar to A. It
is easy to show that the characteristic polynomial for A is given by

det[s] — fl] = (%4 kgs + k) (2 + s + 1)

Clearly, one can arbitrarily assign the roots of this polynomial by choice of the appropriate
choice of the scalar gains {ki, ky,1;,ls}. In particular, the closed loop systems is stable if
and only if all the these scalar gains are positive.

Exercise 25 Let {A, B,C, D} be the state space system given by

t= Az + Bu and y=Cz+ Du. (10.27)
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Consider the dynamic output feedback controller

f A.f + By
v = —C.f—-Dy

(10.28)
where the controller state f lies in some finite dimensional space F. Assume that —1 is not
an eigenvalue of D.D.

(i) Show that the control  and output y are given by

-(I +D.D)'D.Cz — (I + D.D)"'C.f
(I+DD,)'Cz— (I+ DD.,)'DC.f. (10.29)

u

I

(ii) Show that a state space realization for the closed loop system is given by

[:v] _ [A—B(I+DCD)“1DCC -B(I + D.D)"'C, ] [z ] (10.30)

f B, I+ DD,)'C A, — B(I+DD,)'DC. || f

Let A, be the 2 x 2 block matrix on X’ @ F in (10.30). Notice that the block matrices
A. and A in (10.16) are closely related. By replacing B by B(I + D.D)~ and B, by
B.(I+ DD, and A. by A, — B.(I+ DD,)'DC, in A, we obtain A,.

(iii) The system {4, B,C, D} in (10.27) is stabilizable by dynamic output feedback if there
exists a controller of the form (10.28) such that A, is stable. Show that {4, B,C, D}
is stabilizable by dynamic output feedback if and only if the pair {A, B} is stabilizable
and {C, A} is detectable.

(iv) Consider the observer based controller

& = Ai+ Bu+L(y+ (DK —C)i)

o (10.31)

For this controller show that the closed loop system in (10.30) is given by

[z]z[LAC A~;§K_L0H2]- (10.32)

(v) Let £ = z — Z be the state estimation error. Then shows that z @ # satisfies the
following state space equation

HE AN w0

Let A be the block matrix in (10.32) and A the block matrix in (10.33). Then T'A = AT
where T is the similarity transformation defined in (10.25). So, A is similar to A. In
particular, if { A, B, C, D} is stabilizable and detectable, then one can compute operator
gains K and L such that A— BK and A — LC are stable. In this case, the state space
system in (10.28) is a dynamic output stabilizing controller for the plant in (10.27).
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10.4 Notes

The results in this chapter are classical. For some further results on feedback controllers see
Kailath [68] and Rugh [110].
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Chapter 11

Zeros of Transfer Functions

This chapter is devoted to a state space interpretation of the zeros of a transfer function.

11.1 Zeros

This section introduces the concept of a zero for a rational transfer function. To begin,
consider a scalar proper rational function g. We say that a complex number A is a zero of
g if g(A) = 0. So, X is a zero of g if and only if the rational function given by g(s)/(s — A)

is analytic at A\. We now obtain a state space interpretation of zeros. The dimension of.

the state space for any minimal realization of a proper transfer function G is called the
McMillan degree of G and is denoted by mdeg G. If a proper rational function g equals
n/d where n and d are two scalar polynomials with no common zeros, then the zeros of g
are precisely the zeros of n. Furthermore, the McMillan degree of g is simply the degree of
d, that is, mdegg = degd. From this it readily follows that if A is not a zero of g, then
mdeg (g/(s — A)) = mdeg (g) + 1. However, mdeg (g/(s — A)) = mdeg(g) when A is a zero
of g.
Consider any rational function F. Then the normal rank of F, denoted by nrank F, is
defined by
nrank F = sup{rank F'(s) : s is not a pole of F'}. (11.1)

If P is an operator valued polynomial acting between two finite dimensional vector spaces,
then the rank of P(A) equals the normal rank of P except at a finite number of points.
To see this, assume, without loss of generality, that P is matrix valued. Then the rank of
P(}) is the largest of the orders of the nonzerc minors of P()). Since each minor of P is a
scalar-valued polynomial, it is either identically zero or has a finite number of zeros. Because
P has a finite number of minors, there is only a finite number of points for which the rank
of P()\) is below that of the normal rank of P. If F is an operator valued rational function
acting between two finite dimensional vector spaces, then F' = P/d where P is a operator
valued polynomial and d is a scalar valued polynomial. Therefore, the rank of F(X) equals
the normal rank of F' except at a finite number of points.

If a complex number A is not a pole of F', we say that it is a zero of F if the rank of
F()) is strictly less than the normal rank of F. Motivated by the following lemma, we will
generalize the definition of a zero to include the possibility of pole being a zero.
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164 CHAPTER 11. ZEROS OF TRANSFER FUNCTIONS

Lemma 11.1.1 If a complex number )\ is not a pole of a proper rational transfer function
G, then
mdeg(G/(s — X)) = mdeg G + rank G(\).

PRrooOF. First notice that

G(s) G(s)-G(\)  G(N
= . 11.2
s— A s— A + s— A (11.2)
Let {A on X, B,C, D} be a minimal realization of G. Then G(s) = C(s] — A)™'B + D.
Since A is not a pole of G and the realization is minimal, A is not an eigenvalue of A. Hence,
Al — A is invertible and

(sT— A= (M — A7 = (sT— AT - A—(sI — A))(M - A)!
(s = M) (sI — A)HA - X)L,

We now have that

G(s) -G

s—A

Since (4 — AI)~! is invertible and commutes with A, it follows from the controllability of
{A, B} that X is spanned by A(A — XI)~'*BU for i = 0,1,2,--+ where U is the input
space. Hence, {4 on X, (A— AI)7'B, C, 0} is a controllable and observable realization of
the transfer function (G(s) — G(A))/(s — A). Therefore mdeg ((G(s) — G(A))/(s— A)) is the
dimension of X which is the same as mdeg G.

To obtain a realization of G(A)/{s— A}, let X be the range of G(\) and Ay the operator
on X, defined by Aszg = Aze. A simple calculation shows that {As, G(A), Cy, 0}, with
Cy = I|Xs, is a minimal realization of G(A\)/(s—A). Hence, mdeg G/(s — A) is the dimension
of X, which is the rank of G{A).

Since the transfer functions (G(s) — G(\))/(s — A) and G(X)/(s — A) have no common
poles, it follows from equation (11.2) that

mdeg (—G-%> = mdeg (M> + mdeg (i—”) = mdeg G + rank G(}) .

=C(sI - A" Y{A-X)"'B.

s — s—A A

The second equality follows from Exercise 26 below. |
If A is not a pole of a proper rational function G, then the above lemma shows that

mdeg (G/(s — A)) < mdeg G + nrank G . (11.3)
Moreover, X is a zero of G if and only if
mdeg (G/(s — A\)) < mdeg G + nrank G. (11.4)

Later we will see that, as expected, the inequality (11.3) also holds when A is a pole of G.
Motivated by this discussion, we say that a complex number A is a zero of G if the inequality
(11.4) holds. For example, the normal rank of the transfer function

a0
=
s+2

MarceL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



11.2. THE SYSTEM MATRIX 165

is two. The McMillan degree of G is two. Clearly, if A is not a pole of G, that is, A # —1, -2,
then G(X) has rank two, and thus, the normal rank of G is two. So, if A # —1, ~2, then A
is not a zero of G. Since the McMillan degree of G/(s + 2) is four, it follows that —2 is not
a zero. However, the McMillan degree of G/(s + 1) is three; hence G has a zero at —1.

Exercise 26 Let &; = {A; on Xy, By,C1, D1} and £y = {A; on X, By, Cs, Dy} be re-
spectively realizations for G, and Gs, where G; and G, have values in £(U4,Y). Let
Y ={Aon X, B,C, D} be the state space system determined by

48] o[

4 0 A B,

C = [01 Cg] and D=D1+D2
where the state X = &} & As.
(1) Show that X is a realization for Gy + Ga.

(ii) Now assume that 3; and ¥, are both minimal realizations. Moreover, assume that A;
and A; have no common eigenvalues. Then show that X is a minimal realization for
G; + Gs. In particular, the McMillan degree of Gy + G2 equals dim &) + dim A5.

(i) If G; and G, are two transfer functions with no common poles, then show that
mdeg (G; + G2) = mdeg Gy + mdeg G..

11.2 The system matrix

In this section we introduce and study the system matrix for a linear system. A simple
calculation readily proves the following useful result.

Lemma 11.2.1 Let T be an operator mapping X @ U into X @Y defined by
XY ]

W 7 (11.5)

|

If X is invertible, then T admits a factorization of the form

I ol[x 0 I Xy
T‘[Wx—l 1”0 Z—Wx-lyHo I } (11.6)

As before, assume T is given by (11.5) with X is invertible. The operator Z — W X~'Y is
called the Schur complement of T. The above factorization of T shows that T is invertible if
and only if its Schur complement is invertible. Moreover, the rank of T equals the dimension
of X plus the rank of its Schur complement.

Let {A on X, B, C, D} be a realization for a transfer function G. Then, for any complex
number A, let Ty be the system matrix from X ® U into X @ Y given by

A-) B } (11.7)

T*:[ ¢ D
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166 CHAPTER 11. ZEROS OF TRANSFER FUNCTIONS

If A is not an eigenvalue of A, then A — A is invertible, and the Schur complement of T} is
G(A). Moreover, the rank of Ty equals the dimension of X plus the rank of G{)), that is,

rank 7 = dim A" + rankG(\). (11.8)

Since T'(s) := T, defines a polynomial and G is a rational function, they achieve their normal
rank everywhere except at a finite number of points. Therefore,

nrank T = dim X + nrankG . (11.9)

In particular, if {A on X, B, C, D} is a minimal realization of G and X is not a pole of
G, then X is not an eigenvalue of A and the dimension of X is the McMillan degree of G.
Hence, rank T, = mdeg G + rank G(\). Using Lemma 11.1.1, we obtain that the rank of T),
is the McMillan degree of G{s)/(s — A). The following theorem, whose proof is independent
of the previous analysis, states that this result also holds when ) is a pole of G.

Theorem 11.2.2 Let {A, B, C, D} be a minimal realization of a transfer function G.
Then, the rank of the operator Ty given in (11.7) equals the McMillan degree of the transfer
function G(s)/(s — X).

PROOF. First, consider the case A = 0. Let G(s) = > 5" G./s be the power series expansion
for G. The power series expansion for G/s is given by G(s)/s = Yo Gi/s'*!. It follows
that the McMillan degree of G/s is the rank of the Hankel matrix

Gy Gy Gs
G, Gy Cs
H=1 6, G; G,

Since {A, B, C, D} is a realization of G, we have Gy = D and G; = CA*"!B for all integers
i > 1. Hence,

D CB CAB -
CB CAB CA’B --- D  CW.
H=1|caB cAB cA*B - [WOB WoAW, |

where W, and W, are the observability and controllability operators defined by
C

CA i )
W, = C A2 and Wc:[B AB A‘B ]7

respectively. Therefore, H admits a factorization of the form

B[
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11.2. THE SYSTEM MATRIX 167

Since the realization {A, B, C, D} is minimal, the pair {C, A} is observable, and thus, the
matrix corresponding to the operator I @ W, is one-to-one. Likewise, the pair {A, B} is
controllable and thus, the matrix corresponding to the operator I & W, is onto. Therefore,
the rank of H is precisely the rank of
A B
X

This proves the theorem when A is zero.

Consider now any complex number A. Let {A, B, C, ﬁ} be a minimal realization of a
transfer function F. Then, {A— I, B, C, D} is realization of the transfer function F(s+A).
A simple application of the PBH tests for controllability and observability shows that this
realization is minimal. Therefore F and its translation F(s + A) have the same McMillan
degree, that is, mdegF = mdegF(s + A). Now notice that G(s + \)/s is a translation of
G(s)/(s — A); thus, these two transfer functions have the same McMillan degree. Also, since
{A, B, C, D} is minimal realization of G, the realization {A — AI, B, C, D} is minimal for
G(s + )). By our previous analysis, the McMillan degree of G(s + \)/s is the rank of T);
hence the McMillan degree of G(s)/(s — A) is the rank of T). ]

If {Aon X, B, C, D} is minimal realization of a rational transfer function G, then
dim X = mdeg G. It now follows from (11.8) that

nrank 7" = mdeg G + nrankG . (11.10)

By employing Theorem 11.2.2, we now see that inequality (11.3) holds for all A. Also, a
complex number A is a zero of G if and only if rank T\ < nrank T'. This yields the following
result.

Corollary 11.2.3 Let T) be the system matriz in (11.7) associated with a minimal realiza-
tion {A, B, C, D} of a transfer function G. Then, a complex number X is a zero of G if
and only if

rank Ty < nrank T .

In particular, every transfer function has at most a finite number of zeros.

Since the normal rank of a nonzero scalar transfer function is one, the previous corollary
readily yields the following result.

Corollary 11.2.4 Let T be the system matriz in (11.7) associated with e minimal realiza-
tion {A on X, B, C, D} of a nonzero scalar transfer function G. Then, a complex number
A is a zero of G if and only if rank Ty, < dim X',

Corollary 11.2.5 Let Ty be the system matriz in (11.7) corresponding to the realization
{A, B, C, D} of a transfer function G. If

rank Ty < nrank T, (11.11)

then X is a zero of G or A is an uncontrollable eigenvalue of {A, B} or X is an unobservable
eigenvalue of {C, A}. On the other hand, if X is a zero of G, then (11.11) holds.
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168 CHAPTER 11. ZEROS OF TRANSFER FUNCTIONS

PROOF. Let X = X;; ® X, ® A: be the controllable/observable decomposition of the state
space X for the system {A, B,C,D}. Here X,; is the controllable/unobservable subspace
while X, is the controllable/observable subspace and X; is the uncontrollable subspace.
With respect to this decomposition, A, B and C have the following matrix representations:

A * % B
A=| 0 A, * and B=| B, and C=[0 Cy C:].
0 0 A 0
Using this decomposition, T} is given by
Acé — A * * Bc‘
0 A — A * Beo
= 0 0 A-M 0 |- (11.12)
0 Ceo Cs D

If X is neither an uncontrollable eigenvalue of {A, B} nor an unobservable eigenvalue of
{C, A}, then both A, — A and Az — AI are invertible. It now follows from the location of
the zeros in the structure of Ty that the rank of T equals the dimension of X,; © Xz plus

the rank of the matrix
T A — M Be
AT C. D |-

Because an operator valued polynomial achieves its normal rank everywhere except at a
finite number of points, the normal rank of 7' equals the dimension of X & A; plus the
normal rank of T'.

If the rank of T} is less than the normal rank of T, and A is neither an uncontrollable or
unobservable eigenvalue, then the rank of T} is less than the normal rank of T. Since T} is
the system matrix associated with the minimal realization {A.,, B, Ceo D} of G, it follows
from the above corollary that A is a zero of G.

Suppose, on the other hand, that A is a zero of G. From the structure of T} it should be
clear that

A — M * B,
rank T < dim X + rank 0 Az =M 0
Ceo C: D

Since the rank of the matrix on the right hand side of the above inequality is less than or
equal to dim AX; plus the rank of Ty, we obtain that

rank 7y < dim (X, ® X;) + rank T .

Since X is a zero of G and Ty, is the system matrix associated with a minimal realization of
G, it follows from the above theorem that rank 7Ty < nrank 7. Hence,

rank Ty < dim (X5 ® X:) + nrank T = nrank T .

Therefore (11.11) holds. n
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11.2. THE SYSTEM MATRIX 169

To see that an uncontrollable or unobservable eigenvalue )\ does not necessarily result
in rank T\ < nrankT, consider the system with A = 0 on C?, with B = I on C? while
C=[0 1]and D=0on C. The corresponding system matrix

-x 010
T\ = 0 -2 01
0 100

has rank three for all A. Clearly A = 0 is an unobservable eigenvalue while the rank of Tj
equals the normal rank of 7.

Remark 11.2.1 (Zeros and static state feedback) Recall that for a scalar system, static
state feedback does not create new zeros. It can eliminate a zero, however to do so it must
create an unocbservable eigenvalue at the same location. This is sometimes referred to as
pole/zero cancellation by state feedback.
We now demonstrate that this holds in general. To see this, consider the controllable
and observable system given by
z Az + Bu
y = Cz+ Du.

(11.13)

We say that A is a zero of {A, B,C, D} if X is a zero of its transfer function. Suppose that
u = Kz +v where K is a state feedback operator. Then, the resulting closed-loop system is
described by
z (A+ BK)z + By
y (C+ DK)z + Dv.

Recall, that a simple application of a PBH test shows that the closed-loop system is control-
lable. Notice that for all A the two system matrices

(11.14)

it

[A—/\I B] d [A+BK—/\I B]

cp| * C+DK D
have the same rank. Hence, they have the same normal rank. If the closed loop system
(11.14) is observable, then it is minimal, and by Corollary 11.2.3, the two systems (11.13)
and (11.14) have the same zeros.

Every zero of the closed loop system is a zero of the open loop system. To see this, let
A be a zero of the closed loop system. By the previous corollary, the rank of the system
matrix for the closed loop system is less than its normal rank. Hence, the rank of the system
matrix for the open loop system is less than its normal rank. Since the open loop system is
minimal, A is a zero of the open loop system.

Every zero of the open loop system is either a zero or an unobservable eigenvalue of the
closed loop system. To see this, let A be a zero of the open loop system. By the previous
corollary, the rank of the system matrix for the open loop system is less than its normal
rank. Hence, the rank of the system matrix for the closed loop system is less than its normal
rank. Since the closed loop system is controllable, it follows from the previous corollary that
A is either a zero or an unobservable eigenvalue of the closed loop system.
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170 CHAPTER 11. ZEROS OF TRANSFER FUNCTIONS

Remark 11.2.2 (A dynamical interpretation of zeroes.) Suppose that

z = Az + Bu
y = Cx+ Du

is a minimal realization of a transfer function G. Assume that the normal rank of G is the
same as the dimension of the input space /. Then X is a zero of G if and only if there exists
a nonzero input u(t) = upe™ with 1y € i and an initial condition z(0) = zo so that y(t) = 0
for all t.

To see this, first notice that the normal rank of the system matrix T corresponding to
{A, B, C, D} equals the dimension of the state space X plus the dimension of ¥, that is,
nrankT = dim X +dimU. So, if A is a zero of G, then there exists a nonzero vector zq ® ue
in the kernel of T\, that is,

(A — )\])xo +Buy = 0
Cro+Dug = 0. (11.15)
Now consider the initial condition £(0) = ¢ and input u(t) = upe*. It readily follows from
the above two equations that z(t) = z¢e™ is the unique solution to £ = Az+ Bu and y(¢) = 0
for all t. Notice that uy must be nonzero. If ug is zero, then 0 = y(t) = Cex, for all t.
By observability of the system, we have zop = 0. This contradicts the fact that zo & ug is
nonzero.

Suppose, on the other hand, that the output y of the system under consideration is zero
for some initial condition z(0) = ¢ and nonzero input u(t) = uge. Then,

y(t) = Cx(t) + Duge™ =0 (11.16)
for all £, and in particular,
Ciuo+ Dug = 0. (11.17)
Differentiating (11.16) and setting Duge* = —Cxz(#), yields
y(t) = C(A = A)z(t) + CBuge™ = 0.
By differentiating the above expression and using induction, one may show that
d*y
dtk
for all integers k£ > 1. In particular,
CA* (A~ ADzo+ Bug) =0  (fork=1,2,--).

Since {C, A} is observable, the above implies that (A — Al)zg + Bug = 0. Combining this
with (11.17) results in (11.15), that is, the non-zero vector zo @ g is in the kernel of T).
This means the rank of T) is less than the normal rank of T. Hence, X is a zero of G.

(t) = CAF 1A — AD)z(t) + CA* ' Bupe* = 0

11.3 Notes

The results in this chapter are standard; see Kailath [68] and Rugh [110]. For a Smith-
McMillan interpretation of the zeros of a transfer function see Kailath [68].
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Chapter 12

Linear Quadratic Regulators

This chapter uses least squares optimization techniques to solve the linear quadratic regular
problem. Two different methods are presented to solve a linear quadratic tracking problem.
A special outer factorization is used to develop a connection between the classical root locus
and the linear quadratic regular problem for single input single output systems.

12.1 The finite horizon problem

There has been considerable research on linear quadratic optimal control. For simplicity of
presentation, we will not attempt to develop the general theory. Instead we will demonstrate
how operator techniques can be used to solve a simple linear quadratic regulator problem.
Throughout this chapter, A is an operator on X and B maps I into X', while C is an operator
mapping X into Y. The spaces U, X and Y are all finite dimensional. In this section we
will solve the following classical linear quadratic regulator problem.

For each initial state zq in X, find the optimal cost c(xo) in the optimization problem:

31
stan) = i { [ QW) + [Py do v € 22(f0, 0120}
to
subject to &= Az + Bu and y = Cz and z(te) = zo. (12.1)

In addition, when a minimum exists, find an optimal input ©© which achieves this minimum,
that is,

(z0) = / (9@ + a(o)|P) do (12.2)

0
where the optimal state & and output §j are given by & = Aé+ B and § = CZ with £(ty) = .

It turns out that the minimum exists for each initial state x¢. Moreover, for each initial
state o , there exists a unique optimal input @ in L2({to, t1], ) which achieves the minimum.
We demonstrate these facts and obtain the optimal cost and input by using the following
Riccati differential equation:

P=—A"P—PA-C*C+ PBB'P (P(t;) =0). (12.3)

1mn
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172 CHAPTER 12. LINEAR QUADRATIC REGULATORS

Later we shall see that P(t) is a well defined self-adjoint operator on X for t < #;. By
completion of squares, it is easy to verify that the optimal solution to the linear quadratic
regulator problem in (12.1) is given by 4(t) = —B*P(t)Z(t). To see this, notice that the
Riccati differential equation for P in (12.3) along with & = Az + Bu gives

i(Pa:,:c) = (Pz,z)+ (Pi,2) + (Pz, &)

dt
= (Pz,z) + (PAz,z) + (PBu,z) + (Pz, Az) 4+ (Pz, Bu)
(P + PA+ A*P)z,z) + (u, B*Pz) + (B*Pz,u)
[|B*Pz|f? — ||Czl|)* + (u, B*Px) + (B*Pz,u)
= —|lyl]> = [Jul* +||B* Pz + ul[*. (12.4)

Il

By integrating from ¢y to ¢; and using the fact that P(t1) = 0 and g = z(tp), we have

(P(to)ro,fco)+/1IIB*P(U)x(U)JrU(U)IIQdU=/ttl (ly@I* + llu(@)I*) do.  (12.5)

to
This readily implies that

)

(P(to)0, o) < / (W@ + lu(@)I?) do

to

for every input u. Moreover, we have equality if and only if u(t) = —B*P(t)z(t). Hence,
the optimal solution % to the linear quadratic regulator problem in (12.1) is given by the
feedback law i(t) = —B*PZ(t). Since i = A% + B, the optimal state trajectory satisfies
z = (A — BB*P)Z with the initial condition £(,) = zo. Furthermore, the optimal cost is
given by e(zo) = (P(to)zo,z0). In particular, the optimal cost is a quadratic function of
the initial state. So, obtaining the optimal solution is rather easy once we have the Riccati
differential equation. In the next section we will use some operator techniques to derive the
Riccati differential equation, and thus, the optimal feedback law & = —B*P3.

We now show that the Riccati differential equation in (12.3) has a unique solution P
defined on the interval [to,#;] and this solution is positive (> 0). Clearly, this Riccati
differential equation is locally Lipschitz in P. Hence, this differential equation has a unique
solution over some interval (i,,%] for ¢, sufficiently close to ¢;. To verify that this solution
can be extended over the interval (—co,t], it is sufficient to show that over any interval
(t2,t1] on which P is defined, there is a bound M such that |[[P(¢)]] < M for t, < t < ¢;.
Considering z(t) = z¢ and replacing t, with ¢ in (12.5), yields

(P(£)30,70) = ~ / 1B P(0)a(o) + (o) || do + / (@) + (o)) do

By setting u = —B* Pz, we see that (P(t)zo,zo)} > 0. Since this holds for all z5 in X, the
operator P(t) is positive. On the other hand, considering u = 0, results in

tq 1
(P(t)zo, z0) < / lly(o)]|? do =/ |Ce* || do < M]zol[?
t t
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12.1. THE FINITE HORIZON PROBLEM 173

where M is the norm of ;'™ e4"°C*Ce” do. Since P(t) is positive, we have established
that ||P(t)l| < M over any interval (ts,]. Therefore, the solution to the Riccati equation
can be extended over [to, ¢1], In fact, this solution can be extended over (—oo,t;]. Summing
up this analysis yields the following fundamental result in linear quadratic optimal control.

Theorem 12.1.1 Consider the linear quadratic regulator problem in (12.1). Then the cor-
responding Riccati differential equation in (12.8) has a unique solution P defined on the
interval [to,t1] and this solution is positive. For any initial state zo in X, the optimal cost
in (12.1) is given by

E(xo) = (P(to).’llo, 1’0) . (126)

Moreover, this cost is uniquely attained by the optimal input

a(t) = — B*P(t)i(t) 12.7) .

where the optimal state trajectory & is uniquely determined by
t=(A-BB*P(t)i and i(t))=mo. (12.8)

Remark 12.1.1 It is emphasized that one must integrate the Riccati differential equation
in (12.3) backwards in time to find P(t). However, one can easily convert this equation to a
Riceati differential equation moving forward in time. To see this let Q(r) = P(t; — 7). Then
(12.3) gives )
Q=A"Q+ QA+ C"C -~ QBB*Q (with Q(0) =0). (12.9)

Therefore, one can obtain P by solving forward for {2 in the Riccati differential equation
(12.9). Then P(t) = Q(t;—1).

Let 2 be the solution to the Riccati differential equation in (12.9). Then {Q(7)} forms
an increasing sequence of positive operators, that is, if 0 < 7y < 73, then Q(r)) < Q(7)
where Q(0) = 0. To see this first notice that, due to the time invariant nature of the system
under consideration, it follows from (12.1) and (12.6) that

t1—to
(P(to)Zo, To) = inf {/0 (@) + llu(o)|*) do : u € Lz([to,h],u)}
subject to = Az + Bu and y = Cz and z(0) = zo.

Hence,

(@r)an, o) = i { [ ()P + (o) o - w € (1)
0
subject to = &= Az + Bu and y = Cz and z(0) = zo. (12.10)
If , <7y, then obviously

/0 (@I + llu(o)|P)do < / " (@I + ()] ) dor .

By taking the infimum, this readily implies that Q(m) < (7). Hence, {2()} is an increas-
ing sequence of positive operators.

Copyright © Marcel Dekker, Inc. All rights reserved.
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174 CHAPTER 12. LINEAR QUADRATIC REGULATORS

Remark 12.1.2 If the pair {C, A} is observable, then §2(7) is strictly positive for 7 > 0.
We have already seen that Q(7) is positive. Now consider any 7 > 0 and suppose that
(7)o, zo) = 0 for some initial state zo. We have shown that

(Q(7)z0, zo) = [(IIZ?(G)H2 +[[a(o)|*) do

where @ is the optimal input and ¢ is the optimal output for the initial state z. Since
(Q2(7)x0, T0) = 0, it follows that both @& and § are zero. Thus, §(o) = Ce?z is zero for all
o in [0,7]. The observability of {C, A} now implies that x4 is zero. Hence, Q(7) is strictly
positive. In particular, if the pair {C, A} is observable, then P(¢) is strictly positive for
t <t

12.1.1 Problems with control weights

In many control applications one considers linear quadratic regular problems of the form:

e(zg) = inf {/ 1(Hy(U)H2 + (Ru(o),u(o))do :u € Lz([to,tl],U)}

to

subject to & = Ax+ Bu and y = Cz and z(t) = 2. (12.11)

Here R is a strictly positive operator on Y. As expected, the minimum exists and there
exists a unique optimal input % in L%([to, #1],¥/) which achieves this minimum. To obtain
the optimal input &, let P be the solution, over the interval [ty ,t1], to the following Riccati
differential equation,

P=-—A"P—-PA-C*C+ PBR'B*P (P(t1) =0). (12.12)

The solution P to this Riceati equation is well defined. Furthermore, for any initial state
in X, the optimal cost in (12.11) is given by &(zo) = (P(%9)Z0, o). Moreover, this cost is
uniquely attained by the optimal input

a(t) = ~R™'B*P(1)i(t), (12.13)
where the optimal state trajectory & is uniquely determined by
&= (A- BR™'B*P(t)) (&(to) = mo). (12.14)

To prove this, we simply convert the weighted linear quadratic regular problem in (12.11)
to the linear quadratic regular problem considered in (12.1). To this end, introduce a new
input v = RY2u, where R'/2 is the positive square root of R. Let B be the operator from
U into X defined by B = BR™1/2. Then the linear quadratic regular problem in (12.11) is
equivalent to the linear quadratic regular problem in (12.1) with « and B replaced with v
and B, respectively. Substituting B into our previous Riccati differential equation (12.3), we
obtain the Riccati differential equation in (12.12). In particular, this shows that the solution
P to this Riccati differential equation is well defined and positive over the interval [to,#1].
Recall that & = —B*P% is the optimal input which uniquely solves the linear quadratic
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regular problem in (12.1) with u and B replaced with v and B, respectively. Therefore,
it = R~Y/?) = —R~1B*P3 is the solution to the linear quadratic regular problem in (12.11).
Finally, since both linear quadratic regular problems (12.1) and (12.11) have the same cost,
it follows that e(zo) = (P(to)xa, Zo). This proves our claim.

Exercise 27 Let P; be a positive operator on X. Obviously, Theorem 12.1.1 can be ex-
tended to the time varying case. Consider the following linear quadratic regular problem:

e(zo) = inf {(Plx(tl),x(tl)) + /t (@I + (Rlo)ulo),ulo)) o u € LQ([to,tl],U)}
subject to & = A(t)z + B(t)u and y = C(t)x and z(to) = z. (12.15)

Here A is a continuous function with values in £(X, X) and B is a continuous function with
values in £(U,X) while C is a continuous function with values in £{X,)). Let R be a
continuous function with values in L{U,U) satisfying R(t) > el for some € > 0. The Riccati
differential equation associated with this linear quadratic optimization problem is given by

P=—-A*P-PA-C*C+PBR'B'P (P(t)) = Py). (12.16)

Show that this Riccati differential equation has a unique solution over any finite interval.
Moreover, show that there exists a unique optimal input i in L%([to,#1],24) which achieves
the minimum in (12.15) and e(zo) = (P(to)o, o). Finally, show that & = —R~'B*PZ
where the optimal state trajectory Z satisfies 2 = (A — BR™!B*P)% with 2(tp) = zq.

12.2 An operator approach

In this section, we use operator techniques to gain further insight into the linear quadratic
regulator problem and the role of the Riccati equation in its solution.

12.2.1 An operator based solution

To solve the linear quadratic regulator problem via operator methods, let H be the Hilbert
space defined by H = L%([to,t:],U & V), that is, [f g]"" is in H if and only if f is in
L¥([to, t1],U) and g is in L?([ty, t1],)). (Recall that tr denotes transpose.) The inner
product on H is defined by

(Uh )", [f2 ") = / (o), £ + (91(0), 92(0))y) do

Using this inner product, the linear quadratic regular problem in (12.1) is equivalent to

H

To solve this problem, let F' be the input output operator mapping L*([to, t,],) into
L?([to, t1], ) defined by

2

6(.’1)0) = mf{

: & = Az + Bu and y = Cz with z(ty) = zo} . (12.17)
H

(Fu)(t) = /t t CAC M Bu(tydr  (u € L¥([to, ta],U)). (12.18)
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176 CHAPTER 12. LINEAR QUADRATIC REGULATORS

Let C, be the observability operator from X into L?([to, t1],)) defined by
(Cox)(t) = Cerltly  (zeX). (12.19)

Clearly, y = Cozg + Fu. This readily implies that

H[:] {CSzO]J’[;U}

Now let T be the linear operator from L?([to,;],) into H defined by

H 1 H

U

Fo| (wELtot]l). (12.20)

Tu=-|

Then the linear quadratic regulator problem in (12.1) is equivalent to the following least
squares optimization problem:

(o) :inf{[H Cfxo } —Tu

Notice that T* = —[I F*], and thus, T*T = I + F*F. Since T*T = I + F*F > I, it
follows that T*T is invertible. So, according to the solution of the least squares optimization
problem in Theorem 16.2.4 in the Appendix, the optimal input @ solving the linear quadratic
regular problem in (12.1) or (12.21) is given by

2

:u € L2([to, tl],u)} : (12.21)
H

~ 23 —_ % 0
4= (T*T)'T [Cm].

Thus, the optimal input 4 solving the quadratic regular problem is unique and is given by
d=—(I+F'F)y?F*Cyxo. (12.22)

The corresponding optimal output trajectory g is given by § = C,zo+F'é. Since ({+F*F)d =
—F*C,xy, it follows that
&= —F*(Cozo + Fit) = —F"§.

We now show that for any zg in &, the optimal cost is given by
e(zo) = (C5(I + FF*)™ Cowo, o). (12.23)

In particular, the optimal cost is a quadratic function of the initial state. Since y = Coxo+F1u
and @ = —F*g, it follows that § = (I + FF*)~1C,z0 . Hence,

1% + 1l = 11911° + | Fg11?
(I + FF")9,9) = (Como, (I + FF*)™Cox0)
= (C:(1+FF*)_1COZ‘0, 1‘0) .

I

£(zo)

il

Therefore, (12.23) holds. Summarizing the above results, we obtain the following operator
based solution to the linear quadratic problem.
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Theorem 12.2.1 Consider the linear quadratic regulator problem in (12.1). Let F be the
input output operator defined in (12.18) and C, the observability operator in (12.19). Then
for any initial state xo in X, the optimal cost in (12.1) is given by

e(zo) = (Co(I + FF*) 7' Coo, o). , (12.24)
This cost is uniquely attained by the optimal input
d=—(I+F'F)"'F*Coo . (12.25)

Moreover, if § is the optimal output trajectory associated with i, that is, §y = C,zo + F1,
then
o= —Fg. (12.26)

Finally, it is noted that the elementary operator equation & = —F™*y plays a fundamental
role in our approach to solving the linear quadratic regular problem.

12.2.2 The adjoint system

Here we use the above operator based results to obtain another characterization of the solu-
tion to the linear quadratic problem in (12.1). From this characterization, we will naturally
arrive at the Riccati equation. This characterization utilizes the adjoint system associated
with a linear system {A, B,C,0}. First we need an explicit expression for the adjoint of
an input output operator defined by (12.18). To achieve this, consider any operator I' from
L*([to, t1),U) into L%([t,t1],)) defined by

(Th)(t) = [ G(t — )h(r)dr (k€ L*([to, t1], 1)) (12.27)

where G is a continuous function with values in £(U,)). We claim that the adjoint I* of T
is the linear operator from L2([to, 1], Y) into L%([to, t1],U) defined by

(Tg)( / G (r—g(r)dr (g€ L¥[to,ta], ). (12.28)

To prove this, notice that for g and A in the appropriate L? spaces, we have

/ ( / G(t —7)h(r) dr, g(t)> dt = / / (G(t — 7)h(7), g(t)) drdt
[ [ooneenswani= [ [" o), 016 noen

/t.o (h(‘r), i G*(t-—T)g(t)dt) dr = (h, T"g).

(Th, g)

Therefore, the adjoint I'™* of T" is given by (12.28).
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178 CHAPTER 12. LINEAR QUADRATIC REGULATORS

As before, let F' be the input output operator given by (12.18). Then with G(¢) = Ce** B,
the adjoint F* of F is given by

(Frg)(t) = / ; B0 g(r)dr (12.29)

t

To obtain a state space realization of the adjoint map F™*, let A be the function defined by
9] .
A(t) = / e g(r) dr . (12.30)
t

Recall Leibnitz’s rule for any differentiable function ¢

d [f® 81 9

b " Clt,m)dr = ((t, B()8 — C(t, a(t))cx + [X(t) 5 (¢, 7)dr. (12.31)

Using Leibnitz’s rule in (12.30), we obtain A = —A*\ — C*g which yields the following state
space representation of A = F*g

= —A'A-C"g with  At) =0
h = B*A. (12.32)

To obtain h for a specified g, one must integrate the above differential equation backward
in time from t;. To see that (12.32) is a realization of F™*, notice that

t
(o)) = - [ Be v encrg(ryir.
i

1

From this we see that h = F*¢ can be viewed as a linear input output system (running
backward in time) with impulse response given by —B*e~4™C*. This impulse response has
state space realization {—A*, —C*, B*,0}. So, by a slight abuse of notation, we call (12.32)
a state space representation of F*. Motivated by this, we call X the adjoint state.

Now let us use the adjoint system to obtain a solution to the linear quadratic regulator
problem in (12.1). Recall from Theorem 12.2.1 that this problem has a unique optimal input

4 and 4 = —F"y where ¢ is the corresponding optimal output trajectory, that is, ¢ is given
by

& = Ai+Ba  with Z(to) =z

y = C2 (12.33)

and & is the optimal state trajectory. Using the above state space realization of F*, we now
see that 4 is given by

A= —A'A-C"  with  At)=0
= —-DB"\.

I
|
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12.2. AN OPERATOR APPROACH 179

Combining these equations with (12.33), the optimal input is given by @ = —B*X where
[# AJ'" solves the following two point boundary problem

& = A% — BB with Z(to) = zo
A = —C*'Cz—A'A  with A(t;) =0. (12.34)

Since we have shown that the optimization problem (12.1) must have a solution, it follows
that the two point value problem in (12.34) must have a solution. Moreover, if [# A" is any
solution to (12.34), then B*\ = F*C% = F*(F(—B*)) + C,zg) where C, is the observability
defined in (12.19). Hence, B*A = (I + F*F)"'F*C,z0, that is, —B*X is the optimal input.
We now claim that (12.34) has only one solution. To see this, we first note that, for any o,
the two point boundary problem (12.34) has a unique solution if and only if [# A" = [0 0]
is the only solution of (12.34) when zg = 0. With zo = 0, one can readily see from the
problem statement (12.1) that the optimal input is @ = 0. Hence —B*\ = 0, from which it
follows that the only solution to (12.34) with zo = 0 is the zero solution.

We now claim that, if [£ A]" is the solution to (12.34), then the optimal cost in (12.1) is
given by e(zq) = (M(to), Zo). To this end, we note that

d(\, £)
dt

(A &)+ () 2) = (-C*Ci& — A*\, 2) + (\, Az — BB™)\)
= B2 = |C*&)* = —(l|all* + 1§]) -

Integrating from #;, to #; and using the boundary conditions in (12.34), we obtain that

t1
(At ) = [ (1P + (0P .
to
Hence, £(zo) = (A(to), o). We have just demonstrated the following result.

Theorem 12.2.2 Consider the linear quadratic requlator problem in (12.1). Then the cor-
responding two point boundary value problem in (12.94) has a unigue solution for [ A on
the interval [to,t1]. The optimal cost in (12.1) is given by

&(zo) = (A(to), o) (12.35)
and this cost is uniquely attained by the optimal input

a(t) = —B*At). (12.36)

12.2.3 The Riccati equation

Here we use the results of the previous section to arrive at the Riccati equation. More
explicitly, we show that A = PZ where P is the solution of the Riccati differential equation
in (12.3). To this end, we introduce the so called Hamiltonian matriz associated with the
linear quadratic regulator problem in (12.1):

A -BB
H= [_C*C iy ] , (12.37)
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180 CHAPTER 12. LINEAR QUADRATIC REGULATORS

The Hamiltonian matrix is simply the state space matrix for the two point boundary value
problem in (12.34).

We have seen that for each ¢y < #; and zo in X' the two point boundary value problem in
(12.34) has a solution for [# A" on the interval [t5,t;]. Hence, using Lemma 13.6.1 in the
next chapter, it follows that the Riccati differential equation in (12.3) has a solution P for
all t < t,. Moreover, it follows from Remark 13.6.1 that

At) = P(t)2(t) and P(t) = ®oy(t — t;)@p(t — 1) ™" (12.38)

where ®;; and ®y are obtained from the following matrix partition of ef*:
Ou(t) Dn(t) X
Ht __ 11 12
© T [ Boy(t) Bao(t) | L X |- (12.39)

So, one can obtain P by using either P(t) = ®y;(t — ¢1)®11(¢t — 1) ! or solving the Riccati
differential equation in (12.3).

Equation (12.38) along with & = —B*), shows that the optimal input & = —B*P# where
Z is the optimal state trajectory. This yields another proof of Theorem 12.1.1.

Remark 12.2.1 Recall that Q(¢; —t) = P(¢t). By combining Theorems 12.1.1 and 12.2.1,
we readily arrive at the following operator formula for P(to)

Q(t1—to) = P(to) = C3(I + FF*)7'C,. (12.40)

Recall that the pair {C, A} is observable if and only if the operator C, is one to one. Hence,
equation (12.40) shows that the pair {C, A} is observable if and only if P(t) is strictly positive
for any t < ti, or equivalently, (t) is strictly positive for any ¢ > 0. In particular, P(t) is
strictly positive for any ¢ < ¢; if and only if P(t) is strictly positive for all ¢t < ¢;. Likewise
Q(t) is strictly positive for any ¢ > 0 if and only if Q(¢) is strictly positive for all ¢ > 0.

12.3 An operator quadratic regulator problem

In this section, we present an operator version of the linear quadratic regulator problem.
To this end, let F' be an operator from F into G and g a vector in G. Then the following
optimization problem is an operator generalization of the linear quadratic regulator problem:

p(g) = inf{|lg + Ful® + ||jul® : v € F}. (12.41)

If g = Cyzy and F is the operator from L?([tq,t1],U) into L?([to, 1], V) defined in (12.18),
then this optimization problem reduces to the linear quadratic regulator problem in (12.1)
with p(g) = e(zo)-

Lemma 12.3.1 Let F be an operator from F into G and g a vector in G. Then
(I +FF*)g,9) = inf{|lg + Fu® + [|[ulf* : w € F}. (12.42)
Moreover, the optimal G in F solving this minimization problem is unique and given by

= —(I+ F*F) 'F*'g= —F*(I+ FF*) g. (12.43)
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PROOF. To obtain an optimal 4 we simply convert (12.41) to a least squares optimization
problem. To this end, let A be the vector in F @& G and T the operator from F into F & G

defined
0 -I
h«[g} and T_[—F]’

respectively. Then the optimization problem in (12.41) is equivalent to the following least
squares optimization problem:

plg) =imf{|jh —Tul}:ue F}.

Because T*T = I + F*F is invertible, the solution 4 to this least squares problem is unique
and is given by (see Theorem 16.2.4)

4= (T*T)"'T*h = ~(I + F*F)"'F*g.

Hence, the first equality in (12.43) holds. The second equality in (12.43) follows from the
identity (I + MN)™'M = M(I + NM)~! where M and N are operators acting between the
appropriate spaces.

The Projection Theorem yields

p(g) = IR)* — | PrA]I*,

where Pr = T(T*T)~'T* is the orthogonal projection onto the range R of T; see the
Appendix for a review of the Projection Theorem. Since ||k||* = ||g||*> and

IPRAIE = (Prh,h) = (T°T)7T*h,T*H))
(F(I+ F"F)"'F*g,q)

(I+ FF)7'FFg,g),

i

we obtain that
plg) = llgll> = (I + FF*)"'FF*g,g).

Using the identity I — (I + FF*)"'FF* = (I + FF*)~! in the last equation, we arrive at
p(g9) = ((I + FF*)™'g, ) which completes the proof. ]

Remark 12.3.1 As before, let F be an operator mapping F into G. Let y = g + Fu where
g is a specified vector in G. Then the abstract linear quadratic regulator problem in (12.41)
is equivalent to

p(g) = inf{llyll” + ul® : v € F}. (12.44)

Hence, p(g) = ((I+FF*)"lg, g). The optimal output § = g+ Fa where 4 = —(I[+F*F)"1F*g
is the optimal input. This readily implies that (I + F*F)i = —F*g, or equivalently, & =
—F*(g + F4). Therefore, the optimal input @ is given by 4 = —F*§ where § is the optimal
output.
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12.4 A linear quadratic tracking problem

In this section, we solve a linear quadratic tracking problem. To this end, let r be any
function in L*([ty,#;],))). For each initial state zo in A, find the optimal input 4 which
solves the following linear quadratic tracking problem:

e(zo) = inf {/ (ly(o) — @ +[[u(@)] ) dor: u € LQ([tovtlLU)}

to

subject to & = Az + Bu and y = Cz and z(lo) = zo . (12.45)

The following result uses the Riccati equation to compute an optimal input which solves this
tracking problem.

Theorem 12.4.1 Consider the linear quadratic tracking problem in (12.45). Then the min-
imum exists, and there is a unique optimal input 4 in L?([te, t1],U) which achieves this
minimum. To compute G, let P be the unique solution on the interval [to,t1] Lo the Riccati
differential equation in (12.3). Let ¢ be the solution to the following differential equation
moving backwards in time:

¢ =—(A"— P(t)BB")p + C"r(t) ((t1) = 0). (12.46)
Then the optimal input U is given by
a(t) = —B*P(t)i(t) — B*o(t) (12.47)
where the optimal state trajectory & is uniquely determined by
Z=(A-BB*P(t))z — BB*o(t)  with  #(ts) = %o. (12.48)

ProOF. The proof is a minor modification of the operator proof of Theorem 12.1.1. As
before, let F' be the input output operator from L2([tg, t:],U) into L%([ts, %1}, )) defined
in (12.18), and C, the observability operator from X into L%([to, 1], Y) defined in (12.19).
Clearly, y = Cozo+ Fu. So, the optimization problem in {12.45) is equivalent to the following
optimization problem

e(zo) = inf{||Coxo — 7 + Full* + |lu||? : u € L*([to, ta], U)} -

By consulting Lemma 12.3.1 with g = C,z¢ — r, we see that the unique optimal input @
solving the quadratic tracking problem is given by

b= —(I+F*F)y ' F*(Coxo — 7). (12.49)

Notice that this is precisely the solution to the linear quadratic regulator problem with C,z,
replaced by C,zy — r. The corresponding optimal output is § = C,z¢ + F'i. In other words,
¥ is given by

IS
|

Ci (12.50)

<
|
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and Z is the optimal state trajectory. Since (I + F*F)i = —F*(C,z¢ — 1), 1t follows that
’ i =—~FComo+ Fi—1)= —F*(§—r). (12.51)

Recall that the adjoint F* of F' is given by (12.29). Recall also the following state space
representation of A = F*g

A = —A*'XA-C'g  with Mt) =0
h = B*A.
Using 4 = —F*(§ — r) in the above realization with g = § — r and & = —h, we see that the

optimal input 4 is given by

A= —AA-C'Ci+C*r  with  A(t) =0
@ = —B*A. (12.52)

Combining this with the state equation in (12.50) readily yields the following two point
boundary value problem:

& A -BB [z 0
S-[de 2] 25
where £(t5) = zo and A(t;) = 0.
As before, let H be Hamiltonian matrix given in (12.37). Then,

{ igg ] _ GHl-t) [ i(él) ] n /: : GH(E=T) [ C*S(T) ] dr. (12.54)

Using the matrix partition in (12.39) of e on X @ X, yields

B) = Byt — t)alt) + [ " Bua(t — 1)Cr(r) dr
)\(t) = q)gl(t - tl).’;}(tl) + /tt (I)Qg(t - T)C*T(T) dT .

Recall that ®11(¢ — t1) is invertible and P(t) = ®q; (¢ — t1)@11(¢ — t1) 7! satisfies the Riccati
differential equation in (12.3). Eliminating Z(¢;) in the previous equations, shows that A(t) =
P(t)z(t) + o(t) where

o(t) = ‘/tte(t,‘r)C*r(T) dr  with O(t, 1) = @p(t—71) — P(t)®ra(t—71). (12.55)

Recall that the optimal input 4 = —B*A. So, to complete the proof it remains to show that
i is the solution to the initial value problem specified in (12.46). Clearly, ©(¢;) = 0. Notice

that . .
P D | _ A -BB* ®; P2
Dy Py -Cc'C A @5 P |
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By employing the Riccati equation in (12.3), we have

L) . . )
‘5‘;(7&,7’) = q)gf_)(t—-T) —_ P(t)q)m(t—T) b P(t)(plg(t—'T)
= —C*"C®yy — A*®yy — PPy — PADy, + PBB* &y
= —(A"— PBB*)®y, + A*Pdy, ~ PBB*P®),

= —(A* - PBB"O(t,7).

Using this with Leibnitz’s rule in (12.55), we arrive at the differential equation for ¢ in
(12.46). Finally, A = PZ + ¢ and @ = —B*) yields ¢ = —B*P% ~ B*¢. ]

12.5 A spectral factorization

In this section we will follow some of the ideas in Porter [101] and use the Riccati differential
equation in (12.3) to compute a special factorization for I + F*F where F is the causal
operator defined in (12.18). Then we will use these results to solve a general tracking problem.
To establish some terminology, let = be any invertible positive operator on L?([to, t1],U).
Then we say that O is a spectral factor of =, if = = ©*0 where O a causal operator on
L2({to, t1],U). Because = is invertible and = = @*@, it follows that © is bounded below, that
is, |©f]| = 8| f| for all fin L3([to, t,],i4) and some scalar & > 0. In particular, @ is one to
one. We say that © is a finite time outer spectral factor of =, if © is an invertible spectral
factor of Z and its inverse @ ! is causal.
Let L be the linear operator on L?([to,¢1], X) defined by

(L)) = / A f(r) dr (f € L((to 2], X)) (12.56)

Notice that g = Lf for some f in L*([ty, t1], &) if and only if g is the unique solution to the
following differential equation

g=Ag+ f with g(ig) = 0. (12.57)
It should also be clear that the operator ' = CLB.

Lemma 12.5.1 Let F be the causal operator from L*([ty,t:),U) into L¥([to, t1], V) defined
in (12.18), and P the solution to the Riccati differential equation in (12.8). Then

©=1I1+B'PLB (12.58)
s a finite time outer spectral factor for I + F*F.

