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Preface

Non-linear control is undoubtedly one of the most active research areas in
the fields of automatic control and control systems technology. The research
effort on non-linear control is getting more and more important because of the
demanding performance required in practical applications and because most
of the physical systems are non-linear in nature. Apart from the advances
in non-linear control theory there is an increasing availability of computer
programs for numeric and symbolic computation. Furthermore, the power of
the automation hardware being used in the industry enables the real-time
execution of the sometimes rather complicated non-linear control laws. Only
the progress in all these areas makes the practical use of the non-linear control
concepts possible.

Non-linear Control and Physical Models: All the electromagnetic,
mechanical and hydraulic systems being considered in this work allow a strong
analytic mathematical description, which is why, we focus our attention on
so-called model-based non-linear control approaches. Now, the literature of-
fers a variety of methods for the model-based non-linear controller design.
The choice of the right control design strategy for a successful practical
implementation depends strongly on the application, the demands on the
closed loop, the restrictions and limitations of the plant itself and the ac-
tuators, the measurable quantities and its accuracy, the limitation of the
real-time hard- and software platform etc. and cannot be answered generally
and without preceding detailed investigation of the plant to be controlled.
However, all the model-based non-linear control approaches have one fact
in common, namely that somehow the knowledge of the underlying physical
structure helps to solve the design problems. In order to stress this argument
let us mention some examples, such as the solution of the Hamilton-Jacobi-
Bellman-Isaacs equation/inequality for the non-linear H..-design; the solu-
tion of the Frobenius-type partial differential equations for the input-state
or input-output exact linearization; the determination of the flat outputs
within the flatness approach, or the suitable choice of the Lyapunov-like
functions within the backstepping or composite Lyapunov design. This re-
lation between non-linear control theory and physics is not new, it is rather
rediscovered. Since the very beginning of the non-linear control theory cer-
tain physical observations have served as a starting point for a generalized
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mathematical theory, e.g., the direct method of Lyapunov, LaSalle’s invari-
ance principle, the notion of passivity and dissipativity etc. More recently,
the so-called passivity-based control concepts went a step further. They do
not only take advantage of certain physical properties, they even intend to
design a non-linear controller in such a way that the physical structure is
preserved in the closed loop.

Derivation of Physical Models and Non-linear Control: Not only
the mathematical models themselves but also their step-by-step derivation,
starting with the basic laws of physics, bring about a deep understanding
of the physical background. The detailed setting up of the mathematical
models enables a strict differentiation between the balance equations (e.g.,
energy or mass balance etc.), which, in general, hold exactly and the so-called
constitutive equations (e.g., friction, leakage etc.), which contain normally
many unknown parameters. It does not seem to be necessary to derive in a
first step the mathematical model of a physical system and to try to explore
its physical structure in a second step. This is why this work focuses on
procedures where the mathematical model of a physical system is set up in
a form which reveals directly the underlying physical structure as is the case
for a port-controlled Hamiltonian system with and/or without dissipation,
or PCH-/PCHD-system for short. Furthermore, it is absolutely necessary
to point out clearly whenever a simplification of a mathematical model is
performed or certain physical effects are neglected because such steps may
destroy partially the physical structure.

Non-linear Control in the Industrial Environment: Despite all the
advances in non-linear control, the number of realizations of non-linear con-
trollers in the industrial environment is not as widespread as one might expect
from the well established non-linear control theory. One possible explanation
for this is that a straightforward application of the non-linear control meth-
ods often results in a closed loop system which is very sensitive to parameter
variations and/or transducer and quantization noise. The control task is get-
ting even more difficult since in general not all quantities are measurable.
Furthermore, in contrast to linear systems, the separation property of an
observer-controller based control design procedure is no longer valid in the
non-linear case. Of course, also this work will not give a general solution to all
these problems. But it will be shown for certain classes of applications, how
a modified control approach, which takes into account the special features of
the plant, can be successful. A prerequisite for a control concept to be prac-
tically feasible is that it is tested in advance on a simulator. The simulator
must contain a much more detailed model than the model which serves as
a basis for the controller design. In the simulator all the “dirty” effects, like
the unmodelled dynamics of the sensors and actuators, the quantization, the
transducer noise, the sampling process, stick-slip friction effects, leakage ef-
fects, parameter inaccuracies, aging induced changes of the system dynamics
etc. have to be included. From our experience, a controller which can cope
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with all these “dirty” effects in the simulator, has a good chance to meet the
requirements of the rough industrial environment.

Goal of the Work: The main purpose of this work is to elaborate the
link between modelling and non-linear control, in particular for electromag-
netic systems in Chapter 3, finite- and infinite-dimensional mechanical PCH-
systems in Chapter 4 and hydraulic drive systems in Chapter 5. A great store
is set by giving a unique mathematical formulation of the different disciplines
involved, namely electrical, mechanical and hydraulic engineering. We always
try to point out the common mathematical structure of the different physical
models and this also makes it possible to make use of synergetic effects, like
applying reliable control strategies from one discipline to the other. The work
will also demonstrate, how the physics behind a mathematical model can con-
tribute to the success of a certain control strategy. Furthermore, the practical
relevance of the applications contained in this work in combination with a
profound theory should protect from the reproach that non-linear control is
solely of theoretical interest.

Organization of the Work: The first chapter is devoted to some basics
of Lyapunov’s theory, dissipativity, passivity, positive realness and absolute
stability. Special emphasis is laid on elaborating the physical idea behind
these concepts. In the last part of this chapter the basic structure of port-
controlled Hamiltonian systems with and without dissipation, PCHD- and
PCH-systems for short, will be discussed.

Chapter 2 summarizes the essential results of those non-linear model-
based control approaches which will be used in the applications of this work
and which have a more or less strong relation to the dissipativity and passivity
concept. In particular, these are the non-linear state feedback Ha-design for
affine-input systems, the non-linear state feedback H.-design for affine input
systems and the passivity-based control concept. For a special type of affine-
input systems the non-linear state feedback Hz-design is extended in such a
way that an integral part can be systematically included in the controller.

In Chapter 3 a theory for an energy-based description of electric net-
works, which can be regarded as an extension of the well-known theory of
Brayton-Moser, is formulated. A combination of this approach with graph
theory allows us to set up the network equations directly in the form of
a PCHD-system. The method being presented is applicable for non-linear
two- and three-phase systems with and without dependent sets of induc-
tor currents and/or capacitor voltages. The big advantage of this approach,
in particular for three-phase systems, is that it does neither require a lin-
ear magnetic characteristic nor any assumption for the spatial distribution
of the coupling inductors or capacitors. Furthermore, this technique is used
for the calculation of the average model of PWM (pulse-width-modulation)-
controlled electric circuits with bipolar switching, where the duty ratio is the
control input. Depending on the location of the switch(es), different energy
flows of the PWM-controlled system can be influenced by changing the duty



ratio. Among other examples, it is shown by means of the laboratory model
of a special de-to-dc converter, namely the Cuk-converter, how the presented
theory can contribute to the solution of the non-linear Hz-control design with
and without integral term. In the last part of Chapter 3, the co-energy con-
cept is introduced to calculate the magnetic and electric coupling forces of
electromechanical systems.

Chapter 4 describes finite- and infinite-dimensional mechanical systems
which have the structure of a PCH-system. In order to obtain a uniform de-
scription of the finite- and infinite-dimensional case, the mathematical models
are founded on the Poisson-bracket form of the equations of motion. It turns
out that the Hamiltonian structure offers some pleasing properties which can
be advantageously used for the controller design. In particular, the non-linear
Hs-, the non-linear H,-design, the PD-(proportional differential} controller
design and the idea of disturbance compensation will be adapted for finite-
and infinite-dimensional PCH-systems. The different control strategies devel-
oped so far for PCH-systems will be applied to an infinite-dimensional piezo-
electric composite beam structure. The feasibility of these control concepts
relies on the fact that the piezoelectric structures allow a spatial distribution
of the piezoelectric sensor and actuator layers. The design of the spatial pat-
tern of the sensor and actuator electrodes is an additional degree of freedom
and can be regarded as a part of the control synthesis task. In this way, we
are able to design the sensor and actuator layers such that they are collocated
and hence the well known effects of observation/actuation spillover can be
prevented.

In Chapter 5 two special types of hydraulic drive systems, namely a valve-
controlled piston actuator and a pump-displacement controlled rotational pis-
ton actuator, are discussed. The underlying physical structure is again elab-
orated carefully and this knowledge is advantageously used for the controller
design. The mathematical model being considered for the valve-controlled pis-
ton actuator has the pleasing property that it is exact input-state linearizable.
But in some industrial applications, it turns out that those controllers, which
have to rely on the knowledge of the piston velocity, have problems in the
case of noisy measurements and/or parameter variations. This is also why we
propose a non-linear controller based on the input-output linearization which
requires only measurable quantities. The feasibility of this non-linear control
concept will be demonstrated by means of the HGC (hydraulic gap control),
which is the innermost control loop of the thickness control concept in rolling
mills. Irregularities in the mill rolls and/or roll bearings may cause so-called
roll eccentricities which appear as periodic disturbances in the strip exit thick-
ness. In general, these disturbances cannot be eliminated by means of the con-
ventional thickness control concepts, like the HGC. Therefore, an adaptive
controller is developed to compensate periodic disturbances with a known
period but an unknown phase and amplitude. A passivity based argument is
used to prove the stability. The second part of this chapter is concerned with
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a closed-coupled hydrostatic drive unit consisting of a variable-displacement
axial-piston pump and a fixed-displacement axial-piston motor. It will be
shown that the mathematical model of the hydrostatic drive unit has the
same mathematical structure as certain types of PWM-controlled dc-to-dc
converters. A detailed mathematical model of the swash-plate mechanism of
the variable-displacement pump is derived. The complexity of this model is
gradually reduced on the basis of physical considerations. The so-obtained
simpler model is used to design an on-line discrete open-loop observer for
the swash-plate angle. Finally, comparative results of the measured and the
estimated swash-plate angle for an industrial drive box are presented.
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1. Fundamentals

In this chapter, we briefly discuss some basics of Lyapunov’s theory, dissi-
pativity, passivity, positive realness and absolute stability. Thereby, special
emphasis is laid on cxamining more closely the physical background and on
claborating the connections between these concepts. It should be mentioned
that the intention of this chapter is not to present a complete theory; it
rather summarizes those theoretical concepts which will be required in the
subsequent chapters. In this sense some results are stated without proof, but
throughout the whole chapter the reader is always referred to the correspond-
ing literature for more details and information.

1.1 Stability of Equilibria

The stability of cquilibrium points is essentially characterized in the sense of
Lyapunov’s theory. Consider a time-invariant autonomous system

;—tx = f(=z) (1.1)
where x € R™ and f is a continuous vector field. Let us assume that (1.1)
has a unique solution for any initial condition z¢ = z (to) and for all t > t;.
This can be guaranteed if f satisfics a global Lipschitz condition [59], [144].
Without restriction of generality we assume that the origin Z = 0 is the
equilibrium of (1.1), i.c. f(Z) = 0, whose stability has to be investigated.
In the case T # 0 we can always perform a suitable change of coordinates
z=z—1I.

Definition 1.1. Let ¢! (x) denote the flow of (1.1) then the equilibrium is
stable in the sense of Lyapunov if and only if, for each € > 0, there is a
5 (g) > 0 such that

lizoll < & = [|f (o) < ¢ (1:2)
for all t > tg. If in addition a ¢ > 0 can be found such that

llzoll < ¢ = lim ¢f (x0) =0 (1.3)



2 1. Fundamcntals

holds then the equilibrium is said to be asymptotically stable in the sense of
Lyapunov.

Here it is worth mentioning that the norm || || in (1.2) and (1.3) is arbi-
trary since all norms on R™ arc topologically equivalent. It is quite clear that
the above stability definitions arc not suitable for determining the stability
character of an equilibrium. But this is preciscly the genius of Lyapunov’s the-
ory: that it offers a possibility to investigate the stability without calculating
the trajectories of the system (1.1). This leads us to the well known direct
or second method of Lyapunov. Before giving a formulation of Lyapunov’s
direct method we will look at the underlying physical idea.

1.1.1 Physical Observation I

The basic idea of Lyapunov’s direct method comes from the physical observa-
tion that the total stored energy of a mechanical or clectrical system without
external inputs is non-increasing in time. Furthermore, if the system contains
dissipative clements, the total stored encrgy is monotonically decreased and
hence even goes to zero. Let us consider the very simple clectric circuit of
Fig. 1.1 with the inductor L, the capacitor C and the resistances R; and R».
The nctwork cquations rcad as

Uc R,
L C

}

I

— L

Fig. 1.1. Simple electric circuit.

d. 1 ,
aZL = —L" (—UC - Rl'lL)
iu 1 2- g (1.4)
a ¢~ Cc\ ' Ry

with the inductor current iy and the capacitor voltage «c as the state vari-
ables 27 = [iy, uc]. Obviously, # = 0 is the only cquilibrium of (1.4). The
positive definitc energy stored in the inductor and capacitor is given by

1 ., 1
V= §in + 501% (1.5)
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and the change of the stored energy V' due to the motion of the system (1.4)
takes the form

d : 1

rrids —Ryi? — R—zué (1.6)
and is, in fact, negative definite. Thus, we may deduce from (1.5) and (1.6)

that the equilibrium Z = 0 is asymptotically stable in the sense of Definition
1.1.

1.1.2 Mathematical Formulation I: Lyapunov’s Direct Method

A generalization of this approach to the class of time-invariant autonomous
systems (1.1) is known as the direct or second method of Lyapunov.

Theorem 1.1. The equilibrium T = 0 of (1.1) is stable in the sense of Lya-
punov if there exists a continuously differentiable positive definite function
V (z) on a neighborhood X C R™ of O such that the relation

V(@) = LyV () <0 7

holds for all x € X with LyV as the Lie derivative of V along the vector field
f. Moreover, if

%V(:ﬂ) ~ LV (z) <0 (1.8)

for all z € X — {0} the equilibrium is asymptotically stable. The function
V (z) s commonly referred to as a Lyapunov function.

In this sense the Lyapunov function can be regarded as an extension of
the total stored energy of physical systems to a more general class. Therefore,
it is obvious that within the controller design for physical systems the total
stored energy serves as an appropriate Lyapunov function candidate. This
is also why an energy based formulation of physical systems, like the Euler-
Lagrange formulation of electromechanical systems, is so popular within the
control community. We will emphasize this aspect in Chapters 3, 4 and 5 for
electrical, electromechanical, mechanical and hydraulic systems.

1.1.3 Physical Observation II

In many physical applications, however, it turns out that the equilibrium Z is
asymptotically stable although; the time derivative of V (z) in Theorem 1.1
is only negative semi-definite. As an example we will investigate the simple
spring-mass-damper system of Fig. 1.2. Suppose the spring has the non-linear
restoring force F. = 1 (z) where the function vy (z) satisfies the sector
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S F
///// d 2 %(Z) A
/ [
Y | i
F m
7 4
7
. % 4

Fig. 1.2. Simple mechanical system.

condition k122 < 9 (2) 2z < kyz? with 0 < k; < ky. The damping force is
assumed to be proportional to the velocity, Fy = d%z (t), with the damping
coefficient d > 0. Then the equations of motion are given by

—2 =

dt
(1.9)
So= = (0 (2) + d)

with the state z7 = [z, v] and Z = 0 as the only cquilibrium. The kinctic and
potential energy stored in the system

V= %mv2 + /2 Yp (w)dw (1.10)
0

is again a suitable Lyapunov function candidate. Taking the time derivative
of V along an integral curve of (1.9), we sce that
d )

SV = —d
dtV v

is only negative semi-definite. Following Theorem 1.1, we may deduce that
the origin is stable but not asymptotically stablc. But the stored cnergy V is
decreasing everywhere except when d%V = (0, that is for v = 0 and z arbitrary.
But from (1.9) one can casily conclude that the trajectory cannot be confined
to the set of points described by d%V =0, unless z = 0. In other words, the
encrgy stored in the system will be dissipated until it is zero. This allows the
conclusion that the origin is asymptotically stable. The exact mathematical
explanation of this physical observation is given by the famous invariance
principle of LaSalle.

(1.11)

1.1.4 Mathematical Formulation II: LaSalle’s Invariance Principle

The invariance principle of LaSalle uses the concept of invariant sets. A set
V is called a positively (negatively) invariant set of (1.1) if for each initial
condition zg = z (to) € V = ¢f (zp) € V for all t > tg (¢ < to).
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Theorem 1.2. Let X C R™ be a compact, positively invariant set of (1.1)
and suppose V (z) : X — R is a continuously differentiable function with
d%V (z) <0in X. Further, let V be the largest positively invariant set of W =
{a: € X| d%V ()= 0} then, every solution of (1.1) starting in X approaches
Vast — .

Since the level set X, = {x € X|V (z) < c} of a positive definite function
V (z) with the property %V(x) < 0 is positively invariant and compact
for a sufficiently small positive constant ¢, Theorem 1.2 can be extended in
accordance with Theorem 1.1 in the form of the following corollary.

Corollary 1.1. The equilibrium & = 0 of (1.1) is asymptotically stable in
the sense of Lyapunov if there exists a continuously differentiable positive
definite function V (z) on a neighborhood X C R™ of 0 such that the relation

d

&V(:c)szV(x)SO (1.12)
holds for all x € X and the largest positively invariant set V of W =
{z € X| £V (z) =0} contains only the equilibrium 0, i.e., V = {0}.

The next remarks briefly deal with the global stability property, Lya-
punov’s theory for time-varying systems and with Lyapunov’s theory for the
infinite-dimensional case.

Remark 1.1. The stability concepts introduced so far are of a local nature
only. In order to get global stability properties the function V (z) in Theorem
1.1 and Corollary 1.1 must satisfy an extra condition, namely V (z) must be
radially unbounded. This means that V (z) — oo as ||z|| — oc.

Remark 1.2. The basic results of Lyapunov’s theory can also be extended to
time-varying systems of the form

d
%= f (¢, z) (1.13)

but this is not intended within this work. The reader is asked to refer to, e.g.,
[59], [135), [144].

Remark 1.3. In order to use Lyapunov’s theory for infinite-dimensional sys-
tems, some new aspects have to be taken into account and its application
may involve some rather delicate mathematical technicalities. The main rea-
son for this is that in contrast to finite-dimensional systems in the infinite-
dimensional case, the compactness of the level sets of the Lyapunov function
is no longer automatically ensured. This property must be checked separately.

For more information on this topic it is advisable to consult, e.g., [1], [82],
[92).
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1.1.5 Exponential Stability

Apart from stability in the sense of Lyapunov we will also need the notion
of exponential stability, but now formulated for the non-linear time-varying
case (1.13). Again, without loss of generality, let the origin Z = 0 be an
equilibrium of (1.13), i.e. f(¢,0) = 0 for all ¢ > 0. Then the equilibrium is
said to be exponentially stable if there exist positive constants a; and ag
such that

¢4 (@) < e llmoll exp (~azt) (1.14)

holds for all times ¢ > ¢ and all initial conditions xg =  (t3) € X = {z € R"|
llz|| <} where tg > 0 and r is a suitable positive constant. Further, the
equilibrium is globally exponentially stable if X = R™.

Theorem 1.3. The equilibrium T = 0 of (1.18) is exponentially stable if
there exist a continuously differentiable function V (¢,z) : R+ x X — R and
positive constants 31, B,, B3 and p > 1 such that the relations

BullzllP <V (t,z) < By |2l

d (1.15)
=V (2) < Byl

are satisfied for allt > 0 in a neighborhood X of 0. Moreover, if X = R™ the
equilibrium is even globally exponentially stable.

For a proof, see e.g., [59], [144].

1.2 Dissipativity, Passivity and Positive Realness

1.2.1 Physical Observation III

From the first law of thermodynamics it is known that energy is neither
“created” nor “destroyed”, but only changes its form and all energy changes
must cancel each other out at any instant in time. Next we will apply this
very general energy balance principle to two specific cases, namely to a class
of heat transfer systems and to electromechanical systems.

Heat Transfer Systems. At first let us consider a heat transfer system
where the electromechanical effects may be neglected and hence the changes
in the energy storage are solely due to changes in the internal thermal energy.
From the energy conservation requirement the change in the thermal energy
storage V follows the relation

d
EV = Pin — Pout (116)
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Fig. 1.3. Annecaling of metal specimen.

with pin and poy: as the energy flows which enter and leave the system.

As a typical application example we will investigate the anncaling of a
metal sheet specimen by means of conductive heating and forced convection
as presented in Fig. 1.3 (see also [63] for details). By passing an electric
current with the rms-value I,,,s through the specimen thermal cnergy is
generated duc to Ohmic heating. Either a fan or compressed air is used
to provide forced convection air cooling. We assume that at any time ¢ the
temperaturc T in the metal sheet specimen is uniform and that the surface of
the surrounding walls is large in comparison to the specimen surface. Further,
we will ignore the effect of heat conduction.

The internal thermal energy V of the specimen is given by

V(T) = ¢(T)mT (1.17)

with the constant mass m and the specific heat ¢(7') as a strictly increasing
function of the temperature T'. Following Ohm’s law, we get the cnergy flow
due to electric rcsistance heating in the form

l
in = 12 - .

C

with the specific resistance 6 (T'), the length of the specimen [ and the cross
section A.. The energy flows caused by forced convection and radiation are
given by

Pout,1 = & (X) As (T - I;,air) (119)
and
Pout,2 = e0As (T4 - Tf,wa[[) (120)

with the surface arca A; of the specimen, the temperature of the surrounding
air and surrounding walls, T o;r and Ty ,,qu, respectively, the emissivity ¢, the
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Stefan-Boltzmann constant ¢ = 5,67 - 1078 Wm~=2K~* and the convection
heat transfer coefficient a(x). Thereby, x stands for the angular velocity
of the fan or the pressure of the compressed air depending on the cooling
equipment used. If we only have free convection the heat transfer coefficient
a (x) is constant and lies within the range 2 — 25 Wm™2K~! (see, e.g., [48]).

The dynamic system equation can be directly obtained by inserting (1.17)-
(1.20) in (1.16) with the temperature T of the specimen as the state and
the input v = [Irms, X, Ts,airs Tswatt]- Thus for a given input u the energy
balance of (1.16) integrated from time #y to ¢ along the integral curve of the
system with the initial temperature T (Z) results in

V(T (@) -V(T(t)) = /t 8 (Irmss X, Tsair> Towatt, T) dT (1.21)

to
with
s (Irmsa X Ts,air’ Ts,walla T) =

1.22
12 6 (T) Zl‘ - (X) As (T - Ts,a'ir) - 6O'As (T4 - T.;l,wall) . ( )

™ms

Equation (1.21) says that the thermal energy stored in the specimen V at
time t equals the stored energy at time to plus the energy supplied or taken
from the specimen with the so-called supply rate s (Irms, X, Ts,air; Ts,wall> T)-

Electromechanical Systems. In the second case we consider electrome-
chanical systems where the changes in the internal thermal energy are ne-
glected. Here the rate of change of the energy V stored in the electromechan-
ical system can be written in the form

%V = Pin — Pout — Pdiss (123)
where p;,, and P,y denote the energy flows which enter and leave the system
across its boundaries and pg;ss is the energy flow which is dissipated into
heat. As an example let us consider the electromagnetic valve of Fig. 1.4
which consists of a cylindrical core and a cylindrical plunger with mass m
and diameter D moving in a guide ring. The coil, which has N turns with the
total internal resistance R, is supplied by the voltage source Uy. Let us assume
that the material of the core and plunger is infinitely permeable whereas the
permeability of the guide ring is the same as that of air. Further, we assume
that h < D and § < h and hence we will neglect all leakage effects. Then the
energy stored in the magnetic circuit @y, (2,7;) as a function of the plunger
position z and the coil current 75, can be calculated in the form

WL = —;—L(z)izL (1.24)

with the inductance of the magnetic circuit
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Fig. 1.4. Schematic diagram of an electromagnetic valve.

L(z) = poN2D?m (D + 8) 7b
4(h—2)(D +8)nb+6D%r

(1.25)

and gy = 47-1077 VsA~1m~! as the permeability of air. Since in this example
the energy wy and the co-energy 1wy of the magnetic circuit are equal the
magnetic force is given by the relation

14) 10L (Z) 9

Eszg 0z ‘L

A detailed treatment of the energy/co-energy concept for electromechanical
systems is presented in Section 3.6. The friction between the plunger and the
guide ring is assumed to be proportional to the plunger velocity and it is
supposed to be contained in the damping coefficient d > 0 of the damping
force Fy = d%z (t). In addition to the magnetic force and the damping force,
an external load force Fe;; and a restoring force F, due to a spring with the
spring constant ¢ > 0 act on the plunger. Hence, the system equations are of
the form

(1.26)

Fmag =

d —

T v

d 1 /10L(z),

i, (2 P it —cz—dv+ Fept (1.27)
d. 1 . 0L(2).

dtZL = L(Z) (U()-—RZL 92 ZL’U)

where z7 = [2,v,iy] is the state, uT = [Uo, Fegt] the input and L (z) the
inductance from (1.25). The total energy V stored in the system is the sum
of the magnetic energy wy, of (1.24), the kinetic energy of the plunger mass
and the potential energy of the spring

V= % (L(2)i} +m? +c2?) . (1.28)
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The change of the stored energy V due to the motion of the system reads as

LY = Upi + Faow — (do® + RE2) . (1.29)
dt A [ ——

Pin—DPout Pdiss

Integrating (1.29) for given input u from time g to ¢ along the integral curve
of (1.27) with the initial value z (¢), we get

t

V(z(t) —V{(z(t)) < / s (Uo, Fext,tir,v)dT (1.30)

to

with the supply rate

S(UO)Fe:l:t7iL7’U) = UOiL+Fe:z;t’U . (].3].)

1.2.2 Mathematical Formulation III: The Notion of Dissipativity

This physical observation of energy balance can now be embedded in the more
general mathematical concept of dissipativity (see, e.g., [126], [143], [145]).
Consider a dynamic state-space system of the form

d
@® =@y (1.32)
y = h(z,u)

with the state z € X C R™, the control input u € &f C R™ and the output
y € Y C RP. We will denote all those input functions u (t) that determine
the state z (t) unambiguously for any initial value z (t9) = zo and all t > ¢
as admissible. Let us define a real-valued function s (u,y) : U x Y — R, the
so-called supply rate, such that fti |s (u,y)|dT < oo for any zg € X, any
admissible input » and all t > t;.

Definition 1.2. The system (1.32) is said to be dissipative with supply rate s
if there exists a non-negative function V (z) : X — R such that the inequality

t

VE®) -Vet) < [ sy (1.33)
to

holds for all admissible u, all initial values 9 € X and all t > to. The

function V (z) is also called a storage function and the inequality (1.33) is

often referred to as dissipation inequality. If (1.33) holds with equality, the

system (1.82) is said to be lossless with respect to the supply rate s.

At this point it should be emphasized that here and henceforth with z (t)
and y (t) we mean z (t) = @ (¢,20,u(t)) and y () = h(p(t,z0,u(t)),u(t))
where ¢ (t, zg, u (t)) is the solution of (1.32) corresponding to the initial con-
dition z (tp) = z¢ and to the input u (¢), evaluated at time .
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Remark 1.4. In the sense of Definition 1.2 the heat transfer system of Fig.
1.3 is lossless with respect to the supply rate (1.22) and the electromechanical
system (1.27) of Fig. 1.4 is dissipative with supply rate (1.31).

Among all possible storage functions V' (z) we shall be interested in the
so-called available storage V, (z), defined by

t

Vo(z)= sup (-/ s(u(r),y (T))dT) with z(to) =z . (1.34)
uelU, t>to to

In [145] (sec also [17], [143]) it is shown that the system (1.32) is dissipative

with supply rate s if and only if V, (z) is finite for all x € X. If this is the

case, the available storage V, (z) can be interpreted as the lower bound of all

possible storage functions V (z), i.c.

0<Vala) SV () (1.35)

for all z € X. A physical interpretation of V, () is that it gives the maximum
amount of encrgy that can be extracted from the system with the initial
condition z (o) = z.

Remark 1.5. If the storage function V (z) is continuously differentiable in
z then we can calculate the change of V (z) along the trajectories of the
system (1.32). Thus we obtain the so-called differential dissipation incquality
associated to (1.33) in the form

V@) <s @) (1.36)

This representation is uscful in many situations, especially those concerning
stability investigations.

Remark 1.6. Dissipativity is strongly related to the input-output stability
of dynamic systems. In particular, the system (1.32) has Lo-gain less equal
v > 0 if it is dissipative with supply rate s (u,y) = 7 |[ul|* — |ly||* where || ||
is the Euclidean norm. For a comprchensive presentation of the connections
between input-output stability and dissipativity the reader is referred to a
very recent book [143].

1.2.3 Passivity

Originally, the notion of passivity comes from the theory of clectrical net-
works. In this respect, an electrical network is said to be passive if and only
if it is composed entirely of positive resistors, inductors and capacitors (sec,
c.g., [19]). However, within the arca of control and systems theory a passivity
formulation for a much more gencral class of dynamic systems was devel-
oped. Subsequently, we will recapitulate some of the fundamental results of
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the passivity concept, which will be of importance for the next chapters. For
this purpose, let us consider a dynamic system (1.32) with the number of in-
puts m being equal to the number of outputs p. Then we can define a special
bilinear supply rate of the form s (u,y) = (y,u) = yTu and this leads us to
the definition of passivity.

Definition 1.3. The system (1.32) with m = p is said to be passive if it

is dissipative with supply rate s(u,y) = (y,u). Furthermore, we say that

(1.82) is strictly input (output) passive if it is dissipative with supply rate
2 2 .

s (u,y) = (y,u) — aflul|” (s (u,y) = (y,u) — Blyll") for a suitable o, B > 0.

A passive system that is lossless is also called conservative.

Taking for the electromechanical system (1.27) of Fig. 1.4 uT = [Ug, Feq)
as the plant input and yT = [iL,v] as the plant output, we immediately
see from (1.30) that the system (1.27) is passive. Moreover, since pgiss =
dv? + Ri2 > Blyl*> with 0 < 8 < min(d, R), (1.27) is also strictly output
passive.

Remark 1.7. From the definition of passivity one can immediately see the
connection between passivity and Lyapunov stability. Let us assume that
(1.32) has an equilibrium at the origin, i.e., f(0,0) = 0 and h(0,0) = C.
Then, if (1.32) is passive with a positive definite C! storage function V (z),
V (0) = 0, the equilibrium Z = 0 of the free system, i.e. for u = 0, is stable
in the sense of Lyapunov due to (1.36) and Theorem 1.1.

Passive systems have the pleasing property that the parallel and feedback
interconnection of passive systems as shown in Fig. 1.5 is again passive. Sup-
pose two passive systems of the form (1.32) with the states z;, 22, the inputs
ug, ug and the outputs y;, y2. Then there exist two storage functions V (z1}
and V5 (z2) such that

t

Vi (21 () ~ Vi (21 (to)) < / (v, 1) dr
to (1.37)

t

Vi (22 (£)) = Va (22 (to)) < / (y2, ua) dr |

to
Substituting u; = us = u and y = y; + y2 for the parallel connection, we get

t
VE®) -Vt < [ pudr (1.38)
to
with V' = V| +V; as the storage function of the parallel interconnected system
and «7 = [zT, z]]. In this way, by inserting the connection conditions for
the feedback connection ©; = e; — ¥ and 19 = y; + ez into {1.37), we obtain
the inequality
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i

V(2 (6) -V ((t)) < /t (y1,e1) + (y3, e2) dr. (1.39)

This shows the passivity of the closed-loop system with the input (e1, e2), the

output (y1, y2), the state 27 = [2T, 2T] and the closed-loop storage function
1972

V=n+W.

passive

u, ¥y, e, u| passive ¥,
system system
(1., (xpu,)
u —W y
u, passive Y, Y, passive u, e,
system system
(x14,,) (x1,7,)

Fig. 1.5. Parallel and feedback interconnection of passive systems.

Subsequently, we will give necessary conditions for a non-linear system to
be passive. For the sake of simplicity we will restrict our considerations to
a special class of non-linear systems, which are affine in the input without
feedthrough term

d m
&m = f(z)+ Zj:l g; () Uy (1.40)
y =h(z)

with the smooth vector fields f, g1, ... ,gm, the smooth functions Ay, ..., Am,
the state x € X C R", the control input v € Y C R™ and the output
y € Y C R™. Let us further assume that the origin is an equilibrium of
(1.40), i.e., £(0) = 0 and A (0) = 0. Following [17] (see also {126]), we may
state the following theorem without proof.

Theorem 1.4. The necessary conditions for the system (1.40) to be passive
with a C? storage function V (z), V (0) =0, are. that the system (1.40)

(1) has relative degree {1,...,1} at x =0 and
(2) is weakly minimum phase.

Remember that the system (1.40) has relative degree {ri,...,rm} at the
point Z if the following two conditions

(1) Lg,Lkhi(z) =0 forall 1 < j,i <m,all 0 <k <r;—1landall zina
neighborhood of Z and
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(2) the so-called decoupling matrix [ngL;’:_lhi (:v)], 1 < 34,4 < mis non-
singular at z = %

are satisfied. If the system (1.40) has relative degree {1,...,1} at z = 0
and the distribution spanned by the vector fields {g; (z),...,gm ()} is in-
volutive, it is always possible to find a local coordinate transformation in a
neighborhood of z = 0 with the new coordinates (y, z) such that (1.40) takes
the form

d m
V= N2+ 25509, @2y
(1.41)

d
3= f2(y,2) .

Recall that the so-called zero dynamics of (1.40) represent the internal dy-
namics of (1.40), when the output y = h () is constrained to be identically
zero. In the transformed system (1.41) the zero dynamics are given by the
differential equation

%z =fo(0,2)=f(2) . (1.42)

Now, the system (1.40) is said to be weakly minimum phase if for the zero
dynamics (1.42) there exists a positive definite C? function W (z), W (0) = 0,
such that LyW < 0 for all z in a neighborhood of z = 0. Concerning the
notions of zero dynamics and relative degree the reader is referred to e.g.,
[52], [103], [144].

Remark 1.8. For linear SISO-systems without feedthrough term the condi-
tions (1) and (2) of Theorem 1.4 can be easily checked by means of the
associated transfer function. That is (1) the difference between the degree
of the denominator and numerator of the transfer function is 1 and (2) the
roots of the numerator have non-positive real parts and every root having a
zero real part is simple.

Remark 1.9. The conditions (1) and (2) of Theorem 1.4 are even necessary
and sufficient for the system (1.40) to be feedback equivalent to a passive
system [17]. Thereby, the system (1.40) is said to be feedback equivalent to
a passive system if there exists a state feedback law for (1.40) such that the
closed-loop is passive. For more details on this topic, see [{17], [126], [143].

1.2.4 Positive Realness

In this subsection, we will present the famous Kalman-Yakubovich-Popov
lemma which gives a connection of the passivity property of a linear system
with the existence of a solution of a set of algebraic equations containing
the Lyapunov equation. However, before formulating this lemma for linear
systems, we will derive an algebraic criterion due to [42] and [100], which can
be understood as an extension of the Kalman-Yakubovich-Popov conditions
to non-linear affine-input systems.
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Non-linear Affine-input Systems. Let us at first concentrate on non-
linear affine-input systems (1.40) but now with a throughput term J (z)

d m
ST= @+ T @y

y =h@)+J(@)u.

(1.43)

We impose the assumption on all storage functions V (x) including the avail-
able storage V, (z) that, whenever they exist, they are continuously differen-
tiable. Hence we may apply Remark 1.5.

Definition 1.4. The system (1.43) is said to be positive real if for all ad-
missible v and all t > ty the inequality

ft (y,updr >0 (1.44)

0
is satisfied for x (to) = 0.

In the case where (y,u) is the power which is externally supplied to the
system (e.g., associated voltages and currents in an electrical network or
associated generalized forces and velocities in a mechanical system), we see
that the inequality condition (1.44) states that from the time tp more energy
is flowing into the system than out of the system for all times ¢t > ¢;.

Remark 1.10. The positive real condition of (1.44) coincides with the defini-

tion of the passivity of an input-output system with zero-bias (see, e.g., [143],
[144)).

It is apparent that there is a strong relation between positive real and
passive systems. Before formulating a lemma due to [145] (see also [17], [143]),
which clarifies this relation, we need the following definition.

