Computational Color Science



To my parents, Giulio and Lucia, for showing a younger
me the importance of studying.

And to Vicent Caselles, for proving this to me in a
rigorous and mathematical way.



FOCUS SERIES

Series Editor Henri Maitre

Computational Color Science

Variational Retinex-like Methods

Edoardo Provenzi

;

WILEY



First published 2017 in Great Britain and the United States by ISTE Ltd and John Wiley & Sons, Inc.

Apart from any fair dealing for the purposes of research or private study, or criticism or review, as
permitted under the Copyright, Designs and Patents Act 1988, this publication may only be reproduced,
stored or transmitted, in any form or by any means, with the prior permission in writing of the publishers,
or in the case of reprographic reproduction in accordance with the terms and licenses issued by the
CLA. Enquiries concerning reproduction outside these terms should be sent to the publishers at the
undermentioned address:

ISTE Ltd John Wiley & Sons, Inc.
27-37 St George’s Road 111 River Street
London SW19 4EU Hoboken, NJ 07030

UK USA

www.iste.co.uk www.wiley.com

© ISTE Ltd 2017

The rights of Edoardo Provenzi to be identified as the author of this work have been asserted by him in
accordance with the Copyright, Designs and Patents Act 1988.

Library of Congress Control Number: 2017931221

British Library Cataloguing-in-Publication Data

A CIP record for this book is available from the British Library
ISSN 2051-2481 (Print)

ISSN 2051-249X (Online)

ISBN 978-1-78630-159-8




Contents

Preface . . . . ... . . . . . .

Chapter 1. Rudiments of Human Visual System (HVS)
Features .. ... ... . . . . . . ...

I.I.Theretina . . . . ... .. ... .. ...
1.1.1. Photoreceptors: rodsandcones . . . . . . ... ... .....

1.2. Adaptation and photo-electrical response of

TECEPLOTS « . v v v v v e e e e e e e e e e e e

1.3. Spatial locality of vision . . . . ... ... ............

1.4. Local contrast enhancement . . . .. ... ............

1.5. Physical vs. perceived light intensity contrast:

Weber- Fechner’slaw . . . . . ... ... ... .. .. L.

Chapter 2. Computational Color Constancy
Algorithms . . . . . . .. ..

2.1. The dichromatic and Lambertian image

formationmodels . . . . ... ... L Lo L L

2.2. Classical hypotheses for illuminant and

reflectance estimation. . . . . . . ... ... Lo oL
2.2.1. White-patch assumption and related models . . . . ... ..
2.2.2. Gray-world assumption and related models . . . . . ... ..
2.2.3. Shades of gray and multi-scale max-RGB assumptions to
mix white-patch and gray-world hypotheses . . . . .. ... .. ..
2.2.4. Gray-edge assumption and related models . . . ... .. ..



vi  Computational Color Science

2.2.5. Multi-scale n-th order shades of gray-edge assumption:
ageneral hypothesis . . .. ... ...................

Chapter 3. Retinex-like Algorithms for Color Image
Processing . ... ... ... .. ... ... ..

3.1. Mathematical description of the original ratio-threshold-reset
Retinex algorithm . . . . . .. ... ... ... ... ... ........
3.2. Analysis of the ratio-reset Retinex formula:
thelimite =0 . .. ... ... ... ... ..
3.2.1. Retinex: “a melody that everyone plays
differently” . . .. . ... ... .
3.3. From paths to pixel sprays: RSR . . . . . ... ... .....
33.1.LRSRand SMRSR . ... ... .. .. ... .. .. .. ...
3.4. A psychophysical method to measure (achromatic)
Induction . . . . ...
3.5. Automatic Color Equalization: ACE . . . . .. ... ... ....
3.6. RACE: a model with mixed features between RSR
and ACE . . . . ..
3.6.1. Regularization of RACE formula: attachment to
originalimage . . . . . .. .. ... ... ...
3.7. An alternative fusion between RSR and
ACE: STRESS . . . . . ..

Chapter 4. Variational Formulation of
Histogram Equalization . ... ... ... ... ... ... ... ...

4.1. The Caselles—Sapiromodel . . . . . . ... ... .........
4.2. Interpretation of Caselles—Sapiro’s functional for
histogram equalization . . . .. .. ... ... ... ... .....
4.3. Application of histogram equalization techniques
tocolorimages . .. ... ... ... ...

Chapter 5. Perceptually-inspired Variational Models for
Color Enhancement inthe RGB Space ... ............

5.1. Beyond the Caselles—Sapiro model: modification

of the histogram equalization functional to approach visual

PIOPEIIES . . . o v o i e e e e e e e e e
5.1.1. A contrast term coherent with HVS properties . . . . .. ..
5.1.2. Entropic adjustmentterm . . . . ... ... ... ... ....



Contents  vii

5.2. Minimization of perceptual functionals . . ... ... ... ... 75
5.2.1. Stability of the iterative semi-implicit gradient
descentscheme . .. ... ... ... ... ... . ... 80
5.2.2. A general strategy for the reduction of computational
complexity . . . . ..o e e e 81
523.Results . ... . 83
5.3. Embedding existing perceptually inspired color correction
models in the variational framework . . ... ... .. ... ..... 85
5.3.1. Alternative variational and EDP formalizations of
Retinex-like algorithms . . . . . .. ... ... ... .. Lo L. 89
5.4. Variational interpretation of the Rudd-Zemach model of
achromatic induction . . . . . . .. ... ... .. oL 92
5.5. Perceptual enhancement in the wavelet domain . . . . . ... .. 95
5.5.1. Adjustment to the average value in the wavelet
domain . . . . ... 98
5.5.2. Local contrast enhancement in the wavelet
domain . . . .. .. 99
5.6. High-dynamic-range (HDR) imaging . . ............. 101
5.6.1. A two-stage tone mapping . . . . .. ... ... 105
Appendix . ... ... ... 111
Bibliography . .. ... ... ... ... 117



Preface

Color Image Processing

Digital image processing has become one of the most important research
fields in modern science. In fact, image processing algorithms are no longer
confined to professional photographers or dedicated technicians (e.g. experts
in medical imaging or in post-processing for fashion and cinema), but spread
across the entire society thanks to the constantly increasing diffusion of
portable digital devices, such as smartphones or tablets, with integrated
cameras. Moreover, the complexity of mathematical techniques used
nowadays in several image processing models is comparable to that of much
more ancient scientific disciplines, e.g. theoretical physics.

Despite this, many image processing algorithms are still proposed for
grayscale images and their extension to color images is not straightforward.
Treating color information with the naive replication of well-established
grayscale techniques on the three chromatic channels may not be feasible due
to intrinsic mathematical problems or the possible introduction of artifacts
and/or color shifts.

A dramatic example is given by histogram equalization, which will be
introduced in Chapter 4. While this technique can be regularized and
smoothed to considerably improve the contrast and detail visibility of a
grayscale image, it may totally disrupt the chromatic content when directly
replicated on the three color channels. In the literature, we can find multiple
proposals to avoid, or at least limit, this problem. A common strategy consists
of encoding the image information in a color space where achromatic and
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chromatic channels are separated, e.g. HVS, CIELab, Laf and so on, and
only performing transformation on the luminance (achromatic) channel, while
operating minor corrections on the chromatic content. Another proposal,
which will be presented throughout this book, consists of devising
transformations inspired by the human visual system (HVS) and applying
them to the three color channels independently. The precursor of this kind of
model is the famous Retinex model of Land and McCann [LAN 71], which
will be described in detail in Chapter 3, along with its many interpretations.

In the subsequent chapters, it will be shown how a whole class of
Retinex-based models inspired by the properties of the HVS can be embedded
in a rigorous variational framework. The variational interpretation allows us
to understand the behavior of these models with respect to important image
features such as contrast and dispersion of tonal intensities. Moreover, we can
mathematically compare different Retinex-based algorithms and clearly
understand their similarities and differences, which is very difficult to do
without relying on their variational formulation.

Due to the importance of human visual properties in the analysis of the
color correction models presented in this book, a brief summary of the basic
features of the HVS is presented in the first chapter.

Edoardo Provenzi
February 2017



Rudiments of Human
Visual System (HVS) Features

In this chapter, the basic facts about the processing of a visual signal by
the retina and brain will be recalled. The purpose of this chapter is not only to
provide an exhaustive treatise about the Human Visual System (HVS), but
also to introduce some important concepts and formulae that will have a
fundamental role in the development of the models described in Chapter 5.
For complete details on these topics, see, for example, [FAI 05].

1.1. The retina
In Figure 1.1, a human eye and the cross-section of a retina are represented.

Several layers of neural cells constitute the retina, beginning with around
130 million photoreceptors (rods and cones) and ending with about 1 million
ganglion cells. The specific processing that occurs in each type of cell is
complex and not yet completely understood.

What we know for certain is that retinal cells may respond nonlinearly to
stimuli and are connected via links called synapses, which are able to perform
basic mathematical operations such as addition, subtraction, multiplication,
division, amplification and gain control. Considered as a whole, these
operations result in a clever and sophisticated modification of the visual input.

Among all retinal cells, the most important for our purposes are the
photoreceptors (rods and cones), to which the next section is devoted.

Computational Color Science: Variational Retinex-like Methods, First Edition. Edoardo Provenzi.
© ISTE Ltd 2017. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Figure 1.1. Top: a human eye. Bottom: the cross-section of a human
retina. Courtesy of [KOL 95]. For a color version of the figure, see
www.iste.co.uk/provenzi/color.zip

1.1.1. Photoreceptors: rods and cones

Rods and cones are labelled in this way because of their shape. Rods work
in the so-called scotopic region, below 1073 cd/m?, while cones respond to
luminance levels higher than 10 cd/m?, a range called the photopic region.
In the intermediate range, called the mesopic region, both rods and cones are
activated, but their response is less efficient than when they work in isolation
from each other. Henceforward, we will only consider photopic conditions and
thus the properties of cones.



Rudiments of Human Visual System (HVS) Features 3

Color vision in the photopic region is possible, thanks to the existence of
three types of cone receptors with peak spectral sensibilities distributed along
the visual spectrum (see Figure 1.2). This is due to the existence of three
slightly different molecular structures in each cone type, which are referred to
as L, M and S cones. They refer to the long, middle and short wavelengths
where cones have their maximal sensitivity at 560 nm, 530 nm and 420 nm,
respectively.

The LMS cones can also be referred to as the RGB cones. Of course, RGB
is the notation for monochromatic red, green and blue, but, as shown in
Figure 1.2, this is an abuse of language, in particular because the L cones are
gathered in the region of monochromatic green-yellow, not red.

S
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Figure 1.2. The normalized spectral sensitivity functions of the LMS
cones. Courtesy of [KOL 95]. For a color version of the figure, see
www.iste.co.uk/provenzi/color.zip

Note that the spectral sensibilities of the three cone types are broadly
overlapping, in particular those of the L and M cones. This constitutes a
substantial difference with respect to most physical imaging systems, in
particular digital cameras (see, e.g., [JIA 13]), where sensor responses are
only slightly overlapping.

Finally, it must be noted that the distribution of cones in the retina is not
uniform: S cones are relatively sparse and completely absent in the fovea, the
central part of the retina with the highest density of L and M cones.
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1.2. Adaptation and photo-electrical response of receptors

Light adaptation is the name used to describe the fact that the HVS is able
to adapt to different light intensities in order to enable detail perception over a
range of 10 orders of magnitude.

00 200 500 00 B 600 70 00 500 00

Figure 1.3. Compressive effect of Michaelis-Menten’s
response in arbitrary units between 1 and 1000 and with
v = 0.74. The semi-saturation constant I has been arbitrarily
setto 100 and r(Is)=1/2

Before reaching a photoreceptor, rod or cone, light intensity is reduced by
the cornea, crystalline lens, the humors and the macula. Moreover, when a
light photon is absorbed by a photoreceptor, a transduction occurs: the
electromagnetic energy carried by the photon is passed to the photoreceptor,
which changes the electric potential of its membrane. The empirical law that
describes the photoreceptor transduction is known as Michaelis-Menten’s
equation [SHA 84] (or Naka-Rushton’s equation when y = 1):

AV I
N

(1) = [1.1]

where AVpax is the highest difference of potential that the membrane can
handle, vy is a constant (measured as 0.74 for the rhesus monkey), 7 is light
intensity and Zg is the value at which the photoreceptor response is half
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maximal, called the semi-saturation level. Note that, as previously mentioned,
each type of cone is most sensitive over a particular waveband, thus the value
of the semi-saturation constant 7 s can change for the three types of cones.

The photo-electrical response of photoreceptors, along with other
phenomena occurring mainly in the retina, is considered one of the main
explanations for the property of adaptation to the average luminance level of
the HVS. In fact, after the photoreceptors transduction, the dynamic range is
centered in r(Is) = 1/2, as can be seen in Figure 1.3, which shows the
nonlinear compressive behavior of Michaelis-Menten’s response. The
adaptation property of the HVS is crucial: without it, the operational range of
our vision would be much narrower and sight as we know it would be
impossible.

1.3. Spatial locality of vision

Transduction curves shown in Figure 1.3 represent the very first stage of
visual processing. The electrical signals generated by the photoreceptors are
processed by the retinal neurons, synapses and ganglion cells, until they are
then finally transmitted to the brain via the optic nerve. In the brain, the visual
signal is processed in several zones, each of which is devoted to processing
different characteristics, e.g. shape, orientation, spatial frequency, size, color,
motion [ZEK 93].

Our present understanding of post-photoreceptors physiological operating
principles is far from being precise: not only the brain, but also retinal
functions still present some unknown features. Without entering the very
complicated analysis of post-photoreceptor physiology, what is important to
underline here is that the signals transmitted from the photoreceptors to
higher levels of the visual path are not simple point-wise representations, but
they consist of sophisticated combinations of receptors responses to photons
coming from different parts of the visual scene. In fact, even when we fix a
single point, our eyes are constantly moving and capturing light information
from all over the visual scene. These movements are called saccadics, and
they are the fastest of our body.
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A conventional nomenclature has been introduced to rigorously define
the local neighborhood of a point in a visual field (see, e.g., [HUN 14] and
[FAI 05]):

— Stimulus: the visual element corresponding to foveal vision, about 2° of
angular extension;

— Proximal field: the closest environment of the stimulus, it extends
isotropically for about 2° from its edge;

— Background: extends isotropically for about 10° from the edge of the
proximal field;

— Surround: a field that lies outside the background;

— Adapting field: the total environment of the stimulus considered the
proximal field, the background and the surround, until the limit of vision in
all directions.

The components of the adaptive field are shown in Figure 1.4.

Surround

Background

Proximal Field

Stimulus

Figure 1.4. Components of the adaptive field

1.4. Local contrast enhancement

The eye’s optical system and the response of photoreceptors strongly reduce
the range of light intensity that can be processed. To compensate this reduction,
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the HVS has developed a system to enhance contrast perception already in the
retina, in particular with the typical lateral inhibition phenomenon exhibited
by ganglion cells [CRE 87, CRE 90, HUR 90, ZAI 99, MCC 11].

Studies about ganglion cells revealed that the electric potential of their
membrane spontaneously oscillates at a base rate while at rest, an event called
firing of action potential. Excitation of retinal ganglion cells results in an
increased firing rate while inhibition corresponds to a depressed rate of firing.
For this reason, the magnitude of the signal is represented in terms of the
number of spikes of voltage per second fired by the cell rather than by the
difference of voltage across the cell membrane.

To represent the physiological properties of ganglion cells, it is useful to
consider the concept of receptive field, which is a graphical representation
of the area in the visual field to which a given cell responds. The positive or
negative response is indicated in the receptive field, as shown in Figure 1.5,
which represents a prototypical receptive field for ganglion cells.

(a) (b)

Figure 1.5. Center-surround receptive fields: (a) on-center;
(b) off-center

Receptive fields illustrate center-surround antagonism: the receptive field
in Figure 1.5 (a), called on-center, describes a positive central response,
surrounded by a negative surround response, while Figure 1.5 (b), called
off-center, shows a ganglion cell response of opposite polarity.

The excitation-inhibition processing can explain some local contrast
enhancement effects as Mach bands, see Figure 1.6: If we focus on the
vertical band on the right the adjacent gray level appears lighter, if we focus
on the vertical band on the left the adjacent gray level appears darker, in spite
of the fact that the luminance value in each vertical gray band is constant.
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Consider Figure 1.7: in situation 1, excitation and inhibition fire signals
equally, so a uniform patch is perceived; in situation 2, part of the inhibition
component of the receptive field is activated by a region of highest luminance
and so it prevails, generating a sensation of darker gray; on the contrary, in
situation 3, part of the inhibition component of the receptive field is activated
by a region of lowest luminance and so it is dominated by the excitation
component, which produces a sensation of lighter gray.

Overshpot

~Undershoot

Figure 1.6. Left: Mach bands effect. Right: real (above) and apparent
(below) luminance pattern

Figure 1.7. Excitation-inhibition explanation of the Mach band effect

Another well-known local contrast enhancement effect is simultaneous
contrast, first discussed by Chevreul in 1839 in his essay “La loi du contraste
simultané des couleurs”, as shown in Figure 1.8.
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Figure 1.8. Simultaneous contrast: even though the two inner squares
have the same luminosity, our perception is different, due to the
difference in the left and right background

The influence of context on the perception of a point decreases with
distance, as discussed, for example, in [WAL 48, RUD 04], where the authors
developed a clever psychophysical experiment to measure induction of
achromatic stimuli. We will discuss this method in Chapter 3.

1.5. Physical vs. perceived light intensity contrast: Weber-
Fechner’s law

In the previous section, we have seen that the HVS rearranges spatial
information in order to amplify the response to edges present in a visual
scene. This phenomenon concerns spatial contrast. In this section, we recall
the HVS response to light intensity contrast, without considering the spatial
distribution across the scene.

Psychophysics is the science that aims to model the magnitude of human
perception in response to external stimuli in a mathematically rigorous way.
The German physicist E. Weber, with results obtained in the second half of
the 19th Century, was one of the first scientists in history to develop
psychophysical experiments to test perception of light intensity contrast.

To avoid unwanted biases, Weber worked in a very constrained setting: a
dark-adapted human observer was put in a dim room in front of a white screen
on which a narrow beam of light was shone in the center of the visual field.
The light intensity 7 of the beam was increased very slowly and the observer
was asked to tell whether he/she could perceive an intensity change. The least
perceptible intensity change A7 is called JND for Just Noticeable Difference.
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Weber found out that the JND increased proportionally with the light
intensity!, i.e. AT/I = K or AT = KI. K is called Weber’s constant and the
relationship between AZ and 7 is called Weber’s law.

Weber’s law says that, as we increase the background light 7, the
difference A7 must increase proportionally in order to be able to appreciate
I + AT as being different from 7. This partially explains why dark areas of a
visual scene are more sensitive to noise, and thus why it is more important to
perform denoising in dark areas of digital images rather than in bright ones.
This last consideration is a practical application of a psychophysical
phenomenon.

The founder of psychophysics, the German experimental psychologist G.
Fechner, gave the following interpretation of Weber’s law: he introduced the
adimensional quantity s(/) called light sensation and stated that the difference
of sensation As([) is proportional to a slightly modified Weber’s ratio, i.e.

AT

As(T) = km, [1.2]
where k > 0 is a constant and n > 0 is a quantity, often interpreted as internal
noise in the visual mechanism. Fechner assumed that this finite difference
equation could be valid for arbitrarily small differences, which of course is
not possible because of the very definition of JND. However, following
Fechner’s hypothesis, the finite-difference equation [1.2] becomes a
differential equation [WYS 82]:

dr

ds(I) =k .
s) n+71

[1.3]

By integrating both sides from 7, the lowest threshold of perceivable light
intensity, defined by s(Zo) = 0 and s(Zg + €) > 0 for all £ > 0, to a generic
value of 7, we obtain

I I dr
/ ds(I) =k — = s(J)-sTyp)
To To n+71

= k[log(n + I) — log(n + 1y)], [1.4]

1 Weber’s law is approximately valid not only for the visual sense, but also for all the other
senses, with different values of Weber’s constant.
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which can be rewritten as follows:
+ 7
s(I) = klog (”—) = 50 + klog(n + 1), [1.5]
n+ I()

where so = —klog(n+ 7). This last formula is called Weber-Fechner’s law and
it states that the sensation of light differences, in the very constrained context
of Weber’s experiment, grows as the logarithm of the light intensity.

We must stress the limitations of Weber-Fechner’s law:

1) First, it is only valid for very simple visual scenes, such as those
considered by Weber in his experiments. As discussed in the previous
section, the presence of a non-trivial spatial context introduces significant
modifications in visual perception;

2) Second, even for very simple visual scenes, Fechner’s assumption about
the possibility to maintain the validity of Weber’s law passing from finite to
infinitesimal light intensity differences is correct only for a limited range of
light intensity between the minimum and the maximum perceivable light. As
we approach these extreme situations, this assumption fails dramatically due to
strong nonlinearities in the visual mechanism and Weber-Fechner’s law does
not hold anymore.

The last phenomenological feature of human vision that is worth recalling
is color constancy; however, its role in image processing is so important that it
will be separately discussed in the following chapter.



2

Computational Color
Constancy Algorithms

Color constancy is the ability of human vision to perceive colors very
robustly with respect to changes in illumination. The precise reasons behind
color constancy are not yet known. Phenomenologically speaking, it is known
that both cognitive and physiological effects of color memory and chromatic
adaptation, respectively, play a major role in color constancy. For more
information about this topic, see, for example, [EBN 07] and [FAI 05].

Instead of investigating the causes of human color constancy, in this
chapter, we will review the computational models of image processing that
try to digitally reproduce color constancy. This discussion will also be
important for the development of perceptually variational models of color
enhancement in Chapter 5. Before providing the details about the variety of
computational color constancy models proposed in the literature, it is
worthwhile answering a common question about models of this kind, namely
“why do we need a color constancy algorithm when our visual system already
does that job?”. The answer is that humans possess the color constancy ability
when they are embedded in a visual scene and adapted to its illuminant
conditions. Thus, we cannot automatically remove the chromatic layer
superimposed on a digital image by a non-neutral illuminant simply by
looking at it on a digital screen. This is the reason why computational color
constancy algorithms are studied in image processing.

