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Preface to the Second Edition

The ongoing developments being made in large dimensional data analysis
continue to generate great interest in random matrix theory in both theoret-
ical investigations and applications in many disciplines. This has doubtlessly
contributed to the significant demand for this monograph, resulting in its first
printing being sold out. The authors have received many requests to publish
a second edition of the book.

Since the publication of the first edition in 2006, many new results have
been reported in the literature. However, due to limitations in space, we
cannot include all new achievements in the second edition. In accordance with
the needs of statistics and signal processing, we have added a new chapter on
the limiting behavior of eigenvectors of large dimensional sample covariance
matrices. To illustrate the application of RMT to wireless communications
and statistical finance, we have added a chapter on these areas. Certain new
developments are commented on throughout the book. Some typos and errors
found in the first edition have been corrected.

The authors would like to express their appreciation to Ms. Lii Hong for her
help in the preparation of the second edition. They would also like to thank
Professors Ying-Chang Liang, Zhaoben Fang, Baoxue Zhang, and Shurong
Zheng, and Mr. Jiang Hu, for their valuable comments and suggestions. They
also thank the copy editor, Mr. Hal Heinglein, for his careful reading, cor-
rections, and helpful suggestions. The first author would like to acknowledge
the support from grants NSFC 10871036, NUS R-155-000-079-112, and R-
155-000-096-720.

Changchun, China, and Singapore Zhidong Bai
Cary, North Carolina, USA Jack W. Silverstein
March 2009
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Preface to the First Edition

This monograph is an introductory book on the theory of random matri-
ces (RMT). The theory dates back to the early development of quantum
mechanics in the 1940s and 1950s. In an attempt to explain the complex or-
ganizational structure of heavy nuclei, E. Wigner, Professor of Mathematical
Physics at Princeton University, argued that one should not compute energy
levels from Schrédinger’s equation. Instead, one should imagine the complex
nuclei system as a black box described by n x n Hamiltonian matrices with
elements drawn from a probability distribution with only mild constraints
dictated by symmetry considerations. Under these assumptions and a mild
condition imposed on the probability measure in the space of matrices, one
finds the joint probability density of the n eigenvalues. Based on this con-
sideration, Wigner established the well-known semicircular law. Since then,
RMT has been developed into a big research area in mathematical physics
and probability. Its rapid development can be seen from the following statis-
tics from the Mathscinet database under keyword Random Matrix on 10 June
2005 (Table 0.1).

Table 0.1 Publication numbers on RMT in 10 year periods since 1955

1955-1964 1965-1974 1975-1984 1985-1994 1995-2004
23 138 249 635 1205

Modern developments in computer science and computing facilities moti-
vate ever widening applications of RMT to many areas.

In statistics, classical limit theorems have been found to be seriously in-
adequate in aiding in the analysis of very high dimensional data.

In the biological sciences, a DNA sequence can be as long as several billion
strands. In financial research, the number of different stocks can be as large
as tens of thousands.

In wireless communications, the number of users can be several million.

ix



X Preface to the First Edition

All of these areas are challenging classical statistics. Based on these needs,
the number of researchers on RMT is gradually increasing. The purpose of
this monograph is to introduce the basic results and methodologies developed
in RMT. We assume readers of this book are graduate students and beginning
researchers who are interested in RMT. Thus, we are trying to provide the
most advanced results with proofs using standard methods as detailed as we
can.

After more than a half century, many different methodologies of RMT have
been developed in the literature. Due to the limitation of our knowledge and
length of the book, it is impossible to introduce all the procedures and results.
What we shall introduce in this book are those results obtained either under
moment restrictions using the moment convergence theorem or the Stieltjes
transform.

In an attempt at complementing the material presented in this book, we
have listed some recent publications on RMT that we have not introduced.

The authors would like to express their appreciation to Professors Chen
Mufa, Lin Qun, and Shi Ningzhong, and Ms. Lii Hong for their encouragement
and help in the preparation of the manuscript. They would also like to thank
Professors Zhang Baoxue, Lee Sungchul, Zheng Shurong, Zhou Wang, and
Hu Guorong for their valuable comments and suggestions.

Changchun, China Zhidong Bai
Cary, North Carolina, USA Jack W. Silverstein
June 2005
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Chapter 1
Introduction

1.1 Large Dimensional Data Analysis

The aim of this book is to investigate the spectral properties of random
matrices (RM) when their dimensions tend to infinity. All classical limiting
theorems in statistics are under the assumption that the dimension of data
is fixed. Then, it is natural to ask why the dimension needs to be considered
large and whether there are any differences between the results for a fixed
dimension and those for a large dimension.

In the past three or four decades, a significant and constant advancement
in the world has been in the rapid development and wide application of
computer science. Computing speed and storage capability have increased a
thousand folds. This has enabled one to collect, store, and analyze data sets
of very high dimension. These computational developments have had a strong
impact on every branch of science. For example, Fisher’s resampling theory
had been silent for more than three decades due to the lack of efficient random
number generators until Efron proposed his renowned bootstrap in the late
1970s; the minimum L; norm estimation had been ignored for centuries since
it was proposed by Laplace until Huber revived it and further extended it
to robust estimation in the early 1970s. It is difficult to imagine that these
advanced areas in statistics would have received such deep development if
there had been no assistance from the present-day computer.

Although modern computer technology helps us in so many respects, it
also brings a new and urgent task to the statistician; that is, whether the
classical limit theorems (i.e., those assuming a fixed dimension) are still valid
for analyzing high dimensional data and how to remedy them if they are not.

Basically, there are two kinds of limiting results in multivariate analysis:
those for a fixed dimension (classical limit theorems) and those for a large
dimension (large dimensional limit theorems). The problem turns out to be
which kind of result is closer to reality. As argued by Huber in [157], some
statisticians might say that five samples for each parameter on average are

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 1
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 1,
© Springer Science+Business Media, LLC 2010



2 1 Introduction

enough to use asymptotic results. Now, suppose there are p = 20 parameters
and we have a sample of size n = 100. We may consider the case as p = 20
being fixed and n tending to infinity, p = 2y/n, or p = 0.2n. So, we have at
least three different options from which to choose for an asymptotic setup.
A natural question is then which setup is the best choice among the three.
Huber strongly suggested studying the situation of an increasing dimension
together with the sample size in linear regression analysis.

This situation occurs in many cases. In parameter estimation for a struc-
tured covariance matrix, simulation results show that parameter estimation
becomes very poor when the number of parameters is more than four. Also,
it is found in linear regression analysis that if the covariates are random (or
have measurement errors) and the number of covariates is larger than six, the
behavior of the estimates departs far away from the theoretic values unless
the sample size is very large. In signal processing, when the number of signals
is two or three and the number of sensors is more than 10, the traditional
MUSIC (MUltiple SIgnal Classification) approach provides very poor esti-
mation of the number of signals unless the sample size is larger than 1000.
Paradoxically, if we use only half of the data set—namely, we use the data set
collected by only five sensors—the signal number estimation is almost 100%
correct if the sample size is larger than 200. Why would this paradox happen?
Now, if the number of sensors (the dimension of data) is p, then one has to
estimate p? parameters (%p(p—&— 1) real parts and ;p(p— 1) imaginary parts of
the covariance matrix). Therefore, when p increases, the number of param-
eters to be estimated increases proportional to p? while the number (2np)
of observations increases proportional to p. This is the underlying reason for
this paradox. This suggests that one has to revise the traditional MUSIC
method if the sensor number is large.

An interesting problem was discussed by Bai and Saranadasa [27], who
theoretically proved that when testing the difference of means of two high
dimensional populations, Dempster’s [91] nonexact test is more powerful than
Hotelling’s T2 test even when the T? statistic is well defined.

It is well known that statistical efficiency will be significantly reduced
when the dimension of data or number of parameters becomes large. Thus,
several techniques for dimension reduction have been developed in multivari-
ate statistical analysis. As an example, let us consider a problem in principal
component analysis. If the data dimension is 10, one may select three princi-
pal components so that more than 80% of the information is reserved in the
principal components. However, if the data dimension is 1000 and 300 princi-
pal components are selected, one would still have to face a high dimensional
problem. If one only chooses three principal components, he would have lost
90% or even more of the information carried in the original data set. Now,
let us consider another example.

Ezample 1.1. Let X;; be iid standard normal variables. Write
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( ZXngk> )

i,j=1

which can be considered as a sample covariance matrix with n samples of a
p-dimensional mean-zero random vector with population matrix I. An im-
portant statistic in multivariate analysis is

T, = log(detS,,) Zlog

where A, ;, 7 =1,---,p, are the eigenvalues of S,,. When p is fixed, A\, ; — 1
almost surely as n — oo and thus T}, = 0.
Further, by taking a Taylor expansion on log(1 + ), one can show that

\/n/an 2, N(0,2),

for any fixed p. This suggests the possibility that T, is asymptotically normal,
provided that p = O(n). However, this is not the case. Let us see what hap-
pens when p/n — y € (0,1) as n — oo. Using results on the limiting spectral
distribution of {S,,} (see Chapter 3), we will show that with probability 1

(v) m —
V= [ o) - e~ e = o101 = ) <0
(1.1.1)

where a(y) = (1 — \/y)?, b(y) = (1 + /y)?. This shows that almost surely

Vi /p Ty ~ d(y)y/np — —oc.

Thus, any test that assumes asymptotic normality of T}, will result in a serious
error.

These examples show that the classical limit theorems are no longer suit-
able for dealing with high dimensional data analysis. Statisticians must seek
out special limiting theorems to deal with large dimensional statistical prob-
lems. Thus, the theory of random matrices (RMT) might be one possible
method for dealing with large dimensional data analysis and hence has re-
ceived more attention among statisticians in recent years. For the same rea-
son, the importance of RMT has found applications in many research areas,
such as signal processing, network security, image processing, genetic statis-
tics, stock market analysis, and other finance or economic problems.



4 1 Introduction

1.2 Random Matrix Theory

RMT traces back to the development of quantum mechanics (QM) in the
1940s and early 1950s. In QM, the energy levels of a system are described by
eigenvalues of a Hermitian operator A on a Hilbert space, called the Hamilto-
nian. To avoid working with an infinite dimensional operator, it is common to
approximate the system by discretization, amounting to a truncation, keep-
ing only the part of the Hilbert space that is important to the problem under
consideration. Hence, the limiting behavior of large dimensional random ma-
trices has attracted special interest among those working in QM, and many
laws were discovered during that time. For a more detailed review on appli-
cations of RMT in QM and other related areas, the reader is referred to the
book Random Matrices by Mehta [212].

Since the late 1950s, research on the limiting spectral analysis of large di-
mensional random matrices has attracted considerable interest among mathe-
maticians, probabilists, and statisticians. One pioneering work is the semicir-
cular law for a Gaussian (or Wigner) matrix (see Chapter 2 for the definition),
due to Wigner [296, 295]. He proved that the expected spectral distribution
of a large dimensional Wigner matrix tends to the so-called semicircular law.
This work was generalized by Arnold [8, 7] and Grenander [136] in various
aspects. Bai and Yin [37] proved that the spectral distribution of a sam-
ple covariance matrix (suitably normalized) tends to the semicircular law
when the dimension is relatively smaller than the sample size. Following the
work of Marcenko and Pastur [201] and Pastur [230, 229], the asymptotic
theory of spectral analysis of large dimensional sample covariance matrices
was developed by many researchers, including Bai, Yin, and Krishnaiah [41],
Grenander and Silverstein [137], Jonsson [169], Wachter [291, 290], Yin [300],
and Yin and Krishnaiah [304]. Also, Yin, Bai, and Krishnaiah [301, 302],
Silverstein [260], Wachter [290], Yin [300], and Yin and Krishnaiah [304] in-
vestigated the limiting spectral distribution of the multivariate F-matrix, or
more generally of products of random matrices. In the early 1980s, major
contributions on the existence of the limiting spectral distribution (LSD)
and their explicit forms for certain classes of random matrices were made.
In recent years, research on RMT has turned toward second-order limiting
theorems, such as the central limit theorem for linear spectral statistics, the
limiting distributions of spectral spacings, and extreme eigenvalues.

1.2.1 Spectral Analysis of Large Dimensional
Random Matrices

Suppose A is an m xm matrix with eigenvalues \j, j = 1,2, ---, m. If all these
eigenvalues are real (e.g., if A is Hermitian), we can define a one-dimensional
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distribution function
1
FA(z) = LA EmN <z} (1.2.1)

called the empirical spectral distribution (ESD) of the matrix A. Here #FE
denotes the cardinality of the set E. If the eigenvalues A;’s are not all real,
we can define a two-dimensional empirical spectral distribution of the matrix
A:

FA@y)= | #i<m: RO <2, S0) <) (122)

One of the main problems in RMT is to investigate the convergence of
the sequence of empirical spectral distributions {FA»} for a given sequence
of random matrices {A,,}. The limit distribution F' (possibly defective; that
is, total mass is less than 1 when some eigenvalues tend to +oo), which is
usually nonrandom, is called the limiting spectral distribution (LSD) of the
sequence {A,}.

We are especially interested in sequences of random matrices with dimen-
sion (number of columns) tending to infinity, which refers to the theory of
large dimensional random matrices.

The importance of ESD is due to the fact that many important statistics
in multivariate analysis can be expressed as functionals of the ESD of some
RM. We now give a few examples.

Ezample 1.2. Let A be an n X n positive definite matrix. Then

n

det(A) =[] Aj = exp <n /0 h log xFA(dx)> .

j=1

Example 1.3. Let the covariance matrix of a population have the form ¥ =
¥, + 0?1, where the dimension of X' is p and the rank of X, is ¢(< p).
Suppose S is the sample covariance matrix based on n iid samples drawn
from the population. Denote the eigenvalues of S by o1 > 03 > -+ > 0.
Then the test statistic for the hypothesis Hy : rank(X,) = ¢ against H; :
rank(X,) > ¢ is given by



6 1 Introduction

1.2.2 Limats of Extreme Eigenvalues

In applications of the asymptotic theorems of spectral analysis of large di-
mensional random matrices, two important problems arise after the LSD is
found. The first is the bound on extreme eigenvalues; the second is the conver-
gence rate of the ESD with respect to sample size. For the first problem, the
literature is extensive. The first success was due to Geman [118], who proved
that the largest eigenvalue of a sample covariance matrix converges almost
surely to a limit under a growth condition on all the moments of the underly-
ing distribution. Yin, Bai, and Krishnaiah [301] proved the same result under
the existence of the fourth moment, and Bai, Silverstein, and Yin [33] proved
that the existence of the fourth moment is also necessary for the existence
of the limit. Bai and Yin [38] found the necessary and sufficient conditions
for almost sure convergence of the largest eigenvalue of a Wigner matrix.
By the symmetry between the largest and smallest eigenvalues of a Wigner
matrix, the necessary and sufficient conditions for almost sure convergence
of the smallest eigenvalue of a Wigner matrix were also found.

Compared to almost sure convergence of the largest eigenvalue of a sample
covariance matrix, a relatively harder problem is to find the limit of the
smallest eigenvalue of a large dimensional sample covariance matrix. The
first attempt was made in Yin, Bai, and Krishnaiah [302], in which it was
proved that the almost sure limit of the smallest eigenvalue of a Wishart
matrix has a positive lower bound when the ratio of the dimension to the
degrees of freedom is less than 1/2. Silverstein [262] modified the work to
allow a ratio less than 1. Silverstein [263] further proved that, with probability
1, the smallest eigenvalue of a Wishart matrix tends to the lower bound
of the LSD when the ratio of the dimension to the degrees of freedom is
less than 1. However, Silverstein’s approach strongly relies on the normality
assumption on the underlying distribution and thus cannot be extended to
the general case. The most current contribution was made in Bai and Yin
[36], in which it is proved that, under the existence of the fourth moment
of the underlying distribution, the smallest eigenvalue (when p < n) or the
p — n + 1st smallest eigenvalue (when p > n) tends to a(y) = o*(1 — /y)?,
where y = lim(p/n) € (0, 00). Compared to the case of the largest eigenvalues
of a sample covariance matrix, the existence of the fourth moment seems to
be necessary also for the problem of the smallest eigenvalue. However, this
problem has not yet been solved.

1.2.3 Convergence Rate of the ESD

The second problem, the convergence rate of the spectral distributions of
large dimensional random matrices, is of practical interest. Indeed, when the
LSD is used in estimating functionals of eigenvalues of a random matrix, it is
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important to understand the reliability of performing the substitution. This
problem had been open for decades. In finding the limits of both the LSD
and the extreme eigenvalues of symmetric random matrices, a very useful and
powerful method is the moment method, which does not give any information
about the rate of the convergence of the ESD to the LSD. The first success was
made in Bai [16, 17], in which a Berry-Esseen type inequality of the difference
of two distributions was established in terms of their Stieltjes transforms.
Applying this inequality, a convergence rate for the expected ESD of a large
Wigner matrix was proved to be O(n~'/4) and that for the sample covariance
matrix was shown to be O(n~1/%) if the ratio of the dimension to the degrees
of freedom is far from 1 and O(n~>/48) if the ratio is close to 1. Some further
developments can be found in Bai et al. [23, 24, 25], Bai et al. [26], G6tze et
al. [132], and Gotze and Tikhomirov [133, 134].

1.2.4 Circular Law

The most perplexing problem is the so-called circular law, which conjectures
that the spectral distribution of a nonsymmetric random matrix, after suit-
able normalization, tends to the uniform distribution over the unit disk in the
complex plane. The difficulty exists in that two of the most important tools
used for symmetric matrices do not apply for nonsymmetric matrices. Fur-
thermore, certain truncation and centralization techniques cannot be used.
The first known result was given in Mehta [212] (1967 edition) and in an un-
published paper of Silverstein (1984) that was reported in Hwang [159]. They
considered the case where the entries of the matrix are iid standard complex
normal. Their method uses the explicit expression of the joint density of the
complex eigenvalues of the random matrix that was found by Ginibre [120].
The first attempt to prove this conjecture under some general conditions was
made in Girko [123, 124]. However, his proofs contain serious mathematical
gaps and have been considered questionable in the literature. Recently, Edel-
man [98] found the conditional joint distribution of complex eigenvalues of a
random matrix whose entries are real normal N (0, 1) when the number of its
real eigenvalues is given and proved that the expected spectral distribution of
the real Gaussian matrix tends to the circular law. Under the existence of the
4 4 ¢ moment and the existence of a density, Bai [14] proved the strong ver-
sion of the circular law. Recent work has eliminated the density requirement
and weakened the moment condition. Further details are given in Chapter
11. Some consequent achievements can be found in Pan and Zhou [227] and
Tao and Vu [273].
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1.2.5 CLT of Linear Spectral Statistics

As mentioned above, functionals of the ESD of RMs are important in multi-
variate inference. Indeed, a parameter 6 of the population can sometimes be
expressed as

6— / F(@)dF ().

To make statistical inference on #, one may use the integral

0= [ £@)iF @)

which we call linear spectral statistics (LSS), as an estimator of 6, where
F, (z) is the ESD of the RM computed from the data set. Further, one may
want to know the limiting distribution of 6 through suitable normalization.
In Bai and Silverstein [30], the normalization was found to be n by showing
the limiting distribution of the linear functional

X,(f) =n / FOEL() - F (1))

to be Gaussian under certain assumptions.

The first work in this direction was done by Jonsson [169], in which f(¢) =
t" and F,, is the ESD of a normalized standard Wishart matrix. Further work
was done by Johansson [165], Bai and Silverstein [30], Bai and Yao [35], Sinai
and Soshnikov [269], Anderson and Zeitouni [2], and Chatterjee [77], among
others.

It would seem natural to pursue the properties of linear functionals by way
of proving results on the process G, (t) = ap, (F,(t) — F(t)) when viewed as a
random element in D]0, o), the metric space of functions with discontinuities
of the first kind, along with the Skorohod metric. Unfortunately, this is im-
possible. The work done in Bai and Silverstein [30] shows that G, (t) cannot
converge weakly to any nontrivial process for any choice of a,,. This fact ap-
pears to occur in other random matrix ensembles. When F), is the empirical
distribution of the angles of eigenvalues of an n x n Haar matrix, Diaconis and
Evans [94] proved that all finite dimensional distributions of G,,(t) converge
in distribution to independent Gaussian variables when a,, = n/y/logn. This
shows that with a,, = n/v/logn, the process G,, cannot be tight in D[0, 00).

The result of Bai and Silverstein [30] has been applied in several areas,
especially in wireless communications, where sample covariance matrices are
used to model transmission between groups of antennas. See, for example,
Tulino and Verdu [283] and Kamath and Hughes [170].
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1.2.6 Limating Distributions of Extreme Eigenvalues
and Spacings

The first work on the limiting distributions of extreme eigenvalues was done
by Tracy and Widom [278], who found the expression for the largest eigen-
value of a Gaussian matrix when suitably normalized. Further, Johnstone
[168] found the limiting distribution of the largest eigenvalue of the large
Wishart matrix. In El Karoui [101], the Tracy-Widom law of the largest
eigenvalue is established for the complex Wishart matrix when the popula-
tion covariance matrix differs from the identity.

When the majority of the population eigenvalues are 1 and some are larger
than 1, Johnstone proposed the spiked eigenvalues model in [168]. Then, Baik
et al. [43] and Baik and Silverstein [44] investigated the strong limit of spiked
eigenvalues. Bai and Yao [34] investigated the CLT of spiked eigenvalues. A
special case of the CLT when the underlying distribution is complex Gaussian
was considered in Baik et al. [43], and the real Gaussian case was considered
in Paul [231].

The work on spectrum spacing has a long history that dates back to Mehta
[213]. Most of the work in these two directions assumes the Gaussian (or
generalized) distributions.

1.3 Methodologies

The eigenvalues of a matrix can be regarded as continuous functions of entries
of the matrix. But these functions have no closed form when the dimension
of the matrix is larger than 4. So special methods are needed to understand
them. There are three important methods employed in this area: the mo-
ment method, Stieltjes transform, and orthogonal polynomial decomposition
of the exact density of eigenvalues. Of course, the third method needs the as-
sumption of the existence and special forms of the densities of the underlying
distributions in the RM.

1.3.1 Moment Method

In the following, {F,,} will denote a sequence of distribution functions, and
the k-th moment of the distribution F,, is denoted by

B = i(Fa) = / ) (13.1)
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The moment method is based on the moment convergence theorem (MCT);
see Lemmas B.1, B.2, and B.3.

Let A be an n x n Hermitian matrix, and denote its eigenvalues by A\; <
-+ < A\,. The ESD, FA, of A is defined as in (1.2.1) with m replaced by n.
Then, the k-th moment of FA can be written as

Bri(A) = / " FA(dz) = itr(Ak). (1.3.2)
This expression plays a fundamental role in RMT. By MCT, the problem of
showing that the ESD of a sequence of random matrices {A,,} (strongly or
weakly or in another sense) tends to a limit reduces to showing that, for each
fixed k, the sequence {}Ltr(Ak)} tends to a limit [ in the corresponding
sense and then verifying the Carleman condition (B.1.4),

o0

571/21@ o
Z 2% T 00
k=1

Note that in most cases the LSD has finite support, and hence the charac-
teristic function of the LSD is analytic and the necessary condition for the
MCT holds automatically. Most results in finding the LSD or proving the ex-
istence of the LSD were obtained by estimating the mean, variance, or higher
moments of ! tr(AF).

1.3.2 Stieltjes Transform

The definition and simple properties of the Stieltjes transform can be found
in Appendix B, Section B.2. Here, we just illustrate how it can be used in
RMT. Let A be an n x n Hermitian matrix and F;,, be its ESD. Then, the
Stieltjes transform of F;, is given by

sn(z) = / ! dF,(z) = itr(A — )7L

T —z
Using the inverse matrix formula (see Theorem A.4), we get

n

1 1
sn(z) = n ’; agk — 2 — o (Ay, — 2I)~lay
where Ay is the (n — 1) X (n — 1) matrix obtained from A with the k-th row
and column removed and o is the k-th column vector of A with the k-th
element removed.

If the denominator ayy —2z — o (A — 2I)~Lay, can be proven to be equal to
9(z, sn(2)) +0o(1) for some function g, then the LSD F' exists and its Stieltjes
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transform of F' is the solution to the equation

s=1/g(z,s).

Its applications will be discussed in more detail later.

1.3.3 Orthogonal Polynomial Decomposition

Assume that the matrix A has a density p,(A) = H(A1, -, Ay). It is known
that the joint density function of the eigenvalues will be of the form

pn()\la"W)\n) — CJ()\lv"'7)‘n)H(>\17"'7)‘n)7

where J comes from the integral of the Jacobian of the transform from the
matrix space to its eigenvalue-eigenvector space. Generally, it is assumed that
H has the form H(Ai, -+, \n) = [[;—; g(A\x) and J has the form [T, _;(A\i —
M)PTTh—; hn(Ag). For example, 3 = 1 and h,, = 1 for a real Gaussian matrix,
8 =2, h, =1 for a complex Gaussian matrix, § = 4, h,, = 1 for a quaternion
Gaussian matrix, and § = 1 and h,(z) = 2" P for a real Wishart matrix
with n > p.
Examples considered in the literature are the following

(1) Real Gaussian matrix (symmetric; i.e., A’ = A):
1 2
pn(A) =cexp | — , ,tr(A%)].
402

In this case, the diagonal entries of A are iid real N(0,20%) and entries
above diagonal are iid real N (0, ?).
(2) Complex Gaussian matrix (Hermitian; i.e., A* = A):

pn(A) = cexp (— 2(172 tr(A2)> .

In this case, the diagonal entries of A are iid real N(0,0%) and entries

above diagonal are iid complex N (0,0?) (whose real and imaginary parts
are iid N(0,02%/2)).
(3) Real Wishart matrix of order p x n:

pu(A) = cexp <— 2;2 tr(A’A)) :

In this case, the entries of A are iid real N(0,0?).
(4) Complex Wishart matrix of order p x n:
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1 *
pn(A) = cexp ~ 2 tr(A*A) ) .

In this case, the entries of A are iid complex N (0,02).
For generalized densities, there are the following.

(1) Symmetric matrix:
Pu(A) = cexp(—trV(A)).

(2) Hermitian matrix:
Pu(A) = cexp(—trV(A)).

In the two cases above, V is assumed to be a polynomial of even degree
with a positive leading coefficient.
(3) Real covariance matrix of dimension p and degrees of freedom n:

pn(A) = cexp(—trV(A'A)).
(4) Complex covariance matrix of dimension p and degrees of freedom n:
pn(A) = cexp(—trV(A*A)).

In the two cases above, V is assumed to be a polynomial with a positive
leading coefficient.

Note that the factor ], (Ai —A;) is the determinant of the Vandermonde
matrix generated by A1, -+, \,,. Therefore, we may rewrite the density of the
eigenvalues of the matrices as

pn()\h Tty >\n)
1 1 1 \"?

n Ao An
H g(\)det .
k=1 )\:TlL—l )\g—l . )\271

1 1 1 B
n m1(>\1) ml()\g) e ml()\n)
H g(\r)det , , . ;
B Mao1(M) ma—1(Ae) -+ ma1(An)

where my, is any polynomial of degree k and having leading coefficient 1. For
ease of finding the marginal densities of several eigenvalues, one may choose
the m functions as orthogonal polynomials with respective [g(z)h,, (2)]?/%.
Then, through mathematical analysis, one can draw various conclusions from
the expression above.

Note that the moment method and Stieltjes transform method can be
done under moment assumptions. This book will primarily concentrate on
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results without assuming density conditions. Readers who are interested in
the method of orthogonal polynomials are referred to Deift [88].

1.3.4 Free Probability

Free probability is a mathematical theory that studies noncommutative ran-
dom variables. The “freeness” property is the analogue of the classical notion
of independence, and it is connected with free products. This theory was
initiated by Dan Voiculescu around 1986 in order to attack the free group
factors isomorphism problem, an important unsolved problem in the theory
of operator algebras. Typically the random variables lies in a unital alge-
bra A such as a C* algebra or a von Neumann algebra. The algebra comes
equipped with a noncommutative expectation, a linear functional ¢ : A — C'
such that ¢(1) = 1. Unital subalgebras Ay, -+, A,, are then said to be free if
the expectation of the product a; - - - a,, is zero whenever each a; has zero ex-
pectation, lies in an Ay, and no adjacent a;’s come from the same subalgebra
Aj. Random variables are free if they generate free unital subalgebras.

An interesting aspect and active research direction of free probability lies in
its applications to RMT. The functional ¢ stands for the normalized expected
trace of a random matrix. For any n x n Hermitian random matrix A,, and
a given integer k, p(ALF) = ltr(EAF). If lim,, ¢(A%) = oy, for all k, then
instead of referring to the collection of numbers «y, it is better to use some
random variable A (if it exists) to characterize the ay’s as moments of A. By
setting ¢(A*) = oy, one may say that A, — A in distribution. A general
definition is given as follows.

Definition 1.4. Consider nxn random matrices A%l), R A%m) and variables
Ay, -+, Ay We say that

(AS}X .. .’Aglm)) — (Ay, -+, Ay,) in distribution

if
lim (AGD) - AGP) = o(Aj, - Ay,)
for all choices of k, 1 < iy, -, i < m.

When m = 1, the definition of convergence in distribution is to say that
if the normalized expected trace of A¥ tends to the k-th moment of A, then
we define A,, tending to A. For example, let A,, be the normalized Wigner
matrix (see Chapter 2). Then A is the semicircular law. Now, suppose we
have two independent sequences of normalized Wigner matrices, {A,,} and
{B,}. How do we characterize their limits? If individually, then A, — s,
and B,, — sp, and both s, and s; are semicircular laws. The problem is how
to consider the joint limit of the sequences of pairs (A,,, B,). Or equivalently,
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what is the relationship of s, and s;7 According to free probability, we have
the following definition.

Definition 1.5. The matrices Ay, -+, A,, are called free if

o([p1(Aq,) - pe(Aq)]) =0

whenever

e pi,---,pi are polynomials in one variable,

e iy # iy # i3 # --- # 1, (only neighboring elements are required to be
distinct),

e o(pj(Ay;)) =0forallj=1,--- k.

Note that the definition of freeness can be considered as a way of organizing
the information about all joint moments of free variables in a systematic and
conceptual way. Indeed, the definition above allows one to calculate mixed
moments of free variables in terms of moments of the single variables. For
example, if a,b are free, then the definition of freeness requires that ¢[(a —
v(a)1)(b — ¢(b)1)] = 0, which implies that p(ab) = ¢(a)p(b). In the same
way, ¢[(a — p(a)l)(b — @(b)1)(a — ¢(a)1)(b — ¢(b)1)] = 0 leads finally to
p(abab) = p(aa)p(b)e(b) + ¢(a)p(a)p(bb) — p(a)p(b)p(a)e(b). Analogously,
all mixed moments can (at least in principle) be calculated by reducing them
to alternating products of centered variables as in the definition of freeness.
Thus the statements s,, s, are free, and each of them being semicircular
determines all joint moments in s, and sp. This shows that s, and s; are not
ordinary random variables but take values on some noncommutative algebra.

To apply the theory of free probability to RMT, we need to extend the
definition of free to asymptotic freeness; that is, replacing the state functional
@ by ¢, where

d(A) = lim 1trE(An).
n—oo N,

Since normalized traces of powers of a Hermitian matrix are the moments
of the ESD of the matrix, free probability reveals important information
on their LSD. It is shown that freeness of random matrices corresponds to
independence and to distributions being invariant under orthogonal trans-
formations. Formulas have been derived that express the LSD of sums and
products of free random matrices in terms of their individual LSDs.

For an excellent introduction to free probability, see Biane [52] and Nica
and Speicher [221].



Chapter 2
Wigner Matrices and Semicircular Law

A Wigner matrix is a symmetric (or Hermitian in the complex case) ran-
dom matrix. Wigner matrices play an important role in nuclear physics and
mathematical physics. The reader is referred to Mehta [212] for applications
of Wigner matrices to these areas. Here we mention that they also have a
strong statistical meaning. Consider the limit of a normalized Wishart matrix.
Suppose that x1,---,x, are iid samples drawn from a p-dimensional multi-
variate normal population N(u,I,). Then, the sample covariance matrix is
defined as .
Sn= i 1 Z(Xi —x)(x; —x)/,

i=1
wherex = ' 3" | x;. When n tends to infinity, S,, — I, and v/n (S, — I,,) —
/PWy. It can be seen that the entries above the main diagonal of \/pW,
are iid N(0,1) and the entries on the diagonal are iid N (0, 2). This matrix is
called the (standard) Gaussian matrix or Wigner matrix.

A generalized definition of Wigner matrix only requires the matrix to
be a Hermitian random matrix whose entries on or above the diagonal are
independent. The study of spectral analysis of the large dimensional Wigner
matrix dates back to Wigner’s [295] famous semicircular law. He proved
that the expected ESD of an n x n standard Gaussian matrix, normalized by
1/4/n, tends to the semicircular law F whose density is given by

V4 -2 if |z <2
Fl(z) =14 2n ) = 2.0.1
() { 0, otherwise. ( )

This work has been extended in various aspects. Grenander [136] proved
that ||[FW» — F|| — 0 in probability. Further, this result was improved as in
the sense of “almost sure” by Arnold [8, 7]. Later on, this result was further
generalized, and it will be introduced in the following sections.

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 15
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 2,
© Springer Science+Business Media, LLC 2010
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2.1 Semicircular Law by the Moment Method

In order to apply the moment method (see Appendix B, Section B.1) to
prove the convergence of the ESD of Wigner matrices to the semicircular
distribution, we calculate the moments of the semicircular distribution and
show that they satisfy the Carleman condition. In the remainder of this sec-
tion, we will show the convergence of the ESD of the Wigner matrix by the
moment method.

2.1.1 Moments of the Semaicircular Law

Let i denote the k-th moment of the semicircular law. We have the following
lemma.

Lemma 2.1. For k=0,1,2,---, we have
1 2k
Pas = k+1<k>’
Bak+1 = 0.

Proof. Since the semicircular distribution is symmetric about 0, thus we have
Bak+1 = 0. Also, we have

1 2
Bop = / mZk\/Zl — x2dx

27T —92
1 2
= /x%\/ll—x?dx
™Jo
e 1/2
= [ Ry (b serting = =2v)
0

- k

9kl Pk 1 1/2)0(3/2) 1 (2
T I'k+2) _k+1< )

2.1.2 Some Lemmas in Combinatorics

In order to calculate the limits of moments of the ESD of a Wigner matrix,
we need some information from combinatorics. This is because the mean and
variance of each empirical moment will be expressed as a sum of expectations
of products of matrix entries, and we need to be able to systematically count
the number of significant terms. To this end, we introduce some concepts
from graph theory and establish some lemmas.
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A graph is a triple (E,V, F'), where E is the set of edges, V is the set of
vertices, and F' is a function, F': E+— V x V. If F(e) = (v1, v2), the vertices
v1,v9 are called the ends of the edge e, v; is the initial of e, and vy is the
terminal of e. If v; = vs, edge e is a loop. If two edges have the same set of
ends, they are said to be coincident.

Let i = (i1,---,ix) be a vector valued on {1,---,n}*. With the vector i,
we define a I'-graph as follows. Draw a horizontal line and plot the numbers
i1, , 1 on it. Consider the distinct numbers as vertices, and draw k edges
ej from i; to ij11, j = 1,---,k, where i1 = i1 by convention. Denote
the number of distinct i;’s by t. Such a graph is called a I'(k,t)-graph. An
example of I'(6,4) is shown in Fig. 2.1.

i\E bE i3E 4

Fig. 2.1 A I'-graph

By definition, a I'(k,t)-graph starts from vertex i, and the k edges con-
secutively connect one after another and finally return to vertex ¢;. That is,
a I'(k,t)-graph forms a cycle.

Two I'(k,t)-graphs are said to be isomorphic if one can be converted to
the other by a permutation of (1,---,n). By this definition, all I'-graphs are
classified into isomorphism classes.

We shall call the I'(k, t)-graph canonical if it has the following properties:

1. Tts vertex set is V.= {1,---,t}.

Its edge set is E = {e1, -+, e}

3. There is a function g from {1,2,---,k} onto {1,2,- - -, ¢} satisfying g(1) = 1
and g(i) < max{g(1),---,9(i — 1)} +1for 1 <i <k.

4. F(e;) = (g9(i),g9(i+1)),fori=1,---, k, with convention g(k+1) = g(1) =
1.

[\

It is easy to see that each isomorphism class contains one and only one
canonical I'-graph that is associated with a function g, and a general graph
in this class can be defined by F'(e;) = (ig(;),%4(j+1)). Therefore, we have the
following lemma.

Lemma 2.2. Each isomorphism class contains n(n—1)---(n—t+1) I'(k,t)
graphs.
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The canonical I'(k,t)-graphs can be classified into three categories.

Category 1 (denoted by It (k)): A canonical graph I'(k, ) is said to belong
to category 1 if each edge is coincident with exactly one other edge of opposite
direction and the graph of noncoincident edges forms a tree (i.e., a connected
graph without cycles). It is obvious that there is no I'1 (k) if & is odd.

Category 2 (I%(k,t)) consists of all those canonical I'(k,?)-graphs that
have at least one single edge; i.e., an edge not coincident with any other
edges.

Category 3 (I'3(k,t)) consists of all other canonical I'(k,t)-graphs. If we
classify the k edges into coincidence classes, a I's(k, t)-graph contains either a
coincidence class of at least three edges or a cycle of noncoincident edges. In
both cases, t < (k+1)/2. Then, in fact we have proved the following lemma.

Lemma 2.3. In a I'5(k,t)-graph, t < (k+1)/2.

Now, we begin to count the number of Iy (k)-graphs for k = 2m. We have
the following lemma.

Lemma 2.4. The number of It (2m)-graphs is mi_l (2;")

Proof. Suppose G is a graph of I'1(2m). We define a function H : £ —
{=1,1}; H(e) = +1 if e is single up to itself (called an innovation) and
= —1 otherwise (called a Type 3 (T3) edge, the edge that coincides with an
innovation that is single up to it). Corresponding to the graph G, we call
the sequence (H(e1), -+, H(ex)) = (a1 = 1,a9, -+, a2m—1,a2,m = —1) the
characteristic sequence of the graph G. By definition, all partial sums of the
characteristic sequence are nonnegative; i.e., for all 1 < ¢ < 2m,

a1 +ax~+---+ap > 0. (2.1.1)

We show that there is a one-to-one correspondence between Iy (2m)-graphs
and the characteristic sequences. That is, we need to show that any sequence
of £1 satisfying (2.1.1) corresponds to a I'1 (2m)-graph. Suppose (a1, - -, a2m)
is a given sequence satisfying (2.1.1). We construct a Iy (2m)-graph with the
given sequence as its characteristic sequence.

By (2.1.1), a1 = 1 and F(e1) = (1,2); ie., g(1) = 1, g(2) = 2. Sup-
pose g(1),9(2),--+,9(s) (2 < s < 2m) have been defined with the following
properties:

(i) For each i < s, we have g(i) < max{g(1),---,9(i — 1)} + 1.

(ii) If we define (g(7),g(i + 1)), i =1,---,s — 1, as edges, then from g(1) =1
to g(s) there is a path of single innovations if g(s) # 1. All other edges
not on the path must coincide with another edge of opposite direction. If
g(s) = 1, then each edge coincides with another edge of opposite direction.

(ii) H(g(i),g(i+ 1)) =a; for all i < s.

Now, we define ¢g(s + 1) in the following way:
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Case 1. If ay = 1, define g(s + 1) = max{g(1),---,9(s)} + 1. Obviously,
the edge (g(s),g(s+ 1)) is a single innovation that, combining the original
path of single innovations, forms the new path of single innovations from
g(1)=1tog(s+1)if g(s) # 1. If g(s) = 1, then g(s+1) # 1 and the edge
(9(s),g(s + 1)) forms the new path of single innovations. Also, all other
edges coincide with an edge of opposite directions. That is, conditions
(i)—(iii) are satisfied.

Case 2. If a; = —1, then g(s) # 1 for otherwise condition (2.1.1) will be
violated. Hence, there is an i < s such that (g(i), g(s)) is a single innovation
(the last edge of a path of single innovations). Then, define g(s+1) = g(i).
If g(i) = 1, then the new graph has no single edges. If g(i) # 1, the original
path of single innovations has at least two single innovations. Then, the
new path of single innovations is obtained by cutting the last edge from the
original path of single innovations. Also, conditions (i)—(iii) are satisfied.

By induction, the functions g(1),---,g(2m) are well defined, and hence a
I'1(2m) with characteristic sequence (aq, -, agy) is defined.

Therefore, to count the number of 'y (2m)-graphs is equivalent to counting
the number of characteristic sequences of isomorphism classes.

Arbitrarily arrange m ones and m minus ones. The total number of possi-
bilities is obviously (2;”) We shall use the symmetrization principle to count
the number of noncharacteristic sequences. Write the sequence of +1s as
(a1, -+ ,a9m) and Sp = 0 and S; = S;—1 + a;, for i = 1,2,---,2m. Plot the
graph of (¢, S(¢)) on the plane. The graph should start from (0, 0) and return
to (2m,0). If for all ¢, S; > 0 (that is, the figure is totally above or on the

horizontal axis), then (ay,---,a2m) is a characteristic sequence. Otherwise,
if (a1, -+, a2y,) is not a characteristic sequence, then there must be an i > 1
such that S; = —1. Then we turn over the rear part after ¢ along the line

S = —1 and we get a new graph (0,0) to (2m, —2), as shown in Fig. 2.2.

4

Fig. 2.2 Symmetrization principle

This is equivalent to defining b; = a; for j < i and b; = —a; for j > .
Then, the sequence (by, -+, ba,,) contains m — 1 ones and m + 1 minus ones.
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Conversely, for any sequence of m — 1 ones and m + 1 minus ones, there must
be a smallest integer ¢ < 2m such that b; +---4+b; = —1. Then the sequence
(b1, -, bk, —biy1,- -+, —bay,) contains m ones and m minus ones which is a
noncharacteristic sequence. The number of b-sequences is (,>”,). Thus, the
number of characteristic sequences is

()= () = ()

The proof of the lemma is complete.

2.1.3 Semacircular Law for the iid Case

In this subsection, we will show the semicircular law for the iid case; that is,
we shall prove the following theorem. For brevity of notation, we shall use
X, for an n x n Wigner matrix and save the notation W,, for the normalized
Wigner matrix, i.e., \}n Xp-

Theorem 2.5. Suppose that X,, is an nxn Hermitian matriz whose diagonal
entries are iid real random variables and those above the diagonal are iid
complex random variables with variance o = 1. Then, with probability 1, the
ESD of W,, = \/1” X,, tends to the semicircular law.

Before applying the MCT to the proof of Theorem 2.5, we first remove
the diagonal entries of X,,, truncate the off-diagonal entries of the matrix,
and renormalize them, without changing the LSD. We will proceed with the
proof by taking the following steps.

Step 1. Removing the Diagonal Elements
Let W,, be the matrix obtained from W,, by replacing the diagonal elements
with zero. We shall show that the two matrices are asymptotically equivalent;
i.e., their LSDs are the same if one of them exists.

Let N, = #{|zii] > /n}. Replace the diagonal elements of W, by
\/1” iyl (|7 < ¥n), and denote the resulting matrix by W... Then, by Corol-
lary A.41, we have

S 1 o~ = 1 —
L3 (FWr FWn) < (W, — W, )2 < 2 Dl I(jwi| < /n) <
=1

1
vn
On the other hand, by Theorem A.43, we have

N,
< .

HFWn _ F"X]n

n
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Therefore, to complete the proof of our assertion, it suffices to show that
N, /n — 0 almost surely. Write p,, = P(Jz11] > ¥/n) — 0. By Bernstein’s
inequality,! we have, for any € > 0,

P(N, >en) =P (Z(I(ﬂcn > V/n) —pn) > (e —pn)n>

i=1
< 2exp(—(e — pn)2n2/2[npn + (e _pn)nD < 26717”7

for some positive constant b > 0. This completes the proof of our assertion.
In the following subsections, we shall assume that the diagonal elements
of W,, are all zero.

Step 2. Truncation

For any fixed positive constant C, truncate the variables at C' and write
zijcy = Tijl(|zij] < C). Define a truncated Wigner matrix W,y whose
diagonal elements are zero and off-diagonal elements are \/1” Zij(cy- Then, we
have the following truncation lemma.

Lemma 2.6. Suppose that the assumptions of Theorem 2.5 are true. Trun-
cate the off-diagonal elements of X,, at C, and denote the resulting matrix
by X,cy- Write Wy o) = \/1” Xn(cy- Then, for any fized constant C,

limsup L3 (FWr, FWn©) < B(|z11*I(|z11] > 0)), aus. (2.1.2)

Proof. By Corollary A.41 and the law of large numbers, we have

2
L3(FWn FWa©)) < 2 Z |zi; |2 I(|z11] > O)

1<i<j<n

— E(‘$11|2I(|l‘11‘ > C))
This completes the proof of the lemma.

Note that the right-hand side of (2.1.2) can be made arbitrarily small by
making C' large. Therefore, in the proof of Theorem 2.5, we can assume that
the entries of the matrix X,, are uniformly bounded.

Step 3. Centralization
Applying Theorem A.43, we have

HFwn(C) _ FWn<c>*a11/H < ! (2.1.3)

f— )

n

1 Bernstein’s inequality states that if X1,---, X, are independent random variables with
mean zero and uniformly bounded by b, then, for any € > 0,
P(|Sn| > ¢€) < 2exp(—e?/[2(B2 + be)]), where Sy, = X1 + -+ + X, and B2 = ES2.



22 2 Wigner Matrices and Semicircular Law

1

where a = \/nﬂ?(E(xlg(c))). Furthermore, by Corollary A.41, we have

2
L(Fwn(c)*%(E(Wmm))’FWn(C)*alll) < RE@120)) — 0. (2.1.4)
n
This shows that we can assume that the real parts of the mean values of
the off-diagonal elements are 0. In the following, we proceed to remove the
imaginary part of the mean values of the off-diagonal elements.

Before we treat the imaginary part, we introduce a lemma about eigenval-
ues of a skew-symmetric matrix.

Lemma 2.7. Let A,, be an n X n skew-symmetric matriz whose elements
above the diagonal are 1 and those below the diagonal are —1. Then, the eigen-
values of Ay, are A\, = icot(mw(2k—1)/2n), k =1,2,---,n. The eigenvector as-
sociated with \i, is u, = \/1n(17 Piy e pr b, where p = (A, —1) /(A +1) =
exp(—im(2k — 1)/n).

Proof. We first compute the characteristic polynomial of A,,.

A -1 -1 - —1
I A -1 - -1
D,=M—-A,| =1 1 A - ~1
1 1 1 - A

A—1 —(1+)) 0 0

0 A—1  —(1+)) 0

-] 0 0 A-1 - 0],
1 1 1 A

Expanding the above along the first row, we get the following recursive
formula

Dy=M\=1D, 1+ (1+\N"1,

with the initial value Dy = \. The solution is

Dy =AA=1D)"1HA+DA=1)" 24 .4 A+1)" !
1

=, (=) + O+ 1)),

Setting D,, = 0, we get

iJ_r 1 =m0/ =12 ., (2.1.5)

which implies that A = icot(w(2k — 1)/2n).
Comparing the two sides of the equation A, u; = Aru, we obtain
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—Up — = Uk e—1 T Ukp1 o Ukn = ApUp e

for £ =1,2,---,n. Thus, subtracting the equations for ¢ + 1 from that for ¢,
we get
Uk,e + Uk op1 = N (U — Uk o41),

which implies that

Mol
Ukt+1 Ak _ e—zﬂ'(?k—l)/n

uge M +1 Pk

Therefore, one can choose uy ¢ = pi_l /v/n.
The proof of the lemma is complete.

Write b = ES(719(¢)). Then, ES(W,,()) = ibA,. By Lemma 2.7, the
eigenvalues of the matrix iS(E(W,,())) = ibA,, are ibA\;, = —n~'2bcot(r(2k—
1)/2n), k = 1,---,n. If the spectral decomposition of A,, is U, D, U%, then

we rewrite iS(E(W,(¢))) = B1+Ba, where B; = — ;n bU,D,;Us, j=1,2,
where U, is a unitary matrix, D,, =diag[A1,---, A,], and

Dnl = Dn — Dn2 = dlag[O, e 7O, )‘[n3/4]’ )‘[n3/4]+1a Tty )\n,[n3/4]7 07 e 70}

For any n x n Hermitian matrix C, by Corollary A.41, we have

1
L3(FC,FO By < | > cot?(m(2k — 1)/2n)
n3/4<k<n—n3/4
< 2 0 (2.1.6)
— 1.
n sin?(n=1/47)

and, by Theorem A .43,

) 3/4
|FC — FC—Bz < “" g, (2.1.7)
n

Summing up estimations (2.1.3)—(2.1.7), we established the following cen-
tralization lemma.

Lemma 2.8. Under the conditions assumed in Lemma 2.6, we have

L(FWr©) FWne)"EWa@)) = o(1). (2.1.8)

Step 4. Rescaling .
Write 02(C) = Var(z11(¢)), and define W, = 01 (C) (W, () — E(W,()))-
Note that the off-diagonal entries of /nW,, are Zp; = o *(O)(zyjc) —

E(xkj(c)))'
Applying Corollary A.41, we obtain
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& _ 2(c(C) — 1)?
LS(FWn’ FWao) E(Wn(c>)) < (n(zgg(c)) Z |33kj(C) —E(mkj(c))‘Q
1<i<j<n
— (0(C) = 1), as. (2.1.9)

Note that (o(C) — 1)? can be made arbitrarily small if C is large. Com-
bining (2.1.9) with Lemmas 2.6 and 2.8, to prove the semicircular law, we
may assume that the entries of X are bounded by C, having mean zero and
variance 1. Also, we may assume the diagonal elements are zero.

Step 5. Proof of the Semicircular Law

We will prove Theorem 2.5 by the moment method. For simplicity, we still use
W,, and z;; to denote the Wigner matrix and basic variables after truncation,
centralization, and rescaling.

The semicircular distribution satisfies the Riesz condition. Therefore it is
enough to show that the moments of the spectral distribution converge to the
corresponding moments of the semicircular distribution almost surely. The
k-th moment of the ESD of W,, is

Br(Wy) = Be(FWn) = / zF dFWn ()
1 — 1 1
= ;Af = ntr(WfL) = tr(XF)
1
= > X (), (2.1.10)

where \;’s are the eigenvalues of the matrix W,,, X (1) = @44, Tinis - * Tiriy s
i = (i1, --,ix), and the summation ) ; runs over all possibilities that i €
{1,---,n}*

By applying the moment convergence theorem, we complete the proof of
the semicircular law for the iid case by showing the following:

(1) E[Bx(W,)] converges to the k-th moment [y of the semicircular distribu-
tion, which are fa,—1 = 0 and fap, = (2m)!/m!(m + 1)! given in Lemma
2.1.

(2) For each fixed k, >, Var[8;(W,)] < co.

The Proof of (1); i.e., E[x(W,,)] — Br.
We have )
E[/Bk(wn)] = nltk/2 ZEX(I)
For each vector i, construct a graph G(i) as in Subsection 2.1.2. To specify

the graph, we rewrite X (i) = X(G(i)). The summation is taken over all
sequences i = (i,42, -, ix) € {1,2,---,n}k.
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Note that isomorphic graphs correspond to equal terms. Thus, we first
group the terms according to isomorphism classes and then split E[3,(W.,,)]
into three sums according to categories. Then

E[Bk(W,)] = S1 + S2 + 53,

where

Sj=n"1TE2 N > EXG(3)],

I'(kt)eC; GA)el'(k,t)

in which the summation Zf(k,t)ecj is taken on all canonical I'(k, t)-graphs in
category j and the summation ZG(i)e I(k,t) is taken on all isomorphic graphs
for a given canonical graph.

By definition of the categories and by the assumptions on the entries of
the random matrices, we have

Sy = 0.

Since the random variables are bounded by C, the number of isomorphic
graphs is less than n' by Lemma 2.2, and ¢t < (k + 1)/2 by Lemma 2.3, we
conclude that

1S5] < n~17F20(nt) = o(1).

If kK =2m — 1, then S; = 0 since there are no terms in S;. We consider
the case where k = 2m. Since each edge coincides with an edge of opposite
direction, each term in S is (E|z12/>)™ = 1. So, by Lemma 2.4,

Sy =n"t7m Z nn—1)---(n—m)

I'(2m,t)eCy

— Gom (1_;)..(1_:}) — Bom.

Assertion (1) is then proved.

The proof of (2). We only need to show that Var(8;(W,,)) is summable
for all fixed k. We have

Var(fu(Wa)) = El|8:(Wn)?] = | BB (Wa)]|?
= n21+k > HEXO)XG) - EXOIEX )]} (2.1.11)

where i = (i1, ,ix), j = (j1, ", k), and > " is taken over all possibilities
fori, j € {1,---,n}*. Here, the reader should notice that 8 (W,) is real and
hence the second equality in the above is meaningful, although the variables
X (i) and X (j) are complex.

Using i and j, one can construct two graphs G(i) and G(j), as in the proof
of (1). If there are no coincident edges between G(i) and G(j), then X (i) is
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independent of X (j), and thus the corresponding term in the sum is 0. If
the combined graph G = G(i) U G(j) has a single edge, then E[X (1) X (j)] =
E[X(1)]E[X (j)] = 0, and hence the corresponding term in (2.1.11) is also 0.

Now, suppose that G contains no single edges and the graph of noncoin-
cident edges has a cycle. Then the noncoincident vertices of G are not more
than k. If G contains no single edges and the graph of noncoincident edges
has no cycles, then there is at least one edge with coincidence multiplicity
greater than or equal to 4, and thus the number of noncoincident vertices is
not larger than k. Also, each term in (2.1.11) is not larger than 2C%n=2-*,
Consequently, we can conclude that

Var(6x(W,,)) < KpC*n=2, (2.1.12)

where K, is a constant that depends on k& only. This completes the proof of
assertion (2).
The proof of Theorem 2.5 is then complete.

2.2 Generalizations to the Non-iid Case

Sometimes, it is of practical interest to consider the case where, for each n,
the entries above or on the diagonal of W, are independent complex random
variables with mean zero and variance o2 (for simplicity we assume o = 1 in
the following), but may depend on n. For this case, we present the following
theorem.

Theorem 2.9. Suppose that W,, = 1an 1s a Wigner matriz and the en-

tries above or on the diagonal of X,, are independent but may be dependent
on n and may not necessarily be identically distributed. Assume that all the
entries of X,, are of mean zero and variance 1 and satisfy the condition that,
for any constant n > 0,

. 1 n n
Jim ST EG P12 > nyv/n) = 0. (2.2.1)
jk

Then, the ESD of W, converges to the semicircular law almost surely.

Remark 2.10. In Girko’s book [121], it is stated that condition (2.2.1) is nec-
essary and sufficient for the conclusion of Theorem 2.9.

2.2.1 Proof of Theorem 2.9

Again, we need to truncate, remove diagonal entries, and renormalize before
we use the MCT. Because the entries are not iid, we cannot truncate the
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entries at constant positions. Instead, we shall truncate them at 7,+/n for
some sequence 7, | 0.

Step 1. Truncation
Note that Corollary A.41 may not be applicable in proving the almost sure
asymptotic equivalence between the ESD of the original matrix and that of
the truncated one, as was done in the last section. In this case, we shall use
the rank inequality (see Theorem A.43) to truncate the variables.

Note that condition (2.2.1) is equivalent to: for any n > 0,

lim 772 o Y Bl R1(alY| > nvn) = 0. (2.2.2)
ik

Thus, one can select a sequence 7, | 0 such that (2.2.2) remains true
when 7 is replaced by 7,,. Define W,, = \/nn(ax( ") (\m(”)\ < Nuy/n). By using
Theorem A.43, one has

[FWr — FWr || < “rank(W,, = W, )

ST 1|2 = navn). (2.2.3)

1<i<j<n

IN
S o3

By condition (2.2.2), we have

ST 112 > pav/n)

1<i<j<n

2 " n
< o S Bl P12 = 0v/n) = o(1),
n ik
and

ST 1(12Y] > navin)

1<i<j<n

_232m“> 2| > nv/n) = o(1/n).

Then, applying Bernstein’s inequality, for all small ¢ > 0 and large n, we
have

S (2] = pavin) 2 e | <2075, (2.2.4)

1<i<j<n
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which is summable. Thus, by (2.2.3) and (2.2.4), to prove that with probabil-
ity one FWr converges to the semicircular law, it suffices to show that with

probability one FW» converges to the semicircular law.

Step 2. Removing diagonal elements
Let W,, be the matrix W,, with diagonal elements replaced by 0. Then, by
Corollary A.41, we have

~ ~ 1 n n
r (Fwn’Fwn) = n2 Z |331(ck)|21 ‘mkk)‘ < muv/n) <y — 0.
k=1

Step 3. Centralization
By Corollary A.41, it follows that

L3 (F‘/ﬁ\/n F\/A\/'nfE\/f\\/'n)

< o SR (] < /)P
275]
2 ZEWH 1|25 > nav/n) — 0. (2.2.5)
N ij

Step 4. Rescaling

Write Wn = \/1” )"in, where

(1) 71.() () 7o1,.(0)
% (x Ty} < mo/m) =B Ll < mv/m) ) %))7

O’ij

= Bla 1(2)] < navn) = B 1(125| < nay/n))? and 6 is Kro-
necker S delta
By Corollary A.41, it follows that

L3 (F"X]n FV/On*E‘/A\/n)

1 — n n n n
< o 2 (=0 Pl T < muv/n) = Baf 1(2f | < nav/) P

i#j
Note that

A 15 < ) — B 1) < )

i#]
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221_%

n’ng

ey SO I = /) B2 (1) > /)] —
ij

IN

Also, we have?

4
2

) I(|z (n)‘ < Np/n) — (mEJ")I(MEJ")I < Muv/n))

221_

i#]

i#] i#]
< On2[n~ ), + ),
which is summable. From the two estimates above, we conclude that
L (FWH,FWH*EWH) 0, as.

Step 5. Proof by MCT

Up to here, we have proved that we may truncate, centralize, and rescale
the entries of the Wigner matrix at 7,,1/n and remove the diagonal elements
without changing the LSD. These four steps are almost the same as those we
followed for the iid case.

Now, we assume that the variables are truncated at 7,,v/n and then cen-
tralized and rescaled.

Again for simplicity, the truncated and centralized variables are still de-
noted by z;;, We assume:

(1) The variables {x;;, 1 <i < j < n} are independent and z;; = 0.

(ii) E(z;;) =0 and Var(z;;) = 1.

(ili) |zij] < /N
Similar to what we did in the last section, in order to prove Theorem 2.9, we
need to show that:

(1) E[pr(W,,)] converges to the k-th moment [, of the semicircular distribu-

tion.
(2) For each fixed k, >, E|8r(W,) — E(Bx(Wp))|* < cc.

The proof of (1)
Let i= (i1,--,ir) € {1,---,n}*. As in the iid case, we write

2 Here we use the elementary inequality E| Y X;|?* < C, (O E|X;|?* 4+ (5 E[X;|)F) for
some constant C}, if the X;’s are independent with zero means.
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E[ﬁk(wn)} =n 1R Z EX(G(I))v

where X (G(1)) = @iy i Tig iy - -+ » Tiy i, and G(i) is the graph defined by i.

By the same method for the iid case, we split E[8;(W,,)] into three sums
according to the categories of graphs. We know that the terms in Sy are all
zero, that is, S = 0.

We now show that S3 — 0. Split S3 as S31 + S32, where S3; consists
of the terms corresponding to a I5(k,t)-graph that contains at least one
noncoincident edge with multiplicity greater than 2 and Ss is the sum of the
remaining terms in Ss.

To estimate Ss1, assume that the I'3(k,t)-graph contains ¢ noncoincident
edges with multiplicities vy, - - -, v, among which at least one is greater than
or equal to 3. Note that the multiplicities are subject to vy + --- + vy = k.
Also, each term in S3; is bounded by

L
O ] B e e G D
i=1

Since the graph is connected and the number of its noncoincident edges is ¢,
the number of noncoincident vertices is not more than ¢ + 1, which implies
that the number of terms in Ss; is not more than n'*+¢. Therefore,

|S31] < Cpnt=2t =0

since k — 24 > 1.

To estimate Ss2, we note that the I'z(k,t)-graph contains exactly k/2
noncoincident edges, each with multiplicity 2 (thus & must be even). Then
each term of Ssy is bounded by n~'~%/2. Since the graph is not in category 1,
the graph of noncoincident edges must contain a cycle, and hence the number
of noncoincident vertices is not more than k/2 and therefore

‘532‘ S C’nil — 0.

Then, the evaluation of S; is exactly the same as in the iid case and hence
is omitted. Hence, we complete the proof of ES,(W,,) — fBy.

The proof of (2)

Unlike in the proof of (2.1.11), the almost sure convergence cannot follow by
estimating the second moment of 5, (W,,). We need to estimate its fourth
moment as

E(ﬂk (Wn) - E(ﬂk (Wn)))4

—n 2% ST BT (X)) - E(XG), (2.2.6)

i;,7=1,2,34 j=1
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where i; is a vector of k integers not larger than n, j = 1,2,3,4. As in the
last section, for each i;, we construct a graph G; = G(ij).

Obviously, if, for some j, G(ij) does not have any edges coincident with
edges of the other three graphs, then the term in (2.2.6) equals 0 by inde-
pendence. Also, if G = U?zl G, has a single edge, the term in (2.2.6) equals
0 by centralization.

Now, let us estimate the nonzero terms in (2.2.6). Assume that G has ¢
noncoincident edges with multiplicities v4, - - -, vy, subject to the constraint
vy + -+ vp = 4k. Then, the term corresponding to G is bounded by

¢
n—4-2k H(ﬂn\/n)”jfz = k=2t =it
j=1

Since the graph of noncoincident edges of G can have at most two pieces
of connected subgraphs, the number of noncoincident vertices of G is not
greater than ¢+ 2. If ¢ = 2k, then vy = --- = vy = 2. Therefore, there is at
least one noncoincident edge consisting of edges from two different subgraphs
and hence there must be a cycle in the graph of noncoincident edges of G.
Therefore,

E(ﬂk (Wn) - E(ﬁk (Wn)))4

< Ck’n72k74 Z n2+2(,’772Ln)2k7€ +n2k+1 < Cknnnia
L<2k

which is summable, and thus (2) is proved. Consequently, the proof of The-
orem 2.9 is complete.

2.3 Semicircular Law by the Stieltjes Transform
As an illustration of the use of Stieltjes transforms, in this section we shall
present a proof of Theorem 2.9 using them.

2.3.1 Stieltjes Transform of the Semicircular Law

Let z = u+ iv with v > 0 and s(z) be the Stieltjes transform of the semicir-
cular law. Then, we have

I
s(z) / Vio? — 22dx.

2w02 | o, v — 2
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Letting x = 20 cosy, then

2 [T 1 9
= 1 d
5(z) 77/0 2Ucosy—zsm v

1 [ 1 e —e7W\2
= / iy L p—iy ( . ) dy
T Jo 20¢" ‘*‘2‘5 vy 2i

_ 1 1 et
4i777{g_1g(<+<1)_2(g ¢ )C d¢ (bett g C e)

_ 1 (2 —1)?
o i ji_l (¢ 40— 20) dc. (2.3.1)

We will use the residue theorem to evaluate the integral. Note that the in-
tegrand has three poles, at (5 = 0, (1 = Z+\/ZQZ_4"2, and (o = 2—Vz2—do?

20 )
where here, and throughout the book, the square root of a complex number
is specified as the one with the positive imaginary part. By this convention,

we have

2 = sign 12l + 2 2.3.2
vz = sign(3z \/2|z|+9?z) (23.2)
or
R(vz) = \/251gn 2)V |z + Rz = V(2] - 1)
and . %]
~ 2 VIl =Rz = V212 + R2)°

This shows that the real part of \/z has the same sign as the imaginary part
of z. Applying this to ¢; and (s, we find that the real part of v/22 — 402 has
the same sign as z, which implies that |¢1] > |(2|. Since (1(> = 1, we conclude
that |(2| < 1 and thus the two poles 0 and (; of the integrand are in the disk
|z| < 1. By simple calculation, we find that the residues at these two poles

are ) )
-1
z and (CQ ) _
o3 (G2 — 1)
Substituting these into the integral of (2.3.1), we obtain the following lemma.

MG — 1) = —072V/22 — 402,

Lemma 2.11. The Stieltjes transform for the semicircular law with scale

parameter o? is

s(z):— z—\/22 40?).
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2.3.2 Proof of Theorem 2.9

At first, we truncate the underlying variables at 7,,/n and remove the di-
agonal elements and then centralize and rescale the off-diagonal elements as
done in Steps 14 in the last section. That is, we assume that:

(i) Fori# j, [xij| < mpy/n and xy; = 0.
(ii) For all i # j, Ez;; = 0, E|z;;|* = 0%
(iii) The variables {z;;,7 < j} are independent.

For brevity, we assume o2 = 1 in what follows.
By definition, the Stieltjes transform of FW» is given by

sn(z) = }ltr(Wn 1 S (2.3.3)

We shall then proceed in our proof by taking the following three steps:

(i) For any fixed z € C* = {z,5(2) > 0}, sn(2) — Esn(z) — 0, a.s.
(i) For any fixed z € C*, Es,(2) — s(z), the Stieltjes transform of the semi-
circular law.
(iii) Outside a null set, s,(z) — s(z) for every z € C*.

Then, applying Theorem B.9, it follows that, except for this null set, FW» —
F weakly.

Step 1. Almost sure convergence of the random part
For the first step, we show that, for each fixed z € CT,

sn(2) —E(sp(2)) — 0 as. (2.3.4)
We need the extended Burkholder inequality.

Lemma 2.12. Let {X}} be a complex martingale difference sequence with
respect to the increasing o-field {Fy}. Then, for p > 1,

E ’ZXk’p <KE(Y \Xk\Q)p/z .

Proof. Burkholder [67] proved the lemma for a real martingale difference
sequence. Now, both {RX}} and {SX}} are martingale difference sequences.
Thus, we have

DRI ) LY
<c, [KPE (Z |%Xk‘2)p/2 +K,E (Z |<5Xk2)p/2]

<20, (3 |Xk|2>p/2,
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where C), = 2P~1. This lemma is proved.
For later use, we introduce here another inequality proved in [67].

Lemma 2.13. Let {X;} be a complex martingale difference sequence with
respect to the increasing o-field Fy., and let Ey, denote conditional expectation
w.r.t. Fi. Then, for p > 2,

p p/2
E’ZXk <Kp<E(ZEk1|Xk2) +EZ|Xk|P>.

Similar to Lemma 2.12, Burkholder proved this lemma for the real case.
Using the same technique as in the proof of Lemma 2.12, one may easily
extend the Burkholder inequality to the complex case.

Now, we proceed to the proof of the almost sure convergence (2.3.4).
Denote by Eg(-) conditional expectation with respect to the o-field gen-
erated by the random variables {z;;,i,j > k}, with the convention that
Ensn(z) = Es,,(2) and Egs,,(2) = s,(2). Then, we have

sn(2) — E(sn(2)) = Z[Ek—l(sn(z)) — Er(sn(2))] = Z“Ym
k=1

x>
Il
—

where, by Theorem A.5,

Vo= (Beo1tr(W, —2I)7" — Egtr(W,, — 2I) 1)

(Ep—1[tr(Wy, — 2I) 7" — tr(Wy — 2L,-1) ']

—Ep[tr(Wy, — 2I) 7! — tr(Wy, — 2L,1) 1))

1 E 1+ QZ(Wk — ZIn_l)_QOLk
A af (Wi — 2L, 1) lay,

1+ a;(Wg —2L,1) 2
—z—of(Wy—2zL, 1) lay )’

S =3 =

_Ek:

where W, is the matrix obtained from W,, with the k-th row and column
removed and «y, is the k-th column of W,, with the k-th element removed.
Note that

11+ o (W — 2L,1) 2yl
<1+ ai (Wi —2L,_1) " (W — 2L, 1) ey,
= v 1Sz 4 af (W, — 21, 1) tay)
which implies that
k| < 2/n0.

Noting that {7} forms a martingale difference sequence, applying Lemma
2.12 for p = 4, we have
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Elsn(2) — B(sn(2))|* < K4E (Z 7k|2>

k=1

2
2
w30
k=1
4Ky

— n2pt’
By the Borel-Cantelli lemma, we know that, for each fixed z € CT,

sn(z) = E(sn(2)) — 0, a.s.

Step 2. Convergence of the expected Stieltjes transform
By Theorem A.4, we have

Il
—+
—

E
3

I
I
[

3
S~—"
-

Sn(z)
1 & 1
= Z e al(Wh— ATy ) lan (2.3.5)

Write e, = Esp(2) — af (W — 2I,_1) " tay. Then we have

1 — 1
Es,, = E
sn(2) n ’; —z —BEsp(2) + &k
1
= e () T (2.3.6)

where

B 1 " Ek
On = n ZE ((z + Es,(2))(—2z — Es,(2) —|—e’:‘k)> '

k=1

Solving equation (2.3.6), we obtain two solutions:
(7 + b /(2 4 80)2 — 4).
We show that
Esp,(z) = 1(—z+6n+ V(z+6,)%—4). (2.3.7)

2

When fixing %z and letting 3z = v — 00, we have Es,,(z) — 0, which implies
that d,, — 0. Consequently,
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%(;(—z—&—én — \/(z+5n)2 —4)) < —v_2|5"‘ — —00,

which cannot be Es,, (z) since it violates the property that Ss,(z) > 0. Thus,
assertion (2.3.7) is true when v is large. Now, we claim that assertion (2.3.7)
is true for all z € C*.

It is easy to see that Es,(2) and } (—z+6,+ V(2 + 6,)2 — 4) are continuous
functions on the upper half plane C*. If Es,,(z) takes a value on the branch
A(—z+8, — V(2 +6,)% — 4) for some z, then the two branches A(=z+8, £
V/(z + 6,)% — 4) should cross each other at some point zg € C*. At this point,
we would have /(29 + d,)2 — 4 = 0 and hence Es,,(29) has to be one of the
following:

1 1
2(—20 +0,) = 2(—220 +2).

However, both of the two values above have negative imaginary parts. This
contradiction leads to the truth of (2.3.7).
From (2.3.7), to prove Es,(z) — s(z), it suffices to show that

0n — 0. (2.3.8)
Now, rewrite

RES E(ep) 1 & 2
On = n ; (z + Esn(2))? * n ’;E ((z + Es,(2))2(—2z — Esp(2) —|—e’:‘k)>

=J| + Jo.

By (A.1.10) and (A.1.12), we have

1
|Eex| = ’nE(tr(Wn —2I)7 — (W — zIn_l)_l)’

1 E 1+ OLZ(Wk — zIn_l)’zak
n  —z—o (Wi —zI,_1) tay

Note that
|z + Esp(2)] > S(z+ Esn(2) = v+ E(S(sn(2)) > v.
Therefore, for any fixed z € CT,

1

‘Jl‘ < nwd — 0.

On the other hand, we have

| =2 —Bsp(2) +exl = | — 2 — af (Wi — 2L,_1) tay]
> S(z+ 0 (W, — zL_1) )
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= o1+ o (Wg — 2L, 1) (W, — 2L, 1)) lay) > v
To prove Jo — 0, it is sufficient to show that
m]?XE|Ek|2 — 0.

‘Write (Wk — ZIn_l)_l = (bij)i,jgn—l- ‘We then have

Elex — Eep|? = Blaf(Wy, — 21, 1) tagp —  Btr(Wy — 21, 1) Y

S =3 =

= E|a; (W — zIn,l)_lak — tr((Wy — zIn,l)_l)|2

1 1 2
+E ’ntr((Wk — 2L, 1)) — nEtr((Wk —z2L,1)7 Y

By elementary calculations, we have

1
E|a;(Wj — zIn,l)*lak — ntr((Wk — ZIn,1)71)|2

1
=, | Do [EIbi; PElzl *Bla|* + Eb} Eaf Ead,] + Y B (Blag| — 1)
ij#k ik
2 2 77721 2
< > Elbyl* + ; > Bl
ij i#k
_ 2 Etr(Wy — 21,,_1)(Wy, — 21,,_1)) "' + s > Elbil?
n2 k n—1 k n—1 n 4 i
i#k
2 2
< o2 +mn;, — 0. (2.3.9)

By Theorem A.5, one can prove that

1 1 2
E ntr((Wn — 2L, )7 - nEtr((Wn — 2L, )Y < 1/n?0?

Then, the assertion J, — 0 follows from the estimates above and the fact
that
Elen|? = Elep, — Een|? + [Een |

The proof of the mean convergence is complete.

Step 3. Completion of the proof of Theorem 2.9
In this step, we need Vitali’s convergence theorem.

Lemma 2.14. Let f1, fo, -+ be analytic in D, a connected open set of C,
satisfying | fn(2)] < M for everyn and z in D, and f,(z) converges as n — oo
for each z in a subset of D having a limit point in D. Then there exists a
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function f analytic in D for which f,(z) — f(z) and fl(z) — f'(z) for
all z € D. Moreover, on any set bounded by a contour interior to D, the
convergence is uniform and {f}(z)} is uniformly bounded.

Proof. The conclusions on {f,} are from Vitali’s convergence theorem (see
Titchmarsh [275], p. 168). Those on {f/ } follow from the dominated conver-
gence theorem (d.c.t.) and the identity

ORI I

- 2mi w—2z)?2"
where C is a contour in D and enclosing z. The proof of the lemma is complete.
By Steps 1 and 2, for any fixed 2 € C*, we have
sn(z) — s(2), as.,

where s(z) is the Stieltjes transform of the standard semicircular law. That
is, for each z € C*, there exists a null set N, (i.e., P(N,) = 0) such that

sn(z,w) — s(z) for all we NZ.

Now, let C§ = {z,,} be a dense subset of C* (e.g., all z of rational real and
imaginary parts) and let N = UN,, . Then

sn(2,w) — s(z) for all w € N®and z € CJ.

Let Ct = {2 € C",32z > 1/m, |z| < m}. When z € C/,, we have |s,,(2)| <
m. Applying Lemma 2.14, we have

sp(z,w) — s(z) for all w € N®and z € C;\..
Since the convergence above holds for every m, we conclude that

sn(z,w) — s(z) for all w e N°and z € CT.
Applying Theorem B.9, we conclude that

w
FWrn B F as.



Chapter 3

Sample Covariance Matrices and the
Marcenko-Pastur Law

The sample covariance matrix is a most important random matrix in multi-
variate statistical inference. It is fundamental in hypothesis testing, principal
component analysis, factor analysis, and discrimination analysis. Many test
statistics are defined by its eigenvalues.

The definition of a sample covariance matrix is as follows. Suppose that
{zjk, j,k=1,2,---} is a double array of iid complex random variables with
mean zero and variance o2, Write x; = (215, -, %p;) and X = (x1, -+, Xp).
The sample covariance matrix is defined by

1 n
S D (xk = X)(xk — )",
k=1
where x = | 3" x;.
However, in most cases of spectral analysis of large dimensional random
matrices, the sample covariance matrix is simply defined as

1 — 1
S = = T XX* 3.0.1
n ;kak n (3.0.1)

because the Xx* is a rank 1 matrix and hence the removal of X does not affect
the LSD due to Theorem A.44.

In spectral analysis of large dimensional sample covariance matrices, it is
usual to assume that the dimension p tends to infinity proportionally to the
degrees of freedom n, namely p/n — y € (0, 00).

The first success in finding the limiting spectral distribution of the large
sample covariance matrix S, (named the Marcenko-Pastur (M-P) law by
some authors) was due to Maréenko and Pastur [201]. Succeeding work was
done in Bai and Yin [37], Grenander and Silverstein [137], Jonsson [169],
Silverstein [256], Wachter [291], and Yin [300]. When the entries of X are
not independent, Yin and Krishnaiah [303] investigated the limiting spectral
distribution of S when the underlying distribution is isotropic. The theorem

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 39
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 3,
© Springer Science+Business Media, LLC 2010
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in the next section is a consequence of a result in Yin [300], where the real
case is considered.

3.1 M-P Law for the iid Case

3.1.1 Moments of the M-P Law

The M-P law F,(z) has a density function

py(m) = { 27r3v1yo2 \/(b - m)(l‘ - a), if a<z< b’

3.1.1
0, otherwise, ( )

and has a point mass 1 — 1/y at the origin if y > 1, where a = 6%(1 — ,/y)?
and b = o%(1 + \/y)Q. Here, the constant y is the dimension to sample size
ratio index and 0?2 is the scale parameter. If 02 = 1, the M-P law is said to
be the standard M-P law.

The moments B = Bi(y,0?) = f; 2¥p, (z)dz. In the following, we shall
determine the explicit expression of (. Note that, for all £ > 1,

ﬁk(?ﬁ 02) = g2kﬁk(y7 1)
We need only compute [y for the standard M-P law.

Lemma 3.1. We have

k—1
1 [(k\[(k—-1Y\ ,
ﬂk_zr—l-l(r)( r )y ’
Proof. By definition,

b
Br = ! /xk_l\/(b—x)(m—a)dx

2my Jq
1 2y
= / (14+y+ 214y — 22dz (with z=1+y+z)
27Ty —2\/y
k—1 2,/y
1 k—1 :
— Z ( ’ )(1+y)k_l_z/ zz\/4y—z2dz
27Ty =0 _2\/y

) [<k1>/2]<k .

" omy > 20

=0
(by setting z = 2,/yu)

1
) [

—1
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[k 1)/2]

1
oy 2 ("5 w2t [ w2t - wau
& 0
(settlng u=+/w)
G !
= oy Z ( ) +y)’“*172£(4y)”1/0 w21 — wdw
[(kfl)/2]
_ Z (k—1)! (1 4 )12
00+ D)1k — 1 - 20)!

£=0
[(k=1)/2] k—1—2¢

Z Z (k—1)! ye+s
L D0+ 18!k — 1 — 20 — s)!
[(k 1)/2]k 1—¢

- ; ; 0+ 1) (r (ke)_!(}c)!— T
0T O

— k—1
11 = (f) (r —IT— 1>yr B ; 7’—1%1 (f) (k ; 1>yr.

By definition, we have (o < b%F = (1 + \/y)‘““. From this, it is easy to see
that the Carleman condition is satisfied.

I
> iM
= o

3.1.2 Some Lemmas on Graph Theory and
Combinatorics

To use the moment method to show the convergence of the ESD of large
dimensional sample covariance matrices to the M-P law, we need to define
a class of A-graphs and establish some lemmas concerning some counting
problems related to A-graphs.

Suppose that i1, - - -, i) are k positive integers (not necessarily distinct) not
greater than p and ji,-- -, jx are k positive integers (not necessarily distinct)
not larger than n. A A-graph is defined as follows. Draw two parallel lines,
referring to the I line and the J line. Plotiy, - - -, i, on the I line and j1,- - -, jk
on the J line, and draw k (down) edges from i, to ju, w =1,---,k and k
(up) edges from jy t0 iyy1, w=1,--- k (with the convention that ix+1 = i1 ).
The graph is denoted by G(i,j), where i = (i1,---,i) and j = (j1,- -, jk)-
An example of a A-graph is shown in Fig. 3.1.

Two graphs are said to be isomorphic if one becomes the other by a suit-
able permutation on (1,2,---,p) and a suitable permutation on (1,2, -, n).
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Fig. 3.1 A A-graph.

For each isomorphism class, there is only one graph, called canonical, satisfy-
ing i1 = j1 =1, 4, <max{iy, - ,iy—1}+1, and j, <max{ji, -, ju-1}++1.
A canonical A-graph G(i,j) is denoted by A(k,r,s) if G has r + 1 noncoinci-
dent I-vertices and s noncoincident J-vertices. A canonical A(k,r, s) can be
directly defined in the following way:

1. Tts vertex set V.= V;+V;, where Vi = {1,---,r+1}, called the I-vertices,
and V; = {1,---, s}, called the J-vertices.

2. There are two functions, f : {1,---,k} — {1,---,r+1}and g : {1,---, k} —
{1,--, s}, satisfying

fQ)=1=49(1) = f(k+1),
9(j) < max{g(1),---,9(j — 1)} + 1.
3. Tts edge set E = {e14, €1us " " Chds Chu }, Where €14, -+, erq are called the
down edges and ey, -, ex, are called the up edges.

4. F(eja) = (f(7):9(j)) and F(eju) = (9(j), f(G +1)) for j =1,---, k.

In the case where f(j+1) = max{f(1),---, f(j)}+1, the edge €;,, is called
an up innovation, and in the case where g(j) = max{g(1),---,9(j — D} +1,
the edge ej,q4 is called a down innovation. Intuitively, an up innovation leads
to a new [-vertex and a down innovation leads to a new J-vertex. We make
the convention that the first down edge is a down innovation and the last up
edge is not an innovation.

Similar to the I'-graphs, we classify A(k,r, s)-graphs into three categories:

Category 1 (denoted by Aq(k,r)): A-graphs in which each down edge must
coincide with one and only one up edge. If we glue the coincident edges, the
resulting graph is a tree of k edges. In this category, 7 + s = k and thus s is
suppressed for simplicity.

Category 2 (As(k,r,s)): A-graphs that contain at least one single edge.
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Category 3 (As(k,r,s)): A-graphs that do not belong to Ay (k,r) or Ag(k, 7, s).

Similar to the arguments given in Subsection 2.1.2, the number of graphs
in each isomorphism class for a given canonical A(k,r,s) is given by the
following lemma.

Lemma 3.2. For a given k, v, and s, the number of graphs in the isomor-
phism class for each canonical A(k,r, s)-graph is

plp=1)--(p—rn(n—1)---(n—s+1)=p" 0’1+ O0(n7")].
For a As-graph, we have the following lemma.

Lemma 3.3. The total number of noncoincident vertices of a As(k,r,s)-
graph is less than or equal to k.

Proof. Let G be a graph of As(k,r, s). Note that any A-graph is connected.
Since G is not in category 2, it does not contain single edges and hence
the number of noncoincident edges is not larger than k. If the number of
noncoincident edges is less than k, then the lemma is proved. If the number
of noncoincident edges is exactly k, the graph of noncoincident edges must
contain a cycle since it is not in category 1. In this case, the number of
noncoincident vertices is also not larger than k and the lemma is proved.

A more difficult task is to count the number of A;(k,r)-graphs, as given
in the following lemma.

Lemma 3.4. For k and r, the number of Ay (k,r)-graphs is

1 k\ (k-1
r+1\r r )
Proof. Define two characteristic sequences {uy,---,ux} and {dy,---,dy} of
the graph G by

wy = {1, if f(+1)=max{f(1),---,f(O)}+1,

0, otherwise,

and
dy = {0_71’ if f(f) g{lvf(£+1)”f(k)}7

otherwise.

We can interpret the intuitive meaning of the characteristic sequences as
follows: uy = 1 if and only if the /-th up edge is an up innovation and d, = —1
if and only if the /-th down edge coincides with the up innovation that leads
to this I-vertex. An example with » = 2 and s = 3 is given in Fig. 3.2.

By definition, we always have uy = 0, and since f(1) = 1, we always have
dy = 0. For a Ay(k,r)-graph, there are exactly r up innovations and hence
there are 7 u-variables equal to 1. Since there are r [-vertices other than 1,
there are then r d-variables equal to —1.
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Fig. 3.2 Definition of (u,d) sequence

From its definition, one sees that dy = —1 means that after plotting the /-
th down edge (f(£), g(¢)), the future path will never revisit the I-vertex f(¢).
This means that the edge (f(¢), g(¢)) must coincide with the up innovation
leading to the vertex f(¢). Since there are s = k—r down innovations to lead
out the s J-vertices, dy = 0 therefore implies that the edge (f(¢), g(¢)) must
be a down innovation.

From the argument above, one sees that d; = —1 must follow a u; = 1 for
some j < £. Therefore, the two sequences should satisfy the restriction

U+ Fup1+do+--+dp >0, £=2,-- k. (3.1.2)

From the definition of the characteristic sequences, each A;(k,r)-graph
defines a pair of characteristic sequences. Conversely, we shall show that each
pair of characteristic sequences satisfying (3.1.2) uniquely defines a A;(k, r)-
graph. In other words, the functions f and g in the definition of the A-graph
G are uniquely determined by the two sequences of {u,} and {d,}.

At first, we notice that uy = 1 implies that e;, is an up innovation and
thus

fl+1) =1+ #{j <t,u; =1}

Similarly, d, = 0 implies that e, 4 is a down innovation and thus
gty = #{j < t,d; =0}

However, it is not easy to define the values of f and g at other points. So, we
will directly plot the Aq(k,r)-graph from the two characteristic sequences.
Since d; = 0 and hence e 4 is a down innovation, we draw e; 4 from the
I-vertex 1 to the J-vertex 1. If u; = 0, then e; ,, is not an up innovation and
thus the path must return the I-vertex 1 from the J-vertex 1; i.e., f(2) = 1.
If uy =1, e1, is an up innovation leading to the new I-vertex 2; that is,
f(2) = 2. Thus, the edge ey, is from the J-vertex 1 to the I-vertex 2. This
shows that the first pair of down and up edges are uniquely determined by w1
and d;. Suppose that the first £ pairs of the down and up edges are uniquely
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determined by the sequences {uy,---,ue} and {dy,---,ds}. Also, suppose
that the subgraph Gy of the first ¢ pairs of down and up edges satisfies the
following properties

1. Gy is connected, and the undirectional noncoincident edges of G, form a
tree.

2. If the end vertex f(¢ 4+ 1) of e, is the I-vertex 1, then each down edge

of Gy coincides with an up edge of Gy. Thus, Gy does not have single
innovations.
If the end vertex f(¢+ 1) of e, is not the I-vertex 1, then from the I-
vertex 1 to the I-vertex f(¢ + 1) there is only one path (chain without
cycles) of down-up-down-up single innovations and all other down edges
coincide with an up edge.

To draw the £+ 1-st pair of down and up edges, we consider the following
four cases.

Case 1. dgy1 = 0 and ug4q = 1. Then both edges of the ¢ + 1-st pair are
innovations. Thus, adding the two innovations to Gy, the resulting subgraph
G471 satisfies the two properties above with the path of down-up single in-
novations that consists of the original path of single innovations and the two
new innovations. See Case 1 in Fig. 3.3.

& 4

Fig. 3.3 Examples of the four cases. In the four graphs, the rectangle denotes the subgraph
Gy, solid arrows are new innovations, and broken arrows are new T3 edges.

Case 2. dy+1 = 0 and ug41 = 0. Then, e;11,4 is a down innovation and epy1 4
coincides with eg;1 4. See Case 2 in Fig. 3.3. Thus, for the subgraph Gy1,
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the two properties above can be trivially seen from the hypothesis for the
subgraph Gy. The single innovation chain of Gy is exactly the same as that
of G@.

Case 3. dpy1 = —1 and up4q = 1. In this case, by (3.1.2) we have
up 4o tugtdo o+ de > 1

which implies that the total number of I-vertices of Gy other than 1 (i.e.,
uy + -+ - 4 uy) is greater than the number of I-vertices of Gy from which the
graph ultimately leaves (i.e., da+- - -+dp). Therefore, f(£+1) # 1 because Gy
must contain single innovations by property 2. Then there must be a single
up innovation leading to the vertex f(¢+ 1) and thus we can draw the down
edge e41,4 coincident with this up innovation. Then, the next up innovation
ery starts from the end vertex to g(¢ + 1). See case 3 in Fig. 3.3. It is easy
to see that the two properties above hold with the path of single innovations
that is the original one with the last up innovation replaced by egy1,4.

Case 4. dgy1 = —1 and ug4q = 0. Then, as discussed in case 3, eg41,4 can be
drawn to coincide with the only up innovation ended at f(¢ + 1). Prior to
this up innovation, there must be a single down innovation with which the
up edge eg,, can be drawn to coincide. If the path of single innovations of G
has only one pair of down-up innovations, then f(£+ 2) =1 and hence Gy41
has no single innovations. If the path of single innovations of G, has more
than two edges, then the remaining part of the path of single innovations of
Gy, with the last two innovations removed, forms a path of single innovations
of Giyy1. See case 1 in Fig. 3.3. In either case, two properties for G411 hold.

By induction, it is shown that two sequences subject to restriction (3.1.2)
uniquely determine a A;(k,r)-graph. Therefore, counting the number of
Aq(k,r)-graphs is equivalent to counting the number of pairs of characteristic
sequences.

Now, we count the number of characteristic sequences for given k and r.
We have the following lemma.

Lemma 3.5. For a given k and r (0 < r <k — 1), the number of Ay(k,r)-

graphs is
1 [(k\ (k-1
r+1\r r o)

Proof. Ignoring the restriction (3.1.2), we have (kzl) (kzl) ways to arrange
r ones in the k — 1 positions uq, - - -, ux—1 and to arrange r minus ones in the
k — 1 positions da, - - -, dg. If there is an integer 2 < £ < k such that

e b dy e dy = 1,

then define
_ {w’ if j <,

YT\ Sdjga, <<k,
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and
C?' - dj ifl<j<{¢,
7 —Uj—1, lf€<]§k
Then we have r — 1 u’s equal to one and r + 1 d’s equal to minus one. There
are (’:j) (’:j) ways to arrange r — 1 ones in the k — 1 positions iy, - - -, Gg_1,
and to arrange r + 1 minus ones in the k — 1 positions do, -+, dy.
Therefore, the number of pairs of characteristic sequences with indices k
and r satisfying the restriction (3.1.2) is

() - CoD0a) = L0000

The proof of the lemma is complete.

3.1.3 M-P Law for the 11d Case

In this section, we consider the LSD of the sample covariance matrix for the
case where the underlying variables are iid.

Theorem 3.6. Suppose that {x;;} are iid real random variables with mean
zero and variance o*. Also assume that p/n — y € (0,00). Then, with prob-
ability one, F'S tends to the M-P law, which is defined in (3.1.1).

Yin [300] considered existence of the LSD of the sequence of random matri-
ces S, T,,, where T,, is a positive definite random matrix and is independent
of S,,. When T,, =1, Yin’s result reduces to Theorem 3.6.

In this section, we shall give a proof of the following extension to the
complex random sample covariance matrix.

Theorem 3.7. Suppose that {x;;} are iid complex random variables with
variance 2. Also assume that p/n — y € (0,00). Then, with probability
one, FS tends to a limiting distribution the same as described in Theorem
3.6.

Remark 3.8. The proofs will be separated into several steps. Note that the
M-P law varies with the scale parameter o2. Therefore, in the proof we shall
assume that o2 = 1, without loss of generality.

In most work in multivariate statistics, it is assumed that the means of
the entries of X,, are zero. The centralization technique, which is Theorem
A .44, relies on the interlacing property of eigenvalues of two matrices that
differ by a rank-one matrix. One then sees that removing the common mean
of the entries of X,, does not alter the LSD of sample covariance matrices.
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Step 1. Truncation, Centralization, and Rescaling
Let C be a positive number, and define

245 = izl (|zig]| < C),

Tij = iy — E(211),

Xi = (i1, &ip),
X; = (@1,'" Tip),

. 1 e
S, = AA*Z XX*,
Z .

S, = Z~~*—1>bz*
n — _n .

Write the ESDs of S,, and S, as FS» and an, respectively. By Corollary
A .42 and the strong law of large numbers, we have

= 2 1
LY(FS,FS») < — a2
(F=, ) < np§ (=21 + 122;) an (|2ij — 245]7)

) i,j
<[ zw DS CALIERS)
T \nps=tY np 4= gl g
— 4E(|z; \I(\xw\>0)), (3.1.3)

Note that the right-hand side of (3.1.3) can be made arbitrarily small by
choosing C' large enough.
Also, by Theorem A.44, we obtain

5 3 1 o 1
|[FS" — FS»|| < "rank(EX) = . (3.1.4)
p p

Write 52 = E(|Zx]?) — 1, as C — oo. Applying Corollary A.42, we obtain

4S8, 16728, 1+5? 2
U] WD D P ) 3 ol

)

—2(1 —6%), as. (3.1.5)

Note that the right-hand side of the inequality above can be made arbitrarily
small by choosing C' large. Combining (3.1.3), (3.1.4), and (3.1.5), in the
proof of Theorem 3.7 we may assume that the variables xj; are uniformly
bounded with mean zero and variance 1. For abbreviation, in proofs given
in the next step, we still use S,,, X,, for the matrices associated with the
truncated variables.
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Step 2. Proof for the M-P Law by MCT

Now, we are able to employ the moment approach to prove Theorem 3.7. By
elementary calculus, we have

Bi(Sn) = / 2 FS (da)

1k _ _
=p n E E Liyj1 Tigg1 Ligga = " Ligjp Lirjr
{ivssin} {dr, ikt

Ry Xaag,
ij

where the summation runs over all G(i,j)-graphs as defined in Subsection
3.1.2, the indices in i = (i1,---,i) run over 1,2,--- p, and the indices in
j= (1, -, jk) run over 1,2 -+ n.

To complete the proof of the almost sure convergence of the ESD of S,,,
we need only show the following two assertions:

(ﬁk( kZE xG(l_]

z<><>

and
Var (8 (Sx))
= p_Zn_Qk Z [E(l‘Gl(il;jl)xG2(i2;j2) - E(mGl(ile))E(l‘G2(i2;j2)))}
i1,j1,i2,j2
=0(n?%), (3.1.7)

where y,, = p/n, and the graphs G and G5 are defined by (i1, j1) and (i2, j2),
respectively.

The proof of (3.1.6). On the left-hand side of (3.1.6), two terms are equal
if their corresponding graphs are isomorphic. Therefore, by Lemma 3.2, we
may rewrite

E(Bk(Sn)) = Y “(p=r)n(n=1) - (n—s+1)E(Xa@,rs),
A(k,r,s)

(3.1.8)
where the summation is taken over canonical A(k,r,s)-graphs. Now, split
the sum in (3.1.8) into three parts according to A;(k,r) and A;(k,r,s),
j = 2,3. Since the graph in As(k,r, s) contains at least one single edge, the
corresponding expectation is zero. That is,
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So=p ' D" plp=1)-- (p—r)n(n—1)-- (n—s+1E(X a,(kirs)) = 0.
Ao (k,r,s)

By Lemma 3.3, for a graph of As(k,r,s), we have r + s < k. Since the
variable A (x,r,s) is bounded by (2C/5)?*, we conclude that

Ss=p'nF > pp—1)-(p—rn(n—1)--(n—s+ DE(Xagkrs)
As(k,r,s)

=0(n1).

Now let us evaluate Sy. For a graph in A;(k,r) (with s = k —r), each pair
of coincident edges consists of a down edge and an up edge; say, the edge
(ia,Ja) must coincide with the edge (jq,7,). This pair of coincident edges
corresponds to the expectation E(|X;, ;,|?) = 1. Therefore, E(X A, (1)) = 1.
By Lemma 3.4,

Si=p 't Y plp 1) (p—r)nln—1) - (n— s+ DE(Xa, k)
Ay (k)

£
= Bk +o(1),

where y,, = p/n — y € (0,00). The proof of (3.1.6) is complete.
The proof of (3.1.7). Recall

Var (3 (Sn))
= p_2n_2k Z XG1(11;J1 XGz(lz,Jz)) - E(XGl(il,jl))E(XGz(iz,jz))]'

Similar to the proof of Theorem 2.5, if G; has no edges coincident with
edges of G5 or G = G; U G2 has an overall single edge, then

E(Xe, (1,50 X Gain.d2) — E(XG, (11,51) ) E(XGa(12.42) =0

by independence between X, and Xg,.

Similar to the arguments in Subsection 2.1.3, one may show that the num-
ber of noncoincident vertices of G is not more than 2k. By the fact that the
terms are bounded, we conclude that assertion (3.1.7) holds and consequently
conclude the proof of Theorem 3.7.

Remark 3.9. The existence of the second moment of the entries is obviously

necessary and sufficient for the Marcenko-Pastur law since the limiting dis-

tribution involves the parameter o2.
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3.2 Generalization to the Non-iid Case

Sometimes it is of practical interest to consider the case where the entries
of X,, depend on n and for each n they are independent but not necessarily
identically distributed. As in Section 2.2, we shall briefly present a proof of
the following theorem.

Theorem 3.10. Suppose that, for each n, the entries of X are independent
complex variables with a common mean j and variance o?. Assume that
p/n—y € (0,00) and that, for any n >0,

ZE 2 21|25 > ny/n)) — (3.2.1)

n2np

Then, with probability one, FS tends to the Maréenko-Pastur law with ratio
index y and scale index o2.

Proof. We shall only give an outline of the proof of this theorem. The details
are left to the reader. Without loss of generality, we assume that y = 0 and
0% = 1. Similar to what we did in the proof of Theorem 2.9, we may select
a sequence 7, | 0 such that condition (3.2.1) holds true when 7 is replaced
by 7,. In the following, once condition (3.2.1) is used, we always mean this
condition with 7 replaced by 7,,.

Applying Theorem A.44 and the Bernstein inequality, by condition (3.2.1),
we may truncate the variables x( at n,4/n. Then, applying Corollary A.42,
by condition (3.2.1), we may recentrahze and rescale the truncated variables.
Thus, in the rest of the proof, we shall drop the superscript (n) from the
variables for brevity. We further assume that

1) [zij] < mav/n,
2) E(z;;) =0 and Var(z;;) = 1. (3.2.2)

By arguments to those in the proof of Theorem 2.9, one can show the

following two assertions:
k-1
yr k—1
= () e (3.2.3)
r=0 r+1 r

E [5(Sn) = E (Bk(Sn))|" = o(n?). (32.4)
The proof of Theorem 3.10 is then complete.

and
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3.3 Proof of Theorem 3.10 by the Stieltjes Transform

As an illustration applying Stieltjes transforms to sample covariance matrices,
we give a proof of Theorem 3.10 in this section. Using the same approach of
truncating, centralizing, and rescaling as we did in the last section, we may
assume the additional conditions given in (3.2.2).

3.3.1 Stieltjes Transform of the M-P Law

Let 2 = u+4v with v > 0 and s(z) be the Stieltjes transform of the M-P law.

Lemma 3.11.

o?2(1—y) — z+ /(2 — 02 — yo?)? — dyo*
s(z) = \/2y202 . (3.3.1)

Proof. When y < 1, we have
b
1 1
@=L V),

where a = 0%(1 — /y)? and b = o*(1 + /). ‘
Letting © = 02(1 +y + 2,/ycosw) and then setting ( = ", we have

™9 1 L
s(z) = sin” wdw
(2) /0 T (1+y+2/ycosw)(o?(l +y+2,/ycosw) — z)

1 /2“ (e —e™™)/2i)? o
mJo (L4+y+yle™ +e ™)) (0?(1+y+ Jyle™ +e ™)) - 2)
Ly (s "
dim Ji=1 CA+y+ y(C+ (@1 +y + y(C+¢71) — 2)
_ 1 % (¢ =1 i
i Jic=1 C(L+y)¢ + y(2 +1)(02(1 + y)¢ + yo? (2 + 1) —2()
(3.3.2)

The integrand function has five simple poles at

¢ = ~(1+y)+01-y)
2,/y ’
G = -1+y)-(1-y)
2./y '
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—*(1+y) + 2+ /o' (1 —y)? = 20%(1 +y)z + 22

C3 = 2 2 )
o*\y

—2(1+y) + 2 — Jod(1 —y)2 — 202(1 + y)z + 22

202, /y

By elementary calculation, we find that the residues at these five poles are

G =

y;, :Flyzy and =+ leyz Vot(l—y)?2 —202(1 +y)z + 22
Noting that (3¢4 = 1 and recalling the definition for the square root of
complex numbers, we know that both the real part and imaginary part of
Vo2 (1 —y)? = 202(1 +y)z + 22 and —o?(1 +y) + 2 have the same signs and
hence [(3] > 1, |G4| < 1. Also, |(1] = |—/y| <1and [(2] =|—1/y/y| > 1. By
Cauchy integration, we obtain

1/ 1 1 1—y
s(z) = — <y02 = o2y, Vot(l —y)?2 = 202(1 + y)z + 22 — ” >
021 —y) — 2+ /(2 — 02 — yo?)? — 4yo*

2yz02

This proves equation (3.3.1) when y < 1.

When y > 1, since the M-P law has also a point mass 1 — 1/y at zero, s(z)
equals the integral above plus —(y — 1)/yz. In this case, |(3| = | — /y| > 1
and |G| = | —1/y/y| < 1, and thus the residue at (4 should be counted into
the integral. Finally, one finds that equation (3.3.1) still holds. When y = 1,
the equation is still true by continuity in y.

3.3.2 Proof of Theorem 3.10

Let the Stieltjes transform of the ESD of S,, be denoted by s, (z). Define

1
sn(z) = ptr(Sn — 2Lt

As in Section 2.3, we shall complete the proof by the following three steps:

(i) For any fixed z € C*, s,,(2) — Esp(2) — 0, a.s.
(i) For any fixed z € C*, Es,,(z) — s(z), the Stieltjes transform of the M-P
law.
(iii) Except for a null set, s,(z) — s(z) for every z € C™.

Similar to Section 2.3, the last step is implied by the first two steps and thus
its proof is omitted. We now proceed with the first two steps.
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Step 1. Almost sure convergence of the random part

Sn(z) —Esu(2) — 0, as. (3.3.3)
Let Ej(-) denote the conditional expectation given {xj1, -, Xy }. Then, by
the formula A-lag A-l
Atap)t=at_" % 3.3.4
(A+ap) e pAia (3:3.4
we obtain
$n(z) — Esp(2z Z [Erptr(S, — ZIp)il — Ep_1tr(S, — zIp)*l]
k_

n

Z

where, by Theorem A.5,

Yk = (Ek — Ek_l)[tr(Sn — ZIp)_l — tr(Snk — ZIP)_l}
XZ(Snk — ZIP)_QXk

= —|Er — Eji_
[ k k 1}1-‘v-XZ(Snk—ZIp)71Xk

and S, = S, — x;Xj,. Note that

X;;(Snk — ZIp)_ZXk
14+ x5 (Sne — 21,) 7 1xp
- x5 ((Spk — qu)2 + szp)*lxk _ 1
S+ x5 (Spr — 2I,) " 1xp) v

Noticing that {y;} forms a sequence of bounded martingale differences, by
Lemma 2.12 with p = 4, we obtain

2
K, -
Elsn(z) — Esn(2)|* < P E (Z ’Yk|2>
k=1

4K4n2
4

—0(n™2),

vip

which, together with the Borel-Cantelli lemma, implies (3.3.3). The proof is
complete.

Step 2. Mean convergence
We will show that
Esp(2) — s(2), (3.3.5)

where s(z) is defined in (3.3.1) with 0% = 1.
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By Theorem A.4, we have
1 1
sn(z) = ) >, (3.3.6)

1 / 1 _ ’
= ooy — 2=, o) X5 (- Xp Xy — 21, 1) 1 Xy

where X, is the matrix obtained from X with the k-th row removed and a,
(n x 1) is the k-th row of X.

Set
1 1 1 !
eL = na;cak —1- 2 o, X5 (nXkXZ - zIp_1> Xeag + yn + ynzEsn(2),
(3.3.7)
where y,, = p/n. Then, by (3.3.6), we have
1
Esn(z) + On, (3.3.8)

T Yn — YnzEs,(2)

where

_ 1 el
on = P ’;E ((1 — 2= Yn — YnzEsn(2))(1 — 2 — yp, — YnzEs,(2) +€k)> .
(3.3.9)

Solving Es,,(z) from equation (3.3.8), we get two solutions:

= 2% z(l — 2 — Yn + Yn20n + \/(1 — 2 = Yn — Yn20pn)? — 4y, 2),

=9y Z(l — 2= Yo+ Yn20n — V(1 = 2 — Yo — Yn200)2 — 4yn2).

Comparing this with (3.3.1), it suffices to show that
Esp(z) = s1(2) (3.3.10)

and
6, — 0. (3.3.11)

We show (3.3.10) first. Making v — oo, we know that Es,(z) — 0 and
hence ¢,, — 0 by (3.3.8). This shows that Es,(z) = s1(z) for all z with large
imaginary part. If (3.3.10) is not true for all z € CT, then by the continuity
of s1 and sg, there exists a zg € CT such that s1(z0) = s2(20), which implies
that

Thus,
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1_Z - n+ n< 6n
Esn(z0) = s1(20) = 0 23 zoy 0%n

Substituting the solution §,, of equation (3.3.8) into the identity above, we
obtain

1—20—yn 1

Es, = .
n(z0) Yn?20 Yn + 20 — 1 + yn2z0Esn,(20)

(3.3.12)

Noting that for any Stieltjes transform s(z) of probability F' defined on R™
and positive y, we have

S(y+ 2 — 1+ y2s(2)) :g<z—l+/ooo yidfix)>

— v <1+/OOo ( yadF (z) ) >0. (3.3.13)

x—u)? 4 v?

In view of this, it follows that the imaginary part of the second term in (3.3.12)
is negative. If y,, < 1, it can be easily seen that (1 — 20 — yn)/(ynz0) < 0.
Then we conclude that SEs,, (z9) < 0, which is impossible since the imaginary
part of the Stieltjes transform should be positive. This contradiction leads to
the truth of (3.3.10) for the case y,, < 1.

For the general case, we can prove it in the following way. In view of
(3.3.12) and (3.3.13), we should have

Yn + 20 — 1L + yn2z0Esn(20) = v/Yn 2o (3.3.14)

Now, let s,,(z) be the Stieltjes transform of the matrix ' X*X. Noting that
!X*X and S, = | XX* have the same set of nonzero eigenvalues, we have
the relation between s,, and s,, given by

su(2) = b5 (2) =

Note that the equation above is true regardless of whether y,, > 1 or y,, < 1.
From this we have

Yn — L+ ynz0Esn(20) = 20Es,,(20).
Substituting this into (3.3.14), we obtain

1+ Es,(20) = Vy/+/ 20,

which leads to a contradiction that the imaginary part of LHS is positive and
that of the RHS is negative. Then, (3.3.10) is proved.
Now, let us consider the proof of (3.3.11). Rewrite
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On = —Zl) i <(1 L ynEjanEsn(Z))2>

k=1

1 <& g2
+ E k )
P kZ::l ((1 — 2= Yn — YnzE8n(2))2(1 — 2 — yn — ynzEsn(2) + k)
=Ji + Jo.

At first, by assumptions given in (3.2.2), we note that

1 1 -t
|Eex| = |_n2 EtrX; (nXkXZ - zIp_1> Xk + yn + ynzEs,(2)

1 1 1
= |— Etr( Xp X5 — zIp_1> X X5+ yn + ynzEsn(2)
n n n

<

1 -1
tr < X X5 — zIp_1> — 5,(2)
n

<Ly Bl g, (3.3.15)

which implies that J; — 0.
Now we prove Jo — 0. Since

S(1—2—yn — ynzEsp(2) +er)

—1
]' / ]‘ / * ]' *
(nakak —z— 2 o, X7 (nXka — zIp1> Xkak>

&

1
1 1 2
=—v |1+ 2 Oé;CXZ l(nxkx,’: — qu_1> + U2Ip_1] Xray | < —wv,

combining this with (3.3.13), we obtain

1 p
ol <D Blewl®
p k=1

— o DolElex — (o) + BfBes — Bl + (E(0)),
k=1

where E() denotes the conditional expectation given {a;,j =1,....,k—1,k+
1,...,p}. In the estimation of J;, we have proved that

1
E(ex)] <~ + v
n nuv

Write A = (a;;) =L, — } Xj(} XX} — 2I,_1) ' Xj. Then, we have
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. 1 [
ex — Eey, = " Zaii(\l’kiF -1+ ;aiﬂfkiim‘
- oy

By elementary calculation, we have

E5k|2

E
1
= (Z |aii*(Blawi* — 1) + ) _llay *Eler] *Elzyg | + af Eaf,Eaf)
+

i#]
1
Sng Za”| nn +22|aij‘2
i=1 i#]
2
1
< 2T e

nv

Here, we have used the fact that |a;;| < v™1
Using the martingale decomposition method in the proof of (3.3.3), we can
show that

E‘E&Zk —]'__‘)E-Zk‘2
2 -1 —1
1 2
|Z| y E‘t < XX} — 21, 1) —Etr( kaz—zlp_1> ‘
n

IZIZy2

<
n?

— 0.

Combining the three estimations above , we have completed the proof of the
mean convergence of the Stieltjes transform of the ESD of S,,.

Consequently, Theorem 3.10 is proved by the method of Stieltjes trans-
forms.



Chapter 4
Product of Two Random Matrices

In this chapter, we shall consider the LSD of a product of two random ma-
trices, one of them a sample covariance matrix and the other an arbitrary
Hermitian matrix. This topic is related to two areas: The first is the study of
the LSD of a multivariate F-matrix that is a product of a sample covariance
matrix and the inverse of another sample covariance matrix, independent of
each other. Multivariate F' plays an important role in multivariate data anal-
ysis, such as two-sample tests, MANOVA (multivariate analysis of variance),
and multivariate linear regression. The second is the investigation of the LSD
of a sample covariance matrix when the population covariance matrix is ar-
bitrary. The sample covariance matrix under a general setup is, as mentioned
in Chapter 3, fundamental in multivariate analysis.

Pioneering work was done by Wachter [290], who considered the limiting
distribution of the solutions to the equation

det(Xl,m ll,nl — )\Xg)nz /2,n2) = 0, (401)

where X . is a p x n; matrix whose entries are iid N(0,1) and Xj p,
is independent of X3 ,,. When Xy ,,X5,, is of full rank, the solutions
to (4.0.1) are ng/ny times the eigenvalues of the multivariate F-matrix
(nll Xl,nl ll,nl )(nl2 X27n2 /2,n2)_1'

Yin and Krishnaiah [304] established the existence of the LSD of the ma-
trix sequence {S,, Ty}, where S,, is a standard Wishart matrix of dimension
p and degrees of freedom n with p/n — y € (0,00), T,, is a positive definite
matrix satisfying [i(T,) — Hg, and the sequence Hj, satisfies the Carle-
man condition (see (B.1.4)). In Yin [300], this result was generalized to the
case where the sample covariance matrix is formed based on iid real random
variables of mean zero and variance one. Using the result of Yin and Ki-
ishnaiah [304], Yin, Bai, and Krishnaiah [302] showed the existence of the
LSD of the multivariate F-matrix. The explicit form of the LSD of multivari-
ate F-matrices was derived in Bai, Yin, and Krishnaiah [40] and Silverstein

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 59
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 4,
© Springer Science+Business Media, LLC 2010
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[256]. Under the same structure, Bai, Yin, and Krishnaiah [41] established
the existence of the LSD when the underlying distribution of S,, is isotropic.

Some further extensions were done in Silverstein [256] and Silverstein and
Bai [266]. In this chapter, we shall introduce some recent developments in
this direction.

Bai and Yin [39] considered the upper limit of the spectral moments of
a power of X,, (i.e., the limits of ﬁg((\}nxn)k(\}HX’n)k), where X,, is of
order n x n) when investigating the limiting behavior of solutions to a large
system of linear equations. Based on this result, it is proved that the upper
limit of the spectral radius of \/1” X, is not larger than 1. The same result was
obtained in Geman [117] at almost the same time but by different approaches
and assuming stronger conditions.

4.1 Main Results

Here we present the following results.

Theorem 4.1. Suppose that the entries of X,, (p X n) are independent com-
plex random variables satisfying (3.2.1), that T, is a sequence of Hermitian
matrices independent of X,,, and that the ESD of T, tends to a nonrandom
limit FT in some sense (in probability or a.s.). If p/n — y € (0,00), then
the ESD of the product S,,'T,, tends to a nonrandom limit in probability or
almost surely (accordingly), where S, = ! X, X}

Remark 4.2. Note that the eigenvalues of the product matrix S, T, are all
real, although it is not symmetric, because the whole set of eigenvalues is the

same as that of the symmetric matrix Si/ 2Tn83/ 2,

This theorem contains Yin’s result as a special case. In Yin [300], the
entries of X are assumed to be real and iid with mean zero and variance one
and the matrix T, real and positive definite and satisfying, for each fixed k,

1
tr(T*) — Hy  (in probability or a.s.) (4.1.1)
p

while the constant sequence { Hy} satisfies the Carleman condition.

In Silverstein [256], Theorem 4.1 was established under the additional
condition that T,, is nonnegative definte.

In Silverstein and Bai [266], the following theorem is proved.

Theorem 4.3. Suppose that the entries of X,, (n X p) are complex random
variables that are independent for each n and identically distributed for all n
and satisfy E(|z11 — E(z11)|?) = 1. Also, assume that T, = diag(ry,...,7p),
T; is real, and the empirical distribution function of {Ti,...,7,} converges
almost surely to a probability distribution function H as n — oco. The entries
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of both X,, and T,, may depend on n, which is suppressed for brevity. Set
B,=A,+ }LXnTnXZ, where A,, is Hermitian, n x n satisfying 4 — FA
almost surely, where F4 is a distribution function (possibly defective) on the
real line. Assume also that X,,, Ty, and A,, are independent. When p = p(n)
with p/n — y > 0 as n — oo, then, almost surely, FB», the ESD of the
eigenvalues of By, converges vaguely, as n — oo, to a (nonrandom) d.f. F,
where for any z € CT = {z € C: Sz > 0}, its Stieltjes transform s = s(z) is
the unique solution in C* to the equation

s:sA<z—y/Tldf(;)>’ (4.1.2)

where s 4 is the Stieltjes transform of F4.

Remark 4.4. Note that Theorem 4.3 is more general than Yin’s result in the
sense that there is no requirement on the moment convergence of the ESD of
T,, as well as no requirement on the positive definiteness of the matrix T,,.
Also, it allows a perturbation matrix A,, involved in }LX;Tan. However, it
is more restrictive than Yin’s result in the sense that it requires the matrix
T,, to be diagonal. Weak convergence of (4.1.2) was established in Marcenko
and Pastur [201] under higher moment conditions than assumed in Theorem
4.1 but with mild dependence between the entries of X,,.

The proof of Theorem 4.3 uses the Stieltjes transform that will be given
in Section 4.5.

4.2 Some Graph Theory and Combinatorial Results

In using the moment approach to establish the existence of the LSD of prod-
ucts of random matrices, we need some combinatorial results related to graph
theory.

For a pair of vectors i = (i1, --,i2,) (1 < ip < p, £ < 2k) and
j=Ugk) 1< ju <n, u < k), construct a graph Q(i,j) in the
following way. Draw two parallel lines, referred to as the I-line and J-line,
Plot 41, - - -, i on the I-line and j1, - - -, jr on the J-line, called the I-vertices
and J-vertices, respectively. Draw k down edges from iss—1 to jg, k up edges
from j; to ige, and k horizontal edges from ig to i2¢41 (with the convention
that iox+1 = 41). An example of a Q-graph is shown in Fig. 4.1.