Definition 1.5. The system (1.82) is said to be reachable from z (to) = 0 if
for every state x € X there exists a time t > 0 and an admissible input v € U
such that x = @ (¢,0,u(t)).

Lemma 1.1. [145] Assume the system (1.43) is reachable from z (tp) = 0.
Then the system is passive if and only if it is positive real. Furthermore, the
available storage V, (x) satisfies the relation V, (0) = 0.

The proof is omitted here but can be found in [145] or a newer version in
(143].

In [42] and [100] an algebraic criterion, which is the generalization of the
well-known Kalman-Yakubovich-Popov conditions to non-linear affine-input
systems {1.43), is presented. At first let us recall the definition of a system
being zero-state observable,
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Definition 1.6. The system (1.32) is said to be zero-state observable if for
any trajectory with u (t) =0 and y (t) = 0 for all t > to implies z (t) = 0 for
all t > tg.

Theorem 1.5. [{2], [100] Let the system (1.43) be reachable from 0 and
zero-state observable. Then the system (1.43) is positive real if and only if
there exist real-valued functions ! (z), W (z) and a positive definite function
V (z) such that the following relations

LV (z) = —IT(z)(z)
% Lo,V (2),...,Lg, V(z)] =hT (z) =T (z) W (z) (1.45)
WT () W (x) =JT (z)+ J (z)

hold.

Proof. (if): We claim that suitable real-valued functions I (z), W (z) and a
positive definite function V (z) satisfy (1.45). Then the change of V' (z) along
a trajectory of (1.43) is given by

d m
5V =LV (@) + ;ngv (z) u; (1.46)

or after inserting the relations (1.45) into (1.46)
d

7V =" @) +W() )T (@) + W (z)u) +2(y,u) . (1.47)
Obviously,
SSV <y (1.48)

and hence for all admissible u, all initial values z (o) and all ¢t > to we have

%V (z(t)) — -;—V (z (t0)) < /to {y,u) dt, (1.49)

which proves the passivity and due to Lemma 1.1 also positive realness.

(only if): We claim that (1.43) is positive real. Since (1.43) is assumed to
be reachable from z (t¢) = 0, we may conclude from Lemma 1.1 that (1.43) is
passive and the available storage V, () satisfies the relation V; (z (t0)) = 0.
Therefore,

0< Vi (z(t) - Vi (2 (to)) < 2[ (y, u) dt (1.50)

and due to our assumption that all storage functions are continuously differ-
eniiable, we get
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d
< - .
0<2(y,u) - = Ve (1.51)
or
d -
d(z,0) = 2y, u) = =V 2 0 (1.52)

with a positive semi-definite d (z,u). It is worth mentioning that the factor
2 in (1.50) is introduced to obtain the equations in a form which fit the well-
known Kalman-Yakubovich-Popov conditions in the lincar case. The evalua-
tion of d%Va along an integral curve of (1.43) yields

d(z,u) = 2hT (2)u+ 20T JT () u — LsV, (z) — ing Va (z)uj. (1.53)
j=1

Obviously, the quadratic term in u must be positive semi-definite and hence
we may factor JT (z) + J(z) = WT (z) W (z). By completing the squares,
which is, of course, far from being unique, we choose d(z,«) in the form

d(z,u) = (L(z) + W () w) T (Il (z) + W (z)u) > 0. (1.54)

Equation (1.53) together with (1.54) immediately brings the result (1.45).
Moreover, since (1.43) is zero-state observable all solutions V (z) of (1.45)
are positive definite (sec, e.g., [42] or [143]). ]

Linear Systems. Consider a linear time-invariant state-space system

dt ' (1.55)

with (A, B) reachable and (C, A) obscrvable. From Theorem 1.5 we know
that if (1.55) is positive real we find a positive definite solution V (z) = z7 Pz,
P > 0 and matrices L and W such that (1.45) is fulfilled. This leads to the
well-known Kalman-Yakubovich-Popov conditions in the linear case

PA+ATP=-LTL
PB =CT - L™W (1.56)
wiw  =DT+D.

The positive realness of the lincar system (1.55) can also be formulated in

the frequency domain as a property of the associated transfer function (see,
.., [59), [145))

Z(s)=C(sI-A™'B+D. (1.57)
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Definition 1.7. A quadratic matriz Z (s) of functions in a complex variable
s is called positive real if for Re(s) > 0 the following conditions

(1) all elements of Z (s) are analytic,
(2) Z(s*)=Z*(s) and
(3) ZT (s*) + Z (s) is positive semi-definite

hold, where * denotes the complex conjugation. Moreover, we say Z (s) is
strictly positive real if Z (s — £) s positive real for some suitable ¢ > 0.

For a transfer function Z (s) with the property det (D) # 0 we have the
following lemma for charactcrizing strict positive realness [59], [144].

Lemma 1.2. The transfer function Z (s) of (1.57) is strictly positive real if
and only if the conditions

(1) A is Hurwitz and
(2) inf,er Amin (Z (jw) + VAN —jw)) > 0 with Amin as the smallest eigen-
value of Z+ 27T

hold.

Remark 1.11. For the single-input single-output case, condition (2) of Lemma
1.2 simplifies to Re (Z (jw)) > 0 for all w and hence can be easily graphically
checked by means of the Nyquist plot.

Furthermore, if Z (s) is strictly positive real it is always possible to find an

£ > 0 small enough such that Z (s - %) =C(s] - A,,:)'l B+D is positive real
and A, = A+£I is Hurwitz. Then the Kalman-Yakubovich-Popov conditions

(1.56) can be rewritten for A. and the first equation of (1.56) becomes
PA+ ATP=-LTL—¢P . (1.58)

Now, Theorem 1.5 together with (1.56) and (1.58) directly leads us to the
celebrated Kalman-Yakubovich-Popov lemma (see, ¢.g., [59], [144]).

Theorem 1.6. Consider the linear system (1.55) where the pair (A, B) is
reachable and the pair (C, A) is observable. Then Z (s) of (1.57) is strictly
positive real if and only if there exist matrices L, W, a positive definite matriz
P and an € > 0 such that the following relations

PA+ATP = —LTL —¢P
PB =CT-LTwW (1.59)
wTw =DT+D .

hold.
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1.3 Absolute Stability and the Popov Criterion

1.3.1 Physical Observation IV

Let us consider again the simple mechanical system (1.9) of Fig. 1.2. We have
already shown in Subsection 1.1.3 that the equilibrium z = 0 is asymptoti-
cally stable. It is remarkable that in this example the stability does not rely
on the particular form of the restoring force F, = ¢z (2), it rather depends on
the property that iz (2) satisfies the sector condition k122 < ¢ (2) z < k22
with 0 < k; < ks.

A closer view shows that the mechanical system (1.9) can be represented
as a feedback interconnection of a linear subsystem

—z=v
dt

d 1 1 (1.60)
ik m(k1z+dv)+mu

y =z

and a static non-linearity ¥ (z) = ¢z (2) — k12, as shown in Fig. 1.6. Now, it
is appropriate to pose the question under which conditions the equilibrium
of such a feedback connected system according to Fig. 1.6 is asymptotically
stable, if only the sector condition of the non-linearity is given, but not the
non-linearity itself. The answer to this question leads to the notion of absolute
stability.

u | Linear System |
X =Ax+Bu
y=Cx

Static
Non-linearity

146)

Fig. 1.6. Feedback interconnection of a linear system and a static non-linearity.

1.3.2 Mathematical Formulation I'V: The Notion of Absolute
Stability and the Popov Criterion

Given a feedback connected system, as shown in Fig. 1.6, where the linear
time-invariant subsystem is described by
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d
&x_Ax-i—Bu (1.61)
y =0Cz

with the state z € R™, the input « € R™ and the output y € R™. The
non-linearity in the feedback path

u=—1(y) (1.62)

is assumed to be memoryless, time-invariant and decentral, that is ¥, (y) only
depends on y;, i = 1,... ,m. Further, the non-linearity is required to satisfy
the sector condition

0<¢T (y)y <y'Ky (1.63)

with K = diag (k;,i = 1,... ,m), k; > 0. Note that the lower bound 0 of the
sector condition (1.63) can always be obtained by a suitable sector transfor-
mation.

Definition 1.8. The feedback connected system (1.61) and (1.62) with a
given sector condition (1.63) is said to be absolutely stable if the origin is

globally asymptotically stable for any non-linearity belonging to the sector
(1.63).

The multivariable Popov criterion, stated in the next theorem, gives suf-
ficient conditions for the absolute stability formulated as a strict positive
realness property of a certain transfer matrix in the frequency domain (see,
e.g., [69], [144] for further details).

Theorem 1.7. Consider the feedback connected system (1.61) and (1.62),
where A is Hurwitz, the pair (A, B) is reachable and the pair (C, A) is ob-
servable. Then the system is absolutely stable if there exists an n > 0 such
that the transfer matriz

Zp(s) =T+ (1+ns)KC(sI-A)"'B (1.64)

1s strictly positive real. Thereby, —% 1s assumed not to coincide with an eigen-
value of A.

Proof. The main purpose of this proof is to point out the relation between
the Popov criterion and the interconnection of passive systems (see also [143],
[145]). Generally, the linear subsystem (1.61) is not passive. As one can see
this 1s not even the case for the simple mechanical system (1.60). The under-
lying idea of the Popov criterion is that the system of Fig. 1.6, consisting of a
linear subsystem and a sector non-linearity, can be represented as a feedback
interconnection of two passive systems, as depicted in Fig. 1.7, with positive
definite continuously differentiable storage functions.
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u || yu| Linear System y Y,
X =Ax+Bu Ms+DK >
y=0Cx

Y

Static
’ Non-linearity K'(Ms+1)!
Y2 W) '

Fig. 1.7. The system of Fig. 1.6 redrawn as a feedback interconnection of two
passive systems.

The transfer matrix of the system in the feedforward path of Fig. 1.7 with
the input u; and the output y; is given by Z, (s) of (1.64) or equivalently,
we may write [59)]

Z,(s)= (I +nKCB) + (KC +nKCA) (s — A)™'B. (1.65)

Thus the system

d
'CECL'l = A.fCl + Bu1

yi = KC+nKCA)z1+(I+nKCB)u

(1.66)

is a state-space representation of (1.65). From the fact that (C, A) is as-
sumed to be observable and —%’ is not an eigenvalue of A, we can deduce
that (KC +nKCA, A) is also observable. Since (A, B) is reachable, (KC
+nKCA, A) is observable and Z, (s) is strictly positive real, we may apply
the Kalman-Yakubovich-Popov lemma of Theorem 1.6. With it, we find a
positive definite storage function Vi (z1) = 2] Pz1, P > 0 such that

d 1 1
'—V1 = <y1,u1) - —6:(7:1[‘P$1 - 5 (L:Cl + Wul)T (LSCl -+ Wul) S <y1,u1) y

dt 2
(1.67)
which, of course, also says that the system (1.66) is passive.

The state-space representation of the system in the feedback path of Fig.
1.7 with the input u and the output y, reads as
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d Ty = —T2 + K1 (ug + 1 (x2))

Tat (1.68)
y2 =v(x2) .
By means of the positive definite Lur’e type storage function
m 25
Vs (’Eg) =n Z ki / Y; (w) dw (169)
i=1 v0
and the scctor condition (1.63), we immediately see with
d T
V2= (Vzou) — (z2) (K2 — ¥ (22)) < (y2,u2) (1.70)

that (1.68) is passive. Thus, we have shown that Fig. 1.7 is in fact the in-
terconnection of two passive systems. Thus, from Subsection 1.2.3 we also
know that the closed-loop is passive with the positive definite storage func-
tion V = V; + Vu. Inscrting the connection constraints u; = —y2 and uy = ¥
into %V, we obtain

1 1
%V = —-2-611,"111])2,'1 - 5 (LI] — Wl/) (I2))T (LI] - Wl/) (I2))

(1.71)
~pT (z2) (Kz2 — 9 (22))

which is clearly negative definite. This brings along the asymptotic stability
of the origin. [

Remark 1.12. In the single-input single-output case the test of the strict pos-
itive realness of Z, (s) from (1.64) simplifics to

Re(Z (jw)) — nwlm (Z (jw)) > —% forallwe R (1.72)

with Z (s) = T (sI — A)™"b. Note that here the non-lincarity ¥ (y) satisfics
the scctor condition 0 < ¥ (y)y < ky?, k > 0. The condition (1.72) can be
easily graphically investigated by means of the so-called Popov plot, where
Re (Z (jw)) is plot versus wIm (Z (jw)).

Remark 1.13. In connection with absolute stability we find, apart from the
Popov criterion, the so-called circle criterion, which is also applicable for
time-varying and non-decentral non-linearities. However, in principle these
two criteria apply to two different classes of systems and therefore, a direct
comparison is not necessarily meaningful. For more information and details
the recader is referred to e.g., [59], [144].
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1.4 PCH-systems and PCHD-systems

Undoubtedly, the energy balance of a physical system with the change in
the energy storage, together with the energy in- and outflows plays a crucial
role in the stability considerations. This is also reflected in the fact that
the energy stored in a physical system is always suggested as an appropriate
Lyapunov function candidate. Moreover, in recent decades the energy concept
has again gained in importance since it turned out that it also serves as a basis
for the design of non-linear controllers and not only as a tool for analyzing
the stability. Today, the available design strategies based on dissipativity and
passivity considerations are manifold and can be found in the literature under
the headings non-linear Huo-control, passivity-based control, energy shaping,
damping injection etc.. A full overview of this approach can be found e.g., in
[107], [126], [143] and the literature cited therein.

Due to this development it is understandable that we endeavour to formu-
late a generalized canonical description of passive systems which will give a
clear insight into the energy situation of a passive system. We will henceforth
confine the considered class of non-linear systems to the case with affine in-
put. Then, we say a system is in passive canonical form if it can be expressed
as

T
%z = (J(z) — S(z)) (36_‘;) + Ge (z)e (1.73)

with the state 2 € X C R™, the external inputs e? = [uT, dT], consisting of
the control input v € & C R™ and the exogenous inputs (disturbances and
reference inputs) d € D C RP, the C! positive definite storage function V (),
V (0) = 0, the matrices G (z), J(z) = ~JT (z) and S(z) = ST (z) > 0
whose entries are smoothly depending on z. By choosing the output y € Y C
R™*? in the form

v=at@ (%) . (1.74)

one can immediately convince oneself that the system (1.73) and (1.74) is
passive with the storage function V' (), since the differential dissipation in-
equality is given by

%V = (y,e) — (g—‘;) S (z) (%)T < (y.e) - (1.75)

However, the representation of (1.73) and (1.74) is exactly what in [143] is
called a port-controlled Hamiltonian system with dissipation (PCHD-system)
or in [22], [103] a system in extended Hamiltonian canonical form. In order to
be consistent with the literature, we will henceforth follow the terminology
of [143] and call (1.73) and (1.74) a PCHD-system. Thereby, J () represents
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the internal energy-preserving interconnection, S (z) covers the dissipative
effects and Ge (z) describes the energy flows with the system environment
via the system ports.

Throughout this work, we will be confronted with two special cases of
(1.73). At first, if S(z) = 0, then (1.75) holds with equality and, follow-
ing Definition 1.3, the system (1.73) is said to be lossless with respect to
the supply rate {y,e), or conservative. Then, the system will be called a
port-controlled Hamiltonian system or PCH-system for short [143]. Typical
representatives of this class of system are well known from classical mechan-
ics, namely the Hamiltonian systems, and they will be discussed later on in
Chapter 4. The second case covers the situation where (-‘3—‘;) G. (z) is gener-
ically zero with G (z)e = Gy (z)u + G4(z)d. In the single-input single-
output case Gy (z) can be expressed in the form G, (z) = J,, () (%‘—;)T with
Ju (&) = —=JT (z). Consequently, (1.73) can be written as

oV
bz
The physical interpretation of this case is that the control input u only in-
fluences the internal energy flow and thus does not change the total amount
of energy stored in the system. It is quite obvious that in this connection
the output, as defined in (1.74), is only meaningful for G, (z) = G4 (z). We
will see in Chapters 3 and 5 that the Cuk—converter, a special de-to-dc power
converter, and the pump-displacement-controlled rotational piston actuator
are typical applications of the system (1.76).

It is worth mentioning that henceforth we do not intend to answer the
question under which conditions a general mathematical model can be trans-
formed into the form of a PCHD-system (1.73) and (1.74). But we have
already seen in Theorem 1.4 of Subsection 1.2.3 that for a mathematical
model with given output functions the necessary conditions for a system be-
ing passive are rather restrictive. Furthermore, in [17] it is proven that these
conditions are even necessary and sufficient for the system being feedback
equivalent to a passive system (see also Remark 1.9). Thus the reader is
referred to e.g., [17], [126] and [143] to find an answer to this question.

Moreover, we claim that a physical system which is passive and which
may be described by an explicit system of non-linear differential equations
automatically induces a system description according to the passive canonical
form of (1.73) and (1.74). It does not seem to be necessary to derive in a first
step the mathematical model of a physical system and try to find the passivity
structure in a second step. This is why, we focus our attention in the next
chapters on the procedure: how the mathematical model of a physical system
must be set up in order to directly obtain the associated passive canonical
form.

T
%xz(](w)ql-]u (z)u — S(z)) ( ) + Gg{x}d . (1.76)

Remark 1.14. In [133] a slightly different version of (1.73) is suggested as a
passivity based control canonical form where the system is further extended
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by so-called locally destabilizing effects, which are taken into account by an
additional symmetric, but positive semi-definite matrix S, (z).

Remark 1.15. To a certain extent it is also possible to generalize the passive
canonical form of (1.73) and (1.74) to the infinite dimensional case. Here,
J (z) and S (z) have to be replaced by a skew-adjoint and a self-adjoint non-
negative differential operator, respectively and instead of the energy storage
function an energy functional must be used. The generalization of this topic is
beyond the scope of this work, although Chapter 4 presents some analogies of
finite and infinite-dimensional mechanical systems with application to smart
structures. More details concerning the theoretical background of the passive
canonical form in the infinite-dimensional case can be found, e.g. in [82].






2. Some Non-linear Control Design Strategies

During the last decades there have been some significant advances in the area
of non-linear control system design from both the theoretical and the practical
point of view. The research effort on non-linear control is important because
of the more demanding performance required in practical applications and
because most of the physical systems are non-linear in nature. Moreover,
the increasing availability of low cost digital processors and the increasing
power of computer programs for numeric and symbolic computation make
the practical use of these non-linear control strategies possible.

In this chapter we briefly summarize the results of those non-linear model-
based control approaches which, on the one hand will be used in the subse-
quent chapters and which, on the other hand have a more or less strong
relation to the dissipativity and passivity concept. Essentially, these are the
non-linear state feedback Ha-design for affine-input systems with and without
integral term (see, e.g., [126], [143]), the non-linear state feedback Ho-design
for affine input systems (see, e.g., [53], [58], [143]) and the passivity-based con-
trol concept (see, e.g., [107], [143]). As the reader may rightly notice, these
three control synthesis tools discussed within this chapter are just a very
small part of the full range available in literature. This should not give the
impression to the reader that these non-linear control strategies are always
our first choice for practical applications. The main intention of the work is
rather to elaborate the physical structure of electrical, electromechanical, me-
chanical and hydraulic systems, which will be done in detail in Chapters 3, 4
and 5. The choice of the right control design strategy for a successful practical
implementation depends strongly on the considered application, the demands
on the closed-loop, the restrictions and limitations of the plant itself and the
actuators, the measurable quantities and their accuracy, the limitation of the
real-time hard- and software platform etc. and cannot be answered generally
and without preceding detailed investigation of the plant to be controlled.
Without laying claim to completeness, the reader is referred to the follow-
ing excellent textbooks and contributions to get a more complete idea of the
different non-linear control design strategies, that are e.g., [52], [91], [103],
(144] for differential geometric methods, e.g., [60], [91], [126] for backstep-:
ping and adaptive non-linear design strategies, e.g., [58], [143], for non-linear
H-design, e.g., [115] for the differential algebraic approach, e.g., [28] for
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the flatness concept and e.g., [107], [126], [143] for passivity-based control.
However, all the model-based non-lincar control approaches have one fact
in common, namely that somehow the knowledge of the underlying physical
structure helps to solve the design problems. In order to stress this argument
let us mention as examples the solution of the Hamilton-Jacobi-Bellman-
Isaacs equation or inequality for the non-linear Hoo-design; the solution of
the Frobenius-type partial differential equations for the input-state or input-
output exact linearization; the determination of the flat outputs within the
flatness approach, or the suitable choice of the Lyapunaov-like function within
the backstepping or composite Lyapunov design.

2.1 Non-linear State Feedback H;-design

Consider an affine-input system

d m
az:[; = f (.T) + Zj:l g; (I) Uy

y =h)

with the smooth vector fields £, g, ... , gm, the smooth functions hy, ... , hq,
the state £ € X C R", the control input v € 4 C R™ and the output
y € Y C R Let us assume without restriction of generality that the origin
is an equilibrium of (2.1) for v =0, i.e., f (0) =0 and A (0) = 0.

Now, the goal of the non-linear Hp-design is to find a control law

(2.1)

u=u(x), uw(0) =0 (2.2)

such that the origin is rendered asymptotically stable and the objective func-
tion

Jo= inf Az (z,u) dt 2.3
o= ot [ da (2.3
with
1
Az (z,u) = 5 (Bllyl* + 1)), 8> 0 (2.4)

is minimized with respect to u. Here and subsequently the integral is always
evaluated along a solution of (2.1). It is worth mentioning that Az (z, v (z)) is
in any case a positive semi-definite function of x and if, furthermore, a certain
observability condition is satisfied, A3 (z,u (z)) is cven positive definite. Let
us assume there exists a real-valued C? function V (z), such that the relation

V (x) = inf /m Tl (2w dr, 2= () (2.5)
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is met. From the principle of optimality (sce, e.g., [5], [20]) we know that
(2.5) is equivalent to

V (z(t0)) = igf ( t Az (z,u)dr + i%f /t°° Ag (z, ) d‘r) (2.6)
V (z(to)) = ir&f ( t Ay (z,u)dr + V (z (t))) . (2.7

Thus, from (2.7) it follows that V must satisfy the well known Hamilton-
Jacobi-Bellman equation (HJBe)

min LiV(2)+ > Lg,V (2)u; + Az (z,u) | =0. (2.8)
j=1

By substituting A, (z,u) from (2.4) into (2.8), we get the optimal choice u*
of u

uj =-Lg,V, j=1,...,m. (2.9)
Equation (2.8) together with (2.9) yiclds the HJBe in the form

Lfv+% (ﬂllyH?—Z(ngv)?) =0. (2.10)

=1

Generally, for practical applications it is difficult, if not impossible, to find
a solution of the HJBe (2.10), sce also Remark 2.1. Therefore, we are often
satisfied to solve the so-called Hamilton-Jacobi-Bellman inequality (HJB)

m

LV +3 (ﬁ l? -3 (L, v>2) <o, (211)

=1

which, of course, only leads to a suboptimal solution of the non-linear Ho-
design problem.

Theorem 2.1. Given the affine-input system (2.1) and suppose V (z), V (0) =
0, is a C! positive definite solution of the HIBe (2.10). Then, if the system

d
&m:f(a:)

gT :_‘[hl,..-,hq,LglVy"' 7Lng]

(2.12)

is zero-state observable, the state feedback (2.9) solves the optimal non-linear
Hj-design problem. Furthermore, if V (), V (0) = 0, is a C" positive definite
solution of the HJBi (2.11), the state feedback (2.9) is only suboptimal.
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Proof. The closed-loop of (2.1) and (2.9) reads as

d m
prich f(@) = 2219 (=) Ly, V (2) (2.13)
y =h(z).

Obviously, V (z) as the positive definite solution of the HJBe (2.10) or HJBi
(2.11) serves as an appropriate Lyapunov function candidate. By calculating
the change of V along an integral curve of (2.13), we get with (2.10) (with
(2.11))

d = 1 2 i 2
5V =LV - ; Lg]V (<) "3 BlIRI™+ z_: (Lg, V)" | <0.
(2.14)

Since % V is negative semi-definite we may conclude that the origin is stable in
the sense of Lyapunov. But the zero-state observability of (2.12) says that for
any trajectory, J; (¢) = 0,i=1,... ,q+mfor all t > to implies z (t) = 0 for all
t > to (see Definition 1.6). Hence, by means of LaSalle’s invariance principle
of Theorem 1.2 the origin is asymptotically stable and lim;_,oo  (¢) = 0.

In the next step, we will show that if V is a solution of the HJBe (2.10)
the state feedback (2.9) in fact minimizes the objective function (2.3). We
will prove this by contradiction as it is done in [126]. Let us assume that (2.9)
is not the optimizing control law, instead the optimal state feedback reads as

u;:—ngV-f-Uj, j:l,...,m (215)

for some suitable v;. Then, by inserting (2. 15) into the objective function
(2.3), we get

o] 1 m
JZ:/ 2 (L V)’ QZ”JLgJVHIUH +B8yI* | dt  (2.16)
j=1

j=1

or with (2.10)

Jo =[5 (<LeV = XLy LoV (v = Ly, V) + o)) e
= [ (—%v +1 ||v||2) dt (2.17)
= —limy oo V (2 (¢)) + V (2 (0)) + & [°Jv]|* dt .

Since the origin is asymptotically stable, it follows that lim; . V (z (t)) =0
and hence Jy is obviously minimal if v is identically zero. This contradicts
the assumption that (2.9) is not the optimizing control law. |
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For linear systems

d
Fred Az + Bu (2.18)
y =Cz

the HJBe (2.10) simplifies for 8 = 1 with V = 32T Pz, P > 0, to the well
known algebraic Riccati equation

z' (PA+ ATP+CTC - PBBTP)z =0, (2.19)

which has indeed a unique positive definite solution P if the pair (4, B) is
reachable and the pair (C, A) observable. Note that the observability con-
dition of the system (2.12) in Theorem 2.1 also implies the reachability of
(A,B) and the observability of (C, A). Consequently, the HJBi (2.11) for
linear systems yields

zT (PA+ATP+C"C - PBBTP)z <0. (2.20)

Remark 2.1. It is worth mentioning that in the literature also procedures for
obtaining an approximate solution of the HJBe (2.10) are suggested, see, e.g.,
[142]. Thereby, the solution V of the HJBe (2.10) is gradually constructed,
starting with a solution of the algebraic Riccati equation (2.19) of the associ-
ated linearized system. The drawback of these approximate solutions is that
they are only valid in a small neighborhood of the equilibrium.

Next, let us consider a PCHD-system (see (1.73), (1.74) of Chapter 1)

4@ -5 () +6u@u
;t ::T((; (Z—(V;)T(ax> e (2.21)
* Jz '

Then it is easy to see that the storage function V (z) is a solution of the HJBi
(2.11) for B =1, because

- (%) S (z) (%%)T <0. (2.22)

Furthermore, in the special case of a lossless system, i.e. S(z) = 0, the
storage function V (z) even solves the HJBe (2.10), see also [143] and for a
detailed investigation for infinite-dimensional Hamiltonian systems Chapter
4, in particular, Proposition 4.1. Another pleasing result can be obtained for
the case, when the control input « only influences the internal energy flow
(compare also with (1.76) of Chapter 1). Then the associated PCHD-like
system reads as
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% = (J(2) + Ju(2)u - S (z)) (%)T
y :Gg(x) (?)_‘;)T

We can immediately obscrve that with the storage function V (z) the HIBi

(2.11) for § = 1 takes the form
- (g—‘;) (s (x) - 56y () GT )) (Z—Z)T <0. (2:24)

Clearly, u = 0 solves the suboptimal non-linear Hp-design problem if S (z) —
%G; (z) Gy (x) > 0 and if the associated observability condition is fulfilled.

(2.23)

8

Remark 2.2. In [126] a more general objective function (2.3) of the form

Jo= inf / (z) +uTR () u)dt 2.25
2= ot o) ({(2) (z) u) (2.25)
with {(z) > 0 and R(z) > 0 is used for designing a feedback controller.
However, the modifications of the HJBe (2.10), the HIBi (2.11) as well as of
the optimal control law (2.9) can bec obtained in a straightforward manner.
The reader is referred to [126] for more details and many other aspects.

2.2 Non-linear State Feedback H,-design with Integral
Term

In many applications it is desirable that the controller contains an integral
term in order to make the stationary crror in the plant output zero and to
compensate for parameter variations. But in general an integrator in the con-
troller partially destroys the physical structure and hence makes a systematic
controller design far more difficult. In the following we will restrict ourselves
to a special type of non-linear SISO-systems of the form

d
= Az +b(z)u
T

y =c'z

(2.26)

with the plant input v and the plant output y. Further let us assume that
the matrix 4 is Hurwitz and the pair (4, ¢) is observable.

Typical represcentatives of this class of system are systems of the type
(1.76) where the skew-syminetric matrices J and J,,, the positive scmi-definite
matrix S and the matrix G4 have constant entries and the storage function
V (z) is quadratic, i.c. V (z) = %xTPVx, with the positive definite matrix
Py. Under these conditions (1.76) reads as
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d
5% = (J =S+ Juu) Pyz + Gud (2.27)
Yy = CT.’L',

with the plant input u, the plant output y and the exogenous inputs d,
which are assumed to be constant but unknown. Now, if for a given constant
plant input « = @ the matrix (J — S + J,4) is Hurwitz, the operating point
T=-P;'(J-S+ Ju@)"! G4d is determined unambiguously by @ and d.
Then, by means of a simple change of coordinates z = £+ Az and u = 4+ Au
the operating point is shifted to the origin and the system (2.27) can be
rewritten in the form
d

&-Am = (J— S+ Juu) PyAz + J, Py (T + Az) Au
Ay = Az

(2.28)

Obviously, (2.28) has the same structure as (2.26). We will see in Chap-
ters 3 and 5 that the Cuk-converter and the pump-displacement-controlled
hydraulic rotational piston actuator are typical applications of the system
(2.26).

Now, we are ready to formulate a proposition for the non-linear state
feedback Ha-design with integral term:

Proposition 2.1. Given the system (2.26) and suppose the matriz A is Hur-
witz, the pair (A, c) is observable and the condition ¢’ A~'b(0) # 0 is satis-
fied. Then the non-linear state feedback controller with integral term
3= Tz
v =27 (Pn + (A‘I)T ccTA‘lpzz) b(z) + poacT A7Mb () 2,
(2.29)

with P11 as the unique positive definite solution of the Lyapunov equation
Py A+ ATPyy + Bect =0 (2.30)

solves the suboptimal non-linear Ho-design problem for the controller param-
eters 3, paa > 0. Furthermore, the parameters 3 and pas can be used to adjust
the closed-loop performance.

Proof. At first it is worth mentioning that the Lyapunov cquation (2.30) has
a unique positive definite solution since A is Hurwitz and the pair (A4,c)
observable, see, c.g., [144]. Next we will show that the C! positive definite
function

1 1 2
Vi(z)= §$TP11$ + 5P22 (CTA_ICE —ay) (2.31)
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is a solution of the Hamilton-Jacobi-Bellman inequality (2.11) of the aug-
mented system (2.26)

e

The associated optimal choice of the state feedback law (2.9) reads as

ulz,zy) = —%—Zb(w) = —zTPy1b(z) — pa2 (TA™ 'z — x)) cTA~1b(x)
= —zT (P“ + (A‘I)chTA‘lpm) b(z) + poacTA~1b (z) z;
(2.33)

By inserting V (z) from (2.31) into the HJBi (2.11) and by using (2.30), we
get

T(PnA+ ATPu) 2+ po (TA™ e — ap) (T = cT) = + 181lyl1* -

b (
3(30@) =4 (#@) = —fu@an® <0,

(2.34)

Thus the HJBi is obviously satisfied. It remains to show that the system

%[iﬁ] - [f; 8] [ii] (2.35)

7 = [ch,u (z, xl)]
with u (z,z;) from (2.33) is zero-statc observable. From ¢’z = 0 we can
conclude that = = 0 since (A4, c¢) is observable. Furthermore, from u (0,z;) =
pa2cT A71b(0) 2y = 0 it follows directly that z; = 0 due to the assumption
that ¢T A=1b(0) # 0. Hence the system (2.35) is indeed zero-state observable.
Now, by Theorem 2.1 the state feedback law (2.33) solves the suboptimal non-
linear Hy-design problem for the augmented system (2.32). This completes
the proof. n

Remark 2.3. It is clear that the Lyapunov equation (2.30) of Proposition
2.1 has for every positive semi-definite matrix Q@ = I''I" a unique positive
definite solution Pi;

PhA+ATPL+Q =0 (2.36)

if the pair (A, I') is observable. This allows us to take into consideration
other objective functions than (2.3). Furthermore, Proposition 2.1 can also
be extended to the MIMO-case in a straightforward way when the number
of control inputs u equals the number of outputs y.
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2.3 Non-linear State Feedback H -design

For the non-lincar H..-design the affine-input system (2.1) is extended by
the exogenous inputs (disturbances and reference inputs) d € D C RP

%I = f(e) + X, 95 (@) uy + Y0 ki (x) &
y =h(z)

with the smooth vector fields f,g1,... ,gm, k1, ... ,kp, the smooth functions
hi,...  hq, the state £ € X C R", the control input v € & C R™ and the
output ¥y € Y C RY. Let us again assume without restriction of generality
that the origin is an equilibrium of (2.37) for u =0 and d =0, i.e., f(0) =0
and h (0) = 0.

The goal of the non-linear H,-design is to find a control law

(2.37)

u=u(z), u(0)=0 (2.38)

such that the objective function

Joo = sUp inf Ao (z,u,d)dt (2.39)
dEL?;[0,00) uELa"'[0,00) 0 ( )
with
1 2 2 2
Aco (z,u,d) = 5 (81wl + lul* — )} , B> 0 (2.40)

is minimized with respect to © and maximized with respect to d, whercas the
so-called disturbance attenuation level v > 0 must be chosen such that the
problem is solvable. In a second step, we also try to find the minimum value
of 4. From the theory of differential games (sce, e.g., [10], [80]) it follows that
one has to look for a positive (semi)-definite solution V (z) of the Hamilton-
Jacobi-Bellman-Isaacs equation (HJBIe)

. 0
mfmenH7 <a:, B—IV,u,d) =0 (2.41)

with the associated Hamiltonian function

8 i P
H, <I,$V,u,d) =LV (z) + ;ngV(a:) uj + ;LkiV(z)di + Aco.
(2.42)

Now, in our case H, has a unique global saddle point with the property (sce,
c.g., (58], (141))
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6 * 6 * Pk 6 *
H, (z,aV,u ,d) < H, (I’BEV’U ,d ) <H, (z,a-V,u,d ),

(2.43)

where u* and d* are determined respectively by

1
ui=-Lg,V,j=1,...,m and dj= -’;LkiV,i:I,... D . (2.44)

Thus, by inserting (2.44) into (2.41) the HJBIe reads as

1 il 1&
LiV +5 Blul? =" (Lg,V) +;Z (LeV)* | =0. (2.45)
=1

i=1

Analogous to the HIBe (2.10) the HJIBIe is also rather difficult to solve and
hence we are usually content with a solution of the Hamilton-Jacobi-Bellman-
Isaacs inequality (HJBIi)

m P
Lfv+% 5”3/”2‘Z(LajV)zﬁL%Z(LkiV)z) <o. (2.46)

J=1 i=1

Theorem 2.2. [1{1] Given the affine-input system (2.87). Then, if V (),
V (0) = 0, is a positive semi-definite solution of the HIBIe (2.45) or the
HJBIi (2.46), the state feedback

wf=—Ly,V,j=1,...,m (2.47)

renders the closed-loop dissipative with the supply rate

5 (Y11 = ") = 1) (248)

or equivalently the closed-loop has Ly-gain less equal v from the input d to the
output 2T = [\/ByT, (u")T]. We then say (2.47) solves the suboptimal non-

linear Hy,-design problem. If, furthermore, we find the smallest v* > 0 such
that for all v > v* the state feedback (2.47) makes the closed-loop having La-
gain less equal vy, then the non-linear Ho,-design problem is solved optimally.