Computational Color Science: Variational Retinex-like Methods, First Edition. Edoardo Provenzi.
© ISTE Ltd 2017. Published by ISTE Ltd and John Wiley & Sons, Inc.
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2.1. The dichromatic and Lambertian image formation models

In order to understand the details of computational color constancy
models, it is necessary to start by describing the dichromatic and Lambertian
models of image formation [GEV 12]. Suppose that we have a visual scene
illuminated by only one spatially homogeneous light source with spectral
power distribution £ : A — [0,+0c0), with A being the set of visible
wavelengths A of the electromagnetic spectrum. Let us also suppose that we
have an RGB camera with spectral sensitivity functions in the low, medium
and high visible wavelengths, denoted by R, G and B, respectively.

We denote the spectral sensitivity functions as R, : A — [0, +o0),
c € {R, G, B}. To avoid a cumbersome notation, each time the chromatic index
¢ appears, it is implicitly supposed to vary in the set {R, G, B}. The analysis
performed in [JIA 13], p. 4322, showed that supp(R.), the supports of the
functions R,, are very similar for practically all commercial cameras and do
not overlap as much as those of spectral sensitivity functions of retinal cones.

If we point the camera towards the light source, we obtain the light vector
L = (Lg, LG, Lp) € (0, +0)?, with

L.= / E(DR. () dA. [2.1]

A
Following [GIJ 11], we say that Lis neutral, or white, if there exists a real
positive constant K, such that L=K (\/lg, \%, %), i.e. if it is proportional to a

unit vector whose color channels are balanced and none of them prevail over
the others.

Let us now turn our camera from the illuminant to the objects of the visual
scene and denote by S (¢, 1) € [0, 1] the surface reflectance of the scene objects
in the spatial position & = (£1,&,&3) € R? and at the wavelength A € A. If
S (&, 4) = 1, the point £ is said to be perfectly reflective at the wavelength A.

In the dichromatic reflection model [SHA 85], the scene elements are
supposed to have both a specular and a diffused reflectance. A specular
reflection is only visible if the normal vector of a shiny object is oriented
precisely halfway between the direction of incoming light and the direction of
the camera sensor. The diffused reflectance is due to the scattering between
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the light and the surface particles of an object, which produces an isotropic
reflection of light. We denote by m (&) and my(€) the scale factors that weight
the relative amount of specular and diffused reflectance, respectively,
contributing to the overall light reflected at the location &.

Suppose now that we take a picture of the scene (and not of the illuminant)
with the same RGB camera. The rays of light emitted or reflected by scene
objects project univocally! to the pixels of the image formed by the camera.
Using this one-to-one correspondence, we can identify the portion of the
visual scene represented by the camera with the two-dimensional support Q
of the image, a particular point £ of an object with the corresponding pixel
x = (x1,x) € Q and denote, without ambiguity, the reflectance S (&, 1) as
S(x, ).

With this notation in mind, we can write the intensity of any pixel x € Q of
the digital image as

[ichromatic vy — py 1(x) / S (x, VE(DR(A) dA + my(x)Le, [2.2]
A

note that in the specular term, the reflectance is assumed to be 1. The intensity
values I.(x) will always be considered normalized in the unit interval [0, 1].

In the Lambertian reflection models, the specular reflection term is ignored,

so that my(x) = 1 and my(x) = 0, and the resulting image formation model
reduces to

Jhambert(yy — / S (x, VE(DR.() dA. [2.3]
A
In the literature, we often find equation [2.3] simplified as follows:
Ie(x) = S c(¥)Le. (2.4]

There are two possible ways to pass from equation [2.3] to the separable
form [2.4]. The first possibility is to suppose that the camera spectral

1 Here we assume that the resolution of the picture is high enough to consider negligible the
averaging of light information performed in the pixel area.
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sensitivity functions are Dirac deltas with spikes in R, G, B; this hypothesis is
not plausible in conventional digital photography [JIA 13].

The second possibility consists of supposing that the supports supp(R.) of
the camera sensitivity functions R, form a mutually disjoint partition of A, i.e.

A= U supp(R.), supp(S.) Nsupp(S«) =0, if c # ¢/, [2.5]
c€{R,G,B)

and that the reflectance functions S (x, 1) are constant with respect to A in each
subset supp(R.) of A, i.e.

Sx, ) =8:x) VYA € supp(R,). [2.6]

In fact, in that case, equation [2.3] can be rewritten as
I.(x) = S.(x) fA E(D)R (V) dA, ie. I.(x) = S.(x)L., thanks to [2.1].

This hypothesis is much more realistic: in fact, even if the sensitivity
functions of digital cameras overlap, they all have a wide area in which they
can be considered as disjoint (see, e.g., Figure 1 in [JIA 13]). However, it
must be kept in mind that [2.4] is an approximation.

We also note that this hypothesis does not make sense for a vision model
because the L and M retinal cone sensitivity functions are highly overlapping.
Therefore, if we used the hypothesis of constant reflectance in support of the
spectral sensitivities of cones, then S ;(x) would always be equal to S p;(x).

Reflectance and illuminants play two very different roles in image
formation. To understand this, let us consider Figure 2.1. If the blue color
exhibited by the tissue depicted in the picture is given by the relative
difference between the reflectance values Sg(x),Sg(x),S g(x) of the tissue,
then we say that the dominant color of the image is blue. However, the picture
could represent a white tissue and the blue color could be generated by the
relative difference between the illuminant values (Lg, Lg, Lg); in this case, we
say that the image has a blue color cast.

Let us note that, for both equations [2.3] and [2.4], the problem of
estimating the illuminant or the reflectance from the single image information
provided by I.(x) is under-constrained, because we only have one piece of
information, /.(x), for two unknowns: reflectance and illuminant value. There
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exist several approaches to break this ambiguity; a detailed summary is
provided in [GIJ 11]. In the following section, we will analyze the so-called
white-patch, gray-world and gray-edge methods in detail to estimate
illuminant value and reflectance. This information will be important for the
discussion of the color correction models presented in Chapter 3.

Figure 2.1. A typical example of ambiguity in the interpretation of the color exhibited
by a picture: is it the image of a blue tissue taken under a neutral illuminant, or is it,
for example, the picture of a white tissue taken under a blue illuminant? For a color
version of the figure, see www.iste.co.uk/provenzi/color.zip

2.2. Classical hypotheses for illuminant and reflectance
estimation

If we consider the Lambertian image formation model and its simplified
version, equations [2.3] and [2.4] respectively, we infer that color changes in
pictures of a fixed visual scene taken with a fixed setting of an RGB camera
can only be produced by a change in illumination. Thus, if it were possible
to estimate the illumination, we could filter it out and retain just the intrinsic
object reflectance. In particular, if the hypotheses underlying the simplified
Lambertian image formation model described by equation [2.4] are satisfied,
then the estimated reflectance can be obtained by dividing the image values
1.(x) by the estimated illuminant L,:

I.(x)

Sc(x) = 7 [2.7]

Before describing the white-patch, gray-world and gray-edge methods to
estimate the illuminant and reflectance, it is worthwhile underlying their
positive and negative sides. The major advantage of these methods is that they
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have fast performance, are easy to program and, at least for the pure
white-patch and gray-world assumptions, do not require a training procedure.
Their main disadvantages are the fact that they only make physical sense
when the scene is illuminated by a single spatially homogeneous light source
E and that they rely on the validity of an assumption on reflectance
distribution that is frequently violated in real-world scenes. This is the reason
why these algorithms often need an ad-hoc pre-processing step.

Finally, it is important to stress that intrinsic object reflectance cannot be
associated with color: while reflectance is a physical quantity, it’s the
interaction between the reflectance of objects that creates color sensation, not
the interaction between illumination and reflectance. In fact illumination is
discounted thanks to the color constancy property of human vision.

2.2.1. White-patch assumption and related models

The white-patch (WP) assumption [LAN 71, LAN 77] states that there
exists at least one patch of an object in the physical scene with perfect
reflectance (for all wavelengths). This means that if the scene is illuminated
by the neutral light defined in section 2.1, then the perfectly reflective patch
will be measured as having the same intensity in each chromatic channel. It
follows that any deviation from this situation will be caused by a certain color
temperature of the illuminant being different from that of white light
[WYS 82].

The white-patch assumption stated above is often violated in natural
scenes. For this reason, a relaxed version can be formulated which requires
the existence of at least a patch with perfect reflectance in each separated
chromatic channel. The relaxation lies in the fact that now the perfect
reflective patch may differ in every chromatic channel, which is a far more
common situation in practice.

Let us see how we can use the white-patch assumption to estimate L..
Remember that S (x, 4) € [0, 1] for all x € Q and all A € A, so the white-patch
assumption implies that there exists a pixel X € Q, such that S (x, 1) = 1 for all
A € A. It follows that:

1.(%) = / S (X, YEDR (1) dA
A

= / E)R.(D)dA=L., YcelR,G,B). [2.8]
A
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Since L. is supposed to be uniform across the image, and since 1 is the
highest reflectance value, it follows that /.(X) = megc{lc(x)}. So, if the white-
X€

patch assumption is satisfied, the illuminant can be estimated as follows:

L7 = max{L(x)). [2.9]

this explains why this method of illuminant estimation is often, and more
properly, called “max-RGB”.

As a result, if the WP assumption is satisfied, then there exists a unique

X € Q, such that M, = I.(X) = megc{lc(x)} for all ¢ € {R, G, B}, so if M, is the
X€E

same for all ¢ € {R, G, B}, then the illuminant is neutral, otherwise the scene is
illuminated by a non-neutral light.

If the relaxed WP assumption is verified, then we can only guarantee the
existence of three (possibly different) pixels, Xg, Xg, Xp, such that

M. = m?g({lc(x)} = I.(x.), (2.10]

but the conclusion is the same as mentioned above, i.e. if M, is different as ¢
varies in {R, G, B}, then the illuminant is non-neutral and vice versa.

If the WP assumption or its relaxed version is verified, then the estimated
reflectance is

wP _ I.(x)
Se (0= max yeq{le(x)}’ [2.11]

The easiest computational model that used this strategy to enhance images
is the so-called von Kries algorithm [VON 02], which consists of the following
diagonal transformation:

- |
Ir(x) maXecn IR (D) ? 0 Ir(x)
Ig(x) | = 0 maxallot)] (1) Ic(x) |, [2.12]
I5(x) 0 maxatlsc) /) B

where I. is the c-th component of the enhanced output image.
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To physically test the validity of the WP hypothesis (respectively, its
relaxed version), we must illuminate a scene with a uniform light of known
spectral composition and then verify whether the brightest pixel in the whole
image (respectively, in each separated chromatic channel) has the same values
as the illuminant or at least very similar ones. Without knowing the
reflectance of the materials in the scene or the spectral distribution and
geometry of illumination, the only way to determine whether or not a visual
scene fulfills the WP assumption or its relaxed version is to estimate the
illumination components (Lg, Lg, Lg) with techniques that do not rely on
physically based hypotheses about the scene displayed in the picture (for an
overview of such techniques, see, e.g., [GIJ 11]).

Max-RGB algorithms are very sensitive to noise and outliers, which can
alter the whole computation. To overcome this problem, the image is often
preprocessed. For instance, in [BAR 02, FUN 10], the authors showed that
smoothing the image much improves the performances by limiting the effect
of outliers.

2.2.2. Gray-world assumption and related models

The gray-world assumption [BUC 80] states that “the (spatial) average
reflectance in a visual scene is achromatic (gray)’. As noted for the
white-patch assumption, if the gray-world assumption holds true and the
measured average intensity is not achromatic, then the illuminant has a
non-neutral color.

The mathematical translation of the gray-world assumption is as follows:
1
—/S(x,/l)dxzk, VAeA, [2.13]
1Ql /o

where || is the area of Q (or the number of pixels of the image support in the
discrete framework). The formula presented above indicates that if the
gray-world hypothesis is true, when we compute the spatial average of the
reflectance, the dependence on A decreases and there remains a constant k
(typically close to 1/2).

This does not mean that § is independent of 4; in fact, S (x, 1) is allowed to
vary with A. Rather, it means that for every fixed A € A, the values of S (x, )
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are evenly distributed across the scene around a middle value &, so that the
deviations from k cancel out with the spatial integration.

Let us see how we can estimate the illumination components L. with the

gray-world assumption. If we compute the average image intensity, we then
have:

L= [ Loyde= i/ (/S(x,/l)E(/l)RC(/l)d/l dx
1| Jo \Ja

Tl Ja
= / (i / S(x,/l)dx)E(/l)Rc(/l)d/l=kLC, [2.14]
ANQl Jo

where we have used the definition of L. and the gray-world hypothesis in the
last step of the computation.

Consequently, the gray-world (GW) illuminant and reflectance estimations
are:

I, 1.
LSV = E SV (x) = (e, [2.15]

c

Since k = 1./L., without knowing the spectral composition of the
illuminant, we cannot assure that k remains constant in the three chromatic
channels because of the symmetrical distribution of the reflectance values
around k, or because of L.. So, to physically test the GW assumption, we have
to illuminate the scene with a uniform neutral light and calculate the average
image intensity in the three chromatic channels: if this remains constant, then
the GW hypothesis holds true. As a result, if a scene complies with the GW
assumption and 1. varies with ¢, then the scene in the picture is taken under a
non-neutral illuminant.

Also in this case, as in the WP scenario, without knowing the spectral
distribution and geometry of illumination, the only way to determine whether
a visual scene fulfills the GW assumption or not is to estimate the
illumination components (Lg, Lg, Lg) with techniques that do not rely on
hypotheses about the physical nature of the scene displayed in the picture.
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If the condition [2.6] holds, then we can consider the simplified Lambert
image formation model /.(x) = S .(x)L.. So, the relaxed GW assumption

1
@ /QSC(x)dx =k [2.16]

implies again the equation /. = kL.. Thus, the GW assumption and its
relaxation lead to the same illuminant estimation equation.

We observe that this method is not as sensitive to noise as the max-RGB
because it involves an average operation, in which the effect of outliers is
automatically smoothed. However, gray-world methods are sensitive to the
presence of large areas with a uniform color different from gray; in fact, for
these kinds of scenes, the gray-world assumption is evidently violated and the
illuminant estimation that they provide can be far from correct.

Also in this case, we can pre-process the image to partially overcome the
violation of the gray-world assumption; a typical strategy is to segment the
image, compute the average color of all segments and then suitably combine
this information to compute the global average color as proposed by [BAR 02].

2.2.3. Shades of gray and multi-scale max-RGB assumptions to
mix white-patch and gray-world hypotheses

The considerations of the previous two sections imply that the white-patch
and gray-world methods have a higher probability to work properly if the
picture has a high contrast. In fact, in this case, we maximize the probability
of having bright objects in the scene (thus approaching the white-patch
assumption) and minimize the probability of finding large homogeneous areas
(thus approaching the gray-world assumption, since bright and dark object
surfaces tend to compensate each other in the average operation).

However, as previously noted, for white-patch algorithms to perform
correctly, the digital image should be as noiseless as possible; thus, they are
not indicated for images taken under dim light conditions. Noise generated by
poor illumination, instead, does not significantly affect the performances of
gray-world algorithms, but they do not work properly for close-ups of
uniform regions, where the contrast is poor. In these unfavorable cases, the
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methods tend to return an incorrect illuminant estimation, resulting in an
estimated reflectance that is too saturated to white or to gray, respectively.

To minimize the drawbacks and capitalize on the assets of the white-patch
and gray-world methods, Finlayson and Trezzi [FIN 04] and Gijsenij and
Gevers [GLJ 07] studied two frameworks, in which the white-patch and
gray-world methods can be combined.

Let us describe the proposal of Finlayson and Trezzi that is based on a
simple, yet informative, observation. Consider the LP-norm of the image
function 1. : Q — [0, 1], which is well defined for all p > 1 because I, is
bounded and € is compact, i.e.

1/p
lLcll, = (/ I.(x)? dx) , [2.17]
Q

then, ||/.]lc = max{[ ()} and |||l = |QIL.. If we compare these expressions
with equations [2 9] and [2.15], we find that:

Il

LY? = ||I]l and LSV =
Il ok

VYc € {R,G, B}. [2.18]

Hence, it is reasonable to think that if we use intermediate values of p
between p = 1 (gray-world) and p = oo (white-patch) to estimate L., then we
obtain intermediate results between the gray-world and white-patch methods.
For this reason, Finlayson and Trezzi called this method “shades of gray”.
They defined the LP-norm illuminant estimation for 1 < p < oo as follows:
Lcp = kplll:|l, where k, plays the role of k in equation [2.15], but with respect
to the LP-norm.

In this case, the reflectance is postulated after the aforementioned
mathematical observation as follows:

I.(x)

. [2.19]
kplllellp

Sc,p(x) =

Finlayson and Trezzi showed that, on the database [BAR 02], the best
performances are obtained with p = 6; however, the optimal value of p can
change from one database to another.
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Let us now describe the proposal of Gijsenij and Gevers [GI1J 07]. They
refined the pre-processing idea of [BAR 02] by considering the original image
at different scales. The multi-scale approach is built through the convolution
of the original image using a Gaussian kernel with the standard deviation o
17 =1 +G°.

We have two limit behaviors: the finest scale, o = 0, in which the
convolution has no effect at all, i.e. Ifzo = [., and the coarsest scale,
o — +o0o, in which the convolution reduces to a homogeneous averaging
operation, i.e. I7 7% — fQ I.(x)dx.

Gijsenij and Gevers postulate illuminant and reflectance estimation as
follows:

I.(x)
ke max yeq{IZ (X))’

Leg = kemax(I7 () and S eq(x) = [2.20]
X€

Yc € {R,G, B}, Yx € Q, where k. plays the role of k in equation [2.15], but
with respect to 7. It can be seen that this technique combines the max-RGB
method with equation [2.20], and the gray-world technique by using /7 instead
of I..

The results of this method are similar to those of the shades of gray model
and out-perform those of the pure white-patch and gray-world methods. The
major disadvantage is that the scale parameter -, analogously to p in the shades
of gray algorithm, depends on the database of images under examination.

2.2.4. Gray-edge assumption and related models

Referencing the gray-edge assumption in [WEI 07], it is stated that “the
average of the reflectance differences in a scene is achromatic (gray)”. As
stated by the authors, this hypothesis originates from an empirical
observation: the plot of the color derivative distribution of an image
approximates an ellipsoid whose longest axis coincides with that of the light
source color [WEI 06]. So, if this axis is rotated with respect to that of neutral
light, it means that the illuminant has a non-neutral color.
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To compute reflectance differences, the authors consider the spatial
derivative 0,5 of the reflectance function S (x, A1) and translate the gray-edge
hypothesis as follows:

L / [0S (x, Dl dx = k, YA eA, [2.21]
1l /o

where | | is the Frobenius norm and £ is a suitable constant that depends on the
space in which color differences are represented [WEI 07]. In other words, the
total variation of the reflectance function in every chromatic channel must be
constant.

The illuminant estimation with this new proposal can be obtained by the
following computations:

1 1
0| = — 0,1, dx = — 0,S (x, VIE(DR (V) dA| d
01| IQI/Ql (x)|x|QI/g(/A| (x, VIE(DR() x
- / (i / |E)xS(x,/l)|dx)E(/l)Rc(/l)d/l=kLC, [2.22]
ARl Jo

where we have used the definition of L. and the gray-edge hypothesis in the
last step of the computation.

Consequently, the illuminant and reflectance estimation with the gray-edge
(GE) assumption is given by:

O] o _ et

JCE _
¢ .
K 10,1

[2.23]

The considerations of section 2.2.2 can be translated here, with the only
difference being that the role of /. here will be played by |0,/.|.

The framework presented above can be generalized by considering the n-th
derivative, n > 1, i.e. by formulating the following hypothesis [WEI 07]:

1
i / |92 (x, V)| dx = ka, [2.24]
Q
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where, again, k, plays the same role as k in equation [2.15]. Using the same
arguments as above, the illuminant estimation in this case is given by:

nIC
1 _ Ia; . [2.25]

If hypothesis [2.6] is satisfied, the reflectance estimation is given by:

I(x)
ERAl

SSE(x) =k, [2.26]

In [WEI 07], it is shown that the value of n that corresponds to the best
performances depends on the database chosen. In the next section, we will
show how all the previous methods can be fused into a single one.

2.2.5. Multi-scale n-th order shades of gray-edge assumption: a
general hypothesis

All the assumptions described in the previous sections can be fused into a
single one, as shown in [WEI 07]. Joining the names of all the previous ones,
it seems reasonable to call this assumption the “multi-scale n-th order shades
of gray-edge assumption’:

1 n_o p 1p
@ Q|axp (x’/l)| dx =kn,a',p, [2.27]

where 0'p” = p * 0"G”, with G” being a Gaussian with the standard deviation

0. kno,p 1s a constant for a fixed value of the parameters n (the order of the
spatial derivative), o and p.

Following the same arguments as in the previous sections, we find that
the illuminant estimation provided by the method that uses this generalized
assumption is given by:

e
- ”k_”f’ [2.28]
n,o,p

pno
C

where 0717 = 1. 7G7.
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If hypothesis [2.6] is satisfied, the estimated reflectance in this case is given
by:

I.(x)

ST (X) = kpgp .
P
‘ 03I Nl p

[2.29]

For the sake of clarity, we recall the meaning of the three parameters p, n, o:

—1 < p < oo determines which LP-norm is used in the computation: if we
choose p — oo, we emphasize the influence of large values of /.(x) (white-
patch-like behavior); if we choose p = 1, all the values of /.(x) influence the
computation in the same way (gray-world-like behavior);

—0 < n < oo is the derivative order: n = 0 corresponds to a shades of gray
algorithm and n > 1 to a gray-edge one;

— 0 < 0 < oo is the scale at which the image is considered, the bigger it is,
the coarser the scale.