Definition. The graph Q(i,j) defined above is called a @Q-graph; i.e., its
vertex set V = V;+V}, where V; is the set of distinct numbers of i1, - - -, 725 and
Vj are the distinct numbers of ji,-- -, jx. The edge set £ = {ear, eue, ene, £ =
1,---,k}, and the function F' is defined by F(eqs) = (iz2e—1,7¢), F(ewr) =
(Je,12¢), and F'(ene) = (i2s,i2041)-



62 4 Product of Two Random Matrices

Fig. 4.1 A Q-graph with k = 6.

Definition. Let @Q = (V, E, F') be a @Q-graph. The subgraph of all I-vertices
and all horizontal edges of @ is called the roof of @) and is denoted by H(Q).
Let r equal 1 less than the number of connected components of H(Q).

Definition. Let Q = (V, E, F) be a Q-graph. The M-minor or the pillar
of @ is defined as the minor of @) by contracting all horizontal edges, which
means all horizontal edges are removed from @ and all I-vertices connected
through horizontal edges are glued together.

Note that a pillar is a A-graph. Note that the number of noncoincident I-
vertices of the pillar is 147, the same as the number of connected components
of the roof of Q). Also, we denote the number of noncoincident .J-vertices by
s.

We denote the M-minor or the pillar of @ by M(Q). If two Q-graphs
have isomorphic pillars, then the number of horizontal edges in corresponding
connected components of their roofs is equal.

For a given Q-graph @, glue all coincident vertical edges; namely, we regard
all vertical edges with a common [-vertex and J-vertex as one edge. But
coincident horizontal edges are still considered different edges. Then, we get
an undirectional connected graph of k horizontal edges and m vertical edges.
We shall call the resulting graph the base of the graph @ and denote it by

B(Q).

Definition. For a vertical edge e of B(Q), the number of up (down) vertical
edges of @ coincident with e is called the up (down) multiplicity of e. The
up (down) multiplicity of the ¢-th vertical edge of B(Q) is denoted by ps(ve).

We classify the Q-graphs into three categories. Category 1 (denoted by
(1) contains all Q-graphs that have no single vertical edges and whose pillar
M(Q) is a Aj-graph. For the definition of A;-graphs, see Subsection 3.1.2.
From the definition, one can see that, for a QQ1-graph, each down edge must
coincide with one and only one up edge and there are k noncoincident vertical
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edges. That implies that for each noncoincident vertical edge ey of a Q1-graph
@, the multiplicities are p, = vy = 1.

Category 2 (Q2) contains all graphs that have at least one single vertical
edge.

Category 3 (Q3) contains all other Q(k,n) graphs.

In later applications, one will see that a ()o-graph corresponds to a zero
term and hence needs no further consideration. Let us look further into the

graphs of @1 and @s.

Lemma 4.5. If Q € Qs, then the degree of each vertex of H(Q) is not less
than 2. Denote the coincidence multiplicities of the {-th noncoincident vertical
edge by e and vp, £ =1,2,--- m, where m is the number of noncoincident
vertical edges. Then either there is a pg + vy > 3 with r +s < m < k or all
e+ ve=2withr+s<m=k.

If Q € Q1, then the degree of each vertex of H(Q) is even. In this case,
foralll, pp=ve=1andr+s==%k.

Proof. Note that each I-vertex of () must connect with a vertical edge and
a horizontal edge. Therefore, if there is a vertex of H(Q) having degree one,
then this vertex connects with only one vertical edge, which is then single.
This indicates that the graph @ belongs to Q2. Since the graph @ is con-
nected, there are at least r + s noncoincident vertical edges to make the
graph of 7+ 1 disjoint components of H(Q) and s J-vertices connected. This
shows that r + s < m. It is trivial to see that m < k because there are in
total 2k vertical edges and there are no single edges. If, for all ¢, u; + vy = 2,
then m = k. If r + s = k, then the minor M (Q) is a tree of noncoincident
edges, which implies that @ is a @-graph and puy; = vy, = 1. This violates
the assumption that @ is a Q3-graph. This proves the first conclusion of the
lemma.

Note that each down edge of a @)1-graph coincides with one and only one
up edge. Thus, for each Qq-graph, the degree of each vertex of H(Q) is just
twice the number of noncoincident vertical edges of @ connecting with this
vertex. Since M(Q) € Ay, for all £, uy = 2 and r + s = k. The proof of the
lemma is complete.

As proved in Subsection 3.1.2, for Aj-graphs, s +r = k. We now begin to
count the number of various A;-graphs. Because each edge has multiplicity
2, the degree of an I-vertex (the number of edges connecting to this vertex)
must be an even number.

Lemma 4.6. There are ol

sligl -l
isomorphic classes of Aj-graphs that have s J-vertices, r +1 = k — s+ 1
I-vertices with degrees (the number of vertical edges connecting this I-vertex)
20, 0 =1,---,7+1, where iy, = #{l, ¢ = b} denotes the number of I-vertices
of degree 2b satisfying iy + -+ +is =7+ 1 and iy + 2i5 + - - - + sis = k.
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Proof. Because t1 + -+ + 41 = k, we have
iW+--+ip=r+1 and i1+ 2o+ -+ ki =k.

For the canonical Aj-graph, the noncoincident edges form a tree. Therefore,
there is at most one noncoincident vertical edge directly connecting to a
given I-vertex and a given J-vertex; that is to say, an I-vertex of degree
2b must connect with b different J-vertices. Therefore, b < s. Consequently,
the integer b such that i, # 0 is not larger than s, so we can rewrite the
constraints above as

21++Zs:r+l and Z]+222++S'Ls:k

Since the canonical Aj-graph has r+1 [-vertices with degrees 2¢1,- -+, 2011,
we can construct a characteristic sequence of integers while the graph is being
formed. After drawing each up edge, place a 1 in the sequence. After drawing
a down edge from the ¢-th I-vertex, if this vertex is never visited again, then
put —¢¢ in the sequence. Otherwise, put nothing and go to the next up edge.
We make the following convention: after drawing the last up edge, put a one
and a —¢1. Then, we get a sequence of k£ ones and r + 1 negative numbers
{=t2, -+, —tr41,—t1}. Then we obtain a sequence that consists of negative
integers {—u2, -+, —try1, —t1} separated by k 1’s, and its partial sums are all
nonnegative (note the total sum is 0). As an example, for the graph given in
Fig. 4.2, the characteristic sequence is

1,1,1,1,-3,1,-2,1, —1.

Conversely, suppose that we are given a characteristic sequence of k ones
and r+ 1 negative numbers for which all partial sums are nonnegative and the
total sum is zero. We show that there is one and only one canonical A;-graph
having this sequence as its characteristic sequence.

In a canonical Aj-graph, each down edge must be an innovation except
those that complete the preassigned degrees of its I-vertex (see esq,egq in
Fig. 4.2). Also, all up edges must coincide with the down innovation just
prior to it (see edges €3y, €4y, €54, and eg, in Fig. 4.2), except those that lead
to a new [-vertex; i.e., an up innovation. Therefore, if we can determine the
up innovations and the down T3 edges by the given characteristic sequence,
then the Aj-graph is uniquely determined.

We shall prove the conclusion by induction on 7. If » = 0 (that is, the
characteristic sequence consists of k£ 1’s and ends with —k), it is obvious that
there is only one I-vertex, which is 1. Then, all down edges are innovations
and all up edges are T3 edges. That is, each up edge coincides with the
previous (down) edge. This proves that, if » = 0, the A;-graph is uniquely
determined by the characteristic sequence.

Now, suppose that » > 1 and the first negative number is —aq, before
which there are p; 1’s. By the condition of nonnegative partial sums, we have
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Fig. 4.2 An example of a characteristic sequence.

p1 > ap. By the definition of characteristic sequences, the p; + 1-st down
edge must coincide with an up innovation leading to its end (I-)vertex. By
the property of a Aj-graph, once the path leaves from an I-vertex through a
T3, the path can never revisit this I-vertex. Therefore, in between this pair
of coincident edges, there should be a; — 1 down innovations and a; — 1 up
T3 edges that are coincident with the previous innovations. This shows that
the p; — a1 + 1-st up edge is the up innovation that leads to this I-vertex.

As an example, consider the characteristic sequence defined by Fig. 4.2.
a1 = 3 and p; = 4, by our arguments, the second up edge is an up innovation
that leads to the [-vertex i3 = i4 = i5, and the third and fourth up edges are
T3 edges.

Now, remove the negative number —a; and a; 1’s before it from the char-
acteristic sequence. The remainder is still a characteristic sequence with k—aq
ones and r negative numbers. By induction, the positions of up innovations
and T35 up edges can be uniquely determined by the sequence of k —a; 1’s
and r negative numbers. That is, there is a A;-graph of k — a; down edges,
and k — aq up edges, and having the remainder sequence as its characteristic
sequence. As for the sequence

]-v ]-7 ]-v ]-7 _37 ]-v _27 ]-7 _]-7

the remainder sequence is
1,1,-2,1,—1.

The A;-graph constructed from the remainder sequence is shown in Fig. 4.3.
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Fig. 4.3 Subgraph corresponding to a shortened sequence.

Then we cut off the graph at the J-vertex between the p; — a; + 1-st
down edge and the p1; —aq + 1-st up edge. Then insert an up innovation from
this J-vertex, draw a; — 1 down innovations and 73 up edges coincident with
their previous edges, and finally return to the path through a down T3 edge
by connecting the p; — a; + 1-st up edge of the original graph. Then, it is
easy to show that the new graph has the given sequence as its characteristic
sequence.

Now, we are in a position to count the number of isomorphism classes of
Aj-graphs with r + 1 I-vertices of degrees 2¢q, -+, 2,41, which is the same
as the number of characteristic sequences. Place the 7 + 1 negative numbers
into the k places after the k 1’s. We get a sequence of k 1’s and r + 1 negative
numbers. We need to exclude all sequences that do not satisfy the condition
of nonnegative partial sums. Ignoring the requirement of nonnegative partial

sums, to arrange {—t2, -+, —tr41, —1} into k places after the k 1’s is equiva-
lent to dropping & —1’s into k boxes so that the number of nonempty boxes is
{t2,+*,trt1,t1}. Since i is the number of b’s in the set {¢1,- -, tr41} and the

number of empty boxes is s — 1, the total number of possible arrangements

is
k!

il igl(s — 1)

Add a1 behind the end of the sequence and make the sequence into a circle by
connecting its two ends. Then, to complete the proof of the lemma, we need
only show that in every s such sequences corresponding to a common circle
there is one and only one sequence satisfying the condition that its partial
sums be nonnegative. Note that in the circle there are k4 1 ones and r + 1
negative numbers separated by the ones. Therefore, there are s gaps between
consecutive 1’s. Cut off the cycle at these gaps. We get s different sequences
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led and ended by 1’s. We show that there is one and only one sequence
among the s sequences that has all nonnegative partial sums. Suppose we
have a sequence

A1y A2, 5 Qt—1, Aty Qt41, " Afr 42

for which all partial sums are nonnegative. Obviously, a1 = ax4,+2 = 1. Also,
we assume that a; = ary1 = 1, which gives a pair of consecutive 1’s. Cut the
sequence off between a; and a;y1 and construct a new sequence

Q41,5 Qk4r+2, A1, A2, Ag—1, At
. 1 t . .
Since Zz;H a; =0and ), ;a; > 1, the partial sum is
Qg1+ F gy < —1

This shows that corresponding to each circle of k+1 ones and the r+1 negative
numbers {—¢y1, -+, —tr41} there is at most one sequence whose partial sums
are nonnegative.

The final job to conclude the proof of the lemma is to show that for any
sequence of k + 1 ones and the r + 1 negative numbers summing up to —k
where the two ends of the sequence are ones, there exists one sequence of the
cut-off circle with nonnegative partial sums. Suppose that we are given the
sequence

ar(=1), as, -+, ar—1, s, Q1,5 Appr2(= 1),

where t is the largest integer such that the partial sum a1 + a2 + -+ 4+ a¢—1
is the minimum among all partial sums. By the definition of ¢, we conclude
that a; = a;11 = 1. Then, the sequence

At41y "y Qk4r42, A1, A2, -, A1, Q¢

satisfies the property that all partial sums be nonnegative. In fact, for any
m < k—t+r+ 2, we have

a1+t apm = (@1 4+ @) — (@1 + -+ a) 20,
and for any k —t+7r+2 <m < k+r + 2, we have

a1+ apgm = (@14 -+ Q) — (a1 + 0+ ar)
:1+(a1+"'+at+m7k,7‘,2)—((l1+"'+at)20.

The proof of the lemma is complete.
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4.3 Proof of Theorem 4.1

Again, the proof will rely on the MCT, preceded by truncation and renor-
malization of the entries of X,,. Additional steps will be taken to reduce the
assumption on T,, to be nonrandom and to truncate its ESD.

4.3.1 Truncation of the ESD of T,

For brevity, we shall suppress the superscript n from the z-variables.

Step 1. Reducing to the case where T, ’s are nonrandom
If the ESD of T,, converges to a limit F'7" almost surely, we may consider
the LSD of S,,T,, conditioned on all T,, as given and hence may assume that
T,, is nonrandom. Then the final result follows by Fubini’s theorem. If the
convergence is in probability, then we may use the subsequence method or
use the strong representation theorem (see Skorohod [270] or Dudley [96]).!
The strong representation theorem says that there is a probability space on
which we can define a sequence of random matrices (X,,, T;,) such that, for
cach n, the joint distribution of (X,,, T, ) is identical to that of (X,, T,) and
the ESD of T, converges to F'7 almost surely. Therefore, to prove Theorem
4.1, it suffices to show it for the case of a.s. convergence.

Now, suppose that T,, are nonrandom and that the ESD of T,, converges
to F'T.

Step 2. Truncation of the ESD of T,

Suppose that the spectral decomposition of T, is Zle Ainu;u;. Define a
matrix T,, = > S\inuiuf, where i, = \i, or zero in accordance with
whether |\;,| < 70 or not, where 7y is prechosen to be constant such that
both £7y are continuity points of F7. Then, the ESD of T, converges to the
limit

Fr., (x) = /m I[—To,‘ro] (u)FT(du) + (FT(_TO) +1— FT(To))I[o,oo) (x),

— 00

and (4.1.1) is true for T,, with Hy, = |,

l2|<o 2FdFT (z).
Applying Theorem A.43, we obtain

L In an unpublished work by Bai et al [19], Skorohod’s result was generalized to: Suppose
that py s a probability measure defined on a Polish space (i.e., a complete and separable
metric space) Sn and @y is a measurable mapping from Sy to another Polish space Sp.
If ungoﬁl tends to po weakly, where po is a probability measure defined on the space
So, then there exists a probability space (2, F,P) on which we have random mappings
Xn @ 2+ Sn, such that pp is the distribution of Xy and ¢n(Xn) — Xo almost surely.
Skorohod’s result is the special case where all S,, are identical to Sy and all ¢y, (z) = z.
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1 -
< “rank(T, — T,) — FT (=) +1— FT (1) (4.3.1)

HanTn _ FSaTa
p

as n — oo. Note that the right-hand side of the inequality above can be made
arbitrarily small if 7y is large enough.
We claim that Theorem 4.1 follows if we can prove that, with probability

1, FSTn converge to a nondegenerate distribution F;, for each fixed 5. We
shall prove this assertion by the following two lemmas.

Lemma 4.7. If the distribution family {anil} is tight for every to > 0,
then so is the distribution family {FS~Tn}.

Proof. Since FT» — FT for each fixed ¢ € (0,1), we can select a 79 > 0
such that, for all n, FT»(—79) + 1 — FTn(75) < £/3. On the other hand, we

can select M > 0 such that, for all n, FSrTr(=M) 41 — FS»Tn(M) < /3
because {FS»Tn} is tight. Thus, we have

FSnTn (M) _ FSnTn(_M)
> FST (M) — FS T (M) — 2| FS»Tn — FS:To |
>1—¢/3—2(FT (—m)+1—FT () >1—e.

This proves that the family of {FS»Tn} is tight.

Lemma 4.8. If Fs"il — F., a.s., for each 19 > 0, then

FSTn L F as.,

)

for some distribution F.

Proof. Since the convergence of FS»Tr» — F a.s. implies the tightness of the
distribution family { FS»T»1 by Lemma 4.7, the distribution family { FS»T=}
is also tight. Therefore, for any subsequence of { FS»T=} there is a convergent
subsequence of the previous subsequence of { FS»T» 1. Therefore, to complete
the proof of Theorem 4.1, we need only show that the sequence { FS» T} has
a unique subsequence limit.

Suppose that F(1) and F®) are two limiting distributions of two convergent
subsequences of {FS»Tn}. Suppose that z is a common continuity point of
FO F®) and Fy, for all rational 75. Then, for any fixed ¢ > 0, we can
select a rational 79 such that FTn(—7) +1 — FTn(75) < €/5 for all n. Since

FS2Tn — F_ there exists an ng, such that for all ny, ny > ng, |FSmTn (2)—

FSn2Tns (z)| < /5. Also, we can select ny,na > ng such that |F)(z) —
FSm T (1)) < e/5, j = 1,2. Thus,

[FV(2) — FO) ()]
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F‘ an»ln» FSn.In. FSn.In.
H (])( ) J ]( )| || J J 7 J ||}
1

2
<
Jj=

HFSm T (g) — FSnuTue(g)| < e,

This shows that F(1) = F®) and the proof of the lemma is complete. It is
easy to see from the proof that lim,, . F%, exists and is equal to F', the a.s.
limit of FS»Tn,

Therefore, we may truncate the ESD of FT» first and then proceed to
the proof with the truncated matrix T,,. For brevity, we still use T,, for the
truncated matrix T,,, that is; we shall assume that the eigenvalues of T,, are
bounded by a constant, say 7g.

4.3.2 Truncation, Centralization, and Rescaling of the
X -variables

Following the truncation technique used in Section 3.2, let )~(n and §n de-
note the sample matrix and the sample covariance matrix defined by the
truncated variables at the truncation location 7,+/n. Note that S, T, and
}LXj;Tan have the same set of nonzero eigenvalues, as do the matrices

S, T, and X} T,X,. Thus,
| PS> — FSaTn)
_ Z”Fix:Tnxn _ Fii:T"i"H _ ZHFX:LTHXH _ F?(;;Tn;(n”.
Then, by Theorem A.43, for any € > 0, we have

(e

_p (HFX;‘LT,LX,L _ pXiTaX,

> ep/ n)
< P(rank(X: T, X, — X T,X,) > ep)
< P(2rank(X,, — X,,) > ep)

= P(Zf{m,»z%m > 613/2)-

ij

From the condition (3.2.1), one can easily see that

1 2
E(Zf{zmmm}) < n > Bl P Lja 120, vny = 0(p)

ij ij
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and
(Z {Imn>nn\/n}> ZE|%| Ll 1> yny = 0(P)-

Then, applying Bernstein’s inequality, one obtains

3 1
P( HFS"T" — FSaTnl > E) < 2exp (—852p> , (4.3.2)

which is summable. By the Borel-Cantelli lemma, we conclude that, with
probability 1

HFSnTn _FSTa| Lo, (4.3.3)

We may do the centralization and rescaling of the X-variables in the same
way as in Section 3.2. We leave the details to the reader.

4.3.3 Completing the Proof

Therefore, the proof of Theorem 4.1 can be done under the following addi-
tional conditions:

”TTLH < 7o,

|Zjk| < nuv/n,

E(z;x) =0,

E|z;i? = 1. (4.3.4)

Now, we will proceed in the proof of Theorem 4.1 by applying the MCT
under the additional conditions above. We need to show the convergence of
the spectral moments of S, T,,. We have

Be(SnTn) = E[(SnTy)"]

1

p
= pilnik Z Tiyj1 Tigja ViniaTisga *** Ting—1jk Vine i Vizwia

p*ln*kZT i,j)), (4.3.5)

where Q(i,]j) is the @-graph defined by i = (i1, -,i9r) and j = (j1, -, jk)

and H (i) is the roof of Q(i,j). We shall prove the theorem by showing the
following lemma.
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Lemma 4.9. We have

(ST, Zyk D DR H H (4.3.6)

i1+ tis=k—s+1
i1+ +sig=k

E‘ﬂk(SnTn) - Eﬂk(SnTn)rl = O(Tl_Q), (437)
and the (Bi’s satisfy the Carleman condition.

Proof. We first prove (4.3.6). Write

Efe(SnTn) =p 'n %Y > T(HE)X(QAJ)). (4.3.8)

QR QijeQ

where the first summation is taken for all canonical graphs and the second
for all graphs isomorphic to the given canonical graph ). Glue all coincident
vertical edges of (), and denote the resulting graph as (). Let each horizontal
edge associate with the matrix T,,. If a vertical edge of Q¢ consists of y up
edges and v down edges, then associated with this edge is the matrix
”w
T(u,v) = [Em”m”]pxn .

We call o + v the multiplicity of the vertical edge of Q.

Since the operator norm of a matrix is less than or equal to its Euclidean
norm, it is easy to verify that

0, ifu+v=1,
IT(,v)|| << o(nW+/2) ) if p+v > 2, (4.3.9)
max(n,p), fu+v=2

One can also verify that ||T(u,v)|o satisfies the same inequality, where the
definition of the norm || - || can be found in Theorem A.35.

Split the sum in (4.3.8) according to the three categories of the A-graphs.
If Q € Q2 (i.e., it contains a single vertical edge), the corresponding term is
0. Hence, the sum corresponding to ()2 is 0

Next, we consider the sum corresponding to QJ3. For a given canonical
graph @ € @3, using the notation defined in Lemma 4.5, by Lemma 4.5 and
Theorem A.35, we have

1 . .
| X THEOIX QD)
Q>AJEQ
{ n—k=1pn (Z@ 1(“1+”1_2)) r+stl o if for some i, py + v > 2
1(“i+"i_2))nr+s+1 if for all 4, p; +v; =2

= of (4.3.10)
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m
where we have used the fact that Z(uz +v;) =2k and r+s < m = k for the
i=1
second case. Because the number of canonical graphs is bounded for fixed k,
we have proved that the sum corresponding to @3 tends to 0.

Finally, we consider the sum corresponding to all QQ;-graphs, those terms
corresponding to canonical graphs with vertical edge multiplicities p = v = 1.
This condition implies that the expectation factor X (Q(i,j)) = 1. Then,
(4.3.5) reduces to

Br(SpT,) =p~* *TZT o(1), (4.3.11)

where the summation runs over all possible heads of QQ;-graphs.

Denote the number of disjoint connected components of the head H(Q)
of a canonical Qq-graph by r + 1 and the sizes (the number of edges) of the
connected components of H(Q) by t1,- -, tr+1. We will show that

p i Y T(HG) -y H, - H, (4.3.12)
H(i).

where the summation Z runs over an isomorphic class of heads H(i) of
H(i).
Q1-graph with indices {¢1, -+, tr41} and

70
Hy = / t“dFT(t).

—7T0

By Lemma 4.6, we have

k—1
-1 —r
B(SnTn)=p~ 'Y n Z“ 'Z,,S, > H (4.3.13)
r=0 H(l)L

where the summation Z runs over all solutions of the equations

Z]_++ZS:T+]‘ and Z]+222++Sls:k

When a roof of a canonical Q1-graph consists of 1+ r connected components

with sizes ¢1,- -+, 41, by the inclusion-exclusion principle we conclude that
r+1 r+1
> Ouw = [J@T)(1 +0(1)) = [H Hy, +o
H(i), =1

which proves (4.3.12). Combining (4.3.10), (4.3.12), and (4.3.13), we obtain
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k s i
LE(sT)] = > oyt Z ];' 11 ZZ’, +o(l). (4.3.14)

This completes the proof of (4.3.6).

Next, we prove (4.3.7). Similar to the proof of (4.3.5), for given iy, - - -, isk
taking values in {1,2,---,p} and ji,-- -, jar taking values in {1,2,---,n},
and for each ¢ = 1,2,3,4, we construct a Q-graph G, with the indices iy =
(G2(0—1)k+1, > 920k) and o = (Je—1)k41, -+ Je, ). We then have

(|t - B () i) )

4
— p—4n—4k Z (H tx Gz(llan)) (H E((tx)Gz(ig,jg))>‘| s (4315)

i1,j1,04,da £=1
where
k
(m)Gz(ie;J‘z) = H (ti‘fg(%)’ifg(22+1)mifz(2f—1)’jg((f—l)k+f)xi4fz(2f)’jg((f—1)k+f)) :
=1

If, for some ¢ = 1,2, 3,4, all vertical edges of Gy do not coincide with any
vertical edges of the other three graphs, then

4 4
E (H(tm)az(izjz)) - (H E((tm)Gz(iZajl))>

=1 (=1

=0

due to the independence of the X-variables. Therefore, G = UG, consists
of either one or two connected components. Similar to the proof of (4.3.6),
applying the second part of Theorem A.35, the sum of terms corresponding
to graphs G of two connected components has the order of O(n**+2), while
the sum of terms corresponding to a connected graphs G has the order of
O(n**+1). From this, (4.3.7) follows.

Finally, we verify the Carleman condition. By elementary calculation, we
have

|68 < 76 (1+ vy)™,

which yields the Carleman condition. The proof of Lemma 4.9 is complete.
From (4.3.14) and (4.3.7), it follows that with probability 1

. k! oy Him
tr[(ST)] Zyk 3 i, 1‘_[1 T

i1+ tis=k—s+1
i1+ Fsig=k

Applying the MCT, we obtain that, with probability 1, the ESD of ST tends
to the nonrandom distribution determined by the moments 3’
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The proof of the theorem is complete.

4.4 LSD of the F-Matrix

In this section, we shall derive the LSD of a multivariate F-matrix.

Theorem 4.10. Let F = Snlsgzl, where Sy,; (i =1,2) is a sample covariance
matriz with dimension p and sample size n; with an underlying distribution of
mean 0 and variance 1. If Sp1 and Sya are independent, p/ny — y € (0, 00)
and p/ng — y' € (0,1). Then the LSD F, ., of F exists and has a density
function given by

(1-y")y/(b—2)(z—a)
Fé’y ( ) = 2z (y+zy’) , when a <z <b, (441)
0, otherwise,
1 \/ / / 2 1 \/ ’ /
where a = | fjg,fw and b= (1 ;’j;’/’w

Further, if y > 1, then Fy has a point mass 1 — 1/y at the origin.

Remark 4.11. If Sp0 = n12 X,2X*, and the entries of X, come from a dou-
ble array of iid random variables having finite fourth moment, under the
condition y’ € (0,1), it will be proven in the next chapter that, with proba-
bility 1, the smallest eigenvalue of S,,2 has a positive limit and thus ST_L21 is
well defined. Then, the existence of Fy; follows from Theorems 3.6 and 4.1.
If the fourth moment does not exist, then S_J may not exist. In this case,
S,.» should be understood as the generalized Moore-Penrose inverse, and the
conclusion of Theorem 4.10 remains true.

Proof. We first derive the generating function for the LSD of S,, T, in the
next subsection. We use it to derive the Stieltjes transform of the LSD of
multivariate F-matrices in the last subsection.

4.4.1 Generating Function for the LSD of S,,T,

We compute the generating function g(z) = 1 + szﬂ of the LSD F*t

of the matrix sequence {S, T, } where the moments ﬂ are given by (4.3.6).
For k > 1, 35! is the coefficient of 2* in the Taylor expansion of

k

k—s+1 1
k—s 0
H
Zy sl( —S—|—1 (ZZ E) +y(k—|—1)

s=0
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oo k+1
1+y§:%ﬂ4 : (4.4.2)
=1

- 1
y(k+1)

where Hj, are the moments of the LSD H of T,,. Therefore, 3;' can be written
as

. k+1
1+y§:&H4 d¢
=1

Zt _ 1 f C_k_l

for any p € (0,1/79), which guarantees the convergence of the series Y ¢*Hy.
Using the expression above, we can construct a generating function of ;'
as follows. For all small z with |z| < 1/7b, where b = (14 ,/y)?,

1 oo 1 ') k+1
g(z) 1= . f Zh¢ih (1 +y c‘m) dg
27y ICl=pis k+1 ;

— 1 _ =1 _ = 0— _1 _ -1 = 0—
_QWiy%C_p[ ¢! y;C 'H, Zlog(l 2¢7L ZyZC 1HZ>]dC

(=1

(N 7( ( R )
=— - _ . log{1—2("" —2 Hy |dC.
PR T Ui St D DI

(=1

The exchange of summation and integral is justified provided that |z| <
p/(1+y>" p*|Hy|). Therefore, we have

g(z)=1-— ! ! fiq log (1 —2¢t - zyZ(Zng> d¢.  (4.4.3)
=p

Yy 2miyz =t

Let sp(z) and sy (z) denote the Stieltjes transforms of F's* and H, respec-
tively. It is easy to verify that

1 1 _ - k nst
()
k=1
1 1 > &
o () — 1+ Y H
k=1
Then, from (4.4.3) it follows that

1SF 1y _ 1_1+ 1 j{ log (1 — 2+ ¢ ey + ¢ 22ysy ! dc.
z z y 2miyz Jic1=p ¢
(4.4.4)
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4.4.2 Completing the Proof of Theorem .10

Now, let us use (4.4.4) to derive the LSD of general multivariate F-matrices.
A multivariate F-matrix is defined as a product of S, with the inverse of
another covariance matrix; i.e., T, is the inverse of another covariance matrix
with dimension p and degrees of freedom nsy. To guarantee the existence of
the inverse matrix, we assume that p/ny — 3’ € (0, 1). In this case, it is easy
to verify that H will have a density function

1 e 1 1
H () = 4 2mva Vit —1)(1 —ad'z), if W <.x < g
0, otherwise,

where a’ = (1 — /)% and b/ = (1 + /9/)?. Noting that the k-th moment of
H is the —k-th moment of the Maréenko-Pastur law with index 3, one can
verify that

sy (2) = sy (O~ 1,

where s,/ is the Stieltjes transform of the M-P law with index y'. Thus,

1 1 1 —
)= g B O (445)
By (3.3.1), we have
1—y — 1+y — )2 —4y
sp(Q)= LTV TOT \/Q(y,z YoOr -y (4.4.6)

By integration by parts, we have

1 _
iy 108 = s ac
1 % —ys,(C)
f

_27”3/ Cl=p Z = C_l - ysy/(C)
1 j'{ 1—y¢?s1,(¢)
icl=p 2C — 1 = yCsy(C)

For easy evaluation of the integral, we make a variable change from ¢ to s.
Note that s, is a solution of the equation (see (3.3.8) with § = 0)

g

“omiy dc. (4.4.7)

1

= : 4.4.8
L=C—y' —CYy's (148)

S

From this, we have
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c= s—sy —1
sy
ds s+ 5%y B s2(1 + sy')?

d¢  1—y —(C—2sy’/¢  1+2sy —s2y(1—y')

Note that when ¢ runs along ¢ = p anticlockwise, s will also run along a
contour C anticlockwise. Therefore,

2miy Jic)=p 2C —1—y(sy (C)
1 7( 1+2sy — sy (1—y') —y(s — sy’ — 1)
- . ds

2miy Jo s(1+sy)[z(s — sy’ — 1) — s(1 + sy’) — ys(s — sy’ — 1)]
1 7{ W +y—yy )L —y)s* =25y +y—wy) —1+y
2miy Je (s + s2Y) [y +y —yy)s® +s((L—y) — 2(1 = ¢/)) + 2]
The integrand has 4 poles at s = 0,—1/y" and

=y +z2z1—y) £/ (A —y)+2(1—y))2 -4z

2y + o —yy)
2z

=y +z0-y)F/(Q—y)+2(1-9y))2 -4z

51,82 =

(the convention being that the first function takes the top operation).

We need to decide which pole is located inside the contour C. From (4.4.8),
it is easy to see that when p is small, for all [{] < p, s,/ () is close to 1:1,5 that
is, the contour C and its inner region are around 1:7;. Hence, 0 and —1/y/
are not inside the contour C.

Let z = u 4 iv with large v and v > 0. Then we have

(1 =y +2(1-y))* = 42) = 20[(1 = y)(u(l —y') + (1 —y)) — 2] > 0.

By the convention for the square root of complex numbers, both real
and imaginary parts of \/((1 —y) + z(1 — y/))2 — 4z are positive. Therefore,
|si| > |s2| and s; may take very large values. Also, sy will stay around
1/(1 —y"). We conclude that only s, is the pole inside the contour C for all
z with large real part and positive imaginary part.

Now, let us compute the residue at sy. By using s152 = 2/(y + ¥ — yy'),
the residue is given by

W +y—yy )1 —y)s3 =252y +y—yy) —1+y
(s2+3y) (¥ +y —yy')(s2 — 1)
(L —y)zsesy = 2zs7 —1+y

(281_1 + zszsl_ly’)(82 —51)

R:
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_2(1=9y)s2 22— (1 —y)s1
2(1 4 s2y")(s2 — s1)
O =y+z-2y) - \/((1— y)+z(1— ’))2 42](y+y’—yy’)
2(2y+y —yy' + 2y (1 -y (1-y —y))? — 42)

Multlplylng both the numerator and denominator by 2y + vy’ — yy’ + zy'(1 —
)+ ¥'/((1 —y) + 2(1 — y'))% — 4z, after simplification we obtain

y(1 —y+z—zy’)+2y’z—y\/((1 —y)+z2(1 —y"))? —421

R =
2z2(yz +y')

So, for all large z € CT,

11y —y)+1-y)+22¢ =y /(1 —y) +2(1 - y))> —4z

S Z) =
#(2) 2y z 2zy(y + 2y’)

Since sp(z) is analytic on C*, the identity above is true for all z € C*.
Now, using Theorem B.10, letting z | 2 +140, 7~ !Jsp(2) tends to the density
function of the LSD of multivariate F-matrices; that is,

27rz(y+y x) ’

Vaz= (O ey o (1= ) + 21— /)% > 0,
0, otherwise.

This is equivalent to (4.4.1). Now we determine the possible atom at 0 by the
fact that as z = u +iv — 0 with v > 0, zsp(2) — —F({0}). We have

S(1—y+2(1—y))? —4z) =20[1—y+u(l—y))(1—y)—2] <0.

Hence R(\/(1 —y+2(1 —y'))2 —42) < 0. Thus /(1 —y +2(1 —y))% — 4z
— —|1 — y|. Consequently,
. I 1-y+|[1—y
F{0}) = —1 =1-
(0 =~ zspe) =1+ VL
_J1- ;, ify>1
0, = otherwise.
This conclusion coincides with the intuitive observation that the matrix

S, T, has p—n 0 eigenvalues.
This completes the proof of the theorem.
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4.5 Proof of Theorem 4.3

In this section, we shall present a proof of Theorem 4.3 by using Stieltjes
transforms. We shall prove it under a weaker condition that the entries of
X, satisfy (3.2.1). Steps in the proof follow along the same way as earlier
proofs, with the additional step of verifying the uniqueness of solutions to
(4.1.2). We first handle truncation and centralization.

4.5.1 Truncation and Centralization

Using similar arguments as in the proof of Theorem 4.1, we may assume A,
and T, are nonrandom. Also, using the truncation approach given in the
proof of Theorem 4.1, we may truncate the diagonal entries of the matrix T,,
and thus we may assume additionally that \T,g”)\ < 1.

Now, let us proceed to truncate and centralize the x-variables. Choose
{nn} such that 1, — 0 and

1
s 2 BIXG (i3] = mv/n) = 0. (4.5.1)
nogj

Set L/U\ij = I'ZJI(‘LU”‘ < nn\/n) and i‘ij = [/l'\m — E(/l'\m)], and define ﬁn, in,
B,,, and B,, as analogues of X,, and B,, by the corresponding z;; and ;;,
respectively. At first, by the second conclusion of Theorem A.44, we have
~ 2 ~
|FB» — FB|| < “rank(X,, — X,,)
p
2
< > (| = nav/n).
1j

Applying Bernstein’s inequality, one may easily show that
IFB» — FBu| 0, as.
Then, we will show that
L(FB» FBn) 0, as. (4.5.2)
By Theorem A.46, we have
L(FB FBr) < max |\ (Bn) — (B

1. ~ ~ ~ ~
< X, T X — X, T, X0 |
n
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2 = " 1 = Sx
< IEXR)T, X5l + o EX) T (EXC)]).
At first, we have
1 N S 1 S 2
nH(EXn)Tn(EXn) H = nHEXn” HTn”

< Ton_l Z |E.73ijI ‘.731]| < nn\/n)‘Q

ZE|$23 ‘x’bj| > nn\/n) - 0

Then, we shall complete the proof of (4.5.2) by showing that

1 ~
[(EX,) T X[ — 0, as. (4.5.3)
n
‘We have
2
1 ~ ~ 2 1 P
(LiERaTX0) < 3 S ma
ik |j=1
< Ji+ Jo+ Js3,
where
1 e
Ti= D> > By Pl
k=1 j=1 i=1
1 & & " _ -
J2 = n2 Z Z (ZEiileEij?leTj2 jkjl'ikav
k=1 71<j2 =1
1 & & " _ -
Js = n2 Z Z (ZEEileEij?lesz? ‘%kjl‘%ka'

bl
I
—_
<.
=
Vv
<.
©
<.
Il
—_

Using (4.5.1), we can prove
1 P
EJl = n2 ZZ |E£¢jTj‘2E|i'kj|2
ik j=1

- n2n 5 O [Blasj*I(jais] 2 m/n) — 0
nog

and
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n
> [Ez?
=1

4
E|J; —EJi|* < i S Elaz,) -1
1 = s - Lkj
J

2\ 2

+3 | Y B33, - 117 By
kj i=1
=0(n?).

The preceding two formulas imply that J; — 0, a.s.
Furthermore, we have

4 Tg . 4 4 = = !
ElJ|" < s Z Z E|Zy, [E|Zy;, | ZExilemijz
k=1 71<j2 =1
n n - 2\ 2
+3 (Y0 D Elag, (Bl || Y By, Edy,
k=171<j2 i=1
=0(n"?)

and similarly
E|J5|* = O(n™?).

These two imply that Js, J3 — 0, a.s. Thus we have proved (4.5.3). Conse-
quently, (4.5.2) follows.
Therefore, in what follows, we shall assume that:

i) For each n, z;; are independent.
i) [zi;] < muy/n.
(.li) Exij = 0.

The details of the proofs are given in the next section.

4.5.2 Proof by the Stieltjes Transform

Let 1
sp(2) = tr(B, —2I)7%
n

Assume first that F'4, the LSD of the sequence A, is the zero measure.
Then s4(z) = 0 for any z € CT. In this case, the proof of (4.1.2) reduces to
showing that s,,(z) — 0. We have that, except for o(n) eigenvalues of A,,,
all other eigenvalues of A,, will tend to =+ infinity. Let A\x(A) denote the k-th
largest singular value of matrix A. By Theorem A.8, we have
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1
Nijr1 (A,) < XNit1(By) + Ajr1 (—anTnX:L> . (4.5.4)

Since || T, || < 70,
1 * 1 *
)‘j—i-l —anTan S T0>\j+1 anXn .

Let jo be an integer such that Aj,11(} X, X5) <b+1 <\ (1 X,X}). Since
the ESD of ! X, X} converges a.s. to the Maréenko-Pastur law with spectrum
bounded in [0, ], it follows that jo = o(n). For any M > 0, define vy to be
such that \,_,,412(A,) < M < A\,_,+1(A,). By the assumption that F4
is a zero measure, we conclude that vy = o(n). Define ig = n — vy — jo. By
(4.5.4), we have

1
)\i0+1(Bn) > >\n—u0+l - >‘j0+1 <_anTnX:;> > M—-b-1.

This shows that except o(n) eigenvalues of B,,, the absolute values of all its
other eigenvalues will be larger than M — b — 1. By the arbitrariness of M,
we conclude that except for o(n) eigenvalues of B,,, all its other eigenvalues
tend to infinity. This shows that FB~ tends to a zero measure or s, (z) — 0,
a.s., so that (4.1.2) holds trivially.

Now, we assume that 4 # 0. We claim that for any subsequence n/,
with probability one, FB»" £ 0. Otherwise, using the same arguments given
above, one may show that F4+ — 0 = F4, a contradiction. This shows that,
with probability 1, there is a constant m such that

inf FB= ([=m,m]) > 0,

which simply implies that

FB (x)

. . . vd
§= 1%f |Esn(2)] > lrﬁf ES(sn(2)) > Elgf/ (2 — u)2 + 02 >0. (4.5.5)

Now, we shall complete the proof of Theorem 4.3 by showing:

(a) sp(z) — Esp(z) — 0, as. (4.5.6)
(b) Esu(2) — s(2),

which satisfies (4.1.2).
(c) The equation (4.1.2) has a unique solution in C*. (4.5.8)

Step 1. Proof of (4.5.6)
Let xj, denote the k-th column of X,,, and set
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1
qr = Jn
Bk,n - Bn - ququ'

Xk,

Write Ej, to denote the conditional expectation given xz41,- - -, %,. With this
notation, we have s,(z) = Eo(s,(2)) and E(s,(2)) = Ep(sn(z)). Therefore,

we have

[Er—1(sn(2)) — Ex(sn(2))]

NE

sn(2) = E(sn(2)) =

[Er—1 — Eg](tr(B,, — 2I) ™) — tr(By,,, — 2I)71)

Il

S = 7
N

[~

x
Il
—

[Ex—1 — Ex]v,

Il
3 =
M=

B
I
—

where )
Tedy (Brn — 2I) " qx

" ) (B — 2Dl
By (A.1.11), we have

ITkdj (B, — 2I) "2 qu 1
< ’ < . 4.5.9
el < IS+ 7ol (Biw — 20)~q)| = (4.5.9)

Note that {[Ex—1 — Ex]yx} forms a bounded martingale difference sequence.
By applying Burkholder’s inequality (see Lemma 2.12), one can easily show
that, for any ¢ > 1,

n

/2
Elsn(2) — Bsu(2)|" < Kpn-fE(Z (Bos — Ekw)
k=1

< Ky(2/v)'n="2. (4.5.10)

From this, with p > 2, it follows easily that

1 p
" > [Er1 —Exlye — 0, as.
k=1

Then, what is to be shown follows.

Step 2. Proof of (4.5.7)
Let sa, (#) denote the Stieltjes transform of the ESD of A,,. Write

P

1 Tk
T n; 1+ 7 Esn(2)
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It is easy to verify that Sz < 0. Write
p
B,—z2I=A, - (z—2)I+ Zququ — 2l
k=1

Then, we have

(A, —(z—2)I)"' = (B, —21)!
p
— (A= o0 (Y mana - oT) B, -0
k=1
From this and the definition of the Stieltjes transform of the ESD of random

matrices, using the formula

* — q* Bk,n —2I)~!
qk(Bn_ZI) 1 _ k( )

_ , 45.11
1+ med;(Bi,n — 2I)~tas ( )

we have

sa, (z—x) — s,(2)

;tr(An —(z—2))7! (Zququ - xI) (B, —2I)7*

k=1

1 P
ntr(An —(z—2))7! Zqukq};(Bn -t
k=1

—itr(An —(z— ) )"(B, — )
o 1 Z dek
n 1+ 1.Es,(2)
where
1+ 7:Es, (2 N _ _
dp wEsn(2) qu(Bk,n — 27N A, - (z —2)) g

14 kg (Be,n — 2I)"1q
1
—ntr(B — D) HA, — (z —2))7 .

Write di, = dg1 + di2 + dg3, where

—_

di1 = itr(Bk,n—ZI)fl(An—(Z —2) )7 = tr(By—2D) T (Ap— (2 —2)D) 7,

S =7

dre=q5,(Brn —zI)*l(An — (z—x)I)*lqk — tr(Brn —zI)*l(An — (z—x)I)*l,

7 (Esn(2) = (Br,n—21) 'ar) (@ (Br,n —2D) " (A — (2 — 2)I) " 'ay)

dra =
w3 14+ 7q; (Br,n—21) " Lax
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Noting that ||(A, — (z — 2)I)7!|| < v~!, we have

1| 79 (Bin — 2D)7HA, — (2 — x)I)’l(Bk,n — 2D lqx

n 1+ 7 (B — 21"l

< n—lyp—1 |7k |y, (Br,n — 2I) 7B, — 21) " tay

B 1S(1 + g (B, — 2I) " Lag)|

1
<
nv

|dk1| =

9

Therefore, by (4.5.5), we obtain
1 Z |dek1| S 1 0.
n & 1+ 7Esp(2)| — nv?d

Obviously, Edge = 0.
To estimate Edy3, we first show that

(i (Ben — 21) 7 (An — (2 — 2)D) " Har)

< 21902 2, 4.5.12
1+ 7eqi (Br,n — 21) " tag < 2700 | arl| ( )

One can consider g} (By, — 2I)"'qx/|lqx||? as the Stieltjes transform of a
distribution. Thus, by Theorem B.11, we have

IR} (Brn — =1 tan)] < o2l (Brn — 1)~ lage).
Thus, if
o0 /S (Brn — 1)) < 1/2
then
11+ 75 (@ (Bryn — 2D~ 'aw)| > 1= 70| R(a), (Br,n — 1) ax)| > 1/2.
Hence,

(@ (Brn — 2D AL — (z —2)D) " aqx)

< 21902 2,
1+ 7eq(Brn — 2I) " lag < 270v™ | qe |

Otherwise, we have

Ti(ds (B — 2D 7 (Ay — (2 — 2)I) " 'ar)
14+ 795 (Br,n — 2I)~Las
< el Bhn = 2D) " k[ (A = (2 = 2)D) "
o |<5(1 + quz (Bk,n — zI)—lqk)\
A - o)l
VuS(a;(Ben — 2D~ qr)
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—2 2
< 270" lak|*
Therefore, for some constant C,

[Edis|* < CE[Esp(2) — qj(Brn — 2 "'ai*Ellar|*. (4.5.13)

2
1 n
i=1

ZE‘xzk‘4 + ZE|$zk| E‘xjk‘Q

i#]

At first, we have

El|a*

1
< olrnn Fnn =1 <1407,
To complete the proof of the convergence of Es,,(z), we need to show that

P
Z E[Esn(2) — qf(Brn — 2I) " tq)?)'/? — 0. (4.5.14)

Write (Bg,,, — 2I)* = (b;;). Then, we have

E qk;(Bk n — ZI qk - Z O'lk;bn

1
ZE‘mlk - Uzk‘Q +2 ZE|xzk‘E‘mijb1]‘2
i=1 i#]

_ 2 _
<v 7?4 thr((Bk,n —ul)? +0?1) 7!

i=1 i=1
1 —1
’ntr(Bkm —2I)7" = s,(2)| < 1/nw.
By Step 1, we have .
Blsn(z) ~ Blsa ()P < L.

Then, (4.5.14) follows from the estimates above.
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Up to the present, we have proved that, for any z € CT,
sa, (z—x) —Es,(2) — 0.

For any subsequence n’ such that Es,, (z) tends to a limit, say s, by assumption
of the theorem, we have

u / TdH (1)
Z —y :
Pt 1+ TkESn (2) 1+7s

Therefore, s will satisfy (4.1.2). We have thus proved (4.5.7) if equation (4.1.2)
has a unique solution s € CT, which is done in the next step.

Step 3. Uniqueness of the solution of (4.1.2)

If F4 is a zero measure, the unique solution is obviously s(z) = 0. Now,
suppose that F4 # 0 and we have two solutions s, s, € Ct of equation
(4.1.2) for a common z € CT; that is,

s; = / darAR) (4.5.15)
A

TdH(T)"’
_Z+yf 1+7s;

from which we obtain

_ y/_ (s1 — s2)A\2dH(T) dFA(N)

(1—|—Tsl)(1+7'82)/ ()\—Z‘*‘ychfi(s: ) <)\—2+y TI(TT(;)>

If 51 # s9, then

\2dH (T
/ yf (147s1)( 1(+7'52)dFA(>\) _
(A2 u D) (- D)

By the Cauchy-Schwarz inequality, we have

1/2
)\ dH(T) A >\ dH(T) A
1< / Y |1+Tsl\2dF / |1+Tsz\2dF (A)
B TdH (T TdH (T
‘)\ —z+ Y 1+7'81) ‘ —z+ Y f 1+T(82

From (4.5.15), we have

2dH( ‘r)dFA T2dH(T) dFA

e
gsj:/vﬁ-y\ss]lesg )>/y\ssjf1+5|2 ()\)

dH dH(
‘)\_Z—’_yle—‘rT(S: ’A_Z—"_yle-&-‘rs:)
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which implies that, for both j =1 and j = 2,
T2dH(T) A
1> / v/ 1rs; 2 AE (V)
dH
|>\ —z+ yf 7—1—4—‘1'(37—
The inequality is strict even if F4 is a zero measure, which leads to a con-
tradiction. The contradiction proves that s; = so and hence equation (4.1.2)

has at most one solution. The existence of the solution to (4.1.2) has been
seen in Step 2. The proof of this theorem is then complete.



Chapter 5
Limits of Extreme Eigenvalues

In multivariate analysis, many statistics involved with a random matrix can
be written as functions of integrals with respect to the ESD of the random
matrix. When the LSD is known, one may want to apply the Helly-Bray
theorem to find approximate values of the statistics. However, the integrands
are usually unbounded. For instance, the integrand in Example 1.2 is logz,
which is unbounded both from below and above. Thus, one cannot use the
LSD and Helly-Bray theorem to find approximate values of the statistics.
This would render the LSD useless. Fortunately, in most cases, the supports
of the LSDs are compact intervals. Still, this does not mean that the Helly-
Bray theorem is applicable unless one can prove that the extreme eigenvalues
of the random matrix remain in certain bounded intervals.

The investigation on limits of extreme eigenvalues is important not only
in making the LSD useful when applying the Helly Bray theorem, but also
for its own practical interests. In signal processing, pattern recognition, edge
detection, and many other areas, the support of the LSD of the population
covariance matrices consists of several disjoint pieces. It is important to know
whether or not the LSD of the sample covariance matrices is also separated
into the same number of disjoint pieces, under what conditions this is true,
and whether or not there are eigenvalues falling into the spacings outside the
support of the LSD of the sample covariance matrices.

The first work in this direction is due to Geman [118]. He proved that
the largest eigenvalue of a sample covariance matrix tends to b (= o%(1 +
V¥)?) when p/n — y € (0,00) under a restriction on the growth rate of the
moments of the underlying distribution. This work was generalized by Yin,
Bai, and Krishnaiah [301] under the assumption of the existence of the fourth
moment of the underlying distribution. In Bai, Silverstein, and Yin [33], it
is further proved that if the fourth moment of the underlying distribution
is infinite, then, with probability 1, the limsup of the largest eigenvalue of a
sample covariance matrix is infinity. Combining the two results, we have in
fact established the necessary and sufficient conditions for the existence of
the limit of the largest eigenvalue of a large dimensional sample covariance

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 91
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 5,
© Springer Science+Business Media, LLC 2010
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matrix. In Bai and Yin [38], the necessary and sufficient conditions for the a.s.
convergence of the extreme eigenvalues of a large Wigner matrix were found.
The most difficult problem in this direction concerns the limit of the smallest
eigenvalue of a large sample covariance matrix. In Yin, Bai, and Krishnaiah
[302], it is proved that the lower limit of the smallest eigenvalue of a Wishart
matrix has a positive lower bound if p/n — y € (0,1/2). Silverstein [262]
extended this work to allow y € (0,1). Further, Silverstein [261] showed that
the smallest eigenvalue of a standard Wishart matrix almost surely tends to
a(=(1-y)? if p/n — y € (0,1). The most current result is due to Bai
and Yin [36], in which it is proved that the smallest (nonzero) eigenvalue of a
large dimensional sample covariance matrix tends to a = 02(1 — ,/y)* when
p/n — y € (0,00) under the existence of the fourth moment of the underlying
distribution.

In Bai and Silverstein [32], it is shown that in any closed interval outside
the support of the LSD of a sequence of large dimensional sample covariance
matrices (when the population covariance matrix is not a multiple of the
identity), with probability 1, there are no eigenvalues for all large n. This
work will be introduced in Chapter 6. In this chapter, we introduce some
results in this direction by using the moment approach.

5.1 Limit of Extreme Eigenvalues of the Wigner Matrix

The following theorem is a generalization of Bai and Yin [38], where the
real case is considered. What we state here is for the complex case because
we were questioned by researchers in electrical and electronic engineering on
many occasions as to whether the result is true with complex entries.

Theorem 5.1. Suppose that the diagonal elements of the Wigner matrix
VW, = (Vnw;j) = (x;5) are id real random variables, the elements above
the diagonal are iid complex random variables and all these variables are in-
dependent. Then, the largest eigenvalue of W tends to ¢ > 0 with probability
1 if and only if the five conditions

() E(@h)?) <
(ii)  E(z12) is real and <0,

(i)  E(lziz — E(z12)[?) = 02, (5.1.1)
(iv)  E(|a1y]) < oo,

(v) ¢=20,

where ©7 = max(z,0), are true.

By the symmetry of the largest and smallest eigenvalues of a Wigner ma-
trix, one can easily derive the necessary and sufficient conditions for the
existence of the limit of smallest eigenvalues of a Wigner matrix. Combining
these conditions, we obtain the following theorem.
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Theorem 5.2. Suppose that the diagonal elements of the Wigner matriz W,
are 1id real random variables, the elements above the diagonal are vid complex
random variables, and all these variables are independent. Then, the largest
etgenvalue of W tends to c¢1 and the smallest eigenvalue tends to co with
probability 1 if and only if the following five conditions are true:

(i) E(t) < oo,

(i)  E(z12) =0,

(iii) B(zo?) = o2, (5.1.2)
(v) E(lty) < oo,

(v) ¢ =20 and co = —20.

From the proof of Theorem 5.1, it is easy to see the following weak con-
vergence theorem on the extreme eigenvalue of a large Wigner matrix.

Theorem 5.3. Suppose that the diagonal elements of the Wigner matrix
VnW,, = (x;5) are iid real random variables, the elements above the diago-
nal are 1id complex random variables, and all these variables are independent.
Then, the largest eigenvalue of W tends to ¢ > 0 in probability if and only if
the following five conditions are true:

(i) P(zy; > v/n) =o(n™"),

(ii) E(x12) is real and <0,

(111) E(‘mlg - (.7312)|2) = 0'2, (513)
(iv)  P(jz12| > v/n) = o(n™?),

(v) c¢=20.

5.1.1 Sufficiency of Conditions of Theorem 5.1

It is obvious that we can assume o = 1 without loss of generality.
The conditions of Theorem 5.1 imply that the assumptions of Theorem
2.5 are satisfied. By the latter, we have

liminf A, (W) > 2, a.s. (5.1.4)

n—0o0

Thus, the proof of the sufficiency reduces to showing that

limsup A, (W) <2, a.s. (5.1.5)

n—0oo

The key in proving (5.1.5) is the bound given in (5.1.9) below for an
appropriate sequence of k,,’s. A combinatorial argument is required. Before
this bound is used, the assumptions on the entries of W are simplified.

Condition (i) implies that limsup \/1” maxy<, ¥}, = 0, a.s. By condition
(ii) and the relation
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1 _
Amax (W) = Jn Hr;lHa:Xl szzkmjk

J.k

)

ma E ziZp(xjk — E(z)i)) E |2k |2k
HZH 1
+R .’E12 E 2§ 2k

J;ﬁk
max | > ziz(ain — Blae)) + ! max(z;, — R(E(z12)))
fali=1 | vn S T GGV S "

< Amax(W) 4 0as.(1), (5.1.6)

where VNV,L denotes the matrix whose diagonal elements are zero and whose
off-diagonal elements are \}n (xi; —E(x5)). By (5.1.4)-(5.1.6), we only need
show that N
lim sup Apax(W) < 2/ as.

That means we may assume that the diagonal elements and the mean of the
off-diagonal elements of W,, are zero in the proof of (5.1.5).

We first truncate the off-diagonal elements. By condition (iv), for any
6 > 0, we have

26722kE|l‘12|2I(|l‘12‘ > 52k/2) < 0.
k=1

Then, we can select a slowly decreasing sequence of constants d,, — 0 such
that

25 Bz 10T (|212] > 0512F/?) < 0. (5.1.7)

Let W = (el (Jzjk| < 6ny/n)). Then, by (5.1.7), we have

\/

P(W #W, i0.) = Jim P U U (al=uvn)

n=2k 1<i<j<n

< lim Z P U U (|zjk| = 6nv/n)
m=k

k—o0 ~
2m<n<2m+l 1<i<j<n

cim P U U (el 2 2
m=k

k—o0
2m<p<2mtl 1<4<j<2mtl
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oo

< lim Z 22(m+1)P (‘£U12| > 52m2m/2) = 0.

k—o0
m=k

By the selection of §,,, we have

Amax(B(W)) < n'/2[E(z121 (Jz12] < 8,v/n)))|
S nl/ZE(|$12|I(|QL‘12‘ Z 6n\/n)) — 0. (518)

Thgzefore, we need only consider the upper limit of the largest eigenvalue
of W — E(W). For simplicity, we still use W to denote the truncated and
recentralized matrix. That means we assume that /nW,, = (z;;) and the
following conditions are true:

Ti; = 0.

E(LU”) == 07 O’% = E(\x”|2) § 1 for i 75]

|zi;| < Ony/n for i # j.

Elzf;| < b(6,/n)"~? for some constant b > 0 and all 7 # j, £ > 3.

We shall prove (5.1.5) under the four assumptions above and the indepen-
dence of the entries. For any even integer k and real number 1 > 2, we have

Pmax(W) 2 1) < P(tr[(Wa)*] 2 %) < 97 "E(tr(W,)*).  (5.1.9)

To complete the proof of the sufficient part of the theorem, select a se-
quence of even integers k = k,, = 2s with the properties k/logn — oo and
kd}t/?’/ logn — 0, and show that the right-hand side of (5.1.9) is summable.
To this end, we shall estimate

E(tr(WF)) = n /2 Z E(TiyirTizis =" Tigiy)

i,k

= n—k/Q%:ZE(mG(i)), (5.1.10)

where the graphs G are I'(k)-graphs as defined in Subsection 2.1.2. Classify
the edges into several types:

1.If f(a+1) =max(f(1), -, f(a)) + 1, the edge e, = (f(a), f(a+1)) is
called an innovation or a Type 1 (T1) edge. A T3 edge leads to a new vertex
in the path eq,- -+, eq.

2. An edge is called a T3 if it coincides with an innovation that is single
until the T5 edge appears. A T3 edge (f(a), f(a+1)) is said to be irregular if
there is only one innovation single up to a (an edge e is said to be single up to
a if it does not coincide with any other edges in the chain (f(1),---, f(a))).
All other T3 edges are called regular T3 edges.

3. All other edges are called T} edges.
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4. The first appearance of a Ty edge is called a T5 edge. There are two cases:
the first is the first appearance of a single noninnovation, and the second is
the first appearance of an edge that coincides with a T3 edge.

To estimate the right-hand side of (5.1.10), we need the following lemmas.
We remind the reader that the following lemmas are true for any connected
graphs, not only for the I'-graphs.

Lemma 5.4. Let (f(a),---, f(c)) be a chain such that the edge (f(a), f(a +
1)) is an innovation single up to ¢ (i.e., fla+1) & {f(1),---, f(a), f(a +
2),--, f(e)}) and f(c) € {f(1), -+, f(a)}. Then there is a Ty edge contained
in the chain (f(a),---, f(c)).

Proof. Since (f(a), f(a+1)) is an innovation and f(a+1) € {f(1),---, f(a)},
let @ < d < ¢ be the smallest value such that f(d) € {f(1), -+, f(a)} but
fld+1) € {f(1),---, f(a)}. Since fla+1) & {f(1),---,f(a)} and f(c) €
{f(1), -+, f(a)}, the value d is well defined. Then, the edge (f(d), f(d+ 1))
must be a Ty edge (see Fig. 5.1). The proof of lemma is complete.

Fig. 5.1 The broken arrow is a T edge.

Lemma 5.5. Let t denote the number of Ty edges and s denote the number
of innovations in the chain (f(1), f(2),---, f(a)) that are single up to a and
have a vertex coincident with f(a). Then s <t + 1.

Proof. If s = 1, then the lemma is trivially true. Thus, we need only consider
the case s > 1. Except for the first innovation, which leads to the vertex f(a),
all other innovations start from the vertex f(a). Write the remaining s — 1
innovations single up to a by (f(b1), f(b1+1)), -+, (f(bs—1), f(bs_1+1)) with
f(bl) == f(bs_l) = f(a) and by < by < -+ < bs_1 < a=bs.
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For any v < s — 1, we consider the cycle (f(by),---, f(but1)). Since
(f(bu), f(by + 1)) is a single innovation up to ey, ,, by Lemma 5.4, there
is a Ty edge (f(cy), f(ey + 1)) with f(cy,) € {f(1), -+, f(by)}. This property
guarantees that the Th edges in the s — 1 cycles are distinct (see Fig. 5.2).
This proves the lemma.

Fig. 5.2 Each cycle contains a Ts edge (broken arrow).

Lemma 5.6. The number of reqular T3 edges is not greater than twice the
number of Ty edges.

To prove this lemma, we need the following concepts.

Definition. A chain (f(a),---, f(b)) is called a %-cycle up to ¢ (> b) if:

1. f(a) = f(b) € {f(a+1),---, f(b—1)}. The vertex f(a) = f(b) is called
the head of the x-cycle.

2. The edge (f(a), f(a+1)) is an innovation single up to ¢. This innovation
is called the leader of the x-cycle.

3. In the chain (f(1),---, f(a)), there is at least one innovation single up
to ¢ and having a vertex coincident with f(a). The latest such innovation is
called the preleader of the x-cycle.

By definition, the leader of a *-cycle can be the preleader of the next
x-cycle with the same head.

Definition. A x-cycle is said to be of the first type if there are no To edges
from its

preleader to its leader (see Fig. 5.3). Otherwise, it is said to be of the
second type (see Fig. 5.4).
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Fig. 5.3 Definition of a x-cycle of the first type.

b

Fig. 5.4 Definition of a *-cycle of the second type.

If (f(a), -, f(b)) is a first type x-cycle and its preleader is (f(d—1), f(d)),
then we must have f(d) = f(a). Otherwise, f(d—1) = f(a) € {f(1),---, f(d—
1)} and (f(d—1), f(d)) is an innovation single up to a, which, together with
Lemma 5.4, implies that there must be a T> edge between its preleader and
leader, which contradicts the definition of the first-type *-cycle. Furthermore,
if d < a, then between f(d) and f(a) all edges are either T} or T3 and no T
edges are single up to a, for otherwise there would be a T, by Lemma 5.4.
Thus, a —d is even and (a — d)/2 edges between f(d) and f(a) are T}, which
are coincident with the other (a — d)/2 T3 edges. Therefore, the preleader
(f(d—1), f(d)) is the only edge that links the chains (f(d), f(d+1),---, f(a))
and (f(1),---, f(d — 1)). Moreover, we claim that (f(b — 1), f(b)) must be
a Ty. At first, f(b—1) # f(d — 1), for otherwise (f(d — 1), f(d)) cannot be
single up to b, which violates the definition of preleader. Also, f(a) = f(b) &
{f(d=1),f(a+1),---, f(b—1)}, so the edge (f(b—1), f(b)) is either single
or coincident with a T3 edge between f(d) and f(a). In either case, it is a T5.
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Proof of Lemma 5.6. Suppose that (f(a), f(a + 1)) is a regular T3 edge.
Then, in the chain (f(1),---, f(a)), there is at least one *-cycle up to a with
head f(a), whereas in the chain (f(1),---, f(a + 1)), one such cycle disap-
pears because one single innovation has been coincident with (f(a), f(a+1)).
Therefore, the number of regular T3 edges does not exceed the number of *-
cycles. Therefore, to complete the proof of this lemma, it is sufficient to show
that the number of *-cycles does not exceed twice the number of T5 edges.

Define a mapping @¢* from the x-cycles to the T edges in such a way that
the @*-image of a first-type *-cycle is the last Tb edge in the cycle and the
@*-image of a second-type *-cycle is the first T edge in the cycle. By Lemma
5.4, there is at least one T5 edge in each *-cycle. Hence, the mapping &* is
well defined.

Then, the proof of this lemma amounts to showing that any three %-cycles
cannot have a common @*-image. If there are three x-cycles that have a
common ¢*-image, then among the three x-cycles either two of them are
of the first type or two of them are of the second type. We will derive a
contradiction for both cases.

Suppose that the x-cycles are (f(a1), -, f(b1)) and (f(az2),-- -, f(b2)) with
a1 < as. It is evident that the two *-cycles have different heads since otherwise
the two cycles do not have common edges, which contradicts the assumption
that they have a common @*-image.

Case 1. Suppose that the two #-cycles are both of the first-type. As dis-
cussed earlier for first-type *-cycles, the last edges of the cycles are the @*
image of the two *-cycles, namely (f(by — 1), f(b1)) and (f (b2 — 1), f(b2)).
Because the two *-cycles have different heads, by # by. Therefore, the later
of the two edges does not belong to both *-cycles and hence they cannot be
the same edges. Therefore, Case 1 is impossible.

Case 2. Suppose that the two *-cycles are both of the second type. If the
preleader (f(de — 1), f(d2)) appears after the head f(aq) of the first -cycle,
then the ¢* image of the first x-cycle is in the chain (f(a; + 1), -, f(a2))
because there is a Ty edge in the chain (f(dz), -+, f(a2)). This edge is not in
the second #-cycle (see Fig. 5.5).

If the preleader (f(d2 — 1), f(d2)) appears before the head f(ai) of the
first x-cycle (that is, do < aq), then, by Lemma 5.4, there is a 75 edge in the
chain (f(a; +1),C, f(az)) and hence the ¢* image of the first *-cycle is also
in this chain. This shows that this case is also impossible (see Fig. 5.6). The
proof of the lemma is complete.

Continuing the proof of Theorem 5.1. Now, we begin to estimate the right-
hand side of (5.1.10). At first, if the graph G has a single edge, then the
corresponding terms are zero. Therefore, we need only estimate those terms
corresponding to - and [3-graphs. Suppose that there are r innovations
(r <s)and t Ty edges in the graph G. Then there are r T3 edges, k — 2r T}
edges and r + 1 noncoincident vertices.
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Fig. 5.6 The preleader of the second *-cycle is earlier than the leader of the first x-cycle.

Therefore, the number of graphs of each isomorphic class is less than n" 1,
and the expectation corresponding to each canonical graph is not larger than
bt (8,4/n)F~2"~t. Then we need to estimate the number of canonical graphs.
At first, there are at most (’:) ways to select 7 edges out of the total k edges
to be the r innovations. Then, there are at most (k;r) ways to select r edges
out of the rest of the k — r edges to arrange the r T5 edges. Then, the rest
of the k — 2r edges are assigned for the T edges. For an innovation, by the
relation f(¢) = max{f(1),..., f({ + 1)} + 1, there is only one way to plot
the innovation once the subgraph prior to this innovation is plotted. For an
irregular T3 edge, since there is only one single innovation to be matched,
there is thus only one way to plot it when the subgraph prior to this 75 edge
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is plotted. By Lemma 5.5, there are at most ¢ 4+ 1 single innovations to be
matched by a regular T3 edge. That is, each regular T5 edge has at most
t + 1 ways to plot it. By Lemma 5.6, there are at most 2¢ regular T3 edges.
Hence, there are at most (t+1)% < (t+1)2*=2") ways to plot the regular T-
edges. Finally, we consider the Ty edges. For each Ty edge, there are at most
(r+1)? < k? ways to determine its two vertices. Therefore, there are at most

(k:) ways to plot the t T edges. After the ¢t positions of T are determined,
there are at most t*~2" < (¢ + 1)k=2" ways to distribute the k — 2r T} edges.
Finally, from (5.1.10), we obtain
E(tr(W)")
k/2 k—2r

<ntry S () (M) () e cms, o

r=1 t=0
k/2 k—2r

<35 n() () v st

r=1 t=0
k/2

3(k —2r) ")
2 1 2r k—2r
= Z( )2 " <1og(n5n/bk2>>

< n?[2 4 (1062/%k/ logn)?)*
— n2[2 —+ 0(1)]k

In the above, the third inequality follows from the elementary inequality

< (b/logc)’, foralla>1,b> 0, and ¢ > 1, (5.1.11)

with a = t+ 1, and the last equality follows from the fact that 5,1/ K /logn —
0. Finally, substituting this into (5.1.9), we obtain

P(Amax(Win) > 1) < 02(2 + o(1) /). (5.1.12)

The right-hand side of (5.1.12) is summable due to the fact that k/logn — oo.
The sufficiency is proved.

5.1.2 Necessity of Conditions of Theorem 5.1

Suppose lim sup Apax (W) < a, (a > 0) a.s. Then, by (A.2.4), Apax(W) >
Znn/v/n. Therefore, \}nx;[n < max{0, A\pax(W)}. Hence, for any n > a,

P(x;f, > ny/n,i.0.) = 0. An application of the Borel-Cantelli lemma yields

ZP(QBE > ny/n) < 0o
n=1
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which implies condition (i).

Define Ny = {j;2° < j < 21|z, < 24} and p = P(ja1q| < 294).
Write Ny = #(N).

When n € (271,272, for 2, # 0 and j,k € Ny, construct a unit com-
plex vector z by taking z, = zjr/(V2|2jk|), z; = 1/v2, and the remain-
ing elements zero. Substituting z into the first identity of (5.1.6), we have
Amax (W) > \}n [lzji| + §(zrk + x;;)]. Thus, we have

Amax (W) > 27¢/2-1 max {Jaji} — 2744,
g,

The above is trivially true when z;, = 0. Thus, for any n > a, by assumption,
we have

P ( max  Amax(Wy) > 1, io. > =0.

2¢+1 <n§2€+2

The equality above trivially implies that
£/242 -
P (o floal) 2 0277 10, ) 0.

Applying the Borel-Cantelli lemma, we conclude that

oo

Z ( max {\xjk|} > 772E/2+2> < 0. (5.1.13)

=1

By the independence of Ny and z,, we have

P max |x| > n2t/2+2
(e vl = 0

N[=T>

- ( max |z > 02"/ 2+2>
1<j<k<r

r(r—1)/2
—1- (1 ~ P(lz1e| > 772”2”)) .

Since Ny has a binomial distribution with success probability p and number
of trials 2¢, by noting that p is close to 1 for all large £, we have

P (g fheel) = 022+
J,keEN;
2 of )
= Z (7‘ >p'r(1 —p)2 7T[1 — (1 — P(‘m12‘ > n25/2+2))’f(7‘71)/2]
’r’:2£‘1+1

1
> (1= (1= Pllzia] 2 n2/2+)

222—3

).

From this and (5.1.13), we obtain
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3 (1 - (1 P(lzaa] = 72742 7) < o0
/=1

From the relationship of convergence between infinite series and products, we

obtain
20—3

> 2
H ( ‘-7712‘ > n22/2+2)) > O7

which then implies

57 29p (fona| > p2/272) < oc,
/=1

which implies condition (iv).
Now, suppose that a = E(R(x12)) > 0. Define D,, = {j < n,|z;;| < n'/*}.

Write N = #(D,,). Define a unit vector z = (21,---,2,) with z; = \/1N if

j € Dy, and z; = 0 otherwise. Substituting z into (A.2.4), we get

Amax(W) > z* (W)z

_a(N—-1)

- n * N\/n zeZD:n i + 27 (W E(W))
a(N —1) — < -

=" A (W - E(W)) A

>N o) =

Vn

where W is the matrix obtained from W by replacing its diagonal elements
with zero. Here the last limit follows from the fact that Ay, (W - E(W)) —

—20 almost surely, which is a consequence of the sufficiency part of the theo-
rem, and that N/n — 1 almost surely because N has a binomial distribution
with success probability p = P(|wi1| < n'/*) — 1. Thus, we have derived
a contradiction to the assumption that limsup Apax(W) = ¢ almost surely.
This proves that R(Ex12) < 0, the second assertion of condition (ii).

To complete the proof of necessity of condition (ii), we need to show that
the imaginary part of the expectation of the off-diagonal elements is zero.

Suppose that b = S(E(z12)) # 0. Define a vector u = (uq,- -+, uy) by

o - N—1/2 imsign(b)(2k—1)/N  _iwsign(b)(2k—1)(N—1)/N
{u;, 7€ Dp} =N {1,e yoe,e }
and u; = 0,5 € D,,. By Lemma 2.7,

WS(E(W,))u= © [blctan(r(2k — 1)/2N).

Vn
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Also,
1 N-1 2
* _ imsign(b)j(2k—1)/N
u*Ju = N Z e!TSIeb)
7=0
1 1— eiﬂsign(b)(Zk—l) 2
N |1 — einsign(b)(2k—1)/N
4
< )
= Nsin?(n(2k — 1)/2N)

where J is the n x n matrix of 1’s.
Write a = E(R(x12)) < 0. Then, by (A.2.4), we have

Amax(W) > u"W,u
4al
= /nNsin?(z(2k — 1)/2N)
. 0]
V/nsin(r(2k — 1)/2N)
=1 4+ I+ I3 —n /2 (5.1.14)

+ Amin(W — E(W))) — =1/

Take k = [n'/3]. Then, by the fact that N/n — 1, a.s., we have

2|al\/n
o~ - k2 0,
b bV
mk
|I3] — —20.

Thus, the necessity of condition (ii) is proved. Conditions (iii) and (v) follow
by applying the sufficiency part. The proof of the theorem is complete.

Remark 5.7. In the proof of Theorem 5.1, if the entries of W depend on n
but satisfy

E(zjr) = 0, E(l23,]) < 0%, E(Jzf,]) < b(6nv/n)2, (£>3) (5.1.15)
for some b > 0, then for fixed ¢ > 0 and = > 0,
PAmax (W) < 20 + e+ ) = o(n (20 + ¢ +2)72). (5.1.16)

This implies that the conclusion of lim sup Apax (W) < 20, a.s., is still true.
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5.2 Limits of Extreme Eigenvalues of the Sample
Covariance Matrix

We first introduce the following theorem.

Theorem 5.8. Suppose that {zji, j,k = 1,2,---} is a double array of iid
random variables with mean zero and variance o® and finite fourth moment.
Let X,, = (zji, j <p,k<n)and S, = }LXX* Then the largest eigenvalue
of Sy, tends to o*(1 + \/y)? almost surely.

If the fourth moment of the underlying distribution is not finite, then with
probability 1, the limsup of the largest eigenvalue of S, is infinity.

The real case of the first conclusion is due to Yin, Bai, and Krishnaiah
[301], and the real case of the second conclusion is proved in Bai, Silverstein,
and Yin [33].  The proof of this theorem is almost the same as that of
Theorem 5.1, and the proof for the real case can be found in these papers.
Thus the details are omitted and left as an exercise for the reader. Here,
for our future use, we remark that the proof of the theorem above can be
extended to the following.

Theorem 5.9. Suppose that the entries of the matriz X, = (¢jkn, j < p,k <
n) are independent (not necessarily identically distributed) and satisfy

1. E(xjkn) = 0,

2. |@jen] < /N,

3. max; kg |E| X kn|? — 02| — 0 as n — oo, and

4. E|xﬂm\e < b(\/nd,)" =2 for all £ > 3,

where 6,, — 0 and b > 0. Let S,, = anXfL. Then, for any > ¢ > 0 and
integers 7,k > 2, we have

P(Amax(Sn) > o(1 + \/y)2 +2) < Cn*(o?(1+ \/y)2 +z—e)F

for some constant C > 0.

In this section, we shall present a generalization to a result of Bai and Yin
[36]. Assume that X,, is a p x n complex matrix and S,, = ' X, X%.

Theorem 5.10. Assume that the entries of {z;;} are a double array of id
complex random variables with mean zero, variance o2, and finite fourth mo-
ment. Let X, = (x45; ¢ < p,j < n) be the pxn matriz of the upper-left corner
of the double array. If p/n — y € (0, 1), then, with probability 1, we have

—2\/y02 < liminf Ayin (S, — 02(1 +y)L,)
< lim Sup Amax (S — o2 (1 +y)1,,) < 2/yo?. (5.2.1)

n—0oo

From Theorem 5.10, one immediately gets the following theorem.
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Theorem 5.11. Under the assumptions of Theorem 5.10, we have a.s.

lim Amin(Sp) = o?(1 — /y)? (5.2.2)
and
lim Amax(Sn) = o(1 + /y)2. (5.2.3)

Denote the eigenvalues of S, by Ay < Ao < -+ < A\, Write Apax = A\n

and
A1, if p<n,
>\min - .
Ap—nt1, if p>n.

Using the convention above, Theorem 5.11 is true for all y € (0, c0).

5.2.1 Proof of Theorem 5.10

We split our tedious proof of Theorem 5.10 into several lemmas. The key idea
is to estimate the spectral norm of the power matrix (S, —o2(1+y)I)*. In the
first step, we split the power matrix into several matrices, among which the
most significant matrix is the one called T, (¢) defined below. Lemma 5.12
is devoted to the estimate of the norm of T,,(¢). The aim of the subsequent
lemmas is to estimate of the norm of (S,, —?(1+y)I)* by using the estimate
on T,,(0).

Lemma 5.12. Under the conditions of Theorem 5.10, we have

limsup || T, (¢)|| < (204 1)(£ 4 1)y V/26% a.s., (5.2.4)
n—oo
where
Tn(g) =n"* (Z/xavlmulleulv2mu2v2 e 'ru/szszv/z) )
the summation Z' runs over for vy,---,vp=1,2,-+-.n, and uy, -, up—1 =
1,2,---,p subject to the restriction
aF#uy, up £ U, U1 b and vy # vg, Vo £ vz, V1 F Vg

Proof. Without loss of generality, we assume ¢ = 1. We first truncate the
x-variables. Since E|z11[* < 0o, we can select a sequence of slowly decreasing
constants §,, — 0 such that nd,, is increasing and

> 65,22 Blans [P (Jz11] > 2/2650) < oo (5.2.5)
k

Then, define 2, = x;;I(|z;j| < 0n/n). Next, construct a matrix T, (¢) with
the same structure of T, (¢) by replacing x;; with x;j,. Then, we have
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P (Tn(e) £ T (), i.o.)

< Jim dP U U (@i # 2)
k=K 2k <n<2k+1i<p,j<n
oo
<lm > P |J U (il = 6,0252)
Koo Tk \akancarttjoaki
o0
K=o Tk \ijearn
o0
< lim 3 2%p <|x11| > 52k2k/2) ~0.

This shows that we need only to show (5.2.4) for the matrix T, (0).
Let T,,(¢) be the matrix constructed from the variables x;;, —E(2;j, ). We
shall show that, for all £ > 0,

~

| T (0) = To(0)]| — 0 as. (5.2.6)

if (5.2.4) is true for the matrix T, (¢) and all fixed ¢.

Write Yy, = (@) and Y, = (wijn — B(@ijn) = Yo — E(Y,).
Using the notation of ® products (see Page 483 for the definition of ®), we

have

~

T,0)=Y,0(XY)o 0¥, (Y (5.2.7)

and
T, () =Y,0(Y)o--0Y, o (Y. (5.2.8)

Suppose that (5.2.4) is true for the matrix T, (¢). We will show that
limsup || Y,[|* < 7,a.s.

In fact, with probability 1,
. 7 2 1 i 2 .
limsup ||'Y, || = limsup || T, (1) + diag Z |Zijn — E(zijn)|*,i <p

. 1 2 2
< 6 + limsup " nlngagczgﬁxw\ + 2|[Ez11n|zij| + |Ex11n]7]
‘7:
<T.

Here, the first inequality follows from (5.2.4) for T(¢) and the second follows
from Lemma B.25 given in Appendix B and the fact that Exy,, — 0.
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Note that |E(zijn)| < (duv/n) *E(|zY]) — 0. We obtain HE(?,L) <

VnlE(z11n)] = o(1). N R

By (5.2.7) and (5.2.8), the difference T, (¢) =T, (£) can be written as a sum
of ® products of matrices ?n, E(?n) or their complex conjugate transpose.
Each product has 2¢ factor matrices, and at least one of them is E(?n) or

its complex conjugate transpose. The number of terms in the sum is 2¢ — 1.
Then, assertion (5.2.6) follows by applying Theorem A.23. Therefore, the

proof of the lemma reduces to proving (5.2.4) for the matrix T, (¢). For
brevity, we still use T,,(¢) and x;; to denote the matrix and variables after
truncation and centralization. Namely, we shall proceed with our proof under
the following additional assumptions:

1. E(zi;) =0, E(lz]?) <1, and E(|x;?) — 1. (5.2.9)
2. E(|zi[") < (8nv/n) 2 for all £ > 3.

Select an integer m such that m/logn — oo and m&l/?’/ logn — 0. Then,
we have

—2me
tr(E(Tim(E))) =n 2" Z E(xilﬁxizhxizjzxisjz T xizmzbmzxiljzme)v

(5.2.10)
where the summation runs over all integers iy, -, iome from {1,2,--- p}
and ji, -+, jome from {1,2,---,n} subject to the conditions that, for any

v=0,1,---,2m — 1,
i'uEJrl 7& ivl+27 ivl+2 7é i'uEJr?n Tty i(v+1)l 7& i(v+1)l+17
Jott1 F Juet2, Joed2 F Joes3s s Jorne—1 F Jorne  (5:2.11)

Given i1, +,i9me and j1,- -, jome, define functions f and g by f(1) =
g(1) =1 and, for 1 < £ <2md,

if iy = i,, for some u < ¢,

_f fu),
fO) = {max F),---, f(l—=1)} + 1, otherwise,
and

g(0) = g(u), if jo = j, for some u < ¢,
max{g(1),---,g({ — 1)} + 1, otherwise.

Similar to what we did in Subsection 3.1.2, construct a A-graph G of 2m/¢
down edges and 2m/f up edges, by using these two functions, called a canonical
graph. Then, (5.2.10) can be rewritten as

— £
tr(E(Tim(é))) =n o E E E(xilh'ri’zjlxhjzxi:sjz cee xizmtzhmtzxiljzmz)'
G ij

(5.2.12)
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Obviously, if G has a single edge, the terms corresponding to this graph are
zero. Thus, we need only to estimate the sum of all those terms whose G has
no single edge.

We split the graph G into 2m subgraphs G, - -, Ga,,, where the graph
G, consists of the ¢ down edges eq (y—1)e41° ", €d0e and the £ up edges
Cu,(v—1)0+1 " " Cu,ve and their vertices.

Due to condition (5.2.9), within each subgraph, all down edges do not
coincide with their adjacent (prior to or behind) up edges, but those between
different subgraphs can be coincident.

Now, we begin to estimate the right-hand side of (5.2.12). Let k denote
the total number of innovations and ¢ denote the number of T edges. Then,
we have the following.

1. By noting that G has no single edge, the expectation is not greater than
(5n\/n)4m872k7t.

2. Since G has no single edge, 1 < k < 2m/.

3. For the same reason, t < 2md.

4. Let a; denote the number of pairs of consecutive edges (e,e’) in the
subgraph G; in which e is an innovation but ¢’ is not. Then the number of
sequences of consecutive innovations in G; is either a; or a; + 1 (the latter
happens when the last edge of G; is an innovation). Hence, the number of
ways to arrange the consecutive innovation sequences is not more than

20 20 20+1
<2ai) i <2ai + 1> B <2ai + 1)'

5. Given the positions of innovations, there are at most (*"f *) ways to
arrange the T3 edges.

6. Given the positions of innovations and T3 edges, the Ty edges will be at
the rest 4mf — 2k positions.

7. For canonical graphs, there is only one way to plot the innovations and
irregular Ts-edges. By Lemmas 5.5 and 5.6, there are at most (¢ + 1)2(4m¢=2k)
ways to plot the regular T3 edges.

8. Because there are k + 1 vertices, there are at most (k'gl)(< (k +1)?)
positions to plot the T, edges. Hence, there are at most ((ktl)Z) ways to plot
the t Ty edges. And there are at most t*"/~2F ways to distribute the 4m¢— 2k
Ty-edges into the t positions.

9. Let r and s denote the number of up and down innovations. Then, we
have k = r + s and the number of terms for each canonical graph is not more
than n*p" 1 = nkfTlyr+1 where y, = p/n — y.

Combining the above, (5.2.12) can be estimated by

cnrzon oo ({1 (211)) () (1)

=1
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_(t_,'_]_)3(4mff2k)y:;kl(sﬁmffmc(\/n(sn)ft7 (5213)

where the summation is taken subject to restrictions 1 < k < 2m/, 0 <t <
2ml, and 0 < a; < /.

Suppose that in the pair (e,e’) of the graph G, e is an innovation and e’
is not. Then, ¢’ must be a T edge since it cannot coincide with e. Therefore,

ay + -+ asy < the number of T edges < t. (5.2.14)
In each consecutive sequence of innovations, the difference in the number of

up and down innovations is at most 1. Since in (; there are at most a; + 1
consecutive innovation sequences, we obtain

[r—s| <ai+ -+ agm +2m. (5.2.15)
From the estimations above and the relation k£ = r + s, we have
1
r> 9 (k—t) —m.

Since y,, < 1, we have
y;ﬂ < y£k7t72m)/2.

(5.2.16)
By the trivial inequality (22(5;11) < (20 +1)%%+L we have
2041
11 ( ) < (204 1)2 20w H2m < (20 4 1)20H2m, (5.2.17)
i1 2ai + 1

Because each a; may take values from 0 to £, there are at most (£ + 1)?™

ways to arrange various ai,- - -, a2,. Lhen, applying inequality (5.1.11), we
further get

2ml Aml—2k dml — k
tr(B(TZ™(0) <nd > (2£+1)2m(z+1)2m< . )
k=1 t=0
k+1 2\* ml— L(k—t—2m ml—
_((\/ms) ) (t+1)3(4 ’ 21@)%( t—2 )53 -2k
L b — k

<n2(204 1m0+ 1)Pmy™ < B )

( )+ 1)y kz::l i

3(4m€—2k)51/3 A k/2 s4mi—2k
. n game—
10g(/nyndn/(k + 1)?) Yo O

4mdl

3
24mesy/
<20+ 1P+ 1)y, ™ |yt ( o
5 logn
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=n2(20 4 1)2 (0 4 1)2ym =D (1 4 o(1)) M, (5.2.18)
Thus, for any 1 > (20 + 1)(¢ + 1)y“~1/2 we have
P(I T ()] = 1) <0 > E(|TA(0)]*™)
< 0 PE(tr(Ta(6))™)
2m
< (nfl(ze F1)(C+ 1)y<“>/2) n2(1+o(1))*™  (5.2.19)
which is summable due to the assumption m/logn — oo. The lemma then
follows by applying the Borel-Cantelli lemma.

Define Y2+ = (/=120 2y5) and Y2 = (0= Yy, 242,
f=0,1,2,---. Then, we have the following lemma.

Lemma 5.13. Under the conditions of Theorem 5.10, we have

limsup [|[YW| < V70, as.,
limsup [[YP|| < /E|z11 4, as.,
limsup |[Y{) | =0, as., forall f> 2.
Proof. We have

1 n
IV < ITu()]| +  max |y
n i<p =

Then, the first conclusion of the lemma follows from Lemmas 5.12 and B.25.
By Y2 < tr(YPYP*), we have

YU <n2 > oyl = yE(lzu[*), as.
ij
For f > 2, by Lemma B.25, we have
IYP)2 <nt Z |22 — 0 as.
ij

Lemma 5.14. Under the conditions of Theorem 5.10, we have

T, T,(k) = Tp(k+1) +yo®T,(k) + yo*Tp(k — 1) +0o(1) as. (5.2.20)
Proof. We can assume o = 1 without loss of generality. By relation (A.3.6)
and Lemma 5.13,

EY*’s

n
A~

- ~
T, k=Y, |Y, oY 0---0Y)
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—[diag(Y, Y;)ITo(k— 1) + Y 0 (Y, 0---0Y})
=Y, (Y0Y 0 --0Y:) —Ty(k—1)+0(1) as., (52.21)

and similarly

k+1YZ:'s

)
To(k+1) =Y, | Y 0Y, 0 0Y: | - [diag(Y, Y] Ta(k) + o(1) as.

=Y, Y T, (k) — Yadiag(YXY) (YE @ 0YY)
—diag(Y,, Y} )Th(k) +o(1) as.

=T, T,(k) —yY, (Y, © --0Y})+o0(l) as.

=T, T,(k) —y(Tp(k) + Tp(k—1))+0(1) as. (5.2.22)

The proof of the lemma is complete.

Lemma 5.15. Under the conditions of Theorem 5.10, we have

k [(k=r)/2]
(Tn —yo®L)F =) " (~1) T *0T(r) Y Cik,r)y* " +0(1),
r=0 =0

(5.2.23)
where the constants |C;(k,r)| < 2F.

Proof. When k = 1, with the convention that T(0) = I, the lemma is trivially
true with Cp(1,1) = 1 and Cy(1,0) = 1. The general case can easily be proved
by induction and Lemma 5.14. The details are omitted.

We are now in a position to prove Theorem 5.10.

Proof of Theorem 5.10. Again, we assume that 02 = 1 without loss of gener-
ality. By Lemma B.25, we have

IS0 T, ~ Toll < max | S (- )| 0 as
j=1
Therefore, to prove Theorem 5.10, we need only to show that
limsup | T,, — yI,|| <2y as.
By Lemmas 5.12 and 5.15, for any fixed k, we have
limsup | T, — yL,||* < Ck*2kyk—1/2,

Therefore,
limsup | T,, — yL,|| < CY/FEA/ koyk=1/(2k)

Letting & — oo, we conclude the proof of Theorem 5.10.
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5.2.2 Proof of Theorem 5.11

By Theorem 3.6, with probability 1, we have

lim sup Amin(S,) < o%(1 — \/y)z

and  Hminf A\pax(Sy) > o2(1 + \/y)Q
Then, by Theorem 5.10,
lim sup Amax (Sn) =02(1 + y) + lim sup Amax(Sn — 02(1 + y)L,,)
<o} (1+y)+20%/y
and
lim inf Apin (Sp) = 02(1 4+ y) + liminf Apin (S, — 02(1 4+ y)I,)
> 0*(1+y) —20%/y.

This completes the proof of the theorem

5.2.3 Necessity of the Conditions

By the elementary inequality Amax(A) > max;<, a;;, we have

n

1
)\max(sn) Z I?Sa;{ n ; |xij ‘2~

By Lemma B.25, if E(Jz11|*) = oo, then

1
hmsupmax E |zi;]? — oo, as.
n—oo <p

j 1

This shows that the finiteness of the fourth moment of the underlying distri-

bution is necessary for the almost sure convergence of the largest eigenvalue
of a sample covariance matrix

If E(|z11]*) < 0o but E(z11) = a # 0, then

|l Jaten] | e oo

> lalp/v/n — H \/1” (X, — E(Xn))H — 00, a.s.

Combining the above, we have proved that the necessary and sufficient
conditions for almost sure convergence of the largest eigenvalue of a large
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dimensional sample covariance matrix are that the underlying distribution
has a zero mean and finite fourth moment.

Remark 5.16. It seems that the finiteness of the fourth moment is also nec-
essary for the almost sure convergence of the smallest eigenvalue of the large
dimensional sample covariance matrix. However, at this point we have no
idea how to prove it.

5.3 Miscellanies

5.3.1 Spectral Radius of a Nonsymmetric Matriz

Let X be an n xn matrix of iid complex random variables with mean zero and
variance 0. In Bai and Yin [39], large systems of linear equations and linear
differential equations are considered. There, the norm of the matrix (\}n X)*
plays an important role in the stability of the solutions to those systems. The
following theorem is established.

Theorem 5.17. If E(|z1,]) < oo, then

k
1
X
(WL )
The proof of this theorem, after truncation and centralization, relies on

the estimation of E([tr( \}n X)k( \/1” X*)¥]%). The details are omitted. Here, we

introduce an important consequence on the spectral radius of \}nX, which

lim sup < (1 +k)o*, as. (5.3.1)

n—0oo

plays an important role in establishing the circular law (see Chapter 11). This
was also independently proved by Geman [117] under additional restrictions
on the growth of moments of the underlying distribution.

Theorem 5.18. If E(|z1,]) < oo, then

1
lim sup ‘Amax <\/ X)’ <o, as. (5.3.2)
n

Theorem 5.18 follows from the fact that, for any k&,
o1 |L/k
lim SUPp— o0 ‘)\max (\/1” X)‘ = lim SUPp— o0 ‘Amax |:(\/1n X) :|

1/k
<limsup,,_, ., H(\}”X)kH <1+ k)Y — o

by making k — oo.
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Remark 5.19. Checking the proof of Theorem 5.11, one finds that, after
truncation and centralization, the conditions for guaranteeing (5.3.1) are
[Tjk| < duv/n, E(lz3,]) < o?, and E(|z3,[) < b, for some b > 0. This is
useful in extending the circular law to the case where the entries are not
identically distributed.

5.3.2 TW Law for the Wigner Matrix

In multivariate analysis, certain statistics are defined in terms of the extreme
eigenvalues of random matrices, which makes the limiting distribution of nor-
malized extreme eigenvalues of special interest. In [279], Tracy and Widom
derived the limiting distribution of the largest eigenvalue of a Wigner ma-
trix when the entries are Gaussian distributed. The limiting law is named
the Tracy-Widom (TW) law in RMT. We shall introduce the TW law for
the Gaussian Wigner matrix. Under the normality assumption, the density
function of the ensemble is given by

P(w)dw = Csexp (—itr W*W> dw

and the joint density of the eigenvalues is given by

PasA, -+, An) = Crge PPN TT 1Ny — Mil?, —00 < A < -+ < Ay < 00,
i<k

where

2 for GUE,
4 for GSE,

where GOFE stands for Gaussian orthogonal ensemble, for which all entries
of the matrix are real normal random variables and whose distribution is
invariant under real orthogonal similarity transformations; GUFE stands for
Gaussian unitary ensemble, for which all entries of the matrix are complex
normal random variables and whose distribution is invariant under complex
unitary similarity transformations; while GSF stands for Gaussian symplectic
ensemble, for which all entries of the matrix are normal quaternion random
variables and whose distribution is invariant under symplectic transforma-
tions.

It is necessary here to provide a note on quaternions for the Wigner matrix
and GSE. We define 2 x 2 matrices

10\ . (i © . (0 1 (0 i
o= 1) 1=(5 %) 9= (G o) ma=(30)

1 for GOE,
ﬂ:{
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It is easy to verify that i?> = j2> = k? = ijk = —e. For any real numbers
a, b, c,d, the 2 x 2 matrix of the linear combination

z=ae+bi+cj+dk = ( v ”)
-0 u
is called a quaternion, where u = a + bi and v = ¢ + di. The quaternion
conjugate of x is defined by

Z—ae—bi—cj—dk = <“ _“>

v u

which is a complex conjugate transpose of the quaternion x. An n x n quater-
nion matrix consists of n? quaternion entries and thus is in fact a 2n x 2n
complex matrix. By the property of quaternion conjugation, the quaternion
conjugate transpose of a quaternion matrix is the same as the usual complex
conjugate transpose of its 2n x 2n complex matrix version. By this property,
we can similarly define a quaternion Hermitian matrix by X = X*, where
X* stands for quaternion conjugate transpose of the quaternion matrix X.

A GSE is a 2n x 2n Hermitian matrix X = (2;);';_;, where z;; is a
quaternion with four coefficients being iid N(0,1/4) for ¢ > j and the diago-
nal elements of x;; = a;e with a; ESY (0,1) and the quaternions above or on
the diagonal are independent. Such a matrix is called GSE because its distri-
bution is invariant under symplectic transformations. We shall not introduce
these transformations here. Interested readers are referred to Section 2.4 of
Mehta [212].

It is well known that all eigenvalues of a GSE are real and have multiplic-
ities 2 and thus GSEs have n distinct eigenvalues.

In Tracy and Widom [279], the following theorem is proved.

Theorem 5.20. Let A\, denote the largest eigenvalue of an order n GOE,
GUE, or GSE. Then

n23(\, — 2) -2 Ty,

where Tg is a random variable whose distribution function Fg is given by
P =ew (- [Tt - o).
Fi(z) = exp ( — ; /:O q(t)dt) [Py (x)]"/2,
Fy(27Y/22) = cosh ( - ; /OO q(t)dt) [Fy(2)]2,

and q(t) is the solution to the differential equation

q" =tq+2q¢°
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(solutions to which are called Painlevé functions of type II) satisfying the
marginal condition
q(t) ~ Ai(t), ast — oo

and Ai is the Airy function.

The descriptions of the Airy and the TW distribution functions are com-
plicated. For an intuitive understanding of the TW distributions, we present
a graph of their densities (see Fig. 5.7).

-4 -2 0 2

Fig. 5.7 The density function of Fj for 8 =1,2,4.

5.3.3 TW Law for a Sample Covariance Matriz

It is interesting that the normalized largest eigenvalue of the standard
Wishart matrix tends to the same TW law under the assumption of nor-
mality. The following result was established by Johnstone [168].

We first consider the real case.

Theorem 5.21. Let Ayax denote the largest eigenvalue of the real Wishart
matric W(n, Ip). Define

fnp = (Vn—1+ /p)*

7 = (Vn =14 vp) (x/nl— 1 \;p>1/3'
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Then \
—_ G
max Hnp 2 Wl NFl,
On,p

where Iy is the TW distribution with 3 = 1.
The complex Wishart case is due to Johansson [164].

Theorem 5.22. Let A,.x denote the largest eigenvalue of a complex Wishart
matric W(n, Ip). Define

finp = (Vn+/p)?,
1/3
(e )"

Then

/\max — HUn 9
P — WQ ~ Fg,
On,p

where Fy is the TW distribution with 3 = 2.



Chapter 6
Spectrum Separation

6.1 What Is Spectrum Separation?

The results in this chapter are based on Bai and Silverstein [32, 31]. We con-
sider the matrix B,, = }LTl/zXnX:‘LT}/Z, where T,l/Q is a Hermitian square
root of the Hermitian nonnegative definite p x p matrix T, with X,, and
T,, satisfying the (a.s.) assumptions of Theorem 4.1. We will investigate the
spectral properties of B,, in relation to the eigenvalues of T,,. A relationship
is expected to exist since, for nonrandom T,,, B,, can be viewed as the sam-
ple covariance matrix of n samples of the random vector Trl/ 2X1, which has
T,, for its population matrix. When n is significantly larger than p, the law
of large numbers tells us that B,, will be close to T,, with high probability.
Consider then an interval J C RT that does not contain any eigenvalues of
T,, for all large n. For small y (to which p/n converges), it is reasonable
to expect an interval [a, b] close to J which contains no eigenvalues of B,,.
Moreover, the number of eigenvalues of B,, on one side of [a, b] should match
up with those of T,, on the same side of J. Under the assumptions on the
entries of X,, given in Theorem 5.11 with o2 = 1, this can be proven using
the Fan Ky inequality (see Theorem A.10).

Extending the notation introduced in Theorem A.10 to eigenvalues and,
for notational convenience, defining \§* = oo, suppose )\;ﬂ" and )\;l;’q_l lie,
respectively, to the right and left of J. From Theorem A.10, we have (using
the fact that the spectra of B,, and (1/n)X,,X*T,, are identical)

ABn < AMXXaNTL o and B > AXXT (61
From Theorem 5.11, we can, with probability 1, ensure that )\gl/ X X
and )\1(,1/ mXnXn are as close as we please to one by making y suitably small.

Thus, an interval [a, b] does indeed exist that separates the eigenvalues of B,
in exactly the same way the eigenvalues of T, are split by .J. Moreover, a, b
can be made arbitrarily close to the endpoints of .J.

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 119
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 6,
© Springer Science+Business Media, LLC 2010
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Even though the splitting of the support of F, the a.s. LSD of FB» (guar-
anteed by Theorem 4.1), is a function of y (more details will be given later),
splitting may occur regardless of whether y is small or not. Our goal is to
extend the result above on exact separation beginning with any interval [a, b]
of RT outside the support of F'. We present an example of its importance
that was the motivating force behind the pursuit of this topic. It arises from
the detection problem in array signal processing. An unknown number ¢ of
sources emit signals onto an array of p sensors in a noise-filled environment
(¢ < p). If the population covariance matrix R of the vector of random val-
ues recorded from the sensors is known, then the value ¢ can be determined
from it due to the fact that the multiplicity of the smallest eigenvalue of R,
attributed to the noise, is p — ¢. The matrix R is approximated by a sample
covariance matrix R, which, with a sufficiently large sample, will have with
high probability p — ¢ noise eigenvalues clustering near each other and to
the left of the other eigenvalues. The problem is that for p and/or ¢ sizable,
the number of samples needed for R to adequately approximate R would be
prohibitively large. However, if for p large the number n of samples were to be
merely of the same order of magnitude as p, then, under certain conditions on
the signals a/r\ld noise propagation, it is shown in Silverstein and Combettes

[268] that F® would, with high probability, be close to the nonrandom LSD
F. Moreover, it can be shown that, for y sufficiently small, the support of
F will split into two parts, with mass (p — ¢)/p on the left and ¢/p on the
right. In Silverstein and Combettes [268], extensive computer simulations
were performed to demonstrate that, at the least, the proportion of sources
to sensors can be reliably estimated. It came as a surprise to find that not
only were there no eigenvalues outside the support of F' (except those near
the boundary of the support) but the ezact number of eigenvalues appeared
on intervals slightly larger than those within the support of F. Thus, the
simulations demonstrate that, in order to detect the number of sources in the
large dimensional case, it is not necessary for R to be close to R; the number
of samples only needs to be large enough so that the support of F' splits.

It is of course crucial to be able to recognize and characterize intervals
outside the support of F' and to establish a correspondence with intervals
outside the support of H, the LSD of FT». This is achieved through the
Stieltjes transforms, sp(z) and s(z) = sp(2), of, respectively, F and F', where
the latter denotes the LSD of B,, = (1/n)XT,,X,,. From Theorem 4.3, it is
conceivable and will be proven that for each z € C*, s = sp(z) is a solution
to the equation .

8_/t(1—y—yzs)—de(t)’ (6.1.2)
which is unique in the set {s € C: —(1 —y)/z +ys € C"}. Since the spectra
of B,, and B,, differ by |p — n| zero eigenvalues, it follows that

FPn = (1~ (p/n))Ijo,00) + (p/n)FP",
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from which we get

1—
spB, (2) = _( Zp/n) + (p/n)spsn(2), 2z€CT, (6.1.3)
F=1-y)ou)+yF,
and )
sF(z):—( ;y) +ysr(z), z€CT .
It follows that )
=—z! H 1.4
se=—at [ aH), (6.1.4

for each z € CT, s = sp(2), is the unique solution in C* to the equation

$=—<z—y/t1df§?>_l, (6.1.5)

and sp(z) has an inverse, explicitly given by

tdH(t)

. 1.
1+ts (6.1.6)

25) = zals) =~ +u [

Note that this could have been derived from (4.1.2) by setting s4 = —z71.
The unique solution to (6.1.2) follows from (4.5.8).

Let F¥H denote F in order to express the dependence of the LSD of FBx
on the limiting dimension to sample size ratio y and LSD H of the population
matrix. Then s = spy.u(2) has inverse z = z, g (s).

From (6.1.6), much of the analytic behavior of F' can be derived (see
Silverstein and Choi [267]). This includes the continuous dependence of F'
on y and H, the fact that F has a continuous density on RT, and, most
importantly for our present needs, a way of understanding the support of
F. On any closed interval outside the support of F¥H sp, u exists and is
increasing. Therefore, on the range of this interval, its inverse exists and is
also increasing. In Silverstein and Choi [267], the converse is shown to be
true along with some other results. We summarize the relevant facts in the
following lemma.

Lemma 6.1. (Silverstein and Choi [267]). For any c.d.f. G, let Sg denote
its support and S¢, the complement of its support. If u € S§,, u, then s =
Spv.u(u) satisfies:

(1) s € R\{0},

(2) —s7t e 5S¢,
and

(3) &z, n(s)>0.
Conversely, if s satisfies (1)-(3), then u = zy gy(s) € SG, &
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Thus, by plotting z, r(s) for s € R, the range of values where it is increas-
ing yields S%.,.r (see Fig. 6.1).

Fig. 6.1 The function zp.1, g (s) for a three-mass point H placing masses 0.2, 0.4, and
0.4 at three points 1, 3, 10. The intervals of bold lines on the vertical axes are the support
of FO-LH,

Of course, the supports of F' and F¥I are identical on R*. The density
function of FO1# is given in Fig. 6.2.
As for whether F' places any mass at 0, it is shown in Silverstein and Choi
[267] that
FoH(0) = max(0,1 - y[1 - H(0)]),

which implies
_ JH(0), [1—H(0)] <1,
F(0) = { 1—y™ L, g[l — H(0)] > 1.

It is appropriate at this time to state a lemma that lists all the ways
intervals in S%, , can arise with respect to the graph of z, y(s), s € R. It
also states the dependence of these intervals on y. The proof will be given in
later sections.

(6.1.7)

Lemma 6.2. (a) If (t1,t2) is contained in S§ with t1,ts € 0Sy and t; > 0,
then there is a yo > 0 for which y < yo = there are two values 321/ < 512/ mn
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6

Fig. 6.2 The density function of FO-1:¥ with H defined in Fig. 6.1

[—t;h, —t5 1] for which (2y.1(5y), 2y,1(53)) C S0, with endpoints lying in
dSpy.m and zy u(s,) > 0. Moreover,

2y (sy) — ti, asy—0, (6.1.8)
for i = 1,2. The endpoints vary continuously with y, shrinking down to a
point as y 1 yo, while zy 1 (s)) — 2y u(s,) is monotone in y.

(In the graph of z, 1 (s), s, and s} are the local minimizer and maxi-
mizer in the interval (—1/t1, —1/t), and z, 1 (s,,), and z, g (s;) are the local
minimum and maximum values. As an example, notice the minimizers and
maximizers of the two curves in the middle of Fig. 6.1.)

(b) If (t3,00) C S with 0 < t3 € dSp, then there exists s} € [—1/t3,0)
such that zyH(s?/) is the largest number in Spy.u. Asy decreases from oo to
0, (6.1.8) holds for i = 3 with convergence monotone from oo to ts.

(The value sz is the rightmost minimizer of the graph z, g (s),s < 0, and
2y, H(sz) is the largest local minimum value. See the curve immediately to
the left of the vertical axis in Fig. 6.1.)

(¢) If y[1 — H(0)] < 1 and (0,ts) C S§; with ts € OSH, then there exists
sy € (=00, —1/ta] such that z 1 (s;) is the smallest positive number in Spy.u,
and (6.1.8) holds with i = 4, the convergence being monotone from 0 as y
decreases from [1 — H(0)]71.
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(The value s; is the leftmost local maximizer, and z, z(s,) is the smallest
local maximum value; i.e., the smallest point of the support of F¥. See the
leftmost curve in Fig. 6.1.)

(d) If y[1 — H(0)] > 1, then, regardless of the existence of (0,ts) C S,
there exists s, > 0 such that z, g(sy) > 0 and is the smallest number in
Spy.. It decreases from oo to 0 as y decreases from oo to [1 — H(0)] 7.

(In this case, the curve in Fig. 6.1 should have a different shape. It will
increase from —oo to the positive value z,, z > 0 at s, and then decrease to
0 as s increases from 0 to 00.)

(e) If H = Ijg o) (that is, H places all mass at 0), then F' = Fyloe) =
I[O,oo)-

All intervals in S%., n N [0,00) arise from one of the above. Moreover,
disjoint intervals in S§ yield disjoint intervals in S¢., p -

Thus, for interval [a,b] C S%., » NRT, it is possible for spy.z(a) to be
positive. This will occur only in case (d) of Lemma 6.2 when b < z, r(sy)-
For any other location of [a,b] in R, it follows from Lemma 6.1 that spy.u
is negative and

[—1/spy.mr(a), —1/spy.mr(D)] (6.1.9)

is contained in S§;. This interval is the proper choice of J.
The main result can now be stated.

Theorem 6.3. Assume the following.

(a) Assumptions in Theorem 5.10 hold: x;;, 1,5 = 1,2, ... are iid random
variables in C with Ex1; = 0, Elz11|? = 1, and E|r11[* < .

(b) p=p(n) with y, =p/n—y >0 asp — .

(¢) For each n, T = T, is a nonrandom p X p Hermitian nonnegative
definite matriz satisfying H, = FTr 2, H, a c.d.f

(d) [| Ty, the spectral norm of Ty, is bounded in n.

(e) B, = (l/n)T}LanX:LT}lLﬂ, T2 is any Hermitian square root of T,,,
and B, = (1/n)X:T,X,,, where X,, = (z;;), 1=1,2,---,p, j=1,2,---,n.

(f) Interval [a,b] with a > 0 lies in an open interval outside the support
of FvnHn for all large n.

Then:

(1) P(no eigenvalues of B,, appear in [a,b] for all large n) = 1.

(2) If y[1 — H(0)] > 1, then zq, the smallest value in the support of FY-H
is positive, and with probability one A\B» — x¢ as n — oco. The number zq is
the mazimum value of the function zy y(s) for s € RT.

(3) If y1 — H(0)] < 1, or y[l — H(0)] > 1 but [a,b] is not contained
in (0,x0), then by assumption (f) and Lemma 6.1, the interval (6.1.9) is
contained in qun NRT for all large n. For these n, let i,, > 0 be such that

AL > =1 spun(b)  and AT < —1/spun(a). (6.1.10)

Then
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P (A?ﬂ" >b and AP, <a for all largen ) _ 1

Remark 6.4. Conclusion (2) occurs when n < p for large n, in which case
Af};l = 0. Therefore exact separation should not be expected to occur for
[a,b] C [0, z0]. Regardless of their values, the p — n smallest eigenvalues of
T, are essentially being converted to zero by B,. It is worth noting that
when y[1 — H(0)] > 1 and F and (consequently) H each have at least two
nonconnected members in their support in R*, the number of eigenvalues of
B,, and T,, will match up in each respective member except the leftmost
member. Thus the conversion to zero is affecting only this member.

Remark 6.5. The assumption of nonrandomness of T, is made only for con-
venience. Using Fubini’s theorem, Theorem 6.3 can easily be extended to
random T,, (independent of x;;) as long as the limit H is nonrandom and
assumption (f) is true almost surely. At present, it is unknown whether the
boundedness of || T, || can be relaxed.

Conclusion (1) and the results on the extreme eigenvalues of (1/n)XX*
yield properties on the extreme eigenvalues of B,,. Notice that the interval
[a, b] can also be unbounded; that is, lim sup,, | B, || stays a.s. bounded (non-
random bound). Also, when p < n and )\;f" is bounded away from 0 for all

n, we can use
B, (1/n)XX* T,
Ayt A, A

to conclude that a nonrandom b > 0 exists for which a.s. )\]];3’" > b. Therefore
we have the following corollary.

Corollary 6.6. If | T, | converges to the largest number in the support of H,
then ||By|| converges a.s. to the largest number in the support of F. If the
smallest eigenvalue of T, converges to the smallest number in the support of
H and y < 1, then the smallest eigenvalue of B,, converges to the smallest
number in the support of F.

The proof of Theorem 6.3 will begin in Section 6.2 with the proof of (1). It
is achieved by showing the convergence of Stieltjes transforms at an appro-
priate rate, uniform with respect to the real part of z over certain intervals,
while the imaginary part of z converges to zero. Besides relying on standard
results on matrices, the proof requires Lemmas 2.12 and 2.13 (bounds on
moments of martingale difference sequences) as well as Lemma B.26 (an ex-
tension of Lemma 2.13 to random quadratic forms). Additional results are
given in the next section. Subsection 6.2.2 establishes a rate of convergence
of FBu, needed in proving the convergence of the Stieltjes transforms. The
latter will be broken down into two parts (Subsections 6.2.3 and 6.2.4), while
Subsection 6.2.5 completes the proof of (1).

Conclusion (2) is proven in Section 6.3 and conclusion (3) in Section
6.4 . Both rely on (1) and on the properties of the extreme eigenvalues of
(1/n)X,, X% . The proof of (3) involves systematically increasing the number
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of columns of X,,, while keeping track of the movements of the eigenvalues
of the new matrices, until the limiting y is sufficiently small that the result
obtained at the beginning of the introduction can be applied.

Along the way to proving (2) and (3), Lemma 6.2 will be proven (in Section
6.3 and Subsection 6.4.3).

6.1.1 Mathematical Tools

We list in this section additional results needed to prove Theorem 6.3.
Throughout the rest of this chapter, constants appearing in inequalities are
represented by K and occasionally subscripted with variables they depend on.
They are nonrandom and may take on different values from one appearance
to the next.

The first lemma can be found in most probability textbooks, see, e.g.,
Chung [79].

Lemma 6.7. (Kolmogorov’s inequality for submartingales). If Xi,...,X,,
is a submartingale, then, for any a > 0,

1
P(maXXk >a> < E(Xn|)-
k<m [e%

Lemma 6.8. If, for all t > 0, P(|X| > t)t? < K for some positive p, then
for any positive q < p,

EXI"SK‘W’< P )
p—q
Proof. For any a > 0, we have
E|X‘q:/ P(\X|Q>t)dt§a+K/ t*P/th:a_’_K q al-rla
0 " p—g

By differentiating the last expression with respect to a and setting to zero,
we find its minimum occurs when a = K9P, Plugging this value into the last
expression gives us the result.

Lemma 6.9. Let z € CT with v = Sz, A and B n x n with B Hermitian,
andr € C". Then

“(B-20)'AB - 2D)'r| _ A

N -1 * —1 — r
tr((B—2D) ' = (B+rr’—20) ') A 14+r*(B—2I)"'r - v

Proof. Since (B—2I)"1 — (B+rr* —2I)7! = (B—2I) " lrr*(B+rr* —2I) 71,
similar to (4.5.11), we use the identity
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1

r*(C+rr*) ! = e

r*C !, (6.1.11)

valid for any square C for which C and C 4+ rr* are invertible, to get

—1. = —1
|tr((B — 21)~! (B+rr — D) THA| = |TE N BT A
_ | @ taB-n ! ll(B— zI) r|?
14r*(B—2I)—1 —zI)~1r|"

Write B = " \Be,e!, where the e;’s are the orthonormal eigenvectors of
B. Then

le; q\2
[(B—2I)"'q|* = Z‘ -

and
14" B—2D)'r| > Sr*B—2D) 'r=v) |

The result follows.

Lemma 6.10. For z = u +iv € Ct, let s1(2), s2(2) be Stieltjes transforms
of any two c.d.f.s, A and B n x n with A Hermitian nonnegative definite,
and r € C". Then

(@) (s1(2)A+D)7| < max(4]|Af /v, 2)
(b) [trB((s1(2)A + 1)~ — (s2(2)A + 1)~
< [s2(2) = s1(2)|n|| B | Al (max(4]| Al /v, 2))>
(c) [r*B(s1(2)A +I)7tr — r*B(sa(2)A + )7 Ir|
< ls2(2) — s1(2)[l[x[IB Al (max(4]| A /v, 2))
(|[r|| denoting the Fuclidean norm on r).
Proof. Notice (b) and (c) follow easily from (a) using basic matrix prop-
erties. Using the Cauchy-Schwarz inequality, it is easy to show |Rsi(z)| <
(S 51(2)/v)"/2. Then, for any positive x,
s1(2)z + 11> = Rs1(2)x + 1) + (S 51(2))%2?
> (Rs1(2)r + 1) + (Rs1(2))*0v%2?

