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Preface

This book is designed to be a comprehensive treatment of parallel al-
gorithms for optimal control of large scale linear and bilinear systems.
These algorithms were originally evolved in the context of the recur-
sive reduced-order methods for singularly perturbed and weakly coupled
linear systems. There are numerous examples of large scale singularly
perturbed and weakly coupled dynamic systems that provide great chal-
lenges to engineers, mathematicians and computer scientists. Some of
the examples of singularly perturbed and weakly coupled systems include
electric power systems, aerospace systems, large electric and communi-
cation networks, robotics, and process control systems in the chemical
and petroleum industries.

The parallel algorithms presented in this book are applicable to
a wider classes of practical systems than the traditional methods for
large scale singularly perturbed and weakly coupled systems based on
the power-series expansion methods. The synchronous parallel reduced-
order algorithms presented in this book offer several advantages: the
higher order of accuracy can be easily achieved at low cost, the parallel
processing of information can be used, results are obtained under much
milder assumptions (no analyticity requirements imposed on the problem
coefficients), the software and hardware implementation of the control
algorithms is highly simplified due to complete parallelism in the design
procedures.

This book is intended for a wide readership, including control engi-
neers, applied mathematicians, computer scientists, and advanced gradu-
ate students who seek a comprehensive view of the current developments
in the theory of large scale linear and bilinear singularly perturbed and
weakly coupled control systems. The book emphasizes mathematical
developments as well as their application to solving practical problems
without requiring a strong mathematical background.

To demonstrate the usefulness of the presented methods for large
scale singularly perturbed and weakly coupled linear and bilinear systems,



and to point out its various advantages, we have included many real con-
trol system examples such as: F-8 aircraft, L-1011 fighter aircraft, fluid
catalytic cracker, twelve plate absorption column, magnetic tape control
system, power system composed of two interconnected areas, distilla-
tion column, steam power system, hydro power plant, chemical plants,
gas absorber, supported beam control problem, induction motor drives
(bilinear model), large space structure, optimal control of a paper mak-
ing machine (bilinear model), satellite control problem, and synchronous
machine connected to an infinite bus.

The authors hope that this book will reduce some of barriers that
exist in recognizing the power and usefulness of the synchronous parallel
algorithms for optimal control of large scale linear and bilinear systems,
and that it will help to broaden their implementation in practice. Also,
we hope that this book will motivate some researchers to develop the
corresponding asynchronous parallel algorithms and extend the presented
results to nonlinear control systems.

The authors are thankful for support and contributions from Profes-
sors V. Gourishankar, J. Momoh, D. Petkovski, B. Petrovic, P. Milojevic,
and M. Rao, from colleagues Dr. D. Amautovic, Dr. Q. Xia, and from
our present and former graduate students Z. Aganovic, T. Grodt, N.
Harkara, S. Hogan, M. Huey, A. Kolarov, M. Qureshi, V. Radisavljevic,
N. Rayavarupu, I. Seskar, D. Skataric, W. Su, Y. Ying, and J. Zhuang.

Dr. Shen is particularly thankful to the Canadian NSERC for a two-
year international postdoctoral fellowship at the University of Alberta, in
the Departments of Chemical and Electrical Engineering, which helped
him a lot of in the completion of this book.

Z. Gajic and X. Shen
Piscataway, NJ, USA
Edmonton, Canada
October 1992
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Chapter 1

Introduction

This book presents the parallel algorithms for optimal controllers of large
scale linear dynamical systems inherently parallel in nature, namely for
singularly perturbed and weakly coupled linear systems. The book is
written in the spirit of parallel and distributed computations (Bertsekas
and Tsitsiklis, 1989; 1991) and parallel processing of information in terms
of the reduced-order controllers and filters (Gajic et al., 1990). It covers
almost all important concepts of the optimal linear control theory and its
applications, in the context of continuous and discrete, deterministic and
stochastic linear systems. A generalization of the presented methods to
the optimal control of singularly perturbed and weakly coupled bilinear
systems is also considered.

The other classes of the general linear optimal control problems can
be studied by using the parallel reduced-order algorithms presented in
this book with the help of some standard control techniques like the pole
placement, overlapping decomposition, and prescribed degree of stability
requirement. With the pole placement by performance modification
method (Medanic, 1988; Tharp, 1992), it is possible to separate the
closed-loop eigenvalues into two disjoint sets, that is to introduce the slow
and fast phenomena (singular perturbations). The overlapping methods
of Siljak are very powerful tools in the system decomposition (Siljak,
1991). The overlapping decomposition technique documented also in
(Tkeda and Siljak, 1980; Ohta and Siljak, 1985; Sezer and Siljak, 1986,
Calvet and Titli, 1989) can influence weak coupling (Arabacioglu et al.,
1986). The prescribed degree of stability requirement (Anderson and
Moore, 1990), imposed on the system in order to assure given stability
margin, can bring the system matrix into the block diagonally dominant
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form and make the system internally weakly coupled. Also, it is well
known that the cheap control and high gain feedback optimal control
problems can be studied by using the theory of singular perturbations
(Kokotovic and Khalil, 1986).

The results of this book complement the theory and application of
singularly perturbed and weakly coupled control systems, introduced to
the control audience, and developed for practical implementations, by
Professor Petar Kokotovic and his coworkers.

This book represents an improved and considerably extended version
(from 202 to almost 450 pages) of our monograph titled “Singularly
Perturbed and Weakly Coupled Linear Control Systems — A Recursive
Approach” (Gajic et al., 1990), published in the Springer-Verlag Series
Lecture Notes in Control and Information Sciences. The book is mostly
based on the authors recent research papers and we have been following
them very closely in many parts of this book.

The theory of singular perturbations has been a highly recognized
and rapidly developing area of control in the last twenty five years
(Kokotovic and Khalil, 1986; Kokotovic et al., 1986). It has been
studied so far by using the Taylor series, asymptotic expansions, and
power-series methods. Being nonrecursive in nature, these expansion
methods become very cumbersome and computationally very expensive
(the size of computations required can be considerable) when a high
order of accuracy is required. In such a case, the advantage of using the
expansion methods (the important theoretical tools) is questionable from
the numerical point view, and sometimes these methods are almost not
applicable for practical computations (Grodt and Gajic, 1988; Gajic et
al., 1989). In the era of an increased application of the modern control
theory results to the real world systems that might be a serious problem.

In addition, if a small perturbation parameter ¢ is not very small
(“small enough”), then the O (¢)! theory, used so far in the study of
singularly perturbed problems, can not produce satisfactory results for
the given class of problems. In order to broaden the class of applicable
problems, the development of the O (e¥) theory is a necessary require-
ment. Even more, it is pointed out in (Hemker, 1983) that the O (¢¥)
theory is a trend in the modern numerical analysis of singularly perturbed
problems: “numerical analysis of singular perturbation problems mainly
concentrates on the following question: how to find a numerical approx-
imation to the solution for small as well as intermediate values of e,
where no short asymptotic expansion is available. Or more general, how

! O(ek) stands for Ce¥, where C is a bounded constant and k is any arbitrary constant.
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to construct a single numerical method that can be applied both in the
case of extremely small ¢ and for larger values of ¢, when one wouldn’t
consider the problem as singularly perturbed any longer.”

Furthermore, in the case of singularly perturbed structures induced
by a high gain feedback (Kokotovic and Khalil, 1986; Kokotovic et al.,
1986), the standard statement of the singular perturbation theory “it exists
¢ small enough” means it exists control input big enough. Thus, that
assumption “it exists ¢ small enough” limits the practical implementation
of the O (¢) singular perturbation theory quite a lot. In the recent paper
(Gajic et al., 1989), a real world example demonstrates the failure of
the O (¢) theory for the problem of the optimal static output feedback
control of a linear singularly perturbed system. The same example is
solved successfully in (Gajic et al., 1989) by using the O (€) theory
for k > 2.

The development of the recursive techniques (based on the fixed
point reduced-order parallel algorithms) for singularly perturbed linear-
quadratic steady state control problems has started recently (Gajic, 1986;
Gajic et al.,, 1987; Grodt and Gajic, 1988; Shen, 1990; Gajic and
Shen 1991a, 1991b; Qureshi, 1992; Qureshi et al., 1992; Su et al,,
1992b; Skataric and Gajic, 1992). The recursive reduced-order numerical
methods for finite time singularly perturbed control systems have been
developed in (Grodt and Gajic, Su et al., 1992a; Shen, 1992).

The linear weakly coupled systems have been studied in differ-
ent set-ups by many researchers (Kokotovic et al., 1969; Medanic and
Avramovic, 1975; Ishimatsu et al., 1975; Ozguner and Perkins, 1977,
Delacour et al., 1978; Mahmoud, 1978; Petkovski and Rakic, 1979;
Washburn and Mendel, 1980; Sezer and Siljak, 1986; Khalil and Koko-
tovic, 1978; Srikant and Basar, 1992a). The solutions of the Riccati-type
and/or Lyapunov-type equations are obtained in terms of the Taylor series
and power-series expansions with respect to a small coupling parameter
€. Approximate feedback control laws were derived by truncating expan-
sions of the feedback coefficients of the optimal control law (Kokotovic
et al., 1969; Ozguner and Perkins, 1977; Delacour, 1978; Petkovski and
Rakic, 1979). Such approximations have been shown to be near-optimal
with performance that can made as close to the optimal performance as
desired by including enough terms in the truncated expansions.

The recursive approach to weakly coupled control systems, based
on the fixed point iterations, has been developed recently (Petrovic and
Gajic, 1988; Harkara et al., 1989; Gajic and Shen, 1989; Shen and
Gajic, 1990a, 1990b, 1990c; Shen, 1990; Su, 1990; Su and Gajic, 1991,
1992b; Qureshi, 1992). It has been shown that the recursive methods are
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particularly useful when the coupling parameter ¢ is not extremely small
and/or when any desired order of accuracy is required, namely, O (),
where k = 2, 3, 4, ... . In some applications a very good approximation
is required, such as for a plant-filter augmented system (Shen and Gajic,
1990a), where the accuracy of O (€F), k > 6 is necessary to stabilize
given closed-loop system.

This book consists of fourteen chapters. Chapter 1 comprises an
introduction. In Chapter 2, we study the main algebraic equations of the
linear steady state optimal control theory for both singularly perturbed
and weakly coupled systems, namely, the algebraic Lyapunov and Ric-
cati equations. We derive the corresponding recursive algorithms for the
solution of these equations in the most general case when the problem
matrices are functions of a small perturbation parameter. The numerical
decomposition has been achieved so that only low-order systems are in-
volved in algebraic computations. The introduced recursive methods are
of the fixed point type and can be implemented as parallel synchronous
algorithms (Bertsekas and Tsitsiklis, 1991). Both continuous-time and
discrete-time versions of the algebraic Lyapunov and Riccati equations
are studied. The partitioned expressions of the Riccati equations have
very complicated forms in the discrete-time domain for both singularly
perturbed and weakly coupled systems. We have overcome that prob-
lem by using corresponding bilinear transformations (Shen and Gajic,
1990b; Gajic and Shen 1991b), that are applicable under quite mild as-
sumptions, so that the solution of the discrete algebraic Riccati equations
of singularly perturbed and weakly coupled systems are obtained by us-
ing results from Sections 2.2.2 and 2.3.2, derived for the corresponding
continuous-time algebraic Riccati equations. It is shown that the singular
perturbation recursive methods converge with the rate of convergence of
O (), whereas the recursive methods for weakly coupled linear systems
converge faster, that is, with the rate of convergence of O (€?).

Having obtained approximate solutions of the algebraic Lyapunov
and Riccati equations, the corresponding approximate linear-quadratic
optimal control problems are solved in terms of these solutions. Some
real world control examples are included in order to demonstrate the
procedures: magnetic tape, F-8 aircraft, catalytic cracker, and chemical
plant.

In Chapter 3, the Chang decoupling transformation (Chang, 1972)
of singularly perturbed linear systems is introduced. We also present
a version of the Chang transformation which is applicable to weakly
coupled linear systems (Gajic and Shen, 1989). The transformation
matrices are obtained from two coupled matrix equations in both cases.
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Algorithms that efficiently generate solutions of these equations are
derived. New versions of the Chang transformation for both singularly
perturbed and weakly coupled linear systems, that lead to the decoupled
matrix equations for the transformation matrices (Qureshi, 1992; Qureshi
and Gajic, 1992) are derived as well. The presented transformations are
utilized to completely and exactly decompose the Lyapunov differential
equations of singularly perturbed and weakly coupled systems into the
reduced-order ones. In this chapter, we also present results for the
decomposition of the general boundary value problems of linear weakly
coupled, continuous-time and discrete-time, systems.

In Chapter 4, the deterministic output feedback control of singularly
perturbed and weakly coupled linear systems is studied. The well-defined
recursive numerical technique for the solution of nonlinear algebraic
matrix equations, associated with the output feedback control problem
of singularly perturbed systems is developed. The numerical slow-fast
decomposition is achieved so that only low-order systems are involved
in algebraic computations. It is shown that each iteration step of the
proposed algorithm improves the accuracy by an order of magnitude, that
is, the accuracy of O (€¥) can be obtained by performing only k iterations
(Gajic et al., 1989). This represents the significant improvement since
all results on the output feedback control problems for the singularly
perturbed systems have been obtained so far with the accuracy of O (¢)
only. A real world example, an industrial important reactor — fluid
catalytic cracker — demonstrates the efficiency of the proposed algorithm
and the failure of O (¢) theory.

Following similar lines a recursive algorithm is also developed for
solving nonlinear algebraic equations comprising the solutions of the op-
timal static output feedback control problem of linear weakly coupled
systems. The effectiveness of the proposed reduced-order algorithm and
its advantages over the global full-order algorithm is demonstrated on a
twelve-plate chemical absorption column (Harkara et al., 1989). Obtained
results strongly support the necessity for the existence of reduced-order
numerical techniques for solving corresponding nonlinear algebraic equa-
tions. In addition to the reduction in required computations, it can be
easier to find a good initial guess and to handle the problem of nonunique-
ness of the solution of these nonlinear equations — they represent the
necessary conditions only.

For both singularly perturbed and weakly coupled linear output
feedback control problems, the synchronous algorithms that solve in
parallel six reduced-order algebraic Lyapunov equations are derived.
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In Chapter 5, we present the approach to the decomposition and
approximation of the linear-quadratic Gaussian estimation and control
problems. The global Kalman filter of linear weakly coupled continuous
systems is decomposed into separate reduced-order local filters via the use
of a decoupling transformation, introduced in Chapter 3. A near-optimal
control law is derived by approximating the coefficients of the optimal
control law (Khalil and Gajic, 1984). The order of approximation of the
optimal performance is O (e¥), where k is the order of approximation
of the coefficients. The electrical power system example demonstrates
the failures of the O (€?) and O (¢*) theories and the necessity for the
existence of the O (€*) theory (Shen and Gajic, 1990a). The proposed
method produces the reduction in both off-line and on-line computational
requirements and converges under mild assumptions. Similarly, in this
chapter we also study the linear-quadratic Gaussian control problem of
singularly perturbed systems. In that context the reduced-order recursive
algorithm is used to design a controller for an F-8 aircraft by using
Kalman filters operating independently in slow and fast time scales
(Khalil and Gajic, 1984; Gajic, 1986).

In the remaining part of Chapter 5, the obtained results for continuous
systems are extended to the discrete-time domain. In that respect, the
near-optimum steady state regulator is derived for the discrete stochastic
weakly coupled system and applied to a fifth-order distillation column
(Shen and Gajic, 1990c). The corresponding singularly perturbed discrete
stochastic problem is studied for a steam power system (Shen, 1990;
Gajic and Shen, 1991a). The proposed methods allow parallel processing
of information and reduce considerably the size of required off-line and
on-line computations, since they introduce full parallelism in the design
procedures.

Chapter 6 is about the finite time open-loop control problems (linear
two-point boundary value problem) for weakly coupled and singularly
perturbed systems. The main idea of this chapter is to exploit the reduced-
order subsystems to find efficiently the optimal open-loop control in the
new coordinates. This change of coordinates is particularly important
for singularly perturbed systems, where the original two-point boundary
value problem is transformed in the pure-slow and pure-fast reduced-
order completely decoupled initial value problems. By doing this, the
stiffness of the singularly perturbed two-point boundary value problem
is converted in the problem of an ill-defined system of linear algebraic
equations (Su et al., 1992a). Two real world examples, a distillation
column for weakly coupled continuous-time systems, and a magnetic
tape control system for singularly perturbed continuous-time systems are
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included in order to demonstrate the efficiency of the considered methods.
The study of the open-loop control problem presented for both singularly
perturbed and weakly coupled continuous-time systems is extended in
Sections 6.5-6.8 to the corresponding discrete-time problems.

In Chapter 7, the algebraic Riccati equation is considered in terms
of the Hamiltonian matrix. For both weakly coupled and singularly
perturbed systems, the Hamiltonian matrices retain the weakly coupled
and singularly perturbed forms by interchanging some of the state and
costate variables so that they can be block diagonalized via the decoupling
transformations introduced in Chapter 3. The main idea of this chapter is
to obtain the solutions of the global algebraic Riccati equations from two
decoupled reduced-order subsystems — both leading to the nonsymmetric
algebraic Riccati equations. It has been shown that the solutions exist
under stablizability-detectability conditions imposed on subsystems.

The algebraic Riccati equation of singularly perturbed control sys-
tems is completely and exactly decomposed into two reduced-order al-
gebraic Riccati equations corresponding to slow and fast time scales (Su
et al., 1992b). The pure-slow and pure-fast algebraic Riccati equations
are nonsymmetric ones, but their O (¢) perturbations are symmetric. It is
shown that the Newton method is very efficient for solving the obtained
nonsymmetric Riccati equations. The presented method might produce a
new insight into the time scale optimal filtering and control problems.

Similar results are obtained for the weakly coupled algebraic Riccati
equation (Su and Gajic, 1992). The use of the nonsymmetric reduced-
order Riccati equations can produce a lot of savings; that is, O (n), in the
size of computations required. Furthermore, the proposed method is very
suitable for parallel computations since it allows complete parallelism,
on the contrary to Chapter 2, where intermediate results have to be
interchanged after each iteration step. A satellite control problem is
solved in order to demonstrate the procedure.

Chapter 8 deals with finite time optimal control problems. In that
direction the recursive reduced-order numerical solution of the weakly
coupled and singularly perturbed matrix differential and difference Ric-
cati equations are obtained. The order-reductions are achieved in both
cases via the use of decoupling transformations applied to the correspond-
ing Hamiltonian matrices (Grodt and Gajic, 1988; Su and Gajic, 1991).
It is shown that corresponding algorithms converge under stabilizability-
observability conditions imposed on subsystems with the rate of conver-
gence of O (¢2) for weakly coupled and O (¢) for singularly perturbed
systems. Corresponding results for the difference Riccati equations of
singularly perturbed (Shen, 1992) and weakly coupled systems (Shen et
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al., 1991b) are also presented in this chapter. Several real world examples
demonstrate the reduced-order recursive techniques for solving differen-
tial and difference Riccati equations: synchronous machine connected to
an infinite bus, F-8 aircraft, and gas absorber.

Two large classes of small parameter systems have been studied
independently so far in the context of control theory: singularly perturbed
and weakly coupled systems. However, models of many real physical
systems (for example, power systems, flexible space structures) are at the
same time both singularly perturbed and weakly coupled. Even more,
very often the structure of power systems cannot be put either in the
standard singularly perturbed or standard weakly coupled form. Some
of these structures, which we call quasi singularly perturbed and quasi
weakly coupled control systems, are studied in Chapter 9.

In Chapter 9, we consider a special class of linear control systems
represented by the standard singularly perturbed system matrix and with
the control input matrix having three different nonstandard forms. The
obtained results are quite simplified (comparing to the standard singularly
perturbed control systems), and in one case the optimal solution of
the algebraic Riccati equation is completely determined in terms of the
reduced-order algebraic Lyapunov equations. The proposed method is
successfully applied to the reduced-order design of optimal controllers
for a hydro power plant of Serbian power system (Skataric and Gajic,
1992). It is important to point out that the solutions to the real 11th and
14th-order hydro power control systems are obtained by the presented
reduced-order parallel algorithms, but the global method fails to produce
the answers in both cases.

In this chapter, we also consider a special class of linear systems
having block diagonally dominant system matrix and with the control
input influencing only one of subsystems. The optimal reduced-order
controllers are designed through the recursive reduced-order parallel
algorithm, which converges quickly to the required optimal solution
(Skataric et al., 1990). Many real world systems, such as power systems,
chemical reactors, flexible space structures, and in general, systems with
only few actuators, possess the control structures studied in this section
of Chapter 9. The proposed method is demonstrated on the controller
design of three real control systems: chemical reactor, F-4 fighter aircraft,
and the design of the decentralized multivariable excitation controllers in
a nearly weakly coupled multimachine system.

In addition, the reduced-order solution is obtained for a class of

linear-quadratic optimal control problems having weakly interconnected
system matrix, strongly coupled control input matrix, and with a special
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structure for the state penalty matrix. Thus, the choice of the penalty
matrix sometimes plays an important role in the process of system
decomposition and distributed and parallel computations (Skataric et al.,
1991). The results for this kind of the control system decomposition are
demonstrated on the models of L-1011 fighter aircraft and distillation
column.

Chapter 10 presents a case of singularly perturbed and weakly
coupled systems, which exhibit at the same time both the multiple time
scale and weak coupling phenomena (Gajic and Skataric, 1991). On
the contrary to the multimodeling concept (Khalil and Kokotovic, 1978;
Khalil, 1980b; Saksena and Cruz, 1981a, 1981b; Saksena and Basar,
1982; Saksena et al., 1983; Gajic and Khalil, 1986; Gajic, 1988; Zhuang
and Gajic, 1990), where the weak coupling is allowed between fast
variables only, in this chapter we study the effect of weak coupling
between slow and fast variables. The optimal results are obtained in
terms of parallel synchronous reduced-order algorithms under milder
assumptions than for the standard singularly perturbed systems. These
kind of systems appear particularly in the case of linearized models of
flexible space structures (Moerder and Calise, 1985b) and in the optimal
control problems of systems described by partial differential equations
and presented in modal coordinates (Meirovich, 1967; Meirovich and
Baruh, 1983; Baruh and Choe, 1990). Several case studies are presented:
supported beam, satellite, power system, and fluid catalytic cracker.

The static output feedback of discrete quasi weakly coupled stochas-
tic systems is studied in Chapter 11. A parallel reduced-order algorithm
is developed which is very efficient, since the algorithm decomposes a
high order system into a low order system. The low order system is
represented by six Lyapunov equations which may be solved in parallel
to reduce computational time. The required solution is obtained up to
an arbitrary order of accuracy, O (€?*), where ¢ is a weak coupling pa-
rameter and k represents the number of iterations. The efficiency of the
proposed method is demonstrated on two real aircraft examples which
possess the quasi weakly coupled structure under prescribed degree of
stability assumption (Hogan and Gajic, 1992).

In this chapter, we also study the static output feedback control
problem for discrete linear singularly perturbed stochastic systems. A
recursive algorithm is presented to solve the corresponding nonlinear
algebraic equations (Qureshi et al., 1992). The algorithm removes the
ill-conditioning by decomposing the higher order equations into lower
order equations corresponding to the fast and slow time scales. As a
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case study the discrete model of a steam power system is considered.
The obtained numerical results support the theoretical findings.

The application of the recursive reduced-order approach to differen-
tial games is given in Chapter 12. The analysis is restricted to the weakly
coupled linear-quadratic Nash games and to the solution of corresponding
coupled algebraic Riccati equations (Petrovic and Gajic, 1988). These
results can be extended to the other types of differential games either in
the context of weakly coupled or singularly perturbed systems.

Chapter 13 deals with the problem of high gain feedback and cheap
control. The singular perturbation methodology is used to describe the
problems under consideration (Kokotovic et al., 1986; Kokotovic and
Khalil, 1986). The reduced-order parallel algorithm producing any arbi-
trary order of accuracy is obtained under the control oriented assumptions
(Huey, 1992). It is important to point out that in the presented method-
ology there is no need to study the high gain feedback and cheap control
problems in the limit when a small parameter ¢ tends to zero. This
avoids the impulsive behavior and the presence of singular controls. The
presented results are demonstrated on an example of a flexible space
structure. In addition, in this chapter the open-loop cheap control prob-
lem and the problem of complete decomposition of the algebraic “cheap”
Riccati equation into the reduced-order pure-slow and pure-fast Riccati
equations are studied.

The time varying singularly perturbed and weakly coupled systems
have been studied in several sections of Chapter 3, where the correspond-
ing structures are outlined and the decomposition techniques have been
developed for their studies. These methods are utilized in Chapter 14 in
the context of linear approach to the optimal control of bilinear singularly
perturbed and weakly coupled systems.

In Chapter 14, the composite near-optimal control of singularly
perturbed bilinear systems is obtained (Aganovic and Gajic, 1991a) by
combining the ideas from (Chow and Kokotovic, 1976) and (Cebuhar and
Constanza, 1984). Obtained results are demonstrated on a fourth-order
induction motor drives. The extension of the near-optimal composite
control to the optimal reduced-order control is also considered. The
reduced-order open-loop optimal control of singularly perturbed bilinear
systems is presented by following results of (Aganovic and Gajic, 1991b).

In the remaining part of Chapter 14, we study the weakly coupled
continuous-time bilinear optimal control problem (Aganovic, 1992). Both
the open-loop and closed-loop optimal control problems are considered.
As a case study, we consider the control problem of a paper making
machine.

10
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The system decomposition in this book is presented for both sin-
gularly perturbed and weakly coupled control systems composed of two
subsystems. Corresponding parallel algorithms are solved by using two,
three, or six processors working in parallel. However, under certain
assumptions, the presented methods can be extended to the singularly
perturbed systems with n-time scales, and to the weakly coupled sys-
tems with n subsystems. In those cases the original systems would be
decomposed in n subsystems. Apparently, the corresponding control al-
gorithms would be solved by many parallel processors. The study in that
direction remains an open research problem.

In this book we do not study the implementation of the presented
algorithms on the parallel computers. This may be another topic for
future research. We have demonstrated the advantages of the presented
algorithms. In two cases, 11th and 14th-order real hydro power control
systems, (Chapter 9), we have shown that the classical approach fails to
produce the answers. The parallel reduced-order synchronous algorithms
have solved these problems successfully. The development of the asyn-
chronous versions of these algorithms is underway. The advantages of
the parallel algorithms will come into full effect once we solve very high
order control systems.

We hope that these results, based on the recursive reduced-order
fixed-point approach, can be extended to the nonlinear singularly per-
turbed and nonlinear weakly coupled control problems. There are a lot
of research papers published on the nonlinear singularly perturbed sys-
tems (Kokotovic et al., 1986; Kokotovic and Khalil, 1986; O’Malley,
1991). All of them are based on the expansion methods. Introducing
the recursive, fixed-point approach in this study will be a challenging
research task. The nonlinear weakly coupled systems were originally
introduced to the control audience in (Kokotovic and Singh, 1991). Re-
cently, they have been studied in the context of differential games by
(Srikant and Basar, 1991; 1992b).

It is known that the linearized models of dynamical systems
described by partial differential equations in the modal coordinates
(Meirovich and Baruh, 1983; Baruh and Choe, 1990) consist of an infi-
nite set of second order internally decoupled differential equations. The
coupling comes externally through the control input components. In prac-
tical applications an infinite dimensional set of differential equations is
approximated by a finite one of order 2n. Using the techniques devel-
oped in this book we believe that these kind of control problems can be
solved in terms of n parallel algorithms of order 2.

11
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The book is divided into two parts: theoretical concepts (Chapters
2-8) and applications (Chapters 9-14). Each chapter of the book is self-
contained, so that the reader, after completion of Chapters 2 and 3, can
go directly to the chapter of his/her interests.

The book contains several exercises, computer assignments, and
formulations of the research problems to help the instructors who might
be using this book as a graduate text on large scale systems and/or parallel
design of controllers. The required background for this book is a graduate
level course on optimal control (Kwakemaak and Sivan, 1972; Sage
and White, 1977; Lewis, 1986; Anderson and Moore, 1990). For the
related control theory concepts we refer the reader to the excellent books
(Kailath, 1980; Chen, 1984; Sontag, 1990).

12
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Linear-Quadratic Control Problems

Decoupling Transformations
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Linear Stochastic Systems

Open-Loop Optimal Control

Exact Decompositions of Algebraic Riccati Equations

Differential and Difference Riccati Equations
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Chapter 2

Linear-Quadratic Control Problems

2.1 Introduction

In this chapter, we study the main algebraic equations of the linear
steady state control theory: the Lyapunov and Riccati algebraic equations,
for both singularly perturbed and weakly coupled systems. We derive
the corresponding recursive, reduced-order parallel algorithms for the
solution of these equations in the most general case when the problem
matrices are functions of a small perturbation parameter. The numerical
decomposition has been achieved, so that only low-order systems are
involved in algebraic computations. The introduced recursive methods
are of the fixed point type and can be implemented as synchronous
parallel algorithms (Bertsekas and Trsitsiklis, 1989; 1991).

Both continuous-time and discrete-time versions of the algebraic
Lyapunov and Riccati equations are studied. The partitioned expressions
of the algebraic Riccati equations have very complicated forms in the
discrete-time domain for both singularly perturbed and weakly coupled
systems. We have overcome that problem by using corresponding bilinear
transformations, which are applicable under quite mild assumptions, so
that the the solutions of the discrete algebraic Riccati equations for both
singularly perturbed systems and weakly coupled systems are obtained
by using results for the corresponding continuous-time algebraic Riccati
equations. It is shown that the singular perturbation recursive methods
converge with the rate of convergence of O (¢), whereas the recursive
methods for weakly coupled linear systems converge faster, that is, with
the rate of convergence of O (€2).

15
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Having obtained the approximate solutions of the algebraic Lyapunov
and Riccati equations, the corresponding approximate linear-quadratic
control problems are solved in terms of these solutions. Several real
world examples are included in order to demonstrate the procedures:
magnetic tape control problem, F-8 aircraft, catalytic cracker, and chem-
ical plant.

2.2 Recursive Methods for Singularly Perturbed
Linear Continuous Systems

Consider a linear dynamic system
t=A(e)z + B(€)u, z(0)=zo 2.1)

with a performance index

J() = -;—/[:cTQ(e)z+uTR(e)u] dt, Q()20, R(¢)>0
0

2.2)

which has to be minimized, where ¢ is a small positive parameter, z € R",

u € R™, are state and control variables, respectively, with appropriate

dimensions of the corresponding matrices. The optimal control u that

minimizes (2.2) along trajectories of (2.1) is given by the well-known

expression

u(t)= =R~ ' () BT () P(e)z (2) 2.3)

where P (¢) is the positive semidefinite stabilizing solution of the alge-
braic Riccati equation

P()A()+ AT()P()+Q(e) - P(e)S(e) P(e) =0

S(¢)= BR™'BT

For S (¢) =0, the equation (2.4) becomes the algebraic Lyapunov equa-
tion. In this section, we will also study a dual form of the algebraic
Lyapunov equation that represents a variance equation of a linear system
driven by white noise

24)

t=A(e)r+G(e)w 2.5)

where w is a zero-mean Gaussian stationary white noise process with a
unity intensity matrix. The algebraic Lyapunov equation corresponding
to (2.5), and representing the variance equation of z (t), is given by

K(e)AT () +A(e)K () +G(e)GT (e) =0 (2.6)

16
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According to the theory of singular perturbations (Kokotovic and Khalil,
1986; Kokotovic et al., 1986), the following partitions of the problem
matrices are introduced

_| Ai(9  Az(e) _[ Bi(e)
A(e) = [Aal(e)/e A.ize)/e]’ B(e) = [Bgl(c)/eJ

_[£Qa© FOu@] geo[ 6O
Q) = [&(e)ql(e) q(e)qi(e)] Glo= [Gz(f)/f] @n

Py ¢P, K, K
o[ ] wo0=[3 4]

Newly deﬁned matrices are of dimensions A;, P;, K;,¢7 g1 € R™MX™;
A4. P, K3, q2 g2 € R"2X"3; B, G; € RMX™, ¢ = 1, 2; with ny +no = n.
It is assumed that all matrices are continuous functions of e.

2.2.1 Parallel Algorithm for Solving Algebraic Lyapunov Equation
The partitioned form of the Lyapunov equation given in (2.6) is

A (€) K1 (€) + K1 (€) AT (€) + A2 (€) K7 (¢)
+K;(€) A7 (€) + G1(€)GT (¢) =

K2 (AT +ehi @K+ Ki(@©AT () o
+42(€) K3(€) + G1(€)G] () =0
K3 (€) A7 (€) + Aa(€) K3 (€) + €Az (€) K2 (€)
+eK; (€) A3 (€) + G2(€)G] (€)= 0

Define the following O (¢) perturbation of (2.8)

A1 () K1 (€) + K (€) AT (€) + Ka (€) 47 (¢)
+A42()K3 () + G1 () G] (¢) =
A2(6) K (€) + Kz () A (€) + K1 (€) 43 (€) + G1 (€) G (¢) = 0
K3 (€) A7 (6) + A4 (9 K3 (€) + G2 (€) G7 (¢) = 0 29
Note that we did not set ¢ = 0 in Als and G's. In the rest of the

chapter we will assume that all matrices are functions of ¢. However,
the explicit dependence on ¢ of the problem matrices will be omitted in

17
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order to simplify notation. Solution of (2.9) is in fact given in terms of
two lower order algebraic Lyapunov equations

AoK; + KlAg + GoGg‘ =0

2.10
AKs3 + K3AT +G,GT =0 @10
and
K; = - [4:K;3 + K147 + G1GT] AT (2.11)
where
Ag= A, - AzAIlA:;, Go=G, - AzA:le 2.12)

Exercise 2.1: Derive expressions (2.10)-(2.12) from equation (2.9).

A
Unique solutions of (2.10)-(2.11) exist under the following assumption.
Assumption 2.1 Matrices A (€) and A4 (€) are stable.

A
This is a standard assumption in the theory of singular perturbations
(Kokotovic and Khalil, 1986; Kokotovic et al., 1986). Defining approx-
imation errors as

K, =K1 + €¢Ey
K; =Kz + ¢k, (2.13)
K3 =K3+¢Es

and subtracting (2.10)-(2.11) from (2.8), we get the error equations (after
some algebra) in the form

AoEy + E AT = Ao [Ka+€E;] A;TAT + A2 A7 [Ka+€Ep)T AT
A4E3 + E3AT = —A3[K3 + €Es] - [Kz + €Eg)T AT
AE3 + E1A§ + EzAz‘ + A1 [Kz2+€Ep)=0 214
14
These equations have very nice forms since the unknown quantity E,
in equations for E; and E5 is multiplied by a small parameter ¢. This

fact suggests the following reduced-order parallel algorithm for solving
(2.14).

18
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Algorithm 2.1:

AcE(*) + B0 AT = Ao [Ky + eB] 47747
AT
+447" [Ka + eEQ] AT
. . R N1 T
AE™ 4 ECYVAT = — A3 [Ka + €E{)] - [Ka + EQ)|" AT

E{*) = - {AE{*) + BV AT + 4 K + €EJ)] b AT,
1=0,1,2,....
(2.15)
with the starting point E%o) =0.
A
Using the stability property imposed in Assumption 2.1, it is easy to
show ((2.15) is a contraction mapping, Luenberger, 1969) that

”E}"-E,-“:o(e*), i=1,23 i=12.. (216

Note that (2.16) is valid in the case when the last equation of (2.15) is
in the form

E{*) = — { 4B + EPAT + 4y [Ks + E{|} 477,

2.17)
i=0,1,2,... E9=0, E®=0

Thus, the algorithm (2.15) is convergent. Using E}“), j=123,
in (2.15) and comparing it to (2.14), imply that the algorithm (2.15)
converges to the unique solution of (2.14). In summary, we have the
following theorem.

Theorem 2.1 Under stability assumptions imposed on A (¢) and A4 (¢),
the algorithm (2.15) converges to the exact solution E with the rate of
convergence of O (¢), and thus, the required solution K can be obtained
with the accuracy of O (€') from

K}‘) = K-+eE}" =K;+0(¢), j=1,23 i=12,.. (218

o

It is important to notice that in the proposed method we do not need

to expand A; (¢), ¢ = 1,...,4, into the Taylor or power-series, and we do not
require stability of Ao (0) and A4 (0), which make the important features
of the presented method. However, both det Ao (¢) and det A4 (¢) must be
O (1). Assumption 2.1 is more natural and less binding than the stability
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assumption imposed on A (0) and A4 (0) (Kokotovic and Khalil, 1986;
Kokotovic et al., 1986). Namely, the singularly perturbed structure of
a system is the consequence of a strict inequality ¢ > 0 (small positive
parameter). The stability requirement imposed on Ag(0) and A44(0)
is based on the continuation argument, but it can not be indefinitely
exploited.

It is known that the power-series expansion method leads to two
reduced-order Lyapunov equations similar to those in (2.15) — they are
of the same order, but the number of terms on the right-hand sides of
these equations for the power-series expansion method is growing very
quickly with an increase in the required accuracy. It can be seen from
(2.15) that for the fixed point method the number of terms on the right-
hand side is constant. The number of matrix multiplications required
to form right-hand sides of the Lyapunov equations, corresponding to
the fast variables, that is E$+"), for the accuracy of O (¢), is given in
Table 2.1.

i 1 2 3 4 5 6
Fixed 1
points
Power 3 6 9 12 15 18
series

Table 2.1: Required number of matrix multiplications per iteration

This table shows very strong support for the proposed fixed point
method. In addition, an important advantage of the presented fixed point
algorithm is in its parallel and distributed structure.

2.2.2 Parallel Algorithm for Solving Algebraic Riccati Equation

This approach has been developed first in (Gajic, 1986) for the non-
parametrized case. In this section, we study the fixed point method to
the solution of the algebraic Riccati equation for a more general case
when the problem matrices are continuous functions of e.

Consider the algebraic Riccati equation of singularly perturbed sys-
tems defined in (2.4) and (2.7). Partitioning (2.4) subject to (2.7) we get
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the following equations
P\ Ay + ATP, + P,A3 + ATPT - P,S,P, - P,SP] — P,SP,
—PS2P] +q1q1 =0
(2.19)

PiAs+ PaAs+ €ATP, + ATPy — PSP, — P,SP; — ¢P,STP,
—P,S,P3+¢]g; =0
(2.20)
P3Ay+ ATPy + €PT Ay + €ATP, — PyS,Ps — PT S\ P, — ¢PTSP;
—-eP3STP +¢1g2=0

(2.21)
where
Si=B;R'BY, i=12; S§=BR'BY 2.22)
Let us define the following O (¢) perturbation of (2.19)-(2.21)
P14, + ATP; + P2A3 + ATPT — P, 5P, 223

~P1SP] — P3STP; — P2S,PT 4+ ¢7q1 =0

P14; + P2Ay+ ATP3 — P1SP3 — P3S;P3 + ¢fg, =0 (2.24)

P3As+ ATP3 - P35, P3 + g2, =0 (2.25)
It is important to point out that ¢ in the coefficient matrices is not set
to zero.
The Riccati equation (2.25) will produce the unique positive semidef-
inite stabilizing solution under the following assumption.
Assumption 2.2 The triple (A4(€),B;(¢€),q2(€)) is stabilizable-
detectable.
A

From (2.24) we obtain
P2 = - (P142+ AJP3 - P1SP3 + ¢7 q2) (A4 — S2P3)™"  (2.26)

which after a substitution in (2.23) and elimination of P3 produces the
reduced-order slow algebraic Riccati equation, (Kokotovic and Khalil,
1986; Kokotovic et al., 1986), in the form

P1A + ATP, - PSP, + Q =0 227
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where
A =Ao—BoR5'r"Qo, S=BoR5'Bj, Bo=B1- Ad4['B
Qo= —9A;'As, Ro=R+rTr, r=-gA4;'B,

Q =QF (I - rR3*r) Qo
(2.28)

Exercise 2.2: Derive the expression for the “slow” algebraic Riccati
equation (2.27).

A

The unique positive semidefinite stabilizing solution of (2.27) exists

under the following assumption.
Assumption 23 The triple (A (¢), Bo(€), /Q(e)) is stabilizable-
detectable.

A

Therefore the zero-order solution has the form

ro- o0 BG e»

The zero-order solution is O (¢) close to the exact one. We define errors
as
Pj(e) =Pj(e)+€Ej(e), j=1,2,3 (2.30)

The O (¢*) approximation of E!s will produce the O (e¥+!) approxima-
tion of the required matrix P, which is why we are interested in finding
equations for the error term and a convenient algorithm for their solu-
tions. Subtracting (2.23)-(2.25) from (2.19)-(2.21) and using (2.30) we
arrive at the following expression for the error equation

E\Dy + DTE, = DTH, + H,D + DTH3D + ¢H,
E;D3 + E\Dyy + DLE; = —H,y (2.31)
E3D3 + DTE; = H;
where
D3 = Ay — S;P3, Doy = A3~ §TPy — S,PT
Dy = Ay - SP;, D= D;ngz (2.32)
Dyy = Ay - 5Py - SPY, D, =Dy - DyD3'Dy
and
H, = A:lrpg - P]Slpz - P2STP2 - f(E]SEs + EgSgEa)
Hy = E\S\Ey + E\SET 4 E;STE, + E;S,ET

Hy= —-PFA; — ATP, 4+ ¢PT S\ P, + €E3S;Es + PTSPs + PssT%
(2.33)
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Equations (2.31) have all cross-coupling terms and all nonlinear terms
multiplied by a small parameter ¢, which suggests that a fixed point
algorithm can be efficient for their solution. We will propose the fol-
lowing algorithm, similar to one obtained in (Gajic, 1986), for the non-
parametrized case.

Algorithm 2.2:

ES*YDs 4+ DTESH) = HY
E{*)Ds + E{*) Dy + DLES = B
Ef”l)Dl + DfEfm) - DT-Hl(i)T + Hl(i)D + DTH:gi)D + €Hz(i)
E®=0, EM=0, EP =0, i=0,1,2,3,..
2.34)

A
The following theorem indicates the features of the algorithm (2.34).
Theorem 2.2 Under stabilizability-detectability conditions, imposed in
Assumptions 2.2 and 2.3, the algorithm (2.34) converges to the exact
solution of E with the rate of convergence of O (¢), that is

||E - E““’” =0(e) ”E - E(")I . i=0,1,2,3,... (235

or equivalently
|£- B9 =0 2.36)
(o4

Proof: As a staring point we need to show the existence of a bounded
solution of E;, E;, and E3 in the neighborhood of €”, where ¢* €
[€min; €maz)- To prove that, by the implicit function theorem, it is
enough to show, that the corresponding Jacobian is nonsingular at €.
The Jacobian is given by

Ji1 (¢) 0 0 0 0 0
J(€)=|Jau(e) Ja(e) Jaz(e)|+]|0() O(e) 0 (2.37)
0 0 Jas(e) 0 O(e) Of(e)
Using the Kronecker product representation we have

Jll = Df] @Inl +In1 @D‘:ll;: J22 = Dg@-’nz
Js=DIelI,, +1I,,®DY

For the Jacobian to be nonsingular J;;, ¢ = 1, 2, 3, have to be nonsingular.
The matrix D3 is the closed-loop matrix of the fast subsystem, and

(2.38)
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thus stable by the well-known properties of the solution of the algebraic
Riccati equation. The matrix D; can be easily shown to be the closed-
loop matrix of the reduced slow subsystem and it is stable also (Kokotovic
and Khalil, 1986; Kokotovic et al., 1986). By known properties of the
Kronecker product (Lancaster and Tismenetsky, 1985), matrices J;; are
then nonsingular. Thus, for ¢ small enough the Jacobian J (¢*) is
nonsingular.

The second part of the proof is to produce an estimate of the rate
of convergence and to verify (2.35) and (2.36). That can be done simi-
larly to the corresponding proof of Theorem 2.4 and thus, is omitted here.

®

Therefore we are able to find the exact solution of the full-order
algebraic Riccati equation of singularly perturbed systems, by recursively
solving two reduced-order Lyapunov equations and one linear equation
in a parallel manner.

2.2.3 Case Study: Magnetic Tape Control Problem

In order to illustrate the efficiency of the proposed algorithm for solving
the algebraic Riccati equation of singularly perturbed systems, we shall
consider the magnetic tape control system example (Chow and Koko-
tovic, 1976) given by

0 04 O 0

0 0 0345 0 B-

0 ~0.524 =0.465 0.262 s -
€

0

0 0 —i/e

a0 O O

R=diag{1 010}, Q=1 €=01

With an accuracy of up to 6 decimal places, we obtained convergence
to the exact solution in 4 iterations. Componentwise results are given
in Table 2.2. It can be seen that the obtained numerical results are in
agreement with the statement established in Theorem 2.2.

Using different values of ¢ in the same example, we can note very
good convergence rates even with relatively large values of perturbation
parameter. These results are displayed in Table 2.3

The advantages of the fixed point method presented are: (a) The size
of the required computations is considerably less. Since this size does
not grow per iteration, the method is extremely efficient for obtaining
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P@
P P P PB) =exact

Py || 7.384024 | 7.540292 | 7.540064 | 7.540042 7.540043
Py || 5.904760 | 6.166314 | 6.170524 | 6.170445 6.170447
P13 | 0.399308 | 0.405280 | 0.405345 | 0.405342 0.405342
P4 | 0.100000 | 0.100000 | 0.100000 | 0.100000 | 0.100000
Py | 7.151604 | 7.452234 | 7.467309 | 7.467275 7.467278
Py; || 0.379770 | 0.394804 | 0.395104 | 0.395100 | 0.395100
Py | 0.086123 | 0.089245 | 0.089202 | 0.089202 0.089202
P33 || 0.104029 | 0.129797 | 0.130441 | 0.130441 0.130441
P;; [ 0.018036 | 0.024283 | 0.024398 | 0.024396 0.024396
P,y | 0.004619 | 0.006183 | 0.006200 | 0.006200 | 0.006200

Table 2.2: Solution of the Riccati equation
for magnetic tape control problem

€ number of iterations
Jor convergence
0.01 1
0.1 4
0.5 7
0.9 10

Table 2.3: Dependence of number of iterations on e.

solutions of very high accuracy. (b) The fixed point method is recursive
in nature (the power-series expansion method is not), and is thus much
easier to implement. (c) In the more general case, when coefficients are
functions of the small parameter ¢, the power-series expansion method
asks for analyticity of all coefficients with respect to ¢ at ¢ = 0, whereas
for application of the fixed-point method, we need only continuity of the
same coefficients on the compact convex set, or continuously differen-
tiable functions of ¢ on the compact set (Zangwill and Garcia, 1981).
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Thus, the fixed point method demands much milder conditions than a
power-series expansion method.

2.3 Recursive Methods for Weakly Coupled Linear
Continuous Systems

The weakly coupled linear-quadratic control problem is defined by (2.1)--
(2.4), subject to the following partition of the problem matrices (Koko-
tovic et al., 1969)

A A B B
A (6) = [ejll3((€€)) eA:((:))] : B (6) = [5313((66)) 6.B:((:))]

(2.39

QO Qa9 _[Ri(9 0
QO= Q0 @]’ R“"[ 0 Rz(e>]

where ¢ is a small parameter. Dimensions of partitioned matrices are
compatible to those defined in (2.7). In addition, the existence of
the weakly coupled systems of order n; and n, is conditioned by the
following assumption (Chow and Kokotovic, 1983).
Assumption 2.4 The linear system (2.1) subject to (2.39) displays the
weakly coupled structure under the assumption det A, (¢) = O (1) and
det A4(e) = 0(1).
A

In this section, we will develop the recursive fixed point type parallel
algorithms for solving the algebraic Lyapunov and Riccati equations of
weakly coupled systems.

2.3.1 Parallel Algorithm for Solving Algebraic Lyapunov Equation

The algebraic Lyapunov equation of weakly coupled systems (“regulator
type”) is given by

AT (e)P(e)+ P(e)A(e)+Q(e) =0 (2.40)

Due to block dominant structure of matrices A and @, the required
solution P is properly scaled as follows
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P(9) = [el;lg(fz) fgz((:))] 241)

Partitioned form of (2.40) subject to (2.39) produces

PiA1+ ATPi+ Q1 + € (PAs + ATPT) =0
PiA;+ P A+ ATP, + ATP+ Q=0 (2.42)
PsAs+ ATPs+ Q3+ € (PTA; + ATPR) =0

We define the O (€2) approximation of (2.42) as

P14+ A{P1+ Q1 =0
PyAs+ ATP; = —P14, - ATP; - Q, (2.43)
P3As+ ATP3+Q3=0

Note that we did not set € = 0 in As and Q's, so that P;’s are functions
of e

The unique solution of (2.43) exists under the following assumption.

Assumption 2.5 Matrices A; (¢) and A4 (¢) are stable.
A

Defining approximation errors as
P; =P;+€’E;,  j=1,2,3 (2.44)

and subtracting (2.43) from (2.42) we obtain the following expression
for the errors

EyAy + ATEy + PaAs + ATPT + €% (E243+ ATET) =0
E2Aq+ ATE, + EyAy + ATE; =0 (2.45)
E3As+ ATEs+ ATP; + PT Ay + € (ATE; + ETA;) =0

We propose the following algorithm, having reduced-order and parallel
structure, for solving (2.45).

Algorithm 2.3:

EF A, + ATEC 1 PO 4y + 4TPO" =0
E§™ A+ ATES) + ATPY) + PO 4, =0

E§*™V A+ ATEG™ + B0 Ay + ATES™ =0, i=0,1,2,....
(2.46)
with the starting point Eéo) = 0 and with
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p}‘) =P;+ 52131(‘), j=1,2,3 i=0,1,2,. (2.47)

A
Using the same arguments like in Section 2.2, we can establish the
following theorem.

Theorem 2.3 Under stability assumptions imposed on matrices A, (¢)
and A, (¢€), the algorithm (2.46) converges to the exact solution E with
the rate of convergence of O (62), and thus, the required solution P can
be obtained with the accuracy of O (€*) from (2.47), that is

Pi=PP+0(¥), j=1,23 i=123. (2.48)

2.3.2 Parallel Algorithm for Solving Algebraic Riccati Equation

The algebraic Riccati equation (2.4), subject to the weakly coupled struc-
ture given in (2.39), has the solution partitioned as in (2.41). Substitution
of (2.39) and (2.41) in (2.4) will produce the following partitioned equa-
tions

P1A1+A¥‘P1 +Q1—P151P1+€2(P2A3+A§‘Pg‘)

—e2[(P1S12+ P2ZT) Py + (P1Z + P2 (S2 + €2521)) PY) =(g ©)

PsAs+ ATPs + Qs — PsS2Ps + € (PT Ay + AT Py)

—€2 [(P3S21 + PTZ) Py + (P32 + PT (51 + €2512)) P2) =(g -

PiAy + PyAs+ AT P, + AT Py + Q; — PSP, — PZP; — P,5,P3

—€2 [(P1$12 + P2ZT) Py + P25y P3] = 0
2.51)
where

S1=B\R{'B{, S;=B4R;'Bf, Su=B;R;'B]

2.52
Sn = BsR{'BI,  Z=B,R;'BI + B,R;'B] @32

The O (%) approximation of (2.49)-(2.51) is defined as
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P14, + ATP, - P151P1 4+ Q=0

T (2.53)
P3As+ AjP3 - P3S5P3+Q3=0

and
P2D;+ D[Pz = — (P1A2+ AjP3 + Q2 - P1ZP3)  (254)
where

Dy (€) = [A1(€) = S1(€)P1(9)],  D2(¢) = [A4(€) = S2(€) Pa(e)]
(2.55)
The unique positive semidefinite stabilizing solutions of (2.53) exist under
the following assumption.

Assumption 2.6 The triples (A; (¢).B;(€),1/Q1(€)) and (A4(e),
B4 (€),1/Q3(€)) are stabilizable-detectable.
A

Under Assumption 2.6 matrices D, (¢) and D, (¢) are stable so that
the unique solution of (2.54) exists also.

If the errors are defined as
P;=P;+€E;, j=1,23 (2.56)

then the exact solution will be of the form

P, + €E, €(Pa+ €2E2)]
= ; 2p\T 2
€(P3+€Eg) P3 + ¢“E3

Subtracting (2.53)-(2.54) from the corresponding equations (2.49)-(2.51)
and using (2.56) produce the following equations for the errors

P 2.57)

E\D, + DTE, = P,S13P, + P,ZTP, + P,ZPf + P,S,Pf

2.58

—-PyA3 - Ag‘PzT + € (E] S1E1 + P2521P2T) ( )

E3D; + DY Es = P3Sy,Ps + PTS Py + P3ZTP, + PTZPs 2.59)
—P21‘A2 - Ag‘PQ + € (E352E3 + P2T,5‘12P2) )

DTE; + E;D; = P1813Py + P ZTPy + PS5, Ps 2.60)

—E\Dy3 — DY Es 4+ € (E\S1Ez + E\ZE; + E; 83 Es)

where

Dyy = Ay - 51P2 - ZP3, Dy = Az — S'ZP%‘ - ZT'P1 2.61)
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It can be easily shown that the nonlinear equations (2.58)-(2.60) have
the form

E] D] + D]T.El = const + €2f1 (E], Ez, 62)
E3D; + DI E3 = const + € f3 (Es, E3,€?) (2.62)
E3D; + DY E, = const + €2 f, (Ey, E3, Es, €%)
We can see that all cross coupling terms and all nonlinear terms in (2.58)-

(2.60) are multiplied by €2, so that we propose the following reduced-
order parallel algorithm for solving (2.58)-(2.60).

Algorithm 2.4:

ES* D, 4+ DTES = PO, PO 1 PO 2T p® 4 POz PO
~PP 4y - ATRY" + & (EPS B + PPsn P ) + P s, P
2.63)

E§*™VD, + DTESH) = POy PO + PO 2P + PO 27 pY)
~BY 4y - ATPY) + & (EPS,EQ + P\ $1,P0)) + P 5, P
(2.64)
DTEG+) 4 E(*+Vp, = PED g, po 4 Pz(.') z7p{
~Ef Dy, - DL ESH + P sy PO (2.65)
+e ( E§i+l) S Eg.‘) + E§i+1) 7 Eg.‘) + Eg.‘) S, E§i+1))

with EO =0, E? = 0, EQ = 0, where
PO =P+ EEY, j=1,2,3; i=123,.. (2.66)

A

Exercise 2.3: Derive Algorithm 2.4 and write a MATLAB program (Hill,
1988) for solving equations (2.53)-(2.54) and (2.63)-(2.66).

A
The following theorem indicates the features of the algorithm (2.63)-
(2.66).
Theorem 2.4 Under Assumption 2.6, the algorithm (2.63)-(2.66) con-

verges to the exact solution of E with the rate of convergence of O (%),
that is
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|e- B =0(@)|E-E9|, i=012. @6
or equivalently

|- B9 =0 (&) 2.68)

o
Proof: The Jacobian of (2.49)-(2.51), at some ¢ = ¢, is given by

Jn (6) 0 0 O (e 0 (¢ 0
J(¢) = |:J21 (6) Ja2(e) J2s (e)] + |0 Ee% o(e) o Ee”
0 0 Jas (¢€) 0 O0(?) o eé %

where
J11 (€) = In, ® DY (€) + Df (€) & I,

Ja(€)=I,,® DT () + DT (e) @ I, (2.70)
J33(€) = In, ® D] (€) + D3 (€) ® In,

Since D, (¢) and D, (¢) are stable matrices (by Assumption 2.6), J;; (¢),
1 = 1,2, 3, are nonsingular and hence the Jacobian will be nonsingular at
€ = ¢, assuming that ¢ is sufficiently small. Then, by the implicit function
theorem, the existence of the unique bounded solution of (2.49)-(2.51)
is guaranteed.

In the next step, we have to prove convergence of the algorithm
(2.63)-(2.66) and to give an estimate of the rate of convergence. For ¢
= 0, (2.58) and (2.63) imply

(B1 - E®) D1 + DT (Ey - EM) = €1, (Br, Bz ) @71
Since D (¢) is stable and E, and E;, are bounded it follows that
|&: - BV =0 (@) @72)
Similarly from (2.59) and (2.64) we have
(Bs - E") Dy + DT (Bs - ES") = €fs (En, Bsi?)  @73)

and
| & - B’ =0 (&) 2.74)

Using the same arguments in (2.60) and (2.65) will produce
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|22 - B0 = 0 (&) @.75)
Continuing the same procedure and by induction we conclude that
5. - 20 =0
|22 - 9| = 0 (%) 2.76)
-] -0

with ¢ = 1, 2, 3, ... , which completes the proof of Theorem 2.4.

2.4 Approximate Linear Regulator for Continuous
Systems

The positive semidefinite stabilizing solution of the algebraic Riccati
equation (2.4), produces the answer to the optimal linear-quadratic steady
state control problem. Namely, the quadratic criterion (2.2) is minimized
along trajectories of the linear dynamic system (2.1) by using the control
input in the form (2.3). It is proved in (Kokotovic and Cruz, 1969) that
the near-optimal control given by

ul) (t) = =R~1BTPUIz0) (t) = — FU)z0) (¢) .77
where PU7) satisfies
PU) — P = 0 (¢) | (2.78)

and
30 (t) = A(e) 29 (¢) + B () u0) (2) (2.79)

is near-optimal in the sense
JU) = Jort = O (%) (2.80)

The approximate performance J(/) can be obtained from the algebraic
Lyapunov equation
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W\T . . . T .
(A - BF(’)) K@ 4 K0 (A - BF(’)) +Q+FU RFU) = ¢ 2.81)
so that

JO) = %zT (0) KOz (0) (2.82)

In the previous sections, we have developed very efficient techniques
for generating PU) for both singularly perturbed and weakly coupled
systems. Thus, the proposed algorithms represent the methods for solving
the linear-quadratic optimal control problems of both singularly perturbed
and weakly coupled systems.

Exercise 2.4: Using results from Exercise 2.3 find the 5-th order
approximations of the optimal criterion and the optimal trajectories for a
chemical plant given in (Gomathi et al., 1980). Assume that the penalty
matrices are identities.

A

2.5 Recursive Methods for Singularly Perturbed
Linear Discrete Systems

The linear singularly perturbed discrete systems have been studied in
different set ups by many researchers. Two main structures of singularly
perturbed linear discrete systems have been considered: the fast time
scale version (Butuzov and Vasileva, 1971; Hoppensteadt and Miranker,
1977; Blankenship, 1981; Litkouhi and Khalil, 1984, 1985; Mahmoud,
1986; Oloomi and Sawan, 1987; Khorasani and Azimi-Sadjadi, 1987)
and the slow time scale version (Phillips, 1980; Naidu and Rao, 1985).
Discrete-time models of singularly perturbed linear systems, similar to
(Phillips, 1980; Naidu and Rao, 1985), were studied also in (Othman
et al., 1985; Mahmoud et al., 1986). Since the slow time scale version
presupposes the asymptotic stability of the fast modes, it seems that in
the design procedure of stabilizing feedback controllers, the fast time
scale version is much more appropriate (Litkouhi and Khalil, 1985).

In this section, we will adopt the structure of singularly perturbed
discrete linear systems defined by Litkouhi and Khalil, and study the
corresponding linear-quadratic discrete control problems. We will take
the approach based on a bilinear transformation (Kondo and Furuta,
1986). The main equations of the optimal linear control theory — the
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Lyapunov and Riccati equations — are solved by recursive, reduced-order
parallel algorithms in the most general case when the system matrices are
functions of a small perturbation parameter. Since the Riccati equation
has quite complicated form in the discrete-time domain, partitioning this
equation, in the spirit of singular perturbation methodology, will produce
a lot of terms and make corresponding problem numerically inefficient,
even though the problem order-reduction is achieved. By applying a
bilinear transformation, the solution of the discrete-time algebraic Riccati
equation of singularly perturbed systems is obtained by using already
known results for the corresponding continuous-time algebraic Riccati
equation.

The proposed methods produce the reduced-order near-optimal so-
lutions, up to an arbitrary order of accuracy, for both the Lyapunov and
Riccati equations, that is O (€¥), where ¢ is a small perturbation param-
eter. - In addition, they reduce the size of required computations. The
methods are very suitable for parallel and distributed computations. A
real world example, an F-8 aircraft demonstrates the efficiency of the
presented methods.

2.5.1 Parallel Algorithm for Solving Discrete Algebraic Lyapunov
Equation

A discrete-time constant linear system with the zero-input
z(k+1) = Az (F) (2.83)

is asymptotically stable if and only if the solution of the algebraic
discrete-time Lyapunov equation

ATPA-P=-Q (2.84)

is positive definite, where @ is any positive definite symmetric matrix.
Equation (2.84) represents also a variance equation of a linear stochastic
system driven by zero-mean stationary Gaussian white noise w (k) with
the intensity matrix @

z(k+1)= Az (k) +w(k) (2.85)

Consider the algebraic discrete Lyapunov equation of the singularly
perturbed linear discrete system represented by the matrix partitions
(Litkouhi and Khalil, 1984; Shen et al., 1991a)
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_ | 1+€Ar €A, _ @1 @ _ | P/ Pz]
A—[ A3 A4]’Q—[QzT Qs]’P—[PzT ) @89

Ai,1=1,2,34,and Q;, j = 1, 2, 3, are assumed to be continuous
functions of ¢. Matrices P; and P; are of dimensions n X n and m X m,
respectively. Remaining matrices are of compatible dimensions.

The partitioned form of (2.84) subject to (2.86) is

PiA1+ ATP + P As + ATPT + ATPsAs + Qu

(2.87)
+e (ATP A + ATP, A3 + ATPTA)) = 0

PlA;+ P,Ay+ ATP A, - P+ Q,

2.88
+e (AT P Ay + ATPTA) = 0 @88

AT PsAs— P3+ Qs+ e (AT P A; + ATP, A+ ATPT 4;) = 0 (2.89)
Define O (¢) perturbations of (2.87)-(2.89) by

PiAy + ATP, + PyAs + ATPT + AT P3A3 + Q. =0 (2.90)

PlA;+ PA+ ATPA - P, + Q=0 (2.91)

ATP3Ay - P3+Q3=0 2.92)
Note that we did not set ¢ = 0 in A’s and Q_’,-s. From equation (2.91) the
matrix P, can be expressed in terms of P, and P; as
P2 = L1 + P]Lg (293)
where r :
Ly = (A3 PsAs— P3+ Q2) (I - Ay)”
Ly=Ay(I-A)!

The invertibility of the matrix (I — A4) follows from the stability as-
sumption that | A (44) |< 1.
After doing some algebraic calculations we get

(2.94)

PA+ATP +Q=0 (2.95)

where
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A=A +LAy=A1+ A (I-A) " A3

2.96

Q= L1As+ ATLT + AT P A3 - @ @)
Thus, we can get solutions for Py, P,, and P; by solving one lower
order continuous-time Lyapunov equation and lower order discrete-time
Lyapunov equation. It is assumed that A and A4 are stable matrices
so that solutions of (2.90) and (2.92) exist. These are standard assump-
tions in the theory of singularly perturbed linear discrete-time systems
(Litkouhi and Khalil, 1985).

Assumption 2.7 The matrix A is stable in the continuous-time domain
and the matrix A, is stable in the discrete-time domain.

A
Define errors as
P, = P, + ¢E,
P2 = Pz + 6E2 (297)
P3=P3+¢E3

Subtracting (2.92)-(2.95) from (2.87)-(2.89) and doing some algebra, the
following set of equations is obtained

E1A + ATE, = -DA; — ATDT — ATP, A, - ATP,A;
—-ATPTA, — ATE3Ay — ATE3A3 — ATE3As

2.98
ATE3Ay— E3 = —-ATP Ay — ATP A - ATPT A, @3%)

Ey=FE,L,+ D+ Ag‘EaA.g

where

D = (ATEsAs+ ATPi Ay + ATP Ay + ATPT A5) (I - Ay)7?
2.99
The solution of (2.98) of the given accuracy will produce the same
accuracy for the solution of the Lyapunov equation (2.84). The proposed
parallel synchronous algorithm for the numerical solution of (2.98) is as
following.
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Algorithm 2.5:

EFVA 4 ATE(D = _pO) g4, - ATDTY - ATPY) 4,
—ATPY A3 — ATPTV Ay — ATEQ) A, — ATEQ) A5 — ATEY 44

A{E§i+1) Ay - E§‘+1) = -AT Pl(i) Ay - AT Péi) A— AT P2T‘"’ A,

E£i+l) - Ef'“) Ly+D® 4 AT E§i+l) A

(2.100)
with starting points E{” = E{” = E{” = ¢ and

PO =P +eEY, j=1,23 i=0,12. (2.101)

A

The main feature of Algorithm 2.5 is given in the following theorem.
Theorem 2.5 Based on the stability assumptions imposed on A and A4
the algorithm (2.100)-(2.101) converges to the exact solutions for EJ’-s
with the rate of convergence of O (¢).
o

The proof of this theorem is similar to the proof of the correspond-
ing algorithm for the continuous-time algebraic singularly perturbed Lya-
punov equation studied in Section 2.2.1. It uses the bilinear transforma-
tion from (Power, 1967) to transform the discrete-time Lyapunov equation
into the continuous one and then follows the ideas of Section 2.2.1. A
direct, discrete-time domain proof, will be presented in Chapter 11 in
the context of the output feedback control problem for discrete stochastic
systems.

2.5.2 Case Study: An F-8 Aircraft

A numerical example for a linearized model of an F-8 aircraft with the
small positive parameter ¢ = 0.03333 (Litkouhi, 1983) demonstrates the
efficiency of the proposed method. The problem matrices A and @ are
given by

998.51 -8.044 -0.10886 -0.018697
0.15659 1000 -0.76232  3.2272
-213.94 0.88081 897.21 92.826

110.17 -0.37821 —445.56 929.68

Q = diag[0.1, 0.1, 0.1, 0.1]

A=10"3
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Simulation results, obtained by using the software package L-A-S (West
et al., 1985), are presented in Table 2.4. It can be seen that obtained nu-

merical results are consistent with the established theoretical statements.

iteration Pj(i) P;i) Py)
7.26070 0.17779 -1.4252 0.81171 2.10690 -0.25231
0 0.17779 8.02970 -7.3907 1.29590 -0.25231 0.54983
8.15990 0.20340 -1.6239 -0.89268 2.33520 -0.29196
1 0.20340 8.95420 -8.2950 1.47450 -0.29196 0.55729
8.27660 0.20656 -1.6494 -0.90328 2.36500 -0.29714
2 0.20656 9.07410 -8.4104 1.49760 -0.29714 0.55884
8.28940 0.20696 -1.6526 -0.90465 2.36880 -0.29781
3 0.20696 9.08960 -8.4253 1.50060 -0.29781 0.55884
8.29130 0.20701 -1.6531 -0.90483 2.36930 -0.29790
4 0.20701 9.09160 -8.4272 1.50100 -0.29790 0.55887
8.29160 0.20702 -1.6531 -0.90485 2.36940 -0.29791
5 = exact 0.20702 9.09180 -8.4275 1.50100 -0.29791 0.55887

Table 2.4: Recursive solution of the singularly
perturbed discrete Lyapunov equation

2.5.3 Parallel Algorithm for Solving Discrete Algebraic Riccati
Equation

The algebraic Riccati equation of singularly perturbed linear discrete
systems is given by

P=ATPA+Q-ATPB(BTPB+R)"'BTPA R>0, Q>0

(2.102)
where (Litkouhi, 1983; Litkouhi and Khalil, 1984, 1985)

_ I+eA, €A, _ B, _ Ql 2
A—[ As A4]’ B_[Bz]’ Q—[Qf Qs} @109

and ¢ is a small positive singular perturbation parameter. In addition, the
following condition is satisfied (Litkouhi and Khalil, 1985)

det(I — Ag) # 0 (2.104)

Due to the special structure of the problem matrices and its repre-
sentation in the fast time scale, the required solution P has the form
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(Litkouhi and Khalil, 1984)

pP= [Plé‘ P2] (2.105)

The main goal in the theory of singular perturbations is to obtain
the required solution in terms of the reduced-order problems, namely
subsystems. In the case of the algebraic singularly perturbed discrete-time
Riccati equation, the expansion of the partitioned form of (2.102) will
produce a lot of terms and make corresponding approach computationally
very involved even though one is faced with the reduced-order numerical
problems. In order to overcome this problem, we have used a bilinear
transformation introduced in (Kondo and Furuta, 1986) to transform the
discrete-time Riccati equation (2.102) into the continuous-time algebraic
Riccati equation of the form

ATP.+ P.A.+ Q.- P.S.P.=0, S.=B.R7'Bf  (2.106)

such that the solution of (2.102) is equal to the solution of (2.106).

It will be shown that the equation (2.106) preserves the structure
of singularly perturbed systems. This equation (2.106) can be solved
in terms of the reduced-order problems very efficiently by using the
recursive method developed in Section 2.2.2, which converges with the
rate of convergence of O (¢).

The bilinear transformation states that equations (2.102) and (2.106)
have the same solution if the following hold (Kondo and Furuta, 1986)

A, =I1-2D7T
Se=2(I+A)"'8,D', Sg=BR'BT
Q.=2DTQ I+ A)™!
=I+AT+QU+A)" S, (2.107)

assuming that (I + A)™" exists. It can be easily seen that the matrix

21 + €A1 €A2

T+A=1" 4" I+4,

(2.108)
is invertible for small values of ¢ if and only if the matrix I + Ay is
invertible. Using the standard result from (Stewart, 1973) the invertibility
is assured if the matrix A4 has no eigenvalues at -1. Thus, the method

proposed in this section and used through out of this book will be
applicable under the following assumption.
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Assumption 2.8 The fast subsystem matrix has no eigenvalues located
at -1.
A
It is important to point out that, under given Assumption 2.8, the
matrix D defined in (2.107) is nonsingular (Bar-Ness and Halbersberg,
1980).
Exercise 2.5: Prove that the matrix D defined in (2.107) is invertible.
A
Let us show that applying the bilinear transformation, the system still
preserves the singularly perturbed structure, namely, matrices defined
in (2.107) should correspond to the linear-quadratic (LQ) singularly
perturbed continuous-time control problem.
Using the formula for an inversion of block partitioned matrices, the
following can be obtained from (2.103) and (2.107)

- I+0 0 o(e) o0
arar= 1500 9] =[50 o8

pf=[1+0() 0(1)]’ Df-r=[I+O(c) O (e)

- 0 (¢) o(Q1) o1 0@
2.109)
so that
0 o o@1) o1
=108 W] «=[68 o8|
(2.110)

O(e) O (0]
st=[%% o= 2= [0

where f indicates the fast time scale version quantities.

It is the well-known fact that the structure of matrices obtained
in (2.110) corresponds to the fast time scale representation of the
continuous-time singularly perturbed LQ control problem (Litkouhi and
Khalil, 1984; Kokotovic and Khalil, 1986; Kokotovic et al., 1986).

Since there is no difference in the use of either the slow or fast
time scale representation for the continuous-time LQ control problem of
singularly perturbed systems, we will adopt the slow time scale version
for this problem. It is customary to represent continuous-time singularly
perturbed systems by their slow time version (Kokotovic and Khalil,
1986; Kokotovic et al., 1986).
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The slow time version of (2.110) can be obtained by multiplying the
matrix A/ by 1 /€ and matrix ${by1 /€%. Introducing a notation for the
compatible partitions of these matrices we have

Aun  Ax Sia
€ € €

Sua
A= |4n ﬁ”], scz[*?,' Sf] @.111)
ra

By doing this, the required solution P from (2.105), obtained now from
(2.106), will be multiplied by ¢, that is

(2.112)

eP=P. = [ P ePg]

ePT eP3

Going from the fast time version to the slow time version does not change
the matrix Q.. It is partitioned as

_|@u @u2| _ ps
Qe = Q% sz]—Qc (2.113)

It is important to notice that partitions defined in (2.111)-(2.113)
have to be performed by a computer only, in the process of calculations,
and there is no need for the corresponding analytical expressions.

The solution of (2.106) can be found in terms of the reduced-order
problems by imposing standard stabilizability-detectability assumptions
on the slow and fast subsystems. The efficient recursive reduced-order
algorithm for solving (2.106) is obtained in Section 2.2.2. It will be
briefly summarized here taking into account the specific features of the
problem under study.

First of all, we derive expressions for B, and R, so that the anal-
ogy between the discrete quantities (A, B,Q, R) and continuous ones
(A., B, Q.. R.) is completed. By definition

s!{ = Bf{R;'BI” 2.114)
From (2.107) we have
S{=2(I+A)SuD (I + AT) (I 4+ 4T)™" 2.115)

Since -
D7V (I+47) = 84 [(1+47)7' D] =

41



LINEAR REGULATOR

= 5[+ T+ 4D QU+ A s

» 2.116)
=B[R+BT(I+AT) ‘Q(I+A)"B] BT

(the last step in this expression is justified in (Bar-Ness and Halberéberg,
1980)), we get

S{=2(I+A4) " B[R+ BT (I+4T)"' QU+ 4" B]”
x BT (I + AT)™

2.117)
Comparing (2.114) and (2.116) we conclude
!
B{=(I+A)"B= [‘B} ] @2.118)
B;
and
R.=05[R+ BT (I1+47)7' QU +4)™ B| 2.119)
Note that R, is positive definite.
Exercise 2.6: Verify formula (2.119).
A
The slow time version of (2.118) is
f
B.= lB{ = [ﬁ; ] (2.120)
€ Kl

The O (¢) approximation of (2.106) subject to (2.111)-(2.113) and
(2.119)~(2.120) can be obtained from the following reduced-order alge-
braic equations

0=PA+ATP+Q- PSP, S=B.R;'Bf
0= P3Ay + ALPs+ Qz — P3SnPs (2.121)
P2 = Pl Z] - Zz
where newly defined matrices can be obtained easily using results from

Section 2.2.2.
The unique positive semidefinite stabilizing solution of (2.121) exists
under the following assumption.
Assumption 2.9 The triples (4, Bo, /@) and (Az2, Bs, vQ2z) are
stabilizable-detectable.
A
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Defining the approximation errors as
P;=PF,+ek;, 1=1,23. (2.122)

the recursive reduced-order algorithm, with the rate of convergence of
O (¢), can be derived similarly to (2.34).
Algorithm 2.6:

EY*VD, + DTEV) = pTHY + HOD + DTHYD + eHY)
E§j+l)D3+ E](j-H)Dgl +Dg'2E:(JJ+1) = Hl(j.j+1)
EY* D, 4+ DTEGY) = HY)

(2.123)
with j =0, 1,2, .., and E® = 0, E{ = 0, E” = 0, where newly
defined matrices are given by

Dy, = Ay - Sub - 512P2T — D33 D3'Dgy = Dy — Dy D' Dy,
D3 = Ay; — S32P3, D =D3;'Dy
Dy = A1z — S12Ps,  Dyy = Ay — SHPy — S5 P]
2.124)
Hl(j’j+1) = Ag'] P2(J) _ P](j+1)S]lP2(j) _ PZ(J)SngPz(J)
—¢ ( EU g, EGY 4 E)g,, E;j))

Y = EDSLEY 4 EV$, B + EDSTEW 4 B 55, EY”
H:gJ) = _P2(J) Ayg — Ag‘zpé.‘l) +e (Pz(J)TSan(J) + E§1)522E§J))

+P 51,PY 4 PO ST pY) .

(2.125)
A

It is important to point out that D, and D3 are stable matrices (Gajic,
1986).
The rate of convergence of (2.123) is O (¢), that is
|P-PP|=0(), i=123% j=012.. @ne

where

PO =P +eEY  i=1,23; j=0,1,2,... 2.127)
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In summary, the proposed algorithm for the reduced-order solution of the
singularly perturbed discrete algebraic Riccati equation has the following
form:

1) Transform (2.102) into (2.106) by using the bilinear transformation
defined in (2.107).

2) Solve (2.106) by using the recursive reduced-order parallel algo-
rithm defined by (2.121)-(2.127).

2.6 Approximate Linear Regulator Problem for
Discrete Systems

The positive semidefinite stabilizing solution of the algebraic discrete
Riccati equation (2.102), produces the answer to the optimal linear-
quadratic steady state control problem. Namely, a quadratic criterion

7 =33 (67 (6)Qz (k) +u7 (k) Ru(k)) 2.128)
k=0
is minimized along trajectories of a linear dynamic system
z(k+1)= Az (k) + Bu(k) (2.129)
by using the control input of the form
u(k) = — (R+ BTPB)™" BTPAz (k) (2.130)

where P is obtained from (2.102), (Dorato and Levis, 1971). This
problem has been studied in the context of singular perturbations in
(Litkouhi and Khalil, 1984), where the fast time version has been adopted,
so that (2.128) is multiplied by a small perturbation parameter, that is,

Jy=¢l 2.131)

It is proved in (Litkouhi and Khalil, 1985) that the near-optimal control
given by

w0 (k) = - (R+ BTPUB) ™ BTPU) 4z (k) = —FUO)z (k)
| 2.132)
where PU) satisfies

PU) - port = O (¢) (2.133)
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is near-optimal in the sense
J9 — ¥t = 0 (%) (2.134)

The approximate performance J{) can be obtained from the discrete
algebraic Lyapunov equation

. N\ T . . . .
K0 = ( A-B F(J)) KO ( A-B F(J)) +Q+ FO"RFU) (2.135)
so that

JO) = %zT (0) KUz (0) (2.136)

In the previous section we have developed a very efficient technique
for generating PU) by using the recursive reduced-order schemes (2.121)-
(2.127), such that each iteration improves the accuracy by an order of
magnitude. Thus, the proposed algorithm and the theoretical results
obtained in (Litkouhi and Khalil, 1985) and given in (2.132)-(2.134)
comprise an efficient method for solving the linear-quadratic control
problem of singularly perturbed discrete systems.