ProoF. The adjoint L* of L is the operator on L%([to, ], X') defined by

L*¢ = /tl e (r) dr (¢ € L*([to, 1], X)). (12.59)

t
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By applying Leibnitz’s rule to (12.59), it follows that £ = L*¢ for some ¢ in L%([to, 1], X)
if and only if £ is the unique solution to the following differential equation

E=—A%—¢ with £(t)=0. (12.60)

Let g be any differentiable function in L2([t,#;], X'). Using the Riccati differential equa-
tion in (12.3), we have

% (Pg) = Pg+ Pg= Pj— A*Pg— PAg— C*Cg+ PBB*Pg.

In other words,

d

% (Pg) = —A*(Pg) ~ C*Cg+ PBB*Pg+ P(g — Ag).

Since P(t;)g(t1) = 0, it now follows from the characterization of £ = L*¢ in (12.60) that
Pg=L*(C*Cqg— PBB*Pg— Pg+ PAg).
This yields the following relationship:
(P+ L*PBB*P — L*C*C)g = —L*P(g — Ag) (12.61)

for any differentiable function g in L2([to,#;], X). Now let g = Lf where f is any function in
L%([to, t1], X). Then using g = Ag+ f in (12.61), we arrive at the following algebraic Riccati
equation

L*P+ PL+ L*PBB*PL—-L*C*CL=0. (12.62)
By applying B* to the left and B on the right, rearranging terms and using F' = CLB,
we obtain
I+ B*L*C*CLB
I+B*L"PB+ B*PLB+ B*L*"PBB*PLB
(I+ B*PLB)*(I + B*PLB).

I+F'F

So, if @ = I + B*PLB, then clearly 8*6Q = I + F*F.

Obviously O is causal. In fact, © can be viewed as the input output map for a state
space system. To be precise, if h = Qu for some v in L?([ty, t1},U), then we claim that A is
the output of the following linear system

Gg=Aq+ Bvand h=B*Pg+v (q(t0) = 0). (12.63)

To verify that A = ©v, simply notice that because g(ty) = 0, the state ¢ = LBv. Hence,
h = B*PLBv + v = Bv, which verifies our claim. By setting B = B and C = B*P with
D =TI in Lemma 12.5.2 below, it follows that © is an invertible causal operator. Therefore,
© is a finite time outer spectral factor for [ + F*F. []
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186 CHAPTER 12. LINEAR QUADRATIC REGULATORS
Lemma 12.5.2 Let T be the operator from L*([ty, t:],U) into L2([to,t1],)) defined by
t
(To)(t) = / C(t)e =) B(r)u(r) dr + Du(t) (v € L¥([to, ], U)) (12.64)
to

where B and C are continuous functions with values in LU, X) and L(X,Y), respectively.
Moreover, assume that D is an invertible operator from U into Y. Then T is invertible and

(T7y)(t) = —D”l/t C(t)¥(t,m)B(r)D 'y(r)dr + D'y(t) (v € L¥([to, a], V)

o (12.65)
where W(t,7) is the state transition matriz for A— BD7IC.
PROOF. Notice that T is the input output map for the following state space system
G=Aq+ Bv and y=Cq+ Dv (q(to) = 0). (12.66)

In other words, y = Tv if and only if v is the input and y is the output for the state space
system in (12.66). Substituting v = D=1y — D™'Cyq into the first equation in (12.66), gives

¢=(A-BD 'C)q+BD™ 'y and v=—-D"'Cq+ D'y  (q(to) =0). (12.67)

This is the state space system for the operator A from L2([to, t1],)) into L2([to, t1], i) defined
by

(Ay)(t) = -D_’/t C¥(t,m)B(r)D y(r)dr + D7y(t)  (y € L*([to, t1], V).

In particular, equation (12.67) shows that if y = YTv, then v = Ay = ATv. Since this holds
for all v in L%([ty, t,],U), we obtain AT = I. On the other hand, if v = Ay for any y in
L?([to, t1],), then substituting y = Cq + Dv into the first equation in (12.67), yields the
state space system in (12.66), that is, y = Tv. Hence, y = Tv = TAy. This readily implies
that TA = I. Therefore, A is the inverse of T and (12.65) holds. [ |

12.5.1 A general tracking problem

In this section we will use some operator techniques to solve a generalization of the previous
tracking problem. To this end, let W be a finite dimensional space. Let £ be an operator
from W into X and D an operator from W into Y. Consider the system

& = Az + Bu+ Ew
y = Cz+Dw. (12.68)

Here w is some signal or a disturbance in L([to, ¢1], W). This leads to the following linear
quadratic optimization problem

e(zo) = inf { [t + o) Pyao su e L?({to,m,u)}

to

subject to the system in (12.68) and z(to) = 2o - (12.69)
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If £ is zero, D = —I and w = r, then this optimization problem reduces to the linear
quadratic tracking problem (12.45) discussed in Section 12.4. The following presents a solu-
tion to this optimization problem.

Theorem 12.5.3 Consider the linear quadratic tracking problem in (12.69). Then the min-
imum exists and there exists a unique optimal input 4 in L2([to, t1),U) which achieves this
minimum. To compute G, let P be the unique solution on the interval [to,t1] to the Riccati
differential equation in (12.8). Let ¢ be the solution to the following differential equation
moving backwards in time:

¢$=—(A—-BB*P(t))'p — (PE + C*D)w(t) with w(t1) = 0. (12.70)
Then the optimal input @ is given by
i(t) = —B*P(t)z(t) — B*p(t) (12.71)
where the optimal state trajectory T is uniquely determined by
& = (A - BB*P(t)) — BB*p(t) + Bw(t)  (&(to) = o). (12.72)

PRrROOF. One can obtain a proof of this result by following the techniques in the proof
of Theorem 12.4.1. Now let us use the finite time outer spectral factor © to obtain an
alternative proof. Recall that the input output operator F in (12.18) is given by F = CLB.
Moreover, if we set G = CLE + D, then the output y in (12.68) is given by

y = Cozo+ Gw+ Fu. (12.73)
So, the optimization problem in (12.69) is equivalent to the following optimization problem
g(zo) = inf{]|Cozo + Gw + Ful® + |u|? : u € L*([to, t2),U)} .

By consulting Lemma 12.3.1 with g = C,zo + Gw, we see that the unique optimal input @
solving the quadratic optimization problem in (12.69) is given by

@ =—(I+ F'F)"'F*(Cozo + Gu). (12.74)

Notice that this is precisely the solution to the linear quadratic regular problem with C,z,
replaced by Chxe + Gw. Moreover, 4 + F*Fi = —F*(C,zo + Gw). By employing (12.73),
the optimal output § corresponding to the optimal input 4 is given by § = Cozo+ Gw + Fé.
Recalling the expression for @, we now obtain 4 = —F*(C,zp + Gw + F&) = —F*j. As
expected, the optimal control input satisfies & = —F”*y; see Remark 12.3.1. Finally, it is
noted that the optimal state Z is given by

&= A%+ Bii+ Ew. (12.75)
Using g = & in equation (12.61) along with (12.75), we obtain
(P+ L*PBB*P — L*C*C)% = —=L*P(Bi + Ew).
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Recall that ©* = I + B*L*PB. Multiplying the above equation by B* on the left and
rearranging terms, we obtain

—-B*L*C*Ci+ B*L*PBi4 = —(I+ B*L*PB)B*P§ -~ B*L*PFEw
= —-@'B*Pi—- B'L"PEuw.
By employing the optimal output § = C% + Dw and the optimal input & = —F*p =

—B*L*C*j in the previous equation, yields

(S

(I+ B*L*PB)i= —B*L*C*jj+ B'L*PBi
= ~B'L'C*(Ci + Dw) + B'L*PBi
= —©'B'Pi - B'L(PE + C*D)w.

According to Lemma 12.5.1, the operator ©* = I + B*L*PB is invertible. This along with
the identity (I + NM)™IN = N([ + MN)™!, yields

4@ = —B*Pi—-(I+ B*L*PB)"'B*L*(PE + C*D)w
= —-B*Pi— B'(I+ L*PBB")"'L*(PE + C*D)w
~B*Pi— By

where ¢ : = (I + L*PB*B)"'L*(PE + C*D)w. Using (I + L*PB*B)y = L*(PE + C*D)w,
we obtain
p=L"(~-PB"Bp + (PE+ C*D)w) .

Recall that if £ = L*¢, then £ satisfies the differential equation in (12.60). Hence,
$=—(A~-BB'Pyp— (PE+ C"D)w (p(t) =0).

This is precisely the differential equation in (12.70). Since i = —B*PZ — B*yp, equation
(12.71) holds. Substituting this into (12.75), yields (12.72). [ ]

Problems with control weights. Now consider the following linear quadratic tracking
problem associated with the linear quadratic regular problem discussed in Section 12.1.1:

g{xo) = inf {/t 1(Hy(o)H2 + (Ru{o),u(o))do:u € Lz([to,tl],U)}
subject to the system in (12.68) and z(tp) = o . (12.76)

As before, R is a strictly positive operator on U/. The minimum exists and there exists a
unique optimal input 4 in L?([ty, ¢,],44) which achieves the minimum. To obtain the optimal
input, let P be the solution to the following Riccati differential equation

P=_A"P—PA—C*C+PBR'B*P  (P(t;)=0). (12.77)
Let o be the solution to the following differential equation moving backwards in time:

p=~(A=BR''B'P)y— (PE+C'D)w  (p(t) =0). (12.78)
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12.6. THE INFINITE HORIZON PROBLEM 189

Then for any initial state zo in X, the optimal input
at) = —=R7IBY(P(t)2(t) + ¢(t))
where the optimal state trajectory £ is uniquely determined by
i=(A-—BR'B'P)2 — BR'B*¢+Ew and  #(to) = zo. (12.79)

Finally, it is noted that this tracking result also holds in the time varying case, that is, when
{A(t), B(t),C(t), D(t), E(t), R(t)} are continuous function with values in the appropriate
L(-,-) space and R(t) > eI for some € > 0 and all £. Because the proof of this result is
almost identical to the proof in Section 12.1.1, the details are left as an exercise.

12.6 The infinite horizon problem

This section is concerned with the following infinite horizon linear quadratic regulator prob-
lem. For each initial state ¢ in X, find the optimal cost £(z) and an optimal input % which
solves the optimization problem:

e(z0) = inf { [P + Py do: w € (0, oo),u)}
subject to £ = Az + Buand y = Cz and z(0) = zo. (12.80)

As before, A is an operator on X and B maps U into X while C is an operator mapping X
into ). The spaces X, Y and U are finite dimensional.

Throughout this section it is assumed that the pair {4, B} is stabilizable. If {4, B} is
not stabilizable, then for some initial states zo, the cost in (12.80) is infinite for every input;
hence the infimum is infinite and the optimization problem is trivial. For example, consider
the system,

00 1

which is not stabilizable. Here y(t) = e'z1y where zy, is the first component of zp. So, for a
nonzero Ty and any input, we have

¢=[1 0]x+[0]u and y=[1 0]z,

o o0
| Uw@? + o)y do > [ ol do = +o0.
0 0
Therefore, the infimum in (12.80) is infinite for all nonzero z1o, and the optimization is trivial.
On the other hand, if {A, B} is stabilizable, then there exists a feedback gain K from X
into U such that A — BK is stable. In other words, if u = — K, then all solutions of the
resulting closed loop system decays exponentially to zero. Specifically, there are constants a

and f for the closed loop system such that ||z(t)|| < 8]|zo||e™* for all £ > 0. Since y = Cxz
and v = — Kz, it follows that

/:o(lly(o)ll2 + [[u(0)||*) do < M]|zoll? (12.81)

for some finite scalar M. So, in this case the linear quadratic optimization problem in (12.80)
is non-trivial.
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12.7 The algebraic Riccati equation

Solving an infinite horizon problem involves the algebraic Riccati equation associated with
the Riccati differential equation in (12.3). In this section, we establish some properties of
this algebraic Riccati equation.

As in Remark 12.1.1, let Q(t) = P(t;—t) where P is the solution to the Riccati differential
equation in (12.3). Remark 12.1.1 states that {Q(¢)} is an increasing sequence of positive
operators which satisfy the following Riccati differential equation

Q=A"Q+QA+C*C-QBB'Q  (0)=0). (12.82)

Moreover,

(Ut1)e0,20) = in { [ ol + oo e L?({o,m,u)}
subject to %= Az + Buand y = Cz and 2(0) = zo . (12.83)

Now assume that the pair {4, B} is stabilizable. Then there is a finite scalar M such
that for any initial state xq, there is an input u such that (12.81) holds. Hence, for any ¢ > 0,

IA

/ @R + lluo)]?) do

/0 (@) + ()| ) do < Ml [zl (12.84)

(©(t)z0, z0)

IA

Since Q(t) > 0, this shows that (¢) is uniformly bounded for all ¢, that is, ||Q(#)| < M
where M is a finite positive scalar. Recall that a sequence of positive increasing uniformly
bounded operators converges strongly to a positive operator; see Halmos [59]. Therefore,
€2(t) converges to a positive operator @) as ¢ — o0, that is,

Q= lim (). (12.85)

Equations (12.84) and (12.85) show that, for any initial state ze, the scalar (Qzo,xo) is a
lower bound on the optimal cost, that is,

(Qzo,0) < inf / T + u()]?) do (12.86)

Later we will show that, when {C, A} is detectable, (Qzo,zo) = €(zo) where e(zq) is the
optimal cost for the infinite time horizon optimization problem in (12.80).

Since $2(t) approaches a constant @ as ¢ tends to infinity, our intuition tells us that @ is a
constant solution to the Riccati differential equation (12.82). In other words, @ is a solution
of the following algebraic Riccati equation:

A'Q+QA+C"C—QBB*'Q=0. (12.87)

Our intuitive result can be rigorously justified by using Lemma 12.7.4 at the end of this
section. If the pair {C, A} is observable, then @ is strictly positive. In this case, Remark
12.1.2 or 12.2.1 shows that Q(2) is strictly positive for all ¢ > 0. Because {Q}(t)} is increasing
and converge to Q, it follows that @ is strictly positive. This proves the following result.
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12.7. THE ALGEBRAIC RICCATI EQUATION 191

Lemma 12.7.1 Let {A, B} be a stabilizable pair. Then the Riccati differential equation in
(12.82) has a unique solution Q for allt > 0. Moreover, Q(t) converges to a positive operator
Q ast tends to infinity and Q satisfies the algebraic Riccati equation in (12.87). In addition,
if the pair {C, A} is observable, then @ is a strictly positive solution to (12.87).

We say that ) is a stabilizing solution to the algebraic Riccati equation in (12.87) if @
is a self-adjoint operator satisfying (12.87) and the operator A — BB*(Q) is stable. If the
algebraic Riccati equation in (12.87) admits a stabilizing solution @, then it is unique. To
see this let Z be another stabilizing solution, that is, assume that

A*Z+ZA+CC—-ZBB*Z=0 (12.88)

and A; = A— BB*Z is stable. Let A, = A— BB*Q and set A = Q — Z. Using (12.87) and
(12.88), we obtain

AIA+AA = (A" -QBB)(Q-2Z)+(Q - Z) (A~ BB'Z)
= A'Q+QA-QBB*Q+QBB*Z - A'Z - ZA+ZBB'Z - QBB*Z
= —C*C+C*C
0. (12.89)

Therefore, AZA + AA; = 0. Since A, and A; are both stable, the only solution to this
Lyapunov equation is A = 0. To demonstrate this simply notice that

o0} o0
0 = / etet0etdy =/ e (AZA + AA))eMidt
0 0
o A;tA At .
= / (e—dif—)dt = M AAT = — A (12.90)
0

Thus, A equals zero and @ = Z. In other words, @ is the only stabilizing solution to the
algebraic Riccati equation in (12.87).

Recall that a pair {C, A} is detectable if all the unobservable eigenvalues for {C, A} are
stable, that is, if Af = Af and Cf = 0 for some eigenvector f with eigenvalue A, then
R(A\) < 0. The following result shows that if {C, A} is detectable, then the algebraic Riccati
equation has a unique stabilizing solution and §2(¢) converges to this solution.

Lemma 12.7.2 Let {A, B,C?} be a stabilizable and detectable system. Let @ = limy_,o, U(t)
where Q is the solution to the Riccati differential equation in (12.82). Then Q is positive
and is o stabilizing solution to the algebraic Riccati equation in (12.87). Moreover, Q is the
only positive solution and the only stabilizing solution to this algebraic Riccati equation.

PROOF. According to Lemma 12.7.1, the operator @ = lims .o §2(¢) is positive and satisfies
the algebraic Riccati equation in (12.87). Now let us show that A — BB*(Q is stable and @
is the only positive solution to this algebraic Riccati equation. To this end, notice that the
algebraic Riccati equation in (12.87) is equivalent to

(A— BB"Q)'Q+Q(A - BB'Q) + [ 5o ] [ 5o ] 0.
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192 CHAPTER 12. LINEAR QUADRATIC REGULATORS

Ifweset C =[C B*Q)" and A, = A — BB*(Q, then it follows that the positive () satisfies
the Lyapunov equation
AQ+QA. +CC=0.

To show that A, is stable it is sufficient to verify that the pair {C, A} is detectable; see
Lemma 12.7.3 at the end of this section. We now claim that the kernel of

Ac— A

J() = { G C (12.91)

A—BB*Q— A\
} B*Q
is zero for all complex numbers ) in the closed right half plane. Then by the PBH test {C, A}
is detectable; see Lemma 9.1.2. If f is any vector in the kernel of J(}), then B*Qf = 0.
Thus, (A — M) f =0 and Cf = 0. Since {C', A} is detectable and R(\) > 0, the PBH test
guarantees that the kernel of [A — A C]" is zero. In other words, f must be zero which
proves our claim. Therefore, A, is stable.

We now demonstrate that @ is the only positive solution to the algebraic Riccati equation
in (12.87). Let Z be any positive solution to this algebraic Riccati equation, that is, assume
that (12.88) holds. Then by replacing @ by Z in our previous analysis, we see that A; =
A — BB*Z is stable. Because the stabilizing solution to this algebraic Riccati equation is
unique, we must have Z = ) = lim,_,,, Q(¢). [ ]

If {A, B,C} is stabilizable and detectable, then Lemma 12.7.2 shows that the algebraic
Riccati in (12.87) admits a unique positive solution Q. Moreover, this solution is also the
unique stabilizing solution. Let us complete this section with the following lemmas which
were used above.

Lemma 12.7.3 Assume that the pair {C, A} 1s a detectable pair and the Lyapunov equation
AZT+ZA+CC=0 (12.92)
has a positive solution for Z. Then A is stable.

Proor. Consider any eigenvalue A of A and let f be a corresponding eigenvector. We need
to show that A is stable, that is, R(A) < 0. Using Af = Af in (12.92) gives

=ICFI? = (A2f, f) + (EAS, ) = (Ef, Af) + MEf, f) = 2R(N)(ES, f) -

Hence, 2R(A\)(Zf, f) = =||Cf||?. Since = is positive, we have (Zf, f) > 0. If either (Zf, f)
or R(\) is zero, then [|C'f]| = 0, and thus, Cf = 0. Since {C, A} is detectable, we must
have R(A\) < 0. Now suppose that (2f, f) > 0 and R(\) # 0. Then, |Cf|| # 0 and

n

R(N) = —lCFII/2(Ef, ) <0.

Lemma 12.7.4 Constder the differentiol equation & = f(z) where f is a continuous function
on a finite dimensional space X. Suppose that © is any solution of this differential equation
which converges to a constant vector z€ in X as t tends to infinity. Then f(z®) = 0.
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PRrROOF. For any t > 0, we have

t+1 141
a(t+1) — a(t) = / F(a(0)) do = / (F(2(0) - f(z%) do + f(z).  (12.99)

By the hypothesis, z(t) approaches z* as t tends towards infinity. This also implies that
z(t + 1) approaches z° as t tends towards infinity. Hence, z(t + 1) — z(t) converges to zero
as t approaches infinity. Since the function f is continuous, f(z(os)) — f(z¢) also converges
to zero as o tends towards infinity. This readily implies that

t+1
lim [ (f(ao)) - £(a*)) do = 0.
< Jt
By taking limits as ¢ approaches infinity in equation (12.93), we obtain f(z¢) = 0. [ |

12.8 Solution to the infinite horizon problem

In this section we use the stabilizing solution to the algebraic Riccati equation to obtain a
state feedback solution to the infinite horizon linear quadratic regulator problem.

Theorem 12.8.1 Consider the infinite horizon linear quadratic regulator problem in (12.80)
where {4, B,C} is a stabilizable and detectable system. Then the algebraic Riccati equation
in (12.87) has a unique positive solution Q and for any initial state zo in X, the optimal
cost in (12.80) is given by

E(III()) = (QIQ, Io) . (1294)

Moreover, this cost is uniquely attained by the optimal input
a(t) = —B*Q(t) (12.95)
where the optimal state trajectory Z is uniquely determined by
i=(A-BB*'Q) and 2(0)=z,. (12.96)

PROOF. Recall from (12.86) that, for any initial state zo, the scalar (Qzo, o) is a lower
bound on the optimal cost, that is, (Qzg,zo) < &(zy). We show that the input given by
2% = —B*Q% achieves this lower bound, and hence, is optimal. To see this, notice that the
algebraic Riccati equation for @ in (12.87) along with £ = Az + Bu and y = Cx gives

I

(Qz,z) + (Qz, %)

= (QAz,z)+ (QBu,z) + (Qz, Az) + (Qz, Bu)

(QAz, z) + (A*Qx, x) + (u, B*Qz) + (B*Qz,u) (12.97)
—||Cz|* +{|B*Qz||* + (v, B*Qz) + (B Q,u)

= —lyll® = llulf? +1B*Qz + ||

(Qz,2)

Il
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By integrating from 0 to ¢ with o = z(0), we obtain
J U + )P o = (@z0,70) = (Que) 2(t)

+ /0 1B*Qx(0) + u(o)|[* do (12.98)

Considering u = & = —B*QZ and y = § yields
/O W32 + [1(0)|P) do = (Qzo, z0) — (QE(F), 5(t))

Since & = (A — BB*Q)z and A — BB*Q is stable, it follows that #(¢) approaches zero as ¢
tends towards infinity. Letting ¢ approach infinity, we now obtain

/0 “U9@)IP + 1)) do = (Qzo, z0)

Therefore, & = —B*Q% is an optimal input and the cost £(zo) = (@0, Zo).

To complete the proof, it remains to show that ¢« = —B*Qz is the unique optimal
input. To this end, assume that v is another function in L*([0,00),U) which achieves the
cost (Qzp, o). The output z corresponding to v is given by z = Cf where f = Af + Bv
and f(0) = zo. Since v achieves the optimal cost &(zp), the optimal output z must be in
L?([0,00),Y). According to Lemma 12.8.2 given at the end of this section, the state f is in
L*([0,00), X). Lemma 12.8.3 presented below, shows that f(¥) approaches zero, as t tends
to infinity. So, by letting ¢ approach infinity in (12.98), we obtain

(Qo, 30) = / TUIP + o)) do = (@0, z0) + / "B Qf(0) + (o) do

This readily implies that ||B*Qf + v||z= = 0. Hence, v = —B*Qf. Substituting this into
[ =Af+ Buv, yields f = (A— BB*Q)f where f(0) = 5. Thus, f =& andv=-B*Qf = 1.
Therefore, the optimal input @ is unique. n

Remark 12.8.1 Now consider the possibly unstable system & = Az + Bu. Recall that an
operator K mapping X into i/ is a stabilizing gain if the state feedback operator A — BK is
stable. The algebraic Riccati equation in (12.87) can be used to compute a stabilizing gain
K for any stabilizable pair {A, B}. To see this simply choose any operator C' such that the
pair {C, A} is detectable. For example, choose C = I. Let (Q be the unique positive solution
to the algebraic Riccati equation in (12.87). Then Lemma 12.7.2 shows that X = B*() is a
stabilizing gain for {A, B}.

Remark 12.8.2 Consider any stable system {4, B,C} and let F' be the operator from
L*([0,00),U) into L*([0,00),)) defined by
t
(Fu)(t) = / Cer*DBu(r)dr  (u € L([0,00),U)). (12.99)
0

Let C, be the operator from X into Z?([0,00),)) defined by (C,zo)(t) = Ce?'zg where xg
is in X. Suppose & is the unique stabilizing solution to the algebraic Riccati equation in
(12.87). By combining Lemma 12.3.1 and Theorem 12.8.1, we see that Q = C*(I+FF*) 1 C,.
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12.8. SOLUTION TO THE INFINITE HORIZON PROBLEM 195

Lemma 12.8.2 Consider the detectable system
i=Az+ Bu and y=Cz+ Du. (12.100)

If the input w is in L*([0, 00),U) and the output y is in L2([0,00),Y), then the state trajectory
z s in L*([0,00), X).

PRrROOF. Since the pair {C, A} is detectable, there exists an operator L from Y into & such
that the operator A — LC is stable; see Theorem 9.1.3. So, we can rewrite the system in
(12.100) as

#=(A-LC)z+ Ly+ (B —-LD)u.

This readily implies that

z(t) = eA-LO0L(0) + /t AL (Ly(1) + (B — LD)u(7)) dr.

Because both (B — LD)u and Ly are in L%([0,00), X) and A — LC is stable, it follows that
z is in L*([0, 00), X). u

Lemma 12.8.3 Consider the system & = Az + Bu where A is an operator on X and B
maps U into X. If the input u is in L*([0,00),U) and the state = is in L%([0,00), X), then
z(t) approaches zero as t tends to infinity.

PROOF. Since & = Az + Bu and v and z are in the appropriate L? spaces, it follows that &
is in L2(][0,00), X). We now observe that

(4,2) = /0 " (@), a(r)) dr = lim /0 (#(r), 2(r)) dr (12.101)
and
) . t g _ t t '
s = 1O = [ 2 @(n)atr) dar = [ @), ar+ [ @i, ato)ar.
(12.102)

Considering limits as ¢ approaches infinity, it follows from (12.101) and (12.102) that
lim [[2()[? = [2(0)]> + 2R(, ).

Thus ||z(t)|}* converges a limit as ¢ tends to infinity. Because z is in L3([0, 00), X), this limit
must be zero. Hence, z(t) approaches zero as ¢ tends to infinity. [ |

12.8.1 Problems with control weights

In many control applications one considers linear quadratic regular problems of the form:

c(au) = inf { [ o)1 + (Ralo), (o) do : w € L7(0,00).U)
subject to & = Az + Bu and y = Cz and z(0) = zo. (12.103)
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196 CHAPTER 12. LINEAR QUADRATIC REGULATORS

Here R is a strictly positive operator on U. By following the procedure used in Section

12.1.1, introducing a new input v = R?y and setting B = BR™Y?  we readily obtain the

following solution to the infinite horizon linear quadratic optimization problem in (12.103).
If {A, B} is stabilizable and {C, A} is detectable, then the algebraic Riccati equation

AQ+QA+C'C—@QBR'B*Q=0, (12.104)

has a unique positive solution for Q. For any initial state zo in &', the optimal cost in {12.103)
is given by £(zo) = (@0, zo). Moreover, this cost is uniquely attained by the optimal input
@ = —R!B*Q% , where the optimal state trajectory £ is uniquely determined by

i=(A—BR'BQ)z (2(0)=10). (12.105)

Finally, the operator A — BR~!B*(Q is stable. In this setting, we say that @ is a stabilizing
solution to the algebraic Riccati equation in (12.104), if Q) is a self-adjoint operator satisfying
(12.104) and A— BR™'B*Q is stable. So, if {A, B, C} is a stabilizable and detectable system,
then the algebraic Riccati equation in (12.104) admits a unique stabilizing solution and this
solution is the only positive solution. In Chapter 13 we present a computational method
based on the Hamiltonian matrix in (12.37) to compute the unique stabilizing solution.

12.9 An outer spectral factorization

Let {A, B,C,0} be a realization for a transfer function G. In this section, we utilize the
algebraic Riccati equation in {12.104) to obtain a special factorization of R + G(—3)*G(s).
We begin with the following result which is useful in the inversion of transfer functions.

Lemma 12.9.1 Let {A, B, C, D} be a state space realization of a transfer function H and
assume that D is invertible. Then the inverse of H exists and is the proper rational function
given by

H(s)™' = D' = D"'C(s] - A+ BD™'C)"'BD. (12.106)

In other words, {A — BD'C, BD™Y, —D~1C, D'} is a state space realization of H™'.
Furthermore, if H has values in L(U,U), then

__det[D]det[s] — A+ BD'C]
B det[s] — A]

PROOF. Proposition 6.4.1 shows that the inverse of H is given by (12.106). To complete the
proof it remains to establish (12.107). Recall that if M and N are two finite dimensional
operators acting between the appropriate spaces, then det[] + MN] = det[I + NM]. Using
this we obtain

det[H(s)] (12.107)

det[H(s)] = det[D+ C(sI — A)™'Bj
det[D}det[I + D™1C(sI — A)™'B]
det[D]det[I + (sI — A)"*BD'C]
]
]

I

I

det[D] det[(s] — A)~"] det[s] — A+ BD™'C]
Dl]det[sI — A+ BD7'C)/ det[s] — A].

i

[
= det]
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12.9. AN OUTER SPECTRAL FACTORIZATION 197

Therefore, (12.107) holds. |
If {A, B,C, D} is a realization of a scalar valued transfer function H and D is nonzero,
then (12.107) reduces to

_ Ddet[s] — A+ BD7'(C]
H(s) = det[s] — A] '

(12.108)

Let J be any rational function with values in £(I,Y). Then J¥ is the rational function
with values in £(),U) defined by (J¥)(s) = J(—8)*. The following result uses the algebraic
Riccati equation to compute a spectral factorization. This factorization will play a funda-
mental role in connecting the classical root locus to the solution of the infinite horizon linear
quadratic regular problem.

Theorem 12.9.2 Suppose {A, B, C,0} is a stabilizable and detectable realization of a trans-
fer function G. Let Q be any self-adjoint solution to the algebraic Riccati equation (12.104)
where R is a self-adjoint invertible operator. Finally, let © be the transfer function defined

by
O(s)=I+K(sI-A)™'B  where K=R'BQ. (12.109)

Then ©'RO is a factorization of R + G'G, that is,
©'RO =R +G'G. (12.110)
Moreover, the inverse of © is given by
@) '=I-K(sI- A+ BK)'B. (12.111)

If R is strictly positive and Q is the unique stabilizing solution to the algebraic Riccati
equation in (12.104), then ®~! is stable.

PROOF. Using K = R~ B*(Q in the algebraic Riccati equation (12.104) yields
C'C=K'RK-A"Q-QA.
For any complex number s this implies that
C*C = K*'RK + (—sI — A")Q + Q(sI — A).

Now let ®(s) be the inverse of sI — A. Multiplying by B*®! on the left and by ®B on the
right, we obtain

B*®*'C*CoB B*®'K*RK®B + B*Q®B + B*®'QB

B*®'K*RK®B + RK®B + B*®*K*R.

Using G = C®B and © = I + K®B, we arrive at

R+G'G= (I + K®B)'R(I + KOB) = ©'RO©.

Copyright © Marcel Dekker, Inc. All rights reserved.
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The expression for the inverse of @ follows from Lemma 12.9.1. If R is strictly positive and
@ is the stabilizing solution, then obviously A — BK is stable, and thus, ©~! is stable. W

A rational function ¥ with values in £L(U,)) is called an invertible outer function if
¥ is a stable proper rational function, its inverse W~! exists and is also a stable proper
rational function. If {4, B,C, D} is a stable realization for a transfer function H where D
is invertible and A — BD™!C is stable, then Lemma 12.9.1 shows that H is an invertible
outer function. If = is a rational function with values in L£(U,U), then we say that VU is
an invertible outer spectral factor of Z if U is an invertible outer function and ¥*¥ = =,
If = admits an invertible outer spectral factor, then =# = =. Obviously, not every rational
function admits an invertible outer spectral factor. If {A, B, C,0} is a stable realization of
G and R > 0 and @Q is the stabilizing solution to the algebraic Riccati equation in (12.104),
then RY?@ is an invertible outer spectral factor for R+ G!G.

12.10 The root locus and the quadratic regulator

In this section we use the factorization in Theorem 12.9.2 to obtain a root locus interpretation
for the parameter R in the weighted single input single output infinite horizon regulator
problem in (12.103). To this end, let {4 on X, B,C,0} be a stabilizable and detectable
realization of a scalar valued transfer function G, that is, G(s) = C(sf — A)~'B where
U =Y =C Let r > 0 be a scalar, and ¢ the unique stabilizing solution to the algebraic
Riccati equation

A'Q+QA+C*'C —rQBB*Q =0. (12.112)

Recall that the optimal input @ to the weighted infinite time horizon linear quadratic regula-
tor problem in (12.103), is given by @& = —r~'B*@Q% where & is the optimal state trajectory.
In this case, £ = A.Z where A, is the stable closed loop state operator A, = A ~r~!BB*Q.

Let {A, B,C, D} be a realization for a scalar valued transfer function G. Then using
(sI — A)™' = adj(sI —~ A)/ det[s] — A], it follows that G = p/d where p is a polynomial
and d(s) = det[s] — A] is the characteristic polynomial for A. If {4, B,C, D} is a minimal
realization of G = p/d where p and d are co-prime polynomials, then Proposition 7.1.3
shows that d equals the characteristic polynomial of A up to a nonzero constant, that is,
d = ~ydet[s] — A] where v is a constant. Realizations where the characteristic polynomial of
A equals the denominator polynomial d are used in the following result.

Lemma 12.10.1 Let {A, B,C,0} be a realization of a scalar valued transfer function G =
p/d where p is a polynomial and d is the characteristic polynomial for A. Let Q@ be any
self-adjoint solution to the algebraic Riccati equation in (12.112) where v is a nonzero scalar
and let A be the characteristic polynomial for A — BK, that is,

A(s) = det{s] — A+ BK] where K =7r"'B"Q. (12.113)
Then we have the following factorization:

A'A =d¥ +r7iphp. (12.114)
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12.10. THE ROOT LOCUS AND THE QUADRATIC REGULATOR 199

PROOF. From Theorem 12.9.2, we have ®@%© = r + G'G where O(s) = I+ K(sI — A)"!B.
Applying relationship (12.107) of Lemma 12.9.1 with H = ©, we obtain

det[©(s)] = det[s] — A+ BK]/ det[s] — A].
This readily implies that
det[s] — A+ BK] = det[sI — A] det[O(s)].

Since O(s) is a scalar, det[®(s)] = ©O(s), and hence, A(s) = d(s)O(s). If we rewrite
040 =7+ G'G as
d*e'ed = d'd+ rp'p.

Applying © = A/d, we obtain the factorization in (12.114). [ |

Now assume that {A, B, C,0} is stabilizable and detectable. Let @ be the stabilizing
solution to the weighted algebraic Riccati equation in (12.112) where r > 0. Clearly, the
operator A— BK is stable where K = r~!B*(Q. Hence, all the roots of A are in the open left
half complex plane. Notice that X is a root of a polynomial g if and only if —X is a root of
the polynomial . Therefore, all the roots of A¥ are contained in the open right half plane.
In particular, A and A¥ have no common roots and their product A*A has no roots on the
imaginary axis. It now follows from (12.114) that the roots of A are the left half plane roots
of d*d + r~!p*p. This immediately yields the following resulit.

Theorem 12.10.2 Suppose that {A, B, C,0} is a stabilizable and detectable realization of a
scalar valued transfer function G = p/d where p is a polynomial and d(s) = det[s] — A]. Let
K =r~1B*Q where Q is the stabilizing solution to the algebraic Riccati equation in (12.112)
with r > 0. Then the roots of the characteristic polynomial of A — BK are precisely the left
half plane roots of the polynomial dd + r~1pip.

To complete this section, we use root locus techniques to see how the weight r affects
the eigenvalues of the closed loop state space operator A — BK. First let us recall some
classical root locus results; for further details see Ogata [95]. Consider a parameter dependent
polynomial of the form q + kn where 1 and q are two polynomials with real coefficients and
real parameter k > 0. Furthermore, it is assumed that the degree of 7 is less than or equal
to the degree of g. Recall that the root locus for g + k7 is the graph of the zeros of g + &7
as k varies from zero to infinity. Moreover, for k = 0 the deg g branches of the root locus
of g + kn start at the zeros of g. As k tends to infinity, degn branches of the root locus
approach the zeros of 1. If § = degg — degn > 0, then the remaining § branches tend to
infinity as k approaches infinity. Each of these § branches asymptotically approach one of
the asymptotes of the root locus. Assuming g is monic and « is the coefficient of the highest
order term of 7, these asymptotes are half lines whose angles are given by

T+ 277

3 for j=0,1,2,---,8 -1 if a>0
27y . .
-~ for j=0,1,2,---,6—1 if a<0.
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Recall that a monic polynomial is a polynomial of the form s’ + a;_18°~' + -+ - a15 + ao.

Throughout the rest of this section, we assume that {A,B,C,0} is a stabilizable and
detectable realization for a scalar valued transfer function G = p/d where A, B, C are real
matrices and p,d are polynomials whose coefficients are real while d is the characteristic
polynomial for A. Moreover, @ is the unique stabilizing solution of the algebraic Riccati
equation in (12.112) where 7 > 0 is a scalar. In particular, this implies that d%(s) = d(—s)
and p*(s) = p(—s). Using (12.114), it follows that

A(=s)A(s) = d(=s)d(s) + r'p(—3)p(s)

where A is the characteristic polynomial for A—BK. So, if we let k& = 1/r, then the root locus
of d(—s)d(s)+kp(—s)p(s) is a graph of the eigenvalues of A— BK and —(A— BK)* as r varies
from infinity to zero. In particular, the left half plane root locus of d(—s)d(s) +r~1p(—s)p(s)
is precisely the eigenvalues of A — BK as r varies from infinity to zero. Notice that for any
polynomial ¢ with real coefficients, the zeros of g(—s)q(s) are symmetric about the real
and imaginary axis. Hence, the root locus of d(—s)d(s) + kp(—s)p(s) = A(—s)A(s) is also
symmetric about the real and imaginary axis.

As k = 1/r varies from zero to infinity, the branches of the root locus of the polynomial
d(—s)d(s) + kp(—s)p(s) move from the zeros of d(—s)d(s) to the zeros of p(—s)p(s) and
the appropriate asymptotes. The asymptotes of d(—s)d(s) + kp(—s)p(s) are determined by
m = degd — degp. To be precise, if m is even, then d(—s)d(s) + kp(—s)p(s) = 0 can be
expressed as b(s) + kaa(s) = 0 where o > 0 and a and b are monic polynomials. Since & is
the coefficient of the highest order term of aa, the angles ¢.; for the asymptotes are given
by
T+ 27]

Gej = forj=0,1,2,---,2m—1. (12.115)
2m

However, if m is odd, then d(—s)d(s)+kp(—s)p(s} = 0 can be expressed as b(s)+kaa(s) =0
where a < 0 and a and b are monic polynomials. In this case, the angles ¢,; for the
asymptotes are given by

¢oj=;7 for j =0,1,2,--,2m ~ 1. (12.116)

Moreover, because d(—s)d(s) + kp(—s)p(s) is symmetric about the real and imaginary axis,
the origin of these asymptotes is zero. Notice that none of these asymptotes lie on the
imaginary axis. Therefore, as r = 1/k varies from infinity to zero the eigenvalues of A — BK
start at the zeros of d(—s)d(s) in the open left half plane and move towards the zeros of
p{—s)p(s) in the open left half plane and the appropriate asymptotes in the open left half
plane. For m even, the asymptote angles ¢.; are given by (12.115). For m odd, the asymptote
angles ¢,; are given by (12.116).

Recall that d is the characteristic polynomial of A. Hence, the eigenvalues of A are the
zeros of d including their multiplicity. Let {A1, A, - -+, A, } be the eigenvalues of A including
their multiplicity in the closed left half plane, and let {A.41, Aus2, -+, An} be the remaining
eigenvalues of A including multiplicity. Obviously,

A= {/\1, Aoy A _’\u+1> _/\}J+27 e _/\n} (12'117)
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12.10. THE ROOT LOCUS AND THE QUADRATIC REGULATOR 201

are the zeros of d(—s)d(s) in the closed left half plane. Moreover, —A|J A are all the zeros of
d(—s)d(s) including their multiplicity. Let {21, 22, - -, 2, } be the zeros of p in the closed left
half plane including their multiplicity, and let {z,+1, Zu+2, "+, Zm} be the remaining zeros of
p including multiplicity. Clearly,

Z={z1,2, " 4~ i1, —Za2, " ~Fm) (12.118)

are the closed left half plane zeros of p(—s)p(s). Furthermore, —Z|J Z are all the zeros of
p(—s)p(s) including their multiplicity. Therefore, as r = 1/k varies from infinity to zero the
eigenvalues of A — BK start at the roots A given in (12.117) and then follow the branches of
the root locus for d(—s)d(s) + kp(—s)p(s) and move towards the roots Z given in (12.118)
and the corresponding asymptotes with angles ¢.; or ¢,; in the open left half plane.

In the scalar case, the cost in the weighted linear quadratic regulator problem is given by

e(zo,r) = inf {/Ooo(||y(o)||2 + r|ju(0)||*)do 1 u € LQ[O,OO)} . (12.119)

If r = 1/k is large, then the term r||u(t)||? is heavily weighted in computing the cost, and
hence, any input effort used to move poles is “expensive”. Moreover, in this case the root
locus shows that the eigenvalues of A — BK are in a neighborhood of the roots A given in
(12.117). If any one of the roots A in (12.117) lie on the imaginary axis, then a large r will
place an eigenvalue of A — BK in the open left half plane in some neighborhood of that
root. In other words, for large r, the optimal input @ = —r~1B*Qz barely moves the stable
eigenvalues of A, moves the eigenvalues of A on the imaginary axis slightly into the open
left half plane, and moves the unstable eigenvalues of A close to {—Aut1, —Aus2, ++, —An}-
Because a large r penalizes the input, the result is that the optimal input only moves the
eigenvalues of A necessary to stabilize the closed loop state operator A — BK.

On the other hand, if r is small, then the term r||u(t)||® is barely weighted in computing
the cost (xo,7), and thus, input effort is “cheap”. In other words, a large input effort has
little effect on the cost. In this case the root locus shows that m of eigenvalues of A— BK are
in a neighborhood of the points Z, and the remaining eigenvalues of A — BK move towards
infinity along the asymptotes in the open left half plane corresponding to the angles ¢.; in
(12.115) for even m, respectively ¢,; in (12.116) for odd m. So, if r is small, then the optimal
controller moves m of the eigenvalues of A to Z and the places remaining eigenvalues of A
as far as possible in the left half plane.

Example 12.10.1 To complete this section we demonstrate the above results with a simple
example. To this end, let {A, B, C,0} be any minimal realization of

s+3
(s+1)(s—2)(s+2+)(s+2—12)
Clearly, the McMillan degree of G is four and A is unstable. The root locus for d(—s)d(s) +

kp(—s)p(s) is given in Figure 1. In this case, m = 3. According to (12.116) the angles for
the asymptotes for the root locus are given by

G(s) =

T 27 4m 5w

0757?17‘-)?a 3 .
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Imag Axis

Real Axis

Figure 12.1: A root locus for design

In particular, the asymptotes for the root locus in the left half plane occur at the angles
2n/3,m,4n/3. So, as r = 1/k moves from infinity to zero the eigenvalues of A — BK move
from the points —1,—2, —2 + 1, —2 — ¢ along the branches of the root locus in the open left
half plane to the points

—3,00e”™/3 o0e™  coe™/3. (12.120)
In particular, if 7 is large the eigenvalues of A — BK are in some neighborhood of the points
—1,-2,—-2+41,—~2—1. So, for large r the optimal control barely moved the stable eigenvalues
—1,—-2 +12,—2 — 1 for A and shifted the unstable eigenvalue 2 of A to —2. On the other
hand, if r is small, then the optimal control moved the eigenvalues of A to (12.120), which
is as far as they can possible go in the left half plane.

12.10.1 Some comments on the outer spectral factor

In this section we present some comments concerning the minimality of the realization
{A, B, K, I} of the spectral factor © defined in (12.109). Let {4, B,C,0} be a control-
lable and observable realization of a transfer function G. Assume that R is strictly positive
and let @ be the stabilizing solution to the weighted algebraic Riccati equation {12.104).
Finally, let © be the transfer function defined by

O(s) =1+ K(sI — A)'B  where K=RT'B'Q. (12.121)

Theorem 12.9.2 shows that ©'RO is a factorization of R + G*G, that is, (12.110) holds.
Moreover, {A— BK,B,~K, I} is a stable realization of @™, In particular, if A is stable,
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12.10. THE ROOT LOCUS AND THE QUADRATIC REGULATOR 203

then © is an invertible outer function, that is, both ©® and ©®~1 are stable transfer functions.
Obviously, {4, B, K, I} is a controllable realization of ©. However, this realization is
not necessarily observable. For an example, let {4, B, C, 0} be any minimal realization of
G(s) = (2-5)/(s+ 1)(s+2), and set R = 1. Then we claim that {4, B, B*Q, I} is not
observable. To verify this recall that © is an outer spectral factor of / + G#G. Thus,

Bs5)0(s) = (2~ %) /(1 - ), (12.122)

where all the poles and zeros of ©(s) are in the open left half plane. Hence, all the poles
and zeros of ©* are in the open right half plane. Using this along with the factorization
in (12.122), it follows that ©(s) = (s + v/2)/(s + 1). However, {A, B,B*Q,I} is a two
dimensional controllable realization of ®. Obviously, the state dimension of the minimal
realization of (s +v/2)/(s+ 1) is one. So, the system {4, B, B*@, I} is not observable. Since
{A-BK, B,—B*Q, I} is a two dimensional controllable realization of @1 = (s+1)/(s+v/2),
it also follows that {A — BK, B, —B*@, I} is not observable.

Throughout the rest of this section, we assume that {4, B,C,0} is a minimal realization
for a scalar valued strictly proper rational transfer function G = p/d, where p and d are
two polynomials with real coefficients and no common zeros. Because the coeflicients of
p and d are real, we have p!(s) = p(—s) and d¥*(s) = d(—s). Moreover, we also assume
that p(—s)p(s) and d(—s)d(s) have no common zeros, @ is the stabilizing solution to the
algebraic Riccati equation in (12.104) and R = r > 0. Then we claim that {4, B, K, I} is
a minimal realization of @. Because ©® and ©~! have the same McMillan degree, it follows
that {A — BK,B,—K,I} is a minimal realization of ®~!. In particular, the eigenvalues
of A — BK are precisely the zeros of @, including their multiplicity; see Proposition 7.1.3.
Furthermore, the McMillan degree of 1/© equals the degree of the polynomial d. Hence,
there are degd zeros of @, all of which are in the open left half plane.

To prove that {A on X', B, K, I} is a minimal realization, notice that because R = r is
scalar valued, the factorization in (12.110) reduces to

G(—5)G(s) rd(—s)d(s) + p(—s)p(s)

O(~-5)0(s) =1+ " = rd(—)d(s) . (12.123)

Since p(—s)p(s) and d(—s)d(s) have no common zeros, the polynomials rd(—s)d(s) and
rd(—s)d(s) + p(—s)p(s) have no common zeros. Now let us proceed by contradiction. If
{A, B, K,I} is not observable, then ® = a/b where a and b are polynomials and degb <
degd = dim X. Substituting this into (12.123) shows that we must have cancellation between
the zeros of rd(—s)d(s) and rd(—s)d(s)+p(—s)p(s). This contradicts the fact that p(—s)p(s)
and d(—s)d(s) have no common zeros. Therefore, {4, B, K, I'} is controllable and observable.
Since © and 1/@ have the same McMillan degree, it also follows that {A— BK ,B,—~K ,I}
is a controllable and observable realization of 1/©.

As before, assume that p(—s)p(s) and d(—s)d(s) are co-prime. Then 1 + G(—s)G(s)/r
and rd(—s)d(s) +p(—s)p(s) have the same zeros. Moreover, these zeros are symmetric about
the imaginary axis. Because rd(—s)d(s)+p(—s)p(s) is a polynomial of degree 2deg d, we see
that 1+ G(—s)G(s)/r has 2degd zeros and these zeros are symmetric about the imaginary
axis. Therefore, the zeros of 1 + G(—35)G(s)/r in the open left half plane are precisely the
eigenvalues of A — BK.
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204 CHAPTER 12. LINEAR QUADRATIC REGULATORS

12.11 Notes

All the results in this section are classical and date back to Kalman [70]. The linear quadratic
regulator problem plays a fundamental role in systems and control. For some further results
on linear quadratic methods and control theory see Anderson-Moore [4, 6], Kwakernaak-
Sivan {77], and Dorato-Abdallah-Cerone [36]. The linear quadratic regulator problem is an
important problem in optimal control theory; see Athans-Falb [7], Berkovitz [15], Bryson-
Ho [22], and Lee-Markus [80]. For some results on game theory and optimal control see
Basar-Bernhard [13]. There are many different ways to derive the two point boundary value
problem in (12.34). For example one can use the calculus of variations or the maximum
principle in optimal control theory; see, for example, Leitmann [81]. Here operator methods
were used to derive the two point boundary value problem. Operator techniques have been
widely used to solve the linear quadratic regulator problem and many other problems in
control theory; see Balakrishnan [8], Fuhrmann [47], Naylor-Sell [93], Luenberger [85] and
Porter [100]. Finally, it is noted that linear quadratic methods also play a basic role in H*
control theory; see Green-Limebeer [57], Mustafa-Glover [92] and Zhou-Doyle-Glover [131].
For some numerical procedures to solve the algebraic Riccati equation see Arnold-Laub [3]
and Van Dooren [121].
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Chapter 13

The Hamiltonian Matrix and Riccati
Equations

Associated with any Riccati equation is a matrix called the Hamiltonian matrix. In this
chapter we present elementary properties of Hamiltonian matrices. We show how one can
compute the stabilizing solution to an algebraic Riccati equation by using the Hamiltonian
matrix associated with that equation. We also show how one can compute a solution to a
Riccati differential equation from the state transition matrix of the associated Hamiltonian
matrix. To this end, consider the algebraic Riccati equation

A'Q+QA+QRQ+S=0 (13.1)

where A, R and S are operators on a finite dimensional space X with S and R self-adjoint.
When S = C*C and R = —BB*, this equation is the same as the algebraic Riccati equation
(12.87) encountered in the linear quadratic regulator problem. We are considering a more
general Riccati equation here because the results of this chapter are also useful in the later
chapters on H* analysis and control. The Hamiltonian matrix associated with the algebraic
Riccati equation in (13.1) is given by

H:[_’; _f*]on[ﬂ. (13.2)

13.1 The Hamiltonian matrix and stabilizing solutions

We say that @ is a stabilizing solution to the algebraic Riccati equation in (13.1) if Q is
an operator on X satisfying (13.1) and A + RQ is stable. As expected, if there exists a
stabilizing solution @, then it is self-adjoint and is the only stabilizing solution. To see that
a stabilizing solution @ is self-adjoint, use the Riccati equation to obtain

(@ -QA+RQ)=Q'A+QRQ-QA-QRQ=Q'A+Q'RQ+ A'Q +S.

