World Scientific Lecture Notes in Physics - Val. 69

Deparametrization and
Path Integral Quantization
of Cosmological Models

Claudio Simeone

World Scientific



Deparametrization and
Path Integral Quantization
of Cosmological Models



This page isintentionally left blank



World Scientific Lecture Notes in Physics - Vol. 69

Deparametrization and
Path Integral Quantization
of Cosmological Models

Claudio Simeone

Comisién Nacional de Energia Atémica and
Universidad de Buenos Aires, Argentina

\\:e World Scientific

New Jersey *London ¢ Singapore  Hong Kong



Published by

World Scientific Publishing Co. Pte. Ltd.

P O Box 128, Farrer Road, Singapore 912805

USA office: Suite 1B, 1060 Main Street, River Edge, NJ 07661
UK office: 57 Shelton Street, Covent Garden, London WC2H 9HE

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library.

DEPARAMETRIZATION AND PATH INTEGRAL QUANTIZATION
OF COSMOLOGICAL MODELS

Copyright © 2001 by World Scientific Publishing Co. Pte. Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced in any form or by any means,
electronic or mechanical, including photocopying, recording or any information storage and retrieval
system now known or to be invented, without written permission from the Publisher.

For photocopying of material in this volume, please pay a copying fee through the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, USA. In this case permission to
photocopy is not required from the publisher.

ISBN 981-02-4741-9

Printed in Singapore by Uto-Print



to my family



This page isintentionally left blank



Preface

There are different points of view about how quantum cosmology should be
constructed, and also about the interpretation of the formalism. A reason
for this is a peculiar problem which comes from the fact that we are looking
for a theory of the whole universe: while one usually deals with systems
for which the meaning of “evolution” is clear as it is possible to assume
that there is something external which plays the role of a clock, this is not
possible in cosmology. There are then two possibilities: one could abandon
the idea of a description with a clear notion of time; or we can assume that
a subset of the variables describing the state of the universe can be used as a
clock for the remaining of the system. Here the reader will find a proposal
within this last framework; this proposal is restricted to minisuperspace
models, and consists in identifying a time among the canonical variables
by means of gauge fixation and then to obtain the transition amplitude in
the form of a path integral with a clear separation between time and true
degrees of freedom.

The idea was in fact suggested by the reading of some early works by
Andrei Barvinsky and Petr Hijicek. A serious obstacle existed, however, for
a program based on this idea, and it was the lack of gauge invariance at the
boundaries in the action of gravitation, which was pointed by Teitelboim
and Halliwell. An important hint to solve this was given by a paper by
Henneaux, Teitelboim and Vergara, in which they showed how to obtain a
gauge-invariant action for parametrized systems like the relativistic particle.

These notes are a review about my work on the subject, including some
new developments not published yet, and also about other deparametriza-
tion and quantization schemes. The results of the deparametrization are
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not only applied in the path integral formulation, but also in a Chapter
devoted to the canonical formalism. The book deals with both relativistic
and string cosmologies; although here we will be mostly concerned with for-
mal developments, the last deserve a particular attention, as string theory
leads to the possibility of completely new scenarios for the earliest stages
of the universe.

Most of the material here is the result of my work with R. Ferraro, H.
De Cicco, and G. Giribet; I am also indebted to them for their colaboration
during the preparation of this book.
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Chapter 1

Introduction

The building of a unitary quantum theory of gravitation in which the wave
function has a clear meaning is still an open problem, partially because
of the problem of time [Kuchaf (1981); Héjicek (1986)]: while in ordinary
quantum mechanics the time is an absolute parameter, in the theory of
gravitation the time is an arbitrary label of spacelike hypersurfaces, and
physical quantities are invariant under general coordinate changes. Be-
cause the evolution is given in terms of a parameter T which does not
have physical significance, the action of the gravitational field is that of a
parametrized system, with a canonical Hamiltonian which vanishes on the
physical trajectories of the system, that is, with a constraint H = 0.

Starting from this situation people have followed mainly two paths. One
of them is the usual Dirac—Wheeler-DeWitt quantization scheme, whose
formalism does not explicitly contain time, and does not have an evolution-
ary form; this leads to the problem of defining a conserved positive-definite
probability, as the notion of the time in which such a conservation should
hold is not clear. The other possible way to obtain a quantum theory of
gravitation is to consider that the time is hidden among the coordinates
and momenta of the system, which then must be deparametrized by iden-
tifying the time as a first step before quantization; this is the point of view
that we shall adopt.

The proposal of the present work is based on the fact that the identifica-
tion of time is closely related to gauge fixation: In the theory of gravitation
the dynamical evolution is given by a spatial hypersurface moving in space-
time along the timelike direction. This motion includes arbitrary local
deformations which yield a multiplicity of times. From a different point
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of view, the same motion can be generated by general gauge transforma-
tions, so that fixing a gauge a particular foliation of spacetime is defined
[Barvinsky (1993); Simeone (1999)].

For minisuperspace models we have an action functional of the form

. T2 dqi
Slg*, pi, N = / (pi— - NH) dr (1.1)
. dr
where N is a Lagrange multiplier enforcing the quadratic Hamiltonian con-
straint

H = GYpip; +V(g) = 0, (1.2)

with G% the reduced version of the DeWitt supermetric. The extremal
condition 4S = 0 gives the canonical equations
i .

Wong o, PN (1.9
The solution of these equations describes the evolution of a spacelike hyper-
surface along the timelike direction; because of the presence of a Lagrange
multiplier, this motion includes an arbitrariness which is associated to a
simplified version of what in the context of the full theory is commonly
called the problem of “many fingered time”. On the other hand, the con-
straint H = 0 acts as a generator of gauge transformations which can be
written

Oe(T)
or

The equations (1.3) and (1.4) show that the dynamical evolution can be
reproduced by a gauge transformation progressing with time, that is, any
two succesive points on each classical trajectory are connected by a gauge
transformation. Hence, the gauge fixation can be thought not only as a way
to select one path from each class of equivalent paths in phase space, but
also as a reduction procedure identifying a time for the system. An early
proposal of quantization of the true physical degrees of freedom (in both the
canonical and the path integral formalisms) can be found in [Barvinsky&-
Ponomariov (1986); Barvinsky (1986); Barvinsky (1987)].

An important difficulty with a deparametrization program based on this
idea is that admissible gauge conditions are those which can be reached
from any path in phase space by means of gauge transformations leaving

5€qi = 6(T)[qi,H], (Sepi = 5(7-)[1)1"%]: 5€N = (1'4)
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the action unchanged, and the action of parametrized systems like the grav-
itational field is not gauge invariant at the boundaries [Teitelboim (1982)]:
under a gauge transformation defined by the parameters ¢™ the action of
a system with constraints C,, changes by

5= [ (22 -] w9

Ordinary gauge systems include constraints that are linear and homoge-
neous in the momenta, plus a non vanishing Hamiltonian Hy which is the
total energy; for example, in the case of the electromagnetic field the cano-
nical momenta are the four quantities F#%; for u = 1,2,3 we have the
three components of the electric field, but for u = 0 we have the primary
constraint F°° = 0 [Dirac (1964)]. Then it is 6.S = 0, and gauge con-
ditions of the form x(q,p,7) = 0 (canonical gauges) are admissible. In
the case of gravitation, instead, the Hamiltonian constraint is quadratic in
the momenta, and we would have 6.5 # 0 unless e(m) = e(m2) = 0; then
gauge conditions involving derivatives of Lagrange multipliers as, for exam-
ple, x = dN/dr = 0 (derivative gauges) should be used [Halliwell (1988)].
These gauges cannot define a time in terms of the canonical variables. At
the quantum level this has the consequence that canonical gauges could not
be imposed in the path integral as it is usual in the Fadeev-Popov proce-
dure for quantizing gauge systems [Fadeev&Popov (1967); Fadeev&Slavnov
(1980)].

However, here we show that if the Hamilton—Jacobi equation associated
to the Hamiltonian constraint is separable, the action of a parametrized sys-
tem described by the coordinates and momenta (¢¢,p;) can be turned into
the action of an ordinary gauge system described by the canonical variables
(Q?, P;) by means of a canonical transformation which identifies the canoni-
cal Hamiltonian H with one of the new momenta [Ferraro&Simeone (1997);
De Cicco&Simeone (1999b)]. As a result of the canonical transforma-
tion, when written in terms of the original variables the new action in-
cludes boundary terms which provide with gauge invariance at the end
points [Henneaux et al. (1992)]. Canonical gauges are then admissible
and a global phase time in terms of the coordinates and momenta can
be identified for cosmological models by imposing 7—dependent canoni-
cal gauge conditions on the ordinary gauge system; simultaneously, the
quantum transition amplitude can be obtained by means of the usual path
integral for gauge systems in a simple form which clearly shows the sep-
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aration between true degrees of freedom and time. This is not the case
of the usual scheme for the path integral quantization of minisuperspaces
with the original not gauge-invariant action: as derivative gauges are re-
quired, a true time is not defined, so that the meaning of “evolution” of
the system is not completely clear (even at the classical level); from a
different point of view, noncanonical gauge conditions are not appropri-
ate to visualize the possibility of the Gribov ambiguity [Gribov (1978);
Henneaux& Teitelboim (1992)).

Our proposal solves these problems for a class of homogeneous cosmolo-
gies, and also clearly shows the restrictions arising from the geometry of
the constraint surface: a global phase time in terms of the coordinates
q* (intrinsic time [Kuchat (1992)]) can be defined only if the potential in
the Hamiltonian of the model has a definite sign; in this case, the choice
is determined by the sheet of the constraint surface on which the system
evolves. In the most general case, a global phase time must be a func-
tion of the coordinates and the momenta (extrinsic time [York (1972);
Kuchaf (1971)]). At the quantum level, this means that it would be neces-
sary to identify the quantum states in the path integral by means of also
the momenta, or that, when possible, the original variables should be aban-
doned, and a quantum description of the system should be made in terms
of a new set of canonical variables such that the time is intrinsic. If the
first option is adopted we shall find certain problems which are peculiar of
gravity theory, while if we choose the second the interpretation will require
some care.

In the present work homogeneous relativistic models as well as string
cosmologies are studied. The restriction to minisuperspace models, that is,
to cosmologies whose configuration space is finite dimensional, notably sim-
plifies the analysis of what is really a problem of field theory, as the number
of degrees of freedom of the full theory is infinite. Of course, one pays a
price for doing so; the interpretation is not necessarily that of an approxi-
mation to the full theory, as “freezing” degrees of freedom before quantizing
is not completely justified provided the special character of the amplitude
superposition in quantum mechanics [Kuchai&Ryan (1989)]. For this rea-
son some authors have suggested that one should think of minisuperspaces
not as a tool to obtain physical predictions regarding the full theory within
a certain degree of approximation, but rather as simplified models which
can have their own physical interest, or in which we can try solutions for
certain problems of the full theory [Halliwell (1990)]. Here, besides the



Introduction 5

physical interest that the models can have, in the case of relativistic cos-
mologies they have been chosen with the purpose of examplifying different
formal problems and the proposed solutions, as well as some points regard-
ing the interpretation of the results; in the case of string models, they are
also useful to remark that, although string theory provides a closed formal-
ism for quantum gravity in the particle picture, at the cosmological level
the problems of quantization are the same —so that the proposed solutions
are analogous— of those of general relativity.

The work is organized as follows: in Chapter 2 the Hamiltonian for-
malism for the gravitational field is introduced; the problem of time is
presented, and the Dirac—Wheeler—-DeWitt and the path integral quantiza-
tion schemes are briefly discussed. Chapter 3 begins with the proposal of
identifying a time by means of gauge fixation. A gauge-invariant action is
constructed for a generic parametrized system with a separable Hamilton-
Jacobi equation; then it is shown how canonical gauge conditions are used
for deparametrizing the system, and the general form of the path integral
for the resulting reduced system is given. The procedure is illustrated with
some simple examples, as the relativistic free particle and the ideal clock;
the chapter ends with a discussion about the relation between the quan-
tization of the ideal clock and the transition probability for some toy uni-
verses. The straightforward application of our deparametrization and path
integral quantization program to cosmological models begins in Chapter
4 with relativistic isotropic toy models (including the de Sitter universe),
which are used to show the result of different deparametrizations and also
to discuss the main difficulties that can be found in more physical systems.
Empty models as well as models with a scalar field are studied. Then we
consider anisotropic minisuperspaces. Homogeneous anisotropic relativistic
cosmologies are comprised by the Bianchi models and the Kantowski-Sachs
model. A particular case of the most general Bianchi type universe, the type
IX, is the Taub model. Here the Kantowski—-Sachs and the Taub models are
deparametrized and quantized. In particular, the Taub universe provides
an example of a model with true degrees of freedom for which the defini-
tion of a global phase time must necessarily involve the original momenta,
because the potential in the Hamiltonian constraint does not allow for the
existence of an intrinsic time. The Bianchi type I and the homogeneous
Szekeres universes are also deparametrized. In Chapter 5 we extend our
analysis beyond the relativistic framework, and cosmology models of the
low energy effective theory of closed bosonic strings are studied. The quan-
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tization of string models has been analysed in the context of the graceful
exit problem [Gasperini (1999); Gasperini (2000)}, and it has been remarked
that this quantization requires a careful treatment of the subtleties that are
typical of the quantization of gauge systems [Cavaglid&De Alfaro (1997);
Cavaglia&Ungarelli (1999)]. Here, models with a dilaton field, a two-form
field and the tensor field g,, which determines the background geometry of
spacetime are considered. The low energy effective action of the theory is
put in the Hamiltonian form, and the minisuperspaces are deparametrized
and quantized in the same way that in the relativistic models. The anal-
ysis is extended to non separable models giving a prescription to deter-
mine whether a time for a system described by a separable Hamiltonian is
also a time for one with a more general constraint. Finally, in Chapter 6
the Dirac—Wheeler-DeWitt and the Schrédinger quantization schemes are
discussed for some relativistic and string cosmologies. A brief review of
different approaches within the canonical method is given, both with and
without the previous identification of a time. In particular, the case of the
Taub universe is analysed with certain detail, as it provides a hint to get
a better understanding of the role that the momenta play in the charac-
terization of the states, as well as of the way of handling with boundary
conditions. It is shown that our deparametrization program can be the
first step to obtain a wave function with an evolutionary form by means of
a Wheeler-DeWitt equation. In the final Discussion some open problems
regarding both the formalism and the interpretation of the theory are re-
viewed. The basic concepts of the Hamiltonian formalism for constrained
systems are reviewed with some detail in Appendix A, while those of the
path integral quantization and of the definition of a physical inner product
are discussed in Appendix B. Thus the book admits two levels of reading;:
a reader who is already working in the subject can go directly to the prob-
lem of time in the quantization of the gravitational field, and could even
begin with Chapter 3; a student, instead, should begin by reading these
Appendices. In Appendix C we give the appropriate boundary terms for
some more or less generic forms of the solution of the Hamilton—Jacobi
equation, and in Appendix D we show that, if we are only interested in the
deparametrization, an extrinsic time is easy to find for the Taub anisotropic
universe.



Chapter 2

The gravitational field as a
constrained Hamiltonian system

2.1 Momentum and Hamiltonian constraints

As starting point for building a quantum theory of gravitation it is usual to
begin with the classical Einstein action for the gravitational field. If there
are no matter fields the action S is a functional of the spacetime metric
9uv(X), and the dynamics yielding from the extremal condition 45 = 0 is
given by a succesion of spacelike three-dymensional hypersurfaces in four-
dymensional spacetime. If the timelike parameter 7 is introduced and the
points of each surface are labeled by the internal coordinates z* (a = 1,2, 3),
the surfaces can be described by

X* = e*(x,7).

At any point of a given hypersurface we can define the normal and tangen-
tial vectors n, and e:

_ Oet(x,7)
T 9ze

v
nuelb =0, g*nun, = -1, ek

Then the theory can be reparametrized by changing from the spacetime
metric g, (X) to a new basis given by the spatial three-metric gqp on a hy-
persurface and the velocity U* with which the surface evolves in spacetime:

_ Oet(x,T)

Gab = egg;weg’ u* or
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The normal and tangential components of the velocity U# are the lapse and
shift functions

Oe#

-—n ——
b or’

v
Ne(x,7) = g*%lg,. %i'r
defined by Kuchaf [Kuchai (1976)] as a generalization of those introduced
by Arnowitt, Deser and Misner N = (—g%)~1/2, N = gabg, . [Arnowitt et
al. (1962)]. The shrinkage and deformation of the spacelike hypersurface
imbedded in spacetime and evolving in the normal direction is described
by the extrinsic curvature

N(x,7) =

1 dg,
Koy = 5 (vaNb + VN, — jj) :

where V denotes a spatial covariant derivative. In terms of the lapse and
shift functions and of the coordinates (7,x), the Lagrangian form of the
Einstein action with cosmological constant is

T2
S[gabs N, N¢] = / dr/ d*z N(g)'/? (KupK® — K? + *R — 2A)
1
(2.1)

where ®R is the scalar curvature of space. The set of all possible three-
metrics is called superspace; this space is provided with a metric, the DeWitt
supermetric given by

(abed _ i(BQ)I/Z(gacgbd + gadgbe — 9gabged)
If we define the canonical momenta p®® as
p = —agebedfc
we can write the action in its Hamiltonian form:
Slgas, p**, N, N = / dr / Prpt L NH-NH)  (22)
where
H o= SGaear™p = () (R - 20),

Hoe = —2gachPCd,
Gavea = (29)™Y*(GacObd + Gaagse — 29abed)- (2.3)
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Up to now we have considered pure gravitational dynamics. Matter
fields ¢ can also be included in the action functional by means of a combi-
nation of the lapse and shift functions, and then in the canonical formulation
we obtain additional terms Hpas and He mait- Hence we can define the
extended set of phase space coordinates and momenta,

qi = (gab(x)7¢(x))
pi (0™ (x), Py (x)). (24)

The variational principle leads to the dynamical equations for the coordi-
nates and momenta, which in the Poisson brackets formalism read

dqz . Z afr i

= = Nl H+Ng' Ha

dp; a

& = Nipi,H]) + N%[ps, H,). (2.5)

There are no equations for the evolution of the lapse and shift functions,
which remain arbitrary; instead, when we demand the action to be station-
ary under an arbitrary variation of N and N® we obtain what are called
the Hamiltonian and momentum constraints

H =0, My = 0. (2.6)

The presence of these constraints reflects the general covariance of the the-
ory, i.e. that the theory of gravitation is covariant under general changes
of the coordinates. The lapse NV determines the normal separation between
two succesive hypersurfaces, while N%dr determines the shift between their
internal coordinate systems. The arbitrariness of N and N¢ leads to the
many-fingered nature of time, as these functions are associated to local
arbitrary deformations of the evolving hypersurface. This can be easily un-
derstood by considering a given hypersurface and the normal and tangential
directions on it, and the motion in the special case of a null shift: Because
the lapse corresponds to the velocity of the motion of the three-hypersurface
in the normal direction, as N depends on x and 7 the separation between
two succesive hypersurfaces is different in different points of spacetime, and
then the time has a local character.
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2.2 Minisuperspaces as constrained systems

The restriction to a finite dimensional configuration space, which is called
the minisuperspace approximation, and the choice of an homogeneous lapse
and zero shift lead to an action which in its Lagrangian form reads

( LI dqid—q{—V(q)) dr (2.7)

. T2
S[Q',N]=/ N Nz gr

1
where G; is the reduced version of the DeWitt supermetric and V is the po-
tential, which depends on the curvature and includes terms corresponding
to the coupling between the metric and matter fields; it must be understood
that we have already performed the spatial integration (trivial if the homo-
geneity hypothesis is assumed), so that only the integration on 7 remains.
The Hamiltonian form of the action is

Sl¢*,ps, N] = / (;Dz'di - NH) dr, (2.8)
- dr
where
H=GY pip; + V(g). (2.9

As the shift is null the momenta are proportional to the derivatives of the
coordinates:
J
pi= %Gij%‘-

For example, in the case of an isotropic empty cosmological model we would
have only one coordinate, ¢ = 2 ~ Ina(7) (a the scale factor of the model)
and only one momentum, p = T = —(e3?/N)d}/dr. The action (2.8)
describes a system which, as we shall inmediately see, is invariant under re-
definitions of the parameter 7, that is, what is usually called a parametrized
system. The reparametrization invariance is what remains of the general
covariance of the full theory after all except a finite number of degrees of
freedom of the originally infinite number have been “frozen”. Note that
even though the shift is zero and the lapse is homogeneous, N is still a
function of 7, so that the separation between two succesive three-surfaces,
although globally the same, is still undetermined.

Let us calculate the most general variation of the action (2.8). Under
arbitrary changes of the coordinates and momenta ¢* and p; and of the
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lapse N we obtain

S = piéqi|:+

T ldg N dt OH\
(2.10)

If we demand the action to be stationary when the coordinates q* are fixed
at the boundaries, on the classical path we obtain the Hamilton canonical
equations

dq’ ; dp;
— = Nlqg* =N iy 2.
L =N\ H), %= N (211)
and the Hamiltonian constraint
H=0 (2.12)

(we use =~ to denote a weak equality, i.e. one which is valid only on the
constraint surface).

Two features of the dynamics should be emphasized. The first is that the
presence of the constraint 7 = 0 restricts possible initial conditions to those
lying on the constraint hypersurface. The second is that the evolution of
the lapse IV is arbitrary, as it is not determined by the canonical equations;
hence, a family of classical trajectories exists for each set of initial data. The
fact that the solution of the dynamical equations is not uniquely determined
is always associated to the existence of a symmetry in the action. Then
let us consider the invariances of the action (2.8). This action is invariant
under the transformation
dp; d(Ne)

P SN = g (2.13)
with €(71) = €(r2) = 0. This transformation is called a reparametrization
because it is equivalent to change T by T + €(7) on the path given by ¢*(7)
and p;(7), with the integral
T2
/ Ndr
T1

remaining unchanged. The invariance of the action under a reparametriza-
tion means that 7 is not the time, but it is a physically irrelevant parameter.

. dat
o =e(r) gk, opi=el(r)
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When a system is described by an action like (2.8) the solutions of the dy-
namical equations are not parametrized by 7 but are given as

=e([xe). nen(fre).

so what we can call the “proper time” [ Ndr, instead of 7, plays the role
of time. When these equations can be globally solved for [ Ndr, that is,
if we can find t(g*,p;) = [ Ndr, it is said that a global phase time ¢(¢*, p;)
exists for the system.

Now consider a gauge transformation:

Jeqi = E(T)[qi7H]: depi = €(7)[pi, H], 6N = o (2.14)

/ % dT ar
[E(T) (pia_pi_ﬂ)]:. .

We see that on the classical path, where Hamilton equations hold, the
reparametrization (2.13) is equivalent to a gauge transformation with pa-
rameter Ne and the boundary restrictions e(71) = €(72) = 0. Because in the
case of parametrized systems like the gravitational field the constraint is not
linear and homogeneous in the momenta, the variation of the action under
a gauge transformation is equal to the end point terms given by (2.15); the
action is gauge-invariant only if we restrict gauge transformations to those
mapping the boundaries onto themselves, that is if we restrict admissible
gauges to those fulfilling

In this case we have

05

e(m1) = ¢(mp) = 0. (2.16)

Gauge invariance is usually regarded as the consequence of spurious
degrees of freedom. However, gauge invariance of parametrized systems is
related to reparametrization invariance: the physically irrelevant variable
is not a canonical variable but it is the time parameter 7. A true time will
always exist for the minisuperspaces considered here, but this is not the
general case; an example of a parametrized action to which a time cannot
be associated is the Jacobi action, whose variation leads to curves with a
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given energy in phase space, and without information about the evolution
with time [Lanczos (1986); Brown& York (1989)].

2.3 Quantization

2.3.1 Canonical quantization

In the Dirac—Wheeler-DeWitt canonical quantization one introduces a wave

function ¥ which must obey the operator form of the constraint equation
H = 0, that is,

HT =0, (2.17)

where the momenta are replaced in the usual way by operators in terms of
derivatives of the coordinates:

0

pi = —iaq-;

(in the full theory the ¢* are functions of the spacetime coordinates, and we
have functional derivatives). As the Hamiltonian is quadratic in p; a second
order differential equation is obtained; this is called the Wheeler-DeWitt
equation [DeWitt (1967)]. Note that because the reduced supermetric de-
pends on the coordinates one should pay attention to operator ordering;
however, if we are interested in low order approximations this point can
be neglected. It is clear that the solution ¥ does not depend explicitly
on the time parameter 7, but only on the coordinates q*. Of course, this
reflects the reparametrization invariance of the theory. In the context of
the present work we should remark that this is the main problem with the
Dirac—-Wheeler—DeWitt quantization, because the absence of a clear notion
of time makes difficult to have a definition of conserved positive-definite
probability, and therefore to guarantee the unitarity of the theory. To
build the space of physical states we need to define an inner product which
takes into account that there can be a physical time “hidden” among the
canonical variables of the system: the physical inner product (¥2|¥) must
be defined by fixing the time in the integration. Hence, to obtain a closed
theory by this way we need a formally right definition of time.

If we are able to identify the time as a function of the canonical vari-
ables, we can perform a canonical transformation to new coordinates (¢, ¢7)
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and the corresponding momenta (p;, py). Then we can make the substitu-
tion py = —i0/0t, p, = —i8/0q" to obtain a Wheeler-DeWitt equation
whose solution depends on ¢ in an explicit form, and then the physical
inner product can be written

i Y, a1
Uy|Ty) = = dg | V7 —= — ¥+ 2.18
( 2| 1) 2 [:const 1 [ ! ot 2 ot ’ ( )

where the integration is restricted to the ¢7.
It has also been pointed (see Chapter 6) that, depending on the choice of
the canonical transformation, it may also be possible to obtain a constraint
linear in p;; in this case a Schrodinger equation with a true Hamiltonian A

0¥
T

would be obtained, and the physical inner product could be defined as
(T2|T1) = (Po|iz|¥,), with fy = §(t — t'), so that the integral is evaluated
at the fixed time t' (such a procedure will prove to be valid only for a
limited class of models; see below). The relation between the solutions of
the Schrodinger equation and those corresponding to the Wheeler-DeWitt
equation would require a detailed analysis: not only there is a change of
variables to discuss, but as the Wheeler—-DeWitt equation is an hyperbolic
one, while the Schrodinger equation is parabolic, the last has a smaller set of
solutions. We shall return to this point in the context of the quantization
of the Taub anisotropic universe and of string cosmologies, but here we
can say that the answer depends on the point of view that we adopt: we
could select the set of solutions of the Wheeler-DeWitt equation which
corresponds to those of the Schrédinger equation; or we can understand
that a linear constraint and a Schrodinger equation yield only a subset of
all possible solutions for the wave function. If we consider that a quadratic
constraint reflects an essential feature of the gravitational field we should
follow the second line.