The efficiency of this method is demonstrated on a real world
example in the next section.

2.6.1 Case Study: Discrete Model of An F-8 Aircraft

A linearized model of an F-8 aircraft is considered in (Elliott, 1977).
By a proper scaling this model was presented in the singularly perturbed
continuous-time form (fast time version) in (Litkouhi, 1983), with the
system matrix

-0.015 -0.0805 -0.0011666 0

0 0 0 0.03333
—-2.28 0 -0.84 1
0.6 0 -4.8 -0.49

and the control matrix
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-0.0000916 0.0007416

0 0
-0.11 0
-8.7 0

Small elements in the first two rows indicate two slow variables in con-
trary to relatively big elements in the third and forth rows corresponding
to fast variables. The small perturbation parameter ¢ is chosen as ¢ =
1/30. This model is discretized in (Litkouhi, 1983) by using the sam-
pling period T' = 1, leading to

0.98475 -—0.079903 0.0009054 —0.0010765
0.041588  0.99899  -0.035855  0.012684
—-0.54662 0.044916 —0.32991 0.19318

2.6624  —-0.10045 -0.92455 —0.26325

A=

0.0037112  0.00073610

-0.087051 0.0000093411
—1.19844 -0.00041378
-3.1927 0.00092535

B =

The linear-quadratic control problem is solved for weighting matrices
R=1I,, Q = 10-2I,and the initial condition z (0) = [1, 0, 0.008, 0]7.

The eigenvalues of the matrix A, are —0.297 £ j0.442, so that
Assumption 2.7 is satisfied.

Simulation results for the reduced-order solution for the approximate
values of the criterion are presented in Table 2.5.

j JE) = Jopt

0 0.208 x 102
1 0.885 x 10~%
2 0.155 x 10~7
3 0.534 x 1010

Table 2.5: Near optimality of the approximate criterion
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2.7 Recursive Methods for Weakly Coupled Linear
Discrete Systems

The main goal in the theory of weakly coupled control systems is to
obtain the required solution in terms of reduced-order problems, namely
subsystems. In the case of the weakly coupled algebraic discrete Ric-
cati equation, the inversion of the partitioned matrix BT PB + R will
produce a lot of terms and make the corresponding approach computa-
tionally very involved, even though one is faced with the reduced-order
numerical problems. To solve this problem, we have used the bilinear
transformation (2.107) to transform the discrete-time Riccati equation
into the continuous-time algebraic Riccati equation of the form (2.106),
such that the solution of (2.102) is equal to the solution of (2.106).

It will be shown that the equation (2.106) preserves the structure of
weakly coupled systems. This equation can be solved in terms of the
reduced-order problems very efficiently by using the recursive method
developed in Section 2.3.2, which converges with the rate of convergence
of O (¢?). A model of a discrete chemical plant is considered as an
illustrative example.

For the reason of completeness, we present first the results for the
Lyapunov equation. Corresponding parallel reduced-order algorithm for
solving discrete Lyapunov equation of weakly coupled systems is derived
and demonstrated on a discrete catalytic cracker model.

As before, algorithms for both the Lyapunov and Riccati equations
are implemented as synchronous ones. Their implementation as the
asynchronous parallel algorithms is under investigation.

2.7.1 Parallel Algorithm for Solving Discrete Algebraic Lyapunov
Equation

Consider the algebraic discrete Lyapunov equation (2.84). In the case
of a weakly coupled linear discrete system corresponding matrices are
partitioned as

_ A] €A2 €Q2 _ P1 €P2
A_[eAa A.;] @= [eQT 3]’ P—[ePg P
(2.137)
where A;,71=1,2,3,4,and Q;, j = 1, 2, 3, are assumed to be continuous

functions of ¢. Matrices P; and P; are of dimensions n X n and m X m,
respectively. Remaining matrices are of compatible dimensions.
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The partitioned form of (2.84) subject to (2.137) is
ATP A —Pi+Q1+€® (AT P A3 + ATPT Ay + AT P3A3) = 0 (2.138)

ATP A, - P+ Qo+ ATP, AL+ ATPs A+ AT PT A, = 0 (2.139)

AT P, Ay~ P+ Qa+€ (AT P Ay + AT P, Ay + ATPT Ag) = 0 (2.140)
Define, like in Section 2.3.1, O (62) perturbations of (2.138)-(2.140) by

A{P]Al - P] + Q] =0 (2.141)
ATP A+ ATP A+ ATP3A -~ P2+ Q2= 0 (2.142)
ATPA, - P34+ Q3=0 (2.143)

Note that we did not set ¢ = 0 in A;s and Q;s. Assume that the matrices
A; and A, are stable (Assumption 2.5). Then the unique solutions of
(2.141)-(2.143) exist.

Define errors as
P, =P+ ¢k
Pz = Pg + €E2 (2.144)
P; = P3+¢k3
Subtracting (2.141)-(2.143) from (2.138)-(2.140), the following error
equations are obtained
ATE\A) — Ey = ~ATP,A; — ATPT A, — AT P3As
ATE;Ay— E3= ~ATPA; - ATP, A, - ATPTA,  (2145)
ATE,Ay— Ey = ~ATE A, - ATPT A, - ATE3A,

The proposed parallel synchronous algorithm for the numerical solution
of (2.145) is as follows (Shen, et al., 1991a).

Algorithm 2.7:
ATEWD 4, — EEHD o _ATPO g5 - ATPO” 4; — ATP) 44
ATES 4y = B§*Y = _ATPO 4y - ATPO A4 - ATPY 4,
ATE(™ Ay - B = ~ATE(V 4y - ATPYY 4, - AT Eé"g)ﬁé
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with starting points E{” = E® = E{® = 0 and
PO =P +&EY, j=1,23 i=0,12. (2.147)

A
Now we have the following theorem analogous to Theorem 2.3.

Theorem 2.6 Under stability Assumption 2.5, the algorithm (2.146)-
(2.147) converges to the exact solutions for E_;-.s with the rate of con-
vergence of O (€2).
o
The proof of this theorem is similar to the proof of the corresponding
algorithm for continuous-time algebraic singularly perturbed Lyapunov
equation studied in Section 2.2.1. It uses the bilinear transformation
from (Power, 1967) to transform the discrete-time Lyapunov equation
into the continuous one and then follows the ideas of Section 2.2.1.

2,7.2 Case Study: Discrete Catalytic Cracker

A fifth-order model of a catalytic cracker (Kando et al., 1988), demon-
strates the efficiency of the proposed method. The problem matrix A
(after performing discretization with the sampling period T’ = 1) is given
by

0.011771 0.046903 0.096679 0.071586 —0.019178
0.014096 0.056411 0.115070 0.085194 —0.022806
Az = 10.066395 0.252260 0.580880 0.430570 —0.11628
0.027557 0.104940 0.240400 0.178190 -—0.048104
0.000564 0.002644 0.003479 0.002561 —0.000656

The small weak coupling parameter is ¢ = 0.21 and the state penalty
matrix is chosen as @ = I.
The simulation results are presented in Table 2.6.

2.7.3 Parallel Algorithm for Solving Algebraic Riccati Equation

The algebraic Riccati equation of weakly coupled linear discrete systems
is given by (2.102) with

4 _ |41 €Az _| B1 €B;
A_[GAs A4]’B—[€B3 34]
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i PV

P

P{Y

0 1.00030 0.00135
0.00135 1.00540

0.54689 0.40537 -0.10944
2.08640 1.54650 -0.41752

1.93020 0.68954 -0.18620
0.68954 1.51110 -0.13802
-0.18620 -0.13802 1.03730

1 1.01390 0.05290
0.052897 1.20180

0.66593 0.49359 -0.13322
2.54040 1.88290 -0.50820

2.20320 0.89183 -0.24071
0.89183 1.66100 -0.17841
<0.24071 -0.17841 1.04820

2 1.01620 0.06184
0.06184 1.23600

0.69091 0.51209 -0.13821
2.63570 1.95350 -0.52722

2.26010 0.93400 -0.25208
0.93400 1.69230 -0.18683
<0.25208 -0.18683 1.05040

3 1.01670 0.06371
0.06371 1.24310

0.69604 0.51590 -0.13923
2.65520 1.96800 -0.53113

2.27170 0.94260 -0.25439
0.94260 1.69860 -0.18855
-0.25439 -0.18855 1.05090

4 1.01680 0.06409
0.06409 1.24450

0.69710 0.51668 -0.13944
2.65930 1.97100 -0.53193

2.27410 0.94437 -0.25487
0.94437 1.70000 -0.18891
-0.25487 -0.18891 1.05100

5 1.01680 0.06417
0.06417 1.24480

0.69731 0.51684 -0.13948
2.66010 1.97160 -0.53210

2.27460 0.94473 -0.25497
0.94473 1.70020 -0.18898
-0.25497 -0.18898 1.05100

6 1.01680 0.06418
0.06418 1.24490

0.69736 0.51687 -0.13949
2.66010 1.97170 -0.53213

2.27470 0.94481 -0.25499
0.94481 1.70030 -0.18899
-0.25499 -0.18899 1.05100

7 1.01680 0.06419
0.06419 1.24490

0.69737 0.51688 -0.13950
2.66030 1.97180 -0.53214

2.27470 0.94482 -0.25499
0.94482 1.70030 -0.18900
-0.25499 -0.18900 1.05100

Table 2.6: Reduced-order solution of discrete weakly
coupled algebraic Lyapunov equation (P(" = P,..c)

o-18 2. x|

T 1@ Qs

0 R

0 ] 2.148)

and ¢ is a small weak coupling parameter. Due to block dominant
structure of the problem matrices, the required solution P has the form

P= [ P1 GPQ]

PT P, (2.149)

The bilinear transformation states that equations (2.102) and (2.106)
have the same solutions if the relation (2.107) holds, that is
Ac=1-2D"T
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S.=2(I+A)18;D', §;=BR'BT
Q.=2D7'Q(I+ A)™
D=(I+A)T+QU+A)'S,

assuming that (I + A)~! exists. It can be seen that for weakly coupled
systems the matrix

(I+4)7" = [g%g 8((8] (2.150)

is invertible for small values of ¢. It can be verified that the weakly
coupled structure of the matrices defined in (2.148) will produce the
weakly coupled structure of the transformed continuous-time matrices
defined in (2.107). It follows from the fact that S; from (2.107) and @
from (2.148) have the same weakly coupled structure as (2.150), so does
D in (2.107). The inverse of D is also in the weakly coupled form as
defined in (2.150). From (2.107) the weakly coupled structure of matrices
A, and Q. follows directly since they are given in terms of sums and/or
products of weakly coupled matrices.

Using the standard result from (Stewart, 1973), it follows that the
method proposed in this section is applicable under the following as-
sumption.

Assumption 2.10 The system matrix A has no eigenvalues located at -1.
A

It is important to point out that the eigenvalues located in the
neighborhood of -1 will produce ill-conditioning with respect to matrix
inversion and make the algorithm numerically unstable.

Let us introduce the following notation for the compatible partitions
of the transformed weakly coupled matrices, that is

An CAlg] 511 6512]
= 8. = 2.151
A [€A21 A22 ! S ( 5 )

GSirz 522

Py €P2] Qu 6@12]
P. = , Q. = 2.152
[GPJ Py’ Q QT, Q2 ( )

These partitions have to be performed by a computer only, in the process
of calculations, and there is no need for the corresponding analytical
expressions.

The solution of (2.106) can be found in terms of the reduced-order
problems by imposing standard stabilizability-detectability assumptions
on the subsystems. The efficient recursive reduced-order algorithm for
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solving (2.106) is obtained in Section 2.3.2. It will be briefly summarized
here taking into account the specific features of the problem under study.

The O (62) approximation of (2.106) subject to (2.151)-(2.152) can
be obtained from the following decoupled set of reduced-order algebraic
equations

P1dn + AT P - P1SuP1+Qu =0

T (2.153)
P3An + A3P3 — P3S5,P3+ Q22 =0

and
P2l + ATP; = — (P1412 + AL P3 + Q12 = P1512P3)  (2.154)
where

D1 (€) = [An () = Su () P1 ()], D2(e) = [A22(€) — S22(€) P3 (¢)]
(2.155)

The unique positive semidefinite stabilizing solutions of (2.153) exist

under the following assumption.

Assumption 2.11 The triples (A.';(G), V/Sii (€), VQii (e)), i=1,2,

are stabilizable-detectable.

A

Under Assumption 2.11 matrices A, (¢) and A, (¢) are stable so
that the unique solution of (2.154) exists also.

If the errors are defined as
P;=P;+¢E;, j=1,2,3 (2.156)

then the exact solution will be of the form

Pi+€e2E,  €(P2+ €2E)

P_
T Pyt 2E,

= 2.1
€ (P2 + €2Ey) 2.157)

The fixed point parallel reduced-order algorithm for the error terms,
obtained by using results from Section 2.3.2, has the form.

Algorithm 2.8:

i i i )7 : :
EFA, 4 ATEEY = pO g, pOT 4 pOST, plo

+PP 53 P8 — PO Ay — 4L PO + 2ED 5, BV
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. . T . . .

E{™ g + ATES) = PP 50 P + PO ST P (2.159)
+P{ 51,P) — PO Ayy — AT, PP 4 CEP 53, EY

Afll‘E£¢'+l) + Egi+l)A2 + E§i+l)A12 +Af2l‘lEg+l)

= Py)S};Py) +é (E?-H)SHEg) + Ef”l)S]zEg) + Egi)522E§i+l))

(2.160)
with E{ = 0, E{ = 0, E{ = 0, where

PO =Pj+eEY, j=1,2,3 i=1,23,.. (2.161)
and

Dz = [Arz = SuPz = S12P3], Dy = [An — S22P] — S,P4]
(2.162)
A

This algorithm satisfies all conditions given in Theorem 2.4, so that
it converges to the exact solution of E with the rate of convergence of
O (¢?), that is

|e- 6| =0()||E- B9, i=012. @163

or equivalently
|E - £9| = 0 () 2.164)
In summary, the proposed parallel algorithm for the reduced-order

solution of the weakly coupled discrete algebraic Riccati equation has
the following form:

1) Transform (2.102) into (2.106) by using the bilinear transformation
defined in (2.107).

2) Solve (2.106) by using the recursive reduced-order parallel algo-
rithm defined by (2.153)-(2.162).
2.7.4 Case Study: Discrete Model of a Chemical Plant

A real world physical example (a chemical plant model (Gomathi et
al, 1980)) demonstrates the efficiency of the proposed method. The
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system matrices are obtained from (Gomathi et al., 1980) by performing
a discretization with a sampling rate T = 0.5.

95.407 1.9643 0.3597 0.0673 0.0190
40.849 41.317 16.084 4.4679 1.1971
A=10"2[12.217 26.326 36.149 15.930 12.383
4.1118 12.858 27.209 21.442 40.976
0.1305 0.5808 1.8750 3.6162 94.280

BT = 10-2 0.0434 2.6606 3.7530  3.6076  0.4617
- -0.0122 -1.0453 -5.5100 -6.6000 —0.9148

Q=Is, R=1

The small weak coupling parameter ¢ is built into the problem and
can be roughly estimated from the strongest coupled matrix (matrix B).
The strongest coupling is in the third row, where

_ ba _ 3.753
~ b3y 5.510

Simulation results are obtained using the MATLAB package for computer
aided control system design. The solution of the algebraic Riccati
equation, obtained from Algorithm 2.8, is presented in Table 2.7.

For this specific real world example the proposed algorithm perfectly
matches the presented theory since convergence, with the accuracy of
104, is achieved after 9 iterations (0.68!% = 10~4).

Note very dramatic changes in the element Pl(J ) per iteration. Thus,
in this example only higher order approximations produce satisfactory
results. Corresponding differences between the optimal and approximate
state "trajectories for the corresponding components of the state vector
are presented in Figures 2.1-2.5. The optimal and approximate control
strategies are shown in Figures 2.6-2.7. In these figures, the solid
lines represent the optimal quantities (state trajectories and controls);
the dotted, dashed, and dash-dotted lines represent the approximate
trajectories and controls. The obtained figures justify the necessity for
the existence of the higher order approximations for both the approximate
control strategies and the approximate trajectories.

= 0.68

2.8 Notes and Comments

The presented parallel algorithms are applicable to the large scale systems
already in the singularly perturbed or weakly coupled forms. It will
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state x1(k)

0.2

discrete time k

Figure 2.1: Approximate and optimal trajectories z, (k)

state x2(k)

discrete time k

Figure 2.2: Approximate and optimal trajectories z, (k)
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state x3(k)

discrete time k

Figure 2.3: Approximate and optimal trajectories z3 (k)

1.5

)
*
2
S
0 r_ .................................................................... -
-0.5
0 50

discrete time k

Figure 2.4: Approximate and optimal trajectories z, (k)
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state x5(k)

0 50
discrete time k

Figure 2.5: Approximate and optimal trajectories zs (k)

control ul(k)

0 50
discrete time k

Figure 2.6: Approximate and optimal control strategies u, (k)
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control u2(k)

0 50
discrete time k

Figure 2.7: Approximate and optimal control strategies u, (k)

be interesting to develop parallel algorithms for the optimal control of
general large scale systems (Siljak, 1978) brought in the above forms
by using the overlapping decomposition (Siljak, 1991) and the pole
placement by performance modification technique (Medanic et al., 1988;
Tharp, 1992). It will be also interesting to extend these results to
the linear algebra problems of singularly perturbed and weakly coupled
systems. Some results in that direction are already obtained by using the
overlapping decomposition (Sezer and Siljak, 1991). Even more, similar
type of algorithms can be developed for solving nonlinear algebraic
equations (Zecevic and Siljak, 1992). Another important future research
topic is the development of the asynchronous versions of the presented
algorithms. The importance of the asynchronous algorithms for block
diagonally dominant systems (weakly coupled systems) is documented
in (Kaszkurewicz et al., 1990).
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i PO P PP
0 20.9061 0.9202 1.8865 1.4365 18.5536 1.2937 0.1971 1.2516
0.9202 1.2382 0.5259 0.3219 2.1852 0.1971 1.1514 1.2887
1.2516 1.2887 21.0090
1 39.2244 2.5453 3.4212 2.3932 28.8267 1.4754 0.2982 2.0621
2.5453 1.5406 0.7575 0.4428 3.3277 0.2982 1.2067 1.7456
2.0621 1.7456 25.1919
2 50.6375 3.6481 4.2746 2.8594 329119 1.5558 0.3423 2.4450
3.6481 1.6827 0.8637 0.5006 3.8272 0.3423 1.2304 1.9451
2.4450 1.9451 26.7777
3 56.1732 4.2167 4.6785 3.0634 34.4250 1.5911 0.3609 2.5959
4.2167 1.7492 0.9111 0.5250 4.0179 0.3423 1.2399 2.0161
2.5959 2.0161 27.2107
4 58.6366 4.4773 4.8566 3.1498 34.9986 1.6063 0.3686 2.6519
4.4773 1.7788 0.9314 0.5351 4.0888 0.3423 1.2436 2.0416
2.6519 2.0416 27.3486
5 59.6956 4.5906 4.9327 3.1858 35.2222 1.6127 0.3717 2.6727
4.5906 1.7915 0.9400 0.5392 4.155 0.3423 1.2451 2.0510
2.6727 2.0510 27.3982
6 60.1433 4.6387 4.9646 3.2008 35.3112 1.6154 0.3729 2.6800
4.6387 1.7969 0.9436 0.5409 4.1258 0.3729 1.2451 2.0546
2.6800 2.0546 27.4171
9 60.4410 4.6707 4.9857 3.2106 35.3676 1.6171 0.3737 2.6853
4.6707 1.8004 0.9459 0.5420 4.1321 0.3729 1.2461 2.0567
2.6853 2.0567 27.4288
12 60.4621 4.6730 4.9872 3.2113 35.3715 1.6172 0.3738 2.6857
4.6730 1.8006 0.9461 0.5420 4.1326 0.3729 1.2461 2.0569 -
2.6857 2.0569 27.4295
16 60.4636 4.6732 4.9873 3.2113 35.3717 1.6172 0.3738 2.6857
4.6732 1.8006 0.9461 0.5420 4.1326 0.3729 1.2461 2.0569
2.6857 2.0569 27.4296
Y Py =P Py = P{*®)

Table 2.7: Reduced-order solution of the discrete
weakly coupled algebraic Riccati equation
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Chapter 3

Decoupling Transformations

3.1 Introduction

Decoupling transformations play very important roles in the control the-
ory of systems containing small parameters. Under certain, usually very
mild conditions, these transformations allow the linear system decom-
position into independent reduced-order subsystems. The decoupling
transformation for linear singularly perturbed continuous-time varying
systems is introduced in (Chang, 1972). Corresponding transformation
for weakly coupled linear systems is presented in (Gajic and Shen, 1989).
In the recent paper (Qureshi and Gajic, 1992) a new version of the Chang
transformation is obtained for singularly perturbed continuous-time vary-
ing linear systems. In (Qureshi, 1992) a new version of the transformation
obtained by (Gajic and Shen, 1989) for weakly coupled linear systems
is derived.

In this chapter, we present the main results of (Chang, 1972) spe-
cialized for continuous-time invariant systems, Section 3.2. In Section
3.3, Chang’s methodology is extended to continuous-time invariant lin-
ear weakly coupled systems. The numerical techniques for solving al-
gebraic equations comprising the transformation for weakly coupled sys-
tems (Gajic and Shen, 1989) are also discussed in this section. Numerical
techniques for solving corresponding algebraic equations for singularly
perturbed systems will be presented in Chapter 8. The new versions
of the decoupling transformations (Qureshi and Gajic, 1992; Qureshi,
1992) are presented in Section 3.4. These transformations, applied to the
Lyapunov differential equations of both singularly perturbed and weakly
coupled linear systems, produce the complete decompositions of these
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equations into three Lyapunov equations of the reduced-order — Section
3.5.

In Section 3.6, we have solved the general boundary value problem
of continuous-time varying weakly coupled linear systems producing its
decomposition into two reduced-order initial value problems (Qureshi and
Gajic, 1991). The problem formulation and used methodology are dual to
the original work of (Chang, 1972), done for the general boundary value
problem of linear continuous-time varying singularly perturbed systems.
In the last section of this chapter, the discrete-time version of the results
obtained in Section 3.6 is presented.

3.2 Decoupling Transformation for Singularly
Perturbed Linear Systems

Consider the singularly perturbed continuous-time invariant linear system
defined by

&) = A171 + A2y + Biu 3.1

6:&2 = A3x1 + A4$2 + Bgu (32)

where z; € R™,z29 € R™?, and u € R™, are slow state variables,
fast state variables, and a control input, respectively, and ¢ is a small
positive parameter. The Chang transformation was derived in (Chang,
1972) for the general boundary value problem of singularly perturbed
continuous-time varying systems. In this section, we give a simplified
derivation of this transformation applicable to the continuous-time, time
invariant initial value problem. This transformation is applicable to the
standard singularly perturbed systems (Kokotovic et al., 1986) satisfying
the following assumption.

Assumption 3.1 The fast subsystem matrix A4 is nonsingular.

A

If for any linear singularly perturbed system this assumption is not
satisfied, the system is in a nonstandard singularly perturbed form. A
methodology, presented in (Khalil, 1989), treats the nonstandard linear
singularly perturbed systems. Another general approach, applicable for
nonlinear singularly perturbed systems can be found in (Kokotovic et
al., 1986).
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The Chang transformation is defined by
T — Im—GH]L] —GHIJ I:Zl] =T [CL‘]J 33
[772] [ L, I, T2 > (3-3)

where L, and H, satisfy the following matrix equations

A4L1 - €L1A1 + 6L1A2L1 - A3 =0 (34)

H] (A4+€L]A2)+€(A] —A2L])H1 —A2 =0 (35)

Note that (3.3) represents a nonsingular transformation. Numerical meth-
ods for solving efficiently the algebraic equations (3.4)-(3.5) in terms of
the reduced-order algebraic equations will be presented in Chapter 8.

The transformation (3.3) completely decouples the original system
(3.1)-(3.2) into pure-slow and pure-fast subsystems so that in the new
coordinates we have

i = Ay + Byu (3.6)

€ = Agne + Byu 3.7
where

Ay = A - ALy, Ap = Ag+elhA;

3.8
B,=Bl —HlBQ—GHILlBl, B1=B2+€L1B1 ( )

The inverse Chang transformation is given by
| _ | In, eH, M| _m-1]"
-5 LSl p] - 5] e

Exercise 3.1: By using the matrix multiplication and algebraic equations
(3.4)-(3.5) verify that

(el AL
€ € €

and
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More details about the derivation of this transform will be given in
the next section where we extend Chang’s methodology to linear weakly
coupled continuous-time invariant systems. Time varying version of the
Chang transformation will come into account in Section 3.4.

3.3 Decoupling Transformation for Weakly
Coupled Linear Systems

The linear weakly coupled system is represented by

= A1z + €Az + Biu; + €Bous (3.10)

z= €A32 + A4Z + €B3‘u1 + B4u2 (3.11)

where z € R, z € R, are subsystem states, u; € ®™: are subsystem
controls, ¢ = 1, 2, and ¢ is a small coupling parameter. In this section,
we derive a nonsingular transformation that completely decouples linear
weakly coupled systems (filters or estimators first of all).

Introducing the change of variables

z=n+¢lyz (3.12)
the original system (3.10) is transformed into
0 = A1on + €F1 (L2) 2 + Biou1 + €Byous (3.13)
where A A )
1(;—- 1 — € LyAs, (3.14)
Bio= By — €‘LyB3, By = By — LBy
and
Fl (Lz) = Ang - L2A4 + Az - €2L2A3L2 (315)

Assuming that a matrix L, can be chosen such that Fy (L2) = 0, then
equation (3.13) represents a completely independent (decoupled) subsys-
tem

i1 = A1on + Bious + €Bouz (3.16)

As a matter of fact, equations (3.11) and (3.16) form a triangular system
(after elimination of z from (3.11) by using (3.12)).

Introducing the second change of variables as

(=2z+¢€Ha 3.17)
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the equation (3.11) becomes

{ = AsoC + €F2 (Hz) 0+ €Baous + Baou (3.18)
where
Ag = Ag + €€ A3L,, (3.19)
B3y = B3 + H3 By, Byo = By + €H, By .
and
F,(Hy) = HyAvo — AgoHa + A3 (3.20)

In addition, if a matrix H, can be chosen such that F, (H;) = 0, then
we have

¢ = Agol + €Bsouy + Baous (3.21)

so that (3.16) and (3.21) represent two completely decoupled linear
subsystems. Notice that the weakly coupled structure of the control inputs
in (3.10) and (3.11) is preserved in the new coordinates, that is in (3.16)
and (3.21). This means that the proposed transformation is applicable
to the feedback structure of (3.10) and (3.11) also. Thus, applying the
nonsingular transformation

n _ Inl —€L2 T| _ T
[C] - [€H2 In3_€2H2L2] [z} —Tz[z] (3.22)
where ; - .
-1 n, — € Lally €L2
T2 = [ —eH, In,] (3.23)

the linear weakly coupled system (3.10)-(3.11) is completely decoupled
and uniquely determined by its subsystems (3.16) and (3.21).

Obviously, the transformation T, is uniquely obtained if unique
solutions of the following two algebraic equations exist

A1L2 - L2A4 + A2 - €2L2A3L2 =0 (324)
H, (A] - €2L2A3) - (A4 + €2A3L2) Hy+ A3 =0 (3.25)
It is important to notice that at ¢ = 0 we have
ALY - LP4,+4,=0 (3.26)
H® A, - AHP + 43 =0 (3.27)
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so that

L=IY +0()

(3.28)

Hy=H" +0(&)
Equations (3.26)-(3.27) are Sylvester equations and their unique solutions
exist if matrices A; and A4 have no eigenvalues in common (Lancaster
and Tismenetsky, 1985). Thus, the presented results will be valid under
the following assumption.

Assumption 3.2 Matrices A; and A4 have no eigenvalues in common.
A

By the implicit function theorem (Ortega and Rheinboldt, 1970), for a
sufficiently small € € (0, ¢,] there exists a unique solution of a weakly
nonlinear algebraic equation (3.24). Under the assumption that A, and
A4 have no eigenvalues in common and by the fact that the eigenvalues
are continuous functions of the matrix elements (Kato, 1980), there exists
€2 small enough such that for any ¢ € (0, €] matrices Ao and A4o will
not have eigenvalues in common and thus, the unique solution of (3.25)
will exist.
In summary, we have established the following theorem.

Theorem 3.1 Under Assumption 3.2 there exists a small parameter
€ € (0, min (€, €3)] such that the unique solutions of (3.24) and (3.25)

exist.
o

Trajectories of the transformed (decoupled) system are O (¢) close
to the trajectories of the original system. If the coupling parameter ¢
is extremely small, or if in the design procedure the accuracy of O (¢)
is sufficient, there is no need for the decomposition. However, if O (¢)
is not very small, or if the high accuracy is required, then one needs
methods that will produce any desired accuracy, that is the accuracy of
O (¢) where k = 2, 3, 4, ... . Thus, the method proposed in this
section is very useful for the intermediate values of ¢ and for the systems
with the high accuracy requirements. In addition, the importance of the
proposed transformation is in the design of linear filters and observers —
dynamical systems built by the designer. Apparently, it is much easier
and less expensive to build two dynamical systems of order n; and n,,
than one dynamical system of order n; + n,.

Note that transformations (3.12) and (3.17) can be used indepen-
dently to put the system in either lower or upper triangular form. For
some applications, this might be sufficient.
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Numerical solutions for L, and H, can be obtained by using the fixed
point type recursive algorithms similar to those developed by (Gajic,
1986; Petrovic and Gajic, 1988; Harkara et al., 1989). In the case of
equations (3.24) and (3.25) the corresponding algorithm is given by

A]Lg:'+l) _ L(2i+1)A4 + Ay — 62ng')‘431;£;) =0 (329

with i =0, 1,2, ..., N-1, and L{) obtained from (3.26)

HMAD _ AMHM 4 45=0 (3.30)
where
AN = Ay - LM A, A = Ay + @41 (3.31)
Using the results of the references given above, it can be shown that
Ly =L + 0 (V) (3.32)
and
Hy = H™ + 0 (V) (3.33)
hence, the algorithm (3.17) converges with the rate of convergence of
O (€?).
Example 3.1

In order to demonstrate the efficiency of the proposed algorithm (3.29),
we have run a sixth-order example. Matrices A4;, 1 = 1, 2, 3, 4, are
chosen randomly (standard deviation = 1 and mean value = 0 for A, Ao,
and Aj; standard deviation = 2 and mean value = 0 for Ay).

[-1.720 -0.999 —0.592] [—1.614 —1.429 0.516]
Ay =|-1434 0799 0856 |, A, =1 0225 1928 0.310
| —0.729  0.105  0.867 | | —0.332  0.067 0.329 ]
[-1.398 1.039  0.557 ] [-2.956 1.219 2.269]
Az=] 1298 1349 —0891|, As= [-0.038 —2.240 2.296
| -0.472 -0.610 —0.873 | | —0.873 —2.020 2.344 |

The simulation results for different values of the coupling parameters
€ are given in Table 3.1.

The results of Table 3.1 strongly support the necessity for the
existence of the recursive scheme for the solution of (3.24), since unless
€ is very small, the zeroth and first-order approximations are far from
the optimal solution.
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Number of required iterations
€ such that
122 = L9]|oc < 1071
0.8 *
0.7 28
0.6 17
0.5 12
0.3 9
0.1 5
0.05 3
0.01 2

Table 3.1: Number of iterations for the fixed point method

€=01 | |lLz= LYl
4.129 x 102
7.4645 x 10~4
1.6401 x 103
2.1149 x 10~7
2.0989 x 1010

AW~ O

Table 3.2: Error propagation for the fixed point method

In Table 3.2, we show the propagations of the error per iteration
when ¢ = 0.1. We notice that the rate of convergence of the proposed
algorithm (3.29) is O (¢?) = O (10-2).

A

The algorithm (3.29) is based on the fixed point iterations, and it
will converge as long as the small parameter ¢ is small enough so that
the radius of convergence is p(€) < 1 at each iteration.

An alternative way of solving (3.24) is by using the Newton method
where solution of (3.26) plays the role of the initial condition. The
Newton method for the similar type of algebraic equations has been
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presented by (Grodt and Gajic, 1988). The Newton algorithm for (3.29)
can be constructed by setting Lgﬂ) = Lg’) + AL;) and neglecting
) ((ALz)z) terms. This will produce a Sylvester-type equation of the
form

DOLE) 4 LM pM = @), i=0,1,2,..  (3.34)
where
DY) = 4, - L) 4,
DY) = — (A4 + ¢ 451Y) (335)
QW = _ ( Ar+ L9 4, Lgi))
with the initial condition L{”) obtained from (3.26).

Example 3.2

The Newton method is demonstrated by solving the same example. For
the different values of ¢ the results are presented in Table 3.3.

Number of required iterations
€ such that
122 = L]l < 10710
0.8 5
0.7 5
0.6 4
0.5 4
0.3 3
0.1 2
0.05 2
0.01 1

Table 3.3: Number of iterations for the Newton method

It can be seen, that for this particular example, the Newton method
converges much faster than the fixed point iteration algorithm. It is
the well-known fact that the Newton method converges quadratically
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in the neighborhood of the sought solution and that its main prob-
lem lies in the choice of the initial guess. For the algebraic equa-
tion (3.24) the initial guess is easily obtained with the accuracy of
O (€?), and the Newton method, if it converges, will produce a sequence
O (€*) . O (€8) , O (€'®), close to the exact solution. However, in some
cases the Newton method does not converge at all (bad initial guess) and
one needs to have some other efficient techniques available.

The fixed point method presented earlier in this section is one of
them, since its rate of convergence of O (62) is remarkable.

The simulation results are obtained by using the software package
L-A-S (West et al., 1985) for computer-aided control system design.
A
The importance of the decoupling transformation introduced for
weakly coupled linear systems is in the decomposition of the linear
Kalman filters and/or observers. Namely, they are dynamical systems
built by the control engineers. It is much easier and cheaper to build two
filters of order n, and n,, than one filter of order n; + n,. The reduced
order filters are much faster. Due to parallelism, the on-line computations
are considerably reduced at every time instant.

3.4 New Versions of Decoupling Transformations

In this section, we present new versions of the decoupling transformations
for both singularly perturbed and weakly coupled linear systems.

The singularly perturbed system under consideration is represented
in the form

1 = A121 + A9 (3.36)

€ty = A3z, + Agzo (3.37)

where z; € R™, z, € R are slow and fast state variables, respec-
tively, and matrices A, A, A3, and A, are of appropriate dimensions,
which are constant in the case of time invariant systems, and functions of
time in the case of time varying systems. A small parameter ¢ is positive.
The linear weakly coupled system under consideration is represented

by
1 = A2y + €Azx2 (3.38)
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.’tz = €A3.’l71 + A4$2 (339)

where z, € ™, z, € R™ are subsystems state variables, and matrices
A,. Az, Az, and A4 are of appropriate dimensions. In the case of time
invariant systems these matrices are constant, while for time varying
systems they are functions of time ¢. A small constant parameter ¢ of
arbitrary sign couples the states z; and z,.

The common approach to study these systems is to first transform
them into new coordinates such that the states are independent (decou-
pled) from each other. This leads to a block diagonal form which is
easier to solve. Chang (1972) developed a decoupling transformation for
singularly perturbed linear systems (3.3), while Gajic and Shen (1989)
proposed a similar decoupling transformation (3.22) for linear weakly
coupled systems.

The continuous-time varying version for weakly coupled systems of
the transformation defined in (3.22) has the following form

I.,l1 —€L2 (t)

T3 (t) = €Hy(t) I, —e2Hy(t) La(2)

(3.40)

where L, (t) and H; () can be obtained from the following two coupled
differential equations

Lz = A1L2 - L2A4 + Az - €2L2A3L2 (3.41)

Hg = H, (A] - €2L2A3) - (A4 + €2A3L2) Hy, + As (3.42)

For the singularly perturbed system, the continuous-time varying
version of (3.3) is (Chang, 1972)

Im - GH] (t) L1 (t) —6H1 (t)

Ll (t) Iﬂa

T, (t) = (3.43)

where L, (t) and H, (t) are the solutions of the following two equations

€ly = AyLy — €L Ay + €L1AsL, — As, (3.44)

GHl = G(Al - A2L1) H, - H (A4 + 6L1A2) - A, (3.45)
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Note that for the time invariant cases, the derivatives Ll, H l,l',g, and H 9
are zero. It is important to point out that the initial conditions for (3.41)-
(3.42) and (3.44)-(3.45) are not specified so that they may be chosen
arbitrarily. :

The difficulty in solving equations (3.41)-(3.42) or (3.43)-(3.44) is
that (3.42) or (3.44) can only be solved after the results of (3.41) or (3.43)
are available. Therefore, computation must be done sequentially. Fur-
thermore, two different algorithms are needed: one for (3.41) or (3.43)
and the other for (3.42) or (3.44). In this section, this difficulty is over-
come by introducing other transformations that decouple the original sys-
tems as well as the transformation equations for both weakly coupled
and singularly perturbed linear systems. This will enable us to compute
L, (t) and H, (t) or L, (t) and H, (t) in parallel, and by using only one
algorithm. The proposed transformations are extremely efficient, from
the numerical point of view, in the case of time varying systems since
corresponding differential equations are completely decoupled. This is
extremely important for singularly perturbed systems where both trans-
formation equations (3.44) and (3.45) are stiff, and thus numerically ill-
defined (Kokotovic and Khalil, 1986).

3.4.1 New Decoupling Transformation for Linear Weakly
Coupled Systems

Introducing the change of variables like in (Gajic and Shen, 1989)

n(t) = z1(t) — eL3(t) z2 () (3.46)
and differentiating both sides, we obtain
= & — eLazs — €Lais (3.47)

Substituting for ; and Z, and simplifying, we get

f7 = A]of] - €F3 (L3) T2 (348)
where
AIO = A] - €2L3A3 (349)
and
F3(L3) = L3 — AjL3+ L3As — Ay + €2L3AsL3 (3.50)

Assuming that a matrix L3 can be chosen such that F3(L3) = 0,
the equation (3.48) will represent a completely independent (decoupled)
system (Gajic and Shen, 1989).
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Introducing the second change of variables as
C(t) = —eHz (t) 1 (t) + 22 (2) (3.51)
and following similar calculations, we get
{ = A€ — €Fy (Ha) 71 (3.52)

where
A4o = A4 - 62.H3A2 (353)

and
Fy(Hs) = H3 — AyH3 + H3A; — A3 + 2H3A,H, (3.54)

Again assuming that a matrix H3 (t) can be chosen such that F (H3) =
0, then equations (3.48) and (3.52) will represent a completely decoupled
linear system. Note that the initial conditions for differential equations
(3.50) and (3.54) are arbitrary. Thus, applying the transformation

[Z] B [—fgg(t) _ef,i(t)] [Z;] =Ty (0{2] (3.55)
where

T3 (1) = [I"I“:AL;(S‘))ﬁ g))ﬂa(‘) ‘LSg)(% (t)] (3.56)

with M (t) = (I, — €H3(t) L3 (t))"l, the linear weakly coupled sys-
tem is completely decoupled and uniquely determined by its subsystems
(3.48) and (3.52). The nonsingularity of the transformation T3 (¢) can
be noticed by the fact that the off-diagonal elements are of the order of
¢, while the blocks on the main diagonal are indentity matrices. There-
fore, for a sufficiently small ¢, T (¢) is strictly diagonally dominant and
hence nonsingular.

Note that exactly the same transformation can be applied to the
continuous-time invariant systems. In that case differential equations
(3.50) and (3.54) reduce to the algebraic ones, so that the matrix T3 is
constant.

We can apply the transformation (3.55) to the discrete-time invariant
weakly coupled linear system defined in Chapter 2, and represented by
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z1(n+1) = Anzi (n) + €41222(n)

3.57
z2(n+ 1) = €A1 (n) + A2z (n) G370

Following similar calculations, the transformed block diagonal system is
obtained as follows

n(n+1) = [An — €L3An] 7(n)

¢(n+1) = [Ag; — EHzAr) ¢ (n) (3.58)

where L3 and Hj satisfy the following decoupled algebraic equations

AnLs — L3Agy — €€L3An L3+ A2 =0 (3.59

AgH3 — H3Ay — €€H3Ar2H3z + An =0 (3.60)

Note that unique solutions of (3.59) and (3.60) exist for sufficiently small
values of ¢ under the assumption that matrices A;; and Az, have no
eigenvalues in common (Assumption 3.2).

Exercise 3.2: Derive equations (3.58)-(3.60). Then show that a similar
transformation is applicable to the decomposition of the discrete-time
varying linear control system represented by

z1(n+1) = A1 (n) 21 () + €412 (n) 22 (n) + B11 (1) u1 (n)
+€Bj2(n) uz (n)

za(n+ 1) = €dy2(n) 21 (n) + A2 (n) 22 (n) + €B21 (n) w1 (n)
+Bg2 (n) U2 (n)

Find expressions for the system matrices in new coordinates and the dif-

ference equations whose solutions comprise the required transformation.
A

The advantage of this transformation over the previous one (Gajic
and Shen, 1989) is that the transformation equations for L3 and Hj,
namely (3.50) and (3.54), respectively, have exactly the same form, and
they are independent of each other. Therefore, we can use the same
algorithm to solve both L3 and Hi. Moreover, due to the fact that
they are independent from each other, the computations can be done in
parallel. However, a price is paid for this convenience when we go back
to the original variables z, and z,. This step requires the computation
of an inverse of a matrix (I, — €2L3H3)—1.
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3.4.2 New Decoupling Transformation for Linear Singularly
Perturbed Systems

Introducing the change of variables for the linear singularly perturbed
system (3.36)-(3.37) as

o =2 —elyzy
3.61
B =—Hyzy + 22 G.60)

and differentiating, we get

G = i71 - €L4(&2 - €L4$2

s ) . ) (3.62)
B = —Hsty — Hyzy + 3,

Substituting for #; and i, from the original system, and simplifying,
we get

Q= Ama - Gl (L4)$2 (363)
where
A]Q = Al - L4A3 (364)
and
G1(L4) = €Ly + L4By — €B1Ly — By + €L4Bs L, (3.65)
Also )
€8 = Agof — G2 (Hy) 7y (3.66)
where
A4Q = A4 - €H4A2 (367)
and

G2 (H4) = €H4 + €H4A1 - A4H4 - A3 + €H4A2H4 (368)
By setting G, (L4) = 0, and G, (H,4) = 0, we get the decoupled system
0= Aloa = (A] - L4A3)O (369)

€8 = Ay = (Ag — eHaA2) B (3.70)

where L4 and M, can be calculated from the following two stiff differ-
ential equations

€L4 = —L4As+ A2 + €(A1L4 - L4A3L4) (3.71)
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€H4 = A4H4 + A3 - €(H4A1 + .H4A2H4) (3.72)

The initial conditions for differential equations (3.71) and (3.72) are arbi-
trary (Chang, 1972; Smith, 1987). For time invariant systems equations
(3.71)-(3.72) become algebraic ones. Efficient numerical methods for
solving corresponding algebraic equations are discussed in (Grodt and
Gajic, 1988). Thus, the introduced decoupling transformation is

o In, —€L4 z1| _ T
['ﬂ] - [—H4 In, ] [,,-2] =Ts(?) [xz] (3.73)
" I., + eL4NH; €L4N
-1 __ ny € 4 4 € 4
T = [ NH, N ] (3.74)

where N = (I,, — eHyLs)™".

It is important to notice that in (3.44) and (3.45) one has to solve
one Riccati and one Lyapunov equation sequentially. The total processing
time in that case is greater than tp, where tp is the time for solving the
Riccati equation. However, in (3.71) and (3.72) solutions of two Riccati
equations are required, but due to parallelism the total processing time
is tg.

We can apply the same transformation as one given in (3.73) to the
linear discrete-time singularly perturbed system introduced in Chapter 2,
given by

z1(n+1)= (I +€Ay1)z; (n) + €Ay222(n)

3.75
z2(n+1) = A2121(n) + A2z2(n) ( )

Following similar calculation, the transformed block diagonal system is
obtained as follows

a(n+1)=[I+eAn —eL4An]a(n)
B(n+1) = [Ay; — eHyA12) B(n)

where L, and H, satisfy the following decoupled algebraic matrix equa-
tions

(3.76)

Ly(I - Az)+€AnLly—elyAnLli+ A2 =0 3.7
(A2 —=I)H4 — €H4Ay — €eHsA2Hy + Ay =0 (3.78)
Note that unique solutions of (3.77)-(3.78) exist for sufficiently small

values of € under the assumption that the matrix A2, has no eigenvalues
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at -1, which is the standard condition imposed on singularly perturbed
discrete systems (see formula 2.104).

It is left as an exercise to readers to derive the corresponding
transformation for time-varying discrete singularly perturbed systems.

Exercise 3.3: Given the singularly perturbed time-varying discrete con-
trol system

z1(n+1)= (I + €A1 (n))z1(n) + ed12(n)z2(n) + €B1 (n) u(n)
z2(n+1) = Az (n) 21 (n) + A2z (n) 22 (n) + B2 (n) u(n)
Find the transformation which completely decouples slow and fast vari-

ables.
A

3.5 Decompositions of the Differential Lyapunov
Equations

In the following, we first show that the introduced decoupling transfor-
mation for weakly coupled linear systems also completely decouples the
Lyapunov matrix differential equations corresponding to weakly coupled
systems. Then, we derive the similar result for the singularly perturbed
differential Lyapunov equation.

Consider the Lyapunov matrix differential equation of weakly cou-
pled systems

P=ATP+PA+Q, Q=QT, P(to))=Fh (3.79)
where the given matrices A and () are partitioned as
A1 €A2] [ GQz]
A= . 3.80
LA3 A0 9T QT Qs (3.80)

Due to assumed structure for A and @, the matrix P is properly scaled
as (Kokotovic et al., 1969)

_ P] €P2
P= [chT Pa] (3.81)

Mulnplymg (3.79) from the left by T2 and from the right-hand side
by T2 , we get

T;TPT;' = T;TATPT;! + T;TPAT; + T;7QT;'  (3.82)
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which can be written as

K=d"K+ Ka+q, K (to) = Ko (3.83)
where
- A 0
@ =T2AT;" = [ 60 A4o]
¢=T;QT; = [eqq‘; ‘q‘?] (3.84)
- - K, €K - -
K =T;TPT;' = GKI; K:]’ K (to) = T; T RT3}

Partitioning (3.83) we can note a completely decoupled form among
elements of K, that is

K1 = K1Aw+ ALK + @1 (3.85)
Ky = KA + AL K2 + ¢ (3.86)
K3 = K3Ag + AL K3 + g3 (3.87)

Having obtained Ks from (3.85)-(3.87), we can get the solution of the
Lyapunov differential equation in the original coordinates as

P=TIKT, (3.88)

For the singularly perturbed Lyapunov matrix differential equation
given by (3.79) the problem matrices are partitioned as

=t g oG @] e

Due to assumed structure for A and @, the matrix P is properly scaled
as (Kokotovic et al., 1986)

_ Pl €P2
P= [€P2T cPs] (3.90)

Multiplying (3.79) from the left by T T and from the right-hand side
by Tl'l, we get

Ty TPT = T{TATPT + T TPATY + T7TQTY  (391)
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which can be written as

K=a"K+Ka+tq,  K(to)= Ko (3.92)
where
o=TuaTy = [ 4]
€
¢=T{TQT]' = [;‘;} g:] (3.93)
—T proe K, €K - -
K =T{"PT;! = cKlg' cK:] . K (o) = T{TR T

Partitioning (3.92) we can note a completely decoupled form among
elements of K

K, = I\,l A, + ATI(] +q (3.94)
€Ky = KoAp+ ATK, + ¢, (3.95)
K3 = K3A; + ATK3 + g5 (3.96)

Having obtained Ks from (3.94)-(3.96), we can get the solution of
the singularly perturbed Lyapunov differential equation in the original
coordinates as

P] €P2 _ mT .K] €K2
[GPQT ePa] =Ty [6K2T ek, T 3.97)

It is left to the reader to find the corresponding decompositions of the
difference Lyapunov equations for both weakly coupled and singularly
perturbed systems.

Exercise 3.4: Following the methodology presented in Section 3.5 find
the decomposition for both singularly perturbed and weakly coupled
matrix difference Lyapunov equations.

A
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3.6 Boundary Value Problem of Linear Continuous
Weakly Coupled Systems

In this section, we study the general boundary value problem of linear
time varying weakly coupled systems. The existence of the solution in
terms of the reduced-order completely decoupled dynamical systems is
established.

Consider the general boundary value problem for the linear weakly
coupled system

t=A(t)z+eAy(t)z (3.98)

z=€As(t)z+ Ag(t) 2 (3.99)
with boundary conditions

vl erold]-[s) o

on the interval 0 < ¢t < 1, where z € R™, 2 € R"2,¢; € R™, ¢ €
K2, and A, (t), A2(t), A3(t), A4(t). M (€), N (€) are matrices of
appropriate dimensions. A small parameter ¢ couples the states z and z.
Note that for weakly coupled systems the following standard assumption
is imposed (Chow and Kokotovic, 1983).

Assumption 3.3
detA; (t) = 0(1) and detA4(t)=0(1), Vte|0,1]

A
In addition, the following assumption is made in this section.
Assumption 3.4 The matrices A; (t), A2(t), As(t), and A4 (t) are
continuous function for 0 < ¢t < 1, and M (¢) = M (0) + O (e),
N(e)=N(0)+0(e) ci(e)=¢i(0)+O0(e),i=1,2.

A

The corresponding boundary value problem for singularly perturbed

systems is studied in (Chang, 1972). In the following, we will use the
transformation derived in Section 3.4.1 to block diagonalize (3.98)-(3.99).
The obtained results simplify the analytical and computational treatment
of (3.98)-(3.99) in terms of the reduced-order completely decoupled
dynamical systems.
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It is shown in Section 3.4.1 that the following transformation

[Z] - [—e'ﬁ;; ) -eie;(t)] [2] =Ts(, €) [2] (3.101)

produces the block diagonal form of (3.98)-(3.99), that is,

= Aw()n (3.102)
(= A ()¢ (3.103)

where
AlO (t) = A] (t) - €2L3 (t) A3 (t) (3104)
Agp(t) = As(t) — €H3 (t) A2 (2) (3.105)

The transformation matrices L3(t) and Hj(t) satisfy the following
Riccati-type differential equations

L3(t) = Ay (t) L3 (t) — L3 (t) A4 (t) + A2 (t) — €L3(t) As(t) L3 (1)
(3.106)

H3(t) = Aq(t) H3(t) — Ha(t) Ay () + A3 (t) — €€Hj (t) A2 (t)(l;lg (®)

.107)
Note that for sufficiently small ¢, the matrix T3 (¢, ¢) in (3.101) is
diagonally dominant, and hence, nonsingular. In addition, no initial or
terminal conditions are imposed on equations (3.106)-(3.107).

Since the differential Riccati equation, in general, has a finite escape
time (Sasagawa, 1982), we have to establish the existence of bounded
solutions for (3.106)-(3.107). The only assumption we impose is that
A1 (t), A2(t), As(t), and A4 (t) are continuous function for 0 < ¢ < 1.
Due to the same structure of (3.106)-(3.107), it suffices to show that
either one of them possesses a bounded solution. The following lemma
is proved for the existence of such a solution.

Lemma 3.1 There exists ¢o > 0 such that equations (3.106)-(3.107) have
solutions L3 (t) and Hj (t), respectively, which are uniformly bounded
for 0 <t < 1inthe region 0 < € < €.

o
Proof: Let X (t) be the fundamental matrix of & = A, (¢) z, and Z (t)
be the fundamental matrix of 2 = A4 (t) 2. Since A, (t) and A4 (¢) are
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continuous on [0, 1], and therefore bounded on [0, 1], there exist o, > 0
and o, > 0 such that

| 41 () [I< o1
I A4 (®) lI< o2

which implies (Chang, 1972)

| X () X~ (s) II< Kreap(on lt—s]) 0<t, s <1

3.108
| Z(t)Z7'(s) ||< Kaezp(oz|t—s]) 0<t,s<1 ( )

where K; and K, are positive constants.
It can be verified by differentiation that

Ls(t) = / X (8) X1 (s) [A2(5) = €2Ls (5) A3 (5) L3 ()] Z (s) 22 (1) ds
° (3.109)

is a solution of (3.106). We will show that this is a bounded solution,
that is, || L3 (t) || £ p, for some p. By (3.109) we get

| 221 [ KuKaert=leest=slas || Az 1) || +¢%* | As (1) 1)
0

Since s < ¢, then |t — s| = t — s, so that we obtain

K1 K3 [ (01402)t 2,2
< =122 | (o1taa)t _
I 25 0) s 2L [etorboar 1] (1 4 ) 1 +6° 1 45 ) )

This inequality is valid for ¢ = 1, giving
I Zs@) IS e (| 42(2) || +€%0° || As (1) [])

where i
KK,
01+ 02

Now we have to find p and € such that || L3 (t) ||< p. Pick

[e(a,+a,)t _ 1]

p=2a| A (1) |
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so that
| Za(t) IIs & + 0 || 42 () |
Pick ¢p such that

acp? || 4a (1) 1< &
or
€< !
27 [ 4O A0
Thus
I La@) s 5+ E<p

Therefore, L3 (t) has a bounded solution, that is || L3 (t) ||< p. Since
[0, 1] is a compact interval, the solution is uniformly bounded. On the
same lines, it can be proved that H3(t) also has a uniformly bounded
solution.

Consequently, the change of variables (3.101) transforms the sys-
tem (3.98)-(3.99) to (3.102)-(3.103). Applying (3.101) to the boundary
conditions (3.100), we obtain

- 0, ¢ o L,e)| _|ci(e
wo[t6 3] ol =[al3] e
where M(c) = M(€)T3*(0,¢), N(¢) = N(e)T3' (L ¢), and
T31(¢, €) is given by

- I, + L3 (t) M (t)H3(t) eLs(t) M (¢
T3 (¢, f)=[ 2&811(&)) ) BJ(W)(t)()]

where M (t) = (I, — €H (t)L(t))™". Therefore, the transformed
boundary value problem is described by (3.102)-(3.103) and (3.110).

Let £(¢, €) be the transition matrix of (3.102), and x (¢, €) be the
transition matrix of (3.103), then we have the following solution for
(3.102)-(3.103)

- bl o

where 0 (¢) and ag(€) are arbitrary constants. It remains to choose
o1 (€) and a3 (¢€) to satisfy the boundary condition (3.110). Substituting
(3.111) into (3.110) yields
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a1(9] _ [er(e)
s@[aig] =29
where

D) = M()+ K (¢) [f(h’ 9 . 6)] (3.112)

If A~ (€) exist, then

o; (€) [ a(e€) ]
[az(f)] A7 cz(¢)
thus (3.111) represents a solution to the boundary value problem.

Note that as € — 0, T3 (¢, €) — I, and therefore lim._o M (¢) =
M (0) and lim_o N (e) N (0)

limeoA(e) = M (0) + N (0) [5(10’ g x(f, 0)}

where £(t, 0) = limo & (¢, €) and x (¢, 0) = lim._o x (¢, €). Hence
for sufficiently small ¢, the inverse A~! (¢) exists under the following
assumption.

Assumption 3.5 The matrix A (0) = lim,_,¢ A (¢) in nonsingular.

Note that Assumption 3.5 is always satisfied for the linear filtering and
control problems (Qureshi, 1992).

Consequently, the following theorem summarizes the results.

Theorem 3.2 Let Assumptions 3.4 and 3.5 hold, then for sufficiently small
¢ the original weakly coupled boundary value problem (3.98)-(3.100) has
the solution given by

o IR L RN Pl b

for0<t<1.
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3.7 Boundary Value Problem of Discrete Linear
Weakly Coupled Systems

In the procedure of solving the general continuous-time boundary value
problem of linear weakly coupled systems the transition matrices of two
time-varying subsystems are required. Since, in general, these matrices
can not be found analytically, it would be interesting, from the practical
point of view, to develop the corresponding results for the weakly coupled
time-varying discrete boundary value problem, where the corresponding
discrete-time transition matrices can be found easily.

Consider the general boundary value problem of the discrete-time
linear weakly coupled system

z(k+1)= A, (k)z (k) + €Az (k) z(k) (3.113)

z2(k+1) = €Az (k)z (k) + Ag (k) z (k) (3.114)
with boundary conditions

z(0,¢) z(n,e)| _ |e(e)
M(e)[z(oge)] +N(‘)[z(n,e)] = cz(c)] (3.115)
on the interval 0 < k¥ < n, where z € R™,z € R"?,¢; € R™,¢; €
"2, and A4, (k), A2 (k). A3 (k), A4 (k). M (€), N (¢) are of appropriate
dimensions. A small parameter ¢ couples the states z and z. It is assumed
that M () = M (0)+0(¢), N(e)=N(0)+0(e), ci(e) =ci(0)+
O (€). i = 1,2. Note that for weakly coupled systems detA, (k) = O (1)
and detA,(k) = O(1) for all 0 < k£ < n (see Assumption 3.3).

The corresponding boundary value problem for continuous weakly
coupled systems is studied in the previous section. In this section, we will
use the same transformation to block diagonalize (3.113)-(3.114), which
simplifies the analytical and computational treatment of (3.113)-(3.114)
in terms of the reduced-order completely decoupled dynamical systems.

The following transformation

n(k)] - [ I —eL(k)] [z(k)]

¢ (k) —eH (k) z (k) (3.116)
=T; (kze) {:é:g]
produces a block diagonal form of (3.113)-(3.114), that is
n(k+ 1) = Ao (k) n(k) (3.117)
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C(k+1) = Agp (k) C(K) (3.118)

where
Aso (k) = Ay (k) — €L (k) As (k) (3.119)
Ago (k) = Aq (k) — €€H (k) Az (k) (3.120)

The transformation matrices L (k) and H (k) satisfy the following dif-
ference equations

A (R)L(K) = L(k+ 1) Ag (k) + A2 (k)

—eL(k+1)As (k) L(K) = 0 G121

As(k)H (k) - H(k+1) Ay (k) + As (k) (3.122)
—2H(k+1) Az (k)H (k) =0 )
Note that for sufficiently small ¢, the matrix T3 (k,¢) in (3.116) is
diagonally dominant, and hence nonsingular. In addition, no initial or
terminal conditions are imposed on equations (3.121)-(3.122).

In order to have a bounded solution for the block diagonalized
system (3.117)-(3.118), ||A10(k)| and ||A4o (k)| must be bounded.
First of all, we make the following assumption on the matrices
Ay (k),Az2(k),As(k), and A4 (k).

Assumption 3.6 The matrices 4; (k), ¢ = 1, 2, 3, 4, are bounded, that
is, || Ai (k)| £ K;, i =1,2,3,4, where K; are bounded constants. Fur-
thermore, A, (k) and A4 (k) are invertible.

A

Under Assumption 3.6, it follows that (3.121)-(3.122) have bounded
solutions, and hence, the systems (3.117)-(3.118) have bounded solutions.
Thus, we have a dual lemma to Lemma 3.1 stated as following.
Lemma 3.2 Under Assumptions 3.3 and 3.6, there exists ¢g > 0 such
that equations (3.121) and (3.122) have solutions L (k) and H (k), re-
spectively, which are bounded for 0 < k < n in the region 0 < € < €.

o

Consequently, the change of variable (3.116) transforms the system
(3.113)-(3.114) to (3.117)-(3.118). Applying (3.116) to the boundary
conditions (3.115), we obtain
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woliedleioltig] o8] em

where M(e) = M(e)T3'(0,¢), N(e) = N(e)T3(n,¢) with
T3 (k. €) defined in (3.116). Therefore the transformed boundary value
problem is described by (3.117), (3.118), and (3.123).

Let £ (k. €) be the transition matrix of (3.117), and Z (k, ¢) be the
transition matrix of (3.118), then we have the following solutions for
(3.117)-(3.118)

3l =757 2ol 5G] e

where a; (¢) and o; (¢) are arbitrary constants. It remains to choose
a; (€) and 0, (¢) to satisfy the boundary conditions (3.123). Substituting
(3.124) into (3.123) yields

2@ (2] = [28]

Ae) = M(e)+1v(e)[5(" 9 Z(?M)] (3.125)

where

If A1 (e) exists then

o (€) “1(0 | €1 ()
[oz (e)] ©) [ ()
and thus, (3.124) represents a solution of the considered boundary value
problem.
It is easy to see that as ¢ — 0, T3 (k,e) - I, (’f_’)’BM(e) =M(0),
and "™ N (¢) = N (0). Therefore,

€¢—0

”mOA(e) = M (0) + N (0) [‘5 (’(’; 0) 2 (g’ 0)] (3.126)

where £ (k,0) = "™ £ (k,¢), and 2 (k,0) = lim Z (k.€). Hence for
sufficiently small ¢, the unique solutions for o, (€) and a; (¢€) exist under
the following assumption.
Assumption 3.7 The matrix (3.126) is nonsingular.

A

Note that as opposed to the continuous-time systems, the transition
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matrices and hence, A(e) for discrete systems can be found analytically.
This gives us the explicit solution for the boundary value problem of
discrete weakly coupled systems.

Consequently, the following theorem summarizes the results.
Theorem 3.3 Let Assumption 3.7 holds, then under conditions stated in
Lemma 3.2, for sufficiently small ¢, the original boundary value problem
(3.113)-(3.114) has the solution given by

s3]m0 L2l [3] e

Jor0 < k< n.
o

Research Problem 3.1: In the continuous-time varying boundary value
problem for singularly perturbed systems (Chang, 1972), the transition
matrices of continuous-time varying slow and fast subsystems are re-
quired. These transitions matrices can not be found analytically. Derive
the discrete-time version of the results reported in (Chang, 1972), such
that the analytical expressions for the required transition matrices are ob-
tained.
A
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Chapter 4

Output Feedback Control

4.1 Introduction

The design of the optimal linear full state regulator requires the mea-
surement of all system states. In many practical applications, this is not
feasible due to either the high cost of the state measurements or the inac-
cessibility for measurement of some of the system states. The standard
way to overcome these difficulties is to reconstruct the full state vec-
tor from the available measurements by the Luenberger observer or, if
the measurements are noisy, by the Kalman filter. However, these state
reconstruction methods will introduce an additional dynamical system.
That is why, in the early 1970’s, increasing attention was given to the
problem of designing output constrained regulators where a very limited
number of state measurements are available for control implementation
(Levine and Athans, 1970; Levine et al., 1971; Mendel, 1974; Petkovski
and Rakic, 1979). The optimal solution to this control problem is ob-
tained in terms of high-order nonlinear matrix algebraic equations. The
convergence complexities of the algorithms suggested for the solution of
these equations have hindered for quite a long time a wider application
of this technique. The convergence problem was solved in (Moerder and
Calise, 1985a; Toivonen, 1985). Since then, the static output feedback
control problem has become a very fruitful research area (Makila and
Toivonen, 1987).

In this chapter, the output feedback control of singularly perturbed
and weakly coupled linear systems is studied. The output feedback
control problem attracted the attention of the researchers from the field
of singular perturbations in the 1980’s (Chemouil and Wahdam, 1980;
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Fossard and Magni, 1980; Khalil, 1981; Arkun and Ramakrishnan, 1983;
Moerder and Calise 1985b; Calise and Moerder, 1985; Khalil, 1987).
It is well known that the singularly perturbed systems belong to the
class of systems with ill-conditioned dynamics which make corresponding
numerical problems stiff. Thus, in addition to the high-order nonlinear
matrix algebraic equations, one is faced with the ill-defined numerical
problems also.

Motivated by the results of (Gajic, 1986; Gajic et al., 1990) and
(Moerder and Calise, 1985a), we have developed the well-defined recur-
sive numerical technique for the solution of nonlinear algebraic matrix
equations associated with the output feedback control problem of linear-
quadratic singularly perturbed systems. Moreover, the numerical slow-
fast decomposition has been achieved so that only low-order systems are
involved in algebraic computations. It is shown that each iteration step of
the proposed algorithm improves the accuracy by an order of magnitude,
that is, the accuracy of O (€F), where ¢ is a small perturbation parame-
ter, can be obtained by performing only k iterations. This represents a
significant improvement, since all results on the output feedback control
problems for the singularly perturbed systems have been obtained so far
with an accuracy of O (¢) only. The real world example, an industri-
ally important reactor, which demonstrates the efficiency of the proposed
algorithm and the failure of O (¢) theory is included in the section.

The output feedback control problem for weakly coupled linear
systems has been studied in (Petkovski and Rakic, 1979) by using a
series expansion approach. This approach is not recursive in application
and it is numerically inefficient when a high order of accuracy is required
or when the coupling parameter ¢ is not very small.

Following the results presented in Section 4.2, a recursive algorithm
is developed for solving nonlinear algebraic equations comprising the
solution of the optimal static output feedback control problem of lin-
ear weakly coupled systems. The numerical decomposition has been
achieved so that only low-order systems are involved in algebraic com-
putations. The effectiveness of the proposed reduced-order algorithm and
its advantages over the global full-order algorithm are demonstrated on a
twelve-plate chemical absorption column. Obtained results strongly sup-
port the necessity of the existence of reduced-order numerical techniques
for solving corresponding nonlinear algebraic equations. In addition to
reduction in required computations, it would be easier to find a good ini-
tial guess and to handle the problem of nonuniqueness of the solution of
these nonlinear equations — they represent the necessary conditions only.
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In this chapter, we have limited our attention to the deterministic
continuous-time output feedback control problem. Stochastic output
feedback makes no sense in the continuous-time domain since it is not
rational to feedback the continuous-time white noise. In Chapter 11, we
will study the stochastic output feedback in the discrete-time domain.

4.2 Output Feedback for Singularly Perturbed
Linear Systems

Consider the singularly perturbed linear system (Kokotovic and Khalil,
1986)

I = A1z + A2z2+ Biu, 1 (to) = 210 4.1
€ty = A3Z1 + AsZ2 + Bau, 22(to) = z20 4.2)
y = C1z1 + C222 4.3)

where z; € R™ and z, € R"? are state vectors, u € R™ is a control
input and y € R is a measured output. In the following, 4;, B;, and
Cj,i=1,.. 4, j =1, 2, are constant matrices of compatible dimensions;
in general they are continuous functions of a small positive parameter ¢
(Gajic, 1986). With (4.1)-(4.3), consider the performance criterion

__l T 1 T T1 T
J = 2/{[:02] Q [22] +u Ru} dt 4.4
]

with positive definite R and positive semidefinite (), which has to be
minimized. In addition, the control input u (¢) is constrained to

u=—-Fy 4.5

The optimal constant output feedback gain F is given by (Levine
and Athans, 1970)

F=R'BTKLCT (cLCT)™ 4.6)

where matrices K and L satisfy high-order nonlinear coupled algebraic
equations

(A= BFC)L+ L(A-BFC)T + 2ozl =0 @4.7)
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(A-BFC)'K+K(A-BFC)+Q+CTFTRFC=0 (4.8)

and newly defined matrices are

A=[§: ﬂfj] b= [23] C=[C G, wo=[‘°‘°] 4.9)

€ € [3 Z20

Compatible to the nature of their solutions, matrices K and L are
partitioned as follows

_ K] €K2 _ L] L2
K= ekT eK;:,]’ L-[Lg' La] (4.10)

It is shown in (Moerder and Calise, 1985a) that the algorithm
proposed for the numerical solution of (4.6)-(4.8), defined by
Algorithm 4.1:

Choose FO such that A — BFOC is a stable matriz  (4.11)

. . . . T
(4 - BFOC) LE+D 4 164D (4-BFOC) + a0l =0 412)

. T . . .
(4- BFOC) KG+D 4 K6+ (4-BFOC) +Q
+CTFO"RFOC = 0

4.13)

Fl+1) — p-1 T g(+) [(+1) T (C L("“")CT)-l 4.14)

with ¢ = 1, 2, ..., converges to a local minimum under the nonrestrictive
assumption. As a matter of fact, the updated value for F is defined in
(Moerder and Calise, 1985a) as

F{*) = FO 4 o (PO - F(‘>) (4.15)

where o € (0, 1] is chosen at each iteration to ensure that the minimum
is not overshoot, that is,

Jiy1 =tr {K(‘+1)zoxg} <J;i= {K(‘)xoxg} (4.16)

A
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Note that in (Toivonen and Makila, 1987) the Newton method was
derived for solving the algebraic equations (4.6)-(4.8).
Exercise 4.1: Multiply equation (4.8) from the left by CL and from
the right by LTCT. Show that this procedure reduces equation (4.8) to
the standard algebraic Riccati equation. Comment on the procedure and
obtained result.
A
It has been customary in the control literature on the output feedback
to assume that the initial conditions are uniformly distributed on the unit
sphere, that is,

E {zoxg} = I(nri-n:) 4.17)

Notice that applying the slow-fast decomposition transform of Chang
(Chang, 1972) to problem (4.1)-(4.5) and finding the optimal gains for the
slow and fast subsystems is producing the accuracy of O (¢) only, (Calise
and Moerder, 1985; Moerder and Calise, 1985b, 1988). This leads to a
well-posed problem, but there is no way to improve the approximation
to any desired order of accuracy, that is, O (¢¥). In this section, we will
achieve that goal through the numerical slow-fast decomposition of the
algebraic equations (4.11)-(4.15).

In order to simplify derivations, we introduce the notation

Ay - B FC, A;- B F(C,

D, D
A-BFC = [Q; Qf] = | " a=BaFcC, 44— B,FC, ] (4.18)
€ € € €

Q+CTFTRFC= [QI ‘h]
93 94

_[@i+CIfFTRFC, Qi+ CiFTRFcz
“|QY + CTFTRFC, Q3+ C{FTRFC,
with obvious definitions for D]s and ¢js, i = 1, 2, 3, 4.
Partitioning (4.12)-(4.13) compatible to (4.9)-(4.10) and using (4.17)-
(4.19) will produce the following set of equations

4.19)

DL+ LD 4 DPLE 4 LD 410 w2
LD 4+ e DPLEH 4 1D 4 e DPI =0 @21)
L{I D" 4 DO LY 4 pY LD 4 L DO” 4 er = 0 422)
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and

Dg.‘)” Kl(.'+1) + Kl(m) Dgi) + D:(,‘)T Kgm)’ + K§i+1) D:(;') + qgi) —0
(4.23)

)T

K§i+1)D£i)+€D£i)TK§i+1)+D:(; K(t+l)+K(:+l)D(t)+q(t) =0 (4.24)

. . . . WT . . T . .
K§z+l)D£:) + Dg,)TKE(;+1) + eDga) K;:-H) + €K§'+1) Dg) + q:(;) =0

(4.25)
where
DY) = 4, - BiF9¢,, DY) = A, - B,FOC,
DY) = A3 — B,FOICy, DY) = Ay - B,FOC,
and
¢) = Q1 + CTFO' RFOIC,

o) = Q; + CTFO" RFOIC,
o) = Q3+ CTFOTRFOC,, i=0,1,2,3,..

Since the matrix A — BF()C has n, slow eigenvalues of 0(1)
and n, fast eigenvalues of O (1), then det (A — BFU)C) is of O (;),
which makes (4.12) and (4.13) numerically ill-defined. However, the
partitioned forms of (4.12) and (4.13), given by (4.20)-(4.22) and (4.23)-
(4.25), obtained after multiplying equations for L, (K2) and L3 (K3) by
¢, comprise the well-defined numerical problems, but there are no avail-
able methods for their solution. In what follows, we will derive the effi-
cient numerical scheme for solving (4.20)-(4.22) and (4.23)-(4.25). Even
more, the slow-fast decomposition will be achieved, and the required
solutions will be obtained in terms of low-order problems of dimensions
ny and n, — the original problems (4.20)-(4.22) and (4.23)-(4.25) are
of dimensions n; + 7.

Equations (4.23)-(4.25) form the standard Lyapunov equation of
singularly perturbed linear systems. It is a special case of the more
general Lyapunov equation studied in (Gajic et al., 1987). Its zeroth-
order solution is obtained by setting ¢ = 0 in (4.23)-(4.25), which after
some algebra produces

Kg‘u) D(();) + Dg)TK?H) + Gg‘)r G((;) =0 (4.26)
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KDY + DO KEH 4 o) = ¢ 4.27)

. : ; )T (i i i)~
K(2'+1) __ (Kf“)Dg) + D:(;) K:(,“) + qg )) Dg) (4.28)
where
D) = DY - DD

G(f) _ G(i G(i)D(i)-lD(f) G(i ,(’i)= p=1,3
Note that there is no need to calculate the square roots of q,(,')’s The

expression for G(’ is used in (4.26) only to simplify notation, but not
for real calculatlons since

)7 A i i i )T A
q(')=G£') Gg), G( G( q§)=Gg) Gg)

The zeroth-order solution
i+1 i+1
K( ) ng )

Kg.i+1) = i i+1
I )

4.29)

is O (¢) close to the required one K(i+1), We can relate them through
the error term E

¢E = K+ _ g(+1) (4.30)

or by using a compatible partition:

t i 1 i+1
¢E, €€E| _ K-k e (Kg -kt ))
€E] E€Es| |, () - Kg+1))T ] ( K - Kgi+1))

4.31)

Clearly, the O (¢*) approximation of E will produce the O (F+1)
approximation of the sought solution, which is why we are interested
in finding a convenient form for the error equation and an appropriate
algorithm for its solution. It is shown in (Gajic et al., 1987) that the
error. equation is given by

D By + E:D{ + DY BT + B2 =0 (432)
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E: DY) + DY B, + DI KM 4 DO By = 0 (4.33)

. T T . o .
Es Dﬁ') + Dﬁ') Es + Dg) Kg+1) +K(zn+1)T Dgz)
T o
+¢ (DY By + ETD) = 0

and that the following algorithm
Algorithm 4.2:

(4.34)

D((;‘)TE?'H) + E§j+1)D((;‘) - D((),-)T (Kgi+1) + eEgj)) Dﬁ.-)-xp:(;')

. N . T
+D$" DY (K$H +e£() DY = 0

(4.35)
EGtIp® 4 Dﬁ")r EY*) = - D;‘)’ (K(2i+1) +e Egj))
(i+1) N 6) (4.36)
- (Kz' +€EY ) Dy
EGH) — _[p®T (g+D) 4 (g0 4 p®F gli+D] p®™
2 1 2 €L, 3 3 4 4.37)

J1=1223,..

with initial conditions chosen as E{® = 0, E{ = 0, and E{) = 0,
converges to required solution E with the rate of convergence of O (¢)
that is,

||E - E(J')” =0(¢), j=1,23,.. (4.38)

That implies
”K(‘“) - (K(‘“) + eE(J'))” =0(d), j=1,23,.. 439
A

Note that the complete slow-fast decomposition is achieved, that is, the
solution of the Lyapunov equations (4.23)-(4.25) of order n; + n; is
obtained in terms of low-order Lyapunov equations, the slow one (4.35)
of order n,, and the fast one (4.36) of order n.

Equations (4.20)-(4.22) do not represent the standard Lyapunov equa-
tions of singularly perturbed systems due to the fact that the initial condi-
tions satisfy (4.17). In the following, we apply the methodology of (Gajic
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et al.,, 1987) to (4.20)-(4.22) subject to (4.17), and derive the recursive
algorithm for its solution in terms of the reduced-order problems.

Setting € = 0 in (4.20)-(4.22) will produce, after some algebra, the
zeroth-order approximation of (4.20)-(4.22) as

LY PO 4 pOLi+) 4 12 g (4.40)
Li+Y = L+ pl” p@" 441)

L:(,i+1)D£‘)T + D,(:)L;(,Hl) + L;HI)TD:(;)T + D:(;')Lgi“) =0 (4.42)

Even though the complete slow-fast decomposition is not achieved (in
contrary to (4.26)-(4.28)), these equations can be solved in terms of
reduced-order problems in a sequential manner, namely, first solve (4.40),
then (4.41), and finally solve (4.42).

Defining the error as

(i+1) _ 1,G41) — _. | M M
L L eM =¢ MI M,

L£‘+l) _ L§i+1) Lgm) _ Lg“) (4.43)
= . . T . .
(Lgﬁl) _ Lg+1)) L:(,'H) _ Lg+1)

and subtracting (4.40)-(4.42) from (4.20)-(4.22), we get the error equation
as o T . T
DM, + MDY + DOMT + MDY =0 (4.49)

T . T .
MDY + DY M, + MDY + DS M,

+ Dgi)Lng) + Dg.')LgiH) =0 (4.45)
M3D£i)r + D‘(gi)Ms + D:(;)M2 + Mg'Dgi)T +I=0 4.46)

Note that (4.45) is a weakly linear Lyapunov equation. At this point, we
will ignore that fact and solve it with respect to M, as follows

My = - [DY (L§*V + edty) + MDY + DY) (L$*) + e )|
x D™
4.47)
Using (4.47) in (4.44) yields

DMy + 360§ - DODY” E - 0P DY" =0 @49
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where ,
Hy = DOLEHY 4 DO LG+ (4.49)

Thus, the weakly coupled and hierarchical structure of (4.44)-(4.46)
can be exploited by proposing the following recursive scheme, which
leads to the two low-order completely decoupled Lyapunov equations:
Algorithm 4.3:

DOMUHD | p+) pWT _ p® p®~ 5O _ g& p®~ p” — g
(4.50)
MF*Y =~ [BO + M+ D] DO @51)

MIIDYT 4 DY M) 4 DO MEH) 4 MEH DO 1= 0
4.52)
where

O = Dgi) (Lgi+1) + fMéj)) + Dg) (Lgi"‘l) + eMéj)) (4.53)

with j = 0, 1, 2, 3, .., with initial conditions chosen as M{® = 0,
M® =0,and MO = 0.
A
The following theorem summarizes the features of the proposed
scheme (Gajic et al., 1989).