We refer to [GIJ 11] and [WEI07] for a thorough discussion of the
performances of this algorithm as its parameters vary.
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Retinex-Like Algorithms for
Color Image Processing

Edwin H. Land coined the term “Retinex” in his 1964 paper [LAN 64], even
if the most popular paper about Retinex is the one that he published with John
J. McCann in 1971 [LAN 71]. Retinex stands for “Retina plus Cortex”, which
refers to the fact that the mechanisms underlying human color vision depend
both on the retinal photoreceptor catches and on the cortex interpretation of
these signals. The original Retinex is a computational model developed with
the aim of finding a perceptual correlate of reflectance, called “lightness” by
Land, to be tested with psychophysical measurements [MCC 70].

Through a series of ground-breaking experiments, mostly performed with
the famous “Mondrian tableaux”, as the one shown in Figure 3.1, Land and
McCann proved that human perception of a surface’s color is much more
influenced by the spatial distribution of the surrounding surfaces than by the
spectral distribution of the light used to illuminate the Mondrian tableau. As
underlined by McCann in many papers and conference speeches, spatial
locality of color perception is the central concept in the whole Retinex theory.
Thus, at least in its original form, the aim of Retinex is not to discard
illumination and recover the intrinsic reflectance of surfaces, as several
authors claim in their paper even nowadays, but to quantify how the points of
the spatial surround cooperate to modify the color perception of a given spot
in a visual scene.

In spite of their innovative and important experimental achievements,
neither Land nor McCann “carved their model into stone” through a rigorous

Computational Color Science: Variational Retinex-like Methods, First Edition. Edoardo Provenzi.
© ISTE Ltd 2017. Published by ISTE Ltd and John Wiley & Sons, Inc.
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mathematical formulation. To the author’s knowledge, the first explicit
Retinex formula that Land wrote appeared in the paper [LAN 83], which was
partially formalized in [BRA 86], too late to prevent many other authors from
diverging with respect to the first version. In the following section, we
provide a formalization of the original Retinex formula. This will help us fix
the ideas about many concepts and notations that will be used later on.

Figure 3.1. Digital reproduction of a typical Mondrian tableau used by
Land and McCann for their color matching experiments. For a color
version of the figure, see www.iste.co.uk/provenzi/color.zip

3.1. Mathematical description of the original ratio-threshold-reset
Retinex algorithm

As mentioned previously, the original Retinex model of Land and McCann
[LAN 71] is based on the assumption that the HVS operates with three
retinal-cortical systems, each processing the low, middle and high
wavelengths of the visible electromagnetic spectrum independently. Every
independent process forms a separate image that determines a quantity that
they called lightness and denoted as L. Inspired by several matching
experiments (see, e.g., [MCC 70, LAN 71]), Land and McCann found a
computational way to reproduce lightness for their Mondrian tableaux by
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introducing spatial comparisons among intensities, calculated over paths. The
comparison is performed through a multiplicative chain of ratios, subjected to
these nonlinear mechanisms!:

— Threshold mechanism: if the ratio does not differ from 1 by more than a
fixed threshold value, then it is set to be unitary;

— Reset mechanism: if the cumulated product of ratios overcomes the value
1 at a certain point of the path, then it is forced to be 1, so that the computation
restarts from it. In this way, this point becomes a local white reference, so the
reset mechanism is responsible for the white-patch behavior of Retinex.

Let us now present the mathematical formalization of Land and McCann’s
ratio-threshold-reset Retinex computation provided in [PRO 05]. Given a
discrete digital image function with a normalized range, I : Q c Z?> — [0, 1],
let us consider a collection of N oriented paths y = {yy,...,yny} composed of
ordered chains of pixels starting in y; and ending in x, k = 1,...,N. Let ny be
the number of pixels traveled by the path y; and let #, = 1,...,n be its
parameter, i.e. y; : {1,...,m} > Q C R?, vr(1) = yr and yx(n) = x. For the
sake of simplicity, let us write two subsequent pixels of the path as y(#) = y;,
and yx(tx + 1) = yy41, for tx = 1,...,n; — 1. In every fixed chromatic channel
¢ € {R, G, B}, let us consider their intensities 1(y;,), I(y;+1) and then compute

_ 10y+1)

the ratio R;, = Toy with the initial condition Ry = 1.
s

With this notation in mind, the value of lightness provided by the
ratio-threshold-reset Retinex algorithm for a generic pixel x € Q, in every
fixed chromatic channel ¢ (that we avoid specifying for the sake of a clearer
notation), is given by:

N m—1

Ly(x) = % DT o) [3.1]

k=1 =1

1 A further mechanism, called scaling, can be introduced [LAN 77]. For the sake of a clearer
description of Retinex, we will avoid considering this mechanism in this chapter and will
introduce it in Chapter 5.
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where 6; : R - R*, k= 1,..., N, are functions defined in this way: §;(Ro) =
land, fort, =1,...,n— 1,

R;, ifO<R, <1-¢
1 ifl-s<R,<l+es
={R ifl+e<R, < ———
Or(Ry,) I ES Ry < H;];];O 0B [3.2]
[F+ if R, > WL
l_[mk:U 6/{(Rmk) l_[mk:() 6/\'(Rmk)

with £ > 0 being a fixed threshold.

The first option is satisfied when the intensity of the pixel y;4i is
appreciably smaller than the intensity of the pixel y;,, and then ¢, reproduces
the value of the ratio R,,. The second option occurs when only a very small
change in intensity is measured between two subsequent pixels. In this case,
Ok(R;,) is defined to be 1, so that the product of ratios remains exactly the
same as in the previous step. This is the mathematical implementation of the
threshold mechanism.

The third option is referred to the case when the ratio R;, is greater than
1 + &, but the product 6x(R1)6k(R2) - - - 0k(R;,—1)Ry, 1s not greater than 1 + . In
this case, ¢x reproduces the value of R;, as in the first option. Finally, the fourth
option holds when 6x(R1)0x(R2) - - - 6k(Ry—1)R;, > 1 + €. In this case, 0y resets
the chain of product to 1 because a “local white pixel” has been reached. This
option implements the reset mechanism (and so the white-patch behavior) of
the algorithm.

It is useful to write the contribution of the single path y; to L, y(x) as:
n—1
Loy () = | | 6u(Ry), [3.3]
=1
so that formula [3.1] simply reduces to the average of these contributions, i.e.

N
Ley() = § Z Lo ().

Since the logarithmic function transforms products into sums and
divisions into subtractions, the computational cost of the algorithm defined by
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formula 3.1 can be reduced via the decomposition of the identity function on
R* as exp o log applied to the product of ratios, i.e.

N ng—1
1
Loy = % D exp (Z log(ék(Rtk))) : [3.4]
k=1 =1
We can simplify the formula by defining I(y, ) = log(/(y,)), R;, = logR,, =
i(y,k+1) - i(y,k), Ry = 0. We define the functions &k to be: 6x(Ry) = 0 and, for
t=1,...,n—1,

Rtk lf - < le S _é
- = 0 if —8<R, <&
6k(Rtk) - Rt if &< Rtk <&- Zf:lk—:lo Sk(Rmk) [35]

k
— S OB i Ry > &= T SRy

with & = log(1 + &). If we use these notations, the formula for the lightness can
be written as:

1 N nk—l~ 3
QWFNZw%ZMM% 3.6]

k=1

which contains only one exponential, sums and differences. For small values
of &, it coincides with the lightness of the non-logarithmic formulation.

3.2. Analysis of the ratio-reset Retinex formula: the limit ¢ — 0

The analytical formula that describes the ratio-threshold-reset Retinex
algorithm introduced above permitted making predictions about the model.
As explained in [PRO 05], this can be done if the threshold mechanism is
disregarded or, equivalently, by considering the case € — 0.

As ¢ — 0, the functions ¢6; become much simpler:

m—l
R, if 0<Ry TT 6k(Rp) <1

my=0

Or(Ry) = [3.7]

f—1
—Lif Ry [ kR > 1

=1
=0
1 6(Rny) mi

my=!
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hence, when € — 0, ¢, behaves either as the identity function or as the reset
function.

For the sake of a simpler and more comprehensible notation, we shall
eliminate the suffix & for a moment, and focus attention on a given path y
starting in y(1) = y and ending in y(n) = x. Let H be the value of the
parameter of vy, such that y(H) = yp is the pixel with highest intensity in the
whole path.

If we write the contribution of y explicitly as

1(y2) I(yn) I(yr+1) I(x)
o) <0 1) <0 3.8
(1()’)) (I(YH—l)) ( I(yn) ) (I(yn—l)) B8l

we can prove that the pixel ygy enables the reset mechanism. In fact, if no reset
occurs before yy, then we have:

1(y2) 1(y3) () I(yE+1) I(x)
IO s 5 S 3.9
1(y) 1(y2) (I@H—l)) ( I(yn) ) (I(yn—l)) 521

the first ratios cancel out, so that:

I@H—l)é( Iyn) )5(1()’H+1))“.5( I(x) ) [3.10]

1(y) I(yg-1) I(yn) I(yn-1)

Thanks to the hypothesis on yg, % > 1; thus, the product of this ratio

with the previous ones reduces to:

1Qn-1) 10 _ IOn)
I(y) Iyu-1) 1y

[3.11]

which is again greater than 1. The reset mechanism is enabled and the chain of
products reduces to:

I(yu+1) 1(x)
o|l——|---6|——]. 3.12
( I(yn) ) (I(Yn—l)) 5121

If the reset mechanism is activated by some other pixel before yy in the
path vy, then the conclusion remains true: to verify this, it is sufficient to replace
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y with the last pixel that has produced the reset before yy and then use the same
arguments as before.

As a consequence, when € — 0, all the pixels composing the path y before
the pixel with highest intensity are totally useless for the lightness
computation.

After the pixel ypy, the reset mechanism is inhibited and the ¢ function
simply reduces to the identity. In fact, if all of the ratios remain less than 1
until the end of the path, then the statement is trivially true. Instead, if there
exists a pixel yx, K > H, such that l%(;;) > 1, the reset mechanism cannot be
enabled because the product of ratios R; - - - R reduces to:

IO+ IOE+2)  10K) 1Gk+1) _ IOk+1)
1) 1Gr+)  1k-1) 1(k) I(yn)

[3.13]

If there are other pixels with the same characteristic as yg, the conclusion is
unchanged. If there is more than one pixel with the same intensity as ygy, then
all the considerations mentioned above have to be referred to the last pixel with
highest intensity traveled by y. To resume, when € — 0, the contribution of

the path reduces simply to Ii(yf{))‘

Since the arguments presented above work for every path, we can write:

I
Loy, (x) = ﬁf])) [3.14]

where yg, is the pixel with highest intensity traveled by vy, for every k =

1,...,N. Thus, formula [3.1] can be written as follows:
N
1(x) 1
Lyy(x) = —= , [3.15]
7 N ; ()
or
| &
Loy =+ ; exp (I(x) - I(yn,)). [3.16]

in the logarithmic formulation.
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Equation [3.15] shows explicitly that, when € — 0, the Retinex lightness
is obtained simply by multiplying by /(x) the average of the inverse values of
the highest intensities of the pixels traveled by the paths y;. Henceforward, we
will refer to formula [3.15] as describing the “ratio-reset Retinex algorithm”.

Note that the similarity with the von Kries algorithm described in the
previous section is evident; however, the presence of paths makes the
ratio-reset Retinex a local algorithm, where locality is intrinsically
represented by the geometry of paths used. We will turn back to the path
dependency of the ratio-reset Retinex in section 3.3 when we will describe the
spray-based implementation. Here, we just observe that when n; — [Q| or
N — oo, the ratio-reset Retinex loses its local properties and reduces to the
global diagonal von Kries model [PRO 05]. In contrast, if we use small values
of nx or N, the resulting lightness images are affected by a lot of noise (see
again [PRO 05]).

We note that since intensity values are normalized, 0 < I(ym,) < 1 for
every k = 1,...,N and then ch\'zl ﬁ > N. It follows that L(x) > I(x) for
every pixel i, which proves that an imgge filtered with the ratio-reset Retinex
is always brighter or equal to the original one. This shows an important
limitation of this algorithm: an over-exposed picture can only be worsened by

the application of the ratio-reset Retinex used as a color corrector.

Further interesting information that can be obtained via formula [3.15] is
the qualitative behavior of ratio-reset Retinex when it is iteratively applied to
an image. Mathematically, the operation of applying m-times Retinex
corresponds to the composition of the lightness function with itself m times.
The simplest case of m = 2 can be written as follows:

3 L1
1 N
_ 3.17
"N Z Iy 7<ny 3171

where yp; is the pixel with the highest value of lightness in a given chromatic
channel along the path y; after the first application of Retinex. We stress that
yu; 18, in general, different from yp,, which is the pixel with the highest
intensity along y; before the first filtering operation.



Retinex-like Algorithms for Color Image Processing 37

More generally, if we write with L:)”7 the composition of Ly 5 with itself m
times, it can be immediately seen that:

L
== 3.18
Lm l(x) NZ L (yHm 1) [ ]

k=1

where y ! is the pixel with the highest value of lightness along the path
after m — 1 applications of Retinex to the original image.

Equation [3.18] shows that in every iteration of Retinex, the lightness of
any pixel x is greater or equal to that of the previous iteration. In fact,
0< L’” (yHm 1) < 1,k=1,...,N, hence the right-hand side of [3.18] is > 1

and so L’"(x) > L1 (x) for every pixel x € Q. In particular, the lightness of x
is forced to grow until the right-hand side of equation [3.18] reaches the value
1, but this happens if and only if Lg;l(yH;n_l) = 1, i.e. when the lightness of
(at least) one pixel in all the paths vy, ..., vy reaches the value 1. This is the
convergence condition: every further iteration of the ratio-reset Retinex will
leave the image unchanged. At a visual level, when the convergence condition
is reached, the image is corrupted by “speckling”, i.e. the presence of a large
number of white spots across the image domain, as can be seen in
Figure 3.2.

3.2.1. Retinex: “a melody that everyone plays differently”

In image processing, it is hard to find a model whose name has been
interpreted in so many different ways as “Retinex”. In this subsection, we
present a synthetic description of the evolution of the Retinex interpretation.
In Chapter 5, we will link these different Retinex implementations to their
corresponding variational versions.

Path-wise Retinex shares a local WP nature and mostly differs from each
other by the path geometry used to explore spatial locality: Land and McCann
used piecewise linear paths in [LAN 71]. In [COO 04], [MAR 00] and
[SIM 14], those paths were substituted for double spirals, Brownian paths and
traces of a specialized swarm of termites, respectively.
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Figure 3.2. Top to bottom: original image and result of multiple
iterations of the ratio-reset Retinex algorithm until the convergence is
reached. Note the speckling effect

Center/surround Retinex are local GW algorithms originating from
[LAN 86], where Land noticed that he could reproduce Mach bands formed
by a spinning white square on a black background by using a different
Retinex formulation. Precisely, for every image point, the intensity of the
center x is replaced by the ratio between /(x) and the average value of the
surround, sampled with a density that decays as the inverse of the square
distance from the center. Writing with L& this “center/surround lightness”,
we have:

CS; oy _ 1(y)
L= = < {I(y), y € Surround} >’ [3.19]
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where < - > represents the average operator. Comparing [3.19] with [3.15],
it can be seen that there is a fundamental difference between this formulation
and the original one: there the ratio is performed over the pixel with highest
intensity, while in this formulation it is implemented over the mean value of
the surround. We can go further: comparing [3.19], with [2.15], it can be seen
that this formulation of Retinex is practically a GW method to remove the
illuminant component of the image.

In 1997, Johbson, Rahman and Woodell [JOB 97b] re-elaborated Land’s
idea presented in [LAN 86]: they worked with logarithmic data,
approximating the average of the surround by convolving the image function
I with a normalized kernel function F, usually a Gaussian. If we use again,
for simplicity, the symbol L5, we can write this model as follows:

LS (x) = log(I(x)) — log((F * I)(x)), Vx e Q. [3.20]

Multi-level Retinex algorithms were pioneered by Frankle and McCann in
[FRA 83] and further refined in [FUN 04]. In these works a multi-level
version of the original local WP Retinex is presented, the authors abandon
paths and consider a computation that takes into account all pixels. The input
image is progressively sub-sampled averaging a number of pixel that grows as
increasing powers of 2. On each sub-sample level, a ratio-reset computation
(without threshold) is operated a certain number of times from the coarser
sub-sample level to the finest one. Because of the sub-sampling, as we go
further from the target pixel, we do not consider actual pixel values, but
average values of macroareas of increasing size. A rigorous mathematical
formulation of these multi-level algorithms is still lacking.

Based on this idea, Marini, Rizzi and De Carli [MAR 00] constructed a
local WP multi-level version of Brownian path Retinex that reduced the
amount of noise in the output images. A different multi-level proposal has
been pointed out by Johbson, Rahman and Woodell in [JOB 97a]: they
introduced a certain number S of scales where performing the convolutions in
[3.20] with normalized Gaussian functions F,, s = 1,...,S. Each scale is
associated with a suitable weight w,, which gives more importance to finer
scales than to coarser ones.

Finally, there are WP Retinex versions based on solving a Poisson
equation. They rely on a study by Horn [HOR 74], in which he remarkably
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pointed out, for the first time, the need for a spatially isotropic
two-dimensional version of Retinex. Horn considered, as Land, only
Mondrian tableaux illuminated by a smoothly varying light. However,
differently from Land, he explicitly tackled the ill-posed problem of inverting
the equation I.(x) = S (x)L.(x), ¢ € {R,G, B}, with respect to S.(x) (the
reflectance of the point x = (x1, x2)) knowing only the image intensity /.(x). If
we now pass to logarithmic values, i.e. log/.(x) = logS.(x) + log L.(x) or,
equivalently, logS.(x) = log/.(x) — log L.(x), and we apply a differential
operator D to both sides, then D(logL.(x)) will be small but finite
everywhere, while D(log S .(x)) will be different from zero only if x is close
to sharp edges.

If we apply a threshold operator 67 defined as follows:

57(s) s if|s|>T
s) =
r 0 elsewhere,

for all s € R and if the threshold 7 > O satisfies the constraints defines by the
following inequality:

ma})zg{D(log L.(x))} < T < min{D(log S .(x)),
x€Q : D(ogS .(x)) # 0} [3.21]

then we obtain D(log S .(x)) = dr(D(og I.(x))). Horn insisted on the choice
of the Laplacian for D instead of the gradient, arguing that first order
derivatives are one-dimensional, while the second order derivatives involved
in the Laplacian are isotropic and thus more suited for the topology of an
image. By substituting D for the Laplacian operator A, the last formula
becomes a Poisson equation:

A(log S ¢(x)) = 67(A(log 1c(x))) [3.22]

whose solution allows recovering the logarithmic reflectance log S .(x). It is
clear that Horn’s method is based on quite restrictive hypotheses: smoothness
of illumination (violated by scenes with deep shadows, for instance) and a
Mondrian-like world (violated each time edges are not sharp). Blake
[BLA 85] refined Horn’s results using more suitable boundary constraints
when solving Horn’s Poisson equation, and Hurlbert pointed out in [HUR 86]
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a connection between Land’s and Horn’s versions of Retinex by analyzing
Green’s technique for the solution of Horn’s Poisson equation.

The alternative Retinex interpretations quoted above have been
mathematically formalized with the help of variational principles and the
theory of partial differential equations. In Chapter 5, these formalizations will
be discussed in detail.

3.3. From paths to pixel sprays: RSR

The information obtained, thanks to the mathematical formulation of
Retinex, has important consequences for the structure of £,(Q2), the set of
paths embedded in the image domain Q and ending in the point x. After
formula [3.15], on this set, it is natural to define the following equivalence
relation: given y,n € P.(Q),

y~n & max{l/(y)} = max{l(y)} [3.23]
yey yen

where y* and n* are the codomains of the paths, i.e. the collections of pixels
traveled by y and 5, respectively.

Paths belonging to different equivalence classes give different contributions
to the lightness computation, while every path in a given equivalence class
gives rise to the same value of Lg,,(x). It follows immediately that $.(£2)
contains redundant paths and that the correct set of paths to consider is given
by the quotient set £,(Q)/ ~, whose elements are the equivalence classes of
paths with respect to the equivalence relation defined in [3.23].

In each equivalence class, we can choose a single representative path to
compute Lg,,(x), in particular, the more efficient one is the two-points path
whose codomain is simply given by {yg,, x}. Thus, the ordering operations
needed to generate the paths are totally unnecessary for the final lightness
computation. Moreover, from a mathematical point of view, paths are
topological manifolds of dimension 1 embedded in the image, which is a
topological manifold of dimension 2, so paths do not really scan local
neighborhoods of a pixel, but rather particular directions in these
neighborhoods. This directional extraction of information can lead to halos or
artifacts in the filtered image (see, e.g., [FRA 83]).
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The classical implementations of Retinex try to remedy this problem using
a large number of paths, but this increases the filtering time and does not
really overcome the problem. In conclusion, there are three reasons for which
paths are not perfectly suitable for the analysis of locality of color perception
within the Retinex model: they are redundant, their ordering is completely
unnecessary and they have an inadequate topological dimension.

These considerations led the authors of [PRO 07] to consider
two-dimensional objects such as areas instead of one-dimensional paths to
analyze image locality for an efficient color correction. Roughly speaking,
their idea is to implement spatial locality by selecting a fraction of pixels
from these areas with a density sample that changes according to a given
function of their distance with respect to the target pixel x. Each function
generates a different kind of pixel selection around x, leading to different
types of “sprays”, each of which shows different local filtering properties. The
new implementation of the ratio-reset Retinex that follows this idea is called
RSR for “Random Sprays Retinex”.

In RSR the role of a path y; traveling ny pixels and ending in the target x is
played by Si(x), a spray with ny pixels centered in x. Actually, once the
number of points per spray is chosen, there is no need to vary it with k, hence,
from now on, we will write n instead of n; to denote the number of pixels per
spray. The ratio-reset operation along a path is substituted for the search of
the pixel with highest intensity in the whole spray. The functional expression
of formula [3.14] to compute the lightness remains exactly the same in both
algorithms, so the ratio-reset Retinex and RSR share the same intrinsic
properties.