= h¥

2.3.2 Path integral quantization

Another way to obtain the wave function is to calculate the quantum prop-
agator by means of a path integral (see Appendix B). If the transition
amplitude is obtained as the sum over all histories of the exponential of
the action (2.8), the result diverges because of the integration over paths in
phase space which are physically equivalent as they are connected by gauge
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transformations. This is solved by imposing gauge conditions that select
one path from each class of equivalent paths. The path integral gives a tran-
sition amplitude for states characterized by the variables which are fixed
at the end points in the variational principle; then if we demand 65 = 0
for 8¢t = 8¢5 = 0 the path integral gives the amplitude for the transition
lgi) — |g5). In its phase space form the propagator then reads

(gldh) = / Dq'Dp; DN&(x)|[x, H]| exp (4S[q*, pi, N]) (2.19)

(T does not appear because it has no physical meaning). x = 0 is a gauge
fixing function and |[x, H]| is the Fadeev—Popov determinant, which makes
the result independent of the gauge choice (see Appendix B). Admissible
gauge conditions for the path integral are those which can be reached from
any path by performing a gauge transformation which is compatible with
the symmetries of the action. Let us consider a trajectory which differs
from a given gauge by an infinitesimal quantity A; the gauge transformation
which makes the variables reach the gauge condition must be such that

dex = —A. (2.20)

As the two boundary conditions e(m;) = €(m) = 0 must be satisfied by the
gauge parameter €(7), the equation (2.20) should be of second order in .
Since 8N = de/dr, the simplest gauge choice can be given by a function
of dN/dr, namely

dN
= — = 2.21
X=—--=0 (2.21)

(the most genera] admissible gauge would be x = dN/dr — x*(¢¢, p;, N) =
0 [Halliwell (1988)]). Any particular choice of N(7) can be carried to
dN/dr = 0 by succesive infinitesimal gauge transformations of the form
0N = de/dr; these transformations are possible because there are no re-
strictions on de/dt, but only on the gauge parameter € at the end points.
Gauge conditions like (2.21) are called “derivative gauges”. Note that al-
though the gauge (2.21) does not fix the value of N but only means that N
is constant on the trajectory, the value of N is determined by the variational
principle when the data at 7; and 7» are enough to determine the global
phase time t(g,p) = [ Ndr at the boundaries [Ferraro&Simeone (1997)].
Effectively, then we have N = At/Ar and no ambiguities are left on the
classical trajectory. A quantization procedure involving derivative gauges
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has a problem analogous to that of the canonical scheme, in the sense that
there is not a clear distinction between time and true physical degrees of
freedom. Also, it does not allow to foresee how the Gribov ambiguity will
be avoided.

We should point that in the path integral formulation the problem of
operator ordering is translated to the skeletonization: the conmutators of
operators at the same time are neglected, but are taken into account for
causally connected operators separated by nonzero time intervals. In prac-
tice, the paths in phase space are divided into segments given by two differ-
ent sets of points, one for the coordinates and the other for the momenta.
The precise choice of these points determines the operator ordering in the
Hamiltonian (for details see [Barvinsky (1993)] and [Henneaux& Teitelboim
(1992)]).



Chapter 3

Deparametrization and path integral
quantization

3.1 The identification of time

We have seen that, in the case of gravitational dynamics, given an initial
condition on the canonical variables the whole set of different classical tra-
jectories in the configuration space corresponding to different choices of the
lapse N can be generated by gauge transformations. Given a point on a
classical trajectory associated to a lapse Ni(7), a finite gauge transforma-
tion whose infinitesimal form is (2.14) connects it with another point on
other classical trajectory associated to a different lapse Ny(7). Also, one can
take the initial conditions, and starting from them construct any classical
trajectory by means of a succesion of finite gauge transformations. In other
words, the dynamical evolution, which includes the problem of the multi-
plicity of times associated to the fact that the separation between succesive
three-hypersurfaces is arbitrary, can be reproduced by gauge transforma-
tions [Barvinsky (1993)]. It is therefore natural to think that gauge fixation
should be a way to identify a time; but the fact that the admissible gauges
are not of the canonical form x(q*, p;, ), because of the lack of gauge in-
variance of the action at the end points, makes not manifest how this could
lead to a practicable deparametrization program [Simeone (1999)].

3.1.1 Gauge fization and deparametrization

The choice of the gauge conditions x = 0 appropriate to select one path
from each class of equivalent paths in phase space is restricted by:

(1) An admissible gauge condition must can be reached from any path

17
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by means of gauge transformations leaving the action unchanged.

(2) Only one point of each orbit, that is, of each set of points on the
constraint surface connected by gauge transformations, must be on
the manifold defined by x = 0. This usually requires some care:
if the hypersurface defined by the constraint equation H = 0 is
topologically non trivial it may be difficult to intersect it with a
gauge condition which is crossed by each orbit only once. This is
called the Gribov problem.

Suppose that it is possible to perform a canonical transformation (g*, p;)
— (@%, P;) such that the Hamiltonian constraint H is matched to one of
the new momenta, for example P;. Then in terms of the new variables
(Q?, P;) the action functional would include a constraint which is linear and
homogeneous in the momenta, and would be gauge-invariant even at the
boundaries. This is equivalent to say that the canonical variables (Q?, P;)
describe an ordinary gauge system. Canonical gauge conditions

X(inpiaT) =0

would then be admissible, that is, they would fulfill the condition (1).

The condition (2) requires that a gauge transformation moves a point
of an orbit off the surface x = 0; as gauge transformations are generated
by the constraint H, then we should verify that

dex = e(T)[x, H] # 0 (3.1)
unless € = 0; this holds if
[, 1] # 0. (3.2)
Now, as Q° and P, are conjugated variables,
Q% Po) = 1 (3.3)
and as we have identified H = P, then a gauge condition of the form
x=Q'-T(r)=0 (3.4)

with T' a monotonous function is a good choice. Strictly speaking, equation
(3.1) only ensures that the orbits are not tangent to the surface x = 0;
however, as (3.4) defines a plane Q° = constant for each 7, if at any T
any orbit was intersected more than once (then yielding Gribov copies) at
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another 7 it should be [x, Py] = 0. Therefore this gauge fixation procedure
avoids the Gribov problem. This choice is not the only possible one: for
example, we could multiply Qg by any function which conmutes with Py
and which is everywhere non null.

From a different point of view, given a parametrized system with coor-
dinates and momenta (¢*,p;) a smooth function t(q*, p;) fulfilling

[t,H] >0 (3.5)

is a global phase time for the system [Hajicek (1986)], and its values along
any classical trajectory can parametrize its evolution. Because the Poisson
bracket is invariant under a canonical transformation, from (3.3) and (3.5)
it follows that a globally good gauge choice given in terms of the coordinate
Q° of the gauge system can be used to define a global phase time ¢ for the
parametrized system in terms of its coordinates and momenta (¢*,p;). In
other words, a gauge choice for the gauge system defines a particular foli-
ation of spacetime for the parametrized system [Simeone (1999)]. If we are
sure that we have found a gauge choice which avoids the Gribov ambiguity
then this gauge provides a definition of time which is good everywhere. A
transformation such that H = P, can always be found locally; the point is
to obtain a canonical transformation which works in the whole phase space.

The condition for a function (g*, p;) to be a global phase time, that is,
that its Poisson bracket with the Hamiltonian constraint is positive definite,
can be understood as follows: Define the Hamiltonian vector

H=H* = (HHP)
oM OH
(a_p, _a_q> . (3-6)
Then the condition
t,H]>0
is equivalent to
ot
HA —
9zA >0

with 24 = (¢, p;). This means that t(q*, p;) monotonically increases along a
dynamical trajectory, that is, each surface t = constant in the phase space
is crossed by a dynamical trajectory only once (so that the field lines of H
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are open); hence the succesive states of the system can be parametrized by
t(ql7pi)'
Now suppose that we define a scaled constraint

H=F"'H, F>0.

It can easily be shown that H and H are equivalent constraints in the sense
that they describe the same parametrized system: their field lines, which
coincide with the classical trajectories, are proportional on the constraint
surface. Thus, if we can find a function #(¢?, p;) with the property

(¢, H] > 0,

we know that Z(¢*, p;) monotonically increases along the dynamical trajec-
tories associated to both H and #H, and it is also a global phase time. The
fact that if the constraint is scaled by a positive definite function we ob-
tain an equivalent constraint can sometimes simplify the resolution of the
deparametrization problem, as it will be based on the possibility of solving
the Hamilton—Jacobi equation associated to the Hamiltonian constraint.

3.1.2 Topology of the constraint surface: intrinsic and ex-
trinsic time

As we have just signaled, a function ¢(¢*, p;) is a global phase time if [t, H] >
0. Because the supermetric G** does not depend on the momenta, a function
t(q%) is a global phase time if the bracket
[t¢"), H] = [t(¢"), G pipx]
ot .
2a—inlkpk

is positive definite. Note that if the supermetric has a diagonal form and
one of the momenta vanishes at a given point of phase space, then no
function of only its conjugated coordinate can be a global phase time. For
a constraint whose potential can be zero for finite values of the coordinates,
the momenta pj, can be all equal to zero at a given point, and [t(q*), H] can
vanish. Hence an intrinsic time t(¢') can be identified only if the potential
in the constraint has a definite sign. In the most general case a global phase
time should be a function including the canonical momenta; in this case it
is said that the system has an eztrinsic time t(q%, p;), because the momenta
are related to the extrinsic curvature.
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It is common to regard an intrinsic time as more “natural”, and the
necessity of defining an extrinsic time as a somewhat problematic peculiar-
ity. However, this is perhaps only a consequence of usually working with
simple parametrized systems like, for example, the relativistic particle (see
below); the formalism for these systems, when put in a manifestly covari-
ant form, has the time included among the coordinates, and the evolution
is given in terms of a physically meaningless time parameter. But while
for these systems the time coordinate always refers to an external clock,
this is clearly not the case in cosmology; for example, in the case of pure
gravitational dynamics the coordinates are the elements of the metric g
over spatial slices, and in principle there is not necessarily a connection be-
tween g,y and anything “external”. Rather, such a relation can be thought
to exist for the derivatives dg,p/dr of the metric, as they appear in the
expression for the extrinsic curvature K,; which describes the evolution of
spacelike three-dimensional hypersurfaces in four-dimensional spacetime. If
no matter fields are present the canonical momenta are given by

pi = p® = ~2G*"I K,

and then one must expect the momenta to appear in the definition of a
global phase time [Giribet&Simeone (2001b)]. The existence of a time in
terms of only the coordinates should therefore be understood as a sort
of an “accident” related to the fact that, in some special cases which do
not represent the general features of gravitation, there exists a relation
that enables to obtain the coordinates in terms of the momenta with no
ambiguities. At the quantum level this means that we shall have to revise
some points of the path integral quantization to which we are used: as
we shall see below, there are cosmological models for which a quantum
description in terms of only the original coordinates will be impossible if
we want to work in a theory with a clear notion of time.

3.2 Gauge-invariant action for a parametrized system

In this section we shall develop a procedure to obtain a gauge-invariant
action for parametrized systems whose Hamiltonian constraint is such that
the associated 7—independent Hamilton—Jacobi equation is separable. We
have already remarked that the variation of the action of a parametrized
system under a gauge transformation is equal to end point terms; the ac-
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tion of the gravitational field then does not have gauge invariance at the
boundaries and canonical gauges would not be admissible. But in the last
section we pointed that if it was possible to define a canonical transforma-
tion such that the Hamiltonian constraint could be matched with a new
momentum, the system could be turned into an ordinary gauge one; hence
canonical gauge conditions could be imposed to select one path from each
class of equivalent paths in phase space. In fact, we shall see that when we
are able to find such a transformation, the result is equivalent to adding
boundary terms, and the variation of these terms exactly cancels the vari-
ation of the original action. From this point of view, there would not be a
true conceptual difference between a parametrized system and an ordinary
gauge one: although the practical value of having linear constraints has
led to a distinction, the existence of a particular gauge symmetry would
be nothing more than a consequence of a given choice of variables, and it
may be that the variables which appear more natural or intuitive are not
the best for building a closed formalism. Moreover, in the next chapter we
shall see that what turns to be the formally correct choice of variables may
not coincide with what one expects from the usual path integral procedure,
but it agrees with what is sometimes found in classical cosmology.

3.2.1 End point terms

Let us consider a complete solution [Landau&Lifshitz (1960)] W (¢, a,, E)
of the Hamilton—-Jacobi equation

H ( Y %%?) =E (3.7)

where H is not necessarily the original Hamiltonian constraint but it can
be a scaled Hamiltonian, that is H = F~!H with F a positive definite
function of ¢'. If E and the integration constants o, are matched to the
new momenta Py and P, respectively, then W(q’, P;) turns to be the
generator function of a canonical transformation (¢¢,p;) — (@', P;) defined
by the equations

ow i oW — —
AL =22 E=NP,=NH 3.8
pi=g5 9 7. 0 (3.8)
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where K is a new Hamiltonian. The new coordinates and momenta, verify
—H 5 b
[Q aPO]:[Q aH]:O
[Fua_po] = [?uaH] =0

Q. Po] =[Q, H] = 1.

The resulting action

wmis o [ (54 s
30", P;, N = / (Pl - NP0> dr (3.9)

describes a system with a null true Hamiltonian and a constraint which is
linear and homogeneous in the momenta. Therefore the action S has gauge
freedom at the boundaries, and canonical gauges would be admissible in a
path integral with this action. The action S can be related with the original
action S by recalling that

pidg’ =d (W(qi,—lsi) - @i—Pi) +PdQ’,

as it follows from (3.8). Thus in terms of the original canonical variables
we have

Sl¢*,pi, N] = / (Pidq —NH)dT

dr
+ @@ PP p) - W@ F)) . (310)

We then see that the gauge-invariant action S differs from the original
action S in the end point terms

B = [Q'(¢,p)Pild',p) - W(g', P)] (3.11)

72
T1

It is simple to verify that these terms effectively cancel the variation of the
action S under a gauge transformation: if we write

[6.@P: - w)]

- oW _ ., oW _ =
[E(T)PO - a—qﬂseql - ﬁipi]

Il

6.B

T2
T1

T2

T1
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and we use that [P;, Po] = 0 and d.¢° = ¢(7)[¢*, H] we obtain

5[ )

(compare with Eq. (2.15)). The end point terms then improve the action
with gauge invariance at the boundaries, and they do not modify the dy-
namics, as they can be included in the action integral as a total derivative
with respect to the parameter 7.

3.2.2 Observables and time

Because Q" and P, conmute with K = NPg then they are conserved ob-
servables describing what we shall call the reduced system. This makes
impossible to characterize the dynamical trajectories of the system by an
arbitrary choice of 6“ at the boundaries 73 and 7. If we want to obtain a
set of observables such that the choice of the new coordinates is enough to
characterize the dynamical evolution we should look for non conserved vari-
ables, and hence a new r—dependent transformation leading to a non null
Hamiltonian should be defined. In other words, we need to perform a canon-
ical transformation in the space of observables with a generator function
which depends on 7. A second canonical transformation will give additional
end point terms; because after the first transformation (¢*,p;) — (@Z,Fi)
we have already obtained a gauge-invariant action, the new boundary terms
must be gauge invariant.
Let us consider the canonical transformation generated by

F@',P,,7) = PQ + f@", Py, 7). (3.12)
Then we have
— OF — OF of
H=Py=—=F 5 P,=—= -
T YT aQn o
OF _wo oF af
0 —_ ——= u = ——— = —_——
O ==Y @ 8P, 0P,

The transformation in the reduced phase space is defined by the generator
f. The coordinates and momenta (Q#,P,) are observables because they
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conmute with the constraint H = P,

[Q*, Po] = [Py, Po] =0,

but they are not conserved quantities, because their evolution is governed
by the new non vanishing Hamiltonian
of of

K=NP+-+—=NH+ -

- = (3.13)

(see, for example, the discussion about “perennials” in [Kuchaf (1993))).
Indeed, we have that

aQ* 8K _ 9? _—
e E—mf@ (@*, Pyu), Py, 7)
dP, 0K
= = 905 = 57 aQu F@"(Q", P, P,,7), (3.14)
so that
8
M@, Puym) = o= QN (Q", Pu), P ) (3.15)

plays the role of a true Hamiltonian for the reduced system. The function
f and therefore h will not be defined at this stage; below we shall give a
prescription to choose f. For the coordinate conjugated to the constraint
matched to Py we have

99 Q" K1= N R =N. (3.16)

The second transformation (@l,?i) - (Q%, P,) yields additional end
point terms of the form

. —i T2 —— T2
(@ - F@ P.7)]” = [@“P. - F@"@" P, Puy7)]
1 1
These terms depend only on observables, and are then gauge-invariant as
we required. The gauge-invariant action resulting from the two succesive

canonical transformations (¢, p;) — (@z,?—i) - (Q4L,P)is

S[Q, P;,N] = /T ( ddQTz ~ NPy - g_f) (3.17)
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and in terms of the original variables it reads

. T2 i
Sl¢',pi, N] = / (mdi_Nf])dT

- dr

+[@P- W@ Py + QP — f@ Pm)]

(3.18)

where @1, P;, Q" and P, must be written in terms of ¢* and p;. The action
S[Q%, P;, N] describes an ordinary gauge system with a constraint Py ~ 0,
so that the coordinate Q° is pure gauge, that is, Q0 is not associated to a
physical degree of freedom. This coordinate can be defined as an arbitrary
function of 7 by means of a canonical gauge choice of the form

x=Q°-T(r)=0.

Writing Q° in terms of ¢* and p; we have a function of the original phase
space variables whose Poisson bracket with H = P, is positive definite;
as H differs from the original Hamiltonian constraint only by a positive
definite function, then we can always define a global phase time as

t(q', ;i) = Q°(¢", pi) (3.19)
because
[t(g",p:), H(q",pi)] = [Q° Po] = 1, (3.20)
and then
[t(a*, p:), H(g", pi)] > O. (3.21)

We have then shown that by imposing a canonical gauge condition on the
gauge system described by (Q?, P;) we have identified a global phase time
for the parametrized system given by (¢*,p;). The key point has been that
in terms of the variables of the gauge system we have a natural choice
for a function whose Poisson bracket with the constraint is non vanishing
everywhere. Moreover, the change to the new coordinates and momenta
gives the constraint hypersurface a trivial topology which allows to fix the
gauge in a way that clearly does not generate Gribov copies. As we shall
see below in the context of minisuperspace deparametrization, the gauge
fixation can be relaxed to allow for different definitions of time. In gen-
eral we shall prefer the most simple choice compatible with the topology
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of the constraint hypersurface, though sometimes a gauge condition which
appears to be somewhat complex in terms of the new variables will be con-
venient when we go back to the original phase space variables; in particular,
some choices can be useful to visualize in the original phase space how our
procedure avoids the Gribov problem [Simeone (1998)].

3.2.3 Non separable constraints

Our method for deparametrizing and quantizing cosmological models is
based on a canonical transformation generated by a solution of the Hamilton—
Jacobi equation, so that, in principle, it fails when this equation is not
separable. This is an important restriction, but we are not more limited
than at the classical level, as we are able to quantize those models which
are classically integrable. A point to be noted is that in string cosmology
separable Hamiltonians appear in a natural way when we deal with the low
energy limit of the theory; the reason is that this limit leads only to mass-
less fields, so that the constraints do not include the combination of powers
and exponentials which constitute a usual obstruction to separability.

A possible treatment for non separable Hamiltonians could be to look
for an approximate solution by restricting the calculation to regions of the
phase space in which some given terms of the Hamiltonian are negligible, so
that we could work with a separable constraint. This would require a study
of the possible values of the parameters entering the potential. A similar
approach is in fact usual in the canonical quantization, when approximate
solutions of the Wheeler-DeWitt equation are found after neglecting dif-
ferent terms of the Hamiltonian in different regions of the phase space; the
solutions in different regions are matched using the WKB procedure (see
Chapter 6 and, for example, [Halliwell (1990))).

At this stage, however, we shall not discuss approximations in detail.
Instead, in the context of minisuperspace models (in particular in string
cosmologies) we shall discuss the possibility of determining whether a time
for a system described by a given Hamiltonian is also a time for a system
described by a more general constraint. This will be mostly useful starting
from an extrinsic time. Although we shall not be able to use our method
to quantize a system described by a non solvable constraint starting from a
time found in this way, the identification of time can have its own interest,
as a tool to understand a given cosmological model, and mainly to define
an inner product which takes into account the existence of a time “hidden”
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among the coordinates and momenta.

3.3 Path integral

3.3.1 General formalism

The action S[Q¢, P;, N] is stationary when the coordinates Q' are fixed at
the boundaries. The coordinates and momenta (Q¢, P;) describe a gauge
system with a linear constraint, so that this action allows to obtain the
amplitude for the transition |Q%, 1) — |Q%, 72) by the usual Fadeev—Popov
procedure:

(@3,mlQ1,m) = / DQ°DPyDQ*DP,DN5(x)|[x, Po)le*S1@" PNl
S[Q*, P, N] = / ( d£z~NPo—gi)dr, (3.22)

where x can be any canonical gauge condition. The Fadeev—Popov determi-
nant |[x, Po]| ensures that the result does not depend on the gauge choice.
Differing from what happened in terms of the original variables (see Eq.
(2.19)), here the amplitude depends on 71 and 7o; this reflects that after
the canonical transformation the system is no more a parametrized one,
but, instead, it has a spurious degree of freedom Q° and a true time which
is 7. If we perform the functional integration on the lapse NV enforcing the
paths to lie on the constraint hypersurface Py = 0, we obtain

@nlahn) = [ DQ"DQ DRI Rl

xexp(i/ﬁ [P%— (Q* Pm)] )

(3.23)

where h = Jf /87 is the true Hamiltonian of the reduced system. The
path integral must give an amplitude between states characterized by the
variables which make the action stationary when fixed at the boundaries.
As S is stationary when the Q* are fixed, then we shall choose the gauge in
the most general form giving Q° as a function of the other coordinates Q*,
7 and constants ¢,; thus a choice of the boundary values of the physical
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coordinates and 7 fixes the boundary values of Q°. With the choice
x=Q°-T(Q" ¢,,7) =0 (3.24)
and after the trivial integration on Q° we obtain
(@5, 721Q%,n) =
T2 dQu
= /DQ“DPu exp (z/ [PM—CF— - (Q“,PM,T)] dT)

1

(QI;:T?'QIfaTl)- (325)

Now we want to relate this path integral with an amplitude between states
characterized by the original variables of the parametrized system. Because
the original action S[q*, p;, N] is stationary when the coordinates ¢* are fixed
at the boundaries, it is usual to look for a propagator of the form

(@ldh), (3.26)

so that the states are characterized only by the coordinates. The problem
with this procedure is that, as we have already remarked, in cosmology
it is not always possible to define a time in terms of the ¢* only; then
the amplitude (gi|q}) is not the answer to a question like “what is the
probability that an observable of the system takes a certain value at time ¢
if at a previous time the observable took another given value?”. Formally
this can be understood as follows:

If we pretend the quantum amplitude (Q%, 72|Q%, 1) to be equivalent to
(gi|qt) we should verify that the paths in the integral are weighted by the
action S in the same way that they are weighted by S (the still not defined
function f will play a central role here; see below), and that the quantum
states |Q*, 1) are equivalent to |¢'). As the path integral in the variables
(Q*, P;) is gauge invariant, this requirement is fulfilled if it is possible to
impose a —globally good— gauge condition ¥ = 0 such that 7 = 7(¢%) is
defined. But in this case a function t(¢*) would be a global phase time, and
an intrinsic time ¢(q*) can be defined only if the potential in the Hamiltonian
constraint has a definite sign, that is, if the constraint hypersurface splits
into two disjoint sheets. In the most general case the definition of a global
phase time must necessarily involve also the momenta, and then we cannot
fix the gauge in the path integral in such a way that 7 = 7(g*). Hence, if
we want to quantize the system by imposing canonical gauges in the path
integral to obtain an amplitude with a clear notion of time, in the most
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general case of a potential with a non definite sign we should admit the
possibility of identifying the quantum states in the original phase space
not by ¢* but by a complete set of functions of both the coordinates and
momenta ¢¢ and p;.

This suggests that we should abandon the idea of obtaining an am-
plitude for states characterized by the coordinates. However, while a de-
parametrization in terms of the momenta may be completely valid at the
classical level, it has been pointed by Barvinsky that at the quantum level
there is an obstacle which is peculiar of gravitation [Barvinsky (1993)]:
There are basically two representations for quantum operators, the coordi-
nate representation and the momentum representation, in which the states
are characterized by occupation numbers associated to given values of the
momenta. The last one is appropriate when the theory under considera-
tion allows for the existence of assimptotically free states associated to an
adiabatic vanishing of interactions, so that a natural one-particle interpre-
tation in terms of creation and annihilation operators exists. In quantum
cosmology these assymptotic states do not, in general, exist. The suitable
representation must be able to handle with essentially non linear and non
polynomial interactions, and such a representation is a coordinate one. In
the coordinate representation the operator of coordinates is diagonal, and
the quantum states are represented by wave functions in terms of the coor-
dinates. The usual Dirac-Wheeler—DeWitt quantization with momentum
operators in the coordinate representation acting on ¥(g) follows this line;
but, as we have already observed, this formalism is devoided of a clear no-
tion of time and evolution, unless the potential is everywhere non null so
that we can find a time among the canonical coordinates.

We shall then adopt what could be thought as an intermediate solu-
tion: When the constraint allows for the existence of an intrinsic time ¢(q%)
we shall straightforwardly apply our deparametrization and path integral
quantization procedure to obtain the transition amplitude for states char-
acterized by the original coordinates; this will provide a quantization with
a clear distinction between time and observables, although the time vari-
able in the path integral may be given by a non trivial relation between the
original coordinates defining the states (the Kantowski—Sachs anisotropic
universe will be an interesting example useful to illustrate this feature [Sime-
one (2000)]). On the other hand, unless the model is simple enough to work
in the variables (Q%, P;) and guess the meaning of the results in terms of
the original variables, when only an extrinsic time exists we shall proceed
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as follows: to make compatible a coordinate representation with a globally
good definition of time we shall perform a canonical transformation from
the original canonical variables (¢, p;) to a set (¢, 5;) defined in such a way
that the Hamiltonian constraint of a given minisuperspace model has a non
vanishing potential; then an intrinsic time exists in terms of the §. The ac-
tion S[g%, #;, N] will be stationary when the ¢* are fixed at the boundaries.
We shall therefore apply our procedure to obtain the transition amplitude
for states given by the §t,

(@la1),
which will in general depend on the original coordinates and also on the
original momenta. Though at a first sight this may seem to obscure the
interpretation of the resulting propagator or wave function, we shall see
that the original momenta are restricted to appear in the global phase
time, while the new coordinates corresponding to the physical degrees of
freedom will depend on the ¢* only (a detailed discussion will be given in

the context of the quantization of the Taub anisotropic cosmology, both in
the path integral an in the canonical quantization schemes).