Theorem 4.1 The algorithm (4.50)-(4.53) converges, for sufficiently
small values of €, to the exact solution of the error terms, and thus to
the solution LU+Y), with the rate of convergence of O (¢), that is,

“Mk - M,ﬁ”“ =0(d), k=1,2.% j=1,23,..

©

Research Problem 4.1: Define asynchronous versions of the syn-
chronous parallel Algorithms 4.2 and 4.3 and study the convergence
properties of the proposed algorithms.

A
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4.3 Case Study: Fluid Catalytic Cracker

In order to demonstrate the efficiency of the proposed algorithm and
the failure of the O (¢) theory, we have run a fifth-order real world
example, an industrially important reactor (Arkun and Ramakrishnan,
1983). Matrices A, B,C,Q, and R are given by

-16.11 -039 27.2 0 0
001 -16.99 0 0 12.47
A= 1511 0 -53.6 -16.57 71.78
—-53.36 0 0 -107.2 232.11
2.27 69.1 0 0 -102.99

BT = 11.12 -3.61 -21.91 -53.6 69.1
T 1-126 3.36 0 0 0

o000 1 _ _
C‘[o 100 0]= Q=I5 R=1L

The eigenvalues of the matrix A are -2.8, -7.7, -74, -82, -129. Thus,
we have two slow and three fast variables. The small parameter is chosen
as € = 0.1, which is roughly the ratio of 7.7 and 74.

The theory of singularly perturbed optimal output feedback problems
is derived so far for the O (¢) approximation. Using the O (¢) approx-
imation of the equations comprising the solution of the optimal output
feedback, namely of (4.26)-(4.28) and (4.40)-(4.42), will fail to produce
the desired approximation for this example. Even more, the algorithm
does not converge to the near-optimum solution for the extremely small
values of the parameter o such as 0.001. The cause of the trouble is the
inversion of the quantity CLCT. Its determinant for the optimal value
of L is very small, that is, 0.9736 x 10, and thus, this problem is very
sensitive to O (¢€) perturbations, which can be seen from Table 4.1.

The results from Table 4.1 strongly support the necessity for the ex-
istence of the recursive schemes which can produce any desired accuracy,
that is, the development of the O (¢*) theory.

In Table 4.2, we have presented results for the criterion and the
gain error for the global algorithm (Moerder and Calise, 1985a), and
the corresponding quantities for the proposed reduced-order recursive
algorithm. The initial value for the gain is obtained from (Petkovski
and Rakic, 1978). It can be seen that the initial guess is quite good,
but the global algorithm converges very slowly to the optimal solution.
As far as the criterion is concerned, it takes 28 iterations to achieve an
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a | def[CLICT) | def{[CLCT] | det[CLOCT] | det[CLVCT)
ji=6 ji=1
0.5 || 0.86846 x 10~* | 0.14432 x 10~ | 0.38943 x 10~ o.?gs_s:% X
0.1 || 0.12749 x 1073 " " 0.57491 x 10~°
0.01 |f 0.14244 x 1073 " " 0.31742 x 1077
0.001 (| 0.14413 x 10~3 " " 0.24904 x 10~°

Table 4.1: Determinant of CLCT

accuracy of up to five decimal digits, where J,,; = 0.28573. On the other
hand, the trajectories of the approximate system after 30 iterations are
still far apart from the optimal trajectories since the approximate gain is
only O (102) close to the optimal one. Thus, this algorithm demands
a lot of iterations in order to achieve high accuracy. This fact justifies
even more the necessity for the existence of algorithms which will reduce
computational requirements. In the proposed algorithm, only low-order
Lyapunov equations are involved in algebraic computations. Even more,
at the very beginning, they can be solved with reduced accuracy (j = 1
or 2), and once we approach the optimum, the accuracy can be increased
to the desired one. The third column of Table 4.2 is obtained with j = 2,
for 1 < 16, and j = 6 for ¢ > 16. The second and fifth columns of Table
4.2 are obtained for j = 6 for all #'s. The parameter o is chosen as a =
0.5 since the global algorithm does not converge for a > 0.6.

4.4 Output Feedback for Linear Weakly Coupled
Systems

Consider the weakly coupled linear system (Petkovski and Rakic, 1979)

1 = A1 + €Az + Byuy + €Baug 4.54)

Ty = €Asxy + Agz2 + €B3uy + Byu, 4.55)
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T 10 S = Fope]loc
i i, IS = Fopelloc
j=6 |j=2,i<17 j=6
i>16, j=6
1 0.30487 0.30488 0.30427 2.1520 2.1480
2 0.28733 0.28738 0.28879 0.1635 0.1684
4 0.28615 0.28619 0.28745 0.1296 0.1328
6 0.28595 0.28599 0.28710 0.1093 0.1120
8 0.28588 0.28591 0.28691 0.0913 0.0936
10 0.28583 0.28586 0.28676 0.0764 0.0783
12 0.28580 0.28583 0.28664 0.0638 0.0654
14 0.28578 0.28580 0.28654 0.0533 0.0550
16 0.28577 0.28578 0.28646 0.0446 0.0456-
18 0.28575 0.28577 0.28584 0.0373 0.0380
20 0.28575 0.28576 0.28581 0.0311 0.0317
22 0.28574 0.28576 0.28579 0.0260 0.0256
24 0.28574 0.28575 0.28577 0.0217 0.0219
26 0.28574 0.28575 0.28577 0.0181 0.0181
28 0.28573 0.28575 0.28576 0.0150 0.0149
30 0.28573 0.28575 0.28575 0.0125 0.0122

Table 4.2: Optimal and approximate criteria

— Ci G| |z _ [wn

Y= 1eCs 04] [12] - [yz] 4.56)
where z; € R™ and z, € R"? are state vectors, u; € ™, 1 = 1, 2,
are control inputs and y; € R"™, i = 1, 2, are measured outputs. In
the following, A;,B;, and C;, ¢ = 1, ..., 4, are constant matrices of
compatible dimensions; in general they are continuous functions of a

small parameter (Petrovic and Gajic, 1988).
With (4.54)-(4.56), consider the performance criterion given in (4.4),

with
Q1 sz] [R1 0 ]
= . R= 4.57

9 Qf Q. 0 Ry 4.57)
with positive definite R and positive semidefinite (), which has to be
minimized.
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In addition, the control input u () is constrained to be a direct
feedback from the output y(¢) as given by equation (4.5).

The optimal constant output feedback gain F is given by (Levine
and Athans, 1970)

F=R'BTKLCT (cLCT)™ (4.58)

where matrices K and L satisfy high-order nonlinear coupled algebraic
equations (4.7) and (4.8) and newly defined matrices A, B, and C are

_ A1 €A2 _ Bl €B4 _ Cl 602
A= [€A3 A4] ’ B= [€B3 B4] ’ C= [603 04] (4.59)

Compatible with the nature of their solutions, matrices K and L are
partitioned as

_ K1 €K2 _ Ll €L2
k- | 1=l 2] w

The algorithm given by equations (4.11)-(4.14), described in Section
4.2, can be applied for the numerical solution of the corresponding
nonlinear matrix equations (4.6)-(4.8) with A. B, and C now defined
by (4.59).

In order to simplify derivations, the following notation is intro-
duced:

[A - BFC) = [5; ‘52]
3 M (4.61)
— A1 —B1F1C1 €(A2 —B]cm.;)]
€(A3 - B4F3Cl) A4 - B4F4C4
TFT = [ n 542] 4.62
[@+CTFTRFC] = | 0 (4.62)
where

@1 = Q1+ CTFTR,F,C, + CTFI Ry F5Cy
@2 = Q2+ CTFTR F,Cy + CTFT RyFyC,y
g3 = Q4+ CTFIR\F,Cy + CTFT RyF4Cy

In addition, without loss of generality, it has been assumed that matrices
Bz, Ba, Cz, and Cs are zeros.
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Partitioning (4.12) and (4.13) compatible to (4.59) and (4.60) and
using (4.61) and (4.62), we get the following set of equations
R . . T . . T . T
(4.63)

LgH)Df)T + Dgi)LgiH) + L£i+1)D:(;')T + Dg.')L:(;'H) =0 (4.64)

{0 + DPLE + & (DPLGH + L DY) 1= 0
(4.65)
and
D(') K("H) + K("H)D(‘) + q()

+€ (D(t) K(t+1)7' + I\’(H-])D(')) —

KDY+ D k{4 DO K 4+ KDY 4o = 0 4.67)

(4.66)

. . T . . T . . T .
K§'+1)D£')+D£') I(§z+1)+q:(;)+€2 (Dg.) K§.+1) + K§:+1) Dgz)) =0

4.68)
where

DY) = A, - BiF9¢,, DY) = 4, - BFPC,

DY) = A3 - BsF¢c,, DY) = A, - B,FOC,
and

(i) =Q1 + CTF(")TR] F(‘)Cl + CITF(")T R4F(‘)Cl
" = Q;+ CTFY R FPCy + CTFY" Ry FOC,
(‘) = Qi+ CTFY Ry FPCy + CTFO RiFPCy

with i =0, 1, 2, 3, ...

Equations (4.63)-(4.65) and (4.66)-(4.68) have been studied by
(Petkovski and Rakic, 1979) by using a series expansion method. Their
approach is not recursive in application and they numerically justify it
for O (¢) accuracy only. In this section, we develop a recursive scheme
which will efficiently extend the main results of their work to any arbi-
trary order of accuracy, namely O (€2¥), where k represents the number
of required iterations of the proposed recursive scheme.

Note that all of matrices D;, K;, L;, and ¢; are functions of a small
parameter €. However, dependence on ¢ is suppressed in order to simplify
notation.
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Stability of the matrix given by

D () €D (e)

DY () DY (e)

is guaranteed by (Moerder and Calise, 1985a). Due to block diagonal
dominance of D() (¢), matrices D{) (¢) and D{" (¢) are stable for a
sufficiently small values of ¢ for Vi.

In what follows equations (4.63)-(4.68) will be numerically solved in
terms of the reduced-order Lyapunov and Sylvester equations by using
results from (Gajic et al., 1987).

Notice that equations (4.63)-(4.68) represent standard Lyapunov
equations of weakly coupled systems. An efficient recursive algorithm
for their numerical solution, with O (€Z) rate of convergence, has been
derived in (Gajic et al., 1987). The zeroth-order solutions of these equa-
tions are obtained by setting ¢ = 0 in (4.63)-(4.68)

DO () =

D?’Lf“’ + Lf*l) Dgi)r +I1=0 (4.69)

L(2i+1) D‘(‘i)T + Dgi)Lng) + L£i+1) D:(;')T + Dgi)L:(’Hl) =0 (470

L DO" 4 DPLE L1 =0 @.71)
and Y P
Dgt) Kgﬂ-l) + Kgl+1)D£') + qg’) =0 @4.72)

o R T . R . . . .
K;I+I)D£‘)+D§') Kgl+1)+D:(;)TK:(;+1)+Kgl+1)D£t)+qgt) =0 (473)

KDY + DI KE + ¢ = 0 (4749

It can be seen that the complete reduced-order decomposition is achieved
in (4.69)-(4.74), that is, one needs to solve four reduced-order Lyapunov
and two reduced-order Sylvester equations.

The existence of the unique and bounded solutions of (4.63)-(4.68) is
guaranteed by the stability of D() (¢), (Moerder and Calise, 1985a). Due

to stability of DP (¢) and Dg') (¢) the unique solutions of (4.69)-(4.74)
exist as well.
The zeroth-order solutions
L6+) Lg+1)T 6Lgn)] G _ [ K$+1)T 6K(?i+1)
eLg+1) L:(;+1) : 6I<(21+1) K(|+1)
(4.75)
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are O (€2) close to the required ones L(i+1) and K (i+1) (see equations
(4.63)-(4.68)). We can relate them through the error terms

G+1) _7G+1) _ 2pp _ 2| M1 eM2
L L =eM=c¢ eMI M, ] (4.76)
- E E
(i+1) _ g(+1) - 2p— 2| &1 €L2
K K =eF=c¢ [6 ET E } @.77

Clearly, the O (¢*) approximations for M and E will produce the
O (e**2) approximations of the required solutions. This is why we are
interested in finding a convenient form for these error terms and the
appropriate algorithm for their solution.

Using the results of (Gajic et al., 1987), it can be shown that these
error equations are given by

T ) . . T
M, 0" + DY My + DY (L + 1)

_ | 4.78)
+ (L + ) DY = 0

W, p) (i) 0 _ 479
MDY + DM, + DMy + MDY =0 (479

T . . .
M3D£') + D‘(;)Ms + D:(;) (L(zlﬂ) + €2M2)

(4.80)
: T T
+ (L + ) DY =0
and . i .
E, DY) + DY B + DY (K(;H) + 62E2) s
+(x§) + @E,) DY = 0 '
ExD{) + DY Ey + E,DY) + DY By = 0 (4.82)
. T - . T .
EsD{) + DY By + (K§*) + €E,) DY)
(4.83)

wT .
+D{ (K§*V + €B,) = 0

The weakly coupled and hierarchical structure of (4.78)-(4.83) can
be exploited by proposing the recursive scheme, which leads, after some
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algebra, to the six low-order completely decoupled recursive equations
Algorithm 4.4:

. . . . . . N\ T
MFIDY" 1 DOMGY 1 DY (L + em))

! 72\ (4.84)
+ (1 + M) DY = 0

MDY 4 DO MEH) 4 pPOMIY 4 MIHIDY" = ¢ (4.85)
M§j+1) Ds.-)r + Dg.') M§j+l) + Dg') (L;i+1) +e Méj))
(i+1) @\T po~ @89
+ (L2 + M) ) Dy =0
and
EU+) pl) + D(')TE(J+1) + D(‘)T KU+ + 2 EW
1 1 1 1 3 ( 2 2 ) (487)

+(K§ + 259 DO = 0
EF*IDY + DI EGH) + BF+IDY + DY B =0 4a89)

)T

ES*VDY 4+ pO” B+ 4 (K(2-+1)+52E§J)) Dy

4.89

+D{" (Kg‘“) + ezEgﬂ) =0 )

with j = 1, 2, 3, ..., and with initial conditions being chosen as M”) =
EO =0, M® =E®” =0, and M = E = .

A

Observe the decoupled structure of (4.84)-(4.89): the reduced-order
Lyapunov equations (4.84), (4.86), (4.87), and (4.89) are solved first and
then the Sylvester equations (4.85) and (4.88) are solved.

The following theorem is proved in (Harkara et al., 1989).
Theorem 4.2 The algorithm (4.84)-(4.89) converges, for sufficiently
small value of ¢, to the solution of the error terms, and thus to the required
solutions L(+1) and K(+1), with the rate of convergence of O (€?).

o
Research Problem 4.2: Derive an asynchronous version of the parallel
synchronous Algorithms 4.4. Establish a set of necessary and sufficient
conditions for convergence.

A
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4.5 Case Study: Twelve Plate Absorption Column

In order to illustrate the efficiency of the proposed algorithm for weakly
coupled systems, the method is applied to the mathematical model of
a twelve-plate absorption column originally derived in (Lapidus and
Amundson, 1950; Lapidus et al., 1961) — see also (Petkovski and Rakic,
1979; Petkovski, 1981). The system matrix is given by

_ |4 A
i
where
(al (/%] 0 0 0 0 W
az a1 a3 0 0 0
_ _ 0 as a; ap 0 0
Al - A4 - 0 0 az a; Qap 0
0 0 0 as a; Q2
L 0 0 0 0 az a;J
with

a; = —1.73058, az = 0.634231, a3 = 0.538827

Here A; has all entries equal to zero except for (A2)s ; = a2, and A3 has
all entries equal to zero except for (A3)1,6 = a3. The control matrix is

(b 07 0 07
0 0 0 0
0 0 0 0
[B] €B2]= 0 0 [€B3 B4]= 0 0
0 0 0 0
[0 o] [0 b,
with
b, = 0.538827, b, = 0.8809
and the input matrix is
1 00 00 00 O0OO0UOTGO0ODTUO
C= 01 000 O0O0O0OO0OUO0OTO0CTO
“10 00000 0O O0OOT1O
0 0000 OO OO0OUO0OCTOT1
The initial conditions are
:c'i"(o) =[-0.036 -0.066 -0.092 -0.113 -0.132 -0.148]
:cgw (0)=[-0.161 -0.173 -0.182 -0.190 -0.197 -0.203]
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ool e R 15752 = Foptllo
l Jopt red ”Fopt — Fopt|oc
j=6
1 | 097305 | 0.97289 13.038 13.086
2 | 027731 | 027778 4.050 3.975
3 | 024112 | 0.24109 2.527 2.616
4 | 022316 | 0.22308 1.677 2.207
5 | 02159 | 0.21604 1.834 1.574
6 | 021355 | 021372 7.861 0.908
7 | 021286 | 0.21301 11.759 0.477
8 | 021277 | 021281 3.003 0.242
9 | 021274 | 021275 3.157 0.123
10 | 021274 | 021274 4.625 0.064
12 | 021273 | 021273 6.626 0.019
16 | 021273 | 021273 62.600 0.002
18 | 021273 | 021273 36.207 0.000
20 | 021273 | 021273 26.833 0.000
22 * | 021273 * 0.000

* = the global algorithm fails to produce solution for ¢ > 21

Table 4.3: Optimal and approximate criteria and gains

The penalty matrices in the performance index are Q = I3, R = I,.
The small coupling parameter ¢ is equal to 0.5.

In Table 4.3, we present results for the criterion and the gain error for
the global algorithm (Moerder and Calise, 1985a), and the correspond-
ing quantities for the proposed reduced-order recursive algorithm. The
parameter o is chosen as o = 0.5.

In order to facilitate finding the solution to the problem under study
by using the global algorithm and to avoid problems of system instability,
smaller values of o were used. The entries in Table 4.4 show the results
obtained by using o = 0.05 and o = 0.01. The global algorithm fails to
produce a unique value for the solution even though convergence to the
optimal value of the criterion is achieved at : = 116 and i = 55 for a =
0.05 and o = 0.1, respectively.
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The initial value for the gain F(®) is obtained by using the method
proposed in (Petkovski and Rakic, 1978). The global algorithm takes
11 iterations to achieve the accuracy of up to 5 decimal digits, where
Jopt = 0.21273.

It is important to note that the non-uniqueness of the solution of
equations (4.7), (4.8), and (4.58) is shown by the entries in the fourth
column of Table 4.3 which are obtained by using the global algorithm.
It is seen that there are several possible solutions to the optimal control
problem even though convergences to the optimal value of the criterion
is achieved at ¢ = 11. Furthermore, for : > 22, with a = 0.5 the global
algorithm fails to produce the solution so that it can not converge to the
unique value of the gain. From the entries in the fifth column of Table
4.3, it is clear that by using the reduced-order algorithm proposed, the
difficulty of non-uniqueness of the solution to the optimal output control
problem is resolved since the reduced-order algorithm produces a unique
value of the feedback gain F. In addition, there are no problems with
system instability when the reduced-order algorithm is used.

The example clearly shows the superiority of the reduced-order
algorithm over the global algorithm.

All simulation results in this chapter are obtained by using the"
software package L-A-S for computer aided control system design (West
et al., 1985).

Research Problem 4.3: Study the output feedback problem of the sin-
gularly perturbed and weakly coupled linear systems in the context of the
projective control theory (Medanic, 1979; Hopkins et al., 1981; Medanic
and Uskokovic, 1983, 1988; Medanic et al., 1985; Mea et al., 1986;
Arnautovic and Medanic, 1987, 1990; Ramaker et al., 1990; Amautovic
and Skataric, 1991). The projective control technique represents a method
for designing low-order controllers for high-order systems by retaining a
given subset of eigenvalues and eigenvectors.

A
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€=05] [IFe) = Foptlloc | 1) — Foptlloc
i o = 0.05 a = 0.1
1 13.028 13.028
10 3.175 1.587
20 | 1.626 1.107
30 1.058 2.071
40 1.025 2.666
50 1.249 0.608
60 1.811 1.110
70 2.527 1.753
80 2.631 2.019
90 1.632 2.069
100 0.826 2.009
110 0.714 1.903
120 0.949 1.783
130 1.253 1.666
140 1.510 1.555
150 1.692 1.456
160 1.804 1.366
170 1.864 1.283
180 1.889 1.210
190 1.888 1.144
200 1.867 1.082

Table 4.4: Nonuniqueness of the global algorithm
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Chapter 5

Linear Stochastic Systems

In this chapter, we study the stochastic optimal control of linear time
invariant singularly perturbed and weakly coupled systems in both con-
tinuous and discrete-time domains. The main issue in the linear optimal
stochastic control is the design of the optimal Kalman filter which has
the same order as a dynamical system under consideration. In the case
of large scale systems composed of slow, fast, and weakly coupled state
variables, it is possible to replace the design of the global Kalman fil-
ters in terms of the reduced-order Kalman filters. In addition to these
on-line simplifications, we also present the simplified calculations of the
regulator and filter gains by using the corresponding parallel algorithms
derived in Chapters 2 and 3.

5.1 Recursive Approach to Singularly Perturbed
Linear Stochastic Systems

Singularly perturbed linear stochastic continuous-time estimation and
control problems have been studied in the past by a few researchers
(Haddad, 1976; Haddad and Kokotovic, 1977; Khalil and Gajic, 1984,
Teneketzis and Sandell, 1977). The paper (Khalil and Gajic, 1984) seems
to be the most complete one; it alleviates the difficulties of the previous
approaches and is conceptually simple. We shall briefly summarize
the main results of (Khalil and Gajic, 1984). Consider the singularly
perturbed system

& = A171 + A222 + Biu + Ghw 5.1
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61'?2 = A3£L'1 + A4Z2 + Bz’u + Gz'w 5.2
with corresponding measurements y () € R™
y=Ciz1+Caz2 + v (5.3)

where z; € R™ and z, € R are state vectors, u € R™ is a control
input, w € K™ and v € R™ are zero-mean, stationary, white Gaussian
noise with intensities W > 0 and V' > 0, respectively, and ¢ is a small
positive parameter. In the following, A;, B;, G;,C;, i =1, .., 4, J
= 1, 2, are constant matrices; in general, they are analytic functions of
€ (Khalil and Gajic, 1984). With (5.1)-(5.3), consider the performance
criterion

t
lim 1 z1\" 31) T
= — 4
) ,:;_stl_toE{/[(zz) B (2) 4 oh] & oo
to

with positive definite R, and positive semidefinite R;, which has to be
The optimal control is given by
U= —F1 (6) f:l - F2 (E) 52 (55)

where £, and &, are optimal estimates of the state vectors z; and z;

$1 = A1d1 + Agd2 + Biu+ K1 (€) (y — C131 — C222)  (5.63)
€ty = Az + AyZy, + Bou+ K, (6) (y - C1& - Cziz) (5.6b)

The matrices Fy, F, and K,, K, are regulator and filter gains,
respectively

Fy=R;' (BTP, + BTPT), F,=R;'(eBTP,+ BIPy) (572)

K= (@iCT +Q:CT) v, Ky = (eQFCT +QsCT) V™! (5.7b)

where P;, Q;, 1 = 1, 2, 3, are solutions of the corresponding regulator
and filter Riccati equations

AT () P(e)+ P(e)A(e)— P(e)Sr(e)P(e)+ Ri =0  (5.8a)
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0 . u(t) y(t)
——Q Plant -
Kalman
Filter

Figure 5.1: Optimal feedback control law with global Kalman filter

A(©Q()+ QAT (- Q()SF() Q)+ G () WGT (f)g é]b)
with scaling compatible to the nature of their solutions .

ro-ldy @ eo-[§ &) e

and newly defined matrices as

r0=[4 2] so=[B]. c0=[&]

C =[C1, Ca), Sr(€)=B(e)R;'BT (¢), Sp=CTV"IC

Eliminating u from (5.6), by using (5.5), the optimal filter can be
represented as a system driven by the innovation process v = y—Cy&; —
Cgig

:zl\?l = (A] —BlFl)i] +(A2—B1F2)572+K1V (5113)
€§,‘2 = (A3 - B2F]) (%1 + (A4 - BgFg) (%2 + Kgl/ (5.11b)

The block diagram for the optimal control law given in terms of the
global Kalman filter is represented in Figure 5.1.

As was shown in (Khalil and Gajic, 1984), for the purpose of
achieving decomposition on the slow and fast variables, this filter is
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transformed via the use of a nonsingular transformation (Chang, 1972)
into new coordinates

[z;] _ [In1 -LeML -IeM] [:;] 5.12)

so that the filter becomes
fiy = [(41 = B1Fy) = (A2 = B1F2) L)y

(5.13a)
+ (K1 - MK, - eMLK,)v
efiy = [(As = BoFy) + €L (A2 — B1F)] iy (5.13b)
+ (Kz + 6LK1) 14
with -the innovation process
v=y—(Cy—CL)ih —[C2+ €(Cy — C2L) M] o
The optimal control is now given by
U= -—(Fl —FzL)ﬁl —[F2+€(F1 —FzL)M] 72 (5.14)
Matrices L and M satisfy
(A4 — B, F) L — (A3 — BoF) (5.152)
—GL[(AI —BlFl)—(Az—Ble)L] =0 )
—M (A4 — BgFg) + (A2 -— B]Fg) -— GML (A2 - B1F2) (515b)

+€[(A1 - B]Fl) - (A2 - .B]Fg) L]M =0

Thus, in order to find the optimal solution in the decomposed form above,
we have to solve two Riccati equations (5.8a)-(5.8b), a weakly nonlinear
equation (5.15a), and a linear equation (5.15b).

The following lemma is summarized from (Chow and Kokotovic,
1976; Khalil and Gajic, 1984).
Lemma 5.1 If A, is nonsingular and the triples (Ao, By, po),
(Ao, Go; Co), (A4, B, p2), (A4, Go, C3) are stabilizable and de-
tectable, then for a sufficiently small ¢, equations (5.8a)-(5.8b) will have
unique stabilizing solutions which possess power series expansions at
e=0.

o
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Matrices appearing in Lemma 5.1 are given by

Ao = A] - AQAZ]A;;, Bo = B] - A2AZ]B2
Go - G] - AgAZlG’z-, Co = Cl - CzAZlA;;
Ri=(p1p2)" (p1p2), po=p1—p2A;'ds

Using the results of Lemma 5.1 the approximate stabilizing control
is defined as

o) = - () - FO10) o9

~ [F + e (F® - F{P1®) M®)] 4P .
with approximative filters
Ao [( A, - B,F%* )) - ( A, — B Fék)) L(k)] 7k)
+ (ka) _ M(k)Kl(,k) _ eM(k)L(k)K](k)) () (5.17a)
(k) [(A“ BaF, 2(’:)) +eL® (A2 — B 2(“)] 7" (5.17b)

+ ( KR 4 eL® Kl(k)) (k)
where
V¥ =y~ (€1 - LW 7
_ [02 (01 CZL(I:)) M(k)] »(k)

and

F = B;* (BIP® + BIPFY) = i +0 (&)

K("> (Q(k)CT 4 Q<’=>CT) V=K +0 (&)

K = (FVCl+QPcT) v = Ky +0 (&)

Corresponding block diagram for the approximate (near-optimal)
control law is shown in Figure 5.2.

The main result from (Khalil and Gajic, 1984) can be summerized
in the following theorem.
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u() y(t)
0 Plant

Slow
Kalman Filter

Fast
Kalman Filter

Figure 5.2: Approximate feedback control
law with slow and fast Kalman filters

Theorem 5.1 Suppose that conditions of Lemma 5.1 hold. Let z, and z,
be the optimal tra {ectones and J be the optimal value of the performance

criterion. Let :c (k) and J¥) be the corresponding quantities under
the approximative control law u.(,,,), then

J(k)J_ J -0 (e") (5.18)

var (:n § ) (0] ( ) (ast — o0) (5.19a)
var (zz -z, )) ( e ) (ast — o0)  (5.19b)

Note that by choosing appropriate initial conditions for (5.17) as ’
“(k) (0)= ( - eM(")L(")) 21 (0) — eM®) g, (0)
7 (0) = L®z, (0) + £, (0)
then (5.19) holds for all ¢ > 0.
Exercise 5.1: Prove Theorem 5.1. Hint: (Khalil and Gajic, 1984). A

Using standard techniques (Jamshidi, 1980; Bittanti et al., 1991) for
the direct solution of the Riccati equation (5.8) can be inappropriate since
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one would be faced with the stiff numerical problem of the full-order.
The well-known singular perturbation techniques (Kokotovic and Yackel,
1972), based on the power-series expansion with respect to ¢, will convert
given full-order stiff problem (5.8) to the family of well-defined reduced-
order problems for which direct methods (Jamshidi, 1980; Bittanti et al.,
1991) are very well suited. However, the power-series expansion method
is not recursive in its nature. When we are interested in a high degree
of accuracy or when ¢ is not very small, which can often be the case,
the size of the computations required can be considerable, even though
we are solving low-order problems. In such cases, the advantage of
doing series expansion method is questionable. The presence of a small
parameter ¢ can be exploited from a different point of view, which has
been done in Chapter 2.

In summary, we can notice that the complete solution of the linear-
quadratic Gaussian (LQG) control problem for singularly perturbed sys-
tem is based on the solution of the algebraic Riccati equations (5.8) and
algebraic equations for the transformation matrices L and M, namely,
(5.15). Thus, the nature of their solutions determines the nature of the
overall LQG problem. The algebraic Riccati equations can be solved
using results from Section 2.2.2.

The filter equation (5.8b) can be solved by the same algorithm taking
into account the following analogies

A~ A, Ay— A, As— A], Ay— AT;
Bl—-*C;r, BQ—PCZT, R2—>V
pip1 = GIWGT, plps » GIWGE, p]ps - GaWG]

Thus, the remaining problem is to find a corresponding procedure
for solving (5.15).

Solutions of the L and M equations (5.15) that are needed for our
LQG optimal control can be sought through the iterative form proposed
in (Kokotovic et al., 1980) — see also Sections 2.2 and 8.1.

L6 = (4= ByE™) T (43— ByE™) + ¢ (44 - BEM)

x L) [(A1 - BiF™) - (4, - }311?2("’))”1 L<f>]
(5.20)
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MG+ = (‘42 - BIF.‘SN)) (A4 - BzeSN))—l

—eMO LM (A2 - BFN )) (A4 — B FN )) -

n [(Al _ BIFI(N)) _ (A2 _ BIF;SN)) L(N)] (5.21)
xMO (4= BFM) 7, iz 1,2, N -1
with initial values
1O = (4= BF®) " (4 - B.EO) (5.22)
MO = (4, - BF") (44 - B,F) - (5.23)

Note that in (5.20) F\™ and F{™) have already been determined using
(5.7a) and the solution of the Riccati equation (5.8) which can be obtained
using the algorithm from Section 2.2. The same holds for L) in
equation (5.21).

Equations (5.20) and (5.21) take the forms

D3L =N + 68‘1 (L. 6) (524)

MD; =7, + €32(M, L¢) (5.25)

where Dj is a stable matrix, ; and v, are known constants, $; and <
are nonlinear functions. Then the following theorem holds for L and M.

Theorem 5.2 Under the conditions of Theorem 5.1, algorithm (5.20)-
(5.21) converges to the exact solution L and M with the rate of conver-
gence of O (¢), that is

| L=LE |=0(e) || L-LO |
| M =MD =0 (e) || M - M |

or equivalently

| L-LO ||= 0 (€)
| M- MO =0 (¢)
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Proof of this theorem uses the same arguments as the proof of
Theorem 2.2 and thus is omitted here.

So far we have developed the iterative procedures that generate
in a very efficient way all coefficients for the approximate solution of
LQG (5.16)-(5.17). Those coefficients for an O (€¥) accuracy of the
approximation of LQG are obtained by doing k — 1 iterations on the
same set of equations. Contrary to the power-series expansions, where
we have to solve k-different sets of equations, our iterative scheme is very
useful in the case where a high order of accuracy is required. Instead
of defining and solving a new set of equations, we perform just one
additional iteration on the already existing set of equations. On the other
hand in both cases we are faced with low-order numerical problems (in
fact they are of the same order).

Equations (5.16)-(5.17) can be written in the following composite
forms

uh) = =) - £ (5.26)
s (k N
AR = Bk 4 B (k) (5.27)
s (k N
ety = {77 + g{u® (5.28)
where
(k) — y— f(k)ﬁ(k) - {(")ﬁ(k)
with obvious expressions for f(k) (k) (k) f(k) , = 1, 2. The sub-

optimal criterion

lim (k) #® .
7 = o tl-to { / [ i” )+u(k) Ryu® | dt
1—00

(5.29)
is then given by
1O = tr{ Rig) + fOT RGP, f0 = (19 f9) (530
where
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(®) z(") ®) )
g1y =Var| "Ly | and g3 =Var (k)
) 2
Quantities qyf) and qgl;) can be obtained by studying the variance
equation of the following system

IE T
D= a0 a oPhe T
O T A A B S R i
€My g3 'C1 g3 Ca -9 C2 ay’ —9; &

(5.31)
or, in a composite form

20 = AWZ® L GWg @ = (wT oT)T (5.32)

with obvious definitions for A*) and G(¥),
The variance of Z(¥) denoted by ¢(¥) is given by the well-known
Lyapunov equation

ARG 4 AR L GRIFGWT = 0. W = diag(W, V) (5.33)

where ¢(¥) is partitioned as

w_[dr o
N2 922

This procedure is demonstrated in the next section by a numerical
example, showing the required convergence properties

fl(k) - flopt
agk) N aa:l;pt

k
g" — g

¢®) _, gort

JF) . gort
k=0,1,..; i=1,2.
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Exercise 5.2: Find the value for the optimal performance criterion in
the new coordinates, namely, in terms of Var (7, 72,71, 72). Are white
noise processes w (t) and v () correlated in the new coordinates?

A

5.2 Case Study: F-8 Aircraft LQG Controller

In order to demonstrate the numerical behavior of the near-optimum
design of singularly perturbed LQG regulators, we present results for an
LQG controller of an F-8 aircraft which was considered in (Teneketzis
and Sandell, 1977). The controller is designed to produce elevator
commands to keep the aircraft in steady level flight in the face of wind
disturbances. For simplicity, the wind disturbance is modeled as white.
The aircraft’s longitudinal variables are

u=26

where

V  horizontal-velocity deviation (feet/second)

v flight-path angle (radians)

a angle of attack (radians)

g pitch rate (radians/second)

6. elevator deflection (radians)

The equations of motion of the airplane are a set of coupled nonlinear
equations in the longitudinal and lateral state variables. If the equations
are linearized about the nominal state and control variables, the resulting
linear equations are found to approximately decouple into separate sets
of the longitudinal and lateral dynamics. In our case the system model
is given by

-1.357x 102 -32.2 -46.3 0
1.2x 104 0 1.214 0

-1212x10"* 0 -1214 1
5.7 x 10~4 0 -9.01 -0.6696

—

8 8 8 &
[ AN
-+

-

Z
P
I3
Z4
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~0.433 —46.3
0.1394 1.214
T 01394 | %t | —1.214
—0.1577 ~9.01
%
o o0 0 1]]|%
y‘[l 0 0 0] g | Y
%4

where the white noise processes w and v are independent and have
intensities W = 3.15 X 10~% and V = diag [6.859 X 1074, 40]. The
performance criterion is

. t
= Jbm %E / [0.0122 + 3260 (32 + 22 + u?)] dt
ty—oc f 0 to

The reader is referred to (Teneketzis and Sandell, 1977) for a dis-
cussion of the modelling aspects and the choice of J.

The open-loop eigenvalues are -0.94 + j2.98 and -0.0075 + j0.0076
which shows clearly the two-time-scale property of the system. The
choice of the state variables adopted in (Teneketzis and Sandell, 1977)
led to a formulation in which the first two variables are slow variables.
A logical choice of the parameter ¢ is ¢ = 0.025, which is roughly the
ratio of the magnitude of the slow eigenvalues to the magnitude of the
fast eigenvalues. The singularly perturbed nature of this system becomes
more evident (Chow, 1982) by using a state transformation z = T'%

where
1 1618 133.92 200

0 500 408 61
0 0 600 0
0 0 0 200

Introducing e artificially by multiplying the left-hand sides by 0.025,
the system takes the singularly perturbed form of (5.1)-(5.4) with

T =

A, — [0.278386  —0.965256 4, = [-0.074210  0.016017
17 10.089833 —0.290700 | “*27 | 0.012815 —0.001398

A = | —0:001815  0.005873 A, = [0.030344  0.075024
371 0.002850 —0.009223 | ° “*~ | -0.075092 —0.016777
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B, = [174.907714 B, = | —2:091000
1= | 54.392760 |° 27 1 -0.780500

v _ [ 0010000 —0.032360
P1PL=1_0,032360 0.104717

r _ [—0.000032 —0.000130
P1P2= 1 0000102  0.000421

v _ [0.009056 0.000000
P2P2 = | 0.000000 0.018502

R, = 3260, W =0.000315, V = diag {0.000686, 40}

Cy = 0 0 C, = 0 0.005000
=11 -3.236000 ] ° 27 1-0.003152 0.013020

. = [ 46626960 G, = [ —18:210002
1= 7.858776 2= | _45.049998

Corresponding results are shown in Table 5.1

5.3 Recursive Approach to Weakly Coupled Linear
Stochastic Systems

The linear-quadratic Gaussian control problem of the weakly coupled
continuos-time systems is studied in this section by using the results
reported in (Shen and Gajic, 1990a). Corresponding result for another
class of small parameter systems — singularly perturbed systems (Koko-
tovic and Khalil, 1986), has been presented in Section 5.1 — by using
the fixed point theory. Although the duality of the regulator and fil-
ter Riccati equations can be used, together with the results presented in
Chapter 2, to obtain corresponding approximations to the regulator and
filter gains, such approximations will not be sufficient, because they only
reduce the off-line computations and do not help the on-line computa-
tions of implementing the Kalman filter which will be of the same order
as the overall weakly coupled system. The weakly coupled structure of
the global Kalman filter is exploited in this section such that it may be
replaced by two lower order local filters. This has been achieved via the
use of a decoupling transformation introduced in (Gajic and Shen, 1989).

In this section, we present the approach to the decomposition and ap-
proximation of the linear-quadratic Gaussian control problem of weakly
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First Second Third Forth =
Optimal
h -0.000448 -0.000449 -0.000449 -0.000449
0.002551 0.002554 0.002554 0.002554
fa -0.000493 -0.000496 -0.000496 -0.000496
-0.000061 -0.000065 -0.000065 -0.000065
0.000230 0.000234 0.000235 0.000235
(1 -0.000863 -0.000881 -0.000882 -0.000882
0.999329 0.999314 0.999314 0.999314
-3.233571 -3.233517 -3.233516 -3.233516
0.000004 0.000004 0.000004 0.000004
(2 0.005009 0.005009 0.005009 0.005009
0.010988 0.011113 0.011143 0.011143
0.019571 0.019609 0.019625 0.019626
0.355782 0.355852 0.355843 0.355843
a -1.409892 -1.410409 -1.410384 -1.410384
0.114433 0.114482 0.114480 0.114480
0.429934 -0.430155 -0.430148 -0.430149
-0.031306 -0.031313 -0.031314 -0.031314
a, 0.074993 0.074936 0.074936 0.074036
-0.075317 -0.075317 -0.075317 -0.075317
-0.016826 -0.016829 -0.016829 -0.016829
25.459425 | 25.898515 | 25.897536 | 25.920266
g1 0.000494 0.003132 0.004113 0.004134
7.792644 7.945627 7.930356 7.936231
0.001299 0.000704 0.000723 0.000723
9.084229 9.104124 9.103953 9.103760
22 0.001998 0.001986 0.001972 0.001971
22483368 | 22.486045 | 22.486804 | 22.486923
0.0018733 0.001870 0.001875 0.001875
J 25.066942 | 25.066604 | 25.066597 | 25.066597

Table 5.1: A successive approximation solution of LQG for an aircraft F-8

coupled systems by treating the decomposition and approximation tasks
separately from each other. The decoupling transformation of (Gajic and
Shen, 1989) is used for the exact block diagonalization of the global
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Kalman filter. The approximate feedback control law is then obtained
by approximating the coefficients of the optimal local filters with the ac-
curacy of O (¢V). The resulting feedback control law is shown to be a
near-optimal solution of the LQG by studying the corresponding closed-
loop system as a system driven by white noise. It is shown that the order
of approximation of the optimal performance is O (¢"V), and the order of
approximation of the optimal system trajectories is O (¢?V). All required
coefficients of the desired accuracy are easily obtained by using the recur-
sive fixed point type numerical techniques developed in Chapter 2. Given
numerical algorithms converge to the required coefficients with the rate
of convergence of O (€2). In addition, only low-order subsystems are in-
volved in the algebraic computations and no analyticity requirements are
imposed on the system coefficients — which is the standard assumption
in the power-series expansion method. As a consequence of these prop-
erties, under very mild conditions (coefficients are bounded functions of
a small coupling parameter over ¢ € [0, ¢;]), in addition to the standard
stabilizability-detectability subsystem assumptions, we have achieved the
reduction in both off-line and on-line computational requirements.

This section is organized as follows. At beginning, we study the
approximation of weakly coupled systems driven by white noise. It is
shown that an Nth-order approximation in which the system coefficients
are O (V) close to the exact ones is a valid approximation in the
sense that the differences between the exact and approximate solutions
are O (¢2V). Then, we use these results in the study of the LQG
problem. A decoupling nonsingular transformation is used to represent
the Kalman filter in new coordinates in which local filters are completely
decoupled. An Nth-order approximate feedback control law is defined
by approximating coefficients by O (¢"). A study of the corresponding
closed-loop system, shows that the absolute increase in the performance
criterion over its optimal value is O (eV).

Consider the linear time-invariant weakly coupled system driven by
white noise

[xl] _ [ A]] (6) €A12 (6)] [2‘1] + [ G]] (6) €G12 (6)] [’!D]

:i?z - €A21 (6) A22 (6) Zo 6G21 (6) Gzz (6) 21.;2 5)
where z; € R™, w; € R™, i = 1, 2, and ¢ is a small parameter. The
system matrices are bounded functions of ¢, (Gajic et al., 1990; Harkara
et. al, 1989; Petrovic and Gajic, 1988) of appropriate dimensions. The
inputs w; (t) are zero mean, stationary, Gaussian uncorrelated white noise

processes with intensities W; > 0, ¢ = 1, 2. It is well known that the
variance of the linear systems driven by white noise is given by the
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Lyapunov equation (Kwakernaak and Sivan, 1972). In order to assure
the existence of its solution we assume that A;; (¢), ¢ = 1, 2, are stable
matrices. The purpose of this section is to study approximations of z; (1),
i = 1, 2, when ¢ is small. We are interested in approximations z! (t)
which are defined by the following equations

-0 #1139 Fll

where

Aij () = Aff () = 0 ("),

. (5.37)
Gi; (¢) - G Y@€)=0(), ij=12
The quantities of interest are the variances of the errors
ei(t)=z;(t)—zN (), i=1,2 (5.38)

at steady state. We study the impact of the steady state errors on a
quadratic form given by

HT H HT J
o= tr{[ JT ((:))H ((:)) JT ((:))J ((66))

<p (200 2040,

where H (¢) and J (¢) are bounded functions of € also. Such a quadratic

form appears in the steady state LQG control problem. We examine the
approximation of ¢ by oV defined by

v, [HN BN (¢ HN’(e)JN(e)]
= N EN () TV () IV (¢)

MOEOREMOR0
"E[ N)e (1) ol (1)al" (t)]}

(5.39)

(5.40)

where

Ne)-H(e)=0("), IN(e)=J(e)=0 (") (5.41)

In the following we will suppress the e-dependence of the problem
matrices in order to simplify notation.

The main results of this section are given in the following two
theorems.

126



LINEAR STOCHASTIC SYSTEMS

Theorem 5.3 Under stability assumptions imposed on A;;, i = 1, 2; the
approximation errors at steady state satisfy

Var{e;} =Var {z; -z} =0 ("), i=1,2

5.42
Cov {e1, 2} = O (e2V) 42

©

Theorem 5.4 Under conditions stated in Theorem 5.3, the quadratic
forms (5.39) and (5.40) at steady state satisfy

Do =0-0d"=0/() (5.43)
©

Proof: The proof of these two theorems can be obtained by studying the
following augmented system driven by white noise

j:l All 0 €A11 0 T

| _ | O(N) AN O(eNt) eAN| | e

Ea| €Ay 0 Az 0 T2

€9 0] (eN“) eA O (V) AN €2

Ty o
O (e O (e wy
5.44
+ €Gy Ga [ w2 ] ( )
O (N+1) 0 (eY)
For shorthand notation (5.44) is written as

z=Az+Tw (5.45)

with obvious definitions of z,w, A, and I'. The variance of z at steady
state is given by the algebraic Lyapunov equation (Kwakernaak and
Sivan, 1972)

0=AQ + QAT + TwrT (5.46)
where
w0
W= [ 0 Wg]

The variance of z is partitioned as
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Qu Q12 Q13 Q14
Q= QT;} Q22 €Q23 €Qa2
€ P GQ% Q33 Q34
€Qiy €Q24 Qg; Qa4

Studying the partitioned form of (5.46) will produce (after lengthy
calculations)

Q;=0(1), j=11,13,33 (5.47a)
Qij =0 (), ij=22,24,44 (5.47b)
Qij=0("),  ij=12,14,23,34 (5.47¢)

which proves Theorem 5.3.

Quadratic forms defined in (5.39) and (5.40) can be now expressed
in terms of the elements of the matrix () as

o=tr {HTHQu + JTJQa3 + 2¢JTHQ13} (5.48)
and
oN =tr {2€JNTHN (@13 — Q23— Qs+ Q24)}

+tr {HNTHN (@ = 2Q12 + Q22) + IV IV (Qa3 — 2Qss + Q44)}
(5.49)

From (5.48)-(5.49) and estimates for Q;;, ¢,j = 1, 2, 3, 4, one has

Do =0 —-aoN

=0 (V) tr {(Qn + Qa3) + ('HNT‘HN + JN'JN)} +0 (M)
(5.50)
Since @11, Qa3 and HY, J¥ are O (1) quantities, one can conclude that
Ao = O (€M), which completes the proof of Theorem 5.4.

At this point we can introduce the linear-quadratic Gaussian control
problem of weakly coupled systems and study its approximation and
decomposition by utilizing results from Theorems 5.3 and 5.4.

Consider the weakly coupled linear system

1| _ | An(e) edz(e)]| [z Bi1(€) €Bia(e)]| |u

[x;] = [eAl;l (€) A;:(e)] [ z;] t [eBl;l (¢) le:(e)] [u:]
Gu(f) €G12(€)

+ ¢Gan (€) Gn(e)] [zl] (5.50)
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vi| _ [ Cnu(e) €Cia(e)] |7 1

[yz] " 1€Ca(e) Cx (6)] [9«‘2] + [vg] (5:52)
where z; € R™, u; € R™, y; € R™, i = 1, 2, are state, control and
measurement vectors, respectively, and w; € %, v; € R™, i = 1, 2, are
independent zero-mean stationary white Gaussian noise processes with
intensities W;, V;, © = 1, 2. The degree of interaction between subsystems
is measured by a small parameter ¢. With (5.51)-(5.52), consider the
performance criterion

T T
J=tr{DTDE[z‘z}- ‘”“”}]+RE[“‘"§ “‘“i]} (5.53)

TT]  TT, UU]  UU;

with positive definite R. In the following all matrices are bounded
functions of ¢, (Gajic et al., 1990; Harkara et al., 1989; Petrovic and
Gajic, 1988), of the appropriate dimensions. In addition, matrices DT D
and R have the weakly coupled structure. We assume that they are given

by
TnH _ .D1TD1 CDTDz _ R] 0
b'D = [eDg'Dl oip,| ®=|o =
where R; € R™X™: and D?D.' € Ruxni =1, 2.

The optimal control law has the very well-known form (Kwakemaak
and Sivan, 1972)

[B0]-- [ B][a8] e

[5?1 (t)] _ [An €A12] [5‘1 (t)] + [ Bn 6312] [ul (t)}
Z9 (t) T €A A Z9 (t) e¢By1  Bjg U9 (t)
[ K]l GKu] [y1 (t) -— C]]i] (t) - 60]2(&2 (t)]
€Ky  Kao Y2 (t) — €Ca1%1 — Co22 (2)
(5.55)
Introducing the notation

A:[Al] €A12], B___[Bn 6312]7 G = Gn €G12]

€An An €By1 B T leGn  Ga
_ | Cn 6012] _ [Fll €F12] _ | Kn 6-’1’12]
¢= €Cun Cpn |’ F= eFy Fy |’ K= €Ky Ko
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_{w 0 a0
ARSI A
the regulator and filter gains are obtained from
F=R'BTP, K=QCTv-! (5.56)

where P and @ are positive semidefinite stabilizing solutions of the
algebraic Riccati equations

ATP+ PA— PSgRP+DTD =0, Sgp=BR™'BT (5.57)

AQ+ QAT —QSrQ +GWGT =0, Sp=CTV-IC  (558)

Due to the weakly coupled structure of all coefficients in (5.57)-
(5.58), solutions of these equations have the form

[ A ep _| @1 Q2
-y %] e[ &) ew

Solutions of (5.57)-(5.58) can be found in terms of the reduced-order
problems by imposing standard stabilizability-detectability assumptions
on subsystems. The efficient fixed point algorithms for solving (5.57)
and (5.58) are obtained in Section 2.3.2. The algorithms for solving
regulator and filter algebraic Riccati equations of weakly coupled systems
are convergent under the following assumptions.

Assumption 5.1 Triples (A;;, By;, Dy;), i = 1, 2, are stabilizable and
detectable.

A
Assumption 5.2 Triples (A;;, Ci;, Gi;), ¢ = 1, 2, are stabilizable and
detectable.

A

Getting approximate solutions for P and @ in terms of the reduced-
order problems will produce savings in off-line computations. However,
in the case of stochastic systems, where an additional dynamic system
— filter — has to be built, one is particularly interested in the reduction
of on-line computations. We will achieve that by using the decoupling
transformation presented in Section 3.3.

The Kalman filter (5.55) is viewed as a system driven by the innova-
tion process. However, one might study the filter form when it is driven
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by both measurements and controls. The filter form under consideration
is obtained from (5.55) as

[-’31] _ [Kn €K12} [V1] +

&2 €Ky Ky | | v

[ (An = BuFi — €B12Fn)  €(Aiz = BuFiz — BiaFa) ] [il
€(A21 — BuFi1 = BnFn) (An — BnFa — €Bnki) (‘gz 0

with innovation processes

vy =41 — Cn#y — €Crais
. . (5.61)
vy = Y — €Cn iy — Cra2

The nonsingular state transformation from Section 3.3 will block diago-
nalize (5.60) under condition that matrices (An - By Fy; - eanFw)
and (Ajz — By Fz; — €2 By Fy2) have no eigenvalues in common. This
transformation is given by

ﬁ] _ In —GZLH —el 5}1 . | .’i‘]
[ﬁz}"[ s ol e =T E (5.62)

T, = I, eL
27 | —eH I,,-€HL
where matrices L and H satisfy equations given in Section 3.3. The
optimal feedback control expressed in the new coordinates has the form

with
(5.63)

w1 = = fuih — efizih (5.64a)
uz = —¢fnfh — [ (5.64b)
with
7?1 = oy + Buns + €612t (5.652)
g = Q2fjg + €02111 + B2V (5.65b)
where

fu=Fi-€EFpH, fiz=Fa+ (Fu1 - €2F12H) L
fa=Fpn - FpH, fn=Fat+eé(Fy-FpH)L
oy = ayy — €€ay2ll, 03 =an+ ¢ Hayp
Bi1 = K1 — € (LH + LKy), 2= Kiz— LKy — €LHKy,
B = HKyy + Ky, P22 = Ko+ €HEKyy

(5.66)
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and

ann = An — BuFi — €B13Fy1, a3 = Ajz — BiFi2 — BiaFys
az = Az — By Fiy — BooFyy,  agp = Agg — BoyFoa — €2By Fyg

The innovation processes v, and v, are now given by

n =y — dnh — edzi (5.67a)
Vo =1y — Gdzlfh - dgzﬁz (5.67b)

where

dyy = Cpy — €€CyoH, dyg = CyL+ Cra— 2CroHL
dy = Cy — Copd, d2s = Co + €2 (Cqy — Co2H) L

Approximate control laws are defined by perturbing coefficients
Fj, Kij,i,5=1,2; Land H by O (¢*), k = 1, 2, ..., in other words
by using k-th approximations for these coefficients, where k stands for
the required order of accuracy, that is,

ul® = — fB5E _ ¢ pk) (k) (5.68a)
ugk) —¢ g) gk) f(k) ~(k) (5.68b)
with
H = o) 4 k1,0 o gk, (k) (5.69a)
. (k
I D O N
where
Vl(k) =y - d(’" »(k) dg§>,7§k> (5.70a)
ng) =g - d('f)nfk) dg';)ﬁgk) (5.70b)
and

P=ri+0(e), d¥=d;+0(e)
(]5) =0+ (ek) ﬂ(k) =Bi;+0 (ek) (5.71)
Jj=

t

The near-optimality of the proposed control law (5.68) is established
in the following theorem.
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Theorem 5.5 Let z, and z, be the optimal trajectories and J be the
optimal value of the performance criterion. Let :c( U‘) , and J*) be the
corresponding quantities under the approximate control law u(¥), then

J-J® =0 (e") (5.72)
Var { (x, - x"‘))} 0 (e”) . k=0,1,2, .. (5.73)
L]

Proof: The results of Theorems 5.3 and 5.4 are employed by studying a
system of equations driven by white noise. For the truly optimal control
consider the equations

7?1 A A " ¢] 0 o
€1 11 €A12 € 11 €Y52 wy
| = . 5.74
Tl [5A2l Az ] T2 + [6921 O3 ] () (5.74)
é2 €2 W2

where e; = n; — 7;, ¢ = 1, 2, are estimation errors. The corresponding
equation for the approximate control is

N N

Ui "
N N N h N N
A=Ak w2 o] n] e
Up % 2
éy e w2

where e/ = 7; — i}V are corresponding estimation errors. The matrices
A;j, ©;; and AN G)N in (5.74) and (5.75) are obtained in an obvious
way It can be venﬁed that

Aij-AN=0("), 0;-0f=0("), ij=12
and A;; (0), ¢ = 1, 2, are given by

Ai - BiF;  KiCy

Ai(0) = 0 A;i — KiCii

(5.76)
which by stabilizability-detectability assumptions imposed on the triples
(Aii; Bii; D;) and (Aii, Cii, Gii), © = 1, 2, guarantees the stability of
matrices A;; (0). The results of Theorems 5.3 and 5.4 can be now directly
used to establish (5.72) and (5.73).
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Results obtained in in this section are along the lines of those ob-
tained in (Kokotovic and Cruz, 1969). It is shown in (Kokotovic and
Cruz, 1969) that an O (¢V) approximation of coefficients for a determin-
istic linear-quadratic regulator implies the O (¢*") approximation of the
corresponding performance criterion. The same problem for the singu-
larly perturbed linear-quadratic stochastic regulator produces the relative
error of O (¢V) — (Theorem 5.1). In this section, we show that for
the weakly coupled LQG problem an O (eN ) approximation of coeffi-
cients implies the absolute error of the performance criterion of O (€M)
— (Theorem 5.4).

5.4 Case Study: Electric Power System

In order to demonstrate the numerical behavior of the near-optimum
design of weakly coupled LQG regulator, we present results for an
LQG controller of a power system composed of two interconnected areas
(Geromel and Peres, 1985). The system model is given by

0 055 0.0 00 00 =055 0.0 00 0.07
0 0.0 1.0 00 0.0 0.0 0.0 00 0.0

0 -33 -005 60 0.0 33 0.0 00 0.0
0 0.0 00 =33 33 0.0 0.0 00 0.0
A=1|0 00 =52 00 -13 0.0 0.0 00 0.0
0 0.0 0.0 00 00 0.0 1.0 00 0.0
0 33 0.0 00 00 -33 -005 60 0.0
0 0.0 0.0 00 00 0.0 00 =33 33
L0 0.0 0.0 00 00 0.0 =52 0.0 -13
B= 0 000 13000 O
0000 O O0OO0OTO 13
1 043 0 0 0 00 0 0 O
C= 0 00 010 00 00O
-1 00 0 0 0 043 0 0 O
6 00 0 0 O0 00 0 10
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1.0 00 00 00 0.0 00 0.0 0.0 0.07
00 13 00 00 00 -03 0.0 0.0 0.0
00 00 1.0 0.0 00 00 0.0 0.0 0.0
00 00 00 00 00 0.0 0.0 0.0 0.

DTD=100 00 0.0 00 00 00 00 00 00
00 -03 00 00 00 13 0.0 0.0 0.0
00 00 0.0 00 00 0.0 1.0 0.0 0.0
00 00 00 00 00 0.0 0.0 00 0.0

(00 00 0.0 00 00 0.0 0.0 0.0 0.0

_[10 00
R'[o.o 1.0]

It is assumed that G = B, and that the noise intensity matrices are
given by

W] - 0.1, W2 = 0.1, V] = Ig, V2 = 12

We can note relatively big elements in the cross coupling matrices
A1z, Az, and Cy;. The small parameter ¢ is built in the problem. The
value for ¢ should be estimated from the problem strongest coupled matrix
— in this case matrix C. It seems from our experience that the formula

_maz(|| Ciz |, | Car |) _ 1
maz (|| Cua ||; || Caz |]) — 143

= 0.699 .77

produces quite good estimate for ¢, where || || is any suitable norm. In
this example we have used the infinity norm.

It is important to notice that there is no known method in the
literature which produces an upper bound for the small parameter e.
This is true for the entire theory of small parameters (weak coupling and
singular perturbations). It happens that in this particular example, despite
the relatively large value for the small parameter ¢, the proposed method
converges, since the radius of convergence of all algorithms used is less
than one at each iteration. The simulation results are presented in the
following table.

The small parameter ¢ is relatively big in this example, that is ¢ =
0.7. Since O (0.7?6) = 10—, it will require 24 terms in order to get the
accuracy of 10~ if the power-series expansion method is used — which
is not feasible. On the other hand, the fixed pointed method scheme used
in this section will demand 12 iterations (rate of convergence is O (€?))
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k J® JE — g (0.7)%

2 o0 o0 *

4 00 o0 *

6 5.9415 0.9645 0.11765

10 5.1111 0.1341 0.02825

18 4.9788 0.0018 0.00163

26 4.9770 <104 9.4 x 105
Optimal 49770 * *

Table 5.2: Approximate values for criterion

of the presented algorithms — which can be easily achieved. Even more,
it happens in this problem that the O (¢2) and O (€*) approximate filters
do not stabilize the plant-filter augmented system, and the approximate
filter has to be found with the accuracy of at least O (¢°).

Table 5.2 verifies the result of Theorem 5.5, namely J — J(*) =
O (€¥), and support the formula (5.77) for the estimate of the weak
coupling parameter.

The modeling issue for the megawatt-frequency control problem of
multiarea electric energy systems was considered in (Elgerd and Fosha,
1970; Fosha and Elgerd, 1970). A summary of their results can be found
in (Gajic et al., 1990). The same model was used in (Geromel and Peres,
1985) for decentralized load-frequency control.

5.5 Parallel Reduced-Order Controller for Stochastic
Linear Discrete Singularly Perturbed Systems

The continuous-time LQG problem of singularly perturbed systems is
solved in (Khalil and Gajic, 1984) by using the power-series expansion
approach, and later on in (Gajic, 1986) by using the fixed point theory. In
this section, we will solve the discrete-time LQG problem of singularly
perturbed system by using the results obtained in Sections 2.5-2.6 and
Section 3.2.

This section presents the approach to the decomposition and approx-
imation of the linear-quadratic Gaussian control problem of singularly
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perturbed discrete systems by treating the decomposition and approxima-
tion tasks separately from each other. The decoupling transformation of
(Chang, 1972) is used for the exact block diagonalization of the global
Kalman filter. The approximate feedback control law is then obtained
by approximating the coefficients of the optimal regulator and the op-
timal local filters with the accuracy of O (€"). The resulting feedback
control law is shown to be a near-optimal solution of the LQG by study-
ing the corresponding closed-loop system as a system driven by white
noise. It is shown that the order of approximation of the optimal system
trajectories is O (¢+1/2) in the case of slow variables and O (") in
the case of fast variables. All required coefficients of desired accuracy
are easily obtained by using the recursive reduced-order fixed point type
numerical techniques developed in Chapter 2 and Section 5.1. Obtained
numerical algorithms converge to the required optimal coefficients with
the rate of convergence of O (¢). In addition, only low-order subsystems
are involved in the algebraic computations and no analyticity require-
ments are imposed on the system coefficients — which is the standard
assumption in the power-series expansion method. As a consequence of
these, under very mild conditions (coefficients are bounded functions of a
small perturbation parameter), in addition to the standard stabilizability-
detectability subsystem assumptions, we have achieved the reduction in
both off-line and on-line computational requirements.

The results presented in this section are mostly based on the doctoral
dissertation (Shen, 1990) and the recent research papers of (Gajic and
Shen, 1991a, 1991b).

Consider the discrete linear singularly perturbed stochastic system
represented in the fast time scale by (this structure is justified in Appendix
5.1)

1 (n+ 1) = (In, + €A11) 21 (n) + €41222(n)
+eBiu(n) + eGyw (n)
z2(n+ 1) = Anizy (n) + Azez2 (n) + Bau(n) + Gow(n) (5.78)

y(n) = Ch1z1 (n) + Coz2(n) + v(n)

with the performance criterion

J= %E {i [27 (r) 2(n) + T (n) Ru(n)]} . R>0 (5.79

n=0

where z; € R™, i = 1, 2, comprise slow and fast state vectors, respec-
tively, v € R™ is the control input, y € R’ is the observed output,
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w € R and v € R! are independent zero-mean stationary Gaussian mu-
tually uncorrelated white noise processes with intensities W > 0 and
V > 0, respectively, and z € R* is the controlled output given by

z(n) = D]Z] (n) + D2£D2 (n) (580)

All matrices are bounded functions of a small positive parameter ¢ (Gajic
et al., 1990) having appropriate dimensions.
The optimal control law is given by (Kwakernaak and Sivan, 1972)

u(n) = —F%(n) (5.81)
with
Z(n+1)= Az (n) + Bu(n) + K [y (n) — C&(n)] (5.82)
where
A= [In1+€All €A12], B = [GBI]’ C=[Cl 02]
Axn Az B,
K (5.83)
The regulator gain F' and filter gain K are obtained from
F=(R+BTPB)"' BTPA (5.84)
K = AQCT (Vv + cQcT)™! (5.85)

where P and () are positive semidefinite stabilizing solutions of the
discrete-time algebraic regulator and filter Riccati equations, respectively
given by

P=DTD+ ATPA- ATPB(R+ BTPB)”' BTPA  (5.86)
Q = AQAT - AQCT (V +¢QCT) ' CQAT + GWGT  (5.87)

where

D=[D, D,], G=[‘g;] (5.88)
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Due to the singularly perturbed structure of the problem matrices the
required solutions P and @ in the fast time scale version have the forms

_ [ Pu/e P _ | €Qu €@
P_[Psz Pn]’ Q—[fQﬁ sz] -89

In order to obtain required solutions of (5.86)-(5.87) in terms of
the reduced-order problems and overcome the complicated partitioned
form of the discrete-time algebraic Riccati equation, we have used the
method developed in Section 2.5 (based on a bilinear transformation), to
transform the discrete-time algebraic Riccati equations (5.86)-(5.87) into
continuous-time algebraic Riccati equations of the forms

ALP + PAR - PSRP + DEDr =0, Sg= BrRz'BE  (5.90)

ArQ+ QAT — QSrQ + GFWrGE =0, Sp=CEVF'Cr (591)

such that the solutions of (5.86)-(5.87) are equal to the solutions of
(5.90)-(5.91), that is

P=P, Q=Q (5.92)

where T
Ap=1-2 (A}-zl)

BrRy'Bh =2(I+ A)™ BRT'BTAR!
DEDR =207'DTD (I + A)™?
Ap=(I+AT)+DTD(I+ A 'BR'BT

(5.93)

and
Ap=1-2 (A;l)
CEviiCcr =2(I + AT) ' CTV-1CAF!
GrWrGE = 285 GWGT (I + AT)™!
O = (I +A)+GWGT (14 AT) ' ¢Tv-'C

(5.94)

It is shown in Section 2.5 that the equations (5.90)-(5.91) preserve
the structure of singularly perturbed systems. These equations can be
solved in terms of the reduced-order problems very efficiently by using
the recursive method developed in Chapter 2, which converges with the
rate of convergence of O (¢) under the following assumption.
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Assumption 5.3 The matrix A, has no eigenvalues located at -1.
A

Under this assumption matrices Ay and Af, are invertible.

Solutions of (5.90) and (5.91) are found in terms of the reduced-order
problems by imposing standard stabilizability-detectability assumptions
on subsystems.

Getting approximate solutions for P and () in terms of reduced-order
problems will produce savings in off-line computations. However, in the
case of stochastic systems, where an additional dynamical system — filter
— has to be built, one is particularly interested in the reduction of on-
line computations. In this section, the savings of on-line computation will
be achieved by using a decoupling transformation introduced in (Chang,
1972). The Kalman filter (5.82) is viewed as a system driven by the
innovation process (Khalil and Gajic, 1984). However, one might study
the filter form when it is driven by both measurements and control. The
filter form under consideration is obtained from (5.82) as

1 (n + 1) = (I,,1 + €411 - €B1F1)531 (n)
+€ (A12 - Bng) ig (n) + €K1’U(n)
:%2 (n + 1) = (Agl - BzFl) (%1 (n) + (A22 - B2F2)572 (n) + sz((s‘ngs)

with the innovation process
v(n) =y (n) - Clil (n) - Cgf?z (n) (596)

The nonsingular state transformation of (Chang, 1972) will block
diagonalize (5.95). The transformation is given by (see Chapter 3)

[ﬁ](n)] _ [I,,l —eHL -GH] [:&1 (n)] -7, [5:1 (n)] (5.97)

2 (n) L In, | [#2(n) &2 (n)
with I "
-1 _ ny €
Tyl = [_L I,.,-—eLH] (5.98)

where matrices L and H satisfy equations

CLau + (I - 022) L + ag1 — eLauL =0 (599)

H (I — a2 — €La12) + G(an - a12L) H+a;2=0 (5.100)
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with
ann = An - BiFy, ai2=A- B F,

5.101)
az = Ay — BoFy,  agy = A — B Fy (

The optimal feedback control, expressed in the new coordinates, has
the form

u(n) = = fifh (n) = fafj2 (n) (5.102)
with
1“73 (n+1)= alf{l (n) + f‘ﬂlv (n) (5.103)
fiz (n + 1) = aaflz (n) + B2v (n)
where
fl -FRL, fi=F+e¢(F —FQL)H
= In1 +€(a11 —a12l), 03 =az+elax; (5.104)
ﬂl =K, - H(K;+€LK,), By=K;+eLlK,
The innovation process v (n) is now given by
v(n) = y(n) — diijy (n) — dafjz (n) (5.105)
where
= C] - CCgL, dz = Cz + G(Cl - CQL)H (5106)

Near-optimum control law is defined by perturbing coefficients
F;, K, 4,5 =1,2, L and H by O (¢F), k = 1, 2, .., in other words
by using k-th approximations for these coefficients, where k stands for
the required order of accuracy, that is

u® (n) = = fOHB () = fE30) () (5.107)
with
i+ 1) = o8 () + P )
“"" (n+1) = o5 (n) + BHo® (n) '
where
v® (n) = y (n) - 3 (n) - d5{") (n) (5.109)
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and
P=f+0(e¢), d=d+o(e)
o® = o, + 0( )7 50 Z 5, 40 (ek) (5.110)
1=1,2

The approximate values of J(¥) are obtained from the following
expression

J® = %E {E [x(ﬂ” (n) DTDz® (n) + u®” (n) Ru® (n)] }

n=0
1
= 5ir {DTDg}) + 19" Rf 03}
(5.111)
where

T T
) =var {(s) )}, o =var {(i 4%)"}
£ = [fl(k) fék)]
(5.112)

Quantities q(k) and q( ) can be obtained by studying the variance
equation of the following system driven by white noise

[x(") (n+ 1)] | A —-Bfk) ] [z(") (n)
%) (n 4 1) BEIC  a®) —gk)Gk) | [ (k) (n)

+[3 o] 763
al®)

W[l 01 Lw_[B0] gmom gm
4] - 0 a(lc) s ﬂ = ﬂ&‘) : = [dl d2 ]
2 2 (5.114)

] (5.113)

where

Equation (5.113) can be represented in a composite form
T'®) (n 4 1) = AGOTE () + TFw (n) (5.115)

with obvious definitions for A(¥), I1(¥), (%) gn), and w (n). The variance
of I'F) (n) at steady state denoted by ¢(¥), is given by the discrete
algebraic Lyapunov equation (Kwakernaak and Sivan, 1972)

g™ (n + 1) = ABGBAWT 4 OTIET | W = diag (W, V)
(5.116)
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with ¢(¥) partitioned as

. q(k) q(k)
g® = [ i }g)] (5.117)
%12 922

On the other hand, the optimal value of J has the very well-known form,
(Kwakernaak and Sivan, 1972)

J# = 2t [DTDQ + PK (CQCT +V) K] (5.118)

where P, Q, F, and K are obtained from (5.84)-(5.87).

The near-optimality of the proposed approximate control law (5.107)
is established in the following theorem.
Theorem 5.6 Let =, and z, be optimal trajectories and J be the op-
timal value of the performance criterion. Let xg"), 235, and J®) be
corresponding quantities under the approximate control law u(¥) given
by (5.107). Under the condition stated in Assumption 5.3 and the
stabilizability-detectability subsystem assumptions, the following hold

g = J® = 0 (&)
Var {a:, - zgk)} =0 (62"“) (5.119)
Var {a:z - :vgk)} =0 (62") k=0,1,2, ....

v

The proof of this theorem is rather lengthly and is omitted. It follows
the ideas of Theorems 1 and 2 from (Khalil and Gajic, 1984). In addition,
due to the discrete nature of the problem, the proof of Theorem 5.6
utilizes the bilinear transformation from (Power, 1967) which transforms
the discrete Lyapunov equation (5.116) into the continuous one and
compares it with the corresponding equation under the optimal control
law. More about the proof can be found in (Shen, 1990).

Exercise 5.3: Find the values of the optimal and approximate criterion
(of the LQG problem studied in Section 5.5) in the new coordinates,
namely, in terms of Var (m;, 72,7, 72) and Var (ngk), ngk), 7‘1§k), ﬁgk)),
respectively.

A
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5.6 Case Study: Discrete Steam Power System

A real world physical example, a fifth-order discrete model of a steam
power system (Mahmoud, 1982) demonstrates the efficiency of the pro-
posed method. The problem matrices A and B are given by

0.9150 0.0510 0.0380 0.015 0.038
-0.030 0.889 —0.0005 0.046 0.111
A=|-0.006 0.468 0.247 0.014 0.048
-0.715 -0.022 -0.0211 0.240 -0.024
—-0.148 -0.003 -0.004 0.090 0.026

BT =[0.0098 0.122 0.036 0.562 0.115]
Remaining matrices are chosen as

C=[11000

T — 2. —
0011 1]’ DTD=diag{5 5 5 5 5}, R=1

It is assumed that G = B and that white noise intensity matrices
are given by

W=8 Vi=5 V=5

It is shown (Mahmoud, 1982) that this model possesses the singularly
perturbed property with n; = 2, ny, = 3, and € = 0.264.
The simulation results are presented in the following table.

0 13.4918 0229 x 10! |
] 13.4825 0.136 x 10!

2 13.4700 0.110 x 10~2

3 13.4695 0.600 x 10-3

4 13.4690 1.000 x 10~4

5 13.4689 <10
| optimal 13.4689

Table 5.3: Approximate values for the criterion
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It can be seen from this table that the approximate solution has quite
rapid convergence to the optimal solution. This table justifies the result of
Theorem 5.6, that J(¥) — J°Pt = O (¢). Notice that (0.246)° = 3 x 10~*.

5.7 Linear-Quadratic Gaussian Control of Discrete
Weakly Coupled Systems at Steady State

In this section, we study the linear-quadratic Gaussian control problem of
weakly coupled discrete-time systems. The partitioned form of the main
equation of the optimal linear control theory — the Riccati equation,
has a very complicated form in the discrete-time domain. In Chapter
2, that problem is overcome by using a bilinear transformation which is
applicable under quite mild assumption, so that the reduced-order solution
of the discrete algebraic Riccati equation of weakly coupled systems can
be obtained up to any order of accuracy, by using known reduced-order
results for the corresponding continuous-time algebraic Riccati equation.

Although the duality of the filter and regulator Riccati equations
can be used together with results reported in (Shen and Gajic, 1990b)
to obtain corresponding approximations to the filter and regulator gains,
such approximations will not be sufficient because they only reduce the
off-line computations of implementing the Kalman filter which will be
of the same order as the overall weakly coupled system. The weakly
coupled structure of the global Kalman filter is exploited in this section
such that it may be replaced by two lower order local filters. This has
been achieved via the use of a decoupling transformation introduced in
(Gajic and Shen, 1989).

The decoupling transformation of (Gajic and Shen, 1989) is used
for the exact block diagonalization of the global Kalman filter. The
approximate feedback control law is then obtained by approximating the
coefficients of the optimal local filters and regulators with the accuracy
of O (V). The resulting feedback control law is shown to be a near-
optimal solution of the LQG by studying the corresponding closed-
loop system as a system driven by white noise. It is shown that the
order of approximation of the optimal performance is O (¢VV), and the
order of approximation of the optimal system trajectories is O (¢2V).
All required coefficients of desired accuracy are easily obtained by
using the recursive reduced-order fixed point type numerical techniques
developed in Chapter 2. The obtained numerical algorithms converge
to the required optimal coefficients with the rate of convergence of
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O (¢?). In addition, only low-order subsystems are involved in the
algebraic computations and no analyticity requirements are imposed
on the system coefficients — which is the standard assumption in the
power-series expansion method. As a consequence of these properties,
under very mild conditions (coefficients are bounded functions of a
small coupling parameter), in addition to the standard stabilizability-
detectability subsystem assumptions, we have achieved the reduction in
both off-line and on-line computational requirements.

The results presented in this section are mostly based on the doctoral
dissertation (Shen, 1990) and on the recent research papers (Shen and
Gajic, 1990b, 1990c).

Consider the linear discrete weakly coupled stochastic system

z1(n+ 1) = Aj121 (n) + €41222 (n) + B11u; (n) + €B1auz (n)
+Gnw; (r) + €Grawz (n)
z3(n + 1) = €An 7y (n) + A2272 (1) + €Byu; (n) + Bxuz ()

+eGow, (n) + Gaaw, (n)
(5.120)

1 (n) = C1121 (n) + €C1272 (n) + v1 (n)
y2(n) = €Czy (n) + Co222(n) + v2(n)

with the performance criterion

J= EIZ-E {Z [T (n) z(n) + uf (n) Rivi () + ] (n) Ryuz (n)]

n=0 (.121)
where z; € R™, ¢ = 1, 2, comprise state vectors, u; € R™i, i = 1, 2,
are control inputs, y; € R, i = 1, 2, are observed outputs, w; € R
and v; € R are independent zero-mean stationary Gaussian mutually
uncorrelated white noise processes with intensities W; > 0 and V; > 0,
respectively, and z; € R*, i = 1, 2, are the controlled outputs given by

z1(n) = D121 (n) + €D1222(n)
z2(n) = €Dy 121 (n) + Da2z2 (n)

All matrices are bounded functions of a small coupling parameter ¢ and
have appropriate dimensions. In addition, it is assumed that R;, i = 1,
2, are positive definite matrices.