S x(x) is built as follows: starting with a uniform random distribution of n
values in the real unit interval [0, 1], we extend it to the intervals [0, 27) and
[0, R], where R is a given positive real number that will represent the radius of
the spray. We denote the corresponding uniform random distributions by
RAND,[0,27] and RranD,[0,R], respectively. Then, if (x,x;) are the
coordinates of x, we can define the polar coordinates of a generic pixel
vy = (v1, y2) belonging to S (x) in this way:

y1 = x1 + p cos(6)
{)’2 = x2 + p sin(6) [3-24]
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where p € RaND, [0, R] and 6 € raND, [0, 27r). These are the coordinates of pixels
that have an isotropic angular distribution in a circle of radius R centered in
the pixel x.

However, note that the radial density is not isotropic; in fact, the spray
results are denser near the target pixel x than far away. To compute d(r), the
mean areolar density variation in function of r, consider any circle C, of

arbitrary radius r, 0 < r < R, centered in x. The area of C, is A = nr?, so

r= 4 /%‘; moreover, since we are dealing with uniform random distributions,

the mean number of points inside C, is ng = % \/% . Computing the derivative
of this expression with respect to A, we get the rate of change of the average
areolar density:

i)

- [3.25]
dA 2R \rA
but A = 2, so:
n \1
o(r) = (—) -. 3.26
") 2nR/) r [ 1

Thus, the mean areolar density of spray pixels decreases as the inverse radius.
Figure 3.3 shows an example of such a spray with 400 points and radius R = 1.
The radial areolar density decay can be modified by applying a function to p.
More information about this use of RSR to study the dependence of Retinex
on spatial locality can be found in [PRO 07].

In [GIA 14], the RSR sampling technique has been studied from a
probabilistic point of view, resulting in the algorithm QBRIX.

3.3.1. LRSR and SMRSR

In this section, we will discuss two techniques proposed in
[BAN 13, BAN 15] that have been applied to RSR with the aim of reducing
the noise in the output image and also decreasing the computational time.

Let us start by describing the strategy described in [BAN 13] and called
“Light Random Sprays Retinex” (LRSR) devised to avoid noise formation
when a small value of n and/or N is used. Consider an arbitrary input image /
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and apply RSR to it, obtaining the image R. The ratio C = 1% is called the
intensity change image. In LRSR, the noise is reduced through a convolution
with a kernel function k. This can be done after the computation of C,
obtaining C; = (C * k)(x), Yx € Q, or before it, i.e. applying the blurring to /
and R, obtaining C}/(x) = ((Ilei],?)((fc)), Yx € Q. By combining the two approaches,
i.e. filtering before and after calculation with two (possibly identical) kernels
ki and ky, respectively, we can define the new intensity change matrix:

Ciy 1o = (CL(0) * k) (x).
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Figure 3.3. Example of a random spray with 400 points
and unitary radius

The output image O of LRSR is calculated via the formula:

R (€))
O(x) = —CZI, kz(x) Vx e Q, [3.27]

the size of the kernels k; and k; used in [BAN 13] is 25 x 25.
In [BAN 15], the same authors attacked the problem of computational

complexity reduction with a technique called “Smart Light Random Memory
Sprays Retinex” (SLRMSR). The basic concept behind SLRMSR is that of
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“spray memory”, which consists of creating a single spray that will be
gradually modified while we browse the image. First of all, we extend the
image by mirror symmetry to correctly treat pixels that lie near the edge of
the image domain. We then consider the first pixel x = (1, 1) € Q of the input
image and we build a spray S (x) with n pixels centered in x. We then pass to
the subsequent pixel in the same row, i.e. X’ = (2, 1), and we modify just one
pixel of S(x), by randomly selecting a pixel that lies in the neighborhood of
x’. By iterating this procedure, we will gradually and smoothly modify the
content of each spray. At a computational level, if we store the pixels of the
spray in a hyper-matrix, for each new pixel we will just modify the last
element of this matrix. Thereby, the spray will be totally renewed every n
pixels.

Note that, thanks to this idea, the computational complexity passes from
OnN|Q|) to O(n|Q]) because now one spray is used. When this technique is
applied directly without the filtering strategy quoted above, it produces results
affected by horizontal lines, as shown in Figure 3.4 (middle). The main reason
is to be found in the great deal of information redundancy in natural images,
i.e. the fact that nearby pixels are very likely to have similar values, unless they
lie in the proximity of a sharp edge, thus, if we change only one pixel spray at
the time and we browse the image horizontally, this kind of problem is to be
expected.

3.4. A psychophysical method to measure (achromatic) induction

One of the aims of the RSR model was the investigation of the effects of
spatial locality on the computed lightness. It thus seems pertinent to discuss
here the Rudd-Zemach model of achromatic induction, which, as the authors
say, shares some similarities with Retinex.

The first quantitative measure of achromatic induction was performed by
[WAL 48]. In his classical experiment (Figure 3.5), Wallach considered two
disks, Dy and Dy, for Target and Match, surrounded by two rings Ry and Ry,
embedded in a uniform background B. Let us denote Lp,,, Lr,,, Lp,, Lr, and
Lp as the luminance values of Dy, Ry, Dy, Ry and B, respectively. He showed
this configuration to a set of observers adapted to the light conditions of a dimly
illuminated room, keeping Lp, and Lg,, fixed, using Lg, as an independent
variable that he could fix in every experiment and Lp,, as a dependent variable
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that the observers could adjust in order to achieve a perceptual match between
the two disks T and M. The stimuli presented to the observers did not have
chromatic components.

Figure 3.4. Top: original image. Middle: output of spray memory RSR

without applying the filters of LRSR. Bottom: output of SLMRSR. Top

(original) image courtesy of N. Bani€. For a color version of the figure,
see www.iste.co.uk/provenzi/color.zip
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Figure 3.5. Wallach’s classical experiment. Over a uniform background
B, there are two inner disks, Dr and Dy, (T and D for Target and Match,
respectively), surrounded by two external rings Ry and Ry,

If the luminance of the surrounding rings failed to influence the perception
of the achromatic color of the disks, then the match between the two disks
would simply be the photometric one, i.e. Lp,, = Lp,; instead, Wallach found
that a fairly good match among the achromatic color of the two disks was
obtained when the ratios between the disk and the ring luminances were
identical on the two sides of the display, i.e.

L L
“Du _ ﬂ’ [3.28]

Lg, Lg,
a formula called Wallach’s Ratio rule. By taking the logarithms at both sides
and solving for Lp,, we find:

log Lp,, =logLp, +1logLg,, —log Lg,, [3.29]

thus, according to Wallach’s Ratio rule, the plot of the perceptual match in the
plane of coordinates (x,y) = (log Lg,,log Lp,,) should be a straight line with
slope —1, against the slope 0 that a photometric match would measure. More
recent measures using the classical Wallach’s experiment have shown that this
slope is actually between —1 and 0, as can be seen in Figure 3.6 (adapted from
Rudd & Zemach [RUD 04]).

To account for these new psychophysical data, Rudd and Zemach
[RUD 04] have proposed a more sophisticated model than Wallach’s. They
repeated Wallach’s experiment adding a non-black background B. As in
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Wallach’s experiment, Lp, and Lg,, are fixed and the observer’s task is to
adjust Lp,, to achieve an achromatic color match to the test disk as a function
of Lg,. Lg, is varied from trial to trial by sampling from a set of six
luminance values spaced equally in RGB units from 2.54 to 6.31 cd/m? (note
that Rudd and Zemach used the base 10 for their logarithmic values, so that
the logarithmic range goes from 0.405 to 0.800 cd/m?).

‘. Legend
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0.1 ‘. = Photometric match
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Figure 3.6. Quantitative measures of Wallach’s achromatic color induction experiment
for four observers performed in [RUD 04]. The best-fit regression line slopes and
associated 95% confidence limits observed by [RUD 04] for the four subjects of the
experiment are the following: —0.639 + 0.033, —0.791 + 0.034, —0.723 + 0.047 and
—0.657 + 0.042

Rudd and Zemach also pointed out some similarities between their model
of achromatic induction and Retinex; however, they did not consider the
threshold and reset mechanisms. Their model can be described as follows: let
L; and L; be the luminance of two points i and j in an image, the ratio f—; can
be decomposed as a sequential multiplication of the local luminance ratios at
borders encountered along a path connecting j and i, for instance:

[3.30]
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by taking the logarithm at both sides we get

Jj=

log — [3.31]
g ] kZ‘J Lk+l

Rudd and Zemach introduced induction strength weights wy, in order to take
into account the fact that patches that lie in a nearby surround have a stronger
influence on the induced perception than those that are far away, i.e. spatial
locality of vision. Note that in the configuration shown in Figure 3.5, we have
i=Dy,i+1=j—1= Ry, j= Bonthe left part of the visual field and i = Dr,
i+1=j—1= Ry, j= Bon the right part. The logarithmic brightness of i,
which we denote as log ®(i), and which can be inferred by Rudd and Zemach’s
model, is the following:

j_

log (i) = > Wi log 1
k=i +

+H, [3.32]

where ¢ € R is an arbitrary constant that will be eliminated by the matching
procedure and that we introduced to underline the fact that brightness
perception is relative to a context and not absolute.

It can be seen that if the luminances L; and Ly, are equal, then their ratio
does not give any contribution to ®(i). A meaningful contribution to ®(i) is
given only by the luminances of points lying at the border of an edge. So, ®(7)
represents the summed influence of all the edges present within the spatial
surround of the target point, suitably weighted. The weight index is k — i + 1,
which means that small values of the index refer to patches close to i and
vice versa. With this convention, and invoking the fact that induction strength
decreases with the distance, as proven by [WAL 63], we have that w; > wy >

. i.e. 32 < landsoon.

Rudd and Zemach called their model of achromatic induction “Weighted
Log Luminance Ratio” (WLLR). The WLLR predicts that the brightness
match between Lp,, and Lp, is attained when ®(Dy) = ®(Dr), i.e.

LMatch

Lgy, T Lg,
wi log + wy log L_ +u =wplog + wy log Ty +u, [3.33]

Ry B Ry
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solving this equation w.r.t., log Lp,, we have:

log LM = log Lp, + (1 - @)Mg Lg, - (1 - ﬂ)log Lr,,  [3.34]
w1 w1

L%Iamh is the luminance value of Dy, selected by the observer to match Lp,.

If we set u = long\D/I;tCh, @ = logLp, + ( - x—f)logLR{w,,B = —( - x—?) and
v = log Lg,, then the WLLR model predicts the following linear behavior in

the logarithmic domain:
u=a-+pv, [3.35]

with a slope 8 = ( - X—f) € (—1,0), which is coherent with Rudd and
Zemach’s empirical observations. In fact, the estimations of the ratlo 2 from
their interpolated data for the four observers are: 0.361, 0.209, 0. 277 and

0.343.

A key assumption of edge integration models, like the WLLR, is that the
total achromatic color induction produced by a complex surround is the sum
of the individual induction effects produced by the luminance borders
comprising that surround. Rudd and Zemach performed experiments to
directly test this assumption by predicting and then measuring the magnitude
of the total induction effect produced by combining three circular edges
located at different distances from the test disk. This was done after first
measuring the magnitudes of the induction effects produced by the individual
edges. The results were in accordance with the predictions of the model.

In section 5.4, we will reinterpret the WLLR model in terms of variational
principles.

3.5. Automatic Color Equalization: ACE

Automatic Color Enhancement (ACE) [RIZ 03] is an algorithm for color
image enhancement inspired by the HVS features. ACE, like Retinex,
transforms the intensity of an image in a local, differential and nonlinear way.
To show how ACE works, it is worthwhile to present its formulae and then
discuss their meaning. Keeping the notations used for Retinex, let us fix a
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target pixel x and let y denote the generic pixel in the rest of the image. Given
a fixed real constant @ > 1, we construct the following odd function:
Sa . [_1’ 1] - [_1’ 1]9

~lif —1<r<-1
se()=Jatif -1 <1<l [3.36]

+lifL <r<1

a and s, are called, respectively, slope and slope function. We are interested in
the analysis of s, when ¢ assumes the values ¢t = I(x) — I(y), i.e. we will deal
with s, (/(x)—1(y)), with I(x) constant (since x is fixed) and /(y) variable (since
y runs over the whole image). The reason for the use of differences in ACE is
that they are the easiest operations to jointly implement the differential nature
of spatial comparisons and the GW principle recalled in Chapter 2. This can
be easily understood considering the toy image with only two pixels x and y.
If we define Dy, = I(x) — I(y), then Dy, = —D,,, so their average is 0. The null
value can then be mapped to the middle gray with the simple translation using
the term % The same results can be obtained considering an image of any size
and using an odd function of I(x) — I(y), because the average value of an odd
function is 0.

We also consider a normalized weight function w : Q X Q — (0,1),

> w(x,y) = 1 for all x € Q, where w(x,y) is a monotonically decreasing
yeQ

function of the Euclidean distance ||x — y|| representing the induction weight.
w can be, for instance, the inverse of ||[x — y|| or a Gaussian kernel with

standard deviation left as parameter and so on.

The lightness computation of x is performed by ACE in two steps, the first
is called chromatic spatial adjustment and consists of the determination of the
following pixel-wise value:

R@) = ) wx y)sell(@) = 1), [3.37)

yeQ

Then, with M = max,co{R(y)}, a dynamic tone reproduction scaling is
performed via the equation:

R

1
IACE(y) = = 4 2
) =3*3m

[3.38]
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Note that, since the odd function s, is weighted, the sum in [3.37] is not
null. The nonlinearity in ACE is determined by the slope function, in fact, in
the region —é <Ix)-1@y) < é, i.e. for relatively small intensity differences,
Sq increases the contrast, mapping /(x) — I(y) into a(I(x) — I(y)) with @ > 1,
while it clips relatively big intensity differences. Finally, the mapping in [3.38]
implies a global WP behavior, since there surely exists, at least, one pixel x
such that R(x) = M so that its lightness becomes 1. Note that, differently from
the ratio-reset Retinex algorithms, ACE can increase and decrease the intensity
of a pixel.

3.6. RACE: a model with mixed features between RSR and ACE

Both RSR and ACE decrease the color cast of an image, if it exists.
However, while the results of RSR tend to have a nice saturation, those of
ACE tend to be somewhat washed out. On the contrary, ACE’s nonlinear
slope function allows for a noticeable contrast intensification, in particular
with large values of the slope parameter @, which cannot be reached with
RSR. Moreover, both models fail to work properly in large uniform areas: if
these regions are wide enough, RSR detects the region pixels as local
maxima, thus it normalizes those pixels on themselves and it produce a great
amount of visible noise; on the other side, ACE’s chromatic spatial
adjustment represented by equation [3.37] will be close to O and the pixels
will turn gray regardless their original color.

Starting from these considerations, in [PRO 08] the authors developed a
fusion of RSR and ACE into an algorithm called “RACE” with the aim of
combining the positive features of both algorithms, and they also proposed
a technique to avoid the problems mentioned above in case of large uniform
areas.

In order to build a combined algorithm between RSR and ACE, we must
implement spatially local operations within a common mathematical
framework. In [PRO 08], the local sprays of RSR have been favored over the
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weighted computation performed across the entire image as in ACE due to the
fact that they required substantially less computation time.

Once the use of localized spray is established, the main difference between
ACE and RSR is the presence of the dynamic tone reproduction scaling in
ACE. We recall that this operation introduces a global white-patch behavior in
ACE, but, in view of the combination with RSR, this step becomes redundant,
since a local white-patch behavior is already provided by RSR.

There is a simple way to remove the dynamic range mapping while keeping
the local weighted average behavior typical of ACE: incorporating the term %
in s, i.e. considering this new slope function:

0 if —1<I(x)-1() < -+
Sel(x) = I(y) =4 3 + aI(x) = 1) if — 5 < I(x) = I(y) < 5= [3.39]
1 if 5= < I(x) = 1(y) < 1.

Indicating the lightness corresponding to this spray formulation of the local
GW component of ACE with LP*YACE we have:

N
LsprayACE(x) — 1 Z i Z So(I(x) — 1(y) [3.40]

yeSk(0)\{x})

fiy = card{(S x(x)\{x})NQ} being the number of spray pixels (center x excluded)
that lie inside the spatial domain of the image.

Now that the spray formulation of ACE and the new slope function §, are
defined, RSR and ACE can be combined by performing their local average.
This is the most natural operation for the purpose of developing an algorithm
with an intermediate behavior between the previous ones.

If we consider a single spray S(x), the average contribution of RSR and
ACE is given by the formula:

RACE _l 1(x) l < _
L0 = S s * o jes%\msau(x) 1) |, [3.41]
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as usual, the final lightness is obtained by averaging the N spray contributions:

RACE ., _ L N1 [ 1) 1 < _
LRACE(yy = NZ; AN ARy yes%\{x} 5o (I(x) = IO | [3.42]

N
k=

It is interesting to discuss how formula [3.42] behaves with respect to three
ideal conditions. The ideal white situation is that in which I(x) = I(H}) and
Se(I(x) = I(y)) = 1 for every y € Si(x) \ {x}; the ideal middle gray situation
happens when I(x) = @ and nik 2.8 o\ Se((X) = 1(y)) = %; finally, the
ideal black condition is defined by I(x) = 0 and §,(/(x) — I(y)) = 0 for every
y € Si(x) \ {x}. The correct recovering of white, middle gray and black in
the ideal conditions defined above is a basic theoretic test for correct tonal
reproduction of RACE. All the ideal situations are easily seen to be correctly
verified.

We stress that RACE does not use ad hoc pre- or post-processing. The
only pre- or post-LUT treatments are due to the conversion respectively
from/to gamma encoded sRGB values. Thus, prior to any computation, if the
input image was encoded in sSRGB, a gamma transformation must be applied
to linearize data. In a similar way, prior to visualization, a gamma correction
for SRGB encoding should be applied.

3.6.1. Regularization of RACE formula: attachment to original
image

As mentioned above, the action of RSR and ACE on large homogeneous
areas of an image fails to give good results. The combination of the two
algorithms in RACE does not remedy the problem. In this subsection, we
show how it is possible to modify the RACE formula with a regularization
term in order to avoid this unwanted behavior.

Let us fix the attention on the lightness contribution LRAE(x) associated
with a spray Si(x), as defined in [3.41]. The first step in the regularization
technique corresponds to modifying LRAE(x) taking a convex linear
combination with the original intensity value I(x) of the target pixel:

LR () = B LRACE () + (1 = B (). (3.43]
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The coefficient Bi(x) € [0, 1] is a local parameter that can vary with x.
The term B4 (x)LRAE(x) in [3.43] is called the “RACE component”, while (1 —
Bi(x))I(x) is called the “original component”. For every x € Q, we have:

JRACE { I(x) if Br(x) = 0 [3.44]

Ly LRACE(x) if Br(x) — 1

hence, in order to preserve uniform areas from being corrupted by the incorrect
behavior of the algorithm, we would like 5;(x) to take values close to 0 if S ¢ (x)
samples a uniform image area. Conversely, we would like S (x) to take values
close to 1 if S x(x) explores very detailed image regions. This task can easily be
accomplished by considering, for instance, S¢(x) as a monotonically increasing
function of the standard deviation o (x) associated with S;(x), i.e.

() = \/ DT UO) =m0 pra ), [3.45]
y

€S k(x)

where py (I(y)) = ﬁ—lkcard{z € Si(x), I(z) = I(y)} is the occurrence probability
of value /(y) inside the spray S (x) and

m0) = ) 10)pe) [3.46]

YES k(x)

is the mean intensity value inside S(x). Recalling that sprays are localized
around the center x, o(x) can be interpreted as a local measure of average
contrast around x [GON 02].

The local nature of o(x) is vital for the declared purposes: spatial locality
allows a modulation of RACE component in [3.43] such that it provides a
higher contribution in detailed areas than in uniform zones. This is coherent
with the characteristics of the HVS, since its efficacy is increased by the
presence of local details in a scene [LAN 83, JOB 97a]. Moreover, smooth
transitions between uniform and detailed areas correspond to smooth
transitions between original and RACE components, avoiding the generation
of halos, as confirmed by the tests performed in [PRO 08]. A similar, but
simpler, proposal for a local adaptive unsharp masking has been presented in
[POL 00].
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3.7. An alternative fusion between RSR and ACE: STRESS

A more recent proposal to fuse WP and GW features in a single algorithm
is that presented in [KOL 11] and is called STRESS (Spatio-Temporal
Retinex-like Envelope with Stochastic Sampling). Like Retinex, STRESS
computes, for each pixel, the local white reference, but also the black
reference in each chromatic channel. This is done through calculating the
maximum and minimum envelope functions, denoted as Epax(x) and Emin(x),
respectively.

The computational steps needed to obtain the envelope functions are the
following: fix a pixel x € Q and N random sprays [PRO 07] Si(x),

k=1,...,N, centered in x, then compute M; = max I(x), m; = min I(x)
xeSi(x) x€S8 i (x)

and the following objects:

L . _
() = Mi(x) — mp(x),  vp(x) = {M if Mi(x) = my(x)

I ACIETIES, otherwise,

thus, essentially, the value of vi(x) is either the middle gray if x lies in a
homogeneous area or it is the linearly stretched value of /(x) with respect to
the interval [my(x), Mi(x)]. By denoting 7#(x) and v(x) the average values of
rr(x) and vi(x) over the N sprays, i.e.

N
(), $(x) = % D v,
k=1 k=1

M=

1
I_"(X) = N

the authors can finally define the two envelope functions Epn(y) as follows:

Emin(x) = 1(x) = V(0)7(x),  Emax(x) = I(x) + (1 = ¥(x)7(x))
= Emin + (). [3.47]

The final output of STRESS is the stretched value of I(x) on the interval
[Emin»> Emax], namely:

I(x) — Ep;
STRESS(I(x)) = ~2)~ Emin_ [3.48]
Emax — Emin
STRESS, like RACE, is capable of handling both under and over exposed
images, but it is affected by the same noise problems as RSR. In Chapter 5,
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we will see a variational extension of the technique used to compute the
envelope functions based on the total variation. This will allow avoiding the
noise problems related to the random spray technique.



4

Variational Formulation
of Histogram Equalization

Generally speaking, variational principles amount to defining a suitable
functional, i.e. a scalar-valued function defined on a certain functional space,
so that its minima (ideally, its unigue minimum) provide the optimal solution
of the problem under analysis. An introduction to variational principles can
be found in the Appendix.