Since the operator on right-hand-side of the second equality is self-adjoint, it follows that
QA. is self-adjoint where Q = Q*—Q and A, = A+ RQ; thus QA, = A*Q*. Since Q* = -Q,
we obtain the Lyapunov equation QA. + A;Q = 0. Because A, is stable, the Lyapunov
equation has only one solution, namely @ = 0; hence Q* = @.

205

MaRrcEL DEkKER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



206 CHAPTER 13. THE HAMILTONIAN MATRIX AND RICCATI EQUATIONS

To see that the stabilizing sclution is unique, consider any two stabilizing solutions ¢,
and @, and now let Q = Qo — Q1. With A; = A+ RQ; and A; = A + RQ,, we obtain

QM +MQ = (Qo—Qu(A+RQy)+ (A+ RQ)"(Q2~ Q1)
QA+ A"Qy + Q2RQr — Q1A — A"Q1 — Q1 RQq
- §-85=0.

Il

Because A; and Ay are both stable, Q = 0, that is, ; = @ and the stabilizing solution is
unique.

Recall that the Hamiltonian matrix associated with the algebraic Riccati equation in
(13.1) is given by {13.2). If we rearrange the Riccati equation (13.1) as

-5 — A"Q = Q(A+ RQ)

and let A, = A+ RQ), then the Riccati equation is equivalent to

A+RQ = A
—S-AQ = QA
or 7 I
n[3]-[1]4 059

Thus @ is a stabilizing solution of the Riccati equation (13.1) if and only if [ Q] satisfies
(13.3) where A, is stable. In this case, A, = A + RQ. Since the operator [I Q]" is one to
one, our new equivalent condition for a stabilizing @ is equivalent to the requirement that
the range R of [I Q]*" is invariant for H and the restriction of H to this subspace is stable.
In particular, the restriction of H to R is similar to A + RQ.
Consider now any invertible operator X which maps onto X. Then, postmultiplying
(13.3) by X, we obtain
HL =TA (13.4)

where I' = [X Y]" with ¥ = QX and A is the stable operator given by A = X !A4.X.
Thus, we can say that if the Riccati equation has a stabilizing solution, then there exists an
operator I' = [X Y] mapping into X & X with X invertible such that (13.4) holds for some
stable operator A. To demonstrate the converse, suppose there is an operator I' = [X Y]
mapping into X @ X with X invertible such that (13.4) holds with A stable. Postmultiplying
(13.4) by X!, we see that (13.3) holds with @ = YX ! and 4, = XAX"!. Thus Q is a
stabilizing solution to the Riccati equation (13.1) and A + RQ = XAX™!. So A+ RQ and
A are similar and have the same characteristic polynomial. We have just demonstrated the
following result.

Lemma 13.1.1 The algebraic Riccati equation (13.1) has a stabilizing solution if and only if
there exists an operator T' = [X Y|" mapping into X ® X with X invertible such that (13.4)
holds for some stable operator A. In this case, the stabilizing solution is uniguely given by

Q=vYXx! (13.5)
and A + RQ is similar to A.

MaRrcEL DEkKER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



13.1. THE HAMILTONIAN MATRIX AND STABILIZING SOLUTIONS 207

Note that when (13.3) holds and I' = [X Y] with X invertible, then I is one to one
with rank n where n = dim[X]. Our next step is to characterize all the one to one operators
of rank 7 which satisfy (13.4) for some stable A. Before carrying out this step we make some
observations.

Suppose that @ is any self-adjoint solution to the algebraic Riccati equation in (13.1)
and let W be the invertible block matrix defined by

wel1 0w [2] @)

Notice that the inverse of W is given by replacing @ by —@ in the definition of W. A simple
calculation shows that

W“lHW=[A+RQ R ]

13.
0 —(A+RQ) (13.7)
Recall that if F' is any operator valued rational function, then (F¥)(s) = F(—3)*. We now
note that, if p is the characteristic polynomial of an operator M on a space of finite dimension
n, then (—1)"p! is the characteristic polynomial of —M*. This can be shown as follows:

det{s] + M*] = (—1)"det[-5] — M]* = (—=1)"p(=3)" = (=1)"p*(s).
It now follows from (13.7) that
det[s] — H] = (—1)"A(s)A*(s) (13.8)

where A is the characteristic polynomial of A + RQ.

From (13.8), we see that if the algebraic Riccati equation admits a stabilizing solution,
then the corresponding Hamiltonian matrix does not have any eigenvalues on the imaginary
axis. However, the converse is not necessarily true. For example,iff A=1,S5=2and R=0,
then one and minus one are the eigenvalues of H. In this case, the only solution to the
algebraic Riccati equation is @ = —1. Obviously, 1 = A + RQ is not stable.

It now follows from Lemma 13.1.1 that if there exists an operator I' = [X Y} with X in-
vertible such that (13.4) holds for some stable operator A, then det[sI—H] = (—1)"A(s)A*(s)
where A is the characteristic polynomial of A; hence H has no imaginary eigenvalues. Shortly,
we will see that if H has no imaginary eigenvalues, then there is a one to one operator I' =
[X Y] such that (13.4) holds for some stable operator A and det[s] — H] = (—1)"A(s)A¥(s)
where A(s) = det[sI — A]. However X may not be invertible.

Consider now any Hamiltonian matrix H of the form (13.2) where R and S are self-adjoint
and let J be the invertible operator defined by

[ : } . (13.9)

0 -1
J = [ I 0 ] on
Notice that J~! = J* = —J. A simple calculation shows that

SA*}

JH=[AR

Copyright © Marcel Dekker, Inc. All rights reserved.
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208 CHAPTER 13. THE HAMILTONIAN MATRIX AND RICCATI EQUATIONS

is self-adjoint; hence, JH = H*J* = —H*J. Thus, the operators —H* and H are similar
and have the same characteristic polynomial; hence the characteristic polynomial Ay of H
must satisfy

Al =20y (13.10)

This implies that a scalar A is a zero of Ay with multiplicity m if and only if —X is a zero of
Ap with multiplicity m. Thus, A is an eigenvalue of H, if and only if —X is also an eigenvalue
of H.

Now assume that the Hamiltonian matrix does not have any eigenvalues on the imaginary
axis, that is, Ay has no imaginary zeros. Let A be the unique monic polynomial whose zeros
(multiplicities included) are the stable (negative real part) zeros of Ay. Then A must be of
degree n and Ag = (—1)"AA¥ where n is the dimension of X. Consider now the invariant
subspace R = ker A(H) for H. We call this the stable subspace associated with H. We claim
that it has dimension n. To see this, we use the relationship JH = —H*J to obtain

JA(H) = A(-H)J = ANH)*T

It now follows that ker A(H) and ker A*(H) have the same dimension. Since the polynomials
A and A? have no common zeros and A(H)A(H)* = (~1)"Ayx(H) = 0, it follows from
Lemma 13.1.6 at the end of this section that dim[ker A(H)] = n. We have just demonstrated
the following result.

Lemma 13.1.2 Let H be the Hamiltonian matriz in (15.2) where R and S are self-adjoint
operators on a finite dimensional space X of dimension n and assume that H has no imag-

inary etgenvalues. Then,
det[s]— H] = (—=1)"A(s)A¥(s) (13.11)

where A 1s a stable monic polynomial of degree n. Moreover the dimension of ker A(H) is
n.

The above result allows us to characterize all the one to one maps of rank n which satisfy
(13.4) with A stable. To see this, suppose H is a Hamiltonian matrix with no imaginary
eigenvalues. Let T be any one to one map whose range equals the kernel of A(H) where A
is the monic polynomial whose zeros (multiplicities included) are the stable (negative real
part) zeros of Ag. Then, according to the above lemma, the rank of T is n. Since ker A(H)
is invariant for H, there is an operator A such that HI' = TA. (In fact, A = (I*T")"T"*HT".)
It now follows that A(H)I" = TA(A). Because the range of I' equals the kernel of A(H), we
obtain that TA(A) = 0. Since I' is one to one, we must have A(A) = 0. Recalling that A is
a stable polynomial we conclude that A is stable.

Now suppose that T is any one to one map of rank n which satisfies (13.4) for some stable
A. Then the range of I is an invariant subspace for H and the restriction of H to the range
of T is similar to A. Thus H is similar to a matrix of the form

A =

0 Ay |-
Hence Ag(s) = det{s] — H] = d(s)dy(s) where d and d, are the characteristic polynomials
of A and A, respectively. Recall that if A is a zero of multiplicity m of Ay, then —X is
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13.1. THE HAMILTONIAN MATRIX AND STABILIZING SOLUTIONS 209

also a zero of multiplicity m of Ap. Since d divides Ay and d is a monic polynomial whose
roots have negative real parts, it follows that (—1)"d" (the monic polynomial whose roots
are precisely the negative of the roots of d) also divides Ag. Since d and d! are monic
polynomials of order n which divide Ay and Ay is a monic polynomial of order 2n, we
must have Ay = (~1)"dd!. Thus det[s] — H] = (—1)"d(s)d*(s). Hence H has no imaginary
eigenvalues. Since d(H)I' = I'd(A) = 0 and dim[ker d(H)] = n, the range of I equals the
kernel of d(H). The above analysis leads to the following result.

Lemma 13.1.3 Let H be the Hamiltonian matriz in (18.2) where R and S are self-adjoint
operators on a space X of finite dimension n. Then there exists a one to one operator I of
rank n satisfying HT = T'A for some stable A if and only if H has no imaginary eigenvalues.
In this case, let A be the unique monic polynomial whose zeros are the stable (negative real
part) zeros (including multiplicity) of the characteristic polynomial of H. Then T is a one
to one operator of rank n satisfying (15.4) for some stable A if and only if T is a one to one
operator whose range equals the kernel of A(H). Moreover, det[s] — A] = A(s).

Note that if I' and I'y are any two operators which are one to one and have the same
range, then there is an invertible operator M such that I'y = I'M; in fact, M = (I'*T")~!I*Ts.
Hence, we have the following corollary.

Corollary 13.1.4 Let H be the Hamiltonian matriz in (13.2) where R end S are self-adjoint
operators on a space X of finite dimension n. Then there exists a one to one operator I of
rank n satisfying (18.4) for some stable A if and only if H has no imaginary eigenvalues.
Moreover, I' is unique up to a similarity transformation on the right, that is, if HI's = s/
where T'y is one to one with rank n and A, is stable, then there exists an invertible operator
M such that Ty =TM and Ay = M~TAM.

By combining the preceding results of this section, we arrive at the following result.

Theorem 13.1.5 Let R and S be self-adjoint operators on a space X of finite dimension n.
Then the algebraic Riccati equation in (18.1) admits a stebilizing solution if and only if the
following two conditions hold.

(i) The corresponding Hamiltonian matriz H has no imaginary eigenvalues.
(it) If T = [X Y| is any one to one operator of rank n satisfying
HT =TA (13.12)
where A is a stable operator, then X is invertible.

In this case, the unique stabilizing solution to the algebraic Riccati equation in (138.1) is given
by

Q=YX". (13.13)
Moreover A+ RQ is similar to A and the characteristic polynomial A of A+ RQ satisfies
AAY = (—1)"Ay (13.14)

where Ay is the characteristic polynomial of H.
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210 CHAPTER 13. THE HAMILTONIAN MATRIX AND RICCATI EQUATIONS

PROOF. Suppose the algebraic Riccati equation admits a stabilizing solution . We have
already shown that the corresponding Hamiltonian matrix H has no imaginary eigenvalues
and I' = [I Q" satisfies (13.12) with A = A + RQ. Clearly I' is a one to one operator of
rank n. Because the one to one operators I' of rank n which satisfy (13.12) for a stable A are
unique up to a similarity transformation on the right, Part (i) holds; see Corollary 13.1.4.
On the other hand, suppose the conditions in (¢) and (#¢) hold. It follows from Lemma
13.1.3 that there exists a one to one operator I' = [X Y|*" of rank n which satisfies (13.12).
Since X is invertible it follows from Lemma 13.1.1 that @ = Y X! is a stabilizing solution
to the algebraic Riceati equation; also A + RQ is similar to A. l

13.1.1 Computation of the stabilizing solution

The Schur decomposition provides a numerically efficient method to compute a one to one
operator I' of rank n satisfying HI' = T'A where A is a stable operator. Suppose that the
Hamiltonian matrix H has no eigenvalues on the imaginary axis. Then, det[s] — H] =
(—1)A(s)A¥(s) where A is a stable monic polynomial of order n. According to the Schur
decomposition, H is unitarily equivalent to an upper triangular matrix of the form

A %
0 A
where det[s] — A] = A(s) and det[s] — Ag] = (—1)"A¥(s). Thus, A is a stable operator and
X U X U A x
Xyl we

All these matrices are block matrices on X & A'. The 2 X 2 block matrix N consisting of the
operators X,Y,U,V is unitary, that is, N*N = I. Hence, [X Y]"" is one to one and of rank
n. Finally, if X is invertible, then Y X! is the unique stabilizing solution to the algebraic
Riccati equation.

For completeness let us note that one can also use the generalized eigenvectors corre-
sponding to the stable eigenvalues of H to compute I'. In this case, I' is the operator from
C™ into & @ X consisting of the eigenvectors and generalized eigenvectors for the stable
eigenvalues of H and A is simply the corresponding Jordan matrix. If the eigenvalues of
H are distinct, then I' is the operator from C" into X' & X consisting of the eigenvectors
corresponding the stable eigenvalues of H and A is the diagonal matrix on C" consisting of
the stable eigenvalues of H.

Lemma 13.1.6 Suppose H is an operator on a finite dimensional space X and o and b are
two polynomials with no common zeros which satisfy

a(H)b(H) = 0.

Then every vector x in X can be uniquely expressed as x = u+ v where u is in kera(H) and
v is in ker b(H).
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13.2. CHARACTERISTIC POLYNOMIAL OF THE HAMILTONIAN MATRIX 211

PRrROOF. First we show that kera{H) and kerb(H) are invariant for H. To see this,
consider any vector v in kera(H). Then a(H)Hv = Ha(H)v = 0; hence Hv is in ker a(H).
It now follows that kera(H) is an invariant subspace for H. Similarly for ker b(H). Thus,
the intersection of ker a(H) and ker b(H) is an invariant subspace for H.

We now claim that the intersection of ker a(H) and ker b(H) contain only the zero vector.
Suppose, on the contrary, that the above intersection contains a nonzero vector. Since this
intersection is invariant for H, it contains an eigenvector v for H. Thus, v # 0 and Hv = Av
for some eigenvalue A of H; also a(H)v = 0 and b(H)v = 0. Since v is an eigenvector of H
corresponding to eigenvalue A, we have a(A)v = a(H)v = 0 and b(A)v = b(H)v = 0. Since
v is nonzero, it follows that A is a zero of both the polynomials a and b. This contradicts
the hypothesis that a and b have no common zeros. Hence, the intersection of kera(H) and
ker b(H) contains only the zero vector.

Since a(H)b(H) = 0, it follows that ran b(H) is contained in kera(H). Hence,

dim[ker a(H)] = dim[ranb(H)] = n — dim[ker b(H)]

where 7 is the dimension of X. This yields dim[ker a(H )]+dim[ker &(H)] > n. Since ker a(H)
and ker b(H) are subspaces of X’ which only intersect at zero, it follows that dim[ker a(H)] +
dim[ker b(H)] < n. Hence, dim[ker a(H)] + dim[ker 5(H)] = n. It now follows that every
vector z is X can be uniquely expressed as z = u + v where u is in kera(H) and v is in
Ker b(H). n

13.2 Characteristic polynomial of the Hamiltonian ma-
trix
The following result presents an expression for the characteristic polynomial of the Hamil-

tonian matrix H in (13.2).

Theorem 13.2.1 Let R and S be self-adjoint operators on a space X of finite dimension n.
Then the characteristic polynomial Apy for the Hamiltonian matriz in (13.2) is given by

Ay = (—1)"dd" det[] — DR®*S) (13.16)
where d is the characteristic polynomial for A and ®(s) = (s — A)7L.

PRrROOF. If M;; for i,j = 1,2 are all operators on X and My, is invertible, then a simple
calculation shows that

M= [ My, My, ] _ [[ MMzt ] |:M11 — MMMy, 0 ] [ 1 0}

My Moy 0 I 0 Moy My My I
(13.17)
Recall that My, — M12M2'21 My, is a Schur complement for M. In particular, this shows that
det[M] - det[Mgg] det[Mll — M12M231M21] . (1318)
Since o4
sl — —-R
sl —H= [ g sI+A*} , (13.19)

Copyright © Marcel Dekker, Inc. All rights reserved.
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212 CHAPTER 13. THE HAMILTONIAN MATRIX AND RICCATI EQUATIONS

we obtain

det[s] — H] = det[s] + A"]det[s] — A+ R(sI + A*)7'S]
= det[s] — A]det[s] + A*]det[] + (sI — A) " R(sI + A*)719].

Since ®(s) = (sl — A)~! and d(s) = det|[s] — 4] it follows that (s + A*)™! = —®¥(s) and
det[sI + A*] = (~1)"d*(s). This yields (13.16). n

The expression for the characteristic polynomial for H in (13.16) also shows that Ay =
AY; where Ay is the characteristic polynomial for H. Equations (13.8) and (13.16) readily
yield the following result.

Corollary 13.2.2 Let R and S be self-adjoint operators on a space X of finite dimension
n. Suppose that Q is any self-adjoint solution to the algebraic Riccati equation in (13.1) and
A is the characteristic polynomial for A+ RQ. Then

AAY = dd* det[] — PRD!S] (13.20)
where d is the characteristic polynomial for A and ®(s) = (sI — A)™1.

13.3 Some special cases

We have seen that if the Riccati equation has a stabilizing solution, then the pair {4, R} is
stabilizable and the corresponding Hamiltonian matrix has no imaginary eigenvalues. The
next result states that the converse is also true when R is positive (R > 0) or negative
(R<0).

Theorem 13.3.1 Let R and S be self-adjoint operaters on a space X of finite dimension
with R positive or negative. Then the algebraic Riccati equation in (13.1) admits a stabilizing
solution if and only if the pair {A, R} is stabilizable and the corresponding Hamiltonian
matrizc H in (13.2) has no imaginary eigenvalues.

PROOF. Suppose that the Riccati equation in (13.1) has a stabilizing solution Q. By
definition of a stabilizing solution, A + RQ is stable; hence {4, R} is a stabilizable pair. We
have already seen that the Hamiltonian matrix H has no imaginary eigenvalues when the
Riccati equation has a stabilizing solution.

To complete the proof, assume that the pair {4, R} is stabilizable and H has no imaginary
eigenvalues. It now follows from Lemma 13.1.3 that there is a one to one operator I' = [X Y]”
of rank n such that HT = T'A for some stable operator A where n is the dimension of &
Thus, X and Y satisfy

AX+RY = XA (13.21a)
—SX - AY = YA (13.21b)

where A is a stable operator. We first demonstrate that the operator Y*X is self-adjoint.
To see this, premultiply equations (13.21a) and (13.21b) by Y™ and —X*, respectively, and
add the resulting equations to obtain

Y*AX + X"A'Y + Y*RY + X*SX = (Y*X — X*Y)A.
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13.3. SOME SPECIAL CASES 213

Since the left hand side of this equation defines a self-adjoint operator it follows that (Y*X —
X*Y)A is a self-adjoint operator. If we set Z = Y*X — X*Y, then A*Z* = ZA. Since
Z* = —Z, we obtain the Lyapunov equation ZA + A*Z = 0. Because A is stable, Z =0 is
the only solution to this Lyapunov equation. Thus, Y*X = X*Y and Y*X is a self-adjoint
operator. As a consequence, we also obtain that X and Y satisfy

Y*AX + X*A"Y + Y*RY + X*SX =0. (13.22)

Now let us show that X is invertible. Because X is finite dimensional, it is sufficient
to show that X is one to one. So, suppose that Xv = 0 for some vector v. By consulting
(13.22) we see that

X*AYv+Y*RYv=0.

This implies that (RYv,Yv) = (Y*RYv,v) = —(X*A*Yv,v) = —(A*Y v, Xv) = 0. Because
R is either positive or negative, RYv = 0. It now follows from (13.21a) that XAv = 0.
In other words, the kernel of X is an invariant subspace for A. Suppose, on the contrary,
that the kernel of X is nonzero. Then there is an eigenvector v for A in the kernel of
X with eigenvalue A, that is, Av = Av and Xv = 0. By employing (13.21), we obtain
RYv = AXv =0 and —A*Yv = AYv. Hence, (Al — A*)Yv = 0 and RYv = 0. Since A
is a stable eigenvalue of A and by hypothesis, the pair {R, A*} is detectable it follows that
— ] is not an unobservable eigenvalue of the pair {R, A*}. Using the PBH observability test
we must have Yv = 0. Because Xwv is zero and [X Y] is one to one, v equals zero. This
contradicts v being an eigenvector, and hence, nonzero. Therefore, X is one to one and
invertible. Since X is invertible, it now follows from Lemma 13.1.1 that @ = YX lis a
stabilizing solution to the algebraic Riccati equation in (13.1). |

Lemma 13.3.2 Let R and S be operators on a space X of finite dimension with R negative
and S positive. Then an imaginary number X is an eigenvalue of the Hamiltonian matriz in
(13.2) if and only if X\ is either an uncontrollable eigenvalue of {A, R} or an unobservable
etgenvalue of {S,A}. Hence, H has no imaginary eigenvalues if and only if the system
{A, R, 8,0} has no uncontrollable or unobservable eigenvalues on the imaginary azis.

PROOF. If A is an unobservable eigenvalue of the pair {5, A}, then there is a nonzero vector
z in X such that (A—Al)v = 0 and Sv = 0. Letting v = 290, we obtain Hv = Av; thus A is
an eigenvalue of H. Hence, if A is an imaginary unobservable eigenvalue of the pair {S, A},
then A is an imaginary eigenvalue of the Hamiltonian matrix H.

If X is an uncontrollable eigenvalue of the pair {A, R}, then there is a nonzero vector y
in X such that (A*— M)y = 0 and Ry = 0. Letting v = 0 & y, we obtain Hv = —Av; hence
—X is an eigenvalue of H. Since H has the property that —\ is an eigenvalue of H if and
only if X is an eigenvalue of H, we obtain that ) is also an eigenvalue of H. Hence, if A is an
imaginary uncontrollable eigenvalue of the pair {A, R}, then X is an imaginary eigenvalue of
the Hamiltonian matrix H.

Now suppose that H has an imaginary eigenvalue A. Then there is a nonzero vector
eigenvector v = x @ y in A @ X such that Hv = Av, that is,

(—A+ M)z = Ry (13.23a)
(-A*= Ay = Sz. (13.23b)
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By taking the appropriate inner products, we obtain
(Ry,y) = (A+AD)z, y)

and
(Sz,z) = (z,52) = (z, (~A*=AD)y) = (-4 - M, y) -

Since A is imaginary, we have —X = ), and hence, (Ry,y) = (Sz,z). Because R is negative
and S is positive, we must have (Ry,y) = 0 and (Sz,z) = 0; hence Ry = 0 and Sz = 0. By
consulting (13.23a), we see that (A — AI)z = 0 and Sz = 0. If « is nonzero, then according
to the PBH test for unobservable eigenvalues, A is an unobservable eigenvalue of {5, A}. If
z is zero, then y must be nonzero and (13.23b) implies that (A* + M)y = 0 and Ry = 0.
By the PBH test for uncontrollable eigenvalues, we obtain that A = — X is an uncontrollable
eigenvalue of {4, R}. So we can conclude that, if X is an imaginary eigenvalue of H, then A
is either an uncontrollable eigenvalue of {A, R} or an unobservable eigenvalue of {5, A}. M

If R is negative, S is positive and the algebraic Riccati equation in (13.1) admits a
stabilizing solution @, then @ is positive. To see this simply rearrange the Riccati equation
to obtain

(A+ RQYQ+ QA+ RQ)+ S —QRQ=0.

Because A, = A + RQ is stable, we have
Q= / e (S~ QRQ) e’ do . (13.24)
0

Since S — QRQ is positive, this implies that () is positive. Furthermore, if the pair {5, A}
is observable, then this shows that @ is strictly positive. If R is positive and there exists
a stabilizing solution @, then ) is not necessarily positive. For example, if A=3, R=1
and § = 8, then Q = —4 is the stabilizing solution to the corresponding algebraic Riccati
equation.

13.4 The linear quadratic regulator

Recall now the algebraic Riccati equation associated with the linear quadratic regulator
problem, namely

A'Q+QA-QBB*Q+C*C=0. (13.25)
Here the self-adjoint operators R and S are given by R = —BB* and S = C*C where B
maps U into X while C maps X into Y. Hence the corresponding Hamiltonian matrix is

given by
A —-BB*
H_[—C*C 4 } . (13.26)
Assume that the pair {A, B} is stabilizable. Since the pairs {4, B} and {4, R} have
the same uncontrollable eigenvalues, it follows that {A, R} is stabilizable and has no un-
controllable imaginary eigenvalues. Since R is negative, it follows from Lemma 13.3.1 that
the above algebraic Riccati equation has a stabilizing solution @ if and only if H has no
imaginary eigenvalues.
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13.4. THE LINEAR QUADRATIC REGULATOR 215

Since the pairs {C, A} and {5, A} have the same unobservable eigenvalues and R is neg-
ative while S is positive, it follows from Lemma 13.3.2 that H has no imaginary eigenvalues
if and only if the pair {C, A} has no unobservable eigenvalues on the imaginary axis. With
these observations, the comments at the end of the last section and Theorem 13.1.5 we can
deduce the following result.

Theorem 13.4.1 Consider a system {A on X, B, C,0} and assume that the pair {A, B} is
stabilizable. Then the following statements are equivalent.

(i) The pair {C, A} has no imaginary unobservable eigenvalues.
(i1} The Hamiltonian matriz H in (13.26) has no imaginary eigenvalues.
(iii) There exists a unique stabilizing solution Q to the algebraic Riccati equation (13.25).

In this case, the unigue stabilizing solution to the algebraic Riccati equation in (18.1) is given

by
Q=YX (13.27)

where T' = [X Y|'" is any one to one operator of rank n = dim X satisfying
HT =TA (13.28)

with A a stable operator. Moreover, the stabilizing solution @ is positive. Finally, if the pair
{C, A} is observable, then Q is strictly positive.

The above result is stronger than our previous result. Previously we showed that if the
pair {A, B} is stabilizable and the pair {C, A} is detectable, then there exists a unique
stabilizing solution to the algebraic Riccati equation in (13.25); see Lemma 12.7.2.

Let Ay be the characteristic polynomial for the Hamiltonian matrix H given in (13.26).
We now demonstrate that

Ay = (=1)"dd" det[I + FF!| (13.29)

where n is the dimension of A’ while d is the characteristic polynomial for A and F is the
transfer function for the system {A, B, C,0}. To see this, apply the results of Theorem 13.2.1
with R = —BB* and S = C*C to obtain

Ay (—=1)"dd" det[I + ®BB*®*C*C)
(—=1)"dd* det[l + CO®BB*®4C*|

(—1)"dd* det[I + FF¥].

Il

The second equality follows from the fact that det[/ + M N| = det[] + NM]. Furthermore,
when the algebraic Riccati equation has a stabilizing solution @, it now follows from (13.14)
that, the characteristic polynomial A for A + RQ satisfies

AAY = dd* det[I + FF¥|. (13.30)
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216 CHAPTER 13. THE HAMILTONIAN MATRIX AND RICCATI EQUATIONS

If the transfer function F is scalar valued, then the expressions in (13.29) and (13.30)
reduce to

Ap = (=1)"dd*(1 + FF¥) (13.31)

and
AAY = dd¥(1 + FF?), (13.32)

respectively. In particular, if F = p/d where p is a polynomial, then (13.31) and (13.32)
respectively yield

Ay = (~1)™(dd* + pp*). (13.33)

and
AAY = dd¥ + ppt. (13.34)

It is noted that (13.34) is precisely the formula for AA® in (12.114) when we replace p with
p/+/r. Also, if A is an imaginary number, then (13.33) implies that

Ap(A) = (=D)"(@Nd(=X)") + p(Mp(=2)") = (=1)*([dN)]* + [p(N)?).

Hence A is an eigenvalue for H if and only if X is a common zero for d and p. This is
another demonstration of the fact that X is an imaginary eigenvalue of H if and only if A is
an uncontrollable or unobservable eigenvalue of the system {4, B, C,0}.

13.5 H®™ analysis and control
In H* system analysis and control design, the following Riccati equation plays a major role:
AQ+QA-Q@BB'Q+QE'EQ+C'C=0 (13.35)

where F is an operator from W into X and B is an operator from U into X while C is
an operator from X into ). This is a special case of the general Riccati equation (13.1)
where the self-adjoint operators R and S are given by R = FE* — BB* and S = C*C,
respectively. In this case ) is a stabilizing solution if @ is an operator satisfying (13.35) and
A+ EE*Q — BB*Q is stable. Here, the Hamiltonian matrix in (13.2) becomes

H (13.36)

_[ A EE-BB) [X

T =C*C —A* X |-
The following result yields an expression for the characteristic polynomial of this Hamiltonian
matrix.

Theorem 13.5.1 Let F be the transfer function for the system {A on X,B,C,0} and T be
the transfer function for {A, E,C,0}. Let d be the characteristic polynomial for A and n be
the dimension of X. Then the characteristic polynomial Ay for the Hamiltonian matriz in
(18.86) is given by

Ay = (=1)"dd" det[] + FF} —TTY. (13.37)
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13.5. H™ ANALYSIS AND CONTROL 217

PROOF. By applying Theorem 13.2.1 with R = —BB*+ EE* and S = C*C, we obtain that
Apg = (—1)"dd* det[ + ®(BB* — EE*)®*C*C)|

where ®(s) = (sI — A)~!. Using the relationship, det[l + MN] = det[I + M N] where M
and N are operators acting between the appropriate spaces, we obtain

Ay = (-1)"dd*det[] + C®(BB* — EE*)®*C"|
= (-1)"dd*det[I + CPBB*®'C* — COEE*®*C”]
(—=1)"dd*det[I + FF* - TT¥.
This yields (13.37). ]

The expression for the characteristic polynomial for H in (13.37) readily shows that A is
an eigenvalue for H if and only if —X is an value for H. Equations (13.8) and (13.37) readily
vield the following result.

Corollary 13.5.2 Let F be the transfer function for {A, B,C,0} and T be the transfer
function for {A, E,C,0}. Let d be the characteristic polynomial for A. Suppose that Q is a
self-adjoint solution to the algebraic Riccati equation in (13.35) and let A\ be the characteristic
polynomial for A+ EE*Q — BB*Q. Then

AAY = dd* det[I + FF! — TTY). (13.38)

If the transfer functions T and F are scalar valued, then the expression for the charac-
teristic polynomial for H in (13.37) reduces to

Apy = (-1)"dd"(1 + FF! - TT"). (13.39)
In particular, if T = p;/d and F = ps/d where p; and p, are polynomials, then (13.39) yields
Ay = (—1)"(dd* - ppf + pap}) . (13.40)

Furthermore, if @ is a self-adjoint solution to the algebraic Riccati equation in (13.35), then
(13.38) shows that

AA* = dd* — pip! + pap} (13.41)
where A is the characteristic polynomial for A + FE*Q — BB*Q.
Theorem 13.5.3 Let A be an operator on X with no eigenvalues on the imaginary azis. Let
T be the transfer function for {A, E,C,0} and F be the transfer function for {A, B,C,0}.

Then the Hamiltonian matriz H in (13.36) has no eigenvalues on the imaginary azis if and
only if there exists a scalar € > 0 such that

I + F(w)F(w)* — T(w)T(w)* > el (for all — oo <w < 00). (13.42)
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PROOF. As before, let d be the characteristic polynomial for A and n the dimension of X.
Using (F*)(w) = F(w)* along with the corresponding results for T and d in (13.37), we
arrive at

Ay (w) = (—=1)"|d(w)|? det[I + F(w)F(sw)* — T(w) T(w)*]. (13.43)

Let E(w) = I + F(w)F(w)* — T(w)T(w). If E(w) > el for some € > 0 and all w, then
(13.43) shows that the Hamiltonian matrix H has no eigenvalues on the imaginary axis.
Now assume that H has no eigenvalues on the imaginary axis. Because d has no zeros on
the imaginary axis, equation (13.43) implies that Z(w) is a self-adjoint invertible operator
for all w. Since F and T are strictly proper rational functions, Z(ww) converges to the
identity operator as w tends to +o0o. Notice that the smallest eigenvalue Ay, (w) of Z(w)
is a continuous function of w. Moreover, A (w) converges to one as w tends to £oo. We
claim that =(uw) > el for some € > 0 and all w. If Z(aw;) < 0 for some frequency w;, then
Amin{w1) < 0 and Apin{w,) must be zero for some frequency w,. In other words, Z(ww,)
is not invertible. This contradicts the fact that det[=(uw)] is nonzero for all w. Therefore,
E(w) > 0 and Apin(w) > 0 for all w. Since A\nun iS a nonzero positive continuous function
which converges to one as w tends to +o0, it follows that Ay:n(w) 2> ¢ for some € > 0. [ ]

H* analysis. In H™ analysis, B = 0. In this case, the Hamiltonian matrix in (13.36)
reduces to

A EE* X
H:{—C’*C _A*}on[x}. (13.44)
The corresponding algebraic Riccati equation is given by
A'Q+QA+QEE'Q+CC =0. (13.45)

In this case @ is a stabilizing solution if Q) is a solution to (13.45) and A+EE*Q is stable. Now
assume that A is stable. Then obviously, the pair {4, EE*} is stabilizable. By combining
Theorem 13.3.1 with Theorem 13.5.3, we obtain the equivalence of Parts (i), (i) and (44)
in the following result.

Corollary 13.5.4 Let T be the transfer function for the stable system {A, E,C,0}. Then
the following statements are equivalent.

(i) The algebraic Riccati equation in (18.45) admils a stabilizing solution Q.

(it) The Hamiltonian matriz H in (13.44) has no eigenvalues on the imaginary azis.
(iii) The H*® norm ||T), < 1.
In this case, the unique stabilizing solution @ is positive.

ProoF. To complete the proof it remains to show that the stabilizing solution @) is positive.
In fact, any self-adjoint solution to this algebraic Riccati equation is positive. Because A is
stable, the Lyapunov form of (13.45) implies that

Q= / e (C*C +QEE"Q) e do. (13.46)

This readily implies that @ is positive. [ ]
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13.6. THE RICCATI DIFFERENTIAL EQUATION 219

13.6 The Riccati differential equation

In this section, we present some useful properties of the Riccati differential equation as-
sociated with the algebraic Riccati equation in (13.1). This differential equation is given
by

P+A*P+PA+PRP+5=0 (13.47)

where P(t) is an operator on X.

13.6.1 A two point boundary value problem

Here we show that the solution of Riccati differential equation (13.47) with terminal condition
P(t;) = 0 is related to the solutions of two point boundary problems associated with the
Hamiltonian differential equation

x T
{;\]zg[/\} (13.48)
where z and A are in X’ and H is the Hamiltonian matrix associated with (13.47) as given
by
A R X
e[ 4 E]w 2] s

Specifically, we demonstrate the following result.

Lemma 13.6.1 The Riccati differential equation (13.47) with terminal condition P(t;) =0
has a solution for P on an interval [to, t1] if and only if for each t' in [to,t1) and each z¢ in
X, the Hamiltonian differential equation in (13.48) has a solution [z A]'" with

z(t)=xz0 and A1) =0. (13.50)

In this case,
Alt) = P(t)z(¢). (13.51)

ProOOF. Suppose first that the Riccati differential equation in (13.47) has a solution on an
interval [to,t;] with P(%) = 0. Consider any zg in X and any ¢ in [to,%;). Let z be the
solution to the initial value problem

i=(A+RP{t)z and z(t') =z

and let A(t) = P(t)z(t). Then A(t;) = 0 and £ = Az + R). Using the Riccati differential
equation (13.47), we obtain

A= Pz + Pi = Pz + PAz + PRPx = —A*Pz — St = —Sz — A*).
Thus, we have shown that

i = Az+ R)
A = —Sz—A*)
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220 CHAPTER 13. THE HAMILTONIAN MATRIX AND RICCATI EQUATIONS

which is equivalent to the Hamiltonian differential equation (13.48). Also, the boundary
conditions in (13.50) are satisfied.

Now suppose that for each ¢’ in [t, 1), and for each z in X, the Hamiltonian differential
equation in (13.48) has a solution for [z A]"" which satisfies the boundary conditions in (13.50).
Consider the following matrix partition of et

= [t e o [F] 1552)

Consider any t' in [tg, %), and any zo in X and let [z A]" be a solution of the Hamiltonian
differential equation in (13.48) which satisfies the boundary conditions in (13.50). Then,

q)ll(t‘tl)x(tl)
@21(t—t1)1’(t1) . (1353)

I

z(t)
A(t)

i

In particular, zo = ®11(¢' —t1)z(t1). Since zp can be any vector in &, it follows that the
operator ®q1(¢' —t;) is onto X. Because X is finite dimensional, ®11(t'—¢;) is invertible.
Noting that ®;1(¢; —t;) = I, we have shown that the operator ®q;(¢t'—t,) is invertible for all
¢’ in [to, t1]. Eliminating z(t;) from equations (13.53) yields A(¢) = P(t)z(t) where

P(t) = P (t—11) @11 (t—t1) "

for to < t < ¢;. We claim that P satisfies the Riccati differential equation in (13.47) with
P(t;) = 0. Since ®91(t1—t1) = 0, it follows that P(¢;) = 0. Because P satisfies

P(t)(pn(t“tl) — (I)gl(t—tl) = 0,
we can differentiate with respect to t to obtain
P(t)®1,(7) + P(t)®11(r) ~ In(7) =0 (13.54)

where 7 = t—t;. Obviously,
‘i’u (i>12 _ A R j| Q11 P2 }
Py Do -3 —A* Dy Dy |

éll = A®11 + R@Ql
Dy = —5P; — ATy .

In particular,

Substituting this into (13.54), it now follows that

P(t)@n(’r) -+ P(t)A(I)H (7') + P(t)R@Ql(T) -+ S@ll(T) + A*(I)Ql(T) = O .

Multiplying this equation by ®;;(7)~! on the right and recalling that P(¢) = ®o1(7)®11(7) 7},
yields _
P+PA+A"P+PRP4+S5=0.

This is precisely the Riccati differential equation in (13.47). ]
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Remark 13.6.1 The above proof shows that one can obtain a solution P to the Riccati
differential equation (13.47) by computing e”’* where H is the Hamiltonian matrix corre-
sponding to (13.47) and setting

P(t) = @y (t—t1)®n(t—t1) "} (13.55)

where ®;; and ®,, are as defined in the matrix partition of ef* in (13.52). Also, a solution
[z A]" to the two point boundary value problem defined by (13.48) and (13.50) is given by

x(t) = Qll(t—tl)(bu(t/—tl)_ll‘o
/\(t) = le(t—tl)Qu(t'-—tl)'lxo.

This solution is also given by

2 = (A+RP)x and z(t)=zx
A = Px.

13.6.2 Some properties

We now establish some fundamental properties for the solution P of the Riccati differential
equation with terminal condition P(%;) = 0. To this end, suppose that P is an operator
valued function defined on an interval [to,?;] where P(t) is a self-adjoint operator on X
We say the P is a decreasing function or is increasing backwards in time if P(t') > P(t")
whenever ) < t' < t" < ¢;. We have now the following result.

Lemma 13.6.2 Consider the Riccati differential equation (13.47) where R and S are op-
erators on a finite dimensional space with R self-adjoint and S positive. Suppose P is a
solution on [to, t1] to this differential equation with terminal condition P(t1) = 0. Then P(t)
is positive for each t in [to,t1] and P is a decreasing function. Moreover, if S = C*C and
{C, A} is observable, then P(t) is strictly positive for each t in [tg, t1].

PRrROOF. To see that P(t) is self-adjoint, take the adjoint of each term in the Riccati
differential equation (13.47) to obtain

P*+ A*P*+ P*A+ P*RP* +5=0.

Thus P* satisfies the Riccati differential equation (13.47) and P(#;)* = 0. Since the Riccati
differential equation is locally Lipschitz in P, the solution corresponding to P(¢;) = 0 is
unique. Hence, P(¢)* = P(t) and P(t) is self-adjoint.

To show that P is decreasing and P(t) is positive, rewrite the Riccati differential in
(13.47) as

P(t)+ A(t)*P(t) + P(t)A(t) + S =0, (13.56)

where A(t) = A + iRP(t). Let ®(t,0) be the state transition operator for A. Multiplying
the above Riccati equation on the left by ®(¢,;)* and on the right by ®(¢,¢,) yields

B(t, t1)* P(£)DB(t, t1) + B(t, t1)* A(t)* P()®(t, 1) + B(t, 1) P(H)A(t) (¢, t1)
+ B(t, 1) SB(t, ) =0,

Copyright © Marcel Dekker, Inc. All rights reserved.
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that is,
d /- - . -
= (cp(t, tl)*P(t)q)(t,tl)) +B(t, 41)"SP(t, 1) = 0.

Integrating from ¢’ to ¢; and using the terminal condition P(¢;) = 0 results in

t

—é(t’,tl)*P(t’)é(t’,tl)+/ B(t, 1) SB(t,t,) dt = 0.
i

'

Multiply the above equation on the right and left by d(ty,t') and D(ty, )" and use the
relationships ®(t,¢1)®(t1,t") = ®(¢t,¢') and ®(¢,t') = I to obtain that

P(t) = /t,h B(t, ') SP(t, ) dt . (13.57)

Since S is positive, this clearly shows that P(t') is positive.
To show that P is decreasing, differentiate the Riccati differential equation (13.47) to
obtain
P+ (A+RP)P+P(A+RP)=0.

It also follows from Riccati equation (13.47) and P(t;) = 0 that P(t;) = —S. From this one
can readily show that
P(t) = —@(tl,t)*S(D(tl, t)

where ®(t, ) is now the state transition operator for A + RP. Hence P(t) is negative for
tg <t < t;. It now follows that P is decreasing.

Suppose that S = C*C and the pair {C, A} is observable. We will show that P(¢') is
strictly positive for each ¢’ in [to, ;]. To this end, consider any ¢ in the interval [tg, ¢1] and
suppose v is any vector in the kernel of P(t'), that is, P(#)v = 0. It now follows from (13.57)

that

iy ty

0= (P(t)v,v) / (B(t,¢)"C OBt '), v) dt = / 1CB(, ¢ dt

t’ [
where ®(¢,0) is the state transition operator for A + $RP(t). Hence, Cd(t,t')v = 0 for all
tin [t ¢;]. In particular Cv = C®(¢,#)v = 0. Recalling the Riccati differential equation in
(13.47) with S = C*C, we now obtain that

P(thw+ P(f)Av =0. (13.58)

Hence,

(P(¢)v,v) = ~(P(t")Av,v) = —(Av, P(t)v) = 0.
Since P(t') is negative, we must have P(t')v = 0. It now follows from (13.58) that P(t)Av =
0. Thus Av is in the kernel of P(t'). Since Av is in the kernel of P(t), it follows from the
above analysis that CAv = 0. By induction we can show that CA*v = 0 for all integers
k > 0. This means that v is in the unobservable subspace for {C, A}. Since {C, A} is
observable, v must be zero. Hence the kernel of P(#') is zero. Because P(t') is positive and
its kernel is zero, P(t') must be strictly positive. n
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Remark 13.6.2 Suppose P is a solution on [tg, t1] to the Riccati differential equation (13.47)
with terminal condition P(¢;) = 0 and let Q(7) = P(t;—7) and 7y = t;—to. Then, Q(0) =0
and Q is a solution on [0, 7] to the following Riccati differential equation

Q=A"Q+ QA+ QRO+ S. (13.59)

Moreover, it follows from the preceding lemma that Q(7) is positive for each 7. Also,  is an
increasing function, that is, Q(7') < Q(r”) whenever 0 < 7/ < 7 < 74. Finally, if § = C*C
and {C, A} is observable, then Q(7) is strictly positive for each 7 in [0, 71].

We have now the following result.

Lemma 13.6.3 Suppose A, R and S are operators on a finite dimensional space X with R
self-adjoint and S positive. Then the following statements are equivalent.

(a) The algebraic Riccati equation (13.1) has a positive solution Q.

(b) The Riccati differential egquation (13.59) has o uniformly bounded solution Q@ on the
interval [0, 00) with Q(0) = 0.

In this case, the solution §) converges to a limit Q,, that is,

Qo = lim Q7). (13.60)
Moreover, the limit Q) is the minimal positive solution to the algebraic Riccati equation
(18.1), that is, if Q is any other positive solution to (13.1), then

Q0 £ Q. (13.61)
Finally, if S = C*C and {C, A} is observable, then Qs is strictly positive.

Proor. First suppose that the algebraic Riccati equation (13.1) has a positive solution Q.
We will demonstrate that the Riccati differential equation (13.59) has a uniformly bounded
solution £ on the interval [0, 00) with £(0) = 0. Clearly, this Riccati differential equation
is locally Lipschitz in Q). Hence, this differential equation has a unique solution over some
interval [0, 71) for 7 sufficiently close to 0. To verify that this solution can be extended over
the interval [0, 00), it is sufficient to show that over any interval [0, 71) on which {2 is defined,
there is a bound m such that ||2(7)|| < m for 0 < 7 < 7. So, suppose €2 is a solution to the
Riccati differential equation (13.59) on some interval [0,7;) and ©(0) = 0. It follows from
Remark 13.6.2 that Q(r) is positive. Consider any 7’ in [0, 71) and any z; in X" and let z be
the solution on [0, 7'] to

Z—i =—(A+ R(Q+Q)/2)z and () =z (13.62)

Then

(@ - 0)z,2) = (~02,2) + (@ = D, 2) + (Q ~ )z, 3) = (M)
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where
M = -Q+(Q-Q(A+RQ+9)/2)+ (A+RQ+9Q)/2'(2-Q)
= Q+QA+A'Q-QA-A"Q+ (- QRQ+Q)/2+(Q+ MR —Q)/2
= —QRO-S+QRQ+S+QRQ— QRQ
0.
Hence

-dd—T((Q—Q)Lz):O.

By integrating from 0 to 7/, it follows that
((Q = Q(r)z(r), z(r')) = (@ — 2(0))z(0), =(0)) .

Since @ is positive and (0) = 0 while z(7’) = z;, we obtain that

(@ = Q(r)z1, z1) = (Q=(0), =(0)) > 0.

Because the above holds for any z; in X', we must have Q(7') < @. Since Q(7') > 0, it now
follows that there is a constant m such that [|€2(7')|] < m. The bound m is independent of
7'. This implies that the solution can be continued on the interval [0, 00). Moreover, the
solution is uniformly bounded.

Now suppose that the Riccati differential equation (13.59) has a uniformly bounded solu-
tion 2 on the interval [0, c0) with Q(0) = 0. We will demonstrate that the algebraic Riccati
equation (13.1) has a positive solution. As a consequence of Remark 13.6.2, the solution
is an increasing function and Q(7) is positive. Recall that a uniformly bounded increasing
sequence of positive operators converges strongly to a positive operator; see Halmos [59].
Therefore, 2(7) converges to a positive operator {1, as 7 — 00, that is, lim, . Q(7) = Q.
Since (1) approaches a constant Q. as 7 tends to infinity, our intuition tells us that Q4 is
a constant solution to the Riccati differential equation (13.59). In other words, the positive
operator {2, is a solution to the algebraic Riccati equation (13.1). Our intuitive result can
be rigorously justified by using Lemma 12.7.4. Consider now any other positive solution ¢
to the algebraic Riccati equation (13.1). It follows from our analysis in the first part of the
proof that Q(7) < @ for all 7 > 0. Hence, Qs < Q. So, Qo is the minimal positive solution
to (13.1).

Suppose now that {C, A} is observable. Then, Remark 13.6.2 implies that §(7) is strictly
positive for all 7 > 0. Since Q is an increasing function, Q(7) < Q for all 7 > 0. Hence,
Q. is strictly positive. L

13.7 Notes

The presentation in this chapter concerning the Hamiltonian matrix and the algebraic Riccati
equation is standard; see Francis [44], Kailath [68] and Zhou-Doyle-Glover [131]. The idea
of using the Schur decomposition on the Hamiltonian matrix to solve the algebraic Riccati
equation is due to Laub [79]. For some numerical procedures to solve the algebraic Riccati
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13.7. NOTES 225

equation see Arnold-Laub [3] and Van Dooren [121]. The derivation of the Riccati differential
equation from the state transition matrix for the Hamiltonian is classical; see Kalman {70}
and Kwakernaak-Sivan [77].
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Chapter 14

H> Analysis

In this chapter we use an optimization problem to determine whether or not the norm of an
input output operator T is bounded by a specified constant . As in the linear quadratic
regulator problem, this optimization problem leads to a Riccati differential equation. It is
shown that |T|| < « if and only if there exists a solution to a certain Riccati differential
equation.