Proof. [141] The closed-loop of (2.37) with the control law (2.47) takes the
form

d m
7= @) =251 05 (@) Lo,V (=) + L (2.49)
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Suppose V (), V(0) = 0, is a positive semi-definite solution of the HJ-
Ble (2.45) or the HIBIi (2.46). Then, by adding the expression —3 ||u"||2 +

P _1 Lk, Vd; to the left and right hand side of the HIBIe (2.45) (or the HIBIi
(2.46)), we get

m 2 " 2
LiV = S5 (Lo, V)" + £ LuVes 2y 5 (v = 1wl - 81yI?)

N =

(<)

1 1 2
-3 P (WL,“V — ﬁd,-) .
(2.50)

Obviously, the left hand side of (2.50) is the time derivative of V along a
solution of (2.49) and hence with V' as the storage function the dissipativity
with respect to (2.48) is shown. ]

Remark 2.4. For d = 0 we see that the closed-loop (2.49) coincides with
(2.13). Hence the origin of (2.49) is asymptotically stable if the zero-state
observability of (2.12) from Theorem 2.1 is satisfied.

Again we obtain a pleasing result for lincar systems of the type

d
ax_Ax-i-Bu-i-Kd (251)

y =Czx,
since the special choice V = 327 Pz, P > 0, simplifies the HIJBIe (2.45) for
B =1 to the algebraic Riccati equation
xT (PA +ATP+CTCc-P (BBT - lKKT) P) r=0 (2.52)
Y

or the HIBIe (2.46) to the inequality

zT (PA +ATP+CTC-P (BBT — lKKT) P) <0, (2.53)
Y

respectively.
Next, we will again investigate systems of the PCHD-type (see (1.73),
(1.74) of Chapter 1)

T
= (@) - S@) (‘Z—V) £ Gu(2)u+ Galz)d

) et (%)T- (2.54)
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If the disturbance input d acts in the same way on the system as the control
input u, i.c. G4 (z) = V/6Gy (z), 6 > 0, then with the storage function pV (z),
p > 0, the HIBII (2.46) takes the form

(%) (ps@+3 (a—;h?) 6. (2)G1 (2)) (Z—V)T <0.
(2.55)

From (2.55) it is clear that the control law
uj =—pLg,V,j=1,...,m (2.56)

solves the suboptimal non-linear H-design problem for a disturbance atten-
uation level v > §, provided that the incquality condition

(2.57)

is satisfied. Moreover, if (2.54) is lossless, i.e. S (z) = 0 and (2.57) holds with
equality, the storage function pV (z) even solves the HIBIe (2.45), sce also
[143] and for a detailed investigation for infinite-dimensional Hamiltonian
systems Chapter 4, in particular, Proposition 4.2.

Remark 2.5. As was alrcady mentioned at the beginning of this chapter, the
non-lincar H.,-approach presented here is just what we need in the subse-
quent chapters for the controller design. For other aspects like the non-linear
H,-control with dynamic measurcment feedback, the reader is referred to
e.g., (8], [53], [142], [143], the robust stabilization of perturbed plants, sce,
e.g., [47], [143] and for the adaptive non-lincar Heo-design, sce, e.g., [84].

2.4 Passivity-based Control (PBC)

In recent years, passivity-based control has been, and is still, a ficld of ex-
tensive research and it goes without saying that we can only present a small
part of the whole theory. In particular, in this subsection we will refer to
that theoretical background material of passivity-based control which will be
required in the next chapters. The reader should consult the very important
books [107] and [143] and the references cited there for a full overview of this
theory and its many interesting applications.
Let us consider a PCHD-system of the form

T
%= (@) - S@&) (g—‘;) + Gy (2)u (2.58)
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with the state z € X C R", the control input « € i C R™, the C* positive
definite storage function V (z), V (0) = 0 and the matrices G, (z), J (z) =
~J7T (x) and S (z) = ST () > 0 whose entries are smoothly depending on z.

The objective of the PBC-concept, which will be considered here (see
[143]), is to find a state feedback u = u (x) such that

s the closed-loop takes the form

T
So=(J() - S (@) (3‘/6) (2.59)

Oz

with the modified storage function of the closed-loop V. = V + V,, where
V. is the contribution of the control input and
o the desired equilibrium = = z4 is stable in the sense of Lyapunov.

Clearly, in order to obtain a closed-loop of the form (2.59) the control law
must satisfy the relation

T
G (@)u = (J (2) - S () (%‘f) . (2.60)
If V. (z) has a strict minimum at z4, that means V. (z) > V. (zg) for all
oV, %V, . "
T # x4, B (zq4) = 0 and 7 (xzq) > 0, then V. (z) — V. (zq) is positive

definite and serves as an appropriate Lyapunov function for the closed-loop
(2.59). The time derivative of V, (z)— V. (z4) along an integral curve of (2.59)

v T

%ch—(a&;)S(w) (%‘;) <0 (2.61)
is obviously negative semi-definite and this guarantees the stability of xz4.
Moreover, in some cases we may even show by means of LaSalle’s invariance
principle that z 4 is asymptotically stable.

A further possible way to achieve asymptotic stability is given by the so-
called damping injection method [107], [143]. Thereby, the control law u is
extended by an additional control input u4 and the relation (2.60) changes
to

T
Gy (r)u = (J(x) — S (z)) (33‘2> + Gy (z)uq - (2.62)

T
Let us assume that we can measure the output y = G (z) (§£)", see also

(1.74) of Chapter 1. Then by substituting (2.62) into (2.58), we obtain the
system

T
Fo= U@ -5@) (FE) +6u@u

dt

) et ( 331:;5 )T (2.63)
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with V. =V + V,. The control law

8VC)T

wa = =83 (a) 65 (=) (2 (2.64)

with a suitable positive semi-definite matrix Sy (z) is commonly referred to
as the damping injection controller. The time derivative of V; along a solution
of the closed-loop (2.63) and (2.64) reads as

(2.65)

~ s

dy (%‘;) (S (2) + G (z) 54 () GT (x)) (%)T .

~

Se(x)

Clearly, if S, (z) is positive definite, then x4 is asymptotically stable. A nec-
essary condition for the existence of an asymptotically stabilizing control law
for the system (2.58) can be found in e.g., [143], Proposition 4.2.14.

Remark 2.6. Apart from this rather simple approach of PBC dynamic con-
trollers with output feedback and controllers for interconnected systems based
on the idea of energy-shaping and damping injection are also reported in lit-
erature. The latest results in this field are very promising for getting a tool
for the design of dynamic non-linear controllers for a large class of physi-
cal systems. The interested reader is referred to the very recent publications
[108], [109], [143].
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In this chapter, we concentrate on an energy-based description of electrical
systems. Thus, an extension of the well-known theory of Brayton-Moser will
serve as a basis for setting up the network equations by means of the so-called
mixed potentials. It turns out that the combination of this energy-based con-
cept with graph theory allows us to derive the mathematical model of an
electrical network directly in the form of a PCHD-system (port-controlled
Hamiltonian system with dissipation, see Chapter 1 for details). However,
this method is applicable for non-linear two- and three-phase systems with
and without dependent sets of inductor currents and/or capacitor voltages.
The big advantage of this approach is that it makes available a tool for the
systematic derivation of the network cquations in the form of a PCHD-system
by means of e.g., computer algebra programs. Thus, it is also particularly suit-
able for larger interconnected networks. Morcover, a very important feature
of the proposed concept is that it enables us to take into account saturation
effects of the magnetic field and non-sinusoidal flux distributions in three-
phase machine applications. The modelling process will be demonstrated by
means of a simple terminal model of a power generator and a three-phase
application. Furthermore, we will use this technique for the calculation of the
average model of PWM (pulse-width-modulation)-controlled electric circuits
with bipolar switching, where the duty ratio is the control input. We will see
that, depending on the location of the switch(es), different energy flows of
the PWM-controlled system can be influenced by changing the duty ratio.
Finally, for a laboratory model of a special dc-to-dc converter, namely the
Cuk-converter, we will also show how the presented theory can contribute to
the design of a non-linear Hy-controller with and without integral term.

3.1 Basic Circuit Relations

Throughout this scction, we consider electric circuits that arc interconnec-
tions of lumped dynamic (inductors, capacitors) and static (resistors, voltage
and current sources) circuit elements. The topological relationship can best
be exhibited by means of a digraph G = (N, B), where N specifics the set
of nodes with cardinality n and B denotes the set of branches with cardi-
nality b. A branch has cxactly two end points which must be nodes. The
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orientation of the branches of the digraph corresponds with the associated
reference direction of the current flows. Subsequently, we assume that the
circuits are connected, i.e. any node can be reached from any other node
by a path through the circuit elements. To each branch j a voltage u/ and
a current i; is assigned and due to the connectedness assumption, they are
well-defined [19]. Analogously, an electric potential v* is assigned to each
node k. Here, the electrical potential of one arbitrary node has to be chosen
as a reference.

Now, Kirchhoff’s current law (KCL) says that for lumped circuits the
algebraic sum of currents flowing into any node is equal to zero for all times
t or

> dli;=0 forall keN. (3.1)
J
Kirchhoff’s voltage law (KVL) states that in a lumped circuit for any branch j

connected with the nodes & and ! the voltage drop 7 is equal to the difference
between the potentials v* and +! for all times ¢ or

okd] +v'd] = o (3.2)
with

} +1  if branch j touches node & and i; leaves k
dj =< —1 if branch j touches node k and %; enters k
0 if branch j does not touch node & .

A current ¥ = (i1,12,...,%) € R® and a voltage u = (u',u?,... ,u°%) €

(R®)" with (R®)" as the dual space of R® are said to be admissible if and only
if they obey KCL or KVL, respectively. Note that subsequently, in the vector
notation, a current is always a column vector and a voltage a row vector.
The choice of this notation is motivated by the fact that the voltages are
defined in the dual space of the currents or vice versa. A direct consequence
of Kirchhoff’s laws is Tellegen’s theorem (e.g., [19], [44]):

Theorem 3.1. For any admissible current i and any admissible voltage u of
an electric circuit with the digraph G = (N, B) the relation

p=) wi;=0 (3.3)
J

holds.
Proof. By substituting (3.2) into (3.3), we get

Y i+ oty dli (3.4)
J J

and this is obviously zero due to (3.1). a
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Remark 3.1. Equation (3.3) is far more than the conservation of energy in
an electric circuit. One can easily convince oneself that (3.3) also implies the
relations

Zu’ t1); (t2) Zu’ t1) (—z,) (m):Z(%ua’) (t1)i; (t2) =0
’ (3.5)

for different times ¢; and ts.

Using the map D : R® — R™ with the induced dual map D* : (R™)" —
(Rb)*, we can see that the current ¢ and the voltage v are admissible, if and
only if ¢ € Ker (D) and u € Im (D*). It is worth mentioning that, since D is
a linear matrix operator, D* is simply DT. Let the column vectors of D; and
Dy be the bases of Ker (D) and Im (D*), respectively. Then the following
relations

bl

1= D[iX and wu= UYDE (36)

are met for some suitable ix and uy. Combining (3.6) with Tellegen’s theo-
rem, we get

uD;=0 and D¥i=0. (3.7)

Now, it is well known that Dy and Dg can be constructed from a tree
7T = (N, Br) with Br C B. A tree T of a graph §G is a connected subgraph
which has no loops and contains all nodes (see, e.g., [21]). The total number
p(G) of branches in a spanning tree 7 of the connected graph G, also called
co-cyclomatic number, is given by the relation

p(G)=n-1 (3.8)

with n as the number of nodes. The physical interpretation of the co-
cyclomatic number p(G) in an electrical network is that it gives the largest
number of independent potential differences between all the nodes of the
network. Analogously, the so-called cyclomatic number

v(G)=b—-p(G)=b—-n+1 (3.9)

is the largest number of independent currents flowing in the network (see, e.g.,
[21]). Thus, the graph G can be partitioned into two disjoint sets of branches,
one containing all branches belonging to the tree, the so-called tree branches
Br C B with cardinality p (G) and the other containing all branches which do
not belong to the tree, the so-called cotree branches Bo C B with cardinality
v (G). For simplification of the notation we will henceforth drop the explicit
specification of the associated graph G in the cyclomatic and co-cyclomatic
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number v and p. Further, let us combine the voltages and currents of the tree
and cotree branches in ur, ug and it, io, respectively.

Consider an electric circuit with associated graph G and a picked out tree
T. If we take ix = ic and uy = wur in (3.6), then Dy and DE are well
known from literature as the fundamental loop matrix associated with the
tree 7 and the fundamental cut-set matrix associated with the tree 7 (see,
e.g., [19]). Substituting i = Djic and v = urD}; into (3.7), we obtain

urDED; =0 and D{Djic =0 (3.10)
and since (3.10) must be valid for all ur and ic,r we can deduce
D{D;=0. (3.11)

If the first p branches are the tree branches, then D; and DY can be parti-
tioned in the form

D;r
Dy = [ I } , Df=[I,,,Df ] (3.12)
with I as the identity matrix and condition (3.11) can be replaced by
Dir=-Dic=D. (3.13)
Summarizing (3.6), (3.12) and (3.13), we get
iT = Dic and uc = -uTD . (3].4)

3.2 Energy Based Description

In this section an energy-based formulation for the state-space equations of
electric circuits will be presented. For this purpose, let us consider an electric
circuit with associated digraph G = (N, B). At first, the set of branches B
is subdivided into three disjoint sets L, C' and S of inductors, capacitors
and static terminals, respectively. Clearly, B = LU C U S. According to the
notation we use ix or u*, k € L, C or S to define the current or voltage of
an inductor, capacitor or static terminal, respectively.

The space of unrestricted states (i,u) of the circuit is a manifold NV, =
R x (Rb)*. If the currents and voltages are admissible, or equivalently if they
satisfy KCL and KVL, then the states of the electric circuit are confined to
a submanifold N = { (i,u) € N,|uD; = 0, Dfji = 0} [44].

3.2.1 Independent Set of Inductor Currents and Capacitor
Voltages

We assume that the inductor currents ix, k € L and the capacitor voltages
u!, € C together with the coordinate function z : (i, u') — (¢;,4), k € L,
le C, j € B form a chart of V.
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The differential equations of the dynamic elements inductor and capacitor
are given by

d .
¥ (i) =W with j kel

d o
$qj(""uk""):” with J:kGCy

(3.15)

where ¢ denotes the flux linkage of the inductor j € L and g; is the charge
linkage of the capacitor j € C. The energies 1y, and W¢ stored in the induc-
tors and capacitors can be calculated in the form

8

7 jeL jec

with +(t) as a solution curve of the electric circuit. The total energy w
stored in the electric circuit reads as & = wj + we. For the subsequent
considerations we assume that the integrals in (3.16) are path independent
or equivalently the 1-forms .., i;dy” and Yjec u’dg; are exact. Follow-
ing Poincare’s lemma, which states that in a star-shaped region every closed
1-form is exact, we may deduce that the relations

d|d idy? | =0 and d | widg; | =0 (3.17)
jEL jeC

have to be met for the path independence, see, e.g., [16]. Furthermore, the
energies wy, and W stored in the inductors and capacitors are always sup-
posed to be positive definite functions of the inductor currents i, k € L and
the capacitor voltages u!, | € C respectively. Note that this is always the case
when the inductor and the capacitor configuration contains magnetic and
electrostatic leakage effects, i.e. the inductor and capacitor configurations do
not describe ideal transformers.

The static elements in our case resistors, current and voltage sources can
be described by the following type of equations

i ik uf,. ) =0 with j,keS. (3.18)

The flow of power into a terminal j € S is given by ps; = ps,; + Ps,; with
iy ! ;
ﬁs,j = / ’U,Jdij and i)s’j = / Z]dﬂ] . (319)
0 0
Also here the assumption of the path independence yields the conditions
d (wdi;) = 0 and d (i;du’) = 0.

Remark 3.2. One can easily conclude that for a voltage source pg; = 0, for
a current source pg; = 0 and for a linear resistor ps,; = ps,;-
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By introducing the expressions

pL=Y i and po=) i, (3.20)
JjeL jeC
we are ready to give a formulation of an extension of Brayton-Moser’s well-
known theorem which can be found in [120:

Theorem 3.2. Given an electric circuit with associated digraph G = (N, B),
B = LUCUS. Let the inductor currents i, k € L and the capacitor
voltages u', | € C together with the coordinate function z : (ig,u') —
(i;,u?), k € L, 1 € C, j € B be a chart of the configuration manifold

N = {(z, u) € Rb x (Rb)*’ uDp =0, D?}i = O} of the circuit. Let us further

suppose that the functions Wy, Wwo (3.16) and ps, ps (3.19) are well defined.
Then each trajectory of the electric circuit is a solution curve of

d 0
— ! = —— 7 1
il 7 (pc +ps) for jeL

(3.21)
i.—___a_( +‘) for jeC
dtqg = T o pL T Ps or J .
Furthermore, the relation
L= (Ps + ps) (3.22)
dt

is fulfilled for any solution of (3.21). We will call ps, Ps, pc and pr the
mized potentials of the electric circuat.

Proof. Written in the coordinates (ix,u'), k € L, I € C, Tellegen’s theorem
(see (3.3)) reads as

2D iuf ) =0 (3.23)
JEB

with z* as the pullback of z : (ix,u') — (i;,u/), k€ L, 1 € C, j € B. Of
course, (3.23) also implies that

24 it | =2 [ > (5dw? +widis) | =0 (3.24)
Jj€EB JjEB
and since the forms du’ and di; are linearly independent, we have

Y i | =27 [ Widi; | =0. (3.25)

JjEB JjEB
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The first part of (3.25) may be rewritten in the form

z* (Z ijduj + Z ijduj + Zijduj) =0 (3.26)

JEL jec JjES

and by applying Leibniz’ rule to 3., and using (3.19) and (3.20), we get

( (pL + Bs) Zujdzj + szdu]> = (3.27)

JjeL JEC
or

> (5 ot o) aiy+

2 y . ;
(517 (pL +Ps) + Zj) du? = 0.
jeL jec

(3.28)

Since the 1-forms di;, 7 € L and dw/, j € C are linearly independent, the
terms in the brackets must vanish identically and hence we get

. 0
z* (uJ) = :972* (pL + Ds) for j€L 5.20)
3 3.29

) 0 y , :
2" (ij) = —g—52"(pr+ps) for jeC.

Now, the first part (3.21) of the theorem follows directly from the pullback
of (3.15)

Sw = (W), GEL amd Sg=2(y), jeC (3.30)
and Tellegen’s theorem (3.23), which says that

2" (pr +Ps) = —2" (pc + Ps) - (3.31)

For the sake of convenience we will subsequently drop the pullback operation
z* in the equations.

Combining (3.16) and (3.31), we get the second relation (3.22) of the
theorem in the form

d

d . . A
=5 (W + d¢) = pL + pc = — (Bs + Ps) - (3.32)
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3.2.2 Dependent Set of Inductor Currents and Capacitor Voltages

Theorem 3.2 is only valid if all inductor currents ¢;, 7 € L and all capacitor
voltages w7, j € C are linearly independent. Particularly in multi-phase power
systems, where we have to deal with Y- and A-connected circuits of inductors
and capacitors, this is no longer the case. Generally, multi-phase systems are
DAEs (differential algebraic equations) but henceforth we will only deal with
such systems which allow a description in an explicit form of differential
equations. It is worth mentioning that to a certain extent many ideas and
concepts, well established in the field of non-linear control for systems of
explicit differential equations, can be extended to DAEs, see, e.g., [121], [124].
Subsequently, we will formulate Theorem 3.2 for electric circuits with linear
dependent inductors and capacitors. For this purpose we split each of the sets
of inductor and capacitor branches L = L; U Lg and C = C; U Cy into a set
containing all independent elements L;, C; and a set containing all dependent
elements L; and Cy, respectively. Note that in general this task is, of course,
not unique. Let us assume that the currents iy, k¥ € Ly and the voltages u™
m € Cy4 can be expressed by

k=Y dpi; and u™=" dgbu (3.33)
JjeL; ieC; '

with &, dmb e {0,1 ——1} Here the inductor currents ¢j, j € L; and
the capacitor voltages u!, | € C; together with the coordinate function
z: (ig,ut) — (45,97), ke L;,l € C;, j € B form a chart of the elec-
tric circuit. The differential equations of the dynamic elements, inductor and
capacitor, differ slightly from (3.15)

d .
51/1’(...,@'19,...):111 with jeL kel

d
5111- (...,uk,...)zi]- with jeC, ke C,

(3.34)

because now the flux linkage ¢ of the inductor j € L and the charge linkage
g; of the capacitor j € C depend only on the independent inductor currents
ix, k € L; and capacitor voltages u* k € C;. Note that analogous to the
previous subsection we also assume here that the energies 1wy, and @we stored
in the inductors and capacitors are positive definite functions of ¢;, j € L;
and u!, I € C; respectively. Now, we are able to extend Theorem 3.2 for
dependent sets of inductor currents and capacitor voltages.

Theorem 3.3. Given an electric circuit with associated digraph G = (N, B),
B =L, ULsUC; UCyU 8. Let the inductor currents iy, k € L; and
the capacitor voltages u', | € C; together with the coordinate function

z: (ig,u!) — (ij,u9), k € L;, L € C;, j € B be a chart of the configura-
tion manifold N = {(i, u) € R x (R?)*|uD; = 0, DFi = 0} of the circuit.
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Let us further suppose that the dependent inductor currents iy, k € Lqg and
capacitor voltages u!, | € Cy can be expressed in the form of (3.33) and that
the functions Wy, we (3.16) and Ps, ps (3.19) are well defined. Then each
trajectory of the electric circuit is a solution curve of

d -~; 0 . )

—¢" = ——(pc+ps) for jeL

dt a’LJ‘ 3.35
d 8 ( * )
¥ = 3a (pL+ps) for jeC;

with {p’ =9 + EkeLd JJI;’Cka and §g; = gq; + Emecd J’é"&qm, provided that
the initial conditions are consistent with the algebraic constraints (3.33). Fur-
thermore, the relation

d

9= — (Ps + Ps) (3.36)

is fulfilled for any solution of (3.21). Again, we will call ps, ps, pc and pr
the mized potentials of the electric circuit.

Proof. The proof is quite easy and similar to the one of Theorem 3.2. We
just have to rewrite (3.27) in the form

2 (Ao +55) — Tyer, Wi — Ty, vhdiv ) + (337
2 (S, udud + X, cq, imdu™) =0

with z* as the pullback of z : (ix,u') — (ij,w’), k € Li, l € Ci, j € B. By
substituting relation (3.33) into (3.37), we get

z* | d(pL+ps)— D (m‘ + > u’%ﬁ@) dij | +

J€L; k€Lq4 (3.38)
z* (Z (i; + > imeglc> dul) =0
leC; meCy
or
o ) lc J di
Z a_z,Z (pL +ps) — z* | W + Z dLL i+
s o (3.39)
)y (@Z* (P +ps) +2* <il + > z‘miglc» du! =0.
l€C~g mECd .

Since the 1-forms di;, 7 € L; and du!, I € C; are linearly independent, the
terms in the brackets must vanish identically. Combining (3.39) with (3.31)
and dropping the pullback operation z*, we obtain directly the resuit (3.353).

|
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3.3 Energy Based Description with Full Topological
Information

3.3.1 Dissipative Electrical Systems in the Form of a
PCHD-system

Theorems 3.2 and 3.3 were derived without using the full topological infor-
mation. In this section, we additionally take advantage of the topology of the
electric circuit and this will lead to some pleasing results. Let us consider an
electric circuit with associated graph G and a picked out tree 7. It is quite
clear that the choice of the tree 7 is not unique. Therefore, we are looking for
a tree that optimally fits the state-space representation of the electric circuit.
Here, we follow the so-called state-tree formulation of [85]. Thereby, the tree
is chosen in such a way that the maximum number of capacitors is included in
the tree and the maximum number of inductor branches is put in the cotree.
The only situation in which all of the capacitors cannot be included in the
tree arises from a capacitor-only loop. Similarly, the only reason for an in-
ductor to be placed in the tree is an inductor-only cut-set. If the situation of
a capacitor-only loop or of an inductor-only cut-set occurs, then an indepen-
dent set of capacitors or inductors can always be found for the tree or cotree.
The so-called “excess” capacitors or inductors are correspondingly included
in the cotree or tree (see, [85] or [94]). Utilizing the state-tree representation,
(3.14) can be expanded in the form

iT,c l:)CL l:)cs Dcc Ticr
Z'T,S = ‘Z_)SL Dss 0 iC,S (3.40)
iT,L Dy, 0 0 icc
and
l:)CL l:)cs Dcc
[uc,r uo,s uc,cl = —[urc ursurz] | Dsp Dss 0 |, (3.41)
D 0 0

where i7 ¢ and ur,c are the currents and voltages of the tree capacitors;
i7.s and ur s denote the currents and voltages of the static tree elements
(resistors, uncontrolled sources); i,z and ur, 1, are the currents and voltages
of the “excess” tree inductors; i¢, 1, and uc,z, are the currents and voltages of
the cotree inductors; ic,s and uc,s denote the currents and voltages of the
static cotree elements (resistors, uncontrolled sources); and i¢c,¢ and uc,c are
the currents and voltages of the “excess” cotree capacitors. Furthermore, we
assume that all voltage and current sources are placed in the tree and cotree.
The only situation in which this assumption cannot be fulfilled is a loop
consisting entirely of capacitors and voltage sources, or a cut-set consisting
entirely of inductors and current sources. In such a situation a unit step func-
tion generated by the voltage or current source would cause an unbounded
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capacitor current or inductor voltage, respectively. Hence, this assumption is
no restriction of generality at all. For the static trec and cotrec clements two
further assumptions are made, namely

¢ the resistors are linear and
¢ only uncontrolled voltage and current sources arc allowed.

Under these conditions we may partition the voltages of the static trce ele-
ments up g and the currents of the static cotree elements ic s in such a way
that they possess the following functional form

RO]J. 0 . GO 0 ,
uf,s = [0 O]ZT,S + [Ug] v tes = [0 O]ug,S + [10] . (3.42)
R G

Here Uy and Iy combine the voltages and currents of the uncontrolled voltage
and current sources and R and G are positive semi-definite diagonal matrices
containing the resistors and conductances of the tree and cotree, respectively.
At this point it should be emphasized that in gencral an clectric network
consisting of arbitrary non-linear static and dynamic clements is described
by DAEs (differential algebraic equations) and cannot be transformed into
an explicit form. Note again that in our notation, currents and charges are
always arranged in column vectors and voltages and fluxes in row vectors.
For clectric circuits satisfying the above properties, we arc able to formulate
the following proposition:

Proposition 3.1. Given an electric circuit with digraph G = (N, B), B =
LUCUS, let each trajectory of the electric circuit be a solution curve of
(3.35) and let all initial conditions be consistent with the algebraic constraints
(8.33). Let us further suppose, we have picked out a tree T of G with the state-
tree representation of (8.40) and (8.41) and the voltages and currents of the
static tree and cotree elements possess the functional form of (3.42). Then the
network equations can be directly expressed in the form of a PCHD-system
(see (1.73) of Chapter 1)

d ow\T 0 0 ‘

with the state IT = [’(Z}C,qug}",c] s {ZIC,L = 'l/)C,L + I/JT,LDLL: qT,C =4qr,c —

l—)(;cqc,c, the total energy W = Wy +wc stored in the inductors and capacitors
and

[0 4 IS0
J_' |:_AT 0:|’ S_ [0 52]; (344)
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-D¥, m
1, J T Desll

~ . _ [~DZ, M RDss
G(Uo - [_DCSH2GD§S GI [ J ’ (345)

where
A = (-D%, + DI RDssGIII DLg)
S, = DI, IMRDsy,
Sy = DosII,GDEg (3.46)
I, = (I + RDgsGDZLg) ™"
I = (I+ GD?;SRDSS)_I
and

R:[Igg], G:{gg] . (3.47)

Obviously, the matrices Sy, So, R and G are positive semi-definite.

Proof. The basis of the proof is Theorem 3.3. Here, the independent inductor
currents iz, kK € L; are combined in ic; and the independent capacitor
voltages u!, I € C; in ur,c. Using the state-tree representation (3.40) and
(3.41), pc and pyp, from (3.20) take the form

pc = urcit,c + uc,cic,c = urc (Deric,r + Desic,s)

. , = = _ (3.48)
pL = uc,ric,L +ur,Lit,r = — (ur,cDer +ur,sDsL) ic,L -
The expressions ps and ps can be written as '
Ps =pg" +p§ and Ps=pe +p, (3.49)
where ﬁg(’ and pg’ are the parts due to the independent voltage and current

sources and ﬁg, ﬁg represent the resistors of the tree and cotree, respectively.
By (3.42) we may deduce

N . 1. , 1
Pg = Pg = '2’2’:11:,SR2T,S + Euc,sGug,s . (3.50)

Now, in a first step we calculate Qp S and OpL . Using (3.48) in com-
dic,L Our,c

bination with (3.40) and (3.41), we get

Opc _ A = Oics

aiC’L =ur,c (DCL + DCS 07:C’L (351)
with

02'0,5 _ =T 6“%]5 _ _ T _ _ 62.0,5

Dior ~GDgg ior —~GDggR | Dsr + Dss Dior (3.52)
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or
oi _ . _
“CS _ _(I+GDLsRDss) ' GDLgRDsy (3.53)
3’LC,L
and hence
T
( ;”C ) = Aul (3.54)
ic,L
with
- - — — — —1 =
A= (DEL — DT, RDssG (I + DZgRDssG) Dgs) (3.55)
and
_[RO _[Go
R_[OO} and G_[OO] . (3.56)
In this way, we also get
3PL .T =T T 8“% S
= — D D J 3.57
Bur.c to,L \ Yo T Vst Burc (3.57)
with
oul _ o1 = _
5 LS — _(I+ RDssGDLs)™ RDssGD%g (3.58)
ur,c
and hence
opL T ,
=B .
<3UT,C) ic,L, (3.59)
where
— _ _ - — -1 =
B = (~Dc1 + DosGDEsR (I + DssGDEsE) DSL) . (3.60)

Next, we show that A = —A and B = AT. Obviously, this is the fact if
(I+ GDIsRDss) ™ GDEsR = GDIgR (I + DssGDEgR) ™' . (3.61)

Multiplying with (I + GDZsRDss) from the left and from the right with
(I + DssGDZgR), we directly obtain the identity

GD§sR (I + DssGDEgR) = (I+ GDEsRDss) GDEsR . (3.62)

Up to now, the energy preserving part of the system was derived. In a

second step, we shall determine PS and =25~ From (3.49), it follows
31.(;,[, 3’LLT'C
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Ops _ 005" | Oop§ . Ops

opy | Opk

dicL Oicry Jicy

and by using (3.50) and (3.42), we get

auT,C -

(3.63)

Ourc Ourc

T .,
o9\ (Girs\ [ 0] 7 o
(3ic,L -\ OicL ud |~ Dg; (I + RDssGDss) Ul

(3.64)
and
T T
9§ dugs) [0 . AT phey-L] 0
—_— = : = — D .
( Buro Furc I, D¢s (I + GDgsRDss) Io
(3.65)
With (3.50) the second part of (3.63) reads as
0P8 _ .1 poirs Oug,s .
= . : 3.66
aic,L 'SRaiC + UC'SG aic,L ( )
or after some simplifications due to (3.40) and (3.41)
opk " = T = dir,s
aicSL = ([0, I{] DIsR+ i DI, R) Tics (3.67)

Finally, we have

R\T ~ ~ _ B B _
(%.) = D, (I + RDssGDTg) ™" (RDSLiC,L + RDgs [

dic,L

Analogously, with

op . Oirs Oul,s
= - R_ G :
dur.c TS Gur g TGS dur,c
or
R _ -
&. = — (UT,CDCSG + [07 UO] D?S:SG)
Our.c

the result reads as

opf \7
Our,.c

_ _ _ o _ 0
) = Dcs (I + GD{gRDss) l (GDgsu%C +GDgs [UOT]

(3.68)
(3.69)
T
Ouc,s (3.70)
duT,c

(3.71)
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Substituting (3.54), (3.59), (3.64), (3.65), (3.68) and (3.71) into (3.35), we

immediately get (3.43). The only thing that remains to be shown is (%) =

[ig,L’ “T,C] with 27 = ["Z'C,L’ ‘ﬁ,c], 17Jc,L = 1/Jc,L+1/JT,LDLL, dr,c =4r,c —
Dcegeic- By means of the state-tree representation of (3.40) and (3.41) we
get from (3.16) the energy stored in the inductors

Wy, = f‘y (ig,LdU)g,L + i;‘,deg,L) = f‘y ig,Ld ("/"g,L + DZL"/"%L)

~T
_ [T
= f«, io,rdve L

(3.72)
and in the capacitors
wo = [ (ur,cdar,c +uc,edge,c) = [, ur,cd (ar,c — Doctc,c)
= fﬂ, ur,cdirc .
(3.73)
From (3.72) and (3.73), we can conclude that
ou ou
L =T, and —% =upe (3.74)
oL %rc
and this completes the proof. ]

It is worth mentioning that by means of suitable algorithms from graph
theory, like the search method depth-first (see, e.g., [21]), the state-tree rep-
resentation of (3.40) and (3.41) can be easily obtained in a systematic way.
Within the scope of a controller design, not only the numeric simulation of the
electric circuit, but also the symbolic calculation of the circuit equations is of
importance. The proposed methods are especially useful for computer algebra
implementation, and in combination with object oriented programming even
electrical networks of up to fifty branches are symbolically calculable [61].

3.3.2 Application: Simple Electric Circuit

Let us at first demonstrate this procedure by means of the simple electric
circuit of Fig. 3.1 which represents a simple terminal model for a power
generator with mutual phase coupling and a voltage applied between one
phase and the ground [37]. Fig. 3.2 depicts the associated digraph G = (N, B)
and the tree 7, indicated by the dotted lines, for the state-tree representation.
The orientation of the branches corresponds with the associated reference
direction of the current flows. Utilizing the state-tree of Fig. 3.2, we can
write (3.40) and R, G and U{ from (3.42) for this simple electric circuit in
the form
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NO

ic,1 W
ica
ic,3
iR,2
iR,3
iR4
iv.g

3y

00
|11

ir2
L3
tR,1

and

G=

Ry 0 00
0R; 00

0 0 Ry0

0000 (3.75)
1

— |, U =[-U

Rl], [ g]

The matrices Doy, Des, Dsy, Dsg and Dyy can be directly obtained by a
suitable partitioning of (3.75). Applying Proposition 3.1, we get the circuit

equations

£

0 A
-AT 0

I

S5 0
0 S,

It

-8_121
oz

,
)+

[ G‘:C] U, (3.76)

with the state ‘TT = [’J)L,2a wL,Ba qc,1, 49C,2, qC,3]a
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"Z'L,2 =(Ly+ Lo+2L12)ip2+ (L1 + Lo+ Lis + La3)ip 3
Yr3=(L1+Lig+ L3+ Lys)ir2 + (L1 + L3 + 2L13) ir 3 (3.77)
dc,i = CiuC,i, 1= 1,2,3 5

and the total stored energy

o (Lh+ Ly +2L13) . (L1 + L3 +2Lq3) . 3 C;
w= 5 70+ B ’2L,3 Zz ) —211‘20,1'

+ (L1 + Lig + L1z + La3) ip 2iL3 -

(3.78)
The matrices 4, S;, Se and Ge ¢ are given by
_ -1-190 _ Ry + R3 Ry :
A = [_1 0 _1:1 9 Sl - [ R2 R2 +R4] ) (3.79)
1 -
I =
52 = Ol 0 0 and Ge,C = 01 . (380)
0 00 0

3.3.3 Application: Three-phase Power System

For the steady-state analysis of balanced and unbalanced three-phase power
systems, the method of symmetrical components is the first choice (see, e.g.,
[11]). However, if we are interested in a transient description of three-phase
power systems then the use of the symmetrical components is no longer valid.
In this case, the energy-based description of electrical systems introduced so
far seems to be an appropriate method for the derivation of the mathemat-
ical model, in particular for control purposes. The energy-based description
enables a good insight into the energy situation of the system and hence also
supports the understanding of the system dynamics. Due to its systematic
nature the proposed graph-theoretic approach can also be applied to large-
scale power transmission and multi-machine systems. Moreover, the resulting
energy-based formulation may serve as a basis for the stability analysis of
power systems. A very important feature of the proposed concept is that we
are able to take into account saturation effects of the magnetic field and non-
sinusoidal flux distributions. It is worth mentioning that the transient models
of three-phase machine applications with linear magnetic characteristics are
often based on the so-called Blondel-Park transformation. Here the mathe-
matical model is transformed into a simple form such that the rotor position
dependence disappears in the equations. See [83], under which necessary and
sufficient conditions this transformation is possible. In general, these condi-
tions are not satisfied in the case of a non-sinusoidal flux distribution or if the
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magnetic characteristic is non-linear. However, here the energy-based descrip-
tion discussed so far offers new ways for designing energy-based non-linear
controllers which can capture also these effects. Next, we want to give a sim-
ple example of such a three-phase power system and its associated state-tree.
Fig. 3.3 represents the electric circuit of a stand-alone self-excited induction
gencrator with A-connected excitation capacitors and a balanced load con-
sisting of inductors and resistors. Self-excited induction generators with an
excitation control can be often found in combination with wind turbines be-
cause they arc able to generate power at constant voltage and frequericy even
with varying wind speed and changing load conditions (see, ¢.g., [114]).

a
e 7 K
— N, L N, R, load
R, ,’““"“jﬁ"“j;"‘ R e .
N, : /ois=e l
: / B L R |
stator (S L /1N SEcl BN

IRV B

1L
I\
-

Fig. 3.3. Electric circuit of a stand alone self-excited induction generator with a
balanced load.