In 1997, Caselles and Sapiro used variational principles to give a novel
interpretation of histogram equalization of a digital image. This work is not
only a profound achievement in itself, but also the main theoretical result on
which the next chapter’s variational framework of perceptual enhancement of
color images is based. For this reason, this entire chapter will be dedicated
to the description and interpretation of Caselles—Sapiro’s model of histogram
equalization.

4.1. The Caselles—Sapiro model

It is worthwhile to start with the notation that will be used from now on.
The functional space that we will consider here is that of RGB continuous
image functions. To introduce these functions, we will first denote Q c R?
as the spatial domain of a digital image, |€)| as its area, and x = (xp, xp) and
y = (y1,y2) as the coordinates of two arbitrary pixels in Q. Unless otherwise

Computational Color Science: Variational Retinex-like Methods, First Edition. Edoardo Provenzi.
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60 Computational Color Science

specified, we will always consider a normalized dynamic range in [0, 1], so
that an RGB image function will be denoted as:

f:Q—)[O,l]X[O,]]X[O,]]
x = (Ir(x), Ig(x), Ip(x))

where each scalar component /.(x) defines the intensity level of the pixel x € Q
in the red, green and blue channels, respectively.

As in the previous chapters, we will perform every computation on the
scalar components of the image, thus treating each chromatic component
separately. Therefore, we will avoid the subscript ¢ and write simply /(x) to
denote the intensity of the pixel x in a given chromatic channel.

From the point of view of functional analysis, we will implicitly consider
the space of image functions as a subspace of L*(Q), the space of square-
integrable (finite-energy) functions from Q to [0, 1].

Let us also recall very briefly what histogram equalization is. Let A € [0, 1]
be a generic intensity level, then the histogram of I computed in A is given by:

h(d) = Iél Arealx e Q|I(x)= 4}  1e[0,1], [4.1]

i.e. the occurrence probability of the level A in the image.

The cumulative histogram of I computed in A, H(1), is given by:

HQ) = ﬁ Area{x € Q|I(x) < A} A €[0,1], [4.2]

i.e. the probability of finding a pixel with an intensity less than A.

Of course, the relationship between 4 and H is given by:
Pl
H) = / h(t)dt, H' () = h(d), [4.3]
0

i.e. H is the integral function of h in the interval [0, 1] and the first derivative
of H in each level gives the histogram of that level.
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It will be useful for later purposes to note that the relationship H(1) =
fo’l h(t) dt can be rewritten as follows:

Pl 1 1
HQ) = / h(t)dt = — / sign™(A — I(f)) dt [4.4]
0 1€ Jo
where
ion* () 1 ifs>0
si s) =
g 0 ifs<O

and its spatial version

1
H(I(x)) = 1 /Q sign™(I(x) = 1(y)) dy. [4.5]

An image is said to be equalized if each level has the same occurrence
probability, i.e. if h(1) = 1 (recall that the histogram is normalized) VA4,
which, of course, can be translated to the following condition on the
cumulative histogram: H(1) = 4, VA.

It is easy to prove (see, e.g., [GON 02]) that the transformation from [0, 1]
to itself given by 4 +—— H(A) is the easiest application that implements
histogram equalization.

However, this is not the only histogram equalization transformation
available in the literature. In particular, a variational interpretation has been
provided by Caselles and Sapiro in [SAP 97]. For the purposes of this book,
the Caselles—Sapiro’s results can be resumed in the following theorem.

TuaeoreM 4.1.— Given the functional

1\ 1
Ensteq() =2 / (I(X)——) dx - = / 1) - Il dxdy  [46]
Q 2 Q| J/ 2

if I* = argmin; Epjst eq(/), then I* has equalized histogram, i.e. H(I*(x)) =
I*(x) for all x € Q.
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Moreover, if Iy is the original image, then the initial value problem for the
gradient descent

0id = —6Epigt eq(l)
10) = Iy

has only one solution, where ¢ is the evolution parameter of the iterative
gradient descent scheme and the symbol 6 represents the first variation of the
functional.

Ehist eq(1) will be called the Caselles—Sapiro functional from now on. The
entire proof of the theorem can be found in [SAP 97]. While the details of the
proof about the convergence to the minimum and the uniqueness are too long
and technical to be reproduced here, it is worthwhile showing that an image
function that satisfies the Euler-Lagrange equations associated with Epjsq eq(1)
is equalized, because the tricks used in the proof show explicitly the link with
histogram equalization, which is far from being intuitive at a first glance by
looking at Ehist eq(/).

First, let us start by recalling a classical lemma of variational calculus.

LemMa 4.1.— Given the two functionals
E(I) = /Q Y(I(x))dx, Ex(I)= //Q i ¢(I(x), I(y)) dxdy, [4.7]

where i is a differentiable function defined on the codomain of / and ¢ is a
differentiable function defined on the 2-th Cartesian power of the codomain of
I, then their first variations are, respectively:

SE\(I,J) = / W gy dx= / W (1)) J(x) dx [4.8]
a Ol Q
and
0 0
oE->(1,J) = — J — J dxdy, 49
21, J) //Qz(al o (x) + o 1) (y)) xdy [4.9]

with J being a perturbation of /.
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Then, by linearity, we can compute the first variation of the two terms
appearing in Eps eq(/) and then add the results. Therefore, we can write:

2
Di(I) = 2/ (I(x) - l) dx; [4.10]
2 Q 2

C(I):i / [I(x) — I(y)| dxdy. [4.11]
1 J] o2

By virtue of formula [4.8], we have:

1
oD(1,J) = / 4(I(x) - —)J(x) dx, [4.12]
2 Q 2
and thanks to formula [4.9], we have:

1
0C(,J) = o //Q . [sign(/(x) = 1(y)J (x)

—sign(/(x) = I()J ()] dxdy

1
- & { //Q sign(I(x) = 10)J(x) dxdy

- // sign(l(x)—l(y))](y)dxdy}. [4.13]
(e

Now, interchanging the role of the “mute” variables x and y in the second
integral of the last step, we have:

1
@ //Q . sign(I(x) — 1(y))J(y) dxdy

1
= — // sign(I(y) — I(x))J(x) dydx [4.14]
1 /2
but using the oddness of the sign function, we have:

1
1Q //Qz sign(/(x) = 1(y))J(y) dxdy

1

=—— // sign(I(x) — 1(y))J (x) dydx. [4.15]
QI J/ o2
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Hence, we can write:
oC(I1,J) = L {// sign(I(x) — I(y))J(x) dydx
1Q (/)2
+ // sign(I(x) — 1(y))J(x) dydx}
Qz

= 2 // sign(I1(x) — 1(y))J(x) dydx [4.16]
19 J/ o2
which can be conveniently rearranged as follows:
oC(I,J) = / (|§22| / sign(I(x) — 1(y)) dy) J(x)dx. [4.17]

Since 6Ehisteq(I, J) = 6D%(I, J) - 6C(,J), by using formulas [4.12] and
[4.17], we have:

OFEhisteq(I, J) = / 4(I(x) - l) J(x)dx
Q 2

2
/(lgl/mgn(l(x) I(y))dy)](x)dx [4.18]

OEhist eq(1,J) = / [4 (I(x) - 1)
Q 2

51gn(l(x) 1(y)) dy] J(x)dx. [4.19]

i.e.

Ql

The stationary condition 6Epist eq(1, J) = 0, VJ implies that the expression
in the square bracket must be zero, i.e.

1
OFhisteq(l,J) =0 4(I(x) - E)

|Q| 81gn(l(x) 1(y)dy =0, [4.20]
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so that the Euler-Lagrange equation relative to the energy functional Ep;s; eq 18
the following implicit equation

1 1

2 (I(x) - —) — — [ sign(I(x) - I(y))dy =0, [4.21]
2) 19 Jo

which can be suitably rewritten as

1
o] /Q sign(I(x) — I(y)) dy = 21(x) — 1. [4.22]

Now, using the identity sign(r) = 2sign™ () — 1 ¥t € R, we can express the
left-hand side of the Euler-Lagrange equation as:

1
L / (2sign*(I(x) — 1)) — 1) dy
< Jo
2 - Jo &y
- /Q sign” (106 - 10)dy ~
=2H(x)) -1, [4.23]

where we have used the fact that ﬁ fQ sign*(I(x) — I(y))dy is the spatial
version of the cumulative histogram H(/(x)), as noted in equation [4.5].

Thus, the Euler-Lagrange equation [4.22] is equivalent to 2H(I(x)) — 1 =
2I(x) — 1, 1.e. to H(I(x)) = I(x), but then

O0FEhisteql,J) =0 < H((x)) =1(x), Vx € Q, [4.24]

which means that the image function / that satisfies the Euler-Lagrange
equations of the functional Eys eq(/) has an equalized histogram, as it had to
be proven.

4.2. Interpretation of Caselles—Sapiro’s functional for histogram
equalization

Interpretation of the energy functional Eps ¢q(/) in terms of image features
is crucial for the following chapter. As stated previously, we can write
Ehisteq(]) = D%(I) — C(I). Thus, the minimization of Eys ¢q(/) = D%(I) -CW)
is achieved through the minimization of D(I) and the maximization of C(I).
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The meaning of the two functional terms is as follows:

-D 1 (1) is called global quadratic dispersion around the middle gray level

%, which is minimized when I(x) = % for all x € Q; that is, the minimization
of this term tends to turn / into an uniform gray image;

— C(I) is called global contrast whose maximization corresponds to the
maximization of the global contrast of the image I, expressed by the set of
absolute differences |1(x) — I()|.

Thus, the argmin of the Caselles—Sapiro functional is the image
corresponding to the optimal balance between two opposite effects: on the one
side, the minimization of D 1 (1) tends to set all the levels to the average gray

level % but, on the other side, the minimization of —C([) tends to spread the
intensity levels apart, as far as possible from each other. So, the intrinsic
meaning of Theorem 4.1 is that the equilibrium among two conflicting
actions, dispersion control around the middle gray and global contrast
enhancement, induces histogram equalization.

One practical consequence of this result is that by applying, for example,
the gradient descent technique to minimize Epjsieq(/), we can stop the
minimization process before reaching the complete equalization, thus
realizing a partial equalization that can nonetheless be useful to avoid the
typical over-enhancement of low-key images (for more details, see
[GON 02]).

However, for the purposes of color image processing, the most important
consequences of Theorem 4.1 are theoretical: in fact, as we will see in the
next chapter, we can modify the functional Epjs eq(/) in such a way that the
basic balance principle of histogram equalization is preserved, but we can
change the analytical form of the terms D 1 (1) and C(I) by taking inspiration
from human visual perceptual features. The argmin image /™ of the modified
functional is a color-corrected version of the original image driven by the
perceptual properties of the human visual system (HVS).
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4.3. Application of histogram equalization techniques to color
images

The application of histogram equalization to color images is far from
trivial. If we apply it on the three chromatic channels independently, then the
resulting image is likely to show unnatural colors. However, if we apply it to
the achromatic channel and keep chromaticity intact, the resulting image can
show a weak enhancement. Figure 4.1 clearly shows the aforementioned
features.

In the next chapter, we will see that if the histogram equalization functional
is suitably modified by introducing some important features of the HVS, then
we can perform a separate channel enhancement that gives sound results, even
if a certain color shift (that can be treated with ad hoc techniques) appears.

Figure 4.1. Left column: original color images. Middle column: histogram equalization
of the luminance. Note that the color cast of the picture of the first row is not filtered
out by the histogram equalization on the luminance channel. Right column: histogram
equalization of the three independent chromatic channels. Note the dramatic color
shifts. For a color version of the figure, see www.iste.co.uk/provenzi/color.zip
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Perceptually-inspired Variational Models
for Color Enhancement in the RGB Space

Now that the basic properties of the human visual system (HVS) and the
variational interpretation of histogram equalization have been introduced, it is
possible to describe the variational framework for perceptually inspired color
image enhancement, proposed in [PAL 09], and its consequences.

Before turning to the mathematical details, it is worth explaining the main
similarities and differences between histogram equalization and HVS
properties that led the authors of [PAL 09] to the formulation of this model.

Let us start with similarities. First, after the light intensity reduction
performed by the eye elements, the visual signal is transduced by
photoreceptors to an electrical signal centered around the semi-saturation
level. This can be thought as the HVS process equivalent to the adjustment
around the average gray level % in histogram equalization.

Second, the local contrast enhancement performed by the HVS opposes the
shrinking of a light dynamic range, analogously to what happens in histogram
equalization.

Regarding differences, the most important one is that the HVS handles
contrast locally, i.e. in a spatially dependent way. Furthermore, color
constancy and Weber-Fechner’s law are not taken into account in histogram
equalization.

Computational Color Science: Variational Retinex-like Methods, First Edition. Edoardo Provenzi.
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Therefore, the aim of [PAL 09], and its related papers [BER 07, BER 09,
PRO 14], was to modify the Caselles—Sapiro functional in order to make the
new energy consistent with the HVS properties recalled previously. It will be
seen that even working in the RGB space, the output images of the modified
functional are qualitatively much better than those of histogram equalization.

Of course, in the literature, we can find several other proposals to modify
histogram equalization which have comparable or even more efficient color
correction properties than those presented here. The aim of the work [PAL 09],
and its related papers, were primarily theoretical, i.e. the authors wanted to test
to what extent we can solely rely on a model of the HVS, and not on ad hoc
mathematical and/or algorithmic requirements, to avoid, or at least, strongly
diminish the problems related to RGB histogram equalization (and, in general,
separate waveband processing, as in multi-spectral imaging).

As it will be seen later, the framework that they have built is general enough
to be adopted also for other applications.

5.1. Beyond the Caselles—Sapiro model: modification of the
histogram equalization functional to approach visual properties

The main problem in the modification of the Caselles—Sapiro functional is
the determination of a contrast enhancement term that complies with the HVS
features. Once it is determined, the selection of the adjustment term can be
carried out through dimensional coherence, as it will be explained in more
detail in this section.

5.1.1. A contrast term coherent with HVS properties

Let us consider the problem of building a suitable contrast measure c(a, b)
between two gray levels a,b > 0 (to avoid some singular cases, we shall
assume that intensity image values are always positive). We require the
contrast function ¢ : (0, +o0) X (0, +c0) — R to be continuous, symmetric in
(a,b), i.e. c(a,b) = c(b, a), increasing when min(a, b) decreases or max(a, b)
increases.

Basic examples of contrast measures are given by ¢ = |a — b| = max(a, b) —
min(a, b) or ¢(a, b) = max(a, b)/ min(a, b).
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Since our purpose is to enhance contrast by minimizing an energy, we define
an inverse contrast function c(a, b), still continuous and symmetric in (a, b), but
decreasing when min(a, b) decreases or max(a, b) increases. Note that if c(a, b)
is a contrast measure, then c(a, b) = —c(a, b) or c(a, b) = 1/c(a, b) is an inverse
contrast measure, so that basic examples of inverse contrast measures are given

by c(a, b) = min(a, b) — max(a, b) or c(a, b) = g;i((%))

Let us now introduce a weighting function to localize the contrast
computation. Let w : Q X Q — R* be a positive symmetric kernel, such that
w(x,y) = w(y,x) > 0, for all x,y € Q, which measures the mutual influence
between the pixels x,y. The symmetry requirement is motivated by the fact
that the mutual chromatic induction is independent of the order of the two
pixel considered. Usually, we assume that w(x,y) is a function of the
Euclidean distance ||x — y|| between the two points. We shall assume that the
kernel is normalized, i.e.

/ w(x,y) =1 Vx e Q. [5.1]
Q

Given an inverse contrast function c(a, ) and a positive symmetric kernel
w(x,y), we define a contrast energy term by:

C,() = //Qz w(x,y) c(I(x), I(y)) dxdy. [5.2]

Thanks to the symmetry assumption, we may  write
c(a, b) = é(min(a, b), max(a, b)) for some function ¢ (indeed, well defined by
this identity). Note that ¢ is non-decreasing in the first argument and
non-increasing in the second one. The symmetry hypothesis is not restrictive;
in fact, if the inverse contrast measure c(a, b) is not symmetric, we can write it

as the sum c(a,b) = cs(a,b) + cqs(a,b), where cy(a,b) and cy5(a,b) are
symmetric and  anti-symmetric, respectively.  Since the sum
Sz w(x,¥) cas(I(x), I(y))dxdy = 0, then the only remaining term is

JJoe w(x,y) ¢5(I(x),1(y)) dxdy; hence, we may assume that c(a,b) is
symmetric in (a, b).

In order to find out which properties the contrast term should satisfy, let us
note that, thanks to color constancy, an overall change in illumination,
measured by the generic quantity 4 > 0, does not affect the visual sensation.
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This requires the contrast function ¢ to be homogeneous, recalling that c is
homogeneous of degree n € Z if

c(a, Ab) = " c(a,b) YA,a,b € (0,+00), [5.3]

where a and b are synthetic representations of /(x) and /(y).

Of course, if n = 0, ¢ automatically disregards the presence of A, but we
can say more: since A can take any positive value, if we set 4 = 1/b, we may
write equation [5.3] as:

c(a.b) = b" c(g, 1) Va.b € (0, +00), [5.4]

so when n = 0, b = 1 and c results as a function of the ratio a/b that
intrinsically disregards the overall changes in light intensity. If n > 0, then A
has a global influence and could be removed by performing a suitable
normalization (for instance, dividing by the n-th power of the highest
intensity level).

We summarize these observations by saying that we assume that the inverse
contrast function c(a, b) is homogeneous.

Thanks to the arguments presented so far, we have that inverse contrast
functions that are homogeneous of degree n = 0 are those that can be written
as a monotone non-decreasing function of min(/(x), I(y))/ max(I(x), I(y)).

Finally, let us consider Weber-Fechner’s law: if the intensity of the uniform
background in Weber’s experiment is Iy and the supra-threshold stimulus is
I, then we can rewrite the Weber ratio I ’;10 as I /Iy — 1, i.e. the sensation of
intensity contrast is a function of 1, /.

This reason motivates us to say that c(a, b) is a generalized Weber-Fechner
contrast function if c is an inverse contrast function that can be written as a
non-decreasing function of min(a, b)/ max(a, b).

Even if Weber-Fechner’s law is not valid for all intensity levels, it remains
correct for a large dynamic range; thus, it seems natural to require c¢ to be a
generalized Weber-Fechner contrast function.
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Explicit examples of energy functionals complying with our set of
assumptions on the contrast function are given by:

cidry = // Xy mm(I(x) min(/(x), 1(y)) dxd 55
w () m XU 10) y [5.5]
log min(/(x), 1(y))

(I) := // w(x,y) log (max T (y)))dxdy [5.6]
oM 1 min(/(x), 1(y))

= // WM (max(l(x) I(y») oy >7]

where

. min(/(x),/(y))
(mlnu(x), 1@))) a0 - 1)

max(/(x), [(y))] =~ 1 4 mind.[G)) = 10+ 1) [5.8]

max({(x),1(y))

is the well-known Michelson’s definition of contrast [MIC 27].

The upper symbol in the above definitions of C,, simply specifies the
monotone function applied on the basic contrast variable ¢ := %W’ i.e.
identity id(t) = t, logarithm log # and minus the Michelson’s contrast function

—-M(t) = —1=, respectively.

1+t’

Note that the function ¢+ = min(/(x), I(y))/ max(I/(x), I(y)) is minimized
when the minimum takes the smallest possible value and the maximum takes
the largest possible one, which corresponds to a contrast stretching. Thus,
minimizing an increasing function of the variable ¢ will produce a contrast
enhancement. To refer to any one of them, we use the notation Ci’;(l ), where
¢ =1id,log, - M.

5.1.2. Entropic adjustment term

Let us now consider the term that should control the dispersion. As
suggested previously, we intend it as an adjustment term to the initial given
image Iy (not to depart too much from the original image) and to the average
illumination value, represented by the quantity u. Thus, we define two
dispersion functions: d;(/(x), Ip(x)), which measures the separation between
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I(x) and Iyp(x), and dr(I(x),u), which measures the separation from the
value u.

Both d; and d, are continuous functions d;, : RZ — R*, such that
dip(a,a) =0forany a € Rand djz(a,b) > 0if a # b.

We write dj, ,,(I(x)) = di1(I(x), Ip(x)) +d>(I(x), u), and the dispersion energy
term as:

D(I):/QdIO,#(I(x))dx. [5.9]

In principle, to measure the dispersion of I with respect to Iy or 1/2, any
distance function can be used. The simplest example would be a quadratic
distance:

2
a =2 _1 é/ _ 2
Da’ﬁ(l) = 2/Q(I(x) 2) dx+2 Q(I(x) Iop(x))” dx, a,>0. [5.10]

However, given that contrast terms are expressed as homogeneous functions
of degree 0, the variational derivatives are homogeneous functions of degree
-1. We search for functions that are able to maintain dimensional coherence
with the contrast term.

A good candidate for this is the entropic dispersion term [AMB 05], i.e.

Dop(D) = a / (ﬂlog ~ (- 1<x))) dx

+p8 / (Io(x) log (( )) — (lo(x) - I(X))) dx, [5.11]
where @, > 0, which is based on the relative entropy distance [AMB 05]
between [ and u (the first term) and between Iy and 7 (the second term).

Note that if a > 0 and f(s) = alog% —(a—-195), s € (0,1], then

Z_J;(S) =1- and (s) = s% > 0, Vs. So, f(s) has a global minimum in
s =a.In partlcular thls holds when a = Iy(x) or a = u. Given the statistical
interpretation of entropy, we can say that minimizing D,g(I) amounts to
minimizing the disorder of intensity levels around u and around the original
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data Ip(x). Thus, Dy pg(I) accomplishes the required tasks of an adjustment
term.

The minimization of Ei’;ﬂﬁ’y(l) = Ci(I) + Dq g corresponds to a trade-off
between two opponent mechanisms: on the one hand, we have entropic
control of dispersion around u and around the original data, and on the other
hand, we have local contrast enhancement invariant with respect to global
illumination changes. These energies are called perceptually inspired or
perceptual functionals.