14.1 A disturbance attenuation problem

Consider the state space system,
&= Az + Ew and z=Cz, (14.1)

where A is an operator on X, while £ maps W into X and C is an operator mapping
X into Z. The spaces X, W, and Z are finite dimensional. In this setting, w is viewed
as a disturbance input acting on the system while 2 is an output which reflects the system
performance. In this section, we consider the disturbance attenuation properties of the above
system over some time interval [to, ¢1] with £5 < ¢;. To this end, consider the system in (14.1)
with zero initial state, that is, z(tp) = 0. Given a specified scalar ~, we wish to determine
whether or not “ "
/ ll2(o))1? do < 72/ lw(o)|* do (14.2)
to to
for every disturbance input w. Roughly speaking, the scalar 7 is a measure of the ability of
the system to mitigate the effect of the disturbance w on the output z.
For an operator interpretation of the above condition, let T' be the input output operator
from L?%([te, 1}, W) into L2([te, t1], Z) defined by

t
(Tw)(t) = / CeAlt=") Bw(7)dr. (14.3)

to
Then z = Tw. Since (14.2) can be restated as ||z||2 < 7?||lw))?, it follows that (14.2) holds if
and only if the norm of 7 is less than or equal to 7. In general, computing the norm of an
infinite rank operator is not computationally tractable. In Section 14.2 we will demonstrate

how to use Riccati differential equations to determine the norm of 7'

227
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228 CHAPTER 14. H>™ ANALYSIS

Our approach to the above disturbance attenuation problem is based on the following
quadratic optimization problem:

For each initial state o in X, find the optimal cost §(xq) in the optimization problem:

t1
&{(zo) = sup {/ (I(@)? = 2llw(o)?) do :w € L* ([to, t1], W)}
to
subject to t= Az + Fw and z = Cz and z(to) = 2o.- (14.4)

In addition, when a mazrimum exists, find an optimal input Wb which achieves this mazimum,
that is,

5(z0) = / @I = 2l do (145)

Q
where the optimal state & and output 3 are given by z = AZ+FEw and 3 = C& with 2(to) = zo.

In general the supremum 6(zo) in this optimization problem may be infinite. However,
when ||T]| < v, we show that the supremum is finite and the solution to this optimization
problem is similar to the solution of the linear quadratic regular problem.

So, suppose that ||T'|| < . Consider the system in (14.1) with initial condition z(tg) = zg
and let C, be the observability operator from X" into L?([te, t1], £) defined by

(Cor)(t) = Cetli=t)g (x€X and tr<t < ty). (14.6)

Recall that C, is one to one if and only if the pair {C, A} is observable. Then the output z
is given by
z2=Coxo+Tw. (14.7)

We now show that for each initial state zo, there exists a finite scalar a(z¢) such that for
every disturbance input w,

/1 (o))" do < 72/ o) do + aeo) (14.8)

to to

or, equivalently, [|z[|? < v%||w]||2 + a{xo) . To see this, first observe that

l2l? = ”Tw][2 + 2R(Tw, Cozo) + ||C,,zg[|2
< N Tw|® + 2| Tw| | Cozoll + |Cozol)?-

Now recall that for any real numbers a and b, one has 2ab < a® +b*. So, for any scalar € > 0,
we obtain 2||Tw||||Cozoll < €||Tw|)? + € H|Coxo||?. Hence,

I217 < L+ TP lwl® + (L + € )| Comol|*-
Choosing € = v?/||T||* — 1, yields
127 < P*llwl® + [ Cozolf® /(¥ ~ IT]%) . (14.9)

Therefore, the desired result in (14.8) holds with a(zo) = 2| C,oz0)|?/ (v — |T|%).
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14.2. A RICCATI EQUATION 229

Now consider the problem of finding the smallest a(zo) for which (14.8) holds for all w.
Notice that (14.8) holds for every input w if and only if

ty
eI = Pluto)IP) do < afao)
0

holds for every w in L?([to, 1], W). Hence, it follows that the smallest a(xo) is given by the
solution to the quadratic optimization problem in (14.4).

Remark 14.1.1 Let T be the operator from L?({ty,#;], W) into L*([tq,t1], Z) defined in
(14.3) and set z = C,zo + Tw where C, is the observability operator defined in (14.6). If
|7l < 7, then the above discussion shows that

31

8(zo) = Sug/ (I=(@)1? = 2*|w(@)]1?) do < Y| Comol*/(+* = I TN (14.10)
we to

In particular, if ||T}| < v, then §(zo) is finite for all initial states zo in X' and the optimization

problem in (14.4) has a finite supremum.

14.2 A Riccati equation

Following our approach to the linear quadratic regulator problem, we seek a solution to
the optimization problem in (14.4) using a Riccati differential equation. Notice that the
integrand in this optimization problem is of the form ||z||? + (Rw,w) with R = —v%]. By
setting R = —y?I and B = FE in the Riccati differential equation (12.12) used to solve the
weighted linear quadratic regulator problem, we obtain

P+A'P+PA+~2PEE'P+C*C=0  (with P(t;) =0). (14.11)

QOur first result states that the optimization problem in (14.4) has a finite supremum for
every initial state xo if and only if the associated Riccati differential equation in (14.11) has
a solution for P on the interval [tp,#;]. In this case, there exists a unique optimal input
in L%([to,t1], W) which achieves the supremum, that is,

§(zo) = /t 1(Ilé(a)”2 — 72| w(e)||?) do (14.12)

where the optimal output is given by 7 = C'# while the optimal state £ satisfies £ = Az + Ew
with £(o) = zo. Before obtaining this result we need the following observations.

Remark 14.2.1 For any time interval [a,b] and any initial state zo, let p(zo,a,b) be the
optimal cost given by

p(Zo,,b) = sup {/ Izl = V*llw(e)?ll) do : w € L? ([to,tl],W)}

subject to & =Azx+ Ew and 2z = Cz and z(tp) = z¢. (14.13)
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230 CHAPTER 14. H* ANALYSIS

Obviously, 6(xq) = p(xo, t1,2). We first claim that if a < b < ¢, then p(zo, a,b) < p(z0,a,c).
To see this, consider any w € L*([a, b], W) and let @ € L*([a, ], W) be defined by

o Jw@) for a<t<h
w(t)—{ 0 for b<t<e.

Then,

C

b
/ (2P =2 [w(a)?]) do < / (Iz(@)* = +*l0(0)?])) do < p(zo,a,c)-
Since the above holds for any w € L*([a, 4], W), it follows that p{zo, a,b) < p(zo,a,c).

We now claim that if @ < b < ¢, then p(xg,b,¢) < p(zo,a,c). First note that due to the
time invariant nature of the optimization problem, it should be clear that p(zg, b+d, c+d) =
p(xo, b, ) for any real number d. The desired result now follows from

p(‘r07b7c) = p(xﬂvaac + a_b) < p(x(]vaHC) .

Theorem 14.2.1 The optimal cost §(zo) for the optimization problem in (14.4) is finite for
every initial state zq in X if and only if the Riccati differential equation in (14.11) has a
solution P on the interval [to, t1]. In this case, In this case, the optimal cost is given by

d(za) = (P(to)zo, o) (14.14)
and is uniquely attained by the optimal input
W(t) = v 2E*P(t)2(t) (14.15)
where the optimal state trajectory & is uniquely determined by
= (A+~2EE*P(t)2  with  #(t) = xo. (14.16)

PROOF. Assume that the Riccati differential equation in (14.11) has a solution P over
the interval [fo,t1]. Then we claim that the supremum in the optimization problem (14.4)
is attained and is given by d(zo) = (P(fo)xo,Zo). Moreover, this supremum is uniquely
determined by the optimal disturbance 1 = v 2E*Pi where the optimal state 2 is given in
(14.16). To see this we first note that P(t) is positive; see Lemma 13.6.2. This lemma also
states that P is increasing backwards in time, that is, if ' < ¢’ then P(¢') > P(t"). We now
apply the completion of squares technique and use the Riccati differential equation. Using
(14.11) along with & = Az + Ew, we obtain

%(Pr,a:) = (Px,r) + (Pz,z) + (Pz, 1)

= (Pz,z) + (PAz, )+ (PEw,z) + (Pz, Az) + (Pz, Ew)

((P+ PA+ A*P)x,z) + (w, E*Pz) + (E* Pz, w)

—liCz||* = 4 ¥ E"Px||* + (w, B*Pa) + (E" Pz, w)

= =2l +?lwl® = v E*Pr =y (14.17)

If
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14.2. A RICCATI EQUATION 231

By integrating from #o to #; and using the facts that P(#;) = 0, and (%) = zo, we have

t1

[ (1) = w(@)|) do = (P(to)zo,z0) - / Iy E" P(0)2(0) - yu(o)|P do

to

(14.18)
This readily implies that
/t " (I1260) 2 = 2lw(0)|?) do < (Plto)o, ) (14.19)

for every input w. Moreover, we have equality if and only if the integrand of the second inte-
gral in (14.18) is identically zero, that is, w(t) = y"2E*P(t)z(t). Therefore, 1 = y~2E*Pi is
the unique optimal input where the optimal state 7 is defined by (14.16). Hence, a maximum
exists in the optimization problem (14.4) and is given by §(zo) = (P(to)Z0, Zo)-

On the other hand, if §(z,) is finite for every initial state #o in &, then we claim that the
Riccati differential equation in (14.11) has a unique solution P defined on the interval [to, t1].
To verify this, first notice that this Riccati equation is locally Lipschitz in P. Hence, this
differential equation has a unique solution over some interval (t;,¢1] for o sufficiently close
to t1. To verify that this solution can be extended over the interval [to,t], it is sufficient
to show that over any interval (tg,t;] on which P is defined and t; < #5, there is a bound
M such that ||P(t)|| £ M for to < ¢t < ¢;. Consider any ¢ in the interval (¢,]. Then P is
defined on the interval [¢,;]. Recalling the analysis in the first part of the proof and Remark
14.2.1, it follows that P(t) is positive and for each zq in X,

(P(t).’l?o, .’Eo) = p(CL‘(),t, tl) S p(:vo, to, tl) = 5(1!0) . (1420)

Let {1;}} be an orthonormal basis for the state space X. Since P(t) is positive,

n

IP(£)]| < trace P(t) = > (P(t)y;,%;) sZ () =M <.

=1

So, there exists a bound M such that |P(¢)]| < M for t» < t < t;. Therefore, the Riccati
differential equation in (14.11) has a unique solution P defined on the interval [to,t;] . M
Using Theorem 14.2.1 we can now obtain the following result.

Theorem 14.2.2 Let {A, E,C} be the linear system in (14.1) and T the corresponding
input output operator from L%([to, 1], W) into L*([to, 1), Z) defined in (14.8). Let §(zo) be
the optimal cost for the optimization problem in (1{.4). Then the following statements are
equivalent.

(i) The norm ||T| < 7.
(it) The Riccati differential equation in (14.11) has a solution P on the interval [to, 1].
(1ii) The optimal cost 8(xo) is finite for all initial states 7y in X.

In this case, the supremum is attained and is given by §(xo) = (P(to)xo, To)-
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ProoF. According to Theorem 14.2.1, Parts (ii) and (iit) are equivalent. If |T'|| < v, then
equation (14.10) in Remark 14.1.1 shows that §(z) is finite for all z¢ in X'. Hence, Part ()
implies Parts (i) and (i%).

Now we show that (7¢) implies (z). Recall that if a differential equation ¢ = f(q,n) has
a solution on an interval [#g,¢;] where f is a continuous function and 7 is a parameter, then
¢ = f(g,n — €) also has a solution on the interval [to, #;] for all € sufficiently small; see [28].
Now assume that the Riccati differential equation in (14.11) has a solution on [to, #1]. Then
this Riccati differential equation also has a solution on the interval [tg, t1] when ~ is replaced
by v—e for some € > 0. Theorem 14.2.1 now shows that the supremum §(zo) in (14.4) is
finite when - is replaced by v — €; using z = C,x¢ + Tw we obtain

S\elg{llcoxo +Twl? = (v — |||’} = §(z0) < 00.

Considering x¢ = 0 results in

S‘JB{HTWH2 = (v = &)*llwll*} = 8(0) < co;

we,

hence, for all w, we have || Tw||? < (v —¢€)*|w||* +6(0). Consider any integer n and replace
w by nw in the above expression to obtain

ITwl® < (v = €)*llwl* +8(0)/n*. (14.21)

Since (14.21) holds for every integer n, we must have ||[Tw|? < (v — €)?||w||. Because this
holds for all w we obtain that ||T]| <y —e < 7.
|
The following consequence of the previous theorem provides a method to compute the
norm of the infinite dimensional operator T

Corollary 14.2.3 Let T be the operator from L*([to, t1]), W) into L*([to, t1], Z) defined in
(14.8). Then |T'|| is the infimum of the set of all positive numbers v such that the Riccati
differential equation in (14.11) has a solution on the interval [to, t1].

Example 14.2.1 (Simple integrator) Consider the classical problem of computing the
norm of the integrator operator T on L2[0, 1] defined by

(Tw)(t) = / wir) dr;

see Problem 188 in Halmos [59]. This operator is the input output operator associated with
the system & = w and z = x where t; = 0 and ¢t; = 1. Let us use Corollary 14.2.3 to compute
the norm of T. For any 7 > 0, the corresponding Riccati differential equation is given by

P+~72Pt 4+ 1=0.

With the terminal condition P(t;) = 0, the solution to this differential equation is given by
P(t) = ytan(y~1(1 — t)) for 1 — yn/2 < t < 1. Note that this solution cannot be continued
beyond t < 1 — y7/2. Hence, in order for the solution to be defined on the interval [0, 1],
it is necessary and sufficient that v > 2/#. According to Corollary 14.2.3, the norm of the
operator T'is 2/7.
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14.2. A RICCATI EQUATION 233

Remark 14.2.2 Assume that the supremum §{xo) in (14.4) is finite for all zp in X, or
equivalently, the Riccati differential equation in (14.11) has a solution on the interval [to, £1].
If the pair {C, A} is observable, then P(t) is strictly positive for all to < ¢ < ;. This follows
from Lemma 13.6.2. We can also demonstrate this as follows. Consider any ¢ in the interval
[to,t1) and let z(t) = zp and w = 0. Then 2(¢) = Ce*®~9z; and replacing to with ¢ in
(14.18), we obtain that

t1
(P(t)zo, zo) 2/ ICeAC=Dz0 12 dor .
i
Because {C, A} is observable, [ [CeA"~9z]>do > 0 for all nonzero zo. Therefore, the

operator P(t) is strictly positive.

Remark 14.2.3 It is emphasized that one must integrate the Riccati differential equation
in (14.11) backwards in time to find P(t). However, one can easily convert this equation to a
Riccati differential equation moving forward in time. To see this let Q(7) = P(¢t1—7). Then
equation (14.11) gives

Q= A0+ QA+ 2QEE*Q+C*C (20)=0). (14.22)

Therefore, one can obtain P by solving forward in time for Q in the Riccati differential
equation (14.22). Then P(t) = Q(t;—t).

Notice that, due to the time invariant nature of the system under consideration, it follows
from (14.20) and (14.13) that

t1-t

(P(t)xa, To) = sup {/ (l2(@)I? = P?|lw(o)]|?) do - w € L*([0, tl—t],W)}
0

subject to &= Az+ Ew and z = Cz and z(0) = ;.

Hence,
(Ur)o, 20) = sup { J Qe = o)) dos w e L?([o,tl—t],m}

subject to & = Az + Fw and 2 = Cz and z(0) = . (14.23)

Notice that one can also express the solution 2 to the Riccati differential equation in
(14.22) as the solution to the following integral equation

Qr) = / er" 7= (C*C + v Qo) EE*Q(0)) e dor . (14.24)
0

An application of Leibnitz’s rule shows that Q in (14.24) is indeed a solution to the Riccati
differential equation in (14.22). If the pair {C, A} is observable, then ((7) is strictly positive
for all 7 > 0 where €(7) is defined. Equation (14.24) shows that

Q(r) > / eV CeA = 4o > 0.
0
The last equality follows because the pair {C, A} is observable. Therefore, () is strictly

positive. Since P(t) = Q(#;—t), this also shows that P(t) is strictly positive for all ty < t < t;
when {C, A} is observable.
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14.3 An abstract optimization problem

In this section we introduce an optimization problem which plays a fundamental role in an
operator development of the Riccati differential equation in (14.11). To this end, let J be
a self-adjoint operator on a Hilbert space K while h and & are fixed vectors in K. Consider
the following optimization problem:

Bre = sup {1h]* + 2R(p, &) — (Jp,p) s € K} . (14.25)

If J is not positive, then Gy, is infinite. To see this, suppose that J is not positive. Then
there exists a vector ¢ in K such that (Jy, ¢) < 0. Considering any integer n > 0, we obtain

B 2 1Bl + 2R(np, €) = (Jng, ne) = [|]|* + 2nR(p, €) — n*(Jp, ¢).
Since (Jo, @) < 0, it follows that ||h]|? +2nR(p, &) —n?(Jp, ¢) approaches infinity as n tends

to infinity. Hence, 8y = co. The following result yields a solution to the above optimization
problem when J is strictly positive.

Lemma 14.3.1 Let J be a strictly positive operator on a Hilbert space K while h and € are
fized vectors in K. Then the optimization problem in (14.25) has a finite supremum

Bhe = [I0I* + (J71€,€) (14.26)
and this supremum is uniquely attained by the optimal vector ¢ = J €.

PrOOF. The proof is based on the following completion of squares:

IB* + 2R(Jp, J'€) — (Jo, ¥)
[B]1% + (J72€,€) = (J(p=Jd ), p—J71€). (14.27)

812+ 2R(0,€) ~ (Jo, )

Since J is strictly positive, it follows that (J{¢ — J 1), ¢ — J 7€) > 0. Moreover, this term
is zero if and only if ¢ — J~1€ = 0, or equivalently, ¢ = J~1£. Therefore, (14.27) shows that
the supremum in (14.25) is finitely given by ||h||®> + (J &, £) and it is uniquely attained by
the optimal vector ¢ = J~I€. [ ]

For completeness we include the following result when J is positive. However, this result
is not used to solve any control problems in this monograph and can be proven using the
Riesz Representation Theorem.

Theorem 14.3.2 Let J be a positive operator on K and let b and £ be fized vectors in K.
Let M be any operator from K into M satisfying J = M*M. Then the supremum Py defined
in (14.25) is finite if and only if € is in the range of M*. In this case,

Bue = R+ IW]? (€= Mv and v € (ker M*)Y) (14.28)

where v is the unigue vector in the closure of the range of M satisfying & = M*v.
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14.4 An operator disturbance attenuation problem

In this section, we present and solve an operator version of the optimization problem in
(14.4). To this end, let T be an operator mapping a Hilbert space K into a Hilbert space H
and h a vector in H. The following optimization problem is a generalization of (14.4). For
a specified ¥ > 0, find 3(h) such that

B(R) = sup{||h + Tw|*> = ¥*||lw|)® : w € K}. (14.29)

An optimal vector 4 is a vector in X such that (k) = ||k + Tw||* — v2)jd|%. Clearly,
B(h) > 0. Equation (14.7), along with h = C,z and K = L%([to, 1], W), readily shows that
(14.4) is a special case of the optimization problem in (14.29).

We say that the norm of T is bounded by v if ||T|| < . The norm of T is strictly bounded
by v if ||T|| < . Clearly, the norm of T is bounded by v if and only if 21 — T*T is positive.
Moreover, the norm of T is strictly bounded by - if and only if ¥2I — T*T is strictly positive,
or equivalently, ¥2I — T*T is positive and invertible.

For any w in K, we obtain

Ih+Tw|® = [lwl* = [l +2R(Tw, k) + | Tw|® - ¥*|lw|*

= ||k + 2R(w, T*h) - (v* - T*T)w,w).  (14.30)

Thus, the optimization problem in (14.29) is equivalent to the following optimization problem
B(h) = sup{||k||> + 2R(w, T*h) — ((¥*I — T*T)w,w) : w € K}. (14.31)

This is precisely the optimization problem in (14.25) where £ = T*h and J = v2[ — T*T.
Recall that B, = oo when J is not positive. Obviously, ¥ —T*T is not positive if and only
i [T > . So, if ||T|| > v, then B(h) = co. The following result solves the optimization
problem in (14.29) when the norm of T is strictly bounded by ~.

Theorem 14.4.1 Let T be an operator mapping K into H whose norm is strictly bounded
by v and let h be a vector in H. Then the supremum in (14.29) is attained and is given by

B(h) =" ("I = TT*)*h,h) . (14.32)
Furthermore, optimal vector w in K which attains this supremum is unique and is given by
W= =TT)'T*h = T*(v*I ~ TT*)"'h. (14.33)

PROOF. Since the norm of T is strictly bounded by -y, the operator J = v2I —T*T is strictly
positive. Because the optimization problems in (14.29) and (14.31) are equivalent, Lemma
14.3.1 with & = T*h, shows that

B(R) = Bre = |BIP* + (T = T*T) TR, Th). (14.34)

Using R(vy*I — NR)™! = (v — RN)™'R where R and N are operators acting between the
appropriate spaces, we obtain

I+ TH -1 T

If

I+ (PI=TT)'TT* = (VI - TT*) (VI - TT* + T*T)
Y - TTH .
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Employing this identity in (14.34), yields the expression for §(h) in (14.32). Finally, Lemma

14.3.1 with J = %] — T*T, shows that the supremum in (14.29) is uniquely attained by the

vector @ = J~IE = (y2] — T*T)'T*h. Therefore, (14.33) holds. [ |
The following result is a generalization of the bound (14.10) in Remark 14.1.1.

Corollary 14.4.2 Let T be an operator mapping K into H whose norm is strictly bounded
by v and let h be in M. Then the supremum in (14.29) satisfies B(h) < v2||h|1*/(v2 = ||T||?).

PrOOF. Clearly, (v* — |T)*)I < v*I = T'T*. If N and R are two strictly positive operators
satisfying N < R, then R™! < N7!; see Lemma 14.4.3 below. Hence,

(YI-TTH < (¥ - ||TI))7.

The corollary now follows from (14.32). [ |
If T is the operator from L?([to, 1], W) into L*([to, %1}, Z) defined in (14.3) and h = C,z,
then Corollary 14.4.2 readily yields the bound in (14.10).

Remark 14.4.1 Let T be an operator mapping K into H whose norm is strictly bounded by
v and let & be a vector in H. Consider the affine map from K into H defined by z = h+Tw.
Here z can be viewed as an output. Then the optimization problem in (14.29) is equivalent
to

B(k) = sup{ll2l* —*llwl? : w € K} (14.35)

If w is the optimal input, then the corresponding optimal output 2 = h + T depends only
on h in H. In this case the optimal input w is given by the “feedback” formula @ = y~2T"3.
To see this, notice that (14.33) readily gives (v — T*T)& = T*h. This implies that
Y2 = T*(h + T®) . Using 2 = h + T4, we obtain 42w = T2, which proves our claim.

Lemma 14.4.3 Let N and R be two strictly positive operators on H. If N < R, then
R'< N-L

PROOF. For all f in H, we have

INV2FIP = (N £, f) < (RS, f) < | RY2£ 2.

By replacing f with R~1/2g, we see that N'/2R~1/2 is a contraction. (Recall that an operator
M is a contraction if |M] < 1.) So, its adjoint R~Y2N'2 is also contractive. Thus,
|[R-Y2NV2f)| < |Ifll. Now replacing f by N=Y2h, we see that |[R™V2h|2 < ||[N~Y/2p|]2.
This implies that R~! < N~! and completes the proof. ]

14.5 The disturbance attenuation problem revisited

Now let us return to the original optimization problem posed in (14.4). Recall that we
obtained a solution to this problem using the Riccati differential equation in (14.11). In
this section we use operator techniques to provide some further insight into the origins of
this Riccati differential equation. As in the linear quadratic regulator problem, operator
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14.5. THE DISTURBANCE ATTENUATION PROBLEM REVISITED 237

techniques naturally yield a two point boundary value problem which in turn leads to the
Riccati differential equation. To be more specific, recall that

T=Arz+Fw and 2=Cr (14.36)

where A is an operator on X', while F maps W into X and C is an operator mapping X into
Z. The spaces X, W, and 2 are all finite dimensional. In this setting T is the input output
map from L2([ty, 1], W) into L%([to, t1], Z) defined by

(Tw)(t) = tCeA“‘”Ew(T)dT (w € L2([to, t1], W)) . (14.37)

to
Recall that C, is the observability operator from X into L?([to, 1}, Z) defined by

(Coz)(t) = CeAlt )y (z e X). (14.38)
Clearly, the optimization problem in (14.4) is a special case of the general problem in (14.29)

with h = C,zy. By consulting Theorem 14.4.1 and Remark 14.4.1, we readily obtain the
following result.

Theorem 14.5.1 Consider the optimization problem in (14.4). Let T be the input output
operator defined in (14.37) and let C, be the observability operator defined in (14.88). If
Tl < v, then the supremum is attained in (14.4) and is given by
8(z0) = 7* ((v*I — TT™) ™' Coito, Cotto) - (14.39)
Moreover, the optimal input which attains this supremum is unique and is given by
W= (VI - T*T)"'T*C,a,. (14.40)
Finally, the optimal input & must satisfy
W= y"2T*3 (14.41)

where the corresponding optimal output Z is given by 2 = Cyxp + TWw, that is,

St
|

Az + Elb with .’f:(to) = Xg
Ci (14.42)

N>
|

and I is the optimal state trajectory.

14.5.1 The adjoint system

Now let us use Theorem 14.5.1 to obtain the two point boundary value problem associated
with the optimization problem in (14.4). Our approach involves the adjoint system corre-
sponding to the system {A, E,C}. As before, let T be the operator from L?([to, 1], W) into
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L*([to, t1], Z) defined in (14.37). Then a simple calculation shows that its adjoint T* is the
operator from L*([to, 1], Z) into L*([to, 1], W) defined by

(T*9)(t) = /t " Ere MU g(rydr (g€ L¥([to, ta], B). (14.43)

In fact, this formula for T* follows from (12.27) and (12.28) with G(¢) = Ce*'E. To obtain
a state space realization of the adjoint map T, let A be the function defined by

ty
) = / A= (1) dr
t

Using Leibnitz’s rule, we obtain A = —A*A — C*g which yields the following state space
representation of v = T*g:

A= —A'A-C'g with At)=0
v o= E*X. (14.44)

To obtain v for a specified g, one must integrate the above differential equation backward in
time from ¢;. Finally, we call A the adjoint state.

Now let us use the adjoint system to characterize the solution of the optimization problem
in (14.4). Suppose that ||T|| < . Then the supremum is attained in (14.4) for every initial
state zg in X'. According to Theorem 14.5.1, the optimal input @ which achieves this
supremum must satisfy @ = y~2T*2 where 2 is the corresponding optimal output trajectory;
see (14.42). Since (14.44) is the state space realization for v = T*g, the state space realization
for the optimal input @ = y~27™2 is given by

A= —A*A=C*3  with  At) =0
W = y2E'\.
Combining these equations with (14.42), we see that the optimal input is given by
W=y E*A (14.45)
where [£ A" solves the following two point boundary value problem:

& = Af+~2EE*A  with  #(t) =20
A\ = —C'Ci— A"\ with  A(t) =0. (14.46)

Summing up the previous analysis we obtain the following result. If ||T}] < -y, then the
corresponding two point boundary value problem in (14.46) has a solution for every zg in X.
Furthermore, the supremum is obtained in the optimization problem (14.4) for every initial
state zy and the optimal input @ which achieves this supremum is given by @ = vy 2E*\.

We now claim that, if |T|| < -y, then for every zo in & and for every ¢’ in the interval
[to,%1), the two point boundary value problem:

i = A+~ EE*M  with  2(t) =
A= —C*Ci— A*X with  A(H) =0 (14.47)
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has a solution [# A", To see this, let T’ be the operator from L2([t’, ¢;], W) into L([t’, ], Z)
defined by

(T'w)(t) = /t’t CeA) Ew(r) dr. (w e L[t i}, W). (14.48)

We claim that |T’]] < ||T), and thus, |7’} < 7. To see this consider any input w in
L2([t', t,], W) and extend it to an input @ in L2([to, 1], W) by setting w(t) = 0for tp < t < t'.
Then

17wl = |T@| <T@ = T lw].
This implies that || 7’| < |T|| < v. By using ||T’|| < 7 in our previous analysis with t’
and T replacing to and T, respectively, we see that the two point boundary value problem
(14.47) has a solution for every zo in X and for every ¢’ in the interval [to,#1).

14.5.2 The Riccati equation

As before, assume that the norm of the operator T from L2([to,t:1], W) into L*([to,t], Z)
defined in (14.37) is strictly bounded by ~. Theorem 14.2.2 shows that the Riccati equation
in (14.11) has a solution P on the interval {to, t;]. Here we provide an independent derivation
of this result. We will see that the Riccati differential equation arises naturally in the solution
of the two point boundary value problem in (14.46). In particular, the solution [& A]™ to
this two point boundary value problem satisfies A(t) = P(t)%(t). We also obtain an explicit
formula for P in terms of the elements of the state transition matrix associated with this
two point boundary problem.

To this end, we introduce the Hamiltonian matriz associated with the optimization prob-

lem in (14.4):
e H=| A 17EE ¥ (14.49)
= —C*C —A* on X . .

Notice that H is simply the state space matrix for the system in (14.46). Since ||T|| < 7, it
follows from the previous section that the two point boundary value problem in (14.47) has a
solution [£ A]"" for every o in X and ¢’ in (¢, ¢;). Hence, using Lemma 13.6.1, it follows that
the Riccati differential equation in (14.11) has a solution P on the interval [to, t1]. Moreover,
it follows from Remark 13.6.1 that

At) = P(t)3(t) and P(t) = &g (t—1t,)P11(t—t1) ™" (14.50)
where ®;; and ®,; are obtained from the following matrix partition of e”*:

et = [ gzigg ggg” on [;] . (14.51)

So, one can obtain P by using either P(t) = ®q;(t — £;)®1:(¢ — ;)~! or solving the Riccati
differential equation in (14.11).
Combining the results in this section with Theorem 14.2.2 gives the following result.

Theorem 14.5.2 Let T be the operator from L2([to,t1], W) into L?([to, 1], Z) defined in
(14.87). Let 6(xo) be the supremum for the optimization problem in (14.4). Then the fol-
lowing statements are equivalent.
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(i) The supremum §(zq) is finite for every zo € X.
(i1) The supremum 8(xo) is uniquely attained for every zo € X.
(i1i) The Riccati differential equation in (14.11) has a solution on the interval [to, t1].

() The two point boundary value problem in (14.47) has a solution for every zo in X and
t' in the interval [to, ).

(v) The norm of the operator T is strictly bounded by .

Remark 14.5.1 As before, let T be the operator from L2([te, 1], W) into L2([t, 1], Z)
defined in (14.37) and assume that ||T|| < v. Then Theorems 14.2.1 and 14.5.1 give

P(to) = V'Cy(4*I - TT")'C, . (14.52)

Recall that the pair {C, A} is observable if and only if the operator C, is one to one. Hence,
equation (14.52) shows that the pair {C, A} is observable if and only if P(tp) is strictly
positive. Recall that if T’ is the operator from L2([t’,#,], W) into L2([t’,t1], Z) defined in
(14.48) where tq < t' < t3, then |T'|| € |T|| < . So, by replacing T with T’ and t; by
t’, we see that P(t'} is strictly positive for any tq < t’ < ¢; if and only if the pair {C, A}
is observable. In particular, P(t) is strictly positive for any ¢, < t < #; if and only if P(t)
is strictly positive for all to < t < t;. Likewise (7) = P(¢; —7) is strictly positive for any
0 < 7 <t;—tp if and only if Q(r) is strictly positive for all 0 < 7 < t; —1o.

Remark 14.5.2 One might conjecture that the optimization problem in (14.4) has a solu-
tion for every o if the two point boundary value problem in (14.46) has a solution for every
zp on the interval [to,t;]. However, this is false as the following example illustrates. Recall
the simple integrator system (¢ = w and z = z) in Example 14.2.1 defined on the interval
[0,1]. As expected, ¢, = 0 and #; = 1. We have already shown that the corresponding
optimization problem has a solution for every zg if and only if v > 2/7. The Hamiltonian
matrix assoclated with this system is given by
0 2
H = [ o ] |

It is easy to verify that
it | cos(7t)  yTisin(v7h)
T —ysin(v7)  cos(y7it)
By consulting (13.53), it follows that [# A]'™ is a solution of the corresponding two point
boundary value problem over the interval [0, 1] if and only if

#(t) = cos(y7L(t — 1))2(1) and A(t) = —ysin(y "}t — 1))2(1) (14.53)

and z(0) = xo. So, this two point boundary value problem has a solution if and only if there
exists a scalar £(1) such that zo = cos(y~!}2(1). In other words, for this two point boundary
value problem to have a solution for every o, it is necessary and sufficient that cos(y™!) be
nonzero. In this case, the solution is uniquely given by (14.53) with (1) = cos(y~")™'a.
So, if ¥ = 1/27, then cos(y™!) is nonzero and this two point boundary value problem has
a solution for every zq. Since ||T|| = 2/, it follows that the corresponding optimization
problem with v > 1/27 does not have a solution.
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14.6 A spectral factorization

In this section we obtain a finite time outer spectral factor for the operator v2I ~T*T. Recall
that © is a finite time outer spectral factor for a strictly positive operator Z if = = 8*©
where O is a causal invertible operator with a causal inverse. Let T be the causal operator
from L?([to, t1), W) into L2([to, t1], Z) defined in (14.3). Assume that the Riccati differential
equation in {14.11) has a solution on the interval [to, t1], or equivalently, |T|| < . In this
case, we will obtain a finite time outer spectral factor © for 421 — T*T. To begin, let L be
the linear operator on L2([to, 1], X) defined by

(L)) = / A (1) dr (f € L¥({to, 1], ). (14.54)

to

Notice that ¢ = Lf, for some f in L%([tp, 1], X), if and only if g satisfies the following
differential equation
g=Ag+f with  g(t) =0. (14.55)

It should also be clear that T = CLE.

Theorem 14.6.1 Let T be the causal operator from L2([to, t1], W) into L([te, 1], Z) defined
in (14.8) and assume that the Riccati differential equation in (14.11) has a solution on the
interval [to,t1]. Let © be the causal operator on L%([tg,t1], W) defined by

6=+ -y 'E*PLE. (14.56)
Then © has a causal inverse and v*I — T*T = ©*@. In particular, |T| < .

PROOF. The adjoint L* of L is the operator on L%([to, ], X') defined by

o= [ ¥ oryar @€ Lt X)) (1457

By applying Leibnitz’s rule to (14.57), it follows that & = L*¢ for some ¢ in L%([ts,t,], X)
if and only if £ is the unique solution to the following differential equation

£=—A%—¢ with £(t)=0. (14.58)

Consider now any differentiable function g in L%([to, 1], X). Using the Riccati differential
equation in (14.11), we have

% (Pg) = —A*(Pg) - C*Cg — v 2PEE*Pg+ Pg - PAg.
Since P(t1)g(t1) = 0, it now follows from the characterization of £ = L*¢ in (14.58) that
Pg=L"(C*Cyg -+~ *PEE*Pg — Pj+ PAg).
This yields the following relationship:
(P— L*C*C — v L*PEE*P)g = —L*P(§ — Ag) (14.59)
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for any differentiable function g in L?([tg,#1], X). Consider any f in L*([to,¢1], X) and let
g=Lf. Then g — Ag = f. Substituting this into (14.59) yields

(P—1'C*C —~*L"PEE*P)Lf = —L*Pf.
Since f is arbitrary, we obtain the following operator algebraic Riccati equation
L"P + PL— L*C*CL —y"2[*PEE"PL = 0. (14.60)

By applying E* to the left and E on the right, rearranging terms and using 7' = CLE,
yields

VI —-TT = I~ E*L*C*CLE
= 4] -~ E*L*PE — E*PLE + ~ ?E*L*PEE*PLE
= (yI -y 'E*PLE) (vl -~ 'E*PLE).

Hence, v2I — T*T = ©*0 where © = I — vy !E*PLE.

Obviously, © is causal. In fact, ® can be viewed as the input output map for a state
space system. To be precise, if h = Qw for some w in L*([to, #1], W), then we claim that h
is the output of the following linear system

G= Aq+ Ew and  h=—v"'E*"Pg+yw, (14.61)

with the initial condition q({g) = 0. To verify that h = Qw, simply observe that § = Agq+ Fw
with q(to) = 0, yields ¢ = LEw. Hence, h = —y 1E*PLEw + yw = G, which verifies our
claim.

Lemma 12.5.2 shows that © is an invertible operator and its inverse is causal. In fact, by
setting C = =y 1E*P with B= F and D =~/ in Lemma 12.5.2, the inverse of © is given
by ,

(O h)(t) = v th(t) + "/73/ E*P()¥(t, 7)ER(T)dr (h € L*([to, t:], W)
to
where W(¢,7) is the state transition matrix for A + vy 2EFE*P.

Since © has a bounded inverse and v*I — T*T = ©*0, it follows that |T|| < . To see
this observe that ©*0 > ¢?] for some ¢ > 0. In fact, one can choose ¢ = [|©7'||~*. Hence,
¥ — T*T > €21, or equivalently, T*T' < (72 — €2)I. Therefore, ||T] < 1. [ ]

14.6.1 A general disturbance attenuation problem

The results in this section are of independent interest and are not used in our later devel-
opments. In this section we use the finite time outer spectral factor © in Theorem 14.6.1
to solve a generalization of the disturbance attenuation problem presented in Section 14.1.
Recall that A is an operator on X while F is an operator from W into X and C is an
operator from X into Z. Let B be an operator from U into & and D an operator from U
into Z. Consider the system

¢ = Az + Ew+ Bu
z = Cz+ Du. (14.62)
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Here u is a signal or vector in L([to, t1],i). This leads to the following optimization problem

8(x0) = sup {/ (U = Vllu@) D)o w e L2([to,t1],W)}

to

subject to the system in (14.62) and z(to) = o . (14.63)

This problem can be viewed as the dual of the linear quadratic tracking problem discussed
in Section 12.5.1. The following result presents a solution to this optimization problem.

Theorem 14.6.2 Consider the optimization problem in (14.63). Assume that there exists
a solution P to the Riccoti differential equation in (14.11) on the interval [to, ;). Then the
mazimum exists, and there exists a unique optimal input w in L*([ty, t1], W) which achieves
this mazimum. To compute W, let ¢ be the solution over [ty,t1] to the following differential
equation:

{=—(A+~EE'P)’( - (PB+C"Dju  ({(t1)=0). (14.64)

Then the optimal input W is given by
w(t) = v EN(P(t)(8) + (1)) (14.65)
where the optimal state trajectory & is unigquely determined by
t=(A+~72EE*'P)i + v 2EE*(+ Bu  (2(to) = z0). (14.66)

PRrROOF. We use the notation and results in Section 14.6 to prove this theorem. As before, let
L be the operator on L2([t, t1], X') defined in (14.54). Recall that the input output operator
T in (14.3) is given by T = CLE. Moreover, the output z for the state space system in
(14.62) can be expressed as

z=Coxg+ CLBu+ Du+Tw, (14.67)

where C,, is the observability operator defined in (14.6). So, if we set h = Cozo+CLBu+ Du,
then the optimization problem in (14.63) is a special case of the optimization problem in
(14.29). Because the Riccati differential equation has a solution over the interval [to, 1],
Theorem 14.2.2 shows that the norm of T is strictly bounded by v. According to Theorem
14.4.1 the supremum in (14.63) is obtained. Moreover, according to Remark 14.4.1, the
unique optimal input @ which attains this supremum is given by % = v 2T*% where the
optimal output 2 is given by

2=h+Tw=Coro+CLBu+ Du+Tv.
Finally, it is noted that the optimal state trajectory Z is given by
&=Ai+Eb+Bu  (i(t) = zo). (14.68)
Using g = & in equation (14.59) along with (14.68), we obtain

(L*C*C +~y 2L*PEE*P — P)z = L*P(E + Bu).
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Recall that ©* = yI — v !E*L*PE; see (14.56). Multiplying the above equation by E* on
the left and rearranging terms, we obtain
E*L*C*C% — E*L*PEw = ~ '(yI ~y 'E*L*PE)E*P% + E*L*PBu
v '@*E’P% + E’L"PBu.
Employing 2 = C% + Du and w = v~ 2T*% = v~ 2E*L*C*% in the previous equation yields,
0w = (yI-~"'E"L’PEYW =~"'E'L*'C*2 -~y 'E"L’PEW

= 4 'E*L*C*(C% + Du) — v 'E*L*PEw

= v YE*L'C*C% — E*"L*PEW) + v 'E*L*C*Du

= Y Q*E"Pi+~ 'E*L*(PB+ C*D)u.

According to Theorem 14.6.1, the operator ©* = yI — v~*E*L*PF is invertible. This along
with the identity (I — NM)~IN = N(I — MN)~!, yields

Y 2E*Pi+ v 'yl -y 'E*L*PE)'E*L*(PB+ C*D)u
v E*Pi 4+~ 2E*(I — vy 2L*PEE*) 'L*(PB + C"D)u
y2E* (P + ()

w

]

where ¢ := (I — v 2L*PE"E)~'L*(PB + C*D)u. By removing the inverse, we obtain
(I -4 2L*PE*E)¢ = L*(PB + C*D)u. Thus,

(=L*"(v2PE*E( + (PB +C"D)u) .

Recall that if ¢ = L*¢, then £ satisfies the differential equation £ = —A*€ — ¢ where £(t;) = 0;
see (14.58). Hence, ( satisfies the differential equation in (14.64). Since w = vy 2E*(P%+(),
equation (14.65) holds. Substituting this into (14.68) yields (14.66). |

Finally, it is noted that Theorem 14.6.2 also holds in the time varying case, that is, when
A, B,C, D, E are continuous functions on [tg, £1] with values in the appropriate L(-, -) spaces.
Because the proof of this result is almost identical to the proof of Theorem 14.6.2, the details
are left as an exercise.

14.7 The infinite horizon problem

This section is concerned with the following infinite horizon optimization problem. For each
initial state zo in X, find the supremum 6(zp) and an optimal input @ which solves the
optimization problem:

s(ae) = sup { [ (1)1 = (o)) do +w € 220,00, W)
subject to & = Az + Ew and z = Cz and z(0) = zo. (14.69)

As before, A is an operator on X and E maps W into X’ while C is an operator mapping X
into Z.
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As in Remark 14.2.3, let (7) = P(t1—) where P is the solution to the Riccati differential
equation in (14.11). Remark 14.2.3 shows that {2 is an increasing function which satisfies
the following Riccati differential equation

Q=A"Q+ QA+ QEEQ+C'C  (Q0) =0). (14.70)

Moreover, recalling (14.23), we have

(Q(7)zo, z0) = sup {/ (217 = ¥Pllw(o)?|]) do:w e L2 ([0, oo),W)} . (14.71)
0
Proceeding as in Remark 14.2.1, one can readily show that

pleo,0,7) < sup [ (Ia(a)? = (o)) do = 8(an). (14.72)
Hence,
(7)o, T0) < (o) (14.73)

for all 7. The following result shows that (zo) is the limit of (2(7)z0,z0) as 7 approaches
infinity. To this end, recall that Q is a uniformly bounded solution to the Riccati differential
equation in (14.70) if Q2 is a solution to (14.70) for all 7 > 0 and ||Q(7)|| < m[ for some finite
scalar m. If Q is a uniformly bounded solution to this Riccati differential equation, then
Lemma 13.6.3 tells us that €2 converges to a limit Q, as 7 approaches infinity. In addition,
@ = Qo is the minimal positive solution to the following algebraic Riccati equation

AQ+QA+~2QEEQ+C*C = 0. (14.74)
This sets the stage for the following result.

Lemma 14.7.1 Let 6(zq) be the optimal cost for the infinite horizon optimization problem
in (14.69). Then the following statements are equivalent.

(i) The optimal cost §(zo) is finite for all T in X.

(i1) There exists a uniformly bounded solution Q to the Riccatr differential equation in

(14.70).
(iit) There exists a positive solution @ to the algebraic Riccati equation in (14.74).

In this case, the solution Q converges to a limit Q,, that is,

Qe = lim Q(7). (14.75)
and the optimal cost is given by
6(z0) = (Qooo, To) - (14.76)

In addition, the limit Q, is the minimal positive solution to the algebraic Riccati equation

(14.74).
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PROOF. We first demonstrate that (i) implies (#4). So, suppose that the optimal cost
d(xzo) is finite for all zo in X. Let Q be the solution to the Riccati differential equation in
(14.70) which is defined on some interval [0,¢1). We claim that  can be extended to a
uniformly bounded solution on [0,c0). To see this it is sufficient to show that [|Q(7)|| < m
for 0 < 7 < t; where m is a specified scalar independent of £;. We first note that Lemma
13.6.2 implies that Q(7) is positive for all 7. Let {¢;}} be any orthonormal basis for X
Then using (S2(7), @) < §(p) for any ¢ in X, we obtain

1)) < trace Q(r) =Y (QT)ps.05) <D d(w;) < 00.
7=1 j=1

So, if m = 3 7 8(p;), then ||Qr)] < m for any 0 < 7 < t;. Therefore, there exists a
uniformly bounded solution € to the Riccati differential equation in (14.70) and Part (:4)
holds.

The equivalence of Parts (#2) and (iit) follows from Lemma 13.6.3. This lemma also
states that the solution ) converges to a limit Q. Moreover, the limit €2, is the minimal
positive solution to the algebraic Riccati equation (14.74). Because (Q(7)xo, zo) < 8(o) for
all 7 > 0, we have (Quz0, z0) < §(z0).

We now demonstrate that (i42) implies (z). So, suppose that the algebraic Riccati equation
in (14.74) admits a positive solution . We claim that §(zp) < (Qwo,Zo). In particular,
8{xo) is finite for all zp in X. Using the algebraic Riccati equation in (14.74}, along with
& = Az + Fw and 2 = Cz, we obtain

LQua) = (Qha) +(Qn,)
= (QAz,z) + (QEw, 1) + (Qz, Az) + (Qz, Ew)
= ((QA+ A*Q)z,z) + (w, E*Qx) + (E*Qz,w)
= —[ICz|* — v E* Qx| + (w, E*Qz) + (E*Qx, w)
=~z + 2wl = Iy E*Qa — yuwl]*. (14.77)

By integrating from 0 to ¢ with z¢ = (0}, we have

A (1) 2=+ lw(o)|?) do
= (on,xo) - (Qx(t),a:(t)) — -/O H'Y—.IE*QI(O’) _ 'Yw(O')HQdO' . (14.78)

This readily implies that

| @)1 =7 (o)?) do < @z 20). (14.79)

By letting ¢ approach infinity and then taking the supremum over all w in L?([0, co), W), it
follows that 6(zo) < (Qxo,x0). In particular, 6(zo) is finite for all zg in X, and thus, Part
(¢) holds. Therefore, Parts (z),(¢2) and (i2%) are equivalent.

Recall that 2, is also a positive solution to the algebraic Riccati equation in (14.74). So,
we obtain 6(zo) < (uoo, Zo). Combining this with d(xe) > (Qoe, o), yields the equality
(5(3)0) = (wao,mo)A |
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Remark 14.7.1 Suppose A is stable. If @ is a self-adjoint solution to the algebraic Riccati
equation in (14.74), then

Q= / A7 (C°C + 72 QEE*Q) €% do .
0

Because the integrand is a positive operator, @ is positive. In other words, if @ is a self-
adjoint solution to the algebraic Riccati equation in (14.74), then @ is positive.

14.7.1 Stabilizing solutions to the algebraic Riccati equation

Throughout the remainder of this chapter it is assumed that the operator A is stable. Let
T be the operator from L2([0,00), W) into L2([0, 00), Z) defined by

(Tw)(t) = /0 t Ce Ew(r)dr. (14.80)

Let G(s) = C(sI — A)"E be the transfer function for {A, E,C,0}. Recall that the H>
norm of G equals the norm of 7', that is,

ITH = |G leo : = sup{ [ G(w)| : —00 < w < 0} . (14.81)

As before, let C, be the observability operator from X into L2([0, o0), Z) defined by C,x0 =
Ce“tz, where x; is in X. Since A is stable, both T' and C, are bounded linear operators.
Furthermore, the optimization problem in (14.69) is equivalent to the following problem

&{zo) = sup {||Cozo + Twl|* — P|lw||? : w € L*([0,00), W)} . (14.82)

If the norm of T is strictly bounded by v, then the supremums in (14.69) and (14.82) are
finite; see Theorem 14.4.1 with k = C,xo. Moreover, §(xo) = vX(C}(y2I — TT*)"*C,x0, o).
On the other hand, if ||T|| > +, then §(zo) is infinite. Finally, it is noted that even if A
is stable, we can have ||T|| > «. So, stability of A is not sufficient to guarantee a finite
supremum in the optimization problem (14.69), or equivalently, (14.82).

We say that Q) is a stabilizing solution to the algebraic Riccati equation in (14.74) if @
is a solution to (14.74) and A + v 2EE*Q is stable. By consulting the results in Chapter
13, it follows that if there exists a stabilizing solution, then it is self-adjoint and unique,
that is, there is only one stabilizing solution. Since A is stable, any self-adjoint solution
is positive. Thus, the stabilizing solution is positive. According to Corollary 13.5.4 with
7~1G = T, there exists a stabilizing solution to the algebraic Riccati equation in (14.74) if
and only if the Hamiltonian matrix H in (14.49) has no eigenvalues on the imaginary axis, or
equivalently, |G|l < <. In this case, one can use the Hamiltonian techniques in Section 13
to compute the unique stabilizing solution. This discussion proves the equivalence of Parts
(2), (31) and (zi7) in the following result.

Theorem 14.7.2 Let T be the operator from L2([0,00), W) into L%([0,00), Z) defined in
(14.80) where {A, E,C} is a stable system. Then the following staterments are equivalent.