. 1 2
M 1622 )

where the last inequality follows by considering the two cases where |Rs1(2)x|

< % and otherwise. From this inequality, conclusion (a) follows.

Y

Lemma 6.11. Let {F,} be an increasing sequence of o-fields and {X, } a
sequence of random variables. Write E, = E(:|Fy), Exw = E(-|Fx), Foo =
V; Fj. If Xn — 0 a.s. and sup,, | Xn| is integrable, then
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lim maxE;x X, =0, a.s.

n—oo k<n
Proof. Write, for integer m > 1, Y;,, = sup,,>,,, | Xp[. We have Y, integrable
for all m, bounded in absolute value by sup,, | X,,|. We will use the fact that

for integrable Y
lim E,Y =E,Y, a.s.

n—0o0

(Theorem 9.4.8 of Chung [79]). Then, by the dominated convergence theorem,
for any m and positive integer K

Z = limnsup rI?SaT}L(EHXn\ < limnsup ’;(Ek\Xﬂ + Jnax Er| X, |

<limsup max E.Y,, = sup E.Y,, a.s.
n  K<k<n K<k<oo

Therefore

Z <limsupEgY,, = lim EgxY,, = E, Y, a.s.
K K—oo

Since Y, — 0 a.ss. as m — oo, we get from the dominated convergence
theorem E.Y,, — 0 a.s. Therefore we must have Z = 0 a.s. The result
follows.

Basic properties on matrices will be used throughout this chapter, the two
most common being trAB < ||A||trB for Hermitian nonnegative definite A
and B and (6.1.11).

6.2 Proof of (1)

6.2.1 Truncation and Some Simple Facts

We begin by simplifying our assumptions. Because of assumption (d) in the
theorem we can assume ||T,| < 1.

For € > 0, let y;j = @ijljey<o) — Eiljjey1<e, Y = (y3) and
B, = (l/n)T}L/zYnY;‘LT:}Lﬂ. Denote the eigenvalues of B,, and B, by Ak
and Ay (in decreasing order). Since these are the squares of the k-th largest
singular values of (1/y/n)T,X,, and (1/y/n)T,Y, (respectively), we find
using Theorem A.46 that

max [\ = A% < (1/v/n)|[ X = Y.
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Since zi; —yij = @ijl[|2,;)>0) — ETijl]j2,; > 07, from Theorem 5.8 we have with
probability 1 that

lim sup max Ay /2 _ ,16/2\ <(1+ \/y)E1/2|x11\2I[|mu|>C].
n—oo <
Because of assumption (a), we can make the bound above arbitrarily small
by choosing C' sufficiently large. Thus, in proving Theorem 6.3, it is enough
to consider the case where the underlying variables are uniformly bounded.
In this case, the conditions in Theorem 5.9 are met. It follows then that
Amax, the largest eigenvalue of B,,, satisfies

P(Amax > K) =o(n™") (6.2.1)

for any K > (1 + /y)? and any positive ¢.
Also, since, for square A, tr(AA*)* < (trAA*)?, we get from Lemma B.26
for any ¢ > 1 when z1; is bounded

E|x;Ax; — trA[* < K, (trAA*)" (6.2.2)

(x; denoting the j-th column of X)), where K, also depends on the bound of
x11. From (6.2.2), we easily get

E[x}Ax [* < Ko((trAA*)" + [trA]?). (6.2.3)

6.2.2 A Preliminary Convergence Rate

After truncation, no assumptions need to be made on the relationship be-
tween the X,,’s for different n (that is, the entries of X,, need not come from
the same doubly infinite array). Also, variable z = u+iv will be the argument
of any Stieltjes transform.

Let s, = s,(2) = sps, and s = 5,(2) = sps,. For j =1,2,---,n, let
= (1/\/p)x;, rj = (1/\/n)T, 4 x], and B(;) = B{;) = B, —r;rj. Let
yn —p/n.
Write

B, —2I+z2I= err;f.

Taking the inverse of B,, — zI on the right on both sides and using (6.1.11),
we find

I+2(B,—=zI)" =
J

rjr;f(B(j) — zI)_l.

n

11—|—I‘ ()—ZI)
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Taking the trace on both sides and dividing by n, we have

1 ri (B¢ 2I) 1< 1
yn+Zyn$n = * — =i * —
n ; L+13(Bgy — 2D~ 'r; n ; L+13(Bgy — 2D~ 'r

From (6.1.3), we see that

3
[y

(6.2.4)

For each j, we have

S ((1/2)Bg) —I)7'ry = 211-1‘?(((1/2)13(]‘) D7 = ((1/2)By) — )N,
= | r((1/2)Bg;) =D 'Bj((1/2)Bg;) - 1)
>0
Therefore
1

< . 2.
lz(L+13(Bgy —2D)~'ry)| ~ v (6:25)

Write By, — 21— (=25, Ty, —2I) = 37, rjr} — (—25,)T,. Taking inverses
and using (6.1.11) and (6.2.4), we have

(-25, T, —2I) ' = (B, — 2I) !
= (~25, T, —2I)"! er 7= (25,)Tn| By — 217t

- ~1
Z 2(1415 (B —2I)ry)

Jj=1

—:l(snTn + 1) T, (B, — zI)l} . (6.2.6)

[(snTn +I) (B — 21

Taking the trace and dividing by p, we find
tr(—zs, T, — D)7 — s,

d; 2.
Z2: +I‘ B — zI)~1r;) 7 (6.2.7)

where
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dj = q;Ty/*(B(j) — 1) (s, T + I) 7' T} ?q;
—(1/p)tr(s, Ty + 1) ' T, (B, — 2I) 71
Since it has been shown in the proof of Theorem 4.1 that the LSD of B,
depends only on y and H, (6.1.4) and hence (6.1.5) will follow if one proves
w, — 0. In the next step, we will do more than this. We will prove, for

v = v, > n Y17 and for any n, z = u + iv,-values whose real parts are
collected as the set S, C (—o0,00),

max \w;\ — 0, as. (6.2.8)
ue S, %=

Write, for each j < n, dj = dj + d5 + d} + dj, where

dj = o T}/2(B(j) — 21) (5, Ty + 1) ' T}/ q;
~q;T,/*(By) — 2" (5, Tw + 1) 7' T,/ 2q,

d? = o T/2(Bg;) — 20) (s, T + 1) ' T ?q;
—(1/p)tr(sjyTn + 1)~ ' T (B(j) — 2I) 7,

d} = (1/p)tr(syTn + 1) Tp(Bgyy — 21) 7!
_(1/p)tr(s(j)T" + I)_lTn(Bn - ZI)_l’

dj = (1/p)tr(s(yTn + 1) "' Tp(By, — 21) 7!
—(1/p)tr(s, T + ) ' Tp(B,, — 21) 71,

and let s;) = — (1_;’") + Yns B, (2). From Lemma 6.9, we have
—spy] < L 6.2.9
rjngazdsn Sl < (6.2.9)

Moreover, it is easy to verify that s,y is the Stieltjes transform of a c.d.f., so
that [s ;)| < v, .

In view of (6.2.5), to prove (6.2.8), it is sufficient to show the a.s. conver-
gence of _

max 145 (6.2.10)
J<n, ues, ’UTGL o

to zero for 1 =1,2,3,4.

Using [|[(A — 2I)7!|| < 1/v, for any Hermitian matrix A, we get from
Lemma 6.10 (c) and (6.2.9)

;)1 1

1
| < 16 e
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Using (6.2.2), it follows that, for any ¢ > 1, we have for all n sufficiently
large

5] 1 2 1,11
P(maxj<n) uES, yi > Un < pP maxjganxjH > 16MVn

< Ky

The last bound is summable when ¢ > 17/2, so we have (6.2.10)> 0 when

Z :Uls.ing Lemmas 6.9 and 6.10 (a), we find
v, °ldj] <

8 b
puy,

so that (6.2.10) — 0 for ¢ = 3.
We get from Lemma 6.10 (b) and (6.2.9)

1

v 5| <16 g,
n

so that (6.2.10) — 0 for ¢ = 4.
Using (6.2.2), we find, for any ¢t > 1,

K,
Bl Sd2 )% <
no"J — 12ty2t
VTP

(s Tn + D)7 (B — 20) ' T)/2)

(trTy/2(Bgjy — 21) "' (5T + )" T,

K -1 -1
(B — z2I) ' T (By) — 2D
(using Lemma 6.10 a) )
K o1 m I)'T,(B 1))
= pl2tpt g2t (tr(Bj) — 2I) By —2D)7)
K -1 —1\t
= (p’u7)2t (trTn(B(j) — ZI) (B(]) — ZI) )
< K
= (pv])
K
-~ (pol9)t

We have then, for any e > 0 and ¢t > 1,

o (0/02)f

1 pn
—6 j2
P <j<£1%’ésn fon"dj| > 6) = Ko (pul6)t’
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which implies that (6.2.10) 2 0 for i = 2 by taking ¢ > 51. Obviously, the
estimation above remains if d? is replaced by dé foralli =1,3,4.

Thus we have shown, when v, > n~/17 for any positive ¢ and all € > 0,

P (max wn (2)]v,° > 6) < Kpe 22t/ (6.2.11)

ueSy

Therefore, max,cs, |wn(2)|v;®> 22 0 by choosing ¢ > 51.
Moreover, for any € > 0, replacing ¢ in (6.2.11) by €/u,, we obtain

p <Pm max lw, (2)[v,° > e) < Kye~2p?7t34, (6.2.12)
UESy

where p, = nl/88 and v = v, = n % with § < 1/17.
We now rewrite w, totally in terms of s,,. Using identity (6.1.3), we have

_ 1 ( Yn / dH,(t) (1- yn)>
wy, = - -5, —
Yn z 1 +ts,, z
Sp [ _Yn / dH,(t) . (1 —yn)
YnZ s, J 14+ts, Sy
Sno(_, 1 n /thn(t)
YnZ Sy In ] 14 ts, )

1 tdH,(t
Ry=—z— +yn/ ®, (6.2.13)

Let

Then R, = w,2yn/$,,.-
Returning now to FY»Hr and F¥H let s¥ = spy,.n, and s© = spy.u.
Then s solves (6.1.5), its inverse is given by (6.1.6),
1
s = (6.2.14)

tdH, (t)’
—Z+Yn 1+ts0

and the inverse of s¥, denoted 29, is given by

1 t dH, (t)
O(s,) = — " " 2.1
A==+ [0 (6:2.15)

n

From (6.2.15) and the inversion formula for Stieltjes transforms, it is obvious

that F¥nHn 2 Fu.H a5 n 5 oo, Therefore, from assumption (f), an & >
0 exists for which [a — 2¢,b + 2¢] also satisfies (f). This interval will stay
uniformly bounded away from the boundary of the support of F¥»H» for
all large n, so that for these n both sup,c(,—2z p+2¢] di s (u) is bounded and
—1/8%(u) for u € [a — 2¢,b + 2¢] stays uniformly away from the support of
H,,. Therefore, for all n sufficiently large,
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sup <d sg(u)> / ( ¥ dHn (1) < K. (6.2.16)

u€[a—2e,b+2¢] du 1+ tS?L(U))z N

Let o/ = a—¢e,b =b+e. On either (—oo,d’] or [b',00), each collection
of functions in A, {(A —u)™! 1w € [a,b]}, {(A —u)"? : u € [a,b]}, forms a
uniformly bounded, equicontinuous family. It is straightforward then to show

lim sup |s9(u) — s°(u)] =0 (6.2.17)
=0 yela,b]
and J
li Ow)—  s"(u)| =0 6.2.18
Jim uzl[lapb] g = g5 @ ( )

(see, e.g., Billingsley [57], problem 8, p. 17). Since, for all u € [a,b], X €
a’,b']¢, and positive v,
[a, p

1 1

v
’A—(u—kiv) A—u <

g2’
we have, for any sequence of positive v,, converging to 0,

lim  sup |9 (u+ iv,) — 9 (u)] = 0. (6.2.19)

=00 yela,b

Similar]
' 80 (u + ivy) _d

lim sup dus"(u) = 0. (6.2.20)

00 yela,b
Expressions (6.2.16), (6.2.17), (6.2.19), and (6.2.20) will be needed in the
latter part of Subsection 6.2.4.
Let s = $s0. From (6.2.14), we have

Un

t* dHp (t)
ot s5Un [ el (6.2.21)
2= thn(t)

‘_Z +Yn 1450
For any real u, by Lemma 6.10 a),
t2 dH,, (t tdH, (t
3 f W = yﬁ( 1+t5§1))
< ynl|Tn(IT+ TnS%)_lH < 4yn/vn.

Applying vV1—-—a<1— éa for a <1, it follows that
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¢ dH, (1) 1/2
SQynf ‘1+t$0|2

2 dH,, (¢)

<1-Kuv? (6.2.22)
vn + 85yn [ |1 a0

for some positive constant K.
Let s,, = s,,1 + 15,9, where s,,; =Rs,,, 5,0 = 's,,. We have s,, satisfying

1
5, = (6.2.23)
et 0 R,
and ) "
2 A, (
Un 4 Spoln | S+ SR,
by = [t 2 . (6.2.24)

2
dH,,
‘—Z"‘yn t1+tsit) _Rn

From (6.2.14) and (6.2.23), we get

0 t2 dH,, (t)
(Sn - Sn)y” f (1+ts,, ) (1+ts9)

5, — 80 = + 8,50 Ry,

o ¢ dH,, (1) ¢ dH,, (1)
(—Z + Yn 1+tsn - Rn) (_Z + Yn 1+t891 >
(6.2.25)

When (S R,,| < v, by the Cauchy-Schwarz inequality, (6.2.21), (6.2.22),
and (6.2.24), we get

t2 dH, (t)
Yn [ (1+ts, ) (1+ts9)

, 1/2 1/2
t2 dH, (t) t? dH,,
- Yn [ [1+ts, |2 Yn [ |1+t50\2
= 2 2
tdH, (t tdH,(t
‘—Z+yn 1+tsi) _Rn ‘_Z+yn 1+t5§)t)
t2 dH,, (t) 1/2 0 t2 dH,, (t) 1/2
B So¥n | [1+ts, |2 s5Un | [1+ts0 |2
- t2 dH,, (t t2 dH,, (t
Un + Soyn [ 1ts (I"') + 3R, O+ 8yn [ |1+ts%(‘2)
1/2
0 t2 dH, (t)
- $5Yn | [14ts0 |2
= 2 dH, (t
Up + Sgyn f ‘1+t52(|2)
<1-— Kvi (6.2.26)

We claim that on the set {Apnax < K1}, where K7 > (1 + \/y)2, for all
n sufficiently large, |s,| > Ju, v, whenever |u| < pnv,'. Indeed, when
U < —Up, OF U > Amax + vn,
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K1+un11;1 N 1

s | >|Rs, | >
5 = P 2 (K1 + ptnvn )2+ 02~ 2p,05"
for large n. When —v,, < % < Amax + ¥n,

5, > |9s,,| > o

>t
T (Ky 4 vn)2 02 = Hn Un

for large n. Thus the claim is proven.
Therefore, when |u| < vt |wy| < tod, and Apax < K1, we have, for
large n, |z| < 2pn,v;, 1 and

|Rn| = |ynzwn/s,| < Kﬂi”52|wn| < Up.

Consequently, by (6.2.25), (6.2.26), and the fact that |2s0| < 1 + K/v,, for
all large n, we have

‘Sn - 8(7)L| < KU;2‘8’!L89LR”|
= Kv,,?lynzsdw,| < K'v,, 3 w,| < 3, to,.

Furthermore, when z = u + iv,, with |u| > unvgl and Apax < Ki, it is
easy to verify that, for all large n, we still have

0 -1
‘Sn - 8n| < 3lu’n Unp-
Therefore, for large n, we have

n

s, — 0| < 3ut+ 2072 I Stod) + I(A Ky)).
gé%}jv” ‘Sn 8n|—3lu’n + ,Un gé%}j( (|w7l|>:u’n v )+ ( max> 1))

Thus, for these n and for any positive ¢ and ¢, from (6.2.1) and (6.2.12) we
obtain

P(v,,* max |5, — 59| > €)

< K™t (unf + v, % [Z P(1nv;,° |wn| > 1) + P(Amax > Kl)D
u€Sy,

< Kpe~tn Y/, (6.2.27)

where the last step follows by replacing ¢ with 5¢ + 102 in (6.2.12) and ¢ with
£/68 in (6.2.1).

We now assume the n elements of S,, to be equally spaced between —+/n
and \/n. Since, for |u; — ug| < 2n~1/2,

|s,, (u1 +ivy) — s, (ug + iv,)| < 2072072,

150 (uy 4 iv,) — 82 (ug + ivyn)| < 2072072,
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and when |u| > /n, for large n,
|5, (u+iv,)] < 207 Y2 40 T (Amax > K1),

150 (u + iv,)| < 207 Y2,

we conclude from (6.2.27) and (6.2.1) that for these n and any positive e and
2

P (vnl sup |s,, (u + iv,) — 82 (u + iv,)| > 5) < K tn7t%. (6.2.28)
u€R

Let Eo(-) denote expectation and Ej(-) denote conditional expectation
with respect to the o-field generated by ry, - -+, r. Since, for any r > 0,

Eg (vnr sup s, (u + iv,) — 82 (u + ivn)T>
u€R

for k =0, ...,n forms a martingale, it follows (from Jensen’s inequality) that,
for any t > 1, (Egx(v, " sup,eg |5, (v + ivy) — 85 (u + iv,)[")!, k= 0,...,n,
forms a submartingale. Therefore, for any ¢ > 0, t > 1, and r > 0, from
Lemmas 6.7 and 6.8 and (6.2.28) with ¢ replaced by 2rt, we have

P (max Ex (vnT sup |s,, (u + ivy) — 82 (u + ivn)|r> > 5)
k<n u€R

<e'E (vn” sup |, (u + ivy) — 82 (u + ivn)|”>
u€eR

< 2e LK} Pp /68 (6.2.29)

whenever 0 < 1/17. From this, it follows that with probability 1,

max Ey, (vnT sup |s,, (u 4 v, ) — 52 (u + ivn)|r> — 0. (6.2.30)
k<n u€R

Let Ay > A2 > .-+ > A, be the eigenvalues of B,,, and write

Spj = sffj‘t + s;’;, j=12,
where 1
v
$OU (4 duy,) = " .
n2 ( + n) n Z (’LL _ >\])2 _’_,U%

Aj€la’,b]

Similarly, define

sO8 (u + iv,) = / Un dFYmHn (g) = 0.
” elarp) (U —1)% + 03
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By (6.2.30),

max Ey, (vnT SUp |8,,0 (1 + vy,) — 59 (u + ivn)|r> — 0 as.
k<n u€eR

(6.2.31)

Noting that on either (oo, a’] or [/, 00) the collection of functions in A {((A —
u)? +v2)7! u € [a,b]} forms a uniformly bounded, equicontinuous family,

we get as in (6.2.18)
sup v |sif(u + i) — i (u + ivn)

w€[a,b]

= sup
uw€la,b]

1
Le[a’,b’]c (l‘ - U)2 + ’UTQL

Therefore, from Lemma 6.11,

max Egv, " sup [s7(u +iv,,) — sha(u +iv,)|[" — 0 a.s.

k<n u€la,b]

This, together with (6.2.31), implies that

maxv,” sup E(s%% (u+iv,))" — 0 as.
k<n u€la,b]

For any u € [a, b], we have

—180ut(u+“)n)
dFBn
/ab] (x —u)? 4+ v2 (@)

/ blN[u—vy, utvy] (m—u)2 +U’r2L
FBn([a bl N [u— v, u+ vy]).

dFBn (1)

>
- 202

Therefore, by selecting u; € [a, b] such that v, < uj—u;_; and Ufu;
vp] D [a, b], it follows that

vy "B (FP0 ([a, b]))"

ZFBn ([a,b] N [uj — vp, uj + vy))

< v, "Ex 22 —ujq u?[lfb]( o8t (u + ivy,))

d(FBn(z) — F¥ (1)) - 0 as.

(6.2.32)

Una U]+
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<2"(b—a)"v," maxEg sup (525 (u +iv,))"” — 0, a.s.
k<n u€la,b)

This shows that

ma‘XEk(FB”{[av b]})r = Oass. (’U:L) = Oa.s. (niTﬂ?).

k<n
By replacing [a, b] with the interval [a/, V'], we get

max By (FP{[a’,b']})" = 0as.(vy) = 0as. (n7"17). (6.2.33)

6.2.3 Convergence of s,, — Es,,

We now restrict 6 = 1/68, that is, v = v,, = n~1/68_ The reader should note
that the v,, defined in this subsection is different from what was defined in
the last subsection, where v,, > n=1/17,

Our goal is to show that

sup nvp|sy, —Esy| — 0 a.s. n — oo. (6.2.34)
w€[a,b]

Write D = B, — 21, D; = D —r;r}, and D;j; = D — (v;r] +r,r}), j # J.
Then s, = Zl)tr(D’l). Let us also denote
;= r;D;2rj - niltr(D]ﬂTn), a; = niltr(DjﬂTn),

1 . 1 1

j — ) = ) bn = 5
i 141D 'r; & 1+ n=ttr(T,D; ") 1 +n~1Etr(T,D;})
v =D} 'r; —n'E(tr(D; ' T,)), 45 =rjD;'r; —n (D) 'Ty).

We first derive bounds on moments of ; and 4;. Using (6.2.2), we find for
all ¢ > 1,

E|y;* < Ken ' E(rT)/*D; 'T,D; 'T)/%)" < Kin~fv, %, (6.2.35)

Using Lemma 2.12 and Lemma 6.9, we have, for £ > 1,
20

X X 1< _ _
Ely; — 4% = Ejy1 —%1|* = E . § E;trT,D;' —E; 1t+T,D;"
j=2
20

1 ¢ -1 -1 -1 -1
=E n;EjtrTn(Dl - Dy}') - E; 10T, (D' — Dy}



140 6 Spectrum Separation

20

Therefore
Ely;|** < K~ fv, % (6.2.36)

We next prove that b, is bounded for all n. We have b,,, B, and 3 all
bounded in absolute value by |z|/v, (see (6.2.5)). From (6.2.4), we see that
EB; = —zEs,,. Using (6.2.30), we get

sup |E(s,,(2)) = s (2)] = o(vn).
w€[a,b]

Since s}, is bounded for all n, u € [a,b] and v, we have sup,c(, 4 [Ef1| < K.
Since b, = (1 + B1bp7y1, we get

sup |b,| = sup |ES; +Efib,n| < K + Ké/zv;?’n*l/z < K.
u€la,b] u€la,b]

Since |sp, (u1 +ivy,) — 85 (U2 +iv,,)| < |ug —uz|v,, 2, we see that (6.2.34) will
follow from
max nuy|s, — Es,| — 0 a.s.,
ueSy

where S,, now contains n? elements, equally spaced in [a, b].
We write

n

1
Esy—sp=—_ > (BptrD™' —Ex 1trD™")
p

k=1
1 < r*szrk
— (Ex —Ek_1)< MR )
p ]; 1 + I‘ka T
1 & riD; %r, — n (D 2T,
_ Z(Ek o Ekrfl) k—k . 71( k )
p k=1 1 + I'ka T
1 & n~'tr(D; *T,)(n 'trT,D; ' —riD 'r
+ Z(Ek —Ei1) (D . A 1 F . R 2
Pz (1+nrT,D, ) (1 +1r;D, 'ry)

n

= 1 Z(Ek — Ek_l)ozkﬂk — 11) Z(Ek - Ek—l)ak;}/kgkﬂk

=1 k=1
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Let F,; be the ESD of the matrix Zk#j rpry. From Lemma A.43 and
(6.2.33), for any r, we have

max B (Fuk ([a', 1]))" = o(n™"1Ty = o(v2") as. (6.2.37)

Define
By = I(Eg-1Fur([a',0']) < vp) 0 (Eg—1(Fur([a’,0']))* < vj)

= I(ExFuk([a’,]) < vp) 0 (Bi(Fux (o', 1)) < 7).

gt

Therefore, we have, for any € > 0,

By (6.2.37), we have

=

1

(B, = 0], i.o.> = 0.

P(max [nv, Wi| > ¢, 10)
P<<[max
u€ESy
= ( (|
u€eS.

nz (Ex — Er—1)(arfr)Bs
=1

Up Zn:(Ek — Eg—1)(arfr)

k=1

> > é} k:[Bk = 1}) , i.o.>

Un Yy (Ep — Eg—1)(owfr)Bi
=1

"U

> £, 1.0.

where & = inf,, pe/n > 0. Note that, for each u € R, {(Ex — Ex—1)(ax0k)Br}
forms a martingale difference sequence.
By Lemma 2.13, we have for each u € [a,b] and ¢ > 1,

20

E v, Z (Ex —Egr—1)(arfBr)Bs
=1

e
(
(

¢ n
Ep—1]vn( Oékﬁk)Bk2> + Y Elvn (ki) Bi|*
k=1

N
=
=

Z n
Eg—1vn( Oékﬁk-)Bk2> + > Elz[*|ox By
k=1
¢

E._ 1|Un akﬁk)Bk2> +n17€v;4z . (6.2.38)

7 0 0

<K, |E

b
I
—
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Note that when |b,| < Ko, by |axB| < vt + (p/n)|z|v; 3,

kB> < AKG|ak|* + Kv, °I(|8] > 2Ko)
< AKG| o + Kv, °I(1y] > 1/(2Ko)).

On the other hand, by (6.2.2),

Ex_1|ou.Bi)?
S KEk_lTL_ZBktr(D’;2TnD]:2Tn)
< K’n72BkEk71tr(DI;2DI:2)'

Let Ai; denote the j-th largest eigenvalue of Z#k r;jr;. By (6.2.37), we
have

BiEy_1trD;°D;

NE

k=1
- ZB’“E’“* Z 2 22 T 2 4 2)2
k=1 Akj¢[a’b'] (g —w)? +o7) Akj€la’d’] (g —w)? +o7)

(pe™* + By, *E_1pFnr([a',V])) < Kn?.

NE

x
Il
—

Substituting the two estimates above into (6.2.38) and applying (6.2.36), for
any ¢ > 2 and t > 2{, we have

p (”é%x vn Y (Er — Er_1) (o) Bi | > é)
k=1
_ § ,
< Kn?|E (ui + 0, Bk I(fwl > 1/(2K0))> + ntlylmat
k=1

< En? |02 + o, 0 7Y P(|y] > 1/(2Ko>>1
L k=1

B n
S Kn2 ,UZE 4 '11774[77/[71 ZE|7k|2t‘|
k=1

< Ky en?U34,
which is summable when ¢ > 102. Therefore,

max W] = o(1/(nvy,)) a.s. (6.2.39)

We can proceed the same way for the proof of
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max [Wa| = o(1/(nvy,)) a.s. (6.2.40)

It is straightforward to show that |axf| < v;!. Again, with K, a bound
on b,, we have
|ax BBkl < (2K0) |axhul® + Kvg A2 1(1815k] > (2Ko0)?)
< (2Ko)*argx|* + Ko, |3 T[] or [3x] > 1/(4Ko)).

We have, by (6.2.2),

n
ZEk—lvﬂak%FBk
=1

n
< Kv2n® Ej1Bylax[?tD; 'Dy
k=1

2 74ZE1€ 1kaz (Mg — )2 +02) ZZ )\k]_u 4o

< Kn” Z Ei1Bi(pe™ + v, pFu((a’,0])) (pe™? + v, pFo([d, b))
k=1
< K’UTQL.

By noting |ax| < (p/n)v,? and using (6.2.36), we have, for £ > 2,

n n
ZE|Un(ak’YkBkﬂk)Bk|2£ < KU;GZ ZE"Y}C‘% < K’U,;SZ’FLl_Z < K’UTQLZ.
k=1 k=1

Therefore, by Lemma 2.13, (6.2.35), and (6.2.36), we have, for all £ > 2,

n 2¢

vn Y (Br — Br1)(arFkBrk) Br

=1

k
4
<2Ek 1[0n (ax k81 Bk ) Br ) +ZE\% ar Bk Br) Br|? )

k=1

n’E

k=1

I ZEWk\%I(h’f‘ or [3| > 1/(4Ko))>
k=1

<o v
0
( v+ vy, 4ZE/~: 13k P Ikl or [3x] > 1/(4K0))> + ot

n
+ o, 0 Y B el + %%]>
k=1
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n
< Kn? (‘ o S (B EW))
k=1

< Kn2( 22_‘_,0782 4)
< Kn2v 2@ — Knp2t/34

Then, (6.2.40) follows if we choose ¢ > 102.
Combining (6.2.39) and (6.2.40), then (6.2.34) follows.

6.2.4 Convergence of the Expected Value

Our next goal is to show that, for v = n~=1/68

sup |Es, —s2| = O(1/n).
u€la,b]

We begin by deriving an identity similar to (6.2.7). Write

D — (—zEs,, (2)T,, — 2I) er 7 — (—=2Es,(2))Th.

Taking first inverses and then the expected value, we get

(—2Es, T, —2I)"' —ED !

= (—2Bs, T, — 21)~ <er — zEsn)Tn>D_1

(6.2.41)

RS a1 1 _ _
= —2z') Eg; [(EsnTn—kI) 1rjerj1—n(EsnTn+I) 'T,ED 1}

Jj=1

1
= —z 'nEB {(EsnTn + 1)t D —  (Es, T, + I)‘lTnED‘l}.
n

Taking the trace on both sides and dividing by —n/z, we get

yn/ 1df:§2n + 2y, E(s,(2))

1
=EB [r{Dll(EsnTn +1)7'r; —  Etr(Es, T, + I)lTnDl} .(6.2.42)
n

We first show
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sup |Etr(Es, T, +1)"'T,D~! —Etr(Es, T, +1)7'T,D;'| < K. (6.2.43)
w€[a,b]

From (6.2.37), we get

sup E(trDl_lDl_l)2 < E(pe 2 + v, *pFri(la’,0])))* < Kn? (6.2.44)
u€la,b]

and

sup EtrDl_ZDl_2 < E(pe ™ + v, pFoi([d,b]) < Kn. (6.2.45)
u€la,b]

Also, because of (6.2.29) and the fact that —1/5%(z) stays uniformly away
from the eigenvalues of T, for all u € [a, b], we must have

sup [|(Bs, Tn +1)7 1| < K. (6.2.46)
w€[a,b]

Therefore, from (6.2.3), (6.2.36), (6.2.44)-(6.2.46), and the fact that
SUPyeq,p] |bn| 18 bounded, we get

left-hand side of (6.2.43) = sup |Efir;D;*(Es, T, +1)"'T,D; |
u€[a,b)
< sup (|b,|- |[EriD7Y(Es, T, +1)"'T,, D] 'ry|

+E|B1bpyiriD; H(Es, T, + 1) 7' T,,D; 1)
< K sup (n 'EtrTY?D[Y(Es, T, +1)"'T,D; T2
uw€la,b]
+o, (Bl )2 (BlriDy  (Bs, T + 1) 7' TuDy e )12)
<K sup (n'EtrD'D; " + v, 20 ¥2(EtrD; 2D, + E(rDy D] )2)1/2)
u€la,b]
<K.

Thus (6.2.43) holds.
From (6.2.2), (6.2.44), and (6.2.46), we get

Sup,efap ElriDy ' (Es, Ty + 1)~ 'ry —n~'eDy ' (Es, Ty, + 1) 71T, |2

< Kn™? Sl[lpb] EtrDl_lDl_1 < Knh (6.2.47)
ue|a,

Next, we show

sup Eltr(Es, T, +I)7!T,D;' — Etr(Es, T, + I)"'T,D;!|?> < Kn.
w€[a,b]
(6.2.48)
Let
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1
1+r;Dyj'r;’
1
14 n~1Etr(T,D)’
Ty = r;Dl_jlrj — nilE(tr(Dl_len)).

ﬂlj =

bln =

It is easy to see that these three quantities are the same as their counterparts
in the previous section with n replaced by n—1 and z replaced by (n/(n—1))z.
Thus, by deriving the bounds on the quantities in the previous section with
an interval slightly larger than [a,b] (still satisfying assumption (f)), we see
that 1, satisfies the same bound as in (6.2.36) and that sup,,¢, ;) [ES1;] and
SUDye[q,p] [b1n| are both bounded.

It is also clear that the bounds in (6.2.37), (6.2.44), and (6.2.45) hold when
two columns of X are removed. Moreover, with Fj,1o denoting the ESD of

Z#LZ r;ry, we get
1
SUPye (o) B(trD 1y Dy )* < E(pe=2 + v, pFra([a, 0]))*
< Kn*(e78 + v E(Fu2([d, V]))?) < Kn*
and

sup E(trDﬁle_;)2 < E(pe* 4+ v, *pFia([d,V]))? < Kn.
u€la,b]

With these facts and (6.2.3), for any nonrandom p x p matrix A with
bounded norm, we have

sup E[trAD]! — EtrAD;'? = sup ZE| E;_1)trAD;!?
u€la,b] u€la,b] ] 5

<2 sup ZEWUI‘JD ADj7; I‘J|2

u€|a, b]] 5
= 2(71 — 1) Sl[lp ] E|(b1n — ﬂlgblnylg)rSDﬁlADﬁlrg|2
u€la,b
< Kn sup (E3D ADL [ + v 2(Elyia| Blrs Dy AD ) rol)'/?)
u€[a,b)

< Kn~' sup [E(terQQDl_Z)—&—E(trD 'D,,)?
u€[a,b)

+nilv;4(Etr(D1_22D1_2) + E(trDy, D12) )1/2

< Kn~'(n? +nv;t) < Kn.
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Thus, using (6.2.46), when A = (Es,, T, + I)7'T,,, we get (6.2.48). More-
over, when A = I, we have just shown

sup Elyr — 412 < Kn~ '
u€[a,b)

Also, from (6.2.2) and (6.2.44), when ¢ = 1,

sup Ely1]? < sup Kn_QEterlD;1 < Kn~ %
u€la,b] u€la,b]

Therefore
sup Ely|> < Kn™! (6.2.49)
uw€la,b]

From (6.2.36), (6.2.42), (6.2.43), and (6.2.47)~(6.2.49), we get

yn/ ) + zynE(sn)

P 1+ {Es,,

u€la,b]

< Kn~ '+ sup
w€[a,b]

EpB [r}‘Dll(EsnTn +1) 'y

—(1/n)Etr(Es, T, + I)‘lTnDll]

=Kn '+ 51[1p | bn 2| E(y1 — B17]) {r”{Dll(EsnTn +1) 7'y
u€la,b

—(1/n)Etr(Es, T, + I)lTnDll]

<K (n_l + sup (B[ + U52E|714)1/2n_1/2>
u€la,b]

< K(’I’L71 + (1171 _’_,1)772“72,0;4)1/2“71/2) < anl.

As in Subsection 6.2.2, we let

1 dH,(t)
n — - E n
h z / 1+ tEs,(2) (sn(2))
and | tdH, (t)
Rn=—2-p, +z’"/ 1+ tEs,
Then

sup |w,| < Kn™t,
w€[a,b]

R, = w,zyn/Es,,, and equation (6.2.25) together with the steps leading to
(6.2.26) hold with s, replaced with its expected value. From (6.2.15) it is
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clear that s must be uniformly bounded away from 0 for all u € [a,b] and
all n. From (6.2.30), we see that Es,, must also satisfy this same property.
Therefore
sup |R,| < Kn™'.
u€la,b]
Using (6.2.16), (6.2.17), (6.2.19), and (6.2.20), it follows that
SUDye(a,p] |Vn ' Sh2| is bounded in n and hence

0 t2 dH,, (t)
Spa¥n [ [14ts0 |2

sup

t2dH, (t
u€la,b] Uy, + 8223/71 f ‘1+t;6(|2)
n

is bounded away from 1 for all n. Therefore, we get for all n sufficiently large,

sup |Es,, — s%\ < Kyn\zsgwn\ < Kn!,
w€[a,b]

which is (6.2.41).

6.2.5 Completing the Proof

From the last two sections, we get

uil[lfb] |5,(2) — s(2)| = o(1/(nvy))  a.s. (6.2.50)

when v, = n~1/%8 It is clear from the arguments used in Subsections 6.2.2—
6.2.4 that (6.2.50) is true when the imaginary part of z is replaced by a

constant multiple of v,,. In fact, we have

max sup s, (u+iVkv,) — 2 (u+ivVkv, )| = o(1/(nv,)) = 0o(v87) a.s.
ke{1,2,---,34} w€la,b]

We take the imaginary part and get

A(FBr(X) = F¥ (X)) _ g6
ke{lr,nﬁ}-(-,szl} UZL[lfb] / (u— N2+ kv2 o) as
Upon taking differences, we find
v d(EBn(X) — Fomtin (X)) 66
5 200 T k(o s iy | 2 2
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i (v7)* d(F B2 (1) = Foell (3))
uZ[aI,)b] / ((w—= N2 +02)((u— N2 +202) - ((u— \)2 + 3402) (vn ), as
Thus

‘ d(FBu(\) — FomHn ()))
welad / (0= A2 62) (= V)2 + 202) - ((u— A2 + 3402) | =) 22
We split up the integral and get

su Iigr yye d(FBn(X) — FYnHn (X))
uE[aI,)b] / ((’LL — )\)2 + U?L)((u _ )\)2 + 21}7%) . ((U - )\)2 + 341}%) (6251)
V08

! Z +U2)(( — A\ ) +2’U2) ((u_)\])2_~_34v%) = (1)7 a.s

\j€Ela’, b/

Now if, for each term in a subsequence satisfying (6.2.51), there is at least
one eigenvalue contained in [a,b], then the sum in (6.2.51), with u evaluated
at these eigenvalues, will be uniformly bounded away from 0. Thus, at these
same v values, the integral in (6.2.51) must also stay uniformly bounded away
from 0. But the integral converges to zero a.s. since the integrand is bounded
and, with probability 1, both FB» and F¥»Hn» converge weakly to the same
limit having no mass on {a’,b'}. Thus, with probability 1, no eigenvalues of
B,, will appear in [a,b] for all n sufficiently large. This completes the proof

of (1).

6.3 Proof of (2)

Throughout the remainder of this chapter, there will be frequent referrals to
Theorem 5.11 whenever the limiting properties of the extreme eigenvalues of
(1/n)X,, X’ are needed, even though the assumptions of the theorem are not
necessarily met. However, it can be seen from the proof of Theorem 5.10 that
the results are true for our X,,, namely, the X,,’s need not come from one
doubly infinite array of random variables.

We now begin the proof of (2). We see first off that z¢ must coincide with
the boundary point in (d) of Lemma 6.2. Most of (d) will be proven in the
following lemma.

Lemma 6.12. If y[1 — H(0)] > 1, then the smallest value in the support of
FyniHn s positive for all large n, and it converges to the smallest value, also
positive, in the support of F¥"H asn — oo.

Proof. Assume y[1 — H(0)] > 1. Write

)= <1y [, an).
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s = (1 [ ( ftSde(t)) .

As s increases in RT, the two integrals increase from 0 to 1 — H(0), which
implies z, r(s) increases from —oo to a maximum value and decreases to
zero. Let § denote the number where the maximum occurs. Then, by Lemma
6.1, 79 = 2z, g (8) is the smallest value in the support of F¥f. We see that 3
is s, in (d) of Lemma 6.2.

We have
. 2
ts
H(t) =1.
y/<1+t§) dH(?)

From this it is easy to verify

t

2y, m(8) :y/ (1—|—t§)2dH(t)’

Therefore z, 7 (8) > 0.

Since limsup,, H,(0) < H(0), we have y,(1 — H,(0)) > 1 for all large
n. We consider now only these n and we let §,, denote the value where the
maximum of z,, g, (s) occurs in RT. We see that z,, g, (8,) is the smallest
positive value in the support of F¥=f» Tt is clear that, for all positive s,
2y, 1,(8) = 2y n(s) and z; g (s) — 2, y(s) as n — oo uniformly on any
closed subset of RT. Thus, for any positive s1, s such that s; < 3 < s9, we

have, for all large n,

2y, (51) > 0> 2y (52),

which implies s1 < §,, < s2. Therefore, §,, — § and, in turn, z,, m, (5,) — o
as n — 0o0. This completes the proof of the lemma.
We now prove that when y[1 — H(0)] > 1,

ABn 2% 40 asn — oo, (6.3.1)

Assume first that T,, is nonsingular with AT» uniformly bounded away
from 0. Using Theorem A.10, we find

* -1 —
Agll/")xnxn < )\En)\’lrn — )\En ()\En) L
Since by Theorem 5.11 AL/ mXaX, a5, (1 - /y)* as n — oo, we conclude
that liminf,, AB» > 0 a.s. Since, by Lemma 6.12, the interval [a, b] in (1) can
be made arbitrarily close to (0, z), we get

lim inf )\E" >1x9 a.s.

n
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. B, 2
But since F°» = F a.s., we must have

lim sup )\5" <xp a.s.
n

Thus we get (6.3.1).

For general T,,, let, for ¢ > 0 suitably small, T% denote the matrix by
replacing all eigenvalues of T, less than € with €. Let H = FTh =1 [e,00) Hn-
Then H; 2 g = Ijc oo)H. Let B, denote the sample covariance matrix
corresponding to T7,.

Let ° denote the value where the maximum of z, g-(s) occurs on R¥.
Then .

PRI zy.m=(5%) asn — oco. (6.3.2)

Using Theorem A.46, we have
‘)\52 —ABn| = AL/MXLTL X, A (/)X T X
< (1/m)X; (TS = T) Xl < [(1/n)Xa Xl (6.3.3)
Since H® 2 H as e — 0, we get from Lemma 6.12
2y me(8%) — 2y m(8) =29 ase—0. (6.3.4)

Therefore, for e sufficiently small, we see from (6.3.2)-(6.3.4) and the a.s.
convergence of A{"/™X" X (Theorem 5.11) that liminf, AB» > 0 a.s., which,

as above, implies (6.3.1).

6.4 Proof of (3)

6.4.1 Convergence of a Random Quadratic Form

The goal of this section is to prove a limiting result on a random quadratic
form involving the resolvent of B,,.

Lemma 6.13. Let u be any point in [a,b] and s = spy.u(u). Let X € CP be

distributed the same as x1 and independent of X,,. Set r = (1/\/n)T}/2§.
Then

r*(ul —B,) 'r 2514 1/(us)  asn — oo. (6.4.1)
Proof. Let B"+! denote (1/n)Ty/*Xn X+ T2 where X1+ = [X,,, %],
and B" = (1/n)X?+1"T, X7+ Let 2z = u + vy, v, > 0. For Hermitian
A, let sa denote the Stieltjes transform of the ESD of A. Using Lemma 6.9,
we have
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1
2, (2) — s ()| <
From (6.1.3) and its equivalent
1—- 1
s () == P 4 4 1))sgn ()
for B*+! and B!, we conclude that
2y + 1
s, (2) — spn+1(2)] < (U(n—|— 1)) (6.4.2)

For j = 1,2,---,n+1, let r; = (1/\/n)Tn x; (x; denoting the j-th
column of X7*') and B(;) = B;** — rjrs. Notice B(,41) = By.
For B! (6.2.4) becomes

+
1
. 3 . A,
spy (2 n—|—1 2 2(1+13(B) — 21)7'ry) (6.4.3)

Let
1

Hn(2) == 4 4 e (B, — 21)-1x)
where r = v, 11 = (1/y/n) Ty T ?%.
Our present goal is to show that for any i <n-+1,¢ >0, z = 2z, = u+iv,
with v, =n 7%, § € [0,1/3), and £ > 1, we have for all n sufficiently large
P(lsB, (z) — tn(2)] > €) < K|z|*e 2y 60p 041, (6.4.4)
We have from (6.4.3)

smn 1 () = pn(2)

1 i 1 B 1
 (n+1)z L+ri(By) —2D)7lr; 1+ (B, —20)"'r

j=1
i r*(B, — zI)~ r—r;(B(j) —zI) 7'y

n—|—1 zFl +r* n— 2D 7e)(L+ 1 (B — 2~ 'ry)

Using (6.2.5), we find
2|

5By (2) — () <

n

max [r*(B,, — zI) "'r — 1} (B(j) — 2I) " 'r;[. (6.4.5)
j<n

Write

r*(B, — zI) " 'r —r} By — )t
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=r*(B, — 2I)"'r — (1/n)tr(B,, — 2I)"'T,
—(I‘;(B(j) — zI)_lrj — (l/n)tr(B(]) — ZI)_lTn)
+(1/n)tr((B,, — zI)_1 — (B — zI)_l)Tn,

Using Lemma 6.9, we find
(1/n)[tr((By, — 2I) 7" — (By) — 2I) ") Ty| < 2/(nvy). (6.4.6)
Using (6.2.2), we have, for any j <n+ 1 and ¢ > 1,

Elrj(B) — ZI)ilrj - (1/n)trT;lL/2(B(j) — ZI)*lT}l/2‘2Z
< Ko™ (6.4.7)

Therefore, from (6.4.2) and (6.4.5)-(6.4.7), we get (6.4.4).
Setting v, = n~'/17 from (6.2.30) we have

sB, (U + V) = Spun.tn (U + iVp) 2%0 asn — oo.
Since $pyn. i, (4 + iv,) — s as n — oo, we have
sp (u+ivy,) 2% s asn — o0.
When ¢ > 34/11, the bound in (6.4.4) is summable and we conclude that
|tin(2n) — 8| 220 as n — oo.
Therefore
(21— B,) 'r— (14 (1/us))| =20 asn — oo. (6.4.8)

Let d,, denote the distance between u and the nearest eigenvalue of B,,.
Then, because of (1), there exists a nonrandom d > 0 such that, almost
surely, liminf,, d,, > d.

When d,, > 0,
(21— B,) 'r — r*(ul — B,) 1| < Z’; an. (6.4.9)
Using (6.2.2), we have for any € > 0 and ¢ = 3,
s 1
P(/pEE 1] > ) < K 2,
which gives us ‘
(1/p)X*x — 1] 250 asn — oo. (6.4.10)

Therefore, from (6.4.8)-(6.4.10), we get (6.4.1).



154 6 Spectrum Separation

6.4.2 spread of eigenvaluesSpread of Eigenvalues

In this subsection, we assume the sequence {S,} of Hermitian matrices is
arbitrary except that their eigenvalues lie in the fixed interval [d, e]. To sim-
plify the notation, we arrange the eigenvalues of S,, in nondecreasing order,
denoting them as s; <--- <'s,. Our goal is to prove the following lemma.

Lemma 6.14. For any € > 0, we have for all M sufficiently large

lim sup (Agl/”)YZS“Y" - /\[(j//;;}Y;S"Y"> <e as, (6.4.11)

n—oo

where Y, is p X [n/M] containing iid elements distributed the same as x1;
([-] denotes the greatest integer function). Moreover, the size of M depends
only on € and the endpoints d, e.

Proof. We first verify a basic inequality.
Lemma 6.15. Suppose A and B are p X p Hermitian matrices. Then
A+B A+B A A B B
AT —)\p+ <A = A HAT = A

Proof. Let unit vectors x,y € CP be such that x*(A + B)x = A8 and
y*(A +B)y = A2B. Then

APMFE —AMB — x"Ax +x*Br — (y* Ay + y*By) < AP+ AP - AN — AP

We continue now with the proof of Lemma 6.14. Since each S, can be
written as the difference between two nonnegative Hermitian matrices, be-
cause of Lemma 6.15 we may as well assume d > 0. Choose any positive a so
that

e(e —d) €
. 6.4.12
« < 24y ( )
Choose any positive integer L satisfying
o €
1 P, 6.4.13
LV < (6.4.13)
Choose any M > 1 so that
My yLy e
L >1 and 4 wes . (6.4.14)
Let M
Lo = [ y} 1. (6.4.15)
Ly

Assume p > LyLy. For k=1,2,---, Ly, let
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Lo = {5[(k—1)p/L1]+1> "> S[kp/L1] }>
Ly ={lr : Skp/L1] — S{(k=1)p/L1]+1 < @/ L1}.

For any ¢, ¢ L1, define for j =1,2,---, Lo,

Uk = {S[(h—1)p/ L1+ (= V)p/ (L1 L2)]+15 " " 5 S[(k—1)p/La+ip/ (L1 L2)] }

and let Lo be the collection of all the latter sets. Notice that the number of
elements in £, is bounded by LiLa(e — d)/a.
For 0 € L1 U Ly, write

Sne= E sie;e;  (e; the unit eigenvector of S,, corresponding to s;),
s; €l

A= Z eie;, s;=max{s; €}, and s, =min{s; € (}.
vy, 7 7
We have
SZY*AmzY S Y*szY S SzY*Ang, (6416)

where “<” denotes partial ordering on Hermitian matrices (that is, A < B
<= B — A is nonnegative definite).
Using Lemma 6.15 and (6.4.16), we have

(1/m)Y:S,Y, 1 (1/n)Y:S,Y.
Al = Ay

(1/n)Y 7 Syn Yy (1/n) Y S Yn

< Z [Al S A ]

(1/n)Y: A, Yy (1/n)Y5 A oY
< Z[ M s ]

(/)Y A Y, (/)Y A, (Yo (1/n) Y5 An Yo
= Z ( = Aln/M] ) + > (s =)
v

From (6.4.15), we have

P
. |:L1L2] o My
nlLrI;O ("] = L, < 1. (6.4.17)

Therefore, for ¢ € L5, we have for all n sufficiently large

p n
KA, , < 1 { ] ,
ran S [L1L2]+ < o
where we have used the fact that, for a,7 > 0, [a +7] — [a] = [r] or [r] + 1.

(1/n)Y A, oYy

This implies )\[ M

= 0 for all large n. Thus, for these n,
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1/n)Y S, Y, (1/n)Y S, Y, (1/n)Y Ay, oYy (1/n)Y A, Y,
Al A < eLy max (Al Al )

e(e —d)L1Lo (/)Y AL Y, O\ (1/n)YIY,
oo, TREs g s "

where for the last term we use the fact that, for Hermitian C;, ZASI;H <
> C
Amin .

We have with probability 1

1/[n/M))Y Y,
LMY (1= /My,

Therefore, from (6.4.13) we have almost surely

. a |\ (1/n)Y Y, €
Ay Ay < g

We have Y Y
A = <1 o > Tj0,00) + » 111,00y

where |/| is the size of £, and from the expression for the inverse of the Stieltjes
transform of the limiting distribution it is a simple matter to show

o/ ln/MLFAE _ plel/ (/M) I o)

For ¢ € L1, we have

A,, 2 1 1 _
FAne =y (1 — L1> I[O,oo) + I I[l,oo) =G

From Corollary 6.6, the first inequality in (6.4.14), and conclusion (2), we
have the extreme eigenvalues of (1/[n/M])Y; A, /Y, converging a.s. to the
extreme values in the support of FM¥:G¢ = F(My)/L1,Ii.0)  Therefore, from
Theorem 5.11 we have with probability 1

(1/[n/M)Y, An o Yn  (1/[n/M)YLA, Y, My
>\l ‘ - A[n/M] ‘ — 4\/ Ll 5

and from the second inequality in (6.4.14) we have almost surely

ALY A Y\ ALY €

lim elL;max (A (n/M)] 3"

n— oo leLy (

Finally, from (6.4.17) we see that, for £ € Lo, lim, .o |€|/[n/M] < 1, so

that from (6.4.12), the first inequality in (6.4.14), and Corollary 6.6 we have
with probability 1
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lim < LiLs

e(e —d)Li Ly (/n)Y, Ay, _ ele—d) 4
)\ nfAn,In
n— oo @] ?61%)2( 1 Q@ M 3

This completes the proof of Lemma 6.14.

6.4.3 Dependence on y

We now finish the proof of Lemma 6.2. The following relies on Lemma 6.1
and (6.1.6), the explicit form of z, g.

For (a), we have (t1,t2) C S} with t1,to € 9Sy and ¢1 > 0. On
(=7, —t3), 2y,m(s) is well defined, and its derivative is positive if and

only if
2
ts 1
g(s):/<1+t8> dHD) < .

It is easy to verify that ¢”(s) > 0 for all s € (—t;' —t;'). Let & be
the value in [—t7!, —t5'] where the minimum of g(s) occurs, the two end-
points being included in case g(s) has a finite limit at either value. Write
yo = 1/g(8). Then, for any y < Yo, the equation yg(s) = 1 has two solu-
tions in the interval [—t; ', —t; '], denoted by sy < so. Then, s € (s;,s7) &
yg(s) < 1 & z;H(s) > 0. By Lemma 6.1, thls 1s further equivalent to
(2y.1(5y), 2y,1(53)) C Sty r, with endpoints lying in the boundary of Spy.u.

From the 1dent1ty (6.1.6), we see that, for i = 1,2,

2y, (sy) = i(yg(sg) -1) +y/ a +ttsi)2dH(t)

y/ " +tts;)2dH(t) > 0. (6.4.18)

As y decreases to zero, we have 811} i} —tl_l, si T —tz_l, which also includes
the possibility that either endpoint will reach its limit for positive y (when
g(s) has a limit at an endpoint). We now show (6.1.8) for i = 1, 2. If eventually

51, = , then clearly (6.1.8) holds. Otherwise we must have yg(s;) = 1,
and so by the Cauchy-Schwarz inequality,

4 1/2
ts!
/ Y ) dH(t)
1+ ts;

, 2
ts;
< Y ) dH (t — 1/2
<y /(1“5;) 0] =
and so again (6.1.8) holds.

It is straightforward to show

dz, H(Sf,) t
Y = CdH(t). 4.1
dy / 1+ts}, ®) (6:4.19)

Y
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Since (1 +ts)(1 +ts') > 0 for t € Sy and s,8' € (—t7", —t5 1), we get from
(6.4.19)

d(zyH(s?/) — ZUH(S}I)) 1 9 2
dy - (sy_sy)/ (14 152)(1 4 151y PO <0

Therefore
zym(sy) — zym(sy) 1 ta—t1  asy|O.

As y | yo = g(8), the minimum of g(s), we see that s, and s? approach

§ and so the interval (zy 7 (sy), 2y, 1 (s3)) shrinks to a point. This establishes
(a).

We have a similar argument for (b), where now s3 € [—1/t3,0) such that
2y g(s) > 0 for s € (=1/t3,0) <= s € (s5,0). SlncezyH()—>ooassT07
we have (zy,1(s}),00) C S}, » with zyH( s5) € 0Spyu. Equation (6.4.19)
holds also in thls case, and from it and the fact that (1+ts) > 0 for t € Sy,

€ (—1/ts,0), we see that boundary point Zv m(sd) |tz as y — 0. On the
other hand, sz 1 0 and, consequently, z, g (s ) T oo as y T oco. Thus we get
(b).

When y[1 — H(0)] < 1, as s increases from —oo to —1/t4, yg(s) increases
from y[1 — H(0)] < 1 to oo. Thus, we can find a unique s, € (—00, —1/t4]
such that yg(sy) = 1. So, on the interval (—oo,sy), z ;H(s) > 0. Since
zy.m(s) | Oass | —oo, we have (O 2,1 (5y)) € S, with 2, g (sy) € OSpy.m.
From (6.4.19), we have z,, H( 5) 1 tsas y | 0. Since g(s) is 1ncreasmg
on (—oo, —1/t4) we have s, l —o0, and consequently z, p(sy) | 0 as
y T [l — H(0)]7t. Therefore we get (c).

When y[1 — H(0)] > 1, g(s) increases from 0 to y[1 — H(0)] as s increases
from 0 to oco. Thus, there is a unique s, such that yg(s,) = 1. When s €
(0,8y), g(s) < 1, and hence z, g (s) is strictly increasing from —oo to x¢ :=
2y, 1 (Sy). And then z, r(s) strictly decreases from z to 0 as s increases from
sy to oo. Thus, xo > 0, which is the smallest value of the support of Fyv:H
It can be verified that (6.4.19) is also true for s,. Since its right-hand side
is always positive, x is strictly increasing as y increases. Subsequently, from
(6.4.18), o = 2y,m(sy) ranges from 0 to oo as y increases from 0 to oo, which
completes (d).

(e) is obvious since zy 1, ., = —1/s for all s # 0 and s0 8 v.1 ., (2) =
—1/2, the Stieltjes transform of I ).

From Lemma 6.1, we can only get intervals in S%.,, » from intervals arising
from (a)-(e). By (6.1.6), for any two solutions s, > s; (note that they may
not be in the same interval of ;) of the equation yg(s) = 1,

=y / Pt ] =0
(6.4.20)
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where the last step follows by the Cauchy-Schwarz inequality and the fact
that both s, and sy are solutions of the equation yg(s) = 1. If the above is
not strict, then for all ¢t € Sy,

/
tsy  _ u ls,
1+tsy 1+tsy,

for some constant a. If Sy contains at least two points, then the identity
above implies that

a=1 and s, =s,,
which contradicts the assumption s, > 8 . If Sy contains only one point, say
to, then the same identity as well as the deﬁmtlon of s, imply that

20 of 242
1gsysy oSy

1= = .
(1 +t08y)(1 +to$§/) (1 +t08y)2

This also implies the contradiction s, = s . Thus, inequality (6.4.20) is strict
and hence the last statement in Lemma 6.2 follows. The proof of Lemma 6.2
is complete.

We finish this section with a lemma important to the final steps in the
proof of (3).

Lemma 6.16. If the interval [a,b] satisfies condition (f) of Theorem 6.3 for
Yn — Y, then for any § < y and sequence {4, } converging to §, the interval
(29,0 (Spv.(a)), 25, 0 (Spv.r (b))] satisfies assumption (f) of Theorem 6.8 for
Un — y. Moreover, its length increases from b — a as § decreases from y.

Proof. According to (f), there exists an ¢ > 0 such that [a—¢,b+¢] C S%.,,
for all large n. From Lemma 6.1, we have for these n

(s (0 — &), s (b +€)] C Ay,
={scR:s5#0,—s'¢c St %y, m,(s) >0}

Since z, ;(s) increases as y decreases, [spy.n(a — €),spv.n(b + €)] is also
contained in Ay, g, . Therefore, by Lemma 6.1,

(29,1 (spvu(a—¢)), 251 (spvu(b+€))) C Spon. -

Since zy, i and spy.n are monotonic on, respectively, (spy.u(a—¢), Spy.r (b+
e)) and (a —¢e,b+¢€), we have

(29,1 (s v (a)), 29,1 (s o ()] C (29,1 (spvn (@ = €)), 2,1 (spont (D + ) ),

S0 absumptlon (f) is satlsﬁed
Since zy, g (s) > 2 y(s) > 2y g(s) for §' <9, we have

2y 1 (8pv.m (D)) — Z?QCH(SF%H (@) > 2g, 1 (spu. (b)) = 25,1 (spv.rr (@)



160 6 Spectrum Separation

> 2y, (st () = 2,11 (s 50 (a)) = b — a.

6.4.4 Completing the Proof of (3)

We begin with some basic lemmas. For the following, A is assumed to be a
p X p Hermitian matrix, A € R is not an eigenvalue of A, and Y is any matrix
with p rows.

Lemma 6.17. X\ is an eigenvalue of A + YY* <= Y*(AI — A)~'Y has
etgenvalue 1.

Proof. Suppose x € CP\{0} is such that (A + YY*)x = Ax. It follows that
Y*x # 0 and

YA - A)'YY*'x =Y"x
so that Y*(AI — A)~'Y has eigenvalue 1 (with eigenvector Y*x).

Suppose Y*(AI — A)~1Y has eigenvalue 1 with eigenvector z. Then (AL —
A)71Yz # 0 and

(A+YY" )M -A) 'Yz= Y2+ XM -A)'Yz+ Yz = A -A) 'Yz
Thus A + YY" has eigenvalue \ (with eigenvector (A\I — A)~1Yz).
Lemma 6.18. Suppose )\f <A If )\T*()‘I_A)AY < 1, then )\?+YY* <.

Proof. Suppose A;H'YY* > A. Then, since A;H'QYY* is continuously in-
creasing in « € RT (Corollary 4.3.3 of Horn and Johnson [154]), there
is an @ € (0,1] such that A?"‘O‘YY* = A. Therefore, from Lemma 6.17,
aY*(AI — A)71Y has eigenvalue 1, which means Y*(AI — A)~'Y has an
eigenvalue > 1.

Lemma 6.19. For any i € {1,2,---,p}, A} <M= M+ Ay

Proof. Simply use the fact that A;; > )\pA.

We now complete the proof of (3). Because of the conditions of (3) and
Lemma 6.2, we may assume Spy,r(b) < 0. For M > 0 (its size to be deter-
mined later), let y/ = y/(1+j/M) for j = 0,1,2,---, and define the intervals

[a? 0] = (23,11 (02 (), 245,11 (3 01 ())]-

By Lemma 6.16, these intervals increase in length as j increases, and, for
each j, the interval together with 37 satisfies assumption (f) for any sequence
yJ, converging to y’. Here we take

yi=ro
" n+tjn/M]
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Let sq = spy.u(a). We have

@l —a =z, g(sa) — 2ym(s5a) = (v — y)/ 1 +ttsadH(t)'
Therefore, for each j,
o <&Ea+y’/ ! dH(t)’.
1+ts,
We also have
Tt —ad = Zyi+1 g1 (Sa) — 2yi 1 (8a) = (y'* - yj)/ 1 +ttsa dH (2).

Thus, we can find an M; > 0 so that, for any M > M; and any 7,

, e
it — af| < 4a. (6.4.21)

Let My > M be such that, for all M > M,
1 - 3 n 1 a
141/M ™~ 4 4b—a+a
This will ensure that, for all n, j > 0 and M > Mo,

n+jn/M] b b — (v _aj).

not (G + Dln/M] 1 (6.422)

From Lemma 6.14, we can find an M3z > M> such that, for all M > M3,
(6.4.11) is true for any sequence of S,, with

4 4 1
d=— = de= .
3b—a) ° b—a T lsa
We now fix M > Ms.
For each 7, let
Bl — 1 puexgnesie/M)xniin/;tpy2

" o4 jn/M]TT

where XM = (), i =1,2,---,p, k = 1,2,...,n+ jin/M], are de-
fined on a common probability space, entries iid distributed as 211 (no rela-
tion assumed for different n, j).

Since a’ and b can be made arbitrarily close to _]./SFy,H(a) and
—1/8pyu ), respectively, by making j sufficiently large, we can find a K
such that, for all K > K,
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)\3;11 <a® and V¥ < )\;I;" for all large n.

Therefore, using (6.1.1) and Theorem 5.11, we can find a K > K; such that
with probability 1

K K
limsup A; %y, < a® and b% < liminf AD" . (6.4.23)

n— o0 n—oo

We fix this K.
Let

E; = { no eigenvalue of B, appears in [a/, b’] for all large n }.

Let
oo Vk AT S AT <,
" —1, if there is an eigenvalue of B7 in [a/, b/].

For notational convenience, let A, = oo for Hermitian A.
Define

a’ =al + 4(bj —al),

B :bj—i(bj—aj).

Fix j € {0,1,---, K—1}. On the same probability space, we define for each
n>M,Y,=Y),i=1,2,---,p, k=1,---,[n/M], entries iid distributed
the same as x11, with {B?},, and {Y,}, independent (no restriction on Y,,
for different n). Let R,, = Trl/ 2Yn.

Whenever ¢’ is not an eigenvalue of B/, we have by Lemma 6.19

1 *(~d iy—1
A\t /M) R (a'1-B;)" Rx
1

RL@I-B) ™ Ry inan R (@71-B1) " R

[n/M]

R (67T — B{L)an> : (6.4.24)
11

1
< )\1n+.7 [n/M]

" <n + j?n/M}

If &’ is not an eigenvalue of BY for all large n, we get from Lemma 6.13

1 , ,
‘ R} (¢’T - B, ‘1Rn>
(o oy BT B R )
a.s. 1 1
=14 <14 as n — oo, (6.4.25)
a5 i 1 (07) asq

and from Lemma 6.14
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lim sup a.s.

n—oo

(Afw[ln/M]RZ(ﬁjI—Bi)an _)\[nJ;_}’\[/l}m]/M] RZ(dJI—Bi)1Rn> ) 1
" alsal
(6.4.26)
Now, (6.4.24)-(6.4.26) hold for a fixed realization in E; with respect to
the probability measure on {Y,},. By Fubini’s Theorem and the fact that
P(E;) =1 (from (1)), we subsequently have (6.4.24)—(6.4.26) holding on the
probability space generating {B?},, and {Y,,},. Therefore we find

R (a/1-B})"'R,

1
p (Afﬂln/m <1 for all large n) =1,

R,R; ~ "TUtDI/MIBi+1 e got from Lemma

and since BJ + n_‘_j[ln/M] e jln/M]

6.18, with probability 1,

Bit1 s
)\2_,»:_1 <&’ for all large n.
. i Bi+, Lo RaRE
Since )\Z" <A , we use (6.4.22) to get
Bit+1 ~ Bit1 o
P (A o> b and AP <a for all large n) —1.

From (6.4.21) we see that [a/, /] C [a7t!, b7+1]. Therefore, combining the
event above with E;, 1, we conclude that
1

j+1 . J+
P(AZ" St and  ABR

i < a’™t for all large n) =1.

Therefore, with probability 1, for all large n [a,b] and [a®€, '] split the
eigenvalues of, respectively, B,, and BX having equal amounts on the left-
hand sides of the intervals. Finally, from (6.4.23), we get (3).



Chapter 7

Semicircular Law for Hadamard
Products

7.1 Sparse Matrix and Hadamard Product

In nuclear physics, since the particles move with very high velocity in a small
range, many excited states are seldom observed in very short time instances,
and over long time periods there are no excitations. More generally, if a real
physical system is not of full connectivity, the random matrix describing the
interactions between the particles in the system will have a large proportion
of zero elements. In this case, a sparse random matrix provides a more natural
and relevant description of the system. Indeed, in neural network theory, the
neurons in a person’s brain are large in number and are not of full connectivity
with each other. Actually, the dendrites connected with one individual neuron
are of much smaller number, probably several orders of magnitude, than the
total number of neurons. Sparse random matrices are adopted in modeling
these partially connected systems in neural network theory.

A sparse or dilute matrix is a random matrix in which some entries will
be replaced by 0 if not observed. Sometimes a large portion of entries of
the interesting random matrix can be 0’s. Due to their special application
background, sparse matrices have received special attention in quantum me-
chanics, atomic physics, neural networks, and many other areas. Some recent
works on large sparse matrices and their applications to various areas in-
clude, among others, [45, 61, 285] (linear algebra), [48] (neural networks),
[62, 89, 143, 197, 218, 292] (algorithms and computing), [207] (financial mod-
eling), [211] (electrical engineering), [216] (biointeractions), and [176, 271]
(theoretical physics).

A sparse matrix can be expressed by the Hadamard product (see Section
A.3). Let B,,, = (b;;) and D,,, = (di;) be two m x m matrices. Then the
Hadamard product A,, = (a;;) with a;; = b;;d;; is denoted by

A, =B, 0D,

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 165
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 7,
© Springer Science+Business Media, LLC 2010
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A matrix A, is sparse if the elements d;; of D, take values 0 and 1 with
St P(d;j = 1) = p = o(m). The index p usually stands for the level of
sparseness; i.e., after performing the Hadamard product, the resulting matrix
will have p nonzero elements per row on average.

Several of the papers mentioned above consider a sparse matrix resulting
from the removal of entries of a sample covariance matrix. Removing the
assumption that the elements of D,, are Bernoulli trials, this chapter will
consider the LSD of general Hadamard products of a normalized sample co-
variance matrix with a diluted matrix. We shall show that its ESD converges
to the semicircular law under certain conditions.

To this end, we make the following assumptions. We remind the reader
that the entries of D, and X,, are allowed to depend on n. For brevity, the
dependence on n is suppressed.

Assumptions on D,,:
(D1) D,, is Hermitian.
(D2) Zpij = p + o(p) uniformly in j, where p;; = E\dfj|
i=1
(D3) For some My > M; > 0,

In]aXZ (E|dz]|21[|d”‘ > MQ} + P(O < ‘dw‘ < Ml)) = 0(1) (711)

as m — oo.

Assumptions on X,,:

(Xl) El‘ij = 0, E|l‘ij|2 = 0’2.

(X2,0) ! 2 Elaz3;|I[Jzi;]| > n¢/np] — 0 for any fixed 1 > 0.
(X2,1) 3202y o 2o Blad | I[ij| > ny/np] < oo for any fixed n > 0,

where u may take [p], m, or n.

(X3) For any n > 0, nl% Yt P H S (za|> = 0?)di;

> n\/np} — 0. (7.1.2)

We shall prove the following theorem.

Theorem 7.1. Assume that conditions (7.1.1) and (7.1.2) hold and that the
entries of the matriz D, are independent of those of the matriz X,, (m xn).
Also, we assume that p/n — 0 and p — oo.

Then, the ESD FA» tends to the semicircular law as [p| — oo, where
A, = \/1np (X, X* — o%nl,,) o D,,. The convergence is in probability if the
condition (X2,0) is assumed and the convergence is in the sense of almost
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surely for [p] — oo or m — oo if condition (X2,1) is assumed for u = [p] or
u = m, respectively.

Remark 7.2. Note that p may not be an integer and it may increase very
slowly as n increases. Thus, the limit for p — oo may not be true for a.s.
convergence. So, we consider the limit when the integer part of p tends to
infinity. If we consider convergence in probability, Theorem 7.1 is true for
p — 00.

Remark 7.3. Conditions (D2) and (D3) imply that p < Km; that is, the order
of p cannot be larger than m. In the theorem, it is assumed that p/n — 0.
That is, p has to have a lower order than n. This is essential. However, the
relation between m and n can be arbitrary.

Remark 7.4. From the proofs given in Sections 7.2 and 7.3, one can see that
a.s. convergence is true for m — oo in all places except the part involving
truncation on the entries of X,,, which was guaranteed by condition (X2,1).
Thus, if condition (X2,1) is true for v = m, then a.s. convergence is in the
sense of m — oo. Sometimes, it may be of interest to consider a.s. convergence
in the sense of n — co. Examining the proofs given in Sections 7.2 and 7.3,
one finds that to guarantee a.s. convergence for n — oo, truncation on the
entries of D, and the removal of diagonal elements require m/logn — oo;
truncation on the entries of X,, requires condition (X2,1) be true for u = n. As
for Theorem 7.1, as remarked in Section 7.3, one may modify the conclusion
of (IT) to
E‘/Bnk: - EﬁnkPM = O(miu)

for any fixed integer p1, where 3,}, is defined in Section 7.3. Thus, if m > n? for
some positive constant J, then a.s. convergence for the ESD after truncation
and centralization is true for n — co. Therefore, the conclusion of Theorem
7.1 can be strengthened to a.s. convergence as n — oo under the additional
assumptions that m > n% and condition (X2,1) is for u = n.

Remark 7.5. In Theorem 7.1, if p = m and d;; = 1 for all ¢ and j and the
entries of X,, are iid, then the model considered in Theorem 7.1 reduces to
that of Bai and Yin [37], where the entries X,, are assumed to be iid with
finite fourth moments. It can be easily verified that the conditions of Theorem
7.1 are satisfied under Bai and Yin’s assumption. Thus, Theorem 7.1 contains
Bai and Yin’s result as a special case.

A slightly different generalization of Bai and Yin’s result is the following.

Theorem 7.6. Suppose that, for each n, the entries of the matriz X,, are in-
dependent complex random variables with a common mean value and variance
o?. Assume that, for any constant § > 0,

p;np %:EW?/«UU%H > 03/np] = o(1) (7.1.3)
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and

1 n
Elzd [I|z5] < 6&/np] = o(1). 7.1.4
npr]ngg’; |25 |25 ] < 6¢/np] = o(1) (7.1.4)

When p — oo with n = n(p) and p/n — 0, with probability 1 the ESD of W
2

tends to the semicircular law with the scale index o=.
This theorem is not a corollary of Theorem 7.1 because neither of the

conditions (X2,0) and (7.1.3) implies the other. But their proofs are very

similar and thus we shall omit the details of the proof of Theorem 7.6.

Remark 7.7. If we assume that there is a positive and increasing function
() defined on RT such that

ZE\m lo(zigD 5] > nynp] — 0 (7.15)

and .
> 1/e(ny/np) < oo, (7.1.6)

u=1

then condition (X2,1) holds. If we take p(z) = 24>~V for some constant } <
v < 1, then (7.1.6) is automatically true and (7.1.5) reduces to a condition
weaker than the assumption made in Kohrunzhy and Rodgers [177] if we
change their notation to p;; = P(d;; = 1) = p/m with p = n*~! and
m/n — c. Therefore, Theorem 7.1 covers Kohrunzhy and Rodgers [177] as a
special case (condition (X3) is automatically true since P(d; # 0) = 0).

Remark 7.8. The most important contribution of Theorem 7.1 to random
matrix theory is to allow the nonhomogeneous and nonzero-one sparseness,
and the order of m can be arbitrary between p and n. The conditions on
the entries of X,, are to require some homogeneity on the X, matrix. We
conjecture that the homogeneity on the X,, matrix can be relaxed if we require
the entries of the D,,, matrix to have certain homogeneity. This problem is
under investigation.

7.2 Truncation and Normalization

The strategy of the proof follows along the same lines as in Chapter 2, Section
2.2.
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7.2.1 Truncation and Centralization

Truncation on entries of D,,

Define
g = L dijy i My < |dij| < Mo,
7710, otherwise,

D, = (dij), and A, = .}, (X, X — 0%nL,,) 0 Dy,

Lemma 7.9. Under the assumptions of Theorem 7.1,
|FA» — FA»|| - 0 a.s. as m — oo.

Proof. By the rank inequality (Theorem A.43),

~ 1 N
|FAY — FA7|| < rank(S,, — 0°L,) o (Dyy — Dyy)
m

IN

oy S (Il > M} U {0 < Jds| < M),

j
By condition (D3) in (7.1.1),
31| > M} U0 < ldy| < M)
ij
< LSO MBI Py | > M) + PO < [dy] < My) = o(1).
m
Applying Bernstein’s inequality, we obtain

P(|FAr — FA| > ¢)

<P ZI[{|d”| > MZ}U{O < ‘d1]| < Ml}] >em
ij

S 2€_bm

b

for any ¢ > 0, all large n, and some constant b > 0. By the Borel-Cantelli
lemma, we conclude that

|FA» — FA»|| — 0 a.s. as m — oo.

Therefore, in the proof of Theorem 7.1, we may assume that the entries of
D,,, are either 0 or bounded by M; from 0 and by M from above. We shall
still use D,, = (d;;) in the subsequent proofs for brevity.

Removal of the diagonal elements of A,
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For any € > 0, denote by ;&p the matrix obtained from A, by replacing with
0 the diagonal elements whose absolute values are greater than ¢ and denote
by A, the matrix obtained from A, by replacing with 0 all diagonal elements.

Lemma 7.10. Under the assumptions of Theorem 7.1,
|FA» — FA7|| — 0 a.s. as m — oo,

and . ~
L(F&» FAr) <e.

Proof. The second conclusion of the lemma is a trivial consequence of Theo-
rem A.45. As for the first conclusion, by the rank inequality (Theorem A.43),

x 1 & 1 &
|FA» — FA»|| < I ’ (|zix|* — 0%)dii| > €| .
m 2| 2

By condition (X3) in (7.1.2), we have

m

LS (1o 2 o\
ZPU\/HPI;(‘%H )di;

i=1

> 51 = o(m).

Here, the reader should note that condition (X3) remains true after the trun-
cation on the d’s. By Bernstein’s inequality, it follows that, for any constant
n>0,

P(||[FA» — FA»| > )
m 1 n
<P 1 zi|? — 0?)dyi
(S]] o Xt =

g 26717771/

o)

for some constant b > 0. By the Borel-Cantelli lemma, we conclude that

|FA» — FA%|| — 0 a.s. as m — 0.
Combining the two conclusions in Lemma 7.10, we have shown that
L(FA» FAv) 0 a.s. as m — oo.

Hence, in what follows, we can assume that the diagonal elements are 0; i.e.,
assume d;; =0 foralli=1,---,m.

Truncation and centralization of the entries of X,,
Note that condition (X2,0) in (7.1.2) guarantees the existence of 1, | 0 such
that
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Elx;i|1°I(|xii| > nn 0.
mmnz 2 PI (i) = mo /) —

)

Similarly, if condition (X2,1) holds, there exists 7, | 0 such that

In the subsequent truncation procedure, we shall not distinguish under which
condition the sequence {n,} is defined. The reader should remember that,
whatever condition is used, the {n,} is defined by that condition.

Define Z;; = xgl(\xm < ynp) —BxiI(|xi| < ny &/np) and T = x5 —
Z;j. Also, define B, with B;; = \/in > h_ TikZjk, and denote its Hadamard
product with D,, by 111,. It is easy to verify that

E[&|* < Elzi;[*1(|zi] > na/np) (7.2.1)

and
E|7i;]? < o?. (7.2.2)

Then, we have the following lemma.

Lemma 7.11. Under condition (X2,0) in (7.1.2) and other assumptions of
Theorem 7.1,

L(FKP, FA») — 0 in probability as m — oo.
If condition (X2,0) is strengthened to (X2,1), then
L(FKP, FA») = 0 as. as u — oo,

where u = [p], m, or n in accordance with condition (X2,1).
Proof. By Theorem A.45,
~ 1 —
L3(FA», FA) < " tr[(By, — Bw) o Dy J?
m

i#]

n

§ (TikZjk — Tinljk)di;

By (7.2.1) and (7.2.2), we have

2

E ‘ E mlkmjk - xzkx]k)dw
mnp

i#£j k=1
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n
ZE\xmx]k xzk:xjk| E|d23|

Elz ;5| ZPU

IN

A
= g
INER

2002

If condition (X2,0) in (7.1.2) holds, then the right-hand side of the inequality
above converges to 0 and hence the first conclusion follows.
If condition (X2,1) holds, then the right-hand side of

Elzji|*I[|zjk| > 1mn ¢/np).

20 m n
> D BlagePTlle] > na /]

j=1k=1

is summable. Then, it follows that
L3(FA», FAY) 0 as.

as u — 00, where u takes [p], m, or n in accordance with the choice of u in
(X2,1). The proof of this lemma is complete.

From Lemmas 7.9-7.11, to prove Theorem 7.1 we are allowed to make the
following additional assumptions:

(i) dis =0, Mil(dij #0) < |dij| < Ma;
(7.2.3)
(11) Exij =0, |1'zj‘ <M {4/7111
Note that we shall no longer have El|z;;|? = o2 after the truncation and
centralization on the X variables. Write E|z;;|* = (T . One can easily verify
that:
(a) For any i # j, E|dy;|> < pi; and 35, E|die|* = p + o(p).
(7.2.4)
(b) For any i # j, 07; <o and | >, 05 — 0%

7.3 Proof of Theorem 7.1 by the Moment Approach

In the last section, we showed that to prove Theorem 7.1 it suffices to prove
it under the additional conditions (i) and (ii) in (7.2.3) and (a) and (b) in
(7.2.4).
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To prove the theorem, we again employ the moment convergence approach.

Let Bni and B; denote the k-th moment of F4» and the semicircular law

F,>(x) with the scale parameter o2.

It was shown in Chapter 2 that

o5 (2s)! .
Br = s!(sflgiv if k = 2s,
0, ifk=2s+1,

and that {0} satisfies the Carleman condition; i.e.,

Z 5—1/2k

Thus, to complete the proof of the theorem, we need only prove B,x — Ok
almost surely. By using the Borel-Cantelli lemma, we only need to prove

(I) E(Buk) = Br +o0(1),

(I1) E| Bk — Efnkl* = O(, ).

Now, we begin to proceed to the proof of (I) and (II). Writei = (i1, - - -, %),
j = (j17 T vjk)v and

IT={(1,j):1<i,<m, 1<j,<n, 1<v<k}

Then, by definition, we have

1
Pk = mnk/2pk/2 Z )X i)
(i.j)ez

where
digy = diyiy - digiy
X(15) = TirjiTigjs TigjaTiage " Tinguo1 TirjuLirg-

For each pair (i,j) = ((i1,--,%%), (J1, -+, Jk)) € Z, construct a graph
G(i,j) by plotting the i,’s and j,’s on two parallel straight lines and then
drawing k (down) edges (iy,j,) from i, to j,, k (up) edges (jy,iy+1) from
Jo t0 iy41, and another k horizontal edges (iy,iy+1) from 4, to i,4+1. A down
edge (iy, j») corresponds to the variable x; j, , an up edge (jy,%y+1) corre-
sponds to the variable x; ;,.,, and a horizontal edge (i.,%,41) corresponds
to the variable d;, ;,.,. A graph corresponds to the product of the variables
corresponding to the edges making up this graph. An example of such graphs
is shown in Fig. 7.1. We shall call the subgraph of horizontal edges and their

vertices of G(i,j) the roof of G(i,j) and denote it as G(i,j) and call the
subgraph of vertical edges and their vertices of G(1,j) the base of G(i,j) and
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Fig. 7.1 A graph with six /- and six J-vertices

denote it as G(i,j). The roof of Fig. 7.1 is shown in Fig. 7.2. By noting that

the roof of G(i,j) depends on i only, we may simplify the notation of roofs
as G(i).

15

il = 16
Fig. 7.2 The roof of Fig. 7.1

Two graphs G(i1,j1) and G(iz, j2) are said to be isomorphic if one can be
converted to the other by a permutation on (1,---,m) and a permutation
on (1,---,n). All graphs are classified into isomorphic classes. An isomorphic
class is denoted by G. Similarly, two roofs G(i;) and G(iz) are said to be iso-
morphic if one can be converted to the other by a permutation on (1,---,m).
An isomorphic roof class is denoted by G. For a given i, two graphs G(i, j1)
and G(i, j2) are said to be isomorphic given i if one can be converted to the
other by a permutation on (1,---,n). An isomorphic class given i is denoted

by G(i).
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Let r, s, and [ denote the number of noncoincident i-vertices, noncoincident
j-vertices, and noncoincident vertical edges. Let G(r, s,1) denote the collection
of all isomorphic classes with the numbers r, s, (.

Then, we may rewrite

1
Bk = o2 ;dc(i)XG(i,j)

1
- mnk/Zpk/ZZ Z Z demXa,g)- (7.3.1)

8,0 GEG(r,s,l) G(i,j)EG

Proof of (I). By the notation introduced above,

1
E(Bnr) = mnk/2pk/2 )IEDIEEDY B EXawy-

r,s,0 GEG(r,s,0) G(i,j)€G

When G(i, ) contains a single vertical edge, EX¢( 3y = 0. When G (i, j) con-
tains a loop (that is, for some v < k, 4, = 4,41 (ig+1 is understood as 1)),
dg(i) = 0 since d;; = 0 for all 7 < m.

So, we need only consider the graphs that have no single vertical edges
and no loops of horizontal edges. Now, we write

E(Bnr) = S1 + S2 + 53,

where S contains all terms subject to [ < k or r + s < k, Sy contains all
terms with [ = k = r 45— 1 but s < jk, and Ss contains all terms with
l=k=r—|—s—1ands=;k.

Before evaluating the sums above, we first prove the following lemma.

Lemma 7.12. For a given r and a given i-index, say i1, there is a constant
K such that, for all G € G(r),

> Edge| < Kp'h (7.3.2)
G(i)eg
fixed i,

Consequently, we have

Z EdG(i) < Kmp"*.
G(i)eg

Proof. If r = 1, G(r) = 0 since G(i, j) has no loops, and hence (7.3.2) follows
trivially. Thus, we only consider the case where r > 2.
First, let us consider EdG(i). If G(i) contains pq horizontal edges with ver-

tices (u,v) and po horizontal edges with vertices (v, u), then Ed,;) contains
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a factor Edﬁjv(fﬁfv whose absolute value is not larger than M4* 2 2p if
t1 + po > 2 and not larger than Mflp,w if u1 + po = 1. Also, we have
[Edl,diz,| < ML*™H2 for all cases. That is, each noncoincident horizontal
edge of G(i) in G corresponds to a factor that is dominated by a constant C'
and Cp,, for some constant C'.

Note that G(i) is connected. Thus, for each isomorphic roof class with in-
dex r, we may select a tree T'(i) from the noncoincident edges of G(i) such that
any two trees T'(i1) and T'(ip) are isomorphic for any two roofs G(iy) and G(iz)
in the same class. Denote the r — 1 edges of T'(i) by (u1,v1), -+, (Ur—1,0,—1).
Then,

‘EdG(1)| < Cpul,vl o Pur_1,vp1

The inequality above follows by bounding the factors corresponding to edges
in the tree by Cp,, ., and other factors by C. If » = 2, then the lemma follows
from condition (a) in (7.2.4).

If » > 2, we use induction. Assume (7.3.2) is true for r — 1. Since T'(i)
is a tree, without loss of generality we assume that v,._; is a root other

than 41 of the tree; that is, v,—1 & {u1,v1, -, Up_2,0r—2}, and i1, u,—1 €
{u1,v1, -, Ur_2,v,_2}. Then, using assumption (D2),
E Puyvr - Pup_1,vr—1
U1 ,V1, 5 Upr—1,Vpr—1
= E Puy,vr " Pup—z,vp—2 E Puy_1 001
UL, V1 Up—2,Vp—2 Vr—1
< (p + O(p)) E Puy,vr " Pup—z,vp—2

UL,V Ur—2,Vpr—2

< (p+o(p) ",

the last inequality following from the inductive hypothesis. The lemma fol-
lows.

Continuing the proof of (I). When G belongs to G(r,s,l) with [ < kor r+s <
k, for any given i, we have

Y. [EXeugpl < nto® (na/np)? 2. (7.3.3)
Gi5)eg()

Let G(r) denote the set of all isomorphic roof classes with r noncoincident
1-vertices.
By (7.3.3) and Lemma 7.12, we have

51| < S > Omp (o (nn y/np)*F )

r,s, 1<k
orr+s<k geg(ns’l)

1
m(np)z*
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_ {0( 71Z+Sp plr=1y i ] <k, (7.3.4)

o(n=2ktsp=aktTy ifp s <=k

Noting that each j, vertex connects with at least two noncoincident ver-
tical edges since G(i,j) does not have loops, we conclude that { > 2s. Since
the vertical edges form a connected graph, we conclude that r+s <[+ 1 for
graphs in S;. Therefore, we have

o((p/n)2'=%), ifl<k _
9] < {0((p/n)§k5), ifr+s<l= k} = o(1).

By the same argument as for estimating S7, we also have
|S2] < O((p/n)2*7%) = o(1),

where the second inequality follows from the fact that s < ék

Note that if k is odd and G(i,j) does not have single vertical edges, it is
impossible to have [ = k and s = ;k since 2s < [ < k. That is, all terms of
EB,i are either in S or So. We have now proved that

Eﬂnk — 0.

Therefore, in what follows, we only need to consider Ss3 in the case where k
is even.

Now let us evaluate S3 for the case | = k = 2s = 2r — 2. In this case,
each noncoincident j-vertex connects exactly with two noncoincident edges
and the noncoincident vertical edges from a tree. As discussed in Chapter 3,
each down edge must be coincident with an up edge.

Denote the noncoincident vertical edges by {(u1,v1),- -, (ug, vg)}. Then

E

EXG(lJ H Oujv50

and hence, for each isomorphic class G, we have

Z EdG(l) H J“J ;U5 "

G(i,j)eg

‘We first show that

k
' Z H u] vi T ! s Z EdG(i)O-QIC +O(1) (735)

m(np)s G(i,j)eg (np) G(i,j)eg

By condition (b) in (7.2.4) and Lemma 7.12, we have
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1 k
OS Z | G()| HU“JxUJ

mp)® G e i=1
1 _
< 2(s— Z) o
SEID S [ R |
ijeg = =
1 k
< gy 2 |Z[2<slo )
- s G(l) Ug,Ve
mnp) i Feo =1
o2(k—=1) k
= s Z |EdG(i)|ZZ - w,vz
mnp : —
G(i)eg ue
k
Ko2k
S DRSS YR )
=1 Ve ug

from which (7.3.5) follows.

For a graph corresponding to a term in Ss, we claim that each horizontal
edge (v1,v2) must coincide with a horizontal edge (ve, v1). In fact, if (ig,ip41)
is the first appearance of (vi,vs2) (i.e., ip = vy, ip41 = v2, and vy is not in
{i1,+,i¢}), there is a vertex j, such that (is, j¢) and (j¢, i¢11) are single up to
the vertex igy1. In the future development of the graph, there must be a down
edge (i,,7,) coincident with the up edge (je,i¢+1); that is, i, = ip41 = va.
Then the next up edge (j,,%,+1) must coincide with (i, jg) since otherwise
the vertex j, = j; will connect to at least three noncoincident vertical edges,
which violates the assumption that s = k/2. That is, we have proved that
iy+1 = i¢ = v1 and hence the horizontal edge (i¢,i¢+1) = (v1,v2) coincides
with the horizontal edge (iy,4,+1) = (v2,v1) (see Fig. 7.3). Since the number
of noncoincident ¢ vertices is r = s+ 1 = %k + 1, the noncoincident edges of
G(i) form a tree of s = Jk edges.

Therefore,
G( )y = Hpega
where ey, ¢ = 1,---,s, are the edges of the tree of noncoincident horizontal
edges.

By (7.12) and (7.3.5), we have

1

Ed. .EXqcis
s Z G>i) P G()
m(np) G(i,j)eg

O.Qk

= Ed,;, + o(1
mp* D Edgg) +o(1)

G(i)eg
= o2k £ o(1).
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.xl:'l‘l iq—vZ

Fig. 7.3 (v1,v2) coincides with (va,v1).

Recall that the number of isomorphic classes with indices k = 2s has been
computed in Chapter 2; that is,

(2s)!

sl(s+ 1)1
Conclusion (I) follows.
Proof of (II). Write
4
1
= An2kp2k > ElTleqyXe6in — Bdgu,EX a0,
ig:dg =1

£=1,2,3,4

where G(iz, je) is the graph defined by (iz,je) in the way given in the proof
of (I).

If G(ig, je) has no edges coincident with edges of the other three, then the
corresponding term is 0 by independence. Furthermore, the term is also 0 if
U?:l G(ig, je) contains a single vertical edge or a loop. We need to consider
the following two cases:

(1) The four graphs are connected together through a coincident edge.
(2) U;f:l G(ig,je) has two separated pieces; that is, two graphs are con-
nected and the other two are connected.

Split E|Bnx — Efnk|* = S; + Si1 according to the two cases.
For these two cases, suppose U;f:l G(i¢,je¢) contains r noncoincident i-
vertices, s noncoincident j-vertices, and [ noncoincident vertical edges. Sim-
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ilar to the proof of (I), we have

1 7 — — S
Sr= Z m4n2kp2kap Hn /)™

78,0
- K Z mf?)pflnf élJrspf §Z+T.

r,s,l

For graphs corresponding to terms in S7, we have 2s <[ and r+ s <[+ 1.
We obtain )
|S1] < Km™3(p/n)2'"* = O(m™?).

Similarly, we have

1 _ _
S < Z m4n2kp2k Km2pr 2(,'7” é/np)Sk 2,8

r,s,l
- K me2p71nf élJrspf élJrr.

r,s,l

For graphs corresponding to terms in Sy;, we have 2s <l and r + s <1+ 2.
We obtain .
1S11| < Km™*(p/n)2~* = O(m™?).

Combining the above, (II) is proved.

Remark 7.13. Using the same approach in proving (II), one can easily show
that
E‘ﬂnk - Eﬂnkﬁ“ - O(miu)

for any fixed integer u. This is useful when considering the a.s. convergence
when n — oc.

These estimates may be used to strengthen the almost sure convergence
for m — oo to n — oo when m is at least as large as a power of n.



Chapter 8
Convergence Rates of ESD

In applications of asymptotic theorems of spectral analysis of large dimen-
sional random matrices, one of the important problems is the convergence
rate of the ESD. It had been puzzling probabilists for a long time until the
papers of Bai [16, 17] were published. The moment approach to establishing
limiting theorems for spectral analysis of large dimensional random matri-
ces is to show that each moment of the ESD tends to a nonrandom limit.
This proves the existence of the LSD by applying the Carleman criterion. This
method successfully established the existence of the LSD of large dimensional
Wigner matrices, sample covariance matrices, and multivariate F-matrices.
However, this method cannot give any convergence rate. In Bai [16], three
inequalities were established in terms of the difference of Stieltjes transforms
(see Chapter B). In this chapter, we shall apply these inequalities to estab-
lish the convergence rates for the ESD of large Wigner and sample covariance
matrices.

8.1 Convergence Rates of the Expected ESD of Wigner
Matrices

In this section, we consider the convergence rate of ESD of the complex
Wigner matrix W,, = (2,5, 4,5 = 1,---,n), whose entries may depend on
n, but the index n is suppressed for brevity. Also, we assume the following
conditions hold:

(1) E.’Eijzo, Tj; = Tij, forall 1<i<j<n.
(i) E|ml2j| =1, forall 1<i<j<m;

. 8.1.1
El2%| = 0%, forall 1<i<n. ( )
e 6 3
(iil) sup,, sup;<;<j<n E\xij\, Elzs| < M < .
For convenience, we assume that o2 < M in what follows.
Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 181
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Remark 8.1. The moment requirements (iii) are needed for maintaining the
convergence rate after the truncation step.

Here and in what follows, F}, denotes the ESD of \/:ln W.,,. Under the con-

ditions in (8.1.1), it follows from Theorem 2.9 that F,, — F almost surely,
where F' is the well-known semicircular law,

1 x

F(z) = 27r/ V4 — Y21 o 9 (y)dy. (8.1.2)
In this section, we shall establish the following theorem.

Theorem 8.2. Under assumptions (8.1.1), we have

|EF, — F|| = O(n~%/?). (8.1.3)

The proof of the theorem, which relies strongly on those inequalities on
Stieltjes transforms found in Appendix B, is similar to what was done in
Chapter 2 but requires more accurate estimates on the remainder term of the
Stieltjes transform of the ESD. To this end, the error quantity ¢ (see (8.1.20))
should be expanded into additional terms. Also, the truncation position on
the z-variables needs to be lowered to n'/4 while allowing the renormalization
to maintain the same convergence rate.

8.1.1 Lemmas on Truncation, Centralization, and
Rescaling

Lemma 8.3. Let Wn denote the matriz whose entries are \}nxijl(|xij\ <

n'/%) for all i,j. Then, we have
V|, — Bl < M, (3.1.4)

where F,, and fn are the ESDs of W, and {7\7”, respectively.
Also, for anyn >0,

limsupné_"HFn —F,|| =0, as. (8.1.5)

n—oo

If {|zs|?} and {|xi;|%, i < j < n} are uniformly integrable, then the right-
hand side of (8.1.4) can be improved to zero.

Proof. By Theorem A.43, we have

~ 1 N
|Fn — Fol| < rank(W, — W,,)
n
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n

1 1
< > I(|lzig| > 0t/ + . > I(lai] > nt).
i#j i=1

Therefore,

~ 1 1 &
E|F, — Fo|l < " > P(lai| > 0/ + N > P(lai| > n'?)
=1

i#j
n
<n7%? Z Elz;;|¢ +n 3/ ZE|$n|2
i#j i=1
< Mn~Y2,

From the estimate above and Bernstein’s inequality, the second conclusion
follows. The proof of Lemma 8.3 is complete.

Lemma 8.4. Let V/Vn denote the matriz whose entries are \/1” [ I(|xij] <
nt/4) — By I(|zij| < n'/Y)] for alli,j. Then, we have

L(Fy, Fy) < M?*/3n=12, (8.1.6)

where L(-,-) denotes the Levy distance between distribution functions and F,
is the ESD of W,,.

Proof. By Corollary A.41, we have

~ 1~ _
L3(F,, F,) < tr(W,, — W,,)?

n
1 e, 1y 174512
= 2 2Bl (| <P 4 oS Bail (sl < )
i#] i=1
! 2 6 IS 2 2
" i#] K i=1
< M?*n=3/2,

The proof is done.

Lemma 8.5. Let W denote the matriz whose entries are \}n U{jl[mijl(\mm <

nl/%) — BaiiI(|zi] < nY/M)] for i # j and \}naaizl[xiifﬂxii < nl/4) —
Exyl(|xy < n1/4)], where Ufj are the variances of the truncated variables.
Then, we have

EL(F,, F,) < 2Y/3M?/3p=1/2, (8.1.7)
Ey

limsup v/nL(F,, F,) < 2Y/3M?/ as., (8.1.8)

n—0oo
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where ﬁn is the ESD of V/\\/'n

Proof. By Corollary A.41, we have

~ = 1
L3(Fn,Fn) < tr(W, — W,)?

2 Z (1= o i (Jzi| < n'/*) = BagI(|zi,] < n'/*)?

i#]
1 " —1\2 1/4 17472
T2 ;(1 — 00" )|zl (|zi| < n'*) — BagI(Jzg) < n'/?).
Thus,
~ = 1
BLY(Fn, Fn) < 5> (=0 + Z )’
i#]
S NIE R B
= 2 (I—03)" + 2 (o
7] i=1
< QMZTL_?’/Q,

where we have used the fact that, for all large n, 0;;(1 + 0;;) > 1 and hence

(1= 03)? < (Blag;|[I(lxi| > n'/*) + E2|ai;| (2] > n'/*))?
< 2M?p 2

and

< (Bl I(|lvi| > n'*) + E|ag [ I(|2a| > n'/*))?
S 2M2 —l

(0 —o3)?
The proof of (8.1.7) is done. Conclusion (8.1.8) follows from the fact that
1
Var( > (=0 P lwigI(Jwg| < n'/*) = By I (2] < n'/*)P?

1 n
+ Y (=00 |wal (|wu] < n'*) — Bagl (|2 < n1/4)|2>



8.1 Convergence Rates of the Expected ESD of Wigner Matrices 185

8.1.2 Proof of Theorem 8.2

By Lemma B.18 with D = 1/7 and « = 1, we know that L(F,,, F) and || F,, —
F|| have the same order if F' is the distribution function of the semicircular
law. Now, applying Lemmas 8.3, 8.4, and 8.5, to prove Theorem 8.2 for the
general case, it suffices to prove it for the truncated, centralized, and rescaled
version. Therefore, we shall assume that the entries of the Wigner matrix
are truncated at the positions given in Lemma 8.3 and then centralized and
rescaled.

Define

A=|EF, - F|, (8.1.9)

where F,, is the ESD of \}an and F' is the distribution function of the
semicircular law.

Recall that we found in Chapter 2 the Stieltjes transform of the semicir-
cular law, which is given by

s(z) = —;(z — V22— 4). (8.1.10)

Here, the reader is reminded that the square root of a complex number is
defined to be the one with a positive imaginary part.

Then, it is easy to verify that s(z)(—3(z + V22 —4)) = 1 and [s(2)| <
(=2 (2+ V22 — 4))] since both the real and imaginary parts of z and V22 — 4
have the same signs. Hence, for any z € CT,

|s(2)] < 1. (8.1.11)

Now, we begin to prove the theorem by using the inequality of Theorem
B.14.
Let w and v > 0 be real numbers and let z = u + iv. Set

sn(2) = /Oo . i ZFn(m) = 1tr(Wn —2L,) 7t (8.1.12)

o n

By (8.1.12) and the inverse matrix formula (see (A.1.8)),

1 & 1
En - E
EALRED DL P A RN

n

1 1
= E
nz exr — 2 — Esu(2)

k=1
1

=_ 1.1
2+ Esn(2) + 94, (8.1.13)
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where o), = (Z1k,*+, Tho1,k, Tht1,ky - - » Tnk), Wy (k) is the matrix obtained
from W,, by deleting the k-th row and k-th column,

1 1 / —1
_ . W, (k) — 21, Esn(2), 1.14
€k \/nmkk nak( (k) — z1h—1) " ai + Esn(2) (8 )
and
1 - Ek
6=10,=— E . 8.1.15
n’; (z + Es,(2))(z + Esp(2) — k) ( )
Solving the quadratic equation (8.1.13), we obtain
1 2
5(1)(2),502)(2) = —2(2—5:|:\/(z+6) —4). (8.1.16)
As analyzed in Chapter 2, we should have
1
Esn(z) = s (2) = =, (2 =6 - Vi(z+06)2—4). (8.1.17)
If 3(z + 6) > 0, we can also write
Esp(z) =0 + s(z +9). (8.1.18)

We shall show that (8.1.18) is true for all z € C*. We shall prove this by
showing that D = C*, where

D= {z € C*,3(z + 6(2)) > 0}.

At first, we see that 6 — 0 as Sz — oo. That is, z € D if J(z) is large.
If D # C*, then there is a point in CTDD¢, say z1. Let zg € D. Let 22 be
a point in the intersection of JD and the segment connecting zp and z;. By
the continuity of 4(2) in z, we have (22 +9(22)) = 0. By (8.1.13), we obtain
1

zo + Es,(z2) +
2 (22) 29 + Esp(22)

= 29+ (5(22),

in which the right-hand side is a real number. We conclude that
|22 + Esp(22)| = 1.

Since zo € JD, there are z,, € D such that z,, — z2. Then, by (8.1.17), we
have
2o + Esp(22)
= lim(z,, + Esp(2mm)) = im(z,, + 0(2m) + $(zm + 0(2m))

=— linrln 51)(Zm + 0(2m)) = —s1)(22 + 0(22)).
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The two identities above imply that [s(;)(z2 +0(22))| = 1, which implies that
23 + 6(22) = £2 and that s(1)(22 + d(22)) = £1. Again, using the identity
above, zo + Es,(22) = £1, a real number, which violates the assumption that
2o € CT since §(z2 + Esp(22) > 0.

We shall proceed with our proofs using the following steps. Prove that |d]
is “small” both in its absolute value and in the integral of its absolute value
with respect to u. Then, find a bound of s,,(z) — s(z) in terms of ¢. First, let
us begin to estimate |4]|.

For brevity, define

by = b, (2) =1 (2 + Es,(2)) 7! = —Esp(2) + 6,
B = Br(2) =t (2 + Bsn(2) —ex) ™.

By (8.1.18), we have b, (z) = —s(z + 0), and hence, by (8.1.11),

|br(2)] <1 for all z € Ct. (8.1.19)
By (8.1.15), we have
1 n
o] = " > E(Brer)
k=1
1 n
=1 > (b2Eek + b Ee} + bpEe} + bpEei 5
k=1
1 n
< E Ele;| + Ele}| + v 'Ele;
< kz::ll ex| + Ele| + Eleg| + v Eleg
=:J1+ Jo+ J3+ Js. (8120)
By Lemma 8.6,
1
<. (8.1.21)
nv

Applying Lemmas 8.6 and 8.7 to be given in Subsection 8.1.3, we obtain,
for all large n and some constant C,

v+ A)

2 (8.1.22)

1 & C(
< Ele,?2 <
I <, S Bleil” <

Similar to (8.1.27), we have, for some constant C,
Elex| = CEler — Eexl* + [E*(ex)]

C C
= n2E|xkk|4 + n4E o (W (k) — 2L,-1) Loy,

4
—tr(W (k) — zIn_l)*] + iE (W (k) — 2L_1) "L
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~Etr(Wy (k) — 2I,_1) " y ClE*(ex)|- (8.1.23)
We shall use the following estimates:
()  n ?Blzw|* < n3?6% (by truncation).
(i) n~
<Cn* [Eygtr((Wn(k) — uln,l)2 + szn,l)

(W (k) — 21, 1) Loy, — tr (W (k) — 21, 1) "

-2

(1/4tr n(k) —ul,— 1) +’U21n_1)_1)2:| (Lemma B.26)

(W
<Cn™'E (nl/zv W, (k) — 2L,_1)"!

+U_2tr($tr(Wn(k) — zIn_l)_1>2> (by vg < n'/?)
<Cn'E (n1/2v*3 [nSs,(2) + 07 +v72n%(Ss,(2))% + v*4)
o ("1/2v3[n<Esn<z) = s(2) + [s()]) + v 7]

+07n? (Blsn(2) — Esn () + [Esn(2) — s(2)* + [s(2)]?)

+v4>

<Cn o2 (nil/z(v +A)+ (v+ A)?) (by Lemma 8.7).
4
(ii) n‘4E‘tr(Wn(k) L) Btr(W (k) — 2L,q) "t
< Cn~* [n'Elsy(2) — Esn(2)|* +v74]
<On V2 (0 4+ A) + (v + A)? +n7?] (Lemma 8.7).

Substituting these into (8.1.23), we obtain
Elep| < C(n™3/% + n 71072 (v + A)?),
which implies that
|yl < Co (n™32 £ n~ w2 (v + A)?). (8.1.24)

By the elementary inequality |a|® < 1 (|a|*> + |a|*), we notice that

1
Elex|® < 2(Elfz‘kl2 + Elex|*),
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1 n
< Eles|? + Eleg|*
IJSLRI;( lek|” + Elex|*)
< Cw+ An o2,

Therefore, we obtain

|5§CO< +

1 v+A N n_1/2(11+A)—|—(11+A)2>
nw '

i s (8.1.25)

By Lemma 8.8, if || < v, then A < Cjv. Choose M > Cy(2 + C1)? and

consider the set 1
& = {v € [\/M/n, 3}, |0] < v}.

First, choose vy = (9Co/n)'/3 (which is less than 3 for all large n). Since
A <1, we have
1 2

6
|9] < Co (ng + 3 + nv3> < .

Thus, vg € &,. Now, let v; = inf &,. We show that v; = \/M/n

If that is not the case, assume that nv? > M + wy. Choose w; =

min{wo/(4v/nv1),wo/(24CoC1)} and define vo = w1 — wy/+/n. Then, by
Lemma 8.8,

A<C’1(vg+ ?7;)

Consequently, letting z = u + ivy, we then have

1 2 2
5] §00< n (U2+Cl(v2j wi/v/n))
nvy nv3

L (2t Cufva 20&/\/”))2)

3
nvsy

2

SCO<(2+01) —|—12010J1>
nuvy

< M+ wo/2 - nv? — wo/2

< 9 Vo < V3.
nug nvj

This shows that vy € &,, which contradicts the definition of v.
Finally, applying Lemma 8.8, Theorem 8.2 is proved.

8.1.3 Some Lemmas on Preliminary Calculation

Lemma 8.6. Under the conditions of Theorem 8.2, we have
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(i) |Eex| < 1/nwv,
(ii) Eler]? < Cn7'E|sn(2) — Esn(2)]* + C(v + A)n~tv=2,

Proof. Recalling the definition of ¢ in (8.1.14) and applying (A.1.12), we
obtain
1
[Ber| = |E [tr(Wy, — 2L,) 7" — tr(Wy (k) — 2L,—1) ]|
n

1
< . 8.1.26
S ( )

Next, we estimate E|e7|. Recalling definition (8.1.14), we have
E‘Ei‘ = Elgg — E6k|2 + |E2(€k)|

1 1
— nE\xkk\2 + nQE o (Wo(k) = 2L, 1) Loy,

2 1
—tr(W,, (k) — zIn_l)’ll B[ (W (k) = 2L0) !

—Etr(W, (k) — z1n_1)—1‘2 +E2(5)]. (8.1.27)

Then, by Lemma B.26, we have

1 _ 12
an |0, (W (k) — 2Lh—1) tag — tr(Wy (k) — 2L,-1) 71

< ;Etr (W(k) = ul,1)? + 0%T,_) "
= C S (BH(Wo (k) — L, 1))
< nfv |Etr(W,, (k) — 2L,_1) " — tr(W,, — 21,) "}
+ ¢ [1Bsu(z) — s(2)] +1s(2)]
- Cv+A4) . (8.1.28)

nv?

Here the estimate of the first term follows from (A.1.12) and that of the
second term follows from Lemma B.22.
Again, by (A.1.12), we have

1 _ 2
nQE‘tr(Wn(k) L) Bt (W (k) — 2L,1) 1’

2 —1 “1)? 8
< E[tr(W, = 2L,) 7 — Etr(W,, — 21,) ‘ * o
= ) — Esn(a)P 4+ O (8.1.29)
o " n2v?’ o
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Finally, by (8.1.26)—(8.1.29), the second conclusion of the lemma follows.

Lemma 8.7. Assume that v > n~'/2. Under the conditions of Theorem 8.2,
foralll > 1,

E|s,(2) — Es,(2)[* < Cn~ 207 (A + v).
Proof. Let

Y = Ep_1tr(W,, — 21,) 7! — Eptr(W,, — 21,,) 7!
= Er_10x — Egoy,

where Ej;, denotes the conditional expectation given {z;;,k+1 <i < j <n}
and

o = [tr(W,, — 2L,) 7" = (W, (k) — 2L,-1) ']

= B (1 + :La;;(wn(k) — zInl)zak> : (8.1.30)

Note that {7} forms a martingale difference sequence and

sn(z) — Esp(2) = 711 Z’yk.
k=1

Since 2¢ > 1, by Lemma 2.13, we have

Elsn(2) — Esn(2)*
C " £
S E(ZEW&) +> Bl (8.1.31)
k=1 k=1

By (A.1.12), we have
o] < vt (8.1.32)

Write

Ay = (W, (k) —21,_1)7 2,

& =n"Y2x — nilaZ(Wn(k) — zIn,l)*lak + sn(z2),

b Lo

z 4 sn(2)

Recall that G = —b, — Bnﬁkék. Similar to (8.1.19), one may prove that
|bn| < 1.

Substituting these into (8.1.30) and noting that
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1 * 1 *
Er_1|1+ nakAkOék:| — E |:1 + nakAkak]
1
= nEk_l[a,’;Akak — tr(Ak)},
we may rewrite
T S
Vi = —nEk,lbn(aZAkak—tr(Ak))+[Ek,lbn(aka@)—Ekbn(okfsk)]. (8.1.33)
Employing Lemma B.26, we have

2 =, 2
Ek|’7k‘2 < nQEk|bn(akAkak - tI“(.Ak))‘2 + 02 Ek‘bn€k‘2

IN

2 2
o ErlofAvar — Ay + ) Bxll
C ) L[
< o Br(tr(ArAD)) +v Z[n 'E|zg|?
+Ek‘aZ(Wn(k) L) lay,
1 2
(Wi (k) — 21_1) ]
n
1 . 2
+Ek‘ ntr(Wn —z2L,-1) " — sn(z)‘
c

nv3

IN

[Ex(Ssn(2) +v+n" o], (8.1.34)

Thus, we have, by noting v? > n~!,
The first term on the right-hand side of (8.1.31)
C

N2yt

IN

[ E(Ssn(2))" + 0] (8.1.35)

Furthermore, by Lemma B.26 and the fact that vy < Cnf~!,

1 20
E ’n [(aZAkak — tI‘(Ak)]

< Con? vy Etr[(AR A} + ViE[tr (AR A})]]
<y [v_4z+1n_zE(Ssn(z)) + n‘%‘“E(%sn(z))Z] . (8.1.36)

Similarly, by noting E|zz|?¢ < o2n=1/2 we have

E‘ék‘% < C|:E|1’L_l/21'kk|2£

B[ (@ (W (k) = 2To1) e = tr(Wiu (k) = 2L,-1) '] ’%
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—2¢ -1 2
+n E‘tr(Wn(k) — 2L, ) (W, — 2L, ‘
< C’[n_(“'l)/2 +n 2B (Ss,(2))
+n " B[S (s, (2))] + n’zev’%]. (8.1.37)
Thus, by the two estimates above and recalling (8.1.33), we have

The second term on the right-hand side of (8.1.31)
C

= 20,40

+on=(=0/2) (8.1.38)

[n T E(Ssn(2)) + vin TTE(Ss,(2))"

Substituting (8.1.35) and (8.1.38) into (8.1.31), we obtain
Elsn(z) — Esn(z)\%
C

< ey [n‘“lvE(Ssn(z)) + 0" E(Ssn(2))E + 11[] ) (8.1.39)
First, we note that
0 < EQsn(z) < |Esn(z) — s(2)] + [s(2)| < AJv+ 1.

The lemma then follows if ¢ = 1.

To treat the term E(Ss,(2))¢ when £ > 1, we need to employ induction.

Now, we extend the conclusion to the case where % < ¢ < 1. Applying

Lemma 2.12, we obtain

n ¢
Elsn(z) — Esn(z)\% < Cn B (Z |'7k2>

k=1

n 0
< C’?”F% (Z E'Vk2>
k=1

n ¢
<Cn~ % <Z n T3 ES s, (2) + 11)
k=1
< On (v + A) + a0 < C.
This shows that when 1 < ¢ < 2,

E(S5,(2))" < 2E|sn(2) — Es, (2)[° + 2(ESs,(2))*
<CA+(1+A4/)5.

This, together with (8.1.39), implies that the lemma holds for 1 < ¢ < 2.



194 8 Convergence Rates of ESD

Then, the lemma follows by induction and (8.1.39). The proof of the lemma
is complete.

Lemma 8.8. If [§| < v < ;} for all z =u+iv, then A < Cwv.
Proof. From (8.1.10) and (8.1.17), we have

Es,(z) —s(z) = ;6

14 2249
V22 —d+/(z+6)2—4]

By the convention for the square root of complex numbers, we know that the
real parts of v/22 — 4 and /(2 + 6)2 — 4 are sgn(uv) = sgn(u) and sgn(u +
RO)(v + I6) = sgn(u + RNS). Therefore, if |u| > v > |§|, then both the
real and imaginary parts of /22 — 4 and /(2 + 6)2 — 4 have the same signs.
Therefore, for v < |u| < 16, we have

1
[Esn(2) —s(2)| <, [9]

2
1+3].

V/u? —4]

When |u| < v < 3, then

Esu(e) =@l < o [e B D<),

This simply implies that

—16
/ [Esn(z) — 5(2)|du < no,
16

1 rlé6

where n =, | "4

lary B.15.

[1 + Jl 32 } du+ 1. Then, the lemma follows from Corol-

u?—4|

8.2 Further Extensions

In this section, we shall consider the convergence rate in probability and
almost surely.

Theorem 8.9. Under conditions (i)-(iii) in (8.1.1), we have

|FA/VAW) _ Rl = 0,(n~2/?), (8.2.1)
[FAVMW) — || = Ous (n= /511, for any n > 0. (8.2.2)

In the proof of Theorem 8.2, we have already proved that we may assume
that the elements of the matrix W are truncated at n'/4 and then recentral-
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ized and rescaled. Then, by Corollary A.41, to prove (8.2.1), we only need to
show that, for z = u + v, v = n~2/5,

16
E/_ I5n(2) — 5(2)|du = O(v).

16

In the proof of Theorem 8.2, we have proved that

16
/ |Esp(2) — s(z)|du = O(v).
16

Thus, to prove Theorem 8.9, one only needs to show that

16
/_ [su(2) = Bsu ()ldu = Of0).