3.3.2 The function f and the reduced Hamiltonian. Uni-
tarity

In what follows we shall speak about the coordinates §¢, and it must be
understood that when an intrinsic time in terms of the original coordinates
exists the coordinates §* coincide with the coordinates ¢°.

As we have already mentioned, up to now the generator f and the
Hamiltonian h of the reduced system remain generic. We shall make use of
this freedom to choose f in such a way that the amplitude (Q%, 72|Q%, 1)
is equivalent to (g|gt). This is possible only if

(1) The Hamiltonian constraint is such that a globally good gauge ¥ =
0 defining 7 = 7(§) can be imposed. This is equivalent to the
existence of an intrinsic time in terms of the coordinates ¢* (but
not necessarily in terms of the ¢*). Then a particular choice of
the gauge-invariant coordinates @* and of 7 defines a point in the
configuration space of the §.

This does not ensure, however, that the amplitudes are equivalent;
in fact, because when written as a functional of the original vari-
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ables (¢, p;) the gauge-invariant action S contains additional end
point terms B, the paths would not be weighted in the path integral
as they are by S. Then we demand that:
(2) The end point terms B vanish on the constraint surface and in the
gauge ¥ = 0 defining 7 = 7(§*), that is,
T2

=0. (3.27)

Py=0,3=0

B= [@i‘ﬁi —W +Q"P, - f]

T1

Because the action § is gauge-invariant, this ensures that with any gauge
choice the paths are weighted in the same way by § and S. This requirement
gives a prescription for the generator f (-Q—“,PM,T); this also determines
the reduced Hamiltonian h = 9f/07. Note that, as f depends only on
observables, h conmutes with the complete Hamiltonian K = NFy + A, so
that

dh _ 0°f

ar o
Thus if f could be defined as a function linear in 7 we would be able to
obtain a conserved Hamiltonian for the reduced system; when possible, we
shall choose the reduction procedure leading to such a reduced Hamiltonian.

The reduced Hamiltonian A could be both positive or negative-definite.
The possibilility of a double sign is not necessarily a serious problem: for
example, a double sign appears in the quantum theory for a relativistic
free particle, and the interpretation is that of particles and antiparticles
(see the next section); unless an interaction making the “effective mass”
squared vanish —then allowing the two sheets of the constraint touch each
other— is introduced, one can work with two disjoint theories [Barvinsky
(1993)]. Thus if a double sign appears in our quantization scheme we could
understand it in a similar way (the problem of a time-dependent potential
[Kuchaf (1981)] will be discussed later; see Chapters 4 and 6). A fundamen-
tal difficulty, instead, would be a reduced Hamiltonian which vanishes or
even becomes imaginary. An imaginary Hamiltonian cannot be associated
to a self-adjoint operator, and the resulting quantum theory becomes non
unitary [Hajicek (1986)] (see Chapter 6). This could be avoided by restrict-
ing the configuration space to what is called its natural size (see Section
3.4.3), but even in this case the coordinate conjugated to such momentum
would not be a global time. As we are looking for a unitary theory with a
right notion of time, our analysis will be restricted to cosmological models
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for which a non vanishing momentum exists, so that an intrinsic time can
be defined, or to models such that it is possible to perform the transfor-
mation from the original coordinates ¢ to the coordinates §* in terms of
which we have a system which admits an intrinsic time. As we shall see,
the two possible signs of the non vanishing momentum will be in correspon-
dence with two possible reduced Hamiltonians; the resulting formalism will
therefore include two theories for the physical degrees of freedom, each one
corresponding to each sign of h associated to one of the two sheets of the
constraint surface. The path integral in the reduced space will give two
propagators, one for the evolution of the wave functions of each theory (see
[Barvinsky (1993)], and also [Hajicek (1986)] for an analogous point of view
in the context of canonical quantization).

3.4 Examples

We shall ilustrate our procedure with some usual examples, as the relativis-
tic free particle and the ideal clock. The analogy between the Hamiltonian
formalism for the relativistic particle and for simple cosmologies, in partic-
ular the invariance under reparametrizations of time, has often led to use
the first as a kind of toy model for gravitation; however, it should be em-
phasized that the relativistic free particle cannot reproduce an important
property of cosmological models, as it is the fact that the potential in the
Hamiltonian constraint can change its sign.

3.4.1 Feynman propagator for the Klein-Gordon equation

We shall obtain the Feynman propagator for the Klein-Gordon equation
associated to a free relativistic particle:

62
<—ﬁ+v2+m2)¢=0.

In the canonical formalism the relativistic particle is described by the
Hamiltonian constraint

H =po? —p? —m? = 0. (3.28)

The presence of the constraint reflects that there is effectively a time among
the canonical variables: if we calculate the Poisson bracket of the coordinate
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20 with the constraint we obtain

[‘TO) H] = 2p0a

so that the time is #° on the sheet py > 0, and —z° on the sheet p° < 0.
We shall obtain the propagator by computing the functional average of the
Heaviside function 6(s), where s is the proper time (to simplify the notation
we write only one spatial coordinate).

The 7-independent Hamilton—Jacobi equation for this system has the

solution
Wai(z,2°% P,Py) = Pz + :L'O\/ﬁ2 + Py + m2.

where we have matched the integration constants E = Py and o = P. The
generating function f making the end point terms vanish in the canonical
gauge ¥ = 2° — T'(7) = 0 (which gives 7 = 7(g¢%)) is

f@,P,7)=QPFT(r)y P2 +m?2.

This gauge choice is globally good because [x,H] # 0, and then X can be
used to define a global phase time ¢; as we just mentioned, we can define
t = +2°. The end point terms are

m?2(z® — T'(1))

B=y—F——-—, 3.29
¥ VP? +m? (3.29)
and the new variables are given by
0
Q - i___m
P2+ Py +m?
Pz° PT(r
0 - )

Tzt
VPZ + Py +m? ¥ VPZ + m?
po = VP24 PF+m?

p = P

Therefore, in terms of the original canonical variables the gauge-invariant
action reads

S= / <po— + pd _ Nn) dr = m? [f/o_p%_%] 1 (3.30)
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and the amplitude for the transition z; — x5 is given by

(22,2)21,22) = / D2 DpoDaDpD N6 ()| [x, H]|

T2 d
X exp <'L/ (po(fii +pd—w—N'H> dT)
T

X exp (:Fi m?

0_ T
f/-?f;in—l] ) . (3.31)

The path integral can now be computed in any canonical gauge; for any
function T we have |[x, H]] = 2|po|. The integration on the multiplier N
yields a d-function of the constraint which can be written as

1
S(pt —p* —m?) = m&(po -V +m?)+ —‘—6(1)0 + Vp* +m?).

In a T—independent gauge we have 6(s) = 6(z3 — %x?) for pp > 0 and

8(s) = 0(z? — 24 20Y for py < 0; then, in gauge x = 2° = 0 we obtain
1 po(ra)™2

(.’1:2, mgw(s)lml ) w?) =

_ o Do(T2) o
= /Dsz ) (wz po(ﬁ)zl)
X exXp (z/ p@dr —im? [—T(T)] )
T dr Do P
0 _ pol71) o
+/Dsz 0 (ml po(Tz)xz)
T _ T2
xexp(/ ddr+zm [ T(T)] ),
Par Po i

(3.32)

where

[ s [0
T1 T T1

Do
2 d daT
= —|2F —=——= | VP +mZ—|dr
/Tl pdT( 1/p2 +m2) P dT]
=/ [Pc—i—?—:i:\/PLi—m?%] dr.
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Note that now, according to the form of the action, at the level of the
physical degree of freedom @ we have two theories, one for each sign of the
true Hamiltonian. By skeletonizing the paths we obtain N — 1 §-functions
of the form §(P,, — P,—1), and as P = p and the end point values of Q) are
given by the gauge choice which makes the endpoint terms vanish, so that
Q(m) = z1 and Q(m2) = x3, we finally obtain

(zg,zg|0(3)|w1,z?) =

=0(z — ) /dpexp (ip(z2 — z1) — ipo(ad — 29))

—+ H(m(l) — zg) / dpexp (ip(zz —z)+ ipo(a:g - x?)) ,

(3.33)

which is the Feynman propagator for the Klein-Gordon equation.

The double signs appearing in the formalism reflect the fact that the
Klein—Gordon equation describes particles as well as antiparticles; the first
correspond to the sheet py > 0 of the constraint surface and propagate
forward in time, while the second correspond to the negative-energy solu-
tions of the sheet pp < 0 and propagate in the backward direction of time.
As long as we do not include an interaction the one-particle interpretation
remains valid, as there is no pair creation. In other theory with a quadratic
Hamiltonian constraint, as it is gravitation, the interpretation may not be
so simple, but this analogy will prove to be useful for understanding the
results in the context of minisuperspace quantization.

3.4.2 The ideal clock

Consider a mechanical system with canonical coordinates and momenta
(g%, px). Tts action functional reads

to d k
Sa", pk] =/ [pk—;t —Ho(q’“,pk)] dt, (3.34)
t1

but as the dynamics remains unchanged if we add a total derivative of ¢ to
the integrand, we can write

13 k
Sitmd = [ [ - mulet om0 + RO & (39
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We can give the evolution in terms of an arbitrary parameter 7 by including
the time t among the canonical coordinates, so that the conjugated momen-
tum p; appears. Now, if we want the action to lead to the same dynamics
as the original one does, the constraint

H=p+Ho— R(t) =0

must be imposed; therefore, the action for the parametrized system with
coordinates and momenta (q*,p;) reads [Ferraro&Sforza (1999); Ferraro
(1999)]

i 2 dt dg* 5
Sl¢',pi, N] = / Pi- +pkd—T—N(pt+Ho(q ,pr) — R(t)) | dr
T2 dat .
-/ [pi—q— _ NH( )| dr, (3.36)
- dr

where N is a Lagrange multiplier. The usual canonical equations of motion
for the original coordinates and momenta (g*,p;) should hold. Indeed, by
varying the coordinates and momenta in (3.36) we obtain the equations of
motion

dq’ o}
Pl N@pi (pe + Ho(g", p1))
dp; 0 k
— = -~N-—(H, — R(t
" s (Bolapi) = R()
which give
qu _ 3 k
Td_t_ = TmHO(q :Pk)
dpy, _ __6__ k
dt - aquO(q 7pk)'

If we eliminate the coordinates and momenta (¢*,px), we obtain a sys-
tem with only one degree of freedom and one constraint, the ideal clock
[Beluardi&Ferraro (1995)]; its action functional is given by

2 dt
1

with

H=p —R(t)=0, (3.38)
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and the equations of motion for this system are

@ dn_ yOR(O)
dr dr ot
We shall illustrate our quantization method by turning the ideal clock into
an ordinary gauge system and computing its quantum transition amplitude
by means of a path integral in which canonical gauges are admissible.
To do this, two succesive canomcal transformations are needed. The

first transformation, (¢,p;) — (Q ,Py), is generated by the function W
solution of the Hamilton-Jacobi equation

ow

o~ R(t) = (3.39)

matching E = Py, a simple calculation gives

W (t,Po) = Py t + / R(t)dt, (3.40)

so that _QO, Py and the new hamiltonian K are related to ¢, p; and A by

ow ow

—0 — —_
=1, = =PFPo+R K = NH. 3.41
Q=55 =t m="5 =Po+RO, (3.41)

The variables @O and Py verify
—0 — —0
[Q 7P0] :[Q 77{] = 1)

so that _QO can be used to fix the gauge.
The second transformation is generated by

F=PQ +f(r), (3.42)
which yields
= _ OF o OF o
Poﬂﬁ_POy Q 3P0 Q ’ (343)
and a new non vanishing Hamiltonian
of of _of
K=K+ >-=N .
+ 5 Py + 3~ o (3.44)
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Then, as a functional of Q° and P, the gauge-invariant action of the ideal
clock reads

T2 0
S[Q°, Py, N = / (pﬂf? _ NPy - g{) dr (3.45)

and in terms of the original variables

St = [ (w3 - N - RO)) dr + B,

1

B(r) = QPo—W —f(r)=- / R(f)di - f(r).  (3.46)

In order to guarantee that the new action weights the paths in the same
way that the original one does, and that the transition amplitude in terms
of Q0 is equivalent to the amplitude in terms of ¢, we must choose f so
that the end point terms vanish in a gauge such that 7 = r(t). With the
canonical gauge choice

X=Q°—7=t—-7=0 (3.47)

we must choose
fr) = - / R(r)dr. (3.48)

From (3.47) we have |[x, ]| = [[Q% Po]| = 1, 8(x) = 8(Q° = ) = (¢t — 7),
so that the transition amplitude is
(taftr) = (QF,7(QF, ™)
= / DQ°DP,DN&(Q° —7)
X exp (i/T2 [Poii(?_'r(i — NPy — %‘f—_] dv')

1

= / DQ°DPod(Po)8(Q° — 7)

T2 0
X exp (z/T [Po-c—l;—i— -~ %7];] d'r)

1

= exp (; / ” R(T)dr). (3.49)

T1
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Hence, the probability for the transition from ¢; at 71 to t; at 72 is
[(t2[t2)> = (@3, 7=|QY, )2 =1 (3-50)

for any values of t; and f;. This just reflects that the system has no
true degrees of freedom, because given 7 we have only one possible . We
should emphasize that even though we have used a gauge which makes this
fact explicit, the path integral is gauge invariant, and then we could have
computed it in any gauge and the result would have been the same. This
can easily be verified by, for example, calculating the path integral in terms
of the original variables with the action (3.46) and the canonical gauge
choice x =t =0:

(alty) = [ DDEDNSCOIx. B
T2
X exp (z/ [ptﬂ—NH] dT)
- dr
t(2) T2
X exp ——i/ R(t)dt+i/ R(r)dr
t(r1) Ty

| PtDp08(e: - RO H]
X exp (z /T2 pt%d'r)
t(‘rz) T2
X exp (—i /t(n) R(t)dt + /n R(T)d”r>

= exp (2 / R(T)df) . (3.51)

Although the end point terms do not vanish in gauge ¢t = 0, but with the
gauge choice ¢t = 7, we have obtained the same amplitude as before.

3.4.3 Transition probability for empty Friedmann—Robertson—
Walker universes

In the next chapter we shall give a direct procedure to deparametrize and to
obtain the path integral for cosmological models. However, we can already
make a preliminary analysis and get some results regarding the quantization
of certain minisuperspaces. The idea is to recall that their Hamiltonian
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constraints can be obtained by performing a canonical transformation on
a mechanical system which has been parametrized by including the time ¢
among the canonical variables.

In particular, empty Friedmann-Robertson—Walker minisuperspaces can
be obtained from the ideal clock [Beluardi&Ferraro (1995); De Ciccod-
Simeone (1999a)]. It can be shown that the Hamiltonian constraint for an
empty minisuperspace

H= -G +V(Q) ~0

(see the next chapter) can be obtained from that of the ideal clock with
R(t) =2,
H=p -t*~0,

by means of a canonical transformation. If we define

2/3
7(Q) = sign(V) (g / @dﬂ) (3.52)

the canonical transformation is given by

av(Q)
a0

On the constraint surface p; — t> = 0 we obtain

t=+4/V(Q), (3.54)

(the potential V() is positive-definite) and then, we can try to quantize
the minisuperspace by means of a path integral in the variables t,p;. If
we pretend to obtain an amplitude for a transition between states labeled
by the coordinate §2, this possibility clearly depends on the existence of a
relation

Q=—t py = V(Q). (3.53)

V() e Q,

but, as we shall see, the main restriction will be given by the geometrical
properties of the constraint surface.

The most general form of the potential for an empty isotropic and ho-
mogeneous minisuperspace is

V(Q) = —keft + A3, (3.55)
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Let us first consider the simple models with k = 0 or A = 0. For k = 0 (flat
universe, non zero cosmological constant) we have

V() = Ae®?,
and for A = 0, K = —1 (null cosmological constant, open universe) we have
the potential
V(Q) = e
In both cases, as well as for the open (k = —1) model with non zero

cosmological constant A > 0
V(Q) = e + A7,

given V and then V() we can obtain Q = Q(V) uniquely. As Q ~ Ina(7),
from (3.54) we then see that in the simplest cases our procedure is basically
equivalent to identifying the scale factor a(7) of the metric with the time
t of the ideal clock. As in this cases the potential has a definite sign, the
constraint surface splits into the two disjoint sheets

(D)
™ = + m

Hence the gauge fixation in terms of the coordinate ¢ of the ideal clock,
which selects only one path in the (¢, p;) phase space, also selects only one
path in the (Q,7q) phase space; this makes the quantization of this toy
universes trivial, yielding a unity probability for the transition from ; to
Qz:

(221017 = 1. (3.56)

For the case k = 1, A > 0 (closed model with non zero cosmological
constant), the potential

V(Q) = —e? + A%,

is not a monotonous function of 2, but it changes its slope when

Q=In (\/%) (3.57)
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where it has a minimun, so that for a given value of V' ({2) we would have two
possible values of {2. However, physical states lie on the constraint surface

—G(Q)73 — e + A =0,

Q(Ae2Q — 1
mzi,/e_%_X

As G is a positive-definite function of §2, the condition that mg must be
real restricts the motion to the region

Q>In (%) , (3.58)

which is called the “natural size” of the configuration space [H4jicek (1986)).
Hence, the potential does not change its slope on the physical region of the
constraint surface; this allows us to obtain Q = Q(V') and the relation

A3y 41
a-lw (_V+_)

which is equivalent to

2 A

holds in the physical phase space. There is, however, a problem resulting
from the fact that the potential has not a definite sign: as 7o = 0 is possible
in this model, the system can evolve from ; to Qs by two paths. Then
given a gauge condition in terms of ¢ we do not obtain a parametrization
of the cosmological model in terms of € only, and then we cannot say
that a path integral for |t;) — [t2) is equivalent to the path integral for
|1) — |922). This is related to the fact that, precisely because the potential
has not a definite sign, this model does not allow for the existence of an
intrinsic time.

As we have remarked, the gauge choice is not only a way to avoid diver-
gences in the path integral for a constrained system, but also a reduction
procedure to physical degrees of freedom. When we choose a gauge to per-
form the path integration, at each 7 we select one point from each class
of equivalent points; if we do this with a system which is pure gauge, i.e.
that has only one degree of freedom and one constraint, we select only one
point of the phase space at each 7. For example, the gauge choice (3.47) of
section 3.4.2, t — 7 = 0, means that the paths in the phase space can only
go from t; = 7 at 7y to t; = 7y at 7»; there is no other possibility. Hence,
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the probability that the system evolves from t; at 71 to ¢ at 7o cannot
be anything else but unity. Then if we can write the time ¢ in terms of
only the coordinate € of a minisuperspace, its evolution is parametrized in
terms of (2, there is only one possible value of Q at each 7, and the quanti-
zation of the model is therefore trivial. In the case that 2 does not suffice
to parametrize the evolution, however, we should still obtain a transition
probability equal to unity, because the model is pure gauge. The point
is then how the states must be defined so that the correct amplitude is
obtained. This will be carefully discussed in the next chapter.



Chapter 4

Homogeneous relativistic cosmologies

4.1 Isotropic universes

An isotropic and homogeneous model gives an acceptable description of
the current state of the universe. For example, an essential feature of this
model is its non-stationary character, which constitutes a good explanation
for the observed redshift of far galaxies. The spatial line element of an
isotropic model has the form

di? = g,pdzde®

where g, is the space metric, whose components are functions of time. The
isotropy and homogeneity hypothesis lead to the fact that the curvature
depends on only one parameter: for £ = 0 we have a flat universe, for k =
—1 the universe is open, and for k = 1 the universe is closed. The spacetime
metric has then the Friedmann—Robertson-Walker form [Landau&Lifshitz
(1975); Misner et al. (1997)]

dr?
1—kr?

ds® = N%dr? — a?(7) ( + r2d6? + 7% sin® 0d<p2) , (4.1)
where a(7) is the spatial scale factor. The pure gravitational dynamics of
a Friedmann-Robertson-Walker universe is given by the evolution of the
scale factor; this evolution is determined by the density and pressure of
matter fields, the curvature and the existence of a non vanishing cosmo-
logical constant A. Here we shall consider empty models with and without
cosmological constant, and models with matter in the form of a scalar field.
The problem of the path integral with extrinsic time will be introduced
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with a closed “de Sitter” model.

4.1.1 A toy model

Consider an empty open “universe” with null cosmological constant. To
work within the Hamiltonian formalism we define the coordinate Q and its
conjugated momentum as:

w2 ~_1 sdl
Q-ln( 3wga(7)>, Q= e g

so that a? ~ 2. The Hamiltonian form of the action functional is

S0, ma, N :/

71

T2

dQ
[‘ngd—T - N’H] dr, (4.2)
where the constraint is

H= —ie_mﬂé +e 0. (4.3)

According to the analysis of the last section, we find that t = £4/V(Q) ~
e2?/3 must be a time, as ¢ is the only coordinate of the ideal clock. In order
to reproduce this result it will be convenient to apply our procedure to the

scaled constraint H = e/3H :
H= —%e—m/%g +e%/3 » 0. (4.4)

The constraint H is equivalent to H because they differ only in a positive
definite factor. The 7—independent Hamilton—Jacobi equation associated
to the Hamiltonian H is

2
- (aa—vg) + 4 = 4893 (4.5)

and then matching E = Py we have

W(Q,Py) = £2 / d1\/ et — Pes?/3, (4.6)

with + for mq > 0 and — for 7g < 0. According to equation (4.6), on the
constraint surface it is
—0 ow
7|

A — _ne29/3 4.7
— ne .
5P0JT30=0 1)



Isotropic universes 47

with n = sign(nq). Following the procedure of section 3.2.2, in order to
quantize the model we define

-
F=Q P+ f(1)
so that the reduced Hamiltonian and the new variables are

of
6_7_7
The system described by Q° and P, has a constraint which is linear and
homogeneous in the momenta. Its action functional is then invariant under
general gauge transformations, so that there is gauge freedom at the end
points and canonical gauges are admissible. If we choose x = Q°—T'(1) =0
with T' a monotonic function of 7 then we can define the time as

t=QO, (4.8)

because [Q°, H] = [Q°, P;] = 1. Then we have a global phase time that can
be written in terms of the coordinate §) only, the expression given by the
sheet of the constraint surface on which the system evolves:

—0

h = Qon, POZﬁo.

tQ) = —e¥3 if wa>0
t(Q) = +%  if 7 <0. (4.9)

As on the constraint surface we have
7o = +2e29, (4.10)
we can write the time also as
t(Q, 1) = —%e—m/%g. (4.11)

Because the time can be put in terms of only the coordinate 1, the tran-
sition amplitude between two states characterized by the new coordinate
Q° can be identified with the amplitude for the transition |Q1) — [Q2);
according to equation (3.25), as this model has no true degrees of freedom
we have

(Qa2S4) (QQaTZIQuTJ

= exp (—z / —dr). (4.12)



48 Homogeneous relativistic cosmologies

The amplitude is only the exponential of an arbitrary phase; therefore the
probability for the transition Q1) — |Q2) is equal to unity. Of course, the
result coincides with which was obtained by matching the model with the
ideal clock, and it only reflects that the system is pure gauge.

4.1.2 True degrees of freedom

Consider a flat (k = 0) homogeneous and isotropic universe with a massless
scalar field ¢, and with a non vanishing cosmological constant A. We shall
assume A > 0, so that if there was no field the model would be exactly
the de Sitter universe; this universe has no turning point in its classical
evolution, and this is reflected in the form of the Hamiltonian constraint.
If we define the momentum associated to the scalar field as

1 d
Ty = ﬁ639d—f
we have the action
(" dQ do
S[Q, ¢, mq, 7y, N] = /n [WQE + o - NH| dr, (4.13)
with the constraint
1
H =<} - 1d) + Ae*? 0. (4.14)

4
We see that while 74 (and hence d¢/dr) can be zero, mq (and then the

same for d{1/dr) does not vanish on the constraint surface. The evolution
is restricted to one of the two surfaces

o = +4 /7r3, + 4AebC

separated by 7o = 0; from a geometrical point of view this means that the
topology of the constraint surface is that of two disjoint half planes.

The 7-independent Hamilton-Jacobi equation associated to the con-
straint H is

2 2
(%—Z) - (%%V) + 4Ae%? = 4Ee3C. (4.15)

Matching the integration constants with P and Py we obtain the solutions

W, =Pg+ / dQ\/ P° — 4Pye3? + 4Ae60
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which are of the form
W = C’(q")]3 + w(qo,?o,ﬁ)

with ¢° = , ¢ = ¢ (see Appendix B). The double sign + corresponds to
the two different sheets 7q > 0 and mq < 0 of the constraint surface. Fixing
the gauge by means of the canonical condition

x=Q' - gP,T(r) =0 (4.16)

with 7'(7) a monotonic function of 7, as @0 = OW./0Py = Qo(qo,ﬁo,f’_),
if we choose

9(P,T(r)) =Q°(¢ = T(r),Po = 0,P)

in terms of the original variables we have
® =Q="T(). (4.17)

In the original phase space the surface defined by the gauge condition y = 0
is thus a plane Q = constant for each value of 7. Because the topology of
the constraint surface is trivial, this ensures that the gauge (4.16) does not
produce Gribov copies [Simeone (1998)]: if at any 7 an orbit was intersected
more than once by the surface xy = 0, there should be another 7 such that
one is tangent to the other and then it would be [x, H] = 0. But this
is prevented by the gauge fixing procedure, because [Go,ﬁo] = 1 and the
gauge choice only involves @O,T and P, which is a conserved quantity. A
global phase time is therefore

t=nQ (4.18)

with n = 1 if the system evolves on the sheet given by 7q < 0, and n = -1
if the system evolves on the sheet g > 0.