The optimal control law is given by (Kwakernaak and Sivan, 1972)

u(n) = —=F%(n) (5.123)

(5.122)
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with
t(n+1)=AZ(n)+ Bu(n)+ K [y(n) — CZ(n)] (5.129)
where
_ [Au €A12]. B= [Bu 6312]. c=|Cn 6012]
€Ay A |’ €By By |’ €Ca1 Cn
K= [Ku €K12]  F= [Fn €F12]
eKy1 Koo |’ eFy  Fy
(5.125)
The regulator gain F' and filter gain K are obtained from
F=(R+BTPB)"'BTPA (5.126)
K = AQCT (v + ¢cQcT)™! (5.127)

where P and @ are positive semidefinite stabilizing solutions of the
discrete-time algebraic regulator and filter Riccati equations, respectively,
given by

P=DTD+ATPA- ATPB(R+ BTPB)” BTPA  (5.128)

Q = AQAT - AQCT (V + CQCT) ™' CQAT + GWGT  (5.129)
with

R = diag (R, R;), W = diag(W1 W), V =diag(V1 V2)
(5.130)
and

(5.131)

D=[D" fDn]’ G = Gn €G12]

G.Dg] D22 - €G'2] G22

Due to the block dominant structure of the problem matrices the
required solutions P and ¢ have the form

_ Py, an] _ Qn an] 5.132
P_[GPS Py |’ Q= Ql, Qxn (5.132)

In order to obtain the required solutions of (5.128) and (5.129) in
terms of the reduced-order problems and to overcome the complicated
partitioned form of the discrete-time algebraic Riccati equation, we have
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used the method developed in the previous section, to transform the
discrete-time algebraic Riccati equations (5.128) and (5.129) into the
continuous-time algebraic Riccati equations of the form

ATP + PAR —PSRP + DEDRr =0, Sp= BrRg'Bf (5.133)

ArQ+ QAL - QSrQ+GrWrGE =0, Sr = CLV7!Cr (5.134)
such that the solutions of (5.128) and (5.129) are equal to the solutions
of (5.133) and (5.134), that is

P=P, Q@Q=Q (5.135)
where T
Ap=TI-2(LF)) (5.136)
BrRz'BY =2(I + A" BR™'BTAR!
DEDp = 2A5'DTD (I + A)™
Ar=(I+AT)+DTD(I+ A)'BR'BT

and
Ap=1-2 (A;l)
CIvyiCr =2 (I + AT) ' CTV-1CAF!
GrWrGE = 20751 GWGT (I + AT) ™'
Ar=(I+A)+GWGT (I+AT)™'cTv-'C

(5.137)

It is shown in Section 2.7 that the equations (5.133) and (5.134)
preserve the structure of weakly coupled systems. These equations can
be solved in terms of the reduced-order problems very efficiently by
using the recursive method developed in Chapter 2, which converges
with the rate of convergence of O (€2). Solutions of (5.133) and (5.134)
are found in terms of the reduced-order problems by imposing stan-
dard stabilizability-detectability assumptions on subsystems (see Section
2.3.2).

Getting approximate solution for P and () in terms of the reduced-
order problems will produce savings in off-line computations. However,
in the case of stochastic systems, where the additional dynamical system
— filter — has to be built, one is particularly interested in the reduction of
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on-line computations. In this section, the savings of on-line computation
will be achieved by using a decoupling transformation introduced in
(Gajic and Shen, 1989). The basic properties of that transformation in
the discrete-time domain are given in Chapter 3.

The Kalman filter (5.124) is viewed as a system driven by the
innovation process. However, one might study the filter form when
it is driven by both measurements and control. The filter form under
consideration is obtained from (5.124) as

5/'1 (n + 1) = (An -— B]]Fn -— GZBnFn) 51 (n)
+€ (A1 — Bi1Fiz = B1aF) &3 (n) + K111 (n) + €K12v2(n)

Z2(n+1) = €(An = By F1y = ByoFn) &1 (n)
+ (A22 — €By Fia — BFy;) £2(n) + eKnvi (n) + Kzzvz((sn)ws)

with the innovation process

v1(n) = y1(n) = C11dy (n) — €C1282 (n)
5.139
V2 (n) = Y2 (n) - 602151 (n) - 022.’22 (n) ( )

The nonsingular state transformation of (Gajic and Shen, 1989) will
block diagonalize (5.138) under condition that the subsystem feedback
matrices (An - BnfFy - €2Ble21) and (Azz — ByaFpy — €2B21Fl2)
have no eigenvalues in common (see Chapter 3). The transformation is
given by

HI R G | R R i

(
with I L
— ny €
T2— [—GH Inn—Cz.HL] (5141)
where matrices L and H satisfy equations
L ((122 + CHG]Q) - (an - €2a]2H) L+a);=0 (5.142)
Hau - agz.H + agq — 62H012.H =0 (5143)

with
a1 = A = BuFyy — €By,Fy
a12 = A1z = BunFi2 — B12F22
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an = Ay — By Fiy = ByaFyy

(5.1449)
agy = Ags — By Fyy — €By Fyp

The optimal feedback control, expressed in the new coordinates, has
the form

u1 (n) = = fufh (n) = efizfiz (n)

4z (1) = —€farfh (1) = faafl (n) G149
with
th (n + 1) = a1/ (n) + Bravr (n) + €B12v2 (n) (5.146)
o (n + 1) = agih (1) + Bty () + Brzva (n)
where

fu=Fn-€EFH, fiu=Fo+ (Fu-€¢€FRH)L
fa=Fn—=FpH, fn=Fn+e(Fy-FpH)L
o) = a3 — €2a12H, 0z = an + ¢Harp
B = K11 — €L(H + Ky), PBi2=Ki2— LKy — LHK,,
P = HK11 + Ka1, Pa2 = K22 + €HKn2

(5.147)
The innovation processes v; and v, are now given by
v1(n) = 41 (n) — dirfh (n) — €di2fl2 (n)
R . (5.148)
v2(n) = y2(n) — ed21f1 (n) — da2ifz (n)
where
diy=Cn - GZC]QH, di2=CnL+Cio - 62012HL (5.149)

dy = Cy — CpeH, dyp=Ca+ €*(Cyy —CpeH)L

Approximate control laws are defined by perturbing coefficients
Fij,Kij, 1,5 =1,2; L and H by O (¢¥), k = 1, 2, ..., in other words by
using k-th approximations for these coefficients, where & stands for the
required order of accuracy, that is
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uP (n) = = fO5 (n) — e B3P (m)

(5.150)
u? (n) = =3P (n) — FO5P ()
with
it (4 1) = a7 (n) + 8000 () + 607 (n) o
9 (n+1) = o) (n) + B0 (n) + BEY (n)
where
o (n) = 1 (n) = dP7F (n) - dB2® ()
*) k) a(k) (k) (k) (5.152)
%) (") =2 (") — €Gq91' 7 (") - dzz U)) (")
and
k k
f,-(,-) =fi; +0 (Ck) ' d§,-) =d;+0 (Gk)

.7=1,2

The approximate values of J(¥) are obtained from the following
expression

JF) = %E {i [z(")T (n) DT Dz® (n) + v®” (n) Ru®) (n)] }

n=0
1
= 5t { D7D + fO7 RFOGY)}
(5.154)
where

T T
o = Var { (s 2{) } and o) = Var { (3% #) }

(k) (k) (k)
u; (n €
O[] o= 2 S
uy - (n) €Jn 22
(5.155)
The quantities q}’;) and qgg) can be obtained by studying the variance
equation of the following system driven by white noise
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zRNm+)] [ A —Bfk) z(®) (n)
10t 1] = [80c a® - a®a® | |50 ()

[0 ﬂ(k)] [t::((:)] } (5.156)

where

(k) (k) (k)
*) _ | ™ 0 ] (k) _ € ] d® = [ d; ed ]
= [ ] o0 =2 4 b B

22

Equation (5.156) can be represented in the composite form
I'®) (n+1) = AOTE (n) + TFEp (n) (5.158)
with obvious definitions for A(¥), II(¥), T(¥) gn), and w (n). The variance

of I'F) (n) at steady state denoted by ¢(¥), is given by the discrete
algebraic Lyapunov equation (Kwakernaak and Sivan, 1972)

¢® (n +1) = AWGWA®T L TOWIE” | W = diag (W, V)

(5.159)
with ¢(*) partitioned as
(k) (k)
o® = [ o, ‘lzg)] (5.160)
Q2 922

On the other hand, the optimal value of J has the very well-known form,
(Kwakernaak and Sivan, 1972)

JoPt = -;—tr [DTDQ +PK (CQCT + V) KT] (5.161)

where P, Q, F, and K are obtained from (5.126)-(5.129).

The near-optimality of the proposed approximate control law (5.150)
is established in the following theorem.
Theorem 5.7 Let z, and z, be optimal trajectories and J be the op-
timal value of the performance criterion. Let &\"), &), and J(*) be
corresponding quantities under the approximate control law u(¥) given
by (5.150). Under the condition stated in Assumption 3.2 and the
stabilizability-detectability subsystem assumptions, the following hold
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g = J® = 0 (&)

Var{ai-aP} =0 (), i=1.2 k=0J3V“.(5m”

o

The proof of this theorem is rather lengthly and is therefore omitted
here. It follows the ideas of Theorems 1 and 2 from (Khalil and
Gajic, 1984) obtained for another class of small parameter problems —
singularly perturbed systems. These two theorems were proved in the
context of weakly coupled linear systems in (Shen and Gajic, 1990a).
In addition, due to the discrete nature of the problem, the proof of our
Theorem 5.7, utilizes a bilinear transformation from (Power, 1967) which
transforms the discrete Lyapunov equation into the continuous one and
compares it with the corresponding equation under the optimal control
law. More about the proof can be found in (Shen, 1990).

5.8 Case Study: Distillation Column

A real world physical example, a fifth-order distillation column control
problem, (Kautsky et al.,, 1985), demonstrates the efficiency of the
proposed method. The problem matrices A and B are

989.50 5.6382 0.2589 0.0125 0.0006
117.25 814.50 76.038 5.5526 0.3700
A=10"3|8.7680 123.87 750.20 107.96 11.245
0.9108 17.991 183.81 668.34 150.78
0.0179 0.3172 1.6974 13.298 985.19

BT = 10-3 0.0192 6.0733 82911 9.1965  0.7025
- -0.0013 -0.6192 -13.339 -—18.442 -1.4252

These matrices are obtained from (Kautsky et al., 1985) by performing
a discretization with the sampling rate AT = 0.1.

Remaining matrices are chosen as

11000 3 3
C‘h 011 J’Q‘A’R‘b

It is assumed that G = B, and that the white noise intensity matrices
are given by

Wi=1 W;=2 V=01 V=01
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The simulation results are presented in Table 5.4.

In practice, how the problem matrices are partitioned will determine
the choice of the coupling parameter which in turn determines the rate of
convergence and the domain of attraction of the iterative scheme to the
optimal solution. It is desirable to get as small as possible a value of the
small coupling parameter. This will speed up the convergence process.
However, the small parameter is built into the problem and one can not
go beyond the physical limits. The small weak coupling parameter € can
be roughly estimated from the strongest coupled matrix — in this case
matrix B. Apparently the strongest coupling is in the third row, that is

_ by _ 82911
T by 13.339

~ 0.62

It can be seen that despite the relatively big value of the coupling
parameter ¢ = 0.62, we have very rapid convergence to the optimal
solution.

J(F) JK) _ g

0.80528 x 10~2 | 0.6989 x 10—3
0.75977 x 10~2 | 0.2438 x 10~3
0.74277 x 102 | 0.7380 x 10~*
0.73887 x 10-2 | 0.3480 x 104
0.73546 x 10~2 | 0.5000 x 10—¢

8 0.73539 x 10~2 | < 1.000 x 107
optimal | 0.73539 x 102

AR N|I~N[S) =

Table 5.4: Approximate values for criterion

In summary, the near-optimum (up to any desired accuracy) steady
state regulators are obtained for the stochastic linear weakly coupled
discrete systems. The proposed method reduces considerably the size
of required off-line and on-line computations since it introduces full
parallelism in the design procedure.

Exercise 5.4: It is well known that the initial condition of the optimal
Kalman filter has to be set to the mean value of the system initial state.
Derive an expression for the optimal variance of the estimation error in
the case when this condition is not satisfied. Consider both the continuous
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and discrete-time domains. Hint: It is easier to solve this problem in the
discrete-time.

A
Research Problem 5.1: Extend the presented recursive parallel reduced-
order algorithms to the study of Markov chains displaying both slow-fast
phenomena and weak coupling (Phillips and Kokotovic, 1981; Dele-
becque and Quadrant, 1981; Delebecque et al., 1984; Srikant and Basar,
1989; Aldhaheri and Khalil, 1991).

A
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Appendix 5.1

Consider the continuous time-invariant linear singularly perturbed
stochastic system represented in the fast time scale by

&) (t) = €A1z, () + €A222(t) + €Biu(t) + eGrw (1)

:i?g (t) = A3$1 (t) + A4$2 (t) + Bzu(t) + Gg’w (t) (31)

where w (t) is zero-mean stationary Gaussian white noise.
To obtain the discrete-time description of this system, we write

tu+1

/ (tns1 1) Bdt] u (tn)

T (tn+1) = ¢(tn+l - tn)z(tn) + [

tn+1

+ / (tns1 — £) Gu (t) dt
ta
@@.2)
where n =0, 1, 2, ... , and ¢ (t,41 — t,) is the transition matrix of the
system (a.1). Assuming that ¢, ; — ¢, = constant = A (sampling period),
the equation (a.2) can be written in the form

z4(n+ 1) = Agzq(n) + Byug (n) + Gawq (n) (a.3)
where
A
Ag=e48, By = / et Bdt (a4)
0
and
_|€d; €A _|eBy _ | €G,
io[ih 4] ou[] 0o[] s
It is easy to see that A; and B, have the form
I+eAp €A12] [6311]
= . = .6
Ad [ An Ap |’ B B2, (.6)

More analysis is needed about the stochastic nature of the Gyw, (n) term.
Obviously, the mean value of Gyw,(n) is equal to zero. On the other
hand, the corresponding variance of Gywy (n) has the order of
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Var {Gawa(n)} = [%((‘:)) 88] @7
which can be interpreted as of having
Ga= [88] . Int{ws(n)} = Ws=0(1) @8)

and this justifies the model (5.78) used in that section. Similarly, we can
assume the structure of G4wy(n) term as

ad=[383]= Int{wd(n)}=Wd=[%((€:)) 88] o

In Section 5.5.1, we adopt the structure given in (a.8).
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Chapter 6

Open-Loop Optimal Control Problems

In this chapter, the reduced-order methods with an arbitrary degree of
accuracy are presented for solving the linear-quadratic optimal open-loop
control problems of singularly perturbed and weakly coupled systems in
both continuous and discrete-time domains.

6.1 Open-Loop Singularly Perturbed Control Problem

The optimal open-loop control problem is a two-point boundary value
problem with the associated state-costate equations forming the Hamil-
tonian system. For singularly perturbed system, after modifying some
costate variables, the Hamiltonian matrix retains the singularly perturbed
form by interchanging some state and costate variables so that it can
be block diagonalized via the nonsingular transformation presented in
Chapter 3.

The original two-point boundary value problem is transformed into
the pure-slow and pure-fast reduced-order completely decoupled initial
value problems. By doing this, the stiffness of the singularly perturbed
two-point boundary value problem is converted in the problem of an ill-
defined linear system of algebraic equations. The proposed method is
very suitable for parallel computations since it allows complete paral-
lelism in both slow and fast time scales.

Consider the linear singularly perturbed control system
& = A171 + A222 + Bhu, 1 (to) = T10
€@y = ATy + Az + Bou,  72(lo) = 20
where z; € R, i = 1,2, u € R™ are state and control variables,

6.1
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respectively, and ¢ is a small positive parameter. As the parameter ¢
tends to zero, the solution of (6.1) behaves nonuniformly, producing a
so-called stiff problem (Kokotovic and Khalil, 1986; Kokotovic et al.,
1986).

With (6.1), consider the performance criterion

=t {(a]e ] e enefard (28] (2]

' (6.2)
with positive definite R and positive semidefinite () and F.
The open-loop optimal control problem has the solution given by

u(t)=-R™'BTp(t) (6.3)

where p(t) € R™*" is a costate variable satisfying (Kwakemaak and
Sivan, 1972)

[:8 ] ) [—AQ —AT] [ ] 6.4)
with boundary conditions expressed in the standard form as
M [:83] ¥ [ZEQ} =c 6.5)

where

R O

for the free endpoint problem, or

wefp a8 ] e

for the fixed endpoint problem. Since condition (6.7) leads to a two-point
boundary value problem, causing both the initial and terminal boundary
layers, the treatment of this chapter is applicable to the free end problem
only.

The matrices A, Q. B, S, and F in the case of singularly perturbed
control systems have the forms
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e[t 4] o-[g g o[

€

T S = F eF
- 1 = 1 € — 1 2
S=BR'B —[Z:' f,] F_[C.F2T CI‘-:';] (68)

Exercise 6.1: Consider the optimal open-loop continuous-time control
problem (6.1)-(6.4) at steady state (T' — oo, F' = 0). Derive an expres-
sion for the optimal value of the performance criterion at steady state
under the open-loop feedback control. Note that the criterion optimal
value under the open-loop control must be identical to the criterion opti-
mal value under the closed-loop control. Can you avoid the problem of
solving the algebraic Riccati equation?
A

The approximate optimal solution of the open-loop control for linear
singularly perturbed systems has been studied in (Wilde and Kokotovic,
1973), where the problem order was reduced and the stiff problem was
avoided successfully by using the classic approach based on the power-
series expansions. The theory developed in (Wilde and Kokotovic, 1973)
was based on the dichotomy transformation (Wilde and Kokotovic, 1972)
which requires the positive definite and negative definite solutions of the
corresponding algebraic Riccati equation. It was concluded in (Wilde
and Kokotovic, 1973) that the developed method is efficient for an O (¢)
accuracy only. In this section, the solution to the optimal open-loop
control problem of singularly perturbed systems with an arbitrary order
of accuracy is presented.

Partitioning vector p as p = [pT €p? |7 with p; € ®™ and
P2 € R"2, we get

i] Z1
; T, T P
opgf e
P2 P2
where
[ A, =5 ] A, =27
T = . T, =
T -0 -AT) 27 1-Q. -4T
(6.10)
_ [ A3 —ZT. _ [ A4 -Sz-
Ti=l-qr -ar|: Ti=|-q, -A7 |
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Note that (6.9) retains the singular perturbation form as (6.1).
Introduce the notation

T1| _ T2 _
HENHE @1

and apply the following transformation (Chang, 1972) defined by

Ty = [I‘EHL ‘}H] , T

where L and H satisfy

I eH
[—L I- eLH] 6.12)

T4L - T3 —¢L (T] - TzL) =0 (613)

-H (T4 + GLTz) + T2 + €(T1 - TzL) H=0 6.14)

The transformation (6.12) applied to (6.9) produces two completely
decoupled subsystems

7= (Ty - T,L)n (6.15)
and ’
e€ = (Ty + eLT3) € (6.16)
where
[g] =T, [‘:] (6.17)

The algebraic equations (6.13) and (6.14) can be solved by using
any of the recursive algorithms presented in Chapter 8.

The boundary conditions are changed due to an interchange of p,
and z,, which modifies matrices in (6.6) as follows

M [l:((tts))] M [l:((z?))] =a 6.18)

where
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In; 0 0 0 Zi0
0 0 0 0 1o
Mi=1o 01, of" |z
0 0 0 0 0
o o0 o o (6.19)
Nz | B I =R 0

0 0 0 0
'—FQT 0 —F3 In2

The nonsingular transformation (6.12) applied to (6.18) produces

U(to)] ; U(T)] _
Mg (to)] M| ()] =« (6:20
where »

M; = MyT{!, N,=NT;! (6.21)

Since solutions of (6.15) and (6.16) are given by

7 (t) — e(T;—TzL)(t—io)n (tO) (6.22)
£(t) = ef(T4+€LT2)(t"to)§ (to) (6.23)
we can eliminate 7)(7') and £ (T') from (6.20) such that
(T1=TaL)(T-to)
{M2 + Ny [6 0 e.}(T.-*-cLOT,)(T—io)] } [Z%:g;] =q
(6.249)

The system of linear algebraic equations (6.24) can be represented
in the form

n(to) | _
o (€) [ﬁ(to)] =q (6.25)

It is shown in Lemma 6.1 that a(e) is invertible, hence 7 (o) and
€ (tp) can be obtained from (6.25).

Lemma 6.1 The matrix o(€) is invertible.
o

Proof: Transition matrices of (6.22) and (6.23) can be denoted ® (¢ — to)
and ¥ (¢t — o), respectively, and partitioned as
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d,,(t-1t P,(t-1t
2(t-t)= [@3 Et— tﬁg 322 ft _tﬁg] (6.26)

Vi(t-t Via(t—1t
w(t-to)=[wggt_t3 %:Et_tgg] 627)

From (6.24) we have

a(e) = (M2 + N, [‘I’(TO‘ W (TO_ to)]) (6.28)

Using expressions for M, and N, given by (6.18) and (6.20) we get

I, 0 0 0
a(@=|1 ¥m-fitn O 0 +0(e) (629
* * * ‘1’22 - F3‘I’12

where asterisks denote terms which are not important for the nonsingular-
ity of a(e). Since matrices ®42 — F;®,2 and ¥, — F3¥,, are invertible
(Kalman, 1960), the matrix a(¢) is invertible for sufficiently small val-
ues of ¢. However, in the case of singularly perturbed systems, due to
the nature of the fast subsystem transition matrix (6.23), which contains
unstable modes, we can observe that a(0) is singular.

Thus, a(e) is invertible for 0 < ¢ < ¢; and ¢; sufficiently small. In
other words, the stiffness of the singularly perturbed system of differential
equations is carried over to the stiffness of the linear system of algebraic
equations. However, the latter problem is much easier to handle.

Now we are able to find 7 (¢) and £ (¢) from (6.15) and (6.16). Using
(6.12), we can find w () and A (t). Partitioning w (¢) and A (t) according
to (6.11), we get values for p; (¢) and p, (). The costate variables p (t)
and the optimal control law are therefore found.

The only difficulty we have encounted in the procedure is to compute
u(€) in (6.25) where an ill-defined problem occurs when ¢ is extremely
small or (T — o) is very large because the matrix T; contains both stable
and unstable modes. In that case we refer to (Wilde and Kokotovic,
1973).

The recursive reduced-order technique for solving the optimal open-
loop control problem of linear singularly perturbed systems presented in
this section is mostly based on the results obtained in (Su et al., 1992a).
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6.2 Case Study: Magnetic Tape Control

In order to illustrate the proposed method, we shall consider a real world
problem — a magnetic tape control system (Chow and Kokotovic, 1976).
Problem matrices are given in Section 2.2.3. The initial conditions are

2T (to) = [-1.3702 0.10686 —0.53307 0.83467]

and the time interval of interest is specified by to = 0 and T = 1. Obtained
results are presented in Table 6.1.

The approximate control is defined as

u®) (1) = =R~1BTp( (1) (6.30)

where k stands for the number of iterations used to solve recursively
equations (6.13)-(6.14). Values for p(¥) (¢) are obtained by following
steps (6.14)-(6.25), with p(¥) (¢) obtained directly from (6.17) and (6.11).
Note that steps (6.13)-(6.25) can be performed by using the method of
series expansions, but since it is not recursive in its nature, it can be
efficient for an O (¢) accuracy only, as was pointed out in (Wilde and
Kokotovic, 1973).

t=025 t=05 t=1

’;:szr)l; 3.1719 x 10~! | 3.0299 x 10-! | -8.2827 x 10-2
u®)(t) 3.1719 x 10~1 | 3.0299 x 10! | -8.2827 x 10~2
u(d(2) 3.1720 x 10! | 3.0299 x 10~! | -8.2825 x 10~2
u()(2) 3.1712x 107! | 3.0287 x 107! | -8.2758 x 10~
wO(2) 3.3244 x 10~' | 3.01350 x 10~ | -7.6749 x 1072

Table 6.1: Values of an approximate control at certain time instants
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6.3 Open-Loop Weakly Coupled Optimal Control
Problem

In this section, we study the open-loop control problem (linear two-
point boundary value problem) of weakly coupled systems. Correspond-
ing closed-loop (nonlinear differential Riccati equation) optimal control
problems will be studied in Chapter 8.

The recursive reduced-order solution is obtained by exploiting the
transformation introduced in Chapter 3. The transformation block di-
agonalizes the Hamiltonian form of the solution for the optimal linear-
quadratic control problem. Completely decoupled sets of reduced-order
differential equations are obtained. The convergence to the optimal solu-
tion is pretty rapid, due to the fact that the algorithms derived in Chapter
3 have the rate of convergence of at least of O (€2). This produces a lot
of savings in the size of computations required. In addition, the proposed
method is very suitable for parallel and distributed computations.

It is interesting to point out that the better results are obtained for
the open-loop problem since it is less computationally involved than the
closed-loop problem (exactly the same sets of differential equations have
to be solved, but they differ in the dimensionality).

Consider the linear weakly coupled system

&) = A171 + €Az + Biup + €Bauz, 71 (to) =2
& = €A37) + A4z + €Bauy + Byua, z3 (to) = 220

e[l 15 B e

where z; € R™, u; € R™i, 2; € R, i = 1,2, are state, control, and
output variables, respectively. The system matrices are of appropriate
dimensions, and in general, they are bounded functions of a small
coupling parameter ¢. In this section, we will assume that all given
matrices are constant.

(6.31)

with

With (6.31)-(6.32), consider a quadratic performance criterion in the
form
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st [z ool [a] x[u]) o

420 (5]

with positive definite R and positive semidefinite F', which has to be
minimized. It is assumed that matrices F' and R have the weakly coupled
structure, that is

_ Fl €F2 _ R] 0
F‘[ng Fs]’ R-[O RJ (6.34)

(6.33)

The open-loop optimal control problem of (6.31)-(6.34) has the
solution given by

u(t)=-R'BTp(t) (6.35)

where p(t) € ™1+ is a costate variable satisfying

R T T
Fol=[ ARG e
where
el 2] el 2
(6.37)
S =BRBT = [e?g‘ ‘5;2}
with boundary conditions expressed in the standard form as
ol e
where
W= [g g} G= [é 'OF] . = [ 80)] (6.39)

Partitioning p into p; € ™ and p, € R"* such that p = [p! pI] T
and rearranging rows in (6.36), we can get
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21 231
o| _| T sz] T 6.40
p2| [fTa T, | | P2 (640)
:i:g T2

where T}s, ¢ = 1,2,3,4 are given by

_[-4T -a _[-47 -@
h=l-s a4l P5l-5 4

(6.41)

[ _ AT _NT AT _
Ty = _gg_ 1?32]’ T4—[ Ay Qs}

with

Q, = DTD,+e#DID;, Q;, = DT D,+ DI Dy, Q3 = DI D+ DI D,
(6.42)

Introduce the notation
[P’] = w, 1’2] =2 (6.43)
Zy T2

and apply the corresponding weak coupling transformation presented in
Chapter 3

|1 —eL -1_[I-€LH €L
Tz_[eH I—ezﬂL]’ T2 ‘[ —eH 1] (644)

where L and H satisfy

T\L+ Ty — LTy — LT5L =0 (6.45)

H(T, - €LT3) - (Ty+ L) H+T3=0 (6.46)

This transformation produce a decoupled system of the form

n=(T1 - €LT3) 7 (6.47)

£= (T4 + ETSL) € (6.48)
with
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ol e

In order to be able to solve (6.47) and (6.48), we need to find their
initial or terminal conditions, which can be obtained as follows. An
interchange of rows for p, and z, in (6.42) will modify matrices defined
in (6.38) and (6.39) as follows

w (to) w(T)| _
w26] v 3] = €20
where
0 0 0 0 0
o 5, 0o o | 710
Wi=1lo 0 0 of: 9= |0
0 0 0 I, Z20
Iy, -F 0 -cF ©6.51)
1o o o o
Gi=1| —-eFT I,, -F;
0O 0 0 0

The transformation (6.49) applied to (6.50) produces

1 (to) n(T)] _
PRIEEHAIRE 629
where
W, = WiTz, Gz =G Ts (6.53)

Since solutions of (6.47) and (6.48) are given by

() = e(Tx—C’LTa)(t-tO)n (to) (6.54)

£(t) = Tt B t=t)g (1) (6.55)
we can eliminate 7 (T) and £ (T') from (6.52); that is, we have

e(Tx—(’LTs)(T—to) 0 t
(Wz + G, [ 0 e(Ti+e* T3 L)(T-to) ]) [thgg} =Q
(6.56)
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Equation (6.56) has the form
103 [’I(tg)] =0 (.6'57)

with obvious definition for o (¢€). It is shown in the next lemma that this
system of linear algebraic equations has unique solution, assuming that
a coupling parameter ¢ is sufficiently small.
Lemma 6.2 The matrix o (¢) is invertible for sufficiently small values of
€.

o
Proof: Let the transition matrices of (6.47) and (6.48) be denoted by
®(t —to) and ¥ (t — o), respectively, and partitioned as follows

D13 (t—to) P12(t—to
®(t~t) = [QZIEt—to; (I’z:%t-to;]

6.58
(1 —to) = | In(t—to) U1a (t - to) (6.58)
T ¥a(t—t) ¥n(t-to)
From (6.56), we have
a(e) = (Wz + G, [‘I’ (TO— to) v (TO_ to)]) 659)

Using expressions for W, and G, defined by (6.53) and (6.44), we get

I, 0 0 0
_ | ®a=-F® ®2-F®: 0 0
()= 0 0 In, 0 +0(9)
0 0 ‘1,21 - Fa‘I,ll ‘F22 - F3‘I,l2
(6.60)

Since matrices Q22 (T - to) - F]Qn (T - to) and ng (T - to) -
F3%,,5 (T - to) are invertible (see (Kirk, 1970), page 211), the matrix
a (¢) is invertible for sufficiently small values of e.

Now we are able to find 7 (¢) and £ (¢) from (6.53) and (6.54). Using
(6.49), we can find w () and A (t). Partitioning w (t) and A () according
to (6.43) we get values for p; (t) and p, (t), in other words, one finds
the optimal reduced-order open-loop control defined by (6.36).

The transformation matrix T2 from (6.44) can be easily obtained,
with required accuracy, by using numerical algorithms developed in
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Section 3.3 for solving (6.45)-(6.46). These algorithms converge with
the rate of convergence of at least of O (¢2). Thus, after k iterations,
one gets the approximation Tgk) = T2 + O (¢*). The use of T(zk) in
the design procedure instead of T3 will perturb the coefficients of the
corresponding systems of linear differential equations by O (e2), which
implies that the approximate solutions of these differential equations are
O (€?) close to the exact ones (Kato, 1980). Thus, it is of interest to

obtain T(zk) with the desired accuracy, which produces the same accuracy
in the sought solution.

As a matter of fact, we have obtained the approximate expression
for the optimal control in the form

u® (1) = ~R7 BT = urt (1) + 0 () 6.61)

Apparently, as k increases, the approximate control defined in (6.61)
converges very rapidly to the optimal solution.

Simulation results for finding the optimal open-loop control in terms
of the reduced-order problems are presented in the next section, where
a fifth-order distillation column example is solved. It is interesting
to point out that the proposed method produces better accuracy for
the open-loop control than for the closed-loop control. This can be
justified by comparing linear systems of differential equations (6.40)
and the corresponding equations for the closed-loop control problem
(Section 8.3). The closed loop solution is computationally much more
involved since corresponding system of differential equations is of order
of 2 X (2n X n), whereas (6.40) represents the same set of equations of
order 2n X 1.

Results presented in this section are mostly based on the recent paper
by (Su and Gajic, 1991).

6.4 Case Study: Distillation Column

The recursive reduced-order open-loop control problem is demonstrated
on a real world problem, a fifth-order distillation column (Petkov et al.,
1986). The problem matrices A and B are given by
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-0.1094 0.0628 0 0 0
1.3060 -2.1320 0.9807 0 0
A= 0 1.5950 -3.1490 1.5470 0

0 0.0355  2.6320 —4.2570 1.8550
0 0.00227 0 0.1636 —0.1625

p_ [0 00632 00838 0.1004  0.0063 T
=lo 0 -01396 —0.2060 -0.0128

Remaining matrices are chosen as

3 0 07 07 0.7
0 3 07 07 07

D’D=107 07 3 0 O0]|. R=IL, F=1I
07 07 0 3 0
07 07 0 0 3

The initial and final times are selected as o = 0 and T = 1. The
initial conditions are chosen randomly as

210 =[-1.259 1437]7, 250 =[-0.412 —0.642 0.877]7

The system is partitioned into two subsystems with n; = 2, n,
= 3, and ¢ = 0.6. The small parameter ¢ is roughly estimated from
the strongest coupled matrix — in this case matrix B — producing
|bs1] / |bs2| = 0.0838/0.1396 = 0.6. The open-loop control is obtained
with accuracy of 10~% after 6 iterations. Corresponding simulation results
for both components of the approximate open-loop control are presented
in Table 6.2.

6.5 Open-Loop Discrete Singularly Perturbed Control
Problem

A singularly perturbed linear discrete system is represented by (Litkouhi
and Khalil, 1984)

zy(k+1) = (In, + €A1) 21 (k) + €Agz2 (k) + eByu (k)
T2 (k + 1) = A3z, (k) + Aszo (k) + Byu (k) (6.62)
71 (0) = 2o, z2(0) = 229

with slow state variables x; € R™, fast state variables z; € R"?, and
control inputs u € R™, where ¢ is a small positive parameter. As the
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iteration u(t=0) |u(t=025)] u(t=0.5) | u(t=0.75)
6 = optimal | -0.01033 0.00270 0.01275 0.00945
control -0.04169 -0.00916 0.00411 0.02781
5 -0.01033 0.00270 0.01274 0.00945
-0.04169 -0.00916 0.00411 0.02781
4 -0.01039 0.00268 0.01275 0.00948
-0.04167 -0.00917 0.00407 0.02766
3 -0.01073 -0.00262 0.01293 0.00980
-0.04153 -0.00938 0.00360 0.02713
2 0.02831 0.03571 0.03895 0.02694
-0.07095 -0.03485 -0.00164 0.01403
1 0.06505 -0.06219 0.05589 0.03591
-0.09423 -0.05219 -0.02776 0.00699
0 0.69589 0.54689 0.40566 0.25491
-0.34489 -0.25504 -0.18864 -0.11626

Table 6.2: Simulation results for the open-loop control

parameter ¢ tends to zero, the solution behaves nonuniformly, producing
a so-called stiff problem (Litkouhi and Khalil, 1985). The performance
criterion of the corresponding linear-quadratic control problem is defined
by

T () = 327 () Fz () + 2 3 [&7 (K) @ (k) + u” (k) Ru(4)]

k=0
(6.63)
where

(=[50 e=[g &=

_ F]/C F2
F—[F?T F3]_>_0, R>0

The open-loop optimal control problem has the solution given by

(6.64)

u(k)==R'BTA(k+1) (6.65)

where A (k) is a costate variable. The Hamiltonian form of (6.62)-(6.63)
can be written as the forward recursion (Lewis, 1986)
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z(k+1)| _ z (k)
iRt 000
where
_[A+BR'BTA-TQ -BR'BTAT

H= [ Z4-TQ A-T ] (6.67)

with boundary conditions expressed in the standard form as

z(0) z(n)| _

M, ,\(0)] + M ,\(n)] =c (6.68)

where H is the symplectic matrix which has the property that the eigen-
values of H can be grouped into two disjoint subsets I'; and I';, such
that for every \. € I'; there exists Ay € TI'2, which satisfies A\, X Ay = 1,
and we can choose either I'; or I'; to contain only the stable eigenvalues
(Salgado et al., 1988).

Note that
_(roef L, _[0 O _[=(0)
Ml"[o 0]7 Nl-[—F I], C—[ 0 ] (669)
for the free ending problem, or
_|r o _10 0 _ | =(0)
O R P AR o B

for the fixed endpoint problem.
Exercise 6.2: Consider the general linear-quadratic open-loop discrete-
time control problem at steady state. Derive an expression for the optimal
value of the performance criterion without introducing the discrete-time
algebraic Riccati equation.
A

For the singularly perturbed discrete system the matrices A and §

have the forms

_ Iﬂx + €A1 €A2
A= [ As A ] 6.71)

S =BRBT = [‘251 ‘Z]

CZT Sz
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S =B R'Bf, $,=B,R'Bl, Z=B,R'Bl (672

The approximate optimal solution of the open-loop control for linear sin-
gularly perturbed systems has been studied in (Naidu, 1988), where the
problem order was reduced and the stiff problem was avoided success-
fully by using the classic approach based on the power-series expansions.
The developed method (Naidu, 1988) is efficient for an O (¢€) accuracy
only. In this section, the results of Section 6.1 and (Su et al., 1992a)
are extended to the optimal open-loop control problem of singularly per-
turbed discrete systems producing the solution with an arbitrary order of
accuracy, (Qureshi et al., 1991).

The optimal open-loop control problem is a two-point boundary
value problem with the associated state-costate equations forming the
Hamiltonian matrix. For singularly perturbed discrete systems, after
modifying some costate variables, the Hamiltonian matrix retains the sin-
gularly perturbed form by interchanging some state and costate variables
so that it can be block diagonalized via the nonsingular transformation
introduced in (Chang, 1972). Similar to (Su et al., 1992a), the idea of
this section is to exploit the reduced-order subsystems to find the optimal
open-loop control in the new coordinates.

Partitioning vector A(k) as A(k) = [AT(k) AT(k)]T with
A1(k) € R™ and Ap (k) € R™2, we get

Z1 gi + 1) Z1 (]]3

+1 .
% (k + 13 =H| ﬁk) 6.73)
Ao (k+ 1) X2 (k)

where

In,+€ 1 6A_2 62S—l @

= 45 Ay €Ss Sy
S TR T (6.74)
Qs Q4 eAT, AL

(see Appendix 6.1).
Interchanging second and third rows in (6.73) produces
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z1(k+1) IL,+eAi  €8i__ eA2 €52 ] [ai(k)
en(k+1)| _ €@ I, +€A], €Q: €A] | | €M (k)
p(k+1) [T 23 S5 A S| |2k
Xa (k +1) Qs AL Q4 A% Lk
Z1 (k)
_ [I+€T1 CTz] e (k)
- T3 T4 zz(k)
Az (K)
(6.75)
where o o
Tl—é'_.gql‘_]zT2=£l_2'-§%]
9 4i 9 4a (6.76)
n-[B 5] n-[E 5] '
PTIQs AL YT (@ A
Introducing the notation
_ | =1(k) _ [zz(k)]
U (k) = [e/\l(k) IRAOES koS 6.77)

we get the singularly perturbed discrete system under new notation

U(k+1)= (I +€n)U (k) + TV (k) 6.78)
V(k+1)=T5U (k) + T4V (k) .

Applying Chang’s transformation (Chang, 1972)

le[l—eHL —eH]’ T;I_[I ¢H ]

L I “|-L I-¢LH
(6.79)
UK)] _ . [T(K)
[V(k) =h [V(k)
to (6.78) produces two completely decoupled subsystems
Uk+1)=({+€ - e2L)U (k), (6.80)

V(k+1)=(Ty+ eLT2) V (k)
where L and H satisfy
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0=H+T,-HT 4+ ¢(Ty -T,L)H - eHLT, 6.81)
0=—L+T4L-T3-€L(T1—T2L) '

Expanding (6.67) by using the partitioned matrices given by (6.64) and

(6.71)-(6.72), and identifying the terms for the matrix T4, we obtain

A+ SzA TQs -54;T

I, = —4TQs 74 ]+0(e) (6.82)

which is an O (¢) perturbation of the Hamiltonian matrix of the fast
subsystem. Thus, the matrix T4 has no eigenvalues on the unit circle,
so that (T4 — I) is a nonsingular matrix, which implies the existence
of the unique solutions for L and H in (6.81). Matrices L and H can
be obtained by using the Newton recursive algorithm from (Gajic et al.,
1990) with the rate of convergence is O (62’3, where j is the number
of iterations used to solve L in (6.81).

The boundary conditions are changed due to an interchange of A; (k)
and z; (k), which modifies matrices in (6.67) as follows

U
Mg[gggg +N2[VEZ; = (6.83)
where

I, 0 0 0 z1(0)

10 0o 0 o0 0

Ma=149 0 1, 0 C“[xz(o)

0 0 0 0 0
o o o o (6.84)

N2= —F1 Iﬂx —€F2 0

0 0 0 0
—Fg‘ 0 _F3 In:

The nonsingular transformation (6.79) applied to (6.83) produces

wffgnfF - o
where
M3 = M2T1, N3 = N2T1 (686)

Solutions of (6.80) are then given by
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U (k)= (I + €T, — €L, L)*T (0)

- e (6.87)
V (k) = (Ty + €LT,)" V (0)
We can eliminate U (n) and V (n) from (6.85) such that
o (€) [%Eg;] =0 (6.88)
where
_ ~ | (L + €Ty — €T,L)" 0
04 (6) = {M3 + N3 0 (T4 + GLTz)n] } (6.89)

T (0) and V (0) can be obtained from (6.88) provided the matrix « (¢) is
invertible. It is shown in Appendix 6.2 that the matrix « (¢) is invertible
for sufficiently small values of €. Thus, we are able to find U (k) and
V (k) from (6.87). Using (6.79), we can find U (k) and V (k).

After getting the solutions of U (k) and V (k), we can use the
following relations to get the values for A; (k) and A, (k).

[5.6] - [56] -vor. (2] [46]-ver

The only difficulty we may encounter in the procedure to compute
o (¢€) in (6.89) is when an ill-defined problem occurs due to presence
of unstable modes in T giving rise to large value of (T + ¢LT>)" for
large values of n. In such a case we refer to the O (¢€) solution as given
in (Naidu, 1988).

6.6 Case Study: F-8 Aircraft Control Problem

In order to demonstrate the proposed method, we study the linearized
model of F-8 aircraft from Section 2.6. The problem matrices A, B, Q,
and R are given in Section 2.6. The system initial condition is chosen as

T (0)=[1 11 1]
and the terminal penalty matrix is assumed to be

F = diag[0.5 0.5 0.01 0.01]
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Number of

iterations j JU) Jopt = JO)
1 2.6070 0.2787
2 2.3292 0.0009
3 2.3285 0.0002
4 2.3283 < 0.000001

Table 6.3: Values of the performance criterion

The small perturbation parameter ¢ equals 1/30 and the terminal time is
n =9

With the proposed method, simulation results for an approximate
open-loop optimal control (6.65) are obtained by using the package
MATLAB (Hill, 1988). The approximate and optimal values of the
performance criterion are presented in Table 6.3.

Table 6.4 shows the approximate and optimal values of the control
input u (k). The approximate control is defined as
uV) (k) = =R71BTAU) (k 4+ 1)
where j stands for the number of iterations used to solve recursively
equation (6.81).
We can see that the control (k) and the performance criterion
converge very rapidly to the optimum values. It can be seen that the

error of the performance criterion reduces with the rate of O (€?), which
is consistent with the obtained analytical results.

6.7 Open-Loop Discrete Weakly Coupled Control
Problem

In this section, we will study the open-loop optimal control problem of
discrete weakly coupled systems in terms of the reduced-order difference
equations. A weakly coupled linear discrete system is represented by
(Gajic et al., 1990)

T (k + 1) = Alxl (k) + €A2$2 (k) + B]’d] (k) + €B2’ll.2 (k)
Ty (k+1) = €Aszy (k) + Agzo (k) + €Bsuy (k) + Bauz (k)

z1(0) = 210, 22(0) = 720
(6.91)
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u®(k) =

k uO)(k) u(D(k) u@(k) Uopt(K)
0 0.3838 0.3950 0.3948 0.3947
-0.0063 -0.0063 -0.0063 -0.0063

1 0.4876 0.4977 0.4973 0.4973
-0.0060 -0.0060 -0.0060 -0.0060

2 0.5120 0.5217 0.5214 0.5214
-0.0056 -0.0056 -0.0056 -0.0056

3 0.5495 0.5601 0.5599 0.5599
-0.0052 -0.0052 -0.0053 -0.0053

4 0.5664 0.5769 0.5767 0.5767
-0.0048 -0.0048 -0.0048 -0.0048

5 0.6250 0.6358 0.6357 0.6357
-0.0044 -0.0044 -0.0044 -0.0044

6 0.6713 0.6825 0.6825 0.6825
-0.0039 -0.0039 -0.0039 -0.0039

7 0.5265 0.5359 0.5359 0.5359
-0.0035 -0.0034 -0.0034 -0.0034

8 0.8580 0.8695 0.8694 0.8694
-0.0029 -0.0029 -0.0029 -0.0029

9 0.8929 0.9055 0.9060 0.9059
-0.0021 -0.0021 -0.0021 -0.0021

Table 6.4: Approximate and optimal values of u (k)

with state variables z; € R™ and control inputs u; € ™, i = 1, 2,
respectively, where ¢ is a small coupling parameter. We will assume
that all given matrices are constant. The performance criterion of the
corresponding linear-quadratic control problem is defined by (6.63) with

‘=[5 o= & &=

(6.92)

_ 3| fFZ _ R,y 0
F‘[er,T F3]ZO’ R‘[o R2]>0

The open-loop optimal control problem has the solution given by (6.65).
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The Hamiltonian form of this optimal control problem is given by (6.66)-
(6.67), that is

z(k+1)| _ H z (k)
AMk+1)) A(k)
where
H= A+ BR'BTA-TQ —-BR'BTAT
- _A—TQ A—T
with boundary conditions expressed in the standard form as
z(0) z(n)| _
5]+ (53] - ©
Note that
_|{I o [0 0O _{z(0)
=D w=] % 0 =[O e

Matrices A and S have the forms

_| A1 €4 ap-1pT _ | ST €2
NS R SR

Similar to Section 6.3, for discrete weakly coupled systems, the
Hamiltonian matrix retains the weakly coupled form by interchanging
some state and costate variables so that it can be block diagonalized via
the nonsingular transformations presented in Sections 3.3 and 3.4.

Partitioning vector A(k) as A(k) = [AT(k) AT(k)]T with
A1 (k) € R™ and Ap (k) € R™2, we get

nk+1)] [Z & 5 & [a®) 21 (k)
zo(k+1)| _ |eds Aq &3 D4 | [2a(K) | _ g [ Z2(k)
ME+D) T Qr Q2 AT AT | [ M (k)| T T [ A (k)
Az (k+1) Qs Qi AT, AL | L)Xy (k) Az (k26 %)

(see Appendix 6.3).
Interchanging the second and third rows in (6.96) produces
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n(k+1)] [ B A €527 [#1(k)
M(k+1) Q1 AL @y AL | | M(R)
z2(k+1) €As €S53 Ay 54 | |22(K)
Ag(k-i-l) €Q3 GA% Q4 Ag; /\2(k) (697)
z1 (k) '
_[T] sz] /\1(k)
- €T3 T4 (Dg(k)
Az (k)
where . .
=4 S| oo (4 52
Tl AL TPT |9 Af
(6.98)
. o% IS b vy )
L=l 4 "= e 4L

Introducing the notation

vo=[nwl vw-[RE] e

we get the weakly coupled discrete system in the new coordinates

Uk+1)=TyU (k) + €TaV (k)

6.100
V(k+1) = DU (k) + T,V (k) (6.100)
Applying a nonsingular transformation of the form
|1 —elL -1_ [I-€LH eL
T2 = [eH I—e’HL] » Ta = [ —eH I]
(6.101)
Uk)] _ . [T (k)
Vo] =T [
to (6.100) is producing two completely decoupled subsystems
— _ i g

Vik+1)= (Ty + €2T3L) V (k)

where L and H satisfy
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H (T] - €2LT3) - (T4 + €2T3L) H+T3=0 (6.103)
TyL+ T — LTy — LT3L = 0 '
Matrices L and H can be obtained with required accuracy, by using
numerical techniques developed in Chapter 3 for solving (6.103), where
the rate of convergence is O (€?). Thus, after j iterations, one gets
the approximations L) = L + O (¢%¥) and HY) = H + O (¢%).
Using L(9), H() instead of L and H, will perturb the coefficients of the
corresponding systems of linear differential equations by O (2), which
implies that the same accuracy of the system solutions is obtained.

The boundary conditions are changed due to an interchange of A, (k)
and z, (k) which modifies matrices in (6.93) as follows

U (0) Un)| _
M,[V(O)]+N1[V(n) = (6.104)
where
I, 0 0 0 z; (0)
o 0o o0 o | o
Mi=19 01, 0" = |20
0 0 0 0 0
0 0 0 0
N=|F I —eb 0 (6.105)

0 0 0 0
—6F2T 0 —F3 In,

The nonsingular transformation (6.101) applied to (6.104) produces

U(0) U(n)] _
i [ +0 (7)) = o100
where

M2 = M]Tz, N2 = N]Tz (6107)

Solutions of (6.102) are then given by

ﬁ(k) = (T] - €2LT3)
V (k) = (Ty + €T3L)

(0)
(0)

We can eliminate U (n) and V (n) from (6.106) such that

k~—
kZ (6.108)
14
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B(e) gggg] = (6.109)
where
— E&LT,)"
B(e) = {M2+N2[(T1 eOLTa) (T4+32T3L)n]} (6.110)

It is shown in Appendix 6.4 that 3 (¢) is nonsingular, that is, this
system of linear algebraic equations has a unique solution, assuming that
a coupling parameter ¢ is sufficiently small. Since 7 (¢) is invertible,
hence T (0) and V (0) can be obtained.

Now we are able to find U (k) and V (k) from (6.108). Using
(6.101), we can find U (k) and V (k).

After getting the solutions of U (k) and V (k), we can use the
following relations to get the values for A; (k) and A, (k).

[:cl (k)] _ [Ul (k)] = U (k)

A1 (k) U (k)
(6.111)
k Vi(k
[fi&;] = [Vzgkg] =V

The costate variable A (k) and the optimal control law are therefore found
such that

u(k) = =R7'BTAY (k +1) + O (¢¥) 6.112)

Apparently, as j increases, the control defined in (6.112) converges very
rapidly to the optimal solution.

6.8 Numerical Example

In order to demonstrate the proposed method, a discrete system (Katzberg,
1977) is studied. The system matrices are

0964 0.18 0.017 0.019
—-0.342 0802 0.162 0.179
0.016 0.019 0.983 0.181
0.144 0.179 -0.163 0.82

A=
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BT = 0.019 0.180 0.005 -0.054
—{0.001 0.019 0.019 0.181

with initial conditions
T (0)=[1 11 1]

The weighting matrices are chosen as R = I, @ = 0.1I; with the
terminal penalty matrix F = 0.5I;. The small coupling parameter ¢ is
0.329, and the final time is n = §.

Table 6.5 shows the approximate and optimal values of control u (k).
The approximate control is defined as

u¥) (k) = =R~'BTAU) (k + 1)

where j stands for the number of iterations used to solve L recursively
in equation (6.103). The recursive solution for L after six iterations is
given in (6.113). For j = 0

-1.1436 -1.3305 0.0562 —0.2300
LG _ 16) = 1.8946  0.1277  0.3022 -0.2789
0.8015 -—1.7028 -2.5535 4.2259
2.4466  0.0174 -2.787  1.5939

and for j = 6

-0.0009 -0.0013 —0.0049 0.0021
LG+ _ [6) = 10-5 | 0-0001 —0.0079 —0.0091 -0.0007
- —0.0391 0.1256 0.112 —0.1037

-0.0499 0.0656  0.0934 —0.059
(6.113)

In order to indicate the relative differences among optimal and approxi-
mate control strategies, they are also presented in Figures 6.1-6.2. The
optimal (solid lines) and approximate system trajectories are presented
in Figure 6.3-6.4.
Exercise 6.3: Use the MATLAB package to discretize a magnetic tape
control system from Section 2.2.3 with the sampling rate 7' = 1. Then
write a program to find the discrete-time optimal open-loop control of the
corresponding singularly perturbed system in terms of the reduced-order
slow and fast subsystems. Repeat the procedure with the sampling rate
T =0.1.

A
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u®) (k) =

k| w©@%k) | u®(k) | u@(k) | w®(k) | u®(k) | optimal
-0.0745 | -0.1228 | -0.0612 | 0.0397 | 0.0147 0.0131.
-0.3616 | -0.1738 | -0.0606 | -0.1632 | -0.1333 -0.1323
2 || 0.0709 | -0.0674 | -0.0214 | 0.0695 | 0.0465 0.0447
-0.3208 | -0.1354 | -0.0430 | -0.1171 | -0.0926 | -0.0912
3 || 0.1532 | -0.0255 | 0.0123 | 0.0883 | 0.0685 0.0668
-0.3278 | -0.0898 | -0.0259 | -0.0759 | -0.0569 -0.0556
4 || 0.1955 | 0.0074 | 0.0429 | 0.0994 | 0.0834 0.0819
-0.3835 | -0.0409 | -0.0047 { -0.0390 | -0.0251 -0.0239
5 | 0.2178 | 0.0359 | 0.0744 | 0.1068 | 0.0946 0.0934
-0.4884 | 0.0083 | 0.0257 | -0.0056 | 0.0042 0.0053

Table 6.5: Approximate and optimal values of u (k)

Control uil(k)

50

Discrete Time k

100

Figure 6.1: Optimal and approximate control strategies u, (k)

186




OPEN-LOOP CONTROL

0.2 .
~ 0
x
-
o5 —0.2y =
=y {
e
a "
8 =04 ]
-0.6 ‘
0 50 100

Discrete Time k

Figure 6.2: Optimal and approximate control strategies u, (k)

State x1(k)

0 o0 100

Discrete Time k

Figure 6.3: Optimal and approximate system trajectories z, (k)
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1.5 :

State x3(k)

0 o0 100

Discrete Time k

Figure 6.4: Optimal and approximate system trajectories z3 (k)

6.9 Conclusion

In this chapter, the optimal finite time open-loop continuous and dis-
crete control problems for both singularly perturbed and weakly coupled
systems are solved with any desired accuracy in terms of reduced-order
problems. Corresponding two-point boundary value problems are con-
verted into two initial value problems. The approaches given in this
chapter reduce considerably the size of required computations and intro-
duce full parallelism in the problems under study. It has been shown that
the obtained results are applicable to both continuous-time and discrete-
time domains.
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Appendix 6.1
From (6.67)
A+ B -IBT -T — —lBTA—T
H= [ + fA"TQA ¢ B ] @)

Since A~T has the same structure as A7, that is

— [f+0(e) O(1)

A7 =10 0 0(1)] (@2)

then

eres (38 831126 83]-126) o6

e (549 841738 84
B [%(f:)) 88]

N P

I A S

I - i S
% O hrad i

Qs Q4 eAT, A7, |

@.3)

Note that it is easy to obtain overlined matrices in the process of
programming and it is of no interest to get corresponding analytical

expressions.

Appendix 6.2

Lemma 6.3 If the optimal control problem defined in (6.62)-(6.63) satis-
fies the stabilizability-detectability assumption, the matrix o (¢) in (6.89)

is invertible.
o
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Proof: The matrix o (¢) can be written as

a(e)=Ms+Ns |1 O +0(9) ®.1)
0 Ty
Let b
T" = 11 12] 2
il P ®2
then by using expressions for M3 and N3 given by (6.86), we obtain
L, 0 0 0
|+« L, 0 0
a(e) = r o+ I, 0 + O (¢) (®.3)

* * * ¢ — F3dia

where asterisks denote terms which are not important for the non-
singularity of « (e).

From (b.3), note that if the matrix ¢93 — F3¢,, is invertible, the
matrix « (¢) will be invertible for sufficiently small value of €. It will be
shown in the following that the invertibility of ¢2; — F3¢,, follows from
the assumption that the system is stabilizable-detectable. From (6.79)
and (6.87), we can write

PEl=m [0 n o] nlbl] e

By using the values of Ty and T] 1 from (6.79), we obtain

U(n)=U(0)+0/(e

V()= (TPL-L)UQ)+ TV +0() O
Let s v
ny 1= | ¥ Y12
LiL-1 (23 '/)22] ®.6)
then by using (6.77) and (b.6) in (b.5) yields
z2(n) = Y1121 (0) + ¢1172(0) + h1222(0) + O (¢) b.7)
A2(n) = PY2171 (0) + ¢2122 (0) + d2242(0) + O (¢) ‘
From the boundary condition A(n) = Fz(n), we have
A2 (n) = F2T$1 (n) + F3zq (n) (b.8)
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Since U (n) = U (0) + O (¢), therefore, z; (n) = z,(0) + O (¢). Using
this fact and substituting the value of 2, (n) from (b.7) into (b.8), we get
(22 — F312) A2 (0) = (F311 — ¢21) 22 (0) ©.9)
+ (F] = ¢21 + Fs11) 21(0) + O (¢) '
Since the system is stabilizable-detectable, the control u (0), and hence

A2(0) exist, which concludes that (¢;; — F3¢;2) must be invertible.
Thus, for sufficiently small ¢, the matrix a (¢) is invertible.

Appendix 6.3

From (6.67)
A -1 TA—T _ —1BT -T
H= [ + BflA_}.T?Q Q BRA_T A ] -

Since A~T has same structure as AT, that is

- o@1) O
+7=[5 o) >

then

A—TQ=[O(1) 0(6)] 0(1) 0(6)]___ 0(1) 0(6)]
0() o) o) o) = o) 0@)

s[5 88124 86)

0() 0(1)
_[9w o]
0 o(1)
ot it [0Q) O
a+srpTaTe= [0 O
L &5 5
@ m oSS
Qs Qi AL, AL

(c.3)
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Note again that it is easy to obtain the overlined matrices in the process of
programming and it is of no interest to obtain corresponding analytical
expressions.

Appendix 6.4

Let the transition matrices of the difference equations given in
(6.102) be denoted as ¢ (k) and 1 (k) respectively, and let partition them
as follows

61k 2 (k)
(k) = | 4o (k) ¢f(k)]

d.1
¢(k) = 'pl (k) ¢2 (k)
V3 (k) a(k)
From (6.109) we have
: _ o (k) 0
Using expressions for M, and N, defined by (6.107) we get
In, 0 0 0
Ble) = [¢3 (k) = Fi¢y (k) @4 (k) — Fid2 (k) 0 0 :|
0 0 Ina Y
0 () Y3 (k) = Favr (k) ¥4 (k) — F3y2 (k)
+0 (¢)
@.3)

It is left as an exercise to the reader to show that under stabilizability-
detectability conditions imposed on the subsystems, the matrices ¢4 (n)—
Fi1¢2(n) and 14 (n) — F31; (n) are invertible. Thus, the matrix 5 (¢) is
invertible for sufficiently small values of e.
Exercise 6.4: Following the arguments of Appendix 6.3 show that the
matrices ¢4 (n) — Fi¢2(n) and 14 (n) — F3tp2 (n) are invertible under
stabilizability-detectability conditions imposed on the subsystems.

A
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Chapter 7

Exact Decompositions of Algebraic
Riccati Equations

In this chapter, the algebraic Riccati equations of both singularly per-
turbed and weakly coupled control systems are completely and exactly
decomposed into two reduced-order algebraic Riccati equations. The
decomposed algebraic Riccati equations are nonsymmetric ones. It is
shown that the Newton method is very efficient for solving the obtained
nonsymmetric algebraic Riccati equations. Due to complete and exact
decomposition of the Riccati equations, we have obtained the parallel
algorithms for solving these equations. The presented procedure might
produce a new insight in the singularly perturbed and weakly coupled
optimal filtering and control problems since the corresponding reduced-
order optimal filters and controllers are completely decoupled. The de-
compositions of the algebraic Lyapunov equations for both singularly
perturbed and weakly coupled systems are presented in Section 3.5 in
the context of the complete decomposition of the differential Lyapunov
equations.

7.1 The Exact Decomposition of the Singularly
Perturbed Algebraic Riccati Equation

A linear singularly perturbed control system is given by
& = A171 + A2z2 + Biu, 71 (%) = 210

. 7.1
€ty = A3ty + A4z, + Bau, z2(to) = 720 D

where z; € R, i = 1,2, u € R™ are state and control variables,
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respectively, and ¢ is a small positive parameter. As a parameter ¢ tends
to zero, the solution behaves nonuniformly, producing a so-called stiff
problem (Kokotovic et al., 1986).

The main equation of the linear optimal control theory — the Riccati
equation, can be obtained from the Hamiltonian matrix. For singularly
perturbed systems, after modifying some costate variables, the Hamilton-
ian matrix retains the singularly perturbed form by interchanging some
state and costate variables so that it can be block diagonalized via the
nonsingular transformation studied in Chapter 3.

The task of this section is to exploit the reduced-order subsystems
to find the exact solution of the global algebraic Riccati equation in
terms of the reduced-order problems — both leading to the nonsymmetric
algebraic Riccati equations: pure-slow and pure-fast. It is shown that the
O () perturbations of these nonsymmetric algebraic Riccati equations are
symmetric ones and equal to the well-known first-order approximations
of the slow and fast algebraic Riccati equations. The solutions of the
symmetric reduced-order algebraic Riccati equations play the role of the
initial guesses for the Newton method which is very efficient for solving
the obtained nonsymmetric Riccati equations. Furthermore, the proposed
method is very suitable for parallel computations since it allows complete
parallelism. In addition, due to complete and exact decomposition of the
algebraic Riccati equation, the optimal filtering and control at steady state
might be performed independently and in parallel in slow and fast time
scales.

With (7.1), consider the performance criterion

_loc xlT Z1 T
stz e [n]rende aa
to

with positive definite R and positive semidefinite Q).
The open-loop optimal control problem of (7.1)-(7.2) has the solu-
tion
w=-R'BTp (7.3)

where p € R™+7 is a costate variable satisfying (Kwakemaak and
Sivan, 1972)
T A =5||¢z
.| = 7.4
[p] [—Q —AT] [p] a4
with
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A A
a=[@ &) o= &) e=[2] oo

By 52
€ € P

B= [B‘] ., S=BRBT=|5 %]
The optimal closed-loop control law has the very-well known form
u=-R'BTp=—-R'BTPz (7.6)
where P satisfies the algebraic Riccati equation given by

0=PA+ATP+Q - PSP (7.7)

Our main goal is to find the solution of (7.7) in terms of the solutions
of the reduced-order pure-slow and pure-fast algebraic Riccati equations.

Partitioning p such that p = [pT T |7 with p; € ®™ and
p2 € R™* and interchanging second and third rows in (7.4), we get

T Ty
| _|Th T, M
ANERIl Y
P2 P2

where
[ A4 =% [ 4 -z
h=|-q —A?]’ TZ‘[—Qa —A%J

(7.9)

[ A —ZT] [ Ay —52]
T = . T =
3 __.Qg‘ —Ag' : 4 -Qs —Af

It is important to notice that (7.8) retains the singular perturbation
form. Also, the matrix T’ is the Hamiltonian matrix of the fast subsystem,
and it is nonsingular under stabilizability-detectability conditions imposed
on the fast subsystem (Kwakernaak and Sivan, 1972).

Introduce the notation

1| _ T2 | _
HEENRE 010

and the transformation (Chang, 1972) defined by
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_|IT-€eHL -eHd a_ | I eH
Tl‘[ LI } T _[—L I—eLH] .11)

where L and H satisfy

T4L - T3 — €l (Tl - TQL) =0 (712)

-H (T4 + €LT2) + 12+ €(T1 - TgL) H=0 (7.13)

The unique solutions of (7.12) and (7.13) exist under condition that
T, is nonsingular.

The transformation (7.11) applied to (7.8) produces two completely
decoupled subsystems

7') = (T1 - TzL) n (714)
and
€ = (Ty + eLT3) € (7.15)
where
Nl _ w
HEESH 010

The algebraic equations (7.12) and (7.13) can be solved by using
any of the recursive algorithms developed in (Grodt and Gajic, 1988;
Kokotovic et al., 1980).

The rearrangement and modification of variables in (7.8) is done by
using the permutation matrix E; of the form

Ty In,, 0 0 0 T

j 431 _ 0 0 Inl 0 T2 _ xr

2| =10 L, 0 oflp|=F]p (7.17)
2 0 0 0 Injlep

Combining (7.16) and (7.17), we obtain the relationship between the
original coordinates and the new ones
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)

&L | _ oT T| _ z| _ (I I |=

T =BTk [P]_H[P]—[Ha H4] [P] 7.1%)
3!

where E, is a permutation matrix in the form

I, 0 0 0
1o o0 I, o0

E=|y . 0 o (7.19)
0 0 0 I

Since p = Pz, where P satisfies the algebraic Riccati equation
(7.7), it follows that

z:] = (Hl + HQP) z, [ZZ] = (II3 + H4P)$ (720)

In the original coordinates, the required optimal solution has a
closed-loop nature. We have the same attribute for the new systems
(7.14) and (7.15); that is

n|_|A 0fm
52] - [ 0 Pz] 51] (7.21)
Then, (7.20) and (7.21) yield

[Pl 0

9 Pz] = (II3 + I, P) (I, + I, P)™! (7.22)

Following the same logic, we can find P reversely by introducing

Ap-1p o |0 Q2
ET'TI E;=Q= [93 94] (7.23)
where
I, 0 0 0
-1_(0 0 I, 0
ET = 0 I, 0 0 (7.249)
0 0 0 ey,

and it yields
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-1
P=(93+94[1;‘ }?ZD (Q,+92[1;‘ }92]) (7.25)

It is shown in Appendix 7.1 that the required matrices in (7.22) and
(7.25) are invertible. Partitioning (7.14) and (7.15) as

2=a @]|r]=@-mn[2] 0

2 asz a4 M2

él]:_[bl bz] [fl]= T [ 1] 727
‘l& b3 b4] | &2 (Ts + €LT3) & (7.27)
and using (7.21) yield to two reduced-order nonsymmetric algebraic
Riccati equations

0= P]G] - a4P1 -as+ P]ng} (728)

0= P2b1 - b4P2 - b3 + P2b2P2 (729)
where

[al az] _ [ Ay - AL+ ZL3 -S1-AzLly+ 7L, ]
as a4 —Q1+ Q2L + ATLs —AT + Q2L + AT L4

[bl bg] - [ A4+€(L1A2—L2Q2) —Sz—f(IqZ""LgAg‘)
bz by ~Qs+€(LaAz — LiQ2) —AT —€(L3Z + L4“§)3

with . '
_ 1 2
=[5 7]

The pure-slow algebraic Riccati equation (7.28) is nonsymmetric
and it is given by
Py (Ay — AsLy + ZL3) + (A - LTQT - LT4,)" P,
+(Q1 = Q2Ly — ATL3) — Py (51 + AsLy — ZLy) Py ?7031)

The pure-fast algebraic Riccati equation (7.29) is also nonsymmetric

Py(As+ €(L1A2 — L:Q2)) + (AT + € (LaZ + L4AD)) P,

+(Q3 = €(LaAz — L4Q2)) — P2 (S2 + ¢ (L1Z + L2A]7)) P2(7=3g)
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but its O (¢) approximation is a symmetric one, that is
PAs + AZ‘PQ + Q3 — PSP, + 0 (6) =0 (7.33)

In addition, it can be shown (see Appendix 7.2) that (7.31) is an O (e)
perturbation of the first-order approximate slow algebraic Riccati equation
obtained in (Chow and Kokotovic, 1976)

P,A, + AsPs+ Qs — PSPy =0 (7.34)

where A,,(@Q,, and S, can be found in Section 2.2.2.

The nonsymmetric algebraic Riccati equation was studied in
(Medanic, 1982). An algorithm for solving general nonsymmetric al-
gebraic Riccati equation was derived in (Avramovic, 1979) — see also
(Avramovic et al., 1980).

Using (7.33)-(7.34) and the implicit function theorem (Ortega and
Rheinboldt, 1970), the existence of the unique solutions of (7.31) and
(7.32) are guaranteed by the following lemma.

Lemma 7.1 If the triples (A4, B3,v/Q3) and (A5, v/S5.V/@s) are
stabilizable-detectable, then 3¢o > 0 such that Ve < €g unique solutions

of (7.31) and (7.32) exist.
o

From (7.33) one can obtain an O (€) approximation for P, as
POA, + ATPO + Q3 - P95, P = ¢ (7.35)

Having obtained a good initial guess, the Newton type algorithm can be
used very efficiently for solving (7.33). The Newton algorithm is given
by

B (b4 8,8) = (by = POb,) PED = b5 4 POb, B

1=0,1,2,...
(7.36)
with an initial guess obtained from (7.35).

The pure-slow equation (7.31) can be solved by using the Newton
algorithm also, with an initial guess obtained from (7.34). The Newton
algorithm for (7.31) is given by

Pl(.'+1) (al + a Pl(i)) _ (a4 _ P,(‘)az) Pl(i+l) =az+ Pl(")azPl(i)

PO =P,  i=0,1,2,..
(7.37)
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It is important to notice that the total number of scalar
quadratic algebraic equations in (7.31) and (7.32) is n? + nZ. On
the other hand, the global algebraic Riccati equation (7.7) contains
2 (n1 + n2) (n1 + n2 + 1) scalar algebraic equations. Thus, the proposed
method can reduce the number of equations if

1
n?+nl< 3 (n1 +n2)(n1 +nz2+ 1) (7.38)

or
(n1 —n2)? < ny + 0y (7.39)

It is interesting to point out that we were not able to extend these
results to the differential Riccati equation of singularly perturbed systems.
The problem has arisen in finding the terminal conditions for the reduced-
order differential Riccati equations. Namely, by interchanging columns
in the Hamiltonian matrix and performing corresponding transformations
the analytical expressions that relate state and costate variables in new
coordinates are quite complicated. In other words, there are not exist any
more simple linear relations in the forms 7, (t;) = Py (t7)m (t5) and
&2(ty) = Py (ty) & (t5), where t; stands for the finite final time.

Using solutions of both pure-slow and pure-fast Riccati equations
and formulas (7.21) and (7.26), we can get completely decoupled slow
and fast subsystems in the form

= (0 +aP)m (7.40)

€€ = (b + b0 P2) &

The interpretation of the result presented by (7.40) is that the optimal

processing (filtering or control) can be completely performed at the local

levels (slow and fast subsystems). The global solution in the original

coordinates is then obtained at any time instant by using formula (7.20),
that is

z = (I + I,P)™"! "‘] (7.41)
1
where P is given by (7.25).
Note that completely decoupled slow and fast Kalman filters for

singularly perturbed systems were obtained in (Khalil and Gajic, 1984)
by applying the decoupling transformation (Chang, 1972) to the feedback
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form (after the global algebraic Riccati equation is solved) of the full-
order global Kalman filter. In this section, the transformation (Chang,
1972) is applied to the Hamiltonian matrix (which contains the open-
loop information only), leading to the decoupled closed-loop reduced-
order optimal filtering (and/or control). However, the use of the formula
(7.40) in optimal filtering (first of all) and control of singularly perturbed
linear systems should be much more clarified and can be the subject for
future research.

In summary, we have obtained the solution of the global (full-
order) algebraic Riccati equation of singularly perturbed systems in terms
of pure-slow and pure-fast reduced-order algebraic Riccati equations.
Instead of solving (n; + n3) (n; + n2 + 1) / 2 equations for symmetric
P in (1.7), we solve (n?+ nl) equations in (7.31) and (7.32). This
is more efficient if n; and n, are selected to be close to each other.
Furthermore, due to the split into two independent subsystems, the
advantage of parallel computations becomes significant in this case.

The importance of the presented results is in the fact that the optimal
control and filtering can be completely and exactly decomposed into slow
and fast time scales.

7.2 Numerical Example

In order to illustrate the proposed method, we consider a real world
problem — a magnetic tape control system (Chow and Kokotovic, 1976).
The problem matrices are given in Section 2.2.3.

The optimal global solution from (7.7) is

7.5400 6.1704  0.40534 0.10000
P _ | 6.1704  7.4673  0.39510 0.089202
¢zact = 10.40534 0.39510  0.13044 0.024396
0.10000 0.089202 0.024396 0.006200

Solutions of pure-slow and pure-fast algebraic Riccati equations
obtained from (7.36) and (7.37) are

p = |72437 5.5037]  , _ [10411 0.18501
17 158884 6.8214|° 2~ |0.17853 0.047413

Using (7.25), the obtained solution for P is found to be identical to P.zq:.
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Research Problem 7.1: Develop the parallel algorithm for complete
decomposition of the singularly perturbed discrete-time algebraic Riccati
equation into pure-slow and pure-fast reduced-order Riccati equations.

A
Research Problem 7.2: Apply the methodology presented in Section 7.1
to the optimal control and filtering of linear singularly perturbed systems
attempting to achieve the complete decomposition of the control and
filtering tasks into independent slow and fast time scale problems. Study
this problem in both continuous and discrete-time domains.

A

7.3 The Exact Decomposition of the Weakly Coupled
Algebraic Riccati Equation

Consider the linear weakly coupled system

&) = A1, + €Azz2 + Biuy + €Baug, 7 (to) =<2
Ty = €A3T) + A4Z2 + €B3uy + Byu,, z2 (to) = 720

2] -ofz]-[5 2] oo

where z; € R™, u; € R™, 2; € R™, i = 1,2, are state, control, and
output variables, respectively. The system matrices are of appropriate
dimensions and, in general, they are bounded functions of a small
coupling parameter ¢ (Gajic, et al., 1990). We will assume that all given
matrices are constant.

With (7.42)-(7.43), consider the performance criterion

ST ool ) s[x))a o
2 T T U Uz '
to

with positive definite R, which has to be minimized. It is assumed that
the matrix R has the weakly coupled structure, that is

R= [Rl 0 ] (7.45)

(7.42)

0 R,
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The optimal closed-loop control law has the very well-known form

Uy B B 1T [ -
— - _p- — _p-1
u_[ ]_ R [«133 34] P[zz}- R-'BTPz (7.46)

where P satisfies the algebraic Riccati equation given by

0=PA+ATP+Q - PSP (7.47)
with
_ Al €A2 _ -1pT _ S] 652
A_[CA3 A4], S =BR'BT = esT Ss]’ (7.48)
and 0 0
=DTD=| 2. %2 49
0-oro=[g $] oo

The open-loop optimal control problem of (7.42)-(7.45) has the
solution given by (7.3) where p € R™1*"2 is a costate variable satisfying
(7.4). Partitioning p into p; € R™ and p, € R™ and rearranging rows
in (7.4), we can get

il 3]
| _|Th ) [,
iy | = [eT;; T4] z (7.50)
P2 P2

where Ts, i = 1,2,3,4, are given by

o[ 4 —sl]: T2=[A2 -sz]

| -Q1 -AT -Q; -4AF
(7.51)
[ A3 - T] A4 _53]
T5 = , Ty =
2T 1-ef - ? ’ T 1-Qs -AT
Introducing the notation
["‘] = w, [”2] = A (1.52)
h P2

and applying the transformation presented in Section 3.3
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Nl _p-1|W
1= (3]
I —eL -1 [I-€LH €L ;
T2 = [eH I- eZHL] » Ta7 = [ —eH I } (7.54)
where L and H satisfy
TyL+ T, - LTy — €LT3L = 0 (7.55)

H (T] - €2LT3) - (T4 + €2T3L) H + T3 =0 (756)
will produce a decoupled form

7= (Ty - €LT3) (1.57)

= (Ty + ET3L) ¢ (7.58)

The rearrangement of states in (7.50) is done by using a permutation
matrix E of the form

1 I, 0 0 077z

D1 _ 0 0 In; 0 T2 _ T

e =10 L, 0 ollpl|= E » (7.59)
P2 0 0 0 I, P2

Combining (7.53) and (7.59), we obtain the relationship between the
original coordinates and the new ones

h
S I gy 2 Iy 2 R B 1 OO | CR L
2 "ETzE[P]'H[P]'[Hs H4] [p] (760
&2

Since p = Pz, where P satisfies the algebraic Riccati equation
(7.47), it follows that

[g:] = (II; + I;P) =, Z:] = (Il + I4P)z (7.61)
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In the original coordinates, the required optimal solution has a
closed-loop nature. We have the same attribute for the new systems
(7.57) and (7.58), that is

m|_|PA 0|im
fz] B [ 0 Pz] f]] (7.62)
Then (7.61) and (7.62) yield

[Pl 0

0 Pz] = (I3 + I4P) (I, + I, P)"! (7.63)

Following the same logic, we can find P reversely by introducing

ETT,E =Q = [g; gz] (7.64)

and it yields

-1
P=(93+Q4[€‘ 122]) (91+9,[1;‘ I(’]zD (7.65)

The invertibility of the matrices defined in (7.63) and (7.65) is proved
in Appendix 7.3.
Partitioning (7.57) and 7.58) as

[771] - [01 az

T2 az a4
{-[:

3} b3
a1=A1+0(€2), a2=—51+0(€2)

a3=-Q1+0(e?), ag=-AT+0(é?)
b1=A4+0(€2), b2=—53+0(€2)

b3=-Q3+0(?), by=-AT+0 (&)

and using (7.62) yield two reduced-order nonsymmetric algebraic Riccati
equations

H

T
2
&
& ] (7.67)

i

2
4
where

(7.68)

(7.69)

0= Pa; - a4P — a3+ Piax Py (7.70)
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0 = Poby — by Py — b3 + Pobo P (7.71)

From (7.68) and (7.69), it follows that the O (¢2) perturbations
of the nonsymmetric algebraic Riccati equations (7.70) and (7.71) are
symmetric, namely,

PA, + ATP, + DID, - PB\R{'BTP, + O (&) =0 (1.72)

P,Ay+ ATP, + DTD, - P,B,R;'BIP, + O (¥) =0  (1.73)

Using these facts and the implicit function theorem (Ortega and
Rheinboldt, 1970), the existence of the unique solutions of (7.70) and
(7.71) is guaranteed under the following lemma.

Lemma 7.2 If both the triples (A1, By, D,) and (A4, By, D) are
stablizable-detectable, then 3¢q > 0 such that Ye < ¢o the solutions of
(7.70) and (7.71) exist.

o

Two numerical methods can be proposed for solving (7.70) and
(7.71), namely, the fixed point and Newton methods similar to those
developed in (Gajic and Shen, 1989). The Newton method leads to the

following recursive scheme
P (o + apP{?) - (a4 - Pay) P{*V = a5+ PP PO (1.74)
where the initial condition is obtained from

PO4, + ATPO + @, - P35, PO = ¢ (7.75)

Similar formulas hold for (7.71).