This follows from Lemma 8.7 and the following argument: for v = n~=2/5,

16
/ |50.(2) — Esp(2)2du < Cn~2073 = O(v?).
~16
Conclusion (8.2.2) follows from the argument that, for v = n=2/5*7,
16
/ 8n(2) — Esp(2)[*du < Cn~2073¢ = O(v¥n=5).
~16

Here, we choose ¢ such that 5¢n > 1. Thus, Theorem 8.9 is proved.

8.3 Convergence Rates of the Expected ESD of Sample
Covariance Matrices

In this section, we shall establish some convergence rates for the expected
ESD of the sample covariance matrices.

8.3.1 Assumptions and Results

Let S, =n~'X, X% : pxp, where X,, = (z;5(n),i =1,---,p, j=1,---,n).
Assume that the following conditions hold:

(i) For each n, x;;(n) are independent.
(ii) Bxij(n) = 0 and Blzj;(n)| =1 for all 4, j. (8.3.1)
(iii) sup,, sup; ; Elzf;(n)| < co.
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Throughout this section, for brevity, we shall drop the index n from the
entries of X,, and S,,.

Denote by F, the ESD of the matrix S,. Under the conditions in
(8.3.1), it is well known (see Theorem 3.10) that F, —~ F, a.s., where
y = lim, . (p/n) € (0,00) and Fy is the limiting spectral distribution of
F,, known as the Marcenko-Pastur [201] distribution, which has a mass of
1 —y~1 at the origin when y > 1 and has density

Ey(x —y—1)21 3.2

2937;77\/ y— (@ —y— 1)1 (), (83.2)
with a = a(y) = (1—/y)? and b = b(y) = (1+,/y)?. In this section, we shall
establish the following theorem.

Theorem 8.10. Under the assumptions in (8.3.1), we have

0] (n_l/Qa_l) . ifa>nl/3,

8.3.3
O(n=1/9), otherwise, ( )

m&—&mz{

where y, = p/n < 1.

Remark 8.11. Because the convergence rate of |y, — y| may be arbitrarily
slow, it is impossible to establish any rate for the convergence of ||EF, — F|
if we know nothing about the convergence rate of |y, — y|. Conversely, if we
know the convergence rate of |y, — y|, then from (8.3.3) we can easily derive
a convergence rate for |[EF, — F,||. This is the reason why F,, , instead of the
limit distribution F,, is used in Theorem 8.10.

Remark 8.12. If y, > 1, consider the sample covariance matrix ;X*X whose
ESD is denoted by Gy, (z). Noting that the matrices XX* and X*X have the
same set of nonzero eigenvalues, we have the relation

Fyp(x) =y, ' Gy, 'x) + (1 =y, 1)d(2).
Therefore, we have

HFp_F

'l/p” =

yz?lHGn - Fl/yp”'

Therefore, the convergence rate for the case y, > 1 can be derived from
Theorem 8.10 with y, < 1. This is the reason we only consider the case
where y, <1 in Theorem 8.10.

To better understand the notation of the convergence rates, let us see the
following special cases.

Corollary 8.13. Assume the conditions of Theorem 8.10 hold.
If y, = (1 —6)? for some constant § > 0, then |EF, — F, || = O(n~'/2).
Ifyp, > (1 —n=6)2 then ||EF, — F,ll = O(n=1/9).
Ify, = (1—n"")2 for some 0 < n < {, then |EF,— F, || = O(n=(1=4m/2),
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For brevity of notation, we shall drop the index p from ¥, in the remainder
of this section.
The steps in the proof follow along the same lines as in Theorem 8.2.

8.3.2 Truncation and Centralization

We first truncate the variables x;; at n'/4 and then centralize and rescale the
variables. Let f(n and D,, denote the p x n matrix of the truncated variables
#i; = xi;1(|zij] < n'/4) and that of the rescalers, i.e., D, = (Jj_kl)pm with
a?k = var(z;;). Write X, =X, —EX,, and Y, =X, 0 D,,, where o denotes
the Hadamard product of matrices. Further, denote by F,Et) , F,Stc), and Fp(s)
the ESDs of the sample covariance matrices iini:, i)A(n)A(fl, and Y, Y},

respectively. Then, by the rank inequality (see Theorem A.44) and the norm
inequality (see Theorem A.47), we have

1
1B = BN S D Tijayuizmrsy,
ik

2
L(FM, F{19) < 2

o] ek

| %

and

te s
= \/n n \/n n n \/n n n

21
where J is the p x n matrix of all entries 1.
Similar to the proof of Lemma 8.3, under condition (8.3.1), applying Bern-
stein’s inequality, one can show that, for any 1 > 0,

E||F, — F{P| < p™ Y P(lzi| > n'/*) = 0(n™/?),
ij
1 —
”Fp N FZSt)H < D ZI{\IjManM} = Oa.s.(n 1/24‘77)7 a.s.

jk

By Theorem 5.9,

<(14+y), as

lim sup

1 ~
Xn
|\,

and by elementary calculus, one gets
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1 = _
H JnBEn)| < VimaxBlaglLe 2ty = O™

and, by the fact that max |1 — ojx| = O(n™1),

1. 2
X, o (D, —J
Hm °(Dn—J)

1 ~ 1
< LS g 12
ik
1
< -~ 2 fl _ 1 2
< nZI%kI max|o," — 1]
Jk
= Oa,s,(nfl).

These show that

L(ESL, Ft)) = Oas (n™%/Y),
L(FS'), F{?)) = Ons.(n™'?).

Applying Lemmas B.19 and 8.14, given in Section 8.4, we have

< 1
7= £l < Coax{IFO =L, L
Thus, to prove Theorem 8.10 and Corollary 8.13, one can assume that the
entries of X,, are truncated at n~'/4, recentralized, and then rescaled.

8.3.3 Proof of Theorem 8.10

In Chapter 3, we derived that the Stieltjes transform of the M-P law with
index y is given by

_y+z—1—\/(1+y—z)2—4y

3.4
2 (8.3.4)

sy(z) =

Because M-P distributions are weakly continuous in y, letting y T 1, we

obtain y
z2—V2%2 -4z
s1(z) = — 0, . (8.3.5)
We point out that (8.3.4) is still true when y > 1, which can be easily derived
through the dual case where y < 1.

Set 1
sp(z) = ptr(Sn — 2L, (8.3.6)
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where z = u + v with v > 1/4/n. Similar to the proof of (3.3.2) in Chapter
3, one may show that

P
1
E = E
5(2) P ; sk — 2 —n7 20 (Spe — 21n—1) Loy
1< 1
= E
p; er+1—y—2z—yzEsy(2)
1

=— J, 8.3.7
z—|—y—1—|—yzEsp(z)+ ( )

where

1 n
see=_ Y73,
n <
Jj=1

1
Sne = XX,
n

o = XX,

1
ep = (ke — 1) +y +yzEsp(z) — 2 oG (Sur — 21,1) tag,

12
§=0, = — > buEfes,
Pia
1
bn = ba(z) = z+y—1+yzEs,(z)’
1
Br = Br(2) = (8.3.8)

z+y—1+yzEsp(z) —ei’

and X5, is the (p—1) x n matrix obtained from X,, with its k-th row removed
and x), is the k-th row of X,,.
In Chapter 3, it was proved that one of the roots of equation (8.3.7) is

Esy(z) = — (z +y—1—yz0—/(z+y—1+4yz6)2 — 4yz> . (8.3.9)

1
2yz
By Lemma 8.16, we need only estimate s,(z) — sy(z) for z = u +iv,v >
0, |u| < A, where A is a constant chosen according to (B.2.10).
As done in the proof of Theorem 8.2, we mainly concentrate on finding a
bound for |§| and postpone the technical proofs to the next subsection.
We now proceed to estimate |d,|. First, we note that

1 -1

<w (8.3.10)

Br| = <
Bl |z +y—1+yzEsp(z) — e

by the fact that
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S(z4+y—1+yzsp(z) —ex)

1
=3 (skk —z— QQZ(Snk — zInl)_lak> < —u.
n

Then, by (8.3.8) and (8.3.10), we have

1 P
9] < » > (71 Eexl + 03 [Elex]® + [0 |Elex* + [ba|*o T Elei]).  (8.3.11)
k=1

In (3.3.15), it was proved that

[Eey| < . (8.3.12)
nv

where the constant C' may take the value yA + 1.
Next, the estimation of E|eg|? needs to be more precise than in Chapter
3. By writing A = ||EF,, — Fy||, we have

C
Blef] <+ Ra+ B+ [B(ex)[, (8.3.13)

where the first term is a bound for E|sg, — 1/,
Ry =n"*E ’aZ(Snk - zIp,l)_lak
- 2
—E[(a),(Snk — 2L,-1) " ek X))

=n B(x X5 (Snk — 21— 1) T XX

2
—tI‘(X;k (Snk — ZIp_l)ilxnk)

< Cn~Mr(X L (Suk — 21,2 1) T X X Sk — 2L1) 1 X k)
by Lemma B.26)

(
_ C ]. + ‘u|2Etr((S P UI 1)2 _|_ 1}21 1)71
n o n? " P -
1 |ul? _
=C (n + HZUE\(\S‘DI'(Snk — ZIpfl) 1)
L fuf —1 2
<C (n + HZUEStr(Sn —z2L,) "+ 202
1 |uf?
<O+, [Bsp(z) = sy(2) + sy (2)]]
1 |uf?
<O, + 2@ +v/vyvy) ) (by Lemma B.22), (8.3.14)
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where vy, = a4+ /v =1—/y ++/v, and

2
Ry = |Z|2 E|tr(Spx — 21,-1) " — Etr(S, — ZIP)_1’2
n
2022 [ - S
< _E |tr(S — 2Tp—1) " — Etr(Sy, — 21,) 7| + 02

1
_ 2 2
=2 [Bls ()~ Es )+ ]

[ 1
< Clz)? [n~20™4A + v/vy,) + TL2U2:| (by Lemma 8.20)

Clz|? _
< n‘QvL (A+v/vy). (8.3.15)

Substituting (8.3.12) and the estimates for Ry and R into (8.3.13), we obtain

1 s

Elex? < C (n + 7 (A +v/vy)> .

nv?
We now estimate E|ex|*. At first, by noting vg < Cn'/?, we have
Blsge — 1]* < C’n_4[1/8n + anQ} < C/n?.

Employing Lemma B.26, we obtain

_ " _ % _ 4
n"°E |a (Snk — 2Ip—1) " ou — tr(X . (Snk — 2Ip—1) " Xk |

< CnE [vstr((Snk — 21p—1) *Spp(Snk — 21,-1)72)
+ vatr((Spk — 2Ip-1) 7 'S2 4 (Shk — 21,-1) 7 1)?]
< COn B [vstr(T+ [2[*(Spr — 21p-1) "> (S — 21,-1) %)
+ vatr(T+ |2[*(Snk — 2Ip—1) " (Spk — 2L,21) 7 1)?]
< Cn2B (14072120395, (2)) + [2f*02(S(s5p(2)))?]
< O [+ 2|02 Esy(2)]
+z*v 72 (Elsp(2) — Esp(2)]* + [Esp(2)[*)]
< Cn 2+ [2[' T (A 4 v/vy) + 2] 0 T2 (A +o/vy)
A+ v/vy)?)
< COn 21+ |2[*v ™4 (A 4+ v/vy)?).

Applying Lemma 8.20, it follows that

= g (8 — 21, 1) — Bax(S, — 21,) [
= ’I’L4 nk p—1 n P

Clz|* _ a1
<7 E|tr(S, — 2I,-1) 7' — Etx(S,, — 2I,) ! + i
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1
= 0‘2‘4 [E |sp(2) — Esp(2)|4 + n4v4]

< Clz)* [n4v8(A +v/vy)? + n41114] (by Lemma 8.20)

Clz|*

< Clz|* A 2 A 2
( "‘”/Uy) — n2114( +U/7)y) N

— ntd
Therefore, the three estimates above yield

¢ [1+ |z[%0~4(A + v/vy)2].

Eleg|* < 2

By Cauchy’s inequality, we have
Eler* < (Elex*Elex|*)"/?
<7321+ 2P0 3(A + v /v,)*?).

Substituting the estimates of the moments of €5 above into (8.3.11) and
noting that |b,| < 1/1/y|2| by Lemma 8.18, we obtain

18] < Cllbn|*n o™t + n w2 (A +v/vy) + 020 (A + v /vy)?].
Define
T = {Mov >n"2 5| <v/[10(A+1)%]}. (8.3.16)
From (8.3.7), it follows that
[bn|? < 2[Esp(2)]* + 20
<2072 (A+v/vy)? + 2|62

Choose My large. Then Cy~'n"1v=2 < é Consequently, 2Cn~tv~1|5,| < %,
from which it follows that

1
9]

8] < Cln~ o (A +v/vy)? +n~ o 2 (A +v/vy)] + 9

< Con "o 3 (A +v/vy)%
By Lemma 8.21, if v € 7, we have
A < Civfvy.

Hence,
0] < Co(C1+ 1)n "o, 2

Y

At first, it is easy to verify that, for all large n, vo =n~*/5 € Z.

We first consider the case where a < n= /3. If v; = Min~/3%" € T, where
n > 0 and M; > /10Co(A + 1)(Cy + 1), we have A < Cj,/v1. Choosing
vy = Myn=1/3+1/4 we then have
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2
1< 1,73 A V2
[0n] < Con™ v, ( + Ja+ Jvs

2
v
< oG+ ”2”1“’53<wa +1¢v1>

< Co(Cr + 1)2n*1v2_3v1
< Co(Cl + 1)2M1_2’U2 < 1}2/[10(14 + 1)2]

This proves that vy € Z. Starting from n = ; — j;) = 2/15, recursively using
the result above, we know that, for any m,

Mln—1/3+2/[15><4m] c I

1/3 ¢ 7. Consequently,

Making m — oo, we have shown that Min~
A< O(n~Y0).

Now, let us consider the case a > nTV3 If vg = Mon~1/2t1q71/2 ¢ 7z,
where 1 > 0 and My > /10Cy(A + 1)(C; + 1), then we have A < Cyvz/+/a.
Choosing vy = Mon=1/211/24=1/2 we then have

2
571 < —1,—3 A U4
[0,] < Con™ vy ( + Ja+ o

< Co(Cy 4+ 1)°n M %03 /a
< Co(Cy 4 1)2 My 20y < vg/[10(A + 1)

This proves that vy € Z. Starting from 7 = ; — é = 3/10, recursively using
the result above, we obtain, for any m,

Man~1/24+3/00x2™] =1/2 o T
Making m — oo, we have shown that M;n~'/2a=1/2 € Z. Consequently,
A< O Y2%a7Y).

The proof of the theorem is complete.
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8.4 Some Elementary Calculus

8.4.1 Increment of M-P Density

To apply Lemma B.19 to the truncation and centralization of the entries of
X,,, we need to estimate the incremental function g given in Lemma B.19.
We have the following lemma.

Lemma 8.14. For the M-P law with index y < 1, the function g in Lemma
B.19 can be taken as g(v) = 2v/(y(v/a + /v)).

Proof. Let v > 0 be a small number and

x+v
o) = [ L V==l

To find the maximum value of @(x) for fixed v, we may assume that a < x <
b — v because @(x) is increasing for x < a and decreasing for x > b — v. In
this case,

r+v
&(x) §/ Wyl\/tdt
VT 4+ v —x)

- 2v

- my(Va v+ V)
2v

= my(va + o)

To apply Corollary B.15, we need the following estimate.

2
(
Ty

Lemma 8.15. For v > n_l/z, we have

114/2(1
sup/ |Fy(x +u) — Fy(z)|du < \/7(1_ +y)v2/vy,
T Jlul<v
where Fy is the M-P law with inder y < 1.

Proof. Set ,
() = / |Fy (@ + ) — Fy(a)|du,

where A\ = x — a. It is obvious that
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sup/| ‘ |Fy(x +u) — Fy(x)|du < 251}1\p¢()\).
u|<v

x

We now begin to estimate the maximum of ¢(\). To this end, we need only
consider the case A > 0. Then,

vopztu g
N /o /z 2y Vb=t - a)ljq ) (t)dtdu

a+A+v
a+A+v—t
B —t)(t —a)],
/a+>\ 2mxy V(b= 1)t = a)lia ()t

Ao
Ad+ov—t
:[\ \/t4\/y—t Mio0,a,/)(t)dt.

2my(t + a)
Write ¢(t) = (a +t)~'\/t(4,/y —t). Then

1 1 22yya—(1+y))

d
201080 = Tyt T i T Ay -ttt a)

dt

This shows that ¢(t) is increasing in the interval (0,p) and decreasing in
(p,4y/y), where p = 2a,/y/(1+y). Since

A+v
ddAQS(A) = Qiy A [p(t) — P(N)]dt,

it follows that @(\) is decreasing when A > p and increasing when A\ < p —v.
Therefore, the maximum of &(\) can only be reached when A € [0V (p—wv), p].
Suppose A is in this interval. Then

P(N) <

2y1/4/>‘+”)\+v—u\/udu
A

21y u—+a

= 2(7ry3/4)_1{()\+11+a) (VA+v—V))

—Va (arctan \/A T arctan \/A> ]
a a

—il)) [(A+u)3/2 - )\3/2] }

Since

A4wv A a
_ > _
Va (arctan \/ arctan \/ ) Ao (\/)\ + v \/)\) )

we get, by setting A* = VA + v — V),
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(M)

2 * a * * * 1 *2
< - _
_Wy3/4{(a+)\+v)<>\ a+)\+v>\> A </\+\/>\)\ + A )}

2
VAN 4 3)\*3] .

2
T omyBlA

Let ¢2 = ;;ﬁ’/ Since A +v > ¢ 2a and

(VA+ 0+ VA2 > A+ 042/AA+0) > 2V + 2V e 2a,

we have

VA - c - c
(VA+v+VA)2 7~ 2Va+2c/v ~ 2y/a+2yv’
1 2c

< )
(VA+v+VA)»R ~ (Va+ o
where the last inequality follows from
(VA+v+ VA2 > VAt
1
> -2
=5 [\/c a—|—\/vv]
1
> o [Vv++a] v
Hence

2 11c »  11,/2(1+y) 1 2
A 6(Vat ) T bry Vot (- )

This completes the proof of the lemma.

P(\) <

8.4.2 Integral of Tail Probability

This lemma estimates the integral of the tail probability, which is needed
when applying Theorem B.14.

Lemma 8.16. Under condition (8.3.1) and the additional assumption
|45 < n/*4, (8.4.1)

we have
/B |EF,(z) — Fy(z)|dz = o(n™"), (8.4.2)
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where B =b+1, b = b(y) is defined below (8.5.2) and the constant t > 0 is
fixed but can be arbitrarily large.

Proof. By Theorem 5.9, we have
PAmax(Sp) > B4+2) <Cn " B4z —e) 2 (8.4.3)

Note that
1= Fy(z) < In,oi(S0)>a) for x>0, (8.4.4)

‘We have

/00 |EF,(z) — F(x)|dx < /00 P(\, > z)dx
B B

i1 ) 2da
< /B Cn (B+z—¢)“d
=o(n"). (8.4.5)

The proof is complete.

8.4.3 Bounds of Stieltjes Transforms of the M-P Law

We frequently need the bounds of the Stieltjes transform of the M-P law in
the proof of Theorem 8.10.

Lemma 8.17. For the Stieltjes transform of the M-P law, we have

V2
VYU 7

|sy(2)] <

where vy = /a4 v =1—/y+/v.
Proof. Recall that

_y+z—1—\/(1+y—z)2—4y
2yz ’

sy(z) =
which is a root of the quadratic equation
yzs? +(y+2z—1)s+1=0.

Write the other root of the equation as

Cytz—14y/(I+y—2)? -4y

sy(z) - 2z

We claim that, for any z € Ct,
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sy (2)] < [s3(2)]- (8.4.6)
Set
atif=\/(1+y—2)?2—4y, >0
Then,

af =v(u—y—1), (8.4.7)
6% —a? = (b—u)(u—a)+ v

If 3 =0, then u = 1 4 y, which violates equation (8.4.8). Thus, 3 > 0 for all
cases. Now,

sy (2)] < sy,(2)| & ly+z—1—a—if?<|ly+z—1+a+ip]
S oaly—1+u)+pGv>0.
This is trivially true if
aly—1+u) >0 (y—1+u)(u—y—1)>0s |1 —u| >v.
If (8.4.6) is not always true, then there is a 2 € C* such that
[sy(2)] = I8y (2)| = aly =1 +u) + fv =0,
which together with (8.4.7) implies that

B2 =v"Pa(l—y—u)=(1-y—u)(u—y—1)
=y’ - (1—-u)?<(b—u)(u—a).

The above leads to a contradiction to (8.4.8). Assertion (8.4.6) is proved.

With the observation that s,(z)s;(z) = 1/yz, we obtain

sy (2)] < 1/+/ylz]. (8.4.9)

Next, we shall get a better estimate for |s,(z)| when |z| is small. When
u < a — v, both the real and imaginary parts are positive and increasing.
Thus, the maximum of |s,(z)| can only be reached when u > a—v. If a < 2v,

then
V2

NSV oty

If @ > 2v, then

1
V2

We also have the same estimate. Thus, the proof of the lemma is complete.

Vil > Va2 /a+02 > (Va+ ).
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8.4.4 Bounds for b,

Similar to (8.3.7), we may expand sp(z) as

1< 1
sp(2) =
p(2) p’; Sk — 2 —n 720G (Spk — 21p—1) Loy

= —b, +9, (8.4.10)

where
= 1 * -1
€= (Spr — 1) +y+yzsp(z) — 2 o (Spr — 2zIp—1) o,

_ 1
b=0, = = > bufier
k=1

1
z+y—1+yzsp(z)’
1
z+y—1+4yzsy(z) — &

by = bp(2) =

ﬁk = ﬁk(Z) = (8.4.11)

Also, similar to the proof of (8.3.9), one may prove that, for all z € CT,

z+y—1—yz<§—\/(z+y—l+ysg)2—4yz

sp(z) = — 22

(8.4.12)

We will prove the following lemma.

Lemma 8.18. For all z € CT,

Similarly, we have

Proof. By (8.4.10) and (8.4.12),

z—|—y—1—|—yzc§—\/(z+y—1+y25)2—4yz

by =sp(2) — 0 = — 92

By the convention made to square roots of complex numbers (see (2.3.2)),

we have
Va = { Va/bvb, if arg(a) >arg(b),
—\/a/b\/b, if arg(a) <arg(b),
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where the angle arg(z) of the complex number z is defined to be the one in
the range [0, 27). Therefore, we have

Seemi((z +y — 1+y25)/\/yz), if z € Dy,
— Yz, = —Seemi(—(z ty—1 +~yz<5)/\/yz), if z € Do,
n sl ((z4+y—14y28)/\/yz), it z € Dg,

—sim(—(z+y—1+yz0)/\/yz), ifz€ Dy,

semi

where s,..:(-) is the Stieltjes transform of the semicircular law defined in
Section 2.3 (using different notation to avoid possible confusion with that of
the M-P law) and

Dy ={2€CHS((z+y—1+yz5)/yz) >0

and arg[(z +y — 1+ yzg)2~— dyz] > arg(yz)},
Dy={z€C,3((z+y—1+yz0)/\/yz) <0

and arg[(z +y — 1 +y20)? — 4yz] < arg(yz)},
D3 ={z€C",S((z+y—1+yz8)/yz) >0

and arg[(z +y — 1 +y20)? — 4yz] < arg(yz)},
Dy={2€CH,3((z +y—1+7520)//yz) <0

and arg[(z +y — 1 +y20)? — 4yz] > arg(yz)}.

By (8.1.11), if z € Dy or Dy, then the conclusion of Lemma 8.18 holds.
Then, we shall complete the proof of the first conclusion by showing that
D3 =Dy =1.

We claim that Dy # ). As v = $(2) is large enough, we have the following
estimates:

i) S (@;) >0,
(i) & (Vz/y) ~ Volv.
(iii) |\/yzd| = o(y/v) as v — oco.
These three estimates show that, for any fixed u and all large v,
S((z +y — 1+ y2d)//yz) > 0. (8.4.13)
Also, by (8.4.10),

1

—14yzd = -1 :
Fry—lHyz0=z+y +y28p(z)+z+y—1+yzsp(z)

Note that
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<
z—|—y—1—|—yzsp(z)=z—1—|—y/ dF,(z),
0 xr—Zz
from which it is easy to deduce that, as v — oo,
S(z4+y—1+yzsy(z)) > v — o0,

and R(z+y—1+yzsp(2)) = u—14o0(1). Therefore, for any fixed u < 1 and
all large v,

S((z+y — 14 y20)? — 4y=)
= Q[(z +y — 1+ yzsp(2))* — 4yz] + o(1)
=(u+y—1+Ryzsp(2)))(v+ S(yzsp(z)) — 4yv) < 0.

In this case, arg((z + y — 1 4+ y20)2 — 4yz) > 7 >arg(yz). Hence, D is not
empty.

Next, we claim that D3 = D4 = (. If not, then we may choose 21 € D1
and zo € D3 U Dy. Draw a continuous curve from z; to zo. Let zg be a point
on the intersection of the curve and the boundary of D3 U D4. No matter
whether zy € 0D, NOD3 or the other three cases, by (8.1.11) we always have

|Ssemi((20 + Yy — 1 + yZQS)/\/yZO)‘ = 1’

which implies that

(20 +y — 1 +y200)//yzo = £2
and ~
Recall that

VY20bn (20) = Ssemi((20 +y — 1 + y200(20))/+/y20)
= syuni((z0 +y — 1 +y200(20))/\/yz0) = £1.

These show that zg is a root of the equation yzof)% =1, or equivalently
yzo = (y + 20 — L+ y205,(20))2. (8.4.14)

Note that s,(z) is analytic on C*. Because we can draw infinitely many
disjoint curves from z; to zo, we can find infinitely many distinct zy’s, roots of
(8.4.14). By the unique extension theorem of analytic functions, we conclude
that (8.4.14) holds for all z € C*. This contradicts the fact that D; is not
empty.

We conclude that Ct C D; U Dy. Hence, the first conclusion of the lemma
follows from (8.1.11) and the continuity.
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The second conclusion can be proved along the same lines, and thus the
proof of the lemma is complete.

8.4.5 Integrals of Squared Absolute Values of
Stieltjes Transforms

Applying Lemma B.20, we obtain
27
/|sy(z)\2du < Jy(1—y) (8.4.15)

since the density function has an upper bound 1/(m/y(1 —y)).

It should be noted that this bound tends to infinity when y tends to zero
or one. This is reasonable for the case where y — 0 because the distribution
tends to be degenerate. For the case y — 1 or even y = 1, the distribution is
still continuous, although the density for y = 1 is unbounded. One may want
to have a finite bound (probably depending on v). We have the following
inequality.

Lemma 8.19. For any y < 1, we have

/ oy ()P < V), (8.4.16)

Yuy

Proof. Using the notation and going through the same lines of the proof of
Lemma B.20, we find that

= /|sy(z)\2du
bopb
1
= 47rv/a /a (u— )2 + 402 o(x)o(u)dzdu
bopb
87rv/a /z (u— m)12 e o(z)p(u)daxdu (by symmetry)

9] b 1
~1
dvy \/b/o /(1¢(x)\/w+a(w2+4v2)dwdx
1

=2 _1\/b/ d
Y o V2vw+a(w? +1) v

If a > v, we have

IN

o0 1
I <2yt
<2y \/b/o \/a(w2+1)dw
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o 2mv/2b
=V eS
If a < v, then
1 > 1
fs2y \/b/o V2wo(w? + 1)dw
~ oyt ; 21v/b
=TV ek oy

Here we used the fact that

> 1
/0 Vw(w? +1)7 /2]

which may be computed by using the residue theorem and the equality

dw dz.

/OOO \/w(wl2+1) - 1;/0; \/z(zi—kl)

This completes the proof of Lemma 8.19.

8.4.6 Higher Central Moments of Stieltjes Transforms

Lemma 8.20. If |z| < A, v >n"2, and £ > 1, then

C
n2ty—4ty

Els,(z) — Esp(2)[* < o (A + v/vy)t, (8.4.17)

where A is a positive constant and vy = 1 — \/y + /v, which is defined in
Lemma 8.17.

Proof. Write E(-) as the conditional expectation given {z;;;¢ < k, j < n},

with the convention that Eg is the unconditional expectation. Then

1
sp(2) — Esp(z) = D ZVka
k=1

where

= Ektr(Sn — ZIP)_l — Ek_ltr(Sn — ZIP)_l
= Eror — Ex_10%

and
o = ,Bk(l + nizaZ(Snk — zIp,1)72ak).
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By Lemma 2.13, we have

Elsy(z) — Esy(2)*
P ¢ p
(Z k- 175) +) Elwl* p. (8.4.18)
k=1 k=1

Define

1

-
P sy =14 Zte(Sup — 2L 1)

)

- . _ 1 _
& = Spp — 1 — n? ak(Snk—zIp_l) 1ak + ntr(snk—ZIp_l) 1Snk~

Note that
it bl = |2, = 1) = a1, < L
By Lemma 8.18, when v > 1/4/n, we have
sl = ol + 0ual? =001 < (14 L ) bl < Vel (5.429)
Note that o = —bur — bprorér and |og| < 1/v, which follows from the

observation that
11412} (Spr — 2L,-1) L] < 0 IS(BY).
We can rewrite v as

Vi = —1 " 2Brbpux X (Snk — 21p-1) 2 XX,
—tr(X:k(Snk — zIp,l)*zXnk) — (Ek — Ekfl)bnkékak.

In what follows, we shall repeatedly use the identity
(Snk —2Ip-1) 7 'Spr =T, 1 + 2(Spx — 2I,_1) !
and the inequality
(I+B)[(I+B)]" <CI+ BB,

for any normal matrix B; that is, it satisfies BB* = B*B, where A < B
means that B — A is a nonnegative definite matrix.
Applying Lemma B.26 and (8.4.19), similar to (8.1.34), we obtain

n " B DX, X (S — 21p—1) 2 XXk
—tr(X (Snk — 21p-1) "2 X)) ?
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1
= n2 Ek_l‘bnk‘Qtr((Snk - ZIP—l)_2Snk(Snk - ZIp—l)_QSnk)
C . B .
= nv2y|2|tr<(snk —2X,1) " Suk(Snk — Z1p—1) " Snk)
C — = —
< gl [ (S = 2Tp1) 7 S = Lp-1) 7]
< Co 3 By (14 S(sp(2)) (8.4.20)

and

E|(Ex — Er—1)bnréror)?
< 0 2B 1|bpi|?|Ek|?
< Q’U_QEk_l‘bnkF Uskk — 1|2 + n_4|X;CX;k(Snk — ZIp_l)_lxnkf(k

(X5 Sk — 2Lp-1) " Xok) ]
< C’vszk_l\bnkF {’FL71
26 ((Sk — 2Xp-1) " S (Snr — zIP_l)—lsnk)]
<Co 3 By (14 S(sp(2))) (8.4.21)

By (8.4.20) and (8.4.21), for large n,
» ‘
E (Z Eklw/%) < On~ 073 E(1 4 S(sp(2)))"
k=1

Furthermore, we have

0B b x), X (Snk — 21,0 1) XX
—tr(X . (Snk — ZIpfl)izxnk)‘%

C _ _ _
< e Blbarl* [vartr((Suk = 2L-1) S (S — Lp-1) S )

L

+ [vatr ((Snk — 21p-1) Sk (S — EIpfl)_ZS”’“)]Z]
C

= n2lyt|z|¢

Ny O [n + [2*tr ((Snk — 2Lp—1) " (Snk — infl)il)Z”

E[l/uv’%tr(lp,l 122k — 2L 1) " (Spr— 21, 1))

C _ _ . _
- nzzyélzle[nev #1427 S5y (2) (using vae < Cn)

+nfo2 (1+ \z\%ﬁlgsp(z))z]
C

< peyrpse B HVT S (2) 4 (35,(2)'
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C

<
- nZyZ,USZ

E (140 3s,(2)) (8.4.22)

and

E|(Ex — Ex—1)bniéror]*
S ’U_%E‘bnk‘%‘ék‘%
C _ . _ _
< U%yZ\ZVE [lsre = 1>+ 0, X (S — 2Lp—1) ™ XX
—tr(sz(Snk - ZIpfl)i]-X’ﬂk?)PZ]
C
= p2eyl| 2|t
—|—n_2£ <V4ztr((snk — ZIp—l)_Z(S’rLk‘ - EIp—l)_ZS%c)

+ (1/4tr((Snk — ZIpfl)il(Snk - ZIpfl)ils%k))z )]
C

- ’I”LZ’UQZyZ‘Z‘Z

c _
< bty (14 Ssp(z)v™ ). (8.4.23)

E [n‘zz(m/u + (man)")

B (1 298 (2)0 2 4 072 (S5 (2))

By (8.4.22) and (8.4.23), for large n,
- C
> Bl < 3Lyt (1+ES(sp(2))v~ ).
k=1

Comnsequently,
|5p(2) — Esp(2)[**

= n%f,i,@ym T E(S(sp(2)) +n T HIES(s,(2)). (8.4.24)

When ¢ =1, we have

59(2) syl < oy (14 E(55()
< ooy (B (2) = 5,2)| 15, ()
< sy L+ A/0+ 1/,

This shows that the lemma holds for £ = 1. For £ € (2!~1,2], the lemma will
be proved by induction for t = 0,1,2,---. To this end, we shall extend the
lemma to the case £ € (},1). We have, by Lemma 2.12 and the result for the
case of £ =1,
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(;; %F)f
(ZPZE%IZ>

= C (Blsy(2) — Esp(2)?)"

¢ ¢
= 26ty (A+v/vy)"

sp(2) — Esp(z)\%

\ A

I A

This shows that the lemma holds when ¢ € (271, 29]. Assume that the lemma
holds for ¢ € (},2'7!]. Consider the case where ¢ € (2/~1,2]. By (8.4.24), we
have

|sp(2) — Esp(2)[**
c ¢ ¢
n2zv3zyz(1 + Elsp(2) — Esp(y)[” + [Esp(2)]
Ly B (2)])
C (A +v/v,)? ;
= 263ty (1 n[,U%;z +1A/v+1/yvy|
+n—£+1v—z+1(A/U + 1/\/y11y)>
C

nQZ,UALZy

IN

ZZ(A—i—v/vy)Z.

This completes the proof of the lemma.

8.4.7 Integral of 6

Lemma 8.21. If|5,| < v/[10(A+1)?] for all |z| < A, then there is a constant
M such that
A < Mu/vy,

where A is defined in Corollary B.15 for the M-P law with index y < 1.

Proof. By (3.3.1) and (8.3.9), we have

|sp(2) = sy(2)]

On 12(z+y —1) — yzdy|

IV(z4+y—1)2—dyz+/(z+y— 1 +y26,)2 — 4yz|
(8.4.25)

1+
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By the convention on the sign of square roots of complex numbers (see
(2.3.2)), the signs of the real parts of

ViE+y—1)2—4yzand /(z4y—1+y20,)% — 4yz
are sign(u —y — 1) and

sign(u+y — 14+ R(yz0,)) (v + S(yzd,)) — 2yv
= sign(v(u —y — 1)+ (u+y — 1)S(yz0n) +R(yz6n) (v + S(yz6n)))-

By the condition on §,,, we have
[(u+y — 1)S(y26n) + R(yzdn) (v + S(y20,))| < v/5(A+1).

If lu—y — 1] > 1/5(A + 1), then the real parts of \/(z +y—1)2 —4yz
and /(2 +y — 1 +y26,)? — 4dyz have the same sign. Since they both have
positive imaginary parts, it follows that

, otherwise,

1 24+2
sp(2) —s,(2) < _|6] |1+ . 8.4.26
) sl e P (3.4.26)
If jlu—y—1| <1/[5(A+ 1)], then, for all large n, we have
: 2=y —1]?
V(= =y = 1) —dy - 2iy| = .
V(= =y —1)? = dy + 20y
< L .
= 50 /y(A + 1)
Therefore, for |u —y — 1| < 1/[5(A + 1)], we have
1 24A+2
sp(2) —sy(2)] < _]6] |1+
55() — s, ()] < S gmu_y_l)z_vz_z;y)]
1 24+ 2
< 13 [1 . ] . (8.4.27)
2 VY
Combining (8.4.26) and (8.4.27), for |Z| < A, we have
Cl|5‘7 if "LL Y- 1| < 1/[5(A+ 1)}7
‘Sn(Z) - Sy(2)| < é‘(ﬂ 1+ 2A+2 (8.4.28)

VI (uty—1)2—v2—dyu

where C1 = C1(y) is a positive constant depending upon y, say, and here it
may take A'ZQ.
By (8.4.28), one finally gets
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/ ? () - sy ()l

A
- / I5n(2) — 5y (2)]du
(lu—y—1|>1/[5(A+1)],|u|<A]

4 / I5n(2) — 5y(2)du
(lu—y—1|<1/[5(A+1)],|u|<A]
A 1 A
§Cv/ du+C/ [6]dw
—aV/|(u+y—1)2 — 02 — dyy| —A

< nv+ Cv = Cyu, (8.4.29)

where Cj is some constant. The proof of the lemma is complete.

8.5 Rates of Convergence in Probability and Almost
Surely

In this section, we further extend the results of the last section to the con-
vergence in probability and almost surely. We have the following theorems.

Theorem 8.22. Under the assumptions in (8.3.1), we have

O, (n=1/%), ifa<n /3,

|Fp — Fy, || = {Op(n_%a_%)’ ol < g <. (8.5.30)

Proof. We prove the two theorems simultaneously. By the arguments in Sub-
section 8.3.2, we can assume that the additional condition (8.4.1) holds. Then,
by Theorem B.14, we have

A
E(|F, - B, ) < ( / Bllsy() = 5,(2))du

0t sup /ygm IFy (@ + ) — F, (2)|dy + /B E(Fp(m))da:>
A
<c ( | Blsle) = By o)
A
+ /_A |E(sp(2)) — sy(2)|du+v/v, + o(n_2)> . (8.5.31)

By Lemma 8.20,

E(lsp(2) = E(sp(2))]) < [E(lsp(2) = E(sp(2))[)] /2
< On YW (A + /v, V2
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When a < n~'/3, choosing v = M;n~'/? and noting that A = O(n~'/9), we
obtain

E([sp(2) = E(sp(2))]) < Cn~ ' (A + v/v,)'/?
< COn~%12, (8.5.32)

In the proof of Theorem 8.10, it has been proved that the second integral on
the right-hand side of (8.5.31) is O(n~1/3). Substituting these into (8.5.31),
we obtain

E|F, - Fy| = (n_1/6)~

This proves the conclusion for the case a < n~/3 of Theorem 8.22.
Now, assume that a > n~'/3. In this case, we have A = O(n~"/2a71).
Choose v = Myn=2/5a/10 similar to (8.5.31), and we have

E([sp(2) = E(sp(2))]) < Cn~ ' (A + v/v,)'/?
< COn~ly~15g-1/4

= COn~5a7%% = Cwa™ Y2, (8.5.33)
Then, by (8.5.31), we have
E|F, - F|| = O(n=*/a~2/%).
This proves the second case of Theorem 8.22.
Theorem 8.23. Under the assumptions in (8.5.1), we have, for any n >0,

Oa,s,(n’l/ﬁ), ifa<n1/3,

|Fp — Fy, || = {OM 25215l < g < 1. (8.5.34)

Proof. The proof of this theorem is almost the same as that of Theorem 8.22.
We only need to show that, for the case of a < n=1/3 with v = Myn=/3,

A
[ Bls(2) = s, = On (a7, (5.5.35)
—A
and for the case a > n~Y3 with v = Myn=2/5¢/10,
A
[ Esa(2) =21 ) = O u=2/70072) (8530
—A

By Lemma 8.20, we have
WOB(|s, (=) — 8, (2)") < Cn 2w (A + o /v,

When a <n~ /3, A= O(n_l/ﬁ). Thus, with v = Myn~1/3,
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R/ (|5, (=) — s, (2)|) < Cn 12,
Then (8.5.35) follows by choosing ¢ > 3.
When a > n~3, then A = O(n~'/2a™"). Consequently, by choosing
v = Mon2/5a1/19 we have

n2£(2/5—n)a46/5E(‘sp(2) _ Sy(Z)‘%) < On—Z[n.

Then, (8.5.36) follows by choosing ¢ > 1/27. This completes the proof of
Theorem 8.23.



Chapter 9
CLT for Linear Spectral Statistics

9.1 Motivation and Strategy

As mentioned in the introduction, many important statistics in multivariate
analysis can be written as functionals of the ESD of some random matrices.
The strong consistency of the ESD with LSD is not enough for more efficient
statistical inferences, such as the test of hypotheses, confidence regions, etc.
In this chapter, we shall introduce some results on deeper properties of the
convergence of the ESD of large dimensional random matrices.

Let F,, be the ESD of a random matrix that has an LSD F. We shall call

§ = /f(x)an(x) = iZf()\k)

k=

a linear spectral statistic (LSS), associated with the given random matrix,
which can be considered as an estimator of 0 = [ f(z)dF(z). To test hy-
potheses about 6, it is necessary to know the limiting distribution of

Go(f) = an(f — 6) = / F(2)dX (),

where X, (z) = ay,(F,,(z)—F(x)) and «,, — oo is a suitably chosen normalizer
such that G, (f) tends to a nondegenerate distribution.

Ideally, if for some choice of a,,, X,,(z) tends to a limiting process X (z)
in the C space or D space equipped with the Skorohod metric, then the lim-
iting distribution of all LSS can be derived. Unfortunately, there is evidence
indicating that X,,(x) cannot tend to a limiting process in any metric space.

An example is given in Diaconis and Evans [94], in which it is shown that
if F), is the empirical distribution function of the angles of eigenvalues of a
Haar matrix, then for 0 < a < # < 27, the finite-dimensional distributions
of

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 223
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 9,
© Springer Science+Business Media, LLC 2010
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™
Viogn

converge weakly to Z, g, jointly normal variables, standardized, with covari-
ances

(Fn(8) = Fu(@) — E[Fn(8) — Fa()])

0.5, ifa=a and 8# 73,
0.5, ifa#a and =0,
—0.5, fa=p0 orf=d,
0, otherwise.

COV(Za”g, Zo/”g/) =

This covariance structure cannot arise from a probability space on which
Zo.o 18 defined as a stochastic process with measurable paths in Da, b] for
any 0 < a < b < 27. Indeed, if so, then with probability 1, for x decreasing to
a, 20,0 — Zo,q would converge to 0, which implies its variance would approach
0. But its variance remains at 1. Furthermore, this result also shows that with
any choice of «,, X, (x) cannot tend to a nontrivial process in any metric
space.

Therefore, we have to withdraw our attempts at looking for the limiting
process of X,,(z). Instead, we shall consider the convergence of G, (f) with
ay, = n. The earliest work dates back to Jonsson [169], in which he proved the
CLT for the centralized sum of the r-th power of eigenvalues of a normalized
Wishart matrix. Similar work for the Wigner matrix was obtained in Sinai
and Soshnikov [269]. Later, Johansson [165] proved the CLT of linear spectral
statistics of the Wigner matrix under density assumptions.

Because X, tending to a weak limit implies the convergence of G, (f) for
all continuous and bounded f, Diaconis and Evans’ example shows that the
convergence of G, (f) cannot be true for all f, at least for indicator functions.
Thus, in this chapter, we shall confine ourselves to the convergence of G,,(f)
to a normal variable when f is analytic in a region containing the support of
F for Wigner matrices and sample covariance matrices.

Our strategy will be as follows: Choose a contour C that encloses the
support of F,, and F'. Then, by the Cauchy integral formula, we have

fay= L g 1@ g (9.1.1)

2w Joz—x

By this formula, we can rewrite G,,(f) as

Gol) = = gy, Il (2) = N (912

where s, and s are Stieltjes transforms of F,, and F', respectively. So, the
problem of finding the limit distribution of G, (f) reduces to finding the
limiting process of M, (z) = n(s,(z) — s(z)).

Before concluding this section, we present a lemma on estimation of mo-
ments of quadratic forms that is useful for the proofs of the CLT of LSS of
both Wigner matrices and sample covariance matrices.



9.1 Motivation and Strategy 225

Lemma 9.1.  Suppose that x;, i = 1,---,n, are independent, with Ex; = 0,
Elz;|? = 1, sup E|z;|* = v < 00, and |z;| < ny/n with n > 0. Assume that A
is a complex matriz. Then, for any given 2 < p < blog(nv—n?) and b > 1,
we have

Ela*Aa — tr(A)[P < vnP (nn*) ™ (400°|| A1),
where a = (1, -+, x,) 7.
Proof. In the proof, we shall use the trivial inequality

db
th o Ja'c, if d < —b/loga, 1
@t s {addb, if =b/loga <d<t, (9-1.3)

where 0 < a < 1, b,d, ¢, t are positive, and b < —cloga.
Now, let us begin the proof of the lemma. Without loss of generality, we
may assume that p = 2s is an even integer. Write A = (a;;). We first consider

Sl = Za”(\xz\Q - ].) = ia”Ml
i=1 =1

By noting |a;;| < ||A|| and p < 2blog(nv~1n*), we apply (9.1.3) to get

E|Sl|p§i Z Z P!

JeJt

. ,
|aj, ;, [E[M]!]
o (@)

(=11<jy<--<je<nm i1 +-+ig=p 1=

ip,ip>2
s B p|
<||AIPY  nff (nn?)P=2¢ )
2 2 T
ip,,ig>2
- _ —L
< (nl| AP Y (v )
/=1
< JvnPs(([Allp?)P(ny*) =1 (20)P, if p/log(nv~'nt) > 1,
vn?s(||Al[n?)P (nn*) 1, if p/log(nv~1") < 1,

< vn? (20 Alls/Pr?)P ()~

Next, let us consider

Sy = E Qi T T

1<i#j<n
Then, we have
p . — — — — — —
B|Sof = ik, 0, - i, Gk, 0, B0, Br, By e, - 10, Te, T, 20,

Draw a directional graph G of p = 2s edges that link é; to j; and ¢; to kK,
t =1,---,s. Note that if G has a vertex whose degree is 1, then the graph
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corresponds to a term with expectation 0. That is, for any nonzero term,
the vertex degrees of the graph are not less than 2. Write the noncoincident
vertices as vy, - - -, vy, with degrees py,-- -, p,, greater than 1. We have m < s.
By assumption, we have

Bai, Bp, T, T, -+ @, T, By, 0, | < (nm? )P

Now, suppose that the graph consists of ¢ connected components G1,---, G,
with my, - - -, my noncoincident vertices, respectively. Let us consider the con-
tribution by G to E|Ss|P. Assume that G has s edges, eq, -+, es,. Choose
a tree G} from G, and assume its edges are ey, -+, €y, 1, without loss of
generality. Note that

my1—

1
Yo I lae? <A™ 20

Vi, Uy <0 =1

and

s1
Z H |aet|2 < ||A||23172m1+2nm171.

V1, Uy <mt=my

Here, the first inequality follows from the fact that Y-, |ay,.,[* < [|A[]* since
it is a diagonal element of AA*. The second inequality follows from the fact
that 32, |ay,u,|" < |A[| for any £ > 2 and that s; > m; since all vertices
have degrees not less than 2. Therefore, the contribution of G is bounded
by

> Il

VL, Uy <nt=1

mlfl S1 1/2
( S e ¥ H)
U1,

Uy Sn t=1 ULy Uy <mt=ma

IN

IN

A2,

Noting that m; + -+ +mgq = m and s; + --- + s, = 2s, eventually we
obtain that the contribution of the isomorphic class for a given canonical
graph is ||A||?*n™/2. Because the two vertices of each edge cannot coincide,
we have ¢ < m/2. The number of canonical graphs is less than (?)p <m?p,
We finally obtain

E[Sof” < [|AJ* Y 0™ (ng®)Pmm?P
m=2

< nP(|Alr?)P - (2 T m®

m=2



9.2 CLT of LSS for the Wigner Matrix 227

< [ nPs(|Alln?)P(n/2n?)72(4b)%P, if 2p/log(n'/?n?) > 2,
P 2\p (1 1/2,,2)—292p .
nPs([|Alln?)P(n'/*n?) =227, otherwise

= n(n") 7} (165176 | A1)

Since E|S; + SofP < 2P7Y(E|S1|P + E|S2|?) and 16s'/P < 16e!/2¢ < 20, the
proof of the lemma is complete.

9.2 CLT of LSS for the Wigner Matrix

In this section, we shall consider the case where F), is the ESD of the nor-
malized Wigner matrix W,,. More precisely, let u(f) denote the integral of
a function f with respect to a signed measure pu. Let U/ be an open set of
the complex plane that contains the interval [—2,2]; i.e., the support of the
semicircular law F'.

To facilitate the exposition, complex Wigner matrices will be called the
complex Wigner ensemble (CWE) and real Wigner matrices will be called
the real Wigner ensemble (RWE). In both cases, the entries are not neces-
sarily identically distributed. If in addition the entries are Gaussian (with
0% =1 and 2 for the CWE and RWE, respectively), the ensembles above are
the classical Gaussian unitary ensemble (GUE) and the Gaussian orthogonal
ensemble (GOE) of random matrices.

Next define A to be the set of analytic functions f : U — C. We then
consider the empirical process G,, := {G,(f)} indexed by A; i.e.,

Gn(f) = n/:)o F(@)[F, — Fl(dz), fe€ A (9.2.1)

To study the weak limit of GG,,, we need conditions on the moments of the
entries x;; of the Wigner matrices /nW,,. Note that the distributions of
entries x;; are allowed to depend on n, but the dependence on n is suppressed.
Let:

[M1] For all i, E|z;;|* = 0% > 0, for all i < j, E|z;;|> = 1, and for CWE,
Emfj =0.

[M2] (homogeneity of fourth moments) M = E|x;;|* for i # j.

[M3] (uniform tails) For any n > 0, as n — oo,

7741712 ZE[|$ij\4I(|$ij\ > nyv/n)] = o(1).

g

Note that condition [M3] implies the existence of a sequence 7,, | 0 such that
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(av/m)™* S Elley [ L2y ] > nav/n)] = o(L). (9.2.2)

,J

Note that 7, — 0 may be assumed to be as slow as desired. For definiteness,
we assume that 7, > 1/logn.

The main result of this section is the finite-dimensional convergence of
the empirical process G,, to a Gaussian process. That is, for any k elements
1,0+, fi of A the vector (G, (f1), -+, Gn(fr)) converges weakly to a p-
dimensional Gaussian distribution.

Let {T%} be the family of Tchebychev polynomials and define, for f € A
and any integer ¢ > 0,

1 [ ,
f(2cos(9))e*?do
27 ),

2177 /T; f(2cos()) cos(¢6)do

7e(f)

1 [t 1
W/ilf(Qt)Tg(t)\/l_tht. (9.2.3)

In order to give a unified statement for both ensembles, we introduce the
parameter x with values 1 and 2 for the complex and real Wigner ensembles,
respectively. Moreover, set 3 = E(|z12|?> —1)% — k. In particular, for the GUE
we have K = 02 = 1 and for the GOE we have x = 02 = 2, and in both cases
g=0.

We shall prove the following theorem that extends a result given in Bai
and Yao [35].

Theorem 9.2. Under conditions [M1]-[M3], the spectral empirical process
G, = (Gn(f)) indexed by the set of analytic functions A converges weakly

in finite dimension to a Gaussian process G := {G(f) : [ € A} with mean
function E[G(f)] given by

SR PRI O, B

a@d ti;}e covariance function c(f,g) := E[{G(f) — EG(f)}{G(g9) — EG(g)}]
given by

To(f) + (0% = k)2 (f) + Bra(f)  (9.2.4)

a2 (f)m(g) + 2B+ V)ra(f )+ KZ(T@ (9.2.5)

47r2/ / fr(t V (t,s)dtds, (9.2.6)

where

V(t,s) = (02 — K+ ;ﬂts) V(4 —12)(4 - s2)
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4—1 4—12)(4— s
+klog s+ VI Y4 =) . (9.2.7)
4—ts—/(4—12)(4 - s2)
Note that our definition implies that the variance of G(f) equals c(f, f).
Let 0,(dt) be the Dirac measure at a point a. The mean function can also be
written as

BIG() = [ renavt) (9.2.8)

with signed measure

() =", L (51(de) + 61 (de)]

k—1

+ |- + (02 — K)Ta(t) + 5T4(t)] I([—1,1])(¢)dt.

1 1
T 2 V1—t2

(9.2.9)
In the cases of GUE and GOE, the covariance reduces to the third term

in (9.2.5). The mean E[G(f)] is always zero for the GUE since in this case
0?2 =k =1and 3 =0. As for the GOE, since 3 = 0 and 02 = k = 2, we have

EIG(P)] = | (/@) + F(-2)} — ) mo(f)

Therefore the limit process is not necessarily centered.

Ezample 9.3. Consider the case where A = {f(z,¢)} and the stochastic pro-
cess is

n 2
2, =Y f0wt) = [ flat)F(da).

k=1 -2

If both f and Jf(z,t)/Ot are analytic in z over a region containing [—2, 2], it
follows easily from Theorem 9.2 that Z,(¢) converges to a Gaussian process.
Its finite-dimensional convergence is exactly the same as in Theorem 9.2,
while its tightness can be obtained as a simple consequence of the same
theorem.

9.2.1 Strategy of the Proof

Let C be the contour made by the boundary of the rectangle with vertices
(£a £ ivy), where a > 2 and 1 > vy > 0. We can always assume that the
constants a — 2 and vy are sufficiently small so that C C U.

Then, as mentioned in Section 9.1,

Gn(f) = _27171' fif(z)"[sn(z) — 5(2)]dz, (9.2.10)
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where s, and s are Stieltjes transforms of W, and the semicircular law,
respectively. The reader is reminded that the equality above may not be
correct when some eigenvalues of W, run outside the contour. A corrected
version of (9.2.10) should be

GuIIBE) = =, T(B5) § Femlsa(2) = s(2))

where B, = {[Aext(W,)| > 1+ a/2} and Aoyt denotes the smallest or largest
eigenvalue of the matrix W,,. But this difference will not matter in the proof
because by Remark 5.7, after truncation and renormalization, for any a > 2
and t > 0,

P(B,) = o(n™"). (9.2.11)

This property will also be used in the proof of Corollary 9.8 later.
This representation reduces our problem to showing that the process
M, = (M,(z)) indexed by z & [—2, 2], where

M, (z) = n[sn(z) — s(2)], (9.2.12)

converges to a Gaussian process M (z), z ¢ [—2, 2]. We will show this conclu-
sion by the following theorem.
Throughout this section, we set Co = {z = u+iv : |v] > vp}.

Theorem 9.4. Under conditions [M1]-[M3], the process {M,(z); Co} con-
verges weakly to a Gaussian process {M(z); Co} with the mean and covari-
ance functions given in Lemma 9.5 and Lemma 9.6.

Since the mean and covariance functions of M (z) are independent of vy,
the process {M(z); Cop} in Theorem 9.4 can be taken as a restriction of a
process {M(z)} defined on the whole complex plane except the real axis.
Further, by noting the symmetry, M(z) = M(z), and the continuity of the
mean and covariance functions of M (z) on the real axis except for z € [—2, 2],
we may extend the process to {M(z); Rz ¢ [—2,2]}.

Split the contour C as the union C, + C; + C, + Cp, where C; = {z =
—a+iy, Gn <y <wu}l, C ={z=a+iy, Gn ! <y < v}, and
Co = {z=+a+iy, ly| <n ¢}, where ¢, — 0 is a slowly varying sequence
of positive constants. By Theorem 9.4, we get the weak convergence

/Cu Mo (2)dz = /C M(z)dz

To prove Theorem 9.2, we only need to show that, for j =1,r,0,

/M ©)dz

hm lim sup E =0 (9.2.13)

n—oo
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and

2

lim E

=0. 9.2.14
Tinny ( )

/c_,» M(z)dz

Estimate (9.2.14) can be verified directly by the mean and variance functions
of M(z). The proof of (9.2.13) for the case 7 = 0 will be given at the end of
Subsection 9.2.2, and the proof of (9.2.13) for j = [ and r will be postponed
until the proof of Theorem 9.4 is complete.

9.2.2 Truncation and Renormalization

Choose 1, > 1/logn according to (9.2.2), and we first truncate the variables
as Tjj = xijI(|xij] < npy/n). We need to further normalize them by setting
52'3' = (./73\1] — E./fij)/()'ij for ¢ 75.] and .Eu = 0'(53\” — Ei‘\”)/U”, where Oij is the
standard deviation of ;.

Let F;, and F;, be the ESD of the random matrices (\/1”:?”) and (\}n@j),

respectively. According to (9.2.1), we similarly define én and én First ob-
serve that R R
P(G, # G,) <P(F, # F,) = o(1). (9.2.15)

Indeed,

P(F, # F,) < P{ for some i, j, Z;; # i;}
< ZP {lzij| = nuv/n}
%)
< (mav/n) ™t Y Ellay | I(|2i] = nav/n)] = o(1).
4]
Secondly, as f is analytic, by conditions [M2] and [M3] we have
- ~ 2
E|Gu(f) = Gu(h)|
2
< CE (D Ay — gl
j=1
< C’I’LEZ |5\n] - S\rnj‘2
j=1
< C’I’LEZ |n71/2(iij — .’i‘ij)|2

ij
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—1 ~ —2
< | S lBlawy P11 - o P + B o)

i#]

# S lBkl1 — 00+ (B r]

< O Sl + 202 e (| = )|
ij
= Op(l)v
where S\Hj and an are the j-th largest eigenvalues of the Wigner matrices
n~Y2(#;;) and n=1/2(#;;), respectively. Therefore the weak limit of the vari-
ables (G, (f)) is not affected if the original variables x;; are replaced by the
normalized truncated variables z;;.

From the normalization, the variables Z;; all have mean 0 and the same
absolute second moments as the original variables. However, the fourth
moments of the off-diagonal elements are no longer homogenous and, for
the CWE, Exfj is no longer 0. However, this does not matter because

Dt [E|m?j — E|Zi;]Y]| = o(n™?) and max;; |E§Ef]\ = 0(1/n).
We now assume that the conditions above hold, and we still use x;; to
denote the truncated and normalized Z;; variables.

The proof of (9.2.13) for j = 0. When B,, does not occur, for any z € Cy we
have |s,(2)] < 2/(a— 2) and |s(z)| < 1/(a — 2). Hence,

/C E|Mq(:)I(BS)|d= < 4n(2/(a — 2))||Col| — O,

where [|Co| denotes the length of the segment Cy.

9.2.3 Mean Function of M,

Recalling (8.1.18), for z € Cy we have
EM,(2) = n[Esn(2) — s(2)] = [1 + §'(2)]nEd(2){1 + o(1)}.
Lemma 9.5. The mean function EM,(z) uniformly tends to
b(z) = [1+ 5/ (2))s()° [0 = 1+ (s — 1)s'(2)35%(2)]

for z € Cy and for both ensembles CWE and RWE.

Proof. For use in the proof of (9.2.13) with j = [, r, we show a stronger result
that
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EM,(z) —b(z) — 0

uniformly in z € C,, =C, + C; + C,..
By (2.3.6), we have

3

n5n(z) = — bn(z)EekﬂIw
k=1

where b,(z) and §j, are defined above (8.1.19). By (8.1.18), to prove the
lemma, it is enough to show that

nd, —d(z) — 0 (9.2.16)

uniformly in z € C,,, where d(z) = s(2)3 {02 -1+ (k- 1)8’(2)582(2)].
Using the identity for any integer p,

1

b 8P+1
w— )

1 €
-1
€ u[+u+ +up+up(u—fs)

we get

non(z) = =Y b2Eex — Y UOEe; — Y WEfe}
k=1 k=1 k=1
= S1+ 5+ S5.

First we prove that S3 = o(1). To this end, we shall frequently use the fact
that if sup, e, [H(2)|Ipe, < K and sup,c¢, |H(2)| < Kn' for some constant
¢ >0, where By = {|Aext(Wi)| > 14 a/2}, then, for any ¢,

sup E|H(2)| < K +o(n™"). (9.2.17)
z€Ch

This inequality is an easy consequence of (9.2.11) with the fact that B, C
B,,. Further, we claim that if |H(z)| < n* uniformly in z € C, for some ¢ > 0,
then

E|BcH(2)| < 2E|H(2)| +o(n™") (9.2.18)

uniformly in z € C,,.
Examining the proof of (8.1.19), one can prove that

ba| <1 (9.2.19)

along the same lines, where b, = z+sln(z).

Then |G| > 2 implies that || = |3, — b, '] > L, where
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1 1
= e, (a;;D,;lak - trD—l), (9.2.20)
Dy =W, —zI,and D =W — 2L
Note that )
’\/nmkk <1 —0
and
D, — tr(Dfl)‘IBg
S P W Y 1
S J J + IBC
; (A =2)Qwg =2 A =2 |
n—1
SEKE DY (N— M) +1| Ise
j=1
< K[A — Ay +1]Ip:  (by the interlacing theorem)
< K(2a+1), (9.2.21)

where \; and Ag; are the eigenvalues of W and Wy, in decreasing order,
respectively.
Therefore, for all large n, by Lemma 9.1 we have

~ 1
Bl ()] < 2BIH ) + 0P ([ > , )
< 9E|H(2)| + n'P (|a,’§D;1az — DY > Z gk) +n'P(By)

1 4

< 2B|H(2)| + o(n™!) + KnLE‘ (aiD; o, — trD,;l)‘ Ipe,
n n

< 9| H(2) + o(n™?) + K= (K,)~4 = 2B H(2)| + o(n™")

uniformly in z € C,,, provided that £ is chosen as n;, /> log(nv=1n?).

Now, let us apply (9.2.18) to prove S3 = o(1) uniformly in z € C,,. Choose
H = |gx|. By noting |Bx| < 1/v and |ex| < Knv~!, one needs only to verify
that

Blel® < (n~9/2)

uniformly in z € C,, and k < n.
By estimation from (9.2.11) and Lemma 9.1, we have

1 3

E| (a;D;tay, —trDY)
n

< Kn”'nE| Dy
< Kn'n? + Kv*P(B,)
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<o(n™h)

uniformly in z € C,, and k < n.
By the martingale decomposition (see Lemma 8.7) and Burkholder in-
equality (Lemma 2.12), for any fixed t > 2,

n t

Z“Yk

k=1

Els, — Es,(2)|" = n°E

" t/2
< Kn™'E (Z W)

k=1

< En~'P1Y By (9.2.22)
k=1

Recall that
1 *Ty)—2
Yo =—(Epx —Er—1)Be [ 1+ naka aj,
1. -
= —nEkbn(azD,;2ak — trD,?)
—(Ej — Ep_1)bnBrér(1 + ;D ay).

Applying Lemma 9.1 and using (9.2.17), it follows that

1 B t
E| Epby(a;D, ay — trD,?)
n

< Kn~ ! E[D
< Kn~'ptt

Also, applying (9.2.18) twice and Lemma 9.1, we obtain

E|(Ex — Ex—1)bnBiér(1 + oDy 2au)|*
< 4E|Ek(1 + D} 2ay)|" + o(n ")

< K (BB + oD%y * ) Y24 o)
<o(n™'/?),
so that from (9.2.22) it follows that
Els, — Es,(2)|t < o(n=(t+1)/2) (9.2.23)

uniformly in z € C,.
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Finally, taking ¢ = 3 in (9.2.23) and using (9.2.21) and the fact that
3
E‘ \/1” mkk‘ < Kn*?’/z, we conclude that
Eley | = o(n™),

which completes the proof that

uniformly for z € C,.
Next, we find the limit of Ee;. We have

Lk, k
Bey = B(F -
€k \/n
=n '[EtrD™' — EtrD, "]

n_laZDglak) + Es,(2)

1
= —nEﬂk(l +ntaiD; Pay,).
By (9.2.17) and Lemma 9.1, we have

Eln a;D; %a; — trD; %
< n Y E|e;D; %y, — trD 2 *)Y/?
< Kn~VA(E|DF 42
< o(1).

If F,,; denotes the ESD of Wy, then by the interlacing theorem, we have
1
HFn—Fnk” < .
n

Since F,, — F, by the semicircular law with probability 1 and ||F,, — F,| <
1/n by the interlacing theorem, we have

max | Fo — F|| — 0, as.
k<n
Again, by (9.2.17) we have

1
sup E| trD; 2 — s'(2)||

2€Cp, n
B n—1 [ dF,(x) B dF(x)
‘iﬁvz/@—w /w—w
=o(1). (9.2.24)

Applying (9.2.18), we obtain
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- 1 +5'(
> Eep = ZEﬁk +0(1) = (1 + 5'(2))Esn(z) + o(1),
k=1

where o(1) is uniform for z € C,,.
Applying (9.2.17) and ||F,, — F|| — 0 a.s., we have

sup |Esy(2) — s(2)[ < o(1),
z€Cp

which implies that

ZEsk =5(2)(1+5(2)) +o(1). (9.2.25)

Now, let us find the approximation of Eaﬁ. By the previous estimation for
Eey, we have

ZEE% = ZE(Ek — EEk)Q + O(’n_l),
k=1 k=1

where O(n™1) is uniform in z € C,,.
Furthermore, by the definition of 5, we have

1
er — Eep = T n 'a;D; 'ay — ED;
1
= nHapD tay, — D + Dt - EaD Y
n
Therefore

2
1
Elex — Eex)? = Un + HZE[aZDglak —trD,?

1 _ _
+ 2 EltrDy ' —EtD, % (9.2.26)
From (9.2.23) with ¢t = 2, we have
n 2B [trD,;l - EtrD,;l]2 = o(n™%/?).

By simple calculation, for matrices A = (a;;) and B = (b;;), we have the
identity

E(ajAai, — trA)(a;Bay — trB)

= trAB + > ai;b;iBad Brd, + Y aibi(Bloal* — 2 — [Baf[?).
,J i=1
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Combining this identity and the assumption that Exfj = o(1) for the CWE
and Ez7; = 1 for the RWE, we have

Ela;D; 'y, — trD; ']? = kE [trD} ?] + BE o(n),  (9.2.27)

Zd

where d;; are the diagonal entries of the matrix D,;l.
Furthermore, by Lemma 9.9 to be given later,

hmsuprrllax Z Eldi; — s(2)]* = 0.
ik 2€Cp

Since |d;;| < max{,2,,1/vo} when B¢, occurs, then by (9.2.17)

li Eld? — s?
I;glnilgcxz |d5; — s°(2)]

z€Cr

< hmbup max Z [E|dii — 5(2)]* + 2E|(di; — s(2))s(2)]] = 0.
ik z€Cp

Hence, by (9.2.24), we obtain
ZE&% = 0%+ ks'(2) + Bs(2)? +or, (1),
k=1

where oy, (1) is uniform for z € C,, in the sense of L;-convergence.
Summarizing the three terms and noting |b,| < 1, we get
nd < K,
which implies that b,,(z) = —s(z+ ) = —s(z) + o(1) and thus
né(z) = s* (6 =1+ (k — 1)s' + Bs®) + o(1).

The lemma is proved.

9.2.4 Proof of the Nonrandom Part of (9.2.13) for
1=1LULr

Using the notation defined and results obtained in the last section, it follows
that, for j =1 or r,

lim lim sup/ |EM,(2) — b(2)| dz (9.2.28)

v1l0 p—ooo



9.3 Convergence of the Process M,, — EM,, 239

< lirlr(l)limsup/ |[EM,,(2)|d= +/ |b(z)|dz =0, (9.2.29)
V1T m—oo Je; Cj

where the first limit follows from the fact that sup, .. |[EM,(z) — b(z)| —

0 and the second follows from the fact that b(z) is continuous, and hence
bounded.

9.3 Convergence of the Process M,, — EM,,

9.3.1 Finite-Dimensional Convergence of M, — EM,,

Following the martingale decomposition given in Section 2.3, we may rewrite

My (2) = EM(2) = > v,
k=1

where
Vi = (Ek,1 — Ek)trDil
= (Bx—1 — Ep)(tD™' — trD; 1)
= (Ex—1 — Ep)ar — Egx_1dy ,
ar = —Brbrge(1 +n~ ' a; D} % o),
_ 1 -1
b, = <Z + ntI‘Dk) R (931)
di = hibi(2),
gk = n Y22 — n_l(aZDglak — trD,;l),
hy, :=n"(ajtrD; 2ay, — trD; ?). (9.3.2)
‘We have

ar = —Prbe(2)gr(1+n" oD ay)
= b2 (2)gr(1 +n trD2) — hygrbi(2)
—Bibi(2)(1 + n~ oD )i
= ag1 + ag2 1 ags.
By noting |b,| < 1, (9.2.18), (9.2.17), and using Lemma 9.1, we obtain

2

= E|(Er-1 — Ex)ags|?
k=1

n

> (Bro1 — Ex)as

k=1

E
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<4ZE’ (1+n ;D o) gé’
< KZ[ ’ 1+n—1trD,;2)Qg§‘ +E|higﬁ|}

SKZ[E\(1+H‘1trD;2) 2+ 0| D)

(0 s D) (i D))
= o(1), (9.3.3)
where o(1) is uniform in z € C,.
For the same reason, we have

2 n
= E|(Ex-1 — E)aga|?

n

E|> (Er-1 — Ex)ae
k=1 k=1
= ZE \higi)?
o Z (Elhx]*Elgi|)1? = o(1). (9.3.4)
et
Hence, we have
Ma() — EMy (2)
- ZEk [FB( 40 D gk — dy] + o, (1)

—ZEk 19x(2) + o, (1),

where i (z) = quﬁk(z), ¢r(2) = bugr, and or,(1) is uniform in z € C,.

Let {z;,t = 1,---,m} be m different points belonging to Cy (now, we
return to assuming z € Cgp). The problem is then reduced to determining
the weak convergence of the vector martingale

Z, :ZEkfl('l/)k(Zl)v"'a'l/}k Zm)) ZEk 1Pk (9.3.5)
=1

Lemma 9.6. Assume conditions [M1]-[M3] are satisfied. For any set of m
points {zs,8 = 1,---,m} of Cy, the random vector Z,, converges weakly to
an m-dimensional zero-mean Gaussian distribution with covariance matric
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given, with s; = s(z;), by

02 1
I'(z,2) = P {(02 — K)S;iSj + 2ﬂ(sisj)2 — klog(1 — sls])}
i0%j
— o |2 = " "
= 5;5] {a K+ 20s;s; + (1— sisj)Q] . (9.3.6)

Proof. We apply the CLT to the martingale Z,, defined in (9.3.5). Consider
its hook process:

(2, 25) ZEk [Ek s i (zi)Er—1 d(ij ¢k(2j):|~

Then we have to check the following two conditions:

[C.1] Lyapounov’s condition: for some a > 2,

XR:EHE,C_&,CHG 0.

[C.2] I}, converges in probability to the matrix I".

Indeed, the assertion [C.1] follows from Lemma 9.1 with p = 4. Now, we
begin to derive the limit I".
For any z1, 29 € Cy,

0?

F (217 22) 62’1822

ZEk¢k (21)Ep—10x(22).
Applying Vitali’s lemma (see Lemma 2.14), we only need to find the limit of

ZEk¢k(Zl)Ek—1¢k(22)

k=1

= > Erbi(21) gk (21) B 10k (22) gk (22).
k=1

Recalling that ! trD™! = s,,(2) 3 5(2), we obtain
> Erdn(21)Er-16k(22)
k=1

= s(21)8(22) ZEk [Ex—19k(21)Ex-19x(22)] + 0r,(1)
k=1
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= s(z1)s(z2) (21, 22) + o, (1).

By the definition of g, we have

Ex [gr(21)Ex—19k(22)]
o2 1
=+ n2Ek(a;;(Wk — D) lay — tr(Wy, — 2 I)7h)

xBEr_1(af (Wi — 20I) Loy — tr(Wy, — 201)71).

To evaluate the second term, write Ex_1D; " (2,) = (b zjk) ¢ =1,2. By a
computation similar to that leading to (9.2.27), we get

Ex [Eroi(@gDy (1) — D} (21)
xBEr—1(apDy ! (22)a — trD}  (22))]
=k Z bzgkb§312: + ﬂzbnkbgzzlz + 0L2 )

ij>k i>k
Therefore
= _ o kY M, (2)
Fn(21722) =0+ n2 Zzbwk zk+ n2 Zzbnkbuk—"_oLZ )
k=1ij>k k=1i>k
= o2 + kST + So + 0L2(1)~ (937)

By Lemma 9.9 to be given later, we find that
1 .
Sy — 2ﬁ8(21)5(22) in Lo.

In the following, let us find the limit of Sj.

9.3.2 Limat of S,

To evaluate the sum Sy in (9.3.7), we need the following decomposition. Let
e (j=1,---,k=1,k+1,---,n) be the (n—1)-vectors whose j-th (or (j —1)-
th) element is 1 and others are 0 if j < k (or j > k correspondingly). By
definition,

D, = E n- m”eze —zI,-1.
i,j#k

Multiplying both sides by D,;l gives the identity

D 1= > VP eeD (9.3.8)
itk
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Let (7,7) be two different indices of k. Define

1
Vn

where Dy = Wyj — 21,1, 655 = 1 for i # j, and 65 = % It is easy to verify
that

W]“‘j = Wn(k) — 5ij (xijeie;- + xjiejeé), (939)

1
1
D Dk:zg = \/n

From (9.3.8) and (9.3.10), we get

D,;;(Sw(xweze; + xjieje;)Dlzl. (9310)

2B, Dyt
= —Infl + Z n71/2mijeie;-Ek,1D,;;,
i,7>k
- Z nilEk,lxijeze Dké (9.3.11)
i,j#k
0ij (m”eze +zjie;e )Dkl
=-I,1+ Ak(z) + Bi(z) + Ci(z) + Ex(2) + Fi(z), (9.3.12)

where

Ak(2) \/ E Tij€;€; "Ej_ 1Dk”,
i,j>k

n—3/2 _
Bi(z) = —s(2) . / > eiefEr 1D}

itk
1 _
Ci(z) =~ > 6B (\l‘z‘j\Q[e}Dk%ey‘ - S(Z)]>
i i<k
ee/D, !,
1 _
. > 6Bk (lziy” = 1)s(2)eeiD; Y,
ij#k
Z 03 Ep— 133 D,ﬂjele D, L
zg;ﬁk

By (A.2.2), it is easy to see that the norm of a matrix is not less than that
of its submatrices. Therefore, we have

Z egl 21 eg2ez2Ek 1D, (Zz)egl < ’UO_Q. (9.3.13)
la>k

Then, for any k < ¢1,¢2 < n, by applying Lemma 9.9,
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BE Z e}lCk(zl)ez2ez2Ek_1D;1(zg)egl
lo>k
2

1 _
= B > S iBrotlrey| 6Dyt (21)e; — s(21)]
Jla>k
XeélDzZl(Zl)eezeézEk 1Dy (22)eq, |

ZE|WJ \e Dkzlj(zl)ej 5(z1)
j>k

= o(1). (9.3.14)

Again, using (9.3.13) and employing the Cauchy-Schwarz inequality, we ob-
tain

E Z ), Ey(21)es,e),Er_1D; " (22)er,
lo>k

> S Eroa(|ze]” — 1)s(21)e, Dy (21)er,
Jila>k

Xe’bEk_lD’:l (Zg)egl

O(n=1/?). (9.3.15)

Z de,5( ‘Wu‘ 1| =

>k

Next, we estimate Fy(z1). Let H be the matrix whose (7, j)-th entry is

ZeD (z1)eceyEp—1 Dy ( 2)e;.
>k

Obviously, H is the product of the submatrices of the last n — k rows of
D, *(21) and the last n — k columns of Ej;_1D '(22). Hence, [|H| < vy?.
Using these, we have

> E

1 !
E e;D;;:(z1)e;e;Hey

ij#k | 6>k
2
<2 ZE ZeZD (1) €;€; "Hey
ij#£k >k
2
\/ ZE ZGZD (21)0i5(zi5e; e +zje5e )Dké(zl)eze He,
ij#k | 0>k
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4
< 2m}66 + W2 Z E|xij\4 Z E| Zee zl e;e; "Hey|?
0

ij£k gk >k
1/2
+| ZeED (21)eje; Heg|2>
>k
— o),

where the last step follows from the fact that, for any i, j # k,

E ez zl €;€; "Hey
0>k

<110

Applying this inequality, we obtain

1 _
Z e%l Ek(zl)eg2 e}zEk_le 1 (Zg)egl

Ly,82>k

2 Z 5;;B|a?

ij#k

I A

E ef] kz] Zl

Zl lo>k

xeiD; " (21)er,e), Er_1D; ' (22)er,

<252JE|%| Y El Y e Dii(z1)e

1j#k ij#k Ly,2>k

\ A

1/2
Dy (1)en i 1¢), Dy ez)en
= O(n~1/4). (9.3.16)

The inequalities above show that the matrices Cy, Ey, and Fy, are negligible.
Now, let us evaluate the contributive components. First, for any k < ¢ < n,
by Lemma 9.9, we have

e)(~I_1)Er_ 1D} (22)er =2 —s. (9.3.17)

Next, let us estimate 222>k ezAk(Zl)egzezzEk,ngl(ZQ)eg. We claim that

\/ Z l‘z]e Ek 1Dk£g(zl)e£2
Jla>k

xe}, Er1D (z2)er =2 0. (9.3.18)

To prove this, we consider its squared terms first. We have
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1
w2 P

2
2 : / —1 / -1
Tej ejEk_leZj(Zl)eg2e£2Ek_1Dk£j(Zg)eg

>k Lo>k
2
_ 1 / —1 / —1
o ZE Z ejEkleuj(Zl)eézezzEklekz]‘(@)ef
i>k o>k

If we replace Wy¢; by Wy, on the right-hand side of the equality above, then
it becomes

1
nEe’ZEk,lH*Ek,lHeg =0(n™).

To consider the difference caused by this replacement, we apply (9.3.10) to
both D,Zelj(zl) and D,Zelj(zz). The difference will also be of the order O(n™1).
As an illustration, we give the estimation of the difference caused by the
replacement in D,:;j(zz), which is

1 /
-1 / -1
n2 § ,E § :ejEklekL]j(Zl)eézeezEklek@(@)
i>k | >k
2

X0p.j(xj0e5€0 + 20 je0€;) Dy (22)es

<

Y Elzf;l=0m™),

1
2,,6
n=v,
0 j>k

where we have used the fact that, for t = j or £, [e,D; ' (22)es| < vy ' and

/ —1 / -1 -2
E ejEk_lDMj(zl)eZQengk_lDMj(zg)et S’UO

la>k

by noting that the left-hand side of the inequality above is the (¢, t)-th element
of the product of the matrices of the last n — k rows of Ek,lD;L,lj (z1) and the

n — k columns of Ek,lD;L,lj(zQ).
Next, let us consider the sum of cross terms, which is

1 _ _
Z El‘zj.fgj/ Z e;Ek—leglj(21)962922Ek—1Dké(22)eZ

JFI >k loa>k
/ -1 /= / —1 /=
x Z ezEk‘leuj/(22)eésengk'lek£j/(Zl)ej“
L3>k
To estimate it, we define W;cjz’g’ = Wki’j’ — \/1n5ij(mijeie;» + xjieje;) and
Dg,j, = (Wz,j, —2I,-1) for {i,j} # {7, j'}. By independence, the quantity

above will be 0 if the matrix Wp; is replaced by Wijéj,. Then, by a formula

similar to (9.3.10), the difference caused by this replacement of the first W/
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is controlled by

1
e D BlogPleg|
JF£I >k

2 : / —1 / -1
ejEk_leZj(Zl)eg2e£2Ek_1Dij(Zg)eg
o>k

|

_|_

Y ek 1Dy (72) " ere; Dy (%)er el By 1Dy (21)ey:

L3>k

Here, the last estimation follows from Holder’s inequality. The mathematical
treatment for the two terms is similar. As an illustration of their treatment,
the first term is bounded by

1
n3/2< Z Elag|*

> oDy (72) lejeDy ) (Z2)er e, Dyl (1)ey
l3>k

= O(n_l/z).

2
Z e;Ekleizzlj(Zl)eézeerEklel;zlj(22)92

J#i’ >k la>k
2 / 03 — \—1 -1 /=
X § Elz; | E erBr 1Dy (22) " ere; Dy (Z2)ex,
J#i' >k L3>k

2\ 1/2
l -1 /3
eZSEk_leZj,(zl)ej/ )

Z e;Ek_lD,:;j (2’1)952 822Ek_1D;Z1j (Zg)eg

lo>k
2> 1/2

Here, for the first factor in the brackets, note that by (9.3.10) we have

2

C
i Do

J#3' >k

XZE

J#' >k

= 0(n~1/?).

> ;D) (22)er, €l Br1Dy (71)e;
L3>k

2
> E| > € Ex 1Dy (21)ene), Br 1Dl (22)er

i#i >k o>k

j! fixed
2
= Y E| ) €Er 1D (z1)ene),Er 1D, (22)er| +O(1)
J#i! >k la>k

j’ fixed
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—0(1).

Hence the order of the first factor is O(n). The second factor can be shown
to have the order O(n) by a similar approach.
Now, by (9.3.18), we have

Z e'ZAk(zl)egz,ezzEk_ngl (Zg)eg
o>k

1 _
= n1/2 Z mgje;Ek_leé(zl)eg,ze}Q
Jila>k
XEg-1[Dy " (22) — Dy (22)]ee + o1, (1)

1
2 —1
T E: 5ij2jejEk*1Dk£j(Zl)efz
Jila>k

xep, Ep_1 [D,;;j (zg)egengl (22)]ee

1 —
_n Z 5€j|x§j‘e;‘Eklekzlj(Zl)efzeZQ
Jila>k

xEj_1[Dy/; (22)e;6iDy " (22)]ec + oL, (1). (9.3.19)

Furthermore, by the Cauchy-Schwarz inequality,

2
E Z 5gjx%je;Ek,1D,;£1j (z1)ee, €, Er—1 [D,;;j (ZQ)ege;-Dgl(zg)]eg

j, o>k

<|>E

>k

2

x?j I Z e;‘Ek—lD;elj (21)ee, eZZEk—lD;;glj (22)er
lo>k

1/2
X ZE‘G;D;l(Zg)egP
i>k
1/2
< v 7 D ElejEr 1Dy (21)Ex 1Dy (22) e
>k
—0(1).

Therefore, we only need to consider the second term in (9.3.19). By Lemma
9.9, it follows that

Z e’ZAk (Zl)ez,zelek_lD’:l(Zg)ez
lo>k

S9 _
=, > dujlaglefEr 1Dy (21)er e,
i la>k
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—1
XEkleMj(Zg)ej +or,(1).
We claim that

Z ejAj(z1)es el Er1Dy ' (22)er
lo>k

52 — _
= — . Z e;Ek_leelj(2’1)952822Ek_1Dk£1j(22)ej + 0L2(1).
Jila>k
(9.3.20)

Obviously, (9.3.20) is a consequence of

1 B _
N > EldejllaZ;] — 1ejEx—1D; ) (21)eref, Er—1D ) (22)e5]”
Jila>k
= OLz(l).

Noticing that the mean of the left-hand side is 0, it then can be proven in
the same way as in the proof of (9.3.18). The details are left to the reader as
an exercise.

We trivially have, for any £ < £ <mn,

Z e;B(21)er, ), Er_1D} ' (22)ey
0>k

= —51 Z e'ZEk_lDlzl(zl)eglezlEk_ngl(zg)eg—|—0L2(1).
o>k
(9.3.21)

Collecting the estimates above from (9.3.14) to (9.3.21), we find that

21+ 81 o o
> Ex1Dy ! (21)er, €, Er1Dy ' (22)
n 001>k

k 1 k _
= — (1 — n) S9 — n <1 — n) S9 Z e;-Ek_lel(zl)egl

j 1>k
XezlEklelzl(Zg)eJ‘ + Op(l),

which, together with the fact that z; + s; = —1/s1, implies that

1 _ _
E e}Ek_le1(zl)eje;Ek_1Dk1(zg)eg
" 7>k

k 1 k ) .
= (1 — n) sis2+ (1 — n) 5182 Z ejEr_1D, (21)er
7>k
xeEr_ 1D, ! (22)e; + 0p(1)
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= + 0p(1). (9.3.22)

Therefore,

1 n
lim Sy =1lim > 7 blp)
" non k=14,j>k

n (1 — 2)8182

1
= lim
n nkz::ll—(l—fl)slsz

1
t
:/ 5182 dt
0 1—t$1$2

1
=-1- log(1 — s182).
5152

Finally, fn(zl, 29) converges in probability to

F(Zl,ZQ) = (72

1
— K+ 2,38182 — fs(slsg)*l log(1 — s152).

The proof of Lemma 9.6 is then complete.

9.3.83 Completion of the Proof of (9.2.13) for j =1l,r

Since we have proved (9.2.29), to complete the proof of (9.2.13) we only need
to show that

lim lim sup/ E|M,(z) — EM,(2)* dz = 0. (9.3.23)
C;

v110 nooo J

Using the notation defined in the last section, we have

E[M,, — EM,|* < K [Ela|* + Elaxz|* + Elaxs|* + E|di[?).
k=1

By Lemma 9.1 and (9.2.17),

sup Bldg|? < sup Kn 'E|by|?|D;|* < K/n,
z€Cxh 2€Cy

where we have used the fact that |by| < 1, which can be proven along the
same lines as for (8.1.19).
Similarly,
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1 2
sup Blag1[? < sup Kn 'Blby[*|D 1+ D, *
z€Cn z€Cn n
< K/n.
By (9.3.3) and (9.3.4), we obtain
lim lim sup/ E |M,(z) — EM,(2)| dz
v1l0 n—oo Jgc

J

< hrnhrnsupK/ ZE\akﬂ + E|dx|*]dz
n—oo ]k 1
< lim Kv; = 0.

V1 lO

The proof is complete.

9.3.4 Tightness of the Process M,(z) — EM,(z)

It is enough to establish the following Holder condition: for some positive
constant K and zq, zo € Cy,

E|M,(21) — M, (20) — E(Mp(21) — My (22)|> < K|z1 — 202, (9.3.24)
Recalling the martingale decomposition given in Section 2.3, we have

E[My(21) — Mp(22) — E(Mn(21) — Ma(22))|?

— ZE\'yk(Zﬁ — i (22)]%,
k=1

where
'Yk(z) = (Ek - Ek_l)Uk(Z)7

ou(2) = i) (14 L 2iDy e ).
1

1 1 -1
Jn Tk = % = naka oy

Br(2) = =
Using the notation defined in (9.3.2), we decompose i (z1) — Vi (22) as

(B~ Bca) | ) o) = s 2)
Bk (21) ok (22) (9k (21) — gr(22))
4 Bua)ba (1) D} (21) = D )l (21
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+i5k(21)5k(zQ)tr[D,;l(zl) — D (22) e (22)
+7115k(Zl)gk(zl)gk(zz)tr[D;Zl(21) — D} (22)lgk(21)
+ ()b (e2)on(z2) (D (20) = Dy o)) |

Since 3;'(2) > v and |yx(2)| < vy ', we have

> ElBk(z1)(hi(z1) = hi(z2))?
k=1

<Y Elhi(21) = hi(2))?
k=1

IN

v 0 ED(e0) = D)D) ~ D ()
k=1

Similarly,

D EIBk(z1)0k(22) (gx(21) — gr(22))?

k=1

< vy ') Elgr(21) — gr(z2)?
k=1
§ 40‘21 — 2’2|2.

8
Yo

For the other four terms, the similar estimates follow trivially from the fact

that
Elgr(2)? < C/n and Elhg(2)]* < C/n.

Hence (9.3.24) is proved and the tightness of the process M,, — EM,, holds.
9.4 Computation of the Mean and Covariance Function
of G(f)

9.4.1 Mean Function

Let C be a contour as defined in Subsection 9.2.1. By (9.2.10) and Lemma
9.5, we have



9.4 Computation of the Mean and Covariance Function of G(f) 253
1
E(Gn(f)) = ~g: féf(z)EMn(z)dz
1
— B(G(f) =~ . ]({ f(2)EM (2)dz
B _2711'2' %f(z)[l +/(2)]s°(2) [0'2 — 14 (k= 1)s'(2) + 552(z)] dz.

C

Select p < 1 but so close to 1 that the contour
C'={z=—(pe +p~le ) :0< 0 < 2n}

is completely contained in the analytic region of f. Note that when z runs
a cycle along C’ anticlockwise, s runs a cycle along the circle |s| = p anti-
clockwise because z = —(s + s~ 1)! By Cauchy’s theorem, the integral along
C above equals the integral along C’. Thus, by changing variable z to s and
noting that s’ = s2/(1 — s2), we obtain

E(G(/))
——1% f(=s—sYs|lo® =1+ (k—1) s + Bs*|ds
n 211 |s|=p 7 1—52 '
By setting s = —e’® and then t = cos 6, using T(cos ) = cos(kf),
B R Iy Sl I
omi [ s—s7)s|o K 1_ g2 s°|ds
I 2 2i0 e’ 4i6
== _ﬂf(QCosﬁ) (6= —1)e +(/€—1)1_62i9+ﬂe do
1 [ 9
=— f(2cos0)|(c® —1)cos20
T Jo
1
— (k—1)(1+2cos20) + G cos4b|db
2
[ sen]jem v - omo o] a
= — KR — o — K
TJ-1 2 ? : V1—t2
1

= — (k= Do) + (0 = 0)7al) + Bra():

Let us evaluate the difference

1 B 52
2 Vsm - 7{|_p] Joeme lGQ R

L The reason for choosing |s| = p < 1 is due to the fact that the mode of the Stieltjes
transform of the semicircular law is less than 1; see (8.1.11).

ds.
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Note that the integrand has two poles on the circle |s| = 1 with residuals
—%f(:l:2) at points s = F1. By contour integration, we have

271m' Vsl—l _%s_p I
k—1

=" U@+ £(-2).

Putting together these two results gives the formula (9.2.4) for E[G(f)].

82

1_82+552 ds

—s—s_l)sla2 -1+ (k—-1)

9.4.2 Covariance Function

Let C;, j = 1,2, be two disjoint contours with vertices £(2 + ¢;) £ iv;. The
positive values of ¢; and v; are chosen sufficiently small so that the two
contours are contained in ¢/. By (9.2.10) and Theorem 9.4, we have

COV Gn(9))
1)9(22)Cov(M,,(z1), My (22))dz1dze

|
,.l;
)

(3]
5%@\
[

&,’

g(22) (21, 22)dz1dza + o(1)

|
=~
)

(3]
5%@\
oo~

-

[

— 0= = ya P T )z,

where I'(z1, z2) is given in (9.3.6).
By the proof of Lemma 9.6, we have

02 ~

I'(z1,22) = 02102 s(z1)s(22) (21, 22)-

Integrating by parts, we obtain

9= g § £ s 1, 22)nd

)
= — A(Zl,z2)dzldz27
471'2 Ci1 JCo

where

A(z1,22) = f'(21)9' (22) [5(21)5(2’2)(02 —K)+ 3582(21)52(22)
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—klog(l — s(z1)s(z2)) |-

Let v; — 0 first and then €; — 0. It is easy to show that the integral along
the vertical edges of the two contours tends to 0 when v; — 0. Therefore, it
follows that

1 2 2 o B B
:_47r2/JZ[A(tl,tQ)—A(tl,t;)—A(tf,tQ)+A(tf,t;)}dt1dt2,

where tji :=t; £40. Since f’ and ¢’ are continuous in U, we have flE) =
f/(t1) and ¢'(t5) = ¢'(t2). Recalling that s(t +1i0) = }(—t £ iv4 —2), we
have

fl(t)g (t2)[s(t7)s(ty) — s(t)s(ty) — s(ty)s(t3) + s(t)s(t3))]

= —f"(t1)g'(t2) \/4—t2\/4 13,

F(t)g' (t2)[s%(t7)s(t) — (1) (1)
—s2(t)s? (1) + 82 (t)s* (13)]

= —f"(t1)g'(t2) t1t2\/4—t2\/4—t§,
F'(t0)g' (t2) log(1 = s(ty )s(ty ) — log(1 — s(t)s(t5))
—log(1 — s(t7)s(t3) + log(1 — s(#7)s(t3))]

= Ft)g o) tog ||~ 7R

/ / 4 —tity — (4_@)(4_2%)
g los (4 ~tta+ 5(4 —B) - t%)) |

Therefore, we have formula (9.2.6).
To derive the first representation of the covariance (i.e., formula (9.2.5)),
let p1 < p2 < 1 and define contours C; as in the last subsection. Then,

A0 == o, § Fe(a) I i

ot Dol o3
=— J(=s1 =57 )g(—s2—55")
472 Jisi1=p1 Jisal=pa

& > dsidss.

2
— 2
X <0 K+ 285182 + (1= 5150)?
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By Cauchy’s theorem, we may change ps = 1 without affecting the value of
the integral. Rewriting p; = p, expanding the fraction as a Taylor series, and
then making variable changes s; = —pe??t and sy = —e'2, we obtain

c(f,9)

1 ) ‘ |
= A2 / f(pelel + p*16*291 )9(2 cos 92) |:0.2p62(91+92)
[—m,7]?
+2(8 + 1)p2e2O1F02) 4 N kpkeik<el+92>] dfydd
k=3

= a?pr1(f, p)1(9) + 2(B8 + 1)p* (£, p)72(9)

+r > kpFTi(f, p)7i(9),

k=3

where 7 (f, p) = 217T ffﬂ f(pe® +p~te?)e*¥dg. By integration by parts, for
k > 3 we have
-1
m(f.p) =" () = P ()
2 —2
_ P " - 2 " P "
= ke + I)Tk+2(f :P) 2 1Tk(f ,p)+ Rk — 1)77@72(]( :P)-

Since f is uniformly bounded in U, we have |7 (f, p)| < K/k(k—1) uniformly
for all p close to 1. Then (9.2.5) follows from the dominated convergence
theorem and letting p — 1 under the summation.

9.5 Application to Linear Spectral Statistics and
Related Results

First note that W, /(2y/n) is a scaled Wigner matrix in the sense that the
limit law is the scaled Wigner semicircular law i\/ 1 — 22dx on the interval
[—1,1]. To deal with this scaling, we define, for any function f, its scaled
copy f by the relation f(2z) = f(z) for all x.

9.5.1 Tchebychev Polynomazials

Consider first a Tchebychev polynomial T}, with k > 1, and define ¢, such
that ¢ = Ti. Set 0;; = 1 for @ = j and J;; = O elsewhere. Using the
orthogonality property
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I 1 iy, ifi=
/’nmnu> ﬁ:{?’ ifi =0

- V12 50ij, elsewhere,

it is easily seen that 74(¢x) = édkz for any integer ¢ > 0. Thus, by (9.2.4), we
have for the mean

my, := E[G(¢r)] = . ; ! (Tk(1) + Ti(—1)) + ;(02 — K)0ko + ;551@4

= D) + (P =R+ 8] (O5)

with e(k) = 1 if k is even and e(k) = 0 elsewhere.
For two Tchebychev polynomials T} and Ty, by (9.2.5) the asymptotic
covariance between G, (¢r) and G,,(¢¢) equals 0 for k # ¢, and for k = ¢,

Yoo = (;) [(0® — K)o + (4B + 2K)62 + KL] . (9.5.2)

An application of Theorem 9.2 readily yields the following corollary.

Corollary 9.7. Assume conditions [M1]-[M3] hold. Let Ty,---,T, be p first
Tchebychev polynomials and define the ¢i’s such that qgk = Ty. Then the
vector [Grn(¢1),- -, Gn(¢Pp)] converges in distribution to a Gaussian vector
with mean w, = (my) and a diagonal covariance matric D, = (Xyx) with
their elements defined in equations (9.5.1) and (9.5.2), respectively.

In particular, these Tchebychev polynomial statistics are asymptotically
independent. Consider now the Gaussian case. For the GUE ensemble, we
have k = 0? = 1 and 8 = 0. Then my, = 0 and Ty, = k(5)% As for
the GOE ensemble, since £ = ¢ = 2 and § = 0, we get my, = se(k)
and Xy, = 2k(})?. Therefore, with Corollary 9.7 we have recovered the
CLT established by Johansson [165] for linear spectral statistics of Gaussian

ensembles (see Theorem 2.4 and Corollary 2.8 there).

9.6 Technical Lemmas
With the notation defined in the previous sections, we prove the following
two lemmas that were used in the proofs in previous sections.

Lemma 9.8. For any positive constants v and t, when z € Cq, all of the
following probabilities have order o(n™!):

P(lexl = v), Plgrl Zv), P(hw| = v).

When z & Cy but |R(z)| > a, the same estimates remain true.
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Proof. The estimates for P(|gr| > v) and P(|hi| > v) directly follow from
Lemma 9.1 and the Chebyshev inequality.
Recalling the definition of €, we have

1
‘e’:‘k‘ = Tl_l/kak — na,ﬁ(Wk — zIn_l)_lak + Esn(z)

< gu(2)| +n Htr(Wy — 21, 1) — (W — 21,,) 7}
+sn(2) — Esn(2)].
Noting that the second term is less than 1/nwvg, the estimate for P(|e| > v)

follows from Lemmas 9.1 and 8.7.
The proof of the lemma is complete.

Lemma 9.9. Suppose vg > 0 is a fixed constant. Then, for any z € Cqy, we
have

sup max E|Exe;D;te, — s(2)|? — 0,

2€Cy, Bk L /

where the maximum is taken over all k, i,j # k, and all {.
Proof. Recall identity (9.3.10). Since |z;;| < nny/n, by (9.2.17) we have

sup Ele}(Dyi; — Di)eg|* < Kny, sup E||Dy; || 1 I° D, H|* — 0.
z€Cp z€Cp

Again, by (9.2.17),
Ele)(D;' — D Y)e* — 0.
Moreover, by definition,

1

'Ty—1
e D e, = _
n~YV2z — 2z —nla;D; oy

B 1 —s(2) — [n7V220 — n "l D, Loy

 —z—s(2)  (n2my—z— nla;D, o)~z — s(2)]
= 5(2) + s(2)Be[s(2) + Y22 — n LoD ).
By (9.2.18), (9.2.17), and Lemma 9.1, it follows that

Ele,D e, — s(2)]?

< Els(2)Be[s(2) +n~ Y220 — n LoD, ]

< 2B|s(2) +n 2z — nta;D,  ayl* + o(1)

< KE|s(z) —n "D, 2 + n ?E|la D, tay — trD; |? + o(1)

< o(1)

uniformly for any z € C,.
The lemma follows.
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9.7 CLT of the LSS for Sample Covariance Matrices

In this section, we shall consider the CLT for the LSS associated with the
general form of a sample covariance matrix considered in Chapter 6,

B, = lTl/anx;;Tl/Z.
n

Some limiting theorems on the ESD and the spectrum separation of B,
have been discussed in Chapter 6. In this section, we shall consider more
special properties of the LSS constructed using eigenvalues of B,,.

It has been proven that, under certain conditions, with probability 1, the
ESD of B,, tends to a limit F¥'f whose Stieltjes transform is the unique

solution to .
p— H
’ /A(l—y—yw)—zd »)

in the set {s € C* : —'_¥ 4 ys € C*}.

Define B,, = (1/n)X:T,X,, and denote its LSD and limiting Stieltjes
transform as F¥'* and s = s(z). Then the equation takes on a simpler form
when F¥H is replaced by

F = (1= y) g 00) +yF* 1

namely

has inverse ) ;
= = - dH(t). 9.7.1
=as) == [ ] AH0 (9.7.1)

Now, let us consider the linear spectral statistics defined as

- [ #@)ir® @)

Theorem 9.10, presented below, shows that u,(f) — [ f(z)dF¥=H»(z) has
convergence rate 1/p. Since the Convergence of y, — y and H,, — H may be
very slow, the difference p(p,,(f) — [ f(z)dF¥H (z)) may not have a limiting
distribution. More 1mportantly, from the point of view of statistical infer-
ence, H, can be viewed as a description of the current population and v,
is the ratio of dimension to sample size for the current sample. The limit

[ f(x)dF v:H(x) should be viewed as merely a mathematical convenience
allowmg the result to be expressed as a limit theorem. Thus we consider
= [ f(x)dFvm T (z)).

For notational purposes, write
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/)= / F(@)dGo (x)

where G,,(z) = p(FB () — Fy»Hn(1)).
The main result is stated in the following theorem, which extends a result
presented in Bai and Silverstein [30].

Theorem 9.10. Assume that the X -variables satisfy the condition

Z E|z; [1(|zi;] > v/nn) — 0 (9.7.2)

ij
for any fixed n > 0 and that the following additional conditions hold:
(n)

ij
1, max; jn Elz; j|* < o0, p/n — y.

(a) For each n, z;j = x;.”, i < p, j <n are independent. Ex; j = 0, E|z; ;|> =

(b) Ty, is p X p nonrandom Hermitian nonnegative definite with spectral norm

bounded in p, with FTr 2 Ha proper c.d.f.

Let f1,---, fx be functions analytic on an open region containing the in-
terval
lim inf At To.1y (y) (1 — /y)? hmbup)\max( +vy)? . (9.7.3)
Then

(1) the random vector
(Xn(f1), - Xn(fr) (9.7.4)

forms a tight sequence in n.

(2) If zij and Ty, are real and B(x};) = 3, then (9.7.4) converges weakly to a

Gaussian vector (Xy,,- -+, Xy, ) with means
s(z)3t2dH(t)
1 Y f (1+ts(2))3
EXy=— d 9.7.5
f 2711 /Cf(Z) s(z)2t2dH(t 2% ( )
( f (1+4ts( z))2 )

and covariance function

COV Xf,

-~ 2n? /c/c 5(z1) — s(z2) )28'(21)5'(22)01216122 (9.7.6)
1 2

(frg €{f1, -, fx}). The contours in (9.7.5) and (9.7.6) (two in (9.7.6),
which may be assumed to be nonoverlapping) are closed and are taken in
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the positive direction in the complex plane, each enclosing the support of

(3) If wij is complex with E(z7;) = 0 and E(|z;]*) = 2, then (2) also holds,
except the means are zero and the covariance function is 1/2 times the
function given in (9.7.6).

This theorem can be viewed as an extension of results obtained in Jonsson
[169], where the entries of X,, are Gaussian, T,, = I, and f; = z".

9.7.1 Truncation

We begin the proof of Theorem 9.10 here with the replacement of the entries
of X, with truncated and centralized variables. By condition (9.7.2), we may
select 1, | 0 and such that

ZE\W I(|zi5] > nav/n) — 0. (9.7.7)

Wl

The convergence rate of the constants 7, can be arbitrarily slow and hence
we may assume that 1,n/® — co. Let B,, = (1/n)TY/2X, X T2 with X,,
p x n having (i, j)-th entry i; = ;I {5, |<pn/n}-

We have then

P(B, #B,) < ZP(\W > /1)

< 4D Elay I (jwi] 2 nav/n) = o(1).

npiin ij

Define B,, = (1/n)TY/2X,, i* T2 with X,, p x n having (i, j)-th entry
Zi; = (¥;; — EZy5)/0;, where 0 =E|z;; — Eas”\ From Theorem 5.11, we

know that both limsup,, )\ng and lim sup,, )\Elgx are almost surely bounded
by limsup,, || Ty[[(1+ /)% We use Gy (z) and G, () to denote the analogues
of G,,(z) with the matrix B,, replaced by ]§n and ]§n, respectively. Let )\ZA
denote the i-th smallest eigenvalue of Hermitian A. Using the approach and
bounds that are used in the proof of Corollary A.42, we have, for each j =

1727"'7k7

‘/fj )G ( /f] )dG (

_ 1/2
< 2K, (EtrT1/2( X)X — X)) 1/2)

<KD B AP
k=1




262 9 CLT for Linear Spectral Statistics
2 1/2/% < ¥ ¥ 172\ /2
x(n* EtrTY/2(X, X5 + X, X5)TY ) ,

where K is a bound on |f](z)[. From (9.7.7), max;; [o;; — 1| — 0. Thus, we
have

2 (o'~ < KZ<E|xijPI<|xij| > nv/n)?

S 774 Z E‘xl]| I(\x”| > nn\/n)) (1)

Moreover,
N 1
SBR[ < g SOl (] 2 nev/m)? = o(0).
ij nogg
These give us
EtrT2(X,, — X,)(X,, — X,,)* T/
< 22 (1= 1/0i;)*E|2i;|? + o; 2\E33”\ ]

ij
<2 [(1—1/0y)% + [Edi[]
= o(lj).
Similarly,
n2EaTV?(X, X" + X, X5)T/?

1 . N
2 > "Ell2i;]* + 25 °]
B

IN

IN

3
n2 ZE‘LU”F < K.

ij

From the estimates above, we obtain

/f] )dG L ( /fj )G ( (x) + op(1).

Therefore, we only need to find the limiting distribution of { [ f; (2)dG,, (),
j =1,--- k}. Hence, in what follows, we shall assume the underlying vari-
ables are truncated at 7,4/, centralized, and renormalized. For simplicity,
we shall suppress all sub- or superscripts on the variables and assume that
|zij| < nnuv/n, Bxi; = 0, Elz;]? = 1, E|z;;|* < oo, and for the assumption
made in Part (2) of Theorem 9.10, E|z;;|* = 3+0(1), while for the assumption
n (3), Exfj =o(1/n) and E|z;;|* = 2 + o(1).
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After truncation, centralization, and renormalization, with modifications
in the proof of Theorem 5.10, for any p; > limsup ||T,[|(1 + /y)? and 0 <

ptz < liminf,, Aot To 1y (y)(1 — \/y)?, we have

min

P(|By|| = ) = o(n™") (9.7.8)
and
P(ASy, < i) = o(n"). (9.7.9)

The modifications are given in Subsection 9.12.5. The main proof of Theorem
9.10 will be given in the following sections.

9.8 Convergence of Stieltjes Transforms

After truncation and centralization, our proof of the main theorem relies on
establishing limiting results on

My (2) = plspsn(2) = spun.m (2)] = nlsps, (2) = spun.m (2)];

or more precisely on ]\//.Tn()7 a truncated version of M, (-) when viewed
as a random two-dimensional process defined on a contour C of the com-
plex plane, described as follows. Let vy > 0 be arbitrary. Let z, be any
number greater than the right endpoint of interval (9.7.3). Let x; be any
negative number if the left endpoint of (9.7.3) is zero. Otherwise choose
x; € (0,liminf, Aifnf(o,l)(y)(l —¥)?). Let

Cu ={z +iv : x € [z, 2,]}.
Then define
Ct={z;+iv:v€[0,v]} UCyU{z, +iv:v € [0,v0]}

and C = CTUC*. Further, we now define the subsets C,, of C* on which M,,(-)
agrees with M, (-). Choose sequence {e,} decreasing to zero satistying, for
some « € (0,1),

en >n" (9.8.1)
Let
c - {)+iv:v e [n ey, v)}, ifz >0,
T {m+iv v € [0,00)}, if 2, <0,
and

Cp={z, +iv:v e [nen, v}
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Then C, = C, UC, UC,. The process ]/\4\”() can now be defined. For
z = x + v, we have

M, (z), for z € C,,,
M, (2) = My(x, +in"te,), forx=z,,v € [0,n 1e,], (9.8.2)
M, (z; +in"te,), forx =0 € [0,n 1e,].

M, (-) is viewed as a random element in the metric space C(CT,R?) of con-

tinuous functions from C* to R?. All of Chapter 2 of Billingsley [57] applies

to continuous functions from a set such as C* (homeomorphic to [0,1]) to

finite-dimensional Euclidean space, with |-| interpreted as Euclidean distance.
We first prove the following lemma.

Lemma 9.11. Under conditions (a) and (b) of Theorem 9.10, {]/\4\”()} forms
a tight sequence on CT. Moreover, if assumptions in (2) or (3) of Theorem

9.10 on x; ; hold, then M\n() converges weakly to a two-dimensional Gaussian
process M(+) satisfying for z € Ct under the assumptions in (2)

s(z)° t2dH
f (1+ts(z))

BM(z) = s(2)2e2dH (1) \ 2
(1 -y [ (1+ts(2))2 )

(9.8.3)

and, for z1,2z9 € C,

Cov(M(z1), M(22)) = E[(M(21) — EM (21))(M (22) — EM (22))
§'(z1)8" (22) B 1
2((5 ) (9.8.4)

(21) = s(22))? (21 — 22)*

while under the assumptions in (3) EM (z) = 0 and the “covariance” function
analogous to (9.8.4) is 1/2 the right-hand side of (9.8.4).

‘We now show how Theorem 9.10 follows from the lemma above. We use

the identity
/f )AG(z) = 22/f Dsal (9.8.5)

valid for any c.d.f. G and f analytic on an open set containing the support of
G. The complex integral on the right is over any positively oriented contour
enclosing the support of G and on which f is analytic. Choose vg, x,, and x;
so that fi,---, fr are all analytic on and inside the resulting C.
Due to the a.s. convergence of the extreme eigenvalues of (1/n)X,, X and
the bounds
AB A B AB A B

Amax S )‘max)‘max’ Arﬂll’l Z Amln)‘mlrﬂ
valid for n x n Hermitian nonnegative definite A and B, we have with prob-
ability 1

lim inf min ( —ABr A\Bn _ xl) > 0.

max)
n— o0 min
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It also follows that the support of F¥»Hn is contained in

VT ) (1 = Vi) B v, 2]

Therefore, for any f € {f1,---, fr}, with probability 1

/f )dG L ( _QZ/f

for all large n, where the complex integral is over C. Moreover, with ]\//.Tn(z) =

]/\4\”(2) for z € Ct, we have with probability 1, for all large n,

— M, (2))dz
S 4K‘En(| ma‘x()‘glax(l + \/y ) max) - xT|_1
+H min(ALE T, () (1= vy,)% A0) — a1l ),

which converges to zero as n — oo. Here K is a bound on f over C.
Since

A G FICHAC R PO L AT

is a continuous mapping of C(C*,R?) into R?* it follows that the vector
above and subsequently (9.7.4) form tight sequences. Letting M () denote

the limit of any weakly converging subsequence of {M,(-)}, we have the
weak limit of (9.7.4) equal in distribution to

<_2:riAfl(Z)M(Z)dZ’“'»_QjTZ-/ka(Z)M(z)dz>.

The fact that this vector, under the assumptions in (2) or (3), is multivariate
Gaussian follows from the fact that Riemann sums corresponding to these
integrals are multivariate Gaussian and that weak limits of Gaussian vectors
can only be Gaussian. The limiting expressions for the mean and covariance
follow immediately.

The interval (9.7.3) in Theorem 9.10, on which the functions f; are assumed
to be analytic, can be reduced to a smaller one, due to the results in Chapter
6, relaxing the assumptions on the f;’s. Indeed, the f;’s need only be defined
on an open interval I containing the closure of

(oo}
limsupSFyann - ﬂ U SFyann
n

m=1n>m
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since closed intervals in the complement of I will satisfy (f) of Theorem 6.3, so
with probability 1, all eigenvalues will stay within I for all large n. Moreover,
when y[1 — H(0)] > 0, which implies p > n, we have, by (2) of Theorem 6.3,
the existence of xg > 0 for which AB» | the n-th largest eigenvalue of B,
which is )\?jn, converges almost surely to xg. Therefore, in this case, for all
sufficiently small € > 0, with probability 1,

Xl = [5G

for all large n. Therefore the left endpoint of I can be taken to be xy — e.
When lim inf,, )\Elg‘n > 0, a lower bound for zy can be taken to be any number
less than liminf, A*7 (1 — ,/y)2. For the proof of Theorem 9.10, the contour
C could be adjusted accordingly.

Notice the assumptions in (2) and (3) require z;; to have the same first,
second, and fourth moments of either a real or complex Gaussian variable,
the latter having real and imaginary parts i.i.d. N(0,1/2). We will use the
terms “RSE” and “CSE” to refer to the real and complex sample covariance
matrices with these moment conditions.

The reason why concrete results are at present only obtained for the as-

sumptions in (2) and (3) is mainly due to the identity
E(x; Ax; — trA)(x;Bx; — trB)
= i(E|$it\4 — [Eaf|* - 2)aibii
i=1
+trA, BT 4 trAB (9.8.6)

valid for p x p A = (a;;) and B = (b;;), where x; is the ¢-th column of X,,,
A, = (Ex%a;;), and B, = (Ez}b;;) (note t is fixed). This formula will be
needed in several places in the proof of Lemma 9.11. The assumptions in (3)
leave only the last term on the right, whereas those in (2) leave the last two,
but in this case the matrix B will always be symmetric. This also accounts
for the relation between the two covariance functions and the difficulty in ob-
taining explicit results more generally. As will be seen in the proof, whenever
(9.8.6) is used, little is known about the limiting behavior of > a;;b;; even
when we assume the underlying distributions are identical.
Simple substitution reveals

RHS of (9.7.6):—212/ f(z((sl))g(z(s2))d(sl)d(sz). (9.8.7)
™ JeyJey

S1 —82)2

However, the contours depend on the 21, zo contours and cannot be arbitrarily
chosen. It is also true that
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RHS of (9.7.6) / / #(z)g' () log 8 - zg; dady
o si(@)si(y) '\ .
= o2 //f ! g<1+4s = sty )2>d dy (9.8.8)
and
EX; — ;ﬁ / () arg <1 —y / (lz_sts((mx)))de(t)> da. 9.8.9)
Here, for 0 # = € R,
s(z) = lim s(2), z€CT, (9.8.10)

Z2—T

known to exist and satisfying (9.7.1), and s,(z) = S s(x). The term

i@ = (10 [ |0 pa)

in (9.8.9) is well defined for almost every x and takes values in (—7/2,7/2).
Section 9.12 contains proofs of all the expressions above. Subsections 9.12.1
and 9.12.2 contain the proof of (9.8.8) and (9.8.9) along with showing

_ 5;()s;(y)
k(x,y) =log (1 +4‘8 2) — s(y )2> (9.8.11)

to be Lebesgue integrable on R2. It is interesting to note that the support of
k(z,y) matches the support of f¥ on R — {0}:

k(z,y) = 0 <= min(f*" (z), f" (y)) = 0.

We also have f¥H(z) =0 = j(z) =0.