The stator and rotor of the induction generator are magnetically coupled
via the flux linkages. Therefore, we will a prior: get an unconnected associ-
ated digraph which consists of two components, one for the stator and one
for the rotor. But without changing the circuit behavior in our case, we are
allowed to tie together the neutrals Ng —= Ng = Np of the stator and rotor,
respectively. The resulting connected graph is called a hinged graph (sce, e.g.,
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(19]). As shown in Fig. 3.3 the hinged digraph G = (N, B) has n = 15 nodes,
b = 21 branches and due to (3.9) the cyclomatic number v (G) = 7. The
dotted line in Fig. 3.3 marks a possible tree for the state-tree representation
(3.40) and (3.41). As one can see, we have three access inductors (inductors in
the tree) and one excess capacitor (capacitor in the cotree). Before applying
Proposition 3.1, we have to define the flux and charge linkages of the induc-
tors and capacitors respectively. The load inductors and the self-excitation
capacitors are assumed not to be mutually coupled. Note that the only re-
striction of the functional dependence of the stator and rotor flux linkages
bs = (Y51, Y52 Vs3] and ¥p = [Yg 1, ¥R Prs) on the stator and rotor
currents i5 = [ig1,i52,%5,3) and i5 = [ir1,%R2,1R,3] and on the angle of
rotation of the rotor # (measured in the stator frame of coordinates) is given
by (3.17), i.e.

s, OYg; Ovp; OYg; and 6¢RJ::6¢&i
ds;  Oig; Oir;  Oipy dis;  Oim;j

(3.81)

for ¢ # j = 1,2,3. Note that the exterior derivative d in (3.17) only operates
in the variables (ik,uz), k € L;, ! € C; and has no effect on 6. Thus, with
the proposed method we are even able to take into account saturation of
the magnetic field and non-sinusoidal flux distributions. We do not intend
to derive the mathematical model in detail here because with the state-tree
shown in Fig. 3.3 (dotted line) and Proposition 3.1 it is a straightforward
task.

It is worth mentioning that normally for control purposes the induction
generator (motor) is considered to be magnetic linear and therefore, the stator
and rotor flux linkages can be expressed as

Ys = Lgsis+ Lsr(0)ir

) ) 3.82
Yr = Lrs (0)is + Lrgrir (3.82)

with the symmetric self inductance matrices Lss and Lgrp of the stator
and rotor respectively and the stator-to-rotor mutual inductance matrix
Lsr () = LEg (8). If furthermore, the induction generator has a symmetrical
three phase winding and the mutual stator-to-rotor inductance is a harmonic
function of the angle 8, then Lgs, Lrr and Lgg () take the simple form

L L
L+Lex —= -=
+ Lok ) 5
Lkx=| —2 L+Lex -2 | withKe(sR) (3.83)
L L
3 Ty Ftlex

and
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Lcos(6) Lcos(f + ) Leos(d — )
Lsp(0) = [ Lcos(f —7v) Lcos(d) Lcos(f+7) (3.84)
Lcos(f +v) Lcos(@ —v) Lcos(6)

with v = £F, the main inductance L and the leakage inductances of the stator
and rotor LaS and L,gr. In the case when these symmetry conditions are
satisfied, the Blondel-Park transformation can be performed (sce, e.g., [83]).
However, these simplifications, although they are not an cssential restriction
for many applications, are not necessary for the applicability of the energy-
based formulation of Proposition 3.1.

3.4 PWM-controlled Electrical Systems

3.4.1 Energy Based Description

Let us consider a PWM (pulse-width-modulation)-controlled electric circuit
with s switches {T},...,Ts} and each switch T;, ¢ = 1,... ,s has two posi-
tions: an on-position denoted by A and an off-position denoted by B. It is
assumed that the s-switch tuple {T},... T} is turned on and off simultane-
ously. For example, in the case of a full-bridge dc-to-dc converter (see, e.g.,
[57], [99]) the four switches are treated as one switch tuple, which is cither
in position A or B. In this case the PWM strategy is also called PWM with
bipolar voltage switching [99).

Suppose that the associated digraph of the PWM-controlled circuit is con-
nected for both switch positions, A and B. Let us further assume throughout
the whole section that the same inductor currents ix, £ € L; and capaci-
tor voltages u!, [ € C; together with the coordinate function z : (i;,u/) —
(ik, u’), j€ B, ke L;, !l € C; form a chart of the PWM-controlled network in
both switch positions, A and B. Moreover, the functional dependence of the
dependent inductor currents ix, k € Ly and capacitor voltages u™, m € Cy
due to (3.33) is supposed not to change with the switch position. One can
easily convince oneself using practical examples, that these assumptions are
not very restrictive. Then, the considered PWM-controlled circuits can be
described by two systems of differential equations in the form

i-ftc—ffa( ) te (T, (i+da)T) {Th,...,Ts} in A

iﬂc—fB( ) te((t+da)T,(t+da+dg)T) {Th,...,Ts} in B

(3.85)
for i =0,1,... with the smooth vector ficlds f4, fg and d4 + dg — 1. Here,

da, 0 £ dsg £ 1 denotes the so-called duty ratio, which specifies the ratio
of the duration of the s-switch tuple {T},...,Ts} in position A to the fixed
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modulation period T. Now we know that the state = of (3.85) is continuous
because the theory of differential equations says that the state = of a system
4z = f(z,u) with piecewise continuous inputs u are continuous [44], [144].

Under the assumption that the modulation frequency is much higher than
the natural frequencies of the converter system and the switches are realized
with common power semiconductor devices, we can derive the so-called av-
erage model for the PWM-controlled electric circuit (3.85), see, e.g., [57],
(127]. Let ol (z) denote the flow of the electric circuit for the s-switch tuple
{Th,... ,T,} in position A and ¢, ? (z) in position B. Then a solution v (t) of
the PWM-controlled electric circuit for t = ¢T",1 =0, 1,... meets the relation

Y(E+1)T) = elipoelip (v(T)) , da+dp=1. (3.86)
The average model

d

%= (dafa+dsfg)(xa) (3.87)
is nothing else than the first order approximation of v (t) by =, () [116]

d . . . s

5 (T) = 7111_% 8Tcp£2T 0 cpg‘;T (v, GT)) t=iT,i=0,1,.... (3.88)

Remark 3.3. By bending the rules of notation we will use the same symbol
z for the state variables of (3.85) and for the approximated average model
(3.87). Thus, we will subsequently drop the index a.

The energy-based description of Theorem 3.2 and 3.3 can also be ap-
plied to derive the average model of a PWM-controlled electric circuit in a

straightforward manner. Since it is assumed that 7, j€Liand g, je€C;
from (3.35) do not depend on the switch position, we may write the average
model in the form '

d ~i
4 z:_g S pE+pK)dx  for jeL
L Ke{A,B} (3.89)
d . 0 . . '
3% = "5 > (PE+pK)dg for jeEC;
Ke{A,B}

with d4 +dp = 1. Note that K = A or K = B for p&, p¥, pX and p¥ refer
to the corresponding quantity for the s-switch tuple {T1,...,T} in position
A or B respectively.

3.4.2 Energy Based Description with Full Topological Information

Consider a PWM-controlled circuit with bipolar voltage switching as dis-
cussed in the previous subsection. Let us assume that for both switch po-
sitions A and B of the PWM-controlled circuit the requirements for the
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application of Proposition 3.1 are met. Since, in general, for the two switch
positions A and B the state-tree representation (3.40) and (3.41) is different,
an upper index A or B will subsequently always refer to the corresponding
quantity of the PWM-controlled circuit for the .s-switch tuple {T3,...,Ts}
in position A or B, respectively. Since we assumed in the previous subsection

that the expressions for fbj, Jj € L; and §;, j € C; from (3.35) do not depend
on the switch position, we may deduce that in (3.40) and (3.41) the relations
D{, = Df, = Dyr, and D&, = DB, = Dcc hold. This assumption also
implies that the expression of the total stored energy in the inductors and
capacitors W = Wy, + w¢ is independent of the switch position.

Based on (3.89), we may apply Proposition 3.1 to the PWM-controlled
circuit and the average model can be written as

Sa= (18574 (74 = J7) - (54— 57)) da) (%’) N

0 0
(68, + (66, ~ GB)dx) [ gy | + (€% + (64 - GR)a) | 1|

with the state (see Remark 3.3) 2T = [1210 L,‘ﬁ:C , 1210 L=%cLt+¥r, Drr,

gr.c = gr,c — Dccge,c, the duty ratio d4 and J4, JB, §4, S8, G# , GE.,
G# and G¥ from (3.44) and (3.45) for the s-switch tuple in position A or B
respectively. As one can see from (3.90), depending on the topological location
of the s-switch tuple, the duty ratio d4 as the control input has an effect on
the internal energy-preserving interconnection part J, the dissipative part S,
as well as on the energy flow with the system environment via the independent
voltage and current sources, described by Gy, and Gy, respectively. But in
general, the duty ratio d4 does not influence all these parts simultaneously,
and therefore we will go on to discuss three special cases.

(3.90)

Case I: Influence on the Energy-preserving Part. If the power flow of
the static elements remains unchanged from one switch position to the other,
then in (3.89) the relations p& = pZ = ps and p# = pE = ps hold. Following
(3.54) and (3.59) of the proof of Proposition 3.1, we immediately see that
in this case the duty ratio d4 influences only the internal energy-preserving
interconnection part, given by J (compare also with (1.76) of Chapter 1).
Consequently, (3.90) simplifies to

e (A= ai-8) (22 v 60 [ %)+ [0
dt A oz Yo | yT lolp | -
(3.91)

A representative of this group is the so-called Cuk-converter [97], an in-
direct high-frequency switch-mode dc-to-dc converter. Since the next section
is devoted to the design of a non-linear Hy-controller with and without inte-
gral term for the Cuk-converter, we will subsequently derive the mathematical
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model in more detail. Fig. 3.4 depicts the circuit scheme of the Cuk-converter
with the supply voltage Uy, the internal resistances R; and Ry of the inductors
L; and Lo, the capacitors Cj, Cy and the load conductance Gr. Variations
of the load will be considered in the sense of a Norton equivalent circuit [57]
in the form of changes in the output current Ai,. Fluctuations of the input
voltage will be denoted by AUpy. The Cuk-converter has one switch T} with
the on-position A and the off-position B. It is assumed that the switch T3
has ideal characteristics, that means no losses and zero turn-on and turn-off
times. One can easily see that for the Cuk-converter in fact ps and ps are

N, Ny
Nz (NU) Uc. (N-\) N4 N,

- N

0

Fig. 3.4. Circuit scheme of the Cuk-converter.

independent of the switch position A and B, namely

1, . :

= pg =ps = 5 (Rll%’l + R2l%,2 + U2C,2GL) - UOlL’l (3 92)
bl |
s 2

(Raif 1 + Roif 5 +ugpGL) -

Fig. 3.5 shows the digraph associated with the Cuk-converter for the switch
T3 in position B and a tree indicated by the dotted lines for the state-tree
representation. The orientation of the branches corresponds with the associ-
ated reference direction of the current flows. Using the state-tree of Fig. 3.5,
we can write (3.40), for the Cuk-converter with the switch T} in position B,
in the form

ica 100 07 .
ic. 01—1-1] |1
iga| =100 0| %2 . (3.93)
ins 010 0| |'GL

iv.o 100 o | L%
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Fig. 3.5. Digraph and state-trec for Fig. 3.4 with switch T} in position B.

By means of a suitable partitioning of (3.93) Proposition 3.1 lcads to the
mathematical model of the Cuk-converter for the switch 77 in position B

e (oS- [3 ) () v 52

with the state 27 = [Liir,1, Loir 2, Ciuc,1, Cauc,2), the total energy stored
in the inductors and capacitors

(3.94)

.1 ) .
W = 2 (LIZ%,I + ng%,2 + Clu%,I + C2u2c‘2) (3.95)
and the matrices
10
B_|-10 _|R1 0 o0 100
A ‘[0 —1}’51_[0 R2]’S2‘[0GL]’G6’ 00 | (39)
0-1

As discussed before the mathematical model of the Cuk-converter for the
switch 7} in position A differs from (3.94) only in the energy-preserving part,
i.e. AP has to be replaced by A4,

A4 = [_01 _01] ) (3.97)

Thus, following (3.91), we can write the average model of the Cuk-converter
in the form

d _ ;B A_ 1B A Uo + AUo
o= P+ (=T da=8) () +Ge |7 5 (3.98)
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with the state (sec Remark 3.3) o7 = [Liip1, Loir2, Ciuc,1, Caucy), the
duty ratio dg4, the total energy stored in the system due to (3.95) and

[00-1 0 000 0 R 00O

s_|000-1| . loo-1-1| . |0Ro00O

T =1100 07" =lo10 0’50000 | @9
010 0 010 0 000G,
1100 0

GT = 000 -1/ - (3.100)

Case II: Dissipative Breaking. Remember that from (3.49) we can subdi-
vide ps and pg into parts due to the independent voltage and current sources,
ﬁg‘) and ﬁé‘), and into parts due to the resistors, i)g and ﬁg, i.e. pg = i)§+f)g"
and pg = ﬁg + ﬁé‘). Let us consider PWM-controlled electric circuits where
in (3.89) only the expressions of & and p& change with the switch position.
Then, following (3.68) and (3.71) of the proof of Proposition 3.1, we can
immediately see that (3.90) simplifies to

4o (J - S - (54 - 58)dy) (22 ’
at’ " )da) | 52
GUo,L 0
" [(Gﬁ,,c +(Gf,c — GE,c) d,,)] [UOT] (3.101)
1 (GR.L+ (Gl =GP )da)] [0
GI(),C IO

with Gy, and G, from (3.45). In this case, when the duty ratio d4 influences
the dissipative part, the system is also called PWM-controlled with dissipative
breaking. Fig. 3.6 shows a very simple representative of this group, with
Ry, #Rps.

’lL —-

[ ——
/6
: J{ R, R,
'_éUo Ud C
AT
| Y T

b &

Fig. 3.6. Simple PWM-controlled circuit with dissipative breaking.
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The associated mathematical model reads as

d aw\"
'CE(E = (J - SB _ (S’A _ SB) dA) (—6;) + GEUO (3102)

with the state 2T = [Lir, Cuc], the duty ratio d4, the energy stored in the
system @ = 1Li% + 2Cu% and

01 00 0 0 1
Jz[lo},sBz 0 1 |,84= 0 1 ,Ge:[o]. (3.103)
Rp2 Rp,

Case III: Influence on the Energy Flow with the System Environ-
ment. Here, we con51der PWDM-controlled electric circuits where in (3.89)
only the expressions of ps and P 'I" change with the switch position. Follow-
ing (3.64) and (3.65) of the proof of Proposmon 3.1, we can write (3.90) in
the form

4oy (20) [ (R0 [ 8]

dt GUQ,

+ (60 (682 a8 yan) | | 1)
(3.104)

with Gy, and Gp, from (3.45). As an example, in Fig. 3.7 a simple dc-to-dc
converter with a 4-switch tuple {71, T3, Ts, T4} is presented.

EER

Fig. 3.7. Simple dc-to-dc converter with four switches.
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The mathematical model takes the form

d__ o\ " (GB,L + (G#, L — GO, 1) da)
&CII = (J — S) (a) + [ GUO,C Uo (3105)

with the state 7 = [Lir, Cuc], the duty ratio da, the energy stored in the
system & = 1 Li2 + 2CuZ and

0 -1 00
J= S = 1 |,GB ,=-1,G8 ,=1. (3.106)
10 OE__ 0, 05
L

3.5 Application: Non-linear Control of a Cuk-converter

The Cuk-converter is an indirect high-frequency switch-mode dc-to-de con-
verter. Generally, dc-to-dc converters are used as interfaces between dc sys-
tems of different voltage levels in regulated power supplies for different types
of electronic equipment and in dc-motor drive applications (see, e.g., [57],
[99]). By means of feedback control the average dc-output voltage of the dc-
to-dc converter must be controlled to a desired level and the dc-output must
be kept at this level if there are any variations of the load or fluctuations
in the input voltage. In so-called high-frequency switch-mode converters the
average output voltage is controlled by adjusting the on- and off-durations
of a semiconductor device, switching at a rate that is fast compared to the
changes of the input and output signals. In the PWM-case this switching
frequency is constant and here the ratio of the on-duration of the switch
to the fixed switching time period, also denoted as the duty ratio, is used
for controlling the system. Within the high-frequency switch-mode dc-to-dc
converters, there is an additional classification, namely the direct and the
indirect converters [57]. Direct converters have a direct dc path between the
input and output port. They are known as either a down (buck) converter
or an up (boost) converter, depending on the direction of power flow. The
indirect converter topologies have no direct dc path between the input and
output ports in any switch state. The best-known examples are the up/down
(buck/boost) converter and the Cuk-converter [97]. These converter types
have the following properties: the input and output voltages are of opposite
signs and the output can be either higher or lower than the input for both the
voltage and the current. The Cuk-converter uses two inductors at the input
and output port with the advantage that the switching frequency ripple in
the input and output current is reduced to an acceptable level.

The modeling and control of dec-to-dc power converters have been studied
for many years and the results are reported in various textbooks and jour-
nals. Beside the traditionally used linear approaches (e.g., [57], [79]), which
suffer from the lack of a stability proof, different non-linear design methods
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are presented in [128] - [131] and the references cited there. In [128] and [130]
a non-linear PI (proportional integral) controller is designed on the basis of
extended linearization techniques, using a family of linearized plant mod-
els parametrized by equilibrium points. Differential geometric methods for
output regulation, like the input-output linearization (see, e.g., [52], [103],
[144]), cannot be applied in a straightforward way to indirect converter types
like the Cuk-converter due to the unstable zero-dynamics. In order to avoid
stability problems, output regulation can be achieved only indirectly by reg-
ulation of other state variables, for example the input current (see, e.g., [129],
[131]). Since the output voltage is controlled only indirectly by such a strategy
however, it requires additional effort to take variations of the load into consid-
eration. Besides the classical PWM techniques the theory of VSS (Variable
Structure Systems) with its associated sliding regimes has been proposed
as a means of designing the controller for dc-to-dc power converters (see,
e.g., [113]). The reader is also encouraged to read a very important recent
book [107], where a Lagrangian and Hamiltonian dynamics approach (see,
also [26], [132]) is used to model switched dc-to-dc power converters. Here,
also, the physical properties of these models are used to advantage to design
passivity-based feedback controllers. The importance of this passivity-based
concept is the fact that the controller design philosophy is not only mathe-
matically motivated, it also takes advantage of the physical structure of the
system to be controlled. Subsequently, the presented controller design for
the Cuk-converter is based on the non-linear state feedback Ha-design with
and without integral term of Section 2.1 and 2.2 (see, also [66], [72] for a
non-linear H,-approach).

3.5.1 Mathematical Model

Consider the Cuk-converter of Fig. 3.4 with the average model (3.98) -
(3.100). Let us at first assume that there are no load variations and no fluc-
tuations in the input voltage, i.e. Ai, = 0 and AUp = 0. Further, suppose
that dA’ determines the operating point z7 = [L17p1, Latr,2, Crtic,, Colc,2)
of the Cuk-converter with
GLUWR,
(14 RyGL) (1 - JA)Z +d4GLR;
—GLUpda (1~ dy)
(1 + RQGL (1 - dA)2 + J2 GLR,
Up (14 GLRp) (1 —da)
(1+ ReGr) (1 - da)” + G R,
—Uod A (1 —ds
(1 + RQGL) (1 - JA)Z + JiGLRl ‘

(3.107)

’

3
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Then, by means of a simple change of coordinates = = Az + 7 this operating
point is shifted to the origin and with d4 = Ad4 + d4 the system (3.98) can
be rewritten in the form

ow

= (T-3) (&”—AY T (JA=JP) (g—l"\—i +os (f))T Ady,
(3.108)

where J = JB + (JA - JB) d4 and W, is the shifted energy function

. 1 . )
waA = 5 (LIA'L%'I + L2A1'%,2 + C] Auzc'l + C2Au20,2) . (3‘109)

At this point it is worth mentioning that (3.108) can also be obtained by
means of the mixed potentials of the shifted system pg' A ﬁls{, Ar pf, 4 and
p’SfA, K = A, B (sce Theorem 3.2 and 3.3). But now p% , and png are no
longer independent of Ad4 and the change of the shifted énergy function wa
meets the relation

d . . 5 . . ; ,
raT~ (Pls?,A +P§,A) - (Pg,a —PE,A +P§,A —PE,A) Adg

--(52)s(52) + (GR) - (R @) o
(3.110)

From (3.110) and LaSalle’s invariance principle we can immediately see that
the equilibrium Az = 0 of the free system (3.108), i.c. Ad4 = 0, is asymp-
totically stable in the sense of Lyapunov and the shifted encrgy function @wa
from (3.109) serves as an appropriate Lyapunov function.

3.5.2 Non-linear State Feedback H,-design

Let us consider the mathematical model of the Cuk-converter (3.108) with
the plant output y = Auc . Following Section 2.1, we are looking for a
control law Ady = Ad4 (Ax), Ad4 (0) = 0 such that the origin is rendered
asymptotically stable and the objective function

1 o0
o=, i 3 /0 (GLAuk , + Ad%) dt (3.111)
is minimized with respect to Ad 4. Note that we have chosen the nominal load
conductance Gy, as the weighting factor 3 for the output function (compare
with (2.4)). Following Theorem 2.1, we have to find a C! positive definite
solution V (Ax) of the associated HIBi (2.11). As a candidate for V (Azx) we
take the shifted energy function wa of (3.109) and the HJBi becomes

(%0 g (%0a\" 1o e Lagit<o (3.112)
dAz 8 Az 5Crducy — 5 (Ady)" < '
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with Ad? as the optimal control law due to (2.9)

Adyy =~ (284) (g4 - g5y (22 4 '
N 0Ax Oz ?) (3.113)
= —(Auc, (iL2 —7,1) — e (Qipe — Aipy)).
By substituting S from (3.99) into (3.112), we get
1
2

and hence the HJBi is, in fact, satisfied. Furthermore, it is easy to check that
the system

1
~Ri A | — RyAid , — EGLAIPCg -~ (Ady)* <0 (3.114)

dt 0Azx
s (3) 001 (0]

is zero-state observable. Thus, from Theorem 2.1, we may conclude that the
control law (3.113) solves the suboptimal non-linear Ho-design problem with
respect to the objective function (3.111) for the Cuk-converter model (3.108)
and the output y = Aucs.

d B A B\ 7 dba)"
—Az = (JB + (J4 - JB)d4 - 9)

(3.115)
AT =

3.5.3 Non-linear State Feedback H;-design with Integral Term

The non-linear Ha-controller (3.113) does not show a satisfactory perfor-
mance in the case when there are changes of the operating point due to load
variations or fluctuations in the supply voltage. To overcome these deficien-
cies we want to add an integral term to the Hs-controller. This can be done
by applying Proposition 2.1 to the Cuk-converter model. Therefore, in a first
step, we rewrite the mathematical model of the Cuk-converter (3.108) and
(3.109) according to (2.26) in the form

d
az:c:A:c+b(:c)u
T

y =cz

(3.116)

with the state 7 = [Aif 1, Aig 2, Auc 1, Auc,2], the plant input © = Adg,
the plant output y, the vectors ¢ = [0,0,0,1],

bT (;1;) — Aucvl + ﬂC,l _Auc,l - ﬂC,l AiL,2 + IL,2 - AiL,l — iL,l 0
L, ’ Ly ’ Cl ’
(3.117)

and the matrix
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[ R dsa—1 ]
- 9
L L,
0 —-R, —JA ;1_
A= oo Ly Ly | (3.118)
S
c: G
1 el
0 — 0
L Ca Cy |

It can be easily seen that for 0 < d4 < 1 the matrix A is Hurwitz and the pair
(4,c) is observable. Furthermore, the condition ¢ A='6(0) # 0 is satisfied
for all d4 except for the duty ratio

1—2R2GL -2+ 2\/R2G%R1 + GLR1
2 —RQGL-i-GLRl—l )

Notice that the stationary duty ratio of (3.119) is exact that value where the
stationary output voltage @c 2 of (3.107) reaches its maximum for given pa-
rameters R;. R2, G and Uy. Due to reasons of efficiency all operating points
with a stationary duty ratio d4 greater or equal than the value of (3.119)
are not feasible (see also the discussion at the beginning of the next subsec-
tion, in particular Fig. 3.9). Hence, all the requirements for the application of
Proposition 2.1 are met. Thus, the non-linear state feedback controller with
integral term can be obtained directly from (2.29) and (2.30) of Proposition
2.1.

Since the symbolic expressions of this control law are too big to be pre-
sented here, we will set the internal resistances R; and Rj of the inductors
Ly and Ls to zero. This simplification does not change anything for the con-
troller design, it just makes the expressions of the non-linear controller more
readable. Then the unique positive definite solution Py; of the Lyapunov
equation (2.30) is given by the shifted energy function (3.109)

da =

(3.119)

P = S—a = Ly AE | + LyAiS 5+ Cr1Aud ) + CoAu )

(3.120)

18
G2~ a3g; (

Consequently, the non-linear Hs-controller with integral term due to (2.29)
reads as
d

5= Auc s

u = - (Auc) (ip 2 —711) — Gc, (Aipg — Aipy)) —
2G,
(dcy + Auc,)

T )2 (daL1Aip; — (1 —da) LyAig o — (1 —da) x5)
—aA

D22

(3.121)
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with the controller parameters 8, p22 > 0. Notice that the part of the con-
troller (3.121) weighted with 8 is identical with the pure non-linear H-
controller (3.113). The controller parameters 3 and pg are used to adjust
the performance of the closed-loop, where the choice of these parameters re-
sults from the following heuristic considerations. The parameter po; has a
direct influence on the integral action and by means of an increasing 3 more
damping is injected into the system.

3.5.4 The Experimental Setup

Fig. 3.8 shows the laboratory model for performing the Cuk-converter exper-
iments with the parameter values L; = L, = 10.9- 1073 H, Ry = R, = 1.3
2,C; =220-107%F, Co = 22.9-107% F and Up = 12 V ( [2], [45]). The
capacitor C is located in an external pin base and can also be exchanged as
required by the experiments. The load can be chosen to be either a resistor
with a fixed conductance G, = 1/22.36 S, or the load conductance can be

Ioad choice 0—

load selection
circult

I~

U, @ T_|

L

[PWM-IC] :

. IS
e | z

-~ [ MosFet g'"

drive IC
S199100

u
I Lot programmahle

? load

g% 03 @@_ >

| toad control ’—‘
|

PNPIOSS

MBR 1060

9

i

Shunt

e e
! s =

| 2 O

Instr. 5 :
L[S Beassel |'ct ||| aplifier Bessel | 'tz
INA212872 filter (4th) INAZI2IR filter (4th)

L]
}

| (S &= te [2 g @ - i [Z o ®

amplifier Bessel | e, L | aowptifier | | Bessel | Uca
masizea | [flter () szs | [flter (4m)

Fig. 3.8. Block diagram for the experimental setup:
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set to an arbitrary value in a range Gy < 1/6.4 S via a programmable load
simulator. The value of the programmable load simulator can be defined by
a control voltage ujoqq-

Fig. 3.9, left hand side, shows the achievable stationary output voltage
fic,2 as a function of the stationary duty ratio d, A and the load conductance
GL. As one can see for a fixed load resistor G7! 7, two different values of the
duty ratio d 4 exist to obtain a certain output voltage ©ic 2. Due to reasons of
efficiency the duty ratio d4 with the lower value is only feasible. This is why
the stationary duty ratio is restricted to an upper bound which depends on
the load conductance Gyp. Fig. 3.9, right hand side, presents the ma.x1mum
possible stationary duty ratio d 4 max as a function of the load resistor G 1.
It is worth mentioning that the effect presented in Fig. 3.9 vanishes if the

0.95 -

0.9

maximum duty ratio d, ... in [1]

0.85
08|
0.75

0.7

T 10 30 50 70 90
load resistor G,! in [£2]

Fig. 3.9. Left hand side: Statlonary output voltage %c,2 as a function of the duty
ratio d4 and the load resistor GL Right hand side: Maximum possible stationary

duty ratio d,q,m,x as a function of the load resistor Gzl.

internal resistances R; and Rz are zero. This can be easily seen because then
the stationary output voltage % 2 as a function of d4 reads as

—d AU
(1-da)

The switch S is realized with a standard MOSFET (BUZ11) in combina-
tion with the MOSFET-drive-IC SI9910DJ and a Shottky Diode (MBR1060)
with a low forward voltage drop. An active turn-off snubber is used to provide
a zero voltage across the MOSFET, while the current turns off and thus guar-
antees that the MOSFET is operating within the SOA (safe operating area).
In contrast to R-C-D-snubbers, this implemented active snubber does not
create additional losses in the system [25]. The modulation frequency for the

uc,2 = (3.122)
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PWM actuator (either IC SG3524 or internal PWM of the DSP-unit) is cho-
sen as 25 kHz in order to keep the total losses in the converter to a minimum.
The two inductor currents iz, ; and iy, 2 are measured by means of 0.1 §2 shunt
resistors and instrumentation amplifier ICs (Burr Brown INA2128/2) with
low offset and drift. The capacitor voltages uc,5 and uc2 are also directly
measured by means of the instrumentation amplifier ICs. All the measure-
ment signals are filtered with fourth order analog Bessel low-pass filters with
a cutoff frequency of 10 kHz. The Cuk-converter experiment operates to-
gether with a DSP (digital signal processor)-system (dSpace) integrated in a
PC with the operating system WINDOWS NT which enables us to use the
MATLAB/SIMULINK environment directly to test the controllers. This hard-
and software configuration allows sampling times down to 1-10~* s. Fig. 3.10
depicts the stationary behavior of the state variables as a function of the
duty ratio. The difference between the calculated and the measured curve,
especially in the case of uc 1, is due to the forward voltage drop of the diode,
which is not taken into consideration in the model. For analyzing small-signal
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Fig. 3.10. Stationary behavior of the Cuk-converter.
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Fig. 3.11. Zeros of the transfer function Z (s,JA) as a function of the stationary
duty ratio da.

dynamics, the Cuk-converter system (3.98) with AUy = Ai, = 0 is linearized
around an operating point [iz1,7L 2, &c,1, e 2] (see (3.107)) and we obtain
the mathematical model in terms of small deviations é around the equilibrium
point. Taking éd,4 as the plant input and fuc 3 as the plant output, we can
compute the transfer function Z (s, d A) with the Laplace variable s and the
duty ratio d4 as a parameter. Now, it is possible to calculate the poles and
zeros of the transfer function as a function of d4. For the laboratory model
the zeros are depicted in Fig. 3.11 and the poles in Fig. 3.12, respectively,
whereby the square indicates the point d4 = 0 and the circles represent the
results for d4 in 0.1 steps from d4 = 0 to d4 = 1. An important feature

2500 T — T 3000 T T "
2000 § M
1500 2000
10600
5 £ 1000
2. 500 a.
B 500 e
E E_
= 1000 E£-1000
-1500 2000
-2000 . W
-2500 -3000
-550 -450 -350 -250 -150 -S0 -1100 -900 -700 -500
real part real part

Fig. 3.12. Poles of the transfer function Z (s, JA) as a function of the stationary
duty ratio da.
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of the Cuk-converter is the fact that from d4 = 0.227 upwards the zeros of
the transfer function lie in the closed right half s-plane. In other words the
Cuk-converter shows a bifurcation of the zero dynamics. This fact can also be
seen in Fig. 3.13, where the measured and simulated transient responses of the
non-linear model for a step input of the duty ratio éda = 0.20 (t — 5-1073),
for two operating points d4 = 0 and d4 = 0.5 are illustrated. In the case of
d4 = 0.5 the step response of i L2 and uc 2 show the typical non-minimum
phase behavior. Fig. 3.14 demonstrates the transient responses of the Cuk-
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Fig. 3.13. Step responses at two different operating points da = 0 and da = 0.5.

converter in the case of large deviations from the nominal point for a step
input of the duty ratio d4 = 0.5¢ (t — 510" 3). The difference in the damp-
ing behavior between simulation and measurement can be explained by the
fact that in the model, the switch (transistor in combination with the diode)
is assumed to be ideal, i.e. there are no losses and hence the measured step
responses are more damped than the simulated ones.
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Fig. 3.14. Transient behavior of the Cuk-converter.

3.5.5 Measurement and Simulation Results of the Closed-loop

This subsection is devoted to the comparative results of the measured
and simulated closed-loop behavior with the non-linear state feedback Ho-
controller with integral term from (3.121). The operating point of the duty
ratio is fixed at d4 = 0.485 and from this with Uy = 12 V and G, = 1/22.36
S, we get [ip,1,71,2,Uc,1, Uc,2) = [0.44,22.01,—0.45,—10.0]. The parameters
of the controller (3.121) are chosen as 3 = 0.001 and po2 = 0.2 and a sam-
pling time of 2 - 10 s is used. Fig. 3.15 shows the simulated and measured
output voltage uc 2 and the corresponding duty ratio d4 for the reference
input uc g ref = =104+ Auc g rey in V with

Auggres =90 (t—2-1072) — 190 (¢ — 7-1072) + 100 (t — 12-1072) .
(3.123)

Here o (t) denotes the unit step. Fig. 3.16 depicts the simulated and measured
transient responses of the output voltage uc,2 and of the corresponding duty
ratio d 4, when the converter is subjected to a load variation Gy, = 1/22.36 +
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AGy in S with

— 1 1 -2
AGL—(%—E}E)U(t—2'1O )—(

1

1

p— . _2
+ S)U(t 6.1072) .

(3.124)

It is easy to see that the proposed controller has excellent tracking as well
as disturbance rejection behavior and that the duty ratio d 4 remains within

the admissible boundaries.
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3.6 Electromechanical System: The Energy/Co-energy
Concept

In electromechanical systeins there is an energy conversion process between
the mechanical and the electrical part via the electric and magnetic coupling
fields. Throughout this section we will assume that the electromechanical
energy conversion itself is lossless and that the losses, such as ohmic losses
or friction, can be separated from the energy storage mechanism and can be
represented in the form of external loss terminals, like resistors or dampers
etc. Let us assume that the electromechanical energy conversion occurs solely
via the magnetic and electric coupling fields of the inductors and capacitors
respectively.

Without restriction of generality and for the sake of clarity, we will con-
sider electric networks where the set of inductor currents ix, £k € L and
capacitor voltages u', [ € C are linearly independent (see, Subsection 3.2.1).
With slight modifications the whole theory can be extended to the case of de-
pendent sets of inductor currents and capacitor voltages of Subsection 3.2.2.
Remember that in Subsection 3.2.1 the states of the electric network are con-
fined to a submanifold N = {(i,u) € M, |uD; = 0,DFi = 0} of the spacec
of unrestricted states N,, where the currents i and voltages u satisfy KCL
and KVL. Let us consider that the mechanical part of the electromechanical
system has n degrees of freedom and is represented by the generalized coor-
dinates ¢ = (z,,... ,z,) € R™. Naturally, the generalized velocities v = %x
are elements of the tangent space TR™ of R™. Thus, the configuration space
of the electromechanical system takes the form N,,, = A'x R* x T R™. Let the
inductor currents ik, k € L, the capacitor voltages u!, [ € C, the generalized
coordinates = and the generalized velocities v together with the coordinate
function z : (i;,u?,z,v) — (ik,u',2,v), j € B, k € L, L € C be a chart of
the configuration space Ny, Further, M denotes the set of all inductors and
capacitors where an energy conversion takes place and whose flux and charge
linkages, ¢’ and g¢;, depend on z. Subsequently, zx, K € M means that the
generalized coordinate zj, is linked with an inductor or capacitor. Then the
differential equations of the dynamic elements inductor and capacitor due to
(3.15) can be generalized in the form

d .
&wj(...,il,...,xk,...)=u3 with j,leL, ke M

d
7 (k) =4 with 5 1eC, ke M.