To quantize the system we must perform a second transformation to
non conserved observables. This transformation in the reduced space is
generated by the function f, which must be chosen in such a way that
the end point terms B improving the action with gauge invariance at the
boundaries vanish in a gauge giving 7 = 7(¢*). With the gauge choice (4.16)
the appropriate generator is

f=QPFw(T(r),Py=0,P=P).
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Thus, in this gauge and on the constraint surface we have

of i
Q=55 =0 (4.19)

which, together with equation (4.17), means that @ and 7 define a hyper-
surface in the original configuration space. The explicit form of the physical
degree of freedom and of the Hamiltonian for the reduced system described

by (Q, P) is

Q
Q = ¢+ aip/ VP2 + 4Ae524Q,
T(r)

of dT
— = P2 4 4AefT —. 4.2
or + +ale dr (4.20)

with F = sign(mg). In the gauge (4.16) and on the constraint surface the
path integral for the system has then the simple form

h

T2
(2, Va1, ) = /DQDP exp (z/T [P% + P+ 4A66T] dT) ,

(4.21)
where the end points are given by 77 = €; and T5 = Q9; because in gauge
(4.16) we have © = T, then the paths go from Q1 = ¢2 to Q2 = ¢
(note that once we have fixed a gauge the coordinate @ is no more an
observable, in the sense that Q|y=o = ¢ does no more conmute with the
constraint). The result shows the separation between physical degrees of
freedom (¢) and time (2). The reduced system is governed by a time-
dependent true Hamiltonian; this reflects that the field ¢ evolves subject
to changing “external” conditions, the metric which plays the role of time.
The non vanishing Hamiltonian for the reduced system resembles that of a
relativistic particle of T-dependent mass m = 2A1/2¢3T, To be precise, we
obtain two theories, one for a “positive-energy particle” in the case of the
sheet g > 0 of the constraint surface, and one for an “antiparticle” in the
case of the sheet 7q < 0.

The expression (4.21) then makes simple to compute the infinitesimal
propagator corresponding to each one of the two reduced Hamiltonians of
Eq. (4.20) (to obtain the finite propagator we should still integrate on
the coordinate Q). By recalling the analogy with the relativistic particle
and the results of Ref. [Ferraro (1992)] (see equation (68)) with v = F1,
y=1land o = /(T2 — T1)? — (Q2 — Q1)? we obtain [De Cicco&Simeone
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(1999b)]

(B2, +€ldh, Q1) =
cAl/2¢30

€2 — (¢2 — ¢1)

_H{" (206 /&7~ (92 - 41)?),

(4.22)

where H. 1(1) is the Hankel function defined in terms of the Bessel functions
Ji1 and Nj as Hl(l) = J; + iN;. The double sign corresponds to the two
possible signs of mq defining the two sheets of the constraint surface. This
propagator fulfills the boundary condition

(2,0 +€ld1, Q1) — 0(d2 — ¢1)

when € — 0.

We should emphasize that we have succeeded in obtaining a transition
amplitude in terms of only the original coordinates and with a clear notion
of time because the potential has a definite sign; this allows to parametrize
the system in terms of the coordinate €2, but this is not the general case.
A not completely satisfactory point is that we have deparametrized the
cosmological model! in such a way that the potential in the reduced Hamil-
tonian is time-dependent. The point is that the propagator (4.21) is just
which we would obtain by writing the scaled version of the constraint (4.14)
as a product of two linear constraints:

H= (71'9 +4 /75 + Aem) (—71'9 + /75 + Aef) & 0, (4.23)

and by straightforwardly identifying ¢ as the physical degree of freedom,
and £ as the time. Then we have two true Hamiltonians, and we obtain a
quantum theory for physical degrees of freedom for each one in the form of
the path integral(s) (4.21); each theory is unitary, as each true Hamiltonian
is real. But because the time £ appears in the potential, at the quantum
level the constraint (4.23) and the scaled form of (4.14) are not equivalent
(see Chapter 6). In the next section we shall give a deparametrization
procedure avoiding this, and we shall obtain a different expression for the
propagator corresponding to this model.
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4.1.3 A more general constraint

Let us consider a Hamiltonian constraint of the form
H=G(Q)(rg — 7d) + V(4,Q) = 0, (4.24)

where G(2) > 0 and V (¢, ) is the potential. The action has the usual
form given in (4.13). We shall restrict our analysis to the cases in which
the potential V (¢, 2) has a definite sign. As the cases V > 0and V < 0 are
formally analogous, we shall consider only V' > 0. Define the coordinates

=z(p+Q), y=yl6-Q) (4.25)
so that (0z/8¢) = (0z/0N), (By/d¢) = —(8y/ON). The momenta 7, and

my are given by

_ Oz Oy _ Oz Oy
Ty = 6¢7rz ¢7ry, T = o + 507 (4.26)
and then
6:1: By Oz dy
2 _ 2 J
o o = A58 5e™™ T ~Yan a0 ™™

If it is possible to choose the coordinates z and y so that 4(0z/0¢)(0y/0¢) =
V/QG, as V/G > 0 then we can multiply the constraint H by the positive-
definite quantity (4G(0z/8¢)(8y/0¢)) " and obtain a constraint H which
is equivalent to H:

H=nm,m,+1=0. (4.27)

We shall turn the system described by (z,y, 7, 7y) into an ordinary gauge
system. The T--independent Hamilton—Jacobi equation for the constraint
(4.27) is

ow oW

Pz oy T1TE

and matching the integration constants o, E to the new momenta P, Py it
has the solution

— Py -1
W (z,y, Py, P) = Pm+y< 5 ) (4.28)
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Then
1) % — oW  Py—1
Ty = — = P, Ty = —F— —
z Oy P
0 W y —~_ oW Yy
Q 6.P() Pa Q opP Sl?+_2( 0) ( )

To go from the set (@i,ﬁi) to (Q*, P;) we define

— T
F=0"P +QP+17—](DL) (4.30)
with 7 = &1 and T'(7) a monotonous function. Then we have the canonical

variables of the gauge system in terms of those of the minisuperspace:

o - Y
Q" = P
1
QR = $+F2‘(Z/(1—Po)—77T(T)),
Po = TgTy + 1,
P = =, (4.31)

There is no problem with P as a denominator because P = m, cannot be
zero on the constraint surface.

As [Q°, P] =1 we have [y/n,;, H] = 1; H differs from # in a positive
definite factor, namely F~!, so that 1 = [y/m,, H| = [y/7, F1H] =
[y/me, FUH + [y/me, H]F ! = [y /7y, H]F~1; hence

[y/me,H] >0 (4.32)

and a canonical gauge condition of the form y = Q° — T'(r) = 0 with T a
monotonic function of 7, when imposed on the gauge system described by
Q* and P;, defines a global phase time

Y

Ty

t

il

for the minisuperspace described by ¢, ), g, 7q. From (4.26) we have 7, =
(s + mq) (20z/ 8¢)™" and therefore

_,u(6-9) 926+ 9)
- Ty + 0 d¢ '

(¢, w4, M) (4.33)
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The monotonic function of 7 given by (4.33) depends on the coordinates and
also on the momenta of the cosmological model, and is then an extrinsic
time. We can also identify a time in terms of the coordinates only, but
the definition depends on the sheet of the constraint surface on which the
system evolves. The identification of an intrinsic time will allow to obtain a
transition amplitude between states characterized by the coordinates. The
end point terms associated to the canonical transformation (4.31) are of
the form

T(r
B(r) = ﬂi—yﬂy—% 75 )
= 20°-Q°R, —2nT1(3T).

On the constraint surface Py = 0 these terms clearly vanish with the gauge
choice

x=nQ°P-T(r)=0 (4.34)
which gives
[x, Po] = nP = nmz, (4.35)

and because nQ°P = ny we have [y, H) = nm,. As before, as H and H
differ in a positive definite factor, if we can define 5 so that [ny, H] > 0
then [ny,H] > 0 and

t=ny

is a global phase time. We can chose 0z/0¢ as a positive definite function
(and appropriately adjust the sign of dy/9¢) to yield sign(r,) = sign(my+
mq). From the constraint equation we have

Vig, )
G(Q)

o = + 2 (4.36)
and because V/@ is positive definite, 7o # 0 and the evolution of the system
is restricted to one of the two disjoint surfaces (4.36), each one topologically
equivalent to half a plane. Moreover, from (4.36) we have |mq| > |74/,
yielding sign(m;) = sign(mq). Hence we have a good definition of time on
each sheet of the constraint surface by appropriately choosing 7, the choice
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dictated by the sign of the momentum =g :

t(4,Q) = +y(¢—-9Q) if ae>0
t(¢,0) = —y(l¢-0) i 7e<0. (4.37)

Of course, we cannot write a single expression which holds for both sheets
of the constraint surface; but once we know on which sheet of the constraint
surface the system evolves we can identify a time in terms of the coordinates.
If, instead, we want an expression which holds automatically, that is, which
does not depend on the sign of g, we must choose a time like that given
in (4.33).

According to equation (4.30) the function f is equal to QP + 5T (1)/P
and then the true Hamiltonian for the reduced system described by (Q, P)
is

n dT'
h(Q,P,T) - FE,

with n = sign(mq). Because in gauge (4.34) the end point terms associated
to the transformation from (z,y, 75, my) to (Q*, P;) vanish, the new gauge-
invariant action and the original action weigh the paths in the same way.
By substituting the Hamiltonian h in the equation (3.25) we obtain the
propagator for the transition |¢1, 1) — |¢2,Q2) as

(2, Qa|d1, Q) = /DQDPexp i/T2 (PdQ - %dT)} . (4.38)

T

where the end points are given by T1 = xy(¢; — Q1) and T = +y(ps —
Q). Note that in gauge (4.34) defining an intrinsic time, the observable Q
reduces to a function of only the original coordinates:

Q|x=0 =z(¢+9Q).

Hence the paths go from @ = z(¢; + Q1) to Q2 = z(d2 + Q). The
propagator is that of a system with a true degree of freedom given by the
coordinate ). Observe that differing from what happened with the example
of the preceding section, now the reduced Hamiltonians are independent of
time, so that we have obtained the path integral for a conservative system.
By considering both possible signs of the reduced Hamiltonian, this path
integral gives the transition amplitude for both theories corresponding to
the sheets mq > 0 and mq < 0.



56

Homogeneous relativistic cosmologies

e Ezample 1: A closed (k = 1) model with cosmological constant

A > 0 and massless scalar field ¢, whose Hamiltonian constraint is
1 _
H=e B (n% —mg) — e’ + AP 0 (4.39)

is not separable in terms of the variables z(¢+ ), y{(4 — Q); more-
over, its potential has not a definite sign. However, it is easy to
show that the extrinsic time obtained for the case k = 0 (flat model)
is also a global phase time for the case k = 1. Then consider the
constraint

1
Ho = 16_39(7(35 —713) + A~ 0
which is equivalent to

Ho = 75 — 73 + 4Ae%? ~ 0.

By choosing y = —(1/3)e3(279) z = (1/3)e3(?+9) we obtain the

extrinsic time
2 A 62
t=— (-) i (4.40)
3 Ty + T

On the constraint surface Hy = 0 we can write
1
t=—=(mg —
g(m¢ — ma)

(thus we have obtained also an extrinsic time for the model of the
last section; in fact, as that model has a simple positive-definite
potential increasing with (), any function of the form ~ —mq is
a time: [—mg,e*?] = 3e3% > 0). Note, however, that if we want
to verify that this time is a global phase time also for the case
k = 1 we should not write it in the last form. If we calculate the
Poisson bracket of t = —(2/3)Ae%? /(4 + mq) with the constraint
H = 4e*¥H we obtain [t, H] = [t, Ho] + [t, —4€*?], which, as it is
easy to check, is the sum of two positive terms. As the constraints
H and H are equivalent, then we have

[t,H] >0

and ¢ is a global phase time also for the model given by the con-
straint (4.39).
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This deparametrization also provides us with another propagator
for the model of section 4.1.2; this simply yields from Eq. (4.38)
with the identification T, = %y, = F(1/3)e3("%a) Q, = z, =
(1/3)e¥@atee) g = 1,2, This quantization has the advantage of
a conserved Hamiltonian, but it presents a practical difficulty in
effectively performing the integration, coming from the form of the
integrand in the action.
Ezample 2. Consider a flat (k = 0) universe with cosmological
constant A > 0 and a massive scalar field ¢. The corresponding
constraint has the form

H = ie“m(wi ) +mi A A~ 0. (441)
This model admits an intrinsic time. In the case m = 0 we obtain
the equivalent constraint Hy of the preceding example. The same
choice of variables allows to define the intrinsic time

t = —ysign(mg) = —%sign(ﬂg)e3(9'¢), (4.42)

and because the additional term associated to the mass of the scalar
field is positive-definite (and of course depends only on the coor-
dinates), it is easy to check that this is a time also for the case
m # 0.

An interesting point to be signaled is the following: if we eliminate the
field ¢ the momentum 7y dissapears, and the deparametrization method of
this section leads to extrinsic times of the form

Q
e(l
tr —

0

This resembles what in classical cosmology is usually identified as a time
in terms of the Hubble constant H [Kolb& Turner (1988)]: it is common to
work with the time

tg = H!

where H is defined as a/a with a the scale factor. Now, as a ~ € and
g ~ —e>¥(dQ/dr), then

38
tn ~ ——,
TQ
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which is analogous to the time obtained before. Of course, such a time is
globally well defined as long as the constraint surface does not allow for
mq = 0.

4.1.4 Ezxtrinsic time. The closed “de Sitter” universe

Our deparametrization procedure gives a simple way to investigate how
the geometrical properties of the constraint surface impose restrictions on
the definition of a global phase time. Up to know we have studied only
models whose Hamiltonian constraint includes a potential which does not
vanish at any point of the phase space. In this section we shall examine
a model which, despite its simplicity, is a good example to introduce the
quantization with extrinsic time.

Comnsider the Hamiltonian constraint of the most general empty homo-
geneous and isotropic cosmological model:

1
H= —Ze_mﬂ'?z — ke + A% x 0. (4.43)

This Hamiltonian corresponds to a universe with arbitrary curvature k =
—1,0,1 and non zero cosmological constant; we shall suppose A > 0. In the
case k = 0 we obtain the de Sitter universe; although the absence of matter
makes this universe basically a toy model, it has received considerable at-
tention because it reproduces the behaviour of models with matter or with
non zero curvature when the scale factor a ~ €% is great enough [Weinberg
(1972)]. The classical evolution is easy to obtain, and it corresponds to an
exponential expansion. In fact, from a geometrical point of view, for both
k = 0and k = —1 the momentum 7o cannot change its sign. For the closed
model with k = 1, instead, 7 = 0 is possible (see below).

If we apply the procedure of section 3.4.3 and we match this model with
the ideal clock we obtain that

t~ —e ¥g (4.44)
is a global phase time. To be able to compare the results, we shall apply
our procedure to the scaled constraint H = e=%H :

1
H= —Ze_mﬂ% —k+Ae®* x0. (4.45)

The constraints H and H are equivalent because they differ only in a posi-
tive definite factor.
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The 7—independent Hamilton-Jacobi equation for the Hamiltonian H
is

2
- (%—?I/) — 4ke®? 4 4Ae5? = 4e*'E (4.46)

and matching E = P, we obtain the solution

W(Q, Py) = +2 / d0e*? 1/ Ae2® — k — Py, (4.47)

with + for mq > 0 and — for mq < 0. According to equation (4.47), on the
constraint surface we have

0’ = [81] = FA 1/ Ae2? — k. (4.48)
O0Po | Py,=0

As we did in section 4.1.1, we introduce a transformation defining the true

Hamiltonian h = 8f/87 and the variables Q° and Py of the gauge system

into which the model is turned. The gauge can be fixed by means of the

T—dependent canonical condition x = Q% — T'(7) = 0 with T a monotonic

function of 7. Then we can define

t=Q°% = 0(—mq) A"V Ae2? — k — (1) A1/ Ae — k (4.49)
as a global phase time for the system. As on the constraint surface we have
7o = £2e*/Ae2? — k (4.50)

(so that in the case k = 1 the natural size of the configuration space is
given by Q > —In(v/A)), we can write

tH(Q,m) = —%A‘le_mﬂg, (4.51)

which is in agreement with (4.44). Now an important difference between the
cases k = —1 and k = 1 arises: for kK = —1 the potential has a definite sign,
and the constraint surface splits into two disjoint sheets given by (4.50). In
this case the evolution can be parametrized by a function of the coordinate
Q only, the choice given by the sheet on which the system remains: if the
system is on the sheet mo > 0 the time is t = —A~1v/Ae2? + 1, and if it is
on the sheet 7 < 0 we have t = A~1v/Ae?? + 1. The deparametrization of
the flat model is completely analogous. For the closed model, instead, the
potential can be zero and the topology of the constraint surface is no more
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equivalent to that of two disjoint planes. Although for Q = —In(v/A) we
have V(1) = 0 and g = 0, it is easy to verify that dmg /dT # 0 at this point.
Hence, in this case the coordinate ! does not suffice to parametrize the
evolution, because the system can go from (2, 7q) to (2, —7q); therefore we
must necessarily define a global phase time as a function of the coordinate
and the momentum (extrinsic time).

The system has one degree of freedom and one constraint, so that it is
pure gauge. In other words, there is only one physical state, in the sense
that from a given point in the phase space we can reach any other point on
the constraint surface by means of a finite gauge transformation. This pro-
vides a consistency proof for our deparametrization procedure [Giribet&-
Simeone (2001b)]: if we characterize the states by the variables which in-
clude a globally well defined time we must obtain a transition probability
equal to unity.

Indeed, by proceeding as we did in the case of the toy model of section
4.1.1, we obtain

AR
(@0, 721Q2, 1) = exp (~z / 1 a—fd) ,

and then the probability for the transition from Q% at 7 to Q3 at 75 is

|<anT2|Q(1)aTl>|2 =1.

When the model is open or flat the coordinates 2 and Q° are uniquely
related, and the result can be easily understood in the sense that once a
gauge is fixed there is only one possible value of the scale factor at each 7.
But in the case of the closed model we have seen that this is not true: at
each 7 there are two possible values of {2; instead, there is only one possible
value of mq at each 7. Hence the transition probability in terms of @Q°
does not correspond to the evolution of the coordinate {2, but rather of the
momentum, so that

[{ma,2[ma,)* = 1.

We must conclude that the amplitude (Q3,72|Q%,m) corresponds to an
amplitude (7o 2|mo,1). (The characterization of the states in terms of the
momenta, however, contradicts the point of view stated in section 3.3.1. In
this very simple case we could admit this solution, or we could simply give
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the results in terms of Q°. But, in general, before the quantization we shall
make a transformation to coordinates such that the time is intrinsic).

According to our previous analysis, the fact that in the case k = 1
the amplitude (Q9,72|Q%, 1) is not equivalent to (Q2|) is natural, as
the nonexistence of an intrinsic time makes impossible to find a globally
good gauge condition giving 7 as a function of Q only (see section 3.3.1).
But precisely for this reason, this should not be taken as a failure of the
quantization procedure, because a characterization of the states in terms
of only the original coordinates is not correct if we want to retain a clear
notion of time on the whole evolution.

4.1.5 Comment

It is worth noting that at the quantum level the definition of an extrinsic
time in terms of a functional form like (4.51), as given for the closed de
Sitter universe, is not sufficient; in fact, it is also necessary to propose a
prescription for the operatorial order between coordinates and momenta to
give a precise definition of time [Giribet&Simeone (2001b)]. If we define
the operators associated to ¢t and H and calculate their conmutator, when
we make it act on a quantum state on the constraint surface, that is, a state
¥ such that

H|®) =0,

we shall in general obtain a result like i f (7q, 2)[¥), where f does not have
a definite sign in the case k = 1 , as terms linear in 7o appear. This can
be avoided by defining a given operator ordering. It is possible to verify
that the ordering which leads to a definite sign in the case of the closed de
Sitter universe is given by

f ~ fge 2, (4.52)
while different orderings generate in the conmutator [f, H ] linear terms in

the momentum mq.

4.2 Anisotropic universes

While isotropic Friedmann-Robertson-Walker cosmologies can be thought
to be a good description for the present universe, more general models
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should be considered when studying the early universe. Of course, any
anisotropic model will be of physical interest as long as it evolves to a very
low degree of anisotropy, so that it can explain present day observation.

The hypothesis of homogeneity and isotropy completely determines the
form of the space metric leaving free only the curvature; restricting the
hypothesis to homogeneity without any other symmetry assumption allows
for much more freedom. Homogeneity implies that the metric properties
are the same at any point of space. The precise mathematical definition of
this concept is given by the set of transformations which leave unchanged
the metric. Because the space is three-dimensional, the transformations
must be determined by three independent parameters.

In Euclidean space the homogeneity is manifest in the invariance of
the metric under translations of the cartesian reference frame. The three
parameters defining a translation are the three components of the vector
associated to a displacement of the origin. A translation leaves unchanged
three independent differentials (dz, dy, dz) from which the length differen-
tial is obtained.

When an homogeneous non-Euclidean space is considered, one founds
that the transformations of the symmetry group also leave invariant three
linear differential forms; however, these forms are not total differentials of
functions of the coordinates, but they read

i_ i a
o' =eldx

where @ = 1,2,3 and e’ are three independent vectors which are functions
of the coordinates. The differential forms fulfill do* = €;;,07 x o* (see, for
example, [Schutz (1980); Schutz (1985)]). The invariant space metric can
then be written as [Landau&Lifshitz (1975)]

d* = g;jo'e? = gij(eidz“)(e{,dzb),
so that the spatial metric tensor has the components
Gab = gijeflei-

Possible anisotropic cosmologies are comprised by the Bianchi models
and the Kantowski-Sachs model [Ryan&Shepley (1975)]. In this section we
shall apply our deparametrization and path integral quantization method
to the Kantowski-Sachs model [Kantowski&Sachs (1966)], and to the Taub
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model [Taub (1951)], which is a particular case of the diagonal Bianchi type-
IX universe (these models have deserved considerable attention in different
quantization and deparametrization programs; see, for example, [Higuchi&-
Wald (1995)]). By introducing the diagonal 3 x 3 matrix 8;; both corre-
sponding spacetime metrics can be put in the form

ds? = N2dr? — 2 (e28()),; 5007 . (4.53)

It should be remarked, however, that the spatial geometry of these models
is essentially different, in the sense that there is not a continuous transfor-
mation carrying from one to the other (see below).

4.2.1 The Kantowski—Sachs universe

The Kantowski—Sachs universe is defined by the line element
ds® = N?dr® — S*(1)dz* — R*(1)(d6* + sin® 8dy?). (4.54)

The model can be closed by setting 0 < 2 < 47 (and then substituting 2z by
the angle ¢). The classical behaviour of this universe is analogous to that
of the closed Friedmann—Robertson—-Walker cosmology in the fact that the
volume, defined as

v= [@sy/=Cg),

grows to a maximun and then returns to zero. ¥or applying the Hamiltonian
formalism it is convenient to write the metric in the form (4.53); to do so
we define the matrix

B = diag(~p,—B,26)
and the differential forms ¢! = df, 0® = sinfdy, ¢° = dip. Then we have
ds? = N2dr? — e22(7) (ew(ﬂdzp? + =P (dg? + sin® (9d<p2)) . (4.55)
Note that while €2 can be understood as a spatial scale factor, even for

B = 0 the model remains to be anisotropic. This is the central difference
with Bianchi models.
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In the absence of matter the Hamiltonian form of the action functional
reads

S[Q’IB”"—Q’WB,N]Z/ (Wﬁ’z_f +7TQ%—N%) dr (456)

where H = e~3?H ~ 0 is the Hamiltonian constraint, and
H = —n} + 75 — e+, (4.57)

The Kantowski—Sachs model has an interesting property: although the
scaled potential V(Q,3) = —e*?*28 has a definite sign, so that an in-
trinsic time can be identified among the canonical variables, the time is
not trivially identified as a function of the scale factor, as it results from
the fact that the volume does not behave monotonically. This is something
to be noted, as in the early literature it can sometimes be found that the
isolation of the coordinate Q2 as time parameter is made as the previous
step before quantization. This is not right, unless the analysis is restricted
to a region of the phase space. We can easily see that no function ©(Q2)
can be a global phase time for the Kantowski—Sachs universe:
00, #] = 223t =g,

and for 13 = +e*#1? we have 7 = 0, so that [©({2), ] vanishes. In those
previous works the momentum g was defined as the reduced Hamiltonian;
this is unsatisfactory, because even if we restrict the configuration space to
its natural size to avoid an imaginary Hamiltonian leading to non unitary
evolution, mq = 0 makes possible transitions from “positive-energy” to
“negative-energy” states.

The Hamiltonian is not separable in terms of the original variables; then
we define

3H0) = 3z, P = 4y,
and we obtain the equivalent constraint
H' = —(r,my +1) = 0. (4.58)

Following a procedure completely analogous to that of section 4.1.3 we solve
the 7—independent Hamilton-Jacobi equation
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to obtain the generator W of the canonical transformation from (z, y, 75, my)
to the variables (61,_}3}) of the gauge system into which we turn the min-
isuperspace; then we perform a 7-dependent transformation in the space
of observables. The canonical variables of the gauge system are therefore
given by

@ -
4P’
1 g04p 1 eﬂ-ﬁ
Q = “ge( )—}55 (1+Po) +nT(r) ),
By = (mj—md)e 97 1,
1
P = —5(m+ mg)e (@A)
with 7 = £1 (P = —n; cannot be zero on the constraint surface). The true
Hamiltonian of the gauge system described by (Q?, B;) is
= ndl
T Pdr’

Hence the gauge invariant action S can be written as

s rony= [ (P Q+Poj62——NP°‘%%§)dT’ (4.59)

or in terms of the original variables

S[Q’ﬂaﬂﬂvﬂ-[%N] =/ (ﬂﬂc—lé +7TQ@ —NH> d7'+B(7'2) ‘B(Tl),

. dr dr
(4.60)
where
1 3@+8) ( 1,0-6 L 5 2  _a0+28
= T —(— —
B ——— [4 4 +nT (1) +2( g+ Mg —€ )
= - [2 (QO 47 }())) + QOPO] . (4.61)
Under a gauge transformation generated by # we have §.B = —4.S, and

hence §.S = 0. On the constraint surface H' = Py = 0 this terms clearly
vanish in the gauge

=QP+qT(r)=0 (4.62)
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which is equivalent to T(7) = £(1/4)e®~#, and then it defines T = (€, 8).
An intrinsic time t can be defined by writing ¢t = —nQ°P, with n = %1,
and apropriately choosing #:

[t’ H’] = [—ﬂQOP, PO] = —TIP7

and because P = —m, then we must choose n =1if 7, >0 and n = -1 if
me < 0; as w5 = (1/2)(mq + 75)e~3(?+A) and on the constraint surface it is
|mg] > |mal, we have sign(n,) = sign(wq + ng) = sign(ng); therefore the
time is

1
(), B) = +Ze9—ﬁ if w5 <0,

t(Q, 8) = —%e”-ﬂ if 7w >0. (4.63)

Note that mg cannot change from a negative value to a positive one on the
constraint, surface, so that the time is well defined for the whole evolution
of the system.