Subsection 9.12.3 contains derivations of the relevant quantities associated
with Example 1.1. The linear spectral statistic (1/p)T;, has a.s. limit d(y) as
stated in Example 1.1. The quantity T,, — pd(p/n) converges weakly to a
Gaussian random variable Xj,, with

1
EXiog =, log(1 —) (9.8.12)

and
Var Xy = —2log(1 — ). (9.8.13)

Jonsson [169] derived the limiting distribution of trS! — EtrS! when nS,,
is a standard Wishart matrix. As a generalization to this work, results on
both trS!, — ES” and p[[ 2"dF5"(z) — E [ 2"dF"(z)] for positive integer r
are derived in Section 9.12.4, Where the following expressions are presented
for means and covariances in this case (H = Ij ). We have
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BX = (- + (v =, S () 0 s

i=o M
and

COV(Xg;Tl 5 prz)

ri—1 rg k1+ko r1—k1
1— 2T1—1—(k1+€)
_ T’1+7“2
e S ) (L) )
k1=0k2=0 (=1

2rg—1—ko + /¢
. 8.1
><< 1 > (9.8.15)

It is worth mentioning here a consequence of (9.8.8), namely that if the
assumptions in (2) or (3) of Theorem 9.10 were to hold, then G,,, considered
as a random element in D0, c0) (the space of functions on [0,00) that are
right-continuous with left-hand limits, together with the Skorohod metric),
cannot form a tight sequence in D0, 00). Indeed, under either assumption, if
G(z) is a weak limit of a subsequence, then, because of Theorem 9.10, it is
straightforward to conclude that for any xy in the interior of the support of

F and positive ¢,
I0+8
/ G(z)dx

0

would be Gaussian and therefore so would

1 To+e

G =1 G(x)dz.
(w) =t _ [ Gyt

However, the variance would necessarily be

To+e wo+s

Still, under the assumptions in (2) or (3), a limit may exist for {G,,} when
G, is viewed as a linear functional,

£ — [ 1@,

that is, a limit expressed in terms of a measure in a space of generalized
functions. The characterization of the limiting measure of course depends on
the space, which in turn relies on the set of test functions, which for now
is restricted to functions analytic on the support of F'. Work in this area is
currently being pursued.

The proof of Lemma 9.11 is divided into three sections. Sections 9.9 and
9.10 handle the limiting behavior of the centralized M,,, while Section 9.11
analyzes the nonrandom part.
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We mention here some simple extensions of results in Billingsley [57]
needed in the analysis.
Bi. In the Arzela-Ascoli theorem on p. 221, (8) can be replaced by

sup [1(to)] < o0
z€A

for some ty € [0, 1]. Subsequently (i) of Theorem 12.3, p. 95, can be replaced
by
The sequence {X,,(to)} is tight for some ty € [0,1].

Bii. If the sequence {X,,} of random elements in C0, 1] is tight, and the
sequence {a,} of nonrandom elements in C|0, 1] satisfies the first part of Bi.
above with A = {a,} and is uniformly equicontinuous ((9) on p. 221), then
the sequence {X,, + a, } is tight.

Biii. For any countably dense subset T' of [0, 1], the finite-dimensional
sets (see pp. 19-20) formed from points in 7" uniquely determine probability
measures on C[0,1] (that is, it is a determining class). This implies that a
random element of C]0,1] is uniquely determined by its finite-dimensional
distributions having points in 7.

9.9 Convergence of Finite-Dimensional Distributions

Write for z € C,,, M, (2) = M}(z) + M2(z), where
M, (2) = plspe. (2) — Esps, (2)]

and
MZ(2) = plsgren (2) — spun.m (2)],

and define M1 (z), M2(z) for z € CT in terms of M1, M2 as in (9.8.2). In
this section, we will show for any positive integer r the sum

iaiMi(Zi) (S2i #0)
i=1

whenever it is real, tight, and, under the assumptions in (2) or (3) of Theorem
9.10, will converge in distribution to a Gaussian random variable. Formula
(9.8.4) will also be derived. From this and the result to be obtained in Section
9.11, we will have weak convergence of the finite-dimensional distributions of
M, (z) for all € CT, except at the two endpoints. Because of Biii, this will
be enough to ensure the uniqueness of any weakly converging subsequence of
{Mp}.
We begin by quoting the following result.
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Lemma 9.12. (Theorem 35.12 of Billingsley [56]). Suppose that for each n,
Yoi, Yoo, -+, Yar, is a real martingale difference sequence with respect to the
increasing o-field {Fp;} having second moments. If, as n — oo,

S E(YE|Fu 1) B o, (9.9.1)
j=1

where 02 is a positive constant, and, for each € > 0,
ZE(ijfuymze)) — 0, (9.9.2)
j=1

then

Recalling the truncation and centralization steps, if C is a matrix with
|C|| < K on B¢ and ||C|| < n? on B,, for some constant d, then by Lemma
9.1, (9.7.8), and (9.7.9), we get (similar to (9.2.17))

E[x; Cx; — trC[P < K| C|PP~*nP ™ < Kyp?™*nP ™, p > 2,(9.9.3)
where B, = {||By|| > p1 or A\Br < us}.

Let v = S 2. For the following analysis, we will assume v > 0. To facilitate
notation, we will let T = T,,. Because of assumption (b) of Theorem 9.10,
we may assume ||'T|| < 1 for all n. Constants appearing in inequalities will be
denoted by K and may take on different values from one expression to the
next.

In what follows, we use the notation r;, D(z), D;(2), a5, 05, v, %5, Vj>
B;, B; defined in subsections 6.2.2 and 6.2.3 and define

1 1
b = d b= . 9.9.4
7~ 14nEnTD;t 1+ n-1EtrTD-! (9.9-4)

Each of 8;, 3;, b;, and b is bounded in absolute value by |z|/v (see (6.2.5)).
We have

D7 '(2) - D; ' (z) = =D, ' (2)r;r;D; ' (2)8;(2),

and from Lemma 6.9 for any p x p A,

n

Sz

tr(D ' (z) - D (2))A| < (9.9.5)

For nonrandom pxp Ay, k=1,--- . mand B;, [ =1, .-, ¢, we shall establish
the following inequality:
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m q
’E( H r;Agr; H(r:‘Blrt — nltrTBl)> ‘

k=1 =1

m q
< Kn~(17)p(2a=4)v0 H | ALl H IBy||, m >0, q>0. (9.9.6)

When m = 0 and g = 1, the left side is 0. When m = 0 and ¢ > 1, (9.9.6) is
a consequence of (9.9.3) and Hélder’s inequality. If m > 1, then by induction
on m we have

’E(H?_l ryApr, ] (v By — n‘ltrTBl)> ‘
’ (Hk i Ay (ri Ay, — n e TAL) [T (rfBiry — n 1trTB;)>’

+pn Ay

E < TI7 e A T, (e} Byry — n‘ltrTBl)> ‘

_ 2q—4)V0 ytm
< KO T, ARl T, Bl
We have proved the case where ¢ > 0. When ¢ = 0, (9.9.6) is a trivial
consequence of (9.9.3).
Let Eo(-) denote expectation and E;(-) denote conditional expectation

with respect to the o-field generated by ry,---,r;.
Using the martingale decomposition, we have

p[SFBn( ) — Espe, (2)] = tr[D7"(2) —ED ™' (2)]

:—Z Ej_1)Bj(2)r;D; %(2)r;.

Write

Then we have
(Ej — Ej1)8;(2)r;D; % (2)r;
~ & (B(e)ay2) - B)is(2) uTD; )
(B — By )F ()35 (s () — By () DA (e A(2)).
Using (9.9.6), we have
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2

E|Y (B — E;j-1)8; (2)3;(2)a;(2)

Therefore, Z(Ej — Ej_l)BJZ»(z)%(z)aj(z) converges to zero in probability.
j=1
By the same argument, we have

n

S (B — Ej1)B5(2)r D5 2 ()43 () T 0.

j=1
Therefore we need only consider the sum

n n T

Zai Yj(z) = ZZO&Y](%),
=1 J

i=1 j=11i=1

where

V) =<8 (B ()ay(z) — B, uTD; ()
d

=k dz

Bi(2)%; ().
Again, by using (9.9.6), we obtain

|[*

B <& (1

Blay2)* + 7 () By = o(n~)
a;(z 216 Uy 3 (z =o(n™"),
which implies, for any £ > 0,
E(
j=1

2
I( >%>
<Ly
< .2F
=1

> a¥;(z)

i=1

4
— 0

as n — oo. Therefore condition (ii) of Lemma 9.12 is satisfied and it is enough

to prove, under the assumptions in (2) or (3), for 21, 22 € C with ¥(z;) # 0,

that

r

> aiY(z)

i=1

r

> aiYi(z)

i=1
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ZEJ 1Y (21)Yj(22)] (9.9.7)

converges in probability to a constant (and to determine the constant).
We show here for future use the tightness of the sequence
{30 a; M (2)}. From (9.9.6) we easily get E|Y;(2)[? = O(n™1), so that

T n 2
E ale](zl) =
i=1 Jj=1

E Zr:oziY](z
i=1

n
j=1
n o r
Jj=1

2

Z ‘Oéi‘QE Yi(z

=1 i=1

<K.  (9.98)

Consider the sum
ZEJ LB (B (2135 (21)) E; (B (22)4 (22))]. (9.9.9)

In the j-th term (viewed as an expectation with respect to rjpq,---,ry,), we
apply the d.c.t. to the difference quotient defined by 3;(2)%;(2) to get

82

Doie, (9:9:9) = (9:97).

Let vy be a lower bound on [3z]|. For each j, let Al =
(1/n)TY?E;D; ' (2;) T2, i = 1,2. Then trA} A%" < p(von) 2. Using (9.9.3)
we therefore see that (9.9.9) is bounded.

We can then appeal to Lemma 2.14. Suppose (9.9.9) converges in probabil-
ity for each z, z; € {z;}, bounded away from the imaginary axis and having
a limit point. Then, by a diagonalization argument, for any subsequence of
the natural numbers, there is a further subsequence such that, with probabil-
ity 1, (9.9.9) converges for each pair z, z;. Applying Lemma 2.14 twice, we
see that almost surely (9.9.7) will converge on the subsequence for each pair.
That is enough to imply convergence in probability of (9.9.7). Therefore we
need only show that (9.9.9) converges in probability.

By the definition of 8; and by, using the martingale decomposition to
tr'TD;(z;) — EtrTD;(z;), we get

E|B1(z:) — b1 (z)]?
< leltug? *2E|trTD1(zz> EtrTD; (2]
| zl‘*

<K
”0

Similarly, we have
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|ZZ|4

B|B;(zi) — bj(z:)|* < K o8

This, together with (9.9.6), implies that
E[E;_1[E;(3;(21)95(21))E; (Bj (22)7;(22))]
—Ej1[E;(b;(21)7; (21))E; (b (22)75 (22))]|
=o(n™"),

from which
D B B (B5(21)5(21))E; (85 (22)45(22))]
i=1

n

- Z bj(21)bj(22)Ej—1[E; (9;(21))E; (% (22))]

2P0,

Thus the goal is to show that
D bi(21)b (22) 1 [B; (5 (21))E; (5 (22))] (9.9.10)
j=1

converges in probability and to determine its limit. The latter’s second mixed

partial derivative will yield the limit of (9.9.7).
We now assume the CSE case, namely EX?, = o(1/n) and E|Xj;[*

2+ o(1), so that, using (9.8.6), (9.9.10) becomes

n22b 21)bj(22) (trT/2E; (D ! (21)) TE; (D} (22))T'? + 0(1) A,,),

where
|[An| < K(trTE; (D" (21)) TE; (D} (21))
xtrTE;(D; ' (22)) TE;(D; ' (22)))'/? = O(n).
Thus we need only to study the limit of
2 Zb 21)b; (22)trE; (D} (21))TE; (D} (22)) T (9.9.11)

The RSE case (T, Xi; real, E|X11]/* = 3 + 0(1)) will be double that of the

limit of (9.9.11).
Let Dj;(2) = D(z) — rir] —r;17},
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1 1

ii(z) = , and b;i(z) = .
By 2) 1+ 1D (2)rs () 1+ n Et'TD;} (2)

‘We write

n—1 ., n—1
Dj(Zl) + 21— n bj(Zl)T = Zriri — n bJ(Zl)T
i#]
Multiplying by (11— " 'b;(21)T)~! on the left, D;l(zl) on the right, and

using
r;D; ! (21) = Bi(z1)r; Dy (21),

we get
-1
D (o) = - (le _ne lb](zl)T>
+ Zﬂij (21) (le - 1b](zl)T>_ rirfDi_jl(zl)
i
_Tl— 16](2’1) (ZlI— ; 1b](2’1)T> TDj_l(Zl)
-1
=— <211 . 1b](zl)T> +b;(21)A(21)

where

-1
AG) =Y <211 - “; lbj(zl)T> (rirf — n ' T)D; (1),

i#]

n—1 -t
B(a) = S (5(e0) ~ () (4T "0 GT) Dy ),
i#]
and

—1
net TS (D} (21) - D7 (z1)).

C(Zl) = ’I’Lilbj(zl) (ZlI —
i#]

bj(zl)T>

It is easy to verify, for any real ¢, that

|2(1 4+ n_lEtrTDj*l(z))

t |
1—
’ Sz(1+n'EtrTD; ' (2))

1 <
z(1 +n~'ErTD; (2)) ’

< [+ 2/ (non))

Vo
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n—1 -1
I-— bi(z1)T

Let M be p X p and let ||M]|| denote a nonrandom bound on the spectral
norm of M for all parameters governing M and under all realizations of M.
From (9.9.5),

Thus ,
1+

< o (9.9.13)

Vo

|bij(21) = bj(21)| < K/n

and
E[Bi; — bij|* < K/n.

Then, by (9.9.6) and (9.9.13), we get

EltrB(z1)M]| < Y EV2(|8;(21) = bj(z1)[)
i#i

><E1/2<

< K||M||n!/2. (9.9.14)

rfD;jl (z1)M (211 .

From (9.9.5), we have
[trC(z1)M| < K||[M]|. (9.9.15)

From (9.9.6) and (9.9.13), we get for M nonrandom and any 7,
E|trA(z;)M]|
K n—1 -
< Y EVuT/D (2)M (le - bj(zl)T> T
n — n
i#]
n—1 !
X <211 - bj(zl)T> M*D; ' (z)T"/?
< K||M|n'/2. (9.9.16)
We write (using the identity above (9.9.5))
tr[EjA(Zl)]TDj_l(Zg)T = Al(zl, 22) + Az(Zl, Zz) + Ag(Zl, Zz), (9917)

where

-1
n—1 _
Ay(21,29) = —tr Y (le - bj(zl)T> r;r; [E;D7; (1))
i<j
XT,Bij (ZQ)DZEI(ZQ)I‘zI‘:Dal(ZQ)T
- _ Zﬂij(@)r’; [E;D;;! (21)]TD;;! (22)rir; D! (22)T

i<j
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-1
n—1
X <ZlI — bj (Zl)T) r;,
n

1
A 21,22 ——trZ(le— -1 ](Zl)T> ’I’LilT[E]Dgl(Zl)]T

1<
X (D;l(z2) - D;Jl (ZQ))T,
and

n—1 -
ey (al- bj(z1)T it; —n'T
3(21, 22) r (Zl " (21) ) (rir; —n )

i<j
x[E;D;;! (21)]TD;;" (22)T.
We get, from (9.9.5) and (9.9.13),
|A2(21, 22)| < K, (9.9.18)
and, similar to (9.9.14), we have
E|A3(z1,22)] < Kn'/2,

Using (9.9.3) and (9.9.6), we have, for i < j,

E ﬁij (ZQ)I':< [EJD;1 (Zﬂ]TD;l (zz)rir’{ijl (ZQ)T

1
X (ZlI _n ; ! bJ(Zl)T> r; — bj(Zg)’n72tI'([EjDi_jl(Zl)}T

_ _ n—
><Dij1(,22)T)tr(Dijl(@)T(le— )

1bj(21)T)_1T>

< Kn~1/?

(K now depending as well on z; and y,,). Using (9.9.5), we have

tr<[EjD;jl(zl)] TD;jl(ZZ)T> tr (D;jl(zg)T(zll "

_tr<{EjD;1(zl)}TD;1( )T)tr(D (ZQ)T(ZlI—n

< Kn.

It follows that

E|Ai (21, 22) + jn_zlbj(zz)tr<{Eij1(21)} TDjl(ZQ)T>
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n—1

xtr (D;l(ZZ)T(zll - bj(zl)T)1T>

< Kn'/2, (9.9.19)

Therefore, from (9.9.12) to (9.9.19), we can write
_ _ j—1
tr([Eij 1(21)] TDj 1(22)T) |:1 + n? bj(Zl)bj(ZQ)

tr (Dj1(22)T<le . . ! bj(zl)T> 1T>]
- —tr<(z11 " N 1bj(21)T> _1TDj1(2’2)T> + Ay(21, 20),

where
E|A4(z1, 22)| < Kn'/?,

Using the expression for Dj_l(ZQ) in (9.9.12) and (9.9.14)-(9.9.16), we find
that

—1 —1
:tr<<221— "_1bj(22)T> T(le— " lbj(zl)T> T)
n n
+As(z21, 22),

where
E|A5(z1, 22)| < Kn'/?

From (9.9.5), we have
Ibj(2) — b(z)] < Kn~!

and
bj(2) — EB;(2)| < Kn~'/2
From the formula
1 n
Sp=—__ Y Bi2)
an =

(see (6.2.4)), we get | 2?21 Ep;(z) = —zEs, (2). It will be shown in Section
9.11 that
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[Es, (=) - s0(2)] < Kn .

Therefore we have
max |b;(2) + 20 (2)| < Kn~1/2, (9.9.20)
J
so that we can write
r(E;(D; " (21))TD; ' (22)T)

1-— i1 sy (21) 5y (22)tr((T 4 50 (22)T) ' T(I+ s, (21)T) " 'T)

n2
1
= tr((T+ 82 (22)T) P T + 82 (2)T) ') + Ag(21, 22),
12
(9.9.21)
where
E|Ag(z1, 22)| < Kn'/?
Rewrite (9.9.21) as
tr(E;(D; '(21))TD; ' (22)T)
i—-1 0 / t2dH, (1) }
1— S (21)8, (2
T ) [ ey e
nyYn t2 dH, (t)
p— A .
1z / (14 50 (21))(1 + £ (29)) T A6(71:22)
Using (6.2.14), (6.2.21), and (9.9.20), we find
t2dH,(t)
0 0 n
w086 [ (1 pomh i)
f t2 dH,, (t)
s0(z s9 (2
— yn (1+t n( 1))(1+t n( 2)) (9922)
tdH, (t tdH, (t
<—Zl + Yn 1+tsg(<z3)> <—22 + Yn 1+tsg(<zz)>
t? dH, 1/2 t? dH, 1/2
f [1+ts9 z1)|2 f [1+ts9 z2)|2
< | tdH, (1) |2 Yn ¢ dH, (1)
—z1+ Yn 1+tson(zl) —22+ Yn 1+ts§(22)
2 A, ( 1/2
B Q¥ (Z] ynf |1+ts°(z(1)\2
Sz1 + F80(21)yn f ‘ﬁri{? Z(1))|2
2 qH,,(¢) 1/2
S sp(22)yn [ |1t+t50 (22)]2
X o | <1 (9.9.23)

93 O
S 29 +\38n 22 ynf [1+t50 (22)]2
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since
Sz
IO ( t2 dHp (1)
S0, (2)yn [ [142s0 ()2

is bounded away from 0. Therefore, using (9.9.20) and letting a,,(z1, 22) de-
note the expression inside the absolute value sign in (9.9.22), we find that
(9.9.11) can be written as

1 1
an(z1, 2 , + A7(21, 22),
(=1 Z)H;I_]#an(%@) (21, 22)

where
E|A7(z1,20)| < Kn~Y/2,
We see then that
1 1 a(z1,22) 1
(9911)—>a(21,22)/0 1—ta(z1,2’2)dt:/0 1_Zdz,
where

B t2 dH (t)
a(z1, 22) = ys(z1)s(22) / (1 +ts(z1))(1 + ts(z2))

s(z1)s(22) tdH(t) tdH(t)
s(22) — s(21) <y/ 1+ts(z1) y/ 1+ ts(zz)>
s(z1)s(z2)(21 — 22).

= ) - s(a)

Thus the limit of (9.9.7) in probability under the CSE case is

92 /a(z1,z2) 1 b — o 621 a(z1,22)
022021 Jo 1—=2 s 0z9 \ 1 —a(z1,22)

9 [$(=) 1 §'(z1)
T Oz (s(zl) 21— 22 8(22) — S(Zl)>
s'(21)8(22) B 1
(s(z2) —s(21))* (21 — 22)?

which is half of (9.8.4).

9.10 Tightness of M}(z)

We proceed to prove tightness of the sequence of random functions ]\//EL (2)
for z € C*. We will use Theorem 12.3 (p. 95) of Billingsley [57]. From (9.9.8)
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we see that the condition in Bi is satisfied. We will verify condition (ii) of
Theorem 12.3 by proving the moment condition (12.51) of Billingsley [57].
We will show . -
E Ml o Ml 2
wp EIVG) ~ MG
n;z1,20€Ct ‘Zl - 22‘

is finite. It is straightforward to verify that this will be true if we can find a
K > 0 for which

E[M;(21) — My (22)]?
sup

) < K.
n;z1,22€Cx |21 — 22

From Bii, the results in this and the next section will establish tightness
of {M,}.

We claim that moments of |[D~1(z)]|, HDJ_l(Z)H, and HDZ_jl(z)H are
bounded in n and z € C,. This is clearly true for z € C, and for z € C;
if ¢, < 0. For z € C, or z € Cp, if &y > 0, we use (9.7.8), (9.7.9), and (9.8.1)
on, for example, B(;) = B, —rirj, to get

EIDT ()" < K1+ v P (B | =y or Ankt) < m)

min

< Ki+ KonPe Pnt < K

for suitably large £. Here, 7, is any fixed number between limsup,, || T||(1 +
\/y)2 and z,, and, if ; > 0, g is any fixed number between x; and
liminf, AT, (1 — /y)? (take n; < 0 if 2y < 0). Therefore, for any positive
b,

max(E[D™(2)[|”, E[ID; " (2) |7, E|D;;' (2)||) < K. (9.10.1)

We can use the argument above to extend (9.9.6). Using (9.7.7) and (9.9.6),
we get

’E (a(;h v) ﬁ(r’;Bl(y)rl — nltrTBl(Z/))> ‘

=1
< Kn~1a)pRa=Hvo > ) (9.10.2)

where now the matrices B;(v) are independent of r; and

Bi()]| < K1 +n"I(|Bull = 1 or Ay < m))

and ~
o, )] < K (14 el + 07 1([Bo | = ny or Xy, <))

for some positive p and v, with B being B,,, or B,, with one or two of the
r;’s removed.
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We would like to inform the reader that, in applications of (9.10.2), a(u, v)
is a product of factors of the form f;(z) or rfA(z)r; and A is a product of
one or several D;l(z) D;l(zi)7 i = 1,2, or similarly defined D~! matrices.
The matrices B; also have this form. For example, we have, for any z € C,,

riDy ! (21)Dy ! (22)r1] < [r1[?[ Dy (21) Dy (22)|
11 1 1 2)11 1 1 1 1 2
< Kry 2+ nI(|[Bn]| > m or ALY < ),

min

where K can be taken to be max((z, —1,) "2, (m —x1) =2, vy 2). We have ||By||
obviously satisfying this condition. Since

* —1
D r;
_ J
D= 0 =15,
-I-I‘ij r;

we assert that 3;(2) also satisfies this condition since

B;(2)| = |1 = ;D™ "1y
<1+ Ky ? + 0’ I(|1Ba]| =m0 or AQs, < mi).-
In what follows, we shall freely use (9.10.2) without verifying these conditions,

even similarly defined ; functions and A, B matrices.
For later use, we have

_ - D} (2)r;r; D5 (2)
1y Ly — 0 ]
DTE =D E) == D1,

—B(2)Dj ! (2)r;r; D (2). (9.10.3)

Let

v;(2) = r;Dj_l(z)rj —n 'Etr(D;

i L2)T).

We first derive bounds on the moments of ;(z) and 4;(z). Using (9.10.2),
we have

E|5;(2)[P < Kpn™'n2P~*,  p even. (9.10.4)
It should be noted that constants obtained do not depend on z € C,.

Using Lemma 2.12, (9.10.2), and Holder’s inequality, we have, for all even
b,

Elv(z) —91(2)P
1 — P
=E EtrTD;(2) ! — E,_;trTD!
]nz 4T, ()7 — B, Ty ()

:E‘ ’I]”-L Z EgtrT(Dfl (Z) _ijl(z)) _ngltrT(Dfl(Z) _DIJI(Z))
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1 " P
= B > (Ej — Ej_1)B1;(2)r; Dy} (2)TDy (2)r;
j=2
K n 2 p/2
< nf:E (Z (Ej — Ej—1)B1;(2)r; Dy} (2) TD (2)r; )
j=2
< nlﬂ,m ZEI E;1)61;(2)r; Dy} (2) D} (2)r [

< Kpn~ p/2E|512(2)r2D12 (2)TDy, (2)raf” < Kpn /2.
It is easy to see that the inequality above is true for all j; i.e.,
Bl — 44" < Kpn 72,
Therefore
Ely; [P < Kpn~'n2t p>2. (9.10.5)

We next prove that b;(z) are uniformly bounded for all n and z € C,.
From (9.10.2), we find, for any p > 1,
E|3;(2)|F < K. (9.10.6)
Since b; = £;(2) + 5;(2)b;(2)7;(2), we get from (9.10.5) and (9.10.6),
16 (2)] = [EB;(2) + EB; (2)b(2)71(2)] < K1 + Kalbj(2)[n "2,

Thus, for all large n,

Ky
|b](Z)‘ S 1 _K2n_1/27

and subsequently b;(z) is bounded for all n.
From (9.10.3), we have

D '(21)D™ ' (22) — D; '(21)D; ! (22)
= (D7'(21) = D; '(21)) (D7 (22) — D ! (22))
+(D 7! (21) = D; ' (21))D; H(22) + D ' (21) (D7 (22) — Dj H(22))
= fj(21)8)(22)Dj * (z1)r;r; D} (21)Dj * (22)r;57Dj * (22)
—Bj(21)D; (Zl)rgr D' (21)D; ! (22) — Bj(22)D;  (21)

xDj (ZQ)I'JI' D; Yzg).
Therefore,
tr (D_l(zl)D_l(Zg) — Dj_l(Zl)Dj_l(ZQ))
= Bj(21)8j(22)(r; D} (21)D; } (22)r;) = B(21)r; D (21)D;  (22)r;
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—Bj(22)r;D; ?(22)D; ! (21)r;. (9.10.7)

‘We write

—_

sn(21) = sn(z2) = tr(D7'(z1) = D7 (22))

— 3

- p(21 — 29)trD 7! (21)D 7 (22).

Therefore, from (9.10.7), we have

(21 = sn(22) = Blsn(z1) = sn(22))
Z1 — 29

(Ej — Ej_l)trD_l(Zl)D_l(ZQ)

[
NE

1

<.
Il

(Ej — Ej-1)8;(21)0;(22) (] D] (21)D * (22)r;)?

[
NE

<.
Il

o

(Bj — Bj—1)B;(21)r;D; *(21)D;  (22)r,

<.
Il
—

- (B - Ejfl)ﬁj(22)1';]3;2(22)]3;1(21)1‘3‘. (9.10.8)

I

Il
—

J

Our goal is to show that the absolute second moment of (9.10.8) is
bounded. We begin with the second sum in (9.10.8). We have

> (Ej — Ej_1)8;(21)r;D;?(21)D; ! (22)r;
i=1

= (B; —E;-1) (b;(20)r;D; *(21)D; ! (22)r;
=1

— Bi(21)b; (21)r; D} ?(21)D} ! (22)157(21))
= Zn:bj(zl)Ej(r;*DJQ(zl)Dfl(Zz)rj
j_l—n_ltrTl/sz2(zl)Dj1(z2)T1/2)
- i bj(21)(E;j — Ej—1)8;(21)r;D}*(21)Dj  (22)r;7; (21)
= Wi:—l Wy.

Using (9.10.2), we have
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E[W:i > = |b;(z1)[’E[E; (r;D;?(21)D; ! (22)r;
j=1
—n~'rTY2D ;% (2)D;  (22) TV?) P < K.

Using (9.10.5) and the bounds for 3;(z1) and riD;?(21)D; ! (22)r; given in
the remark to (9.10.2), we have

E[W,|?

= Z 1b;(21)PE[(E; — E;_1)B;(21)r; D5 (21)D;  (22)r75 (1)

< Kn[E\%(Zl)\2 + 0P P([Bo ]| >y or At < m)] < K.

This argument of course handles the third sum in (9.10.8).
For the first sum in (9.10.8), we have

NE

(Ej — Ej—1)B;(21)8;(22) (r; D} ' (21)Dy; (22)r;)?

.
S

=> bj(z1)bj(22)(E; — E;1)[(r]D; ' (21)D; * (22)r;)?

( —1trTl/2D;1(Zl)D;1(22)T1/2)2]

—ij(22)(Ej — Ej-1)8j(21)8;(22) (t;D} ! (21)Dj;' (22)r;)* 5 (22)

j—l
_Zb (21)bj(22)(Ej — Ej_1)8;(21) (r}D; " (21)Dy;" (22)15) 75 (21)
—Y1 Yz Ys.

Both Y3 and Y3 are handled the same way as W5 above. Using (9.10.2),
we have

E|Y1|2

<KZE

Jj=1

1 2,2
r’D; ' z)D; ! eo)ry)’ - (ntrT1/2D;1(zl)D;1(22)T1/2>

* 1 — —
<K22E|r D' e)D;  e)r; — ntrTl/szl(zl)Dj1(,22)T1/2|4
Jj=1
+Ky21iE

*T) 1 — —
( ‘D)D" zo)r —ntrT1/2Djl(zl)Dj1(22)T1/2>
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2

x |D; (2D (z2)|

< K.

Therefore, condition (ii) of Theorem 12.3 of Billingsley [57] is satisfied,
and we conclude that {M}(2)} is tight.

9.11 Convergence of M?3(z)

The proof of Lemma 9.11 is completed with the verification of {]/\4\3(2)} for
z € C* to be bounded and forms a uniformly equicontinuous family and
convergence to (9.8.3) under the assumptions in (2) and to zero under those
in (3). As in the previous section, it is enough to verify these statements on
{M2(2)} for z € C,.

Similar to (6.2.25), we have

t2 dH,, (t)
Yn [ (1+tEs, ) (1+s0)

d n d n
<_Z + Yn t1+I;IE£i) - Rn) <_Z + Yn tl—f-ltsg)>

sOt2 dH, (t)
Yn | (1+tEs, ) (1450)

(Bs, —s2) [ 1—

= (Bs, —s2) [ 1—

n

tdH,(t
-2+ Yn 1+tE§n) - R,

= Es,sR,, (9.11.1)
where R, = y,n ' 300 Ef;d;(Es, )",
dj =dj(2) = —q;T?(B(;) — 2I) ' (Es, T+ 1) ' T/ ?q;
+(1/p)tr(Es, T +1)"'T(B,, — 2I)~ !,
ﬂ;l =1+ I‘;(B(]) — ZI)_lI‘j.
Thus, by noting M2(z) = n(Es,,(2) — s%), to prove (9.8.3) it suffices to show

sY¢2 dH, (t)

Un ] i, i) [ SH2AH(D) (9.11.2)
tdH, (1) _ p y (1+ts)? o
2t Un) 1pms, T fn
and
s2t2dH (t)
n ”f (14ts)3
3oty = oy g o e RSE e 11

(1+ts)2

Jj=1 0, for the CSE case,
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uniformly for z € C,.
To prove the two assertions above, we first prove

sup |Es, (2) —s(z)] = 0 asn — oc. (9.11.4)
z€Cp

In order to simplify the exposition, we let C; = C,, or C,, UC; if 2; < 0 and
Co =Cy(n) =C, or C. UC; if 2 > 0.
Since FB. 2 FvH almost surely, we get from the dct (dominated con-

vergence theorem) EFBx Z e Tt s easy to verify that EFBx is a proper
c.d.f. Since, as z ranges in Cp, the functions (A — 2)~! in A € [0,00) form a
bounded, equicontinuous family, it follows (see, e.g. , Billingsley [57], Problem
8, p- 17) that

sup |Es,,(z) — s(z)| — 0.
z€Cy

For z € Cq, we write (1,7, defined as in Section 9.10)
1
Es,(z) = s(z) = / \ ZI[WT](A)d(EFBn(A) — FYH())
1
4B [ 1 e FB )

As above, the first term converges uniformly to zero. For the second term,
we use (9.7.8) and (9.7.9) with ¢ > 2 to get

1
b Ty o 1e (A\)dFBn (A
ap[B [ e 0 )

< (en/n)""P(IBull = 1 or AZf, <) < Kney'n™ — 0.

Thus (9.11.4) holds.

From the fact that Fy»Hn 2 pu.H along with the fact that C lies outside
the support of F¥H it is straightforward to verify that

sup|s?(z) —s(2)| = 0 asn — occ. (9.11.5)
zeC

We then show that, for some constant K,

sup [|(Es,(2)T +1)7'|| < K. (9.11.6)
nzeCy,

From Lemma 6.10(a), ||(Es,, (2)T +I)~'|| is bounded by max(2,4v, ") on
Cy. Let © = x; or z,. Since z is outside the support of F¥H it follows
from Lemma 6.1 and equation (6.1.6), for any ¢ in the support of H, that
s(x)t+1 # 0. Choose any t( in the support of H. Since s(z) is continuous on
C% = {z+iv : v € [0,v0]}, there exist positive constants §; and pq such that
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inf |s(z)to+ 1| >3d1 and sup [s(z)] < uo.
z€C0 zeCo

Using H,, 2 H and (9.11.4), for all large n, there exists an eigenvalue AT
of T such that AT —t| < 61/4p0 and sup_ce e, |Es,(2) — s(2)] < 61/4.
Therefore, we have

- T
zEICIllLfJCT |Es, (2)A™ + 1| > 61/2,

which completes the proof of (9.11.6).

Assuming (9.11.3), with (9.12.1) given later, we see that sup,.. |R,| —
0. This, (9.12.1), (9.11.4)-(9.11.6), and the dct imply the truth of (9.11.2).
Therefore, our task remains to prove (9.11.3).

Using the identity 8; = Bj - szﬁlj + szﬂjﬁ/? and (9.10.2), we have

j=1 j=1

1
~tr(Es, T + I)*lTD;l]
p
1

+ E [ﬁjtr(EsnT +I0)7'T(D! - Dj—l)}

=yn > Ef [q§T1/2D;1(ESnT +I)7' T2,

j=1

1
~tr(Es, T + I)—lTDf] 4

— 3

- B 2rD; ! (Es, T +1)7'TD; 'r; + o(1).

Using (9.10.2), it can be proven that all of 3;, 3;, and b; and similarly defined
quantities can be replaced by —zs(z). Thus we have

Lo w1 —lmpy—1
nEﬁjr D; (Es,T+I)" TD; r;

222

S _ _ —
=" EtrD; ' (sT +1)"'TD; 'T + o(1). (9.11.7)

Now, assume the assumptions for CSE hold. By (9.8.6) and (9.10.2),

~yn B |q;T/*D}}(Bs, T +1)7'T' %,
j=1

1 —1ppy—1]2
—ptr(EsnT+I) TD; }’yj
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2,2 1
== > EuD;'T+D7'TD;'T+o(1).  (9118)
j=1

This proves (9.8.3) for the CSE case.
Now, assume the conditions for the RSE case hold. Let us continue to
derive the limit for y, >°7_, Ef;d;. By (9.8.6), we have

n 2252 n B 3 B
yn > _Bfid; = 2 > EtrD;'(Es,T+1)~'TD;'T + o(1)
- =

Jj=1

= > EtrD; ' (sT+1)"'TD; ' T + o(1). (9.11.9)

Using the decomposition (9.9.12) and estimates given there, we have

yo 3 EBjd; = %, Etx(sT + I)-5T?
=1

+75 Y BtrA(sT + I)"1TAT + o(1), (9.11.10)
where

n -1
A= Z <zI _ n; lbj(z)T> [rirz‘ - iT} D;}

i

- 1 n—1 !
= ZD;; {rir’{ — nT} <zI - b; (z)T)

i#]

where the equivalence of the two expressions of A above can be seen from
the fact that A(z) = (A(Z))*. Substituting the first expression of A into
(9.11.10) for the A on the left and the second expression for the A on the
right, and noting that ";1bj (z) can be replaced by —zs, inducing a negligible
error uniformly on CT, we obtain

2484 -~
o2 > EtrA(sT +I)"'TAT
j=1
225t & 1
= 2> Eu(sT +I)’2T(rir§‘ - nT)D;;(sTH)*l
=100

1
xD; ! (rgrz - nT) +o(1). (9.11.11)

We claim that the sum of cross terms in (9.11.11) is negligible. Note that the
cross terms will be 0 if either D; ; or Dy ; is replaced by Dy ; ;, where
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Dyij =Dij —riry =Dy —rir]

i

Therefore, our assertion follows by the following estimate.
For i # ¢, by (9.10.2),

1
’Etr(sT + 1)—2T<rir;* - T) (D;; =D/ )(sT+T)7!
n :

'LE]
. L1
x(Dyj — DMJ)@M _ nT)
1
_ ’Etr(sT—&—I)zT(rir;‘— T)ﬁi,ﬂ( D )T + 1)
n
—1 * —1 * ]'
Xﬁj,@,iDi7z7jriri Di,l,j (I‘gl‘z — nT)
00,5

1
- ‘Etr(sT + I)—2T<rir; - nT) (D} ;rer;D;} )(sT+ 1)

1 _
* 2
XD, jrir] Duzj<rzrz - nT>€j,m'€j,i,zﬁj,z,iﬂmzﬂj,i,e

* * 1 - * 1 —
= E|riD;}, (rgrz - nT)(sT +I) 2T(riri - nT)Dl Lre

><E1/4|r£ (sT+1I)~ 'D- rz|4 x o(n 71/2) = o(nfl),

ZZJ 0,0,

where
s =14r; r
yRNA 12] 45

1
JM—I—&— trDMJT

1
X —1 —1
€ji,0 =1yDy e — ntrDi,Z,j'

Here, we have used the fact that with Hermitian M independent of r; and
ry,
E|riMr,|* < KE(r;M?r;)?
< K[(trM?)? + trM*],

and by estimation term by term in the expansion,

1 1
ElriD; ), (rgr’lf - nT)(sT +I)’2T(rir’{ - nT)D;Z{jre <K.

Hence, we have proved
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yn > EBjd;
j=1

52 2254 1
= EBtr(sT+I)7°T?+ " | ZEtr(sT+I)_2T<rirf— T)
n ne = n
i#£]j
1
xD; (sT+I) ID;JI (rirf - nT) +o(1)
52 —3m2
= Etr(sT+I)°T
n
2254 —2 *Ty— 1 —1ny—1 *
, D Btr(sT+ 1) *Tr;r; D, (sT + 1) 7' Dy rir} + o(1)
i#]
_ Etr(sT +I)73T? + 2 Ztr(sT +1)72T?
n nt £
i#j
xtrD (sT +1)7'D;'T + o(1)
= BT T2 4 75 S (s T 4 1) 2T
= tr(sT 4+ I) +n3 j;tr(s +1I)
xtrD; ' (sT +1)7'D; ' T + o(1). (9.11.12)

Recalling (9.11.9), we obtain

2
- ° BEtr(sT +1I)~%T?
ynZEﬁjdj = 52 +o(1)
= 1— 7 tr((sT +1)-2T2)

f sztde(t)
1+ts
-, ar e +o(D). (9.11.13)
-y f (1+ts)?

Therefore, we conclude that in the RSE case

s(2)2t2dH (t)
sup |M2(z) — vl (=) 2
2€Cn s(z)2t2dH(t)

€ (]' - yf (1+ts(2))? )

‘—>O as n — o0.

Therefore we get (9.8.3).

Finally, for general standardized z; j, we see that in light of the work above,
in order to show that {M?2(z)} for z € C, is bounded and equicontinuous, it
is sufficient to prove that {f} (z)} is bounded, where

ZE (r;D;'r; —n 0D ' T)(x;D; ! (Bs, T+ 1)~

—n_ltrDj (Es, T +1)"'T))].
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Using (9.9.6), we find
()] < En~2) " ((E(trDjoDj2T)E(trDj1(EsnT +1)7!
j=1

T(Es, T +1)"'D, 'T))"/? + (E(trD; 'TD, 'T)
xE(nD;2(Es, T + 1) 'T(Es, T + I)'D; “T))"/?
+[Es,|(E(trD; ' TD;  T)E(trD; }(Es, T + 1)
xT3(Es, T + I)‘ZDle))1/2>.

Using the same argument that resulted in (9.10.1), it is a simple matter to

conclude that Es/ (z) is bounded for z € C,. All the remaining expected
values are O(n) due to (9.10.1) and (9.11.6), and we are done.

9.12 Some Derivations and Calculations

This section contains proofs of formulas stated in Section 9.8. We begin by
deriving some properties of s(z).

9.12.1 Verification of (9.8.8)

We claim that, for any bounded subset S of CT,

;I€1£|S(Z)‘ > 0. (9.12.1)

Suppose not. Then there exists a sequence {z,} C CT that converges to a
number for which s(z,) — 0. From (9.7.1), we must have

ts(zn)
y/ 1 +t$(zn)dH(t) — 1.

But, because H has bounded support, the limit of the left-hand side of the
above is obviously 0. The contradiction proves our assertion.

Next, we find a lower bound on the size of the difference quotient (s(z1) —
$(22))/(z1 — z2) for distinct z1 =  + iv1, 20 = y + iva, v1,v2 # 0. From
(9.7.1), we get

_s(z1) — s(22) ( / s(21)s(20)t2dH (t) )
Z1 — R = 1-— Yy .
s(z1)s(z2) (1 +ts(z1))(1 + ts(z2))
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Therefore, from (9.9.22) we can write

s(z1) — s(zz) B s(z1)8(22)
_ s(z1)s(z2)t2dH (t)
A1 22 — Y S (o istrn (tts(oa))

and conclude that

1

s(z1) — s(22) > 2‘8(21)5(22” (9.12.2)

21— 22

We proceed to show (9.8.8). Choose f,g € {f1, -+, fr}- Let S denote the
support of F¥H and let a # 0, b be such that Sr is a subset of (a,b) on
whose closure f and g are analytic.

Assume the z; contour encloses the zo contour. Using integration by parts
twice, first with respect to z5 and then with respect to z1, we get

RHS of (9.7.6)

- / / v 22)) dis(zl)dzml
— gz | [ £ 0 Gallog(ser) = s(za))dsadz

(where log is any branch of the logarithm)

:_27172 / I'(21)9 (22)[log |s(z1) — s(z2)| + iarg(s(z1) — s(z2))]dz1dzs.

We choose the contours to be rectangles with sides parallel to the axes.
The inside rectangle intersects the real axis at a and b, and the horizontal
sides are a distance v < 1 away from the real axis. The outside rectangle
intersects the real axis at a — e, b+ ¢ (points where f and g remain analytic),
with height twice that of the inside rectangle. We let v — 0.

We need only consider the logarithm term and show its convergence since
the real part of the arg term disappears (f and g are real-valued on R) in
the limit, and the sum (9.7.6) is real. Therefore the arg term also approaches
Zero.

We split up the log integral into 16 double integrals, each one involving
a side from each of the two rectangles. We argue that any portion of the
integral involving a vertical side can be neglected. This follows from (9.12.1),
(9.12.2), and the fact that z; and 25 remain a positive distance apart, so
that |s(z1) — s(22)| is bounded away from zero. Moreover, at least one of
|s(21)], |s(22)| is bounded, while the other is bounded by 1/v, so the integral
is bounded by Kvlogv~!

— 0.
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Therefore we arrive at

b+e
o2 / /a f(x+i20)g (y +iv) + f(z +i20)g (y + iv))

x log|s(z + i2v) — s(y +iv)| — (f'(z +i20v)g (y + iv)
+f(z +i20)g (y + iv)) log |s(z + i2v) — s(y + iv)||dzdy.
(9.12.3)

Using subscripts to denote real and imaginary parts, we find

b+e
(9.12.3) / / x +1i20) gL (y + iv)

_fi (z +i20)gi(y + iv)) log |s(z + i2v) — s(y + iv)|
—(fi(@ +i20)g,(y + ) + f{(2 + i20)gi(y + iv))
x log|s(x 4 i2v) — s(y + iv)|]dzdy

1 b b+e
S A RN ACER-RVATRR

s(x +12v) — s(y + iv) ded

1
08 s(z +1i2v) — s(y + iv)

(9.12.4)

b+e
+ﬂ.2 / fi(x +i20)gi(y + iv)log | (s(z + i20)
—s(y +iv))(s(x + i2v) — s(y + iv))|dzdy. (9.12.5)

We have for any real-valued h analytic on the bounded interval [«, 5] for
all v sufficiently small,

sup |hi(x + )| < K|v|, (9.12.6)
z€la,f]
where K is a bound on |h/(z)| for z in a neighborhood of [a, §]. Using this
and (9.12.1) and (9.12.2), we see that (9.12.5) is bounded in absolute value
by Kv?logv~! — 0.
For (9.12.4), we write

sz +1i2v) — s(y + iv)
s(x +1i20) — s(y +iv)

1 log (1+ 4s,(x + i20)s,(y + w) .
2 [s(z 4+ i2v) — s(y + iv)|?

(9.12.7)

From (9.12.2), we get

RHS of (9.12.7) < ; log (1 + ( 16s;(xz + i2v)s,(y + iv) )
x

—y)?|s(z +i2v)s(y + iv)[?
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From (9.12.1), we have
. i20)s. ;
sup s;(x +? v)s;(y + w)2
sela—ente |S(T +120)s(y + iv)|

ve(0,1)

Therefore, there exists a K > 0 for which the right-hand side of (9.12.7)

is bounded by
1 K
1 1 2.
e (1, 5 ) 9128

for x,y € [a—e,b+¢]. It is straightforward to show that (9.12.8) is Lebesgue
integrable on bounded subsets of R2. Therefore, from (9.8.10) and the domi-
nated convergence theorem, we conclude that (9.8.11) is Lebesgue integrable
and that (9.8.8) holds.

9.12.2 Verification of (9.8.9)

From (9.7.1), we have

d s2(2)
5(z) = 2er (s :
dz 1—y [ (1t+ts((z)>)2 dH (t)

In Silverstein and Choi [267], it is argued that the only places where s'(z)
can possibly become unbounded are near the origin and the boundary, 0Sg,
of Sp. It is a simple matter to verify

px = b [0 ros(1-0 [ 1510 an)
_ _471m_ /f’(z)Log (1 —y/ (listz((i)))ZdH(t)> dz,

where, because of (9.9.22), the arg term for log can be taken from (—m/2, 7/2).
We choose a contour as above. From (6.2.22), there exists a K > 0 such that,
for all small v,

inf
zeR

1252 (z + iv) o
1- y/ 1+ ts(e +w))2dH(t)‘ > K2 (9.12.9)

Therefore, we see that the integrals on the two vertical sides are bounded by

Kvlogv™! — 0. The integral on the two horizontal sides is equal to
1o, 2% (x + iv)
; iv)log |1 — dH(t)| d
277/@ fz(x+Z’U) 0g y/ (1+t8($+’6v))2 ( ) €L
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1, ) 2% (x + iv)
+2ﬂ_ /a fr(x 4 iv) arg (1 — y/ (1+ts(z+ iv))QdH(t)> dx.
(9.12.10)

Using (9.9.22), (9.12.6), and (9.12.9), we see that the first term in (9.12.10)
is bounded in absolute value by Kvlogv~! — 0. Since the integrand in the
second term converges for all © ¢ {0} UdSF (a countable set), we therefore
get (9.8.9) from the dominated convergence theorem.

9.12.3 Derivation of Quantities in Example (1.1)

We now derive d(y) (y € (0,1)) in (1.1.1), (9.8.12), and the variance in
(9.8.13). The first two rely on Poisson’s integral formula

L 1—r?
u(z) = 2w /O ufe )1 + 72 — 2rcos(d — o) do, (9.12.11)

where u is harmonic on the unit disk in C, and z = 7e!® with r € [0,1).
Making the substitution z = 1+ y — 2,/y cos ), we get

1 [ sin? 0
d(y) = log(1 +y — 2 0)do
(y) 7T/O |4+ y—2,/ycosh og(l +y —2/ycost)

1 [ 2sin? 0 4
= log |1 — /ye'|*d6.
27r/0 1+y—2y/ycost og | Vel

It is straightforward to verify that
f(z) = =(z =271 (log(1 = vyz) + Vyz) — Vy(z = 2%)
is analytic on the unit disk and that
R f(e?) =2sin?log |1 — /ye™|.
Therefore, from (9.12.11), we have

d) = TV 0y o1

l-y Y

For (9.8.12), we use (9.8.9). From (9.7.1), with H(t) = Ij; )(t), we have
for z € C*

1 Y

T +1—|—s(z)'

o) (9.12.12)

Solving for s(z), we find
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S(Z):—(z+1— —|—\/z—|—1— y)? — 4z

—(z+1-y —l—\/z—l— — 4y

the square roots defined to yield positive imaginary parts for 2 € CT. As
z— x € [a(y),b(y)] (limits defined below (1.1.1)), we get

S(m):—(x—i—l— +\/4y (x—1—1y)2i

—(z+1—vy) —l—\/m—a y)—x)z

Identity (9.12.12) still holds with z replaced by x, and from it we get

s(x) 14 wxs(x)

1+s(x) y
so that
s*(x)
Y0 sy
(- 1my) +\/4y (=192}’
Ty
V4y Zy—l_ )2(\/4y—(x—1—y)2+($—1_y)z>

Therefore, from (9.8.9),

1w - r—1-y
EX; = () tan™! dx
! 27T/a(y> Joe <\/4y—(x—1—y)2>
_fla(y) + fby) 1 W f(@)
- ) /a(y) Jiy— (@1 da. (9.12.13)

To compute the last integral when f(z) = logz, we make the same substitu-
tion as before, arriving at

1 21 )
log |1 — /ye'|2d6.
o | Tomi = v

We apply (9.12.11), where now u(z) = log|1 — /yz|?, which is harmonic, and

r = 0. Therefore, the integral must be zero, and we conclude that

log(a(y)b(y))
4

1
EXiog = = ) log(1 — y).
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To derive (9.8.13), we use (9.8.7). Since the z;, 22 contours cannot enclose
the origin (because of the logarithm), neither can the resulting sq, so contours.
Indeed, either from the graph of z(s) or from s(x), we see that z > b(y) <=
s(z) € (—(14 /y)~10) and z € (0,a(y)) <> s(z) < (y/y — 1)~*. For our
analysis, it is sufficient to know that the s1, so contours, nonintersecting and
both taken in the positive direction, enclose (y — 1)~ and —1, but not 0.
Assume the sy contour encloses the s1 contour. For fixed so, using (9.12.12)
we have

1 Y
/log(z(sl)) ds, :/ 52 7 (1+4s1)2 1 ds,

(51 —52)? —511 + 1+y81 (51— s2)
1+s1)2—ys? [ —1 1
= / ( +Sl) ys1 + 1 d81
ysi(si —s2) \s1+1 s1— 1

y—
1 1
= 271 — 1 .
so+1 So — y—1

1 1 1
VarXiog = o / (s Ll el 1 ) log(z(s))ds

Therefore,

y—1
1
1 1 1 s—
= / - . | log vl ) ds
i s+1 s— s+1
y—1
1 1

— — 1 ds.
m’/ s+ 1 5—1/11] og(s)ds

The first integral is zero since the integrand has antiderivative

which is single-valued along the contour. Therefore, we conclude that

VarXjog = —2[log(—1) — log((y — 1)71)] = —2log(1 — y).

9.12.4 Verification of Quantities in Jonsson’s Results

Finally, we compute expressions for (9.8.14) and (9.8.15). Using (9.12.13), we
have
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C(aly)+ ) 1 [PW -
EX,r = 4 / \/4y . l_y)zdx
s 21
SR 4171'/0 11— e[ do

a(y))” +
4
ey 1 ; (0) () (- vareeea=srap

1 1 r 2 )
= = v - 3 () o
j=0
which is (9.8.14).

For (9.8.15), we use (9.8.7) and rely on observations made in deriving
(9.8.13). For y € (0,1), the contours can again be made enclosing —1 and not
the origin. However, because of the fact that (9.7.6) derives from (9.8.5) and
the support of F¥:Iii.) on RY is [a(y), b(y)], we may also take the contours in
the same way when y > 1. The case y = 1 simply follows from the continuous
dependence of (9.8.7) on y.

Keeping ss fixed, we have on a contour within 1 of —1,

/( (:l . 1JrS12) dsy

S1 — mz)
1 1-— m
:yr1/<81+1 + yy> (1—(51+1))—r1(52+1)—2

k1=0
. 00 /—1
rt+J— 1) j -2 s1+1
XZ < . (81+1)](82+1) Zf dsq
g J =t so+1
T — 17‘1 k?l k‘l
2ry — 1 — (ky + /¢
_27my’r’1 Z Z < )( ) < 1 . _(11 + )>€(52+1)_2_1
k1=0 £=1 !
Therefore,
. ri—1ri—kq ky
Cov(Xyr, Xyra) = — _y™ 77 Z Z < ) ( )
k1=0 ¢=1

e £

k2=0
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o0 - 1 )
X(82 + 1)k277‘2 Z (7’2 +j )(82 + l)deQ

Jj=0

ri—1 7o
= 2y7’1+r22 Z (;i)(;z)

k1=0 k2=0
y 1—y kl+k2T§1£ 2r—1—(k1 +£0)\ (2r2—1 —ko +{
y ri—1 ro —1 '

which is (9.8.15), and we are done.

9.12.5 Verification of (9.7.8) and (9.7.9)

We verify these two bounds by modifying the proof in Theorem 5.10. We
present the following theorem.

Theorem 9.13. For each fized n, suppose that x;; = xE;), i =1,---,p,
j=1,---,n are independent complex random variables satisfying Ex;; = 0,
max; 2?21 |1 — Elzi;]?| = o(n), max; ;, Elz;|* < oo, and |zij| < nnv/n,
where 1, are positive constants with n, — 0 and nnn1/4 — o0. Let S,, =
(1/n)XX*, where X = (X;;) is p x n with p/n — y > 0 as n — oco. Then,
for any > (14 /y)? and any £ > 0,

P(Amax(Sn) > u) = o(n™").
Moreover, if y € (0,1), then for any p < (1 — \/y)2 and any ¢ > 0,
P(Amin(Sn) < i) = o(n™%).

Proof. We assume first that y € (0,1). We follow along the proof of Theorem
5.10. The conclusions of Lemmas 5.12 and 5.13-5.15 need to be improved
from “almost sure” statements to ones reflecting tail probabilities. We shall
denote the augmented lemmas with primes (') after the numbers.

For Lemma 5.12, it has been shown that for the Hermitian matri-
ces T(I) defined there, and even integers m,, satisfying m,/logn — oo,
mnni/?’/logn — 0, and my, /(Nuy/n) — 0,

BT (1) < n?((21 + 1)+ 1) (p/n)™ (1 + o(1)) 7!

(see (5.2.18)). Therefore, writing m,, = k, logn, for any € > 0 there exists an
a € (0,1) such that, for all large n,

P(trT(l) > (2L 4+ 1)l + 1)y(l*1)/2 +e)
< e =2t IR = o(n ) (9.12.14)
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for any positive £. We call (9.12.14) Lemma 5.12".

We next replace Lemma 5.13 with the following one.
Lemma 5.13'. Under the conditions of Theorem 9.13, for any e >0, f > 2,
and £ >0,

n

> (sl Bl )] > ¢) = o7

P (n_f/Z max
1<p |4
j=1

Proof. Similar to the estimation for moments of S; given in the proof of
. . —-1/2 1
Lemma 9.1, choosing an even integer k,, ~ 1, ' v~ logn, we have

n k
nI2Y (il - Elryl’)
j=1
Z n=° ;45 s k

1<s<k/2
< v(nmy) 7 (40m,)* = o(n®),

for f > 2 and any fixed ¢, where v is the super bound of the fourth moments
of the underlying variables. This completes the proof of the lemma.

Redefining the matrix Y in Lemma 5.13 to be [ Xuo|?], Lemma 5.13/
states that, for any € and ¢,

P(A max{nle,(} Y,(} }>T7+¢e)=o0(n" )
P(Amax{n~ Yn2 Y£L2 }>y+e)=o(n" )
¢

PAmax{n IYPY '} > 6) =o(n™") for any f > 2.

For the first estimation, we have
max{n_lY(l)Y(l) P<T,(1)+ maxz |2 ]2

Thus,
Pmax{n YYD 5 74 2
1 - )
<P(ITa()] > 6 +¢/2) +P( max Y _ |z > 1+ ¢/2
j=1
<o(n™"),

where we have used Lemma 5.12 for P(||T,(1)| > 6 +£/2) = o(n~*). The
second probability can be estimated by Lemma 5.13".
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For the second and the third estimations, we use the Gersgorin bound?
Amax{n /Yy () *}

n
- 2
< maxn f g |22

j=1
n
+maxn >N " fa || |7
! ki j=1
n n
— 2 —f/2
< maxn fZ\mm I+ (m;axn I/ Z|xijf>
j=1 j=1

P
X <m]axnf/2 3 mkjf>. (9.12.15)

k=1
When f > 1, then

n
— 2 —
T S B <2 0.
j=1

Thus, in application of Lemma 5.13’, we may use

P( maxn /23 Jay|f = e =o(n~) |, for f>1,
j=1

P (Amax{n‘QY,(f)Y,(f)*} >+ s)

n n
-2 44 € 1 2 €
< P| maxn E |45 2 +P mlaxné |mij\21+2+y
Jj=1 J=1
1< €
+P| max E T2 >y +
< ni:1‘13| ZY 24y

=o(n™").
For f > 2, we have

2 Gerégorin’s theorem states that any eigenvalue of the matrix A = (a;;) must be enclosed
in one of the circles with center ap; and radius Zj;ék |aji|. Its proof is simple. Let X be

an eigenvalue of A with eigenvector x = (x1,---, ) . Suppose |x;| = max;(]z;|). Then
the conclusion follows from the equality

(akk - )\):L'k = —Zaijj‘
ik
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*
PQmax{(n YYD} > )

< P(nf maxz 212 > 6/2) +P<nf/2 maxz 2|7 > \/6/2)
j=1 j=1

P
+P<nf/2 maxz ‘ij|f > \/€/2>
T k=
=o(n™").

The proofs of Lemmas 5.14" and 5.15" are handled using the arguments in
the proof of Theorem 5.10 and those used above: each quantity L,, in the proof
of Theorem 5.10 that is o(1) a.s. can be shown to satisfy P(|L,| > ¢) = o(n™").

From Lemmas 5.12" and 5.15’, there exists a positive C such that, for every
integer k£ > 0 and positive € and ¢,

P(|T — yI||* > CE*2%y*/2 1+ ) = o(n™"). (9.12.16)
For given € > 0, let integer k£ > 0 be such that
2y(1 — (kY% < /2.
Then
2y + € > 2/y(CEHY* 4 /2 > (CE12Fy*/2 1 (e/2)F) /",
Therefore, from (9.12.16), we get, for any ¢ > 0,
P(|T —yI|| > 2y +¢) =o(n™"). (9.12.17)

From Lemma 9.1 with A =T and p = [logn], and (9.12.17), we get for any
fixed positive £ and ¢,

P([[Sn — (1 +y)I|| > 2/y +¢)
<P(|Sy —I—T| >¢/2) +o(n™")

n
= P( max
1<p

7171 Z |Xij|2 -1
Therefore, for any positive > (1 + /y)? and ¢ > 0,

> 6/2> +o(n™%) =o(n™"%).

Jj=1

P(Amax(Sn) > 1)
= PAmax(Sn = (L+9)1) > = (1 +vy)* +2/)
<P(ISn — (1+ Il > 2y/y + p— (14 /y)*) = o(n™).

Similarly, if 4 < (1 — /y)* and £ > 0,

P(Amin(Sn) < 1)
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<P([Sn = L+ I > 2y + (1= vy)* — ) = o(n™").

Fory > 1 and p > (14,/y)?, choose p such that (1+1/\/y)* < u < (n/p)p
for all n sufficiently large. Then, for these n and any ¢ > 0,

P(AmaX(Sn) > H) = P(AmaX(l/p)X*X > (n/p)u)
< PAmax(1/p)X*X > 1) = o(n™").

Finally, for y = 1 and any p > 4, let y < 1 be such that yu > (1+,/y)*. Let
my, be a sequence of positive integers for which p/(n +m,,) — y. Notice that
n/(n+my,) also converges to y. Let X be p X m,, with entries independent of
X and distributed the same as those of X. Choose p satisfying (1 + \/y)z <
w< (n/(n+my))p for all large n. For these n and any ¢ > 0, we have

P(Amax(Sn) > 1) < P(Amax(Sn + (1/n)XX") > p)
< Pmax(1/ (1 + 1)) (XX +XX7) > 1) = o(n~")

and we are done.

9.13 CLT for the F-Matrix

The multivariate F-matrix, its LSD, and the Stieltjes transform of its LSD
are defined and derived in Section 4.4. To facilitate the reading, we repeat
them here. If p/n; — y1 € (0,00) and p/ng — y2 € (0, 1), then the LSD has
density

2nz(y1+y22) ’

Var= (v e (ow)? e (1= g1) + 2(1— )2 > 0,
0, otherwise.

27z (y1+y2x) ’

_ (1=y2)y/(b—2) (a—a) when a < x < b,
0, otherwise,

2
where a,b = (1$\/y11—|_-z;z2—y1yz) . The LSD will have a point mass 1 —1/y; at

the origin when y; > 1.
Its Stieltjes transform (see Section 4.4) is

(1—=y1) = z(y1 +y2) + \/((1 —y1) + 2(1— y2)>2 — 4z

s(e) = 22(y1 + 2y2)

b

from which we have
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2
y1(1 —y1) — 2(2y2 — yay2 + yi) + yl\/((l —y1) +2(1- yz)) — 4z
S(z2) = )
) 22(y1 + 2y2)
where s(2) = =¥ +y15(2).

The CLT of the F-matrix has many important applications in multivariate
statistical analysis. For example, in multivariate linear regression models X =
BZ + ¢, where 8 = (01, 2) is a parameter matrix, the log likelihood ratio
statistic T, up to a constant multiplier, for the testing problem

Ho: 1 =p7 vs. Hy: 1 # ]

can be expressed as a functional of the empirical spectral distribution of the

F-matrix,
/f ydEFinimz} (g Zlog + )

where the \;’s are the eigenvalues of an F-matrix, F{"1:72}(z) its ESD, and
f(z) = —log(1l + ). Similarly, it is known that the log likelihood ratio test
of equality of covariance matrices of two populations Hy : X1 = X is equiv-
alent to a functional of the empirical spectral distribution of the F-matrix
with f(z) = y1+”2 log(yox + 1) — log(x). It is known that the Wilks approx-
imation for log likelihood ratio statistics does not work well as the dimension
p proportionally increases with the sample size and thus we have to find an
alternative limiting theorem to form the hypothesis test. We see then the
importance in investigating the CLT of the LSS associated with multivariate
F-matrices.
Throughout this section, we assume that

Yn, = p/n1 — y1 € (0,00) and  yn, = p/n2 — y2 € (0,1)

as min(nq, ne) — oo.

Let s{"72}(2) denote the Stieltjes transform of the ESD Fintm2}(z) of
the F-matrix S;S; " and st¥1:¥2}(2) denote the Stieltjes transform of the
LSD Flvivzt (). Let stnimzt(z) = — 1_3"1 + 4y, sTm2} (2) and s{viv2}(2) =
—1;“ + g1 sW1v2}(2). For brevity, st¥192}(2) and s1¥2} (2) will simply be
written as s(z) and s(z).

Let sp,(z) denote the Stieltjes transform of the ESD F,,(x) of So and
5y,(2) denote the Stieltjes transform of the LSD Fy,(z) of Sa. Let s,,,(2) =
=TI s (2) and s, (2) = =1 4 gy, (2).

Let H,,(z) and H,,(z) denote the ESD and LSD of S; . Note that | is a
positive eigenvalue of Sy if A is a positive eigenvalue of S5 ! Hence, we have
Hy,(x—0)=1—F,,(1/z) and Hy,(z) =1 — F,,(1/z) for all > 0.
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9.13.1 CLT for LSS of the F-Matrix

Let Fimtm2}(z) and F{¥n19n2} (z) denote the ESD and LSD of the F-matrix
8182_1. The LSS of the F-matrix for functions fi,..., fi is

(/ﬁ@)nwg - [ e n”u>)

Cn,ap () = p (B 72 () = FOra0m) (@)

In fact, we have

J fi(@)dGy i (2) = [ filw) d [p- (Fmn2d (@) — Flvmve) (2))]

where

:Zp: /fz ynz)\/(bn_x)(m_an)dx

27 - (Yny + Yn, )

fori=1,---,k, where a, = ((1 7; ))2 and b, = ((11j£:;);, h2 = Yny + Yny —

Yn1Yns, and the A;’s are the eigenvalues of the F-matrix 8182_1.
We shall establish the following theorem due to Zheng [310].

Theorem 9.14. Assume that the X -variables satisfy the condition

ZE‘ I(|X55| = /nn) — 0,

nip

for any fixed n > 0, and the Y -variables satisfy a similar condition. In addi-
tion, we assume:

(@) {Xij,Yinjo,t1, 01,102, j2} are independent. The moments satisfy
EXi1j1 = EYizjz =0, E‘Xiljl ‘2 = E|Yi2j2‘2 =1, E|Xi1j1 |4 =B +r+1, and
E|Xiy;,|* = By + £+ 1, where k = 2 if both the X -variables and Y -variables

are real and k = 1 if they are complex. Furthermore, we assume EXZU1 =0
and EYZZ]2 = 0 if the variables are all complez.

(0) yn, = .1 — Y1 € (0,400) and yn, = » — y2 € (0,1).

(¢) fi, -+, fx are functions analytic in an open region containing the in-

terval [a,b], where

. (1= y/y1)? and b (1+\/y1)2.

(1—y2)? (1—-y2)?

Let h? =y, + yo — y1y2. Then the random vector
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f fl (x)dénl,nz (l‘)

Zp: /fl ynz \/(b _x)(m_an)dx

27Tl' y’ﬂ1 + y’nz )

27 - (Yny + Yny )

ifk( /fk ~ Yn,) \/(b _m)(x_an)dx
j=1

converges weakly to a Gaussian vector (Xy,,---, Xy, ) with means

EXy = lim[(9:13.1) + (9.13.2) + (9.13.3) + (9.13.4)],

where
r—1 |1+ hel? 1 1 1 1
dms %ﬁl—lfi <(1 —y2)2> [f—rl N E4r 1 g— Vv ; £+ VP dg
(9.13.1)
fo 1= pa)* | <1+h£2> 1
p-l 4 |1+h£|2> 1 12
Ami %5—1 fi ((1 —y2)? L_ vz T e et d¢  (9.13.3)
By - (1 —y2) ‘<|1+h§|2> €2 vz 1 1 B ]
A j{f—lfl (1-12) (§+"2) -V Vi L4 ‘
(9.13.4)

and covariance functions
Cov(Xy,, Xy,) = hm [(9.13.5) 4+ (9.13.6) + (9.13.7)],

where

\1+h€1\2 [14-hés|
4 7{1| 17{2| 1 . y2§12f€2() " ) de1dts (9.13.5)

(11+he? [1+h&a|?
_ﬂw'yl(l_y2)2% f’(<1+92)2)d§1% g ((1+y2 )d§2 (9.13.6)
amh? S @+ )T Jlgim G+ )
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|1+hg: |* [14+h&s|?
By - y2(1 — y2)? 7{ fi ( (122 ) de 7{ 1 ( (1=y2)? )d§ (9.13.7)
- 1 2. 3.
4m2h? =1 (&%) o=t (G2 5)?

9.14 Proof of Theorem 9.14

Before proceeding with the proof of Theorem 9.14, we first present some
lemmas.

9.14.1 Lemmas

Throughout this section, we assume that both the X- and Y-variables are
truncated and renormalized as described in the next subsection. Also, we will
use the notation defined in Subsections 6.2.2 and 6.2.3 with T = S; .

Lemma 9.15. Suppose the conditions of Theorem 9.14 hold. Then, for any
z with Sz > 0, we have

1+ zs(2)

I ml/27y—1 /2, i.p.
max e;E;T/°D; ()T “e; + y1s(2) —0 (9.14.1)
and
_ _ 1 [a-dF,(z)]| ip
1/21y—1 1/2 1 y P
max e/E; T/ D; ()T 2 (s()T+1) e; + B / @+ 5(2))2 0,
(9.14.2)
where e; = (0,---,0,1,0,---,0)" and E; denotes the conditional expectation
~ -~ -
i—1

with respect to the o-field generated by X.q, ---, X.; and Sy with the conven-
tion that Fy is the conditional expectation given So.
Similarly, we have

1 - 1 1
B Sy — T Y. YE - 20 ; : 0 i
(s vvya) tan L

max
.7

(9.14.3)
where E_; for j € [l,n9] denotes the conditional expectation given
Y, Y1,....,Y,,, while E_,,_1 denotes unconditional expectation.

Proof. First, we claim that for any random matrix M with a nonrandom
bound [|[M]| < K, for any fixed ¢ > 0, ¢ < p, and z with |Sz| = v > 0, we
have
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P(sup |Eje§T1/2Dj_1(Z)Tl/zMei—Ejeng/szl(Z)Tl/zMei\ >¢e)=o(ph).
J<nz
(9.14.4)
In fact,

E;e{T'/?D; " (2)T/*Me; — E;e;T'/*D ™" (2)T"/*Me;,|
E_e;T1/2D;1(z)rjr;DngWMei

< KE;|e/TY?D 1 (2)r; 2.
J 1+r;<DJ—1r] — .7| 7 7 ( )]‘

By noting Tlt‘e;(Tl/ZD;1(z)TDj_l(z)Tl/Z)ei < K/n and applying Lemma

9.1 by choosing | = [log n|, one can easily prove (9.14.4).
To show the convergence of (9.14.1), we consider

e/T/?E,D7'(2)T"?%e; = E;e/T/*D ! ()T %e;.

Note that

TY2D 1 (2)TY? = (S1 —2-S3) " =D !(2).
That is, the limits of the diagonal elements of
E,T'/?2D ! (2)T'/? = E;D(2)

are identical. To this end, employing Kolmogorov’s inequality for martingales,
we have

L = P( sup  |E;eiTV/2D1(2)T" %e; — Ee§T1/2D’1(z)T1/2ei’ > g)
—n2<j<ni
4
< e |E,, [ TV2D 1 ()T 2e; — E,nz,le;TWD*l(Z)T1/2ei‘
ni 4
=e'E| > (Br—Ex1)e/D ' (2)e;
k:—n2
ni 4
~E| Y (Bx —Ei1)e] (D—l(z) -D; (z)) el |
k:—n2
where _
- {D—lxkxz, if k>0,
Di=95_"% . :
D+ Y 41 Y5, ifk<0.

Thus, by Burkholder’s inequality,

n ~ ~ 4
1+ X5 D' X /na

k=1
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0 Ty—1 * ~—1 4
K Zein Y._k_;,_lY‘_ D7 €e;
4 ) 4E Z (Ek _Ekrfl) k+i. o k+1 k+1
I Py L=2Y DT Yo /ng
K - 'D; !X . X* D le;
a1 | B ZE’C* Sk T 111C ¢
e k=1 1+ X5,D; Xk /m
= DIX,X, D e ||
+ZE ey ffik k ©i
=1+ XD X/
K 0 DL Y Y . DL el i
o B DD Bea| RO e
€y k=—ns 1- ZY-7k+1ka+1Y-—k+1/”2

~ ~ 4
/ -1 * —1
D7} Yy Y, DT} e

1-— ZYfk_k+1]Aj:]1€+lY.,k+1/n2

0
+ ) [E

k:—n2

When & > 0 and |3z| = v > 0, (i.e., z is on the horizontal part of the contour
C), it has been proved that

1
1+ X5D ' Xy /m

2]
= 'U.

Therefore, by Lemma 9.1, we have

- ~ 2\ 2
K - e/D.'X ;XD 'e;
VRS ZEk*l k*f—lk g
etng = 14+ X5D 5 X i /g
K L ~ ~ 2\ *
—1 * —1 —2
< i ‘E kZE,H e/D;'X X% D 'e; = 0(ny?)
=1

and

~ 4 ~_q 4
e/D, "X, XD, "e;
1—|—X.k]5,:1X.k/n1

K &
ni ZE

k=1

47,3
ving

K|z|* & ~ ~ 4
< Kl Y E|e/D, XX Dy les| =o(n;!).
1
Furthermore, by noting that

1
1-2Y* DY jii/ne

z
2= [2PY DY g /e

e
o

)
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we can similarly prove that

2
~ ~ 2
0 1 —1
K Ze;DlelY-—k+1Y-*7k+1ka+1ei -2
et B\ 22 Beo 1-2Y*,, DL.Y = 0ln)
2 k=—ns —2Y DT Y /ne
and
4 0 /]5—1Y Y+ ]5—1 . 4
Rl Z g |Gk PR Yk Pk € = o(ny ')
4 * n—1 - 2
5 R 1-— ZY-—k—i—le Y.,k+1/n2

We therefore obtain
max ‘Eje;Tl/szl(z)TWei - Eeng/zD’l(z)Tl/zei’ 0 inp.
If the X and Y variables are identically distributed, then
Ee/TY?D™1(2)T' ?e; = Zl)trETWD*l(z)Tl/?
Similar to (9.9.20), we have

e/ T/2D~1(~ 1/29‘:1 r —1¢, _ 1
BT D ()T, = L fur(rD i) =" (1)

p p(
l4zs(z) [ dEy,(z)
zys(z) /z(m+s)

Thus, (9.14.1) follows.

We should in fact show that the limit above holds true under the conditions
of Theorem 9.14. Let D; ,, = D — ' X;X5 + | W;W?*, where W consists
of iid entries distributed as Xi1; that is, we change the j-th term nll X; X5

with an analogue || W;W? with iid entries. We have

-1 -1, _ 15 s S T b St AV M- p-1\a.
Ee;D™'e; — Ee;D; ,e; = Ee;(D™" —D; ")e; — Ee;(D;,, — D )e;
= nflEe;D;1 [X]X;ﬂj — ij;ﬁj,w} D;Iei,
where §;., = (1 +n1_1W;f]5j_1Wj)’1. Let Bj = (1+ nl_ltrﬁj_l)’l, ¥; =

nl_l[X;f]Sj_lXj - trﬁj], and ;.. = nl_l[W;fﬁj_le - trﬁj]. Noting that
Bjw = Bj — BjBjwjw and a similar decomposition for (3;, we have

-1 -1
‘EeiD e; — Ee;D; e

_ -1
=n,

Ee;D; ! [ij}fﬁjﬂj% - ijjﬂj,wﬁj;yjﬂU] D; e
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1/2

K ~ ~ ~ R 1/2
< o | (BB X B, ) (ElelD W el )

= 0(n;*?).

Using the same approach, we can replace all terms nll X;X7 in S1 by
n11 W;W7. The total error will be bounded by O(nflm). Also, we replace

all terms in Sy by iid entries with a total error bounded by O(ngy 1 ?). Then,
using the argument in the last paragraph, we can show that (9.14.1) holds
under the conditions of Theorem 9.14.

In (9.14.1), letting yo — 0 or T = I, we obtain

1

e;E»(Sl —20) e + ‘
7 z(sy1 () +1)

max — 0 in p.

Y

By symmetry of S; and S», we have

max
2,7

e;Ej)y (82 — ZI)il e; +

1
— 0 inp.
2(sy,(2) + 1)‘

This proves (9.14.3). Note that — _ (1Z)+1) =5,,(2).
Y2

Finally, we consider the limits of e/T*/2D~!(z)(sT + I)~'T'/2e,. Using
the decomposition (9.9.12) and the similar arguments (9.9.13)-(9.9.16), one
can prove that

e/TV/2D7 1 (2)(sT + 1) 1T 2%e; = —2 7t/ TYV2(I + 5(2)T) 2T %e; + 0(1),

where o(1) is uniform in ¢ < p. To find the limit of the RHS of the above, we
note that

e/ TY2(1 4 s(2)T) 2T %e; = €/(Sa + 5(2)I) 2Se;

= €e/(Sy + 5(2)I) " te; — 5(2)el(Sy + s(2)I) ey
= e/(Sy + s(2)I) " te; + s(z)jseg(SQ + sI) " tey|s = 5(2).

By (9.14.3), we have

e/T'/2(1+ s(2)T) 2T/ %,
/ dFy,(x) / s(2)dFy, () _ / wdFy, (x)
(z + 5(2))? (@+s()? ) (2+s(2)?
This is (9.14.2). The proof of Lemma 9.15 is complete.
Lemma 9.16. Let so(z) = s,,(—s(z)). Then the following identities hold

(1 —1y2)s0(2) +1
so(2)(so(2) +1)

__so@(s@) H1-wm) o
T A-p)se(a) +1 B



9.14 Proof of Theorem 9.14 313

1— 1/ s?(2)dFy, () _ (1= y2)s5(2) + 250(2) + 1=

(x+s(2))2  (1—y2)sd(2) +2s0(z) +1
[l
r+s(z)  (1—1y2)se(z) +1’
[t A()
(x+s(2))2 (1 —y2)s5(2) +2s0(2) + 1

((1 = y2)s0(2) +1)*

) =7 (1 - yo)si(e) + 250(2) 41— g

and
1 2 Y2
—(1=92) (SO(Z) + 1*1/2) + (1-y2)

s'(z) = 2(2) - (s0(2) + 1)? - 50(2)
_(l—yg)s%—&—Qso—i—l o

Proof. Because
1—y2
S == P (o), (9.14.5)
we get s, (2) = —1;2?’2 L+ yl2 - 8y, (2); that is,
1 1

So we have

/ dFy, (x) =5 (—s(2)) _ e + ! s (—s(2)). (9.14.6)

(x+s(2))2 % 2 (s(2)? oy
Therefore, @
_ 1 yldFy2 X
o7 s(z) +/ x + s(2)
__ 1 _wnl-w)  w 5, (—5(2)) (9.14.7)

s(2) Y25(2) Y2
Y1+ Y2 — Y1y2 1 Y1
= . + " s, (—s(2)).
wo s T

Using the notation h? = y; + 32 — y1y2 and differentiating both sides of
the identity above, we obtain
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= h? §'(z) = s (—s(2))s'(z
L= as(e2® )~ 5 (5025 (2),

y2(s(2))?

e
This implies s'(z) = B2y (5(2))20), (—5(2)) or

yi(5(2))%s, (—s(2)) = > = ¥ 5(z)° (9.14.8)
We herewith remind the reader that s; (—s(z)) = dd€ 8y, (&)e__.., instead of
ddzsyZ(—s(z)). So, by (9.14.6) and (9.14.8), we have

oy [P 12 peGPA) _OOR g

(x+s(2))? v Yo s
. . . o 1 . c e
The Stieltjes transform s,(z) satisfies z = T, () + 1+sy;2 ()" Differentiating

both sides, we obtain 1 = ((Syz](-z))2 - (1+Sj§(z))2) 8y,(2). Therefore, s} (2) =

(5, (2)?

1=yas,, (2))2(1+s,, ()2 20d thus

[, (—=3(2))]?

B = (—s D2 [+ 5, (—s()]

(9.14.10)
1
Because z = e + 1+Sﬁ () then we have

1
Sy, (—5(2)) Tt 5, (=5(2)) 5, (=5(2)) - (5, (=5(2)) + 1)

Recall that so = s,,(—s(2)). By (9.14.7), we then obtain the first two con-
clusions of the lemma,

! : (1= 32, () +

1- 1 1-
I=mlsotl g = _folotl-m) (9.14.11)

s(z) = so - (so+1) (1—y2)s0+1

Differentiating the second identity in (9.14.11), we obtain

(280 + 1 —y1) (1 —y2)so + 1) —s0(so + 1 —y1)(1 —y2)] 56.

l=- 2
(1 —y2)s0 + 1)

Solving s{,, we obtain the sixth assertion of the lemma

(1 —y2)s0 +1)°

!
sh=— .
0 (1—y2)s3 +2s0+1—1

By the identity s,,(—s(2)) = 15_(3)2 + Y2 - 54, (—5(2)), we obtain
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z +5(2) Y2 y2 o s(2)
Sy (=8(2))  1—yz 5,,(=5(2))(s,,(=s(2)) +1)
Y2 Y2 (1 —y2)sy,(—s(2)) +1
8y, (—5(2)) B 50

T (L ye)s,, (—s(z) 41 (L—y2)so+ 10

This is the fourth conclusion of the lemma. By (9.14.9), (9.14.10), and
(9.14.11), we obtain the third conclusion of the lemma,

1— yls2/ dFyz(x) _ h? _ Y1 ((]— - y2)50 + 1)2 : 8(2)(1 + 80)2
(+3)2  y2 y2sp(so+1)%-[(1+50)% —y2 - s3]
B (1—y2)8(2)—|—280+1—y1

, 9.14.12
(1 —y2)s3+2s0+1 ( )

where s3 + 7,50+ 1= yl = (so + 11_+;2) . (50 + 11:;2) . Thus,

(z +s(2))? z+s(z) (z +s(2))?
. S0 B so(so+ 1)
(1 —ya)sp+1 [(1—y2)88+280+1]-(1—y2)(80+ 1— yz)
_ 56
(1 —y2)st +2s0+ 1
This is the fifth line of the lemma.
By (9.14.11), we obtain the last line of the lemma,

(1= y2) (so(s0 +1) = (s0 + 1, )(2s0 + 1)) s

s'(z) =
(2) s3(so +1)2
1 2 Yy
2
B —(1—y2) (So + 17,,2) 1y o (1 —y2)s2 +2s0+ 1 L
m% . (So + 1)2 0 8(2)(80 + 1)2 o

The proof of Lemma 9.16 is completed.

1/2 1/2

Lemma 9.17. Let B, = S, 7SS, /% with T = S5, under condition (a)
of Theorem 9.14. When applying Lemma 9.11, the additional terms for the
mean and covariance functions are

dFy., (z z-dF,
/Bz "Y1 53(2) ’ f x-fz((z f (x+sy(2z

1 gy [52(2)(x + 5(2))-2dF,, (2) (9.14.13)
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and

[ S(=) xdEy,(2) [ 8'(22) 2 dEy,(2)
Bz 1 / (@ + 5(21))2 / (@ +5(22)2 (9.14.14)

For B,, = Sy with T = I, under condition (a) of Theorem 9.14, the additional
terms for mean and covariance functions, with z replaced by —s, reduce to

By -y sy, (=5(2)) - (L +5,,(—5(2)))

1T—y2- 832(—5(2)) (1 + 8y2(—8(2)))*2 (9.14.15)

and

a=sn)  s(=s(2)
/By cY2 (1 4 Syz(—s(zl)))z (1 4 SyZ(_S(ZQ)))Z . (91416)

Proof. We consider the case B,, = T/2S;T'/2, where T = S, ' and D;(z) =
B, —zl =7, v = \/1“ T1/2X.j in more general conditions. Going through
the proof of Lemma 9.11 under the conditions of Theorem 9.14, we find that

the process
M, (z) =m |:S{n1,n2}(z) — Splung Hnyd (Z)]

is still tight, where s fluny Hng) (z) is the unique root, which has the same sign
for the imaginary part as that of z, to the equation

1 / t
z=— + dH,,,(t).
S pluny Hny} na [ F 1S plyny Hny} na(?)

Also, its finite-dimensional distribution still satisfies the Lindeberg condition
and thus M,,(z) tends to a Gaussian process. Thus, we need only recalculate
the asymptotic mean and covariance functions. Checking the proof of Lemma
9.11, one finds that the equations (9.9.7) and (9.11.1) give the covariance and
mean functions of the limiting process M (z) as

Cov(M(z1), M(z2)) = © gﬁg;f)
and

T 1y [82(2) (@ + s(2)"2dE,, (1)

where D(z1, z2) is the limit of
ni 1 B
Dp(21,22) = bp(21)by(22) > _Ej s {Ej (nlngl/?Dj L(z)TY2X
j=1
(9.14.17)

1 oo i/2 -1 1/2 1 1
an_jT Dj (ZQ)T X.j—nltI'TDj (22)

1 _
—nltrTDjl(zl)> X Ej<
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and A(z) is the limit of

Ap(z)
b2 3 N - - * — 1 —
=1
1
X <r;Dj—1(s(z)T +D)7trj — nltrDj_l(sT +I)1T>] } (9.14.18)

Applying (9.8.6) to the limits of D, and A, under the conditions of Theorem
9.14, the limit of the term induced by the first term on the RHS of (9.8.6)
should be added to the expression of the asymptotic covariance; that is,
(9.14.14). Also, the limit of tr(T'/2D; ! (2)(sT+1) T2 TY/2D ! (2)TY/?)
should be added to the asymptotic mean; that is, (9.14.13). Please note that
these terms may not have limits for general T as assumed in Theorem 9.10,
but for T = S;' their limits do exist because of Lemma 9.15. Except for
the terms of the mean and covariance functions given in Lemma 9.11, the
additional terms to these functions are derived as follows.
We first consider EM (z). By Lemma 9.15, we have

2 n p
= ’% Z {,Bz Ze§T1/2Dj—1T1/2ei L&/ TV/2D (5T + 1)~ T 2e,
= i=1
~ (5~ EuD; (T + I)*DJ‘T} T o(1)
dF,, (z) /:B~dF (2)
— 2 Y2 Y2

1 2.2
_(m=1)2%s {EtrD’lT(sT+I)’1D’1T} +o(1).
n

The limit of the second term on the RHS of the above can be derived being
the same as given in Section 9.11. Thus the additional term to the mean is
as given in Lemma 9.17; that is,

z-dFy, (x)
/Bwyl S f $+s z) f (:v+s(2,)z
l—ylfs )@+ 5(2))2dFy,(z)

The additional term to D, is

ﬂm ( ) 22 Zze T1/2E D (Zl)Tl/Ze e T1/2E D (22)r:[\1/29i7

n
1 j=11i=1

which, by applying Lemma 9.15, tends to
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5xy1/5(z1)dFy2(x)/s(zz)dFyz(x).

z+ s(z1) x + 5(22)

Thus the additional term for Cov(M (z1), M (z2)) is

[ () wdFy (@) [ () dFy (@)
s | (2 + s(20))? / (z+s(z2)?

The proof of the second part is just a simple application of the first part. The
proof of Lemma 9.17 is completed.

9.14.2 Proof of Theorem 9.1/

Following the techniques of truncation, centralization, and normalization pro-
cedures as done in Subsection 9.7.1, we can assume the following additional

conditions hold:

There is a sequence 1 = 7, | 0 such that |X;| < ny/p and |Yji| < ny/p.
|EXG| = B: + K +1+0(1) and E|Yji| = 8, +r+1+o0(1).

For the complex case, EX% = o(p~") and EY}, = o(p~?).

Write

ny |stmmed(z) — s{ynlvyHQ}(Z):I =n [S{nl,m}(z) _ S{ynl,an}(Z)]

_|_n1 [S{ynl’H"Z}(Z) — S{ynl;yng}(z)] ,

where s{¥n1:fn2}(2) and s1¥n1¥72}(2) are unique roots, whose imaginary parts
have the same sign as that of z, to the equations

1 / t-dH,, (t)

= _S{yannz} + Yni 1 —+ tS{y"I’H"Z}

dF,,(t)
=T g Hapy T Ym {Yny Hoy }
§WnysHng t+s Ynqsddng

and
dFy,, (t)

z = _S{ynl)yng} + Yni - / t+ S{ynl;yng} ’

We proceed with the proof in two steps.
Step 1. Consider the conditional distribution of

n |:S{n1,n2}(z) _ S{y"l’H"Z}(Z)] , (91419)
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given the o-field generated by all the possible S,,,’s, which we will call .7%5.
By Lemma 9.17, we have proved that the conditional distribution of

my [0 (2) = s M) ()] = p [ 5072 () — sl T (2)]

given .%, converges to a Gaussian process M (z) on the contour C with mean
function

(k =Dy [ s(z)*z[x + s(2)]2dF,,, (z)

E (My(2)|.%) = 1 g [ 2(:)(e + 5()-2dE,,. ()] +(9.14.13)

(9.14.20)
for z € C and the covariance function
B §'(z1) - §'(22) 1
COV(Ml(Zl), M1(22)|y2) = K- ((8(21) B 8(22))2 — (Zl B 22)2 + (91414)
(9.14.21)

for z1, 2z € C. Note that the mean and covariance of the limiting distribution
are independent of the conditioning .#%, which shows that the limiting dis-
tribution of this part is independent of the limit of the next part because the
asymptotic mean and covariances are nonrandom.

Step 2. We consider the CLT of

ny [t fned () = gluminad (2)] = p[slymHna} () — slmivna} (2] (9.14.22)

By (9.7.1), under the conditions of Theorem 9.14, we have the equation

t
T S{y"I WYna b Y / 1+ tS{y"1 WYno dHy"2 (t)

1 dF,, (1)
=l y}*ynl'/ (sl
§1Yn1,Yng t 4 sWn1:Yno

On the other hand, s¥m1:f72 is the solution to the equation

B . L dH,, (1)
= S{ynl’H"Z} Ym 1 -+ t- S{ynl;HnZ}

1 dF,,(t)
T slny gy T (s Hns}
S\Ynysting t + s Ynqiing

By the definition of the Stieltjes transform, the two equations above become

1

z = — + .8 _S{ynl;yng}
$lvmy gy Y )

= oy e (st

S{ynl 5

Upon taking the difference of the two identities above, we obtain
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S{ynl 7Hn2} — S{ynl 7yn2}

= oy Hug by _ {ny uno}
O S{ynl;yng} .Synl;HnZ +yn1 |:Sn2( s : ) SnZ( $ ! : )

+Sn2(_s{yn17yn2}) — Syn2(_5{yn1 7yn2}):|
g¥niHny — g{yny yns} (s¥miHne — glumiuna)dE, (t)
o S{ynl vyn2} . Synl an2 Y (t + Synl 7H712)(t + S{ynlvynz})

+yn1 [Snz(_s{ynl)ynZ}) - Synz(_s{ynl)ynZ})] °

Therefore, we have

ny - S{ynl anz}(Z) _ S{ynl vynz}(z):l

n S _S{ynl;yng} — s _S{ynpynz}
— . S{ynl,y@} . S{CUnl;HnQ} . 1 [ n2( ) y"2( )]
n s{ynl’y"2}-s{y"1’H"2}an2(t)

L=yn, - [ (t4s 1 vn2d ). (g5 (vn1 Hna )

ma sy, (—sWmmnad) — s, (—sta))]

1_ f stun ung}, s{ynl,HnZ}an2(t)
Yny (t+svniovnad) (ppstvnaHnady

— _S{ynl;yng} . Synl;HnZ .

Consider the CLT for
ng - {SM (_S{ynl,yw}(z» — 5. (_S{ynpyw}(z))} _

Because, for any z € CT, stvni¥na}(2) — 5(2), to consider the limiting
distribution of

ng - {sm (_S{ynl,ynQ}(z)) — s, (_S{ynl,y@}(z)ﬂ 7

one only needs to consider the CLT for

ng - {Sm (—s(2)) — Sy (_S(Z))} ’

it can be shown that when z runs along C clockwise, —s(z) will enclose the
support of Fy, clockwise without intersecting the support. Then, by Lemma
9.17 and Lemma 9.11 (with minor modification), we have na[s, (—s(z)) —
C (—s(2))] converging weakly to a Gaussian process Ms(+) on z € C with
mean function

Y2 - [sy,(=s(2))P - [1 45, (=s(2))] 7

B(Ma(2)) = (s — 1) - PR
[1 — Y2 (1&22(75@))) }

+(9.14.15)

(9.14.23)
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and Cov(Ma(z1), Ma(z2)) =

,.;.<[SSLZ(—S(21))'5;2(—5(22)) _ ! 2>+(9.14.16). (9.14.24)

o (—8(21)) =5, (=s(22)))> (s(21) = s(22))
_S{ynl vyn2}(z) . S{ynl’an}(Z)
S{ynlvyHQ}(Z)_S{ynlvHHQ}an (t)
1 - y’nl : f (t+s{yn1ayn2}(2)) (t_;’_s{ynleiz})
—82(2)

AP, (1)
f [t+s2z)]2

for z1, z9 € C. Because converges to

we then conclude that

—s'(z) =

11—y - 82
ny - [S{ynl’an}(Z) _ s{y"l vynz}(z):|

converges weakly to a Gaussian process Ms(-) satisfying
Ms(z) = —5'(z) - Ma(z),

with the means E(Mj(z)) = —s'(2) - EMa(z) and covariance functions
Cov(Ms(z1), M3(22)) = §'(z1)8'(22) - Cov(Ma(z1), M2(z2)). Because the limit
of

ny - |:S{n17"2}(2) _ S{ynl vHHQ}(Z):I

conditioned on .%5 is independent of the ESD of S,,,, we know that the limits
of

n - [s{"17"2}(z) - s{ynl’H”‘z}(z)] and nq - [S{y"l’H"2}(z) - s{ynl’yw}(z)}

are asymptotically independent. Thus
we have ny - [s{mm2}(2) — s{vnivna}(2)] converging weakly to a Gaussian
process M (z) + Ms(z), where My (z) and M3(z) are independent. Thus, the
mean function will be

E(M,(2) + M3(2)) = (9.14.25) + (9.14.26) + (9.14.27) + (9.14.28),

where J ()l + ()] Ay, (@)
(k—1). Jr)oi=rETsts ) vt (9.14.25)
[1 -1 [ $%(2)(x + s(2)) 2dFy2(ac)]
s dFy, (x) r z-dFy,
e e {>(Ztl;&z?<> R
B A G ) L)

e ()T
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Y2 - sy, (=5(2)) - (145, (=s(2)))7°

_ﬂy . s/(z) 1_ U - 552(—5(2)) ) (1 n sy2(—s(z)))*2 (91428)
and
Cov(Mi(z1) + Ms(z1), Mi(z2) + Ms(22))
= (914.29) + (914.30) + (9.14.31) — " .
Z1 — %9
where
s'(z1) - x-dFy,(z) [ 8'(22) 2 dFy,(z)
4 / R / IR (9.14.29)

9 ()3 ()5, (—a() - s (s(z2) (9.14.30)

(5, (=8(21)) — 5, (= s( 2))?
s'(21)sy,(=s(21))  '(22)s, (—s(22))

By - Y2 - (9.14.31)

! (L4 sy, (=s(20))2 (148, (=s(22)))%
If we choose the contour C enclosing the interval [a, b], where a,b = ((11?;); ,
we show that [ f(z)dG — o Jo f( z)dz with probability 1 for all

large n. In fact, if y,, < 1 then by the exact spectrum separation theorem,
with probability 1, for all 1arge p, all eigenvalues of the F-matrix fall within
the contour C and hence the equality above is true. When y; > 1, by the exact
spectrum separation, the F-matrix has exactly p —n zero eigenvalues and all
the n positive eigenvalues fall in the contour C. The equality of [ f(z)dG(x) =
27” fc z)dz remains true for all large p.
Then, We obtain that the CLT for the LSS of the F-matrix

([ 5@ nata) . [ A1)

converges weakly to a Gaussian vector (Xy,,---, Xy, ), where

X, — f fils )+ Ms(2))dz
and
COV(XVfi y ij)

_ 1 j{ffi(z)fj(z)Cov(Ml(zl)  My(21), My (22) + My(22))dz1dzs.

472

Recall that so(z) = s,,(—s(2)). Then, by Lemma 9.16, we have

_§fi(2)-(9.14.25)d —y2)s2(2) +2s0(2) + 1 — 1y
2mi %fl ( (1 —y2)s3(2) + 2s0(2) + 1 >
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271'2 2mi (so(z)+1)

ffl 91427dz_/€—1 Yo - 52(2)
oni - f 1z ‘“"g( - (1+800(2))2>

3 dso(2)

§fl (9.14.28)d=
27

= f ( - (aie) (- 500)
and

_$$fi()fi(z2) - (9.14.29)dz B, y1j{ fil 21 f] 22 dSo(Zl)dSO( 2)

472 472 (mo(z1) )2(s0(2z2) +1)2

i(z1)fj(# 9.14.30 121]22ds 21)dsg(z9
_$ 4 fi(z)fi(z2) - ( )dz _47727{?“0 f 0(21)dso(z2)

472 (s0(21) — so(22))?
_$$fi()fi(z2) - (91431)dz By ye j{ fi(21) fj(22)dso(z1)dso(22)
472 472 (so(z1) + 1)2(so(22) + 1)2°
The support set of the limiting spectral distribution F,, ., (z) of the F-matrix

is
(1-h2* (1+h)2]
(1—y2)?"  (I—w2)?]’
when y; < 1 or the interval above with a singleton {0} when y; > 1. Because
—s(a) and —s(b) are real numbers outside the support set [(1 — \/y2)?, (1+
V2)?] of Fy,(x), then by (9.14.11) we know that s,,(—s(a)) and s, (—s(b))
are real numbers that are the real roots of equations

_5u(o5(@) - [s,,(=5(@) + 1= 1]
[ (=sta) = 1] e =)

a= (9.14.32)

and
h— sy2(_s(b)) : [Sy2(—8(b)) +1- yl} .
{Sy’z(_s(b)) - y21_1} ’ (?JZ - 1)
So we obtain s, (—s(b)) = 11"': and s, (—s(a)) = — y - Clearly,

when z runs in the positive direction around the support mterval [a,b] of
Flvivzb(g), 8,,(—s(2)) runs in the positive direction around the interval

I_<_1+h B 1—h>
1—y27 l—yQ ’
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Let so(z) = —11"'_};7;5, where 7 > 1 but very close to 1, |{] = 1. Then, by

Lemma 9.16, we have

__ so(2)(s0(2) +1—w1)
(1 —y2)(s0(2) +,1,,)

This shows that when £ runs a cycle along the unit circle anticlockwise, z
runs a cycle anticlockwise and the cycle encloses the interval [a,b], where

(1Fh)?

(g2 Therefore, one can make r | 1 as finding their values, so we

a,b =
have

_2; %fi(z) C(9.1425)dz =" Mim f; ('1 + h5|2>

dmi i1 Jjg=1 (1 —y2)?
1 1 1 1
x L_Tl tegp T o Vo Teh v d¢ (9.14.33)
1 _ﬂx'yl'(l—y2)2
— ffi(z) - (9.14.26)dz = S
4 1+h§2> 1
: fia—l ! ((1 —y2)?) (4 42)3 d< (9.14.34)
1 k—1
o %fz(z) +(9.14.27)dz = i j{g_l f;
11 +h£2> 1 1 9
- d 9.14.35
X((l_y2)2 g_fjn?_'—g_’_\/;:z §+y}f § ( )

1 By - (1 —yo) |1+ he[?
_2mf{fi(z)'(9'14'28)d'z: Armi }|{g|—1fi<(1—y2)2>

X

2 _ Y2
& hape l ! ! 2 de. (9.14.36)

+ —
e S S A
By Lemma 9.16, we have

1)) b2s0+1 - (L—g (64 00) (6= )e

s'(z) = — so(z) =
s3(2) - (so(z) +1)2 70 hr E+ ) e+ 1)
and )
- (1—y2) §
s(z) = — b 1 oy -
ro(EF ) )
Making the variable change gives so(z;) = —lJlrﬁ;’f", where ro > r1 > 1.

Because the quantities are independent of 7o > r; > 1 provided they are
small enough, one can make 75 | 1 when finding their values. That is,



9.15 CLT for the LSS of a Large Dimensional Beta-Matrix 325

f ]{ fi(z1) fi(22) - (9.14.29)dz1d2 =

42

_5$-y1(1—y2)2% fi (‘(11“:/5;‘ ) dé /i (l(llwz’?)‘ )dg (9.14.37)
472 . p2 l&1]=1 (§1+ 1/2) [€2]=1 (£2+ yz) o

f ]{ fi(21)fj(z2) - (9.14.30)dz1d2o =

42

|(11+h51)\;) fi (|(11+h52)\;>
, lim f f v T agde 9.14.38
2l Jig =1 Jig)=1 (61 —162)? 1 ( )

1 co (1 — 1)2
T A2 f]{fi(zl)fj(@) - (9.14.31)dz1dz = By i/;g . h2y2)
) o g 5 (6530
figl 1 (G + )2 dex fj&l L (ot 1) dgs. (9.14.39)

This finishes the proof of Theorem 9.14.

9.15 CLT for the LSS of a Large Dimensional
Beta-Matrix

As a consequence of the result on the F-matrix, we establish a CLT for
the LSS of the beta-matrix ﬁ{nl)nz} = S5(Sy +d-S1)7!, a matrix function

of the F-matrix, where d is a positive number. If \ is an eigenvalue of the

beta-matrix By, ,,, then } (} — 1) is an eigenvalue of the F-matrix Sy S,

therefore, the ESD of the beta-matrix is

1/1
Fﬁ{m,nz}(m) — 1 pinine} (d <x — 1) ) , x>0,

where F{m1:m2} () is the left-limit at z; that is 1 — Firomeh (L (1 —1)) — 11)
if z is an eigenvalue of By, ;.- Similarly, we obtain

1/1
Fﬁ{ynlvy"2}(m) — 1 _ F{ynlvynz} (d (x — 1)) .

Then, we have the following lemma.

Lemma 9.18. For the beta-matriz So (So +d - Sl)fl, where d is a positive
number, we have
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(J 1@ a(@), -+ [ fi(@)dCrny ()

(f fi (dz+1) dGnlxnz ff’f (d:v+1) dGnlxnz( )) )

where G, ny(z) = p (Fénl’nz}(x) —Fﬂ{y"“y”}(ax)) and Féyl’yz}(x) is the
LSD of the beta-matriz.

As an application of the F-matrix, the following theorem establishes a
CLT for the LSS of a beta-matrix that is a matrix function of the F-matrix
and is useful in large dimensional data analysis.

Theorem 9.19. The LSS of the beta-matriz S2(Se + dS1)~1, where d is a
positive number, is

(/fl(x)dém,m /fk Gy na( )>. (9.15.1)

Under the conditions in (a), (b) and (i), (i), (9.15.1) converges weakly to a
Gaussian vector (Xy,,---, Xy, ) whose means and covariances are the same

as in Theorem 9.14 except f;i(x) and f;(x) are replaced by — f; (d_le) and

—f; (dle), respectively.

9.16 Some Examples

Here, we give asymptotic means and variance-covariances of some often-used
LSSs of the F-matrix when S; and S, are real variables. These results can
be used directly for many problems in multivariate statistical analysis.

Ezxample 9.20. If f =log(a + bx), f' =log(a’ + b'x), and a,a’,b, b’ > 0, then

(2 —d2)h2>

1
EX,= _1
F=9 08 ((ch — yod)?

and .
CcC
Cov(Xyp, X)) =21
OV( frf ) 0g ((CC’ _ dd’)) )

where ¢ > d > 0, ¢ > d > 0 satisfying ¢? + d®> = a(1 — y2)? + b(1 + h?),
c?+d?=ad(1—y)?+b(1+h?), cd =bh,and 'd = V'h.

Proof. In fact, we have

1 1 1 2
E(X) = 1i 1 de|? - d
) 3?114“72-1 o&lle+ &l )<r5+1+r5—1 §+h—1y2> ‘
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K +2h—1yz>£_2dg
:lriﬂl{gjrif{ 110g(|c+d§|2)< §1+1 " r£1—1 - £+§‘1y2
Ferre T e e+ i) %)

)
1 | 2
_173{518%{ / log((c +d¢)” <§+1 r€—1 €+ h-ly
+ }

L — @)
2 ch —y2d)2 )’

+

I
I

n
§(r +£) E(T—E §+h- 1y2£§

! <log[(c2 — d*)?] — 2log[(c — y2dh

4
Furthermore,
COV(Xf,Xf)
d&1dés
= —lim log(|c+d log(|c’ + d'&;
i e §§, sl danPlon( + dap) S

1
= -1 1 +d d 7{
rll A2 7{51_1 og(le+ déil) 51[ lE2]=1

(log((c’ + d’§2)2) + log((c’ + d,52)2)> (51 f£j£2)2:|

< since log(|c’ + d'& %) = ; {bg((cl + d'6)?) +log((¢' + d/§2)2)}>

1
—1i 1 de&|?)d 1 "+ d'Ey)?
im f | oslle+deiP) 51[ f&_l og((c + @))

rll 471'

1 1 B
((51 e (e 1] (rensorming 61 =6~

= lim

1
rll szgl ICT2+d/ E

d’ 1 i
27ri figl_l ¢4 e (IOg((C +dé&1)?) 4 log((c + d§1)2))d§1

o o 1 1
- 2mi figl_llog((c—kd&) )<c’ +d'& - &u(c&+ d’)>d§1

/
= log(c?) — log(c — dd'/¢')* = 2log <cc’c—cdd’> .

log(|c 4 d&;|*)dé; (second term is analytic)
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The proof is complete.

Ezample 9.21. For any positive integers k > r > 1 and f(z) = 2" and g(x) =

z¥, we have

E(Xy)
1. (1+h§)T(1+h§1)T< 1 1 2 )
4 lllr{l fﬁl—l (1 - yQ)ZT £—|- -1 * f -t §+ 1}/3 d
1 R2\"
= 1—h 1+h 1-— 1-—
a1 e [T 1P @ =20 (127
™\ (TN, ™ [T\, . h k-1
L 0 s 0]
i<r, J>Zo k>0 <J> <Z> i<r, J>Zo k>0 J t ( ?JZ)
Ti—j=2k+1 Ti—j=k+1
and
COV(Xf,
[T+ h&a[? - |1 + hé&o|?
— 1 dérd
2n2 llﬁl%fl |52| 1 (1 —yo)?rt2k . (6 —1&2)? S1dé
2.7l —
(y2 — 1)2r+2k j:O( ):

14+j+r
[ i (Y1 +y2 — 12 + 1725 - (Y1 + 4o — yryo)'s

l3=j+1 (1= +0) - (145 +r—203) 13!

k—j—1
[ i (y1 +y2 —yaiy2 + 1 (y1 + Yo — y1yo)'s
Gl (k—j—1— 2015 ’

)k72l§,
14,=0

where [a] is the integer part of a; that is, the maximum integer less than or
equal to a.

Example 9.22. 1f f = e”, then

E(Xy) =

n2
17 a-m2 (1+h)? (1‘ y2)
e(-v2)?  e(-v2)2 — Qe (1-y2)?

ik
—e(lfzz)Z E b .
Jlkl(]_ _ y2)23+2k

gk, 1>077
j—k=21+1

2 hitk hoyl-1
—2e(1-y2)? . (— ) .
et 3 JURNL = y2)2 T2 gy }

J, k, 120
j—k=21F1
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[1+heq |2 [1+hEn|?

Var(Xy) e“ v2)? e (1-u2)? déid
ar( f 27‘(’2 lJ,l »%ﬂ 1%2 . l£2)2 61 62

“+o0
Lo [T+ h&r[* - |1+ h&y|?F
= 1 déqd. .
j’;_lj!k! [f{?( 272 %5 1j{2 Ly (1 — y0) 252k (€& — r&y)2 £1d&s



Chapter 10

Eigenvectors of Sample Covariance
Matrices

Thus far, all results in this book have been concerned with the limiting be-
havior of eigenvalues of large dimensional random matrices. As mentioned in
the introduction, the development of RMT has been attributed to the inves-
tigation of the energy level distribution of a large number of particles in QM,;
in other words, the original interests of RMT were confined to eigenvalue dis-
tributions of large dimensional random matrices. In the beginning, most of
the important results in RMT were related to a certain deterministic behav-
ior, to the extent that their empirical distributions tend toward nonrandom
ones as the dimension tends to infinity. Moreover, this behavior is invariant
under the distribution of the variables making up the matrix.

Along with the rapid development and wide application of modern com-
puter techniques in various disciplines, large dimensional data analysis has
sprung up, resulting in wide application of the theory of spectral analysis of
large dimensional random matrices to various areas, such as statistics, sig-
nal processing, finance, and economics. Stemming from practical applications,
RMT has deepened its interest toward the investigation of second-order accu-
racy of the ESD, as introduced in the previous chapter. Meanwhile, practical
applications of RMT have also raised the need to understand the limiting
behavior of eigenvectors of large dimensional random matrices. For example,
in PCA (principal component analysis), the eigenvectors corresponding to
a few of the largest eigenvalues of random matrices (that is, the directions
of the principal components) are of special interest. Therefore, the limiting
behavior of eigenvectors of large dimensional random matrices becomes an
important issue in RMT.

However, the investigation on eigenvectors has been relatively weaker than
that on eigenvalues in the literature due to the difficulty of mathematical for-
mulation since the dimension increases with the sample size. In the literature
there were found only five papers, by Silverstein, up to 1990, concerning real
sample covariance matrices, until Bai, Miao, and Pan [22]. In this chapter,
we shall introduce some known results and some conjectures.

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 331
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 10,
© Springer Science+Business Media, LLC 2010
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10.1 Formulation and Conjectures

As an introduction, we first consider the behavior of eigenvectors of the p x p
sample covariance matrix S, studied in Chapter 3 when the z;; are real,
standardized, and iid. We will examine properties on the orthogonal p x p
matrix Oy, with columns containing the eigenvectors of S, which we will call
the eigenmatrix of S,, when viewed as a random element in 0, the space
of p X p orthogonal matrices. This space is measurable when considered as a
metric space with the metric taken as the operator norm of the difference of
two matrices. Ambiguities do arise in defining the eigenmatrix of S, due to
the fact that there are 2P different choices by changing the directions of the
column eigenvectors. Whenever an eigenvalue has multiplicity greater than
1, the eigenmatrix will have infinitely many different choices for a given S,,.
However, it is later shown that there is a natural way to define a measure v,
on 0, for which we can write S, in its spectral decomposition O,4,0;, with
A, diagonal, its diagonal entries being the eigenvalues of S, arranged, say,
in ascending order, O,, orthogonal, columns consisting of the eigenvectors of
S,, and O,, being vp-distributed.

We will investigate the behavior of O, both with respect to its random
versus deterministic tendencies and possible nondependence on the distribu-
tion of x11. The former issue is readily settled when one considers z11 to be
N(0,1). Indeed, in this case, nS, is a Wishart matrix, and the behavior of
its eigenvectors is known. Before a description of this behavior can be made,
some further definitions and properties need to be introduced.

10.1.1 Haar Measure and Haar Matrices

Besides being measurable, &), forms a group under matrix multiplication. It
is also a compact topological group: it is compact and the mappings f; : 0,
ﬁp — ﬁp and f2 : ﬁp — ﬁp defined by f1(01, 02) =005 and fQ(O) =0!
are continuous. The space &), is typically called the p x p orthogonal group.
Because of these properties on &), there exists a unique probability measure
hy, called the uniform or Haar measure, defined as follows.

Definition 10.1. The probability measure h, defined on the Borel o-field
B, of Borel subsets of O, is called Haar measure if, for any Borel set A € %,,
and orthogonal matrix O € &), h,(OA) = h,(A), where OA denotes the set
of all OA, A € A.

If a p-dimensional random orthogonal matrix H,, is distributed according
to Haar measure hj, then it is called a p-dimensional Haar matrix.

(Haar measures defined on general topological groups can be found in Halmos
[145].) It is remarked here that the definition of Haar measure is equivalent
to hp(AO) = hy(A), with AO analogously defined (Halmos [145]).
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Now, we quote some simple properties of Haar matrices.

Property 1. If H, is h,-distributed, then for any unit p-vector x,, yp, =
H,x, is uniformly distributed on the unit p-sphere.

Proof. For any orthogonal p x p matrix O, Oy, = OHx, 4 Hx, = y,. Thus
we have the distribution of y, invariant under orthogonal transformations.
Using the fact that this uniquely characterizes the uniform distribution on
the unit p-sphere (see, for example, Silverstein [265]), we get our result.

Property 2. If H, is hy,-distributed, then His also hy,-distributed.

Proof. Let O € Oy, A be a Borel subset of O, and A" denote the set of all
transposes of elements in A. Then

P(OH;7 €A)=PMH, € A0)=h,(A)=PH, e A) = P(H’p € A,
which implies H;, is Haar-distributed.

Property 3. If Z is a p x p matriz with entries iid N(0,1), then U =
Z(Z'Z)"Y? and V = (ZZ')"'/?Z are h,-distributed.

The proof for U follows from the fact that, for any orthogonal matrix O,
OU = OZ(Z'Z)"'/? = 0Z((0Z)0Z)~'/2 Z Z(Z'Z)~'/2 = U. The proof
for V is similar.

Property 4. Assume that on a common probability space, for each p, H, is
hy-distributed and x,, is a unit p-vector. Let y, = (y1,---,yp)" = H}x, and
f a bounded continuous function. Then, as p — oo,

1 P
p ) = [ H@etarte, ws. (10.1.1)

where p(x) is the density of N(0,1).

Proof. Let @ denote the standard normal distribution function. By Proper-
ties 1 and 2, y, is uniformly distributed over the unit p-sphere, and hence
its distribution is the same as z,/|/z,||, where z, = (z1,---,2p)’, whose en-
tries are iid N(0,1). We may assume y, = z,/||zp||. Consider the empirical
distribution function of the entries of |/py,,

p p

1 1
Fp(m) = p ZI(*OOJ](\/pyl) = » Zl(foo,(Hsz/\/p)x](Zz)a

i=1 i=1

I4 denoting the indicator function on the set A. By the strong law of large
numbers, we have ||z,|/,/p —> 1. Therefore, for any € > 0, we have with
probability 1
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lim inf ZI —oo,a—e (%) <hm1an( )

p
i=1

12
< limsup F,,(x) < limsup ZI(,OO@JFE](ZZ-).
p p P

By the strong law of large numbers, the two extremes are equal almost surely
to @(z — €) and D(x + €), respectively. Since € is arbitrary, we get

2
F, =&, as.,asp— oo,

where 2 denotes weak convergence on probability measures on R. The result
follows.

Property 5. Let D([0,1]) denote the space of functions on [0, 1] with discon-
tinuities of the first kind (right-continuous with left-hand limits, abbreviated
to rcll), endowed with the Skorohod metric. If y, is defined as in Property 4
for an arbitrary unit x, € RP, then as p — oo, the random element

[pt] 2
\/ Z ly3] — )—>Wo, (10.1.2)

where 5 denotes weak convergence on D|0,1], [a] is the integer part of a,
and Wy is a Brownian bridge (also called tied down Brownian motion).

Proof. As in the previous property, we can assume y, = z,/|/z,||, the entries
of z, being iid N (0, 1). Therefore,

1
¢ Z (1of2~»)

[pt] P
p 1 1
||z||wwp<z( g ”)

k=1

Using Donsker’s theorem and consequences of measurable mappings on
DJ0, 1], along with the fact that ||z||?/p — 1, a.s., with W denoting standard

Brownian motion, we get X, EA W(t) —tW (1) = Wy(t).

Property 6. Let nS, be a p x p standard Wishart matriz with degrees of
freedom n and O, be the eigenmatriz of S,. Assume also that the signs of
the first row of O, are iid, each symmetrically distributed. Then O, is hy,-
distributed.