(i) There exists a stabilizing solution Q to the algebraic Riccati equation in (14.74).
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(i) The Hamiltonian matriz H in (14.49) has no eigenvalues on the imaginary azis.
(iti) The norm of T is strictly bounded by .
(tv) The optimal cost 8(xq) is attained for every xo tn X.

(v) The Riccati differential equation in (14.70) admits a uniformly bounded solution 2 and
A+ 2EEQy is stable where Qoo = limy_ o0 Q(r).

In this case, the unique stabilizing solution @ to the algebraic Riccati equation in (14.74) is
given by @ = Qy, and Qoo = YV2CH (v — TT*)1C,.

PROOF. Assume that Part (#4¢) holds, that is, the norm of T is strictly bounded by . Then
Theorem 14.4.1 with h = C,xy shows that the optimal cost §(zg) is uniquely attained for
all zo in X, that is, Part (sv) holds. If Part (iv) holds, then &(z¢) is finite for all zq in
X. According to Lemma 14.7.1, there exists a uniformly bounded solution {2 to the Riccati
differential equation in (14.70). Moreover, .= lim, o, ©{7) is a solution to the algebraic
Riccati equation in (14.74) and (Qwo, o) = 6(zo). Now let us show that A + v EE*Qy
is stable. Let @ in L?([0, 00), W) be the optimal disturbance which attains the optimal cost
8(xo). In other words, (Qu.20, Zo) = 6(z0) = ||2]|* — +?||eb]|* where
i=At+Ed and z=Ci.

Because A is stable,  is in L*([0,00), X). Lemma 12.8.3 shows that #(¢) approaches zero as
t tends to infinity. By setting Q = Q. and w = @ in (14.78) and letting ¢ approach infinity,
we arrive at

Qo) = [ (I = o) do (14.8)

(o) = [ o7 B ) = o)

So, [[Y L E*Qee® — 0|2 = 0, and thus, @ = 72 E*Qu3. Substituting this into # = A%+ Fi,
we obtain & = (A + vy 2EE*Q,)% where #(0) = zo. Because Z(t) converges to zero as t
tends to infinity and z, can be any vector in Ap, the operator A + vy 2EE*Q,, is stable. In
particular, Part (v) holds. If Part (v) holds, then obviously €2 is a stabilizing solution to
the algebraic Riccati equation in (14.74), that is, Part (i) holds. |

If |T)| < 7, then clearly, ||T|| < v for all v > ,. This observation and Theorem 14.7.2
readily show that if the algebraic Riccati equation in (14.74) admits a stabilizing solution
for some «y = =y, > 0, then this algebraic Riccati equation admits a stabilizing solution for all
¥ 2 %Y, In other words, if the Hamiltonian matrix H has eigenvalues on the imaginary axis
for some v = +,, then the Hamiltonian matrix has eigenvalues on the imaginary axis for all

0 < v <4,. Finally, it is noted that Theorem 14.7.2 also yields the following result.

Corollary 14.7.3 Let G be the transfer function for the stable system {A, E,C,0} and let
T be the corresponding input output operator from L*([0, 00), W) into L*([0,0), Z) defined
in (14.80). Then |T|| = |G|l and the norm of T 1s given by

|7l = inf{~y : the algebraic Riccati equation in (14.74) admits a stabilizing solution} .
(14.84)
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As before, let {A, E, C} be a stable system and assume that the algebraic Ricecati equation
in (14.74) admits a stabilizing solution @. Then Theorems 14.7.2 and 14.4.1 show that the
optimization problem in (14.69) has a unique solution @ which attains the supremum and
8(z0) = (Qxo,T0). Moreover, by consulting the proof of Theorem 14.7.2, we obtain the
following result.

Theorem 14.7.4 Let {A, E,C} be a stable system and assume that the algebraic Riccati
equation in (14.74) admits a stabilizing solution Q where v > 0. Then the infinite horizon
optimization problem in problem in (14.69) has a unique W which attains the supremum
and 8(xz0) = (Qxo,20). Moreover, this optimal cost is attained by the optimal disturbance
W = vy 2E*Q# where the optimal state trajectory & is uniquely determined by

i=(A+~2EE*Q)E  ((0) = x). (14.85)

Example 14.7.1 Consider the system # = —z + w and z = z. Obviously, the transfer
function for this system is given by G(s) = 1/(s + 1). Moreover, ||G|lo = 1. Therefore, the
corresponding optimal cost in (14.69) is infinite (§(xo) = co) when 0 <« < 1. The algebraic
Riccati equation corresponding to this system is given by ¢*/y* — 2¢ + 1 = 0 where ¢ = Q.
According to the quadratic formula, the roots to this equation are given by

g=7 £ -1L

If v > 1, then this algebraic Riccati equation has two strictly positive roots. In this case
q = v? —(v*—1)"/? is the unique stabilizing solution. If y = 1, then Q(7) = 7/(7 +1) is the
unique solution to the Riccati differential equation Q = Q2 — 202 + 1 with ©(0) = 0. Clearly,
Q is a uniformly bounded solution and lim,_. Q(7) = 1. So, if v = 1, then §(zq) = |lzo]|%
However, A + v 2EE*Q, = 0 is not stable and the supremum is not attained.

14.7.2 An outer spectral factor

Recall that an operator valued rational function ¥ is an invertible outer or minimum phase
function if W is a stable proper rational function, its inverse exists and is also a stable proper
rational function. If Z is an operator valued rational function, then we say that ¥ is an
invertible outer spectral factor of = if U is an invertible outer function and ¥#¥ = =.

Let @ be any self-adjoint solution to the algebraic Riccati equation in (14.74). Recall that
if F is any operator valued rational function, then (F*)(s) = F(—5)*. If s is any complex
number, then the algebraic Riccati equation in (14.74) gives

—C*C=~"2QEE*Q — (=51 — A)"Q — Q(sI — A). (14.86)

Now let @(s) be the inverse of sI — A. Multiplying by E*®* on the left and by ®E on the
right, we obtain

—E*®IC*COE = vy E*®'QEE*QOFE — E*OYQE — E*QOE. (14.87)
Letting G = C®F and © = vI — v ! E*Q®E, we arrive at
Yl - GG = (v] — v E*QPE)! (vl — v 'E*Q®E) = ©'©. (14.88)
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Since (G")(w) = G(w)*, it follows that |G|l < 7. By consulting Lemma 12.9.1, we obtain
the following expression for the inverse of ©

O =+ B Q(sI - A~y PEE*Q)'E. (14.89)

If Q is the stabilizing solution, then A + v 2EE*Q is stable. In this case ©~! is stable,
and thus, © is an invertible outer function. Finally, it is noted that if the algebraic Riccati
equation admits a stabilizing solution, then the factorization 42/ — G!G = ©'© readily
shows that |Gl < 7. Summing up gives the following result.

Proposition 14.7.5 Let G be the transfer function for the stable system {A, E,C,0}. As-
sume the algebraic Riccati equation in (14.74) admits a self-adjoint solution @ for some
v > 0 and let © be the transfer function for {A, E, ~y " E*Q,~vI}. Then

v~ GG = e'e (14.90)

and |Gl < v. Moreover, if @ is a stabilizing solution for this algebraic Riccatt equation,
then © is an invertible outer spectral factor for v — G*G and ||G|leo < v

Exercise 28 Let {A, E,C} be a stable system. Assume that @ is a positive solution to the
algebraic Riccati equation in (14.74). Then show that

/ T = ) dor = @ro,0) ~ [ 107 EQalo) = o) do

0

for all win L?([0,00), W) and o in X.

Exercise 29 Let {4, F,C} be a stable systemn and assume that there exists a stabiliz-
ing solution  to the algebraic Riccati equation in (14.74). Let T be the operator from
L2([0, 00), W) into L%([0,00), Z) defined in (14.80) and L be the operator on L3([0,00), X)
defined by

wnin= | A f(r) dr (f € L2(0,00), X))

Let © be the operator on L*([0,00), W) defined by © = vI — 4y 1E*QLE. Then show that
O~ is a bounded causal operator and v*I — T*T = 6*O.

14.8 The root locus and the H* norm

In this section we will use the outer spectral factorization in Proposition 14.7.5 to obtain a
root locus interpretation for the parameter v in the single input single output infinite horizon
optimization problem in (14.69). To this end, let {4 on X', E,(C,0} be a stable realization
for a scalar valued transfer function G, that is, G(s) = C(sf — A)"'E where i = Z = C.
Moreover, assume that v > ||G||. Then there exists a unique solution w to the optimization
problem in (14.69). Furthermore, there exists a unique stabilizing solution @ to the algebraic
Riccati equation in {14.74). The optimal disturbance w is given by ¥ = vy 2E*Q% where &
is the optimal state trajectory. Finally, the state operator A, = A + v 2EE*( is stable.
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Lemma 14.8.1 Let {A, E,C,0} be a realization for a scalar valued transfer function G =
p/d where p is o polynomial and d(s) = det{s] — A] is the characteristic polynomial for
A. Assume that Q is a self-adjoint solution to the algebraic Riccati equation in (14.74)
and let A be the characteristic polynomial for A+ v 2EE*Q. Then we obtain the following

factorization
A'A = d¥d - v 2pip. (14.91)

PROOF. From Proposition 14.7.5, we have @*© = 2 — G!G where
O(s) =yl — v E*Q(sT - A)7'E.
Applying Lemma 12.9.1 with @ = det[®], we obtain
O(s) = ydet[sI — A -y 2EE"Q]/ det[sI — A].
This readily implies that yA(s) = d(s)O(s). Using G = p/d, we arrive at
d'eted = y2d'd — d*G'Gd = v%d*d — pip.

Using © = vA/d, we obtain the factorization in (14.91). Finally, it is noted that equation
(14.91) also follows from Corollary 13.5.2; see (13.41) with p; = v~!p and p; = 0. | |

Now assume that {4, E, C,0} is stable realization for a scalar valued transfer function
G and v > ||Gl|lw. Let @ be the stabilizing solution to the algebraic Riccati equation in
(14.74). Then the operator A + vy 2EFE*Q is stable. Hence, all the roots of A are in the
open left half complex plane. Notice that X is a root of a polynomial g if and only if —X is
a root of the polynomial g*. Therefore, all the roots of A live in the open right half plane.
In particular, A and A¥ have no common roots and their product A!A has no roots on the
imaginary axis. It now follows from (14.91) that the roots of A are the left half plane roots
of d'd — v~ %p¥p. This immediately yields the following result.

Theorem 14.8.2 Suppose that {A, E, C, 0} is a stable realization of a scalar valued transfer
function G = p/d where p is a polynomial and d(s) = det[s] — A]. Assume that v > ||Glis
and let Q be the stabilizing solution to the algebraic Riccati equation in (14.7{). Then the
roots of the characteristic polynomial of A+ v 2EE*Q are precisely the left half plane roots
of the polynomial did — v~ 2pip.

To complete this section, we will use root locus techniques to see how the parameter ~
affects the eigenvalues of the closed loop state space operator A + v 2EE*Q. To this end,
assume that {A,E,C,0} is a stable realization for the scalar valued transfer function G =
p/d satisfying the hypothesis of Theorem 14.8.2. To simplify some of the notation, let us also
assume that {4, E,C} are real matrices, p and d are polynomials whose coefficients are real
and d is the characteristic polynomial for A. In particular, this implies that d¥(s) = d(—s)
and p#(s) = p(—s). Using (14.91), it follows that

A(=5)A(s) = d(—s)d(s) — v?p(=s)p(s)

where A is the characteristic polynomial for A + v"2EE*Q. So, if we let k = —y~2, then
the root locus of d(—s)d(s) + kp(—s)p(s) is a graph of the eigenvalues of A+ 2EE*Q and
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~(A+~ 2EE*Q)* as -y varies from infinity to ||G|le. In particular, the left half plane root
locus of d(—s)d(s) — v 2p(—s)p(s) corresponds precisely to the eigenvalues of A +~y 2EE*Q
as -y varies from infinity to |G|l. Notice that for any polynomial ¢ with real coefficients,
the zeros of g(—s)¢(s) are symmetric about the real and imaginary axis. Hence, the root
locus of d(—s)d(s) — v 2p(—s)p(s) = A(—s)A(s) is symmetric about the real and imaginary
axis.

Since G is a strictly proper stable transfer function, G(w) is continuous for —oco < w < 00
and |G(w)| approaches zero as w approaches +oo. Hence, there exists a frequency w, such
that |G(w,)| = ||Gllo. So, if ¥ = ||G]le, then wy, is a zero of 1 — v 2G(~5)G(s). Notice
that the zeros of 1 ~y"2G(—5)G(s) are contained in the zeros of d(—s)d(s) — v 2p(—s)p(s).
Thus, w, is a zero of d(—s)d(s) — v 2p(—s)p(s) when v = ||G||w. In particular, ww, is
contained in the root locus of d(—s)d(s) — v 2p(—s)p(s). In other words, as v varies from
infinity to |G|l the root locus of d(—s)d(s) — v~?p(—s)p(s) ends up with some points on
the imaginary axis.

As <y varies from infinity to zero, the branches of the root locus of the polynomial
d(—s)d(s) — v~ 2p(—s)p(s) move from the zeros of d(—s)d(s) to the zercs of p(—s)p(s) and
the appropriate asymptotes. The asymptotes of d(—s)d(s) — v 2p(—s)p(s) are determined
by m = degd — deg p. To be precise, if m is odd, then d(—s)d(s) — v *p(—s)p(s) = 0 can be
expressed as b(s) + v 2aa(s) = 0 where o > 0 and a and b are monic polynomials. Since @
is the coefficient of the highest order term of aa, the angles ¢,; for the asymptotes are given
by o
T+ 27y
G0 = 2m

If m is even, then d(—s)d(s) — v 2p(—s)p(s) = 0 can be expressed as b{s) + v 2aa(s) = 0
where @ < 0 and a and b are monic polynomials. In this case, the angles ¢,; for the
asymptotes are given by

for j=0,1,2,---,2m —1. (14.92)

b= forj=0,1,2,---,2m 1. (14.93)
m

Moreover, because d{—s)d(s) —v~2p(—s)p(s) is symmetric about the real and imaginary axis,
the origin of these asymptotes is zero. Notice that in either case two of these asymptotes
lie on the imaginary axis. Therefore, as -y varies from infinity to |G|l the eigenvalues of
A+ v 2EE*Q start at the eigenvalues of A (the left half plane zeros of d(—s)d(s)) follow
the root locus and move towards the left half plane zeros of d(~s)d(s) — |G| 2p(—s)p(s)
and the appropriate asymptotes in the open left half plane. For m odd, the asymptote
angles ¢,; are given by (14.92). For m even, the asymptote angles ¢.; are given by (14.93).
Moreover, the H* norm of G corresponds to the largest value of v where the root locus of
d(—s)d(s) — v~ 2p(~s)p(s) hits the imaginary axis. In fact, the imaginary axis is contained
in the root locus of d(—s)d{(s) — v 2p(—s)p(s) as vy varies from [|G[s to zero. To see this
simply notice that G¥(2w)G(w) = |G(w)|? is real for all —cc < w < oo. Since G is a
stable strictly proper transfer function, |G(w)|? is a continuous function whose maximum is
|IG||%, and infimum is zero. So, for any frequency w there is a gain v such that v = [G(ww)|
with 0 < ¥ € [|G|ls. In this case v* — |G(w)|? = 0, and thus, ww is on the root locus of
d(—s)d(s) — v 2p(—s)p(s). Therefore, the root locus of d(—s)d(s) — v~2p(~s)p(s) contains
the imaginary axis for 0 < v < |G|l -
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Example 14.8.1 To complete this section we will demonstrate how the above analysis works
on a simple example. To this end, let {4, E, C,0} be any minimal realization of

10(s + 3)
(s+2)(s+4)(s+1+2)(s+1-21)"

The McMillan degree of G is four and A is stable. Let p be the numerator and d be the
denominator of G. The root locus for d(—s)d(s) — vy 2p(—s)p(s) is given in Figure 1. In this
case, m = 3. According to (14.92) the angles for the asymptotes for the root locus are given
by

G(s) =

Gods = +7/6, tm/2, and +57/6.

As expected, two of the asymptotes +7/2 lie on the imaginary axis. Moreover, the asymp-
totes for this root locus in the left half plane occur at the angles +57/6. The H® norm
of G equals .7743 and this occurs at w = =+1.3, that is, |G(£1.3:)] = ||G|lw- So, as
v moves from infinity to |G| the eigenvalues of A + v 2EE*(Q) move from the points
—2,—4,-1+4 22, —1 — 2z along the branches of the root locus in the open left half plane to
the left half plane roots of d(—s)d(s) — ||G||32p(—s)p(s). These roots are marked by a box
in Figure 1. Finally, the root locus contains the imaginary axis as v varies from |G| to
zero.

Exercise 30 Let {A, E,C,0} be a minimal realization for

G(s)=(2-3)/(s+1)(s+2).
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254 CHAPTER 14. H* ANALYSIS

Assume that v > |G|l and let @ be the corresponding stabilizing solution to the alge-
braic Riccati equation in (14.74). Recall that {4, E,—vy *E*Q, v} is a realization for the
outer spectral factor © of 42 — G*G. Show that {A, E, ~y ' E*Q,~I} controllable and not
observable.

Exercise 31 Let {4, F,C,0} be a minimal realization for a scalar valued stable transfer
function G(s) = p/d where p and d are polynomials. Moreover, assume that p'p and d¥d are
co-prime. Assume that v > |G| and let @ be the stabilizing solution to the corresponding
algebraic Riccati equation in (14.74). Then show that {A, E, -y 'E*Q,~I} is a minimal
realization for the outer spectral factor © of v> — G*G.

14.9 Notes

The optimization problem in (14.4) can be viewed as a linear quadratic regulator problem
with an indefinite weight, and thus, the derivation of the corresponding Riccati differential
equation is classical. In other words, the optimization problem in (14.4) is essentially the dual
of the linear quadratic regulator problem. Hence, the derivation of the Riccati differential
equation in Section 14.5.2 is almost identical to the corresponding derivation of the Riccati
differential equation for the linear quadratic regulator problem. The only thing that changes
is some technical issues and the sign of the PBB*P term. For some further results on the
two point boundary problem and its role in H* control theory see Green-Limebeer [57] and
Limebeer-Anderson-Khargonekar-Green [83]. Corollary 14.2.3 and many of the results in
this section are now considered standard results in H* control theory see Green-Limebeer
[57], Mustafa-Glover [92] and Zhou-Doyle-Glover [131]. For some nice results on least squares
optimal control problems and the algebraic Riccati equation see Willems [125].

The optimization problem in {14.25) is a basic optimization problem arising in control
theory; see Porter {101]. The operator optimization problem in (14.29) plays a fundamental
role in operator theory; see de Branges [17, 18] and de Branges-Rovnyak [19]. For a recent
account of some of the de Branges-Rovnyak work see Sarason [113].

Many of the results in Sections 14.1 to 14.6 hold in the time varying case, that is, when
A, E and C are continuous functions of time. In particular, Theorem 14.2.2 holds. Minor
modifications of the techniques in this chapter show that Parts (¢) and () in Theorem 14.2.2
are equivalent in the time varying case. Moreover, if ||T]| < =, then Part (i4¢) holds; see
Remark 14.1.1. If (¢i¢) holds, then clearly, |T']] < v. To verify that ||T] < ~, one can use
Theorem 14.3.2; to show that the cost §(zp) = (Qzg, zo) for some positive operator ¢ on X.
In particular, §(zo) is continuous in zg. Then this fact can be used to prove that Part (i)
holds. The details are left to the reader. Finally, it is noted that Theorem 14.5.2 holds in
the time varying case.
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Chapter 15

H*® Control

This chapter concentrates on a H* type control problem. By combining the linear quadratic
regulator problem with our previous H* analysis, we present and solve a max-min optimiza-
tion problem. The solution to this problem, yields a feedback controlier which guarantees
that the norm of the resulting closed loop system is bounded by a specified constant. More-
over, it is shown that this controller provides a tradeoff between an optimal L? and optimal
H* controller.

15.1 A H® control problem

In this section, we consider systems which contain a control input in addition to a disturbance
input. We examine the problem of choosing the control input to mitigate the effect of the
disturbance on a specified system performance output. The systems under consideration are
described by

&= Ax+ Ew+ Bu and z=Cz+ Du (15.1)

which we denote by {A,B,C,D,E}. Here A is an operator on & and B maps U into X
while C' maps & into Z and E maps W into X'. Throughout this chapter, D is an isometry
mapping U into Z whose range is orthogonal to the range of C, that is, D*D = I and
D*C = 0. The spaces X, U, W, and Z are all finite dimensional. In this setting u(t) is the
control input, the disturbance input is w(t) while z(t) is an output which reflects the system
performance. Finally, we define the function ¢ by z = ¢(zo, w, u) where z is the performance
output due to the initial state o, the disturbance input w and the control input .

Consider the system in (15.1) whose initial state at some initial time to is given by
z(to) = Zo. In Section 14.1, we saw that one can quantify the effect of a disturbance w on
the performance output z by examining the cost

Sonw) = [ (1=} = ulo)]?) do (152)
for a fixed positive scalar . Note that
Haow) = [ (UG + L) = (o)) o (153)
255

Copyright © Marcel Dekker, Inc. All rights reserved.

MarceL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



256 CHAPTER 15. H* CONTROL

The equality follows because D*D = I and D*C = 0. For a fixed disturbance input w in
L3([to, t1], W), the best cost £(xg,w) that can be achieved by the control input is given by

&(zo,w) = inf {J(xo,u,w) : u € L*([to, t1],U)} . (15.4)

We say u is optimal for w if u is a vector in L?([t, #1],U4) which attains the cost &(zo,w),
that is, £(zo, w) = J(zg, w,u). Now let d(zy) be the optimal cost that one obtains by taking
the supremum over w, that is,

d(zo) = sup {&(zo, w) 1 w € L*([to, 1], W)} .
We denote this by

d(wo) = sup inf (=@ = Vllw(e) ) do (15.5)

t1
to

where it is understood that the infimum is taken over all u in L?([to, t1],4) while the supre-
mum is taken over all w in L*([ty, ], W). The significance of d{zo) is that for each distur-
bance input w in L%([ts, 2], W) and any ¢ > 0, there exists a control input u in L2([to, t1],U)
such that

21 < ¥*llwl® + d(xo) + €
where z = ¢(zo,w,u). Whenever the infimum is attained in (15.4), then there is a control
input which results in
1211 < 9*[lwl® + d(xo) -
For a specified initial state o, we say that {w, 4} is an optimal pair for the optimization

problem in (15.5) if 4@ is in L%([to, #;], W) while 4 is in L%([to, t1],1) and

J(Io,?j),ﬁ) = 5(1‘0,12}) = d(il}()) (156)
where the optimal performance output £ and optimal state & are determined by
i = A% + Eu + Bé with Z(to) =zo and Z2=Cz+ D4a. (15.7)

In other words, @ is optimal for @ and @ maximizes the cost £(zo, ). Finally, it is noted that
if {w,u} is any pair satisfying J(ze,w,u) = d(zs), then {w,u} is not necessarily an optimal
pair.

15.1.1 Problem solution

As expected, the solution of the optimization problem in (15.5) involves a Riccati differential
equation. Specifically,

P+ A*P4+ PA+~y2PEE*P - PBB'P+C*C=0 (P(t;)=0). (15.8)

Notice that, if E = 0, then the optimization problem in (15.5) reduces to a linear quadratic
regulator problem and this Riccati differential equation becomes the corresponding linear
quadratic Riccati differential equation. On the other hand, if B = 0, then the optimization
problem in (15.5) reduces to the optimization problem in (14.4) and the Riccati differential
equation in (15.8) is simply the Riccati differential equation in {14.11). Before presenting
the main result of this section, we make the following observations.
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15.1. A H* CONTROL PROBLEM 257

Remark 15.1.1 For any time interval [a,b] and any initial state zo, let p(zo,a,b) be the
optimal cost given by

b
p(zo, a,b) = supinf / (2@ = Pllw(o)l|?) do (15.9)

where the infimum is taken over all u in L?([a,b],U) while the supremum is taken over all
w in L*([a,b],W) and z(a) = 7. Obviously, d(zo) = p(z¢,t1,%2). We first claim that if
a < b < ¢, then p(xo, a,b) < p(xo,a,c). To see this, let w be any vector in L?([a, ¢], W) such
that w(t) = 0 for all b <t < ¢. Then

J Uz = i)y ao < “20)]2 = P hw(@)|P) do

By taking the infimum over all u in L2([a, b},i/), we obtain

it [ (@I~ Plu@IP)do < [ (o)1 - lu(o)]) do.

By taking the infimum over all u in L%([a, c],if) in the right hand side and then taking the
supremum over all w in L%([a,c], W) in the right hand side, we have

inf [ (a0 = (o)) do < plan,anc).

By taking the supremum over all w in L%([a, b], W), we arrive at p(zq,a,b) < p(zo, a, c).

We now claim that if a < b < ¢, then p(zo, b, ¢) < p(zo, a,c¢). First note that due to the
time invariant nature of the optimization problem, it should be clear that p(zg,b+d,c+d) =
p(zo, b, ) for any real number d. The desired result now follows from

p(.’Eo, b,C) = p(‘TOv a,c+ a‘—b) < p(xoa a, C) .
Theorem 15.1.1 The optimal cost d(z,) for the optimization problem in (15.5) is finite for
every initial state o in X if and only if the Riccati differential equation in (15.8) has ¢
solution P on the interval [to, 1]. In this case, the optimal cost is given by
d(zo) = (P(to)Zo, 7o) (15.10)

and is uniquely attained by the optimal disturbance/control input pair

B(t) =7 2E*P(t)2(t)  and  a(t) = —~B*P(t)i(t) (15.11)
where the optimal state trajectory T is uniquely determined by

i=(A+~*EE'P—- BB*P)§  with  &(ty) = 0. (15.12)

Copyright © Marcel Dekker, Inc. All rights reserved.
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258 CHAPTER 15. H* CONTROL

ProoOF. Assume that the Riccati differential equation in (15.8) has a solution P over the
interval [to,t1]. Then we claim that, for each initial state o in X, the optimal cost d(zg) is
finite and is given by d(zq) = (P(ts)z0,xq). Moreover, this optimal cost is determined by the
disturbance/control input pair @ = vy~ 2E*PZ and @ = —B* P where the state trajectory &
is uniquely determined by {15.12). To see this, we first note that as a consequence of Lemma
13.6.2, the operator P(t) is self-adjoint for each t. Using z = Az + Ew + Bu, we obtain

i(Px, T)

7 (Pz,z) + 2R(Pz, z)

(Pz,z) + 2R(PAz, x) + 2R(PEw, 2) + 2R(PBu, z) (15.13)
= ((P+ PA+ A*P)z,z) + 2R(w, E*Pz) + 2R{u, B* Px).

Il

Recall that z = Cz 4+ Du. Using D*D = I and D*C = 0, we have ||z]|?> = ||Cz|?® + [Jul*-
The Riccati differential equation in (15.8) yields

((P+PA+A"P)e,z) ~y 2B Pa|® + || B* Pxl® ~ || Cx|)®

—y AN E Pa|? + || B Paf® + lul® - |2

il

By substituting this into (15.13) and completing the appropriate squares, we now obtain

d *
(Fza) = —lz® + 7wl = Iy B Pr = yw|® + | B*Pa + ul. (15.14)

Recall that z(tg) = z¢. By integrating from ¢y to 1, rearranging terms and using the fact
that P(t;) = 0, we have

Il

(P(to)z0, 20) — / v B P(o)elo) — qw(o) |2 do

to

[ 0= =) do

to

+

/h I1B*P(o)2(0) + u(o) | do (15.15)

It now immediately follows that for w = @ and u = 4, where w and @ are given by (15.11)
and (15.12), the corresponding cost satisfies

[ 32 = Plli@)) do = (Plto)zo,20). (15.16)

We now demonstrate that the optimal cost d(zg) < (P(ty)xq,x0). Consider any distur-
bance w in L3([to, t,], W) and let u(t) = ~B*P{t)z(t). In this case,

t=(A-BB*P(t))z+ Ew with z(tg) = 2.
Then for this input u relationship (15.15) implies that
J(IOawvu‘) = <P(t0)$(),130) - ”,'Y_IE*PI'. - ’YwH2 :

Hence, the infimal cost £(zg, w) defined in (15.4) satisfies &(za, w) < (P(to)Zo, To). By taking
the supremum over all w in L?([ty, 1], W), we see that d(zo) < (P(to)o, zo).
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15.1. A H* CONTROL PROBLEM 259

We now claim that @ is the vector which attains the cost {(zo,w) in the optimization
problem (15.4) with w = ¥, that is, J(zo, W, %) = &(xo, w). From this fact it readily follows
that (P(tg)ze,76) = ||2]|?> — ¥*||%0||?> < d(z0). Hence, d(zo) = (P(tp)zo, o) and the pair
{,4} is optimal. To achieve our objective, notice that for the disturbance W = v 2E*P%,
we obtain

t=Az+~y2EE*Pt+Bu  with  xz(t) = z0.

Now let us introduce the new state £ = x — Z and set @ = u + B*Pz. Then subtracting the
differential equation in (15.12) from the previous state equation, yields

i=(A—BB'P(t))i+ Ba  with  #(t)=0. (15.17)

Using @ = v~ 2E*P3 in (15.15) with & = z — %, gives

/t (=@ - Plli(o)|]?) do =

(P(to)z0, 20) — / Iy B P(o)i (o) |2 do + ] la(o)|? dor .

to to

Hence, the cost &(xo,w) defined in (15.4) is given by

t1
E(zo, W) = (P(ta)z0, Zo) — SuLp2/ (v E*P(o)E(0)))* = la(o)|)?) do. (15.18)
ae to
We claim that the supremum above is attained with 4 = 0. To see this notice that the
Riccati differential equation in (15.8) can be rewritten as in

P+ (A-BB*P)'P+ P(A- BB*P)+ PBB*P+ 4y 2PEE*P+C*C =0  (15.19)

with P(t1) = 0. This is precisely the Riccati differential equation one obtains by replacing C
with [C,y *E*P]" and v !E with B in Theorem 14.2.1. Considering any 4 and computing
the rate of change of (PZ,%) and completing the appropriate square as in the proof of
Theorem 14.2.1, we obtain that

| 0 B P@Eo)P - 1)) do =~ [ (1630 + 1B Plo)sto) ~ o)) do

Here we also used the facts that P(t;) = 0 and %(¢;) = 0. Hence, the supremum in (15.18)
is zero and this is supremum is uniquely achieved with @ = 0, or equivalently, with u = 4 =
—B*Pz. Thus,

d(zo) £ (P(to)xo, To) = &(xp, W) < sup2§(a:0, w) = d(zg).
wEL
Therefore, d(zo) = (P(to)xo, Zo). In particular, the optimal cost d(zo) is finite for all zg in
X.

Now let us show that there is only one optimal pair which attains the optimal cost d(zo).
To this end, consider any pair {w,, 4.} which attains d(ze). Then

(P(to)zo, o) = d(zo) = &(x0, w,) = J(T0, We, Uo)
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260 CHAPTER 15. H* CONTROL

where z, = ¢(o, Wo, U,) is the output corresponding to the pair {w,, u,} and u, is optimal
for w,. Now consider the input u = —B*Px where z is the solution to

t=(A-BB*P{t))x+ Ew, with  z(to) = zo. (15.20)

Since u, is optimal for w,, it follows from (15.15) that

(P(to)zo, T0) = J(To, Wo, o) < (P(to)zo, To) — |V E* Pz — vyw,l|*.

Thus, |y E*Pz — yw,||? = 0, or equivalently, w, = v 2E* Pz. Substituting this in (15.20),
it now follows that x = Z, and hence, w, = w. Recall that &« = 0 is the only function
in L%([tg,t1],U) which achieves the minimal optimal cost £(zo,w) in (15.18). Since @ =
u + B*Pz, there is only one input u which achieves the minimal cost £(zo, %) and this
u = 4 = —B*Pt. Therefore, u, = ¢ and the optimal pair {w, 4} is unique.

To complete the proof it remains to show that if d(xo) is finite for every initial state xq
in X, then the Riccati differential equation in (15.8) has a unique solution P defined on the
interval [tg,t1]. To verify this, first notice that this Riccati differential equation is locally
Lipschitz in P. Hence, this differential equation has a unique solution over some interval
(tg, 1] for to sufficiently close to #;. To verify that this solution can be extended over the
interval [to,¢1], it is sufficient to show that over any interval (f3,¢;] on which P is defined,
there is a bound m independent of ¢ such that ||P(¢)[] < m for t; <t < 5.

Recall now the definition of the optimal cost p(zo, a,b) in (15.9). By replacing to with ¢
in our previous analysis it follows that p(ze,t,t:1) = (P{t)Ze, To). Since ty <t < ¢y, it follows
from Remark 15.1.1 that p(zo, t,¢1) < p(zo, to, £1). Hence, (P(t)xo, Zo) < p(zo, o, t1) = d{zo).
In other words, (P(#)z, o) < d(x0) < oo for every zq in X and all ¢ in ({5, t;]. Also, Lemma
13.6.2 states that P(t) is positive. Let {¢;}7 be an orthonormal basis for the state space X'.
Then

IP(2)] < trace P(t) = 3 (P(#)¥y,v5) < 3 d(ty) =m < o0.

So, there exists a bound m such that ||P(¢)]] < m for t» < ¢ < t;. Therefore, the Riccati
differential equation (15.8) has a unique solution P defined on the interval [tp, 1] . ]

Remark 15.1.2 Assume that d(z¢) is finite for all zo in X, or equivalently, the Riccati
differential equation in (15.8) has a solution on the interval [ty,¢;]. If the pair {C, A} is
observable, then P(t) is strictly positive for all ¢; < ¢ < ¢;. This follows from Lemma 13.6.2.
We can also demonstrate this as follows. By replacing ¢, with ¢ in (15.15) and rearranging
terms, we obtain

(P(t)zo,70) = ) l (=) = ¥ llw(o)|f) do + /t 1 Iy~ E* P(0)a(a) — yw(o)|* do
- /t B P(0)2(0) + u(a) |2 do . (15.21)
If we let w(o) = 0 and u(o) = —B*P(o)z(o) for t < o < ty, then

(P(t)zo, o) =/tl (ICz(@)I* + llu(o)[1*) d0+/tl Iy E*P(o)a(o)|Pdo 2 0. (15.22)
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15.1. A H* CONTROL PROBLEM 261

Since (P(t)xo, o) = 0 for all g in X, this also shows that the operator P(t) is positive.
If (P(t)zo, z0) = 0 for some initial state zo, then u(o) = 0 for all ¢t < ¢ < ;. In this case,
z(a) > CeA@-tz;. Hence,

ty
0 = (P(t)z0,0) > / CeAC0 5|2 dor

i

Because {C, A} is observable, z, is zero. Therefore, the operator P(2) is strictly positive.

Remark 15.1.3 It is emphasized that one must integrate the Riccati differential equation
in (15.8) backwards in time to find P(¢). However, one can easily convert this equation to a
Riccati differential equation moving forward in time. To see this let Q(7) = P(t;—7). Then
equation (15.8) yields

Q= AQ+ QA+ 2QEE*Q - QBB*Q+C*C  (0)=0). (15.23)

Therefore, P(t) = Q(t; —t) where © can be computed by solving the Riccati differential
equation (15.23) forward in time. By replacing ¢y with ¢; —7 in Theorem 15.1.1, we readily
obtain that

(Q(’T).’L‘o,xo) = (P(tl—T).’ro,l‘o) = P(.’lio,t1—7', tl) = p(l‘o, 0,7') .

Hence,
(@r)zo,0) = supint [ (I=(0)1? = Plu(o)]) do (15.24)

Here the infimum is taken over all u in L2([0, 7],4/) while the supremum is taken over all w
in L%([0, 7], W). Obviously, Q(r) is well defined if and only if the optimal cost p(zo,0,7) is
finite for all initial states zp in A

If the pair {C, A} is observable, then (7) is strictly positive for all 0 < T where Q(7) is
defined. This follows from the fact that P(¢;—t) is strictly positive when {C, A} is observable.

Exercise 32 Consider the system {A, B,C, D, E} and assume that the Riccati differential
equation in (15.8) has a solution over the interval [t,t1]. Consider the feedback controller
u = —B*Pz and let w be a vector in L?([tg,t;],W) and z be the corresponding output
for this feedback system described in (15.25). Then u is not necessarily the optimal input
which obtains the minimum cost £(zp,w), that is, for some disturbance w one can have
&(zo,w) < ||2||> - ¥*|w||®. For a counter example, consider the system ¥ = w + u on the
interval [0, 1] with zo = 1, and set v = 1. Then show that for w = 1, the feedback controller
u = — Pz does not obtain the minimal cost £(zq, w).

15.1.2 The central controller

Assume that the Riccati differential equation in (15.8) has a solution P on the interval
[to, t1]. The control & = —B*P# presented in Theorem 15.1.1 is an open loop control which
achieves the optimal cost d(zp) for the worst case disturbance input #. For disturbances
other than the worst case disturbance, there is no guaranteed performance. However, the
feedback controller u = —B*Pz is useful in applications.

Copyright © Marcel Dekker, Inc. All rights reserved.
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262 CHAPTER 15. H* CONTROL

Definition 1 Consider the system {A, B,C, D, E} in (15.1). Assume that the Riccati dif-
ferential equation in (15.8) has a solution over the interval [to, t1] for some specified v > 0.
The feedback controller u = —B*Pz is called the central controller corresponding to the
tolerance .

The closed loop system corresponding to the central controller u = —B*Px is described
by

¢ = (A-BB'P)z+ Euw
~ (C- DB'P)z. (15.25)

Now let 7', be the operator from L*([ty, ], W) into L*([to, ], Z) defined by

¢

(Fw)(t) = / (C = DB P(O))U(t, NEw(r)dr  (we L[t t,W))  (15.26)
tg

where ¥ is the state transition operator for A — BB*P. Obviously, the output z for the

system in (15.25) is given by

2(t) = (C — DB*P(t))¥(t, to)xo + (Tyw)(t) . (15.27)

In particular, if z(¢) = 0, then z = Ta,w. In other words, 'f’,, is simply the input output
operator from the disturbance w to the output z determined by the central controller.

A fundamental problem in control design is given a system {A, B,C, D, E'} along with a
specified tolerance v > 0, find a linear controller u such that ||¢(0,w, u)|| < v|jw|} for all w
in L*([tg, t1}, W). The following result uses the central controller to solve this problem.

Corollary 15.1.2 Consider the system {A, B,C, D, E} and assume that the Riccati differ-
ential equation in (15.8) has a solution over the interval [to,t;]. Let T7 from L*([to, t:], W)
into L*([to, t1], Z) be the input output operator for the closed loop system corresponding to
the central controller

w=-B'Pz. (15.28)
Then HTA,H < 7. Moreover, for any initial state x(ty) = xo, the closed loop system in (15.25)
satisfies ||z]|2 < Y2 |lw||? + d(zo).

PrOOF. Using D*D = I and D*C = 0, we obtain
(C-DB*P)"(C - DB*P)= PBB*P + C*C.

Substituting this into the Riccati differential equation in (15.19), it follows that the Riccati
differential equation in (15.8) can be written as

P+(A-BB*P*)*P+P(A—BB*P)+~y 2PEE*P+(C—DB'P)*(C—DB*P) = 0 (15.29)

subject to the final condition P(¢;) = 0. This is precisely the Riceati differential equation
one obtains by replacing C' and A4 with respectively C — DB*P and A — BB*F in Theorem
14.2.1. By using the completion of squares approach in the first part of the proof of Theorem
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14.2.1, one can readily show that for any disturbance input w in L?([to,¢,], W) and for any
initial state zo, the closed loop system satisfies

[ " (l(@)” = ¥*llw(o)]]) do < (P(to)xo, x0) = d(o) - (15.30)

Moreover, by following the proof of Theorem 14.2.2, one can show that the norm of TA, is
strictly bounded by . [ ]

15.2 Some abstract max-min problems

In this section, we develop and solve some operator max-min problems. In the next section
we will apply some of these results to a standard feedback control problem. Let us begin by
recalling Lemma 12.3.1 in Section 12.3 restated here for convenience.

Lemma 15.2.1 Let F be an operator from F into H and h a vector in H. Then
((I+ FF*)7 h,h) = inf{||h + Fu|® + ||ul®: v € F}. (15.31)
Moreover, the optimal i in F solving this minimization problem is unigque and given by
==+ F'F)'Fh=-FI+FF)h. (15.32)

Remark 15.2.1 As before, let F be an operator mapping F into H. Let y = h + F'u where
h is a specified vector in H. Then the abstract linear quadratic regulator problem in (15.31)
is equivalent to

e(h) = inf{|ly|]* + |ul® : w € F}. (15.33)

Obviously, e(h) = ((I + FF*)"'h,h). Moreover, the optimal 4% which attains the optimal
cost £(h) is given by & = —F*{j where y = h + Fi is the optimal output; see Remark 12.3.1.

Now let T be an operator mapping K into H and C, be an operator from & into H. Let
D be an isometry from F into ‘H whose range is orthogonal to the range of C,, T' and F,
that is D*C, =0, D*T = 0 and D*F = 0. Let z be the output vector in H given by

z = ¢(zo,w,u) = Coxg + Tw+ Fu+ Du (15.34)

where (the initial state) o is specified. In our abstract control problem the vector u is viewed
as the control and w is the disturbance. The idea is to design a control u to minimize the effect
of the unknown disturbance w on the output 2. This leads to the following minimization
problem

inf{(|¢(zo, w, uw)||* : u € F} = inf{||C,zo + Tw + Ful* + ||u[|® : u € F}. (15.35)

According to Lemma 15.2.1 with A = C,zq + Tw, the optimal solution to this problem
is uniquely given by 4 = —(I + F*F)"1F*(C,z¢ + Tw). To simplify some notation it is
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convenient to let 12, be the positive square root of (I + FF*}~!. Then the optimal cost in
the optimization problem (15.35) is given by

| Ry (Como+ Tw) || = inf{||Cowo+Tw+ Ful®+|u)? : u € F} = inf{||¢(zo, w, w)||*}. (15.36)

For the moment assume that the initial state zg = 0. In this case, the optimal choice for the
control @ gives rise to the operator R,T from the disturbance space K to the output space
‘H. Notice that

IR.TI* = HSLﬁglinf{W(O,w,u)HZ:ue]:}. (15.37)

In particular, this shows that if » is any vector in F, then
1R.T| < sup{||¢(0,w,uw)]| : w € K and |Jw| < 1}. (15.38)

This leads to the following design problem: Given a specified v > ||R.T]| find a controller
u such that ||¢(0,w,u)| < v whenever ||w|| < 1. Of course, the closer v comes to |R.T|
the closer one comes to constructing a controller to minimize the operator norm from the
disturbance space K to the output H.

Notice that R,T is bounded by = if and only if 421 —TT*+~2FF* is positive. This follows
because || R, T|| < v if and only if 21 — R, TT* R, is positive, or equivalently, YR, 2 —TT" =
¥ — TT* + v*FF* is positive. A similar argument shows that the norm of R.T is strictly
bounded by « if and only if ¥2I — TT* + ~2F F* is strictly positive.

Let T be an operator from K into H. Let us recall the following optimization problem
discussed in Section 14.4. For a specified v > 0 , find the optimal cost 3(h) defined by

B(h) = sup{||h + Tw|* = Y|lw|®: w € K}. (15.39)
Recall that if ||T|| > ~, then B(h) is infinite and this optimization problem is undefined. If

B(h) is finite, then |T]| < v. For convenience let us restate Theorem 14.4.1 to obtain the
optimal solution when ||T|| < .

Lemma 15.2.2 Let T be an operator mapping K into H whose norm is strictly bounded by
v and let h be a vecior in ‘M. Then the supremum in (15.39) is attained and is given by

B(R) = v* (21 = YY) h,h) . (15.40)
Furthermore, the optimal w in K which attains this supremum is unique and is given by
W= (VI =) h = T (] - T h (15.41)

Recall that z = Coxg + Tw + Fu + Du. By choosing h = C,zq we can combine the
optimization problems in (15.36) and (15.39) to arrive at the following max-min problem

d(zo) = supinf{||Como + Tw + Full* + |lul* — +*||w||’} = supinf{||z]* — +*[w]*} (15.42)
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where the infimum is taken over all u in F and the supremum is taken over all w in K.
Finally, let £(zo,w) be the cost of the infimum, that is,

€(zo, w) = inf{]| ¢ (2o, w, w) |~ 7*|lwl|*} = inf{[|Cozo+Tw+Ful®+[|ul*—7*|lwl*} . (15.43)

Obviously, d(za) = sup,, &(zg,w). In this setting, we say that the vector ¥ is optimal for w
if 7 attains the cost £(xg, w), that is, £(zo, w) = ||@(z0, w, ) ||? — ¥2||w||®. The pair {a, ¢} is
optimal for (15.42) if 4 is a vector in F and @ is a vector in X satisfying

d(z0) = £(wo, W) = [[¢(zo, @, W* — (||| (15.44)
By employing (15.36) in (15.43), it follows that for fixed w in K
&(z0, w) = || Ru(Coo + Tw) | — 2*|lw]]*. (15.45)
Moreover, Lemma 15.2.1 shows that the cost £(zo,w) is uniquely attained by the vector

b=~ + F'F)7'F*(Coxo + Tw). (15.46)

Furthermore, the optimal ¥ can be obtained from the “feedback controller” & = —F*¢(zo, w, 0).

To see this simply observe that (15.46) gives (/+F*F)t = —F*(C,zo+Tw). This readily im-
plies that © = —F*(Cozo+Tw+ F?). Using F*D = 0 with ¢(zo, w,?) = Cozo+Tw+Fo+D0,
yields & = —F*¢(xo, w, ). This proves part of the following result.

Theorem 15.2.3 Let C, be an operator from X into H while T is an operator from K into
H and F is an operator from F into H. Let d(zo) be the optimal cost in the optimization
problem (15.42) and assume that v*1 — TT* + v2FF* is strictly positive. Then

d(zo) = V(Y1 — TT* + v*FF*) ' Cox0, Coz0) - (15.47)

The optimal control & which uniquely attains the cost £(xo,w) is given by & = —F*¢(zo, w, 0).
Furthermore, the optimal disturbance pair {w,u} which attains the optimal cost d(xo) is
unique and is given by 4 = —F*% and W = v 2T*2 where 3 = Cozo + T + Fo + Da, or
equivalently, & = —F*§ and w = v~ 2T*§ where § = C,zo + Tt + Fd.

PROOF. Assume that 42 — TT* + v2FF* is strictly positive, or equivalently, the norm of
R.T is strictly bounded by . By taking the supremum in (15.45) and employing Lemma
15.2.2 with T = R,T and h = R,.C,xzo, we obtain

d(zo)

sup{[| R.Cozo + R.Twl|* — *[[w]*}
w

¥*((v*I — R, TT*R,) ' R.C,x¢, R.Cozo) (15.48)
V(YT =TT+ VPFF*) ' Coao, Coxg) .

i

Notice that if ¥2/ — TT* + +*FF* is not positive, then |R.T| > 7. In this case, d(zo) is
infinite. So, |R.T| is the infimum over the set of all ¥ > 0 such that the optimal cost d(xq)
is finite.
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To complete the proof it remains to compute the optimal pair {, 4} which achieves the
optimal cost d(zo). As before, let ¥ be the optimal input which achieves the cost £(zo, w) in
(15.43). Applying Lemma 15.2.2 with T = R,T to (15.45), shows that the optimal input
which attains the optimal cost d{zq) = sup,, £(zo, w) is given by

W = T*R.(vI - RJTT'R.) 'R.C,xo (15.49)
= T —TT* +~+*FF*)"'Coa0.

Moreover, Lemma 15.2.2 shows that this @ is the only disturbance which attains the optimal
cost d(zo). By setting ¢ = 0 and w = w in (15.46), we arrive at an optimal pair {@, 4}
which achieves the optimal cost d{zg). Moreover, we claim that

= =P F*(YT — TT* + 4 FF*) ' Coxp . (15.50)
Using (15.49) in (15.46) with 4 = 0, we obtain
~F*(I+ FF)™Y(Coxo + Th)
—F* I+ FF)y Y (I+TT* (I =TT +¥*FF*)™") C,zo
—F*(I+FF") 7 (V1 =TT + ¥*FF* + TT") (v*1 = TT" + ¥*FF*) " Cozo
~V F* (- TT* + ¥*FF* Ly . (15.51)

Il

4

i

This yields (15.50). We claim that the optimal output 2 = C,zy + Fu + Tw + D1 is given
by
5 =Y —TT* +¥*FF*) " Coag + Dit. (15.52)
Let § = Coxo + Fio + T, Using (15.50) and (15.49), we obtai.

g = Cozog+Tw+ Fu

= Coro+ (TT" — PFF)Y (T =TT + ¥ FF*) 1 CLu

= (Y1 -TT"+FF +TT" = *FF*) (v*] = TT* + ¥FF*)"'C,xo
= PP - TT* + Y FF) 1Cox.

Since 2 = g + D1, equation (15.52) holds. Because F*D = 0, equations (15.52) and (15.50)
show that & = —F*§ = —F*2. Equations (15.52) and (15.49) imply that & = vy~ 2I*§ =
¥~2T*2. Finally, it is noted that {u, @} in (15.49) and (15.50) is the only pair which attains
the optimal cost d{zo). If {w,, u,} is another pair which attains the optimal cost d(zg), then
w, must be the unique vector which attains the optimal cost d(xg) = sup,, £{xo, w). Hence,
w, = W is given by (15.49). Because there is only one vector which attains the cost £(zo, @),
the calculation in (15.51) shows that u, = @ is given by (15.50). Therefore, the optimal pair
{w, @} which attains d(z) is unique. ]
The proof of the previous theorem readily yields the following result.