It is interesting to point out the the proposed method is not applicable
for the differential Riccati equation of weakly coupled systems, because
there is no way to find the terminal conditions for the reduced-order
nonsymmetric differential Riccati equations.
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7.4 Case Study: A Satellite Control Problem
To demonstrate the presented method, we have solved a fourth-order

example, a satellite control problem considered in (Ackerson and Fu,
1970). Problem matrices are given by

0 0667 0 0 0 02
|-0667 0 0 0 11 o
A=1 7 0o o0 153|' B=|oa o
0 0 153 0 0 1

Penalty matrices ) and R are chosen as identities.
Results obtained from (7.70) and (7.71) are given by

p — [22201 045889] [ 1.5056 0.1947
17104410 1.2749 |* "2~ [0.22817 1.2782

which by the use of the formula of (7.65) produce

2.2437 0.46218 0.13613 —0.10735
0.46218 1.3456  —0.2091 -0.24753
0.13613  -0.2091 1.5375  0.24817

-0.10735 -0.24753 0.24817  1.3396

P=

Exactly the same result has been obtained by using the classical global
method for solving the algebraic Riccati equaticn.

Research Problem 7.3: Decompose the discrete-time algebraic Riccati
equation of weakly coupled systems into two reduced-order completely
independent nonsymmetric algebraic Riccati equations. Generalize ob-
tained result to the problem of N weakly coupled subsystems.

JAY

Research Problem 7.4: Decompose the optimal control and filtering
tasks of linear weakly coupled systems into completely independent
reduced-order optimal control and filtering subproblems. Generalize
obtained results to the weakly coupled linear control systems composed
of N subsystems.

JAY
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7.5 Conclusion

In this chapter, the optimal steady-state, closed-loop control problems of
singularly perturbed and weakly coupled systems are solved by way of
the reduced-order nonsymmetric algebraic Riccati equations. Since the
decomposed Riccati equations are completely independent, the processing
time for the optimal control and filtering problems is reduced. The results
presented in this chapter are based on the work by (Su and Gajic, 1992;
Su et al., 1992b).
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Appendix 7.1

It is easy to show that

Ly 0 0 0

W Q| _ pcime1p _ | =Dt I, —L2 0

[93 94]_13, TE= |7 o 7 o] +00 @b
0 0 0 0

which implies

I,
Ql=[_L] ISQ]+0(6), 92=[_‘22 g]+0(e) @2)

Then, the matrix

Po)_[ L., o0
9‘+Q2[o Pz]_[—Ll—LzPl In,]+0(‘) @.3)

is invertible for sufficiently small values of .
Similarly

II; Ozf _ o1 L I;; O 0
[H3 HJ_E2T1E,_ L _p,|t0@ @9

with
I, O _ |0 -H,
II,-[L1 In,]+0(€)’ Hg—[o 0 ]+0(e) @.5)
imply that the matrix

I,, 0
I, + II,P = [Ll In,] + 0 (¢) (a.6)

is invertible for sufficiently small values of ¢. In this appendix, we have
used the following notation for the partitioned matrix H

@7

-3 3

Hs H4
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Appendix 7.2
From (a.1) we have
B 0 _|A
wenl 0]=[5 ro0 oy

Using (b.1) and (a.3) in formula (7.25) produces

-1
[ ] [ L, - L2P1 S,] +0(€) ®2)
or

P= [’;1 0] +0(e) ®3)

It is very well known that the structure of the solution for P is given
by (Kokotovic, et al., 1986)

_ Po CPm
P= [epg ¢P; ] ®4
which implies

P1=P0+0(€) (bS)

On the other hand, F, is O (¢) close to the solution of (7.34), that is to
P, (Chow and Kokotovic, 1976), so that

P, =P,+0(e ®.6)

Appendix 7.3

According to (7.60) and (7.64), it can be seen that
I, +0(&) 0() 0O(€) O (¢)

_ o I, o 0
=1 o (:2)) 0(¢) I+ g)(ﬂ) o@| ©V
0] (6) 0 (0] (C) Ing

and
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b 99 o 29
_10(e) I.,,+0(€e) Ofe) O (e
=1 0 L, 0 2)
0 (¢) 0 (€?) O(e) In,+0(€?)
Therefore,
(H1 + HzP) = In,-{—n, +0 (6) (c.3)
(91 + 2 [Ig 122]) = In4n, + 0 (€) (c4)

There exists ¢; > 0 such that Ve < ¢, the required matrices are invertible.
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Chapter 8

Differential and Difference Riccati
Equations

In this chapter, we study the main equations of the finite time optimal
closed-loop linear-quadratic control problems, namely, the differential
and difference Riccati equations, for both singularly perturbed and weakly
coupled systems. A unique approach to the solutions of these Riccati
equations is developed by performing the block diagonalization of the
corresponding Hamiltonian matrices.

8.1 Recursive Solution of the Singularly Perturbed
Differential Riccati Equation

A differential Riccati equation of a singularly perturbed system (Koko-
tovic and Khalil, 1986) is given by

-P(t)=P(t)A+ATPt)+Q-P()SP(t), P(T)=F 8.1)
where

A= |4 2‘3], Q=[82% 8;], Q20

€ €

S, £ F, ¢€F
_ —1pT _ |91 % _ 1 2
S=BR'B _[ZT S] F_[€F2T R R>0

€ €

8.2)

are n X n constant matrices and ¢ is a small positive parameter. The
presence of a small parameter ¢ makes this problem numerically ill-
defined, producing a so-called stiff numerical problem (huge slope at
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terminal time), (Miranker, 1981). In order to overcome this difficulty, the
Taylor series expansion approach, with respect to a small parameter ¢ has
been taken in (Yackel and Kokotovic, 1973) leading to a family of well-
defined reduced-order problems. However, the Taylor series expansion
method is not recursive in its application. When one is interested in a high
degree of accuracy, or when ¢ is not very small, the size of computations
required can be considerable. In such cases, the advantage of using the
series expansion method (the important theoretical tool) is questionable
from the numerical point of view, and sometimes (see example in Section
8.2) that method is almost not applicable.

In this section, we will exploit the known Hamiltonian form of the
solution of the Riccati equation (Kwakernaak and Sivan, 1972), and a
nonsingular transformation (Chang, 1972) in order to obtain an efficient
recursive numerical method for solving (8.1). The Chang transformation
is used to block diagonalize the Hamiltonian, so that the required solution
is obtained in terms of reduced-order problems. In addition, an efficient
Newton-type algorithm (with the quadratic rate of convergence, that is,

O (€") — where k is a number of iterations) is developed for solving
algebraic equations comprising the Chang transformation.
The solution of (8.1) can be sought in the form

Pt)=M(t)N71(¢) 8.3)

where matrices M (t) and N (t) satisfy a system of linear equations
(Kwakemaak and Sivan, 1972)

M(t)=-ATM(@t)-QN(t), M(T)=F

. _ (8.4)
N(@t)=-SM@®)+AN(t), N(T)=1I

and N (t) is assumed to be nonsingular for V¢, t < T. This approach
is considered as the most efficient numerical method for the solution of
the differential Riccati equation (Kenney and Leipnik, 1985), where the
invertibility problem of N (t) is solved by performing a reinitialization
along the path ¢y < ¢t < T whenever N (t) is close to being singular.

Knowing the nature of the solution of (8.1), which is properly scaled
as (Kokotovic and Khalil, 1986; Yackel and Kokotovic, 1973)

Pi(t) ePy(t Fi  ¢F
P@ = [ePzT((g) ep§§t§]= PI)=F= [eFZT eF;;] ®3

where dimP; = n; X ny, dimP; = ny X ng, ny + ny = n (ny-slow
variables, n,-fast variables), we introduce compatible partitions of M (t)
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and N (t) matrices

My (t) M(1) Ni(t) N (t)

M@= |y, 1) M4(t)]’ N (‘)=[Na(t) N4(t)] 3.6

The invertibility of N (t) for every ¢, to < t < T, plays an important
role in the proposed method. The condition under which N (t) is an
invertible matrix is stated in the following lemma.

Lemma 8.1 If the triple (A, B,+/Q) is stabilizable-observable, then the
matrix N (t), with N (T) = I is invertible for any t € (1o, T).

o
Proof: By using a dichotomy transformation introduced in (Wilde and
Kokotovic, 1972),
¥ 5 A[4] @
N|T|-E-P) I+&-B)'P]|N '

where P and K are unique positive definite and negative definite solu-
tions of the algebraic Riccati equation corresponding to (8.1), the system
(8.4) can be transformed in

M) _[a-SK o |[M
=145 2] [R] e

with terminal conditions

M(T)=(K-P)"'(F-P)
NT)=I+E-P)'(F-P)=I1+M(T)
It is known that (A — SK) is an unstable matrix and that matrix
(A = SP) is stable (Wilde and Kokotovic, 1972). The solution of (8.9)
is given by

M (1) = e4-SK-T)31 (T)

N (1) = eA-SBX-D § (1) (8.10)

Using (8.7)-(8.10) it can be easily shown that
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N(t) = e(A-SK)(t-T)
x [+ (1 - eSE-KE-D (g - P)™ (B~ F))| N (T)

that is
N@)=¢(t-T)N(T) @.11)

with obvious definition of ¢ (¢ — T'). Since ¢ (¢ — T') plays the role of the
transition matrix of N (¢) and by very well-known facts is nonsingular,
the regularity of N (t) is determined by N (T') only. Thus, having chosen
N (T) as an identity will assure the nonsingularity of N (t) forany t < T,
and prove the given lemma.

Partitioning (8.4), according to (8.6), will reveal a decoupled struc-
ture, that is, equations for M,;, M3, Ny, and N3 are independent of equa-
tions for My, M4, N, and N4 and vice versa. Introducing the notation

oo (i) - [25]. 5[] =[]

_[-4AT -&i] _[-4T -@:]

h=l_g 4] B=|-z 4]
(8.13)

_[-4AT -QF] _[-4T -@s]

TS— _Zi‘ A3 -: T2— ._32 A4_

and after doing some algebra, we get two systems of singularly perturbed
matrix differential equations

U=TU+TV, U(T)= *;1]
L (8.14)

& =ToU+ TV, V(T)= %]

X =TX = [

=TX+TY, X(T)=|% ]
®.15)

&V =T X +TY, Y(T)= [F3]

Note that these two systems have exactly the same form and they differ
in terminal conditions only. From this point we will proceed by applying
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the Chang transformation to (8.14) and (8.15). This transformation is
defined by (Chang, 1972)

T, = [I“EHL ';H_ (8.16)
and
Ty = [—IL I—efLH_ @17
where L and H satisfy
T4,L-T3-¢eL(T1 -T2L)=0 (8.18)

-H (T4 + €LT2) + T2 + €(T1 - T2L) H=0 (819)
Applying this transformation to (8.14) and (8.15) we get

G(t)= (T, -TL)0(t), T(T)=I-eHL)U(T)-eHV (T)
(8.20)

J (@)= (Tu+elT)V (@), VT =LUT)+V(T) @21

X(t)= (T, -TL)X (1), X(T)=(I-eHL)X(T)- HY (T)
(822)

¥ ()= (Tu+elT)P (), P@)=LX(T)+Y(T) 823
Solutions of (8.20)-(8.23) are given by

U (t) = eT-TL)=T){j (T) (8.24)
V (1) = e T+l B)-T)y (T) (8.25)
X (t) = e-TL-T X (T) (8.26)
Y (1) = e (I D)-DY (T) (8.27)

so that in the original coordinates we have
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U(t) = e@-BOEDG(T) 4 ele@HIDDT(T) (o0

V()= —LeM=-TL)(t-T){; (T) + (I - eLH) e (T+LT)(t-T){} (T)
(8.29)

X (t) = eB-BIED X (T) + eHet T+l B-T)Y (T) (8.30)

Y (t) = ~LeM-TOEDX (T) + (I - eLH) e THLT(-DY (T)
8.31)

Partitioning (8.28)-(8.31) according to (8.12) will produce all components
of matrices M (t) and N (t), that is,

M-8 =ro. 9] =1%0]=-xo

[556]- [26) o [15) - i3] -ve

so that the required solution of (8.1) is given by

Ui(t) Xi@][U@) X2(0)]!
ro=[50 20 [VE wE e

Thus, in order to get the numerical solution of (8.1), that is P (t), which
has dimensions nxn = (n; + n2)x(n1 + n3), we have to solve two sim-
ple algebraic equations (8.18) and (8.19) of dimensions of (2n; X 2n,)
and (2n; X 2n,), respectively. The existing numerical algorithms for
solving (8.18) and (8.19) can be found in (Gajic, 1986; Kokotovic et
al., 1980). Then, two exponential forms ezp[(T; — ToL)(t — T')] and
ezp [L (T4 + €LT;) (¢t — T)| have to be transformed in the matrix forms
by using some of the well-known approaches (Molen and Von Loan,
1978). Finally, the inversion of the matrix N (t) has to be performed.
The algebraic equations (8.18), which are weakly nonlinear equations
and (8.19), a linear Lyapunov-type equation, play the crucial role in
the developed method and a very important role in the linear theory
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of singular perturbations (Kokotovic and Khalil, 1986). The existing
methods for solving (8.18) and (8.19) are recursive type algorithms with a
rate of convergence of O (€¥), where k represents the number of iterations
(Gajic, 1986; Kokotovic et al., 1980). In this section, a new method for
solving (8.18) and (8.19) with a quadratic rate of convergence, that is,
0 ("), will be presented (Grodt and Gajic, 1988). This method is
based on the Newton recursive scheme. It is the very well-known fact
that the Newton method converges quadratically in the neighborhood of
the sought solution and that its main problem is in the choice of the
initial guess. For the algebraic equation (8.18) the initial guess is easily
obtained with the accuracy of O (¢), by setting ¢ = 0 in that equation,
that is

LO =T T3 = L+ 0 (¢) (8.33)

Thus, the Newton sequence will be O (€2), O (¢*) , O (é8) , ..., O (%)
close to the exact solution, respectively, in each iteration.

~ The Newton-type algorithm of (8.18), can be constructed by setting
L+ = 1) 4 ALG) and neglecting O (AL)? terms. This will produce
a Lyapunov-type equation of the form

Dfi) L6+ 4 p(+1) Dgi) = Q(i) (8.34)
where
DY) =Ty + LT, DY) = —¢(Ty - T,LWO)
Q) = T3 + LWL i=0,1,2,..

with the initial condition given by (8.33).

Having found the solution of (8.18), up to the required degree of
accuracy, one can get the solution of (8.19) by solving directly the
algebraic Lyapunov equation of the form

MDY + MO = T, (8.35)

which implies M®) = M + 0 (62‘).
Note that the existence of the solutions of (8.18) and (8.19) are
guaranteed by the nonsingularity of T,. The sufficient condition for

the convergence of the algorithm (8.34) is given by (Belanger and
McGillivray, 1976)

I ALO 1<) QY ||=| Ts + LOTLO || (8.36)
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which is almost always satisfied, except for some special cases, for
example, T3 =~ 0 and T> = 0, which corresponds to a system already
in a block diagonal form.

One has to point out, that contrary to previously used algorithms for
solving (8.18)-(8.19) (Gajic, 1986; Kokotovic et al., 1980), which require
recursive solution of linear equations, in the proposed method one is faced
with the recursive solution of the Lyapunov equations. Thus, for the price
of speeding up the convergence from O (¢¥) to O (62") slightly more
computations have to be performed per iteration. However, the size of
computations required is of the same order, that is of O (n®) for both
the solutions of the Lyapunov and solution of linear equations, so that
the comparison of the rate of convergence of these two algorithms plays
the dominant role. In order to demonstrate the efficiency of the proposed
algorithm, we have run a fifth-order example.

Example 8.1

Matrices Ty, T,, T3, and T, are chosen randomly (standard deviation
equal to 1, and mean value equal to zero) such that T is the invertible
matrix. The simulation results for different values of a small parameter
are given in Table 8.1. It can be seen that the Newton method is
much more powerful than the successive approximation recursive scheme
(Gajic, 1986; Kokotovic et al., 1980). In Table 8.2 we have shown the
propagation of the error per iteration when ¢ = 0.2 for the Newton

method.

[—2.014 -0.058 0.499 0.585  1.372
1.366 -0.805 0.320 0.548  0.950

T, =|-0952 0.747 0984 -1.816 -1.563
-1241 0.758 -1.126 0.497 -0.131
[ 0.663 -0.021 -0.640 -0.296 1.375 |

[—-1.796 -0.009 -0.840 1.819 0.794 7
0.158 0467 1324 -0.123 0.629
I,=|-0433 0248 -1.181 -1.426 0.297
-1.599 0.269 -0.133 -0.845 -0.769
L 1.967 -0.565 0.776 1.419 —0.450

[—1.496 -0.666 0.699 1.262 —0.7317
1.43 0.563 0.812 -1.300 -0.616
I3=]-0521 -0.962 -0.141 -1.159 0.939
1.071 -0.943 0.017 0.696 1.295
[ 1.397 —-1.436 0.843 -1.488 0.524 |
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-1.367 -0.885 -0.506 -1.174 1.435

0.133 1319 1.244 0.892 -1.221

Ty=|-0296 1333 1.002 -0.927 -0.794

0.780 1.358 0.607 —0.511 0.671

-0999 0914 -1320 -0.556 -1.135

Number of . _
€ required || LG+ — LO)|| . < 10-7
iteration such
that
Newton Successive approximations
method
03 6 *
02 5 *
0.1 4 *
0.04 4 19
0.02 4 11
0.01 3
0.001 2 4

Table 8.1: Dependence of the number
of iterations on ¢ (* = no convergence)

€=02

-~

||L(i+1) - L(i)”oc < 107

2.40745 x 10°

7.80653 x 107!

421800 x 10~2

0.88748 x 10~*

NSl WIND| =

0.17808 x 10~8

Table 8.2: Propagation of the error per iteration
for a constant value of ¢ for the Newton method
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The Hamiltonian method developed in this section will be used
for the numerical solution of the singularly perturbed matrix differential
Riccati equation. Since the matrices M (t) and N (t) contain unstable
modes of the Hamiltonian also (Kwakemnaak and Sivan, 1972), then even
though a product M (t) and N~!(t) tends to a constant as t — oo, the
inversion of the nonsingular matrix N (t), which contains huge elements,
will hurt the accuracy.

The reinitialization version of the Hamiltonian approach, which leads
to the known Kalman-Englar method (Kwakemaak and Sivan, 1972),
is considered as the most efficient numerical method for the solution
of the general matrix differential Riccati equation. The reinitialization
technique applied to the previously obtained formulas will modify (8.4),
(8.14)-(8.15), respectively, in

M (kAt) = P (kAY) 8.37)

(8.38)

U (kAt) = [Pl (’;At)], V (kAt) = [PzT(:At)]

;

X (kAt) = [‘P 2 (:At)] Y (kAt) = [P 3 (fAt)] (8.39)

where k represents the number of steps and At is an integration step.
This will introduce slight modifications in formulas (8.20)-(8.31), namely,
instead of the final time T a discrete time kAt has to be used. These
changes can be implemented very easily from the programming point
of view.

The recursive method for the numerical solution for the singularly
perturbed Riccati differential equation proposed in this section is very
important in two cases: a) ¢ is not very small; b) high order of accuracy
is required. The first case represents one of the main problems in the
modern numerical analysis of the singularly perturbed problems. It
was pointed by (Hemker, 1983) that “numerical analysis of singular
perturbation problems mainly concentrates on the following question:
how to find a numerical approximation to the solution for small as
well as intermediate values of ¢, where no short asymptotic expansion
is available. Or, more general, how to construct a single numerical
method that can be applied both in the case of extremely small ¢ and for
larger values of ¢, where one wouldn’t consider the problem as singularly
perturbed any longer”. Results reported in this section resolve that
problem in the case of the singularly perturbed matrix Riccati differential
equation.
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8.2 Case Study: A Synchronous Machine Connected
to an Infinite Bus

The recursive solution of the differential matrix Riccati equation of
singularly perturbed systems is demonstrated on a seventh-order model
of a synchronous machine connected to an infinite bus (Kokotovic et al.,
1980). The system matrix A is given by

—0.58 0 0 -0.27 0 0.2 0 7
0 -1 0 0 0 1 0
0 0 -5 2.1 0 0 0
A= 0 0 0 0 337 0 0
-014 0 014 -02 -0.28 0 0
0 0 0 0 0 0.08 2
[ -173 66.7 -116 40.9 0 -66.7 —16.7

Remaining matrices are chosen as Q = I, F = 0; 5,52, and
Z have all entries equal to 1. The eigenvalues of A are —8.53 £
J8.22, =3.93, —0.326 £ j0.56, —0.86 £ j8.37. Two fast and five slow
variables are separated by the choice of the small singular perturbation
parameter € = 0.4 (roughly the ratio of 3.93 and 8.53). Simulation results
for the element Py, (t) are given in Table 8.3.

It can be seen that in order to get the accuracy of four decimal digits,
it takes 12 iterations (the successive approximation method was used for
solving algebraic equations composing the Chang transformation — in
order to be able to compare the proposed recursive scheme to the power-
series expansion method, since both methods are producing the same
order of accuracy). This result is expected since O (0.4'?) ~ 10~5. That
means if the power-series expansion method had been used, in order to
get the same accuracy, it would have required 12 terms, that is (Yackel
and Kokotovic, 1973)

11
€ m - t-T
P(t, €)= ZW{P,‘ ) () + P )(1')}+O(el2), ==
m=0
where
P (1) = [ Pl(;n)r(t) fP'gn) (t)
T LRI (1) P (2)

223



DIFFERENTIAL AND DIFFERENCE RICCATI EQUATIONS

P (r)  eP{P(7)
P('") (1) eP(’")(r)

It is shown in (Yackel and Kokotovic, 1973), (pp. 21, formula 32) that
the right-hand sides of differential equations for Pl} (), P. (1) ¢ (r), and

P(l) (1) contain respectively 7, 23, and 22 terms, each consnstmg of a
product of two or three matrices. Thus, the size of computations required
for only an O (€?) accuracy is already enormous. The complexity of the

right-hand side of differential equations for P}"‘) (7) grows extremely
quickly with the increase of m so that this nice theoretical method is
not convenient for the practical computations. For an O (¢!?) accuracy,
the right-hand sides of the differential equations for the power-series
expansion method will contain hundreds or even thousands of terms,
and this example can not be efficiently solved by using the power-series
expansion method.

P (r) =

8.3 Recursive Solution of the Differential Riccati
Equation of Weakly Coupled Systems

In this section, we study the finite time closed-loop optimal control prob-
lem of weakly coupled systems. The recursive reduced-order solution
will be obtained by exploiting the transformation introduced in (Gajic
and Shen, 1989) which will block diagonalize the Hamiltonian form of
the solution for the optimal linear-quadratic control problem. Completely
decoupled sets of reduced-order differential equations are obtained. The
convergence to the optimal solution is pretty rapid, due to the fact that
the algorithms derived in (Gajic and Shen, 1989) have the rate of con-
vergence of at least of O (€2). This produces a lot of savings in the size
of computations required.
Consider the linear weakly coupled system

:'t] = Alzl + €A232 + Blul + EBQ‘U.Z, T (to) =7
T = €AaTy + A4z + €Bauy + Byuy, z2 (to) = 20

[z -ofz)- (5 B[] e

where z; € R™, u; € R™, z; € R™, i = 1,2, are state, control, and
output variables, respectively. The system matrices are of appropriate

(8.40)
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time = t 0.1 0.5 1.0
Pi1 = Pegact 1.9699 6.6483 9.6600
P12 " " ”
Py " " 9.6599
PY° 1.9698 " 9.6601
P® 1.9700 6.6484 9.6598
P® 1.9696 6.6482 9.6602
P 1.9703 6.6487 9.6603
PY® 1.9694 6.6471 9.6572
PY 1.9703 6.6500 9.6671
P® 1.9720 6.6496 9.6477
P 1.9537 6.6488 9.6991
P® 2.0603 6.6520 9.5417
Py 1.9847 6.7926 9.8624
PO 1.9742 7.0256 10.4610

Table 8.3: Simulation results for the element P;; (¢)

dimensions and, in general, they are bounded functions of a small
coupling parameter ¢ (Gajic et al.,, 1990; Harkara et al., 1989; Petrovic
and Gajic, 1988). In this section, we will assume that all given matrices
are constant.
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With (8.40)-(8.41), consider the performance criterion

1 r #2117 z wl? [u
=z [{z] e a] e fa] A [a]pe

2 z2 z2 U2 u2

to
1T
oL [zl (T)] F [zl (T)
2 |22(T) z2(T)
with positive definite R and positive semidefinite F', which has to be
minimized. It is assumed that matrices F and R have the weakly coupled
structures, that is

_| By €F; _|R 0
po[B Bl a2 e

(8.42)

The optimal closed-loop control law has the very well-known form
(Kwakernaak and Sivan, 1972)

u B, €B;1T [z T
— — _p-1 — _p-1
u_[u2]_ R [eB3 34] P[z2]_ R'BTPz (8.44)

where P satisfies the differential Riccati equation given by
-P=PA+ATP+D'D-PSP, P(T)=F (8.45)
with

_| A1 €4

51 652
- €A3 A4

eST S, (8.46)

], S=BR"BT=[

Due to weakly coupled structure of all coefficients in (8.45), the
solution of that equation has the form

_ P1 €P2
P= [chT P, ] 8.47)

In this section, we will exploit the Hamiltonian form of the solution
of the Riccati differential equation and a nonsingular transformation
introduced in (Gajic and Shen, 1989) in order to obtain an efficient
recursive method for solving (8.45).
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The solution of (8.45) can be sought in the form
Pt)=M@)N71(2) (8.48)

where matrices M (t) and N (t) satisfy a system of linear equations
(Kwakernaak and Sivan, 1972)

M=-ATM({#)-DTDN (), M(T)=F (8.49)
N(it)=-SM(@)+AN(@t), N@D)=I (8.50)

Lemma 8.1, proved in Section 8.1, guarantees the existence of the
invertible solution for N (t) for all t.

Knowing the nature of the solution of (8.45), we introduce compat-
ible partitions of M (t) and N (¢) matrices as

M] (t) €M2 (t) N] (t) €N2 (t)

M®) = oy (1) M.,(t)]’ N (t)=[ezv3(t) M(t)] @31

Partitioning (8.49) and (8.50), according to (8.46) and (8.51), will
reveal a decoupled structure, that is, M,, M3, N;, and N3 are indepen-
dent of equations for My, M4, N,, and N4 and vice versa. Introducing
the notation

U< Ml}, Vo [eMs]’ X=[‘M2], Y = [?vl:] (8.52)

- .N] 6N3 €N2
and
_[-4T -& _[-4Y -@.
Tl—[—sl A, ) L= -S2 A
T i T (8.53)
n= |4 -9 g _[-4 -9
3T1-57 A |0 YT [-8 A
where

Q1 = DID, + éDID;, Q; = DD, + DID,
Qs = DID,+ DI D,

and after doing some algebra, we get two independent systems of weakly
coupled matrix differential equations
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U=TU+ LV (8.54)
V = eT3U + T,V
with terminal conditions
T
U(T) = [FII] V(T) = [‘1'(;2 ] (8.55)
and X X + €Y
C=TX+el; (8.56)
Y = €T3X + T4Y
with terminal conditions
X(T) = [6?], Y(T) = [51'3] 8.57)

Note that these two systems have exactly the same form and they
differ in terminal conditions only. From this point, we will proceed by
applying the decoupling transformation introduced in (Gajic and Shen,
1989). This transformation is defined by

I —eL -1_ [I-€LH €L}
Tz_[eH I—cZ'HL]’ T3 ‘[ —eH I] (8.58)

where L and H satisfy
T\L+ Ty, - LTy — ELTsL =0 8.59)

H (Tl - €2LT3) - (T4 + €2T3L) H + T3 =0 (860)
Applied to (8.54)-(8.57), it will produce

o
~

U=(T-é&LTs) T, U(T)=U(T)-eLV(T)  (8.61)

.
~

V=(T+ L)V, V(T)=eHU(T)+ (I - ¢HL) V(T)
8.62)
and
X = (T, - &LTs) X, X(T)=X(T)-eLlY(T) (8:63)
Y= (Tu+eT:L) P, P (T) = eHX (T)+ (I - HL) Y (T)
(8.64)
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Solutions of (8.61)-(8.64) are given by

U (t) = eM-CLBC-Df (T) (8.65)
V(1) = e+ BLE-DY (T) (8.66)
X (t) = e-<LT)-T) X (T) (8.67)
Y (1) = T+ BLE-T)Y (T) (8.68)

so that in the original coordinates we have

U (t) = (I - €2LH) e(Tx—cﬁLT;)(t—T)ﬁ (T) + (Le(T""c,TSL)(t—T)f; (T)
(8.69)

V(t) = —eHeM=CLBN-D(T) 4 (THCBE-DY (T)  (8.70)

X (t) = (I - €LH) eT=CLT-D ] (T) 4 LT+ TBLEDP (T)
8.71)

Y (t) = —eHeT- LB X (T) 4 T+TDE-TIY (T)  (8.72)

Partitioning U (t),V (t), X (¢), and Y (¢) according to (8.52) will
produce all components of the matrices M (t) and N (t); that is

0= [%8] =ve. (e8] =[28]=xw

eMz(t)| _ [Va(?)] _ My()| _ ()| _
@] = [l =ve. [NQ]=[hg]-ro
so that the required solution of (8.45) is given by

Ui()) Xa@®)][U@) X.1)]7"
P (‘)=[V18 Yl((t))] [sztg Y:((t))] @74

Thus, in order to get the solution of (8.45), P (t), which has di-
mensions n X n = (n1 + n2) X (n1 + n2), we have to solve two simple
algebraic equations (8.59) and (8.60) of dimensions (2n2 X 2n;) and
(2n1 X 2n3), respectively. The efficient numerical algorithm based on
the fixed point iterations and the Newton method for solving (8.59)

229



DIFFERENTIAL AND DIFFERENCE RICCATI EQUATIONS

and (8.60) can be found in Section 3.3. Then, two exponential forms
exp [(T1 — LT;) (1 —T)] and ezp (T4 + €*T3L) (t — T)] have to
be transformed in the matrix forms by using some of the well-known
approaches (Molen and Van Loan, 1978). Finally, the inversion of the
matrix N (t) has to be performed.

As discussed in Section 8.1, the matrices M (t) and N (t) contain
unstable models of the Hamiltonian, and the reinitialization version of the
Hamiltonian approach avoids that problem. The reinitialization technique
applied to the problem under consideration will modify only terminal
conditions in formulas (8.49), (8.55), and (8.57), respectively,

M (kAt) = P (kAt) (8.75)

(8.76)

U (kAt) = [Pl (’;At)]’ V (kAt) = [eP.}"gkAt)]

X (kAt) = [‘P 2 (()’“A‘)] . Y (kAD) = [P 3 (’I‘A‘)] ®.77)

where k represents the number of steps and At is an integration step.

The transformation matrix T2 from (8.58) can be easily obtained,
with required accuracy, by using numerical techniques developed in
(Gajic and Shen, 1989) for solving (8.59)-(8.60). They converge with
the rate of convergence of at least of O (€2). Thus, after k iterations, one
gets the approximation Tg‘) = T3+ O (€?). The use of Tgk) in (8.61)-
(8.64) instead of T2, will perturb the coefficients of the corresponding
systems of linear differential equations by O (2¥), which implies that the
approximate solutions of these differential equations are O (€2¥) close to
the exact ones (Kato, 1980). Thus, it is of interest to obtain Tgk) with
the desired accuracy, which produces the same accuracy in the sought
solution.

The recursive reduced-order solution of the differential Riccati equa-
tion of weakly coupled systems is demonstrated in the next section where
a real world example is considered.
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8.4 Case Study: Gas Absorber

A real world example, a six-plate gas absorber (De Vlieger et al., 1982)
is considered to demonstrate the proposed method.

The problem matrices A and B are given by

F—1173 06341 0 0 0 0
05390 —1.173 0.6341 0 0 0
Ao | 0 0530 -1173 06341 0 0
0 0 05390 —-1.173 06341 0
0 0 0 05390 —1.173 0.6341
|0 0 0 0 05390 -1.173]
_ [0.5390 0 0

BT 0 00
- 0 0 0 0 0 0.6341

Remaining matrices are chosen as

DTD = , R=0.1I,, F=1I

L]

O OO O =
SO NNOO O
OO OoOOO
CSCOoOOoOOo

OO OO O
oo o ~OO

L0 2]

The initial and final times are selected as to = 0 and T' = 1. The initial
condition are

10 = [~0.0306 — 0.0568 — 0.0788]T
20 = [-0.0977 —0.1138 — 0.1273)7

The system is partitioned into two subsystems with n; = 3, ny = 3,
and ¢ = 0.37. The small parameter ¢ is built into the problem. It can
be roughly estimated from the strongest coupled matrix — in this case
matrix A — producing |aa4| / (|asz| + |ass]) = 0.6341/1.7120 = 0.37.
The simulation results for the differential Riccati equation are presented in
Table 8.4. After performing 4 iterations, we have obtained the accuracy
of 1075,

We have solved also the open-loop optimal control for the same ex-
ample by using the corresponding recursive reduced-order method pre-
sented in Chapter 6. Corresponding simulation results for both compo-
nents of the approximate open-loop control are presented in Table 8.5.
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iteration t=025 t=0S5 t=1
4 = optimal 0.51024 0.39942 0.35868
3 0.51024 0.39942 0.35867
2 0.51031 0.40003 0.36180
1 0.51022 0.39922 0.35808
0 0.51023 0.39939 0.36066

Table 8.4: Simulation result for the element

Py, (t) of the Riccati differential equation

iteration | u(t = 0) u(t =0.25) | u(t=0.5) | u(t=0.75)
optimal 0.17112 0.12257 0.08678 0.05618
0.64956 0.33987 0.18081 0.08738
0.17106 0.12252 0.08674 0.05615
0.64956 0.33987 0.18081 0.08738
3 0.16264 0.11538 0.08088 0.05123
0.64959 0.33988 0.18081 0.08738
2 0.30392 0.23349 0.17643 0.12555
0.65187 0.34082 0.18105 0.08723
1 0.19365 0.12912 0.08322 0.04314
0.66051 0.34421 0.18181 0.08667
0 0.56931 0.37896 0.24325 0.12551
0.70882 0.36203 0.18507 0.08298

Table 8.5: Simulation results for the open-loop control

By comparing linear systems of differential equations (8.54)-(8.57)
and (6.40), apparently the closed-loop solution is computationally much

more involved since (8.54) and (8.56) are of the order of 2(2n x n),
whereas (6.40) represents the same set of equations of order 2n.
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8.5 Reduced-Order Solution of the Singularly
Perturbed Matrix Difference Riccati Equation

In this section, we study the solution of the singularly perturbed ma-
trix difference Riccati equation using the approach presented in Section
8.1. The order reduction is achieved via the use of the Chang trans-
formation applied to the Hamiltonian matrix of a singularly perturbed
linear-quadratic control problem. Since the decoupling transformation
can be obtained, up to an arbitrary degree of accuracy at very low cost,
this approach produces an efficient numerical method for solving singu-
larly perturbed difference Riccati equation. The results are demonstrated
on a real world example.

A singularly perturbed linear discrete system is represented by (Litk-
ouhi and Khalil, 1985)
z1(k+ 1) = (In, + €A1) 21 (k) + €Az, (k) + eByu (k)
z2(k + 1) = Asz (k) + Agz2 (k) + Bau (k)
with slow state variables z; € R™, fast state variables z, € R"2, and

control inputs u € R™. The performance criterion of the corresponding
linear-quadratic control problem is defined by

(8.78)

J (k) = —zT(n)Fx(n)+ E[zT(k)Qx(k)+uT(k)Ru(k)]
= (8.79)
where
0= [5] e=am= g &>
(8.80)

_ F]G F2 - npT
F_[Fé FS]ZO, R=R" >0

The Hamiltonian form of (8.78)-(8.79) can be written as the back recur-
sion (Lewis, 1986)

GB= Larr ar ot Tamoer] [1673)] @30

(k+1
=H[A(k+13

where H is the symplectic matrix which has the property that the eigen-
values of H can be grouped into two disjoint subsets I'; and I'z, such
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that for every A, € I'; there exists Ay € I';, which satisfies A\, X Ay = 1,
and we can choose either I'; or I'; to contain only the stable eigenvalues
(Salgado et al., 1988).

The optimal feedback control law has the very well-known form
u(k)=-R'BTA(k+1)=-R'BTP(k+1)z(k+1) (882
where P (k) satisfies the difference Riccati equation given by

Pk)=Q+ATP(k+1)[I+SP(k+1)'A
=Q+ATP(k+1)A (8.83)
—ATP(k+1)B[R+BTP(k+1)B] ' BTP(k+1)A

with

_ Im + €A1 €A2
A= [ As A, ] (8.84)
28, €Z
=B —lBT = [6 1 ]
§=BR 2T 8, (8.85)

Sy =B,R'BY, §,=B,R'Bf, Z=pB,R'Bf

The presence of a small parameter ¢ makes this problem numerically
ill-defined (Litkouhi and Khalil, 1985). In order to overcome this dif-
ficulty and obtain an efficient numerical method for solving (8.83), we
will utilize the known Hamiltonian form (8.81) of the solution of the
difference Riccati equation and the nonsingular Chang transformation
(Chang, 1972). The Hamiltonian form can “linearize” the difference Ric-
cati equation and the Chang transformation is used to block diagonalize
the Hamiltonian, so that the required solution of the Riccati equation is
obtained in terms of reduced-order problems. An efficient Newton-type
algorithm (Gajic et al., 1990), (with the quadratic rate of convergence,
that is, O (62'), where i is a number of iterations) is used for solving
algebraic equations, which results in forming the Chang transformation.

The solution of (8.83) can be sought in the form (see Appendix 8.1)
P(k)=M(kK)N~1(k) (8.86)
where matrices M (k) and N (k) satisfy a system of linear equations

N(k)= AN (k+1)+ A"'BR'BTM (k+1)

M(k)=QA'N(k+1)+ (AT +QA'BR'BT) M (k + 1§ .
(8.87)
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with M (n) = F, N(n) = I.
The following lemma guarantees the existence of the invertible
solution for N (k).
Lemma 8.2 Ifthe triple (A, B,/Q) is stabilizable-observable then the
matrix N (k), with N (n) = I is invertible for any k = 0,1,2, ...n.
o
Proof: See Appendix 8.2.

The solution of (8.83) is properly scaled as (Litkouhi and Khalil,
1984)

P(k)= [ﬁ‘,}’?k/)‘ ﬁ:g:;] ,P(n)=F= [F}é" 2] (8.88)

where dimP; = n; X ny, dimP3 = ny X n,.
Let compatible partitions of matrices M (k) and N (k) be

M, (k) M,(k Ni(k) Na(k
M('“)=[M3§k§ M4Ek§]=N (k)=[1v3§k3 N4Ek;] (889

Partitioning (8.87), according to (8.89), will reveal a decoupled structure,
that is, equations for M, (k) , M3 (k) , Ny (k), and N3 (k) are independent
of equations for M, (k) , M, (k), N, (k), and N4 (k) and vice versa.

M(k)] [Intehi €dy €5 5] [M(k+1)
Na(k)| _ | As A €Ss__ Sa| |Na(k+1)
M (k)| ~ h Q2 IntedAl} AL| |Mi(k+1)
Ms (k) Qs Qi eAL, AL | IMa(k+1)
N (k+1)
=H N3(k+1)
T I My(k+1)
M;(k+1)
(8.90)
N (k) Inteh €4y €5 5] rN(k+1)
Ny(k) | _ A3 Ay €53 Sy | | No(k+1)
My(k)[ | @ Q2 In,teA], AL || Mp(k+1)
My (k) @ Qi A, AL IMi(k+1)
Ny(k+1)
M;(k+1)
My(k+1)
(8.91)
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For details of these calculations see Appendix 8.3. Interchanging the
second and third rows in (8.90) and (8.91), respectively, produces

Ny (k) I, "‘_‘Xl‘ €1 ___ G_A__2 €Sy
eM; (k) @1 I +eAL, @; AR
Ny ((’“)) 45 Sz A S5y
Ms (k Qs Aj, Qs Az
8.92
F Ny (k+1) Mkt P
x eMy(k+1)| _[I+€n GTz] eMy(k+1)
Ny(k+1) | 7| Ts Ty | Na(k+1)
[ M3 (k+1) M3(k+1)
ME)] [t E & &
M®)| | @ Lt @& o
Ny (k) 4 5 A 3
L M, () Qs A7, Qs AL
(Ng(k+1)' Na(k+1)
X M, (k + 1) - I+ €y €T2] M, (k + 1) (8.93)
Ny(k+1) I3 T, Ny(k+1) )
[ My(k+1) My(k+1)
where o .
Ay _'SL] Az ﬁL]
Ty = |~ LT = | =2
PTler AL T?PT @ AL
(8.94)
4; 5] 4, EL]
T3 = | == Ty= ==
> [Qa AL T Qs 4
Introducing the notation
_[ M) ] _ [Ns(k)
U(k)—' [CMl (k)_ s V(k)- Ma(k)
N (k) Ny (k) 8.93)
k)= 2 . Y(k)= 4
x®=| 5] ro= {56
we get two systems of singularly perturbed difference equations
k) = (I + €T k+1)+ eV (k
Uk)=(I+en)U(k+1)+ eV (k+1) (8.96)

Vk)=TU(k+1)+ T4V (k+1)
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X(k)=(T+en) X (k+1)+ Y (k+1)

Y (K) = TsX (k+ 1) + ToY (k + 1) @57
with terminal conditions
I
U(n) = [Fl] s V(n) = [I:(']T]
2 (8.98)

o (3] o= 1]

Note that systems (8.96) and (8.97) have exactly the same form and the
only difference is in the terminal conditions.

Applying the Chang transformation given by

I-eML —eM -
T1=[ 2 f,] T;!

where L and M satisfy

I eM
[—L I—eLM] (8.59)

0=M+T-MTy+e(Th - ToL)M —cMLT;

0=-L + T4L - T3 —¢€l (T] - T2L) (8100)
to (8.96) and (8.97) produces
U (k_)_: (I + €Ty - eTgL)_U (k+1) (8.101)
V (k)= (Ts+ eLT,)V (k+ 1)
X (lc_)_: (I+ €Ty - eTgL)_X (k+1) (8.102)
Y (k)= (Ty+ eLT,)Y (k+1)
with the terminal conditions
U(n)= I —eML)U (n) — eMV (n)
V(n)= LU (n)+V(n) (8.103)

X (n)=(I-eML)X (n) - eMY (n)
Y (n) = LX (n) +Y (n)

Matrices L an M can be obtained by using the recursive algorithm from
(Gajic et al., 1990). Solutions of (8.101)-(8.102) are given by

T (k)= (I + €Ty - e,L)" % T (n)
V (k) = (T4 + eLT)" %V (n)
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X (k) = (I + €Ty — €L, L) FX (n)
Y (k) = (Ty + eLT,)" Y (n)

The solutions in the original coordinates are

(8.104)

Uk)= I+ €Ty — €L *T (n) + eM (T4 + LT,)" *V (n)

V(k)= —L(I + €T} - €I,L)" ¥ T (n)
+(I — eLM) (T4 + eLT,)" ¥V (n)

X (k)= (I+ €Ty - €L %X (n) + eM (T4 + ¢LT)" %Y (n)

Y (k)= —L(I+ €Ty - e, L)" %X (n)

+ (I - eLM) (T4 + LT;)" %Y (n)
(8.105)
Partitioning (8.105), according to (8.95), will produce all components of
matrices M (k) and N (k), that is

[Nl(k)] _ Ux(k)] = U (k)

CMl(k) Ug(k)

M) _ [T _

1w®] - [Vz<kn =V

(8.106)

N, (k X1 (k)]
[sz((k))]= xlgkg. =X (%)

Nek)] _ [t(R)] _

wm] = [hE) =rw

Then the required solution of (8.83) is given by

Us(k) e Xa(k Ui(k) X,(k)]7!
P =% S GG RE] e

Thus, in order to get the solutions of (8.83), that is P (k), which has
dim nXn = (n1 + n2) X (n1 + n2), we only solve two simple algebraic
equations (8.100) of dimensions of (2n2 X 2n;) and (2n; X 2n2), re-
spectively. The existing numerical algorithms for solving (8.100) can be
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found in (Gajic et al., 1990) where the rate of convergence is O (ezi),
1 is a number of iterations.

Results presented in this section follows very closely the derivations
done in (Shen, 1992).

8.6 Case Study: Linearized Model of an F-8 Aircraft

In order to demonstrate the proposed method, a linearized model of an F-8
aircraft (Litkouhi, 1983) in the singularly perturbed continuous-time form
(fast time version) is studied, with the system matrix A and the control
matrix B given in Section 2.6.1. The small perturbation parameter ¢ is
chosen as 1/30. Remaining matrices are chosen as R = I, Q = 10~2I,,
and the terminal condition

P(n) = F = diag[0.5, 0.5, 0.01, 0.01]

With the proposed method, the simulation results for the L equation
(8.100), presented in Table 8.6, and the solution of the singularly per-
turbed matrix difference Riccati equation (8.83) are obtained by using
the package L-A-S for the computer aided control system design (West
et al., 1985).

The terminal time is selected as n = 8 with k£ equals 4. The
obtained solution P,,,, is identical to the solution of the global Riccati
difference equation (8.83) obtained by using any standard method (Pappas
et al., 1980). However, in our method we have been using the reduced-
order algorithm and the problem of ill-conditioning due to the singularly
perturbed structure is eliminated.

0.88976  —0.077469 —0.015048 0.00014416
P = -0.077469  0.55719  -—-0.016686  0.0047727
PP 7 1 -0.015048 -—0.016686  0.019299  —0.0029608
0.00014416 0.0047727 -—0.0029608  0.011119

8.7 Reduced-Order Solution of the Weakly Coupled
Matrix Difference Riccati Equation

The solution of the algebraic Riccati equation for weakly coupled discrete
systems has been obtained in terms of the reduced-order continuous-time
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i error

1.00436 x 10~!
2.00665 x 102
1.44568 x 103
1.09863 x 10~
7.74528 x 10~
491643 x 107

wmililLb Wi =|O

Table 8.6: Approximate solution of L equation
where error is defined as |[L(+D) — LO)||o,

algebraic Riccati equations via the use of a bilinear transformation (Shen
and Gajic, 1990b). In this section, we use the approach developed in
Section 8.3 to get the solution of the weakly coupled difference Riccati
equation, up to any order of accuracy, by solving the reduced-order linear
difference equations.

The weakly coupled linear discrete system is represented by (Shen
and Gajic, 1990b)

T (k + 1) = Alitl (k) + €A2$2 (k) + B]‘ll.] (k) + 6B2U2 (k) (8 108)
Z2 (k + 1) = €A321 (k) + A422 (k) + GBa‘ul (k) + B.{UQ (k) )
with states z; € ™, and control inputs u; € ™, i = 1, 2, where
€ is a small coupling parameter. The performance criterion of the
corresponding linear-quadratic discrete control problem is defined as in
(8.79), taking into account the presence of two control agents, that is

_ |[w(k) _pr_|R1 0
=[a®), pewro[B 2o e
Introducing the notation
_ A] €A2 _ B1 632
A= [eAa A4]’ B = [633 B4] (8.110)

the Hamiltonian form of this optimal control problem can be written as
the back recursion identical to (8.81)

240



DIFFERENTIAL AND DIFFERENCE RICCATI EQUATIONS

[x(k)] A1 A-1BR-'BT ][z(k+1)}

AK)| T |QA! AT+ QA 'BR'BT| |A(k+1)

-5 (5613
The optimal control law has the very well-known form given by
(8.82), that is,
u(k)= —R'BTA(k+1)= =R 'BTP(k+1)z(k+1)
where P (k) satisfies the difference Riccati equation

Pk)=Q+ATP(k+1)[I+SP(k+1)'4
=Q+ATP(k+1)A (8.111)
~ATP(k+1)B[R+BTP(k+1)B) ' BTP(k+1)A
with

§=BRBT = [ 51 ‘52]

65; 53

$1 = B1R{'BT + ¢¥B,R;'BY, S, = (B,R;'BY + B,R;'BY),

S3 = B4R;'BT + B3R ' BY
(8.112)

In order to obtain an efficient numerical method for solving (8.111)
in terms of the reduced-order problem, we will utilize the known Hamil-
tonian form of the solution of the difference Riccati equation and a non-
singular decoupling transformation from (Gajic and Shen, 1989).

The presented method for solving difference Riccati equation of
weakly coupled discrete systems is dual to the one developed in Section
8.3 for the reduced-order solution of the differential Riccati equation of
weakly coupled continuous systems.

The solution of (8.111) can be sought in the form
P(k)= M (kK)N~(k) (8.113)
where matrices M (k) and N (k) satisfy a system of linear equations
N(k)=A"'N(k+1)+A'BR'BTM(k+1), N(n)=1I

M(k)=QA'N(k+1)+ (AT +QA'BR'BT) M (k +1),

M(n)=F
(8.114)
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Lemma 8.2 guarantees the existence of the invertible solution for
N (k), for all values of k.

Due to the weakly coupled structure of all coefficients in (8.111),
the solution of that equation has the form

P(k) = [GI;ZT(ZQ) 611;;2((:)) , Pm)=F= [G?ZT }?} (8.115)

where dimP; = ny X ny, dimP; = ny X na.
Let compatible partitions of matrices M (k) and N (k) be

_ [ Ma(k) eMa(k) _ | Ni(k) €Nz (k)
M (k)= eMs (k) M:(k)]’ N(k)-[GNs(k) N:(k()s]ll

Partitioning (8.114), according to (8.116), will reveal a decoupled
structure, that is, equations for M;, M3, N,, and N3 are independent of
equations for M,, M4, N;, and N, and vice versa

M) [A S ][Nkt
eNs(k) | _ |€4s As €53 Si | [eNs(k+1)
Mi(k) |~ | QL €@ Al eAl| | Mi(k+1)
eM; (k) Qs Q4 €A¥; A:2r2 €M3 (k + 1) (8.117)
Ny (k+1)
—H €N3(k+1)
- M, (k+1)
eM3(k+1)
€N () AL edy 51 5] [eNa(k+1)
Nok) | _ | €As A €83 Si || Na(k+1)
eMy(k)| ~ | @1 Q2 Al eAL | | eMa(k+1)
M, (k) Qs Qi A} AL | LMi(k+D1)] g 10
€Ny (k + 1) '
_ Ny(k+1)
T | eMz(k+1)
My(k+1)

where newly defined quantities are given in Appendix 8.4.

Interchanging the second and third rows in (8.117) and (8.118),
respectively, produces

Ny (k) A 5. €Ay S 1[M(k+1)
My(k) | _ | QL AL @ eAl | | Mi(k+1)
eN3(k) | ~ |€As €53 Ay 54 | | eNs(k+1)
eM; (k) Qs eAl, Qs ALl LleMs(k+1)
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Ni(k+1) 7
_ Tl €T2 M](k'{'l)
_[6T3 T.,J eN3 (k +1) (8.119)
eMs (K + 1)
M0 (B B E S [N+
k)| _ | AL @ €Al | |eMa(k+1)
No(k) | 7 [€ds €53 As S4 || Na(k+1)
M4(k) 6Q3 €A¥‘2 Q4 A:ZF2 -M4(k+1)
€N2(k+1)'
_ | Th €I, €M2(k+1)
= [€T3 T4] N4(k+1) (8.120)
My(k+1) .
where
4, i_x_] [A_z E—z_]
T, = | =— . =|==
! [Ql Al T Q. AL
(8.121)
45 E—a_] [74? _Ez_]
T3 = | =  Ty= | =
3 [Q3 AL Qs AL

Introducing the notation

Uk) = N”‘], V(k):[:ﬁz((’;))]
CNQ(k)

Ny (k) ]
X k = . Y k =
(k) [€M2 (k)] - Y B = |y (k)
we get two independent systems of weakly coupled difference equations

U(k)=TiU (k+ 1)+ €LV (k + 1)
V(k)=€eT3U(k+1)+ T4V (k+1)

(8.122)

(8.123)

Xk)=ThX(k+1)+ Y (k+1)
Y (k)= eT3X (k+1)+T4Y (k+1)
with terminal conditions

U(n)=[p{l]= V(")=[619'2T] X {n)= [‘FZ] v (JéSJ)

Note that systems (8.123) and (8.124) have exactly the same form and
the only difference is in the terminal conditions.

(8.124)
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Applying the decoupling transformation (Gajic and Shen, 1989)

- 2
I el }= T;1=[I ¢LH ¢L

Tz:[eH I-eHL —eH I] (8.120)

where L and H satisfy

TlL + T2 - LT4 - €2LT3L =0

A2
H (T1 - €2LT3) - (T4 + €2T3L) H + T3 =0 (8 ! 7)
to (8.123) and (8.124) produces
— _ 2 —
U(k)=(T1-¢ I;Ta) U(k+1) (8.128)
V (k) = (Ts + TL) V(k + 1)
_ _ _ 2 —

Y (k)= (Ts+ L)Y (k+1)
with terminal conditions

U(n)=U(n)—eLV(n), V(n)=eHU(n)+ (I—-€e*HL)V (n)

X(n)=X(n)—eLY (n), Y(n)=eHX(n)+ (I -eHL)Y (n)
(8.130)

Matrices L an H can be easily obtained, at the very low cost, by
using the recursive algorithm from (Gajic and Shen, 1989). Solutions of
(8.128)-(8.129) are given by

T(k) = (T; - €LT3)" " T (n)
V (k) = (Ty+ ETL)" "V (n)

(8.131)
X (k) = (Ty - €LT:)" " X (n)

Y (k) = (Ty + €T:L)" Y (n)
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Corresponding solutions in the original coordinates are

U (k)= (I - €LH) (T; - ELTs)" T (n)
+eL (Ts + €T3L)" "V ()

V (k) = —¢K (T) - €LT3)" T (n) + (T4 + €T3L)" "V (n)

X (k)= (I - €LH) (T; - €LT3)" * X (n)
+eL (Ty + €T5L)" " ¥ (n)

Y (k) = —€H (T) - €LT3)" "X (n) + (Ty + €T5L)" Y (n)
(8.132)

Partitioning (8.132), according to (8.122), will produce all compo-
nents of matrices M (k) and N (k), that is

(B =[n®]=vm. [22®]=[n8]=ve

[eNz(k)] _ X,(k)] =X (k). N4(k] [Yl(k)] Y (k)

eM; (k) X2 (k) M, (k) Y, (k)
(8.133)
Then the required solution of (8.111) is given by
U2(k) X)) [Ui(k) Xa(R)]™
Pk) = [VZ & vtk ] [VI ® ¥k ®139

Thus, in order to get the solution of (8.111), P(k), which has
dimP (k) = n X n = (n1 + n2) X (n; + nz), we solve two simple alge-
braic equations (8.127) of dimensions of (2n2 X 2n,) and (2n; X 2n;),
respectively. The existing numerical algorithms based on the fixed point
iterations and the Newton method for solving (8.127) can be found in
(Gajic and Shen, 1989). In addition, the (n — k)-th powers of the matri-
ces Ty — €2LT and T4 + €*T3L have to be found.
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8.8 Numerical Example

In order to demonstrate the proposed method, a discrete system from
(Katzberg, 1977) is studied. The problem matrices A and B are given in
Section 6.8. Remaining matrices are chosen as R = 0.513,Q = 0.11,,
and the terminal condition is given by

09 0
0 09
03 0
0 03 O

03 0
0 03
09 0
0.9

P(n)=F=

The small weak coupling parameter e is built in the problem and can
be roughly estimated from the strongest coupled matrix (matrix A). The
strongest coupling is in the fourth row, where

0.323
€= m ~ 0.329

With the proposed method, the simulation results for (8.133) and the
solution of the weakly coupled matrix difference Riccati equation (8.134)

are obtained by using the package L-A-S for the computer aided control
system design (West et al., 1985)

0.063 —1.182 0.497  0.394
Ur(k) Xi(k)] _ | 2698 1.828 -1.475 —1.049
[Vl(k) Y,(k)] =1 0632 0388 0446 —1.326
—2.002 —0.973 1.724  2.447
0.569 —1.190 0.495 0.077
Ua(k) X2(k)] _ |1.050 0.809 0.163 0.430
Vo(k) Ya(k)| ™ |0.639 0349 0.996 —0.651
0.125 0.477 0933 1.086
1.273 0.121 0.181 —0.023
p | 0121 0814 0314 0675
op = | 0181 0.314 1192 0.485
—0.023 0.675 0485 1.000

The terminal time is selected as n = 8 and k = 4. The obtained solution
Pqpp, is identical to the solution of the global Riccati difference equation

(8.111).
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Appendix 8.1

Rewrite (8.87) (Pappas et al., 1980) as

I BR'BT|[Neyl _[A 0][N: @l
0 AT M| T |-Q 1| M '

which implies the following two relations
ANy = Niyy + BR'BTMiyy - QN+ My = ATMyy,  (a.2)

Then
A= N N;'+ BR'BT M N?

AT = NINL + N "M BR7'BT (a.3)
MN;' = ATM NV +Q
Assuming that N, is invertible, substitute (a.3) in (8.83). We obtain

ATP 1A= ATPB(R+ BTPey1B) " BTPo A+ Q

= ATM N (Nega N7+ BRT' BT M NY)
+M N = ATMy N
—AT M,y N, B (R + BT My N B) ' BT My N A

= ATMk+1N,;,leR-lBTMk+,N;‘
~ATM 1 NL B (R + BT My N, B) ™' BT M N1 + M N,

= ATMk+1N;+llBR“‘BTMk+1N‘1
-AT Mk+1N;+‘1B(R+BTMk+1Nk \B) " BT My
X (N1 + N, BR'BT My NJ') + My N

= ATMy N} BR'BT My N!
—AT M1 NL\ B (R + BT My N, B) ™ BT My Ny
~ATMy N}, B (R+ BT My N1 B) ™
X BT My N\ BRT'BT My 1 N1 + M N
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= ATMy N, B (R+ BT My N7, B) ™

X [(R+ BTMy N, B) R™ = I - BTMy N}, BR™'] (a4

XBT My N7+ MyNTY = MyN;Y = Py

Appendix 8.2

Using the discrete version of the dichotomy transformation (Wilde
and Kokotovic, 1972) we have

ﬁ((’?)%[}{ Iﬂ] H"}((’;)) , N(n)=I, M(n)=F (.)

and

- (s (L) o

where P and K are unique positive definite and negative definite so-
lutions of the discrete-time algebraic Riccati equation corresponding to
(8.83). These two solutions exist under the conditions stated in Lemma
8.2.

The system (8.87) can be transformed in

N (k) J _
Mk~
A~'(I+ BR'BTP) 0 N(k+1)
0 A'(I+BR'BTK)| [M(k+1)
with terminal conditions '
N@n)=I+(K-P)y ' (P-F) ©4)

M(n)=(K - P)" (F-P)

The solution of (b.3) is given by

248



DIFFERENTIAL AND DIFFERENCE RICCATI EQUATIONS

n-k. 5

N(k)=[A"*(I+BRBTP)]" "N (n)

M(k)=[A' (I+ BR™'BTK)]"™* M (n) ®.3)

Using (b.4)-(b.5) it can be shown that

N (k)= [a7 (I+BR'BTP)|"™* [I + (K - P)"' (P - F)|

+[A7' (I + BR™'BTK)]"™* (kK - Py (F - P)
(b.6)
that is

N(k)=¢(n—-k)N(n), N(n)=1I ®.7)

with obvious definition of ¢ (n — k). Since ¢ (n — k) plays the role of
the transition matrix, it is nonsingular by the fact that the matrix A is
nonsingular. Note that the matrix (I + BR~'B7 P), defined in (b.5) is
also nonsingular. The regularity of N (k) is determined by N (=) only.
Thus, having chosen N (n) as an identity will assure the nonsingularity
of N (k) for any k < n, and prove the given Lemma.

Appendix 8.3
From (8.81)
H= QAA_‘I‘ At fof;gfi BT] D)
Since A~! has the same structure as A, that is
e sy e

then
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oa-t = [0Q) 0(1)] I1+0(e) O(e)]= 0(1) 0(1)]
o) o] o) o®]=lo@ o)

- -1 I+0 0 o(e?) 0
amtprtp” = | TE AN 08][0(&)} o]
_[0(®) 0O
=lo o)

g pet I+0() o1
AT+ QAT'BR BT=[ 0(6§€) 08}

It_f_ 1 €A2 €°0q 6_2
g=| A A €Sa__ Sy
G @ e i
Q Q €A A
3 4 12 22 ©3)
Appendix 8.4
From (8.81) we have
AT A-'BR-1BT
H= [QA—I AT + QA—IBR—IBT] d.n
Since A~! has the same structure as A, that is
-1_ [0(Q) Of(e)
=[50 0 @

then
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Qa1 =20 0(6)] 0(1) 0(6)]= 0(1) O(e)
O(e) 0(1)]|0(e) 0O(1) O(e) 0(1)

“1pp— o@1) O o@1) O o@1) O
wsrsn= (06 001 [00 60) =106 o

T —1pp-1pT _ |0Q) O(e)
A"+QA™'BR™'B" = 0(9 0(1)
A3 A, €53 Sy
Q1 @ AL e
€Q3s Q4 ‘Ag‘z Ag‘z

4
=H €A3

d.3)
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PART TWO — Applications

Quasi Singularly Perturbed and Quasi Weakly
Coupled Systems

Singularly Perturbed Weakly Coupled Systems
Stochastic Output Feedback of Discrete Systems
Differential Games

High Gain and Cheap Control Problems

Linear Approach to Bilinear Control Systems
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Chapter 9

Quasi Singularly Perturbed and Weakly
Coupled Linear Control Systems

Several structures of the linear-quadratic control problems containing
small parameters can be studied efficiently by using the methodology sim-
ilar to the one presented in the previous chapters. We call these structures
quasi singularly perturbed and quasi weakly coupled (quasi SP&WC sys-
tems). Namely, the quasi singularly perturbed and quasi weakly coupled
linear-quadratic control problems are very closely related to the standard
singularly perturbed and weakly coupled control problems. However,
these similarities are not obvious, and very often, in many applications,
the quasi singularly perturbed and quasi weakly coupled structures are
producing the parallel reduced-order algorithms of the simpler structures
and under milder conditions than the standard singularly perturbed and
standard weakly coupled linear-quadratic control problems.

9.1 Linear Control of Quasi Singularly Perturbed
Hydro Power Plants

In this section, we consider a special class of linear control systems rep-
resented by the standard singularly perturbed system matrix and with the
control input matrix having three different nonstandard forms. Many real
systems (such as hydro power plants, systems with only few actuators)
possess the control structure studied in this section. The obtained re-
sults are quite simplified, (comparing to the standard singularly perturbed
control systems), and in one case the optimal solution of the algebraic
Riccati equation is completely determined in terms of the reduced-order
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algebraic Lyapunov equations. The proposed method is successfully ap-
plied to the reduced-order design of optimal controllers for the real hydro
power plant of the Serbian power system.

In this section, we study structures corresponding to the real hydro
power plants. We call them quasi (nearly) singularly perturbed systems
since they contain the singularly perturbed system matrix (like the stan-
dard singularly perturbed linear systems), but they have different struc-
tures for the control matrix. The control matrix of the standard singularly
perturbed system is given by

B = [g;] , € —small positive parameter 9.1
€

Three different structures for the control matrix will be studied in this
section since they bring different and interesting solutions

1) B=[£2], 2) B=[%‘], 3) B=[g;] ©2)

In the first structure, the system is weakly controlled through the fast
modes only; in the second one, it is strongly controlled through the slow
modes; and the third one contains both strongly controlled slow modes
and weakly controlled fast modes. All three structures can be encountered
in the hydro power plant controllers design.

The optimal solution to the first structure (“weakly controlled fast
mode structure™) is obtained under the strongest assumptions (both slow
and fast open-loop system matrices have to be stable), but the solution of
the global algebraic Riccati equation is completely given in terms of the
reduced-order algebraic Lyapunov equations. The second case (“strongly
controlled slow modes structure”) and the third one (“strongly controlled
slow modes and weakly controlled fast modes”) demand the solution
of one reduced-order local Riccati equation corresponding to the slow
subsystem. It is important to point out that the solution to the real 14th-
order hydro power control system, corresponding to the second case,
and 11th-order hydro power plant corresponding to the third case, are
obtained by the presented reduced-order recursive method, but the global
method fails to produce an answer in both cases. We have used a very
reliable package L-A-S (West et al., 1985) for computer aided control
system design, and its eigenvector approach for solving the algebraic
Riccati equation (it happens that the transformation matrices are close to
being singular in both cases).

256



QUASI SP&WC SYSTEMS
9.2 Case Study: Hydro Power Plant

The presented approach will be demonstrated for three different structures
by using an example of the Serbian hydro power plant.

9.2.1 Weakly Controlled Fast Modes Structure

Consider a linear dynamical system in the form

n|_ A Az] [=: 0
[a]=[2 &][]+[a] -
where z; € R, i = 1, 2, are state vectors, u € R™ is a control input and
¢ is a small positive parameter. This is a special class of linear dynamical
systems represented, in general, by

z = Az + Bu 9.4)

with A A 0

_ = _ |41 A2 _

ol R - R Y S

A quadratic type cost functional to be minimized is associated with
(9.3) in the form

J=

N =

/ (z7Qz + vTRu)dt, Q>0, R>0 (9.6)
(V]

For the purpose of this section, we assume that the structure of the
matrix @ is

_|@Q1 Q2
Q" g‘ Q3] (97)

All problem matrices defined in (9.3)-(9.7) are constant and of appropriate
dimensions.

The structure defined in (9.3) corresponds to the singularly perturbed
systems (Kokotovic et al., 1986) with the control input weakly influencing
fast modes only. This structure has not been studied in the literature
from the order reduction point of view. Motivated by results reported
in (Gajic et al.,, 1990), we will show that in this case one is able to
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design the optimal controller by using the reduced-order parallel recursive
algorithm and that the solution is extremely simplified. Namely, the
algebraic Riccati equation is solved completely in terms of the reduced-
order algebraic Lyapunov equations.

The optimal problem of minimizing (9.6) along trajectories of (9.3)
has the very well-known solution given by

Uopt = —Fopz = —R"'BT Pz 9.8)

where P is the positive semidefinite stabilizing solution of the algebraic
Riccati equation

ATP+PA+Q-PSP=0, S=BR'BT 9.9)

It can be shown that the nature of the solution of (9.9) is

_ P] €P2
P= [eP.}' ePa] (9.10)

Partitioning (9.9) compatible to (9.5), (9.7) and (9.10), we get three
matrix algebraic equations

PiA + ATP 4+ P,As + ATPT + Q, - €PS3PT =0 (9.11)

P2A4 + CA:IF.PQ + Q2 + A§P3 + P1A2 - €2PQS3P3 =0 (9.12)

PsAs+ ATPs + Qs+ ¢ (PTAs + ATP)) —E€P3S3Ps =0 (9.13)

where S3 = BgR-lBg.
Since ¢ is a small parameter, we can define O (¢) approximation of
(9.11)-(9.13) as follows

PO4o+ ATPO® + Qo =0 9.14)

POA+Qa+ ATPO 4+ P45 = 0 9.15)
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where

Ag = A — AAJ1A; ©.17)
Qo=Q1- ATA;TQT — Q247" As + ATATQ3AT'4s

The corresponding approximate solution of (9.10) is now given by

P(o) CP(O)
0) _ 1 2 —
PO - [eP§°’T eP3(°)] =P+0(e) 0.18)

On the contrary to the standard singularly perturbed systems (Koko-
tovic et al., 1986), where the zeroth-approximation is given in terms of
two reduced-order Riccati equations, in this case we need to solve only
two reduced-order algebraic Lyapunov equations.

The unique positive semidefinite stabilizing solution P(®), obtained
from (9.14)-(9.16), exists under the following assumption.

Assumption 9.1 Slow and fast subsystem matrices, respectively, 4o and
A4 are stable.
A

Defining the approximation errors as
Pi=PO +¢E;, =123 9.19)

and using (9.18) in (9.11)-(9.13) and (9.14)-(9.16), we get the following
error equations

EiAo+ ATE, = —AT P A7 A3 - ATA;TPT A
T (9.20)

+6 (P - ATA;TRy) 55 (P - 43A77Py)
E2A4 = €P252P3 - E1A2 - Ag‘Ea - A{Pz (9.21)
E3sAy+ ATE; = —PTA; — ATP, 4+ ¢PTS,3Ps 9.22)

Let us propose the following reduced-order parallel algorithm (in the
spirit of those developed in (Gajic et al., 1990) for solving (9.20)-(9.22).
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Algorithm 9.1:
E8 4o+ ATESY = —ATPO A7 A3 - ATA;TPY 4o

‘ ‘ | 2270 023
+€ (P - aT477PY) 55 (P - 4T 4;7PY)
EgH)A.; = ePz(i)SzPefi) - E?.H)Az - AgE§i+l) - A{P 2(i) (9.24)

™Ay + ATESY) = P 4, - ATF{Y + eP{53P0) (925)

where

PO =POt+eEY, =123 i=0,123. (926

with initial conditions
E®=0,E”=0, EQ =0 9.27)
b

The following theorem indicates the features of the proposed algo-
rithm (9.23)-(9.27).
Theorem 9.1 Under conditions stated in Assumption 9.1, the algorithm
(9.23)-(9.27) converges to the exact solution of the error term, and thus
to the required solution P, with the rate of convergence of O (¢), that is

|25 - EJ‘.‘“’“ =0(e) ”E, - E9)| (9.28)
or equivalently

s 8

=0 (e(‘“)) L i=0,1,2,. j=1,23 (929

<

The proof of this theorem follows the ideas presented in Chapter
2 and thus, it is omitted. Instead, we will demonstrate the results of
Theorem 9.1 on a real hydro power plant.

In summary, the solution of the global algebraic Riccati equation
(9.9) is obtained up to any arbitrary order of accuracy from the reduced-
order algebraic Lyapunov equations (9.14) and (9.16), and by performing
iterations on the algebraic Lyapunov equations (9.23) and (9.25).

The approximate optimal feedback gain F(*) is now defined by

FO) = _g-1pTp() (9.30)
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where
| PO+ B (P +eEY)
PO = © 1 2™ (PO 4 ED ©3D
€ (P2 + ¢E} ) € (P3 + €E3 )
The approximate criterion is obtained from
J@, = tr{ve} 9.32)

where V() satisfies

(4- SP(‘))T VO + VO (4-5PY) + @+ POSPO =0 (933)

Case Study 1

The proposed methodology is applied to the design of the optimal
voltage controller of the real hydro power plant of the Serbian power
system. The hydro power plant is treated as one-unit synchronous
generator connected to an infinite bus system through the transmission
line (Skataric, 1989). Linearized mathematical model of the synchronous
generator in dg reference frame is obtained under the assumption that
both transient effects in stator windings and in damper windings are not
negligible (Anderson and Fouad, 1984). Also, the synchronous generator
is assumed to be equipped with the first order exciter. The state space
is given by

T =[A0 Aw Aus Ayy Ay, AY; Ayp Ayg]

where
Af — torque angle in rad.
Aw — rotation speed in p.u.
Auy; — excitation voltage in p.u.
A, — d-axis stator windings flux linkage
A+, — g-axis stator windings flux linkage
Aty — excitation flux linkage
AYp — d-axis damper windings flux linkage
Avq — g-axis damper windings flux linkage.
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The control input given by u = Awu,, represents the control signal
to voltage regulation system.

The system matrices for the considered nominal point are given by

0 314.16 0 0 0 0 0 0

0 -0.286 0 0.147 0.528 -0.134 -0.04 -0.276

0 0 -100 0 0 0 0 0
A= 255.38 -152.49 0 -13.72 511.14 8.51 2.556 -—-135.04

~ | -182.84 -319.5 0 ~534.9 -12.24 137 41.136 8.389

0 0 314.16 0.446 0 -0.523 0.0375 0

0 0 0 21.646 0 6.094 —29.6 0

0 0 0 0 87.236 0 0 -97.74

BT=[0 0 0184 0 0 0 0 0]

Weighting matrices ) and R are chosen as identity matrices.

The eigenvalues of the matrix A are given by -100, -74.8, -25.167
+ j520.79, -27.906, -0.391 + j8.51, -0.295. Apparently this system has
the singularly perturbed structure with five fast and three slow variables.
By interchanging third and sixth rows in matrices A and B we get
the required structure studied in this section. It is easy to check that
Assumption 9.1 is satisfied.

Due to the special structure of the matrix B, the feedback control
will not affect very small slow eigenvalues so that the system will remain
almost marginally stable under the feedback control. In addition, in
order to have only two time scales we need that det {44} = O (1) and
det {Ap} = O (1), (Chow and Kokotovic, 1983). These two problems
can be facilitated by choosing the performance criterion of the form
(Singh et al., 1987)

= % / (s7Qz + uTRu) dt 937
0

Parameters o and ¢ are chosen as a = 1, and € = 0.1.

Simulation results are obtained by using the L-A-S package (West
et al., 1985) for computer aided control system design. Obtained results
are presented in Table 9.1.

From Table 9.1 we can notice very good numerical behavior of the
proposed algorithm consistent with the statement of Theorem 9.1.
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",

Japp — Jopt

0.161 x 10°
0.209 x 102
0.156 x 10—
0.224 x 10~5
0.119 x 106
0.259 x 10-7
0.662 x 10—°
0.727 x 1010

Qloajlulalw]vw]l~]o

Table 9.1: Errors in the criterion approximation per iteration

9.2.2 Strongly Controlled Slow Modes Structure

In this case the partition form of the algebraic Riccati equation (9.9) is
given by

PiA + ATP + PyA3 + ATP + Q1 - PS;P =0 (9.38)

P A+ €ATP + Q2 — P51 Py + ATPs + PLA; =0 (939)

P3As+ ATPs + Q3+ ePT Az + €AT P, — EPT S\ P, =0 (9.40)

where S = B, R—lBil'.
Following similar arguments as in Section 9.2.1, we get the following
expressions for the zeroth-order approximation

P94, + ATPO 1+ Qo - P95 PO =0 (9.41)
P44+ Qs+ AP + P04, =0 9.42)
PP+ 4TP" +Qs=0 ©43)

Thus, the zeroth-order approximation of P can be obtained in terms of
one reduced-order Riccati and one reduced-order Lyapunov equations.
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The unique positive semidefinite stabilizing solution P(°), obtained from
(9.41)-(9.43) exists under the following assumption.

Assumption 9.2 The triple (Ao, B1,v/Qo) is stabilizable-detectable and
the matrix A4 is stable.
A

The approximate solution is given by (9.26) with the approximation
errors obtained from the following reduced-order parallel algorithm (de-
rived similarly to Section 9.2.1).

Algorithm 9.2:

Ef”'l) A, + AT Egm) = ATA;T Pz(i)r A+ A‘Tpéi) A7 As

i i i i (9.44)
+e(EO$,ED + ATA;TPY 5,P0 A7 45)

Ef“’ Ag+ AT Ef,‘“’ - Pz(.')r Ay — AT Pz(.') +e Pz(.')r S, pz(s‘) (9.45)

E§ 4, = PEIS PP - EF+D 4, - ATESH) - AT (9.46)

where 4, = 49 - 9 Pl(o) is a stable, slow subsystem, feedback matrix.
The initial conditions for this algorithm are set to zero.
A

The following theorem indicates the features of the proposed algo-
rithm (9.44)-(9.46).
Theorem 9.2 Under conditions stated in Assumption 9.2, the algorithm
(9.44)-(9.46) converges to the exact solution of the error term with the
rate of convergence of O (¢), that is

“E,- - E}‘*"" =0(e) ||E, - E,"” (9.47)
or equivalently

- 28

=0 (e("“)), i=0,1,2,; j=1,2,3  (9.48)

o
The proof of this theorem is omitted for the reason explained in

Section 9.2.1.

Case Study 2

Strongly controlled slow modes structure and the presented recursive
approach are encountered in the optimal turbine controller design of the
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same low head hydro power plant with the static excitation system of
power system stabilizer type (Skataric, 1989). For this type of of hydro
power plants assumption of rigid water hammer holds. Also, subtransient
effects in stator winding are neglected. The linearized state space is
given by

T =[A0 Aw Ay, Au; Az, Azy, Az,
Azyy Az Az Azyy Aq Aa Ay°)

Newly defined variables represent
T1u; T2y, T3, — voltage input variables in p.u.
T14,T24, %34, T4y — frequency input variables in p.u.
q — water flow through the turbine in p.u.
Q — gate opening in p.u.
¢° — runner blade position in p.u.
The control variable © = Au,, represents the input to the turbine

governing system. The nonzero entries in the matrices A14%14 and B14x!
are given by

a12 = a3q4 = 314, az; = —-0.228, a22 = -0.565, a23 = —0.113, a2,12 = 0.595,
az2,13 = —0.371, a2,14 = —0.182, a3 = —0.168, a32 = —0.305, a33 = —0.308,
a44 = =100, ay4s = —21.36, a4 = @47 = a4,10 = a4,11 = 0.184, ay9 = 4274,
as; = —1.13, 9as2 = 9.02, as3 = 6.38, ass = —21.28, ags = 3746,
age = a77 = a10,10 = 611,11 = —32.26, ars = —1613, ag2 = 33.3, ags = —33.3,
agg = 21.27, agg = —21.27, aj9,9 = —74921, aj1,10 = 18548, a;2,2 = 0.566,
a12,12 = —1.463, a12,13 = 1.208, a12,14 = 0.614, a13,13 = —2, 614,14 = —0.714

b13,1 =2, b14,1 =0.714

The eigenvalues of the matrix A are -106.15, -32.26, -32.26, -32.26,
-27.94 + jl4.11, -21.29, -11.302 + j1.56, -2, -1.52 + j 10.646, -1.47,
-0.714.