We refer the reader to Anderson [5].
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10.1.2 Unwversality

We then see from the last property that when the entries making up S, are
N(0,1), Oy, the eigenmatrix of S,, is Haar-distributed. Thus, for large p,
in contrast to the eigenvalues of S, behaving in a deterministic manner, the
eigenvectors display completely chaotic behavior from realization to realiza-
tion. Indeed, H, is equally likely to be contained in any ball in O, having
the same radius (since any ball can be transformed to any other ball with the
same radius by multiplying each element of the first ball with an orthogonal
matrix).

As is seen for the eigenvalues of large dimensional random matrices, their
limiting properties under certain moment conditions made on the underlying
distributions are the same as when the entries are normally distributed. Thus,
it is conceivable that the same is true in some sense for eigenmatrices of real
sample covariance matrices as p/n — y > 0. We shall address the possibility
that, for large p, and x11 not N(0,1), v, (the distribution of O,) and h,, are
in some way “close” to each other. We use the term asymptotic Haar or Haar
conjecture to characterize this imprecise definition on sequences {u,} where,
for each p, p, is a Borel probability measure on O,,.

Formal definitions of asymptotic Haar on {u,} can certainly be made. For
example, we could require for all € > 0 that we have, for all p sufficiently large,
lpp(A) — hy(A)| < € for every Borel set A C O,. However, because atomic
(discrete) measures would not satisfy this definition, it would eliminate all
tp arising from discrete x1;. Let S}, , denote the collection of all open balls
in Op. Then an appropriate definition of asymptotic Haar that would not
immediately eliminate atomic p, could be the following: for every e > 0, we
have for all p sufficiently large |u,(A) — h,(A)| < € for every A € S, .

In view of Properties 1 and 2, as an indication that {x,} is asymptotic
Haar, one may consider the vector y, = O};x,, [|x,|| = 1, when Oy, is p,-
distributed, and define asymptotic uniformity on the unit p-sphere, for ex-
ample, by requiring for any € > 0 and open ball A of the unit p-sphere that
we have |P(y, € A) — s,(A)| < e for all sufficiently large p, where s, is the
uniform probability measure on the unit p-sphere.

Instead of seeking a particular definition of asymptotic Haar or its con-
sequences, attention should be drawn to the properties the sequence {h,}
possesses, which are listed in the previous section, in particular Properties
4 and 5. They involve sequences of mappings, which have potential analyt-
ical tractability from S,, and map the O,’s into a common space. Property
4 maps O, to the real line and considers nonrandom limit behavior. Simu-
lations strongly suggest that the result holds for more general {1,}, but a
strategy to prove it has not been made.

The remainder of this chapter will focus on Property 5. There the mappings
from the O,’s go into D[0,1] and we consider distributional behavior. We
convert this property to one on general {u,}. We say that {u,} satisfies
Property 5’ if for Oy, p1,-distributed we have for any sequence {x,}, x,, € R? of



336 10 Eigenvectors of Sample Covariance Matrices

unit vectors, with X, defined as in Property 5 from the entries of y, = O},x,,
as p — oo,

X, Z Wh.

10.2 A Necessary Condition for Property 5’

It seems reasonable to consider Property 5 as a necessary condition for
asymptotic Haar. However, when investigating the eigenvectors of the sample
convariance matrix S,, we get the following somewhat surprising result.

Theorem 10.2. Assume that E(z1,) < co. If {v,,} satisfies Property 5, then
E(z}) = 3.

Proof. Since we are dealing with distributional behavior, we may assume the
z;; stem from a double array of iid random variables. With Apax denoting
the largest eigenvalue of S,, we then have from Theorem 5.8

lm Apax = (1 +/y)?  as. (10.2.1)

p— 00

We present here a review of the essentials of the Skorohod topologies on
two metric spaces of rcll functions without explicitly defining the metric. On
DJ0, 1], elements x,, in this set converge to x in this set if and only if there
exist functions A, : [0,1] — [0,1], continuous and strictly increasing with
An(0) =0, A\, (1) = 1, such that

lim sup max(|z, (A, () — z(t)], | \n(t) — t]) = 0.
N0 ¢c(0,1]

Billingsley [57] introduces DJ0, 1] in detail.

Let Dg[0,00) denote the space of rcll functions z(t) defined on [0, 00)
such that lim;_,~, z(t) exists and is finite. Elements x,, converge to x in its
topology if and only if there exist functions \,, : [0, 00) — [0, 00), continuous
and strictly increasing with A, (0) = 0, limy_,o A, () = 00, such that

lim  sup max(|z, (A, (1)) — z(t)],|A\n(t) = t]) =0

=00 e 0,00)

(see Lindvall [198]).

For both DJ0, 1] and Dg[0, 00), it is straightforward to verify that when the
limiting = is continuous, convergence in the Skorohod topology is equivalent
to uniform convergence.

We let 210, 1] and %[0, 00) denote the respective o-fields of Borel sets of
D[0,1] and Dg|0, c0).

From Theorem 3.6, we know that F'S», the ESD of S,, converges a.s. in
distribution to F,(z) defined in (3.1.1) (with 02 = 1), the standard M-P law.
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Since the limit is continuous on [0, 00), this convergence is uniform:

sup |[FS#(t) — F,(t)] 250 asp — .
te[0,00)

It follows then that
FSe 2% B as p— oo in D0, 00). (10.2.2)

Let D,[0, 00) denote the collection of all subprobability distribution func-
tions on [0, 00). Clearly D[0,00) C Dg[0,00) and is closed in the Skorohod
topology. Let 7,[0, 00) denote its o-field of Borel sets.

Assume now that {v,} satisfies Property 5'. We have that (X, F'S») are
random elements of the product space D0, 1] x Dy[0, 00). Since the limit of
the F'S» is nonrandom, we have from (10.2.2) and Theorem 4.4 of Billingsley
[57] that

(X,,FS») 2 (W, F,) asp— oo. (10.2.3)

The mapping ¢ : D[0,1] x Dy[0,00) — Dyl0,00) defined by ¥ (x,p) =
x o ¢ is well defined, and using the same argument as in Billingsley [57],
p. 232, it is measurable; that is, ¥ =1 %[0, 00) C 2[0,1] x Z,[0,00). (Note
that the proof of measurability relies on the fact that the mappings m, ., :
Dy0,00) — R* defined by 7, ..+, (2) = (z(t1),...,2(t)) are measurable for
all k£ and nonnegative t1,..., %, and their inverse images over all Borel sets
in R* generate %; see Lindvall [198] p. 117.) Using the same argument as
in Billingsley [57], p. 145, we see that the mapping v is continuous whenever
both x and ¢ are continuous.

For a positive integer m < p, let D(p, m) denote the p X p matrix containing
zeros, except for 1’s in its first m diagonal positions. We then have

02Xy, F9)a) = X,(F3(2) = V] (<, 0, D0 [P (2)]) Oy = F5(a).
We see that x/,0,D(p, [pFS(x)])O}x, is a (random) probability distri-
bution function, the mass points being the eigenvalues of S, while the mass
values are the squares of the components of O;,xp.
Since P(Wy € C[0,1]) = 1, where C]0, 1] denotes the space of continu-
ous functions on [0, 1] (Billingsley [57]) and F, is continuous, we get from
Corollary 1 to Theorem 5.1 of Billingsley

2
Xp(FSp) = Wo(Fy(z))
= WY in Dyl0,00) as p — oo. (10.2.4)
For every positive integer r, using integration by parts, we have

VD

I Qr o rr:ooxr Spl’
VS, — (1piS;) = [ a7dx (P (@)
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= —/OO ra" L X, (FSe(x))dz, (10.2.5)
0

where we have used the fact that, with probability 1, X,(FS#(z)) is zero
outside a bounded set.
It is straightforward to verify that, for any b > 0, the mapping that takes

¢ € Dyl0,00) to fob ra"~ty¢(x)dz is continuous. Therefore, from (10.2.4) and
Corollary 1 to Theorem 5.1 of Billingsley [57], we have

b b
/ ra” " X, (FSe () do 2 / ra’ " "Wide  p — oc. (10.2.6)
0 0

From (10.2.1), we see that when b > (1 + ,/y)?

- b
/ ra” 1 X, (FS? (z))dx — / ra’ X (FSr(x))de =50 asp — oo
0 0

This, (10.2.5), and (10.2.6) yield

VP, 2 ’ 1 (vo)* 1
/o (x,8,%x, — (1/p)trS;) = —/ ra’ " Wdr = —/ ra” Wldx
0 (1=vv)?

(10.2.7)
as p — 00. The limiting distribution, being the limit of Riemann sums, each
sum being Gaussian, must necessarily be Gaussian, with mean 0 and covari-
ance

(14+y/y)
03 iy = // rlrgsTlfltT"'*l[Fy(s At) — F,(s)Fy(t)]dsdt,
o (1—y/y)?

where Fy, is the distribution function of the M-P law with index y. By the
extended Hoeffding lemma,! we conclude that

! The Hoeffding [150] lemma says that

Cov(X,Y) = //[P(X <z,Y <y) - P(X <z)P(Y < y)]dzdy.

From this, for any square integrable differentiable functions f, g, if both are increasing, by
letting © — f(z),y — g(v),

Cov(f
// 9(Y) <y) = P(f(X) < 2)P(g9(Y) < y)ldzdy
//f Y[P(X <=z,Y <y) — P(X <z2)P(Y < y)]dzdy.

For functions of bounded variation, the equality above can be proved by writing f and g
as differences of two increasing functions.
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o’ = Cov(M]*, M}?) = By 4y — Bry Bro (10.2.8)

Y,T1,72

where M, is the random variable distributed according to the M-P law and

= 00
=T RS AV/ANF AV

Especially, when r =1, 057171 = 2 — 32 = y. Hence, we have

(1+vv)
—/ WYdx = N(0,y). (10.2.9)
(1=yy)?

With x, = (1,0,...,0)’, by ordinary CLT, we have

VS, = DVn/n o Yoy = 1) % N0, (0/2) (Blat) ~ 1)

Because Property 5’ requires that the limits be independent of the choice of
xp, we conclude that §(Exf, — 1) = y, which implies Ez}, = 3. The proof of
the theorem is complete.

Thus property 5’ requires, under the assumption of a finite fourth moment,
the first, second, and fourth moments of x1; to be identical to those of a
Gaussian variable. This suggests the possibility that only Wishart S, will
satisfy this property, which at present has not been established.

We see from the proof that Property 5" and E(z7;) < oo yield (10.2.7),
which can be viewed as the convergence of moments of X, (FS»). It is worth-
while to consider whether this limiting result is true, partly for its own con-
tribution in displaying eigenvector behavior but mainly because it will be
shown later to be important in verifying weak convergence of X, under cer-
tain assumptions on x, and the distribution of x;;. The next section gives a
complete analysis of (10.2.7).

10.3 Moments of X,(F®r)

In this section, we will prove the following theorem.

Theorem 10.3. Assume no a priori conditions on the moments of x11.
(a) We have

Vp/2(x, S0, — (1/p)trsT)}ee, 2 { — v
{Vp/2(x, 8%, — (1/p)trS") 172, = ( ra’ T Wdz

1-vy)? r=1
(10.3.1)
in R as p — oo for every sequence x,, x, € RP ||x,|| =1 if and only if
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E(z11) =0, E(z?,) =1, E(z},) = 3. (10.3.2)

(b) If [;° xdX,(Fy(x)) is to converge in distribution to a random variable
for each of the x,, sequences

{(1,0,...,00%, {/v/p,...1/vp)'}

then necessarily E(z},) < oo and E(x11) = 0.
(¢) If E(z})) < oo but

E(mll — E(mu))4
Var2(m11)

73,

then there exist sequences {X,} of unit vectors for which

([T eaxum. [ sax )

fails to converge in distribution.

The proof will be given in the following subsections.

10.3.1 Proof of (10.3.1) = (10.3.2)
Assume (10.3.1). By choosing x, = (1,0,---,0)’, by (10.3.1) with » = 1 and
(10.2.9), we have

n

(32_;9711) >l - ﬁlpn I Z N(0,y). (10.3.3)

Jj=1 i=2 j=1

By necessary and sufficient conditions for the CLT of sums of independent
random variables (see Loeve [200], Section 23.5, p. 238), we conclude that

—1)2 _
0o Va1 < vi) + U DV 1) < vom) — .

2np
(10.3.4)
Noting (,,2_7;)2 — Y, the limit above implies that Var(X{;) = 2 and then
Ez}, < .
Next, consider the convergence for x, = 1/,/p. We will have
\/21pn S S () Z N(0,y). (10.3.5)

i#k<p j=1
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The expectation and variance of the left-hand side are VP 552_ Y (Ez11)? and

p ;IVar(mnmlg), which imply Exy; = 0 for otherwise the LHS tends to infin-
ity.

Finally, consider the convergence for x, = \}2(1,1,0,~-~,0)’. Then, by
(10.3.1), we have

1 p—2 n ”
V2pn | 2 Z (szJ —Ezi) - Z (%QJ —Eaf)) +szlszj = N(0,y).
Gen i=1

On the other hand, by the CLT, we know that the LHS tends to normal with
mean zero and variance § (1+ (E27,)?). Equating it to y, we obtain Ez?; = 1.
Then, by Var(z%,) = 2 shown before, we obtain Ez}, = 3. This completes
the proof of (10.3.2).

10.3.2 Proof of (b)

When [;° 2dX,(F,(z)) converges in distribution to a random variable for
xp, = (1,0,...,0)’, we conclude that the LHS of (10.3.3) tends to a random
variable in distribution that must be an infinitely divisible law. By Section
23.4, p. 323, of Loeve [200], we conclude that the LHS of (10.3.4) tends to a
nonnegative constant. By the same reasoning as argued in the last subsection,
we conclude that Ezf, < oo.

When [;° 2dX,(F,(z)) with x, = 1/,/p converges in distribution to a
random variable, we conclude that the LHS of (10.3.5) tends to a random
variable in distribution. Similarly, by considering its mean and variance, we
obtain Ex1; = 0. This completes the proof of (b).

10.3.3 Proof of (10.3.2) = (10.3.1)

Assume (10.3.2). As in Theorem 10.2, we can assume (10.2.1). We begin
by truncating and centralizing the z;;. Following the truncation given in
Subsection 5.2.1, we may select a sequence 6 = §,, — 0 and let &;; = Z;;(p) =
zijI(|xi;| < 04/p) and §p = (1/n)§(p§<’p, where Xp = (&;;). Then we can
prove that with probability 1, for all large p, S, = §p (that is, for any
measurable function f, on p x p matrices),

| fp(Sp) — fp(gp)‘ =50 asp— oo (10.3.6)

Let S, = (1/n)(X, — E(211)1,1,)(X, — E(£11)1,1,), where 1,, denotes
the m-dimensional vector consisting of 1’s. By Theorem A.46, we have
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2 l 2
max /oA (8p) = X (8p)] < 1 (v/p/m)E(E11) 1,1,

=p|E(Z11)] = 0 asp — oo, (10.3.7)
where we have used the fact that E(z11) = 0, E(z1;) < oo implies E(z11) =
o(p~3/%). Consequently, Amax(Sp) == (14 /y)? as p — oc.

It is straightforward to show for any p X p matrices A, B, and integer r > 1
that ||(A +B)" — B"|| < r||A||(J]JA| + ||B]|)"~!. Therefore, with probability
1, for all large p,

V1% (Sp) % = x,(Sp) x| < V/PI(Sp)" = (S}l
< Vprl1Sp = Spll Amax(Sp) + 2Amax(8,))
< pr3’ 1(1 + \/y)Zr ZHSp - SpH~

We also have for any p x n matrices A, B of the same dimension ||AA’ —
BB’|| < ||A —BJ|(||A]| + ||B]|). Therefore,

VPlISs = Spll < Vall(L/v/n)E(@11) 1,10 [(AY2(S,) + A2 (S,))
= plE(211)|(AY2(Sp) + ALZ(Sp) 250 asp — .

Therefore
VPI%,(S,) %, — x;,(/S\p)Txp| 220 asp— oo. (10.3.8)

Let S\i, \; denote the respective eigenvalues of ép, gp, arranged in nonde-
creasing order. We have

Vol(L/p)te(S,)" — (1/p)tx(S )\<\/pmaXW Al

1

= P~ 2 (2r=1) a.s.
<2ryp max \)\1/2 )\1/2|<max(>\max(sp), Amax(sp))) =0 (10.3.9)

asp — 0. Therefore7 by (10.3.6), (10.3.7), (10.3.8), and (10.3.3), we have for
each integer r > 1,

[VP/2(x,S)%, — (1/p)tx(S}y)) — V/p/2(x,Spx, — (1/p)tr(Sp))| =50
as p — oo. We see then that, returning to the original notation, it is sufficient
to prove (10.3.2) assuming E(z11) = 0, |z11| < 6y/p, E(2%,) — 1, E(z1,) — 3,
as p — 00. By the existence of the fourth moment, we also have

E(|lz11]%) = o(p~9/?) for ¢ > 4. (10.3.10)

We proceed with verifying two lemmas.
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Lemma 10.4. After truncation, for any integer r > 1, pil/z(tr(S]’;) —
E(tr(S}))) 250 as p — oo.

Proof. After truncation, by (3.2.4), we have Eltr(S}) — E(tr(S7))|* = o(p?),
which proves the lemma.

Lemma 10.5. For any integer r > 1, \/p(E(x},S;x,) — E((1/n)tr(S}))) — 0
as p — 0.

Proof. Using the fact that the diagonal elements of S} are identically dis-
tributed, we have

1
n" (E(X;S;Xp) — E(ptr(SZ))) = Zmixj Z E(Tik, Tisk, = - Tjk,.)-

i#£] i, ip
k1. ky
(10.3.11)
In accordance with Subsection 3.1.2, we draw a chain graph of 2r edges,
iy — k¢ and ky — 4441, where 44 =4, 4,41 = j, and t = 1,---, 7. An example

of such a graph is shown in Fig. 10.1.

Fig. 10.1 A chain graph.

If there is a single edge, the corresponding term is 0. Therefore, we need
only consider graphs that have no single edges. Suppose there are ¢ noncoin-
cident edges with multiplicities v4, - - -, .. We have the constraint that vy > 2
and v1 + - -+ + vy = 2r. Because the vertices ¢ and j are the initial and end
vertices of the chain and ¢ # j, the degrees of the vertices ¢ and j must be
odd. Hence, there is at least one noncoincident edge connecting each of the
vertices i and j and having a multiplicity > 3. Therefore, the term is bounded
by
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B(é\/n)%’%’z < Bnrféfl.

Because the graph is connected, the number of noncoincident vertices is not
greater than ¢ + 1 (including 7 and 7).
Noting that [}, ,; xiz;[ < p—1, the RHS of (10.3.11) is bounded by

Bn"pm T ptt Z lziz;| < O(n™h).
i#]

From this the lemma follows.
Because of Lemmas 10.4 and 10.5, we see that (10.3.1) is equivalent to

{(Vp/2(x,87%, — B(x,S73,)) 152, 2 (N )72, (10.3.12)

in R* as p — oo, where {N,} are jointly normally distributed with mean
0 and covariance O’;rl’m given in (10.2.8). We will use a multidimensional
version of the method of moments (see Section B.1) to show that all mixed
moments of the entries in (10.3.12) are bounded and that any asymptotic
behavior depends solely on E(z11), E(2%,), and E(z7,). We know that (10.3.1)
is true when x17 is N (0, 1) and, because of the two lemmas, (10.3.12) holds
as well. Bounded mixed moments will imply, when zq; is N(0,1), that the
mixed moments of (10.3.12) converge to their proper values. The dependence
of the limiting behavior of the mixed moments on E(z11), E(x%,), and E(2%,)
implies that the moments in general will converge to the same values. The
fact that a multivariate normal distribution is uniquely determined by its
moments will then imply (10.3.12).

To apply the moment convergence theorem, we need a second step of
truncation and centralization. Let Z;; = zi;I(|zsj| < logp) — Exi;I(Jai;| <
logp) and write gp =n"'Y_, ZikZjk. To this end, we need the following
lemma.

Select index sets

I= {ihi%’ T 7iqn’ Zgn}’
J = {.72177.771'177.7?’7]%}7
1 1
K ={ki, - kb, RN
where 71, - -+, 7, and the indices are positive integers. For eacht =1,---,m,
construct a chaln graph G, with vertices {i{,5,75, -, jf ki, -, ”} and

2r; edges:

{(ii,kt) (k17j2) (]Svké)’ (]rﬂkt ) (kif” )}

Combine the chain graphs G = |J/”, G;. An example of G with m = 2 is
shown in Fig. 10.2. The indices are called I-, J-, and K-indices in accordance
with the index set they belong to. A noncoincident vertex is called an L-
vertex if it consists of only one /-index and some J-indices. A noncoincident
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vertex is called a J-(or K-)vertex if it consists of only J-(K- correspondingly)
indices. A vertex is called a D-vertex if it is a J- or K-vertex. Denote the
numbers of D- or L-vertices by d and [, respectively. We also denote by r’ the
number of noncoincident edges and write r = r1 +- - - +r,,. Let ¢, denote the
number of noncoincident edges of multiplicity a. Then we have the following
lemma.

Lemma 10.6. If G does not have single edges and no subgraph Gy is sepa-
rated from all others by edges (i.e., having at least one edge coincident with
edges of other subgraphs), we have

d< r—gl—%m—%g:%’—il—é(m—&—?m—!—bg), ifm <2,
- —3l—=5m— 49, for any m > 2,

where g = t5 + 2t + - - -.

Fig. 10.2 A chain graph. The solid arrows form one chain and the broken arrows form
another chain.

Proof. Consider the graph G of noncoincident edges and their vertices of G.
A subgraph I" of G is called a regular subtree if (i) it is a tree, (ii) all its edges
have multiplicity 2, (iii) all its vertices consist of I;-indices, and (iv) only one
root connects to the rest of G. A regular subtree is called maximal if it is not
a proper subgraph of another regular subtree. Note that all edges of a regular
subtree must come from one subgraph G;. If a maximal regular subtree of u
edges is removed from G, what is left is a graph combined from m subgraphs
of sizes ry,-+-, 141,17t — [, Tt41,+,Tm. Now, remove all maximal regular
subtrees. Suppose the total number of edges of all maximal regular subtrees
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is 1. In the remaining graph, the numbers r, 7/, d, and 15 are reduced by 11,
and other numbers do not change.

Next, we consider the remaining graph I'. If there is a root of multiplicity
2, its end vertex must be a K-vertex of subgraph G; and the suspending
vertex must consist of an I-index and a J-index, both of which belong to
G4, for otherwise it would have been removed if both are J-indices or the
subgraph G} is separated from others by edges if both are I-indices. Such a
root is called an irregular root. If we remove this root and relabel the J-index
as the removed I-index, the resulting graph is still a graph of the same kind
with r¢, d, and t9 reduced by 1 and other numbers remain unchanged. Denote
the number of irregular roots by v,. After removing all irregular roots, in the
final remaining graph I", the numbers r, v/, d, and ¢y will be further reduced
by v and other numbers remain unchanged.

In the remaining graph, if an I;-vertex is an end vertex, the multiplicity
of the edge connecting the I;-vertex is larger than or equal to 4. Otherwise,
the I;-vertex connects at least two noncoincident edges. In both cases, the
degree of the I;-vertex is not less than 4. Because the degree of an I -vertex
must be even, the number of noncoincident edges of odd multiplicities must
be even. Now, we first consider the dj K-vertices. If a K-vertex K; connects
Lo (1) noncoincident edges of multiplicity «, then its degree is

D =Y (i) >4+ (a=2)wli) + > (0 —4)ua(i).

a>2 a>3 a>4
- odd even

Summing these inequalities, we obtain

27 > 4dy, + Z(a =2t + Z(a —4)ig

a>3 a>4
odd even

> Adg + 1+ g,

where we have used the fact that each I-vertex must connect at least one
noncoincident edge of odd multiplicity. Therefore, we obtain

1
fZQdk+2(l+g).

Next, we consider the 7 —m J-indices. There are at least [ J-indices coin-
cident with the [ L-vertices, and thus we obtain

f’—m22dj+l,

where d; is the number of J-vertices. Combining the two inequalities above
and noting that d = dj, + d;, we obtain
1

~ 3 1
<7 — — — .
d<r 4l 2m 4g
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This proves the case where m > 2. If m < 2, there are at most four I-indices.
In this case, an edge of multiplicity o > 4 always has a vertex consisting of
at least (v —4)/2 J-indices. If the vertex is an L-vertex, then it consists of
(o — 1)/2 J-indices. Therefore, the second inequality becomes

F—m>2d;+1+g/2.

Then 3 1
d<i—"1—
STl

The lemma then follows by noting that r =7+ v + v, and d = d+ vy + vs.

m+g).

Second step of truncation and centralization
Expanding both x,S,x, — Ex;,S,x,, we obtain

PE[(x,Shx, — BE(x,SIx,)) — (x,S0x, — E(x,SIx,))]?

*
o —2r .
=pn) | myegmgegl [(miikixa‘%kixa‘%k% Tiby K TidRL

—E(@apin e ST )  Toe Tae Taey T ki
_E(mz}k% LjlkiTitel  TilklTilk] iRy 1 1

~E@araizetieg - i e Eprefian

+E(3~3i§k§3}j§k§3}j§k2 e Q}j’;’kﬁjigkg)) , (10.3.13)

[

where the summation " is taken for

11 -1 -1 1 1
115225025 -5 Jr Sp, kl?"' k Sn,

2 ;2 ;2 -2 m m
Z1722’.]27"'7.]7” Spa 1a"'7kr Sn

Using these indices, we construct graphs Gp, Go, and the combined G and
use the notation defined in Lemma 10.6.

The absolute value of the sum of terms corresponding to a graph with
numbers d, [, and g of the RHS of (10.3.13) is less than

Cpn =" pt1/2(6,/p)?,

where we have used the inequality ) |z;| < /p. By Lemma 10.6, the sum
tends to0if g >0orl>0o0rd<2r—1 Wheng=1[=0and d=2r —1,
there are two cases: either 15 = 2r or 15 = 2r — 2 and ¢4 = 1. That means
the expansion of the expectation in (10.3.13) contains only the second and
fourth moments of x1; and Z11. Because of the truncation, both the second
and fourth moments of x1; and %11 will tend to the same corresponding value.
Thus we conclude that the absolute value of the expectation in (10.3.13) tends
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to 0 and thus the LHS of (10.3.13) tends to 0.

Completion of the proof of (10.3.1)
We shall complete the proof of (10.3.1) by showing (10.3.12) under the as-
sumption |z;;| < logp.

Any mixed moment can be written as

P PE[(x,SI %, — E(x,S0x,)) - (x,Shmx, — E(x,Simx,))],  (10.3.14)

where the integer m > 2 and positive integers 71, ..., 7, are arbitrary. Ex-
panding further, we have

(n"p~™/?) x (10.3.14)
sk
= 3 gy B (e s i, e,
—E(@i ekt Ty o Ui e, Titk, >)
PP (mi;nk‘;n'rj;"k;n xj;ﬂk;n e x]mn kZ’in mi;nk‘;':n

where the summation > is taken for

SR 1 1 1
217127]27"'7177'1 SP» klv"'akrl Sn
W05 09 s d Sy KT R <
Using the notation of Lemma 10.6, we use the indices i},5, 75, ..., jk, (<

p), ki, ..., kL (< n) to construct a graph Gy and let G = Gy U ---U Gp,.
We see a zero term if in the corresponding graph
(1) there is a single edge in G, or
(2) there is a graph G; that does not have any coincident edges with another
graph Gy, t' # t.
Then the contribution to (10.3.15) of those terms associated with such a
graph G is bounded in absolute value by

Kp(l/2)+dE(|£L'i1k% ce lek?l‘l L mimk;” e .’Ejmkmn |) (10316)

Here we have used the fact that | 3 z;| < p'/2.
The expectation is bounded by

C(log p)mms@=Hto < {0(1ogp)9 < (logp)” if 9>0, (10.3.17)
C otherwise.
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By (10.3.16), (10.3.17), and Lemma 10.6, we conclude that the sum of all
terms in the expansion of (10.3.14) corresponding to a graph with g > 0 or
I>0o0rd<r—m/2wil tend to 0. When d = r —m/2,1 =0, and g =0,
the limit of (10.3.14) will only depend on Ez%, and Ez}, and the powers
T, Tme
Hence the proof of (10.3.1) is complete.

10.3.4 Proof of (c)

To verify (c), we see that because of (b) we can assume E(z11) = 0 and
without loss of generality we can assume E(z%,) = 1. We expand

E((v/p/2x,8p%p — E(V/p/25,8%,))(v/p/2x,87x, — E(v/p/2x,,S7%,)))

~ <Z xfx?) (2y+y°) + (Z m?) (E(z11) — D(y + (1/2)y%)

i#j i

=2y +y*) + (Z Jf?) (B(z1)) = Dy + (1/2)y* = 2y +¢%)).  (10.3.18)
The coefficient of Y, z} is zero if and only if E(z};) = 3. If E(z1;) # 3, then
since ), 2} can range between 1/p and 1, sequences {x,} can be formed
where (10.3.18) will not converge. Since we have shown, after truncation,
that all mixed moments are bounded, for these sequences the ordered pair of
variables in (c¢) will not converge in distribution. Therefore, (¢) follows.

10.4 An Example of Weak Convergence

We see now that, when E(z};) < oo, the condition E(zf;) = 3, which is
necessary (because of Theorem 10.2) for Property 5 to hold, is enough for the
moments of the process X, (F'S#) to converge weakly to those of W¥. Theorem
10.3 could be viewed as a display of similarity between {v,} and {h,} when
the first, second, and fourth moments of x1; match those of a Gaussian. But
its importance will be demonstrated in the main theorem presented in this
section, which is a partial solution to the question of whether {1,} satisfies
Property 5'.

Theorem 10.7. Assume x11 is symmetric (that is, symmetrically distributed

about 0) and E(x1;) < oo. Then, when x, = (:I:\}p,:l:\}p,---,:l:\}p)’, 0O, is

v-distributed, and X,, is defined as in the equality of (10.1.2), then the limit
of (10.1.2) holds.
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From the theorem, one can easily argue other choices of x, for which the
limit (10.1.2) holds, namely vectors close enough to those in the theorem so
that the resulting X, approaches in the Skorohod metric random functions
satisfying (10.1.2). It will become apparent that the techniques used in the
proof of Theorem 10.7 cannot easily be extended to x,, having more variability
in the magnitude of its components, while the symmetry requirement may be
weakened with a deeper analysis. At present, the possibility exists that only
for the z11 mean-zero Gaussian will (10.1.2) be satisfied for all {x,}.

Theorem 10.7 adds another possible way of classifying the distribution
of O, as to its closeness to Haar measure. The eigenvectors of S, with 11
symmetric and fourth moment finite display a certain amount of uniform
behavior, and O, can possibly be even more closely related to Haar measure
if E(v{;) = 3, due to Theorem 10.3.

For the proof of Theorem 10.7, we first recall in the proof of Theorem 10.2
that it is shown that (10.1.2), (10.2.1), and (10.2.2) imply (10.2.4). The proof
of Theorem 10.7 verifies the truth of the implication in the other direction
and then the truth of (10.2.4). The proof of Theorem 10.3 will be modified
to show (10.3.1) still holds for the x,’s and z1; assumed in Theorem 10.7
and without a condition on the fourth moment of x1; other than its being
finite. It will be seen that (10.3.1) yields uniqueness of weakly converging
subsequences whose limits are continuous functions. With the assumptions
made on x, and z11, tightness of {X,(FS»)} and the continuity of weakly
convergent subsequences can be proven. This is the main issue for whether
(10.1.2) holds more generally, due to Theorem 10.3 and parts of the proof
that hold in a general setting.

The proof will be carried out in the next three subsections. Subsection
10.4.1 presents a formal description of O, to account for the ambiguities
mentioned at the beginning, followed by a result that converts the problem
to one of showing weak convergence of X,(FS») on D[0, o0), the space of rcll
functions on [0, c0). Subsection 10.4.2 contains results on random elements
in D[0,b] for any b > 0 that are extensions of certain criteria for weak conver-
gence given in Billingsley [57]. In Subsection 10.4.3, the proof is completed by
showing the conditions in Subsection 10.4.2 are met. Some of the results will
be stated more generally than presently needed to render them applicable for
future use.

Throughout the remainder of this section, we let F, denote FS».

10.4.1 Converting to D[0, co)

Let us first give a more detailed description of the distribution of O, that
will lead us to a concrete construction of y;, = O},x,. For an eigenvalue A of
S, with multiplicity r, we assume the corresponding r columns of O, to be
generated uniformly; that is, its distribution is the same as O, ,O,, where
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O, is p x r containing r orthonormal columns from the eigenspace of A, and
O, € 0, is Haar-distributed, independent of S,. The O,’s corresponding
to distinct eigenvalues are also assumed to be independent. Thus we have a
natural way of constructing the random orthogonal matrix of eigenvectors of
S, resulting in a unique measure v, on 0.

The coordinates of y,, corresponding to A are then of the form

(0p,r0r)'xp = O’II‘O;),TXP = HO;),TXPHWT7

where w,. is uniformly distributed on the unit sphere in R”. We will use the
fact that the distribution of w, is the same as that of a normalized vector
of iid mean-zero Gaussian components. Notice that ||Oj, ,x, || is the length of
the projection of x,, on the eigenspace of A\. Thus, y, can be represented as
follows.

Enlarge the sample space defining S, to allow the construction of

21,22, ...,%n, 1id N(0,1) random variables independent of S,. For a given
Sp, let A1) < Ay < -+ < Ay be the t distinct eigenvalues with multiplici-
ties mi,ma,...,my. For i = 1,2,... t, let a; be the length of the projection

of x, on the eigenspace of \;. Define mo = 0. Then, for each i, we define
the coordinates

!
(ym1+“‘+mi—1+1’ Yma+dmi_1425 - -+ 7ym1+'“+mi)

of y, to be the respective coordinates of

1
(Zm1+-“+mi—1+17 ZmaieFmi 1425 Zm1+-“+mi) (10 4 1)
my 2
\/Zk:l Fmytetmi_1tk

We are now in a position to prove the following theorem

aj -+

Theorem 10.8. If X, (F}) 2 WY in D[0,00), F), iy Fy, and Amax KRN
(1+ /y)?, then we have X, 2, Wo.

Proof. By the extended Skorohod theorem (see the footnote on page 68),
we may assume that convergence of F), and Ayax is a.s. We will continue to
rely on basic results in Billingsley [57] showing weak convergence of random
elements of a metric space (most notably Theorems 4.1 and 4.4 and Corollary
1 to Theorem 5.1), in particular the results on the function spaces D|0, 1]
and C[0, 1]. For the topology and conditions of weak convergence in D[0, c0),
see Lindvall [198]. For our purposes, the only information needed regarding
DJ0, 00) beyond that of Billingsley [57] is the fact that weak convergence of
a sequence of random functions on D[0, 00) is equivalent to the following: for
every B > 0, there exists a constant b > B such that the sequence on D]0, ]
(under the natural projection) converges weakly. Let p denote the sup metric
used on C[0, 1] and DJ0, 1] (used only in the latter when limiting distributions
lie in C[0, 1] with probability 1), that is, for =,y € DJ0, 1],
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p(x,y) = sup |z(t) —y(t)l.
t€(0,1]

Similar to the proof in Theorem 10.2, we need one further general result
on weak convergence, which is an extension of the material on pp. 144-145
in Billingsley [57] concerning random changes of time. Let

D[0,1] = {z € D[0,1] : = is nonnegative and nondecreasing}.

Since it is a closed subset of DJ0, 1], we take the topology of D[0, 1] to be the
Skorohod topology of D0, 1] relativized to it. The mapping

h: D[0, 00) x D[0,1] —> D[0, 1]

defined by h(x, ) = xop is measurable (the same argument as in Billingsley
[57], p. 232, except the range of the integer ¢ in (39) is now extended to all
natural numbers). It is a simple matter to show that A is continuous for each

(x,p) € C[0,00) x (C]0,1] N D[0, 1]).
Therefore, we have (by Corollary 1 to Theorem 5.1 of Billingsley [57])
(Y, @) 2 (Y, &) in D[0,00) x D0, 1]
P(Y € C[0,00)) =P(® € C[0,1]) =1 (10.4.2)

=Y, 00, 2Y odin D|0,1].
We can now proceed with the proof of the theorem. For t € [0,1], let

Fy(t) = largest \; such that F,()\;) < ¢ (0 for t < F,(0)). We have

Xp(Fp(F7H(t) = X,(t) (although Fp(F, ()) # ) except on intervals

[m/n,(m + 1)/n), where A, = A1 Let F,;'(t) be the inverse of F,(x)
for z € ((1 — /y)% (1+ v)?].

We consider ﬁrst the case y < 1. Let F,1(0) = (1 — \/y)?. It is straight-
forward to show, for all ¢t € (0,1], F,'(t) g Fri(t). Let Fyi(t) =
max((1— \/y)?, F, (). Then, for all ¢ e [0, 1], oL (t) — F, 7 (t), and since
Amax —3 (14 /y)?, we have p(F LE 2%, 0. Therefore, from (10.4.2)
(and Theorem 4.4 of Billingsley [57]) we have

Xp(Fp(Fy) 2 Wy = Wo(F,(F; ) = W, in D[0,1].

Since Fy(z) = 0 for z € [0, (1 — \/y)?], we have X, (F),) Z0in DJo, (1 -

v/¥)?], which implies X, (F}) 2P0 in D[0, (1 — \/y)?], and since the zero
function lies in C[0, (1 — \/y)?], we conclude that
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sup | Xp (Fp())] 0.
z€[0,(1-v/y)?]

‘We then have

p (X (Fy(Fy 1), X (o (F;1)) ) <2 ool K@) 50,

Therefore, we have (by Theorem 4.1 of Billingsley [57])

X,(Fp(F;)) 2 W in D[0,1].
Notice that if x1; has a density, then we would be done with this case of
the proof since for p < n the eigenvalues would be distinct with probability
1, so that X,(F,(F, ")) = X, almost surely. However, for more general z11,
the multiplicities of the eigenvalues need to be accounted for.
For each S,, let /\(1) < /\(2) < e < )\(l,), (my,ma,...,m,), and
(a1, a2, ...,a,) be defined above (10.4.1). We have from (10.4.1) that

J 22 .
p(Xp, Xp(Fp(Fy ")) = max Zz ! ml*"'*”“*l“ —; . (10.4.3)

P 1<i<v
1<j<m;

The measurable function i on D[0, 1] defined by

h(z) = p(a(-), 2(- = 0))

is continuous on C10, 1] (note that h(x) = limsjow(x, ), where w(z,d) is the
modulus of continuity of z) and is identically zero on C[0, 1]. Therefore (using

Corollary 1 to Theorem 5.1 of Billingsley [57]) h(X,(F,(F,(-)))) 2.0, which

is equivalent to
\/p
max
1<i<v \| 2

For each ¢+ < v and j < m;, we have

j P .
\/p 2 Z 1 m1+“'+mi—1+2 - J
i At mi e P

m;
a? —
p

S, (10.4.4)

Zj 22
:\/p( 2 mz) =1 m1+---+mi,1+f (Cl)
2\ p Zk 1 m1+ e
pmz ZE 1 m1+ Fmia+t ]
+ — . (b)
Zk | Zy ik T

From (10.4.4), we have that the maximum of the absolute value of (a)
over 1 < ¢ < v converges in probability to zero. For the maximum of (b),
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we see that the ratio of chi-square random variables is beta-distributed with
parameters p = j/2, ¢ = (m; — j)/2. Such a random variable with p =
r/2, ¢ = (m —r)/2 has mean r/m and fourth central moment bounded by
Cr?/m*, where C does not depend on r and m. Let b,,, ; represent the
expression in parentheses in (b). Let ¢ > 0 be arbitrary. We use Theorem
12.2 of Billingsley after making the following associations: S; = \/m;bm, ;,
m = m;, Uy = \/C’/mi, y=4,a=2,and A\ = e\/2p/mi. We then have the
existence of C’ > 0 for which

pm; C'm
P b, S .
<1§}2_<Dfn \/2 p - e p) — 4p? 64
By Boole’s inequality, we have
ml ! m;
max b, j| >€ |Sp | < max .
1<i<v 464 1<i<v p
1<j<m;
Therefore
DMy o m;
max \/ b, < ,E <max z). (10.4.5)
1<<1<<V 4e 1<i<v p
1

Because F, is continuous on (—oc,00), we have F,(z) > F,(z) =
SUDye(0,00) [Fp () = Fy(@)| = 0 = sup,efo o0) [Fp(2) — Fp(z = 0)] == 0,
which is equivalent to maxi<;<, m;/p 2% 0. Therefore, by the dominated
convergence theorem, we have the LHS of (10.4.5) — 0. We therefore have
(10.4.3) %5 0, and we conclude (again from Theorem 4.1 of Billingsley [57])
that X, 2 Wy in D[0, 1].

For y > 1, we assume p is sufficiently large that p/n > 1. Then F,(0) =
my/p>1—(n/p) >0.Fortel0,1—(1/y)], define F, () = (1 — /y)*. For
t € (1—(1/y),1], we have F,1(t) =% F,!(t). Define as before F,;!(t) =
max((1 — /y)?, F, 1(t)). Again, p(Fp’l,Fy’l) 22,0, and from (10.4.2) (and
Theorem 4.4 of Billingsley) we have

-y 2 [ Woll— (1)), forte 0,1 (1/y)]
Xp(Fp(F7h)) — Wo(Fy(Fy ) = {Wo(t), for t € [1 — (1/y),1],
in D[0,1].

Since the mapping h defined on DI[0,b] by h(z) = supco 4 [#(t) — (b)] is
continuous for all € C[0,b], we have by Theorem 5.1 of Billingsley [57]

P(Xp(Fp (B, 1)), Xp (Fp(E, 1))
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= sup |Xp(Fp(x)) _Xp(Fp((l - \/y)2))‘
z€[0,(1—/y)?]

= sup Wo(Fy(2) — Wo(Fy (1 - vy)*))l =0,
2€00,(1-y/y)?]

N

which implies
P(Xp (Fp(F, 1) Xp(Fp(F,1) =5 0.

P P
Therefore (by Theorem 4.1 of Billingsley [57])

For t < F,(0) +}

=1 %
_a [pR(0) [ X2 vt ] [p
N \/FP(O)\/ 2 ( 55}{(10) 27 a pr(O)> + pF,(0) \/2(‘1% — £3,(0)).

Notice that /% (af — F,(0)) = X, (F,(0)).
For ¢ € [0,1], let ¢,(t) = min(t/F,(0),1), () = min(t/(1 - (1/y)), 1),

and
Cp (S22 [
n0 =} (z@’_lzﬁ‘ v )

Then ¢, Lp, ¢ in Dy = {x € D[0,1] : (1) < 1} (see Billingsley [57], p. 144

), and for t < F,(0) + |

F,y(0 212 t
Yr,0) (¢p(t)) = \/p 2( ) (ZpF ©) 2 plgl’)(]())> '
Zy p

For all ¢t € [0, 1], let

H) = /o ) om0 (@(t)

[pF,(0)pp(t)]
pF,(0)
Then H,(t) = X,(t) except on intervals [m/p, (m + 1)/p), where 0 < A, =

Ams1. We will show H, 2 Wy in D[0,1].
Let ¢, (t) = F,(0)t, ¢(t) = (1 = (1/y))t, and

X,(F,(0)) ( - 1) X (B (E (1),
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[pt]

1
)= g 02 1)
Then 1, 25 ¢ in Dy and
Vo = o0~ (/p)V (1) 1040

1+/2/pV,(1)

Since X, (F,(F, ")) and V,, are independent, we have (using Theorems 4.4

and 16.1 of Billingsley [57])

(Xp(Fp(Fy ™)), Vi 0pr ) 2 (Wo(By(Fy1)), W, 0,9,

where W is a Weiner process, independent of Wy. We immediately get
(Billingsley [57], p. 145)

(Xp(Fp(F, 1)), Vi 0 thps 0p) 2 (WolFy(Fy 1), W 0, ).

Since V,, (¢p (1) \/ Fy(0)Vyr,(0)(t), we have

p(”’%’ﬁ‘“/y)%<0>>=WF V1= (73)] S Wor 0] 25 0.

Therefore

(Ko (Fyp(F; ), Vs o0, 20) 2 (Wow (F, ), Vl_l(l/y)vvow,w)

(10.4.7)

Notice that Ji 1(1/ )W o1 is again a Weiner process, independent of Wj.
—(1/y
From (10.4.6), we have

t—[ptl/p+ V/2/p(tV, (1) — V(1)

Yp(t) = (Vp(t) = V(1)) = V3 (1) L /2/pV, (1)

Therefore ‘
P(Ypr,0)t): Vor, 0)(t) — tVpr, 0y (1)) ~5 0. (10.4.8)
From (10.4.7), (10.4.1), and the fact that W (t) — tW (1) is a Brownian
bridge, it follows that

(XP(FP(Fp_l))7Ypr(O)7QOP) (Wo(Fy(F, ), Wo, ¢),

where WO is another Brownian bridge, independent of W.
The mapping h : D[0,1] x D[0,1] x Dy — DJ0, 1] defined by
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h(w1,22,2) = /1= (1/y)w2 0 2+ 21(0) (2 — 1) + a1

is measurable and continuous on C[0,1] x C[0, 1] x (Do N CY0, 1]). Also, from

(10.4.4) we have a3 %> 1 — (1/y). Finally, it is easy to verify

[pr(O)‘Pp] i.p. .
pR0) ¢ mPe

Therefore, we can conclude (using Theorem 4.1 and Corollary 1 of Theorem
5.1 of Billingsley [57]) that

Hy 2 /1= (1/y) Wo 0 0+ Wo(1 — (1/y)) (¢ — 1) + Wo(F,(F, 1)) = H.

It is immediately clear that H is a mean 0 Gaussian process lying in C[0, 1].
It is a routine matter to verify for 0 < s <¢ < 1 that

E(H H,) = s(1—1).

Therefore, H is a Brownian bridge.
We see that p(X,, Hp) is the same as the RHS of (10.4.3) except i = 1
is excluded. The arguments leading to (10.4.4) and (10.4.5) (2 < i < t) are

exactly the same as before. The fact that maxa<i;<;m;/p 2P0 follows from
the case y < 1 since the nonzero eigenvalues (including multiplicities) of AA’
and A’ A are identical for any rectangular A. Thus

P(va Hp) i’ 0

and we have X,, converging weakly to a Brownian bridge.

10.4.2 A New Condition for Weak Convergence

In this section, we establish two results on random elements of D[0, b] needed
for the proof of Theorem 10.7. In the following, we denote the modulus of
continuity of z € D[0,b] by w(z,-):

w(z,d) = | bjilp<6 |z(s) —x(t)], ¢ € (0,b].

To simplify the analysis, we assume, for now, b = 1.

Theorem 10.9. Let { X, } be a sequence of random elements of D[0, 1] whose
probability measures satisfy the assumptions of Theorem 15.5 of Billingsley
[57]; that is, {X,(0)} is tight, and for every positive € and 1, there exists a
0 € (0,1) and an integer ng, such that, for all n > ng, P(w(X,,0) >¢€) <n.
If there exists a random element X with P(X € C[0,1]) =1 and such that
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{/Oltrxp(t)dt}io EA {/oltrX(t)dt}io B H049)

((2) in (10.4.9) denoting convergence in distribution on R>), then X, ZX.

Proof. Note that the mappings

1
m—>/ t"x(t)dt
0

are continuous in D[0, 1]. Therefore, by Theorems 5.1 and 15.5 of Billingsley

[57], X, Z. X will follow if we can show that the distribution of X is uniquely
determined by the distribution of

o0

{/o1 trX(t)dt}r_o ' (10.4.10)

Since the finite-dimensional distributions of X uniquely determine the dis-
tribution of X, it suffices to show for any integer m and numbers a;,t;,
1=0,1,....,mwith 0 =ty <t; <--- <t =1 that the distribution of

m

ZaiX(ti) (10.4.11)

is uniquely determined by the distribution of (10.4.10).

Let {fn}, f be uniformly bounded measurable functions on [0,1] such that
fn — [ pointwise as n — oco. Using the dominated convergence theorem, we
have

1 1
/ fa(®)X (t)dt — / fO)X(@)dt asn— . (10.4.12)
0 0

Let € > 0 be any number less than half the minimum distance between
the ¢;’s. Notice that for the indicator function I([a,b]) we have the sequence
of continuous “ramp” functions {R,,(t)} with

_[1 tefab],
Rn(t)—{o tefa—1/nb+1/n]°

and linear on each of the sets [a—1/n, a], [b, b+1/n], satisfying R,, | I([a,b]) as
n — oo. Notice also that we can approximate any ramp function uniformly on
[0,1] by polynomials. Therefore, using (10.4.12) for polynomials appropriately
chosen, we find that the distribution of

m—1 ti+e 1
> a; X(t)dt + ap, | X(t)dt (10.4.13)
i=0 ti 1—e
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is uniquely determined by the distribution of (10.4.10).
Dividing (10.4.13) by € and letting ¢ — 0, we get a.s. convergence to
(10.4.11) (since X € C[0,1] with probability 1) and we are done.

Theorem 10.10. Let X be a random element of D[0, 1]. Suppose there ex-
ist constants B > 0, v > 0, a« > 1, and a random nondecreasing, right-
continuous function F : [0,1] — [0, B] such that, for all 0 < t; <ty <1 and
A>0,

1

P(X (1) - X(0)| 2 V) <

E[(F(t2) — F(t1))"]. (10.4.14)
Then, for every e >0 and § an inverse of a positive integer, we have

P(w(X,d) > 3¢) < I;BE ygggcl(F((j +1)8) — F(j6)* 1|,  (10.4.15)

where j ranges on positive integers and K depends only on v and «.

The theorem is proven by modifying the proofs of the first three theorems
in Section 12 of Billingsley [57]. It is essentially an extension of part of a result
contained in Theorem 12.3 of Billingsley [57]. The original arguments, for the
most part, remain unchanged. We will indicate only the specific changes and
refer the reader to Billingsley [57] for details. The extensions of two of the
theorems in Billingsley [57] will be given below as lemmas. However, some
definitions must first be given.

Let &1,. .., &, be random variables, and S = & + -+ + & (So = 0). Let

M,, = max Sk,
0<k<m

M, = max min(|Sk|, |Sm — Sk|)-
0<k<m

Lemma 10.11. (Extension to Theorem 12.1 of Billingsley [57]). Suppose
UL, ..., Uy are nonnegative random variables such that

2
P(|S; — Sil > A\, [Sk — S| > A) < )ény|:< Z W) :| < 00,

1<l<k
0<i<j<k<m
for some a > é, v >0, and for all X > 0. Then, for all A >0,
P(M), > ) < AI; E[(u1 + - + um)?*], (10.4.16)
where K = K, ., depends only on v and c.

Proof. We follow Billingsley [57], p. 91. The constant K is chosen in the same
way, and the proof proceeds by induction on m. The arguments for m = 1
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and 2 are the same except that for the latter (u; + ug)?® is replaced by
E(uy +u2)?*. Assuming (10.4.16) is true for all integers less than m, we find

an integer h, 1 < h < m, such that

Ef(uy + - + up)*?]
El(ur + -+ 4 um)?]’

E[(u1 + -+ + up—1)?"]

El(un + -+ u)]

1
<
9 =
the sum on the left-hand side being 0 if A = 1.
Since 2a > 1, we have for all nonnegative = and y
m?a +y2a S (m_’_y)Qa.
We then have

E[(upsr + - )] S E[(un + - 4 wm)®] = E[(un + - 4 un)*?

<E [(u1 + -+ um)?] (1 — ;) = ;E[(ul 4 um ).

Therefore, defining Uy, U, D1, Dy as in Billingsley [57], we get the same in-
equalities as in (12.30)—(12.33) of Billingsley [57], p. 92, with u?* replaced by
E[(u1 + - - + umm)?®]. The rest of the proof follows exactly.

Lemma 10.12. (Extension to Theorem 12.2 of Billingsley [57]). If, for ran-
dom nonnegative ug, there exist « > 1 and v > 0 such that, for all X > 0,

1 2a ) '
P(S, — S = \) < MEKZ W> } coo, 0<i<j<m,
i<l<j
then

!

K o
P(My 2 ) < TPE[(ur +-- + um)*], Ko =2(1+ Ky 2.0/2)
Proof. Following Billingsley [57], we have for 0 <i < j <k <m

P(1S; — 8i| > A, [Sk — S;] = A) < P2(|S; — 8i| > NP2 (|Sk — S;| > A)

ol(z)]

i<t<k

so Lemma 10.4.9 is satisfied with constants v/2, «/2. The rest follows exactly
as in Billingsley [57], p. 94, with (u1 + -+ + uy,)® in (12.46) and (12.47)
replaced by the expected value of the same quantity.

We can now proceed with the proof of Theorem 10.10. Following the proof
of Theorem 12.3 of Billingsley [57], we fix positive integers j < =% and m
and define
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. 1 . 1—1 .

=X+ 6)—-X|jo+ o), i=1,2,...,m.
m m
The partial sums of the &;’s satisfy Lemma 10.12 with
. 7 . i—1
Ui:F<j5+ 5)—F<]5+ 6>.
m m

Therefore

P<max

1<i<m

X (64 1) = X8| 2 €) < BB +19) - FGO)"

with K = K/ ..
Since X € DJ0, 1], we have

JO<s<(j+1)8

P ( sup  |X(s) — X (j0)] > e)

X <j5 + ! 5) - X (jé)’ > ¢ for all m sufficiently large )
m

=P ( max
1<i<m

< liminf P ( max
m 1<4i<

X <j6+ 7;5> —X(jd)‘ > e)

< Brir(G +1)8) - FGo)).

S o
By considering a sequence of numbers approaching e from below, we get from
the continuity theorem on probability measures

P ( s |X(s) - X(j8)] 2 ) < L EIF(G +19) - F(6)°)

Jo<s<(j+1)é
(10.4.17)
Summing both sides of (10.4.17) over all j < §~! and using the corollary to
Theorem 8.3 of Billingsley [57], we get

K

P(w(X,6) > 3¢) < »

B[ 3 (FG+ 109 - R0y

<51

= KE{maX (F((+ 1)) = F(j8))*H(F(1) — F(O))}

- eV j<o—1

=

KB
< E{max (F((j+1)9) —F(j5))a_1},
j<o-1
and we are done.
For general DI[0,b], we simply replace (10.4.9) by
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b > b >
{/ t’”X,,(t)dt} 2, {/ tT’X(t)dt} as n — 0o (10.4.18)
0 0

r=0 r=0

and (10.4.15) by

P(w(X,bd) > 3¢) < max (F(b(j + 1)8) — F(bjo))* |, (10.4.19)

KB
d
j<o-1

e

j and 81 still positive integers.

10.4.3 Completing the Proof

We finish up by verifying the conditions of Theorem 10.9.

Theorem 10.13. Let E(x11) = 0, E(2%,) = 1, and E(z},) < oo. Suppose the

sequence of vectors {Xp}, Xp = (Tp1, Tp2, .. Tpp), [|Xpl| = 1 satisfies
P
meﬂ —0 asn— oo. (10.4.20)
i=1

Then (10.5.1) holds.

Proof. We return to the proof of Theorem 10.3 and consider the sum of non-
negligible terms contributing to (10.3.14) in the limit. If there is an I;-vertex
consisting of four or more I;-indices, such terms are negligible because of
condition (10.4.20). Thus, all [;-indices must be pairwise matched. Also, by
Lemma 10.6, the nonnegligible terms should satisfy d = r — m/2. This is
impossible if m is odd. Thus, the limit of the mixed moment is 0 if m is odd.

Now, let us consider the case where m is even. Due to the fact that (2) is
avoided, the graph G consists of at most m/2 connected subgraphs. Also, a
graph of 7/ noncoincident edges has at most 7’ + m/2 noncoincident vertices.
Because there are exactly m noncoincident vertices, each of which matches
with two I;-indices, we have d < r’ — m/2. Therefore r = 1/, which im-
plies that all noncoincident edges have multiplicity 2. We conclude that the
asymptotic behavior of (10.3.14) depends only on E(z?%,), and we are done.

Let Ry = [0,00) and %, %ﬁ denote the Borel o-fields on, respectively,
R4 and Ri. For any p x p symmetric, nonnegative definite matrix B, and
any A € %, let PBr(A) denote the projection matrix on the subspace of
RP spanned by the eigenvectors of B, having eigenvalues in A (the collection
of projections {PB»((—o0,a]) : a € R} is usually referred to as the spectral
family of B,). We have trPB»(A) equal to the number of eigenvalues of B,
contained in A. If B, is random, then it is straightforward to verify the
following facts.
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Fact 1. For every x,, € R?, ||x,| = 1, x,,PBr(-)x, is a random probability
measure on R} placing mass on the eigenvalues of B,
Fact 2. For any four entries P7 (1), P27 (), P2t (), P27 () of PBe(.),
the function defined on rectangles Ay x Ay x Az x Ay € A% by
B B B B
E(P, 7 (A)P;7 (A2) P, 7 (A3)P7 (A4)) (10.4.21)
generates a signed measure mp? = mor (It o (R4, #%) such that
\mf”(A)\ <1 for every A € A1.
When B, =S, we also have the following facts.
Fact 3. For any A € %4, , the distribution of PS»(A) is invariant under per-
mutation transformations; that is, PS»(A) 2 0,PS» (A)0O;, for any permuta-
tion matrix O, (using the fact that PB»(-) is uniquely determined by {B}}72,

along with O,PB» ()0, = PO»BrO(.) and {S5}22; Z {(0,8,0,)7}22,).

Fact 4. For 0 < 21 < a9,

;trPSP([O,xﬂ) = Fp(x1),

X)) = [ (P (0.0, — (B ([0.21]).

and
. _ P/ psS . 1 S
Xp(Fp(22)) = Xp(Fp(z1)) = \/Q(XpP ?((21, z2])%p ptr(P 7 ((21,22]))).-

Lemma 10.14. Assume x11 is symmetric. If one of the indices i1,j1, -,
. . S, _
14, ja appears an odd number of times, then myp” = 0.

Proof. Let O; be the diagonal matrix with diagonal entries 1 except the i-th,
which is —1. Then, by assumption we have S, z 0;S,0; and hence mIS,” =
m?is?oi. On the other hand, similar to Fact 3, one can show that POi8»0: =
0;PSr0; and hence mS %" = (—1)2m>?, where « is the frequency of i
among {i1, j1, -, %4, ja}. Thus the lemma follows.

Theorem 10.15. Assume x11 is symmetric and x, = (£1/\/p,£1/\/p,
<o, £1/\/p)'. Let Gp(x) = 4F,(x). Then

E((X,(F,(0)))*) <E((G,(0))?), (10.4.22)
and for any 0 < z1 < x4

E((X,(Fy(22)) - Xp(Fp(an)))*) < B((Gplea) — Gyla1))?).  (10.4.23)
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Proof. With A = {0} in (10.4.22), and A = (z1, 22| in (10.4.23), we use Fact
4 to find the LHS of (10.4.22) and (10.4.23) equal to

4
1
4p2E<Z%jR§"(A)> : (10.4.24)

i#]

where v;; = sgn((xp)i(x,);). For the remainder of the argument, we sim-
plify the notation by suppressing the dependence of the projection matrix on
S, and A. Upon expanding (10.4.24), we use Fact 3 to combine identically
distributed factors, and Lemma 10.14 to arrive at

(10.4.24) = (=1 (12(p - 2)E(PELPE) +3(p — 2)(p — 3)E(PALP)

+12(p — 2)(p — 3)E(P12Po3 Psa P1a) + 2E(P142)). (10.4.25)

We can write the second and third expected values in (10.4.25) in terms
of the first expected value and expected values involving P1, P, and Pio
by making further use of Fact 3 and the fact that P is a projection matrix
(i.e., P? = P). For example, we take the expected value of both sides of the
identity

ProPo3 (ZPSjplj + P51 P11+ PsaPro +P33P13> = P12 P3Py
i>a
and get
(p — 3)E(P12Po3 Py Pia) + 2E(P11 PiaPog Py ) + E(PL PE) = E(PiaPa3 Pr3).
Proceeding in the same way, we find
(p — 2)E(P11 PiaPas P ) + E(P PR) + E(Pii P Ph) = B(Pi PY)

and
(p — 2)E(P12Pas Pi3) + 2E(P11 Py) = E(PR).

Therefore,
(p—2)(p — 3)E(P12P23 P34 Pr4)

= E(Pfy) + 2B(Pu P Ply) + 2B(P] P) — (p — 2)E(PRPr3) — 4E(Pu Ph).

Since P11 > max(Pi1 Py, P3) and P% < Pyy Py (since P is nonnegative
definite), we have

(p = 2)(p — 3)E(P12Pa3 P34 P1s) < E(P11 Pyy) — (p — 2)E(P}LPy).

Similar arguments will yield
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(p — 3)E(PY, P3y) + 2E(PLy Phy) + E(PL Piy) = B(Py Ps3),

(p — 2)E(PLPfs) + E(12) + E(Pfy Ph) = E(PuPh).
After multiplying the first equation by n — 2 and adding it to the second, we
et
: (p —2)(p = 3)E(PLPsy) + 3(p — 2)E(PLy Pfs)
= (p = 2E(PLPs3) — (p — 2)E(P, Pis) + E(PuP) — E(P] Ph) — E(P)
= E(P11Py2) + E(P} Py) — 2E(P11 P3) — B(Pf)
< B(P11Py) — E(Py).

Combining the expressions above, we obtain

_1)

(10.4.249) < 15% " VE(p, Py).

Therefore, using Facts 3 and 4, we get

4 2
10.4.24) PP | <E(( “tep
( B 2 Pabi ((p > )

i#]

B {E((GP(O))Q) for A= {0},
E((Gp(xg) — Gp(xl))z) for A = (z1, 2],
and we are done.
We can now complete the proof of Theorem 10.7. Choose any b > (1+\/y)2.

As in the proof of Theorem 10.2, we may assume (10.2.1) and, by Theorem
10.13, (10.3.1), which implies

o0 o0

{/Ob xTXp(Fp(x))dx} 2, {/Ob mTW;’dx} as 1 — 50,

r=0 r=0

so that (10.4.18) is satisfied. By Theorems 10.10 and 10.15, we have (10.4.19)
with X = X,(F,), FF =4F,, B =4, v = 4, and o = 2. From Theorem 3.6
and Theorem 5.1 of Billingsley [57], we have, for every § € (0, b],

w(Fp,0) 2N w(F,,6) asp— oo.

Since Fy is continuous on [0, c0), we apply the dominated convergence theo-
rem to the RHS of (10.4.19) and find that, for every € > 0, P(w(X,(F},),d) >
€) can be made arbitrarily small for all p sufficiently large by choosing § ap-

propriately. Therefore, by Theorem 10.4.9, X, (F}) 2, WY in DI[0,b], which

implies X, (Fp(+)) Z WY in DJ0,00), and by Theorem 10.8 we conclude that
2 1170

X, = We.
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10.5 Extension of (10.2.6) to B,, = T'/2S,T'/2

First, we point out that the random variables XI,(FI‘,S ?(x)) can be written as
S
Xp(Fpr(x)) = V/p/2(F* (x) = Fyr (x),

where F57 is another empirical spectral distribution that puts mass |y;|? at
the place A\;. We shall call it the eigenvector ESD or simply VESD. Through-
out this section, we shall consider the linear functionals of Xp(F]?") associ-
ated with the matrix B,, = T1/28PT1/2, where the random variables may be
complex.

10.5.1 First-Order Limait

Theorem 10.16. Suppose:

(1)  For each p x;; = xg’),aj =1,2,---, are wd compler random variables

with Ez11 = 0 and E|z},| = 1.
(2) x,eCl={xeCr |x[|=1} and lim ? =y € (0,00).
p—oo

(3) T is p X p nonrandom Hermitian (or symmetric in the real case) non-

negative definite with its spectral norm bounded in p, with H, = F'T 2 H
a proper distribution function and with x5(T — 21)~'x), — spu(2), where
spu(z) denotes the Stieltjes transform of H(t).

Then, it holds that
FP (z) — FvH(z) a.s.

Remark 10.17. If T = bl for some positive constant b or more generally
Amax(T) = Amin(T) — 0, the condition x3(T — 2I)"'x, — mpx(z) holds
uniformly for all x, € C}. In other cases, this condition may not hold for all
x, € C}. However, there always exists some x,, € CY such that this condition
holds, say x, = (uy + --- + u,)/\/p, where uy,---,u, are the orthonormal

eigenvectors in the spectral decomposition of T.

Applying Theorem 10.16, we get the following interesting results.

Corollary 10.18. Let (B}');;,m = 1,2,---, denote the i-th diagonal ele-
ments of matrices By'. Under the conditions of Theorem 10.16 for x, = €p;,
we have, for any fized m,

—0 a.s.,

p—0oo
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where ep; is the p-vector with i-th element 1 and others 0.

Remark 10.19. If T = bl for some positive constant b or more generally
Amax(T) — Amin (T) — 0, there is a better result,

—0 as. (10.5.26)

lim max
n—oo i

(BI)ii — / amdFYH (2)

(The proof of this corollary follows easily from the uniform convergence of
condition (3) of Theorem 10.16 for all x, € CY, with careful checking of the
proof of Theorem 10.16.)

More generally, we have the following corollary.

Corollary 10.20. If f(x) is a bounded function and the assumptions of The-
orem 10.16 are satisfied, then

p P
SR = D) =0 s
Jj=1 j=1

10.5.2 CLT of Linear Functionals of B,

Theorem 10.21. In addition to the conditions of Theorem 10.16, we assume
that Elzt,| < oo and

(4)  g1,--, gk are defined and analytic on an open region D of the complex
plane that contains the real interval

[nmpinf Ao () (1= /y)?, limsup Al (14 ¢y)2} . (10.5.27)
p

1

5 o
(5) bgp Vi Spun. i (2)E+ 1

n — 0.

X (8 pun i (2) T+ 1) 7l — / dHn(t)‘ — 0 as

Then the following conclusions hold:

(a) The random wvectors

(/ g1 (z)dG,, (), - -, /gk(x)dGn(x)> (10.5.28)

form a tight sequence.

(b) If 211 and T are real and Exz}, = 3, the random vector above converges
weakly to a Gaussian vector Xg, ,---, Xg, , with zero means and covariance
function
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Cov(Xy,, X,,) (10.5.29)

o 1 . B (zam(z2) — Zﬂn(zl))2 o ds
= o /c /c 91(2092022) o oy — 21)(m(za) — mizr)) 19

The contours C1 and Cs in the equality above are disjoint, both contained
in the analytic region for the functions (g1,---,gx) and both enclosing the
support of FY=Hn for all large p.

(¢) If x11 is complex, with Ex?, = 0 and E|z11|* = 2, then the conclusions (a)
and (b) still hold but the covariance function reduces to half of the quantity
given in (10.5.29).

Remark 10.22. If T = bl for some positive constant b or more generally
VP(Amax(T) — Amin(T)) — 0, then condition (5) holds uniformly for all
x, € CY.

Theorem 10.23. Besides the assumptions of Theorem 10.21, H(x) satisfies

dH(t) B dH (1) dH(t)
/(1+tm(zl))(1+t5(22)) /(1—|—ts(21))/(1—|—ts(22)) =0 (10:5.30)

Then all results of Theorem 10.21 remain true. Moreover, formula (10.5.29)
can be simplified to

Cov(Xy,, Xy,) (10.5.31)
2

= ( [ n@@drr @) - [ renar @) [ gz(mz)dFy’H($2)> -

Remark 10.24. Obviously, (10.5.30) holds when T = bl. Actually, (10.5.30)
holds if and only if H(x) is a degenerate distribution. To see it, one only
needs to choose z2 to be the complex conjugate of z;.

10.6 Proof of Theorem 10.16

Without loss of generality, we assume that ||T|| < 1, where || - || denotes the
spectral norm on the matrices; i.e., the largest singular values.

For C > 0, let i‘ij = x”I(\x”| < C) — EZ'ZJI(‘LU”| < C) and Bp =
IT2X,X3T2, where X, = ().

Let v = &z > 0. Since Tij — i‘ij = QL‘”I(|QL‘”| > C) — E.T?Z]I(|l‘”| > C) and
(B, — 2I)~!|| is bounded by !, by Theorem 5.8 we have

|X;(Bp - ZI)_lxp - X;(Bp - ZI)_1XP|

1By — 2D~ H[1(B, — By)[1(B, — 2D~

IN

IN

1 v * v * vk
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1+ /y)? . -
S U;/y) B2 |21 — 20 * (B2 |70 [ + EY? e )] as.

2(1 + 2
< 1;2\/y) EY2 |z [*1(

‘.7311‘ > C)

The bound above can be made arbitrarily small by choosing C' sufficiently
large. Since Clim E|z11|? = 1, after proper rescaling of #;;, the difference can
— 00

still be made arbitrarily small. Hence, in what follows, it is enough to assume
‘.’Eij| S C, ELUH == 0, and E‘LUHP =1.
Next, we will show that
x5 (B, — 2I) 'x, — x;E(B, — 2I) 'x, » 0 as. (10.6.2)
Let r; denote the j-th column of \}nTéxp, D(z) = B, — 21, D,(z) =

D(z) — ryr7,

1
a;(z) = r;Dj_l(z)xpx;(Esp(z)T—|—I)71rj - HXZ(ESP(Z)T+I)71TD]~_1(Z)XP7
* —1 ]' —1
§i(z) =r;D; (2)r; — ntrTDj (2),

*T — KTy — 1 T — —
v; = r;D; l(z)xpxij Y2)rj — nxij l(z)TDj L2)x, (10.6.3)

and
1 1

b‘ pr— .
() 14 n*ltrTDj*l(z)

/BJ(Z) = 1+I';<D;1(Z)rj’ J

Noting that |3;(2)| < |2|/v, HD;I(Z)H < 1/v, by Lemma B.26, we have

*Ty— *TY— T 1 r 1
ElriD; (2)x,x:D; ! (2)r] :()(W), El¢;(2)| :0<W2>. (10.6.4)

Define the o-field .%; = o(ri,---,r;), and let E;(-) denote conditional
expectation with respect to the o-field .#; and Eq(-) denote unconditional
expectation. Note that

x,(Bp — 1) 'x, — xXE(B, — 21) " 'x, (10.6.5)

= Zx;EjD’l(z)xp - X;Ej,lDfl(z)xp
— Y X E (D7 (2) — DT (2)x, — x5E;_1 (DL (z) - DT (2)x,

J

==Y (E; — E;_1)B3;(2)r;D;  (2)x,x;D; * (2)r;
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= [Ejbi(2)(2) — (B; — Bj_)r; Dy (2)x,x5D 5 (2)r; 8(2)b; (2); (2).

Jj=1

|2l
14r *D_l(z)r <%
inequality, (10.6.4), and the martingale expression (10.6.5), we have

By the fact that | and making use of the Burkholder

Elx, (B, — 21) 7 'x, — x,E(B, — 21) x|

[V

E ZEjfll(Ej - Ej1)ﬁj(Z)r;Dj_l(Z)xpx;Dj_l(Z)rj2]

+EZ| E;j_1)B;(2)r;D; ! (2)x,x3D (2)r; "

r
2

<FE

 K|z[? iy N
Z 02 Ej—1|'7j(2)|2 + Ej,1|erj 1(z)xpxij l(z)rjgj(z)Q]
j=1

— Klz" v ,
+Z o E|erj1(Z)prij1(2)rj|
j=1

<K[p2+p .

Thus, (10.6.2) follows from the Borel-Cantelli lemma, by taking r > 2.
Write

D(z) — (=2Es,(2)T — 2I) er r; — (—2Es,(2))T.

Using equalities
r;TD_l(z) = ﬂj(z)r;TD;l(z)

and .
1
Q== _ ;@(z) (10.6.6)
(see (6.2.4)), we obtain

ED™'(2) — (—2Es,(2)T — 2I)~!

er * — (—2Es,(2))TD "} (2)

=1

= (2Es,(2)T +zI)'E

-

Multiplying by x;, on the left and x; on the right, we have

()T + 1) 'r;riD; ' (2) — :L(Esp(z)T + I)—lTED—l(z)].
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xZEDfl(Z)Xp —x,(—2Es,(2)T - 21) 'x,

= niEﬁl(z)[r;Dgl( )xpx5(Es, (2)T + 1)~ 'ry (10.6.7)
— %, (Es,(2) T + 1) " 'TED ! (2)x,)
2 6y 462+ 05,
where
61 = _Epi(z)ai(z),
2= E[p1(2)x;(Es, ()T +1) ' T(DT ' (2) - D~ (2))xy),

Nn—\N»—\Nﬁ

B[B1(2)x; (Bs, ()T + ) 7' T(D ™' (2) — ED ™' (2))x,].

Similar to (10.6.4), by Lemma B.26, for r > 2, we have
- 1
Elo;(2)]" =0 o)

0 = :Eb1(2)51(z)§1(z)a1(2) — O(n_l/Q)_

Therefore,

It follows that

6ol = | IE (5% (2)x, (s, (2)T + 1) "' TD1 (2)r1ri Dy (2)%,]|

||
< K (E[x}(Es,(2)T + 1)—1TD;1(z)r1|2E\r;D;1(z)xp\2)1/2
= 0™

and

|03] = \ [B1(2)b1(2)€1(2)%; (Es, (2)T + ) 7' T(D™ ! (2) - ED™'(2))x, |
< KB = 0(n="7).
Combining the three bounds above and (10.6.7), we can conclude that
X;EDfl(z)xp —x,(—2Es,(2)T - 2I)"'x, — 0. (10.6.8)

It has been proven in Section 9.11 that, under the conditions of Theorem
10.16, Es,(2) — s(z), which is the solution to equation (9.7.1). We then
conclude that

xZEDfl(z)xp —x,(—28(2)T — 2I) " 'x, — 0.
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By condition (3) of Theorem 10.16, we finally obtain

dH (t)
—zst — 2’

X;ED_l (2)xp, — /

which completes the proof of Theorem 10.16.

10.7 Proof of Theorem 10.21

The proof of Theorem 10.21 will be separated into several subsections.

10.7.1 An Intermediate Lemma

To complete the proof of Theorem 10.21, we need the intermediate Lemma
10.25 below.
Write

MP(Z) = \/n(sFPp (Z) — Spyp.Hp (Z))7

which is defined on a contour C in the complex plane, where C and the
numbers u,, ug, {1, p2, and vg > 0 are the same as defined in Section 9.8.

Similar to Section 9.8, we consider M (z), a truncated version of M, (z).
Choose a sequence of positive numbers {d,} such that for 0 < p <1

op 10, 6p>p*. (10.7.1)

Write
My(2) B

if ze€CyUCy

v+0p .o 6p—pv R

p2§p My (uy +in~"8,) + 25: My(uy —ip~'6,)

if w=upv€[-pTloy, 10
ng)_—jp Mp(ul + ip_ldp) + 5,;2;:1; Mp(ul - Z.p_l(sp)

if wu=w >0,ve[-p16,,p .

M (z) can be viewed as a random element in the metric space C(C,R?) of
continuous functions from C to R?. We shall prove the following lemma.

Lemma 10.25. Under the assumptions of Theorem 10.16 and (4) and (5) of
Theorem 10.21, M;(z) forms a tight sequence on C. Furthermore, when the
conditions in (b) and (c) of Theorem 10.21 on x11 hold, for z € C, M, (z)
converges to a Gaussian process M (-) with zero mean and for z1,z9 € C,
under the assumptions in (b),
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2(225(22) — z15(21))°

COV(M(Zl)aM(ZZ)) = y22122(22 — Zl)(S(ZQ) - S(Z]))

(10.7.2)

)

while under the assumptions in (c), a covariance function similar to (10.7.2)
is half of the value of (10.7.2).

To prove Theorem 10.21, it suffices to prove Lemma 10.25. Before proving the
lemma, we first truncate and recentralize the variables x;;. Choose 1, — 0
and such that E|zt;|I(|z11] > 1,4/p) = o(ny). Truncate the variables z;;
at m,p'/? and recentralize them. Similar to Subsection 10.3.3, one can prove
that the truncation and recentralization do not affect the limiting result.
Therefore, we may assume that the following additional conditions hold:

|zij] < 1py/py Ex11 = 0,E|z11)* =1+ o(p™!)
and

E\:U11|4 =3+o(1), for the real case,
Ez?, = o(p™1),E|z11|* =2+ 0o(1), for the complex case.

The proof of Lemma 10.25 will be given in the next two subsections.
10.7.2 Convergence of the Finite-Dimensional
Distributions

For z € Cp, let

M, (2) = V(s 5, (2) — Es 5,(2))

and
M (z) = \/n(EsFFp (2) = Spup.rp (2))-
Then
My(z) = M (2) + M} (z).
In this part, for any positive integer r and complex numbers a1, - - -, a,, we

will show that

i=1

converges in distribution to a Gaussian random variable and will derive the
covariance function (10.7.2).

Before proceeding with the proofs, we first recall some known facts and
results. For any nonrandom matrices C and Q and positive constant 2 < ¢ <
8logp, by using Lemma 9.1 for some constant K, we have

E[riCr; — n '2'TC|" < K*|C|“p2*p ", (10.7.3)
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ElriCx,x3Qr; — n~ 'x;QTCx,[" < K|C||Q]“n'*p~2, (10.7.4)
E[rjCx,x;Qri|* < K*(|C|“Q|‘n? - p2. (10.7.5)

Let v = $z. To facilitate the analysis, we will assume v > 0. By (10.6.5),
we have

V(s s, (2)-Es s, (2)) = —mi(Ej—Ej_nﬂj<z>r;D;1<z>xpx;D;1<z>rj.
Since

Bi(2) = bj(2) — B;(2)b; (2)6 (=) = b; (=) — B(2)&(2) + ()55 (2)€3(2),
we then get

(E) — E;-1)8;()r; Dy (2)x,x; D} ()
= Bjb;(2)7(2) ~ B (b?(z)@(z) ! x;Df(z)TD;l(z)xp)

H(E) — o) (B3(2)8;(2)E (2)5 D5 (2)pxg D (2)r; — B2(2)6 (2)7(2)),

where v; = r;Dj_l(z)xpx;‘,Dj_l(z)rj - }LX;Dj_l(z)TDj_l(z)xp.
Applying (10.7.3),

2

-1 D BIES ()6 (23,7 (ITD; (e < &R = 00,

which implies that \/n Z E; (03 (= )§j(2)}LX;D]fl(z)TD;l(z)xp) 2}

y (10.7.3), (10. 75) and Holder’s inequality with ¢ = logp and | =
logp/(logp — 1), we have

2
B|vn Y (8 — By ) (B(:)8,(:) (5D ()05 ()
j=1
<5 ()03 (BEInE + L EIE %D ()TD; ()

n

< K('Z')GnZ (EBleX()) Y BR2 N + o)

j=1
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< Kn? (n§2—4p—1)1/2 (,'7;1[—4]7—2)1/[ +oOp™Y
= o(1),

which implies that
Z ( Az )gjz(z)r;Dj_l(Z)XpX;Dj_l(Z)rj ZPy0.
Using a similar argument, we have

Z b2(2)€5 () (=) 2 0.

The estimates (6.2.36), (9.9.20), and (10.7.4) yield
E|(b;(2) + 25(2))7;(2)] = BIE(|(b;(2) + 25(2))7;(2)]*|B(ri, 1 # )]
= E[lb;(2) + 25(2) PE(1; (2)]|B(ri,i # §))] = o(p™),

which gives us
n

Vi SB[y () + 255 0,

j=1

where Z(-) denotes the Borel field generated by the random variables indi-
cated in the brackets.

Note that the results above also hold when Sz < —wvy by symmetry. Hence,
for the finite dimensional convergence, we need only consider the sum

s n

>ad ¥ =30 a(e)

j=1i=1

where Yj(z;) = —v/nz;s(2)E;v;(z;) and ~; is defined in (10.6.3).
Next, we will show that Yj(z;) satisfies the Lindeberg condition; that is,
for any € > 0,

> B E)PIY; ()] 2 €)= 0. (10.7.6)

Write (=) = 7" 77 + 7 +;", where

(1) ZekD Zl XpX D (zi)ela?kjmlj,
k;él

(2) ZekD (zi)xpx, D L(z)er
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X[‘xi]u(‘x%ﬂ <logp) — E\xij\f(\xij\ < logp)],
(3) ZekD (zi)xpx *D L(z)er
Hl‘kj\f(\mkjl > log p) — Elaj; |[I(|27;] = logp)]

7 = ZekD (2)%px5D7 ! (z0)ex[Elal;| — 1] = O(pY).

Similar to the proof of Lemma B.26, we can prove that

BVt = 0™, Bl |' = 0 log”p), and Bpyy” P = o(p™2),
(10.7.7)
where the o(1) comes from the fact that E|mij\|(\xij| > logp) — 0. Conse-
quently, (10.7.6) follows from the observation that

Y B )PI(Y (=) 2 )

j=1
n 4
<4 Y EY 1Y (=) 2 </4)
j=11=1
ZZE!Y“) Sl +ZE\Y (23] = 0,
j=11=1

where Yj(l)(zi) = —\/nzs (zz) , 1< 4.
By Lemma 9.12, we only need to show that, for z1, 29 € C\R,

n

Y Ej (Y (21)Y(22)) (10.7.8)

=1

converges in probability to a constant under the assumptions in (b) or (c). It
is easy to verify that

[trE; (D} (1) %%, D5 (1)) TE; (D} (22)%,%, D5 (22)T)| <

where v1 = (z1) and va = (z2). It follows that, for the complex case,
applying (9.8.6), (10.7.8) now becomes

z1228(z1)s ZE] 1trE; ( (zl)xpx D; Y)T

XE]‘(D-

; (ZQ)XpoDj (22)T) + 0p(1)
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= 21228(z1)s ZE] 1( X, D zl)T]jj_l(zz)xp)
X (xij (zz)TDj (z1)xp) + 0p(1), (10.7.10)
where D7!(z,) is similarly defined as D7 (22) by (r1, -, 1) 1,41, -, En)
j j ) yLg s Lj+1s sin ),
where I'j41,- -+, Ty are iid copies of 1, -, 1.

For the real case, (10.7.8) will be twice the amount of (10.7.10).
Define

n —1
Dij (Z) = D(Z) — I‘ZR: — rjr;f, H_l(zl) = (ZlI — bpl(Zl)T) s

1 1
Bij(z) = e , and bpi(z) = B .
! 1+ 1D (2)r; v 14+ n~lEtrTD,} (2)
Write
x;(Dj_l(zl) - Ej_le_l(zl))Tf)j_l(Zg)xp

_Zx (E;D —Ei—1D; ' (21))TD; N (22)%,.  (10.7.11)

By (10.7.11), we notice that
E;_1(xD; ! (21)TD; ! (22)%,) (33D 1 (22)TD; M (z1)%,)  (10.7.12)

=Y B 1x)(ED; ' (21) — Br 1D (1)) TD;  (22) %% D (22)

XT(ED; (21) ~ BraD; ! (21)%,
B3 01D () TID () (6505 (22) (81D (1))
= )1 (x)(Ej-1 D5 (21) T)D; (22)x,)

J
x (x;D; ! (22) T(E; 1D} (21))%,) + O(p ),
where we have used the fact that
Ej1x5(ED; ' (21) — Be1D; ' (21))TD; ! (22)x,, %
x;]u)jfl(zQ)T(EtD;l(Zﬂ — Et—ngl(Zl))Xp‘
< 4 (Bj-a] By (2% (D5 (21)rex (D) (21)TD] ! (20)x, |
*19— 1 2\ 1/2 —2
X1 | (2%, D5 1 (z2) T (vt By () [*) - = 0672).

Similarly, one can prove that
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Ejo1(xp (Bj—1 D5 (21) T)D  (22)%,) (x5 D (22) T(Ej -1 D (21))%,)
= Bj_1(x;D;  (21)TD; ! (22)%,)Ej—1 (3D H (22) TD;  (21)x,) + O(p ).
Then, using the decomposition (9.9.12), we obtain
Ej,l(X;Dj_l(zl)Tf)j_ (22)xp)Ej_1(x *D (zz)TDj_l(zl)xp)

= —B;_1(x;D; ' (21)TD; ' (22)xp)E;1 (x;D; *(22) TH ™ (21) Tx,,)
+A(Zl,2’2) —|—B(Zl,2’2) +C(Zl,2’2), (10713)

where
A(21,22) = bpr (21)Ej_1(x;D; ' (21) TD; * (22) %) Ej 1 (x; D (22) TA(21)%,),
B(z21,2) = E;1(x;D; ! (21)TD; ! (22)x,)E; -1 (x; D} ! (22) TB(21)%,),
and
C(z1,22) = Ej1(x;D; * (21) TD; ' (22)%,) (3D ' (22) TC(21) )
We next prove that
E|B(z1,22)| = 0(1) and E|C(z1,22)] = o(1). (10.7.14)

Note that although B and C depend on j implicitly, E|B(z1,22)| and
E|C(#1, 22)| are independent of j since the entries of X, are iid.
Then, we have

E|B(z1, 22)| < E|x;1“3;1(22)TB(zl)xp\

1
[v1v2|
1
< > (Eli(21) = by (1)
\UWQ\ oy
1]
XE[rD ;! (21)x,%5 (D5 (22)) TH ™ (21)14[*) /2.
When i > j, r; is independent of ]3;1(22)_ As the proof of (10.6.4), we have
E|r;<D;jl(zl)x,,x;(f);l(zg))TH—l(zl)m\2 =0(p~2). (10.7.15)

When i < j, substituting f)J_l(zz) by ]v);l( 2) — ﬁw(zg)D Jl(Zg)I',L *D Y(29),
we can also obtain the inequality above. Noting that

E|Bij(21) — bp1(21)|* = E|By;(21)bp1 (21)&;5]> = O(n™ 1), (10.7.16)

where ;;(z) = riD 1(z - (z) and [(;(z2) is similarly defined as
(10

Bi;(#2), combining (10.7.15)— (10 7 16) we conclude that
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E|B(z1, 22)| = o(1).

The argument for C(z1, z2) is similar to that of B(z1, 22), just simpler, and
is therefore omitted. Hence (10.7.14) holds.
Next, write

A(z1,29) = Aq(21, 22) + Aa(21, 22) + Asz(21, 22), (10.7.17)

where

Ai(z1,22) bp1(z1)Ej_1x 5”(21) (zl)rzr D (zl)Tﬁ71(22)xp
ij J

1<j

xEj,lx;f);l(22)TH—1(21)(rir;* —n ' T)D (21)%y,

A2 (Zl, 22) = Z bpl (Zl)Ej,1X;D;j1(Zl)T]v);j1 (Zg)rirf]u);jl (Zg)ﬁuij (Zg)xp
i<j
xB;_1x;D; ! (22) TH™ ! (21) (rix] — n ' T)D;! (21)%p,
and
Ag(Zl, 22) = Z bpl(Zl)Ej_lx;;Di_jl(Zl)Tf)i_jl(ZQ)Xp
i<j
xE;j_1xD;  (20) TH ! (21) (rix} — n ' T)D;; (21)%,

Splitting f);l(zz) as the sum of ]v);] (#z2) and @J (z2)D Jl(ZQ)I'Z *D Y(29)
as in the proof of (10.7.16), one can show that

E|A1(21,22)] < |bpi(21)] (E[x} i (20)Dj; (z1)rir; D' (21) TD; ! (22)x, |
ij J
1<J
1y —1 —1 * —1 —1 2 1/2
x ExD ! (2) TH ™ (21) (ror} — 0 ' T)D;; (21)%, | )

= O(n_l/z).
By the same argument, we have
E|Ax(z1,22)| = O(n™1).
To deal with As(z1, 22), we again split f);l(zz) into the sum of f);jl(zz)

and —ﬁuij(,zg)D L (zo)ryr *D !(23). We first show that

ij
A31(2’1, 2’2) = Z bpl(Zl)Ej_lx;;Di_jl(Zl)Tf)i_jl(ZQ)Xp
1<j

xEj_1x D (22) TH ! (21) (rix} — n 7' T)D;; (21)%,
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= o,(1). (10.7.18)
Further, we have

E|A3z1(z1, 22)]
= Z ‘bpl(zl)| EE] 1X D (Zl)TD (ZQ)XPEJ 1X D'sz( )TD'Lz]( ) Xp

i1,i2<]
xE;_1x DM(ZQ)TH Yz (e r), — nilT)D“](zl)xp *Dm( 2)
xTH ' (21)(rs,1], —n_lT)Dw;(zl)xp
When 7; = 72, the term in the expression above is bounded by
KE|X*D“](22)TH Lz 1)(ri, T — nilT)Di_jl(zl)pr =0(n?).
For i1 # s < j, define
1

Bininj(21) = frDIL (e Diyiyj(21) = D(21) =1y, 0}, — 1,1, — 1507,
and similarly define B»L‘hlé’j(ZQ) and D, ;,;(22).
‘We have
[EE;_1x;D; Y, (z1)ri,ry, DY (21)Bs, m(zl)TDm( 2)
xxpEj_1x Dm(zl)TDm(zz)xp
xEj_1x Dm(zg)TH Y(z1)(ri,x, —n 7' T)D; 3 (21)%,
XX Dm(zg)TH Y(21)(ri,r;, —n 7' T)D; L (2%,
< K(E[x;D; Y, (z0)ri,rs, DY (21) By i, (21) TD; b (22)x, 7)1
x (BlxyD; 3 (20) TH ! (21) (v, v}, — n ' T)D;  (21) 1)1/
x (BE|x Dm(zg)TH Y(z1)(ripr;, —n 7 'T)D; L (21)%y| 44
= 0(n™°?),
[EE;_1x;D; " (21)TD; Y ((z2)ri,15, D“ﬂ”(zQ)ﬂ“m(zz) »
xEj_1x Dlw(zl)TD (zz)xp
xEj_1x DM(ZQ)TH Y(z1)(riyr), —n *1T)D“](21)xp
><X*D (zz)TH Yz (ri,r), —nilT)Dw;(zl)xp\
< K(E[x;D; Y, i(20)TD; Y, (z2)ri,rl, Dy (22) 81, .5 (22)%, )12
< (ElxyD; 3 (22) TH™ (21) (ri, v}, — n ' T)D;  (21)xp[*)1 /4
x (BpcyDyk (22) TH (21) (v, x5, — n7 ' T)D; b (21) %)/

i2] 2]
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= O(n™%?)
and, by (9.8.6),

(z1)TD; !

i1,12,]

|EE;_ 1x,D;; (z2)xpEj_1x Dm(zl)TD (22)xp
xE;_1x3D;] L (22T, Dhlw(zg)ﬂwzj(ZZ)TH Y(z) (v ), —n ')
D, (z1)x,x;D; (%) TH ! (21) (r,r;, —n~ ' T)D }(21)%, |
< K(BE[x" D“ 10 (22)00, 77, D“}w (22)Biy 2.5 (22) TH™ Y (21) (1, 1%, — n ')
xD; 3 (21)%, ) ?(Elx; D, § ()% )12

(22)TH ! (21)(rs,v), —n 'T)D;,
< K(E[x;D; Y, (z2)ri,r;, DY (22) TH™ ! (2)

i1 12]

i2]

2
11,12,] i1,12,]

x(ri,r;, —n ' T)D; L (z1)%,[?)/2 x O(n™1)
< K(Ex*Dhlw(zz)rwr DlezH(zQ)TH (z1)TH™? (zl)TDlllzw(zz)rlz
xr; Dzllzw(Zz)pr D; ' (z1)TD; (z1)x,)"/? x O(n~?)
< K(E‘X D’L] io g(ZQ)rlzr D'L]lzg,g (22)XP‘ )1/4
x(Elr;, DY, () TH ! (21)TH ' (z))TD; !, (Z2)r})* x O(n™?)
= O(n_9/4).

Then, the conclusion (10.7.18) follows from the three estimates above.
Therefore,

A3(Zl, 22) = A32(zl, 22) + Op(].)
Asgo(21,22) = me (21)E;-1x;D;; (1) TD;; (22)x,
i<j
xE;_1x; D (z0)rir; Dy (22) 8 (22) TH ! (21) (rix} — n ' T)D;! (21)%,
== bu(21)E;1xD; (1) TD; (22)x,
i<j
xEj 133D (22)rir; D (22) B (22) TH (210)rir Dy (21)%, + 0p(1).
By (6.2.36), (10.7.3), and (10.7.5), for ¢ < j, we have
Ex;D;! (z2)riri Dy (21)x, (r;ﬁ;jl(ZQ)éij(ZQ)TH—l(zl)ri (10.7.19)
—n—lb,,l(zz)trTﬁ;jl(zz)TH—l(zl)) ‘
< (E[x;D;! (z2)rir; D (21)x2) 12 [(E|5ij(22)\2\r?]u3fj1(22)TH71(Zl)rz‘
—n "' TD;;! (20) TH ! (21)?)1/2
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(i (22) — by (22) Pl D (22) TH (21) ) /2]
= 0(n=%?).
Collecting the proofs from (10.7.13) to (10.7.19), we have shown that
A(21,22) = —bp1(21)bn1(22) Y B 1x35D; 1 (21) TD;; ! (22)%, B 1
i<j
X (x;]u);jl(zz)rir;‘ijl(zl)xpnfltthrT]u);jl(22)TH71(21)) + op(1).

Similar to the proof of (10.7.18), we may further replace r;r} in the expression
above by n~!T; that is

A(Zl, 22) = —bpl(Zl)bpl (ZQ)TL_Z Z Ejflx;;D;jl(Zl)T]u);jl (ZQ)XpEj,1
i<j

x (x5! (22) TD}! (21)%,trTD ! () TH ™ (21)) + 0, (1).

Reversing the procedure above, one finds that we may also replace Di_j1 (z1)
and ]3;1(22) in A(z1,22) by D;l(zl) and D;l(zg), respectively; that is,

bn1(21)bn1(22)(j — 1)

A(Zl,ZQ) = — n2

Ej,1X;D;1(Zl)T]j;1 (ZQ)XpEj,1
x (x5 (22)TD;  (21)%,t'TD ! () TH ™ (21) ) + 0,(1).

Using the martingale decomposition (10.7.11), one can further show that

bp1(z1)bp1(22)(7 — 1 e o
A, 29) = 13 Pln(;)o )Ej,lxijl(zl)TDjl(zz)xp

xB;_1x;D; ! (22) TD; ! (21) %, 1trTD;  (22) TH™ ! (21) + 0, (1).
It is easy to verify that
n~Hr(TM (29) TH ! (21)) = 0,(1)

when M (z3) is either A(z;), B(z2), or C(z3). Thus, substituting the decom-
position (9.9.12) for D;l(Zz) in the approximation above for A(zy, 2z2), one
finds that

A(Zl, 22) = bpl(zl)bplgzz)(jil) Ej,1XZD;1(Zl)T]u);1(ZQ)XpEj,1XZ]j;1(ZQ)

n

xTDJﬁl(zl)xpEj_ltrTH—l(ZZ)TH—l(zl) + 0p(1). (10.7.20)

Finally, let us consider the first term of (10.7.13). Using the expression for
D; (1) in (9.9.12), we get
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—E;_1x3D ! (21)TD ! (22)%,Ej -1 x5 D5 ! (22) TH ! (21)x,

= Wi(z1, z2) + Wa(z1, 22) + Wa(z1, z2) + Wa(z1, 22), (10.7.21)
where
Wi(21,22) = Bj_1x;H ™ (21)TD;  (22)%,Ej-1x5D; ' (22) TH ' (21)x,,
Wa(21,22) = —bp1(21)Ejo1x, A7 (21)TD;  (22)x,
xEj_1x;D7 ! (20) TH™ ! (21)x,,
Wi (21, 22) = —E;_1x,B 7" (21)TD; ! (22)%,Ej_1x3D; ! (22) TH™ (21)x,,

and
Wi(21,22) = —E;_1x5C 71 (21) TD; ! (22) %, Ej_1x3 D (20) TH™ (21)x,.
By the same argument as in (10.7.14), one can get
E|W5(21,22)] = o(1) and E|Wy(z1, 22)| = o(1). (10.7.22)

Furthermore, as when dealing with A(z1,22), the first ]3;1(22) in
Wa(z1,22) can be replaced by —bpl(ZQ)ﬁ;jl(22)rirjﬁ;j1(22); that is,

Wa(z1, 22)
= bp1(21)bp1 (22) D EjaxpH ™ (z1) (xix} —n ' T)D;' (1) T

1<J
x D (z2)rir; Dy (22)%, 135D (22) TH™ (21)x, + 0p(1)
= bp1(21)bp1 (22) Y Ej1xH ™! (21)r,07 D (20) T
i<j

x D (z2)riwi D (22)%, By 135D (22) TH™ (21)x, + 0p(1)
bp1(21)bp1(22) (5 — 1) R o _ , .
= B (po H(z21)TD; ! (22)%,trTD; ! (21)TD; 1(22))

xBj_1x;D; ! (22) TH™ ' (21)x + 0p(1).

It can also be verified that
X;M(ZQ)THil(Z]_)Xp = 0p(1)

when M (z5) takes A(z), B(z2), or C(22). Therefore, Wa(z1, z2) can be fur-
ther approximated by

Wa (21, 22) = bpl(znbp;(?)(j -V (xH ! (21)TH ™ (22)x,)”

xEj_1tr(TD; ' (21)TD " (22)) + 0,(1). (10.7.23)
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In (9.9.21), it is proven that
—1 S —1
E]_ltr(TDj (Zl)TD] (Zz))

A tr(TH ™! (21)TH ™ (22)) + 0,(1)
1- 37;1 21295(21)8(2z2)tr(TH=1(2)) TH-1(25))

In the same way, Wi (21, 22) can be approximated by

Wi(z1, 22)
= xZHfl(zl)THfl(zz)xpx;Hfl(ZQ)THfl(zl)xp + op(1). (10.7.24)

Consequently, from (10.7.13)-(10.7.24), we obtain

E;j_1x;D; ! (21) TE; (D} ! (22)%,Ej_1x3D; 1 (22))TD; ' (21)x,,

J
) —1 1
X {1 _J n bpl(Zl)bpl(ZQ)ntrHil(ZQ)THil(Zl)T]
= XZHil(Zl)THil(ZQ)XpX;Hil(ZQ)THil(Z]_)Xp

i —1 1 _
(]. + J n bpl(Zl)bpl(ZQ)nEjfltr(D !

j (Zl)Tf){l(Zz)T)) +0,(1).(10.7.25)

Recall that by (2) — —zs(z) and FT — H. Hence,

d(Zl, 2’2) = lim bpl(Zl)bpl(Zz)]btr(H_l(Zl)TH_l(Zg)T)

B ct?s(21)s(22)

= / (1+ ts(20))(1 + ts(z)) O

_ o, s(z)s(z2) (21 — 22)

=1 e (10.7.26)

By the conditions of Theorem 10.21,
h(z1,22) = lim 21 225(21)s(22)%,, (zl)TH (ZQ)XpX;Hil(ZQ)THil(Zl)Xp

21)5(22)

2
(4 ts(z)) (1 + ts(z)) ™ “)>

(10.7.27)

2129 —5(21))

V]
st (f ;ffialtm»f
o G

2
21m(z1) — ZQm(22)>

From (10.7.13) and (10.7.25)—(10.7.27), we get

i 1 1 ! td(z1, 22)
00710 5 12 ([ gt s [ i )
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h(z1, 2z2) (205(22) — 215(21))?

T1- d(z1,22)  2z122(22 — 21)(5(22) — 8(21))

10.7.3 Tightness of M}!(z) and Convergence of M?2(z)

First, we proceed to the proof of the tightness of M!(z) by verifying that

1 _ 2
EMn(Tl) MIZ(ZQ) <K if z.meC. (10.7.28)

Z1 — 29
By (10.7.4), we obtain

2

B> Yi(z)| =D EBIYj(z) < K.

Jj=1 Jj=1

Therefore, we only need to consider z1, zo when they are close to each other.
Write
Q(21,22) = Vnx,(D — 2,1) (D — 2I) " 'x,.

Recalling the definition of M}, we have

| My (21) — M (22)]

|21 — 22|
|Q(21, 22) — EQ(21, 22)| , if min(|S(z1)], [S(22)]) > dpp~,
> 1Q(21,2) —EQ(z1, 2], i [S(21)] 2 6pp~! & [S(22)] < Spp Y,
*=-4,—
D 1Q(z2,2) —EQ(22, )|, i [S(22)] = 6pp~" & [S(21)] < Gpp7,
*=-4,—
1Q(24,2-) —EQ(z4,2-)], otherwise,

where R(z1) = u, or u;, and J(zx) = £,p~!. We only give a proof of
(10.7.28) for the case S(z1), S(22) > d,p~ L.
From the identity above (9.10.7), we get

M’I},(Zl) - Mrll(

Z1 — %2

z) _ VnY (Bj —E;1)x;D 1 (z21)D (z2)x,  (10.7.29)
=1
= Vi(21, 22) + Va(21, 22) + V3(21, 22),

where

n

Vi(z1,22) = vn ) (Bj — Ej-1)8;(21)8;(z22)r; D} (21) x

Jj=1



386 10 Eigenvectors of Sample Covariance Matrices

Dj_1 (zz)rjr*D-_l(@)pr;Dj_l (z1)r;,

Va(21,22) = Z E;1)0;(21)r; D} (21)D} ! (22)x,%, D (21)r;,
and
Vs (21, 22) Z Ej_1)B;(z2)r; D} (22)XpX;D;1(Zl)D;1(22)rj~

Applying (10.7.1) and the bounds for §;(z) and I‘}*Djfl(zl)Df1

(22)r; ar-
J
gued below (9.10.2), we obtain

E|Vi(z1, 22) [ (10.7.30)

=n Y E|(E; — E;_1)8;(21)8;(22)r;D; ! (20) D} (22)r;
j=1
r;D;l(zz)xpx;Dgl(zl)rj\2
< K’I’LZ(E|I'§D;1(ZQ)XPX;D;]'(Zl)I'j|2 + v 202 P(|| Byl > uy orAmfn < uy))
< K.

Here, to derive the inequality above, we have also used (9.7.8) and (9.7.9).
It is easy to see that (9.7.8) and (9.7.9) hold for our truncated variables as
well. Similarly, the argument above can also be used to handle Va(z1, z2) and
V3(z1, 22). Therefore, we have completed the proof of (10.7.28).

Next we will consider the convergence of M2(z). Note that

1 1
yp,Hp - H . 1 . 1
s == [t (10.731)

Substituting (10.6.7) into (10.7.31), we obtain

V(GBI ()% — 8oy (2)) (10.7.32)
- \/p(X;(_ESp(Z)T B I)_lxp + / 1+ tSFIy 1y (2) 4Hy(1))

+v/nz(81 + 62 + 63 + 64).

For ¢4, we have

|2v/ndy| < K\/n[E|£f|+1175n3P(HBpH > Uy orALT < up)] = o(1). (10.7.33)

min
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Here and in the following, we use the notation o(-) for a limit uniform in
z € C. Similarly, by (10.7.5) and the Hélder inequality, it is straightforward

to verify that
|zv/nds| — 0.

Appealing to (9.8.6), whether for the complex case or the real case, we have
E[& (z)(r*{Dfl (2)xpx;, (Es,(2)T + I 'r;
—n_lx;(Esp(z)T +1)7'TD;  (2)x,)] = O(n™?).

It follows that ,
In2E[b1(2)81(2)&1(2)on (2)]|

< n3ER3(2)€1 (2)anr (2)]| + 02 B2 (2) 81 (2)€3(2)en ()] = o(1), (10.7.34)
where we have used the fact that
E[b3(2)€1(2)n (2)] = E{b3(2)E[&1(2)ar (2)|o(x;, 5 > 1)]}

and that
[E[bT(2)51(2)&F (2)n (2)]]

< K[(Bl&1(2)[*Elar (2)*)2 + v~ p* P(IB| > u, orADy, < w)] = O(n ™).
Then (10.7.33) and (10.7.34) give
|2v/né4| — 0.
According to Section 9.11, we have

sup V(8 pup.y (2) — Es,(2)) — 0. (10.7.35)

Following lines similar to (9.11.6) and (9.11.5), we get

sup H(SFW’HP (Z)T + 1)71” < 00.
p,z€C

It follows that, via (9.11.6) and the assumption of Theorem 10.21,

t
sup dHp(t) < 0. (10.7.36)

p,zeco/ (1 + tspup.mp (2))(tEs, (2) + 1)

Appealing to (9.11.4), (9.11.6), (10.7.35), and (10.7.36), we can conclude that

1

2)t+ 1de(t)>

m(x;(Esp(z)TH)lxp— [ s
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1
SpvpHp (Z)t +1

=/n (X;(SFW’HP (Z)T‘FI)ilXP - / de(t)> +o(1).

Using (10.7.35) and (10.7.36), we also have

1 1
\/n</ Es,(2)t + 1de(t) B / 1+ tSpup.p, (2) de(t))

t

= \/n(Sprpr(Z)_ESp(Z))/ (1+t$pr,Hp(Z))(tESp(Z)+1)

Combining the arguments above, we get that

dH,(t) = o(1).
(10.7.32) — 0.

10.8 Proof of Theorem 10.23

In this part, when T = I, we will prove that (10.5.31) is a consequence of
(10.5.29) under the conditions of Theorem 10.23.
Note that

1 t
= — dH (t). 10.8.1

- s(z)+y/1+t5(z) ®) ( )
It then follows that

= (s(21) = s(22)) [, 126(21)s(22)dH(t)
21— 2= 5(21)s(22) (1 y/ (1+S(21))<1+S(z2))> (10.8.2)

and

298(22) — z18(21) = y(s(z2) — s(zl))/ i ts(:i)?[((lt:_ o) (10.8.3)

Combining (10.8.1)-(10.8.3), (10.5.29) equals

_ 1 // 91(21)92(22)52(21)32(22)
271-2 ees f(cts z1)—1—ts(z1)) f(cts( —1— ts(zz))dH(t)

1+ts(z1) 1+ts(z2)

2
tdH(t)
(f (1+ts( zl))(1+ts(z2))) dz1dzy
s(z1)s(z2)t? ’
( Cf (1+4ts( zi)) 1its(22))dH(t))
where the contours are defined as before.
On the other hand, by Cauchy’s theorem, we get that

(10.8.4)
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(10 5. 3]. 267‘(’2 4142 91 21 92 22 (Z;i B 2222) _ 8(21)5(22))d21d32~
(10.8.5)
Applying (10.8.1)-(10.8.3) and the relation between s(z) and s(z) given above
(9.7.1), we get that

8(21) — 8(22) My + MQS(Zl) ( 2)
( PR — 8(21)5(22)) s(21)8(22)t2 5
! 2 yf (14ts(21)) (1+ts(zz))dH(t)
where
dH(t dH (t) t2dH(t
M, = y82(21) 2(22 1+ts(z)1) f 1+ts(z1 f 1+ts(z1))(l(—i2ts(zz))
- ts(z 1—ts(z ts(z 1—ts(z
f w 11—&)-255 zl)( 1) f w (1+ts(22)( 2))dH(t)
and
My
(yts(z1)—1—ts(z1)) (yts(z2)—1—ts(z2)) dH(t) dH(t)
f Y 1+ts(21) ' dH( )f / 12+ts(22 ’ dH yf 1+ts(z1) f 1+ts(z2)
(yts(z1)—1—ts(z1) (yts(z2)—1— ts(z ) .
f Y 1+ts (z1) ' f Y 1+ts (z2) ’ dH( )

Observe that

(yts(z1) — 1 —ts(z1)) (yts(z2) — 1 —ts(z2))
/ 1+ts(z1) dH(1) / 1+ ts(z2) dH(1)

dH (t) dH (t)
_y/ 1+ts(z) / 1+ ts(z2)

B 5(21)s(29)t?
(-1~ y/ (L4 o)1 oz D)

which implies that

Mss(z1)s(z
Q2 // g1(21)92 22) iz(l)li@( tz) dz1dzo
ym Jede, yf (1+ts(21))(1+ts(22)) H(t)

(1-y)
= dzidze =0 10.8.6
22 /cl/c2 91(21)92(22)y22122 a1 ( )

since the z; and zy contours do not enclose the origin. Note that
/ dH (t) / dH (t) / s(21)s(20)t2dH (t)
1+ts(z1) ) 1+ts(z) ) (1+ts(z1))(1+ts(z2))
)
)

s(zo)tdH (t) s(z1)tdH(t)
_/ (1 +1ts(21))(1 + ts(22)) / (1 +ts(21))(1 + ts(22)) (10.8.7)
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N (/ (1 +t8(2il§){((f)+ ts(z2)) / (1 ijjs(&)) _/ (1 ii’(&)))

dH (t) dH (t) dH(t)
g </ (1 +1ts(z1)) / (1 +ts(z2)) _/ (1 +ts(z1))(1 +ts(22))>- (10.8.8)

Here one should note that the first item of the difference (10.8.7) is a factor of
M; and that the second item is a factor of (10.8.4). Consequently, combining
(10.8.4)-(10.8.8) and condition (10.5.30) (for identity matrix, the condition
(10.5.30) holds automatically), one can conclude that

(10.5.29) = (10.5.31).

Thus we are done.



Chapter 11
Circular Law

11.1 The Problem and Difficulty

This is a famous conjecture that has been open for more than half a cen-
tury. At present, only some partial answers are known. The conjecture is
stated as follows. Suppose that X,, is an n x n matrix with entries wzy;,
where {zy;, k,j = 1,2,---} forms an infinite double array of iid complex
random variables of mean zero and variance one. Using the complex eigen-
values \1, g, -+, A, of \/1” X.,,, we can construct a two-dimensional empirical

distribution by
1 .
il g) = AL <0 ROW) 2 SO0 < o)

which is called the empirical spectral distribution of the matrix \/1” X,..
Since the early 1950s, it has been conjectured that the distribution g, (x, y)
converges to the so-called circular law; i.e., the uniform distribution over the
unit disk in the complex plane. The first answer was given by Mehta [212]
for the case where z;; are iid complex normal variables. He used the joint

density function of the eigenvalues of the matrix \}n X,,, which was derived

by Ginibre [120]. The joint density is

n
PO+, An) = an A — A2 Hefnlx\ﬁ’

i<j i=1
where \;, i < n, are the complex eigenvalues of the matrix \/1” X, and ¢, is
a normalizing constant.

Partial answers under more general assumptions are made in Girko [123,
124] and Bai [14]. The problem under the only condition of finite second
moment is still open. For details of the history of this problem, the reader is
referred to Bai [14]. Some recent developments are given in Section 11.10.

Z. Bai and J.W. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, 391
Second Edition, Springer Series in Statistics, DOI 10.1007/978-1-4419-0661-8 11,
© Springer Science+Business Media, LLC 2010
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11.1.1 Failure of Techniques Dealing with Hermitian
Matrices

In this section, we show that the methodologies to deal with Hermitian ma-
trices do not apply to non-Hermitian matrices.

1. Failure of truncation method

It was seen in previous chapters that a small change to all entries or a large
change to a small number of entries of Hermitian matrices will cause a small
change in their empirical spectral distributions, and thus the truncation tech-
nique has played an important role in the spectral theory of large dimensional
Hermitian matrices. However, it is not the case for non-Hermitian matrices.
See the following example.

Example 11.1. Consider the following two n x n matrices:

o1 0 0 --- 0 o 10 0 --- 0
o010 --- 0 0 0 1 0
o o001 --- 0 0 0 0 1 0
A=1. . . . c]and B=) . ... :
00 0 0 1 o o000 --- 1
0000 0 L0 00 -0

It is easy to see that all the n eigenvalues of A are 0, while those of B are

N =n 3/me2km/n =01, n— 1.
When n is large, |A\x| = n=3/" ~ 1. This example shows that the empiri-
cal spectral distributions of A and B are very different, although they only
have one different entry, which is as small as n~3. Therefore, the truncation
technique does not apply.

2. Failure of moment method

Although the moment method has successively been used as a powerful tool
in establishing the spectral theory of Hermitian (symmetric) large matrices,
it fails to apply to nonsymmetric matrices. The reason can be seen from
the following fact. For any complex random variable Z, its distribution can

. . . £ .
be uniquely determined by all mixed moments EZ¥Z", k., ¢ > 0, with some
additional Carleman type conditions. However, for any square matrix X with
order larger than 1, there is no way to find a simple functional of X that gives

iixf(X)Xﬁ(X) (11.1.1)
j=1

unless k or ¢ is 0. Knowledge of just the latter is not sufficient. Indeed, if we
only know
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EZF =0, (11.1.2)

then this relation is satisfied by any complex random variable Z that is
uniformly distributed over any disk with center 0. Thus, even if we had proved

1, (1 g
tr X,] —0, as., (11.1.3)
n \n

we could not claim that the spectral distribution of \/1” X,, tends to the cir-

cular law because (11.1.2) does not uniquely determine the distribution of
Z.

3. Difficulty of the method of Stieltjes transform
When |z| > 1, by Theorem 5.18, we may write

sp(2) =: itr(\/lan - z)l = —i (1 +’§ Zlk (itr(inx’;») .

(11.1.4)
By (11.1.3), we should have

Sn(z) — —i, a.s. (11.1.5)
The limit is the same as the Stieltjes transform of any uniform distribution
over a disk with center 0 and radius p < 1. Although the Stieltjes transform
of \}n X,, can uniquely determine all eigenvalues of \/1” Xy, even only using
values at z with |z| > 1, limit (11.1.5) cannot determine convergence to the
circular law.

Therefore, to establish the circular law by Stieltjes transforms, one has
to consider the convergence of s,(z) for z with |z] < 1. Unlike the case for
Hermitian matrices, the Stieltjes transform s, (z) is not bounded for |z| <1,
which is even impossible for any bound depending on n. This leads to serious
difficulties in the mathematical analysis of s, (2).

11.1.2 Rewvisiting Stieltjes Transformation

Despite the difficulty shown in the last subsection, one usable piece of in-
formation is that the function s, (z) uniquely determines all eigenvalues of
1n X,,. We make some modification to it so that the resulting version is easier
to deal with.
Denote the eigenvalues of \/1” X, by

Ao = Apr AR, k=1,2,--,n,
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and z = s + it. Then,
I~ 1
n(z) = ) 11.1.6
)= 30 (11.1.6)

Because s,(z) is analytic at all z except the n eigenvalues, the real (or
imaginary) part can also determine the eigenvalues of \/1” X, Write s,(2) =

Snr(2) + i8pi(z). Then we have

Snr(2) =

= e — 2l
1

1
n
"0
_ 1 — 4|2
o 2 g OB = <F)

10 [~
=905/, log xvy, (dz, z), (11.1.7)

where v, (-, 2) is the ESD of the Hermitian matrix H,, = ( \}n X, —2I)( \/1” X, —
zI)*.