Corollary 15.2.4 Let C, be an operator from X into H while T is an operator from K into
H and F is an operator from F to H. Let d(zo) be the optimal cost in the optimization
problem (15.42). Then

NI+ FF*)™V27| = inf{y : d(z,) < o0} . (15.53)
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Corollary 15.2.5 Assume that v2I1 —T*T+~+*FF* is strictly positive. Then the pair {d, 4}
which uniquely attains the optimal cost d(xo) in the optimization problem (15.42) is given
by solving the following block matrix system of equations

I+FF  FT i) [ -FComo
-T*F 721—T*T} [w] = [ T*Cyo } ' (15.54)

Moreover, the 2 x 2 block matriz in (15.54) is an invertible operator on F @ K.

PROOF. According to Theorem 15.2.3, the optimal pair {0, 4} which achieves the optimal
cost d(zp) is uniquely given by @& = —F*§ and @ = v~ 27§ where § = C,zp + T + Fi.
Hence,

(I+F*F)i=—-F'Tw—F*Cozg and (Y I-TT)i=T"Fi+TCoro.

By rearranging these equations, we arrive at the system of equations in (15.54). Let X be
an invertible operator on F. Then recall that the block matrix

XY F

w z| " |k
is invertible if and only if the Schur complement Z — W.X~1Y is invertible. The Schur
complement for the 2 x 2 block matrix in (15.54) is given by

VI-T'T+T'FI+F'F)'"F*T=+1-T"(I-(I+FF)'FF)T
=4 —T*(I+FF) YU+ FF*—FF)T =+ -T*(I + FF*)7'T
=+ -T'R.R.T.

Because 21 — T*T + v*FF* is strictly positive, the norm of R,T is strictly bounded by .
So, the Schur complement v2I — (R,.T)*R,T is invertible. Therefore, the 2 x 2 block matrix
in (15.54) is invertible. ]

A connection to game theory. Let us conclude this section by making a simple connec-
tion with game theory. To this end, let g{w, 1) be a real valued funetion of » in F and w in
K. Then,
‘ sup inf ¢(w, u) < inf sup g{w, u) (15.55)
w U U

where the infimum is taken over all  in F and the supremum is taken over all w in K.
We say that g defines a game if we have equality in (15.55). To motivate this terminology
consider a contest with two players a and b. Player a is trying to maximize the cost function
q by choosing a strategy from w in X, while player b is trying to minimize the cost function
g by choosing a strategy from w in F. If g defines a game, then it does not matter which
player a or b goes first. We conclude this section with the following result.

Theorem 15.2.6 Let T be an operator from K into H while F' is an operator from F into
H and C, is an operator from X into H. Assume that ||T|| < -y and let g be the function
defined by

g(w,u) = [|Coo + Tw + Ful? + j|u|* — ¥*||lw]?. (15.56)
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268 CHAPTER 15. H* CONTROL

Then q defines a game and the optimal cost is given by

inf sup g(w, u) = supinf g(w, u) = Y2(CH(¥*I — TT* + v*FF*)7'C,x0, 7o) - (15.57)
Moreover, the optimal pair {w,4} which attains this optimal cost is uniquely given by & =
y7T*G and & = —F*§ where § = Cox + Tw + Fi.

PrOOF. Let D, be the positive square root of (v*/ — TT*)~!. By combining Lemma 15.2.2
with Lemma 15.2.1, we have

inf sup g(w, u) inf sup{||Cozo + Tw + Ful|* — ¥2|jwl|® + l|u|(*}

inf{y?|| DuCoz + D.Ful|* + [u*}
= (I +4*D.FF*D,) 'vD,Coz0,7D.Cox0)
= (NI = TT* + ¥ FF*) " C,o, Coxp) .
On the other hand, Theorem 15.2.3 shows that
sup ir;f g(w,u) = d(z) = vYH((¥*1 — TT" + ¥*FF*)7'C,x0, Cozo) .

Therefore, (15.57) holds and q defines a game. n
Exercise 33 Let ¢ be the function defined in (15.34). Consider the feedback controller
u = ¥ = —F*z. Then show that ||¢(zo,w, )] = ||R.(Cozo + Tw)|. In particular, this

implies that [|¢(0, w, )|l < [|R.T|[lw]].
Exercise 34 Consider the system {A, B,C, D, E} in (15.1). Assume that the Riccati dif-
ferential equation
R+A'R+RA+~*REE'R+C*'C =0  (R(t;)=0)
has a solution on the interval [tg,t;] for some v > 0. Then show that

supinf (|lz]* — 7*[lw]|*) = inf sup (|l]* — +*|w]) -
w w

The supremum is taken over all w in L%([to, 1], W) while the infimum is taken over all u in
L3 ([to, t1],U).

15.3 The Riccati differential equation and norms

Now let us return to the system {4, B,C,D, E} in (15.1}. Recall that D is an isometry
satisfying D*C' = 0. In this section, we will show that the Riccati differential equation
in (15.8) has a solution over the interval [, t1] if and only if a certain operator is strictly
positive. To this end, let T be the operator from K = L*([to, t1], W) into H = L¥({to, t1], Z)
and F the operator from F = L%([ty, t1],U) into L*([to, t;], Z) defined by

(Tw)(t) = /t Ce*" D Ew(r)dr  and (Fu)(t) = lt Ce*tDBu(r)dr. (15.58)

to

In this setting C, is the observability operator from & into L2([to, t1], Z) defined by (Cozo)(t) =
CeAlt=to) g, where x4 is in X
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Theorem 15.3.1 Consider the system in (15.1) and let T be the operator from L*([to, t1], W)
into L*([to, t1], Z) and F the operator from L2([to, t1],U) into L?([to, t1], Z) defined in (15.58).
Then the following statements are equivalent.

(i) The norm ||(I + FF*)~Y2T|| < ~.
(i1) The operator v*I — TT* + y2FF* is strictly positive.
(i1t) The Riccati differential equation in (15.8) has a solution P on the interval [to, t1]-
() The optimal cost d(zo) defined in (15.5) is finite for all initial states zo in X.
In this case, d(zo) is uniquely attained and given by d(zq) = (P(ta)Zo, Zo).

PROOF. Recall that Parts (i) and (i¢) are equivalent. According to Theorem 15.1.1, Parts
(#44) and (iv) are equivalent. Obviously, the optimization problem in (15.5) is a special
case of the optimization problem in (15.42). So, if Part (iz) holds, then equation (15.47) in
Theorem 15.2.3 shows that d(z) is finite for all zo in X. Hence, Part (4¢) implies Parts (éi%)
and (iv).

Now assume that the Riccati differential equation in (15.8) has a solution P on the interval
[to, 1], that is, Part (44¢) holds. Recall that if a nonlinear differential equation ¢ = f(g,n)
has a solution on the interval [to, t;] where f is a continuous function and 7 is a parameter,
then ¢ = f(q,n7— €) also has a solution on the interval [to, #;] for all € in some neighborhood
of the origin; see [28]. Hence, the Riccati differential equation in (15.8) also has a solution
on the interval [tg,¢;] when - is replaced by v — ¢ for some ¢ > 0. Theorem 15.1.1 shows that
for this v — € the corresponding optimal cost d(zg) is finite. Corollary 15.2.4 implies that
|R.T|| €7 — € where R, = (I + FF*)~Y2. Therefore, | R.T|| < v and Part (4i) implies
Part (3). [ |

The following consequence of the previous theorem provides a method to compute the
norm of the infinite dimensional operator (I + FF*)~1/2T.

Corollary 15.3.2 Let T be the operator from L?([ty, t1], W) into L?([to, t1], Z) and F be the
operator from L2([to, t1],U) into L*([to, 1), Z) defined in (15.58). Then ||(I + FEF*)~Y/2T||
is the infimum of the set of all positive numbers ~ such that the Riccati differential equation
in (15.8) has a solution on the interval [to, t1].

Remark 15.3.1 Let T be the operator from L2([tg, 1], W) into L?([tg, t1), £) and F be the
operator from L2([tg, t1],U) into L%([to, #1], Z) defined in (15.58). Assume that the Riccati
differential equation in (15.8) has a solution over the interval [to, #;]. Then ¥ —~TT*+~*FF*
is strictly positive. By combining Theorems 15.1.1 and 15.2.3, we obtain

P(to) = Y’C;(¥*I = TT* + v*FF*)1C,. (15.59)

Recall that the pair {C, A} is observable if and only if the operator C, is one to one. Hence,
equation (15.59) shows that the pair {C, A} is observable if and only if P(ty) is strictly
positive. Obviously, this Riccati differential equation has a solution over the interval [t’, #]
for any to < t' < ¢y. So, by replacing ¢y by ¢ in (15.59), we see that P(t) is strictly positive
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for any ty < ¢ < ¢ if and only if the pair {C, A} is observable. In particular, P(t) is strictly
positive for any ¢ty < ¢ < t; if and only if P(¢) is strictly positive for all ¢g < ¢ < t;. Likewise
Q(7) = P(t1 — 7) is strictly positive for any 0 < 7 < #; — tp if and only if Q(7) is strictly
positive for all 0 < 7 < #; — t,.

15.4 The infimal achievable gain

As before, consider the system {A, B,C, D, E} in (15.1). The output z of this system is
given by

z=Coxg+Tw+ (F+ Du.
Here we consider the problem of finding a feedback controller to minimize the effect of the
disturbance w on the output z. In general, a linear feedback controller is described by

u=K(zdw) (15.60)

where K is an operator mapping L?([to, t1], X') © L%([to, 1], W) into L?([to,,],U). Assume
that the initial state zq = 0. Then, the closed loop system corresponding to the feedback
controller (15.60) applied to system (15.1) satisfies

z=LEw+ LBK(z ®w) and r=Tw+ (F+D)K(z®w) (15.61)

where L is the operator on L%([ty,#,], X) defined by

t

Lf(¥) :/ et (o) do .
to

We say that the feedback map K is admissible, if for each w in L([0, ], W), there is a unique

element z of L?([to,#1], X') which satisfies the first equation in (15.61). If K is admissible,

then with o = 0, there is an operator Z from L?([t,t;], W) into L?*([to, t1],4) such that the

feedback controller in (15.60) can be described by

u=Zw. (15.62)
Thus, the closed loop system (with z = () satisfies
2= Tyw (15.63)

where T’ is the operator from L?([to, ], W) into L%([to, t1], Z) given by Tz = T+ (F+ D)Z.
We refer to Tz as the input output map for the closed loop system.

Consider now the problem of finding an admissible controller to minimize the effect of the
disturbance w on the output z. One can approach this problem by considering the problem
of finding an operator Z to minimize the norm of T. We refer to ||Tz|} as the gain of the
closed loop system. This leads to the following optimization problem:

deo = inf [ T7]]. (15.64)

We say that d is the infimal closed loop gain achievable by an admissible linear controller.
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Consider any operator Z. By consulting (15.37) and noting that Tzw = ¢(0, w, Zw), we
see that

IR.T| = sup inf(|¢(0,w,u)

lwl<t

IA

sup ||¢(0,1U,Z’LU)” = |[Sl[1|p ”:FZ'w”2
wi|<1

hwil<1

= |7zl
where R, = (I + FF*)~'/2. Hence,
BT < igf 1Tl < don.

We claim that | R,T|| = dy.. In other words, one can find an admissible controller such that
17z ~ | R.T||-

If ¥ > || R.T|, then Theorem 15.3.1 shows that the Riccati differential equation in (15.8)
has a solution over the interval [t,t;]. Now consider the corresponding central controller as
given by v = —B*Pz. This is an admissible controller and the input output operator T,
from L%([t;,t2), W) into L2([t;,ts], Z) corresponding to this controller is given by (15.26).
In other words, if the initial condition z(ty) = 0, then z = Tww. Corollary 15.1.2, shows
that the norm of T., is strictly bounded by 4. So, letting « approach ||R.T||, we see that
deo = ||R.T|. In other words, d is the infimum of the set all v > 0 such that the Riccati
differential equation in (15.8) has a solution on the interval [tp, ¢;]. Summing up the previous
analysis yields the following result.

Theorem 15.4.1 Consider the system in (15.1) and let T be the operator from L2([to, t1], W)
into L2 ([to, 11}, Z) and F be the operator from L2([to, t1},U) into L*([to, 1], Z) defined in
(15.58). Then, the infimal closed loop gain do, achievable by an admissible linear controller
is given by

doo = ||(I + FF*)72T.
Moreover, dy equals the infimum of the set all v > 0 such that the Riccati differential
equation in (15.8) has a solution on the interval [to,t1]. In particular, if v > d, then the

central controller u = —B*Px yields a closed loop system whose gain ||T,|| is strictly less
than .

15.5 A two point boundary value problem

In this section we derive a two point boundary value problem associated with the optimization
problem in (15.5). This will provide us with a natural derivation of the Riccati differential
equation in (15.8). As before, let T be the operator from L%([to, 1], W) into L%([te, 1), Z)
and F be the operator from L%([to,#;],U) into L%([ts,#1], Z) defined in (15.58). Moreover,
assume that v2I —TT*4-~v2F F* is strictly positive. According to Theorem 15.2.3, the optimal
cost d(xo) in the optimization problem (15.5) is uniquely attained by the pair {w, #} where
@ = —F*% and @ = v~ 2T*2. The optimal output 2 is given by

t=Ai+Ev+Bii and 2= Ci+Di (15.65)
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where #(fy) = zo. Since T*D and F*D are both zero, the optimal pair {w, 4} is given by
= —F*"C% and w = vy 2T*C4%.

To compute the optimal pair we need the adjoints of 7 and F. A simple calculation
shows that T* is the operator from L?([to, t1], Z) into L%([to, 1], W) and F* is the operator
from L2([ty, 1], Z) into L*([to, t,],U) defined by

) )
(T*g)(t) = / Ere=tC*g(r)dr and (F*g)(t) = / Bre™ At g(7) dr (15.66)
t

T

where g is in L?([to, ], Z). Let A be the function defined by
11 .
At) = / e~ g(r) dr (15.67)
t

Obviously, £*A = T*g and B*A = F*g. Using Leibnitz’s rule, we obtain following state
space representation of A

A= —A*A-C'g with At)=0. (15.68)

To compute A for a specified g, one must integrate the previous differential equation backward
in time from ¢;. Finally, we call A the adjoint state.

Recall that the optimal pair is given by @ = v *T*Cé# and 4 = —F*C%. So, by using
g = C% in (15.68), we obtain A = —A*} — C*C%. Moreover, w = v 2E*\ and 4 = —B*).
Combining these equations with # = A% + Fd + B, we see that £ @ A solves the following
two point boundary value problem

l-Lée R[] e [R5 [5] 0 oo

4

Summing up the previous analysis we obtain the following result. If v/ — TT* + 2 F F*
is strictly positive, then the corresponding two point boundary value problem in (15.69) has
a solution for every z¢ in X. Furthermore, the optimal cost d(z¢) in (15.5) is attained for
every initial state xy. Moreover, the optimal pair which achieves this optimal cost is given
by @ =y ?E*\ and &t = —B*\.

We now claim that, if 42f — TT* + v2F F* is strictly positive, then for every zo in X and
for every t’ in the interval [fo,¢;), the two point boundary value problem

; A yEE*—-BB | [3 . Bt/
e 5 |[2] e 50)-[5] o
has a solution £ @ A on [t’, #;].

To see this, let 7' be the operator from L?([t',#],W) into L*([¢', 1], Z) and F’' the
operator from L2([t’, ;],U4) into L2([t', ], Z) defined by

(T'w)(t) = /: Cet) Bw(r)dr and (F'u)(t) = [f Cet Bu(r)dr. (15.71)
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15.5. A TWO POINT BOUNDARY VALUE PROBLEM 273

If e <421 —TT*+~*FF* for some € > 0, then we claim that el < v2[ = T'T'* +~*F'F'*.
To see this let B be the set of all unit vectors g in L?([to, %], £) satisfying g(¢) = 0 for
to+t; —t' <o < t;. Using this notation, we obtain

e < inf{?|gl® - [T*gl* + V*IIF*g|* : g € L*([to, ta], Z) and (gl = 1}
<wt([ " (Pl - [T+ PIF D) do: g € B} (15.72)

mf{y*llgll* — 17" g ++* | F"*g|* - g € L*([t' ta], Z) and [|gl} = 1}

Hence, v2I — T'T'* + 2F'F’* is strictly positive. By using this fact, in our previous
analysis with ¢’ and T’ and F’ replacing to and T and F respectively, we see that the two
point boundary value problem (15.70) has a solution for every zg in X and for every ¢’ in
the interval [to, ¢1).

15.5.1 The Riccati differential equation

As before, let T and F be the operators defined in (15.58) acting between the appropriate
L*([to, t1],-) spaces. Assume that v2I — TT* + ¥2FF* is strictly positive. Theorem 15.3.1
states that the Riccati differential equation in (15.8) has a solution P on the interval [to, ¢1].
Here we use the two point boundary value problem in (15.69) to derive the Riccati differential
equation in (15.8). In particular, we show that the solution £ & A to this two point boundary
value problem satisfies A(t) = P(¢)&(t). As in the linear quadratic regulator problem, we
will also obtain an explicit formula for P in terms of the elements of the state transition
matrix for the corresponding Hamiltonian matrix. In this setting the Hamiltonian matriz
associated with the optimization problem in (15.5) is given by

A  ~EE* - BB*
H=| _fo i A (15.73)
Notice that H is simply the state space matrix for the system in (15.69).

Since v2I — T'T* + v2F F* is strictly positive, the two point boundary value problem in
(15.70) has a solution & & X for every zp in X and ¢’ in [to, ;). Hence, using Lemma 13.6.1,
this is equivalent to the existence of a solution P to the Riccati differential equation in (15.8)
on the interval [tp,t;]. Moreover, it follows from Remark 13.6.1 that A(t) = P(t)Z(¢) and

P(t) = @yt — t)0u(t =)™ (forto <t < ty) (15.74)

where ®;; and @, are obtained from the following matrix partition of ef*:

oMt — [ g;gg gngg] on [ﬂ . (15.75)

So, one can obtain P by either using (15.74) or solving the Riccati differential equation
backwards in time with P(t;) = 0.
Combining the results in this section with Theorem 15.3.1 yields the following result.
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Theorem 15.5.1 let T be the operator from L*([to, t1], W) into L*([to, t1], Z) and F be the
operator from L*([tg, t1],U) into L*([to, t1], Z) defined in (15.58). Let d(zo) be the optimal
cost for the optimization problem in (15.5). Then the following statements are equivalent.

(i) The optimal cost d(zq) is finite for every xo € X
(it) The optimal cost d(xq) is uniquely attained for every xo € X.
(ii1) The Riccati differential equation in (15.8) has a solution on the interval {to, t4].

(iv) The two point boundary value problem in (15.70) has a solution for every zo in X and
t’ in the interval [ty ty).

(v) The operator v*I — TT* + ¥2FF™* is strictly positive.

15.6 The infinite horizon problem

As before, consider the system {A, B,C, D, E} where D is an isometry satisfying D*C = 0.
This section is concerned with the following infinite horizon version of the optimization
problem in (15.5). For each initial state zo in X, find the optimal cost d(zo) and an optimal
disturbance pair {w, 4} which solves the optimization problem:

dtzo) = supint [ ((120)|* = Pllu(o)]F) do
subject to == Ar + Ew+ Buand z = Cz + Du and 2(0) = zo. (15.76)

The infimum is taken over all u in L*([0, 00),U) while the supremum is taken over all w in
L*([0,00), W). To be more explicit, let &(xo, w) be the infimal cost defined by

ézow) =inf [ ()P = Pllu)?) do (15.77)

where the infimum is taken over all u in L2([0,00),4{). Then d(zo) = sup,, &(zo, w).

As in Remark 15.1.3, let Q(7) = P(¢;—7) where P is the solution to the Riccati differential
equation in (15.8). Remark 15.1.3 shows that Q satisfies the Riccati differential equation in
(15.23). Recalling (15.24), we have

()0, 20) = ple, 0, 7) : = supint [ (J=(0)| = Pwle)?]) do. (15.78)
w % S
Proceeding as in Remark 15.1.1, one can readily show that

p(z0,0,7) < supin / I = 3wl 1) do = dzo).- (15.79)

w

Hence,
(QT)z0, o) < d(x9) (15.80)
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15.6. THE INFINITE HORIZON PROBLEM 275

for all 7. Recall that £ is a uniformly bounded solution to the Riccati differential equation
in (15.23) if © is a solution to (15.23) for all 7 > 0 and ||Q(7)|} < m for some finite scalar m.
If Q is a uniformly bounded solution to this Riccati differential equation, then according to
Lemma 13.6.3, the solution € converges to a limit 2, as T approaches infinity. In addition,
@ = Q. is the minimal positive solution to the following algebraic Riccati equation

A'Q+ QA+ QEE’Q-Q@BB*Q+C*C =0. (15.81)
This sets the stage for the following result.

Lemma 15.6.1 Let d(xo) be the optimal cost for the infinite horizon oplimization problem
in (15.76). Then the following statements are equivalent.

(i) The optimal cost d(z) is finite for all zp in X.

(it) There exists a uniformly bounded solution §) to the Riccati differential equation in
(15.23).

(iii) There exists a positive solution Q to the algebraic Riccati equation in (15.81).

In this case, the solution Q2 converges to a limit Q. that is,

Qe = lim Q(7). (15.82)
and the optimal cost is given by
d(20) = (R0, T0) - (15.83)

In addition, the limit Qo is the minimal positive solution to the algebraic Riccati equation
(15.81). Finally, if {C, A} is observable, then Q is strictly positive.

PrROOF. The proof is similar to the proof of Lemma 14.7.1. We first demonstrate that (%)
implies (#7). So, suppose that the optimal cost d(zo) is finite for all o in X. Let Q2 be
the solution to the Riccati differential equation in (15.23) which is defined on some interval
[0,t1). Lemma 13.6.2 implies that Q(7) is self-adjoint. It now follows from (15.80) that

1)l < trace(r) < Y d(p;) < o0

where {¢;} is any orthonormal basis for X. Therefore, 2 can be extended to a uniformly
bounded solution of (15.23) and Part (i) holds.

The equivalence of Parts (i) and (44¢) follow from Lemma 13.6.3. This lemma also states
that the solution £2 converges to a limit 2,,. Moreover, the limit Q, is the minimal positive
solution to the algebraic Riccati equation (15.81).

We now demonstrate that (iiz) implies (¢). So, suppose that the algebraic Riccati equation
in (15.81) admits a positive solution ¢). Using the algebraic Riccati equation in (15.81), along
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with & = Az + Fw + Bu and z = Cx + Du, we obtain

%(Qz,x} = 2R(Qz,z)
= 2R(QAz,z)+ 2R(QFw,z) + 2R(QBu, z)
((QA + A*Q)z, z) + 2R(w, E*Qz) + 2R(u, B*Qx)
~[Calf? — 7 ?| E*Qal® + | B*Qz||* + 2R(w, E*Qz) + 2R(u, B*Qx)
= |z + 3 w|? = v E'Qr — yw|? + v+ B*Qz|?. (15.84)

Integrating from 0 to ¢ and using z(0) = xo results in

/O(IIZ(O)Hz“v?IIw(U)Hz) do = (QIo:%)*(Qx(t),w(t)H/O lu(e) + B*Qu(0)|* do

[ 1h B Gato) = yuto) P do (15.55)

Letting t approach infinity and using the fact that Q is positive, we obtain

o0

/OOO(IIZ(O)H“’~72Hw(a)ll2) do < (Qo,z0) T / lu(o) + BQulo)Pdo.  (15.86)

If we let u = —B*Qz, then
[ 17 =1t do < (@2, 50) (15.87)

Since w is in L*([0,00), W), it follows that z is in L?*([0,00), Z). Recalling that ||z|* =
|Cz||? + |ju|?, we obtain that u is in L?([0,00),U). Inequality (15.87) now implies that
§(zo, w) £ (@0, o). Hence,

d(zo) < (Qxo, Zo)

and Part (i) holds.

Recall that 0, is also a positive solution to the algebraic Riccati equation in (15.81). So,
we obtain d(zo) < (Quwa, o). Combining this with d(zg) > (QewTo, Zo), yields the equality
d(xo) = (QeoTo, To)- »

Remark 15.6.1 It follows from the previous lemma that, whenever the algebraic Riccati
equation in (15.81) admits a positive solution, then is has an minimal positive solution Qy,
that is, Q4 is a positive solution and Q., < @ for any other positive solution ¢). Moreover
0 is the limit of the corresponding Riccati differential equation and the optimal cost in
(15.76) is finite and given by d(zo) = (QuZo, Zo)-

Remark 15.6.2 Suppose that @ is a positive solution of the algebraic Riccati equation in
(15.81) and consider the feedback controller

u=~-B"Qx. (15.88)
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In the proof of the previous lemma, it is shown that, for any initial state o in X and for
any disturbance input in L2([0, 00), W), we must have

/ " (2@ — V(@) do < (Qzo,z0).

In particular, if Q = Q,, then

| U= = (@) do < dfeo).
The closed loop system corresponding to the above feedback controller is given by
t=(A-BB*Q)z+Fw and z=(C-DBQ)z. (15.89)

We now claim that, if the pair {C, A} is detectable and @ is a positive solution to the
algebraic Riccati equation in (15.81), then A — BB*Q is stable. To see this, notice that by
rearranging terms in (15.81), we obtain

(A-BB'Q)*Q+Q(A- BB’Q)+ QBB'Q +Y 2QFEE*Q+C"C =0. (15.90)

Let A, = A— BB*Q and C = [C B*Q ~'E*Q|". Then the pair {C, A} satisfies the
Lyapunov equation A;Q+ QA+ C*C = 0. To show that A, is stable it is sufficient to verify
that the pair {C, A.} is detectable; see Lemma 12.7.3. We now claim that the kernel of
A — M

J\) = [ & ] (15.91)
is zero for all complex numbers A in the closed right half plane. Then by the PBH test
{C, A.} is detectable; see Lemma 9.1.2. If f is any vector in the kernel of J(A), then C = 0.
In particular, B*@Qf = 0 and Cf = 0. Thus, (A — A)f = A.f = 0. Since {C, A} is
detectable and R\ > 0, the PBH test guarantees that the kernel of [A — AI C] is zero. In
other words, f must be zero which proves our claim. Therefore, A, is stable.

15.6.1 The stabilizing solution

We say that Q is a stabilizing solution to the algebraic Riccati equation in (15.81) if @ is
a solution to (15.81) and A + v 2EE*Q — BB*( is stable. The algebraic Riccati equation
in (15.81) can have many different solutions. However, if there exists a stabilizing solution
Q, then Q is self-adjoint and is the only stabilizing solution; see Chapter 13. One can use
the Hamiltonian techniques in Chapter 13 to determine if there exists a stabilizing solution.
Suppose that the Hamiltonian matrix H in (15.73) has no eigenvalues on the imaginary axis.
Then, according to Lemma 13.1.3, there exists operators X and Y on X satisfying

H[§]=[_é‘*c 7“2E€;:BB*}[);]=[§]A (15.92)

where A is a stable operator on X, and the operator [X*, Y*]* from X into X & X is one to
one. Then the algebraic Riccati equation in (15.81) admits a stabilizing solution if and only
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if X is invertible. In this case, the unique stabilizing solution is given by Q@ = Y X™1; see
Theorem 13.1.5. In our control problem, we are interested in positive stabilizing solutions.
So, there exists a positive stabilizing solution to the algebraic Riccati equation in (15.81) if
and only if the Hamiltonian matrix H has no eigenvalues on the imaginary axis and X is
invertible with Y X! positive. This readily yields the following result.

Theorem 15.6.2 Let H be the Hamiltontan matriz in (15.78) determined by the operators
A,B,C and E acting between the appropriate spaces. Then the algebraic Riccati equation
in (15.81) admits a positive stabilizing solution if and only if the following three conditions
hold.

(i) The Hamiltonian matriz H has no eigenvalues on the imaginary azis.

(it) If [ X*,Y*]* from X into X © X is any one to one operator satisfying (15.92) where A
on X is stable, then X is invertible.

(iit) The operator Y X! is positive.
In this case, Y X! is the unique positive stabilizing solution to the algebraic Riccati equation.

Example 15.6.1 If the Hamiltonian matrix has no eigenvalues on the imaginary axis, then
it does not necessarily follow that the stabilizing solution is positive. For example, consider
the system {1,1,1,1,1} in (15.1). Then the eigenvalues for the Hamiltonian H corresponding
to this system are given by /2 — 1/+2. In this case, H has no eigenvalues on the imaginary
axis if and only if v > 1/v/2. Now assume that v > 1/v/2. Then A = —/2—~1/+2 is
the stable eigenvalue with eigenvector [A + 1, —1]"". The stabilizing solution is given by
Q = —1/(x+ 1) when v # 1. Hence, the algebraic Riccati equation admits a positive
stabilizing solution if and only if ¥ > 1. In other words, if 1/v/2 < v < 1, then the
stabilizing solution is not positive. If v = 1, then there is no stabilizing solution.

Theorem 15.6.3 Let d(xg) be the optimal cost for the infinite horizon optimization problem
in (15.76) and suppose that { A, B} is stabilizable and {C, A} is detectable. Then the following
statements are equivalent.

(i) There exists a positive stabilizing solution Q to the algebraic Riccati equation in (15.81).

(it) The Riccati differential equation in (15.23) admits a uniformly bounded solution Q and
A+ ~?EE*Q,, — BB*Q,, is stable where Qo = Hm, o (7).

(tit) For every zo in X, there exists an optimal pair {w, 0} which attains the optimal cost
d(l‘o)

() For the Hamiltonian matriz H in (15.73), conditions (i),(ii) and (iii) in Theorem
15.6.2 hold.

In this case, the unigue stabilizing solution to the algebraic Riccati equation in (15.81) is
given by @ = Qo =Y X 1.
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PROOF. Assume that @) is a positive stabilizing solution to the algebraic Riccati equation
in (15.81). According to Lemma 15.6.1, there exists a uniformly bounded solution  to
the Riccati differential equation in (15.23). Moreover, Qo = lim, o, §2(7) exists, d(zo) =
{(Qooo, To) and Qo < Q. Hence, d(zo) < (Qzo,z0). We claim that the optimal cost
d(zg) = (Qzo, 7o), that is, Qs = Q. Moreover, an optimal pair {0, 4} which attains this
cost is given by @ = v 2E*QZ% and 4 = —B*@Q% where the optimal state # and output 2 are
determined by
(A+7EE'Q-BB'Q)2  (3(0) = a0)
2 = (C-DBQ)z. (15.93)

Because @ is a stabilizing solution, Z is in L2(]0, 00), X) and lim;_.o, #(t) = 0. Hence, w and
4 are in the appropriate L? spaces. By letting ¢ approach infinity and setting v = @ and
w = in (15.85), it follows that (Qzg, ze) = ||2]|* — ¥?[l@ .

To show that (Qzq,%o) = d(zo) it remains to show that @ is the optimal input which

attains the cost £(zp,w). The proof is similar to the proof of Theorem 15.1.1. To achieve
our objective, notice that for the disturbance w = v~2E*Q%, we obtain

8-
I

t=Az+ FEw+ Bu.

Now let us introduce the new state Z = z — £ and set @ = v + B*Qz. Then subtracting the
differential equation in (15.93) from the previous state equation, yields

i=(A-BB'Q)z+Ba with Z(0)=0. (15.94)
Using @ = v 2E*Q% in (15.85) with 2 = z — £, gives

/0 (1P ~ 2liA)|?) do = (Qzo, 20) — (Qu(2), 2(t)) — / I B Qi(0) | do

+

/0 e do (15.95)

At this point there are several technical issues to consider. Obviously, &(zo, @) < d(zo)
is finite. Let F be the subset of L2([0,00),f) consisting of the set of all inputs u such that
Cz is in L*([0,00), Z). Then

&(zo, @) = inf {[|Cz|* + [lu|® = »*[@|* : u € F} .

If Cz is in L*([0,00), Z), then as a consequence of the detectability of {C, A}, the state
trajectory z is in L3([0, c0), X'); see Lemma 12.8.2. So, if u is in F, then @ = u+ B*Qz is in
L?([0, 00),U). On the other hand, if & is in L?([0, co),U), then the stability of A— BB*@ and
equation (15.94) implies that % is in L2([0, 00), X'). Obviously, & is in L?([0,00), X). Thus,
z = 2+ 7 is in L%([0,00), X). This readily implies that w = & — B*Qz is in F. In other
words, F equals the set of all functions of the form @ — B*Qz where 4 is in L?(]0, 00),U). So,
if @ is in L%(]0, c0),U), then z is in L2(]0, 00), X). Lemma 12.8.3 shows that z(t) approaches
zero as t tends to infinity. Using this in (15.95) yields

/Om (Jz(@)12 = Vo)) do = (Qao,z0) — / "l EQio)P do

+ /Om lla(a)|? do . (15.96)
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Hence, the cost &(zg, @) in (15.77) is given by

£(x0,10) = (Q0,20) — sup / " (T E Qi) - Ja(o)?) do. (15.97)

we€L?

The algebraic Riceati equation in (15.81) can be rewritten as (15.90). Notice that this is
precisely the algebraic Riccati equation one obtains by replacing C' with [C v E*Q]" and
E with B in Theorem 14.7.4. So, by employing Theorem 14.7.4 and (15.94), it follows that

-SEL%/O (ICz(@)? + Iy ' E"Q(0)|” - [[a(e)]|?) do =0
and this supremum is uniquely attained with 4 = 0. Noting that, for any 4,
/ (VB Qi()|? ~ [|@(o)|f?) do S/O (ICZ(@)|? + Iy E"QZ(a)I* - lla(o)|?) do
0

it follows that the supremum in (15.97) is zero and this is uniquely achieved with @ equal to
zero. In this case, (15.94) implies that # = 0, that is, £ = z. Thus, u = —B*Qz = —B*Q%.
This readily implies that £(zo, @) = (Qo, zo). Therefore, (Qzo, z0) = d(2g). Since d(zo) =
{Qooz0, o), we must have @ = Q. In other words, Parts (¢4) and (44¢) hold.

Obviously, Part (i) implies Part (i). We now demonstrate that Part (i) implies Part
(#t). So assume that {w,,u,} is an optimal pair which attains the optimal cost d(zg). In
particular, d(zy) is finite and there exists a uniformly bounded solution € to the Riccati
differential equation in (15.23). Furthermore, 0y, = limr_.o Q2(7) is a positive solution to
the algebraic Riccati equation in (15.81) and d(z¢) = (Qso,zo). Because the pair {C, A}
is detectable, A — BB*(2,, is stable. If we set u = —B*Q,z, then the state trajectory
x corresponding to the pair {w,,u} is given by 7 = (A — BB*Q )z + Ew,. The output
2z =(C ~ DB*Qu)z. Since w, is in L*([0,00), W), the state z is in L2([0, 00), X'), and thus,
u is in L2([0,00),U). Moreover, z(¢) converges to zero as t tends to infinity; see Lemma
12.8.3. So, by letting ¢ approach infinity in (15.85) with Q = ), we obtain

(Quoto m) = E(ro,ws) < / T (2 = P o)) do
= (QooZo,To) — /000 IV E*Quz(0) — ywo(a)||? do . (15.98)

This readily implies that w, = v 2E*Quz and the infimum &(z¢,w,) is achieved with wu.
Hence, {w,, u} is an optimal pair which attains the optimal cost d(zs). Combining this with
u = —B*Qx, we see that the optimal state z is given by ¢ = & where £ is the solution to
the following differential equation

&= (A+y 2 EE*Qe — BB ()E  (2(0) = x0).

Since Z(t) converges to zero, A + v 2 EE*{lo, — BB*Q,, is stable. In other words, (2, is
the positive stabilizing solution to the algebraic Riccati equation in (15.81), that is, Part (7)
holds.
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Notice that w, = % = v 2E*Q% where @ is our previous optimal disturbance defined
in (15.93) with 2, = Q. Since d(zg) = &(zo,w) and we have shown that £(zo,w) is
uniquely attained with @ = 0, it follows that the optimal cost d(zp) is uniquely achieved
with u, = & = —B*Q& and w, = ¥ = v 2E*Q%. n

The previous proof readily yields the following result.

Theorem 15.6.4 Consider the system {A, B,C,D,E} where {A, B} is stabilizeble and
{C, A} 1s detectable. Assume that the algebraic Riccati equation in (15.81) has a positive
stabilizing solution Q. Then the optimal cost d(xzg) = (Qzo,z0). Moreover, this optimal cost
is uniquely achieved by the disturbance/control input pair w = v 2E*Q% and 4@ = —B*Q%
where the optimal state trajectory & is determined by

i=(A+~7*EE'Q-BB'Q)% with #(0)=1m. (15.99)

15.6.2 The scalar valued case

Consider the system {A on X, B,C, D, E} where {4, B} is stabilizable, {C, A} is detectable
and n is the dimension of X. Let F be the transfer function for {4, B,C,0} and G be the
transfer function for {A, E,C,0}. Let d be the characteristic polynomial for A and H the
Hamiltonian matrix in (15.73). By replacing T by y~'G in Theorem 13.5.1, we see that the
characteristic polynomial for H is given by

det[s] — H] = (—1)"dd"det[I — v 2GG" + FFH. (15.100)

Now assume that {4, B,C, D, E} is a single input single output system consisting of
matrices with real entries. Moreover, assume that G = p;/d and F = po/d where p; and ps
are polynomials. Then (15.100) reduces to

(=1)"det[s] — H] = d*d + plp, — v *plp; . (15.101)

So, the eigenvalues of H are precisely the zeros of d*d + pips — ’y“zplﬂpl. Notice that one can
apply the root locus techniques in Section 14.8 to the polynomial in (15.101). (To do this
simply replace d*d with d*d + pzﬂp;, and p with p; in Section 14.8.) In other words, we can
graph the zeros of d*d+ pgpz —’y“Qpl”pl as <y varies from infinity to zero. Then the eigenvalues
of H are contained in this root locus. Recall that the root locus of dd + plps, — v2p’ps
always has an asymptote on the imaginary axis. Let v, be the largest value of v such that
dld + pgpz — 7‘2pfp1 has roots on the imaginary axis. Then the root locus has a branch
on the imaginary axis for 0 < v < 7,, or equivalently, the Hamiltonian matrix H has an
eigenvalue on the imaginary axis for all 0 < v < ,. Hence, the algebraic Riccati equation
in (15.81) does not have a stabilizing solution for all 0 < v < <,. In other words, if the
algebraic Riccati equation admits a stabilizing solution, then v > «,.

Assume that @ is a stabilizing solution for the algebraic Riccati equation for some vy > 0.
Obviously, v > ,. Let A be the characteristic polynomial for A + v ?EE*Q — BB*Q. By
replacing T by v~'G in Corollary 13.5.2, we obtain

AYA = dtd + plps — v ?plpy . (15.102)
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Since Q) is a stabilizing solution, all the roots of A are in the open left half complex plane.
Therefore, all the roots of A¥ live in the open right half plane. In particular, A and A¥ have
no common roots and their product A*A has no roots on the imaginary axis. According to
(15.102) the roots of A are the left half plane roots of d“d+p§p2 — ’)/_2pfp1. In other words,
the roots of A are contained in the left half plane root locus of d*d+ pip, — 7*7pfp1‘ Finally,
it is noted that if 4 > =,, then it does necessarily follow that there exists a stabilizing solution
or that the stabilizing solution is positive; see Example 15.6.1. However, if there exists a
positive solution to the algebraic Riccati equation for some v = +y;, then the algebraic Riccati
has a positive stabilizing solution for all v > 7;; see Section 15.8.

Exercise 35 Assume that the Hamiltonian H in (15.73) has eigenvalues on the imaginary
axis for some v = v, > 0. Then show that H has eigenvalues on the imaginary axis for all
0 <y <.

Exercise 36 Consider the system {4, B,C, D, E} where {4, B} is stabilizable and {C, A}
is detectable. Assume that @ is a positive solution to the algebraic Riccati equation in
(15.81). Assume that z = ¢{xg,u,w) is in L2([0,00), Z) where u is in L2([0,00),U) and
w is in L*([0,00), W). Then show that the corresponding state x is in L*(]|0,00), X') and
limy e 2(t) = 0. Moreover,

/Doo (Iz(@)* = Vllw(o)lf?) do = (Quo, o) Jr/:o lu(o) + B*Qx(0)|* do

}

/OOO v E*Qa(o) — yw(o)||* do. (15.103)

15.7 The central controller

In this section we present the central solution for the infinite horizon problem. As before,
consider the system {A, B,C, D, E} where {A, B} is stabilizable and {C, A} is detectable.
Assume that the algebraic Riccati equation in (15.81) has a positive stabilizing solution @ for
some specified v > 0. Then the feedback controller » = —B*Qz is called the central infinite
horizon controller corresponding to the weight . The closed loop system corresponding to
this feedback controller is described by

¢ = (A—BB*Q)z+ Ew
z = (C-DBQ)z. (15.104)

Because the pair {C, A} is detectable, A — BB*() is stable; see Remark 15.6.2. The transfer
function
G,(s)=(C - DB*Q)(s] - A+ BB*Q)™'E (15.105)

is referred to as the central transfer function for . Obviously, G, is stable. Now let W,, be
the operator from L%([0, 00), W) into L2([0, 00), Z) defined by

(Ww)(t) = /0 t(c — DB*Q)e N BB A Byy(r)dr  (w e LA([0,00), W)).  (15.106)
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Obviously, W, is the input output operator for the system in (15.104). Moreover, L(W.,w) =
G, L(w) where L denotes the Laplace transform. Finally, |W,| = |G| c-
The following transfer function plays a fundamental role in studying the central solution

©,(s) =4I —y 'E*Q(sI — A+ BB*Q)'E. (15.107)
According to Proposition 6.4.1, the inverse of @, is given by
0,(s) ' =y T+ E*Q(s] - A~y *EE*Q+ BB*Q)'E. (15.108)

Since @Q is a positive stabilizing solution both ©, and its inverse are stable transfer functions,
that is, ©,, is an invertible outer function. The following result uses ©.,, to show that the
H®> norm of G, is strictly bounded by .

Proposition 15.7.1 Consider the system {A, B,C, D, E} where {A, B} is stabilizable and
{C, A} is detectable. Assume that the algebraic Riccati equation in (15.81) has a positive
stabilizing solution Q) for some specified v > 0. Then

I -GlG, =ele,. (15.109)

In particular, |G, |l < 7. Finally, for any initial state z(0) = xo, the closed loop system in
(15.104) satisfies ||z||* < v?|lw|? + (Qz0o, T0)-

ProOF. Using D*D = I and D*C = 0, we obtain
(C-DB*Q)"(C—-DB*Q)=Q@QBB'Q+CC.

Substituting this into the algebraic Riccati equation in (15.90), it follows that this Riccati
equation can be written as

(A-BB*Q")"Q+Q(A—BB*Q)+7v lQEE*Q+(C - DB*Q)*(C - DB*Q) = 0. (15.110)

This is precisely the algebraic Riccati equation one obtains by replacing C and A with respec-
tively C — DB*Q and A — BB*Q in Proposition 14.7.5. So, by employing Proposition 14.7.5
with G = G, , we obtain (15.109). Since ©, is an invertible outer function, it follows that
|G, lloo < 7. If u = —B*Qz, then equation (15.85) shows that ||z[|? — ¥%||w||? < (Qze, z0)
for any initial state xg. [ |

Exercise 37 Assume that the algebraic Riccati equation in (15.81) has an invertible self-
adjoint solution @, and set R = Q. Show that R satisfies the following algebraic Riccati
equation

RA*+ AR+ RC*CR+~*EE* - BB*=0. (15.111)

Let F be the transfer function for {4, B, C,0} and G be the transfer function for {4, E, C,0}.
Let A be the transfer function for {A, RC*, —vC, ~vI}. Then show that the following factor-
ization holds ’

7l - GG+ vFF¥ = AAY. (15.112)
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15.8 An operator perspective

In this section we provide an operator perspective on the infinite horizon optimization prob-
lem in (15.76). As before, let {4, B, C, D, E'} be the system in (15.1) where the pair {C, A}
is detectable and {A, B} is stabilizable. Because the pair {A, B} is stabilizable, there exists
an operator K from A into U such that A — BK is stable. Now let v be the input defined
by v = u + Kz. Then the system in (15.1) can be rewritten as

t=(A-BK)za+Ew+Bv and 2z2=Cz+ D(v- Kz). (15.113)
Using this notation we see that for all w in L2([0, 00), W)
J(zo,w,u) = [|l217 = ¥*lwl® = |Calf* + |Jv — Kz|* — 4*[|lw]*.

We claim that J(zo,w,u) is finite if and only if u = v — Kz where v is in L*([0, 00),U).
In this case, z is in L%([0,00), X). If v is in L*([0, 00),), then the stability of A — BK
along with (15.113) shows that the state z is in L2([0,00), X). Hence, v = v — Kz is in
L*([0, 00),U), and thus, J(zo,w,u) is finite. On the other hand, if J(zo,w,u) is finite for
some specified u in L*([0, 00), U}, then Cz must be in L?([0, 00), Z). Because the pair {C, A}
is detectable, Lemma 12.8.2 along the state space representation in (15.1), shows that the
state z is in L2([0,00), X). So, v = u+ Kz is in L?([0,00),U). Therefore, u = v+ Kz where
v is in L*([0, 00),U), which proves our claim.

Clearly, the cost &(zp,w) is obtained by taking the infimum over the set of all u such
that J(xo,w,u) is finite. In other words,

E(zo,w) = inf{|Cx| + [lv - Kzl = /*|lwl® : v & L*([0, 00),U)}
inf {|Cz + D(v — Kz)|I* = ¥*|w|?® : v € L*([0,00),U)} . (15.114)

To turn this into a least squares optimization problem, let L be the operator on L2([0, c0), X)
defined by
i
LHW) = [ B (fer(O0), ). (15.119)
0
Now let ®; be the operator from X into L*([0, c0), X) defined by ®gxp = elA=BK)ig; where
xo is in X. Obviously, the state z in (15.113) is given by z = $oxo + LBv+ LEw. Moreover,
v=v—Kz= (-~ KLB)v— KLEw— K®szs. Now let I' be the operator defined by

|V I—-KLB | _, L2([0,00),U)
= [ ~CLB J HL([0,00),U4) — [L2([0,oo),Z) '
Let © be the operator from X into L*([0, 00),U) & L*([0,00), Z) defined by ®zq = KPozo @
C®oxo. Finally, let W be the operator defined by
[ KLE] ., L*([0, 00),U)
W= { CLE } $ L([0,00), W) — {Lz([o,oo),z) '

Because A— BK is stable, the operators I', ® and W are all bounded linear operators. Notice
that Cz = CPoxq + CLEw + CLBv. Using these operators we see that the optimization
problem in (15.114) is equivalent to the following optimization problem

(o, w) = inf {||®zo + Ww — Tv||* = ¥*|lw|)* : v € L*([0,00),U)} . (15.118)

(15.116)

(15.117)
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15.8. AN OPERATOR PERSPECTIVE 285

We claim that the operator ' is bounded below, that is, |T'v| > €|lv|l for all v in
L*([0, 00),U) and some scalar € > 0. Once this is established, then the optimization problem
in (15.114) reduces to a simple least squares optimization problem. According to Theorem
16.2.4 in the Appendix, the cost &(zq,w) is uniquely obtained by the control input

b= (D)7 (@zo + Wuw). (15.119)

To show that T is bounded below, notice that if 'v = ¢ ® y, then g @ y is the output for
the following state space system

t = (A-BK)x+Bv  (z(0)=0)
= —Kz+v and y=—-Cz. (15.120)

Now assume that {v,} is a sequence of unit vectors such that g,®y, = T'v, approaches zero as
n tends to infinity. Let z,, be the state corresponding to vy, that is, £,, = (A — BK)z, + Bu,.
Then g, = —Kz, + v, and y, = —Cz, both converge to zero as n tends to infinity. This
readily implies that &,, = Az, + Bg,. Because the pair {C, A} is detectable, there exists an
operator K, from Z into X such that A + K,C is stable. Thus,

in = (A + K,C)zn, — K,Czp + Bgy, = (A+ K,C)zp + Koy + Bgn .

Because A+ K,C is stable and ¢,, & y, converges to zero, it follows that z, converges to zero
in the L?([0, 00), X) topology. Thus, v, = g, + Kz, also converges to zero. This contradicts
the fact that v, is a unit vector for all n. Therefore, I' is bounded below.

Because I' is bounded below the range of ' is closed. Hence, the orthogonal projection
onto the range of ' is given by I'(I"I')~!I'*. So, if H = (ranT)', then the orthogonal
projection onto H is computed by Py = I — I'(I*[)~'I™*. This readily implies that the
optimal cost is given by

&(zo,w) = || Pu@zo + PyWuwl|* — +*[|wl|)*.

Therefore, the optimal cost d(zo) in the infinite horizon optimization problem (15.76) can
be expressed as

d(zo) = sup {||Px®zo + PuWuw|? — vHlw|? : w € L*([0, 00), w)}.

This is precisely the optimization problem in (15.39) with h = Py ®zy and T = PyW. So,
if d(xq) is finite, then the norm of PyW is bounded by . On the other hand, if the norm
of PyW is strictly bounded by -y, then d(zo) is finite and there exists a unique optimal dis-
turbance W which attains the optimal cost d(zo). In fact, @ = (y2I — W* Py W)~ 1W* Py ®x,
and

d(x0) = V(Y1 — PyWW*|H) ™' Py @z, Py ®x0) ; (15.121)

see Lernma 15.2.2. Because there exists a unique optimal ¢ which attains the cost £(zq, @),
the pair {0, 0} uniquely attains the optimal cost d(xp). In particular, || PxW | is the infimum
over the set of all v such that d(zo) is finite. This also shows that the norm of PyW is
independent of the choice of the stabilizing feedback gain K.
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Recall that d(zo) is finite if and only if the algebraic Riccati equation in (15.81) admits
a positive solution; see Lemma 15.6.1. Therefore, || PyW || equals the infimum over the set
of all v such that the algebraic Riccati equation admits a positive solution. If the norm
of PyW is strictly bounded by +, then the optimal cost d(zp) is uniquely obtained by an
optimal pair {1, ¢}, and thus, there exists a positive stabilizing solution @ to the algebraic
Riccati equation in (15.81); see Theorem 15.6.3. In other words, if the algebraic Riccati
equation in (15.81) admits a positive solution for some specified v = ~y1, then this algebraic
Riccati equation admits a positive stabilizing solution for all v > 7;. Hence, || PyW|| equals
the infimum over the set of all y such that the algebraic Riccati equation admits a positive
stabilizing solution. On the other hand, if the algebraic Riccati equation does not admit a
positive stabilizing solution for some v = ~;, then there is no positive stabilizing solution for
all 0 < v < ;. This proves part of the following result.