(3.125)

Analogous to (3.16) the energies Wy and w¢ stored in the inductors and
capacitors are given by

Wy, :/Zz‘jdeuﬂ' and wcz/zujdeqj (3.126)
Y

7 jeL jec
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with ~y (t) as a solution curve of the electromechanical system and d. as the
exterior derivative operating in the variables (i,u),l € L, j € C, i.e.

def = Z o, 4 +Z (3.127)

JGL

Let us also assume that the integrals in (3.126) are path independent, i.e. the
relations

> ijded’ | =0 and de | > wideg; | =0 (3.128)
JjeL j€eC
are satisfied.

Due to the assumption that the energy conversion is lossless the energy
balance principle states that the increase in the energy stored in the inductors
and capacitors W = W + We equals the energy input from the electrical
sources minus the mechanical energy output. By taking F* k € M, as the
generalized coupling force associated with the generalized coordinate zy, k €
M, we get the relation

Z|db— D iuldt+ Y wFRdt | =0 (3.129)
ie{L,c} keM

or equivalently

2| dd =Y idy — > wldgi+ Y Frdai | =0 (3.130)

jeL jec keM

with z* as the pullback of the function z : ( ],u',m,v) — (ik,ul,x,v), 7 € B,
k € L, 1 € C. Note that the exterior derivative d operates in all variables
(ik,ul,m,v), ke L leC,ie.,

df = Z ]+Zafdf Z d +Z du,. (3.131)

JGL

In order to determine an explicit expression of the generalized coupling forces
F* (see also [120]), we calculate in a first step di = dibr, + dide with @, and
we from (3.126)

di =Y " ijdeyy? + > widegit+

Je€L jec

Z 817k f ZIJ e'l,b] +f Zu deq] dxy .

keM jeL jec

(3.132)
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By applying Leibniz’ rule we can rewrite (3.132) in the form

do =) ijded’ + > wdegi+

JEL jec

k;/[a - 5 Z — ¢ di;) | dae+ (3.133)
Z 8 Tk fZ (wq;) — qsdu’) | da

keM jec

or

di =) i;dy? + > uidg;—

JEL Jjec
(3.134)
Z 8:1: f Zl/)jd’tj +f Zq]duj dxy .
keM jeC
Substituting (3.134) into (3.130), we end up with
> 2 8% /Zz/ﬂdzJ /Zq]du’ +F* | dae =0.
keEM Vjec
(3.135)

Since all dzy, are linearly independent, the expression in the bracket of (3.135)
must vanish identically for all k£ € M and hence F* takes the form

amk / > Wdij+ / Y gd | (3.136)

7Y jeL Y jeC

For the sake of convenience we will henceforth drop the pullback operation

z2*.

If the generalized coordinate zj is associated only with either an inductor
or a capacitor, the generalized coupling force F* simplifies to

FF = 1/1 'di; or FF=_— q du. (3.137)
8-’le ) 2

It can be immediately seen that the integrability conditions (3.128) imply

de (wadz‘j) =0 and d. (Z qjduj)z 0. (3.138)

JEL JjEC
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Hence we may define the functions

m:/ZW%;mqmz/Z%W (3.139)

Y jeL Y jeC

as the so-called co-energy functions of the inductors and capacitors respec-
tively.

Remark 3.4. In the case of an electromechanical system with a linear mag-
netic or electrostatic characteristic the flux and charge linkage can be ex-
pressed in the form

Y= WY (@i or ¢=1 gue(2)d . (3.140)

leL leC

By means of the integrability conditions (3.128) or (3.138), we have ¥%' (z) =
by (z) and gji,2 (z) = quj,+ (z) and thus, we may immediately conclude that

in the linear case the expressions for the energy functions wr and w¢ from

(3.126) and the co-energy functions wy, and We from (3.139) are equal.

3.6.1 Simple Application: Specific Influence on the
Electrostatic/Electromagnetic Coupling Force

The energy conversion mechanism of electromechanical systems is often ad-
vantageously used in sensor and actuator applications, such as condenser
microphones, capacitive acceleration sensors, electromagnetic valves, electro-
dynamic shakers etc. In general the coupling force F* due to (3.137) is a
non-linear function of the generalized coordinate zz, but in many applica-
tions this non-linear dependence is undesirable.

Let us take as an example a silicon micro-machined electrostatic trans-
ducer with a moving membrane electrode and a rigid backplate electrode as
shown in Fig. 3.17. The supply voltage applied between the two electrodes
causes an electrostatic coupling force acting on the moving electrode. The
designer of such an electrostatic transducer has to cope with two contradic-
tory demands, namely the sensitivity should be as high as possible and the
non-linear distortion factor as low as possible. An increase in sensitivity can
be achieved by a reduced distance dy between the electrodes, a bigger effec-
tive electrode area R37 or by a higher supply voltage. But all these design
changes cause the electrostatic coupling force to become a stronger influenc-
ing factor. Hence, according to the non-linear nature of the electrostatic force,
the non-linear distortion factor is getting bigger. Furthermore, an increase in
the electrostatic force level may even cause the membrane and the backplate
electrode to stick. The reader should refer to e.g., [69] for a more detailed
treatment of this topic.

Other examples are electromagnetic valves, where the air-gap configura-
tion is often constructed in such a way that there is a linear (affine) stationary
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Fig. 3.17. Schematic diagram of a silicon micro-machined electrostatic transducer.

characteristic between the magnetic coupling force acting on the plunger and
the piston position (see, e.g., [56]). Apart from the constructional influence
on the system’s behavior it is also possible to control the system so that the
closed-loop meets the designer’s requirements. In the latter case, the remain-
ing design freedom may be even used to optimize the system from a point of
view which cannot be addressed by control. In particular, the pleasing phys-
ical structure of the coupling mechanism of electromechanical systems offers
a variety of methods for a physically based controller design. Let us take as
an example the simple electromagnetic valve of Fig. 1.4 from Chapter 1 with
F..: = 0 and let us assume an ideal coil current controller such that the coil
current iy, serves as a control input. Then the mathematical model of the
electromagnetic valve of Fig. 1.4 written as a PCHD-system reads as

d av\T 2
“r=(J ()~ S() <%) +g(@)il (3.141)
with the state 7 = [z, muvl, the storage function
_1/ a1, -
Viz)= 5 <c:rl + m:z2) (3.142)
and
01 00 0
_ 0d 2g-\n)
2 8:r1

where L (z;) is the inductance of the magnetic circuit due to (1.25)

poN2D?m (D + 8) b
4(h—ay)(D+6&)mb+ 6D

L(z) = (3.144)
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If we want the electromagnetic valve to behave like a linear spring-mass-
damper system, with a spring constant & and an initial position zJ = [z1,4,0],
then the storage function of the closed-loop has to take the form

1/, 1
‘/C = 5 (C (wl - x1)d)2 + E(L‘%) . (3145)
Clearly, the storage function of the closed-loop V, has a strict minimum at z4

and V, (z) — V. (z4) is positive definite. Following the passivity-based control
concept of Section 2.4 the control law must satisfy the relation (see (2.60))

2 v\t
9(z)ip =(J (=) = 5()) | 57 (3.146)
with V, =V, — V. A short calculation leads to the control law
. 2(0@'1—6(3)1—(1)1‘1))
= ] .147
lL \/ OL(z1) /0z1 (3.147)

where € and x, 4 must be chosen such that the expression under the square
root is always positive.

By means of the so-called damping injection method we can also easily
change the damping coefficient of the closed-loop linear spring-mass-damper
system from d to d. Following (2.62) and (2.64) from Section 2.4 with Sg (z) =

. -2
(d - d) (%%@) , we immediately get the modified control law

2 (cxl —c(z1 —14) + (d— J) %m)
OL(z,) [0z, '

ir (3.148)
Remark 3.5. This method is not restricted to electromechanical systems with
a linear magnetic or electrostatic characteristicc. We can replace the left
hand side of (3.146) by 92771% with Wy, as the co-energy function due to
(3.139). The only difference is that in general we no longer get an explicit

expression for the control law as it is the case in (3.147) or (3.148). But if

( G?L (%uﬁ)) (z,i1) # 0, we may apply the implicit function theorem

(e.g., [59]) and we locally get a unique solution for ir.

To summarize, we see that by means of control, we can specifically influ-
ence the dynamic and stationary behavior of electromechanical sensors and
actuators and in this way we are able to improve their quality.
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This chapter deals with finite- and infinite-dimensional mechanical systems
which have the representation of a PCH-(port-controlled Hamiltonian) sys-
tem as defined in Section 1.4. Although this class of mechanical systems
contains no dissipative forces, as they are always present in the form of nat-
ural damping in every realistic application, the controllers designed on the
basis of these systems are of practical importance. The reason is that the un-
damped model is something like the “worst case according to damping” for
a controller design which is essentially based on damping injection. In many
mechanical systems with weak damping, as is the case for flexible structures,
the resulting controllers show sufficient robustness against parameter inaccu-
racies, in particular concerning the damping behavior.

In view of the application of this chapter, namely control of infinite-
dimensional smart beam structures, we are interested in a mathematical
framework for a uniform description of the finite- and infinite-dimensional
case. In literature, symplectic or Poisson manifolds serve as a natural geo-
metric oriented formulation of Hamiltonian systems, see, e.g., [1], [16], [18],
[93], [106]. In this chapter, we will briefly summarize some essential results
of the Poisson bracket approach which are important for the control appli-
cations being considered. We will also assume that the PCH-systems con-
sidered are described in a suitable vector space with a well-defined Poisson
bracket. On this basis we will formulate the non-linear Hs-design (see Sec-
tion 2.1), the non-linear H.-design (see Section 2.3), the PD-(proportional
differential) controller design and the idea of disturbance compensation for
finite- and infinite-dimensional PCH-systems. The stability investigations of
infinite-dimensional systems is much more complicated than in the finite-
dimensional case because the compactness of the level sets of the Lyapunov
functions are no longer automatically ensured. We will not address this prob-
lem here, but the reader is referred to e.g., [1], [18], [92] and the references
cited there for more details.

By means of an infinite-dimensional piezoelectric composite beam struc-
ture we will apply the different control strategies developed so far for PCH-
systems. The feasibility of these control concepts essentially relies on the
fact that the piezoelectric structures allow a spatial distribution of the piezo-
electric sensor and actuator layers. The design of the spatial pattern of the
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sensor and actuator electrodes is an additional degree of freedom and can be
regarded as a part of the control synthesis task. In this way, we are able to
design the sensor and actuator layers in such a way that they are collocated
and hence the well known effects of observation/actuation spillover can be
prevented.

4.1 Fundamentals of Lagrangian and Hamiltonian
Systems

4.1.1 The Finite-dimensional Case

Let us consider a mechanical system with no external and dissipative forces
which can be locally described by the coordinates = (z1,...,2,) of the
configuration manifold M. The Lagrangian L (z,v) can be regarded as a
function from the tangent bundle 7 M of M to R with the system velocities
v; = %a)i, i =1,...,n. Usually, the Lagrangian is the kinetic minus the po-
tential energy, but this is not always the case, e.g., if we calculate Lagrange’s
equations with electromagnetism, see, e.g., [32]. From Hamilton’s variational
principle, which states that the action integral fttf L (z,v) dt is extremized for
curves z (t) connecting two fixed endpoints z (¢1) and z (t2), we can derive
the well-known Euler-Lagrange equations [36], [93]

d oL JL

— - =0 i =1,...,n. , 4.1
dt 81;,- 8xi or ¢ ! s ( )
Now, by means of the Legendre transform (z,v) — (z,p) with the conjugate
momenta p* = g—fj;, it =1,...,n, the Euler-Lagrange equations (4.1) can be
transformed into the equivalent Hamilton’s equations
OH
dizf [01]]| 6z
dt [p} - [~I 0} oH (4.2)
J op

with the identity matrix I and the associated Hamiltonian function or energy
function

n

H(p,z) =Y vip' — L(z,v) . (4.3)

=1
In order to express v in (4.3) as a function of p and z, we assume that the
transformation (z,v) — (z, p) is invertible. Obviously, if the matrix ['&?Tzv, L]

is regular the implicit function theorem guarantees that the transformation
is locally invertible. In this case, the Lagrangian L is said to be regular or
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non-degenerate, see, e.g., [93]. In more general terms, the Legendre transform
is a fiber derivative which defines a map from the tangent bundle 7 M to the
cotangent bundle 7*M of the configuration manifold M [1], [93]. It is easy
to see that (4.2) is a PCH-system as shown in Section 1.4.

Remark 4.1. If we assume a mechanical system with a Lagrangian of the
form L (z,v) = wg(z,v) — wp (z), with the potential energy w, and the
kinetic energy wy = 1v"M (z) v, where M (z) denotes the positive definite
generalized inertia matrix, then it is quite clear that the energy function H
of (4.3) is equivalent to the sum of kinetic and potential energy.

Remark 4.2. Let us consider an electromechanical system as presented in
Section 3.6 where the inductor currents ix, k¥ € L, the capacitor voltages
u!, | € C, the generalized coordinates « and the generalized velocities v
together with the coordinate function z : (15,47, z,v) — (ix,u',%,v), j € B,
ke L,1 € C form a chart of the configuration space. Remember that with
i, u?, 7 € B we mean the currents and voltages of all branches of the electric
network. Further, let z;, £ € M denote those generalized coordinates £ which
are linked with an inductor or capacitor. The electrical part of the system
equations of an electromechanical system is given by (3.125)

d )
az¢3(...,il,...,:1:k,...)Zuj , j,leLl, keM

d
gqj(...,ui,.‘.,xk,...)zz‘j , ,lel, kelM,

(4.4)

with the flux and charge linkages ¥’ and g;. Provided that the existence of
the co-energy functions w; and w¢ for the inductors and capacitors from
(3.139) can be ensured, the mechanical part of the equations of motion can
be easily derived by means of the Euler-Lagrange equations (4.1). We just
have to extend the Lagrangian L in the form L = L 4 Wy, + W with

Wy = z* /z¢jdéj and wg=2z" /ijduj (4.5)

Y jeL Yjec
where z* denotes the pullback of the coordinate function z.

In the literature, symplectic or Poisson manifolds are used for a natural
geometric oriented formulation of Hamiltonian systems (1], [16], [18], [93],
(106]. Here, we will just briefly summarize some essential results of the Pois-
son bracket approach which are important for the subsequent considerations.
We are particularly interested in a mathematical framework for a uniform
description of finite- and infinite-dimensional Hamiltonian systems, see also
[125].

A Poisson manifold P is a manifold with a Poisson bracket {-,-}. The
Poisson bracket assigns to two smooth real-valued functions ¥, G : P —
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R another smooth real-valued function {F, G} which is bilinear and skew-
symmetric. Furthermore, the Poisson bracket satisfies the Jacobi-identity

{{F, G}, H} = {{F, H}, G} +{F, {G, H}} (4.6)
and Leibniz’ rule
{F,HG}={F,H}G + H{F,G} (4.7

with the smooth real-valued functions F, H, G.

Let P be a Poisson manifold with a smooth function H : P — R. Then
there exists a unique vector field Xz € TP, with 7P as the tangent bundle
of P, such that the relation

Lx,F={F,H} (4.8)

holds for all smooth functions F : P — R with Lx, F as the Lie-derivative
of F' along Xy, see, e.g., [93], [106]. The vector field Xg is then called a
Hamiltonian vector field associated with the Hamiltonian function H. Con-
sequently, the rate of change of a function F along the integral curve of Xy
is given by

d
G F={F.H) . (4.9)

Equation (4.9) is often called the Poisson bracket form of the equations of
motion [93]. Now, it is easy to classify a constant of motion, namely a function
F on P is a constant of motion if and only if {F, H} = 0. Thus, due to the
skew-symmetry of the Poisson bracket it follows directly that the Hamiltonian
function H is a constant of motion. In other words the total energy H is
conserved along the integral curves of the system.

Let us consider a Poisson manifold P with local coordinates (t,uﬂ),
B = 1,...,s, where t denotes the independent variable and u represents
the dependent variables. In the following we will assume that the functions
F and H on P do not depend explicitly on ¢, but this is no restriction of gen-
erality, see, e.g., [106]. Thus, in the local coordinates u the Poisson bracket
reads as

< OF 0H
By - 2
{F\H} = E 1J (u) 5uf Bt (4.10)

ﬂ:l =

with JA7 (u) = {uP,u7} as the so-called structure functions of the Poisson
manifold P. To show the relation (4.10), at first, we write the Hamiltonian
vector field X in the local coordinates w in the form Xg = 35, a? (u) 5%;

with the coordinate functions a? (u), see [106]. Then by (4.8) we have
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(P H} =a? (v) = — {HuP} (4.11)

and hence {F,H} can be written in the form

{F, H}_Za Z{H uﬁ} (4.12)
Replacing F by H and H by ® in (4.12), we get the relation

& OH
By — _ B Y 222 4.13
{H’u } Z{u U } Ou? ( )
=1
and this leads us directly to the result

e~ OF 0H
{FH}=Y 3 (v u'} 55— (4.14)

B=17=1

Thus, in local coordinates u the Hamiltonian vector field takes the form

XH_ZZJ67 6H 9 (4.15)

it Su OuP

and the Hamilton’s equations read as
w8 = (WP H B ( . 4.16
= () = 307 0 G (419

Moreover, if P is a Poisson manifold then there exists a unique linear map
2% . T*P — TP, coming from a bi-vector, such that the relation

%u =% (dH (u)) = Xgr (u) (4.17)
holds for all smooth functions H with v € P, dH € T*P, the cotangent
bundle of P, and Xg € TP, the tangent bundle of P. The rank of the
Poisson manifold at u is then defined by the rank of the linear map 2% at
u, see, e.g., [106]. In local coordinates u the rank of the Poisson manifold P
equals the rank of the so-called structure matrix J (u) = [Jﬁ'7 (u)] Clearly,
J (u) is a skew-symmetric matrix. Now, by Darboux’ Theorem (for bi-vectors)
we can always find local canonical coordinates u* = (z;,p*), a = 1,... s,
t=1,...,n, s =2n, for a Poisson manifold P with constant rank such that
the Poisson bracket takes the form

. (8F 8G 8F 8G
= = = 7). 4.18
(Fe)=3 (55— 55e) (418)
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From (4.15) we see also that the Hamiltonian vector field Xy in canonical
coordinates u = (z,p) is given by

= 0H 0 OH 08
- _g1 o 97 9 4.
Xn ;( 9z, op | Op azi> (4.19)

Clearly, (zi t),p* (t)) is an integral curve of Xy if and only if Hamilton’s
equations (4.16) hold. Moreover, the structure matrix J (u) in canonical co-
ordinates (z,p) has the simple form

g [—01 é} (4.20)

with the identity matrix I.

Remark {.3. A Poisson manifold P is called symplectic if the associated Pois-
son bracket is nondegenerate i.e., the Poisson manifold P has maximal rank
everywhere, see, e.g., [18], (93], [106] for more details.

4.1.2 The Infinite-dimensional Case

To begin with it should be emphasized that an exact mathematical formu-
lation of the infinite-dimensional case requires many difficult technicalities.
This is beyond the scope of this work. For details the interested reader is
referred to (1], [18] and in particular [106]. Here, we intend only to point
out the parallels to the finite-dimensional case. One of the main problems
with evolutionary equations is that Darboux’ Theorem is no longer valid.
Nevertheless, the Poisson bracket approach of the previous subsection can be
extended to infinite-dimensional Hamiltonian systems.

Firstly, let us introduce some useful notation. Consider a (14 r + s)-
dimensional smooth space P = R x D x M with local coordinates (t, z2°, uﬂ),
a=1,...,rand § =1,...,s. Here, the time ¢ and the spatial coordinates
z denote the independent variables and u is used to denote the dependent
variables. The space P(®) = R x D x M whose coordinates represent the
independent variables, the dependent variables and all derivatives of the de-
pendent variables up to the order n is called the n-th order jet space of P,
see [106]. A smooth real-valued function f (¢,2%,...,2") of (r 4+ 1) indepen-

dent variables has (r:k) different k-th order partial derivatives. Therefore,

in order to make the notation clearer, it makes sense to use the symmetric
multi-index notation

6k

02310272, . §z»

f=1n fo=f (4.21)

with z° = ¢. In this notation J = (ji,...,jk) is an unordered symmetric
multi-index, with 0 < j; < r, i = 1,...,k indicating the derivatives being
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taken and #J = k is the order of J. In the following u{™ always refers to
an element of M{™ and hence its components are of the type u 7, with 3 =
1,...,s and J running over all symmetric multi-indices (4.21) for 0 < k < n.
Henceforth, in order to simplify the notation, we will write X (f) instead of
Lx f for the Lie derivative of a functional f along a vector field X.

In the infinite-dimensional case the Hamiltonian function has to be re-
placed by a functional of the form

H :/ h (z,u(")) Wy, wy=dz'A...AdZ". (4.22)
D

Let us assume that the density h is well defined on D for all times ¢ > 0.
Further, we have to add suitable conditions for ©{™ on the boundary D of D.
For the sake of simplicity the boundary conditions will be specified only in the
applications, because they are not relevant for the following considerations.
Let ¢, be a one parameter group (£, 2, &™) (7) = ¢, (t,z,u(™) which acts
on P such that the relations £(r) = t and Z(r) = z are met. Then the
infinitesimal generator X € 7 (’P(")) of ¢, takes the form X = pri™ X with
the evolutionary field X = 3°%_, a® (¢, z, u(® )) 52 327, X € T (P). Here prM X
denotes the n-th prolongation of X given by [106]

d d
(n) —_ - ...
pr X = ZZD‘]G 5 D;= dzi dzix (4.23)
g=1 J Uy
with the symmetric multi-index J = (j,,...,Jk) and the total derivatives
=0,...,7. 4.24
dz’ 32’+Z‘;Bz' Jaﬂa 1=0, T ( )

The sum }”; in (4.23) and (4.24) is taken over all symmetric multi-indices
J up to the order n, i.c. 0 < #J < n. The functional (4.22) is invariant with
respect to ¢, if and only if the relation

pr(")X(H)-—./ pr™Xx wu—/ Z aPEg (h)w (4.25)
D D

B=1
is met, with the Euler operators

7]
EBZZ(_l)#JDJW, B=1,...,s. (4.26)
J J

The third term of (4.25) is obtained by simple integration by parts and the
fact that due to the imposed boundary conditions the terms on the boundary
0D vanish.

Let J denote a skew-adjoint differential operator, then the choice
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]

a® =" 1P (E, (h) (4.27)
=1
guarantees that (4.25) holds. Recall that a differential operator J is called
skew-adjoint if the following relation

/D i i (5/3 () =X P (65)) wy =0 (4.28)

B=1v=1

is fulfilled. Now, we are ready to define the bracket operation

(FH} = [ S5 Es (1) €, (e (4.20)
D B=1~=1

for the functionals F = [, f (z,u("))wv and H = [ h (z,u(")) Wy. Obvi-
ously, the bracket is bilinear and skew-symmetric by its definition. Further-
more, if and only if (4.29) satisfies the Jacobi-identity (4.6) then the bracket
defined by (4.29) corresponds with the Poisson bracket, see, e.g., [106]. In
this case the differential operator J is called Hamiltonian. The Leibniz rule
(4.7) has no counterpart for infinite-dimensional Hamiltonian systems since
there exists no well defined multiplication of functionals.

Let J be a Hamiltonian operator with a Poisson bracket as defined in
(4.29). Analogous to (4.8) there exists a unique vector field Xz to the func-
tional H = [, h (, u(")) wy such that the relation

d
+F= pr™ Xy (F) = {F,H} (4.30)

is satisfied for all functionals F = [}, f (z,u(™) wy, see [106]. The vector field
XH, given by
] 8 a
— 8 —
Xug = Z ZJ 7 (E"r (h)) uB’ (431)
B=1~=1

is then called Hamiltonian vector field associated with the Hamiltonian func-
tional H = [ h (z,u(")) wy. Accordingly, the Hamilton’s equations in the
infinite-dimensional case read as

%uﬁ = {vf H} = pr" Xy («f) = S BE, (), B=1,...,

r=1

»

(4.32)

4.2 Controller Design Strategies

4.2.1 Preliminaries

For the controller design it is necessary to generalize the Hamilton’s equa-
tions of (4.16), (4.32) for mechanical systems with external forces. Generally,
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these external forces represent the action of control, disturbance, dissipation
or the interaction to the system environment. Here, the Lagrange-d’Alembert
principle offers an effective way to describe the motion of a mechanical sys-
tem subject to an external force field. This also optimally fits the geometric
formulation of the Euler-Lagrange equations [93]. For the controller design of
generalized finite-dimensional Euler-Lagrange systems the reader is encour-
aged to consult a very recent and important book [107].

From now on, we will focus on finite- and infinite-dimensional PCH-
systems with external inputs e;, § = 1,... ,m/, consisting of control inputs
and disturbances. In the finite-dimensional case the associated Hamiltonian
function reads as

’

H=Ho-» Hje;, (4.33)

=1

where Hp denotes the Hamiltonian function of the free system and Hj, j =
1,...,m’ are the so-called interaction Hamiltonian functions, see, e.g., [103],
[143]. For infinite-dimensional PCH-systems with external inputs the Hamil-
tonian function (4.33) has to be replaced by a functional H, with the Hamilto-
nian functional of the free system Ho = [, ho (z, u™) w, (see (4.22)) and the
interaction Hamiltonian functionals H; = [ h; (z,u(")) Wy, J=1,...,m.
Here, we always assume that the external inputs e;, j = 1,... ,m’ act in such
a way on the system that the Hamiltonian functional has a representation
of (4.33). Of course, this formulation also contains situations where the ex-
ternal inputs appear in the boundary conditions. Inserting H of (4.33) or its
associated density h into (4.15) or (4.31), respectively, we can see that the
external inputs e; appear affine in the Hamiltonian vector field Xy, i.e. Xy
has the form

m'

XH:XHO"ZerHj- (4.34)

i=1

Analogous to the Poisson bracket form of the equations of motion (4.9) and
(4.30) the change of a function F due to the motion of the PCH-system with
the external inputs e; is given by

%F = {F,Ho} - ) {F,Hj}e; . (4.35)

Jj=1

The special choice y; = Hj;, j = 1,...,m' for the output functions of a
PCH-system is called the natural output [103]. The importance of this choice
can be seen by calculating the time derivative of the Hamiltonian function
(functional) Hy of the free system along a solution of the PCH-system
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dHo m ™ dy.
_dt—:{HO’H}:Z{Hj’H}ej: d—t]ej . (436)

i=l1 j=1

Equation (4.36) is exactly what we know as the energy balance equation and
it states that the change of the internal (stored) energy Ho of the PCH-system
equals the flow of power into the system caused by the external inputs e;.
This configuration of inputs and outputs is also called the case of collocated
sensors and actuators (e.g., [103]). For ecxample, an attitude sensor is located
at the same point as a torque actuator, or a displacement sensor is collocated
with the corresponding compatible force actuator. A perfect sensor/actuator
collocation has the big advantage that it usually provides a stable perfor-
mance in the closed-loop feedback control, provided that the free system, i.e.
no external inputs, is stable (e.g., [55]). In the case of infinite-dimensional
mechanical systems with distributed sensors and actuators, such as smart
structures with piezoelectric sensor and actuator layers, one can achieve a
collocated sensor/actuator pairing by the additional degree of freedom of
spatial shaping of the sensors and actuators (see, e.g., [50], [51], [68], [76],
(118], [123]). Here, the design of the sensors and actuators becomes a part of
the controller design.

Remark {.4. Although dissipative forces, like e.g. the natural damping of
flexible structures, are disregarded within the considered class of mechanical
systems, the controllers designed on the basis of these systems are of prac-
tical importance. The reason is that the undamped model is something like
the “worst case according to damping” for a controller design which is essen-
tially based on damping injection. The resulting controllers show sufficient
robustness against parameter inaccuracies of real-world applications, in par-
ticular concerning the damping behavior. At this point it is worth mentioning
that in the literature a variety of models (Kelvin-Voigt, viscous, structural
damping etc.) is available to add damping to flexible structures (see, c.g., [9]
and the references therein). Generally, the damping parameters for a specific
application can only be determined by means of experiments. In particular
for non-linear systems this is rather a difficult task.

Next, we will present some essential results for the control of finite- and
infinite-dimensional PCH-systems. It is noticeable that these design strategies
do not depend on the specific structure of the Hamilton’s equations but they
require only the collocation of the sensors and actuators. Therefore, we do
not need to distinguish between linear and non-linear or finite- and infinite-
dimensional PCH-systems. Before starting with the controller design, we will
briefly comment on the stability of infinite-dimensional systems.
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4.2.2 Some Remarks Concerning the Stability of
Infinite-dimensional Systems

A well-known method to investigate the stability of an equilibrium is given
by Lyapunov’s theory. But in the case of infinite-dimensional systems some
additional aspects have to be taken into account, see, e.g., [1]. For finite-
dimensional systems the compactness of the level sets of the Lyapunov func-
tion is automatically met [1]. The proof of this part in the infinite-dimensional
case can be rather delicate. From the literature it is known that Lyapunov’s
stability is directly involved with the energy criterion for infinite-dimensional
systems and with the so-called potential-well hypothesis. For this the reader
is referred to [92] where interesting applications in the field of non-linear
elasticity can also be found. Henceforth, our stability investigations of the
infinite-dimensional PCH-systems under consideration are based on the-fol-
lowing stability hypothesis: Let the Hamiltonian functional of the free sys-
tem Hy be a positive definite functional. Then, we assume that the condition
4 Hy = {Ho, H} < 0 implies the stability of the infinite-dimensional PCH-
system.

Another peculiarity of infinite-dimensional systems, not known from the
finite-dimensional case, is the so-called observation/actuation spillover [7].
This spillover effect may occur if the mathematical model for the controller
design is based on a finite approximation of the infinite-dimensional system.
The problem is that the control input can cause an unintentional excitation
of the truncated modes and vice versa the truncated modes may have an
undesired contribution to the sensor output. In both cases the performance
of the closed-loop can be degraded, or in the worst case the system can
even be destabilized. Similar effects can be observed by sensors/actuators,
which are located at discrete points only and thus cannot sense/actuate those
modes having a node at these points. However, this is why we will direct
our attention to control strategies which a priori prevent spillover effects.
The subsequent control strategies are applicable to both, finite- and infinite-
dimensional systems.

4.2.3 Non-linear H,-design for PCH-systems
Let us consider a PCH-system with the Hamiltonian function
H=Ho— Y Hjuc,;, (4.37)
j=1

where Hp is the Hamiltonian function of the free system and uc;, j =
1,...,m are the control inputs. Further, let us assume a perfect sen-
sor/actuator collocation with the output functions

yj‘—“Hj, 3:1,,m (438)
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Then the non-linear Hy-control problem from Section 2.1 is to find a control

law uc j, 7 = 1,... ,m such that the objective function
1 (4 (? 0
Ja = inf = — dt 4.39
Sy (H Lo + et (4.39)
with || || as the square norm is minimized with respect to uc-

Proposition 4.1. Given a PCH-system with the Hamiltonian function (4.37)
and the natural outputs (4.38). Let us assume that { H;, H;} = 0 holds for all
i, 7 =1,... ,m and the zero-state observability condition of Theorem 2.1 is
satisfied. Then the control law

d .
uc; = =g ¥i ji=1,...,m (4.40)

solves the optimal non-linear Hy-control problem with respect to the objective

function (4.39) [123].

Proof. For infinite-dimensional PCH-systems recall the stability hypothesis
of Subsection 4.2.2. Following Section 2.1, the non-linear Hy-control problem
is solved by finding a positive definite solution V of the associated HJBi (2.11)

inf dylf)d 2+||u 1?’}]<o0 (4.41)
uc€LR0,00) \ df 2 dt ¢ - )

or of the equivalent Poisson bracket representation

inf {V,Ho}-f-i(-;- ({H]-,Ho}Q-f-u%,j) —{V,Hj}uc,j>

uc€ LT [0,00)

<0.
(4.42)

From (4.42) one can immediately see that the optimal choice ug; ; for uc,j,
Jj=1,...,mis given by (compare with (2.9))

ub; = {V, Hy}. (4.43)

The energy function of the free system Hy serves as a suitable candidate for
solving (4.42), namely V = pHo, p > 0. Inserting V and ug; ; into (4.42), we
get the inequality

1-p2 &
3 {Ho Hy) <, (4.44)
j=1
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which is obviously satisfied for p > 1. Furthermore, p = 1 even solves the
associated HJBe (2.10) and hence together with the assumption for the zero-
state observability it is proved that

d )
=~ {H;,Ho} =~2y;, j=1,..,m (4.45)

solves the optimal non-linear Hy-control problem. [

4.2.4 Non-linear H,-design for PCH-systems

For the non-linear H,,-design we consider a PCH-system with the Hamilto-
nian function

H= HO—ZH JUC; — ZH,LJ iy (4.46)

j=1

where the number of disturbance inputs d; equals the number of control
inputs uc,j, 7 = 1,...,m. Again a perfect sensor/actuator collocation is
taken for granted, i.e. the output functions read as

ijHu’j, _]=1, ,m . (447)

As already discussed in detail in Section 2.3, within the scope of the non-
linear H-design, we are looking for an optimal solution ug and d* of an
optimization problem with the objective function

+ llucl® —v Ildll2> dt
(4.48)

Joo =  sup N
deLy[0,00) uceL"‘ [0,00) 2

for the disturbance attenuation level v > 0. In a second step, we also try to
find the minimum value of .

Proposition 4.2. Let us assume a PCH-system with the Hamiltonian func-
tion (4.46) and the associated natural outputs (4.47). Suppose that the control
nputs act in the same way on the structure as the disturbance inputs, i.e.
H,;=Hg;=Hj, j=1,... ,m and that the relation {H;, H;} = 0 holds for
alli, 5 =1,...,m. Then the control law

4
UC,]~ ,Y_ldty]) J_la---am (449)

solves for v > 1 the optimal non-linear Ho.-control problem with respect to

the objective function (4.48) [118], [122], [125].
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Proof. For infinite-dimensional PCH-systems recall the stability hypothesis of
Subsection 4.2.2. Following Theorem 2.2 the non-linear H,-control problemn
is solved by finding a positive (semi)-definite solution V' of the associated

HIBIi (2.46)
2 2 2
+ fluc|” = vlid| )) <0.

d
su inf
deLm[I(; o0) UC eL’"[O o) <dt 2 (}‘ dt

(4.50)
Taking into account the assumption H, ; = Hgqj = H;j, j=1,... ,m, we can
rewrite (4.50) in the Poisson bracket form
su inf V,Ho} — V,H;} (uc; +d;) +
de L [0,00) v LT 10.00) ({ J ;{ 7} (s +d;
(4.51)
1y 2, 2 2
2 Z <{Hj,H0} tue; — ’Ydj) <0.
3=1
With the optimal solutions ug, ; and d}, j == 1,...,m (see also (2.44))
woy = {V,H}} sd & == (V.H) (4.52)

and the suitable candidate for the solution of the HIBIi V = pHyp, p > 0, we
get

g% (1 A (7—;—1)) {Ho, H;}* < 0. (4.53)

Clearly, for ¥ > 1 and p > , /725 the inequality (4.53) is fulfilled. Further-

more, by setting p = we can even solve the associated HJBle (2.45)

1
~—1?
and hence 4 52) becomes

uc,j = \/ {Hﬂ,H 1= \/ dtyJ . (4.54)

This completes the proof. [ |

4.2.5 PD-design for PCH-systems

Again, a PCH-system with the Hamiltonian function

H=Hy- ) Hjuc; (4.55)

i=1
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and the associated natural outputs y; = Hj, j = 1,... ,m form the basis
of our investigations. Without restriction of generality, let the origin be an
equilibrium of the free system. If we succeed in finding a control law which
is derived from a potential function V,, via

> ucdH; = —dV,, (4.56)

Jj=1

then the closed-loop can be considered as a free PCH-system with the new
corresponding Hamiltonian function Hy = Hp + V,, [103], [119]. A well known
controller, which fits this framework, is a P(proportional)-controller

uc,; = — Z Pjiyi (4.57)

with the positive (semi)-definite matrix P and the associated potential func-
tion

- % 2_:2_: il (4.58)

In the sense of the previous subsections the control law (4.57) can be extended
by a D(differential)-controller of the form

m d
- ey 4.59
;D]ldtyl ( )

with a positive (semi)-definite matrix D. Then the change of the extended
Hamiltonian function Hy due to the motion of the system is given by

dH, Y
T;):{HO’H}:“ZZ{H H}Dﬁdtyl ZZDﬂdtyjdty“

j=1i=1 j=11i=1
(4.60)

which is obviously less equal zero. Furthermore, if Hy is a positive definite
functional in the infinite-dimensional case, then the stability hypothesis of
Subsection 4.2.2 together with (4.60) implies the stability of the closed-loop
system.