Now, let us consider the Fourier transform of the function s,,.(z). We have

‘2[/%4@4W””st
// pi(ustot) 9 /OO log xvy, (dx, z)dtds
Os 0 7
2 n 5= Air i(us—+uvt)
(us—+v dtd
n;//()\kr—s)2+(>‘ki_t)26 ’
2 ¢ ; ‘
Z// , s 2ez(us+vt)+7z(U/\kr+v/\ki)dtdS. (11.1.8)
n 1 S +t

We note here that in (11.1.8) and throughout the following, when inte-
gration with respect to s and t is performed on unbounded domains, it is
iterated, first with respect to ¢ and then with respect to s. Fubini’s theorem
cannot be applied since s/(s? + t2) is not integrable on R? (although it is
integrable on bounded subsets of the plane).

Recalling the characteristic function of the Cauchy distribution, we have

1 / |S| eitvdt _ e*lS’Ul.
w ) s 412

Therefore,

/ [/ o ettt it] ds
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=7 / sgn(s)ets 150l ds

= 2i77/ sin(su)e” V1% ds
0

2imu
u? 4+ 02’

Substituting the above into (11.1.8), we have

//ei(us+vt) 885/0 log xvy, (dx, 2)dtds

dimu 1 — (W er ki)
T w2 42 Ze e
u® +v n i

Therefore, we have established the following lemma.

Lemma 11.2. For any uv # 0, we have

enlu, v) = / / T (de, dy)

2 2 0o ‘ ‘
= u4;;: // 888 {A lnxl/n(dx,Z)] ezuerwtdtdS7 (1119)

where z = s +it, i = /—1, and
1
pn (2, y) = n#{k <n Ak <@ Ak <yl

the empirical spectral distribution of \/1” X,.

Remark 11.3. The identity in the lemma was first given by Girko [123], which
reveals a way toward proving the circular law conjecture.

If we assume the fourth moment of the underlying distribution is finite,
then by Theorem 5.18, with probability 1, the family of distributions p, (z, y)
is tight. In fact, by Lemma 11.6 given later, together with Theorem 3.7,
one sees that the family of distributions p,(x,y) is also tight under only
the finiteness of the second moment. Therefore, to prove the circular law,
applying Lemma 11.2, one need only show that the right-hand side of (11.1.9)
converges to its counterpart generated by the circular law.

Note that the function In z is not bounded at both infinity and zero. There-
fore, the convergence of the right-hand side of (11.1.9) cannot simply reduce
to the convergence of v,. In view of Theorem 5.8, the upper limit of the inner
integral does not pose a serious problem since the support of v, is bounded
from the right by (2+&+|z|)? under the assumption of a finite fourth moment.
The most difficult part is in dealing with the lower limit of the integral.
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11.2 A Theorem Establishing a Partial Answer to the
Circular Law

We shall prove the following theorem by using Lemma 11.2.

Theorem 11.4. Suppose that the underlying distribution of elements of X,,
has finite (2 + n)-th moment and that the joint distribution of the real and
imaginary parts of the entries has a bounded density. Then, with probability
1, the ESD pn(z,y) of \/1” X, tends to the uniform distribution over the unit

disk in the complex plane.

The proof of the theorem will be presented by showing that with proba-
bility one, ¢y, (u, v) — ¢(u,v) for every pair (u, v) such that uv # 0. The proof
will be rather tedious. For ease of understanding, an outline of the proof is
sketched as follows.

1. Reducing the range of integration. We need to reduce the range of
integration to a finite rectangle, so that the dominated convergence theorem
is applicable. As will be seen, the proof of the circular law reduces to showing
that, for every large A > 0 and small € > 0,

a > ius+ivt
//T [85/0 lnxz/n(dx,z)] e dsdt

—>// [8/ lnxz/(dx,z)} e ST dsdt, (11.2.1)
T 105 Jo

where T = {(s,1); |s| < A, |t| < A3, |V/s2 +12—1| > ¢} and v(z, 2) is the LSD
of the sequence of matrices H,, = (\}n X, —2I)( \/1” X, —zI)* that determines
the circular law. The rest of the proof will be divided into the following steps.

2. Identifying the limiting spectrum v(-, z) of v, (-, 2) and showing that it
determines the circular law.

3. Establishing a convergence rate of v, (z, z) to v(z, z) uniformly in every
bounded region of z.

Then, we will be able to apply the convergence rate to establish (11.2.1).
As argued earlier, it is sufficient to show the following.

4. For a suitably defined sequence &,, with probability 1,

lim sup //
n—oo T

En
lim sup ‘// / lnxl/n(dx,z)dsdt‘ =0, (11.2.3)
T Jo

En
/ / In 2y, (dx, z)dt
(s,t)eT JO

/°° mz(vn(dr, 2) = v(dz, 2))‘ =0, (11.2.2)

and, for any fixed s,

lim sup =0. (11.2.4)

n—oo
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11.3 Lemmas on Integral Range Reduction
Let v, (x, z) denote the empirical distribution of the Hermitian matrix

H=H, = (\/lan — zI) (\/1an —zI>*

for each fixed z = s +it € C.
To establish Theorem 11.4, we need to find the limiting counterpart to

gn(s,t) = (';95/0 log zv,, (dz, 2).

To this end, we have the following lemma.

Lemma 11.5. For all uv # 0, we have

1 uxr+ivy
c(u,v) = e dxd
(o) = //+ y

2, 2
- u4,+v /[/g(s,t)ews"'mdt}ds, (11.3.1)
ium
where ) U
_ oy 8T+ >,
9(s,t) { 2s, otherwise.

Proof. As in the proof of Lemma 11.2, we have seen that, for all uv # 0,

S i(ustot _ 2imu
/|:/82—|—t26( )dt]ds_u2+v2’
Therefore,
1 Tuxr+iv
c(u,v) = e Ydxdy
s x24y2<1
2 2
_u —|2—11 // [ , s 2ei(us+vt)dt:| dse ™Y dody
27T ’LU 12+y2§1 S +t

2 2 1 2(s — . .
u —|— v // |: // (; 1‘) ) dl‘dy:l ezus+zvtdtd$
dium T ) Jazyg2<t (8 —2)2 + (t—y)

2 2 . .
_unt /[/g(s,t)em*wtdt} ds. (11.3.2)

s

Note that the changes in the limits of integration are justified because

/ ) j—tZ etdt = sgn(s)e” 1=
s
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is an integrable function of s on R and, for each s, s/(s%+12) is an integrable
function of ¢.
To complete the proof of the lemma, one need only note that

//2+y2<1 - )(;;é)_ y)zdxdy

1
. dxd
( //2+y2<1 (s —x) +i(t —y) y)
271'
=R ( { o ie] dP) (by polar transformation)
— pe
d¢ . )

B §R pdp by Settlng C = pez

( [CpC(Z—C)] ) ( )

w \
=R ( 27”} pdp> (by residue theorem)
i z

= 2R((|z| A 1)

This completes the proof of the lemma.

Lemma 11.6. Let \; and n; denote the eigenvalues and singular values of
an n X n matrix A, respectively. Then, for any k < n,

k k
SN <D
j=1 j=1

if m; is arranged in descending order.

Proof. For any order arrangement of the eigenvalues of A, by the Schur
decomposition we can find a unitary matrix U such that

A =UDU",
where D = (d;;) is an upper-triangular matrix with d;; = 0 for ¢ > j and

di; = A\i. By Lemma A.11, we have

k
an = sup [tr(E*AA*F)|
, E*E=F-F=I,

> tr (I O)DD*<I’“>

0
> |dil?

j<i<k

k
>y IV
j=1
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The proof is complete.
Lemma 11.7. For any uv # 0 and A > 2, we have

> s AT a4 2T @ 1
gl et dids| < ATl 4 r(Inl > 54)
|/S|ZA /—oo ‘,U‘ ’I’L"U‘ Z 2

k=1

(11.3.3)
s+ 8A ATA &
n(s, 1) dsdt] < ST (el > A).
’/|s<A/t|>Asg (s )e 5 - A2_1+ n P (| k|7 )
(11.3.4)

Furthermore, if the function g, (s,t) is replaced by g(s,t), the two inequalities
above hold without the second terms.

Proof. We have

/|>A

[ o
-1/ o n e (s - R AN

NY

zus+zvt det

= Z/ sign(s — R(Ag))ets =R g
s|>A

T Z/ e—é\vs\ds+/e—\v(s—§fk(kk))\d$[ <|>\k > IA)
D sz A 2

dr 2 — 1
—2lvl4 I([D]> A 11.3.5
e S (1md2 54). (11.3.5)

IN

IN

and

-
A

M3|

/ zus+ivt det
A |t\>A3

2|s = R(Ax)|
/5<A /|t>A3 (s = R(Ak))? + (t— %()\k)ydtds

/ sA” dt + 4ATI(| M| > A)
w
sas (|t — A)? M=

4T A &
I(|\k] > A). 11.3.
+n’;<\k|,> (11.3.6)

k 1

M=

IN

1
n

B
I

1
8A

<

T (A2
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Similarly, one can prove the two inequalities above for g(s,t). The proof of
Lemma 11.7 is complete.

Under the conditions of Theorem 11.4, we have, by Lemma 11.6 and Kol-
mogorov’s law of large numbers,

1 & 1 . 1
H;I(\Ak\ > A) < nQAZtr(Xan) = 2 8

From Lemma 11.7, one sees that the right-hand sides of (11.3.3) and (11.3.4)
can be made arbitrarily small by making A large enough. The same is true
when g,,(s,t) is replaced by g¢(s,t). Therefore, the proof of the circular law is
reduced to showing

/ / [gn (5, 1) — g(s,t)]e"™* T dsdt — 0. (11.3.7)
[s|<A J|t|<As

Next, we define sets
T={(s,t): |s| <A t| <A® and ||z| — 1| > ¢}

and
Ty =A{(st) : [|z| — 1] < e},

where z = s + it.

Lemma 11.8. For all fited A and 0 < e < 1,
/ Lgn (s, D)|dsdt < 32/c. (11.3.8)
T

Furthermore, when g,(s,t) in (11.3.8) is replaced by g(s,t), estimation
(11.3.8) still holds.

Proof. For any u and v, by a polar transformation, we obtain

// 2\s—u|dtds B
o (s—u)?2+({t—v)?

where D(0) is the total length of the intersection of the ring 77 and the
straight line (s — u)cosf + (t — v)sin@ = 0, which consists of at most two
pieces of segments. In fact, one can prove that the maximum value of D(6)
can be reached when the straight line is a tangent of the inner circle of the
ring 7} and hence %naxD 0) =2¢/(14¢)2 — (1 —¢e)2 =4/

The proof of (11.3.8) for g,(s,t) is then complete by noting that
fOQﬂ |cosf|dd = 4. The proof of (11.3.8) for g(s,t) is straightforward and
is thus omitted. The proof of Lemma 11.8 is complete.

2m
/ 2D(0)| cos 6]db| ,
0
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Note that the right-hand side of (11.3.8) can be made arbitrarily small by
choosing € small. Thus, by Lemmas 11.7 and 11.8, to prove the circular law,
one need only show that, for each fixed A > 0 and € € (0,1),

// [gn(s,t) — g(s,1)]e™ T dsdt — 0, a.s. (11.3.9)
T

Before proving the main theorem, we first characterize the circular law.

11.4 Characterization of the Circular Law

In this section, we consider the cubic equation

a+1—|z)?
!

A3 4247 4 A+ ; =0, (11.4.1)
where o = = + iy. The solution of the equation has three analytic branches
when « # 0 and when there is no multiple root. Lemma 11.10 below proves
multiple roots only occur on the real line. In Lemma 11.14, it is shown that,
with probability 1, the Stieltjes transform of v, (-, z) converges to a root of
(11.4.1) for an infinite number of & € CT possessing a finite limit point.
We claim there is only one of the three analytic branches, which we will
henceforth denote by A(«), to which the Stieltjes transforms are converg-
ing to. Let ma(a)) and ms(«) denote the other two branches. If, say, mo(«)
is another Stieltjes transform, for a real converging to —oo, from the fact
that A(a) + ma(a) + ms(a) = —2, we would have msz(«a) — —2. But from
aA(a)ma(a)ms(a) = —1 and the fact that aA(a) converges as o — —o0,
we would have mgs(a) unbounded, a contradiction. The reader is reminded
that A, mg, and mg are also functions of |z|.
By Theorem B.9, there exists a distribution function v(-, z) such that

Ala) :/ ! v(du, z).

u—o

Furthermore, by Theorem B.10, v(-, z) has a density that is denoted by p(-, 2).
We now discuss the properties of v.

Lemma 11.9. The limiting distribution function v(x,z) satisfies

lv(w +u, 2) — v(w, z)| < 27  max{2y/3|ul, |u|} for all z. (11.4.2)
Also, the limiting distribution function v(u,z) has support in the interval
[z1,22] when |z| > 1 and [0, z2] when |z| < 1, where

2 [~ 1+ 20[2] + 8J2[* — (v/1 4+ 8]22)7),

P
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1

R IPTE

[(V1+8[2[%)* — 1+ 20]z] + 8|z"].

Proof. Since p(u, z) is the density of the limiting spectral distribution v(-, z),
p(u,z) = 0 for all w < 0. By (11.4.1), p(u, z) is continuous for v > 0. Let
u > 0 be a point in the support of v (-, z). Write A(u) = g(u) + ih(u). Then,
to prove (11.4.2), it suffices to show

h(u) < max{\/3/u, 1}.
Change (11.4.1) (for « =2 > 0) as

1—|z|? 1
A2 4 2A 4+ 1+ & + =0.
x A
Comparing the imaginary and real parts of both sides of the equation above,
we obtain

1
D= s g20) + 12(w))
and
2 1—|zf? 2 g()
e = et L 0L

N g(x)

v o) + 2 T nlg2() 4 02()
1, @+

e ¥ an((e) + 1)

1, if h(z) <1,
= { 3, othér\?vise. (11.4.3)
Here, the last inequality follows from the fact that (g + 1)/(¢g? + 1) reaches
maximum at g = v/2 — 1. Thus, (11.4.2) is established.

Now, we proceed to find the boundaries of the support of v(.,z). Since
v(.,z) has no mass on the negative half line, we need only consider z > 0.
Suppose h(z) > 0. Comparing the real and imaginary parts for both sides of
(11.4.1) and then making x approach the boundary (namely, h(z) — 0), we
obtain

2(¢> +29° +9)+ (1= [2[)g +1=0

and
232 +4g+1)+1— |22 =0. (11.4.4)

Thus, substituting z(g + 1) = —(1 — |2]?)/(3g + 1) from the second identity
into the first, we obtain

[(1—[2[)g +1](Bg +1) = (1~ |2*)g(g +1).
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For |z] # 1, the solution to this quadratic equation in g is

—34 /14 8|22 1.
= =— f =1 11.4.
g 4 4‘2‘2 g 37 1 ‘Z‘ ) ( 5)

which, together with (11.4.4), implies that, for |z| # 1,

1— [z
(g+1)(3g+1)
1

= - 1—20z)* — 8Jz|* £ (/1 2)3 L. 11.4.
o 11~ 20027 — 8zl £ (V148 (11.46)

T12 = —

Note that 0 < 1 < x2 when |z| > 1. Hence, the interval [x1, 22| is the support
of v(.,z) since p(x, z) = 0 when x is very large. When |z| < 1, 21 < 0 < z5.
Note that for the case |z] < 1, g(x1) < 0, which contradicts the fact that
A(x) > 0 for all x < 0 and hence 7 is not a solution of the boundary.
Thus, the support of v(., z) is the interval (0,xz2). For |z| = 1, there is only
one solution, 2 = —1/[g(g + 1)?] = 27/4, which can also be expressed by
(11.4.6). In this case, the support of v (-, z) is (0,22). The proof of Lemma
11.9 is complete.

Next, we consider the separation between A and the other two solutions
of equation (11.4.1).

Lemma 11.10. For any given constants N >0, A > 0, and € € (0,1) (recall
that A and e are used to define the region T), there exist positive constants
g1 and ¢ (g0 may depend on 1) such that for all large n:

(i) for |a| < N,y >0, and z € T,

max |A(a) —my(a)| = <o, (11.4.7)
J=2,
(ii) for |a| < N,y >0, |a —x2| > &1 (and |a — x1| > &1 if |2] > 1+ ¢),
and z €T,
min [A(a) —m;(a)| = eo, (11.4.8)
J=2,

(iii) for z € T and |a — xo| < €1,

min [A(a) — mj(a)| > cov/|a — 2], (11.4.9)
J=2,

(iv) for |z > 1+¢e,z€ T, and |a — 21| < €1,

_m12r§|A(oz) —mj(a)| > eov/ | — z1). (11.4.10)
j=2,

Proof. We first prove (11.4.8). Because €7 is actually selected in the proofs
of conclusions (iii) and (iv), here £; is assumed to have already been chosen.
Suppose that for some z € T and some « with y > 0, A(«) is a multiple root
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of equation (11.4.1). Then, A(«) should also be a root of the derivative of
equation (11.4.1),

a+1—z*
N =

3A% +4A + 0. (11.4.11)

Since A(w) satisfies both the above and (11.4.1), Euclidean division then
yields

148z
20— 6+ 6]z

Since SA(a) > 0 for @ € C*, we conclude that (11.4.1) can have multiple
roots only when « € R. Note that equation (11.4.11) is the same as (11.4.4).
Thus, the only possible values for a are z; and x».

We claim that (11.4.8) is true. If not, then we have, for each positive integer
k, that there exist oy, and zj with z, € T and |a— 22| > €1 and |a— 21| > &1
if [2x| > 1 + € such that

Aa) (11.4.12)

. 1
oin [Alag) —mjlap)] <
Then, we may select a subsequence {k’} such that the following are true:
apr — ag and 2z — 20; 20 € T and |ag — x2| > e1. If 20| > 1 + ¢, then
lag — 21| > €1. For at least one of j = 2 or 3, say j = 2,

| Alarr) —ma(aw)| < (11.4.13)

K
If g # 0, by continuity of A(«) and ma(«), we shall have A(ag) = ma(ayp),
which contradicts the fact that A(«) does not coincide with ma(«) except for
o =9 or a = xq when |z| > 1. If g = 0, then for zg # 1 it is straightforward
to argue that one root must be bounded and hence converges to 1/(]zo|?> — 1),
while the other two become unbounded as ajs — 0. Thus, limit (11.4.13)
requires that both A(ayg/) and ma(ay) are unbounded. On the other hand,
since Aag) + ma(a),) + ms(aj) = —2, we should have

|A(ag) —ma(an )| = | — 2 — 2ma(ag) —ma(ag )| — oo.

This contradiction shows that oy = 0 is impossible. This concludes the proof
of (11.4.8).

For (11.4.7) we argue as above and assume there are ap — g, 2z —
20 € T such that all three roots of (11.4.1) converge to each other. From the
above we see immediately that ag cannot equal zero. For oy # 0 we would
have from the second derivative of (11.4.1) A(ag) = —2/3. Again from the
above, « has to be x1 or x5 and, from (11.4.6),

2

Alag) = — ,
(o) 3+ /1 + 8|22
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which clearly cannot equal —2/3 since |z| # 1.
We now prove (11.4.9). Let A + p be either mg or mg. Since both A and
A + p satisfy (11.4.1), we obtain

_3A2(a) +4A(0) + 14+ (1 — |z|2)/oz.

pla) =

Write p = A(a) — A(xz2). By (11.4.4), we have

3A%(a) +4A(a) + 1+ (1 - [2]*)/a
=3A%a) +4A() + 1+ (1 —|2)?)/a
—3A%(z9) + 4A(x2) + 1+ (1 — |2]?) /22

| (= P —a)

PI6A(z2) + 4+ 3p (11.4.15)

From (11.4.1) and (11.4.4), it follows that

0= [34%(x2) + 4A(z2) + 1+ (1= |2[*)/alp + [3A(22) + 205" + 5
L (@2 = a)(A@) (1~ [2]*) +1)
Tox

A 4 2 4 g2 4 (B D= =)+ a2 —a)

Tolx
(11.4.16)
_ 2
Let M > 1be abound on all |2, |a], and x3. Then A(zz) = Y c
1 2 ~ 2
<_2’_3+\/1+8M2>' When [p] < s viisaz Ve have
A Ll
3A(x2) +2+p| = \/
3A(22) Pl 34 /14 8]

Also, since A(xa) + Rp < 0, we have |(A(x2) + p)(1 — |z|?) + 1] > 1 when
|z| > 1 and > 3+\/1’ng2 +1 > 1/3 when |z| < 1. Therefore, regardless of the
size of p, equation (11.4.16) implies

2

1
3+ +/1+8M2 2M? Vw2 _0‘|> >ery/|ee —al  (11.4.17)

1> min
for some positive constant ¢;. Note that A is continuous in an open set
containing the rectangle {(a, 2); 2 € T, Zamin < < Tomax, 0 < y < N},
where 23 min = 4 (corresponding to z = 0) and T2 max = 8]\1/12 [(1 —|—8M2)3/2 —
1+ 20M? + 8M*] (corresponding to |z| = M). Therefore, we may select a
positive constant £; < min(1, ¢3/M*) such that, for all |2| < M and |a—x3| <
e1, we have |p| < min(§, ¢f/M*). Then, from (11.4.14) and (11.4.15) and the
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fact that when [p(a)| < §
BA(a) + 2+ p(a)| = [3BA(z2) + 39+ 2 + p(a)| < 4,

we conclude that

1. L R 1— 1212 (29 —
p(a)] =, min (27 F6AGs) + 4437 + L ‘xifj ) >
1. 11 1
= 4 (27 261\/|332 —a - 9M2|332 —a|>
2 e2v/laz — ol (11.4.18)

This concludes the proof of (11.4.9).

The proof of (11.4.10) is similar to that of (11.4.9). Checking the proof
of (11.4.9), one finds that equations (11.4.14)—(11.4.16) are still true if x5 is
replaced by 1. The rest of the proof depends on the fact that, for all z € T',
|z] > 1+e¢, and |a — 21| < 1, [3A(a) + 2+ p()| has a uniform upper bound
and p can be made arbitrarily small provided e; is small enough. Indeed,
these can be done because z1 has a minimum 1 min at |z| = 1+ ¢ that is
strictly greater than 0 and hence A(«) is uniformly continuous in an open set
containing the rectangle {(«, 2); 2 € T, 1 min—¢1 < T < Z1,max; 0 <y < N},
provided €1 is chosen so that @1 min — &1 > 0.

The proof of Lemma 11.10 is then complete.

The purpose of the following lemma is to show that v(-,z) defines the
circular law.

Lemma 11.11. We have
a oo

Inzv(de, z) = g(s,t). (11.4.19)
Os 0

Proof. From (11.4.1) and the fact that A is the Stieltjes transform of v(-, z),
we have, for z < 0,

>0, if x <0,
as ¥ — —00,

— 0,
_1s2 .
Alz){ < \/2(1|m‘|‘ ), asx 1 01if 2] < 1,

< x| 71/3, as x 10 if [z| =1,
1 ‘z‘;_l, as x 1 0if |z > 1.

Thus, for any C' > 0, the integral fi)c A(z)dx exists. We have, using integra-
tion by parts,

/OC Az)de = /OC A(—z)dzx = /OC /Ooo uiml/(du,z)dx
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= / [log(C + u) — logu]v(du, 2)
0
=logC + / log(1 + u/Cv(du, z) — / log uv(du, ).
0 0

Differentiating both sides with respect to s, we get

8 oo

88/0 log uv(du, z)
_ 9 /mlo (1 +u/C)v(du, 2) — © /0 Alz)dz (11.4.20)
- 88 0 & ’ as —_C ' o

Differentiating both sides of (11.4.1) with respect to s and z, respectively,
we obtain

0

os (11.4.21)

A [34‘2@) Faa@+ T 22} _ 254(@)

x x

and

0

oy A) [3A2(33) FaA@)+ ST ] _ A0+

x 2

Comparing the two equations, we get

0 A 2sxA(x) 0 2s 0

952 = 140 A@) 1 = 122) 0020 T T (1 4 A2 0,2 (11:422)

where the last equality follows from the fact that

14+ A@)1 - 2P
A@)(1+ A2))?

We now determine the behavior of gSA(as) near the boundary of the sup-
port of v(-, z). For the following, x1 will denote the left endpoint of the sup-
port of v(-, z) regardless of the value of z. Let & denote x2 or, when |z| > 1,
x1 > 0. Using (11.4.21), it is a simple matter to show

lim 7 {SAz(J;)+4A(x)

+x+1—|z|2 2
:c—>:fta$

x
r+1—|z2
x

~ lim 2 Ax) [3A2(m) + 4A(z) +

x—T O

2

r+1- IZI2] (1—1z%)

— lim [3A2(9c) +4A(x) + -

_ [A@) Q- [2?) +1](124(2) + 8)

- )
.732



408 11 Circular Law
which is continuous in z. This implies that, for x near z,

r+1-—

‘3A2($)+4A($)+ > K1v/|x — i,

so that from (11.4.21) we get that, for = near z,

< M
Ve =il
When |z| < 1 (so that z; = 0), it follows from (11.4.1) that, as z — 0,

2A?(x) — —1+|2|? when |z| < 1 and 2A3(z) — —1 when |z| = 1. Therefore,
from (11.4.21) we have, for x small,

’ 0

Az)

0
’ S K3|m|_a7

ds

where a = 1/2 When |z] <1 and is 2/3 when |z| = 1.

The bounds on g A( ) above, together with the dominated convergence
theorem, justify the interchange of differentiation and integration about to
be performed below.

Substituting (11.4.22) into the second term on the right-hand side of
(11.4.20), it follows that

2s
/A dx—/ 88Axdx / 833 1—|—A( )2 dx

A(0-)
= —25/ dA
A—coy (1T+ A)
2s 2s
= — . 11.4.23
1+ A0-) 14+ A(-C) ( )
Taking = 1 0 in (11.4.1), we get
00, if 2% <1,
A(0-) = { L i[> L
We also have A(—C) — 0 as C' — oo. Thus, we get
/ 85 x)dr — —g(s,t). (11.4.24)

By noting that v(dx, z)/dx = 77 1S(A(x)), we have

‘ 888 /OOO log(1 +u/C)v(du, z)

o [*
= ‘as/w log(1 4+ u/C)v(du, 2)

1
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S (/x log(1 +u/C) aas(A(u))du> ‘

1

3 (/x log(L+1/C) | QAS(u))? aiA(@m) ‘

1

B 250<log(1+x1/0)  log(1+22/C)
Tt U+ A 40) 1+ Ax)

1
0
1
s

+/ 1+ A)C +u>d“>’
—0 as C— oo (11.4.25)

Assertion (11.4.19) then follows from (11.4.20), (11.4.24), and (11.4.25),
and the proof of Lemma 11.11 is complete.

11.5 A Rough Rate on the Convergence of v,(x, z)

In this section, we shall establish a convergence rate of v, (z, z) to a limiting
distribution v(z, z) and discuss properties of the limiting distribution v(z, z).
In the remainder of this chapter, if the quantities represented by the symbols
o(1) or O(1) are involved with indices j, ¢, or k, or variables a or z, then
their order is uniform with respect to these indices and variables.

11.5.1 Truncation and Centralization

Let }A(n and Xn be the n x n matrices with entries

Zij = wijl(|255] < n°) = By I(|Jij) < n’)
and &;; = 7i;//E|75|2, respectively, where § € (0, }). Further, denote by
Un(-,2) and 7, (-, z) the empirical spectral distributions of H = (\/1an -

zI)(\/ln}A(n —2I)* and H = (\}an - zI)(\/lan — zI)*. Then, by Corollary
A.42, we have

L4(V7L(" Z)’ ZA/TL(’ Z))

and
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< 7123 [u«(ﬁ + ﬁ)tr(f(nf(:;)Q - 1/\/E@§1)1 . (115.2)

By Kolmogorov’s law of large numbers, it is easy to see that
| ) Z )
ntrH = 2 Z |zi;|* — 2R n3/2 ;xkk +12]° = (14 |z]), as.
17 =

Similarly, it can be proved that }ltrﬁ — 14122, as.
Furthermore, by the assumption that E|z11|?>T" < oo, for any L > 0,

1
lim sup n’”
n

n—oo

n—oo

. 1
= tmsupn®® |, 3 foiI(jas] > n) = BenI(jau] > n®)
ij

n—0o0

. 1
< 2limsupn® | E|z11[2I(|z11] > n°) + 2 Z |ii PI(|2ij] > n®)
j

1
<2 lim | Elzu*"I(jeu| > L) + 2 > w1 (|| > L)
j

= 4E|l‘11|2+n1(|1‘11‘ > L), a.s.,

which can be made arbitrarily small be making L suitably large. This, to-
gether with (11.5.1), implies that

L2(Vn(~, 2),Un(+, 2)) = Oass. (n*‘sn).

Here the convergence rate is uniform for any |z| < M.
Again, by the assumption that E|z11|?>T7 < oo, it is easy to show that

1—VE[Z11|2 <1—E[Z;|? = o(n~ ).
Thus, by (11.5.2),
LA (0 (-, 2), (-, 2)) = 0aus.(n207).
Combining the above, we have proved that
L(n (-, 2), 7n(+ 2)) = 0as.(n™04), (11.5.3)

where the convergence rate 0,4 (n~%"/4) is uniform for |z| < M.
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11.5.2 A Convergence Rate of the Stieltjes Transform
of vn(, 2)

In this subsection, we assume the conditions of Theorem 11.4 hold. Also,
according to what was proved in the last subsection, we assume that the
additional condition |z;;| < n? holds.

Lemma 11.12. If § is chosen to be < }l, then, for any fized k, we have
EtrH" = O(n),

where the order O(n) is uniform for |z| < M.

Proof. Write \}an — 2L, = W = (wy5)}—;- Then, we have
wii| < |2+ 072 < M +1,
Ewij = 0, if 4 75],
Elwg;|# <n #/*0W=2if j£j and p> 2.

We have
Etr(Hk) — B o e i Win i ADin an v Wi . Wi
- 1,71 72,71 ®F12,72 V3,72 UkyJ2k P12k

where the summation Y. is taken for i1, 51, - -, %k, jx Tun over 1, - -, n. Simi-
lar to the proof of Theorem 3.6, we may construct a G(i, j)-graph. We further
distinguish a vertical edge as a perpendicular or skew edge if its I-vertex and
J-vertex have equal value or not, respectively.

If there is a single skew edge in G(i, j), the value of the corresponding term
is zero. For other graphs G(i,j), let 7 denote the number of distinguished
values of its vertices and s denote the number of noncoincident skew edges
with multiplicities v1, - - -, vs. Note that a new vertex value must be led by a
skew edge which implies that » < s + 1. For such a graph, the contribution
of the term is dominated by

(M + I)Qk—ul—---—ygn—sn—( 3 —6)(V1+---+D2—2$).
For an isomorphism class, there are n(n —1)---(n —r + 1) ~ n” isomorphic

graphs and there are a finite number of isomorphism classes. The lemma then
follows.

Remark 11.15. With more accurate counting, one can prove that
1 k 2
tr(HY) — pi(|2|?) a.s. as n— oo.
n

From this, one may conclude that v, (-, z) tends to a limiting spectral distri-
bution. However, we need a convergence rate, which has to be obtained by an
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alternate way. Thus, we shall omit the details here. Interested readers may
try to derive it themselves as an exercise.

Denote by

An(a, 2) = / Z/n(dsv,z)7

r—«

where o = z + iy with y > 0, the Stieltjes transforms of v, (-, z). For brevity,
the variable z will be suppressed when there is no confusion.

In this subsection, we shall prove that v, tends to the limiting spectral
distribution v with a certain rate by the following lemmas.

Lemma 11.14. Suppose the conditions of Theorem 11.4 hold, and each
|zi;] < nd. Write

1—|2)? 1
atl=l ) @+t (11.5.4)

Ap(a)® +24,(a)? + N N

If § is chosen such that dn < 1/14 and § < 1/14, then the remainder term
ry, satisfies

sup{|rn| : @« =z + iy with — oo <z < 00,y > yn,|2| < M}
= Oa.s.(én)a (].].55)

Yn = n=9 and 8, = n=97.

Remark 11.15. As shown earlier, only one branch of (11.4.1) can be a Stieltjes
transform. Using Theorem B.9, this, together with the a.s. convergence of
(1/n)trH (which shows {v,} to be almost surely tight), proves that, with
probability one, v, converges in distribution to v.

Proof. Consider the case where |a| > n?% y > y,, and |z| < M, where M
is a given constant. Then, by Lemma 11.12,

1
sup |A, ()] < 207207 4 y1[<AmaX(Hn) > 27125")

\a|>”26"’y2ym [z]<M
—20 k, —1,_—2ké k
< 2001 4 2%y T in T (H)Y))

= Oa.s. (n_én)v

provided k is chosen such that (k —1)dén > 1.

Consequently,
sup 7]
la|>n20m,y>y,, [2|<M
a+1—|z)?
= sup A3 4242 ¢ 12 A,
!

lee|>no, |z|<M

< 0as.(0n)- (11.5.6)
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Let o/ =2/ + iy If |a — /| < n =% and y, y' > y,, then, for k =1,2,3,
A (@) = Ak ()] < ky, " Ha —of| = o(6,7"),

which implies
sup [T (@) — ()] = 0(6n)- (11.5.7)
a—al|<n—687
y,‘ y/zy‘f IZI§7M
Let Ag(z) (arranging in increasing order) denote the eigenvalues of the
matrix H,,(z) = (\/1” X, — 2I)( ! X,, — 2I)*. In the proof of Corollary A.42,

vn
we have seen that

(Z |Ak(2) — Ak(z')> < 2(trH,, (2) + trH,, (2)tr(|z — 2/|°T,).
k=1

Thus we have, for k£ = 1,2, 3,

sup |AF (o, 2) — A (a, 2')|
[z],]2"|<M,|z—2'|<n =657
Y>yn

sup ky " A (a, 2) — Ap(a, 2')|
|2,/ |<M,|z—2/|<n =67
Y>yn

A=) = Au(=")
Sup | ka )~ allAx(=") — of

|z|,|z'\SM,\z—z’\Sn*65”
Y>yn

IN

IN

9 1/2
< up y—k—lz—zw( (L, (2) + HL () )
[z],2/ |<M,|z—z/|<n—68n n
Y>yn

= 0.6 (0275). (11.5.8)

Here, we have used the fact that 'tr(H,(z)) — 1+ |z|* a.s. uniformly for
|z| < M.

This, together with (11.5.6) and (11.5.7), shows that in order to finish the
proof of (11.5.5), it is sufficient to show that

£<MI7?E%JX< Alrn(ae, 25)|} = 0as.(0n), (11.5.9)

where ap = z(0)+iy(¢), ¢ =1,2,- -+, py, and z;, j = 1,2, -+, u,, are selected
so that |ay| < n2?°7, y, < y(¥), and for each |a| < n?°" with y > y,, there is
an ¢ such that |a — ay| < n=%" and for each |z| < M, there is a j such that
|z — 2z;| < 6.

By the conditions on the a; and z;’s, we may assume that

fin < 20180 and p!, < 3M3nt?7,
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In the rest of the proof of this lemma, we shall suppress the indices ¢ and j
from the variables ay and z;. The reader should remember that we shall only
consider those oy and z; that were selected as above.

Now the proof of (11.5.5) reduces to showing

1— 22 1
sup |(EAn(ar))? + 2(BAu(ag))? + ¥ 12 EA, (o) +
p,zj Qyp [07]
= 0(5n) (11.5.10)
and
sup |An(ar) — EA,(ap)| = 0as.(62). (11.5.11)
ag,Z]‘

Use the notation W = W,,(z) = \/:ln X, — 21, = (wij;), where w;; = \/:ln Zij
for i # j and wy = \}nx” — z. Then, H = WW*. We first prove (11.5.11).
As before, we use the method of martingale decomposition. Let Ej denote
the conditional expectation given {x;;,7 <k, j < n}. Then,

1 n
An(a) = Bdn(a) = > s
k=1

where Eg = E,

Y = Bptr(H — o) ™! — Ej_jtr(H — aI)™!
1+ W;CW;:(Hk - aIn71)72Wka

= (Ey — Ej_
(Ex k 1)‘Wk|2—a—w;€W,’;(Hk—aIn_l)_lkak7

w), denotes the k-th row vector of W, Wy, consists of the rest of the n — 1
rows of W when w, is removed, and Hy, = W;W;. By the fact that

11+ w,Wi(H — oI, 1) *Wrwy|
L+ Wi Wi[(Hy, — 2L, 1)% + 4°L, 1] "Wyewy
= —y_lg(\wk|2 —a—w,W;(Hg — aIn_l)_lwkwk),

IN

it follows that
Iy < 2y~

Then, by Lemma 2.12, we obtain

5;6mE‘An(Q) - EA”(Q)‘Qm < Cmn72m+6m6nE (Z 'Vk2>
k=1

< Oy 2MpmHEmONy Z2m < Oy mmon, (11.5.12)

Then, conclusion (11.5.11) follows by choosing m such that (m — 30)dn > 1.
Next, we proceed to the proof of (11.5.10). We have
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1

A, = tr(H- I R 11.5.13

(@)= “tr(H -0 Z B (115.13)

where
1

(wi|2 —a — Wi Wi(Hy, —al,—1) " "Wiwy,

B =
Since distributions of the fi’s are the same, we have from (11.5.13)
EA,(a) = b, + Eeib? 6y, (11.5.14)

where

1
E(‘W1|2 - — W&W){(Hl — aIn_l)—lwlwl)’

e =07 —b, =67 —EG
= |W1|2 — (]. + ‘2‘2) — W/1WT(H1 — aIn,1)71W1W1
+EW, Wi (Hy — al, 1) 'Wyw;.

Since the imaginary parts of the denominators of both (; and b,, are at least
y, we have |31| < y~! and |b,| < y~!, so that

[EAL(@)E(|wi|* —a — W/ Wi(H; —al,_ 1) 'Wiw;) — 1]
1
< y2E|51\2. (11.5.15)

Now, let us split the estimation of Ele;|? into several parts. Since E|x;|* <
bndC=1 where b is a bound for E|z;[**", we have

E|lwi|? — (1+ 2]

n 9 )
Z:: |z1,]% = \/n%(lel)
n—1 1 2 2
< E|l‘11|4 +E n(|l'11‘2 — 1) — \/n%(imll)
n—+1 4|z|2
< L Elan|*+ i
n

_ O(n—1+6(2fn)).
Write Wi(Hy — al,,—1) *W; = (a”)” 1 = A. By Lemma B.26, we have
the following estimates

1 2
E| (x]Ax; —trA)
n
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IN

c .
n2E|x11 ["Etr(AA*)

C _ _ _
= n2E|x11\4Etr((H1 — OéIn_l) 1H1(H1 — O(In_l) 1H1)

A

C _ _ _
L Elzn|*E [Ja)*tr(Hy — ol —1) ' (Hy — al,m1) ' +n — 1]

C saemyr —
1’y ?|af® + 1]

S CTL7 1+26+567]7

IN

2

‘2‘2 / *
B = EelAA%e;
n

1S4/
\/nzelel

2\2’\2 _
< (1 +[2y~?)

< Cn—l -2
< Cn—1+267]’

1 1
E ’ trA — E trA
n n

=n ?Bltr(H; — oI, 1) 'H; — Etr(H; — oI, ;) "H;?
=n"2|a]?Eltr(H; — od, 1) ! = Etr(H; —od,_1)"'?
<n 3ol {E |[tr(H — oI,) " — Etr(H — oI,) "' + 2y*1|2}

<cn?lo)? [ny 24977 (by (11.5.12))
< Op~1H6om,

Finally, we need to estimate

ElejAe; — Ee}Ae;|?

1
= n2 [E|VT(H1 - OéIn_l) Vi — EVl (H1 - OéIn 1) 1V1‘2L

where \}n vy is the first column vector (of dimension n — 1) of W7y, which is

also the first column of \/1 X,, with the first element removed.

Let X;,1 be the matrix obtained from X, by removing its first row and col-
umn. Note that H; = H1 + 1v1v1, where H1 = (\/ X1 —2IL,— 1)(\/nX

zI,—1)*. Note that

1 _
nvl (Hl —OzInfl) 1V1
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1
1 + iv{(ﬁl —al, 1) vy
1
1+ 'Bte(H, — al,_;)"!
L(vi(Hy - al,1) v — Ete(Hy — oL, 1))
(14 'vi(H; —aL,1)~'v1)(1 + Etr(H; — al,_1)"1)

Also,
1 ~
S <a (1 + nv’l(Hl - aIn_l)_1v1>> > . (11.5.16)

The two observations above yield

1
an‘VT(Hl — aIn_l)_lvl — EV1 * (Hl — aIn_l)_lvl\Q

. . 2
i(VT(Hl — aIn,1)71V1 — Etr(H1 — aIn,l)’l)
1+  vi(Hy —al,1)~tvi)(1 + Etr(H; — al,_1)")
< \a\Qy_Qn_2E|VT(IT11 —aod, 1) vy — Etr(ﬁl —aol, 1) '
~ . 2
< |af?y=?n 2 [E vi(H; —ol, ) vy —tr(H; — aIn,l)_l‘
. . 2
+E ‘tr(Hl —al, 1)~ — Btr(H; — aIn,l)*’ ]
< Cn~Ya?y™* < Cp~ M, (11.5.17)

Here, in the last inequality, the first term is less than Cny~—2 by Lemma B.26
and the second term is less than Cny 2, which can be proved by the same
method as for (11.5.12). Combining the above, we obtain

1
Ele1? = 0(32).
’I’LyZ ‘81| O( n)

Substituting this into (11.5.15), we get

|EAn(a)E(|w1|2 — o — W’1W1(H1 — OZInfl)ilWlWl) — 1|
< o(63). (11.5.18)

To conclude the proof of the lemma, we need to estimate
E(|W1‘2 —a—W&WT(Hl —aIn,l)_lwlwl). (11519)

First, we have
Elwi|> =1+ |z~

Second, we have
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Ew\W;(H; —ol,_1) 'Wiw,

1
Etr(W;(H; — ol,,_1) " 'W))
n

+|2|°Eef Wi (H; — oI, 1) 'Wie;
n—1

+ “Etr(H; — a,_;)"!
n

+He*[1-E !
1+ iVT(ﬁl —aIn_l)—lvl .

By Lemma A.1.12, we have

1

< .
ny

1
’nEtr(Hl —aol, 1) ' —EA, ()

By (6.9), we have

1

)
Furthermore, by the above, Lemma B.26, (11.5.16), and (11.5.12),

\tr(ﬁl - aIn,l)_l — tI‘(Hl — aIn,l)_l\ <

1 1
1+ Lvi(Hi — oL, 1)"lv; 1+ EA(a)
Eiv{(ﬁl —al, 1) vy —EA,(a)
(1+EA,(x))?
|Lvi(H; —al,_1) " 'vi — EA, (o)
(1 +EA()2(1+ Lvi(Hy — al,_)~1vy))|

E

<

T 2
<2lafn "ty + |aPy3E ’nVT(Hl —al, 1) 'vi —EA,(a)

1 ~
<2lalPnly 73 4 Claf?y 3 [E‘ vi(H; —al,_ 1) vy
n

1= 2
— tI‘(Hl — aIn,1)71
n

+n 2y 4 E|lA,(a) — EAn(a)|2]

< Cn M|y 4 Jaly™)
< Cp~LH8om, (11.5.20)

Combining the above, we obtain an approximation for quantity (11.5.19) as

E(|W1|2 - — W/1VV>'1< (H1 - OéIn_l)ilWlWl)
[

—1+484n
1+ EA,(a) +0(n )

= —a—aEA,(a) +
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Substituting this into (11.5.18), the proof of the lemma is complete.

Lemma 11.16. Under the conditions of Theorem 11.4, for any My > My >
0, and 6 defined in Lemma 11.14,

sup ||vn(,2) —v(n2)| == sup |ve(z,2) —v(z,2)|
M <|z|<M> x,M1<|z|<M>
= Oas.(n™072). (11.5.21)

Remark 11.17. Lemma 11.16 is used only in proving (11.2.2) for a suitably
chosen &,,. From the proof of the lemma and comparson with Theorem 8.10,
one can see that a better rate of this convergence can be obtained by more
detailed calculus. As the rate given in (11.5.21) is enough for our purpose,
we restrict ourselves to the weaker result (11.5.21) by using a simpler proof
rather than trying to get a better rate by long and tedious arguments.

Proof. We shall prove (11.5.21) by employing Corollary B.15. The supports
of all v(-, z) are bounded for all z € T'. Therefore, we may select a constant
N such that, for some absolute constant C',

HV’ﬂ('v Z) — Uy Z)”

< 0</w<N 1 An(a) — A(a)|dz

+yglsup/ yn(m+y,z)—y(m,z)dy>
|y|S2yn

<c (/ A, (0) — Aa)|dz + \/yn> , (11.5.22)
|z|<N

where a = x + iy, and the last step of the inequality above follows from
(11.4.2).

To complete the proof of the lemma, we need only estimate the integral
of (11.5.22). To this end, consider a realization in which (11.5.5) holds. We
first prove that for o = x + iy, |x| < N, |x — 22| > &1 (also |z — x1] > &7 if
|z < 1), y > yn, My < |z| < My, and all large n,

1

Au(e) = Ae)] <

€00n, (11.5.23)
where ¢ (and €1 in what follows) is defined in Lemma 11.10.

Equation (11.4.1) has three solutions denoted by mq(a) = A(a), ma(a),
and mg(«). As mentioned earlier, all three solutions are analytic in a on the
upper half complex plane.

By Lemma 11.10, we assume that (11.4.7)—(11.4.10). By Lemma 11.14,
there is an integer ng such that, for all n > ny,

[(A,, — ma) (A, —ma) (A, —ms)| = 0(d,) < 24758(5”. (11.5.24)
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Now, choose an «g = g + iyo with |zo] < N, yo > 0, and ming—q 2(|zo —
xk|) > e1. Fix z € T. We first show that (11.5.23) holds for o = ag. As argued
earlier, A, () converges to A(ayp). Therefore, we can find an nq > ng such
that |A,(ap) — A(ap)| < €0/3 for all n > ny. Therefore, for these n,

min (|4, (ao) — mr(ao)|)

k=2,3
. 2
2 min (|A(ao) = mr(ao)| — |An(a0) — Alao)) > 4<o.
This and (11.5.24) imply
1
| Ay () — Alaw)| = 0(d,,) < _g00n. (11.5.25)

3

Next, we claim that (11.5.23) is true for all n > ng, y > yj,, and |z| < N,
maxy—12(|z — zx|) > €1.
By (11.4.8) and (11.5.24), one sees that (11.5.23) is implied by

min (|4, (a) — mi(a)]) > ?))60. (11.5.26)

)

Note that both A, and m;(«a), j = 2,3, are continuous functions in both
o and z. Therefore, if (11.5.23) is ever false, an a and z would exist for
which |A, () — A(a)| = 3e06,. As with a = ay, this equality, together with
(11.4.8), implies (11.5.26), a contradiction.

Finally, we consider the case where |a — x| < &1, with £ =1 or 2. We see
that (11.4.7), (11.4.9), and (11.4.10) imply that

|An(a) — Al@)| < 0(8, /| — a1]). (11.5.27)

This, together with (11.5.22) and (11.5.23), implies (11.5.21). The proof of
Lemma 11.16 is complete.

11.6 Proofs of (11.2.3) and (11.2.4)

For this section, we return to the original assumptions on the variables. Note
that truncation techniques cannot be applied from this point on. The proofs of
(11.2.3) and (11.2.4) are almost the same. Thus, we shall only show (11.2.3),
that is, with probability 1,

/ZET

dtds — 0, (11.6.1)

/ log xvy, (dz, 2)
0

_non
where €,, = ¢
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Recall that W(z) =

not coincide with any eigenvalues of \/ X,,, an almost sure event. For the

\/1 X, —z2Iis nonsingular when z € T and z does

following, we may assume W (z) is nonsingular. Now, denote respectively by
Z; and Z the matrix of the first two columns of W (2) and that formed by the
last n — 2 columns. Let A; < --- < A, denote the eigenvalues of the matrix
W*(2)W(z) and 1 < --- < 1,_2 denote the eigenvalues of Z*Z. Then, for
any k < n — 2, by the interlacing theorem (see Theorem A.43), we have
A < M < Agyo. We also have det(W*(2)W(z)) = det(Z*Z)det(Z;QZy),
where Q = I — Z(Z*Z)~'Z*. This identity can be written as

n—2

> log(Ax) = log(det(Z;QZ1)) + Y _ log().
= k=1

If ¢ is the smallest integer such that 1, > €, then Ay_1 < &, and Agy2 > €.
Therefore, we have

En
O>/ log zv(dzx, 2) Z log Ay,
0 Ak<5n
1
> ' *
= min{log(det(Z1QZ,)), 0} + Z log(nz)
7]k<6n
2
- log(max(4,,1)). (11.6.2)
n

To prove (11.6.1), we first estimate the integral of ! log(det(Z;QZ)) with
respect to s and t. Note that Q is a projection matrix of rank 2. Hence,
there are two orthogonal complex unit vectors «; and =5 such that Q =
Y171 + 72775- Denote the i-th column vector of W by w;. Then we have

1 * 1 * * * *
n log(det(Z1QZ1)) = n log(|viwivawa — '72W171W2‘2)~
Define the random sets

&= {(Svt) Y iwivswe — yiwiyiwa| > n !,

1
Xl‘ S n,

1
Xs| <
‘\/n n 2_n}

and

F = {(S,t) viwivswe — yswiyiwe| <n M,

1
X2’ S ’I’L},
n

1
’\/n)q’ sn

where x; is the i-th column of X,,. It is trivial to see that



422 11 Circular Law

1 1
P(’\/n)q’ >n or \/nxQ’ > n) <2n 2 (11.6.3)
When |\/1nX1| <n and |\/1nX2‘ < n, we have det(Z;QZ1) = |yiwi1vswa —
Yiwiyiwa|? < Cn?. Thus,

1
/ |I¢ log(det(ZQZy))| dtds < Cn~*logn — 0. (11.6.4)
nJzer
On the other hand, for any € > 0, we have

1
p ( / |5 log(det (Z1QZ1 )| dtds > e>
n J.er

1

< o / E |Irlog(|viwivsws — vswiviwa|?)| dtds. (11.6.5)
z€T

Note that the elements of \/nw; = x1 — z/ne; and /nwy = x5 — 2y/nes
are independent of each other and the joint densities of their real and imag-
inary parts have a common upper bound K. Also, they are independent of
v, and 5. Therefore, by Corollary 11.21, the conditional joint density of
the real and imaginary parts of \/nyiwi, /nyswa, /nyiwy, and /nyjwa,
when v, and ~, are given, is bounded by (2K4n)*. Hence, the conditional
joint density of the real and imaginary parts of i w1, y5wa, y5w1, and viwa,
when v, and «, are given, is bounded by Kj2%n8%. Set x = (viwy,v3w1)’
and y = (W37,, —w37,) . Note that, by Corollary 11.21, the joint density of
x and y is bounded by K;j2%n8.

If \\}nxl\ < n, |\/1nx2| < n, then max(|x|,|y|) < 2n + 2|z| < 2n + 2M.
Applying Lemma 11.22 with f(t) = logt, M = p = 1, we obtain

2 .
n /ZET ‘E (I(ly*x|<n714’ | \/lnxllgn’ | \/lnx2lgn) 10g(|y XD‘ 71”72) ‘ dds
<Cnn M <con? (11.6.6)

for some positive constant C'.
From (11.6.3), (11.6.5), and (11.6.6), it follows that

! / |17 log(det(Z;QZy))| dtds — 0, a.s. (11.6.7)
" Jzer

Next, we estimate the second term in (11.6.2). Using the fact that zlnx
is decreasing on (0,e~ 1), we have

n—2

1 1
E log(nk) <nd-lg, g

n — Tk
Nk <en k=1
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n
1
_ ,0n—1 s«pN—1 _ on—1
=n entr(Z*7Z =n € E
ntr( ) nk:g, wiQrwy,
1

" Wiy 2+ Wiyl Wivksl

n

on—1 (11.6.8)

=n 9

where, for each k, vy;, j = 1,2, 3, are orthonormal complex vectors such that
Qi = Yp1Vi1 + Y2Vie + Yi3Yis, Which is the projection matrix onto the
orthogonal complement of the space spanned by the third, --, k — 1st,k +
1st,- - -, n-th columns of W(z).

As in the proof of (11.6.7), one can show that the conditional joint density
of the real and imaginary parts of Wiy, Wivie, and wivy,s when v,
j =1,2,3, are given, is bounded by CK3nS. Therefore, we have

n&n—l

i/ E( dtds )
En * * *
= Jeer \IWivia P + [Wivkel? + [Wivesl?

< Onfrle, K3n7/-~-/ QU1 ua2 1
u%+---+u§<1 uy + -+ Ug

< Cn%*t%¢, by a polar transformation
< Cn™2 (11.6.9)

Therefore, by the Borel-Cantelli lemma,

n

dtds
" / ( ) 0

€ — 0, as.

! kZ:3 ser \Wive |* + [Wivie? + [Wivksl? T

and hence, with probability 1,

| e

Nk <En
Finally, we estimate the integral of the third term in (11.6.2). By Theorem
3.7, we have

n—2 1
D

1 Tk

dtds — 0. (11.6.10)

dtds < n‘”’*lfsn/
zeT

1 2 1
An, 1) < X, 12,1 2
b ) < 2 (max (1 Xo20) +14P)

= S |22
<2 zdF (x) +
1

4
—>2/ xdFy(z), a.s. (11.6.11)
1

‘We conclude that
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2
/ log(max(A,,1))dtds — 0, a.s. (11.6.12)
N Jzer

Hence, (11.6.1) follows from (11.6.7), (11.6.10), and (11.6.12).

11.7 Proof of Theorem 11.4

In Section 11.3, the problem is reduced to showing (11.3.9). Recalling the
definitions of g, (s,t) and g(s,t), we have, by integration by parts,

(gn(s t) — g(s,t))e™ T dtds

‘ / iut (s, t)dtds —|—/ [T(A,t)dt — T(—A,t)]dt
|¢]<.A3
/ VA +e)2—20)+7(—/(1 +e)2 —12,1)]dt
t|<1+s
/ VO =22 —2.8) —r(—/(1—2)? — 2, 8)]dt|

(11.7.1)

where

(s, t) = elusTity / log xd(vy (2, 2) — v(x, 2)).
0

Let ¢, = e="". In the last section, we proved that

»/ZET

By (11.4.2), we have
fer

By (11.6.11), we have the existence of a,,, for which the support of v, (-, z)
lies in [0, ayn] for all z € T" and converges to a nonrandom value. Therefore,
from Lemma 11.16, with probability 1,

/ZET
/ZET

En
/ log zv,, (dz, 2)
0

dtds — 0, a.s.

dtds — 0.

En
/ log zv(dz, 2)
0

/:o log zd(vy (2, z) — v(x, z))‘ dids

/ " og 2d(v (2, 2) — (. z))‘ dtds
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< [[log(en)| + log(am)] max [va (-, 2) — (-, 2)]| — 0.

This proves that
Zu/ 7(s,t)dtds — 0.
zeT

By applying (11.2.4), we can similarly prove that

/ T(£A, t)dt — 0, a.s.,
[t]<A3

/ F(E/(1 4 2)2 — 2, 8)dt — 0, as.,
[t|<1l4e

and
/) T(£y/(1 — )2 — 12, t)dt — 0, a.s.
[t|<1—e

The proof of Theorem 11.4 is complete.

11.8 Comments and Extensions

11.8.1 Relaxation of Conditions Assumed in Theorem
11.4

1. On the smoothness of the underlying distribution

The assumption that the real and imaginary parts of the entries of the matrix
X,, have a bounded joint density is too restrictive because the circular law for
areal Gaussian matrix does not follow from Theorem 11.4. In what follows, we
shall extend Theorem 11.4 to a more general case to cover the real Gaussian
case and in general to random variables with bounded densities.

Theorem 11.18. Assume that there are two directions such that the condi-
tional density of the projection of the underlying random wvariable onto one
direction given the projection onto the other direction is uniformly bounded,
and assume that the underlying distribution has zero mean and finite 2 4+ n
moment. Then the circular law holds.

Sketch of the proof. Suppose that the two directions are (cos(;),sin(6;)),
7 = 1,2. Then, the density condition is equivalent to:

The conditional density of the linear combination R(x11) cos(01) + S(z11)sin(01) =
R(e=®1211) given R(z11) cos(02) + S(z11)sin(f2) = R(e 02z11) = I(ie %2211)
is bounded.
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Consider the matrix Y,, = (y;x) = e~ 02+im/2X The circular law \/1” X,, is
obviously equivalent to the circular law for \}nYn. Then, the density condi-
tion for Y,, then becomes:
The conditional density of R(yi1)sin(f2 — 01) + S(y11) cos(f2 — 01) given I(y11) is
bounded.

This condition simply implies that sin(fs — 61) # 0. Thus, the density condi-
tion is further equivalent to:

The conditional density of R(y11) given S(y11) is bounded.

Therefore, we shall prove Theorem 11.18 under this latter condition.

Examining the proof of Theorem 11.4, one finds that it is sufficient to prove
inequalities (11.6.7) and (11.6.10) under the new density condition. We start
with the proof of (11.6.7) from (11.6.5). Rewrite

log(|ly*x|?) = log(ly|*) + log(|y*x/?),

where y = y/[y|.

Denote by xj and xj; the real and imaginary parts of the vector x;.
Since i, also yields v,7v7, we may, without loss of generality, assume that
|¥1,| > 1/+/2. Then, we have

V> = W5 (v17] + 7275w
> (Y, war +viw2:)?.

Applying Lemma 11.20, we find that the conditional density of ), wa, +
Y1, Wa; when v, 74, and wy; are given is bounded by 2K n. Therefore,

1

E (1 . log(|y/? )’dtd
n/zeT‘ (Iyl2<n=14,] 1 xa|<n) 108([¥[") 5
1

_ 1
= n /zET E<I<|’YSTW2T - 7l1iwzi|2 = 147 \/"”LX2‘ = n)

x| log (|7, war + v5iwail?)| ’71,72, W2i> dtds

-7

< C’Kd/ |log z|dz < Cn~"logn (11.8.1)
0

for some positive constant C'.
Rewrite

7 x|? = (Bywir + ¢ wii)? + (Bowir + Cowii)?,

where
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/!

By = (yrvy;)(’Yh“?’YQr? Y14 _’722'),7

Bz = (¥ ¥) (V1> —Y2is V1 —Y21) s
¢ = (750 (Y1is Yair Y1 Yar)'s

Co= (¥ ) (Vi Yors = Y10 —Y2:) -

It is easy to verify that |3,]?> + |3,]*> = 1. Thus, we may assume that |3,| >
1/+/2. By Lemma 11.20, the conditional density of 3} w1, + ¢ w1; when ~,,
Ya, ¥, and wy; are given is bounded by 2K 4n. Consequently, we can prove
that

1 ~ % — ~ %
/ E(1(15"x| <n™ ") log(|7"%[*)| 71,72, y, wii) | dids
nJzer

/E
S
n zeT

X log(‘lgawlr + C/1W1i2)‘71a Y2,Y, W1i> ‘dtdS

E(I(ﬁawlr T Cwul <n)

-7

< CKd/ log zdz < Cn~"logn.
0

This, together with (11.8.1), completes the proof of (11.6.7).

Now, we prove (11.6.10) under the new condition. For each k, consider
the 2n x 6 matrix A whose first three columns are (7;<ch7 —'y;fji)’, j=1,2,3,
and other three columns are (7};,V};,.)"- Since 7,,; are orthonormal, we have
A’A = Is. Using the same approach as in the proof of Lemma 11.20, one may
select a 6 x 6 submatrix A; of A such that |det(A;)| > n~3. Within the six
rows of Ay, either its first three rows come from the first n rows of A or its
last three come from the last n rows. Without loss of generality, assume that
the first three rows of A; come from the first n rows of A. Then, consider
the Laplace expansion of the determinant of A; with respect to these three
rows. Within the 20 terms, we may select one with an absolute value not
less than 20n_3 This term is the product of a minor from those three rows
of A; and its cofactor. Note that the absolute value of the entries of A is
not greater than 1. Thus, the absolute value of the cofactor is not greater
than 6. Therefore, the absolute value of the minor is not less than 120 n=3
Suppose the three columns of the minor come from the first, second, and
fourth columns of A; i.e., they come from ~;1,, Yo, and 4q; (the proof of
the other 19 cases is similar). Then, as in the proof of Lemma 11.20, one can
prove that the conditional joint density of v, Wr, V5o, Wir, and i ; Wi,
when «,; and wy; are given is uniformly bounded by 120K 5’714'5. Finally,
from (11.6.8), we have

n

n’1te, Z (|W7;’7k1\2 + [Wivgal? + ‘WZ'YI@S‘Q)
k=3
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n

on—1 / / 2 / / 2
<n’" e, § ((Wkr’Yklr + Wi Ye1i)” T (Wi Yo + WiiYiai)
k=3

—1
(W Vi — W;cﬁklr)2> .

Using this and the same approach as given in Section 11.7, one may prove that
the right-hand side of the above tends to zero almost surely. Thus, (11.6.10)
is proved and consequently Theorem 11.18 follows.

2. Extension to the nonidentical case

Reviewing the proofs of Theorems 11.4 and 11.18, one finds that the moment
condition was used only in establishing the convergence rate of v, (-, z). To
this end, we only need, for any ¢ > 0 and some constant 1 > 0,

1
S Bl (a2 ) 0. (1182)
ij
After the convergence rate is established, the proof of the circular law then

reduces to showing (11.2.3) and (11.2.4). To guarantee this, we need only the
following:

There are two directions such that the conditional density of the
projection of each random variable x;; onto one direction given
the projection onto the other direction is uniformly bounded.

(11.8.3)

Therefore, we have the following theorem.

Theorem 11.19. Assume that the entries of X,, are independent and have
mean zero and variance 1. Also, we assume that conditions (11.8.2) and
(11.8.3) are true. Then the circular law holds.

11.9 Some Elementary Mathematics

Lemma 11.20. Let X = (X1, -, X, ) be a pxn real random matriz of n inde-
pendent column vectors whose probability densities f1,- -+, fn, have a common
bound Kg4, and let oy, -+, (K < n) be k orthogonal real unit n-vectors.

Then, the joint density of the random p-vectors y; = Xov;, j =1,---,k, is
bounded by Ksnkp/z.
Proof. Write C = (a1, -+, a)’, and let C(j1,- -, ji) denote the k x k sub-
matrix formed by the jj - - ji-th columns of C. By Bennett’s formula, we
have

> det’(C(j1,- -, jr)) = det(CC') = 1.

1<ji<-<jr<n
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Thus, we may select 1 < 71 < -+ < ji < n, say 1,2,---,k for simplicity,
such that |det(C(1,---,k))| > n~*/2. Write C = (C(1,2,---,k),Cs) and
X = (X1,X3), where Xy ispx k. Let Y = (y1,- -+, yx). It is straightforward
to show that the transformation Y = X,C/(1,2,---,k) + X2C}, Z = Xo,
has Jacobian det? (C(1,2, - -, k)). Furthermore, denote by ¢y, - - -, ¢g, the row
vectors of the matrix C~1(1,2,--,k). Then, the joint density of y1,- -,y
is given by

i=1

k
p(y17 e »Yk) = |det_p(c(17 27 Ty k))‘E (H f’L((Y - X2C,2)C;)> 9
< Kjnkv/?,

where Y = (y1,---,yx). The proof of the lemma is complete.
For the complex case, we have the following corollary.

Corollary 11.21. Assume the vectors and matrices in Lemma 11.20 are
complex and the joint distribution density of the real and imaginary parts
of x; are uniformly bounded by Kgq, and define y; = Xov;. Then, the joint
density of the real and imaginary parts of y1,- - -,y is bounded by K3*(2n)*r.

Proof. The proof is similar to the lemma above. Form the p x 2n matrix
(X, X;), where respective j-th columns in X, and X; are the real and imag-
inary parts of z;. Each a; yields two real unit 2n-vectors, (., a};)" and
(o, —aj,.)', resulting in 2k orthonormal vectors. As above, form the 2k x 2n
matrix C so that Y = (X, X;)C’ is the p x 2k matrix containing the real
and imaginary parts of the y;’s. Let C; be the 2k x 2k submatrix for which
|detC| > (2n)~*. With a rearrangement of the columns of (X,, X;), we can
write the transformation Y = X;C} + X, C}, Z = X, with Xy p x 2k, X5
p % (2n —2k), and Cq 2k x (2n — 2k). Its Jacobian is det”(Cy). Notice there
are at most 2k columns of X5, each of whose counterpart is a column of Xy,
or, in other words, there are at least n — 2k densities whose pairs of real and
imaginary variables are present in Xs. Therefore, the joint density of Y is
bounded by
|det P (Cy)|K2F < K2k (2n)kP.

Lemma 11.22. Suppose that f(t) is a function such that f06 t|f(t)|dt < Mo+
for some > 0 and all small §. Let x and y be two complex random k-
vectors (k > 1) whose joint density of the real and imaginary parts of x and
y is bounded by Kq4. Then,

E(f(x"yDI(Ix*y| <6, [x| < K, |y| < K.)) < CeM&*KgK* 4, (11.9.1)
where Cy, is a positive constant depending on k only.

Proof. Note that the measure of the set on which x = 0 is zero. For each
x # 0, define a unitary k x k& matrix U with x/|x| as its first column. Now,
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make a change of variables u = x and v = U*y. It is known that the Jacobian
of this variable transformation is 1. This leads to |x*y| = |u]|v1|. Thus,

E(f(Ix"yI(|x"y| <4, |x| < Ke,|y| < Ke))

= [ [ £QullaDI(ulor] < . u] < Ko Iv] < Kopla, Uv)idudy

K. 5/p1
< Kd52k27r(2Ke)2’“’2/ p?’“‘ldm/ p2f (p1p2)dp2 (11.9.2)
0 0
4
< Kd52k27r(2Ke)2’f*2(2k—2)*1(Ke)2"~‘*2/ tf(t)dt, (11.9.3)
0

where soi, denotes the surface area of the 2k-dimensional unit sphere. Here,
inequality (11.9.2) follows from a polar transformation for the real and imag-
inary parts of u (dimension = 2k) and from a polar transformation for the

real and imaginary parts (dimension= 2) of v1. The lemma now follows from
(11.9.3).

11.10 New Developments

From the truncation and the proof of Lemma 11.14, we can see, if we only
require that the Stieltjes transform X, («) converge to a limit A(«) for any
z € C and o € C*, that it is enough to assume E(z11) = 0 and E|2%,| = 1.
The assumption E|x11|2+’7 < 00 is merely to establish some rate for r, so
that the rate of e, = ™" = =1/ in (11.2.4) can be very fast and hence
helps the proof of (11.2.4).

On the other hand, the density condition is only needed for the proof of
(11.2.4); that is, to handle the convergence of the smallest eigenvalues of
H. For removing the density assumption, we thank Rudelson and Vershynin
[247], who proved the following theorem.

Theorem 11.23. Let &1,---,&, be independent centered random wvariables
with variances at least 1 and fourth moments at most B. Let A be an n X n
matriz whose rows are independent copies of the random vector (&1,--+,&y).
Let K > 1. Then, for every e > 0, one has

P(s,(A) < en~?) < Ce+ " + P(|A| > Kn'/?), (11.10.4)

where sp,(A) denotes the smallest singular value and C > 0 and ¢ € (0,1)
depend (polynomially) only on B and K.

To apply the estimate of the smallest singular values to the proof of the
circular law, Pan and Zhou [227] extended Theorem 11.23 as follows.
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Theorem 11.24. Let W = X + A,,, where A,, is an n X n non-random
complex matriz and X = (Xji)nxn, ¢ random matriz.

Assume { X1} are iid complex random variables with EX11 = 0, E| X% | =
1, and E|X3,| < B. Let K > 1. Then, for every e > 0, that may depend on
n,

P(s,(W) < en™1/2) < Ce + " + P(|W|| > Kn'/?), (11.10.5)

where C > 0 and ¢ € (0,1) depend only on K, B, ER(X11)?, ES(X11)?, and
ER(X11)S(X11).

It should be noted that the extension to Rudelson and Vershynin’s theorem
is crucial because we can apply it to X — zI, whose entries are no longer iid or
centered. Based on their extension, Pan and Zhou [227] proved the following
circular law.

Theorem 11.25. Suppose that {X i} are iid complex random variables with
EX1;y = 0, E|XZ| = 1, and E|X},| < oo. Then, with probability 1, the
empirical spectral distribution p,(x,y) converges to the uniform distribution
over the unit disk in two-dimensional space.

Tao and Vu [273] further generalized Theorem 11.24 to reduce the moment
requirement to the existence of the 2 + 7-th moment; i.e., E|X11]?>T7 < oco.

Because the proof involves the estimation of small ball probability, which
may be beyond the knowledge of most graduates and junior researchers, we
omit the proofs of these theorems. We refer readers who are interested in the
detailed proofs to Tao and Vu [273].



Chapter 12
Some Applications of RMT

In recent decades, data sets have become large in both size and dimension,
and thus statisticians are confronted with large dimensional data analysis
in both theoretical investigation and real applications. Consequently, RMT
has found applications to modern statistics and many applied disciplines. As
an illustration, we briefly mention some basic concepts and applications in
wireless communications and statistical finance.

12.1 Wireless Communications

In the past decade, RMT has found wide application in wireless communica-
tions. Random matrices are employed to describe the propagation of two im-
portant wireless communication systems: the multiple-input multiple-output
(MIMO) antenna system and the direct-sequence code-division multiple-
access (DS-CDMA) system. In an MIMO antenna system, multiple antennas
are used at the transmitter side for simultaneous data transmission and at the
receiver side for simultaneous reception. For a rich multipath environment,
the channel responses between the transmit antennas and the receive anten-
nas can be simply modeled as independent and identically distributed (iid)
random variables. Thus the wireless channel for such a communication sce-
nario can be described by a random matrix. DS-CDMA is a multiple- access
scheme supporting multiple users communicating with a single base station
using the same time and frequency resources but different spreading codes.
CDMA is the key physical layer air interface in third-generation (3G) cellular
mobile communications. In a frequency-flat, synchronous DS-CDMA uplink
system with random spreading codes, the channel can also be described by a
random matrix.

Foschini [113] and Telatar [274] may have been the first to introduce RMT
into wireless communications. They have proven that, for a given power bud-
get and a given bandwidth, the ergodic capacity of an MIMO Rayleigh fading
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channel increases with the minimum number of transmit antennas and receive
antennas. Furthermore, it is this promising result that makes MIMO an at-
tractive solution for achieving high-speed wireless connections over a limited
bandwidth (for details, we refer the reader to the monograph [232]).

Further applications of RMT to wireless communications may be at-
tributed to [135], [215], [281], [286], where it was derived that, by using
spectral theory of large dimensional random matrices, for a frequency-flat
synchronous DS-CDMA uplink with random spreading codes, the output
signal-to-interference-plus-noise ratios (SINRs) using well-known linear re-
ceivers such as matched filter, decorrelator, and minimum mean-square-error
(MMSE) receivers converge to deterministic values for large systems; i.e.,
when both spreading gain and number of users proportionally tend to infin-
ity. These provide us a fundamental guideline in designing system parameters
and predicting the system performance without requiring the exact knowl-
edge of the specific spreading codes for each user.

Some important application results of RMT to wireless communications
are listed below, among many others.

(i) limiting capacity and asymptotic capacity distribution for random MIMO
channels [286], [284];
(ii) asymptotic SINR distribution analysis for random channels [282], [194];
(iii) limiting SINR analysis for linearly precoded systems, such as the multi-
carrier CDMA using linear receivers [86];
(iv) limiting SINR analysis for random channels with interference cancellation
receivers [151], [280], [195];
(v) asymptotic performance analysis for reduced-rank receivers [152], [226];
(vi) limiting SINR analysis for coded multiuser systems [70];
(vii) design of receivers, such as the reduced-rank minimum mean-square-error
(MMSE) receiver [187]; and
(viii) the asymptotic normality study for multiple-access interference (MAI)
[309] and linear receiver output [142].

For more details, the reader is referred to Tulino and Verdu in [284].

For recent applications of RMT to an emerging area in wireless commu-
nications, the “cognitive radio” networks, we refer the reader to [307], [308],
[190], [214], and [148].

In the following subsections, our main objective is to show that there
are indeed many wireless channels and problems that can be modeled using
random matrices and to review some of the typical applications of RMT in
wireless communications. Since there are new results published every year,
we are not in a position to review all of the results. Instead, we concentrate
on some of the representative examples and main results. Hopefully this part
of the book can help readers from both mathematical and engineering back-
grounds see the link between the two different societies, identify new problems
to work on, and promote interdisciplinary collaborations.
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12.1.1 Channel Models

1. Basics of wireless communication systems

The working principle of a wireless communication system is illustrated in
Fig. 12.1, the block diagram of a wireless communication system, which con-
sists of three basic parts: transmitter, channel, and receiver. The objective
of the transmitter design is to transform the information bits into a signal
format that is suitable for transmission over the wireless channels. The key
components in the transmitter side include channel coding, modulation, and
linear or nonlinear precoding. When the signal passes through the channel,
the signal strength will be attenuated due to propagation loss, shadowing, and
multipath fading, and the received signal waveform will be different from the
transmitted signal waveform due to multipath delay, time/frequency selec-
tivity of the channel, and the addition of noise and unwanted interference.
Finally, at the receiver side, the transmitted information bits are to be re-
covered through the operations of equalization, demodulation, and channel
decoding.

Information Channel

bits — | Coding [ | Modulation [— Precoding

Transmitter
¥ Channel
Information | ghannel ; izati T
bits *| Decoding || Demodulation Equalization
Receiver

Fig. 12.1 Block diagram of wireless communication system.

2. Mathematical formulation of channels by matrices
In this and the next subsection, we formulate the input-output model arising
from wireless communication systems,

X = Zhisi +u
i=1
=Hs+u, (12.1.1)

where
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s = [817827 o '7871]/

represents the transmitted signal vector of dimension n x 1; h; represents the
channel vector of dimension p x 1, corresponding to symbol s;;

X = [$1,$27 T 7xp}/a

u= [’LL]_,’LLQ, e 7up]/7

denote the received signal vector and received noise vector, respectively, both
with dimension p x 1; and

H= [hlah27"'7hn}

is the p X n channel matrix. In (12.1.1), n and p are referred to as the sig-
nal dimension and observation dimension, respectively. The matrix model in
(12.1.1) can be derived either in the time, frequency, space, or code domain,
or any combination of them. In the following subsections, we describe two
popular matrix models in wireless communications: random matrix channels
and linearly precoded channels.

12.1.2 random matriz channelRandom Matriz
Channels

Random matrix channels include DS-CDMA uplink, MIMO antenna systems,
and spatial division multiple access (SDMA) uplink.

1. DS-CDMA uplink

In a DS-CDMA system, all users within the same cell communicate with a
single base station using the same time and frequency resources. The trans-
mission from the users to the base station is called uplink, while the trans-
mission from the base station to the users is referred to as downlink. The
block diagram of the DS-CDMA uplink is illustrated in Fig. 12.2. In order
to achieve user differentiation, each user is assigned a unique spreading se-
quence. The matrix model in (12.1.1) directly represents the frequency-flat
synchronous DS-CDMA uplink, where s; and h; represent the transmitted
symbol and spreading sequence of user ¢, respectively. In this case, n and
p denote the number of active users and processing gain, respectively. In
the third-generation (3G) wideband CDMA system, which is one of the 3G
physical layer standards, the uplink spreading codes are designed as random
codes, and thus the equivalent propagation channel from the users to the
base station can be modeled as a random matrix channel.
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2. MIMO antenna systems

Figure 12.3 shows the block diagram of a MIMO antenna system. The trans-
mitter has n transmit antennas and the receiver has p receive antennas. The
matrix model in (12.1.1) can also be used to represent such a system, where
s; and h; denote respectively the transmitted symbol from the i-th transmit
antenna and the channel responses from that transmit antenna to all re-
ceive antennas. While the MIMO channel modeling is related to the antenna
configurations at both the transmitter and receiver sides, as well as to the
multipath environment [232], when there are rich local scatters surrounding
both sides, h; can be simply modeled as an iid vector (i.e., a vector of iid
entries), and thus the channel in (12.1.1) becomes a random matrix channel.

User 1, 54
h,
User2, s, l h, % Bate
Zj> L Station

Rx
Usern, s, {

Fig. 12.2 Block diagram of DS-CDMA uplink.

. h

3. SDMA uplink

In an SDMA system, the base station supports multiple users for simultane-
ous transmission using the same time and frequency resources [119, 238, 239].
This is achieved by equipping the base station with multiple antennas, and
by doing so the spatial channels for different users are different, which allows
the signals from different users to be distinguishable. Figure 12.4 shows the
block diagram of the SDMA uplink, where n users communicate with the
same base station equipped with p antennas. The matrix channel in (12.1.1)
can be used to represent the uplink scenario, where s; and h; denote respec-
tively the transmitted symbol from user i and the channel responses from
this user to all receive antennas at the base station. When the base station
antennas and the users are surrounded with rich scatters, the channel ma-
trix can be modeled as an iid matrix (that is, a matrix of iid entries). Note
that SDMA and CDMA can be further combined to generate SDMA-CDMA
systems [192, 193].
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Fig. 12.3 Block diagram of MIMO antenna system.

User1,s

User2, s,
Usern, s, ]

Fig. 12.4 Block diagram of SDMA uplink.

Base
Station
Rx

L
/
i

12.1.3 Linearly Precoded Systems

In broadband communications, the wireless channels usually have memories
and thus are frequency selective. The frequency selectiveness of the channel
introduces intersymbol interferences (ISI) at the receiver side. Linear or non-
linear equalizers are designed to suppress the ISI. To simplify the complexity
of the equalizers, linear precoding at the transmitter side can be applied.
The matrix channel in (12.1.1) can be used to represent wireless channels of
cyclic-prefix (CP)-based block transmissions, which include, for example, or-
thogonal frequency division multiplexing (OFDM), single-carrier CP (SCCP)
systems, multicarrier CDMA (MC-CDMA), and CP-CDMA.
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1. CP-based block transmissions
The block diagram of a CP-based block transmission system is illustrated in
Fig. 12.5. Consider the case where a CP portion of M symbols is inserted prior
to the transmission of each data block of p symbols. Suppose the frequency-
selective channel can be represented by (L + 1) equally spaced time domain
taps, ho, h1,---,hy. Here, L is also referred to as the channel memory. The
insertion of CP alleviates the interblock interference if the CP length M is
larger than the channel memory and, more importantly, it transforms the
linear convolution operation into a circular convolution operation.

Let y be the signal block before CP insertion at the transmitter and z the
received signal block after CP removal at the receiver, with circular convolu-
tion. The relation between y and z is given by

z2=WiA,W,y +a, (12.1.2)

where W,, € CP*? is the p x p discrete Fourier transform matrix,

1 1 1
W = 1 ]' (& 731)27( e 6_]27‘-);(17_1)
VP —j2mx (p—1) —j2mx (p=1)(p—1)
e P Lo p
A, = diag{[fo, -, fp—1]} is the p x p diagonal matrix with f, =

L _ 27kl -~ . . .
Yoohie™ » ,and 0 is the received noise vector.

The data block y is the linear transform of the modulated block s with
size n x 1 and is described as 'y = W;Q,s, where Q, € CP*" is the first
precoding matrix. Performing discrete Fourier transformation (DFT) on the
CP-removed block z, we then have the input-output relation

x=A,Qps +u, (12.1.3)

where x = W,z and u = Wu.

In (12.1.3), if we choose Q;Q, = L, the system is referred to as an
isometrically precoded system. If Q) is chosen as an iid matrix, then the
system is called a randomly precoded system. Finally, if A, = I, and Q,, is an
iid matrix, the system is equivalent to a random MIMO system [281, 286].
2. Orthogonal frequency division multiplexing (OFDM) systems
In OFDM systems, we choose n = p and Q,, = I,. Thus, we have

y = W_s, (12.1.4)
x=A,s+u. (12.1.5)

In (12.1.5), since A, is a diagonal matrix, the received signals have been
completely decoupled; i.e.,
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Fig. 12.5 Block diagram of CP-based block transmission system.

z; = fisi +u;

for i = 0,---,p — 1, where z; and u; are the i-th elements of x and u, re-
spectively. Thus the signal detection problem for recovering the transmitted
signals becomes very simple to implement. Therefore, OFDM has become the
most popular scheme to handle the IST issue and has been adopted in various
wireless standards; e.g., IEEE802.11 wireless local area networks, IEEE802.16
wireless metropolitan area networks, and third-generation long-term evolu-
tion (3G-LTE).

3. Single-Carrier CP (SCCP) systems

In an OFDM system, from (12.1.4), y is the IDFT (inverse DFT) output of
the modulated symbols s, and thus the signals transmitted may suffer from a
high peak-to-average power ratio (PAPR), which causes difficulty in practical
implementation. In an SCCP system, we directly choose n = p and y = s,
and thus we have

x=A,W,s+u.

Obviously, SCCP is an isometrically precoded system. From (12.1.6), it can
be seen that the transmitted symbols are mixed up together and thus the
equalization for SCCP is more complicated compared with that for an OFDM
system. However, due to its simplicity on the transmitter side and lower
PAPR, SCCP has been adopted in IEEE802.16, and its multiuser version,
interleaved frequency division multiple access (IFDMA), has been adopted
in 3G-LTE uplink.
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4. MC-CDMA

A single-user scenario is considered in OFDM and SCCP systems. In order
to support multiple users simultaneously, in the next two subsections we will
introduce downlink models for MC-CDMA and CP-CDMA. To do so, we use
the following common notations: G for processing gain common to all users;
T for the number of active users; D(q) for the long scrambling codes used at
the ¢-th block, where

D(q) = diag {[d(¢;0),- -, d(g;p — 1)]},
with |d(g; k)| = 1; and ¢; for the short codes of user i, where
¢; = [ci(0),- -, (G = 1))

with cjc; =1 for ¢ = j and cjc; = 0 for ¢ # j. From now on, we look at the
channel model from the base station to one particular mobile user.

MC-CDMA performs frequency domain spreading by transmitting the
chip signals associated with each modulated symbol over different subcar-
riers within the same time block [147]. Denote @) as the number of symbols
transmitted in one block for each user, G as the processing gain, T' as the
number of users, and p = QG as the total number of subcarriers. There are
then n = T'QQ multiuser symbols in each block.

At the receiver side, the g-th received block after CP removal and FFT
operation can be represented as

x(q) = ApD(q)Cs(q) + u(g), (12.1.6)
where
x(q) = [2(q;0), -+, x(g;p — 1)]',
s(q) = [81(a),--+.55(0)]
u(q) = [u(g;0),- - u(g;p— 1),
C =diag{C,---,C},

with 8;(q) = [s0(¢;4),---,s7_1(¢;4)) and C = [cq, - - -, cr_1].

5. CP-CDMA

CP-CDMA is the single-carrier dual of MC-CDMA. The @ = p/G symbols of
each user are first spread out with user-specific spreading codes and then the
chip sequence for all users is summed up; the total chip signal of size p is then
passed to a CP inserter, which adds a CP. Using the duality between CP-
CDMA and MC-CDMA, from (12.1.6), the g-th received block of CP-CDMA
after FFT can be written as

x(q) = AyW,,D(q)Cs(q) + u(q), (12.1.7)
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where x(¢), C, s(q), and u(q) are defined the same way as in the MC-CDMA
case. Again, there are P = T'QQ multiuser symbols in each block.

For MC-CDMA downlink, Q, = D(¢)C, and for CP-CDMA downlink,
Q, = W,;,D(q)C. Since Q;Q,, = L, both systems belong to the isometrically
precoded category.

12.1.4 Channel Capacity for MIMO Antenna Systems

Channel capacity is a fundamental performance indicator used in commu-
nication theory study; it describes the maximum rate of data transmission
that the channel can support with an arbitrarily small probability of error
incurred due to the channel impairment. The channel capacity for additive
white Gaussian noise channels was derived by Claude Shannon in 1948 [84].
For single-input single-output systems, the capacity limits for fading channels
have been well documented for example in [130, 55, 69, 54]. In this section,
we consider the channel capacity of MIMO antenna systems in the fading
channel environment.

1. Single-input single-output channels
Let us first consider the AWGN channel

z(q) = s(q) +u(q) (12.1.8)

and assume that (i) the transmitted signal s(q) is zero-mean iid Gaussian
with E[|s(¢q)|?] = 02 and (ii) the noise u(q) is zero-mean iid Gaussian with
E[|u(q)|?] = 02, and denote I' = 02 /a2 as the signal-to-noise ratio (SNR) of
the channel.

The capacity of the channel is determined by the mutual information be-

tween the input and output, which is given by
C =logy(14+1).

Here the unit of capacity is bits per second per Hertz (bits/sec/Hz). In the
high-SNR regime, the channel capacity increases by 1 bit/sec/Hz for every 3
dB increase in SNR. Note that the channel capacity determines the maximum
rate of codes that can be transmitted over the channel and recovered with
arbitrarily small error.

Next, we consider the SISO block fading channel

z(q) = hs(q) + u(q) (12.1.9)

and assume that (i) the transmitted signal s(q) is zero-mean iid Gaussian with
E[|s(¢)|?] = o?2; (ii) the noise u(q) is zero-mean iid Gaussian with E[|u(q)|?] =
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02, and denote I' = E,/o?; and (iii) the fading state h is a random variable
with E[|h]?] = 1.

Let us first introduce the concept of a block fading channel. A block fading
channel refers to a slow fading channel whose coefficient is constant over an
interval of large time T and changes to another independent value, which
is again constant over an interval of time 7', and so on. The instantaneous
mutual information between s(g) and x(q) of channel (12.1.9) conditional on
channel state h is given by

I(s;x|h) = logy(1 + |h|*T).

Since h is a random variable, the instantaneous mutual information is also a
random variable. Thus, if the distribution of |h|? is known, the distribution
of I(s;x|h) can be calculated accordingly.

The channel capacity of a fading channel can be quantified either in an
ergodic sense or in an outage sense, yielding ergodic capacity and outage
capacity.

The ergodic capacity of the SISO fading channel (12.1.9) is defined as

C = Ellogy(1 + [T,

where the expectation is taken over the channel state variable h. Physically
speaking, the ergodic capacity defines the maximum (constant) rate of codes
that can be transmitted over the channel and recovered with arbitrarily small
probability of error when the codes are long enough to cover all the possible
channel states.

In Fig. 12.6, we compare the capacities of the AWGN channel and the
SISO Rayleigh fading channel with respect to the received SNR. Here, for
the fading channel case, we have used the average received SNR. It can be
seen that, at high SNR, the capacity of the fading channel increases by 1
bit/sec/Hz for every 3 dB increase in SNR, which is the same as for the
AWGN channel.

Since the instantaneous mutual information is a random variable, if a code
with constant rate Cj is transmitted over the fading channel, this code cannot
be correctly recovered at the receiver at a fading block whose instantaneous
mutual information is lower than the code rate Cy, thus causing an outage
event. We define the outage probability as the probability that the instanta-
neous mutual information is less than the rate of Cy; i.e.,

Pout(CO) = Pr(I(Sv'r‘h) < CO)

Based on this, the a% outage capacity Coyt 0% is defined as the maximum
information rate of codes transmitted over the fading channel for which the
outage probability does not exceed a%.
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Fig. 12.6 The capacity comparison for AWGN channels and SISO Rayleigh fading chan-
nels.

2. MIMO fading channels
In order to analyze the capacity of MIMO fading channels, we make the
following assumptions:

(A1) The channel vectors h; can be represented as
hi = [X1i7X2i7"'7Xpi]/ (12110)

fori=1,---,n, where Xj;’s are iid random variables with zero mean and
unit variance; i.e., E[|Xy;|?] = 1 for all k’s and ¢’s.

(A2) The n symbols constituting the transmitted signal vector are drawn from
a Gaussian codebook with R, = E[x(q)x*(q)] and tr(R,) = 2. This is the
total power constraint.

(A3) The elements of u(g) are zero-mean, circularly symmetric complex Gaus-
sian with R,, = E[u(q)u*(q)] = 021

The following two cases need to be considered separately when we study
the MIMO channel capacity. In the first case, the channel state information
(CSI) H is available at the transmitter side. This case is called the CSI-known
case. In the second case, the CSI is unavailable at the transmitter side. This
case is referred to as the CSI-unknown case. In both cases, we assume that
the CSI is perfectly known at the receiver side.

Let us first look at the instantaneous mutual information under one CSI
realization H. Based on the distribution of H, the distribution of the in-
stantaneous mutual information can be derived. Similar to the SISO fading
channel case, we study the ergodic capacity and outage capacity of MIMO
fading channels.
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Using singular-value decomposition (SVD), the p x n channel matrix H
can be represented as

H=UZV",

where matrix U is a p X p unitary matrix (U*U = I,,) and is called the left
singular vector matrix of H; matrix V is an nxn unitary matrix (V*V = 1,,),
which is referred to as the right singular vector matrix of H; and X is the
p X n singular value matrix, the elements of which are zeros except that
(2)ii =0; >0, where 0y > ... > oy > 0 (M = min(n, p)) are the singular
values of H. Note that HH* = UXX*U*, and thus \; = 02, V i are the
nonzero eigenvalues of HH".

(i). MIMO fading channels for CSI-known case

When CSI is available at the transmitter, joint transmit and receive beam-
forming can be used to decouple the MIMO fading channel into M SISO
fading channels. Figure 12.7 shows the block diagram of the decoupling pro-
cess.

UH

g
‘\/

Fig. 12.7 Block diagram of joint transmit and receive eigen-beamforming.

At the transmitter side, we precode the transmitted signals using transmit
beamforming:

X = Vs.



446 12 Some Applications of RMT
Then the received signal vector is given by

y=UXV*Vs+u
=UXs+u.

At the receiver side, if we premultiply y with U* (this processing is called
receive eigenbeamforming), we then have

z = Xs+ Ufu
= Ys+u.

Note that 1 = U*u, and thus Rz = E[aa*] = E[U*uu*U] = ¢21. Therefore,
we have

zi =08 +u;, 1=1,..., M.

From the above, it can be seen that with CSI known, the MIMO channel
has been decoupled into M SISO channels through joint transmit and receive
beamforming. That is to say, M data streams can be transmitted in a parallel
manner.

Suppose the transmission power to the i-th data stream is v; = E[|s;|?].
Then the SNR for this data stream is given by

ofE[sil?] _ oy

Bllwl?] — of

Note that the total power over the M data streams has to be less than or
2. ; M- 2
equal to o ie., Y .—, v <o

The capacity of the MIMO channel under channel state H is equal to the
sum of the individual SISO channel’s capacity

M
Iy = Z:log2 <1 ﬂ’z) z:log2 <1 + ;;)
i=1

u

SNR; =

under the power constraint Z —,7i < o? (see Fig 12.8).

ERN

If equal power is allocated to each data stream (i.e., v; = Z/[

5D = Zlog2 <1 + ) . (12.1.11)

In order to achieve maximum capacity, we can allocate different powers to
the data streams using the Lagrangian method. Define the objective function

iV
Ty, vn) Zlog2<1+ 02> u1<2%—0>-

=1

), then



12.1 Wireless Communications 447
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Fig. 12.8 A MIMO channel is equivalent to a set of parallel SISO channels.

Calculating aJ(vg’;;””\l) and Setting a‘](’)’g"y'i‘f)’M)
water-filling solution

02 +
f = - 5 .:]-7"'7M7
= (n=T)

where p is the water level for which the equality power constraint is satisfied,

()t = a for x > 0, and (z)* = 0 for z < 0. With the water-filling power
allocation, the channel capacity can then be calculated as

M Ao
IFT = "log, (1 + UZ ) :
i=1

u

= 0 for all 7’s, we obtain the

For block fading channels, both i7" and Ijj'" are random variables. If

the distribution of the eigenvalues is known, we can then calculate the dis-
tributions of Iy7" and Iyy'" .

Taking expectations on Iiy" and ;™" over the random matrix H, we
obtain the ergodic capacities of the MIMO fading channels as

M
C*" = Egx[l5"] = Ea ZlogQ 1+ Aiog
H Mo2 )|’

i=1

M
AiyE
F) __ ( )] v 17
CY = Enlliy"] = Ea lE log, <1+ 2 >] .

i=1 w
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Since I7" > L7", thus CW™ > C®™ In the high SNR regime, however,
these two capacities tend to be equal.

The expressions of the ergodic capacities can be derived based on the eigen-
value distributions [196]. Alternatively, we may quantify the performance gain
of using multiple antennas by looking at the lower bound of the ergodic ca-
pacity. In fact, for the CSI-known case with equal power allocation, a lower
bound of the ergodic capacity of MIMO Rayleigh fading channels is given by
([224])

r 1
C=C(I') > M log, 1+Mexp MZ

2

where v &~ 0.57721566 is Euler’s constant, I' = 75, and Q = max(n,p).
)

Let us define spatial multiplexing gain as r = limp . 10(221(})' From
(12.1.12), we can see that r = limp_ o 15;21(}) = M. Therefore, in the high

SNR regime, the ergodic capacity increases by M bits/sec/Hz for every 3 dB
increase in the average SNR, I'. Recall that for SISO AWGN channels and
SISO Rayleigh fading channels, the capacity increases by 1 bit/sec/Hz for
every 3 dB increase of SNR in the high SNR regime. This shows the tremen-
dous capacity gain by using MIMO antenna systems.

(ii). MIMO fading channels for CSI-unknown case
In Part 3, we have proved that, when the CSI is known at the transmitter
side, the spatial multiplexing gain for a p x n MIMO channel is equal to M,
which is the minimum number of transmit and receive antennas. In practice,
the CSI may not be available at the transmitter, so can we still achieve a
spatial multiplexing gain of M7 We deal with this question in this part.

For MIMO flat fading channels, when the input signals are iid Gaussian,
the instantaneous mutual information between x and y under channel state
H is given by ([113], [274])

Iy = log, {det(meR,)} — log, {det(meR,,)} .

Since R, = E[yy*] = R, + HR,H* and R, = 021, we have

HR_ H*
Ig =1 det | I .
= o (5 T )
For the CSI-unknown case, we will choose the transmitted signal vector x

such that R, = UEIH. Thus, if n > p,!

1 Suppose matrices A and B are of dimensions m x ¢ and ¢ X m, respectively. Then we
have the equality det(I,, + AB) = det(I; + BA).
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0.2
Iy = log, {det <Ip + K;ﬁ HH*) }
0.2
= log, {det <Ip + K;ﬁ UZE*U*) }

0‘3 *T T
= log, {det <Ip + Kggﬁﬁ U U)}
252

—ilo 14 757 —ilo 12 TN (12.1.13)
—i:1 g2 no2 —i:1 g2 Ko? = 1A, -1

u

where again o; is the i-th singular value of H and J; is the i-th eigenvalue of
HH*. On the other hand, if n < p,

o2
Iy = log, {det (Ip + ¢ HH*)}

2

noz
2
S

— log, {det (In + % HH)}
no?

2
— log, {det (In + % VZ)*EV*) }
nao

u

2
— log, {det (In + % 2*2V*V> }
nao

M o2\
= log, (1 +F ;) = I,. (12.1.14)
i=1 %%

Combining (12.1.13) with (12.1.14) yields

M a2\
Iy = 1 1 ).
When n < p, the formula above is the same as (12.1.11). That is to say, if
the number of transmit antennas is not greater than the number of receive
antennas, even when the CSI is unknown at the transmitter, the capacity of
the MIMO channel is the same as that for the CSI-known case when equal
power allocation is applied.

Taking the expectation on Iy over the random matrix H, we obtain the
ergodic capacity of the MIMO fading channel as

i=1 u

M o2\
C = En[lu] = Ea [Zlogz <1+ g )] .

For MIMO Rayleigh fading channels, similar to the CSI-known case, we
have the inequality
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a M Q—j 1
C > M log, 1—|— exp p 7
]:1 k=1

Thus a spatial multiplexing gain of M can be achieved for MIMO Rayleigh
fading channels even when the CSI is unavailable at the transmitter side.

Figure 12.9 illustrates the ergodic capacities of MIMO fading channels
with different antenna configurations for the CSI-unknown case. Here we
also plot the lower bound of the ergodic capacity for 4 x 4 MIMO channels.
It is seen that this lower bound is tight when the SNR is greater than 25
dB. Further, for asymmetric antenna configurations, for a given M and at
high SNR regime, there exists a fixed SNR loss when the transmit antenna
number is larger than the receive antenna number.

P4 btded

Fig. 12.9 The ergodic capacity comparison for MIMO Rayleigh fading channels with
different numbers of antennas.

12.1.5 Limiting Capacity of Random MIMO Channels

In the previous section, we studied the ergodic capacity of MIMO fading
channels with limited dimensions of n and p and showed that for a random
matrix channel with Rayleigh fading coefficients, the MIMO channel achieves
a spatial multiplexing gain of M, which is the minimum of the transmit
antenna number and receive antenna number.

In this section, we are interested in the limiting performance of the instan-
taneous mutual information for any given random channel realization when
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n — 00, p — oo with ” — y (constant). For the sake of brevity, we assume

that n and p scale up with the same speed; i.e., Z = 1/y for every p.

According to the spectral theory of large random matrices, under assump-
tion (A1) in Part 2 of Subsection 12.1.4 and for the limiting case, the empirical
distribution of the eigenvalues of ;HH* converges almost surely to the M-P

law (see Chapter 3) whose density function is given by

\/(33 —a)t(b—x)t

Folw) = (1= 1y o) + VT

)

where

a=1-y)? b=(1+y)?>

1. CSI-unknown case

Now, let us look at the limiting capacity of MIMO fading channels with
CSI unavailable at the transmitter side. We are interested in the normalized
mutual information

T 1 ‘73 *
IH = P 10g2 det Ip —+ no’2 HH
1< 2\

— Z:log2 <1+Us 2>.
P N

In the previous subsection, we defined A;’s as the eigenvalues of HH*. In the
limiting case, the ESD of \; = >;j, it =1,---,p, converges to yf,(x) almost
surely for = € (a,b). Thus we have ([286])

~ 1 <& o2\

Ig = I 1 s

H p; ng ( + 0_3 )
b

_>/ log,(1 + I'z) f, (x)d, (12.1.15)

fl(Fv y)v

2
where ' = Z; . The limit above is termed the Shannon transform of the M-P
law, and the closed-form expression for the limit can be found in Chapter 3.

2. CSI-known case
We are interested in the normalized mutual information

T 1 O-g *
In = log,qdet L, + ° HH
p pay



452 12 Some Applications of RMT
1< o2\
= lo 14+ 577

b
_>/ log2(1+;Fx)fy(x)dx (12.1.16)

>

I~2(F7 y)

Note that I3 (I,y) and L (I,y) are only derived for the case y < 1. For the
case y > 1, the formulas (12.1.15) and (12.1.16) still hold, although the M-P
laws are different in the point mass at the origin for the two cases.

12.1.6 A General DS-CDMA Model

In this section, we return to the DS-CDMA system and consider a more
general model where information is simultaneously transmitted to multiple
antennas. We assume we have n users with p-dimensional spreading sequence
h; assigned to user i. We let x; € R denote user ¢’s transmitted symbols,
assumed to be iid standardized random variables across users, and T; € RT
user i’s transmission power. We let L denote the number of antennas and
vi(¢) the fading channel gain from user i to antenna ¢. With x, and u,
denoting, respectively, the received signal vector and the received noise vector
to antenna ¢, we have the matrix model in (12.1.1) for the transmission to
the f-th antenna with s; = s;(¢) = 24+/T;v:(£); that is,

Xy = sz\/Tz’yz(g)hz -+ uy.
i=1

The matrix H remains the same for all antennas. We assume the components
of all the uy are iid with mean zero and expected second absolute moment
equal to o2.

Let x = [x],%5,...,x}]". Estimating z; for each user is done by taking
the inner product of x with an appropriate vector ¢; € CP, called the linear
receiver for user i. Define

The quantity X
cthy [?
o?[ler||? + 325 lefhif?
is called the signal-to-interference ratio associated with user 1 and is typically

used as a measure for evaluating the performance of the linear receiver. It can
be shown that the choice of ¢; that minimizes E(cix — z1)? also maximizes
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the signal-to-interference ratio associated with user 1, the maximum value
equal to

K —1
SIR1 = I:II (Z ljllljlzk + 0'21> flh
i=2

where I is the pL x pL identity matrix.

Although SIR; does not depend on eigenvalues of a random matrix, when n
and p are large, tools used in RMT, notably Lemma B.26 and basic properties
of matrices, can be implemented to prove a limit theorem as n and p approach
infinity, while their ratio approaches a positive constant. The following is
proven in Bai and Silverstein [28] (see also Cottatellucci and Miiller [83]
and Hanly and Tse [146], the latter containing a simplified version of this
model):

Theorem 12.1. Let {h;; : i,j = 1,2,...} be a doubly infinite array of iid
complex random variables with exphy1 = 0, exp|h11]?> = 1. Define for i =
1,2,...,nh; =h;(n) = (h1i, has, ..., hyp;)'. We assume n =n(p) and n/p —
y > 0 as p — oo. For each p, let v;(¢) = A'(¢) € C, T, = T € RT,
i=1,...,n, £ =1,...,L be random variables, independent of hy,... h,.
For each p and 1, let

ai =of = /Ti(v(1),...,%(L)).

Assume almost surely that the empirical distribution of o, ..., o, weakly
converges to a probability distribution H in CL.

Let B, = B,(p) = VT (s .., 5(L)W)' and
c-co) -3 8.
p =2

Define
SIR; = ;,@T(C +021)713,.

Then, with probability 1,

L
plij}o SIR, =T} Z Y1)y (¢ )ag,er,
=1

where the L x L matriz A = (ae,) is nonrandom, Hermitian positive definite,
and is the unique Hermitian positive definite matriz satisfying

* —1
ax
A=[yE ’1
(y l+a'Aa 7 L) '

where o« € CF has distribution H and I, is the L x L identity matriz.
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The theorem assumes the entries of the spreading sequences are iid with
mean zero and variance 1/p. The scaling by 1/,/p is removed from the defi-
nition of the h;’s.

Clearly SIR; defined in this theorem is the same as the one initially intro-
duced, with the only difference in notation being the removal of the scaling
by 1/4/n in the definition of the h;’s.

Two separate assumptions are imposed in Hanly and Tse. One of them
restricts applications to scenarios where all the antennas are near each other.
The other assumptions imposed lift the restrictions but assume for each user
that independent spreading sequences are going to the L antennas, which is
completely unrealistic. Both assumptions assume the entries of the spreading
sequences to be mean-zero complex Gaussian. Clearly Theorem 12.1 allows
arbitrary scenarios to be considered. There is no restriction as to the place-
ment of the antennas. Moreover, the general assumptions made on the entries
of the h;’s can allow them to be 41, which is typically done in practice.

The proof of Theorem 12.1, besides relying on Lemma B.26, which essen-
tially handles the random nature of SIR;, uses identities involving inverses
of matrices expressed in block form, most notably the following.

Lemma 12.2. Suppose A1,...,Ar are p x n, and 02 > 0. Define the (, ¢
block of the pL x pL matriz A by Ay = AyA}, and, splitting (A + o*1)~1
into L? p x p matrices, let (A + 021)22, denote its £, block. Then

—1
(A+0’L),, =07 <5M1,, —Ay (Z AGA,+ 021n> A;).
L

For further details, we refer the reader to Bai and Silverstein [28].

12.2 Application to Finance

Today, the financial environment is widely recognized to be riskier than it
had been in past decades. The change was significant during the second half
of the twentieth century. Price indices went up and the volatility of foreign
exchange rates, interest rates, and commodity prices all increased. All firms
and financial institutions are facing uncertainty due to changes in the financial
markets. The markets for risk management products have grown dramatically
since the 1980s. Risk management has become a key technique for all market
participants. Risk should be carefully measured. Var (Value at risk) matrix
and credit matrix have become popular terminologies in banks and fund
management companies.

The wide adoption of modern computers in all financial institutions and
markets has made it possible to do exchanges expeditiously and prices to
vary abruptly. Also, the emergence of various mutual funds makes the in-
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vestigation on finance global, and hence large dimensional data analysis has
received tremendous attention in financial research. Over the last one or two
decades, the application of RMT has appeared in many research papers and
risk management institutions. For example, the correlation matrix and factor
models that work on internal or external measures for financial risk have be-
come well known in all financial institutions. In this section, we shall briefly
introduce some applications of RMT to finance problems.

12.2.1 A Review of Portfolio and Risk Management

Optimal portfolio selection is a very useful strategy for investors. Since being
proposed by Markowitz [205], it has received great attention and interest
from both theoreticians and practitioners in finance.

The use of these criteria was defined in terms of the theory of rational
behavior under risk and uncertainty as developed by von Neumann and Mor-
genstern [220] and Savage [250]. The relationship between many-period and
single-period utility analyses was explained by Bellman [49], and algorithms
were provided to compute portfolios that minimize variance or semivariance
for various levels of expected returns once requisite estimates concerning se-
curities are provided.

Portfolio theory refers to an investment strategy that seeks to construct
an optimal portfolio by considering the relationship between risk and return.
The fundamental issue of capital investment should no longer be to pick out
good stocks but to diversify the wealth among different assets. The success
of investment depends not only on return but also on risk. Risk is influenced
by correlations between different assets such that the portfolio selection rep-
resents an optimization problem.

1. Optimal portfolio selection—mean-variance model

Suppose there are p assets whose returns Ry, - - - R, are random variables with
known means ER; and covariances Cov(R;, R;). Denote R = (R1,--- R)p)’,
r=ER = (r1,---1p), ¥ = VarR = E(R —r)(R —r)’ = (0y;). Consider
P, a portfolio; i.e., a vector of weights (the ratio of different stocks in a
portfolio, or loadings in some literature) w = (w1, ---,wp)’. We impose a

budget constraint
P
Z wi=w1l=1,
i=1

where 1 is a vector of ones. If additionally Vi, w; > 0, the short sale is
excluded.
If the return of a whole portfolio P is denoted by Rp, then
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p
Rp = ZwiRi = W/R
i=1
and
p P
rp=ERp =Y wER; =Y wyr; =w'r.
i i
The variance (or risk) of return is 0% = w/Zw.
According to Markowitz, a rational investor always searches for w that
minimizes the risk at a given level of expected return Ry,
min {W/EW’W/I‘ > Rpand w1l =1, w; > O},

or its dual version to maximize the expected return under a given risk level
2
905

max {W/I‘ w'Xw <ol and w1l =1, w; > 0}.

When we use absolute deviation to measure risk, we get the mean absolute
deviation model that minimizes E [w'R — w’'r|. If semivariance is considered,
we minimize w'V w, where

V =Cov((R; —1;) ,(Rj —15) )

(Ri — Ti) = [—(Rz — ’I"z)} Vv 0.

Sometimes a utility function is used to evaluate the investment perfor-
mance, say Inz. The utility of a portfolio P is Y 7 Inr;. Let X' = (7y;) be
the semivariance as a measure of risk, where

oij = Cov((InR; —Inr;) , (InR; —Inr;) ).

Then, we come to the log-utility model:

P
min{w’Ew‘ sz Inr; > Ry, wWl=1, w;> O}.

i=1

A portfolio is said to be legitimate if it satisfies constraints Aw = b, w > 0.
The reader should note that the expected return of a portfolio is denoted by
E and the variance of the portfolio by V (V = w'Xw or w'3w in different
models). An E-V pair (Ep, Vp) is said to be obtainable if there is a legiti-
mate portfolio wg such that Ey = wir and Vj = w{Xwq. An E-V pair is
said to be efficient if (1) the pair (Ep, Vo) is obtainable and (2) there is no
obtainable (E7, V1) such that either £y > Ey while V3 <V or By > Ey while
Vi < Vp. A portfolio w is efficient if it is legitimate and if its E-V pair is
efficient. The problem is to find the set of all efficient E-V pairs and a legiti-
mate portfolio for each efficient E-V pair. Kuhn and Tucker’s results [179] on
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nonlinear programming are applicable in solving optimization problems. A
simplex method is also applicable to the quadratic programming for portfolio
selection, as shown by Wolfe [298].

2. Financial correlations and information extraction

Because the means and covariances of the return are practically unknown,
to estimate the risk of a given portfolio it is natural to use the sam-
ple means vector and covariances of R;; and R;; of some historical data
{R¢ = (Ri4,---,Rp+)'} observed at discrete time instants ¢t = 1,...,n,

a2
N
||

ZR““ 6:; = Cov(Ri, R;) Z (Riy — R)(R;+ — R;).

Theoretically, the covariances can be well estimated from the historical data.
But in real practice it is not the case. The empirical covariance matrix from
historical data is in fact random and noisy. That means the optimal risk and
return of a portfolio are in fact neither well estimated nor controllable. We
are facing the problems of covariance matrix cleaning in order to construct
an efficient portfolio.

To estimate the correlation matrix C = (C};), recalling ¥ = DCD, D =
diag(o1,...0p), where o? is the variance of R;, we need to determine the
p(p+1)/2 coefficients from the p-dimensional time series of length n. De-
noting y = p/n, only when y < 1 can we accurately determine the true
correlation matrix. Denote X;; = (R; — Ri) /oi, and the empirical correla-

tion matrix (ECM) is H = (h;;), where

1 n
= E XX
n
t=1

If n < p, the matrix H has rank(H) = n < p and thus has p — n zero
eigenvalues. The risk of a portfolio can then be measured by

1
n E wiUiXi,th,tij'j~

1,75t

It is expected to be close to 2, ; w;0;C;05w;. The estimation above is unbi-
ased with mean square error of order 711 But the portfolio is not constructed
by a linear function of H, so the risk of a portfolio should be carefully eval-
uated.

Potters et al. [236] defined the in-sample, out-sample, and true minimum
risk as

Rj
rH-1r’

Rj
r'C—1r’

/

/
Etrue - WCCWC -
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JET—1 —1
oy _ orHCH 'r
Eout = WHCWH = RO (I"Hflr)z 5
where .
C'r
wo = Ho r'C-1r

Since E(H) = C, for large n and p we have approximately
rH 'r ~E0'H 'r) > r'C'r.
So, with high probability, we have
Yin < Dtrue < Lout-

This indicates that the in-sample risk provides an underestimation of true
risk, while the out-sample risk is an overestimation. Even when both the in-
sample and out-sample risks are not unbiased estimators of the true risk, one
might be thinking that the difference would become smaller when the sample
size increased. However, that is not the case. When the true correlation matrix
is the identity matrix I and p/n — y € (0, 1), Pafka et al. [225] showed that

R

r'r

Ztrue =

and
Ein x~ Ztrue\/]- —y= Eout(l - y)

When and only when y — 0 will all three coincide.
Denote by Ay and (Vi g, -, Vp k) the eigenvalues and eigenvectors of the
correlation matrix H. Then the empirical loading weights are approximately

w; o< Z)\,Zlvi,kvj,krj =71+ Z()\El — DVikVjkr;.
k,j k,j

When o; = 1, the optimal portfolio should invest proportionally to get the
expected return r;, which is the first term of the RHS of the expression
above. The second term is in fact an error caused by the estimation error
of the eigenvalues of the correlation matrix according to A > 1 or A < 1.
It is possible that the Markowitz solution will allocate a large weight to a
small eigenvalue and cause the domination of measurement noise. To avoid
the instability of empirical risk, people might use

Wi X T — § Vi Vs,
k<k*:j

projecting out the k* eigenvectors corresponding to the largest eigenvalues.
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3. Cleaning of ECM
Therefore, various methods of cleaning the ECM are developed in the litera-
ture; see Papp et al. [228], Sharifi et al. [253], and Conlon et al. [82], among
others.

Shrinkage estimation is a way of correlation cleaning. Let H. denote the
cleaned correlation matrix

H.=oH+ (1-a)l,

)\c,k: =14+ oz()\k — 1),

where Ay is the k-th eigenvalue of H. The parameter « is related to the
expected signal-to-noise ratio, « € (0,1). That « — 0 means the noise is
large. Laloux et al. [182] suggest the eigenvalue cleaning method

I 1-96, ifk>k*,
ok = \e,  ifk < kF,

where £* is the number of meaningful sectors and ¢ is chosen to preserve the
trace of the matrix. The choice of k* is based on random matrix theory. The
key point is to fix k£* such that eigenvalue Ax+ of H is close to the theoretical
left edge of the random part of the eigenvalue distribution.

4. Spectral Theory of ECM

The spectrum discussed in Chapter 3 set up the foundation for applications
here. Consider an ECM H of p assets and n data points, both large with y =
p/n finite. Under existence of the second moments, the LSD of a correlation
matrix

R = 1AA’
n
is
1

Pla) = 2myo2x

V(b —z)(z—a) x € (a,b) (the M-P law),

where A is a p X n matrix with iid entries of zero mean and unit variance,
a,b = 0*(1F \/y)? being the bounds of the M-P law. Comparing the eigen-
values of ECM with P(z), one can identify the deviating eigenvalues. These
deviating eigenvalues are said to contain information about the system un-
der consideration. If the correlation matrix C has one eigenvalue larger than
1+./y, it has been shown by Baik et al. [44] that the largest eigenvalue of the
ECM H will be Gaussian with a center outside the “M-P sea” and a width
~ \/1“, smaller than the uncertainty on the bulk eigenvalues (of order ~ ,/y).
Then the number £* can be determined by the expected edge of the bulk
eigenvalues. The cleaned correlation matrix is used to construct the portfo-
lio. Other cleaning methods include clustering analysis, by R. N. Mantegna.
Empirical studies have reported that the risk of the optimized portfolio ob-
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tained using the cleaned correlation matrix is more reliable (see LaLoux et
al. [182]), and less than 5% of the eigenvalues appear to carry most of the
information.

To extract information from noisy time series, we need to assess the de-
gree to which an ECM is noise-dominated. By comparing the eigenspectra
properties, we identify the eigenstates of the ECM that contain genuine in-
formation content. Other remaining eigenstates will be noise-dominated and
unstable. To analyze the structure of eigenvectors lying outside the ‘M-P sea,’
Ormerod [223], and Rojkova et al. [242], calculate the inverse participation
ratio (IPR) (see Plerou et al. [235, 234]). Given the k-th eigenvalue A and
the corresponding eigenvector V, with components Vj ;, the IPR is defined
by

p

Iy = Z(Vk4z)
i=1
It is commonly used in localization theory to quantify the contribution of
different components of an eigenvector to the magnitude of that eigenvector.
Two extreme cases are those where the eigenvector has identical compo-
nents Vi ; = \}p or has only one nonzero component. For the two cases, we

get I, = :’ and 1, respectively. When applied to finance, IPR is the recip-
rocal of the number of eigenvector components significantly different from
zero (i.e., the number of economies contributing to that eigenvector). By
analyzing the quarterly levels of GDP over the period 1977-2000 from the
OECD database for EU economics, France, Germany, Italy, Spain and the
UK, Ormerod shows that the co-movement over time between the growth
rates of the EU economies does contain a large amount of information.