In the following section, we show the explicit minimization of perceptual
functionals.

5.2. Minimization of perceptual functionals

The existence of a minimum in the discrete framework can be guaranteed
for a quite general class of energy functionals. Let us define, for p > 0, ¥, :=
{I:Q—[0,1], I(x) > p Yx € Q}. We minimize the energy E in the class ¥,
to avoid singularities in the entropic dispersion term or when we use ¢ = log.

In [PAL 09], the following result has been proved.

THeorEM S5.1.—Let ¢ : (0,1] X (0,1] — R be a continuous function. Let
E:';’a’ﬁ#(l) = Dopu(l) + C7(I), where CL(I) is given in [5.2]. There is a
minimum of Ei’; N ﬁ#(l) in the class of functions ¥,. An analogous result holds

. . . . q
if we use the quadratic dispersion term D, sy ).

Note that if the energy E is differentiable, its argmin [* satisfies
6Ef),a/,ﬁ,,u(1 *) = 0. Before computing the Euler-Lagrange equations, we note
that the contrast terms Ci(I), ¢ = id,log, —M are not convex and the basic

. ._ min(a,b) - . .
function ¢ := max(a By 1S ot differentiable.

In fact, we may write min(a, b) = %(a + b — |a — b|) and max(a, b) = %(a +
b +la—b|), for any a, b € R. The non-differentiability comes from the absolute
value A(z) = |z, z € R.

To use a gradient descent approach for the minimization, we must
regularize the basic variable . We note that A’(z) = 1 ifz > 0, A’(z) = -1 if
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z < 0 and A is not differentiable at z = 0. However, all the values s € [—1, 1]
are subtangents of A(z) at z = 0, i.e. A(z) — A(0) > s(z — 0) for any z € R.

Thus, we may write A’(z) = sign(z), where:

1 ifz>0
sign(z) =<5 [-1,1]if z=0. [5.12]
-1 if z<0

We define signg(z) as in [5.12], but with the particular choice 0 when z = 0.

It is useful to introduce the following definition. Given £ > 0, we say that
Ag(2) is a “nice regularization” of A(z) if A(z) = 0 is convex, differentiable
with continuous derivative, Az(0) = 0, Ao(—z) = A.(z), and

i) Ae(z) < |z for any z € R and A.(z) = |z] + Q1.£(z), where Q1 £(z) — 0 as
e — 0, uniformly in z € [-1, 1];

ii) Let us denote s.(z) = AL(z). Then, |sc(z)| < 1 for any z € [-1, 1], s:(z) —

signy(z) as € — O for any z € R, and 0 .(2) := Ax(z) — z5:(z) = 0as & — 0,
uniformly in z € [-1, 1].

A nice regularization of A(z) actually exists:

— Example 1): A.(z) = V&% + |z]*—¢; in this case, s.(2) = —ZZ — 01:(2) =
O(e) and Q1 (2) := Ae(2) — z5:(2) = O(¢);

Areta 2 . .
— Example 2): Ay(z) = z:Irztt:;‘gﬁ)) ~ Tarcra/e108(1 + %), in this case 54(2) =

arctan(z/&) Ql,g(Z) — 0(8 log(l/g)) and QZ,S(Z) = O(glog(l/a)), uniformly in

arctan(1/g)°

ze[-1,1].

O(F(g)) is any expression that satisfies |O(F(g))] < CF(g) for some
constant C > 0 and & > 0 small enough. In both cases, s.(z) — signy(z) as
€ — 0 for any z € R (see [PAL 09)).

Let us now assume that A.(z) is a nice regularization of A(z). We set:

ming(a, b) = %(a+b—A8(a—b)), maxg(a, b) = %(a+b+A8(a—b)).[5.l3]
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We define the regularized version of the perceptual functionals as follows:

Cl4 (1) := // mmg(l(x) min, (10, 10)) 5.14
o) = Y max (100, 1) % b>-14]
log ming(/(x), I(y))
o):= // wix) lo (maxgu(x) 1<y>>) dxdy; 5151
A = 10)
1 —— dxdy. 5.16
( )= // 10 +10) y [5.16]

In [PAL 09], the following result has been proved.

THEOREM 5.2.— Assume that A.(z) is a nice regularization of A(z).

1) The first variation of Cviv‘fg(l) is:

SCiR (D) = =3 fo W V) i SeU(¥) = 1)) dy + S

e , [5.17]
= _E o WX, y) max(1(x),1(y))2 se(l(x) = 1) dy + 5,

where S, S, = O(Q1.:(I(x) — 1)) + Q2.(I(x) — I(y))). Note that in the first
formula, we have max and in the second one, we have maxg;

ii) The first variation of C 10g(I) is:

o 1
SCIE(D) = 5 / W) )sgu(x) 1)) dy + S, [5.18]

where Sz = O(Q1,:(I(x) = 1(y)) + Q2,:(I(x) = 1(y)));

iii) The first variation of C;Vé”(l ) is:

I
SCMI) = /Q W(x,y)msa(l(@ CI0)dy+S.  [5.19]

where S¢ = O(Q2,£(1(x) = 1(y))).

In all cases, Q1 (2), Q2(z) — 0 as & — 0, uniformly in z € [-1, 1].

Thus, we know that S, = O(e) if A.(z) is given by Example 1), and S, =
O(elog1/e) if A:(z) is given by Example 2). These were the cases of interest
in [PAL 09] for the experiments.
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Note that letting € — 0, we have that 6C$,8(1) - 6C$,0(1 ), where:

id oL 1) , _
0C, o) =~3 /Q W(x,y)max(l(x), T2 signg(I(x) — I(y)) dy

:_l(/ w(x, )ﬂ—/ w(x,y)— )
2\ Jyea: 1005100 10 Jyea: 1w<io) 1(y)

o 1
SO = —= / Wi, y) 7 signy(I(x) = 1)) dy

( )
—-3(/ Wiy - [ W)
2 eQ: I0)>1()) Y I(x) eQ: I[(0)<I()} Y I(x)
oC, i = - / W) —— 2 igny(1x) - 1) dy
"0 vea )+ 1) T
eQ: I(0)>1()) (I(x) + I(y))?

1(y)
" /{yeQ:I(x)<I(y) W) I(x) + I(y)*

Now, by direct computation, the derivative of the entropic dispersion term
is given by:

_ M _ ()
6D(l,ﬁ(1) = (1(1 I(X)) +ﬂ(1 ) ) [5.20]

This expression has a degree of homogeneity -1 with respect to /(x), the
same as the variation of the three contrast terms Cy.,(1).

Assume that o, > 0 are fixed. If Ewgaﬁu(l) = Dypul) + Cﬁ,g(l),
e = id, log, —M, then by hnearlty of the variational derivative, we have
OEY, . 0puD = 6Dapu(D) + 5C3, (D).

The argmin of EW‘9 N ﬁﬂ(l) satisfies 0E, .(I) = 0. To search for the argmin,
we use a semi-implicit discrete gradient descent strategy with respect to log /.
The continuous gradient descent equation is:

dilogl = —6E}, . 4.,

), [5.21]
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being ¢ the evolution parameter. Since d;log [ = %(%I , we have

— P
o = —I§EW’&Q’IB#

(D). [5.22]

Using the gradient descent in log/ leads to [5.22], which is related to a
gradient descent approach that uses the relative entropy as a metric, instead of
the usual quadratic distance (see [AMB 05]).

Let us now discretize our scheme: choosing a finite evolution step At > 0
and setting I*(x) = Iia(x), k = 0,1,2, ..., with I°(x) being the original image,
thanks to [5.20], we can write the semi-implicit discretization of [5.22] as:

k+1 _ 7k
%tl(x) = a/(% _ Ik+1(x)) +B(10(x) _ 1k+l(x)) _ Ik(x)(scvf’a(lk). [5'23]

Now, considering the explicit expressions of 6Cv‘f,8(1k), neglecting their
second terms containing S . (see Proposition 5.2 1), ii), iii)) and performing
some easy algebraic manipulations, we obtain the equation:

I*(x) + At (ap + Blo(x) + %R:Ik(x))
1+ At(a + ) ’

Ilx) = [5.24]

where the function R;’D I (x) assumes three different forms for ¢ = id, log, —M,
precisely: ’

Rsifllk(x) = —215Ci (1Y)

. K ) -
= /Q W) g e~ N dy. [525]

R:’,gk(x) = 21 6CIE(IF) = / w(x, y) s(I°(x) — I°G)) dy. [5.26]
’ Q

RM(x) := =216 C2 (1Y)

_ 21 () IX(y) . .
= /QW(X,)’) mssu (x) = I"(y)) dy. [5.27]
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The discrete equations corresponding to the limit £ — 0O are:

i ')
Ryu(x) = kz k WENTES
{yeQ: I"(x)>I*(»)}
Ik
- Z W(x,y)l,%; [5.28]
{yeQ: Ik (x)<I*(y))
RYE() = D w(x, ) signg(I*(x) - I0); [5.29]
yeQ
25y
Ry ') = Zw( ) Gin 1 TR S = 1o, 1530)

5.2.1. Stability of the iterative semi-implicit gradient descent
scheme

We assume here that I : Q — [p, 1], where p > 0 is a minimum value for
the initial image. We set p = 1/255, which means that we assume that I does
not take the value 0. In [PAL 09], the following statement about the stability
of the argmin computation for the perceptual functionals has been proved.

THEOREM 5.3.— Assume that @ > > 0. Then, Yk > 1:

= 1- 2
—-1<R () <1VxeQ
—p<TFx) < 1VxeQ;
—Vpe[l, ool

1+At(% +m8)

Ik+1 _ Ik <
I lp = 1 + At(a + )

* = =1,

where m, := maxze_1.1 IsL(2)I.

As aresult,if @ + 8 > % + m,, then the iterative scheme given in [5.24] is
convergent to the unique function /* that satisfies

1
a(l* —u) + B - Iy) — ERj,* =0. [5.31]
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As usual, the || - ||, norm of a vector v = (v;)'_, € R", n > 1, is defined by

.....

Note that [5.31] is essentially (and not exactly, due to our regularization of
the basic contrast variable) the Euler-Lagrange equation corresponding to the
energy E:’;,w’ B

Note also that & + 8 > ’% + my, is not a reasonable condition in practice. The
reason is that 1/p = 255 and m, = 1/& for the particular nice regularization of
A(z) given in Examples 1) and 2) in section 5.2. Then, the values of a and/or 8
are too big and produce a strong attachment to the initial data and/or the value
%; in this case, we do not have enough enhancement power. The values of «
and 8 used in practice are much smaller, @ = 255/253 and 8 = 1, but they are
enough to guarantee empirical stability and convergence.

5.2.2. A general strategy for the reduction of computational
complexity

To better appreciate the simplicity of the idea behind the computational
complexity reduction, it is worthwhile omitting the superscript k to avoid a
cumbersome notation.

The computational complexity relative to the general form of semi-implicit
gradient descent equation [5.24] is O(N), with N being the total number of
image pixels, for every x € Q, which means that the computational complexity
for the whole images is O(N?). Of course, this large cost is due to the term
R‘f(x).

In fact, R‘f(x) have the same analytical structure for every choice of ¢, i.e.

RE () = /Q W) ), 1) dy, [5.32]

where rf(I(x), 1(y)) is specified in equations [5.25], [5.26] and [5.27].

To reduce the complexity and obtain an algorithm that can be used in a
reasonable time, at least three strategies can be followed.
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The first strategy consists in localizing the computation in a circular
window centered in the pixel x under analysis and discarding all the pixels
that lie outside this window, using the argument that the kernel w takes values
very close to O when the distance between pixel pairs becomes large enough
(of course, this strategy implies a renormalization of w in the circular
sub-image). The second strategy consists in replacing the kernel by a sparse
sampling structure, for instance the local random spray technique proposed in
[PRO 07].

The third strategy is the one that has been pursued in [PAL 09], which is
based on polynomial approximations of the function . (I(x), I(y)), as we have
first proposed in [BER 07] and then further refined in [PAL 09].

Let p be a generic polynomial of order n of the variables I(x), I(y) and
define

Py e(I(x), 1(y)) = argmin , [|p = r]l2, [5.33]

i.e. 7, is the polynomial of order n with minimal quadratic distance with
respect to the function ¢.

It is convenient to write 7, as follows: 7 (I(x),I(y)) = ’;=0

[T, where f74(1(x) = X, pk e

The numerical coefficients P % depend on the approximation order n, but
we will not make explicit this dependence for the sake of a more readable
mathematical notation.

Introducing this expression of 7, in [5.32] instead of r/ and noting that
ff"” does not depend on y, we obtain:

Ripp0= )" F79U(x) /Q willx = yIDIGY dy, [5.34]
Jj=0

but [, w(llx — yIDI(y)’dy = (w = I/)(x), i.e. the convolution between the kernel
w and the j-th power of the image I, hence

R o) = Z Z PEFIC w D)), [5.35]

j=0 k=0
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The n convolutions w * I/ can be pre-computed through the FFT (Fast
Fourier Transform), which has computational complexity O(N log N), thus
drastically decreasing the computational time.

The degree n of the polynomial is a parameter that controls the precision of
the polynomial approximation. In our tests, we have found that n = 9 is a good
trade-off between time cost and approximation precision.

Online demonstrations for these techniques can be found in [GET 12] and
[FER 15]. A recent improvement of this approximation technique, which
makes use of the so-called Bernstein polynomials, has been proposed in
[PIE 16].

5.2.3. Results

In this section, we present some results of the algorithms derived by the
model described above with the three different choices of ¢ =id, log, —M. For
a more complete analysis of the results with respect to variations of parameters,
see [PAL 09].

The results presented here have been obtained by using the
implementation [FER 15], publicly available on the website IPOL, with the
following parameters: @ = f = 1.2, € = 1/20, w: Gaussian kernel with
standard deviation equal to 1/5 of the length of the image diagonal.

Let us start by showing in Figure 5.1 how a low-key image is handled by
the variational algorithm versus the von Kries algorithm (normalization over
the maximum intensity in the three chromatic channels separately) and the
automatic color enhancement performed by Photoshop. It can be seen that the
perceptual-inspired color enhancement avoids the color shifting of the von
Kries method, which shows many more details than the automatic Photoshop
algorithm. Also, recall from Figure 4.1 that histogram equalization has a
dramatic effect on this image, which is absent in our perceptually inspired
modification.

The intra-variations of the variational algorithm with respect to different
choices of ¢ are perceptually small, the major difference being that, in general,
¢ = log corresponds to the brightest image, but with less saturated colors with
respect to the other two choices.
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Figure 5.1. First row from left to right: original image and results of the global von
Kries algorithms and the automatic color correction performed by Photoshop. Second
row from left to right: result of the variational algorithms with ¢ =id,log,—M. For a color
version of the figure, see www.iste.co.uk/provenzi/color.zip

In Figure 5.2, we can see the effect of the variational algorithm with ¢ =id
on an image with haze and the difference with respect to histogram
equalization.

Finally, in Figure 5.3, we can see the behavior of the perceptually inspired
variational algorithms with respect to the images with color cast and the
comparison with the von Kries and histogram equalization methods. Note that
the von Kries algorithm is not able to completely remove the color cast and
histogram equalization creates a dramatic color shift.
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It is important to underline that the main aim of the research presented in
this chapter is not to build the most efficient color correction algorithm, but to
show that how by carefully modifying the histogram equalization functional
guided by the HVS features, it is possible to strongly limit the typical
problems related to a large color shift and excessive amplification of contrast
even working in the three separated chromatic channels. The techniques
developed here may be used in applications where a parallel elaboration is
needed, and they can also be extended to more than three wavebands, as in
hyperspectral imaging.

Recent and extremely well-performing techniques to control color shift and
preserve the original hue have been proposed in [NIK 14] and [PIE 16].

5.3. Embedding existing perceptually inspired color correction
models in the variational framework

One of the main theoretical achievements of [PAL 09] is the proof that the
perceptual variational framework can embed and link together in a clear way
two of the most used perceptually inspired color correction algorithms: the
famous Retinex of Land and McCann [LAN 71] and ACE, automatic color
equalization [RIZ 03].

Figure 5.2. Row-wise from left to right: original image and results of the
variational algorithms with ¢ =id, the global von Kries algorithms and
histogram equalization. For a color version of the figure, see
www.iste.co.uk/provenzi/color.zip
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Figure 5.3. Row-wise from left to right: original image and results of the
variational algorithms with ¢ =id, the global von Kries algorithms and
histogram equalization. For a color version of the figure, see
www.iste.co.uk/provenzi/color.zip

The embedding of ACE is simple to discuss: if we choose ¢ = log, u = 1/2,
a = 1 and § = 0 in equation [5.24], then, as proved in [BER 07], we obtain, as
a particular instance, the ACE algorithm (see equations [3.37] and [3.38)].

The embedding of Retinex has proved to be more difficult, in fact,
equations [3.3] and [3.15] seem very distant from the variational framework
just discussed. However, in the paper [BER 09], it has been proved that a
continuous (anti-) symmetrized version of Retinex can be considered as a
particular instance of the variational framework described before. In order to
understand how this is possible, let us come back to the lightness formula
[3.15], i.e.

N

1 I(x)
Lys(x) = — . 5.36
07(%) N; o) [5.36]

As already anticipated in Chapter 3, Land and McCann proposed a further
Retinex mechanism, the scaling, implemented via a strictly increasing function
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f :(0,1] — (0,1] such that f(r) > r for all r € (0, 1] applied to the ratio
so that the Retinex lightness formula becomes:

Ix) ). [5.37]

1 N

The reset mechanism of Retinex and the scaling operation can be merged:
in fact, we can extend f to (0, +o0) preserving its continuity by defining:

mFVMEm@H

1 if r € [1, +00).

It is clear that applying this new scaling function f to the ratios I(x)/I(y), with
x fixed and y that varies in Q, jointly implements the scaling and the reset
mechanism.

Now we have all the elements to introduce the continuous version of the
Retinex algorithm presented in [BER 09] under the name “Kernel-Based
Retinex” (KBR). Given x € Q, let Y,, , be the random variable modeling the
selection of a pixel in the neighborhood of x according to the density w(x, y).
The output LXBR(x) of the KBR algorithm at the pixel x is defined as the
conditional expectation of f ( I(I)Sil)) with respect to the distribution w of
pixels around x, i.e.

LKBR (x) = By, | [f( I(I;") ))} . [5.38]

This formula is used independently for each color channel and can be
written more explicitly as:

KBR, » _ I(x)
L, (x)—{ Q.IZ w(x,y) f (I—(y))+ Z w(x, y). [5.39]
YeQ:I(y)21(x)) yeQ:I(y)<I(x))

All the basic properties of Retinex recalled in Chapter 3 are faithfully
implemented in [5.39]: KBR is founded on the propagation of a two-pixel
ratio comparison between the fixed target x and the generic pixel y that runs
across the image; these comparisons are then subjected to the reset and
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scaling performed by £ and, finally, locally averaged with weight w, in order
to produce the value of LKBR(x).

To study the action of KBR of pixel intensities, it is useful to rewrite [5.39]
introducing the functions:

1if £€>0,
sign*(¢) := {% if £=0, sign™(¢) = 1 — sign* (&),
0if £<0,

so that equation [5.39] can be rewritten as:

1
LKBRG) = > winy) f (@) sign* (1(y) — 1(x)

4 1)
+ Z w(x, y) sign”(I(y) — 1(x)). [5.40]
yeQ

Thanks to equation [5.40], we can verify that KBR always increases
brightness as the original Retinex implementation. In fact, since f(r) > r for

all r € (0, 1], then f (783) > 782 > I(x), so:

LEPR() = ) wix,y) 1(x) sign™ (1) = 1(x))
yeQ

+ Z w(x,y)sign”(I(y) — I(x)) [5.41]

yeQ

moreover, with I(x) < 1, we can write:

LEPR(0) = " wix,y) I(x) sign™ (1) - 1(x))

yeQ
+ D W) 100 sign™ (1) - 1(x)
yeQ
=1(x) Z w(x, y) [sign*(I(y) — I(x)) + sign™ (I(y) — I(x))]
yeQ
= I(x) Z w(x,y) = 1(x), [5.42]

yeQ
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having used the fact that the kernel is normalized. As in the original
formulation, this property implies that overexposed pictures could not be
enhanced with Retinex unless we use a post-processing stage and that further
iterations of Retinex keep on increasing the intensity until a white image is
reached.

In order to obtain a two-sided contrast modification able to enhance both
overexposed and underexposed images, it is interesting to analyze what
happens if we anti-symmetrize the analytic expression of equation [5.40].

As proved in [BERO09], if we anti-symmetrize the function
f(%) sign®(I(y) — I(x)) on the region {x € Q : I(y) < I(x)}, then we obtain
the equations of the variational model described by the energy Eiwd,o,l,o,ﬂ
presented in section 5.1. Thus, this last model can be considered as an
anti-symmetric regularized version of the continuous version of Retinex

represented by KBR.

5.3.1. Alternative variational and EDP formalizations of Retinex-
like algorithms

Besides the variational framework described in the previous sections, in the
literature there exist alternative variational models of Retinex-like algorithms
and also formalizations based on partial differential equations (PDE). The aim
of the discussion contained in this section is not to give an exhaustive list,
rather to discuss the main features of the most famous alternative mathematical
formalizations of Retinex-like algorithms present in the literature.

The first authors to embed a Retinex-like algorithm in a variational
framework were Kimmel and colleagues in [KIM 03]. They did not consider
the original Land’s ratio-threshold-reset Retinex, but Horn’s interpretation. In
fact, they started from the logarithmic equation log/.(x) = logS.(x) +
logL.(x), ¢ € {R,G,B} and tried to solve it with respect to log L.(x) by
imposing the hypothesis of smoothness on the illuminant part of the
logarithmic image. Once we have obtained an estimation of the illumination,
they could infer the reflectance information S .(x). This one then undergoes
suitable transformations and gives an illuminant-invariant version of the
original image.
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It is important to underline a fundamental difference between this
variational technique and the one presented in the previous sections: here
contrast enhancement of the original image logl.(x) is obtained by
decreasing the contrast of the illuminant image log L.(x). In fact, log I.(x) is
measured by the camera and so it is a fixed data, log L.(x) is estimated by
using a  smoothness  prior, thus the estimated reflectance
log S.(x) = log/l.(x) — log L.(x), or S .(x) = I.(x)/L.(x) is forced to have a
stronger contrast than the original image data. Instead, the variational
principles previously discussed act directly on the contrast of the original
image, without taking into account the separation between reflectance and
illuminant and related approximations and priors.