4.2.6 Disturbance Compensation for PCH-systems

In general, disturbance signals are considered to be signals that cannot be
measured. In many cases we simply make some assumptions about the dis-
turbance, as e.g., in the non-linear H,-control, where the disturbance d has
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to meet the requirements d € L [0,00). But if we find a way to measure
directly or indirectly the disturbance, we will, of course, use this information
to design the controller. Let us assume a PCH-system with the Hamiltonian
function (4.46) and the corresponding Hamiltonian vector field X i analogous
to (4.34)

XH = )(H0 - ZUC,J'XHH,]. - ZdeH"'j’ (461)

=1 =1

where the number of control inputs uc,; is equal to the number of disturbance
inputs dj, 7 = 1,... ,m. In some situations it is possible to design the sensor
layers in such a way that the measured quantities y; satjsfy the relation

m

ZajijH“,j = Z (deHd,j +X]> , @5 € R, j =1,...,m, (462)
ji=1

J=1

so that Xg = Xp, + 372, X; is still a Hamiltonian vector field with the
associated Hamiltonian H. Obviously, Xz and H are the evolutionary vector
field and the Hamiltonian of the closed-loop, if the control law

uc; = —o5Y;, Jj=1,...,m (4.63)

is used. From now on we will refer to this control strategy as the so-called dis-
turbance compensation scheme. A very interesting application of this method
in the infinite-dimensional case for a simply supported composite piezoelec-
tric beam under the action of an axial support motion will be presented in
Subsection 4.3.7.

4.3 Application: Control of Smart Piezoelectric Beam
Structures

In this section, the main aim is to show the application of the previously for-
mulated control strategies by means of an infinite-dimensional PCH-system,
namely a piezoelectric composite beam structure. It is a fairly straightfor-
ward matter to extend the theory to cover plates, see, e.g., [123]. Further,
we intend to make it clear that for infinite-dimensional systems the choice of
the actuators and sensors can contribute quite a lot to the controller design
and hence should be regarded as an integral part of the control task. In this
way, it will be possible to measure those integral quantities by means of the
sensors that are required for the realization of the distributed feedback laws.
The actuators will provide the correctly distributed control input. In recent
years, many control techniques which take into account the distributed na-
ture of structural systems have been reported. We will not consider control
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concepts based on a finite approximation of the infinite-dimensional system.
It should be emphasized that the distributed nature of the sensors and actu-
ators is the fundamental idea behind all the considerations. Nevertheless, the
literature contains many theoretical and/or application-driven contributions
dealing with finite-dimensional approximative models which are more or less
successful. To our knowledge, in [6], was the first time a Lyapunov controller
for a cantilever beam, using a spatially uniform distributed actuator, was
introduced. Since then other controllers based on Lyapunov’s theory have
been developed. Examples are the modal-filtering concept in space of [95]
and different modal sensors/actuators with non-uniform spatial distributions
for certain beams and plates [9], [75], [98], [139], [140].

4.3.1 Preliminaries

The field of smart structures is manifold. It ranges from aerospace applica-
tions to structural acoustics to micro-mechanical devices. In literature one
can find various formulations of what smart structures are. Here we follow
the definition of [4]: Smart structures are structures or structural compo-
nents on which are attached or in which are embedded sensors and actuators
whose actions are coordinated through a control system imbuing the structure
in proportion to their magnitudes to compensate for undesired effects or to
enhance desired effects. Apart from the piezoelectric material, which will be
discussed in the following pages, other materials such as shape memory alloys
(SMAs), electrorheological, electro- and magnetostrictive materials are used
in smart structures. The choice of smart material for a specific application
depends on many considerations, like stiffness, weight, brittleness, specific
energy, temperature sensitivity, integrability, constructive flexibility etc.. It
is not determined exclusively by the demands on the controller design. The
direct piezoelectric effect is the phenomenon which in response to mechanical
strain the piezoelectric material produces dielectric polarization. This effect
is responsible for the sensor capabilities of the piezoelectric structures. Con-
versely, the actuating capabilities are due to the converse piezoelectric effect,
which says that an electric field applied to the piezoelectric material induces
a mechanical stress in the material. The most frequently used piezoelectric
materials are piezoceramics (e.g., PZT’s) and piezopolymers (e.g., PVDF’s).
Where generally piezoceramics suffer from inherent brittleness, piezopoly-
mers have a weaker electromechanical coupling coefficient [9]. From the con-
trol point of view piezoelectric materials have the big advantage of making
it easy to adjust the sensors and actuators to the special application of the
structure that is to be controlled. For instance, this can be achieved by shap-
ing the surface electrode of the piezoelectric material in the spatial domain
[50], [51], [76].

It is well known that at higher electric field strengths the polarization
of the piezoelectric material saturates and hence a significant hysteresis and
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strain-based non-linearities appear. A tracking control strategy for a piezoce-
ramic actuator with hysteresis can be found, e.g. in [34]. However, in context
with the piezoelectric structures which are being considered the mathemati-
cal model is restricted to the fundamental relations of linear piezoelectricity
with the constitutive equations

04 = Zcijktakt - ZakijDk
ki k (464)

E, = “Zaiklffkl +Zdika ,

kl k

where o denotes the stress, ¢ the strain, D the electric flux density and E
the electric field strength [105]. The integrability conditions

Cijkl = Cjikl = Cijlk = Cklij, Gkij = Qkji, dij = dj (4.65)

guarantee the existence of an energy function w,

t
%) %)
wp:// Zﬂijgt'sij‘?-ZEib"t‘Di wydt (4.66)
0v \¥ *

or

1
wy, = /5 Zcijkw“&ij - 2Zaiklf5lei +ZdikaDi wy  (4.67)

v ijkl ikl ik

with V' as the volume of the structure and w, = dz;dz;d2; as the related
volume element. Here, we assume that no energy is stored in the structure at
time t = 0, i.e. initially w, = 0. Many piezoelectric materials are relatively
insensitive to temperature variations [9]. For this reason we shall also ignore
the coupling with the thermal field in the constitutive equations (4.64). A
mathematical model of piezoelectric sensors and actuators, which takes all
the effects of the interaction of mechanical, electrical and thermal fields into
account, is presented in [49]. Inside the piezoelectric lamina, the free volume
charge density is zero and hence Maxwell’s equation for D reads as

%)
—D;=0. 4.
; I 0 (4.68)
In an electrostatic field the electric potential P,; completely describes the

electric field strength E by

9
621;

and since the metallic electrodes define equipotential surfaces, the electric
field strength E is perpendicular to the electrodes.

E,=——P, (4.69)
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4.3.2 Beam Structure under Consideration

Generally, a piezoelectric beam consists of a large number of thin layers of
laminae with and without piezoelectric properties. The different piezoelectric
layers are supposed to be perfectly bonded to the substrate and they can
be either used as actuators or sensors. Henceforth, all our considerations are
based on a simply supported piezoelectric composite beam shown in Fig. 4.1.
The flexural vibrations due to different disturbances, namely lateral loadings
and axial support motions, are studied in the (21, 2z3)-plane, where 2; is the
axial and z3 the lateral coordinate. The longitudinal displacement will be
denoted by u; and the normal displacement by us.

piezo/substrate i
layers 3

1A
I

N 4
AN X/
7

T

AN

Fig. 4.1. Simply supported composite piezoelectric beam.

For the derivation of the mathematical model let us assume that the
stresses 0;; = 0 for ¢+ j > 2 and the electric flux density D; =0 for ¢ = 1, 2.
Since (4.68) must hold, it follows that the component D3 of the electric flux
density is a function of z; and z9. In the literature one can find other ap-
proaches where assumptions on the components of the electric field strength
E are made. Essentially, this approach leads to the same structure of the
mathematical model and hence does not change anything for the controller
design. Inserting these simplifying assumptions into (4.64), we obtain the
constitutive equations of the beam in the form

dT11 = C*Ell b a"D3 (470)
and

E3 =—a%ey1 +d*Ds (4.71)
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with the effective material parameters a*, c* and d*. The longitudinal strain
€11 is related to the beam’s curvature by means of the Bernoulli-Euler as-
sumption
32
€11 = €11 — 23— U 4.72
11 11 382% 35 ( )
where £;; is the strain in the axis zz = 0 (e.g., [147]). In the sense of v.
Karman a non-linear formulation is used for €1y, i.e.

_ 8 178 \°
€11 = 'gz—l'ul + 5 <—8Z—1U3> . (473)

Thus, the potential energy (4.67) for the beam being considered takes the
form
1
wp == / (c*e?, —2a*e1; D3 +d* D) wy, =

2
v

1 (.. # N\ L. i 4 D2
5 C €11 — Zga—z?u:g —2a €11 — 23‘6—;?'71'3 D3 + 3| Wy -
Vv
(4.74)

By neglecting longitudinal and rotational inertia, the kinetic energy wy is
given by

L 5 2
W = /% (au;;) le (475)
0

with p = [ 4 PwWa, the mass density p, the cross section of the beam A lying
in the plane z; = const. and the related area element w, = dzedz3.

4.3.3 Actuator and Sensor Design

Following the discussion in Subsection 4.3.1, the piezoelectric structures allow
a spatial shaping of the piezoelectric layers, which can be used as an additional
degree of freedom for the controller design. Before starting with the actual
actuator and sensor design, we will summarize the contributions, which a
suitable choice for the actuators and sensors can make to the controller design,
in the following remark.

Remark 4.5. For this purpose let us assume that the piezoelectric structure
is an infinite-dimensional PCH-system with the Hamiltonian functional (see

(4.46))

m 1
H= Ho - ZH“’qu'j - ZHd'jdj . (4.76)
J=1 j=1



4.3 Application: Control of Smart Piezoelectric Beam Structures 105

e At first, let the disturbance inputs d;, j = 1,...,! be zero. If we succeed
in designing the piezoelectric sensor and actuator layers in such a way that
the associated natural outputs y; = H,;, j = 1,...,m, are measured,

then the non-linear Hjy-design of Subsection 4.2.3 and the PD-controller
design of Subsection 4.2.5 can be solved.

¢ In the case of nonvanishing disturbances, if it is possible to design | = m
piezoelectric actuator layers such that the relation H, ; = Hy; = H;, j =
1,...,m, holds and the corresponding sensor layers measure the natural
outputs H;, j = 1,... ,m, then we can find a solution for the non-linear
H,-design of Subsection 4.2.4. The condition H, ; = Hy; says that the
plant input »; (in our case the voltage applied to the j’th actuator layer)
acts in the same way on the structure as the disturbance d;, with the spatial
distribution Hg ;. Therefore, if d; is known, its influence on the system can
be exactly eliminated [50], [51].

o In some cases the design of the piezoelectric actuator and sensor layers
enables a disturbance compensation in the sense of Subsection 4.2.6.

Without going into the details of the special realization, we will subse-
quently elaborate the fundamental possibilities of designing a spatially dis-
tributed piezoelectric actuator and sensor layer. The actuator design is based
on the constitutive equation (4.71) where we neglect the influence of €;, on
E3. This simplification is admissible, since the self-generated voltage due to
the direct piezoelectric effect is insignificant compared with the applied elec-
tric field (see e.g., [137]). The integration along the electric field strength
from one electrode of the 7'th piezoelectric layer to the other leads to the
result

ha,;(21)
E3d23 =d* (hg,j (21) - hlyj(zl)) D3 = d*Tj (Zl) D3 = Uj (477)
hy,;(21)
or
U.
Dy=-—2 :
P AT (=) (478)

with the height of the piezoelectric lamina T} (z;) and the applied voltage
U;. Now we assume that the beam is built up symmetrically with respect to
the mid-plane z3 = 0. But the voltage U; and hence the poling field applied
to the two piezoelectric layers of the 7'th layer couple can be chosen to be
symmetric or antisymmetric with respect to z3 = 0. Thus, let us consider
a piezoelectric beam with 2m layers, where m, layer couples are supplied
antisymmetrically by a voltage U?, j = 1,... ,m, and m, layer couples are
supplied symmetrically by a voltage U7, j =1,...,m,. From now on, the
symbol s stands for symmetric and a for antisymmetric. Apart from supplying
the two piezoelectric layers of the j’th layer couple with an antisymmetric
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voltage U, one can obtain the same results by varying the poling direction
of the piezoelectric lamina accordingly.

Under the assumption that the voltage sources for the supply voltages U}
and U7 are ideal we can neglect the term d* D? in (4.74). Consequently, taking
into account (4.78) and the symmetry of the effective material parameters
a*, ¢* and d* with respect to z3 = 0, we obtain the potential energy (4.74)
of the beam in the form

1 o 178 \*\ 2\
= [ = Z (= Ao | = dzi—
wp /2 Al <821UI+2 (E)zlus) ) + /2 (8zfu3> “
0
L
o B, a \?\,.
[ (e ) e
0 7=1
L
ma 82
/ /1?-’(21) (EQ-UB) (]J dzl
0 J=1 !
(4.79)
with
2m 2m
A= /c;-wa , A= c;zgwa (4.80)
7=, =1y

and
hgd(zl)b;,j(zl) 9" -
a a™
A;(Zl) = / / —d;T;(zl)wa = d; B (1)
hi (=) b ;(21)
h34(21) 83 ;(21) . . )
A (z) = / / 2a7 23 We = a} (hg;(z1) + h% ;(21)) BE (21) ‘
d;T7 (1)

J d*_‘
J
hlf,j(zl)b‘f.j(zl)

.

(4.81)

A; denotes the cross section of the j'th layer and w, = dzadz; is the related
area element. Here, A5(21) and A%(z;) serve as shaping functions which can
be adjusted according to the requirements of the controller design [68]. At
the edges of the electrodes 3 ;(z1), b3 ;(21), b} ;(21) and b5 ;(21) the electric
field is assumed to be homogenous and no edge effects are taken into account.
Hence, inside the structural lamina (from hj ;(21) to h3 ;(z1) or from h{ ; (21)
to h$ ;(21)) and outside the area of the piezoelectric lamina not covered by
the electrodes, the voltages U; and U are zero. Fig. 4.2 sketches a possibility
of creating a specified spatial distribution of A3(z1) and A%(21) by means of
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shaping the corresponding electrodes. At this point it should be explained
that the poling direction in the piezoelectric layer can only be up or down,
due to polarity. The voltage supplied, Uj, is either positive or negative. Fig.
4.2 shows all different possible combinations for creating a symmetrically or
antisymmetrically supplied piezoelectric layer couple. Fig. 4.3 shows a second
possibility for A;?(zl), where the thickness of the piezoelectric lamina varies
over the length of the layer. Of course, a combination of these methods is
also possible. It should be emphasized that Figs. 4.2 and 4.3 depict only the

A Z
2 B(z,) electrode
7 s

U i =
+U. - Y
% piezo Jamina m@r—plane

T Zz Y .. - P Z]

] Nl
477 ¢
_UJ.! ptezo lamina 4} |

po]ing
directions

Fig. 4.2. Principle of surface shaping of the electrode for an actuator layer couple.

electrode

mid-plane

7
~1
>

/
/

_ structural lamina
piezo lamina

Fig. 4.3. Principle of shaping the piezoelectric lamina for an actuator layer couple.
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ideas relating to the design of a specified shaping function in principle [68].
In a practical application one will use more sophisticated surface patterns
of the electrodes for achieving the shaping functions (see e.g., [75] and the
references cited there).

Analogous to the actuator design, the constitutive equation (4.71) also
serves as a basis for the derivation of the sensor equations. But here we
assume that the electrodes of a piezoelectric sensor layer are short circuited,
ie.

—0*611 + d*Da =0 , (482)

and in addition they are assumed to have an identical surface pattern. By
integration over the effective metallic surface of the electrodes of the j’'th
sensor layer we get the electric charge Q; in the form [75]

L b2,5{z1) L .
a*
Qj =/ / D3dzpdz; =/?f,Bj (z1) endz (4.83)
0 b1,;(21) o’
or
L . 2 2
aj 8 1/ 0 g
.= | 1R, — (= — 2a—= d 4.84
Qs {d;‘- i(21) (821“‘ t 2\ 3z us zaazfua “ ( )

with Z3 as the distance from the mid-plane to the middle of the j'th sensor
layer (see Fig. 4.4). Since the layers of the piezoelectric beam are arranged
symmetrically with respect to the mid-plane, we again have two possibilities
for measuring the charge. On the one hand we can take the sum of the charge
of the two corresponding layers of a sensor layer couple and we get

L
. . 8 18 \°
Qj = /FJ (21) (-8711111 + 5 (8_,‘4'1“3) ) dz; (485)
0
with the shaping function
2a%
I} (z1) = —FBj(a1) - (4.86)
j

On the other hand, by taking the difference of the charge, we directly obtain
the result

L
(')2
Q2 = / I} () 5puads (4.87)
0

with the shaping function
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2z3a}
I§ () = —2B; (2) . (4.88)
j

By means of these shaping functions it is possible to measure specified spa-
tially distributed quantities [68]. The principle of shaping the sensor layers is
shown in Fig. 4.4. Here also the right choice of the polarization profile within
each layer of one sensor layer couple offers an additional possibility to create
the shaping functions (4.86) and (4.88).

' B(z,) electrode
o P

measurement L i ~ -1 mid-plane
instrument piezo lamina 8, | -~ ’JZ////

Q;"‘ I/I‘— &) : Z

- Lo — % =
Q¢ < e Ly

i 1

% i = i
piezo lamina  §}} -

L ] poling

directions

Fig. 4.4. Principle of surface shaping of the electrode for a sensor layer couple.

4.3.4 Mathematical Model for the Beam with Lateral Loadings

Fig. 4.5 depicts the piczoelectric beam of Fig. 4.1 under the action of two
lateral loadings, one of which is assumed to be constant spatially x, (z1,¢t) =
dy (t). The other is linear X, (21,t) = da (t) z1/L with L as the total length of
the beam [68]. By running through the Hamilton formalism with the kinetic
energy of (4.75) and the potential energy of (4.79), we obtain the equations
of motion in the form

8_2u +A 84 A 8 8 _+.1 _8._u ? iu +
Ho s T 25 a s = Mg W\ aa " T2\ %) |85,
Zazl( >Us+za2 ()07 ~x =0

(4.89)

and

d g 1/ 0 2 UL , .
Algz'; <-a—z—l-ul +§ (8—‘2111.3) ) —;8—21/1]- (21) U5 =0. (4.90)
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A(2,50)
Wjﬂ X.(z,,0)
| Libiidd

M < A
VAN, pa'y,

é//// ///

Fig. 4.5. Simply supported composite piezoelectric beam under the action of lateral
loadings.

Here, x = d, (t) +d2 (t) 21/ L denotes the lateral loading as shown in Fig. 4.5.
The flexural boundary conditions for the beam, which is simply supported at
21 =0and z) = L, are

uz =0 and A2 u3+ZA (21)U =0 (4.91)

and the longitudinal boundary conditions are given by
Uy (0, t) = U (L, t) =0. (492)

Remark 4.6. At this point it is worth mentioning that the theory being pre-
sented also comprises beams with other boundary conditions, like e.g. a can-
tilever beam. All subsequent considerations remain valid and can be applied
without additional effort (see, e.g., [40], [123]).

The evaluation of the integral (see (4.90))

L
0 1 . Us
[ (a—‘* (a)) ZA )07 | da1 =
0
9 1 -
(Al (a—hul+§< ’LL3>> ZA 21 L=
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L
A
= / (?1 (6—21113) ZAS 21 ) dzl + Al (u1 (L t) —ux (0 t))
0
(4.93)
together with (4.92) leads to a simplification of (4.89) in the following form

52 o o 9 2
prg + AQE—Z?U;; + Zl 6_2%/1'7 (zl)Uj - (dl (t) + d2 (t) "L—> -

L

1 A . 8

z/ 2 (6—21113) ZA 21 21 3 2U3——0
0

For the sake of simplicity of the notation the problem-oriented scaling with
respect to the total height T of the beam

(4.94)

; =21 i =1 i =2t A
La 3 = T; - L2 1 ’
1. A T2 a,s a,s L
= :1 y AJ’ ( ) Aj' (21) Uy = ulﬁ,
2 (4.95)
- L4 L4 L2
d =di—, d =dy—— us, , = U?
1 1A2T7 2 d2A2Ta UC’J UJ A1T2,
. L?
%’J ';zAQT

is introduced, where a tilde refers to a non-dimensional quantity. Henceforth,
we will ignore the tilde-symbol. Thus, with the abbreviation p = %ug the
equations of motion take the form

o 9 P
5P ANt @Aj(z)uc,j —(dy (t) + d2 (1) 2) -

_7::1

1 (4.96)
1 92
k / = —u;; ZAS uC,J 5-2—2113 =0
0
with the boundary conditions
0? Uil
u3=0 and ——ug+ > A%(2)ug ;=0 for ze{0,1}. (4.97)
7j=1

In fact, (4.96) is an infinite-dimensional PCH-system with the Hamiltonian
functional

ma Mg 2
H=Ho—Y) Hut;—> Hiul;—> Hujd;, (4.98)
7=1 j=1 ij=1
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where the Hamiltonian functional of the free system Hp is given by

1 52 \2 WEYFIEIAY
= - — d 4.99
Hy 2/<P+<32 ))dz+8 /(azw) z (4.99)
0 0
and the interaction Hamiltonian functionals read as

32
Ha.:—/A‘?ZEU;;dZ ,j=1,...,m

2
= / /A" <—u3> dz ,j=1,...,m, (4.100)

Hy; =/u3z(1'1)dz ,ji=1,2.
0

Consequently, we can also formulate the measured charges of (4.85) and (4.87)
in the scaled version with

- L
F; (Z) :‘FJ"g (Zl)7 Qs = erQ
) ) ’ (4.101)
F;Z(Z)=F;-z(21), Q?Z ?T

By neglecting the tilde again, we obtain

1
I 0 178 \?
Qj = /FJ (2) <z)—;u1 + 3 <—8;u3> ) dz (4.102)
0

and

1

Q5 /F“ (2) 5= & u3dz (4.103)

0

4.3.5 Controller Design for the Beam with Lateral Loadings

In Remark 4.5 we have pointed out that the design of the sensors and ac-
tuators for infinite-dimensional PCH-systems can be regarded as a part of
the controller synthesis. We have further shown that the application of the
non-linear H-controller design of Proposition 4.2 is only possible if for the
underlying PCH-system the control inputs act in the same way on the struc-
ture as the disturbance inputs, i.e. H, ; = Hy; = H;, j=1,... ,m, and the
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sensors measure the natural outputs, ie. y; = H;, j = 1,... ,m. In order
to meet these requirements for the mathematical model (4.96) - (4.100), we
choose two antisymmetrically supplied piezoelectric actuator layer couples
(mgq = 2, ms = 0) with the shaping functions

z

';(z)z(l—z)g and A3(z) = (1-22) % . (4.104)

Inserting (4.104) into the interaction Hamiltonian functionals H7 ;, j = 1,2
of (4.100), we can immediately see by simple integration by parts

1 1

9
s = / Aa(l?*“SdZ— —A“(Z)—us + ——Aa(z)u3

) &2
/5—' ; ugdZ
0

that the condition H, ; = Hy; = H; for j = 1,2 is satisfied. Thus, with the
shaping functions (4.104) the equations of motion (4.96) are simplified to

1

o o 178 V', )&

v g | [ 5 (5m) o) g @0+ -
0

(d2 (t) +ugz) 2 =0

\o

=0 =0 (4.105)

(4.106)
with the boundary conditions
2
uz=0 and 5 +5us =0 for ze€{0,1}. (4.107)

Furthermore, we have to design two piezoelectric sensor layer couples to mea-
sure the required natural outputs H, ;, ;7 = 1,2. Comparing (4.103) with
(4.105), we can directly deduce that by means of the shaping functions

If(2)=—A%z) , j=1,2 (4.108)

the natural outputs Q% = Hp ;. j =1,2 are measured.

Simulation Model. For the purpose of simulation the deflection ug is ap-
proximated by the finite series

l
uz (z,t) = ZXi O)sin(imz) , 0<l< o (4.109)

and this approximation is inserted in the equations of motion (4.106). The re-
sulting error is interpreted as a transverse loading and following the principle
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of Galerkin, the weighted erroneous system has to form an equilibrium system
(e.g., [147]). This procedure leads to a set of non-linear ordinary differential
equations

dX;
dt

dVi
Tl —X; (im) 2 (zvr

=V

21: (4.110)

2 ] ) 9 . )
— (1 = cos (im)) (ug,+di1) — — cos (im) (ug 5 + da)

»&l?&*

for i = 1,...,l. The finite model (4.110) is a member of a special class of
finite-dimensional non-linear systems, namely the so-called Al(affine-input)-
systems [52], {103], [144]. A non-linear controller design based on the theory
of exact input-to-output linearization for this finite model can be found in
[117).

Non-linear H,, -design for the Beam with Lateral Loadings. Since
by the actuator and sensor design of (4.104) and (4.108) the conditions for the
non-linear H,-controller design are fulfilled, we are able to apply Proposition
4.2 to the PCH-system (4.106). Hence the optimal control law reads as

a d a . 7 .
uc,]-——-—aan with (1:1/—7T1,]=1,2 (4.111)

for a given v > 1. Fig. 4.6 shows the simulation results for [ = 6, the scaled
material parameter k = 12 and the lateral loadings d; (t) = 0 and dj (t)
is the sawtooth in Fig. 4.6 a.). The deflection in the middle of the beam
us (0.5, t) for the uncontrolled case @ = 0 and for the controlled case with the
controller parameters & = 10 and a = 100 is illustrated in Fig. 4.6 b.). The
corresponding voltages u& ; and ug; 5 are demonstrated in Figs. 4.6 c.) and
d.), respectively [68]. One can see that, depending on the maximum voltage
supply allowed, a better suppression of the vibrations can be achieved. Fig.
4.7 depicts the simulation results of the piezoelectric beam under the action
of step changes of the lateral loadings in the form

di(t) =50(t) and d3(t) =100 (t—3), (4.112)

whereby o (t) denotes the unit step. Since the controller (4.111) does not have
an integral action, the stationary deflection caused by the step changes of the
lateral loadings is not eliminated. This is why we shall apply a PD-control
law to the piezoelectric beam in the next subsection.

Remark 4.7. In the configuration of two collocated piezoelectric actuator/sen-
sor layer couples with the shaping functions (4.104) and (4.108), the vibra-
tions caused by any lateral loading, independently of its spatial distribution,
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Fig. 4.6. Simulation results for the non-linear Hoo-design for the beam with time-
harmonic lateral loadings.

can be suppressed. The reason is that one actuator layer couple, which acts as
a spatially constant load on the structure, cancels all even vibration modes.
The other actuator layer couple, which imitates a spatially linear load, rejects
all odd modes. This fact can be easily observed in the finite approximation
(4.110).

PD-design for the Beam with Lateral Loadings. The actuator and
sensor design of the previous subsection with its inherent sensor/actuator
collocation also allows us to perform a PD-controller design due to Subsection
4.2.5. Here, we restrict the general PD-feedback of (4.57) and (4.59) to

ug _ QY
u‘é’,Q Q3
with the positive constants P;; and D;; and the scaled measured charges

Q% = Hyj, j = 1,2. For the investigation with a sawtooth excitation (Fig.

P 0
0 Py

d a
Dy 0 } Et-Ql (4.113)

0 Dll i]‘_ a
392
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12 0.25 -
10 without control
0.2
8 dl(t) [\\d
0] =10
6 : 0.15
4
0.1
2
0 0.05
-2 o
0 1 2 3 4 5 L 6 0 1 2 3 4 51 6
a.) b.)
uf, ul,
1 1
0 0
-1 \f
1
2
3 =10 -2 =10
-4 3
-5 4
-6
-7 -5
-8 -6
0 1 2 3 4 51 6 0 1 2 3 4 5 16
c.) d)

Fig. 4.7. Simulation results for the non-linear H.o-design for the beam with step
changes of the lateral loading.

4.6 a.)) we get simulation results similar to the ones of Figs. 4.6 b.)-d.).
In contrast to this the PD-feedback (4.113) shows different results from the
non-linear H,-controller for the step changes of the lateral loadings (4.112).
Now, by means of the P-controller part, it is also possible to decrease the
stationary error of the deflection w3 (0.5,¢). Fig. 4.8 depicts the simulation
results for two different parameter sets, namely Py, = 100 and D;; = 20 in
the first and P;; = 1000 with D;; = 50 in the second case. These simulations
should further demonstrate that by adjusting the controller parameters Py,
and D, a certain performance of the closed-loop can be obtained, provided
that the required voltages are within the possible voltage range.

Remark 4.8. However, with an integral part in the controller, the stationary
error can be made zero. But an integrator in the controller not only does not
fit the framework of Hamiltonian systems, it also partially destroys the Hamil-
tonian structure. Hence, to the best knowledge of the author, further research
work is necessary to overcome these problems in the infinite-dimensional case.
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Fig. 4.8. Simulation results for the PD-design for the beam with step changes of
the lateral loading.

4.3.6 Mathematical Model for the Beam with an Axial Support
Motion

Now, we will discuss the simply supported composite piezoelectric beam of
Fig. 4.1 under the action of an axial support motion ds (t) (see Fig. 4.9).
Except for the longitudinal boundary conditions (4.92), which change to

u (0, t) =0 and u (L,t) =ds (t) , (4.114)

the mathematical model of Subsection 4.3.4 remains the same. Since the
lateral loadings are zero, i.e. dy = do = 0, the adapted equations of motion
(4.96) and (4.97) read as
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Fig. 4.9. Simply supported composite piezoelectric beam under the action of an
axial support motion.

o o o 02 &
5Pt 5t Z:g?/li(z)ucl kur (1) 5 —us =
1 (4.115)
1 . 92
k —u3 ZA ucZ 6 2u3--0
0
with the boundary conditions
& o
us =0 and ——uz+ Y A (2)ug,; =0 for ze{0,1}, (4.116)

i=1

The change in the longitudinal boundary conditions also brings about that
the measured scaled electric charge of (4.102), after a single integration by
parts, takes the form

Q=T3(1)w (1,2) +] (—%r; (2)uy + 5‘32(Z) <%u3>2) dz .
0

(4.117)

4.3.7 Controller Design for the Beam with an Axial Support
Motion

Comparing (4.115) with (4.117), we can see that one symmetrically supplied
piezoelectric actuator and sensor layer couple (ms = 1) with the shaping
function A5 (z) = I3 (2) = 1 together with the control law

P (4.118)
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cancels the effect of the axial disturbance u; (1,t) in the sense of the distur-
bance compensation of Subsection 4.2.6 [62]. Thus, the equations of motion
(4.115) and (4.116) result in

] 8 N
EP + EEU;} + Z -5;/1]- (z)uc)j =0 (4.119)
j=1

with the boundary conditions

92 -
u3 =0 and Pk ZA?(z)u“C)j =0 for z€{0,1}. (4.120)
Jj=1

In order to suppress vibrations due to an initial deflection or a lateral loading,
an additional non-linear H,- or PD-controller for the system (4.119) can be
designed. As already mentioned in the Remark 4.7 the two collocated actuator
and sensor layer couples with the shaping functions (4.104) and (4.108) in
combination with the control laws (4.111) or (4.113) will suppress all even
and odd excited deflection modes.






5. Hydraulic Drive Systems

In this chapter, we discuss two types of hydraulic drive systems, namely
a valve-controlled translational piston actuator and a pump-displacement-
controlled rotational piston actuator, with particular emphasis on the aspect
of control. In [13] these two hydraulic drive types are classified as the two
basic ways to control the flow of fluid power to a load. Generally, hydraulic
actuators are used to convert hydraulic energy to mechanical energy and vice
versa. The main advantages of hydraulic power transmission are the light
weight and the relatively small volurne of the hydraulic components. In con-
trast to this, the whole equipment for a hydraulic power system is rather
expensive and power transmission over a longer distance is nearly impossi-
ble. In the sense of the spirit of this book, a strong analytic mathematical
description of the considered hydraulic drives is also presented here. The
model simplifications and the simplifying assumptions for the controller de-
sign are always clearly pointed out to the reader. Furthermore, this chapter
contains two industrial applications, namely the hydraulic gap control with
eccentricity compensation for rolling mills and the swash-plate mechanism of
a hydrostatic drive unit.

5.1 Valve-controlled Translational Piston Actuator

Let us consider the basic configuration of a valve-controlled translational
piston actuator as it is presented in Fig. 5.1. Here, V5 ; and Vp 2 denote the
volumes of the forward and return chamber for z = 0, A; and Aj are the
effective piston areas, z; is the displacement of the piston, my is the sum of
the piston mass and all masses rigidly connected to the piston, g; is the flow
from the valve to the forward chamber, g2 denotes the flow from the return
chamnber to the valve, g;,,; is the internal leakage flow and the external leakage
flows are gess,1 and gest,2. Since for all subsequent considerations the volumes
V6,1 and Vp o and the piston areas A; and Ag are constant, but arbitrary,
the theory as presented covers all the different configurations of single- and
double-ended as well as single- and double-acting hydraulic actuators. For
construction details for these configurations see e.g., [13], [96], [101].
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Fig. 5.1. Schematic diagram of a translational hydraulic piston actuator.

5.1.1 Mathematical Model

Before starting with the derivation of the mathematical model for the valve-
controlled translational piston actuator of Fig. 5.1, we have to define the
constitutive law of the liquid, in our case oil. It is well known that the mass
density of oil p,;; changes with both pressure p and temperature T To start
with, we add the hypothesis that the density is independent of the temper-
ature. Furthermore, since changes in density due to pressure are relatively
small, it is usual to use a linearized constitutive law. However, in the litera-
ture one can find various definitions for the so-called isothermal bulk modulus
B of oil. Here, we follow the definition of [13], [81] or recently {88]

1 1 /oV
Sl i 5.1
'HT V(ap>T=const. ( )

with the total volume V and the pressure p. If the mass in the considered
volume V is assumed to be constant, (5.1) is equivalent to

1 1 (3dp,;
- - ( pozl) (52)
ﬂT Poil ap T = const.
From Fig. 5.1 the continuity equations for the two chambers read as
d

dt (poil (Pl) (Vo,l + Aizy)) = Poit (Pl) (‘h — Qint — qea:t,l) ® 3)

d
3 (Poit (P2) (Vo2 = A2zk)) = pois (P2) (int — Gear,2 = 92)
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provided that the oil temperature 7' remains constant and the oil is isotropic.
Inserting (5.2) into (5.3) and using the fact that the leakage fiows are laminar,
we get

d- Br , _
'& 1= (V0,1 i A1$k) ((h — A — Cing (p1 —P2) Cez:t,lpl)

d Br
'(Ep2 - (V(),Q — A2$k) (—(I2 + A2’Uk + Cznt (pl P2) Cezt,2p2)

(5.4)

with v, = dz/dt and the leakage coefficients Cint, Cext,1 and Cezt,2. Suppose
that the servo valve is an ideal critical center valve and that it is rigidly
connected to a constant pressure pump. The flows from and to the valve, q;
and g2, can then be calculated by

q1 = Ky, 14/Ps — p158(xy) — Ky 24/P1 — prsg(—2y)
g2 = K, 24/p2 — prsg(xy) — Ky 14/Ps — p2sg (—y)

with the supply and the tank pressure ps and pr, the valve displacement
*y, the function sg(z,) = z,, for z, > 0 and sg(z,) = 0 for z, < 0 and the
coefficients K, ; = C4A,iv/2/pou, t = 1,2, where A, ; is the orifice area and
Cj is the discharge coefficient (see, e.g., [96], [101]). Often the dynamics of
the servo valve are much faster than the other components of the hydraulic
adjustment system, and therefore, we will ignore the servo valve dynamics
and consider the valve displacement z,, to be the plant input to the system.
For the later considerations let us take a three-land-four-way spool valve
as it is shown in Fig. 5.2. After the spool valve has been in operation for

(5.5)

p_‘. P T Ps

Fig. 5.2. Schematic diagram of a three-land-four-way spool valve.
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a while, the orifice edges of a critical center valve are eroded by abrasive

material in the oil and hence the leakage flows of the valve are increasing.