It is easy to verify that an extrinsic time can be defined by imposing a
canonical gauge of the form y = Q° + T(7) = 0. If we make t = —T we
obtain

e10+28

HQ, B8, mq,mg) = Q° = —m (4.64)

with [t,H] > 0. Using the constraint equation (4.57) we can write

t(rq, m5) = %(m —~ 7). (4.65)

We see that a gauge condition involving one of the new momenta defines a
time in terms of only the original coordinates, while a gauge involving only
one of the new coordinates gives an extrinsic time which can be written in
terms of only the original momenta.

Because the path integral in the variables (Q%, P;) is gauge invariant,
we can compute it in any canonical gauge. With the gauge choice (4.62),
on the constraint surface Py = 0, and after integrating on N, Py and Q°,
the transition amplitude is given by

(Qz, 5|, B1) = / DQDPexp [z / " (Pdq - %dT)] . (4.66)

/i
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where the end points are Ty = £(1/4)e®1 b1 and Ty, = +(1/4)e2~Pz;
because on the constraint surface and in gauge (4.62) the true degree of
freedom reduces to Q@ = —z = —(1/3)e3@*+#) then the paths in phase
space go from Q; = —(1/3)e3(™+81) to Qy = —(1/3)e3(2152). After the
gauge fixation we have obtained the path integral for a system with one
physical degree of freedom and with a true Hamiltonian. The result shows
the separation between true degrees of freedom and time yielding after a
simple canonical gauge choice.

An interesting point to be noted is that the coordinate £ is itself a time.
Strictly speaking, as mg does not vanish on the constraint surface, we have
that

(6, H] = 215 # 0

so that
t* = fBsign(ng)

is a global phase time. This makes possible the interpretation of the prop-
agator as the amplitude for the transition from ; at time ¢} = £5; to Qs
at time t5 = £8,:

<Q2aﬂ2|ﬂl’ﬂ1> = <Q2,t;|917t1‘)a

with a sign + depending of the sheet of the constraint surface defined by
the sign of 74.
If we include a matter field the scaled Hamiltonian changes to

H = —n} + 75+ n5 — ' 4 V($)e’? » 0, (4.67)

and the corresponding Hamilton—-Jacobi equation will be solvable or not
depending on the form of V(¢). In the case of a massless (mm = 0) non
interacting scalar field we can show that the intrinsic time (4.63) is no
more a global phase time, but the extrinsic time (4.64) is still a time: if we
calculate the Poisson bracket for ¢(Q, 8) = —(1/4)sign(ns)e?# we obtain

1. -
[t,H] = -2-szgn(7rg)(7rg + mg)ef A,

The result is not positive definite, because the sign of 7z and the sign of
mq + 7 are not necessarily the same, as a result of the term ”r% in the new
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Hamiltonian. Instead, on the (new) constraint surface we have that

3
t= t(ﬂ'Q,ﬂ'ﬁ,ﬂ',p) =TQ — T3 — m

and if we calculate the Poison bracket we have

2
[t, H] = 2¢*%28 [ 1 + _ 3T
(7rQ + Wﬁ)z

which is positive-definite.

Note that now, when we include a matter field, the degree of anisotropy
given by the coordinate 8 is no more a time. The reason is that because
matter enters in the formalism with a positive-definite term in the Hamil-
tonian (or in the more realistic case of a massive field with terms that are
not necessarily negative), the momentum conjugated to the coordinate 3
can vanish.

4.2.2 The Taub universe

The anisotropic generalization of the Friedmann—Robertson—Walker uni-
verse with curvature £ = +1 is the diagonal Bianchi type-IX universe,
whose metric is of the form (4.53) with f;; the 3 x 3 diagonal matrix

Bij = diag{ B+ + V3B, B+ — V3B_, —B4].

The parameters 1 and f_ determine the degree of anisotropy. If we set

B— = 0 we obtain the metric of the Taub universe. Its action functional
reads
2 dBs dQ
S /T 1 (7r+ 5. T H) dr, (4.68)

with the Hamiltonian constraint
1
H=en2 —7d) + geﬂ(e_fw+ —4e”P+) x 0. (4.69)
Because e3¢ is positive definite, this constraint is equivalent to

1
H=7m2 -7} + 5e‘m(e-8ﬁ+ —4e™%+) » 0. (4.70)
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The Taub universe is perhaps the best model with which our deparametriza-
tion and path integral quantization program can be illustrated [Giribet&-
Simeone (2001c)}; besides a separable Hamiltonian, it includes true degrees
of freedom and a potential which vanishes for finite values of the coordi-
nates, so making impossible the definition of an intrinsic time in terms of
the original variables. As it is easy to see, for 8, = —~(1/6) In4 the potential
is zero.

The Hamiltonian is not separable in terms of the coordinates and mo-
menta (2, B4, mq, 7, ). Then to apply our method we define the coordinates

so that 7% — 7% = 3(n2 — n2), and we can write
H=nl-m+ l(64m —4e*) » 0. (4.72)

9

At this stage we then have H = Hi(z,7n;) + Ha(y,my) with H; > 0 and
H, < 0, but the potential vanishes for y = 2z — (1/2)In4. A time in terms
of only z,y does not exist. Hence before turning the model into an ordinary
gauge system we shall make a first canonical transformation to the variables
(z,s, 75, ms) so that the (new) potential has only one positive definite term.
The resulting new coordinates will correspond to the §* in terms of which
an intrisic time exists.

We shall perform a canonical transformation matching Hs (y, 7,) = —m2,
so that m; = ++/~H,(y,my). This is achieved by introducing the generating
fuctions of the first kind

b (y,8) = :t%ey sinh s. (4.73)

The momenta are then given by
2 .
Ty = :l:gey sinh s
Ty = :l:gey cosh s (4.74)
so that

4 4
7r§ + —e = 5(32”(sinh2 s+1)=a2

9
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and the Hamiltonian can be written as

H(s,z,7s,Ty) = ~T2 + 72 + %e“ ~ 0. (4.75)
The canonical transformation (4.74) has changed the properties of the con-
straint surface, as now there are two disjoint sheets defined by the sign of
the momentum 7.
It is important to note the reason why we have introduced two possible
definitions of ®,: this constraint can be written as

H= (—'ns +4/72 + %e‘*“) <7rs + /73 + %e‘*") ~ 0, (4.76)

and if we had chosen a definite sign, according to the resulting sign of =,
only one of the factors would be zero. But at the level of the variables
(z, 8,75, ms) there is no justification to prefer one possible sign of 7s; we
shall consider the Hamiltonian constraint (4.75) as the starting point for
applying our procedure, and we shall not go back to put the results in terms
of the original variables. A point that should be noted is that the potential
in the square root does not depend on the coordinate s, but it depends
only on z. This ensures that in its operator version both forms (4.75) and
(4.76) of the Hamiltonian constraint are equivalent, as no additional terms
appear associated to conmutators (see Chapter 6 for a further discussion
about this feature).

The action S[z, s, 7, 7, N] will differ from S[Q, 84, 7q, 74, N] in sur-
face terms associated to the transformation generated by ®;, namely D:

2 dz ds
'/T1 (WZE +7rsa; - NH(:I:,s,ﬂ'z,ws)) dr

= S[Qyﬁ+a7rﬂa7r+aN] + [D(T)]:’r? ’

S[.’l),s,ﬂ'm,ﬂ's,N]

and when we turn the system into an ordinary gauge one we will have
the additional terms B; but as we will not be interested in a transition
amplitude between states labeled by the original coordinates ¢, but by the
@, we shall not require that D + B = 0, but only that B = 0 in a canonical
gauge defining ¢ = ¢(§*).

Let us introduce the coordinates
1 2@ts) 1 29

V= ——<e€

=12 ’ 12
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which lead to the equivalent constraint
H' =m,m, + 1.

This allows to straightforwardly apply the procedure of section 4.1.3 with
the substitution z — u, y = v, ¢ = z, @ — y. Then we can go back to
the variables (z, s, 7, 7). The variables (Q*, P;) of the gauge system are
given by

2(x—s)
0 e
Q 12P °
1 2(z+s) 1 1 2(z—s)
Q = e + 57 | 3¢ (L—-Po) —nT(r) |,
Py = 9(m-—ad)e ™ +1,

P = 3(ms+my)e” Hats),

with n = +1. An extrinsic time is then

1 e4z

géwz+7rs'

t(l‘a 8, 7l';,;,7T3) =

(4.77)

The constraint surface splits into two sheets given by the sign of 7;. On
each sheet the intrinsic time can be defined as

t(z,s) = ilisign(ws)eQ(z_s), (4.78)

which is associated to the canonical gauge nQ°P — T'(7) = 0 because P is
proportional to 7y + 7, and sign(ws + ;) = sign(nw,). The end point terms
associated to the transformation (¢, ;) — (Q*, ;) are

20° - QP — 21

1 el 9 62(z+3)T( ))
Yy T
3(ms+mg) \ 6

B(r)

and with the gauge choice defining an intrinsic time they vanish on the
constraint surface Py = 0. The expresion for the quantum propagator is

(z2, s2|x1,81) = /DQDPexp [z /T2 (PdQ - %dT)] . (4.79)

Ty
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The end points are T} = £(1/12)e2(#17%1) and T, = +(1/12)e2(z2-52),
Note that in the gauge defining the intrinsic time the new coordinate @ co-
incides with (1/12)e?(@*+9) | so that the paths go from Q; = (1/12)e*(®1+91)
to Qa2 = (1/12)e?(®2+%2). We have obtained a propagator with a clear dis-
tinction between time and the physical degree of freedom. The path integral
corresponds to that for a conservative system with Hamiltonian 5n/P. Be-
cause 1) = sign(m;) then at the level of the physical degrees of freedom we
have two disjoint theories, one for each sheet of the constraint surface.
Analogously as for 8 in the case of the Kantowski-Sachs universe, be-
cause now the momentum 7, does not vanish on the constraint surface, the
coordinate s is itself a time (recall the discussion in Section 3.3.2):

[s,H] = —2m, # 0.

More precisely, on each sheet of the constraint surface we can define a time
in the form

t* = —s sign(ws).

Although we do not use this time as the time parameter in the path integral,
the interpretation of the result can be made more clear by recalling that
one of the coordinates which identify the states is a global phase time. In
fact, we can write the transition amplitude as

('7"2’ t5|ﬂ?1,tf)

with a sign depending on the sheet of the constraint surface. With this
interpretation, the propagator becomes completely analogous to that of a
mechanical system with a physical degree of freedom z whose evolution is
given in terms of a true time ¢*. Note that though the original momenta
are necessarily involved in the description of the states, they are confined
to the variable s which is a time:

3
s = arcsinh <§7rye"y)

= zarcsinh (%(wn + 7r+)e(‘m+3+)> ,
while z is a simple function of only the coordinates 2 and S.

At this point it is natural to ask wether this time could have been
obtained from the beginning with our deparametrization procedure. The
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answer is that this is in fact possible, even in the case that we include a
matter field in the model. Consider the Hamiltonian constraint for the
Taub universe with a non interacting scalar field with a mass which can be
neglected (a massless dust):

1
H=-73+ 7r3, + 73+ 5649 (e7%F+ — 4e7%P+) x 0. (4.80)

If we change to the coordinates z and y, and then perform the canonical
transformation generated by @,(y, s), we obtain the equivalent constraint

H=-nl+n+nl+ %e“ ~ 0, (4.81)

where we have redefined 4, — 74/v/3. The corresponding Hamilton—Jacobi
equation is separable:

w2 [aw\® [ow\® 1 .
- ('-6?) + (3&;) + (w) + 56 =E, (4.82)
and the solution is clearly of the form Wi (z,n;) + Wa(¢,7g) + Wa(s,7s).

Introducing the integration constants b? = 7} and a? such that a>+b*~E =
72 we obtain

w = sign(ﬂ'z)/d:v\/a2 - —3643
+ 5 sign(n,)Va2 + b2 — E + ¢ sign(my)Vh?.  (4.83)

If we match E = P, we have

—0 ow
Q = [—_'_—] = —sign Ts
aPO ?0=0 g (

8

S
oETE -

As [QO,_F_’O] =1 then we can inmediately define an extrinsic time as

S

t(s, ) = @0 =- (4.84)

21,

In the variables (s, z, ¢, 7y, 75, 7y) the constraint surface is topologically
equivalent to two disjoint half planes, each one corresponding to 75, > 0
and to w; < 0; thus, we can also define the time as

t(s) = 27rssign(7rs)@0
= —s sign(ms), (4.85)
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which coincides with the time t* found just before (this time yields from a
canonical gauge condition of the form y = 2@0\/112 +5 —-T(r)=0). In
terms of the new variables this is an intrinsic time; of course, when put in
terms of the original variables this time involves the momenta.

All the results include the sign of the momentum =y, which comes from
the double sign in the definition of ®;. Some authors, however, have sug-
gested that the typical constraint of a parametrized system, which is linear
in the momentum conjugated to the time, may be hidden in the Hamilto-
nian formalism for the gravitational field [Ferraro (1999); Catren&Ferraro
(2001)]. According to this point of view, one should choose only one of both
possible signs for the generator ®;, and there would not be two coexisting
theories. Our results, instead, reflect that we consider the quadratic Hamil-
tonian H(z, s, 7., 7s) as the starting point because our formalism requires a
constraint which, with a given choice of variables, admits an intrinsic time,
and at the level of this Hamiltonian there is no reason to choose one defi-
nite sign for the non vanishing momentum ;. Anyway, it must be signaled
that, because the reduced Hamiltonian 1/P is a conserved non-vanishing
quantity, in our interpretation there are no transitions from states on one
sheet to states on the other sheet of the constraint surface, and therefore
both points of view do not lead to an essential contradiction. We shall re-
turn to this point in Chapter 6, in the context of the canonical quantization
of the Taub universe.

4.2.3 Other anisotropic models

Other anisotropic universes exist with even more easily separable con-
straints than which we have analysed. An example is the Bianchi type
I model with §;; a diagonal matrix, whose metric is of the form given in
(4.53) with the linear forms equal to coordinate differentials: o = dz?.
The scalar curvature 3R vanishes, so that in the empty case we obtain the
Hamiltonian constraint

H=—7m5+72 + 72 ~0. (4.86)

This form of the constraint has led to an interpretation based in the analogy
with a relativistic free particle in two dimensions. In fact, this is right in
the sense that all the momenta are constants of the motion. However, we
should remark that the absence of a mass (or a non vanishing potential)
does not allow to identify €2 as the global phase time, as it is clear that the
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Poisson bracket [2, 7] vanishes for mo = 0. The global phase time must
be extrinsic, and it is easy to show that the procedure of the preceding
sections leads to

Q

t(Q,ﬂ'Q) = —éﬂ'—g.

(4.87)
(Analogous expressions in terms of 81+ and 74+ can be given with the prop-
erty [t,H] > 0).

A less trivial example is provided by the homogeneous version of the
Szekeres universe [Szekeres (1975)]. With a suitable coordinate choice, this
model is described by the spacetime metric

ds? = ) (N%dr? — dz?) — P") (ePdz? + e Pda?), (4.88)

where p is a positive-definite constant which is usually related with the
pressure of the matter source. This metric is invariant under translations
along the z axis, and it is also Lorentz invariant in this direction (in its
original version the functions a and S also depend on z, so that the model
is not homogeneous). We can make the redefinition (e?/2z,,e ?/2z_) =
(z,y) to put the metric in the axisymmetric form

ds® = e (N2dr? — d2?) — #(7) (dz? + dy?) . (4.89)
If we neglect matter in the dynamics of the model, then we can write its
Lagrangian as

L=N23R\/-(g) = %eﬂ (aﬂ'—zdﬁ + gﬁ'?) :

where we have discarded total derivatives which would contribute with
surface terms to the action (we have used dots to denote derivatives with
respect to 7). Note that there are no potential terms, but the derivatives
are mixed, so that the supermetric is not diagonal. Then we define the new
coordinates u and v such that

a = v

= u— =v.
g 5
This allows to write the Hamiltonian constraint

H = e uHv/5 (gw2 - i11'2) ~ 0, (4.90)
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which resembles the constraint of a massless free particle in one spatial
dimension, scaled by the positive-definite function e~%+/3, As there is no
potential, the time cannot be defined in terms of the coordinates only; by
applying our deparametrization procedure we find that, depending on the
choice of the separation constants in the Hamilton-Jacobi equation, the
extrinsic time can be given as t(u,m,) ~ u/m, or in the form t(v,m,) ~
—v/my.



Chapter 5

String cosmologies

In order to present an example of quantization of models beyond general
relativity, in this chapter we apply the technical procedures developed in
the previous chapters to the study of cosmological models within the con-
text of dilatonic theories of gravity coming from the large tension limit
of string theory. Then we now focus our attention on the analysis of the
minisuperspace realization of string cosmological models which appear as
solutions of the low energy effective action of closed bosonic string theory.

5.1 String theory on background fields

The action of the non linear o-model that describes the world-sheet dy-
namics of strings on a curved manifold and in presence of background fields
has the form

Suws = ﬁ / dodrVh (hoagguy(X) +iapBu, (X)) 8> X85 X"
+% / dodrvVRR(X)$(X), (5.1)

where h,p is the metric on the string world-sheet, R is the Ricci scalar
related with this metric, g,, is the metric of the spacetime which fixes
the background geometry, By, is the NS-N'S two-form field and ¢ is the
dilaton. Actually, these are precisely the background fields that emerge as
coherent states of the massless spectrum of closed bosonic string theory. We
have adopted the usual nomenclature which establishes that the indices «, 8
label the two-dimensional world-sheet manifold while the indices p, v, p are

7
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reserved for the D-dimensional target spacetime. In the expression above,
the parameter o' must be interpreted as the inverse of the string tension
T = 1/(2mo’) which introduces the scale of the theory at the quantum level.

The two-dimensional field theory defined by (5.1) is invariant under
gauge transformations of the form

5Buy = ayAu-auAu;
oo %o, (5.2)

being A, an arbitrary vector and ¢g a constant value.
Now, let us define the strength tensor H,,, associated to the antisym-
metric field B, as follows:

Hyvp = 0uByp — 0pBuy + 0, By (5-3)

A crucial requirement of the consistency of string theory is the existence
of Wey!’s invariance in the world-sheet theory (5.1); and consecuently, this
fact imposes the vanishing of which are called the beta functions:

Ry + V. V.0 — -H,,,,,;Hl"s 0
VOH;,, — Vi¢Hs,, = 0
1
c—V,VF¢+ V,6VFp — gHu,,,,H‘“’P = 0 (5.4)

where ¢ = 2(D — 26)/(3a’). It must be noted that these equations have
been written at first order in the o' power expansion.

A point to be remarked for our further study is the fact that the equa-
tions (5.4) can be interpreted as the Euler-Lagrange equations of motion
of a field theory corresponding to the following action:

Ses = / dPzy/—ge~* (—c +R+V,¢VHp — 11—2HW,,H'“’”)

(5.5)
Thus, we can interpret this expression as the low energy effective action
describing the large tension limit (i.e. o' — 0) of closed bosonic string
theory. Within this context, a consistent configuration of background fields
for the formulation of string theory must satisfy to be a classical solution
obtained from the variational principle with the action (5.5) (at least, at
first order in the o’ power expansion).

167rG
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Now let us redefine the fields in order to obtain a more familiar form
for the field theory. If we perform the change

Juv — e¢g,“, (5.6)
the action of the spacetime theory (5.5) becomes

_ 1 D, /—
Ser = 16ﬂ'GN/d A

Ab/(D=2)

——H,,H*?|.

1
—ce2¥/(D=2) o By
X[R ce +D_2V”¢V¢
(5.7

This is, in fact, the Einstein-Hilbert action with particular coupling terms
with the dilaton and the NS-NS field. Indeed, this form for the effective
field theory is known with the name of Einstein frame action, while the
action (5.5) is commonly called the string frame action.

In the particular case D = 4, the variational principle 6S = 0 imposed
to this new form of the effective action leads to the equations of motion

V0" ¢+ ce? — Tlée*“’H2 =0 (5.8)
VsHS, +2V;¢HS, =0 (5.9)
1 c 1 1
B = o= St = 3 (VudVop = g0u(V9?) +

1 _ 1
'*'Ze 20 (Hup6H56 - 'éguvH2>
(5.10)
and the Bianchi identities
ViuHyps = 0. (5.11)

Thus, we obtain in (5.10) the Einstein equations with a cosmological func-
tion given by A(z) = ce?®) and coupling terms with the stress-tensor com-
ponents of the background fields.
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5.2 String cosmological models

The Euler-Lagrange equations yielding from the spacetime action (5.5)
admit homogeneous and isotropic solutions in four dimensions [Antoniadis
et al. (1988); Tseytlin (1992); Tseytlin&Vafa (1992); Goldwirth&Perry
(1994)]. This fact becomes important within the context of the study of
the cosmological problem. Indeed, such solutions present a Friedmann-
Robertson-Walker form for the metric, namely

2
ds? = N(r)dr? — e*H7) (1 irk,a + r2d6? + r? sin® 6d<p2> . (5.12)

On the other hand, for the dilaton ¢ and the field strength H,,, the ho-
mogeneity and isotropy constraints demand

¢ = o(r)
Hijk = /\(’r)eijk (5.13)

where g5 is the volume form on the constant-time surfaces and A is a
real number. Note that the requirement of satisfying the Bianchi identities
(5.11) inmediately implies that A does not depend on the parameter 7.

For the case A = 0 the Einstein frame action for this system in four
dimensions is given by

Q 12
= %/d“ac\/fg_Ne39 [——]\75 + = — 2ce® + ke ? ] (5.14)

(in this chapter we shall use dots to denote derivatives with respect to 7).
On the other hand, in the case £ = 0 we can write

2
S = %/d“ac\/—gNe“2 l vt 9— 2ce? — Ve“m‘w} . (5.185)

In both cases we have absorbed the factor (87Gx)~! by a redefinition of
the fields. If we put the action in the Hamiltonian form we obtain

S= /dT [WQQ+W¢¢—NH]. (5.16)

In the case A = 0, which corresponds to the two-form field B,, equal to
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zero, we obtain the Hamiltonian constraint
1

H, = 56_39 (-7 + 7r(2¢J + 2ce50F¢ _ kem) ~ 0, (5.17)
while for k = 0 (flat universe) we obtain the constraint
1 _ -

Hy = 5¢ 3Q (—’K?) + wg + 2ce5+? A2 2"’) ~ 0. (5.18)

The Hamiltonian form of the action will be useful for our further analysis
within the context of the quantization of the theory. The presence of the
Hamiltonian constraint reflects that the low energy string theory for gravity
has the same reparametrization symmetry of general relativity, and then
the problem of time persists in the quantization of cosmological models.

On the other hand, by introducing the cosmological ansatz given by
(5.12) and (5.13) in the field equations (5.4) we obtain the cosmological
equations, namely

c+60¢ — 602 — ¢ +2X2e 5% — ke = 0, (5.19)
é—30% - 30 =0, (5.20)
+302 — Q — Q¢ — 22%e7%? 4 2ke22 = . (5.21)

These equations admit classical solutions that represent several possible
phases of string cosmological models.

An important feature of the cosmological equations (5.21) is the fact
that there exists a T-duality symmetry [Veneziano (1991); Gasperini&-
Veneziano (1993)] reflected in the transformation Q(r) — —Q(—7). This
symmetry establishes a fundamental point in the study of the cosmologi-
cal problem in string theory: Within the context of string cosmology, the
idea of the big bang singularity is replaced by the assumption of the exis-
tence of a phase transition of finite curvature in that early epoch. Indeed,
this cosmological scenario enables us to consider a pre-big hang cosmology
with interesting and non-trivial differences with the standard cosmology
[Gasperini (1999); Veneziano (1999)]. A detailed analysis of the classi-
cal solutions appearing in string cosmology can be found in the literature
[Meissner& Veneziano (1993); Goldwirth&Perry (1994); Gasperini (2000)].
Among these solutions we can find the power behaviour of the scale factor,

a(r) = ™) = qo7® (5.22)
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being, for example, a = —1/+/3, 1/4/3, 1/3,... Consecuently, in order to
satisfy the field equations (5.21), the dilaton field takes the form

o(1) = ga(l —a)ln(r) + 97 + ¢o. (5.23)
Moreover, we can also find a static Einstein universe given by
a = ap=VA,
E =1,
4
¢ = 772 + X;
$(r) = 07+ do. (5.24)

Indeed, this solution represents a closed, static, homogeneous and isotropic
universe which is possible by the simultaneous existence of the N'S-N'S
two-form field and the Weyl’s anomalous parameter c [Giribet (2001)].

5.3 Path integral quantization

Let us return to the Hamiltonian constraints (5.17) and (5.18), which we
shall write in a condensed form as

1
H= 56_39 (—mg + ﬂé + 2ce8H? _ 5, kel + Sk or2e2?) (5.25)

with the 4’s introduced to consider the cases of a flat model with two-form
field different from zero, and a closed or open model with A = 0. We shall
find a global phase time and give the quantum transition amplitude in the
form of a path integral for the models whose Hamilton-Jacobi equation
is separable; some results will be shown to be valid also for more general
models [Giribet&Simeone (2001a)].