Let us now turn to the details of the functional proposed in [KIM 03]. By
avoiding the subscript ¢ and by using the notations of this book, the energy of
Kimmel and colleagues can be expressed as follows:

Eapllogl) = / [IV log LGP + a(log L(x) — log I(x))?
Q
+ BIV(log L(x) — log I(x))|2]dx [5.43]

with the constraints log L(x) > log I(x), because the reflectance S (x) is always
between 0 and 1, and the boundary condition {V log L, 7) = 0 on 0Q, i.e. log L
orthogonal to the normal 7 to the boundary 9Q of Q.

The first term of the functional forces spatial smoothness on the
illumination L. The authors chose that particular analytical form because the
Euler-Lagrange equation associated with fQ |V log L(x)?dx is the Laplace
PDE Alog L = 0, whose steepest descent solution is equivalent to a Gaussian
smoothing. The second penalty term forces a proximity between log L and
log 1, so that their difference log S, the logarithmic reflectance, tends to 0, i.e.
the reflectance R tends to 1, or white. The authors declare that the principal
objective of this term is to regularize the problem, so that it is better
conditioned in view of a numerical solution and they set the constant « to a
very small value not to force too much log L towards log /. The third term
represents a Bayesian penalty, which forces reflectance gradients to be
smooth. The authors declared to have introduced it to force R to be visually
pleasing, without abrupt variations. The choice of a quadratic expression is
made to maintain the model simple: defined in this way, the minimization
problem has a Quadratic Programming (QP) form that the authors solve via a
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Projected Normalized Steepest Descent (PNSD) algorithm, accelerated by a
multi-resolution technique.

Morel, Petro and Sbert [MOR 10] analyzed Land’s original Retinex model
[LAN 64] without the reset mechanism. They showed that if the Retinex paths
are interpreted as symmetric random walks, then Retinex is equivalent to the
following Neumann problem for a Poisson equation:

{—AL(x) =F(x) xeQ
OL(x) _
0’; =0 x € 0Q,
where F is a suitable scalar field, see [MOR 10] in page 2830. This turns out
to be very similar to Horn’s and Blake’s equations on one side, and to the
so-called “Poisson editing” equations proposed by Perez et al. in [PER 03].
[ZOS 15] further extended the link among different versions of Retinex by
considering sparsity constraints.

Let us now consider the algorithm STRESS, introduced in section 3.7. We
recall that the basic information needed by STRESS is given by the two
envelope functions Epni, and Epn,x which, in the original formulation, are
computed through the same random spray technique of RSR [PRO 07]. To
avoid the typical noise problems related to this technique, in [SIM 12], the
authors proposed to compute the envelope functions via the minimization of a
functional based on the total variation, instead of using the random spray
technique. For this reason, the corresponding algorithm is called STRETV
and corresponds to the minimization of the following functional for E (in this
case E denotes the envelope and not the energy functional):

/[IVE(X)I + %IE(X) — 1(x)*1dx [5.44]
Q

subjected to E(x) > I(x) to compute En,x and to E(x) < I(x) for Epyp.

The minimization of the first (total variation) term assures the spatial
smoothness of the envelope functions, the second term is a fidelity term used
not to differ too much from the original image values. The authors declare
that the coefficient 4 must be < 1 for good results. The authors do not specify
if they consider a spatial kernel to localize their computation or not.
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The last variational formalization that we discuss here is that presented in
[LEC 16] relative to the termite Retinex. Here, an energy functional is taken
into account to determine the geometry of the paths used by Retinex.
Considering a fixed pixel x € €, the authors search for the path
v :[0,1] = Q, y(0) = x, that minimizes the energy functional defined by:

1
1
E = 0 ds, 5.45

@ /o[1+(D2—||x—y(s>||2>||w(y<s))||2 + 60y (sNlds 4]

where D is the diagonal of Q and 1 is introduced to avoid singularities if the
denominator is 0. The paths that minimize E(y) are those which balance the
fact to remain as close to x as possible and, simultaneously, to explore image
areas with high values of the gradient. Both features maximize the denominator
of the first term. The interpretation is that if x lies in an area with a high density
of edges, then the path y will not go too far from x, instead, if x lies in a
rather homogeneous area, y will be forced to explore the image points far away
from x to find the important edge information. 8(y(s)), the so-called “poison
term”, is set to zero at the beginning, and it increases each time a path has been
traveled, to prevent from exploring the same image area all the time.

Once a set of N path has been selected, the intensity /(x) of the pixel x in
each separate chromatic channel is modified with the Retinex formula [3.15].

5.4. Variational interpretation of the Rudd-Zemach model of
achromatic induction

In this section, we will discuss an alternative version of the Rudd-Zemach
model presented in section 3.4 which leads to analogous predictions and that
has the advantage of being understandable in terms of variational principles.
The choice made by Rudd and Zemach to pass from equation [3.31] to
equation [3.32] during the description of their WLLR model is questionable.
The reason is that the weights of spatially local induction wy, w», ... should
decrease with the distance between two point of the visual scene; however, in
the decomposition of the chain of ratios in equation [3.30], the points
corresponding to the indexes k — 1 and k and those corresponding to k and
k + 1 have exactly the same distance. Instead, if we keep the target point i
fixed and consider points at an increasing distance from it, then it is perfectly
correct to consider weights of decreasing strength.
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These considerations have been thoroughly analyzed in previous works on
the interpretation of Retinex [BER 09, PRO 05, PRO 07, PRO 08]. Starting
from this more coherent Retinex interpretation, we propose the following
alternative definition of logarithmic brightness of i, denoted as log ‘P'(i):

j-1
L
+ u, [5.46]
k

log ¥(i) = Wi—i+1 1O
g ; k—i+1 gL+l

where, as for log W(i), 4 € R is an arbitrary constant. If we compare the
formulae of log ®(i) and log (i), we see that in the latter the numerator of
each ratio is L;, this means that the contribution to W(i) is given by the
logarithmic ratios between L(i) and the luminance of all the other patches in
the visual field, weighted by the distance between i and the patches.

It is easy to see that this model also predicts a linear relationship between
log LII‘J/I;‘C}‘ and log Lg, with slopes in (-1, 0) for the visual match in Wallach’s
experiment. In fact, developing equation [5.46] for both sides of the visual field
and matching the brightness, we obtain:

LMatch LMatch I3 I3
wilog 24— 4wy log —22— + 11 = wy log =2 + wy log =2 + 11,[5.47]
Ryt B Lg, Lp

solving this equation w.r.t. log Ll\Ddthh we have:

L IOg LRM - at

log Lg... 5.48
+ ws w1+ wp 08 LRy [ ]

Match __
logLy =" =log Lp, + "
We stress that the absolute value of the slope wi/(w; + wp) = B is
naturally bounded between -1 and 0, so it also accounts for Rudd-Zemach’s
observations, even without the hypothesis that w, < w;. The weight w, can be
expressed in terms of the measured value of 8 as follows:

-5
B

wy = wi. [5.49]

If we now add two other rings in both the match and target bipartite field,
and again use the outermost ring in the target field as an independent variable,
then, by direct computation, it can be proved that expression of the induction
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weight w3 corresponding to this new, and more distant, ring predicted by our
model is the following:

_1-B

w3 =
B2

wy — Wiy, [5.50]

where B, € (0,1) is the absolute value of the measured slope of the linear
relationship in the logarithmic domain between the L%I;wh and the logarithmic
luminance of the new outermost target ring. By iterating the process, we find
the following formula for the n-th induction weight (corresponding to the
configuration given by one disk and n — 1 rings):

1-8i

Wy = _ﬂl w1
-8 n=2 [5.51]
Wp=—Z"Aw,.1— X wp n>3,
:Bn—l k=1

where 5,1 € (0, 1) is the absolute value of the measured slope of the linear
relationship in the logarithmic domain between the L%I;‘Ch and the logarithmic
luminance of the outermost (n — 1)-th target ring.

It is natural to search for a generalization of Rudd-Zemach’s model that is
valid for arbitrary spatial configurations and not just for the special one
discussed in their experiments. To do that, we will distinguish between a
discrete and a continuous context. In a discrete context, we will denote the
discrete visual field with the lattice Q ¢ Z2, the coordinates of two arbitrary
points in Q as x = (x1,x2), ¥y = (¥1,y2) and the corresponding luminance
values as L(x) and L(y), respectively. The equivalent of the logarithmic
brightness of x defined in equation [5.46] in this case is:

L
log Y(x) = Z w(|lx —y|]) log L(_(jv? + u Discrete context [5.52]

yeQ

where w(||x — y||) is, as usual, a weight function which decreases with the
distance ||x — y|| and u is an arbitrary constant. In a continuous context, Q is a
subset of R?, and of course the discrete sum must be replaced by an integral:

L
log Y(x) = / w(]|x — yl|) log L(_(;; dy + u  Continuous context  [5.53]
Q
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The advantage of this formulation, over that of Rudd and Zemach, is that it
is possible to provide a variational interpretation of formulae [5.52] and [5.53],
as the following proposition states [GRO 16].

ProposiTion 5.1-. The achromatic logarithmic brightness W(x) of an arbitrary
point x € Q is the argmin of the functional:

1 L(x) (x)
En(log L) = 5 3 (1 ) Z D wllix =yl (log T)) [5.54]

xeQ er yeQ

in the discrete scenario, and of the functional:

E,(log L) = ;/(log @) dx——// w(||x — yll)(log L(—(;C;) dxdy.[5.55]

in the continuous scenario.

The consequence of this proposition is that the logarithmic brightness
values W(x) can be interpreted as being the optimal balance between two
opposite mechanisms: one that tends to adjust all stimuli to a constant,
uniform value, and the other that tends to do the opposite, i.e. to amplify as
much as possible the differences among all stimuli in a local, or
context-driven, way. This shows how the variational generalization of
Rudd-Zemach’s model can be linked to the framework described before in
this chapter.

5.5. Perceptual enhancement in the wavelet domain

Let us now present the wavelet version of the variational model presented
in section 5.1.

Let us start by very briefly recalling the basic information about wavelet
theory in one dimension, then we will extend the discussion to 2D wavelets,
the main reference for all the results quoted hereafter is [MAL 99]. A 1D
(mother) wavelet ¢ € L*(R) is a unit norm and null-mean function. Of course
this is possible only if ¥ oscillates, but, unlike infinite waves, wavelets can
have compact support. The y-wavelet transform W, f of f € L*(R) in the
point ¢ at the scale s is given by the inner product
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Wy f(&,s) = fR f (x)%@ (x;sf) dx. Wyf gives a “measure of similarity”
between f and i around the point & at the scale s. So, if a signal is constant or
do not vary “too much” in the support of a wavelet, then its wavelet transform
will be zero or very small, this is how wavelets provide a multi-scale
information about the local contrast of a signal.

The set {x}(jnezz C L*(R) given by y k(X)) = %w(*ﬁ,jk ) is a complete
orthonormal system of L*(R). Moreover, L>(R) can be recovered by the
closure of the union of a sequence of nested closed subspaces V; C V;_; with
suitable properties (see [MAL 99] for more details). The orthogonal
projections of f € L>(R) onto V; and V;_; give the approximation of f at the
scales 2/ and 2/7!, respectively. The 2/-approximation is coarser and the
missing details with respect to the finer 2/~ !-approximation are contained in
the orthogonal complement W;of V;in V;_1: V;_; = V; @ W;. W; is called the
Jj-th detail space and it can be proved that the orthogonal projection of f on
Wj is given by Pw,f = Yyez{fs ¥ jaWjk = Zk_eZ djiy jk. The coeflicients d
are called detail coefficients of f at the scale 2/. Fine-scales detail coefficients
at fine scale are sparse, in fact, they are non-null only when the support of ¢
intersects a high contrast zone, i.e. around sharp edges.

Finally, let us recall that every wavelet ¢ is related to a mirror filter 4 and
to a function ¢, called scale function, through the following equation that
involves their Fourier transforms: &(2w) = \%e"""fl* (w+m) & (w), see
[STR 96] for a complete and detailed description of how to generate wavelets
using the filter design methodology. ¢ appears in the orthogonal projection of

a signal f onto the approximation space V;, in fact it can be proved that
Py, f = Ykezlf. $ji)Pjk = Lkez ajkd jk» where ¢ji(x) = %ﬂ (*5*) and s
are called approximation coefficients at the scale 2/. It follows that
Py, f =Pv,f+Pw,f = Yrez ajk®jk + Zkez djsl jk-

In practical applications, we are interested in a multi-resolution analysis
between two fixed scales 2¢ and 2/, L,J € Z, L < J. In this case
Viei = VoW, Vo = Ve Wy = Ve Wy Wy and so on, thus
Ve=V;® EBZJ>2,->2LH W;. For this reason, following [MAL 99], we say that
a discrete orthogonal wavelet multi-resolution representation of a
one-dimensional signal f between two fixed scales 2Land 2/, L,JeZ, L < J,
is given by the collection of detail coefficients {d;} at all scales, completed
by the approximation coefficients at the coarser scale, i.e. {a x}.
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When we deal with 2D signals, as images, we have to consider a
multi-resolution analysis of L*(R?). Multidimensional wavelet bases can be
generated with tensor products of separable basis functions defined along
each dimension. In this case, an orthogonal wavelet multi-resolution
representation between two scales 2Land 2/, L,.J € Z, L < J, is given by
three sets of detail coefficients {dfk,d)fk,dfk} at all scales, which correspond
to the horizontal, vertical and diagonal detail coefficients, respectively,
completed by the approximation coeflicients at the coarser scale, i.e. {a ]

As seen in this chapter, the perceptual color correction proposed in
[PAL 09] is performed through a local contrast enhancement balanced by the
action of an adjustment term around the average value plus a conservative
term that avoids over-enhancement. Wavelet detail coefficients are related to
local contrast, let us see how this fact has been used in [PRO 14] to provide a
wavelet-based framework for perceptually inspired color correction.

The general scheme of the algorithm is the following:

1) Consider the coarsest approximation coefficients {aji, k € €}, and
modify them to implement adaptation to the average gray level in the wavelet
domain (according to equation [5.56] found in section 5.5.1);

2) Fix these new approximation coeflicients and use them along with
{dﬁk, k € Q}, ¢ = H,V,D, to modify the horizontal, vertical and diagonal
detail coefficients according to the equations of theorem 5.4 found in section
5.5.2. This will implement local contrast enhancement in the wavelet domain

at the scale 27;

3) Pass to the scale 2/~! and compute the approximation coefficients by
summing the approximation and detail coefficients just computed at the scale
27,

4) Fix these approximation coefficients and we repeat step 2 at the scale
2]—1;

5) Iterate this scheme until reaching the finest scale. As an optional step,
we can operate a linearly scaling of the minimum value towards 0 and of the
maximum towards 1.

The equations quoted in the scheme above will be presented and analyzed
in full detail in sections 5.5.1 and 5.5.2, but before doing that it is convenient
to make some assumptions that will greatly simplify the exposition.
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First of all, since changing the sign of a wavelet coefficient can result in
drastic modifications of an image, we will modify only the absolute value of
the wavelet coeflicients, restoring the original sign at the end of the
computation.

Moreover, in every scale 2/, only coefficients with magnitude bigger than
a fixed threshold 7'; > 0 will be considered, the others will be left unchanged
to avoid intensification of noise. Thus we will deal with positive, bounded and
finite sequences of wavelet coefficient magnitudes.

To simplify the notation, we will avoid the superscript ¢ in the detail
coefficients, by making the implicit assumption that the operations are
repeated on the horizontal (H), vertical (V) and diagonal (D) detail
coefficients.

The variability of the scale coefficient 2/ will be confined within the scales
2L and 27, L,J € Z, L < J, with 2L being the finest and 27 the coarsest.
Typically J — L ranges between 2 and 10, depending on the image dimension.
Finally, with the notation £ € Q, we will implicitly assume a column-wise
ordering of €, the spatial support of the image, so that {2 can be seen as a finite
subset of Z.

5.5.1. Adjustment to the average value in the wavelet domain

Let us first consider the effect of adaptation to the average level. If we were
dealing with Fourier transforms, the average image intensity value y would be
represented by the zero-order Fourier coefficient, in the wavelet domain there
is no such direct correspondence. However, since the coefficients {ax, k € Q}
represent the image approximation at the scale 2/, a natural analogue of the
average value u in the wavelet framework at the scale 2/ is represented by
aj= llﬁl ke djk» 1.€. the average approximation coeficient.

We also stress that we only need to modify the approximation coefficients
of the coarsest scale, since this modification will be propagated to finer scales.
Thus, we implement the adaptation to the average value at the coarser scale
balanced by the adjustment to the original values through this convex linear
combination:

aj = ady + (1 - a)d),, [5.56]
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0
J.k>

the scale 27 and @ € [0, 1] is a suitable weight coefficient. The bigger the a,
the stronger the adjustment to the average value a; and vice versa.

where {a;,, k € Q} is the original sequence of approximation coefficients at

5.5.2. Local contrast enhancement in the wavelet domain

Let us now consider local contrast enhancement. We have remarked that
the two most important features of the contrast functional Ei’;’a’ fy (1) described
in section 5.1 are the fact that it enhances contrast locally and in an illuminant-
independent way. In order to maintain these characteristics also in the wavelet
domain, in [PRO 14] the following local contrast enhancement functional at
the scale 2/ has been proposed:

ajk :
IEDY wj¢(d+), 2/ 22/ 22, [5.57]
ke K

where w; are positive coefficients that permit to differentiate the contrast
enhancement action depending on the scale 2/ and ¢ : [0,00) — [0, 0) is a
differentiable monotonically increasing function such that ¢(r) — +oco as
r — oo,

We stress that the approximation coefficients are passed to the functional C
as fixed parameters in every scale, from the coarsest to the finest. In particular,
the approximation coefficients used in the coarsest scale are those defined in
equation [5.56].

Cw;gaj) 1s minimized when the ratio between the approximation and
detail coefficients decreases, but since the approximation coefficients are fixed
at each scale, the minimization of Cy, ¢ (a,,} corresponds to an intensification
of the coefficients d;;. This implies a local and multi-scale contrast
enhancement of the image. The locality depends both on the mother wavelet
chosen (because different mother wavelets have different shape) and on the
scale 2/ at which one operates: the finer the scale, the more local is contrast
enhancement and vice versa.

Furthermore, the invariance with respect to global illumination changes, in
the sense of the von Kries model [VON 02], is guaranteed by the fact that also
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the functional Cy; (4,4} 18 homogenous of degree 0, i.e. so the transformation
I — Al, A > 0 will have no effects on Cy; 4 4;,) and its Euler-Lagrange
equations.

In order to prevent an excessive magnification of the original detail
coefficients, whose absolute value is denoted as d° ! conservative term
should be introduced. To maintain dimensional coherence With Cy; g fa}s an
entropic dispersion functional is a suitable choice:

0

&, .
&) Jog == = (&% = dj)|. 2/ 22/ 22" [5.58]
djj

D (dish) = )

keQ

Combining these two effects, we can define the energy functional that
realizes local contrast enhancement as SW o d() CWJ odajx) + Ddo ,l.e.

0

d
Ajk

wjgo(dk)+d(l)klogdk (9 - djx)|- [5.59]
J»

Sy pauld), = Z

keQ

with 2/ > 2/ > 2L*1. The following theorem ensures the existence of a

minimum of SW plajd, and determines the corresponding Euler-Lagrange

equations. Its proof can be found in [PRO 14].

TueoREM 5.4.—There exists a minimum of the functional &, /. &

Moreover, the Euler-Lagrange equations for the detail coefficients are:

& 0
wjspilajihd;, ajk\ ajk

—dijx) =0 = d =d% +w ( ) , [5.60]
oyt M= e TN G )

where ¢’ denotes the derivative of ¢. In particular, when ¢ = id,

aaw_,v,{a_,;k},d?_,\ (i) = 0 J. d N
_— : R ey = w;
8{dj,k} ik Jk = Jik J

a]k

A [5.61]

In Theorem 5.4, the role of the identity has been highlighted because it is
the easiest choice for ¢. Equation [5.61] is an implicit equation that has to
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be solved using a numerical method. In [PRO 14], Newton-Raphson’s method
has been used to find the zero of the function F(d;x) = djx — d, - Wi Z’ ’Z by

iteratively solving the equation

F( ”‘1)
d, =d";' - [5.62]
Jk T Tk F'(d ) :

n > 1. Since the solution is not expected to differ too much from the original
magnitude dg.) » Newton-Raphson’s algorithm is initialized with d? o

A standard result guarantees the convergence of Newton-Raphson’s
algorithm as long as the initial condition d?‘,k is sufficiently near the solution,
F ’(d?.’k) is small enough, F"(d;y) varies smoothly and the inverse of F"'(d )
is bounded near the solution (see, e.g., [CIA 89]). In particular, these
conditions imply that we cannot take the weights w; to be too big, otherwise
Newton’s algorithm can oscillate. In [PRO 13], it has been proved that if the
identity function is substituted by the gamma function, then the stability of
Newton-Raphson’s algorithm in this setting is improved.

Note that since Newton-Raphson’s method is initialized with the
coefficients d w» Which are bounded from below, the solution of equation

[5.61] belongs to an open neighborhood of d?k and the numerical method
converges to a positive solution of equation [5.61].

To stress the perceptual nature of the model, Figure 5.4 shows a scan line of
the classical Mach bands picture: the wavelet algorithm is able to reproduce the
well-known undershoots and overshoots typical of the HVS behavior recalled
in Chapter 1.

In Figure 5.5, the action of the wavelet algorithm can be seen on three
images affected by distinct problems: underexposure, color cast and
overexposure. As can be seen, the wavelet algorithm is able to perform a
radiometric adjustment of the non-optimally exposed pictures and to strongly
reduce the color cast, as shown in Figure 5.6.