Proposition 15.8.1 Consider the system {A, B,C, D, E} where {A, B} s stabilizable and
{C, A} is detectable. Let K be an operator from X into U such that A — BK is stable. Let
T be the operator defined in (15.116) and Py the orthogonal projection onto (ranT)*. Then
the following statements are equivalent.

(i) The norm of PuW is strictly bounded by .
(11) The algebraic Riccati equation in (15.81) admits a positive stabilizing solution Q.

(vir) For the Hamuiltonian matriz H in (15.73), the conditions (i),(ii) and (iii) in Theorem
15.6.2 hold.

In this case, the optimal cost d(xo) = (Qo,zg) is uniquely achieved and
Q=YX =420 Py(*] — PhWW*H) ' Py®. (15.122)

PROOF. To complete the proof it remains to show that Part (i¢) implies Part (7). If the
algebraic Riccati equation in (15.81) admits a positive stabilizing solution @, then we claim
that the norm of PyW is strictly bounded by . Recall that if Q is a positive stabilizing
solution to the algebraic Riccati equation, then A — BB*Q is stable. Because ||P,W]|| is the
infimum over the set of all v such that d(zo) is finite, the norm of Py W is in independent
of the choice of K. So, without loss of generality we can choose K = B*(). Notice that the
algebraic Riccati equation can be rewritten as

(A~ BB*Q)*Q+ Q(A— BB*Q) + v *QEE*Q + C*C

where C' = [B*Q C]"". By replacing C by C in Proposition 14.7.5, we see that the H* norm
of
W = B*Q(sl - A+ BB*Q)"'E
| C(sl-A+BB*Q)E
is strictly bounded by . Notice that W is the Laplace transform of W with K = B*Q,
that is, L{(Ww) = W L(w). Thus, the operator norm of W equals the H* norm of W. This

readily implies that the norm of W is strictly bounded by 7. In particular, the norm of
PrW is strictly bounded by . Therefore, the algebraic Riccati equation in (15.81) admits
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15.8. AN OPERATOR PERSPECTIVE 287

a positive stabilizing solution if and only if the norm of PyW is strictly bounded by +.
The formula in (15.122) follows from (15.121) along with d(z¢) = (Qwo,zo) when Q is the
stabilizing solution. [ ]

Now consider the system {A, B,C, D, E} where A is stable. Let T from L2([0,c0), W)
into L?([0,00), Z) and F from L?([0, oc),U) into L?([0,00), Z) be the operators defined by

(Tw)(t) = /Ot Cer™DEw(r)dr  and  (Fu)(t) = /Ot Cert="Bu(r)dr. (15.123)

Let C, be the operator from X into L%([0, c0), Z) defined by C,xzo = Cetxy where 74 is in
X. Because A is stable T, F and C, are all bounded linear operators. In this case, we can
set K to be zero. Then the operators I' and W in (15.116) and (15.117) reduce to

r= [ _IF} and W = [H . (15.124)

The orthogonal projection onto H = (ranT)' is given by Py = I — ['(I*T)~'T'*. Let R, be
the positive square root of (I + FF*)~L. Then for h in L%([0,00), W), we have

| PLWh? IWh|? - |D(CT) ' T*Wh®

|Th|? — (T(I*T)7'T*(0 @ Th), (0 ® Th))

|Th|? — (F(I + F*F)"'F*Th,Th)

ITh|* = (I + FF*)"*FF*Th,Th)

(I = (I+ FF) 'FF"\Th,Th)

= ({+FF*)'I+ FF*— FF*)Th,Th)
((I+ FF*)'Th,Th) = |R.Th|.

]

It

I

Hence, | PyWh| = ||R.Th| for all h in L2([0,00), W). This readily implies that || PyW|| < v
if and only if 421 — TT* + 2 F F* is strictly positive. In particular, Proposition 15.8.1 shows
that the algebraic Riccati equation in (15.81) admits a stabilizing solution if and only if
~2I — TT* + y2FF* is strictly positive. If Q is the stabilizing solution, then Theorem 15.2.3
and Proposition 15.8.1 yield

(Qxo,z0) = d(z0) = V2 (C2(v*] = TT* + ¥*FF*) 'Coz0, o) .

This readily implies that @ = v2C*(¥*I — TT* + v*FF*)~*C,. Summing up this analysis
proves the following result.

Corollary 15.8.2 Consider the stable system {A, B,C,D,E}. Let T and F be the operators
defined in (15.123) acting between the appropriate L*([0,00),-) spaces. Then the following
statements are equivalent.

(i) The the operator ¥*I — TT* + v*FF* is strictly positive.
(i) The algebraic Riccati equation in (15.81) admits a positive stabilizing solution Q.

In this case, Q = V*C*(v*I — TT* + ¥*FF*)"'C,.
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Let p(zg,v) be the optimal cost in the infinite horizon optimization problem in (15.76).
Notice that the cost function gq{w,u,v) = ||z]|> — ¥Y*[jw|® is decreasing in v, that is, if
0 < v £ 72, then g(w,u,m) = q{w,u,v2). Hence, p(xo,7) is also decreasing. So, if @,
denotes the stabilizing solution to the algebraic Riccati equation for the parameter -y, then
Q- is a decreasing set of positive operators, that is, Q,, > @Q,, when 0 < v < 7. Now let
Yopt = || PW||. Then ~p is the infimum over the set of all v such that the algebraic Riccati
equation admits a positive stabilizing solution. One can use Theorem 15.6.3 to compute “Yop:.
If v > Yo and « converges to v, then the positive stabilizing solution @, increases with
decreasing y. Moreover, if v < 7o, then at least one of the three conditions in Theorem
15.6.2 will fail. Typically what happens is that for ¥ = .y, the operator X in condition (%)
is singular. Let =y, > 0 be the largest scalar such that the Hamiltonian matrix has eigenvalues
on the imaginary axis. Then for 7, < ¥ < 7, the stabilizing solution may exist, however
it is not positive. Finally, for 0 < v < 4, the Hamiltonian matrix has eigenvalues on the
imaginary axis.

Exercise 38 Consider the stable system {A, B,C, D, £}. If the algebraic Riccati equation
in (15.81) admits a positive stabilizing solution, then the Hamiltonian matrix H in (15.73)
has no eigenvalues on the imaginary axis. However, even for a stable system the converse
is not necessarily true. In other words, if the Hamiltonian H has no eigenvalues on the
imaginary axis and A is stable, then it does not necessarily follow that algebraic Riccati
equation admits a positive stabilizing solution. For a counter example, let {4, [B, E}, C,0}
be any minimal realization of

[3(1-s)/(s+1)? 3/(s+1)]|=C(sI-A)'[B E].

Here B and F can be viewed as column vectors in C2. Then compute the stabilizing solution
@ for the corresponding algebraic Riccati equation and show that this @ is not positive.

15.9 A tradeoff between norms

In this section, we derive a bound to demonstrate a tradeoff between minimizing the operator
norm and the L? norm of a closed loop input output system.

15.9.1 The L? norm of an operator

Let M be an operator on a finite dimensional space W. The trace of M is defined by
n
trace(M) = Y (M, ¢:) (15.125)
i=1

where {¢;}7 is an orthonormal basis for W. The trace of M is independent of the orthonormal
basis chosen for W. To see this, let {3;}} be another orthonormal basis for W. So, if f and
g are vectors in W, then we have (f,g) = E(f,%;)(%;,9). This fact readily implies that

n

DM d) = DD (M)W, 80) = Y > (%5, b:) (¢, M)

i1 i=1 j=1 =1 i=1
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n

Zw,,M ¥i) =y (M, ;).
j=1

j=1 J

Therefore, the trace of M is independent of the choice of the orthonormal basis.

Now let M be an operator mapping W into Z where W and Z are finite dimensional
spaces. Let N be a linear operator mapping Z into W. Then it is an easy exercise to
verify that trace(NM) = trace(MN). Using the trace, one defines the Hilbert-Schmidt
inner product on the set of all linear operators mapping W into Z by

n

(M, R)s = trace(MR") = trace(R*M) = »_(M¢;, R¢:) (15.126)
i=1

where M and R are linear operators mapping W into Z and {¢;}} is an orthonormal basis
for W. The Hilbert-Schmidt inner product is independent of the choice of the orthonormal
basis. The Hilbert-Schmidt norm of M is defined by

M35 = (M, M) s = trace(MM*) = trace(M* M) = Y _ | Mg||* (15.127)

i=1

where {¢;}} is an orthonormal basis for W. The Hilbert-Schmidt norm, denoted by || - ||us,
is independent of the choice of the orthonormal basis. It should be clear from (15.127) that
|M||ns = ||M*||ns. Obviously, the set of all linear operators mapping W into Z is a Hilbert
space under the Hilbert-Schmidt inner product. We denote this Hilbert space by H(W, Z).
One can define Hilbert-Schmidt norrms on infinite dimensional spaces; see [59]. However, the
infinite dimensional setting is not needed in our work.

Now consider the Hilbert space L([0,¢;}, (W, Z)) under the inner product

(M, R), = /0 " trace(M(0)R(o)) do (M, B € LX(0,t:, HOW, 2))).  (15.128)

The norm induced by the above inner product is called an L% norm. For a given operator
M in the above Hilbert space, the L? norm of M is denoted by ||M||» and is given by

t;

M2 = /0 " trace(M(0)M(0)*) do = /0 trace(M(c)* M (o)) do . (15.129)

15.9.2 The L? norm of a system

In this section we introduce the L? norm of a linear system. Consider the linear system
t=Ar+FEw and 2=Cz (15.130)

where A is an operator on X’ while F maps W into X and C maps X into Z. As before, the
spaces W, X and Z are all finite dimensional. This is precisely the system in (15.1) with
B and D equal to zero. Let us consider the behavior of this system over some time interval
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[0,¢1] where £; > 0. Consider any initial state 7o in & and any input w in L2([0,t,], W).
Then with initial condition x(0) = z, the output z is in L2([0,¢], Z) and is given by

2= Coro+ Tw (15.131)
where C, is the observability operator from X into L%([0,¢;], Z) defined by
(Corg)(t) = Ce?ay (zg € X). (15.132)

The linear operator T maps L([0,t;], W) into L*([0,¢1], Z) and is defined by

(Tw)(t) = /0 G(t—ryw(r)dr (w € L*([0,t,], W) (15.133)

where
G(t) = CeME. (15.134)

Assume that the initial state x¢ equals zero. Then z = Tw and the behavior of system
(15.130) is completely described by T. We refer to T as the input output map for system
(15.130).

Let ¢ be any vector in W. Then the impulse response corresponding to ¢ for T is the
output z = T'w obtained by choosing the input w(t) = §(¢)¢ where ¢ is the delta function.
Recall that if f is any continuous function, then jab 8(c)f(o)do = f(0) when @ < 0 < b.
This readily implies that the impulse response corresponding to ¢ is given by

T(e)(1) = G{t)p . (15.135)

So, G is simply referred to as the impulse response for T or the impulse response for system
(15.1). Recalling the definition of the observability operator C,, we see that

T(5¢) = C,Ep , (15.136)

that is, the zero initial state response of system (15.130) to input w = ¢ is the same as the
response of the system to w = 0 and initial state z¢o = F¢.

By a slight abuse of notation we define the L? norm of T or the L? norm of system
(15.130) by

ITIE = /0 ? trace(G(0)G(o) ) do = / " trace(Clo) GloY) do (15.137)

0
Recalling the definition of G, we obtain that
by

14
HTH?,:/ trace(Ce“"EE*eA'”C*)da:/ trace( E*e? °C*Ce* E)do . (15.138)
0

0

Notice that the L? norm of 7 is precisely the L? norm of the impulse response for T. In
other words, the L? norm of T is simply the L2([0,#,], H{W, Z)) norm of G where G is the
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15.9. A TRADEOFF BETWEEN NORMS 291

impulse response for the system in (15.130) with z(0) = 0. Consider any orthonormal basis
{¢:}" for W. Then

ty "

/0 ' trace(G(0)*G(o)) do = /0 > 1G(0)il*do

/0 S ITes)@) e =S / T (680 do

i=1 =1

PO AT

I

I

I

that is,
113 =Y IT (el (15.139)

i=1

Remark 15.9.1 Let T be the input output operator from L2([0,¢;], W) into L%([0,t:], Z)
defined in (15.133). By combining (15.138) with Lemmas 4.3.1 and 5.3.1, we see that the L2
norm of T is given by

T3 = trace(C X (t,)C*) = trace( E*Y () E) . (15.140)
Here X and Y are the solutions to the Lyapunov differential equations
X=AX+XA*+EE* and Y=AY+YA+CC (15.141)

subject to the initial conditions X{0) = 0 and Y (0) = 0.
Moreover, if t; = 0o, and A is stable, then the L? norm of T is given by |T|3 =
trace(CXC*) = trace( E*Y E), where X and Y are the solutions to the Lyapunov equations

AX+ XA+ FE*=0 and A'Y +YA+C*'C=0. (15.142)

15.9.3 The L? optimal cost

Now let us return to the linear system in (15.1), that is,
t=Az+ Ew+ Bu and z=Cz+ Du (15.143)

where D is an isometry satisfying D*C = 0. Recall that w is the disturbance input, and »
is the control input. We wish to design a feedback controller for u which the minimizes the
effect of the disturbance w on the output z. Recall that T is the operator from L%([0,t,], W)
into L2([0,%,], Z) defined in (15.133) and C, is the observability operator mapping X into
L*([0,%,], Z) defined in {15.132). Finally, let F be the operator mapping L*([0,],4) into
L%([0,t1], 2) defined by

(Fu)(t) = /0 t CeAtDBu(r)dr (v € LA[0,t],U)). (15.144)
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292 CHAPTER 15. H*® CONTROL

Then, with initial condition z(0) = zq, we have
2= Cozo+Tw+ Fu+ Du. (15.145)

Consider now zero initial state, that is, zg = 0. Then, recalling Section 15.4, any admis-
sible linear feedback controller can described by

uw=Zw (15.146)

where Z is an operator from L%([tg, t;], W) into L%([ty, ,],U). The closed loop system (with
zo = 0) corresponding to the feedback controller (15.146) applied to system (15.143) satisfies

z="Tzw (15.147)

where T is the operator from L%([to, t:1], W) into L?([to, t1], Z) given by Tz = T+ (F+ D)Z.
We refer to Tz as the input output map for the closed loop system. This leads to the design
problem of finding an operator Z to minimize the effect of the disturbance w on the output
z. So, the idea is to compute an operator Z to minimize the norm of Tz. However, this
minimization problem clearly depends upon which norm of Tz we use. In this section we
concentrate on minimizing the L2 norm of Tz defined by

172013 = > IT2 (6601
i=1
where {¢;}" is an orthonormal basis for W. This leads to the following optimization problem:

Find an operator Z to solve the minimization problem

We refer to dy as the optimal L? norm associated with the original system (15.143).

To obtain a solution to this L? optimization problem, consider any feedback operator
Z. Choose any vector ¢ in W and let w = d¢. Using (15.145) and (15.136), the output
z = Tz(8¢) is given by

z2=T(0¢)+ Fu+ Du= C,E¢+ Fu+ Du
where u = Zw. Using the fact that D is an isometry and D*C = 0, we obtain that
T2 = |2]1* = ICaE + Full® + Jul®. (15.149)

Hence, ||Tz(664)||? is the cost in the linear quadratic regulator problem discussed in Section
12.1 with zo = E¢. Recalling Theorem 12.1.1, we have

1T2(6¢)1* 2 (P2(0)E¢, E¢) = (E*Py(0)Eg, ¢) (15.150)
where P, is the solution to the Riceati differential equation

P+ AP+ PBbA- BBB*P,+C*C =0 (Py(t) =0). (15.151)
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15.9. A TRADEOFF BETWEEN NORMS 293

Moreover, equality is achieved if and only if u(t) = 43(t) = —B* Py(t)@2(t) where the optimal
state trajectory Z, is given by £, = (A — BB*P,)%, with £,(0) = E¢. Recall that this
Riccati differential equation does not have a finite escape time. Also, Remark 12.2.1 shows
that Py(0) = C2(I + FF*)~'C,. Noticing that £y = z where

& = Az + Bls + E(69) with z(0) =0,

we see that 2 is the state response of system (15.143) when u = 4, w = §¢ and zo = 0.
Thus, 4, = Z2w where the feedback operator Z, corresponds to the admissible controller
given by

u(t) = —B*Py(t)x(t) . (15.152)

Thus, for any vector ¢ in W, we have
(E*P(0)ES, ¢) = |T5,(5¢)I1* < [ Tz(60)11* -

Consider now any orthonormal basis {¢;}7 in W. Then, for any operator Z, we have

T2 = 3 IT2(66)I 2 3 (B Pi(0) B ) = trace(E* Py(0)E)

i=1 i=1

while n

12,113 = Z 1T2,(600) > = D (E*P2(0)Egi, i) = trace(E” Po(0)E) .

i=1

Thus,
trace(E* Py(0) E) = || T4, 113 < I Tz13

and the optimal solution to the L? optimization problem in (15.148) is given by Z, and the
optimal L? cost is given by

d3 = trace(E*P,(0)E) = trace(E*C(I + FF*)™'C,E). (15.153)
Summing up this analysis yields the following result.

Theorem 15.9.1 Consider the system {A,B,C,D,E} and let P, be the solution to the
Riccati differential equation in (15.151). Then the optimal cost dy for the L? optimization
problem in (15.148) is given by d2 = trace(E*Py(0)E). Moreover, this optimal cost is obtained
by the optimal controller u = —B*Py(t)z.

15.9.4 A tradeoff between d., and d,

Consider system (15.143) with x(0) = 0 and subject to an admissible linear controller. Then,
the controller can be described by « = Zw where Z is an operator from L%([0,¢;], W) into
L%([0,#,],U). Then, as before, the resulting closed loop system satisfies z = Tyw where Tz
is the operator from L*([0,%], W) into L%([0,t,], Z) defined by Tz =T + FZ + DZ. Recall
from Section 15.3 that the problem of finding an admissible controller for u to minimize the
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294 CHAPTER 15. H* CONTROL

operator norm from the disturbance input w to the output z, leads to the following operator
optimization problem:
doo = i0f | T2 (15.154)

Here d, is the optimal cost with respect to the operator norm. According to Theorem 15.4.1,
the optimal cost deo = ||[(I + FF*)~/2T||. Moreover, d, is the infimum over the set of all
v > 0 such that the Riccati differential equation in (15.8) has a solution over the interval
[07 tl]'

Now let g be any scalar satisfying ¢ > 1. Let P be the solution to the Riccati differential
equation in (15.8) with v = pd,. Let w = —B*Pz be the central controller corresponding
to the weight v = ¢ds. The state z and output z corresponding to this central controller is
given by

t=(A-BB*P)z+ Ew and z=(C-DB'P)z. (15.155)

Furthermore, the input output operator T, from L2([0,¢,], W) into L2([0, 1], Z) associated
with the central controller is given by

(Tw)(t) = /Ot(c — DB*P))U(t, ) Ew(r)dr  (w e LX([0,t],W)) (15.156)

where ¥ is the state transition matrix for A — BB*P. According to Theorem 15.4.1, the
norm of T, is strictly bounded by v = pd.. The following result provides a bound on the
L% norm of 7.,.

Theorem 15.9.2 Let ¢ be a scalar satisfying ¢ > 1 and set v = pd. Let P be the solution
to the Riccati differential equation in (15.8) on the interval [0,t1]. Let w = —B*Pz be the
central controller for {A,B,C,D,E}. Then

1Tl < 0dee  and  |Tlle < \/% (15.157)
In particular, if 0 = /2, then
Tl < V2doo — and || Tl < v2d5. (15.158)
Proor. Corollary 15.1.2 guarantees that 73]l < odes. To obtain an upper bound on the
L? norm of T, notice that for u = —B*Pz and ¢ in W we have
IT,6a)> = |T(08) + Full® + Jul*

ICoES + TO+ Full* + Ju]® — *0)* < d(E9)
= Y(E'CI(y*] - TT" + 7' FF) 7 C.E$,9).

I

The inequality follows from the last statement in Corollary 15.1.2 with o = E¢. The last
equality is a consequence of (15.47) in Theorem 15.2.3. This readily implies that

I, ll2 < Vtrace(E*CL(y*T — TT* + v*FF*)'C,E). (15.159)

MarcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

) f



15.10. A TRADEOFF BETWEEN THE H? AND H>® NORMS. 295

We claim that 21 4 pEyl
72(’)’21—TT*+’)/2FF*)_1 S Q ( —Z T ) .
0% —

Notice that if (15.160) holds, then (15.159) and (15.153) imply that ||T, |13 < ¢%d3/(¢* — 1)
which finishes the proof. So, to complete the proof let us verify that (15.160) holds when
4 = 9ds. To this end, recall that d, equals the norm of N = (I + FF*)~Y/2T. Using NN* <
d? I we readily see that d> I — TT* + d FF* is positive. Hence, —d2 (I + FF*) < -TT*.
By adding ¢?d% (I + FF*) to both sides, we obtain

(15.160)

(* — V)2 (I + FF*) < (@%d® I — TT* + o*d°, FF*).

Recall that if M and R are two strictly positive operators on H satisfying M < R, then
R™1 < M1 see Lemma 14.4.3. Using this and v = pd., in the previous expression, yields

(I + FF*)~1
(¢ - Dd, -
Multiplying both sided by g?d2, gives (15.160). [ |

Finally, it is noted that Theorem 15.9.2 also shows that the central solution converges to
the optimal L? solution of the optimization problem in (15.148) as g tends to infinity.

(721 _TT* +72FF*)_1 S

Remark 15.9.2 Let p be a scalar satisfying ¢ > 1 and set v = pd.,. Let P be the solution
to the Riccati differential equation in (15.8) on the interval [0,t;]. Let P> be the solution
to the linear quadratic Riccati differential equation in (15.151). By employing Equation
(15.160) along with P,(0) = C:(I + FF*)"'C, and P(0) = v2C;(v*1 - TT* +¥*FF*)~1C,,
we obtain

P(0) < &’ R(0)/(e* - 1). (15.161)

15.10 A tradeoff between the H? and H* norms.

In this section, we present an infinite horizon version of Theorem 15.9.2. Consider system
(15.143) where {A, B} is stabilizable and {C, A} is detectable. Suppose z(0) = 0. Then an
admissible linear controller can be described by u = Zw. As before, the resulting closed loop
system satisfies 2 = Tyw where T is the linear map defined by Tzw = ¢(0, w, Zw). The L2
norm of T is defined by

I8 =S ITAd0)I =3 [ ITasoaol

where {¢;}" is an orthonormal basis for W. The optimal norms p, and p,, are defined by

p2 = inf | Tz2 and  poo = f||T7] . (15.162)

Let V be a stable strictly proper rational transfer function with values in L(W, Z). Then
the L? norm of V is defined by ||V|jz = ||V||2 where V is the inverse Laplace transform of

Copyright © Marcel Dekker, Inc. All rights reserved.
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296 CHAPTER 15. H* CONTROL

V and ||V]}z is the L*([0, 00), H(W, £)) norm of V. Notice that if J is the operator from
L*(]0,00), W) into L2(]0,00), Z) defined by

t
(DW= [ Vie-rumdr  (we 2(0,00),W)),
0
then ||J]l2 = ||[V|l2. This sets the stage for the following result.

Theorem 15.10.1 Consider the system {A, B,C, D, E} where {A, B} is stabilizable and
{C, A} is detectable. Let g be a scalar satisfying 0 > 1 and set y = gpo. If G, is the central
feedback transfer function, then

1G e < 0P and |Gyl < —22. (15.163)

Vet -1
In particular, if o = V2, then
”G'y“oo < \/§Pm and “G"r”2 < \/502- (15.164)

ProoOF. The inequality |G|l < v follows Proposition 15.7.1. Let ¢ be any vector in W
and consider the following optimization problem

p2(¢)? = inf {||Cz||* + ||u||® : & = Az + Bu and z(0) = E¢} . (15.165)

Notice that this is precisely the infinite horizon linear quadratic regulator problem solved
in Theorem 12.8.1 with zo = E¢. The optimal cost pa(#)? = (Q2E, E¢) where Q; is the
unique positive solution to the algebraic Riccati equation

A'Qy + QoA — @QBB*Q: + C*C = 0. (15.166)

Notice that for any Z, we have ||Cx||?+ |u|? = ||¢(0, 66, Z54)||2 where & is the delta function
and u = Zé¢. This implies that p3 = 3.7 p3(¢;) where {¢;}] is an orthonormal basis for W.
Therefore, py = trace E*Qs F.

Now let doo(t1) = doo be the optimal norm defined in (15.64) where Z is an operator
from L2%([0,¢,], W) into L%([0,¢,],U). It is easy to show that d.(t;) is increasing, that is,
if t < o, then dw(t) < duwo(o). In particular, de(t) < po for all . Recall that doo(t1)
equals the infimum over the set of all v such that the Riccati differential equation in (15.8)
has a solution over the interval [0,%;]. In particular, ps is greater than or equal to the
infimum over the set of all 4 such that there exists a uniformly bounded solution to the
Riccati differential equation in (15.8). However, if there exists a uniformly bounded solution
to this Riccati differential equation for some specified v, then the central controller provides
a causal feedback operator satisfying pe, < ||G,|lc < . Therefore, po equals the infimum
over the set of all v such that the Riccati differential equation in (15.8) admits a uniformly
bounded solution. Moreover, de(t;) converges to p as ¢, tends to infinity.

Assume that the algebraic Riccati equation in (15.81) admits a positive stabilizing so-
lution Q, and let u = —B*Qz be the central controller. Let ¢ = ¢ — DB*Q and A, =
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15.11. NOTES 297

- A — BB*Q. Because A, is stable, the form of the algebraic Riccati equation in (15.110)
along with (15.104) yields

”Gv“g trace/ Erefeo (C’*é) e Edo
0

IA

trace / Erefie (7“2QEE*Q + é*é’) e Edo = trace E*QE .
0

The equality is a consequence of (15.167) in Exercise 39. Hence, ||G,||2 < trace E*QE.
Recall that v = gpe where g > 1. Notice that Po(0) = Qo(¢;) in (15.151) and P(0) = Q(¢4)
in (15.8) both depend upon the final time #;. Moreover, by letting ¢; approach infinity, it
follows that €25(¢,) approaches @, and (7)) approaches Q) as ¢; tends to infinity. Recall that

doo(t1) approaches py, as t; tends to infinity. So, by passing limits in (15.161), we arrive at
IG,13 < trace E*QE < g’trace E*QE/(o” — 1) = o’p2/(d® — 1)
This proves the second inequality in (15.163). u

Exercise 39 Assume that @Q is a self-adjoint solution to the algebraic Riccati equation in
(15.81) and A. = A — BB*( is stable. Then show that

0= / ¢ (v 2QEE*Q + C*C + QBB*Q) ¢* do . (15.167)
1]

15.11 Notes

This chapter concentrates on the full information H* control problem, and is only a brief in-
troduction to H* control theory. The main purpose was to show how elementary techniques
from operator theory can be used to gain some further insight into a fundamental H* control
problem. There are many different ways to solve the finite horizon optimization problem in
(15.5) and derive the corresponding two point boundary value problem. For example one can
use the calculus of variations and game theory; see Green-Limebeer [57], Limebeer-Anderson-
Khargonekar-Green [83] and Basar-Bernhard [13]. The derivation of the Riccati differential
equation from the two point boundary value problem is classical. The papers of Peterson [96]
and Khargonekar-Peterson-Rotea [76] initiated the study of the full information H* control
problem. The full information control problem in the infinite horizon case and many other
H*®® control problems were solved in Doyle-Glover-Khargonekar-Francis {38]. For a histori-
cal account of the full information H* control problem see Section 6.4 in Green-Limebeer
[57]. The H* filtering problem is the dual of the full information H* control problem.
By combining the full information control and filtering problems, one can solve a general
H® control problem. This and many other results in H* control theory are presented in
Green-Limebeer [57] and Zhou-Doyle-Glover [131]. For some further results in H* control
theory see Basar-Bernhard [13], Burl [23], Chui-Chen [27], Doyle-Francis-Tannenbaum {37],
Helton [63], Francis [44] and Mustafa-Glover [92].

The central solution presented in Sections 15.1 and 15.7 is a causal controller whose
norm is bounded by 7. One can show that the set of all causal controllers whose norm is
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298 CHAPTER 15. H* CONTROL

bounded by 7 is parameterized by the unit ball in some Banach space; see Green-Limebeer
[57] and Zhou-Doyle-Glover [131]. The central solution is simply the solution corresponding
to zero in the parameterization of all solutions. The central solution is also the maximal
entropy solution studied in Mustafa-Glover [92]. The trade off between dy and d., presented
in Section 15.9 was taken from Rotea-Frazho [107]. This result is a special case of the fact
that the central solution in the commutant lifting theorem satisfies a similar bound; see
Foias-Frazho-Gohberg-Kaashoek [41]. Kaftal-Larson-Weiss [66] were the first to show that
the central solution in the Nehari interpolation problem satisfies the corresponding bound
in (15.157) between the H? and H™ norm. This result was extended to the general setting
of the commutant lifting theorem in Foias-Frazho [40] and Foias-Frazho-Li [42]. Finally, it
is noted that the set of all solutions in the commutant lifting theorem can be parameterized
by the closed unit ball in some H®(F,G) space; see Folas-Frazho-Gohberg-Kaashoek [41].
This is a operator theoretic generalization of the parameterization of all controllers in H*
theory.

Glover [52] was the first to use state space techniques to solve the rational Nehari inter-
polation problem. For a nice reference on how state space techniques can be used to solve a
large number of interpolation problems for rational functions with applications to H*® con-
trol theory see Ball-Gohberg-Rodman [10]. Sarason [112] used operator techniques to solve
some H interpolation problems. Using dilation theory Sz.-Nagy-Foias [119] developed an
operator interpolation result known as the Sz.-Nagy-Foias commutant lifting theorem. The
commutant lifting theorem can be used to solve many H> interpolations problems. For
further results on the commutant lifting theorem and its applications see Folas-Frazho [39],
Foias-Frazho-Gohberg-Kaashoek [41] and Rosenblum-Rovnyak [104].
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Chapter 16

Appendix: Least Squares

In this chapter we introduce and use the Projection Theorem to solve some basic least squares
optimization problems. This naturally leads to the pseudo inverse of an operator. Then we
will develop the singular value decomposition for finite rank operators. Some examples from
linear systems will be given.

16.1 The Projection Theorem

To establish some notation, let H be a Hilbert space. Then two vectors f and g in ‘H are
orthogonal, denoted by f L ¢, if (f,9) = 0. We say that a vector f is orthogonal to a subset
M of H, denoted by f L M, if f is orthogonal to every vector ¢ in M. Two subsets M and
N of H are orthogonal, denoted by M 1 N, if every vector f in M is orthogonal to every
vector g in M. We say that M is a subspace of H if M is a closed linear space contained in
‘H. (A subset of H is closed if it contains all its limit points.) The subspace M can be zero
{0} or the whole space H. Finally, if M is any subset of H, then the orthogonal complement
of M is the subspace of H defined by M :={f e H: f L M}.

Let h be a vector in H and M a subspace of H. A basic least squares optimization
problem is to find an element h in M, which is closer to h than any other element of M.
This naturally leads to the following optimization problem:

d(h,M) :=inf{|h—g| : g € M}. (16.1)

The distance from h to the subspace M is defined as d(h, M). By a slight abuse of termi-
nology we sometimes abbreviate the above optimization problem as d(h, M} = inf |h— M]].
Because M is closed, it follows that the distance from A~ to M is zero if and only if h is a
vector in M. The following theorem, known as the Projection Theorem, states that there
is a unique vector h in M which achieves the minimum, that is, d(A, M) = ||k — k. The
Projection Theorem plays a fundamental role in operator theory.

Theorem 16.1.1 (Projection Theorem.) Let M be a subspace of a Hilbert space M.
Then for every h in H, there exists a unique vector h in M solving the following optimization
problem:

I~ Al = inf{|}h ~ g|| : g € M} (16.2)
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MarceL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

U



300 CHAPTER 16. APPENDIX: LEAST SQUARES

Moreover, h is the only vector in M such that h — h is orthogonal to M, that is, if f is any
vector in M and h— f L M, then f = h is the unique solution to the optimization problem
in (16.2). Finally, if h = h — h, then the distance d(h, M) = ||h|| is given by

d(h, M)? = [|h)* = lIh = Rl = ||R]I* - |A]*. (16.3)

If h is the unique solution to the optimization problem in (16.2), then we say that his
the orthogonal projection of h onto the subspace M. The orthogonal projection onto M is
denoted by Py, that is, h = Pyh. In other words, Pah is the unique vector in M which
comes closest to h. Obviously, h is in M if and only if h = Pyh. Finally, it is noted that
the range of Py equals M.

We will not present a proof of the Projection Theorem. However, we will establish a few
important facts concerning this theorem. In many applications, one computes the orthogonal
projection h= Pash by finding the unique vector h in M such that A — h s orthogonal to
M. So, let us directly show that if / is in M and h — h is orthogonal to M, then h is the
unique solution to the optimization problem in (16.2), and thus A = Pysh. To see this, recall
that if z and y are any vectors in H, then

lz +yl* = llzl* + 2R(z, y) + |yl
Let g be any vector in M. Then, using = = h — h and Y= h— g, we have

A —gl® Ih—h+h—g|” =llh—h|* +2R(h — hh — g) + [h - g|

th ~ BRI + A = gl (16.4)

If

Notice that (h— h, h~ g) = 0 because h— g is in the linear space M and h — h is orthogonal
to M. Equation (16.4), yields

Ik = gl* = A= RI* + b = gl* > |k — A|]*. (16.5)
This readily implies that
Ih = hlI? < inf{||h - g||* : g € M} = d(h, M)*,

Because A is in M, it follows that we have equality, that is, (| — h|| = d(h, M). Equation
(16.5) also shows that h is the only solution to the optimization problem in (16.2). If g is
another solution to this optimization problem, then ||k —g|| = |[A A|l. By consulting (16.5),
this implies that |2 — g||* = 0. Hence, A = g which proves our claim.

To establish (16.3), recall that h— h is orthogonal to M. Since k is in M, it follows that
(h— it, iz) is zero. Using this we have,

b — b+ h||2 = ||h— AlJ2 + 2R(h — h, h) + ||2])?
(A — R+ (1)

IR ]1*

It

Il

Hence, ||h — h||> = [|h]|2 — [|2}|*. This result and A := h — k yields (16.3).
As before, let h be the orthogonal projection of h onto the subspace M. Observe that
h = h+h where h = h — h. According to the Projection Theorem R is orthogonal to M,
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that is, A is a vector in M. Therefore, every vector h in ‘H admits a unique orthogonal
decomposition of the form h = h + h where h is in M and h is in M*. In fact, & is
the orthogonal projection of A onto M and h is the orthogonal projection of b onto M.
Moreover, ||h||? = ||A]|? + ||2}|®>. Motivated by this decomposition, we introduce the notation
H = M @ N. This means that M and N are two orthogonal spaces which span M, that
is, every vector h in H admits a unique orthogonal decomposition of the form h = h+ h
where k is in M, while & is in A/ and the subspace M is orthogonal to N. If H = M N
then obviously N' = ML, If H = &7 M;, then M;, M,,---, M,, are n pairwise orthogonal
subspaces which span H. If M and R are two subspaces satisfying M C R, then R 6 M
denotes the orthogonal complement of M in R, that is, R&M = {g€ R : g L M}
Obviously, M+ =H o M. R

Recall that Py is the orthogonal projection onto the subspace M, that is, h = Pph
where h is the unique solution to the optimization problem in (16.2). We claim that Py is
a positive operator on H satisfying Ppy = P3¢ = Py,. Moreover, the range of Py equals M
and 0 < Py < I. To verify this, first notice that P is a mapping from H into H whose
range equals M. If h is in M, then obviously, Psh = h . Hence, P}, = Py. Now let
us show that P is a linear map, that is, Pylaf + Bh) = aPmf + BPumh for all vectors
f,hin H and scalars o, 3. To this end, let f Pumf and h = Pph. Clearly, the vector
ah + Bf is in the subspace M. Because both f — f and h — h are orthogonal to M, it
follows that af + Bh — {af + Bh) is also orthogonal to M. By the Projection Theorem
ah + ff must be the orthogonal projection of ah + 3f onto the subspace M. Therefore,
Py(ah+Bf) = aPrph+ BPapf. In other words, Py is a linear map. Recall that any vector
h in H admits an orthogonal decomposition of the form k = h + h where h = Pyh and h is
in M*. Using this, we obtain

1Packl® = IAI® < NRI® + 1R)® = R

So, ||Pmll € 1. Therefore, the orthogonal projection is a bounded operator. Finally, notice
that for any k in ‘H, we have

(Path, h) = (h,h+ R) = (R, h) < (b, h).

This readily implies that 0 < Py < I. In particular, Py is a self-adjoint operator. Therefore,
the orthogonal projection is an operator satisfying Py = P2, = P

An operator P on H is an orthogonal projection if P = Py where Py is an orthogonal
projection onto some subspace M. For example, if Py, is an orthogonal projection onto
M, then it is easy to verify that 7 — Py is the orthogonal projection onto M*, that is,
I — Py = Ppe. We claim that an operator P on H is an orthogonal projection if and
only if P = P? = P*. In this case, P = Py where M = ran P := PH. (The range of an
operator is denoted by ran.) To prove this fact it remains to show that if P = P? = P*,
then the range of P is closed and P = Py where M = ran P. Notice that for any h in H,
we have ||Ph||? = (P*Ph, h) = (Ph,h) < |[Ph| ||h||. This implies that | Ph|| < ||k|. Thus,
P is a contraction, that is, ||P|| < 1. To show that the range of P is closed, let {h,}° be
any convergent sequence of vectors in the range of P with limit A. We need to show that h
is in the range of P. Since P is a bounded operator, it follows that the sequence {Ph,}&
converges to Ph. Because P? = P and h,, is in the range of P, it follows that Ph, = h,, for
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all n. Hence the sequence {Ph,}5° converges to h and therefore, Ph = h. This implies that
h is in the range of P. Finally, using P = P% = P, a simple calculation shows that A — Ph

is orthogonal to PH. By the Projection Theorem, h = Ph is the orthogonal projection onto
the range of P, that is, P = Py, where M = ran P. This completes the proof.

16.2 A general least squares optimization problem

This section presents some elementary methods to compute the orthogonal projection. Then
these results are used to solve a least squares optimization problem. Some of these results
play a fundamental role in the theory of controllability and observability for linear systems.
Throughout the rest of this chapter all operator are bounded operators.
First, let us establish some terminology. Consider any Hilbert spaces U and Y and let
T be an operator from ¢ into V. Recall that the kernel (or null space) of T' is denoted by
ker T, that is,
kerT ={u el :Tu=0}. (16.6)

Notice that the kernel of T is closed. The Projection Theorem shows that ¢ admits an
orthogonal decomposition of the form

U=kerT @ (ker T)*. (16.7)

The closure of a set M in a Hilbert space, denoted by M, is the smallest closed subset of
‘H which contains M. It consists of all the elements of M along with all the limit points of
M. Tt should be clear that (./V)l = M. Recall that the range of an operator 7' mapping
U into Y is denoted by ran T, that is,

ranT =TU = {Tu:uel}. (16.8)

Since (ranT)* = (ranT)!, the Projection Theorem shows that V admits an orthogonal
decomposition of the form
Y =ranT @ (ranT)*. (16.9)

We are now ready to present the following fundamental result for operators.

Lemma 16.2.1 Let T be an operator mapping U into Y. Then

(ker T)* =ranT* and kerT = (ranT*)* (16.102)
(ker T*)* =TranT and ker 7'* = (ranT)t. (16.10b)

In particular, T maps (ker T)* into (ker T*)L, and T* maps (ker T*)* into (ker T)*.

PROOF. We first show that the second equation in (16.10a) holds, that is, ker 7 = (ran T*)*.
Let u bein ker T'. Then for all y in Y, we have 0 = (T, y) = (u,T*y). Thus, v is orthogonal
to T*y for all y in J. This shows that u is in (ranT*)*. Therefore, kerT C (ranT*)'.
On the other hand, if u is in (ran7*)%, then 0 = (u,T*y) = (Tu,y) for all y in Y. By
setting y = Tu, we obtain 0 = (Tu,Tu). So, Tu = 0 and u is in ker 7. In other words,
(ranT*)* C kerT. Combining this with ker T C (ranT*)* yields ker 7 = (ranT*)*.
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Notice that X+ = X for any linear space X. By taking the orthogonal complement of
ker 7’ = (ran T*)*, we obtain the first equation in (16.10a). The equations in (16.10b) follow
by substituting T* for T in the first two equations and using T** =T. ]

We say that an operator T has closed range if ranT is closed, that is, ranT = ranT.
In many of our applications the rank of T is finite. If the rank of T is finite, then its
range is closed. For example, if T is a matrix from C™ to C", then its range is closed. If
T is an operator from C™ to any space ), its range is closed. The range of an operator
from any space U to C" is closed. In general, the range of an operator on an infinite
dimensional space is not closed. For example, let T be the diagonal operator on [2 defined
by T = diag (1,1/2,1/3,-++). Recall that [? is the Hilbert space consisting of all square
summable vectors of the form [z1, 22,23, -], that is, z; is in C for all integers j > 1
and 377 |z;]? is finite. In this case, the closure of the range of T equals 2. Notice that
y=[1,1/2,1/3,---] is not in the range of T. Ify = T'w, thenuisgiven by u = [1,1,1,---].
However, this vector u is not in /2. Therefore, the range of T is not closed.

Recall that an operator T is one to one if Tu = 0 implies that u = 0. Clearly, T is one to
one if and only if the kernel of T is zero. Moreover, T is onto a linear space H if ran T = H.
If T maps U into Y, then T is onto if the range of T equals the whole space Y, that is,
ranT = Y. An operator T from U into Y is invertible, if there exists an operator S from
Y into U satisfying ST = I and T'S = I. In this case, S is called the inverse of T and is
denoted by S = T~!. If T is invertible, then T is one to one and onto. Moreover, if T is
bounded, one to one and onto, then T is invertible and the inverse of T is also a bounded
operator. If T is one to one and onto, then it is easy to show that there exists a unique
linear map S from Y into U satisfying ST = I and T'S = I. However, it is not obvious that
S is bounded. Fortunately, the open mapping theorem in operator theory shows that T has
a bounded inverse if and only if T is one to one and onto; see Conway [30], Halmos [59] and
Taylor-Lay [117]. Finally, it is noted that an operator T is invertible if and only if its adjoint
T* is invertible. In this case, (T*)~! = (T—1)*.

As before, let T' be an operator mapping U into Y. (All operators in this chapter are
bounded.) According to (16.7) and (16.9), the operator T' admits a matrix representation of

the form:
[T 0] [ (kerT)* ranT
T= [ 0 0} ' [ kerT |~ | (anT)* |- (16.11)

Here T1; is the operator from (ker T)* into ranT defined by Ty, = T'|(ker T)*. (The notation
|V means restricted to the subspace V.) Notice that T and T3y have the same range. In
particular, the range of T is closed if and only if the range of T3, is closed. Obviously, T3, is
one to one and onto ranT. So, the range of T} is closed if and only if T3, is one to one and
onto ranT, or equivalently, T1; is invertible. In other words, the range of T is closed if and
only if Ty; is invertible. By consulting (16.10) and (16.11), we see that the adjoint T~ of T

is given by
e | TH 0] | (kerT*)t ranT*
T ’[ 0 0] [ kerT* | | (ranT*)* | - (16.12)

Here T} is the operator from (ker 7*)* into ranT* defined by T} = T*|(ker T*)*. Since
T} is one to one, it follows that the range of T* is closed if and only if 77 is invertible.
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However, T}} is invertible if and only if T3, is invertible. Therefore, the range of T is closed
if and only if the range of T* is closed. This proves part of the following result.

Lemma 16.2.2 Let T' be an operator mapping U into Y. Then the range of T is closed if
and only if the range of T* is closed. In this case, T*T maps (ker T)* one to one and onto
(ker T)*, and TT* maps ranT one to one and onto ranT. Moreover, when the range of T
is closed, T*T|(ker T)* is an invertible operator on (ker T)*:, and TT*|ranT is an invertible
operator onranT.

PROOF. By consulting (16.11) and (16.12), we see that T*T and TT* admit matrix repre-
sentations of the form

e [ TyTu O (ker T)*
T o= [ 0 0]0“[ ker T

(16.13)
T

Il

Tllel 0 on (kerT*)l
0 0 ker T* )

This readily implies that T*T|(ker T)* = T},T}; is an operator on the subspace (ker T),
while TT*|(ker T*)* = Ty, T}, is an operator on (ker7*)*. Now assume that the range
of T is closed. Then Ty, is invertible. So, 77,711 and T3;Ty; are both invertible operators.
Hence, T*T|(ker T')* is an invertible operator on (ker T')*, and TT *|(ker T*)* is an invertible
operator on (ker T*)*. Finally, using ranT = (ker T*)* completes the proof. [

As before, let T be an operator mapping U into V. Recall that T is invertible if and only
if kerT = {0} and ranT = Y. If T is invertible, then T is bounded below, that is, there
exists a scalar 6 > 0 such that || Tu|} > d|juf for all w in Y. To verify this, let S be the
inverse of 7. Then ||u|| = |STul| < ||S|||Tull. So, if § = 1/||S]|, then ||Tu}| > é)ju| for all
u in U, and thus, T is bounded below.

If T is bounded below, then the kernel of T is zero and the range of T is closed. If T
is bounded below, then obviously, the kernel of T is zero. To show that the range of T is
closed, assume that {T'u,, }$° is a sequence of vectors which converge to some vector y in Y.
Then

Olfun — tUmll < | Tun = Tumll < [[Tun = yll + ly — Tuml — 0

as n and m tend to infinity. So, ||u, — un| approaches zero as n and m tend to infinity.
In other words, {u,}$° is a Cauchy sequence in the Hilbert space ¢. Hence, the sequence
{un}5° converges to some vector u. This readily implies that

ITu =yl < ITu ~ Tunll + | Tun =yl < TN [Ju — uall + | Tun — yll — 0

as n tends to infinity. Thus, |Tu — y|| = 0, or equivalently, ¥y = T is in the range of T
Therefore, the range of T is closed when T is bounded below.

Let T be an operator mapping U/ into Y. Then T is invertible if and only if T is bounded
below and the range of T is dense in V, that is, ran T = ). If T is invertible, then we have
all ready shown that T is bounded below. Obviously, the range of T is dense in Y when T
is invertible. In fact, in this case, ranT = Y. Now assume that T is bounded below and the
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range of T is dense in Y. Since T is bounded below, the kernel of T is zero. Because T is
bounded below, the range of T is closed. Thus, ) = ranT = ranT. Therefore, T is one to
one and onto. So, T is invertible.

As before, let T} be the operator mapping (ker T')* into ran7 defined by T1; = T'|(ker T')*.

Obviously, 71, is one to one and the range of 71, is dense in ran 7. So, 73, is invertible if and
only if the range of Ty, is closed, or equivalently, 77; is bounded below. Equation (16.11)
shows that T and Tj; have the same range. Thus, the range of T is closed if and only if
T, is invertible, or equivalently, T'|(ker T)* is bounded below. Therefore, the range of T is
closed if and only if there exists a scalar § > 0 such that ||Tu| = §f|u| for all u in (ker T)*.

Recall that T*T is positive. To see this simply observe that (T*Tu,u) = ||Tu||? > 0 for
all  in &. This equation also shows that T is bounded below if and only if 7*T is strictly
positive. In particular, if the kernel of T is zero, then the range of T is closed if and only if
T*T is strictly positive. Moreover, if the range of T is closed, then the kernel of T is zero
if and only if T*T is invertible. Clearly, T*T maps (ker T')* into (ker T')*. So, the operator
T*T|(ker T)* on (ker T)* is strictly positive if and only if T|(ker T')* is bounded below, or
equivalently, the range of T is closed. Summing up this analysis, we obtain the following
useful result.

Remark 16.2.1 Let T be any operator mapping i/ into ). Then T*T is positive. Moreover,
if T has finite rank or the range of T is closed, then the following statements are equivalent:

(i) The operator T*T is invertible.
(ii) kerT = {0}, or equivalently, ran T* = U.
(1ii) The operator T*T is strictly positive.

By replacing T with T* we see that TT* is positive, and the following statements are
equivalent when the range of T is closed:

(i) The operator TT* is invertible.
(it) kerT* = {0}, or equivalently, ranT = ).

(1) The operator TT'* is strictly positive.

16.2.1 Computation of orthogonal projections

Let T be an operator mapping U into Y. Let y be a vector in ). The equation y = Tu has
a solution if and only if y is in the range of T. If y = T'u does not have a solution, then it
makes sense to look for a vector 4 in U such that T'i is closer to y than any other element in
TU, that is, find a vector @ in U which makes ||y — T'u|| as small as possible. This naturally
leads to the optimization problem inf ||y — TU ||. To solve this problem, let R be the closure
of the range of T and note that the distance from y to R is given by

dly,R) =inf {|ly — Tul| :u €U} . (16.14)
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Let Pr be the orthogonal projection onto R and set § = Pry. Then, according to the
Projection theorem, d(y, R) = ||y — §||; hence

ly — il = inf {Jly = Tu) - u €U} . (16.15)

In general §j may not be in the range of T', that is, § = T'u may not have a solution. However,
if the range of T is closed, then § is in the range of T and there exists a vector 4 in U such
that ¢ = T'%. In this case, d(y,R) = ||y — T4l and T4 is the unique vector in T2 which
is closer to y than any other element in TU. Furthermore, the vector § = T achieves the
minimum in the optimization problems (16.14) and (16.15). If the range of T is not closed,
then the minimum may not be achieved. In this section, we will develop several techniques
to compute the orthogonal projection Pr and solve these optimization problems when the
range of T is closed.