5.3.1 Gauge-invariant action

We shall begin our analysis by considering the following generic form for
the scaled Hamiltonian H = 2e3%H :

H = -7 + 7} + 44e™™¢ x 0, (5.26)

where A is an arbitrary real constant and m # n. In general, this Hamilto-
nian is not separable in terms of the original canonical variables. Then we
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define
_ ( 2 ) (nt-m)(2+¢)/2
r = e s
n+m
2
= (n—m)(Q-¢)/2
y = <n—m)e , (5.27)

so that dividing H by (n? — m?)zy > 0 we can define the equivalent con-
straint

H
H=— "  — g, +A~0, 2
7 —mPay MMy + 0 (5.28)

whose corresponding Hamilton-Jacobi equation reads

oW oW ,
e oy TA=E

By reproducing the same steps of section 4.1.3 we find that the canonical
variables (Q?, P;) are given by

9e(n—m)(Q-9)/2

o - = @ @@
¢ = (n—m)P ’
9e(nt+m)(Q+¢)/2 1 [ 2e(n—m)(Q2—9)/2
o = M w (T AR r0),
Py = 4A(n} —md)e (ntmie+d) 4 4
1
P = 5(mq+mg)e (ntm@+e),

where 7 = £1. The coordinates and momenta (Q?, P;) describe an ordinary
gauge system with a constraint Py = 0 and a true Hamiltonian 9f /071 =
(n/P)(dT/dt) which conmutes with K. Its action is

nal
P dr

S[Q%, P, N = / (PdQ +P0dQO _ NPy dT) ir.  (5.29)

If we write S in terms of the original variables we have

Q
<7r¢j¢ + T(Qd— - N’H) dr + B(r) — B(m1),

5[9,¢,m,7r¢,zv]=/2 >
(5.30)

71
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where
1 wi — 7rg22 + 4AenSitme
B(r) =
TQ + Ty n—m
4 Ae(ntm)(Q+6)/2 [ 9o(n—m)(R2—¢)/2 T(1)
( o
Ty + TQ n—m A

As m, = P = (1/2)(mq + mg)e~ ("+m(@+8)/2 we can write

B(r) = -Q°Py — 24 (QO - n%) .

Under a gauge transformation generated by ‘H we have §. B = —J,5, so that
the action S is effectively endowed with gauge invariance over the whole

trajectory and canonical gauge conditions are admissible.

5.3.2 Ezxtrinsic time

A global phase time ¢ must verify [t,H] > 0, but as H = F(Q,¢9)H' =
F(Q,¢)Py with F > 0, then if ¢ is a global phase time we also have [t, Pp] >
0. Because [Q°, Py] = 1, an extrinsic time can be identified by imposing a

7—dependent gauge of the form

and defining

We then obtain

4en9+m¢
t(Qv ¢7 TI-Q) 7T¢) =

(m —n)(mq +my)

Using the constraint equation (5.26) we can write

Ty — T
t(7rg,7r¢) = m

(5.31)

For the scaled constraint H = 2e3H with k = A = 0 we have 44 = 2¢, n =

6, m = 1. Then the extrinsic time is
4CGQ+¢

t(Q, ¢, ma, mp) = _5(7TQ—+71'¢)'

(5.32)
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We can go back to the constraint H with k # 0 and evaluate [t, H]. For
an open mode! (k = —1) a simple calculation gives that [¢t, H] > 0 for both
¢ < 0 and ¢ > 0. For the case k = 1, instead, an extrinsic global phase time
is
2
t(ma,my) = ¢ (mp — 7a)
ifc<O.

In the case of the scaled constraint with ¢ = k = 0 we have 44 =
X, n =0, m = -2, and the extrinsic time reads

2e~2¢
7FQ+7T¢'

t(Q,(,‘(),ﬂ'Q,ﬂ'¢) = - (5.33)
If we then consider ¢ # 0 and we compute the Poisson bracket {t, H] we
find that this is positive definite if ¢ < 0. Hence the time given by (5.33)
is a global phase time for this case. In fact, a simple prescription can be
given to determine whether an extrinsic time for a system described by a
given Hamiltonian is also a time for a system described by a more general
constraint. We have defined H' = g~!(g)H with g > 0, and because we
matched Py = H', thent = QO fulfills [¢, H'] = 1 (and then [t, H] = g > Oon
the surface H = 0). If we consider an extended constraint H = g(q)H' + h
and we calculate the bracket of ¢ with H we obtain

[t,H] = g+ H'[t,g] + [t, h].
Using that H ~ 0 we have that the condition
[t,H] = g — g hlt,g] + [t,h] > 0

must hold on the (new) constraint surface if ¢ is a time for the system
described by H. For the system associated to the constraint (5.26), from
(5.27) and (5.28) we have that g = 4e™?*™%. if we add a term of the form
h = ae™*%% to H the condition turns to be

et [(n4+m)—(r+s)
e+ ma)? [

> —1.

n-—m

This analysis could be useful, for example, in the case that a further de-
velopment, of the theory beyond the low energy approximation provides an
effective potential for the dilaton which should be included in the Hamilto-
nian in a description of the earliest stages of the universe.
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5.3.3 Intrinsic time and path integral

On the constraint surface H' = Py = 0 the terms B(7) clearly vanish in
the canonical gauge

x =nQ° - %—? =0 (5.34)

which is equivalent to T'(7) = £2(m — n)~*Ae(»~™(@-9)/2 and then it
defines 7 = 7(Q, ¢). As Q°P = —y(Q, ¢), an intrinsic time ¢ can be defined
as

t=nQ°P/2
if we apropriately choose 1. We have
[t,H') = 2(Q°P, Ro] = 1P,

and because P = 7, then to ensure that ¢ is a global phase time we must
choose 1 = sign(my) = sign(mq + 74).

In the case A > 0 it is [mq| > |74 (so that sign(m;) = sign(mq)) and
the constraint surface splits into two disjoint sheets identified by the sign of
7q; in the case A < 0 it is |wy| > |7q| and the two sheets of the constraint
surface are given by the sign of mg. Hence in both cases 7 is determined by
the sheet of the constraint surface on which the system evolves; we have
that for A > 0 the intrinsic time can be written as

1
1O, ¢) = ; (n-m)(@-4)/2 _
@.0) = (72 ) sionma)e , (5.39)
while for A < 0 we have
1
HO — ; (n—m)(Q-¢}/2 .
(Q,4) (m — n) sign(my)e (5.36)

For the constraint with £ = A = 0 the intrinsic time is
1
t(Q, ¢) = —gsz‘gn(m)e"""“”)/2 if  ¢>0,
and

1
t(Q,¢) = —gsign(1r¢)f35(9“”)/2 if ¢<O.
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By evaluating the Poisson bracket [t, H] for H with k # 0 we find that the
intrinsic time obtained in the case ¢ > 0 is also a time for an open model
(k = —1), and the time for ¢ < 0 is a time also for £ = 1.

In the case of the constraint with ¢ = k = 0 we obtain

1. -
H(Q,9) = —3sign(ma)e@~),

and a simple calculation shows that this is also a global phase time for a
more general model with ¢ > 0.

Because we have shown that there is a gauge such that 7 = 7(¢*) and
which makes the end point terms vanish, we can obtain the amplitude
for the transition |Q1,¢1) — [Qs2, ¢2) by means of a path integral in the
variables (Q¢, P;) with the action (5.29). This integral is gauge invariant, so
that we can compute it in any canonical gauge. According to (3.25), on the
constraint surface Py = 0 and with the gauge choice (5.34), the transition
amplitude is

(b, Dalé, ) = / DQDPexp [i /T " (Pdq - %dT)J (537

where the end points are given by

T =+ [ 24 otr-m)(@a—ga)/2
@ m-—-n

(a = 1,2); because on the constraint surface and in gauge (5.34) the true
degree of freedom reduces to ) = z, then the boundaries of the paths in
phase space are

Qn = [ —2_) elmm)@uten/2,
n+m

For the Hamiltonian with A = 0 and null curvature the end points are
given by T, = F(c/5)e®@e=%2)/2 while Q, = (2/7)e"(%+?¢)/2_In the case
of ¢ = k = 0 we have T, = F(\2/4)e(®%~%) and Q, = —e~(Pt92). After
the gauge fixation we have obtained the path integral for a system with
one physical degree of freedom. An interesting point to be noted is the
following: although we have identified the time as a function of both ¢ and
2 we find that, depending on the sign of A, also Q or ¢ alone can play the
role of clock for the system. For A > 0 we have 7g # 0 and for 4 < 0 we
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have 74 # 0, so that we can also define

t1 = —Qsign(rq) if A>0,
t; = +¢sign(ny) if A<0.

This can make more clear the interpretation of the transition amplitude
(@2, Qa]é1, Q1) given by (5.37).

In the particular case A = 0, £k = —1, ¢ = 0, which corresponds to
an open model with null cosmological function, we obtain a Hamiltonian
constraint analogous to that of section 4.1.2,

1
H= 56‘39(—776 +m3) +e? 0.

This model can then be deparametrized and quantized in a completely
analogous way, so that the time can be defined as

t = —Q sign(nq),

while the infinitesimal propagator can be explicitly calculated, and when
written in terms of the Hankel functions (see section 4.1.2) it reads

(h2, Q1 +€ldr, 1) =
20

ge (1) 20
H; /(2”1 /€2 — (¢ — $1)?).
e (h-d)?
The double sign corresponds to the two sheets of the constraint surface given
by the sign of 7. (Observe that this procedure has the aforementioned
problem of the time-dependent potential).

5.3.4 Summary

We have analised string cosmological models of two types: 1) models with
homogeneous dilaton field and vanishing antisymmetric B, field (A = 0);
2) models representing flat universes (k = 0) with homogeneous dilaton
and non vanishing antisymmetric field. For the cases considered we have
been able to identify a global phase time. In the cases A=0, k=0, ¢#0
and A # 0, £ = 0, ¢ = 0 the Hamiltonian is easily separable and the
potential has a definite sign, so that the transition amplitude has been
obtained straightforwardly. Once we have found a time ¢ for the inmediately
separable models, we have identified the extended region of the parameter
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space where t is a global phase time. We can summarize the results as
follows:

e When A = 0 the Hamiltonian takes the form
1

Hi = 56‘39 (—md + 75 + 2ce®*? — ke'?) ~ 0.

For the models described by this constraint, the times for the dif-
ferent cases are given by

4e80+¢ ]
t(9,¢777077r¢) = —m if k=-1,0

2
t(ra,mp) = 5(% - 7q)

i c>0, k=-1,0
c<0, k=0,1

#HQ, ¢) = —(1/5)sign(mq)e>©-¢)/2 if ¢>0, k=-1,0
T —(1/5)sign(my )t/ if ¢<0, k=0,1.

e If we consider the case k = 0, the Hamiltonian becomes
1
Ho = §e_39 (—ﬂ‘é -+ Tr; + 2ce5MH9 4 /\26_2¢) 0.

For these models, we can classify the global phase times in the
following way:

Q 2e7 f 0

t 9 ) == <

@6m0m) = e
2 .

t(mq, Tp) = X-2—(7r¢—7r9) if c>0

t(Q,¢) = —%Sign(m)e(n“"” if  ¢>0.

The intrinsic time found for the case ¥ = 0, A = 0 is a time also for the
case k =1, ¢ < 0 and for k = —1, ¢ > 0. The extrinsic times identified
for k = 0, A = 0 also deparametrize the more general models with non
vanishing curvature. When both A and c are different from zero, the models
admit as global phase times those which were found for the case ¢ = 0.
We have restricted our analysis to the formal aspects of minisuperspace
quantization. It must be emphasized that a complete discussion about the



90 String cosmologies

limits of such approximation as well as an analysis of the application of our
method to the interesting problems posed by string theory for the earliest
stages of the universe would require a detailed knowledge of the effective
potential for the dilaton (see Chapter 7).



Chapter 6

Canonical quantization

In this chapter we discuss the usual canonical quantization procedure ap-
plied to simple, relativistic and string, cosmological models. Besides giving
a very brief review of different procedures, our aim is also to show how
the developments of the previous chapters can be useful even if we do not
quantize a cosmological model by means of a path integral. We begin by
reviewing an analysis on an isotropic relativistic model considered by Halli-
well, in which approximate solutions are found for different regions of phase
space. We follow with a formulation based in a Schrédinger equation for
isotropic models with different matter fields, which are reduced by means of
gauge fixation. Then we discuss some different approaches to the canonical
quantization of the Taub universe, with and without deparametrization,
one of them addressing the problem of boundary conditions. We give our
solution for the Wheeler-DeWitt equation for this model working with a
clear notion of time, so that the wave function has an evolutionary form; in
particular, we show that in our picture the role of the original momenta is
confined to appearing in the time variable. Finally, we solve the Wheeler—
DeWitt equation with a coordinate playing the role of time in the case of
a generic isotropic string cosmology, and we discuss the choice of the phys-
ical solutions determined by the existence of a free limit in the theory; we
also give a Schrédinger equation for these models, and analyse the rela-
tion existing between a right choice of time and the obtention of a unitary
quantization.

91
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6.1 Approximate solutions of the Wheeler-DeWitt equa-
tion

Consider the Hamiltonian constraint of a closed (k = 1) homogeneous and
isotropic universe with a scalar field ¢ and null cosmological constant; as-
sume a generic dependence of the potential with ¢, namely V(¢). The
associated Wheeler-DeWitt equation obtained by replacing p —+ —i8/0q
(and considering the trivial factor ordering) reads

0 6 602 _ 40
— ~ == - ¥(£,¢) = 0. .
(6 = 2 + V@™ - ) w(0,8) =0 (6.1)
Halliwell has analysed the region of phase space such that |V'/V| <« 1 and
found solutions whose variation with the matter field is small, so that the
¢ derivative can be neglected. In the region where the scale factor is small
the resulting WKB solutions have the exponential form [Halliwell (1990)]

¥(,6) ~ exp (70— AV @)?) (62)

and are associated to a classically forbidden region. When the scale factor
is large, the WKB solutions have the oscillatory form

U(,¢) ~ exp (-r 2V (4) - 1)3/2) . 6.3)

i
3V(9)
The latter corresponds to what is usually considered the classicaly allowed
region. Both kinds of solution can be matched by means of the common
WKB matching procedure. In the case e?*V(¢) < 1 it can be shown that
the oscillatory wave function is peaked about a solution of the form

@ VT ¢ ~ ¢o,

which corresponds to an inflationary behaviour. (For the case V(¢)=0 an
exact solution can be easily obtained as a combination of modified Bessel
functions; a comparison would then be possible by considering their assymp-
totic behaviour. This is also the case if we set V(¢)=0 in a flat (k = 0)
model with nonzero cosmological constant). Note that, depending on the
form of V(¢), the regions considered by Halliwell may be related to those
to which the analysis should be restricted if one was to define an intrinsic
time in the case of models for which this cannot be done globally.
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6.2 Gauge fixation and Schriodinger equation for isotropic
models

An interesting approach within the canonical quantization framework is
that followed in [Cavaglid et al. (1995)]. In a line of work analogous to that
of Barvinsky and Ponomariov [Barvinsky&Ponomariov (1986)], canonical
gauge fixing is used to reduce the system: one degree of freedom is given as
a function of the remaining ones and the time parameter 7, and a true (the
authors call it “effective”) Hamiltonian is obtained; this Hamiltonian may
in general depend on the time parameter. The criterion for the gauge choice
is the simplicity of the Hamiltonian for the reduced system. Once the re-
duction is performed, then the system is quantized in the reduced canonical
phase space; this is achieved by writing a 7-dependent Schrédinger equa-
tion. In a given gauge, the time parameter is connected to the canonical
degree of freedom that has been eliminated.

The authors analyse a Friedmann—Robertson—Walker universe with mat-
ter in the form of a conformal scalar field (CS) and of a SU(2) Yang-Mills
field (YM) [Cavaglid&De Alfaro (1994)]. They define the corresponding
Hamiltonian for each field as

Hgs = %( 2+ V(X))
Hyy = % (%w? + V(f)) ,

so that if Hgp is the pure gravitation Hamiltonian, the constraint is
~Hgr+ Hes + Hypy = 0. (6.4)

Then different gauge choices and the resulting Schrédinger equations are
explored. For a gauge condition in terms of the gravitational degree of
freedom like [Filippov (1989)]

1
o + Eeﬂcotr =0

the equation

i%‘l’(é x,7) = (Hecs + Hyp)¥ (&, x,7) (6.5)

is obtained; its solution gives a wave function for both matter fields. A
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rather different choice connects the conformal field with the time parameter:
Ty — xcotT =0.

This gauge leads to a Schrodinger equation for the metric and the Yang-
Mills field:

i%‘l'(é,ﬂ,r) = (Hym — Hgr)¥(£,Q,7). (6.6)

An explicit solution is given for the simple case of a closed universe with a
scalar field ¢ with V(¢) = 0. The gauge condition

g — 12¢% sinh (%) =0

yields the equation

0 0
(27 2) e =0 (6.7
for the only physical degree of freedom ¢. The solutions are of the form
¥(¢,7) = f(p 7). (6.8)

A particular solution is ¥(¢, ) = Ae—(9%7)*/ 29 which represents a universe
whose maximum probability follows the classical path ¢ = £7.

It is something to be noted that if the gauge conditions were globally
well defined, so that the variables entering the gauge fixation defined a
global phase time, this procedure would be rather similar to which we give
in section 6.3.3 for the Taub universe (see below).

6.3 The Taub universe

6.3.1 Standard procedure

In the literature we can find different solutions for the Taub universe. An
important example among those which do not start from an explicit de-
parametrization is the solution found by Moncrief and Ryan [Moncrief&-
Ryan (1991)] in the context of an analysis of the Bianchi type-IX uni-
verse with a rather general factor ordering of the Hamiltonian constraint
[Hartle&Hawking (1983)]. In the case of the most trivial ordering they
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solved the Wheeler-DeWitt equation to obtain a wave function which they
give in the integral form

T(Q,B84) = /0°° dwF(w)Kiy <é€29—4ﬁ+) Ko (%629_[3*) ,  (69)

with K, modified Bessel functions of imaginary argument (the modified
functions I are discarded because they are not well behaved for 54 — +o0).
In the particular case that F(w) = wsinh(rw) they have shown that the
wave function can be written in the form (see also [Martinez&Ryan (1983)])

W(Q,B4) = R(Q, B1)e™5 (6.10)
with
5= Lo (t6e 4 g091).

An important feature of this wave function is that for values of {2 near the
singularity (that is, the scale factor near zero) the probability is spread
over all possible degrees of anisotropy given by S, while for large values of
the scale factor the probability is peaked around the isotropic Friedmann-
Robertson-Walker closed universe (the authors, however, prevent from a
naif interpretation of the wave function, and they note that there are dif-
ferent probability interpretations that would not agree with this one).

6.3.2 Boundary conditions and Schrédinger equation

A rather different approach beginning with the identification of a global
phase time can be found in a recent work [Catren&Ferraro (2001)], in which
the authors obtain a Schrodinger equation and its solutions are used to
select a set of solutions of the Wheeler—-DeWitt equation. The underlying
idea is that the typical constraint of a parametrized system, which is linear
in the momentum conjugated to the true time, is hidden in the formalism
of gravitation. This is an extension of the analogy between the ideal clock
and empty isotropic models [Beluardi&Ferraro (1995); Ferraro (1999)]: The
constraint of the ideal clock

H=p -t =0
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yields the Schrédinger equation

2
ot

which is of parabolic form, and it has the only solution ¥ = ¢#*/3, As a
first step to obtain the constraint of a minisuperspace, a canonical trans-
formation leading to a constraint quadratic in the momenta is performed:
defining Q = p;, P = —t, we obtain

= —t*¥ (6.11)

H=-P+Q=0.

(The Hamiltonian of empty isotropic models results from the second trans-
formation Q = V(Q), P = mq(dV /dQ)~1, with V the potential defined in
Section 3.4.3). The differential equation associated to the constraint is now
of hyperbolic form:

5%y

TQ2 + QYU =0. (6.12)
As this equation is of second order, it has two independent solutions, which
are the Airy functions Ai(—@) and Bi(—@Q). The central point is that while
Bi(—Q) diverges for Q — —o0, Ai(—Q) is well behaved (in fact, it vanishes)
in this limit, and it is the Fourier transform of the solution of Eq. (6.11).
This provides a criterion for selecting solutions of the hyperbolic equation:
the physical solutions would be those which are in correspondence with the
solutions of the Schrddinger equation.

This line is then followed for quantizing minisuperspaces with true de-
grees of freedom. In the case of the Taub universe, the authors start from
a Hamiltonian like that given in Eq. (4.72) (with a different choice of the
constants), and solve a Wheeler-DeWitt equation like

62 82 1 4z 4 2y

as it was done by Moncrief and Ryan. They obtain a set of solutions of the

form
Vu(zy) = [a(w)Ii (%ey)+b(w)Ki @ey)]

y [c(w)Iiw/Q (ée%) + d(wW) Ky 2 (éeu)] ’
(6.14)
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with I and K the modified Bessel functions. Then they consider a canonical
transformation analogous to (4.74) but with only the minus sign, so that the
momentum 7 is negative definite, and the time is then ¢ = s; hence in Eq.
(4.76) the first factor is positive definite, and the second one is a constraint
linear in 7, = m and including a true Hamiltonian h = (/72 + (1/9)e*®
which does not depend on time (this feature makes possible the equivalence
of the linear constraint and the original quadratic one; see below). This
constraint then leads to the Schrédinger equation

2

) 2 1 .\
ia\ll(x,t):(—-@-q-ge“) ¥(z,t). (6.15)

It is necessary a prescription to give a precise meaning to the Hamiltonian
operator; the square root containing the derivative operator must be un-
derstood as its binomial expansion, which allows to propose solutions of
the form ~ ¢(z)e™*t. According to this interpretation, the contribution
of the functions I;,/»((1/6)e**) is discarded, because they diverge in the
classicaly forbidden region associated to the exponential potential %e‘“; the
functions I, ((2/3)eY), instead, are not discarded, because in this picture
the coordinate y is associated to the definition of time. In fact, by trans-
forming the solutions of the Wheeler-DeWitt equation it is shown that
those corresponding to the solutions of the Schrédinger equation are pre-
cisely the functions I, ((2/3)e¥), while the functions K, ((2/3)e¥) must be
ruled out because they cannot be associated to definite energy states of
the true Hamiltonian h. It is remarkable that the functions in the selected
subspace do not decay in the classically forbidden zone (note the difference
with the result of the preceding section).

6.3.3 Wheeler—DeWilt equation with extrinsic time

Our idea is to apply some results of the deparametrization proposal given
in the preceding chapters to the usual canonical quantization procedure.
Then we start from a form of the Hamiltonian constraint such that a global
phase time is easily identified as one of the canonical coordinates; this is
reflected in the corresponding Wheeler—-DeWitt equation, and hence, the
resulting wave function has an evolutionary form and it may be interpreted
as it is in ordinary quantum mechanics (see, however, the Discussion in
Chapter 7).
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The constraint (4.75) allows to inmediately define the time as
t = ~s sign(m,).

As we showed in Section 4.2.2, this time yields from a simple canonical
gauge choice, which in the variables ¢ has the form s = nT(7), n = %1.
We make the usual substitution p, — —i8/0¢* to obtain the Wheeler—
DeWitt equation

o2 2 1,
 _ —_ _ Ze¥® =0. 1
(8w2 52 " 9° ) P(x,s) =0 (6.16)
If we propose a solution of the form ¥(z,s) = A(z)B(s) we obtain
16024 1, , 18°B
Aoz 8¢~V T Fae (617)

The equation for B is easy to solve, and its solutions are of the form e*s;
to solve for A we make the substitution » = (1/6)e?® which leads to

9?4 184 w?

—+-—F—-(1-—]A=0 6.18

5 * uda ( 4u2) (6.18)
This is a modified Bessel equation with v?2 = —w?/4, whose solution is a

combination of the modified Bessel functions I, and K, (we have adopted
the convention of [Gradshteyn&Ryshik (1965)]). Thus the Wheeler-DeWitt
equation has the set of solutions [Giribet&Simeone (2001c)]

Vo(2,8) = [aw)e™? +bw)e ]
ot (5 + s ()],

where +s is a global phase time. The result can be understood as a set of
positive and negative-energy solutions; this is related to the fact that the
potential does not depend on time. (The contribution of the functions I, /,
should be discarded as they are not well behaved for great values of z).
There are two points which deserve certain analysis: The first is that
we have chosen the separation constant as —w?; we could choose a positive
definite constant, and the functional form of the solutions would be com-
pletely different. The reason for our choice is the formal analogy between
the constraint for the Taub universe in the variables (z, s, 7., 7) and the
constraint of some models of string theory, for which we have a natural

(6.19)
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criterion to select one kind of solution (see below). The second is that we
have not discarded negative energy solutions; this would have been equiv-
alent to select one sheet of the constraint surface. As we pointed in the
context of path integral quantization, once we decide to work and give the
results in terms of the variables (z,s, 7, 7s) there is no reason to choose
one sign for the momentum =,. Moreover, if we take the quadratic form of
the constraint as an essential feature of gravitation, we should only admit a
canonical transformation leading to a constraint equivalent to the original
one; hence, both signs of ®; must be considered simultaneously to ensure
that the original constraint and that in terms of the new coordinates and
momenta yield differential equations with the same number of solutions.

One half of the solutions of our Wheeler—-DeWitt equation correspond to
those of the preceding section, which yielded from a Schrédinger equation.
Our procedure allows to obtain them without the necessity of defining a
prescription for the square root operator, but only by choosing the trivial
factor ordering.

The solution can be easily extended for the case including matter in the
form of a scalar field whose mass can be neglected in the dynamics. The
addition of the corresponding term W?b in the constraint only modifies the
result (6.19) by an oscilatory factor depending on ¢, so that the solutions
of the Wheeler-DeWitt equation are of the form

Yy p(z,9,5) [a a)e’™® + b( a)e—'zas]
x [£(2)e®? + g(p)e™7%]

ot (267) s+ drts (3]

(6.20)

where a = {/w? + p?2. As we showed in Chapter 4, the coordinate s is
still a time if a massless field is present; hence the evolutionary form of the
resulting wave function is preserved.

A point to be remarked is that in this description, the role of the
original momenta (unavoidable, provided the topology of the constraint
surface in the original variables) is restricted to the global phase time
s = tarcsinh (3(mq + 74 )e(=2?+A+)); the other coordinates entering the
wave function are simple functions of only the original coordinates.
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6.4 String cosmologies

As we pointed before, the quantization of string cosmologies is of physical
interest not only for the same reasons of relativistic universes, but also
because they allow for a conceptually new point of view about the earliest
stages of the universe. However, in the context of the present work, we are
mainly concerned with formal problems, and in this sense string cosmologies
can play an important role, as they will provide a way to choose between the
possible solutions of the Wheeler-DeWitt equation. Also, we shall use these
models to reproduce an early analysis by H4jicek in terms of a Schrédinger
equation, which illustrates some difficulties that one finds in the search for
a unitary quantization [Héjicek (1986)).