Weighting matrices are chosen as Q = 10731, R = I.

By interchanging 4th, 5th, and 6th rows with 12th, 13th, and 14th
rows in matrices A and B, the structure considered in this section is
obtained, such that Assumption 9.2 is satisfied. We have studied this
problem with 6 slow and 8 fast variables and with ¢ = 0.66. It can
be seen that the matrix A contains huge elements so that the numerics
of the problem is very ill-defined. In order to improve the numerical
behavior of this algorithm few different scalings of state variables were
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k Japp

1 42.762

5 42415

10 42312

15 42.286
20 42.283

25 42.281

30 42.281

35 42.280
40 42.280 = J,

Table 9.2: Approximate values of the performance criterion

used. We have obtained the best results by using the following scalings
Z12 = 100z, 22 = 202, z7 = 20z7;. Even with this scaling
the eigenvector method for the solution of the global algebraic Riccati
equations (9.9) failed to produce the answer (West et al., 1985). However,
the proposed reduced-order parallel algorithm (9.44)-(9.46) has produced
the correct result despite of the relatively big value for the small parameter
€. Simulation results are presented in Table 9.2.

9.2.3 Weakly Controlled Fast Modes and Strongly Controlled
Slow Modes Structure

In this case the partitioned solution of the algebraic Riccati equation
(9.9) is given by

PiAy + ATP, + P, A3 + ATPT 4+ Q, - PSP,

9.52
—€ (PgS.fPl + P]SngT) - 62P253P2T =0 ( )
PyAs+€ATP + Q; — €P S P, + AT P3 + P A, 9.53)
—P,STP, — ¢P1S,P3 — €P,S3P; = 0 ’
PsAy+ ATP. PTA, + ATP
344 + Ag 3+Q3+€(2 2+ A 2) 9.54)

- (PzTSLPz + P2T.5'2P3 + P3S3P; + P3S;"‘P2) =0
where S = BiR™'BY.
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Following similar arguments as in Section 9.2.1, we get exactly the
same expressions for the zeroth-order approximation as in Section 9.2.2,
namely, equations (9.41)-(9.43). Thus, the unique positive semidefinite
stabilizing solution P(?), in this case, exists under Assumption 9.2.

Defining the approximation errors like in (9.19) we get the following
error equations

E\D, + D1TE1 + E;As + ATE,

9.55)
= —PQS2TP1 —P132P3+€E131E1+€P253Pg‘ (
E2A4+Ag‘E3+E1A2 =€(P252TP2+P253P3) (956)

+P,S1P, + PSP - ATP,
E3As+ ATE; + PF A, + ATP, ©57)

=€ (P2TS]P2 + PQTSQP;; + P3S3P; + P3Sg~P2)

where D; = A, - SlPl(o).

Let us propose the following reduced-order parallel algorithm for
solving (9.55)-(9.57).
Algorithm 9.3:

E§i+1)A’ + AZ‘EF}I) _ Hl(.') + .Hl(.-)r _ Hz(,i)
. . . T
e (B + ATATTHY AT A5 - BY A7 A5 - 4T4;7HEY)
(9.58)

E§* A+ ATES™ = -V 4, - ATPP +ell) 959

B = [ - 4TEE - Bty - 1) 471 060
where
Y = (Ag' P - PO g PO — P,“)Sng") A7'As
o . o o T
HY) = POSTPY) 4 PO g, P
o o Y o 3 3
H§') _ Pz(') Ss Pz(') + El(.) S, E}')
. WT . T . o . . .
Y = PO 5, PO 4 pO7 5, p® 4 PO, pi) 4 pi T pld
10 = POSTPD + 05, p)
g = pOSTPY 4 pldg, plitt)
B = POSTE + PS5,
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with P{") satisfying (9.19) and initial conditions given by (9.27).
A
The following theorem indicates the features of the proposed algo-
rithm (9.58)-(9.60).
Theorem 9.3 Under conditions stated in Assumption 9.2, the algorithm
(9.58)-(9.60) converges to the exact solution of the error term with the
rate of convergence of O (¢), that is

|25 - £ = 0oz - £

9.62)
or equivalently
|- EQ| =0 (), i=0,1,2.55=123 ©63)

°
Case Study 3

The developed procedure is applied to the synthesis of the optimal
hydro power plant control by an overall optimal regulator commonly
designed for both active power-frequency and reactive power-voltage
control loops (Skataric, 1989). Assumptions made in the case studies 1
and 2 hold in this case also. The state space model is of order eleven,
and the state variables are ordered as

T =[A0 Aw Aus Ay Ay, AYy AYp Apg Ag Aa A¢°)

The control vector is given by u = [Auy,, Aty .
The nonzero entries in the matrices A11X11 and B11%2 are

a12 = ag3 = 314.16, a3y = —0.595, a4 = 0.147, azs = 0.528, az¢ = —0.134,
a27 = —0.04, a28 = —0.276, az29 = —0.371, az,10 = —0.182, az,11 = 0.594,
a3l = =100, aq1 = 255.38, a42 = —152.49, aq4 = —13.72, a4s = 511.14,
a4e = 8.51, aq7 = 2.556, ayg = —135.04, as) = —182.82, a5y = —-319.15,

asy = —534.99, ass = —12.54, agg = 137, ag7 = 41.136, ass = 8.389,
agqy = 0.446, age = —0.523, ag7 = 0.0375, a74 = 21.646, a7¢ = 6.094,
ary = —29.609, ags = 87.236, agg = -97.747, agg = —2, @10,10 = —0.714,
a11,2 = 0.566, a11,9 = 1.208, aj1,10 = 0.614, a11,11 = —1.463

268



QUASI SP&WC SYSTEMS

b31 = 0.184, bg2 = 2, b10,2 = 0.714

Weighting matrices are chosen as @ = 0.1 X I;;, and R = I,.

The required structure studied in this section is obtained by inter-
changing 3th, 4th, and Sth rows in matrices A and B by 9th, 10th, and
11th rows.

The eigenvalues of the matrix A are given by -100, -74.806,
-27.895, -25.167 + j520.79, -2, -1.469, -0.714, -0.544 + j8.483, -0.295.
We have studied this singularly perturbed problem with 6 slow and fast
variables and with ¢ = 0.1. For this ordering of the state variables As-
sumption 9.2 is satisfied.

Simulation results, representing the absolute error between the ap-
proximate and optimal values of the performance criterion, are presented
in Table 9.3.

-

Japp - Jopt

0.127 x 10!
0.740 x 107!
0.292 x 10~3
0.674 x 104
0.364 x 10~5
0.250 x 10—
0.379 x 107
0.215x 10~8
0.109 x 1010

wlvu|lalu]|lalw]lv]~]o

Table 9.3: Errors in the performance criterion per iteration

It is important to point out that in this case the eigenvector approach
for solving the global algebraic Riccati equation (9.9) failed to produce
the answer also. On the other hand, it can be seen from Table 9.3 that
the method proposed in this section is numerically very efficient.
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9.3 Reduced-Order Design of Optimal Controller
for Quasi Weakly Coupled Linear Systems

In this section, we consider a special class of linear systems having block
diagonally dominant system matrix and with the control input influencing
only one of subsystems. The optimal reduced-order controllers are
designed through the recursive reduced-order algorithm which converges
quickly to the required optimal solution. Many real world systems (such
as power systems, chemical reactors, flexible structures, and, in general,
systems with only few actuators) possess the control structure studied
in this section. We call these structures quasi (nearly) weakly coupled
since they contain the diagonally block dominant system matrix (like
the standard weakly coupled systems), but they have only one decision
maker (weakly coupled systems require at least two decision makers).

Consider a linear dynamical system composed of two subsystems in

the form
n|_ |4 €| |m By
R s 1 R C
where z; € R™, ¢ = 1, 2, are state vectors, u € R™ is a control input

vector, and ¢ is a small parameter. This is a special class of linear
dynamical systems represented, in general, by

z = Az + Bu (9.68)
with
_ 1% _ Al €A2 _ B]
T A N [ ™

A quadratic type functional to be minimized is associated with (9.67)
in the form

J =

N =

oC
/ («TQz + uwTRu)dt, Q>0, R>0 9.70)
0

For the purpose of this section we assume that the structure of the matrix
@ is consistent with the system matrix A, that is
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_| @1 €Q2
Q= Qs] ©.71)

All problem matrices defined in (9.67)-(9.71) are constant and of appro-
priate dimensions.

The structure defined in (9.67) corresponds to the weakly intercon-
nected subsystems (Kokotovic et al., 1969) with the control input in-
fluencing only one of them. This structure has not been studied in the
literature from the order reduction point of view. The purpose of this
section is not to derive new theoretical concepts. Instead, its main goal
is to show that certain classes of linear optimal control problems can be
studied by using the developed reduced-order recursive theory for the
weakly coupled linear control systems.

The optimal problem of minimizing (9.70) along trajectories of (9.67)
has the very well-known solution given by

Uopt = —Fopsz = ~R"'BT Pz 9.72)

where P is the positive semidefinite stabilizing solution of the algebraic
Riccati equation

ATP+PA+Q-PSP=0, S=BR'BT (9.73)

It can be shown that the nature of the solution of (9.73) is

(9.74)

P= [ P] CPg]

€P2T P3

Partitioning (9.73) compatible to (9.69), (9.71), and (9.74), we get
three matrix algebraic equations

PiA + ATPL+ Q1 - PLS1PL+ € (P, A3+ ASP) = 0

9.75)
P2A4+A¥‘P2+Q2-P]S]P2+Ag‘P3+P]A2=0 (976)
PsAg+ ATPs + Qs+ € (PT Az + AT P, - PTS1P) = 0 077

where $; = B,R™'BY.
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Since ¢ is a small parameter, we can define O (¢2) approximation
of (9.75)-(9.77) as follows

POA+ AP+ Q- POsiPY =0 g0

T
POA+ (4= 5P0) PO+ Qa+ ATPP + P4, = 0

9.79)
P04+ ATP 4+ Q3= 0 ©.30)
so that the required solution (9.74) satisfies
pO® pO
oo [ G -reow om

On the contrary to the standard weakly coupled systems (Kokotovic
et al.,, 1969), where the zeroth-approximation is given in terms of two
reduced-order Riccati equations, for the quasi weakly coupled systems
we need to solve only one reduced-order Riccati equation (9.78).

The unique positive semidefinite stabilizing solution P(%), obtained
from (9.78)-(9.80), exists under the following assumption.

Assumption 9.3 The triple (A;, By, /@) is stabilizable-detectable and
the matrix A, is stable.
A

Defining the approximation errors as
Pi=PO +&E;, j=12,3 (9.82)

and using (9.82) in (9.75)-(9.77) and (9.78)-(9.80), we get the following
error equations

E\D, + DTE, = =P,A3 - ATPI + E, 8, E, (9.83)

E2As+ DTE; = EE, S E; — EyAy - ATE; — E,S; PO (9.84)
E3Ay+ ATE; = PTA; + ATP, - PTS\ P, (9.85)
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where D; = A; — §, P9, is a stable matrix (Gajic et al., 1990).

Let us propose the following reduced-order parallel algorithm for
solving (9.83)-(9.85).
Algorithm 9.4:

Ef“) Dy + DT Egm) - Pz(i) As - AT Pz(.')r e El(i) S1EY (9.86)

E§*™ A, + ATESH) = PO A + ATPY - PO 5, PO (9.87)

ESVA, 4 DTESY) = g g ES) — B Dy, — ATESHY
(9.88)
where

PO =PO+ 2D j=123 i=0,1,23. (989
and Dy; = Ay — $1 P with initial conditions
E®=0,E®M=0, EQ=0 (9.90)

A

The following theorem indicates the features of the proposed algo-
rithm (9.86)-(9.89).

Theorem 9.4 Under conditions stated in Assumption 9.3, the algorithm

(9.86)-(9.90) converges to the exact solution of the error term with the
rate of convergence of O (€?), that is

|&i - BV = 0(e) || &5 - B9 9.91)

or equivalently
IlEJ_ _ EJ(_.')| -0 (52(‘“)) i=0,1,2,.. ©92)
o

The proof of this theorem follows ideas reported in (Gajic et al.,
1990), and thus, is omitted. In the first step of the proof, the nonsingu-
larity of the Jacobian of (9.83)-(9.85) at ¢ = 0 has to be established. In
the second step, the estimates of the errors given in (9.91)-(9.92) are ob-
tained from (9.83)-(9.85) and (9.86)-(9.88). We will justify results stated
in Theorem 9.4 on several real control system examples (Section 9.4).
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Notice that from (9.91) and (9.92) we have

o

=0 (e2(‘+‘)) (9.93)

where ) )
Pl(o) + ezEl(') € (P2 + 62E§'))

PO = T . (9.94)
e(R+eE) PO +eE)
The approximate optimal gain F(*) is now defined by
FG) = _p-1BT p() (9.95)
and the approximate criterion is obtained from
I, = tr {vO} (9.96)

where V() satisfies
N\T . . . . .
(A = SPO) VO VO (4- SP(‘)) +Q+POSPO =g (997)
Using the criterion approximation theorem (Kokotovic and Cruz,
1969), we have that (9.93) implies

Jopt - Ja(;;)p

=0 (e“("“)) . i=0,1,2,... (9.98)

In some applications, like power systems, the open-loop system
matrix A is stable and the elements in the matrix B, are all of O (¢). In
such cases the presented algorithm can be even more simplified under
the following assumption.

Assumption 9.4 The stability of the matrix A implies stability of the
partitioned matrices A; and A,.
A

The zeroth-order approximations in (9.78) and (9.79) are now defined
by

P4, + ATP® + Q1 =0 (9.99)
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POAc+ AP +Qu+ ATRD + P04 =0 0

Introducing the notation
By = ¢By,, Sy, = Bi,R7'B] (9.101)

the modified algorithm (9.86)-(9.88) gets the form.
Algorithm 9.5:

Ef 4y + ATESY = PO 4 - aATPY + PO, PP 9.102)
ES A+ ATESY) = PO 4, - ATPP) + @PP" 5, PP (9.103)

(9.104)
A

Thus, the complete solution, in this case, is obtained in terms of the
Lyapunov equations only.

9.4 Case Studies

In the previous section, we have shown how to generate the solution
of the algebraic Riccati equation in terms of the reduced-order subsys-
tems. Having obtained this solution, (9.94), allows us to construct an
approximation to the optimal control

where F() is given by (9.95) and z(*) (¢) satisfies
@ (1) = (A - BF(‘)) z0) (1)

Using (9.93) and (9.95), it follows that the control law u(*) (t) and the
approximate trajectories z(*) (t) are suboptimal in the sense

20 (t) = Zope (t) + O (e"’(‘“)) . U (@) = uo (1) + 0 (62(i+1)>
The approximate feedback control u(?) (t) applied to the system produces

the approximate performance index (9.96) with its property established
in (9.98).
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In this section, we consider three real physical system control problems:
chemical reactor, F-4 fighter aircraft, and multimachine power system and
demonstrate the near-optimality with respect to the performance criterion.

9.4.1 Chemical Reactor

The model of a chemical reactor has been studied in (Patnaik et al.,
1980). The system and input matrices are given by

-4.018 5.12 0 0 -2.082 0 0 0 0.87
-0.346 0.986 0 0 -2.34 0 0 0 0.87
-7.909 15.407 -4.069 0 -6.45 0 0 ] 2.68
-21.816 35.606 -0.339 -3.87 -17.8 0 0 0 7.39
A= |-60.196 98.188 -7.907 0.34 -53.008 0 0 0 20.4
0 Q Q 0 94 -147.2 0 §3.2 0
0 0 0 0 0 94 -147.2 ] 0
0 Q Q 0 0 12.8 0 -31.6 0
0 0 0 0 12.8 0 0 188 -31.6

0 000
-0.011 -0.021 -0.059 -0.162 -0445 0 0 0 O
0 00O

[ 0.010 0.003 0.009 0.024 0.068
BT =
-0.151 0 0 0 0

Weighting matrices @ and R are chosen as identities.

This control system problem can be decoupled according to Section
9.3 with n; = 5 and n, = 4, where the first five state variables comprise
the first subsystem. Using the formula for an estimate of a small coupling
parameter ¢ suggested by (Shen and Gajic, 1990a), we have obtained ¢
= 0.47 = 94/200.4.

Simulation results are presented in Table 9.4. Obtained results reveal
that the accuracy of O(10-1) is obtained after only 7 iterations despite
relatively big value of the coupling parameter ¢. This is consistent with
the results given in Theorem 9.4 and formula (9.98) since (0.47)2 =
0.32146 x 107!°, Thus, the presented method is very efficient even in
the case when ¢ is not “small enough” — the standard assumption for all
small parameter theories. Even more, by using the presented method the
accuracy of an arbitrary order is easily achieved. All simulation results
in this chapter are obtained by using the L-A-S package for computer
aided control systems design (West et al., 1985).

9.4.2 F-4 Fighter Aircraft

An F+4 fighter aircraft (the actuator case) is considered in (Harvey and
Stein, 1978). This model is described by the following system and control
input matrices
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—~,

Japp = Yopt

0.13910 x 102

0.15714 x 103

0.14805 x 10~*

0.13045 x 10~°

0.10936 x 10~6

0.81286 x 108

0.39972 x 10~°

NI a|lvwla]jJ]wlNwiI~]O

0.33651 x 10~1°

Table 9.4: Errors in the performance criterion per iteration

BT = 0 000 20 O
0 000 0 10
(—0.746  0.387 -12.9 0 0.952 6.05 1
0.024 -0.174 431 0 -1.76 —0.416
0.006 -0.999 -0.0578 0.0369 0.0092 -0.0012
1 0 0 0 0 0
0 0 0 0 -10 0
L 0 0 0 0 0 -5

Weighting matrices ¢ and R are chosen as Q = I, R = I5.

Even though the aircraft is not inherently weakly coupled system, we
will show that the presented algorithm can be applied to the reduced-order
controller design of this aircraft with a prescribed degree of stability.
The system is decomposed with n; = 4 and n; = 2, where the first
four state variables comprise the first subsystem. The eigenvalues of the
matrix A are given by -0.006, -0.765, -0.103 + j2.093, -5, -10. In
order to have the weakly coupled structure for the matrix A we need
that det {A;} = O(1) and det {A4} = O (1), (Chow and Kokotovic,
1983). However, in this example det {A; (0)} = 0.021278. This can
be facilitated by choosing the performance criterion in the form (which
assures a prescribed degree of stability)
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oc
J= / e?*t (z7Qz + vT Ru) dt (9.105)
0

The consequence of this is that the actual system matrix that we are
working with is A + al. For this modified system matrix and for o =
-10 the strongest coupling is in the first row, so that an estimate of ¢
(Shen and Gajic, 1990a) is given by 7.002 / 24.033 = 0.291349. Since
A+ual is a stable matrix the required conditions from Assumption 9.3 are
satisfied. Simulation results for the performance criterion are presented
in Table 9.5.

i Japp - JOP‘

0.73118 x 10-3
0.97281 x 10-5
0.16248 x 10~6
0.25505 x 10~8
0.39449 x 10-10
0.34106 x 10~12

MlidAjJWINDI~NIO

Table 9.5: Errors in the performance criterion per iteration

Note that (0.291349)% = 0.1399 x 107!2 so that this example per-
fectly matches the results established in Theorem 9.4 and formula (9.98).

Since A + al is diagonally dominant for o large enough, and thus,
weakly coupled, the presented method is more general and is applicable
to the systems which are not inherently weakly coupled.

The importance of the higher order approximations for weakly cou-
pled systems is demonstrated in (Shen and Gajic, 1990a), where the
O (¢8) accuracy was required in order to stabilize the closed-loop system.

9.4.3 Multimachine Power System

The nearly weakly coupled structure studied in this section can be found
in power systems. The efficiency of the proposed reduced-order algo-
rithm (9.86)-(9.88) is demonstrated on the design example for the de-
centralized multivariable excitation controllers in a multimachine power
system.
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We consider a complex multimachine power system, composed of N
synchronous machine-regulator units and connected to the network which
includes transformers, lines and load. In these studies it is customary to
treat the synchronous generators in plant as one equivalent machine and to
use the assumption that the turbine torques are constant, as the changes in
these torques are slow in comparison with phenomena of significance in
voltage regulation. Furthermore, the electromagnetic transient processes
in armature windings of the machines and the elements of the network are
usually neglected as well as transient processes in the damping winding
as less significant in the problem under consideration.

The linearized model obtained under these assumptions will be used
in this section. Each of the synchronous machines is described by
Park’s equations with a field circuit in the direct axis. The synchronous
generators are assumed to be equipped with first order exciters. The
network is represented by constant admitances and reduced by eliminating
nongenerator basis. Loads are represented by constant admitances and
are included in the network admitance matrix.

The linearized equations of the considered multimachine power sys-
tem are written in the state space form as

N '
&=Az+) B, i=123,.N (9.106)

=1

where 27 = [z 2T k], zF = [6in wi V5 Ejail i
=1, 2, ..., N, with §;5 being the load angle with respect to the angle
of the reference machine, w; the rotor angular velocity, ¥;; the field
flux linkage, and Ejq; the exiter state variable of the i-th machine. All

variables represent small deviations from the operating point.

In this section, we study the real example that represents the portion
of the Serbian grid in isolated operation composed of two hydro power
plants (Arnautovic, 1988; Amautovic and Medanic, 1990). Each machine
is equipped with the fast exciter whose parameters and operating points
are given in Appendix 9.1.

Matrices A and B of the corresponding linearized model are given by
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0 —314.159 314.159 0 0 0 0

0.003 -0.131 -0.012 -0.141 -0.006 0 0

-0.271 -0.352 -—-2.763 -0.182 -0.371 0 0

A= | 0.005 —0.290 —0.008 -0.373 0.005 314.159 0

-0.290 -0.127 -0.724 0.025 -1.261 0 314.159

0 0 0 0 0 -33.333 0
0 0 0 0 0 0 -33.333
BT = 0 00 0 0 0062 0
“1000 00 o0 0201

Weighting matrices @ and R are chosen as Q = I7, R = I,.

Apparently, the matrix A has the weakly coupled structure. By
interchanging rows in matrices A and B, we can get the nearly weakly
coupled structure defined in (9.69). The eigenvalues of the matrix A are
given by -0.048, -0.549, -0.822, -1.555 + j 9.164, -33.33, -33.33. It
can be seen that both conditions of Assumption 9.4 are satisfied for this
power system example. Due to the special structure of the matrix B,
the feedback control will affect only slightly some of the very small
eigenvalues so that the system will remain almost marginally stable
under the feedback control. In addition, in order to have the weakly
coupled structure for the matrix A we need that det {4,} = O (1) and
det {A4} = O (1), (Chow and Kokotovic, 1983). These two problems
can be facilitated by choosing the performance criterion in the form

J = / e?*t (z7Qz + uTRu) dt
0

In order to improve the numerical behavior of the proposed algorithm
it is advisable to balance the elements in the matrix A (some of them
are very large) by introducing simple scalings in the form 7; = kz;,
with k =0.1,¢ =5, 6, and k = 0.3 for ¢ = 1, 2. Parameters o and ¢ are
chosen as o = 1 and ¢ = 04.

Simulation results are obtained by using the L-A-S package for
computer-aided control system design. Obtained results are presented
in Table 9.6.
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i Japp Jopt = Japp
0 122.144 26.198
1 96.285 0.339
2 96.008 0.062
3 95.954 0.008
4 95.948 1.5x 103
5 95.946 20x 10~
6 95.946 8.0x 10-%
optimal 95.946

Table 9.6: Approximate values for the performance index

9.5 Reduced-Order Solution for a Class of
Linear-Quadratic Optimal Control Problems

The reduced-order solution is obtained for a class of linear-quadratic
optimal control problems having weakly interconnected system matrix,
strongly connected control matrix, and with a special structure for the
state penalty matrix. An example demonstrates the effectiveness of the
proposed reduced-order algorithm. The presented method is very well
suited for parallel implementation.

Consider a linear dynamical system given by
z = Az + Bu (9.107)

with

_ Z1 _ Al €A2 _ B]
I I -

where z; € R™, i = 1, 2, are state vectors, u € R™ is a control input
and ¢ is a small parameter. A quadratic type functional to be minimized
is associated with (9.107) in the form
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oC

/ [z7Qz + vTRu]dt, Q >0, R>0 (9.109)
0

J =

N =

All matrices defined in (9.107)-(9.109) are constant and of appropriate
dimensions.

The system matrix A, defined in (9.108) has the structure of the
weakly coupled systems (Kokotovic et al., 1969; Gajic et al., 1990).
However, due to strongly coupled control matrix B this system does
not belong to the class of weakly coupled linear control systems. In
this section, we will show that despite strong coupling coming from the
input matrix, the order-reduction can be achieved, like in the case of
purely weakly coupled systems, by using the specific structure for the
state penalty matrix.

Up to authors best knowledge the problem order-reduction through
the choice of the state penalty matrix @ has not been studied in the
control literature. Thus, the engineering relevance of this section is to
study the linear-quadratic optimal control problem of (9.107)-(9.109), in
the spirit of parallel and distributed reduced-order algorithms (Bertsekas
and Tsitsiklis, 1991), under the following assumption.

Assumption 9.5 The state penalty matrix @ has the structure

_| @1 €Qq
Q= [lez cQa] (9.110)

A
This choice of the matrix ¢ is quite common in engineering practice
since the control engineers hardly penalize all state variables by weighting
factors of the same magnitude, especially for large scale systems.

The optimal problem of minimizing (9.109) along trajectories of
(9.107) has the very well-known solution given by

Uopt = —FoptT = —R"'BT Pz (9.111)

where P is the positive semidefinite stabilizing solution of the algebraic
Riccati equation

ATP+PA+Q-PSP=0, §=BR'BT 9.112)

In the following, we will show that the nature of the solution of
(9.112) subject to the partition of the problem matrices defined in (9.108)-
(9.110) is given by
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_| B P,
P—[CPZT €P3] (9.113)

and then, we derive the reduced-order algorithm for finding P.

Partitioning (9.112) compatible to (9.108), (9.110), and (9.111), we
get three algebraic equations

PiA; + ATP, + Q, — PSP, + € (P,As + AT PT)

9.114
—e(PngPzT-}-PgS:{P;+6P253P2T)=0 ( )
PiAy + P,Aq+ ATP, - PSP, — PSP + Q;
T T (9.115)
+e€ (Aa P; - P252 ) PstPs) =0
P3Ay+ ATPs + Qs
+e(PTAy+ AT P, — PTS, Py — PTS,P3— P3STP, - Pasap;,& =1g)
.1

where
$1=BR'BY, S=B,R'Bf, S3=B,R'Bl  (9.117)
Since ¢ is a small parameter we can define an O (¢) approximation
of (9.114)-(9.116) as follows

P4, + ATPO + @, - PO5,P® =0 (9.118)

PO 4+ PO A+ ATPO - PO 5, PO - PO 5, PO 1@, = 0 9.119)
PPA+ ATP® +Q3=0 (9.120)

The unique positive semidefinite stabilizing solution for P(%), ob-
tained from (9.118)-(9.120), and defined by

pO  p©
0) _ 2

exists under the following assumption.

Assumption 9.6 The triple (A;, By, /@) is stabilizable-detectable and
the matrix A4 is stable.
A

283



QUASI SP&WC SYSTEMS

Since all solutions obtained from (9.118)-(9.120) are O(1), it can be
concluded that our staring assumption (9.113) about the nature of the
solution of (9.112) is correct.

Remark 9.1 The nature of the solution of the algebraic Riccati equation
for a linear-quadratic optimal control problem defined in this section is
exactly the same as the nature of the solution of the algebraic Riccati
equation of a singularly perturbed linear-quadratic control problem.

A

From (9.118)-(9.120) we have obtained the first-order approximation
of the required solution in terms of the completely decomposed reduced-
order algebraic equations.

In the next step, we will derive the reduced-order parallel algorithm,
based on the fixed point iterations, for obtaining the solution of P up to
any arbitrary degree of accuracy.

Defining the approximation errors as

Pj=PO +¢E;, j=1,2,3 (9.122)

and using (9.121) in (9.114)-(9.116) and (9.118)-(9.120), we get the
following error equations

E\D, + DTE, = ¢E,$,E; — ¢ (P43 + ATPY)

9.123
+P,S,PT + P,STP, + P, S3PT ( )
E;A4 + DTE; = €(E1$1E; + E1S2E3) — E D, ©.124)
+P9$,E; — ATP, + P,STP; + P,S3Ps '
E3Aq+ ATE,
= PI$1Py 4+ PTSyPs + P3ST Py + P3SaPs — PT A, - A’{I} 125
9.125

where

Dy = A, - 5;P®, Dy= Ay - 5P - 5,P® (9.126)

Let us propose the following reduced-order parallel algorithm for
solving (9.123)-(9.125).
Algorithm 9.6:

E{*VD, + DTE() = BV B - ¢ (P 45+ 4TP{")
+PO5, PO + POSTPY + P53 PO
©.127)

284



QUASI SP&WC SYSTEMS

Eg.'+1) A+ -DIT E§i+1) =€ ( E](c'+1) S Egi) + E§i+1) S E§i+1))
(9.128)
E§i+1) A+ A4T E§i+l) - Pz(.')f s, P2(.') + Pz(.')" S, Pg.’) + Péi) 521' Pz(i)
+P 53 P — P A, — ATPS)

(9.129)
with initial conditions

EQ =0, E?=0, EQ=0 (9.130)

A

The following theorem indicates the features of the proposed algo-
rithm (9.127)-(9.129).
Theorem 9.5 Under conditions stated in Assumptions 9.5 and 9.6, the
algorithm (9.127)-(9.130) converges to the exact solution of the error

term, and thus to the required solution P, with the rate of convergence
of O (¢), that is

-] =0 - 5

9.131)
or equivalently

s -

=0 (e("“)) L i=0,1,2,.; j=1,2,3 (9.132)

Lo

Proof: As a starting point, we need to show the existence of a bounded
solution of (9.123)-(9.125) in the neighborhood of ¢ = 0. By the implicit
function theorem (Ortega and Rheinboldt, 1970), it is enough to show
that the corresponding Jacobian is nonsingular at ¢ = 0. The Jacobian
at ¢ = 0 is given by

Ji 0 0
J(e=o= |1 J22 Jas (9.133)
0 0 Jss

with
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Ju=1,9DT + DT @ 1I,,
Jyp=I, @ DT + AT I, (9.134)
J33 = In;®A{+AI®In3

where ® stands for the Kronecker product representation. For the
Jacobian to be nonsingular the block diagonal elements J;;, ¢ = 1, 2,
3, have to be nonsingular. The matrix D, is a closed-loop matrix, and
thus stable by the well-known property of the algebraic Riccati equation
and by Assumption 9.5. By the same assumption, the matrix A4 is
stable, so that by the property of the Kronecker product (Lancaster and
Tismenetsky, 1985), matrices J;; are nonsingular. Thus, for ¢ small
enough, the Jacobian is nonsingular.

In the next step, we have to show the convergence of the algorithm
(9.127)-(9.130) and give an estimate of the rate of convergence. For ¢ =
0, (9.123) and (9.127) imply

(E, - E}°’) D, + DT (El - E}°’) = ¢fy (B, Ez€)  (9.135)
Since D, is stable and F; and E, are bounded it follows that
||E1 -E0|=0(9 (9.136)
Similarly from (9.125) and (9.129) we have
(Bs— E) A+ AT (Bs - E) = ¢fs (Ez, Es,e)  (9137)
so that
|&s - 9| = 0(9) 9.138)
The use of the same arguments in (9.124) and (9.128) produces
”E2 - E§°’N =0(e) (9.139)
Continuing the same procedure and by induction, we conclude that

I - 26

=0 (e("“)) (9.140)

-2

=0 (e("“)) (9.141)
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| &5 - E|| = 0 (1) 9.142)
with ¢ = 1, 2, ..., which completes the proof of Theorem 9.5.
[ ]

It is obvious that the proposed algorithm (9.127)-(9.130) can be
implemented as a synchronous one (Bertsekas and Tsitsiklis, 1991).
The study is underway to prove the convergence of the corresponding
asynchronous algorithm.

9.5.1 Numerical Example

The following fourth-order linear-quadratic control problem example
demonstrates the efficiency of the proposed method. Problem matrices
are taken from (Shien and Tsay, 1982)

-0.75 0.28125 0.15 0.31875

-0.25 -1.15625 -0.35 —0.24375
-0.75 0.28125 -3.25 -0.28125
-0.25 -1.15625 1.25 —1.84375

, B=

O = O =
[ )

CCoo [ 15 19375 05 00625
y=%%=1_025 0.71875 0.25 0.28125

Q=CTC, R=1,, e=0.1

Simulation results are presented in Table 9.7. The optimal value
for the criterion is J,,; = 1.8222. From Table 9.7 we can notice very
good numerical behavior of the proposed algorithm consistent with the
statement of Theorem 9.5.

Other examples of weakly coupled systems having strong coupling
through the input matrix are: binary distillation column considered in
(Bhattacharyya et al., 1983) and L-1011 fighter aircraft (Beale and Shafai,
1989). These control systems can be numerically decomposed and solved
in terms of the reduced-order problems by choosing the state penalty
matrix according to Assumption 9.5 — see next section.

The presented method is applicable to almost any linear control
system with a prescribed degree of stability (Anderson and Moore, 1990),
since in that case we are working with A + ol which is block diagonally
dominant for a large enough. In some cases the overlapping idea of
(Siljak, 1991) can be used to achieve the desired structure.
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"~

J6 Jopt
0.16855 x 102
0.66638 x 10—*
0.28597 x 105
0.22424 x 10~
0.14966 x 107
0.10897 x 10~8
0.47606 x 1010
0.33538 x 10~11
0.33538 x 10-12

Ol IN|AN|MmAa|j]w]lNn]l~

Table 9.7: Errors in the criterion approximation per iteration

9.6 Case Studies

We demonstrate results of the previous section on two real world ex-
amples: L-1011 fighter aircraft and distillation column linear-quadratic
optimal control problems.

9.6.1 Case Study 1: L-1011 Fighter Aircraft

A mathematical model of L-1011 fighter aircraft can be found in (Beale
and Shafai, 1989). The problem matrices are given by

0 1 0 0 0 0
A= 0 -189 039 -5.53 B= 036 -1.6
0 -0.034 -298 243 [~ ~ [-0.95 -0.032
0.034 -0.0011 -0.99 -0.21 0.03 0

2313 2.727 0.688 0.023
_ 2727 4.271 1.148 0.323
Q= 0.688 1.148 0.313 0.102
0.023 0.323 0.102 0.083

This control system is decomposed into two subsystems, each of order
two. Small parameter ¢ is chosen as ¢ = 0.3. The optimal performance

R=1
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index is Jop: = 7.239. Simulation results for the performance criterion
are presented in Table 9.8.

It can be seen that the obtained numerical results are consistent with
the established analytical relationship.

J(‘) - Jopt

0.1114 x 10*!
0.8048 x 10!
0.1529 x 10~
0.3569 x 10~2
0.4790 x 10-3
0.6193 x 10~*
0.1513 x 104
0.2542 x 1075
0.2832 x 106
0.5678 x 10~7
0.1066 x 10-7
12 0.1183 x 1078

Wl G| N[l |jw]Nn |~

~
S

~
~

Table 9.8: Difference between approximate and optimal criteria

9.6.2 Case Study 2: Distillation Column

Mathematical model of a binary distillation column with condenser,
reboiler, and nine plates is given by (Bhattacharyya et al., 1983)

r—0.991 0.529 0 0 0 0 0 0
0,522 -1.051 0.596 0 0 0 0 0
0 0.522 -1.118 0.596 0 0 0 0
A= 0 0 0.522 -1.548 0.718 0 0 0
0 0 0 0.922 -1.640 0.799 0 0
0 0 0 0 0.922 -1.721 0.901 0

0 0 0 0 0 0922 -1.823 1.021 J

L 0 0 0 0 0 0 0.922 -1.943
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BT =10-3 [ 3.84 4 376 3.08 236 2.8 3.08 3 ]

-2.88 -3.04 -280 =232 -3.32 -3.82 -—412 -3.96

"1 0 0 005 0 0 0.1
0 1 0 001 0 0 0
0 0 1 0 0 05 0 0
0 0 0 10 0 0 0

Q=105 01 0 001 0 o o] B=ln =02
0 0 050 0 01 0 0
0 0 0 0 0 0 01 0
01 0 0 0 0 0 0 01,

The optimal value of the performance criterion is Jop: = 6.1656. Ob-
tained simulation results are presented in Table 9.9. The results are
consistent with the statement of the corresponding theorem.

9.7 Notes

Results presented in this chapter are mostly based on the work of D.
Skataric (Skataric et al., 1990, 1991; Skataric and Gajic, 1992; Skataric,
1992). The study of the quasi singularly perturbed and quasi weakly
coupled systems is not complete. There are many other classes of
the linear-quadratic optimal control problems with small parameters that
can be decomposed into the reduced-order subproblems. The presented
results, obtained in the continuous-time domain, can serve as a guideline.
Their extension to the discrete-time domain is also an interesting research
area.
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i )
0 0..0186

1 0.0060

2 0.0020

3 7.2365 x 104
4 2.6123 x 10~*
5 9.5219 x 10-3
6 3.4870 x 10~5
7 1.2799 x 10-5
8 4.7030 x 10~¢
9 1.7291 x 106
10 6.3585 x 1077
11 2.3386 x 10~7
12 8.6016 x 1078
13 3.1639 x 10~8
14 1.1638 x 10~8
15 4.2807 x 10~°
16 1.5746 x 10~°
17 5.7919 x 10-10
18 2.1305 x 10-10
19 7.8363 x 101!
20 2.8817 x 10~ 1!

Table 9.9: Difference between approximate and optimal criteria
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Appendix 9.1

The operating points for these two machines are given as follows.
Machine No.1: P; = 170MW, Q; = 82 MWAr, V; = 15.75 kV.

Machine No.2: P, = 24.5 MW, Q; = - 6MVAr, V, = 6.5 kV,
Vo = 6.5/—4.5°. Machine and exciter data are presented in Table 9.10.

Unit no. No.1 No.2
Synchronous machine
Rated MVA 190 28
Rated kV 15.75 6.3
Xd(p.u.) 1.245 1
Xq(p.u.) 0.925 0.7
Xd'(p.u.) 0.373 0.42
Xad(p.u.) 1.145 0.85
Tdo'(s) 6.5 1.65
ra(p.u.) 0.00285 0.0107
Ta(s) 11.06 245
D(p.u.) 1 1
Exciter
Te(s) 0.03 0.03
Ke(p.u.) 0.00185 0.00604

Table 9.10: Synchronous machine and fast exciter data
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Chapter 10

Singularly Perturbed Weakly Coupled
Linear Control Systems

10.1 Introduction

In mathematical models of many real physical systems small parameters
appear. Two large classes of small parameter problems have been studied
so far, extensively in the context of control theory: 1) singularly perturbed
systems (Kokotovic et al., 1986; Gajic et al., 1990) and 2) weakly
coupled systems (Gajic et al., 1990). However, motivated by the models
of the real physical systems, we have found that many of them have
both singularly perturbed and weakly coupled structures. Even more, the
structure of many systems with slow-fast phenomena and weak coupling
can not be put either in the standard singularly perturbed or standard
weakly coupled forms. In this chapter, we study systems that are at the
same time both singularly perturbed and weakly coupled.

A special class of singularly perturbed weakly coupled linear systems
has been studied in the concept of multimodeling (Khalil and Kokotovic,
1978; Khalil, 1980b; Saksena and Cruz, 1981a, 1981b; Saksena and
Basar, 1982; Saksena et al., 1983; Gajic and Khalil, 1986; Gajic, 1988;
Zhuang and Gajic, 1991), where the weak coupling is allowed between
fast variables only (see also, Ozguner, 1979). In this chapter, we will
study the effect of weak coupling between slow and fast variables. The
obtained solution will be given in terms of a ratio of two small parameters.
Let ¢; and ¢, represent a small positive weak coupling and small positive
singular perturbation parameters, respectively, then one can study any of
the following three cases
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1) 0< mse—lsM<oo,

¢ . (10.1)

2) ——»0, 3) 20
1

In the first structure, which is the subject of this chapter, the system is
both singularly perturbed and weakly coupled. In the second structure,
it is predominantly weakly coupled, and in the third one it is predom-
inantly singularly perturbed; so that they can be studied by using the
corresponding techniques derived in (Kokotovic et al., 1986; Gajic et al.,
1990). Note that pure singularly perturbed systems involving many small
parameters of the same magnitude have been studied under the name of
“multiparameter singular perturbations” (for example, Khalil and Koko-
tovic 1979a, 1979b).

The approach taken in this chapter is in the spirit of the reduced-order
fixed point iterations (Gajic et al., 1990), and the parallel synchronous
algorithms (Bertsekas and Tsitsiklis, 1989, 1991).

The study of this chapter reveals one very important feature of
this kind of systems displaying slow-fast phenomena. Namely, the
stabilizability-detectability condition is imposed directly on the given
subsystems, on the contrary to pure singularly perturbed systems where
this condition has to be imposed on the slow subsystem matrices, which
depend on the given problem matrices on a quite complicated manner.

The obtained results for singularly perturbed weakly coupled linear
systems are extended in Section 10.4 to the so-called quasi singularly
perturbed weakly coupled linear systems (Skataric, 1992). Several real
world control problems are solved in order to demonstrate the efficiency
of the proposed synchronous reduced-order parallel algorithms.

10.2 Singularly Perturbed Weakly Coupled Linear
Control Systems

The singularly perturbed weakly coupled linear dynamical control system
has the form consistent with both the singularly perturbed and weakly
coupled systems

[:;] _ [ A4 flAAz] [zl] [ : 65?3?2] [Z;] 102)

where z; € R™, i = 1, 2, are state vectors, u € R™, i = 1, 2, are
control inputs. This is a special class of linear dynamical control systems
represented, in general, by
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z = Az + Bu (10.3)

= [5] =[]
<[4 F] oe|d )

€3 €3 €3

(10.4)

A quadratic type functional to be minimized is associated with (10.2)
in the form

I\le—l

oC
/ (z2TQz + uTRu)dt, Q>0, R>0 (10.5)
0

For the purpose of this chapter, we assume that the structures of the
matrices () and R are

Q _|R1 O
-l @l e[t 8] oo

which is consistent with both the singularly perturbed and weakly coupled
penalty matrices used in (Kokotovic et al., 1986; Gajic et al., 1990). All
problem matrices defined in (10.2)-(10.6) are constant and of appropriate
dimensions.

The control structure defined by (10.2)-(10.6) has not been studied
in the literature so far. Motivated by the results reported in (Gajic et
al.,, 1990), and by the importance of the parallel and distributed com-
putations (Bertsekas and Tsitsiklis, 1989, 1991), we will show that in
this case one is able to design the optimal controllers by using the
reduced-order parallel synchronous algorithms. Even more, the obtained
results are applicable under milder conditions than for pure singularly
perturbed linear-quadratic control problems. Namely, the stabilizability-
detectability conditions are imposed directly on the subsystem matrices
Ay, By,Qq and A4, B4, Q3. For pure singularly perturbed systems the
stabilizability-detectability condition is imposed on A;, B;. Q, (see Sec-
tion 2.2.2), which depend on a quite complicated manner on the original
problem matrices. Thus, for pure singularly perturbed systems one is not
able to test directly the required stabilizability-detectability conditions.

The optimal problem of minimizing (10.5) along trajectories of (10.2)
has the very well-known solution given by

Uopt = —Foptz = —R"'BT Pz (10.7)
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where P is the positive semidefinite stabilizing solution of the algebraic
Riccati equation

ATP+ PA+Q-PSP=0, S=BR'BT (10.8)

For the development of the parallel reduced-order algorithms for
solving (10.8), it is very important to discover the proper nature of the
solution of (10.8) in terms of small parameters ¢; and ¢;. By studying
partitioned equations of (10.8), it is shown (Skataric, 1992) that the
solution of (10.8) is properly scaled as

B aeP;
€1€2P2T \/€1€2P3

Partitioning (10.8) compatible to (10.4), (10.6), and (10.9), we get
three matrix algebraic equations
0= P]Al +A{P1 +Q1 —PlSlPl +€¥ (Ag‘Pg‘-i'PgA;;)
—€:P253P2T—€¥ (P]SQP] +P2ZTP1 +P1ZP2T+PQS4P2T)
(10.10)
P2A4+Q2+P1A2+0 (A§P3—P2S4P3—P1ZP3) —€¥0P253P3

+€2 (A:IFPZ - PlSlPZ) - €¥€2 (P]Sng + PgZsz) = 0( o
10.11)

(10.9)

aP3Ay+ AT P3 + Q3 — 0? P3S4 Ps
+ele; (PT Ay + ATP) — g0 (P3Z2TP, + PTZP;)  (10.12)
—€lel (PTS1P; + €6PT S, P,) — €20 P3S3P3 = 0

where
$1=BiR;'B], S, = B,R;'B], S3= BsR;'B] (10.13)
Su= BuR;'BY, 7 = ByR;'BY + B,R;'B] |
with
e :_: (10.14)

Since €; and €, are small parameters, we can define O (¢)! approx-
imation of (10.10)-(10.12) as follows

P4, + ATPO® + @, - PO5,P® =0 (10.15)

! In the case of two parameters, O (e*) stands for Ce, where C is a bounded constant, k is
any arbitrary constant and ¢ is any norm of a two-dimensional vector composed of ¢; and ¢;.
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P (44-0SP") + @+ PPy + 0 (ATP® - POZP() = 0

(10.16)
aP{VAs+0ATP + Qs - o?PP5,P” = 0 (10.17)
Corresponding solution of (10.8) is now given by
(0) (0)
po) — P o a6 P; (0)] =P+ 0(e¢ (10.18)
€]€2P2 \/€1€2P3

The unique positive semidefinite stabilizing solution P(%), ob-
tained from (10.15)-(10.17), exists under the assumption that the triples

(A1, B1,v/Q7) and ( As, /@By, /%) are stabilizable-detectable.

However, due to the structure of the controllability-observability ma-
trices, we can eliminate the a-dependence so that we need the following
assumption.

Assumption 10.1 The triples (A;,B:,v/@1) and (A4, Bs,/Q3) are
stabilizable-detectable.
A

Defining the approximation errors as
Pi=PO t+¢E;, =123 ¢=|/ael (10.19)

and using (10.19) in (10.10)-(10.12) and (10.15)-(10.17), we get the
following error equations

E\Dy + DTE; = ¢E\51Ey — e1o (P2As + AT P])

+eaa (PSyPy + PZTP + PLZP] + PS.PT) + eiapgsgg.g 2

E;D3 + EyDy3 + D3, E3 = €, (E254E3 + E1ZE3)

1
—; (A1 -51h )T P+ ¢ (P1 SoP, + PQZTP2) + 6102P253P3
(10.21)
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EsDs + Dg‘Ea = 1 E3S4E3 + 6102P333P3
T T 2 T 2 pT
—€1€2 (A2 Pz + P2 Ag) + €16 (P2 S1P2 + €1P2 52P2) (1022)
+erea0 (P3ZT Py + PTZP5)
where
Dy=A - $P®, D3=A4-0S5.P?,

(10.23)
Dys = Ay —aZP®, Dy = As - S,P" - 2T PO

Note that all nonlinear terms and all cross coupling terms in (10.20)-
(10.22) are multiplied by small parameters. This fact suggests the fol-
lowing reduced-order parallel synchronous algorithm for solving (10.20)-
(10.22), (Gajic and Skataric, 1991).

Algorithm 10.1:

ES*VD, + DTEC) = cEVS EY + o PP 5, P
. T . T
-0 (Pé')Aa + A§P§" ) + G?OPZ(’)SsPé') (10.24)
’ . . : . T
tao (POS,PY + POZTPY + POZPY)
E{*Ds + EF*V Dys + a DL ESHY
= & (EPSEST + E{*VZES) + 0? PP Sy PIHY

i i i i 1 i+1)\T o
tee (Pl( Ws,p0 + PZ7PY) - = (41 - 5.7 )" PP
(10.25)

ES*™ Dy + DTES™ = ¢ EYS.ES) + 60? P{) 53 P
T pl )T i i i)T i
~a1e2 (ATP + P{V" 45) + exean (P27 P + P 2PY))
+add (B 5P + P 5P
(10.26)
where
pj(") = pj(") +5EJ(.‘>, i=123, i=0,1,2,3. (1027
with initial conditions
EQ =0, E®Q =0, EQ =0 (10.28)
A
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Note that we have parallelized our algorithm by using the Gauss-
Seidel iterations. The similar algorithm could have been derived by
using the Jacobi-type iterations, but that algorithm would be slower
(Bertsekas and Tsitsiklis, 1989, 1991). Since equations (10.24)-(10.26)
are completely decoupled, the solution of (10.20)-(10.22) can be obtained
by using three processors working in parallel and exchanging intermediate
results after each iteration. The work of these three processors has to be
synchronized by a global clock.

The following theorem indicates features of the proposed algorithm
(10.24)-(10.28).

Theorem 10.1 Under conditions stated in Assumption 10.1, the algorithm
(10.24)-(10.28) converges to the exact solution of the error term, and thus
to the required solution P, with the rate of convergence of O (¢), that is

|&; - B&*)] = 0(e) | E; - £ (1029)

or equivalently

s -

=0 (e("“)), i=0,1,2,.c j=1,2,3 (10.30)

o
Proof: The proof of this theorem can be found in (Skataric, 1992).

The approximate optimal feedback gain F®) for the problem under
consideration is given by

F® = _p-1pTpW) (10.31)
where " (.)
po=| h e aely " (10.32)
€1€2P2 \/€1€2P3
The approximate criterion is obtained from
J@, = tr {vo} (10.33)

where V() satisfies

(4- SP(‘))T VO +vO (4~ 5PO) 4@+ POSPO =0 (1034)
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10.3 Case Studies

Many real control systems possess at the same time both the singularly
perturbed and the weakly coupled forms. In this section, we present
two of them. In Section 10.5, we will study additional two real control
systems having the quasi singularly perturbed weakly coupled forms.

10.3.1 Case Study 1: A Model of Supported Beam

The mathematical model of a supported beam in the state space form is
given by (Hsieh et al., 1989)

0 1 0 0 0 0
-1 =001 0 0 o588 -1
A=19 o o 1| B=1T0 o
0 0 -16 —0.04 09511 2

Weighting matrices ¢ and R are chosen as identities. We have solved
this problem for n; = 2 and ¢; = ¢; = 0.1. Simulation results for the
performance criterion are presented in Table 10.1. It is intersting to point
out that in this example the proposed algorithm converges despite the fact
that in iterations 1, 2, and 3 the approximate solution for the algebraic
Riccati equation has lost its positive semidefiniteness.

The corresponding MATLAB program is given in Appendix 10.1.

10.3.2 Case Study 2: A Satellite Control Problem

We demonstrate the result of Theorem 10.1 on a satellite control example
from Section 7.4. All of the problem matrices and the required parameters
are given in Section 7.4. Simulation results for the approximate criterion
are presented in Table 10.2. I can be seen that the simulation results are
consistent with the statement of Theorem 10.1.

10.4 Quasi Singularly Perturbed Weakly Coupled
Linear Control Systems

The quasi singularly perturbed weakly coupled structures are induced by
the system matrix having singularly perturbed weakly coupled form as
in (10.4) and by the control input matrix having one of the nonstandard
structures, namely

&= Az + Bu (10.35)
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0
1 n
I —
[ —
I <« | 113799
I s | 113372
n 6 | 11.3249
7 113248
9 11.3247
10 113246
(EE 11.3245
16 113244
20 | 113243
29 113242 = I,y

Table 10.1: Approximate values for criterion
+ = solution of the Riccati equation indefinite

with
i) B= [%1], ii) B = [é’z], iii) B = [g;} (10.36)

This implies the existence of only one control agent. All of these three
structures appear in the real control systems (see case studies in Section
10.5).

Case i) It can be shown that the matrix P preserves the structure
given by (10.9). With the system matrix A given by (10.4) and the
newly defined matrix 5 as

S = [201 g] , Zy=B;R'BT (10.37)
the algebraic Riccati equation (10.8) is partitioned according to

PiA + ATP + Qi - PLZ1Py + € (ATPT + PA43) =0 (10.38)
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0 13.8580
I 12.0499
2 117434
3 11.4806
< | 11.4683
5 11.4640
6
7
8
9

11.4557
11.4533
11.4528
11.4529
10 11.4528
11.4527

—

5.7729 x 10~¢

| 3.3605 x 107 |

| 1.0437 x 108

e 10225 x 10~1° H
30 10072 x 10~12

Table 10.2: Approximate and optimal values for criterion
PAs+ Q2+ PLAs +0AX Py + 6 (ATP, - P Z1P) =0 (10.39)
0P3Ag+aAl Pi+Qatele; (PF Ay + A Py)—e*PTZ, Py = 0 (10.40)

Following the same arguments as in Section 10.2, the reduced-order
solution is obtained as

P94, + ATPO 4+ @, - POz, PO = ¢ (10.41)
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PO4+ Q2+ PP4;+ATP® =0 (10.42)
aPP4,+0ATP® + Q5=0 (10.43)

The unique solutions of (10.43)-(10.45) exist under the following as-
sumption.
Assumption 102 The triple (A,,B;,+/Q)) is stabilizable-detectable
and the matrix A4 is stable.

A

Defining the approximation errors as in (10.19), we get the following
expressions for the error equations.

E\D, + DI E, = ¢E\Z1E, — e (P2 A3 + AT PT) (10.44)

E2A4 + E1A2 + OA:{.E:; = —% (A] - Z1P1 )T Pg (1045)

E3Aq+ ATE; = ¢ (AT P, + PTAs) + €2PTZ,P,  (10.46)

where D; = 4, — Z,P.

The following parallel synchronous algorithm is proposed for solving
the error equations (10.44)-(10.46).
Algorithm 10.2:

E(*D, + DIE() = o BV 2, EY - era (P 4s + ATPY")
(10:47)

i i ; 1 i+ T 56
E{* 4y + E{*) 4, + 0 aATE() = -~ (41 - 2,P(*V) " P

(10.48)
E§i+l)A4+AZ‘E§i+1)

3 A4 , . (10.49)
= ¢ (47P{ + P 4) + &P 2, P{)

with P}i) and the initial conditions given in (10.27) and (10.28).
A

The following theorem summarizes features of the algorithm (10.47)-
(10.49).
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Theorem 10.2 Under conditions stated in Assumption 10.2, the algorithm
(10.47)-(10.49) converges to the exact solution of the error term, and thus
to the required solution P, with the rate of convergence of O (¢), that is

| &i - BS| = 09| & - B9 (10.50)
or equivalently

-

=0 (e(f“)) L i=0,1,2,.c j=1,2,3  (10.51)

g

The proof of Theorem 10.2 follows the ideas of the proof of Theorem
10.1, and thus is omitted.

Case ii) It can be shown that in this case the matrix P also preserves
the structure given by (10.9). With the system matrix A given by (10.4)
and the newly defined matrix S given by

0 0 -
S = [0 ZJ . Z4=BaR'BY (10.52)
the algebraic Riccati equation (10.8) is partitioned as
P]Al + A;I‘Pl + Q] - €4P2Z4P2T + 6? (A?;P-IT + P2A3) =0 (10.53)
P2A4 + Q2 + P]Ag + OAg‘Pa - €2€P224P3 + CQA{PQ =0 (10.59

aP3As+0A] Ps+Q3—e2P3Z P3+ele; (PT A2 + AT P;) = 0 (10.55)

The reduced-order solution is obtained as

P94, + ATP® 1+ Q, =0 (10.56)
PO%+ Qo+ POP4y+2ATP® =0 (10.57)
aPP 44 +aATP® + Qs =0 (10.58)

The unique solutions of (10.56)-(10.58) exist under the following as-
sumption.
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Assumption 10.3 The matrices A, and A4 are stable.
A

Defining the approximation errors as in (10.19), we get the following
expressions for the error equations

E\Ay + ATE, = —e10 (P2As + ATP]) + 3P Z,P]  (10.59)

E;As+ EyAz + 0 AT Es = P, Z,P5 — %A{Pz (10.60)
E3Aq+ ATE; = —¢* (AT P, + Pf A;) + ©2E3Z4Es (10.61)

The following parallel synchronous algorithm is proposed for solving
the error equations.
Algorithm 10.3:

ED A, 4 ATESY

Lo . . 10.62
= P2, — ey (PP 45+ ATPY") (1062

ES™ A, + BV A, + a A3 ESHY

) . : (10.63)
= P Z, PV _ %A]TPQ‘"
. . . W\T . .
E§*V A+ ATES™ = —¢2 (ATPY) + P 43) + P 2, P
‘ (10.64)
with P{*) and the initial conditions given in (10.27) and (10.28).
A
The following theorem summarizes the features of the algorithm
(10.62)-(10.64).
Theorem 10.3 Under conditions stated in Assumption 10.3, the algorithm
(10.62)-(10.64) converges to the exact solution of the error term, and thus
to the required solution P, with the rate of convergence of O (¢), that is

“E,- - E}"“’“ = 0(e) ”E, ~EY (10.65)

or equivalently

-5

=0(e(‘+1>), i=0,1,2,..; j=1,2,3  (10.66)

o
The proof of this theorem is omitted for the reason explained before.
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Case iii) It can be shown that the matrix P preserves the structure
given by (10.9). With the system matrix A given by (10.4) and the
newly defined matrix S as

Z, Z -
S = [ Zz} ZZ] ., Zy=BR'BT (10.67)

the algebraic Riccati equation (10.8) is partitioned according to
PiAy + ATP + Qi — PLZ\ Py + € (AT PT + P A3)

10.68
— (P ZT Py + P12, PT) - *P,Z,PT = 0 (10.68)
1
P2A4 + Qg + P]A2 + (Ag‘P;; - GgPQZ4P3) - ;P1Z2P3 (1069)
+6 (AT P, = PLZ1Py) — 2P, 2T P, = 0
aP3As + aAIPa + Qs
—€2P3Z4P3 + 6?62 (P2TA2 + Ag‘Pz) (10.70)

—e3 (P3ZT P, + PTZ,P5) — *PT 2, P, = 0

Since ¢, and ¢, are small parameters, we can define O (¢€) approxi-
mation of (10.68)-(10.70) as follows

POA +ATPO 4+ Q, - POz, PO =0 (10.71)

1
PPU+ Q2+ PO Ay +0AT PO - EPI(O)ZQP;,EO) =0 (10.72)
aP® 4, +aATP® + Q3 =0 (10.73)

The unique positive semidefinite stabilizing solution P(%), obtained
from (10.71)-(10.73), exists under Assumption 10.2.

Defining the approximation errors as before, and using the same
logic, we get the following error equations

E\Dy + DTE, = ¢E\Z1Ey — 1o (P2 A3 + AL PY)

10.74
+e (P,ZT Py, + P Z,P]) + P2 Zy P (1079

ErAu+ Eyds + Al By = @1 oBs — ~AT Py + @ PyZaPy

1 1
+GaPZi P+ —PZiPi+ S (B:2,P" + P" 2,5)
(10.75)
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E3Aq+ ATEs = —¢? (AT P, + PT A2) + 2P Z4Ps (1076
+ea (P3ZT P, + P ZyPs) + €13 P] Z1 Py '

Let us propose the following reduced-order parallel synchronous
algorithm for solving (10.74)-(10.76).
Algorithm 10.4:

E{*UD, + DTE) = 02, B — o (P43 + ATPY")

+e PP 2P +¢ (PP2{ PP + PP Z,P{Y")
(10.77)

E{™ A, + EFD A, + 0 AT EFHY
= EM) Z, E(H) %A,TPz‘" + P02, P{*) 4 2o P 2T P
+l Pl(;+1) Z Pz(.') + 1 ( E§i+1) Z P§°) + Px(o) Z E§i+l))
° * (10.78)

) . . T 1 1
EFH) A, ¢ ATEGH) - g2 ( ATPY 4 PO A,) + PV Z,PY

. . T . v 4 .
+éo (POZTPY + PV 2,P0) + e 4P 2, P
_ (10.79)
with P{") and the initial conditions given in (10.27) and (10.28).
A
The following theorem indicates the features of the proposed algo-
rithm (10.77)-(10.79).

Theorem 10.4 Under conditions stated in Assumption 10.2, the algorithm
(10.77)-(10.79) converges to the exact solution of the error term, and thus
to the required solution P, with the rate of convergence of O (¢), that is

|&; - ES)| = 0(9)|| & - BY| (10.80)

or equivalently

- 28

=0(e(‘+l>), i=0,1,2,..; j=1,2,3  (10.81)
<o

In the next section, we present several case studies of quasi singularly
perturbed weakly coupled systems.
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10.5 Case Studies

Case Study 3 — Case i):

The design of turbine governors of the power system considered in
(Arnautovic and Skataric, 1991) is represented by the state space model
of the form

-0.71 0 0 0 0 0.71

0 -2 0 0 0 2

A= 061 128 -146 0.566 0 ., B=1 10
-0.18 -0.37 0.56 -0.594 -0.23 0

0 0 0 314.16 0 0

This system is partitioned with n; = 3. The penalty matrices are chosen
as @ = 0.1 x Is, R = 1. Obtained results are presented in Table 10.3.

Case Study 4 — Case iii):

Consider the fluid catalytic cracker from Section 4.3. The matrices A
and B, given in Section 4.3, are partitioned with n; = 3. The penalty
matrices are chosen as Q = 10 X Is, R = I,. Obtained results are
presented in Table 10.4.

In both case studies we have seen very good convergence properties
of the proposed parallel reduced-order algorithms.

Exercise 10.1: Derive the reduced-order parallel algorithm for the opti-
mal control of the standard Draper/RPL satellite considered in (Keel and
Bhattacharyya, 1990).

A

10.6 Conclusion

In this chapter, we have shown that the large scale systems containing
small parameters in the sense of singular perturbations and weak coupling
are inherently parallel in nature, and thus, very well suited for parallel and
distributed computation. Corresponding parallel synchronous algorithms
are developed. The extension of these results to the asynchronous
parallel algorithms is under way. It is well known that the asynchronous
algorithms generate the required solution faster than the synchronous
ones, but they have serious problems with convergence.
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0 %
1 107.4983
2 83.9686
3 79.5014
4 | 79.4011
5 77.6671
6 H 77.0594
I 7 I 77.0955
8 76.9988
9 76.9211
10 76.9153
11 769157
12 || 769090
13 76.9059
14 76.9061
15 76.9059
16 76.9054
17 76.9053
18 76.9053
19 76.9052
20 76.9052 = J opt

Table 10.3: Approximate and optimal values for criterion
+ = PO js indefinite
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2.5376 x 10~%
6.0143 x 10~
6.2229 x 107
6.2168 x 10~8

Table 10.4: Approximate and optimal values for criterion
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Appendix 10.1

MATLAB program for parallel algorithm for solving the singularly per-
turbed weakly coupled linear-quadratic optimal control problem for the
example presented in Case Study 10.3.

A=[0100;-1-0.0100;0001;00-16 —-0.04];
B=[0 0; 0.5878 -1; 0 0; 0.9511 2];

N1=2;

N=4;

R=eye(M);

S=B"inv(R)*B’;
ALF=sqrt(EPS1/EPS2);
EPS=sqrt(EPS1*EPS2);
[K,P]=lqr(A,B,Q,R);

JOPT=trace(P);

A1=A(1:N1,1:N1);
A2=A(1:N1,N1+1:N)/EPST1;
A3=A(N1+1:N,1:N1)/ALF2;
A4=A(N1+1:N,N1+1:N)*EPS2;
B1=B(1:N1,1:M1);
B2=B(1:N1,M1+1:M)/EPS1;
B3=B(N1+1:N,1:M1)/ALF"2;
B4=B(N1+1:N,M1+1:M)*EPS2;
Q1=Q(1:N1,1:N1);
Q2=Q(1:N1,N1+1:N)/EPST1;
Q3=Q(N1+1:N,N1+1:N);
R1=R(1:M1,1:M1);
R2=R(M1+1:M,M1+1:M);
S1=B*inv(R1)*B1’;
S2=B2*inv(R2)*B2’;
S3=B3*inv(R1)*B3’;
S4=B4*inv(R2)*B4’;
Z=B1*inv(R1)*B3'+B2*inv(R2)*B4’;
[K1,P1]=Iqr(A1,B1,Q1,R1);
[K3,P3]=lqr(ALF*A4,ALF*B4,Q3,R2);
P2=(-Q2-P1*A2-ALF*(A3"*P3-P1*Z*P3))*inv(A4-ALF*S4*P3);
PO=[P1 EPS"2*P2; EPS"2*P2’' EPS*P3];
PO=PO
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VO=lyap(A'-P0*S,Q+P0*S*P0);

JO=trace(VO0);

JO0=JO

D1=A1-S1*P1;

D3=A4-ALF*S4*P3;

D23=A2-ALF*Z*P3;

D21=A3-S4*P2'-Z"*P1;

E1=0%eye(N1);

E3=0"eye(N-N1);

E2=zeros(N1,N-N1);

P11=P1+EPS*E1;

P22=P2+EPS*E2;

P33=P3+EPS*ES3;

for i = 1:30
QE1=EPS*E1*S1*E1+EPS1*ALF*P22*S4*P22’;
QE1=QE1-EPS1*ALF*(P22*A3+A3*P22');
QE1=QE1+EPS1°3*ALF*P22*S3*P22’
QE1=QE1+EPS1*ALF*(P11*S2*P11+P22*Z"*P11+P11*Z*P22);
E1=lyap(D1’,-QE1);

P11=P1+EPS*E1;
QE3=EPS1*E3*S4*E3-EPS"2*(A2'*P22+P22'*A2);
QE3=QE3+EPS1*ALF"2*P33*S3*P33;
QE3=QE3+EPS"2*ALF*(P33*Z'*P22+P22"*Z*P33);
QE3=QE3+EPS1*EPS2°2*(P22'*S1*P22+EPS1°2*P22'*S2*P22);
E3=lyap(D3',-QE3);

P33=P3+EPS*ES3;
QE2=EPS1*(E2*S4*E3+E1*Z*E3);
QE2=QE2+EPS1*EPS*(P11*S2*P22+P22*Z'*P22);
QE2=QE2+EPS1*ALF"2*P22*S3*P33—(A1-S1*P11)"*P22/ALF;
E2=(QE2-E1*D23-ALF*D21™E3)*inv(D3);
P22=P2+EPS*E2;

Pi=[P11 EPS"2*P22; EPS"2*P22' EPS*P33];

Pi=PI

Vi=lyap(A’-PI*S’,Q+PI*S*PI);

Ji=trace(VI)

DELT=JI-JOPT

i=i

pause

end
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Chapter 11

Stochastic Output Feedback of Discrete
Systems

11.1. Introduction

The problem of designing optimal controllers for linear systems with a
limited number of output measurements available for control implemen-
tation has been an area of active research for many years, for example
(Levine and Athans, 1970; Ermer and Vandelinde, 1973; Mendel, 1974;
Kurtaran, 1975; Halyo and Broussard, 1981; Shapiro et al., 1981; Harkara
et al., 1989; Gajic et al., 1990; Qureshi et al., 1992). The problem is de-
fined as one in which the design engineer does not have a full set of state
variables directly available for feedback purposes. The control engineers
in such cases have two options: either to build the Kalman filter (or
Luenberger observer) or to use the output feedback control. Very often it
is not desirable to feedback all state variables in a complex system such
as an aircraft. The design of the Kalman filter requires the dynamical
system of the same order as the system under consideration. That might
be costly. The output feedback control as the other alternative is much
more convenient from the implementation point of view.

This chapter develops the recursive reduced-order parallel algorithm
for the solution of the static output feedback control problem of the quasi
weakly coupled (Skataric et al., 1990) discrete stochastic linear systems
(Hogan and Gajic, 1992) and singularly perturbed discrete stochastic
systems (Qureshi et al., 1992).

A discrete stochastic linear system is given by

z(k+1)= Az (k) + Bu(k) + Gw(k) (11.1)
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y(k) = Cz (k) +v(k) (11.2)

where z (k) € R" is the state vector, u (k) € R™ is the control input,
y(k) € R" is the measured output, w(k) € R* and v(k) € &'
are stationary uncorrelated zero-mean Gaussian white noise stochastic
processes with intensities W > 0 and V' > 0, respectively. The matrices
A, B.G, and C are constant matrices of compatible dimensions.

With (11.1)-(11.2), consider the performance criterion

J=E {i [z (k)T Qz (k) + uT (k) Ru(k)] } (11.3)

=0

with positive definite R and positive semidefinite ¢, which has to be
minimized. In addition, the control input is constrained to

u(k) = Fy(k) = FCz (k) + Fv (k) (11.4)

The optimal solution to this control problem has been obtained in
terms of high-order nonlinear matrix algebraic equations, (Halyo and
Broussard, 1981). The optimal feedback gain is given by

F=—(R+BTLB)' BTLAPCT (CPCT +V)™' (115
where P and L satisfy

P=(A+BFC)P(A+ BFC)T + BFVFTBT + GWGT (11.6)
L=(A+BFC)TL(A+ BFC)+CTFTRFC +Q (11.7)

The average value of the optimal performance criterion is given by

J =tr[(Q + CTFTRFC) P] + tr [FTRFV)] (11.8)

It is shown (Halyo and Broussard, 1981) that following algorithm
proposed for the numerical solution of (11.5)-(11.7) converges to a local
minimum under nonrestrictive conditions.

Algorithm 11.1:

choose F such that A+ BFOC is stable (119
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and solve iteratively for i = 0, 1, 2, ...

PG = (44 BFOC) PED (44 BFOC)

(11.10)
+BFOYVFO BT 4 GWGT

. . T ,. . . .
L6 = (44 BFOC) L&) (4+ BFOC)+CTFO RFOC+Q

(11.11)
FGtD = — (R+ BTLG+DB) ™ BTLEH) APGHICT
(11.12)
. -1
x (CPEICT 1+ V)
F+Y) = FO) 4 o, (FGED - FO) (11.13)
A

The parameter o; € (0, 1] is chosen at each iteration to ensure that
the minimum is not overshot. That is

Jipr = tr [(Q + CTREEDT REGENC) PO+
+tr [FEADT REGEIV |

<Ji=tr[(Q+CTF RFY,C) PO] +tr [F RF) 4

new new

(11.14)

The block diagram of the required calculations for the full-order
system, represented by formulas (11.10)-(11.13) is shown in Figure 11.1.

The next sections show that in the cases of quasi weakly coupled
linear and singularly perturbed systems, equations (11.6)-(11.7) can be
decomposed into six reduced-order Lyapunov equations to get the par-
allel algorithm (Bertsekas and Tsitsiklis, 1991) with arbitrary order of
accuracy.
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(i+1)
F(o) (i+1)
E——— F
e e 1

Figure 11.1: Required calculations for the full-order system

11.2 Output Feedback Control of Quasi Weakly
Coupled Linear Discrete Systems

A very efficient parallel reduced-order algorithm which decomposes a
high-order system into a low-order system for the case of the quasi
weakly coupled discrete stochastic output feedback control problem is
derived in this section. The low-order system is represented by six Lya-
punov equations which may be solved in parallel to reduce computational
time. The required solution can be easily obtained up to an arbitrary or-
der of accuracy, O (€2*) where ¢ is a small weak coupling parameter
and k represents the number of iterations. The efficiency of the pro-
posed method is demonstrated on two real aircraft examples that possess
the quasi weakly coupled structure under the assumption of a prescribed
degree of stability. The aircrafts are inherently non weakly coupled sys-
tems, but since they require high degree of stability, we will demonstrate
on two real aircraft examples, that the prescribed degree of stability as-
sumption makes them quasi weakly coupled systems.

The results of this section extend the ideas of the fixed point iterations
(Harkara et al., 1989; Gajic et al., 1990; Petrovic and Gajic, 1988; Gajic
and Shen, 1989; Shen and Gajic, 1990a, 1990b, 990c; Su and Gajic,
1991a; Qureshi et al., 1992) to the discrete stochastic output feedback
of the quasi weakly coupled (Skataric et al., 1990) linear systems, in the
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spirit of parallel and distributed computations (Bertsekas and Tsitsiklis,
1991).

The general weakly coupled discrete stochastic control system was
studied in (Shen and Gajic, 1990c). The system is defined as

z1(k+1) = A1z (k) + €Az (k) + Byuy (k) + eBaug (k)

+Grw; (k) + €Gawa (k) (11.15)
Z2 (k + 1) = €A321 (k) + A4$2 (k) + €Ba!l1 (k) + B4u2 (k) )
+eGaw (k) + Gaw; (k)
with corresponding measurements
%N (k) =Ci (k) + eCazo (k) +n (k) (11.16)

Y2 (k) = 60331 (k) + 04172 (k) + V2 (k)

where z;(k) € R, i = 1, 2, are state variables, u; (k) € ™, i =
1, 2, are control inputs, y; (k) € R, i = 1, 2, are measured outputs,
w;(k) € R%, i =1, 2, and v;(k) € R™, ¢ = 1, 2, are stationary
uncorrelated Gaussian zero-mean white noise stochastic processes with
intensities W; > 0 and V; > 0, respectively, and ¢ is a small coupling
parameter.

The performance criterion of the weakly coupled discrete systems
which has to be minimized is given by

J=E {g [:; 83] [z’ E:)] + uT (k) Ru(k)} (11.17)

where matrices @ and R are partitioned as

Q1 €Q2 _[R 0O
Q= 6Q’r Q3]20, R-[O‘ R2]>0 (11.18)

All problem matrices are constant matrices of compatible dimensions.

The quasi weakly coupled linear stochastic discrete system differs
from (11.15)-(11.16). It can be obtained from (11.1)-(11.2) with (Skataric
et al,, 1990)

_ Al €A2 _ 0 _ 0 —
4= [fAs A4]’ b= [32]’ G= [GJ’ ¢=l0 cl
(11.19)
Many real physical systems such as aircrafts, flexible space structures,

power systems, chemical reactors possess the quasi weakly coupled
structure.
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In this case the algebraic equations (11.10)-(11.11), comprising the
solution to the stochastic output feedback control problem of discrete
linear systems, can be decomposed subject to (11.18) and (11.19) as
follows.

 Feition matrices A + BFO)C, BFOVFO’BT + GWGT, and
PU) as

_ (¥
A+ BFOC = [D 0 ‘D(z)] (11.20)
€D;
BFOYFO” BT 4 GWGT = [g 520] (11.21)
poy_ [ P R (11.22)
~ leP PO '

where
DY) = 4, DY = 4y, DY = 45, DY) = A+ B,FOC,

S¢) = B, FOVFOT BT + G,WwGT
(11.23)
Using these partitions to expand (11.10), the following equations are
obtained:

P1(i+1) - Dg.’) P1(i+1) Dgi)T

+e? [ Dgi) P2(e+1)T Dg.‘)’ + Dg.’) P2(i+1) Dgi)f + Dg.') P§i+l) Dgi)TJ
(11.29)
i+1 i) p(i+1) ()T i) p(i+1) /()T
P = pP I PO 1 pi pi+H p 1125

+ Dg.') P§i+1 ) D‘(;')T + e Dg.‘) P.f“)r D:(;')T
P§e+1) - Dg.') P§¢+1) Dﬁ‘) + S

e [ Dg.') Pl(.‘+1) Dg.')" + Ds;) P2(i+1)T Dg.')’ + Dg.') P.f“) D‘(‘i)TJ
(11.26)
Let us define O (€2) approximations of (11.24)-(11.26)
P+ = pPp+n p” (11.27)
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P+ = pOpE+Y) po”

. (11.28)
+D£')P:(;+1)D£')T + DS:)Pgl-Q-l)D:(;)T
pi+Y = pPPEHI DY 4 g, (11.29)

Assuming that the matrix D() is stable (Harkara et al., 1989),
the equation (11.27) has the solution, P(H'l) 0. As long as the
subsystem matrix D() is stable, equations (11.28) and (11.29) can be
solved sequentially for P( +1) and P('+1) respectively.

Defining the errors as

P7(nl'+1) = 'Pg"'l) + €2Em, m=1,23 (11.30)

then, subtracting (11.27)-(11.29) from (11.24)-(11.26) and doing some
algebra, the error equations are obtained:

E, = DY E, DY

P i 3 en ] (113D
+ [DO R DO 4 DORFI DY 4 DO P DY |
E, = DV E, DY + DY E, DY
g e (11.32)
+DY B, DY + DY Pi+Y” DY)
Es = DY Es Dy
(11.33)

+ [ D:(;‘) P](i+1) D:(;')T + D‘(‘.‘) P§‘+I)T D:(;‘)T + D:(;') P2(i+1) Dgi)T]

The above equations can be solved efficiently by proposing the
following reduced-order parallel synchronous algorithm in the spirit of
those studied in (Bertsekas and Tsitsiklis, 1991).