12.2.2 Enhancement to a Plug-in Portfolio

As mentioned in the last subsection, the plug-in procedure will cause the op-
timal portfolio selection to be strongly biased, and hence such a phenomenon
is called “Markowitz’s enigma” in the literature. In this subsection, we will
introduce an improvement to the plug-in portfolio by using RMT. The main
results are given in Bai it et al. [20].

1. Optimal Solution to the Portfolio Selection
As mentioned earlier, maximizing the return and minimizing the risk are
complementary. Thus, we consider the maximization problem as

R =max w'p subject to w'1<1 and wXw < op. (12.2.17)

We remark here that the condition w'1 = 1 has been weakened to w1 < 1
in order to prevent the maximization from having no solution if o2 is too
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small. If 03 is large enough, the optimization solution automatically satisfies
w'l=1.
The solution is given as follows:

1. If
1x- 1/1/0'0
VIE
then the optimal return R and corresponding investment portfolio w will
be

<1,

R=oo\/WEp

and 0
wW = Xy,
NSRS
2. If
1xy-!
Koo,
VIE
then the optimal return R and corresponding investment portfolio w will
be
Y (12" p)?
R — b /E—l _
1z T (“ B= iy )
and . A
DI | 1Y '
= b( X tp— rh
Vst ( F= e )
where

b:\/ 1Y 102 -1

WX lp X111 — (/X -1p)2"

2. Overprediction of the Plug-in Procedure

As mentioned earlier, the substitution of the sample mean and covariance
matrix into Markowitz’s optimal selection (called the plug-in procedure) will
always cause the empirical return to be much higher than the theoretical op-
timal return. We call this phenomenon “overprediction” of the plug-in pro-
cedure. The following theorem theoretically proves this phenomenon under
very mild conditions.

Theorem 12.3. Assume thaty1,---,yn aren independent random p-vectors
of #id entries with mean zero and variance 1. Suppose that Xy, = p + zx with
Z = Ei‘yk, where p is an unknown p-vector and X is an unknown p X p
covariance matriz. Also, we assume that the entries of yi’s have finite fourth
moments and that as p/n — y € (0,1) we have

WX p 'x-11 'x-1

173
—ax, — az, , — a3,
n n n
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satisfying aras — a2 > 0. Then, with probability 1, we have
RM
2 a; > lim
R, Vvar > limo Jn

lim
n—oo \/n 2 R(® aias — a3
UO\/V(M? %) 5 lim =09 3. when az >0,
2 n—oo \/n a9

= /a1, when az <0,

where RY and R are the returns for the two cases given in the last para-
graph, v = fa 1dF iy >1,a=(1- \/y)2, and b= (1+ \/y)2

Remark 12.4. The optimal return takes the form RW if 1Y~y <
\/H’Eflu. When a3z < 0, for all large n, the condition for the first case
holds, and hence we obtain the limit for the first case. If ag > 0, the con-
dition 'Y~ 1p < \/ w' X1 is eventually not true for all large n and hence
the return takes the form R®). When a3 = 0, the case becomes very com-

plicated. The return may attain the value in both cases and, hence, 52 may
jump between the two limit points.

To illustrate the overprediction phenomenon, for simplicity we generate p-
branch standardized security returns from a multivariate normal distribution
with mean p = (p1, - -, pp) and identity covariance matrix X' = I. Given the
level of risk with the known population mean vector, p, and known population
covariance matrix, 2/, we can compute the theoretical optimal allocation w
and thereafter compute the theoretical optimal return, R, for the portfolios.
Using this data set, we compute the sample mean, x, and covariance matrix,
S, and then the plug-in return, Rp, and its corresponding plug-in allocation,
Wp. We finally plot the theoretical optimal returns R and the plug-in returns
]-A?fp against different values of p with the fixed sample size n = 500 in Fig.
12.10. We present the simulated theoretical optimal returns R and the plug-
in returns R, in Table 12.1 for two different cases: (A) for different values of
p with the same dimension-to-sample-size ratio p/n (= 0.5) and (B) for the
same value of p (= 252) but different dimension-to-sample-size ratios p/n.

From Fig. 12.10 and Table 12.1, we find the following: (1) the plug-in re-
turn ]-A?fp is close to the theoretical optimal return R when p is small (< 30);
(2) when p is large (> 60), the difference between the theoretical optimal re-
turn R and the plug-in return Rp becomes dramatically large; (3) the larger
the p, the greater the difference; and (4) when p is large, the plug-in return
]-A?fp is always larger than the theoretical optimal return R. These confirm the
“Markowitz optimization enigma” that the plug-in return Rp should not be
used in practice.

3. Enhancement by bootstrapping
Now, we construct a parametric bootstrap-corrected estimate R, as follows.
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Fig. 12.10 Empirical and theoretical optimal returns. Solid line—the theoretic optimal
return R = w’pu; dashed line—the plug-in return R, = w;ly,.

Table 12.1 Performance of R, and R,,.

p p/n R Ry Rp p p/n R Ry Rp
100 0.5 9.77 13.89 13.96 252 0.5 14.71 20.95 21.00
200 0.5 13.93 19.67 19.73 252 0.6 14.71 23.42 23.49
300 0.5 17.46 24.63 24.66 252 0.7 14.71 26.80 26.92
400 0.5 19.88 27.83 27.85 252 0.8 14.71 33.88 34.05
500 0.5 22.29 31.54 31.60 252 0.9 14.71 48.62 48.74

Note: In the table, Rp = w’'X is the estimated return. The table compares the

performance between R, and R, for the same p/n ratio with different numbers of assets,
p, and for the same p with different p/n ratios where n is the number of samples and R is
the optimal return defined in (12.2.17).

To avoid the singularity of the resampled covariance matrix, we employ the
parametric bootstrap method. Suppose that x = {x1,---,x,} is the data
set. Denote its sample mean and covariance matrix by x and S. First, draw a
resample x* = {x7},---,x} } from the p-variate normal distribution with mean
vector x and covariance matrix S. Then, invoking Markowitz’s optimization
procedure again on the resample x*, we obtain the bootstrapped “plug-in”
allocation, wy, and the bootstrapped “plug-in” return, R;, such that

R =& Tx, (12.2.18)

*
P P
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* 1 %
where x* = 3 /' x}.

We remind the reader that the bootstrapped “plug-in” allocation wj will
be different from the original “plug-in” allocation W, and, similarly, the boot-
strapped “plug-in” return R; is different from the “plug-in” return R,, but

by Theorem 12.3 one can easily prove the following theorem.

Theorem 12.5. Under the conditions in Theorem 12.3 and using the boot-
strapped plug-in procedure as described above, we have

VAI(R—R,) ~R, - R, (12.2.19)

where v is defined in Theorem 12.3, R is the theoretical optimal return, Rp
is the plug-in return estimate obtained by the original sample x, and R} is
the bootstrapped plug-in return obtained by the bootstrapped sample x*.

This theorem leads to the bootstrap-corrected return estimate Rb and the
bootstrap-corrected portfolio wy,

R . 1 . .
Ry =Ry + (R, - Ry),

Wy, =W, + (W, — wi). (12.2.20)

4. Monte Carlo study

Now, we present some simulation results showing the superiority of both Ry
and wy, over their plug-in counterparts Rp and Wp,. To this end, we first define
the bootstrap-corrected difference, di¥, for the return as the difference between
the bootstrap-corrected optimal return estimate Ry, and the theoretical opti-

mal return R; that is, X
df* = R, — R, (12.2.21)

which will be used to compare with the plug-in difference,
df =R, - R. (12.2.22)

To compare the bootstrapped allocation with the plug-in allocation, we
define the bootstrap-corrected difference norm df and the plug-in difference
norm d;;’ by

dy = [[Wy —wl| and dy = [[w, — w]. (12.2.23)

In the Monte Carlo study, we resample 30 times to get the bootstrapped allo-
cations and then use the average of the bootstrapped allocations to construct
the bootstrap-corrected allocation and return for each case of n = 500 and
p = 100, 200, and 300. The results are depicted in Fig. 12.11.

From Fig. 12.11, we find the desired property that df¥ (d) is much smaller
than dff (d¥) for all cases. This suggests that the estimate obtained by uti-
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Fig. 12.11 Comparison of portfolio allocations and returns. Solid line—dg and dy’, re-
spectively; dashed line—dbR and d}’, respectively.

lizing the bootstrap-corrected method is much more accurate in estimating
the theoretical value than that obtained by using the plug-in procedure. Fur-
thermore, as p increases, the two lines of df and dft (or d, and d}’) on each
level as shown in Fig. 12.11 separate further, implying that the magnitude of
improvement from dff (d¥) to dft (dy’) is remarkable.

To further illustrate the superiority of our estimate over the traditional
plug-in estimate, we simulated the mean square errors (MSEs) of the various
estimates for different p and plot these values in Fig. 12.12. In addition, we
define their relative efficiencies (REs) for both allocations and returns to be

 MSE(dY)
~ MSE(dY)

MSE(dF)

REY _ o)
b MSE(dR)

and RE, (12.2.24)

and report their values in Table 12.2.

5. Comments and discussions

Comparing the MSE of dff (dy’) with that of dff (d¥) in Table 12.2 and Fig.
12.12, the MSEs of both dff and d?’ have been reduced dramatically from
those of df and d;, indicating that our proposed estimates are superior. We
find that the MSE of df is only 0.04, improving 6.25 times over that of df
when p = 50. When the number of assets increases, the improvement becomes
much more substantial. For example, when p = 350, the MSE of dff is only
1.59 but the MSE of d;f” is 220.43, improving 138.64 times over that of dﬁ.
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Fig. 12.12 MSE comparison between the empirical and corrected portfolio alloca-
tions/returns. Solid Line—the MSE of dﬁ and dj, respectively; dashed line—the MSE
of d{f and df, respectively.

Table 12.2 MSE and relative efficiency comparison.

p MSE(d})  MSE(df) || MSE(dY) MSE(dy)||REf,  REY,
p=50{ 025 0.04 0.13 0.12 6.25 1.08
p=100| 1.79 0.12 0.32 0.26 14.92 1.23
p=150| 5.76 0.29 0.65 0.45 19.86 1.44
p=200| 16.55 0.36 1.16 0.68 45.97 1.71
p=250| 44.38 0.58 2.17 1.06 76.52 2.05
p=300| 97.30 0.82 4.14 1.63 118.66 2.54
p=350| 220.43 1.59 8.03 2.52 138.64 3.19

This is an unbelievable improvement. We note that when both n and p are
bigger, the relative efficiency of our proposed estimate over the traditional
plug-in estimate could be much larger. On the other hand, the improvement
from dj to dy’ is also tremendous.

We illustrate the superiority of our approach by comparing the estimates of
the bootstrap-corrected return and the plug-in return for daily S&P500 data.
To match our simulation of n = 500 as shown in Table 12.2 and Fig. 12.12, we
choose 500 daily data backward from December 30, 2005, for all companies
listed in the S&P500 as the database for our estimation. We then choose
the number of assets (p) from 5 to 400, and, for each p, we select p stocks
from the S&P500 database randomly without replacement and compute the
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plug-in return and the corresponding bootstrap-corrected return. We plot the
plug-in returns and the corresponding bootstrap-corrected returns in Fig.
12.13 and report these returns and their ratios in Table 12.3 for different
p. We also repeat the procedure (m =) 10 and 100 times for checking. For
each m and for each p, we first compute the bootstrap-corrected returns
and the plug-in returns. Thereafter, we compute their averages for both the
bootstrap-corrected returns and the plug-in returns and plot these values in
Panels 2 and 3 of Fig. 12.13, respectively, for comparison with the results in
Panel 1 for m = 1.

L— T T T T T T T T T T T T
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400

Number of securities ~ Number of securities Number of securities

Fig. 12.13 Comparison in returns. Solid line—plug-in return; dashed line—bootstrap-
corrected return.

From Table 12.2 and Fig. 12.13, we find that, as the number of assets
increases, (1) the values of the estimates from both the bootstrap-corrected
returns and the plug-in returns for the S&P500 database increase, and (2)
the values of the estimates of the plug-in returns increase much faster than
those of the bootstrap-corrected returns and thus their differences become
wider. These empirical findings are consistent with the theoretical discovery
of the “Markowitz optimization enigma,” that the estimated plug-in return
is always larger than its theoretical value and their difference becomes larger
when the number of assets is large.

Comparing Figs. 12.12 and 12.13 (or Tables 12.3 and 12.1), one will find
that the shapes of the graphs of both the bootstrap-corrected returns and
the corresponding plug-in returns are similar to those in Fig. 12.10. This
suggests that our empirical findings based on the S&P500 are consistent
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Table 12.3 Plug-in returns and bootstrap-corrected returns.

R, R, Ry/Rp| Ry R, Ry/Rp| Rp Ry, Ry/Rp
5 1/0.142 0.116 0.820 [0.106 0.074 0.670 [0.109 0.072 0.632
10 ](0.152 0.092 0.607 [0.155 0.103 0.650 |0.152 0.097 0.616
20 ||0.179 0.09 0.503 |0.204 0.120 0.576 |0.206 0.121 0.573
30 1{0.218 0.097 0.447 [0.259 0.154 0.589 [0.254 0.148 0.576
50 [|0.341 0.203 0.597 [0.317 0.171 0.529 [0.319 0.174 0.541
100((0.416 0.177 0.426 [0.482 0.256 0.530 [0.459 0.230 0.498
150(|0.575 0.259 0.450 |0.583 0.271 0.463 [0.592 0.279 0.469
200(|0.712 0.317 0.445 |0.698 0.298 0.423 |0.717 0.315 0.438
300]({1.047 0.387 0.369 [1.023 0.391 0.381 |1.031 0.390 0.377

400](1.563 0.410 0.262 |1.663 0.503 0.302 |1.599 0.470 0.293

with our theoretical and simulation results, which, in turn, confirms that our
proposed bootstrap-corrected return performs better.

One may doubt the existence of bias in our sampling, as we choose only
one sample in the analysis. To circumvent this problem, we also repeat the
procedure m (=10, 100) times. For each m and for each p, we compute the
bootstrap-corrected returns and the plug-in returns and then compute the
averages for each. Thereafter, we plot the averages of the returns in Fig.
12.13 and report these averages and their ratios in Table 12.3 for m = 10
and 100. When comparing the values of the returns for m = 10 and 100 with
m = 1, we find that the plots have basically similar values for each p but
become smoother, suggesting that the sampling bias has been eliminated by
increasing the value of m. The results for m = 10 and 100 are also consistent
with the plot in Fig. 12.10 in our simulation, suggesting that our bootstrap-
corrected return is a better estimate for the theoretical return in the sense
that its value is much closer to the theoretical return when compared with
the corresponding plug-in return.



Appendix A
Some Results in Linear Algebra

In this chapter, the reader is assumed to have a college-level knowledge of
linear algebra. Therefore, we only introduce those results that will be used
in this book.

A.1 Inverse Matrices and Resolvent

A.1.1 Inverse Matrixz Formula

Let A = (ai;) be an n x n matrix. Denote the cofactor of a;; by A;;. The
Laplace expansion of the determinant states that, for any 7,

det(A) = Zaiinj. (All)
i=1
Let A* = (A;;)" denote the adjacent matrix of A. Then, applying the formula
above, one immediately gets
AA? =det(A)L,.

This proves the following theorems.

Theorem A.1. Let A be an n X n matriz with a nonzero determinant. Then,
it is invertible and

1
= A° A.1.2
det(A) ( )
Theorem A.2. We have
tr(A7Y) = Agx/det(A). (A.1.3)
k=1

469
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A.1.2 Holing a Matrix

The following is known as Hua’s holing method:

<—Cf°xl (I)> <é 113):(8 D—(]“J?’AlB>- (A.1.4)

In application, this formula can be considered as making a row Gaussian

elimination on the matrix <é ]];D’) ) to eliminate the (2,1)-th block. A similar

column transformation also holds. An important application of this formula
is the following theorem.

Theorem A.3. If A is a squared nonsingular matriz, then

det (‘é g) = det(A)det(D — CA™'B). (A.1.5)

This theorem follows by taking determinants on both sides of (A.1.4).
Note that the transformation (A.1.4) does not change the rank of the
matrix. Therefore, it is frequently used to prove rank inequalities.

A.1.3 Trace of an Inverse Matriz

For n x n A, define Ay, called a major submatrix of order n — 1, to be the
matrix resulting from deleting the k-th row and column from A. Applying
(A.1.2) and (A.1.5), we obtain the following useful theorem.

Theorem A.4. If both A and Ay, k = 1,2,---,n, are nonsingular, and if
we write A~ = [a’d], then

1
att = o (A.1.6)
ark — AL By,

and hence

B , (A.1.7)
,; Akk — ak k I/Bk

where ayy is the k-th diagonal entry of A, Ay is defined above, o, is the
vector obtained from the k-th row of A by deleting the k-th entry, and B3, is
the vector from the k-th column by deleting the k-th entry.

If A is an nxn symmetric nonsingular matrix and all its major submatrices
of order (n—1) are nonsingular, then from (A.1.7) it follows immediately that
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_ .

=1 Ark — akA ak

If A is an nxn Hermitian nonsingular matrix and all its major submatrices
of order (n — 1) are nonsingular, similarly we have

n
=1 Akl — akA ak

where * denotes the complex conjugate transpose of matrices or vectors.

In this book, we shall frequently consider the resolvent of a Hermitian
matrix X = (z;x) (i.e., A = (X —2I)7'), where z is a complex number with
positive imaginary part. In this case, we have

tr(X—2I)77) = z": (A.1.9)

Tk —Z—XkH Xk

where Hy, is the matrix obtained from X —zI by deleting the k-th row and the
k-th column and x;, is the k-th column of X with the k-th element removed.

A.1.4 Difference of Traces of a Matrix A and Its
Major Submatrices

Suppose that the matrix X' is positive definite and has the partition as given

by 2 . Then, the inverse of X' has the form
o1 Yo

) BIEUE D IED ST J P RSP ST SR TS S
3=
T Zn Ty oo

where 222,1 = 222 — 221 211 212. In fact, the formula above can be derived
from the identity (by applying (A.1.4))

I O\ (Xy Zp\ (1 X%
X 1)\ Xy X¥p)\O I

- 211 O
O 222—22121_11212

and the fact that

I 0\ ' I o)
S YSPI | T\ xt 1)
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Making use of this identity, we obtain the following theorem.

Theorem A.5. If the matriz A and Ay, the k-th major submatriz of A of
order (n — 1), are both nonsingular and symmetric, then

1+ a;cA,:Zak

tr(A) —tr(AL) = app — o Ay,
kAL

(A.1.10)

If A is Hermitian, then o, is replaced by o in the equality above.

A.1.5 Inverse Matrix of Complex Matrices

Theorem A.6. If Hermitian matrices A and B are commutative and such
that A% +B? is nonsingular, then the complex matriz A +iB is nonsingular

and
(A +iB)™!' = (A —iB)(A? +B?*) . (A.1.11)

This can be directly verified.
Let z = u +iv, v > 0, and let A be an n x n Hermitian matrix. Then

‘tr(A —2L,) 7 —tr(Ag — zIn,l)*ll <wv L (A.1.12)

Proof. By (A.1.10), we have

1+ o (Ar — 2L, 1) 2ay,

tr(A — 2L,) "' — tr(Ay — 2L,_) "' = '
r( 21,) r(Ay — 2 1) akk—Z—GZ(A_ZInfl)ilak

If we denote Aj, = E*diag[A; ---A\p—1]E and ofE* = (y1,- -, Yn—1), where
Eisan (n —1) x (n — 1) unitary matrix, then we have

n—1
1+ aj (A = 2L1) Pan] = 1+ ) [y7 (A — 2) 7
/=1
n—1
<1+ W7l —w)? + %)
(=1

=1+ ai((Ar —ul, 1)* + %L, 1) tay.
On the other hand, by (A.1.11) we have

S(apk — 2z — o (A — 21, 1) Loy
=v(l +ai((Ar —ul,1)* + 0L, 1) tag). (A.1.13)

From these estimates, (A.1.12) follows.
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A.2 Inequalities Involving Spectral Distributions

In this section, we shall establish some inequalities to bound the differences
between spectral distributions in terms of characteristics of the matrices,
say norms or ranks. These inequalities are important in the truncation and
centralization techniques.

A.2.1 Singular-Value Inequalities

If A is a p x n matrix of complex entries, then its singular values s; >
-+ > 54 > 0, ¢ = min(p,n), are defined as the square roots of the ¢ largest
eigenvalues of the nonnegative definite Hermitian matrix AA*. If A (nxn) is
Hermitian, then let Ay > Ay > --- > \,, denote its eigenvalues. The following
results are well known and are referred to as the singular decomposition and
spectral decomposition, respectively.

Theorem A.7. Let A be a p x n matrixz. Then there exist q p-dimensional

orthonormal vectors uy,---uy and g n-dimensional orthonormal vectors
Vi, -, Vg such that
q
A= Zsjujv;. (A.2.1)
j=1

From this expression, we immediately get the well-known Courant-Fischer
formula
Sy = min max [lAV||2. (A.2.2)

Wi, WE 1 Ivilz=1
vilwy, e wp g

If A is an n x n Hermitian matriz, then there exist n n-dimensional or-
thonormal vectors uy, - - - u,, such that

A= Nuul. (A.2.3)
j=1

Similarly, we have the formula

A = min max v*Av. (A.2.4)

Wi, We 1 Ivil2=1
vIiwy, e wp g

The following theorem due to Fan [103] is useful for establishing rank
inequalities, which will be discussed in the next section.
Theorem A.8. Let A and C be two p X n complex matrices. Then, for any
nonnegative integers i and j, we have

Sivj+1(A+ C) < si41(A) + 5j41(C). (A.2.5)
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Proof. Let wq,---,w; be the left eigenvectors of A, corresponding to the
singular values s1(A),---,s;(A), and let w;11,---, W;1; be the left eigenvec-
tors of C, corresponding to the singular values s1(C),---,s;(C). Then, by
(A.2.2), we obtain

St (A+C) < max A+l
vJ_w1,~-~,wi+j

< max  [[[Av]z+[|Cv]2]
liviiz=1
VLW, W
< max |Av]s
liviia=1
vilwy,o,wy
+ max [Cvl2

{livilg=1
VAiwipq.wiy )

= si+1(A) +5;11(C).

The proof is complete.

In the language of functional analysis, the largest singular value is re-
ferred to as the operator norm of the linear operator (matrix) in a Hilbert
space. The following theorem states that the norm of the product of linear
transformations is not greater than the product of the norms of the linear
transformations.

Theorem A.9. Let A and C be complex matrices of order p xn and n X m.
We have
51(AC) < 51(A)s1(C). (A.2.6)

This theorem follows from the simple fact that

$51(AC) = sup |ACx| = sup ‘|Cx||
lxl=1 Ixl=1 ||CXH
< sup [|Ay]| sup [|Cx| =s1(A)s1(C).
[lyll=1 [I=[|=1

There are some extensions to Theorem A.9 that are very useful in the
theory of spectral analysis of large dimensional random matrices.
The first is the following due to Fan Ky [103].

Theorem A.10. Let A and C be complex matrices of order pXn and nxm.
For any i,j5 > 0, we have

Si+j+1(AC) < si41(A)s;11(C), (A.2.7)
where when © > rank(A), define s;(A) = 0.

Proof. First we consider the case where C is an invertible square matrix.
Then, we have
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Si+j+1(AC) = inf sup |ACK||
Wi, s Witj xLl{wy, - wigj}
[Ixll=1
= inf sup |ACx]|
Wi Wit x L{(C*)wq, - (C*)w;, Wiy, wipj}
[Ixll=1
AC
= inf sup | ACK] ||ICx]|
Wi, Wit CxLl{wq, -, w;} ||CXH
xL{w;qtq1,wig i}
[I><[l=1
< inf sup [AylICx]|

Wi, Wity oyl {wy,-w,}
xL{w;qtq1,wip i}
[Ixl[=1,llyll=1

= si+1(A)s;11(C).
For the general case, let the singular decomposition of C be given by
C = EDF,

where D is the r x r diagonal matrix of positive singular values of C and E
(n x7r) and E (r x m) are such that E'E = FF* = I,.. Then, by what has
been proved,

Si+j+1(AC) = siy;j41(AED)
< si+1(AE)s;11(D)
< siv1(A)s;41(C).

Here, in the last step, we have used the simple fact that

siv1(AE) = wli.r{fw‘ " sup N [x"AE|
=1
< inf sup Ix*All = si+1(A). (A.2.8)

Wi, Wi xl {wq, -, w; }

i

lIxll=1
To prove another extension, we need the following lemma.

Lemma A.11. Let A be an m x n matriz with singular values s;(A), i =

1,2,---,p = min(m,n), arranged in decreasing order. Then, for any integer
k(1<k<p),
D si(A) = sup |tr(E*AF)], (A.2.9)
part {E*E=F*F=I;}

where the orders of E are m X k and those of F are n x k.

Proof of Lemma A.11. By Theorem A.7, if we choose E = (uy,---,u) and
F = (vy, -+, vk), then we have
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k
r(E*AF) =) si(A
=1

Therefore, to finish the proof of (A.2.9), one needs only to show that

=

tr(E*AF)| Z
for any E*E = F*F = 1.
In fact, by the Cauchy-Schwarz inequality, we have

p
ltr(E*AF)| Z WiFE u;
7p 12 , 1/2
(Z si(A)v; FF*VZ'> (Z si(A)uf EE*uZ)
i=1 i=1
Because F*F = I, and {vy,---,v,} forms an orthonormal basis in C", we
have
0<viFF*v; < 1 (A.2.10)
and .
> ViFF*v; = k. (A.2.11)

i=1

From these two facts, it follows that

k
zp: si(A)ViFF*v; < Z si(A)
i=1

i=1

Similarly, we have

E

NE

si(A)WEE"w; <) si(A)
1 i=

.
I

The proof of the lemma is complete.
In (A.2.9), letting k = m = n and taking E = F = I,,, we immediately get
the following corollary.

Corollary A.12. For any n x n complexr matriz A,

r(A) <) si(A
j=1
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Similar to the proof of Lemma A.11, the conclusion of Corollary A.12 can
be extended to the following theorem.

Theorem A.13. Let A = (a;;) be a complex matriz of order n and f be an
increasing and convex function. Then we have

Zf (Jaj;]) < Z (A.2.12)

Note that when A is Hermitian, s;(A) can be replaced by eigenvalues and
f need not be increasing.

Proof. By singular-value decomposition, we can write

n
ajj = Z Sk (A vij,
k=1

where uy; and vy, satisfy

n n
D kg =D ok =
j=1 j=1

By applying the Jensen inequality, we obtain

( ZSk ) (ks + lok | ))

(; Flsr(A)) (ju ? + mﬂ)) =3 Flsk(A)).

k=1 k=1

n

Zf(|ajj §

Jj=1

IN

Jj=1

This completes the proof of the theorem.
The extension to Theorem A.9 is stated as follows.

Theorem A.14. Let A and C be complex matrices of order pxn and n xm.
We have
k k
> si(AC) < Z (A.2.13)
J=1 J=1
Before proving this theorem, we first prove an important special case of

Theorem A.14 due to von Neumann [219].

Theorem A.15. Let A and C be complex matrices of order p x n. We have

pANTL pAN

D si(ATC) <> si(A)s;(C), (A.2.14)
j=1 j=1
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where p An = min{p,n}. The following immediate consequence of the in-
equality above is the famous von Neumann inequality:

pANTL

[tr(ATC)| <) s;(A)s;(C).
j=1

Proof. Without loss of generality, we can assume that p < n. Also, without
change of the singular values of the matrices of A, C, and A*C, we can
assume the two matrices are

A= 0 0 0|U
0 sp(A) 0
and
C=V'l o - 0o ... 0>
0 < 5p(C) 0

where U (nxn) and V (p X p) are unitary matrices. In the expression below,
E and F are n x n unitary. Write FE*U* = Q = (g;;), which is an n x n
unitary matrix, and V* = (v;;) (p % p). Then, by Lemma A.11, we have

P
g 5;(A*C) = sup |tr(E*A*CF)|
= EF

p p
< sup Z Z sz QJz'Uzg

i=1 j=1

—
<.

1/2 1/2

p p
si(A)s;(Clay | sup ZZ C)lvjil?

IA

w0

S
R
M=

Q;

Il
Ja
<.
Il
—

Noting that both Q and V are unitary matrices, we have the following rela-
tions:

P
Q’Lj‘Q S 17 Z |QZJ‘2 S 17
=1

P
o) =1, > [P =1
i=1

By linear programming, one can prove that

3
>
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sup ZZSi(A)Sj(CNQij‘Q < ZSZ(A)Sz(C)

and

The proof of the theorem is then complete.
To prove Theorem A.14, we also need the following lemma, which is a
trivial consequence of (A.2.8).

Lemma A.16. Let A be a p x n complex matriz and U be an n X m complex
matriz with U*U = 1,,,. Then, for any k < p,

k
Zsj (AU) §Z

Proof of Theorem A.14. By Lemma A.11, Theorem A.15, and Lemma A.16,

k

> si(AC)=  sup  |tx(E*A*CF)|

= E*E=F*F=I,
k

< su s;i(AE)s;(CF
E*E= FpF Ikz ! )s;(CF)

Jj=1
k—1 7
= su s;(AE) — s;.1(AE 5:(CF
E*E:FPF:Ik;[ (AE) — siya( )]; ;i(CF)
k
j=1
k—1 7

< su s;(AE) — s;11(AE s5:(C
fE*E:FgF:Ik;[( )= s (AB] Y

k
+s;(AE) Z

k

= su s;i(AE)s;(C
EEpijzlj J()

k
< Z Sj (A)S] (C)
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Here, the last inequality follows by arguments similar to those of the proof
of removing F. The proof of the theorem is complete.

A.3 Hadamard Product and Odot Product

Definition. Let A = (a;;) and B = (b;;) be two m x n matrices. Then, the
m X n matrix (a;;b;;) is called the Hadamard product and denoted by A oB.

In this section, we shall quote some results useful for this book. For more
details about Hadamard products, the reader is referred to the book by Horn
and Johnson [154].

Lemma A.17. Let x = (z1, -, 2,) andy = (y1,--,yn)" be two indepen-
dent random vectors with mean zero and covariance matrices Xy and Xy,
respectively. Then, the covariance matriz of x oy is Xy o Xy. In fact,

Yxoy = E(xiyixjyj) = (E(xeJ)E(yjyj)) =2Xyxo0X,. (A.3.1)
By (A.3.1), it is easy to derive the Schur product theorem.

Theorem A.18. If A and B are two n X n nonnegative definite matrices,
then so is AoB. If A is positive definite and B nonnegative definite with no
zero diagonal elements, then A o B is positive definite. In particular, when
the two matrices are both positive definite, then so is A o B.

Proof. Let A and B be the covariance matrices of the random vectors x
and y. Then A o B is the covariance matrix of x oy. Therefore, A o B is
nonnegative definite.

Suppose that A is positive definite and B is nonnegative definite with
no zero diagonal elements. Let x be distributed as N(O,A) and let y be
distributed as N(O,B) and independent of x. Since the distribution of x
is absolutely continuous and y has no zero entries, we conclude that the
distribution of xoy is absolutely continuous. Therefore, its covariance matrix
A o B is positive definite.

Next, we introduce an inequality concerning singular values of Hadamard
products due to Fan [104].

Theorem A.19. Let A and B be two m x n matrices with singular values
si(A) and s;(B), i = 1,2,---,p = min(m,n), arranged in decreasing order.
Denote the singular values of A oB by s;(AoB), 1 =1,2,--- p. Then, for
any integer k (1 < k <p),

D si(AoB) <> si(A)si(B). (A.3.2)

i=1 i=1
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Proof of Theorem A.19. Suppose that the singular decompositions of A and
B are given by

i=1
and
B= Z si(B)x;y;.
i=1

Then, by Lemma A.11, we have

k
Zsi(A oB)

= sup |tr(E*(A o B)F)|
{E*E=F*F=I,}

< Z > si(A)si(B) [tr (B ((uiv)) o (x;37))F)]

«
Il
-

I
(7=
(=

&»
z
&
=
<

o
<
<)

T

>

&=

*
£

o

>
.4

1/2

Thus, to finish the proof of Theorem A.19, it is sufficient to show that

P P k
> 5i(A)s;(B)(vioy,) FF*(vioy;) <Y si(A)si(B).

i=1j=1 i=1
This inequality then follows easily from the following observations:

0< (vioy;) FF*(v;oy;) <1,

m

> (vioy;)'FF*(vioy;) <1,
i=1

n

Z(Vi [e] y])*FF*(V,L Oy]) S 1,

j=1

and
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m n

D (vioy) FF*(vioy;) = k.
i=1 j=1
Corollary A.20. Let Aq,---, Ay be £ m x n matrices whose singular values

are denoted by s;(Aq1),---,s:(Ap), 1 = 1,2,---,p = min(m,n), arranged in
decreasing order. Denote the singular values of Ajo---0Ay by s;(Ajo---0Ay),
i =1,2,--- p. Then, for any integer k (1 < k < p),

i=1 i=1

Proof. When ¢ = 2, the conclusion is already proved in Theorem A.19. Sup-
pose that (A.3.3) is true for . Then, by Theorem A.19 and the induction
hypothesis, we have

Si(Al o---0 Ag+1)

-

@
I
-

M=

si(Aro---0Ay)si(Apyr)

> .
[
_

si(Aro---0Ag)[sj(Ar1) = 5j+1(Aps1)]

<
Il

—
-
Il

—

|
AMQV

si(Apo---0Ap)sk(Argr)

ol
L+
iM-

IN
M~
»
>

o si(A)[sj(Aps1) — sj1(Apy)]

k
+> 5i(A1) - si(Ag)sk(Aria)
i=1
k
= Zsi(Al) o 8i(Aggr).

@
I
-

This completes the proof of Corollary A.20.
Taking £ = 1 in the corollary above, we immediately obtain the following
norm inequality for Hadamard products.

Corollary A.21. Let Aq,---, Ay be £ m x n matrices. We have
A1 0--0 Al < [[Ad] - [ Al (A.3.4)

Note that the singular values of a Hermitian matrix are the absolute values
of its eigenvalues. Applying Corollary A.20, we obtain the following corollary.
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Corollary A.22. Suppose that Aj, j = 1,2,---, ¢, are { p x p Hermitian
matrices whose eigenvalues are bounded by M;; i.e., |Ni(Ajy)| < M;, i =
1,2,---.p,j=1,2,--- L. Then,

\tr(Al O~-~OA@)‘ Sle-“Mg. (A35)
Definition. Let T; = (tgg)), j=1,2,--- k, be k complex matrices with di-

mensions n; X n;11, respectively. Define the Odot product of the k£ matrices
by

T,®-- 0Ty = (Z tggtgzg .. tg;]:,_llz)ktgfl);) 7 (A.3.6)
where the summation runs for i; = 1,2,---,n;, j = 2,---,k, subject to
restrictions i3 # a, 14 # i9, -+, i) # ig—2, and ix_1 # b. If k = 2, we require

a # b, namely, the diagonal elements of Ty ® Ty are zero.

The dimensions of the odot product are n1 X ngy1. The following theorem
will be needed in establishing the limit of smallest eigenvalues of large sample
covariance matrices.

Theorem A.23. Let T; = (t%)), j=1,2,--- k, be k complex matrices with
dimensions nj X nji1, respectively. Then, we have

IT1 ® - © Tgl| < 2% Tu| - | Tw-

Proof. When k = 1, Theorem A.23 is trivially true. When k = 2, Theorem
A.23 follows from the fact that T; ©Ty = T1Ty—diag(T;Ts), where diag(A)
is the diagonal matrix of the diagonal elements of the matrix A. Let k > 2.
Note that

Tl@"'@Tk
=T (Te @ ©Tg) —diag(T1T2) (Ts ® -+ © Tg)
+(T10THoT3) ©Ty® -+ ® Ty,

2)

where T; 0 T3 0 T3 = (14}
entry of the matrix Ty ¢ T4 ¢ T3 is zero if b > ng or a > nz. By Lemma A.16

and Corollary A.21, we have || T1 o T5 ¢ Ts| < ||T1]|||T2||||Ts]|-
Then, the conclusion of the theorem follows by induction.

t((fl’))) with dimensions ny x ny. Here, the (a,b)

A.4 Extensions of Singular-Value Inequalities

In this section, we shall extend the concepts of vectors and matrices to multi-
ple vectors and matrices, especially graph-associated multiple matrices, which
will be used in deriving the LSD of products of random matrices.
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A.4.1 Definitions and Properties

Definition A.24. A collection of ordered numbers

a(i) = {aih...,it; il = 1,---,n1,---,it = 1,"',7’“}
is called a multiple vector (MV) with dimensions n = {nq,---,n;}, where
i={i1, --,i} and ¢ > 1 is an integer.

Its norm is defined by

leell? = lasf*.
i

Definition A.25. A multiple matrix (MM) is defined as a collection of or-
dered numbers

A:{ai;jvil :1,2,~-~,m1,-~-,i5:1,2,-~-,ms,

a‘ndjl :172a"'an1a"'ajt:172?""”15}’

where i = {iy,---,is} and j = {j1,--,j:}. The integer vectors m =
{my,--+,ms} and n = {nq,---,ns} are called its dimensions.
Similarly, its norm is defined as

1Al = sup | Y aiggih; |
j

where the supremum is taken subject to 3, [gi|* = 1 and Y=, |h]* = 1.

The domains of g and h are both compact sets. Thus, the supremum in
the definition of ||A] is attainable. By choosing

he — Zi ai;jgi
i 2
\/Zv |Zu all;VgU-‘
or
5 aiihy
9= )
V1T, uvhy]

we know that the definition of ||A|| is equivalent to

IA[* = sup > | a0
i

lgll=1 3

(A1)

= sup Z Zai?jhj . (A.4.2)
J
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We define a product of two MMs as follows.

Definition A.26. If an MM B = {bj'-f}’ where j' = {ji, -+, jy) Cj, €=
(b1,-+-,0y), and 1 = 1,2, p1,---, 4, = 1,2,---,py, then the product of
A and B is defined by

A-B ;= Zai;jbj,;e,
J/

where £ = {f1,---,£,} and £ = €U j\j’. The product is then an MM of
dimensions m x p, where p contains all p’s as well as those n’s corresponding
to the j-indices not contained in j'.

Theorem A.27. Using the notation defined above, we have
|A - B[ < [|A]l-[[B]]. (A4.3)

Proof. Using definition (A.4.1), we have

IA-BI? = sup | 301> oty ohy
= i |
J;

lAll=1

< A sup | > 1> by ehy
il

2
2y |2t bv»ehz‘
< ||A||* sup 7 ho|?

[E

< A2 BI? sup S5 JhyP?
[|h||=1 )

= |A|*- B,

where j” = j\j'.
Conclusion (A.4.3) then follows.

A.4.2 Graph-Associated Multiple Matrices

Now, we describe a kind of graph-associated MM as follows.

Suppose that G = (V, E, F') is a directional graph where V- = V; + Vo + V3,
Vi= {17"'78}7 Vo = {8+17"'7t1}7 Vs = {tl +17"'7t}7 E = {61,'-~,6k},
and F = (f;, fe) is a function from E into V' x Vi; i.e., for each edge, its
initial vertex can be in Vi, V5, or V5 and its end vertex can only be in V3. We
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assume that the graph G is Vi-based; i.e., each vertex in V] is an initial vertex
of at least one edge and each vertex in V3 is an end vertex of at least one
edge that starts from V. Between V5 and V3 there may be some edges or no
edges at all. We call the edges initiated from V7, V5, or V3 the first, second,
or third type edges, respectively. Furthermore, assume that there are k
matrices TV = (t,(fv)) of dimensions m; x nj, corresponding to the k edges,
subject to the consistent dimension restriction (that is, coincident vertices
corresponding to equal dimensions); e.g., if e; and e; have a coincident initial
vertex, then m; = my, if they have a coincident end vertex, then n; = n;, and
if the initial vertex of e; coincides with the end vertex of ej, then m; = ny,
etc. In other words, each vertex corresponds to a dimension. In what follows,
the dimension corresponding to the vertex j is denoted by p;.

Without loss of generality, assume that the first k; edges of the graph G
are of the first type and the next ks edges are of the second type. Then the
last k — k1 — ko are of the third type. Define an MM T'(G) by

k1 k
T(Gluw = [[ 1) 1
(G)u,v Ufi(e;):Vfele;) Vfi(ej)Vfele;)’
=1 =kt
where u = {u17u27 Tty uS}v Vi = {US+17US+2a o 7Ut1}v Vo = {Ut1+17 e 7Ut}7

and v = {vy,va}.

Theorem A.28. Using the notation defined above, let A = {aj;(uv,)} be an
MM. Define a product MM of the MM A and the quasi-MM T(G) as given

by
= {Z ai;(u,vl)T(G)u;v} .

Then, we have

k
[A - TG < [lA]l H 1T (A.4.4)

Proof. Using definition (A.4.1) and noting that \tg%| < |TD||, we have

2

IA - T(G)|I* = sup Z

llgll=1

< H ||T(J H2 bUp Z Zglal (u,v1) H Ufi(ef) Ve (e)

Jj=k1+1 v

Z Qi (u vl)T(G)u;v

By the singular decomposition of TV) (see Theorem A.7), we have

1) = DA,
(=1
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where 7; = min(mj,n;), j = 1,---, k1. By the definition of the graph G, all
noncoincident u vertices in {ufi(ej),j =1,---, kl} are the indices in u and
all noncoincident v vertices in {vy, (c,),J = 1, -, k1} are the indices in vs.
Let Vo = (v1,---, vk, ), where vj runs over 1,---,n; independently; that is,
not restricted by the graph G. Similarly, define £ = (f1,---, 0y, ), where /;
runs 1,---,m; independently. Then, substituting these expressions into the
inequality above, we obtain

|A-T(@)]?
2
< H [T sup Z Zg.a, (uvl)H Uty (e)) 0 fe (eg)
j=ki+1 HQH 1\,-1 Vo
2
< H ||T(J H2 sup Z Zg,a1 (uvl)H U (e V)
j=ki+1 loll=1y v,
L 2
1 k:
= H T2 sup Z Z)\gl) 1)Zg,a, (u,v1)Tu;e692se
j=k1+1 lol=1 v, 3, |
2
k
k
= 11 MﬁwprE:&~AxW§ymmmmw
j=ki+1 llgli=1 iu
2
< H HT ])”2 \SIHlp ZZ Zgiai;(u,vl)nu;e
2
k
< H‘ ]) 2 sup ZZ Zgiai;(u,Vﬂnu;Z
j=1 loll=1"57 "7 |ia
k 2
= TTITDI? sup D71 Giasuva
j=1 llgl=1 v, | 5
k
— [T 2al, (A.45)
j=1
where
L= (zl"" Kk'l)/?

n““_Hn%(eM’
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k1

§vaie = H fg),ej

j=1

Here, the second identity in (A.4.5) follows from the fact that
Z 5\72,25\7272’ = 62,2’
V2

and the third identity from
Z nu,iﬁu’j - 6u,u’a
7

and 0,5 is the Kronecker delta; i.e., dq,o = 1 and d4, = 0 for a # b.
This completes the proof of Theorem A.28.

Remark A.29. When Vi = V3 = {1} and V5 = (), Theorem A.28 reduces to
Corollary A.22.

A.4.3 Fundamental Theorem on Graph-Associated
MMs

Definition A.30. A graph G = (V, E, F) is called two-edge connected if,
removing any one edge from G, the resulting subgraph is still connected.

The following theorem is fundamental in finding the existence of the LSD
of a product of two random matrices. It was initially proved in Yin and
Krishnaiah [304] for a common nonnegative definite matrix T. Now, it is
extended to any complex matrices with consistent dimensions.

Theorem A.31. (Fundamental theorem for graph-associated matrix). Sup-
pose that G = (V,E,F) is a two-edge connected graph with t vertices and
k edges. Fach verter i corresponds to an integer m; > 2 and each edge e;
corresponds to a matriz TU | j = 1,--- k, with consistent dimensions; that
is, if F(ej) = (g,h), then the matriz T has dimensions m, x my,. Define
v = (v1,---,v) and

k
Y1
tv‘fi(ﬁj)’vfe(ﬁj)7

v j=1
where the summation Y, is taken for vy =1,2,---,m;, i =1,2,---,t. Then,
for any i <t,
k
7] < m; [TITD. (A.4.6)

Jj=1
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Because the graph G = (V, E, F) is two-edge connected, the degree of
vertex 1 is at least 2. Divide the edges connecting vertex 1 into two (non-
empty) sets. Define a new graph G* by splitting vertex 1 into two vertices
1" and 1” and connecting the edges of the two sets to the vertices 1’ and
1”, respectively. The correspondence between the edges and the matrices
remains unchanged (both vertices 1’ and 1” correspond to the integer my).
For brevity, we denote the vertices 1’ and 1” by 1 and 2 and other vertices
by 3,---,t+ 1. Define an m; x m; matrix T(G*) with entries

k
* _E : J
Toy0o(G7) = tgf)i(ejwfe(e,»’

vt og=1

where v* = (v3, -+, v441).
One finds that 7" is the trace of the matrix T and hence Theorem A.31 is
an easy consequence of the following theorem.

Theorem A.32. .
T < JT 1T (A.4.7)
j=1

To prove Theorem A.32, we need to define a new graph G}, of t vertices

and k edges associated with a new class of matrices TU) with consistent
dimensions such that the similarly defined matrix T(G)) = T(G™*), where

k
s _ ()
T(GP) - Z tvfi(éj>’vfe(é.i>

v oj=1

and v = (v, -+, v5).
The graph G, is directional and satisfies the following properties:

1. Every edge of Gy, is on a directional path from vertex 1 to 2 (a path is
a proper chain without cycles).

2. The graph G, is direction-consistent; that is, it has no directional cycles.

3. Vertex 1 meets with only arrow tails and vertex 2 meets with only arrow
heads, and all other vertices connect with both arrow heads and tails.

Remark A.33. Due to the second property, we have in fact established a par-
tial order on the vertex set of Gp; in other words, we say that a vertex w is
prior to vertex w if there is a directional path from u to w.

Construction of graph G,

Arbitrarily choose a circuit passing through vertex 1 of G, and split the edges
connecting to vertex 1 into two sets so that the two edges connecting to vertex
1 do not belong to one set simultaneously (a circuit is a cycle without proper
subcycles). Then, this circuit becomes a chain of G* starting from vertex



490 A Some Results in Linear Algebra

1 and ending at vertex 2. (We temporarily denote the vertices of G* by
1,---,t 4+ 1, and the numbering of vertices will automatically shift forward
when new vertices are added.) Then, we may mark each edge of the chain as
an arrow so that the chain forms a directional path from vertex 1 to vertex 2.
Then, the directional chain, regarded as the directionalized subgraph of G*,
satisfies the three properties above.

Suppose we have directionalized or extended (if necessary) the graph G*
to G*? with a directionalized subgraph G¢ (of G*%) starting from vertex 1 to
vertex 2 and satisfying the three properties above.

If this subgraph G? does not contain all edges of G*?, we can find a simple
path P with two distinct ends at two different vertices a < b (say, of G or
a circuit C with only one vertex A on G%) since G is two-edge-connected.
Consider the following cases.

Case 1. Suppose that path P ends at two distinct vertices a < ¢ of a
directional path of the directionalized subgraph G¢. As an example, see Fig.
A.1. Then, we mark arrows on the edges of P as a directional path from
a to c¢. As shown in Fig. A.1(left), suppose that the undirectionalized path
P = adec intersects the directionalized path abc at vertices a and c. Since
the arrows on the path abc are from a to ¢, we mark arrows on path adec
from a to c.

Fig. A.1 Directionalize a path attaching to a directional chain.

Now, let us show that the new subgraph G¢ U P satisfies the three condi-
tions given above, where P is the directionalized path P.

Since G? satisfies condition 1, there is a directional path from 1 to @ and a
directional path from ¢ to 2, so we conclude that the directional graph G¢UP
satisfies condition 1.

If GYUP contains a directional cycle (say F), then F must contain an edge
of P and an edge of G because G and P have no directional cycles. Since P
is a simple path, F must contain the whole path P. Thus, the remaining part
of F contained in G forms a directional chain from ¢ to a. As shown in the
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right graph of Fig. A.1(right), the directional chains (cfa) and (abc) form a
directional cycle of G%. Because G also contains a directional path from a to
¢, we reach a contradiction to the assumption that G is direction-consistent.
Thus, G% U P satisfies condition 2.

Condition 3 is trivially seen.

Case 2. Suppose that path P meets G¢ at two distinct vertices a and ¢
between which there are no directional paths in the directionalized subgraph
G?. As an example, see Fig. A.2. Then, we mark arrows on the edges of P as a
directional path from a to ¢, say. As shown in the left graph of Fig. A.2(left),
suppose that the undirectionalized path P = abc intersects G¢ at vertices
a and ¢. We make arrows on path abe from a to ¢ (or the other direction
without any harm).

Fig. A.2 Directionalize a path attaching to incomparable vertices.

Because G satisfies condition 1 and contains an edge leading to vertex a if
a # 1, there is a directional path from 1 to a. Similarly, there is a directional
path from c to the vertex 2 if ¢ # 2. Thus, the directionalized graph G¢ U P
satisfies condition 1.

As shown in the right graph of Fig. A.2, if there is a directional cycle in
the extended directional subgraph, then there would be a directional path
cdefa from ¢ to a in G?, which violates our assumption that a and ¢ are
not comparable. Thus, G¢ U P satisfies condition 2. Condition 3 is trivially
satisfied.

Case 3. Suppose that there is a simple cycle C (or a loop), say. As an
example (shown in Fig. A.3), the cycle abed intersects G¢ at vertex a. Cut
the graph G*? off at a, separate vertex a as a’ and a” and add an arrowed
edge from a” to a’, connect edges with a as initial vertices to a’ and edges
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with a as end vertices to a”, stretch the cycle C (abed in Fig. A.3(left)) as
a directional path from a” to a’, and finally connect other undirectionalized
edges with a as end vertices to a” or a’ arbitrarily.

N
4 N
7 N
Va Y
7 N
I~ , N
AN N
! ) € d ¢
~
/ ~ s
~ /
/ N a - ,
, c .
/ /
/ \
’ ! /
/ /7
i -~ /
N -~
a N / a" eV
~
N i
~ i b
N /

Fig. A.3 Directionalize a loop.

We can similarly show that the resulting directionalized subgraph satisfies
the three conditions. If the newly added edge is made to correspond to an
identity matrix of dimension m,, the matrix T defined by the extended graph
is the same as defined by the original graph.

By induction, we have eventually directionalized the graph G*, with possi-
ble extensions, to a directional graph G,,, which satisfies the three properties.

Proof of Theorem A.32. By the argument above, we may assume that G* is
a directional graph and satisfies the properties above.

Now, we define a function g mapping the vertex set of G* to nonnegative
integers. We first define g(1) = 0. For a given vertex u > 1, there must be
one but may be several directional paths from 1 to u. We define g(u) to be
the maximum number of edges among the directional paths from 1 to u.

For each nonnegative integer ¢, define a vertex subset V({) = {u €
Vig(u) = ¢} with V(0) = {1}. If k¢ is the maximum number such that
V(ko) # 0, then V (ko) = {2}.

Note that the vertex sets V' (¢) are disjoint and there are no edges connect-
ing vertices of V(¢). Fixing an integer ¢ < ko, for each vertex b € V(¢ + 1),
there is at least one vertex a € V(¢) such that (a,b) € E.

For each 0 < £ < ko, define an MM T, by
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_ @)
Tw = H tifmj)’ifc(cj)

Fi(ej)EV(0)+-+V (£—1)
felej)EV(0)

and an MM A(@) by

Aw = Z H tgij(e_,»)vife@,»)

i fi(e))EV ()t +V(E-1)
fele)EV )44V (£)

where i = {i, : g(a) <€ & Vg(b) > ¢, (a,b) & E}.

Intuitively, ¢, is the MM defined by the subgraph of all edges starting
from V(0)4- - -4V (¢—1) and ending in V' (¢) and their corresponding matrices,
while Ay is the MM defined by the subgraph of all edges starting from
V(O0)+---+V( —1) and endeding in V(0) + --- + V(£).

The left index of Ay is i1 and its right indices are

vl = {ia: g(a) < 4,& 3g(b) > ¢, (a,b) € E}.
The left indices of T, are
u’ = {i,: gla) <€—1,& Jg(b) = ¢,
(a,b) € E& Vg(c) > ¢, (a,c) & E}
and its right indices are
vi={ip: b€ V()} U{ia:gla) <l—1,& Jg(b) =1,
g(c) >4, (a,b),(a,c) € E}.

It is obvious that u* C v/~! and

A([) = T(g ZA 0—1) 21 V )T(g)(u Vf)

Applying Theorem A.28, we obtain

[A@ < [AE-nll 11 IT@.
fi(e)EV(0)+ -+ V (£~1)
fe(ej)EV (L)

For the case £ = 1, we have A(j) = (Aq)(i1;v")) = T(y). It is easy to see
that
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lawl=|| II .. || II 1@

filej)=1 fi(ej)=1
fe(ej)EV (1) fe(ej)EV (1)

Applying induction, it is proven that

Al II 175]1-

fe(e)eV(1)+-+V ()

Especially, for ¢ = kg,

k
1T = Aol < T 1731 (A48)

j=1

This completes the proof of the theorem.
Now, let us consider a connected graph G of k edges.

Definition A.34. An edge e is called a cutting edge if removing this edge
will result in a disconnected subgraph.

Whether an edge is a cutting edge or not remains the same when a cut-
ting edge is removed. Now, removing all cutting edges, the resulting subgraph
consists of disjoint two-edge connected subgraphs, isolated loops, and/or iso-
lated vertices, which we call the MC blocks. On the other hand, contracting
these two-edge connected subgraphs results in a tree of cutting edges and
their vertices. Suppose that corresponding to each edge e, there is a matrix
T, and dimensions of the matrices are consistent.

Theorem A.35. Suppose that the edge set E = F1+ Eo, where E1 = E— Es
and Es is the set of all cutting edges. If G is connected, then we have

k
Z Htifi(ej)’iif”(e.) = Po H T H 1T o, (A.4.9)

iw€V j=1 ¢ e; €Fy e;€Es

where py = min{ng; £ € V}, |[TW |y = n(e;) maxy, ‘tg;l‘7 and n(e;) =
max(m;,n;) is the mazimum of the dimensions of the TU).
Furthermore, let V5 be a subset of the vertex set V. Denote by Z
{_V2*}
the summation running for i, = 1,---,m,, subject to the restriction that
Ty F Ty if both w1, wy € V5. Then, we have

k
Z Htifi(ej)vife(ej)vj < Ckpo H ”TJH H HTjHOa (A~4-10)

{-Vyyi=1 e;€E, e;€EE>

where Cy, is a constant depending on k only.
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Remark A.36. The second part of the theorem will be used for the inclusion-
exclusion principle to estimate the values of MMs associated with graphs.
The useful case is for V5" = V; that is, the indices for noncoincident vertices
are not allowed to take equal values.

Proof. If the graph contains only one MC block, Theorem A.35 reduces to
Theorem A.31. We shall prove the theorem by induction with respect to the
number of MC blocks. Suppose that Theorem A.35 is true when the number
of MC blocks of the graph G is less than wu.

Now, we consider the case where G contains u (> 1) MC blocks. Select a
vertex vy such that it corresponds to the smallest dimension of the matrices.
Since the cutting edges form a tree if the MC blocks are contracted, we
can select an MC block B that connects with only one cutting edge, say
e. = (v1,v2), and does not contain the vertex vg. Suppose that v; € B and
vg € G — B — e.. Remove the MC block B and the cutting edge e. from G
and add a loop attached at the vertex vo. Write the resulting graph as G'.
Let the added loop correspond to the diagonal matrix

Ty = diag| > H
0 & m(ec)l Zme Vife(e) ’

i, WEB

. E e Ht(‘j) ,

’ Ufi(ec) Mg fi(e;)ifeles)
i, WEB e;€EB

By Theorem A.31, we have

IToll < n(ec) maXIt I T I8 = ITelo TT IT9).
e;€EB e;€EB

Note that graph G’ has u — 1 MC blocks. Then, by induction, we have

k
Z Hti‘fi(cj)ch(cj)nj < Po H ”TJH H HTJ”OHTO”

iw€V j=1 e;€cbE1—B e;j€EFy—ec
=po [T IT50 IT ITsllo-
e]‘EEl e_jEEg

The proof of (A.4.9) is complete.

Note that (A.4.9) is a special case of (A.4.10) when V5" is empty. We shall
prove (A.4.10) by induction with respect to the cardinality of the set V5. We
have already proved that (A.4.10) is true when ||V5"|| = 0. Now, assume that
(A.4.10) is true for [|[V5|| < a—1 > 0. We shall show that (A.4.10) is true for
IVl = a. . )

Suppose that wy, we € V5" and wy # wy. Write V5* = V5 — {ws}. Let G
denote the graph obtained from G by gluing the vertices w; and ws as one
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= a — 1. Without loss of

generality, let vertex w; correspond to a smaller dimension, say p;. If the
edge ¢; of G is obtained from the edge e; of G with w» as a vertex, then,

vertex, still denoted by w;. Then, we have HIN/;

corresponding to ¢;, we define a matrix TG by the first p; rows (or columns)
of the matrix TU) when ws is the initial (or end, respectively) vertex of e;.
For all other edges, we define the associated matrices by T() = T()  Note

that
- - 0

and
0 0

For definiteness, write Z = Z . Then, we have
{G,-vy}  {=V5}

GV -y GV
By the induction hypothesis, we have
k
Z H tifi(ej))ife(cj))j < Cr,1po H ”TJH H ||TjHO~ (A.4.11)
G, [~V i=1 e;€E ejC€E>
When constructing the graph @, some cutting edge of G may be changed to

a noncutting edge of G, while the noncutting edge of G remains a noncutting
edge of G. By induction, we also have

k
Z Htifi(ej)vife(ej)vj < Ck,2po H T ] H I'T; [lo- (A.4.12)

67{_‘72*}‘7':1 e;€E, ejEFy
Combining (A.4.11) and (A.4.12) and by induction, we complete the proof of
(A.4.10) and hence the remaining part of the theorem.
A.5 Perturbation Inequalities

Theorem A.37. (i) Let A and B be two n x n normal matrices with eigen-
values N\, and 0y, k=1,2,---,n, respectively. Then

rr;inz Ao — 01y |* < tr[(A—B)(A-B)*] < m;LXZ Ao = Griy %, (A5.1)
k=1 k=1
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where m = (w(1),---,7(n)) is a permutation of 1,2,--- n.

(ii) In (i), if A and B are two nxp matrices and A\, and 6y, k =1,2,--- n,
denote their singular values, then the conclusion in (A.5.1) remains true. If
the singular values are arranged in descending order, then we have

> I —6* < tr[(A - B)(A - B),
k=1

where v = min{p,n}.

Proof. Because a normal matrix is similar to a diagonal matrix through a
unitary matrix, without loss of generality, we can assume that A = diag(Ay)
and assume B = UAU*, where A = diag(é;) and U = (uy;) is a unitary
matrix. Then we have

r(AA¥) Z IA|?,
r(BB¥) Z 1612,

2R[tr(AB*)] = 2R [ > Aedj |
kj

From these, we obtain
r[(A=B)(A=B) =Y [Nl 106 =28 | Y Mbjlurs” | . (A5.2)

k=1 k=1 kj

The proof of the first assertion of the theorem will be complete if one can

show that there are two permutations 7, j = 1,2, of 1,2,---,n such that
%Zxk(sm ] <R Zm urg* | < %Zxk(sm (A5.3)
k=1 k=1

Assertion (A.5.3) is a trivial consequence of the following real linear pro-
gramming problem:

max Zk’j ak;Tr; subject to constraints;

a;j real;

Zp; >0 for all 1<k, j<n; (A.5.4)
Zk 1T =1 for all 1<j<n;

Z] L TR =1 for all 1<k<n.

In fact, we can show that
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n n
Hirin;aim(i) < Zaijxij < mgleaiyﬂ(i). (A.5.5)
1= ij i=

If (zi;) forms a permutation matrix (i.e., each row (and column) has one
element 1 and others 0), then for this permutation 7° (i.e., for all i, Tjx0(i) =

1)
n n n
H;inzai,w(i) < Zaisz‘j = Zai,ﬂo(i) < mgxzai,w(iy
i=1 3 i=1 i=1

That is, assertion (A.5.5) holds. If (x;;) is not a permutation matrix, then
we can find a pair of integers i1, 71 such that 0 < z;, ;, < 1. By the con-
dition that the rows sum up to 1, there is an integer jo # j; such that
0 < x4, 4, < 1. By the condition that the columns sum up to 1, there is an
ip # i1 such that 0 < x4, ;, < 1. Continuing this procedure, we can find
integers i1, j1, 12, 2, -+, ik, jk such that

iy F i, do F 03, g1 F Uk,
J1 7 J2,J2 #3355 k=1 F Jks
O<xit7jt < 1, O<xit7jt+1 < 1,t=1,2,---,k.

During the process, there must be a k such that ji11 = js for some 1 < s <k
and hence we find a cycle on whose vertices the z-values are all positive. Such
an example is shown in Fig. A.4(right), where we started from (i1, j2), stopped
at (i, J5) = (i2, j2), and obtain a cycle

(i2,J2) — (i2,73) — -+ — (ia,J5) — (i2, j2)-
Consider the cycle
(isvjs) - (817j5+1) - ('Lkvjk) - (ikajs) - (isajs)v

which has the property that at the vertices of this route, all z;;’s take positive
values.

If
@i, 5, + Qigy1,5s41 + e ag g, 2 @iy jory T Qigyy jopo + oot Qg gt
define

miujt :xit,jt +57 t:878+17"'7k7
Lig,jeyr — Lig,jepr — 67 t= S, 8+ 1a Y ka
Zij = x5, for other elements,

where 6 = min{z;, j,,,, t=s,5s+1,---,k} > 0.
If
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(i1,41) (i1, J2)
° -0

(i3,73)  (i3,7a)

® o
(i2,73) (i2,2) = (i5,J5)
o (]
(i4,7a) (i4,J5)
é )

Fig. A.4 Find a cycle of positive z;;’s.

iy g+ Qigiy jorn T Gy, < Qi g + Qigy1,jsta et Qg jrtas
define

Liy g0 = Liy,j; —6, t:S,S—Fl,"',k,
Tiyjirr = Tig,jega +57 t=s,s+1,-- '7k7

Zij = w4, for other elements,

where 6 = min{xz;, ;,, t=s,s+1,---,k} > 0.
For both cases, it is easy to see that

E aijTij < E aijTij
ij ij

and {Z;;} still satisfies condition (A.5.4). Note that the set {Z;;} has at least
one more 0 entry than {z;;}. If (Z;;) is still not a permutation matrix, re-
peat the procedure above until the matrix is transformed to a permutation
matrix. The inequality on the right-hand side of (A.5.5) follows. The inequal-
ity on the left-hand side follows from the inequality on the right-hand side
by considering ;. (—a;j)z;;. Consequently, conclusion (i) of the theorem is
proven.

In applying the linear programming above to our maximization problem,
ak; = gR()\kdj) and Ty = |ukj|2.

As for the proof of the second part of the theorem, by the singular
decomposition theorem, we may assume that A = diag[A;,---,\,] and
B* = Udiag[0y,---,0,]V, where U = (u;;) (p x v) and V = (v;;) (n X v)
satisfy U*U = V*V =1,,. Also, we may assume that A\; > --- > X\, > 0 and
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61 > -+ > 6, > 0. Similarly, we have

t[(A — B)(A — B
=trAA* +trBB* — 2RtrAB*

= Z )\z + Z(Sz -2 Z )\i(Sj?R(’LLij’Uji)
k=1 k=1

k=1
n n v
> Z)\% + Z(S]% -2 Z )\idj\uijvjﬂ.
k=1 k=1 ij=1

Thus, the second conclusion follows if one can show that
v v
Z )\iéj\uijvji\ § ZAzéz
i,j=1 i=1
Note that

v v v 1/2
Z‘Uiﬂ}]ﬂ < <Z|ui1221]ji|2> <1
1=1

i=1 i=1

and similarly
14

Z \uijvﬁ\ S 1.
i=1

Thus, (A.5.6) is a special case of the problem
14 14
max Z )\i(Sj.’Eij = Z:)\Z(Sz
ij=1 i=1
under the constraints
x5 > 0,

inj <1, for all j,
i=1

inj <1, for all i.

=1

Now, let
up =AM — Ay >0, vp =01 —02>0
Upy—1 = )\u—l = 20, Vo1 = 5u—1 — 4, >0,
u, =X, >0, v, =0, >0,

Ust = D1y 23:1 x;; < min(s,t).

(A.5.6)

(A5.7)
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Then,

14 14 v 14
E )\idjl‘ij = E E Ug E UsVt T4
t=j

ij=1 Q=1 s=i
v

= E UsVtAst -
s,t

From this, it is easy to see that the maximum is attained when as; =
min(s,t), which implies that x;; = 1 and x;; = 0. This completes the proof
of the theorem.

Theorem A.38. Let {\;} and {6}, k =1,2,---,n, be two sets of complex
numbers and their empirical distributions be denoted by F' and F. Then, for
any a > 0, we have

1 n
L(F, F)**! < min . D e = e, (A.5.8)
k=1

where L is the Levy distance between two two-dimensional distribution func-
tions F' and G defined by

L(F,G)=1inf{e: F(r—e,y—e)—e < G(z,y) < F(z+e,y+e)+e}. (A5.9)

Remark A.39. For one-dimensional distribution functions F' and G, we may
regard them as two-dimensional distributions in the following manner:

~ _ F(l’), lf y Z 07
F(r,y) = {0, otherwise,

and

~ o G(QL‘)7 if Yy 2 07
G(z,y) = {0, otherwise.

Then, the Levy distance L(F(x,y),G(z,y)) reduces to the usual definition
of the Levy distance for one-dimensional distributions L(F, G).

Remark A.40. It is not difficult to show that convergence in the metric L
implies convergence in distribution.

Proof. To prove (A.5.8), we need only show that

1 n
L(F, F)*tt < . >k — 6k (A.5.10)
k=1

Inequality (A.5.10) is trivially trueif d = ' "7 | [Ax—0x|* > 1. Therefore,
we need only consider the case where d < 1. Take ¢ such that 1 > ¢t > d.
For fixed x and y, let m = #(A(z,y)\B(z,y), where
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Az, y) = {k <nyR(\) <z, SO) <y}

and
B(z,y) ={k <n; (o) <z +¢,3(0%) <y +e}

Then, we have

F(z,y) = F(x +e,y+e) <

1 n
< Ak — O0x|”
_makz::lh k|

< e.

Here the first inequality follows from the fact that the elements k €

A(z,y)\B(z,y) contribute to F(x,y) but not to F(x,y), and the second in-

equality from the fact that for each k € A(x,y)\B(x,y), |\ — 0k| > €.
Similarly, we may prove that

Flz—ey—e)-F(zy <e
Therefore, L(F, F') < e, which implies the assertion of the lemma.

Combining Theorems A.37 and A.38 with o = 2, we obtain the following
corollaries.

Corollary A.41. Let A and B be two n xn normal matrices with their ESDs
FA and FB. Then,

L3(FA, FB) < :Ltr[(A—B)(A—B)*]. (A.5.11)

Corollary A.42. Let A and B be two p x n matrices and the ESDs of S =
AA* and S = BB* be denoted by FS and FS. Then,

L*(FS, FS) < p22 (tr(AA* + BBY)) (tr[(A —B)(A —=B)*]).  (A.5.12)

Proof. Denote the singular values of the matrices A and B by Ay and 0,
k=1,2,---,p. Applying Theorems A.37 and A.38 with a = 1, we have

L*(FS, FS) <

Z
L 1/2
< (Z()\k + 0k) > ( Ak — 5k|2>
P \kz1

1 P p 1/2
< (22 P+ 07) (Z Ak —5k|2>

k=1
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< <;tr(AA* + BB*)) v <;tr[(A ~B)(A - B)*}) " (A.5.13)

A.6 Rank Inequalities

In cases where the underlying variables are not iid, Corollaries A.41 and A.42
are not convenient in showing strong convergence. The following theorems are
powerful in this case.

Theorem A.43. Let A and B be two n x n Hermitian matrices. Then,
1
|FA — FB|| < rank(A — B). (A.6.1)
n

Throughout this book, || f|| = sup, |f(z)].
Proof. Since both sides of (A.6.1) are invariant under a common unitary
transformation on A and B, we may transform A — B as (g 8), where

C is a full rank matrix. To prove (A.6.1), we may assume

A11 A12 Bll A12
A= d B= ,
<A21 A22> an <A21 A22>

where the order of Agy is (n — k) x (n — k) and rank(A — B) = rank(A; —
Bi1) = k. Denote the eigenvalues of A, B, and Az by A\ < -+ < Ay,
m < oo <y, and Ay < ee < /\(n,k), respectively. By the interlacing
theorem,' we have the relation that max(\;,7;) < A; < min(A4r)s N(+k) )

and we conclude that, for any z € (A;_1), \;),
j—1 |+ k
I7 < PA@) (and FB@) <’ 7%,
n n
which implies (A.6.1).

Theorem A.44. Let A and B be two p x n complex matrices. Then,
. . 1
|FAAT — FBBY|| < "rank(A — B). (A.6.2)
p

More generally, if F and D are Hermaitian matrices of orders pXp and nxn,
respectively, then we have

! The interlacing theorem says that if C is an (n — 1) X (n — 1) major sub-matrix of the
n x n Hermitian matrix A, then A\{(A) > A (C) > X2(A) > -+ > X\—1(C) > A\n(A),
where \;(A) denotes the i-th largest eigenvalues of the Hermitian matrix A. A reference
for this theorem may be found in Rao and Rao [237]. In fact, this theorem may be easily
proven by the formula A\;(A) = infy, ...y, , ZxLyl,m,yi,l x*Ax/x*x.
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. « 1
|FEHADAT _ pFFBDBY < “rank(A — B). (A.6.3)
p

Proof. Let C =B — A. Write rank(C) = k. Then, applying Theorem A.8, it
follows that for any nonnegative integer i < p — k,

Oitk+1(A) < 0i41(B) and o1 x41(B) < 0i41(A).
Thus, for any = € (0;41(B), 0;(B)), we have

FBB(x):l—Z:1—2+ I
p p p

. k
< FAA (x)—|—p

This has in fact proved that, for all z,

FBB () — FAA (2) < r

Similarly, we have
. . k
FAA (2) - FBB (1) < ™.
This completes the proof of (A.6.2).

The proof of (A.6.3) follows from the interlacing theorem and the following
observation. If rank(A — B) = k, then we may choose a p X p unitary matrix
U such that c N

o 1 Xn
U(A_B)_<O :(p—k)xn>'

I Fi1 Fio
Write ' = UFU* = ,
e <F21 F22>

' o A1 tkxn
A_UA_<A2 :(p—k)xn)’

and

]~3:UB:<B1 tkxn >’

Ay :(p—k)xn
with A1 — B1 = Cl. Then,

FF+ADA" _ pF+ADA" | pF+BDB' _ pF+BDB"
Note that
Fo1 + AoDA] Fas + AsDAJ

f‘ n K_ﬁ_:&_* _ <F11 + A DA} Fio+ AlDA§>
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and

F 4+ BDB* — <F11 +B DA, Fio+ B1DA§>

Fo1 + A;DB]  Fay + AsDAS

The bound (A.6.3) can be proven by similar arguments in the proof of Theo-
rem A.43 and the comparison of eigenvalues of F+ ADA* F+ BDB* and
Fas + AoDAJ. The theorem is proved.

A.7 A Norm Inequality

The following theorems will be used to remove the diagonal elements of a
random matrix or the mean matrix due to truncation in establishing the
convergence rate of the ESDs.

Theorem A.45. Let A and B be two n x n Hermitian matrices. Then,
L(FA FB) < ||A-BJ. (A.7.1)

The proof of the theorem follows from L(FA, FB) < maxy [\ (A)— A\ (B)]
and a theorem due to Horn and Johnson [154] given as follows.

Theorem A.46. Let A and B be two n X p complex matrices. Then,

max lsk(A) — sx(B)| < ||A — BJ. (A.7.2)

If A and B are Hermitian, then the singular values can be replaced by eigen-
values; i.e.,
max [\e(A) — M(B)] < |A — B| (A7.3)

Proof. By (A.2.2), the first conclusion follows from

sp(A) = min max || Ax]|
Vi, Yk—1 XLY1se -1
M
< _ min max |[Bx|[ + A - B|| = sx(B) + [|A - B,
Y1, Yk—1 XLyﬁv'li'd;kfl
> min max. HBXH —[JA = BJ =s,(B) — ||[A —BJ.

Yi,Yk—1 XLy
== 1

Similarly, the second conclusion follows from

A:(A) = min max  X'Ax
Y1, Yk—1 XJ-yi;‘":l’k—l
< min max x'Bx+ ||A —B| = X\(B)+ ||A B,
Vi, ¥Yk—1 XLy1 oy —1
llx| =1
>  min max x'Bx—||A—-B| =X(B)—||A—-B]|.

Vi, ¥Yk—1 XLy ye—1
lIxll=1
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Theorem A.47. Let A and B be two p X n complex matrices. Then,
L(FAA FBPT) <2||A||A - B + |A - BJ*. (A.7.4)

This theorem is a simple consequence of Theorem A.45 or Theorem A.46.



Appendix B
Miscellanies

B.1 Moment Convergence Theorem

One of the most popular methods in RMT is the moment method, which uses
the moment convergence theorem (MCT). That is, suppose {F,} denotes a
sequence of distribution functions with finite moments of all orders. The
MCT investigates under what conditions the convergence of moments of all
fixed orders implies the weak convergence of the sequence of the distributions
{F,}. In this chapter, we introduce Carleman’s theorem.

Let the k-th moment of the distribution F), be denoted by

Bk = Br(Fn) := /xden(x). (B.1.1)

Lemma B.1. (Unique limit). A sequence of distribution functions {F,} con-
verges weakly to a limit if the following conditions are satisfied:

1. Fach F, has finite moments of all orders.

2. For each fized integer k > 0, (B, converges to a finite limit By as
n — oo.

3. If two right-continuous nondecreasing functions F' and G have the same
moment sequence {fi}, then F = G + const.

Proof. By Helly’s theorem, {F},} has a subsequence {F},, } vaguely convergent
to (i.e., convergent at each continuity point of) a right-continuous nondecreas-
ing function F.

Let £ > 0 be an integer. We have the inequality

1
‘/ *dF,, (z)
|| > K

M2AE,,
ir [ @

sup B, 2k+2 < 00.
n

IN

S gokre
507
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From this inequality, we can conclude that f‘w x*dF,,, — 0 uniformly in i

as K — oo, and

=K

/ 2*dF,, — / M dF (z).

Thus, [ 2*dF(z) = B, and F is a distribution function (set k = 0).

If G is the vague limit of another vaguely convergent subsequence, then G
must also be a distribution function and the moment sequence of G is also
{Br}. So, applying (3), F' = G. Therefore, the whole sequence F,, converges
vaguely to F'. Since F' is a distribution function, F,, converges weakly to F.

When we apply Lemma B.1, one needs to verify condition (3) of the lemma.
The following lemmas give conditions that imply (3).

Lemma B.2. (M. Riesz). Let {8} be the sequence of moments of the distri-
bution function F'. If

1 1
likminf kﬂ;}; < 00, (B.1.2)
then F' is uniquely determined by the moment sequence {fy, k =0,1,--}.

This lemma is a corollary of the next lemma due to Carleman. However,
we give a proof of Lemma B.2 because its proof is much easier than the latter
and it is powerful enough in spectral analysis of large dimensional random
matrices. The uninterested reader may skip the proof of Carleman’s theorem.

Proof. Let F and G be two distributions with common moments [ for all
integers k > 0. Denote their characteristic functions by f(¢) and g(t) (Fourier-
Stieltjes transforms). We need only show that f(¢) = g(¢) for all ¢ > 0. Since
F and G have common moments, we have, for all j =0,1,---,

f90) =g (0) = ;.

Define A ‘
to = sup{ t > 0; fUW)(s) = gU)(s),

forall 0<s<t and j=0,1,---}.
Then Lemma B.2 follows if {3 = co. Suppose that ¢y < oo. We have, for any
J N
/ 29 ¢ [F(dz) — Gldw)] = 0.
By condition (B.1.2), there is a constant M > 0 such that
Bor < (ME)?* for infinitely many k.
Choosing s € (0,1/(eM)), applying the inequality that k! > (k/e)*, and

le’ =1 —ia— - — (ia)* /K| < |a|*T/(k + 1)! (B.1.3)
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(see Loeve [200]), for any fixed j > 0, we have
IFD(to + 5) — gV (to + 3)|

‘ / 29 O+ P(dg) — G(da)]

: 2k—j—1
. . . 18T
/ x]eztoaz[ezsx_l_zsx_“._ ( ) i|
—00

(2k —j —1)!

x[F(dz) — G(dx)]

82k7jﬁ2k - (SMk)Zk
(2k — )1 = " s1(2k — j)!
< 2(esMk/(2k — 5))*(2k/s)’ — 0,
as k — oo along those k such that Bo < (Mk)?*. This violates the definition
of ty. The proof of Lemma B.2 is complete.

Lemma B.3. (Carleman). Let {5, = Bi(F)} be the sequence of moments of
the distribution function F'. If the Carleman condition

S g = (B.1.4)

is satisfied, then F is uniquely determined by the moment sequence { S, k =
0,1,---}.

Proof. Let F and G be two distribution functions with the common moment
sequence {f} satisfying condition (B.1.4). Let f(¢) and g(t) be the charac-

teristic functions of F' and G, respectively. By the uniqueness theorem for
characteristic functions, we need only prove that f(t) = g(¢) for all ¢ > 0.

By the relation ﬂl/% ﬁl/(2k+2)

okio s it is easy to see that Carleman’s condi-
tion is equivalent to

S 2k = . (B.1.5)

For any integer n > 6 and k > 1, define

2719
e =n~'2" (85 /8513,

We first show that, for any n,
> hik = o0, (B.1.6)
k=1

Let ¢ < 1/2 be a positive constant and define
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2k1

K= Utk 835 > es3is )
and -
ICQ = {k g IC]} = {k : ﬁ;k < C,sz+1 }

We first show that
k g—k-1
E 2"Boi = oo. (B.1.7)

ke,
Suppose that k € Ky and k +1,--+,k + s € Ko. Then, we have

2ksl 2k1

_o—k—s
/32k+s+1 < C/ﬁ2k2+s < < 08/32k+1
From this and the fact that /C; is nonempty, one can easily derive that
k 2—k 1 1 k 2—k 1
Z 2 /82k+1 g 1 _ 20 Z 2 ﬁ2k+1 b
ke2 ke

from which, along with condition (B.1.5), assertion (B.1.7) follows.
For each k € K1, we have

le

b > c*n 128200 (B.1.8)
Then, by (B.1.7), for each fixed n, we have
Zhnk >t Y 28,20 = o
ke,
Thus, for any ¢ > 0, there is an integer m such that ¢,, ,,—1 <t <1, ,,, where
tm]‘ :hn,l +"'+]’Ln7]‘,j= 1,2,---,m—1.

For simplicity of notation, we write hpm = t — tnm—1, tho = 0, and
tnm =1t. Write H = F — G, ¢1(z) = exp(ihy,12) — 1 — ihy 12 and

— . ihy jx 2/ -1
an.i(T) = (Hf_ll (1 +ihp x4+ ( h(é;7)1)! ))

. . (ihn, kx)2 -1
x | exp(thppx) — 1 —thy gz — - — (25 —1)1 .
For k < m, by inequality (B.1.3), we have

‘Qn,k(m” S ( )

hmjx 2 1 th x ok
H (1—|—hn,j|$| +-- ( (27 _)1)! ) | (SL)P

k‘ §

Since [ 7 H(dx) = 0, we have
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F(0)— o] = ] | ena

k<m?~

= Z /00 expli(t — tn k)x|qn K (x) H (dz)

IA
O
3
B

> /_ k(@) (F(dz) + G(dx))

k<m
=2>" /Oo Q. (x)F(d). (B.1.9)
k<m Y —°°

Expanding @, r(x), the general terms have the form

V1 Ve—1 2k v
hn,l hn,krfl hn,k‘x‘

nl el (20

where v =114+ 151 +2F and 0 < v; < 27 — 1. By the definition of P ke
the integral of this term is bounded by

A e Y
v1! vp—1!  (2F)!
o g
B vilvgle v q!
2 R (@22 By ) p2 R u—5)2
52’6 52k+1
x (2k)! ) (B.1.10)
where pt = v + 200 + - + (k — Dy + k2.
Note that

4uy + (4vg —5v1) + -+ (dvp_1 — Brg_a) + (282 — 5 1)
=22y =282 0k 0.

Applying [os < ﬁgk_ fl_ 1+S, which is a consequence of Holder’s inequality, we

obtain

2v1 471(41/2—5D1) 2_k+1(4l/k_175l/k_2) 2_k(2k+275l/k_1)
/82 ﬁ4 "'/82k71 ﬁQk

< G e B e ey =) (2 ) g/
From this and (B.1.10), we obtain
_ k
hzll hvy:ki1 h%,kﬂu n~ Y28
1/1! l/k_1! (Qk)' - 1/1!1/2!"'1/]6_1!(2]6)!.
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Therefore, noting that v > 2%, we have

/ Z Qui(x)F(dx)

Tl_12 [ 2 n—12k—1 Vi1 —12k ok
3 (n=72)" - ( )7Er(nmh2R)

<
- vl ! (2’“)

Vit 12k =

< Z (’I’L*12)V1 - (,,7‘7121:)1/,C
- v+t =y Vl!""/k!
v>2k
—_ Z (n*1(2 + e+ 2/4?))1//]/! S Z (Qe/n)l/
v=2k =
= (2 ok M .
(2e/n) n — 2e

Substituting this into (B.1.9), we get

Z(Qe/n)zk — 0, letting n — oo.
k=1

n

1f () —g(®)] <

n — 2e
The lemma then follows.

Remark B.4. Generally, the condition (B.1.4) cannot be further relaxed,
which will be seen in examples given below. However, for one-sided distribu-
tions, this condition can be weakened. This is given in the following corollary.
For ease of statement, in the following corollary, we assume the distributions
are of nonnegative random variables. It is easy to see that the following corol-
lary is true for one-sided distributions if we change the moments [y to their
absolute moments.

Corollary B.5. Let F' and G be two distribution functions with F(0_) =
G(0_) =0, Bx(F) = Bx(G) = B, for all integers k > 1, and
Zﬂ_l/% (B.1.11)

Then, F = G.

Proof. Define F by F(z) = 1 — F(—z) = 5(1+ F(x?)) for all z > 0 and
similarly define G. Then, we have

Bog—1(F) = Por—1(G) =0 and Por(F) = Bo(G) = B

Applying Carleman’s lemma, we get F' = G. Consequently, F' = G. The proof
is complete.
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The following example shows that, for distributions of nonnegative random
variables, condition (B.1.11) cannot be further weakened as for some o > 0,

oo

Sk V= . (B.1.12)

k=1

Example B.6. For each a > 0, there are two different distributions F' and
G with F(0) = G(0) = 0 such that, for each positive integer k, Gy (F) =
Brx(G) = By and

Sk V= o, (B.1.13)
k=1

The example can be constructed in the following way. Set 6 = 1/(2+2a) <
1/2 and define the densities of F' and G by

8
~ Jeem® itz >0,
@) = {0, otherwise,

and s
() = ce™®" (1 +sin(ax?)), if z > 0,
g 0, otherwise,

where a = tan(nd) and ¢! = [ e=="dx. It is obvious that all moments of
both F' and G are finite. We begin our proof by showing that, for each k,
Br(F) = Bk (G) = Bi. To this end, it suffices to show that

/ z* exp(—2%) sin(az®)dz = 0. (B.1.14)
0

Note that the integral on the left-hand side of the equality above is the
negative imaginary part of the integral in the first line below:

/ xk exp(—(l + ia)x‘;)dx

0

- 6‘1/ 2D/ exp(—(1 + ia)z)dw
0

_ 571(1 + ia)(k+1)/5[‘((k +1)/9).

Note that 1 4 ia = exp(imd)/ cos(wd), which implies that (1 + ia)*+1/9 is
real and hence the imaginary part of fooo oF exp(—(1 + ia)x®)dx is zero. The
proof of (B.1.14) is complete.

Note that

k+1).

Ok = c/ 2F exp(—a°)dx = 05*11"(
0 0
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Thus, by applying Stiring’s formula,

ap-1/2k ed 1/25_ 1 1/6
k° By () = e,

which implies that kaﬂgl/% = 00.

Ezample B.7. For each o > 0, there are two different distributions F' and G
such that, for each positive integer k, Bk (F) = Br(G) = B and

Zk“ﬂ_l/% (B.1.15)

In fact, construct F and G according to Example 1.4.1 with ﬂk(ﬁ ) =
Br(G ) = Boy. For all z > 0, define F(z) = 1— F(-z) = }(1+ ( 2)) and
G(z)=1-G(-z)=3(1+ G(2?)). Then, F and G are the solutions.

B.2 Stieltjes Transform

Stieltjes transforms (also called Cauchy transforms in the literature) of func-
tions of bounded variation are another important tool in RMT. If G(z) is a
function of bounded variation on the real line, then its Stieltjes transform is

defined by
1
= dG(\ D
/)\—Z G( ), z e U,

where z€ D={2€ C: 3z > 0}.

B.2.1 Preliminary Properties

Theorem B.8. (Inversion formula). For any continuity points a < b of G,
we have

b
G{[a,b]} = lim 1/ Sse(z +ie)de.

e—0t

If G is considered a finite signed measure, then Theorem B.8 shows a one-
to-one correspondence between the finite signed measures and their Stieltjes
transforms.

Proof. Note that

1 b
/ Ssa(z +ie)de
™ a
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_ / / EdG e
+ g2

/ - [arctan(e 1(b —y)) — arctan(e ! (a — y))]dG(y).

Letting ¢ — 0 and applying the dominated convergence theorem, we find
that the right-hand side tends to Gla, b].

The importance of Stieltjes transforms also relies on the next theorem,
which shows that to establish the convergence of ESD of a sequence of ma-
trices, one needs only to show that convergence of their Stieltjes transforms
and the LSD can be found by the limit Stieltjes transform.

Theorem B.9. Assume that {G),} is a sequence of functions of bounded vari-
ation and Gy, (—o0) =0 for all n. Then,

lim sq,(z) =s(z) Yz € D (B.2.1)
if and only if there is a function of bounded variation G with G(—o0) = 0
and Stieltjes transform s(z) and such that G,, — G vaguely.

Proof. It G,, — G vaguely, then (B.2.1) follows from the Helly-Bray theorem
(see Loeve [200]) since, for any fixed z € D, both real and imaginary parts of
xiz are continuous and tending to 0 as x — *o0.

Conversely, suppose that (B.2.1) holds. For any subsequence of {G,}, by
Helly’s selection theorem, we may select a further subsequence converging
vaguely to a signed measure G. By (B.2.1) and the sufficiency part of the
theorem, the Stieltjes transform of G is s(z). Then, by Theorem B.8, the
limit signed measure is unique. The proof of the theorem is complete.

Compared with the Fourier transform, an important advantage of Stieltjes
transforms is that one can easily find the density function of a signed measure
via its Stieltjes transform. We have the following theorem.

Theorem B.10. Let G be a function of bounded variation and xoy € R. Sup-
pose that hm Ssa(z) exists. Call it S sa(xo). Then G is differentiable at

— X0

g, and zts derivative is }r%sc(xo).

Proof. Given & > 0, let § > 0 be such that | — 20| < d, 0 < y < ¢ implies
NS sa (@ +iy) — Ssa(zo)| < 5. Since all continuity points of G are dense in
R, there exist x1,x2 continuity points such that z1 < z9 and |x; — xo| <
6, i =1,2. From Theorem B.8, we can choose y with 0 < y < § such that

1 [*
G(x2) — G(x1) — 7T/ Sse(z +iy)dr| < ;(1'2 — 7).

1

For any x € [x1, 23], we have |z — z¢| < . Thus
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’G(azg) ~Ga1) 1

Xro — I ™

Ssa(zo)

Z2

Glzz) ~ Gln) — / S sa(x + iy)de

1

1
<
T2 —T1

1 r2
|
T2 —T1 Jgy

Therefore, for all {z,} a sequence of continuity points of G with z, — x¢
as n — 0o,

(Ssalr+1y) — Ssa(xo))|de < e.

™

G -G 1
lim (@n) (@m) = Ssal(wo).
n,1Mm—00 Ty — Tim e
This implies {G(z,)} is a Cauchy sequence. Thus, lim,q,, G(z) =
lim,|,, G(z), and therefore G is continuous at .
Therefore, by choosing the sequence {1, xg, z2, o, ...}, we have
G -G 1
lim C@n) = CG@o) _ Lo oy (B.2.2)
n—0o0 Ty — X0 ™
To complete the proof of the theorem, we need to extend (B.2.2) to any
sequence {x, — xo}, where x,, may not necessarily be continuity points of
G. To this end, let {z,} be a real sequence with x,, # xo and z,, — . For
each n, we define x,,;, x,, as follows. If there is a sequence y,,,,, of continuity
points of G such that ynm — =, and G(yn.m) — G(x,) as m — oo, then we
may choose y,, m,, such that

G(zn) = G(@o) _ Glynm,) = Glao)| _ 1

Tn — X0 yn,mn — X0 n

)

and then we define x,, = Zpy = Yn,m,. Otherwise, by the property of
bounded variation, G should satisfy either G(z,—) < G(x,) < G(x,+) or
G(xn—) > G(zn) > G(xp+). In the first case, we may choose continuity
points x,,; and x,, such that

1 1
Tp — < Tpp < Tp < Tpy < Ty +
n n

and
Glam) — Glwo) _ Glan) = Glao) _ Glwm) — Glao)
Tnb — To Tp — T Tpu —To

In the second case, we may choose continuity points x,; and x,, such that

1
Ty — < Ty < Tp < Tpp < Ty +
n

and

G(znp) — G(xo) - G(zn) — G(x0) - G(xpy) — G(mo).

Tnb — L0 Tn — o Lpu — Lo
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In all cases, we have x,, — To, Tny — To, Tnp and T,, are continuity points
of G and

G(znp) — G(zo) 1 - G(zn) — G(x9) - G(xny) — G(xo) N 1
Tnp — T0 n Ty — T ) n’

Letting n — oo and applying (B.2.2) to the sequences z,;, and x,,, the
inequality above proves that (B.2.2) is also true for the general sequence x,
and hence the proof of this theorem is complete.

In applications of Stieltjes transforms, its imaginary part will be used in
most cases. However, we sometimes need to estimate its real part in terms of
its imaginary part. We present the following result.

Theorem B.11. For any distribution function F, its Stieltjes transform s(z)

satisfies
[R(s(2)] < 072V/S(s(2))

)| = / (x —u)dF(z
= +U2

/\/m—u 2+ 02

S(/fxfiglw>ua

Then, the theorem follows from the observation that

Proof. We have

dF(x
s =o [, D

B.2.2 Inequalities of Distance between Distributions in
Terms of Their Stieltjes Transforms

The following theorems create a methodology for establishing convergence
rates of the ESD of RMs.

Theorem B.12. Let F' be a distribution function and let G be a function of
bounded variation satisfying [ |F(z) — G(z)|dz < co. Denote their Stieltjes
transforms by f(z) and g(z), respectively. Then, we have

IF = G| = sup | F(z) — G(2)|

7T(2fyl— 1) UZ /(2) = g(2)|du
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1
+ Sup/ Gz +y) — G(2)|dy]|, (B.2.3)
ly|<2va

UV =z

where z =u+iv, v >0, and a and vy are constants related to each other by

1 1

1
= d . B.2.4
! W/|u<au2+1“>2 (B-24)

Proof. Write A = sup, |F(z) — G(z)|. Without loss of generality, we can
assume that A > 0. Then, there is a sequence {z,} such that F(z,) —
G(zp) — Aor —A.

We shall first consider the case where F(zy,) — G(z,) — A. For each z,

we have
L1 - st

= : S(f(2) - g(=))du
e -G,
71'/00 [ )2 4 02 ]
1 °° 2v W) - G .
7;/005 [ x) +21;()yu)cJu
- [W<F<y> - 6w) [/m o
_ i/‘: (F(z — vy)y;fim —vy))dy (B.2.5)

Here, the second equality follows from integration by parts, while the third
follows from Fubini’s theorem due to the integrability of |F(y) — G(y)|. Since
F' is nondecreasing, we have

1/ (F(z —vy) — Gz —vy))dy
lvl<a y*+1
> y(F(x—va)—G(x—va))— ! / |G(x—vy)—G(x—wva)|dy

ly|<a

> ’V(F(m—va)—G(m—va))—WlU szlcp/| - |G(z+y)—G(z)|dy.

(B.2.6)

Take x = x,, + va. Then, (B.2.5) and (B.2.6) imply that
1 oo
£ (2) — 9(2)du

T J -
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> y(F(ry) — G(n))

1
_ ' up / Gz +y) - G(@)ldy — (1—7)A
™ x |ly|<2va
1
— @ -DA- | sw [ |Gty - G)dy,
™ ly|<2va

which implies (B.2.3).
Now we consider the case where F(z,) — G(x,) — —A. Similarly, we
have, for each x,

e - gl

1 /_“ (Ga — vy) — F(z — vy))dy
) y2+1
> ~v(G(z +va) — F(z +va))
_le sl;p/ 6@ Gl -1 -a. B2

By taking x = x,, — va, we have

' "7 — 9(2)\du

T J -

> A(G(zn) — Flzn))
- / G +y) — G()|dy — (1—7)A
|ly|<2va

TV g

1
— @ -DA- | sw [ |Gty - Gldy,
ly|<2va

T g

which implies (B.2.3) for the latter case. This completes the proof of Theorem
B.12.

Remark B.13. In the proof of Theorem B.12, one may find that the following
version is stronger than Theorem B.12:

Foc< ! [/m S(£(2) - 9(2))\du

77(27 - 1) — 00
1

+ sup/ |G(x +y) — G(x)|dy| . (B.2.8)
vz Jy|<2va

However, in applying the inequalities, we did not find any significant superi-
ority of (B.2.8) over (B.2.3).

Sometimes the functions F' and G may have light tails, or both may even
have bounded support. In such cases, we may establish a bound for ||F' — G|
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by means of the integral of the absolute difference of their Stieltjes transforms
on only a finite interval. We have the following theorem.

Theorem B.14. Under the assumptions of Theorem B.12, we have

A
IF=GI< ooy [ JRECRYEI

-1 — G(x)|dx
+2mv /w>B|F(x) G(z)|d

+ ot sup/ |G(x +y) — G(m)dy] , (B.2.9)
ly|<2va

x

where A and B are positive constants such that A > B and

4B

= A B)2y—1) <L (B.2.10)

The following corollary is immediate.

Corollary B.15. In addition to the assumptions of Theorem B.12, assume
further that, for some constant B > 0, F([—B, B]) = 1 and |G|((—c0, —B)) =
|G|((B,00)) = 0, where |G|((a,b)) denotes the total variation of the signed
measure G on the interval (a,b). Then, we have

A

IP=GII< 1 a1 [ [ 116 =gl

o Lsup /| G —G(m)dy] 7
yi va

x

where A, B, and k are defined in (B.2.10).

Remark B.16. The benefit of using Theorem B.14 and Corollary B.15 is that
we need only estimate the difference of Stieltjes transforms of the two dis-
tributions of interest on a finite interval. When Theorem B.14 is applied to
establish the convergence rate of the spectral distribution of a sample covari-
ance matrix in Chapter 3, it is crucial to the proof of Theorem 8.10 that A
is independent of the sample size n. It should also be noted that the integral
limit A in Girko’s [122] inequality should tend to infinity with a rate of A~!
faster than the convergence rate to be established. Therefore, our Theorem
B.14 and Corollary B.15 are much easier to use than Girko’s inequality.

Proof of Theorem B.14. Using the notation given in the proof of Theorem
B.12, we have

/ T15 ) — 9(2)\du
A
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I
<[] e sy, r

A |J-B (x—2)?
e d
< 2BA +7rv_1/ F(z) — G(x)|dx
(=B 402 \x\>B‘ (z) — G(2)]

[ -,
|z|>B

(= 2)?

<2BA/(A—B) +7v ! /| s |F(z) — G(x)|dx. (B.2.11)

By symmetry, we get the same bound for f__;: |f(2) — g(2)|du. Substituting
the inequality above into (B.2.3), we obtain (B.2.9) and the proof is complete.

B.2.3 Lemmas Concerning Levy Distance

Lemma B.17. Let L(F,G) be the Levy distance between the distributions F
and G. Then we have

L*(F,G) g/\F(x)—G(x)ux. (B.2.12)

Proof. Without loss of generality, assume that L(F,G) > 0. For any r €
(0, L(F, G)), there exists an z such that

Flx—r)—r>G(x) (or Fz+r)+r<Gx)).

Then the square between the points (z — 7, F(z — 1) — 1), (x, F(x — 1) — 1),
(x = F(z — 1)), and (z,F(x — 1)) (or (x,F(z + 1)), (x + 7 F(z + 1)),
(z, F(x +r) + 1), and (z + r,F(x + r) + r) for the latter case) is located
between F' and G (see Fig. B.1). Then (B.2.12) follows from the fact that the
right-hand side of (B.2.12) equals the area of the region between F' and G.
The proof is complete.

Lemma B.18. If G satisfies sup, |G(z +y) — G(z)| < Dly|* for all y, then
L(F.G) < |F — G| < (D +1)L*(F,G), for all F. (B.2.13)

Proof. The inequality on the left-hand side is actually true for all distribu-
tions F' and G. It can follow easily from the argument in the proof of Lemma
B.17.

To prove the right-hand-side inequality, let us consider the case where, for
some x,

F(z) > G(x) + p,
where p € (0, ||F — G||). Since G satisfies the Lipschitz condition, we have
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Fig. B.1 Levy distance.

Gz + (p/(D+1)Y*) + (p/(D + 1)V < G(2) + p < F(z)
(see Fig. B.2), which implies that
L(F,G) > (p/(D + 1)/,

Then, the right-hand-side inequality of (B.2.13) follows by making p —
||F'—G||. The proof of the inequality for the other case (i.e., G(z) > F(x)+p)
can be similarly proved.

Lemma B.19. Let Fy, F, be distribution functions and let G satisfy
sup, |G(z + u) — G(z)| < g(u), for all u, where g is an increasing and con-
tinuous function such that g(0) = 0. Then

[1F1 = G| < 3max{[[Fz — G|, L(F\, F2), g(L(F1, F2))}. (B.2.14)

Proof. Let 0 < p < ||Fi — G|, and assume that |[|[F — G| < p/3. Then, we
may find an xo such that Fy(zo) — G(xg) > p (or Fi(zg) — G(xg)) < —p
alternatively). Let n > 0 be such that g(n) = p/3. By the condition on
G, for any = € [xg,x0 + 1] (or [xo — 1, x| for the alternate case), we have
Fy(z) < G(z) + 5p < G(zo) + 2p and Fy(z) > Fi(z9) > G(zo) + p. This
shows that the rectangle {zo < & < zo + 1, G(z0) + 3p < y < G(x0) + p} is
located between F; and Fy (see Fig. B.3). That means

. 1
L(Fy, F>) > min (777 Sp).
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| |
T

X pp

Fig. B.2 Relationship between Levy and Kolmogorov distances.

Ifn< ép, then n < L(Fy, Fy), which implies that

1

4P = 9(n) < g(L(F1, F)).

Combining the three cases above, we conclude that
p < 3max{||Fy — G|, L(F1, F3), g(L(F1, F2))}.

The lemma follows by letting p — ||F1 — G||. The proof is complete.

B.3 Some Lemmas about Integrals of Stieltjes
Transforms

Lemma B.20. Suppose that ¢(x) is a bounded probability density supported
on a finite interval [A, B]. Then,

/ |s(2)|*du < 272 My,

— 00
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So P
Fl
F2/

—

Xo X % M

Fig. B.3 Further relationship between Levy and Kolmogorov distances.

where s(z) is the Stieltjes transform of ¢, My is the upper bound of ¢, and,
in the integral, u is the real part of z.

Proof. We have

ri= [ lste)Pau
-/ // e
1

/ / o(x dxdy/_oO (= )y —2) du (by Fubini)

27 .
= /A /A y_x+2m¢(x)¢(y)dxdy (residue theorem).

Note that
A L
/ / ( 2+ 41,2>¢($)¢(y)dxdy =0 by symmetry.

We finally obtain

= [ [a( ) ewomany
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. / / ((y— oy 1 0 ) SD0lNy

< 4771)M¢/ / <w2 + o 2)dwdy (making w =z — y)

= 2% M.
The proof is complete.

Corollary B.21. When ¢ is the density of the semicircular law, we have

/ |s(2)2du < 2. (B.3.1)
Lemma B.22. Let G be a function of bounded variation satisfying |G| =:
sup, |G(x)| < oo. Let g(z) denote its Stieltjes transform. When z = u + iv
with v > 0, we have

I:=suplg(z)| < mo |G| (B.3.2)

Proof. Using integration by parts, we have

-l e

G [ ey g2t
= oG,

IN

which proves the lemma.

Lemma B.23. Let G be a function of bounded variation satisfying V(G) =
J|G(du)| < co. Let g(z) denote its Stieltjes transform. When z = u+ iv with
v > 0, we have

/ 19(=)[2du < 270~V (G)| G- (B.3.3)

Proof. Following the same lines as in the proof of Lemma B.20, we may obtain

I=dmv // ((u B m)12 N 4U2>G(dx)G(du)

= 8mv / [ / (((:j__ ;))20-5(-364)1?;)2} G(du) (integration by parts)

< 2m™'V(Q)| G

Remark B.24. The two lemmas above give estimations for the difference of
Stieltjes transforms of two distributions.
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B.4 A Lemma on the Strong Law of Large Numbers

The Marcinkiewicz-Zygmund strong law of large numbers was first proved in
[202], which gives necessary and sufficient conditions for the partial sample
means from a single array of iid random variables with a rate of n=(1~=%),
where o > é The following lemma is a generalization of this result to the

case of multiple arrays of iid random variables.

Lemma B.25. Let {X;;,i,j = 1,2,---} be a double array of iid complex
random variables and let o > %, B8 >0, and M > 0 be constants. Then, as
n — oo,

n

n* Y (Xij—o)

i=1

max

— 0 as. (B.4.1)
j<Mnf

if and only if the following hold:

(1) E|X11|(1+’6)/a < 0Q;

(11) c= E(X11)7 ,Lf @ S ]-7
| any number,if o> 1.

Furthermore, if E| X 11|18/ @ = oo, then

n

n* Y (Xij—o)

i=1

limsup max
j<Mn#

= 00 a.s.

Proof of sufficiency. Without loss of generality, assume that ¢ = E(X311) =0
for the case oo < 1.
Define X;j, = X;;1(|X;;| < 2%*). Then, by condition (i),
,i.0.>

n n
P| max |n= ¢ E Xij n- ¢ E Xijk
j<Mnh — 1
- 1= i=
2kl 1 n

Pl U U U X520

n=2k i=1j<MnP

# max
J<MnP

M8

<

T
>

ok+1_q gk+1

U U U {xyl=2

n=2k =1 j<M2(k+1)B

IA
M8
-

T
>

2k+1

U U {xul=2"}

i=1 j<M2(k+1)B

IA
M8
-

i
>

MoE+D(B+H)p (|X11\ > Qka)

T
>
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(o)
M2(k:+1)(ﬁ+1) ZP (2&1 < ‘Xll‘ < 2(@+1)a)

l=k

¢
P (2&“ < | X1l < 2(”1)‘1) Z M2k B+
=K

)

T
>

M

i
=

Mo+ (B+)p (2ea <|X1| < 2(z+1)a)

i
=

< M2PHIB|X |0/ o1 (1X,, | > 2K2) =0

as K — oo.
This proves that the convergence (B.4.1) is equivalent to

n
—« k k+1
j;nj\%iﬁn ;X”k —0 as., as 2" <n <2 — o0 (B.4.2)
Note that
n
ax_|n”* Y E(Xj)| =n"""EX
s, " DB (i) | = EX

nf(afl)/2 + n7a+12k(a71)E|X11|(ﬁ+1)/o¢]’(|X11| > ,'7‘(()471)/2)7 if a>1
— 0.

- {na+12k(ﬁ+1>E|X11|<ﬁ+1>/aI(X11| > oka), if a< 1}

Therefore, the proof of (B.4.2) further reduces to showing that

n

n- Z(Xijk —EXi1)

i=1

max —0 as., as 28 <n < 2M! 0o (B.4.3)

j<Mn#

For any ¢ > 0, choose an integer m = [(8 + 1)/(2a — 1)] + 1. We have

P | max > g,1i.0.
j<MnB
> 82ka>

o0 n
< lim E P max max E (Xijw — EXq1k)
N—oo 2k <n<2kt1 j<M2(k+1)B
k=N = = 1
> 82ka>
2m

n

Y (Xijk — EX11x)
i=1

Z(Xilk —EXi1)

i=1

o0
< lim Z M2Kk+1EP ( max
N—oo Pyt n<2k+1
2k+1

< Me?™ lim »y  2KFDEmAIR Ny, — EXqyy)| . (BAA)
k=N

N —oo .
i=1



528 B Miscellanies

Here, the first two inequalities are trivial, while the third follows from an
extension of Kolmogorov’s inequality that can be found in any textbook on
martingales.'

By multinomial expansion,

2m

E

Z(ch —EXi11x)

=1
“ 2m ) )
S Z Z ( ) 'K'E‘Xllk EXllk‘zl "'E|X11k—EX11k|w.

=1 i1+---+iz:27n
ig,ig>2

Choose an integer v such that 0 <v —1 < (84 1)/a < v. For each i > 2, we
have

, CE| Xy [ 2070k if i > v,
BX,| < { c26-@B+h/mak < colie=Dk i 5 B+1)/a,
C < g2lie=Dk, ifi <(8+1)/a.

Then, for some constant C,

E| X1k — EXq1x|™ -+ Bl X116 — EXq1x™
< J CE[X11p = EXyyy[r2Cm=0)ok=C=Dk i max{iy, -+, ig} > v,
LG otherwise.
Hence,

2m

< CE‘Xllk o EX11k|1/2(2m—u)ak+k + Cka

n

> (Xiwk — EX11x)
i=1

E

Substituting this with n = 28+ into (B.4.4), we have

Z o(k+1)(B=2matm) _, ( gince B — 2ma +m < —1,
k=N

and

Z 2 k:+1) ﬂ 2ma)E‘X11k o EXllk“ 2(2m I/)ak+k¢
k=N

C Z Qk(ﬂ—‘rl ya)E‘Xllk‘
k=N

L The inequality states that, for any martingale sequence {s;}, any constant ¢ > 0, and
p > 1, we have P(max;<y, [sn| > €) < e PE|sn|P.
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[e's) k

=0 2O N R X 1T < [ X | < 2%+ B X1 [VT(| X | <1)]
k=N (=1

_ CZE‘Xll‘l/I(2a(Zfl) < ‘Xll‘ < 2&2) Z 2k(ﬂ+171/a) + Z 2k(ﬁ+lfz/a)
=1 k=VN k=N

< CZ2((\/N)(ﬂ+1fua)E‘X11‘VI(Qa(Zfl) <X < 2az) + Z ok(B+1-va)
=1 k=N

S CZ2(2\/1\/)(ﬂ+1—ua)+[(ua—ﬂ—l)E‘Xll‘(ﬂ—&-l)/aI(Qa(Z—l) < |X11| S 204[)

(=1

+ 3 ok#1-va)
k=N

S CE‘Xll‘(5+1)/aI(‘X11| 2 2041\//2) + CE‘Xll‘(ﬂ—‘rl)/aQN(ﬂ—l-l—ua)/Q

+ Z ok(B+1-va) _,
k=N

as N — oo. Consequently, these, together with (B.4.4), imply that

n
‘?]\?{XB n- ¢ E (Xijk — EXllk) — 0, a.s.
J=Hm i=1

The proof of the sufficiency of the lemma is complete.

Proof of necessity. From (B.4.1), one can easily derive

max n YX,;| —0 as,
J<M(n—1)#

which, together with the Borel-Cantelli lemma, implies that

ZP( max | Xy, Zno‘) < 00.
—" \j<M(n=1)

By the convergence theorem for an infinite product, the inequality above is
equivalent to the convergence of the product

P X a ) P(lXx o [M(nil)ﬁ].
};[1 (jél\?%%}—(l)” 13l < ) };[1 (| X11| < n®)

Again, using the same theorem, the convergence above is equivalent to the
convergence of the series

> (n—1)"P (|X1] > n®) < 0.

n
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From this, it is routine to derive E|X11 |(5+1)/‘1 < 00. Applying the sufficiency
part, the second condition of the lemma follows.
(The divergence). Assume that E[X11|1+#)/* = oo, Then, for any N > 0,

we have

> M2PFURP (|2 | > N2°¥) = o

k=1
Then, by the convergence theorem of infinite products, the equality above is
equivalent to

H (P(lzn| < N2ak‘))[M2f’+1)k] _
k=1

= E P( max |2nj| > N2°%) = cc.
P 2k <n<2K =1 M2(k=1)f < j< M2KP
By the Borel-Cantelli lemma, we have
P max |znj| > N2°% i0.) = 1.
2k <n<2K =1 M2(k=1)B < j< M2kB

Therefore,

n-“ Z(Xl —¢)

i=1

limsup max

> N/2 as.
j<Mn#

This proves the second conclusion of the lemma. The proof is complete.

B.5 A Lemma on Quadratic Forms

Lemma B.26. Let A = (a;;) be an n x n nonrandom matriz and X =
(21, , ) be a random vector of independent entries. Assume that Ex; =0,
E|z;|* =1, and E|z;|* < ve. Then, for anyp > 1,

E|X*AX — trAP < Cp((V4tr(AA*))p/2 n l/gptr(AA*)P/2)7

where Cy, is a constant depending on p only.

In the proof of this lemma, we need a lemma from Dilworth [95].

Lemma B.27. Let {#} be a sequence of increasing o-fields and { Xy} be a
sequence of integrable random wvariables. Then, for any 1 < q < p < o0, we

have y y
e3¢} r/a / oo pr/a
E<Z|E(Xkﬁk)|q> < (‘Z)p qE(Zp(kq) .
k=1

k=1

Proof of Lemma B.26. We use the expression
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n i—1

X*AX — trA = Za”(\Xﬁz - 1) + Z Z(ajinXi + (linin). (B51)
i=1 i=1 j=1
By Theorem A.13, it is seen that
E|X*AX — trA|
n i—1 1/2
< Sl 1] (B3 S o5
=1 j=1

< C[tr(AA)Y2 4 (vatrAAS)V2],
which proves the lemma for the case p = 1. Note that here we have used the

fact that vq > 1.
Now, assume 1 < p < 2. By Lemma 2.12 and Theorem A.13, we have

n P n P/2
E Zaii(\XiP—l) <CE<Z%2’X1‘|2—1‘2>
i=1

i=1
<O aulPE|| X — 17 < Cryptr(AA)P/2.
i=1

Furthermore, by the Holder inequality,

n i—1

ZZ (ai; X; X, —|—a]ZXX)

i=1 j=1

n 1—1

E Z Z(ainin + ajinXi)

i=1 j=1

< C(V4tI'AA*)p/2.

2~| p/2

Combining the two inequalities above, we complete the proof of the lemma
for the case 1 < p < 2.

Now, we proceed with the proof of the lemma by induction on p. Assume
that the lemma is true for 1 < p < 2!, and then consider the case 2! < p <
2!+ with ¢ > 1. By Lemma 2.13 and Theorem A.13,

n p
B> au(IXi|* - 1)
i=1
n p/2 n
< (S lasPBOXP ~12) 4 D laal B - 11

i=1 i=1

< C((vatrAA")" + vy tr(AA")2).
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For the same reason, with notation E; for the conditional expectation given
{X1, -, X;}, we have

i=1 j=1

n

Z ainj

j=1

IN

Co(E( ) _Eia

i=1

n i—1
ZZ%XX
i=1 j=1
n i1 2 p/2  n i1 p
< CP<E<ZE21 Zaij 71 > —‘rZE Zainin >
= j=1 i=1 j=1
n 2\ p/2 n i—1 ’ 4
CP<E<Z Zaw ) mE ax| )
i=1 i=1 Jj=1
n 2\ p/2 n p/2 i—1
<Cp<E<Z i1 Z%‘Xj ) +Zyp<zazjlz> +V§Z|aijp>
j=1 j=1

2\ p/2 p/2
) +VPZ(AA*) ) +1/2ptr(AA*)p/2>.

(B.5.2)

Using Lemma B.27 with ¢ = 1 applied to the first term and the induction
hypothesis with A replaced by A*A, we obtain

n n 2\ p/2
E<ZE1‘_1 Zain]‘ )
i=1 j=1

n n 2\ p/2
g@E(Z > aiX; ) = C,E(X*A*AX)P/?

i=11 j=1

/2
<c, ((trA*A)P/2 +E[XATAX - trA*A‘p )
<G, <(trA*A)p/ 2 1 [uytr(AFA)HP/A 4 vptr(A*A)p/2>.
" p/2
Note that tr(A*A)? < (trA*A)? and Y7, ((AA*)n) < tr(A*A)P/? by

Lemma A.13. Substituting the above into (B.5.2), the proof of the lemma is
complete.
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The aim of the book is to introduce basic concepts, main results, and
widely applied mathematical tools in the spectral analysis of large dimen-
sional random matrices. The core of the book focuses on results established
under moment conditions on random variables using probabilistic methods,
and is thus easily applicable to statistics and other areas of science. The
book introduces fundamental results, most of them investigated by the au-
thors, such as the semicircular law of Wigner matrices, the Marcenko-Pastur
law, the limiting spectral distribution of the multivariate F-matrix, limits of
extreme eigenvalues, spectrum separation theorems, convergence rates of em-
pirical distributions, central limit theorems of linear spectral statistics, and
the partial solution of the famous circular law. While deriving the main re-
sults, the book simultaneously emphasizes the ideas and methodologies of the
fundamental mathematical tools, among them being: truncation techniques,
matrix identities, moment convergence theorems, and the Stieltjes transform.
Its treatment is especially fitting to the needs of mathematics and statistics
graduate students and beginning researchers, having a basic knowledge of ma-
trix theory and an understanding of probability theory at the graduate level,
who desire to learn the concepts and tools in solving problems in this area.
It can also serve as a detailed handbook on results of large dimensional ran-
dom matrices for practical users. This second edition includes two additional
chapters, one on the authors’ results on the limiting behavior of eigenvectors
of sample covariance matrices, another on applications to wireless commu-
nications and finance. While attempting to bring this edition up-to-date on
recent work, it also provides summaries of other areas which are typically
considered part of the general field of random matrix theory.
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