6.4.1 Wheeler-DeWilt equation

We shall begin by finding the solutions of the Wheeler-DeWitt equation of
cosmological models in those particular cases in which the rescaled Hamil-
tonian takes the form

H=-7}+ wi + 4Ae™ ™ (6.21)
This generic form of the constraint includes the following relevant cases:

{2A =¢,n =6, m =1}, {44 = X2, n = 0, m = —2} and the quoted
{4A = —k, n =4, m = 0}. Now we define the new variables z and y as

s = %m9+m@
y = % (mQ +ng). (6.22)

Since in string theory we have n > m, we can rescale the Hamiltonian in
the following form

4

and thus we obtain the equivalent constraint

H=-n2+72+ (e (6.24)
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where ¢ = 164/(n? — m?). Now, let us define u = /[¢[e®. In terms of u
and y we can write the Wheeler-DeWitt equation in the form

2 d2
( dd2 -%-udi + sign(Q)u® - y 2) T(u,y) =0 (6.25)

This equation clearly admits a set of solutions of the form ¥ = A(u)B(y);
returning to the variable z, for the case sign(¢) > 0 we obtain

\IIW (:Ea y) = [a+ (w)ei“’y +a_ (w)e"i“’y]

x [b (@) Jio (VICTe%) + b (@) Niw (V/ICTe)|

(6.26)

being J,, and N;, the Bessel and Neumann functions of imaginary order
respectively; for the case sign(¢) < 0, the solutions are of the form

v, (.’17, y) = [G.J,. (w)ei“’y +a_ (w)e_i“’y]

[ zw\/—e +b w\/_e],

(6.27)

where I;, and Kj;, are, as before, the modified Bessel functions. In the
case ( < 0 the momentum m, does not vanish on the constraint surface;
then, up to a sign determined by the sign of 7, the coordinate y is a global
phase time, and we could separate the functions in (6.27) as positive and
negative-energy solutions. In the case ¢ > 0 a global phase time is +z, and
the possibility of such an interpretation becomes not so clear: instead of
the usual factors ~ e*! associated to definite-energy states, for ¢ > 0 the
time dependence appears in the argument of Bessel functions.

Note that the form of the solutions is determined by the fact that, in
order to obtain the free field solution of the Wheeler—DeWitt equation in
the limit A — 0, we have to consider the subset w € R in the solutions of the
resulting Bessel equation [Giribet&Simeone (2001c)]. This is equivalent to
the choice of the separation constant equal to —w? /4 in the case of the Taub
universe. Although the free limit (vanishing potential) has no meaning for
the Taub model, we want to obtain analogous solutions for Hamiltonians
of similar form.

It is interesting to observe that if we substitute ¢ by S and we put
A= ~1/4, n = 4 and m = 2 in the Hamiltonian (6.21), we obtain the
constraint of the Kantowski—Sachs universe. Thus we have a wave function
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for this model as a superposition of solutions of the form (6.27), with the
coordinate y = 42 + 28 playing the role of time. This functional form
coincides with that found by Fishbone without deparametrizing the system
[Ryan&:Shepley (1975)].

6.4.2 Schrédinger equation

We have just seen that, depending on the sign of the constant ¢ in the
constraint (6.21), these models admit as global phase time the coordinates
z or y. In the case ¢ > 0 the time is t = =+, so that following Ref. [Hajicek
(1986)] we can define the reduced Hamiltonians as b+ = =+, /72 + (e>*, and
we can write the Schrédinger equations

8 82 1/
g Y@y) =F ("a—yz + Ce%) ¥(z,y) (6.28)

(note that in this case we obtain a time-dependent potential). If, instead,
we have ¢ < 0, the time is ¢ = +y and the reduced Hamiltonians corre-
sponding to each sheet of the constraint surface are hy = +4/72 — (e2;
the associated Schrodinger equations are

2

0 9 2\
za—y\Il(:v,y) =F (—@ —Ce ) U(z,y). (6.29)
As we mentioned in Section 6.3.2, the square root operator requires a pre-
scription. According to Ref. [Hajicek (1986)], for both ¢ > 0 and ¢ < 0
we woud have a pair of Hilbert spaces, each one with its corresponding
Schrodinger equation; a possible physical state would be given by a pair of
wave functions, one of each Hilbert space. This is analogous to the obten-
tion of two quantum propagators, one for each disjoint theory, mentioned
in the context of path integral quantization. In both cases the reduced
Hamiltonians are real, so that the evolution operator is self-adjoint and the
resulting quantization is unitary. Note that a crucial point has been the
right choice of time coordinate; a wrong choice, like for example ¢t = +z in
the case ¢ < 0, leads to an imaginary Hamiltonian for the reduced system,
and we obtain a nonunitary theory.

There is a point, however, which should be signaled. For each case
¢ < 0 and ¢ > 0 the constraint can be written as a product of two linear
constraints, and each of these constraints leads to a Schrodinger equation.
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In the case { < 0, t = +y, the two Schrodinger equations are equivalent
to the Wheeler-DeWitt equation, as they come from classical Hamiltonian
constraints which in its operator version have the same form. This is so
because the potential in the reduced Hamiltonians does not depend on
time. In the case ( > 0, instead, we have t = £z and the potential depends
on time. Then the product leading to the corresponding two Schrédinger
equations reads:

H= (—m + /72 + (e*® ) (m + /72 4+ (e?® ) = 0. (6.30)

At the classical level this product is equivalent to the constraint (6.21); but
in its operator version both constraints differ in terms associated to conmu-
tators between 7, and the potential (e?®*. Hence, depending on which of
the two classicaly equivalent constraints we started from, we would obtain
different quantum theories; looking for a correspondence between solutions
of both equations as it was done with the Taub universe would therefore
make no sense. Note that this problem appears in the case for which the
Wheeler-DeWitt equation leads to a result in which the identification of
positive and negative-energy solutions is not apparent, at least in the stan-
dard form (see the preceding Section). It is not completely clear why we
should prefer one of both theories; however, the Wheeler-DeWitt equa-
tion associated to the quadratic original form of the constraint is the usual
choice.
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Chapter 7

Discussion

The difficulty in defining a set of observables and a notion of dynamical evo-
lution in a theory where the spacetime metric is itself a dynamical variable,
as it is the case of General Relativity —and also of string theory, at least
in its effective low energy form—, leads to the problem of time in quantum
cosmology. In the Hamiltonian formalism for the gravitational field this
difficulty is reflected in the fact that the dynamical evolution can be repro-
duced by gauge transformations generated by the Hamiltonian constraint
H = 0. As the wave function of the universe must be a solution of H¥ = 0,
then it gives only a correlation between the canonical coordinates, but it
is devoided of an evolutionary form. Also, the absence of a distinction be-
tween true degrees of freedom and time makes difficult to define a conserved
inner product for the quantum states.

This situation has led to different programs of deparametrization or
reduction to physical degrees of freedom as a previous step before quan-
tization, as for example [Hajicek (1986); Barvinsky&Ponomariov (1986);
Barvinsky (1986); Barvinsky (1993); Kuchaf (1993); Wald (1993); Higuchi&-
Wald (1995); Cavaglia et al. (1995); Beluardi&Ferraro (1995); Ferraro
(1999); Simeone (1999)]. The practical difficulties found in the construction
of the reduced phase space have led some people to give up the attempt,
and to suggest that the separation of dynamical variables and time may be
impossible to be carried out for the full theory. However, things are rather
different in the minisuperspace approach, where one deals with cosmologi-
cal models with a finite number of degrees of freedom. Here we have pre-
sented a proposal based in the identification of a global phase time by first
turning the action of cosmological models into that of an ordinary gauge
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system and then imposing canonical gauge conditions. The deparametrized
models can then be quantized both with the Fadeev—Popov path integral
procedure and with the usual canonical Dirac-Wheeler-DeWitt procedure.
In the first case we obtain a quantum propagator for the reduced system
with a formally correct notion of time; in the second case, the result is a
wave function with an evolutionary form, and the existence of a well defined
inner product. We have suggested that while the natural notion of time
should be that of an extrinsic one, the best choice for our purposes is that
of a new set of variables such that the time can be given in terms of only
the coordinates.

We have begun by defining a time and the reduced form of the path
integral for a generic parametrized system whose Hamiltonian constraint
leads to a separable Hamilton—Jacobi equation, and we have illustrated
our procedure with simple systems as the relativistic free particle and the
ideal clock. Then both relativistic (isotropic and anisotropic) as well as
string cosmological models have been studied; the models have been selected
mainly because of the possibility of solving the different technical problems
that appear in the theory. An important restriction for the application of
our method is the separability of the Hamilton-Jacobi equation associated
to the constraints (although in some cases we have been able to extend the
definition of a global phase time for non separable models); here we have
not studied the general problem of separability, but we have analysed it for
each model considered. A discussion about separable models can be found,
for example, in [Salopek&Bond (1990); Salopek&Stewart (1992)], while a
rigourous analysis of the geometrical properties of the constraint is given
in [Hajicek (1989); Hajicek (1990); Schon&H4jicek (1990)].

The most interesting relativistic examples, because of the formal prob-
lems that they present and also for their physical relevance, have been the
closed de Sitter universe and the Taub anisotropic universe. Besides the
introduction to the problem of extrinsic time, the first provides a simple
proof for the consistency of our deparametrization and quantization pro-
posal; the second allows to solve the problem of quantizing a model with
true degrees of freedom which does not admit the definition of a global
phase time in terms of only its original coordinates, and this leads to the
introduction of a canonical transformation changing the properties of the
constraint surface. Also, a simple isotropic flat model with cosmological
constant and matter in the form of a dust field has enabled us to discuss
the resolution of the Gribov problem.
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‘We have been mainly concerned with formal problems, and in this sense
the string models have also been useful to discuss, within the canonical
quantization scheme, the problem of boundary conditions and the resulting
choice of subsets of solutions. However, the quantization of string cosmolo-
gies has its own physical interest because of the new scenarios for the early
universe enabled by string theory: In the context of string cosmology, when
the high energy modes of the strings became negligible the dynamical evo-
lution of the universe began to be dominated by the massless fields which
appear as the matter source of gravitational dynamics. This phase of the
universe can be called the dilatonic era, and is described by the effective
theory studied in Chapter 5. As we have already mentioned, the symme-
try of the theory suggests that within the context of string cosmology the
idea of the big bang singularity could be replaced by the assumption of the
existence of a phase transition of finite curvature in the early epochs of the
universe. The eventual connection between two different phases, as the pre
and post-big bang phases, is one of the central points of interest of string
cosmology. An important open question is then which would be the precise
dynamics of the universe during this phase transition. An answer to this
question would require a complete understanding of string theory beyond
the low energy approximation. Presumably, it would be necessary to know
the exact functional form of the effective potential for the dilaton and the
precise dynamics of higher order terms in string gravity theories. This point
is, in fact, one of the most important of theoretical cosmology in the frame-
work of string theory, and it receives the name of graceful ezit problem.
If the (still unknown) effective potential leads to a separable Hamilton-
Jacobi equation, the application of our deparametrization procedure to the
study of the phase transition would result straightforward. If the complete
Hamiltonian including the effective potential is separable but admits only
an extrinsic time, the possibility of a consistent quantization within our for-
malism will depend on the existence of a canonical transformation leading
to a non vanishing potential.

Although the main line of the present work is the path integral quan-
tization of minisuperspaces with a distinction between time and physical
degrees of freedom, we have also included a brief review of canonical proce-
dures. Those which start from a reduction or a deparametrization (Sections
6.2 and 6.3.2) are of particular interest for us. While in the context of a
work devoted to the formalism of quantum cosmology the results obtained
in the path integral scheme are satisfactory, from a more physical point



108 Discussion

of view we should note that the expressions obtained for the propagator
for some models do not allow, at least at a first sight, for a qualitative
understanding of their quantum behaviour. We believe that such an un-
derstanding can be best achieved in the Dirac—Wheeler-DeWitt scheme if
it is provided with a notion of time and evolution. Hence, if we want to
go beyond the development of a basic formalism for quantum cosmology,
the best line of work may be a combination of our deparametrization pro-
posal with the canonical quantization by means of a Wheeler-DeWitt or
a Schrodinger equation. We have followed this line in Sections 6.3.3 and
6.4, where we have obtained solutions with a globally good notion of time
for the Wheeler-DeWitt equation associated to the Taub universe and to
string universes. The canonical formalism has also been useful to discuss
the problem of unitarity, and of the non equivalence at the quantum level
of different formulations which are classically equivalent.

Despite these considerations, we should emphasize that when we refer to
a better understanding of the theory we are speaking about its technical as-
pects; a good definition of time and observables means one with the required
mathematical properties. This does not mean, therefore, that a different
description could not be of great physical interest; for example, the solution
for the Taub universe obtained in [Moncrief&Ryan (1991)], though lacking
a precise definition of evolution, gives a definite “prediction” regarding the
correlation between the variables that seem the most natural. However,
our procedure of Chapter 6, applied to the same model, is satisfactory from
both points of view: we have a (formally) clear notion of evolution, and
we can also obtain a correlation between the original variables by simply
giving the results in terms of them. Moreover, in our description the only
(new) variable involving the original momenta is a global phase time, while
the other variables entering the resulting wave function depend only on the
original coordinates.

Of course, there are still open questions regarding the interpretation
of such mathematical correlations; while it is common to accept the no-
tion of time as the variable which sets the conditions for determinig the
probabilities for given values of the variables, the definition of probability
in cosmology is itself problematic. Besides the technical reasons for this,
there is an obvious one which, as the problem of time, also comes from the
fact that we are trying to build a theory for the whole universe. Then,
both most usual points of view about the interpretation of quantum me-
chanics have problems when applied to cosmology: while the statistical
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interpretation [Ballentine (1998); Blokhintsev (1964)] would require some
reformulation to be applied, on the other hand, the standard interpreta-
tion of quantum mechanics, which requires an external classical observer to
make the wave function collapse, clearly makes no sense for a system which
is not a subsystem of any other. Returning to less fundamental questions,
another open problem is that although we could give a systematic proce-
dure for deparametrizing minisuperspaces, it is not clear whether different
choices of time, which are on the same footing at the classical level, lead to
equivalent theories at the quantum level; it has even been pointed that this
may be an unsolvable problem coming from the essentially different ways
in which the concept of time appears in relativity and in quantum mechan-
ics [Kuchai (1981)]. I have not discussed these points here; although the
study and resolution of these and other questions about the interpretation
of the formalism should be the object of a thorough analysis, this is clearly
beyond the scope of these notes.
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Appendix A

Constrained Hamiltonian systems

A.1 Hamiltonian formalism for constrained systems

For a system without constraints, the variational principle 4S5 = 0 written
in the Hamiltonian form

5/ (pz— - Ho(¢* pz)) dt =0 (A.1)
yields the canonical equations

dqt __ 0Hy dp;  OHp

dt ~ Op;’ ] (A-2)

The first allow to obtain the velocities in terms of the coordinates and the
momenta, as Hg is a function of ¢* y p; which is obtained by a Legendre
transformation of the Lagrangian. In a constrained system, instead, the
momenta are not independent, but their variation must be restricted to the
surface defined by the constraints ¢, = 0. Hence, now we must find an
extremal for the functional S subject to the restrictions v, (¢*, p;) = 0 and
we must make

5 [ (5 - Hola'p) = u™bmla' 30 =0, (A3)

where u™ are arbitrary functions (see, for example, [Gelfand&Fomin (1963)]).
The functions 9., (q*, p;) are called primary constraints. This leads to the
equations

d_qi _ OHo m awm

i~ op " ops
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@ _ _aHO —y™m ad"m
dt g’ oqt’
Ym = O. (A.4)

Given a point on the surface ¥, = 0, we can use the first equation to
obtain the corresponding velocity. The arbitrary functions w,, then be-
have as coordinates on the manifold of the velocities dg™ /dt, making the
trasformation uniquely determined in both senses.

In the Poisson brackets formalism (see [Landau&Lifshitz (1960)]), for
any physical quantity a we can write

Z—(Z = [a, Ho] + u™[a, Y¥m]. (A.5)
On the constraint surface we have
u™[a, Ym] = [a, u™ ] (A.6)
because

[0, 4™ Y] = u™[a, Ym] + [a, " Yo (A7)

and the last, term vanishes on the surface ¥,, = 0. Hence we can write the
“weak” equation (that is, restricted to the constrint surface)

da
=~ [a, HT] (A.8)

where Hy = u™,,, + Hp.
The constraints must be preserved, so that
dYm
dt
Therefore we obtain m consistency conditions, one for each constraint

[Dirac (1964)]. These conditions can: i) Hold automatically. ii) Give raise
to new equations of the form

= [Wm, Ho] + u™ [m, Y] = 0. (A.9)

8(¢',pi) = 0; (A.10)

these restrictions, which appear as a result of applying the equations of
motion, are called secondary constraints. iii) Lead to new conditions on the
functions 4™. Consider the equations

[, Ho] + u™ [, %m] = 0 (A.11)
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where 1); are all the constraints, primary and secondary. Its general solution
is

u™ =U™+ A%V,™ (A.12)
where V,™ solve the homogeneous equations
u™ (45, %m] =0, (A.13)
and U™ are particular solutions. In this way we can write
Hr = Hy + U™ + XV, " Y. (A.14)

Now, U™ and V,™ are functions of the ¢* and p;, but A® are arbitrary
coefficients, its number being less or equal to the number of the u™. If we
define

H = Ho + U™y, Ra = Vo™, (A.15)
the equality (A.14) can be written as
Hyp = H + \°R,. (A.16)

The coefficients A introduce arbitrary functions of time in the solution of the
equations of motion, so that the variables at a given time are not completely
determined by their initial values. In practice, such an ambiguity results
from a formalism containing arbitrary quantities, as it is the case of the
four-potential A, in electrodynamics.

The R, are linear combinations of the primary constraints ¢,,, and then
are also primary constraints. We see that the number of arbitrary functions
in the equations of motion is equal to the number of the R,.

It can easily be shown that the Poisson bracket of the constraints R
with the ¥; = (¢, 0) is weakly zero:

[Ra,¥5] = 0. (A.17)

Any quantity whose Poisson bracket with the ¢; is weakly zero is said to
be first class. Others quantities not having this property are called second
class. Because the ¢; are the only independent functions vanishing weakly,
then the Poisson bracket [R,1;] of any first class function R must be a
linear combination of the ;:

(R, ;] = rjziby. (A.18)
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As the R, are linear combinations of the ¥, it is clear that

[Re, Ry] = 0. (A.19)
A.2 Gauge transformations and gauge fixation

In terms of the Hamiltonian H and the primary constraints R, the evolution
of a variable z which does not depend explicitly on ¢ is given by

‘fi—f = [z, H] + A*[z, Ra] (A.20)

where A are undetermined coefficients; the arbitrariness in their choice
makes the evolution of z not completely determined: For a given initial
condition z(tg) = o, at a time ¢ after o, £ can take different values ac-
cording to the choice of A>. However, the physical state of a system cannot
depend on the arbitrary choice of the coefficients; hence, different values of
 must correspond to the same physical state. ‘

If x evolves with two different sets of coefficients we have

zA(At) = zo+ [z, HIAt + A*A7[z, R,],
Ty (At) zo + [z, H|At + A% At[z, R,). (A.21)

and then there is a difference
6z = (\* — A%)At[z, R,]. (A.22)
An infinitesimal evolution gives
dex = €2(t)[z, Ra], (A.23)

where €2(t) = (A® — A% )6t. This is the expression for an infinitesimal gauge
transformation; the transformation is generated by the function €*R,. Also
the second class secondary constraints can generate gauge transformations
[Hanson et al. (1976); Sundermeyer (1982); Dirac (1964)}; if we call {C,}
the set of all primary constraints then the most general gauge transforma-
tion can be writen

dex = € (t)[z, Cy). (A.24)
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The constraints C, fulfill
[Ca,cb] = cabcCc ~0 (A25)

because they are first class. If, in addition, there are second class con-
straints, the bracket can be redefined (Dirac Bracket; see [Henneaux&-
Teitelboim (1992)]) so that this equality still holds. Note that (A.24) and
(A.25) mean that 6.Cj &~ 0. Functions X whose Poisson bracket with the
constraints is weakly zero are gauge-invariant, and are called observables;
their dynamical evolution has no ambiguities.

The sets of points of the phase space connected by gauge transformations
are called orbits; the observables have the same value along an orbit, while
non gauge-invariant functions contain information about different points of
an orbit, but this information is physically irrelevant.

In principle it is always possible to eliminate the ambiguity in the evo-
lution choosing one of all physically equivalent configurations. This is
achieved by selecting only one point of each orbit by imposing gauge con-
ditions of the form

x(q*, pi, t)=0. (A.26)

If the number of constraints is m, the dimension of each orbit is also m,
because each point is reached by choosing the m gauge parameters €®.
Gauge conditions must define a manifold of dimension 2 x number n of
degrees of freedom — m to intersect each orbit only once; then, m gauge
conditions are needed.

The condition that only one point of each orbit lies on the manifold
defined by the gauge conditions means that a gauge transformation must
move a point of an orbit off the surface x® = 0, that is:

Sx® =€[x?, Cu] %0 (A.27)
unless € = 0 (see [Henneaux&Teitelboim (1992)]). This means that
det ([x*, Ca])# 0. (A.28)

In a strict sense, this condition only locally ensures that it is possible to
select only one point of each orbit: there is still the possibility of the Gribov
problem, that is, that equation (A.28) is fulfilled (which ensures that the
orbits and the gauge conditions are not tangent) but the surface given by
the gauge conditions cuts each orbit more than once.
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Appendix B

Path integral and inner product

B.1 Ordinary mechanical systems

A very clear presentation of the path integral formulation of quantum me-
chanics can be found in Feynman’s book [Feynman (1965)] and in [Schulman
(1981)], while the original development of the idea can be found in [Dirac
(1933); Feynman (1948)]. Here we shall give a very simple introduction to
the basic concepts. Consider the Hamiltonian

H(q,p) = f(»*) +V(a) (B.1)

and evaluate the propagator, that is, the probability amplitude that the
coordinate takes the value g; at time t; given the value g¢; in ¢;. If we
separate ty —t; in intervals tx41 —tx = € and insert n — 1 times the identity

1= / dai e, te) (e, te] (B.2)

we obtain

X(Gn-1,tn-1.eee|q1, t1) (g1, talgs, 23).
(B.3)

To effectively perform the calculation we need to know the infinitesimal
propagator

(¢, t+elgt) = (d'lem*H@PD]g) (B-4)
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which up to the first order in € is equal to
<q'|e—i5(f(p2)+V(4))'q)_ (B.5)

If we introduce the identities
1= [ @)= [l (B.6)
and use that (p'|p) = d(p' — p) we obtain
(¢ t+elg,t) = / dp etelpda/dt—H(gp.t)] (B.7)

As pdq/dt — H(q, p,t) is the Lagrangian of the system, the argument of the
exponential is proportional to the action. By taking the limit, the integral
becomes a functional integral summing over all the paths between (g;,t;)
and (gy,ts); its usual notation is

K = (g5, tylaits) = / Dy(t)Dp(t) *S1o®-2(0) (B.8)

with S the Hamilton action functional. The variables ¢ and p define a
skeletonized path in phase space. To be precise, ¢ should be understood as
the value of ¢(t) at time t,, while p should be understood as the value of
the momentum p(t) at an intermediate time #, £, < < to4;.

The functional integral allows to “propagate” the wave function by mak-
ing:

¥(g,t) = (g,t]9)

/ dgo (g, tldo, o) (g0, to] ®)

/dQO (a,tlg0,t0) ¥ (g0, to)- (B.9)

Thus we can obtain the wave function at any time ¢ if we know it at a given
time p.

B.2 Constrained systems

Denote Z4 the phase space variables of a constrained system, and suppose
that (Q*, P,) are a complete set of observables, that is, a complete set of
gauge-invariant functions:

[@",Cu] = 0 ~ [Py, Ca]
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where C, are first class constraints. If we quantize the system defined by
the gauge-invariant functions (Q*, P,) we have a path integral that is a
sum over trajectories in the reduced phase space:

K = / DQ"DP, (det(0,,,))"/* exp (iS[Q", P,]),
S[Q“P,] = / [pﬂ%— @, P &, (B.10)

where det(o,, ) is the determinant of the inverse of the Poisson brackets of
the Q* and the P,, and h(Q*, P,) is the gauge-invariant Hamiltonian for
the reduced system.

The reduced phase space may not be easy to identify. A possible way to
obtain the propagator is to choose one path from each class of equivalent
paths in phase space. Then we define globally good gauge conditions

Xa,:0

which together with the constraints C, form a second class system of con-
straints: x, = (Xa,Ca). The gauge conditions x, fulfill

det[xp; Xo] = (det[Ca,Xb])Q .

With this definitions we can rewrite the path integral for the reduced space
as

K= / DZADX8(x,)det[Ca, x5 exp (iS’[ZA(t)] -1 / ,\acadt) (B.11)

where S’ contains a surface term necessary to emsure that S'[Z4(t)] is
equivalent to S[Q¥, P,] on the surface defined by x, = 0 and C, = 0.
The functional integration on the multipliers A* leads to a Dirac 4 of each
constraint. (See [Henneaux&Teitelboim (1992)] for more details).