Algorithm 11.2:

EP*Y = pPEFI DO 1 D (P + 2EY)) DY

. . N\ T . . o . Nd
100 (B0 + 229" D 4 50 (P54 4 289) D
(11.34)

E(J+1) D(')E(J‘H)D(‘)T + D(')E(J)D(')

(11.35)
+DPEP DY + DP (PFH) 4 & Eg:)) py"
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E§j+l) = Dg‘)E:gi'i'l)D(")T + D(i) (P(i+1) + €2E(j)) D(*')T

+D‘(j) (.Pgi‘l-l) + €2E§j)) D(‘)T D(‘ (P(l+1) + €2E(J)) D(‘)
(11.36)
with initial conditions chosen as El(o) =0, E§°’ =0, E§°’ =0.
A
The following theorem presents the features of the proposed algo-
rithm.
Theorem 11.1 Algorithm 11.2 converges to the required solutions E, , E,,
and Es with the rate of convergence of O (€?).
o
Proof: Let i) = EY) — EY~1), m = 1,2,3, then from (11.34)(11.36)
follows

Dg")e:(lj"'l)Dg")T _ 6$j+1) =

N e N e N e (11.37)
€2 [Dg*)eg?)pg‘)r + Dg')ng)Dgt)T + Dg)e:(,J)Dg.)T]
DGR 0 < _apPOn
—Dg)e:(,j)Dg)T _ Dgi)egj)D:(;')T
DWel+1) p)T _ JG+1) _
PRSI 3 (11.39)

€2 [Dg)egj)D:(;')T + D,(‘i)egj)TD:(;)T + D:(;')egi)Dg‘)T]

By stability assumption imposed on Dg") and Dg'.), we have from
(11.37) and (11.39)

|le|=0(), m=13 (11.40a)
and using results of (11.40a) in (11.38) we get
“egﬂ” =0 (¢ (11.40b)
or
||E,(,{) - E,(,{")“ =0(&?), m=1,23; j=12,... (1141

Continuing the same procedure, it follows by analogy that
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”E},P-E,,,“:O(e?i), m=1,23 j=1,2.. (1142

Thus, the proposed algorithm is convergent.

Using E,(,,°°), m = 1,2,3, in (11.34)-(11.36) and comparing to
(11.31)-(11.33) implies that the algorithm (11.34)-(11.36) converges to
the unique solution of (11.31)-(11.33). Therefore, P(+1) can be solved
iteratively with an arbitrary order of accuracy.

Similarly, the lower order decomposition can be obtained for equa-
tion (11.11). Partitioning matrices as follows

o7 ‘ (%) 0 ; L(') eL(‘)
CTFY RFUC +Q = [q(‘] q(.-)] , LB = [ GL(.)T L(.)
3 %(11.43)
where _ _
¢ =@, ¢ = CTFO RFIC, + @y (11.44)

Using these partitions to expand (11.11), the following equations are
obtained

L6+ = pi [+ p 4 o)

+e [D9 LG DO 1 O LG+ O 4 D;‘;"TLS,‘“’D&"l
(11.45)
i1 D7 - (s+1 H )T . (i+1 1
L§H = p&" g+ pl 4 pi” [+1) pli) (11.46)

+D:(;)T L(i+1)D(‘) + €2D(f)TL(‘+1)TD(‘)
L('+1) D(')TL("H)D(') + q(')

+€2 [Dge)TLgm)Dg.) + Dﬁ') Lgm) Dg.) + Dg.)TLgm)Dgf)l
(11.47)

Let us define O (?) approximations of (11.45)-(11.47) as
L+ = DPTLQ“) D 4 ¢ (11.48)
L(‘+1) D(z)’L(n+1) D(') + D(') L(l+1) D(')+ D(’) L('“) D(‘) (11.49)
L(‘“’ D(”TL('“) D(' + q(') (11.50)
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Defining the approximation errors as
LM =1 L 27 m=1,2,3 (11.51)

the following error equations are obtained from (11.45)-(11.47) and
(11.48)-(11.51)

2z, = DY 2,0 + DO” L+ i 4 " L+ pf)

2 (11.52)
+D§" L§*Y pg)
Zy =DV 2,0{) + DY 2,D{) + D" 2,D{) + DYV L{*V" DY)
(11.53)
. . T . . T . T .
Zs = D‘(;)TZ:;DQ) +D£') Lg:+l)D£¢) + Dst) Lgt+l) Dg:) (1154

T . R
+D£¢) Lg¢+l)D£¢)

The above equations can be solved by proposing a similar kind of
algorithm as (11.34)-(11.36).
Algorithm 11.3:

Initialize Z}o) =0, Zgo) =0, Zgo) = 0 and calculate the following
equations iteratively

)’I‘

ZP+1) _ Dg' ZI(J'H)Dgt) = D:g')r (L(2‘+1) + e2Z§J)) Dg‘)
+D§5)T (Lg+1) + €2Z£j)) D:(;) + D:(;')T (Lg'ﬂ) + €2Z§j)) D:(;)
(11.55)
Z£j+1) _ Dg")r Z%H'l)Dg") = Dg")r Zl(j)Dg)

) N . . T . (11.56)
+D:(;)TZ§J)D£*) + D:(;)T (Lg""l) + 622'51)) Dg)

29+ - D 2G+0pP = DT (LE + 229) D

+D.(;)T (Lg'ﬂ) + 6ZZéJ)) Dg') + Dg‘)r (Lg+1) + €2Z§J)) Dﬁ')
(11.57)
AN

The algorithm (11.55)-(11.57) has the same properties of the algo-
rithm (11.34)-(11.36) so we have the following theorem.
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Theorem 11.2 Algorithm 11.3 converges to the solutions of Z,,., m =
1,2, 3, with the rate of convergence of O (62), that is

|2 - 269] = o @)

|28 - 2a]| = 0 () (11.58)
o

The proof of Theorem 11.2 is identical to the proof of Theorem 11.1
and thus is omitted.

To summarize, P can be found from equations (11.27)-(11.29)
and equations (11.34)-(11.36), and L can be computed from equations
(11.48)-(11.50) and equations (11.55)-(11.57). Since these algorithms
are independent of one another the computation can be done in parallel
which leads to six reduced-order Lyapunov equations.

In the remaining part of these section, we modify the quasi weakly
coupled algorithm for the case when the zero elements of matrices
B.G, and C, defined in (11.19), are replaced by O (¢) quantities. This
structure results in the process of discretization of the continuous-time
quasi weakly coupled systems. Namely, these matrices are given by

B= [‘g;], G= [‘g;‘] C=[eC; Cp) (11.59)

The introduced changes will produce the following modifications

. ' 2 (%) (?)
BFOVFO” BT 4 gwGT = [‘ e ] (11.60)
652 53
with , ) T
S}') = B, FO)Y F) Blr +GiWGT (11.61)
s = pFOVFOT BT 4 G, WGT
Also the matrices DY, 1,2, 3, are changed into
Dg') — Al + €2B1F(i)Cl: Dg') = A2 + BlF(i)Cz (1162)

DY) = A3 + B,FU)C,

Using these partitions to expand (11.10), the following variations
are obtained for (11.24)-(11.25)
PV = pPOPEHI DO 4 ez,
+e Dg;) P2(i+l)T DPT + Dgi) P2(e+1) Dgi)f + Dgi) P§i+l) Dgi)’]
(11.63)
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i i) p(é )T i) p(i )T
PP = 5,4 DOPFIDYT 4 DOREIDYT
() p(i+1) ()T 2 p() p(i+1)T ()" )
+D2 P3 D4 +e€ D2 P2 D3

The equation (11.26) is unchanged.

By perturbing equations (11.63)-(11.64) and (11.26) by an O (62),
the zeroth-order approximation can be found to be the same as in (11.27)
and (11.29) except for (11.28) which becomes

_Pgi+1) _ Dgi)_Pgm) Dﬁ‘)r =5,

N : .y : (11.65)
+ Dg),Pg.n) DS')T + Dg.)_Pg.H) D:(,')T

Corresponding equations for the error terms will differ only in
equation for E; which now has the form

. T . . T T
E = DYE, DY 4 D{) i+ pi)

o g . N : (11.66)
+ Dg.) P2(:+1) D.f,')T + Dg,) P§’+1) Dg.)T + 8

As a consequence of this the equation (11.34) in the algorithm (11.34)-
(11.36) has to be modified into

. R . R R . \1T .
EY) - pPEFIDY” = DY) [P{*) + 2E()] DY

+D£‘) [-Pg*'l) + szgj)] Dg)r + Dg‘) [-P:(:'H) + €2E§j)] Dg)r + 5
(11.67)

Similarly the lower order decomposition can be obtained for L
equations. The new structures defined in (11.59) will produce

CTFO" RFOC + Q= [ q(g))T cqé'))] (11.68)
€92 q3
with
o = Q, + ECTFOTRFOC,, o) = CTFOTRFOC, (11.69)
which will change equations (11.46) into
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L§i+1) _ DPT Lg‘+1)’ Dgi) - Dg.‘)’ L$i+1) Dgi)

+ D:(;')T Lg’+1) DS:‘) +e D:(;')T Lg&+1)’ Dgi) + qg)

so that the corresponding equation in the zeroth-order approximation
equations (11.46)-(11.48) becomes

. T . T . WT . . T i fi i

Lg+1) _ Ds.) L(21+1) D.(,') + Dga) L§I+1) Dg.) + D:(,,') L;(, +1) Dﬁ) +q£ )

(11.71)

However, the error equations are found to be the same equations as

(11.52)-(11.54). These equations can be solved by the same algorithm
as (11.55)-(11.57).

(11.70)

11.3 Case Study: Flight Control Systems for Aircrafts
Case Study 1:

In order to demonstrate the efficiency of the proposed algorithm we ran
a sixth-order example of a flight control system of a modern aircraft
(Shapiro et al., 1981). The problem matrices are defined as follows

[—0.746 0387 -—-12.9 6.05 0.952 0
0.024 -0.174 0.4 -0.416 -1.76 0

A= 0.006 -0.999 -0.058 -0.0012 0.0092 0.0369
0 0 0 -5 0 0
0 0 0 0 -10 0

L 1 0 0 0 0 0

pT_[0 0010 00
=000 0o 20 o0

The remaining matrices are chosen as

o000 10
C‘[000001]

and
Q=Is R=IL, G=B, V=1L, W=1

The continuous-time matrices above were multiplied by a permuta-
tion matrix to obtain the form used in Section 11.2. The system was
then discretized with the sampling period of 0.1. Before the system was
discretized a prescribed degree of stability factor (Anderson and Moore,
1990) of o = 10 was introduced so that the matrix A + oI would become
diagonally dominant and thus weakly coupled. The discretized matrices
are
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i T =g,
I 1.0988
2 1.0979
3 1.0971
4 1.0964
5 1.0958
10 10938
20 1.0922
30 1.0917
40 1.0915
46 1.0914
Jopt = 1.0914

Table 11.1: The optimal and reduced criteria per iteration

r0.341 0036 -045 -0.001 0.019 0.168 ]
0.001 0.354 0.155 0 -0.04 -0.012
0 -0.036 0.358 0.001 0.003 0.001

4p = 0.035 0.001 -0.023 0.368 0.001 0.001
0 0 0 0 0.135 0
0 0 0 0 0 0.223 |

BT = 0.035 0.07 0.003 0.001 0.865 0
D= 10135 -0009 0 0004 0 0.518

The remaining matrices are the same in the discrete-time as they are in
the continuous-time.

The obtained results are presented in Table 11.1. The number of
iterations for approximating P and L are high enough so that
<1077, m=1,2,3

o] - ] <10 fag] -

For this example the typical number of iterations for such tolerance was 6.

It can be seen from Table 11.1 that the results of the global algorithm
(11.10)-(11.11) and proposed reduced-order algorithm agree up to 4
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decimal digits at each iteration. The additional advantages (uniqueness
and choice of a good initial guess) of the reduced-order algorithms for
the output feedback control problem were discussed in (Harkara et al.,
1989). Parameters o and ¢ are given by o = 0.1 and ¢ = 0.3.

Case Study 2:

The second numerical example is an aircraft system considered in (An-
derson and Moore, 1990). The problem matrices are shown bellow

—0.28 x 10-8 0 0 0 0 0
0 —6.76x 103 0 0 0 0
A 0 0 -0.122 157 0 0
= 0 0 -157 -0122 0 0
0 0 0 0  —0071. 213
0 0 0 0 -21.3 -0.71

—4.06 x 107*  —1.65 x 10771
-2.20x 107! 7.61x107°
8.84x 102  3.05x 1072

B=G=| _308x10-! -1.05x 10-2
6.39x 10~2  4.46 x 10~3
| -1.08 -1.02 x 10~2
Co10-3| —035 -157 -156 461 337 —0.24

-0.205 -154 281 -98.5 -1020 -76.8
The remaining matrices are chosen as

Q=Is, R=0L, V=L W=1

The continuous-time matrices above were multiplied by a permuta-
tion matrix to obtain the form used in Section 11.2. The system was then
discretized with the sampling period of 0.1. Before the system was dis-
cretized a prescribed degree of stability factor of o = I was introduced
so that the matrix A + oI would become diagonally dominant and thus
weakly coupled. The discretized matrices are

r0.905 0 0 0 0 0 1
0 0904 0 0 0 0
Ao | 0 0 0.883 0.14 0 0
D=1 9 0 -0.14 0.883 0 0
0 0 0 0 0447 0.714

L 0 0 0 0 —0.714 0.447]
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" —0.386 x 10—4
—0.209 x 10!
0.557 x 102
—0.364 x 10!
—-0.675 x 10!

[ —0.460 x 107!

—0.157 x 107
0.724 x 10~5
0.280 x 102

—0.121 x 102

—0.488 x 103
—0.684 x 1073

The remaining matrices are the same in both the continuous and discrete-
time.
The obtained results are shown in Table 11.2. Parameters o and ¢ are

given by a = 0.1 and ¢ = 0.3. The number of iterations for approximating
P and L are chosen according to the criterion given in previous example.

i T T

1 1.1053 1.1127
2 0.81667 0.81802
3 0.62366 0.62313
4 0.48724 0.48624
5 0.38720 0.38613
10 0.14571 0.14533
20 0.04558 0.04555
30 0.03379 0.03348
40 0.03235 0.03235
50 0.03217 0.03218
71 0.03215 0.03215
ot 0.03215 0.03215

Table 11.2: The optimal and reduced criterion per iteration

All simulation results in this chapter are obtained by using the L-A-S
package for the computer aided control system design (West et al., 1985).
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11.4 Output Feedback of Singularly Perturbed
Stochastic Discrete Systems

For continuous-time systems, the optimal solution for noise-free output
feedback problem is presented at several places in the literature, for
example (Levine and Athans, 1970; Mendel, 1974; Kurtaran and Sidar,
1974; Moerder and Calise, 1985a). However, for noisy output, a major
difficulty is encountered in finding the optimal solution if the classical
quadratic performance index is used. Due to the presence of white noise,
the performance index necessarily diverges (Ermer and Vandelinde, 1973;
Kurtaran and Sidar, 1974), which necessitates the use of some alternate
performance measure. It was shown in (Ermer and Vandelinde, 1973)
that the discrete linear stochastic output feedback control problem is well-
posed. Optimal solutions for discrete stochastic output feedback control
problems presented in (Ermer and Vandelinde, 1973; Kurtaran, 1975) are
obtained in terms of high-order nonlinear algebraic equations.

The singularly perturbed output feedback systems did not receive
much attention until 1980 (Calise and Moerder, 1985; Chemouil and
Wahdam, 1980; Fossard and Magni, 1980; Moerder and Calise, 1985b,
1988; Khalil, 1981, 1987; Gajic et al,, 1989), due to their inherent
ill-conditioned dynamics. For noise-free output feedback, continuous-
time singularly perturbed systems, a well-defined recursive algorithm is
developed in (Gajic et al., 1989). The algorithm removes the inherent ill-
conditioning for singularly perturbed systems by decomposing high-order
nonlinear equations into low-order algebraic equations corresponding to
slow and fast modes.

In this section, a recursive algorithm is developed for the discrete
singularly perturbed output feedback stochastic control problem. Non-
linear algebraic matrix equations are decomposed to ones corresponding
to slow and fast modes, so that only low-order systems are involved in
algebraic computations. Moreover, such a decomposition removes the ill-
conditioning of the higher order system. The proposed algorithm gives
the accuracy of O (¢¥), where ¢ is a small perturbation parameter and k
is the number of iterations.

11.4.1 Problem Formulation

A discrete linear singularly perturbed stochastic system is given by (Gajic
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et al., 1990; Gajic and Shen, 1991a)

z(k+1)=(I+eA1)z1 (k) + €Az (k) z2 (k) + eBru (k) + eGrw (k)
(11.72)

T2 (k + 1) = A3$1 (k) + A4$2 (k) + Bzu (k) + G2’w (k) (11.73)

y(k) = Ci1zy (k) + Caz2 (k) + v (k) (11.74)

where z, (k) € ™, z, (k) € R are state vectors, u € ®™ is a control
input, y € R is the measured output, w € R* and v € R" are stationary
uncorrelated Gaussian zero-mean white noise processes with intensities
W >0and V > 0, respectively. Matrices 4;, B;, Gj,and C;, 1 = 1, 2,
3, 4; j = 1, 2, are constant matrices of compatible dimensions.

With (11.72)-(11.74), consider the performance criterion

s {E LT o8] ne)

with positive definite matrix R and semipositive definite matrix ¢, which
has to be minimized. In addition, the control input u (k) is constrained

to
u(k) = Fy (k) (11.76)

Equations (11.72)-(11.74) can be written in the compact form as
following

z(k+1) = Az (k) + Bu(k) + Gw (k) 1177
y(k)=Cz(k)+v(k) (11.78)
where
_ |z (k) _[I+eA; €A _|€B
«w= 2] a7 W) o= (3]
(11.79)

G=[€g,21j, C=[C1 Cz]

Substituting (11.78) into (11.76), we obtain

u(k) = FCz (k) + Fv (k) (11.80)

330



STOCHASTIC OUTPUT CONTROL

The above problem has the structure of one defined in Section 11.1. Its
solution is given in terms of equations (11.5)-(11.7). Equations (11.5)-
(11.7) are high-order nonlinear algebraic equations which have to be
solved for P, L, and F. It is shown in (Halyo and Broussard, 1981)
that the algorithm proposed for the numerical solution of (11.5)-(11.7)
and given by (11.10)-(11.13) converges to a local minimum under non-
restrictive assumptions.

The next section shows how we can decompose (11.10)-(11.13) in
the algebraic equations corresponding to slow and fast modes, in order
to get lower order well-defined algebraic equations, and to achieve any
desired order of accuracy.

11.4.2 Slow-Fast Lower Order Decomposition

Equation (11.11) is the standard Lyapunov equation of the discrete
singularly perturbed linear system, while (11.10) is not in the standard
form. Therefore, a slight difference occurs in the lower order expressions
for these two equations. First, we will decompose equation (11.10).

Partition matrices (4 + BFO)C), (BF(")VF("VBT + GWGT),
and P as follows

; I+eDW eD(i)]
A+ BFUC = [ e 11.81
+ D:(;) D4') ( )
BFOVRO" BT 4 GweT < [€5h) €5
+ = les®™ g
2 3
(11.82)
P(,) — [ GPI(-‘)T CPQ(')]
) pY
where
DY) = 4, + B,F9C,, DY) = A, + B,FOC,
D:(:) = A3 + B,FOCy, Dﬁ‘) = A4+ BoFOICy
(11.83)

s¥ = B FOVFO” BT 4 G,wGT
s = B POV FO” BT 1+ G,WGT
S = B,FOVFO* BT 4+ G,WGT
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With such partitions, expanding (11.10), we obtain

Dg:’) Pl(i+1) + P1(£+1) Dgi)f + Dgi) P§i+1)"'
i i)7 i) p(i )T i
+PFI DY 4 pP I @ 4 50
R . WT o . T T . . T
+e(DPPFI DY + DP P DY + DO PRI ) = 0
(11.84)

i )T i )T 1) p(é i)7 i i
PEIDE + PIIDY 4 Dg:p; pP” - pit 4 5
. . T . . T o . T
+e ( Dg.) P1(.+1) D:(,‘) + Dg.) P§‘+1) D:(;) + Dg:) Pé'“) Di:) ) -0
(11.85)
i) p(i i)T i ‘
DY P DO _ pO 4 56
. . T . . T . . T T
+e (D:(;)Pl(t+l)D:(;) + Dgc)P§|+l)D£:) + D‘(;)P2(3+l) -Dg) ) -0
(11.86)

We can obtain an O (¢) approximation of (11.84)-(11.86) by setting
¢ = 0, that is
Df)Pf“) + ,Pgi+1) DY’T + Dgi)Png)' + _Pgu) Dg.')f

. N e . (11.87)
+S§') + Dgt)Pg1+1)Dg,)T i

,Pgi+1) D:(;')T + P;i+1) Dgi)T + Dgi),Pgin) Dﬂ")T _ 'Pg“) + Sgi) -0
- (11.88)

pYPFHI BT _pl+d) | 56 _ o (11.89)

From (11.88) we can express ‘PSH) in terms of P?‘H) and .p:(’i+1)
as .
. . . . . . . . -1
Pg+1) — (P£'+1)D§‘)T + Dg')PglJ'l)Dﬁ')T + Sz(»')) (I— Dg‘)r)
= N9 + pHHINS

(11.90)
where
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. . -1
N(') (D(')P(H'l)D(')T S(’)) ( _ Dg*)r)

(11.91)
N = DO (1- ™)™

Substituting (11.88) into (11.87) and doing some algebra, we obtain
AOPEY L pi+YAOT 4 9O = ¢ (11.92)
where

O 159
36) = pli) (T N(")D(")T (i) p(i+1) p(H)” (¥ (11.93)
Q 2 Ni° +Ny'Dy? + Dy’ Py Dy + S

Since slow and fast subsystem feedback matrices A(*) and D(‘) are
stable, equations (11.89), (11.92), and (11.90) can be solved sequennally
for P('“) P{*Y, and P§HY, respectively.

In order to make improvement over the O (¢) approximate solutions
given above, express P('“) P('+l) and P("H)

Pl(i+1) - 'P?H) + €E; (11.94)
Pz(i+1) = Pg""l) + €E2 (11.95)
P§i+1) — 'P:(,i“) + €E; (11.96)

Subtract (11.87), (11.88), and (11.89) from corresponding equations
(11.84), (11.85), and (11.86), respectively, and after some algebra, we
obtain the following equations

DY EsD{Y - By =

f) p(i i)T i) p(i )T i) p(i+1)T H ()T (11.97)
- (D9 P D" + DY R+ DY + DY P DY)
E, A" 4 AOE, = -HDg)T - Dg)HT - Dg)ESDg)T (11.98)

_ Dii) Pl(:'+1) DPT _ Dgﬁ) P2(e+1)7 Dgi)T _ Dga) P2(i+1) Dgi)’
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. . -1

B =ED{ (1-D{")" +H (11.99)

where
H = (DY ED{"" + PP DY + D"”P("“)’D(‘)’)
. -1 . . .
x (1= D)™ + DY P+ DY (1 - D(')T>
(11.100)
Equations (11.97)-(11.99) can be solved sequentially for E3. F;, and E;

by proposing the following algorithm.
Algorithm 11.4:

Initialize E® = 0, EQ = 0, E{” = 0.
For j =0, 1, 2, ... do the following iterations

DY ESIDY" — EF*Y = - DY) (P{*V) + c£() DY

. . . T . . . T
_D:(;) (.Pg-i-l) + eE.‘(,’)) D,?) - Ds') (P(2'+1) + 6Eg.i)) D:(;) :
(11.101)

B = (DPEGDY" + DY (P{+) + £D) DY)
x (1-p{")™
+ ( Dy (Pg“" +e E("’) pY" + P (.P(i+1) te Eg"’) Dgs')’)

x (1- D(‘)T)

+ A(i)E(.f+1) = _H(J')D(")T D(")'H(J')T
D(')E(J+1)D(‘)T D(* (P(l+1) + cE(J)) D(')

_Dg') ('Pg+1) + 6EgJ)) Dg')r _ Dg*) ('Pg+1) + GEgj)) Dgi)r
(11.103)

(11.102)

)T

E(J'+1)/i(c'

E(J+1) E(J+1)D(t)T (I D(‘) ) + HO (11.104)

JAY

The following theorem establishes the features of the proposed
algorithm.

Theorem 11.3 The algorithm described by (11.101)-(11.104) converges

to the required solutions E,. E;, and E3 with the rate of convergence
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of O (¢), that is

|En - ED|=0(¢), m=1,23and j=1,23,... (L105)

o

Proof: Let d¥) = EY — EU=Y 1 =1, 2, ..., then (11.101) can be
written as
i) (5 )T j
DYDY - af* = L1068,
. . T . . T . T T .
—¢ [Dg)dgn DY 4+ DO DO 4 pPg” pP ]

from which it follows that || dgjﬂ) lI= O (e).
Similarly

. . N g . |
HU) - gG-1) = (Dg‘)dgﬁ'l)D,(;)r) (I— Dg)r)
i) 4(G) ()T §) A7 §) 46) ()T )T\ 1
(11.107)

Since all terms on the right-hand side are O (¢), this implies that
| HG) — HG-1) ||= O (¢). On the same lines (11.103) gives

dIHVAOT 4 4O =
- (89 - B6-9) D" — D) (O - H(j—l))T_

Dgi)dgj+1)D£‘)T _ GDgi)dgj)Dgi)T _ GDg‘)dgj)T Dg")r _ GDgi)dgj)Dgi)T
(11.108)

All terms on the right-hand side are O (¢€), which implies that || dﬁ’. ) II=
O (¢€). Similarly (11.104) produces

d§*) = di+ " (1- D,‘,"’T)'1 + (HY - B6-Y)  (11.109)
Again all terms on the right-hand side of (11.109) are O (€), which

implies that || dV*Y) ||= O (e).
Continuing the same procedure it follows that

|En - EQ| =0 (), m=1,230andj=1,23,.. (L1110
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Thus, the proposed algorithm is convergent.

Using E,(,,“), m =1, 2, 3, in (11.101)-(11.104) and comparing it to
(11.97)-(11.99), implies that the algorithm (11.101)-(11.104) converges
to the unique solutions of (11.97)-(11.99). This completes the proof.

The above theorem implies that

|G - (P& + eBD)| =0 (¢), m=1,2,3 j=123,..
. (11.111)
Therefore P(i+1) can be iteratively solved with an arbitrary accuracy.

Similar kind of lower order equations can be obtained for equation
(11.11) also. Performing the following partitioning

_ _ (¢) (¥)
9% 9
; c—lL(') L(')
1O = [ L ng;.)] (L113)
where

qsi) = CIT'F(‘)TRF(i)Cl +
o) = TP RFOC, + Q, (11.114)
¢§) = CTFO" RFOC, 4 Qs

the zeroth-order approximations of L£‘+1), Lg“), and L:(;'+1) can be
found by solving the following equations

DY LGV ® _ L+ - _ ) (11.115)
L£i+1) AD) 4+ A(‘)TLf“) = -K® (11.116)

i i i i)y i i i)\ !
L+ = (L{“’DQ+D§) L§,+1)Dﬁ)+q§)) (I—Dﬁ))
(11.117)

where
i )T (i i é )~ .
M9 = (D9 LEIDP + o) (1- DY)
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Defining the errors as

L) = LY 4 e, (11.119)
L) = LY 4 ey (11.120)
L) = LY 4 ey (11.121)

we obtain the following equations

DY B.p®) _ E. =
4 3Ly 3 =
. . . . . . T . T .
_ (.Dg)TLgH-])Dg) + Dgt)TLgHrl)Dgt) + Dgt) Lg+1) Dg:)
(11.122)

B AV 4 AO0F, = —ADY - D" i - D;(;i;TEsD:(ai)T (11.123)
_ Dgi)" Lgm) Dg;) _ Dg;)’ Lgm) Dg.’) _ D?’T Lgm) Df,‘)
By = B0 (1- D,S")_1 + i (11.124)
where
= (08 B0 + D 00P) (1-00) "
+ ( DY LG+7 p) | piT pli+) DS‘)) ( I— Dﬁ‘))_l '

Equations (11.122)-(11.124) can be solved for Ej, E;, and E,,
respectively, by proposing a similar kind of algorithm as for (11.97)-
(11.99), as follows.

Algorithm 11.5:

Initialize £ = 0, £{) = 0, £Y = 0.
For j =0, 1, 2, ... do the following iterations
DS‘)TE§5+1)D£") _ E"gjﬂ) = —Dgi)r (Lgi'*'l) + EEfj)) Dgi)
T o afs . T i o\ T i
_Dg‘) (LgH'l) + GEgJ)) D‘(;) _ D,(;) (L(2+1) + 6EgJ)) Dg)
(11.126)
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g0) = ( pY" EG+IpW 4 p” (Lf"’l) te E?’) Dgf))
x (1- DY) -
+ (D (L5 + eB) DY + DI (L + e£) D)

" (I ) D-S‘)) i (11.127)

EGHDAG7 4 A6 g6+ - _ g6 pl) _ p@T A6
~ D EG*IDP — DO (LG 4 £) DY
_ D:(;')r (Lgu) +e Egj)) Df‘) _ Dg,-)r (Lgi+1) +e Egj)) D:(;')

(11.128)

. » : -1 a
EG*D = B+ p® (I— Dﬁ‘)) + A (11.129)
JAY

In summary, P can be computed by using equations (11.87)-(11.89),
(11.94)-(11.96) and (11.101)-(11.104), and L can be computed by using
equations (11.115)-(11.121), and (11.126)-(11.129). Furthermore, since
the algorithms for P and L are independent from each other, therefore,
the computation can be done in parallel. The following algorithm presents
the complete solution to our problem.

Algorithm 11.6:

1. Initialize F(©) such that (4 + BF©)C) is a stable matrix.

2. Fori=0,1, 2, ... Tepeat steps 3-10. _ . . o
3. Calculate Ds'),Dg'),D:(;),Dﬁ'), and Sg'),Sg'),Sg'), and qg'),qg'),qg)
from (11.83) and (11.109). )

4. Calculate P{™Y, P{*Y) and PE*Y from (11.87)-(11.89).

5. Initialize E\” = 0, ES) = 0, E{”) = 0. Forj = 0, 1, 2, ... solve
equations (11.101)-(11.104) until the desired accuracy is obtained.

6. Construct P{+Y), PIHY), P+ grom equations (11.94)-(11.96).

7. Calculate LY, LY, LE*Y from (11.115)-(11.117).
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8. Initialize £ = 0, £ = 0, £ = 0. For j = 1, 2, ..., solve
equations (11.126)-(11.129) untjl the desired accuracy is achieved.
9. Construct LY, L*Y, L+ from equations (11.119)-(11.121).
10. Construct P and L and calculate F:t!) and F(+1) from equations
(11.12) and (11.16), respectively.
A

If F©) is chosen such that A+ BF(©)C is stable, then this algorithm
converges for sufficiently small a such that 0 < a < 1, (Halyo and
Broussard, 1981). The effect of different values of a on the convergence
speed and the convergence pattern, are shown in the following example.

The block diagram representation of the required calculations for the
reduced-order system is shown in Figure 11.2. This block diagram shows
the flow of information for the proposed asynchronous parallel algorithm.

11.5 Case Study: Discrete Model of a Steam Power
System

In order to demonstrate the efficiency of the proposed algorithm which
yields O (¢/) approximation, we run a real world physical example (a
fifth-order discrete model of a steam power system (Mahmoud, 1982)).
The problem matrices are as follows

0915 0.0510 0.038 0.0150 0.0380
-0.030 0.889 -0.0005 0.046 0.111
A=|-0.006 0.468 0.247 0.014 0.048
-0.715 -0.022 -0.0211 0.240 -0.024
-0.148 -0.003 -0.004 0.090 0.026

BT =[0.0098 0.1220 0.0360 0.5620 0.1150]

The remaining matrices are chosen as

11000
C‘[00111]

Q=I5:R=1;G=B,V=I2,W=5
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O

l;i+l) éi"'l)

P(i+1)

< P(i+l) K léj+l)
pli+l E(j"‘)

i+1) | F

F >
ISi+l) ﬁ(j-rl)
i——

L(H-l)

o

L(i+1) l’:: (G+1

Figure 11.2: Parallelism of the required
computations for the reduced-order system

The modulus of the eigenvalues of matrix A are .9, .9, .25, .25, .03.
Thus we have two fast and three slow variables. The small parameter
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€ is chosen to be .27 which is roughly the ratio .25/.9. The O (¢’)
approximation is demonstrated in Table 11.3. The number of iterations
for approximating P and L are high enough so that

[ g L s I 0

m=1,2.3

are less than 10-5.

Figure 11.3 shows the effect of a on the convergence speed. It
is noted that the convergence is the fastest if o is chosen close to .85.
Figure 11.4 shows the convergence behavior for different a.

€e=027,0=03

i J@ J6 — ,]é;)t
1 2.86059 0.28163
2 2.68072 0.10176
3 2.61881 0.03985
4 2.59517 0.01621
5 2.58570 0.00674
6 2.58178 0.00282
7 2.58014 0.00181
8 2.57945 0.00049
9 2.57915 0.00019
10 2.57902 0.00006
11 2.57897 0.00001
12 2.57896 0.00000

Table 11.3: Performance criterion per iteration
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Figure 11.3: Effect of « on the convergence speed
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Figure 11.4: Convergence behavior for different o
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Chapter 12

Applications to Differential Games

In this chapter, we present a parallel synchronous algorithm for solving
the Nash differential game of weakly coupled linear systems. The
singularly perturbed Nash differential games have been studied by several
researchers (Gardner and Cruz, 1978; Khalil and Kokotovic, 1979c;
Khalil, 1980a, 1980b). However, no algorithm has been proposed for
solving the coupled algebraic Riccati equations of the singularly perturbed
systems whose solutions comprise the required Nash strategies. That is
why, we limit our study to the weakly coupled systems only.

12.1 Weakly Coupled Linear-Quadratic Nash Games

The linear-quadratic Nash game strategies of large scale weakly intercon-
nected (coupled) systems were studied in (Ozguner and Perkins, 1977)
by means of a power-series expansion method with respect to a small
coupling parameter €. This approach, originated in (Kokotovic et al.,
1969), is not recursive in its application and can be inferior compared to
the hierarchical type decentralized control method (especially when ¢ is
not very small), as was pointed out in (Mahmoud, 1978). In this section,
we develop a recursive technique which will recover the importance of
ideas presented in (Kokotovic et al., 1969). Motivated by previous re-
sults for singularly perturbed systems (Gajic, 1986), we have shown that
weak coupling produces algebraic problems similar to those of (Gajic,
1986) and the fixed point method used in (Gajic, 1986) is very efficient
in this case also.
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As a matter of fact, we have developed an algorithm which converges
very rapidly to the exact, nonnegative definite stabilizing solution of the
coupled algebraic Riccati equations and thus to the optimal linear Nash
strategies, even in the case when ¢ is not small.

A controlled linear dynamic system under consideration is given by
t=A(e)z+ By (€)uy + B2(€) uz (12.1)

where z € R" is a state vector, u; € R™* and u; € R™2 are control
inputs, A(e€), Bi(€), ¢ = 1,2, are bounded matrix functions of a small
parameter ¢ with compatible dimensions.

A quadratic type functional is associated with each control agent

1 oC
h=3 / [27Q1 ()2 + ui Ry () w1 + uj Ris () ] dt  (12.22)
0o

J2 = / [TQ2(€) % + u] Ray () us + u] Ra () ug) dt  (12.2b)
0

where the weighting matrices are symmetric satisfying Q;(¢) >
0, R;(¢) >0, Rij(e)20,i=1,2;5=1,2.

The optimal solution to the given problem with the conflict of interest
and simultaneous decision making (Starr and Ho, 1969), leads to so called
Nash strategies u] and u} satisfying

J1 (vl w3) < U1 (wg, u3) (12.3a)
J2 (u;, u;) < J2 (u;, ‘ug) (123b)
It was shown in (Starr and Ho, 1969) that the optimal closed-loop
Nash strategies are given by
uf () = R7'(e) B () K (e)z(t), i=1,2 (12.4)
where K;, ¢ = 1, 2, satisfy coupled algebraic Riccati equations

K1 () A(€) + AT (€) K1 (€) + Q1 (€) — K1 (€) 51 (¢) Ku (¢) -
K1 (€) S2(€) K2 (€) — K2(€) S2(€) Ky (€) + K2 (€) Z2 (€) Ko (€)

= 0=N; (K, K5)
(12.5a)
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K (€) A(e) + AT () K2 (€) + Q2 (€) — K2 (€) S2(€) K2 (¢)
=K3(€) S1(€) K1 (€) — Ky (€) 51 (€) K2 (€) + K1 (€) Z1 (€) Ky (€)
=0= Nz (K], Kg)

(12.5b)
where

Si(€) = Bi(e) B () B (¢), i=1.2
7:(6) = Bi () Ry () Ry (9 B (6) B ()
1=1,2j=12i=j

The existence of the nonlinear optimal Nash strategies was established in
(Basar, 1974), so that (12.4), in fact, are the best linear optimal strategies.
Since a linear control law is very desirable from a practical point of view,
the linear strategies (12.4) attract the attention of many researchers.

The existence of Nash strategies (12.4) and solutions of the coupled
algebraic Riccati equations (12.5) has been studied in (Papavassilopoulos
et al., 1979), by means of Brower’s fixed point theorem and by imposing
norm conditions on the given matrices. In the recent paper (Gajic and
Li, 1988), under control-oriented assumptions (Kucera, 1972; Wonham,
1968), the algorithms for finding the nonnegative definite stabilizing
solutions of (12.5) have been proposed (see Appendix 12.2). However,
the rigorous convergence proofs have to be worked out for both of the
two algorithms presented in (Gajic and Li, 1988).

It is important to point out that at the present time, there is no
published general method for finding stabilizing solutions of the coupled
algebraic Riccati equations (12.5). Some attempts in that direction have
been made in (Bertrand, 1985; Papavassilopoulos and Olsder, 1984).

In this section, the Nash game problem is considered for a special
case of weakly interconnected systems characterized by

A A,
A(e) = [GAH(ZZ) CA:)(S)]

B0=[ 20, mo- Y]

v U Wi(e) €V
w0y @3] o= (340 %)

This partition decomposes the state vector z into two vectors z; € R™
and z2 € R such that ny +n2 = n. Since the small coupling parameter
€ can not change the basic structure of the subsystems by destroying their
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main properties (otherwise we can not talk about the weak coupling), it
is very natural to adopt the following form for the subsystem matrices.

Assumption 12.1 (Weak coupling assumption)

A;(€) = Aio + €Aoi (€), Bii(€) = Bio + €Boi(€)
Ui (€) = Uro + €Uo1 (€), Va(€) = Vao+ €V (€)
R;(€) = Rio + €Roi(¢), i=1,2

where Ao; (€) , Boi(€), Roi(€). ¢ = 1,2; Up (€) and V2 (€) are contin-
uous functions of ¢, whereas Ao, Bio, Rio, ¢t = 1,2, and Ujp, Voo are
independent of .

A

In order to simplify the algebra, we will assume, without loss of
generality, that U;, (6) = 0, V12 (6) = 0, Ry (6) = 0.Ry (6) = 0,
U, (6) =00 (6) = 0, By, (6) = 0, By (6) = 0. Note that we are
studying a more general case that the one studied in (Ozguner and
Perkins, 1977) because of the e-dependence of the problem matrices.
In addition, we do not need to impose the analyticity assumption with
respect to €, which must be done for the power-series expansion method.

The following scaling of K (¢) and K (¢) is consistent with the
nature of the solution of (12.5)

_| M eM, = [EM(9 ela(c
K, (€)= [eM};(EZ) ezM:Eg]’ Ka(e) = [‘NlT?(eg le(e()l)z]@

The very well-known e-decoupling method (Kokotovic et al., 1969),
based on the power-series expansion with respect to ¢, will convert the
given full-order problem (12.5) to a family of reduced-order problems
(Ozguner and Perkins, 1977). However, the power-series expansion
method is not recursive in nature and in the case when we are interested
in a high order of accuracy or when ¢ is not very small, the size of
the required computations can be considerable. Moreover, when the
problem matrices are functions of ¢, the power-series method demands the
analyticity of all matrices. On the other hand, the expansion of quadratic
terms (for example, K (¢) By (¢) Ry (¢) BY (€) K, (¢)) will produce an
enormous number of terms, so that the reduced-order advantage of the
series expansion method becomes questionable. The presence of a small
parameter € will be exploited in the next section from a different point
of view, leading to the recursive scheme for the solution of (12.5). Since
the proposed method is of the fixed-point type, the boundness of all
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problem matrices over a compact set ¢ € [0, ¢;] has to be imposed.
This is a much milder condition than the analyticity requirement of the
power-series expansion method.

12.2 Solution of Coupled Algebraic Riccati Equations

Partitioning (12.5) compatibly with (12.6), we get the following set of
equation

M (€) A1 (€) + AT (€) My (€) + Us (€) = Mi (€) S11 (€) M (¢)
+€2{ M1z (€) Az (€) + AL, () M, (€) = My2(€) S22 (€) N3 (€)
—N12(€) S22 () M3 (€)} = 0
(12.7a)
M] (6) A12 (6) + M12 (6) A2 (6) - M1 (E) Su (E) M12 (6)
— M2 (€) S22 (€) N2 (€) — €¢{ N1z (€) S22 (€) Mz (€) — A7, (€) M3 (€)}
+AT (M2 (e) =0
(12.7b)
M; (€) Az (€) + A] (€) Mz (€) = M2 (€) S22 (€) N2 ()
~N3(€) S22 (€) M3 (€) + MIT; (€) Az (¢) + Ag'1 () Myz2(¢) (12.7¢)
_lel; (6) Sn (6) Mn (6) =0
Ny (€) A; (€) + AT (€) Ny (€) — Ny (€) S11 (€) M (¢)
—Ml (6) Sn (6) Nl (E) + ng (6) A21 (6) + Ag‘l (6) .NIT; (6) (127d)
—N12(€) S22 () Nz ()} = 0
€2N1 (6) Aq2 (6) + N2 (6) A, (E) - N2 (6) S22 (6) N, (6)
—€2N1 (6) Su (f) M]z (6) - M] (6) S]l (6) N12 (6) (1276)
+AJ, () N2 (€) + AT (€) N1z (€) = 0
N2 (€) Az (€) + A7 (€) N2 (€) + Va(€) — Na(€) S22 (¢) N2 (¢)
+e{ N (€) A1z (€) + AT (€) N1z (€) = N3 (€) S11 (€) Mra ()
=M% (€) S11(€) Niz2(€)} =0
(12.79)

where
Sii (€) = By () Ry () BE (¢), i=1,2
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12.2.1 Zeroth-Order Approximation
Let us define the O (¢2) perturbation of (12.7) as

M, (€) Ay (€) + AT (€) My (€) + Us (€) — My (€) S11 (€) Ma (¢) = 0
(12.8a)

M2 (€) Dy (€) + DT (¢€) Myz (€) = — M, (€) Az (€) (12.8b)

M;(€) D3 (€) + D7 () Mz (€)

= M5 (9511 (9 Mia () - ME (9 Ana(0) - 4T, () Mia(9)

N; (¢) Dy (€) + DT (€) Ny (¢) (12.84)
= N12(€) S22 (€) Niz (€) — N1z (€) Az (€) — A7, (€) My (¢)
N2 (€) Dz (€) + DT (¢) N1z (€) = — AT, (€) N (e) (12.8¢)

N3 (€) Az (€)+A7 (€) N2 (€)+V2 (€)= N2 (€) S22(€) N2 (¢) = 0 (12.86)

where

D1 (€) = A1 (€) — 511 (€) M1 (€)
D, (€) = Az (€) — S22(€) N2 (e)

This system of equations has decoupled form and can be solved like
two lower order Riccati equations (12.8a), (12.8f) and four lower order
Lyapunov equations (12.8b)-(12.8¢). The nonnegative definite stabilizing
solution of (12.8a) and (12.8f) exist under the well-known stabilizability-
detectability assumption (Kucera, 1972; Wonham, 1968).

Assumption 122 The triples (A1 (0), B (0), /T (0)) and

(42(0). B2 (0), v/, (0)) are stabilizable-detectable.
A

Under the same assumption, the unique solutions of (12.8b)-(12.8e)
exist since D; (€) and D, (¢) are stable matrices (Kucera, 1972; Wonham,
1968).

348



DIFFERENTIAL GAMES
12.2.2 Solution of Higher Order of Accuracy

The zeroth-order solutions M (€) and N (¢) are O (€2) close to the exact
ones. The exact solutions can be sought in the form

Ki () = [ M (€) + €E (¢) € [M2(€) + € Eq2 (¢)] ]
! € [Miz(€) + €E12 (6)]T €2 [Ma(€) + €2E3 (¢)]
(12.9a)
_ [ 62 [Nl (6) + €2Gl (6)] € [.N]g (6) + €2G12 (6)]
K2 (6) - L € [N12 (6) + €2G12 (6)]T N2 (6) + €2G2 (6) ]

(12.9b)

Obviously, O (?) approximations of E (¢)' s and G (€)' s will pro-
duce O (€*+?) approximations of required solutions, which is why we
are interested in finding convenient form for these error terms and the
appropriate algorithm for their solutions.

Subtracting equations (12.8) from corresponding equations (12.7)
and after doing some algebra we get the following expressions for the
error equations

E\Dy + DT Ey = Cy + €F, (E1, Era, G12) (12.10a)

E\Dy2 + E12Dy + DT Eyg — M1252G,
= C2 + €F,(Ey, Era, Gra, B3, G2)
EL,Dy; + DLEy; + E; Dy + DY E; — G383 Mz — M355,Go
= €2F3(E12= E;, G3)

(12.10b)

(12.10c)

G1D, + DI G, + G13Dy + DEGY, — E\ 511N, — Ny Sh By
= e2Fy(Ey, G2, G2)

(12.10d)
G1D; + D21TG12 + D},G2 — E1S11 Nz (12.10¢)

= Cs + €“F5 ( Ey, Eqg, G1, Gz, G2)
G2D; + DIG; = Cs + € Fs( Era, Gz, G2) (12.10f)

where

Dy2 = Dy2(€) = A12(€) = S11(€) Myz (€)
D = D (€) = Aa1(€) — S22(€) N12(¢)
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Matrices F;, ¢ = 1,2, ...6, and constant matrices C; are given in Appen-
dix 12.1. In order to simplify notation, the e-dependence of the problem
matrices in the equation (12.10) and in the remaining part of the chapter
is omitted.

The weakly coupled and hierarchical structure of (12.10) can be
exploited by proposing the following recursive scheme, which leads,
after some algebra, to the six low-order completely decoupled Lyapunov
equations.

Algorithm 12.1:

E1(£+1)D1 +D1TE(i+l) 211
_ 250g g0 _ @ pl) _ pI® 1o (12.11a)
= €ESn By — My Dy — Diy Mi;
EGVD, + DTEG
- B0 + 2564 - DM
E(t+l)D + DTEgl'l'l) = Mz(l)szngl'l'l)
+GIV g, MY — ETY pl) _ pTO plit1) | 2 pTi* g | pli+D)

(12.11b)

1Z11¢)
Ggi+1)Dl +D;1~G(i+1) E(i+1)SHN1(i)+N1(.')SHE§:'+1) 110
_Gsi2+1) Dg) T(') GT('ﬂ) e?Gg“) SnG:lrz(-‘-n) .
Gg';"MD2 + DTG&H 211
TO A1) | pit) e v _ N6 pl) (12.11e)
=Dy G377 + Ey T SulNy, — Ny Dy,
= €2G£.)522G(' NT(') Dg'z) DT(')NI;) (12.11f)
1=0,1,2.3,..
with initial conditions chosen as
El(O) = El(g) = Ego) - Ggo) G(O) G(O)
where
MY = My, + €Ef), N = Nip + €G)
ND =N + @60, MY = M, + 2EY
D§'2’ = Ajp — 5'11M1('2)= D£'1’ = Ay — S NE”
1=1,2.3, ..
A
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These Lyapunov equations have to be solved in the given order, that
is, first E; and G, then E;,; and G, and finally E, and G,.

The following theorem indicates the features of the proposed recur-
sive scheme.
Theorem 12,1 Under imposed weak coupling and stabilizability and
detectability assumptions, given algorithm (12.11) converges to the exact
solution of the error terms, and thus of K, (¢) and K (¢), with the rate
of convergence of O (€?), that is

Il E;(e) = E) () ||= O (¢*
Il G;(€) - G"’(e) lI= O (¢*

| Exz(¢) = ED (6) |= 0 (&) (12.11)
| Gaz (€) - 613 (€) lI= O (¢¥)
i=12i=1,23,...

and o .
| K;(e) = K37 (¢) I= O (e*+?) 12.12)
J-L2z—QL2
(o

Proof: As a starting point, we need to show the existence of a bounded
solution of (12.10) in the neighborhood of ¢ = 0. By the implicit
function theorem it is enough to show that the corresponding Jacobian is
nonsingular at ¢ = 0. The Jacobian is given by

(r'y, 0 0 0 0 07
*x I, 0 0 0 =«
_ 0 * I‘3 0 0 *
J (€)|c=0 =1 o« 0 0 I, * 0 (12.13)
*x 0 0 0 Iy =
0 0 0 0 0 Tjl

where the asterisk denotes terms which are not important for a non-
singularity of the Jacobian. I's are given by the Kronecker product
representation

Ii=I,®DF(0)+DFf (0)® I, i=1,3
=10 Dg' (0) + DlT (0) ® In,

where I,,, and I, are identity matrices. Under Assumptions 12.1 and
12.2, D, (0) and D, (0) are stable matrices for any sufficiently small
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€ € [0, €3] and by the well-known properties of the Kronecker product
(Lancaster and Tismenetsky, 1985), so are matrices I';, I';, and I'5. It
is easy to see that the nonsingularity of the Jacobian is guaranteed by the
nonsingularity of I'y, 'z, and I'3.

The second step in the proof of the given theorem is to give an
estimate of the rate of convergence.

For 7 = 0, (12.10a) and (12.11a) imply
(El - Efl)) D, + DT (El - E§”) = €2 Fy (Ey; Eqz, G12)

which by stability of D, and the existence of the bounded solution of
(12.10) gives

| Ey — E? ||= 0 (¢?) (12.14a)
By the same arguments, from (12.10f) and (12.11f) we have
| G2 =G ||= 0 () (12.149)

Subtracting (12.11b) from (12.10b) and using (12.14a) and (12.14f) and
the expression for F3 (from Appendix 12.1) lead to

(Br2 - E) D, + DT (Era - E) = 0 (¢))
which implies that
| Ex2— E) |I= 0 (&) (12.14b)

By analogy [equations (12.10b) and (12.10e) have similar forms], (12.10e)
and (12.11e) will produce

| Gi2 = G ||= 0 (¢?) (12.14¢)

Also, from (12.10c), (12.11c), (12.14a,b,c,d,e,f) and Appendix 12.1, we
have . )
(B - E{") D, + DT (B, - E{") = 0 (&)

that is,
| E2 - EV |= 0 (&) (12.14c)
and, by analogy, from (12.10d) and (12.11d) we get

| G =G = 0 (&) (12.14d)
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Using these starting observations and forms of F}s and C!s, it can be
shown that

I Fj-F =0(), j=1,2 i=123,.. (12.15)
For example, for j = 1

F - F) = (B - E() suE{ + E15ny (&1 - EY)

- (Biz - EY) Dy - D (Eua - EQ)"
+(Grz - 62) $uME + M5 (612 - 68))"
so that for ¢ = 1, from (12.14) we have F; — Fl(l) = O (€?), that is
(£:- E®) Dy + DT (B - EP) = & (R - F") = 0 (¢")
which implies that
(8- E?) = 0(¢)

Continuing the same procedure, we can verify (12.15), which by the ex-
istence of the bounded solutions of £’s and G’s will imply (12.12). Note
that the solution of (12.11) exist at each iteration since the corresponding
Jacobian is always given by (12.13), and thus nonsingular at ¢ = 0 in
every iteration.
[ ]
We would like to point out that the imposed form of solution (12.9)
is an additional limiting factor for a small parameter ¢. Since the solution
of (12.10) is symmetric only (which can be easily seen from the form of
corresponding equations), the small parameter ¢ has to be constrained to
the set € € [0, €3] such that Ve, K; (¢) and K (¢) preserve the required
nonnegative definiteness. Thus, the presented method is applicable for
€ € [0, €], where € = min {¢,, €, €3, ...}. However, the limiting
condition €* = min {e, €, €3, ...} is present in the entire theory of
small parameters (weak coupling and singular perturbations), it is both
method-dependent and problem-dependent, and not a direct consequence
of the procedure studied in this chapter.

Let us compare the proposed algorithm (12.11), based on the fixed
point iteration for weakly coupled systems and the power-series expan-
sion algorithm for the same type of systems. The comparison is done
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for the case when the problem matrices are not functions of ¢ (which
is in the favor of the power-series expansion algorithm). The equations
corresponding to (12.11) are given by (Ozguner and Perkins, 1977)

ME D, 4 DT M) = Z(012-) (12.16a)
N$*Dp, + DTN = Z(0124) (12.16f)
ME D, + DT MER = (0129 (12.16b)
NEp, 4 pTGEH = (0124 (112.16¢)
M D, + DT M) = ZO12-) (12.16¢)
N D, 4 DTNEHD o Z(0124) (12.16d)

where Z;, j = 1,2,...6, depend on the all previously obtained terms.
For example

Z(o,1,2,...,.') —(+1) ( M(') Ay + A%} MS(-‘))

+ Z (t+1) Ml(i+1—k)San(k)

k=2(even)

+ > {(l I 1) MG NERNEY + NGRS M3}
k=1(odd)
(12.17)

Both approaches produce the same type of equations (Lyapunov ones),
but in order to form the right-hand side, for example of (12.11a), we
have to perform only 3 matrix multiplications for every i, where for
corresponding equation of the power-series expansion the number of
required matrix multiplications grows very quickly as ¢ increase (12.17).
Thus, the obvious advantages of the fixed point iteration approach are:

1) The size of required computation is considerably less, and since it
does not grow per iteration, the proposed method is extremally efficient
for obtaining the exact solution or the solution of very high accuracy.

2) The fixed point method is recursive in nature (the power-series
expansion method is not), and thus much easier to implement.
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The approximations of the suboptimal Nash strategies (12.4) can be
defined by

u) (1) = R () BT () K ()2 (1), j=1,2% i=0,1,2,3,...

(12.18)
where
0 Mi(e)+eEP () e [M12 (€) + EY) (e)]
K1' (€)= : T .
€ [Mlz (¢) + ezEf'z) (e)] €2 [Mg (e) + eQE'g') (e)l
(12.19a)
g0 | MO+ @] M+ aco]
? e [Nn (€) + €2GY) (e)]T Na(€) + G8) (¢)

(12.19b)
Then, by following the arguments of (Cruz and Chen, 1971), the cost
approximations produce

J$ (uﬁ'), ug>) =J;(u}, up) + 0 (¥4, j=1,2, i =0,1,2,.
(12.20)
The approximate cost functions for the other cases, when the control
agents use the a(p?roximative strategies of the different order of accuracy
(for example u;” and ug"), P # ¢) can be obtained by using results of
(Cruz and Chen, 1971) also. But, since the proposed method is recursive
in its nature, and thus very easy to implement, and since the amount of
required computations is constant per iteration (does not grow with ¢), the
accuracy of very high order can be achieved at a very low cost, so that the
proposed method can be efficient for finding the exact solution as well.
Since the proposed algorithm defines the error of approximation
similarly to the power-series expansion, it can be easily seen that the
approximate Nash strategies (12.18) are also well-posed in the sense of
(Khalil, 1980a).

12.3 Numerical Example

In order to demonstrate the efficiency of the proposed algorithm, we have
run a fourth-order example. Matrices A;, A1z, A21, A2. B1i, and Ba;
have been chosen randomly (standard deviation = 1, mean value = 0) and
the matrices R; = R, = U; = V, = I are chosen such that the required
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stabilizability-detectability assumptions are satisfied

A = [-1035 —0192] , _ [-1.084 0.579
1= 11684 —0421]° “27 | 1.327 -0.841

A, = [-1370 —0.533] , _ [-1510 —0.139
21711069 0835 " “27| 0410 1.238
B, - [-1019 0602] 5 _ [-1641 0.330

m=1_0912 1.329|° “227 | 1.068 0.243

U1=Va=Ri=R;=1

Simulation results for different values of a coupling parameter ¢ are given
in Table 12.1. Since we do not know the exact solution of the equation
(12.5) (no method available in the literature at the present time), the
error is defined as

0= ma [ (.59 s (. 0]}

In the second table, we have shown the propagation of the error per
iteration when ¢ = 0.1.

€ i = number of required
iterations such that
el < 10710
0.8 16
0.6 11
0.4 8
0.2 5
0.1 4
0.05 3
0.01 2
0.001 1

Table 12.1: Dependence of number of iterations on ¢
The results from Table 12.1 strongly support the necessity of the

existence of the recursive scheme for the solution of weakly coupled
linear-quadratic Nash game problem, unless ¢ is very small, the zeroth
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and first-order approximations are far from the optimal solution. Results
from Table 12.2 verify, for this particular example, the conclusions of
Theorem 12.1, that is, the rate of convergence of the proposed algorithm
is O (e2) = 0(1072).

(e =01) Error
i e
0 0.89662 x 102
1 0.65481 x 104
2 0.10349 x 10~
3 0.40663 x 10~°
4 0.92572 x 10~ 1!

Table 12.2 Propagation of the error per iteration for a constant value of ¢

Therefore, the solution of the Nash strategies of weakly intercon-
nected systems can be obtained up to an arbitrary accuracy by performing
iterations on the Lyapunov equations corresponding to the local subsys-
tem problems.

Research Problem 12.1: Develop the parallel synchronous algorithm
for solving the coupled algebraic Riccati equations corresponding to
the singularly perturbed Nash linear-quadratic differential games. This
problem can be studied for both the standard singularly perturbed systems
and for the quasi singularly perturbed systems defined in Chapter 9.

A
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Appendix 12.1

Fy = EyS1Ey + M1282:GT; + G125 MY,
—Ey3Dyy — DLEY, + € (E12522GT, + G12522ET,)

F; = E1252:G2 + E 1511 Ev2 + G12522 M,
—~DI E; + €G12522E;

F3 = E13811E12 + E3522G2 + G252 E,

Fy = G12522GT, + E1511G1 + G1S1 By

Fs = E1511G12 + G12522G2
+N1811G12 — G1 D12 + €6G1 511 Erz

Fg = G28522G2 + ELS11 Ny + NLS11 Era
—GT,D1; - DL,G13 + € (ELS11 Erz + G, 511 Erz)

Ci = ~Mi2A1 — ALME + My3S5,NL + NiaSaa MY

Cz = —DZ‘IMQ
Cs = =N1D;
Cs = =NL A1z — AT, N1z + ML811N12 + NLS1u My
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Appendix 12.2

Algorithm for Solving Coupled Algebraic
Riccati Equations of Nash Differential Games

The considered coupled algebraic Riccati equations have the forms
KiA+ ATK) + Q1 — K1$1 Ky — K25:K1 — K182K2 + K222 K2 =

N] (K],Kg) =0

@a.l)

KA+ ATK; + Q; — K283 K2 — K251Ky — K181K2 + K1 20K, =
N (K, K2) =0

(@.2)

with
Si=B;R;'Bf, i=1,2; Z;= B;R;'R;;R;'BY, i.j=1,2, i=j

The proposed algorithm is based on the simulation results presented
in (Gajic and Li, 1988). It seems, that the numerical method proposed
is valid under the following assumption.

Assumption 12.3 Either the triple (A, B1,v/@Q1) or (4, B;,/Q>) is
stabilizable-detectable.
A

These conditions are quite natural since at least one control agent
has to be able to control and observe unstable modes. Because the game
is a noncooperative one, the assumption that their joint effect will take
care of unstable modes seems to be very idealistic.

Let us suppose that (A, By,/Q1) is stabilizable-detectable. Then a
unique positive definite solution of an auxiliary algebraic Riccati equa-
tion

KP4+ ATKO + @, - K95,k =0 @.3)
exists such that (A -5 Kl(o)) is a stable matrix. By plugging K; =

K 1(0) in (a.2) we get the second auxiliary Riccati equation as
T
kP (4-5:60) + (4-5.K0) K + (@2 + K77,
kP50 = 0
(a4

Since (4-5:1K{”) is a suble mawix and Q; + K{%Z k("
is a positive semidefinite matrix, the corresponding closed-loop
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matrix (A - Sleo) - 52K§°)) is stable.  In fact, the triple

(A - 5,59, B;,\/ Q2+ K08, K§°>) is stabilizable-detectable and

K §°) is uniquely determined.

Let us now propose the iterative scheme for solving (a.1)-(a.2). By
decoupling these equations by using appropriately one step delay, we get
the Lyapunov type iterative scheme similarly to (Kleinman, 1968), with
K and K playing the role of the initial points (Gajic and Li, 1988).
Algorithm 12.2:

; T . . , ,
(4- 5.k - 5,k0)" KD 1+ k) (4= 5,kP - 5,K0) =

=QP =~ (@ + kPsik0 + KD 2,K) . i=0,1,2...
@a.5)

: N\ T . . . .
(A — SII{I(') - S2K§')) K§‘+1) + If§.+1) (A - S]Kl(') _ Sngt)) =

=Q¥ = - (Q: + kP 2:kP + kP5,kP) . i=0,1,2,..
(a.6)
A

Example 12.1

In order to demonstrate the efficiency of the proposed algorithm we have
run a tenth-order example, which is in fact a system of 110 nonlinear
algebraic equations. Matrices A, B;, and B, have been chosen randomly
whereas the choice of matrices @, @2, Ry, Ry2, and R, assures that
Assumption 12.3 is satisfied. These matrices are given by

—1.944 0.572 1.446 -0.576 0.736 -0.601 -~0.722 -0.088 0.977 0.380
1.440 0.393 1.023 -0.711 1.282 -0.679 0.010 0.588 1.281 ~-1.414
—-0.881 1.058 —-1.492 1.113 -~1.728 0.498 0.313 1.509 -—1.536 -0.264
-1.170 -1.055 -0.058 -0.723 -0.939 1.453 ~1.087 -0.486 1.066 0.235
0.736 -—0.569 1.449 -1.383 0.116 -0.052 1.387 0.659 —1.658 -—1.437

A= 0.014 0.658 0.586 —0.850 -—~0.074 —1.335 —0.261 -—1.021 —0.449 1.444
-0.734 0.621 0.422 -0.369 -~0.395 -0.453 1.228 0.213 -1.380 1.307

0.820 -1.746 0.178 -0.860 -1.235 -0.902 0.390 -0.656 -1.658 1.329

0.831 0.569 1.408 1.500 1.396 -0.605 0.387 -=0.729 1.717 1.309

0.051 —0.224 1.394 0.104 -~1.742 -0.386 -—0.047 -0.505 -1.135 1.392

10 3 0 5 0 70
Rll—[o 21 R12“ 0 4 s R21— 0 6 s R22- 0 8

@1 = ho, Q2=1I
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[—2.036  0.637 [ —1.648 -0.759W
1.560  0.447 0171  1.256
-0.907 1.154 —0.380 —1.076
-1214 -1.091 ~1.465 —0.101
B, = | 0813 —0.75 B = | 185 0745
0.044 0729 |’ 0.015  1.717
—0.750  0.690 0.458 —0.091
0.901 —1.826 0.255 —1.304
0.913  0.635 0.274 —0.763
| 0.084 —0.209 ] | —0.502 1.345 J

The obtained results are really remarkable since only after 8 iterations
we got very good convergence. These results are presented in Table 12.3.
The errors are defined as the absolute values of the largest elements in
matrices N (K](i),Kz(,i)) and N, (K l(i), Kz(,‘)) where ¢ stands for the
number of iterations.

Iteration error 1 error 2
1 1.5283 x 102 1.4193 x 102
2 1.6726 x 101! 4.0585 x 101!
3 3.1057 x 1010 1.2188 x 101!
4 2.3207 x 10! 2.4337 x 1010
5 1.2386 x 10! 7.6489 x 10~2
6 4.1600 x 103 6.9948 x 10~°
7 7.0661 x 10~* 3.0096 x 107
8 2.4374 x 1075 9.2183 x 10~8

Table 12.3: Simulation results for a
system of 110 nonlinear scalar equations

A

The second algorithm for solving the coupled algebraic Riccati
equations presented in (Gajic and Li, 1988) is based on the discrete
homotopy. It is numerically less efficient than Algorithm 12.2, but it
seems that it would be easier to prove its convergence. The study in that
direction is underway.
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Research Problem 12.2: Prove that the algorithm (a.3)-(a.6) converges
under Assumption 12.3 to the positive semidefinite stabilizing solutions
of the coupled algebraic Riccati equations (a.1)-(a.2).

A

362



Chapter 13

Recursive Approach to High Gain and
Cheap Control Problems

In the first part of this chapter we present a parallel synchronous reduced-
order algorithms for solving the algebraic Riccati equation corresponding
to both the high gain feedback and cheap control optimal problems. In the
subsequent sections, we study the open-loop optimal control problem and
the problem of the complete decomposition of the algebraic “cheap/high
gain” Riccati equation into the reduced-order pure-slow and pure-fast
Riccati equations.

13.1 Linear-Quadratic High Gain and Cheap
Control Problems

A primary goal in studying optimal control of high gain and cheap control
problems, as with any optimal control problem, is to determine the control
which minimizes the value of some performance index. In general, high
gain systems are those in which the norm of the feedback control matrix
is of high magnitude, usually one or more orders of magnitude greater
than that of the norm of the system matrix. A cheap control problem
is characterized by a small penalty imposed on the control term in the
performance index usually one or more orders of magnitude smaller that
the state weighting term. The difference in magnitude scales can be
quantitatively described by a parameter ¢, where ¢ is some constant less
than one.

363



CHEAP CONTROL AND HIGH GAIN

High gain and cheap control problems have been studied extensively
by a number of researchers (Jameson and O’Malley, 1975; O’Malley
and Jameson, 1975, 1977; O’Malley, 1976; Young et al., 1977; Francis
and Glover, 1978; Francis, 1979; Sannuti, 1983; Sannuti and Wason,
1983; O’Reilly, 1983; Priel and Shaked, 1983; Saberi and Sannuti, 1986,
1987; Kokotovic et al., 1986; Petersen, 1986; Murata et al., 1990).
The modern approach to the analysis of high gain and cheap control
problems involves the use of singular perturbation method. The singular
perturbation technique offers an intuitive understanding into the behavior
of high gain and cheap control problems.

In general, the application of singular perturbation method involves
a suitable representation and partitioning of the problem matrices, and
explicitly introduces a small positive parameter €. The role of the
parameter ¢ varies with the type of system under investigation; however,
once introduced, its exact nature is unimportant. The solution is found
for ¢ = 0, and a Taylor series expansion is then taken about this zero-
order solution to find a higher order solution to any prescribed degree
of accuracy. Several problems arise as a result of the application of this
technique. The problem matrices must be analytical functions of ¢, and
for certain systems this may not be so. A solution of higher order requires
an enormous number of terms. Furthermore, when the value of ¢ is not
small enough, the obtained solution may fail to yield an accurate solution.

In this section, a recursive fixed point method is presented to find the
solution of the linear cheap control and high gain problems. The method
is advantageous to the traditional power-series expansion method which
is not recursive in nature, since when a high order of accuracy is desired,
the size of computations can be considerably high with the traditional
method. The results of this study give the numerical decomposition so
that only low-order systems are involved in algebraic computations. The
solution by the proposed algorithm converges to the exact solution with
the rate of O (¢€), where ¢ is a small positive parameter. The proposed
parallel reduced-order algorithm is applicable under some mild conditions
which are fully stated.

The structures of the problem matrices and the methodology used do
not allow either impulsive behavior or singular controls in the problems
under considerations. These two undesired limiting phenomena appear
very often in the cases when the classical singular perturbation approach
is used to study the cheap control and high gain feedback problems. As
a matter of fact, we study these two problems for ¢ small and positive
— which is physical reality, but not for ¢ — 0 — which is mathematical
fiction that produces impulsive behavior and singular controls.
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The efficiency of this algorithm is demonstrated on a real example,
a flexible space structure. The simulation results support the conclusion
of the theorem stated and proved in this section.

We study the optimal control problem of high gain and cheap con-
trol problems at steady state. These results can be extended to the finite
continuous-time optimization problems by using results on the slow-fast
time scale decomposition of the differential Riccati equation from (Grodt
and Gajic, 1988). An extension of the presented results to the discrete-
time cheap control problems (Priel and Shaked, 1983; Sen and Datta,
1992) might be an interesting area for future research. All necessary re-
sults for studying cheap control and high gain feedback control problems
in the discrete-time domain are obtained in the proceeding chapters of
this book.

13.1.1 High Gain Feedback Control
Consider a system given by
& = Az + Bu (13.1)
partitioned as
| _ |An An] [31] [0] 13.2
[5?2]—[-421 Az |72 + B v (13.2
where z; € R", 25 € R™ are state variables, u € ®™ is a control input,
and ¢ is a small positive parameter. No loss of generality is incurred,
since the system model can always be transformed to (13.2) provided
B, € fR™*™ js of full rank m (Jameson and O’Malley, 1975). Thus, the

problem is studied under the following standard assumption (Kokotovic
et al., 1986).

Assumption 13.1 det B; # 0.

A
The scalar cost functional associated with (13.2), defined by
J(€) = -;- / [zTQz + uTRu] dt (13.3)
0

is minimized by the well-known optimal control law
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u(t) = —R'BT Kz (t) = —%R“BTK@- @ (134

where K is a symmetric and positive semidefinite solution of the
quadratic matrix algebraic Riccati equation

KA+ ATK+Q = C%KBR-IBTK, B=¢B (13.5)

where K and @ are partitioned as

Ky, €K12] Qu @2
K = . = 13.6
eKL €Ky |’ Q QL Q2 (13.6)

Due to the presence of O (1) term in (13.2), which multiplies the control
input u(t), this problem is known in the literature as the high gain
feedback problem.

13.1.2 Cheap Control Problem

Consider a system model given by

1 = An A 1 0
[iz} B [A21 An] [22] + [Bz] u (13.7)

where z; € R*, z; € ®™, u € R™, and B, is a nonsingular m x m
constant matrix.

The scalar cost functional associated with (13.7), which represents
the optimal cheap control problem, is given by

J(€)= %/ [TQz + 2uT Ru] dt (13.8)
0

This functional has to be minimized by selecting the m-dimensional con-
trol vector u.  and R are symmetric positive semidefinite and positive
definite matrices, respectively, and ¢ is a small positive parameter.

The feedback control law for the optimal cheap control problem
defined by (13.7)-(13.8) is given by
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u(t) = -ZIER“BTK:c (?) (13.9)

where K is a symmetric and positive semidefinite solution of the
quadratic matrix algebraic Riccati equation (13.5) and

A= [An AIZ] T = [31]
T2

Ay A
2‘5 225 0 0 (13.10)

- -1 nT _ 11 12|

§=BE"B _[Ssz 522]‘[0 BgR-lB;f]

Although the initial problem statements may differ, the forms of the
Riccati equations are identical for both the high gain and cheap control
problems, assuming that the problem matrices are defined consistently.
The recursive parallel algorithm for finding the solution of this Riccati
equation in terms of the reduced-order problems is presented in the next
section.

13.1.3 Parallel Algorithm for Solving Algebraic Riccati Equation

In this section, we first obtain the zero-order solution (which is an O (¢)
close to the exact one) and then derive a parallel algorithm that produces
an arbitrary order of accuracy, that is the approximate solution O (k)
close to the exact one, where k stands for the number of iterations of
the proposed algorithm.

Zero-order solution:

The partitioned form of equation (13.5) subject to (13.6) and (13.10) is
KnAn + AL Ky + K124 + eAL KT + Q1y = K12832KT,
K11A1z + eK12A2 + €AT K12 + €AT Kog + Q12 = K12522K2,

€KL A1 + AL K12 + €KoAgy + €AL Ko + Qa2 = K22522(111’§2n)

The zero-order solution K J(_o)’ for j = 1, 2, 3, can be found by setting
¢ = 0 in (13.11), giving

K94y, + ATKD + Q= K95pkT”  (13.12a)

K94, + Qn = K12)522K(°’ (13.12b)

K0 $nKY = Qx (13.120)

In order to be able to solve (13.12) in the spirit of theory of singular
perturbations, we have to impose the following assumptions (the standard
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assumptions in the singular perturbation approach to the cheap control
and high gain feedback optimal linear-quadratic problems).

Assumption 13.2 @, is a positive definite matrix.
A

With @2, being positive definite, a two time-scale decomposition can be
made. This is necessary to assure the existence of the positive define
solution for K 5‘2” (Kokotovic et al., 1986).

Assumption 13.3 K. 5‘2’) is a positive definite matrix.
A

The positive definite solution for K. gg) can be obtained from (13.12c) as

2
S KRS SIRD S = (KDY = s Qusy)
(13.13)
so that

- 1/2
Kgg) = S221/2 (S;Z{zszS;éz) 5221/2 >0 (13.14)
Rearranging (13.12b) produces

-1
K = (Qu + KD An) (52KY) (13.15)
The remaining quadratic equation (13.12a) becomes
Kl(?)All + AﬁKl((l)) +@n

-1 -1 T (13.16)
= (Qn + Kg?)Alz) K,f,;” S{;Kz(,g) (le + Kf?)Alz)

Eliminating Kz(,g) from the last equation by using (13.15), we get the
n-th order algebraic Riccati equation

- - T
K (An - 412Q77Q%) + (4n - 42Q5QT,)" KT
~K{DA1Q7 ALKD + (Qn - @12077Q%) =0
The following assumption guarantees the existence of the positive

semidefinite stabilizing solutions for the algebraic Riccati equation
(13.17).

Assumption 13.4 The triple (Ao, Bo, Qo) is stabilizable-detectable,
where

(13.17)

Ao = Ay - A1Q3lQT,, BoBY = A1Q7 AL
QoQF = Qu - Q12Q57Q%
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The obtained zero-order solution K (%), defined by

o _ [KS ek (3)]

K
eK], €K 3‘2”

(13.18)
in an O (¢€) close to the exact one, K.
Solution of Higher Order of Accuracy:

Define the difference between the exact solution K and the zero-order
solution K(©)

¢E=K - K© (13.19)
where E stands for an error term partitioned consistently as
_ | En €k
E= [eE,T2 ¢Enp (13.20)

Substituting (13.18)-(13.20) into (13.11) yields
(Kl(?) + €E11) An + A% (Kl(?) + GEn) +@n
T
e (KD + eBrp) An + el (K + eBra) (13.21)
T
= (Kl(g) + €E12) S22 (K,‘;” + €E12)
(Kl(?) + €E11) Appte (K,(g) + eEn) Az + Qi+
eAd; (K + eBra) + ealy (KD + o) (13.22)
= (K}‘;’ + €E12) S22 (K§3) + 6E22)
T
€ (ng) + €E12) Az + €AT, (KS) + 6E12) + Q2
te (Kg‘,” +€Ep) An + AL, (KD +Ex) (13.23)
= (K§‘2” + €E22) S22 (Kég) + €E22)
Subtracting (13.12) from (13.21)-(13.23) produces
T
EnAn + AT En + (ng) + €E12) Ay + AL} (Kl(g) + GElz)

T
= E1282 (Kl(‘,’) + €E12) + (Kl(g) + GElz) SpEl, — €E1252E],
(13.24)
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EnAn2 + (Kl(g) + €E12) A2
+A7, (K&” + €E12) + A, (Kg? + eEzz)

= E12522 (KS’ + €E22) + (Kl(g) + €E12) S22E92 — €E1252,F52
(13.25)

T
(Kl(g) + €E12) Az + AL, (Kl(g) + €E12)
+ (KD + eBn) A + AT, (KD + ¢Ez)
= E25% (K§‘2’) + 6E22) + (K;fg’ + CEzz) S22E2; — €E3252:E2;
(13.26)

Equation (13.26) can be expressed with respect to E5, as

Ezzszngg) + Kz(»g)szzEzz = —€E38522E2;
T
+ (Kl(g’ + eEu) Az + A, (Kl“z” + 6E12) (13.27)
+ (Kgg) + szz) Az + AL (Kf,” + €E22)
Since this equation is an O (€) perturbation of the algebraic Lyapunov
equation and since the product S, K. ég) is positive definite (by Assump-

tions 13.1 and 13.3), it follows that the unique solution E,, exists for
sufficiently small values of e.

Equation (13.25) can be directly solved for E;, as

-1
Ei; = F11 A1 (Szszgg))

+ [Ale (K,_Sg) + €E22) - K 85,E, - €E12522E22] (Szng))_l

= (KD + eBr) Az — AT, (KD + cBra)| (5K9)
(13.28)

Equation (13.24) exhibits terms in Ey2 which are not multiplied by
€. Substituting (13.28) for these terms in (13.24) and doing some algebra
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we get

-1 T -l T T
Ey, (Au - Aan(»g) K}g) ) + (An - A12K§3’ KI(S’ ) En
= eEuSggEsz + H (K(o) Kég) E]g, Egg'f)

+HT (ng) K( ) E12;E22:€)
(13.29)
where

H (KI(O) K;g), El27 E22: 6) = [(K](g) + €E12) A22
+4% (K + ¢Bn) + A% (K + ¢En) - eE1aSnEn
-1 T
—ng)szzEzz]Kgg) K,“z” - (ng) + €E12) Ajg

In order to get the unique solution for Ey; from the algebraic Lyapunov
equation (13.29), it is required that the matrix A4, — A12K§g) K{g) is
stable. The stability of this matrix follows from Assumptions 13.1-13.4.
This can be observed as follows. In the first-order approximation the
stabilizing feedback control is given by

(0) ©17 1,0
=-S5 e K] 2]
Ky  eKp'lle; (13.30)
R e
so that the approximate trajectories are given by
()_A x()+A1x()
(13.31)

:i?go) = Aglzgo) + Aggitg ) - '6-5221(8) ng) - S ’(0) (0)

This system has the singularly perturbed form. The fast variable x(o)
represented by

e = eAnz® + €Ay - Sp KD 20 - 5, K90 (1332)
has the quasi-steady state value xgo) obtained from

0= —SzzKl(g) 271 Szin(o) () (13.33)
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Solving this equation with respect to zgo) preduces

-1 T -1
A9 = - (52K ) " 5kl = kYK (1330

Substituting (13.34) into the differential equation describing the motion
of the slow variable, we get

) = (An - AlzKég)-lKl(g)T) 2 = 4,2" (13.35)

Since in the previous analysis we have been neglecting only O (¢)
quantities and by the fact that the optimal control stabilizes the system,
it follows that the matrix A, is stable.