If such a worn critical center valve is in its centered position, it behaves
somewhat like an open center valve. Let u1, ug, us and u4 denote the underlap

lengths of the four orifice edges in the case when the valve is centered (dotted

valve piston in Fig. 5.2), then (5.5) changes to

@1 = Ky 1v/Ps — p15g (T + u1) — Ky 2v/p1 — pTsg (—T0 + u2)
g2 = Ky 2/P2 — prsg (zy + ug) — Rv,n/Ps —p2sg(—Ty + ug)

with the modified valve coefficients R'v_i and R’v,i, 1 = 1,2 due to the varying
discharge coefficients. The leakage flows of the valve and the piston them-
selves do not have much influence on the dynamic behavior of the hydraulic
adjustment system and therefore, for the purpose of a controller design, they
may be neglected. But the leakage flows of the valve may cause pressures p;
and pg in the forward and return chamber, with a considerable offset value
Poff from symmetrical pressure conditions, and this effect is no longer neg-
ligible. In order to clarify this statement, one can easily see that the same
piston force F}, can be obtained under totally different pressure conditions

(5.6)

A
F, = Aipy — Aaps = A1 (p1 + poss) — As (Pz + A—;poff) (5.7)

with posy arbitrary, but restricted within certain boundaries, namely pr —
P1 < Posf < ps —p1 and pr — p2 < %J-poff < ps — p2. The problem with
this offset pressure is that it causes a different dynamic behavior for positive
and negative movements of the piston, because the flows from and to the
valve are driven by asymmetric pressure differences. In the closed-loop the
abrasion induced truncation of the orifice edges, described by the underlap
lengths u;, i = 1,... ,4, causes also a resulting stationary offset z, o7s of the
valve position from its original centered position. In general, z, ,¢s depends
on the stationary pressures in the two chambers. To give an explanation, let
us consider the stationary case where the piston force F}, is held at a pre-
defined value Fj ¢ by an underlying ideal force controller. Then, by ignoring
the leakage flows in (5.4), we see that the flows from and to each chamber
must be stationary equal, i.e., g = g2 = 0. Thus, for a given worn critical
center valve (see (5.6)), with fixed underlap lengths u;, i =1,... ,4 and valve
coefficients K, ; and K, ;, i = 1,2, we have three equations for characteriz-
ing the stationary values of the chamber pressures p; s, p2,s and of the valve
displacement z, ,, that are

&

,d = A1P1,s - A2P2,s
Ky 1v/Ps = P1,s 58 (Tu,s +u1) = Ku2\/P1,s — P18 (—Zu,s +ug)  (5.8)
Kv,Z\/pZ,s — PT 88 (mu,s + U3) = Kv,l\/ Ps — P2,s 88 ("xv,s + U4) .
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The offset pressure p,¢s and the valve position offset ., off result directly
from the stationary values py s, p2,s and z,, 5. It is quite clear that the underlap
lengths u;, ¢ = 1,... ,4 and the valve coefficients Rv,i and f(m, 1=1,2 of
the worn critical center valve are not known. But for the controller design it
suffices to take into account the main sources for the non-linear behavior of
the hydraulic adjustment system, that are

s the change of the oil volumes of the chambers, Vo; and V54, with the
piston position zx, which causes a position dependent stiffness,

¢ the non-linear dependence of the flows ¢, and g2 from (5.5) on the chamber
pressures p1, p2 and the valve displacement z,,

o the offset pressure p,¢s in the cylinder chambers and

o the stationary valve offset z, 75 of the valve position.

By neglecting the leakage flows and inserting (5.4) into Fj, = A;p; — A2pe,
we get the following differential equation for the piston force

_(_1_Fh — BrAi (g1 — Al'Uk) _ BrAz(~q2 + AQ’Uk)
dt (Vo1 + A1) (Vo2 — Agzi)

(5.9)

Since in general the stationary valve offset x,, o as a function of the station-
ary chamber pressures, py ; and ps ., is not available, an average value of the
valve offset Z, 05 will be used. This value can be obtained mostly within a
calibration process. Thus, we modify the relations for the flows from and to
the valve, g1 and ¢, due to (5.5) in the form

q1 = Ku,l\/pS —p18g (iu) - Kv,2vpl — PrSg (_iv)
g2 = Ku,2v/P2 ~ prsg (%) — Ku,1v/Ps — p2sg (—Zv)

with Z,, = T, — Ty 05 5. In fact, the mathematical model described by (5.9) and
(5.10) contains all the main non-linearities as mentioned above and therefore,
it will subsequently serve as a basis for the controller design.

The equations of motion for the piston are considered to be of the type

dl‘ =
at BTk
d 1
T e (Fr. — dkvk — Fload)

(5.10)

(5.11)

with the hydraulic force F}, due to (5.7), the damping coefficient di and the
external load force Fj, 4 on the piston, which is assumed to be constant but

unknown. For clearer understanding, the terminology used is summarized in
Table 5.1.

5.1.2 Controller Design

In the field of control of hydraulic actuators numerous textbooks and many
papers have been published in recent years. It is neither within the scope of
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Table 5.1. Nomenclature for the valve-controlled translational piston actuator.

A, A2 . effective piston areas

Ay1,A402 :  orifice areas

Cezt,1, Cext,2 : external laminar leakage coefficients

Ca : discharge coefficient

Cint : internal laminar leakage coefficient
Fload :  external load force

Fn,(Fn,q) . hydraulic force (desired)

d : damping coefficient

Kv,,',ku,i,Kv,,', i=1,2 : valve coefficients

My : sum of rigidly connected piston masses
P1,P2, (P1,5: P2.s) chamber pressures (stationary)

Poff offset pressure in the chambers

PS,PT supply pressure, tank pressure

Q1 flow from the valve to the forward chamber
q2 flow from the return chamber to the valve
Gext,1, ezt 2 external leakage flows

Gint internal leakage flow

T temperature

ui, 1=1,2,3,4 underlap lengths

Vo1, Vo,2 volumes of the two chambers for zx =0
Uk, Tk piston velocity, piston position

Ly, -'ivy (-Tv,s)

valve displacement (stationary)

Toff, Toff offset of the valve displacement
Br isothermal bulk modulus of oil
Poit density of oil

this section nor our intention to go into the details of all these different ap-
proaches. The classical methods of hydraulic control are based on a linearized
description of the plant around a fixed reference position (see, e.g., [96]). In
many practical applications, however, these linear controllers are sufficient in
terms of accuracy and dynamic performance and hence are still very com-
mon in industry. But as we have seen so far, the hydraulic plant exhibits
significant non-linearities and therefore, an increase in the performance of
the closed-loop can only be achieved by controllers that take into account
the non-linear nature of the system. In the literature, linear controllers either
with an adaptation mechanism (e.g., [15], [111], [136]) or robustly designed
(e.g., [27]) are often suggested as a means of coping with the non-linearities.
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But all these approaches assume a linear nominal model of the hydraulic
system and so they mostly suffer from the lack of a stability proof.

The mathematical model (5.9), (5.10) and (5.11) has a very pleasing struc-
ture. It is member of a special class of non-linear systems where the control
input, in our case z,, appears affine on the right hand side of the state space
representation for z,, > Z, off and z,, < Z,, of s respectively. This type of non-
linear control systems is known as the so-called Al- (affine input) system, see,
e.g., [52], [103], {135], [144]. Now, for Al-systems the literature offers a variety
of methods for solving the analysis and control synthesis tasks. Without going
into the details here, the reader who is familiar with Al-systems can easily see
that the mathematical model (5.9), (5.10) and (5.11) with the control input
Ty > Tyoff (Tu < Tuoff) is exact input-state linearizable. For an efficient
tool for the analysis and synthesis of Al-systems, the reader is referred to
the computer algebra package Alsys, which can be obtained free of charge
from the webpage of the Maple Application Center [70]. The knowledge that
the system is exact input-state linearizable greatly simplifies the non-linear
controller design. In the recent literature one can find various papers, which
take more or less advantage of this property. See, e.g., [77] for a differential
geometric approach or [12] for the application of the theory of flat systems.
Another very interesting approach, based on the singular perturbation analy-
sis in combination with exact feedback linearization, especially developed for
oscillation drives, is presented in [86). In fact, it turns out that if the nominal
model parameters match with the reality and the measured signals are not
very much corrupted by noise, the performance of the closed-loop is excel-
lent throughout the operating range and the deficiencies of the linear control
strategies can be overcome. But in some applications, those controllers, which
have to rely on the knowledge of the piston velocity, have problems in the
case of noisy measurements and/or parameter variations. The parameter vari-
ations may typically occur e.g., with a change in the friction, or if the exact
value of the bulk modulus of oil 84 in (5.9) differs from the nominal value be-
cause of entrapped air and/or mechanical compliance. This is also why some
of the proposed non-linear controllers are hardly used in the rough industrial
environment.

However, one of the key observations is that the non-linear controller must
not contain a velocity signal v, because in many applications the velocity
vk can only be obtained by approximate differentiation of the position signal
Zr, which is known to be very sensitive to noise. The differentiation process
would not cause any problems, if high-precision position sensors in combi-
nation with a very high sampling time are used, but this is not the normal
situation in the industry. Therefore, following [67], we will subsequently pro-
pose a non-linear controller for the hydraulic system (5.9), (5.10) and (5.11),
where only the pressures p; and py of the two chambers of the hydraulic
cylinder and the displacement of the hydraulic piston zj; are assumed to
be directly available through measurement. The idea is to perform an ex-
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act input-output linearization (see again e.g., [52], [103], [135], [144] for the
theoretical background on this topic) for the output

(Vo,l +AlﬂCk)Al

z=Fp,+ G;+1In .
T Vo,-z—AzﬂCk)A2

(5.12)

Clearly, z is nothing else than the piston force Fj, due to the pressures p; and
p2 extended by the deviation of the force due to the change of the chamber
volumes. One can immediately see by calculating

d BrAiq BrA292
—z = 5.13
dt i VO,l + Az, Vo,g — Apzy ( )

that z remains constant as long as the flows from and to the valve, ¢; and g2,
are zero. Summarizing, we can write the mathematical model of the hydraulic
system (5.9), (5.10) and (5.11) in the new state variables z, zx and vy in the
form

d Bri BrAz

z =
dt Voa + Az N Vo,2 — Az &

dz B
qp 5k = Uk

d

e (V(),1+A1$k)A‘ (5.14)
—vpy=— | z—dpvy — Bpln ————— — Floaa
dt My

(Vo2 — 1‘121%)A2
with ¢; and g2 from (5.10).

Proposition 5.1. Given a hydraulic system described by (5.14). Let us as-
sume that the position Ti r.f and the unknown, but constant load force Fioaq
determine an admissible stationary point of the system. Then the control law

B A
Ty = Ty,off + (V——I—Kv,lvps -t
01+ A1zk
A - (5.15)
2 p e —
Vo2 — A2z Kozvpe = pT) v
for xy, > Ty, 555 and
_ A,
Ty = Zyoff — V———Kv,2\/P1 —-prrt+
01+ A1z
A -1 (5.16)
2
———Ky1vPs — v
Voo — Azzr 1vVPs P2)

for z, < Ty, or¢ with
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A1 . A2
v=o0o3ln (MM) (M) (517)
Vo1 + Arzk Vo2 — Aok res
guarantees that the stationary point is asymptotically stable throughout the

operating domain for all possible values of the bulk modulus of oil Br >
B min, Provided that the inequality conditions

0 < a; < min (-di, ﬂ“—ﬂlﬂ> (5.18)
mi dy
with
A Ay (VAT + VA
o = Aade (VA + Vo) (5.19)
(A1Vo2 + A2Vp1)

are satisfied. By means of the control parameter o the dynamics of the closed-
loop can easily be adjusted.

Proof. Substituting the control law (5.15) and (5.16) into (5.10) and after-
wards into (5.14), we obtain the closed-loop system written in deviations A
around the stationary point, determined by zg res and Figed, by

d
EEAZ = —alf (A:L'k)

d
EI—ZAmk = Avg (5.20)

d 1
5Avk = m—k (AZ — dkAUk - f (Al‘k))

with

A
Vo + A1 (Azg + Iﬂk,ref)) !
VO,] + Alxk,'ref

( VO,2 - A2$k,'ref >A2
Vo2 — A2 (Azk + Tk ref) ’

One of the key observations here is that the non-linear function f(Azy)
satisfies the sector condition

f(Azg) = Brln ((
(5.21)

0 < BrepAzs < f (Axy) Azg, < 0 (5.22)
with

_ AjAy (VAL + \/A_2)2

cL = 5.23
k (A1Vo 2 + A2Vo 1) (5.23)
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for Az min < Az < AT max With AZg min = —Vo,1/A1—Tk,ref and AT max
= ‘/0,2/A2 —ZTk,ref-

Now, the mathematical model (5.20) and (5.21) can be represented as a
feedback interconnection of a reachable and observable linear subsystem with
the transfer function

S+a1

VA =
(s) mis3 + dps? + Bpers + Brecan

(5.24)

and a static non-linearity

Y (Azg) = f(Azk) — BrerAzk (5.25)

with f(Az) from (5.21). Compare this with Fig. 1.6 of Chapter 1. It can
be immediately seen that the transfer function Z (s) is Hurwitz, if and only
if for a; the condition

d
0<a;<—= (5.26)
mg

holds. Thus, we may apply the well known Popov criterion (see Theorem 1.7

and Remark 1.12 of Chapter 1 or e.g., [59], [144]), which says that the system
(5.24) with the non-linearity (5.25) satisfying the sector condition

0 <9 (Azy) Az, < 00 (5.27)

for Azg min < Ak < ATk max With Azg min = —V0,1/A1~Tk,ref and ATk max
= V,2/A2 —Tk res is absolutely stable if there exists an 17 > 0, such that

Re(Z (jw)) — nwIm (Z (jw)) > 0 (5.28)

for all w € R. Choosing = my/ (dx — aymy) > 0 and performing some
computer algebra calculations, we obtain the result that (5.28) is fulfilled for

) < Ek—IB—T . (529)
dy

The inequality conditions (5.26) and (5.29) can be combined to

. {dr CkBrmi
0<a1<mln<—k—,—im

5.30
e d (5.30)

with B i, as the lower bound for the bulk modulus of il S7. Note that oy
can always be chosen such that —1/7 is not a pole of Z (s) from (5.24).

At first sight this result seems to be a local one because the sector condi-
tion (5.27) holds only in a finite domain Az pin < ATk < AT max. But in
the next step we will show that the set 2 = { Az, Az, Avy € R| Az min <
Az, < ATk may ) is positively invariant, that means, every trajectory starting
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in {2 stays for all future time in 2. Therefore, we can deduce that every ad-
missible stationary point defined by zx .y and Fiaq is asymptotically stable
in 2. For this purpose let us rewrite (5.20) in the original state variables

d 0
-CEAFh = —alf (A.’L‘k) - m (A:L‘k) Avk

d

aAl‘k = Avk (531)
4 fpe = 2 (AF, — dp A

at T T m R T O ve) -

Investigating the limit Azy — Azk max, We obtain imaz, — Az, 0 f (ATk) =
oo. Since now in (5.31) [dAFy /dt| — oo, the system (5.31) can be decomposed
in a fast and in a slow manifold [59]. The trajectories in the fast manifold
rapidly descend to the manifold

Cflf (Axy)

0
EYrn f(Azi)

Avk = - (532)

and since Axy — Axp max it follows that Aviy < 0. The same holds for
Azy — Axg,min then Ayg > 0. So we see that the trajectories do not cross
the boundary of {2. And this completes the proof. |

5.2 Application: Hydraulic Gap Control (HGC) in
Rolling Mills

5.2.1 System Description

Fig. 5.3 presents the schematic diagram of a four-high mill stand with the
hydraulic adjustment system acting on the upper backup roll. The work rolls
are cffectively used for the strip deformation whereas the backup rolls serve
to support the work rolls in order to prevent them from bending too much.
The rolls are running in so-called chocks, which can move vertically in the
mill housing to enable a change of the roll gap. The thickness of the rolled
strip is predominantly determined by the gap between the two work rolls
which is initially sct by a pass-line adjustment mechanism. The hydraulic
positioning system is then used for an exact and fast-acting position control.
This is necessary since the required tolerances of the final strip product are
very tight. Subsequently, we assume without restriction of generality that the
hydraulic adjustment system consists of either a single- or a double-acting
hydraulic ram which can be described by a mathematical model of the form
(5.9) and (5.10).
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5.2.2 Mill Stand Model

In general, the mathematical models of the mill stand used by the rolling
mill’s design engineers are highly complex and based on a finite element
calculation. The problem is that these models are not useful for the purpose
of designing a controller. Depending on the application, one can find various
simpler dynamic models in the literature, which are composed of discrete
masses, springs and dampers. So, for instance, in [3] the stand model was
specifically derived for the identification of the mill stretch coefficient and
the deformation resistance. A simple mill stand model of this category, where
the effect of the roll eccentricities of the work and backup rolls and the
friction between the chocks and the mill housing are also taken into account,
is depicted in Fig. 5.4. The mill stand is modeled in the form of the discrete
masses m; (mill housing), ms (upper backup roll + chock + piston), m3
(upper work roll + chock), the dampers d;, dz and the springs c;, ¢z with the
constant lengths I3, I and I3. The pass-line is ideally supposed to be kept at
a constant position and to coincide with the inertial frame.

connection block —__ servo valve

hydraulic piston x_%____m
hydraulic ram =

mill housing
upper backup roll chock
upper backup roll —__

upper work roll —_

strip entry strip exit l

lower work roll — | pass-line

lower backup roll —
lower backup roll chock —

pass-line adjustment —

foundation — _*

Fig. 5.3. Schematic diagram of a four-high mill stand.
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Then the equations of motion take the following form

d

(—ﬁmi=v,~ , t=1,...,3
d ,

G = A (1 — ) —dyvr + Fr —mug — Ffricq — Frric2
d

meg V2 = —Fp —mag + Fpric) — da (v2 — v3 — Ve, B + Ve,w) —

c2(ze —x3—lo+13 ~ e g+ Tew) (5.33)
M3 s = F, —mag+ Ffrico + da (v2 — V3 — Ve, B + Ve,w) +
c2(x2—x3—lo+ 13~ 2o B + ZTe,w)
d
'(Tt'me,B = Ve,B

d
d_tme,W = Ve,w

with the gravitational constant g, the piston force Fj, due to (5.7), the roll
force F., the friction forces Fy,;c,) and Fyr,2 between the work and backup
roll chocks and the mill housing and the axial deviations z. w (t) and z., g (t)
between the roll barrel and the roll neck of the work and backup rolls, re-
spectively. These axial deviations may arise for different reasons, such as,
inexact roll grinding, non-uniform thermal expansion of the rolls, roll wear
or irregularities in the roll bearings. It is important to take this effect into
consideration because these disturbances appear as periodic deviations in the
strip exit thickness and they are known as roll eccentricities. The reader is
encouraged to consult [35] for further details of causes and effects of roll ec-

i
F fric,l" JF fric2 m x, F Fl |p.p,
1 e
x, 1, Foi m, :
Mage 5 [ |us

pass-line |F

Fig. 5.4. Model of the four-high mill stand.
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centricity. For the friction forces Ffr;.1 and Fyric2 a special bristle-based
dynamic model, the so-called LuGre model, which captures most of the fric-
tion phenomena, is used. Following [23], the friction forces Ffric i, ¢ = 1,2
read as

d
Ffrici = 00,2 + 01,1'5-% +02,; (V1 — Vi44) (5.34)

where z; represents the average deflection of the bristles with

d go.4
4= (v1 — v144) — —;—' abs (v — v144) 2 (5.35)

and

Vs,i

)

2
X = Fe; + (Fs;; — Fc,i) exp (— <w> > ) (5.36)

Here F¢,; denotes the Coulomb friction level, Fg; is the stiction force level,
vs,; is the Stribeck velocity and the coefficients o ;, 01; and o3 ; allow us to
parametrize the friction model. As is shown in [107], the friction model (5.34),
(5.35) and (5.36) has the pleasing property of defining a passive operator from
the relative velocity (v; — v144) to the friction force Fy i, if and only if the
following condition

Fs;
02— 01,4 (Fj - 1) >0 (5.37)

is satisfied. The strip exit thickness h.; and the displacement of the hydraulic
piston xy, as functions of the state variables of the mill stand, are given by

hey = 23 — I3+ Te,W and zp =21l —z24+1y. (538)

In fact, the mill stand model of Fig. 5.4 allows us to investigate all the essential
dynamic effects in a qualitative manner and therefore, it will subsequently be
implemented in the mill simulator to test the feasibility of the proposed con-
trol concepts. The drawback is that most of the parameters like the damping
coefficients, the spring constants and the friction parameters are only known
rather inaccurately.

5.2.3 Material Deformation Model

Next, we want to say a few words about the material deformation model of
the strip. As long as no spatial distribution of the roll load and no dynamic
effects of the deformation process are taken into account, the deformation
model can be reduced to a system of implicit non-linear equations of the
form
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froll (Fr, hem, hen, Oexy Teny Wroll, Tst) =0 (539)

with the roll force F., the exit and entry thickness h., and h.,, the spe-
cific exit and entry tension 0., and o.,, the angular velocity of the work or
backup roll w,oy and the strip temperature Ts;. However, the setting up of
these deformation models consists of solving various differential and integral
equations as well as the definitions of many constitutive parameters, like the
friction coeflicient p between the work rolls and the strip and the yield stress
or as a function of the strip reduction. We do not intend to go into the
details here, but the interested reader is referred to the literature, e.g., [14],
[30], [31], [41] or a more recent contribution {29].

5.2.4 HGC with a Double-acting Hydraulic Ram

In most cases, the conventional strip thickness control concepts in rolling
mills are based on a cascaded structure with several linear SISO- (single-
input single-output) controllers. In the case when the roll gap is adjusted by
means of a hydraulic positioning system, the innermost control loop controls
the hydraulic piston position and is often referred to as the hydraulic gap
control (HGC). It is well known that the underlying physical structure of
a rolling mill is a highly complex non-linear coupled process. Since in the
classical linear SISO-control approach the inherent non-linearities and the
coupling effects are not considered, the performance of the overall closed-loop
system is not always satisfactory. However, the literature contains many suc-
cessful applications of linear MIMO- (multi-input multi-output) controllers
to multi-stand rolling mills, which, in fact, overcome the deficiencies of the
classical single-loop control concepts (see, e.g., [38], [39], [102]). Nevertheless,
all these approaches assume that the process can be described by a linear
nominal MIMO-model and the non-linearities of the process are only taken
into account by means of uncertainty models. These are supposed to satisfy
certain conditions depending on the control design strategy used. This is why
in the literature, the proposed controllers are based either on a linear robust
approach, e.g., the linear multivariable H,-design (see, e.g., [39] and the
references cited therein), or on linear self-tuning concepts as presented e.g.,
in [24]. In many situations the assumptions underlying these models pose
no essential restriction, particularly, if the rolling mill is operating around a
predefined pass schedule. But if the operating point is changing in a wider
range, then the essential non-linearities of the plant to be controlled can no
longer be neglected.

Let us assume that the hydraulic adjustment system consists either of a
single- or a double-acting hydraulic ram which can be described by a mathe-
matical model of the form (5.9) and (5.10). It is quite apparent that the HGC
as the innermost control loop is an essential part of the thickness control con-
cept. We should be therefore aware of the fact that the outer control loops
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cannot make up for performance deficiencies in the HGC. Thus, we intend to
design an HGC such that the following conditions hold:

o The stability of the closed-loop HGC is guaranteed throughout the whole
operating range,

¢ the dynamic behavior remains the same regardless of the initial piston
position and

e the dynamic behavior does not change with the aging of the system (offsets
in the chamber pressures and the valve position or variation of the exact
value of the bulk modulus G because of entrapped air, see Subsection
5.1.1 for details).

For a successful practical implementation of the control concept in a rough
industrial environment we additionally make the following demands on the

HGC:

e Only the pressures p1, pg of the two chambers of the hydraulic cylinder
and the displacement of the hydraulic piston x;, are directly measurable,

o the controller should be insensitive to transducer and quantization noise,

e the HGC should cope with parameter inaccuracies in e.g., the damping
coefficients, the bulk modulus (entrapped air, mechanical compliance), the
friction parameters etc.,

e it should be easy for the commissioning engineer and the maintenance staff
to adjust the dynamics of the HGC,

e the HGC must be implemented on a hardware platform with a predefined
sampling time and '

e the HGC should fit the conventional thickness control concepts for AGC
(Automatic Gauge Control)-systems (see, e.g., [24], [112]).

In order to motivate the non-linear controller design for the HGC, we first
show in Fig. 5.5 the simulation results of a conventional HGC with a simple
P-(proportional) controller, usually used in industry, for four different cases
of offset pressures p,ss and initial piston positions zx o, that are

case A: poss =70-10% Pa , zj0=90-10"3 m (bottom edge)
case B: posy =0-10°Pa , 250 =90-10"3 m (bottom edge)
case C: posr =70-10% Pa , zx0 = 0-103 m (middle)

case D: poss =70-10° Pa , 250=—90-10"3 m (top edge)

For all four cases the deviation of the piston position z; — zxo and the
spool valve displacement x, for a tracking signal zx,.s = xro + 100 -
10-80 (¢t — 0.5) — 100 - 10750 (¢ — 1) in m and for a step disturbance in the
entry thickness of 400 - 1076 m after 1.5 s at a nominal entry thickness of
3.3-1073 m is presented. However, one can easily see that the closed-loop dy-
namics are varying over a wide range and is even different, though the same
offset pressure p,ss and initial piston position z g, for positive and negative
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Fig. 5.5. Simulation results of HGC with a conventional linear P-controller: Devi-
ation of the piston position xx — k0 and the valve displacement z,,.

reference steps. These simulation results are performed for a hydraulic adjust-
ment system consisting of a double-acting hydraulic ram with the effective
piston areas A; = Ay = 0.68 m?, the volumes Vp; = Vp2 = 0.072 m3 and a
three-land-four-way spool valve with a rated flow of 150 1/min. The supply
pressure ps = 270- 105 Pa and the tank pressure pr = 0 Pa. The parameters
of the mill stand (5.33) were extracted from a finite element model and the
roll eccentricities of the work and backup rolls z.w and z. g are set to zero.
The friction coefficients for the LuGre model (5.34), (5.35) and (5.36) can be
partly determined from measurements and partly from fitting the simulation
results the reality. For the deformation process the model of [14], [30] and [31]
for cold rolling is used, where the friction coefficient is fixed as p = 0.05 and
the average yield stress Gp = 567 - 105 Nm—2. In order to get realistic simu-
lation results, a quantization of the piston position of 5 - 1076 m is included
in the simulator and the transducer noise for the pressures in the chambers
is modeled as a band-limited white noise.

In some applications the simple P-controller is extended by a servo com-
pensation. Depending on the quality of the servo compensation the influence
of the offset pressure p,¢s on the dynamics of the closed-loop can be more
or less decreased, but the dependence on the initial piston position zx ¢ still
remains. For the non-linear controller design of the HGC the dynamics of
the mill stand and the mill stretch effect will be neglected and hence we
may directly apply Proposition 5.1 (see also Remark 5.1). For the purpose
of comparability Fig. 5.6 demonstrates the simulation results for the closed-
loop HGC with the non-linear controller (5.15) - (5.17) for the identical data,
reference and disturbance inputs as in Fig. 5.5. The control parameter a; of
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Fig. 5.6. Simulation results of HGC with non-linear controller: Deviation of the
piston position zx — zx,0 and the valve displacement z.

(5.17) was chosen in such a way that the step responses for the case A of
the linear and the non-linear controller show a good correspondence. One can
easily see that with the non-linear HGC the dynamics of the closed-loop are
pretty well the same for all different cases. Further simulation studies allow
us to conclude that the non-linear controller has the ability to cope with the
essential non-linearities of the system as well as with aging-induced changes
of the dynamic behavior. These properties ensure that the outer control loops
in a cascaded system can rely on the fact that the dynamics of the inner con-
trol loop always remain the same. This prevents unexpected problems, such
as unwanted vibrations induced by the piston if it goes to one of the edges
of the cylinder: a common problem in industrial operations.

5.2.5 HGC with a Single-acting Hydraulic Ram

Apart from simulation results field tests were also performed at a reversing
hot strip mill in the Czech Republic by VOEST-ALPINE Industrieanlagen-
bau GmbH, but this time for a single-acting piston configuration (see [104]
for details of the plant). In order to get an impression of the size of this
mill, we will give a brief description of the hydraulic adjustment system. The
head side of the single-acting piston is connected via rigid steel pipes with
two three-stage servo-valves. Because the piston is so large, with an effective
piston area of 1.13m? and a maximum piston displacement is 0.07 m, two
valves with a rated flow of 8001/min are driven synchronously to make the
required oil flow available. The rod side of the piston is filled with nitro-
gen at a constant pressure of 3 - 10°Pa and the volume of the connection
lines is 0.02m?3. Without going into the details here the non-linear controller
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of Proposition 5.1 can also be applied to single-acting piston configurations
with some slight but rather easy modifications (see [104]). Fig. 5.7 depicts
the measured deviation of the piston displacement and the associated servo-
valve position for reference step inputs of 50 - 107% m around an operating
point of approximately 7.8 - 1072 m and no load in the roll gap, with a tra-
ditional linear controller and with the non-linear controller of Proposition
5.1. To enable comparison with the results of the linear controller, and for
testing the controller under extreme dynamic situations, the parameter oy
of the non-linear controller of Proposition 5.1 was adjusted in such a way
that the step responses of Fig. 5.7 show an overshoot of approximately 15%.
As one can immediately see, in contrast to the non-linear control concept,
the traditional linear controller has a different dynamic behavior for steps in
the positive and the negative direction. This fact may, particularly limit the
achievable thickness tolerances and it badly influences the dynamics of the
outer control loops iu a cascaded thickness control concept. Of course, for
the nominal operation of the plant o is decreased such that the overshoot
of the step response vanishes.
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Fig. 5.7. Comparison results of the step responses of the closed-loop HGC with
a traditional linear controller and with the non-linear controller of Proposition 5.1
for a single-acting piston configuration measured in a reversing hot strip mill in the
Czech Republic by VOEST-ALPINE Industrieanlagenbau GmbH.

Remark 5.1. Ignoring the dynamics of the mill stand (5.33) for the controller
design of the HGC is no restriction of the control concept. However, the
stability proof of Proposition 5.1 holds with slight modifications, if addition-
ally the mill stretch effect of the stand frame and the roll stack has to be
considered. Thereby, it suffices to model the upper rolls, the chocks and the
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piston as a single rigid mass m,,. The mill stretch effect is taken into ac-
count by means of a quasi-stationary measured mill stretch calibration curve
Ti,str = fotr (Fn) [110]. Generally, fs: (Fi) can be fairly closely approxi-
mated by a linear function fst, (Fn) = Fj/cstr With cser as the so-called mill
stretch coefficient. Figure 5.8 shows the scheme of the simple mill stand

hydraulic ram

R | Fﬁfc.ur
| | v %
|
5 N |
R e
E <. i
= > F"’ Ol
E< v |l
mm
pass-line TF; hu
S 7 %

Fig. 5.8. Simple mill stand model with a schematic representation of the mill
stretch.

model and the associated equations of motion read as

d

— P = Vey
ar (5.40)
mmavez =—F, — dmvez + F. — mmg

with the strip exit thickness h.,, the piston force Fj, the damping coefficient
dp, the gravitational constant g, the total mass of all moving parts m,, and
the roll force F;.. In the operating range of practical interest, the roll force F;
can be fairly closely approximated by F,. = F,. o — ¢;nher with the parameter
F.p > 0 and the so-called material deformation resistance ¢, > 0. The
displacement of the piston x; is then given by

T =

— Py - (5.41)

Cstr

Consequently, the mathematical model (5.14) must be replaced by
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d (Vo + Arzi) ™ Brhi PrAz

— | Fa + Brln— =

de ( nor Voo — Agre) ™ )~ Vou+ Awzk | Voo — Agai
d

'd‘t‘he:c = Vez

mm'&zver = —Fh - dmve:c + Fr,O - the:c — Mmg

(5.42)

with q; and g from (5.10) and zx from (5.41). Substituting the control law
(5.15) and (5.16) into (5.10) and afterwards into (5.42), we obtain the closed-
loop system written in deviations A from the stationary point, determined
by Tk,ref and Fr,O, by

d d
aAFh = —a1f (Al‘k) - '&Zf(A:Ek)

d

=5 he:c = A ex 543
at” ? (5:43)
d Nver = —— (~AF} — dmA Ah

d—té ex = —_ ( h — 0m&QUez — Cm e:c)

with f (Azc) from (5.21) satisfying the sector condition (5.22) and Az, =
AFy/cger — Ahey. The system (5.43) can now again be decomposed as a
feedback interconnection of a reachable and observable linear subsystem with
the transfer function Z (s) = %ﬁ%,

nz(s) =(s+a1) (mm32 +dmS+cm + cstr)
dZ (’7) = Mm (Cstr + ,BTCk) 33 + (,BTCkmmal + (Cstr + IBTCk) d‘m) 32+

(,BTck (dmal +cnm + Cstr) +- Cstrcm) s+ ,BTckal (Cm + Cst'r) )
(5.44)

which is for a suitable ay, 0 < @) < @1 max, BIBO-stable and a static non-
linearity :

Y (Azr) = f (Axk) — Breg Az (5.45)

with f (Azk) from (5.21) and ¢y from (5.23). On mild conditions concerning
the system parameters the exponential stability can be shown by means of
the circle criterion [59], [144]. To obtain these results some tedious lengthy
computer algebra calculations have to be performed and we do not intend to
demonstrate them here in detail.

Remark 5.2. The non-linear HGC so presented also serves as a key element
for new non-linear MIMO-thickness control concepts in rolling mills which
follow the trend of modern rolling mills towards tighter thickness tolerances,
thinner final strip thicknesses, faster production rates and shorter off-gauge
lengths, see, e.g., (74].
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5.3 Rejection of Periodic Disturbances (Eccentricity
Compensation)

As already mentioned, there is a strong tendency in rolling mills to improve
the quality of the rolled product, especially in relation to the thickness tol-
erances. One problem that may define the limit of the achievable thickness
tolerances and which is not eliminated by means of the conventional thick-
ness control concepts like the HGC, is periodic disturbances in the strip exit
thickness. Here the frequencies are proportional to the angular velocity of
the work and backup rolls, respectively. As was mentioned in Section 5.2.1,
these disturbances are said to be caused by so-called roll eccentricities. Typ-
ical values of the contribution of the roll eccentricity in the final thickness in
hot rolling mills can be about 40 - 10~¢ m and more. The roll eccentricities
arise from axial deviations between the roll barrel and the roll necks, due
to irregularities in the mill rolls and/or roll bearings [35]. Several patents
and papers have been published concerning the active and passive compen-
sation of these eccentricity-induced disturbances. An excellent overview of
the results along the more application oriented branch can be found in [35].
Passive compensation methods try only to avoid the gain effect of the roll
eccentricity in a mill stretch compensation loop (AGC). Whereas an active
eccentricity compensation generates a supplementary signal in the position or
force control loop of the hydraulic adjustment system in order to suppress the
periodic disturbances in the strip. Some of the proposed active approaches
operate in two stages. First, the contribution of the eccentricity is identi-
fied directly from the measured force and/or thickness by using FFT (Fast
Fourier Transform)-based algorithms, neural networks or least squares meth-
ods. Secondly, the resulting amplitude and phase of the eccentricity signal are
then fed to a PI (Proportional Integral)-controller or are used for disturbance
feedforward compensation (see, e.g., [64]). Other methods, like the repetitive
control concept (see, e.g., [33]) or the adaptive disturbance rejection (see, e.g.,
[65], [73]) do not distinguish between an identification and a compensation
element.