Let T be an operator from U/ into ) with closed range R. Let y be a vector in Y and set
§ = Pry. Then there exists a unique vector @ in (ker T)* satisfying T4 = §. Because the
range of T is closed, g is in the range of T and thus, the equation Tu = § has a solution. Let
u = i+ @ be the orthogonal decomposition of any u solution where # is in (ker T)* and # is
in ker 7. Then using T4 = 0, we obtain T4 = 4. Moreover, # is the only vector in (ker T)*
satisfying T4 = ¢. If Tv = y where v is in (ker T)*, then T(4 —v) = § — § = 0. So, &4 — v
is in the kernel of T Since (ker T)* is a linear space, 4 — v is also in (kerT)*. Because
ker T M (ker T)* = {0}, the vector & — v = 0, or equivalently, & = v. Therefore, there is a
unique vector ¢ in (ker T')* solving the equation 7% = § = Pgry.

The restricted inverse T" of T is the operator from Y to U defined by T "y = 14 where
4 is the unique element in (ker T)* such that T4 = § = Pry. Obviously, if T is invertible,
then 777 = T If 4 = T "y, then § = T is the solution to the optimization problems
in (16.14) and (16.15). So, computing the restricted inverse plays a fundamental role in
solving the optimization problems in (16.14) and (16.15). Recall that T admits a matrix
representation of the form (16.11) where T1; is the operator from (ker T)* onto ran T defined
by T11 = T|(ker T)*. (Because the range of T is closed ranT = ran7.) Recall that the range
of T is closed if and only if 7}, is invertible. Therefore, the operator T-" admits a matrix
representation of the form:

e I R e B R S B

In particular, 7~ = T;;' Px. In other words, T~" admits a matrix representation of the form
T = [HT;Q[I 0].

Notice that 77T "y = T = Pry. Since this holds for all y in ), we have TT~" = Pg. This
also follows from the fact that

W [Two][Tit 0} [T 0]
T “{o OHO 0|0 o=

A similar calculation also shows that 7777 is the orthogonal projection onto (ker 7')*.
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Notice that T*T and TT* are positive operators. Shortly, we will demonstrate how to
obtain Pr and T~" by computing the restricted inverse of T*T or TT*. In particular, if i/ or
Y equals C*, then T*T or TT*, respectively, admits a matrix representation. In this case,
one can use standard matrix computational techniques to compute the restricted inverse
of T*T or TT*, respectively, and thus, readily obtain Pr or T". Let us begin with the
computation of Pr.

Lemma 16.2.3 Let T be an operator from U into Y with closed range R. Then the orthog-
onal projection onto R is given by

Pr=T(T*T)"T*=TT*(TT*)”" = (TT")7"TT". (16.17)
Moreover, the distance from any vector y in Y to R is given by
d(y, R)” =y — Pryll” = llyll® - (T*T)"T*y, T*y) . (16.18)
In particular, if T is one to one, then T*T is invertible and

Pr = T(T'T)'T* (16.19)
ly = Pryll® = lyl* = (T*T)7'T"y, Ty) . (16.20)

PRrROOF. Consider any y in Y and let § = Pry. By the Projection Theorem, the vector y — §
is orthogonal to TU. Thus,

0=(y—9,Tuw=T"y—T"y,u) (forallueldd). (16.21)
So, T*y — T*j is orthogonal to the entire space /. Hence,
T*y=T"3. (16.22)

Because the range of T is closed, § = Pry is in the range of T. So, there exists a unique
vector 4 in (ker T)* such that § = T Also, as a result of (16.22), this vector satisfies

T*Ti=T". (16.23)

Recall that T*T maps (ker T)* one to one and onto (kerT)! = ranT*; see Lemma
16.2.2. So, the unique vector 4 in (ker T)* satisfying (16.23) is given by @& = (T*T)~"T*y.
Therefore, the restricted inverse of T is given by

T~ = (T*T)"T*. (16.24)

This implies that § = Pry = T4 = T(T*T)~"T*y. Since this holds for all y in )V, we obtain
the first equality in (16.17).
Equation (16.18) follows from equation (16.3) in the Projection Theorem, that is,

ly = 91* = llyI® ~ (Pry. ) = Il = ((T*"T)" Ty, T*y) . (16.25)

To prove the second equality in (16.17), let y = 7+ § be the orthogonal decomposition of
y where § = Pry and § = (I — Pgr)y is the orthogonal projection of y onto (ranT)+ = R*.
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Because ker TT* = (ranT)*, we have (TT*)~"j = 0. By employing the definition of the

pseudoinverse, TT*(TT*}"y = TT*(TT*)™j = 9 = Pry. Since this holds for all y, we

obtain TT*(TT*)™™ = Pg. A similar argument yields the last equality in (16.17). Finally,

it is noted that equation (16.17) also follows from (16.13) along with the fact that Ti; is

invertible. n
The previous lemma readily proves part of the following result.

Theorem 16.2.4 Let T be an operator from U to Y with closed range. Then the following
holds.

(i) The restricted inverse T™" of T is given by

T = (T*T)"T* =T*TT*)™". (16.26)

(ii) If T is one to one, then T~ = (T*T)~'T~.
(i) If T is onto, then T-" = T*(TT*)~".

() If y is a specified vector in Y, then 4 = T "y, is a solution to the least squares opti-
mization in (16.14), that is,

ly — Ta| = inf{lly — Tu| : v €U} =d(y, TU). (16.27)

(v) If T is one to one, then there is a unique solution to the optimization problem in (16.27)
and this solution is given by 4 = (T*T)"1T*y.

PROOF. The first equality in (16.26) follows from (16.24). To show that the second equality
in (16.26) holds, let y be a vector in V. According to the previous lemma, u; = (T*T)"T*y
and upy = T*(TT*) "y are two vectors satisfying Pry = Tu; = Tuy. Clearly, u; is in
(ker T)*. Since ranT* = (kerT)*, it follows that uy is also in (ker T)*. In particular,
uy — ug is in (ker T)*. Because T(u; — ug) = 0, the vector u; — uy is also in the kernel of T'.
Hence, u; — u2 = 0, or equivalently, u; = uy. Therefore, (16.28) holds. Part (ii) follows from
the fact that 7T is invertible if and only if T' is one to one. To prove part (iii) simply notice
that T7T* is invertible if and only if T is onto. Equation (16.27) in Part (iv) follows from
the Projection Theorem and the fact that T4 = Pry. To verify that Part (v) holds, recall
that § = Pry is the only vector in Y satisfying ||y — §| = d(y, TU). Since T is one to one,
the equation T'u = Pry has a unique solution. So, there is only one vector u in U satisfying
ly = Tul| = d{y, TU) and this u is the unique solution to Tw = Pry. Hence, there exists a
unique solution to the optimization problem in (16.27). Because T is one to one, the vector
= (T*T)~T*y is well defined and satisfies T4 = Pry. Therefore, 4 is the unique solution
to this optimization problem. Finally, it is noted that Part (¢) also follows from the matrix
representations in (16.13) and (16.16). |
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16.3 The Gram matrix

In this section, we use the previous least squares optimization theory to solve a classical
optimization problem via the Gram matrix. Suppose that {y1,s, -, %} is a finite set of
vectors in a Hilbert space ) and R is the space spanned by these vectors. A classical least
squares optimization problem is to compute the orthogonal projection § = Pry for some
fixed y in ). In other words, find an element § of R to solve the following optimization
problem

ly — gl = inf{ ly =l 0 € c}. (16.28)
=1
To solve this problem, let T be the operator mapping C” into Y defined by
Ta=)Y oamhi=[%1 v - ¥ e (16.29)
i=1
where @ = [y, 03, -, a,]" is in C* and * denotes transpose. Clearly, T is a finite rank

operator whose range is R. Moreover, the optimization problem in (16.28) is a special case
of the optimization problem in (16.15), that is, ||y — §|| = inf{||y — TC"||}. Notice that the
vectors {4, }} are linearly independent if and only if T is one to one, or equivalently, T*T
is strictly positive. Since the range of T is R, the solution to the least squares problem in
(16.28) is given by (16.17), that is,

§=Pry=T(T*T)"T"y.

We can also express this as § = T'a where & = T~ "%, that is,
§=Pry=) & where [& Gy -+ & |7 =da:=(T*T)"T"y. (16.30)
=1

To obtain &, we need to compute the adjoint T* of T. To this end, let f be any vector
in Y, then for each & in C”, we have

(@,T"f) = (Ta, f) = (f; a, f) = zn;ai(wi, = 2;a('f“?ﬂ (16.31)
Therefore, the adjoint T* of T is given by
(fs1)
T f= (f’:wz) (16.32)
(f, )
We now define «y to be the “cross covariance” vector in C* given by
y=[W) @) - @wa) | =T". (16.33)
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We now compute T*7". Clearly, T*T maps C™ into C". Thus, T*T has a matrix represen-
tation. To compute the matrix representation for T*T, let {e,ea,--,€,} be the standard
orthonormal basis for C*, that is, the i-th component of e; is one, while all the other com-
ponents are zero. Notice that the ij-th entry (T*T);; of T*T is given by

(T *T>,'j = (T*T€j76i) = (Tej,Tei) = (wj,"(/li) . (1634)
Therefore, the matrix representation for 7*T is precisely the Gram matrix G given by

(1, ¢1) (2, 1) - (Wn, 1)
(1,902) (2, 2) -+ (¢, 12)

G= . . ‘ (16.35)
() (Woth) (o)
The matrix G in (16.35) is referred to as the Gram matriz generated by {;}}.
It now follows from (16.30) and (16.33) that
&=(T*T)"T*y=G"y. (16.36)

Combining (16.30) and (16.36), the optimal solution % to the least squares optimization
problem (16.28) is given by

§=Pry=» &  where [& Gp - Gn]"=G7v. (16.37)

Finally, notice that ¢ can also be expressed as

G=Pry=1[v ¥ - v ]G [ (W) W) - (Wwn) |7 (16.38)

Remark 16.3.1 Let GG be the Gram matrix in (16.35) generated by any set of vectors {;}7
in a Hilbert space J. Then G is positive. Moreover, G is strictly positive if and only if the
set of vectors {¢;}7 are linearly independent. To see this, let T be the operator from C" to
Y defined in (16.29). Since G = T*T, it follows that G is positive. The kernel of T is zero if
and only if {1;}} is linearly independent. Therefore, the Gram matrix G is strictly positive
if and only if the set of vectors {1;}} are linearly independent. Finally, in this case, the
optimal solution § to the least squares optimization problem in (16.28) is given by (16.37)
where G~ replaces G, or equivalently,

g=Pry=[v¢1 2 - ¥u |G (w1) (o) - (y,¥¢n) ]tr ~ (16.39)

Remark 16.3.2 Suppose that {¥1,%a, -, ¥, } forms an orthonormal set in a Hilbert space
Y, that is, (¢4,%;) = 01if ¢ # j and ||¢%]| = 1. Then, clearly, G = I and {41,%s, -, ¥n} is
linearly independent. Moreover, if R is the space spanned by {1, %2, -, ¥, }, then formulas

(16.33) and (16.37) show that for y € J,

Pry =S (y0)d:  and  [Pryl? =3 I(wl. (16.40)
i=1

i=1
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The last equality follows from

IPryll? = (Pry.y) = O (v, i), v) = 3w, )%

i=1 i=1

This is the classical Fourier representation for the orthogonal projection in terms of an
orthonormal basis. In particular, if y is in R, then Pry = y and (16.40) reduces to

y=2 (v and Il =Dl wl (ifyeR). (16.41)

Example 16.3.1 Consider the problem of approximating the exponential function, y(¢) =
€', by a polynomial of degree at most two in the L2[0,1] norm. To be precise, we wish to
find the optimal polynomial § = &g + &;t + &t? to solve the optimization problem

1
lle* — g* = inf {/ lef — ap — iyt — ant?|?dt : oy € C} . (16.42)
0

To obtain a solution to this problem, let 1, = 1, 1o = t and 43 = t2. Clearly, 11, 12 and
%3 are linearly independent. Therefore, the Gram matrix G corresponding to these vectors
is strictly positive. Moreover, the optimal polynomial ¢ is given by (16.39). In this case, the
entries of the Gram matrix are of the form

1
L 1
)= | EWlgts —
b= [ ——
So, the Gram matrix G is given by
1 1/2 1/3
G=|1/2 1/3 1/4 | . (16.43)
1/3 1/4 1/5
Furthermore, the cross covariance vector v is given by
(ef, 1) el —1
y=| (&%) | = 1 . (16.44)
(€', %) el —2

So, by combining (16.43) and (16.44), we see that the optimal polynomial § of degree at
most 2 approximating e in the L2[0,1] norm is

g=[1 ¢ ]Gy~ 1013+ 8511t + .8392¢. (16.45)

Finally, notice that the optimal polynomial  in (16.45) does not equal 1 +¢/1!4¢2/2! which
comes from the Taylor series expansion of e'.
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16.4 An application to curve fitting

In this section, we will use the Vandermonde matrix to solve a classical least squares poly-
nomial fit problem. To this end, let degp denote the degree of a polynomial p. Now let
{A1, A2, -, A} be a set of distinct complex numbers and {y1, ¥, -+, Ym} be a set of com-

plex numbers. Our problem is to find a polynomial p of a complex variable A of degree at
most n — 1 to solve the following classical polynomial curve fitting problem:

d? = inf {Z ly: — p(X)? : p is a polynomial and degp < n — 1} i (16.46)
i=1

Here d is the error for the polynomial fit. Moreover, we say that p is a solution to this curve
fitting problem if p is a polynomial of degree at most n — 1 and

&=y~ pO) (16.47)
T

Without loss of generality, we assume that n < m. I n > m, then we can find a
polynomial p of degree at most m —1 < n— 1 such that p(X;) = y; forall i =1,2,---,m. In
fact, one such polynomial is obtained by the classical Lagrange interpolation formula

p(A) = Zyipi()\) where  pi(A) = H % . (16.48)

(Notice that p;(\;) = 1 and p;(A;) = 0 for j # 4.) Moreover, this is the only polynomial of

degree at most m—1 satisfying the interpolation conditions p;(A;) = y; fore =1,2,---,m. To
see this, assume that g is another polynomial of degree of at most m — 1 satisfying ¢:(\;) =
fori=1,2,---,m. Then p—q is a polynomial of degree at most m — 1 with m roots. Hence,

p — q must be zero and this proves our claim.
Recall that a Vandermonde matrix is a matrix of the form:

Ty At
IS0 PR SRR Vo
v=|1 X 2 - A7 (16.49)
1 A A2, ol
where {A1, A, -+, A} are complex numbers. Notice that, if p is a polynomial of the form
p(\) = 7w\, then V can be used to evaluate p at the points {A1, Az, -+, A} in the
following fashion:
Uy p(/\l)
« A
y| @ 2| P (16.50)
(o] p()‘rn)
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16.5. MINIMUM NORM PROBLEMS 313

We claim that if the {\;}T* are distinct and n < m, then V is one to one. If Vo = 0 for some
a in C*, then (16.50) shows that p(A\;) = 0 for j = 1,2,...,m. However, p is a polynomial
of degree at most n — 1, with m roots. Since n — 1 < m, it follows that p()\) = 0 for all X
and thus a = 0. Hence, V is one to one when n < m.

If the {)\;}7* are distinct and n = m, then the Vandermonde matrix is invertible. In
this case, (16.50) shows that the unique polynomial of degree at most m — 1 satisfying the
interpolation conditions p;(\;) =y for i =1,2,---,m is given by

pA)=[1 X -- AUV oy oy o ym]tr.

This is precisely the polynomial obtained by the Lagrange interpolation formula (16.48).

As before, consider the polynomial interpolation problem in (16.46) where n < m. Using
(16.49) and (16.50), it follows that this interpolation problem is equivalent to the following
least squares optimization problem:

ly— Vé| =d:=inf{|ly — Ve| :a € C"} (16.51)
wherey = [41 %2 - Um ]" and || - || is the standard norm on C™. If & is the solution
to this optimization problem, then the corresponding optimal polynomial given by

n-1
PO =D &N where d=[do &1 - noy |”
i=0

is the solution to the least squares optimization in (16.51). According to Part (v) of Theorem
16.2.4, the optimal solution & is unique and is given by & = (V*V)~'V*y. Therefore, the
polynomial  which solves the least squares problem in (16.46) is given by

n-1
PN =Y aX=[1 A ... a1 ][(VV)T'Vry.
=0

The error d is computed by
& =yl = (VV)7'Vy, V).
Moreover, d = d(y,ran V'), where d(y,ran V) is the distance from y to the range of V.

Remark 16.4.1 The above analysis shows that a square Vandermonde matrix generated
by the scalars {\;}7* is nonsingular if and only if {X;}T* are distinct.

16.5 Minimum norm problems

This section is devoted to minimum norm problems. As before, let T be an operator from
U to Y with finite rank or closed range. Recall that the restricted inverse 7" of T is the
operator mapping Y into Y defined by @ = T~y where # is the unique vector in (ker 7)*
satisfying T4 = Pry and Pg is the orthogonal projection onto the range R of T. This sets
the stage for the following minimum norm optimization problem :
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314 CHAPTER 16. APPENDIX: LEAST SQUARES

Given a specified vector y in Y, find an optimal 4 in U/ such that
ol = inf {|Jul{ : w € U and Tu = Pry } . {16.52)
In other words, given a specified vector y in Y find an optimal @ in U satisfying
flill = inf {||ul| : v € ¥ and ||y — Tu|| = d(y,R)} . (16.53)
Here d(y, R) is the distance from y to the range of T in the ) norm.

Theorem 16.5.1 Let T be an operator from U to Y with closed range R and let y be in Y.
Then there exists a unique solution @ in U to the minimum norm problem (16.52). Moreover,
this solution is given by @ = T "y. In other words, the optimal 4 is the unique element in
(ker T)* satisfying T = Pry.

ProoOF. Since § = Pry is in ran T, it follows that there exists an element u in U satisfying
y = Tu. By the Projection Theorem u admits a unique decomposition of the form u = 4+ 4
where 4 is in (ker T')! and 4 is in ker T. We claim that @ is unique, that is, there is only one
% in (ker T)' satisfying §§ = T To see this, assume that § = T4 = T where both @ and &
are in (ker 7). Then T(% — ©) = §j — § = 0. Thus, & — © is in ker T. However, (ker T)* is a
linear space. So, % — 9 is also in (ker T')*. This implies that & — 0 € {ker T)* Nker T = {0}.
Hence, @t — & = 0, or equivalently, & = ©. So, there is only one % in (ker T)* satisfying
Tu=7.

The previous analysis shows that the set of all solutions u to Tu = § (or equivalently
lly—Tu| = d(y, TU)) is given by u = 4.+ where 1 is the unique vector in (ker T')* satisfying
T4 = and 4 is any vector in ker . Since ker T is orthogonal to (ker T)*

lull® = &+ all* = |al® + 2R(@, @) + |all® = [1a]* + la)® > fall*.

Notice that we have equality ||u||”> = ||4}|® if and only if ||%|| = 0, or equivalently, v = 4.
Therefore, the solution 4 to the minimum norm optimization problem in (16.52) is unique
and given by the unique element 4 in (ker T')* satisfying T4 = § = Pry. n

The following two special cases of the minimum norm problem plays a fundamental role
in many applications.

Case 1. 1If the kernel of T is zero, then the infimum in (16.52) and (16.53) is not needed.
In this case, there is only one solution to the equation Tu = Pry, and thus, the optimal 4
is the only vector in U satisfying T4 = Pry. In other words, if T is one to one, then the
optimization problems in (16.52) and (16.53) reduce to

lly — Tt = inf{Jly — Tu| : v € U}. (16.54)
Case 2. On the other hand, if T is onto J, then the optimization problems in (16.52) and
(16.53) are equivalent to finding the optimal @ in U satisfying

lall = inf{Jju}l : v €U and Tu =y }. (16.55)

By combining Theorems 16.2.4 and 16.5.1, we obtain the following result which is useful
in the computation of the optimal .
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Corollary 16.5.2 Let T be an operator from U into Y with closed range R and let y be a
vector in Y. Then the following holds.

(i) The unique solution 4 to the minimum norm optimization problem (16.52) is given by

o= (T*"T)"T*y=T*TT") "y and el = (TT*) "y, y). (16.56)

(i) If T is one to one, then T*T is invertible and & = (T*T) 1T *y. Moreover, this @ is
the unique solution to the optimizalion problem (16.54) in Case 1.

(iii) If T is onto, then TT* is invertible and it = T*(TT*)"'y. Furthermore, this 4 is the
unique solution to the optimization problem (16.55) in Case 2.

PROOF. It remains to verify the last equation in (16.56). This follows from
lal* = (4,4) = (T*TT*) "y, T (TT")"y)
(TT*(TT™) 7y, (TT*)"y) = (TT*) "y, y)
which completes the proof. [ ]

Example 16.5.1 Let T be the column matrix from C! to C® defined by

1 1
T=11 and y=| 2
1 0

Then find the scalar 4 to solve the minimum norm optimization problem in (16.52). Because
ker T' = {0}, this optimization problem corresponds to Case 1 above.

SoruTioN. Part (ii) of the previous theorem shows that the optimal 4 = (T*T)"1T*y.
Clearly, T*T = 3 and T*y = 3. Hence, &t = (T*T) T *y = 1 is the optimal solution. Notice
that the second formula 4 = 7*(T7T*) "y in (16.56) is much harder to use. It requires the
computation of the restricted inverse of the nonsingular 3 x 3 matrix TT*.

Example 16.5.2 Let T be the operator from C2 to C! defined by
T=[11 1] and y=2.
Then find the optimal 4 to solve the following minimum norm optimization problem:
@) = inf{ f|lu) : v € C* and Tu =2} .
Notice that in this case the range of T is C!. This corresponds to Case 2 above.

SoLUTION. According to Part (iil) of the previous theorem, the optimal solution is given by
@ =T*TT*)"ty. Since TT* = 3, it follows that

1 51
W=T*TT*) 'y=|1|312= 3|1
1 1

Notice that the first formula 4 = (T*T)~"T*y in (16.56) is much harder to use. It requires
the computation of the restricted inverse of the nonsingular 3 x 3 matrix T*T.
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Example 16.5.3 Find a function @ in L?[0, 1] such that

1 1
lla))? = inf/ lu(®)Pdt  subject to / du(t)dt =2.
0 0
SoLuTioN. Let T be the operator mapping L2[0, 1] into C! defined by

Tu = /1 cu(t)dt  (ue L0,1]).

Clearly, T is onto and this corresponds to Case 2 above. So, y = 2 is in the range of T and
this optimization problem makes sense. We claim that the adjoint T* of T' is the operator
mapping C! to L2[0, 1] defined by

(Ty)(t)=ey  (yeC').
To see this notice that

1 1
(w, T*Y)p2 = (Tu,y)es = / ult)dty = / u(t)ety dt = (u,ey)p2 .
0 0

(Here (f, g)» denotes the inner product on the Hilbert space 7.) Therefore, (T*7)(t) = e'v.
By equation (16.56) in Corollary 16.5.2, the optimal solution @ = T*(77*)~!2. To find i
notice that the operator TT* on C! is given by

e?—1

1
Tr* :/ etel dt =
o 2

Hence, the optimal solution

4et

ﬁ(t) = T*(TT*)_IQ = ;Ej .

Finally, recall that the optimal solution is also given by & = (T*T)"T*y. To use this
formula one would have to compute the restricted inverse of the operator 7*T on L2[0,1].
This is obviously much harder to do.

Example 16.5.4 Find the optimal function 4 = [ Uy o ]tr in L2([0,1],C?) to solve the
following optimization problem:

1 1
(8|2 = inf / ({2 + Jus(B)) dt subject to / (ur(£) + tua()) dt = 4.
0 0

SoruTioN. Let T be the operator from L*([0,1], C?) into C' defined by

Tlw u ]":/O (un (8) + tua(6)) dt
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Clearly, T is onto and this corresponds to Case 2 above. A simple computation shows that
T* is the operator from C! to L*([0,1],C?) given by

. 1
0=y ] @ee.
Because T is onto, the optimal & = T*(TT*)~'y where y = 4. Observe that

TT*:/Ol{l t]“]dt:%

So, the optimal function 4 is given by

4(t) =T*(TT*) 4=3 [ i } .
Exercise 40 Find the optimal function & = [ 4; 4 ]tr to solve

1 1
N . . 2t 1 uy(t) 1
2 _ 2 2 1 _
a2 = 1nf/0 (s () + Jua(8)[2) dt  subject to /0 [ .. ] [ ) } dt = [ : ] .
HINT. Let T be the operator from L?([0, 1}, C?) into C? defined by
.
Uy _ 2t 1 ul(t)
T[UZ]—/()_O 2}[112(15) dt.

Show that 7 is onto and the adjoint 7'* of T is the operator from C2 into L2([0, 1], C?) given

by ]
T[l;}=[21tg];;] (m m]7eC?.

16.6 The singular value decomposition

This section, presents a brief description of the singular value decomposition for finite rank
operators and its relationship to the restricted inverse. First, we introduce the polar decom-
position of an operator.

Polar decomposition. Recall that an isometry U is a linear operator mapping I/ into )
satisfying U*U = I, or equivalently, ||[Uu|l = [|u|] for all w in Y. If Q is a positive operator
on a Hilbert space H, then @ has a positive root, that is, there exists a unique positive
operator S on H satisfying S? = Q. In this case, S is denoted by Q'/2. In fact, there exists
a sequence of polynomials {p, }$° such that {p,(Q)h}$° converges to Q/2h for every h in H;
see Halmos [59]. Now let T be any operator mapping U into Y. The decomposition

T=WR (16.57)

where R is a positive operator and W is an isometry from the closure of the range of R
into Y, is known as the polar decomposition of T. Notice that the polar decomposition of
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an operator generalizes the result that any complex number 7 has a polar representation of
the form v = €"r where r = |y| and w is in [0, 27). We claim that any operator T admits a
polar decomposition. To demonstrate this, let v be in ¢f. Then

I1Tull® = (T*Tu,w) = [(TT)*ull® = || Rull® (16.58)

where R is the positive square root of T*T. We now show that as a consequence of (16.58),
we can define a linear map W from ran R to J by WRu = Tu where u is in U. Clearly,
W Ru = Tu defines a relation W from ran R to ). This relation is a function if and only if Wv
has only one value for every v in ran R, or equivalently, if WRu; = Tu; and WRup = Tuy
and Rug = Rus, then Tuy = Tuy. If Ru; = Rug, then (16.58) shows that

1Tw1 = Tugl| = 1T (uy — wa)l| = [[R(ur — wp)|| = | Rur — Ruz| = 0.

Hence, Tu; = Tuy; and W is a well defined function from ran R into )). The linearity of W
follows from the linearity of R and T. Utilizing (16.58) we obtain ||W Ru| = ||Tu| = || Rul|.
This shows that W is an isometry. Finally, the isometry W has a unique extension by
continuity to the closure of ran R and we also denote this isometry by W. Hence, T = WR
is the polar decomposition of T

Singular value decomposition. Let T be an operator of finite rank n mapping I/ into
Y. Then a singular value decomposition of T is a factorization of the form

T =UAV* (16.59)

where U is an isometry mapping C™ into Y and V' is an isometry from C” into U while A
is a diagonal matrix with nonzero positive diagonal elements arranged in decreasing order,
that is,

A:diag(al, G, =+, Un) with 0'12(722"'2011>0- (1660)

The numbers {01, 09, -+, 0, }, are referred to as the singular values of T. In this presentation,
we do not consider zero a singular value for T

To obtain a singular value decomposition of T, let T = W R be the polar decomposition
of T where R is the positive square root of 77" and W is an isometry. Since R is a positive
operator of finite rank n, it admits a spectral decomposition of the form R = VAV*, where
V is an isometry from C" into ¢ and A is given by (16.60) where oy > g3 > -+ > ¢, > 0 are
the nonzero eigenvalues of R. Substituting R = VAV * into the polar decomposition of T,
we arrive at T = WV AV *. By letting U = WV, we obtain the singular value decomposition
T =UAV™~

Let UAV* be a singular value decomposition of T. Because U is an isometry, T*T =
VA%V *; this is precisely a spectral decomposition of T*T". Hence, the squares of the nonzero
singular values {o},52,---,02} of T are precisely the nonzero eigenvalues of T*T. Since
T* = VAU” is the singular value decomposition of T, it follows that T" and T'* have the
same nonzero singular values. Moreover, using the fact that V is an isometry, TT* = UA?U*
is the spectral decomposition of TT*. In particular, T*T and T7T* have the same nonzero
eigenvalues which are the squares of the nonzero singular values of T', or equivalently, T*.
We are now ready to prove the following result.
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Theorem 16.6.1 Let T be a finite rank operator with singular value decomposition T =
UAV*. Then the following statements hold.

(i) The orthogonal projection onto the range of T is UU*
(i) The orthogonal projection onto (ranT)* =kerT* =1 - UU*
(iii) The orthogonal projection onto (ker T)* is VV*
(iv) The orthogonal projection onto kerT = (ranT*)* =T - VV*
(v) The restricted inverse T™" of T is given by T = VA~IU*,

PROOF. Because V is an isometry, it has zero kernel, and hence, V* is onto. Since A is
invertible, it now follows that T and U have the same range which we denote by R. By
applying Lemma 16.2.3 with U replacing T, we have Pr = U(U*U)~*U* = UU*. So, UU*
is the orthogonal projection onto ranU = ranT'. This proves (i).

Part (ii) follows from the fact that P is the orthogonal projection onto any subspace H
if and only if I — P is the orthogonal projection onto H*.

Statements (iii) and (iv) follow from Parts (i) and (ii) by observing that V*AU is the
singular value decomposition of T*.

To complete the proof it remains to verify Part (v). To this end, recall that the restricted
inverse of T is defined by T~y = 4, where # is the unique element of (ker T)* satisfying
T4 = Pry. By using the singular value decomposition of T and Part (i), we see that

UANV*i=Tu=Pry=UU"y. (16.61)

Since U*U = I, it follows that AV *i = U*y, or equivalently, V*& = A~1U*y. Multiplying
by V gives VV*i = VA~1U*y. However, VV * is the orthogonal projection onto (ker T).
Therefore, VV *i = 4 and T~" = VAU~ [ ]

When T is a matrix, there are fast and efficient algorithms to compute its singular value
decomposition. In this case, the restricted inverse 77" = VA~!/* is particularly easy to
compute. In many of our applications we will have to compute the restricted inverse of T*T.
In this case, T*T is a positive operator and its singular value decomposition is precisely
the spectral decomposition of T*T, that is, T*T = VA2V * where V is an isometry. Hence,
(T*T)™" = VATV~

16.7 Schmidt pairs

A classical way of obtaining a singular value decomposition for a finite rank operator is
through Schmidt pairs. To see this, consider a finite rank operator T' from U/ into ). Let
{u;}? be an orthonormal basis of eigenvectors corresponding to the nonzero eigenvalues
02 > 02> -+ 2>02>0o0f T*T, that is, T*Tu; = c?u; where (u;,u;) = &;. (Recall

that §;; = 1 if i = j and zero otherwise.) The sequence {u;}7 forms an orthonormal
basis for (ker T*T)* = (kerT)*. Now let {y:}} be the vectors defined by Tw; = a1, for
1= 1,2,---,n. The pair {u;,y} is known as a Schmidt pair for T corresponding to the
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singular value o;. By multiplying by T* we see that o?u; = T*Tu; = T*o;y;. Therefore,
T*y; = oyu; for ¢ = 1,2, - n. In particular, {u;, %} is a Schmidt pair for T’ corresponding
to o; if and only if {y;, v;} is a Schmidt pair for T* corresponding to o;.

We claim that {y;}} forms an orthonormal basis for (ker T*)* = ran 7. The orthogonality

follows from (TuTu) (T°T )
ui, Tuy; *Tu;, u; o;
(yi,y5) = L= L ———(u,,uj) = {y;. (16.62)

005 gi0; aj

Since {u;}7 is a basis for (ker T)* and T'u; = 0;¥;, it now follows that {y;}} is an orthonormal
basis for ranT = (ker T*)* = (ker TT*)'. Because T*y; = o,u; we also see that TT*y, =
o?y;. So, T*T and TT"* have the same nonzero eigenvalues {o?,0%,--,02}. Summing up
the previous analysis, we see that the Schmidt pairs {u;,y;}} corresponding to the singular
values {o;}7, satisfy the following relationship

Tu; = o;y; and Ty = oy (fori=1,---,n). (16.63)

Moreover, {u;}7 are orthonormal eigenvectors for 7*T" corresponding to the nonzero eigen-
values 02 > 02 > --- > 02 of T*T, while the vectors {y;}} are orthonormal eigenvectors for
TT* corresponding to the nonzero eigenvalues o2 > o2 > .-+, > o2 of TT*.
Since {w;}? is a basis for (ker )+, Remark 16.3.2 shows that the orthogonal projection
Py onto H = (ker T)* is given by
Pru=Y (u,u)u; (wel). (16.64)

=1

Using this expression for Py along with Tu; = o;y;, we have

(uv ul)
= . (U, u?)
Tu=TPyu= TZ(U, Uy = Za,-yi(u,ui) =[yi v2 = v A : (16.65)
i=1 i=1 :
(w, un)

where A = diag (01,09, -+, 04,).
To obtain a singular value decomposition, let V be the isometry mapping C™ into U
defined by

n
Va={u w - u]a=) o (16.66)
i=1
where o = [, ag, -+ -, @)™ is a vector in C". Notice that V is an isometry because {u;}] is

an orthonormal set. Recall that V*f = [(f,u1), -, (f,un)]'"; see (16.29) and (16.32) with
T replaced by V. Let U be the isometry mapping C" into ) defined by

Ua=[y ys = tmla=) aw. (16.67)
i=1

Now the singular value decomposition T = UAV* follows from (16.65). In other words,
one can obtain the singular value decomposition T = UAV* by computing the orthonor-
mal eigenvectors {w;}7 for the nonzero eigenvalues o7 > ¢ > --- > 02 > 0 of T*T, that
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is T*Tu; = afu,-. Then the scalars g1,09,-- -, 0, are the singular values of 7. Next com-
pute the orthonormal eigenvectors {y;}7 for TT* by Tu; = o;y;. Then the singular value
decomposition of T is

Tu=UAV*'u= Zai(u,ui)yi (ueld) (16.68)
i=1
where U and V are the isometries in (16.66) and (16.67) formed by the Schmidt pairs {u;}?
and {y;}7, respectively. It is noted that in some applications it may be easier to compute the
orthonormal eigenvectors y; for TT* first. For example, if T is a matrix with more columns
than rows. Then compute the vectors u; = T*y;/0; in the Schmidt pair {u;,y}. Finally, it
is noted that the restricted inverse T~" of T is given by

—7 -1 * - (y7 yl)
= = ALARATAPY K 16.6
Ty =VA Uy l—; . (ved) (16.69)
The last equality follows from the fact that U*y equals | (y,11) (v,32) -+ (¥,u.) ]

Remark 16.7.1 Let T be any finite rank operator mapping U into ). We can also use the
singular value decomposition of T' to obtain another proof of equation (16.26) in Theorem
16.2.4, that is,

TT7=(T*T)"T*=T*TT*)"". (16.70)
To verify this result, let T = UAV* be the singular value decomposition of T'. Since U is
an isometry, the singular value decomposition of 7*T is VA2V *. Therefore, the restricted
inverse of T*T is VA2V *. Using this and T* = VAU* we have

T =VAW*=VAPAU* = VAV*VAU* = (T*T)"T*.

To obtain the second equality in (16.70), notice that the singular value decomposition of
TT* is UN2U*. So, using (TT*)™™ = UA~2U* we have

T =VAW*=VANU* = VAU*UN2U* =T*(TT*)™".
This completes the proof of (16.70).

Now, let T be a finite rank operator and 7= UAV * be a singular value decomposition
of T. Because U and V are isometries, it follows that ||T|] = ||A|l. Therefore, ||T|| = o1,
the largest singular value of T, or equivalently, ||T||? = o} where o7 is the largest eigenvalue
of T*T'. We say that u attains the norm of T if u is a nonzero vector in U satisfying
|Tu|| = ||[T|jull. Obviously, the vector u; corresponding to the largest singular value of
T attains the norm of T. In other words, the norm of T is attained by the eigenvectors
corresponding to the largest eigenvalue of 7*7'. In many applications, it is easier to compute
the orthogonal eigenvectors {y;}7 for TT* rather than the orthogonal eigenvectors {u;}} for
T*T. In this case, the vector u; = T*y; /0, attains the norm of T, where ¥, is an eigenvector
corresponding to the largest eigenvalue o2 of T7*.

Consider the following classical problem in linear algebra: Given a finite rank operator
T and a positive integer k, construct an operator T of rank less than or equal to k which
comes closest to T in the operator norm. The following classical result uses the singular
value decomposition to solve this problem.
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Theorem 16.7.1 Let T mapping U into Y be a finite rank operator and T = UAV ™ be its
singular value decomposition where o1 > 09 > -+ > o, > Q are the singulor values of T and
A = diag (g1,02, - ,0,). Ifk <n, then

Ok =inf{||T - Z||: Z € LU, Y) and rank Z < k}. (16.71)
Moreover, an operator Ty, of rank k which solves the optimization problem in (16.71) is given
by

Tk=Udiag(al,o;;,--»,ak,O,---,O)V*, (1672)
that is, |T — Ti|| = o441
PROOF. Let {u;,y:}7 be a Schmidt pair for 7', that is, {u:}}? and {y:}7 are orthonormal
sets satisfying Tu; = o;y; for all . Let Z be any operator whose rank is less than or equal
to k < n and let H be the k + 1 dimensional space spanned by {uj,usy, -, ugs1}. Since
dimker (Z)" < k < dim M, it follows that there exists a unit vector u in (ker Z) N'H. (If
M is any subspace of I where dim M < k, then there exists a unit vector u in H which is
orthogonal to M. To see this, let Py be the orthogonal projection onto H and () the operator
from M into H defined by @f = Py f. Clearly, @ is not onto, and thus, there exists a unit
vector u in H orthogonal to the range of Q. Hence, 0 = (u, Py f) = (Pyu, f) = (u, f) for all
f € M. Therefore, u is orthogonal to M.) According to Remark 16.3.2, for u in H we have
k+1

u= Pyu= Z(u, Ui ;- (16.73)

i1
Using the fact that {y;}? is orthonormal with (16.73) and Bessel’s equality (|| 3 au¢:f® =
3" |eu)? for any orthonormal set {¢;} and scalars {a;}), we arrive at

k+1 k+1

IT-2° > (T - 2Z? = ||Tul? = ||TZ(uvui)uiH2 = Z(uaui)myillz

k+1 k+1
= Y o) = 0fy Y M u) = ofyylul® = oisy -
=1

=1
The equality [lull> = S |(u, w)|? follows from (16.41) in Remark 16.3.2. Thus,
op <inf{|T - Z||: Z € L(U,Y) and rankZ < k}.

To obtain equality, notice that the rank of the operator T} in (16.72) is precisely k. Because
U and V are isometries, it follows that the norm of T — 7}, equals the norm of the diagonal
operator, diag (0,0,---,0,0%41, - -,0,). Therefore, [|T — Ti|| = gx11. ]

Remark 16.7.2 Let T be any finite rank operator mapping U into Y. Let {u;, y;}} be the
Schmidt pairs corresponding to the singular values o1 > 09 > -+- > ¢, > 0 of T. Then the
operator T of rank k in (16.72) satisfying ||T — Ty || = ox41 can also be written as

k
Tou = Zoi(u,ui)yi (vel).
=1

This follows from (16.68) along with the definition of the isometries U and V in (16.66) and
(16.67).
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16.8 A control example

In this section we obtain a singular value decomposition for a certain operator T which arises
in the analysis of control systems. Suppose G is a continuous function on [0, ¢;} with values
in L(U,Y) where U and Y are finite dimensional Hilbert spaces and ¢, is positive. Consider
the operator 7 mapping L*([0,#], &) into ) defined by the convolution integral:

Tu= /0‘1 G(ty — ryu(r)dr (ue L0, 1], U)). (16.74)

We shall obtain expressions for a singular value decomposition of T and the norm of T. To
this end, notice that the adjoint T* of T is the linear operator mapping Y into L2([0,#], U)
defined by

(T g)(t) =G(tL—t)"g (9€Y). (16.75)
To verify this notice that for any u in L2([0,#], &) and g in ), we have

(Tu,g)y = ( / Gty — Yu(r) dr, g)y = / (Gt - Tu(r), gy dr

- /0 “(ulr), Gltr = 7) Qe dr = (u,T"g) 2.

(Here (f,9)x denotes the inner product on the Hilbert space H.) Hence, (16.75) holds.
Combining equations (16.74) and (16.75), we see that TT* is the positive operator on Y
given by

T = /0 * Gt — )Gt — 1) dr = /0 * 6(0)G(o)" do- (16.76)

Let {y1,¥2, -, Yn} be an orthonormal set of eigenvectors corresponding to the nonzero
eigenvalues 02 > 02 > -+ > 02 > 0 of TT*, that is,

TT*y: = o2y (fort=1,2,---,n). (16.77)
Notice that one can readily compute the eigenvectors y; and the eigenvalues ¢? because
in general Y = CP and thus TT* is a positive matrix. Now let {u1,us, -, u.} be the
orthonormal set defined by
u =T yi/0; (fori=1,2,---,n). (16.78)
Then using the formula for T* in (16.75), we see that
ui(t) = G(tl —t)*yi/a,- (fOI’i = 1,2,---,’!1). (1679)

Moreover, {u;,y;}7 forms the Schmidt pairs for the operator T, that is, {u;}} and {y;}7 are
orthonormal sets satisfying

Tu; =o;y; and T*y; = oy (fori=1,2,---,n) (16.80)
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where 01 > g2 > -+ > 0, > 0 are the (nonzero) singular values of 7. So, according to
(16.68), a singular value decomposition of T is given by

Tu = ;m’ (wouw)y:  (uwe LX[0,6], U)). (16.81)

An operator T of rank £ < n which comes closest to T' in the operator norm, over the
class of all operators mapping L*([0,%], U) into ) whose rank is less than or equal to k is
given by (see Theorem 16.7.1)

k
Tiu=Y oi(uw)y  (ue L0t], U). (16.82)

i=1
Finally, the norm of T is given by
[T = 01 = Aax(TT ™)' (16.83)

where Ama(R) denotes the maximum eigenvalue of a self-adjoint operator B. Furthermore,
a vector u; in L2([0,t;],4) which attains the norm of T is given by uy = T*y; /03, that is,

ui(t) = Gt — )"y /o1 (16.84)

where y; is an eigenvector corresponding to the maximum eigenvalue o? of TT*, or equiv-
alently, {u;, 1} is the Schmidt pair corresponding to the largest singular value oy of 7. In
many cases Y = C”, so (16.83) and (16.84) give us a simple procedure to compute the norm
of T and a vector u; which attains the norm of 7.

16.8.1 State space

Consider the state space system
t = Az + Bu and y=Cxzx (16.85)

where the initial state z(0) is zero, A is an operator on a finite dimensional space X, while
B maps U into X and C maps & into ). Here both U and Y are finite dimensional spaces.
For any positive ¢, the output y(t;) of system (16.85) is given by y(t1) = Tu where T is
defined by the convolution integral in (16.74) with G(¢) = Ce?*B. In this case, equation
(16.76) reduces to

TT* = CQ(t)C* (16.86)

where ()(t;) is the positive operator on X defined by

11 1y
QR(t) = / e*BB*e* " do = / eA-IBRreAT M) gy (16.87)
0 0

Notice that Q(t;1) is the unique solution at ¢, to the following differential equation:

Q@=AQ+QA"+BB* with Q0)=0. (16.88)
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This follows by applying Leibnitz’s rule,
d 34 1 af
3/0 f(t,r)dT—f(t,t)+/0 a(t,’?‘)dT

to Q(t) = [y f(t,7) dr where f(t,7) = e4¢~") BB*e4*®=7_ It now follows from (16.86) and
(16.83) that
IT] = Pamax( CQE)C? . (16.89)

Also, a vector u; in L%([0,#],U) which attains the norm of T is given by
wy(t) = B*e "M -0C*y, Joy (16.90)

where g, is an eigenvector corresponding to the maximum eigenvalue o? of CQ(t;)C*. So,
the norm of T and the singular value decomposition of T can readily be computed by
solving a linear matrix differential equation in (16.88). Then ||T||? is the largest eigenvalue
of CQ(t1)C*.

A minimum control norm problem. Consider now the following optimization problem
associated with the state space system in (16.85). Given a vector y in Y, find an input
@ € L%([0,#1], U)) with the smallest possible norm which drives the output y(¢;) = Tu at
time ¢, as close as possible to y. In mathematical terminology this is equivalent to finding a
control 4 to solve the following minimum norm optimization problem:

|l = inf {{|u)l : Tu = Pry and u € L*([0, 4], U))} (16.91)

where Pg is the orthogonal projection onto the range of T'. So, according to Theorem 16.5.1,
the solution 4 to this minimum norm control problem is unique and given is by &4 = T "y.
By using the singular value decomposition to compute T-7, we see that the unique optimal
control solving (16.91) is

n

at)=T"y=Y .%) ui(t) . (16.92)

o
i=1 :

By consulting Corollary 16.5.2, the optimal control 4 is also given by 4 = T*(TT*)™"y.
Since T* is given by (16.75) with G(t) = Ce*B and TT* = CQ(t;)C*, the optimal i can
be computed by

u(t) = B*er"-0CH(CQ(4)C™) Ty . (16.93)

These optimization problems play a role in controllability of linear systems.

16.8.2 The L?-L* gain

Let L>([0,00), V) denote the set of all Lebesgue measurable functions over [0,00) with
values in Y such that
[1Y)loo = esssup{]ly(t)|| : ¢t > 0} < oo. (16.94)
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As before, U and Y are finite dimensional vector spaces. Moreover, assume that G is a
continuous (or Lebesgue measurable) function on [0, co) with values in £(U, V) such that

We 1= /oo G(o)G(o)" do (16.95)

is a bounded operator on ). Obviously, W, is positive. For example, if G is a continuous
function satisfying |G(t)] < me~2! for some positive m and o > 0, then the operator W, is
positive and bounded. Now let M be the linear map from L%([0, c0), U) into L*=([0, 00), V)
defined by

(Mu)(t) = /0 Gt — u(r)dr  (ue L2([0,00), U).

In this setting, the norm of M is defined by

M|} == sup{||Mu||o : v € L*([0,00), U) and |lul| < 1}. (16.96)

We claim that ||M]|2 = Apax(Weo)-
If y = Mu, then for any t; > 0, we have y(t1) = Tu where T is the operator from
L*([0,,],U) into I defined in (16.74). Using (16.76), we obtain

TT" = Wi(ty) = /“ Go)G(o)* do < Wiy .

So, using [ly(t1)| = ||Tu||, we have

i1 oo
T2 [ 11t < AT [t e

0
’\maX(WOO)“uH2~
Since the above holds for all ¢; > 0, it follows that [|y|% < Amax(Weo)||lull?. Therefore,

It remains to show that ||M]|? = Apax(Weo). To this end, consider any ¢; and let u; be

the unit vector in (16.84) which attains the norm of T in {16.74), that is, |lus]| = 1 and
1 Tus]l = 1Tl = Pmax(W (¢1))]V2. Now let u be the unit vector in L%([0,00), U) defined by

u(t):{ u(t) if t<t

ly(e)lf?

IN

IN

0 if £>t;.
Setting y = Mu, we have y(t;) = Tu; and
1M1 = Tiyllee 2 Iy@DI = ITurll = Pamax (W (22))]2.

Because this holds for all ¢; > 0 and W (¢t;) approaches W, as t; approaches infinity, we
obtain {|M| > [Anex(Wao)]*?. Since we have also shown that this inequality holds in the
other direction, we must have equality, that is, | M| = [Amax(Weo)]'/2.

Consider now the finite dimensional system (16.85) where A is stable. In this setting,
G(t) = Ce™B for all t > 0, and thus, W, is a well defined bounded operator on V. In this
case, Wo = CQC™ where @ is the positive operator on A" defined by

Q:/ e BBt ds .
0
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By consulting Lemma 3.1.2, we see that W, = CQC* where @ is the unique solution to the

Lyapunov equation
AQ+ QA"+ BB* =0. (16.97)

So, if G is the impulse response for a stable system {4, B, C,0}, then | M ||? = Ao (CQC*).

Exercise 41 Let A be a stable operator on a finite dimensional space X and C an operator
mapping X into . Let T be the operator mapping X into L?([0,0c), )/) defined by

Tz = Ce*'z (zeX).
Show that T*T = P where P is the solution to the Lyapunov equation
A*P+ PA+C*C=0.

Let {z;}} be the orthogonal eigenvectors corresponding to the nonzero eigenvalues o7 >
o2 > --- > 02 > 0 of P. Then show that the singular value decomposition of 7T is given by

Tz = Zai(x,wi)yi(t) (z € X)
=1
where o;y:(t) = Cetx; for i = 1,---,n. Show that ||T||? = Agax(P)-

16.9 Notes

The results in Sections 16.2 to 16.5 are classical results in Hilbert space; see Akhiezer-
Glazman [2], Balakrishnan [8], Conway [30], Gohberg-Goldberg [53], Halmos [59], Luen-
berger [85], and Taylor-Lay [117]. For a solution to the least square polynomial fit problem
based on the Gram matrix see Gohberg-Goldberg [53]. Our approach to the singular value
decomposition is standard. For a nice presentation of the singular value decomposition for
compact operators see Chapter VI in Gohberg-Goldberg-Kaashoek [54]. The results in the
L2-L*> gain section were taken from Wilson [126] and Zhu-Corless-Skelton [31].
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