The structures of equations (13.27)-(13.29) suggest the following
parallel, synchronous, reduced-order algorithm (in the spirit of those
developed in Gajic et al., 1990) for finding the solution of the error
terms.

Algorithm 13.1:
EG A, 4 ATEE) = _gW g, EO"
+ (K12, 42 B, B, ) + 17 (19 K, B, 5GP,

(13.36)
B 5K + K5l
= K i ALK + K§ A+ ALK - eED5nED
B = [EGH Ans + K A + AT K + AL KS)
x ($2K() T K©85,EED (5221(5‘2’))'l (13.38)
—€E{) SnEG (5221{3)) B
with initial conditions chosen as Eﬁ)) = 0; Ef‘;) = 0; Egg) =0.
The i-th order solution K (®) of the Riccati equation (13.5) is deﬁneAd
” E® = KO 4 ¢ (13.39)
with ; ;
E6 = [eng;‘) Eﬁiﬁ] (13.40)

consistently to the previous partitioning of K and K(®).
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The following theorem indicates features of the proposed algorithm
(13.36)-(13.40).
Theorem 13.1 Under Assumptions 13.1-13.4, the algorithm (13.36)-
(13.40) converges to the required solution E with the rate of convergence
of O (¢), that is,

| E® = ECH) ||1= O (¢) (13.41)

or
| E-E®|=0 (), i=1,2,... (13.42)
[od

Proof: In the first step of this proof, we have to establish the existence of
the bounded unique solution of the error equations (13.24)-(13.26). By
the implicit function theorem, (Khalil, 1992), the corresponding Jacobian
has to be nonsingular at ¢ = 0. It can be shown that the Jacobian of
(13.24)-(13.26) is given by

rn 0 0
J= I‘21 1‘22 r23 + 0(6) (13.43)
0 0 Ta
with
Ti=ATQ®I, +1I, ® AT
Tpp = (SnK( )) ® I, + In, ® (SnK(O)) (13.44)
[a3 =Ty

where ® stands for the Kronecker product. For the Jacobian to be
nonsingular T';;, ¢ = 1,2, 3, have to be nonsingular. It follows from the
properties of the Kronecker product (Lancaster and Tismenetsky, 1985)
and Assumptions 13.1, 13.3, and 13.4, that matrices I';; and TI'y; are
respectively negative and positive definite, and thus are nonsingular.

In the second step, we have to prove convergence and give an
estimate of the rate of convergence. Equations (13.24)-(13.26) have the
following forms

E11A11+A¥',Eu = EnSngl( (0)522E12+const+0 (e) (13.45)

T
EnA - E12522K§g) — K85y = const + 0(¢)  (13.46)

373



CHEAP CONTROL AND HIGH GAIN

EngzzK( 3 Kgg)SnEzz = const + O (6) (13.47)

or, after some algebra, (eliminate F,, from (13.45) by using (13.46);
then, eliminate F,, from modified equation (13.45) by using (13.47)),
we get

EuA, + AZ‘EH = const + (0] (6)
ExnA; + A?Ezz = const + O (¢) (13.48)
Eyz = (EuAn — K 82; g5 + const + 0 (f)) A7?

where A; = S K\, The algorithm (13.36)-(13.38) basically has the
form
EE A, + ATESH) = const + 0 (¢)
ES A, + ATEGH) = const + 0 (¢)
EGY = (EG 41, - Kl“;)s EGH) + const + 0 (e)) 47

1=0,1,2,...
(13.49)
By nonsingularity of A, and Ay, it follows that
|ES™ - EQ| =09, j=1.2 (13.50)
which together with (13.49) implies
|5 - EQ| = 0(9) (13.51)

The order of O (¢') accuracy is proved by induction.

Clearly O (€') approximation of E will produce O (¢*+!) approxi-
mation of the sought solution K, that is,

K - K0) = 0 (647) (13.52)

where : is the number of iteration.
The near-optimal control law is now given by
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u (1) = —%R"‘ [0 BT1KWz0) (1) = —FOz0)(¢)  (13.53)
where the approximate state trajectories satisfy

@ (1) = Az®) () + Bul) (1) (13.54)

with K() obtained from (13.39).
The approximate performance criterion is obtained from

JO) = try () (13.55)
where V() satisfies
N\T , . . , .
(4- BFO) vO1v® (4~ BFO)+Q+FY"RFO) = 0 (13.56)

This algebraic Lyapunov equation is ill-defined due to presence of O (1)
term in F(), However, introducing a proper scaling for V() as

, (%) (¥)
Ve = [ an_)r fVl(z;.)] 13.57)
Vi €V

and partitioning the algebraic Lyapunov equation (13.56) according to
(13.6), (13.10), (13.53), and (13.57) produces a well-defined system of
reduced-order Lyapunov or Lyapunov-like algebraic equations, where
k9D K9 and K{) play the role of system coefficients. Perturbing
these coefficients by an O (¢') produces the same perturbation in the
required solutions for Vl(l' ), Vl(z'), and VZ,(;) Thus, we can conclude that

Jopt = J9 = 0 (€) (13.58)

It is left as an exercise to the reader to derive the reduced-order parallel
algorithm for solving the algebraic Lyapunov equation (13.56).
Exercise 13.1: Find the zeroth-order approximation of the algebraic
Lyapunov equation (13.56) in terms of completely decomposed reduced-
order Lyapunov or Lyapunov-like algebraic equations. Then, develop
a parallel reduced-order algorithm for solving (13.56) with an arbitrary
order of accuracy.

A

Example 13.1

The algorithm developed in the proceeding section is applied to the
following system, where matrices are chosen arbitrarily so as to satisfy
the required assumptions.
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-2 0 0 1 00
11 -2 1 o0 _lo o
A= 1 92| B=2 1

1 0 0 -3 1 2

1000
o100 3
Q‘ooes k=1

00 5 6

For different values of ¢, the exact rate of convergence varies.
Results of computations are shown in Table 13.1, where the number of
iterations needed to achieve convergence accurate to five decimal places
is summarized for ¢ = 0.01, 0.1, 0.2, 0.5.

Table 13.2 contains results of computations for ¢ = 0.1. The zero-
order solution, K© is given in the first column. Also shown is the
computed solution after n = 9 iterations, K (®), which is equal to the
exact solution K with an accuracy of five decimal places. The difference
between the exact solution K and the n-th order solution K(®) is also
given in Table 13.2 for various n, simplified to 2 decimal places, in order
to illustrate convergence of the algorithm.

Several points are supported by this example. The zero-order solu-
tion K(©) is within O (¢) of the exact solution K. The k-th order solution
K converges to the exact solution with a rate approximated by O (e" ) .

number of
€ required
iterations
0.01 3
0.1 9
0.2 >10
0.5 divergent

Table 13.1: Convergence as a function of ¢

Research Problem 13.1: Study the continuous-time optimal cheap con-
trol (or high gain feedback problem) on a finite time interval. Obtain
the required solution in terms of the reduced-order differential Riccati

equations.
A

376



CHEAP CONTROL AND HIGH GAIN

ij Ky KQ=kK; | kP -Ky; | K - Ky

LI 027551x10° | 027982 x10° {-0.96x 10-3 | 0.14 x 10-°
12 | 064761 x 10-! | 0.62674 x 10° | 0.34 x 10~3 | -0.56 x 10~©
13 | -0.88276 x 10-2 | -0.91763 x 10-2 | -0.46 x 10~3 | 0.56 x 10~
14| 012248 x 107! | 0.13235x 10-* | 0.52 x 10~3 | -0.65 x 10~°
22| 024486 x 10° | 024624 x 10° | -0.55x 105 | 0.15 x 10~¢
23| 0.10561 x 10-* | 0.87739 x 10~ | 0.46 x 10~* | -0.97 x 10~7
24| -0.74489 x 10-2 | -0.54706 x 10-2 | -0.38 x 10-* | 0.11 x 10~°
33| 010528 x 10° | 0.94130 x 10~ | -0.39 x 10-* | 0.12 x 10~°
34| 052771 x 10-? | 0.16722 x 10-! | 0.12 x 10-3 | -0.16 x 10~
44| 010528 x 10° | 091449 x 10! | -0.21 x 10-3 | 0.20 x 10~°

Table 13.2: Computed solution of the Riccati equation

Research Problem 13.2: Extend the methodology presented in this chap-
ter to the discrete-time domain and study corresponding cheap control and
high gain feedback problems. Consider both the finite time optimal con-
trol problem and its steady state behavior.

A

13.2 Case Study: Large Space Structure

The algorithm developed in the proceeding section is applied to the
numerical example given in (Moerder and Calise, 1985b), where the
problem of controlling a large space structure is addressed. This control
system has the structure of the high gain feedback problems.
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The original problem matrices given in Appendix 13.1 are first
transformed into the form given by (13.7), yielding

An=0, Ap=

OO O =
oo -=O
O~ OO
OO OO

Ay =0

o
o
|
>
N
—
oo o

-920 -140 0.92 -1.40
065 160 065 -—1.60
140 -1.00 1.40 1.00
205 -0.80 -2.00 -0.80

B, =

21.06 0 0 -6.12
| o 238 -590 o0 _ ~
Q22 - 0 -5.90 38.74 0 H Q12 - 04)(47 R = I4

-6.12 0 0 38.74

In addition, to satisfy Assumption 13.4, @;, is explicitly chosen as
an identity matrix. Table 13.3 contains the results of the computation for
¢ = 0.2. Some components of the zero-order solution K(%) are given in
the first column of the table. Also shown is the computed solution after
n = 6 iterations, K'(®), which is equal to the exact solution K with an
accuracy of five decimal places.

As in the previous example, the zero-order solution K(©) is within
O (€) of the exact solution K. Also, the k-th order solution K (¥)
converges to the exact solution with a rate approximated by O (e).
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LIl 0.11x 10?2 0.32 x 10~ 043 x 1078 0.45740 x 10!

" L2| -0.10x10-* | -0.23 x 10~-¢ 025 x 10-7 -0.24621 x 10~*

|| 13 0.12x1073 0.17 x 10~5 0.30 x 10-7 0.10077 x 10-3

“ 14| -0.12x10"! | -028x10"* | -0.52x 107 -0.57794 x 10°

I L5] ©039x10°5 | -0.17x10-7 | -0.34 x 10-1° || 0.84580 x 10~}

16] 0.54 x10-6 0.25x 10~ | 023 x 10~!! || -0.54389 x 10~

L7l 025x 105 0.28 x 10~7 0.16 x 10~° -0.93145 x 10~*

18| -0.12x 1073 | 029 x10"¢ | -0.55x 10~° 0.74500 x 102
== — i  — — ————— —— —— —— —— —— —— ——— ———— —————

Table 13.3 Solution of the algebraic Riccati equation

13.3 Decomposition of the Open-Loop Cheap Control
Problem

In this section, the singular perturbation approach is used to obtain an
alternate and more efficient method of solving the two-point boundary
value problem for the optimal open-loop cheap control. The original two-
point boundary value problem is transformed into completely decoupled
initial value problems. The solution obtained in this manner clearly
exhibits both the singular arc and the fast transients, separately.

Consider the cheap control problem defined by

E1(t)| _ |An Anz| [z (¢ _
[i‘z (t)] - [A21 Azz] [1‘2 (tg] [ ] u(®), so=2(l)
(13.59)
where z; (1) € R", z2(t) € R™, u(t) € R™, and By; is a nonsingular
m X m matrix. The performance criterion of the cheap control problem
is defined as
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J= -zT (T) Fz(T) + = / (27 (£) @z (1) + €T (¢) Ru (t)] dt

(13.60)
with positive definite R and positive semidefinite @ and F'. It is obvious
that for ¢ = 0, the optimal control problem (13.59)-(13.60) is singular.

The open-loop optimal cheap control problem has the solution given
by

u(t) = --:;R-IBTp(t) (13.61)

where p(t) € R™*™ is a costate variable satisfying (Jameson and
O’Malley, 1975)

s _| 4 (t)]
[p(t)] - 1% —AT] 0 (1362
The boundary conditions are expressed in the standard form as
(to)] [z(T) _
M [p(to) +N p(T)] = c (13.63)
where
M= [é g] N= [_OF (,)-] ¢= [””%0)] (13.64)
for the free endpoint problem; and
_|f o _]0 o _ |z (t)
M= [0 0], N-[I 0]’ c= z(,_,?)] (13.65)

for the fixed endpoint problem.
Matrices A, @, B, S, and F, and vectors z and p, respectively,
have the forms
“[5.]
B;

An Alz] [Qn Qn]
A= .
[A2l Az |’ Q= Q22
_ 1o apr_ |0 R eF
S=gBR™B = [0 1ByR- 1322] F= [eFT eF
T (t)] _ [ 240 ]
t) = . t)=
s0=[20]. =20

The main purpose of this section is to obtain the solution of the
open-loop cheap control problem by singular perturbation approach, so
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that the solution can clearly exhibit both the singular arc and the fast
transients away from it.

If we partition p(t) = [pf (t) epd (t)]T with p; (1) € R" and
p2(t) € R™, and interchange the second and third rows in (13.62) we
will get

) [0
) (2 1 (2
Z0= 15 2|50 (1360
b2 (1) n ()

-Qn -An -Gz —GA%}
(13.67)
A 0 . €A —By,R-1BT,
T.= | €43 ] T, = 22 22 22]
3 -Qf, -4%)’ 4 -Q22 —€AD

Note that equation (13.66) has the singular perturbation form and the
matrix T, is the Hamiltonian matrix of the fast’ subsystem.

In the sequel, we use the following transformation (Chang, 1972)
defined by

_|Ion—€HL -—-€H -1 _ | I2n cH
T, = [ L L | T = —L I, —eLH (13.68)
where L and H satisfy
T4L - T3 —¢L (T1 - T2L) =0 (1369)
-H (T4 + CLTQ) + T2 + E(Tl - TgL) H=0 (1370)

Equations (13.69) and (13.70) have unique solutions under condition
that T, is nonsingular at ¢ = 0. These equations can be solved by
using the recursive algorithm developed in Chapter 3. The transformation
(13.68) is then applied to (13.66) to produce two completely decoupled
subsystems
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[ 61] = (T, - T,L) [2’:] (13.71)
€ [g:] = (Ty + €LTy) ['E’:} (13.72)
where
h T
f)lz =T, 5; (13.73)
& P2

The boundary conditions are changed by interchanging p, and z,.
The modified matrices in (13.63) are

.’clgto; zlng
t T
My | PO LNy (P = 13.74
N EA ) + M z2(T) “ ( )
p2 (o) p2(T)
where
I, 0 0 O 0 0 0 0
-F I, —eF
M= | g 31‘,13 L B S
0 0 0 O -FL 0 -Fp I,
Zy (to)
o = 0
1= Zz(to)
0
(13.75)
for the free ending problem; and
I, 0 0 O 0 0 0 O
w= |80 9 8l malh o b
0 0 0 0 0 0 I, O
13.76
o = | 51(T)
17 | 22 (t)
z2(T)

for the fixed ending problem.
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The nonsingular transformation (13.68) applied to (13.74) produces

M (%o) m (T)
oo |80 <o oo
& (to) &(T)
where
My = MiT{}, N;=NT{! (13.78)

Since solutions of (13.71) and (13.72) are given by

m®)] _ (Tl-TaL)(-o)[Th(to)]
a (t)] =e tote) |0 (13.79)
m()] _ ATrdD)i-t0) [Th(to)]
&(t)] = A (TetelTs)(t-t i (13.80)

we can eliminate 7, (T'), & (T'), 2 (T), and &; (T') from (13.77), which
yields

m (to)
e(Tx—TgL)(T—io) 0 E] tO
Mz + N, 0 A (TteLT)(T—to) ™ %tog =0
t
£ 341
Equation (13.81) can be represented in the form
M (%o)
B (€) 5;;83 = ¢ (13.82)
€2 (to)

It has been shown in Lemma 6.1 that the matrix 3 (¢) is invertible,
hence equation (13.82) can be solved to obtain 7; (¢o), &1 (to), 72 (%o),
and 62 (to).

Equation (13.79) gives the solution of singular arc 7, (t), and equa-
tion (13.80) gives the solution of fast transient 7 (¢) of the cheap control
problem.

After getting the solutions of (13.79) and (13.80), using (13.73), we
obtain values for z; (¢), z2(t), p1(t), and p; (t). The costate variable
p(t) and the optimal control law wu (t) are therefore found.
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13.4 Numerical Example

In order to illustrate the proposed method, we consider the following
system which is in the form of (13.59)

-2 0 0 1 00
|1 -2 1 o 0 0
=19 o -1 2|*®O+|; ¢|*®

1 0 0 -3 01

with the initial condition

T (t)=[2 2 2 2]

and ¢ = 0.1
For the free endpoint problem we take the weighting matrices as
10 0 O 1 000
_101 0 o _10 100 _|1 0
F‘ooo.lo’Q‘0010’R‘[01]
0 0 0 01 0 001

For the fixed endpoint problem we use the following matrices
Q=I, R=IL zT(T)=[1 11 1]

Simulation results are obtained by using the software package MAT-
LAB (Hill, 1988). The time interval is specified by to = 0 and T = 1.

Figures 13.1-13.4 (free endpoint) and 13.5-13.8 (fixed endpoint)
give the comparison of the optimal state variables of the original sys-
tem (13.59) with the optimal state variables of the transformed system
(13.71)-(13.72). From these figures, it is clear that the singular arcs and
fast transients of the cheap control problem are completely separated.
The following notation has been used in Figures 13.1-13.8: z,(t) =
[211 () @12 (D)7, 22 (1) = 221 (¥) 222 ()] 1 (1) = [0 (8) 2 ()]
and 7 (t) = [1921 (t) 722 ()]7, where the variables z (t) are represented
by the solid lines, and the variables 7 (t) are represented by the dashed
lines.
Research Problem 13.3: Study the discrete-time version of the optimal-
cheap control open-loop problem. Consider both the finite time and the

steady state solutions.
A
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Figure 13.1: Free endpoint problem z,; (), 7 (t)
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Figure 13.2: Free endpoint problem zy5(t), ma2 ()
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Figure 13.3: Free endpoint problem z,, (t), 72 (t)
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Figure 13.4: Free endpoint problem z,; (¢), 722 (1)
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Figure 13.5: Fixed endpoint problem z,, (t), m; (t)
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Figure 13.6: Fixed endpoint problem z;, (t), m2 ()
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Figure 13.8: Fixed endpoint problem z; (), 722 ()
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13.5 Exact Decomposition of the Algebraic Riccati
Equation for Cheap Control Problem

In this section, we study the linear-quadratic regulator problem of cheap
control problem by using the approach given in Chapter 7. The ill-defined
algebraic Riccati equation of cheap control problem is completely and
exactly decomposed into two reduced-order nonsymmetric well-defined
algebraic Riccati equations, and the optimal solution of the Riccati
equation is obtained in terms of the reduced-order problems.

In equation (13.5), we have obtained the form of the algebraic Riccati
equation for the cheap control and high gain feedback problems

PA+ATP+Q = 6—12PBR“BTP
The state and costate variables are related by p = Pz. Partitioning

psuch that p = [pT €pT |7 with p; € R", p, € R™ and interchanging
second and third rows in (13.62), we can get (13.66), that is

5'51 T1
| _|Th 2| |;m
€t 2 T3 T4 T2
€p2 p2

where T!s are defined in (13.67).

The transformation (13.68) applied to (13.66) produces two com-
pletely decoupled subsystems (13.71)-(13.72)

[4]=@-mog]

|- M
6[62] (T4 + €LT3) [&]
where the corresponding transformation is defined by (13.73), with

Th T
G| = T, h
Up] T2
&2 P2

In order to find the optimal solution of the cheap control problem
in terms of the reduced-order subsystems, we have to find the relations
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between full-order Riccati equation (13.5) and the decomposed reduced-
order Riccati equations corresponding to subsystems (13.71) and (13.72).

The rearrangement and modification of variables in (13.66) is done
by using the permutation matrix E; of the form

1 In 0 0 0 Z1

| _ 0 0 I,, 0 ) _ z

z,| |0 I, 0 O m| E [p] (13.83)
D2 0 0 0 L: €p2

Combining equations (13.73) and (13.83), we obtain the relationship
between the original coordinates and the new ones

Th

| - EFT,E [”] -1 [”] = [H‘ H*] [‘”] 13.84
& 271 0 p p II; HO4) [p (13.34)
§2
where F; is a permutation matrix in the form
I, 0 0 0
10 0 I, ©
E; = 0 I, 0 0 (13.85)
6 0 0 I,

Since p = Pz, where P satisfies the algebraic Riccati equation
(13.5), it follows that

[Z;] = (I; + I, P) =, [ 6:] = (I3 4+ II,P)z (13.86)

In the original coordinates, the required optimal solution has a
closed-loop nature. We have the same attribute for the new systems
(13.71) and (13.72); that is

Ll _(PA 0| |m
62] = [ g Pz] [Th] (13.87)
Then, (13.71) and (13.72) yield
[1;1 }‘,’2] = (I3 + I, P) (II; + I, P)™ (13.88)
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Following the same logic, we can find P reversely by introducing

-1 _o_ | Q2
with
I, 0 O 0
2 o o 5 o
E'=|0 o0 (13.90)
0 0 0 eI,

which yields to

-1
P= (93+94 [’;‘ }‘,’2]) (91 +Q [’;‘ },92]) (1391)

It is shown in Appendix 7.1 that the required matrices in (13.88) and
(13.91) are invertible for sufficiently small values of .

Partitioning (13.71) and (13.72) as
ml_|a af|m|_ _ m
fx]_[as a4] [fl]‘(TI TzL)[E,] (13.92)

b= [ vl (2] -mean ]z
‘[fz]'[ba ol e _(1‘4+e1,'.r2)[62 (13.93)

and using (13.87) yield to two reduced-order nonsymmetric algebraic
Riccati equations

0= P]G] - a4P1 - a3+ P]GQP] (1394)
0 = Pyby = by Py — b3 + Pobo Py (13.95)
where
[al az] _ A - Anl, —-Ay2lL; ]
az a4 —Qu + Qu2ly + €AT Ly AT, + Qi2Ly + €Al Ly
by b2 _
bs bs|
[ €Ags + €(L1A12 — L2Q12) —BnR'BI, - €2L2Ag'1]
—Q22 + €(L3A12 — Ls@Q12) —€AL — 2L AL

(13.96)
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_ Ll L2 e A Hl -H2
L—[Ls L4]’ H—[.H3 H.,] (13.97)

with

The reduced-order algebraic Riccati equation (13.94) is nonsymmet-
ric and it is given by

T
P, (A1 — AaLy) + (AT, — Qu2Ly — eAL Ly)" Py (13.98)
+(Qu1 — @Qi2Ly — €AT L3) — PyAj2 Lo Py =0
The reduced-order algebraic Riccati equation (13.95) is also non-
symmetric

€Py (Agz + L1 Arz — L2Q12) + € (AL, + eL4AL) P

+[Q22 — €(L3A12 — LaQ12)] — P2 (B2 R™'BL, + €2 L,A%)) 1221;93)
but its O (€) approximation is a symmetric one, that is

P;ByR'BLP, — Q2 = 0 (13.100)

Under Assumptions 13.1 and 13.2, the unique positive definite solution
of equation (13.100) is given by

I X

i/ 2 1\ 3
P = 5 (55QuS) S5 (13.101)

where
522 = ngR-l Bg‘z

It is left as an exercise to the reader to show that an O (¢) of (13.98)
can be obtained by solving the following Riccati equation

_ - T
Pr (An - AQz Q) + (An - 42Q3Q12) B 15100y
—PlAle;zlAg‘zP] + (Qll - Q12Q2-21Q:1r2) =0

Exercise 13.1: Show that an O (¢) approximation of the nonsymmetric
Riccati equation (19.98) is given by (13.102). Hint: (Kokotovic et al.,
1986 — section on the cheap control problem).
A
The unique positive semidefinite stabilizing solution of the algebraic
Riccati equation (13.102) exists under the following assumption (Koko-
tovic et al., 1986).

392



CHEAP CONTROL AND HIGH GAIN

Assumption 13.5 The pair (A, B) is stabilizable and the pair (C, A;;)
is detectable, where
CTC = Qu - Q12Q7 Q%
A
Using the facts that the unique equations (13.101) and (13.102) exist,
and that these equations are obtained by perturbing the original equations
(13.98)-(13.99) by an O (¢), the existence of the unique solutions of
(13.98) and (13.99) is guaranteed by the following lemma.
Lemma 13.1 Under Assumptions 13.1, 13.2, and 13.5 3¢o > 0 such that

Ve < €o unique solutions of (13.98) and (13.99) exist.
o

Proof: It follows by the direct application of the implicit function theo-
rem (Ortega and Rheinboldt, 1970) and by the facts that the corresponding
Jacobians of (13.98)-(13.99) are nonsingular at € = 0.

°

Solutions of equations (13.100) and (13.102) represent very good
choices of the initial conditions for the Newton method to be used for
solving the original equations (13.98) and (13.99).

It can be shown, like in Chapter 7, that the Newton algorithm in
this case is given by

P+ (a1 +ay P.f)) _ (a4 _ P,(‘)az) PED) = gy 4 POg, PO
PO=p, i=01,2,..

(13.103)
; 1 (e el ) ot
PV = 53t (shm0sh)’ s, (13.104)
PO = p,

where . ) ) ) )
M® = PP — b, P — ) — PP [,AT, P

Note that equation (13.94) is a nonsymmetric algebraic equation, so
that we need to solve n2 equations in (13.103) in order to get the solution
P,. Iterating (13.104) is producing the solution for P,. Then, the global
solution P is obtained from (13.91).

Using solutions of both Riccati equations (13.98) and (13.99), and
formulas (13.87), (13.92), and (13.93), we can get completely decoupled
slow and fast subsystems in the new coordinates as

h = (a1 4+ aP)m (13.105)
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Gﬁz = (b1 + bng) M2 (13106)

The interpretation of the result presented by (13.105) and (13.106) is
that the optimal processing (control and/or filtering) might be completely
performed at the subsystem levels. In addition, considerable reduction
in computational requirements is achieved, since we only need to solve
the reduced-order equations independently.

13.6 Numerical Example

In order to illustrate the proposed method, we consider a system in the
form of (13.59)

-2 0 0 1 00
s = 1 -2 1 0 s+ 0 0 u
“10 0 -1 2 21
1 0 0 -3 1 2
The weighting matrices are
1000
_10 1.0 0 _

Q=10 0 6 5|’ B=P

0 0 5 6

and ¢ = 0.1.

The solution of (13.83) is obtained by using the MATLAB function
Iqr (Hill, 1988)

0.2798  0.0627 -—0.0092 0.0132
P _ | 0.0627 0.2462  0.0088 —0.0055
ezact = | —0.0092 0.0088  0.0941  0.0167
0.0132 -0.0055 0.0167 0.0914

Solutions of lower order Riccati equations P, and P,, and the
solution for P obtained from equation (13.97) are given in Table 13.4.
P(7) iS idenﬁcal tO Peg;act.
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5) ) ;
P! P 0
-0.0881 0.1028 0.0088 -0.0076
-0.0899 0.1041 1.0528 0.0528 0.1183 -0.0741 -0.0114 0.0117
0.1208 -0.0760 0.0528 1.0528 0.0098 -0.0105 0.1041 0.0065
-0.0084 0.0107 0.0065 0.1042
-0.0860 0.1015 0.0168 -0.0155
0.2938 0.0518 0.8759 0.2381 0.1162 -0.0728 -0.0195 0.0194
0.0488 0.2630 0.2375 0.8372 0.0175 -0.0169 0.1027 0.0078
-0.0160 0.0167 0.0078 0.1028
0.2798 0.0627 -0.0090 0.0131
0.2780 0.0646 0.9337 0.1742 0.0627 0.2462 0.0086 -0.0053
0.0638 0.2449 0.1740 0.9076 -0.0090 0.0086 0.0932 0.0178
0.0131 -0.0053 0.0178 0.0903
0.2798 0.0627 -0.0092 0.0132
0.2780 0.0646 0.9298 0.1786 0.0627 0.2462 0.0088 -0.0055
0.0638 0.2449 0.1783 0.9028 -0.0092 0.0088 0.0941 0.0167

0.0132 -0.0055 0.0167 0.0914

P = Pl(7)

P;Pf = Py)

Port = P(7)
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Appendix 13.1

In (Moerder and Calise, 1985b) the control problem of damping the
vibratory modes of a large space platform is addressed. Data used are
taken from (Sesak et al., 1979), where the various model characteristics
are defined.

The platform in question is controlled by a pair of actuator-sensors
which control mechanical pitch and roll. The structure is modeled by
its normal (four-mode) modal coordinates, so that the system matrix is
block diagonal, with diagonal blocks given by

0 1
4= s 1)

where w; represents the j-th modal frequency in rad/sec. With data
for various modal frequences given in (Sesak et al., 1979), the system
matrix is given by

0o 1 0 0
| -(0.42? o 0 0
=1t Yo7 g o 1| A=0
0 0 -(042)% 0
0 1 0 0
_|-@1? o 0 0 _
A=t Y07 g g 1| 4s=0
0 0 -(22% 0

The input and output matrices are given by
a .
Bim = ﬂ: Comk = Tim
Hj

where y and o represent the modal mass and slope, respectively. The
input and output matrices are given by

0 0 0 0
-092 -14 092 -14
0 0 0 0
065 16 065 -1.6

Bl=
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0 0 0 0
14 -1 14 1

B:=1"% 0 0 o
205 -0.80 -2 -0.8
and
[0 -18 0 1.3 ]
Cy = 0 =27 0 3.2
0 18 0 13
[0 =27 0 -3.2.
0 29 0 4.1
C, = 0 -21 0 -1.6
0 29 0 -41
0 21 0 -1.6.
The permutation matrix used to transform the system in the desired form
s 1 0 0 0 0 0 0 07
0 01000UO0TO
0 0001000
P= 000 0O0O0TI1TO
01000000
0 00 100O0TUO
0 00 0O0T1O0°TO
(0 0 0 0 0 0 0 1.

The matrices used in Section 13.2 are then derived according to

A=PAP™', B=PB
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Chapter 14

Optimal Control of Singularly Perturbed
and Weakly Coupled Bilinear Systems

14.1 Introduction

The theory of singular perturbations has been a highly recognized and
rapidly developing area of control systems research in the last twenty
five years (Kokotovic et al., 1986; Kokotovic and Khalil, 1986; Gajic et
al., 1990). Almost all important control aspects for linear systems have
been studied so far and valuable and practically implementable results
have been obtained. The extension of these results to the nonlinear
systems happened to be a very difficult task. Only under very restrictive
conditions and for very limited classes of nonlinear systems some results
were obtained (Saberi and Khalil, 1984, 1985; O’Malley, 1974a, 1974b;
Chow and Kokotovic, 1978a, 1978b, 1981; Suzuki, 1981).

In between of linear and nonlinear systems lies a very large class
of so-called bilinear systems (Mohler, 1991). The importance of bilinear
systems has been recognized at least since the work of Wiener (Wiener,
1948), who believes that they are in the essence of understanding the
behavior of neural and biological computing networks. They represent
an enormous number of the real world phenomena (Mohler, 1970, 1973,
1991; Mohler and Kolodziej, 1980). This class of “nearly linear” systems
has not been studied so far in the context of singular perturbations, except
for a few minor attempts (Guillen and Armada, 1980; Tzafestas and
Anagnostou, 1984a; Asamoah and Jamshidi, 1987).

Many real physical systems possess the structure of the singularly
perturbed bilinear control systems such as: neutron level control problem
in a fission reactor (Mohler, 1973), dc-motor (Bruni et al., 1974), induc-
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tion motor drives (Figalli et al., 1984), regulation of carbon-dioxide in
the respiratory system (Mohler, 1970), mechanical brake system (Mohler,
1970), and distillation columns (Espana and Landau, 1978).

The purpose of this chapter is to study the optimal control problem of
singularly perturbed and weakly coupled bilinear systems with a quadratic
performance criterion. We study both the open-loop and closed-loop
optimal control problems.

In the first part of this chapter, we study the optimal open-loop con-
trol problem of singularly perturbed bilinear systems with a quadratic
performance criterion. The obtained results utilize the recursive scheme
for the optimal control of a general bilinear system with a quadratic per-
formance criterion (Hofer and Tibken, 1988) and the time varying ver-
sion of the reduced-order method with an arbitrary degree of accuracy for
solving the linear-quadratic optimal open-loop singularly perturbed con-
trol problem (Su et al., 1992a). This problem is solved as a sequence of
linear two-point boundary value singularly perturbed problems. At each
iteration step the ill-conditioned linear time varying two-point boundary
value problem is transformed in the pure-slow and pure-fast completely
decoupled initial value problems. By doing this, the stiffness of the sin-
gularly perturbed two-point boundary value problem is converted in the
problem of an ill-defined linear system of algebraic equations. Howeyver,
the latter problem is much easier to handle. The size of required com-
putations is reduced since the introduced transformation allows parallel
processing of information.

In Section 14.3, we utilize the idea of the composite control law
for singularly perturbed systems (Saberi and Khalil, 1985; Suzuki, 1981,
Chow and Kokotovic, 1976), and the recursive scheme for the optimal
control of a general bilinear system with a quadratic performance cri-
terion (Cebuhar and Constanza, 1984). The obtained composite control
law for singularly perturbed bilinear systems is represented by a linear
combination of the slow and fast variables. The matrix coefficients for
this linear combination are obtained from the recursive scheme applied
to the two reduced-order independent time varying linear-quadratic con-
trol problems. The composite control law is O (¢) close to the optimal
one, which implies the O (¢) closeness of the near-optimal trajectories
to the optimal ones, and the O (€) approximation for the performance
criterion. A real world numerical example, an induction motor drives,
is used to demonstrate the efficiency of the obtained composite control.
In addition, an algorithm for achieving higher order approximations is
proposed in the spirit of the recursive methods for singularly perturbed
control systems presented in (Gajic et al., 1990).

400



BILINEAR SYSTEMS

In the last part of this chapter, the weakly coupled bilinear control
systems are considered. This class of systems has been studied so far only
in the paper (Tzafestas and Anagnostou, 1984b), where the stabilization
problem has been considered. Corresponding results given in terms of
the reduced-order problems (similarly to the singularly perturbed bilinear
systems) are obtained for both the optimal open-loop and closed-loop
control of weakly coupled bilinear systems.

14.2 Open-Loop Optimal Control of Singularly
Perturbed Bilinear Systems

Consider the optimal control problem of a bilinear system represented by
t=Az+Bu+{zN}u, =z(0)==z (14.1)
with a performance criterion

ty

J= % / (zTQz + uT Ru) dt (14.2)

to

where ¢ € R" are state variables, u € ®™ is a control input, A, B, N. Q,
and R are constant matrices of appropriate dimensions, with R = RT >
0, and Q = QT > 0. The notation used for the bilinear term in (14.1)
means

{zN} =) <;N;, N; € grxm (14.3)
i=1

From the Hamiltonian of (14.1)-(14.2) given by

H(z,u,p) = = (z7Qz + wTRu) 4 pT (Az + Bu+ {zN}u) (14.4)

N | =

we get the expression for the open-loop optimal control as
uw=-R1'(B+{zN) p(t) (14.5)

where p(t) € R" stands for the costate variables. The costate variable
can be obtained from the following system of equations (Hofer and
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Tibken, 1988)

&= [Ad]; = [(B+ {&N) R (B+{=N)Tp| ,  wito) = 2,
pi = —[Qz]; - [ATP],'
+ 367 [NiB (B + (=N))T + (B + {=N})) R'NF]
pi(ts) = [Fz (t));
(14.6)

where [...], ¢ = 1, ... , n, is the i-th component of the corresponding
vector. This two-point boundary value problem of the coupled nonlinear
differential equations is not easy solvable. It is shown in (Hofer and
Tibken, 1988) that the system (14.6) can be rewritten in the compact form
of the state-costate equations resembling to those of a linear-quadratic
optimal control problem

&= Az - ER'IBTP, z (to) = 2°,

p =Gz - ATp, p(ty) = Fz(ty)
where A, Q, BR-'BT are time varying matrices. Note that these
matrices are functions of z(¢) and p(t) so that the right-hand side

of (14.7) is nonlinear. The following linear two-point boundary value
scheme has been proposed for solving (14.7), (Hofer and Tibken, 1988)

14.7)

3+1) = F)5(e+1) _ GO g-1 FOIT plk+1)

14.8
plE+1) = _Q(k)z(kﬂ) - AT plk+1) (14.8)
with boundary conditions expressed in the standard form as
z(k+1) (20) ] [3(k+l) (ts)
=c 149
[P("“) (to) ] plk+1) () (149)

where

_[ro _[o o _[a°
U-[o 0], V_._F I}, c-[o] (14.10)

The time varying matrices are given by

~

AP = 4y~ 5 [(WR BT+ BEONT) g0 @), ij=1,an

8
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~ 1 . -
A = Qi = 5pW T (NRT'N] + N;RT'NT) o0 (1),

t.j=1,..,n

(14.11)

E(k)R'lﬁ(k)T _ (B+ {x(k)N}) R (B-i- {z(k)N})T

-% ({z(")N} R™'BT 4+ BR™ {x(k)N}T)

The convergence of the above algorithm to the solution of (14.7) was
proved in (Hofer and Tibken, 1988).

In this section, we exploit the iterative scheme (14.8), comprising a
sequence of linear two-point boundary value problems, in order to derive
the solution for the optimal open-loop control of singularly perturbed
bilinear systems. The solution is obtained in the spirit of the general
theory of singular perturbations, namely the problem is decomposed and
studied in slow and fast time scales. The open-loop optimal control
of singularly perturbed linear systems was studied in (Su et al., 1992a)
and (Wilde and Kokotovic, 1973). The approach taken in (Wilde and
Kokotovic, 1973) is efficient for an O (¢) of accuracy. In (Su et al,,
1992a) a recursive approach is obtained such that an arbitrary order of
accuracy, O (%), k = 1,2,3, ..., can be obtained. The importance of the
results reported in (Su et al., 1992a) is in the fact that the stiffness of the
singularly perturbed two-point boundary value problem is converted into
the problem of an ill-defined system of linear algebraic equations. The
latter problem is much easier to handle. The study in (Su et al., 1992a)
was limited to the time invariant systems. In this section, we show that
following the ideas of (Su et al., 1992a) we will be able to handle in the
same manner the time varying singularly perturbed two-point boundary
value problem, such that an arbitrary order of accuracy can be obtained,
and that the stiffness of the original problem is replaced by an ill-defined
system of linear algebraic equations of order 2n.

The singularly perturbed bilinear control system under consideration
is represented by

[eﬂ = [ﬁ; 33] [Z]*[g;]“{[ﬁ] []]H}u (14.12)

with initial conditions
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y(to)| _ [¢°

z(to) 20
where y € R, z € R™ are, respectively, slow and fast state variables,
¢ is a small positive parameter, and

(B -En ] 5] oo

Jj=n1+1

A quadratic cost functional associated with (14.10) has the form

J=%7([§]TQ[‘:]+uTRu) dt (14.14)

The following notation is used in order to relate (14.1)-(14.3) and (14.10)-

A . 1 e2 . Q . 1 2

=[] - (8] 0- [

In the following, we will utilize the recursive scheme (14.8)-(14.11)
in order to find the optimal open-loop control law for the singularly per-
turbed bilinear-quadratic optimal control problem represented by (14.12)-
(14.15) in terms of the reduced-order slow and fast subsystems (Koko-
tovic et al., 1986).

It can be shown that the system of equations (14.8) preserves the
singularly perturbed structure. Namely, the use of (14.12)-(14.15) in
(14.4)-(14.5) and (14.8)-(14.11) produces

. 7 (k+1) (k+1) - (k+1)
[ y'] — Z(k) [y] _ B(k)R-lB(k)T [Pa]
z Ps

(14.15)

€2
(14.16)
[é,]"‘“) —_§® [y]("“) W [p,]"‘“’
py z Py

where p, € R™ and p; € R" are costate vectors corresponding,
respectively, to the slow variables y(¥*1) and the fast variables z(k+1),
The time varying matrices in (14.16) are given by
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(k) 7k ~(k k
Ak = [ﬁ . “;}(2*) ] é(k) _ [ Q( ) Q( )]
A

€ C

- _ - S (k)
§(k) = B R-1 k) — {;},)r ~£ (14.17)

S(")
—e —
€ 3

After some algebra the state-costate equation (14.16) can be written in

the form:
w(k+1) T(*) (k) w(k+)
[,’\(k+1)] = [ﬁ_’:’_ "'20) [A("+1)] (14.18)

where the new notation is

(k+1) (k+1) (k+1)
wiktl) = [y(k+1)] A+ = [;(fk+1)] o pl) = [p(k+1)]
5 (14.19)
The time varying matrices Ti(k) introduced in (14.18) are given by

r 2(k o(k T(k k

TR AT

IOy (Q _g® _3®
(14.20)

T (k
" = Q(k)T _awr | WS gw g

[ A(") S(")T] ~(k) ng) S(") ]

The expression for the boundary conditions is changed due to an in-
terchange of rows corresponding to pf,k“) and z(¥*1), which modifies
matrices defined in (14.9) as follows

(k+1) (k+1)
U [1:\)(1:+1)((:3))] +" [K)(ku)((:;))] = (14.21)
where
I, 0 0 0 y°
v.= |0 0 0 0 =10
=10 0 I, 0 1= {20
0 0 0 0 0
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0 0 0 0
-F I,, -eF, 0

0 0 0 0
-F] 0 -F I,
In order to obtain the slow and fast decoupled subsystems from (14.18),
we apply the Chang transformation (Chang, 1972). In this section, we
use a new version of the Chang transformation given by (Qureshi and
Gajic, 1992)

V, = (14.22)

k —eP(k)
T (t,¢) = M(k) 612 ]
-1 I, — ePOYWE) p(K) ¢ p(R) (k)
Tf,k) (t,€) = [1 ) a8 € ) ] (14.23)
with -1
wk = (12 — QW p(k)) (14.24)

where I; and I, are identity matrices of order 2n, and 2n,, respectively.
The matrices P(¥) and M (*) are the solutions of the following completely
decoupled stiff matrix differential equations

eP®) = ~POFD + FH 4 ¢ (TW PO - pPOTH p®)

14.25
MO = TPUO L TP 1 ¢ (MOTH 4 uOTP )

The initial conditions for differential equations (14.25) are arbitrary
(Chang, 1972). The existence of the solutions of (14.25) for sufficiently
small values ofe is established in (Chang 1972; Qureshi and Gajic, 1992).

The transformation (14.23) applied to the system (14.18) produces
two completely decoupled subsystems

7®) = (i‘;l(k) _ P(k)fék)) ()

(14.26)
é(k) — % (T}k) _ CM(k)Tz(k)) g(k) (14.27)
with
(k) (k
[Z""] T (¢, ¢€) [‘/{’(k)] (14.28)

Consequently, the change of variables transforms the boundary conditions
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(%) (¢ %) (t)
B B0 o
where
Us= TP (to,6),  Va=WTP ()¢ (14.30)

The solutions of equations (14.26) and (14.27) are

7% (8) = 8®) (1,10, €) ¥ (o)
£F) (1) = ¥ (¢, 10, €) £ (2o)

where ® (t,1p,¢) and ¥ (t,%o,¢€) are the transition matrices of (14.26)
and (14.27), respectively.

The initial conditions 7*) (t5) and £(*) (o) have to be determined.
Substitution of (14.31) into (14.29) yields

(14.31)

[ 1% (to)
A(e) = (14.32)
| €W (20)
where
_ (@ (ts,%0,€) 0
A(e) =Uz(€)+ Va(e) . 0 ¥ (tf,to,e)] (14.33)
If A~!(¢) exists then the solution of (14.32) will be
(k) (¢
n A
[ £®) gt(‘:g] =A™ a (14.34)
Note that as ¢ — 0
(k) -1 L 0
{19 .0)} " = [ M® (1) Iz] (14.35)
and therefore
L 0 I 0

After partitioning the transition matrices ® (¢,1o,0) and ¥ (t,to,0) as

_ [ ®11(t,10,0) @12(%,10,0)
(t:t0,0) = [‘1’21 (t,20:0) P22(2:20,0)

M®) (1) I,
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‘I’ll (t7t070) ‘1’12(t7t070)
¥ (t,0,0) ¥22(2,2,0)

and after some algebra the matrix A (¢) is obtained in the form
L, 0 0 0
* A22 0 0

* *x I, 0
* * * A44

¥ (t, to, 0) =

A(e) = +0(¢) (14.37)

where
Azy = P23 (t5,t0,0) = F1®12(ty,10,0)

Agq = V23 (t4,10,0) — F3¥12(t4,10,0)

The asterisks denote the terms which are not important for the nonsin-
gularity of A (e).

Since the matrices Ay, and A44 are nonsingular (Kirk, 1970, page
211), so does A (¢) for sufficiently small values of ¢, with 0 < € < ¢
and ¢ sufficiently small.

Note that due to presense of the 1 term in ¥ (¢4,%o,0), the system
of linear algebraic equations (14.32) is ill-conditioned. However, this
problem is much easier then the original two-point stiff boundary value
problem. In summary, we have established the following theorem.
Theorem 14.1 Let the problem matrices be continuous functions of t on
the time interval to < t < ty, then for all sufficiently small € the boundary
value problem (14.26)—(14.27) and (14.29) has the solution given by

n(t,e)] _ [<I> (t.t0,€)

0 )
el =1 o \I'(t,to,e)] O

°
Consequently, the solution of the boundary problem (14.18)-(14.21) is

(k+1) -1 [ p(k+1)
[t,{’(m) ((f:))] = { ™, e)} 1 [ Z"‘“’ g 3} (14.38)

so that the required variables y(*+1) and 2(¥+1) are obtained by parti-
tioning the vectors w(¥+1) and A(*+1) according to (14.19).

The main problem that we are faced with in the presented method is
the problem of finding the transition matrices ® (¢,1o,¢) and ¥ (¢, o, €)
of the corresponding time varying systems. One way to overcome this
problem is to study the optimal open-loop control of singularly perturbed
system in the discrete-time domain. This indicates an important research
problem, which can be formulated as follows.
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Research Problem 13.1: Study the open-loop optimal control problem
of bilinear systems in the discrete-time domain by using the discrete-time
version of the results presented in Section 14.2.

JAN

14.3 Closed-Loop Optimal Control of Singularly
Perturbed Bilinear Systems

Consider the optimal control problem of a bilinear system represented
by (14.1)-(14.3). The closed-loop solution of the optimization problem
(14.1)-(14.2) at steady state (t; = o0) yields to the optimal control in
the form

uw'=-R1(B+{zN})T P(2)z (14.39)

where P (z) is the solution of the following equation (Cebuhar and
Constanza, 1984)
Q+P(z)A+ ATP(2)
-P(z)(B+{zN})R'(B+ {zN})T P(z)=0
This nonlinear system of algebraic matrix equations is very hard to solve.

However, it has been shown in (Cebuhar and Constanza, 1984) that the
sequence of linear systems

(14.40)

&9 = Azo + Bu, zo (to) = 2°
$;=Az; + B;()u, B;(®)2 B+ {zicy )N}, zi(to) =2°
(14.41)
and the sequence of the time varying algebraic Riccati equations
Q+P.(t)A+ ATP,(t)- P,(t) B; t) R"'BT (1) P, (t) = 0 (14.42)
produce the sequence of the feedback controls
u! = -R'BF (t) P;(t) z; (14.43)
such that
uf (B) - u*(t), zi(t)—=2z*(1) (14.44)

The convergence stated in (14.44) is uniform in ¢, and is guaranteed
under the following assumption.
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Assumption 14.1 The pair (A, B) is controllable and z stays in the
controllability domain X. = {z € R"|(A,B + {zN}) controllable}.
A

It is important to point out that (14.42) and (14.43) establish in
some sense the optimal linear feedback law. Namely, using the feedback
coefficient from (14.42) in the linear feedback loop around the bilinear
system (14.1) produces the approximate linear feedback law. This is
a very strong result since it is known that is almost impossible to get,
in general, the optimal feedback control of nonlinear (and thus bilinear)
systems due to fact that the partial differential Hamilton-Bellman-Jacobi
equation has no analytical solutions.

In this chapter, we will relax the controllability assumption into
the stabilizability assumption (Kucera, 1972). Also, since the matrix
@ in (14.42) does not change per iteration it is convenient to assume
that the pair (A,/Q) is detectable. This will lead the the existence
of the unique stabilizing solution P;(t), in order words, the matrix
A — B;(t) R~1B;(t) P: (t) will be stable for every frozen ¢t € [0, 00).
Due to stability of the closed loop system matrix, at steady state we have
0 = (A — Bi(t) R~'B;(t) P; (t)) z (t), that is, the unique equilibrium
point of the bilinear system is the origin, so that B;(t) — B = const,
and the equation (14.42) tends to the time-invariant algebraic Riccati
equation. The required optimal feedback control (14.43) in that case
tends to zero, so there is no need to solve the equation (14.42) over an
infinite period of time. Thus, we will use the following assumption.

Assumption 14.2 The pair (A, B) is stabilizable, z stays in the stabiliz-
ability domain X, = {z € R"|(A,B + {zN}) stabilizable}, and the
pair (A,/Q) is detectable.

A

The main goal of this section is to exploit the iterative procedure
(14.41)-(14.43) for the singularly perturbed bilinear structure (14.12)-
(14.15) in order to get an expression for the near-optimal control in
terms of the reduced-order slow and fast subsystems (Kokotovic et al.,
1986). There are two important reasons for this study: 1) to avoid an ill-
defined numerical problem associated with the equation (14.42) subject to
(14.15); and, 2) to reduce the size of required computations and generate
the near-optimal solution in parallel — in slow and fast time scales, and
speed up the optimization process.
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14.3.1 Composite Control of Bilinear Singularly Perturbed Systems

Following the result of (Chow and Kokotovic, 1976), the composite
control of the sequence of the linear-quadratic optimal control problems
(14.41)-(14.44), subject to the singularly perturbed structure (14.12)-
(14.15), can be obtained from the slow and fast time scales linear-
quadratic optimal control problems. Note that on the contrary to (Chow
and Kokotovic, 1976), we are faced with the time varying problem. The
slow time scale problem of order n; for the block diagonal structure of
the penalty matrix () (it has been assumed without loss of generality that
Q2 = 0), is given by

Ys = Ao?/s + Bs (t) Us: Ys (tO) = yO

2 (1) = —A7" (Asys + Bai (1) u,)
oc (14.45)

Js = % / (yz‘QDys + 2“Z‘D3ys + ug‘Rsus) dt

to

where

Bi(t) = B + {zi1 (1) N} = B‘_;,((j)]

Ao 2 Ay — AA7'As, B, (t) & By (1) — A2A7 By (1)
Qo= Q1+ ATA;TQ347 A3
D, (t) = B (t) A;TQ3A7 A3
R,(t)= R+ BL (1) A;TQ3A7' By (1)

(14.46)

The optimal slow control strategy is

uy (8) = —=R7 (8) (Ds (1) + BY (£) P (8) 4 (1) = Go (t) s (1)

(14.47)
where P, (1) satisfies the algebraic Riccati equation
P,(t)As(t) + A7 () P () +Qu (1) (14.48)
~P,(t) B, (t) B;* (1) B (1) Pu (1) = 0 |
with
As (t) = (Ao(t) - B, (t) R; (t) D, (1)) (14.49)

Qs (t) = Qo — D (1) R (1) Ds (1)
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The fast time scale optimization problem of order n, is given by

€2y = Agzg + By; (t) ug,  2f(to) = -2z, (o)

oC

Jf = l / (z}‘szf + u}'Ruf) dt (14.50)

2

to

where z; = 2—z, and uy = u—u, denote fast parts of the corresponding
variables. The optimal control for the fast subsystem is

ug (t) = —R_lBg:- (t) Py ()2 () = G2(t) 25 () (14.51)
where Py (t) is the solution of the “fast” algebraic Riccati equation

Ps(t)Aa+ AT Ps(t) — Py (t) B2i () R'BE; (1) Py (1) + Q3 = 0
(14.52)

A realizable composite control requires that the system states z, and
25 be expressed in terms of the actual system states z and z. This can
be achieved by replacing z, by z and z; by z — z, so that

uc (t) = G2 (t) [2 () + A7" (Asz () + Bai () Go (t) 2 (1))

+Go(t)z = () G1(t) 2 (t) + G2 (t) 2 (2) (14.53)

where
G, = (I,- + GzA;le.') Go + GzA;lAa (14.54)

The near optimality of the composite control law is stated in the
following lemma.
Lemma 14.1 Under the stability assumptions the composite control law
(14.53) is suboptimal in the sense

Uopt (t) = U, (t) + 0 (6) s t Z to
y(t)=ys(t)+ 0 (e), t2>to (14.55)
2(t) =2 () +2,)+0(€), 1>t
¢

The proof of this lemma follows from (Chow and Kokotovic, 1976;
Kokotovic et al., 1986).

Thus, instead of solving at each iteration the global full-order nu-
merically ill-defined algebraic Riccati equation (14.42), in the presented
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slow-fast decomposition technique we are faced with the problem of solv-
ing two reduced-order well-defined algebraic Riccati equations (14.48)
and (14.52).

The unique solutions of (14.48) and (14.52) exist under the following
assumptions.
Assumption 14.3 The pairs (A4, (t),B,(t)) and (A4, B2;) are stabi-
lizable, the pairs (4, (). v/@, (1)3 and (A4, /Q3) are detectable, and
z; () stay in the stabilizability domains of the slow and fast subsystems
for every t > {,.

A

An O (¢€) perturbation in each iteration of the presented slow-fast
iterative scheme given by (14.54) will propagate into the next iteration,
but due to the continuous dependence of the solution of the sequence
of linear differential equations (14.41) with respect to perturbations in
system coefficients, the presented method produces

ug (8) = w* () + 0 ()

¥si (1) ot
[z:.- (1) + 2 (t)] (t)+0(¢)

where 7 stands for the iteration number.

(14.56)

14.4 Case Study: Induction Motor Drives

In order to demonstrate the proposed method we have solved a fourth-
order example representing the model of induction motor drives (Figalli
et al., 1984). A frequency controlled two phase induction motor can be
represented in the bilinear singularly perturbed form (14.12). The state
and control variable are

— 9s — -
T = % E u= |uz| = | vgs

22 zqs

where

¢as and ¢gs — projections of the stator flux

igs and igs — projections of stator current

vas and vgs — projections of the supply voltage
ws — slip angular frequency.
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The problem matrices have the following values

-0 32157 -312 0
Lo | 81287 0 0 —.312
= | 98.87 27059 -44.93 2.57
| 27059 98.87 -2.57 —44.93
10 0 —07
1o 1 -73 | 04
B=lg13 o s18|: *W)=] 715
| 0 873 -53 a7
00 0 00 1 00 0
1o o oo o 1o o o
N"ooo] Na=1¢g 0 0|l M=10 0 0
00 0 00 0 010
g g g 10 0
.N4=-‘ 6 0 1 Q=I4, R = 0 A 0
O 0 0 50

The simulation results are presented in Figures 14.1-14.4. In these figures
the solid lines represent the optimal control and the dashed lines represent
the composite control. It can be seen that the approximate trajectories
are O (¢€) close to the optimal ones.

14.5 Near-Optimal Control of Singularly Perturbed
Bilinear Systems

In the previous section, we have obtained results for the composite control
law, which produces the accuracy of an O (¢). In some applications of
singularly and regularly perturbed systems an O (€) accuracy may not
be sufficient, (see, for example, (Shen and Gajic, 1990a; Gajic et al.,
1989). The iterative refinement of (Gajic et al., 1990), to be performed
at each discrete-time instant along time axis, can be used to increase the
accuracy in (14.55)-(14.56) up to O (€*). The corresponding algorithm
applied to the problem under consideration is given bellow.
Define the approximations of the required solution of (14.42) as

PP () = Pi(e) + £ (¢) (14.57)
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0.1 . flux(d!) [Vs]
0.05 LN ........ L .................. .................. ............... .4
ol : : :

-0.05

-0.1
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Figure 14.1: Optimal and approximate trajectories for flux ¢,

0.1 : ﬂux(q!) [Vs]

0 0.05 0.1 0.15 0.2
time [s]

Figure 14.2: Optimal and approximate trajectories for flux ¢,,
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20
15
10

5

0 : :
0 0.05 0.1 0.15 0.2

Figure 14.3: Optimal and approximate trajectories for current i,

60 ! cuneng(q) [A] :
40
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Figure 14.4: Optimal and approximate trajectories for current i,
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where E,(k) stand for the approximation errors, k¥ for the order of ap-
proximation, and ¢ is the iteration number with respect to (14.42). The
zeroth-order solution, P; (t), is partitioned according to

Pi(t) €Palt)

Pi(t)= ePL(t) €P3i(t)

(14.58)

The elements Pj;, j = 1,2,3, are obtained from (14.42) by setting
€ = 0, that is
P1i(t) = Py (2)
P2i(t) = — (Puds + ATPy; — PyiSiPy;) (A4 — S2:Pai) ™!
P3i(t) = Pri (1)
(14.59)

Note that P,; (t) and Py; (t) are obtained from (14.48) and (14.52), where
i stands for the given iteration of (14.42), and newly defined matrices are

S; = BI;R_IB;";, Sii = BJ','R_IB};, J=12 (14.60)

The approximation errors partitioned as

® k)
- [ Ey’ eby ] (14.61)

can be obtained from the following algorithm (Gajic et al., 1990)

ES$*™ Dy + DLESGY) = g
E$*™ Dy + E®*V Dy, + DL ES = g
EMI D+ DTE® = pTH® 4 #®D + DTHP D, + AP

EY) =0, j=1,23
(14.62)
where

Dy; = Diy; = D31iD3' Dyi,  Dui = Ay = $1iPui - SiPg;

Dy = Ay - §;Py;, Dy = A3 — STPy; — 55PT,
D3; = Ay — 52iPs;, D; = D! Dy,
(14.63)
and
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B = ATP - PSP - BOSTRY

(14.64)
—¢ (EPS.ER + ER 55 E)

T
B = EPsuE® + EPSER + EPSTER + B syE)

T T
HY = P - ATPY) + P 51, PP + cEQ Sy E)
k)T k k k
+P2(.') S;Pé,-)+P§‘-)S?'P§,-) (14.65)
Note that matrices D,; and Dj; are stable (Gajic et al., 1990). This

algorithm converges with the rate of convergence of O (¢), that is (Gajic
et al.,, 1990)

”Ez('f“) -EPl=0(), j=123 (14.66)

or .
“EJ(. - E,-,-|| =0 (e") , J=123 (14.67)

The approximation
PP () =Pi()+eEX (), 7=1,2,3 (14.68)

will produce O (e"“) approximation of the required solution P;. Thus,
having obtained P; with the accuracy of O (e¥*!), we get the same
accuracy for the optimal trajectories and the approximate optimal control
law. The price for this is that we have to solve k-times two reduced-order
Lyapunov equations (14.62) at each discrete-time instant in the interval
of interest.

14.6 Optimal Control of Weakly Coupled Bilinear
Systems

The purpose of this section is to study the optimal control problem of
weakly coupled bilinear systems with a quadratic performance criterion.
We will study both the open-loop and closed-loop optimal control prob-
lems. The optimization of the time invariant bilinear weakly coupled
system is considered in this section. The obtained results can be easily
extended to the time varying case.

A sequence of linear state and costate equations is constructed such
that the open-loop solution of the optimization problem is obtained in
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terms of the reduced-order subsystems. The obtained results utilize the
recursive scheme for the optimal control of a general bilinear system
with a quadratic performance criterion (Hofer and Tibken, 1988) and
the time varying version of the reduced-order method for solving the
linear-quadratic optimal open-loop weakly coupled control problem (Su
and Gajic, 1991). This leads to the reduction in the size of the required
computation and allows parallel processing of information.

The near-optimal closed-loop control is obtained in the form of
a linear feedback law, with the feedback gains calculated from two
reduced-order independent time varying linear-quadratic optimal control
problems. The obtained results are based on the idea of the recursive
reduced-order scheme for solving the algebraic Riccati equation for
weakly coupled systems (Gajic et al., 1990) and the recursive scheme
for the optimal control of a general bilinear system with a quadratic
performance criterion (Cebuhar and Constanza, 1984). An algorithm
which produces an arbitrary degree of accuracy for the closed-loop
feedback control is derived. The results are demonstrated on the bilinear
model of a paper making machine.

14.6.1 Open-Loop Control of Weakly Coupled Bilinear Systems

In this section, we exploit the iterative scheme (14.8)-(14.11), comprising
a sequence of linear two-point boundary value problems, in order to
derive the solution for the optimal open-loop control of weakly coupled
bilinear systems. The solution is obtained in the spirit of the general
theory of small parameter control problems, namely, the problem is
decomposed into two reduced-order subproblems. The open-loop optimal
control of weakly coupled linear systems has been studied in (Su and
Gajic, 1991). The study of (Su and Gajic, 1991) is limited to the time
invariant systems. In this section, we show that following the ideas of
(Su and Gajic, 1991) we are able to handle in the same manner the time
varying weakly coupled two-point boundary value problem.

The weakly coupled bilinear control system under consideration is
represented by

-1 #1152l
Y2 €Az As | |v2 €eBs3 By | |w

419



BILINEAR SYSTEMS

i e G-l oo
+{[y2] [GNC Ng uz |’ ¥2 (to) y3 (14.69)
where y; € R™, y, € R"2, u; € R™¢, i = 1,2, and ¢ is a small coupling
parameter, with

n] [ M N | © | Nai Ny,
{[yz] [fNa N4]}—;yl'[k’vci N.z.-]

— . (14.70)
aj by
+ 3 [N N
Jj=n1+1

where Ny; € R™Xm™, Ny € RmXms, Ny € RrXm, Ny € Rraxma,
A quadratic cost functional associated with (14.69) has the form

S (BRIHERERE

g [nla) #[n]

(14.71)

with @, R, F having the weak coupling structures, that is

= | 9y @ — (B O _| B eFf
Q_[ng Qs]’R‘[o Rz]=F—[€F2T Fa] (14.72)

In the following, we will utilize the recursive scheme (14.8)-(14.11)
in order to find the optimal open-loop control law for the weakly coupled
bilinear-quadratic optimal control problem represented by (14.69)-(14.72)
in terms of the reduced-order subsystems.

It can be shown that the system of equations (14.8) preserves the
weak coupling structure. Namely, the use of (14.69)-(14.72) in (14.4)-
(14.5) and (14.8)-(14.11) produces

. k
[yl](k+l) — A [yl]( ) _ B -1 gR)” [fh

(k+1)
Y2 Y2 92 ]

420



BILINEAR SYSTEMS
. 1(k+1) (k+1) (k+1)
[q:] __gw [w] 0 [‘h] (14.73)
9% Y2 9

where ¢; € R™ and ¢; € R™ are costate vectors corresponding,
respectively, to the state variables y; and y;. The time varying matrices
in (14.73) are given by

1 1l ~(k ~(k
o [0 A e[ 3
(14.74)
ok ok
50 = goggor 2 [ 5, i?%,’]
5 5

Note that partitions defined in (14.74) have to be performed by a computer
only, in the process of computations, and there is no need for the
corresponding analytical expressions. After some algebra the state-
costate equations (14.73) can be written in the form

? §k+1) §k+1)
(k+1) T(*) (k) k+1)

q.}k-{-l) = [ ‘l(k) ~?k) ] q}k-{-l) (14.75)
] I, T, y

s(k+1) fk+1)

9 9

The time varying matrices f}(k) introduced in (14.75) are given by

- gk Sk T(k Sk
o[ ) o[ )

L-Q1" -4 ' -Q;" -4

[ q(k ST Tk Sk
SRR RN

._Qg ) _Ag ) Q3" -4

(14.76)
The expression for the boundary conditions is changed due to an in-
terchange of rows corresponding to qf"“) and ygk“), which modifies
matrices defined in (14.9) as follows

wk+) (¢ wk+D) (¢
v ['\("“)((tg))] th [,\(k+1)((tff)) ] =a (14.77)

with a new notation introduced as
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(k+1) (k+1)
[-’Qk +1)] = wk+), [y%k +1)] = \k+1) (14.78)
q 9
and
I, 0 0 0 y?
<0 0 00 oo |0
=10 0 I, o' 7 |4
0 0 0 0 0
0 0 0 0 (14.79)
Vl — —Fl Im —€F2 0

0 0 o0 0
-Ff 0 -F I,

In order to obtain the decoupled subsystems from (14.75), we apply the
transformation of (Gajic and Shen, 1989) given by

(k+1) (k+1)
[Z(kﬂ)] = Tgk) (t,¢€) [K)(k+1)] (14.80)
with

—cL(k
(9= | AN

I,
cH (%) I - 2 H (k) (k)
(14.81)

—GH(k) Iz

where I; and I, are identity matrices of order 2n; and 2n,, respectively.
The matrices L(*) and H(¥) are the solutions of the following nonlinear
differential equations

-1 —eH®LE  pk)
T® (t=€)=[1, EH®LE) L ]

LW = FOLE _ [OFE L FE _ 2 WTE L*)
% = g (i:l(k) e L(k)ﬂk)) _ (ﬁ(k) + c2T3(k) L(k)) H® 4 ﬂk)
(14.82)

The initial conditions for differential equations (14.82) are arbitrary
(Qureshi and Gajic, 1991). The existence of the bounded solutions of
(14.82) for sufficiently small values e is established in (Qureshi and Gajic,
1991; Qureshi, 1992).

The transformation (14.80) applied to the system (14.75) produces
two completely decoupled subsystems

kD) = (fl(k) e L(k)fy)) plk+1) (14.83)
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£ = (T - 2T L)) k41 (14.84)
Consequently, the change of variables transforms the boundary condi-
tions
(k+1) (¢ ) (k+1) t
2| fien )]+ Ve [ ()| = 0489
where
Up=UTP (to, ), Va=WTP (4, ¢) (14.86)

The solutions of differential equations (14.83) and (14.84) are

n®+) (1) = ¥ (2,10, €) p* 1) (to)
k X X (14.87)

e+ (1) = W) (¢, 10, €) €51 (1)
where ®(*) (2,19, €) and ¥(¥) (t,1o, €) are the transition matrices of
(14.83) and (14.84), respectively. The initial conditions n(¥+1) (¢5) and
£(5+1) (15) have to be determined. Substitution of (14.87) into (14.85)
yields

(k+1) (
A+ (¢) [Z"‘ ) (: ;] = (14.88)

where

®( )(t, to, €) 0

AR (€) = Vs (€) + Va(e) [ ) (2,10, €

14.89
)] (14.89)

If A(+1)7" (¢) exists then the solution of (14.88) will be

(k+1) (¢ -1
[Z"‘*”gtg;] = AT () e (14.90)
Note that as ¢ — 0
-1
{TQ‘) (t=0)} [{,‘ }’2] I (14.91)

After partitioning the transition matrices ®(* (¢, 1,0) and ¥(*) (¢, t,,0)
as

(k) (k)
(k) _ [ 217 (¢.%0,0) @775 (.%0.0)
(h,0) = [ il (t,10,0) @iz (t,to, 0)]
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(k) _[¥8 @,10,0)0 ¥ (2,10,0)
Y0 = zl (t t0,0) ‘I’iz) (t,20,0)

and after some algebra, the matrix A(¥+1) (¢) is obtained in the form

In, 0 0

Ak (¢) = g A(k+1)(0) IO g +0(e) (1492)
0 0 0 A%+ (o)

where

A% (0) = @) (21,10,0) - F,<1>£’;> (t7,t0,0)

L L (14.93)
AL (0) = 953 (14:10,0) — F¥3) (24, 0,0)

Since the matrices <I>§’;) (ts.to, 0)—-F1<]?§';) (tf.t0,0) and ‘I!g;) (t5.t5,0)—

' ’;) (t7.t0,0) are nonsingular (Kirk, 1970; page 211), so does

A*+1) (¢) for sufficiently small values of €, with 0 < ¢ < € and ¢

sufficiently small. Thus, in summary, we have established the following
theorem.

Theorem 14.2 Let the problem matrices be continuous functions of t on

the time interval to < t < ty, then for all sufficiently small € the boundary
value problem (14.83)-(14.86) has the solution given by

n(k+1) (¢, ¢) <I>("+‘)(t to €) 0 k+1)~!
[€(k+l)(t e)] [ W) (1,5, | AT (D

Consequently, the solution of the original boundary problem (14.75)-
(14.79) is obtained from (14.80)

[w("‘“)(t.e) p(+1) (¢, € ]

A(k+1) (t,'e)] = {T2(t.¢€ } [E(H-l) (t,¢) (14.94)

S0 that the required variables y(k“) and ygk *1) are obtained by partition-
ing the vectors w(**1) and A*+1) according to (14.78). The same hold
for the costate variables, q( ) and q(kH) that is, they are obtained

form (14.80) and (14.78).

v

(k+1) (k+1)

Having obtained the approximate state trajectories y, and y,

and the approximate costate trajectories q( *1) and q(k“), the approxi-
mate optimal open-loop control can be expressed as
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w41 (1) = —R-! (B + { [ﬁ::g;] N}>T [:i’;:; g;} (14.95)

The main problem that we are faced with in the presented method
is the problem of finding the transition matrices &) (¢,0,¢) and
W) (,9,€) of the corresponding time varying systems. One way to
overcome this problem is to study the optimal open-loop control of
weakly coupled system in the discrete time domain. Research in that
direction is underway.

14.6.2 Closed-Loop Control of Weakly Coupled Bilinear Systems

For the weakly coupled sequence of the linear systems (14.41), which ap-
proximate the solution of the bilinear-quadratic optimal control problem
(14.69)-(14.72), the matrices B; (t),S;(t). P:(t) in equations (14.41)-
(14.42) can be partitioned as

_ | Bui(t) e€Ba(t o | 51(t) €S2 (1)
Bi(1) = [eBaf((t)) GB«((t))]’ Si(t)= [eszT.-((t) A ]

) _ P]{ (t) €P2,' (t)
no =30 5]

(14.96)
Partitioning (14.42) according to (14.96) and setting ¢ = 0, we get an
0 (62) approximation of (14.42) in terms of the reduced-order, decoupled
algebraic Riccati equations

Pu(t) A1 + ATP1i (1) + Q1 = Pri(t) S1i () P1i(t) = 0
P3i (t) As + AJP3i (1) + Q3 — Pai (t) S3 (1) Pai (¢) = 0
Pai () (A — S5 () Pai (1)) + (A1 = S1: () P ()T Pai (1)
+P1i(t) Az + AJP3i () + Q2 — P1i (8) Sui (1) Pai (1) = 0

(14.97)

The unique positive semidefinite solution of (14.97) exists under the fol-
lowing assumption.
Assumption 14.4 The triples (A, By; (t).v/Q1) and (A4, B4i (1) . /Q3)
are stabilizable-detectable for every ¢.

A

Corresponding solution, P; (), defined as
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Pi(t) = 6'1;1.2%((?) ‘;’;i((t‘)) (14.98)

is O (€?) close to the optimal one, P; (t). An O (€?) perturbation made
in the iterative scheme (14.41)-(14.43) propagates into next iteration, but
due to the continuous dependence of the solution of the sequence of
linear differential equations with respect to a perturbation in the system
coefficients, the presented method produces

() =x()+0 (), i=1,2,.. Vt>0 (14.99)

and
uP()=u(t)+0 (), i=1,2,... V>0 (14.100)

where

Xi (t) = Ax; (t) + B; (t) ui™ (1) (14.101)
ui™ () = —R7'B; (1) P; () x: (¢) (14.102)

with
Bi(t) = B+ {x;-1(t) N} (14.103)

If one intends to improve the accuracy of the solution of the Riccati
equation (14.42), one can use (in the last iteration with respect to i only)
an iterative refinement of (Gajic et al,, 1990; Shen and Gajic, 1990a).
Define the approximations of the required solution of (14.42) as

(k) 2 (k) =
P77 (t.e)=Pj(t.e) + €E;’ (t.e) j=1.2.3 (14.104)

Then, the recursive reduced-order scheme for the error equations are
obtained as (Gajic et al., 1990)

E(k+1)A + AT, E(k'H) — M(k)
E$A, +ATE"‘+” MY

ng'*‘l)A  + AT E(’°+1) + E(k+l)A 4 ATE(k+1) M(k k+1)
(14.105)
fork=0,1,2,.., and E(O) =0, E(o) =0, E(O) = (0, where the matrices

Aij, § = 1,..,4, and Ml(k) M K4y , M are given by
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Ay = Ay = 5P, Az = Ay — 51;P2i — S2P3;
1 1= 5P 2 2 =51 ; z;‘s (14.106)
Ay = Ay — 53;P3i, Az = Az — 93P — 5, Py;

and

Y = POSTAD + PSuPY + P5p”
~ PP Ay - ATPP" — 2E® 5, EP

T T
M) = POSTPY + P 5 PF + PP 51,P
+ PWSTP® _ pO” 4, _ ATP® 4 2EP 55, EX)

MR = pRST PR L 2pkD g X 4 2EX) 5y B
+ EEET 5, ESHY
(14.107)
Note that under Assumption 14.4 both A,; and A4; are stable matrices.
It can be shown that the rate of convergence of (14.104)-(14.107) is

O (€?) (Gajic et al., 1990), that is

|EED -EP|=0(), i=012,.55=123 k=0,1,..
(14.108)
which implies

||P,-.- - P}f’“ =0 (A+Y) i=0,1,2,.j=1,2,3 k=0,1,..
(14.109)
Having obtained P; (t) with the accuracy of O (¢2(*+1)) produces the
same accuracy for the approximations of the optimal state trajectories
and optimal control laws.

14.7 Case Study: A Paper Making Machine

In order to demonstrate the efficiency of the proposed method for the
near-optimal closed-loop control of singularly perturbed bilinear systems
we have run a fourth-order real world example, a paper making machine
control problem (Ying et al., 1992). The bilinear mathematical model of
this system is formulated according to (14.1) and (14.3) as
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~193 0 0 0 1974 1.2747
4| 34 -0a% o 0 sl 0 o
=1 0 0 -063 o0 |'B=|13¢ —065
0095 —0.103 0.413 —0.426 0 0 |
0 0 0 0 0 0
1o o oo R 0
Ni=1|755 366| Ne=Ne=|g o|:M=|_n8 —718
0 0 0 0] 0 0 |

Weighting matrices ¢ and R chosen as

1 0 013 0
1o 1 0 009 f1 0
9=l013 0o 01 o0 |’ R'[o 1]
0 009 0 02

Note that the matrices B, Ny, and N, have no weakly coupled forms.
However, it has been shown in (Skataric et al., 1991) that the classes of
linear-quadratic optimal control problems having weakly coupled system
matrix and strongly coupled input matrix can be studied as the weakly
coupled linear-quadratic optimal control problems by assuming the spe-
cial form for the state penalty matrix. Small perturbation parameter is
€ = 0.1. Simulation results, obtained by using the MATLAB package,
are presented in Figures 14.5-14.10. Figures 14.5-14.10 represent the
approximate and optimal trajectories and the approximate and the opti-
mal controls. The optimal ones are represented by the solid lines. It can
be seen from the these plots that the approximate trajectories and con-
trols are very good approximations for the optimal ones. The number of
iterations performed are i = 3 and k = 1, where : represents the number
of linear time varying systems in the sequence defined by (14.41) and &
represents the number of iterations performed to increase the accuracy
as defined by (14.104).

14.8 Conclusion

The results of this chapter can be applied to the nonlinear singularly
perturbed and weakly coupled systems after they have been bilinearized.
On the contrary to the linearization procedure (where all nonlinear terms
are neglected), the system bilinearization preserves the nonlinear terms
representing the product of the state and control variables. Through
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Figure 14.5: Optimal and approximate trajectories for z;
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Figure 14.6: Optimal and approximate trajectories for x,
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Figure 14.7: Optimal and approximate trajectories z3
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Figure 14.8: Optimal and approximate trajectories for z4
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Figure 14.9: Optimal and approximate trajectories for control u,
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Figure 14.10: Optimal and approximate trajectories for control u,
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this multiplicative term the control of the bilinear systems is more
effective than in the case of linear systems, where the control effects
the system only through an additive term. It should be point out
that many mechanical systems are nonlinear, singularly perturbed and
weakly coupled. In the case of mechanical systems described by partial
differential equations and presented in the modal coordinates (Meirovich,
1967; Meirovich and Baruh, 1983), the system matrix is block diagonal
with diagonal blocks representing second order oscillators. The weak
coupling control theory is a promising tool in the study of nonlinear
mechanical systems and in general, systems with distributed parameters.
We hope that the methodology of this chapter can be extended to the
general nonlinear systems (Khalil, 1992) as well.
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