5.6. High-dynamic-range (HDR) imaging

Radiance in natural scenes can span several orders of magnitude, yet
commercial cameras can capture only two orders of magnitude and reproduce
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Low-Dynamic-Range (LDR) photographs, often affected by saturated areas
and loss of contrast and detail. During the last fifteen years, many techniques
have been studied and proposed in order to expand the dynamic range of
digital photographs to create the so-called High-Dynamic-Range (HDR)
images, i.e. matrices whose entries are proportional to the actual radiance of
the scene. For a thorough overview of the HDR imaging, we refer the
interested reader to [REI 05b].
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Figure 5.4. From left to right: a scan line of the Mach bands image before and after
the wavelet algorithm, respectively. The undershoot and overshoot effects are typical
HVS features that the wavelet model is able to reproduce. The wavelet algorithm was
applied with the following parameters: the mother wavelet is the biorthogonal wavelet
with two vanishing moments; the computation is performed over the maximum number
of scales allowed for each image, w; =05, T; = %ﬁ‘"’” for each scale, and « = 0.1

HDR images have been widely used to capture scene illumination, but also
for a realistic scene representation. That is to say, the wider dynamic range of
HDR images allows a better capture of details and color differences. This high
precision is the reason why most photographers nowadays use cameras with a
wider dynamic range than two orders of magnitude.

Two main problems remain to be solved in HDR imaging. First, while the
technique proposed by Debevec and Malick [DEB 97] can be considered as
the “de facto standard” for the creation of HDR images in static conditions,
i.e. with perfectly still camera and without moving objects in the scene, no
standard is available when these condition fail. Second, HDR images cannot be
entirely displayed or printed on the majority of commercial screens or printers,
hence a so-called Tone Mapping (TM) transformation is needed to properly
reduce their range without losing details and respecting as much as possible the
original color sensation. In what follows, we consider only the latter problem.
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Figure 5.5. Images on the left: original ones. Images on the right: enhanced versions
after the wavelet algorithm: details appear in originally underexposed and overexposed
areas, and the pink color cast in the “Lena” image is removed. The filtering parameters
are the following: the mother wavelet is the Daubechies wavelet with two vanishing
moments; the computation is performed over the maximum number of scales allowed
for each image, w; = 0.5, and T; = m"’x‘l—%‘d’” for each scale 2/. For a color version of the
figure, see www.iste.co.uk/provenzi/color.zip
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Figure 5.6. Left column: original RGB histograms of the image in the second row of
Figure 5.5. Right column: enhanced RGB histograms corresponding to the image in
the second row of Figure 5.5. Again, note the histogram stretching without reaching a
complete equalization, which would have been inappropriate. For a color version of the
figure, see www.iste.co.uk/provenzi/color.zip

Many tone mapping operators (TMOs) have been proposed in the
literature; for a thorough review and analysis of the state of the art until 2005,
we refer to [REI 05b]. Here, we just want to give a very brief overview of the
different schools of thought that have been proposed so far. There is a
category of perceptually based TMOs which can be either spatially global or
local. The former are, in general, very fast and do not introduce halos or
artifacts, but their contrast rendition tends to be poor. The first global TMOs
used Stevens’ law [3] to achieve range compression and were proposed by
Tumblin and Rushmeier [TUM 93], Chiu et al. [CHI 93] and Ward et al.
[WAR 97].

Schlick [SCH 94] proposed a rational function very close to the
Michaelis-Menten formula [1.1], showing improvements with respect to
Stevens’ law [GON 02]. The global Michaelis-Menten formula has been
exploited by Pattanaik et al. [PAT 00], Reinhard and Devlin [REI 05a], and
more recently, by Kuang et al. [KUA 07]. More sophisticated vision models
were also proposed, taking into account time adaptation such as Ferwerda’s
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model [FER 96] or Weber-Fechner’s law, e.g. the methods by Ward et al.
[WAR 97] and Ashikhmin [ASH 02].

Reinhard et al. [REI 02] and Tamburrino et al. [TAM 08] introduced local
TMOs that improved detail but created halos and artifacts next to edges. A
TMO based on a modified version of the Retinex model of color vision was
proposed by Jobson et al. [JOB 97a], and the anchoring theory 1 has been used
by Krawczyk et al. [KRA 05] after a suitable subdivision of the original image
into layers of similar luminance.

There is another category, that of gradient-based TMOs, which rely on the
idea of shrinking large intensity gradients while preserving small fluctuations,
corresponding to fine details. Tumblin and Turk [TUM 99] used a hierarchical
method based on a Partial Differential Equation (PDE) inspired by anisotropic
diffusion.

Durand and Dorsey [DUR 02] and Kuang et al. [KUA 07] obtained
improved results by using techniques inspired by bilateral filtering. Fattal
et al. [FAT 02] and Mantiuk et al. [MAN 06] proposed methods where
spatially varying compression factors were used to implement suitable
manipulations of the gradient field.

Here we describe the algorithm proposed in [FER 11], where the authors
followed the TM philosophy proposed by Ward ef al. [WAR 97], where the
main purpose of TM is to emulate as much as possible the perception of
contrast and color produced by the real-world scene. Lacking a perfect model
of the Human Visual System (HVS), they concentrated on the HVS properties
recalled in Chapter 1 to propose their TM operator.

While visual adaptation is considered as a retinal process, local contrast
enhancement (and color constancy) is thought to involve also higher stages
of the visual cortex (see, e.g., Hubel’s book [HUB 95]). This suggests that
the processes involved in these two phases are quite different; therefore, in
[FER 11] the processes were implemented in two independent stages.

5.6.1. A two-stage tone mapping

Neuroscience experiments to measure visual adaptation have been
performed using very simple, non-natural images: brief pulses of light with
intensity 7 were superimposed on a uniform background.
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As already recalled in Chapter 1, when a photoreceptor absorbs a photon,
the electric potential of its membrane changes accordingly to the empirical
law known as the Michaelis-Menten equation [1.1], which we replicate here
for clarity:

AV 17

) = = S
") =3y — D +17

[5.63]

I is the light level at which the photoreceptor response is half maximal, called
the semi-saturation level, and which is usually associated with the level of
adaptation.

Each type of cone is most sensitive to a particular waveband; thus, the semi-
saturation constant must depend on the amount of light in this same waveband
that reaches it, not on the luminance of the light source, as pointed out by
Boynton [BOY 02] and Wade and Wandell [WAD 02].

The change of electric potential AV is the photoreceptor’s physiological
response to 7, Vi is the highest difference of potential that can be generated
and vy is constant, measured as 0.74 for the rhesus monkey [VAL 83]. This
change in electric potential describes the light response of one single living
photoreceptor isolated in a tiny glass pipette, which is different than the
response of the cell embedded in the retina. In fact, adjacent photoreceptors
strongly affect each other both chemically and electrically: none of the
retina’s  approximately 125 million photoreceptor cells respond
independently, and the brain receives no light meter-like signals from them.
Instead, three layers of retinal neurons interconnect to construct 20 or more
different kinds of signals that summarize local changes in retinal illumination.

Equation [1.1] has been used extensively in the TM literature, as
mentioned in the previous section. Although not been explicitly stated, the
underlying assumption here is that the output of equation [1.1], a ratio of
voltage amplitudes of electrical responses (or the ratio of light intensities),
which is a physical magnitude, is assumed to be correlated with the perceived
brightness, which is a sensation, a perceptual magnitude. So, each TMO that
uses [1.1], or its variations, takes an HDR input intensity and gives an LDR
output, trying to mimic the perceived brightness.

On the side of perception of intensity changes, we have Weber-Fechner’s
law presented in Chapter 1, i.e. the logarithmic behavior of the sensation of
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light intensity: s(Z) = so + klog(n + 7). As pointed out in [REI 05b], this
logarithmic transformation is probably the simplest procedure we might use
as a TMO, and it works fairly well for medium-dynamic-range images.
Nonetheless, this equation is questionable and still contested in the
psychophysics community, where researchers disagree on the validity of
accumulating and/or integrating JNDs to assess supra-threshold stimuli of any
sort.

Now we have two equations, Michaelis-Menten’s (MM) and
Weber-Fechner’s (WF), which are different but which are used (directly or
with some modifications) under the assumption that they are both modeling
the same thing, namely, the perceived brightness.

Let us examine this situation in more detail to understand how to solve this
apparent contradiction. Michaelis-Menten (MM) and Weber-Fechner (WF)
equations model mathematically the results of different experiments that
measured different visual phenomena. WF describes detectable-difference
thresholds for small, steady-state stimuli; users adapt to a steady, uniform
background, and experiments measure the tiniest steady difference we can
distinguish from that background. MM models electrical responses to flashed
stimuli; it measures how well we can detect tiny differences in intensities far
away from that of the adapting background (and measured before our
adaptation level can change).

Since MM does not match with WF, we cannot claim that a TMO based
on the NR equation accurately models perception in the HVS. However, the
TM results obtained with these NR-like methods, based on modifications of
the MM equation, are usually better than those obtained with the logarithmic
mapping corresponding to WF: their overall appearance seems closer to our
own perception.

To try to understand this fact, let us recall that TMOs map an arbitrarily
large radiance range into image values in a limited range, without loss of
generality we may assume that the output range is the interval [0, 1]. The
values given by MM are already in this interval, but for WF, it is necessary to
apply a normalization step to the output. The outputs of MM and WF are
fairly similar for the first three or four orders of I, but then the output of MM
tends to 1 while the output of WF increases indefinitely.
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The fact that MM tends to 1 for high-radiance values is explained by the
saturation property of photoreceptors: the activity of cones covers
approximately four orders of magnitude around the semi-saturation value, as
is explained by Valeton and van Norren [VAL 83], and for higher radiances
the cones saturate.

The saturation of the cones is not considered in WF, and therefore the
corresponding curve always increases. Taking all the above considerations
into account, in [FER 11], the authors claimed that since cones are indeed
saturating, in order to model the perceptual response, we must not use the
curve obtained with steady stimuli fields because these fields do not cause
saturation in the cones and we end up with the logarithmic curve, which
increases indefinitely. Instead, we must use the curve obtained with pulsating
fields. This complies with WF in an operative range of four orders of
magnitude, but for higher radiances increase very steeply because the cones
saturate at those radiance values.

Dunn et al. [DUN 07], while talking about visual adaptation and saccades,
said the following: “retinal mechanisms [...] adjust sensitivity in the 200 ms
intervals between saccades,” and “As we make saccades to explore a visual
scene, retinal neurons encounter a wide range of light intensities. Receptor
and post-receptor adaptation permit the amplification required to see objects
in shadows while avoiding saturation from the sky. The combination of these
adaptive mechanisms allows the visual system to encode details in a scene with
greater fidelity than a standard camera at a single exposure setting”.

The implication would be that while viewing real-world scenes, as we
frequently use saccadic movements to look for and track objects or simply to
gather all of the details, the stimuli fields are not steady but pulsed. Hence, the
curve that more accurately matches perception in real-world images would be
the upper curve in Figure 5.7.

In short, Figure 5.7 shows an inflexion point at the radiance value located
approximately two orders of magnitude above the semi-saturation radiance,
which we will call I,;: for radiances below I;, Weber-Fechner’s law holds, so
the perceptually valid tone mapping curve is the one given by WF; for
radiances above [);, the cones’ responses start to saturate so the perceptually
(and physiologically) valid tone mapping curve must have an horizontal
asymptote, and for this, we can use the curve given by the MM.
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Saturation in human cones
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Figure 5.7. Cones saturate when the stimuli field is not steady but
pulsed: perceptual curves of cones for pulsed and steady stimuli
(adapted from Shevell [SHE 77])

With this information, we can now introduce the first stage of our algorithm.
We propose to use a TM curve C(J) which combines the curves MM and WF
in the aforementioned way:

so+klog(Z +n) if1 <1y
CH=1 p $T>T [5.64]
I'+17 M

where s is chosen so as to ensure the continuity of ¢ at the critical point 7 ;.
The output of ¢ will be normalized, i.e. linearly scaled so that it spans the
interval [0, 1].

Figure 5.8 shows the TM results obtained using MM, WF and C(Z) on
the same HDR image. The left-hand side image, obtained using MM, has an
overall good contrast but the brightest regions appear overexposed (e.g. the
areas near the windows or the trees); the middle image, obtained with the
logarithmic mapping of WF, has overall poor contrast but the details of the
brightest regions are not lost.



110  Computational Color Science

The right-hand side result is the one obtained with the first stage of the
method just described, C(Z), and we see that it combines the best
characteristics of the other two images, showing overall good contrast and
little or no loss of detail in the brightest areas.

Figure 5.8. Left: TM output using the Michaelis-Menten equation.
Middle: TM output using a logarithmic mapping (Weber-Fechner’s law).
Right: TM output equation 5.64

The second stage consists simply in the application of the perceptually
inspired variational algorithm for color correction discussed in the previous
sections, which is associated with higher stages of visual perception and will
produce a local enhancement of the first stage, also allowing the reduction of
a possible color cast due to a non-neutral illuminant in the photographed
scene.

All the implementation details of the two-stage tone mapper and the
comparison with the state-of-the-art TMOs are given in [FER 11]; here we
just want to stress the fact that the proposed tone mapper has the best overall
performance with respect to one of the most vastly used quality measures (see
[AYD 08]).
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Rudimentals of Variational Principles

Calculus of variations is a generalization of ordinary calculus in R"*. In the
latter we deal with functions f : D C R" — R™, n,m integers > 1, while in
variational calculus we work with functions acting on functional spaces.

More precisely, a functional space is a vector space whose elements are
functions having some specified features. To give a concrete example let us
consider two very well-known and useful functional spaces:

—C"(D), D C R", D open, is the space of functions f : D — R which are
n-times differentiable, with continuous derivatives on the whole D, the case
n = 0 corresponds simply to continuous functions on D;

— L*(R) is the space of square-integrable functions on R, i.e. f : R — R
such that fR f(x)?dx < +00. These functions are also said to be finite-energy
functions.

Given an abstract functional space ¥ over the field K (in general K = R or
C), the linear operations in ¥ are defined point-wise, i.e. given f,g € ¥ and
a,f € K, the function & € F defined by the linear combination 2 = af + g €
¥ acts as follows on the arguments x of f and g: h(x) = af(x) + Bg(x).

A functional ¢ acting on the abstract functional space ¥ is a linear form
over ¥, i.e. a linear function from ¥ to the field K:

p:F —K
= ().

Computational Color Science: Variational Retinex-like Methods, First Edition. Edoardo Provenzi.
© ISTE Ltd 2017. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Let us also recall that, in ordinary calculus, a great deal of effort is dedicated
to finding the extrema of functions. To fix ideas, let us consider a function
f € C"(D), X € D, then:

—we call X = argmin f, iff(zf) = min f(%);
D XeD

~wecall X = argmax f, iff(iy) = max f(X).
D XeD

We recall that, given a function f : D C R" — R, f € C"(D) and any unit
vector V € D, the directional derivative of f along ¥, calculated in ¥, is defined
by:

f(f+sv;)—f(f)7 (A]

Dyf(®) = lim
-0

the partial derivatives 9;f(x), i = 1,...,n, of f are simply the n directional
derivatives computed by choosing ¥ = &, the i-th unit vectors of the canonical
basis of R”. Finally, the gradient \Y f(x) is the n-dimensional vector whose
components are the partial derivatives of f in x.

By virtue of Fermat’s interior extrema theorem, the gradient of f (and its
directional derivatives in every direction) must be null when computed in the
argmin or argmax of f. This necessary condition becomes also sufficient when
D and the function f are convex.

The computation, analytical or approximated, of the extrema of a function
f € C"(D) belongs to a field called optimization in R".

Contrary to ordinary calculus, in variational calculus the argmin and
argmax of a functional are functions, more precisely, for an arbitrary functional
E:F -k

—we call f = argmin E, ifE(f) = min E(f);
- F — feF

—wecall f= argmax E,if E (?) =max E(f).
F feF

The possibility to pass from extrema of functions represented by points of
R™ to extrema of functionals represented by functions allows us to examine, in
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variational calculus, much more general problems than in ordinary calculus.
Of course, this comes at the expense of a greater mathematical difficulty.

The computation, analytical and, most of the time, approximated, of the
extrema of a functional E is called variational (or functional) optimization and
it has been the subject of research by many mathematicians, physicists and
engineers in the past two centuries [BOY 04, HIR 12]. In the following, we
will give the reason for the name “optimization”.

A basic tool in variational optimization is the concept of first variation of
a functional, which is a direct generalization of the directional derivative of
a function. More precisely, given a functional £ : ¥ — R and any function
g € F, called perturbation, the first variation (or Géateaux derivative) of E
along g, calculated in f, is defined by

E(f +&g) - E(f)

€

O0E(f,g) = lim [A.2]
&—0

here the perturbation g plays the role of the vector ¥ in the definition of

directional derivative.

The generalization of Fermat’s interior extrema theorem to variational
calculus states that the first variation of a functional computed in any extreme
(argmin or argmax) must be null for every perturbation. Moreover, this
necessary condition becomes also sufficient under suitable convexity
hypotheses or when it is associated to some properties of the second variation,
i.e. the first variation of the first variation interpreted as a functional.

The equations
0E(f,8)=0  VYge¥, [A.3]

are called Euler-Lagrange equations.

For a better comprehension of the variational framework of Chapters 4 and
5, it is worthwhile to complete this overview by showing explicit examples of
functionals given by one or two terms and by explaining why the search of
their extrema is called optimization.

Let us start with the problem of finding the extremal function y = f(x)
whose graph gives the shortest curve that connects two points (x;,y;) and
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(x2,y2) in R%. To find the variational principle associated to this problem, let
us recall that the arc length A of the curve represented by the graph of a
differentiable function y = f(x) between the points (x;,y; = f(x1)) and
(x2,y2 = f(x)) is given by the integral f;z V1 + [/ (x)]? dx. The solution to
our problem will therefore be the argmin of the functional

A:C([x1, ) — R

foo A = [P AT+ 0P

It can be easily proven that, as expected, the argmin of A(f) is given by
the straight line function f(x) = mx + b, where m = (y, — y1)/(x2 — x1) and
b = (xy1 — x1y2)/(x2 = x1).

In this case, it is very easy to understand why the argmin of A(f) represents
the optimal solution to the problem of finding the shortest curve, because of
the direct interpretation of A(f) as the arc length functional.

It is more difficult to understand what optimality means when the functional
associated to a problem is given by two or more terms. To help understand
this, let us consider the problem of determining, with a variational principle,
the trajectory of a particle moving into space between time #y and time | in a
conservative physical system!.

The Italian-French mathematician and physicist Lagrange solved this
problem by considering the following functional, that nowadays we call
Lagrangian in his honor:

L@ = / L) dr [A4]
to

where £(§) = T(§) - V(§), 7 : [to,t1] — R being the time-dependent position
function of a moving particle in R and T, V being the kinetic and the potential
energy functions of the physical system, respectively.

The outstanding achievement of Lagrange is that the argmin of the
functional in [A.4] is the function §(r) which solves Newton’s equation of

1 A physical system is called conservative if the forces acting on it can be expressed as minus
the gradient of a potential energy function V.
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motion F (1) = mé_j)(t), Yt € [ty, t1], where F is the resultant of forces acting on
the particle and §(¢) is the second temporal derivative of 7, i.e. its acceleration.
Since it is well known that the trajectory of a particle in a (non-relativistic)
physical system satisfies Newton’s second law of dynamics, Lagrange proved
that this is equivalent to searching for the argmin of the functional [A.4].

In other words, the minimization of functional [A.4] gives the optimal
result because it coincides with the solution of Newton’s second law of
dynamics. Since .L(g(r)), the integrand function of [A.4], is given by two
terms with opposite sign, i.e. the Kinetic energy T(g(7)) = %mllc})(t)ll2 and the
potential energy V(g(r)), we can interpret Lagrange’s result by saying that, in
every instant ¢t € [fo,#1], the particle moves along a trajectory which
minimizes the difference between the energy that the particle actually has due
to its motion (i.e. T) and the energy that the particle could potentially attain
(i.e. V). This interpretation is commonly summarized by saying that the
trajectory of motion of a particle is given by the optimal balance between its
kinetic and potential energy in every instant. The balance between them is
always present, but it is optimal to describe the trajectory of motion only for
the argmin of the functional [A.4].

Of course, when we deal with another problem, not necessarily related to
motion of particles or length of curves, optimality will refer, more generally, to
the match between the argmin of the functional with an empirical or theoretical
law describing a phenomenon or a property. Consistent with the nomenclature
just recalled, also in those cases we will say that the argmin is characterized
by the optimal balance between the functional terms.

An illuminating example in this sense is the very deep variational
interpretation of histogram equalization of digital images provided in
[SAP 97], that is discussed in Chapter 4. There it is shown that a digital image
with an equalized histogram? can be interpreted as the argmin of a functional
characterized by the difference between a functional term which describes
adjustment to the middle gray-level of the image and another one which gives
a global measure of contrast carried by the image. Coherently with the
considerations above, we will say that histogram equalization is given by the

2 We recall that the intensity of a digital image is quantized and bounded in the set of values
{0,1,...,255}. A digital image is said to be equalized if each intensity level has the same
occurrence probability in the image.
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optimal balance between control of the dispersion around the middle gray and
contrast intensification.

The possibility to arrive at these highly non-intuitive interpretations of
known phenomena and also to predict new ones is what makes the use of
variational calculus so prevalent among many different disciplines as a sort of
unifying principle. This is one the main reasons why, in this book, we analyze
the possibility of using variational principles as a bridge between the
description of perceptual and non-physical judgments.

Remark A.1.— Optimization of functionals is conventionally associated with
the search of their minima. Of course, a minimization problem can be
transformed into a maximization one simply by changing the sign of the
functional under analysis.

RemMARK A.2.— When parameters are involved in the definition of a functional,
the interpretation of optimality can be a little more difficult. In fact, functional
minimization in this case generates a whole family of optimal solutions that
depend on the selection of the parameters appearing in the equations. In these
cases, a suitable tuning procedure that may vary from case to case, must be
used to set the parameters once and for all, thus providing the (only) optimal
solution to the problem under consideration.
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