B.3 Inner product for constrained systems

Consider a system with n degrees of freedom and a constraint of the form
P, = 0. The inner product between two states x and y of the Hilbert space
is given by

(z)y) = / dQ'...dQ"...dQ"z* (Q'.....Q™) y(Q'.....Q™). (B.12)
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If the states z e y fulfill the constraint, the integrand does not depend on
@' and the integral diverges. To avoid this, the integration on @', which
is not a physical degree of freedom, is eliminated by introducing a gauge
condition x and defining the physical inner product as

(B.13)
where x gives @' as a function of the other variables and 7. The Jacobian
determinant ensures that the integral does not depend of the choice of x:

800106 Bill = 600)10x/9Q"| = 6(Q"). (B.14)
Equation (B.13) can be rewritten as
(zly) = (z|ly), (B.15)

where [i is an operator which eliminates the integration over the variables
which are pure gauge. The product (z|y) is equal to

/ dQl...dQ‘—1¢Q‘+1...dQ“z*(Ql...Q’—IQlH...Q") y(QL...Q" QM ...QM)

(B.16)
for the physical states, and coincides with the scalar product in the reduced
space. If we write

Q) = (z|Q),  y(@)=(Qly),
the inner product can be put as
(@) = [ dQ(IQ)Q) (B.17)

and this allows to define the identity operator in the subspace of physical
states:

1= / dQIQ)A(Q). (B.18)

Analogously, if the vectors {¥,) are a basis for the subspace of physical
states, we have:

1= [%)(Tal (B.19)
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B.4 Propagator and projected kernel

The propagator is defined as the operator Up(Q', t'; Q, t) that, when applied
to the wave function ¥(Q,t), turns it into the function ¥(Q',t'):

V(Q',t) = (Q'|Uo|¥(Q, 1)) (B-20)

By introducing the identity operator we obtain

¥Qt) = Y [ dQ(Q'1¥a) (Walli¥s) (¥5/Q¥(Q.0.  (B:21)
As

(Q'%a) = ¥a(Q), (¥51Q) = ¥5%(Q),

and ) |¥,)(¥q| is the projector on the subspace of physical states |¥,),
we can define the projected kernel

UR(Q,;Q,t) = D ¥a(Q')(Ta|Uo|¥p)¥s"(Q) (B.22)

(see, for example, [Henneaux& Teitelboim (1992)]). The kernel U} contains
information about the action of the propagator only on the physical states:
the wave function ¥ at time t' is the result of making the function ¥ at
time ¢ to evolve with the projected kernel, and we can write:

v(Q, ) = / dQ UR(Q',1;Q,1) 4 T(Q,1). (B.23)

When the path integral is calculated for a constrained system and the
integration is restricted to the constraint surface the result coincides with
the projected kernel UJ. In general, the operator fi can be identified with
8(x)|[x, G}| only if the constraint has the form

ov

G=F+—.

o
If this is not so in the original variables of the system, it can be fulfilled
if it is possible to make a transformation to new variables {Q°, Q*, Py, P, }
such that G = F, ~ 0.

e Ezxample: Consider the ideal clock described by the Hamiltonian

H = p;, — R(t) ~ 0. (B.24)
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Here ¢ is the only coordinate of the system, whose states are labeled
by the nonphysical time parameter 7. The physical states do not
depend on 7 and are of the form

F(t,T) = eif' R(t)dt (B.25)

Because the system is pure gauge (there is one coordinate and one
constraint), ¢ is not a true degree of freedom, and then

=8t — o). (B.26)
The physical inner product of two states ¥ and ¥’ is given by
(¥'|¥) = /dt TR (B.27)
and therefore
(T|¥) = / dte=t ROt _ygi [TR®dE _ 1 (B og)

If we use Eq. (B.23) to obtain ¥(¢',7') it yields:
(7)) = / dt US(t',7';t,7) 8(t — to) ¥(t,T), (B.29)
and because ¥ does not depend on 7 then
ez’f" R(y)dt  _ /dt UR(¢, 751, 7) 6(t — to) o Rat
= UB(H, 7t ) €T RO® (B.30)
Hence
UR(, st ) = €S FO® (B.31)

which coincides with the result of section 3.4.2 obtained by means
of a path integral.



Appendix C

End point terms

A central point of our deparametrization and quantization method is the
possibility of defining the appropriate boundary terms making the action
invariant, and vanishing in a canonical gauge associated to an intrinsic
time. Here we shall give the surface terms together with the appropriate
gauge fixing procedure for some more or less generic forms of the complete
solution W of the Hamilton-Jacobi equation [De Cicco&Simeone (1999b)):

1) If the system has two degrees of freedom -and the solution W is of the
form

W = A(¢°,q)A'(Po, P) + A" (¢°, 9)P. (C.1)
we obtain
—0_ W _ 4 dA (P;)
@ © 8P, (¢%,9) 8P,

Gauge fixation must define an hypersurface in the original configuration
space. This is fulfilled if we fix the gauge by means of

Y (P;)
x=8" - =1 (€2)
with T'(r) an arbitrary monotonic function, because then
A@¢®,q) = T(7).

End point terms vanish on the surface Py = 0, x = 0 if we choose

f(@,P,7)=QP - T(r)A (P =0,P = P). (C.3)
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Then
Qlp,=0x=0 = A" 9)

and the choice of Q and 7 is equivalent to the choice of ¢° and ¢. This
must be fulfilled to be sure that  and 7 define a point in the original
configuration space. .

The generator function of the two succesive transformations z* — X -
X% can be writen

Z = A(¢®,q)A'(Po, P) + A" (¢°,q)P - T(1)A'(Py = 0,P),  (C.4)
and on the constraint surface Py = 0 the end point terms are

B = QP-2Z
oz
= 5P-7

04 (Py, P)

= |—5p—P- A' (P, P) s (A(¢° q) - T(r)). (C.5)

This form of the end point terms can be used for the parametrized (non
relativistic) particle, the relativistic particle, and several systems that can
be obtained from them.

2) Another useful form of the generator W for two degrees of freedom is

W = D(¢°, Py, P) + C(¢")P, (C.6)
which yields
o= _ 9D
80Py 0Py
The gauge condition
x=Q - g(P,1(r) =0 ()

is equivalent, on the constraint surface, to
¢° =T(r)
if we choose the function

9(P,T(r)) =Q"(¢° = T(r), Po = 0, P).
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The function f making the end point terms vanish with this gauge choice
is

f@,P,7)=QP - D(T(1),Po =0,P = P), (C.8)
and then
Q|F0=0,X=o = C(qi)Q

the choice of Q and 7 is thus equivalent to that of ¢° and q. The two
successive transformations can be seen as only one generated by

Z=W(q",P;=P;)—D(T(1),Py =0,P = P) (C.9)
and the surface terms have the form
07z
B = 3P Z

9
= P|Z (D, P, P) - D(T(r), P,
|55 0,2 P) - DI, PP

- [D(qO’P()?P) - D(T(T)vP07P)]pO_

- (C.10)

The action of several isotropic and homogeneous cosmological models with
matter field can be improved with gauge invariance at the boundaries by
these surface terms.

3) In a more general case, whenever [ZTE - W] o Pico depends on only
X=Y, o=
one of the momenta P,, say P;, the two successive canonical transforma-

tions #* — X — X* can be obtained as the result of only one transforma-
tion generated by

Z=w(g R
=W(¢,P) - P 5 dp;. (C.11)
1

The end point terms associated to this generator are

B = QP -2
o0z
= a_PiPi -Z
ow e i
= 0T [Q Pi- W] -W(¢',P). (C12)

x=0,Po=0,P1=P,
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¢ Ezample: Consider a parametrized free particle; this system is ob-
tained when we include the time among the canonical variables of
a non relativistic free particle. In the Hamiltonian formalism we
have the original variables ¢ and p plus the time ¢ and its conjugated
momentum p;. The action functional is

S(a,p,t,pi, N) = / (pdq + prdt — NHdr) (C.13)

where H = p;+p?/2m =~ 0. The complete solution of the associated
Hamilton-Jacobi equation is

=2
= = P

W= Bo—
PQ+(0 2m>t,

which is of the form (C.1). Then

Al®q) =t
=2
_ . P
A'(P = -
( OaP) PO om
A9 = g

and the generating function of the transformation (¢*, p;) = (Q*, P;)
is
2

Z =tPy+qP — 5—m(t—T(T)). (C.14)

The new variables are then given by

@ - -t
Q = Zeg-Tp-T)
p = %f: : (C.15)

On the constraint surface Py = 0 the end point terms read

B=QP-Zlpoo=-2(-T(r)  (CI6)
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and vanish in the gauge ¥ =t — T(7) = 0. In terms of the original
variables the transition amplitude is

(g2, tala, 1) = / DtDp: DgDpDN6()|[x, H]|

T3
X exp (z’ / (pedt + pdg — NHdT))

2 T2
X exp (—i [;’—m(t - T(T))} ) . (C17)

In terms of the new variables and in gauge x = ¢ = 0, after inte-
grating on N and the spurious degree of freedom we have

T2 P2
(g2, t2lq1,t1) = /DQDPGXP (l/ (PdQ - %dT)) (C.18)

The boundary values of ) and 7 are related to those of ¢ and ¢ by
means of the gauge x = ¢t —T'(7) = 0, in which the end point terms
vanish: we have

Qlz=0 = ¢,
T(r)lg=0 = t. (C.19)
Thus we can recognize the path integral for a non relativistic free

particle (this is apparent if we choose the monotonous function T
as T(r) =7).
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Appendix D

An extrinsic time for the Taub
universe

In the case of the Taub universe a time in terms of the original variables
can be found in a straightforward way by identifying the coordinate @
conjugated to Py = H. The Hamilton—Jacobi equation associated to the
constraint H (see section 4.2.2) is

aw\> WN? 1., 4.,
3 (E) -3 (W) + 56 - §e =FE. (D.1)
The solution is clearly of the form
W = Wi(z) + Wa(y) (D.2)

where
= i3 [ Vil - e
with + = sign(mr;), and
Wa(y) = / V3(a2 — E) — 4e?vdy

with + = sign(m,). Matching the constants a and E to the new momenta
P and Py and following the procedure of Chapter 3 we have

< [3P0< / \/B(P ~Po) - 462ydy)]ﬁo=o
1 (\/_5 V3P —4621/) 03

1
:F_
VP \v +\/3P — 4e2v
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with — for #y > 0 and + for 7, < 0. Because on the constraint surface

P =0 we have 372 + (4/3)e®¥ = o? = P’ then my = +1y/ 3P" — 4e? and
hence for both m, > 0 and 7y, < 0 we obtain

/972 + 4e%Y + 3m
° 1 In ( d y) . (D.4)

Q =
4, /97r§ + 4e2v \ /97r§ + 4e2?v — 3my

The gauge can be fixed by means of the canonical condition x = QO—T (r) =
with T' a monotonous function. Thus, as 372 + (4/3)e®¥ = o? > 0, we can
define an extrinsic time as

t(ry) = 120a|Q’
V3a? +3m
= In{——2]. .
n(\/3a2—37ry) 0-5)

Now, if we go back to the original variables (2, 84, 7q,7+) we can write
the time as

I 302 — (mq + 74)
t(rq,my) =1 <\/§&3+ —— 71-_’_)) . (D.6)
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Free-particle constraint for
minisuperspaces

In Section 4.2.3 we deparametrized two cosmological models whose Hamil-
tonian constraint was analogous to that of a free relativistic particle. Such
simple constraints can in fact be obtained, for example, for any model with
a Hamiltonian which in the original variables reads

H=-n2+ 7r§ + Ae¥ ~ 0 (E.1)

with A > 0. The momentum 7, does not vanish, so that +z is an intrinsic
time. By defining a canonical transformation like that given in Eq. (4.74),

Ty = +v/AeY sinh 2
r, = +VAe¥coshz

we can put the constraint in the form
H=-m2+4+72=0, (E.2)

which is that of a massless relativistic free particle. According to our anal-
ysis in Section 4.2.3, an extrinsic time reads ¢t ~ —¢/p, with ¢ and p any of
both pairs of conjugated variables. At this level both degrees of freedom are
equivalent, in the sense that any of them can be the clock for the evolution
of the other one.

However, we should have in mind that, according to the original form
of the Hamiltonian, the momentum 7, could not vanish, so that the same
holds for 7,; in fact, the definition of 7, as a product of an exponential and
an hyperbolic cosine does not allow it to vanish. Hence, the asymmetry
existing between z and y in the original form of the constraint leads to
the fact that both coordinates £ and z can also be defined as a global
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phase time. Though this is not apparent at the level of the free-particle
constraint (E.2), the point here is that a canonical transformation is defined
not only by the relation between old and new variables, but it must include a
prescription preserving the range of their possible values; this range should
then be given together with the expression of the resulting constraint. For
example, when we deparametrize the Bianchi type I universe and we say
that it only admits extrinsic times, it is assumed that the momenta can
take any value between —oo and +o0.



Bibliography

Antoniadis I., Bachas C., Ellis J. and Nanopoulos D. V., Phys. Lett. B221, 393,
(1988).

Arnowitt R., Deser S. and Misner C., in Gravitation, an Introduction to Current
Research, edited by L. Witten, Wiley, New York (1962).

Ballentine L., Quantum Mechanics, World Scientific, Singapore (1998).

Barvinsky A. O. and Ponomariov V. N., Phys. Lett. B167, 289 (1986).

Barvinsky A. O., Phys. Lett. B175, 401 (1986).

Barvinsky A. O., Phys. Lett. B195, 289 (1987).

Barvinsky A. O., Phys. Rep. 230, 237 (1993).

Beluardi S. C. and Ferraro R., Phys. Rev. D52, 1963 (1995).

Blokhintsev D. I., Quantum Mechanics, D. Reidel Publishing, Dordrecht (1964).

Brown J. D. and York J. W., Phys. Rev. D40, 3312 (1989).

Catren G. and Ferraro R., Phys. Rev. D63, 023502 (2001).

Cavaglia M. and De Alfaro A., Mod. Phys. Lett. A9, 569 (1994).

Cavaglia M., De Alfaro V. and Filippov A. T\, Int. J. Mod. Phys A10, 611 (1995).

Cavaglia M. and De Alfaro A., Gen. Rel. Grav. 29, 773 (1997).

Cavaglid M. and Ungarelli C., Class. Quant. Grav. 16, 1401 (1999).

De Cicco H. and Simeone C., Gen. Rel. Grav. 31, 1225 (1999).

De Cicco H. and Simeone C., Int. J. Mod. Phys. A14, 5105 (1999).

DeWitt B. S., Phys. Rev. 160, 1113 (1967).

Dirac P. A. M., Physik. Zeits. Sowjetunion 3, 64 (1933)

Dirac P. A. M., Lectures on Quantum Mechanics, Belfer Graduate School of
Science, Yeshiva University, New York (1964).

Fadeev L. D. and Popov V. N., Phys. Lett. B25, 29 (1967).

Fadeev L. D. and Slavnov A. A., Gauge Fields: Introduction to Quantum Theory,
Benjamin/Cummings Publishing (1980).

Ferraro R., Phys. Rev. D45, 1198 (1992).

Ferraro R. and Simeone C., J. Math. Phys, 88, 599 (1997).

Ferraro R., Grav. Cosm. 5, 195 (1999).

133



134 Bibliography

Ferraro R. and Sforza D., Phys. Rev. D59, 107503 (1999).

Feynman R. P., Rev. Mod. Phys. 20, 367 (1948).

Feynman R. P. and Hibbs A. R., Quantum Mechanics and Path Integrals, Mc
Graw-Hill, New York (1965).

Filippov A. T., Mod. Phys. Lett. A4, 463 (1989).

Gasperini M. and Veneziano G., Astropart. Phys. 1, 317 (1993).

Gasperini M., in Proceedings of the 2nd SIGRAV School on Gravitational Waves
in Astrophysics, Cosmology and String Theory, Villa Olmo, Como, edited
by V. Gorini, hep-th/9907067.

Gasperini M., Class. Quant. Grav. 17 R1 (2000).

Gelfand I. M. and Fomin S. V., Calculus of Variations, Prentice-Hall, New Jersey
(1963).

Giribet G., unpublished (2001).

Giribet G. and Simeone C., Mod. Phys. Lett. A16, 19 (2001).

Giribet G. and Simeone C., Phys. Lett. A287, 344 (2001).

Giribet G. and Simeone C., in preparation (2001).

Goldwirth D. S. and Perry M. J., Phys. Rev. D49, 5019 (1994).

Gradshteyn I. S. and Ryshik I. M., Table of Integrals, Series and Products, Aca-
demic Press, New York (1965).

Gribov V. N., Nucl. Phys. B139, 1 (1978).

Hajicek P., Phys. Rev. D34, 1040 (1986).

Hajicek P., J. Math. Phys. 30, 2488 (1989).

Hajicek P., Class. Quantum. Grav. 7, 871 (1990).

Halliwell J. J., Phys. Rev. D38, 2468 (1988).

Halliwell J. J., in Introductory Lectures on Quantum Cosmology, Proceedings of
the Jerusalem Winter School on Quantum Cosmology and Baby Universes,
edited by T. Piran, World Scientific, Singapore (1990).

Hanson A., Regge T. and Teitelboim C., in Constrained Hamiltonian Systems,
Accademia Nazionale dei Lincei, Roma (1976).

Hartle J. and Hawking S., Phys. Rev. D28, 2960 (1983).

Henneaux M., Teitelboim C. and Vergara J. D., Nucl. Phys. B387, 391 (1992).

Henneaux M. and Teitelboim C., Quantization of Gauge Systems, Princeton Uni-
versity Press, New Jersey (1992).

Higuchi A. and Wald R. M., Phys. Rev. D51, 544 (1995)

Kantowski R. and Sachs R. K., J. Math. Phys. 7, 443 (1966).

Kolb E. W. and Turner M. S., The Early Universe, Addison—Wesley, Reading,
Massachusetts (1988).

Kuchat K. V., Phys. Rev. D4, 955 (1971).

Kuchaf K. V., J. Math. Phys. 17, 777 (1976).

Kuchat K. V., in Quantum Gravity 2: A Second Ozford Symposyum, edited by
C. J. Isham, R. Penrose and D. W. Sciama, Clarendon Press (1981).

Kuchaf K. V. and Ryan M. P., Phys. Rev. D40, 3982 (1989).

Kuchat K. V., in Proceedings of the 4th Canadian Conference on General Rel-
ativity and Relativistic Astrophysics, edited by G. Kunstatter, D. Vincent



Bibliography 135

and J. Williams, World Scientific, Singapore (1992).

Kuchaf K. V., in General Relativity and Gravitation 1992, Proceedings of the 13th
International Conference on General Relativity and Gravitation, Cérdoba,
Argentina, edited by R. Gleiser, C. N. Kozameh and O. M. Moreschi, IOP
Publishing, Bristol (1993).

Kuchai K. V., Romano J. D. and Varadajan M., Phys. Rev. D55, 795 (1997).

Lanczos C., The Variational Principles of Mechanics, Dover, New York (1986).

Landau L. D. and Lifshitz E. M., Mechanics, Pergamon Press, Oxford (1960).

Landau L. D. and Lifshitz E. M., The Classical Theory of Fields, Pergamon Press,
Oxford (1975).

Martinez S. and Ryan M., in Relativity, Cosmology, Topological Mass and Super-
gravity, Proceedings of the Fourth Silarg Symposium, Caracas, Venezuela,
1982, edited by C. Aragone, Singapore (1983).

Meissner K. and Veneziano G., Mod. Phys. Lett. A8, 3397 (1991).

Misner W., Thorne K. S. and Wheeler J. A., Gravitation, Freeman, New York
(1997).

Moncrief V. and Ryan M. P., Phys. Rev. D44, 2375 (1991).

Ryan M. P. and Shepley L. C., Homogeneous Relativistic Cosmologies, Princeton
Series in Physics, Princeton University Press, New Jersey (1975).

Salopek D. S. and Bond J. R., Phys. Rev. D42, 3936 (1990).

Salopek D. S. and Stewart J. M., Class. Quantum Grav. 9, 1943 (1992).

Schén M. and Hijicek P., Class. Quantum. Grav. 7, 861 (1990).

Schulman L. S., Techniques and Applications of Path Integration, Wiley, New
York (1981).

Schutz B. F., Geometrical Methods of Mathematical Physics, Cambridge Univer-
sity Press, Cambridge (1980).

Schutz B. F.; A First Course in General Relativity, Cambridge University Press,
Cambridge (1985).

Simeone C., J. Math. Phys. 39, 3131 (1998).

Simeone C., J. Math. Phys. 40, 4527 (1999).

Simeone C., Gen. Rel. Grav. 32, 1835 (2000).

Sundermeyer K., Constrained Dynamics, Lecture Notes in Physics 169, Springer—
Verlag, Berlin (1982).

Szekeres P., Phys. Rev. D12, 2941 (1975).

Taub A., Ann. Math. 53, 472 (1951).

Teitelboim C., Phys. Rev. D25, 3159 (1982).

Tseytlin A. A., Class. Quant. Grav. 9, 979, (1992).

Tseytlin A. A. and Vafa C., Nucl. Phys. B372, 443, (1992).

Veneziano G., Phys. Lett. B265, 387 (1991).

Veneziano G., String Cosmology: The pre-big bang scenario, Lectures delivered
in Les Houches (1999), hep-th/0002094.

Wald R. M., Phys. Rev. D48, R2377 (1993).

Weinberg S., Gravitation and Cosmology, Wiley, New York (1973).

York J. W., Phys. Rev. Lett. 28, 1082 (1972).



This page isintentionally left blank



Index

Airy functions, 96
Arnowitt, Deser and Misner, 8

Barvinsky, 30, 93

Bessel functions, 51, 95, 97, 98, 101
Bianchi identities, 79, 80

Bianchi models, 5, 62

Bianchi type I universe, 5, 74, 132

Bianchi type IX universe, 5, 62, 67

canonical gauge(s), 3, 5, 22, 23, 26,
28, 34, 35, 37, 39, 47, 53, 65, 66,
70, 73, 84, 86, 87, 98, 106, 124,

conformal scalar field, 93

conmutator(s), 70, 103

cosmological constant, 8, 42, 43, 45,
46, 48, 55, 56, 58, 92, 106

cosmological function, 79, 88

derivative gauge(s), 3, 15

de Sitter universe, 5, 46, 48, 57, 106

DeWitt supermetric, 2, 8, 10

dilaton, 6, 77, 79, 80, 82, 85, 88, 90,
107

dilatonic era, 107

dilatonic theories, 77

Dirac bracket, 115

Dirac-Wheeler-DeWitt quantization,
1, 5, 6, 13, 30, 108

end point terms, 12, 21, 22, 23, 24,
25, 31, 34, 39, 40, 49, 53, 55, 70,
87, 123, 124, 125, 126

Einstein universe, 82

Einstein action, 7, 8, 79

Euler-Lagrange equations, 78, 80

extrinsic curvature, 8, 20, 21

extrinsic time, 4, 6, 20, 21, 27, 30, 45,
53, 55, 56, 57, 59, 60, 65, 66, 67,
70, 73, 74, 75, 84, 85, 89, 97, 106,
107, 129, 130

Fadeev—Popov, 3, 25, 28, 106,

Feynman, 117

Feynman propagator, 33, 36

field lines, 19, 20

finite propagator, 50

first class, 113, 115, 119

Fishbone, 102

Friedmann-Robertson—Walker
universe, 40, 45, 61, 62, 67, 80, 93

gauge freedom, 23, 47

gauge invariance, 3, 12, 17, 22, 24, 49,
84, 125

gauge-invariant action, 4, 5, 12, 18,
21, 23, 24, 25, 31, 32, 34, 38, 55

gauge parameter, 15, 115

global phase time, 3, 4, 5, 12, 16, 19,
20, 21, 26, 29, 34, 47, 49, 53, 54, 55,



138

56, 57, 58, 59, 63, 66, 67, 71, 74,
82, 84, 85, 86, 87, 88, 89, 94, 95,
97, 98, 99, 101, 105, 106, 108, 131,

graceful exit problem, 6, 107

Gribov ambiguity/problem, 4, 16, 18,
27, 106, 115

Gribov copies, 18, 26, 49

Hijicek, 100

Halliwell, 91, 92

Hamiltonian vector, 19

Hamilton-Jacobi equation, 3, 5, 21,
22, 27, 34, 38, 46, 48, 52, 58, 64,
76, 82, 83, 106, 107, 129

Hankel function(s), 51, 88

Heaviside function, 34

Hilbert action (Einstein-), 79

Hilbert space, 102, 119

Hubble constant, 57

hyperbolic (equation), 14, 96

ideal clock, 5, 33, 36, 40, 46, 58, 95,
106, 121

infinitesimal propagator, 50, 88, 118

inner product, 13, 27, 117, 119, 122

intrinsic time, 4, 5, 20, 21, 29, 30, 31,
32, 33, 43, 53, 55, 56, 60, 63, 65,
67, 68, 70, 71, 73, 86, 87, 89, 92,
123, 130

Jacobi action, 12

Kantowski-Sachs universe, 5, 30, 62,
71, 101

Klein—Gordon equation, 33, 36

Kuchaf, 8

lapse, 8, 9, 10, 11, 17, 28
Lagrange multiplier, 2, 3, 37
Lagrangian, 75, 111, 118
Legendre transformation, 111

many-fingered (nature of) time, 2, 9
minisuperspace approximation, 10

Index

Moncrief, 94, 96

observable(s), 24, 25, 29, 30, 32, 49,
50, 55, 64, 105, 108, 115, 119,

ordering, 13, 16, 61, 92, 94, 99

ordinary gauge system, 3, 18, 22, 26,
38, 52, 69, 70, 83, 105

orbit, 18, 49, 115

parabolic (equation), 14, 96

parametrized free particle, 126

parametrized system, 3, 5, 10, 12, 19,
20, 21, 22, 26, 29, 37, 74, 95, 106

physical inner product, 120

Poisson bracket(s), 9, 19, 26, 33, 56,
67, 75, 85, 87, 112, 113, 115, 119

Ponomariov, 93

positive-definite probability, 13

primary constraint, 3, 111, 113, 114

propagator, 15, 29, 31, 33, 34, 50, 51,
55, 57, 67, 71, 72, 88, 102, 106, 108,
117, 119, 121

projected kernel, 121

reduced system, 5, 24, 25, 28, 31, 32,
49, 50, 54, 93, 106, 119

reduced (phase) space, 24, 49, 93,
105, 119, 120

relativistic free particle, 5, 33, 106,
131

reparametrization, 11, 12, 13

Ricci scalar, 77

Ryan, 94, 96

scalar curvature, 8, 74

scalar field, 5, 45, 48, 55, 56, 67, 72,
92, 94, 99

scale factor, 10, 42, 45, 57, 58, 60, 63,
64, 81, 92, 95

Schrédinger equation, 14, 91, 93, 97,
99, 100, 102, 103

Schrodinger quantization, 6

secondary constraint, 112, 114

second class, 113, 114, 115, 119



Index

self-adjoint (operator), 32, 102
shift, 8, 9, 10

Szekeres universe, 5, 75

string frame action, 79
superspace, 8

Taub universe, 5, 6, 14, 31, 62, 67, 91,
94, 96, 101, 103, 106, 108, 129

tensor field, 6

true Hamiltonian, 14, 23, 25, 28, 36,
40, 50, 51, 55, 59, 65, 67, 83, 93, 97

true degrees of freedom, 2, 4, 5, 16,
47, 55, 67, 69, 96, 105, 106

two-form field, 6, 77, 80, 82

unitary (theory/quantization), 1, 32,
51, 91, 100, 102
unitarity, 13

Weyl’s invariance, 78

Weyl’s anomalous parameter, 82

Wheeler-DeWitt equation, 6, 13, 14,
27, 91, 95, 96, 98, 99, 100, 101, 103,
108

WKB, 27, 92

Yang-Mills field, 93

139



World Scientific Lecture Notes in Physics — Vol. 69

Deparametrization and Path Integral Quantization of
Cosmological Models
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