Later, we will focus our attention on the latter strategy. The main goal
of the eccentricity compensator is to eliminate the eccentricity induced dis-
turbances in the strip exit thickness. But since the thickness gauge is located
some distance behind the roll gap, the strip exit thickness signal h., has
a significant time delay which depends on the strip exit velocity. This fact
causes great problems in the development of a fast eccentricity compensa-
tion concept based on the strip exit thickness. Hence, we decided to use an
indirect approach by suppressing the periodic vibrations in the piston force
Fy, = Ajpy — Agps. If the deformation resistance of the strip material is
sufficiently large, then this strategy also significantly decreases the periodic
disturbances in the strip exit thickness. A very important fact for the commis-
sioning engineer as well as for the maintenance staff is that the eccentricity
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compensator can be operated together with the conventional control concepts
for HGC-systems and that it can be easily adjusted.

To design the eccentricity compensator, let us at first replace v by v +
Bru with the supplementary plant input u in the non-linear HGC controller
(5.15) and (5.16) of Proposition 5.1. Then by ignoring the dynamics of the
mill stand, the closed-loop HGC-system written in deviations A around the
stationary point (compare with (5.20)), now formulated in the state variables
AFy, Axy, and Avg, reads as

d 0

aAFh = —alf (A.Tk) et m— (A.Tk) A'Uk + ,BT'U-

d

a-i-A:rk = Ay, (546)
1

d—tA'Uk = Ek' (AFh - dkA'Uk + d)

with d as a periodic disturbance, with known period T' summarizing the work
and backup roll eccentricities, the moving mass my = mg +mg from Fig. 5.4
and the damping factor dy. Since the deviations from the stationary point due
to the roll eccentricities are very small, it is enough to consider the linearized
system of (5.46) for the design of the eccentricity compensator. The system
(5.46) linearized around AzT = [AFy,, Az, Avg) = 0 yields to

0 —BTaIEk "—,BTEk ,3 0
i.’c =0 0 1 T+ OT u+ 0 d
T L, Olur | L (5.47)
my my my
y =I
with
_ A2 A2

* Voo + A1z e Voo — AoTires (5.48)

and a lower bound for ¢ given by (5.19). Now, condition (5.18) from Propo-
sition 5.1 ensures that (5.47) is Hurwitz and even strictly positive real from u
to y. These properties will subsequently help us to construct the eccentricity
compensator.

In (73] a discrete version of the eccentricity compensator based on the pro-
jection theorem in a Hilbert space is presented. Here, we will use a passivity
based argument for the time continuous case in order to prove the stability
of the closed-loop. The main result for the adaptive cancellation of periodic
disturbances with a known period but an unknown phase and amplitude is
contained in the following proposition.
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Proposition 5.2. Consider a linear time-invariant system of the form

d

y =clz
where x € R™ is the state, u € R the input, y € R the measurable output
and d a time-harmonic disturbance d = Dy ;sin (j2&t) + Do cos (7%1),
j=1,...,s with knoun period T and constant, but unknown Dy ;, D2 ; € R.
Let us assume that A is Hurwitz, (A, b) reachable, (A, c) observable and the
corresponding transfer function Z (s) = cT (sI — A)™'b is strictly positive
real. Then the adaptive control law

. (.2 2
u= Z <U1,j sin (]—%t> + Uy,; cos (]%t)) (5.50)

i=1
with

d o

—Uy,j = —p;sin (j%t)y

dt 1= s (7 (5.51)

guarantees for p; > 0, j = 1,...,s that y (t) exponentially decays to zero.
The wetghts p; are used to adjust the convergence rate of the suppression of
the various higher harmonics of the disturbance d.

Proof. Let u* = Y5_, (U7 ;sin (j%&t) + U ; cos (%)), Uy ;,Us; € R de-
note the stationary input such that the stationary output y* = Tz = 0.
Then the system (5.49) can be rewritten around the stationary solution
(u*, z*) in the form

d *\ * *
FE-7)= A2 +bu—u) (5.52)
y —y* =cl(z—1z*).

Since A is Hurwitz, (A, b) reachable, (A, ¢) observable and the transfer func-
tion Z(s) = T (sI~ A)—1 b is supposed to be strictly positive real, the
Kalman-Yakubovich-Popov lemma (see Theorem 1.6 of Chapter 1 or e.g.,
[59], [144]) says that there exists a positive definite matrix P, a matrix L and
an € > 0 such that the relations

PA+ ATP = —-LTL —¢P

5.53
Pb —c (5.53)

hold. The closed-loop system (5.52) together with (5.50) and (5.51) in devi-
ations from the stationary solution (u*, z*) reads as
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an

> (Ur —Uiy)sin (5574) +

dt ;

h

—(z —2*) ::A(z—z*)+b{

ng (U2,; = Us,;) cos (J2T”)} (5.54)

d v "
T (Ul‘j - Uf,j) = —p;sin (]27’%) cT (z—z*%)

Ko

d ) :
T (Ua,; — Ug,j) = —p; cos (]Tﬂt) cT'(z—z%)

for j =1,...,s. Clearly, (5.54) is a linear time-varying system and in order
to prove the exponential stability of the stationary solution (U 1 U s z*)

with y* = ¢Tz* = 0, we make use of Theorem 1.3 of Chapter 1. We choose

s

v=%k1 (z—z‘)TP(I~I*)+Z'—.§:(Ui,j - U3,)’ (5.

Ut

ot

ot
S

with k; > 0 and by calculating the time-derivative of V' and taking into
account the relations (5.53), we get

dy -

uF ki (z--z)T (PA+ ATP) (z —2%) + ky (z — 2*)T (Pb—¢)

1=1

/_"M\l\-.”’_‘
-

N —=

(U, - U, sin (24) + i(vz,j—uzj)coso%t)}-

ky(z— )T (LTL +€P) (z ~ 2*) <0
(5.56)

Thus, from Theorem 1.3 of Chapter 1 it follows that (U{,j, U3 z*) is expo-
nentially stable and hence y exponentially decays to zero. [ ]

Remark 5.3. The result of the disturbance compensation concept of Proposi-
tion 5.2 remains valid even if the period T of the periodic disturbance changes
to another stationary value. Furthermore, it turns out that if the variation
of the period is sufficiently slow in comparison with the natural frequencies
of the system, the disturbance compensation also shows good results in the
transient case. Another important feature of the proposed concept is the fact
that the disturbance controller (5.50) and (5.51) does not rely on the specific
knowledge of the plant. It is enough for the plant to satisfy certain structural
properties, namely stability and strict positive realness, which, in general, are
not lost in the case of parameter variations.

Since (5.47) and (5.48) meet all the necessary requirements, Proposition
5.2 can be directly applied to design the eccentricity compensator. Fig. 5.9
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Fig. 5.9. Schematic diagram of the hydraulic position control concept in combina-
tion with the eccentricity compensator.

depicts the schematic diagram of the position control concept (HGC) from
Proposition 5.1 with the plug-in eccentricity compensator of Proposition 5.2.
Since the diameters of the backup and work rolls are known accurately it
is possible to calculate the period of the backup and work roll eccentricities
by measuring the angular velocity w,.y of at least one of the rolls, usually a
work roll. Of course, this takes for granted that there is no slipping between
the work and backup rolls. To test the control concept with the eccentric-
ity compensation, the same mill simulator as described in Subsection 5.2.4
is used. The reference input for the position control is chosen as zy,er =
100 - 10750 (t — 1) and in addition to Subsection 5.2.4 the backup and the
work roll eccentricities of (5.33) are set to z. g (t) = 30-107% sin (17.1¢ + 7 /4)
and z. w (t) = 25- 10~®sin (31.75¢ + 7/2). One can see from Fig. 5.10 that
the eccentricity induced periodic disturbances in the deviation of the strip
exit thickness Ah,, (see (5.38)) are significantly. reduced by the eccentricity
compensator. Various other simulations and field tests [73] prove that the
strategy of eliminating the periodic disturbances in the hydraulic force re-
ally does lead to an improvement in the strip exit thickness deviation. The
simulation results of the spool valve displacement z, and the deviation of
the displacement of the hydraulic piston Az, (see (5.38)) in Fig. 5.10 should
demonstrate the effect of the eccentricity compensator on the hydraulic ad-
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justment system. Note that in this connection a A before a quantity always
refers to the deviation of this quantity from the nominal operating point.
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Fig. 5.10. Simulation of the exit thickness, the hydraulic force, the spool valve
position and the piston displacement with and without eccentricity compensation.

Remark 5.4. There are many different techniques presented in the literature
for the active suppression and rejection of periodic disturbances. Essentially,
these approaches differ from the assumptions on the structural information of
the system and on the stochastic information of the disturbance. Nevertheless,
there are, of course, essential similarities between the different algorithms, as
is shown in {134]. An adaptive digital plug-in algorithm for rejecting periodic
disturbances with known frequency and its application to a magnet disc drive
experiment is considered in [46]. Here, the reference signal is assumed to be
periodic with the same period as the disturbance. The LMS (Least Mean
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Squares) adaptive algorithm used is driven by an error signal coming from a
moving average filter. Another interesting approach for adaptive disturbance
rejection, extended by the factorization approach over the set of BIBO-stable
transfer functions, is presented in [43] and it is also worth consulting the
references cited there.

5.4 Pump-displacement-controlled Rotational Piston
Actuator

Fig. 5.11 illustrates the cross section of a hydrostatic unit with a variable-
displacement axial-piston pump and a fixed-displacement axial-piston motor.
Typical applications for this type of hydrostatic drives are ship steering sys-

swash-plate ) housing swash-plate
at fixed angle piston piston with variable angle
77 WA W
shaft B —— shaft
. rotating cylinder barrel
piston shoe and drive shaft
fixed-displacement motor variable-displacement pump

Fig. 5.11. Cross section of a hydrostatic unit consisting of a variable-displacement
pump and a fixed-displacement motor.

tems, antenna drives or vehicle drive systems (see, e.g., {78]). In these sys-
tems, the pump converts mechanical energy into fluid energy and the motor
converts the fluid energy back into mechanical energy. Since the swash-plate
angle of the pump is adjustable both in the positive as well as in the nega-
tive direction the hydraulic transmission offers continuously variable output
speed in all four quadrants. Therefore, the differentiation between motor and
pump is arbitrary and does not necessarily match with the real operating
conditions. The transmission lines which connect the pump and the motor
are assumed to be short and we assume that the low- and high-pressure side
(transmission line + chambers in the pump or motor + connecting passages)
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can be represented by one pressure value each. Also here, the operating condi-
tions determine which side has high and which side has low pressure. There
are two main sources of losses in the hydrostatic drive unit, namely losses
due to internal and external leakage flows and losses due to friction. The
friction losses cause the oil to heat up and so the oil temperature rises. To
counteract this effect a flush valve drains oil from the low pressure side. A
so-called replenishing system consisting of a replenishing pump and two check
valves supplies the low-pressure side with cooled, filtered oil and makes up
for the leakage flows and the flush flow. The check valves prevent the pressure
on both sides from falling below the replenishing pressure pg. Furthermore,
safety relief valves are used to restrict the pressure values in both sides to a
predefined maximum.

5.4.1 Mathematical Model of the Pump-motor-unit

For the derivation of the mathematical model of the hydrostatic drive unit,
some simplifying assumptions will be made, which constitute no essential
restriction for the controller design:

¢ In view of the application to be considered we assume that the pump-motor
configuration is close coupled, i.e. the transmission lines between the pump
and the motor are rather short. Therefore, we may ignore the dynamics
caused by the transport of the oil via the transmission lines from the pump
to the motor and vice versa.

e The pressures, p; and ps, of the two pressure sides are supposed not to
exceed the maximum value defined by the safety relief valves.

e It is assumed that the replenishing pump perfectly compensates for the
drained oil from the flush valve. At this point it is worth mentioning that in
reality the flush valve and the check valves of the replenishing system have a
non-linear opening characteristics and a non-negligible dynamics. However,
if the dynamics are sufficiently fast they may be ignored in the controller
design. Of course, in the simulation model for testing the controllers all
these effects should be included.

In order to get a better understanding, the required quantities for the
mathematical model of the motor are shown in Fig. 5.12. Henceforth, an
index p or m always refers to the corresponding quantity of the pump or
motor, respectively. Since hydrostatic pumps (motors) are designed by a finite
number N, (N,,) of pistons, the flow from the pump to the transmission line
(from the transmission line to the motor) depends on the angle of rotation.
These fluctuations in the flow also cause torque ripples, which have, e.g. in the
case Np = 9, an amplitude of approximately 1.5 % of the normalized torque
[90]. For further details of the range of constructions and the corresponding
acting forces and torques of hydrostatic pumps and motors, the reader is also
referred to [54]. Subsequently, we will use an average pump and motor flow
g, and g,, of the form
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Fig. 5.12. Schematic diagram of the fixed-displacement axial-piston motor.

N, Nm
¢ = Z_;APD” tan (ap)w, and g, = gAmDm tan (am)wm  (5.57)

with the angular velocity w, the maximum geometric displacement D, the
effective piston area A and the stroke angle a. The generated pump and
motor torque M, and M, are calculated by considering an ideal pump or
motor, which means a lossless energy conversion. Thus, we obtain an average
torque by

N; . ) =
M; = 2—;A]~Dj tan (a;) (p1 —p2) with j € {p,m}. (5.58)

From Fig. 5.12 we see that the average motor flow g,, due to (5.57) is asso-
ciated with the flow from the transmission line to the motor, gm 1, and the
flow from the motor to the transmission line, ¢, 2, in the form

dm,1 = gm + qi,m + Ge,m,1 - -
(5.59)
dm,2 = 9m + Gim — Ge,m,2»

with the internal and external leakage flows of the motor ¢; m, ge,m,1 and
ge,m,2- Analogous to (5.58) the average pump flow g, is given by

Gp,1 = qp — Gi,p — Ge,p,1

(5.60)
Gp,2 = qp — Gip t Ge,p,2,

with g, as the flow from the pump to the transmission line, gp 2 as the flow
from the transmission line to the pump and the internal and external leakage
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flows of the pump ¢;p, ge,p1 and gep2. In contrast to the valve-controlled
translational piston actuator of Section 5.1, here the heating of the oil and
hence the dependence on the temperature T will be taken into account. Thus,
by assuming rigid connection lines, we get the continuity equations for the
two pressure sides in the form

d

T (Poit @1, T) V) = poit (P1,T) (gp,1 — Gm1)

; (5.61)
e (Poit 2, T) V) = poit (P2, T) (gm,2 — 9p,2) »

where V' denotes the total volume (transmission line + chambers + connect-
ing passages) of each pressure side and gp,1, gm,1, 9p,2, Gm,2 are given by (5.59)
and (5.60), see, e.g., [13], [96]. The equations of motion for the pump and the
motor read as

d
epawp = Marive — Mp - ﬁ’ffric,p

t (5.62)
9ma“‘f'm = Mpn — Mjgaq — Mfric,nn

with the angular velocity w, the friction torque M¢ric, the drive torque of
the pump My, the load torque of the motor Mjy.q and the moment of
inertia @ of the pump or motor plus all parts rigidly connected to the pump
or motor shaft, respectively [13], [96].

The leakage flows and the friction torques have an essential influence on
the efficiency of the hydrostatic drive unit. One can find many models in the
literature. For a comparison of three different models, see, e.g., [138]. Due to
the geometry of the leakage paths, the internal and external leakage flows of
(5.59) and (5.60) have basically the same laminar characteristic and hence
are linear functions of the pressure difference or pressure

Ce,m

Gim = =22 (py — P2),  Gemy = Pl,  Gem2 = —==D2
wm @ 7P T u(T)
Ci,p Cep CEP
dip = P1—D2), de,p,1 = - s 9e,p,2 = : 2,
Py TR ena =i G2 = gy

(5.63)

with the positive leakage coefficients C; ,, C; p, Ce,m, Ce,p and the dynamic
viscosity p (T'). The dynamic viscosity u (T) changes markedly with the tem-
perature T and can be fairly closely approximated by

u(T) = poexp (M (T - To)), (5.64)

where 1 is the viscosity at the reference temperature Ty and A, is a char-
acteristic constant of the type of oil used [13], [96]. In general, the friction
torque My, is assumed to consist of two different parts, namely
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Miric; = kajp (T)wj + kpj (1 + p2)sign (w;) , j€{p,m} (5.65)

with the positive friction coefficients kq; and kp, ; depending on the geome-
try and the specific construction. The first part, which is proportional to the
angular velocity w and the dynamic viscosity u (T), is mainly caused by the
shearing of the fluid in the small clearances and the second part is a conse-
quence of the forces acting on the swash-plate [54], [146]. In some literature
the friction coefficient k, is not supposed to be constant, as in (5.65), but
is assumed to be proportional to the stroke angle o of the swash-plate (e.g.,
[96]). However, no friction model optimally fits reality and the parameters
have to be adjusted to the measurements in each individual case. For the
purpose of a controller design, henceforth, we will neglect the second part of
the friction torque, i.e. k,p, = kpm = 0. Of course, in order to get realistic
simulation results, the whole friction model of (5.65) extended by the well
known stiction phenomenon should be included in the simulation model.
Summarizing (5.57) - (5.65) and taking into account that the change of
temperature T is negligible in comparison to all other dynamic parts of the
system, i.e. (—%T = 0, we are able to formulate the mathematical model of the
hydrostatic drive unit of Fig. 5.11 in the form
i d N, N,

B () @it = 2m APy tan(@p)wp = 31 Am D tan (am) wrm

G (p1 — pa) — Ce_
w(@ R mh
Vo d N N,
5o (T) rriche Eﬂ_—AmDm tan (aun) Wm — 2—:APDP tan (ap) wp+
i (pr —p2) — _Cé_m
u(T) u(T)
d N,
epawp = Marive — -éf-APDP tan (o) (p1 — p2) — kappt (T) wp
d N,
emawm = EAmDm tan (am) (pl - P2) — Mioad — kd,m/l' (T) Wm

(5.66)

where Ce = C, p + Cem, C; = Cjp+ Ci mm, and B (T) is the bulk modulus of
oil (see (5.2)), with the temperature T as a parameter. In the temperature
range which is practically relevant the compressibility 3 (T') as a function
of the temperature T can be approximated by

Br (T) = Brpo + 22 (T - To), (5.67)

where (1 is the bulk modulus at the reference temperature Ty and Az is a
characteristic constant of the type of oil used [96], [101]. All other quantities
of (5.66) have been explained in the equations above.

As already mentioned before, the replenishing system prevents the pres-
sure on both sides, p; and po, from falling below the replenishing pressure
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pr. Therefore, we have to distinguish between three different operating situ-
ations:

Case I: The pressure ps is held at the constant value of pg, i.e. %m =0,
and the load changes are performed only by the pressure p;. Since in general
Pr is very small, we may set pr to zero and hence we have Ap = p; —pg = p;.
Thus, the continuity equation for the pressure side py written in the pressure
difference Ap read as

V d N, Ny,
A I s = == - mDm m ) Wm
5. () & Ap o A,Dytan(ap) wp o A tan (am) w 6559)
_ Ci + Ce )
u(T)

Case II: Analogous to the first case, the pressure p; = pr = 0 and only the
pressure pg is varying. Then the continuity equation for the pressure side py
written in the pressure difference Ap = p; — ps = —pa yields to

V d A N,
Br (T) d_tAp = EApr tan (op) wp — o A Dy, tan (o) wm
(5.69)
_Ci+C. A
w(T)

Case III: The third case covers the situation where both pressures, p; and
D2, are varying simultaneously. This can happen only, if there is a change
from case I to case II or vice versa. By subtracting the continuity equations
for the two pressure sides, we get
vV d N, N,
maAp = #APD,, tan (o) wp — Ef:—AmDm tan () Wi
#(T)

(5.70)
Ap

with Ap =pP1 — P2.

Thus, from (5.68) - (5.70) together with (5.66) it can be easily seen that
the mathematical model of the hydrostatic drive unit, which covers all three
operating situations, can be written as a PCHD-system (see Chapter (1))

4 U@+ h@u-5@) (L) 4G (5.71)
Tl CAC w () u (z) 52 4 (z .
. T |4 .
with the state 7 = | ——=Ap, Opwp, Opwm |, the exogenous input d¥ =
Br (T)

[Mioad; Marive], the plant input u = tan (ap), the positive definite storage
function V (z)

1{ VvV
Vi(z)= 3 (ﬂT @y Ap® + 6,02 + Omwfn> , (5.72)
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the positive definite, symmetric matrix

C
w00
= 5.73
s@=1" o o (5.73)
0 0 kd,m'u’ (T)
the skew symmetric matrices
N 00-1 N, 010
J(z) = ?@AmDm tan (o) |00 O |, J,(z) = 2—”A,,D,, -100
T 100 T 000
(5.74)
and the matrix for the exogenous inputs
00-1
T —
Gd (2}) - [0 10 :l (5.75)

For the cases I and II, (5.68) and (5.69), V = V and C = C; + C., and for

~

case II1 (5.70) V=¥ and C = C; + %‘"

Remark 5.5. The model of the hydrostatic drive unit of Fig. 5.11 has the
same mathematical structure as the Cuk-converter of Subsection 3.4.2. Here
also, the control input tan (¢y), with «;, as the stroke angle of the pump,
influences only the internal energy flow and thus does not change the total
amount of energy stored in the system.

The next table, Table 5.2, summarizes the nomenclature used for the
pump-motor-unit, where an index p or m always refers to the corresponding
quantity of the pump or motor, respectively.

In vehicular drive systems a typical control application for the hydrostatic
drive unit is to track a desired trajectory of the angular velocity of the motor
W, in the presence of load and/or drive torque variations. Beside the clas-
sical control approaches (see, e.g., [78] and the literature cited there), it is
obvious that we may fall back on all the results known froim literature for the
dc-to-dc converters with the same mathematical structure. For this purpose,
the reader is referred to Sections 2.2, 3.5 and the literature cited in it, espe-
cially [26], [107], [132]. In the following, we do not go into the details of the
controller design for hydrostatic drive units more closely, but will focus on
another problem. Usually, the variable stroke angle a; of the pump-swash-
plate is considered as the plant input, as it is in (5.71), and the dynamics of
the swash-plate and the corresponding control unit are neglected. However,
this simplification is admissible if the dynamics of the swash-plate are fast
in relation to the pump-motor dynamics. On condition that a; is measur-
able, this can possibly be achieved by means of a fast acting inner control
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Table 5.2. Nomenclature for the pump-motor-unit.

Am,Ap
Ce,p,Ce,m, Ce
Cip, Ci;m, Ci
8

D, Dy
ka,m,ka,p
kp,m, kp,p
Mairive
Mgrie,p, Myric,m
Mioaa

Mp, M,

N, Np

P1,P2

qm, dp
Ge,p,1,4e,p,2, Qe,m,1, Qe,m,2
%i,py §i,m

T

To

v,V

Qm,y Qp

Br (T)

Br,o

B, Gp

A1, Ag

p(T)

Ho

Post

Wm,Wp

effective piston areas

external laminar leakage coefficients
internal laminar leakage coefficients
laminar leakage coefficient

maximum geometric displacement
viscous friction coefficients

friction coefficients

drive torque of pump

friction torques

load torque of motor

average torques of pump/ motor

number of pistons

pressures of the two pressure sides
average flows of pump/motor

external leakage flows

internal leakage flows

oil temperature

reference temperature

volumes of the two pressure sides

stroke angle of swash-plates

bulk modulus of oil at temperature T
bulk modulus of oil at temperature Tg
sum of rigidly connected moments of inertia
characteristic oil coeflicients

dynamic viscosity of oil at temperature T'
dynamic viscosity of oil at temperature Tp
density of oil

angular velocities
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loop for a;. Otherwise the mathematical model of the swash-plate has to be
taken into account. For reasons of reliability, in many industrial applications
no measurement device is planned for the swash-plate angle. Therefore, the
information about the swash-plate angle has to be obtained otherwise, e.g.
by means of an observer. This topic will be treated in more detail in the

following section.
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5.5 Discrete Open-loop Observer for the Swash-plate
Angle

Fig. 5.13 depicts the schematic diagram of the swash-plate mechanism of a
variable-displacement pump. By means of the two piston forces Fyu = Aapa
and Fg = Agpp of the two actuators A and B and the spring force Fg the
swash-plate angle a;, can be controlled in a range —op max < @ < p max- A
hydro-mechanical feedback mechanism opens the valve of the corresponding
actuator with an orifice area A, (Aay,) and connects the chamber either with
the tank at pressure pr or with the supply pressure pg. This is done in such
a way that the error Ao, = oy — ap g between the actual and the desired
swash-plate angle ¢, and ;4 is eliminated.

Fig. 5.13. Schematic diagram of the swash-plate mechanism of the variable-
displacement pump.
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5.5.1 Mathematical Model of a Swash-plate Mechanism

An excellent description of the closed-form equations of a variable-displace-
ment pump can be found in (87] and [89]. Here, the attention is mainly
directed to the construction of the swash-plate mechanism and the influence
of parameter variations on its dynamic behavior. The objective of this sub-
section is the derivation of a detailed mathematical model that captures all
the essential dynamic properties of the system and that serves as a basis for
the observer design for the swash-plate angle a, [71].

Mechanical Part. Calculating the rate of change of the angular momentum
around the swash-plate pivot, we get

"(lOé =
dt " g (5.76)

d
QS'(EVP = (Fs,a— Fsp — Fs) Rse55 cos(ap) — Mg, fric + Mg

with the moment of inertia of the swash-plate Og, the effective distance of
the acting forces and the swash-plate pivot Rg sy, the forces Fs 4 and Fs g
from the actuator A and B given by

d? .
Fsa=-msa—s (Rs,epysin(ap)) + Fa
g (5.77)
Fsp= ms,Bd—t2 (Rs,efssin(ap)) + Fs,
the spring force
Fg = Fp,-e + CSRS,eff (Sin (Ozp) + sin (Oép,max)) , (5.78)

the friction torque Mg ¢,i. and the so-called swivel torque Mg, which is nat-
urally induced by the pump [87], [89]. In (5.77) mg 4 and mg p denote the
sum of the masses of the piston and the piston rod of the two actuators A
and B, respectively, and in (5.78) Fj,. stands for the prestress-force of the
spring and cg is the spring coefficient. Thus, the equations of motion can be
summarized in the form

A) IEld stop a”’m;I

If Fo— Fg > Fyre + 2¢sRg 5 5in (0 max) then

Op = Qpmax and v, =0

B.) Bld stop —Qp, max:
If Fy — Fg < Fp,.e then

Qp = —Qpmax and v, =0
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Cc) |operating region —ap max < ap < ap,maxj

If —0p max < ap < 0 max then

d
-(Eap = llp
_d_l, _ Rsegycos(ap) (Fa — Fp — Fs) — Mg, fric + MS+
> =
dt (95 + (ms,a +msB) R% ¢ ; cos? (a,,)) (5.79)

(ms,a +ms,B) R%,eff sin (ayp) cos (ap) 1/12,

(95 + (mg,a + ms,B) Rg‘,eff cos?2 (ap))

with Fg from (5.78).

Hydraulic Part. The actuators A and B of Fig. 5.13 are single-ended,
single-acting hydraulic rams. Under the assumption that the change of the
temperature T is slow in comparison to the dynamics of the hydro-mechanical
part, i.e. a‘itT = 0, the continuity equations for the two chambers read as
Vo,a + AaRg efysin (a )) d
( 6y (;;f £ P4 = 94— AaRseps cos (o) Vp = Geat,a
(Vo,B — ABRs,efssin (ap)) d
6y (,;})cf . ;P8 =98+ ApRs,es cos (ap) ¥p = Gext,B

(5.80)

with the pressures p4 and pp in the two chambers, the effective piston areas
A4 and Ap, the volumes Vp 4 and Vj g for a, = 0, the bulk modulus 3 (T')
with the temperature T as a parameter from (5.67) and the laminar external
leakage flows

Qext,A = ie(m};pA and Qext,B = iezc:t’:)BpB' (581)
Here, Coyt,4 and Ces: g denote the laminar leakage coefficients and (7' is
the dynamic viscosity as a function of the temperature T due to (5.64). The
flows from and to the valves of the two chambers, g4 and g, are determined
by a hydro-mechanical feedback mechanism in such a way that the error
Aoy, = oy — ap 4 between the actual and the desired swash-plate angle
and o5 4 becomes zero. This is achieved by connecting the corresponding
chamber with an orifice area A, (Aa,) with the tank or supply pressure.
Thus, the flows are given by

»

ga = Cqg

Aa PS —Da
Poil (T) P

V Aap B —PT
pozl

(5.82)
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2)

o(Aoy) /Pa —PT

Aap —PB;

g8 = Cy
ozl
where pr and pg denote the tank and supply pressure, respectively, Cy is the
discharge coefficient and p,; (T) is the density of oil, now with the temper-
ature T as a parameter. Similar to the bulk modulus B¢ (T'), the density of
oil p,; (T) can be fairly closely approximated by an affine relationship

Poil (T) = Poil,0 + >‘3 (T - TO) ) (584)

where p,; o is the density at the reference temperature Ty and A3 is a charac-
teristic constant of the type of oil used [96], [101]. For slit-type sharp-edged
orifices the discharge coefficient may be set Cy ~ 0.6, regardless of the par-
ticular geometry [96], [101].

5.5.2 Model Simplification Based on Physical Considerations

Now, for certain types of applications it is possible to simplify the complex-
ity of the mathematical model of the swash-plate mechanism in such a way
that the resulting model still contains all the essential dynamic effects. In a
first step, let us assume that the two actuators A and B have the identical
geometry, i.e. Ag = Agp = A and Vo 4 = Vo, = Vo. Further, if we neglect
the external leakage flows geyt, 4 = Qest,B = 0, then the flows g4 and ¢p from
(5.82) and (5.83) follow the relation g4 = —gp. Thus, with the assumption
pr =0, we get p4a +pg = ps and we are able to formulate (5.82) and (5.83)
as functions of the load pressure Ap = p4 — pp by

X

2 /ps — Ap
ga=—qB =Cyqy | ———=A, (A —_ 5.85
N Poit (T) (Aa) 2 (5:85)

2)

2 ps + Ap
ga = —qp = —Cyy | —= Ao (A - 5.86
4= o= Oy T (Ao 59

Additional investigations have shown that a Taylor series approximation up to
the first order of (5.85) and (5.86) around Ap = 0 suffices for the description
of the dynamics of the system. Thus we get
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A)
Ca 1
dqA = —4gB = _—-Ao (Aap) (\/ITST - TAP) (587)

Poil (T) Ps
3
Cq

gA = —4qB = _on (Aap) (\/IT§+

1

5 \/P—SAP) . (5.88)
Since in (5.80) the expressions on the left hand side are very small due to
1/81 (T), we can replace the dynamic equations (5.80) by their quasi-steady-
state representation in the sense of the singular perturbation theory (see, e.g.,
[59]). Thus, the differential equations (5.80) degenerate into equations and
by inserting (5.87) and (5.88) into these equations, we obtain an expression
for the load pressure Ap of the form

Ap = 2V Poit 1) PsARs 11

CaA, (Aay)

cos (ap) vp + 2pg sign (Aay) . (5.89)

In a second step, our analysis shows that in (5.79) the masses mg 4 and
mg, g of the piston and the piston rod of the two actuators A and B, as well
as the friction and the swivel torque Mg ¢,;c and Mg, make only a minor
contribution to the torque balance. Furthermore, in the considered operat-
ing range of the swash-plate angle, in our case —21.5755 < o, < 21.54 g,
all expressions in a, may be linearized around ap = 0, i.e. cos(ap) = 1,
sin (ap) = ap and sin(apmax) = @pmax- With these simplifications (5.79)
together with (5.78) becomes

d

at
d

95&’/? = Rs,eff (AAp — Fpre — csRs,esf (ap + Qp,max)) -

:’ljp

(5.90)

Using the same procedure as for the hydraulic part, we will regard the moment
of inertia of the swash-plate G5 in (5.90) as a perturbation parameter. In [89]
and in the literature cited there it is also considered that the inertia of the
swash-plate is negligible to the stiffness of the servo-system. Substituting
(5.89) in the quasi-steady-state representation of (5.90), we end up with

d CaA, (Aayp) )

—ay, = (—csRsefrap + 2Aps sign (Aap)

dt " 2/poy (T) psA2Rs,ef 5 F ?
_Fpre - CSRS,effap,max) .

(5.91)

Due to the fact that in general in (5.91) the expression 2Apg is much bigger
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than —Fyre — cgRg,effQp max, another simplification, but now the last one,
is possible

d CaA, (Aay) cs C4A, (Aayp) Ps .
—a, = — o, + sign (Aay,) .
T 28 oy Mps? | ARsers \ pa @) 4%
< G
(5.92)

The next table, Table 5.3, summarizes the nomenclature used for the swash-
plate mechanism, where an index A or B always refers to the corresponding

hydraulic actuator A or B, respectively.

Table 5.3. Nomenclature for the swash-plate mechanism.

A, (Aay)
Aas,AB, A
Coezt,A,Cest,B
Fa,Fs

Fs, Fpre,cs
Fs,4,Fs B
Ms, fric, Ms
ms,A,Ms,B
Pa,pB, Ap
pr,Ps
qA,9B
Qext,A; Jext,B
Rsesy

T,Tp

Vo,4, Vo,B, Vo
CQp,Qp,d
+ap max
Aayp

Br (T)

Az

Os

#(T)

Vp

Poil (T) apoil,O

orifice area

effective piston areas

external laminar leakage coefficients

actuator forces

spring force, prestress-force, spring coefficient
forces of free-body-system

friction torque, swivel torque

masses of piston and piston rod

pressures in the actuator chambers, load pressure
tank pressure, supply pressure

flows from and to the chambers

external laminar leakage flows

effective radius from the swash-plate pivot to the forces
oil temperature, reference temperature

chamber volumes for ap =0

swash-plate angle, desired swash-plate angle
maximum/minimum swash-plate angle (end stops)
swash-plate angle error

bulk modulus of oil at temperature T’
characteristic oil coefficient

moment of inertia of swash-plate

dynamic viscosity of oil at temperature T
angular velocity of swash-plate

density of oil at temperature T, To
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5.5.3 Discrete Open-loop Observer and Measurement Results

The continuous mathematical model (5.92) serves as a basis for a discrete
open-loop observer for the swash-plate angle a,. Let us assume that the
quantities supply pressure pg, temperature T and orifice area A, (Aay) are
constant during the sampling intervals with the sampling time T,, i.e., ps =
Psk, T = Ty and A, (Aoy) = A, (Aapy) for kT, <t < (k+1)T,, k =
0,1,2,... . Then it is possible to calculate the corresponding exact discrete
model to (5.92) in the form '

C2,k (exp (C1,kTa) _ 1)
Ck

sign (Aapk) -
(5.93)

Op,k+1 = €XP (Cl,kTa) Oy i +

The open-loop observer (5.93) was implemented in a drive box for vehicular
drive systems developed by STEYR Antriebstechnik GmbH &CO OHG [71].
Fig. 5.14 presents the comparative results of the measured and the estimated
swash-plate angle due to (5.93) for a calibration test and for a rapid swash-
plate turn with an initial error of 5 ° in the swash-plate angle for a supply
pressure pg = 28 - 10° Nm™2, an average temperature 7 = 60 °C and a
sampling time T, = 10- 1073 s. The orifice area as a function of the swash-
plate angle error A, (Aoay) was made available by the manufacturer of the
swash-plate mechanism.

Calibration test

measurement

simulator output

o -15

£ 20 N
o .25

go 0 10 20 30 40 50 60
& s Rapid swash-plate turn

Q

g 20} %,

—

o 15f ]
'f::,é 10 ;
g O

w

measurement

simulator output

25 7]
0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8
time in s

Fig. 5.14. Comparison of the measured and the observed swash-plate angle for a
calibration process and a rapid swash-plate turn.
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